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ABSTRACT

Chairman: pr. Dowjlas Owens

This stuly was lesigned t> investijate the relatronship
between the level of conservation of displaced volume and the
degree to which sixth grade children lears the volume aljorithe
of a cuboid, “"Yoluae = Length X Width X Height
(Y = L x % x ti}),” at the knowledge apnd ccrprehension levels.
The problem is a consequence of an apparent discrepancy between
present school programs and Piaget's theory concerning the
grade level at wvhich this aljorithm is introduced. While sone
school proyrams irntroluce the alygorithm as early as grade 4,
Piaget {1960) claims that it 153 gpot wuntil the formal
operational stage that children understand how they caa fipd
volupe by multiplying the boundary measures. Very few canildren
in grade 4 are expected to exhibit formal operations. In such a
predicarent there scems to be a need for research in order to
justify our present  schosl curriculum or to sSuyjest
modifications.

Subjects of three suburban schools 1in British Cloluambiz
were classified as noncoasecvers (N = 57}, partial couservers
{8 = 16) and conservers (N = 32) using a Jjudgemsst-based test
of volume conservation. The subjects were then divided 1nto two

experizental qioups and one cortrol 9Jroup by randomizing cach
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copselvatlon grodp across the thiee treataentse One of  the
exPevimental groiups (N = 36} was taught the volume aljorithn
using an approach [Volume Treatment) which reseables that of
school proyrams wused 1in Yorth America. Activities uof this
treatment included comparison, ordering, and finding the volume
of cuboids by counting cubes and later by using the alyorithnm
“Y = L X % x H." The other experimental gloup (K = 39) was
taught the algorithm using a ne thod that emphasized
multiplication sXills {Multiplication Treatoment). This
treatment included training on compensating factors with
respect to wvariations in other factors and vas suppleaneuted by
a brief discussion of the volume algorithm. The control Jroup
{8 = 30) was taaght a unit on numeration systems.

Four differenrt tests were used: Volume Conservation (11
itens), Volume Achievement {27 items), ¥ultiplication
Achievement {20 1tems) ani the computation section (45 items)
of the Stanford Achievement Test. The pretests were: Volusme
Conservation, Volume Achievement, and Cozputation. The
posttes<s and retention tests weres Volume Conservation, Volume
Achievement, and Maltiplication Achievement. Data from the
posttests and retention tests were analyzed separately dsing a
3 X 3 fully crossed two-way analysis of covariance.

Subjects in the volume treatment showed they were able to
apply the volume algorithm to computation and coaprehension
questions rejariless of their conservation level. Jn  the
posttest and retention test, subjects of this group shosed a 65

per c¢ent performance level. TFor the Jrade 6 studeunts 1n the
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study, conscrvation level was not a significant faccor in
learning the volume algorithm at the computation and
comprehension levels.

On the posttest, subjects of the multiplication treatment
performed significantly (F = 70.33, p < 0.01} better than those
in the other ¢groups on the ¥ultiplication Achievenment Test.
Subjects of the volume treatment did sigrificantly (F = 12.24,
p < C.01 better than those in the other groups on the Volunme
Achievement Posttest. It seems appropriate, therefore, to teach
the volume alyoriths of a cuboid using a method that 1acludes
students' active involvenent jip manipalating physical objects.

There was, generally, an improvement of the students®
conservation levels regardless of their voluze achievewent
scores OL treatments. The transition from a lcwer to a higher
level of conservation was found a) 1ndependent of trzatipenats

between the pretest and each of the posttest { X2 = 0.93,

daf 2) and retention test ( X2 = 0.97, af = 2) and b}
independent of vyoluae achievenment scores between the pretest
and each of the posttest {biserial r = 0.13) and retention test
{biserial r = 0.09}.

In an adjenium to the Conservation Test stiadents vere
asked to write reasons for their Jjudgements 1n items involving

equal and unequal volimes. Thkos2 writtan Treasdons werce aoLe

explicit on the iteas of unejual volumes than of egual volumes.
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CHAPTER I

THE PROELEMN

The process of sclecting, ordering and timing topics in
the mathematics curriculum has caught the interest of many
pathema*tics educators. There has Dbeen, for example, aajor
concern among curriculuz analysts ahbout the necessary cognitive
abilities and appropriate age level for presenting volunme
concepts to elementary school students. #hile the wmajority of
texttooks <contain volume activities as early as grade three,
nany educators hold that most children do not conserve volume
until about age 12 (Uzqgiris, 1964; Carpenter, 1975-b;
BEkind, 1961-a). There has bheen a need, therefore, to
theoretically and experinmentally examine the pcsitions of
these educators in order to justify the present curriculum or
suggest its modification. Such an examination can focus on
mary aspects of volume presentation. The present stuady,
however, leals particularly wvith the introduction of th2 volume
algorithnm for a rectangular parallelepiped if.e.,
"yolume = Length x wWidth x Height (V = L x W x H)".

Two widely wused textbook series 10 British CZoluabia
introduce the algorithm "V = L x ¥ x " 1in grade 5 (age 10}
(Dilley ot al., 1974 and Eicholz et al., 1974). Another series

introduces the algorithm formally in grade & (age 9) (Elliot et

(]
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al., 1974) and uses it informally in grade 3 [age 8) (Eliiot et
al., 1975). This last series, for exabndple, involves third
graders in situations in which they are to coapute the volume
of a rectangular parallelepiped given its length, width and
height.

¥Most proponants of Piaget's theory would disagree with
such early introduction of the algorithm and claim that most
children do not develop the necessary cognitive abilities for
learning it before grade 6 (age 11). Piaget (Piaget et al.,
1960) himself, for example, holds that “it is not until stage
I¥ {formal operational] that children understand how they can
arrive at an area or volume simply by multiplying boundary
edges" (p. 4C8). Miaget (1960) adds in his discussion of volume
calculation that "knowledge learned in school increasingly
interferes with the spontanesus development of geometrical
notions as children grow older" (p. 381). Osborn (1976, pp. 27-
28), likewise, warned that a premature stress of volume
algorithms creates a serious learning problem.

There s2e¢ms *o be some discrepancy between Piaget's
position and mos*t school projrams regardinyg the level at wiich
the aljgorithm "V = L x & x " should be introduced. This
discrepancy raises the issue o0f yhether or not present scihool
curricula are justified in presenting the algorithm at the
grade S5 level. Tabricant (1975) suggested that "teaching of
geopetric formulas at the elemzntary school level has to  be
seriously studied to 3See where such formulas would pe most

profitably placed in the curriculom" (pp. 6-7}). It was as a




result of the concerns aentioned above that the present scudy

originated.

Definition_of_ Terns

It 1s necessary to clarify the usage of certain terms
which will occur throughout the study.

The term volume refers to the mneasure of the space
displaced by a three dimensional object. The object may be any
substance: solid, 1ligquid or gas. Volume is not to be coafused
with capacity whick refers to the measure of the spaCe enclosed
by a three dimensional obJject. Even though "internal voluame of
a hollov cortainer ... 1S synonymous to capacity" (Rerslake,
1976, p. 14), the teres volume usually refers to non-hollow
objects.

The term conservation refers to the concepPt that a certain
attribute of an object (or objects) rempaing invariant under
changes of other irrelevant attributes (wohlwill and Lowve,
1962, ©p. 153). For example, the volume of a substance remains
invariant regardless of its shape and position as long as
nothing is added or taken away. Likewise, the nuaerousness of a
set remains unchanged during changes in the spacial arraagement

of the set as long as nothing is added or taken avay.

The terms rectangular_pacallelepiped which is synunymous

with cuboid (Webster's dictionary, edited by Gove, 1971, p.
550) 1is i1llustrated by the shape of filled hoxes. These terns,

however, have been confused with ractangular prism and a




clarification 1s needed. A rectangular_parallelepiped 1s a
right rectangular prism rather than just a rectangular prism

{James and James, 1976). Throughout this paper cuboid will be

The term algorithm refers to a procedure of ordered steps
that dJuarantees a correct result if the steps are performeld
correctly and in the proper ovder ({Lewis and Papadimitriou,
1978). Algorithms wvary in their level of difficulty. The four
basic operations, addition, subtraction, multiplication ang
division have vrather simple algorithms, while solving systens
of eguations bY the use of lnverse matrices is a » more conplex
one. The volume of & cuboil may be obtained by applying the
algorithm of finding the amaeasures of the three dimensions -
length, width, and bkeight - of the cuboid and computing the
preduct of these three measures (V =L x ¥ x H}.

The term learping the wolume alqorithm refers to  the
rastery of the algorithm "V =L x ¥ x H" at the levels of
computation and comprehension. The level of computation
includes, for example, sitizations where students are asked to
state the volume given diagrams of partitioned cuboids, non-
partitioned cuboids with kno«n dimensicns, or a word
description of the dizensions of cuboids. The level of
comprehension irncludes, for example, situations vhere students
are asked to state the total volume given a diagram of
attachments of cuboids with known dimensicas Oof to state the

volume of the cuboid ta2sulting from preoposed dimensional

transfornations on a given cuhoid.

18




Statement of the Problen

The purpose of this study was to determine the
relationship between the level of conservation of voluae and
the deyree to which sixth Jrade students learn the volane
algorithm for a cuboid "V = L x R x H'. The level of volune
conservation was d2termined using variations of tests eaployed
by pPiaget (Piaget, Inhelder and Szeminska, 1960) . The
achievement on the wusage of the algorithm was based o
objectives and activities found in widely used elementary
textbook series. The study also provided inforrative daca with
regard to the volume conservation level of sixth grade
children. Furthermore, the study shoved the relationships anmotng
mathematics achievenment, lewvels of conservation, and learning
of the algorithm "V = L x W x H" for *he volume of a cubuid.

In order to g92in information about learning the aljorithe
for the volume of a cuboid, three treatments were irplemented.
The first treataent consisted of teaching the volume algoTithn
of a cuboid "™ = L x W x H" wusing a yuided discovery method
based on approaches of present school programs. The second
treatment conSisted mainly of learning the task of varying
factors when the pfoduct is constant. For example, givea that
36 =2 X3 X6, the student would be able tc¢ complete
statements such as 36 = 4 X[ 11X 1]- This tasx ¥ as
supplemented by a brief discussionft of the volume algoritan of a
cuboid "V = L x @ x {i." The third treatm2ant served as control
treatnent and corsisted of teaching various nuneration systems.

The gcneral alms of this study may be listed as follows:
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1. To d¢termine the various degrees to which conservers,
partial conservers, and non-conszerCLvers of volume learn the
volume algorithm of a cuboid "V = L x W x H."

2. To determine the deyrze of effectiveness for each of

the two teaching methods on learning the volume aljorithm

for a cuboid.

3. To dJdeternmine the effect of learning the volume

algorithm of a cuboid on the transitionm from one volume

conservation level to another.

4. To determine the relationship between sex and the

levels of conservation of volume.

5. To determine the Trela-ionship hretween sex and the

degree of learning the volume algoritha for a cuboid.

6. To determine the Trelatioaship between matheamatics

achieverent and the levels of conservation of voluame.

7. To determine the TCelationship between mathematics

achievement and the Jegree of learning the volume

algoritha for a cuboird.

Finally the results of this study will be useful 1in
verifying aspects of the developmental theory of Piayet and
according to Siegler and atlas (1976, p. 360) training studies
{not wunlike this one) have hecome a standard metnod for

investigating cognitive development.
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The present study 1s a con3equence of a concern avout 23
discrepancy between the present school programs and the
cognitive theory of Piaget. Specifically, scme school textbooks
introduce the volume algorithm of i cuboid as early as grade 3
(age 8} while Piajet and his followers claim that most cuildren
do not develop the conservation of volume before age 11 (ygrade
6) . In such a predicament there sezds to be a need for research
in order to justify our present school curriculum of sugyest
its modification. DeVault expressed the need for such resgearch
by anfgé the following:

Needed now 1s the research that will make the link in the

continuua between the research of the behavioral

scientists and the work of +the mathematicians whd have
designed npew programs for schools ... The studies most
likely to produce useful Tesults for curriculum workx would

be experimental studies ... (DeVault, 1966, pp. 637-639)

Likewise, S*effe and Hirstein (3976} discussed children's
thinking in measurepent situations and recomwmended the
following:

In planning the pathematics experiences ... the teacher

shoul? <cConsider the stages of cognitive development. The

proposed content and the methods of presentiny that

content Should also be considered. (Steffe and Hiistein,
1976, p. 35)

= Sl BB — PP R — R A — P L b Ao i

Piaget has for several decades tested, intervieded and
observel children. His theory bhas becoze increasingly more
inf luential in curriculum plarnnaing bhecause MYeverybody in

education realizes that Piaget 1is saying sosethind that 1is




relevant to the *eaching of children™ {Duckworth, 1964-b, p.
486).

A c2ntral theme 1n the cognitive theory of Piaget 1s the
attainment of certain conservation tasks that are considered
reguirements for understanding of mathematical coacepts
{Piaget, 1941, p. 4). For example "3 + 5" apd "8" are two nanes
for the same nunber. This conservation of nuaber is necessary
for comprehension, generaliziation and retention of addition
basic facts. It has even been reported +*hat conservation of
number 1is a better predictor of success in additiom and
subtraction problem solving than is Intelligence Juotient
{I.Q.) {(vdn Engen, 1977). Van Engen, further, recommended that
"it would seem that for these <childien {noerconservers of
rumber ], the school should center their attention on activities
that might enhance conservation Cather than on our traditiomnal
arithmetic curriculua™ ({p. 48).

The effzct of numbel conservation 1n addition and
subtraction oproblen solving‘ 1s particularly relevant to this
study. Even though care should be taken 1n deneralizing to
volume concepts, the importance of number ccuservation seems to
suggest a possible anilogy. This study was designed to find the
relationship between conservation of volume and a volume
algorithm. Vvolume conservation seeps to be an apparent
necessity for volume nroasurement. To nmeasuCe volume is to
compare a chosen unit of volume with the volume of an object.
It is evident tha* volume corservation of the unit and of the

object to be measured is a requirepent before wmeasurement can

&9
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be peanirjful.

Piaget (Piaget et al., i%60) seems to hold the same
position rejarding calculations in peasuCement includiny that
of volume. He considers the concebt of conservation to be
necessarly for any nmeanirgful <conputation in both area and
volune:

ees Children attain a cerftain kind of conservation of 4rea

{and volume), based on the primitive conceptior of area

{and volume} as that which is bounded by lines {or faces).

That wunderstanding comes 1long before the ability to

calculate areas and volumes by matheasatical

multiplication, involving relations Letween units of

different povers ... {p. 335}

Piagatt's volume experiments have alsc revealed that nost
children do not conserve volume before the formal operadational
level and thus do not wunderstand how they can arrive at a
voluge of a cuboid by simply multiplying its dimensions. Piaget
argues that :

The decomposition and redecowposition of a continuum are

oberaiions which belong to the level of formal orerations.

This explains why it is not until stage IV that children

understand how¥ they can arrive at an area or a volune

simply by nultiplying boundary eodges. (Piaget et al.,

1960, p. 408)

On the other hand, Plaget 1is not saying that the
intellectual duevelopment proceeds on its own regardless of the
stimuli of *the surroundings. 1In fact, and contrary to what has
been attributed to him, Piaget considers education to be a tool
for cognitive development; he only guesticns the extent to
which i* is beneficial (¥odgill, 1974, pp. 126~127). In other

wolds, Piagat favors education that leads the child to

discovery and rejects rote learning that forces information on

23




- |

10

the student vho is not ready for it:

. This is a big danger of school - false accommodation which
satisfies a child because 1t agrees with a verbal formula
he has been given. This is a false egquilibration which
satisfies a ¢hild by accommodating to words, to authority

and not to objects as they present themselves to hi® <e.
{Piaget, 1964, p. U)

Validation_of some _of Piaget's Fipdings

Piaget's findings 1including those of volune conservation
and computation have been examinad by researchers throughout
the world. Elkind {1961-a), Carpenter {1975-b) and Uczgiris
{(1964), for example, found that at least 754 of Aaserican
students do not develop conservation of volume before age 11
{grade 6). Likewvise, Lovell and Ogilvie {1961) found tanat it

. was not until age 14 that 50% of British students developed
volume conservation. More recently, Arlin {1977) reporteld that
only about 30% of grade five students inp British Colanbia
conserved volume.

