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. This module, presents the 1dea of .a mathgma;; Ql group

. . ///;nd shows an appllcatlon to the structure of hunan groups

- Many societies in an early stage. of development are

e divided into_sets of families called glans, and marriage
*and descent depend upon clan membership. For example; im-~
agine a society divided into four clans, which we' '11l iden-

tify by 1, 2, 3, and 4. In the diagram below ;he arrows

pointing to the left show, the permitted marriages of this
society while the arrows pointing to the rlght show the -
clan membershlp of the offspring.

G

Wife ' Husband

Ch11d .
§ . ¢ -

. He see that if- a man beldhgs-to clan 1 then he must/marry a
woman from clan 2. Their children will belong to clan 3.
We can gather further information from this ‘diagram.= For
example, a man from clan 1 would have grandchildren in
clans 1 and 2. That is, his son would be in clan 3 and

* . thus his son's son would be in clan 1. (See diagram.) But

his daughter, who is in clan 3, would have to marry a man
frém clap 4, and their child would be in clan 2. In the
same, rather ‘tedious way, we could trace out the clan of
any person's relatives and thus discuss a variety of ques-
tions that are of interest to anthropologists. Will our
clan 1 man have gome relative in each of the four differ-
ent clans? (This would give the society some cohesive-
ness). What types of relatives are allowed to marry? For
instance, can cousins marry according to the diagram above?
We will intgoduce a neat mathematical way of attacking
questions like these using (mathematical) group theory.
Abstractly, the diagram above shows that wives' and
ildren's clans are merely a re-ordering, or permutation,
of the numbers 1, 2, 3, and 4., That is, if we put the
# husbands in the order 1, 2, 3, 4 then the wives will be
arranged 2, 1, 4, 3 and the children will be arranged as 3,
4,1, 2. Our main example of a mathematical roup is based
. on ‘the different arrangements of 1, 2, and 3 ‘that may be
obtained by geometric transformations of a trlangle with
o vertices labeled 1, 2, agd 3. A $tudy of this group will L
L4

.IEIQJ!:‘: Ei I ) ) ot .

oo e
‘*Pi g
L 1 i

=

. * ‘
' '

. give us che tools for looking at_sofe anthropologital

questlons A greaf deal mo can be found ip-the book An
. White. e !

ly arranged into clans as described here; nor are

e rules of marriage and descent precisely and absolutely .
fol}owed The "law"™ of m3531a§e 1S certainly dlfferentaln
its force than the "law" of grav1ty' Nevertheless, mode

of this type have been helpful to those who study the'
sFru?tures of complex human organlzatlons‘y /////

I

. ' 1' : e ; x :
) j ) Praw an equ11atera1 triagngke, and label each‘Vertex
N 2 with .pne of the numbers 1, 2§ and 3. Label each vertex
T, . > . with a different number. Yousgtriangle is labeled in a
; ] : ’ par$10ular way. Before going gn, think about this: 1In how
. >< = many vays could your triangle have been labéled (using only

the' nﬁmbers/i, 2, and 3 and using each number only once}?
. Write your answer here . -

s There are actually six ways of 1ab@11ng the vertices
of a trlangle To see this, pick any vertex and note that
it cou1d 'be labeled with any one of the three numbers.

Once thls vertex is labeled, there are two numbers leFt for
the next vertex. And when two vertices have been labeled
the third vertex can be labeled only in one way -- because
only one number is left. <Thus, in all, thete are

&

(3 ways) x (2 ways) x (1 way) = 6 ways

“

of 1abe13ng the vertices of a triangle.

Exexcise 1. (i) According to the argument above, how many ways are
there to label the vertices of a square? (ii) How many ways of la-

beling the vertices of a regular n-sided polygon? -5

7/

- . All 51;fway§:of labeling an equilatera] triangle are’

shown in quure 1. For our discussion we will call trian-
gle' (a)“in Flgure 1 the "standard triangle." Stop a moment
and make a standard triangle for yourself. Cut out of
cardboard or heavy paper and. label it just, ay/;;lilgure 1
(, (a). Be sure to label both sides of each véi;;;.w1th the
same number because later you will need ‘to itu the trin-"
gle over. 5 )

1} 1

. ‘ ) i ¢ 2

b
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* * 7 Figure 1.. Six ways to label a triangle. .
4 . .

Each of thg triangles in Figure 1 can be obtained, from
the standard triangle by simple transformatlons of the:

» standard triangle, To-see this, taKe your tr1angle and put
it into the standard position of Figure 1l(a) and rotate it
ab ut‘its céntér. You can see that Triangle (b) is obtain-
ed by a clockwise rotatlon 0f°120 degrees. Triangle (¢) is
obtained by rotat1ng Triangle (b) clockwise through 120 )
degrees which is the same as rotating Triangle (a) through
240 degrees. In fact, any one of the tr1anqles (a), (b),
or (c¢) can be obtained from any ona of the other triangles
(a), (b), or (c) by a rotation about its center. .

2 ) 2z

Exef¢ise 2.
in order to obtzin Triangle €a)? (ii) How many answers are there to
Question (i)? (iii) Thréugh how many degrees must Triangle (a) be ro-
tated in a counterclockwise directxon to get Triangle (b)? (iv) Tri-
"angle (c)? (v) Triangle (a)? (vi) Can Tr1angles (d). (e). and. (f) be
obtained from each other by rotation? !

" - s a:

Although Tr1ang1es (a), (B), and (c) can be obtained
from one another by rotation, none of Tr1ang1es (d), (e),
or (f) can be'obtained in.this way from (a)/r (b) or (c).
; The reason £or this 4is that in all of the*triangles (a),
(b), and (c) the numbers 1, 2, and 3 are /An the same rela-
tive order. Reading the labels of the vertices clockwise
. in anysof these triangles we always get the order.1-2-3 for
these numbers, whereas for Trlangles (d), (e), and (£f) the
order 1s 1-3-2. To change the relative order of the labels
we, have to "fllp" tHe triangle over (like fllpplng a coxﬁ)
, Agg}n put your triangle 1n standard position, pick it up
and flip it over on the axis through vertex 1. The vertex
- labeled "2* keeps its pokltlon at the top but vertices "2"
and "3" ate interchapged giving triangle (d). Can Tr1ang1e
(e) be obtained from Triangle (a)? Notice that Triangles
‘a) and (e) have the same label for the right-hand vertex.
[: l(:hus a flip bhrough this vertex will g1ve (e) from (a) .

s 7 \ ;

(i) Through how many degrees must Triangle (a) be rotated

[

.

