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A METHOD FOR ESTIMATING INDIRECT EFFECTS
IN PATH ANALYSIS ' ‘

= In an earlier paper, Wolfle (1980) considered four kinds of causal
. .

models: recursive, block, block-recursive, and nenrecursive. By applying

~

the first law of path analysis, he decomposed zero-order correlations among

-

_variables in causal mode]s}'and discussed the c¢ircumstances under which the

D

compopents..of the decomposj§19n§4c0u197Qg¥jnt,rpreted as direct, indirect, .

and,squiohs causal effects, plus a component he called joint associations;-
Since the publication of thaE paper, a number of people have inquired about
the availability of a computer program to compute the components of
'qgcomppsitions explicated in the original paper. There is no computer
program to calculate these components, but there is a means by which
direct and iztireqx effects may be calculated with a minimum of effort.
(Earlier papeks by Griliches and Mason [1972] and Alwin and Hauser £1975]
inform this discussion™ .

S;nce joint associations, which involve comporents of a decompos‘%ipn
Fhat inc]ddé correlations among exogenous variables, and spurious effects
ma} be, considered to be noncausal cpmponents of a correlation between

variables in a causal model, let us call the'sum of direct and indirect

effects the "total effect.”. The purpose of this paper is to demonstrate

. (‘( , . N
.dlgebraically that total effects may b obtained through réduced-form

'mfakiqg the difference between the reduced-form régressign coefficients and

. regression equations, and the indirect effects may be calculated by
. ) .

the direct effect. Following the algebraic proof, an empirical illustration

* will aid in understanding hoy the ‘method works in practice. |
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! To beéin, coqeige:%@‘fourfvariab1é, fully recursive path model in

which: ' NI : . ¢
) .o, L ~ ‘
N - x3=p344+p3u T L o (1),
AY Xo A=~923x + p24x.4 + p2V - . & ‘ (2),
" A »"‘1 = plzxé ¥ p'1’3"3 *'puixz; t N - (3),
- . - \
- in wh1ch‘[ =1, 2 3,4) are standard1zed var1ab1es, f' are standard1zed

. - ——

_regression (path) coeff1c1ents from xJ to x1, and u,‘v and w Cares -

-~

unmeasured dﬂsturbance terms assumed to be independent "of the X; on the
s « - N\
same side of the equality. Thus, ' N

*

E(x4 E(x v) = (x4!)‘% E(xéw) ?'E(x3ﬁ) = E{x4w) = 0~1 .,({).

-

That the'xi are assumed to be standardized is a -convenience WhjCh simplifies.

the a]gebFa to follow. The eoﬁclusﬁons to be drawn from the followings. )

presentat1on apply without 1oss of genera11zat1on to metric regress1on

coeff1c1ents ' - ';~ L. S
* ‘¢ < ': . . " ' ' ‘ s
I'f one mu]tip]ies.eq./] by x4,-and takes e§pectations, one obtains::
. B 5 . | ) ;o
A E(xqx,) = - PaElxg) + by, E(X4U) | (e,

in which‘E(x3x4) = 934, and E( 3) =1, s1ﬁce these are standard1zed

. * variables, and E(x XU u) = 0 by the assumpt1ons 1@ eq. 4. Thus, _
. E(X3X4) = 939 1334 ’ ,\ L .’ . (6).

v . ) .

l‘\ .
In ana]yt1c terms, eq 6 1nd1cates thdt the d1rect effect p34, of x4 on ,
X4 is measured by the COrrelat1oq, Pag -

” Now consider-eq. 2, but Tnstead of estimating eq. 2 as" s, consider:

4 - ’ * i ) - - ; '
. Xp = PagXa * PRV, < (7),]

»

which is merely the regression of-x2 on X,. If one mu]tip]ie% edi 7 by

4 ~ . .-
.

. o . ]
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‘w
Xg and takes-expectations, one obtains: .
* - . . '2 ‘ . ¢ ) v
"E(X2X4) - p24E(X4) + PZVE(X4V) . (8)3

1

which reduces to:

{ — ) N
E(x,%y) = Pog (9).
Substituting eq. 2 into eq. 9 yields: ¢
P = EL(P3¥3 * Pag¥y * PV X4 1 (103
multiplying the parenthgﬁigal,expresﬁion bx754 yields: ] )
2 .
) -
Phg = PpsE(xaxs) + pypExg) + py E(x,v) (1),
which is equal to:
Pog = PazPag * Py l (12),
- 2v - . ‘
because E(x3x4) = Pags E(x4) =1, and E(x4v) =0,

