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CHAPTER 1. USING CALCULATORS IN MATHEMATICS

/

In this chapter you will become familiar with different kinds of i r

will
.

calculators '41114 you will learn how to compute with algebraic, AOS;,
i- . .

- RPN, and arithmetic calculator lqkics. You will also learn simple

programming.. 1

(

..

1.1 , Order of Opt rations

Communication of ideas is important in mathematics. The reader

of mathematics must undetstand WhaUthe.writer.of mathematics meani;

For this reason we adopt rules for writing and reading that are general-
\

ly accepted. For example, when we write

5 + 2 )tt 3

we want a/1 readers to,Anterpret what we have written in the:samerway.

.0f the two choices
0

(a) 5+ 2 Y.. 3 -(b) 5+ 2 X 3

7 x 3 -1 5 + 6

21 11

you would probably chnoge (b), answer.11, because you recall rules foi

/ order of operatibna. Unfortunately'a younger brpther or sister in el-.
4

ementary school or.an adult who has not studied school mathematics (or

has forgotten it) would probably choose (a). Thus rules designed to im-

proveprove communication sometimes fail. We will review those rules and.see

how calCulators force us once again to watch ourstep.

ti

ORDER OF OPERATIONS RULE. Apply openatfons

in the following order:

(0 within parentheses

(2) exponentiation (powers and roots)

(3) multiplication and division*

(4) addition and subtraction

In order,to avoid rare instances whercLconiusion might arise; some-authors
insist upon multiplication before division. We 4o not adopt thatconven-
tion in this text.



Students sometimes remember this rule by the mnemonic

Please Enter, by Dear Aunt1Sally.

Only in(the absence of rule. priorities do you calculate left-to sight.

EXAMPLE 1: Evaluate 2 42
.

- 6 7 + 5 8

2 4
2

- + 5 8

2 16 6
3
r + 5 8 .,- exponentiation

32 - 14 + 40 multiplication and division

58 addition and subtraction

EXAMPLE 2.

Solution:

2 5 + 3 4
Evaluate

2
10 2 - 3

2 5 + 3 4

10 2 - 3 /

2 5 + 3 . 4 Ocponentiation
10 2 - 9

10 + 12
20 - 9 multiplication. Note

that the fraction bar
(vinculum) plays'a role _,//

)

as parentheses.* Thus
numerator and denominator
are simplified before en-
vision.

22>
addition and subtraction

11

/ 2 division

The examples have been worked out in detail. In practice many of these

steps would be skipped. For etample the second solution might be.re-

corded as

* 4- r
Anotheilexample of this usage is in roots like liTi7 The root:symbol
is if and the bar is a grouping symbol. In Europe la + y is often writ-
ten lkx + )0.

)
. ,

, .

.

,, ....Ns, ...,-.



1.1 - 3

'Exercise Set 1.1

1 - 8 Evaluate:

2 5 + 3 4 22
2

10 1,2 - 3
2 ,11

r
(1) 2 3 + 6 (2) 20 + 6)

(3) 6 + 2 3 (4) (6 + 2)3

(5) 7 + 2 5 (6) (7 + 2)5
(7) 2 5°-, 7

(8) 2(5 + 7)

9 - 16 Some writers use parentheses as ':insurance" to guarantep that

readers, will calculat# in the ,desired order. When it is possible
iii each of the following, write an equivalent expression without
parentheses:

(9) (ab) (Cd) (10) (a + b) (c + d) /

((iP1 5) X

(13) a rb + c (d + e)1

(12)

4.

b 7 'd
x

f'

+ b) +(14)

(15) pal?) + cj dr+ (16)

(
17. For each of the exercises 9, - 16, evaluate (a) the original ex-

pression and (b) yOur simplifled expression for thp values a 6,

b= 3, C = 4, d= 2, e = 7, fm -1.

(cd) -

18 - 24: Notice in the following exercises how 'nrder makes no differenct
in exercises involving addition and subtraction, but seems to in

exercises involving multiplication and division. Evaluate:

(.8) 2 -7'3 4.5 (19) 2 + 5 - 3

(20) -3 + (5 + i) (21) 2 4, 10 )( 5 ~ Re careful!
(22) 2 IC S i -10 (23) 2 4 (10 Y:5)
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1.2 Calculator Logic: Alnehraic with Memory

The calculator user must learn how to process-numbers on the

specific instrument he is using. This is important because of Mi-
d

ferences mmong.calculators. In this section and the next three, we

introduce several common calculator "logics". Most c ators °per-

ate by one of-them or by a minor variation. A calcul toft user tank

to become accustomed. to the logicof his machine to prefer it.

Indeed,,each has certain advantages which we will c ider. Even if

you will be using a calculator with a particular logic system, it is

importint to know how the others work. Who knows what kind you'll be

.using next?

ALGEBRAIC LOGIC

Algebraic logic is a common calculator

logic. The figure displays a keyboard for

a simple algebraic logic calculator.* (Do

not look for a calculator with this exact dim- ;

play as most have additional keys like 'Tend

tVt are useful but not necessary to this

dtscussion.) Some keys are marked witNicommon

abbreviationi: CLB - blear; STO - store, RCL

recall, CHS change.sign. . This last key is

sometimes.marked +/-; instead.

STO RCL
I

L---

57-1 8 :\ 17 I x

5 I`6

3 I +

iciis_,

The logic of this machine is called algebraic but it doesniii follow

the order rules of algebra you learied in Section 1.1. Calculations are

fed into'the machine much as you would type them on a typewriter (without

spacing)., Thus the multiplication. 23 Y. 56 would be keyed



An ins

produc

A

ant after the 77-.:1 is pressed the calculator displays the

6

a

1288*

Chairs of operations may also be keyed directly into the

talc4ator ander certain conditions.

EXAMPLE 1. Calculate 21x32 x 61 24

.

a

Solution: Key:

I ] F61 171 E;-1 .T 171

Final Display: 1708.

1
EXAMPLE 2. Calculate 3.1 - 5.7 -I- 4.6

Solution :., Key

731 F71 ril 5

Display: 2.0 (or 2)

FT1

It is both interesting and useful to note that in

in' hese chains Sof opera-'

second is keyed in

-

ermediate results are

displayed on the calculatof at various point

lions.. In Example 1,for instance, wh;i7the

the calculation the display becomes

672 1

which is the product 21 C 32, the first two factors.

Ehe [I is keyed the dieplaychanges to

40992

Similarly when

We will not attempt to replicate calculator displays'in this ext. Machines
differ widely; Most, however display numbers by ligh.ting AT lling with
liquid some or .ii of seven small bars . These may'b seen by looking
closely. You might like to determine how many different displays could be
madg with these seven bare.

I



1:2 - 3

the result of the calculation to this point (21 x 32 \ 61 40992).
1 .

In agactly the same w ay in Example 2 ;the intiermsdiate79s t
.

-2.6

is displayed when the 1 +1 is keyed.

'a

It should be clear that algebraic logic is fine 'for chained.cal-

putatiods that process left to right. But we saw is Section 1.1 that
/

many computations. do not have this simple order. Such computations

lead to problems. To detect theta problems the user must be alert;

'to solve them.ingenuiry mast be exercised. The user must supply the

one thing-the calculator cannot: thinking! .(This last sentence will,

in fact, be a' central message in all that follows.r

Consider the calculation

EXAMPLE 3. 2 3

5 x 4

We know that the answer to this calculation is 3/10 or .3, and we
7

would expect the calculator to display 0.3. You might attempt to,

carry this out.by the foliating sequence.

4

t

ITS I
lir

The result of this sequence'is 4.8, the wrong answei. Can you see

what is incorrect in the calculation? .That error is identified if the

fraction is represented differently:

5

1
2 . 4 3 Xe

4
1

2 3 x 2 x 3 ; 5 ;4>: 4

Thus, in general, each factor of the danbainator is a divisor. This

Is a ,60A1-.1 calcUlating technique to remember.

a

4

.
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1 I

1

%A corrected 41culation is

I

121 tX I 3 1T;

1.2.- 4

) giving the correct result.
I.,

6.3

2

5

4

I

4

AeXpreidifffiult protlem is presented by a Calculation like:

EXAMPLE 4.

9

This time we haVe no direct solution technique: Several alternatives.
. 4.

are available:

a

Solution 4-1' Calculate 49 + Record' the answer 87 on a scratch pad:

Calculate 85 + 96. Record this answer 181. .4110

Calculate 87 i 181. This quotteit, G.4807, *

'irthe answer to the exercise.

.

The e is nothing wrong with the solution shoWn,hetet but such a solute

Sion does not uie IFhe full power of the calculator, rt is more than

a matter of elegance not *rave to write down such inteimedi-ate an

swers, Time may be lost and additional opportunities for-e7or are ac-
1

cumulated as you copy and reenter numbers.' Use of calculator ttorage

(or memory) provides an alternatiVe.

Solution 4-2.

5 I [7:1 9

F---1
WO I

.16_4

7--H
t 4 9 1 + 1 3

6 = 1

)

Calculate the denominator, 181.

Store this number in calculator memory.

Calculate the numerator, 87.

*Results in this text will be given for 4-digit roumdina displays.

1 ri

4
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Exercise Set 1:2
j4

Some of these exercises call for a calculator cwith simpleralgebraic

'Logic with memory. (If your calculator has parenthesis keys, do not

1.2 - 5

1

,

RCL : brings back the number, .

184 from memory. .

MIN

fir

use them.)

1. Name four other keys that could replace -: in the calcula

tion of Examples 1 and 2 to give the same' newer. State a

reason why' you would not use these substitute keys if you

were carrying out a series of calculations. (Try calculating

2_ x 3 followed by 3 + 4.) '

1

2. One step in Solution 4-2 of the text may be eliminated. ''"Eaa-

mine the calculation carefully in order to find the extra step.

Check your more elegant solution on a calculator.

1

3. In Solution 4-2 we calculated the denominator first. Try cal-

culating the numerator` first. What happens? (Soma more

sophisticated calculators have a key that switches the contents

/ 4O1';two registers to avoid this kind of trap.)

Ai&
/ 4 -10 Calculate ing intermediate record keeping to a minimum.

Note which rcises/require /mak records. RECALL TIE 016ZR IMES

FROM SEC N 1.14:

I N

237x 42.5 + 38.46 5. '39.42 + 861.7 X 6.03

6. 23.7 .06 x 13.2 7: (78q5+ 91.46)(14.08 - 27.61)

8. 2.83 Try to find an elegant way to calculate this.

9. 37.48- 16.89 10. 64.32

a.

. 64.32 37.48 - 16.89

1 4



I 1. 6

11. How should the answers to exercises 9 and 10 be elated?

Check this by calculation.

12-16 Calculate. Note intermediate records.

mfg

J

12. 239,5 - 67.34 13. (74.2)(86.3)
(74.2)(86.3) 239.5 - 67.34

3

14. (37.6 - 18.4)(15.2 - 83.1)(64.2 + 73.8) Beware: Some algebraic

calculators allow the user-only to.add'to or subtract from

memory.. If you are using one of those calculatois, be surer

to clear miaomry before storing a second number.

15. (37.6 - 18.4)(15.2 - 83.1) 16. 4231(16.8 - 23.4)
,

64.2 + 73.8 . (83 - 1.3752) 62.43

c



1.3 CalculatCr Logic: Algebraic with Parentheses*

f

The simpleAddition ilof-pArentheses to the algebraic keyboard

simplifies much.computa on., The figure dis-
1

, ,

plays a keyboard for a calculator operating CLR ( ;

with this logicishichige will call (algebraic).,---.7

1.3 - 1

Almost all such

featureslike,.

,

ri7 and

calculators

1STO '

we

have additional 7 : : 8 , 9 , X ;

6 :

_;....... .

RCLi ' 05(
,

4
1

.5

2but restrict 3 +our die- 1

cussion to the ones shown;

a

. 7

1

r
,

A quick comparison of this keyboard with the keyboard of SeCtion.
,-1.2 shows that only two keys are different:

1 S701 and
RCL .

are re-

and'placed by- ( '' a:

.
( ) S.urprisingly this minor modificition
: .

.

makes keying *of chmplex calculations much simpler.

The main point lo remiceber: Parentheses on the calculator play

the sass role of wow:tins ,computations that they do in algebra. There

is, however, a differenieln usage. The enebraic expression

If b + (cd -

would appear as:the calculator expression

a(b + (cd - a)).

Thus braces, brackets and other grouping symbols are all represented by

the same symbols, parentheses.

*
In sectiomi'14throgigh'1.5 we will refer to algebraic logic .with
parentheses as 441Fraic) in drOer to differentiate it from the
algebtaiC memory logic of spction'1.2.

NI

4

I
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EXAMPLE 1. 49 + 38
i85 + 96

(Recall that this was ExamPle 4 of,Section 1.2)

Solution:

r(

Calculate the numerator

Divided by... (Numerator displayed: 87)

the quantity...(signals a calculation

to be done out of sequence.)

9 16 1 Calculate the denominator

Completes the calculation in parentheses

and displays it (181) .

1.3 - 2 '

F.'7"4"

Displays the quotient of 87 = 181, 0.4807

4

Notice, the effect of the right parenthesis, IT
(1) It plays the tole of the F/1 key for-the calculation since the

,

(2)

most recent left parenthesis
(

1

and displays the result.aysi\--th

se
It "backs up" the calculation to where-the left' parenthesis

was keyed. Thuis the calculator acts ail though you had just

entered the calculated value of what is in parentheses.I-

r
' WARNING: Parentheses do NOT represent multiplication!

it

H
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ELMS 2. . -4.9 (3.7.- 8.9)

Solution:

L

CHS

25.48

1.3 -3

Enter tha multiplier, -4.9

Multiplied by...(since the paren-

theses do not carry this meaning)

Calculates the value of the '

expression in parentheses (-5.2)

4 Displays the product of -4.9, and

dts.2

A modified aliebraec logic that is closer to the rules-of

section 1.1 is called ADS logic. The letters represent the words

Algebraic Operating System. With AOS logic calculators the cal-

culation

3 + s x 7

could be keyed left to right without parentheses.

15 7

The Calculator4maeMbers" when the 1)( key is pressed that

Amilftplication takes precedence over addition.

-

. AOS calculators also requirleither memory or parentheses to

process exercises like Example 1 of page 1.3 7 2. On an AOS cal-

culator parentheses the calculation would be exactly as given.

1

't



Exercise Set 1.3

4

.41

Rewrite each of the following expressions, fof (algebraic) logic:

(a) removing parentheses that vill not change the value algebraically

(by removing parentheses that will not th7tethe value in calculator

computation"

(1) 3 + (5 - 7) (2) 20 X (10 i 5)

(3) (2 X 7) (4) 20 (10 x 5) .

(31 - 14)

(5) (8 + 7)(3,+ 5) (6)

(7) 27.3 + (41.7 x 3.6),/ (8)

(9) 41.7 x (3.6 + 27.3) (10)

Compute with an (algebiaic) calculator:

(27.3

(41.7

(28 x

+ 41.7)3.6

x 3.6) -1-'27.3

3) + 8
((26 + 7), 4)

(11) 37.8 J- (.06 X 37:8) (12* 1.06 X 37.8

(13) (2.8 - 4.5)2(16 - 39.23)2 (14) 26.4

:0631 - .,1256
J

4

Calculate by algebraic-memory, by (algebraic) and by (ODS) to compare

procedures

(15) 327.84

264 - 189

Am
(16) (48.3 'r27.9)(79.4 - 43.7)(67.1 - 4)

(17) In the song "The Twelve Days of Chriitmas", 4e lyrics begin:

On the first day of Christmas

My true love gave to me

A partridge in a pear tree

On 4e)septind day are given:

Tvo French hens and a partridge

On the third day:

1 Three turtle doves, two Pirlapch hens and partridge.1 J

/



I

-

1,3
40
- 5

f.
-

o "it goes through twelve days until on the
.
twelfth, for example,

e receives:

.Twelve lords aleaping, eleven ladies waiting, ...
4

Gill the way down toj ... a partridge in apear

tree

Nov suppose that on Christmas day the lovers break up and the gifts

_are returned one each la. For example, on Christmas day one of

of the partridges might be returned, the nem day another, the fol-

lowing day another: the following day a French hen, and so on. When

will all the gifts be returned?

)

Set this problem up carefully and solve it by calculator.

A

S

No,

p

1

a

ti

r



1.4 Calculator Logic: RPN LY

, 1,4 - 1

The letters RPN represent Reveise Polish Notation, the country'

designated because the Polish logician J. Zukasiewice developed the
. . 0.

system. RPN is, in fact, often called tukastewica logic. The

reason for the R (Reverse) is that in this notation operation sym-

bols are applied in-order that is the reverseof what we learn in

arithmetic and algebra. Thus

3 + 4 in RPN is

`-

3 4 +

?

Think about that notation for a minute. What would happen if you

keyed into any-calculator:

?

It would record/the number 34. Because of this problem an additional

key appears on RPN calculator keyboards, the ENTER (or ENT). key. Thus

3 + 4 is keyed:

1 71 f;;;1 FT, 1-7471
, .1 I I

L.,

On many keyboards the ENTER key is larger betauscit is used so often.

ti

Why would anyone want to change ,things' around like that? at turns

out that there are good reasons. If you examine Algebraic and RPN key-
;

boards, Tot will see that the RPN ENTER replaces three algebraic keys:,

4"

RPN 12)g.ebraic or AOS

ff
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We will now explore how this works.
\

All csIoulators nAXt retain numbers and operations in memory

during caleulations. (If this were not true,, the calculator would.-

"forget" the 3_ utan you sought to add 4 to it in the calculation

3 + 4.) To accomplish this LPN calculators have what is called a

stack.* '(Thin is sometimes called an automatic memory stack or as

operational suck.)

4

The calculatoridisplay is the "bottom" register of the stack.

Above it are additional registers. Bete is a four register stack:

REGISTER

T

Z

Y

X' DISPLAY

The stack registers ire arbitrarily named T, X, Y, Z (the display

register),, as shown.

4P'

As a number is entered in the stack it pushes other numbers up:

When an operation is performed the stack (usually) moves darn.

EXAMPLE 1, Add 23 and 41

2

KEYS STACK

T 0

g]

X 23 DISPLAY

0

0

Step 1. When 23 is keyed, it en-
tire the .X- register in the stack.

.

*
In fact all cilculators have similar stacks, on Algebraic logic cal-
culators, for azample,*the key or even the I+ key activate a

gc--egack. Because the stack plays a-greater role in-RPN, it is considered
here in more detail..

7

a'

1
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T

Y

X

Ti

1.4 -3

Step 2. When ENTER is keyed, the
1-rigister is copied into the Y-
register. (Y and Z registers al-
so move up one level.)

DISPLAY

Step 3. When 41 is keyed, It RE-
PLACES the contents of the X-
-register.

DISPLAY

Step 4. When + is keyed, it adds the
X and Y.registert. (T and Z re-
gisters also move down one level

0

ENT
23

sdi

i3

0

4 1 1
_A

Z

Y

X,

T-

Y

X

i 23

41.

0

0

0 and the T-register becomes#0.)

DISPLAY64

10.

The power of the ENTER key and the stack will be shown through a second

example, a calculation that was a problem for us in AOS-memory and (AOS).

EXAMPLE 2. Calculate '36.2
5-

25.8 - 2&.3 ?
4 .t

4'

KEYS

A

t 4

STACK

0 1
Step 1. Key in 36,2. ItT

appears in the X-register
Z o !

1

display.

Y 0

X, 36.2 DISPLAY -

T ' 0 i

Step 2. ENTER copies X
Z 0 1 into Y.

Y 36.2 1

X 36.2 1 DISPLAY'

V.
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1 36.2-

2.5.8- 28.3

E

ENT'

F31

4

36.2
25.8 - 28.3

,36.2

2,5.8 - 28.3

0

1.t 4

u Step 3. The 25.8 replaces /

36.Z in the X-segista
display.

0

36.2

36.2 4

DISPLAY

Step 4. ENTER copies-rinto
Y and moves Y to Z. This
-second ENTER key allows us
to cajeulate tie 'denominator

DISPLAY
separetely.

Step 5. The 28.3 replaces
45.8 in the X-reglisterldis-,
play. Now all poibers are
in the stack.

DISPLAY.

Step 6. The contents of the I.
_ register is subtracted from

the Y-resister. I moves
1 down to Y. The I-register

25.8

Z

Y

X

'r

X

T

Y

X

X

36.2

25.8

[ 25.8

0

36.2

25.8

28.3

0

0

36:t

-2.5
now displays -2,,

DISPLAY
25.8 28.3, the value of

the denominator of flhe fraction
being computed.

Step 7. The Y registers` is

divided by the I- register
and the answer displayed,

DISPLAY

p2.5

0

0

-14.48

-14.48

24

44



`

The follawingldiegrams wil how how the registerschange

when various keys are dopressedf,

41.
;

T T

X

ti

T T T

Z

y

X

T T

Y
>

X

Z

Y

X/

clear

Y
Y+X,

'IX
rf

X

rtn, CLX
71 I

'fiSTM`
I

T T TT

Z Z Z Z C-4 ZZ.

Y Y UT), YY

X X* X El, X X .

A final calculator logic which we consider only briefly is called

Arithmetic logic. Arithmetic logic is like RPN for addition and sub-

traction and like algebraic logic for multiplication and division. The

easiest way to identify Arithmetic logic calculators is by the combined

function keys
. and

Many business calculators operate with Arithmetic logic. We will not

refer to it again itOthis text.

*
Recall that if a number is keyed next)it will replace this.

In RPM logic, use the ENTER key (for binary operations)

(1)' after e first number in a calculation

(27 after- he first number in a sub-calculation (the dsnominio.

tor o a fraction on a calculation that would be placed

in parentheses.)

25



1.4 - 6 .

w

6

biprete0 Set 1.

In each of the following exercises; thee is shown as it was

before (the key is depressed. Show what the,stack will be after the

given key 14 depressed.

5. L 1

I 2
5

3 Et `

4
CAREFUL

2.

4.

t

2. 3.

2 -:1

6.

10.

1

2

3

.4

7.

11.

S

2

2

4.

clear

3' fIJSIT

4

0

0

0

35

1

1

1 '

12. 33
0

0

0

In the following exercises, show what the stack will be after each key

is depressed.

11. riiifr

15. 1CLR F5-1 I xi

+

17.
L1 '

LR,, 2 15J

CRS

10,

16.plo ntrl- 571 []

18.EIRIF1 1



L 1.4 7

19. Express in algebraic form the calcuAtionicarried out 'in
. 0

exercises 14 - ie. (For example, exercise 11 is 5 + 3.)

,GiVe the RPN keystrokes for the following computations. Then

calculate.

2 +20. (2 + 3)4 21. m 4

22. 4 + 3- (Ht: i 4
1 [ENT

[1,1iIii 17 F--- F--7%
2

. Z3. (2 + 3) (4 + 5)., 24.
2 4
3 5 .0

25.
2 +3
4 + 5

(
.,

26. (2 + 3) i4 + 5)(6 +.7).
4

27. Show a second way to calculate exercise 26.

28. Give a keystroke sequence that will fill the stack in the fol-

lowing way T 6

7

Y 8

X 8 DISPLAY

. 29. Recalculate exercises 16 and 18 with the stack at the beginning

A . of the Aulatgon in the form of exercise 28 and omittiq0iibi
1

1.3.1C key. This exercise should shoi-you that IT IS NOT NECESSARY '

TO CLEAR THE STACK Ii ORDER TO CARRY OUT ST CALCULATIONS.

30. Use an

Set4Aon 1.3 (on page 1.3 4).

N1. calculator to compute the answer to exercise 17 of

2 7
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1.5 -

4'5 Other Calculator Keys

We have studied differences between AOS-memory, (ADS) and KPH

logiCs. ,host of these differencesApply to binary operations, thot

is oArations that combine two elements into one. Addition, subtrac-

tion, multiplication and division are the commonest binary operations

of arithmetic.

The following operation it unary operAtiona, thla is operations

thit need only one element to process.

CBS
tr).--- sine INT

X2 cosine FRACT

lig ;tangent ABS

10x (We will tOtroduce other unary operations such
as log)(3 lnx, and e`, later.)

All calculatots process Unary operations by RPN1 The z-value is keyed

into the calculator and the function key is pressed.

EXAMPLE 1. Calculate L51

Keystroke sequence 57 5,
Answer: 7.1414

I

EXAMPLE 2. Calculate sin 30°

Keystroke sequence* 5] 57 vi;

Answer: .5

EXA1 PLI,3. Find the reciprocal, of 102

Keyboard sequence 1: IT' .5;;

.Keyboard sequence 2:

Answer: .01.....0 Im-*,W

4'

Most calculators assume input to trigonometric functions to be in degrees.-
Ne will also unless otherwise mentioned.
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14$

In all cases these function keys operate on the number in the dis-

play register. Note that it is not necessary to depress the ENTER

key on an RPN-calculator before using these functions. For any

unary function the stack diagram is: wew

f

Y -------+ y

X f(x)--, X

The unary functions UTZ, FRACT and ABS wilt be considered in the

exercises.

/ One important function that does differ between AOS and RPN cal-

culators is exponentiation (raising to a power). This is a binary

operation because

Pq
4

requires'the two input elements p and q.

EXAMPLE 4. Compute 7

AOS Keystroke sequence:

RPN Keystroke sequence:

Answer: 2401

4

7
X

ENT'

4

1

cIlhan using thisly'j key, you will meet for the first time the fact

that the calculator sometimes produces only approximate answers. In the

calculatio*of)4, for example,,a calculator may display the answer

2400.9993.-Now we know that 74 is an integer and we can find it exactly

my multiplying 7 x 7 x 7 x 7 to get 2401. -Me error (og .0007 in this

case) is introduced hithe logarithmic protessing used by the ialculator
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1.5 - 3

!!.4J key. We will study this later. For now it. is usually enough

to round off'such answers to the nearest integer.

Exercise Se 1.5

Without psing a c culatot gilp the display produced by the fol.'

lowing keystroke sequance Check your results by calculator.

Statt each check by clear t]h,01 display.

4.

7.

10

lie

3. 174---. 11/x

6. 0 [17::

ENT 7., What does the stack look like after this sequence?

10. FT. F,is 1X2;

r--
13. 1 5 11/A, F7-

16. ri- 1-21 5+7
I

11.

14.

9. 1

'

4 10

[En

7-7

1-17, 12. 1, 2

F-17, [ x 1 5 . I 1

1 71--! 5:cF! 17. IR +

By applying the functions to various values, determine what the following

keys do. Be sure to include vtlues.like 7.65, -3', -3.72.

19. FRACT 20. ABS

*Note that the keys will tell which logic is used.

.1



Calculati

given.

Example:

21. 8
5

23.

25.

1

16

1.5 - 4

each of, the following* Cheep your result against the answer

5+ a
' AOS keystroke

*

RPN keystroke:

Answer: 7.6457

Ans. 32768

Ans. .0.2054

10
5

- 5
7

Ans. 21875

5_-1
.1

5
[

tE161'__ .L7 .1 ,r1,

e

22. 1.2313. Ans. 1,8609

1
24.

16 + 7
Ans. 0.0435

(On some algebraic calculators jou may

it necessary to use parentheses around 57 .)

.-

Nov try your hand at 6e following monsters:

2G.
fiT sin 45°

143

Nv,

Note: the numerator is a product.

Ans. 5327. INT (10tan
60°) "P

28.
077+ cos 10°

.133
1-

-
27

. Ans. -83.477125

Ans. 0.0001

0

find

The following two exercises provide .useful short-cuts for computation:

29. Sometimes the wrong number appears in the dipplay. For example,

when you wish to calculate a - b, 1,14 already be displayed.

8.04 could you complete the calculation withOut starting all over?_

30. Bow u a
p you calculate starting with b. in the display?

. -

*Some A08 calculators will not accept this calculation. On them it must

be rendereeto tr7 + 5, or it must be calculated as 5 + 0175.

31



1.6 Problem Solving with' a Calculator

With the per your calculator gives you, you may now attack

with confidante and solve soli complicated problems. You will need

paper and pencil only to record notes and answers. As you will see,

however, the calculator dots not substitute for thinking. You are

still in charge. You will need to°

organise calculations so that.you can carry them out an

your calculator 0
nd if your.prdblem is one related to measurement

*determine units for the answer and

determine accuracy

In this section we will'noi deal with the latter two important ques-

tions. We will continue to, report answers to four digit (rounded), .

accuracy.*

RUMPLE 1. A simplified formula for artillery range is

R
Vol sin A cos A

9.8

Find the numerical value (without units) of R when

Sin 3,/ and A 30°.

SOLUTION. Substituting.

I' 312 din 30° cos 30°I'
n

9.8

Calculation yields 42.4618

*
Some calculators.truncate ahmehrs rather then round answers.
Truncated means that. the rest of the answer is cut off. Thus

683.29587 trunciiiwito! six digits is 683.295, the .00087 merely

drOppod. This is o ten called "rounding down ". You should test

your calculator to sea how it rounds. Use quotients 10402/3,

5/33, and 50/33.

3

.7

r
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l''

'\)

Such, a calculationis important but straightforward. Others require
(,

an experimental approach.

EXAMPLE 2. In EXAMPLE 1:w* might wonder what angle A

makes R largest. Ghat angle of elemotton yields

longest range?)

SOLUTION. We need only consider the product'

sin A cos A

Trying values yields

A sin A cos A

309 0.4330

40° 0.4924

.50° 0.4924 -,

This suggests trying Alm 450 (why?)

45° .5

Trying other values suggegts that this is the best
we can get in the range 0 to %a .

I

Often it simplifies computation to use storage capacity of your cal-

culator to evaluate expressions in which letters appear more than

once. In the following example, we assume a calbulator that has at

least two storage registers R1 and R2. To store 5 in 11 a4d 6.3 in

R2.the following keystroke sequence could be used:

5 STO
I 3

This sequence of keys is appropriate for most algebraic or RPN calculators.*

On some calculators each register may beim a two-digit designation.
In that case to store 5 in RO1 would be_keyed .e

4



il

To recall the number in R1, you need only press

1 1

and in this case the 5 will reappear in the display.

1.6-3

EXAMPLE 3. Eviluate x
3
,+ 3x

2
y + 3cy

2
+ y

3
for 3.7 and

y 8.6.

a
SOLUTION: If. you attack this problem directly you

will be keying 3.7 and 8.6 each several' times. You

cam save some .of these keystrokes by first stOii4\t,

and y. Follow the program for the kind of calculator

you use.'

Algebraic

17-1177

F3-1

or

representing

x
3

Fr"

*
Beware! Do
polynomial.

calculator

3

Rct

2

2

1

I I X

not confuse the X and Y registers with the x and y in the
The 7-i7 operates on numbers in the appropriate

y
irtgisters.

RCL
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Algebraic_ -representing

p

3xy
2

3
7

You should reach the value 1860.867.

RCLI 2

r j 771

- 4

RPN

3 TxT

yx

In solving complex.probleis like these you will need to be very

careful. Here are some suggestions which may help:

(1) Think through your computation before you start to key nuubers

into the calculator. ,

(2) Try to organise your computation in parts such as terms-Of a

polynomial'or the numerator a denominator of a fraction..

(3) If you feel you will be lost computing the-answer to a complex
.

problem in one serials- of keystrokes, take it part by part,

recording partial answers. You may then combine these into

a final solution.

(4) Sometimes (as you Will set in the exercises) algebraic simplifi-

cation of an expression to We evaluated will also simplify

couputation.

35
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Set 1.6

Evaluate the,formula

given values of Vo and A.

1. . Vo 200, A 40
o

3. Vo 100, A 50°

R
Vo
2

sin A cos- A

9.8

_ '1.6 - 5

for R using the

2.. Vo 100, A 40°

4. Vo p5, A 90°

(You nay wish to think about the results of exercises 1-4 as they re-

late to the physics of projectile rangt.)

Using one of the two conversion formulas for Celsius and

Fahrenheit temperatures,

5 9C
9

(F - 32) -.
5
C + 32

answer the following:

5. C 100°, find F 6. t Convert 32°F to C.

7. Chips. 680F to C 8. Change 98.6°F*to C.

9. Find by experimenting when F and C, are the same.

10. Now check your answer to Exercise 9 by algebra. (Seel' and C

each equal to x in one of the two formulas and solve for xs)

A formula for triangle area that you will be able to derive

later 1.s

A (st; sin
2
) 2

.3

Average human body temperature

au

-\\
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Find A, given the following values:

11.

13.

2, ss
1

el 3.72,

5 , A 50°

s3 5.8, A2 38°

12.

14.

el 10, s3 so 8, A2 60°

si 147.3, s3 62.1, A2 72°

If an object is h meters above the ground, the time, t, in

seconds, that it takes to fall to the ground is given by the formula

2h
t

9.8

Find t when:

;1\
15. h .147.2 16. h 3472.13

17. h 1.23 18. h 43.278

19. Solve the formula for h and use your new formula to find h when

t 10.

In a right triangle whose legs are a and b and whose

hypotenuse is c, you know that c 041.1--7--7-:

Find c when:

20. a 5 and b 4

22. a 10.3 and b 11.7

et.

21. a 10.35 andb' 15.72

23. a 2.3 and b 18.9

Evaluate when x 3.7 and y 8.6. Store these values for

x and y:

24. x
2
+ 2xy + y

2
25. (x + y)

2

26. y2 27. (x + Y)
3

4



Ih

1.6 - 7

24. What identity to your answers in exercises 24 and 25 support?

29. What do your answers in 24, 25 and 26 suggest?

30. What identity do your answers to exercise 27 and the answer to

example 3 on pages 1.6 - 3 and 4 suggest?
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1.7 Pr. ramming Functions: 1

1.7.1

In vbrking the exercises of Section 1.6 you should have found the

calculations repetitious. You werefollowIng similar routine over

and over, with only the numbers different. In this section we'w111

develop a
0
short-cut to reduce ch-work.

EXAMPLE 1. Give a keystroke routine that.willatart

with a given value of h and calculate t by the

formula

SOLUTION':

Algebraic

key in h, then

t

L-1

.8

RPN

key in h, ,then

ENT

2

, 9 rfri E

Notice that once the keystrokes have been worked out it requires

twknowledge of the function'to follow them. With these instructions

you could give your homework exercises to an elementary school aged,

sinter or brother to calculate for you. For example, given the h

valie 10, they would key 1-171 I Oi and then the keystrokes for your

calculator, giving the resulting t value, 1.4286,

Still better, you can assign this routine to yuur programmable

calculator. Here are the general steps you can use to accomplish phis:

3,)
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4

LRN - Learn
RCS - Run-Stop
RST - Reset.

. Set your_ calculator to record a program.

2. Key into your calculator the calculation steps (along with'

any instruction steps necessary to yoUr particular calcuT

1.7-2

lator.)

3. Set your.calculitor back to calculating Mode.

4. 'Inter your given data.-
.

5. Run the program.
a

V ,

For additional exercises of thegame type, you then merely repeat steps

Aso

4 and.5.

Each of'the, many calculator model's optrites differently so it is

not possible to list all thespecial instructions dquired to carry,

out the five step routine We have just given. Because they suggest the

kinds of special differences you will meet on calculators, we .offer two

exempla/ here. You should study theitto set their form, but you should

concentrate on the 'specific routines for the calculator you will-be

using. Recill that we are programming the calculation

TI - 57

1. OFF -ON

LRN

2h11

9.8

ti

This clears the calculator of pievious programs.

LRN sets this

calculatbr to record the progiam." The

display is 000 00

,

I
!2 These are the calculation steps. (See the
.61

SOLUTION to RUMPLE 1 on page 1.7T- 1.)

8 1 A4 you depress each key the calculator display

wi1 record the step number. 001 00 up to

do8 00.

II
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I qs
RIS

i

3. L811

4. BST

5. Xey in

'6. RiS

0-1

4

, ?RIM'S -11rogram

1.7 3

This key is required to stop the program

and display the result of the calculation.

AST-instructs the catbulator to go to step

00 in the program

This key now returns the calculator to normal

operation. The display is 6.

AST sets the calcolallieto begin the program.

A/S then,aCtivatas the program.- When the

calculator stops the display will,givqpthe

t value.

To fiRd additional pairs (li i), repeat steps 5 and 6.

HP-33

OFF.- ON

PRGM

1 2 !

J

C11187

171

- This clear* the calculator of previous programs.

...

PRCM sets the calcultss; to record your programr.....,5
steps., The display is 00 .

4

These are the calculation steps.. As you de-.
.

.,press each key the display records the'step

number and the location (row'- column) of he

y(s) depressed. Por'exampli, after Inn(

Iispressed 01 31 is displayed: 01 is, the

ke

step number,. -31 the location (row 3, key 1). of

ENTER o n the keyboard. Note how the last two

keys are merged into, one step 08'14 02. This

saves progrim steps.

