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. ’ CURVE FITTING VIA THE CRITERION OF LEAST SQUARES
’ 1.  INTRODUCTION
N _\ In“many instances, we wish to hasable “to predhct the
. outé§me of certarn phenomena. For example' we may wdnt ©

to know whichg 'students in a graduating high- ~chool Class
w1ll do well 1n’ their first year bf college. ’ . -
' . One way to get a measure, or at least an 1ndicatiod

‘would be to observe the high- 5chool gradeq An- Engflqh of
«20 or so students who have gone to college If we match
the students’ English grades with their grade .point .

.. average after one semester, we would be able. to see 1f

, good grades 1n English ‘matched w1th high grade point

- L
. averages. N

then, Le might
A
assert that Students who_ do well i1n high- school English
do well in college.

s If the "correlatlon" is high, wish to
There may be exceptlons of course.

We. may want to look at other indicators (e.g.
gradesl but' the p01nt i3,
more statlstlcs on the same 1nd1V1dual and we dre

’ 1hterested to know how these statlstlcs relate. Lo ’

, math
we'wish to look at two or

.

. ‘ Ideas of the sort alluded to above are the'subject
of this module.

-~

N\ . N

- - " 2. SCATTER DIAGRAMS ’ .
- - . : > ~ T

» L - _ y .

‘ . . .
.Many statistical prqblems are concerned with more
than a single character1st1c of an 1nd1Vidyal For

instance,

the welght and helght.of a number of people
could be recorded so tRat an examlnatlon of the relation- *
.shlg#bexween‘the two measurements could be made. As a
consider how the length of a Eggper rod

relates to' its ;emperature

- /‘further example

~

.

‘

«

. TABLE 1
. .
Temperature Length
- (°0) (mm)
) St SR — S
¥ e ¥
. — . R
A 2.1 \ 2461.16
* 28.2, 2461.49
A\ . 4 . “~
.. © 38,5 2461.88 "
T ‘ 44.6 2462.19
-
. 57.4 . 2462.62
. 66.2 . 26462.93
‘ 78.1 2463.38
-~

Y

e
v

When we draw a_scatter diagram, tetting the horizontal

ax1s bhe the scale fof the temperature and the vertical

axis the ~cale for the length, we note that ghe plotted
. points lie very close to a straight line, Jgt
reasonable to makc a gquich and accurate estimate of the

length-of the rod for any

18, there{ore,

temperature between 20.1° and

.

. & -

< o
. 2463.54 * .

2463.0 + \,
2462.9 ~—pprmr———— e . R
0 - |
E 2462.5 ] kY
= ’ |
& - |
g 2462.0 - ! ,
3 ) : {»
' | %, . o
2461.5 | )
| v i
; ‘ |
2461.0 — 4 4 4 ' ; X
.20 30 40 50 6071 70 80
- - 63.2 -«
Temperature (° C)
o - L’
Figure 1. 4




[ -
78.1°.* . for example, if the temperature was’ 63.2° the
dotted lines in Figure 1 indicate that the corresponding
. p01nt on the line gives a length of approx1mately 7467'9 mm.
- " Let us explore anotfier examgigithat gives us:ia scatter

dlagram where the- points are more scatteted. « Table 2
'glves us the welghb in grams, X, and the length of the

. rlght hind foot 1n m1ll1metar>, y, of a sample of 14 adult

- \

flelg mice” . » - .
' c TABLE 2 -~ . .
~ - 1] - .
\ ” ; v
. , Weight (g) Length (mm)
e 2 x . y
: 22.3 ~ 23.0
A 16.0 22.6
. . v 18.8 23.2
. ST 182 } £ 22.5
16.0 T 22,24
20.4 23.3 .
Lot - 7.9 . 22.8 .
19.4° . 22.4 R
P 416.9 . 21.8
. 17.6 No22.4
16.5 1+ . . 22.4
h .18.8 ‘ 21.5
Coo. . 17.2 ! 21.9
20.4 23.3 .

N
v

. . +The point in Plgure 2 that is c1rcled indicates where

two points of the data coincide. The poxnts here are much
more scattered than those of the previous set., It would
be.extremely &1ff1cu1t to determine -which strﬁxght Jine |
best fits this set of points..‘ In fact, if a number of
people were to attempt to fit a line to these points, there
is little doubt.that each person would come up with a o
different line. What we need is'a mathematical method
for determlnlng the 11ne that comes ”closest" to all of

-the points,

*¥e are hot <in a position to speculate about values outside of
' this range.

\‘1‘ ] 8 . -

.
. i

‘of about 71.

{ . -
23.54 .
: . O, .
2 23.0 1 o Y
E 'y
v . ,
o [ ] « Al
20 22,54 . ]
- ® . ® . )
5 9 \ :
: 22.0 ' \ »
°© ®
£ . ¢ . -
w -
[=] . . 7
2 21.5+4 ® N
;21,0 " b _— N £ L
l? * 16 17 18 19 20 . 21, 22
. Weight (gm) s
o
‘ Figure 2. ’
# 3., THE LINE OF REGRESSION

2
The criterion traditionally used to gdefine a
""best” fi1t dates back to the nineteenth century French
mathematician Adrien Legendre.” It is called the

criterion, or method, of least squares a,

requlres the llne of regression Wthh we fit to our’

This criterion

data to minimize the sum of the squares of the vedtical

deviations (distances) from the points "to the line.

‘In other words, the method requires the sum of ‘the .
squares of the distances represented by the solid line
segments 9f Figure 3 to be as.small as possible.

From the figure, we Sed that the actual grade

received for a student who studied ll hours was 79.

Readlng from the line of regre551on we predicCt a grade.

.

1 -

.
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e - . ¥ — ~2 . c B
. 100 1+ ~
" - 90T " x y bx o+ ¢ [Difference]z \\,\ t
[ . -
’ e . 24 1 b2 o %0 - 2sb 4 )2 L "
o 10f TTTTTTTI T ' ST 46 B0+ c | [46 - (30b + )] ‘
§ ool 50 ™ o5 b50 + ¢ (51 - (50b + ¢)]2
. ’ 20 1 - ¥20 + ¢ (28 - (206 + )]
3 504 T | 48 b70 + ¢ (48 - (706" + )2
/ ‘*S wl 380 88 | b80‘-'+" ¢ [88 - (80b + c)]:' N
g .91 75 b9l + < 75 - 916 £ )1 .
. T 304 i “46 T 52 b4 + o (52 - (46b + c512 2T T,
.| 35 35 b5+ e T (35 - (356 + o] < '
~ 20 . 25 28 b2+ e .28 - (25 + )] )
y 10 + . 80 ° 95" 80 +x (95, ~ (805 +'c)]? .
]
* . TR =" o O ’ .
‘ -, Hour; Studied * We add'ur; all .qf these squared d1fference< It must,
’ . . tl\en be deter;qlned what values of b'and c must be usod\ *
. angiegz:;:1zac1s;n2r:§e;egressmn ficted ridaca on hours Sc"d‘e:j in. order to have a line .such that the Sum of the vertlcal .
5 . ] hadit ] \ dletances from th‘e line to the data points is at a mlnllifl:m
) *Ls . . e’ L ‘ The Problem. Find the values oPe_b #nd .c such’ that‘ . (
Observ\e»that any [line can -be‘expressed: . ! the sum indicat®d below is a minimum. )
’ 1 - y=bxrc . C ' . 7% - (30-25b-c)? + (46-30b-c)% + (51-50b-c)? + (28-20b-c)?
: 5 . N . . N . s ] - * ¢
' or - . : <, * (48-70b-c) %+ (88-80b-c)% + (75-9Tb-c)? '+ (52-d6bic)?
. roo oo ‘ . - . 1 ! .
(2) | x=by+c, . ; S + (35-35b-c)? & (28-25b-c).2 + (95-80b-c) 2 .
. o, . . ; -
where the b's represent the slé’pe,of the, 1'§ine and the ¢'s - ] i ,
The symbol S1gma can be’ em@koyed on botn 51des, of -
. sare 1nte‘rpreted as the intercept of the axis. ’ 2 .
the equa-e-m})-«above (i.e., ID“ = Z (y -bx. —c) ) Slnce
o' If we con51der Equation (1), knowing the values®of . ZD is a functlon of b and, c we can, write, .
b and ¢ will allow us to ¢ mpare the actual values in the - , .,
y column with bx + c. We Zake the difference in each case SD = f(l) <)’ Z (yi-bxi'rc),
and square the result.‘ Consider the values of x and y in ¢ 1=1 - .. K
Table 3. . - : To f1nd our desirted minimum we find the partial
. e derivatives with respect to b-and ¢ and set the results .
- . ' . ' A 5 equal to zero. We obtain th equations in{'two unknowns
.9 T 10 . : ot 3




which we solve'simultaneously.

This giwves us the

desired values of b and ¢ and thus our line of best fit N

(the line of regression), .
- ",
Trace through the actual development given below.

.

f(b,c) = Z (y;-bx; -C) ' R
) - ; i=1
of _ T, -
3 = _2 2()1-bxi-c)(-xg) =0,
*1=1 . {
n ) )
= _Z (;Zyixi+2bxi *20xy) = P,
i ES 1=1
. finally, . S e
n f n
[
Ibx.®+ § cx, = Z X,y
, i=1 1 1=1 1 ST

*To continue with the other deriwvatives:

of _ 1T :
= = Z 2(y4 bx c)(-1) =
. i=1
o n . ' '
| . = 2 Z (-y +bxi+c) = 0
i=1 -
and )
n n n
e Pbx; + Je= ] Yi- :
. 1:1' i=1 i=1 .
- Jhus our two equations which are traditionally
called.normal equations are:
‘ no, . E n .
(3) bl x:i5+c]x;= T xvy.=
i=1 ! i=1 Y ti=p UL 0
oo n n_
(4) bl x; +nc= } Vs
i=1 i=1

« ¢
. . - ' .
In order to solve these equations, we must calculate

the indicated,sums as is d6ne in Table 4. fle have also

1nc1uded the table of’ y 2.5 because we can use the sum

Z y;~ to findmthe 11ne of regression x = b'y + ¢!,
i=} .
(.« - ’ 7

] o . ' ) .
ERIC [2 | U

Aruitoxt provided by Eic:

Voo :

N

The normal equations for this linme are obtained merely
by 1nterchang1ng X and y in the orlglnal two equations

(3) and (4). ..
. . TABLE 4 ‘
1 . '
. ; N
2 2
X y X y Xy
25 30 625 . 900 750
. 30 46 900 . 2116 1380
50 .51 2500 2601 2550
20 © 28 400 784 560
70 . 48 4900 2304 3360
80 - 88 6400 778 7040
91 75 8281~ 5625 6825
46 - 52 2116 2704 2392
. 35 35 1225 1225 1225
25 28 . 625 784" - 700
80 795 6400 9925 7600
552 576 3437‘2+ 35812 34382
As an example, for x = b'y + c' we have:
’ n 2 n n
' - 1 t =
(3") b 2 y; t¢ .X Y Z Yi¥, - ,
1=1 1=1 1=1
' n
1 1 -
(4") Lyg+nc' = Jx; .
i=1 ,
From Table 4, our equations becdmg:
- - R
(3) 34372b + 552c = 34382. - ®
and
(47 552b + llc = 576.
Thus, N - '
1llc = 576 - 552b -
3 ¢ = 576 - 552b

.: 11 o

. .

Substiguting the value of ¢ into (3) we get

R &

P




Aruitoxt provided by Eic:

L N
@ a o ¢ “
- 4 - 9 .n
- - * -
K 34372b + ssz[imilﬂ} = 34382 .
| . : ? |
. 378092b + 317952 - 304704b = 378202
' ) ' 73388b = 60250 :
‘ o_ b ! (S %
. ' . b = 0.8209789
and ¢ = 1}.165422,
Hence, y = 0.8209789x + 11.165422. Samilarly,
(31 35812b" '+ 576c' = 34382 ‘ . *
(41) 576b' + 11c’ = 5§52
- o dler = 552 -+s76b -
o - C3 {'
552 - S576b’
. & t =
., » . . C 1(1‘ -
A i . 0 L il d 4}‘7 : F H i 5 :: X
Substituting in (3') we get e ) 10 20 30 40 50 60 70 80 90 100
7 - ' Figure 4a. Regression of y on x. ‘
55812b' + 576|332 257001} . 5454,
.393932b" + 317952 - 331776b' = 378202 ,
AY . . =
. 62156b' = 60250 90+ , ’
© - -b = 0.9693352 80-- - cc;\b .
and- . NS/ A .
c' = -0/5760972 : ‘ *70% > O¥% .
\ " )
. X = 0.9693352y - 0.5760972. s04 ¥ > .
, . 5
- N ” ‘ -
So, we now have the lines of best fit with respect 501 > o AN -
to y and with respect to x. ,(See Figures 4a anas‘ttb.) 40t *
We can use either one, depending on our peeds. " Further . A R
than that, having the two lines allows us to calculate what 30¢ o . *
. ' . * ¥ .
is called the coefficient ¢f correlation. 204, ., R .
' 14 W .
. . . . 104 , ’ .
4.- COEFFICIENT OF CORRELATION . |
a ' ' + ; + +- ——t t t } —+ x
: ) 0 10 '20 30 40 50 60 70 80 90 .100
- In order to get & numerical indicator of how well . .
- < - .
the two sets of scores compare, we take the geometric mean . Figure 4b. Regression of x on‘y. .
of the slopes of the two Fines of regression (i.e., r = #+/Bb").
) ¢ 9 R ° - 10
v 7. ° . -
FRIC <1 is
< . £




E

The sign is chosen to. be negative if both slopes are

negative, and positive if both slopes are positive. This {

-

of cgrrelat1on If we have good correlation the value r

is clfse to 17 Poot correlation is indigated by a value
near 0. °If high values of one characteristic are asspciated

with low values of the other‘ the correlation 1s considered

negative. Observe ‘the dlstrlbut1on of points 1n the
graphs of Figure 5. . ¢
- v e
- Ta
. .
- Ny : . -
Vil
s )
. ‘ i~
r=0 /

% * [}
L , .
1
r = 0.4 _ 0.98 ]
Figure 5. N ‘”:
. L
\ Using the data from the example in the previous

segtion wé& have: ,

O

RIC

Aruitoxt provided by Eic:

r.= v/bb' 2 /{0.8209789)(0.9693352)
, D= - = /0.7958037 . .
Y £ 0.8921. I
The value of r indiCates a reasongbly,good' .
correlation. ; N

We can determine b and b' directly from the two

normal equations.

This allows us to calculate r without
' .

16 ' .

vdlue, which ranges from 1 to 1 is called the coefficient g

11

‘-
’i

the+{rouble of finding the lines of regression.

. N ’

littlefalgebra we can wfite:

b = — 2t .
n 5, (o1 ) %
) nlzlx1 ) 1le1] )
and
\ n [ n - n ™
i "L L121y1][i§1xi] ’

Exercise 1. .
_Given the normal equations (3), (4), (B'), and (4'), use algebra
to obtain b and b' above. ’ : >

’

-

Since r = /bb' we can write:
. n lgﬁ‘v n 2
ﬁ.z 5NY, [ Z le{ Z yl]
- o= . i=1 i=1 =1 ]
- ) 2 n 2 n T2
. Rl oxg0- [ ! xl] n ]y, [ iji]
1=1 i=1- i=1 i=l 7,

b More %imply:

. As a check we substitute the indicated suws in this
new formula:

oy




-«

11(34388) - 552(576)

» r = 3
: - 4
o~ J11(34372) - (552)%)(11(35812) - (576)2) ’
. 6 + - . L] °
.. ) _ 378202 - 317952 _ 60250 . v, .
- = - 0
/TT3388) (621567 07540 C ! C _ .
-t : ' ¢ : * .
“r % 0.8920639 = 0.8921. B ‘
° ‘- . - E hd >
Thas agrees‘,'with the results obtained by employ:ing I::o 3T * o
the explicit slopes, b and b' of the two lines of B , 4 < .
regression. - - ) : 4
- 11 .
- ) : : 0 — i + : + 4 e
3 S. REGRESSION FOR LON@MIC SCATTERS . 3 . 9 12 15 18 N
. * - . ) Age in Years
Gonsider the graph in Figure 6 of a man's growth ’ . »
t M *
measured every three years after birth. Notice that 6 .
Figure 6. .
there is a-great deal of growth'between birth and 15 years. \ lg$ . .
After that times, growth tapers off. Table § e®es the : ‘ *
- . - .
data used' in plotting the graph., ) . : . _— N
- ’ . TABLE 6
Y . TABLE 5 i . ' ‘ '
\ 2 . :
- X X y Xy
. A8 tmiren | 3| 6 | 9 12| 15] 18| 21| 2| 2
in Yrs. .
- 0 0 1.60 0. :
‘ °3 9 2.90 8.70
- Melght s 13 |sasfas| s | s8] 6.1 6.15]6.17]6.18 . . 3% 378 22.50
B - : . 9 81 4.50 40.50
) , - 12 144 5.00 60.00
) 15 225 5.80 87.00
N - 18 324 6.10 109.80
. ) . ) ) . 21 441 6.15 . 129.15
Using the techniques developed in Section 3, we can 24 576 6.17 148.08
easily fit a line to the data. ~ See the calculations ' _27 C_729 .18, 166.86
below in Table 6. : . : ) . i35 2565 ©46.55 | 772.59
‘N . - N
. - Y w
’ Using bix% + cix = Ixy '
' 8 . . bIx + cn = Ly,
’ 13 ' , .
- ’ Therefore we can write: \
1¢ ' ) ’ R ' ~ )
Q (n I ““& . ‘ . . ) W ' . 1 G
ERIC c C T | . 1
* . . .- . )

. . 0 ~ -




. ¢
v, 2565b + 135c = +772.59 . T
. . 1356+ 10c = 46.55 ) - co
y 7 .- 46.551-6135b - ‘ ‘
and we can further wri;e ’ : °
’ Y asesh + 135 16.93 {35b 772.59
. 25650b + 135(46.55) - (155)% = 7725.9
25650b + 6284.25 - 18225b = 7725.9
* ) ’ 7425b = 1441.65 h
b= 1441.65/7425
) . b= 0.1942
c = 2.0333 @

and we have our ‘line of regression:

-

. ’ y = 0.1942x + 37,0333,

‘In order to draw the line we need only'locate two

points,. . N L
. ’ Vi
For x = 0, y = 2.033}, .
for x = 3, y = 0,1942(3) + 2.0333 = 2.6159. - .
While this 1s not a bad flt, we can do hettér: IE& . f

turns afit that the data will fit a logarithmic curve

much better ihgﬂ\ihstralght line. In.general,
curves look«\}ﬁﬁég‘e‘bﬂe-shown in Figure 8.
t T

L4 €

logarithmic

2n
-~ 2

We can take log * of each of the x values (age Co

We thenﬁi\? the same technique of least
squages to find a logsline -Q\Lsii fit. The calculatlons“
Notice how muc:\\\gffr thlS carve is tol

this examplé).

’

are given below.
the actual data. LT

L
*Log, is also written ln.. We are using log ‘here to emphasiz‘e N, ¢
. the general nature qQf logarithms.\ We. can arbitrarily use any base®
. - ’ '

. Q . x B T . T ’
FRIC™ <0, R EL
rorerorieio e S b e . EERE ~

. . 28
4 . e -, 3 3
e s . 1 v

7

Height in Feet

t = t % t —t-
* 3 6 9 12 15 18 21 24 27
. Age in Years .
Figlire 7
. L
, y=b log:a x + ¢ . !
3 *

L4

16 .




Aruitoxt provided by Eic:

. € 4
. TABLE 7-
— x_A;A_A4OgEX 41ngey9 y ‘ﬂ41og%xg¥ _ -
9‘ 0 -c0 . -
3 1.0986 1.2069 2.90 3.1859
v w 6 1.7918 3.2105 3.75 6.7193 N
9 2.1972 4.8277 %.50 . 9.8874
12 2.4849 6.1743 5.00 12:4245
"15 2.7081 7.3338 ] 5.80 15.5707
18- 2.8904 823544 6.10 f 17.6314
21 3.0445 9.2690 6.15 18.7237
2% s J3.1781 10.1003 6.17 19.6089
27 3.2958 10.8623 6.8 | 20.3680 —-
22.6894 61.3392 46.55 124.1198
\ -~
We use ’ ¢
bL(log x)2 + cllog x = I(log X)y )
-~y . (] e [+ .
bElogex + °cn = Ly.
Therefore we can write: !
,61.3392b + 22.6894c = 124.1198 ° T
‘ .
22.6894bg + Sc = 46.55
»
. 46.55 - 22.6894b -
- s c = ” 9
. o .
thegefore N

" 61.3392b + 22.6895[

<

9(61.3392b) + 22.6894(46.55) - (22.6984)%b

7

4

6.55-22.6894b)

/f
552.0528b # 1056.19

<

= 124.1198
5 J . 19

15 - 515.2174b =°1117.0782 I
» 36.8354b = 60.8%67
b=1.6529 .
‘ . .
17

.

9(124.1198) '\ .
17

- A [y } < —_ ]
- P .
N 1
o - 46.55 - 22.0894(1.6529) _ 46.p5 - 37.5033+
. 9 L
[ A ind A
- = 2:03607 Moy )
vo= 1.05.29 logex + 1.0052. -
Let x = 3, then y 1.6529(1.08806) + 1,0082 = 2,821, i
= hen v L6529(1.79 + 1.0052°= 3.8009."
X =6, then y =1.0529(1 18) 1.085 3.500 —
N =9, then y = 1.6529(2.1972) + 1.0057 = 4.035.
N = 12, then y = 1.6529(2.4649) + 1.0057 = 5.1125. °
N a
x =15, then y = 1.6529(2.7081) + 1.0052 = 5.4814. :
N, = 18, then y = 176529(2.8904) + 1.0052 = §5.7827.
x = 21, then y = 1.6529(3.0445) + 1.0052.s 6.0375. .
X =24, then-y = 1.6529(5.1781) + 1.0052 = 6.2583. - °
X = 27 then y = 1.6539(3.2958) + 1.0052 = ©.4528.
R . . ;
. -
7 4+
~ t -
6 + ) [ ) _g * -: 7 ~
’ . . Al ”‘ . "' + ‘
M % .
8 * 4
4 4 .. .
o) 0 \ -
u .
23T 2 . e
Q .
= ’
2+ . e ° !
[ .. .
-1
y 4 : : } ——t } "
0 3 6 9 12 15 18 21 - 210‘,‘27
‘ Age in Years .
Figure 9.
. = )
) 18
N ~
{ .
. t)l
. -~ ~3
<
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—y

Exetcise 2. . : : .

- x| 6|11 | 16

Fit a logarithmic :curve to the data given in the table below.

oy 12 42 53 71 76 . T

<2

6. REGRESSION FOR EXPONENTIAL SCAITERS
¥

- . - - -
.

k4
Consider now, an experiment where a large number of

‘corn seedlings were grown under favorable:conditions.

.

e

O

ERIC

Aruitoxt provided by Eic:

-

Every two weeks a few plants were weighed, and ‘the
average of their weights -was _recorded. (See Table 8.)

We also give a grdph in Figure 10. It would be difficul
to find a straight line that would fit very well.- The '
logarithmic curve does %ot fit so well either. C o

.

t

~

. ' TABLE 8
Age » “ "

in Weeks 2 4 6'Y 8 1_0 12 14 16 18 20 | ... .

Average [

Weight fl 28 58 76 1170 | 422 } 706 | 853 | 924 | 966
in Grams ! : L

3 ‘ .
. ‘] v
, [ . .
Thisjset of data is prbbably best fit to an
. .
exponential curve. The''general shape'of such curves
(y = e*) is given in Figure 11, Algebraically y = ¥
can be wfitten logey = X, For a general exponential we
can write: - ’
y = cebx./
Wigh a little algebra, we can get a form that will allow
us [to use the least squares method. Analyze the develop-
ment below. ‘ - “ 19
. . ,
o

1000 | . < 7
. . D)
900 + . d
- .®
800 -+
~ 700+ o
—z
s N e . .
& 600
ce 3 B
= 500 +
=
00 «
<2 400 + = -
= . . - .
300 4+ . <
ot . 4 .
200 + ) . Co
. /
100 4
* ' '
® , o
4 b . . . . , . . .
0 L § T Al T T T I L T 'Y . e
2 4 6 8§ .10 - 12 14 16, 18 20
Age in Weeks .
Figure 10. !
’ . .
L d
- -
& ra
]
g
. 9.
. fa *
- L
« Figure 11. -~ - - o - g "
. ) - . - - ,’:/??4
. = . ¢ 2‘ - -
- - F ~ <
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" ERIC:

.

- < !
. e f 4 . , .
. _ bix : bx - ; L.
g y j/" %r:-e > 1bg, ¢ =rbx. | ) 1540b + 110{52-959;0 “ObJ = 662.5196 .+ .
¢ have: 1540b + 5825.567 - 12100b = 6625.196
‘é . . '
logey I" logec = bx or logéy = bx + log_c . 3300b = 799.629
) . - + b =0,2423
3 3 " 3 " ] ] ’ -
‘ We can flnd the "line of best exponential fit by Lo c = 52,9597 - 26.653 e 3 63067
taking the logf of the y values and then proceeding with 8a . 10 .
the least squ;ires _techniqug. (See Table 9.) , -
. log,y = 0.2423x + 2.63067. ' s
; : : o
; TABLE 9 For x = 2, logy = 0.2423(2)"+ 2.63067 .
. ) _ .y ) = 3,11527 . )
A ; . + *
x | y logey x2 x(logey) therefore .
- ‘ — . y = e3-11527 o 5 510503.11527 ¢
] ~ .
2 21 | % 3.0445 4 o 6.0890 ' _' .
4f 28 3.3322 16 13.3288 = 22.5395. .
6 58 -1 4:0606 I 36 24.3624 ; PR
s g > . 2307 P PP For x = 4, 1log,y~30.2423(4) + 2.6307
. .6456 "
14 170 $.1358 100+ 51.3580 i
: 12 422 | 6.0450 144 2.5400 therefore.
e 1 706 6.5596 196 91.8344 : Yy = 36.5946.
16 853" 6.7488 | 256 107.9808 ‘
.18 924 6.8287 324 122.9166 For x = 6, y.= 59.4122 —
> 20 966 6.8732 400 137.4640 fe?”x =8, y = 96.4573 » - Co
110 . 552.9597 1540 662.5196 fortx = 10, y = 156.6008
’ _ d . s - for x-= 12, y = 254.2454 - : .
. o - for x = 14, y = 412.7739 CoT - ,
N i : . . [ NN
.‘heping the equation }\- , for x " 16, y = 670.1489 .
. , - " ) ‘ for x = 18, y = 1088.0038 ‘
e g ' ..loggy™= bx + log.c ) for x = 20, y = 1766'.4019. ‘
1, -5
o in mind, we <alculate ‘ . We could have solved forc\whe_n“:ve obtained .
‘ _ﬁ\ “1540b, + 110 log,c = 662.5196 . e =rtoghc—= 2. . R - \\~>
L = e -g c ;'5“2";;}“ R ——— If log ¢ = 2.63067, then c * 13.8831,
o ' therefére , ) - -» -
- ) ' 52,9597 - 10 log.c : 0.24235" _
' o \ b= — 1 ‘. ¢ y = 13.8831e0-2423x
.‘ * ) - N L] . ' A
b ' log ¢ = 32.9597 - 110b If we substitute 2 for x We get a value which is viftually
: ¢~ 10 g 21 the same as we got using the other form. That is, 22
. o )
A . e \ B . . .
. 26 , . 27




0.2423(2) _

y = 13.8831e 22.5395.

'

‘ /Observe the fitted curve in Figure 12. .

©

[
‘ 1700
1600+

1500 F

1400 +

™ T
~——

13001

1200 T
1100 4 ' .

-

1000 +
900+

. +
8004+ ) '

700 4+ +

Weight in Grams

600+ ) \
. 5004 -

400+ .

3004 . ‘ 3

2004 ,

b o-1004

4 — Il i 4 I
T Lo T

T T

10 o a2 14 16 18
Age 1in Weeks

) Figure 12. ‘

¢

20

Exercise 3.
Try to fitfthe data for the growth of the corn seedlings
using 15 as a ngg instead of 10. - :

——

s

O , . x

ERIC 28 \

Aruitoxt provided by Eic:

23

B
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7. POLYNOMIAL SCATTERS :
f&

a A dgsc was rolted down an inclined plane and the
distance 1t travelled was measured after 0, 2, 4, ...,
seconds. The résylts are organized in Table 10.

’ © TABLE 10 .
Time (x) 0 {24 | 6|8 |10]12]14116
. Distance (y) 0 i 3 5 8 12 17 23 | 29

3
We give a graph* of the data in Figure 13. " Notice.
that 1t looks as 1f it could be fitted to an exponential.
However, this data fits closer to a second degree poly-

. nomial or a parabola, y = ax2 + bx + c.
< B 4 A
30 1. °
w 254 ° ’
o ] t ,
£
5 -
g 2T
) >
5 [ ]
° 154 ‘ .
5 =
v o -~
g S t 1y
g 10 1+
/] - . - ‘
Lal
(=]
5 4 °
[ ]
bd L i ] ~ i
. 0 1 L] 1 T
5 10 15 .20
' Time 4n S
. Figure 13. me 4n leconds .
T 1 .
. In order, to fit a polynomial we must do a little
more mathematics. Notice, that we now have three constants

'y
to identify, namely a, b, and c.

o~
We mist consider minimizing the sum
n LY -
) ly; - (axi2 + bx, + )12, . *
i=1 ' ¢ 24
. 29




a

This means that we must calculate the partial derivatives
b,
derivatives equal to 0 and come up with three equations

of “this sum with respect to a, and c. We set these

in three unknowns a, b, and c¢. That dévelopment is
given below: ) ’
. . -
n
3 . ) : 2 ) .
33 * izl 2ly; - ax, bx clx
‘ L
g - 3 2
o= DC2x Ty ¥ Zaxg o+ 2bxT o+ 2ex;7) =0
i=1 .
4 3 _ ,
arx + bExi + cIx = Ix Y, .
"""" )
n
. g% = 1 -2y, - ax.% - bx: - clx; =0
1=1 N
B ¥ + bix 2“¥“c£&»- LY.X

W i
e

3

3 v 2
3¢ ° Loc2lyy - oaxg® - obxy - cl@) = 0.
i=1 Tt
aZXiz + bIx, + cI(1) = Ly -
alx 2, bIx. + nc = L
i Vit

From these normal equations we .can obtain. a best

parabolic,fit. We must find the indicated sums in4,

z, . .
in . in s gxi, in Y, inyr, and Zyi.

calculations below using the data from Table 11,

We give these

1
. a(140352) + b(10368) + c(816) = 16324. - 4
.a{10368J + b(816) + c(72) = 1218.
a(816)  + b(72)  + c(9) = 98. s

Y

-

& Iy
. TABLE 11 7 &
4
2 3 4 2
X X5 i\ ¥ Yi XYy 2y
0 0 0 0 0 0
2 4 16 1 2 4
4 16 64 256 3 12 48
6 36 216 1296 5 *30 180
8 64 512, & 4096 8 . 64 512
< 10 100 100 10000 12 120 1200
{ 12 164 | 1738 20736 17 204 2448
14 196 2744 8416 23 322 4508
16 256 4096 65536 29 464 7424
5 v -
72 816 10368 | 1403 98 1218 16324
X . -

To solve this system, we can use an augmented matrix.*

e

140352 10368 816 16324
. 10368 816 72 1218
1+ 816, 72 9 98
We first dividé the top Tow through by 140352 to obtain .
s 1 in the first row and first column: ’
1 0.0739  0.0058 ~5.1163‘
10368 816 o on 1218
816 72 9 98 |
—~—
Next: we multiply the top row by -19368‘and,add it to the

second row. Then,

- i) - - - -
it to-the bottom row. The resulting matrix is given

.

-

we multiply the top row by -816 and add

*For a more detailed discussion on'matrix manipulations see

Elementdry Differentiul Equations with Linear Algebra.by Ross.
Finney and Donald R. Ostberg. . .
A
. . .
l) -
, IL

L.
26




. . |

o 1 - 0.0739 0.0058  0.1163 |
0 423.0528 11.8656 12.2016|. \
0  41.0736  4.2672  3.0992 . \

s

s * °
If continue we divide' the second row by 423,0528 to obtain .
in the second row, second column.

0.0739(0.0116) + 0.0058(0.6148) = 0.1163
/ a + 0.0008572 + 0.003566 = 0.1163
////// . : “a = 0.1119.
P Therefore the parabola of best fit 1s:
y = 0.1119x2 + 0.0116x + 0.6148.

We obtain the y values below:

3 * ’ ‘. -’
. 1 *0.0739  0.0058 0.3465], _ " x=0, y=0.6l4s.
\
0 ] 0.0280  0.0288 x =2, 'y =0.1119(4) +0.0116(2) + 0.6148
1o 41.0736  4.2672  3.0992 ' ] = 0.4475 + 0,0232 + 0.6148
© N : . = 1.0855.
N hd : \ N -
We now multiply the second row by -41.0736 and add it to 7 . t x = 4, y =1.6
" fhe third row. X =6, y o= 4.9688 %
. "
070058  0.1163 , . x =8, y=7.8692.
0.0280 0.0288 T~ x =10, y = 11.9208.
3.1172  1.9163 \ x =12, y = 16.8676. ‘
. x =14, y = 22.1104. ’ )
row by 3.1172 and obtain c¢ from . x = 16, y = 29.4468.
Foe ./ - *
[d e .
, . ° When this data is graphed on,the original set of
0.0058  0:1163 . . axes, we see that we Jave a very close fit. (See
0.0280 0.0288 Figure 14.) ? ) . '
1 1 0.6148 ’ ’ :
N s
¢ \k P Exexcise 4. ' e o
N . . i t the data to an exponential. It should be convincing that
. . kY -
'fherefqre, N y the exponential does not «fit as well as the parabola. ’
\ \ . »
. c é\;.6148. - . - — "
b’+ §.028(0.6148) = 0.0288 _ . *
;\ 3 'S < ) .
, vb + 0.0172 = 0.0288 ; There are sets of data. that éroduce scatters ‘that
\\ b 2 0.0116. ‘ i . - ﬁit higher order polynomials than 2. For éxample, the
\ * . ) 13 . 27. ® ' . ‘
. 1 \ 32 ‘\ P ) ' B . r)e,) 28—
El{l‘fc . \‘ ) . - \ ) d d
" " \ :




uses the came procedu¥es But you are spared the

- . - =

'~ It should also be pointed out Ihat,ln praet1ce =
mount of data colIected wouhfmore than I;J\ely-be ;
Xtens1ve We have alsc kept the numbers reasonably

m»

%1th,a c&Ef%tcr ppegram‘xo do the work . we can”,
EQTET a. Large number of data and the,pumbers can be

Vfu’;.‘/ ' net

e;tber—yerv lagge or very dmall = T -

. Ebefe are other functions such zs powers and powers
éa1sed to powers that ‘can be employed, and data fitted
"to 4hem *i: e. ‘y cﬂ‘ ¥ = CX ,b, etcs )' Apptopriate
'mnnxpulat &n St the. data can be employed to hkandle these
51tuatLon9 " * The hablg mathematics of the least square .
- U methpd can still he used Hopefully, this material has

guven enough background so that virtually any type of

scukter can be fitted. ) “
1 - ) T - ’-.: "—' L oo . = AR
. N oL T s v 8. MODEL EXAM
, corn stedling example in Section--f might be fit ‘With a - !
S o3 2 - . . ~ - .
. Cuhl? (i.e., y = ax® + bx™ + cx +d). . . Y 1. Given the data in“the table below construct a scatter
However this means "that we- would have to solve . . diagram: T -
four equatlons in four unknowns (a, B, c, d). Th;s is ’ . - - hd
no small task "‘Ghere are methods for finding the . - JX| 287 110{15 18 11511812323 125]25/[30}32]35
- . ccoe£¥101ents without going through all the work of the yl2l2]811s 10 5 120016 110]15]120125023] 27125
part Al derivations, namely, the square'root.methoed and . Q%; - —
.@*Q ‘Gausg's, method . v~ ] . ) o : \
AR} > ) 2. For the data.given in Question 1, is the coefficient

re is still a great., deal of calculatlon @0 do -
even w1th these methods. In-fact, all curve fitting
requires a

of correlation positive; negative, or zero? Fit a

lane by eye through the points of the scatter diagram

ood deal of c¢alculation. Now that we have
;ompugers, we \can write - programs Fo deal with any type tHrougH the data using the least square technique.

- 1 - v . =<
. - ' ’ -

of scatter.

. . . - .

- \ . . .
. . 8 . . \: e s \ ] ’

'11‘ . _? ) RRAT . e

that was constructed for Question 1. Fit a line ~

T . We présent, as an appendix, a BASIC program called 3.. Given the parabold y = 2x? + 3, let x take on’ the
"Super Fit." Aft®x going through this unit the reader: ) values 1, 2, 3, 4, 5, 6, and 7. Find the corresponding
) should be comfortable with using the program. The f q; y values. Which type of function—logarithmic ot
; ) ’ . . 29 .~ exponential—will best fit the given paiaboka? 30
LS A 91 i st - . s el . '),_, f-'
" ERIC 2. L - ] ‘ 2 T .
. L. ' f
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2.

ERIC

Aruitoxt provided by Eic:

Fit the data in Question 3 to either a’ logarithmic
or ex;;of\ential curve depending on your choice from ,
Question 3. . . , '
& . .$ L .
9. ANSWERS TO MODEL EXAM
\ h)
wt : . i
35T -
30T . .
. . .
25 + ° e
* L]
201 . .
® )
15+ . [ ] [ . ;
/ 'd
104 . .
- ® [ ]
5+ ° -
* 3 * 1 — —l i [ X L 4
0 T T 14 L i 13 '
5 10 20 25 30 35 40 -
Positive. ol
y -
30T b
3
25 4
20 + -
154 »
107 e
‘5~-—
e E— —
' 5 10 15 20 25 30 35 40
90 ! ‘ 31
gb

P

X i x Xy
N\ -
2 2 4 4
8 2 16 1
71 8 49 56
10 15 100 150
15 - 10 225 150
18 5 324 90
15 20 225 300
: 18 16 324 288
.23 10 529 230
23 15 529 345
25 20 625 500
25 25 625 625
30 23 900 690
32 27 1024 864
35 258 1225 875
, 253 223 % 6724 . 5183
6724b + 253¢ = 5183
253b + 15¢ = 223 .
o o 223 - 253b .
15
E
6724b + 253(539-{33229) = 5183
6724(15)b + 253(223) - 253% = 5183(15)
3]
100860b + 56419 - 64009b = 77745
. 36851b = 21316%
' b=0.5787."
> ’ - .
Since ¢ = 22322530 223 - 253(0.5787)
5. v 15
therefore
¢ = 5.1059. )
The line.of regressi;n is ¢
y = 0.5787x + 5.1059.
y = {5,11,21,35,53,75,101} ¥ b

An exponential would fit best.

32




— 4.0139¢0-492205) |

1.6094— : = 4.0139(11.7165)
47958 x=6 7 .
9 A335

14.2212 = 4.0139e24922(0) _ 4 0139(19.1672) = 76.9352
19.8515— g
25.9050 e 7
32.3057 -

107.8221

2
4.0139e0'49’2(7)

'
8
[e+] \IO\U'\L\QA)N.-"x

= 4,0139(31.3558) & 125.8491.

»

140b + 281og ¢ = 107.8221
28b + 710g c = 23.5100

log ¢ = 23.517- 28b

&ﬁiﬂh} = 107.8221

140b + 28[

g

~ Al

7(140)b + 28(23.51) -, 28% = 7(107.8221)
. }

.

980b + 658.28 ~ 784b = 754.7547:

196b = 96.4747

b = 0.4922.
%

3

23.51 - 28(0.4922) _ 9.7284
.7 . 7

log ¢ = = 1.3898
N e

§
therefore . [

¢ = 4.0139,

We have'y = ce® which yields y = 4.0139
so if

0.4922x. .

1 \ . s
4.0139¢% 49220 4 01391.6359) "=, 5. 664
¥
2 »
4.0139¢2- 49222 _ 4 0139(2.6762) = 10.742
) i
1

0.4922(3)

3
4.0139e

4

= 4.0139(4.378) = 17.573

-
.

4 .
0.4922(4)

4.0139% 4.0139(7.162) = 26.7479

-

A runtext provided by enic [
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. PN -

. ' a7 ir ) .
__ b s ) ) To solve for b' we do a similar procedure: ) .
gt 10. ANSWERS TO EXERCISES : " Given - .
s | oz oo Do
o N . . . (3') b')y, +¢c)y. = y.X .
1. Given . ‘ i=1 i=1 7 g=l t
e e - ﬁ
(3) b x + ¢} x, =) X,y Ll ) n
oi=1 =1 & g=p U1 (4') b' Z +nc= J x,, /
i . i

R A P . i=1 i=1 *
__.___..._.._m_..,__n ‘ . ¢ ¢
- — (%) izlxi + nc = }- Yoo - using (4'Y we can write: - -

o i= N . ¢ ' .

’ o “n n T -
using "(4) we can write: . ! ne=J x -b') ¢ .
Y ' ’ ; . i LYy v
' ! ' 1=l i=1 -

L nc —i):lyi - :lei '_ . . ‘. “ o i,_,._.___.,.w._,_____\ _____
. ;;jﬁ_ . - . ', . c = i=1 1—1 \J\

. .o z Y¢.T 52 x , . . ) ,
. . . _d=l ed=1 . * Substitute the value of ¢ into (3'):
-~ o ~n s ¥ - ! s .
- .. > X n n
. Substit:xte this value of ¢ ‘into (3): . ’ o, izlxi - b;zlyi W n
RN —_— n - : C by n Ly, =1y
L g . ' 27 oy - b): i=1 " li=1 Y d=)
AT - S S PN 2 - ' .
’ bz ¥k n i=le Z *i¥i- e n g n n n n n
. . 'yl L Ly, -b )y Ly =nlyx
’ i=1 i=] "i=] i=]1 “i=1 i=1
- . - Mult’i’ply&the equation obtained by n and remove "the parentheses , . .
t ' ~using the dinibutive law: - T . . lf 2 [ 121 2 rzl lf 121
b'In) y.~ - y =n) y.x. - X y
n n n n n £~ =1 it e A T T A
N “b): Xy + Z Yy ): X5 b): + ): X" nz XY ! i
’ 1 1=1" " i=1 1=1 Fym1 1 oym U . n, n
L nz ylxi - z x.i z yi
+ Further we can write: / b' =1 i=] “i=]
' : “ 'z‘ 2 'z‘ 2
. n n 2 n n n n)y - Y.
2 ‘ i i
b n): X, ‘= z x = n): Xy, - z y z x . i=1 [i=l ] R
li-l L i] ] =1 T ot g . ' . .
C, i o ). o e - -
: x og x og X y log x)y
-~ “z xiyi = ): yi ): xi . ‘ £ € 1 L=
b = i=1 i=]1 “isl 1 0. « 0 12 0
- - n . > . .
- ¢ 2 . 6 17918 3.2104 42 75.2556 -
nl %y, L%
i=] i=1 . 11 —2.3979 5.7499 , 53,1 127.0887
. . s . .
. . 16 ° 2.7726 7.6872 71 196.8546
- N ' - 21 3.0445 . 9.2691 * | ‘76 231.3820
’ - 55 10.0068 25.9166 254 630.5809 - .
Y . 35 ’ A 36

‘ . '*U ) . . . - - .
ERiC C o | o 41

A -
- \

23
¥




) D SSSSSSSSLEELLELELELELELELELLSSSSSSSSSSSSSSSSEEEEE UEEEEEEEEEEEEEEEES——
Use ‘ . 90, , . - 9
2 : :
] . bZ(logex)‘ + chogex = 2(103ex)y . 80 N s
° x
i bZlogex + " ecn = Zy. * 707 ¢ ‘
. . - 604 .
» Therefore we can write: “ o ° °
. - 50+ ° ¥
25.9166b + 10.0068c = 630.5809 .
10.0068b + 5¢ = 254 ' a 407
, 254 - 10.0068b - 301. .
: c= s 1
) ) 207 <
. - - <
25.9166b + 10.0068 |224=10-0068b} _ (40 <ang N
5 10 fg me -
~r f Voo ) . = -~ e
. . ' . — e L 3.
5(25.9166b) + 19.0068(254 - 10.0368b) = 5(630.5809) o . T s — - — ———
129.583b + 2541,7272 + 100.136 = 3152.9045 T e 3 10 15\ 20— -
T - R - L ’ Graph for solution to Exercise 2. = .
. v 129.583b = 511.0413 I . .
“ ¥ -
. , b = 3.9437. -
) Hence ' ) ) ' :
’ 3. We could use any baseand obtain the same fit. The calculations
-~ 2 3
. ¢ = 254 .10'0268(3'91‘37) . W % are given, for a base 10 (common logs) fit. Notice that the y ’
s ~ values are virtually the same as those obtained for lohge.
- = 42.9072 '
¥ and .t . ' « 2
X y logloy | X x(logloy)
y = 3.9437 logex + 42.9072. -
: L I - 2 21 1.3222 4§, 2.6444
Let . . R 4 - 28 1.4472 16 5.7888 .
x = 1, then y = 3.9437(0) + 42.9072 . ! . 6 58 1.7634 36 ~ 10.0580
. - 42.9072 . . LF ) 8 76 1.8808 64 15.0464
» T : 10 170 2.2304 100 22.3040 ’
x =6, y = 3.9437(1.7918) + 42.9072 Lo . . h 12 422 2.6253 \ T 144 31.5036
. = 49.9735 - \ ’ . : ) 14 706 2.8488 196 39.8832
S ox =1, y = 52.3638 ‘ . o 16 853 2.9309 256 46.8944 &
‘ ’ ! : 18 924 2.9657 324 53.3826 .
= = - * !
x =16,y =53.8415 . . 20 | 966 2.9850 400 | - 59.7000
x = 21, y = 54.9138. a 110 . 22.9997 1540 287.2054 '~
l e .
. .. ' ) 1}
) 1 L] -
37 - - -
. A 38
o 42 . 13 )

EMC ) k*' . ' ' Lo .

Aruitoxt provided by Eic: - . . . . . R
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.. P 1540b + 110 log ¢_= 287.2054
‘- 4.
110b + 10 logc = 22.9997 i X y logey )52 . x(logey)
. LY
b - "22'999711010 loge _ 22.99971—1011.5968 - 0.10366 0. 0 -
2 1 0 4 0
‘ therefore 4 3 1.0986 16 4.3944
’ 6 5 1.6094 36 9.6564
1540 22'?.99711010““ + 110 log ¢ = 287.2054 8" 8 2.0794 64 16.6352
T \ . 10 12 2.4849 100 24.8490
35419.538 - 15400 log ¢ + 12100 logc = 31592.594 . 12 " N 33,9984
3300 log ¢ = 3826.944 - - .14 23 3.1354 196 43.8956
A . loge = 1.15968 - . 4 6| 29 3.3673 256 53.8768
. ¢ 72 |. 98 16.6092 816 187.3058
. : ¢ = 14.444. ( - .
- . . ¢
.47 x= 20 ) Keeping the equation
oy - l,‘.,‘,‘1&(“))0.10366(20) - 14.4464(10)2-0732 log,y = bx + log,c
- A3 ~ . .
N . T = 14.464(118,3586) = 1709.5716. - * 816b + 72 lngec = 187.3058 N
72b + 81log_ ¢ = 16.6082
x = 18 e
- y =-1060.6879 / log, ¢ = 16:6082 = 72b ,
x = 16 , .
y =’ 658.0932 : ‘ 816b + 72 [18-0082 = T2b| 147 305
14 . * ®
x , 6528b + 1195.7904 - 5184b = 1498.4464
Cov ..y = 408.2134
, : ’ . 1344b = 302.656
x = 12 . : . VL, ‘
~ y = 253,2727 ' . ’1 b = .2252
- _ 16.6082 ~ 72(.2252)
x = 10 ) , . . log ¢ = T gt *
y = 157.1406 . s : -
. ) ] = .0492 . )
-x =8 . ‘ >
. y = 97.4956 ’ . . N ° 1‘ A the fitted curve is:
% =_6 ¢ - logey = ,2252x + .0492.
y = 60.49 ] | for x = 2, log_y = .2252(2) +.0492 .
] I . = .4996 -
y = 31.5226 . © oy = et499 2 i1
x'\- 2 - )
y = 23.2808 A, N 39 . . .
; 14 _ A5
3

D>

PR A1 7t rovided by ERIC
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, : AN -‘

», )

15.6677 ' ' ?

x= 4, y = 2,5857 x =12, y =
x.= 6, y = 4.0568 x = 14, y = 24.5818
. x =8, y = 6.6859 x = 16, y = 38.5673 . |
’ x = 10, y = 9.9742 ' ‘ . |
. . |
v - ° ¢
7 384 U
36 4 3
" 34+ ) '
. 327 : | - S -
' 30 X . ) Co
28+ .
T 261 ) : . y ‘
° e N [ ] -
24 - . ’
- . . ° X [ 4 q“ .
. 22 A °® . .
20 o Lt :
. - ! ~% Q(
P ~ -3
) 18 - . . -
x‘ < . 2@
- 16: . o i % . ) N .
- a, - . r,u
. 14 - ] . @
. - & v
12 x , ,
" 10 o . . ‘
- 8 b3 4 o~ \ -
. ‘. »
6 , .
. ) X . .. .
. 44 . L) . . *
2 - § ¢
° : ®
x . . . .
, 7 ) *
2 4 6 8 10 12~ 14 16, 18
Graph’for solution to Exercise 4. ! * ) T o
- - [
. . . ) .
‘ lv .' AD « ¢
} , LY 41 v, PR

“ERIC .
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APPENDIX*

<G

Once the program listed here is loaded intq a

computer, it will be a simple matter to do curve fitting.

The program is interactive. The user will be prompted t
give the needed information (i.e., all x and y Values).

This program fits g1ven data to the following types
of curves and plots them: S ‘ . -

(1) Linear y = mx + b;
(2) Exponential y = ce™
°(3) Logarithmic y = mlogx + b;

(4) Ppﬁer y = cxn; and
. o h
(5) Polynomial y = a; : a;x * q2f2-+ a x.

Note that Equation (2) can be written as’ logy =mx + logc

and ﬁquation (4) can be written as log)r=1110gx-*10gc
Thus, Equation 42), (3) and (4) can be reduced to linear
equatlons by 51mp1e substltutlons \

o -

*The material in this appendix” is adapted fromlfechniqgl Data
for BASIC-Programs, Preliminary Version, July 1974, developed by

Project CALC/Education Development Center, “Inc.

- .
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Super;Fit

®a.‘ N ) .
SUPER FIT

LIST, .
LET Fg=y ~ :
LET N5:2¢2
LET P1=3.1415%
DIM C$(3),D$C1) ,
PRINT ’
PRINT "SULYik FIT." -
13 PRINT .
) 14 PRINT "Ae ™I™I“UM X:="; :
15 INPUT 19 . .
‘e 16 IF 19<>958 THEN 19 ' d -
17 .GCSUB 983 ) ) ' ¥
18 GOTO 14 <
19 IF 19:999 THEN 14 .
20 IF 192997 THEN 9uv@ . .
21 LET L9:=1I9% . . .l
22 PRINT " MAXINUM X=":
23 INPUT 19
24 IF 19<>998 THEN 27  *° L
25 GOSUR 98@ X &
g 26 GOTO 22
27 IF 19:999 THEN 22 -
8% IR 19:=997 THEN 524 , B
29 LET R9:=19 ' B
3¢ IF R9>L9. THEN 33 Tt
31 PRPINT "ERPOR: "MAXIMUM X. MUST EE GREATER THAN MINIMUN x."
32 GOTO 14
33 PRINT ™  MINIMIM Y="j . :
s 34 INPUT-I9 - ‘ s
. 35 IF 19<>998 THEV 58 I - ~
36 GOSUR 982 )
. - 37 GOTO 33 . -
. 3 IF I9: 999 WTHEN 33 .
39 IF 192997 THEN 90a < ‘
a¢ LET B9=19 . 7 —
41 PRINT " MAXIMUM Y="; * T -
42 INPUT .19 //// - .
43 1F 19<>99% THEN 46 - Lo .
" 44 GOSUE 933 : Y .
. 45 GOTO 41 . - :
. . 46°IF 19=99> THEYM ‘41 ¥ ‘ ..
. 47 IF 19:=997 THEM Sea ., ’
. 48 LET T9:=I9 B - , : :
45~ 1F TO9>B9 THEN 79 o
. 5¢ PRINT "ERROR: MAXIMUF Y MUST EE GREATEP THAN MINIMUM Y.,
: 51 GOTO 33
72 GOSUE 8@a . — -

: : 94 PRINT .
95 PRINT " X GLITCH="3;Gg
. 36 PRINT " Y GLITCH="$G9

37 'GNSHP 92a |

AV DL KN —

-t




9% LET F8=]
REM .

12¢
141
1ne
179
117
159
16¢

FEM
REM
LET
LET

DIM

DIM

165 LET

175,

176
177

178

179
2o
121
182
123
185

T 1RS

127
18¢
185
19%
199

.20
2nl

202
203 .

. 2¢4

2¢5
206
2aT
242

209

218
214
212
213

214

215
2186
2417
218
219
229
221
222
223
224
225
226
2217
228
229

248

249

FOR
LET

‘LET

LET
LET
LET
LET
LET

" PFEPAFE FOR DATA

E9z(F9-L9) /202
ER=(TS5-EQ)/2n2

S(4),T(4),UC4),V(a),N(4),M(4),%(4)

AlLL,12),"(1]1),F(21) - -
DRz 12 . .
I16=1 TO 4 o~ .
S(16)=A
T(I16)=9 .
Uersy=s
V(IR)=a L€
M(I8)Y=v
E(I6y# .
N(IS) =y . N

NEXT 16

FOR
LET

I6=1 TO 21 . ‘-
R(I6)zf .

IF I6>11 THEMN 1IR3

LET

Q(Iu)=y

NEXT IX

FEM
FEM
RLM

"PRINT “~ v
PRINT + ;

LET

PRINT "D: INPI Ta."

“@\INPUT DATA

L4

w9zl

PRINT : -
FRINT "= x="; .o
IHPUT I9 ~

IF 19<>998 THLN 211

s

GOSUB 927 _ .

GCTO 2ms 2 -
JF 192999 THEN- 225 -

IF I9=997 THEN 3073

LET

X9=I9

PRINT " y=";

INPUT I9 ’

IF 19<>998 THEN 219

GOSUB 92¢

GOTO 244 . ~

IF 195999 THEN 295 .
IF 192997 THEN 9@

LET

YS:1I9

GOSUR éa@

GOTO 245

LET
LET

We:z I°
Wa=-w9

IF .W9=1 THEN 240

PRINT . '

PRIMT "E: EPASE DATE."”

GOTO 2#¢ : »

GOSUE 522 ' g

PRINT - .. B

»

Super Fit




383

391"

392
393
394
395
398
399
420
441
442
4¢3
424
46415
427
408
429
412
4] ]
412
413
414
415
413
422
42
429
43¢
431

432
433
440
44|
442
443
444
45%
45 ]
452
453
455
4558
459
46
462
463
- 465
" 465
47¢
471
473
474
475

- 478

477
47g
479

LET pS=z"-"" .

a - < Super Fit
PRINT , TN

PRINT "  DEGREE OF* POLYNOMIAL:":

INPUT I9- '

IF 192999 THEN 249

IF 192998 THEN 391 ‘

IF 192997 THEN 331

IF 19<zD8 THEN 44|

PRINT "ERROR: DEGREE MUST BE AN INTEGER BETWEEN # AND":DR

GOTO 391

IF INT(I9)<>I'S THEN 399 , .

LET D7:19 ; '

IF RC1)>:DT+1 THEN 418

PRINT "ERROR: NOT ENOUGH}DATA FOF DEGREE";D7;"POLYNOMIAL FIT—"
GCTO 391 ;

REM . S

REM FIT POLYNOMIAL ‘ .

FEM :

FOR 1621 TO D7+] '

FOR J6=1 TO D7+1 - .

LET A(16,J§)=R (I6+J6-1) |

NEXT J6

LeT ¢(16,D7+2)0(16) .

NEXT 16 - . - L.
¥ D'=" THEN 473 - :

FOR 1621 TQ D7+ ‘

IF AC16,16)<>@ THEN 458

IF 16=D7+1 THER 399

FOR JS=16+1 TO D7+]

IF A(J6,16)<>¢ THEN 44

[

NEXT J6
GOTO 399

FOR K&€z1 TQO D7+92

LET T7:A(16,K6) - . \

LET A(I8,K6)A(J6,K6) £ g
LET A(J6.K6)=T7 ~

NEXT -K§

LET T7=A(16,16)

FOR J6=1 TO D7+2

LET A(IG JE)=A(I6,J6)/T7

NEXT J6

FOR J6=1 TO D7+l .

IF J6=16 THEN 465

LET R7:=A(J6,16)

FOF K§=1 TO D7+2
LtTA(JSKG)A(J6K6)57*AU6 K6) _

NEXT K6 ’
NEXT J6 - ' ’
NEXT 16

[F AMT+1,D7+1 % THEN 399 -

LET A(D7+l s DT+2)=A[(Y7+1,D74+2) /A (D T+1 yD7+1)

PRINT " THE P, LYNOMIAL IS ™
PRINT " Y=":ACI\D7+2)

IJ D7=0 THEN 383

LET Jp="+"

LET qc:Abs<A<§,n7+zd>
IF AS=#(2,D7+3) THEN 48@




- "/.

‘ Super Fit
" ‘
259 PRINT "Fi FIT “ATA WITH CUFVE."
251 PRINT "  TYPE OF CURVE";
252 INPUT C$%
253 IF C$="LIN" THEN 327
254 IF C$="EXP" THEN 32%
255 IF C$="L0G" THEN 345 7
. . 256 IF C$="POW" THEN 366 .
: 257 IF C$="POL" THEN 3Rr|
25% IF C%<>"998" THEN 2451
~ 259 GOSUB 920
26¢ GOTO 251 .
261 IF C$="9599" THEN 1A10
262 IF C$="997" THEN 904
263 GOT. 251 \ . o
304 REM : 2
321, REN : FIT CURVES
392 REM
3¢7 LET G6=1 :
& 3¢% PRINT " LINEARP FIT." _ -
. 317 GOSUR ||»a
318 IF F9za THEN 327 .
; 319 LET D3z"+"
32¢ LET AGzAPS(R (1)) .
321 IF AG=E (1) THEN 323 ;
322 LUFT D$="-"
323 PRINT " Y="eMCl) s kX"
. .324 PRINT D3 o : )
325 PRINT A6 '
327 GOTO 248
328 LET G§:=2
329 PRINT " EXPONENTIAL FIT."
338 GOSUR 110@ ’
339 IF F9=3 THEN 344
349 PRINT " YZ"SEXP (B (2)) 3 "%EXP ("sM(2) 3" %X) ‘
341 PRINT " WHICH IS EMUIVALENT TO:"
342 PRINT " Y=";EXP(B(2)):"(}":EXP(M(2)):"TX)"
344 GOTO:248 - , '
345 LET G6:=3
346 PRINT "  LOGARITHMIC FIT.”
355 GOSUR 1]0@
356 IF F9=@ THEN sss
357 LET D$="+" .
358 LET A6=AES(B(3))
359 IF A6zE(3) THEN 361
36¥ LET D$="-"
361 PRINT " Y="gMC3) 3 "RLN (X) " s -, .
362 PRINT Ds;
363 PRINT A i
365 'GNTO 248" - { ’
. 366 LET G6:=4 ;
362*PRINT "  POVEP FIT.”
- 375 GOSUE 1102 - ,
® 377 1IF F9=2 THEN 380 R > \
378 PRINT Y= EXP(B<4))."${XT" MCays")" \
382 GOTC 2487 L
381 LET G6:=5 v 51
@ .. 3R2 PFINT " POLYNOMIAL FIT." - 46




Supér Fit

-

632 LET V(2)zV(2)+W9*X9
$33 LET U(2)=U(2)+Woxy8g
§34 LET T(2)=T (2)+WO*X 9%Y8
635 LET S(2):S(2)+W9%xX %X 9
636 LET N(2)=N(2)+W9

543 IF X9<z0 THEN 65@

641 FF Y9<=¢ THEN 654

642 LET X£zLOG(X9)

643 LET' Y8zLOG(YS) :
S44 LET V(4)zV(4)+Wo%X8
645 LET UC4)zUC4)+Wo*YR
546 LET T(4)=T(4)+WS%XR*YR
647 LET S(4)=S(4)+WU9Xa*X8
648 LET N(A)=N(4)+Wo

654 IF X9<=3 THEN 66

651 LET X8zLOG(X9)

652 LET V(3)zV(3)+W9*XR
§53 LET U(3)zU(3)+W9%Y9
654 LET T(3)=T(3)+W9%X8*Y9S
655 LET S(3)=S(3)+Wo*X8*Xg
€56 LET N(3)=N(3)+U9

66¢ LET XBzY9*W9 -

6§1 FOR 1621 TO D®+IN\

662 LET @(I'6)=R (16)+XR’

$63 LET XB=X8*X9 N
§64 NEXT 16 .

€74 LET X8:zW9

671 FOR 1621 TO 2%Dg+I

672 LET F (16) =R (I6)+XR

§73 LET X8:X8%X9

674 NEXT 16 :

748 REM

781 REM PLOT POINT

742 REM

714 GOSUB_S54@

711 GOSUR™'95@

728 LET H9:=X9-ES

721 LET V9zY9-(1-W9)*ER/2
722 GOS B Y66 |

738 LET H9=V9+E9

731 LET V9zY9+(1-V9)*ER/2
132 GOSUB/570 :

748 LET H9=X9+(1-W9)*ES /2
741 LET V9:zY9-E® .
742 GOSUB 96@

75@°LET H9=XS-(1-WQ)*ES Y2
751 LET V9:zY9+ER

752 GOSUR 97a.

762 GOSUR 99¢

765 RETURN

797 REM ,
798 FEM' SURROUTINE TO DFAV ARES

799 REM

8AA LET Z7=INT(LOGC(F9-L9)/18) /LOG( 1)+ 108)- 1 a¢
8AL LET Z8=(RO-LI)/(1AT(ZT+1)Y

872 LET 7 5=INT(LOG( (TS~ EQ)/l@)/LOG(l?)+l?¢)-qu
823 LET Z 6=(T9- E9>/<|ar<zs+1>>

L4

-

02




Super Fit v
484 PRINT * e
42| PRINT DS$; i . '
482 PRINT AG:"X" . . ~ , °§,
. ., 4%3 IF §7=1 THEN 383 v '
484 (oﬁgls 3 TO D7+! - _
485 LET A6=ABS(A(I6,D7+2)) _ . . ‘ . .
486 LET D$="+" ~ .
487 IF A6=A(16,D7+2) THEN 489 . : ,
48R LET D$="-" *
4829 PRINT e
49¢ PRINT D$:
491 PRINT A63"Xt"316-1 .
492 NEXT IS - . : ‘ |
__ 494 GOSUB 50¢ |
495 GOTO 383
504 REM . ° ’
5] REM PLOT FITTED CURVE
542 REM
514 GOSUE 949
511 GOSUE® 958 ’ : , . . |
522 FOP H9:L9 TO P9 STEP (R9- -L9)I /NS . - B
530 IF G6>] THEN 548 L :
531 LET V9=M(1)*HS4E (1) , ‘ ;
532 GOTO 584 ¢ L
54¢ IF G6>2 THEN 550 ‘ : . DRI
541 LET V9=zEXP (M(2)%H9+R(2))- . . .
542 GOTO- 58¢ L. ‘ 2
55¢ IF, G6>3 THEN 56@ ‘
551 LET V9:zT9+1 & Ce
552 IF 19<=@ THEN 580 .
553 LET V9=M(3)*LOG(HO)E (3 {
554 GOTO )ﬂb . -
564 IF G6>4 THEN 574 . : .
561 LET V9=T9+! v oo
562 IF H9<=2 THEN 584
563 LET V9=FXP (M(4)*LOG(H9)+E ¢4)) : . Ny
564 GOTO SRA .
574 LET X8=1 . ’
571 LET V9:=0 "
572 FOR 16=1 TO D7+! ' , ‘ ,
573 LET V9zV9+A(I6,D7+2)%X8 ' oy . '
574 LET X8=X8*H9
575 NFXT 16
., 58A GOSUB 979 ;
. 59% NEXT H9 . ‘4 : ‘ - ' .
2 592 GOSUB 9958 . |\ «
‘ 595 RETURN o
\ 6% REM
& 621 REM CALCULATE SIGMAS
. . 622 REM
624 LET V(1)zV(1)+W9*X9 : - . »
621 LET UC1)zUC1)+Wo%Y9 o . .
= 622 LET TC1)=TC1)+WIRX 9%Y D -
623 LET S(1)=S(1)+WO%X 9*X9
Y €24 LET N(D)=NCD+WS . J "
., £30 IF Y9<=# THEN 647 ° o3
Q 631 LET Y8zLOG(YS) = : _ - 48
.£]{UC o . . ¢ .

h ) - ’ - - 4

4




886 LET H9=H9+57
- 867 GOSUE 97¢ ..
868 LET.HS=h3-G7 .
889 IF L9>=y TnEN R73 AR
+. 274 LET H9:=HQ=GR7
271 GOSUR 974
872 LET H9= H9+q7
273 GOSUE 97¢ .
. B74 NEXT V9 "
275 LET V9=T9
®76 GOSUR 972
889 GOSUE "99¢ ¢
_89¢ RETUFN :
90 PRINT ¢ e
81 IF F3<>3d THEN 904 :
372 PRINT "WARNING: SINCE YOU HAVEN'T ENT
343 PRINT "
944 FRINT
345 PRINT "GO TO A
226 INFUT C%
947 IF C$(1,
SAR IF C$(1
949 IF CH(1°
912 IF C$(|
It IF CS(I THEN
912 GOTO 915
92% GOSUE 992 ‘
921 GOSUE 834 ;//{
939 FETUFRN
947 REM TURN 0” PLOTTER/AXI" LIMIT’
949 RETURN
. 952 REM LIFT PFY
959 FETUFN _-
36+ REM PLOT POINT
959 RETUR*)
ATAREM DPLOT LI“E
979 FETUFY . v
S22 PEM TIPeSE PICTURE
9% RETURN.
99A'FEM TUFN OFF
399 RETURN
’ l¢tad FEN
’ 1211 FEM
1212 TEM
1¥24d PRINT
1621 PRINT "Xt
Y 1#22 ' INPUT C$
i 1¢23 IF CHC1,1)="N" THEN 22¢ . « ‘
- 12?4.);NC$(1\1)'"Y" THEN 1333
1725/1F C$<>"998" THEN 1228 .
.. l/?S GOqUE 924
1¢27 GOTO 182]; ..
I#2g8-1F C%= "999" THEN" 1221
17229 1IF C$‘"°97" THEN "9na
" 132 GOTO 1421 .
1433FOR 18=1 T0 4 . -
¢34 LET,S5(16) =@ <

\)‘( .t N LT A . - ’,

3

yDyE,F OF - X"

THEYN
THEN
THEN
THEN

13
VAR
224
249
1214

“‘
N N Nt S N

><‘l1rr_rcj'!>

PLOTTEFR

SUEROUTINL TO EFASE ALL

-

EFASE ALL DATA™; |

PR o

' i
Super Fit

ERED YOUR AXIS LIMITS"

(FOF THE FIRST TIME), YOU'D EETTER ENTEF A,"

TN
.

nATA
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8i4
815
ged
827
RIR
@9
2]
11

& GOTC 824 -~

LET H9=L® 4

IF F5<¢22 THEN 269

\ Super Fit

LET G8z18127 ‘ . \
IF 28>5,2001 THEN 813  -. |
IF 28>2,8081 THEN €11 .4+ L
IF Z8>1,2201 THEN 843 = o~

GOTO g14 . T \

LET GRz2%G%” i |

GOTC g14 : ‘ |

LET G8=5%GS oo A
GOT0 814 , . |
LET GRz1e*G8 x
LET G5=441Z5 ‘ ~

1F Z26>5%.0p81 THEN 823 ] | o

IF Z2>.%7001 THEN =21
IF Z8>1.,0261 THEN &19

LET BQz2%39 -
GOTO 824 {v5

- LET G9=5%G9 :
2 GOTO 824 . -

LET G9=10%G9

‘PETURN ; i

,GOSUB 94¢

“LET v9:a

IF BE9<z4 THEM R34

"LET V9:=EF>

IF T9>=2 THEM 836

LET. V3:=T9

LET H9=F9

GOSUB 96@

LET G7=(TS-E9)/200

FOR H9=INT(LO/GR-,1)*G& TO Fo+GR/ 10 STEP G
GOSUE 973 .

IF T9<=? THEN 848
LET V9:V9+G7
GOSUE 97¢

LET V9:V9-G7 :
IF B9>=¢ THEN 849 .
LET V9:=V9-GT )
GOSUB 978

LET V9:=V3+G67

GOSUE 973

LS

6 NEXT H9

LET H9=R9

‘GOSUB 976

LET vy=z]s - v
LET Hoz=2 . . o
IF L9<=@ THEN 857

»

IF R9>=8 THEN 859 ' w
LET H9:=F9 ‘
GOSUB 968 . : T
LET -V9=E9
GOSUE 573

in
(S|

d :
GOSUB "97 ‘ L 50

“ ' 0

A

iy TN

.
|-

CLET G7=(F9-L9)/200 | \ /___/'
FOR V9=INT(ES/G9-.1)*GS TO T9+Go/ig STEP G9 |




DS
0N —

— e - - e e
— e e = e
(\)M.—..—.—-—-\J

1122
1123
1134

\\ZAnJ

—_— N NN — 20

Super Fit

LET T(I6)=? ¢
LET U(L6)z3

LET v(I§)=p— .

LET M(I16)=¢

LEgE (16)=0

LET N(I6)=z@

NEXT 16

FOP 1821 TC DR+

LET Q@(I6)=#

NEXT 16 -

FOF 1621 TO 2%D2+)

LiT “(IS)=¢

NTXT 7 ¢ ' :
GOTO 207 . ,

# FEM

REM SUBRPOUTINE TO FLT CURVE
FCm .

PRINT %
IF N(GS)>] THEN 112¢
LET Foz¢ S _
PRINT “NOT ENOUGH DATA FOF FIT" | -
GOTO 113@ *

LET DH=N(GS)*S(GS)=V(56)*V(GRY

LET M(GS&)=(N(GE)*T(UB)=V(GE)*U(GE)) /DS

LET E(G6)=(S(GB)*U(GE)=T(GE)XV(GE)) /D9

LET Foz1

KETUFN -

END

" - -

" N
V]
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'STUDENT FORM 1 EDC /UMAP

Return to:

- ’ 55 Chapel St,

4

Request for Help

Student: If you have trouble with a specific part of this unit, please fill
out this form and take it to your instructor for assistance. The information
you give will help the author to revise the unit.

Your Name . Unit No. P
Page . .
g 'Sec\ion o Model Exam
O Upper OR —_— oR Problem No.
(OMiddle Paragraph . Text - .
C) Lower . . Problem No.

Description of Difficulty: (Please be specific)

N\

Instructor: Please indicate your resolution of the difficulty in this box.

(::) Corrected errors in materials. List corrections here:’

©

<::) Gave student better explanation, example, or procedure than in unit.
Give brief outline of your addition here:

kY

(::) Assisted student in acquiring general lefarning and problem-solving
skills (not using examples from thik unit.) .

<)

-

¢ Instructor's Signature

Please use reverse if necessary.

Newton, MA 02160 .



: Return to:
STUDENT FORM 2 . : EDC/UMAP
: 55 Chapel St.
Newton, MA 02160

Name ' ’ - Unit Wo. Date .

Institution Course No. ¢

Unit Questiohn%ire

Cneck the choice for each question that comes closest to your personal opinion.

1. How useful was the amount of detail in the unit?

Not enough detail to understand the unit
Unit would have been clearer with more detail ¢

____Appropriate amount of detail

j#nit was occasionally too detailed, but this was- not distracting
oo much detail I was often distracted .

-

How helpful were the problem answers?

[

Sample' solutions were too brief; I could not do the intermediate steps
Sufficient information was given to solve the problems
Sample solutions were too detailed; I didn't need them

Except for fulfilling the prerequisites, how much did you use other sources (for
example, instructor, friends, or other books) in order to understand the unit?

A Lot Somewhat A Little Not at all

How long was this unit in comparison to the amount of time you generally spend on
a lesson (lecture and homework assignment) in a typical math or science course?

Much Somewhat About . Somewhaf Much .
Longer Longer the Same Shorter Shorter

Were any of the following parts of the unit confusing or distracting? (Check
as many as apply.)

Prerequisites
Statement of skills and concepts (objectives)

Paragraph headings

Examples

Special Assistance Supplement (if present)
Other, please explain

Prerequisites
Statement of skills and concepts (objectives)
Examples N
Problems
Paragraph headings
Table of Contents
Special Assistance Supplement (if present)
Other, please explain - s
L4 . .
- AR
Please describe anything in the unit that you did not particularly like.

%

Please describe anything that you found particularly helpful. (Please'use the back of
this sheet if you need more space .) .
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1. LINEAR PROGRAMMING PROBLEMS

i

1.1 Examples of Linear Programming Problems

Several years ago, a major grain supplier decided to
produce chicken feed from a mixture of grains and food
supplements. Each’of the possible ingredients:had a
different price, ang each contained different proportions
of the various nutrients that chickens need each day.

The question was this: Which ingredients, in which pro-
portions, should be combined to meet the nutritional

needs of the chickens as inexpensively as possible?
N L

The producers of a Broadway musical were designing
an advertising campaign. They planned to advertise
through several different media. Each type of advertise-
ment was known to reach different numbers of people in
various income brackets, and each had a different cost:
The producers’kneq how many people they had to reach i
each income bracket if the campaign were tb be success
ful. How should they distribute their advertising

dollars among the various media' in order to have an

g effective campaign at the minimum possible cost?

\

.

. Q

ERIC

Aruitoxt provided by Eic:

*

A farmer planned to\grow several crops, each of which
required different amounts of irrigation and acreage. In
addition, the labor costs ‘associated with each Crop were
different, as wére the selling prices. -Naturally, the
farmer had limited amounts of water, land, and capital

,available. How much of each crop should she plant in or-

1]
der to maximize her profits? M

1.2 The Characteristics of Linear Programming Problems
What do these three problems hav; in common? First,
tpey all involve quantities that can be assigned a whole
"range of possible values at the will of the problem sol-
ver. The grain supplier can decide which ingredients he ,
will use and in which proportions he will uSe them. The

S

] £3 .

‘is governed by restrictions.

Broadway *producers can choose to run different numbers
of adJertisements on radio and television or in néws-‘
.papers and magazines. "The farmer can plant varying
amounts of hany possible crops. These are called con-

trollable variables. //
conditions that limit the range of values that these /

Second, all three problems involve

variables can assume. The grain suppljer must meet the /

nutritional neéds of the chickens, the producers mus t ' /
reach certain numbers of people, and the farmer must stay
within the limits of the availaﬁle water, capital, and

land. q/

has as 1ts object the minihization or maximization of a

These are the-cofstraints. Third, each problem

critical quantity. The grain supplier and the producer

wish to minimize their costs; the farmer wants to maxi

mize her profits. Taken together, these are some of fhe

major characteristics of linear programming problems
4

1.3 What is Linear Programming?

.

Linear programming is a mathematical technique for
achieving the best possible results ‘in a situation [that
It'is" not to be conffised .
With computer programming, which is programming of an
entirely differeqt sort. Of the many quantitativé pro-
cedures. that are now used as ajds in decision maling,

linear programming is one of the most successful.. It is

applicable to a wide variety of situations, ang it has
already helped to save many millions of dollafs.
The word "linear" refers to the fact thaf the mathe-

e equations-

matical equations used in a linear progran‘h
t

‘of the first degree. In two dimensions, se are the ¢ -

equations of straight lines. Anyone who_#4n graph linear

equations and inequalities in a two-ddmensional coordi-
- )
nate system and solve them simult@neously can learn to

solve simple linear prbgra ng problems.
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2. A SIMPLE PROBLEM IN LINEAR PROGRAMMING

2.1 Formulating the Problem

Let us return to the problem of producing an econom-
ical feed for chickens. For the sake of simplicity, we
will consider just two of the feed's ingredients, corn
and alfalfa. (Although the reasoning used here is simi-
lar to that used in sélving real life problems, the
numbers have been altéred to simplify the computation$.)

Suppose that corn is priced at 6¢ a pound, alfalfa
.at 8¢ a pound. Each pound of corn contains 2 mg of pro: )
tein, 1 mg\of thiamine} and 14 mg of fat. (Mg stands
for milligram, a very small unit of weight. There are
1000 milligrams in a gram and 28.4 grams in an ounce.)
Each pound of alfalfa contains 1 mg of protein, 5 mg of
thiamine, and 25 mg pf fat. Animal nutritionists have
determined that chickens require, at a minimum, 15 mg-of
protein per week'and 30 mg of thiamine. It is also known
that chickens will not eat more thdn 285 mg of fat per

2 . . . .
week. This information is summarized in Table I below.

TABLE 1

protein thiamine fat - cost
corn 2 mg/lb - 1 mg/1b 14 mg/1b 6¢/1b
alfalfa 1 mg/1b S mg/lb 25"mg/1b 8¢/1b
minimum
required . 15 m§ , 30 mg
maximum

. 285

allowed e

Given these conditions, how many pounds of corn apd how -

. many pounds of alfalfa must be mixed together to meet

the chicken's weekly requirements at the lowest possibfe
cost? * ’

V

The first step in formulating a linear programming
problem is to assign symbols to the controllable

¥
u

1
[

t 7
riables, in this case the number of pounds of corn and
the number of pounds of alfalfa that are to be used in

the chicken

Let x =
Let y

ounds of corn to be used.

of alfalfa to be used.
. \
Now the constraints can be statea\Tn\gsrms of x and-

y. We will start with the protelin constrainti._Since
each pound of corn contains 2 milligrams of proteii_the

number of milllérams of proteirrin x pounds of corn wiTT‘

the number of pou

. be 2x. In the same way, the number of milligrams of

protein in y pounds of alfalfa will be ly, or S$imply vy.
Then the total amount of protéin in the corn and alfalfa
mix will be 2x + y. And since each chicken needs éﬁi
least 15 milligrams of protein every wéek, we know that
2x 3\{ must be at least 15. 1In algebraic terms,

2x + y > 15,

Similarly, since each grém of corn contains 1 milligram
of thiamine and each gram of alfalfa contains 5 milli-
gramsaof thiamine, in order tohhaveiat least 30 milli-
grams of thiamine in the chicken's weekly feed we must
be sure that

x + S5y > 30.

Unlike the constraints on the protein and thiamine,
which set minimum values, the constraint on the fat sets
a maximum value. The fat content in the chicken's weekly
feed canift exceed 285 milligrams. Since the comn will
contain {4x milligrams of fat and the alfalfa 25y milli-
grams of fat, it is necessary.that '

-

l4x + 25y < 285.

»

It is also important to realize that neither x nor’y can
be negative, that is,

x>0 and y > Oj@ -

Having formulated the constraints, we must state the
object of the program, which is to minimize the cost of

v T ,
¢



o

the feed. This cost will be the sum of the cost of the
corn and the cdst of the alfalfa’.
of corn at 64¢/1bwill cost 6x cents; y pounds of ayfalfa

We know ‘that x pounds

at 8¢/1b will cost 8y cents. The total cost eNX,
in cents, will therefore be
L 2 ) .

C = 6x + 8y .

where C stands for cost. Because it is our object to

minimize the value of C, this equation is called the

v

obaectzve functzon.k

., The linear program for this probiem is suymmarized ) ‘
below. ’
Letting x = the number of pouﬁés of corn to be used
VM and = th ds
. 1 y e number of poun of alfilgg.to be
used
, ~ -
Minimize C.= 6x°+ 8y e )
%ubject‘to 2x + y=> 15 \ (protein)
X + 5y > 30 - (thiamine) .
- . 14x + 25y < 285 (fat) : ,
where } x>04mW >0 §
Eiééple 1. Formulate the constraints and the objective function :

for the fallowing problem. A bakery must plan a day's supply of

e : : :
eclairs and napoleons. Each eclair requires 3 ounces of custard

and 7% minutes of labor. Each napoleon requires 1 ounce of cus-

tard and 1S minutés of labor.! The akery makes 40¢ on each eclair

-~

that it sells and 30¢ on each napoleon. If 120 ounces of custard

'are aVallable, and 10 hours of labor, how many eclairs and how a -

many napoleons should the bakery make to maximize its profits? -

Step <1: AsSsign symbols to the controllable variables.
Let x = the number Of eclairs the bakery should make.
Let y = the number of napolions the bakery should make.
Step 2: 'Formhlate the constra1nts in terms of X and y.
. Since each eclaxr requlres 3 ounces of custard, x eclairs

Q

EE

Aruitoxt provided by Eic:

RIC

require 3x ounces of custardz

Similarly, y napoleons
¢ R

N S A B

>
,

fequire y ounces of custard. 120 ounces of custard are

available, so N

3x + yf< 120.

Eclairs require 1/8 of -an hour of labor, napoleons®1/4 of

an hour.

t&at

1/8x + 1/4y < 10.
N N

W%;h 10 hours of labor available, this means

N In addition, x > 0 and y > 0. .

’ e
Formulate the objective function.

The profit on x eclairs_is .40x; the profit on y napoleons

is .30y. The total profit on x eclairs and y napoleons is
' therefore ) :
. - . "
P = ,40x + .30y.

R .
| .

v

© pieces per.minuté.

_Come families each week.

Formulate linear px{gh\%‘or the f°1~19wing problems. \ .

. 1
Exercise 1. A’r3?§ cleaning company is buying up to 30 new pressing

mackines and is considering both & deluxe and a standard model. The
deluxe model occupies 2 square yards of,floor space and presses 3
The standard model occupies 1 square yard of
floor space but presses only 2 pieces per minute. If 44 square "
yards of flgor space are available, how many machines of each type

,

should the company buy to maximize its output?

The ﬁroducefs of a Broadway musical plan to advertise
Each bus ad-
The%

producers want uﬂjhave at léast one third as many bus advertisements

Exercise 2.
on New York City buses and on a local radio station.
vertisement costs $3000; each radio commercial costs $1000.
as radio commerczal§. Bus advertisements are known to reach 400

upper income families, 400 middle income families, and 500 lower in-
The radio commercials reach 100 upper in-
come familjes 1100 middle income famllles and 100 lower 1ncome

fam;lles each week: If the producers want to reach at least 2100

] upper income families and 91QG0 middle income families and no more.

thén 5000 lower incéme families every week, how should they

&S

+
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distribute their advertising between the two media in order to-

minimize the cost of the campaign?. .

Exercise 3. A farmer has 30 acres on which to grow tomatoes and
corn. 100 bushels of tomatoes‘requxre 1000 gallons of water and
5 acres of land, 100 bushels of corn require 6000 gallons of water
and 2% acres of land. Labor costs are $1 per bushel for both (orn
and tomatoes. The farmer has ;valldble 3U,000 gallons of water and

$750 1n capital.

s

tle knows that he cannot sell more than 50U bushels
of tomatoes cr 475 bushels of, corn. If he makes a profit of $2 on
each bushel of tomatpes and $3 on each bushel of corn. how many

bushels of each should he raise in order to maximize his profits?
’

.

r

2.2 Graphing the Problem

It is not hard to find pairs of values for x énd y
that will safisy all the constraints listed in the pro-
gram ﬁormuléted in Section 2.1. x = 5 and y = 7 is one
{Try them.) The

The question is,

such pair; x = 8 and y = 6 is another.
possibilities are, in fact, unlimited.
which of these pairs will give the lowest possible value
for C? _
one does, one way to answer this question is to make a

graph.

When the problem has only ‘two unknowns, as this

Since x'z 0 and y > 0, we shall be ;nterested in

points in the first quédrant only. This is always the-

case when the variables in a linear programming problem

represent physical quantities that cannot be negative.

We willlsfart'by graphing the protein constraint.
The line 2x + y = 15 is shown in Figure 1, as well as
the shaded region where 2x + y > 15. The.points in this
region, together with those on the line, are the only
ones for which it is true that 2x + y > 15. These
points are hence the only ones that satisfy the protein
constraint. . ¢

.

' EJ

20 1 \ '
B |
15 N .
10 4. \
D
-+ | i
x |
L .
N — - l -—
S L |
"o — . , »
) 5 10 15 20 25 30 X
Figure 1. The points that satisfy the protien constraint. 1

Which of these points also satisfy the thiamine con-
straint? To find out, we must draw the line X ‘ Sy = 30
on the same set of axes and shade in the region above it.
Only those points whiéh lie in the inFersection of the
two sets of points sa?isfy both the protein aqg the thia-

mine constraint (See Figure 2.) -

‘Because the Yat constraint sets a maximum condition,
it will be satisfied only by points on or below the line
14x +25y = 285.
with the other two, and the shaded region now shows those

.points that satisfy all three of the constraints togeth-

The

In Figure 3, this constraint is combined

er. A region like this one is called a convex set.
points labelled P, Q and R are its vertices.

A set of points is convex if the line joining any
two points 6f the set lies within the set. Convex sets
+ ~have no holes, in them, and their boundaries are stypight .
or bend outward. The intersection of any two convex

sets is itself a convex set.
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Figure 2. The points that satisfy the protein and the thiamine

>

In Figure 4 below, a, b and ¢ are convex sets; d and

() (d) (e)

Figure 4,

€ are not.

(a) (b}

Set a, consisting of a straight line and all the points
on one side of 1t, is called a half-plane. Since the

R - . * . -
triengte—inJagure 3 is formed by the intersection of

constraints.

Figure 3.

71

The points that satisfy the protein, thiamine, and
fat constraints.

three such half-planes, it too 1s a convex set. The
non-negative solutions to any 1linear prégramming problem,
no matter how complex,, lie 1n a convex set.

2.3 Solving the Problem

> .

Now that we have a picture of all the points whose
coordinates are possible solutions, we are ready to solve
the problem, that is, to find the point whose coordinates
miﬂ}mize the cost, C, of the feed. To do this, we must
interpret the equation of the objective function, C =
6x + 8y, .as the equation of a line in the Xy~ plane In
slope-intercept form, this uati becomes

6x C

)’=-T+§' . -
Thus, the slope of the objective function is -6$;t‘:r

-3/4, and the value of C determines the y-intercept,
C/8.  In particular, the smaller the value of C, the
smaller the y-intercepl wpll be.

All lines-with slopes of -3/4 belong to a family of
parallel 11nes, some of which are shown in Figure 5.
These 11nes§can be v1ewed as possible positions of a
51ng1e,11ne with a slope ,of -3/4 moving across the coor-
dinate system parallel to itself. In some of these
positions it will pass through the region that, is shaded

10
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25

.

.

point marked P. " Of all the-lines that have slopes of
-3/4 and contain at least one point that satisfies the
constraints of the problem, this is the one with the

smallest y-intercept. 'Point P is therefore. the pofht

in the shaded region whose coordinates minimize C.
v .

It
as the

can be shown that whenever a linear ‘equation such

objective function C = 6x + 8y is defined on a

« .region bounded by a convex polygon, 1t will assume its
minimim and maximum values at vertices of the polygon.

. To minimize or maximize the objectixe function of a
linear program, it ‘1s theréfore necessary to evaluate it
only at the vertices of the convex polygon determined by
.the constraints. The vertex that gives the best value

of ,the objective function is then the solution of the

program. (In the special case.where a side of,the poly-

gon has the same slope as the objective function, two

Aruitoxt provided by Eic:

B .

+ Figure 5... The family of lines whose slopes are -3/4.

in Figure 3; in others it will not. Figure 6 shows

Figure 5 superimposed on Figure 3. In Figure 6, the

lowest line in the family to pass through the shaded
region hpbears to be the one that passes through the

3
-

Y
207

. ) ‘® s

| .

30

X

Figure 6. Figure 5 §uperimpps%d,on the shaded region of Figure-3.
) “11

consecutive vertices and all the points between themmay—

minimize or maximize the function.) 4

Since the vertices of the convex polygon are points
at which its sides intersect, the coordinates of these
vertices can be found by solving the appropriate eqﬁa-
tions simultaneously. Point P is the intersection of
- its coordiffates

are therefore found by solving simultaneously the

2x+y=@;5 ) . -

the protein and thiamine constraints;

equations

and - - - . - N _ '
x + Sy = 30. ‘ .
In the same way, point Q is the simultaneous solution of
2x + y = 15 \
and o
14x + 25y = 285 N

and p%int R the simultaneous solution of

71 1




x + Sy = 30
and
N
14x + 25y = 285. . .
The coordinates of P, Q and R, together with the values
of C they determine, are given in Table II below.

TABLE I1

Coordinates of Vertex Value of Objective

Function at Vertex

P (5, 5) C =6(5) +8(5) =70
. Q (5/2, 10) = 6(5/2) + 8(10) = 95
R (15, 3) € =6(15) + 8(3) = 114

Table Il shows that P is:indeed the vertex whose coor-
Thus, the
chicken's weekly feed should contain S pounds of corn

dinates minimize the objective function.

and 5 pounds of alfalfa, and the cost of this mix will
be 70¢. -

IO SUive o tiweer—program in two dimensions, 1t is

therefore necéssary to:

! 3. CONCLUSION

The problem with which this module began was a real
problem, but the version of it given in Section 2.1 was
greatly simplafied. When the grain supplier actually
made its chicken feed, it used nearly thirty different
ingredients which, taken together, fulfilled the chicken's
requirements for several dozen vitamins, minerals, and
other nutrients. Co;respondinglx, the linear program
which was formulated to solve the problem contained sev-
eral dozen constraints, each involving up to thirty dif-

ferent variables.

Like this one, most real world problems in linear
programming involve a large number of variablés which are
subject to many diffefent constraints. Although similar
in form to those for two variable prbblems, their lixear
programs are far more complex and are usually solved by
computers. The method used for their solution, however,

1s emtirely analagous to the one presented here.

O

Aruitoxt provided by Eic:

ERIC

L 4
1. Formulate the constrafﬁts and the objective function.
2. Gfaph the constraints. ‘

-~ .
~3. Shade in the convex polygon they determine.

Find the coordinates of the vertices of this polygon.
Evaluate the objective fun%tion at each of these b
vertices. .

-

| -~ — - The vertex whose coordinates give the best-value of the 7~ -

objective function (a maximum or a minimum as the case
may be) is the solution tb the linear program.

Exercise 4. Solve the linear brogram for Example 1, Section 2.1.

Exercise 5. Solve the linear program for Exercise 1.
Exercise 6. SolVe the linear program for Exercise 2. .

Exercise 7. Solve the linear'pfogxam for Exercise 3.

.
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. . 4. SAMPLE EXAM 5. ANSWERS TO EXERCISES &
¥ N y v
. Formulate and solve the following problems., Exercise 1.
' 1. The manager of a watch company is planning a month's : Letting x = the number of deluxe models to buy
production schedule. The company manufactures both . and y = the number of standard models to buy
. quartz and regular watches and wishes to pr(;duce at Maximizg, OP = 3x + 2y AN
least as many quartz watches as regular ones. An - f .
order for 225 regular watches has already been re- subject to X +y < 30 (number of machines) s
ceived, but no more than 500 regular watches are sold 2x + y < 44 (floor space) .
in any one month. Quartz watches require 3 hours of where x > 0 and y > 0.
production time, regular 'ﬁatche—s 2. 3150 production Exercise 2. "
. . hours are available, and there are 1150 sets of « - . ‘
’ » straps on hand and 870 quartz assemblies. If the Letting x = the number of bus advertisements to be run
company makes $15 on each quartz watch and $7 on each and y = the number of radio advertisements to be run
. regular one, how many of each should it ménu{ac'ture Minimize , C = 3000x + 1000y .
Y to maximize 1ts profits? . . subject t°. x2y (ratio of bus ads to radio ads)
. " 400x + 100y > 2100 (uppér income
2: Dog foed™is made from a mixture of horsemeat and - families)
.beef. The manufacturers want to use at least half - 400x + 1100y > 9100 (middle income
.as much horsemeat as beef and must use 75 pounds of T N fanilies)
. beef already on hand. Each pound of beef contains 500x + 100y < 5000 (;Z:’E;iiggome -

1 gram of calcium, 5 grams of ash, and 1 gram of where x > 0 and y > 0.

moisture. Each pound of horsemeat contains 1 gram

of—ealteium, 1 gram of ash, and 7 grz{ms of moisture. ' Exercise 3. B ) .
The mixture must contain at least 225 grams of car~ Letting x = the number of bushels of tomatoes to be raised
. cium and may contain no more than 1100 grams of ash and y = the number of bushels of corn to beé Tai — 4
ot and 1580 grams of moisture. ‘If beef costs $2 per Maximize P=2x + 3y

|~ . _pound and horsemeat. costs $1 per pound, how many - ——— © “subject'to & 10X T+ 60y < 30000 (water) T

pounds of each should the manufacturers use to mini- 5/100x + 5/200y < 30 (acreage)
« mize their cost? Y + y <750 (capital) «

x £ 500 '(limit on tomatoes)
v - . y <4757 (limit on corn)
. .- where x > 0 and y > 0.
A . -
1 v . -
. g N
i) \
- ¢ ¢ .
L]
- . ,
-
S~ ! 15 16
Q , ' 0 s

ERIC ' | . g o
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Aruitoxt provided by Eic:

ERIC

Exercise 4.

y‘ A )
[A .
40
R Eh\ \1
- HiE A
H AN
0 ¢
30
B
N i M
20 g
% *
LA
S — W .
10 s °
A ©
H C
0. . X
10 20 30 T 40
Coordinates of Vertex  Value of Objective Fungtion
at Vertexi
A . ( 0, 40) P = (.40)(0) + (.30)(40) = 12.00
B (32, 24) = (.40)(32) + £.309(24);= 20.00
C - (40, 0) = (.40) (40) + (.30)(0) L 16.00

B is the vertex whose coordinates maximize the dbjective ?ﬁnc~

-
tion. The bakery should make 32 eclairs and 24 napoleons. Its
profit will then be $20.00.

P7:) B} . 17

@
B . *
15,
. \Y
I
10 *
x>
) d .
S \
od
” _-C .
. 0 —
S 10 15 20 * 25 X .

Coordinates of Vertex

Value of Objective Function
at VerteXx

B
C

B is the vertex

(o,
(14,
(22)

30)
16)
0)

-

opP
opP
op

whose coordinates

(3)(0) + (2)(30) = 60
(3)(14) + (2)(16) = 74
(3)(22) + (2)(0) = 66

maximiZe the objective

N
function. The company should buy 14 deluxe machines and

16 standard ones.

minute.

.

Its output will then be 74 pieces per

. .




< R . a

. S~ °
£ e b YN : Exercise 7. ' °
xercise §. 50 P ~,,‘;’ . .- » . Y - ,
1y . g s i y =475 X + 6y = 3000
~ "3 =4 500 Y
¥ 2 ‘{7!“ \
40 1
N e x
~ @ 400
n
" N . *
. -~
v
304 \° ;
N 300
- \
\ - .
< 20 4 . . °
20 b ~ 4
¢ 200
4x + y = 21 -
P ~
10 {-¢
~ i b 100
Y B 4x 4
i A g . . .
. s 9;
. 0 ¥ T T ~ ¥ » 13 A Y3
. 10 20 30 X . , 0B ) .
v , . 100 200 300 400 500 600 .
. [N - "4 \
’ o Coordinates of Vertex Value of Objective Function Coordinates of Vertex  Value of Objective Function '
) , at Yertex L : at Vertex B
A . 9,8 € = (3000)(S) + (10003 (5) A (150, 475) -P = (2)(150) + (3)(475) £ 1725
oL = 32,000 B (300, 450) , P.= (2)(300) +4(3){450) = 1950
. B . (3, 7y ARRET o 23000)(3_5) ',1(1(')00) (7) C {450, 300) = (2) (459) + (3)(300) = 1800
= 17,500 D (500, 200) = (2)(500) + (3)(200) = 1600
-, Q : e K ‘
c (3, 9) C = (3000) (3) + (1000)(9) . B is the vertex whose coordinates maximize ‘the objective
' . - o 18,000 ) function. . The farmer should raise 300 bushels of tomatoes R
b (6.25, 18.75) C'= (3000) (6.25) + (1000)(18~?5) and 430 bushels of corn. His profit will then be $1950. a i
- oo _ -=. 37,500 ' ' .- ‘
B is the vertex whose coordinates minimize the objective func-’ 6. ANSWERS TO SAMPLE EXAM -~ .
- tion. The producers’ should run 3% bus advertisements ani 7 R ’ ~
~ . Tt I’ ~ . ® - =
. . rzdio advertisements every week. (Since they cannot Tun half 1. Letting x ="the number of quartz watches to be manufactured
*an gdvertisemenf:, this means that they will run 7 bus adver- and y = the number of regular watches:to be manufactured L.
- tisements every two waeks.) The weekly cost of this campaign Maximize P = 15x + 7y - .
will be $17,500. - subject to x>y (ratio’of quartz to regular)
. .
) \ \ " 225 < y <500 g (limits on regular)
A Lt ¢ i 3x + 2y < 3150 (production hours)
L} . *
"81 . . | o 3
- 0 .
L9 . e - g2 :
. « e ; s
. ERIC : e ~ : \
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Aruitoxt provided by Eic:

X

+ y < 1150 (straps)

x < 870 (quartz assemblies)

where x > 0 and y > 0.

g

N
600 - \)
B, Y=500 ¢
500 - +,
N
\5\00 *
400 4 ~ llﬁ'
ﬂ
300 D
. E
200 4 A y =225 &,
- ©
| »
. )
100 4 - et <%
N . =
- -
1] ;. T T T T T T — T ’X
100 200 300 400 500 - 600 700 , 800 ,900
A\ ¢ -
[ i )
Coordinates of Vertex Value of Objective Function .
- . at Vertex
A (225, 225) _ P = (15)(225) + {7)(225) = 4950
B (500, 500) » P = (15)(50Q) + (7)(500) = 11000 .
c 60, s00) P = (15)(650) + (7)(500) = 13250
P (850, 300) P = (15)(850) + (7)(300) = 14850
E « (870, 270) P = (45)(870) + (7)(270) = 14940
-F (870, 225) . P = (15)(870) .+ (7)(225) = 14625
E is the vertex: whose coordinates maximize the obJecthe func-
tion. The company should manufactuﬁe 870 quartz watchcs and
270 regular watche's. Its profit will then Be $14,940.
Letting x = the number of pounds of beef to be used
and y = the nmumber of pounds of horsemeat to be used
Mipimize Ce2x +y ‘ -
21 >

s

subject to

X

—

2y
X+y
X

+ Ty

>
2
>
<

225
75
1580

5x + y < 1100
whefe x> 0 andfy > 0.

&

(ratio of horsemeat to beef)

(calcium)
v (beef)
(moisture) .

(a§QJ-

b4
2004
1504
100~
50
.?:‘ 2
0 T T T T ;{
' 50 100 150 200
- Coordinates A!f Vertex Value of Objective Function
at Vertex
A (150, 75) C = (2)(150) + 75 = 375
B (75, 150) . C = (2)(75) # 150 = 300
c (75, 215) ' C = (2)(75) + 215 = 365
D (180:, 200) .C = (2)(180) + 200 = 560
E (200, 100) C = (2)(200) +-100 = 500

-

- ' - - ° . - . > -‘
B is the vertex whose coordinates-minimize the objective

function. The manufacturers should USe 75 pounds of beef
© and 150 poun?s of horsemeat.

Q
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’ Return to:
o STUDENT FORM 1 EDC/UMAP

] ’ 55 Chapel St.
\L Request for Help . Newton, MA 02160

Student: If you have trouble with a specific part_of this unit, please fill
out this form and take it to your instructor for assistance. The information
you give will help the author to revise the unit. '

Your\Name . ' ' Unit No.
Page -
g \ Section Model Exam
QO Upper OR _— OR Problem No.
OMiddle Paragraph Text
0O quer. : Ptgbleé No.

Descriptien of Difficulty: (Please be specific) .

-

Instructor: Please indicate ybur resolution of’ the aifficulty in this box.

(::) Corrected errors in materials. List corrections lere:

v

)
1

(::) Gave student better explanation, example, or procedure than in unit.
Give brief outline of your ‘addition here:

\
N

M -
- 0

¥

(::) Assisted studbnt in acquiring genercgl 1garxing and problea-sclving
==-gkills (nof usirgaoxamples ffem this unith)

.0 o~ .
wJ
= . - . -« oz
. -~ ‘
Q oInstructiy's Signature
‘ * — ‘ -

Please use reverse if necéssary.
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. Return to:
" STUDENT FORM 2 EDC/UMAP
55 Chapel St.
Newton, MA 02160

Name : nit No. >

Unit Questionnaire

'Institution i . Course No.

Check the choice for each question that comes closest to your personal opinion.

I. How gseful was the amount of detail in the unit?

Not enough detail to understand the unit

Unit would have been clearer with more detail

Appropriate amount of detail .

Unit was occasionally too detailed, but this was not distracting
Too much detail; I was often distracted

How helpful were the problem anSwers’ . .

Sample solutions were too brief; I could not do the intermedlate steps
Sufficient information was given-:to solve the problems
Sample solutions were too detailed; I didn't need them

'
.

Except for fulfilling the prerequisites, how much did you use other sources (for
example, instructor, friends, or.other books) in order to understand the unit?

____AlLot Somewhat ’ A Litrle Not at all

How long was this umit in comparison to the amount of time you generally spend on
a lesson (lecture and homework assignment) in a typical math or science course?

Much Somewhat About . Somewhat ' " Much

.

Longer : Longer the Same Shorter - Shorter

Were angﬁof the following parts of the unit confusing or distracting° (Check
as many as apply.)

Prerequisites ' . 1
____ Statement of skills and concepts (obJecgéves) ’
Paragraph headings

_._Examples

Special Assistatce Supplement - (if present)

Other, please explain . )

. Were any of the following parts’ of the unit particularly HElpful’ (Chéck as many
. as apply.)
Prerequisites:
____Statement of skills and concepts (objectives)

-Examplés
Problems.
Paragraph headings
Table of Contents :
Special Assistancc Su plenent (if pigsent)
Other, please explain

(e

s Please describe anything in the unit that you did not particularly kike

s
.9 .
Please describeManything °thdt you found particularly helpful (Please use the back of -
this sheet if you need more.space. ) A i

ral
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ERRATA

p) UNIT 453 - LINEAR PROGRAMMING IN TWO DIMENSIONS: I

page 21: 1line segment CD in the graph should be 1abe11;:\\

Tx +y = 1150

as illustrated below.




