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6mmn 1. " USING CALCULATORS IN MATHEMATICS s
/o ~
In this chapter you will become familiar with different kinds of /¢
calculatots and you vill learn how to compute with algebraic, ADS ..
- RPN, and arithmetic calculator lqéics. You will also learm simple
" programming.. _ ‘ - A -7
‘ - .

i

1.1 |  Order ofggﬁﬁrations

Communication of ideas is important in mathematics. The reader ,
of mathematics must understand what, the writer,of mathematics wears:
For this reason we adopt rules for writing and reading that are general-

ly accepted. For example, when we write s ~

542 % 3

- L]
we want all readets to/;nterpret what we have writteh in the. same™ way

.0f the two choices . » ,
' (a) 5+2 %3 . b) 5+2 %3
\_- %' ; . R
7% 3 -« , S+ 6
21 ) 11
you would probably chegge (b), answer, ll because you recall rules for S
s order of 0peratibns. Unfortunately’ 8 yqunger biPther or siafer ip el-
‘ementary school or: an adult who has not studied school mathematics (or ~ s ) :

has forgotten it) would probab{y choose (a). Thus rules désigned to in-
prove communication sometimes fail., We will review those rules and_see

how caf%ulators force us once again to watch our-step.,

ORDER or OPERATIONS RULE Apply operations
in the following order: ’, )

(1) within parentheses

(2) exponentiation (powers and roots)
(3) multiplication and division*

(4) addition and,subtraction .
- 4 .

~

> .
In order to avoid rare instances wheré® confusion might arise, some “authors

\ insist upon mu'tiplication before division. We do not adopt that: conven-
Q  tion in this text,

\ i s
ERIC © ‘ S
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. ! , o 1.1 - 2

[} ! -
° Students sometimes remember this rule by the mnemonic‘.} '
<

Please gnte‘r , My Dear éuntﬁgally.

._ -— ‘Wit»,

Only in{:he absense of rule priorities do yoéu calculate left to right..

EXAMPLE 1. Evaluate zb-az-s.z'r% +5°8

- .
. A

‘Solut:ioma 242 .63 ‘rg +5+8
P ﬂ } 4 3
» 216 =6 3 F +5°8 . exponentiation
u ' ‘ i s
32 - 14 + 40 multiplication and division
‘ ' 58 addition and’ subtraction
. c .
' v " - . . i
' EXAMPLE 2, Eveluste 2—3*3 5 4
) 10+ 2 -3
. ' S . L
Solution: 254 3#"
10 » 2 = 39 )
2 *5+3-+4 exponentiation
10 2-9 .
L)
o H multiplication., RNote
.- , - that the fractien bar
) ' (vinculum) plays a role /, .
. as parentheses.* Thus K
.. _) . numerator and Jenominator
- are simplified before di-
~x
' vision, ’
%—12? - addition and subtraction
‘ /] 2 division
\ The examples have been worked out in detail, In practice many of these

' steps would be skippe&. For ekxample the second solution might be.re-

corded as

-

* 5. 4‘ P 5
Another example of this usage is in roots'like Vx +'y. The root:symbol .
is y and the bar is a grouping symbol. In Europe Vx + y 18 often writ-

, ten Vix +y).

.
.-
. K -
o v

’ ’L, " 11.'?\\'-—:{




1.1 -3

. l
2 . S + 3 : 4 '- 2 - 2 \ ’
102-32 ° 11 — v
[ ! ‘,’
Exercise Set 1,1 . \ {
) , . P . -
l - 8 Evaluate: (/ .
Q) 23+ ~_ (2) 233 +6) -~
(3) 6+2+3 Ny T ) 6+ 2)3
(5) 7+2+5 (6) (7 + 2)5
(7) 2. 5+7 ' (8) 2(5+7)
\— . i

9 - 16 Some writers use parenthesec as "insurance" to guarantee that
readers, will calculat® in the desired order. When it is poseible
in each of the following, write an equivalent expreasion without

»

parenthpses ) ) )
. (9) (ab) + (cd) | (10) (a + b) (e + d) .
! an, @ :HxE an 2 Exy -

(13) a[v P c (& + e)) ' (14) {[(‘;'+ b) + c? - d] S

@ {lwedefee a0 fgB

| , : ¢
17, For each of the éxercises 9 - 16, evaluate (a) the original ex-
pression and (b) your nimpliffed expression for th; values a = 6,
. b =3, c-4 d =2, e=7, fm=-], ‘ ¢
: t -

1 : :
18 = 24. Notice in the following exercises how nrder makes no difference
in exercises 1nvolv1ng addition and subtraction, but seems to in

exercises involving multiplication and diviuion. Evaluate:

(18) 2 T3 4,5 19) 2+5.3
(20) -3+ (5 + 3) (21) 2 10 X 5 Re carefull
(22) 2 x5 <10 ° @ 2 : oxs) oo
ot { -
‘Q | ¢ ‘ - ‘ . . — ’ ..
EM AN 3 J . ‘




1.2 Calculator Logic: Algebraic with Memory

The calculator user must learn how to process-numbers on the
specific instrument he is using. This is 1n;por:ant because of dif-
ferences among calculators. , In this section and the next three, ve

introduce several common calculator "logics". Most ¢ ators ‘oper-

ate by ome of them or 'By & minor variation. A calcul to/{' user tends g
to become accustomed to the logic of his machine to prefer it,

ider, Even if
you will be using a calculator with a particular logic 'syttem, it 1is
importidnt to know haw the others work. Who knows what kind you'll be

.using next?

Indeed, each has certain a.dvnnfages which we will ¢

ALGEBRAIC LOGIC o

Algebraic logic .ia a commod calculator CLR {STO IRCi.. i-_:—
logic, The figure displays a keyboard for - ] e e
a simple algebraic logic calculator.* (Do 7 l 8|9 ’ X
not look for a calculator with this exact dis- ' — - '
play as most have additional keys like (_‘and o 11 s ) .6 t _

‘!-['! &? are useful but not necessary to this L= ' .. : _.

. ddscussion.) Some keys are marked wit%cmon Lo !

[ .
abbreviations: CLR ~ tlear; STO - store, RCL - Por e, l_i
recall, CHS - change sign. . This last key is ! I
= ) 0 - [CHS | =
sometimes. marked +/- instead. L, — L )

The logic of this machine is called ‘al'gebraic but it doesn't follow
the order rules of algebra you learhed in Section 1,1, Calculations are
fed into the machine much as you would type them on a typevritor (without
spuing) Thus the mltiplication 23 A 56 would be kcyéd

Dji 3x i le =)

[3
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An instant after the ; 1s pressed the calculator displays the

—d

LN , -
. W

1288+

-

, Chains of operations may also be keyed directly into the
F;lcu;ator'nnder cergqin conditions,

-~

EXAMPLE 1. Calculate 21x32 x 61 - 24

Solution: Key:

AUHEERE T EEGE

N fF
EXAMPLE 2. Calculate 3.1 - 5.7 + 4.6
Solution:” Key . ’

BHMEE A

Display: 2.0 (or 2)

’ -
~

It is both interesting and n,eful to note that intermediate results are
displayed on the calculatof at various points_in' these chains of opera-'

ions. 1In Example 1, for instance, vh;;‘Ehe second | <] is keyed in -
the calculation the display becomes ‘

672

'

which {s the product 21 X 32, the first two factora. Sinila;ly vhen
, the L_.J is kcycd the display-changes to .

v . 40992

~

5 .

We will not attempt to replicate calculator displays in this gext. Machines
differ widely; most, hovever display numbers by lighting .//filling with

liquid some or all of seven small'bars ;:5 + These may ‘b seen by looking
closely., You might like to determine how many different displays could be

; 11
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1
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N L]

the result of the calculation to this poimé (21 X 32 61 = 40992),

In exactly the same v,a} in Exsmple 2 -the intermediate /r"e‘nyzx .
P -ios ‘ l
s displayed when the {_+! is keyed, =~ ¢ T
' i ¥ '
%

A3

It should be clear tha‘t algebraic logic is fine “for chained com-
putations that process left to right., But 1/4e saw in Section 1.1 that

many cqquu;iou.do not have this simple order. Such computations
lead to problems. To detect these problems the user must be alert;
to solve them ingenuity must be exercised. The user must supply the
one thing the ca]:cdlatoi' cannot: thinking! A (This last sgntence will,
in fact, be‘a'cntrq{ message in all that follo.\u.)"“

. . '/ ) id
Consider the calcul.ae:lon ; '
. | -
— EXAMPLE 3. 2 % 3 i
5 x 4

'
t

A}

* We know that the ansver to tl;:l.: calculation i{s 3/10 or .3, and we
would expect the calculator to display 0.3. You might attespt to
. ¢carry this out .by the foll'ovtna sequence, '

AR EZEE L= ..

R L L \

The result of this gequence'is 4.8, the wrong anlvei'. Can you sea
vhat 1s incorrect in the ca‘lcul_aliicn? - The exror is identified if the

fraction is represented differemtly: . o ’
i ‘ ' ’
2 % 3 - . r"—--‘l - p l l- 2 -
, Sad T KON e2¥3atx fbezk3isis

Thus, in general, each factor of the denominator is a divisor, This
is a weslul calculating technique to remember. ) ‘ .

o \ <Y ¢ I.L

-«

il
Ay ;m"




- o © . 0.3

« . . t
' are available:

X N ) '
: : ) - o« - . 1.2.-4
Ll P » . .
i4 ‘V
A * L ‘ ™ B ‘
+k .corrected cplculation is ° -, i . éi -
‘ : . ’ . 1 g hY . . L4
a } ) ? “ r—'Q f RO I -—-—l--\‘/ .o
,|2 !:‘ 3J LS '5“1' |-‘I %A. !_ - .
1t — - .
° ‘.. + + ) ’ -
N ; glving the correct result, o ) /
- s 1 . N N k

) ' oY . ‘!it ' .
A,m?ré;difff&ult problem 1is presented by a talculation like: .

' EXAMPLE 4. - 49+38., ("
. 85+ 96 W

{

p

This time ve have no direct solution technique. Seversl altérnatizgs.

1

®

A
-

. Solution 4-1.% Calculdte 49 + 38. Record” the answer 87 on a scratch pad:

~

Calculate 85 + 96. Record this amswer 181, : - o
Calculate 87 + 181. This quotient, 0.4807, = =~
: ‘is'tbevanswéi to the cxe;ci:e. ‘
Th;ie is‘noth;ng wrong with the solution shoﬁn,hééét but sucﬁ a solu-
tion Hoe; nof use ghe full powir of the calculator., It is more than ‘
a QAFéer of elegance not E;Eé to write down such intermediate an-’
. svers, Time Day be lost and adiitio?al opportunftie; for-eggor are ac-
vcumulaQed as yo? copy and reenter nupbers.‘ Use of cglgulator storage

(or uemo;y) provides an alternative. N f ’

Solution 4-2,

Y
I

T tod !
| ! s+ RN | 6 .

| 1
o=

| ' Calculate the demominator, 181. .

: : 8 . b : J
- 1
- X | 30!
.o J S—

Store this number in calculator.mznori.
v it

i . ) . .
Calculate the numerator, 87.

= |

\ ‘r_—‘ rl-——'-'
4 91+ '1'3!;8“
®

PR

displays.

N

e

!




102 - 5

— 2 ‘ . ) * ,
e 'RCL. [j= i IRCL ' brdings back the number,
- ‘ . - 181: from memory.

. e ‘» -
b ) . : . .
LY
Exercise Set 1.2 . . : . ) =

L] ! -
[ : ‘

Son; of these exercises call for a calculator with simpleralgebraic
logic with memory. (If your c#lculator has parenthesis keys, do not
use them.) - - . '

1. Hame four other keys that could replace | -: | in the calcula‘
“~  tiom of Exanﬁles 1 and 2 to give the sa;:r:alwer. State a
reason why you would ggs,uce_tgece :?batftute keys {f you’
vere carrying out a series of calculations. (Try calculating

2% 3 followed by 3 + 4,) © '

One :tep‘in slauéion 4-2 of the text may be eliminated. ' Exa-
mine the calculation carefully in order to fimd the extra cteﬁ.

Check your more elegant solution on a calculator.

) ot '
In Solution 4-2 we calculated the denominator first. Try cal-

culating the numerator first., What happens? (Some more
. sophisticated calculators have a key that switches the contents
// 3?§tw9 registers to avo;dithis kind of trap.)

. ’ . & \ ’ R
</ 4-10 Calculatﬁin intermediate record keeping to a minimm.
Note vhich\exercises require suep records. RECALL THE ORDER RULES

FROM SECTION 1,1V

(@)

v
Q 237 % 42.5 + 38.46 5. 39.42 + 861.7 X 6.03

23.7 ¢ .06 x 13.2 . 7 (78,35 + 91.46)(14.08 - 27.61)

2.83 Try to find an elegant way to calculate this.

37,48 - 16,89 10. 64,32
. 66,32 . 37.48 - 16,89

'.

14

\J
'Y
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[

11, How should the answers to exercises 9 and 10 be \ehtgd?
Check this by calculationm. ‘

12-16 Calculate. Note intermediate tecords. Y,

- -

(74.2) (86.3) 239.5 - 67.34

.. ) 3 ’ ' )
(37.6 - 18.4)(15.2 -'83.1)(64.2 + 73.8) Beware: Some algebraic
calculators allow the user only to.add to or subtract from
nemory. - If you are using one of those calculato?:, be uure'

to clear memory before storing a second nulber.

L

15. (37.6 - 18.62{15.2 - 83.1) 16. 4231(16.8 - 23,4) -
' (83 -~ 1.3752) 62.43

64,2 + 73.8 ¥
K L[]




1.3 alculator Logic A]._gebraic with Parentheses* \

’l'he gi:nple,addition lof pirentheses to the algebraic keyboard
aiqpl:lﬁeo much conputa on.. ﬁe figure dis- : I
_ plays a keyboard for a calculator operating ~ CLR (| ] ) o+ T
with this logic vhich e will call (algebraic)

“ ; ‘ 4 ot .
Almost a11 such calculators have additional 7,,8 .9 XN
fqatures'like., IsTo ' |meL| V)—(-‘ ' 4 -5!:,613-5 ' )
%Z and yx : .y but we restrict our dis- - 1.2 3 | +

cussion to the ones shown.
v P e o

. : ¢
— A quick coupariaon of (m keyboard with tha keyboard of Section- !

~1.2 shows that only two keys are different: S‘I‘O! and . ' RCL« are re-

'.—

v

———pms
L.

"placed by- ( ' "and ' ) e Surpr:laingly this minor modification
_— ' -

makes keying ‘of eomplex calculations much simpler. -

! ’ ' e ’ ' . . .
The main point}o remember: Parentheses on the calculator play

the same Iole of m& omputations that they do :ln'!Lgebra. Tiere
is, hovevar, a differenée&n usage. The slfebraic exprau:lon

. T
- ’hftw(cd-e}}/ M

o
would appear as .the calculator expression

‘

. J] G+ (el - ). o

® “ * ’ S
.

Thus braces, bracketa and other grouping aymbola are all reproaonted by
the same aynboll parentheses, : .
/ / ) .

*In sectionf 1. 5 thr? '1 5 we will refer to algebraic logic with

. parantheses as (alg¢fraic) in orger to differentiate it from the

olgebraic mewory logic of spction ML.2.,
¥

y | T e :
\l ) b LI‘) . 1

N
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¢

49 + 38

EXAMPLE 1, i )
85 + 96 '

(Recall that this was Example & of Section 1.2) ‘
. N~

- Solution:l

|6 |9

]
.

.
R

+j3 8

-

ey

s |
!

t—,
i

.——F.'
~

Ny

. /

Calculate the numerator K
Divided by... (Numerator displayed: 87)

_s+o the qmtity;..(liénals & calculation

[

\’f

. to be done out of lequencé.)

reliraiw rslre
8 |8 + /9 |g ! Calculate the denominator
L L ' H - ‘
) ‘ Completes the calculation in parentheses
s . and displays 1t (181) ) =~ ¢
= 7 Displays the ’quotienf of 87: 181, 0,4807 -
‘ re
. ) . '
Rotice the effect of the right parenthesis, ") N -
1) 1 plays the tole of the = ) key for-the calculation since the
1. , Tt

- - -
(2) It "backs up" the calculation to where  the left ‘parenthesis

+

‘ [ .
most recent left parenthesis ( and displays the result,

I

\

-
L
vas keyed. Thuf the calculator acts as though you had just i

entered the calculated value of vhat is in parentheses.
‘ -v% -

. WARKRING: Parentheses do NOT represent multiplication!

N

v-’/i‘

e B S

N




~ © 13-3 .
\
m 2- ,’“.9 (3.7" 8'9)
. “~
: Solution )
-/\ l 4 : [ . "! 9 ! [cas ‘ ° Enter the multiplier, -4.9
LS A S, ; , ) :
\ % ! Multiplied by...(since the paren-
i _ theses do not carry this maqing)
I ( |J 3l i ' 7 |l l -J Calculates the value of the f
[ 8 't 9 | ) ! expression in parentheses (-5.2)
T s
= | 4 Displays the product of -4.9, and
‘ A5.2
' Co. 25.48 ‘
) ,

———

A modified algebrafc iogic that is closer td the rules.of
section 1.1 is called AOS logic.
Algebraic Operating System.

The letters represent the words
With A0S logic calculators ‘the cal-

culation N\ ) L -
3+5 %7
could be keyed left to right without parentheses. [~ -
r—-‘ ! [ b o T . ~ °
Nl I A T B L bl

The c“alculat'o;' ”reneubers" when the ,)( key is pressed that

,mmplication takes precedence over addition

N -
ADS calculators also requira either memory or parenr.hnea to ¢

1,3 - 2, OnlnAOScal-

culator sith parentheses the ¢ calgulation would be exactly as given,
b

proccu exercises like Examplc 1 of page
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Exercige Set 1,3 ‘ . - " A
e

lewrite each of the following expressions, foI (algebraic) loiic:

(a) removing parentheses that will not change the value algebraically

(bY removing parentheses that will not :hafge.f.he value in calculator '
computation — ‘ )
-7 oump ' ’ . ) ,
1)y 3+ G- (2) 2 x(0¢:5)
3 @2 x7 . (&) 20 - (10 x 5)
(31 - 14) ; ‘ ‘ :
(5) B+7@B+5 : (6)  (27.3 + 41,7)3.6
, . :
(7Y 27.3 + (41,7 x 3,6) - (8) (41.7 =~ 3,6) +%27.3 /o,
(9) 417 x (3.6 + 27.3) ! ©(10) (28 x 3) + 8
) . ) ((26 + 7) « &) i
' d v . . O"
Compute with an (algebfaic) calculator: X «
(11) 37.8 « (.06 % 37.8) : (12~ 1.06 X 37,8 N ,
(13) (2.8 - 4.5)2(16 - 39.23)7 (14) 26.4 .
: f0631 - 1256
J / .
C . . \
Calculate by algeﬁraie-memry, by (algebraic) and by (AOS) to compare
procedures L’”/\ M .
(15) 327.84 ‘ - (16)  (48.3 "+"27.9)(79.4 - 43,7)(67.1 - 4)
"p 264 - 189 - .
® N ’
(17) In the song "The Twelve Days of ‘Chri}t:nas", the lyrics begin:
- On the first day of Christmas y
= ; My true love gave to me )
A partridge in a pear tree . - i /
on t;'lfv secbnd day are given: | /
. L Tvo French hens and a partridge
6nthe third day: ' . .
\ o " . \/ Three turtle doves, 'mo T:‘p}mb hens any partridget
ERIC |

: /




e ' [«_lll the vay dovn to| ... & partridge in a ‘pear

e ' « ) . ' 1‘3 - 5‘

, ‘ -
o't MA‘hroush tvelve days until on the,aeifth, for example,
he recelves: . , ot
* - » !

» . ‘Iwelve lords- aleaping, eleven ladies waiting, ... .

) tree . .
Nov suppose that on Christmas day the lovers break up and the giftg N
:u"e returned gne ench.m. For exsxple, on{Christmas day one of ) e
of the partridges might be returned, the nexy day another, the fol- ‘

lowing day another.‘ the following day a French hen, and so on. ‘When

Set this problem up carefully and solwe it by calculator,

.- Wwill all the gifts be returned? .
!

-~ .
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1.4 Calculator Logic: RPN *,///

The letters RPN repregent Revetse Polish ﬁotagion,jthe country-
designated be;nuoc the Polish logician J, Yukasiewice developed the
system, RPN {s,6 in fact, oftan caliéd Zukas;éwicz logic, The '
reason for the R (Reverse) is that in fhit notation operition sym-
bols are applied in order that is the tevetse “of what we learn in
arithmetic and algebra. Thus

. N
s
3+4 {n RPN is 3 4+ -

b v -

) :
° Think about that notation for a minute. What would happen if you

3
keyed into any-calculator:

13 a4 [+] i ?

{

It wvould record,the number 34, Because of this problem an additional

key appears on RPN calculator keyboards, the ENTER (or ENT). key. Thus
-3+ 4 18 keyed: '

m] ,IKAQ' “‘" . \'~

{

—_—
w

.

_ ' . .
On many keyboards the ENTER key is ‘larger betause. it is used so often,

» t ¢

Why would anyone want to change ;hinga around like that? It turns
out that there are good reasons, If you examine Algebraic and RPN Rey-
boards, you will see that the RPN ENTER replaces thrce algebraic keys:

. ~

t . il

/ Algébraic or AOS e

RPN
, ; oy ‘ <% E;a; =‘} l ( g y .
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s » . :
We will now explore Bow this works. S

All ;:.alguhto'n mist recain numbers and "opofations in memory
during cal¢ulations. (If this were not true, the calculator would -
"‘"'36"' the 2 u.han you sought to 4dd & to it in the calculation
3+4,) To uco-plilh this RPN calculators have what is called a
stack.* ‘(This is uoutines callod an automatic memory stack or aa

; operational stack,)

‘ . ) i

) ) o
. The calculator,display is 'the "bottom' register of the stack.
Above it are additional registers. Herfe is a four register stack:

- , .
REGISTER

Ty 0 /\l -
z 0 |:
. ' ' Y 0 /
N X . 0 DISPLAY

The stack regis:ei’s are ubiltrarily named T, X, Y, Z (the display

regi:;er},';s shown.
oy ' .
' As a number is entered in the stack it pushes other numbers up.
When an operation is performed the stack (usually) moves down.

EXAMPLE 1, Add 23 and 41 /

KEYS - STACK ¢

. . TR :
. ' . z P) Step 1, When 23 is keyed, it en-
térs the X-register in the stack.
’ E E Y 0 )
— 9 . ..
‘ x| 23| DISPLAY

" DJ

- ’

*In fact all .calculators have uimilar stacks, oOn ‘g_],gebtaic logic cal-
+

culators, for example, ‘the rq key or even the key activate a
<atack. Becmu the stack plays a“greater role 1n“RPN ig is considered
here in more detail..

e




~ . ] 1.4 - =3

Step 2. When ENTER is keyed, the
X-register is copied into the Y-
register. (Y and 2 registers al--
, 80 move up one level,)

. j3 DISPLAY

» (5]

- ’

T 0] ™ Step3. When 41 1s keyed, 1t RE-
[ 2 0 PLACES the contents of the x-
4 1 I Tegister. <«
T Y 23 . .
X . 41| DISPAY -
T 0] Step 4. When + is keyed, it adds the
L g 0 X and Y registers. (T and 2 re-
+ . ™~ gisters also move down one level
. — Y 0 “  and the T-register becomes 0.)
) X 64 | DISPLAY B 4
\ -

The power of the ENTER key and the stack will be shown through a second
. example, a cnlculation that vas a problen for us in AOS-memory and (AOS),

g

EXAMPLE 2.  Caleulate 36,2 T o . <
25.8 - 2§.3 : PR
. §
! & . *
, KEYS T STACK AN
- ST Step 1. Key im 36,2. It
' appears in the X-register
& Z 0. display.
. 7 — S ! ‘
R E A T P R 0 ‘
' X.  36.2| DISPLAY -
] P
v “ g ' .
_‘j T _ﬁ_._.?jl Step 2, ENTER copies X
ENT;; 4 . 0‘ into Y.
N Y 36.2
\ X 36.2 f DISPLAY
> l .
- '2;)

[




36.2.
25.8 - 28.3
1 i &
S 118
|
\
T
8 - [3; Z
| W O Y
' 4
T
v [, 2
}
— Y
X
36,2 36,2
25.8 - 88.3  #2.5
_-L-. -
L Y
36.2 -14.48

0

A 0
36.2
25.8

o 4 N M

36.2

25.8

28.3 .

-140“

DISPLAY

Y
1

Step 3. The 25.8 replaces /
36.2 in the x-rogiucii
diaphy o

DISPLAY

Step 4, ENTER copies X into

Y and moves Y to Z. This

- second ENTER key allows us

to ca)cuhu the dno-im:or
upmuly

. Step 5. '.l‘hc 28.3 rcplucu
#£25.8 in the X-register dis-
play. Now all ers are
in the stack.

‘DISPLAY .

- Step 6. 'rhc.con‘tenu of the X~
- register is subtracted frem
the Y-register. Z wmoves

1 down to Y. The X-register

now displays -2.5 =

DISFIAY 25,8 - 28.3, the value of

the denominator of (the fraction -

being computed,

Step 7. The Y rqilmfio
divided by the X-ragister .
and the answer displayed,

DISPLAY

24

< 7




Tbe fa].lc:«d.ug4 diagrams wilmow how the registers” change
‘when various keys are depre::ldgfk N

-

T— 7 [0?—7'1‘
Z— 2 M—s 2z
Y — Y - Y
X o—-x . . [0— x

A final calculator logic which we con—s@der only briefly is called
Arithmetic logic. Arithmetic logic is like RPN for addition and sub-
traction and like algebraic logic for multiblication and division. The
'eniest way to identify Arithmetic logic calculators is by the combined

* /s -and |-,

-
-

function keys

. . . . - '4
Many business calculators operate /with Arithmetic logic. We will not
refer to it again in'this text.

v

-

*

Recall that {f a number is keyed uxt)h: vill replace this.
In RPN logic, use the ENTER key (for bimry operations) .
(1) - after tfe first number in a calculation E
(2) after the first number in a sub-calculation (the denomina-

tor of a fraction on a calculation that would be placed
in parenthesés.) '
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Exercise Set 1,4 o toe
- " . . v ) »
In each of the following exercises, the‘ttack' is shown as it was . N
" before the key is depress@d, Show what the stack will be aftsr the
’ R - . LN
given key i§ depressed. , ‘ ' ) )
’ ' ' ‘ . Y N
Lo | 1 2. [ aj 3. |78 6, [ 1, -
2 .['—-— ‘ 2| "0 )—. )
+ - >
A HE g | i
4 @ 1 -,
p—— . .
5. |1 6. 1 7. | ;. 8. 1
2 . 2| 4 2| clear )
el = 3 _fI['sE - 2
[ | CAREFUL K s
: . - " -
9. 1 10, [1 m., [ o] 12, [ 38
2 = 2 s : 0| Fur [ o E :
3 * 3 T o = 0| -
— DO YOU. :
S B 0 ! TaINK? 3 °)
|
. ;’ |
A : L 8.
In the fgllowing exercises, show what the stack will be after sach key
is deprassed, - / .
O ™ | ' —
15. CLR | 8| " [ENT |3 E . 10k 5] e BJ
Mt S— . [ . —_—
. b g | . ! }
15 px [5] [ ooepRl ] e o [e] (X
[ 1 o
ofr 2] (3] fea (5] |- wful[s] [ [4] mm )

)

J ‘ : g ) .

-

26




1
4

- 1 d
1
3
£
~ 1
i
1
!
£
¢
i
i
i
[

!

¢ -

. 19. Express in algeiraic form the calculation'ca:ried out in
exercigses 14 - 18. (For exnple, exercise 13 15 5 + 3. )

Give the RPN keystrokes for the following computations. Then
nlcula‘te. T .
(2 + 3)% 2. £ +4

4+ § (afue: | 4

(2+3) (4+5). 2. %4 . _
2:2 K/ 26. (24 3) {4+ 5)(6 +.7)_

Shov a secand way to calculate exercise 26

P

Give a keystroke sequence that will £fill .the stack in the fol-
lowing way T |’

-

z ] . b —"TTN\
Y -
X

-

* DISPLAY

of the ¢ laq‘on in the form of exercise 28 and onittiqg_j!/
CLR' key. '

This exercise should show-you(that IT IS NOT NECESSARY °
"TO CLEAR THE STACK ﬁvansxm CARRY OUT

Recalculate exercises 16 and 18 with the stack ‘at the begimning

ST CALCULATIONS.
Use an calculator to compute the answer t:o exerciu 17 of
SQcU.on 1. 3 (on page 1.3 - 4).

P

i

P
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X.5 Other Calculator Keys

We have studied differences between AOS-mamory, (AOS) and RPN
logics. Most of these differences }ppl'y to binary operations, thgt
is oﬂr.tim that c;:ﬂine two elomts into one. Addition, subtrac-
.tion, multiplication and division are the commonest binary operations
of arithmetic. L}

‘The following operatiegs xé unary operdtions, that is operations
" that need only one element to process.

Ix" ' sine ‘ ' g:sr '
x2 . cosine FRACT
) “ 1k : )zangent , ABS
| 10" (We will iatroduce other unary operations such

‘as log ¥ 3 Inx, and e*, later.)

\, All calculatofs process unary operations by RPN! The x-value is keyed
into the calculator and the function key is preseed.

EXAMPLE 1.  Calculate L 51

- Keystroke sequence @ m

. Answer: 7,1414 /
EXAMPLE 2.  Calculate sin 30° _
Keystroke sequence* [E] E‘ ’_[Eﬁ ‘
\ B " Angver: .5 ' '

EXAMPLE 3. Find the reciprocal. of 102
Keyboard sequence 1: __’T ‘[_(; f.;_-f EZ' s

.Keyboard sequence 2: m m ’ E/g

Angver: .0} /

Hou calculators assume input to trigonometric functioms to be in degrees.-
Ne will also unless otherwise mentioned. {

<3




-
In all cases these function keys opeuto on the ‘nudaer in the dis-
play register, Note that it is not necessary to depress the ENTER
kcy on an RPN-calculator before using these functions, For any
unary function the stack diagn- is: ‘ —

f

T — T
2 — 2
Y—— Y
X f(x)-—» X

The unary functions INT, FRACT and ABS wilY¥ be considered in the
exercises, \§

NG '
o One important function that does differ between AOS and RPN cal-

e

culators is exponentiation (raising to a pover). This 1is a binary

operation becauu

PQ

.
Tequires the two iaput elements p and

. \

EXAMPLE 4. Compute 7%

AOS Keystroke sequence:

RPN Keystroke sequence:

Ansver: 2401

=_When using chi.o—y’?J key, you will meet for the first time the fact
that the calculator sometimes produces only approximate ansvers. In the
calcuhtioliofj for example, a calculator may display the anewer
2400,9993.- Now we know that 7" is an integer and we can find {t exactly
my multiplying 7 x 7 x 7 x ‘7 to get 2401, " The error (of .0007 in this
case) is introduced l‘tho loqarich-ic processing used by ’the €alculator
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) )a » -
y‘i key. We will study this later. For now it is ;mully enough )
A\ to round off such answers to the nearest integer. '
Exercise Si;' 1.5
Without using a calculator giyp the display produced by the fol-
lowing keystroke sequances)’ Check your results by calculator.
Start each check by clear th) display.
- )
L|si|<f] - 2. |9 | | x| 26 ix
4. 37 |10 "5, | 8! ,c‘ns 6. | 0 1A
| — e [ o
. * : ' 2 -~ \.
7. I 5. ENT X What does the stack look like after this sequence?
S ' t,J ; =
8. | 5 |ENT] xz,i | 9. [4 ¢ [10° |x
S S S B IS B Ml I
10. [7 + lems| [x?' 11 ]2 ! |x2~‘ ’1/\ 12, 2. iy |
. ! ! . : , b . ! 21X : X
i J J . SR S
1.l [ w5 le iy [xous Ty 10"
3 Lu"q I | * r—-—ﬁ, E‘L -
16, | ( " 2 l ‘4— ; D ‘ l ) ; (lon! 17. ; 1*-}- . ' 7 [:‘ l(;

<

By applying the functions to various vglues, determine what the following

keys do. Be sure to include values like 7.65, -3, -3.72,

.

“s.

INT

~ Froawmocs b

19, FRACT

20. ABS

Note .t'!?l the keys will tell which logic is used.

ay
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Calculate each of the folloving.

given,

Example: * S5+ V7

4T ' 208 keystroke':
RPN keystroks:

Answer: 7,6457
21. 8°  Ans. 32758
1 1
23, ¢ + 7 Ans. 0,2054
25, 10° -5  Ans.

- ' 1.5=-4

Checl ‘yopr result against the ansver

22, 1.2°  Ans. 1.8609

1

%. %7

Ans. 0,043$

it necessary to use parentheses around 5 o)

S

Now try your‘gud at the following monsters: .

L

.

26,

27.

28.

.29,

30.

U35 sin 45°
3‘3

INT(10

Note: the mmerator is a product. Ans, 00001

0o - . /
unSO) N Ans. 53 .

y

N I ° b
ﬂ3;7 + colll‘O . Ans.

3 -83,477125 - ¥4

\\

following two exérci'ucl provide useful short-cuts for computation:

__— I '
Sometimes the wrong mumber sppears in the display, For example,

vhen you wish to ‘calculate a-5b, b already be displayed.

How could you complete the calculation withgut starting all over?.

~

Bow w you calcuht

Y

~a
b

-

p Starting with b in the display? . ~
|

21875 (On some a‘lgebrnic calculators you may find

?Bou A0S calculators will not accept this calculation,

be rendered co V7 + 5, or it must be calculated as § + (J‘).

31 -

On them it must

A}




1.6 Problem Solving with'a Calculator

LI
4

) With the power your calculator gives you, you may now attack
with confidente and solve soms complicated problems., You will nsed
paper and pencil only to record notes and answers. As you will see,
howvever, the calculator does not substitute for thinkt_n; You are
'-eéh in charge. You vill need to° :

e organizge calculations so thu:(,yot/x can carry them out om
your calculator ' L
ad 1f your problem is one related to measurement

o determine units for the answer and
o detsrmine accuracy

-

: ' ’ .
In this section ve will not deal with the latter two important ques-

tions, We will contimue to. report answers to four digit (rounded), .

Pl

accuracy.”* -

’ ? ) ‘

.7 EXAMPLE 1. A simplified formula for artillery range is
s . v ) ,
. ' - Vo> sin A cos A

v o 9.8 . .

)
: : ! :
Find the t_:u:erical value (without units) of R wvhen
' Vg-3*1¢ndoA-30°.

SOLUTION. Substituting_

-/ . 31 éin 30° cos 30°
- ~ 9.8

Calculation yields 42,4618

.

N

Some calculators truncate shewtrs rather than round answers,
Truncated means that the rest of the answer is cut off, Thus
683,29587 trumc t tol six digits is 683,295, the .00087 merely

{ dropped. This is often called "rounding down". You should test
your calculator to see how it rounds. Use quotients Idke 2/3,

5/33, ‘and 50/33. ‘ N
| " 32
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"b . 1.6 - 2
" . *
’ . : v’
N 8uch. a calculation 'is important but straightforward. Others require
¥ an experimental approach,. . , !
'EXAMPLE 2, In EXAMPLE 1 we might wonder vhat angle A . '
makes R largest, (What angle of elevetion yields
longest range?)
- ”
SOLUTION, We need only consider the product -
. \ sin A cos A ' \\
Trying values yields . S\/
) A sin A cos A
30° 0.4330 ‘ . .
) 40° | ° 0,4924 '
50° | - 0.4924
s - AN '
‘This suggests trying A = 45° (why ?)
: o 4s° | .5 "
R '\ ' ) Trying other values suggegts thag this 1is the best )

we can get in the rmgle 0" to 90,

¢
’

Often it simplifies Computation to use c:bragc’ capacity of yourgcal-
calator to evaluate expressions in which leltterc appear more than
once, - In the following example, we assume a cxitulator that has at
least two storage registers Rl and R2, To store 5 in Rl n;d 6.3 in
R2 the following keystroke sequence could be used:

e

‘ ® — | S Q—ﬁ.’ ‘ / ‘
( 5 s .1 6 ,-‘;g3‘ STO. | 2 ! :
— P S, _(74_' — j .

’ O
This 'l'oquepce of keys is appropriate for most algebraic or RPN calculators.*

——
-

> - N

* ' - ' .
On some calculators each register may have a twvo-digit designation,
In that case to store 5 in ROl would be keyed e )

s so o |1 . /

‘‘‘‘‘

/’\




B

’ To recall thc\ nusber in Rl, you need only press

~ y - 1.6 - 3

| RCL

e L -,

[

and in this case the 5 will resppear in the display.

EXAMPLE 3, !vilua%e xs~+ 3:21 + 3.':;2 + y3 for g = 3.7 and
y = 8.6. v R

»

- SOLUTION: If you atucz this -problen directly you
®  vill be keying 3.7 and 8.6 each several times. You
can save some -of these keystrokes by first :torin&h
and y, Follow the program for the kind of calculater
you use.’

R—

’ /or
Algebraic = rwremtins\a RPN .
. . . 3 - -
| | . l
mf\‘gl’xziz” x incx.f[x!; ;ly"
_ o L i T L
+‘ .
' . L 2 . x
¢ ecx.,~/{1,y ‘zj 3x’y e |1 |2 |y
- ‘ o ] ey & ¢ ———- -~ . _’-‘--‘-
¥, jeen |z x| | 2! [x (3 |x;
—- -—— - — —— —-“ T—» e e e
| |+

i

r Ce .
Beware! Do not confuse the X and Y registers with the x and y in the

polynomial. The’ f x operates on numbers in the appropriate
calculator Py registers.

Y

34




- representing .

2 3y’

—_—]

3

You should reach the value 1860.867.

In solving complex problems like these you will need to be very 3
careful. Here are some suggestions which may help: '

(1) Think through your computation before you start ;:_o key pumbers
into the calculator, . Y

(2) Try to organize your computation in parts such as terms.of a (
mlyﬁial' or the numerator apd denominator of a fraction.,

) If'you feel you will be lost computing the answer to a complex
problem in one series of kéystfc;kes, take it part by part,
tecprding partial answers. You may then combine these into
a final solutionm, - o

(4) Sometimes (as yb{x will se¢ in the exercises) algebraic simplifi-
cation of an expression to Ve evaluated will also simplify ‘
computation, ‘




N Exercigr Set 1,6 ) i )

Vc2> sin A cos A a )
Evaluate the formula R = 9.8 for R using the B
given values of Vo and A, -
N o g V . o
.. Vo =200, A= 40 ' 2, . Vo=100, A= 40
3. . Vo= 100, A= 50° - 4. Vo = 375, A = 90°

(You may wish to think about the results of exercises 1-4 as they re-

late to the physics of projectile range.) e '
Using one of the two conversion formulas for Celsius and

,  Fahrenheit temperatures, ) ’

»

S 9
C= 5 (F-32) o Fe $C+32
answer the following: C o . ¢ .
5. C « 100°, £ind F 6. ' " Comvert 32°F to C.
. . . |
( , N o * i J
7. Chgpge 68°F to C T 8. Change 98.6°F to C. e
9. Find by experimenting when F and C, are the same. ) T |
10, Now cll:eck‘ yoﬁr snsver to gxercise 9 by algebra. (Set”F and C
each equal to x in one of the two formulas and solve for K.)
0 , l’
A formula for triangle area that you will be able to derive
later is . ‘ ’ ’
3 . '
- - ) Y -&
A (p_i 9,3 sin Az),Z -
. P C ,

R )

. *Averqe human body temperature




Find A, given the following Vll\le‘l:

<

° =8, 4, = 60

-2, 12, =10, s °

.

= 147.3, s

3 51

-S,AZ:SO 3

5.8, A, = 38° 14, °

=3.72, 5, = 5.8, A, = 62.1, 4y = 72

5 3 2

If an object is h meters above the ground, the time, t, in
" seconds, that it takes to fall to the ground is given by the formula

t e o=

Find t when: ’
\

15, h = 147,2 16. h = 3472,13

h ‘

17. h=1,23 . 18. h = 43,278
N~

19.  Solve the formula for h and use your new formula to fimd h vhen
t = 10. '

-

In a right t:rhnglo vhose lcgl are a2 and b and vhou
hypotenuse is ¢, you know that c -\/’a +b

Find ¢ when:

20, am=S5andb =4 ) 21, a=10.35 and b' = 15,72
- i
22, a=10.3 and b = 11,7 23, a=2,3 and b = 18.9

Evaluate wvhen x = 3,7 and y = 8,6, Store these values for
x and y,

24, x2 + 2xy + yz 25. (x + Y)z

26, 2 4 y? ‘ 27, (x+y)°




’ 1.6 = 7

L
\
I 28, What identity to your answers in exqrciuu 24 and 25 support?

29, What do your answers in 24, 25 and 26 suggest?

7

30. What identity do your answersg to exercise 27 and the answer to

example 3 on pages 1.6 - 3 and 4 suggest?

v
| r
\ ‘ '
/ .
e —————— e
|
| e
1 : :
|
| *
K v
|
|
| ¢
’ - 4/ -
!
| /
| |
- |
& f




1,7 Programming Functions: 1 . .

-

In working the exercises of Section 1.6 you should have found the
" calculations repétitious. You were_follw’ing similar routined over -
and over, with only the numbers different. In this section we will.
&evelop n. short-cut to reduce Qchrvork. - .

EXAMPLE 1., Give a keystroke routine that will start
" with a given value of h and ca].culate t by the

’Zh '
t*V¥3.8 -

formula

SOLUTION®

Algebraic L, _REN
key in h, then ' key in h, then

[—7(_}2“ ) .,m

I rE e ]

o‘;_'\ E 8| |+
‘ VX |

\

[l

Notice that once the keystrokes have been worked out it requires
no’ kpowledge of the functiom to follou them, With .theu instructions
yov\l could give your homework exercises to an elementary school aged,
sister or brother to calculate for you. For example, glven the h
vahlhe 10, they would key 1 l~0J and then the keystrokes for your
calc}u}lator, giving the ;:esulting % value, 1.4286,

| .

- seill better, you can assign this routinme to y'uur programmsble -
- calculator. Here are the general steps you can use to accomplish fhis:




1,7 -2

) ' ( LRN - Lcarn'
.o ‘ ( R/S - Run-Stop ,
. “ B RST - Reset.
1, Sct your. caloulator to racord a progran._ . Cow .

Key into your calculator the calculation atcpc (along with "

any inatruct:lon atcpa nccaaaary to your particular calcu-

« lator,) S n . - o 7
3. Set your, calculator back to calculating mode . *
4, "Eater _your given data.- T " .
5. BRun the program, -~ : ' :
* - : N . .
¥ L '-v - .
For additional exercises of the-same type, you then merely repeat steps
N [ P .
. 4 and.5, ' o . < .
: . o < 4

Each of ‘the many calculator nodcla operates differently so it is
" not poaaiblc to list al1 thc‘spccial instructions ‘quircd to carry
out thc five step routinc we have just givcn.

