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' The basic question. addressed in this paper is: ’Ds children in the

third grade who differ in wcoghitive processing capaeity add and subtract

differently?

gathered from three different sources to .see 1f in combination they could

¢

To examineé this question*;we have drawn upon information

\

suggest reasons for anticipated differences.
3 . B , . i . <
. tends to examine the phenomena ander ?onsideration from a microscopic
. ' } . .

X point‘of view. Qur intention was to incorporate the data from the dif-

»
‘o

ferent sources into one picture, since all were derived from the same
sample of children, with a’' view to see/Lg the phenomena macroscopically

The sources are: First, individual results from a battery of 14

tests selected to ascertain the cognitive processing capacity of young

- children. = Second, arn objective reférgnced-achievement test measuring a
: R SR

. variety of arithmetic skills related to addition éhd‘subtraction. And‘

"“third, coded strategy data for‘a set of verbal addition and subtraction
o P B
pr&ﬁf*ns addinistered in an interview sitting

. . e

The sdeects upon which this data were available are 1I children

who were starting third grade in Waimea Heights Primary School\in-Sandy

7

Bay, Tasmania, in February; 1980 Saridy Bay is a middle-class suburb '

oﬁ‘Hobart, the dapital bf Australia s smallest state. These children

i-are ‘a subsample of a group of students in an extensive series -of cross-

‘Q [ J . -
'.§sectional stu{:js carried out by the authors in 1979 80

]

v

.

. . . a1

Each source taken separately

¢

H
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The Level of Cognitive Functioning . o

%‘ A3 ¢ A d

~Nearly all researchers in the various areas of mathematics education

-

.

have indicated the'hecessity to take heed of the child's intellectual

—abilities when designing curriculum- units andqinstructional techniques.

&

For this Project, a composite strategy was adopted to determine cognitive \
. . 1
processing capacity. First, it was necessary to find and use measures of

. 4 - N )

- cognitive functioning vhich appeared logicall¥ related to the learning of

mathematical material and which seemed to be in tune with the children‘s

level of develoﬁmentu We - selected .instruments which could be shown

’ 9 } . — '.

prima facie to contain tasks related to early mathematical learning such

- -

as number conservation and counting It was decided to givé two batteries

[y

of tests. The first battery included four tests designed to measure

working memory qapacity (M-space) with mathem?tical type; material in
N . ) J
qther words, the capacity of the child for pgocessing this kind qf .
A

Ed

material The seconé\hattery included 10 tests constructed to meéasure-

> -

ES

the child's level of cognitive development on*dimensions\familiar from . .

the Piagetian modelland Presumably related to mathematical ability and

as conservation of number and transitivity. These 14 tests - were admini-
\ ’
stered to a sample of children (see,Romberg & Collis, l980a, l980b for

details). Second e used psychometric procedures, factor analysis, and

‘6 - LI e

/

- l

cluster analyses, to interpret the data from both batteries and grouped .

. ¥

~

children. From this approach we decided six Well defined sets of children

‘with specific cognitive characteristics had been identified Without

spelling out the details of this grouping, we characterized the groups 4. -
. 4 - )
. e .

as follows: o L . ] '
- Ve . . s .
Group 1 children are at M~space Level 1, they performed belowt the ’
other ‘groups on all tests, they are in ge%eral incapable of handling . >t

.q—— .
( -3 . .
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Group 2 children are at M-space Level 2, they are also qithout

7

: 'sgecific quantitative and logical skills (although they performed S
cons1derably better than Group l on all the tests), and they can handle
qualitative‘correspondence at an acceptable level.

Groﬁpuﬁ children are at M-space Level 2S+ (Level 2 on quantitative

-« )

memory, ﬁevelﬂB on‘spatial memory), they are high on qualitative corres-
) - ' . N ' N -
pondence, they have developed the spé ific counting skills of counting
®
¢

L wn and counting back, but they are inadequate in the1r use of’ those skills B

" on the transitive reasoning test, and they are inade&uate in their usd

5
" of those skills on the transi lve reasoning test, and they are inadequate

~ ¢ - \ - . AR Y N
N o / on logical reasoning.‘ “ . Yo ) :
\ - Group 4 children are at M-spaceQLevel 358~ (Level 3‘on ﬁuantitative

. ' /,\\ S | Gro*ps 5 and 6 were combined since both were small and differed only

.

memory but Level 2 on spatial memory) are high oh qualitative corresponL

‘ dence, they perform well all the quantitative tests, but they are inade—

l

qudte on the logical rEasoning tast. : - . . -

» 3, .

in mgmory space wi;h M(space Levels 38+ and 4S-, respeitively Both,group;

b reached the ceiling on the, qualitative @orrespondence tests, have very high
L]

.scores on all the quantitative tests, and also are high on the logical rea-

e.. . ! ’
't - * ' N -~
- soning test. © N . : ’
. . . . .
L

c For this analysié,\we-have chosen to contrast 11 children for which

other'data are available. Four childyen are members of Group 2 (the owest
[

@

level for children in third grade) and seven children are members of ér up, 5.6.'

