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The aim of this project was to develop a curricuium

for first-year algebra students to provide a wide range of .
applicatidéns of mathematics. This type of application wculd: permit
students to understand how algebraic synbolisms develops out of
natural needs. A pilot draft cf the materials was field- tested during

the 1974~-75 school year, revised, and field-tested in

bree 5chools

the following year. X basic element of the curriculums which evolved
fros the testing and revision was the development of. a skill workbook
wvhich employed principles of mastery learning. Nationwide field

" testing was accomplished during the 1976-77 school year. The final
product is a course similar to a staidard algebra course in much of
the content, but with nore emphasis on probability, statistics, and
applications of word pfobleas. Results of field-testing in 20 schools
indicated little differences in measures of achievement between
proiect and ncn-project classes. Teacher attitudes were davided,
almost evenly, into two groups--those who felt the course to be
appropriate for first-year students, and those who felt it was tco
difficult or non-traditiondl. (Author)
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. Summary of Activities and Res&]ts
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In ]974, The Un1vers1ty of Chicago was awarded $36 400 by the

ED210191

Nat1ona] Sc1ence Foundation for a 15- month period to develop a,
one-year algebra course in which, as stated in the grant proposai, -

"a]gebraic'symbolisnldeve]ops out of natural needs." There-wae
:never the erpectation that such a'course could be ;ianned, writ-
ten, and tested in so short a time. .Further grants were awarded , .
‘the next two years, bringing the tdtal amount to $144,500. The

report of the testing appeared in December, 1978 and the project
offic1ally terminated in January, 1979. I was project director.

ﬁhe purpose of this article is to summarize and make known the

-

work of this project so that mathematics educators may take advan- \

tage of this work and so that future curriculum workers will sneith-

. er repeat the mistakes nor waste time rediscoveriqg what we have

learned. ' ’ . \5' .

»

ad

PREPARATION-PRIOR TO.GRANT RECEPTION ' ’ N

In 1970-71, the project director had written the first draft’ .,

of a second -year algebra course in which applications of ?athema-

e

thS were distinguished from the "contr1ved" word problems (e. g

digit, age, etc.)'whjch are part of that,currwculum.

' MATERIALGHAS BEEN GRANTED,BY
Natioffal-Science Fdn. .
part by NSF grant SLD 74-18948. Dir. for Sclence Ed./
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X ' ¢ ' ~PERMISSION TO REPRODUCE THIS
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'S TO THE EDUCATIONAL RESOURCES
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.One lessonr learned from this experience'was that“some stu-
dents could notudistinqufsh an app]ication from a contrived sit-

uation. For examp]e, students were asked to Judge the real1ty

~
4

of the fo]low1ng prob]em

Approximately 8% of the items produced;bpja ,
compahy are found'defective before shipping.

~— How many items should be manufactured in or-
der to ship 1000 non- -defective items?. ‘

“

Many students responded that the problem was not real because '

-

too high a percentage of 1tems were. defect1ve‘ (Ih1s was before

the appearance of the ear]y ca]culators, whose percentage of de- "

fects ranged around 19%.) One student_responded that the prob-

3

lem was not real "because of‘the word 'approximately’

“. /.- o
In doing this work, a large number of applicdtions -of gnathe-

matics were found to be appropriate for ‘the second-year algebra’

-

course. However, there was not tite in that- course for many ap-
plications because too many/6ther things had to be taught To
insert applications 1nto that course, something had to be taken

. out. This was taken as aximomatic in the first-year algebra

’ N ‘S o

course as- well,

In 1972, Max Bell.'s Mathematical Uses‘and Models in Our

. Fd . .
Everyday World appeared. It gave many simpler applications.

The same year we_began offering $ummer workshops in the applica-
) . N
tions of mathematics to teachers.and degree students at The Uni-

4

versity of Chicago. More applications were co]ﬂecteq. Because

many 1mportant applications were to s¥atistics -and probability,

)
the next yedr, we offered a workshop in the teaching of probab1l-
N
ity and stat1st1cs. Th1s helped- prepare us for the task which
Q . -
]fRi(i'/ lay ahead. . . J
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1974-75 SCHOOL YEAR .

* ' /.
The grant‘began in July, 1974, During\the 1974-75 school
/ year, the grant enabled the director to devote full-timé tQ '

the wrnting of 2 f1rst draft and the simultanéous teach1ng of‘

that draft in a suburban high school (here called School A)

..carefully selected for its socio-economic c]oseness to some sort

» . .
of national average. One other teacher‘at that high school

"watched this class and taught _the same material later. A third

(4

teacher used the materials at an atl-black all-girl middle-class

13

parochial school (School B) in the c1ty

There are some who bel1eve that you should tegt immediately

to see how you are doing.” In some gircumstances, this is.un-

wise. For anstance;,in our situation, both schools A and B ‘were
not using the materials under normal conditions. The dieector
wrote the materials just a few days ahead of where hé was in the
teaching. As a consequence, no'tfacher could plan far ahead.

