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The Effects of Instruction on Children’s

v : “
Understanding of the "Equdls' Sign

d ”~

ARTHUg J. BAROOD! and HERBERT P. GINSBURG

University of Rocheéster , )

.Children appear to interpret the ''equals'’ sign as an operator (ﬁadds

up to") not a relational (the same_as®) symbol--e.g., viewing -equations

like 13= 7 + 6 or 8 = 8 as senseless. This study, a natural experiment,

examined the evfects of long-term instruction emphesi?ing'a relational”

definition of Yequals." In a partially standardized clinical interview,

first- through';hirdkgradé;s evaluathd é v;riety of familiar and unfamiliar Y
) .

equation forms. The curriculun;seemed ?}fective ld‘inducing a relational

‘viéw of “equals.'? An operator interpretation was also clearlf evident,

but attributed to the cognitive‘factor of assimilation--not to relativeiy

~

immutable (age-related) cognitive limitations.
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The Effects of . Instruction

on Children's Understanding of the 'Equals'' Sign '
. ' e

’
L

A basic concept“in formal grithmetié is the gqulyalénce relationship
denoted by the "= symbol. Various researchers have noted that éhildren

do not tend to view the '"equals" sign as "the Same as,'.i.e., as a "relational"
. > L

4

symbol (e.g., Behr, Erlwinger, & Nichols 1976, 1980; Van de Walle 1980).°

Instead, primary school children appear to interpret it in‘term&.hf action

(23

performed--e.g., "adds up to" or "produces" (Ginsburg 1977). in other words,

children appear to view ''equals" as an'"oper"atc;r"l symbol (a "Qritg something

symboi"): As a ??rst—grader put it: ‘It means it would-add up gb and what-_ .

.ever the answer Was you'd put down.' - Children, it appeéfs,,evpect wrijtten

5
* -

(horizontal) equations to take a p;rticular form: An arlthmetic problem
>§

consisting of two (or perhaps more€) terms on the left, the result on the
. . - . \

right, ;pd in between, a c?nnecting ("equafs?) symbol (e.g.,\3 + 2 = 55.'.
Chii&ken tend to reject equations such as 13 =7 + 6,6+ 4 =3+ 7, and”
8 = 8 that .do not adhere to the typical fo;m and easily lend themielves'to
an operator interpretation ?f equals "eg(e.g., Behr et ;l.;.Ginsbqrg;
Nichols 1976). Weaver (1971, 1973) found, moreover, Epat chjldren‘hgd .

. ? ) e

greater difficulty solving for a missing element in an equatibﬁ when the

|
arithmetic operation {problem) was on the right (e.g., [J=5+8, 13 =35

¥

+[, 13 = [J+ 8) than when it was on the left (e.g., 5+ 8,=01,’5 +f_"]'==
i3,D+8=l3.a v | - r r .

Research t9pically finds that viewing "equals' as an vperator sign
. {

persists through elemen;ary'school (e.g., Behr et al. 1976, .1980). Moreover,

-~

B . t
a restricted understanding of equals may continue’ into. high school and ,

[}
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college and may affect math learning at these levels (e.g., Byers & Herscovics

1977; Frazer 1976). For instance, jf ''equals" is not viewed as a pelational -

" sign--as a bridge between numerically equivalent ‘expressions--algebra solution—

strategies (such as adding identical elements to each side of an equation

to simplify "the expression on one side) may not be meaningful and may simply

be learned by rote (Byers § Herscovics). . .
gy . ” : N
Why then de children seem to view ""equals' as an operator rather than
a relational symbol? One view is that it is an artifact of their eagiy arith-"'

metic training (Renwick 1932). Children are usuaily,.introduced to 'equals" \

"in.the-contexf of adding ehd.in the format: .1 + 1 = T WOrkbgok and.

ditto exercises reinforce this format, and the child becomes accustomed to

'l

"equals' implying "adds up to" (cf. Van de Walle 1980). indeed Denmark,

»

Barco, and Voran (1976) surveyed 10 elementary texts and found that Mequals"

)

as a relatlonal symbol was generally not developed. In brief, the "equals"

sngn may be assnmllated into notions propagated by |nstruct|on. Children

‘may re;ectkgr have problems with atypical forms because they are generally

' .

unfamu:nar with them (cf Weaver 1973).

»

-A second view is that chlldren s‘xm:tedgconceptlon of the "equals" sign

is due to their cognltrve limitations.  These cognutrve llmltations are deep-

seated\Jn that they are tied to age--i.e., stage or maturatlonal level. For

e
S ¢

example, a relatnonal view of "equals' might depend upon consolldatlon of
concrete opera;%onal thiﬁking or the adent of more abstract formal opera-
tional'th;ught. Kieran (lgBObl notes that 13 years is a period-of transition
between the children's requiring an answer efter the "equals' sign and their {

aggepting it as a symbol of equivaience. Subjects between 12 and 14 years

initially tock an oberaton;view of "equals," but after training, generally
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took a relational view (e.g., justifying equivalence statements by an "equal
values argument'’--that both sides have the same value) (Hér;covics % Kieran
1980; Kisran 1980a). Similarly, Collis (1974) suggests that it is not until

after 13 that children can deal with equatioﬁ; flexibly. He argues that chil-

‘dren from 6 to lo'years of agé are not capable of atcepting a lack of closure,
and as a result, equations such as 4 + 5 =3 +.6 or L4 + 5 = 3 x 3 are ihcompre-
hensible. Closure of an operation on. two glemeﬂfs depends on qétually seeing
the results replace the original elements. Thus 4‘+ 5= _ _ is meaningful
only when a child sees 9 written on the right hand side of the equation.