. - A C , -
The differences in these children's scores on.the 14 tests is-shown in

' 1 . *
\ . H . LT
figure 1. Except for the two baseline tests (administered to see if children

ecould respond and follow directions), the' differences between the two gronps
[£1

\ . - -
is dramatic. Thus, we conclude these groups of children differ in their
\‘l ‘ R 2 " » ” a %’ .t + Pl . . \ ‘. .

“e N ] - . ~ -
lC ' ) ) ‘ 5 ) ’ " ' B
. .
P . ’ )
Provid c W . M N :
.
.
.
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oup 5,6 students on I4 cognitive processing
c. * 5 4

-

Lt

‘e

rlo.—- ! o ' ~ 1 ~ : - ¢ ’ [ 4 ., -
N ~ " . p ’ . . , ’ ¢ l"‘ -
r - R - ’ . - L R
e e ey e
« Test - ‘Memorya Baseline Cog::i':&;;i:ie- A _+ Quantitative Logical
. . . R - . v - . L .o
Y * . Count- Digit Mr. Back-~ ’Exteh-- Ordi- AS- Con- Addi- Count Count Coor- Lran- Class
s . 1ing Place- Cuel ward 'sion nal - Woh- .setva- tive on - Back . dina- sitiv- Inclu-
. Span ment . Digit |]. Corr- 1 will tion Compo- 5 tion ity sion
- . L Span espon~ ¢ Wohwill sition of re= . )
. < BRI N _ dence, : of + |- lation &
¥ L A ' . . i-
_a’For the Memory tests, M Space #4 ) Nrmbe‘r ) — gilzgze
N oL g fonsidered~100%." - . j ) '
- » 6 Figure 1; Profi‘les for_C;oup 2 and Gr« tests. i '.?
\‘1 ‘ B .
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capacity to reason about quantitative problems. ) |

S e T
Achievement N . . ’ ’

-

A battery of paper-and-pencil tests had previously been\developed to
monitor student achievement on addition and subtraction skills at grades 1,

.2, and 3 EBuchanan & Romperg, 1982) The items were written'to assess the
1nstructional objéctives of six experimental topics designed to teach \\

add1tion and subtraction as well as to measure performance on certain

prerequis1te objectives and noninstructional obj@ctives (Romberg, Carpenter,

& Moser, 1978). Form V of the Battery was administered to the third-grade

.

children- in the study in® February, 1980 (see Rombersg, Collis, & Buchanan,

r“

1982 %or details). This test has four parts: a miltiple-choice test, a

-—
- A .

speeded basic facts subtest, a sentence writing free response subtest,

.

. ‘ . \
and an addition and subtraction algorithms timed subtest. In all, this -

L4 \
- test ifcludes a wide range of items tapping the variety of skills r?lated

to addition and subtraction.
~ ! y
The performance of the two groups of third -grade children on these

items is shown in Figure 2. Obviously the cognitive level group 5,6.per-

formed better than the G;oup 2 children dn all obiectives.. This difference o
. "
Ms clear’iny spite of the fact Voth groups had common maths instruction in

°
- . v

grade 2 and were receiving the same maths instruction in grade 3. In-fact,

6we can conclude from this data that the Group 5,6 know the skills associated

[y

with addition’ and subtraction, while the Group 2 children are struggling

0 . M L

Strategies . et )

During the same week, the achievément test was administered and each

: R . .
child was interviewed. * An interview consisted of six problem types (tasks)

” *
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) Figl‘ré 2. Profiles for\Group
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L]

2 and Group, 5,6 students on achievement objectives.
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given ‘under four os six conditions. The six types included- two problems

3
—

R4 »
solvable by addition of the ‘two given numbers and four Problemg solvable,

4 N 1]

g ) by subtraction of the two given npm’e;s.‘ Bhe ¢haracterization for these.

[ © six probiém types is détailed in Moser (1979) and in Carpenter and Moser

- . @979y, L e . . e
. , : i oy . ’ ) .

Table 1 presentsg representative problems in the ogdé} in which the . ‘°
i 1] . - ‘I o

<

-problems were administered to the children. The actual working for each

v = ¢
-

1' problem type differed in the four>conditions, but the semantic structure

’
e * M

)‘-~
’ remained constant. ..

