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THy LEVISCIVITA TENSOR &
~ AND IDENTITIES IN VECTOR ANALYSIS

INTRODUCTION

. T 1.
. _®

e Vector analysis plays a key 3818 in-many.branches

theory and in flu1d mechan1cs, for example, we often use

vector 1dent1t1es such as- .
5> > -
Ax(Bxd) = (AC) VR-BE, - ,
- . - . AN
aﬁh vector field 1denf1t1es such.as -
’ VX(VXU) = V(v.u) 'r

In many textbooks on vector an§ ysis and phys1cs
prodfs ¢f identities are e1ther very d1ff1cu1t or simply
om1tted This situatioh is also encountered when we
learn quintum field theory, where four- d1mens1ona1
vectors appea¥.- The problem is not that wé are' unable to
Iéarn the identity itself, because "we can always accept
the result without’ proof the morté serious, consequence

is an inability to der1ve a new result when the need

N -

. arr\es ) ~ ‘ "
- v ’

In th1s unit we study a systematic way to der1ve
these identities, and we establish "mach1nery% that makes
such derivation .2 routine task. Three-dimensional..
vedtors and vector fields are stud1ea in detall_ and a
br1ef’1nd1cat1on of the eXtension to four dimensions is

also 1nc1uded“ ' * N

El

We note that th1§ is. not an "appllcat1ons un1t"
the pr1mary obJe£t1ve is to prov1de science, eng1neer1ng
. and mathematics students with a powerful means of-
der1v1ng vector and~vector'f1e1d identities. The skills
that you gain should be valnable to you in the pract1ce
. of appTied mathem£t1c>.-, B )

In electromagnet1c-

.(2.1)_ .

-~

-

2. THE KRONECKER-§* = * .

We gonslder threeﬁdimensional vectors in.the N S
rectangular xyz-coeydinate system. Let us denq;e the .
unit vectors along the coord1nate axes Ey el, 32,-33 = - R

(These vectors ane often Henoted hy 1, 3, k, respettkwely ) O
Then, ahy vector A = (Al’AZ’As) may. be, expressed as -« ’

[ 4 -
v o> LR

> ) &

-> -> “t 3
A= Areg *Az 2% 33. Z Aiél

z
s

. ‘The vectors e1 i=1,2,3, all have 1ength one,

and they are pairwise orthogonal These properties can J

be expressed in terms of the scalar (or dot) product as

follows for i,j =.1,2,3 we have , - -
' 0, if ivf j3r . :
(2.2) zi-z. = A
J 1, if'i=j, . . 7
o ‘ z

. The right= hand side of Equation (2.2) can be written__
in more convenient form by means of Lhe hronecker ~§ .
This useful-device is a fﬁnct1on which 1s def1ned on two

indices i,j by the formula : o .
. : : : AN
0,. if i # j; - .
(2.3) 6.0 = .
o Mo, dfis i A h

,For example, 613 =0 and 6 i*= 4 ‘ \ . \

Using the Kronecker- §, we may rewrite Equat1on {2.2)

in the shorter form . e
C .3 .o =
(2.4) 8 ej 6ij' . , o
Recall that for any two vectors o ; : ‘
3 3 ’
- - > . > >
A= Y Aeg. " and B = J B, ‘
i=1 171 i Y , .

———

*Read "Kronecker-deita." 77 . ' -
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I A * ) : " )
\ [ 4 "
\ s * - . - ‘ b A :
PO T N . LR T ¢ .
L a - R . .
the scalar product is given by =~ - B A permutatm,n of the 1ntegers 1,2, ,n is an )
. " T . s . . - ¢ ’ + arrangement (or order1ng) of these numbers A permuta- L
(2.5), A3 = Z A1B1 ) o - = ' tion may be regarded mathemaucally as a one-to-qne . .
>~ LY . N ) -
., ". . i=1 . a0\ .o, . R functlon of the set {1 2,...,n} onto itself. 1In
L "We may also express A-B in terms® of the.Krongcker-4: . . descr:.b1ng a permutat1on, we usually omit all commas i
! < - - A . . v . . o _ ) .
- applying basic properties, we first “find, . . -separating the integers, and simply write them in the
22 . - 3 N - . s . orden gjthe.arrangement.- Thus, for n = 3 thefe are six = °
v * - . > > > " %‘ > . s s v
P TN S1 er ations: .
. /AB [ZA ] [ B ] . . possible permutation . <
¢ L N C _ - . ©123, 231' 312, 213, 321, 132.# N
. 3« 3 . . . .t N 5 ]
. - . ) ..
A N = I ,.Z' AiBj (ei°e’j).‘ : i ’ . *The permutatlons 123 231, 312 are called eveh -
5. . - 151 J=¥ ) . ) . - permutat1ons while 213 321 132 are called odd permuta- )
Lt 3 Then Tsing Equatio‘n (Z,4) we obgain . . "tions These. napes are_associated with the number dxf N
. ° - .
& ) Lo . - : * " pairwise exchanges needed to obtain ‘the g1ven permutation ¢
N . . . . > o L} '
STl (2.%) .AB= 7§ Z AlBJ613 . o . from the natural ordering 123. For example, 231 can be .
N o =1 j= 1) . . : . ° .. obtained from 123 by two exchanges: «first exchange i .t
: \ — . - and: 2 to obta‘in 213, thensexchange 1 and 3 to obtain 231. Y
* .Exercises . . , T % »
r . _— - . ‘The®e exehanges may be represented as follows: i .
.. 1. Sghow that for any 1;j we have ) . - . — —~ ‘ ' . -
i ® - 123 > 213 5 231, :
2 - (2,7 P . . . . . R
‘:’: . ‘e ( > i ?ji " - - - i . = = o' N
ki ; (This equation, although very easy to- establish, is numbered for - Since 231 can be obtadnéd from 123 by two“exchanges and _°
I reference, later on.) . . . . T two is an even number, we call 231 an even pernﬁxtatmn )
. . . \
. . " -
2, a. Use the defining\ reihtion (2.3) to verify that for i=1,2,3 s In a similar way we may 111ustrate that 312 is an°
. o, swe have B, = Bléil ‘-?— 33613 ; . . t.t even permutatadn ' . '
5 v o oy . o . . >
/,“' . : . b Substitute’the exppession for B in part (a) iuto Equation . 1 2/}:; s 132 o 371 2.
- (2.5) “to obtdin an alternate derivation of Equation\(z 6). ° . i | N B2 :
.‘ - - - B PRN . ¢ . | . . - . - e
' a0 T > - — - T . » . There.dre two interchanges involvéd, so- 312" is .even, The: .
. . " " . . ¢ - . « permutation 123 is even because the number of exchanges
,\ T " . 3. PERMUTATIONS . ’ required to obtain 123 from 123 is zero, and zero 1s an ™
P ) ’ ) TN e . even number. - )
- ' RN ., N . Y .
L We recall br1ef1y some ‘basic concepts assoc1ated ] " The odd permutations can be described-in a similar _ - )
=t with permutgtions. :V'deas will then be used to . way: . O . - e =
"+ define the fundamentafl -concept of this module, the Lev1-'/ T i < . -
. Civita tensor. ot ; R 4 o - . : . - . .
L. ) Y . '\ : : . . 3 4 *Read “one-two-three, two-three-one, three-one-two," etc .4
: Q . . ) . Vo e (t - .2 B ’ -, . ’ '
O EOEEREEE - .+ o -, o . L o L S o \ . Yool
- ., -;- at T o "_ . e A - :