(a)

(b)

(c)

(dJ

(e)

. (f) from (a):

Figure 2.
(a)y, (b},

Operations on triangle (a)
(£).

ceey
-

from (aL:
clockwise.

of 0°

from (a)
,of 120°

from (a):

of 240°

from (a):
through
vertex.,”

J

from (a):

through

hand vertex. .,

a rotation

l

{

< a rotatlon
clockwise.

a rotation
clockwise.

a flip
the top ’

a flip
thé,ridht-

- v

a flip

through the left-
hand vertex.

L4 '_.
to get triangles®

8




‘ 'l' IR YU

ERI

Aruitoxt provided by Eic:

(or Aa).fJOm (e)!) 1In the same way, you see that Triangle
(f) can be obtained from (a) by flipping through the vectex
labeled "3." ‘

The results of rotating clockwise and flipping the
standard triangle to get eath of the triangles in Figure 1
are shown in Pigure 2. To make.Figure 2 complete note that
‘we have used a rotation;of zero degrees (also 360 degrees,
720 degrees ...). Each-.of these operations is given a .
suitable label: R for rotations; F for flips. -

- . - LA
Exercise 3. (a) Make a figure like Figure 2 showing how these
operations transforn Trizngle (b)--that is, use Triangle (b) for the'

"standard.” (b) Make a figure like Figure 2 using Triangle (d) as
the "standard," and complete Table 1. > .
. hd - v \
Resultd of Using Triangle (d) as "Standard"
Operation on Resulting A
Triangle (d) Triangle . .
7 )
Ro
- b, (£) ,
L
" R2
- Ft ,
F. . (¢) -
. Fl .
. [}

p r
- * €

it should be flear frOm Exerc1se 3 that .any of the la-
bellngs,ln Figure/l can be takeh as the standard labeling -

and that by use ¢f the six gperations -- three rotatlons .
~and three flips/-- any other triangle of Figure l can be
obtalned — 3 N . ) *
~ P 4 *
*f > . N . 4.

I£ is now natural to ask what would happen if, begin-
ning with any standard triangle, we apply the operations of
*Pigure 2 successively, mixing flips and rotations. For ex-
ample, what happens to Triangle (a) if we rotate it through
240 degrees gnd then f11p it through the top? " ThHe rotation
takes Triangle.(a) into (c¢) and @ flip of (c) through the
Jtop“takes it to (f). Prom Figure 2 we also see that (f)
can be obtgined from (a) by a f1ip through the left-hand
cornér. Thus the two operations R, and Fiy performed in
this order, are equ1valent to the single operation Fy.
Because of certain ana10g1es with prdinary multiplication

- - - . 5

.. 9

) : . - .
1t is customary to call F2 the proguct of R2 and Fy and
write the.equ1va1ence

< .

+ - / . N
. Ry X Fy = Fy. .

a . °

Notice that although we used Triangle (a) as our standard
here -- hQecausé we had to have some triangle’to work with
-- the same result would Qe obtained by using any other
standard. for example, beginning with (d) R, gives (e) apd
then.F, gives.(P). .But (b) 1s obtained from (d) by Fy.
¢ Other equations (equivalencies) can Be obtained by

successive application of the S1x operations. For ample,
a flip through the top of Trlangle (a) gives Trlaﬁﬁfz a,:
and "if this is then flipped through its right-hand corner.
we arrive at Triangle (c). But T?iangle (c) can also be
obtained from (a) by a rotation of 240 degrees, so:

* ‘ Rt x Fy = Ry. ‘

Rotating-and flipping your triangle will enable you to find
the product of any two operations as above. There are 36
different Efoducts in all, but there are only six different
answers since no matter what we do to a tria gle -- by way *
of rotating and flipping -- we always get ond of the six
positions of Figure 1. BeFore going on you should do a*few
of these. For example, those given in the exetrcise below.
Exercise 4. Using Triangle (a) as the standard, verify the fol'loving
results: . R !
R, (ii) Ry x Fy = F, )
Ry (iv) F, %R, = F,

(v) Repeat (i) through (iv) above uding Triangle (d) as the standard.
§ , i ' i

2.5 The Multiplication

(1) By xRy
XFe

(iii) F,

1

-

Table 2 g;ves the product of each of the operatlons. .

‘The row headings in Table 2 indicate the- first operation
and the column head&ngs indicate the second operation, -
Thus from Table 2 we see that Ry followed by F,- 1s F,

(Look in the row headed Ry and in the column headed Ft.)

, This table is analogous to a multiplication table for ¢
numbers. There is, however, one very important difference
between this k1nd of product and products of numbers. I€
you look in the row headed Fi and the column headed Ry you
find F, mot F,. That is,/ _ . -

and we see that the product of operations on labeled
triangles is a ngn_ggmmg;gt;xe product. Table 2 shows

, : i0

.




¢ 'dlscusswn. - . - .
’ ’/ ‘ a i s v ) ' . °
vo o #oducts of the Six Operations Performed Successively * 4.
. . . ' second Operation : :
r’ L - » .
Vo sRow B Ry Fg P U Fy .
', ; : Ro Ro Rl h.z Ft Frll ¢ Fg ",
Sl . R’ R _*R F.- °F .
“{: 1 1 . * 0 r 7. L & t . b
Y Ry [ Ry Ry * R " Fg NF. F | '
P e . , . ’
H * o - Ft Ft F,Q, Fr RO /‘ 52 Rl -
! v Fr - F¢. Fg R 1 R Ry o
- . . < ; ‘ *
¢ Fo | Br Py By R Ro
., * s, - /
o Ry is a very special operation, Rg leaves every trian- - 1.
- gle the same, so for any operation X, X x Rg = RO x X,
- ="X. The number 1- plays the same kind of role in the ~ .
multlpllcatlon of positive rational numbers. Rg and 1
| L are called ,the ddentjty -for thﬁelr respectlve products . A
TNy . op groups‘ Every Yroup has ‘an 1dent1ty. _' ‘
| ) . ' ° 4'?
ERIC” 11"~ | ’ |

~ P . " : . Lo
-

<
. [ N -

N Multlpllcatlon of ratienal numberg (excluding zero) ‘is also
/a group operation and we, will use this example too in our

}
. . ; . v B .
. . .