On the other hand, many educators believe that
"scquisition of formal scientific reisoning may be fdar more
de pendent on specific instructional experiences and far less

dependent on g¢neral maturation than hypothesized by Iuhelder

and Piaget (1960}" (Siegler and Atlas, 1976, p. 36B). Graves
{1972, P 223, for exaaple, <considered «ducation and
expericnce to be necessary for volume conservation. Lovell
(1971, p. 179) went further to suyjest that even seven- and
eight-year olds {grade 2 and 3) can learn hovw to wuse the

. algorithm "V = L x ¥ x #" in order to calculate the volame.
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“he task of applying psychological theories to school
curriculum depends, unfortumately, on policy makers rather thaa
on educational researchers. DeVault found that often school
policies “are based on theory that 1i1s pever tested 1n
instructional contexts" (Devault, 1966, p. 636). One reison for
this 1s that our awareness of the psychology of learning 1is
very limpited (Young, 1967, p. 40). It has been reported thatc
the majority 5f students do not conserve volume before 13 or 14
years of age (Lovell and Ogilvie, 1961} . Meanwvhile, it has also
been notel that the majority of adults do not conserve volunme
(E1xind, 1962: Towler and Wheatly, 1971; Graves, 1972). The
averages stated above have varied considerably with cultures
and comaunities and may be wmisleading if used without
verification in curriculusz planning ({(Fogelman, 15970). In any
case, onre should not necessarily 1delay the introduction of the
volume algorithm "V = L x ¥ x H"™ until all students conserve
volupe. Studies, such as the ones mpentioned above, 1adicate
that one can not expect all students to cornserve volume. There
is also the darnger of introduzing the algoritha too early and
harming the process of learninj. It seeas, therefore, that the
natter of placing activities, which depend c¢n volume
conservation, in the proper grade 1is preseantly a @gmatcter of
preference rather than exactness.

It was an intention of the 1imvestigator *o provide
necessary data of the relationship between volume conscrvation

and a volumne aljorithe. Such datu wvas wused for naking

ot




recomaenlations related to the justification fer teachiny the
volune algorithe ©prior to gride 6. DeVault advocates tnat "it
seems reasonable ... to assert that the studies most ligely to
ptoduce auseful resylts for curriculugn work would be

experinental studies™ {Devault, 1966, p. 639}.
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CRAPTER 1I

REVIEW OF PELATED LITERATURE

Even though Piaget has for several decades tested,
intervicued and observed children, his ipfluence 1in North
American educational psychology and education in deneral was,
until the 19501's, linited to a fey individuals. In the last two
decades, however, it has becom2 increasingly clear that he 1is
“the fotemost contributor to the field of intellectual
development® (Ginsburg and Opper, 1969, p. ix). Only aspects
of Piaget®s theory which are relevant to this study are
reviewed here. Intcrested rceaders may find more comffeaensive
sumparies of Piaget's views in Flavell (1963), Maier (1965),

Ginsburg and Opper (1969) and Berlyne (1957).

urdary of Pilaget's Thoory

)

Piaget's goals of education seea to be consistent with his
theory in jeneral and his philosophy of learnitg in particular.
His educational goals consist of creating individuals wno are
active, critical, creative, inventive and discoverers (?2iaget,
1964, p. 5). Pilaget distinjuishes between developnent of

knoslelge and learning. While development is a spontanzous and

2
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genuine process coucerning the totality of knowledge, leirning
is a process liaited to only a particular problem and caused by
a teacher or an external stimulus {Piaget, 1964, p. 8).

Piaget explains that the essence of the development of
knowledge starts first, even in Young <children, by forming
"schemes™ which are organized patterns of behavior and are
based on the child's "actions on'" and "experience 1in" his
surroundings ({Ginsburg and O2Jpper, 1969, pp. 271-22). These
schemes are pnourished and nranifested by *%Yoperations®™ which
consist of interiorized actions that act, mentally or
ph ysically, on events or objects by modifying them,
interpreting then and understanding the way theY are
constructed {Piaget, 1964, p. 8).

Piaget, further, perceives that 2 given operation does not
exist independently from other operations. Rather, "it 1is
linked to other operations and as a result it is always a part
of a total structure® {Piaget, 1968, p. 9). A stiructare 1is,
thus, an independent system of operations which is ycverned and
closed, {in the pathematical serse), atder certain laws of
transformation. Yathematically, the interdependence of
operations <¢an be illustrated 1n many ways. For 1nstance, some
structures are substructures of larger structures as 1u the
case of the natural number systea being a substructure of the
rational, real or complex structure (Piaget, 1570, p. 23).

Piaget did not attempt to describe the wost ccaplicated
and 4Yeneral structures but he tried to discover the simplest

ones that i1llustrate the acguisition of knowledge. For ?Piaget,
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®... the central problem of dcvelopment is to understand tae
(processes of) formation, alaboration, organization and
functioning of these structures™ {Piaget,.1961}, p- 9).

?laget observed that the processes of these structures
fall into four main stages and substages which characterize
mental growth. The first stage, the sensorimotor, starts from
birth and continues until about two years of age. In this stage
the child grows to distinguish between himself and his
surroundings; he also develops the permanence of objects even
when they can no longer be seen. The second staye, the
preoperational, lasts until about the age of seven years. It is
characterized by the <child's use of synbols, by language
development, and by growth in intuitive reasoning. In the third
stage, the concrete operational, which lasts until about age 11
or 12, the child learns to group usiny classification as well
as sSeriation. The «c¢child 1is capable also of classifying and
seriating sirultaneously. However, he 1is still 1limited ¢t
thinking only about objects that exist and actions tuat are
possible. The 1last stage, the formal operational, is
demonstrated by *he child's capability to define concepts and
to reason logically, systematically, and symbolically. The
ckild can also perfora operations on verbally stated
progositions rather than only directly on reality (Ginsourg and
Opper, 1569 .

The ayes mentioned in the above parayragh are not 1n any
way fixed or universal; they are the approximate average ages

noted in Piaget's studies. #what 1is fixed, however, is the oiler

29




16

of successzion of the staves; a normal child Jdevelops through
every one of th2 stages in the order they are mentioned. The
age at which children reaCch a Certain stage may vary, amongst
children, from a fevw moaths to a few Years and the period one
remains in that stage depends on his degree of intelligence and
bis social milieu {Piaget and Inhelder, 1969, pp. 152-153).

The transition from one stage to the next 1is not
interchanjeable but integrative. "Bach (stage) results from the
preceding one, integrating it as a subordinate structure, and
prepares for a subseguent one, into which it 1is sooner or later
integrated” (Piaget and Inhelder, 1969, P 153) . The
sensorimotor perception, for exanmple, does not cease in the
following stages but it continues to function 1in developed
thought and 1t becomes integrated in i1ts structurcs (Piaget,
1973, p. 122).

Piaget (Piaget and Inheld2r, 1969, pp. 154-155) recognizes
four factors that are responsiple for the development from one
stage to the next: maturation, experience, socCial transmission
and most importantly, "equilibration". Maturatioa consists of
organic qrowth, ospecially of the nervous system which piovides
possibilities for developoant if nminimal experieuace 1is
available. The second factor, experience, can be physical or
logical-mathenatical. The PpPhysical experience cousists of
knowledge acquired by abstractinyg the Pphysical properties of
objects while the logical-pathemati~al results by abstracting
actions performed on the physical objects rather than the

physical objects themselves. An example of a logical-
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mathezatical 2xperience, often given by Piaget, ccncerns a
child who was playing with vebbles. He put his pebbles i1n a row
and counted ten, then he counted in the cther direction and
also got ten. Next, he put the pebbles in a circle and still
counted ten. The chiid, thus, discovered that his gebbles add
up to ten regardless of their configuration {(Piaget, 1964, p.
12, Piaget, 197C, pp. 16-17). Piaget labels this experience as
logical-mathematical, which is obviously independent of and
superior to the physical experience of the pebbles themselves.
The third factor, social transmission and 1interaction, 1s
illustrated by the verbal instructions acquired by the caild in
the process of develoPment and formal education {Pulaski, 1971,
pp. 9-11).

The three factors described above are considered by Piaget
to be necCessary but not sufficient for menta) development. The
most importaut factor for development is "equilibration™® which
consists of "a series of active compensations on the part of
the subject inp response to external disturbances and adjustament
{(Piaget and Inhelder, 1969, p. 157}.% The term Mequiliorium"™,
in intellectual connotation, refers to an active state of an
open system of structures which interacts with the envircnment
and mpodifies 1itself accordingly (Ginsbarg and Opper, 1969, p.
172). Piaget {1975, p. 178) and similarly Festinger (1357},
explain that the huran bheiny strives tovard equilibrium and
hatmony amongst his knowlelge, opinions, attitudes and
hehaviour. Piaget <c¢laims, hawever, that this equilibrium is

never attained but 1s continuously irproved (1975, p. 23)
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throuyh the curiosity of exploring and the construction of new

. information (1975, p. 170). Thus, "a zognitive system which has
attained a high degree of egquilibrium is not at rest. It
interacts with the environment in terms of its structures
[assimilation] and 1t can wmodify itself ip lige with
environmental demands [accommodation]"® (Ginsburg and Opper,
1969, p. 172). Assimilation and accommodation are two
inseparable aspects of every act; on one hand the learner
filters the input of the environment into his own structures
and on the other hand he modifies his structures in order to
fit the pressure of reality {Piaget and Inhelder, 1969, pp. U~
6) -

The above description of the stages and <factors

. influencing development seem to warn educators that not only
does the «child "think less efficiently than the adult, buc he
thinks differz2ntly” ‘(Ginsburg aad Opper, 1969, g. 8) depending
upon his wmental structures and capabilities. In fact, Piaget
postulated that the capabilities of understanding mathematical
concepts depends upoh the attainment of specific “"conservation®
attributes (Piaget, 1941, p. 4). Conservation of an atiribute
refers to the realization that this attribute remains invariant
under Changes of other irrelevant attributes. Piaget has made a
considerable effort to deteraine the approximate ages at which
various conservation tasks are achieved and the means by which
the mind coanstructs tihe notions of these tasks. He has not been
nearly as successful in the latter as in the former. IHis

. findinds have revealed that «c¢ihildren 1in the preoperational
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stage rely hecavily or their immediate perception 3ip acjuiling
knowledge abosut their surroundings. He fulther reported that,
on the average, his subjects conserved number at about aye sirx,
length at seven, substance at eight, weight at nine and volunme
at eleven (Piaget and Inhelder, 1969, p. 99).

Piaget 1s npot saying, however, that the intellectual
capabilities 52f the child develop on their own regardless of
the stipuli of the surroundings. ffe 15 only saying that one can
not 1increase the wunderstanding of the child by just telling
hin; understanding necessitates conditions in which the «child
experiments, manipulates, apnd interprets (Duckworth, 1964-a, p.
2). Piaget holds, on the other hand, that the c¢child's
interpretation and response depend on his readiness level and
his meptal structures, Piaget, conseguently, does pot encourage
acceleration of learning and he charges Americans of
unprofitably doing so:

Tell an Aperican that a child develops a certain way of

thinking at seven, and he irmediately sets about to try to

develop those same ways of thinking at six or even five
years of age ... + Most of the research ... hasn't ¥orked
beccause experimenters have not paid attention to the
equilibrium theary ... . Learning a fact by reinforceasent

does not 1in and of itself result in nental adaptation.
(Piaget, 1967, p. 343}

Piaget's_Studies _of Volume

F———

Piaget, 1Inhelder, and Szeminsxa (1960) studied rather
thoroughly the subject of conservation and measurement of
volume., They showed children a sol.l .onpartitioned cuboid of

base 3 cmn x 3 ¢cm and height 4 cn and they told thea that the
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block was a condenned house Luilt on an islaend. They further
asked the children to use centimetre cubes in order t2 build
possible houses that have the same space; the new houwses were
to be built on islands of 2 coe x 2 cm, 2 cr. x 3 cn, 1 ca x 1
cm, or 3 cm x 4% cm [pp. 355-357).

Piaget =2t al. {1960} also used an auxiliary method. They
showed children several rectangular parallelepipeds and asked
them to compare pairs of them: “are these tuo as big as one
another? Is tpere as much wood in each of thea?" (p. 357). aAn
al ternative for this method vas to give children a certain
cuboid and ask them to find, out of a dozen cuboids, another
that had the same size or room {p. 357}.

The preliminary two methods described atove were followed
by further questioning. The experiaenters used the cubes of a
partitioned rectangular parallelepiped to Ltuild another of
different base vhile the subject watched. Then the subject was
asked: ([a) whether the new and old houses bad tie same rcce or
vhich had more, (b} Jshether ob2 can use the same cubes in the
present house 1in order to build 3 new one that had as much
space as tke old one and looked exactly like it. The
experizenters tried continuously to discover 1if the child
relied totally on the conservation of the nupber of cubes or if
he considered the total volume and couserved it (pp. 357-358).

The experimenters always checked their results by using a
water displacement tecinique. They built a metal cuhoid of 3 ca
X 3 em x 4 <r in the bottom of a container while the child

locked and observed the rise in  the wvater level. Thay then
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asked the <child 1f he thoujht the level of the wvater would
. change if the arrangevent of the cubes was modified to 2 cm x 1
ce x 18 cm or to 2 cm x 2 cmn X 9 com.

Piaget et al. noted in thelr experiments three levels of
understanding the volume concept (1960, pp. 358-385). Thes2
levels are briefly described below:

level 1 {age B8 or 9): Children conserved interior volum2
i.e., the GYuantity of matter contained inside the boundary.

They also showed understanding of the logical {(not

mathematical} relationships hetwveen dimensions, that i3, when

asked to reconstruct a house on 2 smaller base they constructed

it taller than the original, though not tall enougan. The

children did not shov conservation of volume in the sense of
. space occupied or wvater displaced.

Level 2 (aje 9 or 1} : Children of this level shoved
progress over those of t*he previous one. They started to
measure correctly by using the unit-cubes and expressing
measures 1in pe*rical relationships such as "twice as mulh® and
Ynearly three times as high." They could also copy volune
correctly but they could not meaninyfully calculate it by
cultiplying the length, width and height. In fact, whemn asked
about the volume or the sSpace c¢ocupied by an object they
equated the volure with the number of cubes necessdary to
surround the object. They still did not ccnserve volume 1in
terms of space occupied or wmater Jdisplaced even thouJn they

recognized that the rearranyerent of the unit-cubes 414 not

. alter the interior volune.
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Level 3 (aje 12 and above): Children of this level
established a rclationship between the area of the base and the
volume. They discovered volume 1n terms oOf the product of
length, width, and height; and that two volumes were e&gual if
the product of their respective linear dimensions were ejual.
Children of this stage also conserved volume with Tespect to
the surroundiing snace as in the water displacenmert.

The experiments and interpretations of Piaget ét‘
al. {1960) sesm to say that th2 conservation of volume 1s well
developed when the child acguires its three M€AN1INYS l.2., {1}
conservation of interior volume, {2) conservation of occupied
space and (3) conservation of complementary volume or water
displaced. Piajet et al. {1960) concluded thkat the complete
not ion of volunme conservation and measur2ment 1avolves
multiplication of three lengths and necessitates the formal
operational grasp of the continuity of spac2. "The
decomposition and redecomposition of a continsum are operations
which belon3d to the level of formal operations. <This exglains
why 1t is npot until stage IV that children understand now they
can arrive at an area oOor a volume 3simply by oaultiplying

boundary edges® (p. 4C8).
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The reactions of psychologists and educators, regarding
Piaget's methods of testing and his conclusions, have varied
from criticism to praise. Likewise the validation experiments
ha ve shown inconsistent results.

Pinard and Laurendeau {1964} looked for the existepnce of
Piaget's general stages of pental development in a fpopulation
of French-Canadians. They generally confirmed the existence of
Piaget's stages of zental development but they eliminated soee
substages and added otherz. The data they collected fros 700
children in Quebec revealed that French-Canadian students
attained the Piagetian stages 2 year or two later than students
used by Piajget in Geneva.

. Carpenter (1975-2) reported that his own studY revealed

that 1n the case of first and second graders "measuregent
concepts begin to appear in youny children carlier than Piaget
et al. {1960) concluded” (pp. 3-13). In the same year however,
be (Carpenter, 1975-b) published contradictory results. He
declared that the results of the National Assesspent aad
Michigan State As3essuent showed that "on the whole measurenent
concepts develop somevhat later in average American students
than indicated LY the nmeasureasent studies of Piaget, Inhelder
and Szeminska" (pp. 501-507).
Flavell (1963) reviewed Piaget's writing and guestioned
his work. He criticised Piaget mainly on {1) <tha gap onetseen
. . the facts described 1in the experiments and the theory he

concluded and (2) the use of the qualitative npethod aud the
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role of the langwage in the interpretation cf data.

