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Abstract
The purpose of this paper is to provide a basic introduction to the ]
Rasch model and to illustrate its use for equating psychological and- & A
educational tests. The data dsed for the equating example was - taken &
-from a set of standardized reading tests which are a part of the .. é ;
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AN INTRODUCTION TO RASCH MEASUREMENT AND
ITS APPLICATION TO TEST EQUATING

A s 7 ﬁ .
- INTRODUCTION

RN [y

' One of the major problems encountered, in educational measurgment
. B =
- 18 the equating'of person measurements obtained on different tests. This
@ .1 :
problem occurs whenever the variable of interest is rePEEsented by ‘a range

of item diffi hlties which go beyond the - ability of- any, one group of indi- - o

viduals to attempt. For~example; as educators weimay be. interested in tracing

- an individual's growth over the élémentary school years. Any singl& test that

we might use would be much too difficult for first graders and much too ,
k- -
o

simple for eighth graders. JIf we use multiple tests, composed of items %;

xwhose difficulties @are appropriate for each person s level of ability, then &
wziare fgced with the problem of determining the equivalence gr compara-—

s ‘Biiity of measuresbgbtaine& froﬁ several different measuring instrﬁﬁénté.
A solution to the equating problem cam be found, 1f we can cfeate several . *

M tests composed of itens caiibrated onto a single scale which représents a

unidimensional construct (e.g., reading ability) aﬁé ‘spans the time périod '

over which we wish to measure growth. -An order o accomplish this goal we
. need a method for éiﬁacing tests and linking items togéther. These linked

on which we wish to measure an individual's growth and change.

- . }g\ -»,_ e

i,This ﬁroblém was recogniZed by Ehorndike in the early 19203.

P . - for use with higher levels of intelligence; it

is becoming morerand more necessary to: transmute

With the develoment of group tests and tests 9@

a score obtained ‘with one test into the score

" .that is equivalent to it in some other test.

v
¥

T o a
_ : 7 (Thorndike, 1922, p. 29)

b ;‘ B e s 4




o | ~2-

. - .
3 2 . 2

-

Various methqu have been proposed as solutions to the einatiﬁé prohiem; -

Thorndike_"transmuted" scores using his probable error method of scaling

(Thornd:tke 1922; 'frabue, 1916). Thurstone in a serie’s; of articiés in the
J

_ to the equating problem (Thurstone, 1925 1927 1928). More recently,

-

latent trait measurement theory has been recommended as a source of solutions
to the "intractable" problem of équating (Lord, 1977; Marco, 1977?°Rasch,

1960 Wright 1967; Wright and Stone, 1979) .

In his extensive discussich of equating, Angoff (1971) listed what
" he considered two “restrfctions" or what may be Better thought of a8 reason- -
. . i Y .

able assumptions and conditioq; ned;ssary in order to equate tests. These

B | . ; 5

conditions are: S 2

P

'Vfé‘b_\

1. that _the two instruments (tests, items) in
question be measures of_the samé character-
istics in the same sense that degrees Fahren-—
heit and centigrade; for example; are ‘Both
units of temperature, inches and centimeters
are-both units of length, etc.
(ﬁnidimensionality2¢onditionf '

vaw

2, that in order to be truly a transformation é§
e

unique, except for the random error associa—r :

the method used for detetmining the trans-—

< formation; the resulting conversion should T .

- - . be -independent of the- individuals from whom
‘ the data were drawn to develop the conversion

and should be freely applicable to all :

situations:

T = . RS

. - (sampie—free condition)
P N

The first condition for acceptabie equating involves the unidimensionality of

the measures to be equated; iéhiie the second condition implies a sample-free
o Lol ______- S © *.' - -
'M$roceduré“for equating. Both of these conditiens are necessary in order to
realgge the advantages of equated tests. All of the previously proposed
’ ' 2 :
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on the. population chosen. Similarly, the measurement of a person gp the

-3 -

procedures can meet or approximate the first condition of unidimensionalﬂty.

None of the methods proposed prior to the development of latent trait méasure—

ent theory meet the sample-free condition and only omne setrof iatent trait

modeis——kasch;méasurement wodels-—-offers reasomable solutions to the problem
6) . . N ‘: w .
of sample—free equating (Engelhard, 1980)

L

The purpose of this paper is to provide a basic. introduction to the

6

data used for the equating exampie was taken from a preliminary set of

A -

reading tasts which are paréﬂof the.Comprehensive Assessment rrogram (Scott,

Foresman and eaaa.;ay; 1980): - .

