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Foreword :

The “posf—new math framework” might be an appropriate title for
this document to signal its timing. With the demise of “new math,”
this framework presents.improved mathematics to fill the void. The
contents ‘reflect the concerns of teachers rather than those of
mathematicians.

The new framework 1dentiﬁes the child as the gentral figure in the i
~€ducational scene, and that is as it should be. “The teacher assunies
the role of a guide,” say the writers of this document, a guide “who

V' directs learners to explore, investigate, estimate, and solve gyeryday,

' realistic, pupil-oriented problems.” -
. The “imetric framework” might be another title ascribed to this
documeﬂt because it gstablishes the Mhternational System of Units
- (SD) as the standard for measurement. With my endorsement and
encouragement, the writers submitted and won thlS concessnon from
¢ thé State Board.of Education.
However, my preference for a tltle is the “basics framework,”
because the major concern of the writers is clearly the increased use
of sound téaching techniques to enable California schoelchildren to
Jlearn basic mathematics. I wholeheartedly support this approach, and
I hope fof every teacher, and stuq_ent thé excitement that comes with
this way of feaching and learning. - .

N
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Preface

In 1963 the first framework for mathematics was published by the
California Staté Department of Education. It was commonly referred
to as “The Strands Report” because Part One ‘of the framework
outlined eight furidamental concepts ‘or strdinds which “tied” the

‘mathematics curriculum ‘together in kindergarten through ‘grade « -

eight. Also considered in the framework was the ‘dynamic character
of good mathematlcs instruction; that is, pupils should be encour-
aged to guess, to, expenment to hypothe51ze and to understanq
_ through active’ participation in the teachmg-leammg process. &
The Second Strands Report (Mathematics Framéwork for Cglt-
fornia "Public Schools. Kmdergarten Phrough *Grade Eight) '\avas
éccepted by ‘the State Board of Education in 1968. In this second
report, the network of strands was designed as an integrated whole,
and a satisfactory .instructional program was described as qne that
would provide a balanced emphasis upon each of the strands
. The Statewide Mathematics . Advisory Comfhittee J(SMAC),
1967-1970, which prepared the.The Second Strands R port, was
* charged by the Curriculum Development and Supplementgdl Materials
Commission and the State Board of Education to considér a suitable
extension of the strands concept through grade twelve. Under the
direction of its chairman, John L. Kelley, the advisory, committee
- sponsored a conference of 45 participants, including m hematicians,
s¢ientists, seeondary teachers of mathematics and, science, and
persons using mathematics in industry and computer technology.
The present Ad Hoc Mathematics Framework Committee, whose
mem were appointed by the Curriculuni Dgvelopmen{ and
Supplemental Matezials Commission in October, 1973, is indebted to
SMAC for the work it accomplished. The framework _committeé
gathered information from-agencies; teachers, professmnal organiza-
tions, and concerried ipdividuals; and it conducted meetmgs through-
out the state in an attempt to ensure that a vanety of opinions would
be heard.
Because the mathematics program for individual hrgh school
students vanes according to- their interests, skills, and career
objectives, the strands for the high school level were designed to

»

respond to the flexibility of school p,rograms In this framework is ..
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contained what a total mathematles progran\ can and should provide
for high” school students. Although the Department of Education -
plays nQ ‘direct role in the selection of materials for mathematics

: programs in grades nine through twelve, the Department believes that
this framework provides information useful to those responsible for
matheniatics programs at every level.

Those responsible for the selection of materials for mathematlcs
programs in kindergarten through grade eight should find that the
screening criteria contained in the frapework are wuite useful.
The updated criteria seflect a number of ¢oncerns about the
acquisition of basic snathematics skills that prevailed at the time the
framework was - rev1se<,i It is anticipated that the forthcoming

" statewide adoption of materials in mathematlcs w111 reflect the
impact of this pubhcatlon Y . .

In the development of a school mathematics program for
California, it seem§ pomtléss to refer to contemporary mathematlcs
programs as ‘the ° new math.” Our concern should be to make the
very best in matlematics curriculum and instructional practices
available to our students and teachers. We are also interested in
informing fthe public that high-quality preservice and inservice
teacher education programs are nceded’to prepare people to teach
mathematlcs with the knowledge, skill, and enthusxasm necessary to
serve our pupils with excellence. [

The Ad Hoc, Mathematics Framework Committee is hopeful that
this pubheatlon willpprovide -a set of creative guidelines for teachers, *
authofts, and publishers to employ in the development of instructional
materials.” Fumher, we expect that the report will be useful to admin-
-istrators and teachers -in the development of instructional materials
and eomprehenSWe _mathematics programs which have objectives

f]

consonant with the needs of pupnls and sociely. 7

This publication represents the combined efforts of many inter-
ested and- convcerned individuals, and we express our thanks to them,
especially to the members of the Ad Hoc Mathemytics Framework
Committee.,”’who are listed on page vi, and to the members of the
¥ Addendum Commuttews, who are listed on page 55.

»
AY

DONALD R. MEKINLEY ~ DAVIS W. CAMPBELL
Chict Deputv Supenntendent . Deputy Supérintendent
of Public fsinection for Programs
r .
T (
. R
ﬁ\* .
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The Califonéa State Board of Education, recognizing the need for
a_reappraisal of The Second Strands Repors. Mathematics Franie:
_work for California Public Schools p,ublisheq'in 1972, mandated the
development of a.new and more extensive framework. This 1975
framework will engompass the mathematics program from the
kindergarten level through grade twelve.
This is the third mathematics curriculum framework developed for
use by California_public schools. The. Second Strands Report
provided an ez(celle,nt basis for-mathematics curriculum development
' in the state,> but a continuous assessment _of a mathematics
' framework is needed becadse of expanding information and knowl-
redge, shifting emphasis in subject areas, and changing organizational «
patterns for instruction. e s g
. The principal assumption which underlies the thinking of thiyad
- hoc framework writing committee is_that the school mathematics
program should be designéd to educate each child to the child’s
optimum potential in mathematics. .
The recommendations of the revised framework for kindergarten T
_through grade eight reflect the following changesdn emphasis:

1. An increased emphasis on the application _of mathematical . « /I
’ concepts to physical objects familiar to children : .
2. An ixcreased emphasis on,computational skills along with the
€ it-of-the structural aspects of mathematics
s 3. An increased emp

3 ways.to_improve children’s attitudes .
“toward-mathenlatics : ,

) 4. An increased mphasis..on_metric units Km s the-Inter-
3 . nationdl System of Units, which Will\bg@%%agm
measurement instruction e 7

5. An increased emphasis on the total concept of decimal numbers—=_|

6. An increased emphasis on application and problem-solving skills

7. A decreased emphasis on numeration systems other than the
familiar decimal-based system - .

8. A decreased emphasis on the computation of fractional num-

~ bers in kindergarten through grade six ./

—g

. 9. A decreased emphasis-on set theory

i\"w/




The purpose of‘a framework is to provide a base from whnc?
schools, schpol districts, and offices of county supermtendents of
schools can develop adequate goals and objectives for their programs.

In addition, the mathematics framework provides the basis for the .
development of criteria for the evaluation of mstruct10nal materials
to be considered for adoption by the state of California. This .’
mathematics framework contains a description of the major com-
ponents of the school mathematics program, kmdergarten through
grade twelve. These eomponents are:

] Broa(‘ goals and objectives

General goals for learners
Contgnt and topic goals
Program objectives
' General content guidelines
The elgmenta¥y strands
The secondary strands
Methods and materials
Classrooip climate
Suggestions forprogram evaluation ' ’
Criteria for screcning instructional n?aterials

The Climate and En¥ironment
for Learning Mﬁlhemalic

\‘S‘

The most effective and efficient climate and enwronment for
learning provides for the following:

® Experience with objects from which the learner can- develop

-~ concepts * N

® A means of comsmuuication that the learners can understand

® Opportunities for learners to become involved in activities

® Opportunities for the teacher to study the learner’s habits of
work and. thought S _

[ ] Mouvatwn for learners to improve continually their proficien-
ciesqnn mathematical skills and concepts

>~

Thé kindergarten through grade- twelve mathematics_program
provides for the following: Ble

o’ A rich variety of opportumtles for the learning ofmathematu,al
cqncepz
® The apphcatlon of these* mathematical concepl\s to socially
useful mathematical problems °
® The accumulation of mathematical matunty and proFcnency for
use in other disciplines
® A climate for learning 2 .

1z

~




Leaming is a group experience in that group behavior affects the
. learning process, as pupils do learn from one another. ‘Mathentatics
becomes a vnbrant vital subject when.pomts of view are argued, and
for this reason interaction among puplls Is should be encouraged, As
puplls build mathematus together, they develop special’ pride in
learning aLtl)/ltlLS and their work gains, momentum. Manipulative
materials prov1de effective means for facilitating learning. .These
materials are often simple and can be pupil-made or collected. Ma-
nipulating may mean handling an object, comparing objects, viewing
objects represented, in a pictorial mode, or erigaging in paper-and-
pencil activities. The matbrials should provide a sthooth transition
from congtete leathing experiences to the abstract.

A 91gmﬁuant fgature of 2 mathematics lcarmng environment is the

many-faceted. Pupils and their teacher must feel free to cxpress and
explore those facets that have particular’ meaning for them. The

. should be organized and equipped to appear as a laBoratory for

+ léarning and should relate learning to past experienges whilé
providing new experiences as needed. Well-equippfd and organized
classrooms allow pupils to accept the l'CSpOl]Slblllt) for their own
learning and progress. ]

The loarning climate in the classroom should provide an atmo-
sphere’ of open communication between” pupil dand teacher. The
teacher should encourage questiohs and accept problems from the
‘pupils.fThe mfathematics’ instructional ‘materials should bé uluant
to the pupil’s interest and "needs and should provide far pupil
experlmentathtn

The establishment of a Llassroom climate, under thL direction of
the teacher, should be pupil oriented, sdf-dnrectud and non-
threatening. Using dgfinable. instructional objectives, the teacher
'assumes the role’ of a guide who directs learners to explore,

i mvcstngafe, estimate, and Solve everyday, realm\ pupil-oriented

' problems.
The 1deal classroom Lhmate fosters ‘the spmt of “dmovuy It
° provides a variety of ways for pupils to direct their own learning

under mature, patient guidance of an experienced, cuciosity encour-
aging teacher. Self-directed learning requires ptipil involvement in

creative learning experiences that are ‘both pupil motivated and

teacher motivated. “The classroom climate should encourage pupils to
_solve problems in a vanety of different ways and accept solutions in
many different ‘forms. All pupils should express creative thinking.
even when it differs from the<fttern anticipated by "the teacher or
when it prod‘uces a different conclusion or result.
' ) ! -

-

spirif-of’ frée and open investigation. The 1&arning of mathematics is ‘

YL classroom environment is an mporimt but often overlooked facet. it

-
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Instructional materials adopjed b)f\the statg to implement the
mathematics program should be sufficiently flexible to be able to be-
used with a variety of teaching methods and orggmzatxonal plans.
Whether or, not ability grouping takes place, it is clear that in any
classroom the rates of learning will vary, and the pacing of
instruction should be planned accordingly. Perhaps of more signifi-
cance, the pupxls modes of thinking will differ: ‘some think best in
concrete terms, others, in abstract formulations. The introduction of
a new mathematical concept should be done in such'a way as to

appeal to each of these ways of thinking.

] ¢ -

\Iixthemalics Program Evaluation

Program evaluation is a sequence of activities that ullmmates ina
judgment ‘about the success or failure of a program. In evaluating a
program at any level, one must provide a response to the question,
“Did the program achieve its objective(s)?” The evaluation discussion
which 70110ws is designed to provxde information useful at the
classroem level

,Teauhers conduct their classes so that pupils léarn mathematics. In
order to evaluate their own efforts, teachers use a variety of tools
and techniques to assess the progress of each pupil. If pupils do not
progress as expected, then the programs shiould be modified or

expanded to accommodate, the talents and the needs of those pupils. *

If the objectives of a mathematics program are reasonable and
comprehensive, the quality of the program can “be measured
according to the accomplishment of those objectives.

Evaluation is a muitipart process. Program objectives should be
stated and based on an assessment of the needs of pupils. The target
population then can be surveyed to ensure an accurate appraisal of
its needs, and the program can be adjusted.to reflect current
conditions in the pupil population. When the instructional program is
complete, the population can be assessed to determine the dec,ree to
which the program objectxves were accomplished.

Matrix sampling is used irr California. The procedure requires the
development of a pool of test 1tems that provxde comprehensive
coverage of the matematics content. Aftér a valid pool of items has
been developed, the items are distributed rgndomly?fo a number of
subtests so that subtests are of similar difficulty. The subtests are
randomly assigned and administered to pupils in the examinee
population. The underlying theoretical model permits the resultant
data to be used to estimate, the achievement characteristics of the
examinee population as if every examinee in the population had
responded to evéry’ test item on every subtest. At the school level,

50
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the examinee population might be.all the sixth-grade pupils in the
school. At the classroom level, the examinee population would
include all the pupils in the class. This testing procedure has potential
for use at the district,level. at the school level, and even at the class «
level. . ’ - "

When ! the examinee. pqpulation is small, it is necessary to .
administer a greater number of items to each examinee to preserve,
at least partially, the ‘integrity of the results. Models for the
development of a .matrix sampling plian are presently availgble.
However, the procedure estimates group characteristics only and

+ cannot be used to measure the achievementof individuals.

The progress of individual pupils in a class is vitally important at
the class, and possibly the school, decision-making level. If one
wishes to learn of the needs of a particular pupil, it i$ necessary to
consult pupil personnel files, to conduct diagnostic testing and
interviews, to observe the learning behavior of the pupil; to utilize
aghievement test results and teacher-made test results, and to consukt’
parents regarding the status of their children. It is essential that
teachers learn as much about their pupils‘as they can to better serve
pupil needs. A needs assessment process' sets u the pupil-level
objectives which direct the teacher’s bel‘lavior.&‘flu%. teaching
behavior can be directed both by total class achievement and by the
achievement of individual pupils. -

A cyclical evaluation process that teachers. &’uld e%loy 1S
presented in Figure 1. The cycle is entered by making a preliminary
review of the accomplishments and talents of the pupils in the class.

Tat—treeds assessment gives rise to a tentative set of objectives and a
corresponding mathematics program. While the progrim operates,
the teacher uses various tools and’ techniques to gather data on the
condition of pupils in the class. The teacher also seeks parental input
regarding the status of the children with respect t& school activities.

. This interim information-gathering activity provides feedback about
the progress of pupils and provides a quasi-scientific basis for. making
program adjustments to better accommodate pupil strengths and
weaknesses. That continual needs assessment activity is the fink -
between program developmerit and program relevance.

As the time allotted to the progra}ﬁ’ runs out, the teacher should
complete the development of the final evaluation system. The testing.
.. instruments for assessing thg achievement of individual pupils should

be selected or developed with both the stated program objectives and

the pupjl-level objectives well in mind. In developing an item pool for

matrix sampling appligations (usually accomplished Wwith the cooper-

ation of other teachers), the program objectives should be used to
-] .« . M

.
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FINAL EVALUATION
Decide whether o1 not

the program succeeded
in meeting its objectives,

Mamx sampling \
Use matnix,;
assess group achieve-
ment .

o -

Tradittonal achievement
testing
Use arther standarduzed
or locally developed or
bhsher-mad h

'rrnem tests to assess v
indivadual pupil
progress

Evoluation by pupils
Allow for pupil evalu-
audhn of the progr > .
and of thew own
progress,

(

Fig. 1. The schematic of ; plan for evaluating a mathematics program at the classroom {evel.
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ensure comprehensive coverage of the content dothain, both topi-
cally and by level of development or cognition. When the final
evaluation activities are carried out and the data on the total program
impact are in, then‘it is necessary tq judge how succgssful the
program has been. Did it accomplish its objectives? Should it
continue or should it be changed or dropped? o

The procedures outlined in this section shoyld help to remind the
reader of the things that might be done in evaluating a program.
However, the philosophy which governs evaluation is eminently more
important than the tools alluded to earlier. At the class level, the
teacher must deliver a program to pupils which fit§ the needs of
those pupils, a program that is designed to help pupils learn the
mathematics they must know to enrich their lives. The teacher must
keep the program abreast of pupil needs. And, finally, the teacher
must ealize that the praqgram is successful only if it serves to ‘
diminiéh the learning difficulties of the pupils in the class.
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" The Mathematics Program in
Klndergarten Through Grade Elght

Mathematics programs should {espond to the needs of chlld‘ren

and the needs of a caréer-oriented Society in presenting the content

+ and structure of mathematics. While the study of mathematics for its
own sake is possible in such a response, it is‘not likely to be the -
prevailing reason foramathematics study by children. When children

* become aware ‘of the fact that the study of mathematics tends to
open up certain career options, their inclindtion or enthusiasm for
mathematics increases. Some children acquire such awareness slowly.

It is recdmmended that programs be designed to permit pupils te
study and learn mathematics as long as they attend school, regatdless
of their level of attainment in the subject matter or the latenes$ of

» their decision to engage in further study.

Goals of Mathematics Instruction

As 3 result of, math&matics study, pupils should learn to funlction
smoothly in their everyday encounters with mathematlcal situations.
Their studies shoyld allow them to advance "to further study
comménsurate with their ability and desire to so do. The study of

~ mathematics should also acquaint pupils with the richness of the
design of ‘mathematics to allow that element of beauty to become a
rart of their knowledge. It is expected that most pupils.will not

- become mathematicians; however, no program should prevent such a
career outcome.

A number of otlU goals for programs have had a pervasive K

influence on the preparation of the framework. They are listed *

ES

below: "’ .

® Mathemdtics programs should progress from concrete experi-
ences to abstract experiences for all learners,”with substantial .
emphasis on those elements of the environment which are
, familiar and likely to kindle interest. .
®°Mathematics programs, to be jmaximally effective, must be
implemented by the efﬁqrt’s of/ a sensjtive, knowledgeable, and
sk111ed teacher.
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® The program shall strive to have pupils leam to reason loglcally
and mdependently and to develop a fondness and inclination
for inquiry.
The experiences of pupils in thg mathematics program should
equip thefn with the skill to think and communicate in
mathematical terms?

The program should result- in continuous mdmdual pupil

growth in the skills of computation and measurement to ensure

‘functional competency of pupils as citizens in a complex

society. 7

The experience of learners in a mathematics program should
. result in an understanding and appreciation for the fundamental

conoepts, structure, and usefulness of mathematics '

Mathematics programs should be more actmty oriented than
theoretical, and mathematlcs programs should require pupils to
engage in useful - activities. designed to generate enthusiastic
learning and positive attitudes toward mathematlcs as a useful

-

tool m their lives. B

The program design should be flexible and provide for a vanety
of teaching and learning styles. More specifically, the programs

conducted should leagl pupils to acquire the following:

“1. A sound background .in-the concepts and skills of the real
number system, including experiences with: .
a. Sets of numbers and basic operations defined on those sets
b. Computational algorithms for the:basic operations
c. Properties of the basic operations defined on the sets of
numbers -
- d. Equality, inequality, and other relations
e. Funotions and other relations - £
f. Mathematlcal sentences ‘
g. Decima] systems of numeration and Jnlace value

_ 2. A background in the conccpts of ge6metry, mcludmg
experiences with: B
a. Simple geometric constructlons
b. Basic plane and solid geometric, configurations
¢. Congruence and similarity
d. Perpendicularity and parallehsm TN
7 e. Symmetry . -
f.
g.
h.
i

- .

Circles and polygons
Transformations
Measurenient of angles penmeters areas, and volumes

- '

i. . Maps and scale drawings

\‘13?}‘.,2,:\ 13
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e 3.An apprecmt)én of or an ability to apply mathematics,

W, including eﬁperrences with: .
sk : a.-Measurememt'- ‘with standard units, mcludmg the use of

% decimals -
‘ ..E»snmat.wn comparisen, and sc1ent1ﬁc notation

. Probablhty and statistics

. Discovery of mathematlcal relationships

. Simple deductiye systems

Tellmg time .

. Strategies’ and tactics for problem solving

. Analysis of pfoblems using mathematlcal models

):4 « 1. Methods of loglcal reasbmng . \ ‘ - ’

The felative suct:ess of a program can be estlmateh in terms of how ‘
well it seems to meet the above goals. However a fdmal evaluation
will require assessment against a set of spec1ﬁc program objectives
based on, these goals and 'on the specific needs of-the | upils and the
commumty served. A program should have a formal evaluation °
component for judging strengths "and weaknesses. With .such <w=*

' comp'onent educators can make meaningful adjustments for program
1mprovement and contmumg student growth. . .

y T

The Early Edhcaﬁon Program

The interrelated ideas of mathematlcsébecome part of our human
experiences at a preschool age. These early experiences provide
* intuitive background essential to the development of later mathe-
matical content. Therefore, it is important* that the instructional
program in.mathematics begin jn the early education of the child.

In the begmnmg, the deveIOpment of nfathematical concepts for
all children should be of an mformal and exploratory naturé; the .
goals and objectives set up in “this framework provide for the L
establishment of a program ofguch a nature. For early mathematical

- experiences to be effective, guidelines need to be established which

will provide a frame of reference for guiding adults involved in
developing learning experiences for children. Inmqental learning is a
useful tool for developing mathematical concepts.

Activities should provide for ‘the invalvement .of children w1th
phy51cal objects that are usually found in thé®nvironment. Activities
may also be centered on material§ designed to develop certain
mathematical ideas. Children should be- encouiraged to compare,
classifly, and arrange objects according to shape, color, and size; to

-~ . -
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experlment wrth symmetry and balance and to discover and create
pattefns. They sh0uld drscover the comparative relations of “more,’
““fewer,” and “as many as”’ through the activity of matching groups
"of objects. In these activities, thg child develops understanding of o
matheinatical coneepts while learning to name and understand the
number of a set, to count,.and to develop positional relationships .
such as inside, outside, on, first, next, last, before, after, between, .,
left, right, above, and below. R
Throughout their activities, children should be encouraged,to ask
questions and talk about what they are doing, both with the teacher
and among themselves. Children at this level are imitative and are
. interested in words. They are increasing their vocabulary rapidly. If
the teacher introduces word and language patterns easily and
"naturally, children will begin to assimilate the words and patterns
into their own speech ‘and thoughts. The key words here are easzh
and naturall) Children’s own ways of conveying their 1deas must be
accepfed at the t1me but, concurrently, they should have the
opportunity to learn to express ideas with clarity and precision. .

-

Strands for Kmderﬂarten Through Grade Ewht
The content of the mathematics programs for elementary levels,

kindergarten fhrough grade eight, is organized into seven major
content areas (strands), while the secondary program has ning major
content areas. For each strand in kindergarten through grade eight,
the program objectives are listed by levels 1n Appendix D, as
lllustrdted in Fls,ure 2. .

.

-~

Strand

Majorcontentareas,

2

{Major topicsi———

Program objectives © Program objectivei -

Kmdergarten through Grades four through six
grade three

+

Program objectives Program objectives
‘ [y

Readiness Grades seven through eight
L l -
Fig. 2. Organizaiion of mathematics program strands in kindergarten through
grade eight .
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The program objectives identify skills and concepts to be,
prgsented by teachers i in the following order of conceptualization.

1. Expldgltlon — o ) , /-

-2. Identification N \ .

" 3. Recognition .

4. Development oo o ) I
" 5."Acquisition/demonstration ' v

6. Application/utilization

7. Maintenance

o\ o LT e e .
ithmetic, Nunitbers, and tOperations Strand .

e, development of the arithiiefic, numbers, and. operations

strand constituteS the most important portion of a mathcinatics~ - .

program in all levels in kindergarten t{xrough grade eight. This-strand
reflects the growing concerns of educatofs throughout California
with rega’rd to the urgent need fora reémphasis on children’s learnmg .
and maintenance of computational skills. The study of the real
number system, begins with the counting numbers to be followed by
the whole nu’mbers integers, rational numbers, and real\numbers. _°
At the early childhood level, children are ‘provided with explor-
atory couhting and comparison experiences using concrete sets of
objects. The basic addition and multiplication fact$ should be
presented and mastered early in“the mathematics, program. Intuitive
experiences with mampulatlve materials should be used to sanotivaie- «-
the development of computational algetithms. At appropriate levels,
these techniques should be tied to the ideas from which they derjve
their validity; hamely, the properties of closure, commutativity,
associativity, distributivity, identity elements, and inverse elements

' for each of the ,number systems studied. Place “value  is the.

*fundamental principle for naming numbers. In this respect, decimal

’ -notatlon as well as computational skills w1th decimal numbers:

should receive early priority at the primary level, as described in the
smeasurement strand.

Informal mathematical experiences are important at all levels (J
leammg Most learners need to relate the symbols of mathematics to .
objectg and to images of events from their ewn experiences in %g

-for the symbols to become meanmgful In developing the abili

) work with abstract symbols, pupils should first work with physical

models: (1) build with blocks and other’ materials; (2) handle objects
of different shapes and sizes, noting characteristic features; (3) sort
and classify objects; (4) fit objects inside others; (5) arrange objects
in-order of size; (6) experiment with a balance; (7) recognize
positional reiatlonsmps and symgnetry', and (8) search for patterns.

.
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Pupils may then progress through pictorial representations to the
more abstragt and symbolic representations of the same concepts.
‘A mathematics program should provide for the introduction of
new .terms.and language patterns .in close assoeiation with ofher
_learning, activities. Assimilation of vocabulary and language patterns

into a learner’s own speech and thought is eXpected to develop .

- gradually. When learners show evidence of familiarity with an iq;e,q,
they should be provided with opportunities for many r¢levant
activities. Graa’ually, attention can be giver to new terms in reading
vocabulary. Most learners should acquire an understanding of, 9nd ‘an

" ability to read, the standard terminology and language patterns. New

terms and language patterns can take pface through many opportuni-
ties in using the terminology rather than through memo#zation and
parrotlike repetition. T

The program-level objectives for the “arithmetic, numbers, gnd
opcrafions strand are grouped under thé following major topics: v

1. Counting . PR . b ¢

2. Operatiohs \ . R
3. Place value ‘

4. Patterns , : - Y
5. Nature of numbers , - el e
6. Properties - . . -

k.

Activities that guide a learner to recognize and generalize the™

central unifying ideas in the real number system aid the léarner in
‘developmént of a methodology for systematic thinking. 'Cothinual
diagnosis of a learner’s growth, a planned program of mainﬁgnance,

_ reinforcement of skills, and remedial instruction are essential

ingredients of the arithmetic, numbers, and operations strand.™ |
’ A

T “Cbunting. Activities'in which learners can compare the pumber of

4

objects in different sets, without resorting %to counting, lead to
counting c}ohce‘pt‘s. In these activities, pupils compare the number of

objects if “two given sets.by pairing the members and then

discovering the .sizé relationship. Counting requires matching the
mempers of a set of objects on a one-ta-one basis with the members
of'fhe set- of _countfng numbers. More sophisticated experience in
counting can be obtained by grouping ets into ones, tens, hundreds,
and so on. Learners should have experiences with many types of
counting activities, which incl{de experiences wWith equal sets,
eqliivalen_t sets, fifite sets, and inﬁnit’gs ts. - L

Operations. The léa’merg,should be provided with experiences'that

o

f
*

I

will enable them to acquire proficiency in computational skills. The

3
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pogsession of . such SklllS SllOUld help -the pupil to develop self-
confidence in the ability to deal with numbers, the basic operations
of numbers, and the applications, of numbers. The developmental
stages for these concepts range from an intuitive development of the
X definitions of the basi¢ opérations by joining and separating sets to
the higher-level ability of developing and using the algorltllms forghe
operations on the systems of whole numbers, integers, and ratioral
Tumbers in dgcimal and fragtjonal form. - ) -

Place value. The study of place value develops an understandmg of

.. the decimal placé-value notation. The two major prmuples of a place
~+value of numeration’are base and position. The learner’s concept of
‘the decimal plaee-valuc numeration system has its begummg in
prekindergarten and kindergarten experience. wlien Wie learner first

names numbers. These concepts should be refined and extended

‘throughout the 1ri';\t‘§mat1es curritulum. Some of these concepts
‘ developed as the learrer gains unde‘rstandmg of deumal plaee-walue

notation 4re the followmg*» — - -
1. A deciinal.system requires ten symbolsT——
2. The order of numbers. \'\
- 3. Positional \notatlon to indicate value. - ’ . T
Consideration of systems of numeration tlmt utillize the pmmple . .

of nonplace-value system can lead to an appreciation of the
advantages of a place-value system and an awareness of the historical
development? of numeration systems. However, numeration systems
other than the .decimal should be a minor part of any mathematics
program. . ’
Patterns. The study of patterns is valuable fo tne pupnl in the ..
study of number systems (the1r°operat10ns and pl'Ole'thS) The
study of pattgrns assists the learner in the discovery and development
<of gener,allzatlons providing not only practice in using the basic facts/ 3
but-experience in working.with large numbers. Mathematlus has been
described as the study of patterns. Important appllcatlons of :
\‘?a‘t‘hematn\s are a result ofthe search for trends or patterns among -
Jata derived from experiments or from the solutions of problems. =~
The discovery of, new ideas through the study of numericat
« relationships that display unusual patterns should be a reguiar part of
* the school mathematics program. - -

y

Nuature of numbers. The study of the nature of numbers leads to
" an understanding of the real number system..The nature of numbers
encompasses the following: - N ..