. " \ .

prpduct we do first.

. * - . - >

‘other rlon -commutative’'products: In fact, the only commu- 2. Given an ide.ntity for a.product it is natural to ask .
tative products sHown 1n Table 2 are those involving two v whether every'element has an inverse. 1In the group. of
rotatlons or the same flip perfiormed twice. ‘(e.g. Fp X Fy positive rational numbers the ,inverse »f any number is *
= R ). ThlS is one major difference between this type of N its reciprocal -- the inverse of 3 1s 1/3, the l1nve;se 2
product and products of numbers. .There_ arex howkver, quite of 5/2 1s 2/5. An ope'fa‘tl.on A is the 1nverse of an T

a few smllaritles between these two products which we dis- operation X, if and only if X x A= A x X = Ry, (the )
cuss below. . . - “ 1dent1t¥) In Exerc1se 5 i) you found that ‘each of

. o . ‘ . - the ope‘gatlons of. Table ¢ has' such an inverse.. These
Exercigse 5. (i) Verify the entries 1n Table 2. that have not al eady are.probably easier to find by th1nk1ng "of the geo‘metry
been calculated above filling in the blanks where necessary. (1i) 5For . . of ‘the lab8led triandle: What-do .we have to do after >
each ‘operation X, use Tabla 7~ to find an operation A so that X xA anly operation to get back.to the "standard?" After any
=By. (iii) Do X and A always commute? (That‘.:.s. 1f X X A=Ry1s flip, ‘the same flip will get us bacdk, so the inverse of
X XA=z=AXX)? o . ‘ \ 'Fx is just F,. ‘After rotating through 120 degrees, a

; S ) . A -, vt rotation of 240 w111 get us back to standard position

. *e s ti r " and conversely. ' So/ Rl and R2 are the inverses of each .

. * / | ‘ other. Every operation here has an inverge operation -

- The operations on labeled trlangles represented in -- just as every positive rational number has a recip-
Table 2 are an ekample of what is called a group in mathe- + rocal. In a group every element must have'ah inpverse.
datics. Though we are not concerned here with the general 3. A group must be a closed set, which is to say that the
theory of groups we pomt out the main properties of Table - 4 product of any two elements of the group is also an ° :
2,(dnd operatidns on Yriangles) that make it a group.. ‘a : element of the group. In terms-of Table 2, closurd is

easily checked by noting that the only thing tdhat is -
Unside the tab1°e (as a product) is one Of the 51x oper-
ations. The set of- ;atlonal numbers is closed undezi :
multipligation, since the p;oduct of two ratlonal num-
berF is always & rational number., , .
Finally, we mention another.groperty of groups:  jthe -
product operation for a group must be’ jative, - .
That ig, if we take any._t_h_r_e_e operations -- say, Fy, *
F/, jand Ry then the product is the same’ no matter which
Thus, we have, for example .

(thF)xR1=P'

tx(FIXRl) v

The order of the factors w1th1n the product must of -
c8urse remain the same. “ In words,. Fttlmes F," and « .
then this product times Ry must b he same as Fy times .
the product of F, times ﬁl ( ormed first). This

‘fact -can be éhecked for the possible products in -~
Table 2. ) T = N

> . -
- B -

\

]
The set of positive and negative integers togeth’e’r’,wi_t‘h
zero is a group ‘under the operation of addition. The'
idengity is zero and the invefrse of an 1nteger is its”
negative, (The invergse of -5 is +5.) .
"Clock arithmetic" is a group under "clock addikidn." .
Three o'clpck plus 11 hours is two o'clock; etc, ree
o'clock minus 4 hours is elpgven o'clock. Just countling

N ’,
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* Ry @and F, can be psed to geperate the group., Vhat other p\airs can be
- used in this way? - n : 0 .
Exercige §. Explain your answer to Exercise 8 in terms of .the geo-
, 51«““ try of the trianglé,
i . Make a square and label it like the one below. A
r * ’ .
. 1 2 o’ . . . . . ',”‘\ .
Tl \ ’ ‘ L

Q
ERIC
4

/

M -
» .

ﬁouzs, there,ate 12 elements in the group; the identity.

is 12 'hours; and the inverse of x is 12 - x.
v . M - -~ N .

. °  The operation on labéled triangles defined here is one
‘of many examples of a.group. \There are si; possible label-
ings of an equilateral triangle and any one of these can be
obtained from any other by a ro&étion (including a rotation
of zero degrees) or a flip throdgh a vertéx, %aking these

operat1ons -- not the tr1angP es -- we formed a group by
‘successive application of aﬁg’two aperat?ons to a triangle.
(Any triangle may be used for the stangatd ") We called
the successive application of. two operations the product,
and wrote Ry x Fy to mean the operat}on that 1s equ16alent
to a rotation of 120 degrees fallowed by flip through the
“top corner.
ucts. There are s&m11ar1t1es between this product and the
multiplication of rational nunbers, but there is ap ‘impor-
tant difference: Rl x Fy # Ft xRyr, thus giving an exam-
ple of a non-commutative group. For this group, Ry 1s the
identity (compare "1 for rational numbers under mu1t1p11-
cation), We computed the inverse of each operation X as
the operation that when multiplied by X g1ves,R0.