/

On this calculator,. as on many others, stay 'keys have two or even three
roles. Here the yellow r---1 key assigns the second role 4/57 to the' key..

2. .

blue .I
8

r--- key would have assigned x2. to the same key.

41
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S

SST single step

The calculator is now returned to normal

opera ion, the display is 0.00

The- S key sets the4rrogram back to

step 00.

1.7 - 4

This activates the program. On this cal-

culator we did not have to key another R/SI

into the program because all unusedprogrim

steps are pre-loaded with steps that return

the program to step 00 and stop it there.

To..kfind additional pairs (h,t) repeat steps 4 and 5.
a

You shou d familiarize,yourself with the procedures for entering and

running progr but.the more important task is developing programs. Here

are some suggi tions about how to do this: '

1. Remember t the program mer0y records what you would have done

in a calculation that-is not Programmed.

2. Thinklof you calculation as always starting from the value(s) that

. change in th computation. (In the example this was h.)

3. Rey into the p ogrei the steps following (and not including) the

step that keys your starting value (ser suggestion 2) into the

display. (On; RPN calculator don't forget ENTER when ft is ne-

cessary.)
-/

4. Be sure, if your calculator regt it, to complete your program.
1

with R/Si so your calculator gill stop to display the results.

Exercise get 1.7

formula

into yoUr calculator a program to find t, given hr by the

t-
9.8

*
The 8T key steps .out of the program so that R /Sj does not calcu-

late the last step of the program. This prevents occasional' Error
messagles when the lkst key'il .

4'2.

ti
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Then calculate t fbr the following h values.

1. 15 2. 100

3. 1000 4. 10,000 -,

5. 8840 (m in ht. of Mt. 6. 1609 (m in a mile)

I Everest)
.

'7. Develop a keystroke sequence to change any Fahrenheit temperature

ito Celsius by the formula

C
9

(F -32)

(Don't forget to start your calculation from F.)

Program the calculation of exercise 7 and use it to convert the

following temperatures to Celsius:

8. 0° F ,9. 90
o

F

10. 50° F 11. -40° F

12. By experimenting, find when F 2C, -that is when Fahrenheit tem-

perature is twice Celsius temperature.

4,

13. The sales tax in Erie Coun y, New York is 7%. Develop a keystroke_

sequence that will calculat the amount of this sales tax. (bo

not bother with rounding your answer.)
11

Program the calculation of exercise 13 and use it to determine sales

tax on the following purchases:

14. $500 15. $45.32

16. $299.95 17. $2.79

18. By experimenting, find a purchase price that will give a sales'

tax of $1.00.

0111111I
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1.8' Programming Functions: 2

In- Section 1.7 you learned to program your calculator so that it

would carry out computation routines by a single keystroke. In that

section you were restricted to 'Engle input-single output routines.

Naw.in this section you will learn how to handle more than one input or

output.

Nbe key to this problem and the key to press is:

R/S

( 1

This powerful key plays the following important roles:

si. When thealcukator is in operating mode, it either starts a

program if the, calculator is idle-or stops a running program.

2. When it -is keyed'ito a program it stops the program either ---

to receive information o to give information.

We will coue4.der how this W rks by means Of examples.

EXAMPLE 1 Delft and run a program to'evaluate c for

entered of a and lb in the. formula

V:
c i, b2

SOLUTIO1161.

by 71 -57

OFF 'ON

a Would be keyed

before the program

started-.

Here the calculator

is stopped to receive

b.

. . 44

by HP -33

OFF - ON

FRIGN

I°

4"



by TI -57

2

"

by HP 33

g X .

'-r"--
r

f

RUN
,

iw

61.8 -

.

is how

\

\\
these programs would .be. run for\a

Resetting the proram to 0

Enter 5 and start the program-

1 49.S A
- 1.

5, b 12.
\ i

Here

I RST: SST; I R/S!

A A
I 1

IR/s 5 Vs

The first part of the program runs until it reaches

R/S at the step marked * in the program. It stops with the-

display reading 25.

I I. I 1R/Sii Eni-zr 12 and restart. 1 2 I

J.L

The calculators will now complete their program:4,nd display the

c value 13.

You will develop other ways of carrying out this kind of multiple

input program in the exercises. We now consider a problem involving

multiple output.

45
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,,

* ,.

EXAMPLZ 2. Develop a program that will calculate and

display stiles tax (Ft 7%) and then total cost for

given purchase prices._
,

TI - 57

OFF, - ON*-* LRN

o

t

4'

Running the program for a $92 purchase

2 8/8

r

Stores purchase price

Calculates slles4tax

Stops to display tax

Adds on'purchase price to give

I

total cost.

1-7
The calculator runs to the first IR/S , and stops there to

display'the sales tax $6.44
0

Ris

-The calculator completes the program and displays the total cost

$98.44

46
On this calculator there are other' ways to clear programs and reset he
program to 0, but we addpt this simple procedure. In fact, new programs
may be keyed right "over`' old ones for the new steps replace the old.'
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1.8 - 4

Storage could be used as in the TI - 57 solution but instead we

utilize 'the operating stack to solve this problem.

.0711 - ON*, PRGM

ENTER EINTERi

RIM

Running the program for a $92 purchase

Now the purchase price is in

Y, and Z registers.

Now sales tax is in X, purchase

price in Y.

Stop to display sales tax

Adds'sal4es tax and purchase prince:,

'SST 1R/S
Re)sets to 00

vs,

R/S11.
Now the calculator displays the sa14s tax $6.44'

The calculator completes the program and displays the-total cost $9E /1

On this calculator, also there are again other ways to clear programs and
reset the program to 0, but we adopt this simple procedure. In fact, new
programs may be keyed right ."over" old ones for the new steps replace the old.

4r



1.8 - 5

Exercise Set 1.8

1 - 4 irrogramEZAMPLE1 of page 1.8 - 1 into your calculator and

use this program to find c for the following:

1. a 23, b mr-264

3. a 45, b 336

V 2. a 45, b 24

' 4. a 7, b 210

5 - 9 For a 45, there are five other values of b that result in

Pythagorean triples, that is results for a, b, and c all

in integers.

Find the b and c that completes the 45) triple for b in'each

of the following ranges:

.5., 25 < b 4.30

7. 105 < b < 110

9. . 010 < b 4 1015

6. 60 < b < 65

8. 195 < b < 200

10 - Program EXAMPLE 2 of page 1.8 - 3 into your calculator and

use this program to find sales tax and'total Cost for the following pur-

chase prices. *

10. $34.95

12. $2995

14. , $99.95

1). $1.67

13. $632.50

15. $100

16. How could you modify the program of EXAMPLE 2 'if sales tax went up ."

to tm? Clearly you, can change and reenter the entire program, but-

you may wish to experiment with calculator keys in or FRGM mode

to makethe necessary key change.- You will need to determine how the

following keys work on your calculator:

On calculators that disp tay four decimal digits (Me the HP- 33)
you need to irkarcise care here. Such calculators probably do not round
m but either round down (truncate) or round to the nearest value. Your

best procedure is to reset such calculators to display more decimal digits.

On the HP -33, for example,.to set three decimal places in'the

display press rf j [FIX! 1 3
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anl on the TI -57

single step

back step

2Ddl tINSIr insert

nd
2 DEL delete

1.8 -.6

17. (for algebraic calculators only) In EXAMPLE 2 you had to store,

the purchase price because it is lost when you calculate sales

taz. dhow how you can avoid storage by calculating total cost

from the 'sales tax. (HINT: If purchase price is p, sales4tax

i4 .07p and total cost is 1.07p. Determine the numbey you must

multiply .070 by to get 1.07p.)

4IP

18. Suppose you were a householder in an area where different communi-,

ties in which you shopped charged different sales taxes. (This is

fairly common near state or even county boundaries.) Develop a

sales tax - to *l cost program so that you can enter litt_price and

then sales tax rate to.produce sales tax and total cost. (Hint:

an easy way to do this is to use program storage.) Use your pro-

gram to complete the following table:

list rice tax rate

suit 4137.'95

dvercoat 84.50

shoes 31.45

hat 18 50

TOTALS

CO

1.



1. 9 Chapter 1 Test

(1 - 4)

1. 9 - 1

Evaluate each of the following keystroke sequences. Do not

use your. calcWator.

1)

3)

2

2

x2M.
4/1/
STO 1 RC-L

2) 411.

4

+/-

2
r

ox

(5 - 8) Give a keystroke sequence that you could use on your calculator

to evaluate each of the following expressipns.

5)

7)

5 + 6)

8)

(2 + 3)(4

2 4- 3

+ 7)

\)6 sin 37° 4(7)

(9 - 10) Evaluate each of the following expressions

9) 2410 X. 5 10) 3 2 X '5

(11 - 12) Evaluate each of the following expressions. Express your

answer correct to four decimal places.
5. 7 (6. 5 - 4.,8)

11) (3.5+8.32)2 (4.3 7 5. 31)2, 12) 2. 3 - 5. 8

/
Evaluate each of the following expressions. Round your(13 14)

answer to the nearest hundredth.

13) 4-877

3.2

+ 'n 37. 5°
1, 52 J.
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1,9

I .
(14) The afea. of a triangle with sides a, b, .and c is given by

the formul*.

1
A = 2(s-a)(s-b)(s-c) where s = (a + b + c)

akc,

7r Find the area of a triangle whose sides are 35.41 cm. , 28.23 cm.

and 24.68 cm.

15) The time needed to complete one period of a pendulum is,

given by the fatmula
j---"-t = I. 1.e. where I represents the

98° length of the pendulum

Find the value for I , correct to the nearest tenth, that makes ..

t closest to 4 seconds,

(16 r 18) Choose two of the following three prOblems,

16) A manufacturing plant has a capacity of 25 articles per week.

Experience has shown that depending on the number of articles

(n) manufactured per week, the price of an article (p) will be

sold at a variable price where p = 110 - 2n. The cost of manu-

facturing n -article -is 600 +.10n + n2

a) Express in terms of n and p, the total amount of Money

received (gross income) in one week for selling n articles.

b) Express this weekly gross income in,Orms of n

c) Express the total weekly profit or loss (net income) for the

company in terms of n only.

d) Find the total.Profit if only 8 items are produced Per week.

e) Write a pr ram that can be usedto deterixiiiie the weekly profit

s'for any value of n,



1 . 9 - 3

f) How mafly articles should'be made each week to give the

largest profit?

a) Write a'program for finding the length of a leg (x)

of a right triangle given.the'lengths of the hypotenuse (z)

and the other leg (y).

b) List the keystrokes necessary in the run mode,to find

the 16g .(x).

c) Load your program into your calculator and find x,

to the nearest hundredth when

(i) z = 70. oo, and y = 66. 18

(ii) z = 24. 25 and y = 18. 75

18), As already mentioned in exercise (14) the area of a triangle

with sides a, b, and c is given by the formula

A
1(s-a)(s -b)(s-c) where s = (a + b + c)

a) Write a program that will find thearea of a triangle given

the lengths of the three sides. Store a in-register 1, b in

register 2, c in register 3 and s in register 4.

b) Load your progiam into your calculator and find the area

of each of the following triangles to the nearest integer

(i) a = 88, b = 72, c = 108

(ii) , a = 2 , b = 3 , c = 5

(iii) Expla your answer"to (ii).
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CHAPTER 2. EXPONENTS AND LOGARITHMS

In this section the theory of exponents is extended and a dif-

* -ferent kind of exponent, the lOgarithn, is introduced.

2.1 Positive battler Exponents

An important role of exponents is abbreviation, shAntening,

expressions. Just sieve use nultiplicatipn'to abbreviate addition

when we ieplacea+a4=a+a+aby 5a, so we abbreviate saltipli-

cation when we replace aaa a a by a5 . .In genera:

DEFINITION 2.1.1 For real x and a a *positive

integer

zn. x x ... Ic

/7M factory In particular, x1 x.

When vs write pg,, p is called the base and q the exponent or

power. The word power is also used for the whole expression pg.

Thus we speak of 4, 8,'16, as the powers of 2 just As we would

4, 6, 8, 10,... ai the multiples of 2.

'Notation: power or exponent

P

base power

Exponential statements are read:

3
2
- three squared 6

n
- six E0 the n'th power

3
2 - two-cubed or six to the n

5
4

- five to the fourth power a
b

- a to the b

--- or a to the b power

1

I1



The following six theorems are often called the Laws of,

Exponents. We will see later that they apply in much broader

circumstsiEes: here they apply only to -positive integral ex-

ponents.'

The Lays of Exponents

For a and b positive integers, x and y real,

(1) xa xb' x
a + b

(z) xa 4, .x6 xa - b,,a,b

(3) (xa )b xab

aba b
(4) x x , a ,a multiple of b, x > 0

(5) (aY)a aaYa

(6) (511) L-
Y a

(7) t.1-17.74" s!)a > 0 , y, 0

Proofs of these theorems are so straiforwardt
are confused by them. They merely

and counting the number of factors.

leave the others for the exercises:-
4

9

2.1 - 2

J

many students

lve applying d

will display two proofs a

EXAMPLE 1. Prove: For a and b positive integers, x real,

(xa )b xab
r

a b a a
(a ) x x x

a
...x

a

b factors

Def. 2.1.1

X ... X X X ... x 2' X ... x .. X X ... X
.... .,-.. V - `I r

a factor a factor a factor a factor

b (groups of) factors

Some authors apply the restriction y 0 here. We choose instead to
embed thiil restriction in the I. symbol. Thus " -" carries with it
the phrase "for which both members are defined". This is not uncom-
mon usage.

54



\

ow

V x 20..2
factors

zab

1

so count

Def. 2:1.1-

Noticethat Definition 2.1.1 is used left to right in the fitst and

second stepof the proof, right to left in tielast, OStris as

-

x 611(. X .11 x
A IV

AF
n factors

Students often forget -that definitions (and equations) are symmetric.

"F.

I

8-
=OLE 2. Prove: For al a potitive integer, x and y real;

a 14

7
y a

(
:

7 1. 7
0

lr
Def. 2.1.1

a factors
i-factors ., .

se
x 2........LLLX Using I 5-e(.

ac., -

,
Y ' 7 ... y b , bd

a factors:
7-

. Xa 00° {9

- -r- .
a

.7,

#.,

_ .

Def. 2.1.1 /appli separately
in numerator denominator)

Fa.

=AMPLE 3. Simplify x3
x2

2121,
35 10 a, '3a

23 3.

(;)

e"

34- / '5'
x X -,16 Z
t

22C'' 2Y gm 22" IA*
tol

37 2
ow 9

354

(#)

rpt step by Law (2)

J;)



a

"F2)5 Tr10 (Lat- th)

I,
xi 0 x1012 MP

5
X first step by Law (0

a 3a
0

a
.," 6 6 6- 216 r first step by Law (4)

4

2.1-4

(-2z)" (4)5X5 42:5 first step by Law (5)

3 3
2 2

(;&)

1_
first step by-Law (6)

3
x x

M,

Exercise Set 2.1.

1 -,40 Simplify completely:

11) z
6

x
6

(2) 2a2 30

60,12
(3) 101,

6 .2
(4)

10a
6

(5)' (S
5
)
3

(6) (2113)3

(7) (8)
\jera-;5

1\.6)817;3

2
19) N 3 41,

(18) (-2c
3
d)

6

25,4
(11) (12) (11-f-)

s

(13)
' (lip%) 4

.

(15). (-2x)5 (2x)
2

% 2
(14) 3x + 4x

.2

416) sin
3
x sin

2
x

4P

fs,j n t

x mans sin x sin x : sib x, thus sin
n
x (sin x)

n
. We

2Z.
, r

n factors

will see last that/h

56
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(17)

(19)

(21)

(23)

(2i)

(27)

(29)

(31)

(33)

(35)

(37)

4

(39)

2sin
2
x cos x +(3sinYcos x)2

'rr
2

(18)

(20)

(2.2.

(24)

(26)

(28)

(30)

(32)

(34)

(36)

(38)

(40)

25
17

25
15

t,a
6
b
4 -*

.

(x
2
Y)

3
7 Y

2

(3-)
3

(x + 7)5

Cs + 7)
2

5 2
cos x r cos Z

(27)-

A, 32b20

(3 tan3

(x
2
a+

1
)(x

3-2a
)

Ir4 - 50 Evaluate:

(41) (x
2
y
3
)
2

if x dm 3 and y -1

(42) 5x
3
+ 4y

2
if z = -1 and y've 3

(43) (-2ab
2
)
3

if a - 5 and b = 2

(44)

(45)

3a
2

- (5b)
3

if a - 2 and b -2

'?.,'8a120 if a = -2 and b -1

" 2c 22c
if c 2

ex,. ex+1

2Y 22Y

83 -

2

(2x+ 3)4

7
(It )

3

(5
+1

)

3

(a + 3)2(a + 3)4

-r3 = r

(x41)5-,A.--..,,

x2n\J

a a

3xa 32!

(2x
3
)41+2

2.1-5

Recall that a radical with no designated index means the index is 2.

rads.
e°116.,

4



4

(

(47) (z4a)
3 2

, 521/171 4 53

105 . 97(49Y I Z

(50) (xy2z15)12

if z a 2

z 3

if xt -1

12 15 18
4a. y z if x 0, y

51 - 56 Explain the error and-correct the solution in

fol lowing:

(51) A

(52) **4

(53)

(54) A

student simplifi

student

student

student

a tudent

simplified

simplified

simplified

simplified

-(5ex
3

4 3
(1;x ) and got x

2.

2° 3
ia )0) ) and got (0)5,

32 `3, and, got 96.

and got 25auc
6.

18y
6

.; 9y
2.

and got 2y
3.-

2.1 - 6

z 12, a 30

each of the

(56) One generation back you had two ancestors your parents). Row

easy ancestors do you have 10 generations back? (Express your

answer in exponential form and as as integer.)

(57) Suppose that you got a chain letter with a list of four Imes,

The letter says to send your favorite recipe to the name at

the top, cross that name out and add your name to the bottom

of the List; Then you are.to send a copy of the letter to

four of your friends. If no one breaks-the chain, how many

recipes should you receive?

a b 4s+b
(58) Prove that )3 x where a and b are positive integers

and x is real.
a

-(59) Prove that (t)a
e

Ohara a is & positive integer and x and
a y

are refill.

r-
t.) 3



2.1

(60) In the Is of Exponents presented. at the beginning of this

Section ve stated that

4

a , b a-bz -x z b.

Consider,the case where a < b. Remember that

z z z

a factors

and simply the expressions

10 . 12 15 20 . 3 . 77z, x 7x,x7x. In general what can you

say about the simplified form of an expression xa x
b

where

b a? (Hint: Write x
lo

.) .

x
12

5.1



2.2 Chatacteristics of-Powers,

'2.2 1

A _

In the exercises of this section you will be asked toexplore

with the aid of your calculator:some of the characteristics of various

powers. This will often involve use of the yx key but some-

times you will swish to (or need to) revert to use of repeated multi-

plication. e

,

UMW 1. Compute 5
7

exactly

KeyatFokes'

AOS 5 y 14 7 ,

J I

RPN ETU vAl
J r

Anwar: 78125

Some calculators will give close but not exact answers for such cal-

culations. For example, here the answer might be 78124.8 or 78124.9

or.,78125.1. In cases like this you can do one of several things:

(1) You can use common sense to adjust your answer. Here, for

example, we knole.thit the sassier is an integer. The closest

integer to the ipexact result is 15625. Confirming evidence

is the fact that any power of 5 has 5 in its units digit.

(5
2

25, 5
3

125, 54 n 625, tc.)

(2) Ymocs determine the higtest power that does give an integer

answer and compLetethe answer by using properties of powers.

Here, for example, your calculator might give as the highest
.

power of 5 for which the result is an integer

5
5

3125 .

The laws of exponents helpyounow-

57 9455. 52 1125-25 78125

Sometimes you will be forced to find other means to compute exact 'buyers

4,

id



2.2-2

as in the following example. Follow this example closely even if

you have a calculator that displays more digits for the method is

important.

EXA1 L1,2. Compute 515 exactly.

This answer 'will not be displayed exactly on a

orix -digit display (neither will it on an eight -digit

or even ten-digit display). AslLme that the largest

result we can compute ,is 58 390625. There are

several ways we could try to proceed:
15

58
7

(1) 5 5 5 390,625 78,125, or

(2) 5 1 5 7 57
5 7 8 , 1 2 5 78,125 5, or even

(3)
515.58.

58 + 5 390,625 390,625 + 5.

Other approaches are al4o.possible4 but 411 lead to-

prodyacte that will not display. Clearly vs must find a

Way to display the answer part at a time. We will use

method (2) todo this.

We will compute 5
14

and leave you to find a way to

multiply this result by 5 (in exercise 23).

14 7 7 7
5 5 5, (5 )

2
by Exponent Laws (1) and (3)

We know 5
7

78125 from EXAMPLE 1. We wish to square 78125.

Recall (a + b)
2

2ab + b
2

. Here we can let

. a 78,000 and b 125. We cannot calculate (78,000)
2
because

it will overload, but we can calculate (78) 2
and affix the

necessary six zeros.

Using 78
2

6,084 and 125
2

15,625 and 2 78 125

19500 we have

61



78,000
2

2 78,0004'125

125
2

Adding give* (78,125)2

6,084,000,000

19,500,000

15.625

6,103,515,625

2.2-3

Notice that if we knew a way to represent (a + b)
3
vs could have used

15 5 3 3
5 (5) (3,125) to get our answer. We will develop this for-

mula and use it in exercise 24.

Exercises

Exponents increase (or sometimes decrease) the base rapidly.

Try to accustom yourself to this rapid size change by guessing the

smallest integral exponent needed to make the inequality true and then

calculating the correct answer by direct trial.

1.

3.

5.

4
8 >

3.1P

)r

10,000

> 500,000

250,000

2.

4.

6.

Z.P.Y >

6q

(-4)r

1,000.000*

40,000

< -250,000

The following are important powers to remember. In each exercise

n represents a positive integer.

7.

9.
(-1)2n

11. a
2n

is (positive, negative) for a < 0.

12. a211+
1
'is (positive, negative) for a < 0.

On

AP

(for n 0 0)

(-1)2n+1

*
0Wa'six-digit calculator

**
Your calculator may give

definition of exponents to

y would be the first exponent to cause overflow.

you.an Error message. In that case use your
determine the correct answer.



2.2 - 4

Mow we wish to explore the effect of positive integral powers on bases

in two ranges, 0 b < 1 and 1 < b. We already know from ex-

ercise 7,the result of bn for b 1. Before do any computing,

peso -which symbol, -, < , > or , sh ld be placed betweok

each pair of expressions. Then test your guess by calculating

13. bn bn+1 for b 1. (Include in testing, b values like

1.01, 1.001.)

14.4r bn
nsl

for 0 < b < 1. (Include b values like 0.999.)

Calculate exact digits for:

215. 3
4

17. 23
4
by a third method

16. 23
4

another way

18. (.023)
4

19.. Choose a, b or c dependipg on your calculator:

(a) for six-digit display 6
8

(b) for eight-digit display 611

(c) for ten-digit display 613

20. (a) for six-digit display 126

(b) for eight-digit display 128

(c) for ten-digit display .1210

21. .

.217 34.1
22. 2 (Hint: use 2

17
.)

23. 5
15

(Bloat: see text Example 2 for 5
14

EXPLORATION EXERCISE

24. We seek 5
15

by cubing5
5

. Find (a + b)
3

(a
2
+ 2ab + b

2
)(a + b). Check that 5

5

identity you have developed for (a + b)
3

b 25 to calculate 515. Your rAsoning

by multiplying

3125., Use the

with a 3100 and
/

will be of the fora:

5
15

(5
5

)

3
(3125)

3
(3100 + 25)

3
1100

3
+ 3 31001 25+

0'



2.3-1

r
WV d r

2.3' ScientiiiC,Notition (for Numbers Greater than One)
Sorr"

The, distance frcim the earth to the sun is about 93,000,000 miles

.(93 million miles). As scienfe expands its frontiers such large num-

bers turn up more and more often. Note that they do not apply only to

astronomical:distances. For example in chemistry, Avagadro's number,

the numbe'of molecules in a given small unit of volume, is

602,000,000.000,000,000,000,000

Scientists who are as lazy as the rest of us when it comes to

writing out things like this) have developed several short notations for
. ,

such numbers. Here we will consider only one: Scientific Notation.

Others will be considered in the exercises. In scientific potation,

for example, Avagadro's number is 6.02 X 10
23

0

and the distance from the earth to the sun is

9.3 X 10
7
miles.

The notation is based on the special role of the number ten in our

decimal number system. Some familiar properties of ten are:

.(1) Multiplying by ten moves thedecimal point one place to

the right.

57 "; 10 P 570 3.2 X 10 32 5.834 X 100 583.4

(2) Dividing by ten moves the decimal point one place to the

left.

. 57 T.t 10 5.7 3.2 i 10 32 5.834 = 100 - .05834

(3) 10
n

(for whole number n) is the same as 10. :00
n zeros

10
3

1000 10
7

10 000 000 10
2

100

Scientific Notation makes use of these properties of .
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2.3 7-.2'
.

:To represent a numbevin scientific notation the following form

is used. The number is represented:

Examples:

All cumbers

in standard

simple rule

r-

a number
between

one an4 ten
* X 10n

(In this section n
will be a whole number)

3.2 X 10
2

4.835 X 1061 8.1 X 10
1
5 1.0 X 10

5

ten or larger may be represented in thriform. Now what niiMber

notation do these numbers represent? You cats use the following

to make the cifgge:

6.45 X 10- 6A54

Move the decimal point past n digits
(annexing zeros to do so if necessary)

Examples:

3.2 X 10
2

320

1.0 iC 10
5

100 000

(decimal point moved two places)

8.1 x 10
15

8 100 000 000 000 000

3.8295 X 10
3

3829.5

When you see numbers in scientific notation you will wish to think of

them in this way.

`Now we are left with the question, how do we change numbers to
_m

scientific notation? The procedure is not difficult and involves only

thinking of multiplying and dividing a number by'the same power of ten.

404

To change 93;000,000 to scientific notation, for example,
1

93,000,000
93.000,000

x 10,000,000 9.3 X 10710,000,000

r.

*More ,accurately 1 4 n 4. 10. th

65
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2.3 - 3

Notice bow we divide and multiply by the same number thus not changing

the-value of the number but only the form of the representation.

A rule,for doing this is:

(1) Shift the decimal point n places to the left to'create a new

0 number between one Lnd ten.

(2) Write the new number X 10n.

Examples:

93,060,000 9.3 X 107

shift.] places

384.75 3.8475 X 102

shift 2 places

b

On a calculator scientific notation is displayed for large numbers

beyond the regular display capability of the machine. For example, an

eight digit display liould,not be able to handle-a number over

100,000,000:- for 'example,' 384,000,000 would be displayed as:

to'represent

3.84 08

3.84 A 108

Some computers would display this as 3.84 E08 (E for exponent of ten).

I

Although individual calculators vary, the following keys and pro-

cedures are often used. You will wish to check them against your own

equipment.
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=1,
EE Or

2.3-4

.This key is.used to enter a paWer of ten

Example: To, enter 3%84 X 10
5
, tey

[1] 1-771 DE- FT display: 3.84 05

SCI Numbers are represented in scientific notation rounded

to.n digits.

Example: With the number 38652000 in the display

ISCII
3

would change the display to 3.865 07

Exercise set 20

1-10. Express each of the following in ordinary decimal nottpn.

(1) 8.37 X 106 *41 (2) 5.63 XlAc
3

1
(3) 2:9 $ 104 (4) 2.847X 10 1111m

(5) 6.273 X 102 (6) 3.3338 X 10
3

(7) 3.15 X. 107 (8) 9.5B7 X 102

(9) the earth's mass is 1.32 X 10
25

pounds. aw

(10) the velocity'of light fi 3 X 1010 centimeters peesecond,

-(11) the age of the earth's crust is 5 X 109 years.

12-21. Express each c4 the following in scientific natation.

(12) 69,530 (13) 834,732

(14) 146 (15). 100,000

(16) 147,324 (lp 532.8

(18) 184.35 (19) 2376.4

(20). the approximate distance between our solar system and its nearest

known star, Alpha Centuri, it; 25,000,000;000,000 miles.

ad,



10.
2.3 - 5

(21) A light year is the distance light travels in a year. A light

year is approximately 5,878,000,000,000 miles.

(22) The number of atoms in a gram of hydrogen is approximately

600,000,000,000,000,000,000,000.
44.

23-30 °Simplify each of the following:

-(a) by using your calculator and scientific notation

and (b) prove your reselt by writing the'numbers out'in decimal notation

example
(a) 3.84 X 10

5
+ 2.95VX.103

El E T LE_ IT El

display 3.8695 05

(b) 3.84 X 105 384000

+ 2.95 X 103 + 2950 '

386950 s 3108695 X 105

(23) 6.24 X 105 + 3.21 X 104

(24) 41.44 x 108

(25) (5.6 X 104)(2.12 X 102)

(26) (2.5 X 105)2

(27) (4 X 103) - (2.5 X10
2

)

(28) (5 X 10
6
)

-

(2.5 X 10
2
)

(29)
(7.3 X 10C')(5 X 102)

(1.25 X 104)

(30)
(4 X102)3 (8 X 104) 2

(6.25 X,107)'

71 El FT EE'



.2.4 New Expone

1111

nowye h

natural ere.

2.4 - I

Rational Powers

restricted our use of exponents to the

k

was necessary because ouedefinition re-

lated to counting: /1

a aaea. a5
41,

1 h

We now wish to extend oUr definition to inc9k
1

-5, 1.8, - 3., etc. To do this we must extend

.doing this we wisicto retain the simple'rules

5 factors

e powers like 0,

our definition. In

for exponents of

section 2.1.%Fof that reason we merely-apply those rules to situ-,
Aaons where 10e counting method won't work and add new definitions,

when necessary.

4

EXAMPLES:

1. a
a
b

b
a
b

a-

4
b-b 0
a a a -Extending-thq division rule (2 ) of

seotten21 without iustification.

Thus srems%pA14 es so we make that nek definition:

a
0

1 for all a Ni 0

50

Vlo

1. 2830 7.1 -49.38
o

I

r

.1

<g4



.1

2. Similarly consider

a
5 aaaaa.

a
7 aaaaaaa

, a
5

a
7

2.4-2

Extending the division rule ( 2 ) of
section 2.1 without justification.

Thus we want a
-2 1

To ensure this we again add a
a
2

,

new definition
S.

DEFINITION: a
-b 1

ab

for all a 0 0

Examples: 5
-3 1 1 -2 .1

10 .01

5
3 125 2 100 -

10

2 . -2 2 -2 3 2 9
.01. (1-36 foopo ( -3-

4

Note hat the negative sign in the exponent acgaals RECIPROCAL.

3. F nally S

a 'Applying the power rule (4) of sec-
tion 2.1 without Justification.
r

1,

This yids us to our final definition to allow extension
Ad

of our rules:
-

DEFINITION: for, a 0

/0"

1

_..

I-

4



4

2.4-3

Sinee've have carefully extended our system by applying the

rules of exponents from section 2.1 ALL OF THOSE RULES STILL

APPLY!_

Examples: a
1.6

a'4 ='a2 by rule

. V

a
2

a
7

by rule
a
.5

'1-17

-r

1 1 5

1
a
3

a
2

a
6 1

(since +
2

5
)

3 6

i
a5

In the exercises you will have a chance to apply these extended rules

and to check them against calculator computations.

0e-
Exercises

(1 - 8) Write each.of the follaV wing with a radical sign

1 1

(1) y3 (2) Ix
2

1 x

(3) -5
4

(4) eY

2 1

(5) ab 3 (6) (2a) 6

' (8) 3a
5

(9 - 22) Find the value of each of the following

1 3

(9) 36 2 (10) 16 4

1

-3
(il) 273 (12) (--2)

3
. 1

(13) 3(49)2 (14) 2(3)
-4

4b

.......

au.



1 I
(15) --)2

81

1

X17) (
25

)
2

'36'

1

(19) -87

2

(21) 43

or

(23 - 34), Simplify each

4 1

(23) a
3

a
3

(25) y
3

y
-5

3 1

,

(27) a
4

1, a
2

1 1

(29) d
4

d
2

5

(31) 83 3

IL3/)i(31) (
Ye)

k

1
(16) (2)

-3

P (18) J747
1

(20) (.008)
3

5

(22)

of the following

(24) (z4)-1:

(26)

(28) x
5
y
-3

x
-7

y
-4

3a

(30)
4

(32) 8
3
+ 2

-1
-3

0

2 1

(34) 27
3

- 3
-1

(21)
2

\ 24 - 4

Exercises 9 - 22 can be evaluated by calcUlator computation. The

answers however will be expressed as decimals rather than as rational

expressions.

Example:
1

367 I
1

keystroke sequence for RPN calculatdrs

(ENTER

ENTER

1 1

J

.5 10EIS L f 1

.,

tHSI f



(--keystroke sequence for algebraic calculators

(1 1 cm; ) H
display 0.1667

1 1your answer to #9 was -6- . Recall that .1 ;66-

2.4 - 5,

(35 - 48) Go back and do exercises 9 - 22 by using your calculator,

Verify that your answer' are equivalent.

Often when doing calculations involving exponents on your calculator

it is convenient to represint exponents in decimal rather than rational

form.

Example

3

814 = 81
.75

= 27

2

643 64
.666

0,16

3

64
2

= 641.5 = 512

Furthermore a calculation such as tlr V 5 can be evaluated in

2 ways.

method (a) \35- JS = 1.7100 2.2361 = 3.8236

* 1 1 5

method (b) r6rT 5 = 55 52 = 56 = 3.8236
11-

(49 - 60) Perform each of the following calculations on your calculator

in at least two. w'ays. Fix your calculator to pour decimal places.

-1

(50) 7 4 c 2 4

(52)
(4
7)t



1

(53) 100T FOT (54) 1107 \35723

1

(55) 0794 (56) (0.015625)3 (i)3

1

(57) 3/72. t,573 ('58) trita (9-1
49

3

(59) 07)-I (60) J2- .\trz

(61) Why is 1 your answer to 58?

(62) Why is 2 your answer to 60?

4*-
?4

5

2.4-6



2. Scientific Notation (for Numbers near Zero)

\
%

In this section we extend the methods of Section 2.3 to small ,# v

num4rs. To do this we use the tolls provided in Section 2.4.
...

\ v
i

ixamine the following examples in which small numbers are re-
\

writtert
\

in scientific notation in order to determine the patterns:

mss:

.23 =

.0007 =
10000

23

100

7

.00372 =
100000

10
5

23
= 23 10

-2
= 2.3 X 10 X 10

-2
= 2.3 X 10

-1

10
2

372

7

10
4

*
7 X 10-4

372 *
372 X 10

-5
= 3.72 X 10

2
X 10

-5
= 3.72 X 10

-3

Notice first how we used (at *) the fact that

1 \ -n
= 10-n.

ion

Then focus only on the given number in itl two forms

standard notation scientific notation

e.23 2.3 X 10

.0007 7 X.10
-4

.00372 3.72 X 10
-3

-1

Do you notice how the number of places the decimal point is moved

relates to the power of ten?

.23' = 2.3
L2
shift 1 place



.00372 3.72 X 10

shift 3 places

2.5 -2

Of course this fs tha, same relationship between decimal point

shift and power of ten that we found in Section 2.3. Therefilre

we causay in general

DECIMAL POINT SHIFT POWER OF TEN

The power of ten is negati4e for small numbers (-1 < n < 1, n 0 0)

and positive for large numbers (n >,10 or n .. -10).

This leaves only one power of ten to explore, 100. Clearly,

if the rule applies here h well, this would mean a decimal shift of

zero places.

EXAMPLE

2.78 2.78 X 10°

Since 10 0 1, this is reasonable. Thus numbers in the range

1 A n 4. 10 (and -10 c n -1) are represented with no decimal

point shift and 10°.

Your calculator-ULU carry out ccipplex calculations with numbers

in scientific notation, but you should always be prepared to explain

what is happening. Otherwise you will not be alert to errors. For

example suppose we wish to calculate the reciproCal of

4 )4. 10
5

Pressing the appropriate keys gives

4 2.5 X 10
-6



2.5

'Why? Yom most examine the process carefully

1. 1
as

10
.25 )4 10

-5
= 2.5 X 10 x 10-5

= 2.5 X
4 X 10

5 4

Accuracy

One of the values of scien is notation that we do not explore

in detail here is its direct ion of the accuracy (or inaccuracy)

of the number.expressed. Avo. NUmber,_ for example, is accurately

represented as

6.02 1023

because this is the value to three digit accuracy. The value given-,at

the beginning of section 2.3 is approximate with no indication of bow

large the error is. This will be explIpred briefly in the exercises.