23. v . ' |
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1. The chief characteristics of numbers, such as whether they are
_. prime ox composite, whether they are even or odd, what their
factors and multiples are, and what their, relation is to other
eater than, less than, relatively prime to) ', *
ed in daily living, such as in counting, \
numbers appear in nature,

measuring, and computing;
such as in plants, flowers, and shells

‘., Y M

Properties. The learner should deselop an intui;i(;e understanding
and appreciation of the properties of the basic operations and of
their applicati@s*to everyday problems.-The-study of properties of
the basic opeérations should include some level of conceptual
understanding of commutativity, associativity, identity elements,
inverse ‘elements, distributivity, and closure® The -transitive property
for equality and order relations should be presented. Number
sentences are particularly useful in guiding learners g@'discover
patterns for the praperties of operations. The same properties are
.later ®pplied to the solutions of mathematical equations and
.4nequalities. ~ —

»

Geometry Strgnd _ .

The “mathematics program for kindergarten through the various
levels of the curriculum should provide for the development of a
strong, intuitive grasp of basic geometric' concepts such as point, lipe,
plane, and thrge-dimensional,space. Experiences in geometry should. | .
relate to familiar objects, since so much-of, the world jis of a
geometric nature. Opportunities should be provided at all levels to
use manipulative materials for investigation, exploration, and dis-

informal geometri¢ experiences, including the use of instriments,
models, and simple arguments. 'I;hus, a geometry-program should ¢
provide the foundation for later, formal study~ ° ’ ,
Teacher awareness of geometry in the environment will enhafice
the total curriculum and lead to opportunities “to incorporate
" geometry $ith ogher disciplines. Examples can be drawn from art
. forms of all cultures, from industry, and from nature. ’
~From the outset, deliberate effort should be made by the teacher =
to use appropriate and correct terminology in the develop en{/or"/
the geometric éonce‘wx:a;{let, language should ) ecmg?rrier or .
deterrent to the exploration of and-expefimentation-with geometric
. ideas. Vocabulary buildﬂ'\’g”’s}ﬁ‘uld include thé langugge of setsin a .
_natural way. ' ’
The program-level objectives for the geometry strayd
under the following major topics: ‘

are grouped

. ] '2& r . .
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. 1. Geometric figures
2. Reasoning—logi¢al thinking
* 3. Coordinate geometry
4. Measuring geometric figures

/ -
Geometr:cjgures The identification of geomelm figures should
begm by hamdling physical models. such as triangular, rectangular,
and circular Ob_]eLtS Sorting or grouping objects according to shape
and size.in the early learning level makes pupils aware of similarities
and dzjferences Later. classification of geometric figures, should be
refined by specify ing additional properties. Pupils should be tamiliar
with figures. suc.h As  triangles, re€tan;:,les cubes, spheres, and
pyramids.

Two basic concepts of geometry are slmllarlty and congruence.
Similarity can be thought of as a transformation.which preserves
sha;m\rfot neeessarily size. Congruence is a transformation ‘that
preserves size as well as shape. While early. ¢ e&nenees with similarity
and tongruence can be accomplished through sorting and matel'ung,
later experien€es can include tracing and paper-folding activities and
the use of measunnz, instruments. Many learning activities lead to
identifying specifi® condltlons that will ensure these relationships.

Pupil experiences should include experiences with the four
“transformations of reflection, rotation, translatlon and d1lat10n (ie.,
scale drawing). ™

) Reasonmg loglcal thinking. The elementary _geometry program
in kindergarten through .grade eight is a program of “informal”
geometry. The word informal refers not to casual’ mafiner of
prEsentatlon or emphaS1s but to the absencg of a formally developed
§ub1ect using an’ axiomatic approach. A goal of the ggometry
program from kindergarten through grade eight should be to provide
the foundation for later formal study When approﬁﬁate the teacher

may present short deductive and mductlve arguments.
<

Coordmate geometry, First experiences with concepts of eoordl- .
nate geometry should be informal and preferably of a physical
nature. Arrangements .n, rows and columns and movement in
specified directions are appropnate activities._Children then can plot
points in the first quadrant ‘and can  graph data ‘recorded in
experimental situations. Suceessive expeﬁences should involve all
four quadrants, leading to the abthty to graph simple linear and
* quadratic equatlons .

Measuring geometric figures. Through realistic situations, "the
concepts of lengtl?. perimeter, area, volume, and angle measurement

"ERIC 25




should be developed. Experiepces such as paging the perimetér of a
rectangle (e.g., classroom, hallway, or school yard), tiling plne
surfaces with regular shapes and constructing rectangular solids with
building blocks assist “pupils to, discover patterns leading to genml
‘. statements or formulas. - NS
\Ieasum\g geometfic figures™ is an obvious intersection of the
. two strands mwsuremuzt and arithmetic, Aunibers, and OPerALIoNS
with the strand geone m The apphuatnon of “the concepts of
- meqsurempnt provides a wealth of problem situations that frequently
demonstrate the practical value of geometry T

. -
A . -~

T Measurement Strand : k ‘ '
; .,

. Often one is unaware of the extensive yse made of.the process of"

measurement in da‘ily_living because mcasignent SO pcpmdtes one’s

experience. In fact, measuring is a key process in many of the

applications of mathematics and serves as a connecting link between —

mathematics apd the evironment. Nonethelcss ‘measurement skill.is
» an acquired skill that is best lLarmd through the uc s of measuring.

. In most recent textbook scries, only a single thptcr or unit at

‘ each gradc level has dealt speuﬁually W1th measurement uonupts

Additionally, incidental teaching of meagurcmcnt rred in

~ proble solving and application activities in other Sutlo;L‘ of the

instructional materials. Such presentations of measurement often had

# little to contribute to the everall mathematical development of the

learner, except for some possible computaffon practice and memgri-

zation of facts needed to cgnvert within a megasurement systen. .

. With the introduction of a mefrie system, a stronger feeling far

. , measuremcnt can be developed easily because of the way metrics ties

- directly into our decimal system of numeration. A metric standard

will foster a better understanding of ‘measurement concepts becuuse ]
the decimal (tens) nature of metrics is rcl;%cd fo the base ten

place-‘valuc system, . '

The measurement strand is not merely.an outline for transition to
a different measurement standard but rather an outline for improving
the presentation of measurement. Pupils must be given extensive
opportunities to use measurement tools and to acquire skills useful in
adult life. The transition to metrics provides a convenient opppr-
tunity to improve measurement instruction along with the adoption
of a universal and less complex standard for measurement.

Earliest experi'ences should center on physieal activities requiring
arbitrary units (e. g., width of a hand, capacify of bottles, and |
_ o clapping of hands) to develop concepts of measuring distance, .

capdcity, or the passage of time. In learning to measure, pupils
should -begm to use simplé¢ measurement tools to measure quantita-

-
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tive attributes of familiar objects. As learning progress pils
. should be provided experience in carrying ou ore complex
measurements. /t/m :

. The megsurement strand intersects with the strands of }zeometr)
and arithmetic, number$ dand operations. The use of rulers and
protractors to measure geometric figures will lend added insight to
the cpncepis in geometry. When the units used for measuring are
metric units, this activity promotes an understanding of decimal
notation. Computation involving measurements will provide practice

" in the  operations of arithmetic. The measurement strand also
provides opportupities for numerous interdisciplinary learning situa-
tions that relate mathematits to subjects such as social studies,
geography, science, industrial arts, and home econOmics. Measure-
ment als@includes the topics of time and temperature. .

The pfsgram level objectives for measurement are grouped under
th& following tOplC headings:

1. Arbitrary units of measure

2. Standard units of measure .

3. The approximate nature of neasuremant i
4 Estimation i in measurement s

Atlfztragﬁ(ts Uf’r;zeasure In the introductory stage of leammg

measure skills, pupils first become_familiar with the properties
of the objects to be measured. Next, they learn to make discrimina-
tions among those properties. They then learn to compare objects
according to the quantitative properties the objects possess in such
terms as “is equal to,” “is less than,” or “is greater than.”” At this
point, arbltrary‘umts of measure are selected or devised to allow the
comparison of comggon properties of objects. Pupils should under-
stand that the arBitrary units selected by others may differ.
Experience with arbitrary units should lead pupils to discover the
merits of selecting, more widely accepted units of measure angd to

. ’ establish the need for standard units.

Standdrd units of measure. Measurements expressed in standa
units result in measurement statements that can be universally
understood. The International System of Umts (SI) should be the
system of standard units taught "in the “schools of <California.

__ Conversion, involving ‘computation from metric to U.S. Customary
units dnd from U.S. Customary -units to metric units, must be
{ avoided. - However, informal comparisons of metric units with

/wrrﬁr'aﬂe— U.S. Customary units may be profitably used during the ’
transitional period and for historical discussions. N

The techniques of measurement learned while using arbitrary units

« are the same as those used with standard units. The metric system,

¢ 3

EKC

B

~ !




19

=4 - I
lﬁ use by most of the countries of the world, is a decimal system
of standard units. Thus, early instruction with numbers and
operations usmg declmal notation should precede instruction in the
use of pfetric units. The precision required and the eomplex1ty of the
ideas represented dictate the level at which different units and
associated measurement termmology are introduced into the instruc-
tional program.

Y

| > The approximate nature of measurcment. The exact measure of a
line segment is called its length, just as the exact measure of a surface
is called its area. The physical act of ‘_measxfring a segment with a ruler
or a tape measure produces, at best, an approximate measure, due to
the limitations of the ability to, read a measuring instrument and of
the precision of the measuring instrument. The process of “rounding
off,” familiar to students as a part of operatlops with numbers
becomes meaningful when applied to the measuring procedure.

[u general, pupils should learn to understand that in making and
recording measurements, they are dealmg in dpproximutions. Ordi-
narily, one tries to obtain as accurate an dpproximution—of—th
measurement as possible, although frequently a gdod est¥mate may
serve the purpose. ’

Estimation in measurement, The ability to Esti late effectivelyis a’
skill that has great practical valuesFrequently, an offhand estimate
will provide a ready check for the result of a calculation and will act
as a deterrent t& continued calculati ns witl incorrect measure-
2 ments. Because a good estimate is an “edugated guess,” skill at /
' estlmatmg develops through many measuring experiences.
- Jdn early grade levels, estimates with measurements should be
enco ed through comparisons with already accepted measures,
whether arbitrary or standard. Later, puplls should dev€lop an
intuitive grasp of and familiarity with the standard units so as to be
able_to make reasonable estimates through direct observation, using
visual or other appropriate senses.

ity to formulate and selve problems and the ability.to apply
ese prolﬁem -solving skills in practical situations. In applymg
mathematics, we are concerned with situations that arise inside as
well as outside the domain of mathematics. Application of mathe- |
matics requires one to (1) formulate problems that are suggested b

I5ee pages 59 through 74 for the changes in this stmnd made by.the Mathematn/
I G ramcwork Addendum Committee.
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given xsxtuatlons (2) construct, if possible, adequate mathematical
models of these formulated problems; (3) find the solutlon of these
models] and (4) "interpret these solutions back in" the original
situations. Problem solving requires one-to select strategies for the
analysis of a given problem and to use certain mathematical skills and
techniquesidentified iri the analysis to solve the problem. Clearly,_the
ideas of problem solving and mathematical apphcatlons are inter-
Jelated.

Concrete mathematical gpplications selected from a wide range of
sources should be systematically included in a mathematics program,
" along with the development of problem-solving strategies ‘and skills.
Constant exposure to concrete mathematical applicitiong enables
pupils to use concepts, techniques, and skills they have already
developed to attack and solve useful problems. This exposure to
interesting and useful problems can motivate students to develop
new and more significant mathgmatical skills and techniques.

*  The strand problem solving/applications should be vonsistently
. interwoven throughout the mathematics program. Each of the other
six strands provides fools the development of problem-solving
strategies and skills. The other strands also’ contribute toward the
development of techmqu s for expressing and relating mathematical
concepts that arise bgth inside and ‘outside the domain of
mathematics.,

The ideas.of problem solving/applications are so important that a
madthematics pro shauld include periodic study of formulation
techmques problem-analysis strategies, and problem-solving tech-

_niques. However, the strategic principles of problem solving should
not be-presented as g specific format that must be followed nor as a
step-by-step procedure to which all solutions must conform. The
creative solution of a problem is fAore valuable than a burdensome
routine. Creative thought or insight should not be suﬂed by havmg
to conform to iunnecessary formalism.

The program-level objectives for the problem solng/appltcauons
strand are gtouped under the following major Dics:

1. Problem formulation

2. Prpblem-analysis strategies and tactics
3. Constructing mathematical models of problems .
4. Finding the solution ™

5.Interpreting the solution

o5

. Problem formulation. Problem formuiation/ should be an out-

gro“(th of pupil experiences that arise in the cdntext of some

interesting event—often a phenomenon arising in everyday life, m the

somal sciences, in the hfe smences, m the physical sciences, in’the
% '
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humanities, or in mathematical recreations. The situations selected
for study should be so meaningful that the pupil will honestly expe‘ct
to experience the situation or will have some assurance that other
people’ actually do experience the situation. As pupils work with
concrete situations, they consciously or unconéciously pose problems
that seem to need solution. or they ask questions, such as. “*Why
does this work?” The ability to formulate meaningful p.roblems has
as much value in the marketplace as does the ability to solve

* problems.

Each attempt on the part of a pupil to formulate a problem should

nuttured and encouraged. To this end, it is recommended that -
mathematics programs include a significant nuniber of concrete
situations that require pupils to explore, analyze, and 113vest1gate
Some of these situations should lead to problems that are open-
ended in the sense that they invite conjectures. "

Problem-analysis strategies and tactics. A mathematics program
should systematically assist pupils in devising stritegies for analyzing
problems that lead to sonte success in solving the problems. The first
step in any strategy is to make sure the problem is understood.
Regardless of the origin of the problem, the solvers must understand
the. problem so well that they can restate it in their own words. The
solver should be able to pinpoint the purpose of the problem, to
mdlcate the unkowns, and to identify the given data. Several tactics
are available to help the pupil at this point: . .

1. Guess some answers, try them out, and observes the results of
the different guesses. .

2. Construct a diagram, a graph, a table, a re, or a geometric
répresentation of the situation, and observe the relatlonslup

“between the various parts of the problem.

3. Construct a physical model of the situation, or use physwal
materials to simulate the features of the. problem.

4, Search for and identify underlying functlonal relatlonslups in,
the problem.

5. Compare the problem or parts of the problem witl similar or
simpler problems that are more easily understood. N

The development of problem-analysis strategies and tactics should
start with the pupil’s first mathematical exPeriences and accompany
the development of basic mathematical concepts and skills. The use
of a variety of analysis tactics should become the habltually accepted

thing to do. .

Constructing_mat, matzcal models of problems. Mathematics does
not literally deal directly with the raw phy51cal 51tuat10n but only

) : 30
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with a ‘refined model of the situation. Mathematics does not
divide ten apples by five children. Rather, mathematics provides an
2 operation which divides the number ten by the number five; the ‘
answer, two, is interpreted as meaning that each child will have two
apples. The distinction between the model and its origin is crucial, l
especially in more complex situations in which the model does not
fit the situation so exactly. To illustrate this, one assumes‘in the
preceding example that the ten apples are all at least edible.
The faorm of ‘the mathematical model is ysually one or more
written sentences using mathematical symbols. Other models may, at
times, be more appropriate; e.g., a picture of sets and a geometric
figure. Basically, *a mathematical model of a problem ’is any
representation which permits mampulatlon by mathematical prin-
ciples. A mathematical model tries to copy some of the character-
_istics of a given situation. To be successful a model should
" accomplish the following®

¥

. 1. Include as, ‘many of the main characteristics of the given
y , situation as practical. d
.2.Be designed so that the included characteristics of theygiven 2 |
situation are related in the model ds they are in'real life. }
3. Be simple enough so that the mathematical problems that are
. suggested by the model can be solved readily.

A mathematics program should provide pupils with experience in ;
discussing amd constructing mathematica) models of given situations. |
The reverse process is equally impgrtant: Given a mathematical
model, the pupil will construct a real situation for it. ;

. Finding the solution. The solution of a problem requires a wide

variety of ’technical skills. Basic computational skills and an

understanding of number properties are essential to finding solutions.

Pupils also need the skills related to solving equations and inequali-

ties, to graphing, to constructing geometric’ figures, and to analyzing

tabular data. A mathematics program should inciude a substantial

number of ready-to-solve problems that are designed specifically to

.+ develop .3nd reinforce these technical skills.and concepts.

In most problem situations, the resuits should be anticipated by ~

~ +_ estimating in advance. _Estimating should be introduced early_to all

pup1ls as a standard operating procedure. Sometimes a solution when

compared with an estimate may reflect a significant oversight, and

then thé major ‘concerns should be: How did you go about it? Is the

. model adequate or valid? Was the solution process completed
correctly? or Were the assumptions made too broad or restrictive? W

. . M &
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Interpréting the solution. A mathematics program should system-
§§aticzilly include experiences in the interpretation of the solutions
obtained. The problem and its solution should be reviewed to judge
“the validity of the model and the accuracy of the mathematical
manipulations. Discussion of a solution should resolve the following
questions:

.

1. Was the problem solved? . <

; 2. Would' Mh,er model work? . '
3. Can the model be improved? - -
4. Can the mode] be extended to solve related problems?

Probability and Statistics Strand

People today are overwhelmed with daﬁ from the mass media.
They need to understand, interpret, and analyze these data in order
to make decisions that affect everyday life. Therefore, experiences in
collecting, organizing, and interpreting data should be included in a
¥ school mathematics program. These experiences should begin in,
kindergarten and should be a part of the instructional prograniat
' each succeeding leyel through the eighth grade and beyond.
Statistics is the art and science of collecting data, organizing data,
interpreting data, and making inferences from data. One deals with
* some degree of uncertainty when trying to make these inferences. It
is at the stagé of decision making that one applies the concepts of
probability so as to select alternative courses of action which are
Jlikely to produce désired: results.
The. program-level objectives for the probability and statistics
strand are grouped under the following major topics: . -

1. CoHecfion, organization, and representation of data
2. Interpretation of data
3. Counting techniques
4. Probability
Collection, organization, and representation of data. Collecting
data should be the outgrowth of experiences involving observations
by the pupil. The classroom, as well as the world provides the pupil
with dn abundant source of data.
Orgamzmg data is an art that the pupil must leam The
: information in a table, graph;, or chart must be presented in such a ¢
’ way that it fits the purpose for which the data were orginally
# gathered. In this topical arga, the empbhasis is on the construction and
mterp{etatlon of the various graphs and tables needed to organize
data.

~
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Pupils working in the probability and Statistics strand should have
opportunities to-see the rélationship of matheﬁ‘lahcs apphed to other
areas of the curriculum. . '

Interpretation of data. Graphlc devices are useful for offermg a
quick visual summary of a largé collection of measurements or facts.
If further interpretation or comparison of data is feqpired, then
measure “ of central tendency or scatter is needed (e.g., range,
percentiles, mean, medfan, mode, and standard deviation).

Counting techniques. Before the more formal aspects of prob-
ability theory are presenteq, the pupils should develop a feeling fors
techniques of counting events. Counting procedutes include tree
diagrams, combinations, permutations, and sample space

Probability. 1t is possible to introduce some of "the beginning
concepts of probability at the elementary level; however, most of the
concepts in probability should be presented at the high school level.

. Mathematical models of many scientific and etonomic problems

exist within probability theory. The ability to assign numerical values

to ideas fhat involve uncertainty’ is dne of the concerns of .
probability. Probability theory is necessary to carry the interpreta-

tion of data to the point of making statistical inferences or “wise
decisions™ in the face of uncertainty.

. The following ideas are considered appropriate for pupils in the
elementary .schools: sample space, definition of probability, prob-
ability of an event, independent events, probability of certaintyn
probability of nonoccurrénce, P (AﬂB) ‘P (AUB), and complemen-
tary events ) . .

-

Relations and Functions Strand - .

Mathematics offers a_way of ‘organizing and understanding most
observations of the world about us, both in and out of school. One
Justlﬁcatlon for mcludmg mathematics in the school cugriculum
seems to reside in the exploration of the notion of patferns and - }
relationships. This approach t©_.mathematics enables -a child to
discover and describe somethi e shape and pattern of the

. and discover ideas for themselves, fo look for patterns and
relatiopships,'and to fqrm generalizations. As these relationships are o
seen and discussed, concepts become clearer, and fundamental
principles emerge that have value ih unifying.the study of mathe-
matics to follow. Mathematics is the story of relationships A

< 2P(AhB) sepresénts the probabmty of Aand B occumng P(AUB) represents the
probability of A or B occumng ‘ R

) N
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. The program-level objectives for the relatiogs and functions strand
« are grouped under the following major topics: ——. v
3 * . 1.Patterns - )
5 o 2: Relations . A
] 3. Functiops . - P
o 4. Graphs -
|

*« '« Patterns. In_preschool activities, the term “pattems" refers to
painting, drawing, woodworking, making collages, and constructing
models. The language used while engaged on a particular piece of

, 4 work and the child’s and the teacher’s observatlons on various
gspects of the work will help to heighten the awareness of size,
shape, pattern, and relative position of objects. ,

At the primadry level, patterns activities provide visual representa-
tions for discussing symmetry, repetition, counfing, ordering, and
-pattern discovery. The child should develop an appreciation for the
use of patterns to predict and make conjectures about future events.
From experiences with patterns of two elements, the child should
\also become familiar with the notion of ordered paird>In another
application of patterns,'the child can learn to recognize physical or
pictorial representations of fractions.

-~

Relations. 'Most of mathematics is concerned with relations. The
young child learns early to relate certain objects or sounds with other
objects. For example, a child asspciates other children with their

™parents. Intuitively, a child recognizes without formal articulation
certain associations between pairs of objects or names of objects.

! . Thus, the child learns to form ordered pairs, sucli_as name and

object, in the dévelopment of: his‘:’o;z;&),‘g‘r language. ,

Sets of related pairs of#ebjects are studied throughout the
mathematics program. The ‘process of forming -pa\irs should b(
introduced early in the mathematics program..In beginning arith-
metic, p’upjls learn to associate a set of objects with a number. First;
they learn to counf by pointing to the objects in sequence and
pairing the objects with the set of ordinals. Then the pupils find that
counting is a way’ of determining what number is to be associated
with a certain collection of objects. Thus, counting determines
certain related pairs; namely, (set, number).

Another example "of related:.pairs can be observed in the
rerationship “greater than,” which may be thought of in the form
(number, greater number). This is an example of a relation in which a
single fumber is related to many-other numbers.

_ As pupils develop skill in collecting empirical data, they should
begin to search for meaningful r¢lations in the data. #or example, a

oy
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*~ pupil could, discover the relation between the number of diagonals
) that gan be drawn and the number of sides of a polygon. .- .

» Functions. One type of relation is of particular importance to
science and mathematics: Each member of a set is related to one and
only one member of 3 second set. For example, for each child there
is just one natural mother. Such a relation is called a functional
relation or, simply, a function. Thus, the pairs of related objects that
form a functional relation have the property tlvat just one related
pair exists with a given. first member. Some. functional notation
should be used systematically by the end of the €ighth grade: Several
| “——xqtational .schemes may be suggested, as shownsin*“Figure 3, and *

Nterent notational schemes should be used on occasion since
different notations are suggestive of different aspects of the function
concept. , ¢

The function concept includes mathematical operations. Ele-
mentary pupils/encounter functions’when learning-the number facts.

Multiplicationfoy five, for example, identifies a function defined on
, the-set of nughbers. .

Intuitive ¢gxperignces will enable pupils to develop the cqncept ofa
function g€ a set of ordered pairs in which no two pairs have the
element - Pupils should further realize that functions can be

ified by statem:en%‘s, rmulas or equations, tabulated data, and
phs. The' pupils will then be on the way toward understanding a
mathématical idea that has many applications. The mathematics
program *should offer the pupil familiarity with the functional
notations given here and $hould enable the pupil to plot linear and
quadrati%’l'uyctions, as well as” functions with jumps. spch as Ehe

. greatest ihteger function.ﬁ . ) :
. . - . S N
P & wnt —
4
4 . ,
Y] I !
3
One member ‘of
the first set ¥ e
—_— . ]
Function k { (2,3 .
machine " >
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Graphs. Learnmg to present informatjon in a graphical mode is
essential. Graphs provide pupils ‘with-’an® organized method §f
recordmg and c@mmunicating their observations. Observatlons can be

. recorded as soon as a child Ras reached the collecting stage;it is while
eollecting and sorting data that the pupil beggps to make comparisons
and to form relations.

Use of a pictorial description of pairs of objects shou'Id begin early
in the mathematics program. Plotting could be 1mt1a£eql with games
such as tic-tac-toe; a class could, graph the height of a plant on”
successive days'of a month; or the class could record.temp#ratures,
for each day in a month. The pupil’s. expenence with such graphing
reinferces the concept of the numbéf plane, presents a picture for
linear relations, and provides an excellent way of mturtrvely
developing an understanding of the concept of grasping relations.

Graphing is also invaluable in the applications of mathematics. A
class may record the length of a spring or rubber band as welghts of
successive sizes are suspended; or, at a more advanced stage,. the
period of a simple pendulum could be recorded while the length of
the string is varied.-In the study of measurement, a class may record «
the number of grams (or any standard unit) of water required to fill
cylindrical jars of vanous dlameters to a fixed depth. In the study of
Zeometry, a class may' plot crrcumference as,related to diameter for
different circles. .

The mathematics program in kmdergarten through grade elght
should include the study of the ‘coordinate plane. The assqciation
between each point in the plane with an ordered pair of nu(r)Bbers is

/6:;1c to the mathematics that connects geometty and algebra This
association is also 'basic to the und erstanding of maps»»and more
generally, of scale drawings. * . A

-

Logical Thmkmg Strand ' N s o

The begifining approach to logical thinking is mformal in grades
one through three, beyond grade _three, the requisites are more
precise. Experiences with different kinds of sentences (using and, or,

" not, if . . then, all, and some) and with some fundamental patterns
of reasoning should be provided. These sentences should be yerbal
sentences, as ‘well as mathematical, so that the expenences with the
_sentences will aid the pupils in seemg the importance of logic in .
relation to patterns of thought in- odmary life as well as in
mathematics. =

The elementary mathematics program should help pupils learn to
organize idgas and to understand what the¥y learn. Though mygch of
informal logical thinking -and deductive reasoning is a matter of
common sense, the use of standard logical techmques can help pupils

.
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organize the thought processes involved. Children should be able
to decide whether a . particular mathematical construct fits a
" definition and to recogmze a specific application of a general
principle. . ¢

In fact, logical thmkmg is both a desmed outcome of mathematics
programs and a capablhty essential for learning mathematics. If”
pupils are to progress stéadily in mathematics, they must learn to
recognize patterns. To recognize patterns, they must think logically
enough to make discriminations and to find order in those
discriminations. Hence, logical thinking can be considered to
embrace two topical divisions: (1) patterns in snathematics; and (2)

formal and informal reasoning. * ‘<
. ) ) .

Patterns in mathermics. The close connection between the ability
to recognize patterns and the ability to think logically should Be
utilized at all levels; it will prove invaluable to the pixpil in the study
of number _systems and Operations. Patter‘hs exist in most ‘life
situations, in nature, in history, in musm and so forth. In
mathematics the pupil can be taught to utilize not only these
patterns but also those existing in numbers and geometric figures in
order to gain an understanding,and apprec1at10n of the beauty, logic,
and order of.the world.

Formal and informal reasoning. Any program for kindergarten ahd
the early ggades should provide many opportunities for children to
explore and manipulate concYete objects, to 1dent1fy likenesses and
differences, to classify and categorize ebfects by their charactenstlc
features, arid ‘to state generalizations.

‘At the lower elgmentary level, the use of many definitions of
mathematlcal terfns should be nontechmcal in nature. The pupils
should become acquamted with terms such as all, some, and, or,
if... then, and 'nof in such .a way that they will be able to
understand the meamng of these terms in a nfathematical context.

Venn diagrgms and a variety of mathematical sentences should be
used consistently throughout the program and in every strand where
appropriate. Starting with kindergarten, the language of sets should
Jbe used as neéded to gain clarity, precision, and conciseness in
mathematical communication and to.aid in the reasoning process.
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twelve is the egtablishment of confidence on the
7 A program with “built- i% success ¢z improve the
“image and can assist thi¢ student in gaining confidence

in inathe fatical capabilities. A positive and open classroom/hmate

is essentjal in the attainment of-this goal. -
If students are invelved in thelearning process through activities
that emphasize discovery, inquiry, or experimentation, then the

students can be prov1ded with meaningful success exp es,

Successful learning experiences encourage the student’s further
involvement and can also set the stage for ingreased motivation to
{éarn mathematics. Such an approach in grades nine through twelve
can start a p051t1ve learning cycle f any students in mathematics.

