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S o ~ INTRODUCTION

. ~Ratlonale e . S .
Computatlonal estlmatlon has long been recognlzed .
as a baslc mathemat;cal skill, and several 'recent recom- .

.o mend?tions ort .basic -skills in mathematics have re-enpha-
C : ' . .

siZed the fundamental importance of estimation. For
example; the position paper on basic skills of the National

.Council of SuperVisors'of Mathematics (1977) attacned

,centrai\lmportance to the Skllls assOC1ated Wlth estlma- -

.tlon and . approx1natlon,aas well ‘as alertness to reason—
- L

ableness of results.' Bell's (1974) statement on basld
L.

[

mathematlcal skills needed by ﬂeveryman" hade mentlon‘of .

- ‘r

-

o the 1mportance of est1matlon Skllls, as did many of the
. )

<

a

part1c1pants 1n-the NIE Conference on Baslc Mathematlcal

' ¢

’ Skills and Learning (1975);1n Euclld,'OblO; vThe neeo,fox',, e

)
T
>

developing students': estimation skills.was-also reflected

in An Agenda. for Action "(National Council of Teachérs of

Mathematics, 1980). One-of the specific recommendations_

h - >

. Mmade was that teachers'"incorporate estimation activities
. & ‘
within all areas of ‘the (school) program on a regular and
[ v . .

4

sustaining baSlS '(p. 7).
The W1despread use and avallablllty of -hand calcu-
/ - .
i ) {
lators places additional 1mportanpe on computatlonal;j

- - ) S i
. 4

'Qestimation skills. It is easy to make a keystroking error,.

o v




.

s,

s

such as pressing a wrong_key or omitting a decimal point,
when entering information in a calcuiator. A single
error can greatly effect the resnlt displayed. qinCe“
‘most hand calculators do not preniée prrntouts,ait‘is
difficult to know if faulty data have beenuentered.
Therefore skill in estimating the magnitude.of an answer
and/er>recogni;ing the reasonableness of results is very
important )

PRXY

Desplte the 1mportance of estJmatlon, it is perhaps

\

the most neglected Sklll area in the mathematics curric-

- ulum (Carpenter, ‘Coburn, Reys, and Wllson, 1976) .

N

. work Wlth computatlon N A review ofgmathematlcs.basa1>

;mathematics textbook‘series revealed that estimation

Although computatlonal estlmatlon is tradltlonally intro-

duced.around the fourth grade, it is doubtful that the
L ' A G - S
cursory treatment given to estimation in most mathematics

programs is sufficient to build any .appreciable estimation

x-

',skills;*‘Estimation frequently appears as a separate topic

'

that 1s often poorly motlvated or perhaps even 1gnored in

?.textbooks (Skvarcius, 1973)'showed that very little atten-

[}

tion is glven’to systematlc development:of computational -

estlmatlon skills. Another'recentbstudy of three popular

o

[P 1

’appeared in less than three percent of the lessons (Freeman,

Kuhs, Belli,Floden, Khappen, Porter, Sehmidt, and Schwille,




1980) . ‘
Thealack of attention teo computational{estimatio;
was reflected in the low performance of all age groups
. on esfimation exercises in the second matheﬁatics assess-
ment of the National Assessment of Educational Progress
(NQEP) (Carpenter, Corbitt, Kepner, Lindquiét, and Reys,

1980) . Typical of such results are thosé\shown in the

following exercise:

-

ESTIMATE the answer to 12/13 + 7/8. <You will not
have time to solve the problem using paper and pencil.

Percent Correct

o

Response'Categories - Age 13 Age 17

1 ) 7. 8

2% » : 24 37

19 28 21

21 T . 27 15

I don't know ' 14 ) 18
*Correct

’ ' Lo B
. B

These results show that only 24 and 37 perceﬁt of 13- and
l7tear—oids, respectively,‘responded correctly. Over
hélf of the 13-year-olds and aZout one-third of the 17-
year-olds repbrted values that were completely unreason-:
Able. Rather‘thén estimatefthe sSum of the two.{ractions,
- many .students apparéntly attempted to apply én algorithm

to the ‘numbers without checking the reasonableness of

v




their esfimate. These levels of peffornance were con-
sistent witn results reported earlier in the National
Long.tudinal Study of Mathematics Ability (NLSMA)
(wilson, Cahen, and Begle, 1968).

The resulte of investigations such as NAEP and NLSMA
suggest that students' estimation skills are poorly
developed and that such skills do not eutomatically.
de&elop from maturation or from the-study of more mathem-
atics. The results also highlight the fact that estima-
tion skills are difficult to measure. These problems
were documented in a review of research on estimation
skills.eompiled by Buchanan (1978). Buchanan's review
indicated'a‘dearth of research into estimation 'skills,
desplte the 1mportance of such skilds in mathematics.

The need to explore computatlonal estimation skills,
espec1ally in view of the increasing 1mportance belng
attached to the developrent of such skills, provided the
rationale for this investigation. "

Definition of Terms

The close relationship between computational estima-
tion and mental arithmetic is evidenced by the similarity
with which researchers have defined the two terms.
Researchers have agreed that both estimation and mental

arithmetic are to be accomplished without the-use of paper

[n
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and pencil or other similar tools'(Dickey,'l934; Floqrnoy,
1959 a‘and b; Good, 1973; Nelson, 1966; Olander and

Brown, 1959). Olander and Brownvdefined mental arithmetic
to be "the mental or thought processes pupils engage in
when attempting to solve arithmetic examples or problems
without the use of paper and pencil". Good, in.his 1973
edition of the Dictionary of Education, defined the

o

process of estimation as follows: "to arrive at a value

either by inspection without qalculatimg the result
or_by.;ough calculation" ‘

The discriminating element between the definitions
of estimation and mental arithmetic is that those_defining
estimation (Dickey, 1934; Nelson, 1966) specify that the
desired outcome is an épproximation, whereas mental
arithmetic is associated With,a.unique solution or answer
to a given problem. Unfertunately, no evidence has been
found in the rescarch literature of an attempt  to define
an approximation or to specify what constitutes an accept-
able approximatien or estimate. In fact, both Dickey and
Nelson ueed,approximatiqn'as an undefined term. 'The

Dictionary of Education (l973)/defines approximate compu-

tation as: "(1) computation that involves the use of
approximate numbers; (2) the appllcatlon of methods or

approx1matlon with either approx1mate or exact numbers



Since no acceptable or complets definition of compu-
tational estimation has been found, the followin-, opera-
tional definition was constructed for this investigation:

Computational Estimation:

The interaction and/or combination of mental
computation, number concepts, techrical arith-
metic skills including rounding, place value,
and less straightforward processeg such as
mental compensation that  -rapidly and consist-
ently result in answers that are reasonably
close to a correctly computed result. This
process is done internally, without the external
use of a calculating or recording tool.

This definition provided the foundation for the
investigations of this project. More specifically, it
provided both structure and direction for varioos
procedures that were followed in this research Perhaps
this deflnltlon can represent a step toward a!common un-
derstanding and acceptance of“joSt what constitutes

computational estimation.

Objectives of the Study

Tﬁis report reprecents the culmination of an inten-
sive yearllong stody'of estimation skills possessed by
good estimators atrdifferent levels of maturity. More'
Specifically this research: i

1. ‘developed an operational definition of computa-
tional estimation, and based on this deflnltlon,_

2. developed an instrument to 1dent1fy people who

16



were exceptionally good in compuﬁationai estimation;

3. used this instrument to collect performance
1e§el data on 1187 subjects; )

4. constructed interview problems and developed
pfotpcols to identify the thinking processes subjects
used when doing computational estimation;

| 5. ‘éollected interview déta from subjects;

6. synthesized the inter&iew data -and organized
them into a framework that provided a model for future
researchers to extend.

This research is in the spirit bf thoughts expressed
by one mathematics educator who wrote that more muét be
"learned in the next few.yéaré about.how students develop
these (estimation) ski]is, howrthis work can #est ?e
integrated into the curriculum, an¢ how instruction'can

more closely fit the psychology‘of the learner" (Trafton,

1978, p. 213). -



LITERATURE REVIEW

§§§essment”Considefations

In describing estimation results from thé first NAEP
mathematics assessment, Carpenter, Coburn, Réys, and
Wilson (1975), observed that inhe;ent difficulties in
assessing computational ‘estimation have hémpEred eval-
uvation efforts in this area, which in turn hggatively
affects curricular emphasis and instructionalﬁtime
devoted to developing such skills. 1In a simiﬂar vein,
Sachar concluded that "research.capébilities aré often
constrained by measurement and methodological technol-
'-ogies“ (1978, p. 237). Thus, the quesfion of.how\Fo
assess computational estimation skills is cfucial: Since
some of the same problems‘are COmmon tc the assessment 6fu
boﬁh mental computétion and estimation skills, procedures
used to asséés one aréa héve-implications for the other. |

¢ . .
Due‘to the scércity of pggviogs éfforts to assess estima-
tiog, it became necéssa#;wto examiné procedures used fo
assess mental computa#ion. A réview of’thoségsfudies”
producea some héigful ideas apd'neeaed direction. =~
‘ Research_hés.been-conducted wﬁich compares various

modes of dssagsing meﬁtal arithmetic ability (Olander and

Brown, 1959; Sister Josephina, 1960)Q These sStudies

. [ R : ' - .
present conclusive evidence that some form of written



measure computeﬁipnal estimation fathef than mental compu-
tation or algorithmic ekills using paper and pencil.
Although it is conceded that mental computation is a
component of estimation (Paull, 1971), there is a need

for assurance that estimation skills are being assessed.
Sevefal studies have indicated,«eithéf implicitly or
explicitly, that when the time for :espenses to items is
‘minimized then eetimation is more likely to be measureéed
(Browp, 1957; Nelson, 1966; Bestgen et al., 1980). How-
ever, tests presented in written form with a fixed time
block do not control the'time per item, a coﬁtrol which

is esseﬁtialﬁwﬁen assessiﬁg compuéational estimation‘
-skills. Thue, some researchers (Besegen et al., 1980;
Brown, 1957) have sought innovative modes of time-~
controlled item presentatioﬁ. |

| 'No evidence existe that there hes been,aﬁ’estimation
test developed and widely accepted by researchers and
psychometricians‘to measure estimatioh skilis. Thus,
most researeherS'who have aftempted‘to assess estimation
skills have constructed eheir own.tes£ instruments, Paull
(1971) constructed an estimation test cdntainind»ls items.
Each item contained two or more decimal numbers, hpst
with multiple operations. The test was aesignedvger

.eleventh graders and was limited to 8 minutes admin;straJ

11



12

tion time. Nelson (1966) instructed the teachers admin-
istering her 40-item estimation test to allow a makimum\
of ¢ne hour or the time when 9C percent of the élass o
had'finished. She designed the test for fourth And sixth

graders and used numbers similar to those used by Brown. _

In her mental arithmetic test involving subtraction,

Brown ~onstructed 26 iteﬁs, 14 of which used whole

numbers and the remainiﬂg 12 equally divided among
decimals, fractions, denominate numbers, ana vérbél
problems. Her test was designed for grades 6-12 with.

5 mi&;tésiallowed for administration time. The test

used by BeStgen»et al. (1980) with pre-service elementary
teachers was a 60-item test including only whole and )
decimal numbers. Five mindtes were allowed for test
administratiqn;wbut.no subject'completed.all of tHé'itéms_
in the allotted'time; . _ ’ _ -

In other studies felated.to test consFrqcfionL,other
features of éstimatién_tésts thought to iﬁfluence results
were studied. For examplé; Buckiey‘(l974) fournd no
beneficiél effeé£-0f_changing the:order.of aédends ‘on a

mental arithmetic test. - Bnother researcher (Hall, 1951)

“di'scovered that three-step problems were considerably more

difficult thadﬂtwo—step problems which, in turn, were

more difficult than pfoblems with one step. Olshen (1975)

»

.20 -
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deséribed use of "recovery items," items which have a
high probablllty of belng answered correttly, in her
mental computatlon test. Such 1tems were found to restore

student COnfldence and to renew thelr attention to the

.task. " Finally, although the bulk of computatlonal items

on most tests are stated without context,ﬂsome-tests;
(Brown, 1957; Faulk, ;962) have included problems using

numbers in an applied oohtext, For example, Faulk posed

'the estimation question, "If a gallon cf gasoline costs

26¢, how much will 15 gallons cost?"

Identification of Estimation Strategies

The determination of the strategy that an individual
uses when deriving-an estimate to a problem reduires
something.other’ than an obﬁectiveAtest. héeheraily;
researchers'have used either interviews or written explanae

tions (Faulk 1962) to ascertain the strategy used.

£

Interv1ews seem to be the most widely accepted mode’ of

. _
determlnlng estlmatlon strategles (Urbatsch, 1979; Corle,

1958; Nelson, 1966; Olander and Brown, 1959). 'Prior to
the 1nterV1ews, the subjects were 1nstructed to relate

verbally thelr thought processes either whlle they were

;\ang their response or immediately afterward. Urbatsch

t

(1979 asked her subjects if they could make a closer

-

estimate "and if their estlmate was higher than, lower than,
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or equél to the exact answer for each of the 9 éroblems
used®in her interview. The probes tHat’Corle (1958) used
on 8 problems given to 64 sixth gradé pupiis in inter-
views were: (a) What is your answer? (b{mHow did you
get it?»4(c) Why didﬁyou Work it that way? (d) Do you
think that yoﬁr answer>is right? and (e) Why do you
think it is (or ié not)? Although Nelson'(l§66) used

various probes in her interviews, she did not report the

‘strategies that Subjects verbalized, but instead reported

4

whether,the'subject was able to estimate correctly and -
whether wrong aqswers"resdlted from wrong processes.

Subjezct Populidtion

. The population from which all reported studies on .

estimation and mental arithmetié have drawn their- samples

have been, school students from grade_4 thfough collegé.

‘Most of these studiés have been experimental studies with -

perfotmancgfin mentél'arifhmetic.ﬁs‘the depéhdent variable,

‘but findings from these studies Have certain implications

N\

.for the project study of estimation skill. .After screen-

~

ing.§ome 1400 students iﬁ‘grades $-12, Brown (1957)

. interviewed those who scored in the top 5 percent in -

each of the seven grades on her mental arithmetic test.

-

She observed that the greatest improvement in mental

o

'éritﬁméﬁic‘skiiisvtook place~between the’sikth and seventh:

.0
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and seventh and eigﬁgh grades. ‘In her studylwith fourth
and sixth graders, Nél;oﬂ (1966) concluded that the
teaching of estimation procedures wererﬁofe effectiQe
with the sixth grade studeht than with the fdurth grade.
She stated that "this process of thinking iﬁ dealing
.with numbérs is more effective with children of greater
m;turity". This. review ofergséarch yielded no study"bf

adult estimation skills.

Related Variables -

Results from‘studies relating intelligence and

_cértain abilities with estimation or mental érithmetic
indicate that students with higher intelligence tend

to score higher on tests of.estiﬁatibn (Nelson, 1966) and
'uée>a greater vafieﬁy 6f strateéies thah do studeqts Q%th
lowér intelligence (Brown, 1957). Theselresuits were
”furgher confirme& (Lawson; 1977)Ain a stuay of éevedth
A graaérs. AMore épé?ifically it was repofted that students
of better computational abiiity tend to be better estima-
tors. Olande; and‘Broﬁﬁ (1959) reborted that performance
in;menpal arithmetic wa; more dependent on genéfal arith-
metic ability than ubon intéiliéénce..’Brown noﬁed’that
highAaéhiéyers'in mental arithmetic use méthodsfnét usually

employed by low achieﬁers"and.that older‘pupils,peﬁd to use

" a greater variety of methods. A finding reported by

a2

X I

23
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‘%

&

blander and Brown (1959)'was that boys performed better
than girls on their mental arithmetic tests, Of the top
: ) =
5 percent on scores-ef mental arithmetic across seven
grade levels, 61 percent were boys and 39 percent girls., -
Other abilitieS'closely-related to estimation ana
mental arithmetic have been found. For example, Paull
(1971) observed that estimation of numerical compgtation
was significantly correlated with problem solving, math-

ematical ability and verbal ability, and ‘that the ability

to compute rapidly was relatéd to the. ability to estimate-

numerical computation.

Guidelines Gathered From Research Review

This examination and synthesis of research provided
the basls for several lmportant deClSlOns Wthh guided

the constructlon and use of the screening test used in

w oy

this progect. . . B > .

1. An Operatlonal definition of computatlonal
. estimation wWas necessary. Furthermore,
. assessment procedures should be commensurate
< with this deflnltlon.q

: “.

[
2. Performance on computatlonal estlmatlon should
¥ be assessed through a visual mode- that presented
' each item. 1nd1v1dually.

3. The amount of time for each item should be
‘ controlled to malntaln assessment valldlty.

4;, Open—ended items shOuld be used with accepta-
ble scoring intervals predetermir d.

24 .
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5. A comprehenslve set offltems ehould inglude a

. . balance of operatlons, formats, contexts, and :
R numbers. s '
6. Recovery items. should be included to maintain ~

.Student attention to the task.

: 7.. Accelerated and high ability classes should be
gy ‘ : chosen to par11c1pate.

“ }
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Introduction

7Th1§7research was des1gned to ldentlfy and descrlbe
computatlonal estlmatlon processes used by good estlmators

. and then to characterlze these th1nk1ng~strateg1es and

estxmat;onltechnlques. In order to accompllsh~th1s goal,

i ! - .’ e : . . ' :

-séveral_distinct ‘tasks were:done:

1., An estlmatlon test to ldentlfy .good estlmators Lo

was developed ‘ o ’

s 2. 'Spec1f1c procedures for admlnlsterlng and .
scoring the estimation test were clearly

‘ 1dent1f1ed ”

3. . An interview format, includiny approprlate
problems and probes, was" constructed

Y

4. A sample of subjects~was selected.

.

The procedures used to complete each of these tasks W1ll

now be descrlbed.v" . oo . )

"Test Devel?EFent ._

. : : The first task 1nvolved the development of an

estlmatmon test. ‘Such a test, called Assess1ngﬁCo*p

B ) (&)
.. tional Estimation (ACE) was therefore created. The ACE °

served as the prlnclpal means "of 1dent1fy1ng good
. estlmators and was developed from an earller test that
.‘; - had been used to assess computatlonal estlmatlon.skllls -

oo

(Bestgen.et al., 1980) Pllot tests of the orlglnal o

» o

version of the ACE that used dlfferent formats and times ,

ER
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were administered to szeveral levels of students as well

as to experienced teachers of mathematics. Suggestions

‘for improvement of the test were also solicited from
both students "and teachers. Pilot testing produced

data that were used to guide development of a prelim-

inary version of the'ACE Test, which was subsequently
scrutinized by'three‘project consultahts. Their shgges—
tlons .ana recommendations resulted in further reflnement

to produre the final version of the ACE Test (see pages

v

56 to 166).

1

Each of the ®5 items on the ACE Test.was produced

on a 35mm slide with items shown sequentially using a

™~
carousel slide progector.. This organlzatlon allowed

’for group administration and controlled the pace by

allow1ng only ‘a fixed amount of response time for each
item. Care was taken to—create stralght computatloq
iteme (&hose containing only numerical data) ahd appllea—
tions items (those cohtaining'hdmerical date embedded in
a real world eontext). These items provided a reasonable
halance of whole numbers and‘decimals with only a few
items -involving fractlons. This was done to avoid
placing too much emphasis'on'fractlbns,'since some
reeearch sugéestsnthat DOOYr performahce on estimation

o : :
-with fractions may be the result of a lack of understanding

¢ . B . . ’ .
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of fractions (éarpenter»et‘al., 1980).

~Ali of the 55 items (28 straight computation and -
27.app$icatiop) on the ACE Test wefé oper-ended with
answers written on a specially prepared answer sheet
"(see Appendix 1). The 6cm x 35cm answer sheet proviéed_
adequate space for the open¥énded énswers for the
straight\computation items on the front and applicatfbn
items on the back. It was purposely deéigned to be
very compacﬁ to avoid any open space fér students to
eithef record the problem or do paper/pencilAcomputation.

The open—ehded formatvnecessitateé-the-cOnstructiona
of acceptable fesponse intervals by the rééearchers.
These interVals often reflected the results from the
- preliminary inaividual inférviews and were designed to
idciude answers obtained from various estimation stfategies{

Timing for each item was determined by'ihterviewiﬁg
individual students and observing the time each required
to respond. Using this informatibn, time allotments for
each item were identified. Since the ACE Test was
developed to identify Qood estimétors, it.w§s decided
thét it would be Better to allbw too little rather théq
too much time.\ This rationale guided the final determina—
tion of ‘the number of seconds allowed for each item. The

response times of .the items varied according to both the

28

>
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item and the grade levels. 1In administering the ACE Test,

when the appropriated 'time for an item had lapéed, the slide

. with the estimation item was removed from view and re-

piaced by a slide showing the number of the'next item.
This was dlsplayed for 3 seconds, durlng Wthh students
recorded thelr answers to the previous problem. * Thus,
the time on each problem was carefully controlled,

*  The pilot testing of eafly versions of:the ACE

Test involved approximately 200 students per grade level

R 4

‘in gfades 6-12. The goal was to produce a vaiid “test

with good discrimination. In an item ahalyéiq_of pilot
results, items with'a discrimination index of less than
.30 were revised or discarded. NEarly all of the items
used on the ACE Test showed a difficulty level between
.30 and .60 during thé‘field tests.

The pilot testing showed that due to the faS£ pacing
and difficulty of the items some ;tudents lost interest
or became fruétraﬁed during the test and did not perform

up to their potential. Thus it was decided to insert some-

_easier items periodically to renew student efforts.

These "recovefy items" (Computation problems 6, 12,
and 18) were much easier than other exercises on the ACE
Test and generally relied on mental computation.

Test-retest rellablllty for the flnal form of the



ACE Te;? used in this project ranged from ,74 to .86
in grades 7 throuéh 12.

- since testing was done ‘at four different sites, it
was important that directions and procedures be as °
uggform as possible aérosé sites. All tests were
édministered by site diréctors, éndtin every case a
uniform set of testing procedures was followed (see
Appehdix 2). No unusual administration probléhs were
reported. -

Selection of Sample

Results from pilot tésting collaborated findings
from other research in suggesping that the most likely
candidates for good esfimators woula also be high
achievers in mathematics. Iﬁ an effort to characterize
goodiestimato;s; obseryatibnal aata from the pilot
test?ng and é;eliminary interviews were used to formulate
SGme\conjectures about good estimators. These hypoth-
esized characteristics are shown in Table 1. An earlier
vers%on of a list of hypothesized charaégéristics was
preﬁ%re&‘during a meeting of consultants (see Appendix 3).
Thisachecklist was accompanied by discussion which led
to ﬁhi development of-the hypothesized characteristics
in Ta[

i

le 1. This research effort did not provide a

systematic validation of these characteristics. However,
IR _
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Table-l Hypothe51zed Characteristics
y _ _ K of Good Estimators

D

Quick with paper and pencil computations.

Among the first to respond to oral questlons and/or
hend in their test papers.

" Accurate with arithmetic computations. |

. . - : v

Check computations and-strive for a high degree of
accuracy. . '

Unafraid to be wrong.

Risk contributing. prdbable solutions to problems,
easily cope-with be1ng wrong, and continue to
probe for the solution.

Mathematical confidence. ) _
¢ ’ " o
Possess good computat10na1 skills and realize potent-
ial to compute. : : ,

Demonstrated performance.

bt

o Demonstrate adequate est1mat10n skills and use them
regularly. _ ' S

Mathematical judgement.

Judge a problem situation and determine when an esti-
mate is appropriate and when an exact solution is
needed. .

Reasonableness of answers. - .

Sense when an answer is not in the ballpark. Able to
reject far out answers and seek more reasonable results.

©°

Divergent thinking strategies.

Have a knowledge of a variety of strategies and a
tendency to search for alternate routes to a solution
for a given prob]em :




thié'zeséarch did vélidatergomeiﬁf these constructs and .
additional discussioh of themiappears.later within:the
sﬁmmaryfof good estimators. ) . '

'An examination of Téble 1 suggests that if these
characteristics are indeed valid, good estimators are
likely to be high achievers. Therefgre, when different
ability classes were available, the upper level track
classes were chosen to participate in the ini;ial
sg:eening. Thus,‘seyénth and eighth gréde élasseé were
typically accélerated classés; ninth and tenth gra@e'
classes were in algebra of-geomepéy, and eleventh and
twelfth graders in a fourth or fifth yéér of mathematics.

The adﬁlt éaméle was also select in that it .was
composed of.members of a community servicé,érganizatiqn,i
.some elementary and séébndary mathematics  teachers, éhd
selected péoplq_from different professions .including
phyéibians, engineers, and business people. These’
adults were successful in their éhosén occupation and .
nearly‘all of them yere collégé graduates. lTherefore,

S
caution should be exercised in°-generalizing aay of these
‘ vfindihgs to the generalipopulatibn. |

Table 2 reports the number of subjects that partic-

ipated in this research project.
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Table 2. Frequency ofvsﬁﬁble Subjects
' By Sex and Group-

Gréde Grade Grade Adulﬁ
7-8 9-10° | 11-12. |
l
\ . : - . [
Male 222 154 | 165 | 57
- _ i
' : !
Female- 209 | 205 | -126 49 ¥J

L .
’ L

- g

_Oncé classes werg_seléctedato.parﬁicipaﬁe, each
teacher was sent a letter describing the gurpdserof'the
project and the extent of his involvementr(sée Appendix
6). One task'foy each teacher wés to predict Whiph.of

.3' 0  the feacherfs étudenﬁs had gooa combutational estimation

'skills. The list shown in Table'l was given to therx
teacﬁer to help in thé selection process.. * Each teéchef_

- was asked to incorporaté these criferia with his own
knowlédgecof his students and identify those he predicted
would do best on'the ACE Test (see Appendix 7 for

' teacher recommendation form).

Test Scofing and Selection of Incerview Sample

Upon completion of the-test( each papef was scored
using the acceptable ranges that had been established.
The results were coded to expedite the.analysis. In

additioq to background information, individual responses

"

33 .




‘

were coded into one of the following categories:

Within interval - -any response within the pre-

detérmined acceptable interval that was-not an

exact answer. This was éonsideréd a correct
reépbnse. |

Exact - thié was also‘t%g&ted:aé a correct reéponse.'
If.waé reporﬁedrsepafately only to ﬁrdﬁide addi-
tional insight into interpretiné'the data. In

all casesfthe'exéct answer Qés within the pre-
determinedlacéeptable iﬁtervai.

Outside interval - any numerical value that was

not within thé-predetermined_acceptable interval.

It was¢ treated

'

as an incorrect response.

L]

-~ No response ~ the answer was omitted.

This coding scheme provided not only a summary of all
acceptable responses, but made it possible to identify
the number of exact’ answers. This information was

available as good estimators were identified and charac-

terized. After all tests had been administered and scored

27

at each site, the coded data were returned to the Univer-

~

sity of Missouri for complete analysis;'

"A listing of all scores obtained in each group was

- made and the cut-off level for the top 10 percent of

-the scores was establiShed from»these percentile ranks
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(see Table 9, page 50). The top 10 percent of. each
grecup then became candloates for follow-up interviews.
When two or more people ‘had the same ‘total score, an
examination of the number of exact and number‘of accept-

F)

able answers was made, and the subject with the least

number of exaet answers was the preferred interview
&

candidate: Consultation w1th each teacher about his

students' W1lllngness to cooperate and .the- students'

avallablllty further influenced the final selection of .

the interviewees. .

Interview Development - | B

‘The 1nterv1ew prov1ded the means of learning what

strategies and, processes the students used in solving

dlfferent estlmatlon_problems. Since students were
availahle, for a limited time, usuallY-one class period,

only a few estimation problems could be posed. The

-following describes‘briefly the interview problems;

but the entire interview packet may bé found in Appendix 4./

SEGMENT I: Straight Computation. A cluster of

N

.straight computation estimation problems that appeared

in the ACE Test was included in the interview. It was
anticipated that insight could be gained by posing these
same problems in the interview to identify specific

strategies used to solve them on the .ACE Test. Further-




more, using a subset of the. screenlng test prov1des

. 1nformatlon related. to -the con51stency of response,.

'-although the results .may be confounded by the time. )
factor. Very strict time controls were.in' effect during
the screening test while no time limit was imposed during

: A ) L

the interview.

STRAIGHT COMPUTATION INTERVIEW PROBLEMS

1. . 87 419 = .
92 765 :
90 045
- 81 974.
+ 98 102
2. 31 x 68 x 296 )
3. 8 127 [474 257 , _ i\\ .
4. . 347 x76 S
»- 73
5. v 7 oo T

g x 1.19 x4

SEGMENT II: Application., .Estimation is an impor-

tant skill because of its gtility’and.practicality in
everyday situations. Teconiquee used when estimating
as well as the‘deg:ee.of accuracy often depend upon the
situation ehcountered. Eh‘order to document differences'
in strategles used when the\context dlffers, applled
-éstlmatlon exercises were glven 1n the 1nxerV1ew

SN

Although an estimation exercise within an applled context

requlres some- problem 501V1ng, the exerC1ses were de51gned
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3 %
n to}minimize_phe ﬁéed for complex problem-éolving'skills.
Problems were deSi@ned‘which lent themselves to several
- different strategies so that insight intoﬁthe most ~
popular strategies used coulé.befdbtainedﬁ These -
applied pfoblemé aré presenfed here,

APPLICATION INTERVIEW PROBLEMS

B | - ' 47

. 6. Abéut how much area :does
this rectangle have? 28

7. If 30% of the fans at the. |
1979 Superbowl bought one 1979 attendance: -
soda, about how many sodas 106,409 '

B were sold at that game? Lk

P

8. At the 1979 Superbowl 8,483 Hotdcgs were
sold for $.60 each. About how.much resulted
from selling ‘the hotdegs? . e e

4 : .
9. Here are 3 estimates for the’total attendance
for the past 6 Superbowl games:

1 000 000 R Year Attendance
600 .000 . '
‘550 000 . 1974 -73 655
. . ‘ ' : 1975 86 421
- Which is the best estimate? 1976 ° 91 943
A ‘ : . . : 1977 96 509
- : ; » : 1978 93 421
¢ ‘ 1979 lo6 409

10. The 1979 Superbowl netted $21 319 908 to
be equally divided among the 26 NFL teams.
About how much does each team receive?