[

Because they wggeat the
kinds of apccial differencca you will meet on calculatora we offer two
examples here.  You should atudy thaa to seé their form, but you should

. concentrate on the specific routines for the calculator you will ‘be

uaing. Rcchl that we are program:lng the calculation

This clears

E \:g‘— : \
' ) ' \ 9.8 v,
- ‘ -\‘ -
TI « 57 - . ’ '
- . 4
1, OFF - ON

the calculator of previous programs.

LRN sets this

calculator to record the program.’

The
o display is 000 00 , ’ ) ) g
. e r___" \-—-e
2, l2 : These are the calculation steps., (See the
. :;. ___ SOLUTION to EXAMPLE 1 on page 1.7+= 1.) .
g "{ 9 i l |8 As you depress each key the calculator display
~—’ will record the step number., 001 00 up to: '
v doa 0. . S y )
- . : R AN T ' .
3 L] ~ .. -' ‘f » . -
i c‘ I LS Y P .
i , w” a9



Yoa ’ -, »> ’ . ‘
B et ~ : C 1,7 -3
& . "Pi'-GH -'Progrm> ) L
i .' g 8 . B . .
R/S . This key is required to stop the program
- * “and display the result of the calculation. 4
) E / v ! RST instructs the caltulator to go to step ¢
’ . -© 77 00 1n the program . - .
3.‘ LRN ) This key now returns the calculator to normal )
o p . operation. The display is d. .
4. |RBRST RST sets the calqalat" to dbegin the program.
, 5. Tey ta !': . ' | . ;\ RS
6. R/S "~ R/S then activatas the program. - When the
” caleulator sf.ops the display will give che S
t vallue. °
. To fipd additional pairs (!i,t‘),» repeat steps 5 an_d 6. '
‘ i k{\\ s .. . - = t.E,
HP - 33 ‘ | P
1 .- o _
. OFE:,- ON K This Clears the calculator of previous progrqmg.‘
" PRGM . ) PRGM -sets the s:alcul;a_tg; to record your program
- A stepa, The dispr]:; is 00 . ) . ‘
. ; ENTRR]' These are qthe calcufntion steps.' As you de- a :

’ pr‘ess e;gh key the display records the atep' ‘,'; -
number and the location (row - colum) of the .
. y(a) depressed, For exmple, a..‘ft:er:L EN‘H:I( _
Jr’k: pressed 01 31 is displayed: 01 ia the °
F;(:; step number,.31 the location (row 3, key 1) of »

SR A ENTER on the kéyboard. Note how the last two

keys are nerged into ome step 08" 14 02. This
., saves program steps. - , I

* . - .
On this calculator, as on many others, miny keys have two or even three
\;:e:. Here the yellow " key assigns the second role Vx to tl\e; 2 key.

k4

-

blue-rs_
’ —r

key would ' have assigned xz to the same ame_key.

]

4 -

41

A}




o cessary.)

&
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1.7 - &

: Sbttlingle step
3. \BUR ’ The calculator is now returned to normal é
ss* R/S o operation, the display is 0.00 e
e “/- v . The- K&key sets the,a;,'onsam back to
‘ : . step 00. ¢ S
4, Key in h ) o L.
5. ° S% ' This activates the program., On this cal-
| culator we did not have to key another |R/S| .
.
. - into the program because all unused -program

.steps are pre-loaded with steps that return

-

the program to step 00 and stop it there.

N E3

'rg_.\fin_d addi\tional pairs (h,t) repeat steps 4 and 5.

You should familiarize yourself with the procedures for entSring and
running programs, but- the moTe important task is devéloping programs. Here
are some suggestions about how to do this: '

1, Rmeﬂbel:' t the program merely récords what you would have done
ina calculation that“is not programmed. )
2. ‘fhink‘ of your calculation as alvays starting from the value(s) that

S

change in the computation. (In the example this was h,) .

3. Key into the P og;pin the lre’;s following (and not including) the

step that keys
&iiplc;. (on-

your starting value (ses suggestion 2) fnto the
RPN calculator dop't forget ENTER when {& is ne-

——

4 A ~ )
4, Be sure, if your chlculator req%’é it, to complete your program.
with [R/8; so your calculator will stop to display the results.

!

Exercise Set 1,7 .
")
Key into your calculator a program to find t, given h, by the N

formula o, ' ) >
E B L B

-

: ' - —_—
*‘rhc ST key steps .out of ‘the program so that [R/8' does not calcu-

d .
late the last step of the program. This prevents occasional Error
-uugc:;l when the last key is |41 . . .
. . L e 2 . .

- \ A ¥
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Then calculate t for the following h values

1. 15 ' 2. 100 -
3. 1000 4, 10,000 ")
5. 8840 (m in hr. of Mt. 6. 1609 (m in a mile)

. Evez:elt)

7. Develop a keystroke sequence to changé any Pahrenheit temperature
into Celsius by the formula

-

5
. , ) C =3 (F-32)

(Don't forget to start your calculation from F.)

Program the calculation of exercise 7 and use it to convert the
following temperatures to Celsius:

8. 0°F. ] .9. 90° F .
10." 500 F ’ 1.,  -40°r - ‘
12, By experimenting, find when F = 2C,“that {s when Fahrenheit tem-
. perature is twice Celsius temperature. . !
13, The sales tax in E;'ie County, New York is 7%. Dévelop a keystroke.

sequence that will calculetd the amount of this sales tax. (Do

y not dother with rounding your answer.)
Program the calculation of exercise 13 and use it to determine sales
tax on the following purchases: ’
14, §500 15. . $45.32 ,
16,  $299.95 ) 17. . $2.79 ~

~ -
R -

18. By experimenting, find a purchase i:rice that will give a nle;
tax of $§1,00, k

=

a -
< . -
. .
B .
.
. B
.
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Proﬁrmin; Functions: 2

1.8
: L ]

In$%ction 1.7 you learned to program your calculator so that it
In that
section you were restricted to sfmgle input-single output routines.

would carry out conputation routines by a linglc key;troke.

Nani?n this sectign you wi}l learn how to handle more then one inmput or

output. ,5
‘rhe key to this problem and the key to press is:
<3, .

*
IG

R/S

“

\

-«

This powerful key Pll)’l the following important roles:
J - When the {alculhtor is in operating mode, it either starts a
program if the.calculator is idle or stops a rumnning program,

2. When it.is kéyed 1:?1:0 a program it stops the progrm either
to rece1Ve information o to give information,.

N

EXAMPLE 1  Deve and Tun a program to'evaluate ¢ for
+ entered g 6f a and D, in the formula
' E
* ‘ - : 2 z
AR e" \].e +b
. . '
4 . '
'y SOLUTIOM 1, ‘
© by T1.57 " by EP =33
OFF,- ON OFF - ON
.
i ; a would be keyed PRGM
2 1 [ before the program . 3———‘ ‘
R ol 3 | started., g |
. ’ . -
. *R/S| Here the calculator * (!n/s!/’l_
) — . - ! '
R . ts stopped to receive ) » - -
e ‘ b. . ' .
+ - + \ PN

14



€1.8 = 2 ,
" ' _ 7 - [
\/—\ L
—, v
by T1 -57 . ) by HP - 23 /
22 ! . . 8 xz f
— — h ¥
~ 4
= | “""I »
1 ~ L ‘
| S
'3 A8 DI
._.’ / — e N .
[R/S " . . 1 .
) .
| ! -
mr \‘\\ -
\\‘. )
e o
| LRN . N RUN
- . v - i \\ ”1 i‘, £ )
Rere is how these programs would be.rum for\g = 5, b = 12, - =~ -
i ~ —
! RST' Resetting the proram to 0 f SSY, i R/S:
. ‘l b
5 l ! ’ . :’ i-
5 ) |R/6  Enter 5 and start the program S5 (AR/S_
...__J . 4 % s . . ’ . - ‘\ ! ~
. O \\
. : - N N L 4 .
The first part of the program runs until it reaches o S\

R/S i at the step marked * in the program., It stopstwith the -
. . U,

— /.. ' )
display reading 25, *© . <7 A
Y . l
e ’ /M f \ ! :
I ol ! iR/S:  Enrar 12 acd restart. |12 JR/S o,
l..__.-.' L____;._,! s ottt o J . ’ *
- _ . ’

The calculators will now complete their programs /and display the

¢ value 13, ' )

You will develop other ways of carrying out this kind of multiple
_input program {n the exercises, - We now consider a problem involving
’mltiplé output, | ‘

45 ' \ ‘.




- - ' 1.8 - 3

"N', ’ . S .
EXAMPLE 2. Develop a program that will calculate and
display sdles tax (at 7%) and then total cost for -
;. ) - given purchase ﬁrices.‘ . .

T1 - 37
Al

- ] M .
3 N . N e i ¢ ‘ e I ¥ b . :
o » OFF. - ON* |LRN ; - -
- - - ta ' oA l - \ . - 4
¢
0

'
h—— P S

STO

Y-

(¥

Lo

-

Stores purchase price

!
}

[ .
~ /
- <
-

NIERE i .. . ) ¢ )
T o = ¢ Calculates sales’ tax

| C ) I Stops to display tax

o
-
:
"~
"

J

Adds on purchase price to give ;

!,

——e— ¢ cm——

total cost,

#

& ) .
—_—— f . \7
A IRST ' '
. —_ q A - ' «
LRN - -
' —_— a
* - 7 'BST ' . - -
, Bunning the program for a 392 purehase v ‘
f f . "
9 2 |B/s * :
- . °
- . ~
The calcilator runs to the firat | R/S » and stops there to

display the sales tax $6.44 - o

| 2/8 o |
© N ".The calculator completes the program and displays the total cost
$98.44 - ' i
. < .

- - - = W ) - 46

* . e ’ )

) On this calculator there are other'ways to clear programs and reset the -

program to 0, but we adopt this simple Procedure, In fact, new programs
may be keyed right "over" old ones for the new steps replace the old.'

*

A




-

v —

Scotage cou;? be used as in the TI - 57 solution but instead Qp
utilize the operating sfack to solve this problem.

OFF = ON*, PRGM

Now the purchase price is in

Y, and Z registers,
-\\

Now sales tax is 1% X, purchase

price in Y, .
Stop to display sales tax

-

. . ' ‘
Adds’ sales tax and purchase pr%fg;

]
’

' ) ‘
Running the program for a $92 purchase

; : .
‘SST IR/S ‘ ‘ , ‘ RéLeta to 00

[izf RIS

Now the calculator displays the sales tax $6.44

"
l R/S.

‘Thg\calcuiatot completes the program and displays the total cost $98 /4.
Y N » ]

Al

4

* ‘ -

On this calculator also there are again other ways to clear programs and

reset the program to 0, but we adopt this simple procedure, 1In fact, new
programs may be keyed right 'over" old ones for the new steps replace the old,
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Exercise Set 1.8

’

1-4 Irognn EXAMPLE 1 of page 1.8 - 1 into your calculator and
use this program to find ¢ for the following:

.

=23, b w264 2, aw45,b w24
.45, b= 33 ‘4, as7,bw2

P

S <9 For a = 45, there are five other values of b that result in

Pythagoreax triples, that is results for a, b, and ¢ all
in integers. ’

Find the b and ¢ that cmletu the (a = 45) triple for b in'each
of the fouowing ranges:

5., HgbgBR " 6. 60 £b <65 ”
7. 105¢<b <110 ’ 8. 195 <b <200
9. . 1010 < b < 1015

1)

.10 = 15> Program EXAMPLE 2 of page 1,8 -~ 3 into your calculator and

use this program te "find sales tax and® total cost for the following pur-
chase prices, *

10.  $34.9% ' : 13.  $1.67
12, $2995 . 13, $632.50
14. . $99.95 15. 8100

16. How could you wodify the program of EXAMPLE 2 "{f sales tax went up -
to 847 Clearly you can change snd reenter the entire program, but -
you may wish to experiment with calculator keys in rl.;; or PRGM mode
to make ‘the necessary key change.- You will need to determine how the

¢

following keys work on your calculator:

“on cajculators that dilpfiy four decimal digits (like the HP- 33)

you néed to kercise care here. Such calculators probably do not round

up but either round down (truncate) or round to the nearest value. Your
best procedure {s to reset such calculators to display more decimal digits.

On the HP - 33, for example,.to set three decimal places in the .
| display press | f | [Prx! l 3 .
# t—’-i’ -_ - 46 . .

-
v P
' S




18

single step

back step

anj on the TI - %7

L3

12
2ml f INS 'r ° insert

S | )

2“'?5 :

DEL . delete
4

(for algebraic calculators only) In EXAMPLE 2 you had to store
the, purchase price 'because it 1s lost when you calculate sales
tax, Show how you can avoid storage by calculating total cost

, from the sales tax. (RINT: If purchase p'rice {s p,’ sales*tax -
is .07p and total cost is 1.07p. l?o:temine the number y&u must

" multiply .07p by to get 1,07p.) ] .

hd [
Suppose fou’ were a householder in an area where different ccmmmuni- ~
ties in which }ou shopped charged different sales taxes, (This is
fairly common near state or even county boundaries.) . Develop a
sales r.ax - to®kl cost progrem so that you can eunter list price and
then sales tax rate to ‘préduce sales tax and total cost. (Hint:

an easy way to do this is to use program storage.) Use your pro-
gram to complete the following table: | /
tgx | cost

)

l1ist price |  tax rate'

suit .$137..95 6% /
évercoat " 84.50 8%
shoes 31.45 7%
hat 18,50 6%

{ ccoes
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1.9 Chapter 1 Test
(1 -{4) Evaluate each of the following keystroke sequences. Do not
use your calcylator.
1y |2 ||x® 1? . 2) |4 |[+/-] V%
3) 2 |'IsT9 | 1] 5, RCI 1| 4) |2 T{10*
(5 - 8) Give a keystroke seguence that you couldfise on your calculator

to evaludte each of the following expressigns. /

5) 5+ 3 ‘ T 6)  (2+3)4+7)

7)  \J6 sin 37° ¢ 8) 24(*.,)3

(9 - 10) Evaluate each of the following expressions

9) 2:10 % 5 : 10) 3-2% 5

[
4

(11 - 12) Evaluate each of the following expressions. Express your
answer correct to four decimal places.

11) (3.5+8.32)°% (4.3-530%  12) 5}_73(6.'2}34"81

(

13 - 14) Evaluate each of;ﬁz'e following expressions. Round your

', answer to the nearest hundredth.

7  +sin37.5°

13 .
) 1.5

N - 3.2




‘ ' . & // 1.9.2
’ . _ -
(14) The area’of a triangle with sides a, b,-and ¢ is given by

-

the formuld

b, A= '\)? (s-a)(s-b)(s-c) where 8 = %‘ (a +b +c)

’ >
| ,f Find the area of a triangle whose sides are 35.41 cm., 28.23 cm.

L and 24.68 cm. . v

15) The time needed to complete one peried of a pendulum is.

giv.en by the. fdfmula i
| t = ’]?' __Lo where £ represents the
e LE length of the pendulum

-

' Find the value for L , correct to the nearest tenth, that makes , »

[ e
" I

>
[

t closest to 4 seconds.

Pl

(16 - 18) Choose two of the following three problems.

4
¢

16) A manufacturing plant has a capac.ity of 25 articles per week.

~

[

Experience has shown that depending on the number of articles

—

(n) manufactured per week, the price of an article (p) will be

sold at a variable price where p =110 - 2n. The cost of manu-

. / ‘e
® facturing n -articles-is 600 +.10n + n2 )
-

) a) Express in terms of n and p, the total amount of money
received (gross income) in one week for selling n articles.

b) Express this weekly gross income in*rms of n only.

»

c¢) Express the total weekly profit or loss (net income) for the
Lt company in terms of n -enly.’

d) Find the total profit if only 8 items are produced per week.
.e) Write a px_'fram that can be used.to determiine the weekly profit
R 4
for any value of n, RS .

)

o
L Y
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f) How many articles should be made each week to give the
/largest px:ofit? )
~A7)  a) Write a‘program for finding the length of a ieg (x)
of a right triangle g’iven_-the‘lengths of the hypotenuse (z)
and tlfe other leg (y).
b) List the ke’ystrokes necessary in the runAmc;derto find
the lég“(x). ' '
'¢) .Load yo;xr program into your calculator and find x,
to the nearestgﬁundredth when‘
(i) 2=170.00.and y = 66.18
(ii) z = 24.25 and y = 18.75
: 18). As already mg;;;tioned in exercise'(14) the area of a triangle ‘ .
iw,ith sides a, b, ar;d c is given by the formula .
A= \); (s-a)(s -b)(s-c) :’w};;re s = % (a+b+c).
a) Write a program that wil‘l find the area of a friangle given
the lengths of the three sides. Store a inregister I, b in
register 2, c¢ in register 3 and s ‘in register 4. ] N

b) Load );our program into your calculator and find the area

»

of each of the following triangles to the nearest integer
. . 4

(i) a=88 b=72, c=108 -

(ii) a=2,b=3, c=5

(iit) Explaip”your answer to (ii).




CEAPTER 2. ‘mommmum:s

In this nction the theory of exponeats is utndod ond a dif-

-ferent kind of exponent, the l.o;arithn is introdwced.

2.1 Positive Integer Expoments ' ‘

]

An important role of exponents i:l abbreviation, |ﬂprtcning
expressions, Just as we use multiplicatipn'to abbreviate: addition
vhen we feplace s + a + a + a + a by Sa, 80 ve abbreviate multipli-
cation vheg ve replace a:a°8-a-a by .5. - In general:

DEFINITION 2,1.1 = For real x and n a ‘positive
integer o

n
!.'!-!‘...'2
\———Y._.J

1
»n factors In particular, x 7 x, :

-
)

- —— e -

When ve write pq,‘ p is called the base ;nd q the exponent or
power, 'm wvord power is also used for the vhol; expression pq.
Thus we speak of 4, 8,“16, +ee as the powers of 2 just 4s we would |,
4, 6, 8, 10,... as the multiples of 2. ‘

‘Notation:  power or exponent
f q
AP T

base power

Exponential statements are read:

1

2. t!gre& squared « 6" - six & the n'th power
23 - two- cubed or six to the n
54 - five to the fourth power ab - ato thebd

. _ —~- or a to the b power

A
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9

The following six theorems are often called the Laws of
Ezbomnt.. We will see later that ch?y applhy in nuc‘h broader
circul;cuﬁen: here they apply only r.o‘-p'o.itivc integral ex-
ponents. " - . o

o : The Lavs of Exponents

For a and b positive integers, x and y reqi,

(1) x‘ . xb -'x. + b AU

2j x‘-}'xb-x'-b,'d)b, . [

@ «&Pax® :
b ";' ) ' ‘ |

) 2 x'= x, a .4 multiple of b x> 0

(5) (xy)® = x%"*
k 4

a
X - X d
® O -
M Yye Ixy,x>0,y>0 ‘ |

Proofs of these theorems are so ccraight/f_o'rward that many students

v

are confused by them, ’I‘hcy" merely 1011\7& applying de ﬁt&to:\z.l.l '

and counting the number of factors. will display two proofs a

-

- ’

~leave ‘the others for the exerciges: -,_J‘

r N
L

A * -
EXAMPLE 1, Prove: For a and b positive integers, x real, s
. A

N [ 4
(xa)b - xab i ]
| (xa)tf - x‘x‘x‘fi. x* : Def. 2.1.1 -
’ b factors

-3'8 ...x°x‘°x."‘.8'2‘x...x...x’x.-.x

~ N

Y ~ - -

~ Y h r
a factor a factor a factor a factor

N\

\\\h4> _ .- =

~ )
b (groups of) factors -
—_— . o \
* ’ .
Somse authors apply the restriction y ¥ 0 here. We choose instead to
embed thil} restriction in the = gymbol. Thus '"=" carries with it

<« the phrase "for which both members are defined'. This is not uncom-
mon usage.




XXX - countipg

S

ab, factors

| 'ncf. 2;1.1
locice t!ut Definition 2.1.1 is used left to r:l.ght in the fif:t and
mou:l ltcp €ot the proof, right to left in the: last, 94(1. as -

B 10 .
;Q\ﬂnto often forget that deﬁ_.nitiot;l (and‘ e;luatiom) are ofmetric.
| - - :

. ® C
EXAMPLE 2., Pro:e* For a, & positive i.nteger, x and y realy

Def. 2.1,1
a factors
‘a- factors -
: R
x . ‘. ‘ -

a factors °

—~

=
»y -
L 4
4

\ . -

v

EXAMPLE 3, Silplify R

(x)
/:ﬂﬁ)nf

83':* );2 5

x . '
T
2?9 . z‘*’ Law -
L-\ 4
5 , !

rp: step by Law (2)




. %’7
. *\‘/ - -
i ;\ Y 2.1 - “
, .
. 2
= e awd ~h
~— 10/ ‘
v 0 2 x Z2eox - tirst step by Law (4)
Getae® sdezls Ftirt syl )
(-20)° = (-2°%° = =322  first step by Law (5)
3 .3 / o
) (-2- - Y - - first step by Law (6) .
4 x
- Q *
. * Q
b . Exercise Set 2,1 . e
4 1l « 40 8Simplify complately: ) &
a .8 2) 2?3
' _ . 12
e 10 st @) Lo
10n' “
O G © (1
™ & g1al? (@) . & 5%
N a® 20
. -2 5%
any a2 &
9 - .
L1 b \ .
1y “EP a8 32?4 e
as). -m°: (2x)? (16) wmin’x + sin’x
i . ';. ' ;_
x> ¥ a " 'n n -
sin'x means sinx ° sinx ° ... ° odh x, thus sin x = (sin x) . We
° [ ~o - T " '—i-..._ R M
n factors

will see latey that/n 4. -1,




(17)

(19)

(23)

(25)

2
(29)
©1)
(33)
(35)
a7

"
(39)

{ "

o
(41)

(42)
43)

(4%)
(45)

2,1 -5

Zoinzx cos x +(3sinycos x)2 (18) ex.- ex+1
w2 ' [
_: (20) zy . 22)' P ’
17 3 :
25 .8 :
1S 2=
25 P .
A Sl ) @6  (x'+
@)’ + 5 e g’
ah? 28) (™3
s
&ZLZ (30) (a+ 3)2 + 3
C(x+7) : N
-— { ) -
coosz : coszx (32) -r3 s
2 L (4) @A
2 320 a6y o x°
(3 tan® X% (38) 3™ : 3%
(x2a+1)(x3-23) (40) (2x3)'+2
—
S50 Ewvaluate:
(x*y)2 tfxm=3andys=-l
sx’ + 4y? if x= -l andy'=3 X
(-2ab2) ifawSandb =2 A

382 - (5b)° 1fa=2andb = -2

3 gal?

1ifc=» 2

if a = -2 and b = <1

* ' ; ) :
Recall that a radical with no designated index means the index is 2,

®

wn

- i

%




w

, © ) )

) ba) 2043, 2  ifxe .;:‘h a=2 .
@8, =13 i3

(49)’ - 210 é‘x"v it xG’-l .

"~

2.15.12 , \3_., FRIELED)

(50) (xy'z™) ~1fx-0,y-2',z-‘12,a-_30

I

- - . - \

51 = 56 kplu.n the error and- corroc& the: solution in each 'of the
- following:

’

(51) A student simplified (Sax>)> and got 25ax’.

(52) A studemt siqliﬂéd (\}x‘) 3 snd got 112.

(53) A student simplified (a2)(°) and got (ab)’.
' » . [ ] :

2 .334_;

)

(54) A student simplified 3 and\got395.

(557, A student simplified 18y% - 9y? and got 2y°;

(56) One generation back you had two ancestors {your parents). How
' many ancestors do you have 10 generations back? (Express your
answer in exponcntial form and as an 1nceger )

-~

(57) Suppou that you got a chai.n letter with a list of four names,
The lotter says to und your favorite recipe to the name at
. the top, cross that name out and add your name to the bottom
of the iist. Then you are.to send a copy of the letter to -
four of your' griendc. If no one breaks’ the chaifn. how many
. recipes should you receive?

(58) Prove that ;‘ * xb = x&b "where a and b are positive integers

and x is real,
B a .
(59) Prove that (?)' - _x_; vhere a is a positive integer and x and ¥y

lll" rea]}



(60)

- ~

In the Laws of Exponents presented. at the begimming of this
section we stated that

2. x“b,‘ a>b,

Consider  the case where a < b.’ Remember that

* e x - x ees X -and simply the expressions
NN R
a factors
!lo - 812. 815 sx T, ‘x3 > x7. In general what can you

»

say about the simplified form of an expression x* s xb vhere

b > a? (Hint: Write ﬁ D

¢ 12
x
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2.2‘ Chagacteristics of Powers L .

In the exercises 'o; this section yo;x will be asked to explore |
vith the aid of your calculator ;some of the characteristics of various
powers. This will often 1m1'n use of the y* key but some-
times you will Moh to (or need to) rmrt to use of repeated -nlti-

pli.cation.

L4

EXAMPLE 1., = Compute 57 exactly e *
uygoku
i |
ADS I \ :
. ' 1
RPN 5 ENT l 7 l ) Aal .
n) : ' a
Angwer: 78125 \\5
= 1\}- = . 4 -

Some calculators will give close but not exact answers for such cal-
culations. For example, here the answer might be 78124.8 or 78124.9
or 78125.1. In cases like this you can do one of several things:
(1) You can use common seunse to adjust your answer., Here, for
example, wve knov',thit the ansver is an integer. The closest
,1nteg;r to the ipexact result is 15625. Con:ﬁrniing evidence
.1. the fact that any power of 5 has 5 in its units digit.
(5 - 25, 53 - 125 5“ s 625, etc.) .
(2)‘ Yoqﬁ*‘ detemine the hiﬁfxe.t power that does give an integer
ansver and couphcc the answer by using properties of powers.

s

Here, for exuple, your calculator might give as the highest

" power of S for vhich the result is an integer e

« I

. : ‘ .9
’ 5 o, 3125 R
The lavs of exponents help youTow—
-t A
‘7 5, &2

) 5" w57+ 5% = 3125-25 = 78125

Sometimes you will be forced to find other means to compute exact dnsvers
“
* e

[ AN

o ' 0
) )

T
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’

as in the following example. Foll:on thil uqle closely even 1if
you have a calculator that displays more di;iu !or the method is
1qornnt.

oL 2, Compute 51° exactly.

This answer ‘vﬂl not be displayed exactly on a
@#ix-digit display (neither will it om an eight-digit
- or even ten-digit display). that the largest
r:,s;lt we can compute is st . 390625. There are
several vays we could try to proceed:
@) 57 5% . 57 < 390,625 - 78,125, or

2 s a8’ .5 .5.78125. 78,125 - 5, or even

(3 58 as®. 5% .5 a390,625 - 390,625 5 5.

- Other approaches are also possible, but all lead to.
prodpcts that will not display. Clearly we must find a &
vay to display the answer part at a time. We will use

. method (2) to do this.
/ -«
We will compute 514 and leave you to find a wvay to °

multiply this result by 57 (in exercise 23),

514 7 . S - (5 ) by Bwnt Laws (1) and (3)

We know 57 = 78125 from EXAMPLE 1, We wish to square 78125.

»
r

" Recall (a + b) - az+ 2ab + bz Here we can let
a=178,000 and b = 125, We camnot calcnhto (78, 000) because
it will overload, but we can calculate (78) and affix the

£l

necessary six zeros,

Using 78° = 6,084 and 125° = 15,625 and 2 « 78 - 125 =
19500 we have




2 -3
% -
1] . ~
18,0007 = . 6,084,000,000 :
. 2 + 78,000 4125 = 19,500,000
. 12« | 15,625
Adding gives (78,125) = 6,103,515,625

lotic. thnt if ve Icnev & vay to represent (a + b) we could have used
(5 ) = (3, 125) to get our ansver. We will develop this for-
muls and use it in exercise 24. ' '

Exercises

- Exponents increase (or sometimes decrease) the base rapidly.
Try to accustom yourself to this rapid size change by guessing the
smallest integral exponment needed to make the inequality true and then
calculating the correct answer by direct trial.

.. 8> 10,000 ;2. 27 > 1,000,000"
3. 3.1 > 500,000 4. 6% > 40,000

4 r r
5. (-&)° > 250,000 6. (-6)F < -250,000

The following are important powers to remember. In each exercise
n répresents a Qgiti'vc integer.

. -
7. 1% | - 8 . (for n 4 0)
. (1. 1. (¥l
11, ‘Zn s (po;itive.r nagative) for a < @, - ‘ '
) ' 12. ahﬂd; (positive, negative) for a < O. - y l

« ,
~ Om'as ‘six-digit calculator y would be the first exponent to cause overflow, J

>
-

1“Yom: calculator may give you an Error message., In that case use your |
definition of exponents to determine the corrct answer,

~
x 1

<
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Now we wish to explore the cftect of positive integral powers on bases
io two fanges, O <b <1 and 1< b, We alveady know from ex-
ercise 7, the result of b™ for b = 1. Before do _any computing,
guass -vhich symbol, =, », <, 2 or <€, sh 14 be placed batveeg
each pair of expressions. Then test your guess by calculating

. - -
" — bn+1 for b > 1. (It;cltﬂe in tu_ting, b values like
1.01, }.001.) - , ' -

o+l

4.4 b __b™ for 0 < b < 1. (Include b values like 0.999.)

Calculate exact digits for: « ’ £

15, 234 .o 16. 234 another way

17. ' 23% by a third method 18, (.029)°

19,. Choose a, b or ¢ dependigng on your calculator: ~ .
‘(t) for six-digit display 68 ‘ e
» (b) for eight-digit display 611 (

(c¢) for ten-digit display 613

20. (a) for six-digit display 12° ‘
(b) for eight-digit display 128
(c) for ten-digit display 1210 - :,

. : 7
2, 2! | 22. 2% ‘(mne: use 2'7.)

212. 515 (Bint: see text Example 2 for 514.). ’

EXPLORATION EXERCISE

24, Ve seek 5! by cubing.5°. Find (a + ) by muleiplying
(az + 2ab + bz)(g + b)., Check that 55 = 3125, Use the

identity you have developed for (a + b)3 with & = 3100 and

b = 25 to calculate 515. Your ro\aaning w111 be of the forn:

5% w (5%)° = (3125)% = (3100 + 25)° = 3100 + 3 - 31002, 25+
.o ‘ \

E -8
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. o 2.3 Sc;ggtgfiéiuogition (for Numbers Greater tham One)

The, distance from the earth to the sun is about 93, 000 000 miles - l

) (93 million miles). As scienye expands it: frontiers such large nume i

bers turn up more and more often. Note that they do not apply only to '
aat%onouical'diatancel For example in chemistry, Avagadro s number,

f the nnnbei'of molecul'es in a given small unit of volume, 1is ’ ’ ‘

»

602,000,000, 000; 000,000, 000,000 . . S

Scientists (who are as lazy as the rest of us when it comes to ‘
writing out things like this) have developed several short noiations for
such numbers. Here we will consider only one: Scientific Notation. ' '

. Others will be considered in the exercises, In sedientific potation,

for examplé, Avagadro's number is 6,02 X 1023 . ’ ? .

aﬁd the distance from the earth to the sun is

' 9.3 %X 107 miles.
The notation is based on the special role ofllhe number ten in our
decimnl.number system. - Some familiar properties of ten are: ‘

(1) Multiplying by ten moves the decimal point one p13ce to
the right.

) . 57 % 10 = 570 3.2 X 10 =32  5.834 X 100 = 583.4

(2) Dividing by ten moves the decimal point one place to the

left.
57 10 =5.7 3.2310=.32 5,83 : 100 = .05834
: ’ n c . . |

\ ) (%2 107 (for whole number n) is the same as 10...00
n geros

’

3 7 . 2

107 = {000 10 = 10 000 000 10 = 100

.
-

Scientific Notation makes use‘of these properties of 10.

64 - o
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~To represent a number:in scientific motation the following form
is used, The number is represented:

.

a number
between X 0 (In this section n

will be a whole number)

one and ten

Examples: 3.2 ¥ 10°  4.835 x 1051 8.1 x 108° 1.9 x 10°

All aumbers ten or larger may be represented in thr{?\fom. Now what nudmber
in standard notation do these numbers represent? You can‘}use the following
simple rule to make the cfange:

‘ n
. 6.4? X 10 = 6|45

' Mové the decimal point past n digits

/ < " (annexing zeros to do so if necessary)

£

{

Exmiea :

¢

3.2 x 10 = 320 (decimal point moved two places)
1.0 ¥ 10° = 100 000

8.1 x 10%° = 8 100 000 000 000 000
3.8295 X 10°

o _»

= 3829.5 »’

w,henl you see numbers in scientific notation you will wish to think of
them in this way, ’

‘Now we are left with the question, how do we change numbers to -
. )
scientific notatfon? The procedure is not dtfficult and involves only

thfnking of multiplying and dividing a number by the same power of ten,

-

To change 93,000,000 to scientific notation, for example,

. )

93,000,000 7
o e — -
93,000,000 10000000~ * 10,000,000 = 9,3 X 10

* .
© More accurately 1 < n < 10.




, ' ' 2.3 -3

Notice how we divide and multiply by the same number thus not changing
‘the-value of the numbe; but only the form of the/representatiopl

. : .
A tule for doing this is:
(1) Shift the decimal point n’'places to the left to'cfﬁafe a new -
N _ é? number between one &nd ten,
(2) Vrite the new number X 107,

Examples: . ’ 7
" 93,000,000 = 9.3 X 10‘]

shift 7 places
(S

i

\ 2
384,75 = 3,8475 X 10
i 2|

shift 2 places
. -

hwi“_-‘ ~ On a calculator scientific notation is displﬁyed for large nambers
- hiyond the .regular display capability of the machine. For example, an
; L eight_digit display would .not be able to handle;a number over
-100,000,000,° For example, 384,000,000 would be displayed as:

. .. 3.84 .08

to 'represent

. 3.84 % 108 . | :

Some computers would display this as 3.84 E08 (E for expoment of tem).
. . ;.
Although individual calculators vary, the following keys and pré-
cedures are often used. You will wish to check them against your own

equipment.

¥

66 . y o
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EE| or |EEX| . This key is.used to enter a power of tem _ -

-

s Example: To enter 3.84 X lqs, heyv

‘F——‘

4, (ee! |o

t
e

3p {00 |8 ‘ ! IRER display: 3.84 05
“ ! ‘ ' 4 .
SCI : - nJ Numbers are represented in scientific notation rounded -
to.n digits. R

Example: With the number 38652000 in Athe displ;y

sci| |3 ' would change the display to 3.85 07

Exercise get 2,3

1-10. Express each of the following im ordinary decimal not\}on.

v

1) 8.37 x 10° o @ s 63 xyo°
(3) 2.9 x10° . @) 2.87% 10" g
5) 6.273 x 10° . (6) 3,333 x 10°
(M) 3.15 % 10’ (8) 9.587 x 10" -

(9) the earth's mass is 1.32 X 1025 pounds, .

(10) the velocity of light 'i!l' 3 X lolo’c‘entimeters per” seeond,
-(11) -the age of the earth's crust is 5 X 109 years,

© 12-21. Express each of the following in sélentific notatiom.

 (12) 69,530 a3 es,732 ' _
(14) 146 , (15) . 100,000
16) 147,326 - : ap 532.8 ~
(18) 184.35 : 19) 2376.4 . o™

20)° the approximte distance batween our solar system and its nearest
k.nown star, Alpha Centuri is» 25,000,000,000,000 miles.




(21) A light year is the distance light travels in a yéax;. A lizht
" year is approximately 5,878,000,000,000 miles.

(22) The number of atoms in a gram of hydrogen is approximately
600?000,000,000,000,000,000,000. ’ I

23-30 ' Simplify each of the following:
{a) by using your calculator and sciéntific notation

¢

and (b) prove your restlt by writing the numbers out in decimal notation

example 5
(a) 3.84 X 10

006G @ NEAECEE &

+ 2.95‘p<'1o3

display 3.8695 05
5
(b) 3.86 X 10° = 384000 _
3 . \ ’
+2.95 X 10° = +_2950 -
: " 386950 = 3¥8695 X 10°
5 4
(23)  6.26 %X 10° + 3.21 X 10
26 Vi.a4 x 108
2& 2 S
(25) (5.6 % 10%)(2.12 X 10%)
V4 "
(26) (2.5 X 10°)2
3 o 2
(27) (6 X 107) - (2.5 x 107)
6. .- 2
(28) . (5 x 10°) :7 (2.5 X 10%)
. o 6 2 i :
9.3 % 109 (s x 10%) .
(29 & 2.0 » ) ]
(1.25 x 10%
6 %:105)° (8 x 1042
(30) ] x .
- (625 x .10y , -
€

o]



~tn restricted our use of exponents to the -
natural .4ers..

lated to counti;!g: . / - : ’

do
}

was necessary because our definition re= 4

.~ a‘*a-a- cam= a5
L g .
A - 5 factors

\ | N LY

. . & * /o
We now wish to extend our.definition to incyée powers like 0,

-5, 1.8, - -;-, etc. To do this we:;i-\_xgg_ extend our definition., 1In ’ o f

doing this we wish 'to retain the simple‘rules for exgoments of .
—— section 2.1, - For that reason we merely apply those rules to situ-

ations where 9e couhting method won't work and add new definitions

when necessary. .
. ] . ; 14 3

EXAMPLES: ‘ . e . ) . a ’
. ,. . .’ . : . 0]
b . . o . c— )
1, a ' .
| 5 =1 a { .
. a . . . N L 4 B . \ v

a’g = g s a "‘Extending - the dixision rule (2) of
‘a- - aeotien"‘z‘ 1 without justification, . -

s 'rhuu we .waq;; 'Q" me make that nel definition )
. N ‘ k i ‘ . 3 N ‘ R . (Y

A
A
A . & v
Lt DEPINTTISN: o = 1 for all a ¥ 0 \
o

\
;\'4 ; v

¢
N
N
3
e
¢
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3 ‘

. ‘. e ’ tion 2.1 without justification.

~td ~

l
‘ ' of our rules:
L |

o €| pErNITION: &% = V) & fora> 0

S eacecaca 1
7 8 ‘a‘-a"a‘"“"a‘'"a-a 2 ’
a a
.5 re2 - . ' .
== o Extending the division rule ( 2 ) of
a ’ section 2,1 without justification.
Thus wve want a-z - l? . To ensure this we again add a
. . a - K
a new definitio;( ' . Lo
’. -
Dé/ -b 1 )
FINITION: a = Y for all a 4 0
- v ‘ L.
) . 31 1 -2 1 1
Examples: 5~ = 3 ™ 125 10 " = 5 " 0 .01
. ) 5 10
£ 3 .
' i -2 .1 .=2 : 2,-2 3.2 9
01" = (355) . = 100p0 3= =3

Note that the negative sign in the exponent‘gi{,guls RECIPROCAL.

‘mg "Applying the power rule (4) of sec-

" This lesds us to our final definition to allow extemsion

-




ry

204'3 . !

Since we have carefully extended our system 'By applying the
rules of exponents from section 2.1 ALL OF THOSE RULES STILL

APPLY! . _
Bx;mples: al'6l . a'4 -’az by rule
. S o -
2 B
. ‘“ a_s - a7 by rule !
a
1 1 s
g)a ‘Vva = e +al = a (sincel+l-§-) )
, . . 3 2 6
»
. "6t 5
. - a

- \‘ — . -
In the exercises you will have a chance to apply these extended rules

and to check them against calculator computationms.

- Exercises i
- — %
(1 - 8) wWrite each of the foll%wing with a radical sign
1 .1 |
m ¥ T @ w .
1 , x -—
@ st @ &
2 | L
(5) ab > " (6) (2a) ° ’
xo)_%_ ' ) _% v ‘.l
. (;-: . ' (8) 3a ° i
(9 - 22) Find the value of ;ach of the following -
1 | 3 . .
9 362 . - o) 16 % : o ¢
‘fl ]
) . 27° an™ &
.1 . , .
(13) 3(49)° os) 2nd ’ ’ o7
Q P ‘W,;; ) )
7




. -
(15) G2 6 72
1 .
an & °* !

1
(19) -8% : (20) (.008)
5

(21)\;9(%y- ' (22) (-

(23 - 34). ‘Simplify each of the following
& 1

(23) a3 a3 - 2 (26)

(18) 1078

i
3

(255 : (26)
(27) : (28)

(29) 2 (39)

(31) : (32)

33 (34)

Exercises 9 - 22 can be evaluated by calculator computation, The
answers however will be expressed as decimals rather than as ratiapal

expressions.

' Example:

1
<‘ 36 2

keystroke sequence for RPN calculatdrs

3] [6] [evred [1] [emeert [2] [= | Fnsl

(€ [om [5 fm [€ [».

--—- - i . i‘

.
(o)

(93




keystroke sequence for algebraic calculators (

3[1}1"3(}1« zjcns%,)j-

e

displ 0.1667
play >y

your ansver to #9 was % + Recall that %‘- = .1 66.-

— (35 = 48) Go back and do exercises 9 - 22 by using your calculator,

Verify that your answersg are equivalent.

! -
Often when doing calculations involving exponents on your calculator

it is convenient to represent exponents in decimal rather than rational

form, 3 ’
Example 81° - 81°7° u 27
L] Z L ) .
663 " 647556 L1 ( ,
3 .
662 = 64l .s12
- -~ ‘
Furthermore a calculation such as \3} 5 -5 can be evaluated in
S 2w \
ay'. e ‘
, N ‘method (a) U5 -\J5 = 1.7100 - 2.2361 = 3.8236
11 5 , -

* LY
method () ‘OS5 -5 = 55«52 o 55 o 3 8236 .
. .~

(49 - 60) Perform each of the following. calculations on your calculator
in at least two. w'aya.‘. Fix your calculator to four decimal places.

.-l ’1

woy $f » s0) 7%: 2%

1) Y8 - Y3 ) (“\Jsﬁ)'z‘

[




- ' 2.4 - 6
L : ' :
| (53) T%ﬁz = {100 s4) Vo.23 - \v0.23 . N
? 1

(55) (\Sf?)“ &) (0.015625° (7).
(57) JT 2J273 o ¢s8) \Jzeol : (-}5)
s @ )f | 6 VT YT | -

(61) Why is 1 your ansver to 587
(62) Why 1s 2 your answer to 607
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2,5 Scientific Notation (for Mumbers near Zero)

\ In this section we extend the methods of Section 2.3 to small
Y
numbers. To do this we use the toils provided in Section 2.4.
\ pil

| ) '
ﬁ;znine the following examples in which small numbers are re-

A
’vritteﬁ\in scientific notation in order to determine the patternms:

* A N

2—37 =239 1002 =2.3 % 10 x 10

" 10

2 1

=2.3 % 10"

372
5

5 -5

* - 2
=372 X 1077 =3,72 ¥ 10° X 10

Notice first how we used (at *) the fact that

ln = 1077,
10

Then focus only on the given number in it% two forms

standard notation scientific notation
1

4

%23 2.3 X 10°
L0097 7 %X-10°

.00372 . *3,72 X 1073

Do you notice how the number of places the decimal pcint is moved

relates to the power of ten?