-

Exercige'6. 'Verify that R;, R, and F_ associate. That is,
1 - r
‘ * Rp) X Fy =
Bz.gxsiig_g_l. Show that every operation for the equilateral trxangle
,ca\abe given by ghccessive.use of only two operitions R, and F,. Thus

Ry x (R2 x F;_).

bevelop the groyp of mm of your (the) square.
‘Exercise 10. .Consider, in addition_to the rotations above, four flips

& of the square as shovrx below. ) . . 1. ) -
3 4 2 1 4 21 - ’ 1 :2 '
- - ¢ . " N :
1 2 s 3 [ 3 4
Fh,,i ) ) By ’\‘ ' F, _ Fp ) ’

. "ifwlelop the group 65 these eight operations on the square. 3
- ) S ) ) 9

. ~ . i

s 13-'

Tahle 2 gives all the results of such prod- -,

¥

coN {

Exercise 11. Suppose you had a six- houp clock.. Construct the multx- ‘
plication table for the group-of this clock. .

Exercise 12. « Compare the mu1t1p11cat1on-tab1e for\the six-hour-clock

and the multiplication table for the operations bn the triangle. In
particular,” is' the glock-table commutative?

Exercise 13. A subgroup is a subset of a group that is itself a

group. Is the set consisting of Rys Rys Ry a subgroup for the oper-

ations on, the triangle? Are there-any other subgroups?

ER D OF ¢ D

All of the calculations so far were done by rotating’
and flipping an actual triangle or by look1ng at Figure 2.
In many examples of* groups concrete models like the labeled
tr1angle are a little harder to construct. We. therefore
introduce another method for computing the proﬂuct of two'
operajnons.

° To calculate the product of two operations we 1ntrov
duce a notation that shows what happens to each of the
labels when the triangle is transformed. When we look at
what® happens to 1, 2, and 3 when the standard triangle (a)
is rotated through 120 degrees we find that:

<

1 takes the place formerly held by 2 SN

. 2 takes the place formerly held by 3
3 takes the place formerly held by 1. -
3 B
This is written as follows: o *
123 ' ‘o ' A
B =3yl

Vle can say to ourselves: "1 goes to 2, 2 éoes to 3, and 3

goes to 1 under Rl’" Fnom Figure 2 we see that .in the same
way eaCh*of the six ope ations can be writtén .

»

‘o d23 S 123 . _ 123 ’

Fo= G323 er'(23l)‘ Fa= 312 )
_ 123 _ 123 _ 123

Fe= Q32 - Fr=0G37) Fa =213

4

Note that in this way of denoting an operation the numbers

1, 2, and 3 are always .on the top row in the order 1, 2, 3.
The second row gives the number that takes the place of the
number above it. wWith this scheme, we ¢an now calculate a -
product by~following the "history" of the nUmbers. Por ex-
. dple, ' the product R1 times_ Fi. would be writteh down in .
this fashion . : o




.

. [
' 1'23,,123 g
Ry »xFp = (5 377G 33 .

“and the résult of the product can be given by reading from .
left to right: "1 gees to 2 and 2 goes to 3, so 1 goes to

. & .
J3L" p ¥ : o

1 23)° (123 ‘,1‘2’*'
Ry x Fy = = .
231, 132 3
Then, "2 goes to 3 and 3 goes to 2, SO 2 goes to 2."
Lastly, "3 goes to 1,1 goes to 1 and so 3 yoes toyd." So
firally, . - . . ' \&
12 123, = '
31433

or, as before, Rl x Fy' = Fpo- bf course we get exact1§ tRe

same product as béﬁore. This is not a new product, it is

just another way of computing the same product.
It may help to have another example here. ¢

- .23 123 _ 123

F =321 G332 =G5 =R .

r X Ft

* ¢
Thus: , "1 goes to 3 and 3 goes to 2,

so 1 goes to 2;"
"2 goes to 2 and 2 goes to 3, so 2 goes to 3;"
"3 goes *to1'and 1 goes to 1, so 3 goes to 1."
. Exercise 14. (i)VDo two moré;productg this way “and check your answers

(ii) Comsider two ope ations 4 and B on the numbers 1,
Compute X B and B x A,

using Table‘2.
2, 3, and 4 as given Bekow.

234 e . ,
321 SR ’

e

A=
!

B = (

N b=t
N
> w
LI ¥ O N
1
.
TR A g
s
.

1

P
operations on a labeled square. :3 K oW
(iv) Use thxs method of calculatriﬁ'to find the inverses of Rl and Ft'
Thus to fxnd the inverse of Ry wr

123, ,123 %

(2.31)( )

a
and fill in the blanks. Do the gxh

e
R

N p
ST
A

>
1

)
bl

1 Jie
L 33%}_ .
o . , ﬁ@: . 11
ERIC - | e,
o o e . : b
. ) "~ -’
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"...modern society still leaves the kinship bond as the '

dominant institution of simpler sotieties, fulfilling

many of the welfare functions of the modern ‘state, --

controllxng ... the performance of work, the gratuitous s 4

rendering of economic sevices,. the kinds and incidents

of property, and ... the organization of work in the

household.” (Stone, p. 122).

NE . -

'Every society has some rules governing the types of '
narrigges that are permitted and the types,  of marriages o
that are prohibited. For example, no society allows a. .
parent 'to marry a child; very few. societies allow brother- s
sister marriages; and most industrialized Societies prohib-

it marriages between.cousins. Of course, when we say that

a certain type of marriage is “brohibited" we mean that in
one way or another it is "against the law;" some type of .
punishment, is supposed to follow a prohibited marriage.’
For several reasons these rules of marriage prohibition
have interested anthropologists. Anthropologists have
found that when the marriage rules become complicated -- as .
we'll illustrate below --' the mathematical theory of groups.
can be used to simplify their analysi-s. It is even possi-
ble to make mathematical calcuﬁatlons that will reveal pro-
hibited marriages between relatives who are quite remote."