\ o
; 1 2-3 3 2 : an
) . . ©3 > 1 3, (1 ‘exchange)
o - P - . ¢ .t ' . B
4 d ’, . ‘ -‘ .
L 1 2 3 > 24 3 , . * (1 exchange)
< S s . R ' J ‘.
e - ! ~A . 7~ ~— : . .
; 123 2-213>2 31 > 31 2 3 exchanges)
4 . R | 3 | S R
R or, . . v .
" ’ . /\_, R ’ ~-o! .
\ 123 >321,. - (1 exchange)
by L e \ -
/ s Yo * \ .
. Al easy way to determine whether a given permutation

- ’ F 2N .
- 4. THE LEVI-CIVITA TENSOR
N, L .
- We are now in a pogition to present the cent\r\'a‘).l . !
concept of this module, the, Levi- C1v1ta tensor. ThlS
tensor 15 a function ¢f three 1nd1ces i,j,& which is v

relatedi tQ’ the vector (or cross) product in much the same
way as_the Kronecvker § is a function of two indices i,)
&hlch is related to the scalar product.

-

The vectar product re‘lations among the bas;s vectors

-
.

> -> ->
:is even or odd«is to write out the permutation and-then !‘ €1» €5, €5 are g1ven by :. . ,
N write”the natural arrangement 'dlre.ctly below it, Then -, it - ' o s s b «
. > — e - - .
connect correspopding numbers Jin these two arrangements , € xe 10 €2x€; =0, - egx %3 0,
K line segments and count the number of ﬂ\tersectmns . o . - . e . .-_, -> ’
between patrs of these segments; if this number is even, “(4.1) 161 %€, = €32 +Cp X €3 =y, §37 €1 =h207 5
D then the given permutatlon is even, otherwise 1t is odd. :o . N ) . > -
hd S > > -> R > - > . .
% (See Figure 1.): The reason this scheme- is valid is that ’ (627 €1°F €3, C3xe€, = -e;, T e)xe;'s €2 -
each pajrwise exchange correSponds to an mtersectlon of ' - . ) 2 o T T P
two of the lines. . ) . A careful® examination of the relations ‘in (4.1) z:ev_eals .
. A + . some fgatterns that turn out to be host useful. " In the "
? o 2 .31 h\ . 3\ “§ - " first lingé, the‘two indices <that appear if any; one of the
. g \' . 1 N . \ L ' three equations are 1dent1cal .In the s?éond l1ne, the P
<X L \\ . \ ? - indices aré arranged 123, 231 317 ih the three equations;
.. “le 203 A\ M2 : ‘in the third line théy are arranged 213, 321, 132. These
- o - .y
- L . ) observatmns lead to a formulation of' the Levi-Civita .
. a. Two iltersections; D¢ Three Yntersections; tensor,* which is, the function of thTee 1ni‘11ces i, 5 k
b . 231 isveven. . 321 is odd. - . -~ R R
{ .o . . . .+ defined by LT e . . . i
AR : Coe S LR ~ .
. PFigure 1. ‘A geomgtric scheme for \Jetermining whether a v e PR 0, if‘two or more Of “the indices i, 9, k are ‘equal .
: given permutati6n is even or odd. (B careful! The inter- \ (4.2). 8. .. =711, if 1jk 1is an even pemtatj_on of 323 T, “.. ¢
. sections in (b) could all occur at one 'oim:-—remember we - A\ s ijk o - :
. are counting intersections of pairs of hynes.) - ' oo -1, 1if 1jk is ¥n °dd permut:at:ion of 123 o '

-] . ', - .': - L4 ’ ‘ ' 4 & . ,’r_\ " M * - . * »
< — : ‘ . 3 =0 € = E = € = vt
‘e Exerciges f ‘ For exa“‘ile f113 10’ 333 7.0t Fip3 T 1, €p5y = 1, R

. hid : =.- = - . . :
3. Determine whether the pe‘j‘mtat;on 4231 of the integers 1,2,3,1'5’1? . 215 . \’ 132 : v ol ) NN s,
- . R . . . . o s 2y N .

