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An editorial comment . . .

Mathematics Education Research - A Triangle

Tom Kieren
University of Alberta

It is the central purpose of Investigations in Mathematics Education to

provide useful critiques of reported research in mathematics education. It

is always a question what should be considered for criticism here. Partly
this 1s a question of editorial choice. What should be the balance between
critiques of easily available and more-difficult-to-find work? Should IME

be identifying work which would otherwise go unnoticed by the general mathe-
matics education community? Should IME provide critiques mainly of those re-
ports which have not undergone a refereeing process? As suggested, such ques-
tions are always before the Editor and panel.

There i1s a much larger question of what constitutes mathematics education
research. Of course, such a question could be considered vacuous, or answer-—
able by "whatever mathematics education researchers do." However, as one looks
at the research critiqued in IME, one is prompted to ask about the dimensions
which characterize this research, the possibilities for such research, and the
sources of theories in mathematics education. Answers to such questions might
open up new research avenues and sharpen our criticism, in the positive sense,
of current research results and practices.

Some have identified mathematics education research as lying at the con-
fluence of, or at least defined in terms of, a relationship between the fields
of psychology and mathematics. The existence of an active international study
group in this area attests to such a definition. Yzt even members of this
group would not put a narrow constructien on the dimensions of mathematics
education research.

Bauersfeld, at the 1976 ICME meeting in Karlsruhe, described three concerns
of mathematics education - matter meant, matter taught, and matter learnt.
Using these.three ideas we can use the analogy of a triangle to look at mathe-
matics education research.

What is the '"'geometry" of this traingle? The three concerns defined above

could be elaborated to include related actors (not necessarily distinct) - cur-
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riculum makers, teachers, and learners. Research which focused on one of the
three matter-actor combinations could be thought of as a vertex of the mathe-
matics education research triangle. Thus persons investigating matheﬁatics
teaching would be identified with the matter taught-teacher vertex, with the
other vertices representing learning and curriculum research.

Of course, many disciplines and persons are interested in the research
activities defined above and researchers, say in psychology, often use mathe-
matics subject matter. What differentiates mathematics education research
from this other research can be thought of as the "interest center" of our

triangle - the actual mathematics learning experiences of children and adults.

All mathematics education research "faces" toward these’experiences and re-
searchers would hope their work would directly or indirectly enhance such
experiences.

It is rare that any one of the three matters of mathematics education con-
cern is .onsidered individually. Analogous to the side of a triangle are re-
search efforts inter-relating the curriculum and the learner, or learner and
teacher, for example. Such efforts are by no means new, but learner-teacher
studies have received a new emphasis with recent sociologically inspired work.
As well as representing an area of research, the relationships characterized
by the sides of our triangle also suggest ways in which implications of research
efforts at the vertices might be made. Thus, although ones' major focus might
be on how a person learns mathematics, such research is informed by the cur-
riculum "vertex" (what mathematics, what interpretation, or what experience
might be used) and by the instructional "vertex" (what is the nature of the
teaching or experimenter-subjects interaction). The results of learning re-
search also informs curriculum development as well as instructional strategies
and basic instructor acts.

From a topological point of view, a triangle has an interior and exterior.
Even if our research triangle is not a closed figure, it is of interest to
explore the analogs of interior and exterior. Because of its closeness to
daily learning experiences, one might characterize the informal'researcﬁ done
by teachers of mathematics as they prepare for, teach, and analyze their class-
room activities as being one kind of "interior" research. (Perhaps its cen-
tral position also indicates its relative importance). Two other kinds of cur-

rent mathematics education research might be thought of in terms of the inte-




rior analog because they focus directly on learning experiences (sometimes
naturally occuring and sometimes carefully defined) and because they (should)
take into account all three of the vertex interests. These are the téaching

experiment and the phenomenologically oriented participant chserver work.

One might think of the exterior of the mathematics r&«:r.. triangle in
terms of work in a variety of fields which have mathemar::% . ' ation rela-
tionships, but probably do not share its interest centr:. "5 area of psy-
chology has been mentioned above, and the ideas drawn fr.,. ' . getian or
the behaviorist traditions in mathematics education research . - ¢vsident in
almost any issue of IME. This psychological work has been mos:. : ' 3sely re-

lated to learning and instruction, but curriculum research (e.g., uses of be-
havioral objectives or enactive representations) has also felt sn impact.

The relationship between mathematics itself and mathemati.: curriculum
research is nominally obvious and observable in the curriculua .ievelopment
work of mathematicians. However, the contribution of mathematical analysis
to mathematics education research can go beyond this because of the very fact
that mathematical ideas are human creations. While various interpretations
have varying consequences for a learner's personal knowledge, they may also
imply or demand alternative teaching approaches. -

If mathematics and psychology represent traditional exterior fields
which influence mathematics education, they are not the only ones. The very
statement above on mathematics as a human creation is a philosophical propo-
sition. Different philosophies provide different frameworks for doing re-
search. A recent example of this is the impact of phenomenology on the anal-
ysis of the meaning of teacher-learner interaction in a mathematics classroom.

Two other related areas are symbolic communication and linguistics.
Because of its nature, mathematics learning eventually entails learning vari-
ous levels of symbolic representation. How a person learns and uses these
symbols can be studied with the help of appropriate symbolic and linguistic
analysis which is also useful in both development and research in mathematics
teaching and curriculum.

One further external field which represents the impact of society on
mathematics instruction is the whole field of technology, probably best re-
presented today by various micro-processing devices. Here the researcher

can look for tools in the study of various aspects of mathematics education,
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but technological knowledge might require that instruction, curriculum, and
learning be thought of in different ways. It is also of research interest
that technologiéal applications help elaborate mathematics education father
than limit it.

The discussion above has presented dimensions of mathematics education
research using the analogy of a triangle. This triangle has several implica-
tions. One 1s that a researcher should take into account the relationships
described in developing a research project. Second, the "exterior" fields
can be used as a source of research ideas, theoretical propositions, or re-
search methodologies. However, the mathematics education researcher must
make sure that these exterior ideas are transformed into mathematics education
ideas, facing the learning experience. Finally, the interest center of the
triangle suggests that if research interests are.always related to this center,

then the likelihood of acceptability by the broader mathematics education com-
munity will be higher.
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Arehart, John E. STUDENT OPPORTUNITIES TO LEARN RELATED TO STUDENT ACHIEVE-
MENT OF OBJECTIVES 1IN A PROBABILITY UNIT. Journal of Educational Research
72: 253-259; May/June 1979.

Abstract and comments prepared for I.M.E. by SAMUAL P. BUCHANAN,
The University of Central Arkansas and CHARLES E. LAMB, The University of
Texas at Austin.

1. Purpose
"The purpose of this investigation was to explore the relationship

between pupil achievement of specified objectives and the opportunity to
learn them." (p. 253)

2, Rationale

There has been increased interest in teaching strategies research in
the recent past. A number of process variables which tentatively relate to
student achievement have been identified. However, these variables are still
not precisely defined and their relationship to student achievement is some-
what ambigious. The present study was conducted in order to further validate
such variables.

One such variable, opportunity to learn, was the focus of this particular
stu&y. ‘Low-inference variables were used as measures of opportunity to learn,
to test the hypothesis that the amount of opportunity to learn specific objec~

tives contributes to the achievement of those objectives.

3. Research‘Design and Procedures

A total of twenty-six classes of eighth, ninth, tenth, and eleventh grades
taught by twenty-three teachers was used as subjects in this experiment. A
pre-test was administered to the students prior to a unit in probability being
taught. The results of this test were compared to a post-test which was admin-
istered following the unit on probability to determine the number of objectives
successfully mastered as a result of the teaching. Each of the teachers re-
ceived from the investigator a packet which contained a 1list of eighteen ob-
jectives to be taught in the unit on probability, a set of homework problems
keyed to the set of objectives, audio tape reels for recording the instructional

sessions, and a set of explanations for the teacher.



The teachers then taught the unit on probability using the list of ob-
Jectives as a guide. During the instructional portion of each class, the
teacher recorded on an audio tape the instructional -sequence of each 6f the
three class periods used for this unit.

The audio tapes, pre~ and post-tests, and the amount of probability home-
work/classwork assigned and completed by each student were returned to the in-
vestigator. OScAR-5V (Observational Scale and Report-5 Verbal) Qas used to
code the audio tapes. Each utterance was determined to be either teacher or
student originated and to be either substantive or non-substantive in nature.
The investigator defines a substantive utterance as one which deals specifi-
cally with the content of objectives of a lesson.

The variables identified by the investigator as being related to student
achievement were: achievement gains; emphasis; number of problems attempted
by students; substantive events; percent total substantive events; informing
statements; percent informing statements; teacher-initiated questions; per-
cent teacher-initiated questions; pupil-initiated interchanges; and percent
of pupil-initiated interchanges.

The data were analyzed using a two-way nested analysis of covariance.

The two main bases of classification were the twenty-six classes and the
sixteen objectives (two were deleted). The dependent variable was achievement
gain, while each of the other variables was used as a covariate. This design
controlled variance due to the following components: differences in judged
levels of difficulty of the objective, differences in actual difficulties of
objectives within each judged difficulty level, differences in overall achieve-
ment of different classes, and interaction between levels of difficulty and

overall teacher effectiveness.

4. Findings

The four control variables accounted for 74 percent of the total variance.
Difference in levels of difficulty and differences in objectives within levels
accounted for 32 percent of the variance. Differences in classes accounted
for 32 percent of the variance and interaction between levels of difficulty
and classes accounted for the last 10 percent.

The two non-OScAR variables, Emphasis and Problems Attempted, showed a

significant relation to achievement. The variable showing the strongest
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relationship to student achievement was Teacher-informing Statements. Pupil-

initiated Interchanges showed the weakest relationship to student achievement.

5. Interpretations

The results are supportive of the hypothesis that opportunity to learn
specific content as measured by emphasis and exposure is positively related
to achievement.

In addition, evidence was found that (a) teachers' perceptions of what
has been emphasized and what students have learned are rather accurate;

(b) the amount of student work and achievement are related; (c) the amount

of teacher information and questions about objectives of a lesson related
positively to their achievement; (d) teacher information-giving was as effec-
tive as teacher questioning behavior, and both showed a significant relation
to achievement; and (e) the number of substantive questions pupils asked was

not related to how much they learned. (p. 258)

Abstractor's Comments

1. The study investigates a topic of importance to teacher education
in general, and mathematics education in particular.

2. The report discusses the statistical procedures under the section
labeled "Results". This information should probably come in the
"Procedures" section.

3. O0ScAR-5V is a classroom observation instrument. Audio tapes may
have hindered the collection of data. However, reliability for
interpreting the data is reported.

4. The author suggests that teachers should be precise and specific
concerning their teaching of specified objectives. More discussion
of this topic might have been helpful.

5. It might have been interesting to use an attitude scale as another
measure for the study.

6. Interested readers might find it useful to read other studies re-
lated to'teaching process variables; for example, see: Evertson,
C. M., Emmer, E. T., and Brophy, J. R. Predictors of effective
teaching in junior high mathematics classrooms. Journal for Research

in Mathematics Education, 1980, 11, 167-178.
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Ayers, Jerry B.; Cannella, Gail S.; and Search, Janie M. SEOMETRIC EMBEDDED
FIGURE IDENTIFICATION AND CONSTRUCTION BY LOWER GRADE CHILDREN. School
Science and Mathematics 79: 677-689; December 1979.

Abstract and comments prepared for I.M.E. by WILLIAM E. GEESLIN,
University of New Hampshire.