.23’ =
2
shift 1 place
L | -

*

-3.72 X 1072




. .> " : ; 2.5 =2

.00%72 - 3.72 % 1070
M J B

shift 3L places ~}

,

0} course -this is the, same relationship between decimal point
shift and power of ten that we found in Section 2.3. Therefére
we can.say in general ' |

DECIMAL POINT SHIFT «—s POWER OF TEN

The power of ten is negative for small numbers (-1 < an <1, nd 0
and positive for large numbers (n > 10 or a <« -10),

This leaves only ome power of ten to explore, 10°., Clearly,
if the rule applies here & well, this would mean a decimal shift of

zero places.

EXAMPLE - i
2.78 ‘ - 2.78 x 10°

Since 10° = 1, this is ressonsble. Thus numbers in the range
12 n <10 (and =10 < n € =1) are represented with no decimal
point shift and 10°. - \ ¢

Yo;u: calculator-will carry out ccppl‘ex calculations with t;tnibers
in scientific notation, butJyou should always be prepared to explain
vhat is happening. Otherwise you will not be alert to errors. For
example suppose we wish to calculate the rcci.proc"al of

4 % 105

{ - .

Pressing the appropriate keys gives

Pl

- . ]\ -
Y . 2.5\x 107

#




e

‘Why? You must examine the process carefully

5 1 5

-%x L w5 x 100 a2.5% 10 % 107

1
4 % 10° 10°

- -u

Accuracy

—One of the values of sciengific notation that we do not explore
in detail here is 'its direct eyp ‘ion of the accuracy (or inaccuracy)
of the number .expressed. ‘Avog g s Nimi:er,_ for example, is accurately
£,

represented as .

6.02 23

because this is the value to three digit accui'acy. The value given-at

the begimning of section 2.3 is ‘approxiute with no indication of how

large the error is. This will be explgred briefly in the exercises,

v

Exercises

1 - 8 Express e:;ch of the following numbers in sctentific not{tion:

(1)  .000000412 (2) .002578

(3) .37 , T4y 1247503

(5) .02372 (6) -2.,301-

(7N .10026 . (8) .000900000785 -
(9) , Acceleration due to gravity is 980. 665 cm/s'ecz.

(10) " One iilovatt-hbur is 864,000 calories,

¢

11 - 20 Express-each of the follnwinq numbers in 3tandard notation,
- >

a1y ' “1.47 X 1074 : (12)  2.563 x 10°

«(13) 5.7 X 107__‘, B o (1s) 1.03 x 100

(15) 3% 10°° (6)  6.82 X 10

un 2.69 x 1000, (18 4.57 x 10

(19) the mass of an electro.n at rest is 9.1066 w 10-28 gm.

5
8
2

(20) the speed of ligiit in a vacuum is 2,99776 ™ lblo cm/sec.

. I

= 2.5 X~0°

6




(21) How is zero represented in scientific notation in yolLLp31cu1ator?
(22) .How else could zero be represented in your calculator? \

Numbers used by scientists are generally measurements. .The ac- /}

curacy of any measurement is always limited and hence the number .ex=
pressed should be written with the number of digits that properly
expresses t;he° accuracy of the measurement, These figures and only these

are significant. When computations are made with numbers obtained ex-

. perimentally, the number of digits retained in the result is determined
by the number of significant figures in the original data.
Examples: ,

length of a page = 22.7 cm (3 significant figu{es)

- thickness of page = 0.011 cm (2 significant figures)-
distance to the sun = 93,000,000 mi. (2 significant figures)
speed of l;gfxt = 299,780 km/sec (5 significant figures)

i .

! 1f each of these is written in scientific notation there is no doubt as
’ N
to the number of significant figures for only the significant figures : '

are retained —~————

2.27 X 107 cm

-2 ~
o L1X107° e
9.3 ¥ 1077cm

2.9978 ¥- 10° km/sec

Scientific notation impiies the precision of the measurement expressed, .
The number 2.27 is correct to the nearest hundredth because thé last
« gignificant digit is in t;he hundredths place. Thus it 1is implied that
the length of a page 1s withinf22,65 cm and 22,74 cm. The distance to
the sun is correct to the nearest 1 million. Thus it is implied that
the distance to the sun is between 92,500,000 mi. and 93,400,000 mi.

, o Zero can be a significant digit. 2.3 ¥ 102 has a different pre-
cisiod than 2.30 X 102 becauge 2,3 X 102 is correct to the nearest

ten and has a range from 225 to 234 while 2.30 X- 10> is correct to the
nearest unié and has a range from 229.5 to 230.4 Notice that standard

notation cannot make this distinc‘tion.

S
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For each of the following measurements determine
a) the number.of significant digits of the measurement

b) ‘the precision'df the measurement (correct to the nearest :_)

c) the range of error of the measurement

(23) '1.324 x 10° . (24) 2.7 x 1072

(25) 6.1 x 10°2 #%26) 6.10 x 1072

(27)  3.267 x 10° .

Engineering notation is a modified’ fom\\o.( scientific notation.
All onumbers are shown with exponents of 10 that are multip‘1e3 of 3,

alnxeioggiwaen ¥ 107 (m, a multiple of 3)

Examples:
i

standard notation engineering notation scientific notation
3 3

£

5280 . ‘ 5.28 X 10 5.28 X 10
"528 528 % 10° 5.28 x 104
.0528 - 52,8 X 107 5.28 X 1072

: »

This form of notation ie particularly useful in scientific and engineering

calculations where units of measure are often sphecified in multiples of

three, Some av.‘xxiliary metric prefixes further streamline the system.
prefix " _definition © " prefix definition

Y tera - 1 % 10'? _ ., T
‘\ giga 1 % 10° B milld 1'% 10
mega . 1 x 10° micro 1 x 10°

kilo - | 1 % 10° nano . 1 % 1070

1

x 1071

3
6

pico 2

*
more accurately 1 < » <1000,

Tvo other metric prefixes commonly used are deci (1 X 10"1) and centi

(1 ¥ 10-2) but r.h,@ae do not fit engineering nota'tion.&

- ~

(




o

(:) Using this qyofeu a surveyor who 1u‘workigg with a distance of

' 1,432,000 meters can express this distance as 1.432 megameters.
Similarly the diameter of a blood cell is 0.0000075 meters or 7.5

" micrometers (generally shortened to microns).

- -~ \
28 - 35 Represent each of the,following in engineeripg notation = }
and check yéak answer on your calculator, Fix your calculatoYr to an

engineering format for 5 decimal places.

28) 001234 (29) 04732
(30) .00000001 (31) 1234.56
(32 1.237 kilometers to meters (33) 8.37 nanoseconds to seconds
(34) 6.32 megatons to tons (35) 2.04 milliliters to liters 4
. I
d -
\—/
( e
. { .
<.
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2,6 Solving Equations with Exnonents.’

You may now use the knowledge you have gained of é&péqents to . .

for‘e.
EXAMPLE

ince x

L]

EXAMPLE

First, transform the equation to tHe form x

- solve kinds of equations diff

v

Solve x

1

2.
X

i
2
X
1 '-
1l
16
1
iz-

Solve x

%

X

LD

the equation is the same as

16

-16 = 0/

= 16

l‘éow you may apply two .methods

(1)‘ x"/a - efx_z S0 \3[:2.& 16

'i‘aking the square root of each member -

iy

S

I
“

..

erent from those you have étudfed be- .

- &




2,6 - 2

‘-

’

(2) Cube each member of \3)::2 = 16

x? = 4096
. ‘ \-
Taking the-'square root of each member

x= Xx64 -

w
»

h L& - »
. -
L) - ’

Note that method (1), taking roots first, keeps numbars small, and
is preferable for that reason. .

There is another approach to such examples that we”recbmend.,

Recallthjower rule (3 on page 2,1 - 2): . o

(’a)b - xab

)

‘In the ezanpfea we sought to coﬁvexc the forms

¢ x2ais wd 2P -1

L 4 -
each to the form

1
x = k (or alternately x = k)

- s
3

" To ds this we raise each member of the equation to the same power:

27 - 167 . (x%)? . is.? =

[4

in each case selecting the power that will lead_ to xl:

. - .




’\ -
. L 3
‘ ’ - 2.6 =3
X ’ , 8
. S . . - ‘ . .
R B
(x{) t’ - *-’16,." y (!%) é- + 16 ' .
. . .
x}' Tl_.—'i% - xl‘- + 16‘ i‘o 164*
= 2l1e - ] .
- 4 Q

Amxgher kind of" equation Jou should now be able to solve has the

vuriuble ag expanent this is called an exponential eauation;

*
/ ) . : K

L

*

o ' ks

'zxmrm 852 ) 62x- 1

~

To aolve such an equation ve seck the same base for each member

2'

2 {8’ such a base. Substieuting 2 for 8, 24 for 16: )
v 3 - ' i )
(2 )x+2 (24)2x- & .
¢ - 23x+6 = 28x‘4
Now since the bases are the same, the ‘exponents must be equal-
. . A . M
- .. ¥  3x 4+ 6=8x-4 e
‘ 10 = 5x ' s
> . A . ' l & , {
v ‘ ‘( ) 2 -‘x' . y . ) . y: G
EXAMPLE - (;,5)"‘4 : : I M ]
. . L . f P
. (Don t forget that 3 =

. principal (poailive) root,.

* N N [ ‘ g
+ Caution’pust-be eRercised- i‘n\dealing with fractional exponents.
]

Two is a convenienc basge; -

o

»

16‘i - 16 =4, in each cask the radical or exponegt indiéating tE

In salving an equation, however, you do
not wish to lose negative roots.
root (or a prwer with even denoninator) you qhould alvay‘ affix +
tp the resulbing expreuion!

For that reason, when you epply” square .




31 - 35 Decide whether each of the following is true or false:

(31) If x & rZS’thenx-S

(32) 1&1
a7y " 1f

)

_then x & 4
x

z"“

then x = «2 _.

}

.
f

R N X
. ' . , 6 -4
&, ’
/ - €
(2"1)3 - 22 -
i " 2% - 2 )
“ . »
-x 2
» x - -2 ) ‘\ ' /
Exercises - -
1 -10 Solve and check each of the follwing
* ’
‘W x% -7 \ (2 x \/2-3 ’
M 5y # = 10 @ % s s .
(5) g3 =25 o . (6) 16ctis5am6 - /
-’b ,1 - - -7 - .
. s, () x -3 " ] . (8) (9w) =1 ~N
©9) Sho® = ¢ (1) 8ou” A .
- R - ,..
11 - 30 " Solve and check each of the following: ‘
: ‘ LY »
(11) 2% =16 ¢ 12y 3% -1='80
ax F* .1 (14) 5% = T2 ~
. . 125
. 2y : x+3 ~
. (15) 257 = 5 16y 257 =256
(17) 256 = 43t2 ’ (18) 4 - 2% - g® .
v 19) 573 . % (20) TACALTL S S
' @iy 8% . 2%+ - 22) 9x -2 3x+1 |
2-x / DN
(23) zf‘*f . (-;-) (26) - 100%"2 10000" > ~_ -
(25) (541-3)-2 125-:-8 ‘(26)' '(33)?::-6 . (3'-2)3-1: ’
s -x /;2x=1 . ' . YA 1
(27) ¢ ) (28) 97(37) = -
- . /
' (29) (6 )(36) 6*! B0y 3™+ 3.
. >~




/V hY -
' (3) If 2=+l thenx=0 ~ g
(35) 165 =25 . thenx ==
36 - 39 All of the preceding exercises haye been contrived to
"come qQut even'', that is, to give values that are integers or at
. least reasonable fractions. You/can use your calculator to determine
. aPPro?timte answers to other eler\C'tKei o '\7
' EXAMPLE Solve 5% = 19 'to thousandths ..
Since 5L = 5 and 5% = 25 we fnow 1< x< 2
- Using the calcﬁlatoé&i;h the keystroke sequence
ALGEBRAIC 5| . |y"| trial power |= .
T . RPN 5| ENT,  trial power |yx| -
. 41 s N . L 3
gives the following ] .
= ' ) Sx : ) .
1.5 11.1893 TS ,
1.8 18,12 ’
1.9 21,28 © 1.8ex<1.9
' 1.85 | 964,
- 1.83 19,02 : .
1.825 18.86
, . 1.828 18.95 )
’ 1,829 18.99 1.829 < x < 1,83
. k8295 19.00953 x = 1,829 .
| i} . ‘ ~
find .x tg the nearest hundredth
U (36) 3% =100 . (37) 10" = 50
(38) 10" '= 500 « (39 1% =5 :
. J
. * ’ ’
. :
2 e ¢! “'
- ;, . - . .
t 1
; o e \
. 39
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2.7 Usiag Exponents to Calculste

We vill introduce this new concept indirectly, First we con-
struct a table of powers of 4,
ya
Y . .
0\,1[2'3[6[5}6[7[8
4 1 t 4 l 16 l 64 l 256 , 1Q2&-L 4096'»16384‘ 65536
k\ - .
Now we notice an important short-cut for mltfplyix numbers in the
lower row of the table.

n

[ -

EZAMPLE 64 X 256 = ?

.

Add the gumbers about 64 and 256 (3 + 4) and 1look below
vhe sum (7) for the answer ?63?6. e

4

~

Try this shartcut yourulf' for other products like 16 W 4096, 64 X 64,
and 256 X 256, - ' -

/M the reason for the short-cut should be cléar to you.
You have pgrformed 4he multiplication in the following way:

4

from the table

by the rulef for exponents.

16384 ‘ le'on the tab)g,
v - &
We can extend ‘the table slightly byqusing some other exponent

,;ule:. For example, 61'5 = 4 - 23 = 8§, etc.

e




i £
- n 4t L) 4"
j/‘ S o | 1 - © s | 1024
(:\x 5| 2 5.5 | 2048
1 6 6 | 4096
1.5 8 T 6.5 | 8192 p
o2 16 , 7 | 16384 ,
2.§ 32 C 7.5 | 32768
3 64 8 | 65536
128 ° - 8.5 | 131,072
256 9 | 262,144
512 9.5 | 524,288
a .19 | 1,048,576

With the new table you can oex‘;ﬁorm still more mltiplicatmn?using
the same short-cut

EXAMPLE . 128 2048

1 1

3.3+ 5.5 = 9 exponents of &
v t -
\. 262144,

b A
Try other” produrts like 32 "X ’1026 and 32768 X 32,

It would seem that this method cpuld be extended to other cal-
2.7

. culations if we could represent other powers of four, like 4 or
example. In fact exactly this is true.- We will show some examples
of this in the fgllowinf table. You may check our valpes with your

calculator (using the yx key).

n hn
L 4 : ’\\ .
0 1 ‘
.1 1.1487
.2 1.3195
. 3 | 1.5157
. A 1.7411
I .5 2.9600
.6 2.2974 o p
.7 2.6390 . Sd °* v
.8 3,0314 .

¢




S _ , 2.7 -3

i n A
»
.9 3.4822
1.0 4,0000 /
. 1.1 4.5948
1.2 5.2780
1.3 6.0629
. 1.4 | €6.9644 . e )
. 1.5 8.0000 _
Now we can calculate other products ‘approximtely) by the same
shortecut:
EXAMPLE 1.7411 X 2.6390
: . E J:7
A . . + . = 1.1 exponents of 4 -
) . ., © 4.5948 '
Check to see that''other products may be calculated by the same short-
cut, for example  1.T487 X 2.2974 = 2,6390 and 1.5157 X 2.6390 & 4.
r . (Notice how in the last example the. answer is not exact.)

1 3

r r
» -
» v ]

; Exercises:

1-8 By'using your calculator, extend the table on page 2.7 - 2 by
» . .
*’;;nths t¢ 3.0. Use the two tables to calculate

. ) 4
(1) 3.0314 X 18.3792 loy 13105 ¢ 3 -
(3) 9.1896 % 5.278 7 (&) 6.0629 X 6.0629 |
(5) 6.9644 X 9.1896 ~.(6) 13,9288 X 3.4822 :
(7) 1.1487 %.42.2243 - ' w(za) < x 21,1121

- “ ¢

9 - 17 There &re problems vith&o?rprocedure. For one thing&ve ha-.ve'
the "nice" numbers in the left hand column (n) and only a few reasonable
aumbers (the exact powers of 2) in the right column., We are faced with

the problem: How can we multiply 5.% 19. by this mgana? We will upliore‘ ;

. -

. , this problem in the following exercises.

| 3 . -

4




2.7 -4
' 7 ‘
’ Y
9 - 11 We seek n in 4" -5 ,
(9) Between what two integers is n?
(10) From your tables locate n between values to teaths. .-

(11) Use your calculator to find n (by trial and error) to hundredths,

12 We seek n in 4" - 19
[ .

'(12) Locate n between two integers.
(13) Locate n between tenths from your tables...
(14) Use your calculator to find n to hundredths.

~. (15) Eater your anbwers,frou exercises 11 and 14 in the following tables,

v

(i6) ’Use It:he "short%cut" to find the product' 5 X 19, (You know the
product but check it by adding values of n and then raising &
v to that power with your calculatoz.)
(17) Why do you think ybur answe;.is not exactly 957

4 -

18 - 26 We have used the tables to mui;iply. They can also be used

to divide.. ' ) )
- , ,
. a8 4% = hae ge x2 s
(19)‘ To -divide numbers 1; the 4° cnlumn, numbers in the‘n column.
, Use this short-cut and your tables to calculate:
| (20) 18,3792 $ 3.0314 (21) 13.9288 : 34822 3‘.‘{
: (22) 42.2243 ¢ 6.0629 (23) 21.1121 + 2.6390 ,
: (24) 48.5029 : 6.9644 ¢ (25)  55.7152 : 4.5948 €
| ;o : t




2.7 =5

e

S

(26) Use your answer to exercise 15 to cal-z_-\:lace 19 +5 by this

27 - 30 Make a table of powers of 3 by tenths from 0 to 1. U;e it
to calculate )
(27) 1.3904 X 1.5518

T (28) 1.2457 X 2.1577
(29) 1.11612 x 2.6879

(30) 1,3904 X 1.3904

»

R




v
2.8

. Powers of Temn

In‘seggion'2.7 we conatructed‘table:‘relating powers of 4

(and 3 {n the exerciges) to.numbers-and used those tables to cal-

culate,

portant purposes

3 or 4 the following are more ofter used:

While the first two bases are very important,
'will study only base 10,
base will apply to the other bases as well,

Preliminagy

Exerciges:

This method ig widely used in science for wliny more ime
in additiocn to calculation, but instead of the bases

in this section we

Many of the ideas we develop about this

v Copy and complete the following tables using yoﬁr calculator

A vhen necessary:

1. n 10"
—_ .
2
1 \
2
N 3
4
4, n 10"
1.1
2.1
3.1
, 4.1
.1

-1
-2
-3
-4

10

—

I‘

o..’o.
MO ~O
t

L

2

[oV- N, JANE. W

AR

100 {to

pe——

4 decital digits)

-5‘\




* )

. , 2.8%= 2 :

@

Now, of course, you can calculate the same kinds 0f exercises

that you did with the 3's and 4's power tables in section 2.7, o

-

EXAMPLE, Use the table of exercise 3 to calculate

: 1.5849 <« 3.1623 : / '
2 +. .5 - 7 (exponents of 10)
t 1
y 5.0119 S

Here you are applying basic rules of exponents. -

& L]
‘ 1.5849 = 102
X 3.1683 = 10°° 102 - 10°° = 10"/
10°7 = 5.0119"
*,
Study the following examples carefully,
. EXAMPLE:  7.9433 :  2,5119 : “o?
9 - 4 e s {1002 s a0t = 1000
¥ . ) I X
: 23,163 o
/ b -
1
‘ 3. e - T e 1
EXAMPLE:  (1.5&%9)° ~ - s C
L2 %3 = 6. (19°%)3 = 108 .
‘ 3,981
. .
EXAMPLE:  V/6.310 .
B X 1 o= 2 - a0 8H* 102 - . .
1,589 ' .
<2
& # \

91. . v



=

"y

S .

o/
) N 2.8 -3 A\
. 91N _
You will explore some additionai properties of [;owers of ten in
the exercises. ' ' / ’ 4
_ ' /
Exercises: ] .
. . ' ’ Ty
(1) Extend the tgBle of preliminary exercise 3 to 2 (by tenths).
(2-10) Use the tables of preliminary exerci;f'B and exercise 1
to calculate the following by short-cut. / ‘ ‘ "
\ <
(2) - 1.2539 ¥ 3,7811 (3)// 1,9953 x. 7.9433
4) 10 & 2,5119° . C(5) 6.3096 < 2.5119 s 5.0119
/
(6) V25,1189 ‘ (7) (2.-511.‘9)5
(8)  (7.9433)" ' " (9) \J31.6228
(100" 3.9811 . 5.01192 -
31.6228 . / * N
(11)  Compare your table entries for n = .l'and r = 1.1. How do
they relate? . o ' g
(12) Generalize exercise 11. ' . %
(13) What would you expect to be the tablc entry for n = 2,17 3.1
(14)  How does the equation 101 . 10'1 - 1’.)1'1 relate to exercise 11, -~
(15) Write an equation like that of exercise 14 to explain the re-
lationships of extrcise 13. * . . X
(16) Extend the tadle of exercise? to =1 by tenths (n = -1, -2, ., -1.0),

(17) How do the new entri=3 relate to your other tables?

(18 -’25) Use your table of exercisé, 16 to calculate

18) 10 X .7943 - L ay Y TEss

5(20)  25.1189 = .1259 \ (21) ®(.5012)°

\
N

[19.9526 % 1.9953

(22) (23) (.2512

.1585
3 n N M : . -
(24) .1259 3>;3i5‘.12 \(25) 31.6;28 x 19.9526
: \ < NJ 1259
]

[y
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2.9 Logariths

=

The exponents you worked with in Section 2:8 are usually called

;ggarj._i:h-a or logs for short. In fact logarithms with base 10 axé

defined by the equation : \
. C )

mlog N _

Thus log N is the power to which ten must be raised to give N. More

- -

generally

L

log N
b‘b

ln this case long (read "log to the base b of N') is the expnnent to -
which b 1is raised to give N,

EXAMPLES : .
1o328 . . .
2 = 8 and 10328 = 3 (Be sure to see why!)

logel

e - l'andlggelxox(

Y L . N
“Wheh the base 1s pot noted it is understood to be 10.  _

Examples: -log 100 = 2. (ai‘ncen 102 = 100)

log .1 = -1 (since 107! = .1)

e

Another interp{'e:ution of logs is often useful. The following

tvo equations are equivalent:

- . .
The notation 1n N is used for the ‘natural log of N: in N log;N where

e=2.7: e is an important constant '(like f*) in advanced/mathematics.

[y t ‘ . ) . R (
. J4 )




9 t 5
EXPONENTIAL EQRM LOGARITHMIC FORM' ) .
/ A Y b‘ =’ p ‘ @ lonp -» l ) »
This translation between exponential form and logarithmic form 13 ‘ ’
best remembered by a few .key examples \ . (
K Examples: ‘ /
E 3 . 2
10" = 100 4==> log, 100 = 2 or log 100 = 2 : : =
23 - 8 M 10818- 3 ! . i
Two hints for remembering this ralatiomship /
L4
1. Note how the base is the same - ) g
23 - § log,8 = 3. (Recall log to the base 2 of 8 {s 3,)
T %
base .
2, The log equation says, ''the log... is .. ..'" Remember that a -
) log is an exponent so the number follwang ‘13" will be the ex-
) ponent v
exponent or.log
- F
: 3 . R ’ :
2° =8 log,8'= 3 i
Exercises: ’ ‘ = . '
) ™ logh ‘ '
(1 - ) Using the defining equation %- 10" g , ’expfess_‘ each of the
- following as a power of 10. / ) .
Example: '5 = 10198 5 L :
\ ' o
(1) 12 A @) .o7 (3) 13
(4) 2846 . sy /&)
e } {
. ) L \.' '
. 93 ./




_ . -
(7 - 15) Give x as a jogarithm in each exercise i

¢ - *

Example ‘ 5° = 37 x= 103537 ‘
. ! ! 4 R B ,_* ‘ ;
7 T =27 8 25«16 C(9) 487 =1
A R ! "
(10) 32% 2 2. «11) (10%= 1000 (12), 10* = .1
(13) 10*=2 (1< 10" =387 . (15) 10 =10

- '/‘ .
(16) In exercises 7 ; 15 give the value of x when you kiow it.
Example: 5° = 25  x = logg25 =2 T \

e

(17 - 28) write equgvalxt 1;:3 equations for the following exponential
equations.

Example: ~ 5% = 25 log 25 = 2

(17 10° = 1000 agy 107l- k_z.m/ P32

>

. e :
(200 3 =9 “@) 32022033 (22 1003%0. 2
(26) 1072 = .01 (27) '10° = 100,000  (28) e’ = 7.39 (log, = 1n)
, J . “
N X - ] _.'
i - \
- - // ~
- e . .
o
Yy
. v - £
- \ * -
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2.10 Calculating with Logarithms

l -

" Three basic theorems are basic to.calculation with logarithms.

& =

\ . r

I. log (xy) = log x + loé vy’
T, log (;) = log x - log y .

"
log xP =p log x & L ‘?

- & j

. . \
Proofs of these important theorems are all based on the defi-

»

. )
10008 ¥ oy '

i

nition of 1ogs

Proof of I: Xy = 10108 xy, x = 10108 x and y ‘=1blog y

- ~
-

xy = (10198 Xy (10198 ¥y o 19108 X +.108 Y (o pn 1aw (1) p. 2.1 - 2.
- v

Since the underscored terms are each equal to xy:

10log xy _ 10log x + log y

Since the bases are the same the exponents are also equal;

-
3

log]xy = log x + log y

»
~
’ " log x .
Proof of III: {5 = 10°°8 X
(10198 %)P 0 10P 198 X o by Law (3),.p. 2.1 -2, ~
[ ] ’ .
- Since the underscored terms are each equal to xP:
- b r
10log x lop,}og x v
, .
/
~ ‘ ~ . -
. ) \/ : \
/
/ i v (‘
/! -
[




2.10 - 2

.f‘ » . ‘
-
\ -

Since the bases are equal the exponents ‘are also equal:
~ .

. log x’ = p log x.

Example:
log(3 - 5)= log 3 + log 5

A}

log 221« 10g 34.7 - log 23.4 -

23.4
7
log (2.7)' = 7 log 2.7

To calculate with logs the following aiepa are followed:
(1) Find the fogs of the numbers

(2) Calculate by the appropriate log techniques (using Theorems I - III) .

¢

(3) Restore the numerical answer by 10x

Example: " Calculate 38.47 > 56.14
log (38.47 X 56.14) = log 38.47 + log 56.14 /(by I)
LI
= 1,5851+ 1.7493. (by calculator)

= 33,3344 ! (by calculator)
103'3344 = 2159.7 . (by calculator) , - R
' .347 =

Example: Calculate (34.3) z

log (34.3)"°%7 = 347 10g 36.3  (by 11l

= 347 (1,5353) = ,5327 (by calculator)
10'532,7 = 3,4099 (by calculator)
. (\

4 r ‘(} J




2.10 - 3

LV Y

) 4
"Exerciges: - ! : <
l.-  Use the method of proof of Theorem I to prove Theorem II.
2«12, Calculate By using- logs. Use your calculator ounly to process

the logaritbhs and to calculate 10%, '

(2) » 74.1 % 1,64 - - (3) .163 ¢ 2,18

i '

@ (82.7)!4 (5) U3%  (note: Use 347 )

v
38.5 X 62.4 - 143 %

(6) 1.8 .- N T2 <87 -
@) 237 x 41,37 - ' (9 VT xsl.2
(10) 6125 @43.6)"7 - . a1y 45'® ¢ 3402

™~ ' A
(12) q¢ -
“ 1
1 3 r‘
[}
.l
¥ 4
L 4
-~
q

4
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2.11  Logarithmic Equations v o I B
- ‘\ R :
: -7
In Section 2,10 we developed the basic properties of logarithms
‘ which may be summarized as follows: ‘
! Logarithms
4 .-
Multiplication —?‘;—5 - Additiom g
Division - - -—é-» Subtraction
, Powers * .—————  Multiplication
. ‘@
Roots ———— Division T , " .
‘These propet&!o may be used in trpnolating algebraic equations into
logarithmic equationms. ’
. . b2 Y
. Example. Express a = o @8 a log equation.
s - . o
{ log a =2 logb = log ¢ . i
Y ' ’
. ‘ { - .o X 3"
) ‘ @& Calculate by logs: - 5‘2'5‘*———37—
" . , 23
Y T Solutiog/steps: 3
" 1. Form an equation x = 42 'a LY

... . 23‘v

2. Use log \properties.to write a logarithmic equation
: 'logx-logh’i.5+3log37-alog 23 ' A
. 3. Determine the logs and simplify
‘ * ' 1&‘:5 = 1.6284 + 3(1.5682) - 4(1.3617) = ,8861

4, Return from logs to algepra by uo:l.ug‘lo“t (Recall
.8861

mlog x _ % ¢

x) x=7.69 (lo = 7.63)

LY

Example:. If log x -';,-. express 103(1—;3) in terms of a

. L .\’
Sy - log (TO—O-) = log x = 108 1(10 =g - 2,
. .

"

. . L
. R R
* N ’
The process of reﬁuming from logo s often called antilog. " Thus artilog N
is ‘the ‘same as 10 and 1n this case antitlog- .8861 + 7,69, j

LUy »




Exerci

2,11 - 2

.
- v A ’
ses: :

’

, < Write logarithmic equatiogp for eack cf the following:

(1)
3)

)
./-
v

7 <14
Exgres

1)
)]

f11)
;(3)

 —

- 5.

\

-

4‘35 x 23 . (2-) X = zazm - -
267 <Y .
X 5720 - @ 513 ¥ 23"’é
) 7.6 % 14 : éli;' g
2. b _
a=bc (6 am=
. < Va
. ! ' o
For tbe following exercises let log x = a, log y=b, log z=c¢
& answers in terms of a, b and c,
’ -
log xy : (8) 1log 3
log 22 A (10) log E%
' ' z
log (1000z) (12 log (.0ly)
log’_x\ry— . (14) log l}xy -

15 =~ 22 Translate the given log equation into an-algebraic equation.

Simpli

(15)
(17)

(19)
(21)
(23)
(24)
(25)

26 -3

.(26)

—

fy when possible. “\

log x = log 3 - log 5 (16) log x = log 3 + log 5

log x = 2 log 5 ' (18) log x = 2 + log 5 (See Ex. 11)\“
‘ [

log x = % log 36 (23) log x = 2 log y + 3 log z

log x - log 100 = 34 (22)  1ng.100 = log x = log 5

If log x = a,‘iind antilog 2a. (See footnote on page 2.11 - 1)

I log x = a, find antilog {a + 2). .
If log x = a and log y = b, find antilog (2a - 3b).

0

0 Solve for x:
=3 - . '
Solution: Write ihe log equation x log 3 = log 30
‘ Solve for x ' X = %ﬁg—%g

(Note that this {s division, not subtraction)

Use your calculator to find x 1.4771

A S 51

™~ 101

= 3.0960
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Graphs of Exponential and Logarithmic Fuhctdons ™

R . .

"2.12

. in the exercises for this section you will be asked to -con-
« ~
struct graphs for warious exponential and logari+thmic functions.

This is easily accomplished by making‘a table of values (by using
yqur calculator) and. plotting the resulting points.

-

Here we suggest how you c~uld sketch the graph of two related

fﬁnctions without use of the calculator:

.

Example: ' Sketch the gfapﬂ of.y = 2x, for values of x in' the

range -3 < x < 3.\

*

X 2x
3 8-
2 4
1 2
A 0 1
1 &
. -1 7 ¢
1 ,
1
.? s
2
[ ]
x
~ N - i
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Example: Sketch the graph of y = log,x for values of x

1
in the range & <x <8 ’ '

Solution: Recall that the equation ¥y = log,x 18 equivalent"
¥ 4 ® -
to 2° = x,

. .Thus we can construct our table.af values

-

x lqux
( - Zy y
<

1 L]

'3 -3

) S I

Z '-2 .

1

2 -1 ' ™

1 0

2 1

4 2 >
LA /
A\y 8 3 ! '/:‘




\ ¢ {2.‘12-34 .

Exerciges: ' ‘ ‘ !
1 =5 Use your calculator to locate additionalz'pﬁ‘tnts for the gz:‘aph

y= 2. Check to see’ that they would lie on the graph on page
L]
2.12 - 1.

v

A (5, 2'5) (Solution 2*% - &5, Is the pofnt &.5; 1.4%) on the graph?

@ s, 7% YT xe2s

() x=-.5 - 5) x= -1.5a

‘6 - 10 Logate additional points for the.graph y = logzx. Check to .
see that they would lie on the graph on page 2.12 - 2,

(6) 3, 10323)f~ (Solutioﬁ 10g23 +# y translates to 29 =3, You may
¢ .
find that by direct trial with your calculator or by the method of

&

exercises 26 = 30 on p. 2.11 - 3,) .
(1) (5, logy5) - (8) (6, log,6)
(9) x=7 : . Q0) x=,7, '

.
11 - 15 Set up axes on a sheet of graph paper with range.-2 <y <10

Yy,

2z _ 1.

and domain =2 <x <10

(11) Draw the‘graph of y = 10° for x-values in the domain =2

Plot:t at least ten values (determined by calculator) on your graph.
(

(12) Draw the graph of y = log x on the game graph sheet. Plot at.

least ten values (det:epnined by calculator), on your graph.
(13) Draw the-graph of y = x on_the same graph sheet, ' 4 'J

(14) Crease your graph along‘ the line y = x. b %a}:?o you notice about -
‘ the other two graphs? .
(15) Explain why this relation holds. ’

(16) Sketch the graph y = 3x for x-values in the domain -2 € x <€ 2.
» . - 1 ’
(17) Sketch the graph y = 1083X for x values in the domain § £ X < 9.




2.13 Chapter 2 - TEST

.
(1 - 10) Answer each of the following Questions, v .
1) © Find n when logn= 1 +1log 2., ,
2) 1f 3% = 9Y, express x in terms of y.‘[’ '
3)  Ifog, 81- '4/3 find b. |, ° )/
- 4) Find th? smallest integral vah‘:e of x suck that (%g-)x > 10,
5) If log,2= b and 1oga3 = ¢, express lo;a54 in terms c;f b a.nd c.
6)) If y=log5, find the value of 1 ~2§.
7)  Solve for y: 32Y*3 . 3l
8y . Sc;lve for x: x-S/Z = 32 ]
9) What is the domain of y = log x? . f
10)  Rewrite .0003472 in scientific notation. PO

(11 - 20) Madtch each question with the letter that best answeérs the question.
. ' «
iy 3%t 30ty +"1
s A T

12)  @mnaoh, :
B) 27
. 13) 3.8 x- . "
c)y 2.7
, . -6, -1/2
R Y (- e ¥ :
D) .27
15)° . -2/3 = 9;, x= ‘ . L ]
- _ E) .027
16) 2705 37h 33 ; '
— 3/2 F) [‘27 ’ .
- 17) 3 . . <
. ' _2/3 'G) None of thg above °
18) (-27) s
. \/‘ - «
19)  (o.obgoemiofy -
. .0 _-3 o '
27 ' , ' oS
106 ‘y
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2.13.2 " '
. s
* e 1 =
: : ' ’ .
21)  Find the exact value of (345621)°. AN
: - 7 . ’ ;. . . “ ' \.
(22 - 23) Choose one of the following two questions. !
. b 4 ) i [ Y ‘/.ﬁ-
22 a) - Graph the function f(x) = 2.37 for.values of x between -3 and \
» 3 _inclusive. yLabel the graph with its equé.'tion. ‘
b) In the same set of axis used 1n part (a\} graph the func !’on g(x) log2 3 x‘ (
for values of x. between 0 and 3. Labei the graph w1th its equation. .
) - X N AN
“%) .Using your graph approximate the value of log, 3 e. :
Y * ’ ’ 1 x
23 a) "Graph the function f(x) = >  for values of x between 3 andh3
inclusive. Label the graplf with its equatml .
. . ="
B)  On the same set of axis used in part (a) graph the function y(x) = Py '
~ for values of # between -3 and 3 inclusive. Yabel the graph with its
‘equation. ' ) )
N . /_‘\ \ . x
c) Write a function that is the inverse of the function }('x) = %
. . [) | J
. N ~ 4
_ »
3 \" /
-~ ) \
’ 1
o
\
/'/\ .




Chapter 3 TRIGONOMETRY OF THE RIGHT TRIANGLE - B
' “ ) ,\‘ S N . .
In this’ ‘lecti{ you will review yoﬁr understending p‘f-t/ho trigonomacry
of the right triangle and extend your knowledge to six trignomstric fumc-

- *

3.1 The Six ‘rrigao-;trk Functions Por Acute 131“.’

. When you studied siniler trin\;lio‘ you 10‘{-:! that there are special
relationships between the measures-of the acute angles of s right triangle
and the lengths of the sides of the ‘triangle. These ratios of the udu\ of
a right trisngle can be summarized as follovs: Co ‘e

4

:  length of site le BC
sin (sim) ¢ A =" Tength of hypotenuse ﬁ .

“cosine (ecos) { A"- length of adjacent leg AC

length of hypotenuse AB
, v ~

1¢ of site leg BC

Tangent (tan): A @ == s
e ‘ length of adjacent leg AC

.

L 4

vhers /. ABC has .‘rtg'hi angle at vertex C gs illustrated in the
dlagfan, o

1

-

Wi
’

~

.

Thus ein: A = sin B a

cos . A = cost B =

BRI

tan; 5 e tan b B w

EN

Notice that the values of enci: fgl'nctian_ aré differeht for each acute angle

of the right triangle. This is because the functions are defiped by the
N -~

relative phrases opposite log;md adjacent leg. Many students remember

s the definitions of these functions by the -smemonic:

We vill use the nmotation BC to represent the length of the line sagment
from B to C (BC). Similarly m 5 A represents the measure of the angle
whose vertex is at poimt A, '

105+
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‘I! these ratios u.-, cos and ‘ are igwerted then we  cen um-' ’
ghrho u Fatios that are cnuql (csc), secant (sec) ud
eoun'cnt (cot) rupoe:tnly. ] ’
' thn - o ~ . \.\Q“
- A .
coc i A BC sin c"ouu leg - ¢ '.
Y . - -
‘- a - 1 - ’
ne {acs B - S - pumme -
- 7 o o ,_’ ]
. - AC 1 ) B
Ceotfa o B - gphy - EmLl
- —e : N
. [ 4
In thu,ueunn we an dealing omly vith acute qpl right nclu. 3
‘We will study other ot angles in tumo ncubu Pill im the
. following. charts by using th la coor ud . ms keys on your J -

cslculator, ‘Fix your caleula:ot to & desimal phcu.. You vill be )okod
to roemuo special pronrt:lu of these !nettou in the exsrcises at
thc end of this ssetion. :

! sin é co.‘ ‘ - . é P ] )

o .o - o ' o ’ )
K ‘zo sl
15: - 15: .9659 v - 1’0
30, | 30, 3o:

: go : 7?" ) . ::o :soo

() ° o
3 o d 73 o 75°
O!o_ 89° 8 o $7.2900

“ 90 ?0 90 ' »

”~
]
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’

“"

b

3.1 -3

“Your ulc.luor probably does 1ot have npeci(f keys to determine
mt (csc), secant (sec) fad ¢otamgent (eot). rbuc nl.n“ can
be determined by using the !.et that

~ ¢sc and sta Y .

‘mmdeoc /

L4

‘q

Y

F

/

"are ;octprocnlc.

¥

-

“
)T cot and ten. -
“To £1nd esc 1° you should #1nd e1n 1° end then key | & | | thus
57.2987 q'c.c 1°. Complete the following tables: - ~
, .
[_ esc f sec 1 i cotj
0: ‘ . 00 oO
1, | 57.2987 ‘ 1 .12
150 . 15 150
30 \ 300 | 1.1347, 30, .
450 : s T 48’
60 60 607 |
75° , 75° : 750. 0.2679
890 1.0002 89° ‘ 89
90 . 90 error 90°
i ’ '
i 3,1

.

1)‘\ -u#x-
3) et Y=

5) ue‘ X=.

7 oini ?-

v

< .
Rote g£tn = cot

' i X
,In terms of XY, ¥Z and XZ find:

~

alt abbreviation )

2) coli Ye
%)
6) c.et X
8). m;'r-

i
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9 - 12 In each of the following } A is an uﬁgto angle of right
triangle ABC hav_iu right smgle at C. Find the values of each of

the other five fumctlons and sksich a diagram of each triamgie indica- - ¥
ting the length of each side, / '
Example: sin l A - %— .
B ) 1
P by the Pythagorsan Relation .
P 5- B “ .
4 c)? + a@c)? « up)? |
- \ wc)? + 42 o 2 “
c A a)l+ 16 =25 | X
: wc)? - 9
. AC - 3 *
So ‘ ’E‘) . —
3 '
cos :4 Ae 5 .
4 AN
nnk e | N5 ‘
3 4 CON
cot 1 A= Fy . \
= sec ] A= -;— 5 : . )
»
.3 ¢ 3 A
cée 4 A= Y \
’ -~
. s ,
,9) cos 1 A= 17 10) mi A= 2.4
11) sinf A= % ) 12) ot 1 A= ¢

/
13 - 17 AA.IC and /_\ DEF are both right triangles. = ‘ A= 4b
and m f D =44 ’

%

2

/+ o L _

( ' 1 !
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14) PFind oin i B and sin j‘ E. Why .{1;0 these the"same or dif-
ferent? ‘

15) If AC = 10,00, BC = 9.66 and DF = 3.00, fiod EF,

16) Using ypur results in (15) find AB and DE.

17)  Fisd AB.and DE by using & method different from the mathed vou
used in (16). "

Look back at the tables that you filled in earlier in this uction.‘
We would like to mgke some observations.

Example: From your tables you should notice that the same values appear
for the sin and cos.

—
»

t/int Aw -colja s

Y}

* i .1n1; B =

* ¢
"

Thus sin x° = cos T90 - x)°. _rér example, sin 1° = cos 89° and
sin 45° = cos QSO. X C '

» ) -

= coa‘ A

I3

18 - 19  Answer b of the following questions and ’nrify your responses
by & method similar’'to the used in the example sbove,

e

18) Wby fs e2e 20° = 55c 5002 ;-
‘19) Why 1s 5% m _eot 75°1 .~ .