L. "evenoroddby- , hal Lt - ~—
* ' ~ a. counting 1n§983r3’ e .. -*St:rictzly sp€aking,’ what: we define here s a tensor component. .
FEEEN M ‘\ ‘The Levi-Civita tensor is a collection ,of these components, just as i
- . b. “31'18 int:ersect:iops of lines (t:he scheme depictyd in a vecgor is a collectiongof its component:s. However, we shall use T,
. Figure 1). , t:he term "t:ensgr" instead of "tensdor cozpponem:" for simplicity ., . %

' . . : - 6 .
N - . . . e , . e, . . ° ‘e o
' . . - H ! . PN 1 . L -
e | SR ‘. 1 ‘ S .
JLRIC < sqp - AN, : L
A‘ - , g . L ) . . .. L :‘ . B '\ ' *~_— . * » N - ) » .
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Using the JLevi-Civita tensor

/

we may summarize-all
- the reLatlonB iﬁ 14. 1} 1n o 31ng1e ‘equation:

T

S

v

’ check your result by using another method (such ds representation
¥
by a deteminant) to find AxB. «x .

B A v ext Provided by ERIC
Lo e

* P : o .u:‘_. - =, * .
\g (4.3) _el‘x' ﬁor i,j =1,2,3. . b
DO né%ﬁ" ' )
- -’v' G /.(-
A ;
- Eﬁkrciges e . N
. g ”*ﬁubstitute the values 1,2 3 f%r‘ i j in ‘Equation 4. 3) to. obtain
the nige relations in (4 n., . : ‘
5. Show that for any given i,j,k wé have
, ..
<‘¢€la " fak T Py T S’ \ . B
. . . /
(4.?)' eikd~= ekji = ?jik = _eijk. -
_;:._m et et . . .
. Recall that in Section 2 we obtalned the expre551on
r 3 °
AB = 7 Z A1 vt
i1 j=1 1 %1
. , N
for the scalar product in terms of 6, ij In a similar s
;r_: way, we can gxpress the vector product in terms of €1Jk
o dpplying basic properties, we first find : oA
T ’:z .- )
: > X »
7. . * ‘X B = ZFA e et Y .
’7/"~.\ - B 1 J J . e »
. T = A.B.2. xe A % -
AR 121 Jék REALIEA B A
T .- R '.‘.:‘..' SERF L5 o .
<, Then using Equation (4.3) we obtain‘
- ' \ ° i~
‘ : vt 3 3 3 : i ’
oo oS > > .
elxe T (4.6) AxB= J F JAB.ce. & .
FTSAE o, iM j=1 k=1 10 AjkkT b
- . . " . AT .. (@Y s
“o\ = " . e s — A3 ',
o ™ Exercises o - :
. . 4-——— .
P ,‘! . - - o _‘ %
:‘:: R 6. For the vectors A 2e1 Z +. 3e3, B 3e1 + 4e2 + e3, substi N
Ll “tute the appropriate values into Equation (4.6) and simplify

B

v
~ e
\'\ [N . . .
F ~ ) "
s

51

A USEFUL NOTATIONAL CONVENTION
4 ' - . . “
At thie,p’lnt we intwroduce a conventlon to 51mp11fy

ouramathematlcal writin The reason for thls dev1ce is

_to rQ;yce the number of summation symbols we must write.
(Just look' at Equation (4 6)1) N

We f1rst note that in several equations above, £or

“EdfRp1e, (2.6), (4.3) and (4.6),

the indices over which
we sum\i?.e., the dummy indices) appear twice.

JYe adopt
thé conyentign that whenever an index ‘appears eéactly

twice expressiof, ‘it will be a dummy index, and;we ;

must sum on this index over the appropri%¥te values. . For

“three- -dimensional vectors the approprlate range of values
»~ is from 1 to 3. :

v

¢ . !‘ ) ‘ ) -

~

To 1nterPref the notation A, we- note

vfiamgle 1. ij J

. that the subscrlpt j appears exactly twice, so under our ’
. conVentlon we have | ‘ %

4 A..b + Aisbs. “:

. 2 A..b
~13]

21101 * Aj2b;
That 1s, we sum on j over the rangeqﬁxgm 1 to 3
notation A. kbk has the same meaning: - o

;
L
v . . g,

b b

AjxPx = * A' 257

Y Ajsbii L .

Al

'L

2 dnly*{he 1ndex oi summation is changed not the sum *
itself. P B

- . 1

2

~ 7

S

%*

3
L

f\

A -

-5 We may rewrite several results from thg

- Equations (2.°5), (2.6),
become, respectively,

E&M

_text above in muchnshorter form:
C4 3) “and’ (4 6}

(5 1.

i - . v

w+
|

A B*‘) ’/
(s.z)
(5. 3)‘

*‘L’ty

4-
(5.8 AxBEABse



. i ‘M[S.S) (A x B)k A, BJ le N
LN ) -
The next exerc1ses check skllls and present results
. that are necessary in the remainder‘of this module.
“Make “sure” that you understand these exerc1ses clearly,
before going on; 1¥hﬁecessary, refer to the solutions in
* Section 11. - . v
Exercises ' - .
* 7. Verify the foNlowing relations: o -
) (5.6) ‘Aiaij = ﬁj; . N © ) )
5.77" B8, =B . B
(5.7 30517 By, :
« (5.8) ‘61j6j1 . o
\ . ¢ * -
(5.9 . 6ij6ji = 611 = 3; N y
kS.lO) 6 2= 512 (i~and % are arbitrary but fixed; in par-
) 13 j ticular, they may have the same value)
et . o
. ->
B 8. Show that°the ith component of B><C is:
. . > > : ’ N
(5.11) (BXC):t = Bjcksijk° | . .
.o L4
. 9. Prove the following relations: . ,
. _a. for scalar triple products we have .
-~ [ > 4> »)/ e
(5.12) 4}- (-B'XC = AiBjck ijk’
y b. for vector Eripie.prqducts we have *?
E R ' o
. LG AxBxOL; = ABCE T
. v
. . . A
Q “ ! ' e
o . . /
¢
, ‘ . 1 .
’ ) L 4 ’ .
Q : :

< The final relatlon in Example 2 may also be glven by
Spec1fy1ng the kth component of Ax B

PR A v et providea by eric [T
M - N -

L]

6. RELATION BETWEEN THE KRONECKER-6 AND
THE LEVI-CIVITA TENSOR . -

a e, *
N N

By checklng dlrectly in the def1n1t10n of the Lev1-
.7 Civita tensor, Equatlon (4.2), we can estagéish that for
is3j,k = 1,2,3 we have . - . 5%_ .

¢

~
4 v

LT84 85 Sy %1 %1 Sk
(6.1) 13k %51 %2 S T %2 852 TSy .
S v I%k1 Sk2 T %3 8337 853 Sy3 ’

L]

For example, if i = j, then,Eijk ='0, and both determi-
nants in Equation (6.1) also equal

because two rows-are identical,

zero, the firsF
the second because two

!;columns are identical. If i =1, j = 2, k = 3, then
le = I, and both .determinants in Equation (6.1) also
equal one, »-3ince both reduce to . *
3 -
N1 oo o -
(6.2)->%-{0 1 of. L '
o b 1 : :

%

Finally, an even_pprputatibh of thecfndices corresponds
' to an eVen permutation of the:rowg (columns) of the .
determinant (6.2), so in this case both sides of (6.1)}
equal one; Bnd'an odd permutation of the indices cor- -
. responds to. an odd permutdtion of the rows (columns) of
(6.2), so in thls case'both«51des of (6. 1) eqbal 1.
‘For example, )

. , 1 9 o

T gag =0 0o, -
@& 0 1 o0

it

since both §iéés;eqda1‘-1:. Thus, we have established
Equation (6.1). ] B

L 3

n




7 Ne we derive a seeond, and very 1mportant rela-
tlon be§en the ](ronecker § and the Levi- C1v1ta tensor.
Fo;;;,kzm=123wehaVe B
(F-3) - %35k%iem * %50%m " Sjmdxe- .
- For example, . _oe * '\a ¢
L F123%332 T S123%133 * €223%%32 * S3p36332 < -l

62383 -

S 522853 =71,

-which verifies' Equation (6.3) for the values j =
2=3,m= 2. :

. To estab11sh Equauon (6.3), apply Equations £6. 1) i
.' and (2 7) ‘o obt‘a,in .

S . : . ,
. o 81 852 455 $1+ 814 Sim
(6.4) €15%%1iem = %51 %2 %3 821 %20 Oapf-
2 . )
S e e S kF 83 33 %33 O3
i - Y¢ )
s _Si pte the determinant of the product of two square

Qﬁf«matrices equals the product of the determmants, we can

A find- the product in Equation (6. 4) by performmg a matrix

"

by Equatlon (5 9), and s1n%’ we! m‘ay apply Equation (A
kgto arb1trary but f1xed 1nd:ﬁ6es, we have &’ ) -

Pask wt NS l’"/," v o N

2 D e T
L % .
. (6.5) I, ele igm Jl' je Gjm .
e ' 7
o Sxi. Oke . Oxm
. . ” v
N ' e
18 : )
e .- o

AR N et S TN e . - . k) i
o fey T, LS s

and - . .o ' .

\mu1t1p11cat10n. Since ?;4‘
- . \ , . R PN
Yoo C 611611+ 12825 * 8 i3 31=3

v . - )
.

EXpanding this determinant and simplY¥ying (see Exercise
ﬁ10), we obtain the desired Equation (6.3).

N

.

- ’

£ »
» Exercises . .y

-

10. Expand the determinant in Equation (6. 5), and simplify using
.Equations 2.1 and (5.10), to obtain th_e right-hand side of
Equation (6.3). -

11. Por the following sets of values of J:k,2,m; verify Equation
(6.3) by direct .substitution:

a. 1,1,2,3; w \.-

b. ‘1,%,1,2; s,

c. _{,—3,2,1;

. 4. 1,1,1,10 ‘ &, ) .

. = Y € = .
12. Prove that for k,m = 1,2,3 e hiive eijk 14m de

+ . ~

A} = =

R ]

R IDENTITIES IN/GgCTOR ALGEBRA (J'
8T . ‘1 ) ) ’ ’

We f:LrSt apply Equat1on (6.1) to prove a xgell known
1dent1ty for scalar tr1p1e products Study the proof
g carefully’ the use of ‘the- LeV1 -Civita tensor

iR proving 1dent1t1es is the main theme of thls module
The identity, e prove is: )

