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1. INTRODUCTION

For an automobile travelling at constant speed, the
mathematical relationship between the directional heading
of the auto, as measured for example by a magnetic com-
pass on the dashboard, and the angular deflection of the
stee}ing wheel can be calculated by an integration with
respect to time.  To see this, consider the example of a
constant stee}ing wheel deflection. As the auto travels
in the resulting circular turning path over the ground,
the heading changes linearly with time, i.e., the heading
varies at a constant rate. Since the time integral of a
constant is a linear function of time, this suggests that
the heading is in some way related to the integral over
time of the stecring wheel deflection. In t'ic analysis
that follows we will derive this relationship from basic
geometrical and kinematic principles. The derivation is
an cxample of the use of calculus in the mathematical

modeling of dynamic systems.

2. THE MATHEMATICAL MODEL

2.1 The Directional Heading and the Angular Deflection

of the Stecring Wheel

Let the dipgétionaz heading of the auto be denoted
by 9(t). A convenient reference direction for 0 = 0 is
the direction of magnetic north. Thus 8 = =/2 corre-
sponds to the auto's heading east, g = n to its heading
south, and so forth. The range of values of heading is
0 -8 < 2n. '

Let the stcering wheel angular deflection be denoted
by 4(t), where ¢ = 0 corresponds to the ncutral position
of the steering wheel (no turning), a positive value de-
lotes a turn from the neutral position to the right, and

a uvgative value a turn to the left. The range of values

~ : ) o1

0]

of stecring wheel deflection is ~®max < ¢ < dpax, where
the value of ¢pax depends on the particular type of auto,
but is typicaily greater than 27. As one would expect,
the value ®pax is related to the minimum turning radius
Rpin for the auto. For sports cars the value of ¢max is
usually smaller than it is for passcnger-cars. For a
1965 Porsche, 9pax is about 7 radians (400°) and Rpjp is

5.sm. For a 1974 Volvo sedan, ®pax is about 4m radians

(720°) and R, is 4.8m.

Note that the steering wheel deflections ¢ =0 and

¢ = 27 are not cquivalent (unlike & = 0 and 8 = 27 which

are). [he auto's response to ¢ = 27 (a circular turning
path to the right) is greatly different from its response
to » = 0 (a straight linc path).

2.2 The Angular Deflection of The I'ront Wheels

The effect of a steering whecl deflection % is an
angular dcflection of the front wheels of the auto. This
angle, measurcd with respect to the fore-aft center line

of the auto, is denoted by 6.

Because of the mechanical linkage between the steer-
ing wheel and the front wheels, the valuc of § is propor-
tional to the steering wheel deflection' ¢,

(1) ) § =G ¢

The constant of propertionality G, is called the gear box
ratio. Its value depends on the gear ratio of the steer-
ing system for a particular auto. A typical value of G

is 1/20, that is, a 20° change in the steering wheel de-
flection ¢ results in a 1° change in front wheel angle 6.

Thus a typical value of ‘pux corrcsponding to dpax = 720°

"is 36°. Equation (1) permits us to calculate ¢ by divid-

ing § by G.
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The "bicycle model' of a turning automobile has a
single front wheel and a single rear wheel. The
angular deflection § of the front wheel is measured
against the fore-aft center line of this automobile.
The wheel base is the length 4, the turning radius
is R.

Figure 1.

Figure 1 shows a simplified geometrical model of an
auto traveling in a circular turning path of radius R.
Because the turning radius R is typically much larger
than the width of the auto, the outside whecls and the in-
side wheels experience essentially the same conditions.
For this reason one can analyze the problem using a "bi-
cycle model" for the auto, having a single front wheel
and single rear wheel as shown. The angular deflection &
of the front wheel is shown in Figure 1.
of the auto is the distance between the front and rear

The wheelbase
axles.

From the geometry of Figure 1 it is evident that
(2) tané = é

1f the turning radius R is large compared with the wheel -
base %, which is usually two or thrqe meters, then § is a

3

3

-

small angle and one can calculate it reliably the approx-

imation
&
O tang = §
Exercises:
1. Investigate the error in the approximation tans = § by defining

a relative error e(§) = (tand - &)/tané.
. a) Show that e(§) isjan even function of §, that is,
e(-8) = e(4§).
b) Using I' Hépital's rule, calculate éig e(8).
-
¢) Show that e > 0 for -n/2 < 6 < 1/2 by using the infinite

series tand = § + 83/3 + 28%/15 + 1787/315-+ .,

converges for |§| < m/2.