20) Find each .of,.)thc following:
e L - ' o
sin O
, " cos 0° -
\ .
& tn 1°

(-]
] * cos ,1 f‘

#{n 15° ‘ ' y
R ——— }

0 . /
cos 15 ) /

) . s .
] éin 30°_ -

cos 302

! . L’
- rd 'Li *

o
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o] - . 3.1"6

‘

) -
hmmmuuﬂ&t&.m&:ﬁniamublu Make a2 \

guuabont{g‘w—. -

-]
\ cos 75

A

Hhatuthorchtioubemunj A, conz‘ A and tan f A ?

¥~

Why 1is this true? " (Hint: use a triangle such as | \/
>

21) What do you guess is true about cec, sec and eot? Support your
conjecturs by using a method similar to that in exercise 20.

You know that the hypotenuse is alvays the longest side of a right
triangle. Therefore the sin and cos of any acute angls wust be less

than one because in each of these ratios the numerator is ‘smaller than
the demominator.

Example: ‘ lini A-:c—n
\ . I <1 because BC < AB.

~

22 - 27 Uaing arguments similar to the preceding example, uptatn .
aach of the followimg: .

\ B

22 ° The éouccdnt of amy acuge angle 1is :lvm greater than 1,

23) The secant of any acute angle is always greater them 1.

24) The tangeat of am acute -anglo 1s greater than'1,

23) The valus of the sine of an acute angle increases as the messure
of the angle incresses. \ ‘

26) The value of the cosime of en acute angle decreases as the measure
of the sagle incresses. § '

27) The vilue of the tangent of an acute angle increases faster than
the sine of an acute angle.

AR




P \ 3.1 « 7

13

*

28 - 29 You have probably moticed that several entries in your
tadle are rather wnusual. cse 0° = arror message
' ' cot 0° = error mesgage
/\ . tan 90° « error message
Ve . ., sec 90° = error nessage

> 28) Make & comjectwre about why you get these error messages om your

calculator.
' ~ 29) Make a conjecture about why sin 0° 0 and cos 0° = 1,

30 - 35 Decide vhether sach of the following is true or false.®

o | 56) If;‘A.i:anacutoqghthnaﬁxi A+ cosd A>1,

31) The cosine of an acute angle is always greater than the sine of
the same angls. .

32) ) 1t x A andg B are acute angles in a right triangle then
-uﬁA:co% B0, ' )

33) 1f 1 Aandi B are acute angles ‘and ni A < ni B then
ten { A< tan i B. .

34) Ifetnf Awcos} A and } A 18 scute chan m f A = 45°,

¥s) 1f 4 A and 4 B are acute angles in a right triangle them
|Lni A‘coli Be],

A}

L

*Yo- may wish to test specific values with your calculator bur if you
| « | answer "true" you must assure yourself that the statement is true over
| / the eatire range of values, :

" -
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3.2 Variations of the rr;.!gnnatric Functions: - “

As am angle changes size, the nlu;f of any of the six trigno-
metric functions also change.

The figure below contains :hrc{rijht triangles. AC is a leg
‘of each of these triangles. :

A o
mm<m<m%un1m<uqzw<mﬁum&WMQMy
recognized from the tab'les that you completed im section 3.1 that as an
acuts angle increases {ts tangent inecreases also. Whem the measure of an
angle i{s very close to sero the length of the side oﬁponitc that amgle 1is
also very small so its tamgent is very close to zero. If a triangle could
have an angle whose messure vas zero the side opposite vould be szero so its
tangent would be zero, When the angle has a measure of 45° as 1 EAC then
the triangle is isosceles and EC = AC g0 tan 45 = % -1

v
} 14

If the angle st A had a measurs cllosa to 9@ then the side oppout\o
- {¢' would be wery long while AC vould remain constant. Hence the tangent
of such an ‘angle would be vory'htgo. Complete the following equations by
using your ca\lc-h;or (set to 2 decimal places.)
]
80° =

o

85° =
89° =

89.5°

89.75°
89.95°
89.99°
89.999°

o

90 =




¥

s

L 4. -
Your ‘calculator probably
discuss why this {a truve
- are not scuts.

-

d

‘e In the

sta j mcy
atné DAE = 2—%,
sin § PAG = IS
lin; HAL = %

v

BC < DE < PG < HI

of the hypotenuse as an angle changes in size.
-seme length as they are radii of the same circle wvhose center is at A.

andu-m-p},)-u pod

]

(o]
gives you an error message for tan 90 ., We will
in future sections thae d2al with anglas that

-

A8 AD AT

l_e s s B
duccaisive positions

Each of these has the-

4 .

L

- 8o lin"’BAC < sin A DAE < lini FAG < linl HAI.

thn'thc measure of the angle {s very near zero the length of the opposite”
side is very near zero. When the uglui’c of the angle is very near 9 the
length of the opposite -m{ is very near the length of the hypotenuse so
the value of the sine ratio is very nearly one. .

( i
y g Exercise set 3.2 . K
- . ' ‘
Use the diagram above to answer each of the following ques-’

tioﬁl. . ) ) ‘ ,

1) cos § BAC = 2) cos f DAE =

3) cos 4 FAGC = . ©4)  cos 4 HAI = ‘

5) .What inequality cam you write among AI, AG, AE and AC? AI__AG___AE __ AC,

6) If the measure of an angle is near zero its cosine mugt be near /

iyt ’ |
b 7) If the measure of an angle {s near 90 its cosine must be near —

| why? i )
| 8) why doe‘l the cosine of an acute angle decrease as the measure of the

®

angle increases?

LY

. | 1t

\ )
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Complete each of the following inequalities using < or > .

Use your calculators. {f you wigh ,

1.3 2 4 11
9) 2 = & and 1—73 10) "2 __ S and 3 —— 3
ass 3 2 | 3 " , 1 1
H)-3..3 au g_; . 12)  .256 ___ ,583 amd ~256 383
13) If';- < e:bcn i- t;’ ., when x, y, a and b are positive. Why?

‘ You know sbout the reciprocal relationships between pairs of trigo-
nometric functioms, Complete d::’ following:

. 1
1
15) e ®  sec x
‘ 1
) — — S
- Ve ,
I ; |
Complete each of the following inequalities ueing < or > ,
17) sin 10 < sin 70 so ec¢sc 10 csc 70, (
18) sec 50 < sec 8% so cos 50 cos 85,
19) ¢tan 10 < tan 30 so cot 10 cot 30. .

-+
'

Mlcu'uch of the followimg using the words increases or decreases,
20) As the msasure of an acute sngle’ increases, the valus of its cotangent

-

21) As the measure of an acutp angle decreases, the valus of {ts secant .

'22) As the measure of an scute angle increases the value of its cosine

. ' \

23) As t{ho msasure of an acute angle decreases, the value of its sine

'
d L ]

s
H
¥

-
24) As tfe measurs of an acute angle decresses, the value of its tangent

25) As the m;ue of an acute sngle increases, the valie of {ts
cosecant




" ' V[

26) Complete the following table:

: » ' value
function value near 0° behavior 0° to 90° near 90°
~sine . near 0
"cosine / near 0
tangent . , incrdases '
cosecant 4 ' decreases near 1
secamt - s ’ |7 very large
cotangent very large -

-

(27 - 30) Pill each of the following blanks with either O or 1.

27) The sine of an acute angle is always graater than - and
less than ‘

23) The cosine of an acute aggie 1s always greater than
and less than .

29) The t.mgeat and cotangent ;:f an acuts angle is alvays{_ru:er
than .

30) The secant and cosecant of am acute angle {s always gr'ea:er than




3.3 -1

3.3 Spesisl Right Triangles

Ia an iscsceles right tr:lnglo the legs are coqruat. Ia-

/\asc, & 5 #C.

| SO mjf A= 45 and '
. b ) - m) B= 45, . y
let AC = BC = X, By the
Pythagorean relation,
‘ w0)? + @ey? = (p)?
A ‘ 22+ x = aB)? (eubstitution)
‘\ R . 2 e (a2 (additiom)
, . = AB taking the square
Vo \ : . (root of each side
N L, < . A x2 = AP [eimplification
) ~ \ : (ot radicals >

Heace the lengths of the ud.g of any ioo:ca{u trianglo* can be repre-

sented as .
1 J2_
“ ( i - X - -
sin 45 T T >
’ cos 45 = E— e 1 . _3_\)——
xVZ F3 2
’, tan 45 = —:— = 1
SN
coe 45 = X a1
sec A5 = —-Ex xz - |2
| cacas = 22 _ 7 '
Motiee that iz any 22cscsles ight trilangls tha le§s eis congruent and

&
the length of the hypotonuu is the length of a leg times lE .

).




D -
(W)

i
ro

. ° . 4 ' R '
Find each of the following, using your calculator. Remesber the re-
ciprocal relationships. ' ‘ x
A R

s{n 45 = ? cot 43 =
cos kS = . s8c 45 = ,
- tan &S = . ' ' csc 45 =

—~
Notice dﬁt youT answers on your calculator are represented as decimals
and not as radicals. The calculator values that you have found are .

rational spproximations "o_f irrational nnﬂuru. It 1is 1%ouiblo to rep-
résent an irrational number such as a radiesl ('7"7 or’ -5-) by a termina-
ting or repeating decimal. Most of the trignopetrif values are
irrational numbers so the best we can do 1s get an approximation. « This

is Dot a serious defect because gemerally our computations are accurate
/

) *
enough, Furthermore, calculators do soms nice rounding for us.

. )

Example: .
: .:02565 - 9_0%_@ = 9 " (algebraically)
%ﬁ - ':'2'2';%%% = 9.0000(calculator)

k

even though the intermediate calculator step,

12,7279 |
1,414 4 9. Gy s

Remsumber that a 30-60-90 triangle is obtained when an altitude
(angle biseetor, median) is put i{n an equilateral triangle.

D

\ In equilateral triangle ABC
let AD = X, then AB = 2X and

again by the Pythagorean relation

C

Akleo, calculators generally vork with more digits than they display.

%

| Y

yl




™y

Hence the lengths of the sides of gny 30-‘0"90 trtanglc

tounted as

X1

X
o X _ 1
and fw = 2
o3 O
s 30 o " 2
o x
S R S
’ xV3 v3
eotw?-"ﬁ'ﬁ--ﬁ
‘ 2x 2 23 0
nc30°- - 0
T
) 2x
cu:ii()e-x - 2

—_— 7
!oticc tha
the length of the short 1
long leg (

3.3-3
‘\
2 2, 2’ ' ( -,
(AD)” + (BD) = (AB) :
2+ @0y « (2x)? (substicution)
‘2 + ('Bb)z - 2 (removing parenthesis)
@D) = 3x° (subtraction)
- BD = l) Ix taking the square
‘ root of both sides
- 3 (siwplifying radicals)

, BD

Ty

sin 60

cos 60°

tan 60

cot 60

i{n any 30-60-90 triangle the 1
(opposite the 30" angle) and the length of the
site the 60 angle) is the length of the short leg. tinu’r’

-

csc 600

can be rep-,
TN
2x 2
- X o1
2x 2 .
N VNN EY
- ‘ = 1(» Js_
x U3 lﬁ_ 3
2x
- -—x—— - 2
. v
= o2 23
J3 3

th of the hypotenuse is tvice

A




4

‘ . . 33 -4

“v v

. gbqlcto the fow calculator:

Q

-

sin cos tan cot

sec
300 < )
) /

. C8C

Coq;ro these results to the values that we found above, Verify that the
\

~

values are the good approximations. v
Exgmple: . e
tan 30° & 5774 -1):33 - L7321 B . s

»

Remember, ve are agnin dealing with rational approximations of irratiomal
Y Al
sumbers.

You _oho'nl.d know the values of the functions for these particular
, »
angles because they occur frequemtly. Do not try to memorize tables. If
you do you will probably either get.them mixed up or drive yourself crazy. .

"~ An easiey (and more sane) way to reproduce these values is to draw triangles. ‘

—

‘)( & < /

Exercises 3.3

. Yor each of the following:
(A) ddtermine your answer algebraically (don't use the charts in this ;octioa)
(B) determine your amswer om your calculater .

(C) verify that (B) is a goodqapproxintion for (A)

.;t is also important and comvenieat to know V3 & 1.71321,
CJZé 14142 end Y22 707, %

,\
"t
®

k]
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33-5
" Ixamples
—_ cos 45° + tan 45° Y
0z JZ .2 2+ 0T /[
J(A) 2=+ 1 - Tty = Ta / .
(@) .7071 + 1,000 = 1,7071 ( '
W ] - ‘\‘ —
(©) "'—;-E o UMM .y 500 \
L4
o A ° %
(1) sin 30 + cos 45 (2) Zin 30 cos 60 + cos 30 sin 60 .
- (3) 1+ tam 65 (4) 2 cos-30 + 3 cee 30 )
(5) cos? 30 + sta’ 30" (6) 2 gos 45\~ 3 cot 60
< . (1) sec &5 - 2 cos 60 (8) “sec 30 + csc_30
Find all the sides and angles of each of the following figures.
) o ay
, * /
/ r
/ - N
/- R Z/ I N\ -
oy T e —
N LA \
i 12) ./
/
: (
N
N
T z —

‘ "sin 30 cos 60 means (sin 30) times (c;n 60) /'

“Roeau that conz3'o‘nuu‘ (cos 30)2 or (cos 30) times (cos :30)

> ’gu




03.‘ Msasuring Angles

We have been expressing the measures of angles as degrees in
decigals, Antoprtnt:ly, these wiits of measure are called decimal
de;mK This has beenm compatible with the way most calcilators
deal vith the measure of angles, Very often the measure of an angle
is written in other units that ars expressed as degrees - minutes -
s'ocond.l. o b !

©. 4 60 minutes = 1 degree (60’ = 1°%)
‘60 seconds’= 1 minute (60" = 1')

Thus, 35.5° = 35° 30’  and 47.26° = 47° 15’ 36* . You probably cam
easily verify the first equation sbove because .5 of a degree is
clearly 30 minutes. The second equatiom requires more careful analysis.

. .
Exazple 1: Comvert 47,26° to degrees-minutes-seconds.

- 1° = 60’ = 3600“. -
.26° = ,26(3600) = 936"
936”7 = 15/ 36" |936 divided by 60 has
' a quotient of 15 and a

remainder of 36

——— 0 47.26° ) 45° 157 36"

Example 2: - Convert 53° 14!/ 28/ o decimal degrees -

14/ = 14(60) = 8407
14°28” = 840 + 28 = 8687
6007 _ 868"

1° x

\ 3600 x = 868
x= 2411

Thus 53° 14/ 28”7 = $3.2411°




'\K. . [} 3.6 - 2

If you £ind the preceding cxa‘plu particularly tcdiouo* theén
you will be copocially happy to learn that most scientific calculators
have special keys that make these conversions in two keystrokes. We
vill now consider these examples again by using specific calculators.

Exasple 3:- Convert 47.26° to degrees, mimutes and seconds !
HP 33 TI 57
(display) 47.26 47.26 (display)
A
£ | |HES| INV| {2od| |D. MS
(display) 47,1536 47.1536 (display)
~ ° / ”
wvhich means 47 15" 36
N
Example 4: Comvert 53° 14/ 28”7 to decimal degrees o
HP 33 TI 57
(display) 53.1428 53.1428 (display)
[
8 -H 2nd D.MS
(display) 53,2411 $3.24111111

which means 53.2411°

A careful look at the similarities and differences of these examples
can help us understand how these calculators vork and also some of the
mathematics involwved, \Tbe }11’-33 keys —;n.m[ and - H| are both on
the |6 | key. The TI-58 uses the additional keystroke |INV] in exe

ample 1. Notice that:
— converting from decimal degreas to degrees, minutes

and seconds

-

*
Make sure that you understand the mathematics used in each of these
examples.’ They are tedioms but the ideas are not particularly difficult.

\ /

1.} .




‘= couverting from degrees, minutes and seconds to
decimal degrees I |

e inverse operations, so the logic exhibited by your calculator

is re&o%

On both of these ci:‘s:atorl (and indeed on most scientific cal-

culators) the decimal de ’4e format is DDD.dd where DDD represemts the
integer portion of thikangle and .dd denotes the fractiomal portion
vritten as a decimal, The degree-mimute-second format uses DDD. MMSSsss
vhere min DDD rtprncnts v‘x;olo degrees, MM represents minutes, SS rep-
rcmtﬁ"ucondl and sss repressnts fractional seconds, Observe that in
either case the decimal point separates the degrees from the minutes and
seconds,

If h‘you have not already gpessed H.MS represents hours-mimytes-seconds, \
This is the same kind of I_auﬁro as degrees-minutes-seconds, so you can use
these conversions to change ordinnry time (in hourl-imteu-mondn) to
decimal hours,

-—

le S: . 3 hogrn 15 minutes = 3,25 hours
3.75ﬁ hours = 3 hours 45 minmutes,

N~ ’ -
Acgles can be measured in units other than deznel*. Recall thgg

1° - % of a revolution

é

»

Another unit for measuring amgles often uged by engineers and aciontioto
“is called a grad. :

hadnd 1
lgrad = %00 of a revolution

_thus a right angle = 100 grads = 902,
A
-—-—‘& . .
Still another unff called a radian will be discussed later.

A

ﬂ >
Thers 1s no special symbol that represents grads.

120
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T

Most sciemtific calculators do ndt couvert degrees to grads or grads to
1
degrees by using a special key, We can develop a comversion by using a

praportion. .
T degress _ 360 _ 9 _ 9
: grads 400 10 1 *
| |
and
grads 400 _ 10 _ L
degrees 360 9 .9 p
To comvert from degrees to grads
& divide by .9
To convert from grads to degrees )
multiply by .9 N
> ) ~ )
Exsmple §:
90° = 90 ( # .9) = 100 grads
o
‘ASO grads = 150 (@ .9) = 135 -

Calculators '‘wake~up' to a decimal degree format. To change to a

gred formar press: ///’ ‘ \‘\\
HP- 33 TI 57
f(; - | GO , 2nd| |6rad

To cbanéo back to a degree format press:

. HP- 33 o TI'8Y
' '] l DEG . E Deg| -
LI v . | -
. ' - (
. . f
&
)
R ] ) 1:’




. 3.4 : S:
P
le 7: ' -
)
Find (a) cos 75 grads them (b) fiad cos 67.5°
/ HP- 33 “' T 57
(_ ~ ON calculators "wake-up" ON
v 4
(display) 75 . 75 (display) .
[s] | .
(display) 75.0000 75 (display) )
o B ,
m cos 92nd| | cos »
(display) < .3827 3826834324  (display)
v \ ' . ¢ .
|
/ to
) answers (a) / ‘
(display) ~ 67.S 67,5 (display)
o ’ N
(8] [pec \ 20d] [Deg
(display) * 67,5000 * ) 67.5 (display)
E ¢cos . . |20d| | cos
R 4
/(dilplij) .3827 .3826834324 (display)
. ® . )
" ansverseto (b). o N
[ 4 ) -
\ s . . T !

The angular mode (cicgrou or gradp) has absolutely no effect om
caldulations of this type. Selecting the angular mode is easy to do

and easy to forget so be careful and keep track of the mode being uskd.
~ [
lj )

Another way that‘ngles can be measured is indirectly.

" Exsmple 8: . ,
L) In right triangle ABC, AB = 5, BC = 4 and- AC = 3, - f
P ) '
4_ 5 . Find nj‘ A and -#,«B
. ) un# A= -;i*
4 Lo . P
C ‘\3 A - " \
7‘111. sins and co(ﬁe $atios can also be used, win 1 A= 5 = ,2 and
‘ coo A= = 6 . ' - ‘
ERE IR R . ‘
-~ " 12 ‘
. ) / -
. A Pl




} ) , . 3.446

% ‘ : tan ) A=1733
n 4 A =.53,13° ¢ ‘ )

s,incci A m#,n are complementary -x B-(90-5313)-
36.87° ", i

Fotice that we are now using the trignometric ratios in aMyf-
ferent way thn we used th-'bcforc Previously we kq the measure
" of an angle cnd vanted to find the value of a ticular function? Now
 we know the value of g particular function and are interested in knowing
the msagure of an acute .angle. A;ain we are duung vith the mathematical
comcept of inverses. Séveral different kinds of notation represent this
same idea. The imr:u“ of the trignometric functions are represented

by the chart below. -~
! T , 1nverse using
function inverwe using are negative exponeat
y=sinx X =are siny x-:in'iy
: -
/.y-eo:z X = arc cos y x-cu-ly \/:"\
) y= tan x X = gre tan y . X = tan y
y = cot x x = arp cot y x-eot-ly
y = sec x ¢ X = grc sec y X = gec 'y
y=cscx X =garecsey x-coc-ly

-

. Both of these motations for imverses ars u;d frequently s0 you need to
be familiar with both of them. ‘ 4

¢ If we look back at i;qic 8 we c‘ould have written

» . ’
( | =y a=s313° =

. -1
as are tgm A = 53.1}0 ) orf/ tan A = 53.130 J

»

D ——)

‘!bo ti'!;noutric ratios canm be used here also,

‘rechuuny. thé trigmometric functioms 'do not have inverses, We will
deal with this {ssue in future sectious.

k]

Q ! 12;
7z,
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-

The following keystroke sequences  show how the HP-33 and TI 57
can be used to do this ‘example: + ¢ - |

. -
HP-33 | 11 87 J 6
4 (omew] 3 [:] 6 [] 3 [=
(display)  1,3333* 1.333333333  (display)
. . =
g m- v E: Ml tn;{
(display) $3.1301 —~53.13010235 (display)
90 mx 2y | , ty
(display) 53.1301 - =53.13010235 (display) \_
36,8699 36.86989765
Exercises 1.4

(1 = 6) Convert each of the folloving angle measures to degrees-minutes-
ssconds, Do each (a) om your calculator (b) by pencil and paper.

(1)  45.12° () 39.755° ,
3)  87.215° (4) 51.0375°
¢)) ,30,5 grads (6) 13,5 grads

(7 = 12) Convert each of the following angle measures to decimal degree:.'

Do each (a) on your calculator and (b) by pencil and pager. ™
) 16° 107 307 ) 68° 23/ 154
(9 8°s/ : (10)  70° 30/ 184
(11) 90,25 'grads (12)  4§.33 grads -
{

* .

Most scientific calculators store more places than they display. 1In
the case of the HP33 mora than four digits are carried throughout
this entire computation.

7/
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(13) In Example 8 find m . Aand m 1 B by using a method different
from the method used in the example. .

—

v (14) 3 ABC and J BDA are right angles
BD = 5 and DA 12

find I‘# 1, m 1 2: m # 3, m i 4

(15 =« 18) " Pind x
(15) x ». sin 93 grads (16) x = u,n'l S.14

(17) x = csc”! .37 (18) x = sec”! .37

W

(19 - 22) In each of the following find x and y correct to the nearsst

tenth,
(19) (20) '
83 2%
2.3
]
(21) Jo'a (22)
)
v
. )
X =
-~ Y
/8.3 {

(23) Throughout this section we have repeatedly mentionsd the mathe-
matical concept of {averse Your calculator deals with many operations
(functions) that are inverses. Find at least § operations and their in-
verses that are specific calculator keys. Give an example that shows the
inverse relationship. )

Examples: (a) -addition and subtractiom X+ a-amx

5+7-717m=58
(b) sine x and oiu'lx
oin-l(:in 40)
-1 o
sin .5878 -
( ) 1')'1 /’ —
40 , ) s :




depression of a boat to be 17° S0 .

T a8 -

-

3.5 , Problem Solving with Right Triamgles

&
/

In surveying, angles are measured upward or dowoward from a
horizomtal line. The measuring instrument is set up vith 1its line
of sight om a horizontal plm;. To ll'iht am object higher tham the
horigontal the lime of sight is elevated. To sight an object lower
thas the horizontal the line of sight is dep.ruoe'd. The angiu formed
by elevating or depressing the line of sight are called the angle of
elevation and the angle of depr:u!.on respectively, '

A— : 2 HCR\ 2O0MTAC

HoriaconvaC

In the diagram above 4 BAD 1is the angle of depression and A ADC 1s
the angle of elevation. Notice that since AB || ©p, iBAD = % ADC.
Notice also that X ABD is mot an angle ofL\__ACD vhile X ADC is

an angle of AACD.
»

Example 1:

A person on a cliff 37 meters
above a lake medsures the ‘nngle of

To the nesrest meter, how far is the
boat from the foot of the cliff?

{ DAB ,3'1 ABC

In right /\ ABC, cot 17° 50%

.—x
87

© ./«
X = 87+(cot 17 50% )

[
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-3 ution
(d1splay) 17.50 ' NN

g | |9ER [comvert degrees - minutes to
(display 17.8333 decimal degrees]

‘ f tan
(d1splay) - 0.3217 [-3216 = tan 17,837
1
s X
~ (display) 3.1084 "~ [3.1090 = cot 17,839

87| x | o : . . .
(display) %70.&326 . Sy
- ; '
The boat is 270 meters from the foot of the cliff (correct

to the nasrest meter), : ~—
TR m
v IExasple 2: U IV
s o

At a time vhen a telephone
pole 12 weters high casts a shadow
17 meters long £ind the angle of
elevation of the sunm, correct to the

12 rred

. ‘ , X & '
13 m \Q .
"nearest mimute, - PL——_'—?'VE"’\/

. : In right /\ Mep,
: 12
tan x> 17

112
x -.tan (17)

e
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-

-

TI 57‘301ut10u

12 [l [=

.7058823529  (display)

mv 2nd tan

35,21759297 (display) L

, -

NV 2nd D, MS ' K4

' 35.13033347 (d1splay)

the angle of elevation of the sun is 35° 13/ (correct to the nearest
minute).

The trigonometric solution of right triangles has applications
vherever right tri&;l'u are found in figures in plane geometry.

' *
Example 3
Onc"*nidcﬁot a rhombus 1is 9.7 inches and one angle 32° 407 .

i
Pind the length of each diagonal to the nearest tenth,
. d

, 16 'zo’ - 16,37°
sin 16.33° = —;—‘7 - . cos 16,33%° = 7L7
0.2812 = 55 10,9596 = 2L
2.7279 = x 9.3085 = y
5.4558 = 2x " 18,6171 = 2y

.

The diagonals are S.S‘"mcheo and 18.6 inches, correct to the nearest tentb,

*
The keystrokes are not provided in this example. Follow the example,

using your calculator, to verify each gtep. |
L

**m disgonals of a rhombus are perpendicular, bisect each other amnd bi-
sect the angles through which they are drm/‘,

154




Exercises 3.5

3.5-‘

(1 - 10) In each of the following find x correct to the nearest tenth,

Q)

(3)

(5)
\
W
VAL
3C
2> \
m
(9)
A "’5-3)
-
0268

>-—
2) .
41.83
3
X
X
(6)
\g3.2
X _
.
K ~
(8) ' -
N
A%, ‘ 84 .2 ‘
v
X _ [
(10)




35-5

.t M Vi
/
N !

11) A piane takes off .‘.‘ral’a/ruuny snd ascends at an angle of 12.3°
with the horizomtal. Find to :hs nearest meter, the altitude. of the
- plan® after it has traveled a horizontal dta:am;e of 1000 metets, - ,

12) At a pdint 11.2 meters from the base of a tree, the angle of ]
elevation of the top of the tree is 47° 22’ , Find to the nearest mster
the height of the tree, .~ ‘ -

) . . o
13) A spotter in a plane at an ‘dltituds of 107 meters observes that the
angle of dgprusion §f a forest fire s, 56.7°. Bow far, to the nearest
meter, ia the forest fire from the poitnt on ':he ground directly below

14) The lengths of two sides of a parallelogram are 7.2 cm gnd 11.3 em,

and the measure of angle Eet\nen ther measures 37° 53/, What is the
lengeh of the altitude to the longer side?”

the spotter?’

15) Pind to the nearest decimeter the height of a church spire that
casts a shadow of 19.3 meters when the angle of elevation of the sun
i ' : N
. measures 62.50. . '

. 16) A lighthouse built at sea level is 60 meters high. 'l’rcrm its top-
the angle of depression of a buoy in the ocean measures 18° 45/ . Find
the distance from the buoy to the foot of the lighthouse:

~

17) I1f the vertex angle of an isoscales triangle measures 63° and each
leg 3 inches, find the length of the altitude to the base to the nearest tenth,

18) One diagonal Qf a rhombus is 28.6 and one side is 15.3# Pind the
.lehgth of the sther aingoml and the measure of each angle of the rhombus,

to the nearest tenth.

*whn solving for a measurement, retain the same number of significant decimal
figures in -the result as were expresged im the original data, unless o
the problem specifically requests a differemt accuracy. In this case
your answer should be rounded to the neazest tenth,




305'6

e -

2 . .
19) A manm om the top of a cliff 350 meters above sea level cbserves
two ships due Mst of the foot of the cliff. The angles of depression
'of the tiro shipd measure 18° 507 end 32° 15/, Pind the ‘distance betwéan
the ehips. ¢ - - - | }
« » «

20) A vertical tree is growing at the edge of+a riverbed. The angla
of elevation of the top of the tree from int directly across the
river af the water's edge 1s.63° so’a. At ‘another point, 1000 meters
from the first point and in lins with the first poiut and the base of
the tree, the angle of elevation of the top of the tree fe 42° 307 .

Piod the vidth of the river. (Answer: 819 meters) ’
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3.6 Chapter Test ’

(
. - \
y . AN ST

(1 -10) De.cide whether each of the following is true or false.

, 1) - ,“The cosecant of any gcWte angle is always greater:than 1.‘
/ -2) The tangent of:ny acut.e angle is always less than 1. -
: ‘ )
3) The value of the sine of any acute angle mcreases as the measure
of the angle increases.

4) If & is anacute angle then sin&° = cos (90 - &)°.

5). I.f € is an acute angle then tan & © = tax? (90 - &)°. -

6) As th; measure of/an acute angle inc.reases, the value of its cosine

- " increases.. [

7) The té;gent of any acute angle is alwa}s greater than 0 and iess than 1.
é; 90° 2 100 grads * ‘ 7 2 ' ‘

9)  15°3' =15, 50° ' . ‘ |
10)-~sin(a,rccos/)=,0 ‘ . ?

(1L - 14) 11:§;1uate each of the foH‘ov'ving expressions

. a) algebraically )
. b) onyour calculator. Express your answer to four d_;ec.imal digits.
1) sin 45% cos 30° 12) cosZ451+sin2?5°
13) tan 30°+ cot 300. - };ﬁ', 14) sec30°+ csc 60°
(‘15 - 16)  Convert each of tMe following to decimal degrees. s
15) . 37°15'20" | ’ 16) 87.25 grads N
) / 17). ) Find x ami Yy corr_e‘ct to the nearest tenth. =
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R L J
' " (18 - 19) Ansvgy)r ‘one of the following questions. .
18 a) What is the perimeter of a regular polygon of 100 sides inscribed
in a circle of radius 1. [Each interior angle of a regular polygon
ha.vi;x_g n sides is ((9-2&—180 )°.
b) Why is your answer near 2 ,1}9
19 A plane flying at an altitude of 700 ft. passes directly overhead.
Three seconds later its angle of elevation is 239°. N
a) Determine its speed in feet per second to the nearest | *
fodt per second. -,
—~ b) Determine its speed in miles per hour.
(60 mph 60 miles - 60 miles - 60 mi. -
1 hour 60 min. 3600 sec™wuw-snd
\
5280(60) . _ 88ft _ 88 ft/sec.)
v 3600 sec l sec g
* /
t
7
A
' e
N
) -
. |
v
¢ ’ ”

1‘31.'
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~TRIGONOMETRY BEYOND THE RIGHT TRIANGLE
R .

CHAPTER 4.

Is" this chapter you will becoms familiar with important aspects

of trigonometry that do mot specificslly iavolve triamgles, -
) . - . '

4.1 Extending the Domafh of the Trigonometric Functions
N ‘ » - . n

«, S50 far we have restricted our discussion of trigonometric funce

&)

tions to only acute angles,
of trigonometric functions for other types of angles. (Complete the fol-
lowing table,

We now wish to carefully examine the values ,

Set your caleulator to 4 decimal places,

*
» X

A
sin x

!

cog X

tan X

0

N

‘15

30

45

60

75-.

A AN
—
"

L

- 90

105

0.9659

-y

120

O

-0, 5000

N
135

-1,0000

150

~5—

185 .

-0.9659

180

195

210

‘005000

A

225

' S

ﬁ

i .
In this table angles are measured in degrees.

&

14




x . ) sin x cos X . tan x

240 -0.8660 ‘ : .

270 ‘ -8 * B ‘ {

285 : ’ ) ,

315 ’ ) 3
oo _ ' Vi

330 -0.577

345 N

360 1.0000 . - | -
LN ’ L =L ) ' o
We know that angles having measures oflgrucer than 90° exist.’
~
A reasonable question to ask is, "What do these mumbers in the table
mean and vhere do they come from?"

!

In order to answer these questions it will be necessary to re-
define the trigonometric functions. This does -rot mean that the de-
finitions in Chapter 3 a;'e wrong. "T’noy are adequaio 1f we restrict our
domain to acute angles and right triangles. We wish now to expui our
considerations, therefore.ve need a more appropriate method of dealing
with angles and the trigonomgtric fumctions associated v!;th then.

An angle 1is formed by two raya that have a common endpoint. A
wore dynamic concept of angle involves a novable. ray and a fixed ray
that have a common vertex, The fixed ray is called the iait&{ side
of the angle and' the movable ray is called the terminal side.of the

angle,

'¥ITIAL Si10e

* .
Different calculators give different answers, for example:

9.9999999 X 10°°, -9.9999999 x 10°? error. :

' 11




L

When this angle is positioned in the Cartesian plane so that the

vertex is at the origin, the initial side alomg the positive

direction of the x-axis and the terminal side somewhere in the

o . A . .
plane the angle is considered to be fn standird position.

)

a

L
+

1 AOB ori&*

is an obtuse angle

- ' . " in standard position

g

_"_LT_[ v V4

| ’

*

Acute angles (measures between 0° and 950°) have thH&ir terminal
. : pd o / o
sides in quadrant I. Obtuse angles (measurés between 90 and 180)
have their terminal sides in quadrant II. Angles whose‘ihﬁsures are
between }80o and 270° (cailed nglex angles) have their terminal

sides in quadrant III. Angles whose measures are between 270° and
,

o * o
360 (also called reflex angles) have their terminal sideg ine

~

quadrant IV,

‘ ° -

.
Don't panic, €, pronounced 'theta" is a Greek letter that is
traditionally used as a variable in higher-level mathematics.
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We wish to look carefull& at an acute angle in standard posi-

—

-

tion.

4l .
Let A be a point on the terminal side of A_é% and let (x,, y1> be

— —3
the coordinates of A, Let AC | OB, so AC = y and 0OC = x and
)

? -
)\ A0C is a right triangle. For convenience we shall assume that

*
A0 = 1. Our original definitions gf the trigonometric functions yield

the following equations:

. ordinate of A _ AC = Y1
sin = = = = oy,
9'1 radius B . 1 71 (
cos E; - abscissa of A = 090G = . X1 = X
i radius AO . '.r i
ordinate of A _ AC Y1
tan 9‘ = = ocC = =
1 abscissa of.-A ‘ x
1
cot §. = abscissa of A _ 0C _ X1
1 ordinate of A AC 2
sec é} - radius .’ . Ao ‘ - 1
1 - 0C X
abscissa of A 1
-
*
Thus A is a point on a circle whose center is the origin and whose “
radius 1s 1. This circle is usually referred to as the unit circle. ,
Q We will say more about this special circle in the next section. R

~ B '




. radius ' AD 1
C8C = = _— = —
91 ordinate of A AC

— - 9 .

Notice that OC, AC and 0A are all positive lengths so all the values

‘ A%
of the trigonometric functions for acute angles are positive,

-

Now let us look at an obtuse angle, using this same idea.

i R T

< = -
X < ?:_._ﬁ
v B
T o

let (xz, yz) be the coordinates for A and let AQ = 1.

y
_ ordinate of A _  AC 2 .
sin 92 = radius AO T 72
- Aabscissa of A _ je8} 22 =
cos 92 radius AQ 1 *2
) tan 6’ . ordinate of A _ . AC = N
2 abscissa of A 0 <.
2
cot 9 - abscissa of A Cco )
‘ Ji 2 ordinate of A _ AC Yy
o radius - A1
sec 2 abscissa of A oY x2 -
e
csc 9_2 - radius - = A0 1

ordinate of A AC Y2

‘ | 144 ‘

~,

a \
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Notice that ougsmew definitions are compatible with our original de-

€1 s of the trigonometric functions and they alsc allow us to

extend our domain. Since xz‘ represents a negative number  cos 9‘2 < 0,

tan 9‘2 < 0, cot 9‘2 < 0 and seg 92 < 0. The™radius, QA, {g-:always

-
¢

considered positive,

, We can now redefine the trigonometric functions. Let A be a

point on the terminal side of 3 @ . Llet d be the distance from A

to the origin, - (
-
o)
sin & = ordinate o.f A - L
distance to origin d
1 cos & = abscissa of A = X
: distante to origin d
P . ‘
Ny tan O = ordinate of A = Y v
abkissa of A X
\' bscissa of A =
Osgar cot- & = 2 m SS = X
"0 /or nate o oY
A didn't ) :
- : sec O distance to origin = d
always abscissa of A
C)fS C}F{ * do .
- csc B = digtance to origin . d
outstanding ogdinate of A y
4 ~
, algebra ! :

Exercises 4,1

(
(1 -8)

-

Use the following diagram to characterize reflex angles whose

measures are between 180° and 27Q°. Remembes that OA = +1.

v

L1,




( : |
sin 9'3 = ) cos @'3 =

tan O = , 4y cot &
k] 3
sec é} = (6) csc é} =
3 ‘ 3
Why is tan .63 > 0 and cot 6'3 > 07

Which trigonometric functions of 6; are negative? Which are

positive? Why?

J

(9 - 16) Use the following diagram to characterize reflex angles

o
whose measures are between 270O and 360 . Remember that O0A = +1.




(9) sin G}L - . (1) cos 69; -
(11) tan é}a - u (12) cot é}h =

(13) -sec ”9'4 = (ié) csc 9'4 = )

v

(15) Why is sin 9;

(16) Which trigonometric functioms of 9'4 are negative? Which are

<0 andcos@Z?O? ‘

positive? Why?

(17 - 30) Explain each of the following:

Example: ta: 90°1s und‘efine‘d r
. | 4
AQCXY) ' \
. -
< Sy
x.= 0, y =1
tan 90° = ordimate of A . 1 yndefined
abscissa of A o . .

(17) sin oEJ = 0.0000 (18) cos 0° = 1.0000
(19) sin 90° = 1.0000 (20) cos 90° = o:oooo
(21) sin 180° = 0.0000 (22) cos 180° = -1.0000
(23) sin 270° = -1.0000 (26) cos 270° =’ 0.0000
(25) sin 360° = 0.0000 ‘ ~ (26) cos 3Bo° = 1.0000
(27)  tan 0° = 0.000 -~ (28) tan 180° = o.ooob‘
(29) tan 276° 1; undefined © « (30) tan 369° = 0.0000

!

i




(31 - 40) Verify that the following entries in your table on

N
pgg; G.1-1, 4. 1-2 are correct,
S -

¢
Example: sin 300° ‘= -0.8660
- 1”1%\x b |
< 0 — m 4 A0B = 300°
4 -\ 408 1s a 30-60-904\
A 0OA=1 so OB =.5

AB = .5 UT; so A has ‘coordinates (.5, -.5 ‘fg )

sin 300° = Oordinate of A _ -.3 VR V3 = -.5(1.7321)
radius 1 ;
= -0.8660
- )
(31) sin 45 = 0.7071 - ' (32) cos 135 = -0.7071 .
(33) tan 240 = 1.7321 (34) cot 330 = -1.7321
(35) sec 300 = 2.0000 (36) sin 60 = .8660
(37) cos 225 = -0.7071 (38) csc 210 = -2.0000
“ (39) tan 150 = -0.5774 (40) tan 135 = -1.0000




Pz

4,2 The Unit Circle

A careful look at the unit circle can help ug analyze some of
. . ¥

the properties of the trigonometric function. Recall that the unit

circle is defined to be the circle whose center is the origin and:

whose radius = 1 (unit).

Any point, A, on the unit circle has coordinates

(cos &, sin & ) where € 1is the measure of the . !

angle whose terminal side passes through A, (\/

s
We previously verified the identity

tan & = sin@ _  ordinate
cos &r abscissa ‘

Thus, knowing the coordinates of a point, A, on the unit circle is
sufficient to describe any trigonometric function of any angle whose

terminal side passes through A. Let us consider the intersections of

the unit circle with the axes. x

11,




Egamgle

(1,0) is on

0° or 360°,
Thus sin 0°
o

cos O

*

tan 0°
’ cot 0o
sec 0°
csc 0°

L44

o

N/

4.2'2‘.

i

the terminal side of an angle whose measure is

sin

cos

tan

cot

secC

csc

360°

360°

360° =

360°
360°

360°

=0

=1

sin 360 _ O
cos 360 T

undefined
=1

= undefined

_1(:‘/

(‘\




»

By means of a unit ‘circle we' can represent the values of
v -
. . - "~ .
. the trigonometric functiong as line segments associated with
\ .
the circle,

<

s'irn'A = (cos &, sine ) then AB sin&

‘
. -

P_/' OB .COSej
. &

. e

To reptesent tan & as f line segment we need to convert
reptesent gm e

%-g in-to-f ratio whose depominator is 1. Right triangle ABQ

. B »
is similay to right triangle CDO so AB . O

-3—6 0 DO = 1 thus ¥,

. )
tan B~ = cD. This may ~5¢:’/on%”‘1\gasen

why this function.is named
"tangent'.




] ~ e =
,‘ , '
N ’ - -
. » 4, 2/7’7
Ld
- Tao represent the other functions we will use the same technique. .
® , /
- . ,
« -
' &
/ \
\\ 4
cot B = %% . Construct .. EFO so that EF # 1 and
.~ .
NEFO N A 0B -_ OF = = .
YA ZXABO so n = = OF anci cot & = OF _
b B . ’
sec 9- = 9%‘? . Gonstruct ACDO so thiet OD"= 1 and
A E 0A " ocC -
AT — - s = =
‘ CDO ABO so o8 = o) = 0C and sec,e' ,OC - .
cse & = %% . Since EF = 1 and /A\EF0 ~ */. Ao
0A 0 '
- AD = = OE and csc & = OE.
‘ > . ’ )
The trigonomettic functions can be rep¥esented as line segments
in the other quadrants by a similar technique. Some adjustments are
necessary so that segments cap représeht negative values. You may wish
. ~
to consider this case in exercises 28 - 30.
. 1 ) - <
- / . ]
R =
. l ':“'




Exercises

- (D) Let A = (cos 6‘, sin@ ) be a point on the unit circle. If &

is an acute 1 then A is in-the first quadrant and cos £ and

sin 9’ are both positive so the other>f{rigonometric functions
: g™

are also positive, Using this same reasoning, complete the

following table.

-

/
B ) & A sinf |cos & |tan g [cot & | secr |cscf
,:/ T
- Nn

acute lst quadrant |, pos., pos. pos. pos. | pos. |pos

I~ obtuse 2nd qua&drant neg. )

) . rjflex( 270 1 3xd quadrailt neg.
\7/ﬁ0 Zreflex €360 | 4th quadrant | neg, | = -
(2) Suggest a rkasom why the secant funCtior; is named "secant".
. v
"'/ hd (3 K 5) Using the Pythagorean relatién and the unit circle on p, 4. 2 ¢ 3
and 4, 2 - 4 complete the foTﬂ)wing equations:
t (3 <3,in2 9‘ + cc;s2 9’ = (Hint: ‘/;;ABO)
(4) 1+ tan2€'= . (Hint: AJ.CDO)
(%) cotza’ +1 = -
) . A\
* - (6 - 11) Determine whether each of the following real numbers are

positive, negative or zero and state a reason for‘ygﬁr answer, -
(6) sin 323° ) (7) cos 78°

” (8) cot 215° . (9) csc 293° ) .
(10) Ls;tac 88° (11)  tan 157°

—
.
P T

IR ]




(12 - 19) For each of. the folloying teal numbers ;

, (8) Use your calculator to find the value and

~

(b) Sﬁggest’a reason why your answer to '(a) is reasonable
(12)  cot 725° *(13)  tan 1020°

(14)  cos 512° (15)  sin 1632°

(16)  sin (-115%) . (17)  cos (-90%)

Nel it o}
(18)  tan (-200°) 7 (19)  csc (-290°)

9: -
(20-_27) The circumference of a circle = 2 W r where r 1s the radius

of the circle. The ,unit circle has circumference = 2 17'(1) = 2’"\
Determine the lengths of the arcs intercepted on the unit circle by

. L] ’
[ - R
each ofﬂ the following angles, ‘Express your answers (a) in terms of I .

»
]

(b) to the nearest tenth.

&

r

~Example:

% @M = ﬂi; = '1.0472 units

A 60° angle intercepts an arc of ?_'. or 1.0472 units on the

unit circle.

(20)  90°

135°
(22)  180° 2259
(24)  330° 120°

(26) 210° 345°




3
-~

(28 - 30) Let € be an obtuse dhgle.

"~
sin @ = AB where AB has positive orientation so AB > 0
cos & = 0B where OB has negative orientation so 0B < 0
tan = 4B . OD CD but tan & < 0 when 90< & < 180.
OB 0D
,v 4 To remedy this situation construct [.l MNO = L_ DCO. CD = MN
[ ] N

so tan @ = MN which has negative orientation so MN < 0. ]

(28) Represent cot G asa line segment when 90« & < 180.
¢

(29) Represent sec € as a line segment when 90< & < 180.

+

(30) Represent csc £ as a line ségment when 90< & < 180.

3

(31 - 35) Determine the measure of 9’ to the nearest tenth. Assume
© is 1n standard position and

(31) 9’ has (-3, -4) on #ts terminal side.

(32) @‘ has (-1, \r3-) on its terminal side. -

(33) @ has (7, -10) on its terminal side. ’ :
(34) g has (2, -3) on its terminal 131de.

EMC (35) @’ hae (L, 5) on its terminal side..




4.3 More About Angle Measure.

~

So far we have been considering angles that have been generated

when their terminal sides have been rotated away from their initial

-

-~ . A
sides in a counterclockwise direction,

/ ’ - .
Wk , A s
-/ ol

-
.

These angles have a positive sénse. An angle can be formed by rotating

its terdindl side clockwise away from its initial side.

MA.L >

”‘af)

l".\,_ . h.‘qi N

\
Y

~

These angles have a negative sense,

\

A& negative angle is not an angle that is less than zero, any more
a distance less than zero. If aistance north 1s con-
sidered positive then-distance south is consiliered negative. The sign

of an angle is similarly a matter of direction.

Every negative angle corresponds to a positive angle.

. * .

Thus sin & sing) ' cot Cb
cot & cos Cb sec a)
tané tan (t) c:scd>

Notice that, in general)-sin & +# in (- &)

1

LR } _
Cb or phi, pronounced "fi" igs another Greek letter often used in
higher mathematics to represent a variable.

Aruitoxt provided by Eic:




Since the movable ray of an angle can make more than one revo-
P '
lution, the argle that is formed does not need to be less than 360°.
N L]

’ o
Therefore an angle whose measure is 563 1is one revolution: (360) plus

203°, quy

< .

TN

o
/" \ * The values of ehe trigonametric

V
-

function for 563o are the same

as for 203° because the initial
and terminal sides of both of

these angles coincide.

N
We have been measuring angles by decimal degrees, degrees-minutes-

. ~- seconds “and grads. Another unit, “the, radian, is often’used in higher,

mathematics, science and engineering.

3
One_radiap is the measure of a positive angle
which intercepts an arc of length A units
on a fircle of radius 4 units.

¥
Cis an angle of .

» / '—\\

1 radian. ~

Val
The circumference of a circle is 2 Ji r.

Thus 2 T radians = 41 complete rotation = 360° .

180°
3

o
: 360

l radian = =
2fF

or
{l\ radians = 180°

J—
T
-




Later we shall see that radian measure is a convenient way

: : A\
to represent angle measure because it is a'linear'unit of measure.

Most scientific calculators have a radian mode that is not the

N
"wake-up" mode of the calculator.

Example: i Ay
Find cos ™ radians
HP-33 TI1-57
— —
ON | (Calculathrs "wake-up'") #-ON
g | |RAD] ; 2nd ' |RAD
0.000 (display) ’ 0 (displav)
VoA L A
SN 2nd | 7
3.1416 (display) 1415927 (display)
I .
12.5¢+4 (display) : 12.56637 1 (display)
i . ‘
| 3 l - 3 =
4.1888 (désplay) 4.1887902 (display)
£ COSs !an cos
. —
-0.5000 (display) -0.5 (displiav)
~
. cos E%L radiam= -0.5
n
4 . uft 180\ _ o
- radians= — ( ' > = 240

cos 240O = -0.5

f—t
oy
(@




Exercises 4,3

(1) Find the number of decimal degrees in one radian. :

(2) Find the number of radians in one decimal degree.

(3) «Derive a formula to change degrees fo radians.

(&) Derive a formula to change radians to degfees.
(5 - 10) Change each of the following radian measures to decimal

. *
degrees. .

I * .
31l '

(5) — s (6)  1.23 .
7y 15197 (8) - —23_/'5 *
3 (9) g’ﬂ' _ _, (10)  -150

b

(11-20) <Change each of the followirg degree angle measuf%s to radians.

(21-30)' For each of the following

(11)  246° (12)  127.5° S
(13)  45° (14) 243,759 ’
(15)  60° (16)  -15.653°
(17y  30° . (18) 543°
T (19)7  330° (20)  397° 15/
1

(a) evaluate to the nearest hundredth
(b) give at least one reason why your answer is reasonable.
08 )
(21)  sin(-45)° (22)  cos —
(23)  tan 548° (24)  sin 58.3
/

(25)  csc (-2.3T) (26)  sec f_ ,
(27)  sin 61 (28)  tan (-93°9357)

* .
* . We will adopt the common

stated, then the unit is

” . ,
convention that if
the radian. )

»

no unit of measure

-
15




-~
-
g
»

g 43 -5
} .

—

. N /
. (29)  cot iga (30)  cps 29T

\

(31~36) Find at least 3 values of € so that:\‘\h
(31) -sin & = sin (~d) { (32) -cos & = cos (- 9’)

: : -~ s
(33) :tan & = tan (-6) (34) -cot €& = cot (- )

(BS)V, 2 sin 9'; sin 26" . g (36) 3 cos & = cos 36

\IQI"




. 4, 4 -1

4.4 Trigonometric Bquations and Pfinciple Values

- . \\“
You are already familiar with several types of equations. We
have specifically discussed exponential and logarithmic equations in
, .
sections 2.6 and 2.11. You may now use the knowledge you have gained ~
h

i

of the trigonometric functions to solve kinds of equations different
from those you have studied before. To sgzté a trigonometric equation
you must find a ydflection of values, within a specific domain, which
s;tisfies the give% relationship. The equation sin x = .5 has as
root; 306, 150°, 390°, $10°, ... . Generally the-domain of “the vari-
;”“d ) able is stated in each problem. The values with#n the specified domain
that satisfy the g?ven equation are ‘the elem;nts of the solutign égﬁ

-

of the trigonometric equation.

Example 1: Solve the following equation for all pesitive
values of x, 0 < x < 360. E!;ress your answer to the

nearest degree, cos x = -0.8192

X = cos-l(-0.8192) L
HP-33 solution o o
0.8192 CHS
-0.8192 !" Z (display)
-1 N
g cos . .
i * - i
145 ‘ (Qisplay}

: .
A B ‘
'

0 " .
Thus -x = 145 is one root of this equation. In general, the principal

value of an inverse trigonometric function is:
I

ERIC o \ 15




the smallest positive (or

4, 4 -2

zero) angle that satisfies the

t
equation (1f the angle is positive ot zero) },
e the smallest negative (or zero) angle that satisfies the 2
. Yy . .
equatidn (if‘ the angle is negative, or zero)
: <
g S B
function range of principal value*
-1 o .
sin "x, 0 <£x-<1 0 to 907, 7 radians
Co-1 o T .
sin "'x, -1 <x <0 0 to -907, - > radian¥
-1 o A
cos 'x, O0<«x<1 0 to 907, > radians
- . . " v
cos lx, -1 «x <0 90° to 180°, L to /ll\ radians
1 A fh
tan "x, x 20 0 to 900, ;—' radians
) - o -1
tan "x, x < 0 0 to-90 , —, radians
/'\
cot_lx, x >0 0 to 900, -2“— radians
A
cot_lx, x <0 0 to -900, :-élL radians
- e
sec 1x, x>1 0 to 900, —'Zl— radians
; ' n
sec 1x, X £ -] 90 to 180°, —2”- to fl\radians
-1 ! T
csc x, x>1 - .0 to 90°, -— radians .
<1 o T
csc Xx. X < 1 0 to-90, —2“ radians

except for values in which division by_fero 1s involved, {n which case

the value is undefined (e.g., 0°

= CscC

x) .

-

A closer look at principal values will be presented 1n section 5.5




The inverse trigonometric ke&s (used in conjunction with the 1
. X

C when gggg;é;;;;/;; scientific calculators give these principle values.

&

—

r

4.

4 -3

kéy,

.

Now, we need.to determine the other values that are solutions to

the equatien,

Al

cos X =

*
terminal sides are im each of the four quadrants and each angle is &

A

4

>
4 g
s
y

®

~/

O (ad [e] (73]
o o o - ke
~ =] (%] =]
et ® ® '

1 u
H i

— 1K — A

! x M

i 1

® <

wn
®
[e]
ne
rd
l—

0
o]
7
®
i
lr—

-0.8192.

Let us consider acute angles whose

A

(—X »‘3)

Z
i
|
|

N

sin (180°- &) = %
. 0 ~
cos (180" - &) =
N .
tan (180° - Mg = <
-X
cot (180° - @) = 2=
o B!
sec (180" - B )= —
o) 1
csc (1807 - &) = 5

br..

E} is called the reference angle,




» 4.4 - 4
A A
/ 180°+€" N
o *
Le 0 4 < e
. LA
1 .o 1
D y N (x,-4)
(‘x)‘kl) —~ N i \V
\'4 ,
sin (180° + ) = Y= .y T osin (360° - @) = ¥ = oy
. ; 1
cos(1800+9)=:%=-xﬁ cos(360°-e)=.;5=x
tan (180° + & ) = L = X tan (360° - & ) = J
-X X X
cot (180° + &) = X = X cot (360° - & ) = X
’ -y \, y
7 (o] 1 \\‘\ (o] ’
~sec (180 + &)= — sec (3607 - @) = 1
- X
N csc (180° + T = -—; esc (360° - &) = L
-y
Look carerfully at each of t_'t-lgse lists of ratios. Notice that: TN )
sin (180° - & ) = sin & sin (180° + © ) = -sin & sin (360° - @) = -sin
cos (iSOO - ©) =-cost cos (180° + &) = -cos o cos (360° - &) = cos¢
P .

, - 4
tan (180O - e ) = -tan © tan (180° + & ) = tan & tan (360O - B )} = -tan
cot (180° - © ) = -cot & cot (180O + @) Lot & cot (360° - (> ) > -cot
sec ‘(1800 - @)*- sec & sec (1800 + &) = -sec® sec (360° - B ) = sece¢
cse (180° - D) = csc® - csc (180° + &) = -cse csc (360° - ') = -csc

/ . .
this can be summarized as follows: -
. Ao -
16 ;




-
» 4o 4= 5
4 gi\L‘ ) =
3 - .« -
.180° - & oo
. “ N - )
" £{\180°+©0 \M =.f08&) 0°< fr <o ’
a8 { . .
u “360° - B ) g
\\, {
. . <
£ is/ﬁﬁé same trigonometric function on each side of :
. ~ the equation and-the sign of the function is determined by . ..
its sign in that quadrant. »
: >
.o ] ‘ \ A ; .
Now let us look back at our origipdl example. The cosine function
is negative in the second and third quadrants so another solution exists \S
— in quigrant III.
‘ ) v '9 el o o o :
. cos 1457 = cos (180 - 33)° = -cos 35 . = cos.{180 % 25)
' = cos 215° - )
. ’ o * . - ~ ' @a
The sojution set is {1&5_, 215° ]. T ?
| , - * .
kY i a - » . \ P
e Example 2: - & Solve the following equation for values,of 4)_
. between 0° and 36Q?. Express -your answer to the near-
- ~ N . . % -
est hunq;gﬁég in decimal degpvees. *
R - 3sin4> ‘+‘2=85in$«
'Y :
2 =5 sin 4) k -
S ) v ’
.4 = sin -
V- . \ ¢“\ -:)
. sin’} (.4)= Cb
- - .
23.58° ;= Cb (principal value) N *

Another solution exists in quadrant II where the sine function is also

" | 4

) ‘ |

F ]

- )
c pasinive. ‘ +

1’




¥

Find positive Qalues of &

V3 =o.

Examgle 3

so that 2 tan & +

> 2 tan E} + J3.=

. - 2 tanm “é}

-
-

o~ ) tan 46}
&

b ’ (principal value) &
. - or e =
Another solution exists in .quadrant II @here the

also négative.

gan (360 - &)°

tan 319.11°

- tan C}

AR N

~ - -t
.

. ' sin €& = sin (180°-& )
s0 sin 23.58° = sin (180"~ 23.58°) =
the solution sei is {23.580, 156:420}.

= tan (180°

(

-tan 40, 89 =

A - 319.11° = /319,11 —L— ) -
L . - . *“k 180/\
1

‘ 139.11° = 139.11 ( =I— -
. . 180

the solut@ set is

{5.6, 2.4] .

o

/a

sin 156.42°

1

between 0 and 21"

Express your answers

to the nearest tenth of a radian and check.

e

’

Nﬁ:'_:r

(s}
-40.89
319, 11°
tangent»fuqFtion is

4
- -

- tane'
\-tan 40.89°
-&)

tan 139.11°

-

5.6 (Eadians;

2.4

-

(radians)

r—




Check: (Remember to set your calculator to radian mode)

3

2 tan 5.6 + 3 tan 2.6 + U3

¢

(-0.8139)+ 3 2 (-0.9160) + 3

¥ -
-1.6279 + 1. 7321 -1.8320 + 1.7321

0.1042 -0.1000

Notice the rounding error,

-

-

Example 4: ‘Solve for all values x 1if 0 < x < 360. Express

your answer to the nearest hundredth. Check your answers.

2 Jh sin x - 1
8 sin x - 1
8 sin x

sin x

(principal value)
—— f -

Another solution exists in the second quadrant where the

sine function-is also positive. ‘

o sin x = sig (180° - %) ‘
sin 38.68° = sin (180 - 38.68)° = sin 141.32°

. P

The solution set is {38.68O 141.32°Z-

b

H
L]

V8 sin 38.68 -~T V8 sin 141.32 - 1
-1 ) V8 (.62) - 1
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Exercises 4.4

?
(1 - 10)

to the nearest hundredth decimal degree.

In edth of the following, find the values for 0 < £ < 360°

Check your answers.

() 3 cot =313 ) s &+ B
2
(3) 2 cos\9+ 7=0 % U5 (sin@ + 1) =
(5) 8.6 sin& =1 - sin@ (6) 5 s g +6=
) f (2 cot & - .9) -3 cotP =1 (g =0 fl+2 = fao 36_'5'2
EV _ _ 1 - cosé}
(9)g 3 (tan - 5.6) = tan & (10) cos &r
/ ) b
(11 - 14) Solve for all values of (b if 0 < d>_<_ 21, Express

your answer correct to the nearest hundredth of a radian.

»

Check your answers

- 5

-

(11) 2 tan ® +7.57 = 1.23 (12) “sin & + 1.8 w
(13)  sin G = cos ( izﬁ\_ -y - (16) cos ¢ -1.8= {7
"
{15 - 22) Solwve for 151 values of x if 0° < x < 360°, Express vour v
answer to the nearest hundredth. Check your answers.®
(1s) Jeanx+3  -1=0 ° (16) 2 -2 cos x -
(17) UT + cos % = 3cos x i (18) {1 - sin x = -J:
5
. "
3 . .2 e '
g19) tan x + 5 = 1 (20) sin x = ,837 A
. *
(21) 1& tan’ x = U3 22) 2.47 = 3 cos’ %
*
_ <
. .
’ «
\
* )
Look carefully at your solution set to be sure th&t you have all pos-

sible positive angles.
G

L¥-3
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4. 4 - 9

e

It is possible to relate angles to 90° and 270° rather than 180

and 360, Consider the following diagrams and derive the formulas
e

(identities) by completing the following, equations.

-7 . )
% 2

A
o\.
o~
A
k.)
[}
2
4 =
of
-

P
\l’ t
sin & = sin (90 - & )°.= sin (90 - £)°
cos & = cos (90 - 9)0 = cos (90 - g)°
tan & = - tan (90 - §)° = | ren (s0- &)°
cot & = cot (90 - 9)0 = cot (90 + 9)O
sec B = sec (90 - B)° = sec (90 + 6)°
Csc g o= csc (90 - 9)0 = cec (90 + 9)0
A
1
|
‘ A
(x‘ua) (x )

sin (270 + 9)0 =

cos (270 + 9)0 =

A

Lo

1]




tan (270 - & )°

cot (270 - £ )° =
sec (270 - §)° =
csc (270 - )° =

4. 4 - 10

‘tan (270 + £)°

. cot (270 +.6)°

sec (270 + “@)°-

L

csc (270 + g)°

(23 - 26) Develop a formula relating the trigonometric functions

of the following where
1]

(23) B and 900 - &

(25) B and 270° - £r

0°< e' < 90°
(26) & and 90° + &
(26) & and 270° + &
[
>

|
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CHAPTER 4 Test

12)

Express cos (-250°) as a function of a positive Acute angle.
. Je OERE ‘

In a circle of radius 3, a»c)—qtral angle of 2/3 radian is drawn.
Find the length of the arc intercepted by that central angle.
Express cos (270° - x) in terms of sin x.

Find in degrédes the value of the positive acute angie © which satis-

]

fies the equakion 2 cc‘nsz 6 -1=0,

/
Find the principal value of arc sin (-1) Express answer in terms’

of/{l\

< i . .
Express 5 radians in degrees.

+ lftan A= -1 andif A is an angle greater than 0° and less than 180°,

find the number 'of degrees in A.

1
s

Find the value of cos & if sin& = and tan & 1s negative

. Ll\l

’ o n
Express in radians an angle of 144, [Leave answer in terms of 1 !

-
4

Hecos & = 5z and & is }n the 4th quadrant! what 1§ the numerical
value of sin
The cos /'T ] 13 equal to *
— (cos x - sin x) . (3) @;(COS X - s1n X)
(2) ,l_(cosx*smx) (4) v2_ (cos x +sinx)
- Z 2
1 ¢
I cos & = K then the positive value of sin _g_' 1s
3 {7 9 3
(1 > (2) iy (3} 1% (4) T

17




If Aand B are positive acute angles and if sin A =
gin B = then sin (A + B) is equal to

(0 @) o 3) (4)

A value of x for which tan (x + 20°) 1s undefined is
(1) -20° (2) 70° (3) (4)
: ' " g
If placed in standard position, an angle of —6‘ radians has the same
terminal side as an angle of
() -150° (2) -30° " 1500 (4)  230°
In the diagram, tr1go’nometric functions of & and of - & are rep-
resented by line segments. Angle AOP =& and angle AOP' = . &
. 2 2 : o
The equation of the circle1s x~ -~y =1, and the ecuation of the BC
is x = 1. Line PDP' is perpendicular to the x-axis at D. From the
diagram, select a line segment which represents each of the followxxé:

la) sin & ib) cos & fc}  tan & ‘

(d)  cos (-@&) le) tan (- @)

£
b




GRAPHS OF THE TRIGONOMETRIC FUNCTIONS
AND THEIR INVERSES.

In this chapter we shall carefully analyze the graphs of the
six trigonometric functions and their inverses. We will study the
variations of these functi nder a variety of conditions.

N -

5.1 Graphs of the sine cosine fungtions

In the exercises for this section you will be asked to construct

graphs for the cosine functions. This is easily accomplxshed_b& making

~atl
wao

~ ~£
LT UL

-~
@

values {by using your galculator) and plotting the resulting

points.,

.
When grapning the trigonometric functiong we must be gareful about
’ »
the scale that we use on each axis. The graph of any function 1s a set

’
L

of points in the coordinate plane located by ordered pairs of real num-
bers. In the trigonometric functions, although the second element 15 a

real number the first element is usua 7 thought

- -,
the angles are ex

i ah

~1
15L

same scale for labeling both axes and we will get the characteristic

}

shapes of the functions.

-
L

.

Example 1: Sketch the graph of y = sin x. for values of x betwegn
. ~ i
0 and 360 (27°) at intesvals of 10° (%)

0 20 . 40

i?'-.z N ‘.H
9

x(degrees)

0.35 n.52 1@ 0.70

1
Er !

x(radians 0
. j | -
sin X l 0 ‘ 0

0.3 } 0.50 0.64

ERI

Aruitoxt provided by Eic:




\ /
.* !
X (degrees) 60 70 80 90 1000 110
T - AT a KLy amN
% (radians) | 3 1.05 {7/ 1.22| 49 1.40 | & 1.57 {9 1.75 18 1392
I ! !
sin x } 0.87 0.9 | 0.98 l 1.00 ‘70.98‘ 0.9,/
120 130 140 150 160 170
&l Y LA I < T Fexy
3 2.09 |8 2.27 . g 2.44 T 2.62 | @ 2.79 77 2.97 i
0.87 { 0.77 I 0.64 l 0.50 0.34 l 0.17 l
4
190 .+ 200 210 220 230 240
i o ft 77 BTNy My # T
18 3.32 9 9 | L _3.67 9 3.84 ? 4.0l | T3 4.19
1) / : l
-0.17 -0.36 -0.50 -0.64 ~0.77 -0.87
250 260 270 280 - 290 300
st 1Y I (T T 297 sT
78 4.36 9 4.5 2 4.71 9 4.89 /& 5.06 3/ 5.24
/
-0.94 -0.98 -1.00 -0.98 -0.94 4 -0.87
¢ (“ y
\k
310 320 330 340 350 140
aff 0 nmo- RN 35T A
g2 5.41 | 7§ 5.59 e 5.76 9 5.93 | /@ 6.11 QN .28
\ »
-0.77 -0.64 -0.50 -0.34 -0.17 y 3_)
‘ k4
¥
¥




DEX Eg3gol T

| 0 £ X 37T

One way to determine the wvalues in the table is to write a program.
-~ » -
Two programs that can be used are: a) programs to expréss radians as
. B
decimal units '

~

HP-33 TI-57
PRGM LRN

1 2nd FIX 2 .
02 2nd
03 :

A
&

1
05 ' , 8
06 05 =
07 STO 1
08 R/S  w
09 ‘ 2nd Lbl 1
10 .
11 : RCL 1
12 A -
13 R/S ' R/S
14 GTO 07 GTO |
RUN LRN
GTO 00 RST
R/S R/S

Notice that these program use different technignes to convert
radians to decimals.




/\

b) programs to determine valués of sin x

: HP-33" 157" BN
» P PRGM ~ LRN
' 01 S {FIX 2 00 2ndFIX 2
02 ENTER 01 STO ! ’
03 STO 1 02  2nd sin >
‘04 f sin 03 R/S ° :

05 R/S " 04 2ndLbl I
06 RCL 1 " 05 RCL 1
07 1 .- 06 +
08 0 07 1 .
09 + 08 0
10 STO 1 09 =
11 f sin i 10 STO 1 \
12  R'S 11 2nd sin
13 GTO 06 12 R/S

\ ) RUN : 13 GTO 1

between -360° (-27T ) and 360° (2 ﬁ\) at intervals of 30° ( %L)

-
/

[e)

-2
-3

x {degrees){ -360 | -330 . { -300
- i
-ezaL

-4.7|

|
o0
2210\ ass T |-1so <f -60

|
¢
4
:
ml.,

ol
x (radians)| -210

i

I ) Example 2: Sketch the graph of y = sin x for valﬁes of x
sin x ' 0 i .5 ‘ .87

”\
N I

. T -
- -3671 =1 3.4 | 5 -2.62 =2 09| = -1 57 5 -1.05

-.87

These two gfograms use the same technique to determine the

values of sin x.
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.
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be appropriate

ied to

Py

c# be easily modif

L]

for this problem.

If we look carefully

We have drawn these graphs in great detail.

Notice

they reveal the characteristic properties of the sine function.

that y = sin x:

L4

has a characteristic shape,
ls comtinuous.

-

1.
2,

Aruitoxt provided by Eic:

E\.
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\~‘. Sv 1,' 6~

3. has all real numbers as'its domain.
\')
4. has the set of real numbers from -1 to +1 inclusive as
i o
its range.
5. increases in quadrants I and IV. ///—“\
6. decreases {n quadrants II and III. T
7. is positive in q;adranés Iand II: .

‘ﬂJ is negative in quadrants III and IV.

»
-

repeats itself (has a cycle) every 36Qo.

> o~

Several of the types of properties listed above have special names.

o

kz:igirties 5, 6, 7 and 8 are generally referred to as variation, or how

the values qé y change when the valués of x change. Property 4 is

called the amplitude or the biggest distance the graph gets from the

x-axis. The amplitude of y = sin x 1is 1. Property 9 is called the

L3

period or the smallest value that when added to any x will give the sa:z'_ne

y-value. The period of v = sin# is 360° or 2. This means that’

gin (x + 360)° = sin x.

v

Exercises;5.1 ' ‘ )

(1 - 3) Sketch a graph of the cosine function - N
(a) ag x varies fpeMrO to 2 Ay at intervals of ;it-.
(b) as x varies from 2% to 2T 4t intervals of —%?—

1) Vhat is the variation of y
2)
3)

What is the amplitude of y.

What is Ehe period'of

y = cosine x?

cosine x?

=

cosine x?




-

A - 4 . *
(4 - 7). Use the graph of y = sin x_and y = cos x to determine the
. - ? . : ’ ’

»t{uadi’ant that the terminal sidé of angle x would be in if, x is increasing and -
- ~ " . -

4 E by

4) sin x is positive and decreasing. i

5) cos x is positive and increasing.
6). cos x is negative and decreasing.

7) fin X, 1s negative anﬁ deg&eﬁsing.

2

N

{8 - 10)° Use the'graph of 'Y = sin x and 'y =
. n ’
positive value of x, less than 2 when:

8) sin x = cos x,’and'both are negative.

9)

.= cos X, and both are positive.

'
[

What characteristics do the functions y = sin x and y = tos x have

Y

in commony, -

What characteristics do the Sunctions y = sin x and y, = cos X not

: | . AN
.have in common? Ca ! i - \\*nﬂ//
X : : C, ‘ v
- 7 ,

+ Consider the function y,= cos % + sin x. ..

. ’
(&) ‘Without ca}culg}thg specific'valugsﬁ sketch what you think

. I8 , .

this graph will'loqk like. . - . -

J. /

.
(b Sketch this graph for values of x between 0 and 2 I’ at intecr-
- - ‘
vals of z} . v

~ . ‘ . ' .
Cpnsider the function y = cos x*- sin x

.
- »

P
(a) Without calq<1ating specific values, sketch 'this graph. .

(b)'?Sketch this graph for values of x ‘between 0 and 2™at inter-

vals of :&é-, . ) e v Y T
. 1 ’

How do you think the graph of y = si§ X - cos % would look different

-

from ohe graph of y = cos x - sin x? ‘WarI™ your answer.
- o N

¥




€ .
5.2 ' Graphs of the tangent functiow. h
4 ‘ » T -
The function y = tan x {can be graphed in the same manner as
\ :
y = sin x and y = cos x. } N
ﬁxaﬂle 1: Skg'tch the ‘graph of y = tan x for values of x
' - S o’ ’ff' )
. between 0 and 36) (2 1I') at intervals of 10 ('1_8) .
p .
. ‘ , V ¢
. / . . ¥ -
X ‘degrees Q - 1(1( . 20 30 40 50 -
’ £ N I SR I o £t
-, x radians'| O |7§ (0.17) | § (0.35 (0.52) {77 (0.70) | 17 (C.87
‘ \
. tan x° 0 0.18 . } 0.36 .| «0.58 | 0.8 1.9
) ) . \
Lo 70 } ge * 1 o5 -l o100, cie o120
- [3(.05) [99(1.22) |9 140 | & (1SN TF (1.75) |Tyg (1.92) | B (2.09)
* P il ' - .
: 1.73 2.75 ] 5.67 Jl - -5.67 - -2.75 ; -1.73
“ ; -
130 140 150 160 176 . 18¢C '
~~ Ve . .
i 2il =i | 4T | ® j
- '&8‘-(2-27) 9 (2.44)71 ¢ . (2.62) g (2.79)| 2 (2.97) (i (3.14)
/ ’ . ' .
-1.19 | -0.86 - M-0.58 ~0.36 -0.18°|  0.00 ~
' . i !
190 . 200 1210 i r 220 4 230 2/-&0.
9 10l % - uft T lasm 4 /
1® (3.32) | 9 (3.49) e (3.67) 1 9 (3.84) | 12 (4.01) 3 (4.19)
0.18 0.36 | 0fSEN | 0.8 119 | 173" -
‘ DN s CoL
® -3 ’ ’,/j-'” ‘ ' ~ .
* 1250 zsof -270 ° 280 290 300
L2 18 AT | ww 297 o
1§ (4.36) |79 (4.54) | @ (471 | g (4.89y| 1€ (5.06) | R (5.24)
T - ¥
' ' . 4
/ 2.75 5.67 - -5.67 -~ =2.75 -1.73
: v
15y
. , ? o -
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SN

The programs from example 1 section 5.1 can again be easily )
. -y
modified to be appropriate for this problem.

Al

You probably can guess what the sketch of y j tan x will look

N :
like as x varies frod 2T to 27 . C .
. « . !

Example 2: Sketch the graph of y = tan x for values of
\’

x.between -ZGT and 21? at intérvals of 7%?-,

% (degrees) | -360 -270
. -3

x_(radians) * -2 (6.28) . . 2z (-4.71)

tan x

-
‘e

.51 p
-0.58 l o.ql 0.58 | 1.73

120« 150 180 ) 2}9
I 7%

am ]

" l g
T (2.09) | ¢ 6| T @as] ¢ (3.67)
-1.73 F.0.58 0.60 0.58

300 330 360
3 (5.26) | 6 (5.76)] &M (6.28)

-1.73 l -0.58 0.00
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5. 1increasés in all quadrants
6. 1is positive in quadrants I and III
7. 1is negative in quadrants II and IV

8. has a period of 180° or 7" .
. ™ ,

Exercises 5,2

§F -

(1 - 4) From the graph, estimate the values of x, _-2’!7 < x < 2

for which:
o] < e
D tan x = tan {-50) T (2) tan x = .5
= -2 (4) tan x = x R

(3 tan x

(5) Explain how you would convince another student that tan (180 - X}
= tan x from the graph of y = tan x. -

4 .
(6) Describe a function, other than tangent, that has an asymptote.

Sketch the function and label its asymptote(s).

(7 - 8) . (a) wWithout calculating specific values, sketch what }ou
think the graph of each of these functions will look like.
¥
o ~~
(b) Sketch each graph for values of x between 0 and 21,

(N y = sin x + tan x ( (8) y = tan x - cos/;
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Aruitoxt provided by Eic:
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. 5.3 -1
. I
1
’
- - N i
5.3 Graphs of the Cotangent, Secant and Cosecant
The graphs of the cotangent, secant and cosecant can be drawn 1in
the same manner as those of the sine, cosine and tangent. Sketches of
, these graphs are showm below. .
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Exercises 5.3

(1 - 3) Make a table of values and a careful sketch of each of the

-
following for -21I < x 5.21T at intervals of —g— .

(1) y = cot X (2) yf=(séc b

(3) y = csc x

v

(4 - 9) Determine each of the following for each of the functions cof,

d 4

sec, Csc.
L

(4) period

(6) range N dis) continuity

. (8 variation . (9) amplitude
[

PR - _ - - P ——

Explain why the graphs of v = sec x and v = csc x never cross the

x-axis, while graphs of the other functions do cross the x-axis.

y each

cos x,

tan x, cot x

Discuss how the graphs of each of (11), (12), and (13) are

related.
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5.4  Amplitude, Frequency and Periwd of the Sine angd Cosine Functions
il E 3
+
=[he fallowlng graph shows a sketch of three different.sine curves
13
on the same axes: y=2sinx, y = sin X, y = sin 2x.
. ‘ oo
Eill in the missing entries in this rable =
: PN I VR I S R
~ T A ] ar ST (AN RS B L A B S
~ ar - i = i = e 7‘\ i 3 L | 3 -l 2!
¥ Yl 3 & 3 6 LN
— , T 1 !
2 sin x 1.00 ' 0 2.00 . 0.00 : .
i 4
. , | i : :
- - i C i ‘
, sin x 0.50 jl 0.09 I |
- ’ i
‘sin 2x 0,87 -0.87 .00 } i ‘
i |
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. Notice that multiplying the value of the angle by 2 divides the

r

period by 2 and does not change the amplitude. Notice also that multi-

ﬁlying the value of the function by 2 multiplies the amplitude by 2 dnd

s

does not change the period. ' .

Notice that the frequency or the number of cycles within ZTT is

2 for y = sin 2x, and 1 for y = sin x and y = 2 sin x.

L. L 1 —lp

Let f(x) be a sine or cosine function. .

- 1
y = a-f(p'x) has a period i;t times the period of
v = f(x).
*
. y = a'f(p-x) has an amplitude jal times the amplitude | ..
: of
y = f(x).

]
y = a-f(p-x) hds a frequency of|plcycles for every

-
-~ -
vy

'

(360°) .

[

i

—— i

Yot should become:so familiar with the basic curves y = sin x,

-

y = cos x and y = tan k that you can sketch their characteristic
»

'Y

)
shape withput calculating particular values. Knowing the period and

amplituav :F a function you should be able to quickly sketch the graph

. N ™ 3w I
using only the values of x at O, = , Il , I and 2 It |

Exercises 5.4 ’ .

- E]

- ) '

(1 - 10) For the given function_state the a) amplitugg b) period

and c) frequency in both degrees and radians.

(1) y = sin x (2) y = 2 cos 3x




5. 4 -3

(3) y = % sin 3x ° %) y = 4 sin x

() y= 1 sinx L6 y= .7 cos .2x

(7) y = cos sx ~ (8) y = 5 sin % X )
" (9)‘:: y = % tan 3x (10)* y = .27 csc bx

-

(1L - '14) Write an equation for a sine curve whose period is ql\
and whose amplitudei‘is:

(11) 2 ! " 2)

O W

(13) .53 ' (14)

(15 - 18) Write an equation for a cosine curve whose amplitude is 4

5 and whose period is:

sy 360° ) e + .
a7y 3w ( 18y 72°
‘1 ’ -
(19 - 22) Determine the maximum and the mipimum)value of each o@
$
the following functions:
(19) y = 2 sin 3x kZO) y = 2 cos 7x
(21) y = % cos 5x (22) y = 12 sin x
2 * -

(23) Complete the following chart
function period amplitude frequency

= sin X ‘

» y
y = 5 sin x
' y = sin 5x ' >
y = 5 sin 5x
¢ y = cos X oo X .
y =5 cos x .
»

y =5 cos 5x | %

o . ‘
MC Extend the ideas of period, amplitude and frequency to accommodate
ammmm these functions, ‘




5. 4 - 4

»

(24) Explain why the period of y = sin 2x is L

the period of y = sin x.
'j(ZS) ‘ How are the period and frequency :Df a function related? .
(26) Explain why the 3 in the function y = sin 3x changes the frequency

and period but not the amplitude. '

(27‘) (a) On. the samg_axes sketch the graph of y} % cos x and y = cos % X,

as x varies from O to 27T~ . ¥
. (b) Use your graph to determine éhe number of values that satistfy
thfa equation -;-‘ €Os X = COs % x for x between 0 and 271\' incl_usif
(28) (a) On one s:et of axes, sketch the graphs of y = 3 sin x and /
. y=3cosxfrom0to/n' . /

(b) From the graphs made in answer to (a), determine the number of

- values of x between O and ’“\' inclusive. for which 3 sin x = 3 cos x.
. ' . ; ~
(29) (a) gSketch the graphs of y = > sin %, 0<x=<2ll | andy = .3 on

the same set of axes.

-
1]

(b) Use your sketches to approximate the solution set for the equ-

/ ation

£, (30) (a) On the same set of axes sketch the graphs of y = 2 cos x and
1 : .

sin % = .3.

1N f s

y = sin 1« as x wvaries from 0 to 211
9

~ .o
(b) Determine the values of 0 € x € 2il for which 2 cos x = sin = x.

(31 - 34) Sketch the graph'of the following trigonometric functions

/ o~
for all real numbers between -2ﬁ' and 21 .

(31) y = sin 1 (32) y = X sin 1
. X X
(33 v = = sin x ¢ (36) w4 = e " sin x .

A4

1

Thesg problems are unusual’ and challenging to even therestiof students

/

1.,




/

5.4 - 51

.

. ' s .
(35) Determine the period, amplitude, frequency and cycle‘:> the
“ )

functions in exercises (31) - (34).

- ~
v P *

(3p) In some cases in exercises (31) .- (34) the concepts of peried,

amplitude, frequency and cycle do not apply. Discus's why this

\ -
is true and how you could aniicipate these(irregularities by

carefully examining the equations of these functions.
(37) Sketch the graph of y = 2 sin x cos x‘for -21r < x < 21 .
(38) . Write another equation for, the funct;on described in (37) and
verify that these two different equa;}ﬁhs represent the same
function, :

P

(39 - 41) Sketch the graphs of the following trigonometric functions

for all real numbers between -27} and 21} .

2

(39) y = cos” & - sinzér ' (40) y =2 coszéy -1

2
1 - 2 sin g

(41) y

{(£2) What special propercies are true about the functions described

in (39) - (41)? Verify your answer.

o

.

I
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5.5 Graphs of the Inverse Trigonometric Functions

In graphing the trigonometric functions the first element of each
N #* ’

ordered pair is the measure of an angle x expressed as a real number (radians).

The second element, for example cos x, is another real number. The number x

a

uniquely determines cos Xy To obtain the inverse of the cosine function we

interch?nge'i and cos x to obtain a new set of ordered pairs {(cos X, x)}

.
»

. : *
However, as we have already seen cos x does not determine x . uniquely. N
~ ' . )
In fact there are infinitely many values of x corresponding to any speci-

.

*%
fic cos x. Thereforeltherinverse of the cosine function is a relation

and not a function. The same is true of each of the other trigonometric

functions. ' \\‘——R\snf/ . ‘
v -

» s

I1f a trigénomet:ic function is made one-to-one by restrigting its

3

domain, then its inverse will also be ijunctiqn, If the domain of the

cosine function is restricted to 0 < x < I’ , there is a unique value for

x. In a similar manner, the domain of the other ‘trigonemetric functions

may be restricted to produce inverse functions. The restricted domains are:

the principal values of these functions. o \j
- ‘ )
. ) . .
To distinguish .the inverse functions we have just defined from the

Jekk

inverse relations the initial letter of the name is capitalized - when S
- .
referring to the inverse function.” . ©

- You may wish to look again at sections 3.4 .and 4.4 and compare the dis-
cussidns of inverses in these sections to tHe ideas developed here. -
>
A relation is a set of ordered pairs in which the second element is not
: ,ggiggglx determined by the first element. A, £3555l95 is a set of ordered.
pairs in whick the seeand element i ungpuelv detefmined by the first

element,
vhd

Many people Lndlcate thesi dgfferences orallv by readin; Arc sin x asg
"cap arc sine x' and Sin "x _as '"cap sine of x invé{s

i

; ? 'L‘jé'* » . ." f/j h/// S




The range of "the inverse trigoﬁometric functions

is: . ‘ ’ ' bt
oy ! -1
. 4 Arc sin x<— or —_—
7 = L2 2

' e ™ -1 »
3 LArc cos'x =" or 0 < Cos l‘x < "
i 1

< oy -1

' - i
. 2—<Arc tanx<7- or T<Tan X< —5

=)
~|=

. -1
< Sin "~ x <

IA

N . R | \

-

' By restricing the domains of the trigonometric functlons so that

: : 4 L4 . . . ~ IRy
their inverses are also” functions we can describe {he function y = Sin x,
. A .

y = Cos x, and y = Tan x. T

Example: Sketch the graph of the relation y = cos°1 x and
- y. ’
indicate the graph of the function y = Cos = x.

.

L/ - (.ZCJ - ,K

Q . L Sk 19,7 o / -
» “ (9 \J' R
v <

I - ' A Y




A

o Example:

on the same axes,

Sketch the graph of y = Cos x and y = Arc\ cos x

3

/

\‘ ‘
Note the following summary. \\
' A ™
{ Function and Inverse Dotfain Range
_ - O
f: y = Sin x TSxf_ 5 .
f-h: y = Sin.1 X -lex <l
o ' -7 =
f: y = Cos x . Ofxffl"
£l y = cos  x -l < x« 1
* ¥
0
19y




4

Function and Iﬁverse Domain Range .
4
~
. _ *
f:y=Tar{:< . -2—”<x<—§t " oo < y < +00Q
. o ~1. : - o~ ~
f‘I:y=Tan x/ ~00 € X< +O0 ——21'—<y —'?—
Exercises 5.5
A
(1 - 5) Sketch the graph of each of the following {elat{ons:
-/ T
. -1 -1 '
(1) y = sin . x (2) y = tan X o
(3 y = cot™ x (&) y = sec”! x v
-1
(%) y = csc X
. e
(6 - 10) Use your sketches of (1) - (5) and indicate by a thicker
curve each of the following:. i
!
-1 — : -1
(6) y = 8in ~ x (7 y = Tan = x
. ..
(8) y = Arc cot x (9) v = Arc sec x
(10) y = Arc csc x ' "
(ll)ﬂ Complete the following tables
Function and Inverse Domain Range
f {1y =Cot x
-1 ‘ -1 ‘z
f 1y =Cot X . N
1 f4 Ty = Sec-T ,
f 4 y = Sec X ‘
f :y=Cscx Vg
- -1
fl:?=CSC X
* — ‘ \
- and + ©0Q $9present negative infinity and positive infinity respec-
tively. They are not real numbers but rather useful extensions of the
real number system, -o0 1is less than any real number and every real
number is less than +oo Thus - @ < x < + 00 for any real number x.