Among societies whose economy is based oh hunting and

fishing, the rules of marriage gnd descent are often quite *
explicit. FEach person belongs to a marriage group, called
a clan, and the members of one particuiag clan can only
marry the members of another particular clan. The clan
membership of the father will then determine that of the"

children ang thus any relative's clan can be given by .
_ tracing through the famlly "tree. n )
For what follows we make tbe following assumptions *

regarding clans and k1nshlp
1. The society is divided into a definite number of dis~ .
5 tinct clans. [Every person belongs to one and ?nly one ¢ °
clan. - .- d .
2, Clan membershlp determines marriage type. A mdnif . ‘
clan A can ohly marry a ‘woman of clan B and in nd case
‘may A be the same as B. (Brother-sister marriages in
this broad sense are alway} prohibited). )
3. <(Clan membership determines descent. The child of a man
in clan A will always belong to a particular clan x °
Children whose fathers are in different clans will
themselves be in different clans.’
4. All_other kinships are given by rules.l, 2, and 3
above, ‘ ’

5 e

.




Suppose that a soc1e;y has only four -clans and that we
number them I, 2, 3, and"4. As a specific example supposet
that . the ruleshoﬁ the 56c1ety”speC1fy that, .

a man from clan, cédn only marty-a wbman§froh
. a man'from clan 2 can only marry a .yoman from

a‘man/f;Pm clan 3 can only marry wbman from

a man from clan 4 .can only marry a ‘woman from
Régarding these rules as transformations of the
2,,3, and 4 we can ﬁrite,cas above:

clan 2
clan 4
clan 1 '
clah 3.
labels 1,

(1 2 3 4)’ '

w=10 1 ..

\ -2
where W stands for a man'"s wife. Thus, each relation to a
man, e.g., wife or sistet's husband, can be represented by
a permutation. We can now calculate w1th W and.see what
meaning the results would have in terms of the marriage

rules. For- example, >
- -1 234 1234, _ 12374
' W= Ga13) TG 13 TG

What doeg this mean? Clearly this is not the clan of a
man's wife's wife, but it is the clan of a man's wife's -
brother's wife. That is, "a man in clan 1 would marry a
woman fgom clan 2, her brother would also be in clan 2 and
_ 2 his wife would then be from clan 4. So, 1 goes to 4 under
W % W, as shown in’ the calculatlon above., 1In the same'way
clans 2, 3, and 4 are transformed to 3, 2, and 1 as shown
- by the above product. * ’ A\
We will be especially interested in ~obtaining the in-*%
vera@ of some of the transformations given here. Note that
® L since W -gives the,clan of man's wife, W -1 (the inverse of
' W) gives the clan 'of a woman s husband. \We could write H
for the husband transformatlon, but w1 vill do as well.
First we need to note that the 1dent1ty transflormations for

E: four clans is given by i x
R 1234
R =234 ‘
(Compare™this to Ry for the equilateral triangle.) Notice

that 'since brothers and sisters are always in the same
, clan,, the letter I can be used as a brother transformatlon
or as a sigter transformatlon and we will occasionally
" write B or S instead of I. . So, in the calculation above we
' could have wiitten wife's brother's wife = W X B X W. But
B&z Isothat W xB xW=W=x-I XxW=W"%XW. The transfor-
matlons‘B and S (for brother and sister) need not be writ-
ten Just as the number 1 need not be written in a multipli-

v " . 13
P EMC .o ‘ "‘"“""7"‘ ’ w' o ‘
L L <

e A A : - . . i -

) cation problem.
writing down a complicated relationship,
Coming back to the calculation of an inverse, to find
w‘l, we recall that the inverse of any element of a group

\ a .

X

\

They are sometlmes helpful, however, in

is the transformation that brings us back to I.

Thus,
since Wl denotes the inverse of W wé must have

wxwl = )

*

Since Wand I are known we can solve for W 1 by finding the
* labels a,* b, c, and d so that

1234 1. 23 4 K
2413 "Goeca = G234 Y~ .
\Trac1ng through the product we see that since 1, goes to 2

xnder W, 2 must go back to 1 under W 1 Therefp:e, L 1.
Similarly, since W takes 2 to 4, W -1 must take back to =2

and so @ = 2., Continuing in this way we have: %

, N . . :
‘ w1=(131223_) '

. - _ B

. Exercise 15. (i) Compute wlx- W. (ii) A man can have tvgi types of

brothers-in-law: his wife's brother and his sister's husﬂaud. What
transformations give these relationshi ips? (It may help to~use S and B .
here and then substitute I.)  (iii) D the calculations fo§ (ii). - )
(iv) Suppose a transformation T is givep, by ;"'"

Wl 234y, o
.- (T\-gz 1 230" T - v
Calculate T'! as above. (v) Compute T x T, 4 .

4.2 The Child Trarsf £
2
All the relationships among members: of a society di-
vided into clans can be given if we know the rules of
rriage and descent. Thus, for the present example,
2§ppose that we are also given: .

U TR
tﬁe child of a man in clan"17is’in _clan 4 '
the child of a man in clan 2 is in elan 3 L
the child of a man in clan 3 is in clan 2 ) 4:§f
. +the child of a man in clan 4 is in clan 1./ “’5%‘
Or,. more compactly, ,
1234 RIS 3
€=0321) | - .
Calculating as beforé€, the inverse of C is given by
; .
-1=(1234) s v 3 ,%"«:
4321 18 . - ,
- 4 ! 14 I




Note F?afi;; this particular example, C = cl and therefore,
Cx C% I. The interpretation of the product C x C is that
it gives the clan of a child's child. ~Since descent is
through the male this would give the clan of a man's son's
children. Notice that this is not the clan of a man's .
daughter's children. Their ‘clan would be given by C x wl

x C, wheﬁegw'l gives the clan’of the daughter's husband.

\ J

Exercise 16. Compute C x wl o« C. Do the calculation 1n two ways,
first as (C x W'1) X C and then' as ¢ x (W} «x C)._ Be sure that you
get the same answer both t|1me§ because group product 1s associative!

-

We mentioned above that a man has tﬁdgxypes\yf grand-
children; son's children and dayghter's children. As an
illustration of the uge o? the mathematics of groups con-
sider the following question: whatéhﬁud the rules of a
societnge like if thege two tybes of grandchildren belong-
ed to the same clan? That is,; what ii implied by the equa-
tion .

cxwWlxc=cxco? .o

H
Our calqg ill be easier to follow if we drop the
"times sign," as we ten do in algebra. So consider the
equatfiion

awlc =cc.