At School A, the author was teaching. At School B, the other
algebra classes were taught under an individualized approach

These characteristics made any sort of comparison testing unwise.
L . . e . .
< Yet even without testing we lbaf\ed much, not only about

thiss course but also about standard algebra courses. For exahple,

‘————

“in School A, when doing early.,work in sqlving equations of-the

—

formg ax i b and a + x = b, we found thdt there were not enough

‘practice exercises in the materiais. The department chairman
-
was asked if there were any materials around which &ould be dup-

licated and -used as workshegts in the class. It turned out that

“
-
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there was an entire storeroom of practice sheets, arranged
- 1 P

\ 'skill by skill, neatly pided, often with copies in the hundreds.
‘L~ So it‘was apparent that, for this school, comnercial textbooks
‘also‘didn't have anough problems This hadlimportant implica-
:_.( tTons for what we dxd the follow1ng year. -

v In each school, we .did adm1n1ster the Educational Tes‘1ng

’

.. %
¢ Service Cooperat1ve Algebra Tests at the end of the year to see-
if our students were in the ballpark. This test must)be con-
' s1dered b1ase€ against students who have studied applications,
o \

because there are no quest1ons wh1ch allow them to demonstrate

*

skills they may have learned in th1s area. At School A, prOJect

- /
'1 classes had a mean 5 po1nts lower than other algebra classes At

_.\

SChool B, the mean score was 11 {out of 40)'for our class. Tt

o
-~

seemed that we“had failed Eompletely.' However, 11 was also the *

‘ mean score for. the students 1n this school taught a standard

F ad

course under the 1nd1v1dualizeﬁ approach

W

How can end-of-year scoresﬂpe so low? On this test, a score

of 8 would be expected from -andom guessfng!‘ School B, like many

. private schools in thé inner-qity, attracts its students by being
] ) .

— ‘ .
"college-prep" and so offers'algebra to students who do not have

enough arithmetic skills to. cope with the generalizations which

-

are‘fundamental to‘!n understanding of algebra. The next year

.

this school, for the first*time, offered aclass "below" algebra.

Jhellesson tor us was that a good knowledge of arithmetic was

LY . e [ 4
AN necessary for .success not only in the new course but also for
standard courses. \.
. r
\ ® . ) ‘:)
Y * 5‘




. 1975-76 SCHOOL YEAR Y R .
'/‘ . i . i - ’ T

School A atd twé other schools (f and D) were the settings

~ B

for the secong i16t/draft of the materials. The author taught
P S in Schdol,C as\ig had done the previous year in School‘A, revis;
ing just ahead(of the students. o .

The ma;er%als mere overhauled, but the approach begun in
the previous year was §hbstantially unaltered. Ne,descrihe this

approach below, just prior to a discussion of the field testing.

-

From the first pilot year, & need for s&ill workbooks was

- 3
apparent. Commercially available workbooks were found unsuit- N

able to an applications apgroach,_for they tended to contain even

fewler hints- at uses of mathematics than textbooks . Furthermore,
‘we considered certain application ideas (e.g”, calculations in-
volving formulas for compound interest) as af least as important

as traditional algebraic skills. F1nally, research on our campus

1

had syggested that a workbook which enabled employment of prin-
c1ples of mastery learning would be uséful. . =~ - \
Mastbny learning is based upon a simple princ1ple * If a
student "masters" prerequisite concepts, i.e., if % student an-
swers questions on'that concept with-ﬁb-BS% cornect;(the percen-
tage is called the criterion\level), then the student will'learn >

— ! . ‘ \
\ later concepts faster and more completely

.Consequentlv, under a mastery strategy, the firsffthing that
. L 3 . ]
the teacher does is teach a basic idea or skill, as wé*ia be done -
in any classroom. Then a quiz Ys given to ascertain whether the

" student has mastered the idea. This quiz, called a formathe Tl
~ . :

» - ff - ©e
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stest, never counts for a grade.. The results are made known to

the .student. Those who'dn not master the idea are given t%mé to

~ L

. - '8 . (I
- practice\and(take'a second quiz. In theqry, students -take a quiz,

. eV

L

J . "- '/ . »
peceive‘féedback, practice,- take another quiz, get feedback, and

so on, repeating the process until mastery occurs. At the end of
' - }

e \ . : .
‘a_Chapter, which might have six to ten or more concepts to mas-

ter, the, student takes a test (cﬁlled a summative test) for a
grade. °

Mastery strategies require some individualization, because

there are always some. students who master earlier than others. A

_comm&n strategy is to have tﬁe early masterers .help those who have

not mastered. To keep a:class together, it is important that

early masterers not be accelerated; otherwise the differences be-

tween' faster and slower students will ingrease.

The masfz}y'learning skill warkbook wentethrough many stages

- of eyolution duting the'lq75-76~school,year. Uliimﬁte1y, the,fdl-

lowing scheme was' used for each notion to be mastered. _.

(1) There was a short 5-10 minute formative -
test in the workbook, taken by all sti- _
. dents simultaneously. = ~ . ) .
0 ’( )
(2) Answers- to each question were immediately
~ announced. oy . : ’ .

(3) Those who mastered were directed to a place
‘ . " Jin the workbosk where they would read a
' newspaper ‘cli.ping or other -piece using~the
mathematical ideas,of,tne quiz, or do a puz-
zle which used the mathematics. Those who
did not master were directed to a very short

¢

exp]énat{on in the workbook, followed by prac- -

) . 7
- - LY

D
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tice arranged in a programmed instruc-

('//‘ tional way:

found beside the next item, often with
_explanations. Ce '

answers to one item were

-~

(4) A second quiz was available in the materials
for students to take‘whenever they wishedu'
. Answers to these questions were individually
d . Achecked by the teacher.