N
' Thus,/regressing Xo ON X, yields a coef;icient which is equal to the
sum of the direct (p24) and indirect effects (p25p34). By Jsing a normal
régression routine, qne can regress X, on Xy, and thereby oQtain the e
toﬁ?1 effect from X4 to Xo The regression’ of Xo On both X3 and Xg yields
the direct effects of X3 and X4 ON X, (p23 and Pog s respectively). The
difference between pé4 and Poy (pé'4 = Pyy = p23p34) thgrefore give;vthe \&\
rindirect effect’of Xy ON X, through X3 In other words, while the

indirect effect of X4 ON X, may not be calculated directly, the product,
Po3P3g: is obtainable by first'}egressing Xo ON Xz, then regressing X, ON

. € . . o
both X3 and Xy and ca1cu1gting the difference between the two cqefficients

for Xge ' _ L
Now consider eq. 3, but instead of estimating eq. 3 as is, one -
estimates: . @

N




- 1 1
Xy = Prg¥g P
4
Multiplying eq.. 13-by Xy and taking expectations, yields;
. , . 0
- 1 t

E(xyxg) = pigElxg) + Py Elxgn)

which is equal to: - e
’ - ]

. 4 Elxxg) =y )
Substituting eq. 3into eq. 15 yields:

R S PR MR E Praxg F PR ]

mu]t1p1y1ng the pprenthet1ca1 expression by Xy yields:
' 2
" g p12E(x2x4) + pygflegrg) * p15ET?h) " P FElxgn)
Because E(xi) =1, an E(x4w) = 0, one obta1ns:

Plg = Proflxpxg) + pygElxgxg) + pyy y

£

. By subSt%tuting éq.'lz and eq. 6_for E(x2x4) and E(x3x4), respectively,

L}

one obtains:

"Pig = Pro(PogPag * Pog) * p13p34 P

Thus, were one to obta1n p]4 by regress1ng x] on Xgs and then obtain

P1a by regressing;x] 9Q Xos X3 and x4, the difference wou[d equal:

Pla = P14 = P12PasPas * P12P24 * P13P3y

d which is the sum of a]],fhe indirect effects through Xo and X5

(3
©

Now consider the$regngssion of'x] on x5 and x,:

2 Xy p13 3 tRigxg R /

Mu1t1p]y1bg eq. 21 by Xgs and taking expecta{1ons, yields:
. 2 ’
E(xyxp) = p]3E(x3x4) + pYaE(xg) + Py, E(xqw) -
‘.with a s1i§h§ rearrangement of terms, eq..22 reduces to:
L. ) ‘ ‘\ . EE : ) §

oy
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Plg = E(xqxg) - PY3E(x3%,)

Substituting eq. 6 for E( X3 4), and eq. 3 for x], yields:

* noo= _‘u
Pl EL(P1p%p * Prg¥g * Praxg * P %] - Pigpay (24),

which becomes: . . N
) Plg = PygElxpxy) + pygflxgxg) + P14ECxG) + Py Elxgn) - s
- p]3?34 (25).

It can be shown that p'. = b + poop..Malso E(x.w) = 0, and E(x2) =15 :

can be shown that py; = Py3 * PyoPp3s a'so (x4w)<- , and E(x,) = S .
substituting these quantities, and eq. 12 for E(xziq), and eq. 6 for -~
E(x3x4), yields: i .- L :

Plg = Pro(Pog * PosPag) * PraPag ¥ Pa . S e

- (Py3 * PigPp3lPa C - (28,
- . <. N ) ) o . -

which reduces to:

w _ ; .
Pia * PrzPe § P - (27).

¢
Remember that p]4 is obta1ned by regressing X qp the exogenous var1ab1€f

Xg p]4 is obtained by regressing’ x] on the exogenous var1abie Ry and
the first endogenous var1ab]e,\x3; P14 (the d1rect‘effec§ of x4'on~§]) :s” -
obtained by wregressing x, on all of its antecedent causes. - with.esfimates '-{ -
of these coefficients, taking the difference;'among them yields the. a

AN
°

'estimates of the indirect effects. Thus, : » -
e _ -
P1a = P1g = P12P23P3g * PiPas ¥ Pr3Pag
which is the sum of all the %ndir@ct effects f(om)x4 to xq,through :

Xo and X4 together, through Xos ang through X35 respective]y;

<
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g These results are not model §pecific; they are abp]igab1e to any

:;AN TLLUSTRATION

w5

Pla = .P1a = Pr2P2g v - (29),
~which is the indirect effect from X4 to X1 through Xo3 and -

1 )] - ] = ¥ - I/ ’ - 3
Plg = Pla = P13P3s ¥ P12Pa3Pag | L (80, * §

which are the indirect effects féom X4 to x} through X3 and through L.t

b ‘e

x3'and'x2 together.