App}oximately i0 to 13 years is a transitionai period in which neaning still

.

requires a unique result (such as 9 for 4 + 5) but not its physical expression.
The two views have very different educational implications. According to

the first (instruction-related) view, we need only change the nature of

mathematics instruction to promote a relational view of 'equals." According

to.the second view, the conceptual inadequacy of equals is tied to deep-seated
i N
cognitive limitations, and hence, changing the nature of voung children's

‘instruction should not have much impact.

What empirical evidence is there for each view? Anderson (1976) under-

tdok a training study in which second graders in the exberimental group wers

«

tqugHtJto treat '"equals' as a.relational symbol. Indeed, children who received

M »

this training were more likely than control children to accept atypical
éqﬁation forms. Denma%k et al. (1976) undertook a training study which

examined children's interpretations of ''equals' as ﬁ?)k as acceptance, of

+

atypical forms. Their subjects included first~graders who had not yet been

introduced to 'the "+ and Hen signs in school. Over two, months time, the

children were exposed--via activities with a balance-~to different equation

1 .

. 6 | 7
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uaL development & well as instruction was a contributing factor to

viewing "eqals' as an operator symbol.

Are there indégd deep-seéte&--?elatively ihmutable--cognitjvé factors

- "

‘such as developmental sfage_limitations or- an inability to accept a lack of

closure, which ihterfere with or inhibit an understanding of "equals' as a-
relational symbol? Or, is the primary issue one of instruction, in which
case, interverition might be successful in promoting an understand of '‘equals" ‘

as a relation? Perhaps current instruction--as well as training efforts like

those o% Denmark et al. (1976)--have been insufficient in promoting a relational
visw. '

e TR

. Ve had ;:E/good fortune of finding a natural experiment which

Y ..~ addressed this issue’/ In‘the course of visiting classrooms of a Rochester

oo . .
sugyrbpn school: as part of annther study, we discovered that the ma th

curriculum defined equals as '‘the same as' and gave primary students

experience in Seeing a variety of equation sequence forms. This provid-
e o ‘ . - :
Zd an opportunity to check the effects of a'long term and systematic

effo;t to teach a relatlonal meanlng of eq: sls*to young children before

they reached the- proposed transitional age 13 As a result of instruc-
tion, will six-to niné-iear-qlds accept as valid agypigcal forms which

they had and had not been introduced to (e.g:, 13 =7+ 6 and 7 + 6= _\ l‘
' - ’ T .

‘ Xtil, respectively). WIII they Justify such forms in terms of each side

having the same value, which has been taken to indicate a relatxonal

rether than operator  view of "equals" (c#. Kieran 1980b)2 To better

B}

v
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. . “‘ T ' . o)
,T-\\\‘assd55 the children's conception of '‘equals,' we attempted to distin-
[ ‘ .

guish between an equation’s form and its meaning That is, we measured
¢ »

separately children's perception of the acceptabil-ity of or f;millarity

hith an eqdat!on's form and their judgement of its validjty. Thus, we

65

,
could deal with a sjtuation in which 4 child might say that 8 + 1 =
3 x 3 looks stranéé (its form is,qnusual or foreign) but is neverthetess

t hl A . ) ’ '
correct. . . _ ] .

-
r d

' -

One might expect that children receiving instructioh emphasizihg‘a
relational vueW'of ”equals" wnll accept both: the form and the validity of
typncaﬁ (e.g., 7+ 6 = 13) and atyptcal (e.g., 7 + 6 = 4 4+ 9) equations they
had been exposed to; will accept the valldlty, but perhaps not theJ?orm of v

atyplc&l equations they had not been exposed to, and will reject |ncorrect

-~ .

'statements . . : _ ) ‘o .
o The Wynroth Hath ‘Curriculun ’ L L . a
* . The.math curriéulum we investigated, developed by Wynroth 21975)o "
{_ v . _’is ‘individualized and cth}sts of‘a’sequence of Bames. , Ledrning and using

« the rules of a game teaches the child one or two concepts. The first
A . . . .
concepts taught are counting,/ same number, more than, less/than, order
i ‘ .

(the number just before or after another in the count séquence)-and
(recognition of) the written numerals 0-9. No written work accompanies N
this first phase of the curriculum. After this the program branches off)

\
~ t
into three subsequences which are taught simultaneously: dperations

¥4 . (addition, multiplication, subtraction and division in.that order), miss-
. ~ N
> ing number (in conjunction wjth addition and multiplication), and base ten.

These concepts are also taught. through game activities. Only after each .

game (concept) in these subsequences is mastered are children introduce&

K

to corresponding written representations of the concepts (worlsheets).