[




-
3

. '
[}

. (12 - 16) Sketch the granph_s-of each' of the followiqg lcolléction

of fumctions on the ;ame axes. - 7
(12)‘ y = Sin x, y = Arcr: sin' x, v{= X :
(13) y = Tan X, y = Arc tan x, y =. x E
: (14) y=Cotx, .y= Cot™h x, y=x - ' .
) (iS) y = Sec X, x = sec™! x’,' y = X oL
(16)- y = Csc ;c, y = Csc-1 X, Yy =X -
17) ‘Choose any function, f‘(x)',' x;hose'inve;sé, f-/‘l(:’;), is also a -

\. function. Sketch the graphs of y = f(x), y = f-l(x} and y = X

4

on the same axes,. e

~ N
! {18) What relationship exists between the graph of a function, the graph
\ of the‘inverse of the function and the gllraphl of the 1'ine y = x\}\
- Why? - | ’
y (’19‘) Suppose that your calc.;ulator did not?\ave tanl: or- tan-1  keys.
How COUI/(; you determine values forbthese .f—u;c_tlions?
- (20 - 25) (a) Express each of the ~follm‘,¢_ing algebraic expressions as
. a keystroke sequenc\e for your-calculat'or. (b) Exevcx;te the sequence of
Y
¥ ‘ keystrokes on your calculator and give a reason why your calcult;tor ﬁ-
" plays th@p answer that is given. ’
(20) Tan” ' 45678 “ - (21)  sin ! 45678 L
(22)  cos™! 45678 . (2% cot”! 45678
26y csel o, ‘L (25) sec’! j;‘—« | \
’ (26) On pag; 5.5 - 1 we said, "If a trigonometric function is made

one-to-one by restricting the domain, then its inverse will also
L]

bé a function's. Why is this true?

[y




* =

- n .
(2%) For — < x < -1—' ; the function v = sin ¥ has an in- !
Tl e T2 )
t ‘ 4 .
< verse that is also a function. Name another restricted domain
. . for whieh this function has an inverse functien. ‘Give a
. reasonable explanation why this is not the ranfe of y = Sin x%.
> .
(28) Why would it be reasonable to read Arc sin-1 x as '"cap inverse
sine of x'"". What does this infer abotit the relation of sine and,
¢
thg‘ relation of inverse? e
! .
' (29 - 32) Sketch the graphs of each of the following relations.
, .
(29) y = arc sin 3x ) , (39) y = 2 arc cos 2x
= 1 1 .1
(31) y = arc cos = x (32) y = < arc sin = x
2 2 2
(33) Choose a function, f(x), whose inverse, f-l(x), is not a func-
tion. Sketch the graph of f.-l(x). Consider the family of lines
- x = k where l?is any.real numb\er. What is the value of k such
that the line x = k intersects the graph of v = £ (x) in more
- \,
than one place? Could this happen if f 1(x) was & fun’h\tion?” Wy ? %
- v
{34 - 40) Find the value of each of the following \
(a) without a calculator.and
(b) vegify that your results are correct Ly checking your
. answer to fa) with your calculator.
. w
" (34) tan (Arc sin 1/2) 35) " sin (Arc tan 5/12) . .
)
-yl
. (3¢) csc {Arc-sin 1/2) , 37) cot (Arc sin ( %))
. I3 ] -
¢ {38) cos (arc sin (—J:- ) * 39) cos farc csc 25/7)

cot {Afc cas (-1/2)).




- ’ R T -5 .
|
. e '
S Chapter 5 * TEST . i ]
| ) \ . .
' ‘D1regtior'1's: Foi‘ (I - 3), - a) Evaluate thle expression to four decimal £
places using your calculator. b) Find the exact value of the
expre ssion without your calculator. e
—_— } ) P
1) tan[Arc sin (U3/2)] :
2) cos[Arc cot -5/12)]
3) Given: cos t= -8/17
’ Find: sec.t ' |
(4« 7) Find the value of each of the following expr_*iong s
. \’ i 4 '
* 4) (cos Zil\')(sin,2 ?/6) - (cos?’}?@}@)z
5) sec@' +cos W/2 - tan /I\'/Z
. 5) cos{Arc sin 1/2 +Arc cos-1/2) . \’
7 N ~ r
.7 Arcjcos 1/2 +Arc cos ‘J3/2
. , ‘
8) For what replacements of &, such that 0< &g_@’ is tan & = cotg ?
h ’ . o ~ .. L
9§ As t increases from U/2 + I, find the variation of the csc ¢t
»
10) Given: y = b sinbx and y = b cos bx. N
: . ‘ ‘ .
» | ‘Forb = 5, how many more x-intercepts between [0, 2’3)'] are found

- A
. for the sine function in comparison td the cosine function?

-\
&

(11 . lé) Aﬁsw?r the fpllowing, using the letter before the function listed
A
4 AN ! " *

. . ° N i
. belovg. If there 1s more than one correct answer, list them all..

' ‘r . A) y =2 sin 1 /2x
B) y =3 cos 2x '
C) y = 1/2 tan Zxé\
’ - ‘ , D) y = -1/2 sin 3x ’




14

%

16 a)

* b)

Function{s) with amplitude of 1/2 . < ] '
. . Y .- bl A'
Functlor}gs) with period of /2
~
Function(s) with fnequency(of 3. . ’ -

Discontinuous fynction(s)

L3
-

N
Sketch the grephs of*A and B from (1! - 14). Use the same set of axes

. . .
in the interval [0, 27}]. Label each graph with its equation.

For how many values in the interval [.g , 32"—] does 2 ,sin 1/2x = 3 cos 2x?,

»

- Sketch the graphs of y = 2 cos2 x -1 and y = -cos x on-the same axes

in the interval [0, 2/‘?']. Cabel each graéh with 1ts equation
.i N

o . R S V- 2
For what value(s) of x in the interval [ T,'—Z—] is2cos " x-1-cosx= 0"
oy ,
t /
o'. H \ .
t

r ‘
. ,
AN . §

L d ‘ ‘5
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CHAPTER 6 ~ SOLUTION OF OBLIQUE TRIANGLES AND OTHER APPLICATIONS
' OF TRIGONOMETRY S

In chapter 3 we solved problems tepresented by right triangles.
In this chaptér wébwill consider problems represented by triangles
that are not right triangles.. SucH triangles are_Ealled oblique ‘tri-

anélea}and the process of finding the measures of all of sides and

angles of a triangle when only some of these measures are known is cal-
1 )

led solving the triangle. We will also consider some of th% other
applications of trigonometry.
s o \

6.1 Oblique Triangles

A v ’ ) . -

Recall from plane geometr& that a triangle is uniquely determined

if we know =
- two angles and one side (ASA or AAS)

- two sides and an included angle (SAS) *’/ﬂ

3

- three sides (SSS). /

In general; knowing the measures of two sides and an opposite
angle of a triangle (SSA) is not sufficient to determine a unique tri;
anglg. It sometimesth;ppems that only one trjangle, two triangles or
no trjangle -an ,be constructed given the"measures of two sides aﬁd ar

opposite angle of a triangle. Since there are three possible outcomes

to this situation, (SSA), is referred to as the ambiguous case,

In making our analysis of these situations we shall refer to the

\ *
known angle as 3 X+« and the known sides as x and vy,

Y
J

*

We will use the customary notation in which an angle is denoted by a
capital letter and the side opposite ts denoted the lower case of
the same letter,

<ut)




k3
Only one triangle is possible. ' -
‘¢
- . Case B ix is acute and x < vy. R
-
4 ' 2
s
X Y
»
Two triangles [\ XZ Y’ ' One triangle 1s .
and L\ XZY afe possible. possible and ¥Z | XV,
4 i ' ‘. { . ) I
1 . ! s
]

™~

/\x) v

. No triangle is possible s:ince x

.
¢

1s shorter than the ala. - .. .
o ’ PR

ERIC XZ to XV

L

AL




Case_&

i X is obtuse and x > y.

Only one triangie is possible.

. , -
3 If :‘ X is obtuse, fhen

If _7) X is right, then

miX)n‘l_‘éYsoitis k/ mst)ijand

impossible that x < .

»

X >Yy SO one tr1ay£ is

possible. If j X is right
‘thenm'j X:‘mi Y so

it is impossible that x < y.

- / h -
LY
‘ Summary of the ambiguous case . o
P "3 ’
1 X is acute and’
x>y T . one triangle
X<y two triangles (x.» altitude to y)

one (right) triangle (x = altitud. .
no triangle (x < altitude to y‘z .

zs X 1s obtuse or righty
X >y one triangle

X £y ‘ no triangle

the

¥

Notice that whenever the given angle is Spposite the larger of

.
-

two given sides only one triangle is possible.

<4




. > ! ' . *
’ ! , -
) 6.1 -4
4 .-
. 4
*
1] {
=
Example
= .-
- ' .,
. Determine the numbetr of possible solutions When m@ j} % = 53° .
« s L[] ! . » . “
and x = 11.3, y = 12.3. ‘
——
L) e

»
Y ’
-
X ? .
1
‘ »
We need to know the length of the altitude from Y toi)—(‘ZT. !
~ £ ) .
Consider Z_ Xyz' where\\'ais a right angle.
, ‘ Let "= altitude from Y to XZ. - )
> L]
' sin 53° = -2 -
) 12.3
9.8 & a .
TN
- / i )
L 1 - since 11.3 > 9.8 there ar\e\ypossibbé triangles, v
- . X ,

Example
o

*  How many triangles ABC can be comstructed so that m i‘B =727,

"AB = 153.1 and AC = 144,27
1

let h = altitude from.A to BC

&n 72 - h ,
, 153.1 |
h

-




1
»

since h > AC no such trianglé can be constructed.

v o
. * > -/

.

ExercisedNg.1 - ) //ﬂ.

(1) After case C we said "If § X is obtuse then'm JX>m3Y so
'

4

it is impassible that x < y". e+Why?

(2) Why is it ufnecessary to consider a case when i X 1is a right

angle? ' -
1
(3 - 8 Find the number of possible ;riangles XYZ that could be con-
\ . \

structed if:
(3) mef X = 14°, Y2 =7.3, XY =5.2
. 3

) myv=103° 14", xz=931, vz=98.2

(5) myz = 52.68°, XY = 93.1, Yz = 98.2 -
4 ) ~ . N
v - q40 - - c.
(6) mjx=8/° xy=9, vz=-38 ,
4 ]
(7) m3x=6z.-73°, XY =9, yz=8 *

(8) m 1 X=7, XY =9, YZ =28

/

¢)) Look carefully at exercises 6 - 8 above and make a statement

Y

iPout the relationship betweeh the lengths of sides and the
g

measure of the angle opposite ,one of the sides.

-



6.2 The Law of Sines ] ,‘ . S . !

In an oblique triax;gle if t .gngles ‘and dne side (ASA or AAS)

. ’
or two. sides and the angle 'Q‘pposi of them (SSA) are known, then

the solution of the triangle may,be determined by using the LAW OF
v e ~

‘

SINES which states that: & measures of the sides of a triangle are

r .
‘proportional to the §ineazhe measures o<f angles opposite the sides, -
.t LAW OF SINES: For each oblique tfiangle Xyz, ' /a N \Q
nﬂ‘ _L . & z i - -
, sin X sin Y sin 2 4’ - :
@ ‘ o Q

Pfoof; Given abligue AXYZ, let h be the altitude from Z to XY,

-y R ‘ o ’
. s, X 1is either acute or obtuse as shown below. .
Vs .

’ €

X



R ; 6.2 -2
4 L
. - t / ,
. /. s
In each case for right 7 __YZW ‘
b 4 ~
e - sinY= h so. h=xsinvY-: ¥
. ) x* - .
) _ A T X
and for right .\ Wz, . .
' " sinX = B s h's=.y sin X _
y
| * . - . -
and x sin% = y sin X . '
thus X = y -
- sin X sin Y . . <
L . s
If we let h be the altitude from Y we wou® obtain
“x = z
sin X - sin 2 i
Y 4
thus: Ex - y - z
sin X sin Y c.osin 2
. . 'l
p A ° my
Example: 1 Solve LXYZ 1if m _)s X = 48,37, m_)s Y = 27,1
.3 - .
and y 11.3 .
x .
\\ sin X sin Y
—/ V\ A X - 1143
sin 48,3° . sin 27.1°
1) x = 11.3(sin 48®°) . )
i sin 27.1° . o‘ «
2 .
X = 18.5 cm.
\ -
o i z = 10476°
D AN = zZ
sin Y sin 2
[ ]
0 ’ l
11.3 - z .
. ) sin 27.1 sin 104.6°
, . %
Q | 20¢




r - ‘ £
[y ¥
. 6. 2 -3 . .
1Y ' . ) ~
\N , -
2 11.3 (sin 104.6) - o
‘ T, sin 27.1 T e o+ - »

-

24.0 = Z t

0

Notice the similarity between the equation (1) for x and the equ-

’ A
ation (2)*for z. If you have § programmable calculator you may wish )

write a program that can be used for solving oblique triapgles 'using thé”"

T

law of sines. i f

¢
‘ ) >
. Examglg 2 * Solve AABC‘ given m 4 A =42.5° a zJ6.7,
. .
. and b = 24.6?
a = b .
sin A sin B - . .
- sin-1 <M) = m 5 B .
a .
» v ’ .
- o
sin b [24.6 sin 42.5°Y . 4B
. 14,7 .
- sin” ' (1.13) =m48 0
»

' T Since s_in’B/ >1 there is no triangle that satisfies the con-~
. . 5 N ’
ditions of thi/s example.

L]

Example 3 Draw sketches of two triangles XY121 and XY222 for

which m 4 X =33.7° x =16.9 and y = 25.8, theh solve both triangles.




16.9 25.8
sin 33,7 dln Y,

, 25.8 sin 33.7 , -

ot 16.9

«
@ m 5 Yl = 57.9 » / h
i Y{is acute, 2‘ Yz is obtuse - )
N~ f
¥ o
m_‘,Y2 = 180 ‘57.9 = 122,1
\ >
' w1an® k ‘o O ) 1 o
ml z, = 1807 - (93.7 + 57.9) m 3 2, = 1807 - (33.7 + 122.1) -
o . i o ‘ v
= 88.4 . = 24,27 &~
. .
. L, 2
16.9° _ A1 ‘ 16.9 . 2,
_ sin 33.7° sr‘.rf‘BS.}l<> sin 33.7 Csin 24.2
v 30,4 =~ z1 s . ) 12.5 = 22 _
. 4 .
- ‘ ,
L]
' X '§S N o
T
’ Exercises 6,2
s (D Let h be the altitude to side. y of 7\ XYZ. Prove that
h= 2zsinX = x sin Z, . '

- -

(2) In A XYZ’prove that % Xy sin Z = —;- xz sin Y = 1 yz sin X.

2
(Hint: show that the area of /\ XYZ = % xy?? z.)




6.2 -5 .

]

(3) Proyh the Law of Sines by using the equation established in

4
-

exercise 2, .

(4) In/\ XYz why is SnX . dnY¥ Vsinz o,
X y oz

(5) érbve that Lhe Law of Sines.is true for righr\triqngles:
(6) It is poséible t; express the Law of Sines by saying, "Within
any triangle the ‘ratio of the sine of an angle to the length of * )
N its opposite side is constant." Explain why this form of the
" . Law of Sines is equivalent to the- form we Qave.used in this sec;ibn.
In exercises (7 - 24) you may wish to write & calculator program that.can

be used to solve groups of problems.

(7 - 12) Solve triangle XYZ given the following sides and angles,

. M myx-= 1}.3'.2°, y = 11.3, m 3 ¥ = 29.5°
" 6 0. ~
8 my=119°, x=112.37, 3§ 2 = 30 , £
- . - ﬁ~
. () m3Y=g’_,y=26, m2$2.=—5,7—
(1) mjX= 123°, y=7.5myz=157° _ ] .
(1) myx = 72° 15/, 2z = 23.87, m 2= 62° 577 — ,
: (12) mfX = 136° 10" , J=58.4, m§ 2= 46° 25
LY L. _ -
(13 - 16) Use the formula of exercise 2 to determine the area o ?;
o ‘. -~ '
/N aBC given the following information, \
L

13y mpa=28° b=1l, c= 7

(14) mifA‘-"148°, b =22.7, ¢ = 17.5

38°, a = 12.26, b = 15,73

(15) m 1 C
(16)‘ m 1 B

o

109°, a = 7.25, ¢ = 8.25 7 /




w \ 6.2 -6
\ .
(an I,n.._/_l ABC, a = 146.2, b = 87.7 and the area of AN ABC is ,
312.8. :Determine m X C. ¥

(18 - 19) For each of the following sketch-two triangles Xlel and ’

.XYZZZ and sclve both triangles

(18) mj x=138° 'y=58, x=4.7 )
(19) mjx=24° y=28.43, x=5.73 ]

(20) The longer cf’iagonal of a rhombus is 12 cen_timete‘rs‘ ld;xg and forms

an angle of 38° with the sides. Determine the lengths of the sides of

the rhombus: - "
(21 - 24) Solve trianghe MPQ given the following information.
2) wpM=28% m=19, p=3%
(22) mjM- 125° 14/ |, m = 11.56, p = 9.37 _. -
(23) mfQ-= 67° 53, q = 121.4, p = 123.1
(24) mgsf;=43.7°, P=18.7, m=12.6 '}
’ = 70 /
(25) , In tr‘apujazom MATH, m 3 M 7‘_ 18 “ T.
MAa=282°15" | MA = 12.48 and -
)
HT = 5,17, Find the lengths of /
sides MH and TA. (Hint: draw N ;
TB || MH.) ‘
-~ ' Y . ',
(’26\'){ Look back at exercise (20) on page 3.5 - 6. Use a method other
_/ than your original solution to solve this problem.
’
LY
. ~
'. AY
- - ‘o ’
s , -
¥ \
- 3
¢
\
h
{ it
(Vg v N
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\ .

6.3 The Law of CosPhes

In an oblique triangle if two lides and the included angle (SAS)
or ‘three sides (SSS) are ‘known/Ehgp the solution of the triangle may °
— | v

be determined by using the LAW OF GOSINES. This }aw has three forms
i 4

which are essentially t'he same.

AN
LAW OF COSINES - ' - \
* " For any triangle XYZ,

' 2 2 2 4

X =y + 2 - 2yz cos X . 7
N\ T2 2 2 T
\ y =x +2z - 2xzcosY
2
22 = x +y2-2xycosZ ) &

Proof: (Analytic)
Let triangle XYZ have _‘4 X position in the coordinate

plane and let Y have coordinates (z, 0). Let Z have coordimates

v

r




- . 6. 3 - 2,

2
(4 [4 .
. £y .
(zx’zy)'
’ 2z, =y cos X; z, =y sin X i \
Using the distance formula : ! :
) - - 2 PS . ~
e . X = \I(y cos X - 2)“ + (y sin X)
xz = (y cos X - z)2 + (y sin X)2 ,L‘
x2 = y2 coszx - 2yz cos X + z2 y2 sinZX
2
y2 c052X + y2 sin X = yz(co X + sinZX) = y2
2 2
x2 = y + 2z - 2yz cos X
by merely changing the lettering in the diagram above the other two
> .
 forms of the law can be verified. . !
Example: \Solve { XYZ given x = 15, z = 29 anm 4 ¥ = 1035 -
ple: \Solve XYZ given x = 15, z = 29 and'm AY =103 Yo
The appropriate form of the law of cosines is
- y2=.x2+zz-2xzcosY M
2 _ .2 2
yo =15 + 29% - 2(15)(29) cos 103 ‘- -
and y = 36
To find m 3 X and m 1 Z we can use the law of sines” —— 2 z
( ) $in Y sin 2
36 - 29
- sin 103 sin Z
12 —_ *'
52° = m Z
, ) - 3
A . o o o
. . m 1 X =180 - (103 + 52) = 25
A
5 ~ 1
AN

3

*

)

' 0




. ~
. - 7 6.3 -3
P B T~ = -
P Example; Solve triangle MPQ where m = 10, p = 15 and q = 17
‘ 2
m = p2 + q2 - 2pq cos M-, ' ’ t
. . ! 102 = 152 + 17% - 2(15)(17)" cos M )
¢ 2 2 2 . )
10° - 15° - 177 | o4y g ,
-2(15) (17)
L8117 = cos M .
36° = 3 M
. e
. 2 2 2
) p =m +q - 2mq cos P
2 2 2 !
5 15 =10 _ 17 - 2(10)(17) cos P {
2 2 2
] 157 - 10" - 177 . s p
12(10) (17) ’
‘ 4824 = cos P : * ! -
o . .
61 = mjP - - \\\\‘.//
m 4 Q= 180° - (36 + 61)° = 83°

Exercises 6,3 |

)

(1) Let tyiangle XYZ have 1 Y in standard position in the coordinate

plane. Derive the f&llowing form of the law of cosines: -

2 2 .
y2 =x +2z - 2xz cos Y ‘ ’

-

. (2) Determine a special form of the Law of Cosdines for right triangles.

(3) Prove the converse of the Pythagorean Theorem: that is, prove that

g 2 2
“ Vit x2 + y =z then A XYz is a right triangle having a right angle,
R (I at Z. , -
- y . / . ?
o . .

~




(&) Expla‘in one possible reason why the Pythagorean theoyem is
not a cgrollary to the Law of Cosines.

(5) Let ZW be the altitude from Z

to ;(—Y: in A XYZ. Usé this in-

y . ! . ¢ ,1

formation to algebraically prove

the Law of Cosines for acute &

triangles.
{
(6) Prove the Law of Cosines algebraically for obtuse triangles.

(Hint: let A‘.XYZ have .::m obtuse angle at x, Let -Z;J- be the .. -
. altituc}e from Z to XY. Consider right g‘iangles ZWX and ZWY.
‘In exercises (7 - 20)‘ yo;J may wish to write a calculator program that
can be used to solve groups of proble‘ms.
'(7 - 12) Solve each4 ‘RST, given the following information. =

57°, s = 11.3, t = 14.7 > Cy

H

(7) m 3 R
(8) mj)s
(9) m 3T

123.2°%, r = 13.37, t = 21.54

32° 15, r

[}
N
w
~I

-
7

[}
—
—
w

[}
Y
Yk

&
o
N

e}

a

(]
y—

~
D,
O

(am m % R
W o

o
1}
o
O
O
~J

H
—
w
Fal
~

i
W
N
~
re

H

(11) m¥s 2.14

(12) m AT 17.2°%, r = 45.7, s = §3.2 'f/

- . Vs
(13 - 18) Determine correct'to the nearest tenthy the measures of

each of the angles for each trjangle PQR, given the’folloding informa-

4 tion:

. (13) p=14.7, q = 16.3, r = 20.1

=3, = 18" ) o : .

]
w
0

—
‘. —

(14) p
(15) . p = 4.23, r = 2,51
» 4 . (]

(16) p=5,q=14, r ='17

[}
N
~3

0




.
]

(17) p =123, q = 90, r =42

(18) p=512, q=6V7, r = 19.83 , .

)

(195 Determine 'the length of each diagonal of a parallelogram having
sides of 10 and 14.7 and one angle, measuring 137.2°.
(20) The radius of% circle is 18, Find the cenlral. angle to.the pearest

‘degree subtended by a chord of length 33, . <

&



6.4 The'Law of Tangents

In gn oblique triangle if’ the measures of two sides and t}le
ncluded angle (SASS are kaown, then the solution of the triangle may

-

be obtained by usi‘g,the LAW OF TANGENTS. This law has six forms

which are essentially the same.

The LAW OF TANGENTS '
~ 3 ¢
1
X-y = tany (X -Y)
x+y tan L (X +Y)
2 . X a 41 . Z
Proof
f : —X = ' L)
The Law‘of Sines o x £ _y_sin T ) '
‘ . . \
can be rewritten as X = sin X
y ,sin Y
X sin X
y 1= Sin y "1
X _ Y. sinX _ sinY ;
y y sin‘Y sin Y y # 0, sm\' Y
(1) . X -v_ sinX - sin Y .
y sin Y ' r
X _; Yy = sin X L, sinY -
y y sin Y -~ sin Y
(% IX+y= sinX+sivnY
y sinyY
’
N

combining equations (1) and '(2) by division

X =Yy o sinX - sin Y
X +y 8in X + sin Y

216




*
now sin X - sin Y = 2 cos % (X + Y)*sin % X - ‘
. sinX+sinY=2sin-;-(X+Y)-cos-;-(X-Y)
/ 1 1
thus XY = 2cos’lr~(x+n . s8in? (X-Y)
. x+y 2 sin %T(X + ¥ cos % X -Y

. 2 ] 1 ‘
= - X M -~ -
. 2 cot 7 X+ Y) tan 2 § X-Y)

- 1 B
— . tan 2 & -V
an-?? (x+Y) )

’

1o =

e tagx‘;‘ x -y

T
tan 7 (X + Y)

This law has many equivaleni forms that can be derived 'by renaming the

aggles of the ffriangle and using the properties of proportions,

N
-

Notice that the Law of Cosines easily allows us(to dbtain the

value of the third side of a triangle when the measures of two sides
(4

and the included angle are known, Undef the same conditions, the law

of Tange&Es gives us the measures of the two remaining angles.

>

-~

. Example . - 4
In AXyz, x=15 y=23andmf2z=72". Findm}A and

m 1 B. Since y > x we will rewrite the Law of Tangents as

. 1 :
y = X tan 7 (Y - X)
) y+x o tanl (Y + X)
2

mjY+m¥X =180 - 72 = 108"

2

*
the fproofs of these statements will be developed in the exercises..




-
c A
¢ 1
- , - 23 - 15 . _tan 7 (Y - X)
23 + 15 1
. . ) tan 3 (108)
- : * 1
SEME Lot 3 -X)
2 . .
' ]
0.29 = tan-i: (Y - X) - )
. 1
16.16" = > (Y - X) : ’
32.;2’ = Y-X \ .
i X+ v =108 . - =
X+ ¥= 32,32 m} X =108 - 70 = 38°
2Y = 140.32°
- q
, w3y =70° ‘
v ’ ’
\{ .
Exercises 6.4
'(1) Why is the Law of Tangents not appropriate when the measures of
the legs and vertex angle pf an i_soscel‘esltriangle in known?
T L (2) Why is the Law of Tangents not appropriate when the measures of °

the legs of a right A\ .are known?

»

You may wish to write a program that can be used to solve these‘

3-8
exercises, ' . s )
(3 - 8) Solve each of the following triangles XYZ 1if the following in-

formation is known.

(3) x =637, y=8%2, m 3z =34° 157

&)y = 16,732, z= 9560, m § X = 42.7° .
() 2% 112.2, s 96.2, myy=118°

o 37
(6) mzﬁl’(='136.2,y=15.6,z'='—3

L}

J (7) ‘mjvy=82.7° x=.31, z=.023 . .

(8 myz=9",x=1le,y=9.7

o

. _’ ) . . Engul




' ™
(9 - 16) Codiplete tie following statements to verify that

- ' ) - Vi
% . , i - /
{16 - 19) Completg' the following statements to verify that

sin (0 - @) = sin ¢ cos @ - cos § sin &~

(16) sin(#-o)_,=sin'[¢+( )]

r 4
(1N sin (¢ - @) = sin ¢ . + cos ¢

,‘(18)‘ cos (- @) = cos ;sin‘(/~§= .
.(19)_ sin (¢ - ® = (finish yourself). ‘ () ’

sin (¢+o-) = sin § cos e + cos ¢ sin &
’ ¢ -t
—_ ‘ /
OA is the Padius of a unit - ‘4\’ ]
circle and ; AOB = ¢ + o | F € X
RB | Oc, EC | OC, AF | FE, N C
AE | OE. . o B ¢
(9 /[ 0B ~ A\ GAE because C . B
: ' 1 . .
(10) 4 EAG¥ j§ BOG because ’
(11 sin ¢ = E o Ec= ' ‘ , cos 4% so OC =
(12) sin ¢ = FE 5o ¥E = , cos ) A so AF =
AE : ‘ OE
(13) sin @ = ‘1"‘ S0 sin @ = - , cose— so OE=
r —N
(14) sin (¢ + @) = AB = AF + = AF + EC 3
(15) sin (¢ + 9 = (finish by yourself). .




(20) 2A = ,. 2 B =

- . \ : 6.4 -5
P .
[ 3
(20-24) Complete((e fc;llbwing statements to verify that

—

1 .
sin ¢ - sin & =2cos§'(¢+¢)~sin§1-(¢~o) and

: 1 " . 1
sin¢+sin+=23in;(¢+o§ cos;(¢+0-). Let A+ B =¢ and
& .

‘A ~B=e .

(21) A = N ! ’ B =
(2) - sin (A + BMin (A-B) = ’ , .
(23). sin (A + B) - sin (A - B) = . o \

(24) sin ¢ + sin &= (finish by yonrsel,f.)'

~

sin ¢ - sin -e-= "
-y .
¢
L d
‘ v

\ 201
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6.5 Parallelogram of Forces and 0

ther Applications of Trigonometry

When two forces are simultaneously acting on an object in two
differeﬁt, but not directly opposite, directions the result is: the

same as one force acting on the object from a direction somewhere be-

tween the original two forces.
acting at an a;gle of measure
in object X, the resﬁlting
force can be determined by
computing * the diagonai of a

parallelogram having adjacent

sides of length a and b that

include an angle whose measure is &~ . 1In our diagram the magnitudé

of the resulting force is ‘the length of diagonal XY. The forces a

and b are known as components
4

If two known forces, a and b; are

and force

XY 1is called their resultant.

Yk

The process of finding the resultant of two or more

called vectors because they have a sp;cific magnitude and direction.

Example: An airplane is flying at a speed of 450 kph.
éame time the wind is moving at an angle of 26.7? with the path
of the plane. If the speed of the wind is 18.7 kph, how long

will it take the plane' to travel 719 kilometers with the wind?

w

"

It is possible to solve problems of this type by scale drawings,-
—_— ‘ g
* The resultant of three Qr~more forces is determined by considering

the fo‘ifs two at a time,

20

-

ey ?
;
“~ 1

determining the parallelogram of forces. The forces themselves are

7z -

forces is called



~
.}. ) , ‘ 6. 5 - 2.
N
. . *
Using the Law of Cosines
c2£a2¥2-23bcosc
2 2 2 0
L ¢ =450 + 18,7° - 2(450) (18.7) cos 154.3~ . -
\\ N

2

¢ RN 218014.82

- c -\%6.92 icph . -

719: x % ~ 466.92 : 1 hr. ,.
A AN / !

W = 1.34 hours = 1 hr, 32 min. 24 sec.

e«
™~ ﬁ'p Trigonometry ‘has many other applications especial .
sciences, Periodic functions like wave motion and circular functions like

harmonic motion involve ideas from trigonometry that have significant ap-

-

plication in théwjf?ﬁanation of natural phenomena. Trigonometry is also
widely used wherever indirect measurements are needed as in navié&cion
and sur;;ying. R ‘
We have been concerned with problems in which the angles and lines
are confined to one plane. In many practical situatioms it’is necessary
E to consider thre; dimensions. ‘
\ . . e
’ Example: . o
v
A geology team wisl;\es to
:determine the height Aé o

a vertical cliff whose base

/’ . [N
" . 1naccessible because of a swamg\ L
’ .They select two points C and D \
. ) D

on solid ground and determi_.g%‘l’)‘y‘
: ‘h instrumentation that DC = 55.3 meters,

-




. _
my ADB = 57.23°, m £ BDC »= 23.71° and m Y DCB = 107.53°,

1

In ADBC, m ) DBC = 180° - (83.71 + 107.53)° = 48.76°

sin Y DBC sin { C
DC DB

sin 48,76° sin 107,53°

55.3 DB
& 70.13 m = DB .
In 4 ADB, tan 57,230 = 2B
. DB
- \
. tan 57.23° = AB _
: 70.13

108,94 meters =  AB

b

Exercg;g§)6.5

.. (1) . A surveyor wishes to determine the
height AB, of a tree. From

C the angle of elevation to A is

1"

43.7° and from point D the angle

of elevation to A is 20.40.

“

If peints DC and B are collinear

add CU = 10 meters, how high is

the tree. - ’

.
)




.. X -~
‘ ' , 63 - 4

4
.

B P s

(2) Arthur Art(critic ls standing 4 meters from a painting hanging

on a wall ?f his favorite gallery. IY the ang}e. of e_levatic;n

from his eye to the top of the painting \1‘:5\ 12.6° and the angle

\,

.

of depression from his eje ¢o the bottom of the painting is 8,7°

how long is the painting to the nearest tenth ofi’a.,vmeter” -

\

(3) Suppose that A, Artcritic has to turn his eyes 6.2° right and

’ &

'3.6° left to sight the side edges of the ’intipg. How wide

. ' is the painting to the nearest tenth of a meter”

N~
(4)‘;’ Wally Weekendgolfer estimates that he has sliced his tee shot 10°

from the true path between the tee and thg hole. -He paces off his
-

shot and approximates that it was 175 vards. If the hole is 410
4

vards long, how far is he from the hole?

—— ‘”
(/5) Develop a method of determining the area of a triangle given the
lengths of the three sides and find the area of a triangle whose
¢ s . sldes are 5, 6 and %. - B
“ ‘ ' ' | , | /
(6) Find the area of quadrifateral ABCD /
’ . / J
.
> 1f AD = 10, DC = 18.3, m{D = 43°, 10" /
/ AN 7
- = o = o'
‘ . miA ‘7 and rp:(_B 847, IS / .
g /8 3
N C
.
(Z) In the first example in this section, how long would it take

the plane to travel 719 kiYometers against the wind?

N




(8)

(9)

(10)

J . N 6.5~ 5

-
]

A surveying team wishes to determine

the length of a proposed tunne! from

A to B. They have instruments at X and
/ .

and Y and have determined that

mYAXY = 103.12°, m{BXY = 59, 47°,

DYXYB = 107.32°, mfXYA = 59.68° Sl .
HJ
and mfAYB = 73.03°, (Notice that mgXyB FRAYE + miXYA 50
4

X, Y, A and B are not coplanar,) and Y are 73,2 meters

apart, what is the distance from A to B?

Ground controllers at airports need to | -

: \ s :
know the distance between the ground -
and the bottoms of theiclouds“ This ) '

f - -

distance 1s called the ceiling. One

technique often used is to shine a
strong light into the clouds and

obserbe the angle of elevation &

as.represented in the accompanying diagram. 1f thetunld}ng is

- -

150 meters from the light sog{:flat a point 127.2 meters above
>
the level ground and measures the dngle®of elevation fo be 650,

what i3 the ceiling” »

*
%
.
-
A

‘Make a chart aé 5° in ervals from 10° to 35° that could be used
/y -

yd
by the ground controllers in exercise 9.




(11)

(12)

»

V6,5 -6

-
-

Suppose that you can swim at a rate of 2.3 kph in still water.

1f you are swimming across a stream whose current is .8 kph,

how fast are you actualiy moving? -

P -

” /

: Suppose that raindrops are falling at a rate of 30 kph through

a wind of 23 kph. What is the measure,of the angle‘at which

v
the drops hit the grounf (to the nearest tenth)”

- *




Chapter 6 TEST ' ‘ ' -
/
Directions: For (! - 4) draw a figure Write the formula yc;u will be
using. SHOW YOUR STEPS.
1) A diagonal of a parallelogram is 50 centime’terg long and makes

angles of 37°10° ;.nd 49°20', ,reapectively, with the sides. Find

the length of the shorter side of the parallelogram to the nearest

centimeter. ' 2
W2) Two mot'orboats take o?f from a point‘ T a.t—Ehe same time. One boat
travels at 10 miles per hour to a point R and the other at 20 mules
per hour to a point S.” If the angle STR b;twee‘n the two paths of travel
’ measures 105°, find fo the nearest mile, the distance between R and
S after two hours. . 7
3 N
3) In triangle ABC, angle C = 780, side AC = 15 feet and side BC = 20 fe.ef. ‘
P Finda'.ngleAtoi:henea.reAst degree.
4) Two forces of 40 pounds and 30 pounds, respectively, act on a body
at the same point so that their resultant is a forc{ of 38 ‘pound's Find
to the nearest dejre'e, the angle between the two original forces.
5a) Solve for pinx: T - sinx = 1/2
b) Find the value of cos 43°47' to four decimal places.
g c) ‘If x is a positive acute angle and cos x = l51' , find the numerical
value of sin x. ! , )

dmiangle ABC, b=6, ¢ =10, and m/ A =30. Find the area of

triangle ABC.

22, e

Y,




?

[

e) . m/ A=35 b= 30, and a = 20, then what type of
[ -tfiangle, if any, can be f:onstructe-d? .
1)‘ a right tri'a.ngle, only -
. 2) twlo distin{zt triangles

3) one obtuse triangle, only

4) no triangle




CHAPTER 7 THE QUADRATIC AND OTHER POLYNOMIAL FUNCTIONS

- &/\‘\

In this chapter you will work with functions and equations in-
volving powerssof X, for example f:x — 2x3 - 5 and 2x3 -5 =0.
Most of the content of this chapter will be directed at functions
and équatioqs of second degree, that is; ﬁowers of x no greater than

two. >

7.1 Polynomial Functions: Basic Definitions

-

. A pol function is a function of the form
£:x = ax + bx""! 4 cx’\"2 + ... +gx+h, n anatural number.

- This notation can be read '"f is the function which associates with

L R +oo.. g Bx + h."* When

each number x, the number ax" + bx
a 4 0 this function is named for its highest power of x and is called

an nth degree pglynqmial function.. Such functions are also expressed —

as equations n-1 . n-2

f(x) = axn + bx cx + ... gx + h.

The numbers represented by a, b, c, etc., are called toefficients.

The terms are normally written with descending powers of the variable *§¢=,
- as shown. Polynomial functions ar® continsbfs functions, which means -
i

A
their graphs will contain no holes or spaces. The graphs may be ob-

tained by plotting all (x, f¢x)).

S N
*

In the case f:x = x2 -4, when x = 0 f:x -» -4, this will be written
£(0) = -4. When x = 2, £(2) = 0; x = 3, £(3)*= 5, etc. . ]

- |




Exadbles:

. y = 3x5 - 2x2\ +7Jx - 9 represents a Sth degree polynomial

equation whose coefficients are 3, 0, 0, -2, 7 'and -9,

’ fix — x* - x3 + 2x2 +x -7 1is a 4th degree polynomial func-

tion whose coefficients are 1, -1, 2, 1, and -7.

L

In this example ’

) ~
‘ /\ £ = - r2mie @) -7 7
] ' £Q2) = (2){‘ - (2)3 + 2(2)2 +2-7=11
£R) =h* - h> +2mi 4+ b -7
Four polynomial f\:‘ctions have special names
n =0 f:x =»a - a40 constant function
n=1 . f:x =»ax + b ato linear function
n=2, f:x —:ax2+bx+c a$0 quddratic function,
» r‘x = 3 f:x-»ax3+bx2+cx+d a$0 cubic fupction
ﬁxamples: ' fix —-» X4 linear ‘

.- b . ,
' 8:x = 3(x-4) linear

// - . ‘ h:x — 3 - x3 cubic

h:t =+ 100 + 60t - 16t2, quadratic

Exercises:

(1 -'37~f1§§ate the degree of each polynomial and list {ts coefficients
in descendiné'ordgr.

(1) £:x = 250 - 6x + 4 -

2 ' J

{2) f:x — 3x - 2x

(3) fix —» 9 /é,',” ‘




(4)
(3
(6)

f:x — x

4

f:x = x3

For each exercise 1 - 5 above, find

(2)
(e)

£(0)

f(a)

e

- 5x2

-x -1 .

@ £(1)

(£) £(x+h)

- 4x + 10

(¢)

(8)

f(-1)

£(-x)

(d)




*

;>/ : _ 7.2 -1

In this section ve will see how the programmable calculator

w
may asstst us iﬁ'graphlng pqunc;mial ‘functions.
‘ . :
Given: f:x — x~ - 2x° -5x + 6
N : . N . . -
Graph the“function. '
A WYP33E program A TI.57 program .
PRGM o LRN .
01" STO 1 I . L 00 STO 1
S0z 2 , : 0l -
©o. 03 - ‘ ' o022
" 04 ‘RCL‘l 4 03 =
05" X 04 X -
06 5. . 05 RGL 1 ) -
Q7 - _ - 06 -
08 RCL 1 = < 07. -5
09 X 08 £
10 6 09 X
11+ 10 ,RCL 1 .
RTN, FIX 1~ 11 +
keystroke the value of x, [R/S|- JYAN 6
13 =
J4 RJ/S
15 ° RST ’
LRN, RST, FIX 1
keystroke the value of x, |R/S
. £
To" undérstand the program you may want to consider f:x writtén
in factored form x3 - 2:::2 - 5x+ 6
:nc(:'nc2 - 2x -5) +6
x (x (x-2) -5) + 6 £

Starting from the inside parenthesis may clartify the progrém.

Now we will select appropriate substitutions for x. Use the in-

(-3, a]

Pi Ld the VaL

terval with a difference. d Qf .5 between the x values.

)y ‘E‘\\ ¢ J
VA PN ,

meén; values a and b are included.

ues cf £(x),

*
. The notation [a b]
) (a, by means values a and b are not mcluded
fa WY mnav‘la cd‘\ahrho&p& anﬂ W

. s . Y

1c nnt 1nr-h1rh=ﬂ




.

new f(x) displayed

-

233

. 7. 232
$ ) . e
‘ s *
8 ' .
x | f(x) ~ :Lx £(x)
e .3 .5 .
o 1-2.5 1 L
. e - - is|
. - -1.5 3.
¥ e el | e .25
=.5 .3 .
0. 3.5 » A
& v
€
P B \ ] - v
Note: A method to increase”the speed and decrease the effort needed in
finding the f(x) valye » would be modificationgof the program,
' such that- d would automatically be added to each previous x |
©  value, This involves a loop in the program. .
Y
' Modified Program o RunMode,” ',  Modified Pr¥kram for
HP-33E oth programs. ®  TI.s57 o
. 0l  STO 2 (d) FIX 1 - t 00 STO 2 (d}
’ 02 . R/S keystroke the v © o 0r R/S
03 STO u («F . of d (storedin2) . 02  Lbl 1
04  R/S. . 03 STO 1 (x) P
05 same as R/S v 04 R/S - .
' steps 02 e .+ 05 same as
.\ toll in keystroke the value 01 to
' original - of x(stored in 1) 14 in. \
) . original
15 R/S - R/S 19 ‘L i
16 RCL 1 ° - R/S 200 RCL 1°
17 RCL 2 ‘ 21+ )
L, 18 +oL  f(x) value displayed 22 _ RcL 2
19 " GTO 03 R/S 23 = . .
RTN 24, GTO 1
_new x displayed LRN, RST »
- e
R/S
. >

“




graph of the function
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7.2

i

The second function that we will graph is

2 5« + 6

1

X = X

g

[-1, 6] wich d = .25.

