DOCUMENT RESUME

" ED 218, 108 A ' SE 038 109

»
- A

AUTHOR E Nevison, Chr1stopher H. )

TITLE . Measures of ‘Woting Upity. Applications of Probab111py
' N to the Social Sciences. ‘Modules and Monographs in &Y
. Undergradugte Mathematics and' Its App11cat1ons
- . . ) Project. UMAP Units 27la, b, c, .
© INSTITUTION Education Development Center, Inc., Newton, Mass,
¥ SPONS AGENCY . National Sc1ence Foundation, Wash1ngton, D.C.

PUB DATE .19 L .

.GRANT - SED-76-19615-A02 . .

NOTE - : 61p. . ' S

. s

EDRS PRICE , - MFO01 Plus Postage. PC Not Available from EDRS.
DESCRIPTORS , ~ Answer Keys; *College Mathematics; Higher Education;
b - Instructional Materials; *Learn1ﬂg Modules;
" " *Mathematical Application5° Problem Solving;
*Research’Methodology; Social Science Research;,
*Social Sciences; Supplementany Reading Mater1als-
*Vot1ng .

' -

ABSTRACT | . ©
The Rice Jndex is the first measure. of vot1ng unity’ -

devised. .It is noted that this measute was developed on an ad hoc

basis for use in-rather rough comparisons. This measure is carefully -
assessed,” and, is noted .to have the virtue of simplicity, .useful in
certain. s1tuat10ns, but assbciatetl with certain problems when it is
!sed for a more detailed aqalys1s. Two other measures of voting unity

re called The Probability of Agreement Measure and The Alpha-Index.
Each measure is presented with- exérb1ses, theoretical problems, and a _ -
?1b¥1ography. Solut1%£s to the exerC1ses and problems are prov1ded

MP : y y

-

-

.

.
]
3 h -
PR - e - e Vg - - 1‘:‘,‘“, Lo 4 . 3 - sl
e \ \d -
LD W &

Wt ’ ) — . . N .
***********************************************************************

* Reproduct1ons supplied by EDRS are the best that can be made . *

X " from the or1g1na1adocument *
**************************************************************t********

> .




U.S. DEPARTMENT OF EDUCATION
NATIONAL INSTITUTE OF EDUCATION

EDYCATIONAL RESOURCES INFORMATION
CENTER (ERIC)

¢ + - .
’°' i . . T 2.
-y S : - UNIT 2718b.c
umaip \ . . ' ¢’

- MODULES AND MONOGRAPHS IN UNDERGRADUATE -

. This document has been reproduced as
receved fom, the person or or

A

VOTING UNITY

- onginating 1t

Minor changes have been made to improve
reproduct:on quality

® Points of view or opinions stated in this docu
ment Yo not necessanly represent ofﬁcnal NIE
poqlloh Qr policy -

MEASURES ‘or

0

e"(’hrlst(')phcr H.

by

Nevison

; department of Mathematics <
. MATHEMATICS AND ITS APPLIGATIONS PROJECT 5 Cotgate Untvereriy ‘
. e ) - i Hamilton, New York 13330
O . . s . ! o
. .§‘ R . - & - .
e N o 1 7 “ 1ABLL OF CONTENTS ¢
— MEASURES OF VOTING UNITY : o
C:J by Christopher H. Nevison  » I. THE RICE TNDEX (Unit 271a).. s .
\\ ;," ] . ) . 1. Idtroduction P . ..
& i ‘ ' 2. The Rice lndex»on Unity
) * ’ 3. Group Size . . ' )
. . _ _ ) “
* = ) 6* » b, Expected Value . -. e e e e e e |
) \'(\6 ) 5. Theoretical RFobIems “ . f’ A R
’ *]ze ’ ;&X\e‘ 6. Blbliography . . : N 3 .
A 3 - . > " ‘_ .,
Rlcebl ) IR Y P 1 PROBABII,ITY QF AGREEMENT MEASURE (Umt 2711;1 AL 17 2
. . o - aea ! 54 v_. .
° ) de* ) ‘- = l. lntroduction O S A R . 7‘
a4 . . . “‘;~ ] <
' * . : 2. The Prpbabu 14 ty ‘f- greemen't * o:’:‘ ; s - ;.' 3 -
. . i Y Leone - " .ol
- . ) ‘e . - . A <3 other'Pro?lems ok e T STV o rhe 2 :
) RODUGETHIE = 3; v S .
‘ ‘ : ) \\\ 0£ :ﬁg;ﬂOTNTOM‘I‘g:OFlCHE ONLY , b Mo?’e than Two Alternatuves .";. coe e gy .{_'. S
\ ) Y‘oba ‘35“‘ HAS NGRANTEDB '5:‘ Theoretlcal Problems - '.-5'\ . - % .
. 1“6 )ZL« 6. Bibliography . . . . . . ,% . .
3 ' e“ ! ) ' - v . .
. . P‘»%‘e erd - ‘f()’lmdy@ 111, THE a-JNDEX (Unity271c) . . . . .. . ... - s. 33 '
R O THE EDUCATIONAL RESOURCES 1. Introduction . v ; R
. INFORMAHON CENTER (ERIC)." 2. The Context of a Vote - . s
- 3. Theaslndex .t
' ) i h. Properties of the a-Indeéx . . . . ... .. ... o - oh3
’ T APPLICATIONS OF PROBABILI) . 5. An Application of the a-lndex- . ., % . . N b6
. ‘ | . \ ' i ... 88
N g ' TO THE SQCIAL SCIENCES . 6. Theoretical Problems . . . . . z Ce e ' -
§’ . . o 0 e R T 7. Bi,bliography e L .
\ ‘ i ' ) . . ’ . .SOLYTIONS TO EXERCISES AND THEORETICAL PROBLEMS . St 4o
\ , . M .
o ide/uma .mass 02160 , : \ ' R
N , edq/ umap /55chapel st./newton.m . ) - ‘ k‘
N 2 . N B M s -"\ ' » . ] . ) g .
EMC S ~.¢" " . ) . - . °
. - . . .




Intermodular Descriptién Sheet:

UMAP Units 271a% 271b, 271c

0
+ . "

Jitle: MEASURES OF VOTING UNITY , .  °
Author: Christopher H. Nevison :

Review Stage/Date: 111

Department of Mathematics
Colgate University !
®  Hamidtton, New York 13346

ERIC

Aruitoxt provided by Eic:

9/20/79
* Classification: APPL PROB/SOC SCI .
’ v i
° ¢ Prerequisite Skills: \ : -
1. Understanding of’ elementary probabl]nty
" Qutput Skills: ) | .
1. To develop a better understandlng of the interaction between
.math and social-science.
2. To develop skills in applying and calculating prbbabllltles
.. and expectations. :
3. Jo learn to utiljze the buanual dLstrubution N
“ - * " ' : . .3
Other Related Units:‘ ! Lt
- ~ P N - . Y . .
b P . - .
[ . ,
. ) - » F ..
,' A ) "{’ .
- » - © . .
- - . - -
o ' ‘
. k . N , v
© #Unit 271a is also gvailable as a self-contained uAit.’ '
3 ¢ ’ ’ ‘\\'
. . s - ]
- \
- - N . -
s” . : - T ) .
-

’ © 1979 EDC/Project UMAP *
. All-rights reserved.

PROJECT STAFF T
) , R
Ross L. Finney . Director._ *
° Sdlomon Garfunkel T Associate’ Director/Consgrtium
- -~ « €oordinator .
Felicia DeMny‘ - Associate Director for Administration
Barbéra Kelcsewski -« Coorttinator for Materials Production
+ Paulacfl{ Santillo e Administrative Assistant
Zacha?y 2év1tas , Staff Assistant ° Tt et

™

-

/Ti> . MODULES AND MONOGRAPHS IN UNDERGRADUATE
MATHEMATICS AND ITS APPLICATIONS PROJECT (UMAP)

The goal of UMAP is to develop, through a community of users ,
and developers, a system of instructional modules in undergraduate
mathematics and its applications which may be used to supplement
existing courses and from which complete courses “may eventually be
bu1lt * *

The Project is guided by a National Steering Committee of
mathematicians, scientists, and educators. . UMAR is funded by a
grant from the National Science ‘Foundation to -Education Development
Center, Inc , @ publicly supported, -nonprofit corporation engaged
in educatlonal research 1n the U S. and abrpad.

»

XN
.

NATIONAL STEERING COMMITTEE

M.T.T. (Chair) [
New York University

Texas Southern University ~
University of Houston
Harvard University ~
SUNY at Buffalo -
,Cornell University
Harvard University
Nassau Community College
Harvard University
University’ of Michigan Press
Indiana University

Arnold A. Strassenburg SUNY at Stdny Brook

Alfred B. Willcox Mathematical Association of America

- -~ . -

* W.T. Martin
" Steven J. Brams
Llayron Clarkson .
Ernest J. Henley
- William Hogan
Donald A. Larsen
William F. Lucas
R. Duncan Luce
. George Miller
‘Frederick Mosteller
Walter E. Sears
George Springer

.

The Project would like td thank Edward L. Marrinan of the
QUniversity of Dayton, Bernice Kastner of Montgomery College, and
three anonymous reviewers for their reviews, and all others who
assisted in the production of this unit. ——

This maCerial was prepared with the support of National Sciencq
foundation Grant No. SED76-19615 A02. Recommendations expressed
are those of the author and do not necessarily reflect the virws of
the NSF, ‘nor of- the National Steering Committee.

. . . ’
* .
-

)



.

ERIC

PRI A1 7ext Provided by ERIC

- . ..

. MEASURES ' OF VOTING UNITY I+ . : .

. THE RICE INDEX  °

1. INTRODUCTION

We will study a probfem which frequently occurs in
the social sciences: the develepment of ‘a qUantitative
measure. Our example is taken from politicah~sc1ence .
We shall study methods for measuring the unity of a
group based on how it votes.s This exampleswill exhibit
some 6f the issues which are common ta the development :

of any'quantitative measure. .

The unity of a group may be q;scussed-verbally
However, when comparisons between different situations
are to be madgs~precision demands .some systematic me thod

' of quant1f1ca rdg As -is £requent1y the case, the first.
measure which we shall study was develbped on an ad hot
+basis for use in rather- rough comparisons.’ As more - -
sophisticated analyses have been made, it has become
necessary to examine carefully the propertles of the I ..
What factors .

1nfﬁuqnce the measurement? Can statistical comparisons

measure: . Is it a meaningful measure°
le t1mate1y be made° Fhese are questions which must.

~a1§§2} be answered when a careful quahtitative analysis
is to be done. : !

In this module we will study how the first measure *
of vot1ng unity, the Rice Index, wasfgev1sed
_snall assess this measur

Then we

4 in terms of the questions raised

aboqe. We shall‘SEe that the Rice Index has the virtue of

. simplicity and can be a useful measure for certain situa-
tions, but some probleéms occur when it is used for a ‘

detailed analys1s.

.~This module is the first in a sequence of three. .
The subsequent modules.,in this series will study other

.
- |

measure$ of voting unity mpich have' been developed. This "¢

module may be used alone, or in conJunctlon wlth Unit 27lb N
Measures of Voting Unity ﬁl The Plobabllity of Agreement

Measure and Unit 271c, Measures of Votlng Un1ty I1J: The ‘. '

a-IndeXx-. i ' A N . h - .
’ 1 " . H . . " " - “-l
v L o@ 4 / Y * '-
. T 2., THE RICE INDEX OF UNITY. " “
2.1 Introduction . .o R '§ S ]
. - The most '‘obvious and natural way to measure how united

.

a éroup is when it votes on an
the majority on the vqte-

1ssue .is tc use the size of

for comparison purposes the:,, - % o

. proportion of the group in the majority can be‘used as =
the measure of upity. If we denote the group size by n

this is M/n. If '

the group votes unanlmously, this proportion Will be’'1, v

and, the number of the maJorlxy by M,

whereas an even $plit in the group will yield a proportlon )
of 0. S ‘ i . )

It, us convenient to put ‘an “index which measures A
extremes as this one does, ranglng from least united
to most, united on 2 scale which ranges from zeto to one.
(In some, c1rcumstances a measure is constructed so that
.it ranges from -1 to +1. .) The proportion in tha‘majority

does not do this, Consequently, we normaﬂzze'

or resdale,
the measure soO that the ordering is preserved but the <’ .,

.range .is converted from.0.5 to 1 to 0 to 1. - .