The- Wynroth teacher guidé points out that the teacher must take care
- ’how concepts are defined.  Indeed, the guide insists--rather dogmatlcaliy;-
.. that teachers should use and permit only curriculum specified definitions T

’

of terms. Accordlng to the curriculim guide, "equals" is.defined as the

Ysame namber" in order to avoid the initial learning of "equals" as "the

— . . AN ] . . P e
answerls.ﬂ D . ’
-~ . - A { .
. Morebver, the term "equals" is not |ntroduced in the contaxt of addltlon,

but in a manner whlch emphasizes a relational meaning. .Dice games are used

-~ . . . ¢

R

“to teach the concept of addition. The child rolls the dice and the curriculdm

‘ _m&nual instructs the teacher to say, for exampie, "How much is 3 plus 4.
. if necessary, the teacher might add "What number did you get when ybu coupted ";
. '\. them 3' [potnt] plus 4 [point]?" No ;entnon of V'equais" is supposed to be’
) ‘made in this concext. L
- ‘ c .Children flrst see wrltten equatnons in the missing number subsequénce -°  *
) in such games as'"Supposed to Be.” In "Supposed to Be," each player p:cxs a
» N

number of squares on which there is printed a bne digit number 0 ta-9. The

first player then draws a card on which there is an equatlon w;th a missing

s

element (e.g., 3 +2=[1). If the flrst-player has a nbmber sguare chat -
4. <

would correctly fill in the missing element,; s/he may keep the equation, and ,

draw a replacement’ square.” The secpnd player then would draw a new equation
: : . \ - ‘

caﬁggsnd play would continue. If the first player did not-have’a_ number

squ¥re which would correctly fit into the equation sentence, then s/he would .

pass the equatjon card to the secpnd player who would then see it any of -

[}
-

° ) Py ’ . ""\“‘I/\ . . 3 R .
' his/her squares fit the equatlon.sentence, etc. The first player, meanwhile,.

would have the optnon gf ‘trading in one of his/her number squares and picking

»

g a new one. The player who collected the most comglgied equatlon‘sentences
. -

wins. * It is- important to note’ that this game lmmedlately introduces children




.'.

to a variety of equation forms, (e.g., 1 + 0 =3+ 2, 0= l/+?l, etc.)
) . ’ 'a -
]hfrefore, the child first sees.the "equals" sign in a variety . of contexts in

o . * i . Sa .
an attempt to discourage an operator view of "equals." N ) o

.

Finally, the first written work (worksl_\_eets) invoiVing equations ‘are in

.

the form'of 4 = L, 4 O 4, 4 =0 » 5 # 3, etc. - Moreover, written addition

is .introduced in the form 2 2 1, where the child writes the answer above the-

>

“plus §i-gn." The "equals"‘sig'n)is first introduced with § t‘on in the form
3o ER "2 3+1#b+2,0r3+ 1 <h+3 where the chYld &ould be asked
’ N
to fill 47 a rn sflng addend or relations sig}u-/(e.g., 3.+0= 2,+ 2, or 3+1
) A4

0O-4 + 2. Thus, the curriculum makes a concerted effort to encourage a rela~ B

s N / . s 4 . N
tional rather than operator view of 'equals." ’ . ¢ >

-

““Participants .

t

Fifteen cl'uldren from each of a first grade (6-3 to 7-3 Years &

M= 6- 9), second grade (7-3 to 8~ 3 years, M= 7- 9) and third grade - ,

P

(8-3 to 9-6 years, y_ 8-9) class from a schodl serving a middle~ to

a
A ‘.. P

" .+ opper-class community partycipated in the study. Repeaters wefe not . e
. v ) . . a i’
-“"?n%l uded. An additional first-, second-, and third-grader were not

Ay

included in the s tudy because of incomplete data. . All participating

- -
[y

children had parent or guard!an permission. s -

ql'esting took place in Apral, 1981. Thus all first graders “had "~"":’s_‘;v-»
\ * \‘1:

been ln the programf/or seven monthis. Except for four children in ; L

each grade who had been exposed to the curriculum the year befor.e, e

Second and thi&d-graders had alo been in the program since September, A

-~

‘9804 . - . ! * L . . ‘ . /5\:

- The first author tested eight children at each grade level, < J . . .

+

a research assistant seven. On the basis of age and se>'<, the children

,

- were paired and randomly assigned to the experimenter's. -
. . N

[} ’ ¢




i Procedure - PO ‘ .

f

W
R PRI | « . .

) In the first (famiiiarization) session, the experimenters piayéd ' S
’ several math games, which lasted 15 - 20 minntes, with their ‘assigned ' B .
. ‘ children. In the seclond ses,swon, the first equaiity senten:::es task .
v ) (:ask was administered after an estimation task designed for another

. . . J >

study. About 3 week iater, “the second equal ity sentences task (Task 2) -

was administered after another e_stimation. task. o ' -
. ” - ¢’ ) . a . * -
. Yask 1. The experimenter explained: ‘Cookie Monster {a hand - .
’ - muppet] did some math.homework last night. He wrote out some math sen- '

.