., which

d) Calculate numerical values for e(8) in 5° increments for
0 <6 < 30°

o~
2. The maximum steering wheel deflection $pgx corresponds to the

minimum turning radius Rp;;.
#) Use Equations (1) and (2) to show that

L

G = ————
$maxRmin

b) For the data for ¢p,, and Ry . given previously fur a 1965

Porsche, calculate the value of G for £ = 2.1 m.
¢) Calculate G for a 1974 Volvo sedan having £ = 2.6 m.

d) If you have access to a car, calculate G for it.

2.3 Relating the Change in Heading to the Steering Wheel

Deflection

The angle 6 defined by Equation (2) is called the
Ackerman Angle. For turns at speeds low enough to
avoid side slipping so that we don't have to oversteer,
(which are the only speeds we'shall consider),\the Acker-

man Angle is simply equal to the angle of the front wheel

4
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as shown in Figure 1. For high speed turns centrifugal
force effects become important and the front wheel angle
is equal to the Ackerman Angle plus a correction for the

effect of centrifugal force. ) R ,
/ /,’ R
North |~ -
o/
/ .
. s/ .
Ly

West East

Figure 2. The directional heading 8(t) of an automobile

: is its "compass" heading, measured clockwise in
radians from magnetic north. The value of 6(t)
shown above is about 0.6 radians.

Figure 2 shows the directional heading angle o(t) of
the auto as it travels at constant speed V in a circular
f . .
arc of radius R, corresponding to a constant front wheel
angle 6.

Since the steering has no effect on the rear'wheels

the fore-aft centerline of the auto is always normal to
the radius of the turning circle (See Figure 1) and the

.angle between the radius of the turning circle and the
" East-West reference line is also &(t). In a small time

interval at the'henging changes by an amount - and the
distance travelled‘along the circumference of the circle
is simply RA6. The constant speed V is the distance
travelled RAG divided by the time interval At:

-

.By taking the 1limit as At ~ 0 one obtains the instantan-

eous time rate of change of the heading as

(4 T TR

ﬁquation (4) makes physical sense: the larger the speed

"V the faster the heading changes, the smaller the turning

radius R the faster the heading changes.

By combining Equations (1) through (4) we can relate
the rate of change of heading (called the yaw velocity
in vehicle dynamics) to the front wheel angle 8 and hence’
to the steering’ whecl angular deflection ¢:

. do _ Vv _ V V. _ VG
(5) . dT R T tand T 8 i (?.

The constant of proportionality VG/& depends on the speed,

‘geur“hox ratio, and wheelbase of the auto. To simplify

the notation, let us denote the constunt VG/& by K. Since
G is dimensiohlcss, V has units of, say, meters pe}
second, and ¢ has units of meters, the constant K has
units of inverse seconds. One can interpret 1/K as the
time it takes the heading to change by r radians when the
steering deflection ¢ is held constant at r radians.

When we rewrite Equation (5) in terms of K, we obtain

(6) d_6(e) = Ke(t) .
If we then integrate both sides of Equation (6) from 0 to
t we obtain the cquation

t
(7)y 8(t) - 8, = K f d(1rdr

‘0
where 85 = 0(0) is the heading at an initial time t = 0,
and a dummy variablec of integration 1 has bcecen used in
Equation (7) so that we will not confuse the variable of
integration with the upper limit of integration t.

For any steering wheel deflection function ¢(t),
Equation (7) tells us that the c@ange in heading 6(t) - 6,

L]

11
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-is proportional to the area under the curve ¢ (1) from
, T = 0mto T = t. - '

3. APPLICATION OF THE MATHEMATICAL MODELY
Consider the case in which the aﬁto is initially

travelling at a consfant heading €D, with ¢ = 0. This
satisfies the basic “relationship of Equation (6) since ©
is constant for“¢y = 6. Assume that at t'= 0 the steering

wheel is Suddenly deflected to an angle ¢, and held at
" that ﬁngle for t, seconds. A Then the steering wheel is

suddenly restored to ¢ = 0. The graph of ¢.(t) for this
.case is shown in Figure 3.