“h¥erarchical cadSaiimode1: wTo 6b£é§% the toté& effect of any variable, 7

]

. : : ) X—l . . O
xj, in a caldal model on any subsequent variable Xis 1N the model, simply
. ) ,

regre%s X; OF xj and all other variables that precede x., or occut causally

J
in the same block with X, (e.g., the set of exogenous varkables). To

-~

6%;éin the dixect &ffect of X5 ON X, regress x; on all of its causal .
[ - 0

an ecedents. To obtain the sum of the indi}ectseffécts from X5 to 5> -

take the Qifference between the ?ota] %ffect and the direct effect.
. "n“ . ) R > [
.
- To illustrate these algebraic prianp]gs in practice, consider the .
block-recursive path model shown in Figure 1. This, is the’most gesteral of,
the hierarchical models considered by wo1f1é (1980);/and was t;ken originally
from Heyns (4574). She was interested in the degree to which stratification

within schools mediates the efffect of socioeconomic baekground on ‘educational

A

outcomes of students. The m} Bl shown in Figure 1 indicates that the

exogendi; variables, EaEduq,:PaOcpt'and SIBS are correlated for reasons

" 3

unanalyzed in the present model. A measure of verbal ability is considered
to be dependént ubon the three ‘exogenous vari;Bﬁes, plus an error term ’

assumed to be uncorrelated with the independent variables. Grades and

v
\

<
-
o
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FIGURE |.
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BLOCK- RECURSIVE EQUATION MODEL OF EDUCATIONA[,»’KSKIRATIONS ( SOURCE: HEYNS} 1974)
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T Xy = PysXs ¥ PagXg * PgyX7 * Pgrt

Xp o
4.

ot - - o

curriculum track membersh1p are {hought to- be dependent upon the four
{

preceding manifest variables, but no causal pexus 1is assumed between grades

and curr1cu1dp Their d1stUrbapce terms, however are assumed to be
correlated with each other, but not with the four preced1ng manifest

variabTes. Finally, educational aspjrations is-dependent upon the six

' cdusally antecedent variables. Ini algebraic terms, the regression

a

~
Estiq@ting'eq. 34 yiekds\gre_total effects of x5; Xg> and X, on

These are equal to the dirgct effects, because no variables
c ‘ ¢ .

intervené Between the exogenous variables and X435 thus ‘there “can be no |

P N

1nd1rect effects Vo ’ -
) ‘ »

The reduced form regressidn of X4 on. x5, x6,,and Xs. wpu]d yield

the total effects of these exogenous var1ab1es 3 adding x4 to the

1)

equation (i.e., eq. 33) would yje1d the,direct effects, and the di f ferences

between the coefficients for\xs, Xg o and‘x7jin the reduced-form equation'
- i 1]

and the fully specified equation-yield the indirect effects of the

v

respect1ve.exogenous variables on X4 through the interven%ng vagjab]e Xge

- »

E§t1mat1on of the remainder of the model wou]d proceed accord1ng1yr

A

.the numeric results for this model are shown in Table 1. The zero- ordér

L ®, —

correlations for these‘dé;a are available in Heyns (1974, p. 1441). -,

7 - e |
id " \

. .

equatdons'implied_by Fjgure-T are: R < ¢
L et 91$x3 *Pig%g * P1gts * Pr¥e * P17%y '
: fo } . L NP
L X T Pog¥yt PsXg * Pog¥g * PoyXy * P . (32),
k ‘*( X3 = P3gXg * Pis¥s * P3g¥g * P3rXy * P3yY (33),
‘ (34).

A
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ATable 1. Summary of Regression Analysis for Model of Educational Aspirations

/

Dependent
Variables
P

¥

/

Andependent Variables .