Dk@OSth techmques should be uyed with students who have

learning difficulties to identify the akeas of diffi culty, and then

[e\sgxptwe teaching can be de51gned o meet the needs of those
studefits. One danger in this strategy is that this technique may not
be motivating to many students. Pointing\out to students their past
fa&ures and asking them to ehmmate théir ortcommgs often result
in "an immediate “turnoff.” Instead, the\introduction of new
techniques and materials that emphasize a more positive approach
can capture the interest of students and promote
environment.

a better learni
Continuous ‘and _flexibl€ in-service training programs m 4

organized and funded on state, regional, and local level to develop
and maintain the mathematics program described ih this fxamework.

. Up-to-date and responsive preservice_programs must also be under

constant development and evaluation. The success of the mathe-

matics program in grade$ nine through’ twelve depends in large part *

on the mathematical competence of the teachers. - .

The 1mproved preparation of” teachers is certainly an important
prerequlslte of any improved mathematlcs program. While many
teachers may need updating in content areas, such as probability,
statigtics, transformational geometry, lmear algebra etric system,
or computer mathematics, it appears equally importantf that teachers

S A 38 ‘N

P .-

& ot

PN

~



30 : i o

be prepared to teach average and below- -average students who have®
career or school goals that require mathematlcs Teachers néed to be
able to guide students in learning activities that emphanze discovery
and inquiry. Relevant and systematically organized in-service training
programs and realistic preservice programs in mathematics can
provide the background and support that teachers need to implement |
a strong mathematics program for all students. |

The magnitude of the role that mathematics teachers play in'the l
counseling of students into mathematics clgsses must increase - l’l
substantially. Additionally, t mrmunicate cleagy and correctly the |
many c%hanges in the needs and requirements in job training and ‘
college 'programs, mathematics teachers must accept and be given |
greater responsibility‘in the placement of students in mathematics
courses in grades nme thrdugh twelve. Mathematlcs teachers univer-
sally regard the placeme of students“in classes for which the
students are emationally, méntally, or technically unprepared as one
of the major causes of deteriaration of the learning evironment, not
only for the misplaced studgnts but also for, their classmates.
Mathematics teachers should given the time, information, and
support necesﬁuoﬁact as mfo ed advisers to students in relation
to the students’ progress and sglections of math®matics courses.
Mathematics departments in grades nine through twelve should °
develop systematic couseling prbgrams and procedftlres for all
students enrolled in mathematics.

Finally, it is recognized that the d velopment of new mathematics
technical equipment Md multimedia taterials will continue to have _
. an impact on tht mathematics pro in grades nine through
twelve. Secopdary schools should prepage for (1) a substa
increase in the use of computers and mipicalculators ip"many
mathematics classes; (2) the establishment o athemati@s‘ resource

Goals of Mathematics Instruction

" The goals of the mathematics program in grades nine through
twelve are the following:

o ,Develop, comMensurate with each stud?nt s ability, the mathe-
= matical competence that is necessary to function uh society. '
Thig includes the ability to (1) recal] or recognize_ mathematlcal
facts, definitions, and symbols (2) count, measuré‘ qnd handle
moneyand (3) congeptualize spatial properties.
® Develop, commensurate Wlth each student’s ability, the skill
of performing mathematlcal manipulations. This goal includes -~
('
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(1) the ability to do straightforward computation; and (2) the
ability to manipulaté relations or to perform the computations

< required in a variety of mathematical models. ,
Develop, comgensirate with each student’s ability, the under-
standing of mathematical concepts and processes. This goal
includes the ability to transform or translate from one form of
symbolism to another, such as from words to symbols, symbols
to words, equation to graph, physical situation to formula.
Develop, commensurate with each student’s ability, the skill to
select knowledge, information, and techniques that are neéded
to solve a particular problem social, technical, or academic—
and to apply these selections in the actual solution ¥f a problem.
Develop, commensurate witli each student’s ability, the capa-
bility of using mathematics and mathematical reasoning to
analyze given situatians, to deﬁne or formulate hypotheses, to
make optimum decisions, and to verify the validity of results.
Develop an appreciation of the importance and relevance of
mathematics as a substantial part of the cultural heritage of the
human race that permits people 'to invent and discover
relationships that influence and order their environment.

¢

General Objectives of the Malhemdtus l’ro«rmm

The mathematics program in gradesgnine through twelve should
provide for the following, G‘

1."Aquisition of the skills and concepts presented in the frame-
work for kindergarten through grade eight

2. Development of courses and curriculum organizations to pro- .
vide the opportunity and encouragement for all.students to
continue their study of mathematlcs to meet their specific
career and educational goals

3 Devetopment_of a_ series of topical minicoutses as,an alternative
for the traditional yearlong general mathematics course for the |
noncollege-bound student

4. Development of altematlves for the tradltronal one-year blocks
of algebra and gegmetry (to serve one of the needs of the large®
middle majority of nontechnically oriented secdndary school
students)

»

5 Development of a remedial clinic program for mathematics
students who are ach1ev1ng below their expected level of
achievement

6. Developmept of mathematlcs resource centers or mathematlcs
laborato¥i: to be used as an integral part of the 1nstructlonal
program of each mathematlc,s class
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7. Acqmsﬂn by all students of knowledge about the natur€ of a
computer and the roles computers play in our society; and for
some students the opportunity to acquire skills and concepts in

computer science, including career training ~— —— - — -

8. Development of programs for talented students leadlng to the
completion of one year of calculus or another advanced elective
course by the end of the twelfth year

Concepts of the Framework at the Elementary Level

Through the mathematics program in grades nine through twel»e
students should have adbquate opportunities to acquire, as necessary,
the skﬂls and concepts presented in the framework for kindergarten
through grade eight. The increased need for mathematical learning on
the part of citizens in a modern society is recognized in the
framework for kindergarten through grade <ight, which is devoted to
the development of mathematical skills and concepts that all citizens
should know to funttion satisfactorily in our rapidly expanding
technological society. Some students in grades nine through twelve,
in splte of thelr.,be%st efforts, will need additional study in the content
of the kindergarten ‘through grade eight mathematics program.

The__program in grades nine through twelve must give ample

opportunity for learmng basic computational skills and apphcat le”—\\f

of mathematics at the level of the students’ needs. However, new
matenals and strategies are requiréd for the students in grades nine’
through twelve who need "study in the content of the kindergarten
through grade eight program; high school teachers should not _
continue teaching these students, using the same methods which have
pro¥éd unsuccessful in th€"earlier grades. New’ mathematical concepts
.should be included in each instructional unit,.incorporating new
-approaches _and techniques and thus recapturmg the interests of
students and indirectly 1mprov1ng,then' performance A reorganiza-
tion of staff (such-as dif fenentratedstaf ffing; use of specialist teachers,
teacher assistants, or individualization of instruction; use of nogs

" graded classroorf organization; or different grouplng patterns) may

be necessary to achieve thrs objectrve - "o s

b

A

Encouragement to Study Mathematles

Thwade nine through twere mathematics program should ,
provide for the development of courses and curriculum grganizations
that wquld provide the «opportunity and encouragement for all
,students to continue their- study of mathematics to meet their
* specific career and educational goals. The program in grades nine
. through twelve.fiust meet the‘needs of students aiming for various
careers in technlcal fields, as well as the needs of coflege-bound
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students interested in social sciences, humanities, economics, or
biological and physical sciences. For examplc a school could offer
courses specially designed to assist students to ‘prepare for examina-
tions for apprentice programs, for industrial positions, or for civil
service by utilizing modern teclmology, equipment, and media
appropriate to the particular fields of employment. .
The result of implementing this objective would be in sharp
. contrast to present practice in which students who have arithmetic
difficulties are often permanently shut o%from all other mathe-
_matics courses. Courses could be designed and offered to cover the
* usual content at different rates, or new approaches could be offered,
depending on the background, motivation, and ability pf\the student.
Statewide in the 1960s and "1970s, a minority of students success-
fully completed first-year algebra. In fact, state reports indicate that
a majority of California students are permitted to take only a general
.mathematics course. In some areas, students are required to take
mathematics in grades nine through twelve and may spend two or
.more years in general mathematics courses that are essentlally
grade-six or grade-seven anthmetlc, with no possibility of studying
concepts of algebra, geometry, statistics, computers, and “so forth.
These limitations cannot remain if the needs of the students and
society are to be met. . .

. Minicourses in Lieu of General Mathematics

The grade nine through twelve mathematics program shquld
provide for the development of a serles of' topical minicourses as an
alternative for thestraditional yearlong general mathematics course
for the noncollege-bound student in grades nine through twelve. The
topical minicourse approach to general mathematics provides a way
to accommodate the large numbers of above-average, average, or

elow-average students’ with diverse goals and abilities who elect to
ake general mathematics in grades nine through twelve.

Topital minicourses could be packaged mto nine-week quarter
blocks, allowing students to select up to four different minicourses
in place of the usual yearlong course in general mathematics.
Schools, for example, that now offer two identical yearlong, general

*  mathematics classes could offer up to eight different minicourses.
Additional minicourses could increase the ‘1ength adaptablltty, and
flexibility of this recommended program. -y

TN o ~S0me of "the mlmcourses would have prerequisites, but prereq-

uisites should be kept “to'a minimum so that these elective
minicourses can be taken in a variety of sequences. Dlagnostlc tests
could be used to measure student need for the minicourses. For
example, students who demonstrate a need to improve their basic

Q N N .
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computational skjls could be required to enroll in minicourses, such
. as the following: .

MathemmaticsAlinic .
Whole numbers, integers, and rational numbers
Ratias, properties, and percent

Geometry and measurement

Some other topical minicourses that could be offered are the
following:

Calculating devices and minicalculators
Mathematics %ind living things
Measurement, measuring devices, and’ the metric system
Practical geometric constructions
Reading afid using tables and graphs
Quality-control statistics

Flowcharts, computers, and programming
Credit and installment buying

Consumer economics

The mathematics laboratory
Mathematics and games

¥

’,

Alternatives to Algebra and Geometry

The mathematics program in grades nine through twelve should
provide for the development of alternatives for the traditional
one-year blocks of algebra and geometry to serve one of the needs of
the large middle majority of nontechnically oriented secondary
school students. Alternative courses sliould be true alternatives with
equivalent ;college preparatory standing, not the conventional

~ sequence of algebraic or geometric topics presented at a slower pace
in “‘watered-down” courses. The usual grade placerqent of topics
//should be freplaced by offering topics chosen from arithmetic,
algebra, and geometry; the topics should be arranged .in a fogical
sequence $o that they provide mutual support. Topics such as .
functions, jcoordinate geometry, transformations, computer program-
ming and| flowcharts, and probability and statistics should be
* interwoven throughout. A strong effort shquld be made to make
clear to the students the applications and, rélevance of mathematics

to theregl world. - . . o
~ s, For those students in the alternative mathematics courses who
.. '~ want a, hird or foutth year of mathematics, a third-year transition
L /. = course should be offergd that gould prepare them to take such
fourth-year ‘courses as probability and stafistics, comiputer proggam-
ming, linear algebra, elementary functions, or a course to prepare for”
the AB Advanced Placement\ Examination in_calculus. To provide - .

‘ jd‘ ; , 43

IToxt Provided by ERI




35

" o,

. another degree of flexibility, alternative.courses could be organized

into nine-week, semi-independent minicourses, thus allowing students: J
a greater choice in the depth and direction that they could choose to

follow. : Lo

Remedial Clinic Program - = . = i

The mathematics program in grades nine through twelve should
provide for the -development of a remedial clinic progrgm for
mathematics students who are achieving below their expected level
of achievement, A clinic program should be designed to provide

- individualized instruction aimed at -meeting the needs of selected

. and for optimum conditions for remediation and learning. l

student$ whose mathematics achievement is'significantly below their
expected level of achievement. The program should be organized and
planned to meet the identified needs of students at each school. A
procedure for identification of ‘students should include teacher/
counseler recommendations and testing data. The program for each
student should be planned individually and include diagnostic
testing, pretesting, individualized instruction, gg\ post-testing.

The clinic may operate as a “pullout™ progfam or as ‘a-quarter or
semester course. Aides should be provided to assist the teacher of the
mathematics clinic. This aide(s) could be a paraprofessional, a parent,
or a student assistant. A clinic $hould operate ‘at a low pupil-teacher
ratio (maximum 16:1) and ,should *be adequately funded by state
and local funds so as to provide for spetial materials and equipment

v . el
Mathematics Resource Centers N ) b,

The mthexrﬁbs program in grades nine through twelve should
provide for the development of mathematics resource cénters or
mathematics laboratories that are used as am integral part of the
instructional program of each mathematics class.” Mathematics
laboratories ‘create the opportunity for and-the éncouragement of
student research activities in applied mathematics. They -also provide

through the use of manipulative ,‘rpafer'ials or the use of equipment
and techniques that 4re % part of the daily procedures of business,
industry, or science. N . ‘ .

* Sufficient funds should be_provided to ensure that appropriate
manipulative maferials and up-to-date equipment gre available and
that adequate staffing is provided. In particulaf, teacher aides should
be provided to maintain, organizé, process, and controf’ the usg of -
materials and equipment. A professional staff member should also be
designated as a director to train teachers in the use of the laborajpry

and to spearhead the development of nea( and innovative matferials.
N \:t' X

®
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* the environment for learning mathematical skills and concepts

.

. .
.
.
v ‘\ -

.

)



T

-

*Computational aids, such as desk calculators, slide rules, tables.
cleugromu programmable calculators, and computer terminals, should
be'an integral part of the laboratory learning system.

~

Knowledge of Computers T s

The mathematics program in grades nine through twelve should
provide for acquisition by students of knowledge about the nature of
a computer and the roles computers play in our society; and for
some students, the opportunity to acquire skills and concepts in
computer science, including career training. The average U.S. citizen
has little idea of how computers work and how pervasive their '
influence actually.is. The average citizen is, in short, culturally L
disadvantaged. It is essential that our educational system be
expanded in such a way that every student becomes acquainted with
the nature of computers because of the current and potential roles
that computers play. 1n our society. At a minimum, courses that
include instruction in “computer hteracy should accomplish the
following: .

1. Give the'student understanding about’ the ‘'way the computer

. works so that the student can understand what computers can
and cannot do. " o

2. Include a broad sampling of the ways m which computers are % |
used in our society, including nonriumeric as well as numeric
"applications. The impact of.these various uses-en'the md1v1dua1
citizen should be made clear.

3, Introduce algorithms (and their representatlon by flowcharts).
If time and equipment are avallable, computer programs
.representing -the algorithms should be written and run on a
computer, with prinfouts made available to the students.

Additional eomputer instruction should be designed to develop

* proficienqy in the use of computers, particularly in the maﬂ@
matical, physica#, biological, and social sciences. Also, opportunities

in vocational computer training should, be more generally available.
Currently, more than a million workers find emplbyment in' the
computer industry, and this number will likely continue to increase.

3

Programs for Talented Students

The mathematics program in grades nine thrdugh twelve should
provide for the development of programs for talented students
Iw&ng to the completion of one year of calculus or another
advanced efectlve course by the end of the twelfth year. The
mathematics program in grades nine through twelve should include
) programs for talented students whose ﬁducatlo.n or career plans o

~

.
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require a strong mathematical background. It is estimated that at
least 10 percent of the high sthool population, if interested, could
complete a calculus course and receive college credit. However, it
should be recognized that some capable students are not technically
oriented and may not elect to take calculus. Alternative topics for
these students coul® include linear programming, linear algebra,
probability and, statistical inference, introduction t& logic,®introduc-
tion to computers and computer programming, analytic geometry, or
© game theory. 5

-

o™

Strands for Grades Nine Through Twelve J

.» As in the program for kindergarten through grade eight, the
_ ' “mathematicil" content of the prégram for grades nine through twelve

is classified by strands, seven strands for ‘kindergarten through grade @
~ ‘eight and nine strands for grades nine through twelve. The two_
addjtional strands in grades nine through twelve are algebra nd .
computers. The name of on¢ strand has been changed for grades ine
through twelve to reflect 2 more sophisticated level of content;
arithmetic, numbers, and operations becomes the arithmetit of redl
numbers.

Teachers’m the program in grades nine through twelve are
responsible to ‘the students for inStructional activities which reinforce
and maintain all the oncepts and skills identified in the kindergarten
through grade eight progtam. Except for the two addltlorral strands,
each of the strands in the program in grades nine through twelve
builds on the corresponding strands in the kindergarten -through
grade eight program. To comprehend fully the scopetfﬁ each strand
the reader of this framework should ﬁfst reread thel correspondin/g
strand and program-level objectives in the kindergarten through gra
eight program.

The preparatlon of the grade nine through twelve program in tlu
framework did not include ‘the identification of the major topigs i
each strand nor the development of program-level objectnves as
done in the kindergarten through grade eight program Those tasks,
as well as .the development of specific instructional actrvrtles, await
the reaction of the educational community to this framework. (See

the addendum for an updatmg of the tramework y - . Lt
. 3

The Anthmetrc of Real Numbers Strand ¢

' The number concept in the program in kmdergarten through grade
eight is extended to the entire set of real numbers, rational an
irrational. Through the discussion of roats, particulary of the”
irrationality of the square root of two, pupils intﬁitively\understand

mrxc'.-. 45
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that there are in any unit interval infinitely many points that
correspond to irrational numbers. Such treatment of the number
. concept should not exclude practical applications of numbers at any
ability level. It is important in this regard to continue the use of
concrete applications, manipulative materials, multimedia materials,
minicalculators, and exploratory laboratory activities.

Algebra Strahd e )

Algebra is srmultaneously tool and product—a prerequisite skill to
studying mathematics and an end in itself. In both cases, algebraic
concepts are an essential part of vocationally oriented mathematics
courses. Learning the basic algebraic" manrpulatrons, as well as the
logical system of algebra, is essential to all the strands in the program
at the high school level. v

The standard algebra course has undergone 'many changes that'

should be included in the program in grades nine through twelve. The
concept of function has become the central theme throughout the

gebra program. Inequalities and graphing now receive incressed
emphasis. New topics include linear algebra, linear transformations,
matrices, and linear programming. Trigonometric functions are part
of the current algebra program. The use of logical proof based on
definitions, axioms, and postulates is now as essentlal to algebra as it
ogce was to geometry (although care must be exercrsed by teachers
t(‘%/-l()ld overemphasis in the algebra program). |

e algebra program should be allowed to continue to evolve,

taking into account new ideas as they emerge.

~

Geometry LStrand

The main functions of teaching geometry at the high school level
are: organizing geometric facts into a more formal niathematical
" structure,- extending and broadening the student’s knowledge of
mathematics, and gpplying geometnc concepts in problem—solvmg
situations.

Geometry has its roots deep in the historical development of

b

4

£y

mathematics. The evolvement of =, of irrational numb)rs, and of 2@

p'f)stulatlonal system as a model for lwcal- reasoning are examples of
mathematical ideas denved from the study of geometry p the
practrcal side, geomefﬁc ideas find wide application in such diverse

career fields as clothlng desrgn, industrial design, architecture,"

construction skills, engineering, art, scientific research, adyertising,
and packaging. Geometry holds great potgntial for helping students
gain understanding of and insight into arithmetic and algebra through
a visual approach to learning number and algebra relatlonshlps Not
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to be underestimated is the fact that for a large number of high-
school students, geometry provides a gateway to mathematics,
creating an awareness of mathematics’ breadth and depth and
initiating many into logical reasomng |

The teaching of geometry in the high school can range from brief
topical units to a full course along the linés of a traditional
curriculum. Contemporary thinking about the nature of approathes
to teaching formal geometry recognizes that there is no one best
scheme. Pedagogically speaking, the degree of intuitive understanding
desired ‘relative to the amount of formal learning through logical
reasoning depends on the ability and interest levels of students and
teachers. Mathematlcally speaking, different approaches center on
the choice of postulates that-claractérizes the system.

. A majority of-present-day geometry courses follow the postu-

'latlonal design of two- and three-dimensional Euclidean geometry

modified to accommodate the natugal relationship with the real
numbers. Still other course designs emphasr&e coordinates, leading to
apphcatlons in analytic geometry, calculus, and transformations and
appealing both to manipulative experlences with concrete objects

* and to techniques of modern algebra. It. Is, recommended tifat formal

geometry courses be designéd to maximize the mutual benefits in the

- understanding of both algebra and geometry; courses departing from

this norm should be considered only where highly quahﬁed teachers o
are avdilable and where the total mathematics currlculum is able to

" accoinmodate drf’fereﬁt-approaches

Although no geneyal ggreement “exists about what a geometry

course should Be; there is general recogmtlon of some features that -

should charatterize every geometry course. First of\:g ‘the course
should be based orf a set of postulates that {5 adequate, at a high
school level of sophisticatign, to support proof of the theorems to be
studied. The colirse should blend geome 'y of two and three

. dimensions &nd should contain substantial cQverage of the topics ef

perpendicularity; parallelism, congruence, and similarity. The abillty
to use deductive methods to establish’ proafs of theorers is a
desirab outcome. Mensuration theory, as applied to developing the
usual.foymulas for measuring lengths areas, and volumes, should be
taught, ahd conslderable practice in the use of these formulas should
be given. Bven in a course not emphasrzmg coordinate methods, an
introduction to coordinates should provide the basis for an extended

* treatment in imore advanced study.

v X . -
Measurement Strand s

Measurement skills and concepts are well-covered in the program
in, kindergarten through grade eight, but as pupils near the age of

Id £ : - i
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vocational pifeparation and consumer responsibility, measurement
activities taKe on a more sophisticated nature. ‘Some ‘aspects of
meadyrement (such as the approximate nature of measurement,
gccision accuracy, and relative accuracy) then become worthy ‘of
ideration, because these aspects exhibit the strergths “and
limitations of measurement. Every learner should emergg from the
study of measurement with an understanding of its approx1mate .
nature, as well as with an ability to select and use basic measuring
. instruments correctly and efficiently. .
The SIsystem of measurement (the International System of Units)
is gradually and steadily gaining acceptanqe as the standard units of
,measurement in the United States. A shift to such a system became
irfevitable for the United States when it became the only industrial
power that was not utilizing a metric system as its measurement,
standard. To prepare learners for this transition, the mathematics
program should use SI units as the basis for 1nstruct1 d practice
in measurement. Initially, references to the U.S. Customary system
may be useful in making the transition to metrics. In most cases,
‘conversions between systems should be avoided and -discouraged.

Conversions within the SI system may be profitable in establishing .

famlhanty with the unifs and’ nomenclature of the SI system.

Instructloq shotild be act1v1ty oriented. quever, the activities
should relate as much as possible to the experience of students and
should serve ‘to improve the1r consumer skills and their ability to
obtain gainful employment

Some of the activities ‘that promote 1 m_eagure_ment_skﬂl_camand__

.

should improve buying skills. The school expenen,ce can be enlarged
clude experiences in unit pricing and in comparisons between
to determine best buys. Weatlrer-forecasting activities can be
hance skill in meas¥iring temperature, barometric pressure,
f precipitation, and wind velocity.

Problem Solving/Applications Strand!

The strand problem solving/applications is developed thoroughly
in the program kindergarten through grade eight and utilizes a
ﬁve-§tep proced:}e which is appropriate also for the program in
grades.nine through twelve. At each of the five steps, important SklllS
are identified, and activities are suggested that prowae a systematnc
approach for solvmg all types of problems which arise in applied
mathematics. s -

Problem-solvmg situations should be' an outgrowth of student
experlences involving phenomena that arise in‘the context of some

lSee r;.ngcs 59,'through 74 % the changes in this strand made by the Mathematics
Fr.nmewotk Addendum Commutt : .
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natural event. A search for an “understanding of phenomgna” has
dominated human intellectual activity from the be‘ginqir:'gi{ time.
This pursuit of knowledge, of structure, and of causation is sually
motivated by the desire for comfort, by fear of the unknown, or by
curiosity. The search for understanding is usually accompanied by a
strong desire for predictabilify; that is, within reasonable bounds the
theoretical predictions will agree with known results ‘of the actual
situation. The consistent development in all students of creative "~ -
problem-formulation skills is essential if the search for understanding
is to be motivated and improved. . >

A grade nine through twelve mathematics program should system- -
atically assist students in devising strategies or tactics for dnalyzing @ _
problems that lead to some success in solving them. Problems arise in T
many situations that seem complicated and difficult to understand.
By increasing thesnumber of ways that a student can _organize
information presented in a given problem, the chances of under-
standing the essential feature$ of the problem are increased. Some
problem-sotving strategies for the program in grades nine throtigh
aWelve are the following: . . ' '

1. Using diagrams of drawing$ to ofganize ang analyze informiation.

- 2. Using tables or graphs to organize and ﬁgg new infermation

»3, Using established forms of logica? réasoning to discover charac-

teristics of problems | - ’ C
4. Assigning _ fiumerigal estimates to unknown uanfities*in a
* problem7arid Gsing simple ari;hm_et%qg‘to derive nq&w information

about the préblem j“'@; S 5"%\ AL
5. Using simpler ot similar probjems to discover Yelationghips’in a

. givenproblem . L v adfac v ¢ ;
6. Employing transfation techniquess « .

Attempts to teach specific.. applications ,of Thathematics fflbg@"" .

quickly to the identification of*the following two fmajor, gﬁfﬁ'gulties’:

1. So many applications of mathematics exist that it is-izfnppssiblg.

-ta select any definite subset to represent all ’ptissible Sitaations.

2. Nontrivial applications of mathematics usuailﬁ’{eq%i}&‘considgg- -

able teaching of nonmathgmatical topics. JE '

To counteraclt. thede difficulties,-the high scifool pr %raxﬁ 'slfopfd, .

in general, be concentrated on teaching the skills nd,t,c_acginiqués\

associated with the process, of applying miathematics rathef, than op&
teaching specific applications of mathematics. - 3
To provide ssudents’systematic, in-depth eyperiences in 'whip? ﬁ),
apply mathematics realistigally, it is recommended that” problein-
solviry blocks be designed that last from a few days to two wegks
during which the student has the opportunity to immerse himself or

’ . . . ’ -
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. herself in a pr”oBlenT—solving situation, {xercise investigative and
experimental skills, and apply mathema sknowledge. Such experi- =

ences-Would enablg students to develop 'énough of an understanding

of the(given situation that they copld thdn answer more substantive e,

questions about it and could see their m thematical skills used in § -

realistic manner. . i :

]

' [N .
Probabjlity and Statisti& Strand ,
Soci&&\qne"eds demand that. students 'at the secondary Ievel

become knawledgeable about fundamental coneepts of probability
and statistics as methods of analyzing data. Statistical findings and
‘graphic presentations are used in all facets of daily life. Significant
decisions and predictions are systen\atically made at various levels of
business,. industry, and government on the basis of “statistical
interpr€tations and inferences. Similarly, students th;qughoqt their
lives will be confronted with statistical presentations of data and,
hence, will be forced to make decisions* based ‘on the analysis and
interpretation of those data. . o
Interest and enthusiasm for the sfudy ‘of probability and statistics
should be epsy to foster among students, becausé the applications of _
statisticS have wideypread significance in almost every discipline., A
resourceful teacher can introduce problems and experiments that will
be relevant to the spectrum of experiené€ possessed by any given
group of students. When possible, experiments should be planned
and conducted by students to enhance the opportunities for-student
understandingand motivation forlearning statistical concepts. .
Through actual experimentation, the prdram can enableistudents=
to develop the nature of probability from an empirical viewpoint, -
leading to the development of theoretical probabilities based on
methods of Gounting outcomes. _ o N
Students should acquire concepts and methodology for calculating
measures of central tendency, dispersion, and skewness: The bino-
mial distribution, based on repeated independent trials of events, is a
probability function ‘that should provide insight about discrete
variables. The central role played by the normal distribution in the -
study of observed data needs to be carefully developed. Students
should develop facility in using tables of the norma] distribution for
the solution of inferéfitial problemns. : o
* . Leawning éxperiences in the methodology of analyzing data sheuld
provide students with opportunities for collecting, organizing,
presenting, graphically representing, ipterpretiﬁg, and making jinfer-
efices.about datg. If statistical experiences are to be meanjngful to
students; then (gta.colle.c'ﬁon should be the outgrowth of measuring
and observing expetiences pertinent to the students’ environment..