1. Purpose

The primary aim of this study was to investigate possible sex and grade
differences among early.elementary school children's abilities to identify
and cdhstruct simple figures composed of (a) embedded squares, (b) embedded
rectangles, and (c) overlapping circies. In addition, the effect of a brief
instructional sequence on identification and construction of embedded figures

was examined.

2, Rationale

Previous research indicated that a child's visual perception developed
rapidly between the ages of four and seven. Early development of visual
skills, in particular identification of embedded figures, appeared to be
related directly to school performance. Therefore, investigation uf children's
ability to identify and construct figures involving overlapping squares, rec-

tangles, and circles was pursued.

3. Research Design and Procedures

Subjects (N = 55) were obtained from a university-operated summer school
designed for enrichment and remedial work for local school children. Table 1

gives the distribution of subjects by sex and grade level the child was entering
the following fall.

Table 1
Distribution of Subjects

Grade Boys Girls
6 6
14 10
5 14

12




Each child was interviewed individually following a set protocol. Briefly
stated: children were shown each of the three shapes (square, rectangle, and
circle); shown three figures containing two connected but non—overlapéing
shapes; and shown a series of figures containing overlapping shapes. Each
figure contained only one type of shape. The child was asked to determine
the number of shapes in each drawing. Next the investigator pointed out the
component shapes in three drawings consisting of overlapping figures. The
child was asked again to determine the number of shapes in a series of over-
lapping drawings. Finally, the child was given nine incomplete drawings (one
at a time) and asked to complete them with straight (or curved lines) so that

a given number of shapes comprised the final figure.

4. Findings

The chi-square statistic was used to test for sex and for grade level
differences on each drawing. No statistically significant sex differences
were found. Grade level differences with respect to squares and rectangles
were statistically significant prior to instruction but not significant follow-
ing instruction. With one exception there were no differences in performance

on circle drawings.

5. Interpretations

The fact that instruction eradicated grade-level differences was contrary
to a previous study concerning triangles. Increases in the percentage of
correct responses between first- and second-grade subjects supports the notion
that a child's perceptual ability develops in a quasi-Piagetian manner. The
difficulty of identification tasks appears to be related to the type of geo-
metric figure. The emphasis in art programs and lack of perceptual-motor
coordination may explain the fact that ‘tasks involving circles were so much
easier than tasks requiring use of straight lines. 1In general the tasks were
not difficult for the children. The poorer performance of kindergarten chil-
dren may result solely from the fact that these children were just beginning
their formal instruction experiences. Consideration should be given to a
coordinated geometry curriculum beginning at an early grade level with the

study of triangles following the study of circles, shapes, and squares.




Abstractor's Comments

At first glance the article would seem to be yet another example of an
isolated, irrelevant study pursued to satisfy someone's need to publiéh.
However, this investigation exemplifies one reasonable manner in which to
proceed at this.stage of our knowledge concerning children's spatial develop-
ment. The authors provide further. information indicating that (1) children
are more able than many developmental psychologists (and, consequently, many
elementary teachers/mathematics educators) imply; (2) Piaget's theoriles con~
cerning the conception of space need fevision and/or explication; (3) students
learn what they are taught; (4) a need for synthesis'of research, theory, and
models of spatial development still exists; (4) this area of research may
eventually have a large impact on curricula and teaching; and (5) one or two
studles are unlikely to answer many questions about spatial development and
if viewed in isolation, may be quite misleading.

As noted by the authors, the sample was small and many have been biased
in an unknown manner since it was taken from a summer program. of greater
concern is the terseness with which the study was reported. The theoretical
framework, 1f any, was unclear. In particular, the authors did not distin-
quish between perception and cognition. Given cectain developmental perspec-
tives, the identification tasks and the construction tasks would be viewed as
involving qualitatively different mental processes. No discussion leading
toward an overall hierarchy of spatial tasks was given. Does the fact that
children performed better with curved lines than straight lines lend credence
to the work of Piaget? The authors claimed art programs and motor coordina-
tion were plausible reasons for this performance difference. Yet children
who have yet to enter kindergarten surely are not influenced by school pro-
grams. Do art programs really emphasize curvature?

Apparently the "instruction" in this study was extremely brief. Admini-
stering a new set of figures after instruction to a subject group would have
been useful. Does instruction or repeated testing influence performance most?
In either case elementary teachers hardly need worry about delaying intro-
duction of these materials. More information on the key aspect(s) of the in-
structional sequence is needed. Some conclusions concerning elementary cur-
ricula are inferences that go well beyond the data.

In summary, another reminder that children's abilities on spatial tasks



may depend more on the task than some broadly defined mental stage is useful.
Much remains to be learned about the development of children's conception of
space. It is unfortunate that the authors did not include a paragraph con-
necting their study to a broader psychological theory or a paragraph speculat-
ing on what research should be done next. A proposed hierarchy of spatial
tasks is a possible next step. Likewise, a good synthesis of all the research

related to spatial development would be welcome.

| Y
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Fischbein E.; Tirosh, D.; and Hess, P. THE INTUITION OF INFINITY. Educational
Studies in Mathematics 10: 3-40; February 1979.

Abstract prepared for I.M.E. by ALAN OSBORNE,
The Ohio State University

Comments prepared for I.M.E. by H. LAVERNE THOMAS,
State University College, New York

1. Purpose

The concept of infinity can be considered as a purely logical construct,
an ideal of mathematical reality. It may also be considered in terms of the
psychological contexts in the processes of thinking, uses, and interpretations
that constitute the intuitions about the concept. The purpose of this study
was to investigate the contradictory nature of infinity in the dynamics of
thinking, with particular attention given to variables such as the problem set-

ting, age, mathematical achievement, general school achievement, and sex.

2, Rationale

The concept of infinity is clearly a formal-level concept in the Piagetian
sense. How learners deal with the contradictory perceptual and conceptual in-
tuitions had received almost no attention by researchers in psychology or mathe-
matics education. Preliminary evidence collected by Fischbein in the mid-1960s
indicated a stability of intuitive conceptions of infinity transcending age
and teaching. Interesting and useful in terms of its potential for revealing
factors that affect the learning process, the conflicts and ambiguities pro-

vide a setting for the productive examination of the role of intuition.

3. Research Design and Procedures

A ten-item questionnaire was administered to classrooms of students from
fifth through ninth grades. At each grade level, students were selected to
represent high and low SES levels. For each grade level the number of students
tested was:

fifth sixth seventh eighth ninth

46 58 152 104 110
In the midst of the project, it was discovered that a portion of both of the

sixth-grade classes were in a supplementary program for talented children in



mathematics. The general achievement data were available only for the chil-
dren in the upper three grades in this Israeli school system. One class
period was required for the administration of the questionnaire. .

The ten items referred to the divisibility of segments, transfinite
cardinal numbers, and limits. Nine of the items had a geometrical basis.
Four concerned the divisibility of line segments, one concerned cardinal
number arithmetic, and three involved area concepts. Three items are dis-

played below in order to communicate the character of the questionnaire:

(2) Consider again segment AB of question 1. This time, instead of dividing
the segment into two equal parts we will divide it into three equal parts (Figure
2). Will we arrive at a situation such that the segments will be so small that we
will be unable to continue dividing? Explain your answer.

e

L X 1 1 1 2 | - .
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(8a) Construct a semicircle with segment AB as a diameter. Divide AB into
two equal parts, AC and CB. and construct two semicircles on AC and CB as
in Figure 7. Continue divid:ng and constructing semicircles (see Figure 7).
Question: What will happen 10 the length of the wavy line as we shorten the
length of each sub-segment? Explain your answer. )

Fig. 7.

(8b) What will happen to the sum of the areas determined by the semicircles -
s we shorten the length of each subsegment? Explain your answer.

(9) Let us consider the rectangle ABCD (Figure 8). Construct new rectangles
by increasing its length and decreasing its width in such a way that the

b
~
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Fig. 8.

perimeter remains constant. What happens to the areas of the rectangles as the
. process continues?

Responses to each item were categorized to fit the content of the item.
For example, for problem 8b given above, the categories of response noted were:
1) The sum of the areas is constant, 2) The sum of the areas decreases, 3) The
sum of the areas increases, and 4) no answer. In particular, it was noted
whether children were "finitist" or not irn their responses. For many items,
an infinite process response was classified in terms of whether the child
additionaliy noted that, practically, the process must come to an end. Chi-
square statistical techniques were used in examining the data per item across

grade levels. Each item was cross-tabulated with five independent variables.

4. Findings

1. None of the chi-square tests of the answers was significant by sex.

2. For items involving infinite divisibility, "finitist" answers ac-
counted for approximately 60 percent of the responses.

8. Seventy-one percent claimed that the set of natural numbers was larg-
er than the set of even numbers with the primary reason given being
that the even numbers were contained in the set of natural numbers.

4. The portion of "infinitist" answers varied greatly from question to
question.

5. The percentage of the main categories of answers, especially "fini-
tists" and "infinitists", was generally stable across age levels,
with a slight dominance of the "infinitist" developing by the upper

grades.
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5. Interpretations

The authors concluded that subjects possessed an intuitive idea of the
concept of infinity and that their responses were not random. This, coupled
with the response patterns differing from problem to problem and with the pro-
gression of increasingly correct responses for higher levels in the curriculum,
yielded the interpretation that understanding of infinity was bound to mathe-
matical knowledge. This argument was supported by the performance data of
the sixth-grade children who were participating in the special program for
gifted children. However, the data suggest that mathematical training "has,
then, two divergent and apparently contradictory effects" (p. 37). Experience
is highly positive in some types of problems (for example, the division of
line segments), but is negative or absent on other types of problems such as
those involving limit processes. "Finitiut" thinking tends to prevail with
age and teaching effects tending to explain only a portion of children's per-
formance. '"Regular mathematical training affects only the formal, superficial
understanding of the concept of infinity" (p. 38). Some incorrect interpre-

tations tend to be maintained in well-trained pupils.

_Abstractor's Comments (1)

This is a fascinating topic for research and inquiry into children's pro-
cesses of thinking. The data and interpretations yield convincing support
for the value of watching children deal with ambiquity and contradiction as a
mechanism to observe the thinking processes. The value of the research derives
primarily from examination of the response patterns for indivdual items, de-
tail of too great an extent to be appropriate for presentation herein. The
authors provided thoughtful and provocative interpretations of the response
patterns.
The following points need to be considered in examining the results of
the testing of children concerning their conceptions of infinity:
l. The questionnaire format responded to in a group setting may have
hidden some interesting response patterns. In the majority of
school settings with which I have familiarity, many children at
these age levels would not have the patience to respond fully to
the items or to provide the detail in written responses necessary

for drawing sound conclusions.
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I would have preferred somé_analysis of the validity attendant to
this form of testing in comparison to an interview format.

2. Given the variation in response patterns from one problem sefting
to another, I would have preferred more extensive information con-
cerning the curricular history of the children. Although some in-
formation of a sketchy nature was presented, it was insufficient to
allow some of the interpretations the authors wanted to make. For
example, three items depended on the child’s understanding of area
as well as infinity. I would have preferred information concerning
when area was dealt with in the curriculum. Better, of course,
would have been performance data concerning some of the important
prerequisite concepts. A faulty concept of area might have inter-
ferred with children's correctly responding to the items concerning
infinity that involved area. .

3. All but one of the problems depended on children's having an appro-
priate store of geometrical knowledge. I would have preferred to
have seen more items of a symbolic mature. Given that infinity is
a formal-level concept, I think it is important to examine children's
coping with the concept on a symbolic as well as a figural footing.
However, trying to create some problem settings that are geometry-
free in the last few days has created a healthy sympathy for the
authors of the questionnaire.