. ¢ (t),
3 B ’q‘;
0 -
€2
w0 o o
- 0
o =
[SE R
L O [ B
vo |
A i
» w ;
|
E ' o
j to t
0 Time in seconds

<

. . ° Figuré 3. A steering wheel held in neutral position

. is turned abruptiy to the ‘right at t = 0,
held at a deflection.of ¢, radians for t,
seconds, and returned abruptly to the neutral
position. o

-

What headiné 8(t) corresponds to the deflection ¢(t)?

To cxpress 6 in terms of ¢ wé first write down Equa-
- L tion (6) for the two time ingervals 0 < t < t, and t > t,.
For the given deflection function, this results in the .
pair of equations:

. 8) o . Hiué kéy » 0 <t <t ,

PAY .

\)' ;123 . T; | < B - i
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We then integrate both sides of Equation (8) from 0 to t

to get

(10) ‘ o(t) - 8(0) = Ko, t , .
or ) ‘ .

(11) B(t) = Kept + 8, , Ustct

"Finally, we integrate both sides of Equation (9) from t,

to t to obtain

(12) o(t) - 8(t,) =0,
or »
(13) Ce(t) = e(t,) , to> ot

The value of 0(t ) in Lquation (13) may be found by sub-
stituting t, for t in Bquation (11). .This yields

v5
(14) B(to) = Kooty *+ 6, ,
so that Equation (13) becomes ’ '
(15) ) 8(t) = Kooty + 6, , t >t

As a pair, Equations (11) and (15) tell us that

(Kot + 0, , " 0 <t <t

(16) a(t) =
' Koty + ©

Example 1. An automobile travels initially at a constant

o . Q

" heading 6, = n/4, with ¢ = 0. At t = 0, the"steering

wheel is suddenly deflected to an angle of ¢, = n/2, and
is held there for t, = 2 scconds. Then the stécring
wheel is restored to ¢ = 0. Lf the automobile travels at
‘a'conggant speed V = 13 m/s, (29 mph), and if & = 2.6 m
and G = 1/20, find 6(t) for t > 0. :

Solution. We first calculate

_VG _ 1
K=gt=7s

a | 13

i1

-~
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Equation (16) then yields

Ps't"f’ 0<t<?
o(t) =
. i mTo_m
y Tty z7 . t>2

Thus the heading 6(t) changes linearly from its initial
value of m/4 (northeast) to a final value of f/ﬁ"(ea§t).

The change in heading (n/4 radians) is th area under the
curve ¢(t) of Figure 3 (7 radian-seconds) times K (equal
to 1/4 s-1). //////

Exercises:

3. An automobile travels ihitially at a constant heading 6, = 7/2,
At t =

T/4, and is held there for t, = 6 seconds. Then

, the steering wheel is suddenly deflected to
an angle of ¢,
wheel is abruptly restored to-¢ = 0. If the automobile

“1/20, find the heading 8(t) for t > 0.

4. We wish to change the value of t, and ¢, in Exaﬁple 1 so that
the automobile will have a final heading of € = . Find a relation-

ship between t, and ¢, that will achieve .this.

5. For a steering wheel deflection function shown in Figure 4,

$(t)

?

3t, 4t,
to 2t, vt

A —— e ——— —

Figure 4.. The steering wheel deflection function of -

Exercise 5, ) °
> 9
14 .

b

» proximately 0.368¢,7

¥

find the final value of the heading if its initial value is
6(0) = 6, . Y
6. Suppose that the steering wheel deflection function of an auto-
mobile is ¢(t)} = ¢,e %t tor t >.0. - ’
‘a) What are the physicul dimensions of the constant a?

b) What is ;he value of t at which ¢(t) = ¢o/e which is ap-

c¢) Use Equation (7) to obtain an expression for 6(t) for

t > 0.

d) Find the limitihg value lim 6(t).
. ) o

7.  An auto travelling at V = 20 m/s has a gearbox ratio G = 1/20
and a-wheelbase £ = 3 m. What value of the steering wheel deflec-

tion ¢, will make the auto travel in'a circular arc of radius 40 m?
o

10
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4. MODEL EXAM v ' : T

o
8(t) -
1. -Automobile turning specifications are sometimes given in terms
of a steering factor, defined as the number of turns of the ?»1!/8'i ———————
. 74
steering wheel necessary to establish a 30 foot (9.14m) constant n/2
radius turn., For a 1980 Datsun 210 wagon the steering factor is
0.67, the wheelbase £ is 2.33 m. and R . = 4.88 m. ‘ 0 _ 10 20 t .
a, Calculate the gearbox radius G. . ' Case C