. Piaget responded to Flavell's criticisms. He explained
that buis method of study is epistemoloyical rather than
psychoclogical and he adeitted that his research is far froa
coaplete. He even encouraged psychologists and educators to
carry on further statistically sound studies under controlled
conditions (Piaget, 1963, p. 1X).

Finally, most educators seem to approve the Piagetian
order of the stages of development, hut they appear to be
divided regarding the degree of accelerating the development
and particularly the conservation tasks. Many side wita Piaget
in respecting the level gquideslires and consider learning
experiences to be pecessary hut not sufficient for conservation

. taskse Other educators challenge Piaget's level guidelines and
consider the conservation tasks to be abilities which are
acquired through a process of cusulative learning. sShulaan
{1971} claimed that those who side with Piaget scea to
outnumtcer those who do not. However, the question of
accelerating the acguisition of conservation tasks and thus the
suitable ages for presenting various activities is by no npeans

resolved.
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£ducators have bheen cChallenyed:; for decades, oy the
developnental theory of Piaget to take a stand regarding issues
related to education; for exasple, the role of training 1in
conservation tasks. A nusber of researchers, conseguently, have
seriously studied this subject and have drawn their own
conClusions. Hany have claimed success in their conservation
training; others have reported failure. The following two
sections of this paper will summarize some of these training

studies in Conservationt*tasks other than voluae, and ion volune.

Discussion_»f Training_ Expreripents other than Volume

_—— ey mE s s et T T e et S ey b R e T Y ———

Piaget {1970, p. 13) set out "to explain aow tgg
transition is made from a lovwer level of knowledge to 3 levél
that 1s Jjudged to be higher" using his eguilibration theosry.
Unfortunately, there has bheen little evidenCe validatiny this
theory. He hirself admitted (sesminar, the Catholic University
of Arerica) that the equilibhration theory does not sufficieantly
exFlain the transition between cognitive develofment stages
{Beilin, 1971, ovo. 84). Specifically, little seems to ne kuown
about the laws of transitiosn from non-ccnservation to
conservation (Wohlwill anpd Lowvwe, 1962, p. 153). Training
experirents have been ahle to sugyest and test various ways
thought to aid the cognitive development frep non-ConserCvation
to conservation.

fven thouin the ultimate juwrpose of this study is to

investigate the learning of 3 yoluse algoritha jt seess
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pecessaty to Ceview trairing experinents in areas ovher than

. voluze whenever they are relevant. The studies raviewved,
therefore, i1i1clude traininyg for <cohservation of substaance,
veight, voluzse, and nuzber. It 1s 1n nusber ccnsefvation
training that most rescarchers have occupied themselvas and
many have claimed success.

Onfortunztely, Tresearch stulies hive not becen consistent
with regard to the effectiveness of conservaticn training. In
fact, Rothcnherg and Orost (1969) reported that “for every
successful study there are others testing the same types of
training which report no significant transfer-to-training" (p.
70). This 1s not unusual in educational researsy: because of
differences ia procedures and test conditions and uLorause of

. varied cmphasis on subject responses. Mercelstein et al.
{1967}, for wexawnle, enployed wvhat appcared to be successful
procedures of substance conservation 1n four major studies
{Smedsluni, 19%t; Bruper, 1964, Beilir, 1965; Sigel, 19686).
Their results showed that none of the training procedures could
induce sihbstance conscervation. Kevertpeless, studies have
raised 1liaportant aspects of the protess of acquisition of
conserva*ion. The most imjportant of these aspects are adding-
suktracting, language and verbal explaunmation, screening,
extinction and reversibility. A sumpary of what research has
shewn reyarding each of *hese aspects will be discussed
hereafter.

wohlwill {1959) was the fiist to study the effect of

. raddition-sultraction” treatzent on the acquisition of nuaber
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conservation. The treatment coasisted of playing a Jame of
matching a given set of objects with one of three pictuires
representing six, sevenh or eight elements. The exferlaenter
changed the configuration of objects while adding or taking
away one elemant. ¥ohlwill reported that this treatment was
successful in induacing nuasber cons2rCvation but he asserted that
the subjects who benefited the most were those who were "on the
doorstep" of conservation. Later, Wohlwill and Lowe {1302) and
kothenberg and Oros:t {1969) used similar *addition-subtraction®”
training to that of #®%ohlwill ané also reported success in
inducing pupber conseCvatiOn.

As far as the effect of language 1s concerned, it do2s not
seed to be clear how this factor contributes to inteliectual
development. Languade has heen used mainly in verbally
instructing the subjects, their verbal description of the
changes 1in an attribute, or in demanding verkal explanatiuns
for their 1i1esponses. S5SoOorstro2m (1965) advocated that "it is
when the child is hoth saying and doing that he learns gpot to
believe £nlly what he is seeing"™ (p. 224)., pPeilin (1%5) also
reported success 1n conservation training when he verbally
explained to the <children the law of conservation after each
unsuccessful response. Mernelstein et ale. (1967), however,
replicated the above experiments and found contradictory
resulits. They observed that language *raining interfered with
rather than facilitated the substance conservation processesa
Moreover, the effect of post training procedures bezame

iasignificant «hen verbal explanation was demanded frcm the

LR Y
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subhjects who n¢wly acyuired conservation {Sonstroen, 19662
Wohlwill and Lowe, 1362; Roll, 1970).

The effect of screening nmisleading cues is closely related
to the effect of language. Subjects who are led by misleading
aspects are put in a situation where they resyond verbally to a
non~percelved action. Bruner (1966, pp. 183-207) used the
screening rechnijue in askinyg four- to seven-year-olds to
ptedict the level of the water to be poured frcm a ccntainer to
another and then wazich the attained level. He claimed {p. 235)
that it 1is when bhoth enactive and syv.bclic representations
agree that the ikonic yields and conservation is ac. ved. He
further claired success 1o inducing substance ccnservation with
his five- to seven-year-olds but not with the four-year-olds.
Bruner's approach has bheen under attack by other researchers
including 2iaqget himself. Piaget (1968) accused Bruner of
inducing a psz2udoconservation and forcing the verbalizaction of
identity. He argued that conservation shcws understanding of
ident ity and not vice versa. Horeover, Piaget advocated that
the wsntal structure precedes lanjuage develcpment rather than
follows it. Experimentally, Strauss and Langer (1970) reported
re jection of Bruner's hypothesis that screening amisleading cues
induces substance conservation.

The effect of extinction has also been a source of
conflic* in the research literatnre. Extinction is measured by
the degree to which conservers resist 3zlib:rate confusion by
the researchar. Smedslund  (1261) rcported that trained

cotizervers Jid not resist extinction as did natural conservers.
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Hall and Kingsley (1968) rejected Smedslund's claia that
natural conservers resist extinction more than trained ones do.
Hall and Kingsley replicated Smedslund’s experiment and
reported that none of their 17 natural conservers resisted
extinction.

There seems to be a proaising trend in iuducing
consetvation by reversibility training. Piaget {1968) exglains
that reversibility has two forms, reversibility by inversion-
negation and reversibility by reciprocity. Iuversion-negjation
includes the men*al operation of returning to the original
state while reciprocity consists of compensating variations in
related attrihutes. wallach and Sprott [1964) employed what
seemed to be successful application of reversibility, via
inversion-negation, for nuaber conservation. They used the
techni yue of faitting dolls back into their beds after they have
been <clustered or scattered. The experinenters did no% provide
training for reversibility bhut gave those subjects who already
knew 1t 1in real 1life a <chance to apply it in the number
conservation process. In a later study, wallach, ¥all and
Anderson {1967) checked wallach and’Sprott's (1964) results and
applied them to conservation of continuous ligquid quantity.
They concluded that Yreversibility as well as .pot using
misleading percedtual cuzs would seem to be necessary for
conservation" (p. 487). Roll's {1970) findings, however,
confirmed +*hLose of +allach and Sprott (1964) and wallach et
al. {1967). Rroll ({1970) asssrted +that inversion-aegation

reversibtility results i1n an increase of number conservation if
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no verbtal explanation is requirel.

——— v — ——— e S ———

Elkind (1967-a}) replicated some of Piaget?s conservation
experiments. His results agreed with Piaget's for mass and
veight but not for volume. The 3data he collected from a saaple
of 175 elementary students in Newton, Massachusetts, revealed
that "the conservation of volum2 did not in most cases (75%)
appear before the age of 11" (p. 225). Carpenter {1975-b)
reported similar resylts from the data ccllected in the
Yational assessment of Educational Progress (NAEP). Only 6% of
the Y9-year-olls, 21% of the 13-year olds and 43% of tue 17~
year-olds Jgave correct answers to the volume of a pictured
snlid whick is partitioned into unit cubes.

Elkind (31961-b) extended his replicatioo to junior and
seniokr high school students. The dJdata of 469 subjects from
Newton, Massachusetts, showed that 95% to 100% of high school
graduates attain conservation of prass and weight but only 68%
of them reach the conservation of volume. On the average.,
however, only 7% of the secondary students conserve volane.
Koreover, Elxind found that, in all secondary grades, I.Q.
sCores and age were Ppositively correlated with volunme
conservation and a significantly higaer number of boys than
girls conserved volume. Nadel and Schoeppe (1973) replicated
Elkind's (1961-b) scudy om 28 eighth-grade fewmales in
Levittown, N2w York. Their %resulets are strikingly parallel to

those obtained by ElXkind for the sime mean age group®™ (p. 309).
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In volume, particulacly, valel and Shoeppe found that only 2932
of their subjects, whose mean age was 13 y2dars 5 montus, had
reached tne conception of volume conservation (p. 309}).

Elkind {1962}, finally, extended his testing to young
advlts. He chose a sample of 240 college students f£froa
Massachusetts whose ages varied hetween 17 and 37 years. His
results were consistent with his previous findings in that 92%
of those college students conserved mass and weight but only
58% conserved volume. RAge 3s well as I.Q. score were
positively correlated to volume conservation and significantly
more boys consercved volume than did girls in all age yroupse
Towler and Wheatley (1971) replicated Elkind®s (1962) last
study on 71 college students at Purdue University aad they
confirmed Elkind's results.

Lovell and Ogilvie (1961) vsed Piagetian wmethods to
question 191 British students in yrades 6 to 9 abcut various
volupme concepts. TheyY found that Piaget (Piaget et al., 1960)
was certainly correct when Lke asscrted that a well developed
concept of volume can not be attained, on the average, beflore
age 11 or 12. In fact, "it appears that not until the fourth
year {age 14} of the junior school do 50 per cent of pupils
realize that the asount of water displaced by a single cube is
irdependent of the size of the full contziner" (p. 124). On the
other hkand, the resecarchers believed that prorer school
training can speed up the acquisition of the volume coucepts.
They even assumed that it 1s jossible to *learn" uow to

calculate interior volume as well as occupied volume, before

-
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the concept of volume {in toeras of water displacement) 13
. developed; and trusted that such activities may focus attention
on conservation of both interior and occupied volume. Lovell
(1971 suggested that even some seven and eight year olds can
learn how to uyse the alygorithm "V =L x W x A" in order to
calculate the interior or occupied volume of a cubaid (p. 179).
Uzgiris (1964} tested Piagetts findings <c¢f the ourdered
sequence of conservation of substance, weight, and volume with
respect to the variation of paterials used in the experiments.
The data collected from 120 elementary students ibp [llinois
supported Piaget's sequence and the average ages he found iD
conservation of substance and weight but not of volume. Only

20% of Ozgiris' sixth graders, wvho had a mean age of 12 jears 2

. months, conserved volume. Bat-fize {1971} also reported support
of the above scquence of Piagetian conservationm tasks in the
data he <collected from 181 pupils in Missouri. Bat-haee,
further stated that conservation performance was positively
related to I.32. score and age; it was independent of sex.

Graves (1972} investigated the effect of race and sex on
the degree of conservation of mass, weight, and volume. She
tested 120 adults; 30 of wuwhomn were white males, 30U waite
femali:..,, 30 bhlack males, apd 30 black fesales. The subjects
were all enrolled in adult hasic education classes and their
grade levels varied from one to 2ight. GSraves found taat in
volume conservation tasks, whites scored significantly higher
than blacks and males scored sigrificantly higher tham fenales.

. doreover, 78Y of all subject adults conserved mass, 67X weight
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but only 243 voluze. Graves concluded that in the case of
volu®e, na*uration alore can unst explain develorment. "It nay
be that educational or practical experiences in the 3ciences
and patheratics are necessary before anm individual can attain
conpservation «.. of volume" (Graves, 1972, p. 223).
Price-4illiaas, Gordon and Raminaz (1969) studied the role
of experience and particularly manipulation in various
conservation tasks. They administered Spamish versions of
Piagetian conservation experimsnts in nupber, liquid,
substance, weijht, and volume. Their sample consisted of a
total of 56 Mexican students whose ajes varied between 6 and 9
ycars; half of the students lived in pottery—-making families.
Those <chillren who hLad experience 1in pottery-making scored
significantly higher in substance cohservation tasks than the
other 3subjects. The same children scored highker put not
significantly higher than the rest of the subjects in all four
remaining conseivation tasks. Price-wWilliams et al. concluded
that their study suggested "that +the role of skills in

cognitive growth may be a very important factor" (p. 769).
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®ithin certain limits, age does not seem to affect the
process of conservation traininj. In number conservation, for
example, Rotnenberd and 9rost (1969) succeeded with younger
children while Wohlwill and Low {1962) failed with older oues.
what appears tO0 be inzportant 1is the cognitive level Of the
subject involved. Inhelder (cited in #odyil, %374, pp. 125-126)
reported that 1in one ©Of her expelfiments 12.5% of the
preoperational subjects proyressed tO an intermediate level
while 75% of the intetmediate level subjects advanced toO the
operational level. This particular finding can be seen across
many studies; Wohlwill (195%9), Beilin (1965), Strauss and
Langer (1970) and others have noted that training 1s most
successful with children who are "in possession of the proper
cognitive structure but have noOt yet reached equilibration®
(Kingsley and Hall, 1967). These subjects are said to be at a
transitional stage and standing "on +the doorstep" of
conservation.

For volune, however, the reviewed studies indicate that
the expected percentage of conservers among 11 and 12 year o0lds
(grade 6 and 7) varies from 20% to 25% (Uzgiris, 1964; Elkind,
196 1-a; Carpenter, 1975-b). This expected perceutage of volunme
consctvers 1is particularly important to this study. The nature

of this study necessitates the inclusion of volume coaservers

-]




35

in the sarple. Grade 6 scews to be a reasonatle choice tor this
study tLtecause (1) it is Just oune grade higher than jrade 5
vherein post texthook se¢ries introduce the vclurze algorrtha for
a cuboid and (2) one can expect to find a2 sufficient numoer of

conservers for the study.

Nature of Vvolume_Conservation Tests

The wvalue given to the subjects' justification for their
responses while inferring their developmental stages (i.e.,
conservation levels) seems to have caused a considerable
discussion 1in the literature. Some cf Piaget's main
collaborators, for exanple, have explained that in Prijetian
experiments "special attention should be paid to the <Child's
justificatior of his answers (Inhelder aad Sinclair, 1368,
p.9)." Others have criticized the eninance of languaje 1in
Piagetian type experiments and, specifically have disagreed
vith Piaget's enphasis on the child's verbal explanation of his
actions and decisionz (Flavell, 1963). In order to elisinate
this procedural problen, some researchers have conducted
research in which they did not Trequire Justification for
students' responses, and in fact have atteabted fo avoid verbal
instructions through pretraining procedures (Braine, 1959,
Bever, Yehler and Epstein, 1968, for exaaple}. Calhoun (1971)
reported difficulty in asscessing chiliren’s nusber conservation
using their verhal respouses and recommeénded the use of totally
nonverhal procedures {or such assessraht.

Fesearchars who favour jistification seem to believe that
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without sach justification type I error may be caused by
mistakenly 1inferring a higher developmental staye to sup jects.
Subjects may respond correctly by concentrating on irrelevant
attributes (Smedslund, 1963 and 1969). For exaaple, a chilad
might respond correctly by simply chosing the first f{or last)
alternative or, 1in case of volume conservation testing, by
focusing on the substance or weight attribute. Research 1S
reported which has shown thet more subjects are classified as
conservers wken the justification criterion vas n>t used than
vhen it wvas (Brainerd, 1973, p. 174). For example, RKoll (1370}
reports that few of his trained number conservers showed verbal
avareness of conservation. Wohlwill and lowe {1962} indicate
that using their nonverbal ¢training procedures for nuaber
conservation the incrc¢ase in Conservation [Cespomses became
nejligible when verbal justifications were demanded. Thus the
argument 15 that justificatiors of students' responses pay
further reveal their developasntal level and reduce type I
eLLO0r.