-

The easiest meéthod of normaligﬁtlon and one which -
preserves tRe relatijve dif£erénces.along the scale is to
use a linear transformation which consists of twq/steps ‘;
(ﬂ) suutract the lowest possible value of ‘the raw measure .
(the maJority proportion) from the observed value;,* o,
(2) multiply by ‘the rec1procal of the length of the -
range of the raw measure. The first 5tep will move the
" lowest possible value to zero and the second step will
yield a range of length one,’ so the derived measure W111

range from zero "to one. . T

¢
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’ . The majority Proportlon rdnges from 0.5 te 1, so the . 2533 le.l: Suppose @ group of e1ght wotes hive yes -
‘ _normalization- is the follow1ng . N and ghree no. Then the Rice Index will-be A e
. * - r 4 - ~
_RI = 2(M/n - 0, .5) = (ZM/n} -1 - . i RIG(5) .= 15 8 31 < 0.5
. e _ e . -— \ . ) - N ‘ . ¢
. whe#e M is the, ,observed majority. *We call the der1ved R Uxample 2: Suppose a group of sixteen votes one yes
) é}ndex the Rice Imdex, after S;daft Ricc® [1924] who f1rst \ . and f{ifteen no. THen the calculation 1is
used this measure of un1ty g*g A . . .
. N RI, (15) = Jl_;_lEL = .
Rice or1g1nally defined the 1ndex in terms of the ' 16 . 16 . : ®
L maiorlty proportion and the mlporlty proportion, m/n: . ,We shall Use the notation indicated 1in thegg examples:
M ' . M - ) . . . .
RI = M/n - m4n. if n is the size of the group and k is the number
Since m/n = 1 - M/n, this is equivalent to our formulation. vetlng in the majority, then the Rice [ndex»xs denoted
! i . . by: . e
The Rice Index is an absolupe measure of unity in terms , - ) -
of majority size. ‘It does not take into account whether . . ‘RIn(k)‘ . .
' peo?le vote yes or no, or for one candidate or his oppo?ent. The complete set of values of, the Rice Index for groups
I't is based on the assumption that there are two alterna- of dight, sixteen, and twenty-four is shown in Table 1.
tives for the vojer. . - - . . A
. : . ¢ ot " TABLE 1
The Rice Index has the-virtue of being easy to . N
inbe . : e . Values of the Rfce Index for Groups of 8, 16, and 24.
interpret and easy to calculate. t 1s certainly an 7m n=8" . n=16 n =2 R~
) appropr1ate measure of unity for a, simple aﬁalys1s of \ © 50.0 k=4 k=8 k=12 - 0.000
¢ 2 $1t“at1°f‘ : - - - ‘ “54.2 - - . 13 0.083
2.2 Chlculating the "Rice Index R ] . 36.3 - ’ ? e 0a
N R . R . 58.3 - . - . 4 - 0.167 .
L Thelcalculatlon of the Rice Index ls straight~ ) \ 625 5 10 . T i5 0.250
- forward: if .Y '1s-the number who vete yes, N the : ) - 66{ - 6 0.333
R Inumber who vote mo, and _ n is the size of the group, 68.8 - 1 - 0.375
. then the majoxity proportiom will be the larger of Y/n ~ '\ 70.8 ’ 17 0217‘
. . hd - v r'd - -
g .and N/n. RI will simply_be the,d1££erence between the,; o 750 6’ . &2 g 18 0.500
. lagger and ‘the smaller of the tre nemPers 1 N 79,2 . - 19 0.583 .
If & c0mputer is used to calculate RI for a large . 81.3 - 13 . - /"'(L625
number 6f cases, then it _is gseful to formulate RI in U . 83.3 .- - -7 - 20, o@af
terms of Y, N, and n sinte data are ofteq;available - 87.5 . 7 , 14 o 0.750
- in th1s form Rath\i than test for the larger proportion, : . ‘51.7 - - . 22 - 0.833
it, is eaS1est to fo ulate RI as>» . -, . 93.8 - 15 - (L§7§ N
RI = Y - Nl/n = IZY - nl/n, oo o - 95’.8 - . - 23 0.917
¥ ’ . 100 ) 8 16, ° 24 1.000

where | denotes absoluter value oo .

CERIC -0 L f | SR I T .
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" then.it is not clear what the Rice Index shows. \We

The Rice Index

depends 6n the context, where it is useg
will be ‘accuratg when it 1s used to compare‘the un1ty

of groups of the same s1ze vot1ng on similar issues.

a
BroaQer comparisons, however, raise some problems. (° .

. ; -
3.1 Different Size Groups ) ’-
- - N

The Rice Index .is des1gnatéd so that it always
Tanges on a sﬁanda{d 0 -1 scale ho matter what the
group, with 0 1nd1cat1ng maximum disagreement on a vote
;and 1, complete agreement‘ What do 1ntermed1ate “values'
represent° If two groues of d1ffe!}nt sizes.both have a.
Rice, Index of 0.4,

can we say that-they are equally -
united? In-the absolute sense’ of equal
arei%qually united. Hdawever;

unity on a‘vote is to say somethin% .about the common ,

roportions, they
1f the purpose of measuring

.purpose or the underlying cohes1veness of ‘the group,

have all experdienced the phendwbna that it s eas1er to,
rEach agreement in-& smal} group than in a large one. ’
Perhaps it would be reasonable ™ say that a moderately
larﬁe Rice Index£ say-0.6 “ifidicates more cohe51veness

for- a/large group than’for a small group.

EE
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RIC
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B - -
77 <* \ . i - “ -
- N - »
" & . . . : . ’ .
! , o A & E;,l‘ i . ~ -, ) N ¢ » . -
- . . . . ‘ 3.2 Estaplishing a Norm, . - - ' N
- — : — ‘ — ] . . -
N 2.3 Exercises f ) - LT In order to address this problem effectively, we
. r3 Al R . . . ¥ .
.1 Calculate thesRice Index for all possxble maJority su:es for 7 "—-__’—~—must ma]\e-fpreelse the idea that 1t 1s mo\& adifficdlt ‘ o
. T as group of n = 5. ) .o . . ) for a large group to reach a high “Rice Index than for*
* * N . ‘ . a small group. This suggests that we adopt some '+ -
“ . t Exércise 1 f =7, : .
. 2 Repea.Exennse erm v A ‘assumption about the behavior of the individuals .
¢ 3. Repeat Exercise 1 for n.= 10. T ﬂ?volved Rice himself suggested that a reasonable -
~ - ' netitratl bas1s for compaxlson would be that cach indivi- ’ ¢
1 i - CT ) ,dual member of the, group 1s equally llkely to voie
. ) 3. GROUP SIZE -~ \ ) yes or ~no, 1ndependent of the others. 'He observed
° ~ . ~ ) ‘ { that under such an assumption dn éven sp11t }n the ,.'
Ce The usefulness of*a neasure like the Rick Index ‘ . vote was the most llkely outcome. This would be , .

carry h1s analys1s any‘further

I

r
.

, with the format}on of the group under study . . L -

-

51gn1f1ed +by a Rice~ IndeX near zero

R%ce dldGnot

We will use Rice's idéasto esfahllsh a norm for

that, + . ¥ |
each voter is equally likély to vote yes'or no.' ° v
1ndependent of the others.

‘a

the way groups vote. We assume, -a’s Rice did,
We *then consider any

dev1at1on from the behavior 1nd1Lated by this norm ~ 3

,*

“to be an 1nd1cét1on ;of unity or d)sun1ty This ts
Bot to say that we expect a smalT\group to vo7k ¢ ’

o the norm, but rather to asscrt that other= . .
behavior indicates something beyond nedtral randdm

according

ryi

behav1or, somethlng which may, in fact, Be assoc1ated

., .

we* may cafculate
the probability undér 1t that any p&#?icular value for

When we use. this norm for behav10r

the Rice Index is achleved by a group of\a partlcular' ¢
size. 'We may-also éalculate the'average valdes ‘of- the

R1ce Index under this norm for groups of" d1f£crent sizes.

When we do these calculat1ons below, we shall see, in . ° ’
fact that 1t is harder, in the sense of less llkely,_ .
for large groups to achlove high values aof the Rlce P
Index. ., -~ ' - . .
) . - a d '
3 ’ ' ’ v
A S AR ¥
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3.3 The Probabifity Bistribution : .

-

The probability’distribution of the values oﬁptﬁe
Rice Index derivess from the binomial distribution.
Under the assumption that we have mad¢ for our nornm,

each voter is equally likely to vote yes or no inde,-

pendent of the others.
of yeS votes,
parameters

Y,

n,

the gToup 51ze,pand P

Rice Index is a s1mp1e Fyn'ction of . Y:

i

-

is binomially distributed with

1/2.

,This implies that the number

The

S J
* ORI = |2Y - nl
n

.
.

The calculation for the probabilities that RI takes on
its various poss1b1e values is easy if-we obser’ve that
each value of RI derives from two possible values for
Y, each having the same probability, ,except in the
case RI = 0.
~the following example.

We illustrate these calculations with
1

.

‘fui graups .of wight,

) \ °

\":v

o -

h3 R
“The probablllty dlstrlbutlons for the Rice Index\

. L | A L S . ax “rl }
in Tablé 2.wefae . 4 e
A K} " . ' L N
., P PR B
<, e 0 - o s N .
o P
G 4 Kol —
Pt o . 5, Y
? \
12 ot . ‘
. R “ . P -
o oo .
B -
£ AR 'z.."‘a‘., Y

N
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Example 3: We calculate the probability distri-
‘Bution for the Rice Index for a group of four voters.
. . . 4 S ¢
- N SR YIS LS
P[RI = 13 P[2" yes, 2 no} = (2)(7) = 3/8. .
. '—ﬁ _ ’\ -—o 4 1'0—
P{RI -\0.§] = B[3 yes] + P[1 yes] = 2(3)67) =,1/2.
IR S % 41 = Pi4 yes] + PI0 yes}%a i%o)(f) = 1/8

S

T

\

s1xteen, %nd Skwenty- four arg showﬁv“

»

»

S

&
1~E<‘Iz.\

.

-

TABLE

. Probabllity Distributions

2 4

-

of the Rice Indéx

S¢S

T lan

. - n=8 n= 16 n =24
’ RI M p M p M P
] "+ 0.000 4 0.273 8°. 0.196 12 0.161
N 0,083 13 0.298
0.125 9 0.349 i
0.167 ;o . 16 0e734 ,
0.250 5 0.43% .10 0.244 15 *0.156
) 0.333 . - 16 0.088
. 0.375 11 0.133 : .
£ 0.417 ' 17 0.041
0.500 6  0.219 12 0.056 18 0.016
. 0.583 Ve 19 0.005
. 0.625 13 0.017
0.667 _ 20  0.001
0.750 7 0.063 14  0.006 .2 °0.000
0.833 L o 22 0.000
: 0.875 15 0.000
0.917 23 0.000%
1.0000 8 0.008 116 0.000 24 . 0.000 :

'

~C'o,mparison of Grqups Differing in §ize

The dlstrlbutlons of the values of the Rice Index,

3.4

as for example those shown in Table 2, enable us to

compare dlfferent size groups. In the fol}owing example

we repeat some of. these caléulations® .
] -

Ethgle We calculate the probability that groups

of e1ght and sixteen achieve RI values of 0.625 or, greater.