Calculate the maximum front wheel deflection angle Gmax' ) i
e ¢. Calculate th i steeri heel « i 1 . . . . .
: . ate the maximum ring wheel deflection ang € @max 3. During a testing run of the auto the heading 6(t) is recorded

2. For an automobile travelling at constant speed the steering wheel . to be: i ’ .
deflection ¢(t)’15 given by: K
. 0 t2
o(t) | : o T, 7% 02ty
n/2
i Ko,
8(t) = 5 (2t—t°)+90 ‘ to <t< Zto \
/4 4
3Kt
o 0 A
o — 2 t > 2t
. _ 2 ° o
0 10 20 ] t :
' e What is the corresponding steering wheel deflection ¢(t) during
a. By using the functipnal relationship of Equation (6) deter- ) each time interval?

mine vhich of the following graphs corresponds to the heading
P
8(t).
b. IfG=1/20 and & = 3 m.; what is the speed V of the auto?

4. An auto is travelling at an initial constant heading 6,. Let us
model a realistic "right turn at the next corner" by the steering

wheel deflection shown, where t = 0 marks the beginning of the

" J6(t) . turn and t = t, the cnd of the turn. R
J o(t) ,
L o . b,
// *
T ¥
0 10 20 t
Case A
) t o
o(t) : ' ‘
In/4 - .
m/2 - - ' . ’ $(t) =
0 t>t
. 0
j lb ;5 . ' a. Determine the heading 8(t) during the interval 0 <t < t_
1 65 Case B . ) using the relationship of Equation (6).
= " 11
Q 12

ERIC | | | | 17

Aruitoxt provided by Eric:




O

ERIC

PAruiitex: providea by enic i

b,

What. is the final heading of the auto?
c. If ¢, =7 and K = 1g-

for a 90° (n/2 radian) change in the heading?

5. ANSWERS TO EXERCISES .
i . what is the required value of t_ :
1. a) e(-8) = [tan(-8) - (-8))/tan(-8). Since tan(-8) = -fan&,‘-
e(-8) = e(8) ’ '

b) lim e(S) = lim (sec?8 - 1)/sec?8 =0
§+0 §+0 .

c) e(8) is an even function of & and for 6 > 0, tanS > § > 0,
8 0° 5° 10° 15° 20° 25° 30°
d) .
e($) 0 .0025 .0102 .,0230 .0409 .0643 . 0931
2. a) G = 0.055 ; b) G =0.043
ks m
‘3.’ ‘ 6(t)=T2—t+§-, D<t <6
JE | |
0(t) = 7ty " T, t >>6 .
4, ‘ B, * t Koy =1, t,¢, = 3n
5. Final value is 6 = 60 since the area under the curve ¢(t) is
zero. '
6. a) a has dimensions of inverse time since;the exponent must
be dimensionless. ,
b) t=1/0
Ko,
- -at
c) 6(t)-60+T(1—e°‘.)
d) lim 6(t) = 0, * —2 ; the area under the curve ¢(t) is
t-+0 u
© finite,
7. ¢, = 1.5 radians ¥'86°

13
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“ 6. ANSWERS TO MODEL EXAM

L 2.33 _
a. G =3k mmeen(.1ay - 0-06 .
b. 6§ = _2.33 . .0
max Rmin * %388 ° 0.48 radians = 27
8
- _max _ . - 0
C. wmax =7 8 radians 458

a. Case B. Since § = k¢ the slope of the heading 6(t) in the
interval 10 < t < 20 must be half of what it is in the
ipterval 0 < t < 10.

_Ve 1
L 10
Thus V = 6 m/s.

frém the proportionality between 8 and ¢.

o
»*
I
1
|
i

By differentiating the heading 6(t) one finds:

t
b T 0<t<t,
0
. <t <
o(t) = 9, to<t< 2t
0 t > 2t
K¢ t
00 t .
a. 6(t) = 6, + T (1 - cosvr;;} .
oy
ak¢oto.

b. 8(t) =8, + —

c. t, = wsec = 3.14:sec.

29 i
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