Researchers who opiLo<e the requirement of a ver bal
explanation for inferring the subject's developamental level,
arque that type Il errors may be gade by using criteria which
are too strirngent. The argdhéat of those rescarchers s2emns to
be Lased on the theory of Piaget hitself. Flavell {1963, for
cxample, ohserved that in the theory of Piaget "language
hehavior is hzre treated as a dependent variahle with cognition
as the independent variable (p. 271)." Frainerd (1973) also

> ains Yha i 1ge as lon3d naintain Y5 jn1ti
explai that "Pilaget h lon3 tained that cojnltive
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structures originate in 1logiZ rather than language" and
further, Cconsiders adeguate explanations sufficient dut not
necessary conditions for inference of cojnitive structiares {pe.
177). prainerd holds that 1if one chooses to employ the
explanation criterion, then one unduly restricts the behavioral
domain to which the thcorctical construct (structure) applies
(pe 177). Brainerd concludes that "from the standpoint of
Piaget's theotry the judgement criterion risks only the usual
Y"extraneous"® tyPe I and type IT errors but does hot risk any
built in source of error as does the explanation craiterion
(ps 178) .

Kobhs {1975} sided with Brainerd while discussing the
necessary and sufficient subject's bhehaviour for deteimining
developaental level and applied his conclusions to volunme
conservation ‘testing. He explained that even thouyh in
Piagetian type testing a pistake is not taken at tace value and
subjects are given repeated chances to glve the correcst
answers, the persistent subjectivity of the experimenter |is
liable to cause 1incorrect inference of ccnservation levels
(Hobbs, 1975, p. 272).

Piayet's position, redgarding the verbal justification of
the subject's action, does not seem to oppose Brainerd's ([i373)
or Hobbs' (1975 position. Piaget (1963} explained tuat the
nature of his c¢pistenological studies necessitates interaction
with the subjects in order to "... un2atrth shat 1s original and
easlly overlooked ... and to {use) methods, including verbal

ones, which are as free and flaxible as possible."™ Furthermore,

191/
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he etconraged elucators to conlduct studies underf controlled
. conditions (Piaqget, 1963, p. 1X}. NorLe Tecently, Piaget ([19173)
explained that
In fact it 1s a very general psychological lawv that the
child can do something in action 1long before he Treally
becomes 'aware' of what is involved- 'awaleness' occuls
long after the action. In other words, the subject
possesses far greater intellectual powels than he actually
consciously uses. (Piaget, 1973, p. 86}
Robbs (1975) developed and used a displaced volune
conseCvation test hased on judjyesment alone. In the first part

of the test subjects were shown experimentally that objects

occupy space in water and cause the water 1level to Trise and

that the space occupied varies directly with the size of

ob jects. The second part of the test was desighed to detect

those who persistently juiged that weight, rather than sSize, is

. directly related to the space occupied. The last part of the
te st consisted of presenting balls of the same size and jlasses

of water to the same level, 1immersing one of the balls in

water, transforming €ach of the other Dlalls 1in turn and
Guestioning the student about thz anticipated water level 1in

the other Jlass 1f the transformed ball was irrersed in 1t. The
procedures used by Hobbs (1975 were particularly useful ip the
development of the Voluame Coans2Cvation Test used in this study.

Tke position of Piajet (1973) himself and the
interpretations of Flavell (1963) and Brainerd (1¥73) to

Piaget's thedty aTe the Lasis for the justification of the
judycoent-hased vo2lume Conservation Test used in this study. In

. the development of the Voluse Zonszivation Test, further care

was takzn to ie¢duce type I error caused by studeats
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concenttation on  irrelevant atzrib4ates.  For exaaple, no
questions that allowed subjectis' Juessing weore asked. In face
the response format consisted of darkening one of five hroken
lines to whichever the stydent thought the water rose. Purther,
an effort was made to detect the students who concentrated on
welght rather than volume and classify those stulents as
nonconservers of volume. The criteria used in developiny the
ltens of the Volume Conservation Test used in this study were
based on Piaget's testing procedures of vclume censervation
{Plaget et al., 1960, Piaget and Inhelder, 1S68). The variety
of transformations to Pplasticine balls, the preparation of
subjects for the test and detecting the conservers of welght
but not volume were adaptations of iiobbs® (1975) proceasres in
his volume conservation testing. The protocol of the Volume
Conservation Test used in this study 1s presented in letaill in

Chapter 1IIT.

The concept underlying treatment procedures is a very
important 1issue Lecause this study is designed to snow the
relationship between training on  the usage of the volusme
algorithm "V = L x W x #H" and voluze conservation. A Concern
has beaen expressed about the necessary maltiplicationh abilities
involved in the calculation of the wvolume of a cabold (Spitler,
1977). 1t is conjectured that shen students are proficient in
varying factors of a fixed product they can rapidly predict,

determine and coaspare volum«s sr dirensions of cuboils. FPor
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vxaaple, it is yprobable that stulents with such proficiency
vould successfully solve Piayet's island [rebles in  which
subjects are to predict the height of a replacement for a
coniemnned building to be built on a base different from the
origisal. Ib other words in this treatnent factor manipslation
15 consiierel to be the ey for volume calculation and
conservation. This «conjecture provides the basis for the
rultiplication treatment of the study. AbD outline is given 1in
Chapter III and details are provided in Appendix A.

The conjecture mentioned above may be justified within the
context of the coynitive theory of Piaget. Inhelder and Piaget
(1958) asserted that conservation presunes reversibilaity by
inveision-neyation or Ly Treciprocity. Reciprocity "... is
analoqgous to cozpensating chanjes in one affirmation by ejual
and opposite changes in a rela<ed affirpation™ {Brainerd, 1970,
p. 227)+ The procelure proposed in the previcus paragrapl 1is
intended to train students in CospPensiting One Or pmore factors
in multiplication with rvespect to variations in other f£actoCs.

in fact the effectiveness of reversibility via ieversioan-
neyation seems the most promising of training pracedures.
Pliaget cautloned, however, against inappropriate yencral.zation
across various conserCvations. He explained that the firzc-order
consrrvation (nuaber, length, substance, welght, and area) are
an inlex of concrete 2upelfational level and thar secoed-order
conselvations fvolume, Zensity, momehtum, and rectilinear
motior} are ana index of formal operational level, He adied that

the first-order coascevations r2guire onl y sutcessive
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aprlication »f the two aspects of reversibility {inversion-
negation and compensation), while the Second-order anes
necessitate simultaneocus application of both aspects {Inhelder
and Piaqget, 1958, p. 320). Inhelder {cited in Green, Ford and
Flamer, 1971) also objected to the separation of various
aspects of reversibility. She held that emphasizing one aspect
of reversibility, at the uxpense of the other, could naram the
subjects' learning.

Piaget further wmaintains +that proficiency 1in nuamber
manipulation does not lead to wunlerstanding of volume if
conserfvation is not achieved. He holds that "it is one thaing to
multiply two nunbers together and guite another to multiply two
lengths or three lenyths and unjerstand that their produact is
an area or a volume. The latter involves the continuity of
space ..." (Piaget, et al., 1950, p. 408). There secems to be a
possibility that the pultiplication treatment would lead to a
limited and tewmporary leafning of the volume aljorithm and of
counservation. Piaget would =2xamine the effectiveness of such
learning with respect to thres criteria: [ctention,
generalization, and cogJnitive level of subjects hefore such
training (Piagetr, 1964, pp. 17-18). The results of this study
are expected to reveal the effect of maltiplication skills in
the learning of the volune algorithm. !

The other LXpellkental treatment, laheled volune
treatment, was deiigned  to toach the volune algoritamn for a

cuboid "V = { x W x H" using an approich that resembles thosa

of school F[rograms used in Horth Aserica and particalarly 1o
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British Columbia. Such rezemblance was necessary in  ord4el  to
. apply the results of the study to school prograas. On *he oOther
hand, this trzatment was considered an improvement over school
approaches because it was more cormprehensive and required nmore
students!' active 1involvement, for example in building with
cubes, than 1s normal in the eleasentary school classroom.
Furthermore, the sequential projress of activitizs used in this
treatment, comparison, ordering, counting of cubes, algorithm,
was consistent with other models for the teaching of voluae in
particular ({Elliot et al., Teacher's dJuidebook, 1974, v. 4,

p. 4%) and of measurement in general (Thyer and Maggs, 1371).
Prelizinary activities of this treatment invalveld
macroscopical direct comparison and direct ordering of closel
. boxes {cuboids} with T[respect to their volume as well as

building with wuni* cubes nolels of polyhedrals scme Of whose

upits BaY not be visible, counting the number of cubes and
stating the voluze(s) {(Zicholz et al., 1974, v. 5, p. 2763
Dilley et al., 1974, v. 6, p. 110; Elliot et al., 1974, v. 4,
p. W5). Later, stulents used nonstandard thenm standard unit
blocks to build simsilar cuboids to the ones given, counted the
number ©f Flocks and inlirectly compared then ordered those
cuboids.

The volume algorithe "V =L x & x H" was introduced as a
sigplification (Zickolz et al., 1974, v. 5, p. 2768) of coanting
cubes 1.e., length X wilth yielded the number of cubes in one
layer and lengyth X width X height  jave the total numoer of

. cohes {Dilley et al., 1978, v. S5, p. 134; =lliot et al., 1974,
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ve 4, p. 143). Tuis treatment =ni=d by applying the volunme
. algorithn to various cases. For example, the aljorithm was
applied to attachaments of cuboids (Dilley et al., 1874, v. 6,
P 111), to partially covared cuboids (Eicholz et al., 1974,
Ve &, pe 272) and to proposed dimensional transformatiors
(Eicholz et al., 1974, v. 6, p. 273). AD outline of the wainh
activities of tais treatment 1is given in Chapter III and

detailed lessson plans are provided in Appendix 3.

AP

TheCe ssens to be 3 growiing opelief among educators that
. irtzllsctual devalopnant, at least for transitional subjects,
can be accelaratsd with proper training. Flavell and Hill
(1969) summarized:
The zarly Plagetiarn training studies had onegative
outcomes, but the picture i1s now chamging. If our <teading
of recent trends 1s correct, few on zither side of the
htlantic would now maintain that one canpnot by any
padagogic means wpeasuraply spur, solidify, or otherwise
further the child's concrete-operational progress. {(p. 19}
Even those who are in accord with the Piagetian thzory
hold that l2arning can accelerate development but they maintain
that 1t Joss not 1initiate it (Smedslund, 1961. Halford and
Fullsrston, 1570). Piaget himself considers edacation to bz a
tool for stage accelerationt
Bat 1t repains to be decigsd to what extent i1t [education]

. is beneficiz2l... Consequen*ly, it is highly probable that
thire is an optipoua rate of development, to exceed or fall

Ny |
=2
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bzhind which would be €Jually harmful. But ve do not know

. its laws, and onr this point as well it will be up to
future research to enlighten us. (Piaget, 1972, guoted by
hodgil, 1974, pp. 126-127)
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CHAPTER III

PROCLDURES

This chapter iancludes discussion and description of four
major considerations: the choice of subjects, description of
the treatsents, the preparation of tests and the wvay the tests

and treataents were conducted.

Subjeczts

The stuly was conducted on sixth grade students in 4
suburban school district of the lower mainland of British
Columbia. These subjects followed a math2ratics prograep typical
of those wused in Horth America. In 1971, the aunual average
family income in that district was 311 033 while the average
family income in the Vancouver aetlopolitan area was &£10 664
{Statistics Canada, 1974). These subjects wete of ajes and
secioeconomic status similar to thos2 of most suburban yJrade 6
students in  Horth America. The sample chesen, therefore,
appeared to bhe represontative of the vopulation of saburban
grade 6 students in horth Anerica.

The subjacts consisted of 171 gtudents c¢f seven jrade 6

classes in three schools. Each of two =»chools had tyo full
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classes of grade 6, while the third szhoal had one full class
of grade 6, one class of grade 5 and grade 6 combined, and one
class of grade 7 and 9rade 6 combined. Subjects who missed any
test or treatment day were eliminated from the study. The final

sample was 105 students.

Description_of the Treatments

The study included two experimental groups and ore control
group. The *wo experinmental groups underwent two different
treatments which were both aimed at arriving at the volume
algorithm of a cuboid i.e., V=L x W x H. The treatpent of the
control group conrnsisted of learning various numeration systeams.
The three treatments were believed to be of about the same
level of Jifficulty and required about the same amount of tipe.

Each of the three trecatoents iS described in detail below.

The aim of this +treatment was to teach the volume
algorithm for 4 cuboid "V = L x W x H" using a guided discovery
method based on approaches of present schocl Frogramse. In such
programs volume lessons include activities for finding or
computing tha volum: of cuhoids by counting cubes or by using
the alyorithm, "V = L x W x H."

The main concepts and activities of this treatmeat are
outlined below. Complete and detailed lesson plans are provided

in Appendix Al

6y
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1. Ditest comparison of objects.

2. Direct ordering of objects.

3. Indirect comparison of closed boxes.

4. Standard units: mo?, dm? apnd cnmd.

5. Indirect ordering of closed boxes.

6. Volume of polyhedral models built from unit cupes.

7. ¥clume of partitioned and non-partitioned cuboids.

8. Algorithm for the volume of a cueboid "V = L X ¥ X H."

3. Application of the volum2 algorithm to cubdirds and
diagrams of cuboids.

10. Application of the volume algorithm to the followving
cases?

a. Word description of cuboids.

b. Cuboids touching side by side.

c. Diagrams of cuboilds with some unlt cubes atcached

or removed.
d. Attachments of half cubes to cuboids.
e. Diagrams of partially covered cubcids.

17. Application of the volume algorith®m to cuboids with
proposed dimensional transformations.

S T S o e s - -

This treatment, like the volume treatment, wvas aimed at

L x W x d". The

teaching the volume algorithm of a cuboid "V
emphasis here was on developing the skills of varying cwo and
three factors fprovided that their product remained fixed. For
exanple, given that 24 = 2 X 3 X 4, the students were trained
in comrpleting statements such as 24 = 6 X [ 3 X [ }. This task
vas followed Ly a irief discussion of the volupe of a cuboid
"Y = L x ¥ x H". The detaills of this treatment are provid=d in

Appendix A; a brief outline is given below.

61
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T. fevicw of the commutative and associative princiglese.

2. Prescribing the range for the tissing factor 1in an
ineguality involving tvo factors at each ¢f its sides.

3. Prescribing the range for the missing factor in an
inegquality involving three factors at each of its sides.

4. Effect on the product of two factors when these
factors are changed additively or multiplicatively. {Note:
"additively" and "oultiplicatively® will subsume decrease
as well as increase.)

5. Effezt on the product of threa factors when these
factors are chanjed additively or multiplicatively. (Note:
"addit ively” and *"nultiplicatively" will subsunre decrease
as well as increase.)

6. Effect on one of two factors when the other factor 1is
ckanged and the product is fixed

7. Effect on two {or one2) of the three factors when one
{(or tvo) of these factors is {are) changed and the product
is fixed.

B. Clarification of the concept of volunme.

9. Algorithm for the volume of a cuboid "V = L X & X H."

10. Application Of the vdlume algorithm to partitioned,
partially partitioned and partially covered cuboids.

11. Application of the volume aljorithm to cuboids with
proposed dimensional transformations.

Control Treatnrent

This trcatment was given to the control 9group for the
rurpose of controlling for any "Hawthorne®, pmaturation, history
and sensitiza<tion effects. The treatment consisted of an
instructional unit on nurcration systecs and was believad to ba
of about the same level of Jifficulty as the treatment offered
to the two experisental gi2ipse The following is a general
outline for this treatrent (detailed lesson plans may be found

62
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in ﬁppcndix A}.

1. Review of Base 10 place value concepts

2. Bundling in fives and expressing numbers in Base 5
3. Counting in Base 5

4. Converting nomerals fror Base 10 to Base 5

5. Bundling in sixes and 2xpressing nuwbers in Base 6
6. Counting in Base 6

7. Converting numerals from Base 10 to Base 6

8. Converting numerals from Base 5 to Basz 10

9. Addition in Base 5 with and without renaming

10. Subtraction in Base 5 with and without repawming —

g e R e e G — e o — 4

Three different tests were administered as pretasts,
posttests and retention tests. The pretests consisted of the
Volume Achievement Test, the Volume Conservation Test and a
portion of the Stanford Achievement Test {SAT) . The posttests
and the retentisn tests consisted of the Volume Achievenent
Test, the Volume Conscerva*tion Test and the Hultiplicacion
Achievement Test. The Volume Cons=rvation Tast, the Volune
Achievement Test and the Multiplication Achievement Test vere
piloted wusing a fifth grade class, a sixth grade class and a
seventh grade class. The pilot results were used to revise the
classification scheme of conservation levels, to confirp the
suitability of the grade level {sixth) <chosen for the aajor

study and to iaprove *he testing instrurcnts. Eaco of the
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Feviced tests will be describel in turn and coples of tee tests
except the Volume Conservation Test are included in Appendix E.
The Volume Conservation Test is Zokpletely described below and
the answer sheets are given in Appendix E.