tences, and was wondering if ‘you would be his 'teacher an‘i correct them
'S Y R

for him." The child was then shown the foiiowing equaiity sentence,s

- (each printed on a separate 3 x 5 card) in random order:- . o e
’ - . > "A' e 7 + 6 = i3 R \.’ ’ . ’
] . . v ) : . ‘3 = 7 + 6 . v \‘r ' .
. o 7+6=64+7 Cl
. ) . i ! ® . - K -9 :
R T . . : ) 7+6=4+9 " . . .
. L ' . ] > . - . .
.. . 74+6=6+6+1 Ny
) / . \' 9 : . o
, I e N ’ * 7 + 658 ]l' - ] , - .
. S 7+ 6=0111111117 ‘ ‘ .
- . . ‘ . N & ' -
. . o, | . 14/
N B - L v MY . ,
. : : Y T {1 EER .
7+6=6 . . . . /.
i’ a. Cy 7 + 6 = 0 * ’ .S
_«:} . . .
w?““'-‘ for each trial _the child was, as| asked (o) "What daes that say?" (Qi) "pid ’
Y YA »_ "“ ".t 3
N . : Cook<ie Monster write thdt correctiy--iike you would. in math ciass?"‘ If ‘< .
j;,, o "w . the Chi,,ld responded yés to Ql, the expernmenter asked (02) RLER 1 ’ :
- . '1*(»'\ > N ’ .
) ) K Q'u(’ ‘ » ) : : . : * )
. ’ A ‘:3 3 * »
% ., -
¢ - - - L]

bk
i
nb
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v

. conducted a p/rtially standardized clinical intervuew

B / ~ . . -

-~ ; . . . I‘ l'
correct -- does it make sense?"' If the chiid responded no to Ql Q2 :
took. the form' "is there any way in which it is correct -- does it -

make any sense?" Finally the child was asked Q3, "Shouid we put this

&
in the’ right or wrong pile?" 1If the child was unsure about what pile -

to put It in, or concluded that it be'long in the ''middle" or "in- -

- ~ J o - M
between'! pile, the experimenter commente:d: "!f you'had to choose,

&
If necessary, the experimenter com~ ] »

-

*which pile would ydu put it in?"

mented: "If it maJses sense, put it un the right pile; if not, put it .

in the wrong pile.”- Q} as well as Q2 were asked in order &o distin-

- - r

guish between ths: child's "judgment on the equation’s form and her

opimon of its vaiidtty Q3 tested %he consistency of & child' belief

e

in the Lcorrectness of the form. *

Additton questions were asked if inter-

>

ln br:ef the experimenters

‘estihg or ambiguous responses were made. *

-~

’
ks

The interviews were tap& recorded and transcribed for scoring ‘
c - -
Ql was-scored: . . U TP -

. B ‘ < B . " : , \
. 2 = response implies .that the written form was proper ar.

familiar.

“w . ’

-

| = unsure

.0 = not proper or familiar : . . o

. I'd
o / w 2
. .
-

3= response implies that the equation made sense was: 'true

Q2 was scored:

" N

. ] or valid) or, the child induces the correct answer (the

* .

chiid initially said the probiem was wrong [senseless],

<

but after computing the answer or deciphering the

’
LY
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R | -

‘-. symbol ism [such as the Roman ~numefa§ls]' indicated the
. . ‘ " equality was v;lid). . . )
. . "' ] = Inconssstent response {e.q., hedges or changes answers )
‘ N with tt;e e;ce;tlon described above) ".. .
R - T J 0‘=\fot;m d!d not -make sense to the child. ' ;o ' R
. 'Q‘3-was sc;)red: _ 7: - ‘ .
. - S 2; chi'ld‘ indicates the ','gight" }oﬂe. ) .
: . 1 = amblvalent\(‘erg.,,”may-be pile" or "both plles")

& = ’ %/;—l "y %
. ) 'qung pile. .

‘Interrater agreement on 8 subjects per grade level was 85% for Ql ‘and’

Q2 and 962 for 03. * .- y T L, . L

Task 2. The experi‘ﬁenter explained’: "Cookie Mémétér did some more&
bl L \ hd LR . -

math sentences last night and would )ike you to check them again. Put )

. n Y ' . . ¢ ’ "‘ . . . 2

<.+~ a«L if his math serﬁg‘;e is right -~ makes séfise.~ Put an X if it is

Sl ;T . . : 3 -t o
W . , .~’w Wrong ~--does not make sense." The ‘experimenter presented: the following
:’. "i? P 2 7 ) . N ) ‘% <
Y ot A problems in-one of four random lists: T

DS . . . g - < Ly

(-4 .

‘ - 7=5+2
R \ h+3=344
o ‘ Y PO
‘ bz 4+~

]

. . 6+ 3
. 54+ 1

7-1
4 2+4=3x2

P T s . 8 =28 ) . .

Sm—

5+ 3= LT 111 . _—
3+2=V




24+.2=2
- bh+d=14 -
A ] . 341 =1+14+1

For each equation, a 'C'}was scored as 2 and an "X as 0.

.. . Categories of Equations N ;
{ ~
. Category | includes equation forms to which a subject was actually

exposed in the course of instruction, includihg.the typical form (e.g;,
- 7 +6 = 13) and atypical forms (e.g., 13 =7 + 6). These varied by
grade and to some extent by individual subject. -For example, only a

\
few first-graders had seen equations of the forms 7+ 6 =6 + 6 + 1}

’ none had seen forms like 7 + 6 = 14 - 1, -
N Category 2 includes unexposed atypical forms which are either

.relatively conventional (e.g., 7+ 6 =14 -1 or 6+ 3=54+ 4+ 1) or

unconventional (e.g., 7+ 6 = Xlll or 5+ 3= L1 111).

3

Category~3 designates incorrect forms (e.g., 7+ 6 = 0, 4 + 2 = 42).

. . Results .

Judgment of Form

\ .o In terms éf thein.kno@n progress in che math curriculum, most chil-
: “dren ;onsidgred proper. or familiar categOﬁy 1 forfs (Ehose they had been
-exposed to) but not categor* 2 (unexposed) or category 3 (incorrect)'

. "= forms. The participants were generally accurate, then, in identifying
forms they had been exposed to and accepting them evefr if they were

J atypidal. There were a few eXheptions. While the curriculum provided

considerable~exposure to such equation forms as 13 = 7 + 6, only 47%
- ! . .

of the first-graders and 20% of the second-graders considered such a form
Fs




]

>

-

t
correét or familiar. Also, just less than half the second-graders’(ﬁ of 13)
and third-graders (7 of 15) indicated acceptance or familiarity with the
equation 7 + q =6 + 6+ 1"--a variation of the form 5+ 4 = 2 + § + (1, to.
whi;;\they had received some exposure. ' } "

)
Judgment of Forms' Sense

In general, children in g1l three primaPy grades tended to consider

sensible equation forms which they had been introduced to in their written

practice--including atypical forms suchas 8 =8, 7=5+2, and 7+ 6 =4 + 9,

An average of 87% of the first-graders, 58% of the se.ond-graders, and 88% -

of the third-graders considered category 1 equations .as sensible.

4

Insert Tabie 1 about here

’

Moréover, about half the participants considered sensible unexposed

»

equation forms. Category 2 equations averaged 56%, 47%, and 60% acceptance
- b 3
by first-, second-, and third-graders, respectively. For instaﬁ!e, Roman

numerals had not been taught yet in any of the classes: Nevertheless, a
. J
number of participants said 7 + 6 = X11! made sense if X111 meant 13.

Margaret's (third-grade) response illustrates this inferential process: "l

don't know what this means. This is a 3 [pointing to lll];‘ this -- oh!

This is 13 [indicating X1i1] and 7 + 6 is 13, so that's right!" Another
O )

unexposed form was 7 + 6 = T 1 . Mandy, a first-grader, had

b

a c.mmon reaction. She counted the marks and concluded: “"This one {7 + 6]
has 13 and this one [the marks] has 13. But you'd never see this in math .
class.” Asked if the equation was written correctly, Mandy indicated no.

Asked if it made sense, she responded, ''Well they're both equal, they're both

-4
umh, 13.... It makes sense.' She then indicated that the problem should go

in the correct pile. One final example was provided by another first-grader

15
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Sharon in response to 7 + 6 = 6 + 6 + 1, which she had not been exposed to.
Asked if the math sentence was written corl:eiéy, she commenied., "13=6+6
'+.l'[laqghs]. | think it goes in the wrong p;Té."
i (inte}viewer): Is it written correctly?
S (Sharon): Yes, .
I: Have you seen matﬁ sentenceé like this in math class?
, $:. I've seen stuff ljke that [7 + 6], but like that [6 + 6 + 1]?
I: Nothing with three numbers?
S: No. .
;il: What does 6 + 6 + 1 make?
- S: That's 66.
I: 1 think this is 6, +, 6, + 1. '
S: Tsaé's wrong. That's righc!
I: It's'right? ) Y,
S: .Ahuh. 6 + 6 is 12, another | is 13. g
I: So, did Cookie Monster get thi: right or ern;?
s St Right. [claps]. That's good. | ;
.ﬁe;zatedly, then, children distinguished between unfamiliarity with a fo;m‘
\\ and whether it ma?e sense. Repeatedly, they used their existing knowfedge
to infe}(xhat unfamiliar equation forms made sense.
A response bias can be discounted as partiéipants r;re]y coﬁsidered
2 incorrect equations as sensigle. Oniy an average of 8% of t:e first-graders
and 2% of second- and third-graders considered category 3 forms sensible. In
fact, neaily all the inappropriate responses occurred with & + 2 = 42 and
might be due to.unfamiliarity with ngtten two-digit numefals.
Especially interesti e the definitions of‘the “equals' sign given

-

| __as well as theﬂjustjjﬁsat‘ons_fdg_accepiing,equalilyhstatements. Three first-

graders defined "equals' directly as the ''same as,'" and nine (60%) used an

.
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& ~ .
equal values jus}ffication’ to explain whf an equation made sense. For example,
Jane responded to the question '"Why is 13 = 7 + 6 correct?" z§ coméenting;
Because 7 + 6 is [3..;50 this is 13 and thag's 13." After inquiries by the
experimenter, Jane answere& that o meant "equals" and that ''equals' meant
"the same." Seven (47%) of the second-graders and five ﬂ33%) of the third-
graders indicated that "eéﬁals" meant the ‘'same as," Fnd 4 (27%5 and 10 (67%),

respective!y,'gave equal value justifications on at least one trial. Many

children, then, defined "equals' in relational terms, and a majority of the

- sample used an equal values justification, which has been taken as one indica-

7

tion of a relational viéw of equals in older children.

