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PREFACE
This paper has been organized in two principal parts:
Part 1. Some Mathematical Considerations -

*

Part I[I. Some Research Condiderations
-y . d

Although the content .of Part [ is relatively dnsophis:icated, it does
go well beyond "addition and subtraction skills" at the level of "initial
learning." Most importantly, this background emphasizes an all-too-fre-
quent]y overlookga or neg]eéted interpretation of number operations that,
[ believe, has nontrivial import for past, ongoing, anﬁ future research

and instructional considerations pertaining to "The Initial [and Subse- ‘

5uent] Learning of Addition and Subtraction Skills.”
|

In preparing this paper [ have profited greatly from numerous discus-
sions ‘with one pf my Ph.D. advisees, Glendon W..Blume. However, I am very

quick to absolve Glen of any responsibility for the paper's content and

~ for pdints of view it may advance. [ alone accept the partisan's role. -

(!




oo - . Mathemitica) Opefations d
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* » . L]

How are, Qperatlons in general, and addztzon and subtraatLOn an par-

-

ticu]ar \characterwzed for e]ementary school students7

-

-

In mqny téxtbooks (and similar materials) no attempt-is made to do soO

e . ) -

in any exp11c1t vgrba] or symbolic form. This may be wfse, since certain

LN ’

B efforts to chéradterizé-operatibns or additién or subtraction leave gggh to -
- W i - . - - . ,I—.]
be de51red For instante: . + o e
. : . ‘1. M]lton & Leg (1975) assert the.following: °

) . I
_"Number operations. An operation is a nule for combining.numbers.

sddition and subtraction ave operations. "'(Itaﬂiés mine).

' '21 Eicholz, 0'Baffer & Fieenar (19?8) refer tO‘"Gombining" only in

-

© connection with add1t10n, and make no.ment1on of any "pule": . L -
. . ) |
*. . "Addition: "An operatiop that combifes: as Firgt, number gnd a second. .
- - ] "~ - [ .~ L. " - r {
B - ; L P - . D
* number to give exactly one number called a sumedAP. 342) ; . . . -

’ E)

——y N N

"Subtrattion. An'oberation‘relétéd *o addition as illpsfra%ed:

! o 5. 8=7 " e
- : 7487215 0 , LT
.. S { . ‘ . 15 _ g - 8 n (p 344)
_ .o _ ‘
T T3, (&SMSG Schoo]l Mathemat1cs Studyﬂﬁroup, 1965) escheWed both4"ru1e“
- "' N an‘d Comb'ln'lng' . "‘ B "r Ty .‘ ) n .f', . . -c .
¥ * . + 1

1)
JC'Addition and subtraction Ere

»

erat%éﬁ% o thematics.. ... . . *
> . . Tt ‘

"An operation on two numbers is a iy ‘hiﬂking*abgut tWo NUMBETS
. W . . Lo . ] LT B ‘-‘ ’-' 3 .fr_____._.-o— ‘.:3 h
and petting one and only one,numbery, . When we think about 9;"5fwahq et X
‘ 14, ‘we are addiﬁg. We wnite 9 % 5 = When we tthk about 9,/5. and
u got 4, we age subtracting. We write 9 - % = 4.l (p ?2, 1ta]fcs mine). a

\
Thé most char1tab]e th]ng that can. be said about most of the.preced-

: 1ng character1zat1ons is that they are vacuous '“Sbme aqe in fact lead-

ing or even ePrOneous when v1ewed in the light of more advanced or soph1st1- T—

¥ - . ® i N C s

R cated 1nterpretat10ns. " : . ,

i Qo . f’h - ’ . ' ) - . . co -, B
ERIC™ - o
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. (n fé;tors) into a set A% (p. 281)

. secondary students?

' ﬁéy are operations defined "ultimately;" i.e., for Secondary or post=

13 -
’

Feferman (1963) has inditated that "In a]depné it is customary to use
the word Opcrdtionainsteéd of funct£0nf but thesé have'exact]y the Same .
peaning.” (p. 50) I‘.

The égséntiaX features of a function have been charagterized clearly
by Alleﬁdoe(fer & Oakley {1963), for_instance, who also identify 1f'as "a
sﬁeciai case of relation" which in turn "iq)ﬁ set of ordefed pairs-" (p.

195, italics mine). Specifically: - .

- .

YA Jumetion £ is a relationsnip between two sets: (1) a set X called

the Jdomain of definition and (2) a set Y called the range,wor set of values,

-

which is defined by (3) a rule that assigns to each elj?#%t of X a unique
element of Y. '~ . ’ .
. U
"This definition maf'bq‘moré compactly stated as followsy
. - i

-

"A funietion f is a.set of 6iggred pairs (x,¥) where (1) x\is an element

of a set X, (2)-y Is an élement of ‘a set ¥, aﬁﬂa&?) no two pairs in f have™ *

. e
the 'same first element." 4p. 189)

’

[Vote that there 15 noth1ng in. th;s def1n1t10n that precludes the pos- -
sibi11ty that ¥ = X,-for 1nstance, or that ¥ is 1tself a product set. ]
Because of things to follow in this paper, it w1l1 behelpful to d1s-

tingyish a§ Hess (1974)-has done between varjous kinds or types of opera-

tions: ; SR .

+ ) ) . -

. L -
+ 2" "An n-ary operation.,on a set 4 is a function from 4 X4 % - + - x 4

“And as Lay (1966) has indicated, : . .
. N . ) | .
"According to whether n = 1, 2, 3, - - -, n the operation is 3aid to
Le unary, binary, ternary, . - -, n-ary." (p. 198) . “

This paper will be concerned principally with unary and binary opera-

. Lions‘which havélﬁeenfcharacterfzed in the following wayé by Fitzgerald,

o




Dalton, Brunner & letterberg (1968) for instance, for - second-year algebfa\

F

X
L * -

studeﬁts .
“

"4 unary operation, defined on.a set X,’is,the set of ordered pairs

. which is determined by a mapping of each ¢lement of X to ane and only one

ament of X." {p. 70)

4

-

. "By definition, a binary operation defined on a set X is a‘mappiﬁg of

ecach ordered pair (ﬁl,x2}, which may be formed with the elements of set X,

to one and only one element x."in the same set. A more concise way of

3
étatinglthis is.to say: For all x1 and,:t2 in X, each opdered pair (ml,mQ)
ic mapped to a unique z, in X." {p. 76) \

. 3, .
- ' A bigary operation also may bé v{ewed as a mépﬁing f;om.X x X Into k,
where (xl,mz)‘1s in X x X and ay is in X. A binary operation, thep, is a
set of ‘ordéred pairs, each of thé form ((ml,xz),x3;, where the first com-
ponént of each orderéd pair is itse]f an ordered pair, (ml,xz).f
Scandura (1971) has given an equiva]ent characterization in these words:

"4 Dznary operatzon 18 a set of ordered traples of eZement; such that
there are no two trmples such that the first two eZements are the same dnd
tne thzrd one di] Féréﬁ% In effect, the first two elements of any trtple

specify a unique third elgnént. ) .
"Sets og ordered triples, of course, are nothing butnpernary.relations.
‘ﬁeéce, ﬁinary operaﬁions may be defined-as (certain) ternary relatioms."
(0, 95) - 7 ‘

) Ekcept'for\ScénéLéa}#, each definition cited thus far for "binar},ooera-
tien" makes it exp1ﬁc%£ that a binary operation is a set of ordered pairs.
Thurston's 1955) definition of (binary) operatwn3 however, does not

equakte an operation w1th’a set per se. ‘
"An opération can be formélly defined as'follows:- it is a.PuZe whereby
-

to each ordered pair of elements of the set there corresponds a third ele-

ment of the set." (p. 13, italics mine).

-

by
—r

-




‘of.the set § that we might be given." {p. 35, italics mine).

. tions is thaf for some an operation is a rule (that generates a set of or<

. charactef@éation rather than the forme

"in 5x5 has a unique image ¢ {n 5 such  that ¢ = a + b.

Birkhoff & MacLane {1965) also equate “operation” with "rule":

“A binary operation "o" on a set § of clements a, by, ¢, -+ + is a
ruls ahich assifns to each ordered pair of elements a and b from 5 a
unicuely definec thiré element ¢ = @ o b in the same set Sj" (p. 28)

" [Buck {1970) has cautioned that "it is not a formal definition to
~-uate 'function' [or "operation"] with.'rule' if the latter is left unde-
sined.” {p. 253). This is equally true when "operation" is equated with a

“set of ordered pairs.” There is no need -in this paper, however, to carry -

»
the preceding characterizations to the point of formal definitions,”--al-

though such would be necessary under certain other cjrcumstances.]
Finally, in connection with this consideration of "ultimate" charac-
terization of operations, Armstrong (1970} has indicated that .
"By a bfnary operation on a set § of objécts, Wwe mean a pfoce?s that

enables Os to produce a single object of the set S from any‘pair of objects

1

The principal distinguisking feature among the preceding charactériza-

dered pairs) whereas for others an operation is a Fet of ordered pairs (in-
volving assignments that might be made arbitrarily but more often are gen-
‘ *

erated in accord with a ru1e). In Lhi:’FPper T shall adhere to the latter

as [ turn now to the questions,

Fl

What is addition? What is gubtractiom? & .~ -
"Addition" and "subtraction® commonly are @SSOCiétqfizﬁnlnumbers of
~y " LI ! Pl - - A .
one kind or another and often are identi?jedqﬁﬁ binary operations applied ¢

to sutch numbers. More explicitly: . . -

¢ g -

Given a set S of numbers, addition as a binary oﬁeration bn § is a map-

-, i i -
ping: 1t is the set of all correspondences {({a,b),c} for which each {a,b)
Al I ' I

%

And: L ST ' /
. \ : 17 BN
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\ | R | \7

Given a set .. of numbers, subiraction as a binary operation on 5 i5 a .
mapping: it_is)the set of al} correspondences {{a,b},c} for whicg each {(g,b)
in ;x5 has a unique image ¢ in 5 such that ¢ = a - b.