Exercises

1 - 8 Express each of the following numbers in scientific not4tion:

(1) ,.000000412

(3) .137

(5) .02372

(7) .10028

(2) .002578

(4) 1247503

(6) 2.301-

(8) .000000000785 -

r- (9), Acceleration due to gravity is 98p.665 cm/ieCt.

(10) One kilowatt-hour is 864,000 calories.

11 - 20 Express-each of the follwing numbers in 'ftandard notation.
ti

(11) )4 10-4 (12) 2.563 X 10
6

.(13) 5.7_:g 107_ (14) 1.03 X 10.
- 5

(15) 3 X 10
-6

(16) 6.82 X 10-8

b7) 2.69 X 1010 , (18) 4.57 X 10
-2

(19) the mass of an electron at rest is 9.1066 X 10
-28

gm.

(20) the speed of light in a vacuum is 2.99776', 10l cm/sec.



2.5

(21) How is zero represented in scientific notation in yotkcalculator?

(22) Jim else could zero be represented in your calculator?

Numbers used by scientists are generally measurements. The ac-

curacy of any measurement is always limited and hence the number.ex-

pressed should be written with the number of digits that properly

expresses the accuracy of the measurement. These figures and only these

are significant. When computations are madtwith numbers obtained ex-

perimentally, the number of digits retained in the result is determined

by the number of significant figures in the original data.

Examples:

length of a page 22.7 cm (3 significant figukes)

thickness of page = 0.011 cm (2 significant figures)

distance to the sun = 93,000,000 mi. (2 significant figures)

speed of light = 299,780 km/sec (5 significant figures)

If each of these is written in scientific notation there is no doubt as

to the number of significant figures for only the significant figures

are retained

2.27 X 101 cm

<,- 1.1 X. 10-2 cm

9.3 X 1071cm

2.9978 X105 km/sec

Scientific notation implies the precision of the measurement expressed.

The number 2.27 is correct to the nearest hundredth because the last

4 significant digit is in the hundredths place. Thus it is implied that

the length of a page is within (22.65 cm and 22.74 cm. The distance to

the sun is correct to the nearest 1 million. Thus it is implied that

the distance to the sun is between 92,500,000 mi. and 93,400,'000 mi.

Zero can be a significant digit. 2.3 X 10
2

has a different pre-

cisioe than 2.30 t< 10
2
because 2.3 X 10

2
is correct to the nearest

ten and has a range from 225 to 234 while 2.30 X-10
2

is correct to the

nearest unit and has a range from 229.5 to 230.4 Notice that standard

notation cannot make this distinction.



IJ
1

2.5 - 5

23 - 27 For each of the following measurements determines

a) the numberof significant digits of the measurement
AP

b) the precision of the measurement (correct to the nearest )

c) the range of error of the measurement

(23) 1.324 X 104

(25) 6.1 X 10-2

(27) 3.267 X 105

(24) 2.7 X 10-2

1(26) 6.10 X 10-2

Engineering notation is a-modified form o scientific notation.

All numbers are shown with exponents of 10 that are multiples of 3.

a number between
1 and 1000*

Examples:

)< 1 Om (m, a multiple of 3)

44i

r.

standard notation engineering notation scientific notation

5280 5.28 X 10
3

5.28 e 1.03

528 528 X 10 0 5.28 X 10

.0528 52.8 X 10
-3

5.28 X 10-?
,

This for of notation is particularly useful in scientific and engineering

calculations where units of measure are, often specified in multiples of

three. Some auxiliary

refix
**

metric prefixes further streamline

definition piefix

the system.

definition

tera 1 X 10
12

giga 1 X 10
9

milli 1 X 10

mega 1 y 10
6

micro 1 X 10
-6

kilo 1 X 103 nano 1 X, 10-9

pico 1 X 10-12

more accurately 1 < 'f) < 1000.

Two other metric prefixes commonly used are deci (1 X 10
-4

) and cent'
**

(1 )( 10
-2

) but arse do not fit engineering notation.



a

2.5 - 6

Using this system a surveyor who is working with a distance of

1,432,000 meters can express this distance as 1.432 megameters.

Similarly the diameter of a blood cell is 0.0000075 meters or 7.5

micrometers (generally shortened to microns).

28 - 35 Represent each of thetfollowing in engineering notation

and check you, answer on your calculator. Fix your calculator to an

engineering format for 5 decimal places.

(28) ON1234 (29) .04732

(30) .00000001 (31) 1234.56

(32) 1.237 kilometess to meters (33) 8.37 nanoseconds to seconds

(34) 6.32 megatons to tons (35) 2.04 milliliters to liters

1

3o

I



a.

2.6 Solvire_Equations with Exoonents

You may now use the knowledge you have gained'of exponents to

solve Mies of equations different from those you have studied be-
.

foAt.

EXAMPLE
'

Solve x
-2

= 16

Since x
-2

=
1

2 '

x
the equation is the same as

16

1 = 16x
2,

1
x
2

16

1
* 2; x

ii
EXAMPLE Solve -x - 16 = 0: \-,.

at

k,First, transform the equation to the form x
I

==

x714 = 16

Now you may apply two methods

so 16

Taking the square riot of each member

Cubing

x ± 64

S I .

2,6-1



2.6 - 2

(2) Cube each member of 3 :c7 - 16

x
2
m 4996 .

\,

Taking thesquare root of each member

x is *64

Note that method (1), 1.4111110 roots first, keeps numbers small, and

is preferable for that reason.

There is another approach to such examples that we rec&mmend..

Recalls the power rule (3 on page 2.1 - 2):

a b ab
(x ) x

In the examples we sought to convert the forms

x
=2 = 16 and X 16

4
each to the form

x = k (or alternately x
1

To do this we raise each member of the equation to the same power:

( x-
2)

? . 16?
?

1.6*

in each case selecting the power that will lead to x
1

:



vbe.

*16_

1

*111.W 4,

(E14)14.. f 16

2.6 -.3

A

1,6 43
3

t 64*

And4her kind of-equation iou sliould now be able to solve hap the
a-,

variable aq expo'nent: this is called an exponential esuatiana

4

EXAMPLE 8
x+2

.%162

To solve such an equation we seek the same base for each member:

2 is'such a base. Substituting 2
3

for 8, 2
4

for 16:

Y

(2
3
), * (2
x+2 4

)
2x-1

3 x+6 8x-:4

,

*

Now since the bases are the same, the 'exponents must be equal'

sw

EXAMPLE (:5)1Nir 4
t-

d
.

4 (Don't forget that .5 * 1:1
2*

Two is a convenient base;

' 3x ; 6 0 8x - 4

10 5x

2 x

a

*
. Caution'tust-be etercise&i dealing, fractional exponents.%10 ... J1T .4t, iti each cas 'the radical or eX7pone9t indidatinitt:

. principal (posi'ive) root.. In salving an equation, haWever, you do
not wish to lose negative roots. For that reason, when you epply'square
root (or a power with even denominator) you shoUld alwaym affix -1. '8*

t, the. resulsing expression!

. 7 \

Or* 4.
..

et

4
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Exercises:

22

2-x 22

2

-2

2.6 - 4

1 - 10 &Ave and check each of the following:

(1) 7 (2) xlv.2 3

(3h 5y* - 10 (4) 414 6, .

(5) 32 - 25' (6) '16c-4 + 5

(8) (9%4) 73(7) x-1/5

(10) A0-4(9) 54a - 6 8 4 = 5

11 -

(11)

(13)

/J115)
(17)

(19)

-(2i)

(23)

(25)

(27)

(29)

36 Solve and check each of the following:
4

2x = 16

7x 1

252Y = 5

25 6 43t-2

527+327+3 1

5

8x-2'.
64

2
x+2

27x+2 ((1)
2-x

k3

(54x,-3)-2
125-x-8

33-x(42x-1)

(61x)(36) = 216x
-1

(12), 3x - 1= '80

(14)
5x 1

125

(16) 2
x+3

256

(18) 4
24 sa

(20) 73x+I = 49x-7

;(22) 9 = 3
x+1

/
(24) .100--` 10000x-1)

(20'
63)2x-6 6-2)8-x

(28)
8x64x\ 1

/ 27

(30) 3
x+3

+ 3
x+2

- 12

31 - 35, Decide whether each :)f the following

(31) If .x''4 r 254' then.x - 5

('32) - 1
4

then x,' 4

(33)'1If *(1)x - 4 then x -2
2

is true or false:

r

46.



,/

(34) If 2;'= +1 then x 0

(35) If 5x =-25 then x =

Jr.

2.6-5

36 - 39 All of the preceding exercises' e been contrived to

"come aut even", that is, to gi values that a e integers or at

least reasonable fractions. You can use your c4culator to determine

approximate answers to othev'eltert

EXAMPLE Solve 5
x

= 19 to thousandths

Since 5
1

= 5 and 5
2
= 25 we know 1 < x< 2

Using the calotlato4xith the keystroke sequence

ALGEBRAIC

RPN 5

gives the following

7 trial power

ENI4 trial power 12,7]

5x

1.5 11.1803
1.8 18.12
1.9 21.28
1.85 `19:64,

1.83 19:02
1.82 18.71
1.$25 18.86
1.128 18 95
1.829 18.99

19.00153

find ,x t9 the nearest hundredth

(36) 3x - 100

(38) 100'a 500

1.8 <.x < 1.9

1.82 < x < 1.83!

1.829 < x < 1.83\
x = 1.829

(37) 10x 50

4 (39) ,10x 5



2.7- 1

2.7 Using Exponents to Calculate

We wilt introduce this new concept indirectly. Firbt we con-
.

struct a table of powers of 4.

n
-
0, 1 2 3

.

4 5 6 7 8

4
n

1 4 16 64
.

. 256 1Q.2 4096 16384 65536

01.

Now we notice an important short-cut for multtplyielk numbers in the
lower row of the table.

EXAMPLE 64 X 256 = ?

Add the numbers about 64 and 256 (3 + 4) and look below

the sum (7) for the answer A384.

Try this shortcut yourself for othlr products ttke 16 X 4096, 64 X 64,
and 256 * 256.-

r".

Of c e the reason for the short-cut should be caar to you.
You have pegormed the multiplication in the following way:

e

k

1

64 * 256

43 X 44 from the table

by the ru1 for exponents.

16384 from the tab

4,

We can extend the 'table slightly bykusing some other exponent

,rules. For example, 4
1.5

= = 23 8, etc.

al

4



2.7 1- 2

4n n 4n

0 1 ' 5 1024

.5 2 5.5 2048

1 4 6 4096

1.5 8 6.5 8192
#

. 2 16 7 16384

2.5 32 7.5 32768

3 64 8, 65536

3.5 128 8.5 131,072

256 9 262,144'

512 9.5 524,288

.10 1,048,576

With the new table you can per.orm still more multiplicationgiusing

the same short-cut

i.

EXAMPLE 128 .2048

3.5-+ 5.5 = 9 exponents of 4
.-

262144.

Try other products like 32') 1024 and 32768 )( 32.

It would seem that this method.cpuld be extended to other cal-
, .

.. culations if we could represent other powers of four, like 42.7 for

example. In fact exactly this is true. We will Show some examples

of this in the follawin table. You may check our valpes with your

_1_
calculator (using the y1 key).

n 4n
\\

0 1

.1 1.1487

.2 1.3195

.3 1.5157

.4 1.7411

.5 2.%00

.6 2.2974

.7 2.6390

.8 3.0314



4n

.9 3.4822
1.0 4.0000
1.1 4.5948
1.2 5.2780
1.3 6.0629
1.4 *6.9644
1.5 8.0000

2.7-3

Now we can calculate other products approximately) by the same

shortcut:

EXAMPLE 1.7411 is 2.6390

.4 + .7 = 1.1 exponents of 4

4.5948

Check to see; tharibther products may be calculated by the same short-
:

cut, for example' 1.1487 X 2.2974 2.6390 and 1.5157 X 2.6390 = 4.

(Notice how in the last example the, answer is not exact.)

Exercises:

1 - 8 By using your calculator, extend the table on page 2.7 - 2 by

.1"..0.tha tp 3.0. Use the *two tables to calculate

(1) 3.0314 X, 18.3792 1(2) 1.3195 x 32

(3) 9.1896 X 5.278 (4) 6.0629 X 6.0629

(5) 6.9644 X 9.1896 - .(6) 13.9288 X 3.4822

(7) 1.1487 X42.2243 4011
(8) 10 X 21.1121

(

9 - 17 There are problems withciut7r-procedure. For one thing 4+ehaye,

the "nide" numbers in the left hand column (n) and only a few reasonable

numbers (the exact powers of 2) in the right column. We are faced with

the problem: How can we multiply 5 ,X 19- by this means? We will explore

this problem in the following exercises.

sd



9 - 11 We seek .11 in 4n 5

2.7 - 4

(9) Between what two integers is n?

(10) From your tables locate n between values to tenths.

(115 Use your calculator .to find n (by trial and error) to hundredths.

12 We seek n in 4n 19
ee

(12) Locate n between two integers.

(13) LOCate n between tenths from your tables._

(t4) Use your calculator to find n to hundredths.

(15) Enter yeur anewerslfrom exercises 11 and 14 in the following tables,

.e

b

n 4n

5

4 a-

(16) Use the "short-1 cut" to find the product.5 X 19. (You know the

product but check it by adding values of n and then raising 4

to that power with your calculator.)

(17) Why do you think your answer is not exactly 95?

18 - 26 We have used the tables to multiply. They can also be used

to divide.,

Ww.

(18) 4
5

4 4
3

4
x .

What is x?
0

(19) To-divide numbers in the 4 column, numbers in the n column.

Use this ihort-cut and your )abler to calculate:

(20) 18.3792 4 3.0314

.(22) 42.2243 ; 6.0629

(24) 48.5029 .f 6.9644

I

(21) 13.9288 4 3.4822 4 1

(23) 21.1121 i 2.6390

(25) 55.7152 4 4.5948 (

I-

k

`-0



2.7 -5

(26) Use your answer to exercise 15 to calculate 19 4-5 by this

means.

27 - 30 Make a table of powers of 3 by tenths from 0 to 1. Use it

to calculate

(27) 1.3904 Y. 1.5518 (28) 1.257 X 2.1577

(29) 1.11612 X 2.6879 (30) 1.3904 X 1.3904
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2.8 Powers of Ten

In section 1.7 we constructed tables relating powers of 4
(and 3 in the exercises) to-numbers-Undfused those tables to cal-
culate. This method is widely used in science for Any more im-
portant purposes In addition to calculation, but i.natead of the bases
3 or 4 the, following are more of teti used:

e ( 4 2.7+)

2

1.0

While the first two bases are very important, in this section we
will study only base'10. Many of the ideas we develop about this
base will apply to_the_Dther bases as well.

Preliminary Exercises:
a

Copy and complete the following tables using your calculator
when necessary:

1. ion 2. ion' 3. 10n jto 4 decihal digits)

9
0

01
-1

..1-2
-2

.23
-3

.34
-4 .4

.5
ti

.6
A

4. 10 5. 10
n ,7

.8

2.1
.7

1.7

.9

1.0
3.1

2.7'
4.1

3.7
.1

R
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Nowi of course, you can calculate the same kinds of exercises

that you did with the 3's and 4's power tables in section 2.7.

EXAMPLE. Use the table of exercise 3 to calculate

1.5849_-( 3.1623

.2 +, .5 .7

t

5.0119

(exponents of 10)

Here you are applying basic rules of exponents.

1.5849 10
.2

X 3.1623 - 10
.5

10
.7

- 5.0119'

10'
2

10
.5

- 10
.7

Study the following examples carefully.

EXAMPLE: 7.9433 2.5119
:

.9
.4 .5

3.1623

EXAMPLE : (1 . 5349 )3

1
. .2 X 3

*1.
3 . 9811

olll

EXAMPLE: 177315

X 7, .2

1.5%9

10
.9

10'
4

, im 10
.5

(10
.2

)
3

10
.6

(10.8)4 - 10
.2

.
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You will explore some additional properties of powers of ten in

the exercises.

Exercises

(1) Extend the tgAle of preliminary exercise to 2 (by tenths).

(2.10) Use the tables of preliudnary exercia''3 and exercise 1

to calculate the following by short-cut.
/

(2)' 1.2589 Y 3.9811 (3)/ 1.9953 x.7.9433
/.

(4) 10 .11 2.5119'
(51) 6.3096 x 2.5119 = 5,0119

(6) TE57519

(8) (7.9433)

- (10) 3.5811 5.01192
31.6228

c7) (2.5119)5

:(9) O'n31.6228

(11) Compare your table entries for n .l'and n How do

they relate?

(12) Generalize exercise 11.
%

(13) Whit would you expect to be the table entry for n im 2.1? 3.1?
(14) How does the equation 101 10*

1
- 10

1.1
relate to exercise 11.

(15) Write an equation like that of exercise 14 to explain the re-

lationships of exercise 13.

(16) Extend the table of exercises -1 by tenths (n -.1, -2, -1.0).

(17) How do the new entrie3 relate to your other tables?

(18

(24)

or

025) Use your table of exercise

10 X .7943

25.1189 = .1259

16 to calculate

(19)

(21)

(23).

\(25) K 19.9526

-4 ,J7E85

ar(.5012)3

(.2512)
S

31,6228

)19.9526 )( 1.9953
.1585

.1259 X %5012
.3981 - 3

.1259



2.9 Lolarithis

2.9- 1

The exponents you worked with in Section 2:8 are usually called

logarithms or logs` for short. In fact logarithms. with base 10 aii

defined by the equation

[
10

log N
= N

AP.

Thus log N is the power to which ten must be raised to-give N. More

generally

logbN
b -

In this case logbN (read "log to the base b of W') is the exponent to

which b is raised to give N.

EICAIIPLES:

log28
2 8 and 1og28 3 (Be sure to see why!)

logel
e 1 'and logel = 0 I

PIMA the base is pot noted it is understood to be 10:

Examples: log 100 = 2 .

log .1 - -1

(since 10
2
= 100)

(since lei .1)

I -
Another interpreitation of logs is often useful. The following

two equations are equivalent:

The notation in N is used for the 'natural log of N: In N log'N where

e - 2.7 : e is an important constant 9-) in advance mathematics.



2.9-2
5

EXPONENTIAL tom LOGARITHMIC FORM"

b
I

p
44=;*

logbp

This translation between exponential form and logarithmic form is

best remembered by a few-key examples

Examples:

10
2
= 100 4=4 log

10
100 = 2 or log 100 = 2

2
3
= 8 4604 log0= 3

Two hints for remembering this relationship

1. Note how the base is the,same

2
3=8

base

2. The log equation says, "the log... is ...." Remember that a

log is an exponent so the number follbwing "is" will be the ,ex-

t

I

loge = 3_ (Recall log to the base 2 of 8 is 3.) '

ponent

exponent or log

2
3
= 8 log28'= 3

I)

Exercises:

,./ ' -..,

(1 - 6) Using the defining equation = 10.1°g14, express each of the

following as a pdwerdf 10. /

Example: .5 = 101°g 5

(1) 12

(4) 2846

.07

1

2

9J

(3) -13

/ (6) Ir
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- 15) Give x as a logarithm in each exercise

Example 5x = 37, x = 1og537

(7) 3x = 27 (8) = 162 . (9) 487x = 1
ai .

(10) 32x a 2... :(11) (10xf= 1000 (12), 10x = .1

(13) I0x = 2 -(1t)!' i0x 387 .(15) 10X ='10

(16) In exercises 7 r 15. give the value of x wheii you know it.

Example: 5x = 25 x = 1bg525 = 2

(17 - 28) Write equivalAt lsg equationt for the following exponential'

equations.

Example: 52 = 25

(17) 10
3
= 1000

2
(20) 3 = 9

(23) 10
.4771

. =

(26) 10
2
= .01

1og
5
25 v. 2

(18) 10 = .1 9) 2
5
= 32 .

(21) 3.7
2.5

= 26.33 (22) 10°
3010

ow

(24) i0.778140, 6 (25) 10'4771 13.
(27) '10

5
vo 100,000 (28) e

2
74, (log

e
=1 n)

//-
"""-- .

e
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2.10 Calculating with Logarithms

Three basic theorems are basic to-calculation with logarithms.

I. log (xy) log x + log y-

x
Ir. log (Y ) log x - log y

III - log xP - p log x

Proofs of these import-ant theorems are all based on te defi-

ni.tion of logs

Proof of I:

4

10
log N

N.

xy 101°3 xY, x 101°3 x 10log y

(10
log x

)(10
log y

) 10 1og
x +Jog y

by Exp Law (1) p. 2.1 2.

ts.

Sinie the underscored terms are each equal to xy:

10 1og
xy 101°3 x + log y

Since the b see a e the same the exponents are also equal;

log xy log x + log y

Proof of II/: la
log x?

(,

I

xP
(iblog x)p lop log x

by Exp Law (3),,p. 2.1 -'2.

Since the. underscored terms are each equal to xP:

10
log xPs

lop"
log x

9 0

AIL
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' Since the bases are equal the exponents are also equal:

log 4 p log x.

Example:

log(3 5)= log 3 + log 5

34.7
log = lOg 34.7 - log 23.4

log (2.7)
7

= 7 log 2.7

To calculate with logs the following steps are followed:

Find the fogs of the numbers

Calculate by the appropriates log techniques*(using Theorems I - III)

gestore the numerical answer by 10x

Example: 'Calculate 38.47 )( 56.14

log (38.47 X 56.14) = log 38.47 + log 56.14 i(by I)

= i.5851+ 1.7493. (by calculator)

= 3.3344 (by calculator)

103'3344 2159.7 (by calculator)

Example: Calculate (34.3) 347

log (34.3)
.347

-..347 log 34.3

= .347 (1.5353) .5327

.5327
10 = 3.4099

(by III!)

(by calculator)

(by calculator)
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Exercises:

2.10 - 3

1. Use the method of proof of Theorem I to prove Theorem II.

2 .12. Calculate by using logs. Use your calculator only to process

(i)

(4)

(6)

(8)

(10)

(12)

the logarithiss and to calculate

74.1 )( 1.64

(82.7)
1.4

38.5 )0C-62.4

10x.

(3)

(5)

(7)

(9)

(11)

.163. 2.18

10717 (.note:

143.1

Use 34 73
)

71.8

23.7 )( 41.3
2

61.2 ; (43.6)
1.3

r 11-

71.2 )4 84.7

5
./ 64.5. X 81.2

45'
6

X 34'
02.

I.



2.11 ,Logarithmic Equations

In Section 2.10 we developed the basic properties of logarithms

which may be summarized as follows:

Multiplication

Division

Powers

Roots

Loxarithma

Addition

Subtraction

Multiplication

Division

These propeNfts may be used in translating algebraic equations into

Logarithmic equations.

b2
Example. Express A - "'"' as a log equation.

ti

log a 2 log b - log c

Calculate by logs:

Solutiolysteps:

1. Form an equation

42.5 X 373'

23
4

42.5.)( 373
x 4

23

2. Use log properties to wTite'a logarithmic equation

log x log 4i.5 - 3 log 37 - 4 log 23

3. Determine the logs and simplify

114; x 1.6284 + 3(1.5682) - 4(1.3617) es .8861
. 4

4. Rettrn from logs to alge) ra by using le (Recall

10
log x

x)* x A 7.69 (10
.8861

- 7.69)

Morale:. If log'x =4,-..express log 600) in.terms of a

log F
100

log x - log 1 0 0 - a . - 2 .

a

x

The process of rep:ming from logs is often called antilog. *Thus aiftilo
is.theaame as 10 and' in this `case antilog. .8861 7.69.
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Exercises:"

L Write logarithmic equatio9, for each of the following:

(1)

(3)

(5)

35 23'
(2)

(4)

(67

x m 420r

413 )4 2316

x m
267

,

6720
x m

7.6 x.

a - b2c

14 4
17

a m

; .

7 =,14 For the following exercises let log x a, log y - b, log z m

Ex rese answers in terms of a, b and c.

t4 ) log xy (8) log

9) log x
2

(10) log 1

k11) log (1000z) (127 log (.01y)

i(13) log,x (14) log 035--
1.

15 e. 22 Translate the given log equation into an algebraic equation.

Simplify when possible.

(15) log x - log 3 - log 5

(17) log x m2 log 5

(19) log x - 1log 36

(21) log x - log 100 -

(16) log x - log 3 + log 5

(18) log x m 2 + log 5 (See Ex. 11)'.

(20)' log x 2 log y+ 3 log z

(22) lng,100 - log x - log 5

(23) If log x - a, find antilog 2a. (See footnote on page 2.11 - 1)

(24) If log x - a, find antilog-0 + 2).

(25) If log x m a and log y = b, find antilog (2a - 3b).

26 - 30 Solve for x:

.(26) 3x 'm 30

Solution: Write the log equation x log 3 m log'30

Solve for x
log

log

3

30.

(Note that this.is dillision, not subtraction)

Use your calculator to find x

lt 1

x a 1.g7Fil
m 3.0160

4
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(2'7 ) 2x as 10
%.

1

-
*

(25) 4x 21

A

*

N

4

S

.

r

al,

(28) 5x le .5

(30) y.le - 5.12

III

1

If

)

e I

I

- .....

a
41

4.

d

4

N
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2.12 draphs of Exponential and Logarithmic Functions'

In the exercises for this section you will be asked to-con-

struct graphs for various exponential and logarithmic functions.

This is easily accomplished by makingla table 4f values (by using

your calculator) and. plotting the resulting points.

Here we suggest how you culd'sketch the graph of two related

fUnctions without use of the calculator:

Example,: Sketch the grapk of y = 2x, for values of x in' the

range -3 < x < 3.
A

x 2x

3

2

0

-1

-2

-3

8-
4

2

1

2

1

4.

1

8

10
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Example: Sketch the graph of y - log2x for values Of x

in the range
8

< x < 8

Solution: Recall that the equation y = log,x IS equivalent'

to 2Y = x.

.Thus we can construct our table of values

x

2r
log

2
x

y

1
-3

8

4 1_
1 -12

1 0

2 1

4 2

8 3

44
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Exercises:

1 1. 5 Use your calculator to locate additional4aints for the graph

y = 2
x

. Check to see that they would lie on the graph on page

2.12 - 1.

(1) (.5, 245) (Solution 2.5 = It the point (.5; 1.4+) on the graph?)

-

(2) (1.5, 21-5) (3) x = 2.5

(4) x = -.5 (5) x

`6 - 10 Logate additional points for the. graph y = log2x. Check to

see that they would lie on the graph on page 2.12 - 2.

(6) (3, 1og23)f' (Solution 1og23 * y translates to 2Y =-3. You may

find that by direct trial with your calculator Dr by the method of

exercises 26 - 30 on p. 2.11 - 3.)

(7) (5, log5),

(9) x= 7

(8) (6, 1og26)

(10) x = .74 .

.

11 - 15 Set up axes on a sheet of graph paper with range.-2 < y <,10

and domain -2 < x < 10

(11) Draw the graph of ,y = 10
x

for x-values in the domain -2 1._t 2 ,

Plot
t

at least ten values (determined by calculator) on your graph.

(12) Draw the graph of y log x 2 that lame graph sheet. Plot at,

least ten values (determined by calculator),, on your graph.

(13) Draw the-graph of y = x on the same graph sheet.

(14) Crease your graph along, the line y = 2. Whatdo you notice about

the other two graphsl?

(15) Explain why this relation holds.

(16) Sketch the graph y = 3x for x-values in the domain -2 < x < 2,

(17) Sketch the graph y = log3x for x values in the domain 9 < x <9.

1

1 ,"



2. 13 Chapter 2 - TEST

(1 - 10) Answer each of the following questions.

1) Find n when log n = 1 + log 2..

2) If 3c = 9Y, express x in terms of y.

3) If logb 81 = 4/3 find b.

4) Find the smallest integral value of x sue 16 x > 10.
15

5)

6)

If loga2 = b and loga 3 = c, express log 54 in terms of b and c.

If y = log 5, find the value of i 2y

7) Solve for y: 32y-1-3
1

3'
8) Solve for x: x-5/2 = 32..

9) What is the domain of y = log x?

10) Rewrite .0003472 in scientific notation.

(11 - 20) Matcheach,question

30(31 !. 3-4)11)'
+ 1

A) 27
12) (2... 7)(10-1),

with the letter that best answers the question.

B) 27
13) xx-1-. =8; x=

C) 2.7.
14) [(.3)

-6
..1

-1/2

D) .27-2/3
15)- x = 9; x =

E) .027
16) 27(57; 3 -1 J-3-7

17) 3
trfr3/2 F)

18) (-27)

19) (0.027)(106,),
27

?.0) 1/2 270
-3

27

-2/3 G) None of th, above

0
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4 I

21 .Find the exact'value of (345621)2,
., . , . .

(22 - 23) Choose one of the following two questions.
........ .

V....22 a,) Graph'the function f(x) = 2.3x for.values of x between -3 and ,

3 inclusive. Label the graph with its equation.

b) In the same set of axis used in part (a). graph the function g(x) = log233?

for values of x . between 0 and 3. 'Label, the graph with its equation.

k) Using your gr4h approximate the value of log23 e.

1x23 a) 'Graph the function f(x) = for values of x between -3 an3

inclusive. Label the graplirwith its equatioii.

1b) On the game set of axis used in part (a) graph t'ne function .y(x) =
2

for values of Cdr between -3 and 3 inclusive. talel the graph with its

I'equation.
-1 x

c) Write a function that is the inverse of the function f(x) = 2
;

.40
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,. Chapter 3 TRIGONOMSTBT OF THE RIOT TRiANGLE

To this'iectiRtyou will review your understanding the trigonometTy

of the right, triangle and extend your knowledge to six trignomstric func-

tions.

3.1 The Sim Trignametrit Fractions For Acute Angles.

When you studied similir trianglei you leaned that there are special

relationships between the ueasures-of the acute angles of A right triangle

and the lengthe of the sides of 01181sta:ogle. These ratios of the sideoi of

a right triangle can be summarised as follows:

sin (sin) A mo
length of opposite leg BC.
length of hypotenuse XS

O length of adjacent lee ACcosine (cos) L A
length of hypotenuse AN

a leusth of opposite les IC

length of adjacent leg AC
Tangent (tan) t. A

where A ABC has aright angle at'vertax C as illustrated

diss4Z.
in the

1
F.

Thus sin

cos:.. A

'BC
*

AB
AC
AB

BC
tan- A

AC

AC
sin I

- -AB

cos t is
. BC

s AB
ACta t L
BC

Notice that the values of each function.ari differebt for each acute angle

o/ the right triangle. Mir is because the functions are defised by the

relative, phrases opposite le and adjacent leg. Many students remember
's the definitions of these functions by/the mnemonic:

*
We will use the notation BC to- represent the length of the line segment
from I to C,(M). Similarly mi4 A represents the measure of the angle
whose vertex is at point A.

1 3

f.



w.

Nsin 4

3.1` 2

ti them ratio* sin, cos and are Wrested then we can dafine
tiaro nor ratios that are called (cse), sweat (sac) sad
Cotangent (cot) reapectiwly.

thus
clic A

BC sin oppoiite leg

e,13 humorsec cea A adjacent leg

01sestriasa
opposite leg ,

cot AC 1sr
AB t7;11-1

41O

K

r.

.

In _this frsectionlio are dealing only with acute and *bight angles.
We will study other rii of angles in future Bestial's. Fill is the
followtes- chart. by using the

; , Sad - kw* on your
calculator. 'Piz your calculator to 4 desisal places.. You will be2iisked
to:recce:4o special properties of those functions in the csarcisos at
the sad of this section.

4 sin

0°0
1

15°
39°
45°
60

o

75a

o-
90

.7071 .

\

4 cos

0000
1

150
300450
60o

750
89a
90-

.9659

Aia
1p

150

30°450

600750

090o90

I

57.2900

1 0
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'lour calculator probably does not have special keys to determine_

`-.. rim 444444Si (plc), secant (sec) iscrpotaegeni (cot)! These values Stan
.

be determined by using the fact that , 111*
..

V

-I cac and elm

sec sod cos

cot amd tau.

I

are reciprocals.

'To find *se 1° you should find sin 1
o

and then key

57.2987 !csc 1°.- Complete the following tables:

4 cs. 4

-30°

450

75
o

Imo

;pm-

%

57.2987

1.0002

I

4
ocs
1

3

sec 4

15° ,

"o450

60:
750
89

9o°

1.1547.

error

Exercise set 3.1

1 -)1( 7iange 112 has a right angle at Z.

X
4In ter of 1Y,

1) sin 4X

aed ZZ find:

2)

3) ,cot 4 Y 4)

5) sec 4 4 % . . 6)

7) sin * Y 8)

Note cot alt abbreviation

4

0°
lo

-, thus

Cott

15o

30°
450

60°750.

89°
90o

cos 4 Y

tan 4 X

cat 4 X

sec 4 T

0.2679

r



3.1

9 12 In each of the following 4- is an atms angle of right

triangle ABC having right eagle at C. Find the values of each of
the other five fonctious and sketch e fliegram of each triangle indica-

/
tine the length of each side.

4
Example: sin A -, -

So

Co.

tan

4

cot 4
sec

csc -r

A

A

A

A

A

9) coo 4 A A.

11) sin4 A

13 17

and u 4 D

t

3

5
4
3
3
4
5
3

4

17

2

by the Pythagorean Relation

(AC)
2

+ (KC)2 (AB)2

(AC)
2

+ 42 52

(AC)
2 + 16 -25

(AC)
2

9

AC 3

A Ale and /_\_, DWI

ol .

10) tan 4 - 2.4

12) cot 4 -

are both right triangles. 4 . 44

13) Why isi_\ ADC similar to AMP?

Iii
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14) Find sin 4 B and sin 4 E. Why are these the or dif-

ferent?

15) 11 AC 10.00, BC - 9.66 and DF 3.00, find EF.
410016) Using year results in (15) find AB and DE.

17) Find Wand DE by using a method different from the method ?XIV

used in (16).

Look hack at the tables that you filled in earlier in this section.

We would like to make some observations.

Example: From your tables you should notice that the same 'values appear
for the sin and cot.

BC
ein 4 A al cos

AB

ACsin 4 B
AB

cos

4

A4

Thus sin x
o

cot790 - z)
o

. FOr example, sin 1° am cos 89° and

sin 45
o

cos 45
o

,QUISI

18 - 19 Answer vie of elollowing questions and ;verify your responses
by a method similes to the used in the ample above.

O
' A nO1$) Why is 06^....... 30 = SSC wy s

,19) Why is is 15° . cot 75 °? .____,/

20) Find each of..the following:
,,t,

sin 0°

cos 0°

4)
'in 1°,

cos .1°

Nt

tin 15°

cos 15°

iin 30°
.

co. 301
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Mow cooper* your movers with the entries in your tables. Mike a \_

75°
guess *bout

cos 750

What is)tbe relation bedrolls' sin 4 A, cos 4 and tan A ?

Why is this erne? (Mint: use a triangle such as

C

21) What do you guess is true about 00C, sec and cot? Support your

conjecture by using a method similar to that in exercise 20.

Tom know that the'hypotanuse is always the longest'side of a right

triangle. Therefore the sin and cos of any acute anA, mast be less

than one because in each of these ratios the numerator is 'smeller than

the desosinator.

Example: BCsin 4 A
AB

3c
1 because SC 4 AB.Al

22 - 27 Using arguments similar to the preceding example, explain
each of the following:

44% 0
Ad./ Tho toescent of any acuTs angle is Away. greater than 1.

23) The secant of any acute angle is-always greater than 1.

29 The tangent of an acute angle is griater than-1,

25) The value of the sine of an acute angle increases as the measure

of the angle increases.

26) The value of the cosine of an acute angle decreases as the measure

of the Engle increases.

27) The veins of the tangent of an acute angle increases faster than

die sine of an acute angle.

A
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28 - 29 You heVe probably noticed that several entries,in your

table are rather anosual. csc 0" - error message

Cot 0
o

- error message

tan 90° w error message

sec 90" error message

28) Make a conjecture about why you get these error messages an your

calculator.

29) Make a conjecture about why sin Oc w 0 and cos 0° am 1.

30 - 35 Decide whether each of-the following is true or false.*

30) If 4 A As an acute angle than sin 4 A cos 4 A > 1.

31) The cosine of an acute angle is always greater than the sine of

the iame angle.

32)) If 4 A and 4 B are acute angles in a right triangle then

sin X A - coot B el O. __fr _-_-

33) If 4Aandf4B are acute angles andm4A<m4 B then

ten 4 A L tan 4 B.

14 If sin 4 A w cos 4 A and 4 A is acute than a 4. k a 45°.
4.-

35) If 4 A and 4 B are acute angles in a right triangle then

sin 4 A cos 4 3 w 1.