1
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Students who are interested in continuing theif.studies of
probability and statistics should. have opportumtles for further
exploration of more complex probability distributions, simple
coirelations between paired vanabl% and curve ﬁttmg for dlstnbu-

tions of data. . -
A}

Relations and Functions Strand ] »,f

The notlons of relations and functions are among the “most
significant and useful ideas in mathematics. Functions and relations
] should be identified in many fields, such as economics, science, and
- education and in nature. The early introduction of the ¢oncepts of
relations and functions makes it possible for students to unify parts
of mathematics in a nafural way® and to apply mathematical
i techniques to many fields of study. \

“If students can learn to identify, represent, and use functions and
« relations, theY gain the understanding and power to predict results
from causes known or supposed Furthermore, using the mathe-
_matical representations of functions and relations, they can literally
reproduce a situation millions of times w1thou} having to perform
experiments or use expensive equxpment each t1me they want to

acquire additional mformat10n
The mathematics p og;a.mﬂh grades nine through twelve should‘
provide for each, student who studies mathema{g; the opportunity
for a gentle but sustamed development and use Lh se simple yet

. powerf ul umfymg concépts.
P As'a minimum, the program in grades nine throughﬁVelve should

provide the op; ortumty for each student to develop the following: '

e A begmmhg understandmg of relations and functions
e Some skill in .representing relations and functions in word
descriptions, in tabular*form, in the use of formulas, in a
diagram, in-a graph, as a map, or as a sef of ordered pairs
, -'® Some skill in drawing graphs of simplgfunctions and relations
® Some understanding of how functiona® relationships can be
used to discover new information about ) sxthatxon that may
> not have originally been appareht

As students progress in their study of mathematics, processes for

- constructing and manipulating functions should pe ‘identified, and

the opportunity to study and use elementary func 'o?s (polynomial,

Ll rational, algebraic, exponential, logarlthmlc, an tr;ondmetnc)
s - - should be available. The notion' of the inverse

should be emphasized, using the relatlonshlp/bﬂtw et

function and the graph of its inverse. Functions and felations in the

form of ,Squahtles and mequahtles should be solved gra\p cally as
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well as algebraically, and some introduction to the application of

\lee_-rel&tiomi should be given in the study of simple linear
programming problems. . .,

Logical Thinking Strand
\ The process of reasoning is basic to all mathematics, particularly
to deductive reasoning. In fact, if anything typifies mathematics, it is
the free spirit of making hypotheses and definitions, rather than a
mere recoghition of facts. - ‘
If logical thinking is to be divided inte categories, the most natural
are deductive reasoning and inductive 'reasoning. In instruction atthe
sécondary level, there should be conscious experience with both

types of reasoning in order that students can understand, and make

applications.In solving problems, ‘the students should be helped to
realize, whether they are starting from general premises and seeking
consequences or whether they are aiming at universal conclusions by
examining particular instances. Programs in \g;athemat'ics must help
studénts (1) to understand the relation hetween assumptions and
conclusions andl this, to test the implicatiobr\l?f ideas;(2) to develop
‘the ability to judge the validity of reasoning that claims to establish
proof; (3) to generalize both of the’preceding skills; and, finally (4)
to apply all of the preceding skills to situations arisin&ixj many fields
of thought. i

Inductive re&soriing. Inductive reasoning characterizes an early
stage in the process of growth and maturation that culminates ina
mature understanding of both induction and deduction. Inductive
reasoning is wsually informal and intuitive, but jt.includes several
differént modes of thought. \-

1. Simple enumeration. If enough cases are collecte ‘,“tfferrwilkb
some assurance that the conclusion drawn from the evidence is
reasonably certain. Simple enumeration is extremel\y worthwhile
in that it gives the Sfudpn}’z“ré‘iisqnable assurance of correctness.

present is, thay studeh_t§ will tend to think that mere

have their ‘origins in a person’s} ability to
reasoning. One must be cegaig, hgWwever, that the é\malogy
before conclusions #re drawn. ./ . .-

3. Extension of a pattern of thought. Many ideas are the result not,
merely of enumeration and an'a;ogy but .of extr polation—

extending*ideas beyond the obser\ved instances. The process of .

' _extensjon approaches the formality of deductive infetence, but
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'Ws not carry the authority nor the necess;ty of the
. : implication.

4. Hypothesis. Guessmg has a “place 1n\ny\afeacof mathematlcs,
from the earliest elementary school experiences to courses in
the high school curriculum. When students have many experi-
ences in making reasonable cenjectures, they soon come to see

‘ what is immediately eV1dent

Deductive reasonzng The process of deduction involves mdving
from assumptions or’reasons to conclusions, such a process bemg
called™an inference. Students are e,xposed to simple inferences in
elementary school, and th&r experiences in daily living provide them
with a wealth of this type of reasonmé -

Any. mathematics program should incorporate general procedures
for presenting students with the basic rules for forming valid

. inferences. At times this may be done within the context of coursgs
already in the curriculum, such as in a course in algebra or ont in

that will encompaés the basic principles of deduction.
N,;_________C

T

uters Strand®> -+ .

The advent of the us in high- schools has raised
questions which. demand attention: How much should—be—taugh

about computers? To whom? By whom? What are the vocational

rapid technological advances? Should the use 6f computers be
. applied to all areas of _the curriculum? What are the effects of
computer-a551sted instruction on attitudes toward learning? Does the
use of computers “dehumanize” society?  °
Regardless of the ptoblems, the realify of computers in the
educational environment has prompted the establishment of the
following guldehnes for the mathematics program in grades nine
elve. When feasible, computers should be used in
" educatioffal programs e_following three ways: (1) instruction
about computers; (2) leamlng with the aid 6f computers; and 3)
management of 1nstruct10n . -

\

Instructton «about computers. leferent student capablhtles and
interests will presénbe the scope of instructiom about computers. A
minimal level ot cemputer literacy for all st_udents inctudes:

1. Flowchartlng

! v 2See pa;.cs 75 thrbugb 83 for the chdnges m this strand made by the Mathematics
’ J'ramewask Addendum Committee. .

o - . ’ i
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the value of hypothesmng extending the1r perception beyond g

geometry. Other programs may include a course in logical.thinking,

responsibilities of the school? How can s¢hools keep abreast of the,



2. Fhe f\i_hctlons (storage, computatlon,, and t:ontrol) of> the
processing component of computers

. 3. The electronic method of coding (tfr'e blnary system) .
4. Input-output devices for communlca.tlng w1th v computers

«-—{Chands-on experiences) -8,

5. The history and evolutlon\f computers ne

“For students with vocational igterests in computers 1nstruct10n
© should be expanded to include the following:*

1. Learning a compller language (¢.g.,.BASIC and FORTRAN)

2. Computer programming (e.g., alphabetlzmg and calculatlng)

3. Data processing (e.g., keypunching and sorting) -

4. Business applications (e.g., inventory control and payroll),.

5. On-site vrsrts to computer mstallatlons

’

Dy
s{™

. Finally, students who elect to pursue a career in computer science

should be offeréd the folloﬂvmg topics: ‘ .
. 1 Advanced programming tech:mques . ‘ “'" e
27 Additional skills in machiné langTiages = N - s

3. Writing computer-gssisted 1nst.ructro£1 programs’

4. Writing simulation programss

5. Formulating and solving real problems in science, mathematics,
soclal studies, economics, ecology%and so forth

Learning with the ata*of computers The d1verse applications of
computers to learning concepts and skills in mathematics preclude
the establishment of a separate” “combuter department ” Computers

- should be used in every mathematics class in the following ways:
» " 1, Drill and practice with immediate correction .o
’ 2. Remedial instruction with branching.
. 3. Sel{-contained presentations of new material .
4. Exploring interesting problems with repetitious calculatlons )
5. Solvmg problems which arise in science, social studres ec
. nomics, ecology, and so forth
6 Slmulatlon models (e g., predictions apd gAmes) .

3 Recording md1v1dual student progress
4. Prescribing individual.instruction

5. Selecting test itegns from a bank of .questions
.6. Scoring and analyzing test results

EKC
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Suggéstions for Mathematies Programs’

In the objectm,s of the framework for gradbs ine through twelve,

N Sever dlfferent mathematlcs programs were suggested. This section
1 attempt to clarify some of those suggestions. The suggestions are '

not intended to be definitive but should ‘be considered only as a
point of departure for local program development. I :

College- Preparz;tory Program for Nontechnically Oriented Students

An alternative two-year college- preparatory program may be
offered for nontechnically oriented “college capable stud/nts The
objectives of the curriculum are as follows:

l. The curticulum should be devoted alifiost entirely to those '
mathe matical concepts that dll/orﬁzens should know in order to
function satisfactorily in ourSociety.

. 2. The traditional grade placement of topics should be ignored.
. Instead, topics from arithmetic, algebrd, and geometry should
be interwoven in such a way, that they illuminate and support
.each other. - .

.- 3. The ba’sﬁc ideas about certain new _topics, such as computer

. m/athematlcs, functions, coordinate geometry, trzinsformatlons,
‘ probablhty, and statistics, should be made available to all

, students
4 It is important to make’clear to all students that mathematlcs is

indeed useful; that it can help us in understanding the world we

/ live in and in solving some of .the préblems that face us.

) The content of an alternative college-preparatory program could
/ be as follows: . .
s Grade nine . '

. Structuring space
. Functions ~

. Informal algorithms and flowcharts

. Problem formulation :
. Nuniber theory :
. The integers» * .

. The rational numbers \
. Congruence .

. Equatnons and inequalities

. Decimal représestation for rational numbers
. Probability ]

. Measurement ’ ,

. Perpendiculars and parallels (I) .
) +» 14. Similarity .

a .
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\‘\Grade“ten : S - - | -
15. The real number system ) .
6. Area volume and computatlon . . !
17. Perpendlculars and parallels (I M
18. Coordinate geonfetry .
19. Problem solving
. 20. Solution sets of mathematical sent‘ences
21. Rigid motions and vectors e,
! 22. Computers and programs \
23. Quadratic, functlons A
24. Statistics ~ e e
"25. Systems of sentences in two vanables " P
26. Exponents and logarithms . 1
:  27. Logic . ? . N
28. Apphcatlons of .probablhty and statistic®® . - AN

‘

- e

A third-year. program could mclude the following:

1. Organizing geometric knowledge .
2. Concepts and skills in algebra . <+ - S .
3. Formal geometry . . T ¢\
. 4. Equations, inequalitiés, and radrca,ls L
' 5. Circles and spheres -, S
6. The complex number system !
7. Equations of the first and secqnd*c‘iegree in two varldbles
- - 8. Systems of equations* - .- Lo~ -~ -
9. Logarithms and ¢xponents | :
. - 10. inttgdu‘ction to trigonometry -
- 11.The system of vectors .. z '
"12. Polar form of complex niimbers. . -

13..Sequences and series

. _ 14. Permutations, combmatlons and the blgomral theorem3

- Flexrble Mrnrcourqurogram » . . .

¢

i A flexjble minicourse program caa be’ offéred for noncollege-
preparatory students. The following is a brief outline of topics that
could he made available in a nine-week minicourse format. ‘Some

_topics”in the outline have prerequisites, w ﬁe others do not. (No
attempt has been made,to arrange-the. topics in in any fixed sequence.)
The 1nstructmnabmater1als for the minicourses should be written for
average or below-aVerage achievers in grades nine through twelve. A
school with- four general mathematics classes could offer a one- to

3Newsletter No. 36. Final Report on a New Curricylum Project. Prc«pare.d by the S(':hoo.l
Mathematics ?udy Group. Pasadena, Calif,: A, C. Vroman, Inc., 1972, pp. 7-8.
- . .

4
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four-year program with municourses, such as the following. Students

& could select four colirses per year, depending on their needs : and .
interests: & . .

’

. Numerical Trigonometry and Introduction to Surveymg
. Geometric Constructions and Desigfis
. Ratio, Proportion, and Variation
. Problem Solving and Our Society
. Practical Measurement and Measuring Devices
. Mathematics and Nature -
. Mathematics and Games .
. Consumer Economics and Home.Management Mathematlcs
. Business Mathematics and Business Statistics ‘
. Flowcharts and Iritroductien to Programmmg
. Credit and Installment Buying
. Solutions of Equations and Ingqualities and Applications
. Desk Top and Minicalculators and Probability
) . Reading; Constructing, and Using Tables and. Graphs N
~15. Practical Statisties™ #/* = ~
16. Coordinate Systems, Decision Making, and\‘ Soluﬁons of
* *  Systems of Mathematits Sentences .

s

L

VO~ N D W —
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Mathematics Clinic

-

A mathematics clinic program could be designed to provide
md1v1duahzed instruction aimed at meeting the needs of selected
students whose math achievement is significantly below their
expected level of achievement. The program could be orgamzed and
planned to meet #he identified needs of students. A procedure for
]dent.lﬁcatlon of students‘should include teacher~counselo: recom-
mendatlons and testing data. The program for each student, is
_planned individually and includes diagnostic testing, pretesting,
individualized instruction, and post-testing.

we "A clinic- could operate in a pullout program (students are

temporarily released from their regular dlasses)’ or as a quarter or -

~ semestei course. It.is desirable to provide aides to assist the teacher

e of thg mathematics clinic. An a1de might bé a paraprofessxor),al a
: parent, or a'student assistant. . A

Some examples of different students whose needs are met in clmlc
programs are as follows . ) -

1. Students with an ability level within the average Tange who are
achieving below their expected level in mathematics

2 Able students (incinding gifted) who are bglow their expectancy .
level of achievement in computational skiils

> . . /®
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"~ —3Target studénts in mathematics. as identified for the Elemen-
tary and Secondary Education Act, Title’l. program 4

One example of a mathematids clinic program is a program
designed for students with an average rangé of ability who are
achieving below their expected level (see .number'L above). The
program is designed to provide individualized instructian in basic
concepts and computational skills suited to the needs of selected
students. Offered as a nine-week quaster course, the clinic serves =

students whose test scores indicate deficiencies of approximately two |

years below expected grade level. The clinic. is organized for a
maximum number of 16 students per class period.

_ Some factors to be considered in recommendmg students to thg
clinic are the following:

1. California Tests of Basic Skills computational scores or some
other appropriate test scores to determine a list of students
from whom the clinic teacher will mal\e recommendations to
the coynselors ~

7. Ability level of staning three or ‘above

3. Previous grades in math ° .

4. Teacher recommendatjons

'
A

o L

Recommended equipment for the clinic is as follows:

t. Four calculators that have floating,decimal-point eapablllty, the
operations of addition, subtraction, multiplication, and division;

and a percent key ~ 5
% 2. Computational skills kit NorTE
- 3. Cassette players with tapes - ¢ "
4, Film-loop projector (Super-8) with tapes x
\ 5. Programmable calculators with a‘tard reader and aeeomp nying
L drill and pragtice instructional materials’
L 6. Arithmetic facts kit with fact pacer
~ Recommended matenals for the cleic are e the followmg .
1. Programmed practice materials -
2. Basic textbooks (or appropriate textbook for ;fosmble ungraded
quarter courses) with accompanying workbooks
Another desirable equlpment item for the math <linic is a
videocassette player. ) » . e
' ‘Math clinic activities-are as follows: w
1. Upon entermg the mathematics clinic, a student is: o

aInterviewed by the clinic teacher for interest in 1mprovmg
computatioral skills
b. Given an onentatlon to the cimic procedures

ERIC  © " 59 A\
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c. leen standardized diagnostic tests to verify specific areas. of
d. Involved in determining individualized work based on the
deficiencies indicated by the diagnostic test .
e. Involved in developing the student’s individual program
2. When a student eompletes the individual program, he or she:
. Is given a post-test e .
. Discusses the results of the test with the teacher -
. Is programmed into the workbook accompanymg the basi¢
textbook ¥hat is used in the regular classroom (This interface
, assignment is given to bridge the gap between the clinic ef‘fort
* and current levels of classroom 3551gnments ) :
d. Can cover in detail some of the main topics studled irt the
student’s regular classroom v .

“A" O o' &

Since each student is involved in developing an 1nd1v1duhl plan’of
progress, the féacher must observe the student’s motivation and
_efficiency pursuant to correcting the student ) problems

College-Preparatory Program for Technically Orlented Students:

-~ - Alternative college-preparatory programs can be, offered for
technically oriented college capable (students. Two alternatives_for
including calculus.in college-preparatory mathematics programs are

» suggested below. The first alternative program is desigried to provide
an articulated program beginning in grade seven and leading o
advanced colleoe placement for mathematically talented students

) o The pattern of cqﬁrses is as follows: N 3 -
L « -
L] - -
<
" 7
A ]
[N - ¢
Grade Grade Grade Grade “ Grade £op  Grade :
7 o 8 9 10 11 12
) Prealgebra | — | Algebra 1 |~ Algebra 2 | —p} Geometry | —p Algebrd and || Calculus and b
- W

"Trnigonometry Analytics

L] hal
- . ’
.

+ 7 7 - ) .. 6

. . e
The course, in grade twelve could be offered by-a communi?y
coljege on the high school campus. While comniercial textbooks are
used at each level, other materials on topics not found in the books,
such as mathematical systems,” nonEuclidean” geometry, ‘source
books of challenging problems, projects; and library references, need

to be prt‘%;red ) ‘ . |
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Another alternative program is a highly- sequential, integrated
six-year program beginning in grade seven. Students may leave the
program’ at any grade level. This program removes the traditional
barriers between separate courses, such a$§ between algebra and
geometry, and it provides students with the equivalent of two full

___years of college-preparatory mathematics. 7

&
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Mathematics Framework Addendum Committee and nominated 15
persons to serve on that \ommlttee The committee was charged with
the responsibility “of preparing a document that would update and
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This 1980 addendum to the Mathematics Framework for Califor-
nia Publit Schools is designed to provide assistance to teachers,
administrators, mathematics curriculum planners, and others who

., find themselves facing problems not addressed in the 1975 edition of
, the framework. Untjl a completely new Mathematics Framework is
prepared by the Curriculum Development and Supplemental Mate-
rials’ Commission for the California State Board of ‘Education, the
reader should continue to use certain sections of the 1975 edition but
modify or replace other sections with this addendum. For example, ?
the problem solving/ applications strand; which i is described on pages
19-—23 and 4042, has, been éxtensively rewritten and is presentdd in -
the addendum on pages 59—74 as the “umbrella” over all other skills

* and cencepts in mathematics. The descriptions of the r,gmammg
_ strands in the framework are still valld however, the term “strand? is
. replaced by “skill and concept area” in the addendum to emphasize
, the subordinate role these topics have under problert solving. Also, *
the co;npu;‘er stand, which is described on pages 45—46, has been
expanded in the addendum on pagés 75—83 to address the rapidly
- burgeoning role of calculators and computers in mathematics.

o The three appendices of the 1975 Mathematics Framework are,

’ omitted in this edm(n “Mathematics Program Strands and Objec-

tives for Kmdergarten Through Grade Eight,” formerly Appendix A,

_has'been extensively revised and is replaced by Appendix D of this
edition. The “Time Line for Metrics,” formerly Appendix B, set
important goals for metric cducatron that are generally fulfillgd and
| A no longer needed. The “Criteria for Evaluating Instructional Mate-

- rials in Mathematics,” designated as Appehdix C in both ‘the Tormer
and present editions, was revised by action of the Sta‘te Board of t
Education on March 13, 1980. - .

The four topics addressed in this 1980 addendum were selected
becausé of the critical need for statewide consensws and attention 4n
school mathematics programs. Problem solving/applications denfand-
ed the hrghest priority, because this strand greatly influences the treat-
ment given to all other topics in mathematics education. Closely
related to this was the need for an up-to-date position on calculators
and computers—a topic barely conceived at the time the 1975 frame- N
“work was Written (1973- 1974) The thlrd"?bplc prof1c1er\cy standards
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and remediation in mathematics, argse in 1976 with new legislation
. and began creating confusion that demanded the attention of mathe-,
matics education specialists. , = <. §
The final topic that the Mathematics Framework AddendumCom%
mittee addressed was one the committee felt would provxde the key to -
1mprévement in school mathematics programs: how to plan, orga-
nize, and carry out a stqff development program in mathematics.
Other topics were identiYied as critical and deserving of more than a
mere mention here, but for the present they will have to be dealt with
through other forums. One valuable source of assistance is available
through the California Mathematics Council and its many regiopal
affiliate organizations for teachers of mathematics, kmdergarten
through grade twelve and college/university. The many conferences
- and newsletters sponsored by those orgamzatlons will keep the con-
cerned mathematics educator abreast of current issues and the latest
stfategies being tried by colleagues, .
Some other critical problems which the Mathematics Framework
Addendum Committee felt mathematics education is facing at pggs-

e{fl\are these: o ~

e Female ayersxon ‘to the study of mathematics in hlgh school

o [ earning dxfftcu\ltxes in mathematics resulting from low readmg
abtlities e -

"o The shortage of [ ualnﬁed mathematlcs teachers at all levers -

® The lack of public support fogcomprehensxve school mathe-
y matics programs . S

~

® Inadequacy of testing programs to measure achievement in .
mathematics at hlgher cognitive levels 2

e The need for a learning theory that wxll explam how mathemat-
ics is learned and how it should be taught , -
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roblém Sol}g;ing/ Applications
. P o
The, recent growth of the problem-solving #mphasis in mathematics
-is the result of a number of converging influences and concerns. At
the same time, many new concerns have arigen: clear definitions,
measurable, Ob_]eCthCS, and learnmg strategies,, as well as pragtical
considerations of” pubhc acceptance of an emphasis on problem solv-
ing, in-sérvice training of teachers, and devqlopméqt of instructional
materials. ‘Such concerns must be resolved as soon as possible. How-
ever, mathematics educators do not'have the luxury of waiting for a
smooth, unhindered transition to a curriculum that will meet the need
to solve problems in an~uncertain future as well as meet the needs that
exist rlght now. Recognizing this, the members of the Marhemams
Framework Addendum Committee developed this section of the
addendum to sétve as a framework that could be used by mathemat-
ics educatorsifor exploring new ground while meeting the responsibili-
t1es of day- to-day classroom mstructton

A\

' Restructuring the’ Mathematics Framework

~~This-ad m removes the former strand, problem solving/ appli-

cations (pages 19—23, e-framework), from’its role as one
~of several equal parts of an 1nstruct10nal program in mathematics.and.
“pBsitions it as an “umbrella” over all of the other strands.

- The organization of the 1975 framework identified prgblem solv-
ing/applications ‘as a sepatate strand, with the intent th®® it would
receive equal emphasis in the¢ curriculum of California public schools..
However, in practice, this strand has received little or no additional
attention in the instructional materials or in the organization of
school mathematics programs. Since the,primary reason té study
mathematics should be imbedded in problem-solvmg/apphcatnon
skills, which now define the basic sklll for mathematics programs in
kindergarten through grade twelve Ih California pubhc schools, the
restructuring of the framework to implement this 'view was undertaken.

This restructuring means that throughout the instructional pro-

‘grams in mathematics, there’ si®itld be a highly visible, cofisistent,. °

organized set of companents of problem-solving/applications skllls\
* The program-level objectives for the strand, problem solving/ applica-
-tions, which were formerly separated from the program-level objec-

¢ . . 8’7-§
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tives of the femaining strands, have been rcdesngned and .are now*
mcluvded in the appropnate program Ob_]CCthCS for the remairing skill .
and cancept areas. Program—level objectives for kmdergerten through /
grade eight are Jisted in Appendlg( D. "

The remaining strands in the 1975 Maihematics Frameu ork are
not to be degmphasized. The skills and concepts in arithmetic, geome-
try, measurement, probability and statistics, relations and functions,
logical thinking, and, for grades nine through twelve, algebra and
computers are still to be fulty developed in the most learner-efflment -
manner and at ‘the Appropriate grade level. As Figure A-] illustrates,

“ all'seven program objective categones should be developed through

- problem-solving techniqugs. aE / -

This restructuring of the probiem solvmg/applncatnons strand will

* ogive greater emphasis to the needs of the learner in the instructional

programs in mathematics and will help students become functidonally
competent at whatever levéls will meet their needs and expectations. ¢

. "They should not only be able to compute and demonstrate knowledge

. of mathematical skills'and concepts but also be able to apply their |
skills and knowledge in an organized and effective way; and Lhus - |
.they should be able‘t? investigate, interpret, and solve problems |

<

1]

-y I N .
[T s, _ ~ ~
- - . I 1
\ R ;
\ ~ Q \‘Mw
A , (7] ‘= [= "h%‘
" { B 7} o] ' P— -
— .y
(7] . = - : A /
g > © (4]
B w P i o c
. . ~1 3
E [72] E » w o é
s C - 8 .g £
z.2 *1g S s | % €
g0 > g 4 £ z | o £ .
2 £ 2 = 2 -
Q I - [¢+} s —
£Eo 2 5 g 8 ©
c £ 7] 3 © S Pt .
le. v o Q Q Qo 1] =
T ¢ @ [ w© E ° - 87 s
4c O 2, o | a « =
\ [
! » ' s -

. LN

¢ " Fig. A-1 Problem solvmg/appllcatlons. the
* umbrella for all strands in mathematics




- ' ' 61

" related to a wide variety of practical situations at several levels of
difficulty. The direct outcome of this new emphasts shill be for stu-
dents at all levels to: P

e Develop’ the skills necessary to apply their mathematncal under- *
standmgs to recognize, identify, and formulate problems from
) . given, practical sntuauons outside and within the domain of

ey mathematics. . C oy,

e Develop skills in analyzing problem situations and selecting
appropriate strategies and modeling techmques for solvmg the
problems.

e Develop skills necessary to solve equations and simblify mathe-
matical expressions.

B s Develop skillg necessary to interpret and evaluate the soluuon in

class of situations.

» >
Q

Rationale for Restructuring the Framework

. Mathematics exists, both now and historically, because the human
intellect poses problems. In many cases, mathematics aids in the solu-_

tion of these problems by providing an”abstract model capable of

simpler analysis. The study of these abstratt models is mathematics,
and in many instances, models created within the “abstract world™
. make significant contnbuuqns to the “real world.” Some problems,
from both the real and abstract worlds, have profound,implications
on our lives, while others are merely riddles. Some problems have

solutions, whilé others only lead-to more problems. ¢
Students have a natural curiosity about phenomena found in’the
physncal world. They often unconsciously pose problems or -ask ques-

-tions, such as “Why does this work?” or “How much 15 that?” i
dealmg with theseé physical situations. Students need many expen-.
-ences in applymg mathematics {o 'situations that arise outside the
domain of mathematics and in the construction, analysis, and solu-
tion of the'mathematical-models that represent those situations. They
also need to be expOSed to contrived problem sniu,auons in order to
build ‘proficiencies in mathematics itself and td® develop specnfnc
. problem solving/ applicatiofi skills. )
> . The study of mathematics is dn exploration ofthe loftiest endeav-
ors of the human mind and entices those wntﬂa‘pecuhar interest in
logic and precnsnon of thinking. Over the years that study has been’
structured in strands so that the'learger will develop an apprecnatnon
.. for the beauty of mathematncs . o’
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The strands in mathemdtics are fragmented substructures. which
e\entially unite, for the persistent learner, to form the total structure.
“New math” représented an attempt to interweave those strandsand . '
reveal the structure as early in the léarner’s experience as possible.
Though the fgcus‘on mathematical structure is no longer emphasized,
the, strandsjremain and benefit only those persistent learners who *
e\entually mdy have an opportunity to see the total structure.
* Moving from this strand-based mathematics curriculum to one
which focuses on the needs of the learner requires-a simple look at '
: educational goals. If our goal is to transfer skills, knowledge and
values to each succeeding generatron then emphasis on the structure
and beauty of mathematics is valid. But jf our goal is to equip the °.
learners to function with personal satisfaction in a rapidly changing
socrety then we want the educated person to learn the skilis of explor- .
ing, studymg, testmg, reading, asking, and especially thinking criti- .
cally in the face of challenging situatipns. Therefore, one must
conclude 'that the value of mathematics lies in the way mathematics
can be used in real situations to analyze, estimate, predict, save time,’
. make decisions, and so on. These are the very reasons why mathemat-.
ics came into being in the first place.
Many people find personal satisfaction in the beauty a,nd strueture
. of mathematics; these are the persistent learners who go beyond learn-
ing mathematica] strategies to solve problems in the “reat world” and
begin to create and study modgls in the “abstract world.” The eminent -
mathematrcran and author, George Polya, has eloquently demon- .
strated how the structure’ of mathematics can be derived from
.problem-solving sknlls And helping students develop such skills is an
important responsibility for teachers of-mathematics at all levels, and
itcallson thtrrrtvrccogmzcargd give attention tothosestudems who—~—— —
v.” look‘for underlying matt€matical principles and are eager to see how
those pnncrples interweave to form the total structiire ¥f mathemat-
ics. These ‘explorations Into'the abstract world should be conducted
in the problem-solving mode wrth Prgfessor Polya’s approach

v

Components of Problem- Solvmg/Apphcatlons Skills .

The four specific components of proﬁem-solymg, applrcatronsl
skrlls that should form the basis of an instructional program in mathe-
+ matics, kindergarten through grade twelve, are: -

. l._Formulating the problém 3. Finding th® solution
2. Analyzing the problem . 4, lnterpretlngthe solution

The componehts descnbed should not be followed blindly in a
Step-by-step fashion. At any stage, a creatrve solutrorho a problem is
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more valuable than a burdensome routine. On the other hand it rs
intended that sufficient instructional time be spent on each of these
components so that the student is not confused or inhibited in
problem-solving activities by failing to have available at least some
explicit steps that can be taken to solye a problem. Itis also intended
that the mathematical skills and concepts brought to bear upon a
situation be drawn from as broad a range as possible to reduce or
eliminate the artificial effect of the partitioning of mathematics info
fragmented skills and concepts. The emphasis upon problem solv-
ing 'applications should be to provide a vehicle that allows all of the
mathematical skill and .concept areas to interact in a normal way.