.We will use the interval

4

i LR
il
-4 44 v# N q
erMl“ 9 % - 2 w!
H ] g HUTE LA T
i LT H L
1 I HEN L .j._..c{ j {{H
R i
* .ﬁl a. 4 44 F In_l 11 K
“ g RUSEY L Tz..r
. t ﬁ ] N Ilrl
4 N AA. 4 b .W. ] . 28 xﬁﬁ II.:.
%1 4 L HHH 1984840 T L4 114 ) >
i ﬁ”_ ﬁ,%f,ﬁr i
HHTTHH IR A
.Ey L 444 H }
R R
- - & 143 - 44 L
R HEH T H T TR TR T
11 Y.JYAY. - v“ - M ”AJ ” - -4 .41
S R
LR TR H R
[ m.? i M1 4 43 ups [ . $ { .1 ~.L.
A e e R e e R
HHHH H H1HL H 11413t il I !
- . - FHT 1 1
] 1 L rf g .
b ] F ] |4
4 1 Tegting: A L LH 1 (]
i Tm.lvl - agnibgas (11144 12 XYNili ﬁ i IJL
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~ o 7.2 -5
- % N
Exercises 7.2 :
o [ } *
Program your calculator and obtain the points necessary to
(2.4 !
b graph each function. Sketch each graph using the interval and dif-
ference d as indicated, q
) - . _Punttion Interval d
“ )
2 ~
& (1) f(x) =x" "~ 3x - 10 [-3, 6] .S
(2)  f(x) = x> +3 ‘-3, 3] .25
(3) f(x) = -x2 + 6x - 8 , E 0,‘2] . .25
o (4 fx) =2# - 5% - 12 o [-2.5, 5] .5
L, . ‘ )
(5)  f(x) = 2x"--3x - 7 (-2, 3] .25
. (6)  f(x) = % / " - [-2, 2] .25
. B . 3 . o . ¢
(1) 7 £x) = % - 3 _ [-3, 3] .5
. j - .
(8 f(x) = x + 2x% - 5x -6 [-4, 3] \ .5
9 .;IO’ "
ﬁf 3 >
€ ‘ -
N |
8. o *
. R .
N .
: ]
f ‘
4 }
E* 4
y )
’ ol P ']
= & IA’)\
J‘w ' .
: » F
o . . / .
‘ : \
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7.3 Graphing The Quadratic . ¢ T

. 2 t\

¥
In this section we will examine the graph of a uadratic func / . i

P

tion to determine particqlar f(x) -values such that f(x)-=‘k.

&
,///%he sbooth curve connecting all points that satisfy a quadratic

function is called a para bola, ,iEvery patdbola has 1 vertex or turni_g.

goint. This point, degending on the parabola is either. the maximum - - 4
(highest) o;\hinimum (lowest) point of the parabola, ~The parabola has
symmetry about a line that passes through, the vertex. It is easy to

f.

see that if the parabola was folded about\this line, (q;iled/zhe'axis
symmetry), its two halves would coincide. This axis of ‘symmetxy is the
perpendicular bisector of any line segment joining two points of the

parabola having the same f(x) values.

1 -Gngn: k= 186x - 16x2. '
- ¢ : (;) For what value of. x is k a maximum?

. N\
(b) For what values of x is k = 07

(¢) For what values of x is k = 2007

(d) —_For what values of x is k = 4647

To answer these questions we will graph

£(x) = 180x - 16x2. .
L

‘Begin by using the interval [Ll,-IZ] , d =1 The foliowing points

should be obtained when using the calculator.

237
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7. 3 -3

The mnfimum value for f(x) seems to be located between 5 and 6. Be-

gimming at 5.1 with d = ,05 yields the following information.

£(x)
5.1 501,84
5.15 | 502.64
5.2 503.36
5.25 | 504
5.3 504,56
5.35 |- 505,04
5.4 505,44

d = .01 gives us

Our magimum valg; for x seems to lie halfway

’

is 5.625.

Using d = ,001

X ‘ Mx))
|/ 5.61 | 506.24640
- 5.62 1 506.24960
5.63 |, 506.24960
5.64 | 506.24640

x .| £(x)
5.45 | 505.76
5.5 506
5.55 | 506,16
5.6 506.24
5.65 | 506.24
5.7 506.16
5.75 | #05

£(x)
5.621 506.24974
5.622 506.24986
5.623 506.24994
5.624 506.24998
5.625. 506.25 4mézz)
5.626 506.24998
5.627 '506.24994

’s

f(x) 1is=
decreasing

between 5.6 and
5.65, but we must be careful because of rounding off to two;&écimél

places. Fixing our calculator ®o read 5 decimal places and lettipg

Our maximum once again seems to be halfway between 5.62 and 5.63 which




2

Therefore

50

The maximm value for f(x) is obtained when x = 5,62

[N

’

v

this case,.

ing point or maximum in

the turn

06.25) is

5

’

(5.625

al to £(x).

h is equ

therefore 5.625 because no other value
ic

is
Erger value for k, wh

of x will yield a 1

.

,

The solution to (a)
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7.3 -5
!
Solution t@”(b). 1If k = 0, then the solution fo the problem will be

¥@nd by replacing f(x) in the equation f(x) = 180x - 16x2 with O,
| |
;o 180x - 16x% = Q <

v

This clearly occurs from the graph when x = 0 and a second value of

x between 11 and 12, (near 11.2). Using the calculator we_may obtaif

\ the exact value, 0.
. X f(x)

11,21 7.1744
11,22 - 5,3856 »
11,23 35936 *
11.24 1,7984 .
114’25 . 0 . »

Solutions 0 and 11,25 -

L4

- However since 0 was 5,625 units to the left of tﬁe axis of

symmetry, the.second solution could have been obtained by moving

* 5,625 units to the right of the axis of Symmetry. -
- = — ‘
g ' 5.625 + 5,625 = 11.25
2 ' ‘
S (v). 180x -~ 16x° = 200

By drawing the horizontal line f(x) = 200, w¢ may estimate
our solutions. However, we know from graphing that one value that
./ .

satisfies this equation is 10, This value is 4.375 units to the right

L . ’

of the axis of symmetry, Therefore the second solution is 5.625 - 4.375
-

of 1.25
(@) 180x - 16x° = 464 -
o x=4  (5.625 - 1,625)
Or‘
. x=7.25 (5625 + 1625

EK&j ) 24 b~ . J




; Exercises 7.3 - . , s
i , (1 N I0) For each of the following functions graph the function and l
(a) Find its zeros Yestimate to the nearest tenth if necessary). and
(b) Find the minimué or maximum.value of k in k = ax2 + bx + ¢ such
thgt there will be real solutions to the equation,
(1) £(x) = x> + 2x ’ )
) £ = x2 - 2x -3 N
(3) £(x) = 4x° + b - 63 )
. 9 /
Y] f(x) = 2x + 5% -~ 3
) £ = x0T
(6)  £(x) = -x2 - 2x - 1 / ‘ ’
(7) £ = k2 +x S
(8) "~ f(x) = -x" + 4x
(9) f(x) = x2 - 2x =2
‘ (10)  £(x) = 2%% - 5% + y )
(I1)  You are supplied with 100' of fencing material and you desire to
enclose a rectangular area .uging an existing wall as one of the
four sides, WH;t is.the lafrgest area you will be able to enclose?
Hint: ‘Draw a éiagram and label the three sides that will be fenced
in terms'of x. Using the formula for area (k) of a rectangle, graph
the resultin; quadratic and fipd the maximum k. |
(12) If tgq height above the ground 6f'an objegt thrown into the air °
is given by h = 100 + 128t - 1662, find the maximum height attaingd,
(13) Two numbers have a sum of 18. Find the numbers such that thgir\\'/’// !
product is a maximum, .i>
(14) Two numbers have_a sum of ‘20.“Find the least value that the
. sum of their squares canlattain.
o 1

2.
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7.4 The Roles of a, b, and c.

In this section discussion will include the role of the coefficients

2 + bX + ¢, and the rewriting of quad-

-

of the quadratic function f;x =# ax
ratic expressions by completing the square.
% v .

e The role of the coefficient a, If b=0and ¢c = 0, we will

<

sketch the graph of the equation y = ax2 for the following values of

1 1 1 ‘
. - - - — — —
a; 4: 1: 4 4? 2: 1: 2» 4°
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Notice S\at» when a > 0, the curve opens upward. As a remains posi-
. Y
tive but decreases the curve tends to flatten out,, When a < 0, the curve

, /’ ' L ’
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t

' opens downward and is a reflection of the graphs with the corresponding
positive value of a. If a> 0 the turning point is a minimum, If

- @ < Q the turning point is a maximum,

e The role of the coefficients b and c. If b =0 or c=0,
but nof’both.\ The parabola's position varies with respect to the two

axes, Let b= 0 and a = 1, Graph y = x2 + ¢ for the following valyes

.

of ¢; - -3, -1, 0, 1, 3. ‘

P s Rl dnbas it o .

Trprn ot A

All of the abovefarabolas have the line x = 0 for their axis of

symmetry but the cfirves will be shifted vertically depending on the

»

value of c.

i

O : ze‘j‘j
R .
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o, . »

if ¢ >0, there is a vertical shift upward- of ¢ units

if ¢ < 0, there is a downwyard shift of - unjts

L4 2. N
In general-.y = ax + c.is obtained by shifting the graph of
y = ax’ up or down |c| units.
In Elementary Algebra when the topic of factoring was encountered,

you were introduced to special types of trinomials that when féctored

L
-

had two equal factors.
Ex3mples: ) T x2 +6x+ 9= (x+3)(x+ 3) or (x+ 3)2
/rcz - be+ 4 - (¢ = 2)(c - 2) or (c-2)2
4n? + 20m + 25'= (2m + 5) (20 +75) or (2m+ 5)°
PP+ 2g+ %= (p+Q)(p+a) or (pt )’

p’ - 2pq + = (p- Q- q)\\r(p -’

For obvidus reasons this type of trinomial is called;a perfect i (\~—”//”

square trinomial. At times it is advantageous to have a trindﬁial that
(’ N .
is a perfect square. This can be accomplished by adding a particular

constant to ax2 + bx in order to form a trinomial square. This con-
b2
stant is
i ba
2 b2 1 ‘ (
ax” + bx + =~ can be rewritten "
4a
&
2 . 2
a( x2 + b X + B_ ) or a(x + L )
a 2 2a
4La
P

By this method of completing the square, any expression

ax2 + bx + ¢ can be Qritten in the form a(x - h)2 + k.




- o 7.4 -4 o~

X " Examples: ' .

) 2
K () Given: x° - 10x +7, a=1, b= -10, therefore ;1_ = 25,
. . » a

- Bowe;&}r‘, if 25 is acivdgd to the expression 25 must also be subtrac-
ted in order mnot to.change the value of the original.
CoL : x2 - 10x +(25) +7 - (25)
. (x- 5% - 18

therefore h =5 and k = -18

“ﬁaa .
ba

rd

2
(b) 2x +8x - 5,°

2%2 + 8x + (8) - 5 - (8)
206 + bx + 4) - 13
2(x + 2)2 -13; he=-2¢k=-13

(c). What do h and k represent?
»

L4

Complete the square on the function f(x) = x2 + x - 6, which

2
was graphed in section 7.3, b =1, a =1, ‘za = % . ) o
. B 2 ’ j_ 7
. F) = x“+x+ D) -6 - (D
1,2 x
f(x) = (x + 2) -'6'.2'5 G -
h;-%A k = -6.25

"Recall that the turning point of the parabc;la was (- %, -6.25),

and the equation of its.axis of symmetry Ehe line x = - % There-

fore (h , k), at least in this example seems to be the turning point
and x = h, the vertical axis of symmetry. In s‘ection'7.6 we will prove
* this assumption. \

) |

+ We will now graph y = a(x - h)2 + ¢, for a=1, c = 0, and the

. o following values for h; -4, -1, 0, 2, 3.2\

4
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h Equation Turning Point /- ~ Axis of symmetry

2 -
4|y e (4)) (-4, 0) x = -4
., ) . 2 " 9 ' » x/[ N .
ULy T - (1)) -1, 0 . 5 :
.0)2 ‘

‘ o 2)? (2, 0) 4 C ox=2 .

o
<
(]
~~
»
]

(0, 0) T x=0
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-

N
<
1
"~
»
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» 2 ) ® -
R A D I,
* - ' ‘ A - . - -
. . C
¢ Summary: y = a 9‘ - h)2 differs from y = ax2 only in that y = a(x - h)
) has been moved lh lémits&to the right when h > 0 and l.hl’furiits. to khe
‘." left when h <é). In the xamples‘ h ﬂalwa.ys.”represents‘, the .firstﬂcqqrd_)na.?e
. ’ - “ . £ .
of the turning p'oint.&’rhe, egond c—o\prdinate can be obtained by replacing

. . 2 '
.- X wit‘ h "in the .equation y = a(x - h) . x =h 1is also ®he equation of

the axis of symmetry.
, .
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Peeblém: Given y = -2x2 -4x + 1, find the highest point of the

o )
parabola without graphing. : . i
Since a‘< 0, .tﬁe parabo¥a opens downward and has a ma®imum at the
turning point: ’ )
a=-2,b= -4, Therefore %; = %% = =2, . ’ \;\~
: N - .
> ’ o R
By completing the square . - Q , ’ ,
y= -2x2 -bx+ (-2) +1 - (-2) : ‘ «
* 2
y = <2x -4x - 2°+ ¢
y = -2(x% +2x + 1) + 3
A p
y=-2(x+ D7+ 3 ho=-1, k=3
The vertical axis ef symmetry is x = -1 and the turning point is
‘ . D s
. (-1, 3) which is the solution to the problem.
-4
b Exegcises 7.4
2 » - ' -
ﬂE Without graphing, find the equatiag of the axis of symmetry and
#  the turning poiht of each of the following parabolas: - -
. - B . ™
. 2
() y=x-6)" +5 . S
- 2
(2) y.= (x - 3) -4,
2 .
(3) y = (x +5) | '
-, . 2 - )
* ) ey=x+ Do #
(5) y ax? +3x + 9 ‘
. ) ,
6 (= - + 49\1 Ve 3
(6) y=x }Ax r 24
' 2 i e,
- (7) "y =x" - 3x+ 2,25 ”
@) fy= o+ sx+ W5 - A ¢
l . 2 *
, = T (9) oy =4x + 12x + 9 '
e . 2
ERIC. (10) y = 9x° + 30x + 25 S
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7. 4 -7

*

(11) y-xz-ﬁx-S /

2
(12) . y=x =-2x+3

. 2 " .
(13) y=x -x -3 —~——"
) ) 2- e . RN
(14) y=x +3x -9 . . -
. 2 T

(15) + y=2x - 6x + 2

2 : ) oL
(16) y =2x + 4x + 3 -
(17) y = 2%x> 4 7x - 3 3

2
(18) y=3x - 5¢x-2 Y f'/ .

’ )
(19)  y=-3%> + 12 + 11 h
(20) g = 3% + 6x + 2
2 ‘ B
(21) y=-2x +3x+1 A
(22) y = -Zx2 - 5x + 2 : A
(23 - 61 s ax? 4 bx s 22 / -
) oL ven y = ax X+ 73 B )
' Find the equation of'tl/{e{axis of symmetry in terms of a ‘gnd b.
- 2 -

(24) Given: y = ax + bx + ¢

Find the coordinates of the turning point in terms of a,-b and c.

N a

“
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7.5 Solving Quadratic Equations Algebraically

..
-In this section the zeros of a quadratice function will be found
algebraicall}, using the methods of factoring, completing the -square

and the quadr;tiC»formula.
v ,
. | N )
In section 7.3, by using the graphs of the pa:abgﬁa f(x) =-ax” +bx + ¢
’\ ‘ and the horizontal line £(x) = k we ere able to solve the equation
ax2 + bx + ¢ ='k. When k = 0, the solution is obtained by locating the
point(s) of.intefsection (if any) of the parabola and the x axis. These

first coordinates are.also called roots of the equation ax? 4+ bx + c = 0.
' .

&n algebraic method that avoids graphing would be to factor the
’ ’ k]
quadratic equation, if possible, and apply the primnciple that if the pro-

duct of factoxs Equals zero, one of the factors equals zero,

.

If p* q=0, then p=0or q ='O. i
[

Examples: _Find the zeros of the following quadratic functjions with-

+ out graphing.

(@) . f(x) = x° - 6bx

) () = x° - 49 '

(¢) f(Xf‘? X2 - 6x + 9

@, £ I ‘ .
. (e; £(x) = -x% - bx + 1 S .

o
} v

! 2.0




* - 7.5'2

” Solutions: To find the zeros of a'functio\n, then f£(x) = 0
. : (8) x° - 6x =0 () x> -49=0
x(x - 6) =0 . (x - D(x+7) =0
' applying the principle x -7=0or x+7.=0
x=0o0rx-6=0 x =7 orx.=-7 B
x=0o0orx=56 ’ T - . -
(c) x2 +6x+9=0 a pérf'eci square trinomial ' _ a
~
(x+3)‘(>F+3)=0 ‘
r/—/ X = 1‘3 only one solution. The original function °
is tangentgto the x axis, A
@) % -3x-4=0 () -x%-b4x+1=0
(x-f»j(x+1)‘=o x4 4x -1=0 \
x-4=0 <;r x+1=20 not factorable,
X =4 ‘o\r X = -l'
'
¢ Because not all quadratic equations are factorable, we may solve t}}e
above equation by cgmpleting the square (sectionl7.4). We will also
‘use the following principles:
) (i;“‘, 1f x2 = k, then |x} = Vi s
' and . '
(i1) tf |x| =m, m>0, thenx =mor x = -m
Example : (i) 1If xz’z 9, then |x]| = | Vo or lx| = 3
o) A (i) 1If lx[ =7, then x = 7 or x = -7

Q. - 25




Now we will solve this equation®

2 2 \

K4k 1=0 0 s aslbedp iy ARk
completing the squareA ',
X2+ bx+ (4) - 1°- (4) =0
x2 + 4x + 4 - 5=0 ",

x+2)% =5 - : )

lx”iJZI = |5 - using (1)

X+ 2 = Ug- or., x+ 2 = - U?; ‘ using (ii) ‘

X = -2 + JE_ or X

:

solution in radical fgrm/’S\\

B
The two roots are irrational,

75 = 2.2361 -

:2 - 2,2361

He

Therefore x -2+ 2.,236! or x

x
e

+ .2361  or x = -4.2361% solutions in decimal form

Explanation: peans'equalsathé value to the number of decimal places

he 4

specified., This is not &n exact value. Cheéklng the solutions in

the original equation will not be precise.

¢, A 14

If weAattedebd to solve the original function f(x) = -x2-4x + 1,

by graphing, the zeros could'only;at best be approximated to the nearest
, . .

tenth, See graph. ;:3:23;

\
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the square,

Given:

from (i)

et

from (ii)'

L

ax? +bx+c=0.

705'4

!

. We will now solve in general 'any quadratic equation by completing

Find the roots of the equation.

-"{\ 2 N 2
2 b b
ax + bx + ( — + c - _— = 0
-~ ( 48-) ( 4a ) -~
. o
2
a(x2+2x+§2)+c- Z}i—- =0
) a Qa a
. 2
a(x + 5 )2 = b . c
4a
b .2 b -4ac
a(x + —)
2a 4da
b 2 b2 -4ac
x+3-)" =
2 4a
b :l ‘ Ib - Agc
X + 57 = \
2a Aaz
b b - 4ac b b2 - 4ac
Xy — = or x + = -|2 -2ac
2a 432 2a , La
=b  Jb% - sac _-b b2 -sac
X= 227t T17a or x =733 - 2a
| [
I -b+ Wb -4ac -b -\b -4ac 5
X = r or x =
2a 2a !
N

'~ When a, b, ¢ represent the coefficients in descending order.

You are encouraged to remember this Quadratic Formula in order to

to conserve effort when solving second degree equations.

We will now solve the equations in examples c, d and e using

this fo?ﬁuia.

a

Do
NPf |
-




A ‘ 7. 5-5

(c) x2+6x+9=0

. a=1,b=6,c=9

* 12 . gac = 36 - 4(1)(9) = 0

X = .—6_+.L6- or X = -6 -J_o-
2(1) 2(1)
since ¥0 =0 '
x = =3 or x = -3
¢ . .

\

“(d) x2-3x-4=0

a=1,b=-3,c=-4

\ b2 - 4ac = 9 - 4(1)(=4) = 9 -(-16) = 25
"\
- (-3) + 25 _ - (-3 - 475
or X = .
2(1) . 2() =~
_3+5 _3-5
X 2 or X 2 ,
x =4 or x = -1
| (&) -x2-4x+1=0_

a=-1,b=-4, c=1

bz - bac = 16 - 4(-1)(1) = 16 - (-4) = 20

r

- ) ’ - (-46) + J20 - (-4) - \]'2_0_
X = 2 (_1) or X = 7 (_1)
- 4:23[20 C or x= & :2\)_20_

Since’ \r2—6—=m -rlf? = 2[’?

4

b2 - 4ac 1s the expression underneath the radical. This expression is
called the discriminant of the equation. Its value can be very useful
in determining information concerning the roots of an equation and the
relative position of the graph of a function. (See exercises 2-3.)

234
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' If a = b, then a = b2

This squaring principie, along with methods of solving quadratic

equations algebraically may be utilized in solving radical equationms.

Exampies:

-t - ‘A,

(f) Solv‘e for x: \;x -2 42 =x . | ’

It will be easier if,we isolate the radical expression -
before applying the principle
Thus Ux - 2 = x - 2 ;
\ and (Jx- 2% = (x - 2)° (
' T x-2=x% - lx+4
- ‘ x2 - 5x + 6 = 0 !

x=3 orx-=2

both valueg check in the orig‘}nal equation,

(8H Solve for x: V2x + 3 - x=0

\JZx+3 = x
L (NZTx+ 3% = (0?2 .

2
2x + 3. = x

2
x -2x - 3=20
, 7 -
(x - N(x+1) =0 f
‘x =3 or x = -1 ‘“”\\
’ »




- a
When we check the value x = -1 we have i)

2 +3 -1 | o
’ - J-2+3 B!

does not check, Why not?

Y

* Since the cgnverse of the—squaring principle is not always true ﬁ\\\
i.e. (-2)2 = (2)2 but 2 3 2 :

a solution to the equaffon formed by squaring Both sides is not aﬂtays

a solution to Ehe original equation. If this occurs as in (g) above, .

the obtained root is called an extrameous root¢ and is ré}ected. Thus

the solution to (g) is only x = 3.

Exercises 7.5

(1) Why can the quadratic formula be consolidated to read

b *\o? - 4ac . -

X = ?
2a

(2) Refer to the solutions of examples c, d and e wusing the quadratic

&

formula method.

In problém (c)s b2 - 4ac = 0 i e

In problem (d) and (e); b‘2 - 4ac D> 0
’ What conclusions may be obtained by comparing the value of the
\ < discriminant and the roots of the equation?

) (3) Without graphing, what copclusions may be’made concerning a functions

relafionship to the x axis, if the discriminant of this function is
. : .

negative? 254,




(4)

(

What conclusions concerning the roots of an equation may be stated

if the discriminant of the equation is positive and

a) a perfect,square? ‘ T~

\\\7 b) not a perfect square?

(3)

€6)

7

(8)

~(9)

Compiete the following chart (gssume a, b and c, rational)

What are the possible values for k in the equation Y 9%

e Graph Qf the function
Roots gf the Equation y = ax + bx + c in

Discriminant ax“Pbx + c =0 rellation to % axis

If b2 - 43¢ = 0
o
1£ b2 - bac < 0
. 5 ’
If b - 4ac >0
and a perfect square
) .

If b" - 4ac > 0 .
not a perféct square R !

5

3 .
- v

‘ ~

Ve

' R ’
Write the discriminant of the equation nxz +px +q =0,

If the graph of the equation y = x2 - 6x + k is tangent to the

-

x-axis, find the value of k.

2+kx+'1

if the parabola intersects the x axis at two distinct points?

what ffe the possible values for k in the equatioﬁ y = x2 - 3x +k

3
if the parabola does not intersect the x axis?

- % <




Problems (10" - 21) Solve the quadratic equations by using the quad-

-

ratic formula, If the roots are irrgtional, estimate these roots to

the nearest tenth.

(10) 8x% -6x+ 1=0 ) .-
[
(11) 2x°> - Sx - 3 =0
2
(12) RKx +5x+ 4 =0
(13) + -7x% - 4x' + 3 =0 ,
* . .
(14)  9x% = -30x - 25 L
(15)  16x> + 8x = -1 _
. : -
(16) 4x“ +5%x - 3=0
(17) 2x° - 8x + 1 =0
(18) x‘2 - 10x = -15
(19)  3x% - 2 = 3x
5 x -1 _ B
(20) X+ 1.7 4 =2 .
21) 3x = 5% 2
X
Problems (22 - 28) Solve the following quadratic equations for the

trigonometric function indicated. Then find all the angles in the interval
[Oo, 3600] that would satisfy' the equation. When necessary estimate the
angles to the nearest ten minutes,

22) 2 sin’& - V3 s{n@ = 0

(23) 2 cosze- - 3 cos& -2=0 o N

(24) 3 tan’@ + tan@ - 4 = 0 _

(25) 5 (1 -2 sin’@) +7 sinB- + 1 = 0

(26) tan G- + 2 tan&- = 4

2 : = ¥
(27) 4 cos’@ = 2 + cos @~ AR : v

(28) 2 tan’@ = 5 tan@- + 1



@29

(30)

.31

Trace the following HP 33 pro!::; and write the results obtained

at step 18 and the end,

ol

- 02

-

_(b) - — (o)
01 CHS - 11 RCL O
- ENTER 12- ¢
03 2 13 -
04 & < 14 £ ¥x
05 R/S 15 STO 2
T——— (a) 16 RCL 1
06 STO O 17 +
07 3 18  .R/S
08 STO,1 19 RCL 1
09 g x 20 RCL 2
10 R/S 21 -

By using the stack instead of the storage, see if you #re able
to shorten thg program in 29.
If an error signal appeared in step 14 of the proggzm in 29,

what conclusions could be made?

oo

oy

. —
Solve each of the following equations for x.
3y

(32) X = 2 = 3 ‘.'

(33) X - 2 = —;—‘

(34) x - 2=-x+4

(35) Wx -2 =x-14 )
. . - /‘\

(36) UIZ +x = x
. (37) 2x = 5 +\|2x + .1




7.6 Equations for the axis of symmetry, sum and product of roots.

In this section, using the coefficients of. the quadratic, we

will write equations for the axis of S;EEEtry as well as the sum and

product of the roots.
— ~

\\ 4
o Study the graph of the parabola whose equation is f(x) = ax2 +bx + c.
LY ’ N - . -
—T T o = S T j—— .
oane ey sasrsreaes -~I~~f:3:537}§?2 By selecting any two
== : = =
. ase ! 1 =1 points A(xl, yl) and
= = B .
: == (xz, y2) on the .
‘curve having the same l
s : 2nd coordinate, «x, l
t we may find their first
e coordinates by using l
o the quadratic formula.
s
i 1
o
|
\\\ |
’ 2 ,
k = ax + bx+ ¢ — .
2 ‘e ) +
0=ax + bx+ (¢ - k)
b+ \Jb? - da(c - k) b - Vb% - 4a(c - k)
X = or X =
2a - 2a :
- ° ) ~\V~
‘ T ’ °
) . - Znu ]

ERIC

.
- +
Aruitoxt provided by Eic: . N




- - 7.6 -2

Point Ai\

e ) |
(-b-ﬁ-&a(c-k) ,lb) -'

—

K

Point B: K\ : 4
{-b + b2 da(c - 1) ,) o
S 2a \ » = X -
p

Za)
\ . . o < i

Sipcyby definition the axis of symmetry is the perperdicular .

{

bisector of any segment connecting two points of the parabola with the
same second coordinates, we may find the ‘coordinates of point M by

u%ing the midpoint formula.

\

—

~

- -
- .

.5

'S

Point M:

X, + X Ty, +y ‘
1 2 , 1 2 , .
2 2 o
R P O T S Y
1 R 2 . 2a 2a
[ )
J b Vb - dagc -1 - b+UbE - ha(e - B)
Y 2a .
J e - . . \ ,
= -2b -
aH 2a ) v
-b
- = —;\ -~ ¢
: —/’:/x ‘. .b ) ) y + y
Therefore 1 2 &« 22  and clearly 1 72 = g
——————2——— Za . 2
T . \ L
Point M: ”‘b' " ’
(o] nt v _._ -
T - (28 ’ k) i ﬁ
Since the axis of symmetry is vertical, its equation is (X = il R *
- | T 2a
i

?xample: .Find th:p equation of the axis of symmetry for the function

,Y=x2+x-6 b

) M ~ “/

I

.
e




‘o , 7.6 -3

&
o " am1l, b=1. therefore -2 =.1 ’
‘ : , . . 2a 2 2
s - : - . C
M ’ rd

X = %‘- is the ﬂquired equation%

~ Referring back 'to graph once again -
If we had selected points A and B on the x axis, the resultipg
) )
first coordmates for A and B would have been

—— ) r

| -
= ,~b-b2-l¢ac b® - 4ac iy

e = .. =B+ :
X, 2 - and x2 \{ 72 , b - 4ac>!0
. :
which repnmesent the two ‘roots of the equation ax +bx+c= 0.
) . :
! b, e
Now L Xy + x, = _a which is the sum of these roots
‘ | E’— o7~ eac | ‘
and X * x - Gac ~b +\)b - 4ac |
1 2 / : .
* o :’ .
, or '
. . ) ,
S ' % + x = ‘(-b - Vb~ - 4ac)1-b +\§b2‘ - 4ac).
1 "2 2 T
: ’v . 4a b ’
. ] .
. . - 1 . B
) : 2 2 .o
. ng the propkgty (p - qQ)(p +q) =p* - ¢ g

. N &5 (Vo7 = aac)? .
1 2 - 432 . ¥ 4
~
LT - (b - 4ac) .
X %, = > — . .
[ Py 48 . -
) | X, * X - bac ;x . x’ = E‘ which is qhe oduct of the
Q ’ 1 2 . ) 4&2 : ‘1 . 2 la‘ Ln::-:.— ===
o coe v . roogs.

”'rc

~ | e e
\

\W/$y apply the concept of the’ sum and produact o/?t:hc 'tao-ts

. E ]
< to write quadratic equations, . " j\'
» - - .

2{:“,"




Example: If the roots of anm ‘equation

are -2—+2\E- and i-i—u.—_sﬁ , write

the proper quadratic equation with these roots.
.oy ; -

4

Solqtion: Since the sum of the roots is

2+ U35 / . z2-VUs
2, 2

then -

2 ~esl

and since the product of the roots is

.

(25 N (205, ¢t - (B? o
2 2 4 . A
then £ - .1
’ 4
The equation ax? + bx + ¢ = 0. may be writte:(/\
e LA -
v
or
e k- (Byx+ S =0
-, a a’ ’
TL R~ the sum of roots  pr duit of roots
ST "'L9. -
- Therefore by substitution the proper equation is
X2 - (-2)x + (- 2)=0
or
1]
x>+ -L1a0"
4 ’
or

tx® +Bx - 1=0 ' y
¢ "1f we investigate the inverse of a quadratic fynction
N ]

y = axz + bx + ¢ we have_an equation of the type

4

. =ay2+by+c

265 . -




7. 6 -5

a 2> 0, parabola tlens to the. right

a < 0, parabola opens to the left

These graphs are not functions and they have a horizontal axis of ~
- £

symmetty,

we would find the equation of the auig)of symmetry to be (;i= -k

If we regeat the development at the beginning of this section

2a

Exampie: Find the equation of the axis of symnetry for the parabola

=

%=y 4 y -6 - DY SRS SO

since a =1 and b = 1 —— - o - NS

y = - % is the equation,

s ~> —
' C i I
Exercises 7.6 ~ ST . - e~
(1) Find the sum and product of the roots of the following equations
(@ x° -8x+ 12 =0 () mi+6m-4=0
() c% = 6c+ 16 (d)  3x (x-1) =\l
(2) Given the quadratic equation x> + px + q = 0. What is the value
. - %
of p if the roots of the equation are 3 + V2 and 3 - J3.?
. .
(3) ;Write the equation with ‘integral coefficients such that the sum of
¢
the roots is % and the product of the roots is - % .
4y ite the quadratic equation such that the sum and prodgft of the
roots are 4 and -5 respectively. e
: 2 , ' ‘
(5) , One root of x + px + 8 = 0 1is -4, Find the<;plue of p.
(6) One root of the equation x2 -7x+c=0 is &, Find the other root:
e
(7

If the roots of Eﬁg\equation axz + bx‘k ¢ =0 are opposit;s, find

the value of b,




/ * -
(8)  The sum of the roots of the equation ax2'+ 6x - 8'= 0 1is 12,

- ¢ , ‘

§)) If the roots of the equation x2,+ 12x + ¢ = 0 are equal, find

the value of c, . /+-// . .
w
(10) The sum of the roots of the fiziﬁgsn 'x2 -bx+7 =0 is 3.

Find the value of b,

Find the value of a..

(11) Compare the sum of the roots to the product of the roots for the

equation x2 -px+p =0,
(12) If the coordinates of the vertex of a parabola is (-1, -5) and
the axis of symmetry passes through the point (5, -5), find

the equation of the axis of symmetry.

N .

One root of the equation x2 = bx + 12 = 0 1is three times the
s;;ond. ?ind‘iwo possible values for b. .

Write the equations whose roots are given

(a) -3 and §

() 2.J3 and -2 03

(c) - 2 4 VT and -

) and 3

Given'ta; equation -x2 - 4x + 1 = 0: Check by using the sum
and prodﬁct of the ro?ts to determine if -2 + JE- and -2 - Jg. are
. the proper roots to the equation.
Write the equation of the axis of symmetry for each of the fol-
lowing parabolas, Also find the coordinates of the vertex.
y =x2-2x-3

() y = x>+ bx - 7

(¢c) y = x% + 8x - 16

265




"(d)
(e)
(£)
(8)
(h)

y2-16

2

2y" + 5y + 3
y2-5y+4

ax2.+by+c

ay2+by+c

7. 6 -7




.

7.7 Inequalities . "

In this section we will discuss how the graphs of quadratic
functions assist us in solving <inequalities of the type ax2 + bx + ¢, # 0.

We will also sketch gra’s where y # ax2 + bx + c.

Consider the parabola” f(x) = x2 + 4x + 3. We will refer to the
points of inters?&%the\ parabola and the x axis as cut points.
Remember the x values of these cut points are the zeros of the function.

The two cut points are (-3, 0)

=t t T T
: and (-1, 0); these two points
= == :
= . -}&) separate the x axis into three
= - A intervals where the second co-
+ — ) A e
: =t 3 £ —
= 33 I ordinate; f(x) is either greater
bad T T H
he i 8 e e —f— 4
e eesaten & i Caaprt - r —— = than or less than zero,
S by =
X - i —
e T = .
— - —— — Notice, when x € -3, f(x) > 0
—— S o f—— : :
L ou N -
STt Tk —= == when x > -1, f(x) > 0
£ ) same e ——F : . -
== : — Lr———-Y -
( i‘ ’ %__....-4._4 When '3 < x < %1, f(x) < 0.
t— e — ~- . . .
y 2 2 : XK — This information will enable us
: T et =
== B e e - = -
= = : — = to solve problems involving this
e s n A & s .72 N 5 & P -
B St i Lo B i R e e e
= g S ———F= =TT - equation and any of the fellow-
PR S S, S SU, SIS S b .
{ =3 e it 7 t-]scaea
Tt e e v . ing symbols >, 2, £, £ .

écamples: Solve the following inequalities

(a) X2 b bx + 3> 0°

(b) x2+éx+330

267
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(c). x2+4x+,3 < 0

@) x> +64x+3 <0

Solutions: .

-
.

2
(a) Since f(x) = x" + 4x + 3 for all points of the parabola,

we are looking for all x such that f(x) > 0. This occurs when

x >-1 or x € -3,

(b) The cut points are included with the solution to (a)

}
Xa'l orx5-3. . . 4

s

(¢) For all points between the cut points we see f(x) < 0.

Y

Therefore the solution is -3: < x < -1,

(d) -34x<-1 , .

There are only three possible cases in determining cut points for

a parabola and the x axis,.

(1) No cut points such as@ ) , -
2 )
y=x2+8x+17 or y= (x+4) +1 ,‘
2 One cut int such as G
,( ) po & (e | ‘
y=-x2-16x-64 or y = -(x +\8)

4

(3) Two cut points such as CC:

y = -x2+2x or y = -x(x ~.2)

\\ ¢ s Y b
\ f-’%/ ~ :

bl
i
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; 12 = S Spmad St Sog b et SOCEh Apaid Shgnusty etulus ammay s .
: : T phanads it
7 T ¥ : — " —
3 ases — - et T Io7oops—3 there are no
Teaee sesse mianetuse s S B e e e e ey
o b — - - - 4
- ———. o T ? 1 —r———_.——.; values for x
P — - T + 1 =d
e t > = ‘
1 n {'_r . D — T
= + — T L & — GRS A T such that ys 0.
- b I L4 ¥ p T t
- ) L I L b > i H ;
+ +—t — —hP———t————— ;
; : y + — L9 § H — ]
‘ =0 : == 1. (3, , sl
* F . v 1 am—a. GH— ! roe = ! . a
— r ¥ yne =t t | vimmmenmnnd - — n \ / 4
-
{ e ns — ' — - —— v el
T P of ~ s - —
T T = X except at the
P e———— S ——rt T + e -
e r 7 3 T S S S e ] o seaksoun ey
e S Y _ N ke b 3 .
i A f—— eoaas cut point (-8,0)
= - X S — -
) 7 + T
> ) & e R
mob asan_y —t mans we find y < 0,
). N 4
“ ot
In (7; , 1if
~—

-x2 +22>0,

then 0 € x € 2;

etc,

See exercises

[1-4].

— e e +
——— . anan e el e e o] et e e ———————
== ! s toat ks e et s
¢

b
e gty cwmeremns Toi T - 'S
- - s [ SRuRSY — .
— - -l TS .
b ——— 4
I em————
Y e ——— -
[ e P
»
«
' -

At times you may not be as concerned with the cut points but desire

to compare the relationship between the coordinates.
. ,\ .
. It is obvious for example in <3€; , at which coordinates

2
. y = -x + 2x (all points an the parabola) and therefore where
* >
y # -x + 2x (all points not on the parabola). However to locate all

. >2 ; : :
points where, say y > -2x + 2x requires a testing of points not on the

parabola, ’

Q ) . ’

ERIC | 2

Aruitoxt provided by Eic:

o
C

o v




Aruitoxt provided by Eic:

ERIC

a . \ 7.7 -4 .

The parabola ages as a borderline in solv1¥g inequaljties

. of this type. A point not on the borderline (parabola) shou\a be

selected. If the parabola does not contain the origim] the origin

would be an excellent choice, SN e
- 4

S

.

Substituting the doosdinates of the selected point in the in-

equality will lead to a true or false statement, and thus clearly indi-

-

cate if the point selected was in the correct vicinity or if it was not

,f‘\
on the cortect side of the border.
. ; 2
Example:_,’—f:}ph the inequality y > x° + 4x + 3
2 .
The graph of y = x* + 4x + 3 has already been sketchad. The points

on the parabola do not satisfy the inequality, Theriﬁpre draw the para-
bola as a dotted line. Selecting the point (0, 0) and substituting in
2
the inequality we obtain a false statement 0 > 0 + 4(0) + 3
70 >3
<
Therefore the origin (0, Q) should not be in the graph of the inequality.

The solution set can now be obtained by shading all pointg on the opposite

side of the border from where the origin was located. .
== e )
=i
P Sat A SRt At S e Sty SO o2

= tho st

) - ——b

- e g

ises b = PEe D

ey = T .
- 1

S gn wod

- -t - —
-———— +
Fossetate SEPtseoor, et eese s sy, -
bt e spent | [eetbeady suts vt omee et e

— ey g
POSSRANION § JEHESIDSPE
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y 2 :
If the problem was to graph y > x + 4x + 3, the points on

the parabpla would be included and therefore a 'solid lins;would be

sketched,
A

Exercises 7,7

(1 - 4) ;ﬁipg the graphs (::) <:; ;  solve the

™\ following fnequalities, ] . ,
\e\‘)/j+2xgo N e
| (2) x4 8x+ 17 > 0 i)
[ 3
. N\ '
) X’ - 1ex =64 >0 \_
‘ )

(4) -x2 +2x < 0, _
(5 - ) Sketch the graph of the inequality listed and (a) 1list one s b
point that satisfies the inequality (b) 1list one point that doesn't

satisfy-the inequality, ’ “

) y > x2 + 8x + 17 ~

[4

(6) y < —x2+2x'

- 2

(7) y < x° +1

2
(8) Yy € -x + 3
& -
(9) h the graphs of (7). and(8) on the same axis and by shading,

indicdqte all points that satisfy both inequdlities 51multaneousl .




Chapter 7 :I‘EST

1) One root of the equation 3x% . 10x 4 k= 0 is 1/3. Find the

value of k

. 2) The equation x + ,xz +3 = 3x has: >

(1) both +1 and -1 as its roots"
(2) +1 as ite¥only root
(3) -1 -as its only root ~
(4) neither +1 nor -1 as its roots
3) In the equation x2 - 12x +k = 0, the sum of the roots exceeds the ‘
. ‘
product of the roots by 2. The value of k 1s
\ ‘ {
-
(1) -{10 (2) 10 (3) -14 (\‘9) 14
. . . |
4) It is required that.the roots of the equation 2x% +kx + 4 = 0 be |

real numbers? A value of k which will satisfy this requirement is

(1) 0 {2) 6 (3) -4 4) 4

N

5) A value of x which satisfies the equation sinzx -4sinx+3= 0 is
(M 2 @ . (3) 3 /2 (4) 27
6) The equation x° -6x + 4 = 0 has
(1)’ 8 and -2 as its roots (2) 8 as its only root '
(3) -2 as its only root { (4) no roots
—
7) Find the positive value of k such that the following equation will
have equal roots: xZ +kx+1 = 0

8) Find the valye of x greater than 90° and less than 180° which

satisfies the equation 2 :zin2 x-.,3 sinx= 0

v

' ‘ ¢ L]

Cry

i o




9)

10)

[
-
~—

12)

13)

v M
3

The sum and product of the ‘roots.of a guadratic efﬁiﬁ'cn%.re -5

and 4, respectively. An equation sétisfying these conditions is

4 .