It took'one chapter for students to trust the teacher,

That is, the students did not really helieve that the questions

on the chapter test would be taken almost exclus1vely fromwadeas

which they were expected to-have'mastered After that time, we
/. found-that "almost all 0f these students were mature enough (even
though half were freshmen) to do the practice and grade .them-
selves honestly " They tended to weltome the qu1zzes ‘and prac-
t1ce because it let them know what would bk on examsghQ <

Dur1qg the schooleyear\]975-76 the National Science Founda-
tion' si£c1ence Education area- was 1n\turmoil due to controversy

-
.

. involv1ng materials from a soc1al science curricular project,

(4

atics ed cation and cont1nued fund-.

Man - A Course of Studx,(ﬁ C0S)Y. This affected every curr1cular
project in science ,and mat

/

ing was 'not at all assured. (Pr1or to th1s, NSF had 'usually fol-_

lowed through on all of its curr1cular proJects from inception
w—.

to implementation.) We learned of-our third year of funding onfy

,in the late spring of 19’6, and were told thaf this would be the

v ..
last funding, year' This wai one year less than we had planned

at the time of the “second proposal and meant that we never, did
. carry the mastery learning materials and other’ teacher aids to
~their conclusion. . : " 8

...8 ‘
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//"’ Otherwise, the pchect proceeded on schedule From her ex-
///’/ .perience with research and with Nationai Assessment, Professor

Jane Swafford of:Northern Michigan University was asked to, head

the nationwide field testing of the materiafs planned for the

-

T 1976-177 schoolzyeor. Professor Henry Keprer.of the UnivehsitY'of'

Wiscopsin agreed to assist in this endeaver, due to his part?cu-

- -lar expertise in'the construction of tests at the ninth grade lev-
L[] - ‘ .

el. At the NCTM and National Council of Supervisors of Mathemar

t ) . N .
tics anpnual meetings in Atlanta in April, 1976, solicitations

were made for schools to be involved in'the,ﬁield testing.

The response to the solicitation was-overwhelming. We dis-
tributed approximately 560 announceménts, over 400 of these to a
wide .variety of peop]e who attehded one session. We neceived ov-
.er 80 of these announcement forms back firom schools or school diﬁ-
t;1cts w1sh1ng to be involved in the field test. A response rate
of even 3% is cons1dered fine for any sol1c1tat1on, pur rate.of
close to J15% was extraord1nary and attests to the 1nterest of the.
mathemat1cs education community in do1ng something w1th"3pp11ca-

~tions 1n the first-year algebra course. Making“this reven mor® im-
pressive, only d snall,handfui oﬁ these schools and school dis-

tricts had ever seen the materials; the announcements c_ntained

reduced copies oﬁ_on]y 4 nages of the second draft.
‘- .
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would (in the-

) THE MATERIALS 4

*
a

- The major goal of the)project was to producc a text which

words of the original-proposal): ?
offer the student a picture of the wide
range of' plications of mathematics, from
which aldgebraic symbolism dévg!oef out of

natural needs:
L ]

cover the standard skills associated with  --
the first-year algebra course with perhaps
two notable exceptions: contrived verbal

]

problems (to be replaced by more realistic
applicationé); and complicated factoring

and fractional expression probTer (unless
they are needed for applications - some wtll

.arise from statistics and proBabi]ity);

‘ L

(2)

- (3)

o (4)

(5)

“ )

SR

Q " \' ‘

+

to develop the algebraic-properties associ-

-ated with standard skhl]s'by means of appli-

cations and/or embodiments as often as is
practical, as 0pposé§ to developments: in
which the properties come before,applications
and embodiments;

LY

to work a}ithmetic skills and concepts in the

natural framework of’thé rest of the course,

since many studnts are not yet comfortable
with arithmetic processes. ~

to be no more difficylt (and hopefully easier)
than standard algebra courses, qnd v

fo be easily implementable in schools; thét_is,
the course shoudd; not require much (if anything)
in the way of teacher training and should not
require the school to modify'any other .courses.
in its curriculum. . (Such modification of other
courses because of experience with this cogkse,

would, however, be 'a fortunate side effect.) "
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For ‘the field testing, the drafts of the materials were

again revised and printed in two Q;perback volumes entitled

Algebraglhrough App]icatiéns. These volpmeSvare ﬁow available’
through NCTM. j .

Heré %s a brie?-descripfion of the materials, particu]a(ly
*as they dlffer from standard flrst year a]gebra courses. There ¢

’

are 16 chapters, 8 in each volume.

. 1: Some Uses of Numbers 9: Slopes and Lines
2: Patterns and Variables 10: Powering
3: Addition and Subtraction 1i: Operations with Powers
. 4: Multiglication 12:" Squares and Sqdare’Roots
: 5: Modéls for Division " 13: Sets and Events
6: Séntence-So]ving ) 14: Linear Systems
7: Linear Expressions and 15: Quadratic Equations
Distributivity, Part I 16: Functions ’ Cug
8: Linear Expressjons and ‘ ‘ . .
a ‘ Distributivity, Patt Il . . ) X

Each‘chaﬁXer has 7-11 lessons. A lisson consists of réading and ex-
amples followed by prob]ems entitled "Quessions Covering the Read-
ing," ”Questlons Test1ng Understandlno of the Readlng," "Quest1ons
Applying the Readlng," r "Questions for D1scu551on "
From the eérliest drafts, it seemed evident that a sfudent ]
must undersf}nd‘the applicatidns of ariﬁhmetic in order to under-.'
© stand that algebra can be appliéd. That‘is,.tojtrans1;t§ the eX- .
-ﬂre§;ion o, :
', Bt | : .
into real terms,  you Tust understand first what 3 and 5 might re-

present, what addition (the plus'sign) and multiplication (in 3x)

could stand for, and what it means to have the variable i,stand-:

.1;§ for a numbelr‘.w The first five chapters were devoted to these

underpinnings.
1] | .