"First, multiply both sides of hi&kequétiﬂn,onwthe left by- -

A

¢! and use the fact that.ccl is'I. Thus,"

e Hew?e) = e

! )
b (C'lc;(lem = (cloye &
) / ;wiic'Q-Ic iy ‘
. w'}c =C :l e L
~._ Now multiply botﬂléideékon thé’kighg by C;lzto get ;&i ' .
B S T

or, finally, . ., : ' S ;t, = [~ e

w..“l‘ -5 *2‘\0\ - ,:

° I P . . =

- All.of this calculation comes doWn to this; The two types
of grandchildren belongquég.g samevc1§h”only when w1l = 1.,
That is, only; When, the' 'dYandof ‘a woman's husband is-the
same as her -owi:clan, j@ﬁ*gﬁfs7caégﬁ§he.couiajmarr§ her

brother but prdther—sister Marriageé'are nevét'allowgg in 1,

- s
L . ae

) N .~ f I

. 19 - . .,: “ B i ‘Q“:- ) k 15 °

v
. 3 ‘.%
" S . ., . -

e * . ".'1“) ﬁ r

?

this discussion. Only where brother-sister marriages are
permitted will two types of grandchildren belong to the
same clan. , &

.
L . Y v

4,3 First Cousin Marriages . . -

The two types of grandchildren discussed above are
actually cousins. More precisely, they are cross cousins,
meaning that their parents are brother and sister. We have
seen that cross cousins will never helong £o the same Llan.

- We now look at-a slightly more complicated questionz, can

cross cousins (of different sex) marry? ,To answer the R
question we must realize that there are twe tﬁpes of aross
cousins. The two types are shown in Figure 3 below which
gives pdrt of the family “tree" for cousins. 1In Figure 3
we use the symbol A to depote a hale, and the symboh 0 to
denote female. Marriage is indicated by a horizontal line,
descent by a vertical line, sibship by an equals, sign..

s €

| | |-
A .
. 1 .o

(a) Ce (b)

s N 0

0—24 =0T4 B+—0 = A—0"
0

Figqure 3:‘ Family "trees" for cross cousins.

Thus in Rigure 3(a) the boy on the left is related to the
girl on-the right by thé fact that hi's father is her moth-
er's brother. 1In 3(b) his mother is her father's sister.
We will see that the relationship of the two types of cross
cousins give differenf equations and ‘hence that the rules
permitting th® marriages can vary from society to society.
We deal with each in turn. . L

Figure 3(a).  Patrilineal cross cousjns. We can-write
the equation relating the cousins . in 3.(a) by beginning with
the boy’aqﬂ tracing the "tree" until we arrive at the girl.
For each step af the relationship we write down the appro-
priate transformation and form the product. Thus the boy's
father's (CT¥) sister (S) is the girl's mother. Dd&cent is
through her husband (W‘I) and the boy's cousin is the child
(C) of this man. Thus we can write Clsw~lc or ’

c'lﬁ'lc o ‘?’ﬂ N

for the father's (sister's) husband!s child. If these
people can marry then this transformation hust be the same

as the wife transformation, We thus have:
clylc =y .
.o -0y - .

20

16

€
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as the equation t at gorresponds to the question, can;1=7/ —J———*‘*‘“"‘
cousin } This _equation<can.be simpli- '

fied a 11ttle by multlplylng both ssides on the left by-C.
Thls glVeS ? N -

cclylc —-cw or Wlc = aw.

To answer the questlon for any ‘particular soc1e;y we need

» te _calculate these two produtts and'see if they are the .

same. For our example, o
s £
=1, _ 1 2 3 4 234, _ /1234 ..
WC"3142) G3iD 241 3
\ - s .t
while / . .
-1 23 4 1 234 _ 1 2324 .
W=G321) x G 13 =831 42" >

Since the right sides of these equations are not-alike,
marriage of this type is not permltted in the example give
here. In other cases guch marriages may be permltted de-
pendlng on the particular rules W and.C. 4 t., .
Figure "3(b). ili u .- . From ,Fi:gure
3(b) we see that the boy s father's w1fe is the sister of
the girl's father. 1In other words the- g1rL 1$¢the boy's
yife's (brother's) child.'. Weawrlte C 1WBC, or * . o
. - !

e = m

[ T RSN

- E

A
- P

«

¢ The cousins of F1gUre 3(b) are |

since B = L. If they ate permltted to marry then € 1wc,#

must be the same as W.- We therefore- have s

. ) . ; ,._o‘._

clwc = w : ' e
{

[y
¢ -

as the equation for the marriage of mattlllneal Croag '
cousins.{ Multiplying both sides-on the left by C?we have
‘ HC =-Gi. 4 . R C,

.
»

ermitted- to matty only in
societies Ln which C and W comm te:in the mathematical -

sense,. The televant calculation for thls example shows
- = 23 4 1234 23 S
- WC"‘%-4_13) (43271~ ‘3 4“2)' 1

1234, 51334 1234

C“ “4321) ‘2413) ‘3142)' °

- .

and marriages of thlS type are permitted for thlS example.

4.;.‘
2 For other types of soclet;es (defined by dlffetent Lules W
and C) such marriages mﬁg not be permltted - .; .:‘
. N F y \I
o .. o, ‘ ( . 17
RI S PO N A ;oA

r
.