We're stifl somewhat unenlightened about additi?n and subtraction as
binary operations, however. For instance: Addition may qualify as an opera-
ﬁion on some set of numbd¥s but not on another._ The same may be true for
subtréction. And what is the(?) assignment rule for addition? fszguthac-
tion? The nature of such would seem to have a bearing upon whether addition,

. . -

or subtraction, qualifies as an operation.

In this paper interest centers upon both ;he set of natural or count-

::n‘,: nUTﬂbGFS; -j‘h'r = {19 2, 3) a} 5} 6} 79 83 9} 10} 1‘1'} 12) 13’ ' ' -})' and the
© & set of whole numbers, ¥ = {0, 1, 2, 3, 4,5, 6,7,8,9, 10, 11, 12, - - *}.*}
: 4
or these sets the following may be used: : :
. An assignment rule for addition Of natural OF whole numbers:

Select sets 4 and B such that A B =¢, n{4) =a and n(B) = b.

Then ¢ = n{a\yB) =a+b, where A yB={x | zeaorzxeB}
An assignmen® rule for subtraction Of natural Or whole numbers:
Select sets 4 and 5 such that 3C A* n(4) = g and n(B) = b.

Then ¢ = n{a\B} =a-b, where ANB={x | xzecAdandax ¢ B} =4".

~
-

Strictly quéking, then: &d¢ifi0h,i§ a binary operation on ¥ and also
on 3 oubtraction is not a binary operation on either ¥ or w. Tables 1, 2, -

3 and 4 may help in further consideration of this fact.

= m m = s - m m = = m = m m om om ™ e m =




a

" OTABLE 1

Domain of Definition for "Natural-number Addition"

L)

,‘ N X
‘is i1 2 3 4 5 b 7
ULy L2y oLy |, (1.5) e | ()
- 2 (2,1) {2,2; (2,3} (2,4) QZ,;) (2;6) (2,7)
3| Gy | 32) | (3.3 | Gy | (3.5 | (3.6) | (3.7)
vl e ] (40 (4?2) (4.3) | (6,0) [ (45) | (4.6) | (4.7)
s | sy | s | s | s | s (5,{5)' (5.7)..
s |, s 6.2) | 6.3 | 6.0 | 6.5 | ©:6) I‘s@
7 \(.?,1) 1,2y § (.3 | e} 0.y | (2.6) (7.7
3 : :
Note.--The pattern of the table céntinves without end.
12 ) ':




TABLE 2

Domain of Definition for “Whole-number Addition®

W

.0 1 2 3" 4 5 6_/
6 | (0.0 | () | 08 03 | 10,9) | 0 ‘(o,e) -
1| (L0 | (1) (1;2_)' {1,3) | (1,8) | (1,5) ] (1,6)
2 | 2o | @ @] @y | @o] @] @k
3 @0 | 31 | (3,2 _(3,3). (3,4) | (3,5) | (3,6)
4 | (4,00 | (4,1) @ | @y | e (4,5) | (4,6)
5 | (5,0) | (5,1){ (5,2) (5,3)I (5,4) | (55) | (5,6)
6 (6,0) | (6:1) 60 | 69| ©0 | 69 (s,s).

Noté.--The pattern of the table continues without end.
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TABLE 3

Domain of Definition for "Natural-pumber- Subtraction”

N
1 2 3 4 5 6
1. i
PR TR
,3 137 (3,2)
vl o | @] e (4,3) . A I A

s | s | s | 6 [

6 | (6.1) ] (6,2 | (6.3) 6.4 | 6.5 |

71 .y ] 2y | (7,3) | (7,4) ], (7,5) :(?,5)

'Note.--THe pattern of the table continues‘without end.

o
Wt

G 4




TABLE 4

Domain of Defﬁnition for "Whoie-number Subtraction"

' Note.--The pattern of the table continues without end.

-




12
Every member of ¥ x4 (Table 1) has an image in ¥ under addition, and
every member of Wx i {Table 2} has an image in ¥ under addition.
Some hut not. all members of ¥xy (Table 3) have images in ¥ under sub-
traction, and some but pot all members of.wxy (Table 4) nave images in ¥
. under syl traction.

- In this paper I shall take a slight{?) liberty with mathematical cor-
rectness or preciseness and refer to both addition and subtraction as binary
operacioné, retognizing that when applied to natural or whole numbers the

-

domain of definition is different for the two operations.

It also is important to recall .that in this paper the distinguishing
characteristic 0} an operation is to be found in a mapping,-- a set éf cor-
respondences%--ratheﬁ than inza rule. Tt is possible that a partjCUlaF
set of corre;pondences may be generated by markedly different rulesy and in
such instances we are not dealing with different operations,--but with one
and the same operatéon. .. B i

For instance:

Previously }p this paper natural-number addjtion was associatgd with-a

r “union-of-disjoint-séts“ assignment rule. The same operation,--the same set

- . 4

of assignments,--can be derived from ‘@ "concatenated segments".assignment

%
-

rule, for instance: _

Select distinct collinear poinks X,” ¥, Z such that ¥ {slbetween X and Z,
m{¥Y) = a, and m{¥Z) = b. Then m{XZ)} = ¢ = a + b. o

Rggardless of the assignment ruie associated m;th naturat-number addi-
tion, natural-number subtraction can be characterized directly in terms of
the addition operation rather than in terms of a “"set difference” assignment
rule (as was done previously in this paper) or whatever: o

a-b - ¢ means that there exists a natural number ¢ such that

e+b=a or b+ e=a (Thanks to the commutativity of addition.)

whole-numbeh’subtraction and additiSn are related in a similar way, of course.

1
< A

#
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A trivial distinction?

'lf you were to examine mathematical texts at a "teachers 1evel;“ for

instance, you would observe the following:

H]

Some texts establish,.in"effect, thatr

#

(1) a.-b=n.+-+ n+b=a or a=n_+b ’ \

as the basic or primary way of defining subtraction in terms of addition,

&

and may or may not also make explicit that

(2) a-b=zn. > Bi+n=qa or a=b+n,
£ \ '
Other texts, in effect, state the defining Eondition in teris of (2),

E
[

and may or may ﬁot make an explicit statement of (1).
in facf”,as I have identified in Appgndix A, eight of 25 texts take
the former ﬁosition; 17, the latter. .

This may be a trivial distinction at cwr level of mathematical compre-
» . )
hensiony but, as T shall explain latér in this paper, it'may be nontrivial
el

for young children in their development of ideas aBdfit addition and sub-

- traction. . - ' ' ) . ’ . ) o
At present, however, I turn next to-a different conceptual matter,

,

. . The Ambiguity of "a Vb = "

»

o

Let a, b,vaﬁd ¢ be medbers of a set S o™humbers such that-

a Vb=,

~ L

13

where 9" (“wedge") sig%%fies a binary operatioﬁ (e.g., % or -) that assigns .,

i : .
to the pair a in S and b in S,:~i.e., to the ordered pair (a,b) in §x9,-- a

unique image ¢ in §,

It i; unfortunate (in my judgment) that only rarely'(e.g,, Lay, 1966)
do texts on relatively elementary mathematical confent preseni an? ditcyss
at léngth any 31§Frnative(s) to the preceding binary-operation interpreta-

. tion of sentences of the form "a Vb = ¢." But there is at least one, and

(depending on the nature of ¥) possibly two, other interpretation(s) of

| I
"‘ "




1u

the same "z ¥ b = "¢

(1) The post- or rz~ni Qera&o ¢ B (b in 5) 51gn1f1es a unary opera-
tion that assigns to operand @ in £ a unique i m;‘! in s. iThere are t1mes
in thlS paper when | make that interpretation explicit by writing a sentence

in the form "q 7 b = e."}

And possibly T Y
(2) The pre- or left-operatox "a V" (a in 8) signifies a unary opera-

tion that assigns to operand 5 in $ a unique image ¢ in 5. (There are times
in this paper when 1 make that interpretation explicit by writing a sentence

in the form "g 7 b % 0.")
_ 5
These three different interpretations of "a V¥ b = ¢" involve three dif-
.

- ferent operations and may be portrayed (to advantage, I believe) by pictur-

ing function or operation “machines* as in Figure 1.

Notice that 1.1 and 1.2 are but slightly(?) different ways of picturing the
[ ]

ordered-pair input to which the binary operation V is applied. But 1.3 and

1.4 depict operations that are different from each other as well as from ¥,

although the same image is generated in each instance.

Figure 2 pictures the ambiguify of interpretation of " + b = ¢;" ‘and

interpretations of "7 + 2 = 9" in particular, for instance, are pictured in’

Figure 3.