&%) x2-§x-4=0

(2) x% _-4x-5= 0 : \f\

(3) x2 +5x+4= 0

+

2

(4) x“ +4x+5= 0

)

What is an equation of the axis of symmetry of the grai:h of

y=2x% - x-5?

x =1/4 (2) x= 4 (3) y=1/4 (4) y = 4

- I, s
Find the the nearest tenth the roots of the equation 3x“ - 4x - 2 = 0,

’ .
I, in parta, x = cos t , determine the quadrant(s) in which

. S ‘
angle .- lies. ™~

In the following equafion, solve for tan x to the nearest tenth

tan2x+2tanx= 4

Using the results obtained in part a), find to the nearest degree
g ‘ , , 5

the value of x in the second quadrant for which tan2 x+2 tan x = 4,

Draw the graph of 1 equation y = x? - 2x - 2
Using the graph made 1n answer to part a, estimate to the nearest
tenth the values of x which satisfy the equatiopn x% - 2x - 2 = 0

Using the graph made 1n answer to part a), find-the minimum

value of k fqr which the roots of the equation x2 -2x -2 = k are real.




T 7-3
\
14) a) Graph {(x, y) T y¢ 4 - x° and y>2x +1 on the same

. . t
set of axes and indicate the solution set.

b) From the graph drawn in payf?k find the coordinates of

o

a point in,the solution set of (x, y) vy <4 - x2 and

AU J y> 2x+1- - ’ , -

. .
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'CHAPTER 8~ SEQUENCES AND SERIES .

*

. . . ! , {
Until now you have utilized only a small fraction of the power

) ; 0
<’o£ our calculator. this chapter you will extend that power in important
oty }\ y tp m

.
b

d ' * .
ways. Most important you will use the calculator as a decision-maker.

.- -

This issthe calculator function that leads some people to humanize ca%cu-

’
~

lators as ''machines that think '; you will see, thevg r, that the thinking

.
[

.. .
will be yours, the programmer
V ) ) + '- . ‘
At the same time you will stud¥ lists of numbers called sequences

and develop some importénb ideas that relate to two special kinds of se&x-.

encés, those called arithmetic and geometric. )

L4

8.1 What are sequences™ ) RN
4 ‘ . . . . , . \~_/

-~
+ What is a sequence and what is a series.” We »}xﬂ answer these ques -
. : ’ .
-2

tign&y examinifng an interesting -program, ohe that will use a feature of

- L .
your calculator we have not used before. : g
~ “ i . . 4 ’ -
. N . »
» Enter the following program in your calculator: / ' )
v : '
* -/
. I~
. ) ’ te . A
, \ : i '
',. » = o * 5
B ‘ W »
. v
. L ¢




. . 8.1-2
- .
' HP-33E : TI-57
& - . -
PRGM ‘ LRN . .
01 PAUSE 00 \ PAUSE ‘ ) |
02  PAUSE A. 01 PAUSE . |
03y* 37 N . 02 PAUSE : ‘
04, + - 03 -+ :
‘ 05 - GTO 01 04 .3 1
: RUN, RTN 05 =
~ FIX 0 ' ‘ \?e RST _ r
N LRN, RST  _ ' |
* ’ S \,;/ ‘ . A . : . . |
, , ~ .
- ° o 1
Now let us see what this program dqes. Key 5 into y'Our display’ \/
and press ‘l R/SJ}‘. . . . ,- . ‘i ~ 1
& What you see displayed is called a SEQUENCE,™ a list of specified
. . . ¥
. T - ’
)-: numbers. To stop the pyogram press. R/S | again: you may have to hold )
it down for a second or two. You could start again from where you stoppe‘d
1 . - - ' : Q-
by rekeying R/? i, butinstead reset your calcula‘tor b_y keying |RTN J
‘. (HP33E) or | RST| (TI-58), and restart by keyirig in 5.
) - . , :
.Reryn your program, checking your first tem numbers against the fol- ~
lowing list . ot . ’

Lo i %
. . 5,8, 11, 14, 17, 20, 23, 26, 29, 32 R a
. A ‘ oA, . ’
What we have listed is a sequence with ten TERMS. .The fourth term is .

b

14. The fjgst term, which we will designate’ a; is 5.. THE last term (in r

«
,

this case the tenth); hich ave will.designate L ‘(for last) is 32. . This ie
& L Kb/ : T

' }

w




. | . 8.1-3\ .

~ l . ’ - a .
an ARITHMETIC SEQUENCE or ARITHMETIC PROGRESSION because

7

there is a common’difference d = 3 between terms. What we have listed
A4 /

is a FINITE SEQUEI\LC\IE bec‘ause there are a specified finite number of
N ,
‘terms, 10. If you think of your calculator as running forever, you can |,
"\\\ ' T

think of the sequence neve} stopped as an INFINITE SEQUENCE. This in. @ ‘ |

§ . N . . . * /
finite sequence could be displayed as: ’ T ! .
, . .
S (LT IR TR O ;’
e . ) , b
the three dots at the end meaning ''continuing in the same pattern.!' The . _\ /.
fimite sequence could also have been displayed in this form as:
. - - . 7 -
5 r
{5,811, ..., 32} ,
. Note that in any case where the dots (ellipsis) are used, enough terms must
be listed to specifly the pattern. ,
% B
, ’ .
Exercise Set 8.1 , .
1. Run the program of this section for a time. Stop i\ { ) when you
’get a nyrthber over 100, List what you believe willlbe the ‘next,fr."e
N numbers to appear’ Check by restarting the calculator ¢ { R/S { ).
If you made a mistake, try again for the next five numbers until you
are successful. ¢ . : . s N
2. What characteristic of the sequence gave vou your ans;&er in (1)° ] i
IS y . ‘
- -
- ”
Q 2 {1

2




“ S i

3. Form a new sequence generating program by substituting for two
b}

steps of the program on page 8.1 - 2: . ) “
HP-33E J_Lj— 57 ,
—7—— . ———— ’
’ s 03 R 06  x
04 x : 07 2
“‘ You can do this by keying over the old steps or by reprogramming entirely.

This time start your program by key‘ing

4

R/S

Record the first five terms gf thi1s sequence.
< -

4. The sequence you generated in gxercise (3) is éalled a GEOMETRIC\

SEQUENCE or GEOMETRIC PROGRESSION because it has @ common ~

multiplier, aenot;ed r {(for rate). Find I for your sequence. (Check _
' ~ ‘ . . \
— by dividing any term by the preceeding term. )
’ M -
@ 5 What are the next three terms gfter 192 1n your geometric sequence”
. ' Answer without your calculator, then check by using it. .
6. What charactetistic of the geometric fequence gave you your answer
. . .
in ( 5)7 . . 4 PR,
. - L4 . “ ]

7. . What is a, the first term“of you;' geometric sequence ™
8. Whatis 1, the last (5th) term of your original-geometric sequence”

g
Q 9. .Is an arithmetic sequence also a geometric sequence” Check by look-

g

ing for a conMant r.in the example on page 8.1« 3

10. Isa geometric sequence also an arithmetic sequence”. Check by look- =
. . » ;
, ing for a'constant difference d in your answer to exercise- (3). ¢
O . - .

“RIC o o A
LRS- o Lo ey
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8.1-5
. -
£
11. Reprogram your calculator as follows:
p d
s | HP-33E v 'TI-S
PRGM LRN
PAUSE PAUSE
- . PAUSE ‘ PAUSE
. 2 b’s
. 2 ’
3 -
- 3
* GTC 0l =
RUN, RTN RST r
FIX 0 LRN, RST
Run this program stapting with: »
» 4 ( ,
p——— \ -
R/S
-
Record the first five terms.
12. -#«[g your sequence in exercise (11) arithmetic, geometric, or neither?
% ' : )
13. Try your program with different starting numbers. (Be sure to kev
RTN or .RST first.) Record the first five terms 1n each case
(a) , b
(b) 2
’ o
(c) 3
» 14. The sequence in exercise (13(c)) is called a constaﬁt seq\;e\ﬁe
Why?




8.:1-6

- -
15, Identify each sequence in exercise (13) as arithmetic, geometric,

or neither.

. 16, Think of some dther rules for generating seqliences

“




8.2 Series: Sums of S'ecLuences

Frr-the-text of section 8.1 and j

s (3), (11), and (13c¢) for
that section we generated four sequences with our calculators. We will

label these sequences for convenience:
\

A= ‘{5, 8, 11, 14, 17, 20, ...} )
G= {3,6. 12, 24, 48, 96, ..}
Bi {4, 5, 7,11, 19, 35, "

‘ . c= {3, ; 3,33, 3, ..)

We will use these exampies of sequences to form series.

>

RIES are sequences which are sums of other sequences For
" - - s —_ A

example we may for’a‘series from sequence A in the following way:

{ ' T -
. . ist term. >
2nd term- .5*8= 13
3rdterrr'1: 58 «11= 24
: ‘4thtarm,: 5+-8~11+14 =38

3

and the series assotiated with sequence A 1s '

P rar= {5 13, 24, 38, 55 73, ...}
Clearly you'cou\ﬂi;shorteﬂ the EaZlEtxﬁﬁon; talways important for either

efficiency or laziness) to adding only the next term:

lIst term: 5 ) (

2nd tedm: l; ~-8=13

brd term: 1370 11 = 24 4 ‘
"y ‘,.—4th term: 24 + 14 = 38 € - ////




»

8.2 -2

We are often interested in a ﬁa‘f'ticular term of a series called a

partial sum. We will denote partial sums by indicating the number of

i
the term as a subscript. Thus ' .
) S_(A)=13
2 ’
S =755 IR
Similardy you can check by addition to see that v
N -T'\
: S.(GY =21
» 3( >
How can we use caiculators to find the terms of a series”
" 1
If you thought about that for a few minutes you would see that vou could
do this by modifying your programs for sequences in order to accurmnulateé |
the sums of.terms in the following way: N

o

1. Place first sequence term in accumulator to form S1
: [—) 2. Calculate next term of sequence. -

‘3. Add this to accumulator

4. Return to step 2.

Note that the LOOP we form by returning from step (4) to step (2) is just

like the loop we formed in calculating our original sequence There 1s

one catch, howevex:; we must retain two separate terms, the term of our

sequence (needed to generate the next term) and the term of our series

j(also needed tq generate the next term). We can do ‘his.,b\}{ setting up two ]

Al - »

storage locations R_L- for the sequence term | : 1

R2 for the series term



' N
Now let ds set up our program, for summing the sequence 5, 8, 11, 14,

7 ! v
* HP-33E ' TI-57 : NOTES )
PRGM . LRN- »°
o 00. STO 1 :
N 01 STO I - Store the
02 STO 2 0l STO 2 initial term
' ' inR_ and R
- 1 2
1 r‘+ 02 , ¥
—» 03 PAUSE Display the : !
03 PAUSE sum so far
04 PAUSE 04 PAUSE .
— - ~ ~ v
é ,
_____________ P _— e e e e o — -
y ) ]
095 RCL ! ' Q5 RCL 1 )
, ) Calculate
26 3 ! | e ~ the next 7.
T 07 3 sequence "
07 =+ ) 08 = - term ®
‘ o . -
_____________ e e - e e e R
! .
08 STO 1 02 STO | Store it in
| . . Ry
: L ’
0% STG 3.2 10 SUM 2 Add it
- to R =
° %y
_____________________________________ " -
10 RCL 2 ' .1 RCL 2 Recall the new
series {sum) term
-~ 1l GTO 03 o L—12 G101 Loop to v
) ) " display
, " RUN, RTN " LRN, RS
o FIX 0




8.2 - 4

2

Now the series program may be run by keying

5

IR/S

| S —

&

P.un the:program and check yofn: results against the terms on page 8.2 - 1.
Several important new calculating concepts are ir;troduced here. The
first is called REGISTER ARITHMETIC. You can substitite a new value
for an old dne by 1l<ey'ing ‘.
' STO n . ,

But register arithmetic allows you to modify what is in a register. For

.
-

example, if the number 5 is stored in R, and we key ‘ <

HP-33E TI-57 .
'8 7 8
STO + 2. or SUM 2
. ' |

* ’ 4

The result will be'13 stored in RZ’ 8 remaining in the display. By similar

techniques registers mY have their contents modified by subtractipn,
, N .

i ] :
multiplication, and division o |

Much more important is what we have designated LOOPING. One

) 4 . ]

of the greatest powers 'of the programmable calculator (and the cemputer)

1s this ability to repeat ‘Operations over and over at the programmer's 1n- 1

°

struction. ~ \ ‘ . ¢ J

-

Some calculatqrs allow looping simply by a GTO instruction followed

by a specific step number For exarr;ple, the HP-33E instructiw 1

»

GTO 05 ) ) .- 1

‘ &5y \




8.2 .5
‘ y&ill' se;ld the calculator to instruction nu’mber 05, to carry onfrom
there. Other calculators like the TI-57, require a label to be inserted
where; the program is to be sent. In the program on page‘ 8.2 - 4, ft;r
example, the label 1 is mserlted i1;1 step 02. "I'he program is"
directed to that etep in step 12.

\

Exercises 8.2 p

1 -4 (HP-33E), 5 -8 (TI-57)
For each of the folﬂlowing sequences of steps, tell what is in

R and what is in the display.

\ N
(i)l 5 (2) 5 \ T (3) o) (4) 5
- STO .1 STO 1 ; STO 1 STO 1
4 4 4 4
STO + 1 STO - 1 STOx 1 ¢ STO :
(5) 5 (6) 5° (7) 5 (8) 5
STG 01 . STO i STO 1 STO 1
- -
4 4 4 4
SUM | INV . PRD 1 NV
StM | ) PRD |
Noe '

» (9) Program vyour calculator to disp.iay S(G). {Recall that G is a
L geometric sequence with r = % }) Record tHe first six terms. .

{10} Program your calculator to display \S(B). (You may wish to refer

to section 8. 1 to recall the generating rule.) Record the first six terms.
(11) Proéram your calculator to display S(C). (Recall that this program 1s

the same as that of exé"r'cise H’Q) but with a different value of a ) Re-

| cord the first si1x terms.

) ; . e . ,
l ‘ 255 .




(12)

-

(13)

(15)

Is the series in exercise {11) arithmetic, geometric or

neither”? Why?

Calculate S,(A). (14) " Calculate $,(G)
Calculaté S, (B | (16_:)\ Calculate S, (C)
_ {
\__\ *
4 - -
}
/
7
.. /

' » - ~

oS

Ve

=~
\“-———'
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: —
- Y
8.3 Beating your calculator: Arithmetic Progression Formulas

Since you are the controller of your calculator, vou eught tq be able

to beat it at wills 'For example, 'if you want to win at the simplest level,

ask your machine the sum of ?.4,— 2. ' Before you have time to touch the

-~

keys, you know and can ''beat'' the calculator with the answer, 4. -

~

But here we seek to beat the calculator in a quite different sense. We

/

want to analyzeg arithmetic and geometric secuences so that we can find

information like the th

irtieth term

4aa

ina yfrticular sequence or the sum of

those thirty terms qulcke; than the brute force methods of calculation of

sections 8.1 and 8.2

* To do this we will develop some formulas. In doing so the followigg

notation is used:

*

, a- ¢ first term'of a s'eque:n.ce
d - camron dlffe}'ence of an arithmetic sequence
-ﬂ- last term of a finite sequence | \
n - ’ number of terms of a sequence )
SpfX) - sum of the first n terms of sequence X.

First we examine arithmetic progressions, first term a

diffe re\lce d

lst term:
3
: Qnd term:
[ J

3rd term-

4th term:

. ~

A g

[\\]

, common



- ‘ 8.3 -2

. _ .
: > : o

J
Do you see the general pattern of the terms? - Notice how the coefficignt ) /

of d is related to the number of the term. This suggests the general

* .
term } o . ]
n term: a+ (n-1)d .
' ' : ) J
This formula is-usually stated for a finite arithmetic sequence of n
. ’ 1
terms: ' - 7 N
N L=a+ (n-1)d ' ‘
€ - ]
-«
Example 8.3, ! Find the 50th term for the arithmetic progression . 1
{5. 8 11, 14, }\ | 3 -
- w ) - -
Colution: Herea =5, d4d=3, and n=z 50, "so ' ‘

Now we consider the terfps of the rel'a.tpd series. Recall that we

. i . 1
i |
‘

must add the terms of the corresponding sequence. First we look at the ¢
"$equence and serie’s together: - J *
N TERM ' SEQUENCE SERIES
' o , 1 - a a
Y 2 -a+d . 2a+d
~ 3 ,a+2d. 3a + 3d AN
4 a + 3d ' 4a + 6d ‘
5 a + 4d - 5a + 10d .
L f .
- ‘/ )
' -
o . n - a + (n-1)d ?
N ]
e “ - . . . ~
N ©T

It appears that the sum is' of the form Sn - na + ? d, but réplacing the ?

\]

[ S ' : Y

1s a problem. We employ 3 great trick. L, . -
. - \(. :
R

be 4




-

. t‘h. .~ " . . 4
First recall thatthe n term is |adso L. Thus we can say that the

’

sum of n terms is:

3

n )

S :a+a+d+a{«-2<:i+.,.. +f-2d+fd+L -
- N £ .

Now the trick. ' We write this formula twice. the second time reversing

-

the\/or;ier.
. » , ~ K 1
Sn-a+a+d+ar2d/+...+‘-2c‘l+, -d + 4 X
e o
o Sp=itf-d+f2d+ ... +a+t2d+afd+a '
d dd 1 . ‘ ) . . . / -
and add (1) _ | ' p
25 =a+l+ é+j+ ath+ ... +a+l+a+l+asl
14 ! - ‘ ‘
]
Now since there were n terms in Sn we can write this as:
ZSn,:n(%Jr[) T .‘ ‘
from whic‘h:’ : . )
n R -
Sp= 7T (a+})
Example 8.3, 2 Find the sum of 50 terms of the arithmetic progression
{5, 8, 1L, 14 ... ] « .
* -
. . , ™ ' .
Solution: a ='5, /'= 152 (from example 8.3.1), andn = 50 %
- " 50 . )
- © S = S (54 Fs2y - 25 157 = 3925 .
n--
" In example 8.3."2, we needed to know " in order to use the formula
. * 4
i
~for S. But we kr\?w a formula for [ We can substitute it in our formula
. ;
) for S. . ) « . !
[N ‘ 4
- V4 . - ' .
. Since ;- : . n
: I*a+(n-1)d and S - 5 (a4f)”
’ ' 2 l ‘ -
; . . J . N L




8.3 -4

\ .
LS "~
-/ “
A we have _ C
u./ i . n * ' n s
S= z’{a+a+(n-1)i:1]= ¥ [2a + (n-1)d]
| We can multiply out the brackets to get
, n(ri-1) .
K . Sn * 2 d (%)
, which relates to the values of the table on 8.3 -2, but the formula'is more
often given in the earli{; form .
g s
- n
S= 7 [2a + (n-1)d]
‘ | o\
Example 8.3 -¢3, Find the sum of ten terms of the arithmetic
7 ‘progression {-7, -5, -3, -1, . }
\ .
Solution: a = -7, d=2, n=10. ’
' 10
\ S = ?[2(-7)+(10~. 1)2] = 5[-14 + 18] = 5-4 = 20
. /"‘\
- . N , . /

LN
ARITHME TIC \PROGRESSION FORMULA SUMMARY

: 1.

» .
) L

Rl

p o Exércises 8.3 '

a + (n-1)d

= (as])

n
2
;[Za + (n-1)d]

oo L
' Given the ari’netic progressions ) /
. ")

. p-" {1,5,9,._} :

Q = {-19, -16, -14,
{ ) } 2ot
R = flz,’-w,--s, 2 .
< ' 7"'\-_______
) This formula will be referred to later in Exercise 14,

IToxt Provided by ERI
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11)

12)

(4}

ro),

J .
- ' Vi
s = {0,075 150 ..} ’ .
T = {1, 2,37 .. - -
"formulas developed in this sectionito answer the following:
: . . \, . ! t
Find the tentk term of each sequence :
Using (1) find the sum of the'fi'rst ten terms for each sequenée,
. Find S15 (S). - 4) Find S,0(Q) N )
. Find S3O(P) - 6)" Find ,S_3O(R) -
th :

“term of T7?

-

What is\gbe n
Notice the differenc;e in i_i‘g\nnof the answers 1n exerc1se's 4) and 6)
”fr_orﬁ\the initial terms of the sequences added. How do you explain
'this ? |

Find Sn(T). Your answer will be in terms of n.

Now it is time to see if you can beat youx: calculator. Using the first

] r .

progi'a_m of section 8. 1, time yourself as you find the 30th term in

, v
the sequence {5, 8, 11, 14, . } (Note: yow will have to count
as the calculator displays terms until you came to the 301"‘h ) Record-

this }Oth term as well,

i

’ ’

Iig,‘ time yourself as you calculate the 30th term of {5, g8 11, 14,

¢

using an arithmetic progression formula. Check your answer against

. . 4
thdt of exercise 10; the answers sh‘oul.d be the same (I.f"not: did you

~

. - .
forget to count the starting term, 5”) Why are your times dxffer\nt"

Repeat exercises 10) and 11) butusing the first program of section '
. 8.2 to find the sum of the first 30 terPs of {5, 8, 11, 14, ) } )
. o
LT [
¢ : "




) . ) .
\ L

13) In a famous story the young mathematician, Frederick Gauss,

4
Cr AL
answered a school question designed to keep’students busy, in a

matter of seconds. The exercise was to find the sum of the first

100 counting numbers. Gauss did not have our formulas handy, but

’
S

he may have used the trick of our proof on page 8 3 - 3 Solve

»

Gauss's problem hy this, method. Start with -

S= 1+42+3+.,.98+93+100.

o ..

14) Recall that the terms of the series in the table on page 8.3 -2 were

> {a, Za+d, 3; + 3d, 4a ~ 6d, 5a - 10d, . } Compare the terms
of this series with the formula marked (*) on pagé 8 3 - 4.
. ) /
!
2 N '
-,

.




v

Beating your calculator: Ge®metric Progression Formulas

\.u v th A . .
ug_ for the n"" term and the. sum of n
terms of a gepmetric progression. Here we will be concerned"with I,

-

<

In this section we seek form

the common multiplier or rate, rather than d, the difference begween ‘

terms. Otherwise the notation -- 'Sn(XS - - will remain the
T ; 2 ‘

. ’ , . 14
sSame. . p ? . ' e
’ - e

First we examine the terms of a geometric progression:

v .A

-
,

IStterm: a

an term:

3 rd term:

(S

L
4 term:
-

Here the pattern should be clear.

P term (1)

¢

and we state this formula

L= ar™!
™ ' ' ' t

. o\

Example 8.4, 1 Find the fifth term of the geoﬁgt‘nc progression

le would merely double twice more
but the formula solution 1s

f=7-2% =716 - 112




L\

) - © 8.4 -2
N
. 4 LERY )
\ o . - . ’
S Example 8.4.2 . Find the tenth term of the sequence . 12, €, 3, -2— ,
' T ' ' .
Solution:- Here a =12, r = - PO 10
- ) L4 i
) . 9
’ D=2 (- 4y
. 2 . ‘
'Check with your calculator” that this is 2 = -. 0234375 and .
that this is also / = -3/128 . ) W \
N;w‘ let us attempt to defive a formula for S (X) where X isa
geometric progression.
TERM ' 'SEQUENCE - ' SERIES
. . [
1 a. a F )
2 ar §'a + ar
‘5 . :ar2 ; ) §a*ar far2 .
. 4 \ 3. ' ‘ 3

: 2
. AL \\ . a + ar’+ ar_ =+ ar
‘ +

.l
.

We should have expected somethu"xg messy like this because we are multi-

. . }
-— 'pl(igg ig\tbe sequences and adding in the series. At any rate sriting our
: oo . PN

formula as

~ . 3 . n-2 n:l
Sn:a4ar‘+ar +ar +. . +ar ~ar

. % ’ -

1s no.shortcut. It 1S rperely adding all of the sequence terms. We could
F s

AY
. ~ g » . . -
, have done that without a formula,
~ But now is the/time for another trick (In stage plays this 1s called
deus ex machina - . mechanical contrivance or godly intervention.) Here

o

Y

If.your calculator will ‘nat.ac cept a neéative base in the calculation.
determine the sign of the answer by observing that even numbered
terms are negative, then calculate the decimal using 1/2 as. base

. o A

. 2:)4




/ . 1s ours: we multiply each term by r, giving:
1 ' ’ . .
. e 2 4 ]

) rS_=ar +arl +ar .+art +....+ar + ar’ ¢
and subtract from the first equation to get: . .

. . n

£ Sg-r1rSy =a-ar

. AU -~

* the other terms having dropped out in.the process. . oy
. Y .

Now we can factor the left member v

@ ‘ . )

S
~ . L,

.. v . : )
and divide by 1 - r to obtamn ) . Z\,

. A ' y
] . .
!~ . i 4
- ) n
~ a - ar
n- 1 - r 1N

/- . -

Examplae 8. 4.3 Find the S

\'-';\J

,(X) ‘where X = {Qloo, 110, 121,

Answer correct to two decimal pfaceé.
Y ) . X .
.Solution: ‘a =100, r=1.1 n=5 -
6 , .

v~ 100 - 100 (1. 1)y - _ 1004l 1)

56’ 4 1- 1.1 ) 0.1
° T A"E\ -
\ Check by :alculator that this mm;ﬂifiésfto " . S

. 4 -

6-100

-
thangmg signs)
R WA I

i
s, «’171.56 - :
5 S A

o

3
In our development of arithmetic progression formulas we also hau
: . o n-1 J  n
y formula for S, 1nvolv1ng(f. Noting that j = ar and, rf =ar we
Ld . . . “ .
N can substitute this in the boxed formula above to get ) .
‘ l 1 . fl’ . .

a -r R /
Sp. = =T \ ]

1 -r »~

29; . Y




: I

A}

N

8.4 .

’ n-1
i R ‘£= ar
. a4 - T ry - a
A Sr——-‘L or S :1’—
1 -r n .r .1
n Ti
- a - ar o~ ar - a .
S>pP® ———— Or Op = —mm—
' . ]_-r" I‘—l
|

»

P .
The alternate formulas are the result of changing the sign of numerator

In summary we have the three geometric progression formulas

and denominatar of the first formulas. They are useful to keep signs

¢ .

positive th exercises like example 8.4 3. . <
¢ ‘ .
Exercises 8.4 . ' »

) R

"1 - 8. Find the indicated term. Be sure to dete}mine first what kind of

-

[ ]
¢

sequence 'you have.

{50, 10,2, ...} 197 . 2) {12,108 095 }a1°f

3)  {1,.0.4, 0.16, . 7th Lo {8 6 2 }/12th
,.0.4, 0. ] . , -6, 2, ... .

h

5) {1, sin @, sm?\g, '.} 8 < 6 {tane, 1 chme,. .} 30"

nodL2,4 07, 11, 06,7 ) 8™ 8) {2, 23 z 2tk

9 - 16.‘ .find the sum of‘qach sequence ]

9) {40, 20, 10, ...} 15 terms ip {1 172, 174, ) 20 terms

A , 4

SUN I S S ‘8terms . 12) {4, 2.5 1, ..} 12 terms

13)  {-18, -6, -2, ...} 13 terms 14) {3,3.25 3.5 ...} 16 terms

15) ’{1, 2, 4,8, ..., '63.84} i6) [s00, 250, 125, .., 3. 90625}

Al

of the geometric progression {3, 6, 12 }

24,

17) Now we test again to see tf your shortcut formulas beat the calculator
. s .

' . th
(r program. Use the program for 3 of section 8.1 td find the 20 term

Record tl\c\tlme taken,

~

L




\

e

8.4 -5

Ve

18) Find L in exercise 17 by formula using.your-calculator but not the
. - . ' /\
program. Record howlong it takes you and compare with your time

v

}

in exercis'e 17. ’
19) Use the procedurp's\of exg_gcisets/l'?'and 18 to compare times to find
-~ -

. the sum of 20 terms Of the geometric progression {5, 1, 0.2, .. }
. N
r: .

20) Use the identit'y‘ s o ' n =
' - -
‘l+r+r2*r3+.-.+rn1= -
-r
¢ \ toconvert . ‘y ) n-l: ' g
Sn: a tar +ar- + ... + ar
. n
. to the formula § = 2 -2
n -1 -r
{1, 10, 100, 1000, . z is a geometric progression. What kind of

sequence is the one formed by taking logs of each te;x"r{n" (Use your

¢
.

calculator to convert if necessary )
22) {10, 1, 0.1, 0.01, ... } ) 18 a geon'letric prog-. ssion’ Wh;{kind

' of sequence 1s forméd by taking logs of each term?
. : : - 1 ,
23) Write the log equation fgr 1= ar’ . How does this answer compare

L

A}
with the arithmetic progression formula for £°

/ v
) ) {1, 3, 5,7, ... } xskam arithmetic progression. Form a new seguence
r\ﬂ’b . T 1 3- ‘ . :
# by using these terms as powers of 4- {4 , 47, . I . What kind ~f . ; g
I .. ’ 1
is this? ’ 1 )

25) Using the ideas of exercise 24, show that by using the terms‘<of the arith-"

N >

‘métic progression {7a, a+d, a+ 24,

as powers of x (x> 0) the new sequence formed ®
« ] .
7
If yoy are good at polynomxal division you can check this by d1v1d1ng
1.r )*1 +0r 4... 40 " You may wxsh to try s«p\emal cases Like'n = 4

. first, ..
Y 331

»



. N

is a geometric progression, = - ‘ -
\\ ’ ) ’ “
25) How are r and d related in exercise 25°
. =
| 9 b
-
+ r
!
. \ N / '/
D, .
. ' _ \
3
, ) E
) (
.. ] oS
~
. .
, .
- ? - . r
L]
1 ° e
. .
. . . — * v
B ” «
. . ¢ L% . N '
+ + A - )
L]
E3 "
Y ] ° ' .
-~
L — . 2 K N
) \ —
.I )
o . r i
. .
DA - \
(\
. Ruyg | .
- .
- ,’
- . .
" * ¥ . -
l b ) P
O . ..
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8.5 Counting Loops’ ‘ ;o . ‘
: . ' -7

" Ya * . » . LY

’In sections 8.3 and 8.4, you should have realized that we were unfajr

. ) ) .
to the calcu@or when we used the formula and forced the calculator to

‘cakulate terms (with longe pauges between calculations. ) 'If we had pro-
ms (Wi & P

. . R \\ . . - .
grammed the formulas"mto the calculator all of us but calculating prodigies A

4

.

would have lost the races set up in the<€xercises.

2 We have also used very rudimentary programs for our computations.
. b - ‘ »
After all, if we're interested in only the 30th term of a program, wlhy dis-

.

play all the terms up to that one ¥ And whyjask ourselyves to keep count?

In this section we assign counting to t}A(calculator And in the next.we program *-

- Ce . -
- « 7

it to calculate answers directly. >

, = . "‘/ ' oL -

N .
= -~ * P - /—?\

rd

Counters are easy to jnsert into loops. Mérely establish a ne\x.".storage‘

»

location, say RS' Be sure that this 1s rot used in athe%i: of your
" # program. Set RS = 0 at the beginning of phqgrAm opetation and thet insert

) ——

the fol‘co%steps at an appropriate pléce in your loop:
- » , 1 - . - . ‘ .
HP-33E TIi-57
o o0s —_— !
' ~ 1 . - o1
STO + 5 © SUM >
1 L]
' * To show how this works, here are programs that will jﬁst include this '

’
P

counjer, displaying the result at each step:

, o -~
P : ‘ N

,./




8.5 .2 d
N M €
' y ’ .
- . HP-33Eq . . 1 - 57
“ . N Es B 4
.. ‘ -
{ pR%y N -LRN 7 |
0L , . * 00 -0
02 . STC 5 ¥ 01 sTO 5
03 v ] | e 02 Lbl }
o, .- 03 1
~ 04 STO + 3 04 SUM 5
. 05 RCL 5 A 05 RCL 5 :
, - 06 PAUSE ., 06 PAUSE : 1
07 GTOH03 ¢ | 07 GTO 1 .
\ SUN,RTN ~ , JLRN, RST . \
] .\ * |
4 T
K]
. , ot ' R ”
Now let's insert that counter into a programi to let it-take over our
+ ' - 1

¢

¢ounting of steps. We w:x'll do this by modifying out program of section
8.1 for generating sequence terms. We’ll apply the tec}mique/to our old
; ;

friend , ’ .
{2. 5,8 . !
u , ~ th
Here are the programs. We will use RO = ar1 {the n  term), R’1 =

-

" (the counter) . .

*

HP-35E T! . 57 Comments
PRGM LRN .
. ! - ’
STO © 00 STO O a into Ro :
0 - . 01 0 set counter th to O
sTO "~ 1, Q2 STO I’
1 . 03  Lbl 1
STO + 1 04 1 .
RCL 1~ 05 SUM 1 ® . .
* PAUSE 06 RCL 1
RCL 0. o !
PAUSE - . .
3 it} . ‘
¢ ’ . ,




11 4STO + 0 Increasé counter S

12- GTO 04 by 1 and display
RUN, RTN s
‘// p Display a
Lalculate i
. ' Loop
T . o . .
i ‘ LRN, RST
. co '
| | @ <
Enter this program in your calcula®®¥.  To run it key A
h‘ ) * v \‘\Q’q
- 2 (this is a) ) . "
R/S"™ o
’ R , -
-Your calculator will display 7 then a . Note how much faster it runs o
. o . - , n
olr earlier programs because we inserted fewer PAUSEs. ’
- . 7 5
[
S“Exercises 8.5
‘1 -4, Use the prograﬂn of ‘this section to find -
o g '
210, , ¢ e, R T
Time your calculator to find how long it takes ‘to calculate a0 L
! ¢ ‘ ” [y ’ N
Use your answer in exercigse (4) to determine to the nearest tenth
of a second how long it takes for the calculator to c'omplﬁ each loop.
Modify the program of this section to generate the geometricpro- i

3 L)

Use it to find

. »
gression {3, 6, 12, } with a counter,

ag «7) a15 8) . a30

How long does it ke your calculator t&célculate a40 for this sequence?

What term in this sequence is 196, 608 / . . *

4 A
How many terms of this sequence are required to generate a term over
\ .

100, 000, %>

’

Jr




\

'y

- . ]

- . L
12) Modify the program for Sy (X) for X =/{5, 8, 11,
. j ‘ |

\ ~ ik
!
¥

13) .

¥= {376 12, ...

"8.1.2) toinclude a counter.

4

Aol

r'd
-

/

8.5 - 4

]
(]

. -} (see

U_.ae it to calculate ?190(X)'

Modify the program of exercise 12 to calculaj:e Sn(Y) for -

Use it to galculate S_ (V).
se it to ¢ cu’e 10()/

-




R 6 Machines that Think

‘ .
: . \
There is a useful word in the English language, anthropomorphize,

which mean@®: aesign human characteristics to non-human things. Thus .

we have {often in children's fairy tale's and nature stories) animals

i

o~ ‘ talking/ flowers falling in lox}e, or even a caterpillar smoking-a pipe.*

»

4 v T

Now _a.nt}iropomorphization is being taken out of the WOrld' of literature and

-

. extended-into the real world of modern science: somg scientists speak'

.
seriously today.of machines that think. We have seen them f®lowing in- .
H ]

structions quickly and accurately. (For many of us those are not human’

traits.) But we have not yet let them perform their '"'mostchuman' role:

-
-

- Y
g;xaking decisions. We do so now.

3 . .»' . .
What’shall I do tonight? What TV channel should 'we watch® Shall
Igotocollege” To answer these questions we make decisipns: in these
exa,mples very complex decisions, As logicians analyze these questions

they find that most can be reduced to one or more so-called binary ques-

tions, questions that hdve only two possible answers: yes or no.

In numerical work the decisions may be further refined to questions

.
-

like
Is a= b”? Is a > b? Isa_>_b"

L4

Lt .
For specific values of a and b, . these questions have yes-or-no answers.

-

We can program the ca.'lcula.tor‘ to ask such questions and do different things

depénding on the a\nswe r. This clé(cely mirrors the kind of human decision

Q ¢ 3‘)\)




/ 'r ‘(
{w‘ / - B
, ‘ ) 8.6 -2
) s & o= &f ! f
\ . | — ~
3 7 4]
ih the following diagram . ~
. -
’ - &o to the (-;NO .raining Go to b{le '
. ball game - outside movies
> h
Suppoese we wish to find the ZOt term of the sequence «{2, 5, 8, ... } .

! ° > / ~
~ REGISTRR. | PROGRAM REGISTER  PROGRAM
y | 20 19 x = y? YES 20 19 x= y°
: 20 GTO 22 . 20 GTO 22| No
x 20 . [’211 GTO 5 17 21 GTO 5.
) 2 RCL 2 ] 22 RCL2’

I\

In section 8.5 we progran}med our calculator to count the number of the

4

term g0 now we can examine that number to see if it is 20 as follows:

- ~
ha ”
hi . .
LOOP |, NO v Is this YES Display a ¢
- again | ' 7 term —» v 20
- ) a5, ? and stop . /
y .
4 . T o y ’
Different calculators have different decisidn making procedures The

HP-33E cém‘ﬁares the x-register with the y-register. If the answer to

" the questionnaé,ke"is YES, the calculator continues to the next step; if

v

“the answer is ..-,N‘O, however, the calculator skips a step.

-

.

The TI-57 does not have a y-register so a spec)éﬁ store called a

/A 1" £
_t-register is estflished,'

us.e of the y x ¥

30(}

t

A number is placed in the t-register, R,

{

St ke)g. Thus if we wish to place 20 in R,

.

we merely
L] :

=N :

by




¢

key 20, 'x = t.

-

L]

——
v

Thdt number now becomes_our com\mris on for the

‘question, "Is x = £°" An example follews. Y
REGISTER 'PROG RAM REGISTER _  PROGRAM
e [20 ] ¢ [ 20 ] 10 Lbl 1.
. : K . , /
3 x JYEC ) L9 ox=t? T, O
x |20 zo GTO2 x| 19 - 20 22 . e
. . l—ZI GTO 1 . 21 GTO | #
Lzs Lbl 2 28 ~LBL 2
The key to programming decisions 1s SKIP ON NO This 15 & :
S

term of {2, 5,

useful phrase to remember -

Now let's set up our program to find the 20

So that we can use thé program to find other steps we will store—the 20

. outslde the program Thus we will use
HP-33E T1-57
T current term - R, &g
- a ‘N -
" _number of current term Rl : R1
, ‘stop term/number RZ AN - Rt
P R Y
, *
4
. “ 305




-
Here is the program:

‘HP-33E

PRGM

STO O

0

STO 1

1

STO + 1 _
RCL 2
RCL w
x = y?
GTO 16
PAUSE ™=
RCL 0 =*
PAUSE =
3

STO +0
GTO 04
PAUSE
RCL O
R/S

RUN RTN.

s —— .

STO O
0 -
STO !
Lbt 1

1 ,
SUM 1
RCL 1
x =t°
GTO 2
PAUSE
RCL O -
PAUSE ~
3 .
SUM 0

-GTO 1

Lbl 2
PAUSE

. o
>x

-~
<’ These steps are included to display the loop results For a faster prog r\am

' ~.
o .
: th ted.
[MC ey may be omitted

IToxt Provided by ERI
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1

‘

4)

5) (Develop a prog term of a geometric progression using -
the formula of section 8.4, Make it so that you would key in successively.
30 v
2 R th z -
a Use it tofinnd the 8§ term of 3, 1.5, .75, }
P6) sum of n terms of an arithmetic'progi_ss....,

- 8.6 -5
b ]

To run the program, key ' HP-33F T1-57 ‘

20 20

STO 2 f x % t

7 2 2 -

- | R/S / R'S e
PO -

8 6

Exercises

~

. v .
T\vo questions which have opposite answers tonumber comparisons
, )

~

are: .
! x =y? and x} y”?
~ -
. s . /
Give the oppoéitéqg,)estion to each of the following:
‘1) X >y 2) x >y 3) x < 0
What would have happefied to the programs of this section if you had
used the decision key |x > y"“‘ or |x > t° instead of {x = y°

A

or |[x = t?|" ~°

(When calculations are involved it is often useful

to use the inequality keys because ¢f rounding problems )

for t}e n h

sing a formula of sécf{;:ion 8.3. Use it to find the

ers between 200 and 300. (How many are there?)
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ram like the one of this section to process the geometric
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Include a counter and a decision that will’allow you to preset your

¢

pr'ogr_am to stop at given n. Use Ry = a_, RI = n stopping (of

1. 'current term) RZ or th tsrm nuMiber, R_ = S 4

8)

3 n

Modify your program in exeréise 7 so thatutwill receive any rate)\

r for ageontetric progression. Use RQ = a , RI = n (of curréent
— . n .
term),\ R, 'or R = stopping term numper, R =S5 and R, = r.
F) 2 t ¥ N 3 n 4
Scientists involved in the field of Artificial Intelligence ‘build mahy
B . ~

yes - no decisions liki/lhose of this section into very complex machines ~ -
| 4

. 3 . \
that gyide airplanes, operate extensive sections of factory qsserr}bfy
\ T . 3 | L
lines, and analyze'political situations. What are some human activiti€s

e 5
that you think computérs can never achieve” ° : L
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8

9)

) 105
11)

Chapter 8 TEST

2]

'12).

-
$ . .

|| i ‘ R . + Test 8.7 - J-

»

L

Find the indicated term of each of ' the follow1ng ‘sequences:

{10, 7, 4, 1, ...} 1s%h - ” S
50, 52\50, 55, ..} "9t "

{1024, 512, 256, .. Q%Zth  ,

(3, 2.4, 1.92, ..;} et .

Find the sum of each sequence

{800, 750, 700 .4} 21 terms

/
f8, 4, 2,1, ...} 10 terms
{5--31,5-32,5-33,5-34 ...} 20 terths
- .2

a; = 81 /3 i

a2=81'4/9 ) ,
- .8

a, = 81 - °/27 '
= 7

5=

a) After working 30 days you as%ﬁeﬁfitled to.a single pay-
ment of a million dollars dr l¢Tthe first day, 2¢ the secon
4¢ the third and so on, doubling the amount you are paid pn
each succeeding day Determlne the better offer by care 1

~ L el el e men e oo o 2YY X

calculation apd indicate how much more you will receive.
Find the sum of the first two hundred natural numbers.
. .

A pilece of paper is folded in half 30 times.:' How high.ﬁill
the stack of paper be when finished? -Assume the.paper is
.001 inchgs thick to start with.

A ball is dropped from the Empire State Building and it
drops 16 ft. th& first second, 48 ft. the second second,

80 ft. the third second, etc. Find, to the nearest
tenth of a second, the time it will take to hit the ground.

Note: the Empire State Building is 1,472 ft: high.
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