Lame - '

s ~\For the group of elght, RI > 0.625when the majority

s 7 or 8:

, “raby

- . ¢

- .
L R




. . - . . . ' . ~

) . R Y ' v,
- . . ) ) 4 . .
- ° . < .
- . .p - 4 Q .
P . * . -
- R . T » \ — hd e
« PIRIg2 0.625]=P[7 yes] +P[1 yes] + P8 yés]+P[0 yes] . 3.5 Exercises ’
. X A . . 8 Lo Lo . 4. Calculate the probability distribution for the Rice Index for
' ’ . .=2(7)('2') + 2(8) (7) ) . a group of n='5., a ) . . .
s . i =0.071. - . ) 5.  Repeat Exercise 4 for n = 7.
For the group of sixteen, RI'> 0.625 for majorities of T 6. _ Repeat Exercise 4 for n = 10. . <
13, 14, 15, or 16: . . ' R - , |
. - - . \ - » '__/‘
PERI,, >0.625]= P13 yes] + P[3 yes])“+ P[14 yes) ‘ . - - 4. EXPECTED VALUE. -, :
N . ' . + P[2 yes] + P[15 yes] + P[1 yes) . L . T,
. . . . vesh » Fils ye , Y . . 4.1 calculation >
’ + P[16 yes] +\P[0 yes} . St . TN oI
. 3 One way to assess.the tendendies discovered in the
- . 16 1 e . revious soction is to calculat
. . s 2(13){ ) . 2({2)(%) + 2(12)(%) p calculate the expected value for )
. “ . the Rice Index under the norm wh; ch we are using. Since .
o ' 6. 116 ’ s many assessments of unity will be made by using averages
?' ’ * 2(19)(7) . ’f .. of a number of observations, the expected value should .
| . ’ = 0.021. ‘ ,/‘ . be a good benchmark. It should furtKer illustrate the
b : K v tendencies referred to above. T
: " We see that it is much less likely for the group of 51x- g L& S° y .
ample-S:
teen to achieve an RI value of 0.625 or h1gher than it 1s . ¢ “5——§—3—; E calculate the exsected value of RI
“ - or a gro .
for g group of e1ght In addition we note that this out-- grotp of eight: ® . . .
- come is relatively unlikely for either group and it is E(RIg) =0 - P[RI§,= 0] + 0.25 - P[REg = 0.25]
al ' most 11ke1y that the Rice Index will take a value\}ess .‘ i ’ . ‘ N LT i
“ " than one-half. Both of these charactgr1st1cs of the T, v 0.5 - PERIB = 0.5) +0.75 '°p[RI8 = 0.75]
.o Race Inde# ‘are confirmed if we refer to the’ distributions ) + 1 « PRI _‘lj» . - .
. ' - ; -8~ e -
. in Table ? - : . . . ) \
4' i . . .4 * [ - . . }
RN v These [obeservations, cqnflrm two facts about the Rice - © T, . 0+ (0.25)70.438) + (0.5)(0.219) ’
. Y . ' * s
/'Index It does make sense to say that it is harder for, § + {0.75)(0.063) + 1(0.008)
' /f large groups to achieve a high degree’ of unity if we mean Co = 0.273 oL c - .
. v - Py . . N . . !
by harder, 1ess'1ike1x under the neutral.behavior re- H ) R >
- 3 flected by aur norm. Cobnsequently, it is difficult to ' ere we have used Fh? prohabilities which alxeady °
o ) 1nterpret comparlsons of the Rice:Index for different ca}culated«fnd are d;splaxed in Table 2. ’
ot siz ddi f the values of . ' . - p_\N/,rr”T‘\ z
, . ize groups. In a ition, for any group the ues of £.2° The General Form‘ ‘ .
the Rice Index will terfd ‘to be in the lowest part of N - " - ]
:q . the range. Although the possible values range from-zerq ' The following calculation establishes the general

formula for the expected value of the Rice Index. The

to one, it 'should not-be surprising if most of our obser- ) : e
. possible values of RIn will, be _TTQ for k ranging

vations yield values less than 0.5. Thus the range of

s

values 1is in th1s sense non- unlform ) |

l’lilC‘,“. RS - . o 15
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% The last expression.can be wr1tten as follows ’us1ng &n
binomial distribution for the yes votes:

i
n
. . E(Rf ) = n-2k % )( )
- n kZO k
(1)

- [[(nnrif’zl]:. \ - o :

EATYS ...
The last step is a rather tgicky calculation which w
ledve as a'challen ing problen. ‘
cav ging p 3%

Th1s formula enables us to demonstrate that the L
expected value of thé ﬁ1ce Index gets smaller *
#size pf the graup gets darger.
_that n ) 2r+l.

Suppose,,fpr example,

i's odd, n = Then’

through the integers from [(n+1)/21 to n. [¢] denotes - : E(RIn+l) = ﬁ\ [g??Z]] A )
the greatest jnteger function. "Then we have$ Y ’ - M 2 . /
. " : ] Ve .
By - O R ]y -t(n+1)/21] u 1 (2
e , - (M) :
o 2(te/ae 1) gl : u
* N + n ‘ P'ﬁ“ = [(n"'l)/z]am] . _ 1 ( r+]j"
v ¥ v - . . T 02r+] r!(-+j)1.
Lo Zﬂ;n rP[M = nl’ . 1 {2r+1) 1 2r!
- o ) A W J ;7? rir?
where M- is the fumber in the majority. In a more com~ “
pact form - . - ~é xia 2r+1 1 2r .
. . . N X X "f'*f’"‘ P = ATV 27—1-: r . -
n .
ERI) ¢, J°  Eopayag \
- P k=) M ‘ - {nJ 1 [ n-1 ] N
e . ' . . i) T {tme-n/2) y .
- s n =] . !
. . = ) zl—cﬁﬂ-(P(k yes) + P(n-k yes))
= . . = n e
. k (n+l)/2 R . 4(2) . - = (m] E(RIn)‘. ————
< —{m=zk] ! ‘ - ’ ‘
i kzo %—7T—l P(k vote yes). o Thus the value «f E(RI) 1is slightly smaller for a group

including one more voter. If n
calculation will show that, '

(3) suum)

is even, a similar

EARI ). \ -

[

Thus, whenever we 1ncrease the STxe‘Dthhe group by one,
.the éxpected value of the Rice Index e1ther stays the
same  (even to odd) or decreases {odd ;o eVen) <Lt

-

4.3 An Alternate Form L "

-

. We can der1Ve a simpler formula for the expetted

+

value of the Rice Index from the one given abowe First 2
we observe that ' . . i , \
'E,(RII) -1, : T

Then by- formulas 2 and 3 we can successi

following: ) . .

°

-




- . .
« . . €
_ E(RIZ) = %F..(RII) = % . The trend dlsplayed. in this table will continue: i
' ) ) : ' - the group size gets larger, the expected .value of the '
. ) E(RIB) = E(RIZ) = % ' \ Rice Index- will approach zero. 2 . .
R 3.1 . . ) Th1s result indicates that the 51ze of the group ‘ .
E(R_Ill) =-7 E(RI3) = 32 ' is a. ma_]or ‘determinant of the Rice Index. Consequently,
. - 3.1 \ : comparisons betwegen groups ¢f da fferent sizes whxch are
:2; I_S(RIS) = E(RI,) ‘4-2 ) ) ) intendéd to analyze factors other than group size on . °
v . 5.3.1 . voting unity are difficult.. The ube of the-Rice. Index
E(RIg) = g E(RIg) 6-4.2 T for such comparisons'is questionable. . -
A} M ‘B ‘. |
. v — 4.4 Exercisesg . - ‘ )
- - » . 4
- : . . 7. Calculate the expected walue of the Rice Index for a group
A N R
- of n = 5 directly using the distriburion found 1n’bxercise 4.
The general form will be, for n even, ° Compare your answer to the result given by ‘Equation (4).
: ! '
- - (n-1) (n- 3) . 8. Repeat Exercise 7 for n =7." . ' M
4) E(RIn+1) E(RI ) SYCENAR . . ) . )
. . 9. Repeat Exercise 7- for n=10.
R This formula makes it easy to calcul&e values of E(RI) . . . ) - :
‘ for different size groups. These values are given for . ' . 10. Suppose a group of elght votes 3 - 3 twice, -6 - 2 once, .
n=1-33 in Table 3' - and 8 -~ 0 once. What: is the average (mean) of the Rice
) ) ) ) Index on these four votes? How does this compare to the
¢ . M " . <
\ * TABLE 3 . B ) expected’ value? Would you say that this group is relatively
o : Values of R(RI) for n = 1 23 . .- united compared to our norm? °*
. - 3 , . !
) o, E(RT) R E(RI) - 5. THEORETICAL PROBLEMS . o
T . . [
1 1.000 o ~ ‘
2.3 0. 500 18.19 0.186 L 1. Suppose our ob‘xi(;ti‘ve were to measure agreement: of |
- o 4,5 0.375 20.21 0.176 ’ .~.;; : a group w*xtrh.a rticular stand on an issue by \
» 6.7 0.313 22.23 0.168 N observing the number who voted for that view. If
8.9 o 0.273 . 24.25 0.161 o " < * 'n is the number in the group and Y is the number
T CF B ' . who vote yes--in favor of the stand--we can take Y «”
A ' 10,11 0.246 26,27 0.155 : ) _ ) N
. o 12,13 0.226 . 28.29 0.149 . . as a raw measure of. agreement and Y/n as a propor- -
.o "14.15 0.210' “30 '31 0.145 RN . tional measure. What is-the range of the. proportion L
: 16.17 0.19 . 32,33 0.140 ,“ s ’ Y/n? How can we normalizé Y/n to a measure which
) * R : " _ranges from -1, indic ting complete disagreement
., . v - ) ) ) ) ," with our stand 6n the issue, to zero, <indicating
) ’ ’ . . . . a neutral group, to +1,” indicating complete e .
’ ‘ . . ’ ' - agreement? : ‘
. - L o) . : -

SN R - . - . - ._'”] 14
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b ) [ - 1-. '
; < ’ ° . . L3 - - v
- . = ° ! .
‘<, %i Show that for- n eve?, E(Rlnkl) .‘E(RIn). . o o N
) . . °. N \ A v i . . v
T 3. Sho‘wthat ? N . -
. |n 2k| . ( n-i ] . PR . -
i ‘kZ (k)(g) -g [(n-1)/21])" o ‘
s . - ':- e’
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.o e .. MEASURES OF VOTING UNITY 112 o,
o -+ THE PROBABILITY OE. AGREBMEN'!‘ MEAsmzr :

* . . j.x.m ) »

- . @ -
R > -

R : PR 1. mf"riggggg oN ~ s« '
. .. - \ - oy J"l Dl v
- A 4 . ;é??: .udffg.fg##* N

In Un1t 271a we descr%ﬁs fg],?-g'}‘lmfe)‘( of unity, -
A <

<8 measure of how united a T e A
Although the Ricé- Inde§E¥§‘4ghIOpr1at
we saw that thene“ye?Bﬁdlff’

. with’ uslng it for a more deta11ed study§«
the Rice-Index seems to depend on th% sqg #of the group.

votes.®
1mp1e analys1s

3 =

If we assume that “each voter is equaliz. igylyazpf§bea e -

yes or, no : independent of the others as, a,neﬂﬁfal besis,
“for comparlson, then the expected va ue!bfﬁfhe\Rf%e
Index decreases as the size of the &*o@‘%%s iarger

» >

The fact that this major d1ff;cuf¥§€a1th the Rice
Index is brcught to 11ght by the use ofva norm based on
.- prohablllties suggests that we might. use the ideds of
probab111ty theory to develop an alternate measure of
unity. In: thls module we will descr1be the ProbabllLty-
of Agreement measure which has been d1scouered or Te-