The V¥olume Conservation Test was based on procedures useld

by Piaget (1960), Piaget and Inhslder (1963) and Hobbs (1975)
in their detection tests for volume conservation levels. In
this test the experimenter explained the procedures and
demonstrated the tasks to the class as a group. Duriag this
test an effort was made to Xeep minimal the interaction among
students, and between students and the experimenter. Each
student responded on a separate answer sheet by darkening a
line to show the judyement. Terms such as "nmcre" or "lesz" were
avoided as nuch as possible. The first part (pages 2 and 3, see
Appendix F) of ¢the test was intended to give the stulents
familiarity with the test procedures. The second part (pages 4-
6) was used to identify those subjscts that associate valune
with weighte The third part {pages 7-11)} was desiyned to
classify the suhjects in one of the three cateyories,
nonconservation, partial conservation and corservation. Ia the
last part (pages 1% and 12) the students were asked to Jive
reasons for their judgemert; this providad validity information
for the <classification in the third part of the test. The
following is a description of the conservation test.
1. The experimenter displayed, side by side, three
identical test tubes partially filled to the same level
vith coloured witer. The levels were marked around the
tubes.e The experiventer *told the group that the levels

vere the same. The experimenter then displayed two
identical balls and a larger hall of plasticine close to
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the tubes. e told the Jroup that two of the balls dere

. the sare and the third was larger. He asked a student to
cone forward and coufirm that the water levels in the
tubes were the same, that tvo of the balls were the sape
and that the third was larger. If the =student disagreed,
the experimenter asked him to adjust the amount of water
or plasticine by adding or deleting. Each student was
given a pencil and an answer booklet which consisted of 12
different coloured answer sheets.

2. The experimenter asked, "v¥hat will happen if I put this
ball (right) into this tube {(right}? ¥here will tae water
level be?" The vxperimenter put the ball in one J4f the
tubes, the water rose and studepnts vere ianstructed to turn
to page 2 and observe the drawu result. This guestion was
suwjgestive by nature and was intended to familiarize
students with the questioning and answering process.

3. The experirpenter asked, "®hat will happen if [ put this
other ball (middle} into this tube {(middle)? Where will
the water level be after I put the ball 1in? Darken the
line npearest to where the water level will be after I put
the ball in." The subjects darkened a line showing their
judyament and turnped tc page 3. Then the experimenter put
the kall in the tube and pointed out the level to the
studentis.

. 4. Step 3 was repeated using the third tube and the larger
plasticina ball than *he ones in the first two tubes;
students used page 3 for their responses.

5. All tubhes and balls were removed. The experimenter
displayed two npew tubes partially filled with taoe same
amount of water, a plasticine ball, and a steel ball of
the sane size as the plasticine ball. The experinsenter
pointed put that the palls were of the same size. A
different student was called on for verification. The
student was also asked to compare the weignt of the steel
ball and the 9plasticine ball using a double-pan palance
scale. The experimenter pu: the plasticine ball in one of
“he tubes, the water rose. Similar guestions to the ones
in section 3 above wcre sked using the steel ball.
Students respunded on page 4, then the experimenter put
the steel ball in the tube.

6. Step 5 was Trepeated wusing a steel ball which was
spaller but heavier than a ball of plasticine. Students
responded on page S5, turned to page 6 and the experimenter
put the steel ball inp the tubhe.

7. All tuhes and bhalls waore removel., Two new test tubes
partially filled with water were displayced. The
. ¢ Xxpe rimenter prescnted two cubes; one rnade of glass, the
¢ther of aluwinum.s Botn cubes had the same size but one
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was heavier than the other. A student came foiwaod 2nd
. confirnmed these facts. The experimenter put the glass cube
in one of the tuhes and the water rose to a certain level.
The experimenter said, "From now on I will n>t saow you
the answszrs. If I put the aluminum cube 1into this <cther
tube, wvhere will the water level bLe? Darken the line
nzarest to where the water level will be," Students were
instructed to respond ani then turn to page 7. The
experimenter did not put the aluminum cube in the tube.

Subjects who failed two of the gquestions on pages 4, 5 and
6 demonstrated evidence of associating volume with weight.
These subjects were classified as nonconservers of voluze. The
second part of the test inmediately followed.

8. The axperimenter presented two test tubes, and five
plasticine bhalls of the same size. He put one of tne balls
in one of the tubes and the water rose. He then rolled one
of the balls into a sausage shape in front of the group.
The experimenter then said, “"If I put the sausage into
tkis other tube, where will the water level be? Dar<en the
line npearest to vhere the water level will be.” The
children responied on page 7, tunrued to page 8 but the
. experimenter did not put the sausage in the tube.

9. Step 8 was repeated by transforming cne of tae balls
into nine of ten small pieces, one of the balls truto a
small fpiece and a large piece, and finally the last ball
into three simpilar but flattened pieces. In each of the
above mentioned transformations +the students used a
separate ansver sheet (pages 8,9,10) to darken a line
indicating their judgement.

10. All tubes and balls w2re removed. Two beavers with the
same Aamount of water and two plas*icine balls of the same
si2e Were presentede. A student came forvard and counfirmed
these facts. The experimenter put one of the balls into
one of the heakers. He transformed the othker ball jinto a
"nancake" shape in froant of the group. He then said, "If 1
put Lhe ‘*pancake’ into this other beaker, where will the
water level be? Dathen thz2 line nearest to wvhere the water
level will heo" The chillren roesponded {page 11). The
expeCiaenter did not put *he *pancake’ in the ba2aser but
he said, "“If you indicatel] that the 1level of the water
will be higher *han the levzl in the other hcaker, 2xplain
why it will bYbe hi4gner. If you indicated that tue level
will be lower, explain why 1t will be so. And 1f you
indicated that the water level will be the same as the
other beaker, axplain  shy 1t will ke the same."™ The
. stulents rerponded and tecned to page 12.
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11. The  heaker containiud the ball was replaced oy an
ilentical healer with water at the sape level. Step 10 was
repeated using two identical boxes pade of gmarbice The
expelinenter put the first box and 1ts detached top
simultaneously into one of the beak¢rs. They sank. e then
placed the top of the other box on the box and said, "If I
seal the top to the box, put the box in the other beaker
and 1t sinks, where will the water level be? Dar4en the
line nearest to where the water 1level will be2." The
cxperimenter ashed for reisons as in step 10.

Success in the ahove test yas measured by scoring tae five
responses on  sheets 7 throunh 11, Zach iter was considered
correct 1f the cotrrect 1line was Jdarkened. Students who
succeeded 1n all S rasponses were classified as conscIvers.
Those who succeeded in one or none were classified as
nonconservers., The rest of the students vere classified as
partial conscrvers.

The Comnznts written by the students on pages 11 and 12
vere onlY yred to reveal the Jeygree of conhsistency bhoetwecen the
students' judjeascnt and reasonin). liosever, due to difficulties
in inrerpreting ve=rhal coarunications these comments wete not
considered in the conservation classification. Furthermore, the
question on page 12 conceruning the two marble boxes was not a
part of the conservation classification scheme. This Jaestion
involved tw)> unugual quantities 2and 4as not consistent with the
Piagetian questioning protocol. It was included Lec.use it was
Felievel that stedents are anle more wasily tc give reasonas for
inequality than for vguality.

The piirose of  the Mathenatics Acticevement _Teut <as  to
re veal  any  possible correlation lbetween vclume achieveaent

s¢or»s 4nl ganeral pmathedavies ackicvizent. The atithsetic

conpuatation section of the Stanford Achiceverent Test 415 used
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{ralden ¢t al., 1973}, Two relaability coefficlents, the sglit

. half estizate and the coeificient based on Kuder—iicwardson
formula, are stated in the manual to be 0.90 with a standard
error of 2.9. This HNa:hepatics Achievement Test contaiuns 45
nultiple choice itenms and was administered, as recomnmended, 1in
a gaximue of 35 ninutes. The score of cach subject on this test
vas deterained by the number of correct responses.

The items of <he Volume Achievement Test are variations of

athenazics, Investigatinia_Schogl Yathenatics, and  Project
Yathera*izs. The test was composed of 27 questions for cach of
which the sti1lont was given a drawing of a cuboid, or an
attachknent of cuhoids, and asked to find the volaure.

. Measuretents of dimensions were given ia the form of nuaber
vithout units. Scores on this test were also determined by the
nucher of correct responses.

The Xultiplication Achievepent Test  comsisted of 11

multiple choice it2rs and 9 shory answer rtems. In soze 3f the

iters stulents wele given assertions of the forz a X b c X d,

aXb>»cid, a4XbLXc=4 2 xf, aYxYbXxec>dieift,
wl.ere e of  the [Tactors was nat  Jiven and were asked to
predict this a1.asing fd.(,'tor. Iu rther iters students wvere 2sked
to viclict chanjes, such a3 inafcase, docrease cr dowblinj, 1in
products when factors changeld additively or wultiplicatively.
Stulenes? noores were deternine by the rucber of thelr correct

Ce: 57N 0T,
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instructors

Three male instructors who were all certified teachers
were used to carry out the three treatments. The choice of the
same SeX instructors wvas made in order to exclude the teacher
sex variable. The 1instructors yere randosizel in sucn a way
that each of them taught all treatments. The investigator 4dii
not teach any of the treatasnts. He trained the instructors
before the treatments and provided printed guides and materials
for daily instruction. He also met with the instructors as a
group every morning and afternoon during the treatment pgeriod
in order to review lessons, handle probless and ihsure
uniformity of instruction. The instructors cnly carried out the
4- day treatments; they did not administer any of the tests.

The investigator administered the pretest, posttest and
retention test of volume conservation. Two female teachers
assisted in adsipistering the Mathematics Achievement Zretest

and the Volume Achievement Pretest, posttest and retention

testo

Schedule_ of Instruction and Testing
In the bejinning of the experinent the stulents were told
that the reason for includiny them in the study was to learcn

more Aahout the w#ay grade 6 =students learn pathepatics. They

vele also inforre] that the outcome of the study wouid pot
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affect tinir grales at gchool ndr would 1t =erve for inlividual
diagnosis or evaluationh. The classroom teachers were re uested
not to teach any mathenatics Juring the period ¢f treataent nor
to discuss the trecatment topics with thelr students.

The experiment began by dgiving the pretests: mathematics
achieveanent, volume achievement and volume ccunservation. The
VYolune Conservation Test wis used to classify students as
conservers, partial conservers and nonconservers. The names of
the subjects of all classes at each school were listed
initially according to conservation level. Thean the names of
pupils withir each conservagion Jrouwp were randomized across
the three treatments. Boys and 4irls were randonized separately
in orier o bhalance for sex. This procedure deterwunined the
subjects of each treatnent at each of the schools. Three school
days 3% the beginming of the experirent waore reserved for the
pretests and randomization.

The treatments Legan after the three pretesting lays and
lasted for four coiksecutive school lays. At each school the
students of toth classes were taught 1n the three predeterained
groups for the same c¢lass period. On wach 9f the four days
instructors rovad to all thiee schools 16 such a way that they
gave at each school one class period of instruction before
recess, one after recess and one 1n the aftoncon.

Two days after the ticitrents the Volhae ConseLvation
Trst, the Volna Achlievernent Test and  the HMaltiplication
Achic veaent Teot were alrinistered.s Three  consecutive  school

days were resceeved for thegse posttests. The iLetention tests of

0
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volume cotiscervation, volume achieverent and multiplication
achieveaent were given seven «ceks after the posttests. During
these seven weeks the c¢lassroom teachers resuped rogjular

classtioom instruction in mathematics.

The tasic concern of this study necessitated censidering
two rain factors. One factor wis rade up of the thrce levels of
volume conservation, while the other was cemposed of the three
treateents. There were also four dependent variabies, the
volume Achievament Postiest, the Volume Achievenment Berention

Test, the Sultiplicating Achicvenent Pcsttest and the

3

Multiplication Achlevescent kctantion Test. Scores on tha Volunme
Achievement Pratest ana ¥athematics Achievement Pretest (SAT)
were used as ceorvaTiaies., A& ochematic representation of the

design is given in Table 3.1.

Tatle 3.1
Rrperinental Design

Corservation lavels Sultiplication Yclume Control
and treataments

A Pretegt-20s5ttest Contral Sroup design which appzears  in

Capptell and Stanley (1963, p. 13) was used with blocking on

oy
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the conrsetvation factor. Schegatically the design 1s as

follows:

Randomized G1 Pretest Treatment 1 Posttest TLetenticn Test
assignnment G2 Pretest Treatment 2 Posttest Retention Test

to groups 3 Pretest Treatment 3 Posttest HRetention Test

While seacching for answvers to the aims of the stady
certain statistical hypotheses in null form were tested. Sone
of the hypotheses listed below vwere deduced from the design
descrited above while the others were based on the aims of the

study.

# 1. There are no significant differences in volune
achieven2nt scores, on the posttz2st and retention test,

amony conservation droups.

H 2. There are no significant differences in vclume
achievepent scores, on the posttest and retentioun test,

among trzatment Jroups.

H 3. There are no significant interactions in volume

achievement scores, on the Postizst and retention test,

hetuwoan congervation and treatmont.

By




i 4. There are no significant differences in
nultiplication achievement scores, on the posttest and

retention test, among treatment groups.

H 5. The transition from a lower level of conservation on
the pretest to a higher 1level of conservation, on the
posttzst and reteation test, is 1indepeadent of voluae
achiovement scores on the posttest and retention test

respectively.

H 6. The transition from a lower level of conservation on

the pretest to a higher 1level of conservation, on the

posttest and retention test, is independent of treacments.

H 7. The transition from a2 higher level of conservation on
the »nretest to a lower level of ccnservaticn, on the
posttest and retention test, 1s independent of volune
achiever=sat scores on the posttest and retention test

respectivaely.

H 8. The transition from a higher level of conservation on
the pretest to a lower level of conservation, on the

posttest and retention test, ig independent of treatments.

H 9. The volume achicvoment scores, on the posttest and
1tetention test, are not related to mathematics achieven2nt

SCOoLNSa.
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H10. The 1initial level of conservation is indegpenient of

. cathematics achievepent Scores.

H11. The initial level of conservation 1s not related to

seX.

H12. The volume achievement scores oh the posttest are not

related to sex.

Statistical Apalyses

In order to test hypotheses 1-4, each dependent variable
posttest scorte and retention test score, was analyzed

. separately by using a 3 X 3 fully zsrossed two-way analysis of

covariance. The amnalysis was carried out using the computer
program EXDP2Vv. In the cases whare significant differences were
found across treatments and conservation levels, Scheffe post
hoc <conmparisons were pade to determine which groups differed
sigprificantly.

itypotheses 5 and 7 dealt with two variables, one of waich
involved a forced dichotomy while the other was measursd on an
intezrval scale. & biserial correlation coefficient as
recomconded by Slass and Stamley {1970, p. 168) was used for
testing these hypotheses. Hypotleses 6 and B wvere tested wusing
frequen-y tables and the Chi Square statistic. However, since
the nuxber of trapsitional cases aron) the thice conseivation

@

levels was expected to bhe 3mall 1t was not ajPropriate to use

ERIC ‘1
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the number of transitional cases between cach pair of Levels.
Instead transitions were classified as "change" vs "no change"
for each treatment in order to allow for Yates® correctioun for
continuity to be applied (Glass and Stanley, 1970, p. 332).
Hypothesis 11 dealt with a nominal variable and ab ordisal
variabhle. The Wilcoxon two-sanple test using tied scores as
recompended by Marascuilo and ¥McSweeny was used for testing of
this hypothesis (1977, p. 267). Hypothesis 9 dealt v..h twd
variables on interval scales and the rCecommended analysis 1is
the usage of Pearson’s product-moment correlaticn coefficient
{Glass and Stanley, 1970, pp. 109-113). Hypothesis 10 .iucluded
variables on ordinal and interval scales. Thig hypcthesis was
tested using Kendall's Tau correlation coefficient (Glass and
Stanley, 1970, pp. 176-178). Pinally, hypothesis 12 invslved a
truly dichotonous variable and a variable on an interval scale.
It was tested using a point-biserial correlation coefiicient

(Glass and Stanley, 1970, pp. 163-164).
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CHAPTER IV

RESULTS

This chapter contains the results of the study. facluded
are sections on test analyses, prelininary study, analysis of
covariance, correlation study, tests for indegendence ynd post
hoc qualitative analyses. The section of preliminary scady
contains two parts, the variable covariates and the instructor

effect.