You may wish to test specific values with your calculator but if you
answer "true" you must assure yourself that the statement is mg, over
the entire range of values.

114
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ti
3.2 Variations of the Trigonometric functions:

As am angle changes size, the value! of any of the six trigno-

metric functions also change.

The figure below contains thrma'ritht triangles. AC is a leg

of each of these triangles.

DAC < micEAC4a4 Bac .

tan 4 Dh.c

tan 4 EAC 5.
AC

tai l 4

BC
BAC

1 AC
A

and DC < EC < BC so tan 4 DAC < tan 4 EAC tan 4 BAC. So yon probably

recognised from that tables that you completed in section 3.1 that as an

acute angle increases its tangent increases also. When the measure of an

angle is very close to zero the length of the side opposite that angle it

also very small so its tangent is very close to zero. If a triangle could

have an angle whose measure vas zero the side opposite would be sere so its

tangent would be zero. When the angle has a measure of 45° as 4 EAC then

the triangle is isosceles and EC AC so tan 45 1
AC m'

If the angle at-A had a MOSSUTO C{.0114 to 98 then the side opposie

Acumuld be very long while AC would remain constant. Renee the tangent

of such an angle would be verytarge.. Complete the following equations by

using your cliculator(met to 2 dicinal places.)

0
tan SO

tan 85°

tan
890

tan 89.5°

tan 89.75°

tan 89.95°

tan 89.99° 4

tan 89.999°

tan 90°

'A

1h



3.2-2

4,
Your calculator probably gives you an error message for tan 90 0. We will

discuss why this to true 411fmtn"4-. ".! deal

are not acute.

-0 a A 11 maV and ale ere itiCedisi4 positionsIn the fivra Au
positions-

argalso uums.

of the hypotenuse as an angle changes in size. Each. of these has the.-

.sane length as they are radii of the same circle whose center is at A.

sin 4 BAc

sin 4 DAR

sin .4 FAG

sin 4 RAI

BC

AB
DE
AD
PG
AF
SI
AH

and AB AD Aii`r AR pod

BC < DE < PG < HI
)

So sin 4'BAC 4 sin DAE < sin 4 FAG C sin 4 RAI.

When the measure of the angle is very near zero the length of the oppOsite-

side is very near zero. When the measure of the angle is very near 9(9 the

length of the opposite sid4 is very near the length of the hypotenuse so

the value of the sine ratio is very nearly one.

Exercise set 3.2

4

Use the diagram above to answer each of the following ques--

tiohs. )

1) cos 4 BAC 2) cos 4 DAE -

3) cos 4 FAG 4) cos 4 HAI

5) What inequality can you write among AI, AG, AE and AC? AI AG AE AC.

6) If the measure of an angle is near zero its cosine must be near

Why?

7) 1f the measure of an angle is near 90its cosine must be near

Why?

Why does the cosine of an acute angle decrease as the measure of the

angle increases?

1 I )
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Complete each of the following inequalities using < or >
Use your calculators; if rye' wials.1

1 , 3 2 4
9; 2 -- 4 and 7

1 3

3'

3

2 7 A
ii) y

an 3 I
13) If 1Ig < ig- theta

y b z a
b

10) "'2_5 and

12) .256 .56- and
.256

, when z, y, a and b are positive. Why?

You know about the reciprocal relationships between pairs of trigo-

nometric functions. Complete thil'following:

1

csc z
1

sec z
1

cot

0

14)

15)

16)

17)

18)

19)

Complete each of the following inequalities using < or > .

sin 10 .< sin 70 so csc 10 csc 70.

sec 50 < sec 85 so cos 50 cos 85.

tan 10 < tan 30 so cot 10 cot 30..

.583

Couplets each of the following using the words increases or decreases.

20) As the measnrelof an acute angle. increases, the value of its cotangent

21) As the measure of an scut, angle decreases, the value of its secant ,

22) As the measure of an acute angle increases the value of its cosine

23) As the measure of an acute angle decreases, the value of its sine

24) As tlie measure of an acute angle decreases, eh.- valtie of its tangent

25) As the measure of an acute angle increases, the value .of its

cosecant



AJo4

26) Complete the following table:

function

%
value near 0

o
behavior 0

o
to 90

o
value
near 90

o

sine near 0

'cosine near 0

tangent inc AS

cosecant decreases near 1

Secast
,

very large

cotangent very larie

(27 - 30) Fill each of the following blanks with either 0 or 1.

27) The sine of as acute angle is always greater than and

less than

23) The cosine of an acute aggie is always greater than

and less than

29) The tangent and cotangent of an acute angle is always eater

than

30) The secant and cosecant of an acute angle is always gteater than

4
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3.3 tpeeial Right Triangles

Is as isoscele0 right triangle the legs are coagrneat. In
A

ABC, rC - BC.

So o 4 A 45 and

a4 B 45.

let AC BC X. By the

Pythagorean relation,

(AC)2 + (BC)2 (AB)
2

z
2

+ lc
2

(AB)
2

(substitution)

2x (AB)
2

(addition)
V231,

AB taking the square \

root of each side)
/-)

di-x L. AB (sinplificatioa)
of radicals

R. the lengths of the sides of en isosceles triangle* can be tepee-

fenced as
t

1 z -L.. ri-and sin 45 a
xer UT 2

x- IT
cos 45 -3-- ' I

xff 111 2

X tan 45
X

1
X

.cot 45 -
x

1I

z
sec 45 'L iff-a=

cat 45

*
!oats that tr. r..177 120:44:144 right "-U4AAW*41411 ciAlgrualat arid

the length of the hypotenuse is the length of a leg, times J.

IL,
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3.3 = 2

Find each of the following, using your calculator. Remember the re-

ciprocal relationships.

sin 45 cot 45

cos 0 sec 45

I. tan 45 cse 45

lotto. tWXt your answers on your calculator. are represented as decimals

and not as radicals. The calculator values that you have found are,

rational approximations of irrational numbers. It is ilossible to rep-
,

resent an irrational number such as a radical (IT or
2
-) by a termina-

ting or repeating decimal. Most of the rrignoletrit values are

irrational numbers so the best vs can do is get an approximation. TIbis

is not a serious defect because generally our computations are accurate

enough. Furthermore, calculators do some nice rounding for O.

Example:

9 sec 45
cse 45

9(12E)
9 (algebraically)

Ti"

9 sec 45 up 12,7279--
csc 45 1.41421

9.0000(calculator)

even though the intermediate calculator step,

12 /279
1.4142,,

4 9. (Why?)

Remember that a 30-60-90 triangle is obtained when an altitude

(angle biseetor, median) is put in an equilateral triangle.
12)

;

In equilateral triangle ABC

let AD X, then AB 2X and

again by the Pythagorean relation

klso, calculators generally work with more digits than they display.



3.3 - 3

(11)
2
+ (BD)2 (AB)

2

x
2
+ (BD)2 (21)

2
_(substitution) n)

x
2
+ (BD)

2
4:

2
(removing parenthesis)

(BD)' 3x (subtraction)

BD 13: taking the squat:*
root of both sides

BD x di- (simplifying radicals)

Hence the lengths of the sides of imx 30-oo490 triangle can be rep-,

resented as

(:0

x

x
and sis 30°

.
. 1

2z 2
sin 60° x 5- ws 7J-

2x 2

a*,
60

ag: 30° ... L . r3-
°2x 2

cos .
2z

. I
2. .

I
z A:. ITtan 30° . -I- . -4.... tan 60°

z vT uT x
. *

......o ..LIE - tri
cot 60°

x 1 4 trireot 30 -z
x di di 3

x

72

2 2 ja. 2:
2,see 30° sec 60°.7 z
sr

csc 30° 31 2. ! csc 60° 211
2 r2 VT

so .
x tri N 3

*
Notice the is any 30-60-90 triangle the length of the hypotenuse is twice
the less of the short lig (opposite the 30 angle) and the length of the
Lang leg ( site the 60 angle) is the length of the short log ammo-T.
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Complete the follovi using calculator:

3.3 4

sin cos tam

,30\

60-

Cot CSC

Compare these results to the values that we found above. Verify that the

values are the good approximations.

Example:

tan 30° A .5774
1.3321 .

m
3

.5774
' 3

Remesibars we are again dealing with rational approximations of irrational

numbers.

You ehould know the values of the functions for these particular
*

angles because they occur frequently. Do not try to memorize tables. If

you do you vill probably either get,them mixed up or drive yourself crazy. .

An easier (and more aana) way to reproduce these values is to draw triangles.

Exereises 3.3

for each of the following:

(A) Attermins your answer algebraically (don't use the charts in this section)

Amtft"."" 'Our answer,

(C) verify that (1) is a good approximation for (A)

It is also important and conveniest to know a ff
'-1 1.7321, .8660

a a 1.4142 and .1 .7071.

1 2._
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bawls;

cos 45o + tan 45o

IL+ 2 //2 + 2
.(A) + 1

22 2 /

(1) .7071 + 1.000 1.7071

.(e)
2.+ di 3 4142A'" 1.7071al

2

(1) sin 30 + cos 45 (2) is 30 cos 60 + cos 30 sin 60

(3) 1 + tin 45 (4) cet-30 + 3 csc 30

(5) cost 30 + sin
2

30** (6) !2 dos 45\- 3 cot 60

(7) sec 45 - 2 cos 60 (8) lksec 30 + Cic

Find all the' sides and angles of each of the following figures.

(9) (10) 'Ks \

(13)

C

2_

(12)

*
sin 30 cos 60 seams (sin 30) times (cos 60)

**Recall that cos
2
30 means (cos 30)

2
or (cos 30) times (cos 30)

4

,-0



43.4
Measuring Angles

.1
3.4 1

We have been expressing the measures of angles as degrees in

decimals. Appropriately, these amts of measure are called decibel
44,

degrusas This has been compatible with the way most calcUlators

deal with the masers of aisles. Very often the measure of an eagle

is written in other units that are expressed as degrees minutes -

seconds.

60 minutes so 1 degree (60' 1°)

60 seconds's, 1 minute (60" 1')

I

Thus, 35.5° 35° 30' and 47.26° 47° 15' 36" . You probably can

easily verify the first equation above because -.5 of a degree is

clearly 30 minutes. The second equation requires more careful analysis.

Example 1: Convert 47.26° to degrees - minutes- seconds.

1° 60' 3600".

.26° .26(3600) 936"

936" 151 36" 936 divided by 60 has

a quotient of 15 and a

remainder of 36

47.26°245° 15/ 36" .

Example 2: Convert 53° 141 28" to decimal degrees

14' 14(60) 840"

14/'28" 840 t 28 8681/

2N2f '68 ",

1°

3600 x 868

x .2411

Thus 53° 14 / 28" 53.2411 °

124

I
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If you find the preceding exeillles particularly tedious* then

you will be especially happy to learn that most scientific calculators

have special keys that make these conversions in two keystrokes. We

will now consider these examples again by using specific calculators.

ale 3: Convert 47.26° to degrees, minutes and seconds

HP 33.

(display) 47 26

rfT- I -+H.NSI

(display) 47.1536

Example 4:

(display)

(display)

INV

TI 57

47.26

[ 2nd I

(display)

D. MS

47.1536 (display)

which means 47° 15/ 36//
k,

Convert 53° 14/ 28u to decimal degrees

HP 33

53.1428

-6H

53.2411

TI 57

53.1428 (display)

2nd D.MS

53.24111111

which Means 53.2411°

A careful look at the similarities and differences of these examples

CM help us understand how these calculators work and also some of the

mathematics involved. The HP-33 keys HIE and I -4 HI are both on

the 6 key. The TI-58 uses the additional keystroke LINVI in ex,

ample 1. Notice that:

__ converting frou decimal degrees to degrees, minutes

and seconds

*
Make sure that you understand the mathematics used in each of these
examples.' They are tedious but the ideas are not particularly difficult.
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3.4 - 3

-- converting from degrees, minutes and seconds to

decimal degrees

are inverse operations, so the logic exhibited by yonicalculator

is reisoaeble,

On both of these ca lators (and indeed on most scientific cal -

culators),the decimal de format is DDD.dd where DDD represents the

integer portion of t1 angle and .dd denotes the fractional portion

written as a decimal. The degree-minute-second format uses DDD.MMSSioss

where again DDD represents Vole degrees, MM represents minutes, SS rep -

resent and see represents fractional seconds. Cbserve that,in

either case the decimal point separates the degrees from the minutes and

seconds.

If you have not already guessed R.MS represents hours-minutes-seconds.

This is the save kind of measire as degrees-minutes -siconds, so you can use

these converilons to change ordinary time (in hours-minutes-seconds) to

decimal hours.

Examle 5: 3 hours 15 minutes 3.25 hours

3.75 hours, 3 hours 45 minutes.

Angles can be measured in units other than degrees
*

. Recall the

1
0 1

360
of a revolution

4
Another unit for measuring eagles often used by engineers and scientists

'is called a grad.

1
1 grad

**
400 of a revolution

thus a right angle 100 grads

'Still another unit called a radian will be discussed later.

Theee is no special symbol that represents grads.

12t;

c-
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Most scientific calculators do ant convert degrees to grads or grads to

degrees by using a special key. We can develop a conversion by using

proportion.

AMISS . 9 . A
grads 400 10

i

Example 6:

sad

grads 400 12 1

degrees 360 9 .9

To convert from degrees to grads

divide by .9

To convert from grads to degrees

multiply by ,9

90° 90 (r .9) 100 grads

150 grads 150 (X .9) . 135b

I

Calculators "wake-up" to a decimal degree format. To change to a

grad format press:

a-

g

0-33 TI 57

I 2nd I

To change back to a degree format press:

is'

4

Grad

Tr 57

Deg



btaaple 7!

Find (a) cos 75 grads then (b) find cos 67.5 0

IlP 33 TI 57

ON

(display) 75

calculators "wake-up" ON

75 (display)

GRDI

(display) 75.0000

(display)

COB

.3827

anseters

(display) 67.5

to (a)

P-81 DEGI

(display) 67.5000
gowl,

11 COS

/ (displdr) .3827

answeriato (b).

12ndi

75

i2ndl

.3826834324

Grad

CO

(display)

3.4

0
(display)

67.5 (display)

LI
67.5

1212d1

Deg

COO

(display)

.3826834324 (display)

s

The angular mode (degrees or grad's) has abiolutely no effect on

calculations of this type. Selecting the angular node is easy to do

and lay EJ2 forget so bei careful and keep track of the node being uAd.
ti

Another way that glee can be measured is indirectly:

Kaanple 8:

In right, triangle ABC, AB 5, 11C 4 and AC mil 3..

Find n 4 A and ia,4

4
tan 4 A

*

3

C.
1

.3 A

The Sind and coffile Patios can also be used. 'sin 4 A
4

.2 and
3

cos
.

5
4 A .6

12

1
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,tan 4 A 0 1.33

m 4 A 0,33.13°

WACO 4 A and 4, 11 are complementary . 10 (90 - 53.13 °), -

36.87° *.

Notice that we are now using the trignometric ratios in &gaff-

ferent way than vs used them before. Previously we knit the measure

of an angle and wanted to find the value of a titular 'function! Nov

vs know the value of s particular function and are interested in knowing

the measure of sun acute angle. Again we are dealing with the mathematical

concept of inverses. Several different kinds of notation represent this
se -

same idea. The inverses of the trignometric functions are represented

by the chart below.

function Lover,. using are
inverse using

negative =pewit
'Fusin z

y .3 cos x

'y a tan z

y cot x

y 0. sec z

y a cat x

x art sin y

x a arc COO y

x III WC tan y

, x D arf cot y

x a Ott sec y

x ill OTC COC y

z 10 sin
-1
y

x le cos
-1
y

-1
z 0 tan y

x a cot
-1
y

z 0 sec
-1
y

-1
x in csc y

_Both of these notations for inverses arm used frequently so you need to

be familiar with both of them.

4

If we Look back at istample Sire could have written

m 4 A 33:13d

-1
as are tam A 0. 53.1r or(

//
tan A 33.130

The trignometric ratios can be used here also.

ee
Technically, the trigeonstric functions do not have inverses. We will
deal with this issue in future sections.

12.
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The following keystroke sequences show how the 8P-33 and TI 57

can be used to do this 'example:

HP-33

4 furrni 3

(display) 1.3333*

kan
-1

(display) 53.1301

9001's i! y(

(display) 53:1301
q11

36.8699

Exorcises 3.4

TI 57

4 El 3 I71
1.333333333 (display)

51:1 11
53.11010235 (display)

ita
-53.13010235 (display)
41

90

36.86989765

MIN

2

(1 - 6) Convert each of the following angle measures to degrees -sdnutes-

seconds. Do each (a) on your calculator (b) by pencil and paper.

(1)

(3)

(5)

45.120

87.215°

.50.5 grads

(2)

(4)

(6)

39.755°

51.0375°

13.5 grads

(7 - 12) Convert each of the following angle measures to decimal degrees.

Do each (a) on your calculator and (b) by pencil and, paper.

(7)

(9)

(11)

14° 101 30/1

82° 5/

90.25 'grads

(8)

(10)

(12)

68cr. 23/ 15°
700 301 181.

4M.33 grads

* .

Most scientific calculators store more places than they display. In
the case of the HP33 more than four digits are carried throughout
this entire computation.
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(1Z) In Examples find e 4 Aand m 4 p by using a method different

from the method used in the example.

(14)

(15 - 18). Find x

4 MSC and 4 EU are right angles

ID 5 and DA '12

find . 4 1, a 4 2, a 4 3, la 4

(15) x R,sin 93 grads (16) x tan
-1

5.14

(17) x csc
-1

.37 (18) x sec
1

.37

(19 - 22) In each of the following find x and y correct to the nearest

tenth.

(19) (20)

(21)

i6.3

(22)

(23) Throughout this section we'have repeatedly mentioned the motto-

matical concept of inverse Your calculator deals with semi operations

(functions) that are inverses. Find at least 5 operations and their in-

versesverses that are specific calculator keys. Give an example that shows the

inverse relationship.

Examples: (a) -addition and subtraction x + a - a - x
5 + 7 - 7 50000.11fts

(b) sine x and sine
1x

sin-1 (sin 40)

sin 1 (.5878)

40
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3.5 / Problem Solving with Light Triangles

In surveying, angles are measured upward or downward from a

horizontal line. The measuring instrument is set up with its line

of sight on a horizontal plane. To sitht an object higher than the

horizontal the line of sight is elevated. To sight an object lower

than the horizontal the line of sight is depressed. The angles formed

by elevating or depressing the line of sight are called the angle of

elevation and the angle of depression respectively.

ca( ZOAJTAL.
4. OF

'DE PR o)..)

In the diagram above 4 BAD

1--AoCttD
is the angle of depression and 4 ADC is

the angle of elevation. Notice that since AB CD, 4 BAD Cat' 4 ADC.

Notice also that 4 OD is not an angle ofLAACD while 4 ADC is
an angle of AACD.

Example 1:

A perion'on a cliff 87 meters

above a lake measures the ;Angle of

depression of a boat to be 17° 50 .

To the nearest meter, how far is the

boat from the foot of the cliff?

4 Da 4 Aix

In right A ABC, cot 17° SOt I
87

a, 87.(cot 17° 50/.

I=



In right L\

tan
12" 17

-1 2
tan -(-1-)

17

No

1

gl

RP-33 solution

(display)

(display

(display)

f

$

(display)

-OR

17.50

17.8333

tan

1

0.3217

3.1084

87 I z

(display) 70.4326

----e
3.5-2

[convert degrese minutes to

decimal dsgraes3

[.3216 tan 17.831

[3.1090 cot 17.83°7

The boat is 270 asters froth the foot of the cliff (correct

to the naarest meter). `-,

4. Kumla 2:

At a tins whin a telephome

pole 12 voters high casts a shadow

17 meters long find the angle of

elevation of the sum, correct to the

lowest minute.



TI 57 solution

12 17

.7058823529

Ixv 2nd

35.21759297

2nd

35.13033347

D. MS

(display)

(display)

(display)

3.5 - 3

the angle of elevation of the sun is 35° 13/ (correct .to the nearest

minute).

The trigonometric solution of right triangles has applications

wherever right triAgles are found in figures in plane geometry.

Example 3 *

One'side of a rhombus is 9.7 inches and one angle 32° 401 .

**
Find the length of each diagonal to the nearest tenth.

9.7

16° 201 16.33°

sin 16.13° .
9.

:

7
cos 16.53° - -I-

7.7

0.2812
x

577 0.9596 -4.7.7

2.7279 x 9.3085 y

5.4558 2x 13.6171 . 2y

The diagonals are 5.5 inches and 18.6 inches, correct to the nearest tenth.

The keystrokes are not provided in this example. Follow the ,example,

using your calculatOr, to verify each step.

The diagonals of a rhombus are perpendicular, bisect each other and bi-
sect the angles through which they are drawn.///----
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Exercises 3.5

3.5-4

(1 - 10) In each of the follming find x correct to the nearest tenth.

(1)

(3)

X

(9)

.028

(2)

(4)

1

;ic

(10)

3Y-1.11-1



3.5 - 5

7

11)..A plane takes off fi a

with the horizontal. Find to

plane after it has traveled.a

runway pnd ascends at an angle of 12.2°

the nearest meter, the altitude- of the

horizontal distance of 1000 metets.-

12) At a ibint 11.2 meters from the base of a tree, the angle of

elevatiOn of the top of the tree is 47° 22' Find to the nearest meter

the height of the tree.

13) A spotter in a plane at anaktitudp of 107 meters observes that the

anglsof depression of a forest; fire is,56.7°. Row fir, to the nearest

niter, is the forest fire from the point on the ground directly below

the spotter?' .

1
14) The - lengths of two sides of a parallelogram are 7.2 cm end 11.3 cm.

and the measure of angle between them measures 37° 53g.. What is the

length of the altitude to the longer side?

15) Find to the nearest decimeter the height of a church spire that

whencasts a shadow of 19.3 meters when dhe angle of elevation of the sun

measures 62.5
o

as .

16) A lighthouse built at sea leVel is 60 meters high. From its top

the angle of depression of a buoy in the ocean measures 18° 45/ . Find

the distance from the buoy to the foot of the lighthouse:

17) If the vertex angle of an isosceles triangle measures 63° and each

leg 3 inches, find the length of the altitude to the base to the nearest tenth.

18) One diagonal of a rhombus is 28.6 and one side is 15.3. Find the

,length of the other hiWonal and the measure of each angle of the rhombus,

to the nearest tenth.

When solving for a measurement, retain the same number of significant decimal
figures in .ehe result as were expressed is the original data, unless
the problem specifically requests a different accuracy. In this case
your answer should be rounded to the nearest tenth.

1 )
LI I
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3.5 - 6

r

19) A ars ca the top of cliff 350 voters above sea level observes

two ships due list of the foot of the cliff. The angles of depression

of the two gmasums 18° 501 and 32 ° 151. Find the distance betwien

the Ships.

20) A vertical tree is growing at the edge of,a riverbed. The ant
of elevation of the top of the tree fioaint directly across the

river As the eater's edge is 63° 50/: At 'another point) 1000 smilers

from the first point and in line with the first point and the base of

the tree, the angle of elevation of the top of the tree De 42° 30/ .

14m0 Le width of the river. (Answer: 819 asters)

(

O

13,

s.
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3. 6 Chapter 'Test

>0, .

(1 - 10) Decide whether each of the following is true or false.

1). The cosecant of any actite angle is always greater than 1.

-2) The tangent of any acute angle is always less than 1.

3) The value of the sine of any acute angle increases as the measure
of the angle increases.

4) If 0-is an acute angle then sin 6i-° = cos (90 - 6-)°

5). If e- is an acute angle then tan & ° = tan (90 - e- )°.

As the measure of an acute angle increases, the value of its cosine6)
increases.?

7) The tangent of any acute angle is always greater than 0 and less than 1.

187. 90° :2- 100 grad's

9) 15°3' = 15. 50°

10) sin (a,rc cos ) = 0

(11. - 14) Evaluate each of the following expressions
41(

a) algebraioally
b) on your calculator. Express your answer to four cieer-nal digits.

11.) sin 45o+ cos 300 12) cos245I+ sing 45°)
13) tan 300+ cot 30 14) sec 30°+ csc 60°

(15 - 16) Convert each of tile following to decimal degrees.

15) . 37°15'201.' 16) 87.25 grads

17) Find x and y correct to the nearest tenth.

13V
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(18 - 19) Answyr one of the following questions.

18 a) What is the perimeter of a regular polygon of 100 sides inscribed
in a circle of radius 1. [Each interior angle of a regular polygon

)having n sides is (
(n-2n 180

)
0

b) Why is your answer near 2 c?'..?

19.1 A plane flying at an altitude of 700 ft. passes directly overhekd.
Three seconds later its angle of elevation is 230.1'

a) Determine its speed in feet per second to the nearest
fo6t per second.

b) Determine its speed in miles per hour.

60 miles 60 miles 60 mi.(60 mph ts4. ,
1 hour 60 min. 3600 s e c`..--,-..---n''

5280(60) _ 88 ft
3600 sec 1 sec

t

= 88 ft/sec.)

401
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CHAPTER 4. -TRIGON0)(ETRY BEYOND THE RIGHT TRIANGLE

ft

1W this chapter you will hicome familiar with important aspects

of trigonometry that do mot spocificAlly involve triangles.
e

4u-

4.1 Extending the Dora of the Trigonometric functionz

ti

So far we have restricted our discussion of trigOnametric func-

tions to only acute angles. We now wish to carefully examine the values ,

of trigonometric functions for other types of angle/. Caplet' the fol-

lowing table. Set your calculator to i decimal places.

fe/ x
*

sin z cos x
I

tan z

0
-

.....

15 ,

30
..

.

4

45
.

60
/1

_

75

90
-s. .

105
! ,t,

0.9659

120 -0.5000
,

/15 . -1.0000

150 4
v

1t5 . -0.9659

180 L_,)

195 )

210 -0.5000
.-

225

*
In this table angles are measured in degrees.
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x sin x cos x tan x

240 -0.8660

, .

255
.

270 * *

285 .

.

0.5000
.

.

-t

315

_

330 -0.5774

345

360 1.0000 -

We know that angles hating measures of greater than 90
o

exist.

Areasoesble question to ask is, "What do these numbers in the table

mean and where do they come from?"

In order to answer these questions it will be necessary to re-

define tbi trigonometric functions. This does-not mean that the da-

finitions in Chapter 3 are wrong. /They are adequate if we restrict our

domain to acute angles and right triangles. We wish now to expand- our

considerations, thereforeme need a more appropriate method of dealing

with angles and the trigonometric functions associated with them.

An angle is formed by two rays that have acommon endpoint. A

more dynamic concept of angle involves a movable ray and a fixed ray

that have a common vertex. The fixed ray is called the initial tide

of the angle and the movable ray is called the terminal side-of the

angle.

/4ITIAL.

*Different calculators give different answers, for example.

9.9999994 X 10
99

, -9.9999999 X 10
99

, error.
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When this angle is positioned in the Cartesian plane so' that the

vertex is at the origin, the initia-1 side along the positive
.

direction of the x-axis and.the terminal side somewhere in the
...

.

plane the angle is considered to he.e.in standard position.
)

.
.

AOB or 4e,

is an obtuse angle

in standard position

Acute angles (measures between 0 0 and 90°) have tifkr terminal

sides in quadrant I. Obtuse angles (measures between 90 and 180 0)
A

have their terminal sides in quadrant II. Angles whosbemasures are

between 180° and 2709 (called reflex angles) have their terminal

sides in quadrant III. Angles whose measures are between 270° and

360 0 (also called reflex angles) have their terminal side in'

quadrant IV.

Don't panic, E3-, pronounced "theta" is a Greek letter that is
traditionally used as a variable in higher-level mathematics.



4. 1 - 4

tion.

We wish to look carefully at an acute angle in standard posi-
+1,

Let A be a point on the terminal side of 4. a.

4
the coordinates of A. Let AC 1 OB , so AC = y and OC = x and

.1.11

and let (x1, y ) 1be

Ant- AOC is a right triangle. For convenience we shall assume that

AO = 1. Oun original definitions cif the trigonometric functions yield

the following equations:

sin

cos

6'1

tan 19. .

cot 9. =
1

sec &1

*

ordinate of A _ AC Y1

radius KU
. 1,

abscissa of A _ OG
radius AO

ordinate of A AC
= Y1

abscissa of.A , OC

xl

abscissa of A OC x
1

ordinate of A AC
Y1

radius

abscissa of A

AO 1

OC x
1

Thus A is a paint on a circle whose center is the origin and whose

radius is 1. This circle is usually referred to as the unit circle
We will say Mare about this special circle in the next section.

1,13



CSC 19"

1

radius

ordinate of A

AO 1

AC y1

4. 1 - 5

Notice that OC,-.AC and OA av all positive lengths so all the values

of the trigonometric functions for acute angles are positive.

Now let us look at an obtuse angle, using this same idea.

let (x2, y2) be the

sin 42

cos
e.2

coordinates for A and let AO = 1.

ordinate of A AC
radius An

abscissa of A

radius

CO

AO

Y2

x2

1

ordinate of Atan 6 . = AC . Y2
2 abscissa of A OD

x

abscissa of A CO x
2cot 6} = . .

____

er
2, ordinate of A AC Y2

sec 42

cSc GO.
2

a radius

abscissa of A

radius

ordinate of A

AO 1

CO
2

AO s 1

AC Y2

114

Y2

x2
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Notice that ou ew definitions are compatible with our original de-

fi s of the trigonometric functions and they also allow us to

extend our domain. Since x represents a negative number cos 0-2 4 0,

tan 4 0, cot 6).
2

< 0 and sec e
2

s O. The`tadius, OA, isr.always

considered positive.

We can now redefine the trigonometric functions., Let A.. be a

point on the terminal side of . Let d be the distance from A

to the origin.-

Oscar

didn't

always

do

outstanding

algebra

sin 8 s ordinate of A

distance to origin

cos 4 = abscissa of A x= x

distance to origin d

tan 49 =

.

ornate of A = I

=

xab cissa of A

cota abscissa of A x
av

ordinate of A
t y

sec 6). = distince to origin . d

abscissa of A X

CSC
di ance to origin d

dinate of A

S.

Exercises 4.1

(1 - 8) Use the following diagram to characterize reflex angles whose

measures are between 180° and 270°. Remembee that OA = +1.
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4. 1 -'7

/

(
(1) sin ,t,-

3
= ....-- (2) cos 19-3 =

A

/

(3) tan &
3

= (4) cot el-3 =

(5) sec = (6) csc el".3 =

(7) Why is tan e3 > 0 and cot 8-3 > 0?

(8) Which trigonometric functions of & are negative? Which are

positive? Why?

4e
(9 - L6) Use the following diagram to characterize reflex angles

}

1

whose measures are between 270 0 and 360 0. Remember that OA = +1.
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(9) sin & . (10) cos 64 =

..J

(11) tan a . (12) cot 64 =
4

(13) -sec ,e-
4

(14) csc 0.4 =

(15) Why is sin Et 4 0 and cos et > 0?

(16) Which trigdnometric functions of a4 are negative? Which are

positive? Why?

(17 - 30) Explain each of the following:
4

Example: tan 90°is undefined

gIY)

x.= 0, y = 1

tan 90 0 = ordinate of A

abscissa of A

(17) sin 0° = 0.0000

(19) sin 90° = 1.0000

(21) sin 180° = 0.0000

(23) sin 270° = -1.0000

(25) sin 360° = 0.0000

(27) tan 0° = 0.000

(29) tan 2700 is undefined

1 undefined
0 .

(18) cos 0° = 1.0000

(20) cos 90° = 0.0000

(22) cos = ;1.0000

(24) cos 270° = '0.0000

(26) cos 360° = 1.0000

(28) tan 180° = 0.0000

(30) tan 360° = 0.0000
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'(31 - 40) Verify that the following entries in your table on

pa, (4. 1 1, 4. 1-2) are correct.

Example: sin 300° -= -0.8660

AB=

m 4 AOB = 300°

-AA0B is a 30-60-90L

OA = 1 so OB = .5

.5 117 so A has coordinates (.5, -.5 'Ys )

300° = ordinate of A -.5 1T3
radius

= -0.8660

(31) sin 45 = 0.7071 (32)

(33) tan 240 = 1.7321 (34)

(35) sec 300 = 2.0000 (36)

(37) cos 225 = -0.7071 (38)

(39) tan 150 = -0.5774 (40)

14,

-.5 UT . -.5(1.7321)

cos 135 = -0.7071

cot 330 = - i.7321

sin 60 = .8660

csc 210 = -2.0000

tan 135 = -1.0000



4..2 The Unit Circle

4. 2 - 1

a .

A careful look at the unit 'circle can help up analyze some of

the properties of the trigonometric function. Recall chat the unit

circle is defined to be the circle whose center is the origin and

0- *those radius 1 (unit).

Any pointi'A, on the unit circle-has coordinates

(cos 80, sin 60- ) where is the measure of the

angle whose terminal side passes through A.

We previously verified the identity

tan & = sin Co- ordinate

cos er abscissa

Thus, knowing the coordinates of a point, A, on the unit circle is

sufficient to describe any trigonometric function of any angle whose

terminal side passes,through A. Let us consider the intersections of

the unit circle with the axes.

1 I J
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Example

(110) is on the terminal side of an angle whose measure is

0° or 360°.

Thus sin 0° = sin 360° = 0

cos 00 = cos 360° = 1

tan 0
o

cot 0 0

= tap 360° sin 360 0

cos 360 T

= cot 360° undefined

sec 0° = sec 360° = 1

csc 0° = csc 360° undefined

V

0
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.13y means of a unit'cirtle wecan represent the values of

Ati
the trigonometric functions as line segments associated with

the circle.

4,N\

, sin A (cos , sine- ) then AB = sin e.

OB =,cose-

To reptesenttah 9- as-fline segment we need to, convert

s.

At into ratio whose denominator is 1. Right triangle ABO
OB

is similartb right triangle CDO so AB-- = DO ,= 1 thus
.- BO DO

tan CD. This may e oareason why this function, is named.

"tangent".

Pr

r-

151
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To represent the other functions we will use the same technique.

cot D- =
AB

. Construct
AB

EFO so that EF = I and

EFO ABO so
AB
OB OF

= OF and cot e" = OF.
EF

sec & 2fr.,. Construct L.CDO so thht OD-= I and

CDO ABO so OA OC
= OC and sec = OCOB "7-- OD

csc OA
(9- = . Since EF = I and L\EFO

AB

OA OE
OE and csc & = OE.AB EF

The trigonometric functions can be represented as line segments

in the other quadrants by a similar technique. Some adjustments are

necessary so that segments ca9.represOht negative values. You may wish

to consider this case in exercises 28 30.



Exercises

4. 2 - 5

(1) Let A = (cos 0., sine-) be a point on the unit circle. If &

is an acute 21: then A' is in the first quadrant and cos 0and

A
sine( are both positive so the otherNtzlgonometric functions

are also positive. Using this same reasoning, complete the

fdllowing table.

,

6 1

A sin & cos 6: tan 6 c o t , sec& csc

r

acute 1st quadrant 'pos.. pos. pos.
N

pos, .

Pr)

pos.
.

pos.

obtuse 2nd quadrant neg.

- N

r flex4 270 '

)
3rd quadrant

....

_

.

.... 0 2 reflex 4360 4th quadrant neg.

(2) Suggest a reason why the secant funttion is named "secant".
P

(3 5) Using the Pythagorean relation and the unit circle on p. 4. 2 / 3

and 4. 2.- 4 complete the fon-Owing equations:

2 ts_ 2 11.,

(3) sin fa- + cos cr (Hint: 2"ABO)

(4) 1 + tan
2 p = (Hint: LCDO)

(5) cot
2
tir + 1 =

(6 - 11) Determine whether each of the following real numbers are

positive, negative or zero and state a reason for your answer.

(6) sin 323°

(8) cot 215°

(10) rec 88°

(7) cos 78°

(9) csc 293°

(11) tah 157°

If;
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(12 - 19) For each of.the'following teal numbers:

(a) Use your calcUlator to find the value and

(b) Suggest:a reason why yotir answer to (a) is reasonable

(12) cot 725° (13) tan 1020°

(14) cos 512° (15) sin 1432°
0

.... (16) sin (-115°) (17) cos (-90°)

ti
(18) tan (-200°) (19) csc (-290°)

(20-27) The circumference of a circle = 2 lir where r is the radius

of the circle. The,unit circle has circumference = 2 ir(1) = 2 11 .

Determine the lengths of the arcs intercepted on the unit circle by

each-of the following angles. 'Express your answers (a) in terms of Tr ,

(b) to the nearest tenth.

example:

o
60 =

6
(360)

1 r
6

(2 0) =
3

= 1.0472 units

A 6011 angle intercepts an arc of t or 1.0472 units on the

unit circle.

3

(20) 90°' (21) 135°

(22) 180° (23) 225°

(24) ,330° (25) 120°

(26) 210° (!7) 345°

I
i 5 ,4

4t
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(28 3O) Let &The an obtuse angle.

e

sin & = AB where AB has positive orientation so AB 0

cos 6)- = OB where OB has negative orientation so OB < 0

AB CDtan CD but tan 0" '< 0 when 90< < 180.Ur = 55 =

To remed this situation construct /I MNO Si DCO. CD = MN

so tan = MN which has negative orientation so MN O. 1

(28) Represent cot 19- as a line segment when 90< < 180.

(29) Represent sec 6).- as a line segment when 90< < 180.

(30) Represent csc as a line segment when 90< e < 180.

(31 35) Determine the measure of gr to the nearest tenth. Assume

Cris in standard position and

(31) has (-3, -4) on i-ts terminal side.

(32) 0- has (-1, 17) on its terminal side.

(33) er has (7, -10) on its terminal side.

(34) has (2, -3) on its terminal side.

(35) er has (1, 5) on its terminal side,
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4.3 Mbre About Angle Measure.

So far we have been considering angles that have been generated

when their terminal sides have been rotated away from their initial

sides in a counterclockwise direction.

A/111_414

These angles have a positive sense. An angle can be formed by rotaeing

its terthinEl side clockwise away from its initial side.

The angles have a-negative sense.

A negative angle is not an angle that is less than zero, any more

than -2 Metorc is a distance less than zero. If distance north is con-

sidered positive thed-distance south is considered negative. The sign

of an angle is similarly a matter of direction.

Every neg:itive angle corresponds to a positive angle.

=
= sin4

cot (;) = cos db

tan & = tan q)

7

cot & = cot Ct)

sec 64. 4= sec 4:1

csc e = cscd)
4,

Notice that, in general
)

-sin 6)-- # sin (- 8-)

41 or phi, pr nounced "fi" is another Greek letter often used in
higher mathematics to represent a variable.

156



Iv

J

4. 3 - 2

Since the movable ray of an angle can make more than one revo-.

lution, the angle that is formed does not need to be less than 360°.

(3

Therefore an angle whose measure is 563 is one revolution'(360) plus

203°.

\ The values of the trigonometric

function for 563 0 are the same

as for 203° because the initial

and terminal sides of both of

these angles coincide.

We have been measuring angles by decimal degrees, degrees-minutes-

-- secondstnd grads. Another unit,-the,radiaft, is often "used in higher.

mathematics, science and engineering.

One radian is the measure of a positive angle

which intercepts an arc of length ,- units

on a Lrcle of radius units.

C-is an angle of

1 radian.

lew

The circumference of a circle is 2 if r.

Thus radians = "I complete rotation = 3500

or

1 radian = 360 ° 180°

-27

U radians = 1800

1.= ,
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alb

Later we shall see that radian measure is a convenient way

to represent angle measure because it is anlinear"unit of measure.

Most scientific calculators have a radian mode that is not the

"wake-up" mode of the calculator.

Example:
411Find cos 7- radians

HP-33 TI-57

ON ! (Calculatizt's "wake-up") ,}-ON

g RAD1

0.000 (display)

g

3. 14 16

2nd RAD

0 (display)

(2nd
1

(display) 3.1415927 (display)

X i 4

12.564 (display) 12.566371 (display)

(display) (display)
4.1888 4.1887902

CO S 9 2nd cos

-0.5000 (display) -0.5 (display)

cos

4 II

3

cos

41l
radians= -0.5

radians=

240° = -0.5

49' (180)_ 2400
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Exercises 4.3

(1) Find the number of decimal degrees in one radian.

(2) Find the number of radians in one decimal degree.

(3) Derive a formula to change degrees Eo radians.

(4) Derive a formula to change radians to degrees.

(5 10) Change each of the following radian measures to decimal

degrees.
*

(5)

(7)

(9)

311
A (6)

(8)

(10)

1.23

21T15ir
3

-150

Ar

(11-20) Change each of the following degree angle measu(es to radiins.

(ii) 240°

(13) 45°

(15) 60°

(17) 30°

(19)' 330°

(12) 127.5°

(14) 243.75°

(16) -15.653°

(18)T 543°

(20) 397° 15/

(21-30) For each of the following
(a) evaluate to the nearest hundredth
(b) give at least one reason why your answer is reasona

(21) sin ( -45)° (22)
3 ncos 7--

(23) tan 548° (24) sin 58.3

(25) csc (-2.3 9') (26) sec -11-

4

(27) sin 6 II (28) tan (-93°35 <

Wa will adopt the common convention that if no unit of measure is
stated, then the unit is the radian.

1 5
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. (29) cot .L
8

(31A-36) Find AS least 3 values of 6. so that: \

(30) ci-Js 217.

4. 3 - 5

(31) -sin 0- = sin (-ef) ( (32) -cos e- = cos (- & )
."--

(33) -tan e- = tan (-&-) (34) -cote = cot (- 8" )

(35) ~ 2 sin 0- = sin 20" (36) 3 cos = cos 3 EY

a

'00
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4.4 Trigonometric Equations and Principle Values

You are already familiar with several types of equations. We

have specifically discussed. exponential and logarithmic equations in

sections 2.6 and 2.11. You may now use the knowledge you have gained
S

of the trigonometric functions to solve kinds' of eqUations different

from those you have studied before. To solve a trigonometric equation

you must find a election of values, within a specific domain, which

satisfies the given relationship. The equation sin x = .5 has as

roots BOO, 150°, 390°, 510°,
. Generally thedomain of'the vari-

able is stated in each problem. The values within the specified domain

that satisfy the given equation are the elements of the solution set

of the trigonometric equation.

Example 1: Solve the following equation for all positive

values of x, 0 < x < 360. apress your answer to the

nearest degree. cos x = -0.8192

HP-33 solution

0.8192 CHS

145

(display)

(displa0

x*= cos
-1

(-0.8192)

Thus x a 145° is one root of this equation. In general, the principal

value of an inverse trigonometric function is:
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the smallest positive (or zero) angle that satisfies the

equation (if the angle is positive or zero)

the smallest negative (or zero) angle that satisfies the

equatidn (ifithe angle is negative, or zero)

N.,

function

.

range of principal value
*

, -

sin
-1

x, 0 < x-< 1 .

..."\

p
0 to 90

o
,

radians

sin
-1

x, -1 4. x < 0
.-%

_.

0 to -90°, - 2 radiant
2

_

cos x, 0 < < 1X
IN

0 to 90
o

,
2

li radians

-1
cos x, -1 < x .< 0

A f
90

o
to 180

o
,

11.

to U radians
2

1
tan x, x > Q 0 to -- radians

0

' 2

0

..

tan
-1

x
,

<x 0

"..

o I I

0 to790 , radians

cot
-1

x, x > 0. 0 to 90 °,
j
-I-- radians
2

cot
-1

x, x < 0 °,
I I

0 to '90 radians
2

sec
-1

x, x > 1_
"

0 to 90
o

,

U
radians

2 ---

.

sec
-1

x, x 4 -1_

r . A
90 to 180 o

,

IL A
to II radians

2

----
csc

-1
x,

,

x .> 1 .

.
$

-0 to 90
o

, 7 radians

csc
-1.

x. x < 1_

,

o
"
II

0 to -90 , radians
2 .

*
except for values in which division by_fero is involved, in which case
the value is undefined (e.g., 0° = csc x).

A closer look at principal values will be presented in section 5.5

'



The inverse trigonometric keys (used in conjunction with the

when nece

4. 4 - 3

x
key,

ary) on scientific calculators give these principle values.

r.
Now, we need.to determine the other values that are solutions to

the equation, cos x = -0.8192. Let us consider acute angles whose

terminal sides are in. each of the four quadrants and each angle is *.

sin = z =
1

cos er = _ =

tan a

cot er

sec

x

x

y

r-1

-T5

80°

sin

cos

(180°-

(180-

&) =

e')

2
1

'

= Y

-v
=

-x

tan (180° = I
-x

cot (180° - e ) =

sec (180° - er>

cos er = 1 csc (180° a) = y

ais called the reference angle,

1

-x



a*

w

sin (180° + 6 ) = :i . y

cos (180° + a ) . lz. = -x
1

tan (180° + ) = LZ = /
-x x

cot (18e + e )

,
..----sec (180° + & )

-X = K

-y y

1
=

-x

csc (180° + er-r = 71

... 4.4 - 4

sin (360° - a ) = LY = ..),
1

)

cos (360° - 9 ) = 2...' = x .
1

tan (360° & ) = 12
x

cot (360° - & ) =

Y

sec (360° - (3. ) = 1
x

csc (360° er ) =
1

-y

Look car/fully at each of these lists of ratios. Notice that: .
-_i

sin (180° e ) -= sine;

cos (1800 - e. ) = - cos
.0

tan (180° - ef ) = -tan e

cot (180° - Go. ) = -cot &

sec -(180° - a ) 2 sec &

csc (180° - if) ) = csc,e

sin (180° + a ) = -sin e din (360°

cos (180° + &) = -cos e- cos (360°

tan (180° + et ) = tans tan (360°

cot (180° + et ) .cot er cot (360°

sec (180° + e ) = -sec & sec (360°

csc (180° + & ) = -csc 0 csc (360°

this can be summarized as follows: ..

& ) = -sin

- & ) = cos E .

4- a) = -tan
& ) --,' -cot

- e ) = sec
,

- '8 ) = -csc



SP

(

4. - 5

2

(1800 -1)'\\

\ 180° + a

;1600 - et I
= f ( er )

.*

o° < er < ptra-

c
f ts;pile same trigonometric function on each side of

the equation and-the sign of the function is determined by

its sign in that quadrant:
ti

o -1>N,

Now let us look back at our origil example. The cosine function

is negative in the second and third cluadrantg so another solution exists

in qua. rant III.

1p
il cos 145W = cos (180 -

cos 215°

0

o

I\

The so ution set is {145, 215° 3 .

as COS 35o
cos.(180

.

o

Example 2: 4 Solve the following equationfor valuesof 4)

between 0° and 364). Express your answer to the near-

est hundr

3 sin 4)

in decimal degrees.

4- 2 = 8 sin $

2 = 5 sin 10

.4 = sin 01?",,,\

sin-1 (.4)= 010

23.58°.= 40 _(principal value)

4-4

Another solution exists in quadrant II where the sine function is also

positive.
I

1r
e.

Y.



sin .(1800- )

so sin 23.58° = sin (180°: 23.58°) = sin 156.42°

the enliltinn sPt is (23.58°, 156.42°,/

Example 3:

4. 4 6

Find positive values of & between 0 and 211

so that 2 tan a. ÷ t17 = 0. Express your answers

to the nearest tenth of a radian and check.

2 tan a+ 1.5"..0
-

!
2, gart "& = - Ili

- .. -
tan 4a- F.

2

e- = tan-1 (--2115:)

(principal value) 40 :89°

or er = 319.110

Another solution exists in,quadrant II where the tangent, function is

also negative.

'31l/

an (360 _e-)° tane

tan 319.11
o

= ,-tan 40.89°

- tan t...-)7 = tan (180° -er)

-tan 40.89°

319.11° = 9.11 (

139.11° = 139.11

= tan 139.11
o

= 5.6 (radians))
180,A

) = 2.4 (radians)(

180

. the solut set is {5.6, 2.41 .

16,

I

t
et

-

n)



I

1

Check: (Remember to set your calculator to radian mode)

2 tan 5.6 +

2 (-0.8139) + pi-

-1. 6279 + 1. 7321

0.1042

Notice the rounding error.

0 2 tan 2.4 +

t n ni4nk 17
L. V. 7,uvl

-1.8320 + 1. 7321

-0.1000

0

4.4 - 7

Example 4: 'Solve for all values x if 0 < x < 360. Express

your answer to the nearest hundredth. Check your answers.

Chetk

2

Are

2 = 1.1-8 sin x 1

4 = 8 sin x 1

5 = 8 sin x

5

8
sin x

sin ( ) =

38.68° = x (principal value)

Another solution exists in the second quadrant where the

sine functiorris also positive.

sin x = si% (180°

sin 38.68° = sin (180 38,68)° = sin 141.32-

The solution set is {38.68 °, 141.321.

1/8 sin 38.68

J8 (.62) - 1

1177717

trik-

2

2 J8 sin 141.32 1

J8 (.62) 1

1.15 1

I

4.



Exercises 4.4 r

4. 4 8

(1 - 10) In each of the following, find the values for 0 < 0.4 3600

to the nearest hundredth decimal degree. Check your answers.

(1)

(3)

(5)

3 cot 6.= 3 F

2 cos+ 7 = 0

8.6 sin & = I - sine

(2)

(4)

(6)

(7) (2 cot of .9) 3 cot e = 1

(9), 3 (tan er 5.6) = tang? (10)

(11 - 14) Solve for all values of

cos e"+ = 0
2

LIT (sin Sr + 1) = 4

5 cePqr + 6 = 7

0.-a- 2 tan - 2
(8)

tan +
8.1 3.5

1
- 7cos& - cos Er

.1

if 0 < (I) < 23-, Express

your answer correct to the nearest hundredth of a radian: Check your answers

(11) 2 tan q? +'.57 = 1.23 (12) 'sin cip + 1.8 =

(13) sin cos ( 11'7 d (14) cos cp 1.8 = 17-

(15 22) S01110 for all values of x if n° x Z 360 °, Express your-

answer to the nearest hundredth. Check your answers.

(15) titan x+ 3 -1 = 0 0 (16) J 2 - 2 cos x

(17) 41 + cos x = 3trt:)7c (18) 1_11 - sin x

3 2
c19) \Jtan x + 5 = 1 (20) sin x = .-837

(21) 1\ tan2 x = (5 (22) 2.47 = 3 cos2 4*

- 3 =

1

Look carefully at your solution set to be sure thgt you have all pos-
sible positive angles.

.



4. 4 - 9

..0

It is possible to relate angles to 90° and 270° rather than 180

and 360. Consider the following diagrams and derive the formulas

(identities) by completing the following, equations.

sin G

COS

tan

4;).

a

cot 43 =

sec 0"=

csc a =

fi

sin (270 )

o
=

cos 270 )°

A

sin (90

cos (90

tan (90 e )°

cot (90 a)°
sec (90 6 )°

)0
csc (90

&

8

) 0

)°

sin

cos

O
(90 + U )

(90 fa)0 =-

A

tail (9a - (4- ) ° =

cot (90 -6 9)°
sec (90 + ) ° =

C. C (9ro ,°

Nek,

( LA

1)

s

sin (270 + 9) o

cos (270 + )0Ci =



let

tan (270

cot (270

sec (270

csc (270

VL

-
o

) can (270 + )° =

- St' )° = cot (270 +. )c) =

- )° = sec (270 + 'er)°

- A )° = csc (270 + a )0

4. 4 - 10

(23 - 26) Develop a formula relating the trigonometric functions

of the following where 0 °< er <90°

(23) and 90° - (24) & and 90° + FT

(25) and 270° - er (26) and 270° + PJ
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CHAPTER 4 Test

T 4-1

0
1). Express cos (-250°) as a function of a positive Icute anglt.

. ,
4

2) In a circle of radius 3, aSI,stral angle of 2/3 radian is drawn. /

Find the length of the arc intercepted by that central angle.

3)

4) Find in degr es the value\ of the positive acute angle 9- which satis-

Express cos (270° - x) in tertris of sin x.

fees the equ on 2 cos 2
ta- 1 = O.

I

5) Find the principal value of arc sin (-1) Express answer in terms-
N.

of 11

i'.
6) Express 7 li

6
radians in degrees.

71 i If tan A = -1 and if A is an angle greater than 0° and less'than 180°,
q

find the number'of degrees in A.
-3

a,,,) Find the value of cos & if sin& =
7,
.---- and tan & is negative

9) Express in radians an angle of 144o. rLeave answer in terms of gt
10) If r os 8 =

72
5

and & is lin the 4th quadrant? what is the numerical

i

11)

value of sin & 9

The cos [1-- -4- xJ is equal to .
4

(1) -1 (c os x - sin x) (3)
l-E(cos x - sin x)

2

(2) 1 (cos x -4- sin x) (4) i)2 (c os x sin x)
2 2

1

12) If cos & =
8

, then the positive value or sin e" is
-2-

3 117- 9
-FT(1)

2
(2) 4 (31 (4) 3

4-



T 4 - 2

'13) If A and B are positive acute angles and if sin A = 3 and
5

sin B= 4 then sin (A + B) is equal to
7 24(1), 1 (Z) 0 (3) 7
D

(4) ----
75

14) A value of x for which tan (x 4- 20°) is undefined is

(1) -20° (2) 70° (3) 160° (4) 340°
n.

15) If placed in standard position, an angle of 1 radians has the same

terminal side as an angle of

(1) -150° (2) -30° (3 )` 150° (4) 240°

16) In the diagram, trigOnornetric functions of ey and of - & are rep-

resented by line segments. Angle AOP = and angle AOP' =

The equation of the circle is x2 - y2 = 1, and the equation of the BC

is x = 1. Lime PDP' is perpendicular to the x-axis at D. From the

diagram, select aline segment which represents each of the followAng:

(a) stn& (b) cos (c) tan 9-

(d) cos ( - &) (e) tan )

a

1



5. 1 - 1

CHAPTER 5. GRAPHS OF THE TRIGONOMETRIC FUNCTIONS
AND THEIR INVERSES.

In this chapter we shall carefully analyze the graphs of the

six trigonometric functions and their inverses. We will study the

variations of these funct nder a variety of conditions.

5.1 Graphs of the sine cosine functions

In the exercises for this section you will be asked to construct

graphs for the cosine functions. This is easily accomplished, by making

a table of values (by using your elculacor) and plotting the resulting

points.

When graphing the trigonometric function we must beroareful about

the scale that we use on each axis. The graph of any function is a set

of points in the coordinate plane located by ordered pairs of real num-

bers. In the trigonometric functions, although the second element is a

real number the first element is usually thought of as being the measure of

an angla. If the nngles 're expressed in --ad,ans men we can nqP the

same scale for labeling both axes and we will get the characteristic

shapes of the functions.

Example 1: Sketch the graph of y = sin x.for values of x betweon

0 and 360 (2 U ) at into -r-vals o'f 100
5'

( )

18

x(degrees) 0 10 20 30 40 50

x(radians 0
. 0.17 T 0.35 V 0.52 0.70 it '0.87

sin x 0 0.17 0.34 0.50 0.64 0.77



x (degrees) 60

x (radians) 9 1.05

sin x

70

It 1.22

0.87 0.94

130

It 2.27

0.8F

80

411`

q 1.40

0.98

90

JC 1.57

. 1 2

1.00 0.98

140

if
150

dlr.

160

LIT

170

t7pf"

180

....

9 2.44) 4, 2.62 9 2.79 a 2.97 i/ 3.14

0.64 '0.50 0.34 0.17 0

190 200 210 220 . 230 240

la ii
e, ..

i i 0 .2.31 APTIN"

rg 3.32 / 6 _3-.67 9 3.84 rt 4.01 j 4.19

-0.17 -0.34 -0.50 -0.64 *-0.77 -0.87

250

1..51.

260

alt.

270

it
I 280 290

112LF

I 300

. 5 1 7

1 t 4.36 q 4.54 1. 4.71
_eiF
q 4.89 Is 5.06 ,3' 5.24

-0.94 -0.98 -1.00 -0.98 -0.94 f -0.87

310

31 g.

320

/41i

I 330

.Lf
6 5.76

340
.-

r7 V

q 5.93

350

as
tir 6.11

1

a a

0

.28le 5.41 q 5.59

-0.77 -0.64 -0.50 -0.34 -0.17
)

.
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One way to determine the values in the table is to write a program.

Two'programs that can be used are: a) programs to express radians as

decimal units

-HP-33 TI-57
LRN

01 f FIX 2 00 2nd FIX 2

02 g9- 01 2nd 11`.

03 1 02
04 8 03
05 ; 04 8

06 R/S u7 =

07 ENTER Oh STO 1

08 g' 07 R/S
09 1 08 2nd Lbl 1

10 8 09
11 10 RCL 1

12 11

13 R/S 12 R /S
14 GTO 07 13 GTO 1

RUN LRN
GTO 00 RST
R/S R/S

Notice that these program iise different technicpies to Convert
radians to decimals.

1 7: 41,

2v



b) programs to determine values of sin x

HP-33-_

5 1 -4

TI-57'
PRGM LRN

01 f FIX 2 00 2nd FIX 2
02 ENTER 01 STO 1

03 S,TO 1 02 2nd sin
04 f sin 03 R/S
05 R/S 04 2nd Lbl 1

06 RCL 1 05 RCL 1

07 1 06 +

08 0 07 1

09 + 08 0

10 STO 1 09
11 f sin 10 STO 1

12 RCS 11 2nd sin
13 GTO 06 12 R/S

RUN 13 GTO 1

GTO 00 LRN
R/S , RST

R/S

Example 2:

a

Sketch the graph of y = sin x for values of x

W
bertwa.en -360° (-2 IT ) and 360° (2 ) at intervals of 30° (

-6)

x (degrees)

x (radians)

sin x

-360

-27' -6.28

0

-S30

-5.76

- 300

-J -5.24

-210 -180

4 -3,67 I 0 -3.14

.5 0

.5

-150

4 -2762

-.5

.87

-120

-AU
-2.09

-.87

-270 -240
. .7%.

ot -4.71

-90

-1.57

.87

-60

TT -1.05

These two programs use the same technique to determine the

values of sin x.

.87
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3. has all real numbers as'its domain.

4. has the set of real numbers -from -1 to +1 inclusive as.

its range.

5. increases in quadrants I and IV.

6. decreases 4n quadrarits II and III.

7. is positive in quadrants I-and

'15)

.

.
is negative in quadrants III and IV.

.

9. repeats itself (has a cycle) every 36Q
o

.

Several of the types of properties listed above have special names.

Properties 5, 6, 7 and 8 are generally referred to as variation, or how

the values okf. y change when the values of x change. Property 4 is

called the amplitude or the biggest distance the graph gets from the

x-axis. The amplitude of y = sin x is 1. Property 9 is called the

period or the smallest value that when added to any x will give the same

y-value. The period of y = sin 4 is 360° or 2e- . This means that

sin (x + 360)0 = sin x.

Exercises/5.1

(1 3) Sketch a graph of the cosine function

(a) as x varies frOTO to 2 h at intervals of :S.- .

18

(b) as x varies from -21 to 2U St intervals of

1) What is the variation of y = cosine x?

2) What is the amplitude of y,= cosine x?

3) What is the period of y = cosine x?

6
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tic

5. 1 - 7

(4 - 7), Use the graph of y = sin x and y = cos x,to determine the
t

,tuadrant that the terminal side of angle x would be in if, xis increasing and

4) sin x is positive and decreasing.

5) cos x is positive and increasing.

6). cos x is negative and decreasing.

7) sin ;is negative and deNeasing.

0
(8 - lo)` Use th 'graph of = sin x and 'y = cos x to determine the

positive value of x, less than 211 when:

8) sin x = cos x )0and both are negative.

9) sin ' is negative and cds m.= 0.

10) sin x.= cos x, and both are positive.

64

11) What characteristics do the functions y = sin x and y = coy( have

* in commonZ,
osq .

12) What characteristics do the functions y = sin x and xo= cos x not

knave` in common?
4

13) Consider the function cos x + sin x.

a 4.Without calcuLLting specific values, sketch what you think
A0'4,

this ,graph will look like.

(bT Sketch this graph for values of x between 0 and 2 U at inter-

vals of
1 2

1

14) Cihsider the function y = cos xi-- sin x

(a) Without calcolating specific values, sketch this graph.,

(b) Sketch this graph Ebr values of xIe'i'ween 0 and 21r-at inter-

vals of 11.'

12

.t
15) Row do you think the graph of y = sin x cos x would look different

from Oite graph of y ; cos x sin.x? TO.00vour anwer.
-

.,4111:1



5.2 Graphs of the tangent functionr.

4

- 5. 2 1

.o .

The function y = tan x can be graphed in the same manner as

y = sin x and y = cos X.

Example Sketch the'graph of y = tan x .for values of x

between 0 and 3610 (2q.) at intervals of 10 0
lj

).
18

x degrees

x radians

tanx'

10

VI
0 it (0.17)

0 0.18

70

7'
H- (1.22)

2.75

20
pt
U

(0.35)

0.36

nri2V

71. (1.57)

30

4 (0.52)

0.58

40
ex

-47 (0.70)

100

J-9! ' .
7T- (1.75)

0.84.

5.67) -5.67

50

it (0.87'

110 120 '

a (1.92) 737 (2.09)

-2.75 -1.73

4

130

1312
2.27

I 140 150 160

2.79

17e

Ili
it 2.97

180.

t 3.142.44 2.62

.

-1.19 -0.8_ -0.36 -0.18 0.00

190 200 '210 220 230 240.

'tog" .71% . it ft- 'Z317: 411-

(3.32) q (3,49) 4 (3.67) / (3.84) te (4.01) J (4.19),If

0.18 0.36 0.84 1.19 1.73'

.?/

250 260 -270 280 290 300'

ISI 149' ..15r
.(4.54) 4. : 7 1) ir (5.06)4(4.361 9 (4.89)' 3 (5.24)

2.75 5.67 -5.67

CP-

-2.75 -1.73



310

ALT
if (5.41

-1.19

320 *-f 330 . 340

/4t
(5.59) 4 (5.67) , (5.9

-0.84 -0.58 -0.36

5. 2 - 2

350 360

It (6.11) 012' (6.28

-0.18 0.00

\ wl " _ _

----- --------,---------- _____ __

si ---77: irit-4.!.X

li 1:(1.5

_

Y
2+. &

.

_,t-___2.477: __ ____ _ _ _ __ _

I '
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.
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5. 2 - '13

The programs from example 1 section 5.1 can again be easily

modified to be appropriate for this problem.

.

You probably can guess what the sketch of y3 tan x will look

ti
like as x varies frod to 2 II .

Example 2: Sketch the graph of y = tan x for values of

x between -29" and 21'1' at intervals of
-6

x (degrees) -360 -310
'',

-300 -270

". 117r -so
.... - 31.1-

x (radians) , -210 (6.28) 4, (-5.76) 3 (-5.24) 41, (-4.71)

tan x 0.00 0.58 1.73

-210

Ar,

-90

H
- 1 . 5 7 ).

3 67)

0.58

-60

-ir
-3 (-1.05)

-30

(-.2)

-150

,4-1-
(-2.62)

1
u120

(-2.09)

-1.73 -0.58

150 180

r
4 (2.62) If (3.14)

-0.58 0.00

300

4rg'

330

or
4 (5.76)

360

..,
Ali (6.28)3 (5.24)

-1.73 -0.58 0.00

0

0.58 1.73

30 60

1
6 (.52) j (1.05)

90

1'
5: < f .57)

0.0.

2j070
4 (3.67)

0.58

0.58

40

4"
(4.19)4k

1.73

1.73

270

(4.71)
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ts-

is olscorinucus when = (where 14. is an od integer) . gecause

the tan2ent curve a7Tiroacnc'=, sucb as = 77 anc x

np,p, 11110, arc ,n',A
tst:se

c,_irvE
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function can hecone larger than any fiv.eo posItive nurber an sraller tnan

any fl-,J1(1 ne2atl-,e number co.rot. SeSine the arplit,..ze of tne tan.",en:

function.

7.;otit. that y = ran x-

1. has a cnaractt!ristic snape

diccontinuou,. -.Jhenevr-r x = I_J_
)

2

r, Es-
3 II -51r 5 II /N.
7- , ,
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3. has all r,a; number-, except --,: 7ultipilers of s'

4. na ail ral number', as it, ranr
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5. increasgs in all quadrants

6. is positive in quadrants I and III

7. is negative, in quadrants II and IV

8. has a period of 1800 or i"

Exercises 5.2
I

5, 2 - 5

(1 4) From the graph, estimate the values of x, -21.1- 4 x < 211

I

for which:

.0tan x = tan (-50/ (2) tan x = :5

(3) tan x = -2 (4) tan x = x

4

(5) Explain how you would convince another student that tan (180 + x)

= tan x from the graph of y = tan x.

(6) Describe a function, other than tangent, that has at asymptc-e.

Sketch the function and label its asymptote(s).

(7 8) (a) Without calculating specific values, sketch what you

think the graph of each of these functions will look like.

(b) Sketch each graph for values of x between 0 and 20 .

(7) y = sin x + tan x 4 (8) y = tan x - cos ax

to+
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Exercises 5.3

5. 3 - 2

(1 - 3) Make a table of values and a careful sketch-of each of the

following for -27 < x < 211" at intervals of
6

_ _

(1) y = cot x

(3) y = csc x

(2) ye= sec x

(4 9) Determine each of the following for each of the functions cot,

sec, csc.

(4) period (5) domain

(6) range (7) (dis)continuity

(8) variation (9) amplitude
11%

(10)
,

Explain why the graphs of y = sec x and y = csc x never cross the

(x-axis, while graphs of the other functions do cross the x-axis.

(11- - 13) Graph each of the following pairs of functions on the same

axes.

(11) y = sin x, y = csc x

(12) y = cos x, y = sec x

y = tan x, y = cot x

(14) Discuss how the, graphs of each of (11), (12), and (13) are

related.

I )
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5.4 Amplitude, Frequency and Peritd of the Sine and- Cosine Functions

Z.:he rollowing graph shows a sketch of three different. sine curves

on ttre same axes: y = 2 sin x, y = sin x, y = sin 2x.

Fill: in the missing entries in this table

V

2 sin x

sin x

sin 2x

- 1-1- IT" 1 4,1.E0

u -4-
3 -.3

1.00 2.00

1 0.50

1 0.87

J.

I 4.17-

4 4

It.

0.001

en.
a It

0.00

-0.87 t. 0.00

,I
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5. 4 - 2.

Notice that multiplying the value of the angle by 2 divides the

period by 2 and does not change the amplitude. Notice also that multi-

plying the value of the function by 2 multiplies the amplitude by 2 And

does not change the period.

Notice that the frequency or the number of cycles within 21f is

2 for y = sin 2x, and 1 for y = sin x and y = 2 sin x.

Let f(x) be a sine or cosine function.

1

y = af(px) has a period
1

times the period of
PI

y = f(x).

y = af(px) has an amplitude is ; times the amplitude
of

y = f(x).

v = af(p.x) has a frequency oflpIcycles for every

2 II' (3,b0°) .

Yo6 should become.so familiar with the basic curves y = sin x,

y = cos x and y = tan k that you can sketch their characteristic

shape without calculating particular values. Knowing the period and

amplitt.qc1- :f a function yon should be able to quickly sketch the graph

3 11
using Only the values of yx at 0, , t and 2 ir

Exercises 5.4

(1 10) For the given function_state the a) amplitu4 b) period

and c) frequency in both degrees and radians.

(1) y = sin x (2) y = 2 cos 3x

1



-,

s

(3) y = I sin 3x -
(4) y =- 4 sin x

(5) y =
1 sin 4x
3

(7) y = cos 5x

_(6) y = .7 cos .2x

(8) y = 5 sin 1 x
2

,...
1

(9)
,

y =
6

tan 3x (10)
*

y = .2'7 csc 6x

5. 4 - 3

eN..
(11. -.14) Write an equation for a sine curve whose period is U

-..

and whose amplitude is:

(11) 2

(13) .53

(12) i

(14) 6.2

(15 - 18) Write an equation for a cosine curve whose amplitude is 4

-0.

and whose period is:

\(15) 360°

(17) 311'

(19 22) Determine the maximum and the minimum value of each o*

the following functions:

(19) y = 2 sin 3x (20) y = 2 cos 7x

(21) y = i cos 5x (22) y = 12 sin x
4

(23) Complete the following chart

function period amplitude frequency

y = si.n x

y = 5 sin x -

y = sin 5x iP

y = 5 sin 5x

y = cos x ,
.

y = 5 cos x

y = 5 cos 5x
.

kJ .

Extend the ideas of period, amplitude and frequency to accommodate
these functions.

1



5. 4 - 4

(24) Explain why the period of y = sih 24 is i the period of y = sin x.

(25) How are the period and frequency of a function related?

(26) Explain why the-3 in the function y = sin 3x changes the frequency

and period but not the amplitude.

(27) (a) On,the samaxes sketch the graph of y 1 cos x and y = cos x,
2

as x varies from 0 to 2 a .

(b) Use your graph to determine the number of values that .satisfy

1the equation -
1 J cos x = cos 7 x for x between 0 and 2 a inclusiv
2

(28) (a) On one set of axes, sketch the graphs of y = 3 sin x and

y = 3 cos x from 0 to /Th .

(b) From the graphs made in answer to (a), determine the number of

values of x between 0 and a inclusive, for which 3 sin x = 3 cos x.

(29) (a) *Sketch the graphs of y = sin x, 0 <x.< 2u and,y = .3 on

the same set of axes.

(b) Use your sketches to approximate the solution set for the equ-

ation 1 sin x = .3.

p ( 30) (a) On the same set of axes sketch the graphs of y = 2 cos x and

EN
y = sin 1 x as x varies from 0 to 2a .

2

sin(b) Determine the values of 0 < x 4 2a for which 2 cos x = sin x.
2

(31 34) Sketch the graph of the following trigonometric functions

for all real numbers between -2I1 and 2 a .

(31) y= sin 1
. 1

(32) y= x sin
x

(33) v = sin x *0 e
-x

4) = sin x

Theso problems are unusual' and challenging to even theibesti of students

I ,
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(35) Determine the period, amplitude, frequency and cycle Cf the

functions in exercises (31) - (34).

..

(36) In some cases in exercises (31) .- (34) the concepts of period,

amplitude, frequency and cycle do not apply. Discus's why this
1. .

is true and how you could anticipate these irregularities by

carefully examining the equations of these functions.

(37) Sketch the graph of y = 2 sin x cos x for -29* 4 x 4 211. ......_

(38) Write another equation fdr, the function described in (37) and

f

verify that these two different equati

/
ns represent the same

function.

(39 - 41) Sketch the graphs of thefollowing trigonometric functions

for all real numbers between -21) and 21 .

(39) y = cos2 er sin2e- '(40) y = 2 cos20-

(41) y = 1 2 since a-
--,

(42) That special properties are true about the functions described

,..

in (39) (41)? Verify your answer.

*

1

0-,

I

/ 1



5. 5 1

5.5 Graphs of the Inverse Trigonometric Functions

In graphing the trigonometric functions the first element of each

4
ordered pair is the measure of an angle x expressed as a real number (radians).

The second element, for example cos xLis another real number. The number x

uniquely determines cos x To obtain the inverse of the cosine function we

interchAngex and Cos x to obtain a new set of ordered pairs {(cos x, x)1

However, as we have already seen cos x does not determine x uniquely.
,

In fact there are infinitely many values of x corresponding to any speci:

)' **
fic cos x. Therefore theoinverse of the cosine function is a relation

and not a function. The same is true of each of the other trigonometric

functions,

If a trigonometric function is made one-to-one by restricting its

domain, then its inverse will also be 4j...function. If the domain of the

/%.cosine function is restricted to 0 4x.c U , there is a unique value for

x. In a similar manner, the domain of the other'trigonemetric functions

may be restricted to produce inverse functions. The restricted domains are

the principal values of these functions. a.
To distinguish -.the inverse functions we have just defined from the

**
inverse relations the initial letter'-of_the name is capitalized , when

Ab

referring to the inverse function.'

, You may wish to look again at sections 3.4and 4.4 and compare the dis-
cussions of inverses in -these sections to tile ideas developed here.

A relation is aset of ordered pairs in which, the second element is not
_uniquely determined, by the first element. A,function is a set of ordered.
pairs in which the second element Pt un,inuelv detel-mined by the first
element,

*-A *

Many people indicate thes! dijferences orally ,by readi Arc sin x as

"cap arc sine x" and Sin x .as "cap sine of x invek5

.

-id

N
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5. 5 2

The range:arthe inverse trigonometric fdnctions

is:

es., e /"..
-II

2

if

or :2- 4 S in-1. x .c.
U-2- 4 Arc sin x <

. 2 2 -1"

.0 < Arc cos. x`< J1 or 0 Cos-1 x

ti
-Arc tan x < 77- or -- < Tan

- x<4

.By restricing the domains of the trigonometric func4ons so that

their- inverses are also functions we can describe the function y Sin x,

y = Cos x, and y = Tan x.

Example: Sketch the graph of the relation y = cos x and

indicate the graph of the function y = Cos-1 x.



5.5 - 3
p.

Example: Sketch the graph of y = cos x and y = Arc\cos x

on the same axes.

AI*

.1/

4

Note the following summary.

t

Function and Inverse DoMain Range

f: y = Sin x

-YR -1
f : y Sin x

e,
-11
77 < x <

-1 < x 4 1

r,
m
-- ., *-J. 4 y < 1

4 .e. v- --m ,-.5.,

2

eN.
li

f:,y = Cos x

-1 . -1
f : y = Cos x

0
0 4 X

-1 < x

4
e,
U

A. 1 0 .0 a

.

.

1 0 (

c

.



Function and Inverse

f : y = Tan x

f7
1

y = Tan x

Domain

fr

T < x < ".

-00 < x < +CDO

5.

Range

I

- y + 0010

< y <
2 2

' Exercises 5.5

(1 - 5) Sketch the graph of each of thefollowing relations:

-1
(1) y = sin . x (2) y = tan-1 x

(3)

(5)

y = cot
-1

x

-1
y = csc x

(4) y'= sec-1 x

(6 - 10) Use your sketches of (1) - (5) and indicate by a thicker

curve each of the following:,
1

(6) y = Sin
-1

x (7) y = Tan
-1

x

(8) y = Arc cot x (9) y = Arc sec x

(10) y = Arc csc x rf

(11) Complete the following tables

Function and Inverse Domain Range

f :"y = Cot x

-1 -1
f Y = Cot x

f y = Sec x

f y = Sec
-1

x

f y = Csc x

-1 -1
f = Csc x

-00 end + 00 present negative infinity and positive infinity respec-
tively. They are not real numbers but rather useful extensions of the '
real number system. o.0 is less than any real number and every real
number is less than +oe . Thus oo < x < + 00 for any real number x.

19



5. 5 , 5 :

(12 - 16) Sketch the graphsof each of the followimg,lcollction

of function's on the same axes.

(12) y = Sin x, y = Arc sin- x, y.= x

(13) y = Tan x, y = Arc tan x, y = x

(14) y = Cot x, .y = Cot-1 x, y =

(15) y = Sec x, y= Sec-1 x; y = x

(16) y = Csc X, i = Csc-1 x, y = x
/ 41

-

(17) Choose any function, f(x), whose'inverse, f ,'1 (x), is also a

function. Sketch the graphs of y = f(x), y = f-1(x)- and y = x

on the same axes.

(ra)" What relationship exists between the graph of a function, the graph

of the inverse of the function and the graph of the line y =X.4

Why?

(19) Suppose that your calculator did not have tan' or,

.
How could you determine values for these functions?

tan
-1

keys.

(20 25) (a) Express each of the following algebraic expressions as

a keystroke sequence for your calculatOr. (b) Execute the sequence of

keystrokes on your calculator and give a reason why your calculator fli
tl

plays thOlkanswer that is given.

(20) Tan -1 45678 (21) Sin-1 45678

(22) Cos-1 45678 (23) Got-1 45678

(24) Csc-1 0 (25) Sec-'
2

(26) On page 5.5 - 1 we said, nf a trigonometric function is made

one-to-one by restricting the domain, then its inverse will also

be a function'4. Why is this true?



5. 5 - 6

.

(27) For < x < 0
, the function y = sin x has an in-

z. 1 2
2 4

verse that is also a function. Name another restricted domain

for which this function has an inverse function. 'Give a

. reasonable explanation why this is not the range of y = Sin x.

(28) Why would it be reasonable to read Arc sin -1
x as "cap inverse

sine of x". What does this 4nfer about the relation of sine and,

I

the relation of inverse?

(29 - 2) Sketch the graphs of each of the following relations..

(29) y = arc sin 3x (39) y = 2 arc cos 2x

(31) y = arc cos 1 x
2

1-
(32) y =

2
arc ,sin

2

x

( 33) Choose a function, f(x), whose inverse, f
-1

(x), is not a func-

tion. Sketch the graph of E
_1.

(x). Consider the ,family of lines

MF ..
.... x = k where k is any.real number. What is the value of k such

N

that the'iine x = k intersects the graph of y = f
-1

(x) in more

a fur WItly? %than one place? Could this happen if f
-1

(x) was

ti

(34 - 40) Find the value of each of the following

(a) without a calculator.and

(b) vely that your results are correct k checking your
anv.ver to (a) with your calculator.

(34) tan (Arc sin 1/2) 35) sin (Arc tan 5/12) ,

- J73-(36) csc (Arc-sin 1/2) 37) cot (Arc sin ( --2 )i
- ri-(38) cos (arc sin ( )) 1 39) cos (arc csc 25/7)

2

(40) cot (Atc cos (-1/2)).

44
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Chapter 5 TEST

AO

T - -5

,

9 iDirections: For (1 - 3), a) Evaluate the expression to four decimal ')

place's using your calculator. b) Find the exact value of the

expression without your calculator.

1) tan[Arc sin (E/2)]

2) cos[Arc cot (-5/12)]

3) Given: cos t = -8/17
Find: sec t

I

(4...c 7) Find the value of each of the following expr, ions.

4) (cos 2t)(sin2 1/6) - (cost sin iii)/3)2

5) sec 11%. + cos /72 - tan 1/2

6) cos[Arc sin 1/2 +Arc cos 1/2) /
7) Arc icos 1/2 +Arc cos 'Ea

v

8) For what replacements of &, such that 0 < &-< ti is tan et = cot '
/` .-'9S As t increases from tin it+ a , find the variation of the csc t

10) Given: y = b sin bx and y = b cos bx.
N

For b = 5, how many more x-intercepts between [0, 2 Ili are found
- .

for th'e sine function in comparison to the cosine function'

i

? ---,
4

( 1 1 - 1p Alis7r the following, using the letter before the function listed
. .

below. If there is more than one correct answer, list them all.,i

'''

)1

A)
B)
C)
D)

y = 2 sin 1/2x
y = 3 cos Zx
y = 1/2 tan Zx
y = -1/2 sin 3x

1

1 9, .

)



1

...

11) Function(s) with amplitude of 1/2

.."

, . .

T - 5 - 2

4

"12) Functions) with period of ,I112 ...r-
...-

c13) Function(s) with frequency of 3,

14) Discontinuous fwichon(s)
..-

-

15 a) Sketch the grt.phs of-A and B from (11 - 14). Use the same set of axes
4,in the interval [0, 2/in. Label each graph with its equation.

>--
b411 For how many values in the interval r 11- , 3 111L does 2 sin 1/2x = 3, cos 2x?5

---E -2- '
16 a) Sketch the graphs of y = 2 cos2 x - 1 and y = -cos x onthe same axes

in the interval [0, 21-1. fabel each graph with its equation
't,

/....,, 31\-1b) For what value(s) of x in the interval [ -1-1- , ---] is 2 cos2 x - 1 - cos x -, 0')2 ' 2

I

4

a 4

I



6. 1 - 1

r

CHAPTER 6 SOLUTION OF OBLIQUE TRIANGLES AND OTHER APPLICATIONS

OF TRIGONOMETRY
7.

r

In chapter 3 we solved problems tepresented by right triangles.

In this chapter we will consider problems represented by triangles

that are not right triangles.- Such triangles are:Called oblique 'tri-

anglesand the process of finding the measures of all of sides and

angles of a triangle when only some of these measures are known is cal-

led solving the triangle. We will also consider some of thli other

applications of trigonome.try.

6.1 Oblique Triangles

Recall from plane geometry that a triangle is uniquely determined

if we know,-
4

- two angles and one side (ASA or AAS)

two sides and an included angle (SAS)

- three sides (SSS). I

In genera_Li knowing- the meaaureS of two sides and an opposite

angle of a triangle (SSA) is not sufficient to determine a unique tri-

angle. It sometimesAhappern that only one triangle, two triangles or

no tria'gle ,:an.be constructed given the4measures of two sides and ar

opposite angle of a triangle. Since there are three possible outcomes

to this situation, (SSA), is referred to as the ambiguous case.

In making our analysis of these situations we shall refer to the

known angle as 4 X.. and the known sides as x and y.

We will use the customary notation in which an angle is denoted by a
capital letter and the side opposite (s denotl,ky the lower case of
the same letter.



-Case A x

g

/
4

is acute and "x >y.

s

Only one triangle is possible.

Case B iX is acute and x .4 y.

t

Two triangles /A\ XZY'

iand L XZY are possible.

I

r-7---------

*

One triangle is

possible and 1... XY.
t

No triangle _is possible s.nce x

a. is shorter than the .1.1.1.

N XZ to XY,
2L i

1 A

a



Case C

4 X is obtuse and x > y.

Case D

Only one 'triangle is possible.

If X is obtuse, then

m4 X > na Y so it is

impossible that x < y.

I
6 1.- 3.

Summary of the ambitious case
4

.4 X is acute and

x > y

x < y

1 X is obtuse

x > y

x y

one triangle

If X is right, then

m)X>m 4 Y and

x > y so one tria e is

possible. If 4 x is right

then m1. X> m4 Y so

it is impossible that x < y.

two triangles (x;.> altitude to y)
one (right) triangle (x = altituk:
no triangle (x altitude to .

or

one triangle

no triangle

Notice that. whenever thp given angle is opposite the larger of

the two given sides only one triangle is possible.

202

4
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Example

Determine the number of possible sOluLiCaiS
e
when

.
and x = 11.3, y = 12.3.

_
4

We need to know the length of the altitude from Y towXZ.

Consider t_ XYZ' where ' is a right angle.

Let = altitude from Y to XZ.

sin 5
12.3

9.8 ti a

since 11.3 .> 9.8 there ar

AID

Possibe triangles.

6. 1 4

o
53

1

Example

How many triangles ABC can be constructed so that m 4 B = 72°,

AB = 153.1 and AC = 144.2?

let h = altitude from -A to BC

sitn 72 h
153.1

145.6/^- = h

a



since h > AC no such triangle can be constructed.

1 '

ExerciseNk.1

6.'1 - 5

(1) After case C we said. "if j X is obtuse'thenimiX > m4 Y so

it is impassible that x < y". Why?

(2) Why is it Atecessary to consider a case when

angle?

4 X is a right

(3 - 8) Find the number of possible triangles XYZ that could be

structed if:

(3)

(4)

m.4 X = 14°,

m 4 Y = 103°

YZ = 7.3,

14' , XZ =

XY = 5.2

93.1, YZ = 98.2

'(5) m Z = 52.68°, XY = 93.1', YZ = 98.2

(6) m x = 87°, XY = YZ = 8

(7) m 4 x = 62.73°, XY = 9, YZ = 8

(8) m x = 7°, XY = 9, YZ = 8

con-

(9) Look carefully at exercises 6 - 8,abolie and make a statement

about the relationship betweet the, lengths of sides and the

measure of the angle opposite,one of ehe sides.



r
w

6,2 The Law of Sines

6.2 1

.
In an oblique triangle if t ,Ingles and dne side (ASA or AAS)

or-two.sides and the angle kpposie of them (SSA) are known, then

the solution of the triangle maybe determined by using the LAW OF

SINES whichestates that: measures of the sides of a triangle are

uoportional to the sines y, he measures angles opposite the sides..

LAW OF SINES: For each oblique triangle XYZ,

x
sin X sin Y

z
sin Z

't

Proof; Given oblique AXYZ, let h be the altitude from Z to XY.

X is either acute or obtUse as'shown below.

t

w

21-i_ NJ

1.

4



In each case for right ____YZW

sin Y h so. h = x sin Y.

. A
and for right L_AXW2.

sin X = h so h'=:y sin X
Y

and x sin = y sin X

thus __Z__
sin X sin Y

If we let h be the altitude from Y we would obtait

Example1

l=-- =
sin X

x

sin X sin Z

sin Y ' sin Z

4

- 2

Solve /_,XYZ if m 4 X = 48.3°, m Y = 27.1°

and y 11.3

X

sin X sin Y

x 110
sin 48.3

---o =
sin 27.1`

(1) x = 11.3(sin 4Blk°)
a. sin 27.1u

18,5 cm.

m Z = 104.6
47. o

__Z__
sin Y

z

sin Z

11.3

sin 27.1 sin 104.6°

2 0 t,
Vy

4



(2) 1142Altrl104.61
sin 27.1

24.0 4:

-z

AN

6. 2 3

Notice the similarity between the equation (1) for x and the equ-

ation (2)4for z. If you have programmable calculator you may wish 6o

-1Ywrite a program that can be used for solving oblique triangles using the-
/

law of sines.

Example 2 ' Solve EL ABC given m 4 A = 42.5°, a =14.7,

and b = 24.64

a

sin A sin 13

sin-1 ( b sin j A) 7 m 4 B
a

(
sin-1 24,6 sin 42.5°) . m 4 B

14.7

sin
-1

( 1.13 ) = m 4 B

Since sin ) 1

ditions of this example.

a
there is no triangle that satisfies the con-

Example 3 Draw sketches of two triangles XY1Z1 and XY2Z2 for

which m 4 X - 33.7
o

, x = 16.9 and y = 25.8, then solve both triangles.



m Z1

v.

16.9 .

sin 33.7
25.8

tin Y
1

25.8 sin 33.7
opin Y

1
=

16.9

M Y
1

57.9

1
s acute, 4 y2 is obtuse

m 4, Y2 = 180 .57.9 = 122.1°

='180° - 17-+ 57.9)°

88.4°

16.9'
zi

sin 33.7' sin'.88.

i 30.4 ... zl

ra,

6. 2' 4

fi

m 4 Z2 = 180° - (33.7 + 122.1)°

= 24.2° 4--

16.9
z
2

sin 33.7 sin 24.2

12.5 4-4 z
2

;
5

Exercises 6.2

x
337°

30

s (1) Let h be the altitude to side, y of /\ XYZ. Prove that

h = z, sin X = x sin Z.

(2) In L. XYZprove that 1 xy sin Z = xz sin Y = I yz sin X.
2 2

(Hint: show that the area of A XYZ =
2

Z.)

20,,
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6. 2 - 5

(3) Prole the Law of Sines by using the equation established in
ti

exercise 2.

(4) In A XYZ why .is sin X '. gin Y \ sin Z
x y z

(5) Prbve that the Law of Sines ,is true for rightriangles.

(6) It is possible to express'the Law of Sines by 'toying, "Within

any triangle the ratio of the sine of an angle to the length of

its opposite side is constant." Explain why this form of the

Law of Sipes is equivalent to theform we have used in this secti.o.

In exercises (7 - 24) you may wish to write a calculator program that cats

be used to solve groups of problems.

(7 - 12) Solve triangle XYZ given the following sides and angles.

(7) m 4 X = 143".2°,.y = 11.3, m 14 Y = 29.5°

(8) m 4 Y= 119 °, x= 112.37 4 Z= 30°

(9) m 4 Y = y = 26, m 4

(10) m 4 X= 123°, y= 7.5, m 4 Z= 15.7°
.

(11) m 4 X = 72° 151, z = 23.87, m 4 z. = 42° 57/

(12) m 4:K = 136° 101 , = 58.4, m 4 z= 46° 25/

. (13 - 16) Use the formula of exercise 2 to determine the artof,_

LIBC given the following information.

(1311i m 4 A = 28°, b= 11, c = 7

(14) m 40,=148°, b = 22.7, c = 17.5

(15) m 4 C= 38°, a = 12.26, b = 15.73

(16) m 4 B = 109°, a = 7.25, ca. = 8.25

A.

1'

2 )

10,



6. 2 - 6

(17) In. L ABC, a= 146.2, b = 87.7 and the area of Z\ ABC is

312.8. 'Determine m 1 C.

(18 - 19) For each of the following sketch-two triangles XY1Z1 and '

XV 7
-2

and solve both triangles.
'2

(18) m74X= 38°, y = 5.8, x = 4.7

(19) m 4 x. 24°, y= 8.43, x= 5.73

(20) The longer diagonal of a rhombus is 12 centimeters long and forms

an angle of 38° with the sides- Determine the lengths orthe sides of

the rliombus:

(21 - 24) Solve trianglie MPQ given the following information.

(21) m 4 M = 28°, m = 19, p = 34

(22) m 4 M . 125° 14/ , m = 11.56, p = 9.37

(23) m Q = 67° 53" , q = 121.4, p = 123.1

(24) m p = 43.7°, p = 18.7, m = 12.6

(25) In trapezoid MATH, m 4 M - 72° 18/

M 3 A = 42° 15/ , MA = 12.18 and

HT = 5.17. Find the lengths of

sides ME and TA. (Hint: draw

(2 Look back at exercise (20) on page 3.5 - 6. Use a method other

than your original solution to solve this problem.

A



6.3 The Law of Cosibes

- I

In an oblique triangle if two lides and the included angle (SAS)

or 'three sides (SSS) are icnowythen the solution of the triangle may

be determined by using the LAW OF COSINES. Thisiaw has three forms

which are essentially the same.

LAW OF COSINES.

For any triangle XYZ,

x
2

= y
2

+ z
2

2yz cos X

2 2
= x

2
+ z - 2xz cos Y

z
2

= x
2
+ y

2
- 2xy cos Z

40,

Proof: (Analytic)

Let triangle XYZ have 4 X position in the coordinate

plane and let Y have coordinates (z, 0). Let Z have coordinates



'4 .

(zx, zy)

4e

zx = y cos X; zy = y sin X

Using the distance formula

x = \.1 (y cos ,X - z) ` + (y sill X) 2

x
2

= (y cos X - z)
2

+ (y sin x)
2

x
2

= y
2

cos
2
X - 2yz cos X + z

2
y
2

sin
2
X

y
2
cos

2
X + y

2
sin

2
X = y

2
(co X + sin

2
X) = y

2

2 2 2
x = y + z - 2yz cos X

6. 3 - 2.

by merely changing the lettering in the diagram above the other two

y forms of the law can be verified.

Example: Scilvet XYZ given x = 15, z = 29 and'm Y = 1'036

The appropriate form of the law of cosines is

y
2

= x
2
+ z

2
- 2 xz cos Y

y2 ..152 + 292 '. 2(15)(29) cos 103

and y --; 36

4 zTo find m 4 X and m i Z we can use the law of sines' -I-- . --___
, . 4

Sin Y sin Z

ti

*

.,....,---.

36

sin 103

29

sin Z

*
52

o
= m 4 z

180
o

- (103 + 52)
o

= 25°

You may coalute m 4 Z - 53° if you did not round y to 36.

21
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§. 3 - 3-

Example: Solve triangle MPQvwhere m = 10, p = 15 and q = 17

m
2

= p
2

+ q
2

- 2pq cos M.,

102 = 152 +.172 - 2(15) (17) cos M
102 152 172

= cos M
-2(15)(17)

.8117 = cos M

36° = m 4 m

2 2 2
p = m + q 2mq cos P

2 2
15

2
= 10 17 2(10)(17) cos P

15
2,

10
2

17
2

= cos P

12(10) (17)

.4824 A cos P

610 A cm 4 p

4 Q = 180° - (36 + 61) ° = 83°

Exercises 6.3

0

(1) Let qiangle XYZ have 4 Y in standard position in the coordinate

plane. Derive the ftllowing form of the law of'cosines:

2
y
2
= x

2
+ z - 2xz cos Y

(2) Determine aspecial form of the Law of Cosines for right triangles.

(3) Proye the converse of the Pythagorean Theorem: that is, prove that

-"-tif x2 + y2 = z2 then A XYZ is a right triangle having a right angle,

at Z.

2 1

4



6. 3 - 4

e
(4) Explain one possible reason why the Pyth4gorean theorem is

not a ciprolIary to the 'Law of Cosines.
, .

(5) Let ZW be the altitude from Z

to XY in L XYZ. Use this in-
,

formation to algebraically prove

the Law of Cosines for acute

triangles.

(6) Prove the Law of'Cosines algebraically for obtuse triangles.

(Hint: let LX'Y have an obtuse angle at x. Let ZW be the

altitude from Z to XY. Consider right triangles ZWX and ZWY.

In exercises (7 - 20) you may wish to write a calculator program that

can be used to solve groups of problems.

(7 12) Solve each 4 (RST, given the following information.

(7) m 4 R= 570, s= 11.3, t= 14.7

(8) m 4 S = 123.2°, r = 13.37, t = 21.54

'(9) m 4 T = 32° 15 , r = 23.7, s = 11.5

1

on) m A R = 114 SAID c = lA 4n t , In n7

(11) m S = 134°, r = 3.27, t = 2.14

(12) m 4 T = 17.2°, r = 45.7, s = 53.2

(13 - 18) Determine correctIto the nearest tene4 the measures of

each of the angles for each triangle PQR, given the.following informa-

tion:

(13)

(14)

(15)

(16)

p = 14.7, q = 16.3,

p = 3, q = 3, r =
.

. p = 2.7, q = 4.23,

p = 5, q = 14, r ='17

r =

1,8-
4

r =

20.].

2.51

16.
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6. 3...5

(17) p = 123, q = 90, r =A2

(18) p = 5 In, q = 6 07, r fd 19.83

(19) Determine the length of each diagonal of 'a' parallelogram hailing

sides of 10 and 14.7 and one angle measuring 137.2°.

,

(20) The radius ofili circle is 18. Find the central, angle to the clearest

'degree subtended by a chord of length 33.

I

4
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6.4 The Law of Tangents

In to oblique triangle ifthe measures of,two sides and tie

included angle (SAS are known, then the solution of the triangle may

be obtained by usigg,the LAW OF TANGENTS. This law has six forms

which are essentially the same.

Proof

(1)

(r)

The' Law of Sines

can be rewritten as

sin x

1 =
sin X

- 1
sin Y

IF sin Y

sin X
y ,sin Y

x y sin sin Y
y y sinY sin Y

x - v sin X sin Y
sin Y

x

y y

sit X sin Y
sin Y sin Y

x_t_y _ sin X + sin Y
y sin Y

y # o, sinN # o

combining 'equations (1) and ',(2) by division

x - y sin X sin Y
x + y sin X + sin Y

21-
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6. 4 - 2

now sin X - sin Y = 2 cos
2

(X +
1

(X - Y)

4 sin X + lin Y = 2 sin -1.. (X + Y).cos
2

(X - Y)
2

1 1

+ 7thus x - y . 2 cos 7 '(,)( Y) sin ( X- Y1
x + y 2 sin (X 4. y)

2
cost (X - Y)

. =
.

2

1
cot (X + Y) tan 2 X- Y)

2

1 1

tan (X )

an 2- (x + y)
v

( 1
(x y)

i
tan -f (x + y)

This law has many equivalent forms that can be derived-by renaming the

angles of the $riangle and using the properties of proportions.

Notice that the Law of Cosines easily allows usto dbtain the

value of the third side of a triangle when the measures of two sides

and the included angle are known. Under the same conditions, the taw

of 'ranger gives us the measures of the two remaining-angles.

Example

In LXYZ, x = 15, y = 23 and m 4 Z = 72°. Find m 4 A and

m 4 B. Since y > x we will rewrite the Law of Tangents as

1

y - x = tan 7 (Y X)

y + x 1
tan (y + X)

2

m4Y+mX = 18067 726= 1086-

the proofs of these statements will be developed in the exercises..
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6. 4 - 3

1=
23 - 15 . tan 7 (Y -I)
23 + 15 1

tan (108)
2

o'

8 tan 54 1

38
= tan 2 (Y - X)

1
0.29 = tan 2 (Y - X)

16.16° = (Y - X)

32.32° = Y - X

X + Y = 108
-X + Y = 32.32° m 7Z X l08 - 70 1 38°

2Y = 140.32°

m ) Y 70°

Exercises 6.4

4

(1) Why is the Law of Tangents not appropriate when_the measures of

the legs and vertex angle pf an isosceles triangle in known?

.(2) Why is the Law of Tangents not appropriate when the measures of

the legs of a right L. are known?

(3 - 8) You may wish to write a program that can be used to solve theses,

exercises.

(3 - 8) Solve each of the following triangles XYZ if the following in-

formation is known.

(3) x = 6.37, y m 74 Z = 34° 151

(4) y = 14.732, z= 9.560,
m 4 X . 42.7°

(5) z = 112.20,4= 96.2, m 4 Y = 118°

(6) m 4 136.2
o

, y = 15.6, z = 37
3

(7) m A Y = 82.7°, x = .31, z = .023

(8) m z 9°, x 11.1, y = 9.7
C-J

21,



6. 4 - 4

(9 - 16) CoMplete tik'folloteing statements to verify that

sin (4 + co) =- sin cos e- + cos + sin 4a-

OA is the Padius of a unit

circle and 4 AOB = 4 +

AB i OC, EC 1.0C , AF 1 FE,

AE 1 OE. .

(9) L GOB 0N- L GAE because

(10) 4 FAG le 4 BOG because '0

(1i), sin 4 =
EC

so EC =
,

cos 4 " so oc =

(12) sin 4
FE AF

= so FE = , cos 4 so AF =

AE
4w(13) sin 41. = so 'sin = A cos 4

OE
so OE

1
:

(14) sin (4 + 1 1 4 =AB = AF + =
-------.AF

+ EC

(15) sin (4 + "4 = (finish by yOurself).

(16 - 19) Complet2 the following statements to verify that

s n (4 - e) = sin 4 cos 41*- cos 4 sin 4..

( 6) sin (4 - 41) = sin' [ # + ( )1

N; (17) sin (4 41) = sin 4 . + cos 4

(18). cos (- a4 = cos ; sin

.(19), sin (4 - = (finish yourself.

I

2 1 'I
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(20 - 24) Complete the fOlfowing statements to verify that

1
41,

1
w -2-sin + - sin e. -2-2 cos (4 + sin (4 - e) and

1
sin + sin -2'= 2 sin (# + 44 cos

1
(4 + . Let A + B = # and2

'A - B .

(20) 2A = , 2 B=

(21) A = B

(22) sin (A + 13110)111in (A - B) =
4

(23) sin (A + B) - sin (A - B)

(24) sin 4 + 4a.= (finish by yoursel.)

sin ¢ sin -e-

ti

24,0
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6.5 Parallelogram of Forces and Other Applications of Trigonometry

When two forces are simultaneously acting on an object in two

different, but not directly opposite, directions the result is the

same as one farce acting on the object from a direction somewhere be-

.

tween the original two forces. If two known forces, a and b, are

acting at an angle of measure

in object X, the resulting

force can be determined by

computing the diagonal of a

parallelogram havng adjacent

side's of length a and b that

include an angle whose measure is E)- . In our diagram the magnitude

of the resulting force is 'the length of diagonal XY. The forces a

and b are known as components and force XY is called their-resultant.

The process of finding the resultant of two or more forces is called

determining the parallelogram of forces. The forces themselves are

called vectors because they have a specific magnitude and direction.

Example: An airplane is flying at a speed of 450 kph. At the

same time the wind is moving at an angle of .7? with the path

of the plane. If the speed of the wind is 18.7 kph, how long

will it take the plane'to travel 719 kilometers with the wind?

It is possible to solve problems of this type by scale drawings.,
Irk

-The resultant of three or more forces is determined by considering
the foes two at a time. /

N

a



Using the Law of Cosines

2 , a2 b2c = a + b - tab cos C

6. 5 - 2.

c2 =

2

4502 + 18.72

218014.82

- 2(450)(18.7) cos 154.3

c = li6.92 kph to .

719: x hr = 466.92 : 1 hr.

iha 1.54-hours = 1 hr. 32 min. 24 sec.

Trigonometry)has many other applications especial

sciences. Periodic functions like wave motion and circular functions like

harmonic motion involve ideas from trigonometry that have significant ap-

plication in the ex anation of natural phenomena. Trigonometry is also

widely used wherever indirect measurements are needed as in navigation

and surveying.

We have been concerned with problems in which the angles and lines

are confined to one plane. In many practical situations it'is necessary

to consider three dimensions.

Example:

A geology team wishes to

determine the height AB o

a vertical Cliff whose base

inaccessible bechuse of a swam

They select two points C and D

on solid ground and determine by ,

instrumentation that DC_= 55.3 meters,

.22,



m 4. ADB
*
= 57.23°

- 3

BDC P= 23.71° and m 4 DCB = 107.53 °.

In 41 DBC, m 4. DBC = 180° - (83.71 + 107.53)° = 48.76°

n 4 ADB,

vs.

Exercijes 6.5

sin DBC sit 1C
DC DB

sin 48.76°
55.3

sin 107.53°
DB

70.13m = DB

tan 57.23° =
AB

tan 57.23° =

DB

AB

70.13

108.94 meters = AB

,,(1) . A surveyor wishes to determine the

height AB, of a tree. From

C the angle of elevation to A is

43.7° and from point D the angle

of elevation to A is 20.4°.

If points DC and B are 'collinear

and CU = 10 meters, how high is

the tree.

I

*

. 4 ADB is the angle of elevation of the top of the cliff from :D.

4
22,)
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'

(2) Arthur Artcritic is standing 4 meters from a painting hanging

on a wall o
Ay
f his favorite gallery. If the angle of elevation

(3)

from his eye to the top of the painting t§ 12.6° and the angle

of depression from his eye --ti) the bottom af the painting is 8,7o

how long is the painting to the nearest tenth of'a,rneter'

Suppose that A. Artcritic ha's to turn his eyes 6,2° right and

'3.6° left to sight the side edges of the jiinting. How wide

is the painting to the nearest tenth of a meter'

(4) Wally Weekendgolfer estimates that he has sliced his tee shot 100

i
from the true path between the tee and the hole. He paces off his

1

(5)

shot and apl5roximates that it was 175 yards. If the hole is 410

yards long, how far is he from the hole?

Develop a method of determining the area of a triangle given the

lengths of the three sides and find the area of a triangle whose

sides are 5, 6 and ()I.

(6) Find the area of quadrilateral ABCD

if AD = 10, DC = 18.3, miD n 43°,

mA =407° and miB = 84 °.

(7)

/0

/8 3 c

In tie first example in this section, how long would it take

the plane to travel 719.kirometers against the wind?

ti



- 6.5- 5

(8) A surveying team wishes to determine

the length of a proposed tunnel irom

A to B. They have instruments at X and
1

and Y and have determined that

Ay

7/-

1
mSAXY = 103.12°, mIBXY = 59. 47°,

. 410m4XYB = 107.32 °, na4XYA = 59.68°

and m4AYB = 73.03°. (Notice that ta4XYB ;4AYB + m1XYA so

X, Y, A and B are not coplanar.) and Y are 73.2 meters

apart, what is the distance from A to B?

(9) Ground controllers at airports need to

know the distance between the ground

and the bottoms of the clouds. This

distance is called the ceiling. One

technique often used is to shine a
0176eNutA,

strong light into the clouds and

.obserbe the angle of elevation 8-

as,represented in the accompanying diagram.

Ill Z. rrn

150 rn

If the building is

150 meters from the light soutci at a point 127.2 meters above

the level ground and measures the Angleof elevation to be 65°,

what is the ceiling?

(.10) Make a chart at 5° ihevervals from 10° to 850 that could be used

by the ground controllers in exercise 9.
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(11) Suppose that you can swim at a rate of 2.3 kph in still water.

If you are swimming across a stream whose current is .8 kph,

how fast are you actually moving?

(12) Suppose that raindrops are falling at a rate of 30 kph through

a wind o 23 kph. What is the measure.of the angle at which

the drops hit the ground (to the nearest tenthr

J
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Chapter 6 TEST

Directions: For (1 - 4) draw a figure Write the formula you will be

using. SHOW YOUR STEPS.

1)' A diagonal of a parallelogram is 50 centimeters long and makes

angles of 37°10' and 49°20', respectively, with the sides, Find

the length of the shorter side of the parallelogram to the nearest

centimeter.

Two motorboats take of from a point T at The same time. One boat

travels at 10 miles per hour to a point R and the other at 20 miles

per hour to a point S. If the angle STR between the two paths of travel

measures 105°, find to the nearest mile, the distance between R and

.S.after two hours.

3) In triangle ABC, angle C = 78°, side AC = 1.5 feet and side BC = 20 feet.

4

5 a)

Find angle A to the nearest degree.

Two forces of 40 pounds and 30 pounds, respectively, act on a body

at the same point so that their resultant is a ford of 3.8 pounds Find

to the nearest degree, the angle between the two original forces,

Solve for win x: 1 - sin x = 1/2

b) Find the value of cos 43o 47' to four decimal places.

c) If x is-a positive acute angle and cos x = , find the numerical

value of sin x.

deinitoki-iangle ABC, b = 6, c = 10, and mL A = 30. Find the area of

triangle ABC.



e) If, m / A = 35, b = 30, and a = 20, then what type of

triangle, if any, can be constructed?

1) a right triangle, only

2) two distinst triangles

3) one obtuse triangle, only

4) no triangle

1

`

22,
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CHAPTER 7 THE QUADRATIC. AND OTHER POLYNOMIAL FUNCTIONS

In this chapter you will work with functions and equations In-

volving powers of x, for example f:x 2x3 - 5 and 2x 3
- 5 =,0.

Most of the content of this chapter will be directed at functions

and equations of second degree, that is, powers of x no greater than

two.

7.1 Polynomial Functions: Basic Definitions

A pol function is a function of the form

ax11.+ bxn-1 + cxn-2 + + gx + h, n a natural number.

This notation can be read "f is the function which associates with

each number x , the number ax
n

+ bxn-1 + cx
n-2

+ . . . fgx + h. When

a 4 0 this function is named for its highest power of x and is called

an n
th

degree polynomial function.. Such functions are also expressed

as equations
n-2

f(x) = ax
n
+ bx

n-1
+ cx + gx + h.

The numbers represented by a, b; c, etc., are called coefficients.

The terms are normally written with descending powers of the variable

as shown. Polynomial functions are continub,ps functions, which means

their graphs will contain no holes or spaces. The graphs may be ob-

tained by plotting all (x, f00).

In the case f:x x
2

- 4, when x = 0 f:x -4, this will be written
f(0) = -4. When x a 2, f(2) = 0; x = 3, f(3),=5, etc.

.

220
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Exaaiples:

y = 3x
5
- 2x + /x - 9 represents a 5

th
degree polynomial

equation whose coefficients are 3, 0, 0, -2, 7'and -9.

f:x -4 x4 - x3 + 2x
2
+ x - 7 is a 4th degree polynomial func-

tion whose coefficients are 1, -1, 2, 1, and -7.

In this example

f (1) = (1)4

f(2) = (2)-
4

- (1)3

- (2)
3

+ 2(1)2

+ 2(2)
2

4 (1) - 7

+ 2 - 7 =

=

11

4110.

-4

f(h) = h
4

- h
3
+ 2h

2
+ h - 7

Four polynomial actions have special names

0 f:x -* a a 4 0 constant function

n= 1 f:x -tax + b a# 0 linear function

n = 2 f:x -tax2
+bx+c a 1 0 quadratic function,

n= 3 f:x -0 ax
3
+bx

2
+cx+d a 41 0 cubic. function

ixamples:

Exercises:

xf:x -4
linear

4.

g:x -* 3(x -4) linear.

h:x -4 3 - x
3

-cubic

h:t -4 100 + 60t - 16t
2

quadratic

MID

(1 - 5f' State the degree of each polynomial and list-Arts coefficients

in descending order.

(1) f:x --6 2x
3
- 6x + 4

(2) f:x 3x 2x
2

(3) f:x 9



7; 1- 3

(4) f:x '.40 x
4

- 5x
2

4x + 10

(5) f:x 4 x3 - x - 1

(6) For each exercise 1 5 above, find

(0) f(0) f(1) . (c) f( 1) (d)

(e) f(a) (f) f(x+h) (g) f(-x)

23



7.2 - 1

In this section we will see how the programmable calculator ti

July assist us in graphing polynomial -functions:

Civet: f :x .4. x3

Graph the unction.

2x
2

-5x + 6

A 111533E plIpgram

^ '

PROM
01 STO 1 i
02 2

. 03,

04 ''FICL

05' X
06

Q7

08 RCL 1
09 X
10 6

11 +

RTN, FIX 1

keystroke the value of x, R/S

A TI-57 program

LRN
00 STO. 1

01
'02 2

03
04 X
05 RGL 1

06
07 5

08

09 , X
10 ,RCL 1

11

12r,, 6

13 =

414 R/S
15 RST
LRN, RST, FIX 1

keystroke The value of x,

To" understand the program you may want to consider f:x written

in factored form x3 - 2x2 - 5x + 6

x(x
2

2x -5) +6

x (x (x-2) -5) + 6 2

Starting from the inside parenthesis may clatilty the program.

Now we will select appropriate substitutions for x. Use the in-

tervalterval [-3, 41 with a difference d of .5 between the x values,

d'Find the values of f(x) .

, The notation -D10)].
(a, b4

r 1,1

meant values a and b atee included.

rrian's valtig! : a and b are. not included.

rt, a a ro. a idn'- ihr1i,rinti and 11` is rt.nt nrlvtripri



.

1'

Note:

4.").

x f (x)

.5

1

1.5

2.5
3

3.5 A

7. 2'1)2
P.

L

A method to increase the speed and decrease the effort needed in

finding the f(x) value would be modificationoof the program,

such that- d would automatically be added to

value. This involves A loop in the,program.
s.

Modified Program o
HP-33E

01. STO 2 (d)
02 R/S
03 STO (x
04 R/S :
05 same as

steps 02
to 11, in.
original

15

16

.17

-, 18
19

R/S
RC°1_, 1

RCL 2

GTO 03
RTN

Run 'Mode,
oth pro rams._

FIX 1

keystroke the v
. of d (stored in 2) -

13./S

keystroke the value
of X',(st-ored in 1)-

R/S

IR /SI

f(x) value. displayed

ERIS
new x displayed

each previous

Modified PrVigram for
oTI - 57 ,

new f(x) displayed

.233

00
01
02

-03
04
05

19J

STO 2 (c11.

R/S
Lbl 1

STO 1 s(x)
R/S
same as
01 to
14 in>
original

20 RCL 1

21
22 RCL 2
23 = .

24, GTO
LRN,

1

RST

4

4
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7. 2 - 5

Exercises 7.2

Program your calculator and obtain the pointi necessary to

graph each function. Sketch each graph using the interval and dif-

ference d as indicated.

Punbtion Interval

---

4. (1) f(x) = x
2

- 3x - 10

(2) f(x) = -.X
2
+ 3

(3) f(x) = -x
2
+ 6x - 8

(4) f(x) = 2xa - 5x - 12"

(5) f(x) = 2x
2
--.3x - 7

(6) f(x) = -x
3

ffx)f= x3

f(x) = x3

- 33
+ Ix

2
- 5x -6

4

1-3, 6] .5

3]
.25

C 0, (6] .25

[-2.5, 5] .5

C-2' 31

[-LI 2] .25

C-3, 3] .5

[-4, 3] .5



7.3 Graphing The Quadratic _

J 4
in this section we will examine the graph of a /uadratic func-j

tion to determine particular f(x) ohalues such that f(x)

7.3 -

k.

clV

The sitooth curve connecting all points that satisfy a quadrati6

function is called a parabola. ,'Every patAbola has t vertex or turning.

point. This point, depending an the parabola is either-the maximum
A

(highest) or minimum (lowest) point of the parabola. 'The parabola has

symmetry about a line that passes through,the vertex. It is easy to

see that if the parabola was folded about this line, (galledihe'axis of.

symmetry), its two hall4es would coincide. This axis of'symmetry'ts the

perpendicular bisector of any line segment joining two points of the

parabola having the same f(x) values.

GivIn: k = 180x - 16x.

't (a) For what value of.x is k a maximum?

(b) For what values of x is k = 0?

(c) For what values of x is k = 200?

(d).__Eor what values of x is k = 464?

To answer these questions we will graph

f(x) = 180x - 16x2_

Begin by using the interval El, 12] , d = 1. The following points

should be obtained when using the calculator.

r

237
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7. 3 - 3

The maximum value for f(x) seems to be located between 5 and 6. Be-

ginning at 5.1 with d = .05 yields the following information.

f(x) x f(x)

5.1 501.84 5.45 505.76

5.15 502.64 5.5 506

5.2 503.36 5.55 506.16

5.25 504 5.6 506.244)

5.3 504.56 5.65 506.244/

5.35

5.4

505.04

505.44
5.7

5.75

506.16
4105 decreasing

f(x) is

Our maximum value for x seems to lie halfway between 5.6and

5.65, but we must be careful because of rounding off to two,decimal

places. Fixing our calculator lb read 5 decimal places and lettipg

d = .01 gives us

x

5.61

5.62

16(xY

506.24640
506.24960

5.63 506.24960
5.64 506.24640

Our maximum once again seems to be halfway between 5.62 and 5.63 which

is 5.625.

Using d = .001 f (x)

5.621

5.622

5.623

5.624

5.625-
5.626

5.627

23,,

506.24974
506.24986
506.24994
506.24998

506.25 .(m)
506.24998
506.24994



4

The maximum value for f(x) is obtained when x = 5.625.

(5.625, 506.25) is the turning point or maximum in this case.

7. 3 - 4

Therefore

7

The solution to (a) is therefore 5.625 because no other value

of x will yield a larger value fOr k, which is equal to f(x)

. s. r . t .. I1 -* -*' .r .

1 ' ' '

".-'tr"'r
'
,'-

'
r

0 10. . . 7.
.4+ .46,- --4.-4+ -

4 I I

.4p. -1±. ,4 4.4
I I 14.1.--. '''''' .1,

, ,4t
11. g-4 ;

1 ,,,,,,
1 - 0

. . ..r.,
. ;

;-11 : 1.,ttiff 1-i-61** -.. --. _ .,i-
.-_. . _1-

1 :

.
a

"4.4. i-

4. 44

-
.444--

4 .4. ....- .0.o*
0-00.. 44.;. v

. 4 1 ,0, . 0 i 1 . . .....
,,........j.:".. ....:1.. ::::....".t......1....: .......t Id. :* '' "*.*

TTtt

.60 1 0 . 1 111!-17.
; 7-tl. it: *: ' 1 : 1 . 1.i.i . . 1 .1 ....

' I . - -+-:- 4-4-.4 L. 4- ....1-: : ; . . :--*
- ' 1 r

1----. ..!-;,:_;:: .,..;,1 ,..., .--

I

1:1;
. ; I I ,1

.. ;
: .: .

No
0

. . 1 4 ..
4. : , 4...1.-.

1

.
- - 0 44-

*. -..... : '
' 11{i ,::'

..- ...04.1./... 4;d...+:,. ir.i.:_: - - ---, - ,.. ,
. .....

. ... r.;_:...i....t..-, - - -i . .
:. : b .

., ..... . .1 .... ,.. . , -

1 i
- 4 - i ' : . : . I.. 4. .

. . . 1 . 1

t ..... Ip I

..... I { . I r
: : :::::'1:: .

, .4 I I

4.* .1. 00 tfIP / .10* t:. ,,i....:*::::t.: . ':' I' . : : .. :
.1.

, . ,.
.-, ..:...,;.,::.:

.

* :H.- . '.-11 ...

. ..... 4: I :: t ::::
t

I i

' itit: ::::t:.::-: ....
1.44 01 ..i

0 1

1:
.4....

- i-.*

''Tt'"'''':'
. . . ....L.._

17---r
"*.1 t-...

.. 1

- - 4 4 4
.4.4 . .1

.I.

. :It; . : 1.0...
".:1-.-1: . .-1.. ; ....'.... . . .

. .
: : :it: 4

IP P

..1.4:11: : .1 :L4-:-1: ,..... ..
:7:1::; :-2:1 IP

.*-11: '1 :It:t:: . p

t r.t..1. ,
4 i 44
.1 4.

4



p

e,.

7. 3 - 5

Solution b). If k = 0, then the solution to the problem-will be

d by replacing f(x) in the equation f(x) = 180x : 16x2 with 0.

V

180x - 16x2 = Q

(
This clearly occurs from the graph when x = 0 and a second value of

x between 11 and 12, (near 11.2). Using the calculator we may obtain

the exact value.

x f (x)

11.21 7.1744
11.22 5.3856
11.23 3.5936
11.24 1.7984
11,25 0 .

Solutions 0 and 11.25

However since 0 was 5.625 units to the left of the axis of

symmetry, the second solution could have been obtained by moving

5.625 units to the right of the axis of ymmetry.

5.625 4- 5.625 = 11.25

(t)... 180x - 16x2 = 200

By drawing the horizontal line f(x) = 200, w may estimate

our solutions. However, we know from graphing that one value that

satisfies this equation is 10. This value is 4.375 units to the right

of the axis of symmetry. Therefore the second solution is 5.625 - 4.375

of 1.25

(d) 180x - 16x2 = 464

x = 4 (5.625 - 1.625)

or

x = 7.25
p

(5.625 4-;,...625)

24



7. 3 6

Exercises 7.3 ./

(1 - TO) For each of the following functions graph the function and

(a) Find its zeros (estimate to the nearest tenth if necessary). and

(b) Find the minimum or maximum. value of k in k = ax
2
+ bx + c such

that there will be real solutions to the equation.

(1)

(2)

(3)'

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

f(x) = x
2
+ 2x

f(x) = x
2

- 2x -3

f(x) = 4x
2
+ 44

f(x) = 2x
2
+ 5x - 3

f(i) =
2

-

2
f(x) = 2x 1

f(x) = -x
2
+ x + 5

f(x) = -x
2
+ 4x

f(x) = x
2

- 2x = 2

f(x) = 2x
2

- 5x + 1

You are supplied with 100'

4.

of fencing material and you desire to

enclose a rectangular area,u ing an existing wall as one of the

four sides. What is the 1 gest area you will be able to enclose?

Hint: Draw a diagram and label the three sides that will be fenced

in terms of x. Using the formula for area (k) of a rectangle, graph

the resultin quadratic and find the maximum k.

(12) If the height above the ground of an object thrown into the air

is given by h = 100 + 128t - 16t2, find the maximum height attai*.

(13) Two numbers have a .sum of 18. Find the numbers such that their

product is a maximum.

(14) Two numbers haves sum of 20.-`Find the least value that the

sum of their squares can attain.

2 -4



7. 4 - 1

7.4 The Roles of a, b, and c.

In this section discussion will include the role of the coefficients

of the quadratic function f:x ax2 + bx + c, and the rewriting of quad-
,

ratio expressions by completing the square.

The role of the coefficient.a. If b = 0 and c = 0, we Will

sketch the graph of the equation y = ax
2

for the following value's of

a: -4, -1, -
1 1 1

, 1, 2, 4.

ma.

"'mr.MMOCIindliiii
11110111111M1 ..1

....._=Th.......mze.......==..C:LW
...MMO .

=t=l;--...--...9=a:r.===...-E-..-. ...==iM
-----=,==--ka

......... .....-asmis.....
--m---Xfaanl 'ff

___MV
I 'AV.........

72!Elik:07§1417
......

msdir'-124

Mivan. . _,

`---- ,W14.
-,doob"-,. "op/

fltaiLi4nhkt,,MIMMOD _MMM _::_:ei OM'wwalMOwnwon-aw
mMMMMMMM 1gIffai rie kW,=OW

11.P2=e
-

---,=MI t,--:-.-.= t

I,
kNotice t at when a > 0, the' curve opens upward,. As a remains posi-

'
tive but dIcreases the curve tends to flatten out., When a 4.0, the curve

2 C3
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7. 4 - 2

opens downward and is a reflection of the graphs with the corresponding

positive value of a. If a > 0 the turning point is a minimum. If

a .4 0 the turning point is a maximum.

The role of the coefficients b and c. If b = 0 or c = 0,

but not both. The, parabpla's position varies with respect to the two

axes. Let b = 0 and a = 1. Graph y = x
2
+ c for the following values

of c; -3, -1, 0, 1, 3.

- , 1..----.
---3_7

_....--..-.4
.

t1= --7-.-----.'
I

Iblik
,

as
M ukat - . --
74,1Eumm== Milm
INIIIIINIM

11111111111W

..AM..
SMINOWN=

IN
W r

=1..N,.--.- 7_7- WI' IIIIIIMIII

--,- ----V..= --- --
'

-:=4..-- 4-
. .4- ----_,

---
---._

. _
--:" '.j... ,-.----4.-_---..-- iSa."..7.7:.........11#

1===imisevw"CIMV.F.arars.-. _-_.-
_-_--, --.--.--.--

1 i--- ==rw--- _

_____ ____t:. --i-----:_z_.--_
_____,I ,_

I .--::-,...
--..-L-z-4 - .._._ .,______ _

_-_-::--___ ___: ____..__ ______ , . _ __ _
----. ._t __ . _

.-:_.::::::-i- _ -_--- .' _ __--r-:.-----. - __ -,-- --,--.-

------..":-;-:::::f f
_. _ _ __ .._4- ----

All of. the above acabolas have the line x = 0 for their axis of

symmetry but the c ryes will be shifted vertically depending on the

value of c.



7. 4 - 3

if c > 0, there is a vertical shift upward- of c units

if c < 0, there is a downward shift of -c units

In general-y = ax
2
+ c_is obtained by shifting the graph of

y = ax2 up or down icl units.

In Elementary Algebra when the topic of factoring was encountered,
.

you were introduced to special types of trinomials that when factored

had two equal factors.

Exkmples: x
2
+ 6x + 9 = (x + 3)(x + 3) or (x + 3)

2

/c
2

- 4c + 4 = (c - 2)(c - 2) or (c-2)
2

4m
2
+ 20m + 25 = (2m 4-'5)(2m + 5) or (2m1. 5

p
2
+ 2pq + q 2

= (p + q) (p + q) or (p + q)
2

p
2

- 2pq + q
2

= (p - q) (p - q) (p - q)
2

For obvidus reasons this type of trinomial is calledia perfect

2

square trinomial. At times it is advantageous to have a trinomial that
r-

is a perfect square. This can be accomplished by adding a particular

constant to ax
2
+ bx in order to form a trinomial square. This con-

b
2

stant is
4a

.

2 b
2

ax + bx + -- can be rewritten
4a

.01*

2 b 2a ( x
2
+ 1) x + b

) or a x + -- )
a 2a4a

By this method of completing the square, any expression

ax
2
+ bx + c can be written in the form a(x - h)

2
+ k.

2,1 5



7. 4 4

Examples:

2

(a) Given: x
2

- 10x + 7, a = 1, b 4 -10, therefore b
= 25.

4a

HoweAr, if 25 is-added to the expression 25 must also be subtrac-

ted in order not to.change the value of the originalr.

x2 - 10x (25) + 7 - (25)

(x 5)
2

- .18

therefore h = S and k = -18

b 2

(b) 2x + 8x - 5,'
4a

= 8

2x
2
+ 8x + (8) - 5 - (8)

2(x
2
+ 4x +4) - 13

2(x + 2)
2

- 13;

(c) What do h and k represent?

k = -13

Complete the square on the function f(x) = x2 + x - 6, .which

was graphed in section 7.3, b = 1, a = 1,
b2 1

a 4

1 1f(x)' = x
2

x + (T) - 6 - (z)

f(x) = (x + 1)
2

-'6.25
2

- 1 = -6.25
2

Recall that the turning point of the parabola was
f -6.25),

and the eqUation of itsaxis of syMmetry the line x =
2

. There--

fore (h , k), at least in thls example seems, to be the turning point

and x = h, the vertical axis of symmetry. In section 7.6 we will prove

this assumption.

11
We will now graph y = a(x - h)

2
+ c, for a = 1, c = 0, and the

following values for h; -4, -1, 0, 2, 32,10
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'7. 4 - 6

Pte: Given y = -2x2 -4x + 1, 'find the highest point of the

parabola without graphing.

Since a < 0,- the parabofl opens downward and has a ma*imum at the
4

turning point.

ib 1.6a = -2, b = -4. Therefore
4

= = -2.
a -8

By completing the square ,

y = -2x
2

- 4x + (-2) + 1 - (-2) '

y = -2x
2

-4x - 2-+

y = -2(x2 + 2x + 1) + ,3

y = -2(x + 1)
2
+ 3 h = -1, k = 3

The vertical axis of symmetry is x = -1 and the turning point is
N

(-1, 3) which is the solution to the problem.

Exerises 7.4

P
Without graphing, find the equatioi of the axis of symmetry and

Of
the turning point of each of the following parabolas:

(1) y =,.(x - 6) 2 + 5

(2) y = (x - 3)
2

-

(3) y = (x + 5)
2

(4) --y = (x + 2)
,2

1

(5) y RX 2 + 3x + 9

(6) _y = x2 - yex + 49,1

(7) y = x
2

- 3x + 2.25

1414) (y = x2 + 5x + 6%5

(9) y = 4x
2
+ 12x + 9

(10) y = 9x
2
+ 30x + 25

P



(11) y = x
2

- 6x - 8

(12) y = x
2

- 2x ,"1..

2
(13) y = x - x -.3

2'
(14) y = x +3x 9

' (15) y = 2x
2

6x + 2

2
(16) y = 2x + 4x + 3

(17) y = 2x
2
+ 7x - 3

2
(18) y = 3x 5x - 2

(19) y = -3x
2
+ 12 + 11

(20) Y = -3x
2
+ 6x + 2

q1) y = -2x
2
+ 3x + 1

(22) y = -2x
2

- 5x + 2

2

(23) Given y = ax2 + bx +
4a

**k

7. 4- 7

K Find the equation of the-axis of symmetry in terms of a and b.

(24) Given: y = ax
2
+ bx + c

Find the coordinates of the turning point in terms of a,-b and c.

v
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7.5 Solving quadratic Equations Algebraically.

-In this section the zeros of a quadratic function will be found

algebraically, using the methods of factoring, completing the-square

and the quadratic. formula.

In section 7.3, by using the graphs of the patabdta f(x) =,ax
2
+ bx + c

and the horizontal line f(x) = k wetere able to solve the equation

ax
2

bx f c :=It. When k'= 0, the solution is obtained by locating the

point(s) of intersection (if any) of the parabola and the x axis. These

first coordinates are,Also called roots of the equation ax2 + bx + c = 0.

An algebraic method that avoids graphing would be to factor the

quadratic equation, if possible, and apply the principle that if the pro-

duct of factors equals zero, one of the factors equals zeto.

If p 9 =. 0, then p = 0 or q = 0.

Examples: Find the zeros of the following quadratic functions with-

out graphing.

(a) . f(x) = x2 6x

(b) f(x) = x2 - 49

(c) f(x) = x
2

- 6x + 9

(d)
p

f(x) = x
2

- 3x - 4,

(e) f(x) = -x
2

4x + 1

I
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Solutions: To find the zeros of a function, then f(x) = 0

(a) x2 - 6x = 0 (b) x
2

- 49 = 0

x(x. - 6) =0

applying the principle

x= 0 or x - 6= 0

x = 0 or x = 6

(x - 7) (x 7) = 0

x- 7= 0 or x+ 7,F0

x = 7 or x = -7

(c) x2 + 6x + 9 = 0 a perf.ect square trinomial

(x + 3) (x + 3) = 0

x = p only one solution. The original function

is tangentoto the x axis.

(d) x2 - 3x - 4 = 0 (e) -x
2

- 4x + 1 = 0

(x - 4) (x + 1) = 0 x
2 + 4x 1 = 0

x- 4= 0 or x+ 1= 0 not factorable.

x = 4 or x= -1

Because no; all quadratic equations are factorable, we may solve the

above equation by completing the square (section 7.4). We will also

'use the following principles:

(i) If x2 = k, then lx1

and

(ii) if Ix! = m, m > 0, then x = m or x = -m

Example (i) If x
2
= 9, then Ix1 = II or lx1 = 3

(ii) If ixl .7 7, then x = 7 or x =



Now we will solve this equation'

x
2
+ 4x - 1 = 0 m a =1, b = 4;

completing the square

+ 4x + (4) -.1*- (4) =

x
2
+ 4x + 4 - 5 = 0

(x + 2) 2 = 5

b
2

16,

4a, 4'

7. 5 3

4

I/4/21 - using (i)

x + 2 = or x + 2 = - ITT using (ii)

x = -2 + T-5- or x = -2 - J 5 solution in radical formerN,

The two roots are irrational,

f7 2.2361

Therefore x 1 -2 + 2.2361 o,r x 1 --2 - 2.2361

+ .2361 or x 1 -4.23614' solutions in decimal form

Explanation: = meansiequalg the value to the number of decimal places

specified. This is not an exact value. Checking the solutions in

the original equation will not be precise.

0

7

If we. attempted to solve the original function f(x) = -x
2
-4x + 1,

by graphing, the zeros could only.at best be approximated to the nearest

tenth. See graph.
=
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. We will now solve in general 'any quadratic equation by completing

the square.

Given: ax
2
+ bx + c = 0. Find the roots of the equation.

from (i)

from (ii)

2 b
2

b
2

ax + bx + ( ) + c - ( ) = 0
4a- 4a

2 b

4a
2a(x + x + ) + c - = 0

a 44a

a(x +
b

)
2

=
b2

c2a 4a

b 2 b2 -4aca(x + )

2a 4a

2 b
2

-4ac(x + )

4a

1- 2 ] 2

- 4ac
a

4a

4-

b 1b2 - 4ac b2 - 4acx or x +
2a ----7---2a

4a
2

4a

-b Jb2 4ac--
2a 2a

-b \lb2 -4ac
or x

2a 2a

x =
-b' +

A
u, b

2
-4ac -b - -4ac

P or x =
2a 2a

When a, b, c represent the coefficients in descending ordet.-

You are encouraged to remember this Quadratic Formula in order to

to conserve effort when solving second degree equations.

We will now solve the equations in examples c, d and e using

this fotmula.



alb

(c) x
2
+ 6x + 9 = 0

a = 1, b = 6, c = 9

*
b
2

- 4.ac = 36 - 4(1) (9) = 0

=
-6 + tr c i -6 - ,ry

x or
2(1)

x

. since iT = 0

x = -3 or x = -3

*(d) x
2

- 3x - 4 = 0

a = 1, b = -3, c = -4

b
2

- 4ac = 9 - 4(1)(-4) = 9 -(-16) = 25

x
(-3) + 1177

2(1)
or x -

3 + 5x= or x=
2 2

3 - 5

x = 4 or x = -1

(e) -x
2

- 4x + 1 = 0

(-3) IFS
2(1)

a = -1, b = -4, c= 1

2
b - 4ac = 16 - 4(-1)(1) = 16 - (-4) = 20

x

x

- (-4) + 1125-

2 (-1)

4 +
-2

or x

or x =
-2

7. 5 - 5

- (-4) - %Er)
2 (-1)

4 tr2T

Since' UiT= 4.5 = 2 IfT"

r

b2 - 4ac is the expression underneath the radical. This expression is

called the discriminant of the equation. Its value can be very useful
in determining information concerning the roots of an equation and the

relative position of the graph of a function. (See exercises 21.)

254
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4 + 2 11-5 4 - 2 IrIT
x . or x 21

-2 -2

x = -2 - 07 or x = + tri-

If a = b, then a2 = b

This squaring principle, along with methods of solving quadratic

equations algebraically may be utilized in solving radical equations.

Examples:

(1)

(,g}1

--A

Solve fen- x: 777 + 2 = x

It will be easier if we isolate the radical expression

before applying the principle

Thus 1.17:7 = x - 2

and
)1F77)2 2

x 2 = x
2

- 4x + 4

x
2

- 5x + 6 = 0

x = 3 or x = 2

both values check in the original equation.

Solve for x: 157477 - x = 0

2)477I- 3 =

( \171777---3)2 = (x) 2

2x + 3, = x2

x2 - 2x - 3 = 0

(x - 3) (x + 1) = 0

x = 3 or x = -1

2 5

C

4



ti
When we check. the value x = -1 we have

U2( -1) + 3 -

-2 +3 + 1

1

1 +

2

does not check. Why not?

0

7. 5 7

Since the c $'nverse of the squaring principle is lot always true

i.e. (-2)
2

= (2)
2

but -2 4 2

a solution to the equation formed by squaring both sides is not 4ays

a solution to the original equation. if this occurs as in (g) above,

the obtained root is called an extraneous'root and is rejected. Thus

the solution to (g) is only x = 3.

Exercises 7.5

(1) Why can the quadratic formula be consolidated to read

-btJb2 - 4ac .

2a

(2> Refer to the solutions of examples c, d and e using the quadratic

formula method

in problem (c) b
2

- 4ac = 0

In problem (d) and (e); b2 - 4ac > 0

What conclusions may be obtained by comparing the value of the

(3)

discriminant and the roots of the equation?

Without graphing, what conclusions may be made concerning a functions

relationship to the x axis, if the discriminant of this function is

negative?
ti
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(4) What conclusions concerning the roots of an equation may be stated

if the discriminant of the equation is positive and

a) a perfect. square?

b) not a perfect square?

(5) Complete the following chart (assume a, b and c, rational)

Discriminant

If b2 - 4ac = 0

Roots Rf the Equation
ax"los-bx + c = 0

Graph the function
y = ax + bx + c in
relation to Sc axis

If b2 - 4ac < 0

If b
2 - 4ac >0

and a perfect square

If b
2

4ac > 0
not a perfect square

46) Write the discriminant of the equation nx
2

px + n = 0.
40.

(7) If the graph of the equation y =

x-axis, find the value of k.

6x + k is tangent to the

(8) ,What are the possible values for k in the equation yo 9x2 + kx + 1

if the parabola intersects the x axis at two distinct points?

(9) What le the possible values for k in the equation y = x2 - 3x k

if the parabola does not intersect the x aiis?

25 ,
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Problems (10°- 21) Solve the quadratic equations by using the quad-

ratic formula. If the roots are irr*tional, estimate these roots to

the neatest tenth.

(10) '8x2 - 6x + 1 = 0

(11) 2x2 - 5x - 3 = 0

Ar
(12) 4201. + 5x + 4 = 0

(13) , -7x
2

- 4x + 3 = 0

(14) 9x2 = -30x - 25

(15) 16x
2
+ 8x = -1

(16) 4x
2
+ 5x 3 = 0

(17) 2x
2

- 8x + I = 0

(18) x
2

- 10x = -15

(19) 3x
2

- 2 = 3x

5 x - 1
(20) - 2

x'+ 1 , 4

-(21) = 5 1 4

v

Problems (22 - 28) Solve the following quadratic equations for the

trigonometric function indicated. Then find all the angles in the interval

[0°, 3601 that would satisfy the equation. When necessary estimate the

angles to the nearest ten minutes.

(22) 2 sing e- - L3 sine); . 0

(23) 2 cos29- - 3'cose- - 2 = 0

.

(24) 3 tan ge. + tan e- 4 = 0

(25) 5 (1 2 sin2 ) + 7 sin 63- + 1 = 0

(26) tan
29-

+ 2 tan e- = 4

(27) 4 cos
2

= 2 + cos 0- 3

(28) 2 tan
2 9- = 5 tan GI- + 1

ti
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os'(29) Trace the following HP 33 pr rram and write the results obtained
at step 18 and the end.

I
1.

01

02

11

12-

(c)

RCL 0
i

CAS .

-ERTER
03 2 13
04 0

7 14 f F.
05 R/S 15 STO 2
------, 16 RCL 1(a)

06 STO 0 17 +
07 -1 18 R/S
08 STO 1 19 RCL 1
09

2
g x 20 RCL 2

to

10 R/S 21

(30) By using the stack instead of the storage, see if you Ite able

to shorten till program in 29.

(31) If an error signal appeared in step 14 of the progAm in 29,

what conclusions could be made?

Solve each of the following equations for x.

(32) )kr-E-2 = 3

(33) )1/7-72 =
3

(34) x TT= -x + 4

(35) )1.112 =. x. - 4

A (36) \11.7-7-1-x = x

(37) 2x = 5 + 2)T-77f- ,I.

ver
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-I
7.6 Equations for the axis of symmetry, sum and product of roots.

In this section, using the coefficients of.the quadratic, we

will write equations for the axis of s;61;7etry as well as the sum and

product of the roots.

Study tie graph of the parabola whose equation is f(x) = ax
2
+bx + c.
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2
k= ax + bx + c

By selecting any two

points A(xl, y
1
) and

B(x2, y2) on the

curve having the same

2nd coordinate,

we may find their first

coordinates by using

the quadratic formula.

0 = ax
2
+ bx + (c - k)

x = -b + \lb 2 4a (c - k)
or X - b -

,rb 2 - 4a (c k)

2a 2a

4' 2 ) I

A

1



Point A:

- 4a(c - k) lkl

7. 6 - 2

Point B:

b + \lb2 -4aCc

2a

Sipc*by definition the axis of symmetry is the perperidicular

bisector of any segment connecting two points of the parabola with the

same second Coordinates, we many find the' coordinates of point M by

using the midpoint formula.

Point M:

xi + x2

2

-b - ,)b2 - 4a(c k)

2a
fb.

1 Y2)
2

+-
A ,

-b vb
2
- 4a(c - k)

2a

-1

-b = V 1)2 4a(c - k) - b + - 4a(c. k)

2a

-2b

A 2a

-b

a

x
1
+ x

2Therefore

Point

2, th.

-b

2a
and clearly

Y
1 y2

2

-bSince the axis of symmetry is vortical, its equation is ,x =

I

2a

Ixample: Find tl4p equation of the axis of symmetry for the function

x
2
+ x - 6 ' .)

tai

1
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ba = 1, b = 1 therefore = -
1

2a 2

1 -

x = -
2

is they6quired equationt

Referring back'to graph once again -

If we had selected points A and B on the,x axis, the resultipg

first coordinates for A and B would have been

b-b -1)1:12 - 4ac
x
1

=
2a

and x
2

=

which represent the two 'roots of the equation. ax
2
+ bx + c = 0.

4

Now :x + x
2

=
b

a
which is the rum of these roots

/-

2
- 4ac > 0

and x_ x
("-b b2 - 4ac) ( -b +11b- - 4ac=

1 2 2a 2a

or

(-b - 1)b2 - 4acX-b +11FT---7,a7).
x
i

x2 =

4a
2

.1*
f

ng the proplAktY (p q)(p + q) = p\
2

- q
2

(-b),
2

-,
(4

b
2

- 4a42

4a
2

.._.

b
2

- (b
2

- 4ac)
xi x2

2
4a

4c c
x x = x x = which is the product of the
1 2

4a
2 4 . 2 .a

1 roots.
v- .

/2.
14(lic.,

W!0iy apply the concept of thesur and product Ortiie>tris

to write quadratic equations.



40

J

Example: If the roots of an equation

-2
+z
a-

are and

the proper quadratic equation with these roots.
rt

Solution: Since the sum of the roots is
i

-2 + u 5
+ -2 IN -4

.

2 , 2 2

then

and since the product of the roots is

then

= -2

7. 6 - 4

write

(-i +1T5 ) (-2 - (-2)2 - (v.)7 )

2

2 2 4 4

= 1
a 4

The equation ax2 bx c = 0 May be writte

b c
= 0x

2
+ wx +

a

or

x2 - (- )x + () = 0
a a

'71-', IL the sum of roots izgduit of roots

Therefore by subeti**ion the proper equation is

= 0x
2

- (-2)x + (-
1

4
)

or

x2. + 2x
1

0
4

or

4x
2
+ 8x - 1= 0

If we investigate the inverse of a quadratic function

y = ax
2
+ bx + c we have n equation of the type

= ay2 + by + c
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a ) 0, parabola ens to the right

a < 0, parabola opens to the left

These graphs are not functions and they have a horizontal axis of

symmetry.

If we reseat the development at the beginning of this section

we would find the equation of the macs of symmetry to be

Example: Find the equation of the axis of symmetry for the parabola

y
2

4. y - 6

since a = 1 and b = 1

y = -
1

is the equation.
2

Exercises 7.6

.re

d

(1) Find the sum and product of the roots of the following equations

(a) x2 - 8x + 12 = 0 (b) m
2
+ 6m - 4 = 0

(c) c
2

= 6c + 16 (d) 3x (x-1) =\1

(2) Given the quadratic equation x
2
+ px + q = O. What is the value

(3)

(4)'

of p if the roots of the equation are 3 + 47 and 3 -02 ?

Write the equation with integral coefficients such that the sum of

1 4
the roots is -5 and the product of the roots is - .

ite thequadratic equation such that the sum and product of the

roots are 4 and -5 respectively.

(5). One root of x
2
+ px + 8 a 0 is.-4. Find thelcplue of p:

(6) One root of the equation x
2

- 7x + c = 0 is 4. Find the other root;

(1) If the roots of iite equation ax
2
+ bx c = 0 are opposites, find

the value of b.
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(8) The sum of the roots of the equation ax2
+ 6x - 8*= 0 is 12.

(9)

Find the value of a..

If the roots of the equation x2. + 12x + c = 0 are equal, find

the value of c.
4,

(10) The sum of the roots of the equat x
2

- bx + 7 = 0 is 3.

Find the value of b.

(11) Compare the sum of the roots to the product of the roots for the

equation x
2

- px + p = 0.

(12) If the coordinates of the vertex of a parabola is (-1, -5) and

the axis of symmetry passes through the point (5, -5), find

the equation of the axis of symmetry.

(13) One root of the equation x 2 = bx + 12 = 0 is thre'e times the

second. Find two possible values for b.

(14) 'Write the equations whose roots are given

(a) -3 and 4

(b) 2.E7 and -2 Fr

(c) -

2
+ TY and - -

(8)
74

-

7

and 3

7

(15) Given the equation -x
2

- 4x + 1 = O. Check by using the sum

"I%

and product of the roots to determine if -2 + J-57 and -2 -117T are
-- .

the.proper roots to the equation.

(16 Write the equation of the axis of symmetry for each of the fol-

lowing parabolas. Also find the coordinates of the vertex.

(a y = x2 2x - 3

tile)
(b)' y = -x2 + 6x - 7

(c) y = -x2 + 8x - 16

265
A
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*(d) x = y2 - 16

(e) x = 2y 2 + 5y + 3

(f) x = y2 - 5y + 4

(g) y = ax2 + by + c

(h) x = ay2 + by + c

/

/

#

6,
/),:"

r31)



7. 7 - 1

7.7 Inequalities

In this section we will discuss how the graphs bf quadkatic

functions assist us in solving inequalities of the type ax
2

+ bx + c, O.

We will also sketch grails where y # ax2 + bx + c.

Consider the parabola- f(x) = x
2
+ 4x + 3. We will refer to the

points of intersection eit, parabola and the x axis as cut points.

Remember the x values of these cut points are the zeros of the function.

The two cut points are (-3, 0)

and (-1, 0); these two points

separate the x axis into three

intervals where the second co-

ordinate; f(x) is either greater

than or less than zero.

Notice, when x < -3, f(x) > 0

when x > -1, f(x) > 0

113

IN. NOW YS
when -3 < x < z 1, 4) t O.

This information will enable us

---- to solve problems involving this

equation and any of the follow-

ing symbols

Examples: Solve the following inequalities

(a) x
2
4! 4x + 3_, 0

t

(b) x
2
+ 4x + 3 > 0

26
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(c). x
2
+ 4x +,3 < 0

(d) x
2
+ 4x + 3 4 0

Solutioni:

(a) Since f(x) = x2 + 4x + 3 for all points of the parabola,

we are looking for all x such that f(x) > O. This occurs when

x > -1 or x < -3.

(b) The cut points are included with the solution to (a)

x > -1 or x 4. -3.

(c) For all points between the cut points we see f(x) < O.

Therefore the solution is -3 < x < -1.

(d) -3 4 x -1

There are only three possible cases in determining cut points for

a parabola and the x axis.

(1) No cut point's such as

y = x
2
+ 8x + 17 or y = (x + 4)

2
+ 1

(2) One cut point such as a
y = -x - 16x 64 or y = -(x +(8) 2

(3) Two cut points such as (T.,

2

y = -x
2
+ 2x or y = -x(x - 2)

e

4 t

-t
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there are no

values for x

such that y < 0.

In /B , all

x except at the

cut point (-8,0)

we find y < 0.

-x
2

+ 2 .> 0,

then 0 < x < 2;

etc.

See exercises

At times you may not be as concerned with the cut points but desire

to compare the relationship between the coordinates.

It is obvious for example-in

Y =

y

(E/
, at which coordinates

-x
2
+ 2x (all points on the parabola) and therefore where

2

-x + 2x (all points not on the parabola). However to locate all

2
points where, say. y > -2x + 2x requires a testing of points not on the

parabola.
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7. 7 - 4

The parabola ails as a borderline in solving-inequalities

of this type. A point not on the borderline (parabola) should) be

selected. If the parabola does not contain the origin; the o igin

would be an excellent choice.

Substituting the cooydinates of the selected point in the in-

equality will lead to a true or false statement, and thus .clearly indi-

cate if the point selected was in the correct vicinity or if it was not

on the correct side of the border.

Example: 2 ,h the inequality y > x 4x + 3

The graph of y = x
2
+ 4x 3 has already been sketched. The points

on the parabola do not satisfy the inequality. Therefore draw the pare-

bola as a dotted line. Selecting the point (0, 0) and substituting in

2
the inequality we obtain a false statement 0 > 0 + 4(0) + 3

0 > 3

Therefore the origin (0, -0) shwIld not be in the graph of the inequality.

The solution set can now be obtained by shading all point, on the opposite

side of the border from where the origin was located.
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If the problem was to graph y > x
2
+ 4x +,3, the points on

the parabola would be included and therefore a 'solid line would be

sketched.

Exercises 7.7

(1 - 4) Usiplg the graphs (D , or

follawin /inequalities.

-x
2
+ 2x > 0

(2) x
2
+ 8x + 17 > 0

(3) -x
2

- 16x = 64 > 0
. )

(4) -x
2

+ 2x 4. 0,

solve the

(5 - ) Sketch the graph of the inequality listed and (a) list one

point that satisfies the inequality (b) list one point that doesn't

satisfy-the inequality.

(5)

(9)

y > x2 + 8x + 17

y <- -x2 -4- 2x

y < x` +1

y < -x2 + 3

.44

h the graphs of C7) and(8) on the same axis and by "shading,

indic te all points that satisfy both inequdlities simultaneously.
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Chapter 7 TEST

1) One root of the equation 3x2 - 10x k = 0 is 1/3. Find the

value of k.

2) The equation x + ic2 + 3 = 3x has:

(1) both +1 tind -1 as its roots'
(2) +1 as itsi only root
(3) -1 as its only root
(4) neither +1 nor -1 as its roots

111

3) In the equation x - 12x + k = 0, the sum of the roots exceeds the

4

5

product of the roots by 2. The value of k is

(1) -(10 (2.) 10 (3) -14 (42) 14

It is required that.the roots of the equation 2x2 + kx + 4 = 0 be

real numbers A value of k which will satisfy this requirement is

(1) 0 (2) 6 (3) -4 (4) 4

A value of x which satisfies the equation sin2x - 4 sin x + 3 = 0 is

(1) t72 (2) (3) 3, /2 (4) 2

6) The equation - 6x + 4 = 0 has

(1) 8 and -2 as its roots (2) 8 as its only root

(3) -2 as its only root 4 (4) no roots

7 Find the positive value of k such that the following equation will

have equal roots: x2 .+ loc + 1 = 0

8) Find the valt(e of x greaiter than 90° and less than 180° which

satisfies the equation 2 sin 2 x - sin x = 0

0



T 7 - 2 .t.

9) The sum and produtt of the roots.of a quadratic equThltsn.are -5

and 4, respectively. An equation satisfying these conditions is

i4) x2 - - 4 = 0

(2) x2 - 4x - 5 = 0

(3) x2 + 5x + 4 = 0

(4) x2 + 4x + 5 = 0

10) What is an equation of the axis of symmetry of the graph of

y = 2x2 - x - 5?

11)

(1) x= 1/4 (2) x = 4 (3) y = 1/4 (4) y = 4

f

a) Find the the nearest tenth the roots of the equation 3x` - 4x - 2 = 0.

b) If, in part a, x = cos , determine the quadrant(s) in which

angle lies.

12) a) In the following equation, solve for tan x to the nearest tenth

tan2 x + 2 tan x = 4

b) Using the results obtained in part a), find to the nearest degree

the value of x in the second quadrant for which tan 2 x +2 tan x = 4.

13) a) Draw the graph of t equation y = x2 - 2x - 2

b) Using the graph made in answer to part a, estimate to the nearest

tenth the values of x which satisfy the equation x2 - 2x - 2 = 0

c) Using the graph made in answer to part a), find,the minimum

value of k for which the roots of the equation x.2 -2x -2 = k are real.

2 7
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T 7 - 3
/

14)' 214) a) Graph (x, y) 1' y < 4 - x and y>, 2x + 1 on the same

J

A

v

set of axes and indicate the solution set.

b) From the graph drawn in pare, find the coordinates of

a point in,the solution set of (x, y) y ,-, 4 - x2 anci

y ..). 2x + 1-, -

4

.

-1.
1

1

1

.1

.1

1

.1 i

1

to,



CHAPTER 8 .SEQUENCES AND SERIES

Until now you have utilized only a small fractioxt of the power
().

47of your calculator. pi tkAs chapter you will extend that power in important
i .

ways. Most important yo.0
9

will use the.cal,culator- as a decision-maker.
a .---

This isthe calculator function that leads some people to humanize calcu-

lators as "machines that think "; you will see, hOwever, that the thinking

will be ours, the programmer
V *
At the same time you will studYlists of' numbers called sequences

and develop some important ideas that relate to two special kinds of semi-.

ences, those called arithmetic and geornetric.

8. 1 What are sequences

What is a sequenc% and what is a series.? We wia answer these quest

tioniky examining an interesting-program, oie that will use a feature .of
4

A.

your calculator ,we have not used before.

Enter the following program in your calculator:

eo

.041.'t

p
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p

4
HP-33E TI-57

PRG'M
01 PAUSE
02 PAUSE
03\ 3

oi. +

05- GTO .01
RUN, RITN
FIX 0

LRN
00 PAUSE
01 PAUSE
02 PAUSE
03 + ,

04 3

05 -=
\y6 RST

LRN, RST

8.1 - 2

-

Now let us ,see what this program does. Key 5 into your display"

press FR:TS14. 4111k

t _J

What you see displayed is called a SEQUENCE,`' as list of specified

/0-numbers. To stop the p5rogram press: RTS again: you may have to hold

it down for a second or two. You could start again from where you stopped

by rekeying R/S , but-instead reset you r calculator by keying

(HP 31E) or J RST 1.1 (TI-58), And restart b' keiing in 5.-

Reruan your program, checking your first ten numbers against the fol-

lowing list

5, 8, 11; 14, 17, 20, 23, 26," 29, 32

What we have listed'is a sequence with ten TERMS. The fouith term is

14. The figest term, which we will designate' a ; is 5., nig last term (ip

.3WV'..e.this case the tenth} whichve will designate ,t -(for last) is 32. This iE

1

1

2 7
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8. 1 -

an ARITHMETIC SEQUENCE or ARITHMETIC PROGRESSION because

.there is a cOmmon'difference d = 3 between terms. What we have listed
,

is a FINITE SEQUENCE beciause there are a specified finite number of

,te.rms, 10. If you think of your calculator as running forever, you can

think of the sequence never stopped as an INFILTE SEQUENCE. This in-

finite sequence could be displayed as:

{5/8, 11, 14, ...
the three dots at the end meaning "continuing in the same pattern.:' The

finite sequence could also have been displayed in this form as:

R 11 3,}

Note that in any case where the dots (ellipsis) are used, enough terms must

be listed to spec* the pattern.

Exercise Set 8. 1

1. Run the program of this section for a time. Stop i R / S ) when you

get a n er over 100. List what you believe willbe the next, fr.de

numbers to appear' Check by restarting the calculator R/S )

If you made a mistake, try again for the next five numbers until you

are successful. 4

2. What characteristic of the sequence gage you your answer in (1)'
e I

277
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3. Form a new sequence generating program by substituting for two

steps of the'prograrri on page 8.1. - 2

HP-33E _111- 57

114.

03 06
04 x 07

You- can do this by keying over the old steps or by reprogramming, entirely.

This time start your program by keying

3

[R/S

Record the first five terms of this

4 The sequence you generated in

sequence.

exercise (3) is called a GEOMETRIC

SEQUENCE or GEOMETRIC PROGRESSION because it has common

denoted r (fOr rate). Find ro for your sequence. (Check

Iby dividing any term by the preceeding term.

O 5. What are the next three t'ermis ,after 192 in your geometric, sequen.ce°

Answer without your calculator, then check by using it. .

b. What characteti-stic of the geometric equence gave you your answer

in ( 5)%

What is a, the, first termkof your geometric sequence")

8. Whet is 14 the last (541) term of your originalgeornetric sequence-)

9. , Is an arithmetic sequence also a geometric sequence") Check by look-

ing for a con,tant r. in the example on page 8.1 3

10. Is a geometric sequence also an arithmetic sequence") Check by look-
-

ing for a constant difference d in your answer to exercise- (3).

. 2 -1'3
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8. 1 - 5

11, Reprogram your calculator as follows:

4 HP-33E v TI-5

PRGM LRN
PAUSE PAUSE
PAUSE PAUSE

2
2

3

GTO 01
RUN, RTN

FIX 0

3

RST
LRN, RS T

Run this program string with:

4

R/S

Record the first five terms.

ja 144.Is your sequence in exercise (11) arithmetic, geometric, or neither'

13. Try your program with different starting numbers. (Be sure to key

RTN or ,RST first ) Record the first five terms in each case

14. The sequence in exercise (13(c)) is called a constant sequeNke

Why.?

2w
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15. Identify each sequence in exercise (13) as arithmetic, geometric,

or neither.

16. Think of some 4ther rules for generating seqtences

a

I

4

<

Ivo



8.2' Series: Sums of Sequences

f section 8.1 an. s (3), ( 11), and (13c) for

that section we generated four sequences with our calculators. We will

8.2 - 1

label these sequences for convenience:

A = (5, 8, 11, 14, 17, 20,

G = 3, 6, 12, 24, 48, 96,

B = {4, 5, 7, 11, 19, 35, .

C = (3, 3, 3, 3, 3, 3,

1

We will use these examples of sequences to form series.

Cr' C are sequences whiCh are sums of other sequences For
8

example we may forgla,series from sequence A in the fallowing

1st term. 5

2nd term. 5 8 = 13

3rd term: 5 - 8 - 11 = 24

4th term,: 5 - 8 - 11 -4- 14 =38

and the series associated -Ailth sequence A is

(A) = C5, 13, 24, 38, 55, 75,

Clearly you-could:..shorte-n the calcula:rtons latways important for either

efficiency or laziness) to adding only the next term:

1st term.:

2nd team:

3-rd term:

-4th term:

5 8 = 13 I.

cd,

13 4- 11 = 24

24 4. 14 = 38



8.2 - 2

We are often interested in a particular term of a series called a

partial sum. We will denote partial sums by indicating the number of

the term as a subscript. Thus 1

S
2
(A) = 13

S
5(A)

=55

Similar4y you can check by addition to see that

S 3(G) = 21

1

How can we use calculators to find the terms of a series-)
1

If you thought about that for a few minutes you would see that you could

in order to accumulate 1

the sums bf.terms in the following way:
I

-.J

1 (
1

1. Place first sequence term in accumulator to form S1

do this by modifying your programs for sequences

2, Calculate next term oc sequence.
..,

3. Add this to accumulator

4. Return to step 2.

Note that the LOOP we form by _returning from step (4) to step (2) is just

like the loop we formed in calculating our original sequence There is

one catch, 'however; we must retain two separate terms, the term of our

sequence (needed to generate the next term) and the term of our series

1

1

1

for the sequence term
R2 for the series term

i (also needed tQgenerate the ngxt term). We can do his.by setting up two

storage locations



8.2-3

Now let set up our prograrrk for summing the sequence 5, 8, 11, 14, .

HP-33E TI-57 NOTES

PRGM

01 STO 1

02 STO

LR1V-

00 . STO 1

01 STO 2
Store the
initial term
in RI and R

1.). 03 PAUSE

04 PAUSE

r-+ 02
1 Display the

1 03 PAUSE sum so far
04 PAUSE

05 RCL 1

0t; 3

07

08 STO 1

02 STO :Lc?

10 RCL. 2

11 GTO 03

11

05 RCL I

OQ

06
07 3

08

STO 1

10 SUM 2

12 GTO 1

RUN, RTN LRN, RS

2

Calculate
the next

equence
term ,

Store it in
RI

Add it
to R2

RCL 2 Recall the new
series (sum), te rm

Loop to
display

FIX 0

INK



8. 2 - 4

,
Now the series program may be run by keying

5

R/S

Run the-program and check yoUr results against the terms on page-8.2 -

Several important new calculating concepts are introduced here. The

first is called REGISTER ARITHMETIC. You can substitiite a new value

for an old one by keying

STO n

But register arithmetic allows you to modify what i s in a register. For

example, if the number 5 is stored in R2 and we key

HP-33E

8

STO . or

The result will be'13 stored in R2'

TI t- .1 I

8

SUM 2

8 remaining in the display. By similar

,techniques registers rniky have their contents modified by subtraction,

multipiicationc? and division

Much more important is what we have designated LOOPING. One
ffof the greatest powers the programmable calculator (and the computer)

is this ability to repeat 'Operations over and over at the programmer's rn-

struction.

Some calculatcjrs allow looping simply by a GTO instruction followed

by a specific step number For example, the HP-33E instructio

G TO 05
1.)

I 1
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8.2 - 5

Will send the calculator to instruction number 05, to carry on from

there. Other calculators like the TI-57, require a label to be inserted

where the program is to be sent. In the program on page 8.2 - 4, for

example, the label 1 is inserted in step 02.

directed to that step in step 12,,

Exercises 8.2

1 - 4 (HP-33E), 5 - 8 (TI-57)

The program ism

For each of the following sequences of steps, tell what is in

R and what is in the display.
1

(1) k 5 (2) 5' (3) 5 (4) 5

STO .1 STO 1 STO 1 . STO 1

4 4 4 T. 4
STO -4- 1 STO - 1 STO x 1 * STO

(5) 5 (6) 5 (7) 5 (8)
STO 01 STO 1 STO 1 STO 1

4 44 4 4
SUM 1 INV PRD I INV

SLTIvt 1 PRD 1

0 (9) Program your calculator to display S(G). (Recall that G is a

geometric sequence with r = 2. ) Record the first six terms.

(10) Program your calculator to display NS(B). (You may wish to refer

to section 8. 1 ,o recall the generating rule. ) Record the first six terms.

(11) Program your calculator to display S(C). (Recall that this program is
4the same as that of exe'r'cise (10) but with a different value of a 1 Re-

cord the first six teams.

2s5
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(12) is the series in exercise (11) arithmetic, geometric or

1

.

neither') Why?

(13) Calculate S3(A). (14) Calculate S3(G)
1

(15) Calcula, S3(B) (16) ) Calculate S
3

(C)'

1

.
. .

1sr

i

.. 7

4

/

r
r.

1
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...""

8. 3 Beating your calculator: Arithmetic Progression Formulas

Since you are the controller of your calculator, you ought to,be able

to beat it at For example, if you want to win at the simplest level,

ask your machine the sum of 2. Before y'ou have time to touch the

keys, you know and can "beat" the calculator with the answer, 4.

But here we seek to beat the calculator in a quite different sense. We

want to analyze arithmetic and geometric sequences so that we can find

information like the thirtieth term in a i p rticuiar sequence or the sum of \.s

those thirty terms quicker than the brute force method of calculation of

sections 8. 1 and 8. 2

To do this we will develop some formula's. In doing so the followiag

notation is used:

ft
a - = first term of a .4equence

d - common difference of an arithmetic sequence

last term of a finite sequence

n - number of terms of a sequence

Sn(X) - sum of the first n terms of sequence X.

First we examine arithmetic progressions, first term a, common

differAice d

lst term:

nd term:

3rd term

4th term:

a

a d

/

a -L d d = a -2d

t

d d= a - 3d
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Do you see the general pattern of the terms 9 " Notice hov, the coefficient

of d is related to the number of the term. This suggests the general
4

term
th

n term: a + (n- 1)d

This formula is -usually stated for a finite arithmetic sequence of n

terms:
1.= a + (n-J)d

C.
Example 8. 3. 1 Find the 50th term for the arithmetic progression

{5, 8, 11, 14,

Solution: Here a , = 3, and n = 50, so

1 = 5 (50-1)3 ,-- 5 J- 3 = 5 - 147 = 152,
*ft

Now we consider the terra-is of the related series. Recall that we

rnust add the terms of the corresponding sequence. First we look at the

4equence And series together:

-4

TERM SEQUENCE SERIES

1 a a
2 a + d 2a + d

A.
3

i
a + 2d . 3a + 3d

4 a 4- 3d ' 4a + 6d
5 a + 4d 5a+ 10d

r f

n a + (n- 1 )d

It appears that the sum is' of the form Sn na d, but replacing the ?

is a problem. We employ 'a great trick.'

2 3 Li
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First recall that,the nth term is algo ,Thus we can say that the
1

sum of n terms is:

Sn = a + a+d + at2d + , +,t - 2d +,ild +2,

Now the trick. 'We write this formula twice. the second time reversing

thevorder.

S + a+d + a+2d+ , . + ;1 -d
"7

.
+,-d +,t.'-2d + a+2d + a+11 + a

and add (1):

2Sn = a+2 + a+) 4- a+,/,+ + a +7 + at.f. + a.41..

Now since there were n terms in Sn we can'write this as:

2Sn.=

from which:.

Sn= 7- (a +i)

Example 8.3:2 Find the sum of 50 terms of the arithmetic progression

t5, 8, 11, 14; ..

Solution: a = '5, /r= 152 (from example 8.3. 1), and n , 50
50

Sn=t7 (5 152) 25' 157 = 3925

In example 8.3.2 , we needed to know in order-to use the formula

for S. But we know a formula for We can substitute it in our rormula

for S.

I

Since
a + (n-1)d and S 2 (a +J)



we have

. n
Sn.= [a + a + (n- 1)d] = [2a + (n- 1)d]

We can multiply out the brackets to get
n(ii- 1)Sn = na + d (*)

8. 3 - 4

which relates to the values of the table on 8.3 - but the formulais more

often given in the earli(r form

n
S = y [2a 4- (n-1)d]

Example 8. 3 -3 Find the sum of ten terms of the arithmetic

progression {-7, -5, -3, -1 . I

Solution: a = -7, d = 2, n = 10.

10S = [2(-7) + (lO , 1)2] = 5[ -14 + 18] = 5.4 = 20

ARITHMETIC ',PROGRESSION FORMULA SUMMARY'\
= a 4- (n- 1)d

Sn= 2:5-1 (a.4)

Sn = [2a + (n- 1)cl]

Exercises ,,,s . 3.
Given the ari4netic progressions

P= {1, 5, 9, ..

Q = (-19, -16, -13, .

R = {12:147-8,
2 , 1.1

This formula will be referred to later in Exercise 14.

1

4
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s = {0, q.75, 1.50,

T = (1', 2, '3; , ..?

use formulas 'developed in this sectiorkto answer the following:

1) Find the tenth" term of each sequence
1

2) Using (1) find the sum of the first ten terms for each sequence.

3). Find S15 (S). 4) Find S 2.0(Q)

5). Find S30(P) 6)'. Find S 30 (R)

7) What isthe nth' term of T?

8) Notice the difference in zign of the answers in exercises 4) and 6)

frorlr'the initial terms of the sequences added. How do you explain ,

this'?

9). Find Sn(T). Your answer will be in terms o

l'Os Now it is time to see if you can beat your calculator. Using the first

program of section 8.1, time yourself as you find the 30th term in
i .

the sequence i 5, 8, 11, 14, .. } (Note: you will have to count

as the calculator displays terms untiL you came to the 30th ) Record-

this. 30th term as well.

c

so%

11) 11....91 time yourself as you calculate the 30th term of .15, 8, 11, 14,

usirl, an arithmetic progression formula. Check your answer against

that of exercise 10; th,e answers shlould be the same (IfInot: did you

forget to count the starting term, 5") ) liVhy are your times differ\nt'

12) Repeat exercises 10) and 11) but using the first program of section

8.2 to find the sum of the first 30 terns of {5, 8, 11, 14,

291
it
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13) In a famous story the young mathematician,

8.3 - 6

Frederick Gauss,
-1

answered a school question designed to keep-sstudentt busy, in a

matter of seconds. The exercise was to find the'sum of the first

100 counting numbers Gauss did not have our fnrrnulag handy,

he may have used the trick of our proof on page 8 3 - 3 Solve

Gauss's problem by this, method. Start with

s = 1 + 3 + , 98 + 99 + 100.

14) Recall that the terms of the series in the table on page 8. 3 - 2 were

{ a, 3a 4. 3d, 4a 6d, 5a - 10d . 3 Compare the terms

of this series with the formula marked ("1 on page 8 3 - 4.
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8, 4 Beating your calculator: Geerneeric ProgressionFormulas
, .

In this. section we seek formulas for the nth term and the,suzn-t3f n

terms of a geometric progression. Here we will be concerned't.with r,

the common multiplier or rate, rather than d, the difference between

terms.

s ame

Otherwise the notation -- a, n, 1.1 , S (XS - - gill remain the

ti

First we examine the terms of a gervetric progression:

1st te rm: a

2nd term: ar

3rd term: ar r = ar 2

th
4 term: ar 2 r = ar3

=

Here the pattern should be clear.

arn- Inth term (1)

and we state this formula

Example 8,4, 1

f7, 14, 28,

arn- 1

Find the fifth term of the geort tric progression

Solution: .Most thinking people would merely double twice more

but the formula solution is

2 , 7 24 = 7 16 = 112

s
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Example 8.4.2 Find the tenth term Of the sequence 12, -6', 3,r
Solution:' Here a = 12, r =

s
# j--: 12 (- 1)9,-

2

8.4 - 2

3
--=-5

L..

1 a
li = 10

2

Check with your carculator that this is

that this is also J = -3/128

2 = -. 0234375 and

1
Now'let us attempt to defive a formula for Sn(X) where X is a

P ,

geometric progression.

TERM SERIESSEQUENCE'
r ,

1 a, a to .

2 ar - ar
ar2 - ar - ar2I

4 0.r 3, a 4- ar--4-. ar2 + ar31

6 v
We should have expected something messy like this be-eau-sae we are multi7

*t.
i

,.- 'plxing the sequences and adding in the series. At any rate /writing our

formula as

Sn = a . a - ar 2
4- ar

3
+. + arn-2 - a rn: 1

-",,. -
is no shortcut. It is merely addiniall of the sequence terms. We could

-s.I
have done that without a formula.

V

But now is the lime for another trick (In stage plays this is called t

deus ex machina - Akmechanical contrivance or godly intervention. ) Here-
\ .

1

r

If.your calculator will 1not.accept a negative base in the calculation.
determine the sign of the answer by observing that even numbered
terms are negative, then calculate the decimal using 1/2 as. base

.

1

t
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I

1.

r

V

.

...

I

is ours: we multiply each term by r, giving:

r . ,

r8. 4.= 3

.) -n I + aril 4
..rSn = ar 4- art + ar .+ ar 4 + ....+ ar'

and subtract from the first equation to get:
I I1

A S z- r Sn = a - ar

qe, the other terms having dr6pped out inthe process.
..

low we can factor the left member

's

O

and divide by 1

.1

Example -8. 4. 3

- r

w

,
-.1 IISn(1-r.) = a - ar --"'

. \
to obtain

1

S

n.a - ar
n 1 - r

Find the 56(X) where X
-.-

Answer correct to two decimal pfacei.
'i

Solution: `a = 100, r = 1. 1, n = 6

.4

100, 110, 121,

/-*--
S6

100 - 100 (1 1)6 100 1 1)6 - 100
7Pf

1 - 1 . 1 0.1.
Check by .:alculator that this simplifies to

, .

SA :P771. 56
i

t
I ti

s -
4

1,

"........-/

A.
(changing signs)

/

i

i
In our development of arithmetic progression formulas we also hau

formula for Sn involvinge. Noting that f= arn-1 and. r/ = ar we
1 n

can substitute this in the boxed formula above, to get

Sn, a - r,./,

1 - r , ---

a



-

In summary we have the three geometric progression formulas

L = arn-1
.t. S= a rl' ri, - a

1 - r
br S =

n .. r- 1
a - arn aril - a .,Sn = or Snl- r- r - 1

A

The alternate formulas are the result of changing the sign of numerator

and denominator of the first formulas. Their are useful to'keep signs

positive fti exercises like example 8.4 3.

I
Exercises 8.4

1 - 8. Find the indicated term. Be sure to detemine first what kind of

sequence ty,ou have.

1) {.50, 10, 2, 10th

3) fr0. 0.16, ...1 7
th

5) sin e-, sin ,

8th

7) 2, 4, 7, 11, 16, .3 8th

9 - 16, . Ind the sum of each sequence

9) {40, 20, 10, ...1 terms

1 111) fi, T' -2-5" '
-/ - 8 terms -..

lir

2) (1. 2, 1 08, 0 96, . 41st
( th

4) (18, -6, 2, ...) 12 _,/

tan 9-,c 6) {
cim 30th

3 3
.

8) r ./ 12thLi- 6 ' 4' 3,

1/2, 1/4, ...3 20 terms
4

12) (4, 2.5, 1, 12 terms

13) (-18, -6, -2 1 13 terms 14) {3, 3.25, 3. 5, .. 16 terms
- -; ,

1 5 ) It, 2, 4, .8, . , 16384} lb) [500, 250, 125, . .1 3 906251

17) Now NKve test again to see if your shortcut formulas beat the calculator

program. Use the program for 3 of section 8. 1 tit find the 20
th

term
\-\

of the geometric progression 3 6, 12 7. Record the ime taken:



C

18) Find J. in exercise 17 by formula using'syogi calculator but not the

program. Record how 'long it takes you and compare with your time

in exercise 17.

19) Use the procedurof exercisS17and 18 to compare times to find

the sum of 20 terms Cf_the geometric progression 5, 1, 0. 2. . 1
20) Use the identity

to convert

n-1 1 - rn4- r + r2 r 3 + . +r

2 - ,Sn = a + ar + ar, + arn 1

.. to the formula S
a - arn

n - 1 - r

1.- r

21) (1, 10, 100, 1000, .../ is a geometric progression. What kind of

sequence is the one formed by taking logs of each tert4C) (Use your

calculator to convert if necessary )

22) 1'10, 1, 0. 1, 0. 01, .. is a geometric s siod. Wha4' kind

I of sequence is formed by taking logs of each term")

23) Write the log equation fcfr /= ar n-1
How does this answer compare

with the arithmetic progression formula foi. '1`?

24), { 1, 3, 5, 7, ... I is arithmetic progression. Form a new sequence

by using these terms as powers of 4 { 1
4 43, ..1 . What kind :if _

is this')

25) Using the ideas of exercise 24, show that by using the terms (of the arith-'

gmetic progression a, a + d, a + 2d, '10#.
as powers of x (e> 0) the new sequence formed

7

If yoti are good at 'polynomial dMsion you can check this by dividing
1 - + _Or +... 40rn-1-rn. You may wish to try s ecial cases like n

, first.
2 9

4



{ a a+d.x x

is a geometric progression.

26) How are r and d related in exercise 252

.7

8. 4 6
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8.5 Counting Loops ,

r

-r

1

8.5 , 1

. . . .,

11n sections 8.3 and 8.4, you should have realized that we were unfa r

to the calcu or` when we used the formula and forced the calculator to
4

-
cakulate terms (wikh long paukes between calculations. ) If we had pro-... ,

.
. \ .grammed the formulas

.-into the calculitor all of us but calculating prodigies

...%

k

would have lost the races set up in the-,fXer.cises.

We 'have also used ,very rudimentary programs for our computations.i....--"
After all, if we're interested in only the 30th term of a program, wily dis-

.

play all the terms up to that one I. And why -ask ourselves to keep count?

In this section we assign counting to th calculator And in the next.we program

it to calculate answers directly.

v

1,.

Counters- are easy to insert into loops.. Merely establish a new storage,
On& .

location, say R5, Be sure that this is rot used in othe Darts of your

vii- program. Set R5 = 0 at the beginning of p m opeFation and th risinsert

the follow steps at an appropriate place in your loop:
...

HP-33E ti_ 57

/

1 1

STO + 5 SUM
i

To show how this works, here are programs that will just include this

couner, displaying the result at each step:

4

29,

I ..,

/

.

x

.

t

7
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I
HP-33E .1

PRGM
01. sb`
OZ STO 5
n3 1

04 STO + 5
. 05 RCL 5

06 PAUSE
07 GT0403 I

fRUN, RTN

TI - 57

-LRN
00 0

01 STO` 5
02 Lbl
CB 1

04 SUM '5
05 RCL 5
06 PAUSE,'
07 GTO 1

/LR1\I, RST .

C

8.5 - 2

Now let's insert that counter into a prograrri to let it take- over our

jounting of steps. We will do this by modifyili °tuft program of section

8. 1 for generating sequence terms. We'll apply the tesihnique;to our old

friend
{ 2, 5,

Here are the programs . We will use R0 an (the n th term), R =

(the counter)

01
02
03
04
05
06
07
08
09
10

4

HP33E 01. T C
.L I

0

I.

1

1

Conarnents

PRGM

STO 0

0

STO 1,

1

STO + 1

RCL 1 ,..-

PAUSE
RCL 0

PAUSE
3

LRN
t

00 STO
01 0

az STAG

,,03 Lbl 1

04 r'r
05 SUM

'06 RCL

t$ i ifi

.10

a into Ro
set counter R 4 to 0

-8)



'1

11 STO + 0
12 n'T'n 04

RUN, RTN

10'

Si

PAUSE
08 RCL 0 f
09 PALE

3

11 SUM-- 0

1244A GTO. 1

LRN, RST

Enter this program in your calcula

2

R/S

K,

To run it key

(this is a)

8.5 - 3

Increase counter i.
'ill/ 1 and. display

Display an

:Calculate an+1

Lodp

ft

-Your calculator will display -n then a . Note how much faster it runs

than our earlier progran-is because we inserted fewer PAUSs.

\Exercis es 8.5

'1 - 4. Use the program orthis section to find

a
10. 1'2) al2 .3)* a30

4

4) Time your calculator to find how tong it takes to calculate a
40

c

5) Use your answer in exercise (4) to determine to the near est tenth
(

of a second how long it takes for the calculator to complti each loop.

6 - Modify the program of this section to generate the geometricopro-

gression {3, 6, 12, with a counter) Use 5t to find

6) a10 ,7) a 8) a30
30

9) How long does it flake your calculator to calculate a for this sequence?
40

10). What term in this sequence is 196, 608''

11) How many terms of this sequence are required to generate a term over

100, 000, OINV
31)



1

8. 5 - 4
.

k

12) Modify the program for Sn(X) for X =1.5, 8, 11, (see

8. 1-2 ) to include a counter. U4te it to calculate Slic0(X).

13) , Modify the program of exercise 12 to calculate Sn(Y) for

= f3, 6, 12, . , . Use it to calculate S
..0*

(Y).
10

r
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r

Machines that Think
i -

-...-^--,

8. 6 - 1

- _

There is a useful word in the English language, anthropomorphize,

which rnitarilik assign human characteristics to non-human things. Thus

we have (often in children's fairy tales and nature stories) animals

talking/ flowers falling in love, or even a caterpillar smoking'a pipe.0

Now anthropomorphization is bei taken out of the world of literature and
,

extended-into the real world of modern science: some' scientists speak),
*

seriously today of machines that think. We have seen them frilowing in- ,
i

structions quickly and accurately. (For many of us tIkose are not human'

traits.) But we have not yet let them perform their "mostehuman" role:

making decisions. We do so now.r4
., .,fir

What*shall I do tonight' What TV channel should
i

we watch' Shall

I go to college 2 To answer these questions we make decisions: in these

examples very complex decisions, As logicians analyze these questions

they find that most can be reduced to one or more so-called binary ques-

tions, questions that dive only two possible answers: yes or no:

like,

In numerical work the decisions may be further refined to questions

Is a = b' Is a > b' Is a > b'

r .

For specific values of a and b, _ these questions have yes-or=no answers.

We can program the callcittator to ask such questions and do different things

depending on the answer. This closely mirrors the kind of human deCision
(

0 30.1

V
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ih the 'following diagram

Go to the 1-NO
ball game

.2)

ti

Go to tie
movies

8.6 - 2

Suppose we wish to find the 20th term of the sequence {2, 5, 8,
1

In section 8.5 we programmed our calculator to count the number of the

term so now we can examine that number to see if it is 20 as follows:

LOOP
again

4,0

Different calculators have different decisi making procedures The

YES Display a
s

and stop

HP-33E cOmpares the x-register with the y-register, If the answer to

the questionas.k4 is YES, the calculator continues to the next step; if

the answer is however, the calculator skips a step.

y

x

REGIS4R PROG'S.M01

20

20

19

L2O

1

2

REGISTER NPR0G RA1v1

A

x = y? YES 20 19 x=
GTO 22 .

,41
20 GTO 22

GTO 5 17 _21_ GTO 5
RCL 22 RCL 2

),

.

The Tr- 57 does not have a y-register so a specll store called 'a
1%

t-register is est lished. A number is placed in the t-register, Rt, by

use of the ker. Thus if we wish to place 20. in Rowe merely

NO
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-.,

key 20, ix ...g, t,
"question, "Is x = -C." An example follows.

.

I

r

8,6 - 3

R

That number now becomes our comIDarison for the

REGISTER
x.'

I;DROG RAM

t i 20

x 20
19 x = t:_iYE
20 GTC2

21 GTO 1

1 .

+28 I:,b1 2

The key to programming decisions is

r

REGISTER PROGRAM
..

/

This

e-4-10 Lbl 1.

1NO
20 22 , -.
19 x= t')

21 GTO 1

Z8 1,131. 2

is a i

1:

6

x

SKIP

20 j

19

ON NO
------

useful phrase to remember

. Now let's set up our program to find the 20th term of {.2, 5, 8,

So that we can use the program to find other steps we will storethe 20

outside the program. Thus we wilt use

HP -33E TI -57

current term. R0
0

number of current term R1 R1

stop termfnumber R
2

Rt

1

(
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8 '6 - 4

Here is the program:.

HP -33E
1

/-
TI- 57

PRGM LRN

01 STO 0 0 00 STO 0
01 0

02 0 02 STO t.

03 STO 1 03 1:b1_ 1

04 1 04 1

05. STO + 1 05 SUM 1

L 06 RCL 2 06 RCL 1

07 RCL A 07 x = t'
08 x = y' 08 GTO 2,
09 GTO 16 09 PAUSE
10 PAUSE -=',i 10 RCL 0
11 RCL 0 * 1 1 PAUSE
12 PAUSE =',' 12 3ir 3 13 SUM 0
14 STO + 0 14 , - GTO 1

' 15 GTO 04 15 Lbl 2
16. PAUSE 16 PAUSE
17 RCL 0 in- 17 .RCL 0
18 R/S 18 R/S

RUN RTN, 19 RST

3

T T1 741` 1-1 T"
LN....1

These steps are included to display the loop results
they may be omitted.

I

For a faster program

,.
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To run the program, ke;.r

..-.M.I.

u ,

Exercises 8 6

are:

HP-33F7

120
1ST0 2

2

R/S -...

8. 6 - 5

20
x >4. t

7

R'S ."6-

Ado questions which have opposite answers tomumber comparisons

i x = yr"-) and x / Y'

Give the oppotitestion to each of the following:

2) x > y 3) x < 0

4) What would have happened to the programs of this section if you had

used the decision key

or

x > y' 4..
or x > t' instead of

" (When calculations are involved it is often useful

to use the inequality keys because ?f rounding problems )

h
5) Develop a prog o 4`re n term of a geometric progression using

the formula o section 8.4. Make it so that you would key in successively.
e__, It

a, r , an_ Use it to find the th
8 term of .13, 1. 5, . 75,

}

P6) Develo rogram for th suisi of n terms of an arithmetic- progi ._.s.-..,....,

Lioniven a and ,t, an sing a formula of sedtion 8,3. Use it to find the

urn cif the odd nu ere between 200 and 300. (How many are there"))

7) D lop a pr ram like the one of this section to process the geometric
. ..

Cs ectilnce / i 5, .75, ...
', 'N-s14

1 calculating Sn for n I i, G, ..s,

.."

.



8. 6 - 6

Include a counter and a decision that will'allow you 3o preset your

'program to stop at given n. Use R0 = an, R1 = n stopping (of

'current term) R., or Rt = triorm nu ihPr, P3 = -n

8) Modify your program in exercise 7 so tha receive any ratet_

r for a georattric progression. Use RQ = an, R1 = n (of current

term), R2 or Rt = stopping term num. er, R
3

S and R4 = r.
n

s9) Scie;itists involved in the field of Artificial Intelligence build maYiy-

yes - no ,decisions like ose of this section into very complex machines

treat pid airplanes, operate extensive sections of factory asserribfy

lines, and a alyze' political situations. What are some hurl' ian activities

that you think computers can never achieve/

7

nor



Chapter 8 TEST

Test 8.7 -

Find the indicated term df each of'the following sequences:
4

1) {10, 7, 4, 1, ...1 15th

2) (50: 52,50, 55, ...I
.9th

3) (1024, 512, 256, m...1 12th

.(±) (3, 2.4, 1.92, 6

Find the sum of each sesuence

5)

6)

7)

(800, 750, 700 . 21 terms

f8, 41, 2, 1, ...? 10 terms

f57 3.1, 5 3.2, 5 - 3.3, 5 - 3.4, .

8) a
1

= 81 2
/3

a
2
= 81 4

/9

a
3
= 81 8/27

S7 = ?

9) a) After working 30 days you are titled to.a single pay-

20 terms

ment of a million dollars or lc, e first day, 2c the seco
4c the third and so on, doubling the amount you are paid n
each succeeding day. Determine the better offer by care 1

calculation acid indicate how.much more you will receive.

10) Find the sum of the first two hundred natural numbers.

11) A piece of paper is folded in half 30 times.' How high -will
the stack of paper be when finished? -Assume the-paper is
.001 inchps thick to start with.

`12), A ball is dropped from the Empire,State Building and it
drops 16 ft. the second, 48 ft. the second second,
80 ft. the third second, etc. Find, to the nearest
tent of a second, the time it will take'to hit the ground.

Note: the Empire State Building is 1,472 ft: high.