¢




!

11. (NOTE:. The student was instructed to respond
to .this item using an actual menu. See
Appendix 3). v

-

Three people have dinner. They order:

Bacon n Cheese Steakburger Platter $2.89

Super Steakburger Platter $2.64
Chili-Mac . . . $1.47

L 9 + 2 small coca~-cola's 45¢ each
1 hot chocolate o 35¢
1 hot-pie 76¢

About how, much money will be needed to pay
the blll°

12. The Thompson's dinner bill totaled $28.75.
Mr. Thompson wants to leave a tip of about
15%. About how much should he leave for
the tip? '

13, Whlch carton has more soda?

COKE | PEPSI
6 bottles 8 bottles
32 o0z, .each <.16 oz. each

. $1.79 | . $1.29

A . . . Y
"14. Which soda is the cheapest? . ﬁ? \ Lo\

! \‘1\,‘\',' u‘v\,\ vy b :

15. This is a grocery store tlcket " 10.79 AGr
o which has not yet been totaled ' 0.79 AGr
- ' Estimate the total. 0.44 AGr
' ’ ' ' " {1 1.30 APr
0.34 APr
1.05 AGr
0.57 AMt
. . . 3.65 AGr
- L . 0.30 AGr
: " ' 0.31 AGr
2.29 AGr
0.11 APr
. 0.34 APr
' 0;08 AGr
- %"‘ /‘/'\/\."\ N LN
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-SEG"MENT III: - Calculator'Segm’ent‘. Estimation

skills are essentlal when using calculators to- prevent

acceptance and use of unreasonable answers. The flnal

.

portion of the 1néerv1ew asked sutdents to make estlmates

and then to compare the accuracy of their estimates with

.results obtalned from uslng a’ calculator. The “calculator

had been prev1ously programmed to make systemaflc errors

a

in computlng., Students were observid as ‘they used this

calculator to determlne how sensitive they were to the

'systematic.errors. This segment‘of the interview provided

an unobtru51ve measure of confidence in thelr estimate

and/or their Wllllqgness to challenge the calculator

here.

%

‘output.‘ A full description of this segment is presented

CALCULATOR SEGMENT

Dlrectlons to Interv1ewer. Program the calculator
being used to make a consistent errof in com-
puting each answer - first stagé: 10% error -

(above- actual answer) -~ second stage::, 25% error
(above actual answer) - third stage: -50% error
(above actual answer). ¢ , \
. o . /
Directions to Student: "You seem to have developed

some very fine estimation skills. You've dong -
an excellent job both on the test I gave you Tn
class and in the guestions I've asked you. in-
dividually. Up to this point-I have asked you '
to estimate in -a variety of situations but

» haven't told you howsaccurate your estimates
have been. In this last task, I'd like for
you to estimate the answer to a few computation
problems, then compare your estimate with the .

29

~



see how accurate

Present each exercise

1nd1v1dually, answer questions the student o

At stage 2, use /-
Probes for stage 3 -

are outlined but you may vary from these as -

'your -estimate."

Probes

"Tell me how you got -

Ask student before cal-
culator is used: "Do
you think the actual -
answer will be above or
below your estimate?"

Ask student before cal-
culator is, used:: "Can
you give me a better
estimate?"

“‘calculator feSulta_ Let's’
your estimates are."
fbirections to. InterV1ewer*

~asks but do snot start probing until stage 2
unless the error is noticed.
‘only the probés suggested.
.seems appropriate. « .
. " Exercise ’
Stage 1:.:436 + 972 + 79 /
42 963-= 73 |
896 x l§
Stage 2 28 x 47
896«+ 501 “7%9 ~~~~~ -
¥
Stage‘3:. 22°x 39. . oo °
252 x 1.2 "

"How sure are you of your

- estimate?" v

When student notices error, ask:

"Could.you give me an
upper ‘'bound for an esti-

mate for this problem?"

"Why do 'you think that?
Perhaps you made an error
in keystroking." (Let
them verballze error. )

"When did you notlce that

the calculator was maklng

an error? - Why didn't you

tell me about 1t at that

" - .
.p01nt° . N

s
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EGMENT IV:4 Attitudgégoncgpt Questions.1 Some
questions were also designed to learn about‘the students'
concept of estimation: These questions included:

o bo you remember the estimation test you took

in class?’ Do you ever ¢o this kind of thing

in or out of school? I mathematics class?
(At work? As a consumer?)

* Do you think estimation is part of mathematics?
* Do you think estimation is an important skill?
* What is estimation?

*VWhere did you learn to estimate?

* Do you practice estimatiﬁg?

* If you were géing to give someone hints on

" . good ways to .estimate or good strategies to
use when estimating, what would you .tell them?

-

To supplement the interview probleﬁs,/specific
pfobes were developed to prov;de consistenéy among inter-
;iéwers «s well as to more cafefu%ly foqus on specific
characteristijcs HYpothesized to b;bcomWSn among'good
‘estimators.‘ For example, on several Qéoblems, students
were asked to describe their degree: 7f confidence in
their,estimates (using a five-point!éemantic differential
scale). A list of ;tahdaéd probesrﬁsed in all interviews
is described in Appendix 4. :

Approximately 35-50 minutes.were required for each

interview. Identical notebooks contained the complete

3




.set of problems and specific probes to be used. 'These
) :

specific probes were considered to provide the common

-data base across all sites., Lowever, each interviewer

was free to ask additional questions and initiate probes

as seemed appropriate.

All interviews were tape-recorded and relevant data
transferred to the Interview Summary Sheet (Appendix 5).
Selected Eortions of interviews~weré transcribed to aid
in describing specific estiﬁation strategies. This
provided the data base for all the interviews.: A 25-
minute video tape of portions of one adult interview
was made. Anyone interested in viewing this 3/4 inch

cassette tape should contact the principal investigator.




/ o ACE RESULTS

By Indivicdual Problems

The primary data source of this research project
is the interview data obtained from good estimators.
‘ﬁowever, the procedure used in selecting these good

estimators - the use of the ACE Test as a screening

o

device - involved over 1100 people and resulted in some

informative data. Due to the nature and scope of this

project, a uniqué data‘base was accumulzted and ‘will .
be' discussed briefly;

The compiled data for each item on the ACE Test
vre, reported =L the conclusion of‘this section on the

buff colored pages 56 to 166. Included with each item

#

are the following statistics:

. a) amount of response time provided each group,
b) acceptable scoring interval, .
c) difficulty for each group, '
d) discrimination index within each group,

e) difficulty by sex for each group, and
£) discrimination index by sex for each qroup.

All this information for each item appears on one page.

On the facing page is a graphical representation of the

estimates given by those scoring in the top ten percent

in the three student groups. Table 3 illustrates these

37

. . / "
facing pages' and lncludgs explanatory notes for the various

results reported. The researchers had some .trepidation

{3
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Table 3. Explanatory Notes of Summary Data Provided
for ACE Test :

Zean ;nlylu SusmacyY for ACE Tast

Exercise l !

( ., )

| 89+382+ 706

e y,

\b~ ———— =2  Acceptanie tnunnlu&m
- Screening Data: ‘

<

(a —_ —% Tie elievet 10 42 Ties viioweds 08
- - =2 reae .8 Tesse bait deede W-ii renst
1€, 1 _....{ "‘""’-222 «a--:rm-::nn -M"'DSJ‘BI I n.,u-..
= ~3 32133133 [40139139 |40 37138 |54 3746 ‘
— > ST L28044|33) 35 40(37 39:.321.36].32 .22 3!
represents 5 | COMP 1 ,
responses I denotes position
of 1000 exact answer with
: ™~ // acceptable interv
Y s L -I [
L_ ) 7 - - o
. - S _
represents 23:" o ' acceptable
a single ‘ interval
response '
of 800 ' :
a —__I_l_“_.-. a l aa m
nye L] (1306 100 1900 Aaue 3000 4FSS P00

Grades 9,10
-> n:36 ar:Q

number of no responses in
subjects in - top 10 percent of this group
top 10 ‘percent :
of this group ‘

; "'"."'.' Laad new w.vllo.nw%l-.-

ase
S 14
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in establishing the accepféble in;érvals and were con-
cerned that "close answers" not in the acceptable interval.
might occur. The graﬁhs indicate that the intervals .
included most of the reported estimates and that ﬁone of
the idtérvals were too restricted fo exclude many élose
estimates. This graph also provides additional insight
into the range of régpohses that were made by the good
estima£ors. ' ’
No data %rom adults are incluaed in the graphé ;
becéuse of the small number of adults included in the
écreening.' Nevertheless, the responses on a sampie of
problems from the top ten percent of the' adult éroup
are consistent with the results shown graphically for the
student groups.

Considerable space is devoted to pr;senting this
summary of individual problems and a thorough examihation
~of it is time consuming. Neverthelesé, these data provide
the basis for much interesting explora%ion that transcends
the purpose of this project. 1In addition to the éex and
age differences reported, comparisons between types of
numbefs (whole number versus decimals), comparisons
émong operations (addition, subtraction, multiplicén
tion and division), and comparisons between formats

(straight computation versus applied problems) could call
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N

be examined. Although readers are encouraged to make

these and other comparisons, only one comparison, that

which involves different formats, will beldiscussea.

Will berformanée be different if the.same numerical
information is prese@ted in a straight computation or in
an applied context? It was hypothesized that placing the

numbers in an applied context would improve performaace

even though it required the subjects to process the infor-

mation given, choose thé appropriate operations and then
formulate the estimate., All of this was to be done
within the same time constraints-that were used for‘the
straight computation items. It was felt that a context
provides a basis for placing reasonable bounds on the
degree of exactness reéuired for a given item,; which
would in turn aid'fhe gstiﬁation process. It was élso'
felt that such items would be more abpealing than those

that required: resronse to abstract numerical data and

would imprové attention, concentration and dedication to

the task. _Observations during the administration of the

ACE Test supported this conjecture. For example, interest

and attention increased when the application items were
shown. Furthermore upon completion of the test, many
subjects claimed to have liked the application portion

better and felt they had done better on it. An examination

\



of the results of the ACE Test showed many fewer "no
respohses“‘On the application thgn on the straight
compuﬁation portion.

The resul*s from £hree pairs 5f parallel items in the
ACE Test are summarized in Table 4. Perhaps the most .note-
worthyMbbservation is the lack af a consistent pattern .
of.performaﬁce across theée three parallel items. For
é§ample, in items C23 and A20 there is a marked C
difference in perfcrmance, wiﬁh higher performance in
the'qpplication context for all levels ahd'both sekes.
In items C8 and A24, no consistent difference§ in per-
formance were observed, but«in c24 aﬁd A23 there were
slight differenceé in favor of the straight computaticn
for all levels and both sexes. This result was surprising,
but an examination of C24 and A23 shows the la;ter item
presented several pieces of information for the subject
toc process before making an estimate. 'Thﬁs a plaasible
egplanation'for these differences is that the application
item required much heavier problem-solving demandsn ’
Therefore, the value of the applied context in making
estimates seems to rest heavily on the amount of‘data
pfesented as well as the level of problem solving required.

The final item described here deals with the subjécts'

self evaluation of their ability to estimate. The question
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Table-4, Results Reported in Percents on Parallel
Items Included on the Computation and
Application Portions of the ACE Test

Problem Computation Application
c23 1% x 1.67
vSs.
. Grade "~ » Grade
/A20 ' N -
waTERL ] - [7.6 9,10 11,12 Adult 7,8 9,10 -1l,12 Acult
1167 per yord u |28 54 44 67 57 75 71 84
. 119 39 33 53 50 75 71 78
»
C8 28 x 47
vs° Grade . Grade
) [7.8 9,10 11,12 Adult 7,3 9,10 11,:2 . Adult
4 |28 33 ¢ 36 68 21 40 36 61
r |24 36 33, a9 16 28 32 51
47 )
. )
\)
'
i
28 J
c24 1% x 1.19 x 4 . \
El
VS.
Grade ’ Grade '
[ A23 ’

ILB 9,10 11,12 Acult 7,8 9,10 11,12 Adult

| need l{ b
of cathews.

-
! Abour how much
N will i cou? .
S
14119 per Lib,

m |18 37 38 58 18 29 30 35
F |17 25 22 35 14 15 21 17

—————
[, CASHEWS

48 .

ERIC -

Aruitoxt provided by Eic:
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"Are you a geod estimator?” Qas the final item on the
ACE Test. _At the time this questios was asked, the
subjects had just completed estimating answers te 55
problems under tijht time restrictions, This information
may add insight to the resuits incluéed in Table 5.

It is interesting that éven though these groups
were above-average achievers, in no group did a'major—
ity answer "yes" to the guestion fire you a good
estimator?" In fact, the affirmative responses for.all
inschool groups were consistently 1ow: ranging frqm 10
percent for the seventh and eighth graders to.l4 éercent
for eleventh and twelfth graders; with nearly one—third
of the adults answering "yes". Even more striking is
the censistently hiéher ratio of "yes" responses of
malés7to females. This ranged from about 3:1 for
seventb—eighth graders to 5:1 for ninth-tenth graders.
For example, 56 percent‘of.the seventh-eighth grade
,females reported "not sure" to the question "Are you a

good estimator?" and in all other groups the majorityl‘
of the females said "no".

It was eonjectured that subjects rating themselves
as good estimators would do better on the ACE Test than

subjects who said "no" or "not sure". The results reported

in Table 6 seemto suppbrt this conjecture. The means of

19



Table 5. Summary of Responses* to Question: "Are you a good estimator?“”\\

> X

, | | \
N GRADE * GRADE GRADE
7-8 9 - 10 11 - 12 ADULT
NOT | NOT | vor NOT
YES | No | SURE | YES | NO | SURE | YES | N0 | suRe | vES | No | SuRE
TOTAL | 10|34 56 | 11(45| 43 | 14| 38| 47 | 32| 39| 26
T0TAL .
MALE | 14{29| 57 | 20| 23] 55 | 19( 25! 53 | 49] 21| 24
GROUP ~ 1 ,
FEMALE | 5039] 56 | 4|e62| 340 6lsel 37 | 12/ 59| 29 .
| moran | 23|12 65 | 27019 54 | 31|11l 57| 7307 | 20
T0P 10 , ' '
mate | 30| 7] 63 | 36| 4| 60 | 36| 5! 59 | 73] of 18
PERCENT . -
PEMALE | 8|23 69 | 8fs0| 42 | 23] 23| 54 | 73] of 25

| *Reported in percents

SU
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subjocts ratrng themselves as good estimators were typically
2 to 4 points hlgher than the other two groups of subjects.
Consistent results were found across all four groups.
Also, invevery case males were not ohly more likely,to
claim to be good’estihators\than femoles, but -males who
- said they were good estimators scored higher on the ACE
Test than did their\female counterpartst This obsérva—
" tion was confirmed in Table 6 and further supported by
Table 10 which‘reports a disproportionate percent of
males to females in the top 10 percent of the ACE Test for
‘all four groups. These results held for both the computa-

\tion and application portions of the ACE Test with the
tingle exception of the adults.t This exception is prcbably
best explained by the fact that only five female aoults
qnswered 'ves" to the guestion “Are you a good est1mator°"
-and th}s group was compared to 26 males who also said
"yes" to\the quéstron°

Tﬁese\results provide another perspective of subject
self—confidoﬁce and confirm that subjects who thought

.they were good\gstiﬁators were indeed much better than
other subjects. 'These results provide strong evidenoe
that even though those‘werc high achieving students'in
mathematics, they did not perceive themselves as good

\

estimators, The selffassessment of adults was more posi-

%



Table 6,

Estlmatlon SklllS

t

i

Summary of Mean Scores on ACE Test and Subject Self Appralsal of
-

GRADE

GRADE

7-8 4910 11-12 ADULT
~[NorT - Tnor NOT -‘ NOT
YES | NO |SURE) YRS | NO |SURE|YES | NO | SURE|YES | MO | SURE
¢ [12.5] 8.1]10.7] 15.8] 12.5 14,7] 16,1 | 123 | 14.9 | 18.% | 13.3 ] 16.4
TOTAL | . -
~ A 1150 9.2)10.9)16.9] 13,7 |'16.3 | 18.4 | 12,9 | 16.8 | 21.8 | 16.1 | 19.8
¢ [13.3] 8.4 [ 14| 26,6 | 12,7 | 1506 | 16.7| 10,5 | 15.2| 18.4| 16.8].27.3
MALE | . | - | R
A 116,31 9.4113,0117.2/ 13,6 17,3 18,7 {'12.0| 17,0 21,6 | 17.4],20.2
€103 ) 7.8 9.9 IB1] 12,4 ] 13,6 13,8 12,7 ] 14.3] 19.8 | 11.7] 15:6
FEMALE ‘ | | | |
A 110,81 9.0110.7]15,9)13,7}15.1] 17.1] 13,5 16.2( 23.2 15.5] 19.4
C der ~~ eomputation score
A denotes appliéation score

oo
' '




. \ tiye, but even the, only one-~third of the adults claimed
~ - ’ . -
to be good estimators. Furthermore, across all groups
. - . ‘\ . .
there was a marked sex difference in subjects' perception

: . . .
of thgmselves as good estimators. .

™
~. .For All Subjects R
,?-& : " Thte sélection procedUré resulted in a data base on
the ACE Test that is higher than would normally be
expected within each of the four groups. For example,
a subsequent comparison of the ninth grade classes
participating in this project with all ninth graders in
‘the Hazelwooa School DiStrict,(an upper middle class
. subﬁrb of St. Louis) confirm this this .suspici®tn for
' | the inschool groups (see Table 7). Therefore, all
Table 7. Comparison of Results on ACE Test
: - Between Students Screened in this
. ~ Research Project and a Cross Sectipn
. S L of Ninth Graders in the Hazelwood
‘ ] School District.’ .
. , : Hazelwood . Research
- . - = -7 N=360 N=359
. < -
_ Computation || m = m= 13.8
“Tp .
ortion S.D.= 4.0 . S.D.= 4.4
Application m= 11,3 m= 15.1
. p NP
ortion S.D.=" 5.9 S.D.= 5.2
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. o . ) - - ‘ s ' . : .
B Co. ¥

phases of interpretation should keép in mind that the

\.. . -. . r i
. i performasie ievels reported in this research refiect
4 : . M \ .

aﬂsample hat would score above gehéral_pOpulation levels. -

A s ry of some results on the .two' parts of the
ACE Test isdﬁresented in_TabIé 8. These rezults high-
- : \ :

1light performance in several different ways apd ‘reveal
. \ T .

some interesting contrasts. - ; o "
. . . I - .
- Table 8. Mean Scores ‘on ACE Sub-Tests
P Computation -

Grade 7-8 Grade 9-10 Grade 11-12 Adult

| Female | -9.0 . 12.9 13.4 viB.G
I Male |"-10.7 15,0 l4.4" | 17.4
Total | = 9.9 - 13.8 | 14.0 15.6
Vo - - =
SN ' . Application
g;éae 7.8 Grade 9-10 Gradé 11-12 Adult
Fehale{- 9.9 | -14.3.]  14.8 17.4 -4
Male .|- 12.3 | 16.3 15.9 .19.3 J
Total 1 11.2 15.1 15,4 .18.4

« ~ In particular, an examination of the ‘data in Table 8

suggests several trends: o

< : 1. - Péronhance incrééses’éonsistently across all
~— .
"4




Lg : 3 |

" age éfqups.' Since inst;ucﬁion designed to
,'deQelop estimation skills is not typically fbund

in the sécondary school, ‘it appears that addifional

number éxperienées‘ana opportunities to estimate

in real world situafiohé improve performance 'in

estimatioh. This seems to be a reasonable con-

jecture and is further supported by the improve-

ment in adult scores over eleventh and ﬁwelfth

grade students' scores, especially on the applied

portion of the ACE Test. '

2. There were marked séx differences among all four
grOUps'of subjeccs and across both typeé of
estimation items. 1In every case males performed
higher than.females.

3. There was generally higher performance on estima-
tion items in an applicd context than on
straight computational. items. ‘These differences
were observed acro;é sex and age levels.

.These trends provide a basis for further exploration.

In addition to these global observations, a careful exam-

ination of theistgtistigs-reported for individual items

’ on pages 56 to 166 will provide additional insight aqd
perhéps'suggest other trends worthy of invesfigation.

. The main purpose of the ACE Test was to identify good
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Table 9. Percentile Ranks of Total Scores on ACE Test

-

for Each Group.

44

46
47
48
19
50
128
352
53

O

ERIC

Aruitoxt provided by Eic:

GRADE CRADE
9 - 19 1l = 13 ADULT

"
—w

e —3
-
& o —)

3 b] 1
4 l 4
5 4 )
b - 6

»e
s
-
-

[ SU

11 13
Y 13
19 17 3
2t 20
s 2 :z
27 a8 i
10 b ) 16
15 3 20
e 7
4 42, 24
7 3 28
sa so T on
58 54 .on
1] . s l
54 63 39
59 66 a2
3 69 51
76 72 54
79 75 57

" 82 . 30 ' 51
85 L} T s
37 84 L1 ]
99 98 ™

T T g
33 94 T8
5 .96 : 30
76 97 33
98 98 86

99 90
T 100 94
100 79

39
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estimators. The difficulty levels .attained and stfong
positi?e'diecriminatipn indices account for the siéeable
i - v .
variance and spread of subject scores on the ACE Test.
Taﬁle 9 summarizes a distribution‘of percentiles for
various raw scores on the ACE Test for each of the four
groups. The total range’Was from 0 to 54 and sizeable
ranges are noted within each group. ..ie broken lines .

denote the cut-off for the top ten percent of each group.

For Top 10 Percent of Subjects

Those who sce;ed in the top- ten percent in each
group of the ACE Test formed the pool of.subject; from
which interviewees were later selected. Table 10 shows
ﬁhaﬁ many more males were included ip the top ten percent

~

Table 10. Distribution by Number and Percent of Subjects
Scering in Top 10 Percent on the ACE Test

GROUP MALE E‘EMALE TOTAL
Grade 30 - 13 43
7 -8 70% 30%
Grade ‘ 25 ' 12 o 37
9 - 10 . 68% 32%
Grade .22 13 ) 35
11 - 12 63% 37%
" Adult 11 4 ' 15
73% 27%
S5¥4
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thén'fémales inveach of the four groups. Consequently -
the interviews included a disproportion;te nu;ber of
males and this féc£ should be kept in mind when inter-
preting these results.

It is not surprising that subjects who scored in the
top ﬁen percent on the ACE Test responded very di%ferently
to the questionA"Are you a good estimator?" than did the
whole group sqreenea, as an examination of Table 6 shows.
In,particular, Table 6 shows that about ohe;quarter of
these inéchool subjects and nearly three—fgurths-of the
adults thought they were good estimators, levels'which
are much higher‘than csimilar responses for the total
subjects in each of tﬁe groups. Table 6 also shbws that
sex difference respohses to this qugstion were‘marked
among the top ten pércent.

Five of the straigﬁt,comquation items from the ACE
Test were also includéd in the interview battery. The

intent was to obtain a measure of consistency of responses

and to identify the stfategies used to arrive at the

estimate during the interview. Unfortunately, the cons®st-
ency of pefformance on these problems was confounded by

the testing condition;. In particular, th: time
constraints used with the ACE Test did not operate

during the interview in which subjects had as much time
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as they wanted. Therefore, différenf strategies as well
as additional checking and refinement may have been
employedwdﬁring the interview. In fact, later interview
data show many feﬁer errors“were‘made on‘thése proﬁlems
from the ACEfTest'when they appeared as.interview
questioné. |

Table 11 provides an overview of these comparisons
for the inschool subjeé£s. These data were obtained - _ ‘3
by comparing the subject's response from the ACE Test g
with the response on the same,inferview prqblem.' Thus |
in problem C3, Table 11 shows that seven of the 16
ninth and tenth gréders reported the same answer,
"whereasnnine reported differeht answers, six of which
had been incorrect on the ACE Tesf.

An analysis of Table 11 also confirms that the
majority of students in each group obtained different
estimates in the interview than on the ACE Test. This
finding, together.wi;h the much higher perqéntage of
correct responses during the interviews, makes it very
risky to claim that the same strategies used during the
interview were also applied during the ACE Test.

Therefore, subseguent disgussion of - the interview data
will be limited to responses and strategies collected

through the interview.
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ERIC

Aruitoxt provided by Eic:

Table 11. A Comparative Analysis oi the Student Responses |
to Five Problems Which Appeared on Both the ACE :
Test and the Interv1ew. . ,
< /‘
Grade Frequency of Responses
: * * K
Problem C3 87 419 samef iiff/corg diff/incorr *
92 765 "7 - 8 4 0 - 4
90 045 9 - 10 7 3 6
81 974 11 - 12 5 3 13
98 102’ . '
Problem C15 31 x 68 x 296 . same diff/corr Adiff/incorr
7~ 8 0 2 : 6
9 - 10 3 1 12
11 - 12 2 3. 15
Problem C9 3 127/ 474 257 same diff/corr diff/incorr
7 -8 I ) B 5
R 9 - 10, 1 5 ‘ 10
11 - 12 3 7 11
Problem C16 347 x 6 same diff/corr diff/incorr
43 7 -8 3 2 -
9 - 10 1 5 10
11 - 12 3 10 8
Problem C24 l% x 1.19 x 4 same diff/corr diff/incorr
' 7 -8 2 E 1
9 - 10 6 6 © 4
11 - 12 3 11 3

i Same response on parallel ACE

item and Interview problem.

** Correct response to ACE items but different than response
to parallel interview problemn.
*** Incorrect response ‘to ACE item and different than

response to parallel interview problem.

t



56 Item Analyéis Summary\for ACE Test

Exercise 1
pu

89+382+ 106

Acceptable Intervalm '

Screening Data:

Time allowed: l? $¢C. : Time allowed: mg;

Grade 7.8 Grade 9-10 Grade 11-12 ) Adult

¥ @22 F o9 [Twap f s Treos [T 359 MU69 | F e [T 20 M(3T)] Frdn| T 108)

s 37133 (33 |40 29 139 |40 137 [38 [54 | 37]46

Index

et .241.44).33136 140(37 391,32 [ 36].52. 22032

JES—
R
e
e

e e

[

ERIC

Full Tt Provided by ERIC.



COMP 1

a . . -
800 : loco .. 1200 1475

1160 1200
Grades 7,8

n=45  nr-=1

'3 : J_L unl L

16 . 1000 |zoo u.oo woo zooo 3500 4700 200,000

1160 !200

Grades 9,10 =~ .
n=36 nr=0

K : . ’_’_____’_____’__-—————/-'
_—.’——~—'~"‘
, mem _m__ . _ = m m o= |
L ———HO0-396980 000 : , 1200 1875 1900 1987 2800
. 5 _ . s \‘

1neo 1200

Grades 11,12
n=33 nr:=0

Note: @ represents one response

A

62 |
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Exercise Z

| mes-sn

. 'l . . ¢ N
o | ' Acceptable ‘Interval Mo

Screening Data:

Time allowed: m,, - Time~allowea: LQSEC.

Grade 7.°8 Grade 9-10 Grade 11-12 , Adultl
M(222 | ¥ 209) [T &3 f M5 [ros [T 359 F maes [Faze |= 2op M(57) [F(49) [T Cow)

i 45135140163 151156 |57 156 |57]61 45]54
e | 95151 [49136 136138 142 3% 38 [200.43].39

Index




COMP 2

‘ 59
[ . .‘
|_L_-, om0 _I " .
Goo - 800 2000 ‘6300 6%0 . - , 7000 73S0
- i o - ‘ )
o . e300 " 7000
Grades 7,8
n=45 ur:=0
/
— R " . n
600 ' g00 ‘988 . 68roo v 7oo'o gloo0
6800 ] , : 7000

Grades 9,10
n:=36 ° nr-=0

\ 4

600 800 ‘ G800 . 7000

G300 : o 7000
Grades 11,12
n=33 nr-1
Néte: B represents one response

64
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Exercisei}

81,419
92,765
90,045 |
f 9810 |

I3

Acceptable Interval‘t&M‘%o’ooo
. /

Screenlng Data

Time allowed: M Time allowed: 15&(

Grade 7-8 ' Grade 9-10  ° Grade 11-12 Adult
M@2) [F o9 [T s ¥ M159 [Fi205 [T (3s9) § M 16S [F 426) (T 29D | M(57) |F (%¢9) [T (iow)

== 1101 2 16121 10115 §12 {10]11 [40:22[32
imacion |41 09 1.32).47 .40/ 45].21 1 34/.26].44. .47 48

Index, )




COMP 3

e
61
-
| 450 505 30,000 50,000 100,000" T 5% 586,000 |
. 430,~ 460,000 S
. Grades 7,8
'n=45 nrz=2
[
_-_L_A ’ i » "
30,600 50000 200,000 500,000 ° 750,000 35,000,000
' o 430,-460,000 ’
" Grades 9,10 )
- n=36 nr:=0 | /
A
— \\\
4836 5300 30000 50,000 100,000 500,000,
o 430,460,000
o ) .
Grades 11,12
n=33 . nr=2
\' Y, ' Note: @ represents one res/ppnse
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. Exercise L‘, ‘

I — ~

-

S~

. . V i i ) . v‘;‘ . | ,/\ ‘“' .
Acceptable Tnterval &MQ_OO

'Screening Data: ‘
/

o Time allowed: L) S$6C. - .. Time allowed: 1) $eC.

\ Grade 7-8 . Grade 910 - Grade 11412 Adult

120 [ P09 T w3n § Musy [Feos [T 659 § Maed |7 26 [T oD | M(57)] F(49) |T (o6)

s (3612530068 14454 |56 152154161163 162

e | 54154 |54 | 62 13848151 14 [47 | 44355145
VA "/

) e




1900 1980 16,000 17,500 18,000

. 13,000

Grades 7,8
n:=45. -r;r:O «

.. L

S70 1900 _ 13,000

A mem

20,000 22000 28,000

. Grades 9,10
n:=36 nr:=0

" - R a
it77 15,000 16,877

1,000

Grades 11,12
n:=33° nr:=0

" . Note:

. 20,000,
~
¢
!
!
N .
" 8B
20,000 28,700 (900.
o
? 20,000
20,000 -
o

@ represents one response

b S

Y
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Exercise 5
o | | A

/7

87 x 61

hccrptable Interval M_QQOO

Screening Data:

.