Tests Reliabilities aud Item Apalysis

e, - — ——

Thtee (different tests were administered as pLetests,
posttests and retention tests. The pretests consisted of the
Volume Achievenent Test, the Volume Conssrvation Test aad the
arithmetic computation section of the Stanford Achieverment Tast
(SAT). The posttests and the retention tests consisted of the
Volume Achicvement Test, ‘he Volume Conhservation Test and the
Multiplication Achicvement Test. The test reliabilities and a
summary of item analysis will be reported for the Volume
Achievenent Test, the VYolume Conservation Test aud the
multiplication achioverent test. A complete 1list of iten

statistics can be found in Appandix B.
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The Hoyt estimates of reliabilities (internal consistency)
in the vretest, posttest and retention test were 0.94%, 0.95 and
0. 94 respectively. The difficulty level, as defined by the
percent of subjects responding correctly, ranged from 8.2 to
80.7 in the pretest, from 23.4 to 78.4 in the posttest and froa
20,6 to 87.1 1n the retention test. The item point-blserial
corcelation coefficients raoged from 0.35 to 0.74 1in the
ptetests, from 0.35 to 0.79 in the posttest and from 0.33 to

0.78 1in the retention test.

Volume Consgevation Test

The Hoyt estimate of reliabilities in the pretest,
posttest and retention test were 0.78, 0.85 andg 0.82
respectively. The difficulty level ranged frem 35.7% to 76.6%
in the pretest, from 59.6% to 86.0% in the posttest aud froa
68.4% to 91.2% 1in the retention test. The item point-bilserial
correlation coefficients ranged from 0.46 to 0.78 1in the

pretest, “rom 0.46 to 0.75 in the posttest and from 0.33 to

$.77 in the rztention test.

Bultiplication Achiev:munt Test

The Hoyt estinate of reliabilities in the posttest and
retention test were 0.86 and 0.79 respectively. The difficulty
level vanged from 8.2% to 85.4% in the posttest and from 7.6%

to 93.0% in the retention test., The item point-biserial

coirelarion coefficients ranged from 0.38 to 0.67 1in the

-“I
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posttest and from 0.34 to 0.55 1n the retention test.

Preliainary Analysis

Covariates
The Stanford Achievement Test (SAT} and the Voluae
hchievement Pretest were considered as possible covariates for
the four dependent variables, Volume Achievement Posttest,
Volume Achievement Retention Test, Multiplication Achievement
Posttest and Multiplication Achievement Retention Test. To
determine the covariates a sequence of multiple sStep-vise .
. regression aralysis was conducted using a 5% inclusion arnd a 5%

deletion levels. The an3lysis was carried out using the

copputer proqran 34DO2R which automatically regoves any

variatle when its significance level becomes tcc low.

The results of the analysis revealed that only the volupe
Achievenent Pretest entered as & covariate for both the Vvolune
Achievement DPosttest ({F=78.63, df=1,103} and the voluae
Achievement Retention Test {F=58.39, 4f=1,103). The
Multiplication Posttest, however, had two Covariates, tae SAT
(F=35. 31, df=1,103) and the Volume Achievement Pretest
(F=11.33, d£f=2,102). Similarly, the Hultiplication Retention
[est had two covariates the SAT {F=43.395, d4f=1,103) and the
Volugpe Achilevement Pretest (F=21.81, d4£=2,102). Table #.1

!. sum@ari ze¢$ these resultse.




65
Tahle 4.1%
. ¥ Values for Entering of Covariates
Dependent Variabhle Covariate daf F Value
""Wol ach Post Vol Ack Pre 1,103 718.63
Mul Ach Post SAT 1,103 35.31
Vol Ach Pre 2,192 11.33
Vol Ach ket Vol Ach Pre 1,103 85. 39
Muel Ach Ret SAT 1,103 43.35
Yol pAch Pre 2,102 21.81

i T g M T s - ——

¥ol Ach Post: Volume Achievement Posttest

Vol Ach FKet: Voluoe Achievement Retention test

Bul Ach Post: Multiplication Achievenent PosSttest

Mul Ach Ret: Multiplica*ion Achiesement Retention test
SAT: Stanford Achievenment Test

Analysis of covariance as reconpmended by Winer (1971,
pp. 752-753) was preferred to analysis of variance since
tlocking was feasible on comnservation level only while past
achievement in computation and volume calculation were ovelieved
to be related to future volume achicveaent. In the analysis of
covariance aljustment of dependent variables (i.e.{‘volume
achievement and npultiplication achievzment) for the reyression
on covariates (i.e., SAT and pretest volume achieveanant) was
intended to reduce bias and increase the accurtacy of the
treatment effect {Cochran, 1957, p. 262).

Further Justifications £or using amnalysis of covariance
are related to the fulfillment of ccrtain assunptions
{Elashoff, 1969, p. 385): t. Randonization was fulfilled since
individuals were assigned randomly to groups and groups were
. assigned ranlomly to  treataonts. 2. Covariates, having been

measured at the beginning of the experiment, wera 1independent

ERIC 7
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of treatm-nts. 3. Covariates are measured accurately wsing the
. standardized SAT (Kuder-Richardson reliability coefficient =
0.90) anl the Volume Achievement Test (Hoyt estimate of
reliability = 0.94%). 4., The regression of the depenient
variables On the covariates wis believed to be linear. In fact
in the preliwminary analysis, a linear regression model was used
t0 determine the relationship between dependent variables and
covariates. The significant relationship found confiraed tbe
assumption of linearity. S. Fulfillment Of the assuamption of
homogeneity ©of covariance and no treatseht-slope interaction
was done through comparing scatter plots of the dependent
variables versus covariates for each treatment group (Tlashoff,
1969, p. 392). Winer (1971} further claimps that "there evidence
. to indicate that the analysis of covariance is robust with
respect to homogeneity assumptions on PN regyression
coefficients (p.772)." 6. The assumption Of normal distribution
of dependent variables within each treatsent group at each
conservation level was not tested because ©of the swmall number
of subjects in some cells. Elashoff (1969) expleins tnat the
fulfillaent of this assumption i.e., normality is required for

“statistical convenience” only (p. 386).

Instructor Effect
The proposed experizental Jesign 1in  chapter 3 sas 3X3
[Treatments X  Conservation Levels). Jowover, a benaviour

probtlem in a treatment 9roup in oOne of the schools pade

. necessary the inclusion ©Of 1instructors as a factoi. The
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experinmental  desijn bccame  3X3X 3 (Treatments X Ccnselvation
Levels ¥ iustructors). Analysis of covariance sere conducted to
determine the effect of instructors 1in becth the Yolume
Achievenpent Posttest and the Mgltiplication Achlievempent
Posttest. Since the intent of the 3-wvay analysis sas ¢o insure
that any instructor effect will be identified, the significance
level for the rejection of the null hypothesis was set at 0.10.
The main eff2ct of instructors and the 3-vay interactions were
found to be  nonsignificant (p € 0.10). The only 2-way
interac*ion, found to be signifizant (p ¢ 0.10} was Iostrauctors
X Treatments on the #Multiplication AchieYement Pcsttest. A
sumparly of the analysis of covariance for the 1instruccors
effect is presented in Table 4.2.

Since the wmain effect of instructors was not significant
and just a single 2-w2y interaction irvolving instructors was
significant, the effect of instructors vas not thought to be
strong enough to necessitate restructuring the original 2-way
desiyn of +*the study. It was therefore possible to Fool across
instructors and reduce <the design to 3X3 (Treatpeats X

Conservation lLevels) as was sujgested in chapter 3.
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Table 4.2
Analysis of Covariance - Instructoers Effect

R I TSI R R TR AT S s F 1 FE T R F Y F Y F A F R N N s L R S SR Y T

A T W S el M iy, S S T - - —— ——— . —

Yol Ach Post
Bain EZffect

Instr 2 39.54 1.54 0.22
Tr 2 517.02 20.15 0.0
cons 2 93. 24 3.63 0.03
2-vay Interactions
Instr X Tr 4 12.77 0.50 0.74
Instr X Cons 4y 52.10 2.03 0.10
Cons X Tr 4 25.58 1.00 0.41
3-way Interactions 8 21.02 .82 0.59
Error 76 25.65
Mul Ach Ppost
Bain Effect
Instr 2 11. 40 1.29 0.28
Tr 2 71.80 8.10 0.01
cons 2 25.10 2.83 0.497
2-vay Interactions
Instr X Tr 4 20.55 2.32 O0.u7¥
Instr X Cons 4 4.58 0.52 0.72
Cons X Tr 4 16.09 1.82 0.14
3~way Interactions 8 13.00 1.47 0.18
Eiror 76 8. 86

A T W M W W TEL N W L M N N ML W A A W R e L W e e A Y - S

* p < 0.10 (Instructor effect only)
Instr: Instructor; Tr: Treatment: Cons: Conservation Level

——— . ————

The test of hypothesis ' (p. 58) revealed that a
siynificant (p < 0.05 difference was found in Volune
Achievesent Posttest scores azong consetvation groups. The
ANCOVA for the Volure Achievement Posttest scocres can be foaund

in Table %.3. Tost hoc analysis using Sheffe’s metacd of

\S}J?
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nultiple corcarisons showed 2 sijnificant {p < V. 05}
superiority of the conservers 4roup over *he partial~conservers
group. No sigrnificant difference was found among any other
conserCvation groups at the 0.05 level. There was no significant
difference found in Volume Achlievement Retention Test scores
among ConserCvation groups at the 0.05 level. The ANCOVA for the
Volume Achievement Retention Test scores can be found iun Table
4. 4.

The wmeans, standard deviations and ¢roup €izes of
trcatpents Dby conservation lavels for the Volume Achieveagnt
Pretest can be found 1n Table 4.5. The unadjusted means,
standard duaviations and Jroup sizes of treatuments by
conservation levels for the Volumsz Achievement Posttest and
Volume Achievement Retention Test can be found in APpendix D.
The adJjusted means, stanldard 3Jceviations and group sicZes of
treatments by conservation levels for the Yolume Achievement
Posttest and VYolume Achievement Retention Test can De found 1in
Tables 4.6 and 4.7 respectively. In all of these *tables th2
marginal values for the wmeans and standard dJdeviations are
determsined by calculating the weiyhted average of tae cell
values.

The test of hypothesis 2 {p. 58) revealed taat a
significant (p < 0.007) difference was found in  vVolume
Lchievement Posttest scores anond treatment groups {se@  Table
4.3). Post hoc «danalysis u3ing Sheffe's rpethod of aultifle
ccuparisons showed a significant superiority of volume

treatrent  ovir multiplication treatwmant  (p € 0.07) 2ud over

53
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control troatment {(p ¢ C.01)}). No sijnificant Jdifference was
found betveen npultiplication treatment and control treatment at
the 0.05 level. Simiiarly, a significant (p £ 0.001) difference
was found im Volume Achkievement Rerention Test scores aaong
treatment Jroups {(see Table U4.4). Post hoc analysis using
Sheffe's arthod of mpultiple comparisons showed a sigairficant
superiority of volume treatment over nmultiplication treatment
{p < €.01) and over control treatment (p £ 0.01). ¥No
significant 3ifference was found between multiplication
treatment and control treatment at the 0.0Z level.

The test of hypothesis 3 (p. 58) revealed that no
significant interaction was found 1in Velume Achievenent
Posttest scores between conservation levels and treataents at
the 0.05 level. similarly, n2 significant jinteraction was found
in Volume Achievement Retention Test scores petween
conservation levels and treata2nts at the 0.05 level.

The adjusted means on the Volume Achievement Posttest were
13.06 {49%) for th> nronconservers, 10.82 (40%) for the partial
conservers, 15.18 (56X} for the conservers, 17.42 (65% for the
volume treateont yrowp, 12.30 {46%) for the multiplication
treatoent group anl 9.87 (37% for the contrcl yroup. Likewise
the adjus*ed means on the Volume Achieveament EKetenilon Test
were 146.52 {54%) +{for the nonconservers, 11.23 (42%) for the
partial conscrvers, 14.87 (55%) for the conservers, 17.49 ({65%)
for the volure treatment Qrouy, 13.51 {50%) for the
rultiflication treatment ygrouwp and 10.89 {40%) for the centrol

group.

84
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Table 4.3
. hnalysis of Zovariance Of Volune Achievoment Posttest Scoras

Source af NS F
Conservation Level 27 777 88.68 3.20%
Treatment 2 339.56 12. 24 **
Conservation Level X Treatment 4 31.50 1.14
Error 95 27. 74

— ey A W W A W e T AN ek T W W A e WE 5 W T W R R EA R e W W W ey NS T A T A TEE T e A

* p < 0.05 ** p < 0.001%

Table 4.4
Analysis of Covariance of Volume Achievemzent Eketention Scores
Sourne df MS P
Conservation Level 2777 Tu. 16 2.67
Treataent 2 217.01 7.81%
Conservation Level X Treatment 4 23.35 0.34
Erxror 35 27.79
* p < 0.00Y T TTTTTTTTTTTTTTTTTT
Table 4.5

“eans, Standard Deviations, and Group Sizes of
Volurme Achievement Pretest Scorzs for Treatments by
Conservation Levels (Maximunr Score = 27)

EE S S IR SRS SIS oo SRS ST IS oS ES S NERSMAE oSS TISSSTSIIZE=IETE

Conservation Treat gents

Level Jolume ©dultiplication Ccntrol Total
Non-conservars  7.2%1  1.6% " §.as5 "~ 6. 37
{S.23) (4.28) (3.98) (4.68)
19 18 20 57
Partial-conservers 10.1%7 B.67 5.75 3. 90
(8. 23) (7.7% (4.50) (7.10)
6 6 4 1o
Conscrvers 4. 18 10. 60 14.00 10.75
(6. 85) (6.17) (8.85) {6.91)
11 15 6 32
Total 8.31 8a.92 6.53 3.03
(6. 23) (5-31% (5.02) {5.73)
316 39 10 Wwh
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Table 4.6
. hdjusted Means, Standard Deviations, and Group Sizes of
¥oluae Achievenent Posttest Scores for Treatments by

Conservation Levels {(Maximum Score = 27)

Conservation ————___ lreatments_______ ____
Level Volume Multiplication Control Total
NOB-CONServers “_18.33 R N 9.35 13.06
(5.63) {7.27) (6.87) {6.58)
19 18 20 57
Partial-conservars 15.49 7.83 8.29 10. 82
(7-.417) {16.17) (7.05) {3. 36)
6 6 Yy 16
Conservatrs 16.91 14.92 12.65 15. 18
{4.29) (7.5W) {8.59) (b.62)
11 15 6 32
Total 17.42 12.30 9.87 13.36
*5.52) {(7.82) {7.24) [(6.86)
36 39 30 105

. Table .7

Ad justed Heans, Standard Deviations, and Group Sizes of
volume Achizvement Retention Test Scores for Treatments by
Conservation levels {Maximum Score = 27)

Al & B R ke el i e o e sah— R e R e

Conservation ] Treatments__ ________
Level Volueme Hualtiplication Control Tatal
Non-conservers  19.00  13.97 30.81  14.52
(6.51) (6.34) (6.90) (6. 53)
19 18 20 27
Partial-couservars 14.04 8.96 10.41 11.23
{8.13) (1C.00) {8.66) (8.96)
6 6 4 16
Conservars 16.76 14. 84 11.48 14. 87
{5.08) (7. 96) (9.05) (.17}
1 15 6 32
Total 17.49 13.51 10.89 14212
(6.34) {7.53) (7.56) (7. 13)
36 39 ao 105
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Table 4.9
. Aralysis ol Covariance of M¥ultiplication Retentioo Scores
Source df Ms F
Conservation Level 2 4.62 g.68
Treatment 2 7.81 1.15
Conservation Level X Treatment n 3.42 Ged1
Error 9y 6.76
Table 34.1¢

Adjusteld Yeans, Standard Deviations, and Group Sizes of
Bultiplication Achievement Posttest and Retention Test
Scores for Treatments (Maximum Score = 20}

_________ lreatgents - —_—
Test Volune Multiplication Ccentrol Toxal
posttest 9.67 12.59 10.29 10.93
{(3.69) {3.00) {4.08) (3.55)
" 36 39 30 105
Retention Test 10, 69 11. 34 10.76 13.95
{2.59) {3.53) {3.1.) (3.23)
36 39 30 105

Biserial «correlation cocffizients were calculated for
testing of hypotheses 5 and 7 {p. 59). The test of hypotnesis:5

. tevealed that *he transition from a lower to a higher level of

B ALS
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conssrvation betwnen the pretest and the pesttest was  found
indebPendent of wvolune achivvenent sgecores at the 0.05 level,
Similarly, the transition from a lower to a higher level of
conserCvation be ween the pPretest and the retenticp test was
found indepenient of volume achievement scores at the 0.05
level. Table 4.171%1 showsS tpe biserial correlation coefficients
between volunme achievement scores apd transiticn to a higher or
lower level of conservation at the posttest and the retention
test levels. Table 4. 12 snhows the cell sizes of conservation
levels ¥ treatments on the pretest, posttest and raecention
test. Table 4,13 shows the number of students whose
conservation levels went uD, down Or repained the same petween
the pretest and each of the posttest and the retention test.