Re{etioﬁal vs. Operator View

A 2~ While there was considerable evidence of a relational view of ''equals,"
tﬁis view often seemed to conflict with an operator concept. Most (44%) par-
ticipants were inconsistent in évaluating exposed, atypical equation forms .

[

Qas sénsible (see Table 2). Few children, however, éeemeq to have a view of

“equ%Ls" that tended to excluge a relational concept ent{rely.‘ For example,
only 9% of the sample considered invalid more than one-half of the atypical

v .
forms.

Insert Table 2 about here

The first-gradérs appeared to pg the most consistent in judging exposed,
atypical forms as sensible, while the second-graders were the least so. The
difference between the first- and second-graders reached statistical signifi-
cance (p = .035, Fisher Exaét 2 x 2 when columns 1 anq’Z vs. 3 and 4 of Tab{e
2 are considered). The fi?st-graders-might have had an advantagé over both

fhe second-and third -graders in that all their formal math instruction has

17
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been through the Wynroth curpiculum. Elgven of”thé second-graders had a

P L]

traditional math curriculum (Holf School Mathematics, 1974), which did not

~ P R

emphésize a relational meaning .of the "equals" s'ign. For example;~in this
program children first see the'equals'* sign exclusively in' the contéxt of
typical equation formssuch as 3 + } = 4 (re: Units 3-12). Eleven of the third-

graders were exposed to this traditioral math curriculum for the first two

5

years and four for one year. , . : -

~

The evidence from children's remarks‘is consistent with the pattern’

©

described above. Only four first-graders of eleven who made remarks (36%)

indicated an operator wiew of Mequals" (e.g., '"He wrote [13 = 7 + 6] back-

% -

wards" or "[Equais] means to put another number that they would add up to").

However, two of these participants did so in a unique context (8 = 8) and,

otherwise, made remarks which suggested a relational notion of "equals.” One
- \ 1 *
of these, for example, who was otherwise correct and who defined "equals"

as “the_sam? as,' concluded that 8 = 8 was incorrect because there 'were no

-

pluses." Tﬁg other, who was correct on 20 of 22 trials and gave an equal val-

N

k] .
ues justification for three, also rejected 8 = 8 because: !'He forgot to write
(

] N @
something here [after the first 8]." - :

o

The‘pattern of results among the third-graders was similqc& including

§ 3

a minority who.seem to treat 8 = 8 as unique. Aga%n, only two (lé%) of the
third-graders exclusivgly defined ''equals' as an operator symbol. Jean, for
example, noted that 13 = 7 + 6 should be the other way around, but they did
have problems like that in school. Asked what "5 meant, she re;pondéa:
"Equals:...lt mLans that's how much it is. [It does not mean anything else]

as far as.| know. That's how much it makes." Eight (53%) made remarks sug-

CoN :
gesting both operator and relational views of ‘'equals." For example, Bill

ré‘a”ﬁmﬁ“sr“m—e'quals—thrsméj’y’ah?‘"—i‘nd’i cated it was

{I Va
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¢
correét dnd that some of hi§ math sheets had Y'stuff liké‘that." Askéd if it

made sense as it was written, Bill replied, !"imhmm. Becz -e in our math pro-
. ’

gram, see, this doesA't mean equals, it's the same as...." Asked what it '
< .
means to say eqﬁalb, e responded, '"Like it adds up." Neverthele;s, Bill,

who was otperwise consistently correct( argued that 8 = 8 did not make sense.

Ll

Likewise, Dan, who was otherwise consistently correct, defined equals as ''the

Py

" same as,' and provided an equal values explanation for 7 + 6 = 4 + 9, rejected
8 =8: "t doesn't make sense., It already tells you the answer." lt’may'be

that tHe;e two third-graders and the,two first~graders described above belijeve -
’ : A s o -
the "equals' sign can stand for a relationship between, two statemggts, but that
-~ v . ‘ »
one of the statements must invofve an arithmetic operation. In other words,

. \{ -
this error may represent an attempt by these children to assimilate the curri=-
' ' 3

-

-culun's definition 6f'"equals” to their own operator yiew. :

The remarks of the second;gradérs reflected this group's more tenta-
. , 7 k

- i

tive grasp of a relational view. Four (27%) made remarks which were indica-

- relational view only, and one made no scorable remarks. For example,

“ ,
nine (60%) noted that 13 = 7 + 6 was written backwards. The following
transcript of the interview with Dick illustrates the difficulty many of
the second~graders had in coming to terms with thes two views of equals:

I: What does that say? '

. D: 13 [laughs] = 7 + 6, .
I: Did Cookie Monster write that correctly ~- like in math
class? . ) ’

D: You're supposed to start with this [7 + 6].

I: ,Is it correct--does it make sense?

D: Yes, sometimes our teacher writes it backwards on the math |




) . LY

e S

worksheets. 3

o

I: Shauld we put it in the rlght or wrong pile?

~

s D: Both T

I: If we can only put it in one. Does this make sense--to say 13 =

R

7 + 67
D: Nd%k~f

1: Right or wrbng‘&éle?