Time allowed: [ZS¢C Time allowed: !QSer

Grade 7-8 Grade 9-10 Grade 11-12 Adult

M(222) [ F 209 [T @w3p I M(159) [ (2057 | T (359 MU6E) [F (126 [T (29) M(57) | F (497 1T Cioe

e 126129127145 140142 138 137 38 [ 4015346

Index

hine 133,50 40045 145 45 139152 [#4 |62 42145

O
\‘ﬂ

ERIC

Full Tt Provided by ERIC.
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i E m
65 / 8000 52,000
450 650 4500 . m ' oo/"’ \
4800 6000 /
‘Grades 7,8 |
n=45 nr=1
v f‘v
; I
— m R ow | , =
450 . 650 E 6500 54,018,700
| 000
Grades 9,10
n=36 nr:1
T =
6500 50,000 54,800

450

- .Grades 11,12
n=33 nr=2

| n 650

4500 \, .
. 000

Note: BB represents one response

4

70
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N )
<

Exercise 6\_

00+ 200 +6

Acceptable Interval M

Screening Data:

n
Time allowed: lLieC Time allc: -d: j_Q.teC

Grade 7-8 Gerade 9-10 Grade 11-12 Aduilt

M (222 | F(209) [T 3D § M159 [F (209 T (359 M(Je,qg?(lgs) TOD B M(57){F(uq) [T (w0e)
e 103189191 198 §98 98196 1981971919492
macion LOOLIL 3L AT L1817 ].18:.03/.111.10:28/.15

Iindex

71

ERIC

Full Tt Provided by ERIC.
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67

"

23)
Grades 7,8 Grades 9,10 Grades 11;12
n=45 nr=0 n:=36 nr=0 - n=33 - nr:o

‘Note: ® represents one rn:sponse

~7
Y]
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"Exercise 7

Al wisxT

Acceptable Interval MO

Screening Data:

\ e
Time allowed: llm\ Time allowed: m, i

Grade 7-8 . Grade 5-10 Grade 11-12 . Adulzt .
@) [ F@o9) [T w3 | 15y [Fos) [ 7350 B 1 6d [F026) [T(29D I M(57) [F (4 ) [T (roe)

ceesee: 165172168173 77|75 168175 |11 |15167]72
et (351.35133].23 L1416 121 121 [20 1L LT (6

Index

73

ERIC

Full Tt Provided by ERIC.
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| I

3100 4150

O U .
300 400

Grades 7,8

n=45 nr:=0
3
R B m B =
300 . 400 3j00 28,250 29,000

Grades 9,10
n:=36 nr=0

B » |

3100 3305 4000

| B
300 40

g )
(o Sos'r 2800 ‘
2700 . . " 3000

Grades 11,12 -

n=33 nr=0

Note: @ represents one response

Q : : p
- | | 4
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"Exercis: 9

(1)

x4

2O
4T

-

Acceptable Interval IZOO"" IﬁQQ

Screening Data:

' Time allowed: m Time allowed: ]Qﬂc,

Grade 7-8 Grade § -10 Grade 11-12 Adult
m222) | (209 [T @3p [ mus [F o9 [T 359 | m U5 | 260 [T 29D M(s)| F(49) [T (oe)

R 128124126133 136(35 136 133[35 (68149 59
b L0 LT | 49145 44|43 | 391 41| 40].5%: 36149

Index
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' nm m

150 60O 1000 1500 3000 10,000 (2,500

{200 1500

Grades 7,8
n=45% nr=90

| ,__p_u__,_l_l..l i ‘B B R &

230 ' 1000 {500 {700 2400 3006 19,000
v L L] .
j200 1500

Grades 9,1C
n=36 nr=0

1000 1500 13,000

1200 1500

Grades 11,12
n=33 . -nr'=0

Note: W represents one response
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e .

Acceptable Interval _50"'@2,

Screening Data:

“~

Time allowed: LZ&C Time allowed: ligc

Grade 7-8 . Grade 9 -10 Grade 1ll1-12 Adult

n@e [Fog |TWan f nusd [Feos) [T @59 [ 1 G65 [F 126) [T 200 [ (573 1F (w2 ) | T (00)

zam 20 02 17 |2 11920021 125(22 130131 30

Index

e (4114112026127 26 .301.34]30 50.38.41

ERIC

Full Tt Provided by ERIC.
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73

I T e i

20 : € oo loco 1000 Toco 0,000 70,000
—
50 o2 i
Grades 7,8

. n=4% nr:=3 !

20 éo loo 1000 10bo 085 50,000 70,000
—
56 62

Grades 9,10
n:=36 nr:=1

20 100 |o°¢, 1000 oo 50, : 7oooo

50 62.

| _Grades 11,12
n=33 nr:=2

Note: M represents one response
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Exercise 10
4 . | )
l .
\
|

|

6346+ 15

Acceptable Interval 4@’&5@

Screening- Data: . -

v e )
Time allowed: Ll.gf . Time allowed: 1‘5&(
Grade 7 -8 Grade 9-10 Grade 11-12 - Adult
- [verD [ (a9 [T 43D M US4 | 05 [ 7650 [ v @es) [F 2) [T (29D § w573 F(44) [T(00)

855 120197128140 133136 |49 148 |49 | 75 (39]58

e 46141 | 440 46 132139 ) %6 24 [37].54.38] 53

. Index

ERIC

Full Tt Provided by ERIC.
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. J__n=45 nr

0

1
looo 2509

L e
- Grades 9,10
n=36  nr=|
T

\

~Faalte .:.-r,.-!,\.\
.
¢

}
16?‘ . A} Y IT ﬁl-f T T N ' :
. L~ R
. \ . ] h
' ’ “‘“_\W-\&_\_\_
Grades 11,12 ———
n=33 . nr:=1 S o
Note: ® represents one response .
ro

i
|
}
|

.y
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76 _ ¢ Ttem Ana,lys_is Summary f,‘or,ACE Test ‘ r¢ \

~. ' "" -

s ./' " ) N p ] il

: \,\ _ "« Acceptable Interval zz 5 -~ :ﬂ!
' Screening Data: W e |
:" . . - .-( . A . \ .

— o
- P

~

Time allobed: l‘m : Time allowed: l_QgL‘,

" Grade 7-8 - Grade 9-10 «  Grade 11-12 . -Adult .

. M(z»zz)lt-(zoe> T ¢31) ’Mus,‘hlﬁmw @59 § 1 d6d [7 426 [T @90 w(57) [F () T 0w
e 143133138 165 15861 |62 160(62 | 7916513
L ES 53155585155 1.38| o] 42 .26135 | 65,4858

Index

T —— '

. ——— ' :

L —————— ! . .
N ) . T e K - «

. o : —— 2 817 N .
. T ———— *
-~ —_—
- N
1 ————



° o : .5

- ' 25 40
g Grades 7,8
n=45  nr:=0

. COMP11

.
I

Lo. '3 T4,

[+] e . os
25 40

Grades: 9;10
n=36 nr=0

)
9,

s
)

"
-3,

25 A0
" Grades 11,12

n=33 nr:- 04_ ,

O T 5

EB¢q   Y ST

RICHEI w3 4

-+

a

v - )
Note: @ represents one response

e o 8o

77

”116

122
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' VExerc'.ise 12

I'e — ) —\

Item Analysis Summary for ACE Test

200 T300

Acceptable Interval 4

Screening Data:-

Time allowed: lZ&C Time allowed: 1@2‘

Grade 7 -8 Grade 9-10. . . Grade 11~-12 Adu’t

M@y [ 7209 [7w3p | ¥ 54 [F @05 [T (359 § 4 W6h [F 1260 T 23D MO F(wo ) [Tl r00)

=2 180:13 11 196191193 194192 193 (9518490
sz '381,32 364.213 1.3128).26:.23/251.31 .33 35

Index

EKC

Aruitoxt provided by Eic:




‘'Grades 7,8
' Nh=45 nr:=0

.
ERIC

Full Tt Provided by ERIC.

COMP 12

. | . !
. 4 4
' [

; .
Gra:ies 9,10 Grades 11,12
n=3¢ nr= 0 n:=33 ar:=0

" Note: represents one ~esponse

79



80 Item Analysis Summary for ACE Test

Exercise 13 .
4 | | A

8713

Acceptakle Interval M

. Screening lata:

Time allowed: ll_gc g Time allowed: m“vzc_

Grade 7 -8 Grade 9-10 Grade 11-12 Adult
M2 | 7209 [Tw3) F MUshH [F 205 T 359 MU6S|F 4.9 [T @0 [ M7y [Frei) | T( 00

<o 168159 164114 115 (15 113 175 1481175117
i |1481.501.500.37 281,31 .31 .30,30].44.22.34

Index




COMP 13

81
.2 20 75 106
- % Q0
Grades 7,8
n=45 nr=9
(] ] - '1 .| - - “" K ]
.28 75 100
? _ .
g0 90
Grades 9,10
n=36 nr=0
"1 . ~ - T 4
9 75 100
s

Grades 11,12
n:33 nr:0

Note: ®B represents one response

ERIC | -8 .
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Exercise 14

Item Analysis Summar' for ACE?Test -

6809x9]

'Acceptable

Screening Data:

Percent
Correct

Discrim~
ination
Index

Time allowed:

-Interval

lz‘mc_ ' Time allowed: m

610,000-100,000

Grade 7-8 Grade 9 -10 Grades 11-12 ’ ., Adult
M2 7 209 [T @30 B M5 [F 205 [T (359 § MU6d [F 26 [T 290 T M(57) [F () [T(e) |

14115

15|19 14

1619 15

Y1132 114 (24

3539

32133126

261.29 .34

30].591.25.47)




COMP 14 -

83
, E o
o 10,000 10,000 100,000 S0D,000 750000 820,005 Spullion
Grades 7,8

n=45 nr=1

I__,_I.‘_ﬁ ﬁh_,_l,__‘ x

(] 10,000 10,000 100,080 500,000 , " 750,000 ¢,300,000

. Grades 9,10
n=36 nr= 2

g m : -___ﬂ_Jl_ﬁJIJIﬂ_"_Iﬂ__Jlﬂ B
o 10,000 10,000 100,060 508,000 750,000 6,%00,000

Grades 11,12
n=33 nr=0

Note: m represents one response

Q | : ’ A 88




84‘ Item Analysis Summary for ACE Test

Exercise ;'l’ 5

| 3166 x296

Acceptable Interval &OMS&'},OOO ’

Screening Data:

Time allowé_d: ﬂ& " Time allowed: 15_35

‘Grade 7 -8 Grade 9-10 Grade 11-12 Adult
M Q22 | Feo9) [T w3p T mash [F os T 59 J b (1b5) | F (126) T (29D § M(57) |F(49) [T (row)

it 1312131618 (10116]1 {,25:‘12 19
i |25116121 |33 128]291.39:29]35[.5¢. 55| 55

) 89
ERIC —

Full Tt Provided by ERIC.
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el pld. o e
o) 10,000 VOO 100,000 200,000, 1,000,000 1,000,000 7,000,000
¥ . )
600,000-£30,000

Grades 7,8
n=45 nr=2
. . ' ' ; iy u
° 10,000 10,000 100,000 200,000 - _ 1,000,000 1,000,000 7,000,000 (3,000,000

600,000-£39,000 -

Grades 9,10
n:=36 nr-1

r.——-'_| l_."l

g X 1+ T
o ¢ 10,000 10,000 100,000 200,000 . )00 0,000 000,000 7,000,000

600,000- 630,000 ot

Grades 11,12
'n=33 nr-1

~. ' Note: " # represents one response

Q » 90 : - .




: .&‘»6 - . Item Analysis Summaj:y for ACE Test

Exercise 16
4

—_— —

347x 6
-

° Acceétable Intea*.;val 45"@ |

-Screening Data:

Time allowed: mc _ Tine allowed:,.m

Grade 7-8 " Grade 9-10 Grade 11-12 Adult
M222) [ ¥ 209) T(«m)l MUsH [F 05 [T RS9 § MU6s [Faw) [T@oD) § M(s7)| F (%) [T (oe) |

(1016 |8 [22147]19[30125(28[33 12931
s [94137] 39} 25134 30] 34 401311.50,.21| 31

Index

a1



COMP 16

87
- 3 B o Qe E -0 I ‘ ﬂ - .
° < _ 160 160 © 506 B840 105G
A—.
45 6o
[\S
Grades 7,8
n:=43  nr=3
S :
~ Y
-y B N . : ] B W N
o - wo 100 , . 500 3000 10,000 7,000
45 &
Grades 9,10
n:=36 nr=j '
B’

. mm  E W

100 oo . 295@ 5900

g
. 45 6o
Grades 11,12
‘=33 nr’;z

Note: W represents one response

Q

.
=
OO




88 - . Item Analysis Summary for ACE Test

Exercise 17 . ‘ ' //'

— —

Acceptable Interval M
Screening Data: ' ‘ '

]
rd

Time allowed: M' Time allowed: mm, .
. Grade 7 -8 Grade 9-10 Grade 11-12 Adult
ne22) = 209 [Twan [ M us [r 005 [T 359 | #abs) |Faza |7 @aD H M5y Feea) [TOow)

5139130135167 156/60164 164164 166149]69!
PaacTin- 151,.601.551.26 42|36 35'.44..38 .36.41L46]

Index

/

ERIC

Full Tt Provided by ERIC.



L © ! - /. . A

° ioo 200 " 290 , 290 7
- Grades 7,8 -

n=45  nr=g o SR

el

Lo

T ! - T T —
° 100 200 . 2906 290

Grades 9,10

n:=36 nr=0
{ .
/ -
. : R -
-0 < 100 C - 200 © 290 290

Grs‘.ﬁes 11,123.: | '
1.=33 nr=0 T , o oo e
' : Note: M represépts one response T

e e e e Lo .- . \

w

»




1 .
\
&
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- v
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v t ¢
v
r !
R A
* -~
.o - s
> /J
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/
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'
i
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. _ RAGET?U_MISSING FROM DOCUMENT PRIOR TO ITS
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COMP 18 e

o

‘\
L Y
. 1 _
.%'
/A oy
60 350 350
350 ¥ 350 . YT
| . )
— -t _/

_Grades 7,8 Grades 910 Grades 11,12
n:=45 nr:0 n_=36 tnr:ﬂo . n':33 ‘nr=0Q

/ ' Ncte: @ represents one response
: »

98 ' o
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Exez:cise 19

Item Analysis Summary for ACE .Test.

[

1+.002+.81

¢ Acceptable Interval’ l d L |

Screening Data:

Time allowed: 17.87C. Time allowed: 10 &CC.

Grade 7-8 Grade 9 -10 Grade 11-12 Adult
M(ZZZ)IF(ZOS) T (430 MG.WWF(ZOS) T 359 M(l.bS)‘[FCLZb) T(ZQI)IM(W)[F(W) T(oe) | -

‘(35121 [28]60148 61[58141]50
sl LS5 LYBL53L40 .42 401.50.,67.58

Index




T - COMP 19

,_l_.l , ' I T

o] .5 1.0 1,50 7 4.58 1.60 i1512 2200 -
. o . — = - hy .

Grades 7,8 ! 2

n=45 nr:=0

‘Grades 9; 10
n:=3€ nr=0

©

__ mB =
or 5 1.0 '. 7\.60 733
Grades 11,12 3 Tz

n=33 nr:=0

Note: #8 represents one response

Era

Q ] " ‘ 08
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Exercise Zo
— | ™

Item Analysis Summary for ACE Test

327+7L.8

~Z

Screening Data:

. Acceptable Interval Mﬂ

Time allowed: Llﬂc, Time allowed: mm,

Grade 7-8 Grade 9-10 Grade 11-12 Adult P 7//’
(1222 [ F (209 [T @31 | m 659 [ (205) [T @59) | K165 |F 026) |T 29D M(s2)| F(4#") [TC0e) |

SR 16015 153183 1715119 |86 183]85]88163[76
meion 611.581614.381241.31].29:.151.23].361. 50, 48|

Index
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" . % . COMP 20
o , 5
| 398 399 | P
' N 9 4-2 , 401
) 390 400
Grades 7,8
n=45 nr=9 23 ~
h — | J_l Bp » u 5 =
298 ﬁea > 400 401 ‘420 500 2200 2240
3‘;0 4?)0 ) “
.Grades 9,10
n=36 nr=0
. | . £ T~ ] . I .
3%.8 3188 398 400 401 49838 1098.%
' 390 460 : .
Grades 11.12 e | _
n=33 -'nr=Q
: ’ Note: M represents one response
o . . : | Lo
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Exercise Zl

_ Item Analysis Summary for ACE Test
© o :

.

=

835:67- 526

Time allowed:

Grade 7 -8

's

Acceptable Intefval 815,‘2’8325

. Screening Data:

iL_éeCo " Time allowed: mﬂa

Grade 9-10 Grade 11-12 - Adult

)
N

M(222) | F (209)

T (43D § MU5H | F205)

T (359 § MUbs) |7 U20) IT (29D [ m(s7) [F(ws)

T (106)

29169 146

56162 i48|57153:53

53

Percent 1
Correct 3 7 : Zo

Index

inacion 152135
>F

.46].36.33

38].49:33193].50.21

10y

317



. coMP?21 *

. |
3 - . 97

® m , |
€244 23Ul 30 . 835 - %40 999
. ‘Grades 7,8 ‘ 835 355 ‘ a
n=45 nr-=1 ' )
_ " 30
L
\; N ) T
n — : n N | |
420 g3 - . 835 ' g40
Grades 9,10 , 835 €355
n=36 - nr-1 :
22 ‘
‘ G
N = | .
28515 600 §30 = 835 ' ‘840
_ | .
Grades 11,12 835 £35S
n:=33 nr=1 !
Note: repr’esentsl one response
Qo ‘< ) , . . .. 102
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Exercise 2_2

Screening Data:
F-3
Time allowed: 1;1_}_’{6, o Time allowed: ngC,
Grade 7-8 Grade 9-10 Grade 11-12 Adult
222 [F 209 [T an | m st [#(205) [T (259 | 465 [F 126 [T oD [ m(sn) Flaay [TCoe) |

Percent
. Correct

Discrim~
ination
Index

Item Analysis Summary for ACE Test

646+ 1. 06

Acceptable Interval M&

p

46:26

36177159

66165495

11

1.63.53

3914350,

352

103




- a0
.

o - 500

Grades 7,8
'n:=45  nr-i

Grades 9,10

n=36  nr=0
r. J T
o 500

Grades 11,12

n=33  nr:=0

COMP 22

- . . A, -

: \ ] !
Goo A 650
. m .
600 . 648

48

. 5
600 650 &036
— .
) ]
600 63

Note: [ represents one response

104
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300, - "J:t“'em‘Ar‘xa~'lysis Summary for ACE Test

Exercise. 23 . : T SHy

Vsl

Acceptable Interval 2 ’3

Screening Data:

a Time allowad: LZ' éﬂc, Time zllowed: lm,

. Grade 7-8 . Grade 9-10° Grade 1ll~-12 . Adult

M 222 [7 209 [T w3n [ nash [r os) [T @59 [ m (169 [r 26) [T (20D J M(57.) [F (%) | T (r0e)

m 127119123 |54 130 [95 [94133[%067153]60

Index

[y

e [481,50,49].49/48150].371.51].43].50140,47)

,_I 05




., . >~
- AR

_COMP 23

T L] » IJ"ﬁ T L} Y
P s .- ' 10 i
2 3
Grades®7,8 | P
n=45 . nr=3 .-
¥ T T 4 ] 1 -
s 10 33
Grades 9,10
n:=36 nr:=0
. &
L § L| A s L{ 1 1 . .
s \o 22 ci8
2 3
Grades 11,12
n=33 nr-1 ‘ L
‘ Note: @ represents one response
‘;‘ r

/"
. 106

=




- 162 K " Item Apalysis.Summéry fd};AdE Test ™

Exé?cisejzlf

. < e .
; P : .y om hd -
,Q: - o . - N s s L
. S - e
) . : .
- .

- B ny e
- L3

-

©e .::o;h

' »

1% x119xY )

T Acceptable Interval &

-Screéning Data:

-

Time allowed: Lm, . - Time allowed: m‘g‘, -

v - Grade,7-8 Grade 9-10 . Grade ‘11-12 S Adult

¥ (2z2) | F (209 [T 43D [ mase [rios [ 788 § Muod [F 20 [T.090 § M(s7)]| F(w)

T(w0oe)

meE 18117 17 137125(30]38.125 132158135

47

Index

."s‘

ERIC

Full Tt Provided by ERIC.

o 46145145194 138143137 13537} 45..54




Pm

" Grades 7,8
. n=45 nrfl .

. Grades 9,10
o n:=36 : nr=0 ..

~
iy

- . Grades 11,12 T
| n$¢3 nr:l g‘ ' : .‘1) ~‘ .. ) ¢ v a. h

L 4

| R =B -
500 ' 952 - 130

&



104 Item Analysis Summary for ACE Test

. Exercise 25

—

/

4 a =

ol. 3x |

Acceptable Interval &ﬂ‘!~él 3
Screening Data: - " )
» (w..'

Time allowed: lzﬂt, Time allowed: m_f.w,

Grade 7-§ Grade 9-10 - Grade 11-12
M@22) | F 209 |T 43D § MUsH [r1205 | T(359 [ Maes [F u2s) 7290 T M s7) 17w ) 1T (x)

I 37 194 141 |49149/491 48155 |51 |61 4 |57
e ,29.,28].271401.26|.31].251.20,23].37:.191. 3%

Adult

ERIC

Full Tt Provided by ERIC.




_~ COMP 25

°o 10 45 70 430 500

Grades 7,8
n=45 nr=1

] lo ‘45 70 480 - Soo0 4300

Y y

Grades 9,10
'n=36 nr=1 v

. ! . = Rl
80 480 So0

o 10 244 45 70

A ]
48 1.3

Grades 11,12
n=33  nr-0

~ Note: W represents one response

11y

105

~
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Exefcise 26

Item Analysis Summary for ACE Test

51x48x6.3

Acceptable Inte

Screening Data:

Time allowed: m,

=~

" Percent '

Correct

Discrime
ination

Grade

. Time allowed: mﬂf.
7-8 . Grade 9-10

rval 1?.0_ ~160

Grade 1l-12 . Adult

M(222) | F 209 1T 43D § M54 | F (208)

T (359 § MU6S [F (120)

T (290 f M(57) |F(w9)

T (106 )

45129

37170 150

58158 146

53177517

00

61,63

51144148

55

117

46].61143




COMP 26"

107

n
: ) 40 j00 : _ 200 1500
Grades 7,8 = & ~ 160
n:=45 nr-=1
— "
. o 40 100 - 200 250
Grades 9,10 120 160 ' ‘

n=36 nr=0

' - | 40 lop' - _ ‘. 200 250
Grades 11,12 [ 160 |
n=33 nr:=0 | .;

Note: gg represents one response

112
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Exercise 26

Percent
Correct

Discrim-
ination
Index

Item Analysis Summary for ACE Test

d

51x48x63

Time allowed:

Grade 7-8.

-

AAcceptable Int‘erv\al M

~ Screening Data:

M’ ' Time allowed: mg[.

Grade 9-10

. Grade 11-12 © adult

M(222) | F (209)

TW3p f MUSH [F (209

T (359 § MU65 [F 120

T (29D § M(57) | F(w9)

45129

37170 150

58158 146

T (100 )

5317757

0B

55

61,63

631.48.48

5114448

113

46].61.43




COMP 27

109

. = ] |
.0 . looo 6300 gooo 19,000 €3,000 70,296
7000 - ch;o
Grades 7,8
n=45 nr=2
/

1 o, 1 .

\
o] lco0 6800 8000 70,000 §0,000°
__m . ’
7000 ' gooo

- Grades 9,10
- n=36 nr=0

n - n . "
) tcoo . 1870 7000 ™ 8000 14,000 79,000 30,000
. ’ - - ]
7000 ' 8000

Grades 11,12
n=33 nr=0

Note: W represents one response
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. .
Exercise 48

' Item Analysis Summary for ACE Test

r

Screening Data:

- Percent
Correct

Discrim-
ination
. Index

Time allowed:

Grade 7-8

Acceptable Interval 5 ‘E*’&' \ *

m, v Time allowed: m.gc,_

* Grade 9-10

Grade-11-12 _ Adult -

M(222 | F (209

T (43D § MU [F Q05

T (350 § M U65) | F (126)

TGoD | M(s7 )| F(49)

T (100) > 

10:6

81128

10115:8

121251 8

17

Y6l

.28..28

29]29115

23139124

. 115

.34 45138




- COMP 28
- . 111

SO

o P 10 2450.

10 10 50 100 oo 500 looo

26 4.\
_ Grades 7.8
- n:=45 nr=3

Grades 9,10
- n=36§ nr:4

a  Ma om o mom

10 5o . 106 100 Soo (0Cao 4606 7035

—A

3.6 4.1

Grades 11,12
n=33 nr=2 . |
. Note: W represents one respomnse
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‘Exercise l .
4/
(-

g Item'Ana'lysis )Summary for ACE Test

~About how much
do these cost?

APPLES =32¢ each

§

Acceptable Interval l‘_&m

Screenihg Data:

Time allcwed:

l Z SEC. Time allowecd: 1_Qm

Grade 7 -8 Grade 9-10 Grade 1i-12 Adult
. o [vean]reos [rwap § musw [Fos | Toso) f Mies [Fi2e [Tor | Mest)] Fror) Triee
Percent : oy’ ! ' 1 n
RS TYT4 97 18483 84|86:80/83
5 L 1 ’ !
inasion 28

Index

34123

ERIC

Full Tt Provided by ERIC.

A La7i14]

53L45]




APPL1 -
) 113
‘ ;- .
Grades 7, 8 e3¢ Lo . ~ 2.00
n:=45 nr-2 ST B
B8 N
Grades 9,10_ S e T 2.00 | ‘
. n=36 ) nr-=0 L l..f:q_-.l.so
. . :k ? . .' -" :.. . .
Grades 11’12 " Leo 200« 300

l.59 1.60

- n=33 _ nr=0

"Note: M represents one response

. 11




114 . | Item Aﬂalysis Summary for ACE Test

Exercisa 2

{

About how much

do these costs

Yeman gy

$7.47  each

- , . . '

' Acceptable Interval Zi&'li‘! C

Screening Data:

’ Time allowed: llﬂc " Time alléwed: 1_Q.g{£‘_
s Grade 7-§ _© Grade 9-10 ' . %rade 1i-12 Adult
222 [ F 09 [T w3 msw [Fos) [T3so N vaes [Faw [T@SE [ Mr 7)) [F(v1) T (r)

-z 454150 (6976113 72 112 [72 |12 167]70 |
i [498133]42].3% 121125 401 26]3%] 3T.37137)

Index




170 15,84 1588

- Gradeé 7,8
" n=48% nr:=0

'Grades 9,10
n=36" . nr=0

Grades 11,12
n=33 -nr=0

T 28.00 M 40.00
[}
r— A ]
28,006 N 3e0.00

115

'l,.

mE  m B
22,00 3300 42.68 49.23

L1

- 28.00

-
28.00

42.00

S —

© 28.00

—
23.00

2100 32.00 3450 36.00

Note: @ represents one response

- 15p
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116 ¢ " Item Aralysis Summary for ACE Test
- Exercise 3 » g 4
. \.;;"‘;. . . }

About how much _’

do these cost ?

23¢ per Ib.

Acceptable Interval M

" Screening Data: ,

Time allowed: 12:.!‘( Time allowed: mﬂa -

Grade 7-8 ' Grade 9-10 . - Grade 11-12 . Adult

M@222 | F@o9) [T w3D § Mush) |F@og | T 359 f MUss [Fue) [t @on I M(s7) [F ()

- (o4iy6|55 |79 167[12 |78 16773 [88118

. Index

yune [48145]90) 24 140[35| 3143] 38] 51136 99]

ERIC

Full Tt Provided by ERIC.
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. N . C 117
: ‘ | |
~d i
// . ; T - y
VA N i i . - N
) . _ >
- | i m B
: 30 ‘ - LS50 700 8000
: des 7,8 - : -
, Grades 7, e o
.7 'n:=48 " nr- : oo e
N ' {.‘ . }
- poe
4
.
. . ',.' . 50
Grades 9,10 5 — | .
* s C ’ . .
n=36 nr=0 - .
i . ‘. i . ) : ’» ‘ . . \ .

a
Fl [

Grades .;1,12 ‘ '6”—-"““,4 . I .
- n=33 nr=0 o S

‘o &

°
LN
o .




118 - Item Analysis Summary for ACE Test “
Exercise 4 o g ' : - '

m
how many -

raisins here?

| i B

1 Bd) L

sceouess @ | [ GEEDLESS V'
€l ‘

ey
2:?5\-5

aicias! [ p

. l".

SEEDLESS O

| 238 raisins in @ box Prisia
Bl demes

. v

Ac_ﬁceptab le Interval MG

Screening_Data:

Time allowed: 1lsece _ Time allowed: m&c ‘
Grade 7-% Grade $-10 Grade 1l-.: Aduls
M@22) | F o9 [T 43D F mush [F o5 [T 359 § Mues [Fuze) [Taon [ vis7)[From,

/

S 47 149146 |60 51155 |61 155159] 1017673
hiie LY11.0%1461,29 .43].38).39:48].43].401.40[ 39

T’l‘.u“

Index




APPL 4

119

e anm i » 0 = =
) i400 IB0.00 250 1000 2000 2380 5166 17,500
. « 1400 1750
‘Grades 7,8

n=45 nr:=0

. u -
166 200 1000 2000 15,000
1400 1750
Grades 9,10 -
n:=36 nr:=0
E & =
- 15.50 163 168 187 1000 2.000 3066 14,000 [6,000
| 1400 1750

Grades 11,12
n=33 nr=0

Note: @ represents one response

- L24
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120 _ Item Analysis Summary for ACE Test

PENS.-'39¢ each

About how__much
do these cost -

@

22 pen.sk in
a package’

Acceptable Interval _&_QO_:&_&O "

Screening Data:

, Time allowed: Lz.é‘ec, | Time allowed:'m, '

- Grade 7-§ Grade 9-10 Grade 11-1Z° Adulz

_ Jre2z [7@oo [T w3 | Musy) | F2os) | T659) Mubs)[r(i_w TQOD [ M7y [Frus: [TUo®) |
it 125124 (25138134136 |45 136 4L | 141511631
neer |36144 [ 39] .44 145145].531.421.50].56.3T.48)-

. Index
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121

Qr [ _ o *
) : o ' s.co : ‘ 16,00 22.00
. ) . . -
. Grades 778 : . , ‘ goo 8.80
.. n=45 nr-1 ; o

T | -
0 _ ] 5.00 _ 10.00 to.00
Grades| 9,10 | goo 980
n=36  nr-1 . -

\ , A .

!

|

|

|

|

|

| )

\ : n n o =
‘ o | 5.00 1000

: i . . ) )

Grades 41,1-2 " ) g0 §.80

n=33 n.=0

Note: B represents one response
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Exercise 5

Percent
Correct

Discrim-
ination
Index

Item Analysis Summary for ACE Test

b

~

About how m |

. do these cos’r?

PENS = 39‘3 ‘each

22 pens in
a package

)

Acceptable Interval w

Screening Data:

Time allowed:\&‘dt ~ Time allowed: m{g&

T8 Grade 9-10 - Grade 1l1-1z Adulzt

Gradé

¥ Q22) | T 209)

T (43D J M Us¥) | F(208)

T (359) J M Ue5) | F (126)

25 124

2513834

T@D [ vics7) 7y [ TCow
M {
t
]

4L {T4:51163

3644

39144 145

50156, 31,48
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-~ t.00 s . o . 2.00

.60 2,00

. Grades 7,8
- n:=45 nr:=0

1oo ) o e 2.60
R - _' , _
K : N 1.60 ’ 2,00
Grades 9,10
n:=36 nr=Q
_m | =
~ - 2,00 7.0

l.oo L 4 =

1.60 - %00 .

Grades 11,12
n=33 nr:=0

Note: | represents one response

o ) | 128 -,




12;1 Item Analysis Summary for ACE Test

Exercise 1

4 — — N\

About how much
do these cost .

- altogether.?

Acceptable Inlt':ervai _34"3& |

Screening Data:

Time allowed: M Time allowed: mm,

Grade 7 -8 _ Grade 9-10  ‘Grade 11-12 Adult
n@zd [F oy [T u3D § Mush [Fzos [T oso § Maes) [Faze [Teon | Mis) IF (49 )T (1c0)

i 1016516880176 (17 [77 115 [ 16 [86180183]
i [51.96]40] 42 36138] 33127[31].551.09.34]

Indax

129
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- 2436 25.00 'So ' .35
~ Grades 7,8 EORE
n:=45 nr:=0
30 i}
Grades 9,10
n:=36 nr=0 26
] — & )
20 35 44.86 45.00

24.3¢

Grades 11,12
n=33 . nr=0

Note:

34 35 : e

M represents one response

130
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. 12“6 _ Item Analysig Sumniary for ACE Test

Exercise 6

About how. much
- do these cost

dltogéther ?

Acceptable Interwval-: ;‘55-" 3 l -

Screening Data:

Time allowed: um © Time allowed: mm,

Grade 7-8 ' Grade 9-10 ) Grade 11-12 " Adult s
M2 | F @09 |T 3D MASH [ F (205 [T 359 | M(65 [F W26 [T @90 | Mi57)] Flw ) IT (o)

<, 139 128 (34155 143 |48)59 42152172 157165] -
i (00141 |47).62139,46].40:.29 .3TL49.17135]

Index

ERIC

Full Tt Provided by ERIC.
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A\

S

25

" 'Grades 7,8
n:=45 . nr:=2
m
25

Grades 9.10
n-=-36 nr-1

o

25 o 45

Grades 11,12
n=33 nr:=90

-Note: M represents one response

N .
P o N 132 i ':. ~\\\
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Exercise S;

‘,_ﬁ —

!

Item Analysis Summary for ACE Test

- About

what .is the

difference in_price ?- - R |

Acceptable Interval

chrgening'Data:

. * :
. i . -
. Time allowed: w

Grade 7-8

Percent
Correct

L
Discrim-

ination
Index .

ERICL

Time allowed: m&c

Grade 9-10

Grade 11-12

© Adult

M (222 | F (209,

T 3D § MUSY [F (209

T (359) § M (165) [F (126)

TR f Mes7y[Fway

T (106 )

45 34

40160 148

53 155 i43

5016351

58

5253

48

Full Tt Provided by ERIC.

53] 48141

451 48139

451.55..37
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APPLY .
o CoNA T129

i =
02 .00 102,60

)

- m :
18.50 w.00 .25 . )

3s

Grades 7,8 -
—n:45" nr:l

¢
—,

’ 25 S 36  102.60 102.65
: S 28 30 )
-Grades 9,10
n=36 nr=0 - |
LT ) . ) - ?
.. W
13.75 ~_19.00 o

Grades 11,12
n=33 nr-1
Note: B represents one @_eSpo’nse
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Exercise 10 -

. . Y
, About what is the
$
B $12.367 |
. ' .

." Acceptable Interval wo
- "- v . ) .

- Screening Data:

~ Time allowed: M,  Time allowed: wec

Grade 7-8 | Grade 9-10 Grade 1l-12 Adult .
"[me22 [Feog [7w3p § mash [Feos|Tesa J 1u6s [Fae [T @oD K M(s7) |F(va) T (ioe) |-

s sy i1 (98 |11 16266 |64 15661 [710173(77
et |561L.6515T).42 1434315049 .50 O2L5Y|5T

. Index’

-~

ERIC

Full Tt Provided by ERIC.
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I ) .
- 3000 7090 .. L] . . 10,000
. ) g : N | - ' K

Gradéé 7,8 . :
n:=45  nr=0 ° . { .

_ . ) : ) . R |
‘ - . 16,000 10,400 16,000

’

Grades »9,‘10 - - B
n:=36 nr=0

Grades .,11,12 | | |
' n=33.. nr:=0 o e L .

3
"

Note: @l represents one response’




132 Item Analysis Summary fbr ACE Test
- o. . . Y

“ Exérc ise 1'1

o
! .“/ h?“ . 4:
_'.;.“ .'5';‘..\‘:' "-.:':.'. 0
s s .
- s ‘B,
g o0 '
MMyt s
About what is the |
difference in prictf: ?
N $44 900 . ;
7
Acceptable Interval MQQQ_QO 000 ®
Screening Data: ;
) =
'ri'me allowed: lm Time allowed: mm /
Grade 7 -8 Grade 9-10 Grade 11:12 Adult
M@22) | F (209 [T @30 B mush [F 09 [ 359 1665 [Fuze) [ToD | M(s7) Flag)[T(o6) | .
Percent ! i !
et 13712213045 133138145 139143]51 149]50]
Di . T ‘ — "
et |63L43156).49.43| 47,4842 | 461 4849 48]

EKC

Aruitoxt provided by Eic:

D

~J
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.l~-ﬂ lJ B J_lj_Ll

133

7000 500 50,000 go,ooo
70,000 zo 000
‘Grades 7,8
n=45 nr-1
'
‘" W n__ s J_‘_._-l
goco 10,056 ' 50,000 so 000 qs coo 161,350

70,000 80,ooo

Grades 9,10
n:=36 nr=0

L —

7200 50,000

Grades 11,12
n=33 .nr=0

Note: B representé one resporise

———

- 13




Item Analysis Summary for ACE Test

134 .
E:;e”r;'cise lz
— ‘ )
About how far
between cities?
ST.LOUIS 7
TIN CUP  1es
. k
Acceptablel Intlerval _&5”90
”Screening Data: ' \

Time allowed: Lz,icc : Time allowed: 1Q£IC

Grade 7-8 Grade 9-10 Grade 11-12 Adult
Me22 [ F oy [TW3D § nusy [~ zos [T (359) ¥ (165 [F (26 [T (200 K M(57)[ F (wa) T (106)

el 145132 139045 (48|47 151 153152]77161[70
e [561461.521.321.301301.561.391.37].51 .43/ 48

Index

1129
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- [ ‘.. ] B -
B 70 ‘ . V00 241
r——‘-l ‘
Grades 7,8 - g5 90

n=45 nr -5

] —
Lo 70
Grades 9,10
n=36 nr=0

‘ ' -n','" C 100
Grades 11,12 85 90

n:=33 nr:0

Note: @represents one response

Full Tt Provided by ERIC.
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Percent
Correct

Discrim-
ination
Index

Exercise I 3

Item Analysis Summary for ACE Test

f

aout b for '
ST.‘LOUIS ; 21502
FORTUNA 23487
i~ -
&
- 2 y

Time allowed:
Grade

Acceptable Interval LQQM’M

Screening Data:

M, | v Time.allowed: m.gc

7-8 Grade 9-10

Grade 11-12 "Adult

M(222) | F Ro9)

T 43D § MA54) [ F Qos)

T (359 J M 165 [F uze)

T (29D M(sﬂr (42 )

T (o0 )

41 134

138153 150

51154 56

5516719

12

4553

35147.36

42].48.42].

43

4913237
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/
)
Eam @ ¥ | afls = = ®w H W
170 190 200 1000 : 2000 2985 73060 4loo (1,985 44,900
. 1900 2000
Grades 7,8

n=45 nr=0

I ] - | B =
260 9oo 1660 2000 29495 3000
1900 2000

Grades 9,10
n=36 nr=0

. Y
joo0 rooo . 2915
: ~_
1900 2000

Grades 11,12
n=33 nr:=0

Note: W represents one response

142




138 Item Analysis Summary for ACE Test

Exercise l’-} |

Ve — | N\

About how much
change will | get?

/? . L‘.“/./' Can

: \ Five Dollars

Acceptable Interval ), e 2

Screening Data:

Time allowed: m Time allowed: mm,

Grade 7-8 .Grade 9 -10 Grade 1l1-12 Adult

Mezd | F @09 [7ws) § v s [F 205 [7 359 | MU65 [F 120 [T 29D | M(27) |Feae) | Tme)
S 166145 156 185 171 |71 |85 175 [8L |84 184|84
mecion |, 501.48.511.43 1.551.511.40:.32 137 1.59:54|.56

Index

145

ERIC

Full Tt Provided by ERIC.




Grades 7,8
n=45 nr=0

Grades 9,10
© n=36

- Grades 11,12
n=33

nr=0

nr=0

"APPLM

39

3.%50 o

3.50 3.80

3.50 4-.'00
— m
3s0 ' 3.30

Note: -vrepi‘ese‘nts one response

1 AA

139



140 ' Item Analysis Summary for ACE Test

t

Exercise 15

About how much
change will | get?

(820~ $20

(SR

Tweénty Doliars

Acceptable Interval M

Screening Cata:

3

Time allowed: lzm, Time allowed: M
Grade 7-8 Grade %19 Grade 11-12 Adult

M(222) [F 209 |7 w3 § mUs4) [ (205 [ T (359) ¥ 165 [F u26) [T 290 [ M(57) [F (%) [T (10%)
Percent g

- S 166162159162 162182187 182 185|86190|88
macion |57 1,55|.571.56.40|.46]1.50:48.49].59..51|.54

-

Index

ERIC

Full Tt Provided by ERIC.
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142
Exercise16
i
e ~
.3
About how much
does one cost?
19%1.45
\ _

\ ‘
Acceptable Interval 41;514_10__

Screening Data:

/

Time allowed: m Time allowed: m&c,

Grade 7-8 Grade 11-12

Percent
~ Correct

Discrim-
. ination
Index

fGrade 9-10

Adultv

M @222 | F (209

T (43D § MasY) [F o3

T (359 § M 4e5) [F 26)

T (290 | M(57)] F(49)

T(00)

40132

36155 47

4816061

o0

521491 44

60

57,45

P
M

46],57.67
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L . 141
' S . "
- CGrades 7,8 3% o
n=45 nr :0 : 3.50 400 -
\\
\
\\ : b‘ - .
Gra\«des 9, 10 3.00 - 4.00
2 n=3‘6\ ~ nr=0 ' 350 4.00
29 \
Grades 11,12 > = ho )
n=33 'nr-0 o 3.50 4.00 ~

‘\}_\]ote: @ represents one response
\\ ' .
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‘ I SR AV I




Q.

APPL 16

143"
| B m = ® ®m
o. ; 25 35 4o 1.5 2o ¢z
Grades 7,8 ,,5'—‘-‘20 '
n:=45 nr=2 -
. - ' = =
. o 25 18 123
‘Grades 9,10 45 2o
n:=36 - nr:=0
. @3 @
o a5 170
'Grades 11,12
n=33 nr=0 .
. ro , Note: ® reprgsents one response

Q~" . y o '. 148
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Item Analysis Summarﬁz for ACE Test

" Exercise 17 ‘ o

fé,

- a case

/< $5.40 |

124 cans in}

/ About how much
does one cost?

KN

\

K——//‘

19

h Y
N— _J
° o i | ' 4
R - P;ccc'-:_ptable Interval :2‘!":&
.. -Screening Data: T e k :
\ . . P
'. Time a\l;Lo;:ec-’i:. Llé‘ﬂc, - Time allowed: 1Q_{CC,
_Grade 7-8 ~ _Grade 9-10 Grade 1l1-12 ' Adult
| Me22) | F 209 [7 w3y [ a5 [F 208 | 7 Gsg) M 465 |F 426) [T 0D [ M(r7 ) [F (et T Con
Percent i ] | ] . .
e 152 (48150168 16016316 2168/65]81176 |18
Difcrim. . ' — T
moen |.07.5631561.361.391.38].51:29/42].60.63

61




Grades 7,8
n:=45  nr=0

| .
Grades 9,10
n=36 = nr:0

Loa

Grades 11,12
n=33: nr:=0

APPL17

[ 1

—n

ol - N . ) 07-5'
20 25 :

Note: @8 represents one response
A 1

150

v
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Item Analysis 'Summaziy for ACE Test

’Ex'ercise 16 .z . - |
a — | )

146

How much does

one cost?

Acceptable Interval 2212‘0‘ 21

Screening Data:

Time allowed: mec, Time allowed:'m‘fﬂc,

Grade 3-8 Grade 9-10 - -Grade-11-17 . Adult

M @22) [F 209 . T w3D f 59 [F 209 | T 659 M6 |r 126 [T 90 [ M(57) | F(w) T (k)

et (43136 luole2 153157 |57 159 5153]65

Index

Ll |.581.52).56).44..39411.51 | 35| 44] 44 40[ 4|

ERIC

Full Tt Provided by ERIC.
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147

] ]
) 45
_ Grades 7,8
n=45 nr=1
r [} " =
o 42 203 2Z.5¢

Grades 9,10 -
n=36 nr:=0Q .

-
o

Grades 11,12
n=33 nr=1

Note: @ represents one response




148 Item Analysis Summary for ACE Test

Exercise 19
-
I

About how many

miles per gallon?

TRAVELED: 1322 miles |
USED: 17 gallons gas

;.

Acceptable Interval fiﬁ "‘2‘!

Screening Data:

Time allowed:-w, Time allowed: m‘sec, :

Grade 7-8 Srade 9 -10 Grade 1-1-12" - Adult
} Mez2) | Fzo9) [T wap § masy) [Feosn [T es9) f uies [Fdze) |T 29D M(57) [F () [T (o)
Percent k

ceeecs 122112 117 §37 18126 |44 {28 37 [40:16[29
i |311.211.311.361.311.360.45 .35 41]. 39 47 44

index

ERIC

Full Tt Provided by ERIC.
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B m
S6l 619

Grades 7,8
n=45 nr=4

b

,__._I_._.u__ll-L-IJ_l_ql .
o : : 0o 300 505 oo
_ N '

.65 0

Grades 9,10
n:=36 nr=2

r ' a .
o i 100

s 90

Grades 11,12
n=33 nr=2

_ Ncte: @ represents one response

o w \ . ) 1 54




150 Item Analysis Summary for ACE Test

Exercise 20

\\~ r‘ . - ) - - ) ‘

MATERIAL
$1.67 per yard

| need l%ycrds. | |

002 About how much

will it cost? )

Acceptable Interval 2 QQ-&QQ

Screening Data:

Time allowed; ll‘gc Time allowed: L.Q&C

Grade 7-8 Grade 9-10 Srade 11-12 Adult
M(222) [ ¥ 209) [T wap [ » a5 [Feom | T o59) 2065 [F 426) [T@9D § M(57)] F(wr ) [T (e

i 107150154175 175 116 |71 171 |71 [B4178]81
e | 46,.08(521.27 137132 .41 :.38/39).57.35 47

Index’

ERIC

Full Tt Provided by ERIC.
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- 151

| — |
2.00 4,00 7.8%
7 Y . ] . .
2.00 3.00 o
Grades 7,8

n=45' nr-=2

2.c0 . ' . 4.60\ Y
— | .
) 2.00 3.00
" Grades 9,10
n=36 nr=0
{
y | - . | |
2.00 4,00 5.00 5.91
— R . _
2.00 } 32.00

Grades 11,12
n=33 nr:=0

Note: B represents one response

156
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Exercise 21

r

MATERIAL
$3.46 per yard.

' ‘need 4% yards.

SR T N
' .o About how much}
T will it cost?

Acceptable Interval M

Screening Data:

. Time allowed: m Time )
. allowed: m&c

Grade 7-8 ..Grade 9 -3¢ Grade 11-12 v Adult
M @z2) | F 209 [T @30 [ m59 [F (209 | T 359 M(165) | T (126) [T (290 M(57) |F (v )] T(0e)

S 11 (25 134162 51155 |y 150 (56 [68/71 10
i 85,.56,57).60.41| 4649 .51 [49].48.29138

Index

ERIC

Full Tt Provided by ERIC.



0

Grades 7,8
n:=45 nr=2

4

400 ' 17.50

— o RN
0 .
Grades 9,10
n=36 nr =\0

' o

Grades 11,12 .
n=33 nr=0

. 26,00

—
1400 . - 17.50

4

Note: W represents one response

|

i
}

Isg .

153
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” Exercis_e‘zz
r —\
4- | GAS: 59%per ] gqll
About how much L : g sen
- for 3 .gallons? :
J
Aéceétai:le Interval Mﬁo_ | ’
v Screening Data: | - R
Time allowed: lz_&c Time‘..allowed:AIQﬂC,
Grade 7 -8 Grade 9-10 " Grade 11-12 Adult
ne22) | F o9 [T (ys1) § ¥ asy [Fros) [ Tes0) [ 1165 [F e |T (29D M(57) | F(~) ] T(ew)
Percent ! - i - ' )
et 132122 127 |51 134141 95 140 143 |72 (55|64
e | 581.561.58).51 .43 491,49 41 | 461.341.65.50
' | \ .

ERIC

Full Tt Provided by ERIC.

Item Analysis Summary for ACE Test
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APPL' 22

155

R mm » )
_‘-50 . . 4-00
- . , K | .
Grades 7,8 330 3,60

n=45 - nr=0

}.50

;
| . ‘ E =
) ' ' 4.00 4.8 _4.70

Grades 9,10 )
' n=36 nr=0

B
4.00 3597

150 - - "

Grades 11,12 : =TT .

n=33 nr:=0 | ~ | | '
¢ o - Note: Ifr'epresents__'one response

o 160
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.. Exei:f:ise 23

\4

Item Analysis Summary for ACE Test .

7

| need 1-8-7 |bs..

of cashews.

- will

°°° ’ k“’\\_lk;_//

Aboui how much
it cost?

CASHEWS
| 119 per }vll;h \

Screening Data:

" -
~

Time allowed: L2.SEC,

"~ Grade 7-8

Acceptable Interval _8 ‘.m :

Time allowed: LO,sec

Grade 9-19

Grade 11-12

‘Adult

M@22 [F 09 [T 43§ Musd [F o

T (359) § M U65) |F (126)

T(291) § M(52) |F (95 ) [T (nne)

_Perceht
Correct.

1814 16§29 15

21 13021

26135137

e 139128 49).34.53146]

Index

3513934

3815045

16

36

5 o -



157

18 "8 -0 2 =
I : . 10,00  15.00 5o.50
,v . L — ' .
\ | 2.00 10.00 '
Grades 7,8 | :

[
I
1

' "
: : . jo.oo |%.0C

: 4 . . ,8'°°‘

| " Grades 9,10
\ ‘

j10.00
1

L n=36 - nr=0

\\
\\
N N,
\\'.
Y .? \
\\ N
. \\_
N
r .,
-] AN
\
~ !
% U

o . . . 5-180‘ 51.00
Grades 11,12 -

n:33° nr-1

Note: M represents one.response
/

162 |
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158 =
| Exercise 24

",Ab.out what . is
- . the area?

Acceptable -Interval M
= i ) .

Screening Data: .

, ) ) ‘ - ,1’

Time all)owed:.‘ m " Time allowed: msc, :
Grade 7-8 Grade 9-10 Grade 11-12 Adult

4222 | F (209 [T 43D M54 [F (205 [T B59) | ¥ (165) 1F 126) [T 20 [ h( o ) F(49) [T (o)

fjife\ZE 21 516 19 4}0”328 33136 §-32 35 61:51157]
me 142491192 61.441.53).55,30451.50153] 52

Index
.,\ / . ,/
< ’
N - ‘

ERIC

Full Tt Provided by ERIC.
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APPL 24

-

- T : 1000 02.?‘0“ . ) K
' Grades 7,8 . ;o - T e S
n:4.s~, : nr:ZI ' ‘ - .

o

® 1600 gooo Y000

>

[o] ) 1000 : lZOO -
Gr:ade's 9,10 . 1200 . o ) is00
.- n=36 nr-=1 ,

—
1600 47,000, -

o fooo . . ) , |
Grades 11,12 1200 - B - aseo |

- n=33 nr=0 | ) o . o

. ‘ ' Note: M represents one response '

: ’ - . _

i 1200 -
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Exercisc 25

Abcut what is

the arec?

Acceptable Interval M

Screening Data:

-

Time allowed: ﬂm Time allowed: 1_0&,

Grade 7 - 8 Grade 9- 10 Graude 1ll-12 Adult

7 Me22) [Feog [rwin I » s [Fos) [T (359 Mubsl[r'um T (290) M@\lkug T (ree )
cwne 126119 123 148139143 153 140148 | T4165] 70
il 451,52 48).54 . 46|.801.55 .32 | 47].46..61.54

Index

ERIC

Full Tt Provided by ERIC.
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161

r,L ) J ° ° . ﬂ //- . -
/'  jooo 1800 4000, 4800 gooo

¢} R . C
Grade: 7,8 7‘,‘8-'529

L §
1000 gooco 8400

Grades 9,10 | 760 940
n=36. nr=0

tooo Booon Y500

\

o] .
;Grades 11,1‘2 760 . 340
n=33 nr=0

Note: M represents one response

186
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\\

. \\‘\\. V
Exercise 26

r , ' — .

TICKET PRICES

Adults  3.25
Children 1.75

About how much

do we need?

aEEES Y

Acceptable Interval w

Screening Data:

4
Time allowed: Lz,_s_(c, Time allowed: LQ.{CC.

Grade 7 -8 Grade 9-10 Grade 11-12 Adult
M@22) [F 209 [T w3 [ uas [reos [T Gsa M U6 [F U26) [T 290 [ M(s7) [Fwe) T (106)

e 127120124137 142140139 139139156 139]48
w4743 |146).45 .38|.39).35..361.34].30.49.40

Indax

157
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°
o 15,00 * 16,50
Grades 7,8
n:=45 nr:=0
o ) 20.00
| -
' 1S.00 |6.50
Grades 9,10
n:=36 nr=0
— n
[+ 20,00
15.00 16,50

Grades 11,12
n=33 nr=0

ERIC

Full Tt Provided by ERIC.

Note: B represents one response

158



164 . Item Analysis Summary for ACE Test

Exercise 27

é , ™

TICKET PRICES

About how much:

do we need?
Adults 3.25 :

7 Children 1.75

i |

Acceptable Interval m‘mo

Screening Data:

Time allowed: 11_5_"(, . Time allowed: msﬂc,

Grade 7 -8 \ Grade 9-10 1/ Grade 11-12 - Adult

M(220) | F(209) [Tw3p § #1054 [F @05 [ 7350 § MWes) [Fu26) [T 29D § M(s7) [Fiwa ) [T (o

st 5214448173 171172163171 166]86: 16|81

vecne 149 401 49].291401.351.37:.36,35] 6329 47

Index ‘

16y

ERIC

Full Tt Provided by ERIC.
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‘5,00 . 15.00 g50.
r'—.——\
1018 12.00
Grades 7,8

n:=45 nr-=g{

L4 i T
5.00 . . 15.00
1075 12,00

‘Grades. 9,10
n=36 nr=0

— v . A - ;-
5.00 : 15.00

1015 12..00

Grades 11,12
n=33 nr:=0

Note: B represents one response

- = 170
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Exercise 2_6

Item Analysis Summary for ACE Test

/

CIRCLE ONE: )

B yes  no - notsure |

Are you a good estimator ?

"Acceptable Interval

Screening Data:

Time allowed: M. Time allowed: j&ﬂﬁ

Grade 7-8 Grade 9-10 . Grade 11-12 - : Adult
(222 | F (209) [T (30 [ 405+ [F(205) | T (359) | M Ges) | F (120)

- (1415 [10]20: 4 [11]19}6
- [29139]34]23 162/45)25 155
= 57156151155 34143153 138

T (291) M(S‘I)[F(#‘H T(106)
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INTERVIEW RESULTS

Introduction ‘ _ :

.A variety of different specific strategies was
demonstrated during éhe interview. -Due tb the uniqueness
of some strategies and the sketchy nature of others, it
would not be productive to provide an encyclopedic
listihg of them. However, several general processeé
were obéerved w%th such regularity that they degerve to’
be clearly identified and described. These processes
were intertwined with many specific strategies and
appeared to be the reason for the.selection of one tech-
nique.over another. These processes also influenced
Lhe accuracy of tﬁe final estimate and reflected the
personal preference of eaéh subject. It is hoped that
the charécterizations:of these précesses will péovide a
framéwork for organizing some of the strategies used by
‘good estimators. They'are prééented here to sefve as
an advanced 6rganizer for assimilating all of the interview
data reported throughout this section. Hépefully this
orggnization will hélp readers better undérétand and inte?-
pret findings from the“ihterviews.
ng_Processes

iThréé-key processes'wére identified that seem closely

associated with good estimation skills. Each is a high
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1

level cognitive process which is difficult to Operationall§"
define. Each characterization is accompanied by- an excerpt
from an interview that illustrates the process in action.

LY feQ words of caution in interpreting these processes
and their characterizations: |

1. The exact manifestation of these processes
varied among the subjects interviewed. There-
fore, the characterization reflects common
actions gleaned from many responses.
2. It would be ideal if these general processes
were, mutually exclusive and allowed assign-
ment of each response to a unique process. In
reality it was often found that a single response
contained evidence of several general processes.
Therefore, the specific examples offered to illus=
trate a general process might also have been used
to demonstrate another general process.
3. All of these processes were not demonstrated ¢
by all of the good estimators. The interview
data in Table .12 and the specific responses
that are reported show how frequently some of
these processes were ‘used.

Characterization of the three key processes,
translation, reformulation, and compensation, together:
with an illustrative example of each drawn from the inter-

view data follow.

Iid
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TRANSLATION: Changing the equation or mathematical

: structure of the problem to a more mentally
manageable form. This form was then used
to computationally process the numerical
data. Several’ dlfferent types of procedures
were observed.

(a) processes numerical .values in an order other than
as stated in the problem but which are mathemat-
ically equivalent.

Example: 347 x 6 . (Interview Exercise 4)
‘ _

"It would be easiest to divide the:6
N and 43 first which is about 7, so
347/7 is about 50." (9th-grader)

(b) changes numbers to.reflect an eqﬁivalent egua-
tion to accomodate particular computational
preferencés and strengths of the individual.

Example: 31 x 68 x 296 (Interview Exercise 2)

"I'll use 30, 70, and 300. To multiply
30 x 300, I'll change it to 3 x 3000,
that way all of the zeros are on one-
number. Then, 9000 x 70 can be changed
to 90,000 x.7 or 630,000." - (12th grader)

(c) changes operations stated in problem to form an
. equivalent equation.

Example: 87 419 (Interview Exercise 1)
- 92 765
90 045
81 974
+ 98 102

" "All of the numbwrs are close to 90,000
sg it would he 90,000 x 5 or about
. 450,000." . (9th grader)
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REFORMULATION: Changing the nunerical data into a more
mentally manageable form., This phenom~
enon, which left the structure of the
problem intact,” was observed in several

f o ways:

1 .

- (a) froﬁt—end use of ndmbers

——wdrklng with one or more of the 1eft front
dﬂqlts.

Example: 87 419 (Interview Exercise 1)
92 765
90 045
81 974
+ 98 102

"Ad3 the first .front-end) digit and
‘ it gives 44 or 45 so the sum is
. 450,0600." (9th grader)

“n

' ~-rounding to the nearest multiple of five, ten,
hundred, etc.

Example: 8 127 .1474 257 (Interview-Exercise'3)

, "I just rounded it (474,257) up to
480,000 and knocking that (8,127)
down to 8,000.. It has tg be about

.60." (lOth grader)
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\ " Reformulation (COﬁE‘T“me
\\ \ (b).usubstitutiontofwnumbers :

o A —-u51ﬁg a compatable nhmbef.felatively close to
Voo o the original number for purposes of easily
\ - : operating on other data in the problem,

Example: 347\x 6 (Interv1ew Exerc1se 4)

. . "I looked for niée'numbers,or
\ multiples t6 round to - 347 to 350,
.43 to 42 so you have 350 x 6 and

o 2
\ . cancel 6 and 42 which gives 350/7 or
'\ -50."  (1l2th grader) ‘ ,

\ | 00

( . . s P l .
A --using an équivalent or approximately equivalent
A form of the aumber, i.e., changing a fraction
S to a decimal or percent.. ‘ -

Example: The 1979 Superbowl netted $21 319 908 _

to be equally divided among the 26 -
NFL teams. About how-much doés each -~

. team receive? (Interview Exercise 10) -

o . - "Round dividend to 20 million and-

i , divisor to 25 then change this-division

A " problem- to a fraction - 20/2% or 4/5,

. " . So each team receives 4/5 of one
millior or 800,000." (luth grader]

.,
———
E

=g,

.