- .’ distovered hy several people (Rae 4nd Taylor (19705 . -

Riesélback, 1960; Schubert, 1959; "Brams and’ O'Le ﬂy .
oy Y .
- 1970). : ~ A 2
» ._':‘ - . N 4\
- 2. THE PROBABILITY OF. 'AGREEMENT \ ', -

-

v
¢, ~ . &

2.1 Def1n1t10n N ’ ™

wf» : - ._ -

. The bas1s for the. Probablllty of Agreement measure

, is-a probablilty calculatlon based on the | results ot
voting by a small grouﬁﬁwﬂwe calculate the a posteriori’
probablllty that two membersgpf the, gro P selected at
random agreed on the vote., In other words. knowing how
they ‘voted, we calculate the probapility that'1f ye )

: randomly se1ect,two voters, then they both voted yes

or both ygtéd no. We denote this measure of agreement
by PA. - . . . ]

of

. : »* L
.

fRIC. 21 co ey
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Because the PA meaSure is itself a probadbility, jt
will automatlcally fall on the interval 0 - 1. _4A value
“of 1 would indicate that no matter phich two individual T
voterss were selected, they were sure to have agreed,
. meanlhg the whole group must have been completely unlted
A low value of PA, whiclh. can never be exactly 0, would
undlcate that the chance

»
-

the two xdndomly selected
1nd1v1duals having agreed is low, meanxng the.group
must have been divided on the vote. Thus we have a’,
<0 - l .scale for the PA measure wh1ch has a natural

1n¢erpretat10n . . -

We cWi use the ideas of fonditional probabifity to
conc1se1y describe the PA measy First, we‘will let
3 denote the size of the grogip undegygonsideration, k
the nuimber vot1ng in the majzllty, and PA (k) the
resultlng value for the Probability of Agreement Since
the measure is based On Jagreemend between two rangomly
selected ?;mbers of the group, we denote this event by -

Agz. Recall that the notation

-

- PIA|B] i} ' L :

A, given that event B
Then we may define the Prgpahlllty of Agreement
by the cond1t10nal probab&llty
(1) PA (k)-* PIAG IM = k] . “ .
i . (‘ )
where M 'is the size of the maJorlty
as follows'

means, the probability of event
og¢curs.

We may read this —

The Probability of Agreement for a group:

of slze n with k in the majority Is the prohab1]1ty that

two randomly_selected voters will agree

sizd of the majorityeon the vote is k. In this formula-

tion we regard the size of the majority, M, as a randonm

variable which may take~pn dlfferent values, k, with -

different probabxdltjes pThos% probabilities may b

- based~on‘@n assumpt1on abdﬁ%&behdv1or such as Jhat intro-
duced-in, the f1rst module:

, given that “the

each vdter is equally likely .
to vote yes or no 1ndependent of the others.

This form- -~ L
ulation of PA is conceptually”helpful.. '

. @ " , 18
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2.2 Calcutation of PA SN

In order to calc'u'late the- Probability of Agreement

measure, we must calculate the gq posteriori probabilities N
which &efine it. Although the alternate definition of
PA 1nvolves’ conditional probabititie$ based on assump- L
tions about the way individuals vote, these assumptions - .~ -

pl%y no yole for these calculatiens? "The calculation .

; PAg(8) =

Y . 2 . ‘
. \
) |
2. ”~ i
. 4
71 :
QY+ ()
21,9950
LI . .
2 . s
goo '
(2) .
22" = {.000
8
(2) 1

of PAn(k').' can be rephrased e’s a standard probability ‘;able 1 showe the valees of the Probabfllty of Agﬁreement
probdem: given a group of n things (the votes) divided or all possible votes for groups of eight, sixteen, and
into one group of k things (majority voters) and . B Fwenty-fogr. .
another group of n-k things (minority voters), what is \ TABLE 1 .
.the probab111ty that when we choose two ‘things randomly .
from the group, they are both in the 'same subgroup. ) . Probability of Agl_’eement
“  .Consequently, . . . n=8"~ n=16 n=24
e ‘ k/n k, PA k PA k “PA
k _k - . ’ ’
;) + (nz ) . . - s
; (2), PA, (k) = (n)'_. ’ ot . ’ . 0.5 4 - 0.429 8 0.467 12 0.478
. ‘ 2 ‘ ‘ : - 0.542 13 0.482
where ( ) al is the number of -combinations of b 0.563 ¢ ? 0.475
' bIfa-b)! ™~ 0.583 14 0.493
things selected sfrom a things. . * :
. . ’ ' . 0.625 5 0.464 10 0.500 15 0.511
. " A\l
Example 1: We calculate the PA measdyre for the 0.667 16  0.536
different possible votes in a group of eight:® . 0.688 11 0.542
’ » . 0.708 = 17 0.569
’ (‘;)E + (‘;) 12 ) © 0750 6 o.s7 12 0.600 _ 18  0.609
PAG(4) = 22 = 12 _ g 4 - . L 0702 (19 o.es6
. . .( ) N 2 " . . 0‘
. 27, : AN 0.813 _ 13 0.675
o — 3 ' © . 0.833 \ ¢ 20* +0.710
" PA,(S) = _T(Z) ) £ 13 . 0,464 el Sy 0.875 7 0.750 14 0.767 _21  0.772
8 () LA ’ ) ' . 0.917 T 22 0.841
' Y . . é . ¢
\ : _ 0.938 15  0.875
: : . (6) . (2) ~ . . . . 0.9s8 . 23 0.917
- - 2 27 _ 1e : o
PA(6) = = 55 =-0.571 . 1.000 8  1.000 16  1.000 24  1.000
T , (;) 0
. -, . 2.3 Group Size - .
. o v , - " Table 1 shows that the Probahility of Agreement
. . ) yd corresponding to a majority proportion of 0.75 varies
. . - - 19 20
o A\ o Lol - i
'ERIC 23 , Sl T,
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For- a group‘of eight it i3 0.571,
Thus the’
PA measure is highér when the same majority proportion

from group to group.
for sixteen 0.600, and for twenty-four 0.609.
is achieved by a larger group. This accuratEIy reflect§
the -intuitive Ldea .discussed in the previous module that
it 1s harder for a large group to achieve the same hlgh
proportion in the ma30r1ty

We can use the same norm of behavior‘as‘we did for
the Rice Index, to see whether this* property works
generally. The probability distribution for the dif-
ferent possible majority sizes will be the same as
those calculated for.Table 2 of Unit 271a and can be
used to calculate the expected value of PA under this

norm. . ' ~

~ We can, however, derive a general expressjon for
the expected‘value.of the PA measure which is very
revealing. Recall ‘that the pgssible majority sizes

for a group of n voters will range from [(n+1)/2]

to n, sp we _may represent this expected value as fdllows:
¢ < ) . n
E'(PAn) = k=[(n§1)/2] PA_ (k) P(M=k') :
o ‘ . . ‘n .

) PIAG, |M=k] P[M=k]
, k=[(n+1)/2)
The second expression uses our alternate formulation of
the PA measure in terms of the conditlonal probability.

But we observe that 1n‘th1s~express1op the summation

.7 - :
runs<over all possible-values of M, so that we have .
the equivalent expression: R
. 3
n
E(PA)) = 1 PIAG, and M=k]
. k=[(n+1)/2] * '
(3). . - U
. o = P[AG 1. -

The last id the a przorz probability, under our assump- -
tion about the behaV1or of 1nd1V1duaLs, that two randomly.

‘ zzfs . . y- T 21

\ /s
- . .
, e N

But ysing our
norm this probability can be calculated directly.

selected voters will agree on the vote.

Since
each voter s equally likely to vote yes or no, 1ndepen~

dent’ of the others. we have .. D
P(AGZ) = P(bo€h vote yes) + P(both vote no)
2 2
| N 1.~ *
= (7) + (é) }
= l ’ '
5 . -

. P '

Under -the neutral behavior which we assume for comparison,

the expected value of the Probability of Agreement is

a7w?ys 0.5. Consequently. the size of the group is not

a-significant factor in the determination of PA, so PA
may rea%onably be used to caompare the‘unity of different
51ze groups -

l

. In addition.

the-valhe,O.S which is the midpoint of
the range of the PA measure is also the natural result.
Groups'wifh a PA grea er.than 0.5 can be regdrded as
relatiyely united and |groups wi a> PA less thanp 0.5 as

disunited. ot -
-
2.4 ‘Exercises -
i. Calculate the Probability of Agreement measure for all the
majority size for a group with n = 5 voters.
2. Repeat exevcise 1 for n= 7,
3.  “Répeat exercise 1 for n = 10
4. Use the probability distributlons calculated for the exercises )
in the previous module combined with the resultq of exerciseq
1. 2, and 3 to directly calculate the expected value:of the
Probability of Agreement for n = 5, 7, and 10. '
— B s
- N ¢
?
\ . A v
. . »
s - z2 "
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3. OTHER PROBLEMS

3.1 The Range -

xAlthough the Probability of Agreement measure has
solved one difficulty raised by the Rice Index; it has
a different problem? Careful'examination of the range
of values of PA shown in Table 1 shows that this measure
riever' has values near zero. Although the theoretical
range of PA 13 zero to one, because it is defined as a
probability, in practice its lowest values. are never
far below 0.5.
will make distinctions between groups with values in

this range difficult.

Consequently, the use of the PA measure

LIPS ,

3.2 A Normalization .

‘We cah apply a normalization method in order to
correct the problem\ rajsed above. This approach was
develgped by Brams and 0'Leary (1970).

method of normalization just like the one which we

We usé a

used to derive the Rice Index. HoXever, since the

actuil range of the PA index varies with group, size,

we do the normalization for each size of group separately.

We use the definition of the Agreement Level Igdex AL
glven by Brams and O'Leary:

) ] pAn(k) - min(PAn) : ) -
(4). - ALn(k) v (pAn)-m}n(PAn)

- In the numerator we subtract the smallest possible value

‘possible.-

:‘[z

ﬁc 27 ..

of the ¢PA measure for a group of size n (step 1) and
then we divide by the length of the range of the PA
Consequently, the AL measure will
range from zero to one and both extreme values are
*Observe that max(PA ) =1 for any n and

min(RAn) = PAn[(n+1)/2}

measure (step 2J.

We may write

23

- T M

cuca g

PR i3 . ) ’ .

<

PA (k) - PA_([(n+1)/2})
(5) AL (K) =

1 - PR TIRm+11/27)

.

Unforfunately, this normallzatlon procedure destroys Jhe
simple interpretation of the Probability of Agreement

measure. - R

3.3 .Calculation of AL

In order to calculate AL for a group of size n,
we must first calculate the smallest possible value of
s PA. for that size group, then calculate the actual PA

for the group and use formula (5).

' . Example 2:

of 8 voters

We calculate all AL, values for a group

m1n(PA ) = PA (4) 0.428

from Example 1 SO the 'AL formula is
T - PAs(k) 0.428 PAg(k) - 0.428
AL, (k) = + =
8 1-0.428 0.572

' Using the values for PA8 calculated in Example 1 we

get the followjng‘reSGIQS:

= ALg(4) = 0.000 =
kﬂé{s) = 0.063 T
ALg(6) = 0.250 ) \
AL§(7? = 0.563
. ' l ALg(S) = 1.000 ] .
¢ . The values of AL for groups of eight, sixtéen, and

.. twenty-four are given in Table 2.
B . -

= . 28
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3.4 Nothing New

Table 2 shows that different
same majority proportion have the

size groups with the
same agreemeﬁt level
measure. This property also holds for the Rice Index

(since it is defined in terms of the majority propor-

otion) and suggests that ‘there is a éystematic relation-
ship between AL and RI.
Table 2 and Table 1 from Unit 271a on the Rihe Index

reveals that for the case when the_sizé of the group

Careful examination of .

is even:

29

. . .

* 25

A

In the third module in this series, Unit 271c, we
will develop another measure of un@t} which avoids the
major problems of both the Rice Index and the Probability
o%‘Agreement and also has othér desirable properties.

\ / . . A
: ¢ TABLE 2 PA_(k) - PA_(n/2 .
.- Agreement Level , AL (k) = rll(-)l’./\ (nr/lg)/ ) R by (5&5’1
N —, n
. n=8 “n =16 n =24
Wk ke AL ke AL C U M@ - 20 :
- 2.5 4 %.000 8 0.000 12 0.000 - 1 2(n<2)/(rzl) > by (2) o
’ 0.542 13 0.007 - < R
) 0.563 9 0.016 & / - Mk-1) + (n-k}(n-k-1) - 2(n/2)(n/2 - 1)
. 0.583 15 0.028 \\\ "("'2 Wﬂin/ﬂ("/z - D)
¢ 0.625 5 0.063 10 D.063 15 0.063 . (k _ (n-k)]z A
‘ 0.667 , 16 0.111 - 02 ) .
0.688 11 0.141 .
0.708 “ 17 -0.174 \ (6) AL (k) = RIn(k)Z.
0.750 6 0.250 12 0.250 18 0.250 )
’ 0.792 ' 19 0.340 When n is:odd it-can be“shown that the same relation
08i3, 3 o.301 holis, exg@pt that there is a small error of the order
0.693 20 0.444 1/n". This calculation is left as a problem.
0.875 7 0.563 14  0.563 21 0.563 The Agreement Level measure has.no intrinsic meaning
0.917 22 0.69% of its own and it is difficult to compute directly.
R 0.938 ' 15 0.766 . Since it is essentjally the same as the Rice Indgx,
. 0.958 73 0.840 there is no point in using it as an index of unity.
1.000 8 1.000 16 1.000 24 1.000 This is a good example of a natural effort to develop
a measure which simply does not work out. ’J<$~wv '

-

3.5 Exercises
5. . Calculate the Agreement Level index for all majority sizes
. ’

for a group of n = 5. How do these values compare with

the values of the Rice Index computed ip the exercises of

the previous module?
6. Repeat exercise 5 for n,= 10. .

) 26
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4. MORE THAN TWO ALTERNATIVES

..

- ’ - ®
4.1 A New Problem

In some s1tuat1ons, a political SC1ent1st may want
to measure the unity’ of a group which has more than two
altqrndklves on a vote. The United Nations often has
' ,votes wheré abstention is an'importan; distinct alter-

native. In that case there are three alternatives:

- Yes, no abstain. Another éituationfwhich would have:
~ more than two alternatives is an election with'more -
than two candidates. "

. . The Probability of:Agreemeﬁt-is a natural ﬁeasure
. of unity in -a situation with more than two .alternatives.
It has the same definition and natural meaning.as for
- . the two alternative case and it still has the desirable
property that group s%ze does not affect the expected
) value (which may- not be 0.5, depend1pg on what norm' for
Q behavior is used). )

The Agreement Level Index was originally developed

by Brams and O'Lear&:for a many alternative situafion.
“In this case the close relation to the Rice Index is

not as evident. However, the AL index again turns

out to, be essentially'the same as a simpler measure,

the extended Rice, Index squared. ‘ ..

. o ..

The R1ce Index sqhared can be wr1tten as

i - 2 . . ) -
ERE ¢! R& 2. LL : :

L 2 |
2 _ (Y-N) . » |
8) . Ri%e N .
n‘-
If there are t voting options, we let my, my,
q Sl m, ‘be the number who vote for each of the alter-

hatives. .Then the natural extension of (8)_is the
average -of the squared pairwise differences of the
fractions, m;,. Consequently, we adopt the definitions:

’ Lt Tt (mem)?
- - RI (m ,,_,m ) = = -5 1 -
m2 t-1 . .k 2
1=1 J=1+1 . n .

Thomas Casstevens [1970] has also suggested th{s .

extension of the Rice Indek. He called the square
root of this expression his "general index of cohesion".
The "idea of this measure is that it is the averagégof. ,'
the pairwise squared differences of the fractions. We
divide by t -1 rather than t for the average to com-

{ pensate for the fact that when we know all but one of

* the m, -the valué of the last one is determined’. In s
statistics _we would say we- Have t - 1 degrees of
freedom. The essent1al fact for Jus is that t - 1 i}
the corrdet factor to scale the measure to range from

0, for ankeven spl1t to.1 for a unanimous vote.

4.2 Calcudation of _PA and RIZ -

.We shall calculate the vaIUes of these two measures

~

roup of s1x voting on three opt1ons - .

) . = o . Example 3: ‘Calculation of PA for a group of six ¥
T o n T ‘with three optigns .The p0551b1e ways ‘the group can vote
where"M aﬁd m are the number 1n the maJor1ty and - “are 6-0-0, 5-1-0, 4- 2 0, 4-1- 1, 3- 3- 0, 3-2-1, and 2-2-2. .
ifjority for a group of n voters. The advantage of o .
.. . . -, LAY .
- squaring is that the formula. may be expressed in terms . g)+(g)+(g) . ",
"ﬁ“hn ,~Mo£~.yes-xotes-,w\‘17 -and-no- VOtesA»HN—~*wathout—u51ng-_-4—-~~—~’*- R PA (6.0.0) ,,ZfT:EE;ET:Z‘f-l U
: - absolute,walues' ) - ' , ) * 2 R ..
. : . v . .
’ . -t N . .
.(x". N . x . .. - N . ~ 2
< ?1 . . . - 27 s - . . . 28
- . . . v \
,' \‘l . . ] . . X . \ . \ .
CERICTEG L N - SR 320 sl
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The * -
- :R1ce Index“s’q,uared will have the same dependence ‘on group
’51§e as the original Rice Index whereas the Probab111ty

of,Agreement will avoid this problem.' The PA measure,

~on the other hand, does not really range from zero to

one and the! Rice Index squared does. Wthh measure is

° 5 appropnate, for a particular problem will depend on now >
- the investigator balances these characteristics.

. s

- Lo e - ' The third module in this series, Unit 271¢, will

R R e . , a L o cae

o P G vt develop another measure of unity which s'eems to combine “ .
R E_xaﬁw' We calculhte -the.values of RI under:—»":- ks .t‘:ne best fe"atu;es of the PA and 'RI indices. — .
. the sampe circumstances: T -, .7 L - . : G
e - * i . . N N kR S 4.3 Exercises’ ) R T
- B -RI62(6’0’0) = %_'(6-0)2"‘(6-0)2"‘(0-0)2 - 1'.00Qr ‘ %' < . I« Calculate the Probability of Agreement for all possible ways
Wl e - ] e 62, L . . %7 dn vwhich a group of n = 7 can vote on 3 alternatives. ’ ] e
- 1 -t - 2.1, 2' 2 ! 8. Calculate the Rice Index squared for all possible ways in .
L ) . RI62(5 »1,0) = %‘ ‘(il_‘) ?(56- 0');*(.110)_ = 0.583 which afgro\;p of n =7 can vote on 3 a.lternatives. o,
R , . 1" 10120 (492 a2 E ' S. THEORETICAL -PROBLEMS . -
S RIZ(4,2;0) = 7 {10) *(4'.22L*(2'0) =10.333 T : . .
T AR T LU T 6. o ,'4‘.‘ o '"“i;‘ »~ ~1.~—-Show that- 1f ‘we* assume- tha’t ~each voter- votes yes T
i P o Ge . . h ) with a'probability p 'and no with the probability
< ’%3 i o i o ' o ~ . . q-= 1 : p;' independent of tne other voters, then
A o4 . . _ . i . . .- . .
; Q . . . ‘ ! e .. Lt . _— ) . j -
CERIC e w2 s T S g
e L. L ~ T e S e . y o o o R .




the expected value of the Probab111ty of Agreement
w111 be p 2 1ndependent<of group siie.

Prove that for n o%d, . ‘ .o

TN, (R (K))E -
LML) = (RI (x))%+ —
. n? -1 o
. v
(a) Give the definition of the. Agreement Levei

medsure for many votlng\optlons

(b) - If there are t opfions with factions of

-
,

. ml,‘mz, }:a, mt,vthenfshow,that
{ o .
. - 2
. ALn(ml’mZ""’mt) = RIn(ml’mZ""jmt) + g,

where € = (Rlﬁ - 1/{n2(Tf—?7?) - 1}

where 'r is the remainder of n/t and
e=0 if r=0. o
. - . " ) o
4, Show that the minimum value for PAn approaches .

-y

N

0.5 as thé group size increases.

. . . - -
What is the mini“:m value of ‘_PAn when there are
t voting options?

n  increases? .

Does is approach a 1imit as ..

- .
-~
‘
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i \ MEASURES OF VOTING UNITY III:
e, THE o- INDEX
o ‘ 1. INTRODUCTION nT

InUnits 271a and b we discussed the properties of «

%kis equally likely to vote yes or "no indep
Under this norm we fouﬁ@ that th
of the Rice Index is closely tied to the

others.

group, whereas the expected value of the
of Agreement is 0.5, regardless of group

For some kinds of analysis the norm

N

ﬁhdent ef the

e expected value
size of the
Probability

r

size.

is not appro-

two m&asures o

. Probability of

ﬁxvoting unity, the Rice Index and the
greement.

Each of these measures has

. Q

-Index of different size groups are questionable’

. expected value which is imvariant with regard to group -

.o -l - 'S

slc f

Aruitoxt provided by Eic:
~ N

useful properties as well as disadvantages. The major
disadvantage with the Rige Index is that it.is dependent
on the size of a group, £§ comparisons ‘with the Rice

The
Probability of Agreement, on the other hand, has an

size. However, it does ngt really range from zero to
one, so that eomparisons of values of the Probability of
Agreement near 0.5 are difficult Efforts to normallze
the Probab1l1ty of Agreement lead to what we call the
Agreement Leer index which turns.out to be, essentially,

the square of the Rice.Index.

) In this module we introduce the a-index of voting
unity which shares‘the’?etter properties of the Rice
Index and the Probability of Agreement and avoids other
<problems which ue discuss in section 2.
of the a- 1ndex arethat it is harder to compute and 1t
does not ea$11y extend to many alternative voting - -

hd .

;' situations. ] /. - L.

.-
N " Lol e te e

by .
*

’§ e 24 THE CONTEXT OF ‘A VOTE

N "

2 1 External C1rcumstances f\

N In our d1scuss1ons of the Rice, Index and the

Probab111ty of Agreement
a5 a norm of behavior to serve as a neutral basis for °

follow1ng Rice, we established

comparlson the follow1ng assumpt1on.’ each individual

The disadvantages. <

priate. Suppose we are studying the unity of small

groups relative to a large.context. For example we
might ask how united party'state delegations to
Congress: are, relative to‘Congress as_a whole. If
a delegation of 10 votes 7-3, when theNCongress as '
a whole has voted 205-230 on one issue, but on another
the délegation v8tes 9-1 when Congress votes 405- Bdf v
how are we to compare the un1ty of the group on the

two issues? The measures of unity WhICh we have studied
so far would show that the group was more united on the
second issue than on the first. However, Congress as
a whole was very united on this is<ue as well, so there
is some question as to which’ group is relatlvely more

united. > f -

Another c1rcumstance wheré a relative degree of ‘
un1ty might ‘be approprzate ‘is when the exterdal c1rcum- -
~ stance is a measure of puplic opinion or opinions of the
approprlate large group, such as all Repube1c1ans, by
s 'We m1ght desire to
measure the relative unity of a small group‘ such a$ 3 )

delegation to a party convention, in a context like this..

techn1ques such as opinion polls

. - Neither the Rice Index nd¥ the Probebility of «
Agreement can be used d1rectly to measure relat1ve upity.

- We miight be able to use statistical tools with these
measures to assess the degree of unity of a small group
duer to the externalt circumstances and the resxdua% un1ty

© - which must be ascribed to the‘group itself. However,

this technique can be quite difficult.

s

Instead a we will '

P

R

H
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L introduce audi‘rect measure of relative unity whxch we call o 'Exam lé 11 We calﬁcculate the expected value of the .
- the’a-index. ) N t”_( ) Rice Index for.a, group of eight' for two norms. The first
2.2 * The Ex(pected Value of RI and PA. ' , v norm will assume ‘a probability of a yes vote is p=0.6
” ; . and the second p = 0.7. The possible values for RI are
. We can model the situation where we measure unity . 5 . N
relative to the behavior of a larger’ group by using theh? . . ,RIS(“ =0, RIs(S) = 0'215’ R18(6) = 0.5,
a e ‘ behavior of the larger group as the ,norm for, the behavi T ° T . ’ RI‘8(7)'= 0.75, IiIs(fi) =1.9." ‘
R of the small™group under study. “We can. then evaluite how v With either norm ' - . ©
“ .« the behavior of the large group affeécts a measure of unity : . .‘\g;g
by calculating the expected valite of the m%sure l,mder , R ' v P(RI8 = 0) = P(?f‘ yes) ) '

ot the norm. _, ° - . S g - s 4 A ' ‘

' S L . T ! : . . = (pra-pyy -

.- There are two ways in which we can establish the ) £ , ‘ S .

. norm based on external circumstances. If we have data,. . P(RI, = 0.25) = P(5 yes) + P(3 yes)

m—such-_as inion polls, ®hich indicate the probabilities ¢ . h \ . :
“ that an 1ndividua1 voter wifll*'lvot‘e yes', p. or no, g =1-p,~~ " , ( 23 - (8)PS(1-P)3 . (§)p3(1,_p)5 .
s ’ fh‘én,we assume for the norm that each individual in the ‘ >
j f_-’ group-votes with these probabilities independent of the _ P(RI, = 0]5) = P(o yes) + P(2 yes) .
:\{ ) :" . .others. This norm assumes that the group is randomly ; e ] .
T r’e of 1nd1v1duals from .the observed population forming = -('6)P‘6 l-P)2 + (223)P2(1-P)6 y
N 'Nhexcontext for the study. . ; . . v '
. . N * . . P(RI = 0.75) = P(7 jes) + P(1 yes)
Ly . A Second method of establishing a norm could be - ,,__ : : .
“used when -the exact way the overall population has 'vo,ted. T ) : (é)}; (f.p) N (8)p(1_p)7
o is’known. . It could be used; fors example, to establish’ o 7 \ 17 A7 -
-A.““?Mh . a norm for a group voting in Congréss when the overall P(RI{: 1.0) = P(8 ‘yes) + P(0 yes)
vote-of Congress is known. In this case, father than ) .
A ‘ assume each individual in the smawroqps votes 1ndeper}-' ) A =“(8)p8 f-_‘(s)(l-P)s

""dentdly, we assume instead that the all group is . - ) - %1;’?

. randomly selected from the large‘r population which - Table l*g”es the d1str1bution for the two*Horms.
consists of a faction who yoted yes and a faction who ’ } o .\Tabl"“‘l ’ :
> :. voted no. The probszihtaes for the p0551b1e majority RIS Probability, P= 0‘(, Probability, P = 0.7

- _n#_su.zes in the small group is based on this procedure of : . N 0 - 0'2‘32 ) '\_.,0 136 e
draw:.ng without replacement frommmewlarger population. - 0“.’;—5-" 0.403 ) 0.301
, For our examples we will. use the f1rst method of L 0.5. : 0,256 i 0.306 : s
: o establlsh'ing a norm, . R ' ’ . - 975 . C 0.097. . 0.199 -~
SRR ’“ . *. L ) . / w . 1.0 ' , 0,017 . 0.058 .
A 38 T g ‘- . =T R & 5 &
P - o, 35, . ‘ . 36
CERIC % o : L ... 39
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THe expected value when P = 0.6 is E(RIg) = 0.316 and
when P = 0.7, E(RI ) =0.436. In‘Unit 271a in this
ser1es we calculated the expected value for P'= 0.5,
E(RI +0.273. We see that the expected value of

the R1ce Ingex is quit€ dependent on the external cir-
cumstances which are assumed to hord. '

We can calculate the expected value for the
Probab111ty of Agreement independent of group size.
The same argument which was used in the previous module,
applies so that . LN

P(AG, - o x

E(PA) =

where AG2 denotes the event that two randomly qelected
voters in the group agree, and the probab111ty 1s cal-
culated accord1ng to the norm ‘assumed. Again aseum1ng
that individual voters vote yes with probah111ty p

and no with probability q, -independent of other voters.

we.get%i C ¢
" E(PA) = P(both yes) + (P(both no) .

= pZ + q . ,‘. 1

When p = 0.6, E(PA) = 0.62 + 0.42 ='0.52 and when

p=0.7, E(PA) - 0.72 + 0. 32 = 0.58. Again we see_that
the probab111ty of agreement measure depends on the
external norm which is assumed _to hold..

.

‘3.1 Motivation b -

. .
- .
When we developed the Probabilitﬁ of Agreemént

" measure we used the a posterzorz probab1l1ty of agred-

ment- as a means of making the expectedlwalue 1ndependent
of the 'group size. Because the a p%fterzoﬁz probab1l1ty
of the agreement of two 1nd1v1duals in the group has no
connectlon with the context in which the vote was taken, .

40 T

*

v . -
~ 7, . .

’ N b . . N
1t could not reflect the external c1rcumstances of the
VOte

compensation, the expected valJc of PA must change as

Consequently, since there can be no buxlt in

the assumptions about external circumstances change.

In order to include some compensation for external
circumstances in a measure based on d probability, that
That is,
probablllty based on the assumptlonﬂ made about external

probability must be a przorz it must be a

circumstances. %The a-index is just such @ measure.

3.2 Definition . -

The bae1c idea of the a-indek is to ask the queet1on
‘Under what ver assumptions are made about the behavior .
of the group) what is the probability that the group voted
with the observed majority. k. or a smaller majofity.
This, probability will be 1.0 for the case of unani ity,

since the group is suré td Vote with a majority less

sthan or equal to the size of the group. Thle-probabll'ty

will be near zero when the group is evenly split, since N\
even for modest size groups under the Rice norm, the
probability of achxev1ng exactly an even split is fairly

small. S - Lo ¢

The prohab1l1ty described above is 51mp1y the
(cumulative) distribution function for the random variable,’
M, majority size, under whatever asqumptlons are made
about behav1or : - s
. 'FM(k) = P(M < k), e
. . ] @
where the probability is calculated according to the

s Y

assumed norm.

. We make a small adjustment-in the distribution ¢
function to establissh the a-index. The néed for this
édJustment is evident if we reverse the range of the
’meaﬁure. us1ng zero to indicate complete unan1m1ty and

one to‘1nd1cate disunity.

We can do th1s naturally in

-

o~
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two ways. Fi}st, we take our measure of uynity and
gub;raht it from dﬁi.x For the distribution function
this yields G(k) = 1 - F(k) = P(M>K). We get a value
of exactly zero for unanimity, and a value near one for
an even division.

The second way to approach thelreversed measure
"is. to measure the probaBility that the majority size )
‘M is at least equal to the'observed value k, P(M>k).,
This will give exactly one when the group is evenly

split and nearly zero for unanimity.- The two approaches

; give'different results because the distribution function

We overcome this by splittin§ the
difference for M =k and we make this definition: .
TN

lacks symmetry.

. The a~index of unity for a group'of *n” individuals
with. k in the majority is
an(k) = P(M<k) + 1/2P(M=k),*
\ :
where- M fs'tﬁ% randbm variable of the majority size
and the prohabilities are calculated under the appro-
. priate norm .for behavior. ™~

The measure so defined can capture any external
circumstances wéich can be reasonably expressed inNgerms
* of probabilities of behavior, and yieids a measure of
If no
4~externél circumstances are assumed, the neutral assump-*

unity -relative to those external circumstances.

tion that each voter is equally likely to vote yes or
no independent of the others can be used. The values
.of the o-index will range from zero to one. °*

rd

3.3 Calculation of o : .
. ﬁﬁln,order to calculate the o-index we must calculate

. € .
the probabilities of the different\majority sizes under
_the appropriate norm. We shall do this for three, norms.

We assume that voters votejfﬁdependentl with ‘the

. 42 o - . ~E’)Q

. ty _‘ -
p = 3 ;
. . S . .
- R - S . S
.. < T, . . Y R

N

0.6, and

{

probability of a yes vote of P, * for P = 0.5,

0.7, foy the three norms.

Example 2: We calculate the a-index for the norms
given above for a group of n = 8. r
culated the probabilities of the different majority sizes,"
in example 1 for P = 0.6 and P = 0.7 and in Umit 271a

for P = 0.5. These distributions are listed in Table 2

-

‘We have already cal-

TABLE 2

Distribution of Mujority size, M, When n = 8

. P=0.5  P=0.6 P=0.7
Mo probabil%ty “~ probability probability
’ 4 "0.273 0.232. ° 0.136 v
5 0.438 0.403 0.301
6 . 0.219 0.250 0.306
) 7 . 0.063 0.097 0.199 ’
"o 0.008 0.012 0.058 : -

In order to calculate an(k),' we simply sum the, values
for the .correct column for values of M<k and add half

- ihe value for M = k.

-

For example, when P =10.S,

ag(4) = 1/2 {0.273) = 0.137 &€~ o .
ag(5) = 0.273 + 1/2 (0.438) = 0.492 A
vt agl6) =

0.273 W?}S +1/2 (0.219) = 0.821. ’ *

Table 3;shows values of the a-index for a group of eight
under each of these norms. ) ' .
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TABLE 3 . *TABLE 5 -~
) N Values of the a~index for a group of 8 . The a-index, p =.0.7, 5 = 0.3 - .
) \ = ‘ﬂ = A
— P=05 P=0.6 P=0.7 k/n_ o k ag k % k a,,
Bl aglo ag() . 0.50 “*4 0.068 8 0.02 12 0.010
4 0.137  0.116  0.068 0.54 . 13 0.045 .
5070492 0434 0.287 - .36 g9 o
6  0.821  0.760  0.59 . 0.58 . te 0.1 .
. 0.962 0.934 0.843 0.63 5 0.287 10 0.253 15 0.213 \
8 0.997  0.991  0.971 % C 0.67 . 16 0.355
s . - . \ 0.69 11 +0.444 '
Tables 4 and 5 show the vatues «of .the a-index for groups - 0.71 17 0.523 .
e . . . . ’ y -~ * *
of.eight, sixteen,.and twenty-four_. Table 4 uses the 0.75 Fg 0.590 12 0.652 18 0.691
norm P = % and Table S, P = 0.7, . . o 0.79 W - - io 0.830 .
\ 0.81 13 0.827 @
’ ’ TABLE 4 . 0.83° \ 20 0.923
. ' The a~index , P»= 0.5=¢q =~ - 0.88 0.843 ° 14" 0.937°. 21 0.973
k/, E ) . - - . oot . 0.9 s - . 22 0.993
‘ o . A T %2 . 0.94, , 15 0.985 )
0.50 4 0.137 8 0.098 * 12 0.081 e . 0.96 . . ) 23 0.999
- 0.54 @ 13 0.310 - Tt 1.00 8 °* oe£7'1 16 0.998 24, 1.000
. < . FX) .
L' 0.56 9 0.371 . o : . -
- vy
0.58 . 147 0.576 » 3.4 Exercises -
. . @ . ‘ — .
0.63 > 0.492 10_ 0.668 15 0°770_ #lw Calculate the values of the a-dndex for all possible -0
0.67 awr ¥ 16 0.892 LN majorities for a group of n = 5 under the neutral-horm, o
0.69 11 0.857 ° b= 0.5 . ) . Tt el
0.71 177 0.957 . ‘. -
: . 5 L . = \
0.75 6 0.820 , 12 0.951 18 0.985 L) .o % Repeap Bxgreise | fora -7, . ‘ .
0.79’ . 19  0.99¢ 3. Repeat exerciseql for n = 10. ’
. R LN
R 0.81 . 13 Q'987 R » 4. 'Repeat exercise 1 for the norm p =.0.7, . N
0.83 20 0.999 ot ' -
: ™ ) 5% 5 = 7 =20.7. 3 *
0.88 7 d 961 14 0.998 21 1.000 R Repeat exercise % with n =7, p 0.7 E " .
— v
0.92 22 1.000 6. Repeal exercise 1 with n = 10. p = 0.7. .
0.94 .. 15? 1.000 7. Repeat exercis.e 1 with n = 5,=p = 1.0. What is*the
7 M ‘ By . . +
0.96 " 23 1°000_ ‘ " stgnificgnce- of this, result? . - .. -
1.00 8 ~0.99 16  1.000 2 1,000 [ — + o -
N ) . I . a
s . . [ -
' ; g oL e . o/ “ 42
44 .; ! S 45




PROPERTIES OF THE «-INDEX i a (k) P
‘ k=1 ™ k
- N - ¢ .