Generally, the study is stimulating and well-done. It suggests interesting

avenues for future research in a challenging arena of thinking. The study

raises more questions then it answers concerning the nature of intuitionm.
Alan Osborne

Abstractor's Comments (2)

The investigators in this study have tackled a very difficult and knotty
concept. Indeed, the very lateness historically of a reasonably satisfactory
treatment of infinity, as is remarked in the report, attests to the difficu-
ties in dealing with "infinity." Further, to this day there are sharp dif-
ferences in points of ﬁiew among persons interested in the foundations of

mathematics.
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Nevertheless, on a practical plane in the teaching of mathematics we do
deal with that complex of concepts constituting and involving infinite sets
and infinite processes. For this reason, and because there are so fe& studies
bearing on these concepts, the research reported is of importance to mathe-
matics educafbrs. It is also of importance in gaining knowledge of the ways
in which developmental processes interact with outside influences, specifical-
ly, systematic instruction.

Having said this, it is necessary to point out some of the difficulties
that such a very anecdotal and observational form of research engender. These
observations are not intended to denigrate such research. On the contrary,
this writer supports research based upon careful observation of subjects per-
formance of tasks relevant to important mathematical concepts and processes.

The first difficulty is that the study deals with global concepts and
notions. The fact that these are difficult to put in operational terms does
not obviate the need to make clear, in reasonably operational terms, what as-
pects of these concepts or ideas are being investigated. To this writer, it
was never really clear what aspects of the concept of infinity were being in-
vestigated otﬁer thap as this was defined by the tasks, the response categories,
and even the discussion of the results. As for intuition, as distinct from
other aspects of mental functioning, the descriptions given were not very sat-
isfying nor operational.

Indeed, the entire argument separating "intuition" from "conceptualiza-
tion" is not clear. 1In any event, is such a distinction helpful? 1In terms
of explanatory power, would not a concept formation model serve equally well
and be more economical? Clearly, the investigators do not believe so but it
would seem that most of the apparent contradictions as well as other results
could be so explained.

The second difficulty related to the whole prdcess of task selection,
administration, scoring, and analysis. Since no clear delineation of the
particular aspects of infinity being studies is given, the reader is left to
infer the purpose that particular tasks are to serve. As the report is stud-
ied, it becomes clear that tasks and subject responses are used in multiple
ways to reach conclusions.

In studies of this nature, categories of task solution as well as cate-

gories of subject explanations are often utilized. That these categories

ERIC | o 21
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are formed, and to some extent must be formed, after the fact is also typical.
But it is problematic for several reasons - one being that creation of response
categories can interact with hypotheses to be tested. The investigatérs en-
deavored to report categories of task solution completely. Reporting expla-
nations is more difficult, if not impossible in a publication of this nature.
Many were reported but not all. Hence, to a certain extent, the investigators
are privy to important information, not accessible to the reader, that may in-
fluence conclusions drawnm.

Thus, in studies of this nature, extreme care must be taken in drawing
conclusions and even then appropriate reservations must be made as to their
strength. It was disconcerting to find conclusions being drawn with consider-
able certainty.

Some specific questions about the tasks, solutions, and explanations are:

1. How were the solution categories for item 3a obtained? They don't
seem to fit the question.

2. Would responses have been similar if positive even and positive odd
integers had been compared in item 4?

3. How, directly, is item 5 related to transfinite cardinals? 1Is not,
indeed, the notion of limit point, more germane?

4. In item 8b, why were a wrong and a right response combined to com-
pare with a wrong response in the analysis?

5. Why is a "more than" comparison asked for in item 4 while an "equiv-
alence" comparison is asked for in items 6 and 7?

6. Is the categorization of subject explanations as "concrete'" and
"abstract" justified and meaningful? Similarly, the categorization
of subjects as "finitist" and "infinitist"?

7. Tasks deal with both denumerable and uncountable sets, but do they
ask subjects in any way to differentiate them?

The tasks, as a whole, do deal with the global notion of infinity. How-
ever, would it not be useful, and inform the analysis, to cbnsider at least
some differentiation of subconcepts within the global concept? For example,
one differentiation that could be made would be between infinite, or endless,
processes and the property of a set of objects as having transfinite cardin-
ality. Indeed, most of the tasks deal with infinite processes. Perhaps some

differential response patterns are present in the data that reflect these two
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aspects of infinity.

One of the basic conclusions of the study appears to be that the "intui-
tion" of infinity is quite resistant to schooling and maturation over the time
span studied. But study of the data for grades 5 and 7 shows consistent in-
crease in correct responses from grades 5 to 7, some showing significant values
of X2, This is noted, the influence of formal operational thought is recog-
nized, and yet it is-somewhat discounted by the investigators. Some relevant
questions are:

1. Was the study conducted at the end of the school year?

2. What had present seventh graders studied in grade six?

3. Are there any curricular elements that might account for some declines

from grade seven to grade nine?

Certainly this result seems worthy of further exploration in terms of the
relationship of concepts of infinity and formal operational thought. 1In this
connection the reader might be interested in exploring a closely related study,
on the child's concept of limit (Taback, 1975).

Finélly, in carefully studying this investigation on infinity, the review-
er was alternately perplexed and enlightened, frustrated and inspired. The
reading is not easy and much of the argumentation is involved, based on multi-
ple aspects of the data, and, to a considerable extent, inductive in nature.
The study is a rich and complex investigation of a rich and complex construct.
In perusing it, objections, alternative explanations, and research ideas were
continually distrupting any orderly train of thought. Those interested in
tackling big, complex mathematical concepts such as infinity should read this
study and see what objections, alternative gxplanations, and research ideas

are suggested.

Reference

Taback, Stanley F. The Concept of Limit. In Children's Mathematical Concepts
Six Piagetian Studies in Mathematics Education (Myron F. Rosskopf, Editor).
New York: Teachers College Press, 1975.
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Hamrick, Kathy B. ORAL LANGUAGE AND READINESS FOR THE WRITTEN SYMBOLIZATION
OF ADDITION AND SUBTRACTION. Journal for Research in Mathematics Education
10: 188-194; May 1979.

Abstract and comments prepared for I.M.E. by J. LARRY MARTIN,
Missouri Southern State College.

1. Purpose

To determine the effect of delay versus immediate introduction of
written symbolization of addition and subtraction symbols on students
classified as ready or not ready by the investigator. )

2, Rationale

Reading and language educators emphasize the importance of verbal
facility as a readiness factor for reading. The spoken word mﬁst precede
the written word so that meaning can be attached to the written symbol.
Similarly, verbal facility with the spoken phrases of arithmetic may be
an important readiness factor for the meaningful learning of the symbol-

ization of those phrases.

3. Research Design and Procedures

The sample consisted of 38 subjects selected from 66 first graders
who had been given an investigator-constructed readiness test. Students
classified as ready were paired using the Key Math test, giving 8 pairs
of ready students. Students classified as not ready were paired using
the Key Math test and their readiness test scores, giving 11 pairs of not-
ready students. The remainder of the 66 original students could not be
matched and thus were not included in the sample of 38. Readiness was
determined using an individually administered test designed by the investi-

~gator based on a list of the school's first grade objectives for addition
and subtraction. Objectives related to reading, writing, or speed of re-
sponse were either discarded or modified to require verbal responses.
"Essentially, a student was considered to be ready for the introduction of
the written symbolization of addition, for example, when he or she could
add verbally" (p. 188).

One student from each pair was assigned to an immediate symbolization




17

group and one to a delayed symbolization group. This gave rise to four
instruction groups: ready-immediate symbolization (RI), ready-delayed
symbolization (RD), not ready-immédiate symbolization (NI), and not réady—
delayed symbolization (ND). These four treatment groups were further di-
vided into two halves for instructional purposes. The four treatments
were conducted simultaneously over a period of 12 weeks.

The treatments consisted of a series of 63 activities on addition
and subtraction based on the school's first-grade objectives mentioned
above. Each activity contained three sections: concrete-pictorial, verbal,
and symbolic. Students in the RI and NI groups covered the sections in
order, with the written symbolization introduced simultaneously with each
topic. Students in the RD group delayed written symbolization for 5 weeks.
That is, they initially covered only . concrete-pictorial and verbal
sections of each activity. For the ND group, written symbolization was
also delayed, but delayed until the student demonstrated readiness for it.

The treatments were concluded with a posttest administered to all
students. Each student received 12 scores measuring his or her ability to:
interpret addition, subtraction, and addition and subtraction number sen-
tences (3 scores); produce addition, subtraction, and addition and subtrac-
tion number sentences (3 scores); state answers to additionm, sﬁbtraction,
and addition and subtraction number sentences (3 scores); interpret, pro-
duce, and state answers to addition, subtraction, and addition and subtrac-
tion number sentences (3 scores).

Twelve null hypotheses were tested for the ready students and 12 for
the not ready students. They were that the time of introduction of written
symbolization would have no affect on students' ability to perform the 12
tasks as measured by the posttest. The Wilcoxon Signed Rank Test was used

to test the hypotheses.

4. Findings
The results showed no differences in abilities between ready students

who had immediate symbolization and those who had delayed symbolization.
Significant (a = .05) differences were found between NI and ND students in
favor of the delayed symbolization group in their ability to interpret ad-

dition, subtraction, and addition and subtraction number sentences.
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5. Interpretations

Based on review of audiotapes and videotapes, discussions with partici-
pating instructors and the test data analysis, the investigator offered five

conclusions:

(1) The time of introduction of written symbolization does not:
affect ready students' meaningful learning of the symbolization i
of addition and subtraction ... (2) A delay of symbolization may
cause symptoms of boredom and frustration among ready students
.o+ (3) The time of introduction of symbolization does affect
not ready students’ meaningful learning of the symbolization of
addition and subtraction ... (4) If a student is not ready for
the introduction of written symbolization of addition and sub-
traction, the student's learning of the symbolization will be
more meaningful if the symbolization is delayed until the stu-
dent is ready ... (5) Students' readiness ... influences the
students' meaningful learning of the written symbolization of
addition and subtraction. (pp. 193-94)

Atstractor's Comments

More about the criteria for determining readiness might have been help-
ful to the reader. As is often the case in reported research, the instrument
is described but not exemplified. Examples can sometimes paint a clearer pic-
ture. Another question related to readiness comes to mind. For those stu-
dents classified as ready, how does one know how long they have been in that
state? If the effect of a delay in symbolization is under investigation,
doesn't this become critical?

The research questions raised in this study are legitimate ones. The
nature of the student is a major factor in curriculum development. However,
attention to readiness is most often focused on mathematical prerequisites.
Verbal facility with the words and mathematical phrases can be overlooked.

If mathematics is a language, then we should expect that speaking the lan-
guage would facilitate reading and writing the language. Both teachers and

teacher trainers would do well to keep this in mind.
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Hart, Kathleen. THE UNDERSTANDING OF RATIO IN THE SECONDARY SCHOOL. Mathe-
matics in School 7: 4-6; January 1978.

Abstract and comments prepared for I.M.E. by JOHN R. KOLB,
North Carolina State University.

1. Purpose
The stated purpose of this study was to seek answers to the following

questions:
a. "How well do secondéry school students understand the topic of
' ratio?"

b. "When they don't understand ratio, what thinking strategies or
answer-getting methods do they employ when faced with ratio
problems?"

These questions were investigated by administering a test to a nationwide

sample of two thousand English children.