\'3:?"""",'?-\:-‘—,‘; )
~
'
4
-
»
N




COMPENSATION:

h

0

'Adjustments made to reflect numerical

variation that came about as a result of

a a

translation and/or reformulation of the
‘problem, . These.-adjustments were typically
a function of-the amount of time available
to make a response, but were also influenced
: - by the manageability of the numerical data,
Sor -+ context of the problem, and the individual' s//
tolerance for error. . . /ﬁ

. . /
ThlS phenomenon manifested ltself at two dlstlncr

stages in formulating the estimate:

intermediate compensation - adjustments that, are made
during intermediate stages of mental computation.
Thesle Adjustments often take the form of trade-offs
-and @re usually associated with identifiable
|

stages of the problem. I8

Example: Here are 3 estimates for the total
i ’ attendance for the past 6 Superbowl
gameS' \
YILAR ATTENDANCE
. 1 000 000 1974 73 655
600 000 1975 . 86 421
550 000 1976 .91 943
- 1977 96 509
Which is the 1978 93 421
> best estimate? 1979 106 409
- ’ "
7o . (lnterview Exercise %)
’ : "I rounded.all to 100,000 cxcept 73,000.
' I dropped this one to make un - for .
_rf ‘ rounding others up. The numbers are so
. - ) close they just make up for each other."
- (9th grader) :
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Compensation (cont )

final co_gensatlon = ‘an ad;ustment made at the
end of all mental computaticn reflecting an
awareness of the relationship of the estimate
to the exact answer. Thus, an amount is added °
‘on or taken off to adjust the initial estimate.

/ Example: The 1979 Superbowl netted $21 319 908
) to be equally, divided among the
26 NFL teams. About how much does
each team receive? (Interview
Exercise 10)_ ’

"Round to 26 million divided by 26 .
teams. That's 1 million apiece,
but it-has to be less because of
my roundlng procedure, say $850,000
each. (9th grader)

Regardless of whéther intermediate or final compen-

-

'sation was performgd, an important- issue centers on the
size of the compernsation that was determined - that is,
what adjustment should be made ané how was it decided?
Interestingly, two differeﬁt,rationales for aetermining
the amount of compensation were‘observed- |

--adjustments which reflect specific 1dent1f1able
computational.schemes designed to more ~closely
approach the exact answer.

y Example: l% x 1.19 x 4 ”(Intérvié& Exercise 5)

' "Round to 4 x 1.2 x 2 which gives 4.8 x 2
or 9.6, but this is about 1/8 too high
- because of rounding 1 7/8 up to 2. So
knock off '1/8 of 9.6 or 1. 4, that gives’
‘8.4, (7th grader) 7
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Compensa:zion (cont.)

--an intuitive feeling not necessarily associated
~with particular computational stzges of the problem.
It was often characterized by students' inability

to verbalize and/or describe a <specific rationale
for the adjustment.

Example: 347 x 6 (Interview Exercise 4)
— g
"3.:7/43 is ‘about 9 so 9 x 6 is 54 but
it must be les:: beccause 347/43 is belcw

9; so 1'11 tak« off some., That l-:aves...
I'll say 50." (7th grader)

174
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Front-End Strategy

A number of ét}ategies were interﬁwinedeith these

. key processes and are reported in the presentation of -the
interview data. Some of these strateg£es are well-known,
while others are less widely recognize&. One of them,

a front-end stratégy, was observed in varied forms and
ig/mény situations in the interviews. It has long been
‘used by estimators, but only recently has it been

" identified and discussed (Trafton, 1978). In oxrder to
insure a ﬁore common’undérstanding of this powerful,
iﬁbortant,_and frequently observed strategy, a character-
ization will be offered.

‘Here is an outline of four forms'of the front-end

strategy observed during the interviews.

Rounding

Subjects first rounded all or part of the ..+ .ers
involved before operating, then

- operated with rounded r.umbers using the same
number of digits {Round-SND), e.g.
- , “ 4792 — 5000 or 4792 -—>4800.

- operated with ar extracted portiou: of rounded
numbers (Round-EXT), e.g. 4792 --2 5000 —5
or 1792— 4800 — 48.

Truncation
Subjects first truncated thz numbers involved, then:

- replaced the right-hand digits with zeros fcilowed

by operating on these revised rnumbers using same

L50
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number of digits {(Truncate-SND), e.g.
4792—> 4 —» 4000 or 4792—3 47 —54700.

- operated on extracted front-end digits
(fruncate-EXT), e.g. 4792 — 4 or 4792 —47.

To better understand the various uses of the front-
end strategy, consider estimating thé sum of this problem:
4782 -

5430
+ 6452

A verbalization of the different applications of the
froﬁt—énd strategy outlined above are offered herec:
Round-SND: 5000 + 5000 + 6000 is 16,000
kound—EXT: 5+ 5 + 6 is 16, so estimate is 16,000
Truncate-SND: 4000 + 5000 + 6000 is 15,000
Truncate-ENT: 4 % 5+ 6 i; 15, so estimate is 15,000
The common thread among each c¢: these forms or applica-
tions of this strategy is the focus on the ﬁront-end digits
of the numbers involved. “
As illustrated by Round-SND and Round-EXT, a front-.
end strategy may usc rounding. Truhéatiqn, deleting ;11
digits to the right of those being used by eifher extrac-
tion of the éront—cnd digits or replacing the right-most
digits with zeros, is also appropriate d% times as shown
in the latﬁer two applications. Thus, in a front-ena .
strategy the leEE—most digits or :a rounded form of them

is used in the mem al computation. In sOme cases, as 1n

Loy

o
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l:

Truncate-EXT, the front~end.digits are extraétéd from
each - number, operated on, then the épprop:iate number of
zeros added. In other instances, as in Truncate-SND,
.the front-end digitévére extracted while the right-most
digits are replaced with zeros. This use of trunéétion
was expleined by many students as allowing the problem
to be "easier to handle".

Each of these forms has advantages depending on the
particular numerical situation. While thé rounding
strategies may, in certain instances, result in a more
accurate estimate, the truncate strategies enable the user
to visﬁalize the digits beihg operated.

The exact number of digits used is a fdnction
of several variables such as ;he size of the.numbers,
the operationé involved, the amount of time available to
formulate an estimate and the accuracy of the estimate
that is desired. Furthermore, this strategy can be
further characterized as front-end rounding or front-
end truncation, depending upon the procedures.uséﬁ in a
particular problem. | .

A variety of rounding methods was exhibited in con-
junc:tion with this strategy including rounding to multiples
of ten, rounding to menfally manageable numbers, and

rounding to multiples which produce compatible numbers



178

with which to Ppefate. Compatible numbers are those
groups of numbers which, when used in conjunction,'gre
easily operated on, e.g. the first and third addend of
2314 + 812 + 1737 might produce an estimate such as:
(2314 + 1737)+ 812 * 4000 + 812 or 4812, Partial
rounding, that is, rounding of some but not all of the
numbers involved, was employed and often explained as
a more accurate use of rounding for estimation.

Several of the key processes described earlier were

observed as subjects used the front-end strategy. For

example, groUping>bf coﬁgétible numbers was commonly
obsepvéd when the front-end strategy was eéployed,
especially with addition. 1Initial grouping and operating
on a subset of the numbers in a problem often alleviated
the,need for compensation as well as made the probleﬁ
moré mentally manageable. A similar techniqgue uséd in
conjunction with the f}ont—end strategy was 0péréting

on numbers out of their p;esecribed order.

In summary, the general front-end strategy is a

very versatile and powerful technigue. It was consis—

tently employed by good estimators and was not recognized

as having been taught in their school mathematics
program. 'The flexibility of the front-end stfategyl
enabled users to estimate more quickly as well_as made

°
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the task of estimating less computationally taxing. The
front-end strategy was observed with all four operations

as well as with different types (decimals or whole) and

magnitudes of numbers.

Common Strategies and Technigues Observed in the Interviews

What are the strategies—used by good computational
estimators? The strétegies used by good estimators a£ all
_levels. seem to have resulted'from an interaction §f
severaiqcomplex variables. These include the experi-
ential.background of the individual, the mathématical
operation being performed, the size of the, numbers, .and
the relationship of the numbers within a given problem.
The interview battery was not designed to study the
effects of all of tﬁese variables nor was its scope

sufficient to reach meaningful generélizations with reéard
to tﬁem. Ascertaining variations in computational estima-
‘tion procedures was the overriding objective in constructing
the battery, and at best, the researchers identified the N
strategies verbalized by the subjects as they worked each
problem.# Nevertheless, an analygis of these interview

Jdata was productive in revealing specific strategies as

well as some similarities in the processes these good

estimators used when corifronted with certain problems.

Since the response to each interview exercise was

184
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eventually associated with an estimation stfatcgy, it

was important to have agreement on this categeorization

of response. In other.words, the reliability of interview
scoring Qas of crucial importance. Initial analysis of
the data from the 15 straight computation and application
exerciées révealed many identifiable strategies. Whénévef
a particular strategy appeared more than once, it was
identified and dgﬁined as clearly as possiblé. This
process provided tho classification system for the inter=
view results reporfed in Table 12. ECach intorvieﬁ was
coded b} this classification system. 'A measure of the -
realiability of thesée results was obtainted by randomly -
choésiﬁg a subject and having each of the four researchers
independently code the responses from the aﬁdio tape
interview. The four researchers agreed unanimously on.
87 percent of the responses and at least thfee of them
agreed on 95 percent of them. This sqgges{é a high
interrater agreement, aqd further documents that the
strategies as defined were genérally agreed upon by 'these
researchers. | _ ‘

Table 12 summarizes these interview data for

cach problem and provides a basis for the discussion of

the most prevalent strategies. The description of

strategies used with each exercise contains a frequency
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of st:ateg&ésﬂused by the 59 subjects who were interviewed.
The total nﬁmber of reséonses for each exercise varies
becaise of other strategies that were used without
sufficient frequency for'categcrization. Each ékample
‘has two rows of frequenciég listed to its rigﬂth The
seéond row indicates the frequency of subjects in the
respective sub-groups who used cgmpensation with the
de5c:ibea strategy. The description of Exe?cise 1 of
Table 12 indicated that four different general s£ratégies
were observed. Several different forms of these general
.strategies were alsé identified, each of which depended .
'upon the selection.df numbers used by the sdbject in méking

'

.theif estimate. For example, of the eleven subjecté

who employeé an average to 100,000 strategy,-nine

went beyond this.aﬁd used compensation to further refine
their estimate. Of the four éleventh and twelfth
graders in this category, two produced an answ: ¢ not in
the acceptable range. 1In addition to the frequency

with which various strategies were observed,.this table
also provides illustrative examples pf ;he most °

frequently observed strategies. These examples appear

on the fécing page of each problem,




i82 . ' : -
i Table 12. Surmary of Subject Responses to'Interv1ew Exercises

Exercise 1 87 419 .
) 92 765 ‘ ‘ ‘
' 90 045 Acceptable Interval (43¢ 000 to 460 000)
- 8l 974 .
+ 98 102

Frequency of Subjects
Using This Strategy

I3

Characterization of Estimation
Strategy Used

“

Average - exhibits holistic view of

problem by observing all Gradn
or most numbers center .
about 3 particular value _ Total 7,8 9,16 11,12 Adules
) _ Average to 90 000 : 14 0 3 3 "3
comp * H 1 0 1 .
Average to 10) 000 2 0 -0 1 ll
a comp N . ko
- 9 1 35 4 1,
. ! Truncate-EXT - operating on ex- . ' .
tracted front-end digits : .
) ' - First column o 1 0 [V 0 1
comp 2 ; 0 2 0 0
First two columns ' ‘2 T ) 1 ]
"’ comp = 1 o 0 1 0 4
Round-5ND or EXT - operating in )
N given order on rounded ' .
aumbers or extracted ’ -
portion of rounded numbers
Rounding to 1000's 6 2 3 1 D)
comp Y 0 ] ‘0 0
Rounding to 10 000's. -~ - 9 4 4 ll R« N
comp 3- 1 0. 22 0
Round/Group - operating on rounded num- ’
bers or extracted portion of :
rounded numbers by grouping
manageable numbers s
To 10 000's 5 1 3 1 ‘o
comp N 0 1 0 1
s9 ¢ 11 19 16 13

* Compensation used in conjunction with this strategy.

** Indicates that 2 of 4 'of the responses were not in the
acceptable :nterval, l?,‘}?
O o : ’ . . ‘

Aruitoxt provided by Eic:



Exercise 1 L
Illustrative Subject Responses

A2,

.

oo e
_ Average numbers to about S0 000; 90 000 x 5 is 45Q 000
. " pius about 2000 for the hundreds digits which gives 452 CoO0.

<

7

About 100 000 each; 5 x 100 000 or 500 000, ther®went back to
- see about how far eaeh 'was from 100 000 and.subtracted that o
< . (10, 10, 10 and 20) from 500 000 which gives about 450 000.

-
-~

. Added the first digitsv(ten thousands) : 9: 8, 9, 8, and 9 to 3
about 44 or 45 which means 450 000. .

~ s

»
Added front-end digits (ten thousands and thousands) one
column at a time starting with ten thousands.

.

Rounded then added two front-end digits: 87, 93, 90, 82, 98 --
about 440 000. . o

Rounded *o nearest 10 000; three 20's, and two more 90's (averages
100 and 80). That's five 90's or 450 000. "With humbers that '
hig, ten thousands is good enough,"”

,

(9

Rounded first three to 90 so 3 x 90 is 270, 270 + 80 is :
350 plus 100 is 450 000. . . i ST

2

s
’

Aruitoxt provided by Eic:
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Table 12 (cont.) o

<

Exercise 2 T 31 x 68 x 296 Acceptable Interval (ﬁOO 000~634 000)

/.

: Characterization of Egtimation Frequency of Subjacts
Strategy Used , ' Using This Strategy:

2 - .- ‘
. ’

Round~SND '~ rounded éach number to

. a ten or hundred and multi-~ : -Grade
. : plied, using the same : , q
L . number of digits Total 7,8 9,10 11,12 Adult
- .~ In ordar (30 x 70) x 300 13 - s, 9y 2 3
. , 3
' comp -8 22 2 v 31 11
. “ . A
. Largest first (300 x 7¢) x 30 7 0 1 3 3
. - , comp 1 o 1, « 0 \o
- - : . RPN
Easy numbers first 3 0 3 0 0
(30 x 300) % 70 or
(300 x 30) x 60 ", comp 1 . 0 0 1 0
Round~EXT - rounded, extracted . 5 P
. front-~end digits, multi- s )
plied then added zeros .
3 x 7 x 3 (then count zeros) 14 2 1 .54 61 N
" or (3 x 3) x 7 . :
: comp .1 1 0 0 0
54 10 17 14 13
-~ “ - - . %

other_StrateQies Used: -

{30 x 60) x 300 .

- N . : :
. X (30 x 270) ‘'x 70 . )
’ . ) T
68 x lp-x 3 x 100 x 3
: (30 x 70) x 296 '
11
' “ [
5‘. -
¢
. - i . )
- 18y -f
’ . RN :
. 3 N i .
. N A/ °

O

Aruitoxt provided by Eic:
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ERIC

Aruitoxt provided by Eic:

. | . .85

. : Y ) \ ,%
Exercise 2 o ’ ’ L Lo
Illustrative Subject Responses . . ) . .
i o
; .
1] | ' * ;
. - f . ) ' . .- e
. \ _ s
©°30 x 70 is 2170 and 2100 x 300 is 630 000., / -
.300 x 70 is 2165000 ("I always do the harder (bigger) ones first.") . T e
and 21 000 x 30 is 630 000~-", . . since I rounded up and down, I . \ "
~didn't have tp knock off. any {(compensate).” : .o o
30 % 300 is 9000 ("I worked with easies: ﬁumbers (36 and ioo)bfirst.") N
and 9000 x 70 is 630 000. ) : .
- v l"
. - - ———— .- e ————— " //“
1 e 7
30 x 70 x 300 is 21 x 3 which is 63.then added on 4 zeros. .

o

- .
- - / »
, A «
- ' " (R
. . /
P N - “ I e R
!
- .
v - “
. 4 -
- ~
. . .
/
-
. -
' " -
. N ‘
. '
. .o
; x ‘e .
- { . e
N -
- i , N - -
" - ) -
- - ~ 3
1’ ¥ N 3 -
i : . . : .
: . - L .
7 . “.‘ N
: N *
~ > . -
. - . B .
-3
i
- . .
o . ! ’
e . ‘e ' h M
G . - / o v
LR N -
: 4. R ~ ——
. «
. PN
' ,
~ / I b
SN IT] ;
4 ol
- fwd YW ) .
b2 = T ’ .
. - .
i 1 v
. i, Coe - ‘ L
- ~ LIS .
s - e v~ .
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Table 12 (cont.)

' 8 127 / 474 257

Acceptable Interval (S50 = 62)

f

Characterization of Estimation

Strategy Used'®
-~ -

" Frequency of Subjects
Using This Strategy

" Grade

Truncate-EXT ~ extracted some of

leading digits Total

7.8

9,10 11,12 Adult

. . 8 [47 ’ 4 4,0 0 0
' , comp 6 o 4, 2 o
] . , 1 2
8 [474 1 oo "0 1
comp 4 0 1 2 1
e Nound=SND =: rounded numbers then
operated using same .
number of digits
. . © 8000 laao 000 or 17 C o4y 8y . 3y 2,
v . ~ lso00 [400. 060 comp 4 1 1 0 2,
- A ' .
¥ * - ;
- 8000 / 500 000 - 5 0 0 . 5, 0
) = ; ‘ comp 0 0 0 0 0

. ©
Round-EXT - rounded numbers then

© | oDerated using extracted
. front-end digits

. | - . }
. 3 8 [480 - : ’ 2 1 0 0 - 1

: . : comp 0 0 0 0 0
! ,
. . ) .
, }8 /48 or 8 [50 6 p - 2l 1 2
. ! Coe comp 2 0. 1, 0 1
i ’ -

..Bartial Rbunding - rounded one of

v c inumbers, using same number
o t of digits . '
! N .

. t8000 [474 257 1 0 0 1, 0

. (algorithmic process) | .
comp 2 0 1/ 0 1

N . . ‘ \ N i /

v ) Multiplication - used related . |

multiplycation sentence : i .
\ » .- '
- S 8000 x = 480 000 0 0, O 0 0
N I - ' . y ) :
. comp 4 1 0 2 1/
C 58 11 a8 16 13
N s : /
! \"A : ’ . ,”v
Other Str?tegies Used: : v X '/
‘10 009 [500 000 19; |
. . - » . — ‘N
- ) .
/ i
/ i

[E

Aruitoxt provided by Eic:



- Exercise 3
Illustrative Subject Responses

s

Divided 8 into 47 - about 5, almost 6, so estimate is about 58.

. : . . g

| H '
Divided 8 into 474 - gives 59 !". .. . other digits (that were.truncated)

won't affect quotient too much.”
T | . :

N 1

. \ ' * ‘
Rounded 474 257 up to 480 000 and 8127 down to 8000. "I looked for

eas?{multiples. It's probably going to be a little below 60 .000.™

e E \.,.c ‘ . .
[ .

. . s .
Rounded to 8009 and 500 000 so "It-would be mocre than 60, but a
lot less than 70, so about 63." , /

‘ . . [ -
Rounded to 480 000 divided by 8000 which is equivalent to 480
divided by B or about 60. o ’ ,

Rounded to ‘480 000 divided by 8600. "Change this to 48 divided by 8
or 6 then count zeros--4 (number of zeros in 480 000) minus 3

(number of zerps in '800G) is 1 so 6 with 1 zero or 60 is the estimate.”

!
i

{ i
" i . |

— -

Partially rounded to 8000 [174 257 and go through mentally
algorithmic process to obtain quotient of 59,

} |

Rounded to 8000 divided into 500 000. Used multiplication, missing.

factor .strategy. "If I multiply it (8000) by.60 it would be -
480 000 so that (60) is close enough." /

Aruitoxt provided by Eic:
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: Table 12 (cont.) . .
Exercise 4 387 X 6 pcceptable Interval (42 - 60)
43 . é;b
. . -
Characterization of Estimation Frequency of Subjects
Strategy Used ?ring. This Strategy
Round-SND (in order) - optrating Grade
in order on rounded numbers,
. using same number of.digits Total 7,8 9,10 11,12 Adult
. . [+ B
: : (300 x 6) == 40 } 5 0 2, 2 1
. comp 2 1 0 l1 0
. ; (350 x 6) == 50 - 4 1o 3, 0
. comp 1 [v] 1 (14 b}
- ) 12 ) )
(350 x 6) = 40 31 51 ll 31
comp 14 :
\ P .3 s 3, 3
) Round (out of order) - operating on .
rounded numbers in an
order other than in a left
: to right manner
6 is about 1 3 0 1 1 1
-4-5 . T x 350
comp 3 0 0 1 2
Round to 228 x 6 = 8 x ¢ - 8 03 3 2
or 288 x6=9x6 comp 1 o o o 1
400 "
7 or —gF X 6 = 10 x 6
| or L xe6=7x6
- 53 8 17 15 13

Other Rounding Strategies Used:
(3‘(."10 x 5) <= 50
v ‘ + (300 x 6).é- 50
(347 x 6)=2 2042 <= 43 = 50 or 55
(347 x 6)= 2002+ 40= 50" ‘ 3

(350 x 5) = 50
) (35 x 6) = 4

ERIC

Aruitoxt provided by Eic:
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Exercise 4
Illustrative Subject Responses

"Changed 347 to 300 x 6 and then added on a little bit to get 2000. . .
then divided 2000 by 40 which gives 50."° ¢

_ "I would go 347 and take it to 350 x.6 and then 6 x 300 is 1800 and 6 x 50

’ is 300, so you would have 2100. I'd round the 43 to 40, so 2100 divided
by 40; I'd take how many times 4 would go into 21 which would be 5. . .:
I'd say about 52." -

Rounded to 350 x 6 which is 2100, then change this to 2000 and
divided by 40 or about 50.

. "Looked for multiples to round to: 347 to 350, 43 to 42 so you have
4 350 x 6 and cancel 6 and 42 which gives 350 or 50.7 s
- 4z -

.

"pivide first--say it's about. 320 < 40 or 8 .then times 6 which is 48."

Aruitoxt provided by Eic:
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Table 12 (cont.) . L

’ Exercise 5 1% x 1.19 x 4 . Acceptable Interval ( 8 - 10)

Characterization of Estimation Frequency of Subjects
Strategy Used Using This Strategy”

_Round to whole numbers - . Total 7,8 9,10 11,12 Adult
2x1x 4 31 6 8 "el 9
comp 3 1 0 o1 1
o
/ Round to decimals -
In order: (2 x 1.2) x 4 1 0 0 B | 0
- comp 1 0 1 0 0
_~Different order: 4 11 o1 1
(1.2 x 4) x 2 or
- (2 x 4) x 1.2 or comp 7 1 5 1 0
(4 x 1.19) x 2 . '
Rouad to fractions -
7 1 :
. lgx 1z x4 s 1 o o0 1 0
comp 1 0 1 : 0 0
Round to numbers using both i :
fractions and dJdecimals - v
1Z x 4 x 1.19 , 0 0o o 0 0
comp 1 11 0o - . 0
]
7 2 .
4 x 1.2 x 1 (s 0 1 1
comp 3 1 1 -1 0
55 1 - 17 ' 1% 12

Other Strategies Used:
1.1 x 4) x 2

(L.19 x 4) x 1.6 ® 4.7 x 1.6 = 4 x 1 + some

15 x 4 x 1%
] .

ERIC
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Sxercise 5 . -
Il%ustrative Subject Responses

Rounded 1 7/8 up to 2, 1.19 down to 1 and multiplied by 4. "I can
get awiy with that alot better because when you round it up that way
and round it down that way it will come out pretty close to B. I took
care of “the harder oner first,”

Rounded 1 7/8 to 2 then multiplied by 1.2 then by 4, thch gives 9.6.

Changed 1.19 to 1.2. 1.2 x 4 is 4.8 times about 2 is 9.6, then
compensated. "It (1 7/8) is not quite 2 so I'1l take some-off so
the estimate is about $." : T

Ly

x 4

< which is 24 then times 15
) )

1.19 is about 6/5 so 6 15 4 is 6
-] 5

or about 13 fourths (incorrect)}. "Oh, that's not right, all the
numbers are above 1 and 4." (Student recognized error and obtained
- a corréct estimate using same strategy.) ' .

a

or 15 then this times 1* is about 5.

l 7/8 is i% % 4 >

4 times 1.2 is 4.8 then change 1 7/8 to 15 4.8 is 15 x .6 or 9.
' : ) 8 1

~

sye
<

O

ERIC
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# .Table,1l2 (cont.) . s
’ : . o T ’ ‘
< B * “
Exercise 6 What is the area of the Acceptable interval
rectangle? (28 by 47) (1200 - 1500)
Characterization of Estimation ° Fréquéncy of Subjects « —
‘ Strategy Used Using Thi's Strategy
Grade
. Round=SND - - Total 7,8 9,10 11,12 Adult
) :
Changed one factor 1 0 1 . 0 0
. 30 x 47 or 50 x 28 : o
c o : comp 2 0 2 0 0
< I s ’
‘Changed both factors ‘
’ A
. 30 x 50 20 8 5 30
' comp 27 2 1o S 6 -
30 x 45 ' . 4 o 0 2 T2
comp 1 . 0 0 1 o0
Distributive Principle - use of
mental computation
. g using distriburive principle
(8 x 47) + (20 x 47) 6 1 0 1 o'
comp 7 0 1 0 0.
- 58 11 19 16 12
- ,)b w
0~
| , 1o
4

ERIC
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Exercise 6 .
Illustrative Subject Responses

Round one factor to the nearest multiple of 10 - 47 x 30 is 1410. «

\

Round 28 ta 30 and 47 tolso. Multiplied 30 * 50 which is 1500,
compensated downward. "Since I rounded both of them up, I'd
probably drop the estimate back to 1450."

AY
Round to 45 x 30 = 1350. "This is rounding up one factor and down
on the other--this is what you want to da, if possible.”

n

W Multiplied 8 x 47 (316) and added that to 20 x 47 (940) to arrive
- : at about 1300. ’

o' L ’ 19g

ERIC
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Table 12 .(cont,) .

Exercise 7 " 30% of 106 409 - Acceptable Interval (30 000-36 000)

- " Charadtar:ization of Estimation ; Frequency of Subjects
Strategy Used - Using This Strategy
Round-SND - operating in given
order on rounded numbers, Grade
using same number of :
.2 digits Total 7,8 9,10 11,12 Adult

,

Using decimals - verbalized
changing 30% to .3: ) s

.3 x 106°000 0 0 0 0 0
; comp 2 0 0 2, 0

.3 x 100 000 : 6 2 1 2 1
comp 2 0 1 1 0

Using fractions - verbalized
changing 30% to an

approximately equivalent .
form, .1/3: : .
. 1 oL p .
T of 105 000 or 106 000 8 - y/z 31 ) ;11 1.
_ comp 4 i 3.0 0
A of 100 000 ' 1 o 1 "o 0
v comp 2 0 0 2 0
Using percent - verbalized
use of 30% without mention
of an equivalent form: ’
' v 30% of 106 000 - ' 2 o0 o’ 1
. - . . N
ot : = N ) . comp 4 1 1 1 1
'30% of 100 000 7 1 3 0o 3
comp 4 a2 1 0 1
10% Sf 106 000 x 3 or 5 o 2 1, 2
10% of 100 000 x 3 . )

- . . comp 2 S ¥ 0 0 1

Round-EXT -

%’—of 105 or 106 or Y064 e i3 5, 1
) : comp O 0 0 0 0
. 55 11 17 15 12

. Other Strategies Used:

© 30% of 110 000

3 106 409 ({algorithmic procedu_xlegg

O

ERIC
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Exercise 7 :
Illustrative Subject Responses’ : '

. -

0
Took 3 times 106 000 or 318 000. Placed decimal by determining that
a reasonable answer would be in the 38 000's., "So the decimal must
go lnvpo make, 31 8o00." . -
changed 30% t~ .3, so 100 000 x .3 is.30 000. ,
, Changed 30% to about one third, 1/3 of 100 000 is about 33 000 and
: 1/3 of 6000 is 2000, added these for 35 000. : i
Reagsoned that 30% is about . 1/3, "Take a thlrd and then subtract a - A
little, that leaves about 30 000." i
5]
"30% of 100°000 is 30 000 and 30% of 6409 is about 1800. Tacked on
a little more for 409--about 32 000.” :
3b% of 100 000 is 30 000--about 32 000 ". . . because of rounding
down by 6000." : - .o i
"Take 10% of that (106 000) and then multiply it by 3. That give;
31 800."™ . .
r
a V o
Changed 30% to about i/3. 1/3 of 106 is 32, so 32 000. .
. -
|

ERIC.
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Table” 12

{cont.)

Exercise 8 8483 notdogs € $.60

.

>

¥

-

Acceptable. Interval (4200-5400)

O

Characterization of Estimation‘
Strategy Used

¥

Round-SND - operating in given

o~ a

R

Frequency of, Subjects
Ualng .This Strategy

; ‘ order on rounded numbers, - Grade
f using same number of . . — '
digits. ) : Total 7,8 9,10 11,12 adult
Using decimals:
[ ) -
8®0x -60 " : 6 " 0 4 1 -1
: comp 11 2 - 5, 2 2
: 8500 x, .6 or 7 3, 3 1 a0
. 8400 x .6
comp 2 0 0 1 1
) 8500 x .5 0 - 0.« 0 0 0
) comp 2- 2 0 0 0
Using fractions: =
. 1 .1 3 . 1
. 7 of 8000 + §, of 8000 o 1 1 .
- comp O 0 0 0 9
o<
% of 8000, 8400, or 8500 2 0“0 101
. comp 10 2 3, 1 4,
3 of 8500 2 o 1 1, o -
[}
. ) comp O 0 0 0 0
i U51ng whole numbers only-
8000 x 6 = 10 or ' 1 o o 1 0
. 8000 & 10 x 6 o
) Dy comp 1 1 0 ‘0 0
Round-EXT - operatiné on extracted N
. front-end portion of
numbers -
. Using decimals: 2 ] .
.6 x 84 or 3 0 0 3 0
? .6 x 85
comp 0 0 0 0 0
h 50 10 17 13

Other Strategies Used:
9000 x .6

8483 x 6 (mental computation)

u©

At $1.00 per hotdog,_ir would be $8 483, then compensate downward.