_Descriptionsof each of the four components of problem-solving skills,

and procedures are presented in the paragraphs that follow

o

Formulating the Problem K &

The ability to formulate meaningful p'roBlems is more useful in the
marketplace than the ability to find a solution to a textbook “word”
problem. Real problems do not always exist in neat, wrmen,textbook

form. They often appear in very poorly defined, complex physical or .

abstract “sitpations. The ability to ask questions or pose problems-
which clarify the relanonshrps among the variables in & situation is
indeed a valuable skill. It is proposed here that students be given
considerable experience in fornmlanng mathematical questions. To
this end, it is expected that instructional programs in mathematics
shall “rnclude a significant number of concrete, meaningful but per-
plexrng situations which students can explore and discuss.

' Instructional materials should provide detailed and varied sugges-

<

1

tions to teachers for stimulating classroom diScussions, and a variety
of situations should be included to provide for differing interests and
iffering classroom situations. ;

Thrs does ot fmean that. tudents should spend all their time dis-
Cusslng perplexing suuanons’and formulftmg problems. Sﬁ_gmeumes
people face problems that aréalreadyformulateg, and'thesé-probiems
can provide students with pracfice m@rer’ préblem-solving skills.
Hdwever, the emphasis on problem-formulation skills is important
because students often complete their schooling without ever formu-
lati'ng a problem Problem formulation is to mathematics what writ-
ing skill is to language arts:; both are closely related to organizational

*skills and dlvergent thrnkrng, are subjective in nature, and depend
extenerely on the Iearner s experiences, Y \

‘nalyzmg the Proble \ : »

A ngyathemaucs program should systematically help students develop .

¥ strategies and tactics’ for analyz'mg problems and devise appropr’late
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mathematical models to represent the problems. A strategy here
means a general plan of attack; while a tactic means a single tech-
mque which will help a part of the problem. The first step in develop-
ing a strategy is to identify those features which are significant to the
central problem. This part may be reférred to as analyzing the prob-
lem or “planning” and may involve selecting one or more of the
following tactics: . '

I Guess some answers, try them- out. and obse_[Le_ the results of the
different guesses If a guess “works,” the problem is solved!

2 *Construct a diagram, a graph, a table, a picture, or a geometnc repre-
sentation of the situation, and observe the relatlonshlp between the
various parts of the problem. N

3 Construct a physical model of the situation, or use ph)Sma'l matenals
to simulate the features of the problem.

4 Identify extraneous oy missing information in the problem.

5. Search for and identify underlying functional relationships in the

*~ problem. <

Sort out similar elements in the problem and st the information.-

7. Simplify the problem by breaking it into manageable parts or steps.

8. Translate the information into mathematical symbols and notations.

It is important to understand that the listing of these tactics does
not suggest a formal step-by-step procedure or a specific order to
which analyses of all problems fnust conform. The last tactic listed
above, translating information into mathematical notations, is a cru-
cial one, far in it the conditions of the problem must be made explicit
and correct. This tactic should be the conclusion of careful analysis of
the problem, not the firststep in the analysis, Jumping dlrectly from
the statement of the problem to a formula or equation suggests that

_ problem. solving has been reduced to an algorithmic skill. Students

should have many Qpportunmes for decndmg which tactics might be
used and then use the one they feel is ‘most appropriate for the
situation. T :
The form of the mathematical model may be one or more wrmen,.'
sentences or statements using mathematical symbols, a graph, a for,;a-(
mula, a table, a ¢hart, a diagram, or, a geometric figure. Basjcally
mathematical amodel of a problem is any representagiop whjch peér-
mits manipulation by mathematical principles. A #math¢matical
model should represent some of the characteristics of the sitdation as
it exists in the real world. To be successful, a modelfshoyfd accom-
plish the -following: -

¥

¢ Include as many of/ he mam characterlsncs ofthe given situation
as practical, ' -
e Be designed so that the included’ characteristics of the given

situation are related in the modél as they are in real life. ‘
e
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e Be simple enough so that_the mathematics can be performed
within the scope of the student’s knowledge and skill.

Itis important to note that the reverse process—gnen a mathemat-
ical model, construct a real situation for it—is pedagogncally impor-
tant. Such an experience gnes.t-hc student significant msnil’)lt into and
understandmg of problem analysis and of constructing a ;themabl-
cal model. s *

The development of problem analysis strategies and mathematlcal
" models should start with the student’s first mathematical experiences
and accqmpany the development of basic mathematical concepts and

skills. Some srmple tactics appropriate to prlmar) level mathematlcs
are these: “ @\/

-

Act out the problem with real people.
Represent the problem mith real objects
Act out the problem with puppets or dolls
Draw a picture of the situation.
tadure objects described in the problem.
Restate the problem 1n the student’s own wordgm: ! .
Use magipulatives or paper folding to represent parts of the problem
. Make a pictorial representation of the ‘problems e g., sketches, arrays,

el et

“n tables, graphs, Venn diagrams, number lines, coordinate g,rlds

.~ 9 Use a calculator to check a guess. .
10. Look for key words.-

Fmdmg the Solution

* The solution of problem§ requires a wide variety of technical SklllS
Computatignal skills, and an understanding .of operations and
“number prﬁfnﬁﬁes ‘are essential $0 solutions to many problems. Stu-
dents' need, a wholesome amtude toward “risk. taRing” if they are to’
attack_ proBlems that are new to them. They should not become
embarrassed_if their first attempt does not lead to an answer. Stu-
dents shou'ld be aware that some problems have more than one
answer and tHat some have none. In addition to skills,related to
solving equations and inequalities, students need skills of graphing,
constructing geometnc figires; and analyzing tabular data. An
instructional program in mathematics should include a sabstanjial
number of ready-to-solve problems that are designed specificallyf to
develop and reinforce these technical skills and concepts: °
Also, m most problems, the results should be a’n(}ncnpated by esti-
matmg in advance. Estimating should be introduced early to all stu-
dénts as a standard operatmg procedure."Sometimes a solution, when
compared ‘with anng:stlmate may;eﬂect a significant -oversight.

| i3
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Interpreting the Solutlon o .
. An mstructremal program in mathematics should systematically
*, include experrences in the mterpretatlon of the solution obtained.
Fhese expériences should be an explicit pa%of e instructional pro-
¢ gram and occur at all levels of instruction. Too often students accept
N answers that are found without regard to the original situation. The

problem and its solution should be reviewed to judge both the validity
of the model and the agcuracy of the mathematical manipulations
+ used to find the solutich. The maJor concerns, should be:

Did the answer match, the estimate? .
How was the analysns done? . -
Was, the model adequate ot valid? '
Wasime feature of the situation forgotten or lgnored"
Was Me sdlution process completed correctly?
Were the assumptions made too broad or restrictive?
Was the ghoblem solved?
Can the model be improved?
. Would another model work?__,
! lO _Was the mathematics performed correctly?

. ['1.”Were extraneous solutions introduced?

12. If you change some of the numbers in the problem, how does that

&
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T change the answer? .
\j 13. Can the model be extended to Solve related problems"

*Skill in mterpretmg the solution may be developed by providing
~ students with problems, tentative answers, and the drscussron ques-
tions listed above. . .

A Definition of “Problem” o

hr6ughoyt this discussion, the definition of “problem:;*»l‘ras
remained vague.- Ordinarily, one thinks of a problem as a situation
mvolvmg some knowns and unXnowns which is not simple to resolve;
that is, a situation that cannot be solved by a familiar rule or algo-
rithm. For example, “adding with trading” might be a problem to a
student meeting ing that situation for the firsttime, but after tearning the
algorrthm it becomes a simple exercise. Textbooks may ptesent a .
series of word problems which are solved in exactly the same way.
Only the first exercise is a problem, and the restscan be solved by the
same procedure once the learner notes that they meet the conditions
for usmg that procedure. ..

It is useful to list some of the purposes for teaching problem solvmg
and develdp an operational definition by consideration of these
purposes\ ’ :

. To develop an understandlng of a broad,range of strategies '
2 To translate words into mathematical symbols :

.
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. To form mathematical models from real-world situations

."To develop deductive or convergent thinking skills

. To improve and enhancggdecision-making skills

. To motiate students to learn and appreciate certain mathematical
skills .

7. To develop mental and logical skills related to creative or dncrgent
thinKing .

The following defdition is broad enough for these purposes while
excluding peffunctory drill that demeans the student as well as the
mathematics: ”

A mathematical problem is an understandable situation which provides
some information and which asks for additional information not explicit
1n the situation. That 1s, the required information can only be derived by.

. Understanding the clements 1n the situation and relatipnships among
those elements; .
. Selecting a strategy for representing the elements and relationships
“symbolically; and
. Manipulating the symbolic representation according to mathematical
- principles so as to reveal the reqlired information. °

Ex~amplés of Problems

Some examples of how problem solving can be taught are given
here for various mathematical skills and concepts at the primary,
intermediate, Jumor high, and senior high school levels. Although
theés xamples are brief, suggestions for possxble explorations and
investigations will be hinted at by the questions suggested. See Appéh-
dix A for a_list of most elementary level mathematical skills and
concepts, with suggestions of the types of problems for which they
may be used. .

FXAMPLE AT PRIMARY [ EVEL (KINDERGARTE\ THROUGH GRADL THREE)

How should we decide whether to buy lunich at school or bring adunch
Sfrom home? (Number and_operation) . .

Formulatng the problem. Questions concerning the prnce of food could
arise as an outgrowth ofa nutrition unit or as part,of a discussion fdllowing
a- graphing experience’ about which childgen buy, their lunch at school and
which children bring a lunch from home. Many primary- aged children may
think tHat bringing a lunch from home is cheaper, because it is “free.” They
may not see the money that their parénts spend for the food, nor do they

. realize that the value of the time soméone spent makmg a lunch is worth
money.

The problem formulatlon is more useful when children realizg that the
type of fdod “buyers” eat is different from what “bringers” eat. T§ students
will need to decide what constittes a “typical” sack lunch. I§ it  sandwich

-
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(meat or peanut butter), fruit, or what? Should we look at nutritional value -
of what we say is typical, should we go by what tastes goo%i or should we
consider only cost, picking the cheapest? R ) .

Analyzing the problem. After a “typical” lunch is agreed’ upon students
may guess at the cost of a lunch from home and record their results to
mparé them with what will be determined later. What suggestions.can the,
L@'ean'ts give for determining the price of a lunch breught from home? We
may go to the store on a field trip and buy the ingredients for the lunch.
Children at this age may not have theccomputational skills needed to find a
solution nor understand the prices of food. The children should see and use

A

-

the real Ob_]CCtS They need to make a lunch with real food and figufe out the

price using real money.

v

e

.

Finding the solution. Students at this age.may want to break the problem
down into parts to solve. For example, they may want to ﬁgure how many
sandwiches can be made per | loaf of bréad. What is the price for bread for .
one sandwich? (This can be gone by first grade children counting out the
price of the ‘loaf in pennies, physncally separating the bread into two-slice
piles, and then dividing the pennies among the piles.)

_ They could go through the same procedure with bther sandwich fillings,
with the fruit, and so forth. Aftgr.the ptices of the parts, of the lunch are
figured, they could then be adcﬁ:d bogether to obt he total cost. o

Interpreting the solu\ivn After the price of the typlcal" lunch has been .
determined” the students need to discuss the resulf$ and interpret the solu-
tion. Discussion may include the following questions: .

. H(;w did the solution compare with the guesses ongn’nall) made from the cost of
the lunch brought from home? Y )
# 2. Which was the cheapest. the lunch bought at the school or the lunch hrought
smefrom home? o~
+3. How would the outcome be different if other decisions had been made about
the components of a “typical” sack lunch? c
4. What factors, other than cost might influence whether a person bU)s or brings
a lunch" . “

-

EXAMPLE AT NTERM’EDIATE LEVEL (GRADES FOUR THROUGH SIX) .o

How typicak are the heights of the students in the srxth grade ¢lass? N

.

(Measurement)

’

Formulating the problem, What infermation wduld you have to know?
What unit of measure do you,usé to measure the students? When you have
measured all of the students, what do you do with the! information? Should

students be measured with’ without? What do we, want to know?
- Where canywe get information %ut normal ranges of heights?

Analyzmg the ‘problem ‘Would charts or graphg help to soIVe the, prob-
lem? How can we organize the-data? 5 ]

v

* Finding the splution\Depending on the strategy chosen,?computatnons
should be made and andyers laB'eled X .

‘
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Interpreting the solution. What are the mean and median heights of the
sixth graders in the class? Do the charts add new information? Does the

mean or the median give a better solution? X

EXAMPLE'AT INTERMEDIATE LEVEL < : . !
Is the d:smbuuon of btrlhda)s of members ~of the class typical or
unusual? (Probability) y .

&‘ormulanng the problem. What@o we want out? Do we need to

get information from other classes’
people with the same birthday?

How many classes have at least two

Analyzing the problem How do' we organizefthe data? What probability
formulas apply? Can we devise a simpler préblem (such'as the sizes of
families) and use the results to help us solve thisproblem? Are there patterns
in the data?

Finding the solution. What are_ the answers to each of
in solving this problem?

strategies used

Interpreting the Solution. Rre some of the answers petter than others?
Why? Are the results useful? Would the results change very much if several
people were removed fromg the class? )

L3 i e '

EXAMPILE AT THE JUNIOR HIGH SCHOOL LEVEL (GRADES SEVEN AND EIGHT)

The student-government at Cisco Junior High School wanis to place a

Suggesuon Box" in the main offcefor use by students and faculty.
Your job is to prepare this box by covering a cardboavd carton with
Sancy paper.s(Geometry| Measurement) ‘

Formulalmg the problem. What is the size of the box? of the sheets of
wrapping gaper" Is sost a factor? Will the paper be chosen by you? By a
group? How will the paper be attached? Is the bottom to be covered? it to
be covered with one plece of paper or may it be pieced together?

Analyzing the problem. Measure the box. Make a plan (such as a detailed
sketch or scale drawing). Cut a pdttern according to the plan to fit the box

.\ and see if it fits the box. How well dQes it Hald up?

Fmdmg “the solution. Use the pattern {o cut the fancy paper and attac{t
to the box.

Interpreting the solution. Does it cover thé box? How much paperaid you
use? Hf, you were to do it over again, what would you do differently?

ABOTHER EXAMPLE AJ_THE JUNIOR HIGH LEVEL .

The principal announces that if a_sgudent has a certain numbér of

tardies. they will be worked off by spending so many days picking up

paper. Is it'a good rulg? (Relations and Yunctions)

Formulating the problem. Get a complete statement of the principal’s
tardy rule. What will determine lf thé rule is helpful? Will it cause more

uilText Provided by ERIC [N
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Analyzing the problem. Try to develop a formula or chart for the rule. Get
_data on the present rate of tardies, number of studen®s involved, and so
forth. . .
Finding nthe solution. Poll the studgnts and the faculty. Make a table.
Chart the tardies on a daily basis. ° .
kterprening the solution. Are the results useful? Are all sngmﬁcant factors
included? Is your con(ﬂ?snon convmcmg" B
ENAMPLE FOR SENIOR HIGH SCHOOL LEVEL (GRADES NINE THROUGH TWELVE)

FOr this secngn, a seres of problem suuanionsNg presented and dis-
cussed, i turn, for each component of problem Iving/applicanions.

»
Formulating the problem Often the first contact with an actual problem .

situation outside a textbook reveals a very “fuzzy picture of that situation.

To sharpen the focus on such situations, it is helpful to ask questions, screen

out extraneous information, and collect information that appears necessary

to understand the situation. Many times this process of “sharpening the

focus™ involves a more or less precise formulation of mathematical problems

that are amenable to solution. It 15 lmportant that high school students be

. systematlcall) imvolved in this type of activity as they progress through their

_mathematics program. Here are some examples of sntuatlons that can be
«~used to illustrate the process: .

1. “You are given a job of determining if thc elevators Th-amoffice buxldmg are
. overloaded.” State some questions that will help sharpcn the focus* on this
situation. What mformauon do you need to answer thesé questions? In gather- ‘
ing th@information, are any simphlifications made t,hg_t_.mlght Jead to an error in
“the solution? =¥ .

The following are some questions that could arise n a class discussion of this”
situation and which could lead to the more precise formulagion.of mathematical
problems related to the situation. The solutions ofthesc problems to be useful,
should shed some light on the situation. . .

[a “How many passengers can the elevator hold?” .
b "How many passengers can the elevator safely carry?””

(1) “How powerful is the motor? . v

(2) *How much weight can the cable hold?’

(3) “What 1s the weight of cach passenger?” (“What 1s an average adult

~ & wei ght™)

. (5) "What modlﬁcauons must be made in the calculations to ensure the
safety'of the passengers? (A safcty factor)” .

o An owner ofa’ supermarket needs to redesign the parking lot
a. Questions or comments could lead students to identify simple questions that
place the given situation in a mathematical context involving lingar and area
measurements, ratio and proportion, and time and money.
b. Othcr commefits could lead students to identify questions that lead to geo-
metric concepts, such as parallel and perpendicular rclauonshlps between
lines, similarify and congruence, and other properties of geometric figures.

3. A new basketball coach organizes a group of noriplaying students t}ﬂclp
improve the performance of the team. Class dxscussnons could lead to these
questions:

[KQ L 78 .

_ ’ .
Fatn rov e . .

*What 1s the weight of thc passcngcr ‘car? s 5 ’ g
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“How will we decide 1f the plan helps the team?”
“What data do we want to collect?”

“HoW do we ergamze and display the data?"
“What informaton ¢an we find using the collected data? range? mean?
median?”

&ooew

. A supermarket owner wants to open an “express lane” for customers with no

more than a certain number of items. Class discussions could lead to these

questions:

a. “What have you observed about the number of items required in super-
smarkets that feature this kind of express lane”” -~

b. “How*many Jpackages should be allowed?”

c. “How do cystomers feel about express lines”

d. “On what basis 1s the waiing ume of the customer o be averaged and
mimmized?”

e. “If a customer has purchases that must pe weighed and priced (such as
produce), is he or she to be allowed to usc the express lane?”

f. “What data should be gathered on the number of packages that a customer
has when he or she gets to the check -out countcr""

Your parents tell )ou that youcan pamt your bedroom. Class dlscusslons could

lead to these questiogs .

“How much paint i1s needed?” . \

. “What kind of pait s Yo be used?’

. “What is the size of the room?’

. “What is the shape of the room”™

“How 'much wood trim is i _the room™ ~

“How many-windows and doors are there”” -

“How much area does one, can of paint cover?” .

. “Is it more economical to buy large cans of paint, with some not used, or to
buy just enough paint in large cans and small cans?”

i. “How much .does paint cost”" ‘

j- “What fs. the cost of paint for the bedroom?”

-

TE e S g

. Inan cxpenmcnt to determune the effectiveness of a germicide, 1t1s placed in the

center of a colony of bacteria growingn a circulaPdish Class$ discussions could

lead to these questions: .

a..“How fast’does the bacteria colony grow ln a 24-hour pcnod of time™

b. “What is to be assumed 1s the shape of the bacteria colony at any given time?
How can the size be calculated?*

c. “How fast does the germmde/spread”’

d. “Does the scrmmde ki\l the bacteria immédiately upon contact”™

e. “What is assumed to_ bc the shape of the spread of the germicide at any given
time? How can llS size be calculated?” )

f. “?hen will the .cdlony of bacteria be wiped out?”

[N

e Y » . $
7. \A pauent requires radiation treatment of 27,000 roentgen units Class discus-

.

. “What §s the length of the t"eatment”

. “How many'trhatments are there to be’

. “Does the dosage*ligut depend on the sie of the pauent”“

. “Does the dosage decrease with increasing exposure?”

“How maény roent nits can be safely administered at a given time?"

. “If the dosage_ limi eases, 1 this decrease.a linéar function?”

. “Is there a gecomm ptimum interval between succesgive eXposures to
radiation?" . :

sion could lead to these questions: ’

Qo G0 o
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Anal zing the problem. In problem formulation the focus was on methods

L of taking a vagug-situatiop and developing some specific problems whose

solutions might produce some useful information about the given situation. )
Here the problem-solving process is continued, with ®xamples of _possible M

strategies apd possible mathemancal motels that could be dcw,lope of a
few of the problems that were previously formulated. It is pedagogxcally
" important that students experience some sense_of completion in "the -
problem-solving process Thus, these various strategies should not necessar-

ily be presented all at one time, but probably shquld be presented and used v+
one at a time, using the skills appropnate to the level ®f mathematical
development offthe student: . L,
I Considér the situation involving. the elevator ahmc&md the prc:)i;z‘How P
many passengers can the elevator safely garry?" The-model of this preblem 1s
essentially anthmetic. To solve this problem, 4. pt;?bn would Aréed certain
information and would need to makt certain dssu fptions, as follows.
a Assume that, by looking at the cable, at 1s determmed that the cross-section
of the cable=1s a-circle whose area is one square unit.
» b Assume that the cable is steel and that 1t is known¥hat a steel caB® with a
cross-sectional area of one square unit ¢can hold uptoa maximum of 60,000
kilograms. ‘
c. Assume -that the weight of the passenger car s 1,000 kllograr}‘ls
» ¢ Assume that the average weight of an adult is 60 kilograms. o
e. Assume that the safety factor 1s ten, that s, the maximum allowable weight
that cap be carried 1s one-tenth of the possible weight. ) .

f. How can the maxinium allowable weight to be carried be calculated?
g I th¢ passenger car s 1,000 kilograms, then how much ng capacity 1s

left for the passengers? .~ -
h. How many passengers can the elevator safely carr)

¢ 2 Consider the situation involving the painting of the bedroom. This 1s & list of
some of the information and some of the geometrjc and anthmetic models
needed to solve the problem, “What s the cost of the paint for the bedroom?”.

LA The shape of the room (a rectangular box?) ~ *
“b. The shape of .each wall and the ceilings(rectangles?)
fT‘rw—mze—ﬁt'ngrh_a‘ﬁd-Wmm—of—cach—WHi- weetmg
d' The size, shapesand number of doors and windows (one rectangular door
? and window2. . .
e. [The number of coats of paint required (two?) '
f. The fact that the enamel will be used on the wood and latex-based paipt on.
the walls “
g. How much areX a can 6f enamel will cover, how-much a can of latex- based ’
. paint will cover :
h The cost per can of each kind of paint, and the cost per cah of enamel
. i The total area of the wood trim, including the door *
J. The number of cans of latgx-based paint needed, and the number of canssof
enamel needed (The areas must be doubled if two coats are required.) -
. . Number of cans of paint =* . q
- !
Total wall area ° ¢

’ u o .

Asea covered per can
. >

k. The total cost = (number of cans of latex)(cost per can of latex)+ (number of

cans of enamel)(cost per can of enamel)
4 ; —
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o3 Consnder the bacteria colony and germicide situation. Here are some of the

. mathematical models and a list of some of the information needed to solve the
problem, “When will the bactena colony be wnped out”™:

Assume that the shapelof the bactcrla ¢olony is circular,

Assume the circle of bacteria grows by  mm 1n radius each 24 hours.

Assume that the shape of the spread of the germicide 1s circular.

Assume that the germicide spreads by 10 mm in radius each 24 hours.

The germicide 15 put in the dish 36 hours after the bacteria starts to grow and °

kills immed:ately$upon contact. "

f. The area of the bacteria colony at : days (24 hours) 1s (7:)2m?

g. The area of the germicide at time t days s (/0 (1-36/24))*m

h The sblytion can be found by salving (71)*m = [10 (1-36/24))*n for t.

-
conoe

Finding the solution. The mathematical techmques available for finding
solutions to problems in high school are many and include, for example, a
wide varniety of graphical techmques, geometric techniques, equation-solving
techniques, and reasoning techniques. Usually, one finds that'a combination
of two or more techniques is needed in the solutfons of problems arising
from real situations. Most of these techniques are sufficiently well developed
in existing secondary school mathematics programs. However, more empha-
sts could be given to the use of estimation of solutiens as part of the solution

_ pracess. Estimations not only serve as’a valuable check upon the reasonable-

w7 ""ness of a solution found usmg mathematical procedures but they also

Become a necessary first ‘step in the techniques’ requied to solve these
<‘problems:

. Find the VI97 by“the estimate, divide, and average techmque.

2. Find the value to three decimal places of any irrational roots of x'+x¥+x-2=0
. using Newton’s method

3. Find an approximate,solution of ¢ = sfn x to three decima} places by drawmg
the graphs of two functions, ¢* and s x to find the approXimate value of the
Jyinate of one of their points of ntersection, and then use the interval
6n method to refine the approximation.

Interpreung the solution Sflidents too often accept answers without ques-

oy
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‘ tion if they were found using standard mathematical techniques. Consider
these examples that illustrate at least ofie need for interpreting the sglutions
back in‘ the original situation: .
1 = 9.8 This s a common formula for the distance, in metres, an Ob_]CCl falls
from rest 1n 7 seconds This-formula assumes that R

- a. The object 1s a point, M

b The earth 1s-a-plane. { . S L

! .
.Fhere 1s no air resistance. * . .
//////dc The paths of, two Talling objects are parallel. -~

’ e Theheight from which the object falls has no effect upon the dlstance it falls
> 1n one second. -

v . In fact every one of these assumptions is wrong. The earth is roughly spheri-

# -+ cal (oblate spheroid). Objects fall towards the center, and the paths of two
LI . objects will not be parallel The force of gravity does decrease with thé distance

) from the center of the earth, and since the earth 1s not umfonmly dense, the

% force of grauw{s not independent of the location. AIr resistance is not always
d of dry notebook papér falls mere slowly than a ping pong

% negligible (a
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b \l). However, for most s"qnple situations, these assumptions will prodpce
negligible dMferences but not in all situatibns.
.

. N N N
2. d #ri. This is a common formul‘é for finding the digtance traveledun kilor§eters
. at r'km/h for 1 hours. Consider this problem: “An architect_flfes in t§ the
- airpost in Santa Barbara and rents a car to get to appointment with'a client
in San Luis @bispo. If it is 160 km from Santa Barbara to San Luis Qbispo, the

architect estimates that he éan drive 80 kmM, and he has allowed two hours or | '

& the drixc, can he get to Bisﬁa'ppointment with hisglient on time? .

.
0

" k) ~
g=rt.160=(80)1,2§n' 4. . '
' . - 5 y .
Answes: Yes; it takes two Kogrs fot the arcHitect Yo get to his appointment with

r
T the clicﬁtliﬁ San Luis Obig&g};‘ )
' ., What doesfthis solution m¥ah? Is this solution C/orrect? Consider these
i questions:\ 2 T i

a_ls the Pact distance’ betweenyghe airport and the chent 160 km? Lt

> b.‘-l; the-airport-likely to be in o‘wmowp\iin@ Barbara?
¢ Can the architect step off the plane, pick ug hisuggage, rent a car, and instantly start
driving B0 km/h?* < . . ! , i
. d. Does the highway from Santa Barbara to San Luis Qbispo go nght beside the airport?
¢. Does the chent live‘in the _ceater of _Santuis Obispo or on the outskirts?,
" . The mathematical model, d = ri, gave'lis'a solution. However, if one looks -
more closely, one can see that the solution reallydoes not answer the questich.

. . However, we art usually quite willing to aécept thys solution as an approxima-
tion to the solution of the physical situation. In proplem sotving many incorrect
assumptions are often fdde. Therefore, it ¥s importantto decide whether or not' «
these errors can be'bushed aside as inconsequential, or whether the solutior

" must be changed to take these errogs into account in the final sclution. Basi.
cally, the question should be asked: #Is the'mathematical model adequate for
finding the answer to the problem? If not, under what conditions would it bev

L
P

- ¥ .

adequate?” *

'
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Impact of Technologlcal '
- Developments on the Mathematics

)

o Currlculum \

[
-

As the result of the back-to basics movement there is a tendency

: by some educatars to allocate. toos mch time in~mathematics classes

to working with drill and factual recall. With the advent of low.cost
high performance mictoprocessors and calculators, it- becomes possi-
bie for computatlon to be done more accurately and’in less time than
in the past. This allows more time for problem solving, the major
focus of the mathematics curriculum.

The data explosion during World War II created the ne(ed
incredibly faster’ methods of organizing, processtng,, and Tetriev ng
data. As the“technology improved, the need increased to support
mathematical research and other disciplines and, indeed, to support -
the very technology which developed the computer ltself Concomi- -
tant with an increase in the need, the necessal‘y computet-techpology

was belng developed so that the fitst generatlon ofc0mputers began_ -

* to emerge in the 1940s. . -

Because of the recent rapld developments m all dlselpllnes the need

for a moye numeérate society has intensified. Thé number of compu- °

ters from 1955° to 1975 increased from 1,000 to 220,000. Projecting at
the same rate, Wthh is probably conservative, 48 million computers
will be in use in the United States by 1995. The number of people
wsing, computers will incréase so that probably more than one of
every five peoplt in the, U'S. will be using computers by 1995.
Computers are but one dimensiod of this, technoﬁ‘glcal expansion.