Likewise, the test of hypothesis 7 revealed that the
transition from a higher to a lower level of conservation is
foupnd independent of volume achlevement sccres between the
pretest and *he posttest and between the pretest and the
re tention test at the 0.05 level {see Table 4.11).

Zven though the transition froa cne conservation level to
another was independent of volume achievement scores thece wvas
a gyeneral improvenent in the subjectis?' conservation levelse. In
the pretest there were 57 nonconservers, 16 partial  coaservers
and 32 corservers whille in the retention test there yere 36
nonconservers, 13 partial conszrvers and 56 conseCvers (see

Table 4#.12) .
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Table 4,11
Riserial correlation Coefficients Between Voluame
Achievereat Scoles on the Posttest, Ret*ention Test and
Transition t2 a Higher or Lower Level of Conservation

T — e T — A i . T e S e e i e o AT T A o S ok g oy S Ay, S .

Posttest-pratest 0.13 {0.14)1 .63 (0.79})

Retention Test-Pretest 0.09 (0.39 0.03 (0.77)

— T — T T T T o b e g e TR T . e M e B eyl S e i . T T b b . e S T S o W A ek

! Number in ( ) indicates the significance level

Table 4.12
Cell Sizes of Conservation Levels X Treatments on the
Pretest, Posttest and Retention Test

P e L T S St PR

Ccaservation e __Treatments L
Level volume Multiplication Control Total
Yom-conservors 19t 18 ~ 20 57
19 1¢ 17 46
13 11 12 36
Partial ~conservaers 6 6 4 16
3 3 4 15
6 5 2 13
Coaservers 11 15 6 32
14 21 9 44
17 23 16 56
Total 316 39 3¢ 105
36 39 30 105
36 39 30 105

—— e e R W e e e —— - ——— T ——

! The first number refers to the pretest
The second number refers to the posttest
The thivrd nuaber refers to the retention test
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Table 4.13
. Nunbor of Subjects whose Conservation Levels Chanygel/
Did Yot Chanje Between the Pretest and
each of the Post and Retention Test

e e R g - S S R S e e

T T S g S T W e ke e T L W T TE W . T L A TR W W M M WM M W T S W M M L AR T -l T W —— A - ——

Posttest 23 11 71 105
Retention Test 32 8 65 105

Pearson's ptoduct-morent correlation coefficient was
calculated for testing of hypothesis 9 ({r. 59}. The test
revealed that the Volume Achieva2pment Posttest scores were found
to be significantly correlated ({r = 0.35, p € 0.001) to the
pretest gathematics achievement scores wuweasured by  SAT.

. Similarly, Volume Achievement Ratention Test scores were found

to be significantly correlated (r = 0.37, p £ 0.001}) <o the
pretest SAT scores. Table U4.18 suymnmnarizes the correlation
coefficients and the significant 1levels betwveen the voluae
achieverent scnres and the SAT scores.

Point biserial correlation coefficients were calculated
for testing of hypothesis 12 (p. 60). The test revealed that
the volum» achieveoment scores ot the Posttaest and the retention
test were not found to be correlated to sex. Table 4.13
supmarizes the point-biserial correlation coefficients and the
significant lecvels between t.e volane achievemnent scures and

5€ Xa

Q (f”
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Table 4.4
. Pearsonts rroduct Yoment Correlation Coefficients
and Significance Levels Between Volume Achievement SCores
and SAT 3cores on the Posttest and the hRetention Test

- R R R e 2 - T s T T R

SAT Significaunce
Volume Achievament Posttest o 0.35 0.C0026
Volume Achlevzment Retention Test 0.37 0.00011

e e i iy, T A e e T o Mk e M i e o et W e P

Table 4.15
Point-B8iserial Correlation Coefficients ard Significance
Levels Between Volume Achiev2ment Scores and Sex on the
Posttest and the Retention Test

Sex Significance
volume Achievemcnt Posttest 0,14 0.13
Volume Achilavepent Retention Test 0.12 0.23

e e e e e - —— —— ey e e e —_

Kendall's Tau correlation coefficient was calculated for
testins of lhyrothesis 10 (p. 60). The test showed that the
initial level of conservation was found to be independent
(Kendall's Tau = 0.09, p = 0.08) of nmathematics achieveaent
scores neasulad by the computation section of SAT. The sangle
used for testing of this hypothesis ccnsisted of all 146
subjects wvho took the Valume Conservation Pretest regardless of
their particivation in other parts of the experiment. All other
hy potheses were tested using the data of the 105 subjects who

did not miss any test or treatacnt day.

I1
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Tests of _Independence

A AR e a s Cwm L

fiypotheses 6 and 8

Fregquency tables were maje and Chi Square statistics were
calculated for testing of hypotheses 6 and 8 {p. 59). The test
of hkypothesis 6 revealed that the transition from a lower to a
higher level of conservation between the pretest and the
posttest was found independent of treatments at the 0.00 level:
the Chi Sque_.e for ransitior up or no tramsition Up versus
treatments was 0.93 with df = 2. Similarly, the tramssition from
a lower to a higher level of conservation between the pretest
and the ret2ntion test was found indzpendent of treatacnts at
tke 0.95 1levzl with Chi sqguare of 0.97 and df = 2. The
frequencies of <{ransition Uup v2Isus treatments between the
pretest and each of the posttest and the retention test are
representedl jn Table 4.16. The frequencies cf transitioa up or
no transition up versus treatnpents between he pretest and cach

of

the posttest and the retention test are represented in Table
4.17.

Likcwise, the test of hypothesis 8 revealed that the
transition from a higher to a lower level of consecvation
between the pretest and nosttest was found 1ndependent of
treatssats at the 0.05 1level; the Chi square for transition
down or no transition lovn versus treatments was 0.97 with 3f =

2. Likuwine, the transition fror a higher to a lower level of

conscivation bhetwecen the pretest and the retention test was
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found 1nlependent of treatnments at the 0.05 level with Chi
. 3quare of 3.48 and d4f = 2. The frequencies cf transition down
Oor no transition down veIsus treatments between the pretest and
each of the posttest and the retention test are represenced in

Table U4.18.

Table 4.16
Contingency Table: Transition Up, Down, cr Staying tae
Same Versus Treatzments Batween Pretest-Posttest and
Pretest-Retention Test

- B S S S L A P e A A A A3 A5 3 B 5 & V- Al 3

Tieatment Transition Transition No
Up Down Transicion

“2lune Post 6 5 25
Retention 1 i 21

Multiplication Post 1¢ u 25
Retention 10 T 25

Control Post 7 2 21
Petention A H 19

. . — e — . . — . —— A — e —— — - i ———— —— o i,

- Table .17
ContingencYy Table: Transition Up Versus Treatments
on the Posttest and the Retention Test

-y g A St -+ S-S S-S S E S F 2 i ¥ 3 34 4 2 & 5 2 4 B4 4 -0 0 fa f Wit FO I

Treataent Transition Op No Transition Up
vYolure  Post & T TTTTTTTTTTTTIo T
Fetention 11 25
Multiplication Post 10 29
Jetention 10 29
Control Post 7 23
Retention 11 19

A . —— e AR T e A A n T AR A NN AR MR A MR AR e ———— o —— —

Posttest: Chi sguare = 0.93, 4F = 2, p = 0.63
Re tention test: Chi syuvare = 0.97, Af = 2, p = 0.61

33
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Tabhle 4.18
o Contingency Table: Transition Down Versus Treatzents
on the posttest and the Retenticn Test

Treatpent Transition Down No Transicion

Volune “Post 5 n -
Retention 4 32
Multiplication Post 4 35
Fetention 4 35
Controt Past 2 28
Retention 0 30

Posttest: Chi sjuare = 0.9%1, df = 2, p = 0.63
Betention test: Chi square = 3.48, df = 2, p = 0.18

The results reported in this section are related darectly
to the hypotheses of the study. However, additional faiundings
about *h2 transition between conservationr levels are incladed

in the section of Post Hoc Q:alitative Analyses.

The Wilcoxor two-sample test using tied scores was applied
for testing of hypothesis 11 (p. 60). The test revealea tchat
the initial 1level of conservation of the #ales was foun”
significantly (p € 0.05) better than that of the females. The
frequencies of the DHretest conservation levels versus sex is
represented in Table #4.1%. The saaple ased for testing of ‘Lhis

hypotiesis consisted of the °*50 subjects tc whom the pratest




82

Table 4,139
Contingency Table: Pretest Conservation Level versus sex
Conservation Level ¥ales Fepales Total
Nonconservers 337 7 TCTTTTTTRs T T 787
Partial Conseivers 13 9 22
Conservers 30 20 590
Total 76 74 150

—— T — - " — =

wvas administersd. There were 76 males and 74 females. The
nonconservers were 33 males and 45 females, th2 partial
conservers waere %13 males and 9 females and the Conservers were

3C males and 20 females.

Post fioc Qualitative Apalyses

The results reported in the pra2vious sections 2f this
Chapter relate directly to the hypotheses of this study.
However, =come additional <findings which sSeeam to ve of

significance are reported i1H this Section.

"ransition between Conservation Levels

e i A e T e .  — ————

The tests of hypotheses 6 and 8 revealed that tha
transition between cofiservation levels from pretest to
posttest, pratest to retention test and posttest to cetention
test was independent of  treatments a3t the 0.05 level. The
following, thowever, are ohs~rvations based on the Jetailed
continjency tables of transition dmeng conscrvation tevels.

These *ablas are incluyded as Tanles 8.20, 4,21 and 4. 22,

9=

c'f
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1« The rejression of conservers to noncenservers a.ouired

. very rarely. orly two of 32 ({6.25%) conservers regrassed to
nonconserCvelrs heotween the pretent and the postitest. None of the

32 conservers reqressed to ninconservers Letween the pretest

acrd retention tegt. Sizilarly, none of the 44 conservers

regressed to nonconservers between the posttest aand the

retention test.

2. Taere doe¢s not seem to he any observable difference 1n
the proqress of nonconservers and partial conservers to higher
levels of consc-vation. For example between the pretest and the
posttest 19 of 57 (33%) nonconservers and 4 of 14 (29%) partial
conserCvels projyressed to a hivdher level of ccnservation.

3. Zven though there wvas a dJeneral improvemaut of

. conservation levels amorg all trestment groups, the control
group seered to have underqone a stcady progress with Trespect
to conservaticn levels. That 1S, subjects in all groups
progressed and tejressed but those in ~he contrcl group Jdid not
seeg tO learess ag nuch as  the subjects in the other two
treatrent groups. The two of 30 subjects (6.66%) in {ke contiol
groap vhe regressed hetwean  the pretest and posttest,
progressed Lack to their original level in the retentidn 1est.

0 other subjcects in the control group reyressed bhetwcen the
posttest ané the retention tent. In t he voluze and
pultiplicition ftrreatments thore Je¢1e four in cach who re;ressed
froa prot:st to retention *ixnt.

The aigh stability of the conueiva*ion level of conuervers

' throayhout +he exacerisent 1s rot wurprising. Some 1:scarch

36
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reported in chapter 2 indicated that natural conservers showed
stability of their conservation level and even resisted
pi sleading cuzs. However, it was curious to note that the
conservation level of subjects in the coatrol group did not
seem to rejress as nmuch as the level of subjects in the other
treatment groups. The instability of the other two groups could
be explained by the influence of experience in vclume
activitios on the partial conservers. Tables #.20, 4.2%, and
4.22 show that most of those who reyressed were partial
conservers 1in the volume and wmultiplication groups. The
experience in volume activities could have disturbed the
partial conservers so that they incorrectly applied kaowledge
acquired in the treatments to volume conservation tasks. Those
who were in the control group could have used their intuitive

understaniing of volure conservation.




Table 4.20
Corntingency Table: Pretest-posttest Trausition
Anong Conservation Levels by Trcatments

R e W e ED EL e A e W el e N W MA WS s M Ak e e B ek S EE ke e T e B W WU mpr S o e wr el SR MR o mm m mm e M mm o = = mm w mm ER
=i & ¥ 5 A 1 4 5 S-S5 & P ¥ B -8 5 5 F

_Post Test _ _____ _ ____
Pretest Nonconsetvers Partial Conservers Conservers
Volume Treatment -
NoncohseLvers 15 1 3
Partial conservers 3 1 2
ConserLvers 1 1 9
Multiplication Treataent o T
NOoRCcOnservers a 2 8
Partial conservers 2 4 0
Conservers 0 2 13
Control Treatment -
Nonconservers 15 3 2
Partial conservers 1 1 2
Couservers 1 0 S
Table 4.21

Contingency Table: Pretest-Retention Test Transition
Among Conserfvation Levels by Treataeats

Retention Test

PLetest Nonconservers Partial LOnservers Conserverls

Volure Treatment

Nonconservers 1 3 5

Partial consetrvers 2 1 3
Conservers 0 2 9
Multiplication Treatment

Nonconsetvers 8 1 3

Partial conservers 3 3 0
Conservers 0 1 14
Control Treatment

NOnconservers 12 1 ?

Jartial conservers Q 1 3
Conservers 0 0 6
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Table 4.22
. ContindencyY Table: Posttest~Retention Test Tramsition
Apong Conservation lLevels by Treatments

R R E s s T S R R E R RS EE ST DRSS E N EEEE LTI EE T ER RSO L EEEESsESs=SmE=E=Z===

- _Retention Test_ —
Posttest Noncon sekrvers Partial Conservers Ccnservers

;Slume Treatment

Nca-conservers 12 4 3
Partial-conservers 0 2 1
Conservers 0 1 13

Eﬁitiplication Treatment - -
Ron-consetrvers 8 1 1
Partial-conservers 2 4 2
Conservers 0 1 20

Eantrol Treatment -
¥ch-conservers 10 2 5
Partial-conservers 2 0 2
Conservers 0 0 9

. Students® Reasons_for_ their Responses_ch_Questiom 31

Question 11 of the Volume Conservation Test was a part of
the coaservation classification scheme. In this duestion the
students wvere asked to give reasons for their resfPonsas. The
reasons were intended to proviie validity information for the
classification sche2e. The Feason given by each student for the

Fesponse on question 11 was first classified as consistent,

inconsistent, or unclassifiable. A reason was classified as
consistent 1f it did not contradict the response. A reason was
coded as unclassifiable if it was nat possible to understand
the reason given by the student.

The <consistent and 1incoasistent responses were further
classifiel according to the following nine attributes:

l. 1. Same: general use of the term "same" with reference to the
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two bhalls withosut specifying the attribute. Example: "The
. two balls are still the same."
2. Size: general use of the term "size".
3. Volume: specific use of the tarm "volume™.
4. Amount: specific use of the term "amount"™.
5. Foom: specific use of the tera "roon".
6. Mass: specific use of the term "mass'.
7. ¥Weight: specific use of the term "weight'". Example: "It
would be the same because it's got the same weight."
8. Shape: specific use of the teram "shape".
9. Other: reference to a reason other than the above.
Examples: "Because they 1look the same length". ¥3ecause

the ball was heated.™

. There was only one unclassifiable rasponse in the pretest,

none in *he posttest and none 1in the TCetention test. This
unclassifiable response was eliminated frca the data of
prLetest. Observations basezd on Tables 4.23, 4.24 and 4.25 can
be made about 104 classifiable responses in tbe pretest, 105 in
the posttest and 105 in the retention test. TherLe wele ten
inconsistent responses in the pretest, ten in the posttest and
two 1ip the TCetention test. All of these Cesfohses except two
consisted of an incorrect response and a reason which wmight
support the c¢orrect Tresponse of "equivalence" ol "same watel
level.”
1. In the pretest, posttest and retention test the most
. freyuent Treason given for a correct response was related to

size. The second and third most frequent rcasons 9iven for a
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correct response were weight and awount respectively. The
. reasons for a correct response did not szem to be affected by
the conservation level of studznts.