3 y

[ el 4

AS Y d R ~
e . Within each problem, two of three numbers from+a number triple

&, y, z) defined by z + y= 3,2 < Q < z,'were given. In the fwo K .
! ' 4 .\\\ ” 1] '
B . addition problems,'m, y were presented, with the smaller number x always

. ‘ + - '\‘ ’

gi&en first. In the four subtraction problems, z‘and the larger\adden& Y

vy . '

. °  wetre bresented.. The order 9f-presenéation ©of y and 2 varied amon} problem

© types. . . “ T . - ) .
The six pfoblem types ngg bfesented under six conditions. Only two .,
‘_ f . ~ & )
of which are diseussed in this paper. For the infégviews with third-grade .

children, the domain of 2-digit numbers was included. In ‘the 2-digit
i S . . C . .
, domain, two wsubdomains were identified. In the first no regrouping . v
. - . - , ' 1 .

(borfowing,dr qarryiﬁg) is required to determine a-difﬁerence or sum-when

T : - .
a computational algorith&tﬂé used. fg)the second subdomain, regrouping is
M <

required. Thelno regrouping.jet is called the "D" problem set ‘while the - |

regrouping set is referred to as the "E" probiems.. For the twoLdigit i

e - hd - ' ]

N\‘ problems, the sum z is restrictéd to numbers in the 20s and 30s. * .

. T . o ’ . . . v

’ °. Two trained inte%yiewers (see‘Maifin & Moser, 1980 for details) of ’
- N ' :

. interviewer train}ng and reliability) administered the interviews. Each.

1 ¥

-

’
i 4

. . N 11 - . ; .
K} - ® . ' . \
. - . N

* - AY
. * o
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Task 2.

L

PR

- C o Table' 1 -

.\ B

Representative Problem Types ) - T

. - '

L ' oA
: L

- +

S

Task 1.

[y

s

Task 4.

-

Task 5.

~

5 )
Task 6.

T

“Task 3.-

Joining . (Additidn)

~

Separa_tin’g (Subtraétion,); '
- g P N

<\ F O Y

) .
s K . ;
Part-Part-Whole
Missing addend
(Subtraction)

4

A Jd . . .‘-
ePart-EerCrWhoie
(Addition)

* Comparison  (Subtraction)

~ .
.

. .
v

~ Joining Missing Addend

(Subtraction)

. > . N

N v n -
’

ot .

Pam had 3 shells.” Hex: brother-

gave her 6 ‘more shells. How -
“many shells did Pam have alto-

A e ¢
gether7 g N A

Jenny had 7 erasers.
erasers to Ben. @ow.many erhsers
did Jenny have left?”

' A}
There are S-fish in a bowl. 3
are*striped and the rest are |,
spotted.. How many spotted fisgh
are in the bqwl?

~ -

Matt has 2 baseball cards. He ﬂso
had 4 footballlcards. . How many.
cards does Matt havé altogether?

Angie has 4 lady bugs. Her brother.

_ Todd has 7 lady bugg. - How many -

.more lady bugs does Todd have than-
Angie?

Gene has 5 marshmallows. How many
more marshmallows does he -have to °
put with them so he has 8 marsh- -
malioys altogether?’ .

s
She gave 5 ~

<+ ')'_ .
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interviewer was able to conduct 8 to v12 interviews a day. The inter-

viewers were assigned interview areas, which here quiet rooms separate

- from distracting activities: The verbal tasks. were read and reread to

the child ag often as necessary so that remembering the given'number or
> =» "

relationships caused no difficulty. Coynting chips, paper, and 2 gencil

-
“ K R ii“'
3 . . Ry Al

were available” for children'to use. The sessiods lasted 15 25 minutese

N
\

.eachjr;ith each child receiving the same sequence of problems.~g

i * All of the possible codings of 'student responses are presented in .-

El

detail in Cookson and Moser (1380)Y. Three or.four elements were coded
for each cbildy model ubed, correctness, strategy, and if incorrect, ..

error. A record of each subject's response to the tasks werée compiled

' ”

from the coding sheets. The data were then summarized in terms of two
) i )

categories: percent correct and general strategy. The model, strategy,

1 P

and error data were aggregated into edght i%dEpendent general strategy
’ /

categories for the D and E data (non-sentence/direct modeling, non- /
] i ’ .
sentence/counting, non-sentence/routine mental operation, non-sentence/non-
2 . i
routine mental operation, non—sentence/inapproprlate, sentence/algorlthms,
«‘«

sentence/non-algorithmic, inappropriate sentence). (See Romberg oalis,

& Buchanan, 1981 for details.)
Proriies of the pércentrcorrect for the two groups on the D andﬁf'
‘ 4‘
tasks .is presented in Figure 3%% Again and not surprisingly, the differences

on each of the 12 tasks are striking. Of more interest however, is the
” o=
information on strategies the children used to work these problems. The

. .