"' INTRODUCTION TO “@E RASCH MODEL

'ﬁ During the 1950s, Georg Rasch conducted the basic psychometric work

which led to the pub11cation in 1960 of his book AErobabilistiCAModeis,for

 Some TIn ’777’encewandﬁéttainmegtciesEs; The ideas and methods presented in

this book represent some of the most innovative and useful work in psycho—

: B3 /, 73 S

metrics, since *hurstone 8 work in the 1920s; In fact Rasch' g work repre-

sents an almost totagiy new approach to psychometrics.

In traditional or ciassicai psyghometrics, the properties of a test

are defined in terms of variatﬁbns within some' specified populationagf

L -

ppeople; As'a consequegge, the properties of &he test, “%. gy the reliability

coefficient; are;not spécftié to the test'1tse1f— but w111 vary depending
&

.~

variable of ipterest wllledepend on which items are used. In trgﬁitional :
T, Q z o yol
"approaches to. person measurement, the ability estimate depends fiot on1y on

5

which items are used, but also on the group of people with which the 3erson

- @* .

.
~

-
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1s compared. As Wright has pointed .out;
if all of a specified set of items have been
tried by a child you wish to measure, then

‘you can obtain his“percentile position among

whatever groups of children were used to stan-
dardize the test. ' But how do you Interpret

stick. = i
'I - - ool T
Change the items:and you have a new yard-

stick again. Each collection of items mea—

E ' in. EBach collectl L lte

: ' sures an ability of its own. ' Each measure

- _ depends for its meaning on its own family
of test takers: How can we make objective
mental measurements and build a science. of
mental development when we woxk with rubber

e yardsticks? I o .

. . (Wright, 1967, p. 86) : - o

The use of Raseh measurement models provides a reasonable solution
' o :

to the problem of "rubber yardéticks"ﬁby providing eetimates for intrinsic

properties of tests and items which are independent,af the group tﬁét ﬁ§§~
”
. ) &
pens to be used tbxcalibrate the_items. Thﬁ% ;p calied person—free item

-Céiiﬁrétibn. it%éiéoigieidsgeetimates of a person s abxtif?fwhich are in-

dependent of the test items used This 1eads to the possibiiity of item-
- a

free person measurement. Of course this does not mean that we can measure

~

people wi%hout items but it does mean that once items are calibrated_

chrough the use of the Hhsch model and assigned a position on the latentf® .

wariabfe of interest;®then any set of items can be used to obtain an esti-.

$

.mate of E,ﬁeféénié EB{iity. These two conéeQuéneéé::pérebn—free item caili-

: B . ) -
bration arnd item-free person meéeurem@nt-—are necessary in order o have
. 7 : . v . - M _ R .
objective measures. : @ g : E : . . ]

- ’
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In order to 6BEaiﬁ'Eéé§6ﬁéBié and objective measurement, the -

Y
measurement modei utiiized mist satisfy at 1east the following five con=
ditions: These,cpnditions are that: 7 i
g 1. the calibration of test items must be in-
' ; dependent of the. particuiar individuals used
" for the. ca'i:ibration. N : .
. : 2. the measurement of individuals must be in—' )
5 . dependent of the particular—items—that—hap;'““_—_
i - _pen to be. used for the measuring. - U
: . : 3.1vthe test items must be measuring a single - .
& - : underlying trait or ability. :
- . o @ .o
;§ - 4. a more able individual must always have
a better chance of success on an item , :
than a less able individual: : -
o 5. anyiindiyiduaiimustihave a better chance
. of success on an easy item than a more
K gffficult ttem:
" K. ] ' ’
- The Rasch model is a 1atent trait model that has been%roposed for
- ’pErson measurement that meets these five conditions. Basically, 1atent traitﬁ
- = models are idea or inventions that attempt to spéeify what happens when a
person tries anédtem. (See Hambleton and Cook (1977) for-a general intro-
. - : ) ) o ' -
duction to latent trait models.) - ; ©
Of all the latent trait models, Rasch measurement modeis’",have the
’ féﬁést ingrédiéncé, one:ahiiity_parameter, Bﬁf for each person n and one
. ’ciifi‘icuity parameter, Si; for each. item. These p’arame'ters represént theéq
Y 4 "’:

position or location of persons and items on tbe Iaten? variable:. For

- ., .9 - .
: ) example, if the 1atent variable is reading abiirty, -we develop and choose -a
. 2 : 7 p
set of items to represent q&is variaBle. These-items are then given to a

group of peop1e and their 1ocations are determined through the appi%Fation”of'




-

"Eﬁé Rasch model. The locations of the people on the latent variable,: - o

. reading ability,are given by the sbility estimates while the locations Of

Pl -
¢ N

; the items are given by the: difficulty estimates. This is illustrated in .