1/2 of 8483 plus 10% of 3483,

-2/3 of 8400.
O

ERIC
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Exercise 8. - ' L
Illustratzve Subject Responses 4 ) s}
- 7 ’ ' ) ) ,‘
3 b . ,
’ Used 8000 as opposed to 8500 ("Thousands are -easier to multiply.")
. . +  and multiplied by 60 cents--$4800, "A little more than that.” -
i . R . . S ’ o
o .
Rounded to 8500 x .6, then 8500 x 6 = 51000 and moved the deczma}. E
to the left one place tg yield $510Q.
Round the number up to 8500 and the price to 50¢ each, so 8500 x .5
P gives 4250. It should be a little more because of knocking off the
dime--say it's $5000. .
Split $.60 into .5 and :l, took 1/2 of 8000 and added 1/10 of 8000

* - to give 4000 + 800 or 4800. >

/

Reacbned that-60¢ is about 50¢ ox half a dollar so 1/2 of 8483 is
about 4200, probab}y a little more than. this because of rounding down
(8483 to 8400) and because,of the extra 10¢ not used. w o

- Changed 8483 to .8500 and 60¢ to 3/5 of a dollar, then divided 8500
by 5 and multiplied by 3 -- 5100.

~ -

Changed 8483 x .60 to 8000 x 6 or 48000, then divided by 10 by dropping
off a zero.

Computed .6 x 84 which is about 50 then moved decimal to make a reasonable
answer, $5000.

Aruitoxt provided by Eic:
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Table 12 (cont ) . ' Ul
. . . °
c ; i Total attendance?~ 73 655 ‘Acceptable Choice
‘ Exercise 9 = __ ;| . 86 421 . 550 000
e e . , 91 943 :
P R : © . 96 509
S . T o . .. - 93 421 »
- " . . ' . 106 409 /
v - ‘ . 1]
N .
i Characterlzatlon of Estlmatzon Frecjuency of Subjec s
. Strategy Used . Using This Strate&y
. - . e ‘
Average - extiibits holisth view of ‘ ot
. problem by observing all - L~ Grade
B . . or most numbers center . s - ; : -
. ) about a particular value Total 7,8 9,10 11,12 Adult
Average to 90 000 . B 3 - 0 1 . 2 )
: ’ . . ' qémp 2‘ 0 1 .. 0 1
" ) 2 . LY : Ml ‘ ".
Average to-100 000 R S
5 . * - -~ comp \19 -‘?5 .5 4 *5
= . SR o
Truncate-EXT - operating on . ) - -
extracted front-end L . Y
digits 3 Ie) _ B o~ i
. i 4 First one' or two columns 1 o0 L0 1.t
: ! - ’ L - comp .2 .0 1 .« 1 0
Round-SND - operating ‘in order - R,
¥ . on rounded numbers, using - o - e
st o same number of digits C e L _
. . LY . '. - ) . - ¢ . .
To 1000's : G2 1 0‘ - l]5 0.
. . ' comp 0 0 (] (] ‘o
S ; To 10 000's™ o 6 2 3 0 1t o
. comp 2 0 . 2 o o
, " With grouping - grduped 92 2, 2 3
: selected rounded numbers : :
: : together with other man- comp 3 1 .0 v 1 1
. . ageable rounded numbers: ¢ . . ‘
. ¢ . to aid in computation CEEEE . ' t “
- . ~ ﬂ - Nl |
~ Elimination - narrowed choice by ' 7 ) 3 22 2
observing the s:ze and " L '
5 number of dddends, elim- ‘comp 0 0. o .. 0. .0
: inating’ unreascn.:ble choices s o ot
e : N 45- 11 18 Ie | 13
: AN R L
i R
‘ - "/ J\v\ B
. ) . ] '
. . . - “ e
7 v o
T

ERIC
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Exercise 9 - : . . .
Illustzatlve Subject Responses - . ,

Reasoned that each number is about 90 000 sSo 6 times this is about 540 000.

:
~ ! ‘ ’ ) . o

- . 5 ) . . . .
Averaged each to 100 000 so 6 x 100 0Q0 is 600 000 and each averages
about 10 below 100 000 so subtracted off about 10 000 for each ==

550 000. R
v » "-IL

.
& )
o .

Reasoned that 106 and 93 would be 200 and 91 and 96 would make 387;
.387 and 86 would be 483 and 73 more 'is around 560, so estlmate is
560 000. .

[y
s

5 ) .
- 3 - ki
.

Rounded to nearest 1000 then mentally "added in order 74 + 86 + 92 +
97 + 93 + 105 .

5

Rounded to 70, ‘90, 90, 100, 90 and the 106 to 90 ("because .of rounding
the other ones up )w-addlng these gives about 550 000.

I . .
‘Aadeo top two numbers (70 and 90) and bottom two numbers (100 and 90)
to give 350 000.. Then 200 000 for the mlddle two numbers so that makes
‘550 000. .

.t \ . _ ;

VN
~ !

[y
2
'
» A

Reasoned that. "One mllL;on is out because there were only six

numbers and all but one was less than 100 -000. So this means oOO 000

is out too, it! s gotta be less than that—-say 550 000. .
- ] !l :

- @ £l

ERIC T 20w
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Table 12 {cont.) i

st
J

o gxercise 10 The 1979 Superbowl netted $21 319 908 to be equalgy
divided among the 26 NFL teams. About how much
does cach team receive?

Acceptable Interval (700 000 to 950 000)

i3
.

a 4B

Characterization of Eastimation Frequency of Subjects

Strategy Used Using This Strategy
Round to'ﬁanaaeable Numbers - selected Grade
Tounding schemes producing
divisor and div;dgn& which .
“ were evenly divisible. Total 7,8 9,10 11,12 Adult
25 ]20 000 000 or 6 2 - 1 o1 2
30 [ 21 000 000 comp 5 o 0 4 1-
~¢ [76 000 000 or .. 1 0 1, 0 0
21 [21 0006 000 or comp 25 6. 10 3 6
1 4

20 [ 20 000 000

Truncate-SND - operating or
Tront-end portion of
number, using same
number of digits-

26 [21 000 000 or 4 .1 3 0 0
-
26 [21 300 000 comp 8 1 2 5 0

Ratio Reasoning - changed
numbers to a ratio N
form verbalizing their
relation to each other
then converting this
relationship to & numeri-
.cal estimate

Q I 21 20 . 4 .
. . n or »¥ . i 1 1 0 2
copp 1 0 0 1= 0
54 11 18 14 11

pther Straztegies Used:
: 30 [21 319 908 {algorithmic process)
) e —————————
Round to. 20 /20 000 000
N

\

&

O

ERIC

r
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wxercise 10 -
sllustrative Subject Responses

Rounded to $20 000 000 and 25 teams, then divided to yield $800 000
each ". . . but need to add a little more due to rounding procedure .
used . . - $830 00C is a good 'guesstimate'." ’

Reasoned that 26 teams at $X million would be $26 million or about 5
million more than what was taken in, so 5 million divided pry 26 teams
is about 200 000 off. So each team got about $80C 000.

21 divided by .26 gives an 8 in the hundrgd'thousands place, then added
zeros to f£ill it out. ’

.
PR

26 [21 :s equivalent to 21/26 or about 20/25 = 4/5 which is-.8.
‘rsr=alized that to make a reasonable answer, must move decimal to
300 000.

A8

Qo k n : '
ERIC <06 S
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Table 12 (cont.)

Exercise 11 Three people have dinner.
(See Appendix 4 for menu)
About how much will be Acceptable Interval
needed to pay the bill? (s8 - $11)
Characterization of Estimation v Frequency of Subjects
Strategy Used Using This Strateqy
Grade
Round-SND (in order) - Total 7,8 9,10 11,12 Adult
To nearest 50¢ 13 0 7 '3 3
comp, 4 0 1 T § 2
- To nearest 10¢ (dime) 12 5 3 2 2
comp 3 0 0 1 2
Round-SND (with grouping) = E
To nearest $1.00 5 0 0 2 3
comp 5 2 2 1 0
To nearest 50¢ 7 103 2 1
comp 1 0 0 1 0
i To nearest 25¢ 1 0 0 1 0
. comp O 0 0 .0 0
To nearest 10¢ and/or 5¢ 4 3 1 0 0
comp 1 0 0 1 0
56 11 17 15 13
Other Strategies Used:
Mentally computed exact amount.
5
'.“
N ,
-~
o} - eny
: 207
Q ' ‘ ' . )

ERIC
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Exercise 11
Illustrative Subject Responses

Rounded each to the nearest half-dollar amount ($3.00 + $2.50 + $1.50 +
$0.50 + $1.00 +-$0.50) then added in order.

Scanned menu, rounded to nearest dime amounts and kept a gumulative
total. Operated on numbers in order given.

<

' Grouped prices by dollar amountsy then added these dollar amounts.

Compensated by rounding down when felt subtotal was Overestimate.

Rotinded numbers to nearest 50¢ amount then searched for and operated on
compatable numbers.

Rounded to nearest 25¢ amount, then searched for compatable numbers to
obtain subtotafs. : .

t
Rounded to.5¢ and 10¢ amounts (depending on which' is most compatable
with present subtotal). Jumped arourd looking for "neat" {compatable)
numbers to work with. " .

203
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Table 12 (cont.)

Exercise 12

d

The Thompson's dinner bill técaled §28.75.
Mr. Thompson wants to leave a tip of about
158. About how much should he leave for the

tip?

Acceptable Interval ($3 to $5)

Characterization of Estimation
Strategy Used

Frequency of Subjects
Using This Strategy

Use of Fractions - changed

fraction to an approximately Grade-
equivalent form then com-
puted using it Total 7,8 9,10 11,12 adult
15% to 1/7 2 1 1 0 0
comp 1 o 1 0 0
N 15% to 1/6 3 1l 2 0 0
~comp 0 0o 0 0 0
Use of Decimals - verbalized
changing percent to
decimal then computed
with that decimal form
.15 x $30 or - 5 1l 2 2 0
.15 x §29
comp 5 0 1 3 1
Use of Percent - verbalized use
of a percent approxi-
mate to 15% without
mention of- converting . -
this percent to an
equivaient form
10% of 30 0 0 0 0 0
comp 4 1 1 1 1
© 15% of 30 s ' 1 2 1 1
comp 2 0 1 0 1
20% of 30 0 0 0 0 0
comp 2 11 0 1 0
Distributive Strategqy - operation:
of 15% handled through two-
step distributive procedure .
using percents, decimals or
- whole numbers
10% of 28 or 30 + half of that 22 2 7 ) 61 7
' comp 6 2 0 2 2
57 10 18 16 13-
-Other Strategies Used: -
Changé 158 'to 1/5 then 1/5 of $30 ) 22[)5)

» 15/100 ™ 5/33 mo $5 for every $33, so about s4,
t- - )

Reduced 15% to 3/20 then 3/20 x $30.

O

ERIC
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Exercisgse 12
Illustrative Subject Responses

»

Reasoned that 15% is about 1/7 and 1/7 of $28.75 is about $4.

Reasoned that 15 goes into 100 about 6 ﬁimes so 15% is about 1l/6.
1/6 of $30 is S.

Rounded $28.75 to $30. Then 15% is same as .15 so 30 x .15 is $4.50.

- Computed 10% of $30 tovﬁe $3.00. Reasoned that this was off by S%

which is less than $1.50 more =-- compensated to between $4.00 and
S4. 25.

Rounded to 30 x 15 or 450. Placed decimal by what seemed to be
reasonable answer. “Should . be-a little less, say $4.30."

Mentally ccmputed 20% of $30 to be $6.00, so, ”lS% is lower or about
$4.50°. .

~

Reasoned.that: “15% of this is 10% of $28.75 plus half of that or
2.88 + 1.44 which is about $4.30, probably a little lower."

205



2% 12 (cont.)

Exercise 13* Which carton has more soda? Acceptable Response
COKE : - PEPSI
6 32-0z. bottles " 8 16-0z. bottles
Characterization of Estimation Frequency of Subjects
Strategy Used ' Using This Strategy
© Computed and Compared . Grade
Total Ounces ~ estimated ounces
in carton and compared totals Total 7,8 9,10 11,12 Adult
Using Rounded Numbers ) 18 3 8 3 -4
(6 x Nand 8 x N ==
. N indicates rounded
form of 32 and 16)
Using Exact Numbers ' 15 1 4, 6 4
(6 x 32 and 8 x 16) ’ i '
- Using Partial Rounding - 0 1 3 1
(rounded either 16 oz. -
or 32 oz. but not both)
Equivalent Forms with . 13 s 3 32
Comparison - set up an .
9 equivalent corre-
spondence between
brands using bottles
or ounces, then compared : o '
to actual values stated
in problem
Computed and Compared Using’
Other Units - converted to other
units of measure then
compared units
Using Gallons or Quarts. 2 1 1 <0 0
Using 16 or 32 ounces B 1 2 1 2
59 11 19 16 13

* Compensation was neither appropriate nor observed on this exercise.
Thgrefore, the second row which has been reporting compensation was
omitted. E .

Qo : - S , i

ERIC N
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Exercise 13 ot
Illustrative Subject Responses

Rounded to 6 x 30 = 180 and 8 x 15 = 120 then compared. ’ .

Took 6 x 30 = 180 and 6 x 2 = 12 which gives 192 ounces for COKE,
then 8 x 10 = 80 and 8 x'6 = 48 so 128 ounces for PEPSI, therefore,
COKE has more soda. |

Computed 8 x 16 to be 128 ounces -- compared this to 6 x 30 (rounded
downward) or 180 ounces. "Even with rounding down, more soda in COKE."

Reasoned that the COKE bottle is twice as large as PEPSI bottle so twice
as many bottles of PEPSI would be needed to equal the amount of soda in
CORE. Since there were less than twice as many bottles, must be less
PEPSI. : : . )

-

The PEPSI contains 4 quarts of 'soda whereas the COKE contains 6 quarts of

soda. 0.

There are 8 l6-ounce bottles of PEPSI. "If the same amount of 'PEPSI
were in 32-ounce bottles you'd £i1l 4 of them buf you have 6 32-ounce
bottles of COKE so it (COKE) must contain more soda."

o

El{l\C F : AR ":..'\,
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" Table 12 (cont.):

E*efcise 14 * which spda is the cheapest? ?gg;gfable Response

s N \ COKE PEPST
2 ' -

6 32-0z. bottles 8 l6-0z. bottles

> $1.79 - - $1.29
- Characterization of Eséimation Frequency of Subjects
Strategy-Used < Using This Strategy
- . 7w ) Grade
Computed Price/Unit and Compared - Total 7,8 98,10 11,12 Adult .
Computed. Exact Ounces 9 4, o 2 3
Estimated Ounces Using . 18 "2 6l ﬁl 2l

Rounded Numbers

Converted to other units 7 0 5l o, z
and compared price/unit .

Compared Ratio of Units to Ratio
of Prices - . .

Using a 3 to 2 ratio 12 3 4 2 - 3

Uncertain Decision -

‘Guéssed: 4 o1 o - i 2_
I don’'t know 2 -0 2 0 - 0
52 10 17 13 12

Other'stxategies_Used:

N 50¢ nore for the extra 64 oz. (of COKE).
- : . _ This is legs than a penny an ounce--COKE cheapest.

L ’ .  Almost twice as much COKE at less than twice the price--
S - ' COKE: cheapest. :

' ‘ . * COmpensation'wq§ neither appropriate nor observed on this exercise.
s o Therefaore, the second row which has been reporting compensation. was

omitted.
fRC X

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

Exercise 14 -
Illustrative Subject Responses

"The COKE has 192 o0z. ac $1.79 so 179/192 is less than 1l¢ per ounce.

‘the PEPSI has 128 oz. at $1.29 so 129/128 is more than 1¢ per ounce.”

"The COKE is 6 x 3¢ or 180 oz. at $1.79 so 179 + 180 is less than 1¢ per
ouncg. The PEPSI is 8 x 15 or about 120 oz., so $1.29 +~ 120 is more
than”a penny per ounce." ]
"The PEPSI is equivalent tu 4 - 32 oz. bottles or $1.29 + 4 which is
about 32¢ per unit while the COKE has 6 ~ 32 oz. bottles or $1.79 = 6
is about 30¢ per ‘32 oz. unit so COKE is cheaper.”

Iy

*The ratio of CORE to PEPSI is 8 to 12 or 3 to 2. So an additional half
of this ($1.29) is $.64. 1.29 + .64 is°about 1.93 and that is more than
the COKE, thergfore, price per ounce PEPSI costs more." .

“

Verbalized that this was a difficult problem to estimate and said that

-big amounts usually cheapest so COKE probably best buy.

) . '

Verbalized correctly how to find solution with papef/pencii~~however,

said this problem contained too many digits and too many operations
~ to handle them mentally. :

209
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Table 12 (cont.)

Exercise 15 Thls is a grocery store ticket Acceptable Intervﬁl

which has not been totaled (see ($11 to $14)

Appendix 3). Estxmate the total.

Characterization of Estimation Fre 1bg
quency-of Subjects
Strategy Used ‘ Using This Strategy
N Round—SND - use rounded . o . Grade
: “form of each price, "
operating in order Total 7!8' 9,106 ll 12 Adult
To néarest 10 . 15 3 6 1 5
comp 3 0 2 "0 1
To nearest 5 or 10 R 5 1, 4 0 0
comp 6 0 1 5 0
Round/Grou - used a rounded
form, grouping prices
by dollar amounts“or -
amounts easily added “
together _ -
To dollar or half-dollar X 4 0 1 1 2
amounts (in order) . .
: comp 8 . 2 " 4 0 2
' To dollar amounts - 3 ) o 3 0
' (out of order) _ ’ :
comp 1 1. 0. 0 0
i To nice numbers ) 5, -~ 1 0 - 1. 3
(out of. order) -
: .comp 2 ~ 0 0 2 0
Truncate-EXT - used extracted ' ’
portion of numbers
either in or out.of order ¢
- - First two digits 2 ] 0 2 Y
- ‘ . comp 0 0 0 0 0
- .
’ 54 8 18 15 13

’

Other Strategies Used:

Rounded the 13 items to 56¢ each (13 x 50¢) = $6.50 then

; ' added the extra 2 items (2.50, 3.50) to obtain $12.50.

.

(4] - A

ERIC

Aruitoxt provided by Eic:



" Exercise 15
Illustrative Subject Responses

SN -

‘e ' -

‘Rounded .to nearest dime unless exact number easily grouped with
next number . . . started at top .and added in order.

~ /

" .Rounded each number to nearest 10 or 5 cent amount (whichever easiest to
~add), kept cumulative total. .

Grouped by dollar amounts in order, discounted ones along the way when
felt he had an overestimate as subtotal.

'

1

‘Added dollar totals =-- S$7, then searched for places, to group cents to
dollar amounts. Verbalized problem of keeping track of used humbers.

S

”

L
Reviewed list of numbers, started cumulative total incorporating
numbers which added "nicely"” to subtotal (i.e. 2,29 + .ll .+ .08 gives
about 2.50). : . ’

.

12

L.ooked at only first two digits (dollar digit and tenths or dime dxgxt)-
added these mentally keeping cumulative' total.

“

O

<

Aruitoxt provided by Eic:
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N P

. - . . : 4 .
four;addition problems were included in the interview

’ battery. Exercises 1 and 9, each having,relatively large
2 N . y

3

-

addends, were similar in design.

Exercise 1 87 419 . Exercise 9: 73 655
‘ ‘ N2 765 . . 86 421
90 045 T ..91 943
81 974 N : 97 309
+.98 102 . r 93 421
: - T - R - : + 106 409

R ? . -
o ‘ S -

The most frequent strategy‘used in deriving'the estimates
to-these’problemsqinvolved.aVeraging. It should_be noted
that. there is llttle dlffcrence between the largest addend
and the smallest, so the problems lend themselves to an
_averaglng scheme. Another prevalent strategy used on
these problems was rounding. Most subjects rounded to
the ten-thousands.place and proceeded- to add from top to
bottom; ﬂOver three;fourths of all subjects used one of ’
these two'strategles. Over 20 percent of ‘those who usea
one of these schenes on Lxerc1se 1 did not glve an acceptw
able estlmate. However, the frequency of unacceptable
estimates on the flrst four exercises was greater than _
) S .those on the remalnlng eleven. Thus, one mlght assume that
factors other than the mathematlcal"structureﬁof“the'first
four exercises confounded the early performance in the
. . ‘interviews. ,Such.factors could;include excitement,'lack
s of adjustment to the interviewer and the surroundings,

.




3 o N ’ ~
A //psychologlcal unreadlness for tth type of mental act1v1ty
(

-

there were no warm-up exerc1ses), uncertalnty of the

N L2 .

demands ‘of the task, and inability to aécurately verbalize

_one'shthbughts. During_the 1nterv1ews when subjects

stated their estimates, the 1nterv1ewer asked them to

-

confirm their response. In repeatlng the. process or

estlmate, the subjects often made correctlons and/or

adjustments to their 1n1t1a1 response.

-

The other two. addltlon problcms 1ncluded'1n the

-

1nterv1ew had several small addends and were presented
?1n an'applied monetary context.A Exerc1se 11 (a menu
/ .

problem) had seven addends, each less than $3.00.
.Exercise 15 was a grocery tlcket w1th twelve 1tems

-ranglng in slzerfrom 8¢ to $3.65. Very few subjects“'

- ’ 1 ~r

)

appllea an averaglng schemavto these proolems._ Instead,

practlcally all of the subjects on Exerclse 11 ana -
' ~£

. about 90 percent of the subjects for Dxerc1se 15 used

~a roundlng strategy before addlng.' Apparently, the

grocery ticket was conduc1ve"toha grouping strategy,
: ‘ R T 5 , : ..
inasmuch' as about 40 percent of the subjects were observed
. : ! ¥ .
grouping either two or three of the addends to obtain a

.convenientisubtotal on their way to determining’ the

.

¥ - estimate. -About 40“percentjused»a_grouping scheme with

items on the:menu. Table 12 confirms that subjects were

- o

oo a
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%

highly'successful.in giving acceptable estimates to these

two problems, with only one subject reporiing an estimate

out of the acceptable range oh these two exercises,
LoV , \

The interview battery. included two division problems,

one in an applied cantext.

Exercise 3 ' ’ , Exercise 10 .
8 127 [474 257 The 1979 Superbowl netted $21 319 908

to be equally divided among 26 NFL teams

Rounding was used by ayer 60 perceht of the subjects on each
of these problems. About one-fourth of the subjects described
‘some form of truncation while working the prdblems. In.
errcise 3 they estimated the quotient ofreithet 47 or 474

and 8 and then adjusted the place value of the1r partial

quotient. .Those using th1s strategy- compensated g1v1ng an

estimate ovef 50. ‘Table 12 shows that 7 of-the l5/subjects

whe used thg/truncation strategy on Exercise 3 were unsuc-

cessful/in giving an acceptable estimate. In fact, 38

’perce t of all subjects mlssed Exer01se 3 regardless of the

p.

strategy used, Place value errors accounted for most of the:

unacceptable estimates. In Exercise 10 five of the

¥

subjects extracted several digits, formed an appropriate

ratio, and reduced it to get an estimate of the quotient;

All who attempted this technlque gave acceptable estlmates.

In both d1v1s10n problems, compensatlon was readily used
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* to adjust §nd/or refine estimates. Some form of compensa-
‘tion was used by ébout 40 percent of the subjecté on
E;ercisef3 and 72 percent of the subjects on Exercise 10.

Seven of the problems in the interview battéry,
involved at least 6ne multiplication opegétion. The
second exercise, 31 x'éﬁ X 296; evoked a rounding
'stratégy from all.of»the subjects. Over two-thirds of
the subjects'workéd with 30, 70, and 300 to get their
”estimates.' Although a majority of the subjects’
'a@proached the problem in this hanher,:not all were
successful in deriving acceptable estimates. Thirty-
one percent of the subjects missed this problem-- ﬁsually
by a §Ia99 &alue error. Over one-fourth of the subjects
;Operated with  the extracted front-end digits of rounded
numbers, i.e., 3 x 7 x 3, and then added the appropriate
number of zeros. This scheme was used by nearly half of
the adults,‘

Exercise 4, (347 x'6)/43, evoked a great variety of
identifiable strategies. It is predictable that a
problem With”multiple'operatiOns wouldvelicit more strategies
than a ﬁrobl€ﬁ requiring only one operation. As in the
previous p;obleﬁ, nearly all of the subfects rounded the
three numbers--in’ various wéys and then performed the two

operations. Three-fourths of the subjects multiplied and

250N




then divided. - This“apéroach was popular among all levels,
- ﬁ.'whicﬁ seemed a bit surprising. It Qas conjectured that
ariéhmetic techniques (e.g; dividing a coﬁmon faqtor)
would be used by the older subiects to Aecrease the size
of the numberé being compu?ed,.but T&ble 12 shows this
approach was not popular.
Interview probléhs taken from the ACE Test intiuded
Exercises S,and;6. Although Exercise 5 (1 7/8 x 1.19 x‘4)
~was a difficult probleﬁ on the ACE Tesé, thié was not
the case during the interviews, Seventy-two percent
of thosg interviewed missed this item on the ACﬁ Tesﬁ,
but 96 percent ‘answered it correctly during the interview.
All respondents used some fo;m of rounding strafegy in
m’wderiving their:estimaﬁe dufiﬁg the interview. The most
popular, as well as theﬂquickest strategy us%d was that
~of rounding to whole ﬁumbers; About 81 percent of'thé
respondents rounaed to whole numbers and/or decimals
(2x1x4o0r2x1.2x4), and the remaining subjects
rounded the numbers .to fractions or a combination of
, fractions and decimals. Regardless of the strategy
used in estimating, the subjects, as a groﬁp, were suc-
céssful in giving an acceptable estiméte.

¢

Rounding was the most frequently observed strategy

14

used in eétimatihg the area of a rectangle 28 by 47

'3%)
'R
frame




(Exercise 6). Over 80 percent roundéd the numbers to
30 and 50, whilé;the others ;ought more éxact estimates
:by roundipg on1y one of the numbers and then méntally‘
cofnputing. Over. half of the respondents used some form |

v

of com@ensation after multiplying the two ﬁumbers
together. \
What afé the procééds from 8483 hofaogf at. $0.60
each (Exefcise.93? Slightly more tha@ haiﬁ of the
subjeéts (55 pércent) used a rounded or truncatgd fofm
~of 8483 and multiplied_by .60 or .6 to derive ﬁheir
estimaﬁes. Mearly one-third responded by coﬁverting
the 60¢ to'a fractional part of a dollar and multi- "
plying by either 8000, 8400, or 8500. ‘Subjects.often.
checked ﬁheir first estimate against % of 8483,  a
check which indicated if their estimate was reasonable.
Two Lf the préﬁlems involved the use of peréentagés.
Exercise T dalled for 30% of 106,409 and Exercise 12
required %5% of $28.75; In Exércise 7, over one-half
of the suﬂjects converted the 30% to a decimal or fraction
and then multiplied. A few. (12 percent) "decomposed 30%
into lQ%‘times 3. Howe;erf‘on Exefcise 12 many more
(47'percenL)'deCthosed'ls% into some form of 10% élus 5%.
EXercPses 13 and 14 dealt with a common consumer

. problem - Vhichiof the two cartons of soda has the most
o | . .

Y
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volume nﬁd‘which is the cheaper of,bettér?bdy? One

. _ carton had 6-32 o0z. bottles and the ofher had 8-16 oz.
bottles. A large number of the subjects (39 percenf)
estimated the totél number of ounces in each carton and
compared the totals. About one-fourth computed the exact
totals. éome"subjects (14 perceht) converted the volumes
in the cartons to other units of measure - gallons, quarts
or equivalent'numbers.of ls-éunce or 32-ounce bottles -
for comparative purposes. About one-fourth of the sub-
jécts solved the préblem by construéting a many—to—one_.
correspondence~between.phe smgller.botFIes in one carton
and the larger bottles in thelqther.

Which carton of soda is the better buy? This was

a challenging question that w;s answered'co;réctly by
90 percent of ﬁhe‘subjects; Not éurpri%ingly, a
majority (63 percént) of the subjects computed the unit
price of each and compared. The unit pricigg scheme led

T4
the subjects to conclude that .one carton was priced at

under 1¢ per ounce, whereas the other was é fraction over
1¢ per ounce, TWenty-two percent of the subjects
effectively detefmined‘the better bﬁy by céﬁputing a
ratio 6f units in the two caréons and then compared. the

ratio (3:2) with the ratio of the prices. All who aﬁtemptéd

this strategy were successful.

pa
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[
Among all of the items in the interview battery, this

. was the only one on which any of -the subjects admitted

they either guessed or didn't know the answer. Eleven

A

peroent of those interviewed either gerived estimates

that were too close for them to compare or had no strategy

for using estimation to find a solution.

i

- ‘ Summary'cf Strategies The front-end strategy char;

acterized earlier (pagel75) is -one which was used by
most of the subjects on several of the problems in the
interview battery. The front-end strategy seemed to take

' .on one of two forms. On some problems the'subjects \
dropped one or. more of the right- hand digits of the numbers.
At this juncture-either they operated.on the extracted
digits and adjusted the place valpe of their result or
they replaced the digits that were dropped, with zeros and
then operated with'the numbers im tbis form. This strategy
‘was used by subjects on Exercises 1, 3; 9, lQ, and 15.

Those using this strategy were very successful in giving’
acceptable estimates for all of tho exercises with the
exception of Exercise 2.f.As reported .earlier, the second
exercise was difficult and was’ missed by'nearly'one—third
rof the subjects.