. 4.1 Group Size k-1

- = pk(

. P ¥ /2 Pp).
Table 4 shows that the a-index credits larger groups ) k=1

i=1

with a higher degree of unity for the same majority Consequently,
proportion. For example, for a majority proportion of K
Z Py o+ 1/2 97)

f

0.75, a group of eight receives an o of 0.820, a 2Ela-]) = Py
n
. . i

group of sixteen Has o = 0.951, and a group of twenty -

four has « = 0.985. This confirms our sense that. it is t- -
. o .
Pi\* 1/2 Pk]

" more difficult for a large group to achieve the same,high
majority proportion. The a-index shares this desirable i ‘

property with the PA measure. -

& In addition, however, we see from Tables 4 and §

that the a-index extends over the full range of the .

interval 0~1. The lowest values are close to‘zerodaﬁt

the highest close to one. This is- an improveﬁent over . ' . Py + l/Z.Pk]

the behavior of ‘the PA measure. %

v
°

4.2 Expected Value ~ - . . < n- i-1 T un
. , : : + 1-p0L] o pl+t
The invariance of the a-index with respect to group . . i=1 k=1 k

size is confirmed by calculating‘itsnbxpe@ted.vaiue.
Indeed, we will find that the a-index has the same

]
=_p[
k=l X

expected value, no matter what norm for behavior is-
,used (as long as that norm is used for thg calculation
w
of o), and that value is 0.5.

© - . » .
. We can write the a-index for a group of n with k .

in the majority as follows: . o .

ar(k) = P(M<k) + 1/2 P(M = )

-
-

k-1
- = 1 P +1/2P,
i=1 1

. »
&

"where P, P(Nﬂ: i). But the expected value of a can

bl written - Therefore,@[an] =_1/2.
. . - - :
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In the above sequence, (1) is 51mp1y a reli%%hxpg o 5. AN APPLICATION OF THE a- INDEX ' [

of subscripts, (2) a separatlon of the second summatish% -
into components, and (3) a change of the order of

f

As an example of how the a- index might be uqed, we
summation in the second sum. The fact demonstrated shall make a comparﬂ%dn of the un1ty of state party -

above is well known in probability theory. . . ’ delegations to Congreﬁs for a particular vote hut under

- . s s. This 11 enable us
We may conclude that for any circumstances reflected different extefnal circumstances l wi a

. . ’ i S ich i ence e
by the norm under which a is calculated, an o value _ to draw conclusions about factors wyhich influ th

Of 0.5 for a group red sents ‘the degree of unity which . voting behavior of the members. The example we shall

would be expected for the roup, higher values of «o consider 1s taken- from Born and Nevison (1975). The

indicate a relatively united group, lower valués of a ) data is given in Table 6. It records the votes of flf'
a1 » teen eastern and mid-weStern Republican state delegations
on the Teague—imendment to the Agricultural Act of 1973

(July 19, 1973). The unsuccessful amendment, which would

indicate a relatively disunited group. Copsequently.'
with o as a measure of unity it .is reasonable to
compare the unity for groups of different sizes and
the relative unity of groups voting under different
“external circumstances. No other measure of voting

. have removed frqm the bill "eqca]ator clause" provisions
adJustlng price support payments to farm productloﬂ costs

for wheat, feed grains, and cotton. was strongly favored

unity has this property. X
L ! % L, by the Nixon administration asanti-inflationary. ,
The o-indgx has the disadvantage, compared to the )

L]
The first column of the table records thﬂﬁ%ote of
each delegation dn the amendment. The second column

Rice Index or the Probability of Agreement, that it is

somewhat more difficult to calculate. HowévVer the use -

s 1 > ion, si
of computers for data analysis ameliorates this ohJectlon records the a index for each delegation, calculated using

’somewhat  Sad . the vote of the Republican Party-as 2 whole for a norm.

. ] R The third column records the a index for each delegation,,
A second disadvantage of the a-index is that there

. calculated using the respectlﬁ% regional Republican
is nd obvious way to extend it to a situation where

totals a§ norms.
) .

there are more than two alternatives. In the previous

- ‘ h 3
module, Unit 271b, we saw how this could be done for When the whole party vote is used as a norm, nearly

4 . .
either the Rice Index or the Probability of Agreement. all the’states exceed the 0.5 level attributable to

. . . chance, with the exceptions being Minnesota, Nebraska,
4.3 Exercises . and Wisconsin. This would suggest that these states

~

- 8. Calculate directly the expected value: of the o-index for a are more united thgn might be expected from the party

group of n = 5 with p = 0.5, using the results of ‘exercise ' as a whole.

1 and the probability distribution calculated ig@it 271a. _'Howeyer. hman the méional party totals are used,
- ~ =
N 2 the eastern states show levels oj unity close to chance.
. . B This suggests that the factors promoting unity in the

N ‘ ' ’ .eastern states are regional rather than state factors.
Lo - Indeed, since the east as,a whole contained virtually
' 48 S 13 . - 49

’ Q . . . N R “ . . .

ERIC. . | -




TABLE 6 , . This example demonstrates how the a- ind‘éx ay be v
D— 4
sed to analyze the factors which influence votin on
Republican State Delegation o Values . W yee th r,r v l &
. q i
L On Teague Amendme:r)t to the Agriculture Act of 1973 certain spues.- éﬁ ;
o Values a Values N 6. THEORETICAL PROBLEMS ° el
— (Calculated _ (Calculated .
State Using Over- Using Respec- . . .
Party Delegation all Republi- tive Regional 1 Suggest appropriate criteria for calling a group
Delegation Voting Split can Totals)®  party Totals) more or less united in the t-option voting situation,
Midwest N - t>2. How well do the extended Rice Index squared
Illionis 14Y, ON ‘ 0.993 0.998 ° C £ Ao :
Indiana ' 6Y, IN 0.715 ;, . 0.79% or Probability of Agreement conform to these
Iowa . 0y, 3N 0.783 ! . 0.816 criteria? ’ J\
Kansas 0Y, 4N 0.842 ’ . '0.878 g ’
" Michigan * 11Y, ON 0.981 ) 0.993 . 2. Suggest ah exten<1on ‘of the a-index to measure |
: Minnesota 1y, 3@ 0.448 0.509 = . 'Y . |
aebraska 1Y, 2N 0.283 04316 unity in the case of t- options, t > 2. Assess your |
Ohio 13y, 2N -0.852 0.934 measure accordlng to the_criteria established in |
o Wisconsin 2Y, 2N 0.106 0.132 ‘ - & |
. problem 1. [Is the expected value of your measure
Vo Ave 0.667 Ave.. 0.708° - . .
East : - invariant to group 'size or other factors?, How does
S . . - v ' > *
. .~ Connecticut -,;Y ON 0.783 0253? & YoOur measure compare to the exte'naed Rice Index *
. Maryland ON 0.783 0.531 . squared or the Probability of Agreement? R
Massachusetts 3Y, ON . 0.783 0.531 ’ ° “
New Jersey 7Y, ON 0.936 ) 0.573 :
New York 17Y, oN 0.997 0.677 7.  BIBLIOGRAPHY
) Pennsylvania  10Y, IN 0.887 . 0.115 ' : e
' . - . Ave. 0.862° Ave. 0.493 ) Richard Born and Cpnstopher Nevison (1975), "A
‘ . Probabilistic Analysis of Roll Call Coheéa-jon
3 o . ;
Overall Republican totals: 135Y, 45N . Measures", Political Methodology, v._2\ 131-149. \
\ % bRegionall totals: Midwestern Republicans ~- 48Y, 20N .
. - T Eastern Republicans -- 47Y, IN L -
» .
. - ’ .
no districts directly affected by the amendment, an' almost \ ’ _ - .
, . unanimous 47-1 majority felt free to support their . . . {:ﬁ -
: ‘Republican president. . . .-
In contrast, all the midwestern States i*\e'{'ease . ' . “"
"8 their measuZe of unity when the regional norm'is used. o
This- suggests that the factors causmg this higher-than- .
chance level of unity are not reg1ona1 but perhap_s state, | ' . o ’ T E L
sub-regional, or cross-state factors. ) . '
> 2 ’ ’ ) ~ ’ . ) o
. ¥ - o 4 . ) . 'ﬂ:j
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SOLUTIONS TO EXERCISES AND THEORETICAL PROBLEMS . : . ,
he . - B ~ .+ 1.2 Solutions to Problems , ;
o . l. Unit 271a, The Rice Index , . b . . . o
1.1 Solutions to Exercises . ® ! 1. y'/n Has -a range from zero, when all vote r;o, to one,
. The,solutions to Exe:‘};ses 1 - 6 are collected in it . when all vote yes. In order to normalize this to
the f@owwg tables T RN ) . - - . range from -1 té 1, we first multiply by~2 in order
‘- Exerc1ses ) 4_, 0= S‘ . § -“E'W i e . to make the range 2 units. long, then we subtract 1,
. . . o - in orfderto: translate the lowest valué fo -1. The.
. . 'k_' RIn(k) ,NM:K) . normal/:zd measure would be , ’ Coe .
& ] ' . . !
3 ) ‘ 3 - 0.2 0.625 ) i = 2y/n - 1.
4 0.6 0.313. . — v . .
.5 140 - 0.063. i . ,2.( Suppose- n =2r, even. Then ' '
‘ g s . ! 1., ny°
Exercises 2, §: n =7 ‘ ';’~ . ‘ ) . E(RI ) = ;ﬁ (n/Zl .
. G ~ . M ._' N » ) o
4 0°14‘3 N 0°S47 ’ "'lm)‘(’ “ = 1’ (Zr) I
5 0.428 - 0.328 . J2f tr : <
. . 6 0.714 0.109 . . .
. b . \ oo 1 (2r)t : .-
> A 7 1.000 0.016 - = =7 TT i
W oo 5 - \ 2 3
. T y ' , \
=Exercises 3, 6: n = 10 N . . 2r 1 (ra L ’ PR
w 3 0.0 0.244 . ) . . -' N . 2 }' 221“1 r!‘(r'l 1
- , 6 . 0.2 - 0.401 = . Q :
. . - S R S N BT
o .7 0.4 . 0.234 T S _ 2n-1 ([(n-1)/2) n’" !
o 8 0.6, , 0.088 . ' S S ‘ - =
: . .019. - ' " no- Zk n [,(n-l%./Z] PPYy n
‘ 9 0.8 0.01 . 3.0y, ( )( ) = 2§ nnZk (2)(%)
N .10 , 1.0 0.002 ¥ . k=0 - k=0 ’ -
% . ’, . -
ice 71 - ‘ ) « (n-1)/2] : n-1 n-1 ’
Exercise 7: E(Rlé‘%ﬁ 4}:,375 4 ' . . - , % n- Zk (n)(_) . (%). !
Exercise 8: E(RI,)™= 0.273 , ] poo. kS : A
.- . Py . ) - - . . ’ . - L. DI 7
" . Exercise 9: E(RI,j) = 0.146 * - ((n 1)/2] @ ) |k ™) |
* ' - _ e n n “k I -
Exercise 10: JAverage = 2°(?:25) +40‘S * 1.0 .95 . .
fi(‘RIB) = 0.273. Conseque;ltli'm, the group . B ' = ) ‘f[(n 1)/2],,( ), _ (n-l) +‘1] T
= . . . 2' : k-1 N
appears to be relatively united.’ ) . l,»r -1,, i
- 'y ’ : B . ) . - . "o ' .
. . . : n+1 © n-1 .
\T";‘ P ' . = l ' - = l n 1 . :
, SN 4 o . - , w2 [(l(n 1)/21 R 1] IR T 1/21] A
> . N ’ ' Ty . , Rcae S . + t’“ )
- ) i ,:f; < 52 " . . I 49 . . . . - , ,.S'O.
- - . - ’ .
Q. ) : - ) oL o . ’ )
™ o . s R . . v < . ’ S P — R
R - - e N . , .. .« . ol P ’
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2. Unit 271b,