2. Rationale

British Secondary School Mathematics textbooks were surveyed to produce
a list of specific aspects of the topic of ratio. From this list, questions
were constructed and used in interviewing thirty-five secondary children on
a 1-1 basis. After the interviews, a written test was constructed and admin-
istered to one hundred children. Finally, a revised version of the test

containing 27 items was given to the final sample of 2000.

3. Research Design and Procedures

The students are described as being 2nd, 3rd, and 4th year students in
secondary school. Thus, they should be comparable to students in grades 7,
8, and 9, respectively, in the United States. The report indicates.the sample
consisted of 690 2nd year students in 8 schools, 767 3rd year students in 7
schools and 800 4th year students in 7 schools. The report does not indicate
exactly how many different schools were involved nor does it indicate whether
the studenfs were in the secondary grammar, secondary modern, or secondary
technical streams. The sample was described as being representative of the

distribution of I.Q. in each year group.

27
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4, Findings ,

Results are reported in terms of the percent of youngsters in each year-
group who successfully responded to items on the test. In general, 4th year
students performed better than 3rd year students who in turn had a higher
success rate than 2nd year students. The means for each yeér—group and per-

centages obtaining 23 or more out of a possible 27 items are:

Mean Percentage Obtaining 23/27 or more
2nd year 12.13 3.2
3rd year 12.88 8.0
4th year 14.65 13.9

5. Interpretations

Although 4th year students obtained the highest mean on the test, it
was concluded that few students in each level really understood or could
cope with ratio. The easiest problems were those that involved doubling or
halving, but this ability is no indicator of ability to tackle other ratio
questions. Children used a variety of methods to tackle the ratio problems,
particularly those involving more than merely doubling or halving. One com-
mon method was an addition strategy in which the child concentrates on the
difference between the numbers rather than the ratio of the numbers. Students
performed operations on fractions and percentages without recognizing their
inappropriateness. They would seek some method - any method - and attempt

to consistently apply it without regard to its reasonableness in the problem.

Abstractor's Comments

This study can best be described as an assessment or testing program on
a specific topic rather than an investigation of a research hypothesis. From
the standpoint of research results, this study adds little to our understand-
ing of how children deal with ratio. However,'the items used to elicit stu-
dent responses are quite clever. They penetrate to student understanding and
comprehension and not just technique and manipulation. These items could be
very helpful to any researcher who is interested in studying and understanding

student's thinking with respect to ratio.
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Kulm, Gerald and Days, Harold. INFORMATION TRANSFER IN SOLVING PROBLEMS,
Journal for Research in Mathematics Education 10: 94-101; March 1979.

Abstract and comments prepared for I1.M.E. by AARON BUCHANAN,
SWRL Educational Research and Development, Los Alamitos, California.

1. Purpose

The main purpose was to measure transfer between related types of
verbal problems using a special technique of information analysis adapted
from research on information processing. The study is exploratory and no
hyfotheses are stated explicitly. However, there is an underlying hypo-
thesis that the amount of information which becomes functional in solving
a specific problem is affected in different ways by different types of

related problems that have been solved previously.

2, Rationale
There are two models that provide primary support for the rationale.

i) Transfer between related types of verbal problems

It is possible to identify different types of related problems
for a4 specific target problem that is supposed to be solved. This
study involved five types of related problems which, it was thought,
would differentially affect the amount of information that was per-
ceived and used in the target problem. The five types of related
problems for the target problem were (a) equivalent problem, (b) a
special case, (c) a similar problem, (d) a generalization problem,
and (e) an unrelated problem. The idea was to explore how informa-
tion transfers from each of the five types to the target problem.

A "guessing" technique was developed to measure the amount of
information in the target problem for different groups of subjects
who had just previously worked through one of the related problems.

ii) Information processing theory

The study involves a "guessing" technique normally used in
information analysis where subjects try to guess succeeding signs
which have been deleted from a message. The adaptation of the

v technique for this study required subjects to guess succeeding

information units (words, symbols, etc.) or steps deleted from a
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verbal problem. The guessing technique produces a measure of the
subjective information (1) obtained from the problem statement, a
set-up of the solution, and the step-by-step solution, itself.
This measure is given by the formula:

k

1= E 1og2Pi

i=1

where P; is the proportion of subjects who guess correctly the ith

missing step or unit of information.

3. Research Design and Procedures

The basic procedure called for a group of subjects to solve one of
the five related problems and then "guess'" missing steps and/or units
of information in the target problem. Overall, the design involved six
groups of prospective elementary teachers (N=15 in each group), one group
for each of the related problems and an additional group that actually
solvéd the target problem before they guessed it. (Presumably, the
latter group provided a kind of baseline data where guessing involved
direct reéall more than transfer.) The only dependent variable was (1),
the value of subjective information obtained by each of the six groups
on the target problem based on results of the guessing technique.

The design actually included two replications of the experiment,
since each group repeated the related-problem/target-problem process
twice, once for an algebraic target problem and once for a puzzle¥*

target problem.

4, Findings

The major results involve subjective information values obtained
on the target problem by eéch of the different groups that had previously
solved one of the five types of related problems. The logic is tricky,
since a low information value occurs when missing units of information

in the target problem could be guessed with a relatively high probability.

*Missionaries and Cannibals problem.
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Thus, when there is a low information value on the target problem for a
particular group, it is taken to mean that there is little ﬁé& actual
information implicit in the problem itself. High information values,
on the other hand, mean there must be a great deal of information in the

problem, since it is hard for subjects to guess parts that are missing.

Algebraic Problem

The information in the target problem was analyzed in four parts:
The problem statement, the solution set-up, the problem solution, and
thé total problem. In general, the main results showed that groups who
had previously solved the gemeralization problem or the similar problem
obtained lower information values on the target problem (i.e., guessed
with a relatively high probability), the solution set-up, and the solu-
tion itself, than groups who had previously solved the special case or
the equivalent problems. However, these differences were only signifi-
cant in one case where the generalization problem and similar problem
groups had significantly lower information values on the target problem
than the equivalent problem group. The generalization and gimilar prob-
lem groups did obtain significantly lower information values in most

cases than the group which had previously solved an unrelated'problem.

Puzzle Problem

On the total solution (which was divided into 11 steps) groups which
had ‘previously solved the generalization problem or the equivalent prob-
lem obtained lower information values on the target problem than groups
who had previously solved the special case problem or the similar problem.
The equivalent problem group had significantly lower values on the target
problem than the similar problem group, and both the equivalent ard the
yeneralization problem groups had significantly lower values on the target
problem than the unrelated problem group.

5. Interpretations

The authors interpreted a low information value as an indicator that
information had been transferred from the related problem to the target
problem. Otherwise, subjects in this group would have had more difficulty

31
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replacing missing information in the target problem during the ''guessing"
procedure. Therefore, on the algebraic problem, they interpreted.the
results to mean that there was more transfer to the target problem from

a generalization or a similar problem than from an equivalent problem or
a special case. On the puzzle problem, the authors concluded that more
information was transferred to the target problem from the generalization
or the equivalent problem than from a special case. In general, they
interpreted the data from this study to support the conjecture that a
general-specific sequence may be a better one for learning how to solve
problems than a more traditional sequence where instruction tends to

flow from specifics to a general case.

Abstractor's Comments

The most significant contribution of this study is likely to be its
use of techniques for information analysis to produce an alternative form
of dependent measure in problem-solving research. The objective of this
kind of analysis is extremely appealing, especially in studying the use
of information embedded in the verbal problem and methods for its solu-
tion. It seems to héve potential as a more sensitive tool for measuring
transfer than measures used in conventional methods, which are too often
limited to the frequency with which the target problem is actually solved.
Intuitively, it seems that this technique, or one like it, allows the
researcher to, in a sense, measure partial effects of one kind of problem
on another, even in cases where subjects may not actually be able to bring
about a complete solution. On the other hand, the "guessing" technique
appears to have its own peculiar constraints which create a certain
uneasiness over what characteristics of the problem-solving process are
actually being.measured.

Since the study is exploratory, it isn't proper to hold it rigor-
ously accountable for the standards of more formal research. The study
1is basically well-designed and, as nearly as one can tell from the report,
procedures are appropriately adequate. It does seem particularly impor-
tant, even in this exploratory mode, to have some confidence that the
different groups involved in problem-solving protocols were reasonably

equivalent to start with; otherwise, results would be mostly meaningless.

32
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Although there is no specific statement to the effect that group assign-
ments were random, the procedures lead one to believe that this was prob-
ably the case.

The report, itself, is much too short, especially where the logic
is tricky and interpretations seem counter-intuitive to the reader who
may not be pretty well rehearsed on techniques of research on information
processing. Too many important details are either missing or too inadver—
tently laid between the lines. For example, the authors used the \
Wilcoxin Matched Pairs Sign Ranks Test to test the significance of
subjective information values, but it's hard to tell positively just
what kind of values were actually matched.
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Lawson, Anton E. and Wollman, Warren T. DEVELOPMENTAL LEVEL AND LEARNING TO
SOLVE PROBLEMS OF PROPORTIONALITY IN THE CLASSROOM. School Science and Math-
ematics 80: 69-75; January 1980.

Abstract and comments prepared for I.M.E. by THEODORE EISENBERG and KEVIN
GALLAGHER, Northern Michigan University.

1. Purpose
To test the Piagetian hypothesis that if '"the development of formal op-

erations must precede the learning of certain mathematical concepts is correct,

then instruction in such concepts may be beneficial only for some students"

(p. 69).

2. Rationale

Piaget claims that the sequence through which a person develops intel-
lectually is invariant. However, the rate through which this development oc-
curgs is often influenced by intelligence, the environment, and other factors.
High-IQ children are often at different stages in the intellectual development
sequence than their low-IQ classmates. Thus, the mathematics teacher 1s often
faced with the task of presentiﬁg certain concepts to students for which some

may not be intellectually ready.

3. Research Design and Procedures

Twenty-eight seventh-grade students (parenthetically described as "12
males and 18 females" [p.70]) were categorized into one of three groups based
upon their responses to a set of three Piagetian tasks: early concrete, late
concrete, or early formal operational levels of intellectual development.

The groups had 4, 8, and 16 students in them, respectively. They were col-
lectively instructed over 10 periods by their classroom teacher on how to
solve problems of proportionality. The instruction was based upon the text,

Modern School Mathematics 7: Structure and Method by Dolciani et al., and on

the teacher's own written materials.

Success with proportionality problems, accordiﬁg to Piagetain theory,
implies that one is operating at the formal operational level. After instruc-
tion, the students were presented with a variety of problems dealing with pro-

portionality; some were Piagetian in nature (e.g., balance-beam problems),
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others were straightforward paper-and-pencil tests. Based upon the research-
ers' discretion, partial credit was given for incomplete solutions. Evidence
in support of the hypothesis that the early formal operational group benefited
from the instructional unit more than the other two groups would be obtained
if the three groups of students performed in the obvious expected manner for

all tasks administered.

4, Findings
Using the Kruskal-Wallis ANOVA rank test on the mean scores for the post-

instructional tasks, the students performed as expected on all but one of the

tasks (see Table 1 reproduced below).

TABLE 1
CoMPARISON OF PRETEST LEVEL OF INTELLECTUAL DEVELOPMENT WITH
POSTTEST TASK PERFORMANCE

Level of Intellectual Development®

Posttest Task Early Concrete  Late Concrete Early Formal H
Mean SD Mean SD Mean SD
{(n=4) {n = 8) (n = 16)
Balance Beam (4)° .50 1.00 L7 .71 250 .73 11.22°*
Disc (4) 75 98 2.13 1.13 244 .39 6.89*
Math Quiz (2) 1.25 .96 15 46 1.81 .40 13.70**
Mz, Tall-Mr. Short (4) 1.00 2.00 1.7 1,73 2.00 1.55 2.36
The Machine(8) 3.50 3.51 5.63 3.50 7.00 1.50 6.39°
® p<.0s
** p< .0}

a8 Asdetermined by conservation task performance.
b Numbers in parentheses represent the maximum number of points possible on each

k. (p 73)

Students categorized as early concrete generally did less well than late con-

crete students, who in turn did less well than the early formal students.