. .

LV Y

Diagram‘l; ' 7 . <L .

A
et
.
"

7 Disgrdm 1. Defining a variable.

i Bti; Person measure .

e ’.. _____ _L . — ' P
T . + I Y %
: Items 81 85 83 \ S8y 5 Read&ng—Abillty
o B o o . . ' - o
—— HARD

<

Or —— -
1|
q
|

Expected

= —— . . .

) Score of
‘43 - ‘7 E'

- . In Diagram 1; the line represents the latent variable called reading ability.

Five items have been chosén to reﬁE?:ent this construct and their df¥ficulties

which locate them on the latent variable are éﬁaaﬁ below the linme gaf'éo S;ji
The items range from easy on the i=ft to more difficuilt on thé right. ?ééééﬁ

-

measutements are shown above the line and in this case there is one person

measurs. This person torrectly answered items 1 to 3 and incorrectly answered -
- ] ) :
items 4 and 5. Thic person ecore would be 3 and this value qan be used to

locate the person on.the latent variable by providing an estimate of reading -

ability. - ; :
 The abiiity ﬁareneters and;difficuity-paraqeters are combined in order

- to represent one iatent dimension by forming their difference (B -6, )

This difforence governs the probability of what happens when person n attempts

o

o

w

.y c




-7 - I

& - - -n ~ ‘
N  item i:_ :The basic data which weé have in any testing situation is & matrix
,\faf 0's and 1's which 7i§é13i;’é§§ﬁf: each iﬁ&i@i&ﬁ&i‘. 's fallure “0) or Eﬁééééé ()
e e h . N
" on each ftem.* This is illustrated in Diagram 2. : : .
Diagram 2. - The essential conditions causing &_' fééﬁ%ﬁé’éa 7
- . N -~ <
. | en - Persom ability . .~ '
. B ° L : -
- - - 1
. | Yoe . - :
< - . \
i : :
- | P -
| V. ; o
e, — —> X-: o,y .- T LT
X : i | mr Response of person n
. . o to item i.
i ’ Ttem . i’ , . R e
: : _difficulty | ; ’ .
\ . | . “ ’ 7 @ -
. . | 5 ] ‘
. 3 .
i e, \\
/———~- The mathematical model uséd to expréss this relationship is shown
i Diagram 3. - )
Diagram 3. Mathematical formulation of the Rasch model with' two response
. © “categories, - ) : : ' -
. S . e P : L ( ) .
) Lo S exp x_: (B, —.8;
~ Pr{xni = 0,1 [ Bn;Gi} =" : — n %
| B nmeEm (g, - 81
: . . ’ ; g
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L
t
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Tﬁéiﬁrobabiiit§ of obaerving a correct Tesponse (i) "fan incorrégt‘response (o)

' fag person n on : item 1 15 f’ ction of the difference between the person's
R : —1 : s .
ability (Bﬁ)&ﬁd'thé item's difficulty %5 ) The relationship tepresented by .

the Rasch modél between ‘this difference (8 -6 ) and-ﬁrobéfiliti of success

on an item can be illustrated with an item characteristic curve or’ response
: . -—’ - N v °
curve ££ wﬁich the item difficulty remains constant, while person abi1ity.

»

_v%ries. “(See Diagram ﬁ) 1f ‘the person 's. ability equals the difficulty of‘

J ht] 7
o -

the item, then the persOn has a 60% chance of success &h that item. In

A
. -

other Words, the pereon can be éxpected to succeed half the time on this'

kind of item, aﬁd conVersely to fail half ‘the time. if the person 8-

abiiity exceeds the item 8 difficulty, then a person has a better than

. 50% chance of-success on tha,item, if the item's difficuity exceeds the »

person s-abilitx;to answer the item co:rectly; then the peraon'has a less

\Diagram 4. ° Response Curve. .

b ° . " : .
than 507 chance of guccessi ° _ : ¢
* i ; . . o- - - . <

ﬂifi} o o- v
”€’ 1.0
: :9 . ,
. \,
Probabitity T/ " :
.of a correct -§
response ~
.- .3 T
o > .
0:0 . : '

)  Pelx=1} T .5 | Pr{x—1}~
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© . IEST EQUATING WITH THE RASCH MQDEL S S

v

As pointed out earlier, various procedures have been proposed for test

4 - -

obiectiveeequating is the Rasch model. Our goal An test equating ts to

-

- ) ‘step beyond the specific items contained in separate tests in order to
. get informatton on the-iatent trait or unobservable variabie which is of

//"-"- intérést.' Sincerno‘individuai can handie the fuii-rgnge of diff}cuities;
'1;;18 nece§§&E§%éa'E§§ﬁ§£AEé the measures obtained on difff¥ent tests
iato oné Eoﬁﬁoﬁ metric on a‘unidimensional scale that represents the’latent

. vafiasié;;,rai ex;rple,‘supﬁﬁse we are interested in medsuring the change

P

X aﬁﬁ étbwiﬁ~iﬁ reading’ ability of students from gradé 3 to Etadé &,- If the

beginﬁ&ng of grade 3 would experience frustration when attempting items

appropriate for thém. at the end of grade 4; these items would be obviously

too difficult and thus inappropriate for a grade_3;studenti Cdnvereelyai
when these students are in grade 4, they miéht Eecone bored ﬁith_items '
‘ appropriate for grade 3 students and now ohviousip too easjﬁ - In additioﬁ
T to these extraneous infiuenceston the measuring situation; thera aré prob-

i-s, such as memory effects, that atise when chitdren are retested using

the same tests; The weli known fact that abiiity estimates are most accurate

when they are. based on items of appropriate ﬁifficulty for the student must

- o

‘ aiso be considerEd. One approach is to link several tests together with :

-

" a gubset of carefully chosen items, 8o that the students ‘are taking tests

-
e

"+ which are appropriatq for their'abi;ity which?will minimize extraneous in- .

- . .- . .
Ao . - o - P < ' - -

- 2 .
- . e

. . 4 . - -,
- < .
* - . . _ _ - ~

e -




fluences on the measuring situation and provide more accurate estimates of
an individual's ability or location on the latent trait. This link of

.

common items can be displayed as shown in Diagram 5.

Diagram 5. Common item link.

. Linking Constant L\
Grade L
Form |

(common items)

[ . ’ el

Figure 2 illustrates this type of display with the actual linking constants

-

in position for several forms which meaBure reading ability over a 6 year

: s » ”
period. . _

~

bé illustrated using the following table, which is based on hypothetical
data: * - - T | "

I — ) .
* o .
~ Grade 3 Grade 4 = ¢ X

S .5 "ég'): :;.5 éisij | -

n
IS

bod
4]
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 estimates for the 10 common items and compute the two mean difficulties

Suppose students in grades 3 and 4 each have taken separate test with 10

common items. The average difficulty estimates (Mg) of these 10 items
for each group is shown in cells (a) and .(b). In order to compute these

Rasch model: (See Wright and Mead (1976) .for a description of the cali-

- bration procedure and a computer program that can be used to 6Bta1h these .

estimates:) The next step 1s to take the two independent difficulty

which were obtained through the separate calibrations using each grade.

The average ability estimates (M) for each grade are centered at zero in

the usual way (Wright and Stone, 1979).  Since the items are the same,

they should represent the same point and location on the latent trait

‘average difference between the independent difficulty eEﬁiﬁhtés as a

scale. In other words, the difficulty estimates for the common items should
ideally be the same whether they are determined with grade 3 students or

grade 4 students. In order to Approximate this equality; we take the

linking constant (or tramslation constant) that can be used to bring the

PR

difficulty éééiﬁﬁééé together. Because of the assumptions and properties

- of our measurement modél, the relationship between the (a) and (b) cells

should also hold for the (c) and (d). cells, In order .to maintain the equality
of these relationships; we simply add the linking constant, 1.0, to each of

ing constant yields the revised estimates of mean abilities (My') which
o - - . .

represents the location of the mean ability on one unidimensional scale that

Qi
N T
M

/

/
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spans grades 3 and 4. The extenslon of this logic and procedure to séveral

tests over a longer time period is straight forward.
METHOD - . :

Item response data from a national - sample of greater than 70 000 students

were obtained from Scott, Foresman and Company. These data were used for

the standardization and calibration of the Comprehensive Asgessment Program

(C. A. P.). The Comprehensive Assessment Program is a coordinated series of
tests and méaéueéé for evaluating students' educational growth. In order to
accomplish the goal of evaluating educatidnai growth in achievéméﬁé; equal
interval scales (EIS scales) were developed using the Rasch model for the
four substantive areas of reading, mathematics, 1anguage'and study skiils.
iﬁ order té illustrate the application of the Rasch model to the ﬁféﬁlém

of vertical é&ﬁiéiﬁg, Forms:34 and 4B from the elementary Achievement Seriés

~ was used: There were 14 commoniiteme and-the independent estimates of the ,

difficulties, (along with their standard errors in parentheses) are given in

eolumns ‘one and two in Tabie i The next step is to compute the average
: % o ) ,

&1é£éééﬁ¢é in these diffiCulty estimates which is shown in column three.