" There are many other exciting npew developments, including: (1) Nav-

.

Star location satellites, with their related plane, ship, and personal
locators capable of locating any posmon on the globe withina 40
metre square; (2) home communication systems linking telephone,
tel¢vision, and large, centrally located, mam-frame placements capa-
ble of storing and retrieving masses ‘of data,and mformatron hereto-
fore unimagipable; and (3) the developmentef simulation’games and

‘game generators on computers and small calculators, whléh allow for

more lnteractmn between 1nd1vndual whnle anatyzing, numerlcalv data.




Calculaitors and Computer's in the Cun:iculum

The 1mpact of technologrcal advances on the school currrculum is
staggermg It becomes imperative that school curricula should pro-
vide enough flexibility for educatb‘s to respond to technologrcal
. advances in our sdciety. Specrfrcally, the mathematics curriulum
* should continue to build on new ideas as it has through the centuries " .
to enhance our abilities to, cope with the environment. :
One of the technological 4dvances, the small, hand- held calculator,
.. will allow most of the population,to make use of mo;,e mathématical”
concepts, such asatifs and proportions.-As recently as 1975, only 44
' percent of thé*nation’s'seventeen-year-olds could. handle préblems of
: prOpomonahty Furthermore, research s-hows that computatm«g‘skrlls ,
N are not decreased when calculators are used °extensrvely in the
» classroom. . - W e
Because of computers the use of mathematrcs n other drscrphnes is
-~ expanding. For example, the enyironmengal sciences use a samplmg
.~ technique which can be more easily understood with the use of
improved computers and calculators. In nutrition education the coor- & * .
+ dination of videb tape, the television monitor, and the computer will ce.
make it possible for a student to take diet information and project a '
" person’s life span through srmpfe numerical analysrs Simulation
echniques of the same type are’also available in social science; for,
example, with computet‘ simulation topic$, such as election results -
and the impact of food production on world hunger, can be made )
more meanmgful
Three primary considerations with whrch the math educators of the
1980s must concern themselves are: (1) the-use of the available hard-
ware and software Yo develop problem-solving skills, work with simu-
lations, and user-interactive materials; (2) the development of program- .
ming ability so that students may constfuct.their own software pack- '
ages to make, full use»of the technological developments avarlable,
and (3) the ’sequencmg of fractions, decimals, and_percents in the -
mathematics curriculum, faking into acqount the decimal characteris- -
tics of calculators and computers: - .
The increasing gap between available hardware and software pin-
points the need for peoplé with the ability to unitethe power of
technology with the needs of the users. Computer literacy includes
both areas, and educagors should-put more, emphasis on both areas 2
through the developm nt of programming abrlmes e

A

s Computer-Assrsted' Instruction

-~ T,
-

@ompnter assisted instruction (CAI) will become increasingly - -
- important to educators as technology expands and the costs of com-
puters diminish. L ) . -
o ¢ . r ' - L
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"An‘issue that needs to be addressed for any product being placed in.
public school classrooms is one of quality-control. And th# quality of
CAI products should be as good as conventional teaching tools. Of
course, the value of CAI products, as with other products, is detert
' mined by their éffect on the learner. And CAI products will have a

better chance of fulfilling their function as tedching resources if the
needs of students are identified and it is determined that the products
are appropriate for meeting thosé needs. s

. The calculator should not be overlooked as, a teaching tool,

' - because it.can B¢ used in classrooms to enhance theTearning of mat he-
mdkcs in many ways, such.as the following: g

. . ®.Monvation—The calculator generates inferest in learning mathe-
"« » ‘" matics because computatidn can be simplifed, therefore provid-
¢ ®- - . ing more time to expand and reinforce the concepts. The student

becomes more inquisitive, creative, and independent as he or she
»  expériments with thé. calculator and mathematical'ideas. The

>~ "~ recreational aspetts of mathematics become more challenging at

all levels. . " A

° D‘iscqver_r‘—The. caicul'ator— can be a unique aid in investigating
" cgncepts and problems that are new to students: Using the calcu-
. lator, students discoyer relationships and develop concepts that

»

e involve tediaus or difficult computations.” . ,
® - _Dri7l and Practice—The calculator is an excellent instructional
N aid for varying the routine natur of drill and.practice. The essen-
. tial skills of estimating and chécking answegs; for their reason-
ableness can be practiced with, the calculator.,

- " @ Enrichment—The calculator is.an extremely important aid for

* " nonstructured enrichment oppo

- problem-solvi pactivities. e - .

«® Appheation-"Because calculators are widely used in’ L‘gov?'e"rn-

. ment, science, business,-and-indystry, students usiﬁg theémin t

e classroom can +apply mathematics to out-of-schdol situatio

“ s Other applications outside the classrogm include balarcing
! checkbodks and family, budgets%car%lzgjgg income fax, comput-
' ing »gasoline mileage, converting,U.S,

- ., cies, and_inventing gnd playing calcujator games. "

. e N ¥
nities, through games ~and

expl#fation and extension of the crr(r_iculum, because it ptovides
T

,

" Nﬁ}rpble‘m-so’ﬁ/ing techniques; e.g., “trial and error™ or “guess-
- then—check.” This lattef technique’i§ frequently teglected, because .

" : : “ ”» v - ) ' ¥ |
., +the computations in-the “clieck” are often labosiqus; A calcyla-
| tor makes “tridls” or*“guesses” much simpler, dud using the cal-
] ) culator iqgthi{ way becomes a v.ery*efﬁciqnt way tq work outa
| . 78 s g R e T,
;" Q “ . &l : ~I - Y -
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® Problem. Solving"‘.—— e calculator can be used effectively ir;’ )
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problem. Also, by réducing the computation time with the use of

a calculator, stu Ozn.q can spgnd more time on other problem-.

salying skills or solyirig more.problems than'they could with-
out the calculatom. .. e & .

. Reinforcement—A calculator can provide immediate reinfor
ment of the'learning of definitions, functions, and basic proper-
ties. It provides immediate feedback™for accuracy in _computation;/‘
it can be used in place of flash cards and other drill and practicé
materials. Also, locat;ng errors in complex computations becomes
routine with a calculator.

. Concepiualz zation— CalculaLors are provndmg more opportum-
ties for students to learn mathematical concepts than they had,
thhout the devicgs. The: calculator is also used to’ leatn the
number systems concepts, such as place-value, decnmafs, "and

’ powers of ten.

‘A New Skill and Concept Area for Mathemancs

Thednclusnon of tecAanologlcal deve opments in the mathe{gtlcs.
curnculum has been rapid.and, therefgre, difficult to plan. Afso, the*
. 1mpact of the technology of calculatorsand comiputers on the Curricu- .
lum is much broader in scope than most educatiohal planners had .
'antncnpated In the broad. sense, the tgchnology is based -on the con-
cept of an organization of machmef ctions to acfomp‘hslr complex-
. or repetitive tasks, r )
he study of calculators and computers is possiBle at two le»els (l)
act al\knvolvement with the machn}tes ‘and (2) simulation of the .
. machines’ 1nnerWUTkmgs Both levels will enhance computer literaty
[ for students. The first is preferablq’, but for tllose schools withofit
) calculators ancf computers, a snmulfitlon model 1s suggested By ex-
amrmng the basic functions of ,input, output, ‘pro;essmg, and
+ ¢ _memory, students will simulate machme operation and i1 the process
‘* may learn many ‘basic skills; e.g., the study of algorithms will dlfier
rom‘textbbok*vresentatlons and should’ serve to reinforce.under-
" standing. This simulation model will also provide students wnth
another view of ‘the everyday, use for mathematics. :
" The examples of how prob/l‘_ m solvnﬁan be-taught, as shown on .
pages 67—74, clgasly show tha com‘puttdg is subordinate to problem-
solving skills. A calculator may be usgd to enhance the learning of
" thesg skills, and in some cases Ysing a comguter mjght be even more
shelpful. Two more examples thdt are presented in figures A-2and A-3
show. how especially good use can be made of calculators or compu-
."“ters, Figure A-2 describes a budget problem at four grade fevels, and
Figure A:3,pres\er}ts 2 Business| probleén involving ' ways ‘of sevin'g

?

.
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Problem-solving skills

. Formul ing. Analyzing Finding the Interpreting |
. -Grade the problem . . the problem . solution the solution .*
— e lavel (FP) ap 7 i) sy &,
Kinder%arten’ How can | keep track of | Keep:a record. What Set up a journal, add Did 1t balance? Did it &
throGgh | .« Ly gllovgance? income, and subtract - | satisty my parer}{s? Is

grade three

:
. Lo
-, . -

>

operatigns do | need?

% ~)

OUt 80

%,

thery an easier ‘way?

Grades four ~
through
sIx

How can | keep track of
my earnings?

S o M

Plan an garnings’ "+ ¢

.| record. '

-
-
. A

Establisty the reé‘osd.l

§

’

l

“land-is it compléte?

Does my record balanc ,

2

Grades seven

How, should a school

What is involved? Check

Set up the financial

Do the club mer'nbeZ;

through ;ghx/bnanage money? with the Student - records for a club. understand the repohs?/' ’
§ __ _hine __— " |Activities Director : Do 1? , :
’ Grades ten How can | plan a What types of income Develop a teptgtlve Discuss the buq/geti with
i+ through budget as an adult? and expendifures do budget with categories. |-at least three adults andv
E twelve adults have? . . |revise the budget

[ . > .
. O K .
ERIC .

__ th A-2. Example of a Personal Budget Problem/for Whlch a Calculator Can Be

/
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o ~ Problem-solving skills
- Fonnulatingj\'_:i', ’ AnalyZing Finding the Interpreting
Grade the problem, the problem solution the solution
level (FP) {AP) (FS) (1S)

. Kindergarten
, ' through
grade three

&

Where can | keep
money given to me as a
savings gift?

4

)

_| What does the .bank do

to keep a record of my
money? How does my
money earn interest?

% .

Calculate savings
account as deposits are
made Calculate interest
on savings gt regular
intervals } .

qd -

How much money do |
now have? How much
money did the bank pay
me n interesty, Could |
have earned more
money by going to a &
different bank? -

, Grades four
throughy
SiX

4

How can | make sure'l.
have enough money for
Chnistmas? How much
money do | want to
spend on Christmas?_

What amount will | need
to deposit each month

to attain my goal? What
recording procedures

will | use? | L

fCalculate monthly
payments plus accrued
interest.

How much money did |-

finallyphave? What
would have Happened if
I had missed a month?

Could | have earned this .

much in another way?~

Grades seven
through
nine °

O

[RIC

- >

s, f s

How can | regulatQ the
income and out-go of
my paper route
collections and my
monthly bill payment? :

»

How does a checking
account work? Which
checking account 4s
best for me?

. v

Check to make sure
bank statement 1s
accurate. Enter deposits
or bank slip rite

checks for b sm?ss\
expenditures

’

What were my profits?
How can | maximize my
net income? Do bank
statements vary among
banks? Which is best for
me? . .

v

-,

08
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4 Problem-solving skills 7
, . Formulating Analyzing Finding the Interpreting
- Grade’ the problem ™ the problem solution the solution
levei " . {(FP) {AP) .{FS) (1S}

Grades ten How do I qualify to get- |What kind of auto can I Fill out loan forms. Would it have been '
through an auto loan at a-bank*(#ford? What will the" Figure out amoynt of possible to obtain a‘loan
twelve v s it - | monthly payments be? [interest paid to bank for|th3t required me to pay
> - Will my interest on the' | loan pf original money - {€ss interest? Are auto

. laan be simple.or Figure principal and andzhouse loans.
compound? Does the mterest amounts’ per calculated simlarly?
. amount, of time the loan month. How do bank loans
runs’ m'%tter? How much‘ compare to auto
. . IS msurance? What will . dealership loans?
maintenance expenses At | 25 .
. - ' |be? . ! , '
. , . -
- — 0
» o N . ¢ '. i )
- Fig. A-3. Example of an'iInterest Problem for Which a Computer Can Be Used
I .o . * i o .
= - s
“ : .o L
. . . ‘ - ot - >
.: ) ’ ' ) l { .
- I_ haad ’ * .
- . 8 ‘,.3 - . .
id ul . ) . /
. . . .
O : .
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Other areas which lend themselves well.td the use of calculators/
computers are: ’

Business “Sales *
Predictions
* Development costs

1

Personal . Games
' Budget
Shaopping

‘Government * Taxes .
Census
Inventory -

Applications Edections (social science)
to schools Food chams—s;\mulatlon"Gclence)
Patté¥n generation (art) .
! Stmulation of slope variatiom (algebra)

See Appendix B for addltlonal curriculum considerations telated
to calculators and for tips on purchasing calcylators;

e

Suggested Lxst of Objectives for GradesaL
Nine Through Twelve s

]

A suggesfed list of objectlves for instruction in the use of calcula- ,
tors and computers in grades nine through twelve follows (See Appen-
v dix D for ‘obje;tives ;9: kindergarten through grade eight.):

&

. "Estimation -
a. Explore the skills necessary to estimate quantlty -related information.
b. Develop skills necessary ta estimate quantity-related information.
c. Acqulre the skills negessary €0 gstimaté quantity-related information.
% d.-Apply the skllls nece_ssary to esumate quantlty -relatdd information.

* =27 Operations *
- a. Acquire the skills requrred to calculate addition, subtraction, multi-
- plicatjon, and division using real numbers

3. Relations and Patterns | * :

. Develop the ability to analyze number relatlonshlps and order
priorities. . .

. Acquire the’ ablllty to analyze number relationships and order
priorities.

. Apply the ability to analyze number relationships and order priori-
ties to other situations. ¥ .

. Develop the skills to analyze number patterns. -

. Apply the skills neccssary to a.nalyze number patterns to other

situations. . .. N A AR ’

. e

4, Apphcatxons T
Al & Explere the use of motlvatlon and enrichment actlvmes
(S .

.
[,

-




c. Develop extended application, problems to concepts that are nor-
mally obscured by tedious computation.
. d. Apply knowledge of extended application probl€ms to goncepts
" . that are normally obscured by tedious computatlon .
.e. Develop mtegrated currfculum opportunities.
f. Apply integrated. curficulum opportunities. . .
g.'Apply skills with computer simulations.
5 Computer~Lateracy - ’
a. Develop working knowledge of functions, loglc and mechamcs
b Develop the historical perspective of improved technology o
c. Develop programmung skifls. . 1
d. Apply’programming skills. ¢ "
€. Explore the use of technoloﬁ‘ln.today‘s society:
. * L] .

b.

Explore extended application problems to concepts that are nor-
mally, obscured by tedious computation.
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Proﬁmency Testing and Remedlatlon >
_ . in Mathematics

When the first proﬁc1ency standards law in California was enacted :
in 1976, the public was expressrng much concern dbout the reading,
writing, and computation skills of students in California schools. It

7 was found that too many high school ggaduates lacked basic skills, -

and the Legisldture initiated a policy that required each school dis- -

trict to set proficiency standards for its graduates The law prohlblts

the awatd of a high schogl dlploma to any graduate who fails to meet’

those standards; the law also requires the district to maintain a pro-

gram for students to remedy deficiencies detected i in the formal assess- ;.

ment process “after grade three, c .-

The intent-of the Legislature in enacting the profrcrency standards ‘
law was the establishment of minimum standards for those skills gne
™ might reasonably axpect of any high schooi“graduate Meeting those

standards is a necessary but not a- sufficient condition for the award
of a diploma. Each district must require its students to complete a -,
course of study in addition to meeting adopted minimum standards -
prior to awarding diplomas. To allow meeting minimurh standargs to
become a sufficient condmon for receiving diplomas may contribute .
to schools apgndoning more ambitioys programs for meager instruc-
tional outcomes. The law-also specifies a course of study for students
that includes content in mathematlcsjbeyond a furktional minimum
and, thus, makgs it clear that minimum programs are neither desired
nor allowed. (See Education Code sections 51210[b] and 51220ff].)

Involvrng parentSv and students along with professional educators

eloping proﬁcrency‘%tandards for a.school district will minimize’

the problems inherent in this'change process. It is also important to

make certain the standards at the elementary level' are in concert with

those at the secondary level. Since the notion of standards was appeal- v

. ing to educators and the public alike before the law was passed, thescgs

oStandards can be developed to reflect a consensus of local beliefs
- ai)out the purpose of educdtion. Fhe, State Departmerit of Eduga1
tion’s publication, the Technical Assistance Guide for Proficiency
Asse,ssmem makes useful suggestions for developing proficiency
standards, assessigg student learning, de,slgnlng school programs rela-
tive to standards, and identifying how to avoid difficulty in imple-

L4

menting a proficiency standards policy. - . . e

4




' Sugéﬁ:‘stions for Setting Pri)ficiency Standards. .

-

Proficiency standards should not be set in concrete but should be

reviewed régularly by local committees whose membership includes,

parents, students, teachers, administrators, counselors, .and other

members of the community., The law was not intended 'to prevent -

students from graduating from high.sghoot; rather, nt was designed to
make certain~that the awardm'g &plomas indicated that' those
" recenving them-had achieved at_ least minimum functidnal skills and
Phat those students who found it difficult t acqunre such skills would
be;accommodated by appropriate remedial instraction.
. While much of the rhetoric abqut the law has centered on dssess-
_ment and-testing, it is most important for educators to notice that the
lay, represents the Legislature’s desire for ha\i\ng changes made in
scho\l programs more than it does for regulating, such programs. It is
-an-opport_umty to make school programs more successful thma they
have been in the past in imparting knowledge and Skl]l to less able
learners. . g
. The emphasis in this framework addendum ison nmprovmg mathe-
matics learning, but in this section the focus is on how. computauon
#rélates to the proficiency standards ang the rest of the mathematics
cumculum Most districts have a mathématics continuum of learning -
obJ-ecmes and computatjian and other identified minimum profi-
ciency objectives should be a part of that master-continuum. The -
folld’vnng statements are iitended to provide a helpful perspective:

1. Computatxon 1s an important skill, and students proﬁt by knowing how-
to compute and which operation to use in a given situation.

2. Mathematics is more than computation, and to limit any student's

* mathematics:learning to the acquisition of computatron skill “is not _
desirable. . .
_Mathematlcs instruction presents many opportunmes for learnmg
readmg, writing, and computing; and regardless of the subject, those’
opportunities should be used, to help students meet profncnency stan-
dards forrgraduatton.
The mathematics program for every student should include {nstrucuon
n every skill specified in tZe proficiepcy standaerds adopied by that
‘stuglent’s schdol district. Failure to do so diminishes the content valid-
ity of the assessment process; i.e., tests shou ggot'be designed to exam-
ine skills which are not taught. ' )

. Remedial programs established for students who fail o meet profi-

; cnency\ stand#tds should be designed to help students med¢ those min-
imum standards, thus, those*sponsnble for remedial prégfams should
teachuto the objectives in the standards, not to the test itefgs. On the
other hand, those requnsnble for other remedial progfams that are
desigried for students who can mee} the minimum standards hut have

+
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difficulty with other mathematléal skills should teach to whatever®
objectives have been set for those(p‘i'ograms. ) .
Since remedial education presents some of the mosh;;:hfﬁcult responsi-
5"|h«ges schools am teachers face, 1t is appropriate that staff assigned to
-remedial classes be’highly qualified and that teachers receive in-service
training in teaching less able learners.

Those plam%ng remedial programs shoyld give adequate attention to
such issues a% studerit-teacher ratiog, scheduling, motivation of student
learning,' choice of material appropriate to slow learners, and alterna-
tive modes of instruction. ha

. Proficiency standards should be coordinated between high schools and

their feeder “schools through rigorous articulation efforts.

14

o

L)

Policies for proficiency standards have been hrmly implemented in
most school districts, and these policies should provide for a contin-
ual rewew of standards and objectives as well as ongoing attention to
1mprovmg regular school _programs and remedial ing{fuction. School
improvement, as 2 goal, is,a never-ending process, and Thathematics ‘
educators have an. important role to play in that process.
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Staff Development

Staff development is the most important activity for ensuring the,
simplementation of the concepts embodied in this addendum to the
Mathematics Framework. Staff development efforts in Califongia
shoul%nbe designed to help teachers while focusing*on the new
mathematical orientation toward problem solving. To achieve this
goal, those responsible for staff developnient must hdave 4 workable
process, persons with expertise in certa1n subjects, and a plan for
formative evajluation. -~

A workabte process needs both a structure within which to func-
ton and the personnel to accomplish the task. Both teachers and
administrators working on a staff development program will need or
‘must secure persons who have expertise in certain areas in order to
provide a curriculum consistent with this addendum.

In order to be successful, staff development p"ograms need to
include the following components:

1. Coordination of ‘all relevant staff deve10pment programs

2. Coordination-with district, county, and state offices ang with profes-
sional mathematics educational groups

3. A closed Joop to ensure adgquate and effective plannmg, as shown in
Figure A-4

.

¥
/ Planning ' .
: Group for .
Staff Development ¢ .
- . .~ -
’ 5
\ : Progrant for .
Staff 4\ . Staff -
_ | Development Development
/ “\  Sessions C L 8 ioay -
h ’/
’/ h [ N .
¥ < &

. A’:4.‘Tho Closed Loop in Staff Development Planning
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« .
4. The content of the addendum to the Mathematjcs Framework ™,

S. Evaluation, which is basic to the nmplementauon of high quality staff
ment programs ,

7 errelationships of the components of staff de\elopment are
Figure A-5. The followmg 1s an e),gample of the manner in

Afschool staff development planmng group is gi\en the charge of
developing a plan for a mathematics in-service training program. .The
group begins by drawing upon both external and internal groups or

_sources, including the Mathematics Framework addendum, for plan-

“ning a staff deve10pmeanrogram *he plan then goes to the total
staff for evaluatnon and suggestions. As the revised progtam is imple-
mented, continual evaluation of both the process and the outcome, of
the -sessions will improve future staff development efforts. .

Specific recommendations lanmng and carxmg out a staff -
deveIOpment program. foflow: . '

. Program planning need s allskull levels of staff members,
2 Specific participant objectives need tp ‘be ndenuﬁed for each session,
and the degreq to which the objectives were attained needs to ‘be deter-
mined at the conclusion of the training. ‘s
3. Coordmauon of training>among schools is necessary.
4. To “facilitate contipued teaching improvement, a need exists for one
» indsvidual to prowde liaison between the staff development prfogram
and the classroom teachers
# “T1 5. At regular intervals time needs to be set asrde for the targel popuiatlon
@? " to discuss the ﬁmplementauon -of the progran?5§ AY

w?:* The followmg topncs in mathqmatncs ate sugge ed asjsgpjects ofa
. Tstaff development program: o g . , .

l.'Teachmg for Competency Mastery— Alterna.me Approach toReme-

-

dnaﬂj) ‘ ;
Hadd-held Cﬁlquators in the. ¢ Classroom R

3

Computer thcr?cy . N -
AaPro‘Blem-Solvmg Curriculum ¢ - S

The *Role of Estimation ‘in Problem Solving .

The Complete Mathematlcs Program—More Than the Textbook
Ma ematics as It Relates to Career Choiges . 5

. %nd Its lmgla::t on M'at’nemaucs' > L .

. Math&ngtics Center USes and Abuses LT e,
. Techmques for Groupmg Within Secondary Classrooms -

. Mathematics Lab§* Organizing, Alternative Funcnor’i% and ‘Efficient

Recordkeeping Systems
. 12, Use of the Computer~to Simulate Condmons ‘Found \Social‘

—odwNQM»wN

—_——

Scienge, Science, and Other Subject Areas, * .
13 The Relatlonshnp of Mathematncs with Other Dlsmplluqs

Iv
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APPENDIX A

A List of Uses of Mathematical
s Skills and Concepts
in Applications of Arithmetic

“e

This outline is adapted from an April, 1940 report of the Arithmetic and
Its A&pplications PrOJect which was codirected by Zalman Usiskin and Max
Bell, with some revisions that incorporate the work of that project as late as
June, 1980, This work was partially suppefte by Nationdl Science Founda-*
tion grantgnumber 79-19065; however, the oPlnlons expressed are those of
the codirectors, not necessarily those of the National Science Foupdation.
The outline adheres to the following hierarchy: iy

-

I. (Capital Roman _numerals)— Steps of the mpdeling process
. A. {Capital letters)— Curricular topics, usua}ly standard .
J1. (Numerals)—Use catcgorlcs (For what reason’ do we use . ..?) .
a. (Small letters)—Use subcategories (listed otéasion:ﬂly).

I. Cdnfronting Number$ and LabEls

A. Single numbers :' - A
I. Counts
2. Measures |
3. Locations in referegce frames \ b ’
a. Rank orders '
b. Time and space frames
¢. Scales (linear; normalized, exponentlal and so forth)
Comparisons
Conversion, facs’érs and constants§
Codes ° x
a. Numerical codes 1
b. Alphanumeric codes Jﬂ

<

L4
Son

B. N-tuples (ordered pairs, triples, and
1. Storing counts or measures
2. Locations
3. Comparisons
" 4. Codes )

forth) of numbers

C. Labels
1. Counting units . .
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. . A List of Uses of Mathematical
g . : Skills and Concepts
) in Applications of Arithmetic

: ~ This outline is adapted from an April, 1980, report of the Arithmetic and

Its Applications PrOJect which was codirected by Zalman Usiskin and Max

Bell, with some revisions that incorporate the work of that project as late as

3 iy June, 1980, This work was partially _supporf'te by National Science Founda- *

- i tion grantinumber 79-19065; however, the o Pmlons expressed are those of

. the codirectgrs, not necessarily those of the National Science Foupdation. .
The outline adheres to the following hierarchy: -

I. (Capital Roman _numerals)—Steps of the mpdeling process

. A. (Capital letters)— —Curricular topics, usual ly standard
1. (Numerals)—Use wtegones (For what reason’do we use...?) .

a. (Small letters)—Use subcategortes (listed (kcasmna’lly)

I. Cdnfronting Numbers and Lalsgls
A. Single numbers :' -l b
1. Counts
2. Measures .
3. Locations in referepce frames \
a. Rank orders ' ' ' -
b. Time and space frames IL : v
¢. Scales (linear, normallzed ex \onentlal and so forth)

A

4. Comparisons
v S Conversmn facﬁors and constants !
6. Codes
a. Numerical codes
b. Alphanumeric codes

3

-

1. Storing counts or measures
2 Locations
3. Comparisons

B. N tuples (ordered pairs, triples, and jf forth) of numbers

N

. ~ 4. Codes -
: C. Labels
1. Counting units - .
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2. Measure Tnits
a. Standardized
(1) Base
(2) Multiples of base _
(3) Derived '
b. Quasistandardized (teaspoon.. pace, and so forth)
c. Arbitrary .
3. Monetary units
4. Scale labels "
" a. Discrete scales
" b, Llnearjeales
c. Normalized sgales
¢. Exponentidl scales
e. Other scales
5. Informational labels
a. Directional labels
b. Descriptive labels

1. Adjustmg Concepts in Part l for Study

A. AdJustments of notanon (fractions to decnmals and so forth)
. For facnhsy in épplymg algorlthms .,
2 For easier comparisorr * >
3. For, consistency of, information A
4. For saving <pace for easier reading’ . °

‘B. Microadjustments of value (éstiniates, roundmg, and so orth)
&+ |. For safety tolerance. -
- 2. For necessity >
a. Exact computation is impossible (e g., vacation’cost).
b. Sitpation has built-in variability (e.g., typing speed).
¢. An exact value would mean ablhty to predict_future.
. d. Amr exact value is 1mpossnble in real world terms.
e. An exact “alue is unavaifable. * . ;
" 3, See reasohs under A.

- : e
C. Macroadjustmefits of value (scaling, shifting, ana ’so forth)
l. See reasons under A

D. Adjustments of ‘mode of representation (prose to photographs)
. For increasing mformanon being conveyed
2 For clanty : St

it1. Translatnpn of Situational Questnons into Mathematical Relatlonshnps

*A. Addition s s :
“1, Totaling Gdunts
2. Totaling measures
3. Changinig by fixed quantity
4 Combmmg changes

*
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B. Subtractlon .
|. Tak¥-away with counts ]
2 Take-away with measures
3. Filling up (finishing, completion)
4. Comparison

e

* C. Multiplication - .

~

s

1. Measure product
a. Cartesnan product (permutation without repetition)

b. Area ‘ . v
¢. Other derived measurcs

2. Rate factor ’ .
a. Set of sets 4

b. Continuous rate factor
* 3. Conversion factor —
a. Within system N
b. Between systems .
4. Scale factor :
a. Part of, multnple\ f

A

b. Size changing ° .
D. Division )
1. Measure quotient (from measure product)
2. Rate .
a. Calculation Rd
b. Rate divisor (from” rate factor) .
, 3 Ragno ; -
Iculation
b Scale divisor (from(scale factor)
4, Conversion )
a. Calculation of conversion rate S
b. Conversion divisor . :
E. Powermg . - .
. Permutation wnth repetmon -
2 Volume
3. Change of unit in dimension . :
4. Growth \
5. Acceleration,, and so forth . ) \
F. Absolute valumg——undlrectmg distance ’ . J

* G. Combinations of operations—many applications uénhze more than
€ one of the above operations. The schema cannot give more than a
"few examples of these. Our’ categonzatlon here is not byintent.but
by nature of the relationship of tHe combnnauon to what is given
above, o
I. Use categories involving two separable operauons
, a. Linear combifiations o
* b. Rate of change (slope and, so forth) . o

2. Use categories involving more than two separable operatnons' s

a. Weighted average

1Y

g i




* b, Linear conversion v >

¢. Formula for hypotenuse of,right triangle ngen two legs\and
%o forth . .