A

.Remember,

- ‘ -

Nad
B

..J',_‘\‘,,,-,—v\ ' .' A1- “ gjk A:; -

S s

‘-)--)--)-' . )
(7.1) A:(Bx C) =B, B, , Bgl.
S N

AR



‘ . N

N A ° . - ’
) \ ~ . , . « . ) ) - : M * ; ) ‘. ‘ “‘
3 - - " .. 3 ) ¥ ' . I
| Proor ‘ S Préof': ' ' ‘ g ‘
of : .
. ) > - - N R ' We show that the ith components of both sides of Equa(ttion (7.3) .
* -] A“(BxC) = iBjckej;jk «  (Equation (5.12)) - agree: . < E :
A . ~ . . A 4
.' P Y SO ' r ¥ A = ‘ ¥
. . . . . . [Ax (BxC)]i ekijeklmAjnlcm ;(rEquations (5.13) and (,4‘.4))
. < i1 °12 %13 . , . . o
P, \ s s s . , = (Gilsjm im }Q)A B C (Equation (‘,6.‘3_))
=A,B.C (Equation (6.1)) ) A | s 0 ‘e
¢ i 2 ‘2 .- .
¢ k31 3 . ' . . " = Ajc'Bi - A.B,Ci . (Sum over £ and m)
R 6. 6. & : - ' 5 : .
.okl k2 R
. 3\ . - - - @03, - Gbe,. \ (Equation (2:5))
A 511 AELG ) A S 3 ! Since the correspongling components agree, the vectors on both
i i i Lo '
« Y (Multiplication of - . sides of Equation (7.3) must be equal. . .
= |B,6,, B,S,." B.§ determinants b : : i SRR R
. A 3741 T3%32 C3%3 conetantey ) . ; — _
%8 Cfa Cidis _ ¢ Exercises o .
- ) . 13. Prove the vector identity: : :
A Ay Ay A . - . (AxB) (ch) = (A C)(B D) _ (A D)(B Y. = ) ; . .
t . (Equation (5.7), . . N . . * )
. = Bl Bz 33 . applied also to_ ,/ . . :
. - . ’ A and C ) . . ) ! »
' % G L , 8. [IDENTITIES IN VECTOR FIELDS ~
. [} 0

First, we shall introduce some useful notation. For

‘ . ]
ES . As a corollary of" the proof we obtain a formula for coordinate variables we shall use Xq9X55Xzs 1rnstead of .
-a 3'x 3 determinant in terms of the Levi-Civita tensor: X,¥,z. For example, a function w will be denoted by ‘
- T ,u(xl,xz,xs), and the partial derivative with respect to Lt
- c 1A A Asl - \ . > the first variable x; by au/ax In addition, -the dif-
v . - . . . . '
Lo Lo . i ferentlal 0 erator ] ax will be denoted b 3 For
S A T A(7.2) Bl‘ - By B;| = A.B.Cke sap o P / Y
PR - . .2 1737kTijk example, "if we have three functions UpsUy,ug, then we
PR R EAY . .l -
.:\’J"‘;;“ , \.) . ‘Cl Czi‘?’«'-ﬁ.-"-' . L wO o * $hall use- 32u3 to denote 8u3/3x2 _{n thli notational. .
N s . " . system, the curl. gig a vector -field u-= u;e, is given by e
R ) T ‘3 : .
g £ Equatlon (6 3) 1'5 the key . formula in provm any ¥ > > . . .o
E] . e e [
- S 1dent1t1es;.‘ We' 111u‘strate the ut111ty of this equatign +- z 3 ~ Y
": .b}' provmg the follow:mg well known -identity for vector ) 3 \\63 \»- . '
. tr1pIe proiIUCts' ’ f < . o \ . . : .
R4 R S N " . u; u T
(7. 3) 'AXCBXC) = ( °C )B - (A-B)C. L 2 3 ) . P
"4‘* . ) L o 1 9
- !'L-g‘»:'r N
r y’ %

i v I
g




7

«

’

- R
A o Koo ox

e T

. . = (qu)k k,""“ (va) y

«©

T};é ‘ith c‘omp’onent of Vfﬁ is given by e

8.2 (vxi;

~ A

SIS e g
+ (Compare with E(.quation (s.11) 1)y < A

s °

. ,Exercises * N -
14. “With 7 defined, as hsual; by V24 = V' (Y$), show that V2 = 3,9,
[4 « . 3

- -

We shéll prove several vector fleld xdentltles that

are used extensively in appllcatlons For vector fields
u,v we have . ) . "

(8.3)
(8.4)
(8.5).

: Lt .
Ve (vxu) -ﬁf(va); oo -
2> ' : .

v- (:ﬁ x V) =
\Ux (VxU) = 9(VeR) - v
. * -+ f .

V'(V.x u) = 0. 3_
© N . . *
Sgudy these proofs carefully—thty are 1mportant in
reachmg our main ob;ectlves .

. ‘.
v .

Ed N . 3
>

<~ X

Broof of Buation (8.3): + ae, . ¢ .

\ . i
Y. (:;;) = ai(:x;)i IR \:.._'-

Eijk(ailij)vk + Eijku :(aivk) : .

- = 1118‘3 b, )Vk

j jtku (9 vk)

AN

3 aet -~

- LT s (qu) v,, b (va) L '*_:.: s

u; : . &

(Eijkujvk) ' .:- . . . ¥ - . o

A} 3 & i -
L. f — R
e . ‘s « 7
- . - .
' v 2 . * * .
IS * 3 - ‘ B
-, :,' . > .‘ ° . ] - .
Proof of E‘quat;lon (8.4); . * .
- * . M ~‘-
< > . (Equatié"n (8.2) 3 L TERN
=€ . . y =3
[ox (Txuw)l, = 15k% Crandyy) . applied- twice) X -
.. : -~ b . . M . <
. BT PALIL ) o o
- = (51;15@ ‘Sim‘sjz)‘s §gu . .
. . - . t, \\'-
-
. = 3, (9, 9 )
i JuJ) j 3t ‘, .
3, (@ v [ : : b
o Th - [ S
M N i ~ A,
-Equation (8.4) now follows, since corresponding components from
bot:h sides agree. > : ’ e &
ST
\ Al 5 . .V
» '\ _5 L 3 : -
Proof' of ‘Equation (8.5): -
V(XD - €44x j u)
. . = u * .
= ijk i j k ~ .
T Se e =3.0,)" ) -]
. SRt G mat 2
= sjikaiajuk (Rename ~the dummy indiced i,j.) O ) « -
N _ oo \
d C13k®1%% o \ '
¥ L . - - s
Hence, - o A .“-
t-'i,\ . v , —
. - B 3 -
: -,,.‘ V'(VXK) = 0. A / - -
’ Lo & i o~ . - ~
’ . . . . N ) - v
. * c . » < . ] -
Exercises . - N .
5. P'rové the vector field identity Co R
DY ’ . -
R V"(¢U) =¢(qu) +(V¢)><u R - -
' '~ where ¢ is a gpalar function of xl, Xp» Xg. AT
* . . -,
J .~ A L ] 16
EI A "
3 s

T
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The’ aef1n}t1on of ,the “four-dimensional Levi-Civita

A *

~ M . . . . . T
. J -\ - . .
. '\

~ L . . S

\
-y . - ~ N -

. .
1] - M

<
3

9. THE LEVI-CIVITA TENSOR IN FOUR DIMENSIONS -

-

r

We concluﬂe our study with 2 brief indication of the
exten51on of the Levi-Civita tensor ‘to four dLmen51ons

tegsor” is straightforward: for a,8,y,1 = 1,2,3:4: the

tensor component is . -

.
w'e

r
0, if two or more of the indices are equal;
‘.edBYI = 1,.\ if aBYT is an,even permytation of {1,2,3,4};.
-1, i¥ aBY‘r is an odd permutation of {1 2,3,4}).

(9.1)

(Ié 1s customary to use Greek lettersvas 1nd1ces for
four- dmmen51onal duant1t1es.) )

LN

- . ]

Exercises . >
16. Use Equation (9.1) fo find: -
. . ®

€21435 N o - -
Be E31408 - . vy e

c. 64331.

&~ 3.

- [3 .
17. Show that the four-dimensional Levi~Civita tensor may be
expressed in determinant form, as follows: \

’ P S % S . T
i »
— ) . °
s % S 8y g,
aBYT - \- . B -
\ S 8y 85 6y, )
- *
LS . -
g “ * 6?1 612_ 613,‘614 . ™.

(You may wish to review the discussion 1nnnediate1y following )
- Equation (6.1).) °
"i.

v T - »” 4 .
18. Establish the following. relat;lons. ' "
B Kuvl ayh * 7 Geidugbuy i"‘S'ctsauwr‘s\mz Gms\a_s)
P 6 B
e , (6‘ wv8+ 6!<8 wcw KY uB‘S o =17
‘_"‘ l“:i :U ’ . R ...22, . g.;. -
. i « :(i’ . o pa - ¥ .

. o
\‘ . < .
. . .

< A .
. b. eKuYASaBYA = 2(6Ka 18 -6 86 ); ) . ‘
© Cepyaasyr = SO v .
} " d. e:(xewe:c‘.s“s =24, v .

) . '
We close with an indication of how to extend the _,¢(>f

e d >
vectors A, By C, the "vector product" is the vector D

-

definition o? the vector product to four d1men51ons Fo

which is given by-

' -’ ~ s
(9-2) . P AaBBCY aByT T’ .

> e >
where fl’ fz, f3, f4 -are the usual basis vectors, and_

the appropr1ate range of summat1on~for repeated indices
is from 1 to 4 :

r .

a

‘Exercises .
"19. Show that the vector D in Equation (9 2) is orthogonal’ to A
“1.e. , show that A“D = 0. . -
N - - v
. 10. MODEL EXAM - )

"“Use the Levi- Civita tensor techhique in solving the
follOW1ng problems. s

’

- -

- -
L] .
.-

'1. Prove the vector identities:

-, S -
T Y a. A (BXC) = (AxB) c; - e
> > s > > N N
b. (AxB)xC =-(A*C)B - (BC)A., -
LN -

2. Prove the vector field identities:
. > : .
a. Vx9¢ = 0; ;

N - fv».ﬁ)?z”;' ¥-Ni - @07
. : - N

b. 'VX(EXW

18
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11, ANSWERS AND SOLUTIONS TO EXERCISES—r

.Use Equation (2.;)\:

0, if j #1 0,-i\fia‘j

= ﬂG

1, 1) = 4] of1, 1f 1 = j g

.y the.definitien is syminet:ric in 1 and j).

Y

Blfll + 32612 3613 B 1+ B 0+ B3 0 = Bl’ and a

s\imilar calculation aPplies for i=2,3, "~

A Ta} - Z ZA .
. \-1 _1-11}3’6ij 1=1" j=1 5% .

A S
s .
I3

There are 5 intersections; this scheme
‘plso shows the permutation odd.

If 13k 1s an even permutation of {1,2,3}, then kij dnd jki are--
.also even, and ikj, kji and jik are all odd; hence in this

case we_have&a_ll terms equal to 1I"in (4.4) and -1 in (4.5). )
If 1jk is odd, then each term in (4.4) equals 1 and each in
(4.5) equals -1. k N

.

- ad - A N .
\6.‘ AXB = —13e +7e, +.1ley.” .

-

2

A, 11 A1611 + A2621 Ay83, = A, and the result is

similar for j = 2,3, «

R A v 7ex: Provided by ric IS

e een Lt

{

' Equation (5.7) can be obtained in a sim‘ilar way
-

§135%51 = Snadiy * 8158 21’ + 61385 = 1.

815851 = 12610 * 83985 + 833855 =3

(all other terms equal zerop.

=1, as already shown;

61_16_11

612812 * 81,85, + 6,484,

the remaining cases are similar. -

=0, and 612= 0

-~ 5 - .

8., By Equation-(5.5), with A replaced by B, B by C k by i i.by R
j by k, we have ,

* >
(I?XC)i = Bjckejlsi°.

~

Now apply gqua:ion (4.4).

a.  Apply Bquat::i:ons (5.1) and (5.11).

b. « Apply Equat:ion (5. 5) twice (with appropriate replacement:s
for A B and‘the indﬁies)

Expand the det:erminanty to obtfxf‘n

- - +5 - p -
32%m ™ S3a%ke) = (G858 07 85n85%10) jléki in " ji 1n):

Now' apply Equation (5.10).

3($

-

11. Both sides of Equation (6.3) reduce to the values: o

12,




2R - A B . D . . . :
Lo P EEERN . . o . © O R P . o . .
. Flaa L - A OO , T - .. .

.‘(Axs) (CxD) - (Axn) (cxn) UL 18 -a. 18, 8., 6s108

LK

Yy . - . « G u 1. ( . ? o
. s kijgézmum . L i SR P PICVIL W B DY AN
-~ B Ay B C,0, (‘sz‘skm Sinded~ . . Sur G2y Syuf (83 83 Sy

A e,y

- . . / . (N [T .
::'z} i FY T . Ajczéjf.)(n D 6 ) (AD Gjm)-(BkczékL) ) s 8 8

' ) o R ~ e ‘ v, - R S [ .
=(AC)(B D)-(AD)(B 0. T . . : s 1 e
14, Vz¢ = V°V¢ = 3 CV¢) 3i(3¢)i‘ﬁ‘*(’aiai)¢, trom which it Eollous e R : .

"V,..' : e . th&t vzi 3 3 et - . " . . ’ ] ‘ . v N "":';: . . 5 . .

1s. q;gﬁ)f idkj“’")

o ° ',‘ijkj““k) T - . Lo O et S| v (8 6 6
- ’-i‘mvagiﬂukajgn T Tl o

¢1jk3“0+ 13K%%0 R oo Sl s, s |, %arte &

T e % - : o PR S e ‘
;','x: ) , ) o~ . '[¢( u)li. (4[(v¢) u]i . s - M Ky . Py Py s ,5 5

- L Tbe desired ﬁ%ult foJ.lows, since che ith coordinates of both ) . K KY KA K 'ﬂp ..

: - . ST ” "-’-:i efads -
T sidesaagree. . ) e . . ) ' + 618 m GUY 6‘])‘ BM uB{,‘,&Gux GM‘ .

“ 1"3'. ;f'\"’;. T [ 3 ) e ‘Sva dov “ Sy ¢

b s

VA

R ORI PUEE .o T e e e
e L »'~~". 2 e A v . TR “‘"“»*‘“The second- term~expands to:
" .~ » . . N . v ...;
JLo , ch ‘
D e SRR e SR ”mémsvs S
A L. If'any two’\ind:lces are equal chen two Tows, of ‘the deceminant . ‘ N 6‘ ]
B OV ‘are; :ldEnt:lcal, hence in. l:b:ls case-both- sides*equal “zeroi™ TNext, . w0 T Tl L ¢, LT
A . .o . e e T4
At S . IR s AT e - h ’ w7
ST e g g T o,*:'ﬂ " Sl By . e « 4 B
RETEPIE-EN | S xsf ; ' R Lo
A T L N Do PSP S ey R S v Cerel ¢ ;o
oo R L T, . - . - . P W o = P,
. S o 2 [ I L S e " . £ -
| MR 0L o TR S e
. - 40,0 0 Ak e Ll TN L o . o e AN o
g - AR e LT, . : : iy
) . P . . % A - -

& o, L
g1 . et tion of" the. ro‘n which. yields 1 on both sides in chis case. . L Thus,‘.the fil'SC two terms' of the e expans:lon reduce 'to:
L ‘:‘, Sinﬂarly,, an’.cdd: perm:acion of 1234 leads to -1 on -

- % R nand an ‘even permt:ation of 123,4 corresponds‘ to an even permuta-- ER . . i v . -

LT . . . £,
- - ? . P PR 4 s, . omou it .
. ° T +, I TP - N
L N . " YO Y PR PR S ,
N Hence equalicy :ls obtained in all cases. . e < .21 ol - . e T e ' -
’ - o0 . - e e e me ¥ e g oS a 2 ? .
i E “ 4 . ¥ s =~ . f .
2 R . ~« A LY P . N ) o e “ " [ .
- K [ Y. s ~ - A‘Vﬂ’ 7
T £ . - - I - e L _; -
5 4 N y ST .. ’
) d Y o .:. N A ' . - ‘ t g - :
: N 2 O ; " Jhie e
i Lo T L) ~ e . P




A‘r

~

<

\ -
. o Scg GKY . ' : “!2. ANSWERS TO MODEL EXAM
’ N [} Qs ¢ o ]
380 Sg S . 1. a. Z-(§x3)=a(nxc) A(BC y
- . b il wy 4 k ijk . .
T N s s Py + > ©
i va vB vy (A B.e )C = (AXB) = AXB*C,
e 173745k
The last two terms alseteduce to the negative of the same ° > > >
determinant, and the indicated subtraction yields the - b. [(an) x.c] = (AXB)icjeijk ’
. desired result. ° - _ .
N N \ . " = (B om)CiE s ,
3 b.: Use-the result of part a,.taking care to sum correctly, A ;
o - . Bmcjeijk 1%
‘<. - to obtain: . H
) . (s o)
o . eKnY)\eaBYA 43 GLIB + GKBGW uaskﬂ) AgBy j j!. kn ~ %jm ke
. T 4 ‘ .7 . = (A,C )BG (Bcc )AG
> - . (Gm uB + 6K86m uB Ka) .. ~ .12 j Jm’ T 27ke
. . \
o - . =(AC)B -G c) *
. [ .
\ \ o 7P Oug T Seged- X : A“
: s = [A-0)B - (B~C)AJk
c. _Use the result-of part b: - * . -
- ' ’ e ' Thps, (AxB) %G~ (A'Q)D - (B-O)m
. * =, - ‘Y = o - N S, p 5 = (B .
. & ByA eaB‘yA , 2(4 Gm 61«1) 66»«1’ : . . . :
o . . . 2. a. (x ) (Vq;) ¢. Since e, =-¢ , '
3 > .
.. d. Usg the result of part c: -. \ ~ ) . ijk 3 k ijkj g 13k 1hy” ¢
. , . and since 3 ak = aka » We see that for every nonzero term
) 624 = 24, P . . 3 3 -, -
L ) KB‘YX uBYX | . in the sum, the negative of that term ai.gg appears. Hence_ -
. s N ~ .‘ o L £y ‘ M
"1 1. A D = A D ° - ° . . the sum is zero. .
Sk e ) 2 . ;"’.‘ .~ ) . ~a ~
.. ! - . : v. 4- y . . N .-’ . - l .
o " A g | - S L U PR PG tno¥a? .
. R . ‘ty, ¥
This form can be recognized immediacely as the expansion of’ Lo =&y jskzmaj (uzvm)
the determinant : : - e . ‘ c
‘ . ) . i ) ] = (Gilsjm ;jz)(uza v + v aju ) R
. Al A A3 A : * .
: . 2 3 4 3 . - - . .
SO . o ) - ) 61}2,6_-] uy jvm Gim j!.uf.ajvm
“‘1 A2 A T ' . Yo - . ] 8,48, v By = 8, 60y D u, - ;
- ~h~:~w& B s ¢ +-04g jm mj im j2 m%5 2 ¢
BB, “‘33 : o :
N e S - '<V-v>ui - (v-u>v £ @Dy <@y,
I o B t
° . ,c_]_ Cz ac3 C4 h ' . ~ . : -
B o . . * . * after the indicated sums are performed Since correspond—
. . . . RN < . . .
) . along the stcond row. The determinant is zero, since, two:rows “ ing coordinates agree, the two sides of the desireq . ’
. . are‘foge]:.‘ o ﬂ.;.’ . ’ R 23 equation must be equal. . * 24»‘29'_‘
v « ., & - - . . % . ,. . A
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| — . e * ' Return to:’
F S . STUDENT "'FORM 1 ~ EDC/UMAP

L,/

Student: If you have t:rouble with a specific part of this unit, please fill
out this form and take it to your instructor for assistante. The information °

. you give &111 help the author to revise the unit. R
“Your Name S ' ' Un%ﬁ-No.
" | Page
Model Exam
Sect
QO Upper OR e¢ ion’_ OR A Problem No.
OMiddle ) Paragraph » | Text
O Lower , i - . Problem No.
Description of'biffiCulty: (Please be specific) . 4 * -
e

P

-

Instructor: Please indicate your resolution of the difficulty in this box.

”»

-

(::) Corrected errors in materials. List corrections here:

e, - - - - e e

<::> Gave student better explanation, example, or procedure than in unit.
Give brief outline‘of your addition here. LI

P
. . \ -
B
’ ' R . ¥
Assisted student in acquiring gEneral 1earning and problem—solving
~ skills (not using examples from this unit: ) o
&g, - - . -
' \
v . ) 3{) T k) ’ “‘-:
- -

" Instructor's Signature

<. - - .a
- Please-use reverse V.f necessary.

- 55 Chapel St.
Request for Help , « Newton, MA 02160

»
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- > , ‘ ' ‘ ' . Return to: , .- *
. B . * STUDENT FORM 2 EDC/UMAP

" Unit Questionnaire 33 Chapel St.

. ‘ i . Newton, MA 02160 ;

Name ] C Unit No, Date

Institution ) Courge No. ; '

Check the choice for each question that comes closest to your personal opinion.

1. How useful was the amount of detail in the unit?

Ed v
s

Not enough detail to understand the unjt -

Unit would have been clearer with more detail ‘ T

____Appropriate amount of detail : N

Unit was occasionally too detailed, but this was not distra ing

Too much detail; I was often distracted G 1 c\\\ -

.2. How helpful were the p}oblem‘answers?

. . .
A Sample solutions*were too brief; I could not do the intermediate steps
) Sufficient information was given to solve the problems o
Sample solutions were too detailed; I -didn't need them )
v L . v
3. Except for fulfilling-the' prerequisites, how much did you use other sources (for
example, instructor, friends, or other books) in order to undérstand the unit?

~

A Lot Somewhat ___A Little ____Not at all
4. How long was this unit ; in comparison to the amount of time you generally spend on
a‘lesgson (lecture and fomework assignment) in a typical math or science course?

Much " . Somewhat About Somewhat - Much'
Longer Longer the Same Shorter Shorter

5. Were any of the following. parts"f-the unit confuging or distracting? (Check ~
as many as apply.)

PR

+ ___.Prerequisites o ‘ -

, TS Statement of skills and concepts (objectives) . .

Tyt . ___Paragraph headings : . AR

. Examples- 7 y x

e e\ _SpeciallAsaistance.Supplement.(iflpresent)ll,l“la---,\l,wel v v v

. )\ Other, please explain
6. Were any .of the following parts of the uni!iparticularly helpful? (Check ag many
as apply.) ‘ - :
. Prerequisites . g
. g ©  Statement of skills and concepts (objectives) .
T o __~ Examples T~ .
. Problems . . .
Paragraph headiligs : ' _ ; SN
: Table of Contents - 2 -
o - Special Assistance Supplement (if present) >
Other, please “explain » S R .
—— ; -

[1t]

l

Please describe anything in the unit thgg you did not.particularly ‘1ike.

> R . . . P -

- !

e% Pleasd describe anything'th t you. found particularly helpful (Please use the back of