The other form. of the frontéebd strategy was roundibg._

- The subject rounded one or more of the numbers in the
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be adjusted for place value. This strategy was used on

problem and-tben operated on this:or "an extracted portion
of the rounded nunber. Subsequently, the result would
a majorlty-of the problems in the interview battery and
is reported on each page of the description;of exercise
strategies as a roundlng strategy. ~ ’
The data from Table 12 were examined to see if
drfferences in strategies used hbetween age groups were
apparent. .The most;notable-instancc of this‘occured in
Exercise 1ll. For example, 8 of the llyseventh—eighth
graders rounded either to the nearest 5¢ or '10¢ amount,
whereas tbe older subjects were iess concerned Witb
precision.and rounded to larger amounts. This was the
only obVious‘difference among age groups observed. For
the most part;'the most frequently used strategies for
any problem were constant for'each group. o
owpensatlon was characterlzed on page 172 and
descrlbed as either balanC1ng adjustment of groups of
numbers during the process of performing mathematlcal

computatlons or an adjustment made to a prellmlnary result

.when it is recognized that this result is too large or too .

small.
The division of the proceeds from the 1979 Super~

bowl game (Exercise 10) by the 26 partiéipating teams

T
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was a problem in.which‘72 percenf of the subjects com-
pensated by reducing their preliminary result. On ‘
Exercise 9 When,éstimating the tofal attendance a£ 
the'games, most of the subjects who averaged the five
aédends to 100,000 and multiplied Qy'S, cémpgnsatéd the
-pgeliminary result by_adjuétiné 500,000 déwnward to derive
theirrestimate, Compensation used during the computation
éf'tﬁe estimate was observed in pfoblems having several
addends (Ekercises 1, 11, and 15) énd in muléiplicqtion
pfoblems with three faqtors (Exercisés 2.and 5).

AUpon e#aminatién,of the fifféen exercises in fhe

’

interview battery, it becomes obvious that many subjects
~used cbmpe;sation when  estimating. It is noted that'com-.
'pensation was used by some subjects 5ﬁ nearly all of the
describednétratégies.fiﬁhefgmouﬁt‘of gompensation was
usually a function of fhé:iﬁdividﬁalvsubjéét's understand-
ing of number pr0pertfes or desi;e for greatef accuracy .

¢« .

in estimation.

Discussion of Calculator Exercise

One of the characteristics of good estimators con-
. jectured by these researchers.was‘confidence in one's .

estimation skills. In order to- test this conjecture

"

,séveral‘Specially.déveloped probes were built into. both

the straight computation and application interview

4
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Aprqbléms,‘ In addition, a specially desiéned calculator
exe;éise was devéIOpéd. ‘This segmént of the interview
is outlined on page 32 of this report and is digcuésed‘
 below. o -
During the fiﬁalvportion of each interview, the sub-
jects were reminded that up to this point-they had been
asked to'provide estimates«to a variety~qf problems with-
out feedback regarding the aqcuraCy of their estimates.
Therefore, thé‘last set of estimétiohApfoblems ihcluded
é'érovision for checking théjaccuracy of esfiﬁates wiﬁh
a_calculator.i . | (
The HP-65 calculator uéed in this segment had been
.lprogramméd to make systemafié errors. The amount of
error was incfeased as the subject worked“sﬁcceséive
groups of problems. Interviewers responded wifh spécific
prohes as outlined on pége 33. ‘Once the subject ver-
balized that the qalcuiatpr‘Was in error, this portion of. '
‘the interview was terminated. 1If the subjecf had not
recognized the possibility of an error in fhe calculator -
by the seventh probiem,»then the "interviewer asked leading _
questions untii the shbject fecognized the caicﬁiato: “
: errof: - : o n

-

E It was hoped that this experience would provide

insight into several very important and cufrentlyAsig—




nificant questions, including:

A Do good estimators have confidence in their.
- estlmates, even when confronted with conflict~
ing ev1dence in the form of a calculator answer?

Are good estimators sen51t1ve to calculator
errors?

How large must the calculator error be before
good estimators question the calculator answer?

The seven problems used in this exercise were
de;igned with special considerations in mind."Eth
was'constructed so that if common‘rounding strategies

were employed then the calculator would yleld an answer

above the upper boundary obtalned by rounding numbers up.

'

For example, in the first problem‘(436 + 972 + 79) if

each addend were rounded up to the next‘hundred, the. .

problem would be reformulated to 500 + 1000 + 100 or 1600.

The calculator produced an answer of 1627. Likewise, in
each of the remaining six probleme; the calculator
produced an anewer,greater than -the expected upper bound.

On the first three problems the calculator produced
an answer:about'10§ above\the actual‘answer; If subjects
proceeaed to the fourth and fifth problems, a 25% error

N

was added to the actual ahewerVand finally, for the last
.two problems, the calculator proéuced a 50% error. 'Also,

the calculator always produced an answer for which the

rlght-most'dlglt was correct. Thls was uoune to ensure

223
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' seven problems without verbaliéing any concern about ‘the .

r

-that subjects would not be clued to detect the error

based 'on exact computation starting with the right-hand

.
[y

digits{
. Subjects greeted this segment of the interview with
interest and enthusiasm}' Generally, they were anxious .
to gain feedback on estimates. .In all, 33 subjects},

in’ the ‘student population and 12 adults were presented
with‘this set of problems. Table 13 highlights how far
each person worked before verbaliaing the calculator ,
error. Also provided are the percent of acceptable

L4

estimates given by these subjects. AL reported in this

'table, 20 percent of the group recognized the unreason——

3

ableness of the result and voiced that the calculatoxr-

produced answer was wrong in the first sxercise, while

36 ‘percent of thesubjects. proceeded through the entire

.
.

accuracy of the calculator. As is recorded in the table,

[y

5 of the 14 female subjects (356 percent) verbalized the

. calculator error before reaching the last problem while

24- of the 31 male subjects (77 percent) verbalized this
error prior to reaching the final problem. What prompted'
this reluctance of females to challenge the calculator

output is uncertain..

The following transCript of a ninth grader's reaction

oo
Oy
&



Table 13

‘ Number of Exercises Completed Prior
to Verba1ization of Calculator Error

.
a - » . .
. , . : : &

Percentade of

Frequency of Subjects
Responses. Within

Exercise Verbalizing Error

(Acceptable Interval)

Percent of Subjécés
Verbalizing Error

at this Stage

225

Percentage of
Responses Within

Acceptable interval

at This Stage

Acceptable Interval

\

10% error . 7-8  9-10 11-12 Adult .
‘1, 436+972+79 M1 3 1 4 .
r . 938 .
(1450 - 1600) F 0 0 . -0 <0
2. 42 962 <73 oM o0 0 o ., 0 _
. o 64%°
. (550 - 650) F' 0 0 0 0
3. 896 x 19 M2 1 3 -2
. 944
(16 009 - 18 000)" F 0 0 2 o :
. 25% error
4. B896+501+789 - M1 0 2 1
: , . 88%
(2000 - 2200} F o0 0 0 1
S. 28 x 47 M o 1 1 ' o9
Lo : : _ 95%
{1200 -~ 1500) F o0 o . 2. 0 :
. .
~50% error
6. 22 x 39 M 0 1 0 0 .
. ] S 883
{800 - 900) F 0 .0 0 0
7. 252 x 1.2 M) 0 2 2 ;
{or in a later . 1008
discussion) F 1 2 4 .2
(252 - 1350) _ J— —
€
- TOTAL 8 8 17 12
‘M <« Males -
F - Females . B %
. 239
Q ' : '

ERIC -

Aruitoxt provided by Eic:

0%

9%

2%

36%
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. of those very confident subjects:

- Student Estimate: 1490

Student: Well, this is the wrong answer.

to the calculator error on the first exercise is typical

-

o

- Transcript of Calculator Segment.
of a Ninth Grade Interview

Exercise: 436 % 972 + 79
Calculator Resﬁbnse:‘ 1627
Studeﬁt: . I messed up.

Egterviewer: Do you want to write the calculator angwer
down’; then we can' try another one,

Student.:c . That doesn't look right.

>
Interviewer:. What do you mean? -

Student: Well, it doesn't look like this is the right
’ o : answer,

’ . (‘

f . R :
Interviewer: Should we .try another one?

%
Interviewer: Why do you say that?
Student:. wWell, if this is 1000 + 436 + 79 it can't"
be 1600, a0 o
. ' a

Interviewer: Do you think you pushed a wrong button?

Student: I guessqso. (Uses calculator'agaih to

re-key the problem.)

Interviewer: So tha answer is 162772

Student: I knéw that's not right, you can tell
, by looking. .

Interviewer: Are you sure?

~—y



.. not directly questiovn them or verbalize their doubts.
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!

‘,

Student: Yes.

Interviewer: .What could be wrong°

nu v
Student: - . The caiculator. ' :
Interviewer; Have you ever ‘used a calculator that was
’ . wrong°
Studeht; No, but say ‘this is 80 + 970 = 1050 + 436.."

'« It can't be 1600,

Interviewer: 'So you say the calculator is wrong.

Students. ©  .Yes., o o . , }
N - ' ™ ot |
Interviewer: Maybe you\did it wrong? ' <
Student: ' - . No, I'm pretty sure I did it right?'
[ Co '

* . A review of the estimates given by this group
- 2
suggests that these subjects were making very. good ' NI

responses to each eﬁerclse.~ In fact, 88 percent of the

est1mates=g1ven were withln an acceptable range]previous;y'
established for tHhese exercises.
'_Manyhsubjects expressed puzziement and hesitation

<

when vieﬁing many: of the calculator ‘respbnses. but did

When 4this happened, th2 interviewer encouraged the sub-
! A CV1 enc _

ject to ‘continue to the next problem. Sometimes when a

person besitated but then proceeded to -the next problem,

the1r doubts would be subdued by what they percelved to

be)a reasonable calculator answer on the next questlon.

-
- . -
L a, ® 4 .
.

* This wds especlally true after ‘the flrst exercise,

232
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Thrc ighout this investigation, division was the

most troublesome o) :ration to &eal with when estimating,
especially when the numbers—involved were large. This

was evidenced by results'in the second exercise in this
calculator segment, which proved to be ;he most diffidult.~
Many subjects made a placé vélue c¢crror in their estimate,
In setting up the problem, it was enviéioned that subjects
would see that £he answer must be\less'thah 600x‘while the

calculator produced an answer of 638,52, . Howevé}, thisr

error was too subtle for most subjects. Perha é because

.~ estimation with division is so difficult, subjects were

'willing to settle for any answer moder lose to their
‘estimatei In only one instance.did a subject hesitate
and later verbalize that he doubted the calculator response

to .this problem. This twelfth grader stated,/mIt occurred

to me that it (the calculator) smelled slightly here ®

(division exercise), The result:was largey than I expected
kHe'had made éq estimate of 580). WBecausk it woula seem
to me that 73;éads a éreater ratio over 70 than does 4300
over 4200 so that the answer shouldihavé been less than
600." : | f

in other instances students waitéd until they had

worked several problems before gaining confidence tnat.—-

the calculator was malfunctioning. - "I suspected some-
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thing was off on the thirad one; but I thought maybe I P
was hessing up. After the second in a row, sI knew ? »
couldn't do that.f (12th grader) | , /

’Subjects expressed doubt about\the calculator xe-
sponse in several ways including puzzled looks, hesitancy
to continue, de51re to repunch the keystroklng sequence, ‘
de51re to use paper and pencil to calculate the answer
and flnally dlrectly verbalizing that the calculator was
wrong. Se&erel comments are listed here which were
comnon when doubts emefged:

"1 must have entered it wrong on the cal~ulator;
either that or I'm thinking wrong."

"That (student's estimate) is kind of far off -
. 400 off. That wouldn't be a good estimata at
all."” '

"The battery could be bad, or I could have
entered it wrong."

"I don't understand.” I don't understand what
I'm doing wrong." :

. "It doesn't look right, but if that's what the
calculator says, then it's probably right. It
still doesn't look right."

"I'd like to enter that one again."

"Can I work this one out on paper?"

; : "I'm trying to figure out why it (calculator

response) is 1627."

"It shouldn't meke a difference to work it out
by hand, but I don't know."
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"The calculator is wrong = no, it couldn't be.“

""I thought my estlmate would be really close,
but it isn't.

"I don't think tlie calculator seems reasonable.”

| Several complete transcripts of this’segment of
the interview are illustrated in Appendix 8 to provide
m?re complete information on both how the interview

v’was conducted "and the types of reactlons observed.

-Any conclusions drawn from this segment would be
tentative due to the small number of interviews as well
as the nature of other variables which mlght have inter-
fered with the students' verballzatlon of the calculator
error. For cxample, the interviewer nay'have been viewed
as an authority figure‘so that while students were
willing to ques’ion the caldﬁlator; they were not comfort-
able in guestioning the interviewer's technigues and

" authority. 'However, some genefal observations and

comments . do seem warranted and are offered.

1. Males were more likely than females to challenge
the calculator result.

2. Even subjects making good estimates were reluc-
tant to challenge the calculator result.

3. These results indicate that an aura of infal-
libility exists surrourding the calculator.
Subjects who not onlvy identified a clear
discrepancy between their estimate and the
T ' calculator result and were able to explain why .

Do
e
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the calculator result was too much, acquiesced
and eventually accepted the calculator answer, -
claiming they must have made some mistake.

4, The'ﬁnwillingness of these good estimators to

reject unreasonable answers suggests that a
challenging task lies ahead in preparing students
to be ‘alert to unreasonable answers.

Discussion of Concepts/Attitude Question§’

In addition to asking subjects to formulate
estimates and verbalize ;hinking processes, several
additional questions were asked to clarify these good
egtimators' cbncept of estimation. The complete list
of questiéns appears in Appenaix 4, but responses
to inly some of them are reported here. |

"Do you estimate?" was asked to determine
whether subjects were aware of any use of esti-
mation in their daily experiences. All but three
of the forty-six students éaid yes. In a follow-
up quesfion, subjects were asked to describe
situations they had encountered in which their-

estimation skills had been used. The most

‘common application of estimation reported was

in consumer settings. For example, subjects
frequéntly gited estimating the total purchase
price of items they wanted to buy. Several students
also mentiéned using estimation to check the

reasonableness of answers obtained when using a

calculator.

236
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Although many varied and frequent uses of
- estimation were- reported, less than half of the
— , students said they used estimation in their math-
ematics classes. A ninth grade student; when
asked. if he used estimation in mathematics, said
"Most of it (mathematics) is just gettihg the
exact answer, it does n&t involve'estimatiﬁg.". .
Those subjects who said they used estimation in
mathematics class primarily reported using it
to check their answers. However, a response‘given
by an eleventh gré&e student characterized ﬁhe:
fee&ing voiced by most students, "If I do (estimate),
I don't think about it." | |
- 'The use of estimation among adults was even
‘greater. Although the specific use of estimation
varied greatly, every adult identified frequent
use of estimation in coping with real world
applications such as: ébmparing prices while
shopping; checkihg-totals on é restaurant bill;
determining gas mileage and estimating a checkbook
balance. Some interesting uses of estimaticra were

cited within different professions.
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For example:

Engineer:

"I estimate the man-hours of wérk énd the
cost of those hours required to manufacture certain
equipment parts. In this case we're w0fking
with very iarge numbers. “

Physician:

"I estimate all the time. For example, after‘
surgéry I estimate fiuid'répiécement. Like how
many cc's a paﬁient will need per hour per day.
This is done all the time." "When prescribing
antibiotics, ybu go on a weight basis and determine
so many mg per kg and then you figure how much
to give them gach hou:. So you break it down to
* rough estimatgs. The smaller the weight, thé'_
more critical the margin of error."

Mathematics Teacher:

"I estimaté.when making problems for a test
and aléo,in checkigg certain homework problems. It
also helps me to see if I've made an error in
computing. In working with io@arithms, esfimation

helps me place the decimal point."

238
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Bank Officer:

"In my work I estimate what mortgage payments
might be or payments on different types of loans.
I also estimate the amount of ihteresﬁ someone
might pay in a given year or over the term of a
loan."

Iﬁ trying to determine the importance of
estimation, theﬁsubject; were asked, "Is it

(estimation) important?" Thirty-eight out of
Y

- forty-six students said yes. A seventh grade

student expressed the .importance this way, "You

can't always get an exact answer, yet you need
a basis to make decisions." The importancé was
expressed,ﬁy a twelfth grade student as,."You
can't always have a calculator around, but you
do need to do math quickly sometimes.f The
support for éstimation-among adults was even
stronger, with each adult subject identifying
estimation as an important skill. | .
When asked to definé estimation, the subjects .
gave many different angwegs, although the def-

initions appeared to have some common themes.




The.following_terms were mentioned by many Sg the
subjects in thei; descriptions of.egzgﬁation:‘

1) reasonable close

- 2) fast

3) 'aébroximate (or rough)

4) computed mentally

It is both interesting_and significant that
these Cbaracteristics were included in the oper-
ational definition of‘computétiOnal'estimation .
uséd in this investigation. It is felt that this:
agreement is.both,a reflection of the compre-
hensiﬁeness of the proposed definition as well
as its pragmatic nature. Suéh.evidencé helps
validate several of the constructs associated. )
Awithgcomputatioﬁal estimation that were reflected
in i;s operational definition. A twelfth grade
student showed coﬁsiderable insight into the
intricacies of computational estimation when he
observed that estimation.is dependent on the
situation. Moré specifically he said estimation
involves "trying to find an answer the quickest

and most accurate way but it depends on the amount

of time and importance of the objective."

235
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In an attempt to leérn where or how the students
learned estimation,.the question was asked, "HaVe
you been taught how to estimate in school?" The
predomfnant answer was that the students had been ‘
taught to round numbers, but that this skill was
rarely used‘in conjunction with either the develop-
ment or practice of estimation ability. Most student:
voiced unéertainty about where or how this skill"
héd developed,-frequent;y sﬁgéesting,that they
must have picked it up through the need.fbr an
efficient, reasonably accurate computational tool.
Conversations with the adults provided similar
infbrmatién;'théy could not recall estimation'
being expliciéLy taught in'school; Nevertheless,
they developed many of these skills on their oWn.

Thus, the interview data provide.strong documentation

that very little or no systematic instruction of

estimation was experienced in schools by the
subjects.

Respondents were also asked to describe
techniques or.strategies they use when estimating'

which might help another person to estimate.
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Mapy of the hints were uniqué to a specific situa-
Ation. ﬂOthers provided. some general heuristics and
these are reported below.

I. Prerequisites

A. Know basic bacts--"You have to know
'your basic facts;"

B. Know properties of operations--"Know
your mathema£ical rules, it will help
to know what ydu.can and can't do."

II. Confidence--"Tell yourself not to be
bothered by being off somé."
III: Reformuiation |

A. Front-end--"Deal with the big part
of the number."

" B. ‘Rounding=--"Round the numbers to the
nearest multiple of ten.f

C. Use easy numbers--"Sometimes I try to
get nice numbers to wofk witﬁ.ﬁ .

D. Change the type of numbers to ohes
you can '‘work witﬁ easiest--"In work-
ing with percenté I change them to
fractions. I can work with fractions
easier." ®

IV. Translations
A. Grouping--"Group by 'go-togeﬁher'

numbers."
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A\

B. Look for an easier wayf;"Break down
. thz problem to easier problems."
V. Compensation=-"Give or take from your

AN

answer--that's just your own judgement.“

The first two categories deal with knowledge of pre-
reéuisite skills and ﬁaving confidence in one's’pro—
cedures., The remalnlng ‘hints can. be cla551f1ed into
the key processes proposed earlier and descrlbed more

completely on pages 167 ‘to 174{

Common Characteristics of Good Estimators

| This research has collected much empifical data
directly from students, adults and teachers as well
asiﬁnobtrzeive information from these same sources.
The principal purpese of this research was to identify

estlmatlon strategles used by good estlmators. This

_ task produced many common as well as varled and unlque

strapegles among the good estlmato;s and has been re=-
ported}\‘

A ééeup of hypothesized-characteristics were
formuletEdﬁin the early stages of th;s research effort
‘and are 1dent1f1ed in the following list (for a more
complete descrlptlon; see Tabie 1, page 24).

| Quick w1th paper zand pencil computatlons

Accurate Wlth arithmetic computatlons

Unafrald to be wrong
\
Mathematical confidence
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Demonstrated performance
" Mathematical judgément
Reasonableness of answers

Divergent thinking strategies
¢

A systematic validation of tﬁese characté?istics was
not the goal of this investiéation. Rather, they.
were formulated to aia teachers ih :ecomménding_in—
terview candidatesqand in developiné\ﬁbe interv;ew
protocols. Several, iqcluding_reasonabieness of
ahswers, demonstrated performance and mathematical
judgement were cléarly outside the scope of walida-
tion‘'within a limited interview session. These
éharu;turgstics, however, did provide a basis for'
he%ping to‘ofganize the interview data. Iﬁ addition[~
following_éhe interviews, fhe'investigators asked
,the@selves the following questions: Are there.

specific qﬂaiitges or traits aSsociaéed with these
subjecﬁs? Do these good es£iﬁators call upon specific s
*skills and égilitieé which contributeuto their esti-
mafioq success? “1f so, can these characteristics be
identified? The data suggest/an affirmative answer

to each of these éuestions.‘ This information, tégether
with geheral discussions among‘interéiewers and informal
conversations Qith the students' mathematics teachers,
.provided additional insight into)the search for'common
Chér§cteris£ics. \The moSt'frequent charaqteristics‘

t
exhibited are presentedﬁin Table 14.. This model provides
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a ;kematic overx;ew ofvesséntidl char;cteristics (fact-~
ors or constructs) that have been assé%iatéd with
people possessing éxqeptional computational estima-
tion skills. The coded cells in Table 14 illustraték
‘characteristics asscciated with one of the thrée key
processes describéd earlier in this report.

i The three levels present a hierarchical arrangement

reflecting the existence of characteristics as follows:

Level 1 -- each characteristi; present among
every subject intervigwed.

Level 2 -- each characteristic prgsent amorng
a majority éf subjects interviewed
at.every level. )

Level 3 -~ each characteristic present among

20 to 50 percent of the subiects

interviewed at every level.
Here is a brief description of each identified character-
istic.

Basic Facts - Subjects possessed ‘'a quick and accurate

recall of basic facts for all operations.

Place Value - Subjects possessed a good sénse of hoﬁ
élace value is affectéd by different
operations of aritﬁmetiﬁ. Using this
knowledge allowed the Subject more
flexibility in choice of,an estimation
strategy, as well as more assurance of

;
accuracy. !

- 22@#’
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Reformulation - Changing_the nﬁmerical data within
: a problem to a menfally manageable.
form yas/commoﬁ. This form in some
cases involved rounding numbers to
multiples of ten. Lesé common, but
very effecfive, was the use of‘round-
ing to convenient mdltip;es of exist-
- ' ing numbers in the problem. Numbers
were also rounded to approximateiy

equivalent forms (e.g. decimals to

fractions).

Mentalnéomputation - Common to tae majority of sub-
jects inte:viewed was the qﬁick and
efficient use of mental'computation_to
produce accurate numerical information
with which to formulate estimates. Aall
subjects exhipited well developed skill
‘with multiples of ten‘br a limited

\ ‘ number of digits, while many others
were fluent in mentally computinq with

N f larger numbers, more digits and even
different types of numbers (z.g. ffébtions),
On some problems, subjects resoirted to.
menial computation rather than utilization‘
of anrn estimation technique. For these

problems and these subjects, it was more




‘Tolerance for

efficient for the person to mentally
compute rather than estimate. What-
ever the level of mental'computation

ability, it aided the‘estimatOr in

managing the numerical data presented.

Error - Knowledge of what estimation

-

is was found to permeate the thinking

of good estimators. Tl s understanding

‘of the cohcept_of an estimate enabled

them to be comfortable.with some error.
They frequently ndtedvﬁhe importance
of an efficignt, reascnably pccurate
computat;onal tool and felt that ﬁheif
ability to-esﬁimate filled this need.
In other words, they saw estimation

as an importané tool When dealing.with
nunbers and didn't see thémselvés as
being "wrong" when usiné estimates.
One sevenfh gradelstudént, in offering
hints to improve estimatibn_aﬁility,

said it was important to." . . . tell

‘yourself not to be bothered by being

off some."

Compensation - The ability and insistence to adjuét

an initial estimate to reflect numerical

249
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Translation -

variation which came about as a re-'
sult of translatlon and/or reformula-
tion of the problem was found among
many subjects. While the degr;e of
use and form of compensation ?aried
among subjects, the majority voiced
the importance of this process, idenfi-‘
fied it as an essc¢ntial component to
any estimation strategy and recomménded
it to those less proficient in estimating.
Subjects often approached a ﬁroblém by
£ranslating it to a more manageable

form. Unlike reférmulation, where.only
numbers were changed,‘avtranslation in;
volvcd both changing numbers as well

as chénging the mathematical structure

of the equation or p:oblem, For example,
an addition problem involving several
addends of similar value might be trans-
lated to a multiplicatién probleﬁ‘whefe.
an approximate average of the addends

was multiplied by the number of addends.

This process wa» most notlceable when

" the problem- involved more tlan one

oparation, a group of large numbers or

when the-estimators capitalized on their

2551)



245

own particular computational strengths.

Arithmetic Properties - Many subﬁects possessed a

knowledge and use Of number properties

. includingMdistributiQe(_associatiVe andx
commutative properties. In"addition,
they exhibited appfopriate choices which
feflecteg a knowledge of order of - |
operations. Use of thesé pfoperties
was rapid'and'concise. -Tﬁis command .
of a-variety of computational tools
allowed the subject valuable flexibility
in choosing the_estimatioﬁ stratégy

to be used.

Variety of Stfategies - Some subjects demonstrated
that they possessed é va;iety of stratg-
gies and techniques to attack any giveh
problem. Several indicated that before
beginnin§ to formulate an estimate,
they quickly softed through several.
strategies that come to them in a search
for a quick and aqcurate method. This
search was internal and immediate. The
particular estimation strategy used
for a problem depended on the numbers
and operations involved. 1In se;eral

instances, subjects stated that they

25]




"switcﬁed" strategies when a particu-
lar thought process was unp:oductive.
One Subjecf declared, "If my first
way caﬁses the numbers to get out of
hand, I start over and think of a

. different way."

Self Confidence - In an effort to doqument the level

of confidence in their own estimation
ability, a variety of techniques were
employed ih.the interview. One of
these, the calculator segment, is dis-
cussed elsewhere in this repbrt and
documents that levels of confidence
vary among these able eetimato;s. For
example, ‘subjects wefe confident about
their estimation ability, although

i this confidence often‘weakened when
confronted with conflicting evidence.
SuLjects Wefe asked on several inter&iewl
probleﬁs to indicate how confident they -
were they had made a geod estimate using
a semantic differentiel scale. The con-
fidence exhibited here tended to depenﬁ
on the particular probleﬁ; however,
responses were typically toward the

"certain" pole of the scale.

D
N
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Some of the subjects retained é
strong self cSnfidence in bofhvthe

+ "strategies they were uéing and the
‘estimates they gave th#oughout the
entire interview. These subjeéts were.
typically the-first to.challaﬁgebthe
‘calculator‘oﬁtput in that portion of
the'interyiew. This limited group of
vsubjécfs were cohfiden£ in their own.
estimation ability and this confidénce
influenced‘their consistency, guickness
and'éhéice of strategy, ' They seemed to
understand ciearly the concept of an
estimate and were comfortable in pro-
ducing estimates which were freQuéntly .
less accurate than other subjects' -

\

responses.
These chafactgristics represent three distinct dimensiohs:
1. number skills
2. cégnitive processes
3. affective attributes.
The data from this research collectively support
the model. shown in Table 14 and confirm that good

computational estimators do.,indeed exhibit these specific

characteristics. The model also confirms that not every
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person interviewed reflected every component. In
fact, somé'components from Level 2-and 3 were

conspitiously absent in several interviews. Why?

v

Perhaps the interviews lacked sufficient depth to
document the presénce.of these constructs or perhaps
the analysis.of the interview data was not sensitive
enongh to detect their existence. Doéumenting these
constructs.is also confounded byfthe fact that théy
are not dichotomous attributes but each is distributed
~along a continuum; |
Much additional research is neededkto validate

or reject the framework proposed. The processes

[

G necessary to verify the proposed constructs are both

varied and complex. The procedures used in this
project (synthesis of related research, individual
interviews and discussion with classroom teachers,

o

researchers and other mathematics educators) were
productive. It is hoped ;hat'the proqedu§e$ as spelled

out in this report will allow for different replications

as degggg_gggggp;iate,by—otherfreseaféﬁéfET_TfH#EH;” :

process it is anticipated that these procedures can be
refined, revised and improved upon to either verify or
repudiate this model. In this spirit, the clqsiﬁg

section offers suggestions for further research.

- 1
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Questions For Further‘Stugy

This research has raised many significant and
researchable questions. ' In the hope of both encourag-
ing and promoting more research studies in thiS'im:

portant area, the following suggestions are offered. '

1. A faétor analytic study of identifiable
charactéristics associated with éoodh
estimators is needed. Such research .
should not only check on fhe éxistence
of the.propoéed canstructs-in the mddel
developed: in this_reseérch project but
examine tﬁe existence of distinqt factors

as well as the degree'and/or weight that

should be aésociated with each of them.

2, A systematic plan of research to study
the relationshfp between the stfategies o
v, . used and variables associated with-the -

computacional estimation—problems is
rieeded. This project revealed that va;i-
ous'strategies were -used on differeht,
problems during the interview. .Although
this stddy was not structured to sys-
tematically examine the affect of differ-
ent variables (e.g. size and type of

£, . - . .
numbers involved, the operations involved

and the format for problem presentation)

r
7
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on estimation strategies actually.used,

.such research needs to be done.

A study to examine the large sex differ—;
ences in computatiqnal estimation and

seek explanations for these perforﬁances
is ﬂeeded. A disproportionate number

of males were identified aé good estima-
tors by the ACE Test. This pérformance
difference was also supported by the
intefview data in which males con;isfently

performed better than females. Perhaps

‘ research directed toward this issue would

produce somelplads;able explanations for

the dramatic sex differences reported

here. g

Research to learn more about sensitivity =~

» to unreasonable answers and techniques

used tg.identify out-of-the-ballpark an-
swers is needed. This is a complex phen-
omona to research and thisuproject did

el

not include a systematic effo:t'to“survey

it. However, instances occurred in which -

subjects quickly changéd:their estimate
because they perceived'it to be unreas-

onable. This occurred predominately, with

236
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, division in which estimafes were made

which.conta%ﬁed a place ?alue'error..
For example; on &xercise 3 of fhe interview

- = ( 8,12? [2727337_) estimates ihcludea
60, .600, 6000’and even 60,000. While
some'subjects>quickly rejected their | .
initial,éétimate of 60,000 as "not
sounding right"\others were content with

what they nerceived as a good estimate

to a difficult prdblem.