5. Interpretations

"These results lend support to the Piagetain hypothesis that the develop-
ment of formal operations is a prerequisite for the effective learning of the

proportions concept.
"[Students who have trouble with lessons should receive] special assist-

ance [which] must be much more than simply a repetition of the lesson, a re-

phrasing of directions, or the assignment of special homework problems. What

~
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may be called for is reorganization of the subject matter and a reemphasis

on first-hand manipulative experiences so that the subject matter is taught
not only froma logical point of view, but from a psychological one as.well"
(p. 75).

Abstractor's Comments

A fundamental hypothesis of this study is that students must be at the
formal operations stage in order to successfully understand proportionality,
as usually encountered in the school setting. But this was not upheld on the
math quiz, which was the most conventional test given after the instructional
unit, Here the early concrete students did quite well when compared to the
early formal students and quite a bit better than the late concrete students.
In other words, the students did not perform as expected. (The hypothesis
that such categorizations of Piagetian tasks might help classroom teachers
in predicting which students might have trouble with specific lessons was not
upheld--nor was it discussed.) The authors simply comment that: '"The Math
Quiz problems gave a curious non-monotonic result. This is perhaps due to
the.relatively small number of subjects in the three levels" (p. 73).

0ddly, the authors do not indicate concern about the small cell sizes
when the students performed in the expected Qipgpfibn.

The Kruskal-Wallis test was performed five times on five different sets
of data. This has a severe impact upon the overall a-level of the study.

. -Since the authors chose an a-level of .05 for each of the five tests, the
overall a-level of the study is

1- (.95)° = .226
Even if the Kruskal-Wallis test were appropriate here (which it is not), an
overall a-level in excess of..10 is generally unacceptable.

[The basic situation for which the Kruskal-Wallis test is appro-
priate is one] in which the data consist of k (>2) random samples,
one sample from each of k treatment populations. The basic hy-
pothesis is that of no treatment differences; that is, the k
samples can be thought of as a single (combined) sample from one
population. The alternatives of major interest relate to differ-
ences in location. (Hollander and Wolfe, 1973, p. 114)

For this study, the three samples were not chosen randomly. Sample differences
were known prior to data collection and, in fact, it was these differences

thatiformed the basis upon which the samples were constituted. Thus the
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authors introduced a confounding factor that was not controlled in the sub-
sequent analysis. The three samples did not experience different treatments.
Hence, the data analysis offered by the authors is inappropriate. .

One experimental design appropriate to the stated purpose of the study

is a randomized block design:

Treatments
- Instruction Control

Early

Concrete

Late

Concrete

Early :

Formal !

We need to know the characteristics of the population and that some semblance
of random sampling from the population took place. To aid reliability of test
results, the control group should be given a placebo instruction unit unrelated
to proportions. V

The conclusions of this study are not warranted by the data, nor does the
data analysis seem to be related to the hypothesis in question. The authors
have shown (although they seem unaware of it) a correlation between the Pia-
getian tasks used for the initial categorization and those used after the in-
struction was completed. An initial categorization based upon other criteria
(e.g., IQ or previous grades) probably would have yielded similar results on
the post-instructional tasks. Overall, it appears a hypothesis was stated,
data were collected, a statistical analysis was performed, and conclusions

were made. Connections between these events are tenuous at best.

Reference

Hollander, M. and Wolfe, D. A.‘wNonparametric Statistical Methods. New York:
John Wiley and Sons, 1973. e
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Lepore, Angela V. A COMPARISON OF COMPUTATIONAL ERRORS BETWEEN EDUCABLE
MENTALLY HANDICAPPED AND LEARNING DISABILITY CHILDREN. Focus on Learning
Problems in Mathematics 1: 12-33; January 1979.

Abstract and comments prepared for I.M.E. by A. EDWARD UPRICHARD,
University of South Florida.

1. Purpose
This study was designed to analyze differences and similarities in whole

number computation errors of four different groups of slow learning children:
young mentally handicapped (¥YMH), older mentally handicapped (OMH), young
learning diéability (YLD), and older learning disability (OLD); It was
hypothesized that errors made by groups would be generic rather than group-

specific.

2, Rationale

The inability of children to do arithmetic may be related to environmental
factors, cognitive factors, and/or affective factors. Because of the complex-
ities involved, the grading of a child's arithmetic paper is not suffiodent to
identify the inefficient strateéies and/or misconceptions underlying errors.
To analyze errors properly réquires direct interaction with the.child while
he or she is performing the arithmetic procedure. That is, an interview tech-
nique needs to be used to ensure appropriate diagnosis. The focus of this
study was on the diagnosis of whole number computation errors. Whole number

computation was selected for study since it is a prerequisite for problem solving
(Pace, 1959).

3. Research Design and Procedures

Four groups of students comprised the sample for this study: 28 YMH,
30 OMH, 8 YLD, and 12 OLD. A test-retest procedure was employed. An arith-
metic test measuring whole number computation (addition, subtraction, multi-
plication, and division) was developed based on an outline of basic skills
presented in a teachers handbook on mathematics (Wilson, 1939). The test had
four sections, one per operation, and each section was scored separately.

The total test was group-administered to all children; any child who scored

between 20 and 65 percent correct on a section(s) (operation) was selected for
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individual retesting on that section(s) only. The retesting used different

problems measuring the same skill. After each problem attempted on the retest,
the examiner asked the child to explain how he or she arrived at the énswer.
Detailed notes of the child's explanation were taken and errors analyzed using
a diagnostic checklist of errors prepared by Wilson (1939). Errors not on

the checklist were also recorded and a master list of errors organized by op-

eration was developed. There were four examiners.

4, Findings
Most of the retesting focused on subtraction and multiplication; addition

was too easy, division too difficult. The MH groups were retested on subtrac—
tion more than any other operation; the LD groups were retested most on multi-
plication. In general MH groups made more types of errors than LD groups.
More specific findings by operation are as follows:
Addition - errors were classified as Procedure, Facts, Renaming, Reading,
~;’G_'a1ps‘_,.,,nPi:ocess Reversal, Decimal, and Wrong Process. The number of addi-
;;on errors by group were YMH-30, OMH-37, YLD-7, and OLD-2. The YMH group
‘méde the most errors in Procedure (13%), Facts (23%), Renaming (20%),
Rea&ing (17%), and Process Reversal (17%). The basic error made by OMH
and YLD children was renaming (59% and 71%).
Subtraction - errors were classified as Process, Renaming, Zero, Gaps,
No Subtraction, Reversals, Facts, and Lefts. The number of.subtraction
errors by group were YMH-237, OMH-151, YLD-24, and OLD-36. Renaming
was clearly the most difficult task for children in all groups (YMH-54%,
OMR-46%Z, YLD-58%, OLD-67%). The Zero error also caused considerable dif-
ficulty for fhree groups - YMH (17%), OMH (23%), and YLD (25%). Facts
caused some problems for the OMH (18%) and OLD (19%) groups.
Multiplication -~ .rrors were classified as Renaming, Multiplies by 1

Digit Only, Multiples by Wrong Number, Add Errors, Zeros, Facts, Partial
Sums, Reversals, Process. The number of multiplicationAerrors by group ‘
were YMH-94, OMH-114, YLD-49, and OLD-43. Multipiies by Wrong Number

was the most common error across groups (YMH-56%, OMH-28%, YLD-45%, OLD-
30%Z). Renaming and Facts alsb caused some difficulty across groups.
Division - errors were classified as Process, Quotients, Remainder, Zero,

Subtraction/Multiplication, Partial Dividend, Incomplete, and Facts. The
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number of division errors by group were YMH-30, OMH-45, YLD-0, and
OLD-10. The most frequent errors made by the YMH group were Quotients
(13%), Partial Dividend (40%), Incomplete (13%), and Facts (23%):
Errors of OMH children were Process (22%), Zero (18%), Partial Dividend
(18%), and Facts (20%). Quotients (40%), and Zero (30%) caused most
difficulty for OLD children. The number of children retested in divi-

sion was small; thus interpretations are difficult to make.

5. Interpretations .

The types of errors found across groups vary. This is counter to the
original hypothesis. However, when examining types of errors by mental age
(MA) of subjects rather than groups, there seems to be a direct relationship
between error type and MA. Computation errors made by MH and LD children are
similar if the MA of subjects is examined. Computation errors are not unique

to the type of disability.

Abstractor's Comment

There are a number of comments I would like to make on Lepore's research
report. Some are simply editorial in nature, while others more substantive.
The editoral comments relate to group labels, pagination, and spelling.- -
These comments might be considered "picky", but they jump out at the reader.
1. The labels used in the text of the report to represent young mentally
handicapped and older mentally handicapped are YMH and OMH. 1In the
tables used to summarize data YMH is MYR and OMH is OMR. Thus, there
is a lack of consistency between tables and text which is confusing
for the reader.
2. 1In the section of the report describing the multiplication results,
pages 28 and 29 are out of order. The text on page 29 should precede
that on page 28.

3. In Table 10 - Percentage of Division Errors, the word "Remainder"

is spelled '"Reminader".

The editors of Focus on Learning Problems in Mathematics must be more

careful if they intend to publish a scholarly jou::zal.
The research reported by Lepore was clinir.. and/or exploratory in nature.

The purpose of this type of research is “o generate hypotheses rather than to
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to confirm or deny hypotheses. The hypotheses generated in clinical research
are based for the most part on the subjective judgment(s) of the researcher(s)
after careful analysis of the data. '

In the present study I would, question the author's interpretation of the
data. She claims that the errors made by the four different slow-learning
groups varied, and thus her original assumption that errors made by the groups
would be similar was not valid. This conclusion is an over-generalization!
The data presented in Tables 7-10 clearly indicate similarities in errors in
some or all four groups with respect to a specific operation. For example,
in subtraction, Renaming was the most difficult error across all four groups;
forty-six percent or more the errors within any group occurred in this category.
Two categories, Renaming and Zero, accounted for at least seventy-one percent
of the errors within any of the four groups. Other examples using data from
addition and multiplication can be given to challenge Lepore's interpretation
of the data.
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Lindsall, C. Mauritz and Ibarra, Cheryl Gibbons. _ INCORRECT PROCEDURES USED
BY PRIMARY GRADE PUPILS IN SOLVING OPEN ADDITION AND SUBTRACTION SENTENCES.
Journal for Research in Mathematics Education 11: 50-62; January 1980.

Abstract and comments prepared for I.M.E. by WERNER LIEDTKE,
University of Victoria, Canada.

1. Purpose

As part of the exploratory investigation an attempt was made to:

a) identify, tabulate relative frequency of occurrence, and offer
explanations for incorrect solution procedures used by first
and second graders solving a variety of forms of open addition
and subtraction sentences.

b) 1investigate prerequisites to the correct solution of open sen-

tences and to their application in story problems.

2, Rationale

The investigation was based on the following assumptions:

a) Open sentences are an important topic and they serve a useful
purpose, even at the first grade level, since they are essen-
tial for the understanding of addition, subtraction, equals
signs, and equations. Open sentences are also useful for
solving story problems.

b) Open sentences are difficult to iearn. Research is cited to
support this statement.

c) Knowledge of incorrect solution procedures is of value as far
as diagnostic purposes and planning for instruction are con-

cerned.

3. Research Design and Procedures

Three first-grade and two second-grade classes, each consisting of about
20 pupils, were selected from five communities which differed as far as type
and size were concerned. The first graders were tested in spring, the secon&
graders in October. Seven types of open sentences (a + 1:7 = c;_£:7 + b = c;
a - 1:7 = C; 1:7 -b=c;c=a+ [:7; c = [:7'+ b; ¢ =a - 1:7) were presented

in four different test-settings to determine types of incorrect procedures
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used by the subjects. The test-settings and response requirements included:
Written Test (W-T)
Oral Test (0~-T)
Story Problem Test (S-T)

filling in missing numbers.

reading sentences aloud.

supplying answers to orally presented problems.

Demonstration Test (D-T) illustrating sentences with blocks.

Two frequency tables, one for sentences showing the operation on the left,
the other for sentences showing the operation on the right, and four contin-
gency tables for the sentence type 1:7 -b = ¢ were constructed to report the

results.

4, Findings

a)  For sentences showing the operation on the left:
For the 101 subjects, the number of correct responses ranged
from 83 to 96 for the W-T, O-T, and D-T settings. For the
S-T setting, 67 and 69 correct responses were obtained. The
most common incorrect procedure used by the subjects was the
addition of the numbers given (givens) in the cpen sentence.
The number of correct responses for the subtraction sentence
with the missing term in the second position was high for all
four test settings (77 to 96), since performing the operation
indicated in the sentence on the given numbers (givens) does
yield the correct answer.
The number of correct responses fér subtraction sentences with the missing
term in the first position were 80, 57, 36, and 26 for the 0O-T, S-T, D-T, and
W-T setting respectively. The most common errors included the subtraction of
glvens for the W-T setting; the subtraction of givens and solving backwards
({.e., 4 minus 1 equals 3 for 1:7 ~ 4 = 3) for the 0-T and D-T settings; and
reporting one of the numbers from the story as the answer for the S~-T setting.
b) For sentences showing the operation on the right:
Three types of sentences were used: ¢ = a +'£:7; c = [:7 + b;
c=a -~ 1:7. Since the story problems would be similar to
those for sentences showing the operation on the left, only the
W-T, O-T, and D-T settings were used.

For the addition sentences, the number of correct responses ranged from

44 to 80. The subjects found the O-T to be the most difficult setting. The
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most common errors included the addition of givens for the W-T and D-T set-
tings. Reading the sentence from- left to right was the most common procedure
for the O-T setting. .

For the subtraction sentence, the number of correct responses were 46
for the W-T setting, and 56 for both the O-T and D-T settings. For all three
settinés the most common error was the reading of the sentence from right to
left (i.e., c = a -_[:7, 'something minus a equals c').

c) Factors associated with ability to solve open sentences:

Since the majority of incorrect responses were interpreted to
be a result of incorrect reading, it was hypothesized that the
ability to solve a number sentence will depend on the ability
to read and on the ability to explain (demonstrate) what the
'gentence means. The data for the sentence type 1:7 -b=c
were judged to be most suitable to test these relationships.
The results were: '"The data seem to suggest that reading the
sentence is probably an essential prerequisite to being able
to solve it"; "being able to verbalize the sentence, although
a necessary prerequisite, is not a sufficient prerequisite';
and being able to demoﬁstrate (explaip) the sentence was not

a prerequisite for being able to solve it.

5. Interpretations

Since reading a sentence was found to be an important determiner of the
ability to solve it, it is suggested by the authors that the role of careful
and correct reading could be given more emphasis during the teachingiprocess.
The fact that the subjects were found to change from a correct reading to an
incorrect one to illustrate their own incorrect solution procedures was used
in support of this statement. A similar ‘outcome for the demonstrating of an
open sentence contributed to the conclusion by the authors that it is impor-
tant to teach students '"to comprehend number sentences in terms of all the
meanings that are essential to their solution and to their application to
real problemé."

The importance of reading is reiterated under the discussion on implica-
tions for instructional practice. One instructional strategy that is suggested

is that students should be exposed to reading and study activities that involve
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correct as well as incorrect solutions to open sentences. The authors make
the comment that not all of the sentences considered in this study should
be taught at the early grade levels which were included as part of this
investigation.

Suggestions for further research include suggestions for identifying:
measures of understanding open sentences; the extent to which the ability
to identify correct and incorrrect solutions of number sentences is prereg-
uisite to being able to solve them; and the extent to which pupils are able

to comprehend stories that could be described by various types of open

sentences.

Abstractor's Comments

The published report on the investigation would have been more complete
had information on the following points been included:

a) Was the written test part of the inverview setting or was it a group

test?

b) What kind of notes or records were kept during the interviews?

c) Why were second graders part of the sample? What was the reason for
the particular first- and second-grade split?

d) What was the specific make-up of the open sentences? Were doubles
or near doubles included for the addition sentences? Was one or zero
included in any of the sentences? For the addition sentences, was
the given addend greater or less than the missing addend? For the
sentence 1:7'- b=c,was b >c or was b < ¢c? For any of the sen-
tences was ¢ < 10, ¢ = 10 or ¢ > 10?

e) What kind of story problems were presgnted? What terms were used in
these problems?

f) Which of the open sentences had been taught before the testing? 1If
any of the sentences had been taught, how were they presented? What
mathematics program or text was used by the subjects?

The high number of correct responses to the tasks involving the open
sentences is an amazing result, especially since first graders and beginning
second graders made up the sample. Many teachers, some from as high as the
third grade, will classify missing addends or open sentences as one of the
more difficult ideas to teach. (Some delay the topic until the arrival of
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the student teachers!) Why were the tasks so easy for these subjects? The
answers to some of the questions raised in d above could provide some sort

of clue. Perhaps the subjects had been taught the type of responses éxpected
in these test settings? Could it be that the tasks of the test-settings were
so easy that the subject could answer them correctly without having acquired
an understanding of the actions associated with these open sentences?:

Specific information about the make-up of the items that were used is
needed before this last question can be answered for the W-T setting. Since
the word 'box' was accepted as a correct response, this answers the question
for the O-T setting in the affirmative and accounts for the fact that almost
all subjects responded correctly. As far as the D-T setting is concerned,
other difficulties exist. It is almost impossible to imagine how a young
child can demonstrate with blocks the action associated with an open sentence
of the type a + 1:7. = b, (This is a difficult task for an adult!) The only
thing a child can demonstrate is something that is representative of a + b = c.
"If the demonstration is done incorfectly, it may not be because the open sen-
tence is not understood, but because a basic fact may have been forgotten.

On the other hand, a correct demonstration may have nothing to do with under-
standing what the open sentence is all abouﬁ. The expectations of the observer
and the evaluation procedures that were used for the D-T setting are difficult
to imagine. .

Since it seems possible for a subject to respond correctly to the tasks
of the test settings without actually being able to visualize or under=tand
the actions associated with open sentences, the interpretations based c:u the
results of the study come into question. The report begins with the statement
that 'most elementary school arithmetic curricula introduce children to the
language of number sentences and to the solution of open sentences early in
their study of mathematics.' A quick on-the-spot survey of five available
first-grade books showed that four of them did not include open sentences at
all, and the authors of one restricted themselves to one type of sentence
(a +.£:7 = c).

The authors of the report state the assumption that open sentences are
needed for the understanding of addition and subtraction. From the study and
the results it is difficult to see why this should be the case. Wouldn't it

be more appropriate to present these open sentences in the later grades when
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the students are able to distinguish between using a number sentence to sum-
marize ar action for a given description or representation and using a number
sentence to calculate the answer to a question? Even at this later séage,
open sentences would enhance the understanding rather than be necessary for
the understanding of addition and subtraction.

Throughout the discussion a heavy emphasis is placed on the ability to
read open sentences. In a hierarchy of tasks that are required for the under-
standing of a given idea (skill or concept), shouldn't the importance of read-
ing be de-emphasized, especially at the early stages of learning about the
idea? 1Isn't there a danger that if reading is emphasized the result may be
that learning takes place at nothing other than the verbal level? Over one
hundred young children were interviewed as part of the investigation. Any
task that involves young children is a rewarding experience since something
unpredictable or unexpected always occurs. It was disappointing that in the
whole report not even one small paragraph was included to report on something
that is representative or typical of the ages of the subjects used in the study.

The report of the study was rather long and a bit too speculative. The
most valuable outcome of the investigation are the suggestions for further

research.

(S
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Robinson, M. A. and Straley, H. W. THE EFFECT OF TEACHER-AIDE EXPERIENCE ON
MATHEMATICS APTITUDE. School Science and Mathematics 80: 245-250; March
1980.

Abstract and comments prepared for I.M.E. by TERRY A. GOODMAN,
Central Missouri State.University.

1. Purpose
The purpose of this study was to determine the effect of supervised

teaching experience on secondary students' mathematics aptitude. In this
study, mathematics aptitude was measured by student scores on the Scholastic

Aptitude Test-Mathematics.

2, Rationale

There have been many efforts to improve students’ mathematics aptitude
and reverse the decline in SAT-M scores. A teacher aide program was designed
to provide a student-teaching experience for senior high school mathematics
students. It was proposed that this program would help improve participants'
mathematics aptitude.

The program involved juniors and seniors in a college preparatory school.
These students acted as aides, assisting classroom teachers with basic mathe-
métics sections. Each aide conducted weekly extra-help sessions, helped make
and grade tests, checked homework, worked with individual students, and taught
short lessons to entire classes. Aides received independent study credit (1

Carnegie unit) for participation in the program.

3. Research Design and Procedures

An experimental group was composed of eighteen studsnts who participated
in the Teacher Aide Program during the period 1971-19;,. These subjects sat-
isfied two additional requirements:

1. 1Initial participation in the program was dur; . the fall of their

senior year.

2. They took the SAT-M in both junicr and senior years.

A list was formed of students from the same period who had not partici-
pated in the aide program. Each experimental subject was matched with a stu-

dent from this list so that:
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1. the members of each matched pair graduated within one year of each
other;

2. the members of each matched pair took the same senior mathemétics-
course; and »

3. the junior SAT-M score of the control subject was as close as pos-
sible to that of the corresponding experimental student.

A gain score was calculated for each subject. This gain score was the

difference between the junior and senior SAT-M scores. The mean gain scores

for the experimental and control groups were compared using a matched t-test.

4. Findings
The results of the study showed that the mean gain of the experimental

group was significantly larger (by 37 points) than the mean gain of the control
group (p < .01). .

To further support the initial equivalence of the control and experimental
groups, the groups were compared with respect to two other measures: junior
SAT-Verbal scores and senior grade point average. The former was to be a mea-
sure of intellectual ability, while the latter was to represent academic abil-
ity and motivation. T-tests in&icated no significant differences between the

groups on either of these measures.

5. Interpretations

Based on the results of this study it was concluded that participants in
the student-teaching program significantly improved the mathematics aptitude
of the experimental group.

Several specifig aspects of the Teacher Aide Program were suggested as
possible reasons for the significant gain in SAT-M scores. First, the teacher
aide waz forced to understand concepts more completely in order to teach them
to other students. Perhaps the students were more motivated than they would be
in a studenft-learning setting.

Second, the aides were réquired to explain concepts in several ways in
order to work with different students. Making up problems for tests also en-
couraged the 2ides f¢ view concepts from more than one perspective.