The Probability of Agreement Measure

™~

2.1 Solutions to Exercises
& - ©
Solutions to exercises 1, 2, 3, 5, 6 are in the
following tables.
Exercises 1, 5: n.= ) N
I koS PAn(k) ALn(k) '
3 0.4 0.000 )
4 0.6 - 0.33?
1. 1.000 ° ~
Exercise 2: n =9 "
4 0.429 0.000
- 5 0.524 0.166
. 6 “0.714 0.499 .
N A 7 - 1.000 1.000 \ .
/4‘.\ Y * -
Exercise Q#;b._;n = 10 <
5 “0.444 0.000
) ' 6 0.467 0.041
7 0.533 0.160
s 8" 0.644 0.360
<5
9, 0.800, 0.640
‘ ) 10 1.000 1.000, .
‘4. E(PAs) = {0.4)(0. 625) (0.6) (0. 313) (1. Q(D 063) =0. 5008
E(PA,) = (0; 429)(0 547) (0.524)(0.328)+ (0.714) (0. 109)
+(1)(0.016) = 0.5014
E(PAIO)' = (0.444)(0.244) +(0. 467)(0.401)+0.533)(0. 239)
+0.644)(0.088)+(0.800)(0.019)+ (1)(0 002)
= (.4922
. The deviations from 0.5 are due to Tound-off errors.
Y . . € &
& A ’ 51

7,8. n .
' 5 Ri2
my,M,,My PA7(T1,m2,m3) RI7(m1,m2:m3)
232 2y 0.238 0.020, ”
< T~
3 3 1 0.286 0.082
4 2 1 7 0.333 0.133
-4 3 0 0.429 0.265
5 1 1 " 0.476 0.326
s 2\ o 0.524 Q.377
6 1 0 <:TF 0.714 0.633
L r/' 4 e
7 0 0 1.000 1.000
2.2 Solutions to Problems . N
1. EfPAn) = P(AGZ), as established in section 2.3.
] g(AGZ) = P{both vote yes) + P(both vote no}‘;
. S
= p 2 .+ q 2 , . .
a since each voter acts independent of the pthers.
- . &
PA_(K), - PA_((n+1)/2)
2. ALn(k) =

-

~

T PR ((nD)/2)

(&A@

I

- (2 2y (D2 0y

n
(375

(((r72y -, (e D2yy, 0y

-

k(k-1)*(n-k) (n-k-1)-{ ({n+1)/2) {(n-1)/2) *+((n-1/2) {(n-3)/3}
STR-1) -T((n*1)/2) ((n-1)/2)+ ((n-1)72) ((n-3)73 }

N & 4
_ak® - ank v 0% -1
- 2
. n -1’ 2
. Ek-(n-k)! _i ”
. . (k-(-00)2-1 _ (k-(n-K))? n?
n“-1 n2 n“-1
v o 2
b i RIn(k) -
= RIn(k) + ‘——;Z—T .
. ' é
ke 52
“ 55
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For n.

"
w
-
n
]
=4
(=4
Y
(=]

"20.020.0

bl

For n = 7, error

For n = 9, error = -0.012.

AL (n..m ny = PAn(ml,mz,...,mt)-mln PAn

A Dt S § 1 - miniPAn ’
where PA (ml,mz,...,m ) is the probability of

agreement of two voters from*a group of n th\:;P
voted ml,mz,. M for each of t alternatives.

Min PA denotes the smallest possible ‘value for
this quant1ty, which will for the most even

split.

Assumé n = t% + r. Then

ALn(ml’mZ""’mt) = .

w('“;)}/(")a((z:}ﬁ( Der Ny Gy

- tend) o EHyd

N %

ml(m1-1)+mz(m2j1)+...+@t(mt-l)-{(t-r)ﬁﬁl-l)+r(l+1)2}
) n(m-1) - ((ggr)2(2-1) + r(2+1)7]

. /‘ . >
The expression whielf appears twice.in brackets ®

in the last formulation can be written as
follows: <\ f"

-

' - 5
v Ty

{(t-1)2(2-1)+r(2+1)} = t2? + 2rg - 18

_tiefsaerger?or?thotreer o
t
=.lltz-n+r(tt—.r)*" ’
1
o w Ty

53 -

\
ma +m2 + +mc -2m M, -~2m,m, - -2m m
- 1 32 N Y 173 t-1't
7 =
' (t-r)
r(t-r
. (m1+m2+ ,+mt) + 5

) When we substitute this into the last expression
. for AL we get: %

o

. 2 e 2.
((t 1)(m1+m2+...+mt) 2m ™, 2m1m3 mt.1

4 (t-l)n -;.?‘r(t Q()

‘ '2' my -m 2 - or(ter) f
J oy
b a? - r(t\{) .

. ﬁa
’ ap 3°C _ a | -1
Observe that < " § TF7~T—1 .

mt-r(t-r)

- Lettrng a =‘(mi-mj)2, h = (t-l)nz, ¢ =r(t-r},

this reduces AL to

(J(mi-m) 2/ (v 1)n? 1)
(n2(t-1)/r(t-r) - 1) -

. - 2
{2;’,3 - Z(ml mJ) .

(t-1) n? .

R . .
M N o ’

(R[é(ml,mz,. .m%I)*-l)w
(n%(t-1)/r(t-1)-1) . -

2
RIn[ml,mZ,...,mtl+

as desired.
: %

The minimum value of RAn will occur when the group

is evenly split. For n > 2k,A /
min PAn = PA (k) -\2( )/(
™ . .
- zk(k-l)_ _ k-1 ‘

’

This last ¢xpression approaches 1/2 as k growd largé.

L A ‘80

EoN
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A rimext provided by ERic

The minimum value of PAn for t options wi

when voters are equally divided among the

Suppose n = t&, then
min PA_ = PA (£,%,...,%) = t(%)/(;)
= ta(e-1)/ta(te-1).
This-will approach 1/t as &, and hence

grows large.

T
55

E
§
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t options.

n,

e

e

>
.

' ?

3.1 Solutions to

The soLutiong

tables;

- Exercises 1,4:

ke 0. p =05 (K)p =07
3+ .0.313 0.221
. 0,778 y 0.835
5 0.969 ©0.915
: Exerc1ses€£ S: n=7 o )
k " Loyk), p= 0.5 -~ (k)."p = 0.7
: . 4 R 0. 274 0.162 R
5 0.711 0.496 .
.6 0.930 o 0.793
7L 0.992 0.959 S
. Exercises 3,6: n =0 .
.k ( ) = 0.5 an(k), P =0.7
5" 0. 122 0.052
. 6 0.444. 0.222
7 £.762 0.478 &
o .. .. 87 0.923 0.734 8-
9 0.990 0.915
) 10 ¢.999 - 0.986
Exercise 7: . n = § = ] - @
ke ek, p=1 o
3 0.0 :
4 0.0
5 ’ 0.5 . ) .
- Exercise 8: n =5 - _u -
E(ag) = (0.313)(0.625) + (0. 778) (0.313)
) + (0.969)(0.063) = 0. 500086 - N
The divergence f¥om 0.5 is due to rqund off error i

3. Unit 27}1c, The a-Indéx
[} * *
Exercizgs o
for ef%ﬁ;ises 1-6 are in the following
k5 ¢ ‘
. < . )
. s

n=2:5 E I B
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Refurn to: .
EDC/UMAP -
ﬁz Chapel St.

' -STUDENT FORM 1 ¢ j

Request for Help

t

Student! If you have trouble with a specific part of this unit, please fill

out this form &nd take it to your ini}ructo} for assistance. The information
you givé will ‘help the author to rev%sé%the unit. ’

'
Your Name *

4«Unit No.
Page  °- .
’ Model Exam
Secti L \
"C> Upper OR setion — OR Problem No. : ¥ ‘
OMiddle ’ . Paragraph ' Texty
O Lower Qj & Problem No. /
Descriptien of Difficulty: (Pleage be specific) " e .

LV
e

W

R

. @

N

> 2
7.7
%

Instructor: Please indicate your resolution of the difficulty in this box.

_ (::) Corfected errors in materials. List ca&rebtions here: -

A}
¢
-

'

Y

=

A}

.
-

13

(::) Gave student better explanation, example, or procedure thah in umit.
Give brief outline .of your addition here:

LS
A

&
. . ©

&
o - 1

(::) Assisted stuaent in acquifing general learning and problem-solving
skills (not using examples from this unit.) \

-
-

‘ T o /
o A 60 - o

Instructor's Signature

- ¥ .

~ s
©+ Please useﬁggverSQ%{g§€écessary.;f - .
. , N Ak

s

wton, MA 02160
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\ e o . Return to:
_ d * "STUDENT FORM 2 . EDC/UMAP i
: . , . : ) 55 Chapel St. \
] T R Unit Questionnaire - Newton, MA 02160
Name . 7 ‘ Unit’No. 3 »i Date
Institution “ Course No.

Check the choice for each question that comes closest to your personal opinion.

1. How useful was the amount of detail in the unit? o , <

- 3

. Not enough detail to understand the umit™ -
. & Unit would have been clearer with more detail _
Appropriate amount of detail
Unit was. occasionally too detailed, but this was not distracting

Too much detail; I was often distracted \ {
—_— . * g

2. How helpful were the problem answet's'7 ST

Sample solutions were too brief; I could not do the intermediate steps
v Sufficient information was given to solve the problems
Sample golutions were too detailed; I didn't need them .

ey
; ‘,

f % Except for fulfilling the prerequisites ‘ how much did you uge other sources (fo% .
* example, instructor, friends, or other books) in order to understand the unit?

___AlLot Somewhat \ . A lLittle Not at all - .

ray S—

4., How long was this unit_ in comparison to the amount of time you generally spend on
a lesson (lecture and homework agssignment) in a typical math or science course?

-

v Much Someahat About Somewhat Much
Longer Longer .____the Same Shorter Shorter
5. Were any of the following parts of the unit confusing or distracting? (Check
as many as apply.) . .

Prerequisites ‘ -t
Statement of skills and concepts (objectives)
Paragraph headings ’

L

|

. Examples
° Special Assistance Supplement (if present) - ?k. '
Other, please explain £t
6. Were any of the\fdilowing parts of the unit;particularly helpful”lépheck as many
as apply.) i ' . . )
.. Prerequisites . . £ o ®
.. ___ Statement of skills and concepts (objectives) .
e A Examples £ - . .
Problems : . ’ R
Paragraph headings” ’
Table of Contents N ) . N \ -3
- Special Assistance Supplement (if present)y
- Other, please explain
Please describe anything in the unit that you did not particularly Iike.
. ) . s
‘ . Please -describe anything that you found partiéularly helpful (Please usé’ the back of
b this sheet if you need more space.,) e

~'. i . - ) 'lt

\“
&

4 . -8

[

S