D: Correct. '
| . (,,,

v

:> Conclusions - .

-~ - ) Lo
¥n conglusion the Wynroth program seems fairly successful in cultivating
a relational concept’ of "equals." For example, it promoted acceptance of the

- sensibleness of atyplcaP forms--both taught and untaught-- ‘as well as justi-

fications such as ''équaivalues' well before the onset of adoTescence--the

.

transition point implied by some (e.g., Kieran 1980). Moreover, an inability

to accept a lack of closure did not seem to be an issue (cf. Collis 1974).

‘
N . -
~ . >

Most children.considered sensible equatfons such as 7+.6 =4 +9, 2 + 4 =

N

3 x'2, 7+ 6 =14 - P without’ actually seeing a written result “(sum). These
results, then, dé not support the view that stage- or maturation-related

cognitive limitations prevent the development of a relational view of '"equals."

™~

They are consistent with the training studies (Anderson 1976; Denmark et al.
1976) whith suggest that changing the nature of math instruction can pre.ote
" swich a view of the “equals" sign.

We disagree, therefore, with Kieran's. (1960) conclusion that the '"name

]

for a number!' approach advocated by the School Mathematics Study Group (SMSG)

~ . T

is based on unwarranteg psychological assumptions. The SMSG approach argues .

&

that .there are various names'for‘a number--e.g., ''7"' is but one name for a

-ovy . 1]
~
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number which can also. be named 6+ 1, 9 - 2, etc. Thus, children spould be
introduced to expressions such as 4 + 5 = 3+ 6, since 4 + 5 and 3 + 6 aréj
other némes for the number also called "é." This approach is intended to
heﬁp children develop a math?matically more accuratg view of number and the -
Yequals'. sign (equivalent relatiénships). Kieran suggests that researcﬁ indi;
cates that young child}en cannot assimilate a relational view of the‘”equalé' \
symbol and hence the SMSG approach is misguided. The resul;s from this gtqdy i
suggest.a less pessimistic conclusion.

Whilé the Wynroth curriculum was fairly successful in promoting‘; rela-
tional concept of 'equals,' this view often conflicted with or was subordinate
to an operator view. Thus there wag_a\hognit}ve bariier to viewing "equals"
as a relational symbo}. The ffrst-gréde teacher did note, for example that
'p(oblems in the form of 6 + 6 = [J seem to be the-easiest for her-children.
Problems in the form of 6 + 3 = 4 + [ were hard, and probiems ;uch as E] =
6 + 6 were the hardest. We suspect that the coénitive factor militating
against a relatlonal view of the ”equals" sign is the process of assnmslatnon
rather than age-related cognitive or developmental factors. The operations

such d@s adding are familiar processes which make sense to the child even before

-

Ientering school (Gelman & ‘Gallistel 1978, Ginsburé 1977). . For instance, chil-.
éfen are accustomed to putting together two sets and countin§ the total, but
relatively unaccustomed to separating a counted set and counting its éompo-
*nents (Aliardice 1981). It may be that when ''equals" is introduced in school,
it is assimilated in;o the child's familiar procedy;es-Tthe ope;;tion of
adding by counting. Moreover, assimilation of the 'kquald'sign to a child's
informa! knowledge of arithmetic is often reinforced by the chjdd's formal

instruction. Teachers, math texts and math workbooks in schooi, and parents,

sibiings and TV at home may emphasize an operator rather than relationalcoiew

‘
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. o
v '
of''equals." 4ndeed, one reviewer noted\that children's use of hand-held

calculators would promote ‘an operator view of equals: tha arfthmctic problem -
i .
i% punched in first and then the'béualé'sign key is hit to produce the answer.
This may‘hel% to explaig why the first-graders, overall, appeared to

be more comfortable wuth'hqualé'as a relational symbol than the oldé?cﬂnldren.'

The formal instruction of this youngest group--from the beginning--emphasized

a relational view and minimized reinfcrcing an operator view. "The earlier

(traditional) formal instruction of the older children may have reinfo:geq'

their informal bas;s for |nterpret|ng"equal§'as an operator symbol Thus,

the yotingest groug:-whlle not completely free of an operator view because of

their informal experjences-~may have’ had less cognitive resistance to learning

a (new) refational view o%'%éuals!' {he implig!tion for educators is that

if a Ielational vigw of'Equ51§'is desired, it may be easier to teach an appre--

c?Ltion_of‘thislview if it is taught from the begianing of ‘formal instruction.
- Moéeover,_yh?le:a teacher ﬁay'ndt be able io~p}event assimilation of

the''equald’' sign- to a child!s infusaél k?owledge or prévent an operator vfewb

from being reinforced outside the classroon, a teacher can minimize reinforce-

menflo% the operator v}ew in the classrobﬁ--at least until the relational

view of"equalﬁ'is secure.’ Therefore:azt may be neécessary to follow Wynroth's *

example, or |ndeed go to ;reater lengths than allowed by that curriculum.