3.-Where separation seems difficult (use categories based upon

mathemaucal properties of the operations)
‘ a. “Bestfit" functions
LT T b Trigonometric formulas, and so forth

H: Operauons on sets (max, min, mode, median, gecd, Icf)

* 1. Measuring central tendency

2. Measuring éxtrema

. 3. Measuring fite
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---- Curriculum Considerations for Use of the _
pe . Hgnd-Held Calculator - - Y

-By Gary G. Bitter
. Arizona State University - * -
Excerpts from The Teacher, February, 1977,

As the calcura\r 1s used more and more, the mathematics currlculum. Cn
_being quite hierarchical and definitive, is opensto some consnderatnons
. =~ " Teachers, résearchers, and curnculum‘experts need to examine somé of the
y calculator implications on the curriculum. These considerations are the pur-
pose of this, article.

S Different Logic Systems . R

Mdny types of calculators performwin different ways. Caloulators have
various capabnhty féatures that work to the advaptage as well as to the
disadvantage of feaching mathematical concepts. The first. hurdle is to be
able to tope with a specific calculator that a stud%nt brings into.the classtoom
and fo be flextble in pointing out that eertain problems may not work out a
certain way on the machine. The algebraic logic (4E1 33 ), arithmetic logic
1 (4 B3 0),and waerse Polish notation (4#enter] 3 0 ) logic systems are ways
L in which different calculators solve algorithms. Theymost common is the
4 . " algebraic system whnch seems to correlate wrth the Ylgorithms: taught to
:

i

chnldrcn., 2 9 r .

i - (3 .Y ’t —~— ‘;.

Pe

. Roundmg s . T,
. . Consumer computations involving money usually have answers of mbre
than two decimal places Most students are not aware of this, as they only
see money answers in dollars and cents (twg place decimals).” Therefore,

careful chelopment of reunding needs to b€ in the curriculum at earlier

- grade.leve (than prcsently de\elopeQ) for udents to rclatc’to our monctary
: system. °
. . . . . e . “'\ .
> Fractions to Decimals . . L ol .

Q
The ability to convert fractnons into decimals is cssenttal The formula for 3
, .the area of a.triangle 1/2 bh for volume or 4/3 m r’ of a sphere can be .
con.fusmg even if a student knows how to represent the fraction 1,2 or 4, 3in
.. decimal form. Therefore, to changc a fraction to a decimal is anecessary skill
L whiéh the student must know in order to relate to the fraction in its new

form., E . . i - L\, .
‘ [} Lo . o v ) ) ’ . Y .
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.for wrong answers. Although the use of parentheses is emphasized to help, ’

96 e K .

. i L]
Decimal Representation of a Fraction

Many cal(:t}lators represent fractions such as 1, 6 as 0.166666. If someone. oo
is doing a chain of operations with the-fraction 1, 6, leaving it as 0.166666

gives a more accurate answer. But our math books show that 0.166666 can

be rounded to 0.16667 or 0.167. This affects computation results and can be

confusing in reldtion to our present ma'th curriculum. (Another common

notation for infinite decimals is shown here: 0.76) -

1

Overflow .- : .

1,234,567 & 123,456 is too large (overflow) a product for most calculators
to display since they usually have displays of eight digits or less. Although
many ealculators indicate that the answer 1s too large, techmques need to be
developed O solve these ylarge” problems Some calculatgrs give the first

eight_digits—therefore, estimation of 1,234,567 (X 123,456 ‘or work with

powers can enable the student to have an approxrmate answer to such
_situations. UL . -
. . . " N o amsp

Underflow

Answer to problems such as 0. 0001 & 0. 000056@]0 ‘(underflow) may also
be quite confusing thudents In'addition, many calculators have-no means
to indicate that the answer is too small to have meaning on the calculator.
Caiculators need to be developed so students can solve the problem using
scientific notatﬂron In the curriculum, students should be taught about
allness” just as they are about "bigness.” .

The calc‘%ms mampulation of numbers involying truncation needs to be
explored. For example 18 155158715 80.0002962. Multiplying 0.0002962
by 15 repeatedly should get back the original number 1, instead, the answer
15 0.999675. Parts/f-the product have been truncated making it impossible
to regain‘the original number. The idea of truncation needs to bedrscussed
and real life truncation problems need to be explored. For example, banking ’
_continually faces the truncation dilemma. I addition, we need to consider .+
expressron’s of the decimal form with irrational numbers as fractiops.

> ! o

Order of Operatlons

. Order of operauons rules need to bf; emphasized for use on most calcula-
tors The problem 4E 2043 6 solved from lefy.to right with most calcula- »
tors gives-the answer 12. The correct answer is 15 since you divide and
multrply before you add and subtract. (My, Dear Aunt Sally rule.) This
protedure is overlooked in mosf calcylator apphcatxons and often accounts
solve this typg of problem, tHe “order of operations rules need to be 4 e
included in the math curriculum. It is included in upper grades, such as
eighth grade m{th' and in algebra It-should be in lower grades also. "

¢ k]
L} . ~

- . . : . |
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“Add-on” Pe‘rcent Key

The understandmg of the “add-on” percent key is essential for conspmer
use. To reahize that it does a lot of arithmeticin a simple calculator operation
1s not common knowledge to most people since it does not'relate directly to
percent. It does not shbw that 5 percent 1s 0.05 1n a separate step.

~

Constant Key .

The constant ke) (automatic repetition of a constant addend, multiple,
etc.) allows computation by a number without entering the constant {func:
tion) each time. For example, divide each number, I8, 16, 24, and 27 by 9.

8@ 9872

v 16 B 1.7777777
24 & 2.6666666
27 g3

Calculator Arithmetic Using Internal Counting

Some Interésting nonmathematical “anthmetic™ problem solving may
occur. For example: 37 + 37 + 37. Calculator solution. 37 BB E & ///. or
some caleulators may only require 37 (3 [3 @ 111. Problem. Using only four

‘ds, make the calculator equal’ 3: - Tx #

4@4@4@45@@@ !

O(cou.rse this ignores order.of opcrauorfs as well as writipg a real mathemat-
ics formula. ‘

Division by Zero

Some calculators show 5'& 03 0. Many calculators show § 80380
(flashing zero). Students need to haye an understaﬂdmg that this solution is
incorrect and any number divided by 0 is undefined.

Fhe Negative Sign

Displays on many calculators print out one less’ dlglt if the answer is
negative. Knowing that the negatwe sign takes up a digit place can be
misl mg for eight &igit answers. Students expectmg an eight digit solution

- will on y get seven digits with a negatlve sxgn Lots of ®alculators have a
“minus” ope.ratnon key @ and a change sngn key n or n

-

Consecutlvq Operatlons -

Some calculators perform consecutive opcrauons whxcbdo not follow the
"algebraic logic and rules of mathematics. For example, compounding inter-
est on some calculators can be done as follows: $200' at 6 perdert annual
interest compounded quarterly: .

2008 1.5 [%])B (%] @ [%] @ 206.045




o
-

- : .
The us¢ of consecutive operations 1s then unigue to some calculators, and
explanations are not dependent on mathematics utilizing a binary operation.
Theserare a few of the considerations which the calculator presents to thg
curriculum.- Either the curricilum needs to include exploration of these |
considerations or the teacher who uses a specific calculator needs to be \
. aware of 1ts possible functions (or capabilitics). s, :
If the present vanations in calculators continues. .teachers need to be
aware of problems and questions which may occur. Different companies wil
certainly have different models with different internal functions.- so teachers
must have an open mind to dufferent ty pes of calculators. Also. many of the
basic considerations dre already in many basai fnath texts, but they must be
emphasized more Curriculym development needs to include such topics as_
underflow, overflow, estimation,*scientific notation. powers of ten, round-
Ing. and truncation to thake it possible for students to successfully take full
advantage of the calculator and 1ty capabilities.
A \ ’ SN

- ¥,

Tips on Purchasing a Calculator . -

Trying to seléet the right pocket calculator for use in the classroom cam be
confusing Many different brands, types, prices, and features are available.
The following guidelines may help you choose thé type of calculator best
suited to your needs: '

Vo ® A four-tunction calculator 1s sufficient for students through the eighth grade
Memory. square root. change sign’ and particularly percent keys would also be
beneficial for sixth, seventh, and eighth graders

® The casing of the caeulator shoyld be rugged and preferably made of hard,
durable plastic Any bolts or screws should be recessed.or concealed to make the .
case, as wellas the battery storage compartment. difficult to of)cn. . \
® The keys should be large and well-spacéd, Keys that make a sound when pressed

" are espectally useful. because they tell the children that the keys have been
activated This also prevents students rrom fressing the keys unnecessarly hard

e The read-out -display should be clearly legible and visible in bright hight (It s
more convenient {0 have the minus or negative sign next to the number than on .
the far left-side orindicated by a light When the solution to a computation is too | e
long to fit on thesdisplay, a symbol dehoting “overflow™ should be clearly visible
on the display ° \ ’ .

¢ The algonthmic computation approach (algebrai logic) 1s impertant. In-other :
words, entering 3 [J 2 3 1nto thegalculator should producc the solution--one .
Fortunately, few calculators comMte otherwise Some nonalgorithmic (nongl-

~  gebraic logic) calculators would print the solution) as minus one. In order to
compute this problem on such a calculator you would enter 3 {235 to get the
answer--one, : :

® A printoW} display that accommodates a minimum of, six digits 1s essential, eight
digits arc desirable " A “floating” decimal point 1s more-useful than a two- or
four-plg€e fixed decimal point display For example, using a floating point, the
solution to the problem /[ & would read 0.725 nstead of 0 12 with a fixed
decimal formatg 2 ¢ Lo ) .

.
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. Calculaxors with kc)s that show two finctions, such as‘. or[E are not
beneficial because they may cause confusion,

Y A calculator that “counts” can provide many activities for primary chlldren By
‘entering the number and the plus sign. such-as ! @ . and then conunually
pushing the equal key, the calculator should count by onvest such as /, 2. 3,

4..... Or.enter SABE . . togets 10,15 .
o Calculators with long-life batteries are now available and relatively inexpensive
compared to the cost of buying and replacing short-lf¢ batigries These calcula-
. tors often have an automatic shut-off feature which extends the battery life even
longer. ~ PR
e A dependable no-risk warranty 1s also important
Not every calculator has all the above features, but these should be taken
into consideration when making selections for children’s use. The greatcr the
‘number of functions and degree of sophlstlcatlon the more expensive will be
the machine. )

Al
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Criteria for Evaluating Instruetional Materials
« . ) . = . c

..+ in Mathematics (K—8) * - .

Adopted by the California State Board of .Edu‘cation
[} , March 13, 1980 :
2

The clgssroom teacher continues to be the éatekeeper in curriculum—the
one who stages the learning opportunities. The teachfsf is most responsible
for kpgwing and ‘providing the basic mathemgtics program as deéscribed in
the Mathematics framewark Jor Califernia Public Schools, Kindergarten
Through Grade Twelve (1975), and the addendum ta that framework (1980),
the mathematics curriculum mandated by the Califarnia State Board of
Education. F¥he following criteria are -written in conformance with the
Mathematics Frqmewdrk and its addendum and constitute a mandate by the
State Board to the publishers who submitted their instructional materials for
¢onsideration on the 1982 adoption list.

Several substantial changes have been made in the criteria from the. pre-

A

vious version: . - L

® The.problém sblving/application strand has bgcome the all encompass-
ing theme of 'mathematics instruction and is no longer a separate topic.

e Part I of the criteria, instructional methods, has been expanded to
include process skills of mathematical thinking necessary for solving
problems. - *

- Mgthen')atical skills and concepts related to calculators and computers
are now elevated to the same level as other traditional concepts.

® The directive for metric,instruction has been clarified and strengthened
‘ in view of progress being made toward a metric America.

Thg¢ criteria are organized to facilitate the efforts of the Instructiona)
Matgrjals Evaluation Panels that are responsible for screening all submitted
materials and recommending to the Curriculum Frameworks and Supple-
mégtal Materials Commission of the State Board those which should™be
included in the adoption list. @ o

'L Students and Their Needs,

: - A well-rounded mathematics program will appeal to many types of
learngrs. Hence, the instructional materials should provide learning
opportunig;f premised on thé following student characteristics:

o
— LI
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: A. Achtevemem Patterns . - :
1. Supenor achievement patterns of pacing, depth of learning,
recall, and application in mathematics -
2" Average achievement patterns of pacing, depth of . learnmg,
recall, and applicatidbn in mathematics ‘

3. Limited achievement patterns ‘e

. ' . B, Learning Modalies
~4. -Visual learning
. 5. Sensory or tactile learnmg - <,
6 Symbohc wanmg < ‘

C Readmg Skills - ° 1
=7. Average or above R . .
~ 8. Below average

’ « , D Affeuwe Qualines . +
oo 9- Highly motivated, SC]f—dll‘CCllVC . ‘.
. 10. Unmotivated, nonself-directive ’
- 11. Variable..but typically average

E. ‘Special Needs .
12. Language disabilities and restrictions ,
A : 13." Educationally handlcapped
. 14 Able learners . ‘f o

N . 3

*

1L lnstructlonal Needs

-

The mstructlonal matema‘ls shall facilitate:

A. The Problem-Solving Perspeciive of Malhemams
The major-goal of the instructional program in mathematics,
. kindergarten through ghate eight, is the development of the abil-
\ity to solve real problems and to understand the basic concepts
s , involved in the problem-solving process. Concepts and skills
®related to problem solving should be reviewed and emphasized
frequently throughous the mathematics program so that students
- understand that mathematics lshyroblem solving. i
E VQ.Q’. topic_in mathematics s oultl derive its justification f
existence on the basis of its value as an aid in problem solving.
‘ » Problem solwing is no longer an end-of-chapter application sec-
' tion designed to provide practice in using just-learned mathemati- *
’ cal‘qoncepts and skills. Concepts and skills should be organiZed in *
“the instructional program y around the problem-solving processes’ ’
which are outlined briefly here as follows: »

1. How to formulate problems frqm sitliation ith"which stu-
dents _are, familiar )J
2, How to a,’nalyze problems,using a wide varjety of mathemau-
. -~ -cal strategies and models :
o “ 3. How to solve problems by mathematical snmphﬁcauon
4. How to-nterpret the solution, verify i its accuracy, and Nplore
the implica#i®hs

-
.
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B. :4 Variety" of Instructional Techniques o ’ )
’ . Student groupings in tHe classroom x o sES
. 2 A variety of classroom istrategies for instfuction 7. #(:\’
, o P ] Y
Classroom Student groupings R
. . strategies Large *Small _ Individualized R ]
N ! d \
Labor’atory
Audiovisual (filids,
' loops)
’ Expository teaching n »
[} 4
. . Team teaching . - -
‘ N o . .
: < C. ijs:stent and Valid Metric Instructions % )
to. ."The first standard units of measure presemted for a given .
measurement task should be metric and thoroughly under-
. stood before.making any reference to the present U.S. system
. of units for that task. - .
2 Sﬁggesnon& for instructional examples for the teacher: to use :
) in explaining mathematical concepts should be metric if refer- .
. © ' .efice to standard units of measufe are involved. ‘
3. Measurement tasks should be presented to develop skills of ~
) ’ estimation with netric units.
. 4. _The present U.S. system of units should be presented only to
’ : the extent necessary for simple measurement tasks puplls
encounter in out-of-school applications.
5. Measurement tools for classroom use should be replaced as
. rapidly as possible with metric- only tools. . . |
6. In each set of apphcatlon exercises, metric units should be : }
‘ used in a majority of those problems which involve measure- o
¢ ment units.
7. Only decimal notation should be used to report measure- v
ments in metric units—no fractions. - a . |
N 8. All metric symbols and terms should conform to the Interna-
, tional Standdrd of Units (SI). . =~ ™
9. All graphg, pictures, and illustrations involving measurement
units shollld clearly portray metric units as*the dominant,
acceptable, and standard units of measuremeént.
10. No dual-dimensional measurements should be used. =
» ¥

I1I. Mathematics Content . ‘

The criteria for content coverageis organized around major mathe-
matical concepts and skills. Material should be presented to students
- in a problem-solving context, as outlined elsewhere in the addendum
to the Mathematics Framework. '

. o 10( . . “ . .
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The materials shall provide activities leading to the development of

the following concepts and skills: .
A. Aruthmetic, Numbers, and Operations - o
l. One-to-pne correspondence, number, counting. and order -
I ., 2. The number line and the coordinate plane
. 3. Positive and nggative numbers® ’
4. Decimal notation and computation with decimals (prior to

. formal computation with numbers in fraction form)
5. Memorizaton and use of basic arfthmefic ficts of addition

H

- and multiplication |
Addition in the development of the opu"mon of subtraction
\L Subtraction and multiplication in developing the operation of
division .
8. Equality and order relations -
9. Properties of operations in the development of computauon
skills
. 10. Elementary number theory conccpts ~
11, Skills of computation with positive and negative numbers
12. Selection of the appropriate operations for gnc n situations
13. Mental arithmetic \ .
. 14] Place value in the decimal numeration system
15. Exponential and scientific notation .
16. The real number system N9
17. Ratio. proportion. and percent
18. Rounding off ngbers and estimation skills

- B. Geometry A .
- 19. Intuitive. informal geometry. utilizing cmlronmcntal models
20. Similarity and congruence
21. Parallelism,- perpcndlcularlly and skewness
» . 22. Classification of gcomctrlc shapes -
° < 23, Use of geometric instrunfents
24. Construction of three-dimensional models
25. Length, circumference, pcrlmucr. areg, volume. and angle
measures of stmple’ geometric figures

o 26. Indirect measurement and the Pythagorean formula
* 27. Elementary coordinate geometry .
< * T C Measurement o . ) |
Y 28. Measuring familiar objects through *“hands-on™ cxpencnce |
'Y 29. Arbitrary units for measuring (preceding instruction in stan-

dard units) |
30. Standard units as a_uniform way of reporting measurements |
3l Undérstandmg the structure of and using the metric systemof .

units (SIy a |
32 Convcment references for metric units without computational

- rcomvcrskons between the U.S. customary units and S units v
. 3% Pracucc with the numerical values of the metric prefixes
¢ o .-
fRIC * - | °
. 4 <
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36.

. 40.

42!

50.

51
52,

» . 53

° . 54
55
56.
57.
' 58.

-

59,
60.

*61.

62.

(4

\

6k

34

. 3s.

37.

D. “Calculators and Computers < _
38. -t
39,

41+ Reinforcement of number relationships

. 43
.. 44,

45,

46.

47.

. 48.

o 49,

63.”

Estlmatmg drstance area, volume, mass, and temperature in
metric units ~
Reading simple measuring instruments and the approxtmate
nature of measufement . )
Scale drawmgs axd maps . '
Formulas -for determining perimeter,'area, and volume

,Estimation
Calculating +, -, x, = * ) .
Immediate feedback

Exploring number patterns
Motivatioft and enrichment
Extended application problems to develop concepts that are
ﬁormally obscured by tedious computations

Providing integrated curriculum opportunitiés

Working knowledge of the functtons 'loglc and mechamcs
Historical perspective .

Order properties . -

Programming and flow charting

Examples og use in sbciety ¢ S

Callecting, organizing, and representmg data derived from
redl-life situations

Tree dlagrammmg ahd counting procedures for sample
spaces

Permutations (arrangements) and combinations (selections)
Making ‘guesses about patterns or trends in daba
Statistical inferences

Various measures of cgntral tendency and dtspersron
Elementary concepts of probability .
Reltablhty of statistical inference )

E. Probabiluy and Statistcs .

F. Relanons and -Functions

Congfructing and interpreting tables, graphs and schedules
Mappmgs correspondences, ordered pairs, and«‘rules” lead-
ing to the concept of a Mmathematical relation . .
The functipn concept and furction notation

A function in mathematical applications-

Patterns and relationships and forming generalizations

e .,gi Lagical Tlnnkmg PR '
. =" 64. Manipulatives, games, problems, and puzzles whtch strmulate
.* . %  and develop elementary reasoning patterns
o p * 657 Trial and error sttategtes -
4566 Applying reasomng patterns to nonmathemattcal situations

1]

such-as advertlsmg
thect and jndirect reasoning patterns
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: 68. Inductive and_‘deductive reasoning patterns \ >

69. Sentences using: and, or, not, if ... then, all, and some
Al M N

V. Teacher Materials g
The materials should assist the teacher by providing:

-

\71. Organization
l. Clear identification of intended student audience
2. Scope and sequence .
3. List of student or program objectives
4. Integrated ancillary materials K ,
B. Strategiés
5. Innovative alternatives for classroom activities (transparen- .
cies, cassettes, hand-held calculator§, and so forth)
6. Assistance in overcoming reading difficulties, slow learning
» . rates, and special student needs ’
i . . . . . ¥
- 7. Suggestions fer applying mathematics to career educalion,
8. Suggestions for utilizing mathematical ideas in reference to
' . “"environmental needs - , o
~ 9, Ideas for developing.students’ investigative skills
10. Suggestions for reinforcing, Teviewing, and applying pre-
viously learned skills and concepts i
[1. Techniques and materials for gnacouraging home assistance
. 12. Suggestions for making a smooth transition from concrete
X ’ léarning to abstract learning .

. 13. Integration of mathematics withgother curriclilum areas

C. Evaluation lastruments ‘ .
14. Alternatives for assessment of student achievement of instruc-
. \ tional objectives *
-15. Suggestions for and samples of student progress records
16. Assessment of overall achievement of a program’s objectives
. @ 17. Reports and forms, established for student achievement
N ] 18. Techniques for student self-assessment, including some answers
in student materials : .y
* 19. Solutions to all e‘xercises .

D. Management Systems s
20. Suggestions for appropriate placement of students
21. Suggestions for a variety of groupings R ‘
22, Alternative schedules for directing students through daily .
< mathematical activities
23. Recommended use of teacher-sL\pport personnel (instruc-
tional aides, parent volunteers, and so forth) and suggestions .

for handling student papers
o E. Appreciation . <

. . had
> 24. Presentation of mathematics beauty, history, and value -
’ - 25. Stimulation of favorable attitudes toward leagning mathematics

"y I3

O o ,
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o Agpsiwlx D ,
- Mathematics Program Objectives
for Kindergarten. Through Grade Eight

‘e

7 .

. , Arithmetic, Numbers, gnd,,Operations w o
Counting v ¢ . .
Counting: Readiness - Yoo\ , )

.+ Explore'and identify the number of objects in a set’
... . Explore the concept, of how many. ° % ‘

&7

v Explore and identify gqual and unequal sets of physical objects.

< Acquire the skill of counting concrete objects.
-

Counting: Kindergarten—Grade Three . :

*Acquire the skill of counting pictorial representations of objects.
Develop the skill of identifytng a sequence of whole numbers. v
Develop the skill of counting by multiples of numbers.

_:Explore the conservation of number. . Tl e

» * Using the: number line, explore the dérder relation for whole numbers.
Develop the order relation for ‘the whole numbers. L
* Using sets of physical objects, explore the concepts of equality and
inequality., _ ° . . : .
Usihg dne-to-one correspondence, expjore the concepts of more than, less
than, and equality. _ - ’
. Acquire the skill of reading and writing numerals and.iumber names written
i in_words. '

N
Explore reading. éaphs that use pictorial representations of objects.
Maintdin counting skills through review and practice. -

Counting: Grades Four— Six )
‘Acquire the skill of reading and writing non-negative rationat ntimbers .in
. decimal and fraction form. ) .

" ' 'Acquire the skill of counting by mulfiples.
Develop the number l'v'concept to include rational numbers.
Develop the ,order relation for the integers. .

Countitg: Grades Seven-Eight
Acquire the skill of determining the order relation for rational numbers.
Acquire the skill of reading and writing rational gumbers.

~

Operations o

' Operations: Readiness . . l o
Using concrete objects, explore thapr;)&qss of joining and separating sets.
Using sets of concrete objects, explor additign and subtraction.

-~

- -

v
]

v
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Operati /zs Kmdergarten—Grade Three . . ‘ »
Explore the skill of adding and subtracting wholg numbers. .
Dcvelopﬂthe appropriate use of the operational symbols (+, -, x, +) between
. numbers. '
' Develop addition and sub‘tracuon facts. o
, ‘Acquire addition- and subtraction facts.
Acquire_the skill of adding or subtracting with and w1thout rénaming.
Acqul\‘lhe skill of addmg and subtracting amounts of money.
Acquire the skill of using the terms addend, sum, factor, and product
v Maintain addmon and subtraction skills for whote numbers through review
PR and practice.’ . 5
Explore the concept of multiplication. /
3 Develop basic multiplication facts. ) '
. Acqulre the basic multiplication facts., .
Acqulre an pnderstanding of, and usg of, the multiplication algomhm &ﬂ%
_ Develop the skill Qf adding and subtractmg of decimal fractions (with and
. " without renaming). - ‘ :
-Acquire thé skill of using number sentences. .
<t Explore the meaning of division. .
Develop basic division facts. J t,
R Acquire basic division facts: a - }
- MamtaxP multiplication and “division skills for whole numbers {hrough
review and practice. ' ) .

Operations: Grades Four—Six, -
" Maintain fh/e addition and subt[acuon facts.
. Acquire an understanding of, and skill in using, the operauon'al symhols +, .
- % +)
Develop mastery and accuracy in using addition and subtraction algorlthms
Maintain addition and subtraction skill for whole numbers through revxey

and practice.

e

Maintain the basic multiplication and division facts. ¢
Develop the divisfon algorithm.-
Acquire skill in using the division algorithm. e,

- Develop sklllﬁq esumatmg sum, difference, product, and quouent of whole

+  numbeys. ’
: Explore the use, of positive and negative mtegprs in everyday sxtuauons
. Develop the Sklll of adding and subtractmg positive and negative integers.
Maintain skill in working with number sentences. !
Maintain multiplication.and division skill for whole numbers through review
and, practice. ‘ .
Acquire computational .skill for addmon ‘and subtracuon of decimal
' fractions. - ’

Acquire computational, skill” for mulnphcauon and division of decimal
. fractions.
Develop the skill of convertmg a ragpnal number mto its equivalent frac-
tion, decimal fraction, or percent forms. -
Explore ¢computational skill for the addition and subtraction of common
", fractions. '
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Explore com Utational sklll for mum fng and dividing common fracuons
Explore gper ents thxou’gh f@lated v&)rk with fractions. -
Develop the use of! h’ole numbers: as: exponents,

Explore the’skill of muluplymg and dividing po?uve and negative integers,

Operations: Grades ‘;S‘eOén-,Etght .

Develop the skill of ﬁsmg the stand4rd’ order of operatlons in computauons

Explore shortcuts fn:izhe ‘basi¢ algorithm operations. ‘

Develop the skill of»m;;luplymg and 'dividing positive and negallve mtegers

" Acquire the skill of. adﬂlng and subtracting rational numbers in fractlon and

mixed ‘number foi";ﬁs‘” . g

Acquire mulupllcauqn anﬁ’ division sklll for fractions.

Maintain: computauﬁ . skill for addmon and subtraction of whole ¢
numbers and decxrﬁa}h ractjons.

Maintain cqmputat‘lon%l sKilt'for the‘lnulwlication and division of whole
numbers and decimat? fracnons

Develop skill in esumatmé"ﬂ;le sum, dlfferenee product and quotlent of
rational mimbers. 5 B Wl

Develop skill in roundmgg:ﬁif' - 3‘ .

Acquire the skill of usingj ifegers as ex nents '

Acquirethe skill of using? mbefs writt \\n\_percent form.

Develop the skill of simpit _mg cBmplex fractions. -

Acquire the skill of solvm',ﬁIMple equatle)'ls by using the operauons of
addition, subtractjon, mﬁt}plicmlon or, division.

wAcquire the skill of squaﬁi‘lg a ratlonal rm_mber

sDevelop the skill of estm?a, ;" oét'

Place \Values

Explore the process of igr;i}'u mg and eoummg concrete ob_;ects
Deyelop the process of grod g and qount’mg concrete objetts.

“« Explére groupmg and cou mg concrete dbjects by tens and ones.
Develop grouping and co ung concrete obJects by tens arLd ones.

Place Valyes: Kindergarten—Grade Three "

Develop "the writing of the’ digits 'zéto throwgh- nine,

Explore the tole of decimal numbers (e.g., lnoney, metric measurement).
Develop skill in counting concrete objects and récording tens and ones.
Develop the concept-of place, value by grouping objects. _ !
Explore place valye of digits in numerals. , | )
Develop place value of digits in a three-dlgit numeral.