5 - S!!l’lﬂelg!{ N i .

y Y We haVe shown by dlscu551ng ® hypothetlcal example
that the kinds of calculatlons used in the’ mathematical

‘. : .‘. y .s

theory df groups can be applied to,certain transformations * -

R . involvidg human groups; nnamely, the kinship relations gen-
. * erated by the rules of marriage and descent in pr}mltlve
"societies. Few societies have only four clans, although

& 'both the Kariera and Tarau, groups of Australia can be pre-
-;. sented by simple models of this kind. (See Appendix 2 of
White's book ligted in the Readings below). With more than

four Clans the calculations. become more complicated but ‘the:

principles remain-the same. Here we have looked
question that is of interest .to anthropolog15ts~ Under
,what condltlons may Cross cotfsms marry? We saw how this
gestion ‘can be translatqg into a'mathematical equatlon
s with. the result that: if for some society W “lc = CW, then
‘patrilineal &ross cousins are permitted to arry, if CW =
WC- then matrilineal cross cousins may marry,\ Similar Ques-
tions -- involving for example the marriage df second cous-,
ins =- can be put into a similar mathematical form..
« ¢ . - }
Exercise 17. The,l(ariera system is given by
AT PR S S .
[0l caltulate Wle, au
;o this s;:tstem. s l
LS. {sc"18.

at one

S W=

[l

.
and WC and see whether cross cousins can marry in
4 .

. - 0 ..

“For the Tarau system W and C are gi;/en by ‘

2 . -

. 1234 1234 s
e W= ) c=( ). - - x
' 2 1 43 1234
... . . o N
N Discusd &ross cousin ma;:riage for.this exanple:

%Bx,ems_e_m Parallel cousins are defined by the dxagram below.
"ﬁ,arallel" because the parental siblings  are of the same sex.)

N '

Pl O—A
[ . -
oo

A 0 A 0 .

-

=4A A0 = 0—d
T.l |

Write the equationg for the condxnon that' parallel cousins may marry
and’ hence show, in fact, that parallel cousins may never marry (in
gocieties of the type discussed here). -

. Exepcise 20. In catculatmg with transformations there is a temptar
N tion to do this: . .
. »’ . N
. clwc=w W
S, cieW=w ‘ * _
~ \' w w . . -
+ As a,general .rule th;s i wrong! Why? Ty
. [ — ¢ ., 2322 I8,
. . T - . " .
\ - . : " -t
R el < e

>




- .

tions of* a labeled square. Use a labeled square to

S . . .
cross.causin'marriages. » .

. " ~~JIxercise 21, Translate W and C of thé text, example into transforma- o
calculate,
1

s

Exercise 22. A member of a primitive tribe is reported to have said

-- by'way of explaining the marriage rmles of his group --’

If I marcy

. my sister, ¥ won't have anyone to hunt with. ‘How were hunting par-
~
™ " itiem made up in his group?
» . -
4 »

>

.Levi-Strauss, C.
Beacon Press, Boston, ‘1969,

’ Tl E] E N E i;. ] : ’

" stone; Ja. Sﬁiﬁuumms_qumg_an_d_mﬂg_e, Stanford

Univ. Préss, Palo:Alto, 1966.

. White,+H.C, An_Anas_o.my_Qf_Kmsmp_ Pfentlce—ﬂall
Englewood Cliff, N. J., 1963.

l-_.ANSHBRS_ﬂQ__Eg&EBQIS_ES "
1t (1) (4 ways)(3 ways)(2 wayg) (1 way) = 24 ways A
(ii) (n vays)n -1 ways)y..:(2 ways)(1 way) = n! ways

<>
vhere n! = n(n-1)(n- 2) eee 32201 _—

2: (1),

\ T (ii)* countably many
hY
‘ < (iii) 240° .
(iv) 1200 N . 2
(v) same as (i) )
) (vi) yes, e.g.s
{e) from:(d) by a clockwise rotation of 120°
et (f) fxom (e) by a clockwise rotation of 120°,
T —~(d) from (f) by a clockwise rotation of 240°, etc.
3:
. . from (b)
* 1
from ¢b)
from (b)
23 |
. from (b)
. - - N A
;. Q ’ e

K360 K =0, 1, 2, 3, ... i.e., any multxple of 360°

19

-

3 F,Q « /1 .
. . >/ (d) from (b)
2 1 2 NN
, (d) from (d) -
: o™
. . *(£) from (d)
(e) from (d)
(a) from (d)‘
3
(c) from (d)
' K "(b) from (d)
L Ry (&) o T
J \ R (D) .
- ¢ Ry (o) . e
’ " Ft' (a)
- ‘ oo |
F, (b) .
. 5B -
. 42 (i) (a)—-»(b)-——o(czj (a)—o(c)A
- . ‘ e ’ F e
: (ii). mi"»(a)——‘»(d) (a)—Lo(d)
F, o« F, R,
(iii) (a)—»(d)—»(a) (a)—»(a) *

.




]

F’: R, F
(a)—»(d)—s(e) (a)—Ls(e)

!

N R
(d)-»—.<f)fl.<e> (d)—2s(e)

R

t Ft
(d)—»(d) —»(a) (d)—a(a)

%o

. Ft Ft
(d)-——o(al——»(d) (d)—=(d)

@—50(a)—20(c)  (d)—Ea(e)
(i) LR xR =R
- .Rl x F_ = FQ

r
o~y Fr
FQ x

. &
'l,l’
L2}

(ii) Ry X
R X

R2X

’

.; ._‘W h?’ gl ﬂ"’
n " " " Ny,
FEEEEE,E

e} y
o "
i
Y LY

«

= Ry w (K, X,Fr),
Ry x Fy

=Ts§r;(

= F
RiFe RiFp "RiFy Ry RyFp RoFy FF, FyFy Fr”g
: AR L
8: F, fdllowed by F, leaves the triangle unc n{ge@qkko)
El‘ followed by Ry :i:s the same as a rotatiohyof 2}40? (RZ)
-By followed by F, is the same as F ]
i1 t r . Cﬂ@&)
NV

“Fe follwed’ by R; is the same as Fz-

.

