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FOREWORD

The persistence in our langUage of that pedagOgical
trinity, the three Rs, bears witness to almost universal
acknowledgment that mathematics is basic in education.
Mathematics is one Of the givens people accept whether
they like it or not. Those whose knowledge of the sub- t
jest is precarious accept it, as an, article of struggling
faith. At the same' time, those who know a lot bewail the
condition of mathematics in American education today.

Although no one questions the subject's importance,
developments of the last 25 years have raised a good
mahy questions about the teaching of mathematics in
the nation's schools. The shock of Sputnik in the 1950s
opened the way for the new math in the 1960s. When
the new math proved to be still another shock, popular
reaction resulted' in a cry to take the subject back to ba-
sics. The schools responded by doing just that, and
now what is basic is open to serious question. The ques-
tion, moreover, is sharp and pointed in the light of re-
cent reports that show how far behind others American
schooy are when it comes to teaching and learning
mathematics.

What is basic in mathematics? What mathematics do
all children needlor their lives in a society that depends _

on technology? What do they need in order to gp ons
and lea'rn the mathematicg they will need 2-- more and
more, as time goes on for access to jobs in industry
and business, to careers in the professions?

We put such questions to Stephen Willoughby, who
speaks to theme with the authority of long experience as
a mathematician" and teacher of mathematics. Nuw di-
rector of mathematics education at New York Univer-
sity, Dr. Willoughby began his teaching career in 1950 as
a tutor in a Boston settlement house when he was a Har-
vard undergraduate-. He has taught in elementary, junior
high, and high school, and at the University of Wiscon1
sin. At New York University since-1966 he has concen-
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trated on "improving our understanding of how young
children,learn mathematics and on developing methods
of helping theni learn mathematics better and under-
stand the usefulness ormathematics in solving problems
in their daily; lives and in other academic disciplines."

Dr. Willoughby's publications are extensive. He is
now collaborating on a program- designed to teach chit=
dren to think and solve problems while becoming pro-
ficient with familiar mathematics.

Presuming that not a few readers of this paper would.
belong in the category, we asked him to be mindful of
those whose knowledge of the subject is precarious.

James Howard
Director of Publications, CBE
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Introduction

An attractive young lady in the airlines waiting are
,looked over my shoulder and, interrupted my train
thought.

"I see you're reading an article on Sherlock Holmes,"
she ventured.

The long, lonely flight to California began to look
more interesting. I closed the magazine.

"Yes," I yesponded. "It's fascinating."
Only then did she catch a glimpse of the cover of the

journal, on which was unmistakably printed, The
American Mathematical Monthly. A horrified look came
over her face as though I had made some sort of indecent
proposal.

'Is that about Mathematics?"
"Yes," I acknowledged, "but it's really very interest-

ing. If you enjoy, Arthur Conan Doyle's mysteries, I'm
sure you'd' like, this, The mathematics is easy, and ,the
mystery is quite good."

The young lady didn't waste a moment more. She
picked up her bags and fled to the ticket counter, tossing .

back over her shoulder the remark. "IMOuld never do
mathematics."

When we boarded the jumbo jet. I noted ruefully that
she had found a seat as far from me as possible at a
distance quite sufficient to keep her from being infected
by what she clearly thought was my perverse preoccupa-
tion with mathematics.

Those of us who make our living doing mathematics
or teaching it become hardened to this kind of reaction.
We realize that in any social situation we are likely to be
treated as though we might have a communicable dis-*
ease. We wish it were not so. Like other mortals, we
want to be well regarded. More important, the kind of
alienation to which I refer impairs the quality of life of a
majority of our citizens and thereby affects the quality of
our civilization:

I
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In the f allowing discussion, I attempt to explain whai
mathe is and why people should learn it. Trying,
first, to put the controversial new math in perspective,
I then go on to discuss some things that we can do to
help make mathematics accessible and acceptable to all,
while ensuring that people learn what is basic and im
portant in mathematics.
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I. What Is Mathematics?
Entire books have been written to answer the question,

and any short answer must be incomplete at best. No
one who has not actually done mathematics can fully
appreciate its beauty and power, and therefore people
who have not done real mathematics at some level have
difficulty understanding what mathematics is, just as
people who have not both heard music .and produced
music themselves would have difficulty fully under-
standing what mils::: is.

Mathematics ;evolves the manipulation of symbols
and abstract concepts to produce information from given
data in a 'form that is more useful in certain circum-
stances than the original data, even though the informa-
tion was inherent in the data. Suppose. for example,
there are 2 people in a room. Subsequently 4 more
people enter the room, and then another 5 people. No
one has left the room. By using mathematics we can es-
tablish that there are now 11 people in the room. The
statement "there are n6cv 11 people in the room" con-
tains less information than the original data, but this
conclusion was certainly inherent in the original data.
The final statement nevertheless is of substantially
greater use to anyone who wishes to serve dinner to all
those in the room.

In a similar way, the Pythagorean theorem* is inher-
ent in the postulates of Euclid, but the theorem is more
useful than the entire list of postulates if you happen to,
know that the two short sides of a right triangle are three
and four cubits long, resvectively, and you want to
know how long the hypotenuse is.

c The above statement about what mathematics involves
can be thought to apply to pure mathematics. In pure
mathematics we neither know nor care.whether the origl
inal data are true. In practice, of'course, pure mathemat-

*Remember? fn right-angled triangles, the square of the hypotenuse
equals the sum of the squares of the other sides.

3
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ics has little utility unless it can be applied to real situa-
tions. Indeed, part of the beauty of good mathematics is

sr that it can be applied with equal success to different and
apparently unrelated human problems some of which
malt never have occurred to the person doing the pure
mathematics. One of the most important and creative
aspects of mathematics is the abstraction, from a physi-
cal situation, of symbols, concepts, and statements that
can be manipulated to produce other statements that are
more useful. Among the earliest and best known abstrac-
tions is the set of postulates produced by Euclid. A still
earlier and even betterg-knOwn example is the number
system we use to count and do simple arithmetic. Both
are, applicable in situations never imagined by their.
creators.

Today, applied mathematicians regularly abstract
mathematical concepts and symbols from problems that
ale important to human beings, and then deduce math-
ematical results that help us understand the problems.
For example, mathematics can be applied to such prob-
lems as designing an zautoinobile, under given condi-
tiong" %%hi& may beset by the las of Physics, the laws
of governments, and the-laws of economics. itlathamat-
ical statements can be abstracted. from the given condi-
tions. By maniablating the 3tatemen:s, new ones can be
deduced, and these can then be applied to the original
situation (in this case, automobile designi. If the deduc-

, tioil is done correctly, the results will be true of that
situation if the original assumptions are true. Of course
if the original assumptions'are false, the mathematician
may reason flawlessly to false conclusions,.

There is another aspect of, mathematics that teachers
and students often fano underst.ond, but it is very im-
portant. to the -learning of mathematics. Generally "the
purpose of mathematics is to do efficiently what would
be impossible or very laborious to do without mathemat-
ics. Thus, while many schoolchildren and their teachers
seem to think of mathematics as a way to make people
work harder than they would ordinarily work, the fact is

4
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that mathematics is commonly. used as a way to reduce
work. A simple example should make this point clear.

In an auditorium the rows are labeled from A to T,
with no rows or letters omitted. The sppts in each row
are numbered from 1 to 68, with ho 'limbers or seats
omitted. Suppose you vent to know how many seats
there are in the auditorium. You could walk through the
auditorium and count flu, seats. Chances are you would
find this method laborious: you also might come to the
wrong answer because of a motnentary lapse in attention
that caused an error in your counting. If you had studied
mathematics as a child to the extent that you knew how

I to add, you might add 68 + 68 + 68 + 58 unti: you
had added the appropriate number of 68s. But if you had
gone stilt farther, and learned when and how to multi-

,- ply; 3,ott probably would simply multiply 20 x 68. The
example ;;s simple, but the general principle it demon-
strates has far-reaching importance: mathematics pro-
vides a way to solve problems that would otherwise be
either unsolvable or difficult to solve.

The one thread mining through all of magNmatics is
human thought. Human thought and craitivity are
nftcessary to absti act the appropriate mathematics from
the original situations.

Human.. thought may be necessary for the manipula-
tion of the mathematical symbols (although peoplf., can
and should be replaced by machines for some symbol
manipulation). In any case, human thought and under-
standing are essential to the interpretation of the results
of manipulation. Thinking is the basic skill in mathe-
matics.

II. Why Should People
Learn Mafriliematics?

Two commonly told stories provide insensitiveond
inappropriate answers to why people should learn
mathematics.