As in the Wynroth curriculum, the'bquald'sign might be introduced to show

that the two sets have the same number. However, the'%quakysign might initially

be used with objects rather than numbers (e.g., V. T et .2 £ .0, etc.),

fhenuwith numerals. and objects (e.g., @ =3, ceea = L), then finally as in

the Wynroth pr&gram (e.g., 8 =8, 6 # 7, etc.). A kindergarten teacher might

v

spend the first half of the year with this system before introducing the ''equals'

sign with operations. This would be a much more thorougt, introduction to -

22
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A relational basis of "equals'' than Wynroth now provides. If addition were
& . N ’ s h
introduced during tﬁjs familiarization phase, it could be done as Wynroth

suggests--pufting the answer above the plus sigh:

. -

Follow-up studies which track children's’understanding of equals as they

proceed through curricula such as tha Wynroth program, which emphasize a
s, . | ) . .
relational view, are needed to get/a better appreciation of the influence of
- N
instruction of this important concept..
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“*Table 1: Summiry of the Subjects' Ratings of Correctness for Tasks 1 and 2 Equality Sentences.
» ) . . *
' 15t Grade 2nd Grade 3rd Grade
"Ha;es ""Makes '"Hak;s YMakes YMakes "Makes
Sense" 6ﬁ§ure no Sense'! Sense' ’Unsure no Sense'! Sense" Unsure no Sense'
88 man | - lavw | mo - 535 (8) | 603 (9) -] wzce -
: '7‘+ 6=13 ” 1003 (15) | 0% (0) 0% (0) 93% (1k) 03 (0) 7% (1) 93% (12) oz (3) 73 0
. 13=7+6 732 (1) j20% (3) - ES)) 3% (5) | p72 (1) 203 (3) 8oz (12) | 20% (3) 03 (0) -
© T 7ese2 ooz (15) | - 03 (0 | 6oz (9 |/ - o (6) | 1o0s (15) - 03 (0) % ~
£ 7+6x6+7 872 (13) | 0% (0) 132 (2) 73% (11) 73 (1) 203 (3) 87% (13) | 133 (2) 0z (0)
'3"4 +3=3+4 87% (13) - 133 (2) 73% (11) - 27% (4) 93% (13) - 7% (1) \
: 7+4654+9 sz an i3z 2y 0 ] 13z (2) 603 (9) | 20% (3) 20% (3) 933 (14) 0% (0) 240 N 3
\ §+uAs+5 . hooz (15) | - 0% (0) 3% (1) | - 275 (4, | 933 (1) - 730)
¢ 7+6=6+6+1 (1573 (1) | 72 (1) 203 (3) 67% (10) | 20% (3) 133 (2) 733 (1) | 13z (2) 133 (2)
g: 6+3=u+h+1 (1)932 (14) | - 72 (1) 67% (10) - 332 (5) 932 (14) - 7% 1)
RS 2+v4x3x2 (2)] 402 (6) - 1 60z (9) 60% (9) - 1 oz (6) 93% (1) - 7% (1)
7+6=14-1 733 (11) 133 (2) 13% (2) 67% (10) | 20% (3) 132 (2) 87% (13) 132 (2) 0z o)
° ser-7-1 s @ | - -z 47%. (7) 53, (8) . - % (7) i 932 (14) - 7% (1)
/: 7+ 6=t il 873 (13) | o3 (0) 13% (2) 803 (12) | ‘0% (0) 203 (3, | 803 (12) 7% (1) 133 (2)
g‘ S5+ 3=t 1 47% (7) : 53% (8) 333 (5) - 672 (10) | 4o% (6) N .| 60% (9)
& 77+ 6 = X111 275 () 132 (2) 603 (9) 202 (3) 0% (0) 8oy ¢12) | 73z (11) 72 ) 202 (3)
“ 3+2a.v 477 (7) “ 53% (8) <27% (4) - F 733 (1) 473 (7) - 533 (8)
- 166 7% (1) 0% (0) 93% (14) 0% (0) 0% (0) 1003 (15) | 0% (o) 0% (0) . | 100% (15)
_ Tpzs2es 0% (0) - 7 fwoz (15). | 0% (0) - 100% (i) 7% (1) - 933 (14)
g7+670 %O |7mm fsrow | o | owl) 1003 (15 | 050 | oz (00 |00 (13)
© he2at2 27% () - L 73% (1) 7% (1) - 933 (14) 0z (0) - "100% (15)

IToxt Provided by ERI

CERIC 27,

(1) Only five first-
(2) . Onlyfthree first

2

graders had done worksheets involving this form;
~graders had done worksheets involving this form;

all but two second-graders had done worksheets involving this orm.
eight second graders had done worksheets involving this form.
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Table 2:

Summary of Response Consistency by Grade In Judging

as Making Sense Exposed, Atypical Forms

Completely Consis-

Consistency

Highly Consistent

Inconsistent (Two Non-acceptance of

Grade tent (only one trial to One-half of the More than One-half Total
judged incorrectly) trials judged as of the trials
- making no sense
Ist 33% (5) 33% (5) 27% (4) 7% (1) 1003 (15)
2nd 27% (L) 0% (0) 53% (8) 20% (3) 100% (15)
3rd 47% (7) 0% (0) 533 (8) 0% (0) 1003 (15)
" Total 37% (16) 1% (5) 4ug (20) 9% (4) 100% (45)

>
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