Overall, ther, the student-teaching experience involved relearning of

basic mﬁthematics concepts and skills. The major advantage of the program
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was that the student was more motivated to study, review, and explain basic
mathematics. ‘

Several recoumendations were also suggested by the researchers. It was
proposed that teacher aide programs involving students with lower mathematics
aptitude be initiated. It was also proposed that further studies be conducted
with particular emphasis on the following questions:

1. What specific factors in a teacher aide experience have effect on

aptitude? )

2. What kind of school environment is necessary for the success of such

a program?

3. What effect do these programs have on teachers, students, and aides?

Abstractor's Comments

This study has some appeal since it was conducted in a rather normal school
setting. It would be feasible for many schools to initiate programs similar to
the one described in the study. There is a need for studies conducted in real-
istic school settings and the experimenters are to be commended for their ef-
fort. There are, however, some related issues that need to be considered.

While the experimental design for this study was appropriate, there are
several questions about the analysis. Since the number of subjects was rather
small, an analysis of covariance might have_been more appropriate than the
matched t-test. The former would provide a more precise analysis than simple
gain-score comparisons. Also, the researchers mentioned that a Chi-square
test was used, but did not report how or what the results were.

The researchers conclude that "participation in the Teacher Aide Program
improves a student's mathematics aptitude.as measured by the SAT-M." Compari-
son of mean gain scores is used to éupport this conclusion. Consideration of
individual pairs of subjects raises some interesting points. In five of eight-
een cases, the control subject gained as much or more in SAT-M scores as the
experimental subject. Also, there was one rather extreme case in which the
experimental subject had a gain score 180 points higher than the corresponding
control subject. The next largest difference was 90 points. With only eight-
een cases, this extreme case may have had a strong effect on the overall re-~
sults. Thus, the experimenters' conclusion may be somewhat overstated. From

these results, it appears that for some students participation in this program

20
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improves mathematics aptitude. It could be useful to consider for which stu-
dents the program is most beneficial.

The experimenters claim that there was no significant difference'between
the groups with respect to motivation. Why, then, did some students choose to
participate in the teacher aide program? The program required more work, more
time, and more preparation. Perhaps the experimental students (at least in
. their senior year) were more motivated to review, relearn, and pursue mathe-
matics in more depth and this higher level of motivation was more crucial than
the nature of the program.

Finelly, even though the program appears to have been beneficial for
some students, it is not clear whether this was due to the specific nature of
the program. Could students' aptitude be increased through other means, such
as extra courses, independent study, or special topics? This is not to argue
against the program described in the study, but some questions need to be con-
sidered. Could more students be involved through other approaches (relatively
few students participated in this program over a six-year period)? What ex-
periences should be provided for less able and/or less motivated students?

Are there other approaches that could be more efficient in terms of time and
money? Could the program be stfuctured more toward individual student needs
and interests?

This program shows some promise. Careful investigation of the questions
raised here and those of the experimenters is needed to describe better the

benefits and limitations of such programs.

51
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Saxe, Geoffrey B. COUNTING AND NUMBER CONSERVATION. Child Development 50:
180-187; March 1979. ’

Abstract and comments prepared for I.M.E. by EDWARD C. RATHMELL,
University of Northern Ilowa.

1. Purpose

The wajor purpose of the studies reported was to determine the rela-
tionship between the development of (1) children's logical reasoning to use
counting to compare and reproduce arrays and (2) their understanding of num-
ber conservation. Accuracy in counting was also examined as it related to

the development of these counting strategies and number conservation.

2, Rationale

Views concerning the relationship between counting and the conserva-
tion of number differ widely. Both counting—base& models and non-counting-
based models have been proposed for the development of number conservation
concepts. Advocates of the counting-based models suggest that counting ex-
periences help children learn that spatial transformations do not alter the
number of a sef. Others have formulated non-counting-based models. Piaget
has indicated that "...counting can never cause the development of logico-
physical concepts such as number conservation.”" (p. 180) In fact, he goes on
to suggest that "...it is only once the child reaches an understanding of num-
ber conservation that counting can acquire meaning as a 'symbolic tool' to re-
present numerical relationships" (pp. 180-181).

These studies were designed to determine if children develop the use
of counting as a means of comparing and reproducing sets before, at the same
time as, or after the development of number conservation. Predictions made
from a counting-based model would include (1) an invariant sequence with chil-
dren learning to use counting as a means to compare and reproduce sets prior
to understanding number conservation, and (2) children who fail to develop
these uses of counting will also lack number conservation. On the other hand,
predictions made from a non-counting-based model would include (1) varying
sequences of development between counting and number conservation and (2) chil-

dren who fail to develop counting skills will still develop number conservation.

ERIC | 02
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3. Research Design and Procedures

Ihe first study was conducted with_13 four-year-olds, 13 five-year-olds,
and 40 six-year-olds from middle-class nursery and elementary schools: Age
groups were selected to represent children in the beginning and tramsitional
stages of development to mature counting strategies and number conservation.
The subjects of the second study included 20 seven-year-olds, 13 eight-year-
olds, and 11 nine-year-olds. These children had been categorized as learning-
disabled students whom teachers judged to have atypical counting skills.

In the first study, the interviewer presented two sets of tasks to in-
dividual children. The order of presentation was balanced within each age
group. The accuracy of all counting was recorded for each of the tasks.

The notational counting tasks included (1) comparing a long row of 9
dots to a parallel but shorter row of 11 dots, and (2) placing a card with 9
uots on the floor beneath a table and asking the children to place the same
number of beads on top of the table without moving the card. In both cases,
children were encouraged to count if they did not count spontaneously.

The number conservation tasks involved comparisons of two arrays.

The interviewer presented an array of 9 beads and had the children make another
row of beads in one-to-one corréspondence. After first asking if both sets

had the same number, the children were than asked to compare the sets when

one row had been spread and again after it had been compressed.

The subjects in the second study were asked to perform counting and
number conservation tasks similar to those in the first study. In order to
learn more about their counting skills, they were also asked (1) to count four
sets of‘9 or 11 dots, (2) to draw "the same number" of circles as a linear ar-
ray of 10 circles, and (3) to place "the same number" of beads on a table as
a8 linear array of 9 beads that was shown. The Piagetian tasks of class-in-
clusion and seriation were also presented. The reason for including these
Piagetian tasks was to determine if there was a general delay of cognitive
development in these students or if the lack of counting skills might have

delayed only the development of number conservation.

4, Findings
Of the 21 children who conserved number in the first study, all but

one had already developed quantitative counting strategies. The one exception
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was a subject who was at the transitional stage of developing quantitative
counting. On the other hand, only 20 of the 46 who had developed quantitative
counting were number conservers. .

Only 10 of the 44 children interviewed for the second study were found
to have atypical counting skills. The two who used prequantitative counting
did not conserve number. The other eight all counted at less than 60 percent
accuracy, but were quantitative counters and conservers. e

There was a significant difference (p < 0.01) in counting accuracy
favoring children who used quantitative counting as opposed to those who used
prequéntitative gounting. However, not all quantitative counters were accurate.
Six of the 45 quantitative counters in the first study were accurate less than
two-thirds of the time. There was not a significant difference (p < 0.80) in

counting accuracy between the conservers and the nonconservers.

5. Interpretations

"The present findings indicate that counting undergoes a significant
inteilectual construction prior to the development of number conservation"
(p. 186). Since the use of. quantitative counting strategies developed before
number conservation for both normal and atypical subjects, "...it is likely
that thie constitutes an invariant developmental sequence” (p. 186).

The findings are consistent with the predictions of the counting-based
models. They suggest that children use counting to discover number conserva-
tion. However, there is an inherent difference in the tasks that were used
in these studies. The counting tasks require an understanding of correspond-
ence with a static set while the conservation tasks require an understanding
of a dynamic correspondence between two different arrangements of a set.
"This difference suggests that the invariant order between the acquisition
of counting and conservation is determined by progress in the child's under-
standing of one-to-one correspondence relations from static to dynamic forms.
Moreover, this formulation suggest that -number conservation and notational
counting are not directly linked to one another..." (p. 187). The latter
hypothesis would help explain the fact that counting accuracy is apparently
not crucial in the development of number conservation. '"Whether the child
uses notational counting as a means of gathering information to help under-

stand dynamic correspondences is simply not known..." (p. 187).
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Abstractor's Comments

The studies reported here provide evidence that children develop
strategies to use counting prior to the development of number conseréation.
Counting is used in their system of logic to compare and reproduce sets be-
fore they conserve number. The studies did not provide evidence that can be
used to determine if counting-based models or non-counting-based models are
appropriate for the development of number conservation.

There is much to be learned before the relationship between counting
and number consefvation can be established. These studies, together with
an earlier study by Saxe (Child Development, 1977, 48, 1512-1520) and the
work of Gelman and Gallistel (The Child's Understanding of Number. Cambridge:

Harvard University Press, 1978), provide a beginning for our understanding
of the development of counting and the uses of counting.

It is the belief of the abstractor that continued investigation of the
develcpment of one-to-one correspondence and counting will lead to improved
learning experiences for youné children. In the past, investigations empha-
sizing number conservation have been attractive to researchers, but the im-
pact on the curriculum has been minimal at best. Questions such as the fol-
lowing are at. least as important and‘show more promise for being relevant to
the immediate needs of teachers.

1. How can we help children improve their accuracy in counting? 1In
particular, how can we help children prevent the partitioning and
coordination errors described in Gelman and Callistel? Would a
highly structured approach to matching the number names to the
objects being counted help? Is the movement of objects one by
one necessary for some students?

2. Ho& can we help children learn to use the results of counting in
their system of logic? There are many tasks in the primary grades
which would be much easier for children if they would make use of

| the knowledge they have obtained through counting. The comparison
and reproduction tasks that Saxe investigated are exauwples of
where this logic is useful. Another more common problem for teach-
ers involves fthe counting that children use for basic addition and
subtraction facts. Most children make three separate counts when

they answer these basic fact questions. It has been found that
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hiding one of the sets being joined in an addition problem is

an effective way for children to learn to answer the quest}on
more efficiently by counting on. Is the hidden set approach an
effective way to help children learn to use the results of count-

ing in other situations? What other approaches will help?
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Smith, Lyle R. TASK-ORIENTED LESSONS AND STUDENT ACHIEVEMENT. Journal of
Educational Research 73: 16-19; September/October 1979.

Abstract and comments prerared for I.M.E. by DOUGLAS A. GROUWS and JOHN J.
ENGELHFARDT, University of Missouri-Cclumbia.

1. Purpose
The primary purpose was to investigate the effect of two teaching be-

haviors--Content-Rel~vant Questions and Coutent-Relevant Activities--on mathe-
matics learning. The secondary pu.pose was to determine whether these two
teaching variables could be quantified reliably by analysis of audio tape-

recordings of the lessons.

2. Rationale
Since student achievemeni: has been shown to be related to time on task,
the investigation attempted to explore to what degree two specific teacher

behaviors could influence time on task anu thus student achievement.

3. Research Design and Procedures

Twenty experienced high school algebra teachers were randomly selected.
Each teacher taught one 20- to 30-minute lesson on direct variation in one
class. A common textbook was used across schools and teachgrs were given
lesson objectives prior to instruction. Teachers were, however, free to pre-
sent the lesson in their own way.

Each lesson was audiotape-recorded, and three coders were trained to
quantify the two teacher variables by listening to the recordings. After 90
minutes of training, coder reliability ranged from .81 to .92 for Content-
Relevant questions and from .89 to .97 for Content-Relevant Activities.

Immediately after each lesson, .a l4-item posttest (reliability of .83)
covering direct variation was administered. California Achievement Test (CAT)
scores were used to adjust for initial differences among students. These
adjusted posttest scores were then used as the criterion of teacher effective-
ness.