¢ ) * . : R [
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In the first cbé$ter,‘exfending an idea which‘appears in the
"book of Beil mentigned earlier’, the uses of numbers are &e?ailed:
Eounting, measuring, identification or coding,!comparison, scor-
- .
“ing, locating, ind ordering. Negative numbers appear whenever a
. situation has fwo directions. In the second chapter, the uses of
. - “variables are gi;en., The third, fourth, and fifth chpaters examine
‘ \ the basic types of applications of each of the;four fuﬁdaﬁenta]
operations. These basic types are called models. .
. p Tabie 1°1ists the models of the fuqﬂamental operations as
. they occur in the materials. There ianot room to deétail all of
these mdde}s; so we choose to concentrate on multiplication.
| Repeated Addifi&n Model: If n is*a positve integer

then na = a +a +a+ """ + 3.

“~ £
i - . n terms v

\ ‘Orderégéd Pafr Model: . If the first coordinate of an ordered
:ﬁair can be any of of x elements and the second coordjnqte can
. . be any 6f y elements, then xy Ordered pairs_are possib]s.
.Area Model: If a rectanyle has dimensions x and y, thenlits '
area.is xy.

» .Size Change Model: Let x be a scale factor. Then xy is x

times a3 far from the origin as y is, and xy and y‘are: )

-

in the same direction if x is pobitve.

: B in opposite directions if x is negative..




-
TABLE 1
MODELS FOR OPERATIONS
—
Operatiar/Use Transfgrmation |
of Nurabews Counting ' Measuring Compdrison Repetition
-. Addition Union Jo‘ning Slide
Subtraction Take-Away Cutting Off Directed Distance
. ‘ Repeated
Muttiplication | Ordered Pair *Area Size Change Addition
- . o .. Repeated
: Division Splitting Up Rate Ratio Subtraction
Repeated
* Powering . Permutation Growth Multiplication
/.
o I 11 A
1§ . N v
"\' 1

\.’
A}
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Qur s*udeﬁts weré only familiar w.th the repeated addition
mod~1. Though they héd studied areas of rectangles, they never
had connected it’with multiplication. Thus they did not real{ze
that multiplication of fractions is quite reasonakle in the area
model while it is impossibje in the repeated addition model. The

-ordered pair model is usually taught as a fundamental counting
principle jyst prior to & study of‘pgrmutations and combinations;
it was unknown to our students. .The size change model explains
multiplication with positive and negative numbers.

By baVing féhr models we were able to explain properties of
operations where repeated addition does not work. For example,
commutativity of multiplication is only obvious in the ordered
pair and area models. The size change modé] explains multiplica-
tion with positive and negative numbers and al&o literally shows
why multiplying by a positive.number less than o;é (as in calculat-
ing a discount) aives a smaller product, while multiplying by a

‘-positive number greater than one (as with compount interest) gives
a larger product. The mult. tive identity is most obvious

from the ordered pair on size change models. And only the size

' change and ared models allow_ for multiplication by fractions or
™

A

decimals.
0f course, each model is introduced through many arithmetic

examples, For instance, here are two problems from the section

f"V on size change models. » ‘ N
"Each situation leads naturally to a size change
model of mu]tip;ication. Name the scale factor.
He is 48 years old and his son is half as old."

G: ’ )

ERIC | 14
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(Other similar statements followQ)‘

. ~

“Suppese a model plane is l/lOO/éctua] size.
A part of length x cm on the pfgne will cor-. -
respond to ; piece of length ___ on the
’mode].J 2 ' -
In Chapter 6, the mode1§ are applied ta generate problems
ofor linear sentence-go]ving. c
"At an outdoor band concert, 6C people can be
" seated in each row. Suppose there are r rows. '
What is r if a seating capacity of 2500 is de-
sired?” (Uses the area model.)

4
Chapters 7 and 8 combine the models for addition and multi-

plication. For example, the union (counting) model for addition
and repeated addition explain 2x + 3x = 5x. So do ]e}gth and‘

area, which give the bonus as pictured below. W®While most alge-
bra books utilize these mode}s as mnemonic devices, in this ap-

proach these models are conceptualized to prouide a fundamental

curriculum in the applications of algebra.




plications and occurs as early as Qﬁapter 2.
. .

used to practice prlotting of points.

P 4
.t

Graphing of data is extremely important whén discussing api

,

Here is a problem

L

(a) Acguratety graph the

(Source: U.S. Dept. of

Health, Education and Welfare, National Cen- .
ter for Health Statistics, 1971 Data) uses axes like
those labelled.
the average number of yea»s you could expect
to live if born a. that time. What do you
think the fema]e life expectancy would be in

"Life Expectancy.
data given here.

(v) The 1ife expectancy is

19807 Graph the point correspondlng to your

guess.

No. of years ago (from 1975)*

=

Female Life&Expectanéy;

75 48.3

65 51.8

.55 54.6

45 61.6

35 - ——— 65.2

25 71.1 '
15 73.1
5 74.6
Life

, Elrt&-ncs

, - >
” .

J'sa

&
Years from now
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Although all of the algebra’%tudents we taught had plotted

points before ninth grade, they never to LonS1der differ-

: »
. “ent sca]es or-the plotting of points where accuracy would heT*‘ q

1nterpre%et1on. The data for maled is given.as a companion

.

P questigg,to the above problem. " Graphing them both can.give a .
nice picture of the difference between male and female life ex-

pectaricy. The use of negatives is necessary if one is consider-

-

ing present time as-time zero; otherwise one would get a graph

which is a reflection image of the grafh‘you would get if the

x-axis represented "year." ~ '
ﬁvn Chapter 9, after much graphing, the notion of slope is in=-

troduced. The first introduction is through questions involving -
« 4
] :‘ \
"Six years ago there were 1250 students in
the school. Eleven years ago there were
800. Calculate the rate of change in school I
population per year ¥rom eleven ycars ago to
six vears ago."

+  rate of change.

Students can solve this, problem without a formula. They think:

a

"5 years e‘apsed and the population Went down 450 students. .So
the population went down 90 students per. year. Answer: -90

students/year." After a number of examples, the teacher notes

that each of these problems involves two comparisonk by subtrac-:

tiecn (directed distance model) and a division (na;e model) . For

the above prdb]em, the answer is lg%g_L_QQQ

»

(1250 - 800) people = -90 people/yeaﬁ
(=117 - -5} years

Then slopes are identified with lines,and the slope-intercept equa- .

i tion of a line

S 17 | -
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3
"Give an equgiion which describes the

amodnt saved (y) in terms .of the .number
of weeks (x).
(a) Begin with $10.00, save:$2.00 a week. o
(b) Begin with $30.00 in debts, pay off
$2.00 2 week.

etc."”
-

3 | Next studied is povering (the binary operation denoted by
r ab), introduced through models which leaJ'to the standard proper-
ties. The most unusual &nd useful of these is the grow®h model
of powering. N
Growth model of powering: .
. Sunnnse that a quantﬁty is multiplied by a
positive number B in every intervel of unit ' 4
length.' Then in an interval of length t, the

quantity is multiplied by.B8%.

Ty

By going backwards ip time, we, get intervals of negafive

length. The undoihg&of a gréwth process can then be 1nterpfeted

as 858, "Y'= 1. If the length of the interval is divided jn half,
;_ then gt/2- BP/Z = gt » from wh1ch fractional exponents.can arise.

'Negative exponents are cove#edjin detail, Fractional exponents
are relegated - to optional exercises. °
Th&Pe are a myriad of ways in which applications are uséd to
generate other applications. The growth mofiel above is an exten-
sion of the size change model of multiplication (B is a scale fac-

tor in the unit interval).” The growth modei can itself be extend-

ed to generate polynomials.
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' "Swppose a person pays $500 a'year for life o
insurapce. Thé insurance company can multi- .
e amount by m each yea;. How much will ~
. ‘insurance ‘company hqve‘aﬁter: ~
‘ 1 /year (include 2nd year's payment)

4 years , _

Evaluate how mnuch the‘insyrance company will
14

have after 3 years if m is f.lo." »

, Two of the’néjor unifying concepts in algebra, se{s and

functions, are not mentioped until late in‘the'boqk, because’ of
tbe author's view fhat a hnifyipé o;cebt is most effectively
utili;ed when there are thing; to nifx thch have alrepdy been
stué:ed ;Bd jﬁst before there'is‘péyof?. The payoff for sets
comes both witﬁ‘the probab’ility of independent events and with
systems, Those'classes that are able to finish the book:consi§t
o bettei students; these .students Wi{l~see ihe payoff for func-
tions in their later cou-ses, |
. There'is st&dni atignt{on given tol;ome basic concepts of
statistics. These includé displays of da}zr'sampling, relative
frequency, the false "law of averages," line-fitting, calculation
* ~ of the mean and the mean a?soldte deviation (a ﬁige application
of absolute value). Subscripts, and-— as the ﬁag?flg§§oq in the
- bqok«-thf calculation and 1nterpretation\Pf the Chi-;hhﬁréiéia-
tjstic. The probabiliéy ideas needed ?pr an understanding of thes
statistics are present: calculation of simple probabilities, in-

depen‘ght events, dhasaal events, and probability functions. Per-

mutations and combinations are not needed for any of these dis-

19
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cugsions_and not discussed, th;ugh permutations are present in
conjunction with ihe ordered pair - model for multiplication.

As indicated eérliecz for every new idea pug into the curri-
culum, some other idea must be déleted. Attention to quadratic
factoring is minimal in these volumes, quadrﬁtic equations being
solvgd gy the formula. Complicateq fractional expressions which °
‘require factoring for their simplification are nogigxiktent. With

e

the exception of mixture problems, the standard word 6rob?{%§ in-
volving age, digilﬂ wgnk,’aﬁﬂrd = rt are €40t present, though dis-
s;nce-rate-time’problem; are avai]ab]e.in many other contexts.

In summary, the materia}s are Vast1y similar to a séandard al-
gébra in much of the content, particularly as pertains to sentence-
selving and graphing, but there are major differences. Factorkhg
and the more compl;cated work with fractional expressions are re-
placed by the groundwork for the applicaijons and work with probh-
ability and statiséics. The standard word problems are’ replaced

- by applications to a wide variety of areas. If the approach taken

o H Fy .
in standard courses can be represented as: S

properties. ., Skill contrived-word
. . work ' problems

. them‘the approach in these materials might be represented as fol-

PP,

Tows:

) . properties
. resle’:o”d““ models for .7, <xi11 work
: erati :
J operat:ons more uses
) ’ )



w ) o / -
QE . 1976-77 SCHOOL YEAR

. If a single school is looking for materials to use,.ig is
’ re!%ti;ely’eagy for that school to set up a small experimenf,'look
at the resdlts, and make its decision. The relative ease of this
. task is due to the lack of desire for generalizikg the results. ~
The project was faced with a far more difficult task: to provide
informatién which could be generalized to most any school district
., in the United States, and to do this w{th a rather small budget.
(About $20,000 was allocated for the field test. This amount in-
cluded all salaries and ﬁateriais.)
The research i; reported .in detail els;where (Swafford & *
Ke;;er, 1978). Here we give a summary of the design and resulfs.
. Twenti public schools throughout,the'country were involved
in the large-sc§le/fielq testing of the materiéls. fhe schdbls
were picked by geographic and socio-economic considerations from
amorg'volunteer; and recommendations o; gupe?visors.‘ Eahr clqsses
in each school. were part(ﬁ?‘the study, giving a total of 80 clas;-
es and approximately 2400 students. Each school gave the projgct

names of two teachers, each of whom wquld teach two classes. The

project randomly chose the teacher who would teach from Alqgegra

Through Applicatjons. The other Yeacher was to use the school's
typical aigebra materials and could not utilize the projec{ ma-v
-, terials. Project text; for e;ch student were supplied fre;\to the
schools; uie copy of a revised versdion of the mastery workbook was

supplied to each teacher.

N A
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Great care was taken to insure a fair test o( the materials. )
Though several grade 10-12 high schools were involved, insuring

s Yower studentfacce]erated c]asses were used. The author of the
materials decided not to visit any ofithe schoo] 1nv01ve991n the
1

‘ study at any t1me dur1ng the i;rr No help was given to teachers 4

using the project materials osfier than a manual which suggested

times of tgaching, gave nbtes on each lesson, and inc]udee answers
to al} e&ercises. The goal was fo make the year as much as possible
- ‘ fike a formal year of teaching. ’ ‘
The data reported here are from only 17 of the original 20
schools. Two schools, both ih'lﬁrge cities, did not provide enodgh
testeresults to make inclusion of their scores reasonable. ‘One o .
school, in the state of washington,'dropped out of 'the study.
. . These. three schools had been suggested by supervisors and not be-

"ﬁ
come known to the researchers through the teaeher's themse]ves . Thus

he altempt to secure representat1ve non-volunteer schools’ (sq as to

increase generalizability of the results) carried with i@ the added
. \ .

risk of non-cooperation with the study.

' The projected worked on a tight scpedule, The first volume gf

L o~

the text reached school® at the very beginning of the school year.

Some schools had already begun the initial testing without having
_ seen the books. The seconQ‘volume of the tex! reached school {n

Decembér: The mastgry workbook was‘a‘i1ed to each Feacher in sev-

eral sections, occasiorally not in time to be used,

For these reasons. ;he use of mastery learning was never tested

on a large ‘scale. However, a smaller study using one-chapter's ' r

worth of these materials was done in School C. a school

w». : | 22 ’ | {/ /// \
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which was met a part of the nation-wide study. In this study,
it was concluded that the mastery materials jncreased student

performance on _a ghapter test (Yildiran, 1978). -
. - . * . |
/ /// RESULTS OF FIELD TEST

Fall testing: .Each student was given the Matnnmatics‘Compu-‘

tation.sdbteét of the Stanford Achievement Test, Advanced Battery,
Form A (1973); the Educationalt Testing Se#vice (ETS) Cooperative

>

Mathematics Test, Algebed I, Form A (1962), a 25-item Opinion
/ . - ' £ d
Survey, and a 28-item Consumer Test. The data consistently veri-

- t

fied that students in project and non-project classes were of ’

comparable ability and attitudes. The variation in mean sch;gl
scores was consi&erable,f;owéyef. For exampﬁe}ion the ETS test,
one school had a mean of 8.91,sbarely above raﬁdom selection for‘
¢ this 40-item multiple choice test, whi]e-another school had a mean
of 16.45. The second school's mean sco}e for entering stu&énts |
was hidher than the mean June score of studenats in the first ‘

school, whether they were taught by prqject or by standard materi-
L als. ' )

4
-

In short, averagg\gtugents enfer algebra classes in some
1) ‘parts of the caqntry knowing more adgebra Epan students in other
Parts ‘know even after a year of a]gebra study. We had expected
differences among schools, bdt not.differences this great.

Achievement: It is a truism of research'into different 'ap-

proaches that students learn what you teach theﬁ; Jhus it was .

. considered a certainty that, in June, students taught by standard

. materials would perform better on the ETS test, whereas students .
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taught by the project méteria]s would perform.better on a fest
}n;o]ving application concepts.' The only questions concerned
thé degree aﬁd consistency of the differences. |

A First-Year Afgebra Test (FYAT) wWas developed as a measure
of achievement on concepts unique to the project materials (12 ’
itemg) or on concepts common to both &et not measurei by-thq ETS

Test (21.items). Wordings were carefully selected so that no.,

‘‘question would be so strange to either groyB of students. It was

’

planned that this be a companion test to the ETS test, biased to-
wards tﬁé proj:ct to ab6ut the ;ame Megreé that tﬁe ETS ‘test-is

biased against., . ' |
’ Considering_gach_schoo] as a se]f-contained'experimental

1
als scored significantly (in the statistical sense) higher on the

‘unit, in 8 of the 17 schools the classes taught-by standard materi-

ETS/teét than studentsrfaught By broject materials. 1In the other,
9 schools there.was no statxs;xd%] d1fference And in 8 of the 17
schools (not the same 81 the classes taught by project materials

scored ;ig ificantly higher on the FYAT than students taught by

'standaﬂd materials. ' Again in the other 9-schools there was no

\ ' ty
stat1st1ca] difference.

-

The pa?Ject materials® are substant1ally different than stand-

ard materials. Thus one ,is ]éd to ask why there were not differ-
y >

.enced in all schools. Judg1ng from the comments of ieachfrs and

of observers, there arc two explanations. First, many of the
teache\i of the project materials skipped as much.as they could of
that whach they had never taught before. Data‘collected from

teachery indicated that this skipping took place as early as the
N . A
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third section of the first chapter, so it was not due to any lack

of time. Second, many of the teachers of the project materials

were uhder pressure from their schools--or felt pressured--to cover

all ;Eandard skills. So they suppiemented the‘materials uith
drill on factor1ng, fractiona] expressions, and po]ynomial manip-
uJ;tions. Thus “the data does not reflect a "pure" study of the
prejedt materials. s
Any differences between students in first-year algebra might
tenu tg/te dampened before entering the next algebra class. A

large number of studeénts neeJ.substantial review in their second

algebra course.: Still it.is reasonable to assume that there would

- c «

be retention of skiTls and ask what particular items on these
tests showed differences that would be discernible 13 a tegcher.
The teacher would certainly notice that ztude;ts using standard .
text were more skillegvat multiulication and division of algebraic
cexpressions and factoring. There might be a tendency to be eet;
ter at dea™ng ‘with roots. The students using the project mater1—
als would excel at graphing linear funct1ons“ relative frequency
and probabiTity, the metric system, and certain types of transla-
tion from verbal to algeprajc expressions. There would tend to

be no noticeable differences in solutions of linear equations and:

1nequa11t1es, substitutiqp to evaluate expressions. A variety of .

toaics of ]!sseﬁ 1mportance would show no difference,

The item most differentiatIng the groups dealt with compound

1nterest. ;}

'y

[}

- [
"-.f‘
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v : “"If you invest $100 at 6%*yearly interest

"25

/
/

-

for 5 years, then hol many dollars wil] you

have at the end of that_tjme?

A

B
c
0
E

100(1 30)
100(. 06)5
(106)

100(1.06)°

100 + 5¢(. 06)(100)"

\ s

This question ;aj;answered'correctly by 42% of .students using pro-

Ject materials and only 8% of students using standard texts.

Because the project mater1a1s contain npuch of 1nterest to

consumers, it was felt that students using them would more easily

cope w1th the mathemat1cs needed by consumers.

The project put

much energy into developing a test.of consumer skills. The test

showed‘9n1y a few differences between the groups. From thts we

may conclude that consumer skills develop at different.rates only

when spec1f1ca11y taught.-

To summarize, the testing of sk111s seemed to demonstrate

L

that the project materials were at the level of the average alge-

bra student. .Students learned content .of project materials to

about the s’me extent that their counterparts learned standard

important than compound

more 1mportant than polynomial manipulation?

interest?

" content. Thus it is a question of prjorfty:

Is factoring more

Is calculation of probability

Is it worth taking

tess time on some standard topics in first-year algebra SO as to

aliow time for these other skills, realizing that later, for

those students who go on, some ot the manipulative skilts will

have to be picked up?

26
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Student attitides: The Opinion Surveys, given in the Fall

and Spring, were composed bf 25 items designed to assess student
feelings regarding enjoyment, value, and nature of mathematics,
algebra, and teir textbook. There was no difference between
groups on any items dealing with enjoyment, a small difference
favoring standard stdGdents on interest, and a small difference
favorind project students on the value of algebra. The only
tweeping trend concerned the textbook. On all items concerning
the textbook, the project materials were consistently rated high-
er. Students found epranatiqﬁg easier to-&nderstand, the book
more interesting, and read it more often.

Teacher attitudes: Fifteen of seventeen teachers completed a

long textbook eﬁaluation form. The teachers split into two camps
of roughly equai cize.- Seven teachersAthought\the text was ap-
propriate for the average first-year algebra student, easier to
read and understand, and at about the same level of difficulty
&8s other algebra books. Seven voiced no consensus but would not
recommend the use of the text for an average first-year algebra
class. These teachers felt either that the materials were voo

-

difficult for the students or too non-traditional for the brig’ter

”

college-bound student. Only one teacher was, neutral.

¥

The teach;rs were asked to evaluate specific lessons and
ideas in a variety of ways and to ;1ve suggestions concerning im-
provement. In almost all of these evaluations, those who were
in general positive about the materials gave-positive responses
to the specifics; those who were generglcy ‘negative provided al-

most all of the negative responses found on ﬁhese forms.
\

~,
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Other schoois, not a part of the formal study, used the
materials and their teachers were asked for opinions on the text. -

These teachers tended to be vo1qnteers rather than selected in

-the quasi-random fashion of*the formal study. On 21 teachers. us-

ing the materials, 12 returned the form. The split into camps

was as sharp as in the formal study, but tﬁe ratio of favoraﬁle p
responses was much higher. Ten teachers responded‘very positive-
ly, two quite negatively. .

?

Teacher attitudes 'vs. Student performapge: When a school

S "
_ system adopts a textbook, it is ostensibly because it 1s£921ieved

that that book will help their students more than any ot er. that
his been evaluated. So it is helpful to ask whethé? teacher opin-
fons were in any way related to student performance. The daca 1is
most imteresting in this regard. No significant re]atioqship was

found between comparative student achievement score in a school

(i.e., whether project or standard students scored higher on ETS

or FYAT tests) and teacher opinion of Algebra'Throdgh Applications.

However, data based upon this very small sample of teachers
suggests that opinions towards the project materials were affected

by-the absolute level of student entering performance and the gen-

"eral ability of algebra students in the school. Tables 2 to 4

suggest that Algebra Through Applications would likely not be per-

ceived as successful in schools where (1) mean September algebra
student performance on the Stanford Achievement Test, Advanced

Battery, Form A, is less than 10.00; (2) mean‘geptember beginning

. algebra student performance on the ETS Cooperative Alaebra I Test,

Fonm A, is less than 11.00; or (3) mean June first-y. a]gebfa

28
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student performance on the ETS tést is “ess than 21.00. Inverse-

1y, Algebra Through Applications would 1ikely be perceived posi- P
tively if the mean student performance on the three tests was
greater than 30, 11, or 21, respectively, but here 1ikelihood is

not as great.

TABLE 2
TEACHER RECOMMENDATIONS OF ATA vs. SCHOOL MEAN
ON STANFORD ACHIEVEMENT TEST '

~

”»

_ Mean < 30 .30 < Mean < 34 34 < Mean

T

Would 0 4 3
Neutral 1 o - 0 -
Would not | 3 o 3 . L
;
»  TABLE 3

TEACHER RECOMMENDATIONS OF ATA vs. SCHOOL MZAN
ON ETS COOPERATIVE ALGEBRA TEST (SEPTEN. _R)

Mean < 11 11 < Mean < 13 T3 < Mean

Would 0 4 3
Neutr3$\_\ R .0 0

Would ‘not 4 - 1 2

Yoy
\ o+

o C
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TABLE 4
TEACHER ATTITUDES TOWARDS ATA vs. STANDARD COURSE MEAN
ON ETS COOPERATIVE ALGEFRA TEST (JUNE) - ‘ \

T

Mean < 21 21'< Mean <-23 23 < Mean

~z

Like ] 3 3
Neutral - 1 0 Q
— Dislike 5 1 1

‘ PUBLICATION

t

The-project had hoped, from its inception, to develop materi-
als whiéh would be attractive enough so that there would -be one
or more commercial publishers interested in adapting the materials
for commercial publishers. These adaptat1on§gcould include the
adding of color, professional artwork ;nd-ed1ton1ql,expertise, as
we]i\as ancillary materials (a teacher's edition, tests, etc.).

National Science Fou;dat1on rules are very strict regarding |
publication of materialgidevé1oped w1th;prqjgct monies. Opportun-
ity must be given for all pub11shers who might be interested to
.see the materials and to present bids. National Science Foundation
and The Un1versity.of Chicago must approve any and all agreements. "
Copyright protection extends for only a short period of time, at
ﬁost,seven years.

A number of publishers expressed interest yn the materials,
but no commercial .publisher both desired and was able to pub-

1ish the materials as the project wished. Reasons given for the

30
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lack of interest never involved the quality of the matériali. the
ability ofy students tb 1éarﬁ from them, nor the underlxing y0als.
Cited were the lack of a second-year algebra text to go along
with this one, the amount of reading in the mater:alé. the lack
of copyright protection, and the inability to sell alg }a teach-
ers on the idea of replacing some of their favorite topics with 'S
applications. The project may have been handicagped b'ciuse ihew
director has commercial texts on the market; compgting pubfisher§
may have been reluctant to consider the fdéa. Aiéouple of inter-
ested publishers indicated that they would hé?é b}d but were 12- ’
voived in uﬁdertakings of theif ogn-whfcp inhibited picking up
this project.

. Fortunately, the National Councillof Teacher; of Mathematics
had expressed early interest in distributing the maierials in the
event that there was no agreement with a commercial publisher. .
Attesting to the difficulty of such negotiations is the length of \
time it took for the parties to agree, despite no significant
. sfuﬁbling bléck. The first call to‘publishers was m;de in March,
1977. By the beginning of 1978'a11 negotiafions with commercial
publishers had come to an end. National Council of Teichers of'
Mathematics apr-oved publication in'April; and drafted an agree-
ment. After a number of modifications, NCTM and the University.
agreed on wording.in August. Nati&nal Science Foundation gave {ts
approval and the final agreement was signed in March, 1979, two
" months after the end of funding for the project. .

Under the agreement, NCTM is fistributing the project materi-

ale for a period of at least three years, and possibly longer.
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The materials have not been altered, but all knowq errors have been
corrected. zThe agreément does not cover a teacher's editignﬁnor
the mastery workbook. . ‘

A number of commercial textbooks have already 1ncorporatéd a
few ideas from the project m"ateriarlr The materials themselves
have been used at the community college and junior high school lev-
els, 4t seems quite successfully. No present publisher markets '
tée same text'mgterials for all these levels. Natfonal Council of
teachers of Mathehatics alone encompass thi!’spectruﬁ. fhus lack
of commercial affilfation, whiph at one time seemed lik; a setback
to the project, may in the long run help the work of the project

in making the first-year algebra course more reflect what people

do with mathematics today than the mathematics of a prior era.

Zalman Usiskin N
April, 1979