- m m ™ m m o m m m am = m o= m e o

-

In Figure 2 “+" and "+ " and "g +" signify three different operations, just
’
as do "+”\and "+ 2" and "7 +" in Figure 3.




Binary . N
. l‘\
S a b (a,b)
' :l- +
/ \ / \
aVb a%b
or ¢ or C
N
)
Figure 1.1 Figure 1.2
AN
. i
- Unary ) ,
——
Post operator Pre operator
ri b. s
\ / L
+ N | + _ ‘
+ +
A 7 N
. avhb a Vb -
01'; [ or ¢
Figure 1.3 Figure 1.4
S .
i ’ . ¢

Figure 1. Ffunction- or operation-machine interpretations of a Vb = ¢

+
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\’ ginary o
) a b ‘(a,b)I‘
N LN/ i/
¥ b ¥
O | O
| v | ¢
/7 \ / \
a+ b a+b
N or ¢ or ‘¢
Figure 2.1 hFigure 2,2 e
N \
J A
Unary

a+ b
o ¢

Figure 2.3
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2 . Figures 4 and 5 emphasize that more restricted interpretations must be

. placed upeﬁ "g - = " and, for instance, upon "7 - 5 ='gh than‘wagffree
for "z + :, = " (Figure 2) and, foreinstance, for "7 +.8 = @"\(;ﬁdhre 3).
R i i N \ : . o

t-?ﬁ“.

In Figure 4, the unary-operatbr sentence “a -;b—=.“” eéfoEihted with
4.3 is compatible with the blnary lnterpretatiomlof ”a b = c" assoc1ated

://9/5.1 and 4.2, However, the unary-operator phrase of expresston Ya - b“
s

sociated with 4.4 conveys a different meanlng that is 1ngompat1ble wi th

the pfeceding interpretations. N Ty ﬁv

Hore partlcu]ar]y in Figure 5, the uhary-operator senteﬁ%e “7 2 = 5"

assoc1ated with.5. 3 is compatlble w:th the blnary 1nterpretat10n of

3-
o "7 -.2 = 5" associated with 5.1 and 5.2. However, the unery%ﬂpEPator ex-_ .

ﬁression or, phrase~”7 2" conveys a dlfferent meanlng tﬁat qs,zncompat1b1e

Yl M N T Y
 With the preceding 1nterpretatlons of Flgure 5. ’ ‘o

. l‘.
3 .
. "';p.'- L.

. Table § summarlzes the principal dffferences or amblguit1esﬁ1nvolved

t"l!.

in the Tnterprexatlons Conveyed by, F1gures 2, 3, 4 and 5- anﬁ gTso uses an‘g!"

a7

t 2 r

”arrow notat1on" as an alternative unamblguous form of symbo]rzat10n

er. g e

that symbols such as "+ R" and "~ b“ and "+ 2" and " 2“ be 1nterpreted as

ungry operators, and NOT as “s1gned“ or “dlre ;ed“ numbers2 ‘which are very

. NP
markedly different things conceptua]]y,--as Lay (1966) has emphas1zed.~-0r

AT ., as directed segments or vectors.
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Figure 4. Function- or operation-machine interpretations of a = b = ¢
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Binary and Unary Interpretations of a+b

TABLE 5

(FQr Instance, of 7 +2 =0 and 7 - 2 =)
+ o

* —

-

Binary interpretation

A3

<

Unary interpretation

a

Right- or post-operatoH

Left- or pre-operator

interpretation interpretation
Input Joperator| Yutput g Inout [Jperator| Output Input {Qperator Outpu}
a+h a+b
*O o or ¢ - a+ or ¢
b p b b '
(a,b) - a _ . a
_ or ¢ or

(a,b) ——— ¢ a —=—*e,
. .- - - I‘ [}
\ For instarice:
~7 ’ ’
(7,2) —2— 3 ; 7*2 .4 R L

*

b~ ?!

-2

.

7 ——— 3’

&

Nobe.

Unary ,operators are symbols that.name particular

I* L]
unary oberations or classes of unary operations.

Binary operators are symbols tha® name particular binary operations.

"

%
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Henceforth in this paper I shall dispepse with left- or »re-operators
to signify unaWy operations and-shall adhere to the more commonly used

. .t i- ar roor-operator interpretation. , .
; .

v

What ‘other “operational" distinctions are' to be made? "

-

There are several.

- t

1. An operation has been characterized as a mapping,--as a set of as-

4

s1gnments,--defined for a specified domain, Therefore, as evidenced from

Tables 6 and 7. the binary operation'df natural-number addition is not the
same opération as the binary operation of whole-number addition. Also, as ;
evidenced from Tables 8 and 9, the binary operation of natural-number sub-

, * traction is xor the same.operation as the binary operation of whole-number
- 4 - -
. subtraction. '

- m e m e m m e e s m oa mlm e om v o= o= -

- m am m m o e M m om m o o oa, m W m om m

{ .
Furthermore, the)roperties associated with natural- and whole-number

addition are not-identical, nor are the properties associated with natural- %,

- and whole-number subggaction.

‘

There simply is no such thing as PHE addition oseration,.or THE sub~ .

traction operation. s

-
*

2. Tables such as 10 and 11 are conceptually rather than "éosmetica]iy”

»

different from Tables 7 and 9, respectively,--each of which is a set of as-

signments defining one binary operation, But each of Tables 10_anﬁ 11 con-
- * t '
sists of a multiplieity of sets of assignments defining a multiplieity ‘of

unary operations.
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TABLE 6

¢ for Natural Numbers
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TABLE 7

a+ b = ¢ for Whole Numbers

. ‘ 4 L} Kl -~
v\ | . -




TABLE 8 N

a -5 =c for Natural Numbers

10 9 8 7 6 5 4 3

5 4
6 5
7 b
8 | 7
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TABLE 9
. ’ -
- a - b = ¢ for Hhole NuT’bers
b
0 1 2 3 4 5 6 I 7

o]

10 9 8 7 6 5 4 3

11 109 {8 |7 ¢ts6 | s 4

i
™J

12 11 10 9 8 7 6 5

INEEEEECEERREE
) "'
oo
)
(=2
on
=
(4% ]
™

-
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TABLE 10

Some Unary Operations Associated witha + 2 = ¢

27.
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TABLE 11

Some Unary Operations Associalted with g - b = ¢




In Table 10% for instance, the assfqnments whose images are in the
column headed "+ 0" define one operations the assignments whose images are
in the column headed "+ 1" define a different operation; the assignments

whose images are in the column headed "+ 2" define another different oOpera-

> *

'tion; etc., ad infinitum,
Simitarly in Table 11, the assignments whose images are in the columns

headed “- 0," "- 1," "- 2," etc., ad infinitum, define different operations,--

no two of which are the same.

3. A further nontrivial difference between certain binary and unary
operations may be seen in connection with commutativity.

It is well known that natural- or whole-number addition iS5 ecommutative:

-

i.e., for every natural or whole number a and fob every natural or whole

number 5 it is true that

at b=b+a

v .
V¢

which permits us to write equivalent sentences such as those in Figure 6.

*

.

Within the natural- or whole-number domain it also is valid to assert
that
a+b=htd
which on the surface looks like "commutativity” but isn't. Except for the
special case in which a = b, the operators "+ g aqe“"+ b* signify different
-

" operations; thus, this "pseudocommutatiyity" is a valid property but not

about an operation. Figure 7, therefore, is markedly different conceptually

from Figure ﬁl

29
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o {a,b)

D < ¢ )
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. . . Figure 6.1, a+b=¢ < bt+ta=c¢
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» ; Figure 6.2 7+2 9++2+7=9* e L
,;» ‘
. . - 4 - o .
> | . . - ;
i " T " A "~
[N X \ Lt - [
’ Figure 6. Same ~equwalent sentences that are based pon tﬁe cpnlnutatwny
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o

v

Fiqure 7,

Figure 7.1. a*b =c¢ a2 ——
C )
. o . + 7
:3}7 ) B .
]
' Figure 7.2. 7+ 8=9 « 24+7%9 ;

»

Some equivalent sentences that are.based upon a "pseudocommuta-
tive" property of certain natural- or whole-number unary opera-
tions. {Note that the operators "+ ¢" and "* b" signify ¢lasses

of unary operatjons, whereas the opgratdks "+ 2" and "+-7¢\sig-'
signify particular unary operations.) -

l’ — . -




32 ‘ , .
" Just as “bimary subtraction" is noncommutative, so "unary subtracdtion",
is nonpseudocommutative. ‘ _ ) e
M m'- Y. ) -
Within the ngturagl-number domain, where ¢ and b are natural numbers,

a-b%b-a.

F - .
This is equally true within the whole-number domain except €or those whole.
. :

F . P

numbers zand & such that ¢ = b.
Again, where 7 and b are .natural numbers,
a-bthb-~a

This is equally true for all distinct whole numbers q and:b.”, 7
‘ ’ S g % v
' . . rs - .
In connection with unary operations, however, there s a siignificant
. - ot
property in which unary addition and subtraction operators are commutative.

- I,

This is illustrated in Table 12.

- 4., It'is_coﬂmonplace tq assert,'errégébusly, that binaﬁy addition.and
subtraction are “inverse operations.” It will be clear from Figures 8 and
9 why such an assertion is untrue.