Rjs Ros Fyu Fiy Fy)

Rjs By) '

F.)

inverse' of F

t:_xs F )-




7. . S o . . ‘4""7 . I‘ ) . .
- - \ e e < .
~ S S ' o ¥ ' ‘
] 15: "(i) W-l X W= (; i ) 3 (f@ = (i’ig 2) = Lwlbsg _(multiplying on the right by w1) , )
' - : { , wl=1 mplxes that a woman could marry her brother
- (ii) wife's brother: WB = WI = W M ot which is not allowed in this discussion.
sister's husband: swl =l =wl | - . . cluswlc = w E
. . (iii)’ (1 23 x (1 2 3"/‘5 H ('l—; 3‘4) - ,', . & > - wsiole = cw (multiplying on the left by C)
) 2413 - 123* 2413 ‘ -
. / . v wwlc= oW (since s =1) \
d23% (1234 1234 . ~ 1
1234 3142 73142 € =0cw (gince WW'* = I)
, . . -1
. 123 1234, 1234 I =W (multiplying on the left by C
G0 Grap*Gia =4339 e o
. o\ WiW =W (since I = W *W)
-1 123 4 . -1 L s 1
0= (2 14 3) =T I  (multiplying on the right by W) \
. . \ . Again, a woman could marry her brother, which is not allowed.
: ter (cxWhxcs G23H xg I3« 4234, : , ' ,
N ’ ' ) 2 \ 20: WC may not equal CW, i.e., the product may pot be commutative.
- o (1234 L1234 _ 1234 . . 3
= Ga1? "33 1612 ;. weg wl=g c=g R
o N - . - L1 -1 - .
N wWiCc= = R
cxixo) = G23Y A 234 (1234 BRh
4321 3142 4321 _ - . ,
, orh ey ek Ry =Ry
. 123 1 23 . ‘ .
. ’ = (18 32 i‘).x (2 41 g) ,= (3 14 ;) Sin'c‘e wlc # CW patrilineal cros’g‘ cousins may not‘ marry.
o s owl e 1236 1234 _ 1234 ) =R R =By . | :
B WG4 X Ga12 "Gy ) : ch %R s
133 23 L234 ThBRTR ’
. Ll 1 .
Cxw= (3 41 2) x (2 14 :) = (lo 32 1), _ince CW # WC, matrilineal Rross. cousins may not marry.
wxc=( 23%,,123 4) = 234 . 22: Hunting parties are composed of bro\thers-in-lav.
N ) 2143 3412 4321, -
. 4 L N .
- Since Wlc = o4 and CW = WC, cross . - 2 - ’
cousins may maryy in this system. ' o R R
. >4 ? Y ! ' A ’ ‘ . . .
/ . @l =k 234 1234 _ 1234 o " . .
18 WO xe=G e X423 G143 . -
3 C 123" 1234 _,1234 : ‘
L. 'c"";‘(lzsz)"(214:)'(214'3). 4 . -
< * ‘ ‘ c .
‘ I . ¢l 2354 1234 _,123% ’
Lo VEC=G 143 xG 2330 7G5y ot .
.
Since WlC'= oW and oW = \(c. cross cousins i . ) '
may marry in this_system. . , p ) , ~
19: clpc=w ) LA . ‘ . >
BC = CW (multiplying om the leftlby"c), ) -
‘ C=CH (sinteB =1) i o . <. BN .
' I=¥W (multiplying on the left.b.y ch ol . . T, )
. ly = : S L T® _
L V=W (s;}q?ITH’W) ;‘5?" , i ;
' 'El{llC - o 23 ' 24
;_ - ) < : o ’,‘~:,4.¢ P -

[+~
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you give will help the author to revise the unit. *

Your Name " Unit No.__ . e
Page , ! N
. g-————T—J : Section . Model Exam .

Q Upper | OR _— R - Problem No.

OMiddle Paragraph . Text

Cj‘yower Problem No.

Description of Difficulty: (Pleass be specific)

. P r
.

Instructor: Please indicate your resolution of the difficulty in this box. .

(::) Corrected errors in msterials. List corrections here:

-

< - : ]
. . AR

. b y

(::) Gave student better explanation, example, or procedure than in unit, J-
Give brief outline of your addition here. :

N .
' . .

v a

°

Assisted student .in acquiring general learning and'problem-solving
skills (not ubing examples from this unit.) .

e, :
7 v ~e
\" ) " ) \ ‘
. . X {oa. -
: 29
CO . Instructor's Signature
L4 ‘ie "p ’

A . Please use reverse if necessary.
. i} b
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. . Return . to:
STUDENT FORM 2 . EDC/UMAP
55 Chapel St.

|

i

|
pnit Questionnaire . Newton, MA 02160

\

|

Name | s - Unit No. Date

- —

Institution . ’ Course No.

. Check the choice for each question that comes closest to your personal opinion.

\1. How useful was the amount of detail in the unit?

N ____Not enough detail to understand the unit X ‘ S
~ Unit would have been’ clearer with more detail
Appropriate amount of detail -
Unit was occasionally too detailed, but "this was not distracting
Too much detail; I was often’distracted . ..

B

2. How helpful were the;problem answers7 '

Sample solutions were too brief; I could not”do the intermediate steps
— Sufficient information was givén to solve the problems. K
Sample solutions were too detailed; I didn't need them
3. Except for fulfilling the prerequisites, how nuch did you use other sources (for
example, instructor, fri®nds, or.other books) in order to understand the unit?

A Lot ‘ Somewhat « A Little Not at all

b, How long was .this unit in‘comparison to the amount of time you generally spend on
a lesson (lecture and homework assignment) in a typical math or science ¢ourse?

Much Somewhat About Somewhat Much
Longer Longer the Same Shorter Shorter

v

g
5. Were any of the following parts of the unit confusing or distracting? (Check

. as many as apply.) - .
. - Prerequisites -
) Statement of skills and concepts (objectives)
____ Paragraph headings -
T ___ Examples - ’

.___Special’Assistance Supplement (if present)
Other, please’ explain

-

6. Were any of the following~parts of the unitgparticularly he;pful? (Check as many

~as apply. )
Prerequisites R - N oo . ‘ >
. . Statement .of skills and conceptg (objectives) . ’
. Examples | : . ’ -
T Problems )
) P Paragraph headings ]

Table of Contents & -
‘Special Assistdnce Supplement (1f present)
Other, please explain ) e . -

Please describe anything in ihe unit that you q1d not_particularly }ike; \

.
>

LLL

. ~ - | |
. Please describe anything that you found particularly helpful. (?lease use the hack of
Y this sheet if you need more space.) 4

- T 30 |-