/Aqiéﬁyegpency Qﬁvuse of' strategy by these two groups of_chiidren is shown in

§ Vi ' . -~
Table 2. This reveals two important facts. Firét, neither group’tends to

wter o T Pt
solve these problems‘b?lwriting_a correct sentence and then using an
N P ’ /

- N S

13




* Figure 3. Profiles for Group 2 and Group 5,6 students on
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algorithm to find the answer even though both their second- and third-

R
grade beachers were confide;) that that would be the strategy used by all

Py o~

children. Ip fact, the Group 2 children used that strategy more often :‘

’ .

than the Group 5 6 students. _In all instances, the Group 2 children ) -

~
-

'who used an algorithm strategy made an error (either "buggy" or reverse

M hY

operation) while only one reverfe operation error was made by a Group 5,6

-

child. SeBond, the actual strategies ueed by the Group 5,6 were direct

L]

modeling‘(using chips) or counting. In fact, after observing this

) . i s . . T o‘-
behavior, some children were asked if they could have found the answer -
by writing4a sentence and using an algorithm, Mhst'indicated they ;aw

no reaso[n to since they knew they could find the answer. Furthermore,
4 ) ¢ "
it is Wnly+on the addition withouf regrouping tasks that children who

. L . . |
are able to work and symbolize probiems'algorithmically tendhto use

those algorithms. For addition nith regrouping and subtraction, this

T
g0,

“is not\che case. Apparently confiddnce in use of the algorithms coupled ‘&“{‘H
o : .

‘

with the verbal problem structure dicBites whether a chiid uses an

algorithmic strategy to solve verbal. problems.

»

To see if additional instructlon (mostly practice\on addition and

subtraction algorithms) would change their choice of strategies, we

interviewed all children two more times during the third grade.” The

strategy data from the third dnterview (May 1980) for these groups is /

presented in Table .3. The shift is what one would expect in that the )

"sentence-aléorithm" strategy is now more commonly used by both groups.

But in neither case is it used’on a majority of tasks. The Group 2

children are more likely:to-use it than the Group 5,6 children, and
the increase in use is mostly on subtraction‘tasks. Furthermore:

' -’ .

17

-
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Table 3

A E ' - ‘ “ \
Frequency of Use of Strategies by Cognitive Level an:d' ‘Categéry f‘of All Level D.;EA'I"asks (May, 1980)
- i PY . 4 . s
- < M 2 5 )

v T , . Incorrect
. No sentence Correct sentence sentence

Group Direct Routine Nonroutine f ' . All
’ modeling Counting mental op/. mental op. Inapprop. Alg _ Non-alg. strat.

£/% £/% £/% f_g@gy CET < £/% - £/% £/%

b . * - ’ o -~
2 .. 3/06 6/12% 8070 1/02 15/31 . 20/42 1/02 2104
5,6 ) 6/07~ 27/32 15/18 0/0 3/04 32/38 0/0 1/01




, the.Group_5,6 bhildren have now given up direct modeling but have anot
- -~

given up counting to ssolve’ these tasks,
* ~

\J

o
t
We ‘think this data suggest two notiens’ ahgut children and their .

learn1ng to add and subtract.

Conclusions.

: subtraction, but see little reason to use those algorithmic procedures/A

{
: /
to find answers to verbal problems. THey are confident and comforta le\“ﬂ‘
: /

that the procedures they use (direct modeling and counting) are saﬁ{;:‘
% C s
factory. Thus, while educators assume ,use of algorithms is more eQ@icient,

this- ~group of children either fail.to gee the conneetibn between the

’
'A

s%mantics of the verbal task and choice of algorithm Jr fail to be cdhtr

- R . -
-

" vinced. of its efficiency. _ .

'
z

- . ‘
verbal problems. ‘When given /verbal problemf, they may try Eb use aigorithms

. g
-

(more often “than the other group) but not wit confidencf

.
’

N As educators we need to reexamine the relatVonships between the

3

‘algorithm and its application. Perhaps current
) L 4

and algorithmic procedures as discrete entities, teach them separately and - /o
i £,
worry about bringing them together at a later stage in the child's mathe- 44” \faf

e

gatical development.
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