5. A thorough study of the relationship

-8

P

between subjects' self confidence to- S

ward estimation and their performance —

on computational estimation is needed.
Such research must develop sensitive

‘J"vﬁ“ measures of self confidence.

6. A systematig plan for teachihg esﬁimationp
to students.in gfades 7-12 including the
most prevelant and effective techniqﬁes

< 'and étrategies identified.by this in-
vestigation -should be developed aﬁd
tested. Can students with only'minimum
estimation ability be taught to use
stragegies identified among géod estimators?
What subskills identified in the framework
préposedwin Table 14 can effectively be

_taught and uSed“by students?
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Directions for Group Administration of ACE Test




Directions for Group Administration of ACE Test

Ask students to: : e

1. Clear desk coﬁpletely except for a ball poiht.
or felt tipped pen.

-2, Position themselves so they can.clearly see the
screen._‘ \

3. PFill out information at top of 51de one of
answer sheet.

"I'd like you to estimate.the answer to some computa-
tion problems. Each problem will be presented on a slide
which will be projected on the screen. You'll have a
‘limited amount of time to determine about what each
answer is so it is important that you estlmate rather than
try to determine an exact answer.'

"The first 28 exercises of this estimation test are
straight computation problems. :You'll see an addition,
subtraction, multiplication, or division exercise projected.
Write only your estimate on this answer sheet. You are
to make no other marks or recordings. Do you understand?"

"You will be given anywhere from 10(12) to 15(17)
seconds to make your estimate with more difficult exerC1ses
receiving a longer allotment of time You'll be given
2-3 seconds to record your ‘estimate after each questlon.

In order to glve you a feel for about how much time you'll
be allowed, the first two slides are only examples.
Record your estimate on lines A and B for these exercises.

Are you ready?"

----- Administer the sample exercises———=—-
----- Check during the first slide to be sure everyone can
" see.

"Are there any questions? Remember, you are to
estimate. If you can:mentally compute the answer, fine--
otherwise estimate as close as you can."



<

-----At end of the 28th exercise ask subjects to turn
their papers over.----- s '

"The next set of slides are different. Again,
however, I want you to estimate each answer. You will
be presented a problem situation. For example, in the
first slide, you'll see some apples and a price per
apple and will be asked to estimate the total for
purchasing all the apples. These slides will also be

timed."

~—~->-Start slides, time each carefully-----

—-——-=2t end of slides: [

"Pleasg pass your answer sheets to the front."

¥

<2

270 :
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APPENDIX 3

Characterization of Levels of Estimation Skill



\"  Characterization of Levels of Estimation Skill

No evidence of estimation'skills-;consistently uses
poﬂputatlon when confronted with an estlmatlon task;
does not glve any evidence of varying estimation

strategle ‘ . . . -

Mlnlmal or prlmltlve estlmatlon skills-~occasionally

- USES~ estlmatlon strategies; will estimate when "has
to"; tenis to fall back on exact computation; reveals
very few estimation strategles, simple strategies
‘only; limited confldence “in estlmates.

weee 3.\ Functional estlmatlon skllls--uses estlmatlon strategies;
\ limite” flexibility; not necessarlly very accurate;

some degree of confidence in estimates.

s

Good estimation skills--evidencedof a variety of esti-

Eation strategies; usually accurate; confidence in
ccuracy of the e t-imates and confldence 1n the processes

dsedn

4.

“

5. Very proflclent estimation skllls--ev1dence of a
Valety of estimation dtr“tegles, reascnably accurate
estimates; very confident in the accuracy; very

confident in the process. .
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"My name is .. Do you remember wﬁepvlféame‘
into your classroom ahg~gave the class the estimation
test? In 1ooking.ovep the estimates that each'of you
gave, i:noticed that you did'a good.jobféndfl;d like . - .

T - to ask you-a.few more estimation questions if I might."
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Interview Packet
Page 2

* Do you remember the estimation test you took in class?
p Do you ever do this kind of thing in or out of school?
In mathematics class? (At work? As a consumer?)
* Do you think estimation.is part of mathematics?

* Do you think estimation is 4n important skill?




\

Interview Packet

‘Poge 3

' n] have been interviewing students like yourselfl
in the last fey weeks in an éttempt to identif; wher '
strategi®S or methods students use when they . . ‘mzce
the gpswer to certain questions, I'm going - = 0w

‘ .. You g few Problc¢s situations and I'd like you o
eStimate-’vthe answWwe€r to each. As you estimate, I Wwant
vou to tell me what you are thinking. This wil? help
me understa@nd how YOu arrive at your estimate. You
may not think some of the things are important but
they may h€lp me undevstand whrt you are thinking so

please think oyt loud, Do you understand?”

0o
~ i

,.
N~/




Interview Packet

Page 4
87 419 .

92 765
90 045
81 974
+ 98 102

5

* N N

P -- "Do you think the actual answer is above-or

4
below your estimate?"

133

®
Notation refers to standard probes idertified on

page- of Interview Packet.
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your estimate?”

"4




Qo
ERIC

4
-3

F



R LR N L

Fagy 7
347 4 ¢
] a3
- h -~ - _ -
PZ: ”I|I5 there Qhother way you could do thav?.ﬂ
\
Ve

250




Interview Packet

Page 8/&33 q |

v ~
'-f'.{

Unsuyg Certain
- | | |
(F11® when estimate mage and ©XPlanation complete.)
P3*  "Hoy confjgent are you that you've made a’good
€stimate . n (EXplain SCale° ) ’

28]




Interview Packe:

‘Page 10
28
About how much area does
this rectangle have? ’ 47
Pl: "A student I interviewed last week estimated this
area to be 2000--is that a good estimate?" -
If Yes: Why? )
If No : What would be the largest estimate

that you .would accept as a good

estimate? Why?

290 .



: : ) "Interview Packet

HZeX V' y .
"“g. ‘F By X
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A 3 E A TR A A 3

If 30% of the fans at
the 1979 Superbowl o K4
: boﬁght one soda, about .iﬁéigéﬁ?%“*f;zu' iy
how may sodas were ;Eg%ﬁé%? i:::.'f;
sold at that game? A
Year Attendance
1974 73 655
1975 86 421
| M 1976 91 943 | |
. | 1977 96 509 . .
1978 93 421 “

1979 106 409

. P,: "Will your estimate be more or less than the
actual answer?"
&




Interview Packet
Page 12

At the 1979 Superbowl 8 483 hot dogs were sold for $.60
each. About how much resuited from selling the hot dogs?

)
(n .
PN




Interview Packet
Page 13 '

<

Here are 3 estimates for

the total attendance

Eq

Ay

PLY
SN

for the past 6

Superbowl games: ?iygzkﬁhg e R
b ~NiN A% :F B . iy
"\,\-L ,‘,h{,’g}rgaf_}&: ;i 4
Rty ,iwsig.f)-?:}} o AR g
. SIS, WS St Tt 282

.

o
A 4
B R 3 Tid;
¢ A . oA
S N
~,-5“%‘~ NN N X :i':';?‘,-‘. >
>0 N y(' o
A L NS
AR

%
}"§
%
A
-

OR

s
X N
e
N
- l.::
7

1 000 000
600 000 . Year Attendance\\

o .550 000 . | :' 1974 73 855 . \_
1975 86 421
T 1976 91 943
1977 96 509
1978 93421
1979 106 409

Ask student: "Which is the best.estimate?".

45
~
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Interview PNCRB

! A . . . Page 14
" =
. |
" i
.
The 1279 Sﬁperbowl netted $21 319 908 to be equally
a ( v B
divided among the 26 NFL Ur us. About how much does
N each, team receive? Vo ' : ;
‘ ‘/"
J
_ LA
< /
;
¢ . ,/ \/\ \/
_ . ,
N
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18] , .
. Interview Packet
Three pedple have dinner. They order: A
_ Bacon n chelese Steakburger Platter . .
Super Steakburger Platter ' .
Chi’li'ﬁMac . B
2. gmall coca-Cola's
1 not chocolate o L L '
1 gt pie o : : -~ '
_ ) : - : -
About how much money will be nee?ed to pay the bhill?
a : B | . ) )
4 .
J -
- .
e ; J‘ Y
o N . _
(Give the.subject Steak n Shake menu.) - | .
1‘ . N . ] ’ .
' Pyt "Another student estimated the bill to.be $11. Is
that a better estimate than yourg?" | v
i - ' VR
; AN Y B 1
. \ P
/ \
4 ' !
\ ! /
/
i /
\\." ’L. T i’/
- ’ / '287 .
L : : . i ’
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Trnterview Pack

Page 16

PLATTER SPECIALS SPECIALTIES
AU out Sandwich Platlers ara served wilh our own golden biown French Fries and ' A
' your thorce of Lattuce 2 1¢ Tomato Salad or Baked Beans FHERF TES | - ”
! Lahbendtorder

BACON  CHEESE STEAKBURGER PLATTER Featurng ! b s ol e o
one third pound * Steatburger, cavered with meted seal ches, * BAKED BEANS Qur Own Special Sauce. Indwwduat Pol ... ... ]
and lots of crispy real BACON .. ...voviarivs o ‘ COTTAGE CHEESE Served with shced fomatoes and letuce...........72¢
STEAKBURGER PLATTER Fealuts the ol Sesbuge sk LETTUCE AND TOMATO SALAD Choceldussng , ... T2¢

FAMOUS SINCE 1934 - served on our own delicious toasted bun

wih your choice of sandwich dressings ... ... SRR $1.99°

Wik MELD ShetsE ... $2.14

SUPERSTEAKBUHGER PLATTER Doutfa Delizious with Two
Steakburger palties servad on ou own delicious toasted bun with
your chaice of sandwich BI8SSINGS ... oooviviniiniinin ¥
winmateocutst.,., $2.79
BAKED SUGAR CURED HAM (Rot or Cold) A generous portion ol our

0w famous ovan biaked ham served on a loasted bun ... §2.89
s MetEo CHese. . ..$3.04

LOCAL PLATTER Two Steakburger pates served with shced
tomato, lettuce and CoMBGa CHERSE .......vvverriversooeencerie, $2.09

DELUXE SANDWICHES

AN out Steakburghrs are mada with Governme:t inspected 100% pure be,
inclading such fine steak culs 83 Tibons, ship steaks and wirloin,

STEAKBURGER — FAMOUS SINCE193.......v. e 83
winwLTeD ctese.. . $1.04

SUPERSTEAKBUHGEH Tro SIukburoel 121111 FURROOR M .
W MELTED CHeesE....$1.6

BACON n CHEESE STEAKBURGER — IDO% dalicious........e.o.. $1.1

BAKED SUGAR CURED HAM {Hot or Cold) ....... et $1.19

wiHNELto vt ... $1.94
TOASTED CHEESE Two slices of American Cheese on

. CHEF'S SALAD Julienne of ham, chicken and chexse garnished

wilh tomalo wedges and eqg siices Orvon avarlable upon request
Choca ol dressing . ... . . ... . e SUAT

SaladDressings: French, Creamy ftahan, 1000 1sland, Blew Cheess, Muyonnaise

DESSERTS and DRINKS
STRAWBERRY SUNDAE Delicious. Topped with roal )
Strawbernies, whipped lopping and 3 maraschino cherry ........... 92¢
HOT FUDGE NUT SUNDAE With plenty of rich chocolate
fudge, nuts, whipped lopping and & maraschin Chetry .............. ]

BROWNIE FUDGE SUNDAE Our Brownie topped wilh ice
cream, tih chogolate fudge, whmped topping and & marasching

CDBIY e vcvesirbie s ene e b M)

HOT PIE Dutch Apple. Dutch Cherry and Southern Pacan..............
ALAMODE.........

CHEESELAKE A Favorite, Our Own Creamy, Deliciou: ................ B
CHEESE-CAKE WITH STRAWBERRY TOPPING Even Beter ....... 9%
OUR FAMOUS VANILLS ICE CREAM ... ooovivniviniiiinens 50¢
BAOWNIE Out own butlertich fudgs Iowais ........eovriueieioniens 50¢
DANISH Apple of Cinnamon, Served watm with builer e i

toasted bread, grld MDUIET ... ..vovvvvvnee e 78¢
Sandwich Dressings: Qmon. Pickle, Relish, Mustard, Catsup. 1000 land, Mavonnarse
LETTUCE AND TOMATO ON ANY SA‘NDWICH" Cee Add 16¢
CHIL| SPECIALTIES

Al our Chili Spocialties stad with 100%, ground, tap round steak, Our Kidney
beans are plump, red, simmered for haurs, Qur chill sauce is # special blend of

TRU.FLAVOR MILK SHAKES Mada the 0td Fashioned Way,

Chacolota, Varilla, Stawbarry ...........ococoenriiniieniind Reg. 50¢
FREEZES Orange or Lemon. A Yaar Round Flavor Treat........5¢ and J0¢
FLOATS Coca-Cola, Root Beer, Orange o1 Lemon .,.....ocrvion, ol
FRUIT DRINKS COFFEE

Orange ot Lm0 454 and 55‘ A 1ot o Sy Specnalty ' , 35{

fomalo “ilh 18sty spices, {M&r ..... 'an G55 O Tk v . %
CHILI = Our Own Genuine Youwdl bkedt . = . . . .. § 25 S
CHILIMAC Uberal ouder of Raian Spaghett and m Pnte ............ Sgandsst  ICEDTEA oo 5,
Mt Maat : ‘ . .
‘ CHlL‘IzTHeHEE VIAYS fﬂmﬂ ROOT BEER 45¢ and 55¢ Mlllx .............. 45¢ and 60¢
" Kakin Spaghets, Chit Boans ang Chi Meat nr | .
g balon ¢ oolw‘ aubia meal availabis on the abovetlems 628 lﬁB """""" 43 and 52‘ HOT CHOCOLATE ... @

N



'Interview Packet

Page 17

The Thompsonfs dinner bill totaléa $28.75. Mr. Thompson -
wants to leave a tip of about 15%. About how much should

- he leav; for the tip?

/

P2: "Ts there another way you could do that?"
<

230 .



>‘Interview Packet
Page 18

Which carton has

more” soda?

A

291




I o - ‘ ‘ : e Interview Packef
e - . S 7 Page 19

Which soda is the cheapest?‘“

«

Unsure ~ Certain
- (Flip when estimate made and éxplanation_complete.)

Py: "How confident are you that you've made a good

estimate?"”
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o ' . - Interview Packe

Page 20
- the 2
KROGER
- CO.

This is a grocery store ticket ’ " 0.79 AGr‘
whi?h has not yet been totaled. | 0.79 . AGr
Estimate the total. ‘ - | ' 0.44 AGr

o 1.30 _APr
’ . - . 0.34 APr
1.05  AGr
0.57 AMt
.0.29  AGr
3.65 AGr
. 0.30 - AGr
_ 0.31 AGr
" o ) ‘ 2.29  AGr
L ’ : S | - 0.11  Apr
0.34 APr
. 0.08- AGr
g




;ntérview_Packet

’ _ - ’ | ‘ Page 21

a3

-

"You seem to havé dé&eloped éome.very fine'estimation

i skills, John. You've done an excellent job both on the
test I gave you in class and in the questions I've ésked
you individually. Up to this p01nt I have asked you to
estimate in a variety of situations but haven't told you
how accurate your estimates have been. 1In this last task
I'd like you to estimate the answer to a few computation
problems, then compare your estimate with the calculator

result. Let's see how accurate your. estlmates are."

N
§




Interview Packe:

- . . “.  _Page 22

¥ -

‘Examples: | 42 +723 + 7

17 x 20

Sl

"I'd like youto use this calculator (HP-65), however,
‘it works é little different than most calculators so
‘I've programmea it to use algebraic logic. 1I'll have
to reset it after éach pfoblem, thougpn Let's work'a .

few examples so you'll know how to use it."
S A :

~

& Press: 0, E.
mg2"+ 23 + 7 Press: 42, enter, 23, enter, 7.
Reset ) ' o '
17 x é% Press: 17; enéer, 20, x.°




- ‘ S : ' s Interview Packet

' ’ Page 23 *
) ’ &y » .
¢ ‘ :
ﬁ‘ P
A1
> .
"Are you ready? Let me reset it." Press: 10, E, f, STK.
"OK. Let's look at the first exercise. Write your-
eéstimate here, then compute theyanswer and write it here."
- .
21
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Page 27
T
) “
N :
' 896 + 501 + 789
Before calculator is used:. .
P,: "Do you think the ‘actual answer will be above or

below your estimate?" ,

©

Press: 25, E.




Interview Packet

Page 28
14
28 x 47
-
i
P : "Tell me how you got your éstimate." o
P3E "How confident are you that you've made a good,estiméte?"

Press: 50, E, £, STK




Interview Packet
Page 29

22 x 39

4

Before the calculator is used:
P : Can vou give me a better estimate?

Press: 50, E.

W
£
oo




Interview Packet

e . Page 30

252 x 1.2

Before the calculator is used:

P : "How sure are you of your estimate?"

At any appropriate time:

"Could you give me an upper bound for an estimate for

this problem?"

"How sure are you of your estimate?"

a9

ESY

e - - " ,. 303




Interview Packet
Page 31

When student notices error:
"Why do you think that?’ Perhaps you made a
keystroking error." '

Let them verbalize error. )
"Wwhen did you . notice the calculator was making-an
error? Wwhy didn't you tell me about it at_th&t

poini?"

304




- . Interview Packet

Page 32
INTERVIEW PROBES

Alternate Route Probes
Pl: A student I interviewed last week estimated that

answer to be . Is that a good estimate? -
PZ: Do you see another way to get an estimate?

or -

Is there another way you could de that?
Confidence Level Probe =
P3: How sure are you that you've made a good estiméte?
Boundary Level Probes : ) ; .
P4:' Do you think the actual answer is above or below

your estimate? . , \ ?
PS: What would you say is the largest (smallest) number

that would be a good estimate?
P6: Which of these is the best estimate?
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Aruitoxt provided by Eic:

"INTERVIEW SUMMARY GRADE NAME

OPINION

Do you estimate? (where, how)
. /
Is estimation part of mathematics?

Is 1t important?

OPINION (at close of interview)

what is estimation? 4

Have you used it?

Where learned?

Have you been taught how to estimate in school?

Practice?
Like it?

HINTS:

SCHOOL

COMMENTS



<t

{PUTATION

SCREENING : +
EXERCISE ~ TIME TEST ESTIMATE ~ STRATEGY PROBE
ANSWER '

COMMENTS

2 P,
I SO
3 —_
-4 P '

P Confidence

{ERAL_COMMENTS '} NK




SCREENING -

APPLICATICON TIME TEST ESTIMATE STRATEGY _ PROBE COMMENTS
‘_“‘" ANSHER ~
p
area. , L
p
. 5
. P :
30% of fans q,
B4BY x §. AN p2 .
total attendance . P6
. . " (
divided proceeds : ,3 ﬂ q X ‘




" EXERCISE

ordering food

ot

.dinner ticket

most soda

cheapest soda

TIME

. total for groceries

o

ERIC

Aruitoxt provided by Eic:

SCREENING ' B

1EST ESTIMATE STRATEGY PROBE
ANSWER )
P
1
P
2
‘
3
‘ P
3
. P,

COMMENTS
A a

Confidence



CALCULATOR
how far?
probes used?

Comments by student

i .

reaction to error

Level of confidence

unsure very
confident

Comments:

o

ERIC

Aruitoxt provided by Eic:
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Mental computer?

g

e

INTERVIEWER COMMENTS - .

. 1’ I
. . ) .
Characterize strategies most often used: {rounding, front end, compensation . . .)

- ’ -

Specific unique strategies student uses:

<

Variety of strateqies?

Displays ute of alternate routes to sclution?

. . . -
Consistency between screening and Anterview response:
<

General Comments: ’ -

e

Portion of tape to be transcribed:

™~
[

2,
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Thanks for your help. This letter is intended to
g .. summarize the nature of oui research project and. highlight
“your- individual committment. S

- Computational Estimation is recognized as a basic
mathematics skill and is used more frequently than, exact -
or precise computation.- For example, suppose’ you have
only $5 and want-to purchase two cartons of milk at $1.79
each and three loaves of bread at $.59 each. Do you think
you have enough money? This and most day-to-day mathemat-
ics problems rely heavily on computational estimation, yet
virtually nothing is" known -about the processes (thinking,
strategies) used to solve them. The purpose of this .research
is to identify and describé successful and efficient compu-

- - -

tational estimation processes.

Although computational estimation is a term familiatr
to us as teachers, it is both hard to describe amd develop.
-within our students. It can be defined as the interaction
and/or combination of mental computation, number concepts,
technical arithmetic sk¥1ls including rounding, place value,
and less straightforward processes such -as mental compensa-—
tion that rapidly and consistently result in answers that
are reasonably close to a correctly computed result. This
process is done internally without the external use of a_
calculating or recording tool.

. In order to identify students who have developed
efficient computational estimation strategies, a screening
device has been developed to allow for group administration

' and to carefully control timing on each exercise. This
screening instrument presents a number of computation
exercises, some within an applied context. Each exercise
is contained on a slide which is projected on a screen in
the classroom. Students will be given a limited amount of

" time to estimate the answer to each exercise. The administra-
tion of this screening device will require from 20-30 minutes. -

Prior to giving the Computational Estimation test to
your 'students, we would like to visit with you a few
minutes (probably 10 or so) to answer any questions
related to this study. This also provides an opportunity
to get your reaction to some characteristics which we
think™qood estimators will possess. The test will be given
to apprpximately 400 children in this grade level and when
all of fhe tests have been scored, we will report the
results of your class to you, if you wish. Since we are’

) . : . ‘?1 4




trying to find the strategies used by good estimators, the
top' 5% or so of the students will become candidates for

the individual interviews. If any of these top students
are in. -your class, we will be checking with you to learn
more about them and probably try to schedule two 1nterv1ews,
about 30-40 mlnutes each.

It is anticipated that the identification and charac-.
‘terdization of successful and efficient computational
estimation strategies will contribute to the formulation
of a general cognitive framework. IMurthermore, it is
hoped that this framework will guide future curricular
and instructional development in school mathematics
and adult basic education.
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Teacher Recommendation Form
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Teacher Recommendation Form : Name

School

At this stage of our research, we think good estimators
will have some or all of the following characteristics:

1. Quick'with paper and pencil computations.
Among the first to respond to oral questlons and/or
hand in their test papers.,

2. Accurate with arithmetic computations.
Check computations and strive for a high degree of
accuracy. : '

3. Unafraid to be wrong. - :
Risk contributing probable solutions tc problems,
easily cope with being wrong, and continue to probe
for the solution. : :

4, Mathematical confidence.
Possess good computational SklllS and reallze

potential to compute.

5. Demonstrated performance.
Demonstrate adequate estimation skills and use them

regularly.

6. Mathematical judgement.
Judge a problem situation and determine when an
estlmate is appropriate and when an exact solution
1s needed. .

7. Reasaonableness of answers.
Sense when an answer is not in the ballpark. Able
to reject-far out answers and seek more reasonable
results.

8. Divergent thinking strategies.

Hayve a knowledge of a variety of strategies and a
tehdency to search for alternate routes to a solution
for a given problem.

|
|

Pleasé 1ist studente fromlyour class who you believe are
good computational estimators. (If more room is needed,
use back side.)
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(7th grader)--Verbalization of Error at Exercise 3

- Exercise 1:

436 + 972 + 79

Student Estimate: .1472 ‘ Calculator Response: 1627

Student:

Interviewer:

1472

Now use the calculator to find out the exact
answer.

Uhh...I did it bad.

So the exact answer is 16272

That's pretty bad...is it 16272

Is that what the calculator said?

Yes, it doesn't look right, though.

What do .you mean? |

Looks like less than 1627 to me...79 + 972
is about 1050 + 436 looks like 1500 at the
most. :
It says 1627, thopgh?

Well maybe it's wrong, Izdon't know.

Maybe you pﬁnched the buttons wronag.

I could have. (Repunches problem.)

It doesn't look right, but if that's what
the calculator says, then it's probably
right. It still doesn'’t look right.

Let's look at the next -one.

319



Exercise 2: 42 962 = 73

Student Estimate: 600 ' Calculator Response: 638.52

Exercise 3: 896 x 19
Student Estimate: 17 000 Calculator Resronse: 18 724
S: I must have made a mistake somewheré._ It
still doesn't look right.
I: What do you mean?

S: 20 x 90C is 18 000.. I don't see how it
could be any more than 18 000. '

I: But the calculator gavé 18 724,

S: You're doing somethlng w1th the calculator,
! I thlnk._-

I: What do you mean?

S: Like trylng to make it wrong. So I think
it's wrong.

I: You think the calculator is wrong?
S: Yes, I do.

I: Are you sure?

S: Yes, I think so.

I: You think so?

S: Yes, let's just say positive.

321)
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(9th grader)--Verballzatlon of Error 1n Discussion Following
Exercise 7 ,

Exercise 1: 436 + 972 + 79

Student Estimate: 1480 _ Célculator-Response: 1627
S: So I was about 140 off.

Exercise 2: 42 962 + 73

Student Estimate: 613 , Calcul:.tor Response: 638.52
S: This time I was oif by 25.

Exercise 3} 896 x 19

Student Estimate: 17 920 Calculator Response: 18 724.

S: I did that by 896 x 20:. I was off by
about 800. I.must have made a mistake.
That would be right because I rounded it
up one number, that would have been another
800.

Exercise 4: 896 + 501 + 789

Student Estimate: 2186 Calculator Reéponse: 2726
S: I was off about 600.

Exercise 5: 28 x 47

Student Estimate: .1410 - Calculator Response: 1636

I: Before you use the calculator, ,tell me how
you estlmated thi's .one.
S: I rounded to 30 x 47. If I wanted more
~accuracy I would subtract 50. So I could
have 1360. :
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Exercise 6:

* How confident are you of your estimate?

(Pointed to the middi; of the scale.)
16363 Off about‘BbO; |
What do youv think? o ' : —
I can't figure out why my-estimate is

wrong unless my multiplication is wrong.

.-

22. x 39
Student Estimate: 858 ‘Calculator Response: 1278

. I: How did you do that?

- 8: I rounded to 20 x 39. That gives 780 then
add 39 twice or 78. So it's 858. -
(uses calculator)

S: 1278. I'm. getting confused.

I: What do you mean?

S: I know what I keep forgetting...I can't
figure out why there is a 400 difference
there. If I do it 22 x 40 = 880 then
subtract off 39 I get 841.

I: What do you think?

S: I have two answers here.around 850 but

’ their correct answer is around 1200 so
somewhere I made a mistake. ‘ L

I: Do you think you multiplied wrong somewhere?;

S: That's why I checked it by doing it another
way.

I: So what do younthink?

S: Hmm...I'm not sure if it's my multiplication.



I: What else could it be°

S: I don't know, maybe I'm not doing the
problem rlght.~ :

Exercise 7: 252 x 1.2
Student Estimate: 312.4 Calculator Response: 452.4

S: I multiplied 252 x 1 then 252 x .2 then
added them together. .

I: So_éhould that be pretty close?

S: The way I'm going, I wouldn't say anything
right now. . - *

(uses caiculator)

I: Do ydﬁ think £hatfs pretty close?

S:- My answer is about_thréé-four;hs of it.

I: So you're satisfied with it?

S: Yes, pretty ﬁuch. More than the last one.

I: - As we look back, it looks like all of the
exact answers are higher than your estimates.

S: Yes, I usuallyuundérestimaté except with money.

'I: Let's look at 28 x 47 how did you do that
one?

S: 30 x 47 = 1410\then I subtyact...I mean add -
o 47 twice so I'd get 1504.

\

I: What do.you think about your estimates.

S: They're pretty...OK, I guess, except for
22 x 39, '

I: Why?




P 5

I don't understahd why my numbers are so
far off. 'Can I round dewn thé numbers?

°

‘Yes.

I don't ‘know what to think. -

.What could be wrong?

I don't know.

Is that the only one that bothers you?. .

.No, the first one too. The way I rouynded,

it shouldn't be 200 off. The other addition
one I'm not satisfied with either. The
others are close enough. If you round this
one (fourth) to 900 + 500 + 800 you get 2200.

So what could be wrong?

Something's cooky with the calculator on
these (first, fourth, and sixth).



/ | |
: '(12th’grader)«-Verbalization_of'Errpr at Exercise 3

Exercise 1: . 436 + 972 + 79 S

Student Estimate: 1490 . ‘Calcu}ator Response: 1627

I: So the exact ansﬁér is 16272

S: How did I manage to miss by over 100? . :
Wait a minute...that should have been 1590.

" - 'I: So you made a small error?
.S: " Trouble is, when you make a small error: on
the higher dlglts it multiplies it by 10

for every space over.

I: Let's try the next one.

Exercise 2: 42 962 <+ 73

:Student Estimate: 580 ‘ calculator Response: 638.52

S: Most of what I get are,ballpark figures.

I: So the exact answer is what? 638.52.

(3]

~

(student hesitatés)

S: Yeah...it's just a ballpark figure.' I
can hit it within about 10 percent.

I: Let's try another one.

Exercise 3: 896 x 19

Student Estimate: . . Calculator_ResponseE 18 724

S: That's obviously not the dorrect answer,

I: What do you think is the matter?
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Something is fishy withk your calculator.

Maybe the multipljcaticn key is messed up.
See that 5 oneethlng I often use, I can’
tell when my calculator- ‘batteries are
dead because it starts 91V1ng me flshy

answers. . . ] e

Do you think maybe it's Just the multlpllca-
tion key? .

You might hebe them switched around on me.

"I mean, it was’ ulrlght on the first two

problemsw ) ) . N

Well, it occured to me that i+ smelled

'slightly here (division exerc.se).

What do you mean?

The result here was larger than I expected.
Because it would seem t» me that 73 adds’

. a greater ratio over 70 than does 4300

over 4200 so that the answer should have
bheen less than 600.

V.

What about the first problem?

" It looks like it's built up a bit, too.

™ . $

What do you think? S a

I have a sneaking suspicion that your-
calculator is multiplying it (the answer)
by .a certain small constant.

"