- 4 -

1 N E

- e m m ™ om m Tm W m m W™ m m om om om ow o

-
o
H

In no way doe§ Figuré 8.1 imply 8.2,7or Figure 8%3 imp]} 8.}; dr Fig-
ure 9,1 imply 9.2, or Figure 9.3 imply 9.4. -Figures 8.2, 8.4,.3.‘2 and 9.4 )
are, inbfact, nonsensical. A binary operation (- or'+ in these jistances)
is not a mappiné from a single number to aﬁ»ordered Padir of numbers, as

. 3

'
each of the questionable figures sugg?sts. which is "backwards" from the




!
£

¢ - TABLE 12 .

Commutativity of Certain Unary Operators

o S
1 ctat+tbzsxz+bra; Ve, (xra)th=(ctb)ta
2* | z+a-b=a-bta i.e., (:cf_ﬁ)_—__b_=(a::_§_)_:_,_/
R 3* :c—a+b=:c+‘b-a; 1e., (x-a)tb=(x+th)-a
[y < I‘ : ' h
. ;8| x-a-b=z-b-a e, (e-a)-b=(x-Db)-a

* The stated property is valid fE)r each proper (Lay, 1966) ofer-
/‘ and; i.e., each operand for which a particular unary operation

(or class of unary operations) is defined. "
‘ l / | | .‘ I ) ' - \ " ‘ ’ -y
e e _ For instance
/ B ,

1 | 9+2+6=9+61+2 i.e., (9+2)+6=(3+6)+2

[+
1]
o
©
]
X
—
+
bo

2 | 9+2-6=9-6+2; i.e., (9¢2)-

|
I
|
|

: 30 9.2 +8=9+6-2 i.8,, (9-2)+6=(9+86)

/’ 4 | 9-2-6%9-6-2 ie., €9-2)-6=(-6)-2
/' v -
Irjf ] . s‘ﬁ; .
I ,. / \ L]
-
) * )
» 1
r
‘)r‘l’
L
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Figure 8.2 ~

B Figdre 8.3

o'

§

£l

Figure 8.4 '
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(7,2) L > 5
1] * ! '

. +

-

( 5 ) (7,2)

Figure 9.3 ' Figure 9.4

."""‘3..,..

/,, [3
‘Figure 9. Binary addition is not the imverse of binary subtraction.

<
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~ . - s
]

correct jnterpretation of bimary operations suggested by Figures 8.1, 8.3,
>

9.1 and 9.% PP

However, there are infinitely many pairs of wnary dperations that ane_ﬂij}w
s D
inverses of each other, exhibiting for proper operands the relationships in- -

herent in Figure 10,--which become more particq&arized in Figures 11 aﬁd i2. - ‘

.. Insert Figures 10, 11 and 12 about here

— e mk om S m m a m m am mk da o e oy e o da me

The' relationships Qoverning Figures 10, 11 and 12 are those that pev-

-~

-
mit us to make assertions such.as the followirg within fﬂg natural- and
- A

» .
whole-number domains (taking cognizance *of proper operands when necessary}:

+

-
o
[
o

1. aVbAab=a »
) 2. aAb¥b=a .
’ . 3. arb-b=a -
l 4. a-b+b=a .
. . 5. 7+8-28%27 -
6. 7-2+2=2. T

(It is so tempting to use the preceding st&tementsﬁgg,an’YxCUse to get

¥ - 1 . [ - I3 I3 3 ]
,1nto the composition of unary operators, starting with something like Fig-

ares 13 and 144 but I shall resist the urge to go any further with thatc)*F

- e m m m m o m m m W om W™ om om om e m om o=

_________________ - .
u.‘ é
. i R o
5. Within the domain of natural or whole numbers, consider assignments
or correspondences of the forms ' . a
~ {a,b) 2+ ¢ and (a,,é') —p e, a

GJ T
r
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Figure 10.3 - o - Figure 10.4

%
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- ' v ' ([

g’ . ' “ . ) -
! ‘ -
-

Figuri{ 10. For proper operands, pairs of unary operatdons that a;g related

to each other as illustrated by 10.1 and 10.2 and by §0.3 and ~
\ 10.4 are inverses of each other.
- : | e q: i .

T
Vs
-
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- ( . a ) : ( )
, ' ., . I\
- Fi‘gure 11.1 - F]gure 11 2
1) -*/ '
b
‘ a®* ' \ ' —p ‘ e] ’
| - b . ] ) + b
Figure 11.3 ‘ ' ‘ ' Figure 11.4
’ r
+
Figure 11. Unary operations associated with the operators "+ 5" and "- B"
are inverses oi each other. |
* It is assumed that o is a proper operand.
o * P A0
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Figure 12.1

OO

. Figure 12.3

operators "+ 2" and "-

-

Figure 12. An 111ustrat10n of the unary operatjons assoc1ated W1th the
2" as inverses of each other.
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Compositions of unary addition operators
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Figure 14.

RS

Compositions of unary subtraction operators

* x is assumed to be a proper operand.
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In the case of any binary addition assignment, it is pointless to even
raise the question of whether "adding" masfs more; and in the case of any
binary subtraction assignment, it is pointless to raise the question of
whether "subtracting” makes less.

R In neither case is there a basis for comparing the magnitude of ¢, a
singie number, with that ofwthe ordered pair (a,b). In no case can ?i be
asserted that ¢ > (a,b) or that ¢ = (a,b) or that ¢ < (a,b). In each in-
stance the relational expression is senseless.

The situatiOn?iﬁlggmewhat different, however, for unéry ope?ations.

First consider mappings of the form

+ b

a — &,

Within the natural-number ‘domain, for every b,--i.e., for every unary opera-
tion,--it 15 true for every g that ¢ > a. Within that domain, then, the
process of “adding b“'always "makes more." The same i$ true for the whole-
number domain except when b = 0.

fiow consider mappings of the form - b
a —*e.

‘Within the natural-numb domain, for every b,--1.e., for every unary opera-

tion,--it is true for every proper operand a that ¢ < a. Within that domain,

then, the process of “subtracting b" always "makes less.” The same is true:

for the whole-number domain except when b = 0.
These "change of state" interpretation$ associated with unary opera-

r
tors of the forms "+ b" and "- b" will receive more extended consideration

in part 11 of this paper.

J
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In Conclusion
In Part 1 of this paper | have emphasized an ambiquity of interpreta-
tion of number senteénces of the forms @ + b = ¢ and @ - b = ¢ within the do-
mains of natural and whole numbers. Particular attention has been given to
the relatively neglec&ed unary-operator interpretation of such sentences as
contrasted with more familiar binary interpretations.
[ believe that, in the main, my considération has been consistent with
Nesher's {1972) view of this ambiguity in her significant analysis of "What
does it mean to teach '2 + 3 = 5'?" Admittedly, she prefers to characterize
a binary operation as an assignment rule {p. 75) rather than as a set of as-
of mmento (wh%ch I prefer for reasons identified in an early section of Part
I). But as Nesher has indicated:
"To summarize, in analyzing the phrase '2 + 3' which is a complex name,
twe main interpretations are found:
"(1) Plus as a binary operator:
Fla,b) where F is '+', a = 2 and b = 3.
"(QI\Plus as.a component of a functor: -
r{a), whers T is '+ 3" apd a = 2.1
., 'The lasr fun interpretations in‘refard to thr: operation sign and its
s;nsr are not contradictory, and in tact., since they are a function.of one
or tuwo arpument:, it is mor: a matter of formulating the function than mak-
ing a real distinetion.” {p. 76) ’
True,--certainly at cur 1eve] of mathematica) perception. But I Jeave
as rhetorical for the present the question of whether a "real distinétion”

exists in the thinking of children, particularly during‘their embryonic

stage(?) of mathematical conceptual development. o

-
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However, 1t does not seem unreasonable to believe that at leasi some
of the contrasts summarized below between binary and unary interpretations

of number operations are of consequence in relation to children's thinking.

Binary Unary
1. How many gperators,--and therefore Tw?: Infinitely
how many operation§,~-are involved? .- + and - many
2. To how many numbers'is any particu- Two (O(dered One *
lar operator applied? ~ pair)

+

3. How many numbers result when a par-
ticular operator is applied to a One *One
particular number {or pair}?

[

4. Within the domains of definition,
for every operator does there exist No Yes
a unigue inverse operator?

5. From the standpoint of operations

as mappings or sets of correspond-

ences, can the magnitude of every No Yes

image be compared with the magni-

tude of 1ts pre-image?

And when we™also take into account binary-unary contrasfs pertaining to
the commutativity concept, we increase the likelihood of dealing with dis-
tinctions that are nontrivial in connection with the development of chil-
dren's thinking about number operations,-Qin particular, about "addition"”

and "subtraction."

=

Resnick & Ford {in press).indicate that “we must understand something
about mathematics as the mathematician views it" (p. 4 &f typescript). One
mathematics educator’s interpretation of that view as presented in Part I of
this paper has focused upon mathematical (as contrasted with Piagetian) cBn-

; ceptualizations of operations and some of their properties.
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PART 11

Some Research (onsiderations

-
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I have been impressed for some time by the markedly different points of

view expressed below, which would spawn markedly different approaches to the
3 .
dewelopment of mathematical skills and abilities among young children.

. Y

"The objective for mathematics instruction in the elementary grades

is familiarity with the [properties/structure of the] real number system

and the main ideas of geometry" (p. 31), uéing the real~number line from
the outset in grades K-2, with attention also given at that level to "Sym-
metry and other transformations leaving geometrical figures invardiant” (p.