Content-Relevant Questions were defined as those direcctly related to the
lesson objectives given each teacher. Each teacher received a percentage score

for this variable. Three levels were defined (post hoc): HQ required that
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100Z of teacher questions be content-relevant, MQ required between 67% and
100X be content~relevant, and LQ required that 0% to 67% be content-relevant.

Content-Relevant Activity was defined to be the percentage of 1eéson
time allowed for students to work individually (seatwork) or in small groups
on problems involving direct variation. The degree of actual student involve-
ment in the work was not considered. Again three levels were defined - (post
hoc): HA required 20% of lesson time be used for content-relevant activities,
MA required 10% to 20%, and LA less than 10%.

These two teacher variables were defined to be "mutually exclusive"
because questions asked during the "seatwork" time were not counted in the
Content-Relevant Question scoring.

Levels were defined post hoc in order to reflect the variability of the
teachers participating in the study. No specific rationale was given for
the specific cut-off values for the levels. Cell sizes were unequal.

A 3 x 3 least squares analysis of variance was performed on the "covari-

ance-adjusted" achievement scores using the student as the unit of analysis.

4. Findings

"Covariance-adjusted" means were reported for each of the nine cells in
design. ANOVA showed the two main effects (Relevant Questions and Relevant
Activity) and their interaction (Q x A) to be significant at the .01 level.
Post hoc analysis using the Newman-Keuls method revealed the following sig-
nificant differences (a< .0l): HQ>LQ, MQ>LQ, HA>MA. At the .05 level, HQ>MQ
and HALA. '

A multiple regression analysis using the adjusted posttest scores as the
dependént measure was performed with class (teacher) means on the two varia-

bles entered.

5. Interpretations

The author acknowledged several limitations: The lesson taught by each
teacher was on the average only 23 minutes, the posttest measured only short-
term retention, causal inferences are difficult to draw as no actual manipula-
tion was present, and coder reliability was perhaps higher than might be ex-
pected due to the background of the coders. ' |

The author concluded that a high degree of relevant classroom activity
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positively influenced achievement, while extraneous teacher questions impeded
short-term retention. '"Since the MA and LA conditions were not significantly
different in terms of influencing achievement, it may be that the peréentage
of lesson time the teacher designates for content relevant activities needs
to be at a relatively high level before achievement is influenced positively"
(p. 19).

The author also concluded that coding recordings of lessons directly (as
opposed to transcripts of recordings) may lead to greater use of low-inference
measures in. investigating teacher effectiveness by those responsible for teach-

er evaluations.

Abstractor's Comments

Several points need to be made in considering this study--some dealing
with statistics, some with conceptualization, and some with interpretation.

With regard to statistics, the author's primary analysis used the student
as the unit of analysis. In a classroom setting where students are not ran-
domly assigned and teacher behavior associated'with the class as a whole is
the major concern, the appropriate independent data points for analysis are
class means. Secondly, the use of analysis of covariance followed by analysis
of variance dces not make sense. A covariance model removes the effects of
a covariate while testing the main and interaction effects. The author should
have presented a table with the covariance analysis and a table showing raw
and adjusted means.

Given that the interaction between the two teacher variables was signifi-
cant, the main effects should have been looked at more carefully. The author
ignores all discussion of this interaction and does not consider its influence
in his conclusions.

There is a mistake in the article in Figure 1 which, given that the means
are reported correctly, can be corrected by interchanging the labels LA and
MA on the graph.

It is worth noting that the Low-Activity giroup was higher in achievement
than the Middle~Activity group under both the HQ and LQ conditions. This
ralses a question about the generalization that a high degree of relevant class-
room activity positively influences achievement. It seems that relevant class~

room activity (as defined in this study) is moderated by the amount of relevant
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classroom questions and probably by many other instructional conditions that
have not been considered nor controlled.

The variable of Content-Relevant Activity was a measure of the aﬁount of
time set aside for seatwork on the subject of direct variation. There is no
indication of the degree to which students were on task. Furthermore, only 6
minutes separates the activity categories: HA roughly 6 minutes or more; MA,

3 to 6 minutes; LA, O to 3 minufés, This is hardly enough variation to war-
rant a conclusion that relevant classroom activity positively influenced achieve-
ment.

The length of time the study encompassed (23-minute for the average les-
son) and the lack of consideration and control of instructional methods and
classroom organization make any type éf conclusion from the study suspect and
preclude making any meaningful generalizatioms.

Several other areas of concern are: First, are the labels for the teacher
behaviors descriptive? For example, is Content-Relevant Activity too broad a
label to use for seatwork? ‘Second, why wasn't the research related to seatwork
and classrcom questions reviewed? Third, why wasn't attention given to the .
validity of the codings of the teacher behaviors? Finally, could the instruc-
tional practices of one teacher have/overly influenced the results of the study

since in one case only one teacher represented a cell in the design?
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Smith, Lyle R. and Land, Michael L. STUDENT PERCEPTION OF TEACHER CLARITY
IN MATHEMATICS. Journal for Research in Mathematics Education 11l: 137-146;
March 1980. .

Abstract and comments prepared for I.M.E. by DOUGLAS T. OWENS,
University of British Columbia.

1. Purpose
"The present study addresses the following questions: (a) What are the

combined effects of teacher vagueness terms, mazes, and additional unexplained
content on student evaluations of instruction and on student achievement?

(b) What is the relation between student perception of teacher clarity and stu-
dent achievement?" (p. 138). .

2, Rationale

"A number of low inference indicators of teacher clarity have been iden-
tified" (p. 137). This study goes beyond previous research on evaluating
teacher clarity in that particular indicators are operationally defined and
controlled. Specifically vagueness terms are defined to be "... words or
phrases indicating approximatioh, unclarity, a lack of assurance'" (p. 137).
Frequency of teacher vagueness terms has been shown to correlate negatively
with student achievement in social studies (Hiller, Fisher, and Kaess, 1969)
and mathematics (Smith, 1977).

Mazes are identified "... as false starts or halts in speech, redundantly
spoken words, and combinations of words that do not make semantic sense"
(Smith, 1977, p. 137). On a previous study, the authors (Land and Smith, 1979)
"... reported that student achievement in mathematics is negatively affected
by a high frequency of teacher mazes" (p. 137). Additional unexplained content
is composed of terms that are not directly related to the material in the les-

son and which are left undefined.

3. Research Design and Procedures

The experimental design of the study was a 2 (teacher vagueness terms vs.
no teacher vagueness terms) X 2 (teacher mazes vs. no teacher mazes) X 2 (ad-
ditional unexplained content vs. no additional unexplained content). The fol-

lowing quotation containing {vagueness terms], [mazes], and additional content
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is illustrative.

We, [of course]l, say 5 is not a (divi, uh,) division of 14, since
we (we, uh, we) get a remainder of 4, ([you know], when we divide-
5 into 14. This ties in with modular arithmetic, since 14 is con-
gruent to 4 mod 5. How many divisions does 15 have? Write them
down. (Pause for 8 seconds.) It [seems] that 15 has 4 divisions:
1, 3, 5 and 15.

The eight 19-to-21 minute lessons on sums of consecutive positive integers
were videotaped by one teacher. The teacher read from a script while the
camera focused on relevant material from overhead projection. Time in the
lessons varied due to the presence or absence of vagueness terms (7.5 per
minute on average), mazes (average of 5.1 per minute), and additional un-
explained terms (0.75 per minute on average). Otherwise the lessons were sub-
stantively equivalent. h

The subjects, 160 college students who had no prior knowledge'of the con-
tent, were randomly assigned to the eight experimental conditions (n = 20 per
cell). After viewing the lesson and taking notes, the students took a 17-item
test on the content (K-R 20 = 0.97). Following the test, each student com-
pleted a 13-item evaluation of the lesson by responding to "Definite no,' "No,"
"Yes" and "Definite yes" on each item. The responses were coded 1-4, with 4
being the presence of a desirable quality (e.g., "“l1. The teacher was confi-
dent") or the absence of an undesirable one (e.g., "4. The lesson frustrated
me'").

"A 2 x 2 x 2 analysis of variance was performed on each of 15 dependent
variables: the scores for each nf the 13 response items on the Lesson Eval-
uation Form, the scores for the combined totals on the Lesson Evaluation Forwn

and the post test student achievement scores" (p. 139).

4, Findings

"The no-vagueness condition produced higher achievement scores than the
vagueness condition, although significance did not quite reach the 0.05 level.
The no-mazes condition produced significauntly higher achievement (p < .02)
than the mazes condition" (p. 139). Additional content produced no main ef-
fect nor were interactions evident.

The no-mazes condition produced significantly better student response

scores (p < .001) than the mazes condition on all 13 response items on the
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total. The no~vagueness condition produced significantly better student re-
sponse scores (beyond the 0.05 level) than the vagueness condition for 7 of

the 13 items and for the total. On 4 items, the no-vagueness condition pro-
duced (non-significantly) better response scores, and virtually the same
response was produced on 2 items by the vagueness and no-vagueness conditions.
The main effect due to additional content was notisignificant for any response
items or for total, although the responses for 3 items showed slight trends in
favor of no-extra-content and 2 items showed small trends in favor of the extra-
content condition.

The vagueness variable interacted significantly with the mazes variable
on 9 response items. A figure showing the nature of the interaction for one
item is given in the report to serve as an illustration of the type of all
such interactions.

The vagueness variable interacted significantly with the additional-con-
tent variable on one item. Mazes interacted significantly with additional
content on 2 items. Interactions among all three variables were found for 3
items. ‘

"To determine whether the student evaluations of instruction were related
to student achievement, the meaﬁ scores for the combined totals on the Lesson
Evaluation Form were ranked from 1 to 8 and were compared with the rankings
of the mean achievement scores for each of the eight experimental conditions.

.+« The Spearman rank-order correlation was 0.786, (p < .05)" (p. 144).

5. Interpretations

"The results of this study indicate a cause-effect relationship between
teacher mazes and student achievement. To a less significant degree, there is
an indication of a cause-effect relationship between teacher vagueness terms
and student achievement" (p. 144). Additional unexplained content had no sig-
nificant effect and perhaps it partially counterbalanced the use of vagueness
terms and mazes by inducing students to perceive the teacher as competent.
This interpretation is consistent with previous research and, moreover, Item
7 ("The teacher really knew what he was talking abouth) was the only item
which approached 0.05 significance in favor of additional content.

The results indicate that student evaluations can be useful indicators

of instructional effectiveness. '"Students generally were able to discriminate
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between lessons that contained vagueness terms and/or mazes and lessons that
did not contain such phrases. Further, student evaluations were reasonably
accurate predictors of student achievement as evidenced ..." (p. 145)'by the

rank-order correlation and the rankings.

Abstractor's Comments

This was a very interesting and relevant piece of research. Indeed,
the investigators cite research (Smith, 1977) which indicates that some
mathematics teachers frequently use vagueness terms and mazes. '

The investigators have taken considerable care in the design and control
of the experiment. For example, while a video~taped lesson may not be iden-
tical to a live lesson, it would appear to be the best simulation which would
control for any extraneous factors. However, their interpretation of the
statistical results is open to question. For example, was there a cause-
effect relationship, even a "less significant" one, between teacher vagueness
terms and student achievement when the F~ratio did not quite reach the 0.05
level of significance?

Perhaps more should have been done to display and explore the nature
of the interactions. Should the main effects of Vagueness and Mazes on the
13 response items have been interpreted in the face of 9 significant inter-
actions? Was it appropriate to have the amount of notice given to near sig-

nificant differences, slight trends, and non~significant differences?
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