L

¢

Pa Educ ylxg)  Pa DRy (x;} SIB_S"(‘x7)‘ Verbal (x,) Grades (x,)

114

Standard?zed Coefficients_

Curric. (x3) </

Verbal‘(xa) .148 -.164 N
Grades (xz) .106 .092 -.083 .
Grades (x5) .055 | +.053 -.026 . 342 ’ ,
s Curric. (><3 176 e .140 =121 .
, Curric. (x3 At .090 -.049 - .440 :
Aspir. (x,) 201 R -.108 AN ' .
Aspir. (x]) 147 .091 -.048 .363 ) ,
Aspir. (x])“ .095 .048. -.025 .148 - 091 .419
. SR )
N / ,  Regression Coefficients* -
. . ¢ [y
Verbal (x,) .561 .078 -.931 2805 .09
A (.833) (.006) (.044) ‘
Grades (x,) 028 “ - .00 »-.033 s 291 .00
(.007) (.000) -  (.003) . e
Grades (x,) 015 .003 -.on .024 295 147 .-
(.002) =  (.000) (.003) (.001) - . .
Curric. (x3) .026- .004 ~.027 . . , .089 1§99
.- (.001) (.000) (.002)
Curric. (x,) .016 002 ¢ -.0N .017 ’ .38 275
(.001) (.000) (.002) (.000) L
- Aspir. (x;) © 13 .016 -.106 12.93 104
.o {.006) (.00of) - « (.008) ; . -
- Bspir. (x)) . .095 0N -.047 .063 1.4 228
: ‘L (.005) < (.001) {.007) (.001) "y ,
Aspir. (x)) . .062 .006 -.025 . 0% 223t .8ean 1N 367
(.005) (-.001) (.006) (.o0) {.017) {.03) )

* $andard errors are shown in parentheses.

O
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If one happens to bé interested in the extent to which two variables

are causally, reﬂated (toth effect) in comparison to their total

_association (ZéYOmQrd

/yin‘

; corre1at1on), one compares the zero-order

« correlation with the reduced-form standardized coefficient.

f

.

For examp]é

the correlation of verbal ability, Xg» and educational aspirations,,x],

was

.425

the reduced-form coefficient was .63 ;

.15 proport1on of the corre]ﬁflon was due to spurious causal effects

and joint associations among the exogenous var1ab]es

.

thus (.425 -, .363)/\425

Ihpirect effects may be calculated from the coeffit{epts in Table 1.

For example, the direct effect of father's education, Xg s on grades,,xz,

= . . N
is .055, and the indirect effect of x, on x, jhrouéh verbal ability, x,,
s (.106 - .055) =

L4

substantively pledsing interpretation.

L4

father's education produces an increase in grades of .028 units;
(4
which is a direct causal effect,iand (7028-v.015) =

indirect effect through verbal ability.

|
i

”The sum of all indirect effects is (.20%- 095)
/ effe&tSIOf x5 on x; through verbal ability, x,, are (.20 - .127) =

imetric coefficients.

L agpirations, Xqe

.051.,

by

Thus,

.055/.106

1‘(§ee No]f]e,‘1977; p. 47, for proof).

The tota] effect 1s

Notice that these components could alsodbe

calculated from.the metric regression coefficients, which enjoy @ more

Thus, a one-year increase in
, {

.015 of

.013 of which is an

L oot

Notice that the-ratios of

.201

the direct effect is

~

106;

<

.| . Consider the effects of father's education, Xg s oh educational

.095 .

the indirect

ﬁjrect and -indirect effects are identical whether one uses standardized or

= .015/.028, within rounding error

.054

(note that this component includes all indirect effects through x4, nameTy

L ]

[

-

“ o

o
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, ‘ ’ .
P14Pas +‘p]2p2‘4p45 + p]3p34p45); and the indirect effects of Xg ON X
through bradés, xé; and curﬁjcd]um, X35 are (.147 --.095) = .052. ’
CONCLUSTON \ ‘
v ( . . .
The decomposition of causal components into direct and indirect
~. X

effects may+be substantively important, because the decomposition allows .

the consideration of how causal effects occur. For example, when indirect
effects overwhelm direct effects, one has in essence d;scribed the social
mechanism through which the causal relationship operates. For example,
féther‘s and son's occupational statuses are moderate{yecorre]ated in '
samples of U.S. men. But the indirect effect of father's occupation on
son's occupation %hrough son'sgeducationa] attainment is often greater in
magnitude than the direct effgg;. In substantive terms, the'reasoﬁ father's .
and soﬁ‘s statuses are corre]aéed isvbecause-sons acquire educational levels
which.lead to their acquiring occupatioqa] Tevels near those of their
father's. _

Causal models are useful analytic tools because they allow both the

author and reader to understand explicitly the assumed order™of effects.

. / ;
The interpretations of decompositions calculated as a part of the analysis
depend on the assumed causal order of variables. Which associationssare B

to be decomposed dgiends on t@g purpose of the analysis and the presentation

=S

of results. It would serve little purpose to use the methods explicated in

€

this paper to calculate a wholesale collection of indirect effects; unless,

of course, these were required by the research duestions which motivated

ey

the analysis. The fiethods explicated herein should ease the burden of
L 8

A S
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