The first concerns a student who had begun to learn

5
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geometry with Euclid. 'After learning the first theorem
he asked, "But what shall I get by learning these
things?" Euclid is said to have replied, "Give him three-
pence, since he must make gain out of what he learns."

The second purportedly occurred after a prominent
specialigt in point-set topology had completed a lecture
on tb?at topic. A member of the audi` -nce asked, "What is
the uge`of all of this?" The professor thought lbr a mo-
ment and replied, "Well, I make a very good living at
it."

Because they find mathematics stimulating and enjoy-
able, mathematicians and mathematics teachers too
often believe, all other people will find it equally so.
Perhaps if mathematics were better taught, this, belief
would not be so far from the mark; but .still it could
hardly be used as an excuse for spending large amounts
of schooltime on mathematics. The same idea _could
apply just as well to chess, checkers, bridge, or many
other activities that some people find stimulating and
challenging..

The most important reason for learnitig mathematics
and for teaching it in the schools infili'mathematics is,
or ought to be, useful. Mathematics is useful in our
everyday life. We are constantly called upon to make
decisions -based on probability, geometry, statistics,
arithmetical estimations, measurement and estimations
of. measurement, rates, ratios, and the ability to read
maps, blueprints, and other scale drawings. Common
experiA9ce indicates that most people make inadequate
and incorrect decisionS of this kind, because they are
unwilling Or unable to apply mathematical thought to
such problems: mathematics well 'learned would help
them make better decisions.

As well as helping the individual to survive from day
to day, basic mathematical `competence is essential to
the functioning of an informed citizen. It has become
commonplace for radio and television newspeople to re-
portwho has won national elections before all the polls
are closed on election day. That there may be errors in

6



these predictions is seldom understood, by the audience
0 (and perhaps by the reporters). Such prophecies tend to

become self-fulfilling, and at the very least they affect
local elections. Better understood, they would probably
have less effect, or might even be banned.

Beyond statistical election analysis, we are constantly
bombarded by numerical data that presumably should
be used in determining public policy. The grog national
'product, the rate of inflation, the prithe interest rate, the
trade deficit (or surplus), the cost of edur;ation, defense,
welfare, transportation, energy etc. are ad reported to us
regularly. Thes'e data ought to be important in deterinin-
ing our attitudes about various crucial governmental ac-
tions. Yet most people seem either not interested or not
able to interpret the information in any intelligent fash-
ion. For example, a well-educated professional person
recently said to me, "Do you realize the national debt is
more than 900 billion dollars or is it 900 million dol-
lars?" A quick and simple calculation would have
Shown him that the first figure (approximately correct)
makes the average person's share almost $4,000 while
the second makes it only about $4.

Creating an informed citizenry that can and will un-
derstand and analyze data intelligently should be a
prime reason for expecting all students to learn mathe-
matics.

Much of the mathematics taught in courses labeled
0 algebra and trigonometry was designed to prepare stu-

dents for courses in calculus, which in turn. prepared
them 'to be engineers, physicists, mathematics' teachers,
and so on. However; there' are simple applications of
these subjects we might make to everyday problems. For
example, if three different car rental companies have
three different formulas for figuring your cost for the
number of days you keep the car and the number of
miles you travel, you could solve or graph appropriate
equations to determine which company has better rates
for various combinations of days and miles. It is unlikely
that you would, but you could use trigonometry to de-
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termine how tall a tree is and whether it is likely to hit
youfhouse if it falls.

High school courses in plane and 'solid geometry were
designed more to teach deductive reasoning and math-
ematical structure than to provide information that
would be useful in everyday life. Most readers of this
paper probably believe making people more logical is a
desirable goal. Unfortunately, research casts consider-
able doubt on whether the usual geometry course affects
students' logic even in mathematical topics, much less
in everyday activities. Beyond the logic and apprecia-
tion of mathematical structure presumably learned in
geometry courses, there are impgrtant techniques and
pieces of information that can be used in everyday life.
For example, to make a right angle, tie knots in a 12-foot
string 3 feet from one end and 5 feet from the other (4
feet between the knots). If the ends of the string are
brought together and the string between the knots
stretched to make a triangle, the Pythagorean theorem
says that the angle between the short sides is a right an--
gle. The activity suggested later in this paper (p. 22)

4'
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shows how formulas from solid and plane geometry can
be employed to help estimate volumes of grocery store
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containers, or, from another point of view, how to de-
sign such containers So as to fool customers.

It would be unfair not to mention that the applications
suggested in the preceding two paragraphs could be ac-
complished by someone who had no formal courses in
algebra, trigonometry, and geometry. Anyone with a
good basic ability to do -arithmetic, to measure, and,
above all, to think. could accomplish them. Whether
through formal courses in school nr through simpler
mathematical 'learning combined with an ability and
willingness to think, mathematical problem solving can
certainly be more useful in our everyday lives than most
of us allow it to be.

Beyond its usefulness in Our daily lives, the impor-
tance of mathematics in the professions increases with
each passing year. \Mathematics has always been essen-
tial to the physical' sciences, to engineering, and to ac-
counting; but today it is necessary or useful in many
other professions and major fields of study. Years ago-a
person AU "liked" science and wished to become a sci-
entist but "didn't like" mathematics would enter the
field of 'biology or one of the related nonphysical sci-
ences. Today, such people discovei that they must mas-
ter calculus and statistics to make any significant prog-
ress in such fields. In' flip social sciences, too, the place
of mathematics is constantly growing. This growth is
not surprising when we consider fields like economics
or the statistics of politics, but mathematics is also used
to analyze rational behavior, _political .structures, and
other apparently unmathematical subjects of intense
interest to social scientists. Other professions educa-
tion, in, dicine, philosophy, for example -- are tending
now to require or reward competence in mathematics..

Beyond the application of mathematics to conven-
tional fields of specialty, new and rapidly expanding
professions like' systems analysis, computer program-
ming, and energy production require considerable
Mathematical background. Today, a young person who
is ignorant of mathematics excludes himself from many

9
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interesting and rewarding occupations. There should be
no need to.give the student .of mathematics threepence
today.

III. The New Math
Before the ,414ans put their first Sputnik into orbit in

1957, there waremathematicians and teachers who be-
lieved we could itnProve school mathematics by putting
greater emphasis on thinking and understanding rather
than learning by rote. Some suggested incorporating
into the school curriculum part of the voluminous math-
ematics-created in the previous 300 years and still ne-
glected in elementary and secondary school, and break-
ing down the compartmentalization that has existed in
American mathematics education. There were also many
who believed that the few social applications in
seventh- and eighth-grade textbooks were inappropriate
and insufficient to show the great value of mathematics
and its relationship to the world around us. After 1957,
large amounts of money became available to improve
mathematics programs, and new projects appeared
everywhere.

The popular press hailed this movement as the "new
mathematics," or "modern matheinatics," or simply "thet new math." But members of the educational, mathemat-
ical, an'1 lay communities attacked the new math with a
vigor equal to that of its proponents. Although one

common attribute of new math programs was a careful,
definition and use of terms, there was never widespread
agreement about the definition of the new mathematics.
Some remarkable pedagogical and mathematical ideas,
were foisted, upon the schools in the, name of new math;
and the wilder among them became the center of
eloquent attacks upon the movement. It would be
neither posSible nor profitable to list all the good and
bad things attributed to the new math. However, seven
major trends were common to many of the programS,
and these were often thought to contain the essence of
the new math:

10



1. An increased emphasis on formal logic, rigor, proof,
- and structure. The emphasis took different forms at dif-

ferent levels and in different programs. In one geometry
program, for example, the developers relied on a cor-
rected and augmented form of Euclid's axioms proposed
by the great mathematician David Hilbert. According to
the project director, his class was unable to proceed be-
yond the congruency theorems before Easter. Since these
are usually covered in the first day or two of an ordinary
geometry ccrurse, there was some doubt that his students
would complete a 'geometry course before they were
ready to collect social security. In someDgeometry pro-
grams, classes spent considerable time and effort show-
ing that if three points are all on the same straight line,
one of them must be between the other two hardly an
exercise designed to show the usefulness of mathemat-
ics.

At the elementary school level, children were ex-
pected to use the axioms of abstract, algebra to deduce
how to add two simple whole numbers. The following
demonstratiofi that 17 + 6 = 23 is taken from one of the
better-selling mathematics books of the 1960s:

17 + = (10 + 7) + 6
= 10 + (7 + 6)
= 10 + 13
= 10 + (10 + 3)
= (10 + 10) + 3
= 23

In more advanced 'versions, the child was expected to
supply reasons for the steps or to fill in blanks in a form
like this

17 + 6 = (10 + _) -
+= +{

= 10 +
= + (10 +
= ( +

_)
4-_) _

11
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Those of us who had the opportunity to watch young
children fill in the blanks were intrigued by their proce-
dures. They would begin, as expected, at the top and fill
in several blanks. Then, they would skip to the last line,.
fill in 23, and start working. backwards. Clearly, they
were not using the laws of algebra and deductive reason-
ing to discover how to add 6 to 17. Rather, because they
knew the answer to begin with, they were able to use
their ingenuity to produce a paper that would satisfy the
teacher (and presumably the textbook author).

The difficulty with this kind of formalism is that chil-
dren don't think this way, and neither do mathema-
ticians. Children, that is to say, were learning by rote a
new catechism that had no relationship to the way they
or anybody else thinks. Thus, in the name of teaching
children to think, we were training, them to dislike
mathematics or develop a totally fallacious concept of
what mathematics and thinking are.

2. A closely related trend involved an emphasis on.
discovery. As with the first trend, the goal was. to en-
courage thinking, and this approach seemed both more
realistic and more useful. However, there were unfortu-
nate developments here as Well. In many cases, the dis-
covery approach deteriorated into a sort of Socratic
dialogue in which the teacher would, through carefully
worded questions, trap the student into admitting that a
certain theorem must be true even though the student
could never have produced the line of reasoning inde-
pendently nor have believed what the teacher had just
trapped him into saying.

3. A third trend involved application's and the rela-
tionship of mathematics to practical problems. Good ap-
plications turned out to be difficult to create. While
there are many excellent applications of the mathemat-
ics taught in schools, understanding the applications
often requires weeks of studying some other subject. Be-
cause mathematics teachers did not have time to teach
the necessary physic's, political science, biology, etc. for
each application, and because the students generally did

12
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not have the necessary backgrounds in these fields,,ap-
plications tended to be artificial and oversimplified.

One form of application that does not necessarily have
this disadvantage is the mathematical game. Unfoitu-
nately, when games became part of the mathematics
program, they were thought of as supplementary ac-
tivities to be used if there was nothing more pressing to
do. Often the games were not coordinated with other
mathematics being studied, and occasionally it was un-
clear to both teacher and pupil what was to be learned
from a game. Such fun-and-games sessions were often
left for Friday afternoon, or conducted in a "mathemat-
ics laboratory" separated physically as well as tempo-
rally from the classroom.

4. A fourth trend closely related to the first was the
very careful use of language. A simple example from
arithmetic might be the schoolchild's question: "How can
you show that half of 18 is 10?" One answer is to take
the top half: 18 . Another is to take the bottom half.
Using Roman numerals, we can easily show that half of
12 is 7, but only by using the top half. While this is an
amusing example of how we might purposely under-
mine the distinction between numbers and numerals, in
fact there is very little evidence that students of school
mathematics have ever been seriously confused about
this distinction. Surely, on the few occasions when real
confusion existed, it would have been possible to clear
the matte] up without building an entire curriculum
around the diOinction. Most textbooks and teachers
trying to make the distinction between names and objects
were consistently unable to do so, and usually ended up
being wrong, pedantic, and confusing.

Other dicta about the use of language propagated in
the new mathematics, movement had slightly mole jus-
tification-from a pedagogical point of view, because they
were intended to preveht 'confusion. The words "carry"
and "borrow," for exarhple, were not supposed to be
used in addition and subtraction because the adder did
not physically ,carry an object from one column to the

13
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next, no did the borrower ever repay the debt. The same
logic sUpported the contention that "redik.e" should not
be used with fractions, for the resulting fraction was no
smaller than the original. In all three cases, and inmost
similar cases, there was probably no great harm in the
words themselves that proper development and explana-
tion could not easily correct. Moreover, the words often
served a useful purpgse, and the replacements were no
better. For example, the word "simplify" often replaced
"reduce," but who could reasonably argue that 17/25 is
really

of
than 681100? Perhaps the best rule for the

use of language in mathematics is to keep the language
as simple as possible and in conformity with the lan-
guage used in.everyday conversation, as long as there is
no compelling evidence that the language being used
confuses students.

5. Introducing new material into the mathematics cur-
riculum was perhaps the most needed and least contro-
versial trend of the new math era. The subject matter of
school mathematics books and courses of the 1950s
would have been familiar to Galileo, even though it Was
reliably estimated that by 1950 more new 'mathematics
had been created in the 20th century than in all history
before that time. Of course, not all, of this -new mathe-
matical content was appropriate for school courses, but
much was more appropriate and more likely to be useful
for students thap the mathematics then in the schools.
Statistics,, probability, functions, graphing, solving in-
equalities along with equations, work With calculators
and computers, and even parts of number theory and to-

/ pology these topics were important to introduce.
Prior to 1957, they had made remarkably little impact on
school mathematics programs.

6. Acceleration is the term usually used to suggest the
early teaching of a subject previously IA:tightonly-Jo_
older pupils. It has been changing the way in which we
teach mathematics since education began in this coun-
try. At the height of the revolution in school mathemat-

-14
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.ics, a well-known psychologist is purported; to have an-
nounced that any subject could be taught to 'any child at
any age in some form that is meaningful. This staiement
might pertain to a two-day-ole child and any sabjec:i
imaginable. Its patent falsity was of less significance
than the danger that some educators or parents (TO-611,7'y
to make good on its promise without asking why a
young child might have need for learning the exotic top.
ics that might be chosen for such an,experiment. Fortu-
nately, before courses in prenatal ergodic theory were
instituted, wiser heads prevailed and the move for ac-
celeration abated somewhat. It is hot .uncommon still,
however, to find principals, department chairmen, and
parents who are proud that their schools offer calculus
in the eleventh or twelfth grade, even though students
who take the course may be completely ignorant of top-
ics like probability or even analytic geometry, to say
nothing of the use of calculators and computers all of
which would be of more value in the lives of most and
should precede the study of the calculus.

Most educators would agree, however, that before ac-
celeration of any topic is attempted, we should consider
whether there are real benefits to be gained by the accel-
eration, and also whether sit is possible to motivate the
student to understand the basis of the subject and its re-
lationship to concepts that are intuitively clear and nat-.
ural. ,There is considerable psychological

beavailable that subjects taught too early may be learned
mechanically and in a shallow manner, and thuseasily
forgotten and unlikely to be applied when appropriate.

7. The seventh majot trend of the 1960s was the inte-
gration of various new topics in mathematics. Because
American colleges began requiring arithmetic in the
1700s and early 1800s but didnq require a year of
algebra until after 1820 and a year of geometry until still
later, the 'common high school curriculum in 1910 in-
volved first the study of arithmetic, then 'a year of
algebra followed by a year of geometry. There was no

15'
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apparent attempt to relate these subjects to each other, or
even to review one while learning another. The one
semester of algebra that followed geometry in a minority
of our schools in 1910 was apparently intended for a re-
view of the algebra that had been forgotten while stu-
dents were learning geometry. No major change in this
arrangement had occurred by 1957. Since then, there has
been an attempt to include some algebra and geometry,
and even some graphing, probability, statistics, and
other appropriate topics in the elementary school cur-
riculum, with more geometry included in ninth-grade
algebra and more alg?bra in tenth-grade geometry than
had been common'before 1957. Most knowledgeableob-
servers believe this is a good trend, although the specific
ways in which it is achieved in some cases may be
rather artificial.

The major improvements that occurred under the
banner of new math were the introduction of new con-
tent and the integration of the various new topics in the
mathematics curriculum. In most cases, the emphasis on
thinking and problem solving was beneficial, but all too
often these skills were presented in ways too formal and
artificial to do any good; indeed, harm may hay,. been
done rather than good.

Most recently there has been reaction to the new
mathematics in the back-to-basics movement. In many
cases the movement it is widespread and identifiable
enough to be called that seems to be characterized by
a stimulus-response, thoughtless, gLick, computation-
oriented approach to mathematics learning. While
knowing facts and algorithms is understandably useful
in conjunction with thinking and problem solving,
computation was never basic to mathematics; and the
wide availability of calculators and computers makes it
less basic today than ever. The important, human parts
of mathematics are the original abstraction of relevant
features from a situation, the decision of what mathe-
matics to apply to this material, and the interpretation of
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the results. The actual computation can be done by
cheap. nonhuman objects such as calculators or com-
puters.

IV. Problem Solving and
Teaching Mathematics

Every teacher of,mathematics has heard the complaint,
.44I can do the malhematics; it's just the problems I can't
do." This is analogous to saying, "I can do the English;
it's just that I can't write anything worthwhile." The
main purpose of teaching mathethatics is to educate
people to use mathematical thought to solve real prob-
lems.

Endeavoring first to explain what's wrong with the
usual textbook teaching of word problems, I want to
suggest (a) how, a mathematical environment can be
created in which student) learn to solve problems natu-
rally, (b) what underlying skills are necessary to solve
mathematical problems, and how those skills should be
learned to enhance the child's competence in problem
solving, and (c) how the success of students, teachers,
and commercial programs can be evaluated and en-
hanced. 1

I should note at once that there are serious problems
in teaching mathematics that this paper does, not con-
sider, Among them are math anxiety and the avoid-
ance of 'mathematics by segments of our population
(notably women and minorities). Suck,problems are im-
portant because they affect individuals and deprive so-'
ciety of the potential contributions of many capable
people. The kinds of improvements suggested in this
paper can help alleviate some of these problems, but
there will have to be major changes in the attitudes and
behaviors of all of us to eliminate them. Though I cannot
treat the problems here, I stress their significance, even
as I proceed with my original line of thought.
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What's wrong with the usual teaching
of textbook word problems?

Let me begin the discussion of what is wrong with the
usual textbook teaching of ward problems by taking
three from well-known textbooks:

(a) Five lights on. Three lights off. How many lights
on?

(b) An anthropologist uncovered 17 bones on Monday
and three times that many bones on Tuesday. I low many
bones did she uncover on Tuesday?

(c)''Mary took $5 to the circus. She spent $3.85. How
much money did she have left?

Lest there be any doubt in your mind, the answer gm-
vided in the teacher's guide to problem (a) is two, not
five. Prisumably, the reader will have no diffiCulty
guessing the answers to (b) and (c).

Look at problem (a). Ignoring the abuse done to the
English language and the temporal ambiguity (neither of
which should be ignored by textbook writers), we are
left with the question of why anybody might want to
answer This question by subtracting. If you were in a
room in uthich there were five lights on and somebody
wandered around turning off three of those lights, how
would you determine how many lights were still on?
You would, of course, count them. Indeed, the mind is
sorely taxed to try to imagine any situation in which one
might have acquired the information given in problem
(a) withoUt also having learned the answer. This is a
classic example of an "unreal" problem a problem
that gives jig learner the impression that mathematics it
a way to make work rather than 'reduce or avoid work.
While six-year-old children are much' too wise to say so
aloud, or even consciously to themselves, surely there
are many who, having seen hundreds of problems of this
sort, begin subconsciously to think, "If this is mathemat-
ics, I want nothing more to do with it."

Consider problem (b). This may have been an attempt
to write career education into the mathematics cur-
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riculum. Now we can see how mathethatics 'is used, in -'
anthiopology! Forhinately for the hkture of anthropol-
ogy, no normal child will suppose that this is really the
wily anthropologists discover: how many bones to un-
cover. on Thesday, but agairi; the mere statement of the
problem reinforces the' belief that mathematics'is a use-
les,s subject designed to make people work harder than. they would otherwise have to work,

Before 'continuing, go back and examine problem (c).
See if you can decide why I believe this is an_unrealistic
problem. If you were Mary and you took $5 to the circus,
how much money! do you think you would spend at the,
circus? In theunlikely event the circus closed early, or
you had a stomachache, or for spine other reason you,

4 le didn't spend the entire $5, how would you determine
hoW much money you had left ? 'Have you ever seer
small child dashing aboyt a circus with a pencil and
Paper carefully adding tbe money she is spending so
that the,suin can be subtracted from the original amount
of money to establish Aow much is left in' her pocket? If
'you were It Lary, surely it would occur to you that the
simple v..q/ to find out how much money ydu have left
is to take the money out of yourpocket and count it.

Mathematics textbooks, with rare exceptions, are,
packed with unrealistic problems nobody would ever
solve in real life. Fortunately (or unfortunately, depend-
ing on your point of view), children seldom find it
necessary to read the problems or think about them.
They discover techniques for getting the right answer.
without having read the problems or understood what is
being asked. In problem (c), for example, the pupil will
look at the last word --7"left.".The child will hive been
taught by teacher or textbook that "left" means subtract:
(Indeed, there are programs that actually formalize this
approach.) So, the child must look for two numbers and
subtract thismaller from the larger.
'Betause both the teacher and the textbook author are

involved in this conspiracy to make everybody think the
Ds.
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child has succeeded in solving the problem, it would be
,considered bad form 10 'Supply three numbers- in the
problem and Make the pupil guess which two must be
used in the subtraction exercise. Presumably, it would
also be bad form to use "left" as the opposite of "right" .

in a problem where s0rnebody might be misled into sub-
g. This method of solving problems is known as

the key-word method. If you can find the key word
and the numbers, you don't have to understand, or even
-read, the-prbblem. To see this, try to solve the following
word problem even though most of the words are inten-
tionally omitted:

a
15

24

left.

If your answer is 9, yoU solved the problem correctly
and obviously did so without being able to read or un-
derstand the problein.

Another method for solving problems without reading
em-is typified by a true story that has undoubtedly

been replicated in many homes. When she was in third \
grade, my daughter arrived home one day with a sheet
of word problems. She worked for about three minutes
and then asked me how to do the first. After quick
examination I established that this was the easiest prob-
lein on the page, so I suggested that we do one of the
harder problems, assuming she would then be able to
figure out how to do the easier problems. Wendy looked
at me, a slight air of disdain, creeping into 1,1 ..voice.
"Daddy,!" she said patiently, "if I know how to do the
first problem, know how' to do. them all." Wendy was
right. Whenever she met a page of word problems, it al-
ways called, for the same operation. Such activities may
provide practice in Performing a-single operation, but
they do not help students learn to solve problems.
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Beyond these two methods children use to solve word
problems is a much more sophisticated technique that is
often found in the upper elementary grades and in high
school. Though it is seldom formally worked out like
this, hese is an accurate paraphrase of what a child has
learned after he has successfully completed much of an
individualized learning program, getting 85 percent or
more correct on tests: If there are more than two num-
bers in the problem, you add. If there are two big num-
bers, you subtract: If there's a small number and a big
number, you divide, and if it doesn't come out even
(whole, number), you .multiply. If there are two small
numbers, pin' multiply.

Not only are they often unrealistic and easily solved
without having been read; textbook word problems pre-
sent other difficulties. Most are one-step problemg
you perform one operation, like addition, and you have
your answer. Most real-life problems _require several
steps, some of which may not be simple arithmetic oper-
ations. Textbook problems commonly provide exactly
the right amount of information, never too much or too
little. Real-life problems almost always occur with an
excess of information; and often we discover that while
there is superfluous information, there are also missing
pieces. Students should meet problems like these so
they learn to decide what information they need, as well
as what to do with it when it is known.

Still another difficulty with word problems is that
they require a skill not necessarily related to '461Ving
mathematical problems the skill of reading..While we
are all agreed that children should learn to read, there is
no apparent reason -why a child should be excluded
from doing the exciting part of mathematics until he
learns to read. Few problems originate on the printed
page. Let's say we find ourselves in a situation. Because
we are in it, there is usually no ambiguity about what is
meant. We think about the situation. If more information
is needed, we collect the information. If there is extra
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information, We ignore it. We think some more. We
solve the problem.

On occasion some reading may be necessary, but read-
ing does not play the same central role in real problem
solving that it always plays in textbook-word problems.
By no means should we neglect to teach children to
read,Iiiit neither should we insist that they learn to read
before h'avirig the opportunity to solve real mathematics
problems. Furthermore, if they approach at least some of
their mathematics,problems in more realistic situations
than those offered by the printed page, students are
likely to develop a better understanding of mathematics
and a feelink for its power to help them rather than.
make more work for them.

Activities and games teach children
,to solve problems naturally

There are activities and ,games teachers or parents can
use to help create an environment where problems occur
naturally and children will naturally try to use mathe-
matical thinking to solve them. They are not elaborate,
and cost next to nothing. The simplest way to make the
point is to illustrate:

1. An activity that develops geometric intuition and
estimation skills involves simple. grocery store con-
tainers. A teacher can line up 10-20 containers in front

. of the class and ask which would hold the, most liquid,
which the next most, and so on. Place the containers in
any order the class suggests, and then check by pouring
water from qne into anoth6.. If the containers are suffi-
ciently different in shape, . most children (and most
adults) will be mistaken about several of the volumes.
People commonly believe that tall, thin containers hold
morethanihey acutally do, and that short, fat containers
hold less. Conical shaped containers contain less than
most people expect. This activity demonstrates, on an
intuitive and a physical basis, relationships that can be
established later when formulas for the various figuies
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are developed. Cimsider the figures shown here:

A
4"

8"

B 2"

8"

2"

Which of these containers would hold the most water?
Which ilieJeast? How many limes could the contents of
container D be poured into conItainer- A without
overflowing? Pit another way, if container D holds one
unit of liquid, bow many -units will container A hold
(assume the two halves of D are connected so that sham-
poo, cooking oil, or any liquid can flow through, like
sand in an hourglass)? How many D-units would fit into
B? HOw many D-units would fit into C?

Whether looking at a picture or the actual object, most
people tend to forget the depth of three-dimensional ob-
jects and base their estimates of capacity on area seen.
Thus, it is common to asume that A and B contain, about
the same amount, and C and D contain half that much.
In fact, A holds twice as much liquid as B, three times as
much liquid as C, arid six times as much liquid as D.

In answer to-the questions above, if D contains one
unit, then C holds two units, B holds three,units, and A
holds six units. The fact that we tend to overestimate the
capacity, of containers like B and D and underestimate
the capacity of containers like A helps to explain why so-
many grocery store containers look more like B and D
han like A. For those interested in formulas, the volume
of a cylinder is given by the formula V = 77. r2h, and the
volume of a cone is given by V =1/sir r2h, where r is the
length of the radius of the base and h is the height. The
formulas are not necessary to the activity, however, and
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should not be developed until after a good deal of phys-
- ical4ntUitive experience.

Another version of this activity particularly appropri-
ate to the home is to have one person pick up a catsup
container (or whatever container is handy), read the
label, and ask, "How many fluid ounces do you think
came in this?" or "How many milliliters do you think
this had in it?" or a similar question about the..v6iume or
weight of the product in the container. At first, people
tend to give rather poor answers, but with practice their
estimates-tendcto be better. For wrong answers, you can
give a hint such as "No, it's more than that," or "No, it's
quite a bit less than that." Of course, it's only sporting
for the adult to play the guessing game when the child is
the first person t8 get hold of the container.

Anothe;. activity involves estimating any measure or
number, then checking to see What the correct answer is.
How many inches tall is that person? How many meters
is it between those two telephone poles? How many
grams does that book weigh? What is the area of this
tabletop in square inches?

2. To develop two-dimensional intuition, you might
show your child the blueprints for your house or apart-
ment, or possibly even make a map of your house with
the child's help. This involves work with ratios, but
Using a scale of one inch to one foot, or another equally
simple scale, makes the task easier. Such a map of your
house may make rearranging furnitufe easier if the re-
arrangements are first checked on the scale drawing.
Reading a highway map is a similar activity that helps
develop an understanding of geometry and ratio.

3. Children ban also take part in all sorts of projects
that require the collection of data. They can collect data
on temperature, on rainfall, on sales of certain items in a
store oti almost any happening that occurs in their
everyday worlds. Data can be collected, analyzed, and
used to make predictions and modify behavior.

There are countless activities in which mathematics
can be 'used to help youngsters understand the world.
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An alert teacher Or parent should try to involve them in
the most constructive manner possible, both to show
children the usefulness of mathematics ana,to help them
learn the mathematics.
- In virtually every species of higher animal, the young
learn much that will be useful to them as adults by play-.
ing games. Human beings are no exception. We learn
much that' is useful socially, physically, and mentally
through our playing of games. Games like bridge,
Monolicily, and backgammon are inherenfly mathemat-
ical, although even adult players of these gamel are
often unaware of the mathematics involved.. Playing
such games in school is probably -undesirableliecause
the mathematics is not sufficiently specific and thus
may never be learned. However, it is possible to create
games that provide practice in particular skills and also
provide a natural way to develop problem-solving skillS.
Here are two. In each case, you are likely to learn the
rules for the game and play it for a while before realizing
that the game poses a problem. Usually, the problem is
one of finding the best strategy to win the game.

Writing numbers game: In this game and the next, as-
sume that you have two different cubes. One has
numbers from 0 to 5, and the other has the numbers
from 5 to 10, as shown here. Notice that 5 appears on
both cubes, but no other number is duplicated. For this
game,
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you shouldalso have a form like this:

1 0.1 1 I

6 7 9 10

Two players take turns rolling a cube and writing the
number rolled in the space below that number in the
form. The players use different-colored pencils so they
can tell at the end of the game who wrote the most num-
beri. The person who wrote the most numbers is the
winner. As with names the_best__way-to-learn-is
ctuallwe will simulate the play here by.

upposing that John and Mary make the following
moves:

John rolls the 0-5 cube, gets a 3, and writes 3 in the ,
appropriate space. ,

Mary rolls the 5-10 cube, gets a 5, and writes 5 in the
,correct space.

John rolls the 5-10 cube, gets 7, and writes 7 on the
form.

Mary rolls the 5-10 cube, gets 8, and writes 8 on the
o

. form. . , . .
John 'rolls the 5-10 cube.' gets 8, and can't, write a

number because the space is already'taken.
The form now looks like this (John's numbers are
circled):

0 1 2

"

3 4 5 6

5

7 8 9 10

8

The obvious purpose of this game is to practice writ-
ing numerals. You can make the form more helpful for
very young children by having lightly dotted figures to
trace on the first few forms. When young children play
this game, they sometimes stay with the same cube even

when there are-no spaces leftcorresp-onding to its num-
bers. For example, even if all the spaces from 5 to 10 are
filled, the child may continue to roll the 5-10 cube, al-
though rolling the 0-5 cube is the only useful choice. If
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the child realizes the numbers needed are all on the
other cube, he will switch to it. In the situation above,
the strategy is not quite so obvious, but there is, a ques-
tion Of probability that requires a bit of thought. If you
were Mary, which cube would you roll? By simply
counting, you can establish that there are four numbers
on the 0-5 cube. that have not yet been used but only
three on the 5-10 cube. Therefcle,y_ou_have-a--better
chance-if-you t

Notice how the child discovers both the problem and
the solution: There is no need for an adult to tell the
child there is _a problem or to suggest ways to solve the
problem. Sometime during the course of the game, the
child is likely to realize that one of-the cubes is unlikely
to produCe a number that isn't already written. He will
check this hypothesis by counting, and then try! the
other cube. I have watched children (and adults) play
this game; this is precisely the way they do it, although
the adult's thought process is usually less obvious than
the child's.

Boll-a-15 game: In this game you use two 0-5 cubes
and two 5-10 cubes and try to get a slim as close to 15 as
possible by rolling the cubes one at a time and stopping
whenever you wish. You may not, however, roll any
cube' more than once. Suppose John and Mary are play:,
ing this game. Mary starts:by rolling a 3 on a 0-5 pube,
followed by a 7 on a 5-10 cube; next, she rolls a 2 do the
remaining '0-5 cube. Her total so far is 3 + 7 + 2, or 121
She has a 5 -10 cube left. Her goal is to get as close 'to '15
as possible. It's all right to go over 15, and 17 would be
better than 12, and 18 would be as good as '12. Should
she roll the remaining 5-10 cube? If you had been play-
ing the game would you have rolled the cubes in the
order Mary did? If not, how would your strategy differ?

Most children and many adults start_ by rolling
whichever cube comes to hand first and continuing with
whichever cube is convenient for the second and third
rolls. Then, some (but not all) players begin to think
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about the numbers on the remaining cube and whether
rolling it is likely to improve their score.. At this point, it
may be too late as it is for Mary. If she rolls the re-
maining 5-10 cube with a scare of 12, she has only one
chance in six of improving her score (by rain,' a
Notice that if she a score of 12 -anda-0,-.6 cn-IL

five ichances in six to improve her score, and the
remaining possibility (rolling 0) will not hurt. Children
Jearn'quickly that there is an advantage in saving the 0-5
cubes, for the end of the game. ,Furthermore, although
the game is designed to practice addition, children get a
fair amount of practice in subtraction in order to com-
pare scores. They also do a lot of work with intuitive
probOility in deciding whether, to roll a cube and decid-
ing which cube to roll.

As in the previous game, once a player has learned the
rules, there is no need to explain that there ltirk in the
game mathematical problems that must be solved. The
players discover the problems Themselves and solve the
problems themselves, as one does with real-life prob-
lems. Another interesting featUre of such games is that
nobody tells, the child either what the problem is or
what the answer is. If the child arrives at the wrong an-
swer and plays the game in a leis than optimal fashion,
his life will not- be seriously affected, since knowing
how to play any of these games won't in itself be of any
great importance in the child's future. It is the problem-
solving skill that is of importance. So, by putting a stu-
dent into a game situation where prOblems naturally oc-
cur, he learns to recognize and solve problems without
undue outside pressure and without being constantly in
fear of beingtold, "You're wrong."

There are teachers and parents who distrust programs
that call for playing games in school. They view school
as a `place for, work, not play, and they think of mathe-

_matics as a subject that should be difficult, if not actu-
ally unpleasant. If they believe that learning mathemat-
ics is a way to develop the soul rather than the mind,
they are wrong.
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The goal in teaching niathematics is to get people to
think quantitatively and spatially, and if possible to
enjoy thinking. so _that they __will solve problems by
-thinking even when they are not required to do so in
school. By incorporating games and activities into the
mathematics curriculum, We can help students see -tite,
importance of thinking and discover the enjoyment and
benefits that come from thinking mathematically. The
games must be carefully constructed, of course, and in-
tegrated correctly into the program so as-to provide the
right kind of practice at the right time, and to provide as
much opportunity as possible to solve real problems. If
the children have one same-playing session a week that
always comes on Friday and they choosQ only those
games they most enjoy, they will not learn Much from
playing games.

The games suggested here, and others like them,
should be played when practicing the principal skill of
the game is appropriate; and, of- course, every 'game
should provide practice- in a specific skill at the same
time that it affords real problem-solving practice. It is
possible to improvise such a game for virtually every
skill in elementary school mathematics.

If children experience the - kinds of activities and
games proposed in this section regularly and often, and
develop the kinds of underlaying skills listed in the next
section, a far greater portion of the graduates of our
schools can be expected to be able and willing to use
mathematical thinking to live better lives themselves
and to.help the nest of us Ito live better lives as well..

What underlying skills are necessary to solve
mathematical problems, and how should those skills
bo learned to enhance the child's competence in
problem solving?

_By- way of foreword here, let me --at the risk of being
repetitious stress the importance of understanding
that thinking_ is the ultimate basic skill in mathematics.
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-Without the ability and desire to think, a student, who
has all the other skills is unlikely to be successful in
problem solving. The -willingness to think mathemat-
ically is every bif ..s important as the ability. Unfortu-
nately, mathematici instruction has in the oast often
been so unpleasant that even students who earned
straight As in the subject and understood it fully devel-
oped such unravorable attitudes that they resisted using
mathematics in their everyday or professional lives.

Any summary of skills must be incomplete and
somewhat arbitrary. Moreover, the teaching suggestions
I make here are necessarily sketchy. designed more to
give a feeling for the kinds of 'pedagogy that are desir-
able than to outline a program. With such caveats in
mind, consider these fundamental skills that every citi-
zen1 should develOp in school:

1. People should understand whole numbers and ra-
tional numbers (decimals and fractions), and the use of
whole numbers in counting and rational numbers in
measuring. I include 'here the understanding of rates,
ratios, and percents, and the ability to use these .in ap-
propriate ways. Scientific notation should also be famil-
iar to everyone as a way to report and understand very
large and very small numbers. Real counting and
measuring activities, like those suggested in the previ-
ous section, should be experienced in order to develop
these understandings in ways that will tend to make
them useful.

2. They need to knlow
the basic facts for the four

common operations of arithmetic (addition, subtraction,
multiplication, and division) and understand the rela-
tionship of these basic arithmetic facts to physical ob-
jects. In the early development of these facts, children
should work with physical objects whenever possible
and 'gradually come to realize that the facts . a true no
matter what physical_ objects are considered, thus
abstracting the facts as general principles. For example,
two children might play the following hidden-counters
game:
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Five counters (or coins, or ice Cream sticks, or other -
objects) are placed on the table. One child looks away
while the other covers several of the objects with a book.
The first child now looks back and sees only three coun-
ters. How many counters are under the book? This par-
ticular round of the game models the subtraction fact 5

3 = 2. The answer can be checked by lifting the book
and counting.

Variatioris on this technique provide experience with
-other skills. For addition, eight counters might be placed
on the table and counted, then covered. Now five more

------En/iiteers could be placed on the table. How many are on
.1 the table (including those under' the book)? Some

textbooks have problems that look similar but are really
quite different. They might show eight ducks-on a pond
and five more flying in to join them; then ask hoW many
ducks in all. The difficulty with such a format is that
children do not have to add or even "count on" to an-
swer; they can simply look at the picture and count all
of the ducks. /

After a treat deal of physical experience, pupils will
know many of the fatts because they have used them so
often. These should, then be organized so that children
an see the relationships and use the relationships to

remember facts they don't already know. For example, a
child who understands the base-10 system of numera-
tion will realize (and probably ought to be encouraged to
say, from time to time) that T3 is 10 and 3, 18 is 10 and
8, 35 is three 10s and 5, etc. Such a child wilt have no

realizing that 10 + 6 is 10 and 6, or 16. What
then is 9 + 6? It must be,one less than 16, or 15. Simi-
larly if children know the doubles, they can derive the
sums that are one more than doubles. For example, if
you know that 7 + 7 = 14, it is easy to see that 7 + 8 =
15.

With such experiences and understandings, children
can learn the facts well and relate them to the real world
so as to use them naturally in solving problems. Then, of
course, a great deal of practice is necessary to maintain

i
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and sharpen their skills. Games and activities like roll-
a-15, for example (see p. 27), can be used to practice
these skills with inore conventional kinds of practice,
including pages of exercises and word problems, flash
cards, practice with friends and family members, etc.
Practice shoul not be consiiiered nnneccsary (as was
sometimes the se in new math programs), nor should
it be unpleasant.

3. Paper-and-pencil algorithms (procedures)*shouid be
known to all people, but people sliotild also develop the
flexibility to 'use other methods (estimation, mental
tricks, etc:) in place of the standard procedures when
,,appropriate. As with other mathematics, these al-
gorithmi should be developed from physical situations
so that students see the connection between the al-
gorithm and physical reality. For example, the division
algorithm might be developed from the following story..

Seven children are out playing in the park. They find
$2,938. Aftex:-turning the money over to the police and
getting it back because nobody claims it, they decide td.;
divide it equally. They have 2 $1,000 bills, 9 $100 bills, ,

3 $10 bills, and 8 $1 bills. Two of the group volunteer to
take the 2 $1,000 bills and leave the remaining 20 bills for
the others. The proposal is rejected. Instead, the children
decide to gO to-the bank and exchange their 2 $1,000 bills
for 20 $100 bills. They now have 29 $100 bills, Each of the
7 children can therefore take 4 $100 bills.

In a class, children can follow this procedure with
play money, but they,must keep written records of the
procedure; once they understand the process. The writ-
ten record so far would look something like this:

4 (money each child gets)
7 children S 2 9 3 8 (money found)

We write the 4 in the hundreds column to show that
each child got 4 $100 bills. How many $100 bills were
used up by giving each child 4? Then, how many are
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left? We will continue to keep records
without, repeating the description of each
number'. NoW, we haVe 1$100 bill remain-
ing. What do you suppose the children
will do WTh it? If they get 10 $10 bills for
it, how many $10 bills will they have at-
together? How many $10 each
child get? Because distribution uses up 7
$10 bills, there will be 6 left. What do you
think the children Should do with the 6
110_ bills? Then, how many $1 bills will
they have? How many should each_takg?-
How many will be leftrWlia-Ishould they

do 'sv-iith the remaining.5 $1 bills? They
could change' them in for dimes and learn
something about decimals, or they could
have( a party. If we draw in lines to sepa-
rate the 7 (children) from the 2938 (dol-
lars), and the 2938 (dollars found). from
the 419 (dollars each child received), wi
have the standard division.algorithm for a
one-digit divisor.

By relating the development of this algorithm to a
possible physical Situation, we help children to under-
stand and remember it. More important, we again en-
'couragethem to see a relationship between matheinatics.
and the real, world, and therefore to see that mathemat-
ics is likely to be useful in solving real-world problems,

Rather than move quickly to problems involVing
two-digit divisors, children should now learn to esti-
mate answers to such problems, using the algorithm
developed here, and to check such answers by multipli-
cation. They will find these skills useful when they take
standardized tests, as well as in everyday life.

Such treatments are possible for the other standard al-
gorithms, both for whole numbers and rational numbers.
As with the basic facts, once they understand the al-.
gorithms, pupils should practice 'using them in many
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different kinds of sitnations,_so- as to understand the
general applicability Of the pxocedures as well as to have,
practice in using them.

4. Measurement and estimation are naturally a part of
our ,everyday lives, and everyone should acquire suffi-

*,,cient skills in these activities to use instruments cor-
rectly in making smeasurements of 'height, weight, tem-
perature, volume, etc. Estimating before actually taking
treasures is good experience, and those who. make V'
habit of thi; become much better estimators after 4 short
time. Students also need to learn how to use mea-
surements appropriately, and how to. report mea -
surements in a way that reflectshow precise they are.

Children, growing\up today will have to communicate
with people whb use both, the traditional system of mea -
sures. and the metric Aystern; and they should be com-
forl,eble 'rah, both. .Only by actually making mea-
stiremehts in both. 'systems and habitually using both
sysfems can they become comfortable. Learning one s.rs-

tem. and then deriving the secoqd from the first by con-
version Of units 'will Nt produce real understanding of .
the second.

tie otherhand, educators who understand thi s'
have carried the Tdea further and suggested that
not be taught to convert from one system to another.
Thi, of course, is nonsense. Each system should be
learned independe.ntly, but when both have beCome part
of his intuition, the student should learn to convert from
one to the othet.Por,most practical purposes, this can be
done through estimates. For examplefefor temperatures
we livd with, if you multiply a Celsius reading by 2
and add 300 you will get a good estimate of the
Fahrenheit railing; a Yard is a little shorter than a me-
ter; aditei and a quart are almost the same size; and a
pound is a little less than half a kilogram. Exact conver-
sions can be made when necessary,, ordinarily with a
calculator, - : '

5. Another basic skill is collecting; organizing, end in-
terpreting data. Deciding what data to collect is impor-



tacit and being able to orgarize the data with a chart, a
graph, or other appropriate device is equally necessary.
When they are still quite young, children should gain
experiences collecting data temperatures, heights,
weights, numbers of cars and other vehicles passing a
'street corner, and so on. They should then organize the
data and try to diaw simple inferences and perhaps even
make predictioils. Older students should study more,
formal but stinimple statistical analyses. In all cases,
the mathematical activities should be regularly checked
against, reality:

6. We often must make decisions with insufficient in-
\, formation, and people need an understanding of prob-

. ability to do this intelligently. Consider this simple
exam*: If you flip a coin five times and It lands
heads all five times, what is the prObability that it will
land tails next time? Some people behave as though
coins have memories,.They think the coin must land
heats half the time and tails half the time; so if it has
landed heads the last five times, it is about due oto
land tail's the next time. In fact, of course, coins don't
have memories, and results of the last five throws
should not make'you change your estimate of what the
next result will be unless you have begun to suspect that
the coin is not really a fair or an h9nest.coin, in which
case you might suppose that it is more likely to land
heads than tails in general and therefore is more likely
to land heads on the_next toss. Situations like this arise
in all sorts of practical circumstances predicting the

, sex of the next baby born, predicting the results of sport-
ing events, predicting the next blackout or telephone
failure, and so on.

7. Although we live in a three-dimensional world, we
are often called upon to make decisions-involving only
two diinensions (in travel, in making models of three
dimensions, and in various form's or communication).
People should be familiar with and able to use both
three- and two- dimensional geometric concepts, and
should be aware of the relationship between them. And
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since cve live on a sphere, a sphere should become famil-
iar as a three-dimensional object.,

Activities suggested earlier involving grocery store
i.

containers are useful. Beyond these, there are activities
with protractors, compasses, rulers, paper for folding,
clay, and other measuring and modeling materials that
can be helpful in building good intuitive understanding
of geometry of two and three dimensions. Deduction and
inference should be encouraged with geometric con-
cepts, but in the early years there is no need to empha-
size formal logical proofs in geometry. In fact, such for-
malism tends to be counterproductive if started too
early. For the same reason, there should probably be less

emphasis on learning special vocabulary In the early
grades than is often the case, and more on understand-

.ing and using worthwhile concepts.
8. One of the most important and pervasive concepts

in modern Mathematics andscience is the function con-
cept; We use functions to describe and analyze the rela-
tion between variables (time and height, size and tem-
perature, size and cost, for. example). Everyone should
have an understanding of the function concept and some
knowledge of the tools with which we study functions.
Functions wee studied in algebra, trigonometry,'analytic
geometry, and calculus. There is no reason, however,
why children should not begin to understand functions
at the age of 5.or 6.

A simple activity involves creating a "function ma-
chine" out of a box large enough to conceal one of the
children participating. Make a slot in the box and have
the children draw pictures on the box to make it look
like their conception Of a computer or other machine.
Have a child put three ice cream sticks into the box. The
*box will make strange noises, and maybe even move a
bit, then out will come five ice cream sticks. (Inside, of
course, is a child with instructions.) Then have a child
put two crayons in. Out will come four crayons. Have
somebody put in four coins. What do you think, will
come,oue? If you said six coins, you understand how the
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function mac 1 is working. As time goes on, numbers
on slips of paper can take the place of actual objects, and
then a picture'can substitute for the Machine,-and finally
symbolic rules can represent the machine. Using this
approach, 9- and 10-year-old children can learn to solve
equations with an understanding that 14-year-olds who
have not grasped the underlying principles would find
difficult.

-0. In mathematical modeling we abstract from a phys-
ical situation those features we`,believe relevant, and
then carry out arguments and prods to produce informa-
tion\ in a different form. Finally, we interpret these re-
,sults as they apply to the original situation.

On page 3 of this paper, there are two examples of
modeling. Both the Pythagorean example and the exam-
ple about determining how many people are in a room
are simple cases of modeling. In both cases we ignore
information we consider nonessential for our purpose
(color of hair, heights, ages and names of the people,
material from which the triangle is constructed, etc.) and
make mathematical statements regarding other informa-
tion. The statements constitute a mathematical model.
When we reach our mathematical conclusions, we rein-
terpret the results so they apply to the original context.
The first and last steps, essential to problem solving,
have been discussed elsewhere' in this paper. However,
understanding proofs, formal and informal, is also an es-
sential part of the mathematical maturation of any per-
son.

Children should be encouraged to understand mathe-
matical arguments produced by others and should be
encouraged to produce such arguments ,themselves.
These can include very simple arguments at first, and
gradually move to more complex and formal arguments
or proofs. Also included should be indirect proofs and
counterexamples. Students should be encouraged to
underStand the place of definitions in mathematical
modeling. and to make and apply their own definitions
in ways that are convenient and useful. If children regu-
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larly see adults argue from known facts to previously
unsuspectd information, they will begin to get the-habit
themselves, and they should be encouraged in the habit,
even when their arguments are less than airtight.

10. With the wide availability of inexpenSive and ef-
ficient calculators and computers today, there is no ex-
cuse for not knowing how to use these instruments
when they are appropriate, and there is even less excuse
for not understanding the strengths and weaknesses of
such machines..

In the early grades, children should learn to estimate
answers and understand the decimal system, since these
are both important skills in understanding calculators
and computers. After they have mastered the basic
arithmetic facts and algorithms, they should have the
opportunity to use calculators both in school and at
home; and they should 'learn to see when it is inappro-
priate or inefficient to use a calculator. For example,
have a race between a child using a calculator and a
child not using a calculator. Give.several probleins such
as these: 500 + 300 =?, 2,000 + 7,000 =?, 4,000 + 357
=?;12,000 7,000 =?, 4 x 5 =?, 40 x 50 =?, 80 20 =?
Remember, the child using the calculator must, in fact,

e" it; and that means preSsing all the appropriate keys.
See who finishes first and who gets more correct an-
swers. Usually, the child with the calculator will still be
trying to push the right keys for the first problem when
the other child is finishing, and often the child with the
calculator will_make several errors while the other if
he has learned his arithmetic will make no errors.

Whether the student actually learns to use a computer
or not, he should at least realize that although com-
puters can compute with great speed, they cannot take
the place of serious human thought and judgment. What
comes out of a computer depends on what goes into the
computer. People should )lot assume tttat because a
statement is in the form of a computer printout, it must
be true.' .

Computers do only what they are tol to do, More-
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0.
over, both computers a\nd calculators havelierukar limi
tations that peOples should understand. As a simple
example, on most calculatOrs, if you divlde l by 3 and
then multiply the result by 3 you will 'not get 1. Instead
you will get 0.9999999. With a long series of calculi-
tions, errors of thii sort can build up to the extent that
even the first or second digit of the answer may be af-
fected. People need .to be able to interpret the Informa-
tion put out by a calculator or computer. Tcday, guided
experience' with both should be part of everyone's
schooling.

Ideally, every high school graduate should have
learned at least one computer language (BASIC or
FORTRAN, for example) and should have plenty of op-
portunity and incentive to use a computer to solve prob-
lems relating to science, social science, mathematics,
language, and other fields of thought. With the great re-

, duction in cost of small ,computers and computer
terminals, this is not an unrealistic prospect now, and it
will become even more reasonable with each passing
year. Certainly in the future, educated adults will be ex-
pected to have at least this much knowledge and experi-
ence with computers.

Incomplete as it must be, this 'summary includes much
of what every graduate of our schools should knoly and
understand about mathematics. The most important #

basic skill is thinking, and the skills described here
should be thought of as skills that can help everyone
do this and solve problem's.

For people with specialized needs, other skills and
understandings may be appropriate. These include un-
derstanding the real number system (irrational numbers,
as well as rational), limits, more advanced algebra and
geometry, calculus, linear algebra; and other topics. As
our society becomes more and more dependent on scien-
tific-and technological advances, such subjects will be
considered essential in many different occupations and
professions. In the meantime, the summary above offers
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the skeleton of a reliable basic foundation for anyone to
learn to solve problems through mathematical thought.

How can the achievementiof students and teachers, and
the merit of commercial programs, be evaluated and
enhanced?

Ideally, to evaluate students' learning of mathematics
we should have to follow them through the remainder of
their lived and observe the extent to which they use
mathematical thought effectively to solve problems. A
simpler but still less than satisfactory method of evaluat-
ing students' learning is to test them,On the subsidiary
skills that are necessary to "solve problems and also to
test them with specific problems to solve.

This is usually done by administering a standardized
or a teacher-made test. Unfortunately, such tests have
several common faults thAt. stem from our tendency to
test what's easy (or possible) to test and that ignore im-
portant characteristics that do not lend themselves to
testing. Often this weakness in testing is compounded
by the tendency of students, teachers, and even cur-
riculum designers to train for the test rather than the
more desirable goal of thinking and problem solving.

When subsidiary skills are tested, there is a tendency
to stick with basic facts, paper-and-pencil algorithm s, ;
definitions, and other easily measured skills, and ignore
the skills of estimation, measurement, organization of
data, and mathematical mbdeling. Tests of problem-
sol'ving ability almost always consist of word problems.
As we have seen, these often have clues that allow the
test taker to make a good guess without understanding
ihe problem. At best, word problems are an artificial ap-

e proximation of the real thing.
There is no simple resolution of the evaluation di-

lemma. Any process of testing is likely to change both
the students and the education they receive. But there
are ways to improve evaluation. The first step is to pick
tests that evaluate all the underlying skills necessary for
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Mathematical problem solving. Second, choose/tests' that r
include as much real problem solving as possible --1
without giveaway clues like key words or magnitudes of
numbers thal make the appropriate operations obvious.
There ought to be many problems that require more than
one operation and others that are solvsed by using pro-
cesses quite distinct from the usual arithmetical opera-
tion (If one boy can jump a stream five feet wide, how
wide a streamcan six boys jump?).

Third, distrust test results if there has been an obvious
and concerted effort to prepare students to take the test.
At best, tests provide only reasonably good simulation of
the kinds' of activities we really want students to learn.
Training for the tests rather than for reality corrupts the
system and practically guarantees that students will not
learn to solve real problems.' In New York State, for
example, the Regents' examinations are generally very ,

good multiple-choice tests, but the common practice of
starting to train for the June Regents' exams in Septem-
ber does great damage to any concept 'of education that
suggests there might be something worth learning that is

''' not on the exams. Fourth, watch students try to solve
problems in real situations. Do they recognize a prob-
lem? Do they understand they can use mathematical
thinking to solve it? Do they try to avoid using mathe-
matics, or do they seem to enjoy using the mathematics?
Are they able to use mathematical thinking effectively in
.solving the problem?

In general, if teaching and learning have clearly been
oriented toward solving real problems using mathemat-
ical thought. and if students are willing and able to use
such thought to solve problems, and if they do well on
good paper-and-pencil tests without having been trained
exclusively for those tests, they are probably getting a
pretty good mathem'atics education. What i' to be
avoided is training for a particular test to the exclusion
of real problem solving and presuming that high scores
on that test demonstrate effective learning.

Evaluating teachers is even more difficult than
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evaluating students. One obvious way is to evaluate
their students by the criteria suggested in the previous
paragraphs. If the students are doing well, we may as-
sume that their teachers are effective. This makes sense
so long as we don't give a teacher either credit !r blame
for someone else's accomplishment. The teacher may be
blessed with students who\are naturally good problem
solvers or who had a great teacher the year before. On
the other hand, he may be confronted by students who
practically never come to school, who get no encour-
agement from home, who are/undernourished, or who,
because they have been transferred from school to
school, never had a good start. Evaluating a teacher by
student performance may be reliable, but only with care-
ful copsideration of all the circumstances.

Another criterion may be the teacher's knowledge of
and evident interest in mathematics. The state of the
teacher's knowledge and disposition may be hard to
judge, and college transcripts do not always reveal
either. Today, however, there is a serious shortage of
qualified mathematics teachers. Almost anyone qualified
to teach high school mathematics can find a job in in-
dustry paying considerably more than schools pay. Be-
cause there is not a shortage of teachers of most other
subjects, teachers of social studies, physical education,
English, etc. find that they can keep their jobs by being
recertified to teach mathematics. Many state and city
certification agencies are allowing teachers to do this by
taking courses labeled "mathematics", that have almost
no advanced mathematical content.

Universities under financial strain sometimes cater to
this market by creating courses of little intellectual chal-
lenge for recertification purposes. Such practice is,rep-
rehensible. It produces teachers who have neither the
ability nor the inclination to teach mathematics al-
though they may have seniority over qualified younger
teachers. and it will damage mathematics education in
this country for decades to come unless it is modified
quickly. Schools and universities that participate in this
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sham should be threatened with loss of accreditation;
city and state certification boards that allow it should be
pressed to cease doing so, and school administrators
should do everything in their power to avoid _hiring
poorly trained and motivated teachers or keeping them
on the faculty. If the shortage Continues (as it almost cer-
tainly will), salaries and working conditions, will have to _

be improved to make teaching a more attractive profes-
sion. One answer may be to encourage schools and local
industries jointly to appoint mathematics teachers with
duties and remuneration split appfopriately.

I believe that, professional organizations, like the Na-
tional Council of Teachers of Mathematics, should con-
sider a nationwide board certification procedure compa-
rable to that used in professions like medicine. If proce-
dures could be worked out to make sure that only truly
qualified mathematics teachers received board certifica-
tion, there would be justification for paying such
teachers more and giving them greater responsibility. In
addition, ordinary citizens would have an uncompli-
cated means of helping to evaluate the quality of school
faculties.

Evaluating commercial programs is not easy. Pub-
lishers spend tsubstantial amounts of money trying to
convince potential customers that theirs is the best pos-
sible programs How, then, can you id- :y a good com-
mercial program?

Some ostensibly objective but obviously fatuous cri-
teria have been propounded, usually starting with
copyright date (recent is good) and continuing to in-
clude strength of binding, interest level of illustrations,
amount of white space (more is good), number of top-
ics per lesson (fewest is best, presumably with one the
optimum). Almost always, such lists fail to mention the
burning questions: Does the program work? How do you
know? After reading a few pages do; you think you
would enjoy learning from this book? Does the book
make provisions Nr integrating games, activities, and
other real problem-solving opportunities into mathemat-
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ics education? Does the teacher's guide provide enhough
heti:, so that an elementary teacher who is not a rspe-
cialist in mathematics can teach the program success-
fully? Are there indications that author and publisher
tested content and procedures thoroughly, or were the
books apparently turned out in a hurry to meet a market
demand or a formal adoption schedule? All these ques-
tions are worth asking about a textbook series. But the
crucial question is Does it work?

Few commercial programs have been fully tested be-
fore they are issued. If it is at all rigorous, testing is
costly both in time and money. For example, one would
want to Observe the effect; of an elementary program
cumulatively, beginning with the first grade and extend-
ing upward to the. eighth. If as little as a year is required
for initial planning and writing, nine years will be
needed for comprehensive development and testing, and
nine years is a long time. .

It is a particularly long time for ailthors and pub-
lishers if the schools seem cheerfully disposed to accept
programs that have been tested only ceremonially. In-
deed, such development and testing seem to be actively
discouraged by a severely limiting combination of cir-
cumstances, with roots in tradition, in state school
codes, in administrative convenience, and in the unde-
niable difficulty of accurately evaluating learning
thaterials (beyond, that is, noticing the date of
copyright). To protect themselves, and students and
teachers, publishers issue programs that are inconse-
quential variants of those that came before, on the ap-
parent theory that "new" programs will at least be no
worse than their prOdecessors.
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SUMMING UP
:Thinking I

is the basic skill to be taught in school
mathematics. Students should learn to use mathematical
thought to solve problems thatare real to them and im-
portant to society. To do this effectively, they will need
to _master many subsidiary skills; but such, mastery
.should never be mistaken for the basic goal. Parents,
teachers, administrators, textbook publishers, and other
citizens can. contribute' to imprOving the quality of
mathematics education. We can push aside the false no-
tion that textbook word problems alone, particularly as
they typ;.,dlly appear, teeth problem solving. We can
develop and use activitie4, games, and other means to
create matheniatical environments where students learn
to solve problems naturally. And we can begin to evalu-
ate and enhance the success of students, teachers, and
bprnmercial prggrams with the idea firmly in mind that
real,leaming involves using and developing the mind.
We can remember always that at the heart of
problem\solving is the most basidand human skill of all
-9- thinking.
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