33) with "possibly the explicit recognition of the group property” therein p
(p. 34). -

L \
T
" —

"T now think that it is fallacy of mathematics curriculum development -
for young children that logical organisation of the subject determines its -
pedagogical.organisation. When a child Tearns mathematics via firsthand '
experiences with real things, the reality of the context provides him with
all he may need qr that time to make sense qut of what he is learning. *

w5
’

. 1 believe that children need a protracted period in which fo work
with real things and discover mathematical facts. For some children, these
may be isolated facts; for others, the facgs'mayapoint to generhlisations.

"There does come a time when a child shduld bring generaligations to-
gether and see that they are linked in logical structures. Ii.is diffi-
cult to determine when this should happen. I am convinced from my own ob-
servation and from what ! know of psychoiogjca] findings that, although
the appropriate time will differ from child to child, we should not begin
a serious search for children who_are ready for structural organisation of . °
generalisations until they have had four to five years of eTementary edu-
cation behind them. (The fact that one has heard of a mathematician's
nephew who could cope with theseabstractions when he was seven years old
is not a sign that one should build a curriculum designed to bFing all
seven-year-0lds to this level.)}" {(p. 28) :

— -~

5
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VA W
Position (:E;) was excerpted from the “off;cial" report of the well
' known Cambridge Confereqce on School Mathematies (1963). éosition (i::)
was expressed by the late Max Beberman (1971), erstwhile Director of the
. Unive}Sity of Hlinois Committee on School Mathematics (UICSM). Max's as- ; .
sertions represent a distinct shift from an earlier point of view, and.heJJ
might have been inclined to express the same feelingfthat Snoopy did in
1979 (see péee 8 of this manueaript)l
A preponderance of the thebretlcal frameworks and the research that
are'of concern to us in th1s seminar 5uggest to me a tenor- of the-times
that is much more in tune with the Beberman position than with that of the
Cambridée Conference on School Mathematics. And that is very geod, I be-
lieve. - ' - : .
. R . -+
Some years ago Rappaport (1962) cautioned that "Too much congern must
not be centered upon mathematics as a lggical subject with too li%tle.em~
phasis on the cht]d as a learner” {p. QP? Several years later‘ﬁappaport
{1967) took me to tésk‘ﬁor one of my articles {prompted in 1arge megiuﬁe by

another one of his'!) in which he contended that "Weaver gives’first priorjty

to logic over and agéinst’psychology“ {p. 682), somewhat gratuitously adding -
”elthoughihe ;ey not have intended to do §q“ (p. 682). . gndrsust to be Eer-"
tain that I was sufficiently admonished, “towa d the conclusion of fhe same
paper Rappaport reiterated that "Weaver emphasizes 10g1c at the expense of
psychology” ‘(p. 684). J v

Just to set the record straight‘ If there were any bas1s in fact for

" Rappaport' s 196? contentlon. then today I *too must say: - How embarrasszngz

I was barking up the wrong tree! ’

(You may doubt thas a;;er observing'e certain degree of fussiness in
conneeEion with some of my considerations in Part-i of this paper. In any

R

~ event, I hope that I emnhasize netther at the expense of the other.)

4
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= ’ Delimiting an. Area for Further Inﬁestigation

[ am delighted when I read Ginsburg's {1979) conviction that
. _ -
"A erucial aspect of ldarning mathematics is learming to perceive.
" * (__.-‘-_‘-‘
Chilaren nevd to ledarn not only how to exXecute calculations. They must
leAarn to see how numbers hehave, and to detect underlying Datterns and
reqularities" (p. 168),

although I wish we had reached a point where it w0u1d.n0 longer be’

necessary to add that’ ' ‘y

»

"This agpeet of mathematies education--accurate perception--does-not '

reeeive sufficient attention" (Ginsburg, 1979, p. 168). f,\) ?

deaning and understanding’ have ngt always been welcome or considered
necessary or even desirable in the mathematical education of students,--par-
ticularly yohng children., [t was my pﬁﬁvilege to have worked closely at one .
time or anoth'r with pérsons such as B. R. Buckingham and w: A. Brownell
whose work pioneered an emphasis Jpon meaning and understanding in e]eﬁehtary
mathematics many years ago (&Jckingham, 19385 Brownell,. 19357 123?, 1945, ‘
1947). - ' '

It was Brownel] {1935) gg? was thq_"arcﬁitect" of that which he termed
the "meaning theory" of arithmetic instruction,-ihdicating that . ‘

‘h/s theory makes meaning, the fact that children shall see sense in )
what they learn, the central issue in arithmetie ins%vuctioﬁ.a

"The 'meaning' theory conceives of arithmetic as a closely knit system’

ot understandable ideas, principles, and processes. According to this the-"
-

ory. the test of learning is not mere mechanical facility in 'figuring.' The ’

& -

14 ! -’
true test is an intelligent grasp upon number relations and the ability to
deal with arithmetical situations with proper comprjrension of their mathe- | -
matical as well as their practical significance (p./19,4italics mine)."

My major professor, although not in the field of mathematics education,

X
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contended more generally. that

t

"The attainment of rich meaning and comprehension and understanding is

. v . . ' (

itself one of the major goals of education. It is not merely a means to more

s

fundarental Uedagopxcal goals.

"A rich store of meanings, of comprehensive understandings, and of
functioning insights is one of the greatest glfts that the schobl can be-

gtow on the student Stepheﬂs, 1951, p. 386) "

But even today there are those who do not give things sucti-as mearing
L ¥
and understanding central roles in matﬁspatica] ]gsrning,-~persons who with
. ! .

respect to mathematical learning take a position seemingly akin to that of

1ski £1964) with respect to learning in general:

-

///f ""Learning ; sycholoplat° do not discuss understanding because they have
no way of diseriminating between understanding and mlsunderstandzng:_ They ”
ar? concerned only with with pight and wrong amswers. - . . fIn brief, mis-

understanding and uhdersténding can occur with exactly the same feefing-of r

-

asturance or knowledge. If the teacher asks a student if he has ‘the idea,'”
. . . P

tne student can say 'yes' in either éase. . . . 'A difference that makes
no differende is no difference.' In this¥sense, there is mo difference be-

tween understanding and misunderstanding {p. 202)."

o .
"Learning can take place whether or not a student 'understands.™ Under-

standing does not contribute.anything but a feeling. of satisfaction that can

be enjoyed even if the student 'misunderstands’ (p..204).".

-

You now may be able to sensé more clearly why 1 said “L,am’aéfﬁghted
when 1 read Ginsburg's (1979) conviction, that . , 3" and™Why 1 also am de-
lighted to encounter Greeno's (1977} consideration of " préceés of-dnder-
standing,” and to realize (among other instances I mfght cize) that one of
the two principal sections of Resnick & Eprd's (in ptess) forthcoming book

deals substantially with “mathematics as conceptual understanding."

LNV
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And now, coming more to tfie point:

—

//what area is being del1m1ted for further investigation?

I betieve that today Henry Van Engen would say Substant1ally that which
he did 30 years ago (Van Engen, 1949):

"The whole object of arithmetic Instruction clearly is to help the ,

LS .
~« il dewise a system of svmbels which., In some sense, is representative of
. - -
-

a realm of events . . . with which the Chlld has had dlrect eXPerience "

£

_The symbéalzed events, which "are predomlnantly concerned, on elementary

levels, with overt acts and images acquired as the result of experiences

with the manipulation of obﬁects," "are the primary instruments of knowl-
ed~c" {pp. 325- 326)

Specifica]]y my, concern is with the "system of symbols" identified in

-

Table 13 (especially the oé\Zeft column) and with a particular operat10nal

.

1nterpretat10n,--a particular 0perat10nal’Eganzng,--aSSOC1ated with that"

8

symbo] systmn_gg_jg is used with natu;a1 or whole numbers, set ¥ or set'w.

. ool t Table 13 about here - )

 Even more specifically, my concern is with a uhary-operator change-ofl,

N

state interpretation of the symbol syggem as overviewed in Table.14.

- m m e w m = w w W™ w m m 4 om

* Before being more explicit about that which I believe is in need of

~

further investigation, I wgulid 1ike to ident%fy‘some of the research re-
search reports and theoretical papers that relate in some way to young

children and to tasks associated with number "operations." -  Since a

. =
W

(}{

o

P
v
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TABLE 13

Some Types of Simplé Number Sentences

Op-left sentence form |Op-right sentence form

Closed sentences

1. a+b=c¢ 1'. e=a+b

2. a-b=e¢e 2', e=gag-b

Open sentences .

"

1. a+b=] 1.
2. a+[J=e 2'. e=a+ [

]

=]
+.
o

-
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TABLE 14

Unary-operator Change—of—St@te Interpretations for Open Number-sentence Types

Condition
. ' . -of-state situation
Conventional Conventional (if any) Change-of-state
closed-sentence open-sentence &
i Withd Inftial Final
N W state . state
' l. a+b=n a + b n o
/
AL at+tb=¢ 2. atn=e a<ae asg e a In 7
7
3. n+b=c¢c b<e bge n + ) e
T 4, a-b=n a>b as»b a -b n
S. a-b=c¢c 5. a-n=e are a»ece a gn e
6. n-wmp = o n - b )

* 0ften [ ] is used in‘place of n.

¢ . N is the set of natural numbers; W, thg Set of whole numbers.
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forthcoming publication from the Wisconsin R & D Center's Mathematics Work
Group® will include virtually all of my references among the many that are

analyzed and synthesized, [ will aJoid duplication of that effort by doing

little more that alluding to most sources here in Part 11 of this paper. -

Investigations with task stimuli that are exclusively symbolic ex-

emplars of certain sentence types identified in Table 13:

+ Reports of my own normative invéstigation of certaj® %ask‘gnd other
variables potentially associated with pupil performance on exemplars of'§e-
lected open-sentence types (Weaver, 1971, i9?2, 1973; Note i) showed a de-
gree of differentia] perfommance with sentence type; that suggested some
conceptual inadequacies, or whatever., A subséquent'categoriiagiOn of in-
correct responses that was reported at a much later time {Weaver, Note 2)
identified certaip kinds of errors as being more commdnplace than otﬁers;
but in no way could there be inferred anything regarding pupils’ interpée-
tation of sentences in binary or unary terms,vor some {probably garbled)
mixtdre of the two.

It should be noted that for the preceding investigation as well EEL
for others to be identified, the principal dpmain from which number-
sentence exemplars have been drawn has been that which/ we commonly call
the "basic addition and subtraction facts." Also, the domain of subjects.
has been principally thaf of the primaéy grades. .

Findings from use of symbolic exemplars Of.number-;entence types as
stimuli for an entirely diffefent purpose {than Heav?r's) have been re;
ported by Groen (1967), Suppes & Groen (1967}, Suppes, Hyman, & Jerman
(1967), Jerman (1970), Groen & Parkman (1972), Groen & Poll (1973), Rosen-
tﬂﬁi (1974), Woods, Resnick, & Groen (1975); and by Svenson (1975), Sven-
son & Broquist (1975), Svenson, Hedenborg, & Lingman (1976). In these in-
vestigatiéns linear regression analyses have been applied to performance

L3

data in the form of response. latencies in aQ\ifffypt to test {and subse-

i

]

1
1
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quently refine) the validity of certain iypothes?a-d algorithms,--chiefly

counting mode]s,--a% procedures for solving exemplars of open-sentence types.

Alderman (1938) has reported findings from application of an alterna-

tive "tree search” model to the solution of exemplars of "addition" open

sentences.,

{It may be of significance to note that the "response latenty" inyesti-
gations have been conducted virtga]]& without exception by psychologists
rather’than mathematics educators.. Th}s maf havé a bearing upon both the
intent of such investiqations and the interpretation of findings iherefrom,
along with implications and sﬁggestion§ for furthér invesfigation.j

f -

At this time in this paper there is but one kind of question that |
J ,

wish to raise in connection with the response-tatency—investigations: IS

there any relation between hypothesized performance a]gorithmslor models and
subjects"(expenimenter-anticipatéd or actual) intérpretation 0% stimuii in
terms of "operations?" If a binary-conceptualization were‘inﬁolvgd, would

fhis suggest the testing.of different.hypotheﬁized algorithms or models than

if a unary conceptualization were .involved {and vice versa)?

Jdt is recognized, 1 am sure, that in research reports, position papers,

—— -

etc., not all persons use terms such as addition, subtractiom, operation,

and the like 1n the same way n which I characterized them in Part I of this

. paper. This should be.kept in mind when interpggi?ng some of the material -]

shall identify in the next section, where I may refer to "addition," "sub-
traction,™ etc. in the sense that a particular investigator does rather than

1n a strict mathematical sense as a mapping or function.
Ll y ’
Other investigations with exemplars of number-sentence types as prin-

¢ipal or significant stimuli: ° ' .

Groen. & Resnick {1977) reported two expériments on additior atgorithm

. invention, with five children whose average CA was less than five years as.

4
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subjects in each experiment.

Grouws's (1974} report of solutiok methods used by childrgn when solv-
ing exemﬁ]ars of certain open-sentence types gave no hipt of bin%ry Vs, uhary
conceptualizations of the operations involved)

Lindvall & Ibarra {(Note 3) attribLted variation and error in the waf

in which pupils read open-sentences to different interpretations of "+" or
* 3

which appear to be associated with binary vs. unary conceptualizations,
but were not discussed in such terms explicitly. -

Hamrick's (1979) report gave no particular jpgicﬁfgon of the concep-
tualization(s) of addition and subtracfion for which written-symbol readi-

ness was developed.

Concern for binary vs.-unary conceptualizations is impiicit (but. never

4

~explicit that I could find) in reported work from'the Project for the Mathe-

matical Development of Children (PMDC) pertaining to the equality relation
andlclosely a]]iéd material (Anderson, 1976; Barco, 1977; Behr, Erlwangér,
& Nichois, Note 4; Campbe113 1976, 1978; Dermark & others., Note 5; Gerling,
1977; Hichols, Note 6. |

Piagetian "reversibility” and its relation to pupil performance on

“open addition and Subtraction sentenees was of principal intetest in two

investigations (Davidson, 1975; Wong, Note 7} and of TéSS ifterest in an-
other case (Woodward, 1977). In none of these instances was reversibility
associated with a unary-operator rather than a binary-operator interpreta-
tion of the numbet/gentences involved.

The "missing addend" open-sentence types (in some instances including
related verbal problems also) were the particular concern of several in-
vestigations: Howlett, 1973; Peck & Jencks, 1976; Gold, 1978, Note 8~
ﬁ"d‘i"% Case, 1978a, 19?8b). in copnection with none offfﬁése reports

have ! seen it made explicit that in relation to a unary- operator interpre-

tation, these two forms of m1551ng addend sentences are conceptua]1y Quite

£
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, s
/ different:- a + [ = ¢ ) -

and []+b=ec.

Other investigations, and theoretical papers:

I/shall only list a number of references in which principal interest has
o been in {1) some aépect of "problem solJing“ as it is}associated'with addfi -

tion or subtract%on or (2) the deyélopment of addition or subtraction con-
cepts per se,--in each instance, with task stimuli that are not chiefly sym-
bolic exemplars of number-sentence types.

Carpenter, Hiebert, & Moser, Note 9, Note 10; Carpenter & Moser, Note
115 Moser. Note 12;

Ginsburg {whose cited references cover much more than the two things
Jjust jdentified)'lg?s; 1976, 1977b; RI]ardice, 1977a, 1977b; Brush, 1972:
1978; Brush & Ginsburg, Note 13; Hebbeler, 1977, 1978; Kennedy, 1977; Rus-
sell, 1977; . ™\

—

\
Greeno, 1979, in press; Heller & Greeno, Note 14; Heller, Note 15;

Riley &.Greeno, Note,16;(EiJey, Note 17; . LT .
- Grunau, 1975, 1978; '
Kellerhouse, 1974;
Lindvall & Ibarra, Note 138, Note 19; Ibarra & Lindvall, Note 20;

Nesher & Teubal, 1975; Nesher & Katriel, 1977, Note 21;

Rosenthal & ‘Resnick, 1974;
“ . .
L Shores & Underhill, Note 22; Shores, Underhill, Silverman, & Reinauer,:

t :

Note 23; Harvey, 1976;.
‘ Van Engen & Steffe, Note 24; Steffe, 1968, 1970, Note 25, Note 26; Le- -
Blanc, Note.2?; Steffe & Johnson, 1971, Note 28; Steffe, Richards, & von
_ Glasersfeld, 1979; Steffe, Spikes, & Hirstein, Note 29;‘Hirstein, 15?8.

. Suffice it to say for this paper that many of the preceding references

make distinctions that could be associated with binary vs. unary interpreta- ’

3
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tions.of number operations, byt in np instance did [ find that such a dis-

tinction was made explicit.

A conviction. Binary g/ unary eperations can and should be part of a
person's mathematical fund nowledge, with consideration given to each .
during the courseof systematic instruction within the school context. [t is

L]
Fl

rare to find that done in a school mathematics program (e.g., Comprehensive

“School Mathematics Program (CSMP), 1977, 1978) in the United States, where'
the "typical" program is rather procrustean in its treatment of content from

a binary-operation standpoint, to the virtual exclusion of unary operations,
" --an exclusion that I believe is a distinct disadvantage when interpreting

and working with certain quantitative situations.

But there are programs within the United Kingdom (e.g., Fletcher, 1970,

¢ 197 ) which give explicit attention to unary as well as to binary operations.
And if | interpret correctly some of the Soviet work (e.q., Davydov, 1966/1975;
Menchinskaya & Moro, 1965/1975), unary operations (at least in essence) have

a central role to play in young students' mathematical-development programs.

. Change-of-state Situations

Dienes & Golding {1966) have stated that
"A largf part of mathematics consists of the study of states and the
> study of operators which induce these states to change inte other states”
(p. 35) ‘

Such change-of-state situations,--which by one name or anﬁther were of
interest in many of the references cited on the preceding page (57) of this
Imanuscnipt,--seem to me to be particularly suited to interpretation in terms

of unary operations and their properties.{rather than in terms of binary op-

¥

erations and properties). [f systematic intervention within the school set-
T~
ting is to be based upon the quantitative background that many{?) children

L

\‘l . ’ F L l
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bring to that setting, "unary additron" and "uhary subtraction” concepts

and skil1ls within change-of-State contexts very well 4nay be”preferred to bi-

G\L'.

nary-interpreted situations for initiating instruction pertaining te number
operations.

Some relevant evidence? | believe that the work of Gelman (1977, e.g.)
and her associates has resulted in findings that give a'good in&ication of
the kind of preschoolers’ background to which I allude. 1 interpret pﬁe
following extensive quotes from Gelman & Gallistel (1978) to be.in the sense,

if not th%/{anguage, of unary operations applied to change of state {i.e.,

state-operator-state} situations:
“Wouns cntldren e oa ¢lansiticarion =cheme rhaf orranizes ojerar lon.

hY ‘ -
. ~
Tnic tnone that Alter number and those that do nor alter number," (p. 169)

1 L

“The young child's numérical-reasoning scheme . . . includes [two] .
1 -

.

awerations that allow the child to deal with transformations that do dlter

namerosity.  The first of these is addition. When young children confront an

unexpecred increase {n numerosfty, they postulate the intervention of addi-

.on . o e. In other words, they state that something must have been added"

{p. 169}.

¥
"In order to explain unexpected increases in numerosity, the young
rhIl e ot fome et {containine one or more ltems) nas heen added to
' L]

ot it arty. (Q.ﬂlég)'

"
~ - Mt an our L L L experiments show that children ¥now the effgets of

. addirion, they also provide evidence that voung children use another number-
- . . ¥ i
altering onapation: ‘subtraction.' (p. %‘2).

"Piesyoung child repards subtraction as the removal of iters ‘rom a

o e -
ot (p, 172) .
. f o
\ When “cb lldren oncountered sets whose nimerosity was elther more , o .

*”,.r/// ot e L+ . than the numerosity they expected" they "reliably indicated '

the direction of the riscrenpency and theisperation that caused the discre.-
Q " . ; '

ERIC ;y o -
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Aruitoxt provided by Eic:

ing pro

ancy." Furthermore, *the children kuew fiow to oliminate the dicerenancy "
"When eonfronted with the diancrepincy betwéen an actual numerolity,

v, ani an expdeted numerosity, m, they showed that they knew that m could

be converted into n by either addition or subtraction. . . . "The chil-

. . . . i
‘v-n 1+ liably applied the appropriate operation. When m was Iews thun m, .

t.oy spacified addition; when m was greater than n, they specified subtrac-
tion. When the difference between n and M was equal to ohe, thoachildren
did more }han apply the appropriate operation; they alsosspecified the num-
Lee to be added. or subfracted. This statement, as always, applies onl&
whrn the numerosities of n oand m are Loth small iluSS'than or cqual to
four). AL the difference between n ana m became fréater than one, the

. . - . ’
chlilldren rel;ably indicated that the number to be added or subtracted was
greater than one, but they became less precise about the exact value of
that numper." (p. 173) t

*We hesitate to take these results as evidence for granting young’

children a precise concept~of the inverse. Still, much in their behavior

I 3
L

warrants the postulation of some principle of reversibility, that is, some

principle that legds the child to recognize that addition is what undoes
the effect of subtraction Land vice versa ?] and to attempt to alter the

arvays in a systematic fashion., What is the simplest principle that ex-
“ V

- nlains this repair behavior? We think it is a prineiple of solvability, or

the  'you can fet there from here' principle.” {pp. 175-176)

"The rules that govern the child's numerical reasoning are influenced

by what the chilad regards as belonging to the domain of mental entities that

are to be reasoned.about numerically., The mental entities to which the

e

ild's numei;fsl/feasoning principles apply are his represantations of
f

sity. ecause his representations of numerosity derive from a count-

. b . .
ure, he has no numerical representatidns corresponding to zero

-
.




"The youns cnhild has a limited selvalility priﬂfiplo. He believes
that .2 1e,ﬁﬁr numeron ity may be made cguivalent fo a greater numerosity by
means, of the addition operation.and that a greater numerosity may be made
equivalent to a lescer numerosity by means of the subtraction operation,
Pmtedgded in thic boliel is the telicf that adaitdion always increases nu-

\rfPOCity and subtraction always decreases numerosity.” (p. 189)

{That is precisely the case when dealing with "uﬁary addition" and.

"unary subtraction® {for proper operands} within the domain of natural

. /

"The child's zelvabllitysprinciple might incorporate the concept of

numbers, ¥. ]

PN
W . . . - .
/ifrnn inver~r operation, that is, the concaept that subtraction undeoes the ef-

fuct of addition and vice versa. We have noe real evidenceone way or the
othrr on [whether] the concept of the inverse is implicit in the ghild's
solvability principle. All we really know is that preschoolers believe
that differences in nﬁmerosity can be eliminated my either removing some-
tning from the larger array or adding something to the smaller array.
Wivther or not the child believes that the numerosity of what must be re-
mcuﬂé i= hcuivaloqt to the numerositg of what must be added fﬁ a question
frr further pesearch.” {p. 190)

{1 believe that some of Brush's and Ginsburg's change-of-state tasks
(Brush, 1972, 1978, Brusg & Ginsburg.(Note 13} are related to this issue.
A similar (or identical ?) conceptualization is {0 be found in the equalizing
process identified by Romberg (Note 30, p. 163) and ingorporated in the De-
e loping Hathematical Processes (pP) elementary-school mathematics program.)

Regardjng the final point raised by Gelman & Gallistel, Diehgs & Gold-
ing (1966) have asserted the following (which should be interpreted ingsgrms

of "unary addition"” and "unary subtraction"):. s

"If we do an adding of three when we have just done a subt}acting of

.

Q I N !
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tarec, we will get hack to where we started. Similaré? if e Jo an adding
sob four followed by a <ubtracting of feur, then we WIIT e Lack where we
rarted,  Teachers are very often not cufficiently aware how far from ob-

‘f

P ous thic is. Tirst of all, it is not lmmediately obvious thar subtrac-

- - tion 14 the inverse of gddition, andfz;cond]y that addition is the inverse
ot alrraction,  Subtraction and addition are inverses of one another.

- . . . ' ce 1
i'bese relationships need to be learnad, aml unless provision is made for

it, the learning may not happen.” {p. 39)-

b

L8
[Evidence of this at the ~ymioldc level was quite ¢lear in connection
with one of my own explorations (Weaver, Note 31},]

The difficulty may be due, at least in“Part, to Dienes' (1964) conten-

i
tion that '

. ’
"A great deal of gonfused thinking arises through the lack of realiza-

tion of the double role df numbers, namely (1) that of describing the quanti-

rative state of a collection and (2) that of the operation of altering such

. an existing state.” (p. 30)

- A}

oY ' Developing a Particular Meaning for Symbolic Statements

Tﬁe conceptualizations that have been discussed regarding change-of-
gtate situations are background for the development of a unary-operator
changelof—staté ingerpretation of the symbol system overviewed previously
in Table 14. In light of an observation made by Gelman & Gallistel and

Lcited‘earlie}, [ shall restrict our consideration to the domain of natural
numbers (#),--and leave it to tpe reader to make his/her own modifications

if the whole-number domain?(w) were involved instead.

e

.Developing meaning.(. Van Engen {1949} has con‘mdid that
"In any mpaningful sjtuation there are always three elements. (1)
Trers <3 an event, an object, or an action. In gencrd terms, there is a

- ¥

referent.  {(2) There is a scymbol for the referent. (3) There is an indi-

Q 5 ‘ 7.
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Vian? o Unterprel the symbol an somehow refsrring 1o tne referent,
It i, important to remember that the :}mhol refers to something outside

i1, This somethiny may be anything whatscever, oven another symbol,
) . ,
¥

subject ortly toe-the condition that in the end it leads to a meaninpful agt

or a mentél image." (p, 323) . -

Figutg,ls is intended to convey the sense of Van Engen's contention

in relation to the mean{ng(s) of principal interest in this pafii;//f

---------------

-

¢

----------------

Regions 7, P, and 5 of Figure‘15 suggest kinds of referents than can
provide logical meaning (Ausubef, 1968) for'symbo1s associated with region
i/, from which an fndividual derives his/her idiosynerqtic psychological
meaning {Ausubel, 16%8).

»
From the references cited already on manuscript page 57, together with

the following, one could cull a variéty of potentially suitable (from ;;- '
su:table)referents for regiton U of Figure 15,--wWith the U?Qgrstgnding<that
candidates for reqions ¢ and P need not be restricted to ones in which\L
"state" is associated with 5 collection of discrete entities: o
Gibb (1954, 1956), Reckzeh (1956), Van Engen (1955, 1963), Hartung
(1959), R.JOSﬁsrn {1961), Schell & Burns (1962}, Williams (1963), onford
(1965), A. R. Osborne (1966, 1973, 1976), Biggs (1967), Clarkson (1967}, -
0'Brien (196?L, Payne (Note 32), Romberg, Fletcher, & Scott-£Wote 33),
Van Wagenen {1973}, Van Wagenen, Flora, & Walker (1976}, Vest {1968,
1970(a}, 1970(b), 1972, 1973, 1974, 1976, 1978}, Reys (1971, 1972), Fennema
(1972, 1973), Marshi;;/£49?6], Sowder (19?6)VT§5h1ock'(19??), Richards
(1979), and weaver (A979). - g t B A
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s . e
With\20ung chj]dren we undoubtedly are concerned primarily with re-

gions ¢ and P of Figure 15 as referents rather than with region s. (Note; —-f\ |
however, a §énsib]; ;ymbolic yeferent for "a - b 2 o' s e + b = a" rather
than "> + ¢ = a.”).
(It also should be notedthat ay réferents that in comnection with
statements such as "2 + 5 =-7" and "8 - 1= 7" interpret “2 + 5" gnd "8 - 1"
-and "7" as different names for the same numbed are not suitable f&y the
. unany€9perator change-of—s@%teKintgrpretationg in which'we are interested.}
Fi§ure 16 suggests that sentenées embedded-within region ¥ may be as-

sociated implicitly or explicitly with suitable situations within region v. -

- e m m m  m m m m m m m m m = o=

Insert Figure 16 about here 3

Verbally-presented "problem" situations (¥} concedvably could be ‘re-
'1ated to U of ‘Figure 16 at different cognitive levels: for instance, at

Avital & Shettleworth's (1968, pp. 6-7) level of algorithmic thinking, or

. -

at their open search level which is more closely associated with Resnick &
Glaser's {1976} characterization of a problem:
"Psychologists agree.that the term 'problem’':refers to a situatieﬁ in

-

which an individual is called upon to perform a task not previously en=

countered and for whiéﬁ externally provihed instructions do not.specify. com-
} pletely the mode of solutiPn. The particular task, in other words,\is,new
N fort&he individual, although processes or knowleége‘élready avéilablercan
. be called updn for sclution." (p. 209} .
Thus,‘any U-v association (Figure 16),may be differenf[for different
e children. It may bé; in fact, that V'does not function h&ite as anticjp§teé

.in the development of meaning(s) within U. Grouws (1972), for instanéé, '

-
1

v

.

, r

- “ e
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reported that explicit assocwtwn of "word prob]ems" with open sentences

to be solved appeared to have no facﬂ1tat1ng effect. qp(on pupils’' *solation

"

‘performance. s ; A ,
A conjecture. We all have experienced instances in which there seems

to bf-a.n\aapre;:_i;ble gulf or gap (chasm-14ke at times) Between chﬂdr:en‘s A

comprehension of a mathematical conceptualization and ‘their comprehensioo

cof a symbolic rébresentation of that conceptualization,--especially wﬁén

that representation is in conventttna)l mathematica] form. It is Tikély

that some mediating notationaz form might be used to-advantage at first, ’

ieading eventually to comprehension of the ultimate conventional form.

N
Figure 17 is intended to convey such an idea.

.“uV' ' . . 7 /

The mediating notational form (¥} to be suggested is one that may not ~

5 only contribute tp‘a development of meaning(s) to be associated with U of
Figure ;? --the principa'l c.oncern of this baper,--but also may contribu’e to
pupﬂs ab/ity to work with ¥ as well. ‘

* From among various possibilities’ (arrow diagrams among them) L sug‘gest
the medwtmg notatwnaI form of F1gure 18, which a variation-of one used

prekus]y in Part | of this paper , /

e I R R L

Insert Figure 18 aboul here

__________ T ...
L] .
v For the counterpart of open.sentences, the mediating ft;rms would .appear
. R N
as in Figures 19 and 20. .
e~ -
& ay -
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staet (.o« ),
Do | b
. &
\ Figure 18.1 ~  Precursorof g +b = ¢
staRT (7 2 ) .ot
DO -b . *
» ) - .
END ( S ) , B
- ' 8
Figure 18.2 (a-‘> b) o - Precursor-of .q - b = o
° ; ‘ N
{

‘ i . v .
Figure 18, Mediating notatidnal form (Domqi_n N}
r . .

-
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- Figure 21.

N Ls

LY

. operators.

- e e m W m m om m N m o om oM m W om om om m o=

-t - - e m o= o=
- - - m m m m m om om o= o=

The mediating notational forms provide a conveniedt systematic way of

recording information given {ultimately along with 1nf;rmat10n once missing)
in referent situations or verbal problem situations. Forms in no way dic-

tate the.natuﬁe of sugh situations {within the state-oﬁérator-state context)

#rdo they in any way dictate strategtes that may be used to cope with 5u€'P

]
)

situations. : s e
Conceptualizations, rélationships, properties, gtc. can be "discovered"

or whatever from exemplars as recorded with media:ing notationél f&rms. In

some iﬁstances*the essence of a praperty (e.q., the inverse:operator prop-

grty) may be represented by a compoéité of mediating notational forms, as in

.

- = m m m m om ™ R om om om e om = o=

The transition or-change ta the ultimate convéntional form ¢f symbolic

notation need not. be‘hurriéd --should not be hurried, in fact.

-

F0r some things the medlat1ng notationdl form has a-distinct advantage-
over its ult1mate symb011c counterpart. Cons1der Figures 19.2 and 20 2, for

instapce: In each both.pants of the operatOr must be speCIf ed, --wh]ch is

an advantage in bulld1n§ a conceptualization of the nature an

L]

& . N - . b . -
The mediating notational form also has no troublesgme "=" symbol for
children to céntend with. ° N ‘
‘ - oy - 4 :
- ¢ }J
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START a '
. DO + b _ ‘
v 4 ‘ \
\ enp ) _
\ ? 1
Figure 19.1 Precurser of a+ b = []
: b
j sTART { a ) 7
]
bo . X .
‘END ‘ o '
) ? Figure 19.2 (a < ¢) " Precursorof gt [ =¢c - @
‘ % I - . / . * . . 1 s
\ o ! \ .
;’ L /" . , .
/. start (. ) -
L] /‘:, ’ )
/ po |. +b » ‘
/f .
D W END ( x: ) T ‘ g
’ Figure 19.3 (b < ¢) © Precursor of [J +b =c
r‘a -
AR Figure 19. Types of “open” unary-addition situations {Domain #), B
e . , N T )
ERIC ' oo |
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START a ) .
Do 2N
n .' .‘ .‘
‘ ) /
END ( ’
. e ]
Figure 20.1 {a > b) Precursor 6f g - b = D
N\
o START ‘ a )
Do - )
END ( e )

, o ‘MMJB X
- , C Figure 20.2 {a »2) . Precursor of a/-.q= e ‘

¥ .
‘ ] ) ' . -
i . -~ ¢
 START '( , )
. ' . 3
‘ * ' % .
. Do -b o :
: » . .
-— > 4 )
END ‘ e ’ :
I .’ ‘ . . . .
Figure 20.3 Precursor of '] - b= ¢ -

%

I
»

]'Fiqure 20. Types of "open"-unary-subtraction situations (Domain ¥)
? ? Y

ERIC - o . Y , '//'.




L3

erse operators

Figure 21. 7+ b" and - p" as inv

s

l):
Xy

[\,

r’“‘a I_ _:"

73




74
In Conclusion

~
I have emphasized one interpretation of .symbolic notation within the

&

domain of natural numbers, or whole nuﬁbers {and identity operators)
a ’ + b =
STATE OPERATOR STATE
a -b = e

which for'cﬁange-of;state situatians represents that which 1 believe to be
a promising but neqglected approach to number operations for young children.
4 Investigations need to be desjgnég/to
1) develop specific instructional intervention(s) pertaining to the
content iﬁ question, | | .
(2) examine the f;asibility and effectiveness of such intervention(s),

and (3) rg]ate thaf content to other interpretations and situations per;
taining to number operations. : ‘a

Withhan inftial principal focus.upon states and operators rather.than
upon operations per se, little if any compromisé will need to be made wi}h

any- subsequent mathematicak,inferpﬁétation of ogeratibnt

Ty . : * .
Am I barking up a wrong tree? 1 dofi't think so.

C . . \
) » . . ' »
.« 4
, .
. . . e
.
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Footnotes

L If you look at the text in which these %5nfences appear, you will
find that (somewhat to my chagrin) I was a member, of the writing "team that
produced them' The negative reactions that I had 15 years ago (and still
have today) to the gquoted characterizations simply were overruled by a ma-
Jority of the ﬁ;iting-ieam members-,

2 Nothing would be gained here, for jnstance, by using Norbert Wiener's
‘formal definition of the ordered pair (a,b)i {{{a},9},{{b}}} as cited by
Buck (1970, p. 255). . .

3 Brumf1e1 (1972) sees no real cause for the concern that persons such
as Rappaport (1970) have expressed over a lack of agreement regarding the
names appiied to these two sets. It does behoove a writer (or speaker), how-
ever, to make clear the nomenclature being used.

L3

“ This “general” subset condition app1¥es in the case of W. In the case
of N, however, the more restricted condition that B is a proper subset of 4

(BC A) must be imposed.
.“-

. :
> Vest (1969), for instance, has déveloped a "catalog" of presumably
" different but isomorphic "models” for addition and subtraction.

6 To some extent Nesher used different symbolism than I did. Also,
where I used the "unary operator” concept, she used the functor concept '/
from category theory.

& [ am well aware'of a dlstlnct10n between meaning and understqnd%ng,
and with discussions of that d1st1nct10n,fsuch as those by Hendrix (1950) -

and by.-Van Engen (1953). {/
8 Conceptual Paper No. by Carpenter, Blume, Hiebert, Martin, and

Pimer~
| —9¥T%¢}s ngt uncommon for young children to fai¥ to distinguish in
their speaking, etc. between set operations (and'related language) and
number operations (and related language):’ This failure to distinguish be-
tween these two markedly different things is evidenced at times among non-
children as well.

* Compositions have been cﬁnsidé}ed by Lay (1966), Dienes & Golding
{1966), and more recently by Vergnaud & Durand (1976) and Vergnaud (1979).

Joo .
. \ y , ,

!
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