Explore the skill of writing a number in expandedgnotation form.
_Dévelop skills of countmg by ones, twos, fives, tens, and hundreds.

Place Values Grades Four—Six ¢ .

Acqulre the~skill of using a decimal point in place value notation.

Acquire the skill of identifying the place valu®®for any digit in a numeral.

Develop the skill ofrepresennmga number in expanded notauon form and in - :
exponential forth. - ;

Explore scientific notation_of numbers.’

)

—
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Place Values Grades Seven-Etght
Develop theruse of integers as powers of ten in place value notation.
", Develop stientific ‘notation of numbers.

3
Patterns . . " . S o
Phtterns; Readiness : \ ’
. Explore simple patternsxmade ‘with objects. N ’ v
"'... Develop the skill of recognizing patterns made with objects and' the exten-
sion of .those patterns. . 3.

« Explore even and odd whole-numbers. =

"o

Patterns: Kmdergarten—-—Grade Three -

Using_ pictures and drawings, develop the skill of recognizing srmple;
patterns.

Explore pattern recognmon in sequences of numbers.

Explore sequences of even and add numbers and their properties.

Using multiples.of ‘numbers, explore methods of counting.

o Develop recognmon of eveniand odd numbers. .

-

Patterns: Grades Four—Six ‘ 7
Develop the skill of pattern recognition in number sequences.”
Explore number patterns of the real number system.

Patterns: Grades Seven-Eight J ¢
. Develop recognition of number patterns of. the real numb® system.
" Explore the patterns in sets of ordered pairs.

Explore the use of variables to represent number patterns. ~ © ™
. ) . - > . v
Nature of Numbers \ . o R
Nature of Numbers: Readiness L .

- Explore the skrll of reading numerals.
Explore the use of .numbers and numertals in dailw life. ’
Develop the skill of recognizing half of an gbject ; and half of a set &objects.
Nature of Numbers. Kmdergarten—Grade Three” . o -
*Pevelop the order relation for whole numbers-and decrmal fractrons
Develop the skill of selecting relational symbols to make true'statements (=,
#, >, <). . K

. Explore situations involving negative numbers. T
Explore fractional parts of concrete ob_|ects '
Develop the skill 6f recognizing fractions ', Vs, /4, /s, and Y.
Acquire theeskill of 1dent|fymg fractional parts %, %, Y%, Y%, and /,o

% Explore the\ skill of recognizing decimal equivalents of fractions %, %, Y,

and /lo p ~
oo Explore the skill of ordering fractrons
' . Nature of "Niimbers: -Grades Four—Stx -

Explore the property of betweenness for numbers.

_Develop fractron notation and the properties of fractions.

Develop ¢he skill of selecting a number in fraction form that corresponds to
*-7 part of a concrete- obJect

o- o 118
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%qulre the skill of changing fractions .to equnvalent fractions.
Devejop an understanding of least-common muluple and greatest common
factor. . « .
Explore the techniqueof., ﬁndmg common. muluples ’
. Acquire the skill-of compu!mg the least comynon multiple of two or
whole. numbers. - - .
"Develop an understandmg_oi—p nd composite numbers. >
Develop the skill of 1dent1fymg composxte numbpers.
- Explore techniques to determine if a given number is prime.
Dgvelop the skill of finding the | pnme factors gf a .composite number.
re the concept, of relatively prime numbefs.
cquiye the skill of-ordering d¢cimal fractions, -

p the skill of converting percents to decimals to fractions and vice
versa, . N

t

.

-« Acquire the skill of ordering rational numbers.
: Acquire the skill of finding factors motérms of dmsnblllty
Develop techniques to determine if a glven number is prime.
* Explore some of the simple properties of primes. ’ -
Develop rules for divisibility. v -
Acquire a technique to determine the prime factors of a number.
Acquire the skill of converting percents to decimals to fractions and vice

versa. .
Explore the penodlblty of the decimal form of rational numbers.

o . - \/’ . .
Ndmber Properties s - - & -
Number Propemes Readiness - ' W : j
- Explore j Jommg the.empty set to a set of objects -

Number Propemes Kindergarien—Grade Three
. Explore commutdtivé and assocxanve properties of addition and muluphca- )
o ! tion for whole.numbers. .
- Explore the distributive property of whole numbers. ’
"Explore the use of parentheses in grouping.
Explore the special properties of zero and omé. -

-

Number Properties: Grades Four—Six ~
- Develop the distributive property. :
' Develop the use of\parentheses to 1llustrate the assoclanve and distributive ®

propetties

Explore the closure property for addmontand multlphcauon ori the set\

. whole numbers ‘{

Develop the role of identity elefhents in addmon and multiplication.

Explore the role of inverse elements in addition and multiplication.

Explore the use of inverse elements in operations with integers and fractions.

Develop subtraction and dlvxswn as inverse operations of addition .and mul-

tiplicatjon, respectively. < ¢ ¢ -

) Explore “the use of properties of number systems in the development of
i, algorithms for basic operations. i P

Q / 117 . . .
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Number Propemes Grades Seven-Eight . ) CoT

- Acquire the skill of using the identity elements for the operations ofaddmon -
. and multlp?lcatlon with ratiopal numbers.
Acquire'the skill of using the inverse elements for the operat&ms ofaddmon
and multiplication with rational numbers. -
Developyan understanding of_ absolute value.
" Explore the presence or absence of the property of denseness if different .

subsets of real numbérs. T
Explore the use ofthef&eld properties 1n the de\elopment of algorlthms 'T%i‘
basic operatins with integers and rational npumbers. . 3
* Explore the concept of one-to-one correspbndence between real numbers
. and points on the number line’ . RPN .
Explore the concept of irrational numbers, , ¢ A ;
* ' " ;‘5 ’ H . } :
. : ! DR o R A Nad
/A Geometry et e,
Geometric Figures . PR : N ¢
. - ‘ N ) -
-, Geomerric thures Readiness - . ;

Explore familiar physical objects representing two ‘dlmensnonal and three-_ ~
dimensional geometric shapes. A ‘-
Explore, through design, building with three-dimensional matenﬁls 1nclud~

.ing pattern formation. s < .
. Explore recognition of géometric shapes according to their properues T .
‘Explore recognition of special properties; e.g., jnside, opmde flat, cuned .
straight, round, square, tall, or deep. ; . L
Explore simple patterns involving symnetry in the emlronment ¢.g,, blot
patterns or leaves. o - Y
Geomemc Figures: Kindergarten—Grade Three ) < .
N Identify two-dlmensmn'al and three-dimensional ge’ometnc shapes) ‘ 4'
Identify properties ofsgeometric shapes using precise language, written and .
oral. _— Pl o )
dentify perpendncula)r and parallel lmes in two- dlmenle,ﬂal and Lhree: vt
dlmens10hal geometric modéls and ﬁgures .ot .
Identify open and closed curves. © e N
Develop classificatigm skills for plane geometric figures., - v ’
- +Develop the ideas’ of similarity and congruence. i

Develop pattern designs and tessellations. .
Acquire the ability, to demonstrate properues of geometnc shapes.
Expl(fre 51mple paﬁems of picturg symmetry; e.g., paper fbldmg

A Identify symmetry in the natural world. T - , %
Geomerric Figures: Grades Four—Si - o )
Explore transforrp@?) s with geomez'& shapes.
. Develop précise language and appropriate symbols to usé with closed and ’
) .open curves, closed and open surfacgs, cubes, spheres and tnangulaf“
prisms. .-
Devclop an understandlng of-ines, planes and space ias sets of points.
e - 118 S
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Acquire definition of perpendicular and parallel rebionships of lines.

Pevelop skill of construction of models and patterns to illustrate geometfic
ideas using ‘appropriate instruments.

Develop abnhtx to classify and name geometric figures.

ldenufy patterns of symmet.ry on the-plane.

Geometric Figures: Grades Seven- -Eight
Develop the use of transformations, such as refléctions, rotauons, trmsla-
tions, and-dilations on geometnc figures.
~ Acquire the ability to demgnstrate concepts of congruence, snmnlant) per-
pendlculanty, and parallehsm
Devglop patterns of symmetry on flgures and models

) ®

Reasoning ' «
) S

Reasoning: Readiness [} :
Explore short chains of reasoning through the sorting of two dimensional
and thret;;ghmensnonal shapes.

“\Reasoning: Kcﬁde@xsen-tGrade Three
xplore logical verification of similarity and congruence relatronshnp’s wnth
‘physical objects. )

» . ~

Reasoning: Grades Four~Sr\'
Develop.ways of verifying similarity and congruence.
Explore inductive reasoning, leadingMo generalizations.

f‘"‘ _ Identify waysqo verify congruence and srmnlanty
Identify short chains of dcdupuve reasomng

Reasoning: Grades Seven-Ezght ’
‘Acquire ways to verify slmllarlty and congruence ~ ;

- Develop sinfple deductive and inductive reasoning processes, = .
especnally those related to similarity, congruence, and sum of angle mea-
sures for angles of a mangle -

Acquire the ability to, perform short, sequéntial reasonmg exerc\\ses
Identify logic errors in faulty reasoning. A Y .

s -
Coordinate Geometry, - )
~Coordmate Geometry: Readmess ° '
Eg(plore two-dimensional patterns as a foundatxon for coordmates e.g., tile ~

floor or checkerboatd: o

‘Coordinar® Geometry: Kindgrgarten— Grade Three .
« Explore the use of coordinates to find logations in the first quadrant. -
Identify points on a line corresponding to positive and negative numbess.

,g‘

Coordinate Geometry Grades Four—Sxﬁ S

Explore graphmg solution sets. on the numr line. :

Develgp concepts related to the coordinate plane, such as map reading artd
graphing. -

ldenm’y points on the coordmate plane with appqunate langudge and sym-
bols in all four quadrants.

\ v ,
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Coordinate Geometry: Grades Seven-Eight

Acquire-the concepts related to the coordinate plane.

Acquire skill of graphing solution sets of number senténces on the Rumber
" .line and the coordinate plane.

Explore the concepts related to the thgee-dlmensnonal coordinate’ space.

Acquire the skill of graphing, using coordinates and symmetry.

. Measurement 'Uf Geometric Flgures

Measurement of Geomerric Fzgures Readiness v
Explore the comparison~af size of. geometric figures and models.

.

‘

Measurement of Geomerric Figures: deergarten— Grade Three

Explore concepts of length and penmeter using arbltrarycunlts (e.g.,
pacing). -~ .

Identify the concepts of length, width, perimeter, and circumference.

Using standard ynits, develop the measJIrlgment of length, width, penmeter,
and circumference. « .

Measurement of Geometric Figures: Grades Four—S:x

Develop concepts of area, volume, and measuremént of angl

Using computation skills, develop geometric fneasurement ¢ ncepts .

Meas‘remem of Geometric Figures: Grades Seven- Eight
... Develop an understanding of the derivation of 7 (pi)..
Develop-informal derivations of geometric formulas for areas of circles and
_triangles. .o
Develnp informal derivations of geometric formulas for volumes of cones,
pyramids, cylmders, and spheres ~ o

Measurement

Arbitrary Unit¥ of Measdrement | ©
Arbitrary Units of Measurement: Readiness
Explore the attributes of measurement together with the development of
appropriate vocabulary. - .
"< Explore the use of -arbitrary units of measure. a
Explore the reasons for measurrng objects. .

Arbitrary Units of Measurement: Kmdergarten—-Grade Three

Explore measurement, using a variety of arbitrary units of nieasure. °

Develop useful vocabulary for measupement. )

Develop ang organize techniques related to measuring, usulg selected arbi-
trary unit$’ of measure.

* Arbitrary Unu& of Measurement:-Gradés Four—Six -
EXplore a variety of measuring experiences within the child’s envnronment; .
Acquire appropnate vocabulary of measurement\ .

JAcquire skills in.measuring with common arbitrary units of measure.
-

Arbitrary Units of Measurement Grades Seven-Eight .
Maintain skills in using arbitrary units for measurement situations ansmg

in daily living. -
Maintain proficiency in using correct languager for measur{\ment

120° -
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Standard Unqits of Measurement

Standard Units of | Measurément: Readiness, ° “~
Explore comparative measuring with unmarked objects of standard metric
e+ unit siZe. - ~. ] . ‘_

2

Standard Units of Measurement: Kindergarlen——Gra‘de‘ Three

., Develop a fanjiliarity with 4nformal methods of measuring. ’ )
~ . EXplore comp, rative measures within the child’s envigonment, usmg objects
marked with standard metric units. ‘
Expl re the selectlon of appropriate units for mcasunng concrete obJects .
Explore measurmg to the nearest whole unit.
Develop appropnate vocabulary of metric unlts of measure. .
Develop measuring techmques using standard metric units® of measure,
lncludlng temperature and time.
;o Develop skills using simple. measuring mstruments .
Explore activities that involve the expression of measurements i decimal
notation.  § . -

Slaﬂdard Units of Measurement:'Grades Four——Slx >
Explore concepts related to scale drawings and interpretation of maps.
Acquire an understanding of measuringto the nearest unit. |
Develop the gblllty to choose.the appropriate unit for measuring objects
Explore conversion between units within the metric system.
Develop the ability to convert units within the metric system.

. Develop correct V'ocabulary of measu«rement‘wnh metric units.
Develop skills in répresenting measurements in decimal notation.

Standard Units of Measurement: Grades Seven— Eight
Acqpire cgrrect vocabulary. | ™
Dévelop jifformatl compar'lsons between metric units and U.S. customary ~
- units. : .

. . a

A

L d

Approximate Nature of Measurement , . tL et .

Explore the appfoxlmate nature of measurement. )
! Acquire skill in reading approxlmate time on a clock. o s

ApproXimate Nature:of. Measurement; Grades FourSSix
- Explore the approximate nature of measurement.
Explore the relation between the’ snzc of the unit And the “error” in_ the*

measurement. . -

) Develop an understandmg of the approximate nature of measurement. - :
" Develop the relationship !} between the approximate nature Of measurement

and rpundlng off. )

Acquire-skill in choosing the appropnate ‘unit of measure. .

[

Apprmamate Nature of Measurement: Kindergarten—Grade Three ' . ‘
|
\

Approximate Nature of Measurement: Grades Seven-Etght .
Acquire an unQerstandlng of the approxlmate nature of measurement. '
Acquire.an understandmg of ®error” in measurement.
*Maintain skill in choosing approprlate units of measure.
4.
L ad R ‘;
R !
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] Develop the skill “of using calculators to change fractions to decimals to.

Estimation - C : .

Estimation: Readiness ~ -

Explore estimation of the size of ob]ects‘compared to familiar objects, wnthm
the range of a child’s environment.

Estimation: Kindergdrten>-Grade Three

Develep the skjll of estimating the size of objects compared to ’famlh\ar_
objects wjthin the range of a child’s environment.

Develop. the skill of estimating by guessing and-measuring.- /“;

Develop the skill of chawsing,the™orrect unit of measure for estimates. *

Develop techmques of estimation using standard metric units of measure.

&

Estimation: Grades Four—Sjx
Acquire skill of estimation with metrit units.
Acquire skill of choosing the correck unit of measure for estimates.

2

Estimation: Grades Seven-Eight s .
Apply techniques’ for the refinement of a%tlmate

Apply estimation skill in situations found in \’_e and outsie the/classroom
>~ . +

- - v —

R . ’ LR
Calculators and Computers “ .

Calculators and Computers Readiness "

.Explore- the skill necessary to estimate quantified da?a ' .

Explore the skill required to, calculate addition, subtraction, multiplication,
and division, using whole numbers. '

Explore the use of motivation and enrichment activities.

’

Explore the use of technology in today’s society. i .
Calculators and Computers Kma'ergarten—‘-Graa’e Three
Explore the skill necessary to estimate quantlﬁed data. ] -
Develop the skills requnreZI‘to calculate addition, subtractiop, multlphcatlon,

and division, using whole numbers.- ¢ s
Explore number relationships and-order.
Explore number patterns through the use of calculators.
Explore the use of calculators for récreatjonal activities.
Explore integrated curriculum opportunities. < .
Explore the mechanics of the calculatgg and its functlons and logic.

R

- Explore the use of computer simulations, .

Develop the historical perspectlve of computer technology. .
Explore the use of technology in today’s society. - '

Calculators and Computer’s Grades Four—Six .
Acquite the skill necessary to estimate quantified data. . o
Acquire the sknl}requnred to calculate addition, subtraction, multiplication,
and division,.-using decimal numbers.
Develop the ability to analyze number relationships and order,
pefcents, and. vice versa. C
Develop the sknll to aualyze number patterns

,"‘. : £ ] 122 ,
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Develop the use of calculators for recreational activities. : -
Explore extended application of calculators to concepts that are normally
obscured by tedious computation.
Develop integrated curriculum opportunities.
Develop a working knowEdge of calculator functions, logic, and mechanics. ‘
Develop the historical perspective of computer technology.
Develop computer simulations. "
Explore programming skills. . v
Develop awareness of the use of technology in today’s society. -

Calculators and Computers: Grades Seven:Eight
Maintain the skill necessary to estimate quantified data.
o Mamtam the skl}i required to calculate addition, subtraction, multiplica-

tion; and. Vlswn using decimal numbers. A

Acquiire,the ability to analyze number relationships and order.

Acqulyhe skill 8 using calculators to chhnge fractions to decimals to
.percents, and vice versa.

Develop the skill to ‘analyze number patterns. , ) -

Develop extended application of calculators to concepts that are normally
obscured by tediqus computation.

.. Apply integrated curnculum opportunmes : :

‘Acquire the historical perspective of computer technology. -

Acquire skill using computer simulations. .

Dcvelop programming ‘skills. e

Acquire awaggness of the use of technologb in todays society.

- ’

Probability and Statistics |

Counting Techniques _ . v L=,
Counting Techniques: Readiness . -
Explore techniques of collectmg data for establishing one-fo-one correspon-
dence. g . P
Explore sorting and”grouping of data. *~ ' ~

Counting Techniques: Kindergarten—Grade Three

. Develop techniques of collecting data for estdblishing one-to-one correspon-
dence. ' ) .

Develop sorting and grouping of data. ~

. Explore the use of tally markers and other symbols to record- dﬁ

R Explore activifies involving Ahe generation of orgamzed lists of

, Counting Techniques: Grades Four—sSix o " s
Explorc techniques ofr data-counting, using manipulative materials.

Develop the ability to create-organized lists.

Exploré ways of finding the number of arrangements of objects.

Explorc ways of ﬁndmg the number of subsets of a set. R

Courmng Techmques Grades Seven-Eight « -
Explore ‘the concept of a sample space for a particular event.
Explore the permutations formula of n things taken r at a time.

. 123 . o
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- Apply the fundamental counting procedure to dctermme the sample space of

an event. . 1

Collection, Organization, and Representation of Data

Collection, Organization, and Representation of Data: Readiness
Explore ways of grouping physical objeats.
Explore simple inferences drawn from collected data.s

Collection, Organization, and Representation of Data: Kindergarten—
Grade Three

Explore ways students can generate data.

Explore construction and interpretation of simple bar graphs and line
graphs. -

Develop skill in construction and interpretation .of circle graphs.

Explore ways of drawing inferences from simple graphs.

Collection, Organization, and Represemauon of Data: Grades Four—Six
Develop ways studénts can generate data. R\.
Develop construction and “interpretation of graphs: K
Explore techniques. for drawing inferences from collected data

Explore techniques for developing tables fos the organization of data.

Collection, Organization, and .Represematwn of,Data; Grades Seven-Elght,
Acquire the ability™to generate data.
Develop techniques of drawing inferences from data collected.

- Explore the technique of random sampling. o
Explore techniques for construction of frequency tables and histograms.

. Interpretation of Data

Interpretation of Data: Readiness .
Explore the interpretation of student-collected data.

In‘terpre;ation of Data: Kindergarten—Grade Three
Explore the range of a set of data.
Explore techniques for drawing inferences from a set of data.

Interpretation of Data: Grades Four—Six N

Develop the ability to calculate the arithmetic mean (average) and range for
a set of data,

De%lop the ablllty to calculate the median and mode for a given set of data.

Develop techniques for drawing inferences from data.

Interpretation of Data: Grades Seven-Eight
Acquire an understanding of arithmetic mean and range for a set:ﬂa_tg.,‘,
Acquire 4n understandlng of the median and mode for a set- of data

PrObablllty e e

—
Probability: Readme!]
(Explore techniques “of guessing, hypothesizing, and makmg predictions, fol-
lowed by experimentation and discussion. -

Probability: Kindergarten—Grade Three
* Develop experiences in guessing, hypo}hesizing, an8 making predictions.

e




. Probabgluy Grades Four—Six
» Explore the definition of probablllty
Explore the definition of odds.
Develop the concept of a probablllstlc event.

Probﬁbtluy Grade$ Seven-Eight :

Develop an understandmg of the probability of‘an event that is certain to

occur.
JDevelop an understanding of the probability of an event that is certain not to
occur. . ¢
‘ . -
Relations and Functions

. &= "

. Patterns -

Patterns: Readiness
Explore donstruction of pictorial representauons of patterns.
“Explore identification of relationships among, and properties of, objects.

Patterns: Kmdergarten—Grade Three .
Explore the recognition of pafterns ¢ of symmetry and repetmon in gqomemc
.% ob)ects or drawnngs
> Explore the recognmon of patterns in simple numerical sequences.
s Develop skill in l:ecbgmzmg relatlonshlps among, and propertles of,
objects. . .
Develop skill in ldentlfymg mlssmg terms in numerical sequences.
’Explore a vocabulary of comparison. < _

’ Pauerns, Grades Four—Six
Explore’ recognition of, and use of, specific @athemaﬂcal patterns

Q

. Develop a vocabulary of comparison. : . . °
Explore generalizations of patterns ‘of data. '
' '
Patterns: Grades Seven-Eight : -

Develop skill in identifying patterns in numericat sequences.
= Develop skills in. using variables in the representatlons of mathematical
patterns. . ) /
Acquire a vocabulary of companson s
Dovclop skllls to generallze patterns of data

Relations ‘ -

Relatiohs: Readiness h “
Explore the. concept of a set of ordered pairs.

L. . Explore the concept of pairing names with objects:

: Explore examples of relations. . &= e
;Rela ions: Kindergarten—Grade’ Three ' )
Ex (i)re construction of sets of ordered pairs-through pictorial representatlon
EXplore comparison of sets through matching. S

5. . <Devclop a simple mathematlcal language .for sets of ordered pairs.

i2—-¢- -Develop-skill-in-recognizing- equivalent sets.- - -
. gcvelop skill in the rules for finding the secbnd nurﬁber or ordered pairs.
: cvclop sklll in usmg the compansoxi relationships between sets.

+
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Relations: Grades Four—Six
Develop graphing ordered pairs of numbers. - A
Develop skills in expressing a given relation in a mathematical sentence.
Explore the transitivity property of the ordering relation. +

Relations: Grades Seven-ErghI -
Acquire skills in expressing a given relation i/ a mathematical sentence. -
Develop skill in deﬁnmg one-to-one correspondence between sets, both
finite and infinite. S
Develop the domain, range, and rale of a relation.
Develop the t‘hree properties of the equivalence-relation.

*

Furktions > . R
Functions: Readiness \ R ’
Explore simple sets of ordéred pairs. .

Explore pictorial representations of functions. «©

-

Functions: Kindergarten—Grade Three

Explore the interpretation of graphs of functions.

Explore additior and subtraction in function mgchme language.

Explore the many functional relations exrstrpg In nature.

Develop the properties of graphs of functions. - e’

Funcigpns: Grades Four—er

Explore finding rules for given Sfunction machines.

Develop skill for recognizing functions. =

Develop skill for defining functions. ; ]
Develop the four operations in function machmes

Functions: Grades Seven-Eight

Develop the domain and range and inverse property of functrons.

Acquire the definition of relations and functions.

Develop the ability to determine whether or not formulas, statements,
gsaphs, or tabulated data represent functions.

Graphs » -

Graphs: Readiness -
Explore graphing related to physrcal objects :
Explore the use of simple charts for reference comparrson and recordkeep-

ing. ~
Develop the recognition of patterns through the pictorial representaton of

relations. - - )
Graphs: Kindergarten—Grade Three . . )

Explore recognition and construction of vagious kmds of graphs.
Develop interpretation of graphs and tables. -

Explore representation of nimber pairs m tabular and graphrcal forms.

“Graphs: Grades Four—Six ) RSN
Explore interpreting and .graphing of data grven | as sets of ordered | parrs
Explore construction of the Cartesian product for any two sets of whole
humbers.
Q ' R
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Develop skill for generating sets of ordered, pairs from tables, graphs, and
formulas.

Develop skill for determining a rule for the graph of a relation.

Acqunre skill for identifying, mterpretmg, and censtructmg points on the
coordinate plane. W ¢ -

Acquire skill for recognizing graphs of functions. N

Acquire skill for graphing linear functions, using whole numbers, rationals,
and integers.

Develop skill for constructing and interpreting line and circle graphs.

Graphs: Grades Seven-Eight : .
Acquire skill in recognition, construction, mterpretauon and demonstra-
.. tion of various kinds of graphs.
mevelop skill for construction and use of points on the coordinate plane.
Develop skill in construction of graphs of inequalities. * .
*Acquire skill in plotting of linear and quadratic functions, step functions,
and constant functions. ) K

Loglcal Thmkmg

Logtcal Thmkmgl Readiness. .
Explore methods of sorting and matching objects, using appgopnate
vdcabulary ’
* Develop ability to make comparisons.  +
Develop concepts of more, fewer, and same number as, usmg sets of objects.

L3

Logical Thinking: Kmdergarten—Grade Three

Explore short chains of logical reasomng, using manipulatives.
Explore the.vocabulary of logic in simple mathematical sentences.
Explore patterns for logical reasoning.

Develop the concepts of between, before, and after.
Explore the use of Jlogical reasoning in situations with one or two conditions.
Develop a vocabulary of logic terms; e.g., and, or, not, if...then.

Logwal Thmkmg Grades Four—Six

Explore the fogncal meanmg of all, some, each, and every.
Develop the logical meaning of and,'or, not, if ... then.
Explore the use of flowcharts to show steps in operations. *

4

&

Logical Thinking: Grades Seven-Elghl

Explore inductive arguments.

EprOre puzzles and games to extend concepts of logical thinking.
Deévelop* s‘tmple deductive arguments.

Develop precnse statements in logncal reasoning procedures.
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& - Other Publications Available |
from the Department of Education

>

The Mathemancs Framework for Califorma Public Schools is one of ‘%é)
approximately 500 publications that are available from the’ California State
Department of Education. Some of the more recent publications or those *
most widely used are the following: ud

&
Bilingual Program. Policy. ahd Assessment Issues (1980) $325
Calfornig Private School Directory : 500
Cahferma Public School Dyrectory 12,50
Calhformia Public Schools Selected Staustics - 1.50
California School Accounting Marual (1981)° , 250

. Cahformia's Demonstration Programs in Reading and <™athematcs (1980)° 200
Discussion Guide for the Califorma School Improvement’ Program (1978) 1 50*¢
Education of Gifted and Talented Pupils (1979) ’ 250
Enghsh Language Framework for Cahfornia Public -Schoois (1976) | 150
Foreign Language Framework for Calforma Public Schools (1980) 250
Guide to School and Commumnity Action (1981) 175 °
Guidehnes for School-Based Alcohal and Drug Abuse Programs (1981) 100
Handbook for Planming an Effecuve Reading Program (1979) i (S&‘
Handbook for Planning an Effecuive Wrniing Progrim (1982) L2
History—Social Science Framework for California Public Schools (1981) %’2 25 \
In-Service Guide for Teaching Measurement. The SI Metric System (1975) ‘125 }

* Instructional Materials Approved for Legal Comphance {1981) 35

Mathematics Scope and Sequence Charts (set of four) (1975) ! 1.25

Monograph on Staff Development (1980) 1.50

Physical Performance Test for California. Revised Ediuon (1981) 150

A Plan for Improving Mathiethatics Instruction 1n Califorma . .

Elementary Schools (1976) ¢ . £25

*  Proficiency Asstssment 1n Califorma A Status Report (1980) . 200

Proficiency Skill Development Kuit (1980) *750

Reading Framework for Cahforma Public Schools (1980) 1.75
R8lauonship Between Nutrition and Student Achievement, Behaviot, © 3

and Heaith (1980) 4.00 .
Science Framework for California Public Schools (1978) 165
School Improvement. Making Cahformia Education Better (brochure) (1981) *
Student Achievement in California Schools 125
Students’ Rights and -Responsibilities Handbook (1980) . 'l 50t
Toward More Human Schools (1981) - 175
Orders should be directed to:

California State Department of Educatior
,  P.0.Box271 -
Sacramento, CA 95802 -~ 7

Remittance or purchase order must accompany order. Purchase orders
without checks are accepted only from government agencies in California,
Sales tax should be added to all orders from California puchasers.

. A complete.list of publications available from thie Depariment may beé

obtained by writing to the address listed-above.— —

+Also available 1n.Spamsh, at the price indicated . < ,
*Developed for .implementation of School Improvement.
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