2. The reasons given by conservers for their correct
responses seeam to be more evenly distrihuted among the various
attributes than the reasons given by nonconservers and partial
conservers.

3. The reason given most frequesatly for incorrect
responses in the pretest, posttest and retention test related

to shape, room and weight.

Table 4.23
Number of Students with Respect to their EKeason for their
Responsa on Question 11 of the Volume Conservation Pretest

i T Wt o T A e T e ok M e i e o A e i M e W M A R A M e iy ks e M et iy
A e R R e AR e~

. e Reasons_ .

Re sponse 1 2 3 4 5 6 ? 8 9
Question 1 Correct

Ronconservers 2 10 0 7 0 0 7 1 ]
Partial conservers 1 2 0 1 0 0 2 0 0
Conservers 0 12 4 5 0 1 9 0 1
Question 11 Incorrect

Noncohservers 0 42 0 11 4 0 5t gt 7=2
Partial conservers 22 1t 2 0 4 0 0 1 ]
Conservers i 0 0 0 0 0 0 0 0

—_—— —— ———— o

Code for tables .21, 4.22, 4.23: 1. Same 2. Size 3. Volunme
4., Apount 5. Rooxr 6. ¥ass 7. Weight 8. Shape 9. Otner

1 means 1 inconsistent response included.

2 means 2 inconsistent responses included.

10y
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Tahle U4.24
Bumber of Students with Respect to their Reason for their
Resporse on Question 11 of the Volume Conservation Posttest

e —————REASONS__

Response 1 5 6 7 8 9
Question 11 Correct - T
Nonconservers 2 15 1 1 0 0 5 1 21
Partial conservers 1 2 0 0 0 0 3 2t D
Conservers g 17 4 10 2 0 5 0 2

Question 11 Incorrect
Nonconservers 0 11 1t 9 1 0 7+« 3 [
Partial conservers 11 11 9 0 1 0 1 1 2
Conselvers 0 0 0 0 0 0 0 0 0

————— ——— T — —

1 means 1 inconsistent response included.
* means 4 inconsistent Tesponses includeda.

Table #a.25
Number of Students with Respect to thell Reason for their
Response on Question 11 of the VYolume Consefvation
Retention Test

e R e B R e Rl el R I N N Y N R B B R N - N NN .Y —— o e —
T3 IS P T SR RS YRS TE F e F T i i T AT L E 4t F X T X F FF S T 3 30 1 - F T ¥

S :{-1: §:{+] ! - — -
Re sponse 1 2 3 4 5 6 7 8 9
Question 11 Correct
Nonconservers 1 8 0 1 0 0 6 0 1
Partial conservers 0 1 0 0 0 0 3 0 1
Conservers 5 24 5 8 1 2 9 0 2
Question 11 Incorrect
lionconservers G 0 0 0 ] 0 51 6 41
Partial conservers 0 1 0 0 0 0 0 3 4
ConserLverls 0 0 0 0 0 0 0 0 J

S —— e Y —— — i -—

! means 1 inconsistent response included.

Most of those who ansvered guestion 11 correctly gjave a
reason Trelated %0 size. lHowever, a considerable nuaber of
subjects, including nine conserfvers in each of the pretest and
Letention test, wvho answvered dJuestion 11 corfectly gave a
reason Trelated to weight. If those nine classified as

conseCvels ar2 only welght conservers and not volume conservers
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there is doubt ahout the validity of the conservation test used
in this study. However, an earlier part cf the conservation
test (items 4, 5 and 6) was designed to detect those vho were
only weight conservers. These weight conservers were classified
as nonconservers of volume. Language factors could have
prevented scme of those subjects from expressing their reason
more appropriately. The reasons dJiven by students for their
respohses to question 11 do pot seem to provide sufficient
information for conclusive evidence about the validity of tbe

classification scheme used in thez Volume Conservation Fest.

. i . — —— . " paca. e

Question 12 of the Volume Conservation Test concerning the
two marbhle boxes was not a part of the conservation
ciassification scheme. This duestion involved two Janaqual
quantities and was not, therefore, typical of the usuval
Piagetian questioning protocole. It was inclnded because it vas
believed that students might be able to give reasons for
inequality more ea3ily tham for equality. The following
paragraph reports observations about the ccnsistency found
between responses to gquestion 12 and the levels of
conservation. The reasons givam by the students for their
responses are reported in the following section of this
chapter.

The nurmbers of students who ansvered guestion 12 coirectly

or incorrectly are represented in Table #%#.20 for all students
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who took that particular test. On the pretest and pesttest
there was a positive relationship between the level of
conservation of subjects and their responses on question 12,
For the pretest Chi Square was 7.82 (p <€ 0.05) and for the
posttest Chi Sguace was 15.59 {p € 0.001). It was surprising
that there was not a significantly positive relationship
between the level of conservation of subjects and their
responses on gquestiorn 12 in the retention test at the 0.05
level.

There was a general improvement of cocrect answers on
question 12 among all conservation groups between the pretest
and the posttest. In the pretest 29 of 78 (37% noncoaservers,
14 of 22 (64%} partial conservers and 29 of 5C (58%) conservers
ansvered guestion 12 correctly. In the posttest 32 of 77 (42%)
nonconsecrvers, 16 of 21 {76%) partial conservers and 35 of 48
(73%) conservers answered it correctly. In the retention test,
27 of 53 (51%) nonconservers, 4 of 24 (58%) partial conservers
and 60 of 93 [65%) conservers answered it correctly.

It appears that between the pretest and posttest there vas
a general improvement among all conservatiom groups in
answering question 12. The conservers seem to have improved the
nost (158 iwmprovement) followed by partial conservers {12%)
followed by the nonconservers ([5%). On the other hand the
nopber Oof nonconservers who ansvered gGuestion 12 correctly
seems to have increased steadily in the pfetest, posttest and
retention test. The percents of conservers and partial

conservers who answvered it correctly seem to have increased 1D
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the posttest and then decreased 1in the retention test. The
. increased percents of correct responses of these twd groups
followed by decreased percents could possibly be attributed to
the tendency of regressiorn toward the ®ean in Ssuccessive

observations.

Table #4.26
Contingeancy Table: Correct or Incorrect Response
on Item 12 of the Volume Conservatior Pretest,
Posttest and Retention Test Versus Conservation Levels

i T e N WE e P T T e o . e T e e BN e . T R N o = —— —— e T e PR T =
=S S Y 1 it ik i1l 1t i

Test Correct Incorrect
Pretest 0" T
Nonconser vers 29 49
Partial conservers 14 a8
Conservers 29 21
Posttest T
Koncotiservers 32 45
. Partial conservers 16 5
Conservers 35 13

—— T St . . ——— —

Retention Test

Nonconservers 27 26
Partial conservers 14 10
Conservers 60 33
Pretests N = 150, Chi Square = 7.82, df = 2, p = 0.0201
Posttest: N = 146, Chi square < 15.59, df = p = 0.0004

2,
Retention test: N = 170, Chi sjuare = 2,59, d4f 2, p= 9.2735

All the reasons given by the sStudents for their Judjenment
on question 12 vere first classified as consistent,
inconsistent, unclassifiable, or no response. There were very
few cases of no response., There were none in the pretest, one
in the posttest and one in the retention test. There were only

. two unclassifiable recsponses iu the pretest, none in the

Q I{hs




posttest and three in the retemtion t2st. The Jdata of Tables
. 4.27, 4.28 and 4.29 summarize all reasons Jiven by stulents
excluding the no response an] unclassifiable cases. Tables
4.27, #.28 and 4.29 contain 103 classifiable responses of the |
pretest, 104 responses of the posttest and 101 responses of the
retention test.
The consistent and inconsistent reasons were classified
according to the following ten attributes:
1. Weigit: specific use of the term "weight". Example:
“Because it 1s the same weight.®
2. Amount: specific use of the term "amount™.
3. Size: specific use of the term “"size".
4. RBoop: specific use of the term "roonm".
. 5. Shape: specific use of the term "“shape'.
6. Space: specific use of the term "“sSpace".
7. Same: general reference to the term "same®™ vithout
specifying any other attribute.
8. Closed container: refereance to the fact that when the box
is closed water will not » in it. Example: "It will be
lower hecause it has a 1lid and water won't Jo in.*"
9. Open coutainer: reference to t! » fact that the water went
in one of the boxes because it was ogpen.
10. Air inside: reference +*o the fact chat the closed bsg« keeps
the air inside 1it.
0. other: refercnce to a rcason other than the above.
Exanples: "Becanse it is bigger". "3ecause more pPressure

‘. vill he on the water than the open hox."
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There were four 1nConsisStent responses inh the pletaest,
five in the posttest and six in the retention test. All of
these responsés eXCept two consisted of an incorrect cesponse
and a reason which might support the correct resporse of
inequality or different wvater levels.

1. In the pretest, posttest and retention test aost of
those who answ2red correctly gave a reason related to tae facts
that water can not go into the closed box, that the water vyent
in the open box, or that there is air inside the closed box.
The most freguently given reason was that water can not go into
the closed boxa.

2. In the pretest, posttest and Tretention test aost of
those who gave an inColTeCt TCesponse gave a reason related to
veight, anmount or size. The Teason related to weight was the
most freguently given.

3« There does not seem to be any observable difference in
the freguency of reasons given by the thrfee ccnservation Jloups

for their correct or incorrect responses.




95
Table 4.27
Number of Students wvith Respect to their Reason for theirl
Response on Juestion 12 of the Volume ConserCvation Pretest
—_ Reasons__ ___ __ . _________
Response 1 2 3 4 5 6 7 8 9 10 0
Question 12 Correct o - -
Nonconservers 5 0 0 0 ¢ 1 0o 1 1 3 1
Partial conservers 1 0 0 0 0 0 0 6 3 1 0
Conservers 1 0 0 1 0 1 0 9 3 3 1

ey ——e— —— i —pe" T . . W . . . . Nl . e .

Question 12 Incorrect

¥onconservers 142 0 2 1 0 0 4

Partial conssrvers 1 0 1 Q 0 o 1 2 1 o 0
Conservers 7 0 2 0 0 0 0

i ————— o — — ] t—

Code for tables 4.24, u.25, 4.26: 1. Weight 2. Amount 3. SiZe
4. Room 5. Shape 6. Space 7. Sape B. Water does nat go rn, box
Cclosed, etCc. 9. Water vent in, box open, etc. 10. Air insile

0. Other

! means 1 Inconsistent response included.

2 peans 2 inconsistent responses included.

Tabla 4.28
Number of Students with Respect to their Reason for their
Response on Question 12 of the Volume Conservation Posttest

- _ -_Reasons________ ________.

Response 1 2 2 4 5 6 7 9 10
Question 12 Correct

Nonconservers 0 0 0 0 0 0 0 17 5 2 2
Partial conservers 1 0 0 0 0 1 0 5 1 1 0
conservers 1 0 0 5 0 3 0 12 4 3 0
Question 12 Incorrect

Nonconservers 62 1 2 0 0 0 2 1 2t 0 51
Partial consarvers 2 0 2 0 0 Cc ] 10 0 ¢
Conservers 1 2 6 0 1 0 2 2 0 0 2

! peans 1 inconsistent response included.
2 peans 2 inconsistent responses included.

19y
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Table 4.29
wunpher of Students with Respect to their Reason for taeir
Besponse on Question 12 of the Volume Conservation Beteation

Test
Reasons —_———

Response 1 2 3 4 S 6 1 8 9 10 0
aEEEEion 12 Correct  ~ T

Nonconservers 2 0 0 0 0 1 0 7 6 2 0
Partial conservers 0 0 0 0 0 i 0 5 0 2 1
Conservers 0 0 0 1 0 2 0 10 10t 4§ et
ﬁﬁégffaﬁ-ii—fﬁearrect

Nonconservers 7 0 1 0 0 0 1t 52 1 0 2
Partial coaservers 0 0 0 0 1 0 1 0 0 0 2
Conservers 3 3 5 0 1 1 51 1 0 1 0

——— ——— . ————— e - ——— i —————

1 gpeans 1 inconsistent response included.
2 peans 2 inconsistent responses included.

’

Most students who responded correctly tc¢ guestion 12 could
give an explicit reason which was related to the fact that one
of the containers was open (closed} and water would {would not)
go inside it. In the pretest 40 of 52 (77%) subjects who
answered correctly gave reasom 8, 9 or 10; ip the posttest 50
of 63 (79%) sabjects who answered correctly gave reason 8, 9 or
10; in the retention test 46 of 66 (773 subjects who answered
correctly gave reason 8, 9 or 10. On the other hand, it was
previously noted that most of those who responded correctly to
question 11 gave an imprecise reason that was related to size.
It appears that it was easier for stundents who responded
correctly to give more explicit reasons about inequality of

volunes in guestiosn 12 than about equality in question 11.
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CHAPTER ¥

SUMMARY, COKCLUSIONS AND RECOMMENDATIONS
-

This Chapter contains & srief review of the problep, the
findings and the conclusions, 1limitations of the  study,
implications for educational practice, and recoammendations for

future research.

Reviev _of the Problenm

The purpose of this study is to deterpine the relationship
betwveen the level of conservation of volume and the degcee to
vhich sixth grade stuients leacn the vclume algoritam of a
cuboid "V = L x ¥ x H"., The problem is a consequence of an
apparent Jiszrepancy betveen the present school programs and
the cognitive theory of Piaget ConCerning the time to introduce
the volume algorithm of a cuboid.

Tvo widely used textbook series in British Coluambia
introduce the algorithe "V = L x W x H" in dgrade 5 {age 1D)
{(DilleY et al., 1974 and Eicholz et al., 1974). Another series
introduces the algorithm formally in grade 4 {age 9) {Blliot et
al., 1974) and uses it informally in Jyrade 3 (age 8).

. #ost proponents of Piaget's theory wouvld disagr2e with
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such early introduction of the alyorithm and <claim that wost
. children do not d2velop the necessary cognitive abilities for
learning it before grade 6 {age 11). Piaget ({1S60) himself, for
example, holds that "it 1s not until stage IV {formal
opefational) that children und2rstand howv they can arrive at an
area or volume simply by multiplying boundary edges" (p. 408).
Piaget (196C) consid2rs the concept of conservation to be
necessary for any meaningful computation 1in both area and
volume:
ee. Children attain a certain kind of coaservation of area
[and volume], based on the primitive ccnception of area
{and volume) as that which is bounded by lines {or faces}.
That anderstanding comes 1long before the ability to
calculate areas and volupmes by matheaatical
multiplication, involving relations between units of
different powers ... (Piaget, 1960, p. 355)
. On the other hand, many educators believe that "acquisition of
- formal scientific reasoning =zay be far more dependent on
specific instructional experiences and far less dependenc on
general maturation than hypothesized by Inbelder and Piaget
{1960)" (Siegqler and Atlas, 1976, p. 368). Graves (1972, p.
223y, for example, considered education and expefience to be
necessary for volume conservation. Lovell (1571, p. 179) went
further to suggest that even seven and eight year olds (yrade 2
and 3) can learn how tvo use the alyorithm "V = L x ¥ x H" in
order to calculate the volume.
There seems to Le a discrepancy between the present school
programs and the theory of Piayet. Some of the present projrams

introduce the volume algoritkm of a cuboid as early as grade 3.

. This position secems to be backed by some e¢ducators who claim

11}
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that scientific reasoninyg is more dependent on  trainiagy and
instruction than maturation. Piaget and his Froponents seem to
argue that conservation of volume is a prerequisite for any
meaningful calculation of vi>lume. However, ohe oujbt not
necessarily to delay the introduction of the volume alyoritha
"W =L x¥ x H" wuntil all students conserve volume. Studies
have indicated that the majority of adults do not conserve
volume (Elkind, 1962; Tovler and Wheatley, 1971; Graves, 1972).
In such a predicament there seems to be a need for research in
order to justify our present school curriculum or suggest its
modification. This need has been acknowledged by such educators
as DeVault who advocates that ™it seems reasonable ... to
assert that the studies most likely to produce useful results
. for curriculur work would be experimental studies ([DeVaalt,

1966, p. 639) ."

The aims of this studyY which were stated in Chapter 1t will
be restated in +this section. