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- A ) . 1. WHY STUDY GROUPS? ) " -’ sult of combining two elements a and b of the Set under L
’ < - S ’ . the operation will be written as a * b’ propounced ha .
T "1.1 The Power, of Generalization ‘ X - star b.") . ) - ' 't C
. Mathemat;ciahs like, to be'as general as they can. “ ' Préﬁeﬁix 1. }hé set is Elosed under x, that is, 1f¢ .
“When they say that a + b = b + a, they are making a " .a and b are members of.th& set then a * b is also a men- Y
. .‘_statemegt about”all real numbess. This 1s the familiar R ' ber. . ” ’ S n
commutativerproperty of ‘addition; it asserts that for anx . Property 2+ The operat1on * i asso?1at1ve that o
pai;‘of qumbers the order 1n which they are added makes ~ is, a* (b *c) =.(a * b) * t_" - ‘
) " no difference. Such a statement is much more powerful Rroperty 3 3. The “set contains an element e such that
than the assertion that-2 + 3 = 3 + 2 or that 7T+ /5 / -for any elément a Of the set a * e =-¢ *'a = a, e is
=YY% +/7. The vaiue of the more general statement is , called the identity element. S ' , - c ‘
“ this: used in conjunction with othér ,such statements . R Progertz 4. For every element a of the éet there
‘it can serve as a basis for deduc1ng the propert;es 3? -- exists a uhique element b such that a f b=_b * a’= e,
- all real numbers. : . b", ié c#1led the .inverse of a and is often written a !, ’ .
T ) The- commutat1ve property is not conf1ned to-real A group need not be cohmutative CIf it is, however, it e
- numbers under addition. Sets are commutative under inter- is called a commutative group or an‘Abe11an'group .
* commutative abelian
e sect1on too, %hd SO are two knlght!s moves performed in °* | 1.3 Bxamples of Groups . . - o -
success1on on a chessboard A consideration of :situa- il - ~ A

. t1ons as diverse as these has prompted mathematicians’ to S The 1ntegers form a group under add1t1on‘" To prove . .

N ' be exen more general in their thinking and to study al- thrs, we Must show that 1ntegers,exh1b1t each of the four

‘J gebra1c structures, sets of "elements'™ - objects of any - group properties when they are added. First, the 1ntegers”

Sort at ail - whith exhibit cértaln propertles whéh com- are closed under addition, that is, the sum of any two!,

integers is an integer, Second, addltkon is an assoc1at1ve ',

bined under, a ‘binary operat1onf The results of such

studies are completely general 'in their appliéation < - operation. Th1rd vthere is an 1dent1ty element, namelx S o
- 0 £ oh ) 4 : b zerop, since the addat1on oﬁ/géro to any integer leaves-
ne of the s1m est and most interesting algebraic .
P P & alg ‘ that sinteger unchanged. And fourth, each integer® has an

structures is the group. The theory of groups has been

. - inverse under addition, namely "its regative. -Thus 3 + (-3).
., applied _to many branches of mathemat1cs as well as t‘ . = (-3) +3=0 S1nce addition is commutathe the inte- (/

. Cryst 11 h h
rystallogggphy, cod1ng thepry, quantum mechan1cs, and” the , gers under addition form an Abelian group. Since there

hysics of elementa articles. In this last case, it
PRy vop ’ are an infinite number of 1ntegers, it is also called an

was used to predict the existence and properties of cer- . .

infinite group ’ : .

+  tain part&cles we}llbefore they were actuaily-discovered. ! - .
. . T . . A.segonq example of a group is the equivalence clas-+
1.2 What is a_Group? . - : Lo 4 C . . .
. I ses .2, 4, 6 and 8 mgdulo 10 under multiplication. This
o . . A group is a 'set of elements that can be’ combined group is best 1nvest1gated by tiie constructian of a
) under a binary operation which we sha11 call * apMd which o table. - ' '/‘ ) : : \
o p‘ exhibits four properties under this’ operaglon. (The re- ) . . ~ i .’ : . |
L] «
A —_ ' "o~ ) . N . 2'
. I . /
. . . | 1 . . ~ ’
L Q. ¢ __E} - v ‘ . '2
,., EMC ) ’ -~ ’ P h - N " ' ‘ ’ ‘. - ¢ * t PR s /é ! _. l-.

v vc S , . . -
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. 2l 4 8 2776 . -
A’ - . ‘ i S L \
. 4] 8 4 o4 2
'\A - * - ""
g ' - e 6| 2 4 6 8 > -
A | sl 672 8 "4 . .

Inspéctlon of this table reveals thal the group is closed.
It is+also assoc1at1ve s1nce mu1t1p11cat1on is an asso-
c1at1ve operation.» Six 4s seen to be -the identity ele-
ment since the pow next to. the six in the column to the .
Left of the table is the same as the row at the tqp of
. “the® table and the column under the six in the top row is
. the same as the column to the left of the table. “The
numbers 4 and-+6 are their own anerses, 2 and 8 dre in-
That.-this group is also commutat1ve
can’ be seen from the fact tha{
- main'diagonal of the table, that is, the diagonal that
~ goes from the uﬁper left corner of the table to the lower

verses of each other.
there is symmetry about the

r{ght corder. . Cbmmutat1ve groups will always exh1b1t
symmetry of th1s sort when.the1r e1ements are listed in

the same order goifig across as they are going down.. Be-

R v e cause this group: has four elements, it is said tq be of
- .order-4. In general, a finite group with n elements:is
| said_to be of order n: , o - . .
} . ‘Exercise 1. State whether each of the following is a group. If your
ﬂ I anseér is n&, égzia;n which propertles of a group/fa11 to hold and
I ; ﬁh;. If your anbwer. is yes, give, the grqup's adent1ty elefefit and -~
7 -~ ~“pne pair -of-inverses. -- .--.- — -——;— S o )
- a. The equivalence classes of the.integers 0, 1, 2 and 3.modulo 4 *
’ ' under addition. ‘, ' ; S
- B; The ratlonal numbers, éxcluding zera, under mq}t1plgcat10n.
. The pdsitive 1ntegers _under, subtract1oh - v
d.. The numbers i, -1, -1, and 1 under mu111p11cat1on, where i = /-1.
e. The set of integers with the’ operation * deflned asa*hb
- =a+b- 2., ' _ -
N / . ! . ’ . /
Q . Yo ’ . 3

. E]{Jﬁ:}

. . 7
:31 . . ..
= < - A ..
o Provided b ERIC . . .

e ![ . ' . - ;\.,

- £. The set S = {A, B,/C, D} where A.= §, B = {x}, C = {y} and

D = {x,y}, under intersection. .
- -
" < . . - = ’ .
H e L] : ~ 1] N
L : #72: SYMMETRY GROUPS )
2.1 The Symmetrnyroup of a Plane Figure .
. , An 1nterest1ng way to generate groups is to perform
’operat1ons on a plane ,figure that leave the appearance = :

of that figure unchanged. Such operations are called - -

symmetry operations, and the’ groups they generate are ot
symmetﬁy‘groups " Take, for example the d1amon showrd
. ' below. For conyvenience, 1ts‘vert1ce§ are }abelled A, .

B, C and D. . i )

. /

. .
- .
-

s

« If this diamond is flipped over the line-joining a
A to C, the only effeet is to interchange.B and.D.’

J -
' L . ) ,
- 7n"
~
Similarly,”if it is flipped-over the line joining ., !
B to D, the only effect-is to interchange A and C. *




’
0 -
. t BN . .

\?he operation of performing first one symmetry operation

by its natﬂre, M
assoc1at1ve T That is, performl\g one symmetry operatlon,

.. and then another. This operation is also,

Fnd then another, and then another?lnndﬁces the same
Dr - s+ Tresult repardless of how the operations arg caonsidefed
. . . to be grouped. “YRotati g the figure through 560°
- . alternatlvelyf'leavb AZJ

t alone; is the 1dent1ty And

v g ’ since each operatlon can be reversed or "undone," there

. ' are invesses under th1s 1dent1ty

The symmetry operations
~ ! ~ . .
] . .

of a plane closed f1gure like" this one therefore form a

. ) It is glso possible to rotate Ehe“diamond thrGUéh . group under ‘the operat1on of performlng two of then in )
_ 180°. \;h}% has the effect of 1nterchang1ng both A and . \ succession. [ " . S X )
N C, and andcD. ‘ r - . ©os

L ° ’ . . ¢It can be shown- that every symmetry operatlon on a
‘.‘plane cLosed figure is either a f11p or a rotat1on We .
Cwill denoté the fl/p over AC by Yl, the flip over BD by
Fy, and the rotation through 180° by Ry
t1onwthrough 300° leaves the’ flgure unchanged we'will - °
carl it I rfqr "1dent1ty" ' .

® . . ] ) - .
. The flip Fi chahges the sequence of the vértices from T,
VoL s to A # C B. }/ {

write

W

Since the reta- -~

One way of regreqenttng ?hws 1S }o
7 .. - . "-\‘
fA B CD ' *

F) N . - ,
. ADC F .. ) *
s In the same ways. ' . -
-/ ) .o (A c~n} - N

\{ K . ’ Q

; Fanally, the diamind- can be rotated through Séoo .

B which is, of codﬁ;e, the! same ‘as Jeaving it, alone T

i . > - T .

v/
.

. A BCD .
; * and R
- {CB A D . CDOAB
’ > “ b

. Now c0n51der the effect of performang fIrsE F2
' ‘ " then R

@
and
The flip F2 turns A B C D into 'C BAD. “The . | -

rotat1on R, then interchanges the first and third ele-* - '
- ments and the second and fourth to'thange C.BADinto =

{ A D C B. But this is the'equ1wa1ent’of s1mp1y perform1ng .

Since these four operafions'are the onl

ones that

. of first'performing F

F.. Thus Fz

1 Rl = Fl, where Fz

2wand Yhen Rl.

x R;'means the Bperatfon
. > -
The table below shows

leave the appearance of the diamond unchanged performlng
any ‘two of them in succbss1on must be equlvale t to.per-,

under

the results of,performing any, two of ‘the four symmetry

operations in sugcession.' Note the symmetry about the .,

fofmrng a_third. S The' system is therefore close main diagonal that shows that this group is ¢ommutative.-

o B 10 . Nt ‘ ST
‘ERIC ~ - | A : S :

> o . R - . .1.1- , : :
- T i - . .. . . . .o

ot




: 1 B 3
e 1| TR BB, |
j L;;*:' N L T
H ¥ Fij" 7 F, 1R ‘,

0 Such a”table can be made either‘by considering the permu-

&

tations shown in ghe parentheses above or by actually mani- R, = 120° clocknise rotation
.\ pulat1ng a cardboard diamond w1th its vertices labelled ) R, = 2402-clockwise rotation
Let us make a-similar table for the triskelion shown } ‘Rs = I'= 360°.rotation' '
, below. = . ‘ ) o
. “ ‘ ' . The equilateral triangle has six symmetry operations ,/
, " because it has threée sides and three angles. Each of the’
. ‘L . ? angles can be rotated to the position dccupied by e1ther
. . N i ] . ! of the other two, and each of the three altitudes is a 11ne
{ * . This_figure has no flips among its symmetry qperations. N of symmetry about which the triangle can be flipped. 1In
b .There are only three rotations, through¥120o 240°, and addition, there is the.identity. ’ -
- o ]
) $360 We will call tifem R 2? and I espect1vely: The Here is the comb1nat1on table for the symmetry.opera-
comb1nat1on table for th1s group appears below. . t1ons of an equ1lateral tr1angle Note that this group is
call e = x I R R "not commutative. - ' -
: o - 1 2 ! - . .
- i e — . . iy p- "r'(ABC)
\ : ¢ , .1 |1 R R, . N I W T W7 B Ry = (c,A B] -
: : ’ \ . - .
J"’Q'\. '»\ N 4 o 4 : ! = 'A\B c
e e R | R, R, L i I LI R 'Ry E, F, F3 R, '[B C_A]
) bz e o ABC)
“x ’f:" - e i PR . ‘nig ' \ R d R R I F,. F F F, = [ ] '
. . g RZ Rz I ‘Eﬂ% Lo e ‘ . l 1. 72 -3 1? 2 ' 1 i°: 2 ¢,
- - ” P R - 3 N
v : e Lt T et woy Rz[ Re T R Fp F3 Fy F2 [A C B]
" .- C %i s SR N ABC .
. _Exerc:.se 2. ..Define symmetry ogeramons for tfie foflowmg fz.gu‘rgg ] ,;,.. ’ . . Fl eFl Fz F3 1/ R1 R2 F 3 = [B A C]
" and construct conbination tables for them .”1 SRR ; T TheEe : ' s
o o ‘ ~ F,| F, F. 'F, R, I R -~
a) the letter A b) the gammadion Ej:% c). a réctangle, N 2 2 3 1 2 1 .
. - . e (one that is not L. o , Vo
.o ' ) : C . also a sguare) . . ; Fg ,st Fl“ , E, R1 ‘ R, I ) .
) Which of these groups is commutative? ST T T ewe . _7 - ' - L .
o ‘ ' - “ — = e ) ) lt ’ 8
. . P - S 7 '_ T ) 13 ,
' o 1 - . COXN L T e : .
ERIC e e o T :
.. S - . ' . . g A.'M m,-w. o f < .
‘ A A tLooe s . e 0 A INT L) o _ ot .- :

The Symmetry Grq;p of a Regular Polygon ’ .

3 o

A polygon 1s regular if all of its sides <and all of

2.2

its angles are equal'. The first two regular polygons are
the eq11atéral tr1ang1e, with three sides, and the square.
w1th four. Cons1der the symmetry operat1ons of the equila-

‘teral triangle. There are six of them, ‘three flips'and

tRree rotations, as shown below. . s

v
’ . .




Itcan be seen from this table that the produét of two < -

rotations is 4 rotation, the product.of a flip and a ro-
tation is.a £lip, and the product of _two f11ps is a rota-

- II
tion. -

.
Iy

N e

. Exercise 3. Find the symmetry group.of the square. (It is called
the octic group.) ] T . .

Exercise 4. .How many symmetry operatlons can be perforred on a
regular pentagon? .On a regular octagon?, On a regular n-sided polygon?

2

. \ . N . N
3. THE STBUCTURE OF GROUPS ° . °

A

3.1 Subgroups(’. -

You may have npficed‘that the three.elements L, Ry,
and R, in the 'upper left hand corper of the symmetry -
.group. of the equilateral triangle are themselves a group
that is identical to the symmetry group of the triskelion,
whose table Is given on-page 7." In the same way, the four
elements in the up?er Ieft hand corner‘of the symmetry
grdup of ‘the square .foTm a. group that is 1dent1ca1 to the
symmetry groyp of the gamnad1on. A group that is contalngﬁ
W1th1n 2 larger group, és :these are, is known as a subgrou?
SpeC1f1ca11y, given z set S which is a group under the
operation *, “any subset of S wh1ch is also a,group under *
is called a subgroup Th1s def1n1t1on allows S to be a
subgroup of itselfr A "subgroup of S that is not all of §

MY -

is called a proper subgroup of S. . .

FInd1ng subgroups_ofwa given group is maQe easier by

the use of LaGrange's Theorem, which states that: the numbér\

of elements in any Subgroup of a group G must be a*factor
of the number of elements in G. Thus, since there are

6 1- 243 elements in the symmetry group of the equ11a-
teral tr1ang1e, its proper subgroups must contain either
one,' two, or three elements. £The ident%ty element of a
group always constitutes a subgroup of ope element. It is

. '
- . - ‘« v . \ WA
Tt . » . ' :
. . .- e . LY.

. triémgle. : )

sometimes called the trivial subgroup. )

An easy way to find the subgroups of the symmetry .

group of a plane figure is -to’ draw on that figure other

figures that shar® some, but not/all, of its symmetry
operatioms. ﬁhen_a trigkelion is drawn on an equilaterai
triangle, for example, it can be seen that it shafes the‘
triapgle's three rotaﬁiops but none of its fiips.

£ . S

Iy

An isosceles triangle can also be drawn on an equilateral
-

e -
e

~

.
P

Bes1des the identity, the isosceles triangle shares only
one of the equ11ateral triangle's symmetry operations, in

th1s case Fl Thys I and Fl also ‘constitute a, subgroup,

as‘do 1 and F, and T and F,. ’ N

E%ercise 5. Find the proper subgroups of the octic group. (See

* Exercise 3.) . -




‘e
,
8

.

-

>
-
——

-

R 3.2 The Divisionap;qpetty" ~ ‘ % . Let us use .the division property to construct some

: . c . v imple group tablés. We have already seen the structure
The tables we have'seen so far have an interesting simp & P és ys v .

of the table of a two element group. _Iw9looks like this:

+ -feature in.common: each eleﬂbnt of the group appears just , e N

once in every row and. every _column. « I% this always the . . X I A . .
case75)Suppose that it were .not. That is, suppdse that the ‘ 5 I I A’ T

element P appeared tw1ce in the A row, once in the B column . .

and once in the { column,‘a9 in the following table. M . 5 A /'A I N

* [ ~ i Any element which is its own inverse forms, with the iden-
’ , \ ) ' tity, a two element group.
. :; ) ' What about a three element éroup? Can we, for example,

construct a group table for three elements I, A ard B in
whichx each element is its own inverse? Such a table would

Then, ) : ) . look, in part, like this! -
(1) AxB= Pand A x C = p. : ‘\ . -t . " o

. If wa mu1t1p1y both s1des of the equat1ons in (Il) on ,the - _ ¥

.ﬁ left by A 1, we get L . -
(2) A“ x (AxB)=A 1 xp and A'IX(AX\C)=;}'IXB. . ) .

14 L]

The associative property ‘then gives Is it possible to fill in the rest of the tdble so that

. (3) (A'{M) x B =.A'1 x P and (A-1 xA) xC =a 1l P. each element occurs only once in every row and every
" .But 's;ncej - . : T . column? °If you try, you will find that Tt is not. Let .
1. ' R . ' us therefore try the only alternative, to construct a -
LA .‘x A =1, . L . " table in which A and B are ‘im"ersz'g;f each otﬂsr. Ty co)
. . the two.equav‘ons in (3) become A ] - x| T A B 2 ' .
. " 3 '1 - '1 \' - . : . .ot
. (44) ' ,'Iq><B-A x P and I\xc—A xP. . b . ‘ I }/.A. B o '
! . H : : . . . . . N . . / . - .
Since I is the identity, . . . . 0 "~ ) Al A I /
‘ - L, ) : " /
’_(5') IXB B and IXC c, ] . .~ 3 B ﬂ \I !
. - a“é we are led to’the conclusion-that ‘ .. There is just one way to-fill in the blanks in this® table.
c. (6) B = A'l xP and C = A lxp, - ’ Therefore, the structure of the three elemen; group shown

‘below is the only. one possible. o

‘, ' * o
H

* But A'1 x P has ‘hf’uniq'ue result; it canﬁot possibly equal
both B and C. The premise is therefore false; P can appear ’ )
only once in the row next to A and, by extension, only once " .
-4

. wn“,any row or column imy the table., This is to so-called

division property. It says that the equatlon AxX= P has a <

k@

unlque result, which we call p* ‘ ’ ¥ - .
‘ - 1 5 : ™~ 1, o / P 12 . 7
S S . . g '@V - . 17 - ‘ :
‘ : - - Zr |
: ) : “. ) N uu.;uu..u;uh}““‘.“ W « ‘% ..": “g

- X - .




= and: B and.C be inverses of each other.

LTI
. .

~.

Can évery element of a four element group be ‘its
own inverse? 1In other words, can the table of a fiur

. element group.look like this?

x] I A B‘C L e
) - I]1 A B C .o
ik VAl A I ’
g B| I .
e 1‘\ .

There is only one way, shown below, to fill in the!remain-
inig spaces of this table so that each element appears only
. once in every row and every column.

1

x| 1 A B € ,
Il T A B C- )
aAla 1 ¢ ) A
' B| B C I A
’ cfc B A I

is ‘to have one of the elements, say A

L4 .

The only other possibility for a,four element group

I

be its own inverse

x| I A B C ’
] If1 A B C R
' , \ Al.A 1 c B , ' E “
: \- Bl B C A I ~ ‘ ‘
\ e oroa. T T

We cohclu&e, therefore,

|
3.3 Cycli¢ and Dihedral Groups

that there are two d1st1nct struc~

tures for a four element group. - ®

-

It can’he shown that if the symmetry group of a
bounded pla e f1gure is finite, it must taRe one of two
forms. When at least ope of the symmetry operations is °

.a flip, then theré will .be as many flips. as there are

rotat1ons .

In this case the symmetry group is calléd a

d1hedra1 group.

A group is cyclic if all of~jts members

l X A B ‘C |
. . ) 11 & B C
] s AL AT ’ .
l . B é .1 -
‘ v cl I ‘ '
Again, there is only one way to fill 1n the rest of the
- t: ble. : . ’ R A

o ‘ )WM&: ,%ﬁzf

¥ . . -

can bergenerateﬂ by raisiné a singlé bne\of them to

successively higher ppwers. -

E)
The symmettry grbup of the gammadion is a-cyclic -
To see this, observe that RLZ = R R, 3

group.

4

22 =R xR

[

1

=R,, and R.% = R, x R.5 =R S 1.

x R 3 1= Ry x Ry 1

= Rl 2 x R Thus,

3

the elements of this group can all be expres;ed as$ powers "

of R). The tdble can be written like this:
. Ex R r! oR% RS
c: "§14 R, R L 312 §13 .
, TRt R12 R13.~R14ﬂ ‘
.. . ' .
T RART RS mt Rii\” ' '
. f ﬁls Rli Rla Ril 'Rlz° -

Observe that this group, 11ke all cyclic groups, 1s¢
commutative. ’

.14

2

-




. The, symmetry group of a rectangle, (one that is rot | - x| I R F Fz_,] X I‘_ Ry Ry R4 . ) .
. . Lt . . > . ,
also a square), by contrast, i‘s a dihedral group with two . = 1 IJ R. F. F . I 1 %- R. R
. fllps’ a R . - 1' 1(’ 2 . 1 2 3 :‘ -
& : “R,{ Ry I. F, .F R R R, R, I "
Y ) \ * ’o 1 1. 271 S Y I | 2 3 i
. . lfl Fl FZ 1 Rl R2 R2 R:,> ~1 Rl
) » > A0 ‘- . * 0
- a 180" -rbtation, R, and 3 360°-rotat1on I\ That the . Fp| B, By Ry I Ry| Ry- I R Ry
' group is not cyclic°may be seen by observmg that: . * ’ ’
" . F12 -1, F22 . ‘I, and Rl = 1. It follows that F13 The“ syxpfnetry group The symmetry group of
} of the diamond. - the gammad1on . 3 o s
_ 2 - 3 :
N . . F1 ¥ F1 - F1 x 1= F1 an¢51m11ar1y that F2 FZ ! If yod look at t] em closely, however, you will see that
y /
anq R13’ - Rl' Thus, each of these elé{nen%s,generates a each has ehe of the two structures we d1scovered in Sec- e
- cyclic subgroup of. two elements; none generates the At,mn 3.2. Compare for example, the group cons1st1ng of >
Lo . . L, -1, -1 agd 1 under multiplication with the symmetry
entire group. . .
’ group of the gammadion. If the table for i, -1, -i and ¢
e ’ 2 1 is rearranged so that 1, the identity, is the first. .
Exercise 6. Of the two poss1ble structures of a four element grdup element listed’ these tables are seen to be identical in ,
found in Section 3 2, which is cyclic? Express the nembers o . ‘ strux:ture with I correspondlng 2o 1, R‘l to i, RZ to -1,
<. ‘tBis group as powers of a single element Can this be done i ~ and R to i c.
more than one way" . . - » ¢ 3 - . ¢ K
. ’ - L x ] i R R, R x| 1 i -1 -i . ’
. ' » - . o D - . N e . °
L 3.4 Isomorphisms , i 4 - I I Ri" RZ R3 1 1 ’1 -1 -i
b ~ We'have studied a npmber of. four element-groups:".: . et ) -, i i -1 -i7 1 o ]
: . .ot . R.] Ry R, R, I * 3
x| 2 4 6 8 001’23 P i -1micd . - - e a1 R
- 2f 48«2 6 ol'0 1 2 3 il-1-i 1 & - 5 % Ry - Ry T 7Ry ;i -i 1 f -1
‘ i s - S .. . T L A . -, S -
‘ - 4] 8 6{ 4 2 1 1 :2 3.0 -1 -1_‘1' i-l T Ry R:,> I . Rl' R, B ¥ ! A
o, ‘6 "2 4 ',6 8 _ z 2 3 0 1 —q 1-‘.1 ‘1"1 nos i Su.'c:h.‘av correspondence is-called an isomorphisms .
N pu 81 6 -2 8 .4 "5.,‘ 31 30 1‘ 2, CMikic O grox;ps, -G with group operation * and H withe
. 4 K -ifeo . . - . < .
. . The 'equivalence = .The equlvalence i, ~1, -i and Jd o0 = group - Operatmn,o, are G,q._;ld to be isomorphic if -a one- ¢
T .7 %" elasses 2, 4, 6 classes 0, I, ‘under mu1°t1p11ca-‘ 4 . i
- and 8 modulo L0 and '3 modulo 4 tion, where is= ’ ? to-ome correspondence can be establ '
- .under mu1t1p11-‘ under add1t‘1aon /.1l ) elements such that if g1 correspon st h and g, corres-
- ‘ation, - .V ;' \-‘! . ponds to }y , then g, * g, corgespopds to h1 o hZ' The
i . . . . . ' v ‘-.",, ' ;tables of two finite, i¥somorphic groups will be identical
~ o: L. KEN * e N
. - 20 \e‘k\\._’_’_ Sex Nt i \, -in s’tructure if correspondlng elements are given »
) . . '\\‘:\ £ . I's"‘"' o COrrespondmg lochtions 1n the table. ","f*«, *
| '::" Y e, * . 4 16
‘ . e " ;5 ’».' 7. ’ . » b ' ’ !
3 Q Te . Lo RSN N . - -.»?v';:\*q‘ . , . O \ ,
- ve o Ty »‘. R % 5; he i; Ty, 9 i L v 2 s L !
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Exercise 7. _Examine the t'a\:les".'for the equivalence clas3es 2, 4, 6
and 8 modulo 10 under mltipliczftion, the equivalence classes 0, 1,
2 and 3 module.4 under addition, and the symmetry group of the dia-

" mond. If gny two of these are isomorphic, find an appropriate corres-

ERIC

Aruitoxt provided by Eic:

pondence between their elements and arrange these elements corres-

A\ ] <
° 4. SAMPLE EXAM .

1. Form the symmetry group ot: the figure shown below and find it_f

proper subgroups, . !

-

* Al - ” *
- pondingly+in tables. . ’ -
- . .
© d *& [ P
. ! v v Pt 2. Give two reasons, btased on different group properties, why the
v . . .
\?\ - - ,\ ! table below does not define a group.
’ ]
‘ o P ! * 1T A B C D °
. . > : I/]1 A B C D
. o S f' .
a . ’ ) 7 . AlAC DB I
: - : . i B|B-.I CD A
. A .
. . CiCD AT B
. . X
° \ : DB I AC e
-t ! . < 3., Show that the set of numbers of the form a + bv/2 forms a group
W under the usual multiplication of real numbers, where a and b are |
. . k - i integers but cannot.both equal zero at the same-time. ‘
" - N LN - . h »
‘Q — . 3 . . . *
1]
- . - - . 3 .
! s : : N
° ' - . ( . -
«- * ° ) : : - . ot
. , i
- » . * -
- ’ : . ) -
, S\ - . ] _ . , 93 - \1
-~ - . - « - v Ay R ]
K . : - i}
.o ‘-;2 Lo o 17 18
Q nw i o - ‘
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. ANSWERS TO EXERCISES

» -

Exercise 1. K

a. This is a group, the table for which is given below.

- L N

—
-
. - ) B
" Exercise 2. °

a. The letter A has only one , Symmetry operation bejides the identity,

\' and that is a flip over the” vert1cal line shown below.

\A\ | o

4+ o0a 23
olfo 1 2 3 .
111 2 3 0
§
"ézzsou
) . 303 0 1 2

The identity is 0.

1 and 3 are 1nverses

‘b, The 1dent1ty fs 1 and the reciprocal of

,'each number is its inverse.

This is also a group.
For example, 2/3 and 3/2 are inverses.

(It is necessary to exclude zero because.it does not have 3 multi- Y

P %

plicative invérse.)’ < Z
¢. ,The p(;sitive integers are not a group under subtraction. All
four of the group properties fail to hold. First, the positive inte-
3-71is

not a positive integer. They are not associative sinc!e (3-7) -2

. gers aré not closed under subtraction since, for example,
’

is not the same as 3 - (7*- 2). There 1s no 1dent1ty (The identlty

for subtraction is zero, but zgre: 1s nd¥ a p051t1ve integer.) With-
out an identity there can be.no 1nverses
d.. This is a group, the table for which is given below.
. : x .
x] -4 -1 -i 1

. . il -1 i1 i
- BRI § B S | \-i -1
- . ’ - . A . N
. coAdb 1 i -1 -1

1] i -1 -i 1

. The identity is 1. i and ~i are inverses.

_e. This is a group. The identity is 2. The inverse of a is 4 - a.
£. This is not a ‘group. D™acts’as an identity, but there are no

inverses. . -
(4 ¢ 19
" Q ‘ X R B .

“ERIC : I : .

PAruntext providea by nic [ ‘ . B Lo
B = . . R

The flip is denoted as F in the table. » -
£ . -
* <
‘ - gyt
S
r
k. The gammadion can be rotated tnrdugh angles of 909, 180° 2700, o
o .
and 360°. ‘In the table these, n&&%mﬁare %ﬁoted as Ry, Ry, RS’ ¢
and 1 respectively. . oo ) :
.
. . X I Rl R2 RS N . ’ . g
1 I Rl R'2 ‘RS ) ) )
Rl Rl R2 RS 1 R .
Wye, » ©
) N 3 R} R2 R3 I Rl .
a . ° k3 ‘ ’
o ) Ry| Ry I R R,
] c .]:'h - . 1 . » y o o] ~ -
. e rectangle can be rotated through angles.of 180" and 360 ,.
called R ‘and 1 in the table, and flipped over the lines -shown as F1 ’
and F, in the figure., FZ - .-
B e
«  oF -'




* = ’ %En
a A
- . A1l three of these groups are commtative. ~ “
 .Exercise 3. - L ~ - R
* The square has eight symmetry operat1ons fbur flips and four rota- " *
tions. The rotations, through 90° , 180°, 2700, and 360° , dre calleﬂ,
respectively Rl’ Rz, RS’ and I i the table. The four flips are
v shown in the f1gure. -8
~ - ¢
X I R2 vFl F2 F3 F -
1)
I i I R2 Fl ‘ F2 .F3 F
. . F4 e O
. Bl Ry Ry Ry I F,"Fy Fy F, o Frle fats,
, N B U Cfé‘ o
‘~ RZ R2 R3 1 R1 Fz FI F4 FS . o
. . A Eo .
| Be 1 Ry Ry By By By B 1~ < 3
. : e
o F1} F1t F3 Fp Fg I /Ry Ry, Ry '
- . . s .y A - B }_:
. :.Fz ‘Fé F4 1 F3 R2 I R3 R1 2
<
©Fs| By By Ef Fp Ry R IR, .
- N P
Fa| Fa F1 F3 Fp Ry Ry Ry 1 : : ,
SN T ‘ . ) o, . .
Exercise 4. ’ o -, . .o .
3 " A fegular pentagon has 10 symmetry operat1ons, a regular octagon has
» 16, and, in general auregular n-s1ded polygon has 2n. .
-«-: ¢ + Exkreise 5. . oot . . -
_f,- o The~sub§roups of the octic_ group are" N ’ 1 §¥a -
t’(u;gﬁ*‘%' - S 4 R} Ry an@R‘ -‘ Y ,.&,M" K . N o
. .\ - [ R "'
O ’ - 1, RZ, F a'nsz L L ' A
. o . . ‘t
X I, RZ’ F and 4 s . ‘
.. % . ) . } .
O . 1 andﬂkz_ R L - L {
S , . ' I
. ‘II and!Fl N . L . i -
‘ - . . < - » &
I'and F < . ’ . ANV
4& M . 2 T " » : K ) -
“ ot o L e
I and F3 . ) : . '
. « . PR i
- I and,F ‘ . ) f . ”,' I. -
S ™R 28 N o
U Q ) ’,“,l ' : c - 21 oL
“ERIC. - o e

Exercise 6.
—_— .
The latter of the’ two groups found i

can be generated by either B or C,

x{1 A B C L
1|1 A B C : Bl -
[ Ala1cCos y B? =
/‘BBCAI-" Tt ogd .
clc B 1.A Bt =

Exercise 7. '

The equivalentce classes 2, 4, 6, .and

B e
A . 2 <
c ’ -8
I ) ¢t = )

8 modulo 10 under pultipli-

cation are isohmoxphic to the equivalence classes 0, 1, 2, and 3

modulo 4 under addition.
8 to 3.

‘:“?%Ey* .
x[ 6.2 a oV 2o 2 3
’, o BN 4
6] 6 2 4 8 o071 2 3
2| 7 4 8 6 111 2,3 0
al 4 8.6 2 223 0 1 _
- 88 6 2 4 313 01 2 .
-~ ; .
‘ ~
.
- \; ! . \> ' .@
- 27 i
i 22
Lvs ~ o L. T NS
L . ‘ b
-’S\N" &
. y s "‘,"f‘” e h Lt
& ] 5 .

6 corresponds to 0, 2 to 1, 4 to 2, ‘and




“ERIC. ;-
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6. ANSWERS TO SAMPLE EXAM

L]

1. This figure has no flips and five rotations, through 72°, 144°,

.216°, 2889 and 360°. These are called Rys Ry, Ry, Ry and I, re-
spectively, in the table below.
‘Sc I R R, Ry R, ) .
'f‘ IMT "R R, Ry R,
Ryf R, R, R} R, I .
R’{Rz 4R3 Ry 1 R .
N
\ o R;| R; R, I R R,
\ Re/ Ry T R, R, Ry i

S1nce this groqp has five elements, and five is a prime number, it
can have no proper subgroups other than the identity.

2. This system lacks unique inverses.
but that D * B = I also.

Notice that A * D=1,
In addition, the.system is not aSSOC1at1Ve

since, for example, (A * D) * B does not equal A * (D * B).

"3, The set is closed under multiplication since (a +1bJ7)

X (c + dv/2) = (ac“+ 2bd) + (ad + bc)V2. The multiplication is as-

sociative because the usual multiplication 6f real numbers is asso-

ciative. The number 1 + 0 X /2 serves as- an 1dent1ty *The inverse
of a + b/Z is -0 .
, A} 2’
7 g 2 )
a - 2b 2b” - a
i )
LoLar
A
. : 28 -
. .
- .
- \"' - - - -
- v
- »
- - i : 23
P g 4
”‘q’ ay / - * .
e - 3 - ) -
’ - v
LA e, . . ~

Qe
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Return to:

STUDENT FORM 1 EDC/UMAP

\

L 55 Chapel St.
Newton, MA 02160

-
s - Request for Help i

{
‘v

<
‘

Student: If you have trouble with a specific part of this unit, please ?ill
out this form and take it to your instructor’ for assistance. The information
you give will help the author to revise the unit. )

’

Your Name e - +  Unit No. °
Page . L .-
O Upper - Section” ModellExam
PP OR i _*OR ) ProQ em No.
QOMiddle : Paragraph Text ‘ N
O Lover - Problem N&.

Description of Difficulty: (Please be specific)

- *

. L d - - .
° ,
. B
.

o

by e

-

. °
A~ * ) : B

-’

~ t -
(::) Corrected, errors in materials.
- /6’ . . . |

Instructor: Please indicate youf resolution of the difficulty in this box.

List “corrections here:

. \ ' R . -

(::)”Gave student better éxplanation, example, or procedure than in unit,
Give briéf outline of your addition hese:

Vo -

- ' a
-

e
-

. N o

Aséisted student in /aqquiritfxg'gener'al learning and prgblem—s‘o;ving

skills (not using examples from this unit.) £ .
' & ) A . .
. K o ‘i - -
- ) 59
O‘ N bt ,
» b 2 ” ®
» - . . £ i ,
. . Instructor's Signature
g - ~2 - » ’ ¥ -
. \ v . ’
. .- Please'use reverse if necessary.

.

A PR S B 4
M L i o M - * 2

.
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')geturn to:
STUDENT FORM 2 * "EDC/UMAP
. ) 55 Chapel St.

Unit.Questionnaire Newton, MA 02160

s

_ Name~ Unit Wo. Date
‘Institution o - ' Colirse No.

Check the choice for each question that copes closest'to your personal opinion.

1. How useful‘was the amount of detail in the unit? ¥

Not enough detail to understand the unit

Unit would have been clearer with more detail

Appropriate amount of detail ‘
Unit was occasionally too detailed but this was not distracting
Too much dethil; I.was often distracted -

How helpful were the problem answers?

Sample solutions were too brief; I could not do the intermediate steps
. Sufficient information was given to solve the problems
Sample solutions were too detailed; I didn't need them

ﬁExcep; for fulfilling the prerequisites, how much did you use other sources (for
example, instructor, friends, or other books) in order td understand the unit?

____AlLot ____ Somewhat A.Little ___Not at all |

\

How long was this unit in comparison to the amount of time you generally spend ‘on
a lesson (lecture and homework assignment) in a typical math or science course?

Much Somewhat About * Somewhat . Much
Longer Longer\ the Same Shorter - - Shorter

Were any of the following;parts of the unit confusing or distracting? (Check
as many-as apply.)

Prerequisites ) b -
Statement of skills -and concepts (objectives)
_.-__Pakragraph-headings '_ -

. -.-- Examples . .- ' l e
___ Special Assistance Supplement (if pfesent)

Otﬁer, please explain

A

Were any of the followingﬁparts of the -unit particularly helpful? (Check as many
as apply.)

~ . Prerequisites
___. Statement.of skills and concepts ¢objectives) -
Examples .
Probléms ‘ . o
Paragraph headings i
Table of Contents '
Special Assistance Supplement (if present)

Other, please explain

Ld

Please descriBe anything in the unit that you did not particularly like.

,

1Y
. . . - ' -
e B - =z B
-

Please describe anything that ypu found particularly helpful. TPlease use the back of
this sheet if You need more space.)