The mean of this difference is 1 ‘22 (standard deviation of .37) Which_pro- .
o2

vides the preliminary estimate of the 1inking constant. ' .

The next task was to assess the fit of the items to the link: A two-

_ step procedure was employed to accomplish this. First, the difficuities

were piotted and approximate . 95% confidence intervals developed. Accor-
diﬁé to the Rasch model, the piot should define a 45° line (eléﬁe of 1); 8o

that a constant (or. mean difféfeaée) is the only adjustment required. Figure 1

__ shows the bivariate plot of the difficulty estimates for the 14 common item.

The items represented by the black circles are vocabulary items and there.is

’

[ T5Y
ar
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%béé question about their coﬁtriﬁutidﬁ to the quality of the link. The
gecond step was to examine the residuals. This residual amalysis is
summarized in columns four through six in Table 1. The standardized
reéidaéis verif§ tﬁe conclusions drawn from the plot of the difficulties
that the vocabulary items do mot fit as well as the reading comprehension
 items. These standardized Eééi&ﬁ&ié ate partially inflated due to the
" ety emall standard errors of ‘the item difficulties. These standard errors
are small because of th® large sample size which provides extremely precise
difficilty estimates, but tend to make the statistical tests of fit
overly sensitive to outliers. A decision rulé using the root mean squage’;
which is more robust-and less sensitive to outliers, could be developed.
In ﬁréétiééi.éitﬁétiohé, the decision rule to reject 1fiking -items becomes
a Substantive issue ratheér than a statistical one. In the present example,
thé:four'iargéét standardized residuais were associated with 66&&561&5?
items: The decision was made £o delete these items from the link and the
computation of the revised Linking constant of 1.018 (rounde® to 1.02)
is given in Table 2: -

R
LIPS 4

The final task in developing an equal interval scale based on the

Rasch model is ‘to take the linking constants and add them to the ability

estimates obtalned on each form which serves thtréﬂéiété the raw scores .

"on each form into the same metric onm the latent Variable of reading ability.
. Table 3 gives the adjusted ability estimates in logits for the corres-

ponding raw scores on each form:. Starting with form 2B; the mean ability

»-"ééi:iinai:e's_ are centered at zero (mean = -;006). In order to iink scores

» on form 3A and make them equivalent to ability estimates derived from




<@

£form 2B, the 1inking ‘constant of 1.03 is added to the initiai ability

estimatés and centered at 1.03 (mean = 1. 03) In the last column of Table

‘3;1form 4B 1is linked to the other two tests by adding the linking constant

of 2.05 which ig the sum of the link between forms 2B and 3A (1;03); and
the link between form 3A and 4B (1:02): It should be 1353:;12&& out that

the equal intervai scale is centered on form 2B, so that the linking
constants accumulate as we move across the forms: Once the forms are equated
'snd a table iike Table 3 1is constrncted; it 1s very easy to obtain equivaienc
ability ééEiﬁiEés ﬁaéaéﬁaéaé'af the forms used to provide the estimates.

In other words, if a student 8 ability in logits was approximately 1 00

we would expect the raw scores of 70 on form 2B 50 on form 3A, and 30

on form 4B: g

'DISCUSSION - L@

. The Rasch model provides a clear and practical method for equating
educationai and psychological testé; It is the only equating method. based -
on 1atent trait. measurement that can meet the second condition necessary

in order to equate tests nsmely, the sample-free cOndition. The other

- ,

latent trait models; by including parameters for item discrimination and

guessing, provide ssmpie—dependent item and ﬁerson statistics. The specific'

necessary in order to measuré student growth in achievement and in order to

.

- measure aducationai development.

T .
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The first section of this paper provided an introduction to the Rasch
model: In the second Eééfiéﬁ‘ a detailed iilustration of the application
g,;f the Rasch model.to the problem of vertical equating was déveloped.
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feble 1. Aneljeis of iten links for equating Porm 34 and Forn 1B (Reading).
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‘Table 2. Analysis of items retained and used to compute linking constant
o between form 3A and form 4B. E .

Jtem Difficulty _Residual  S.E. Standardized:
ot Name . ° Difference - Differerice .- Residual Residual
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. Table 3 .Adjusted abllltv estimates in. Iozxts (standard errors'rn parentheses)

“for raw scores on reading tests; Forms 2B through UuB.
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Figure 1. Link for commom item equating with aﬁiréﬁm;‘ce 95 percent confidence bands:
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Figure 2. BA chdin for reading tests; forms 2B tlirough PA, wil,,\n'.unking canstants (Grades 2 through 7-8)
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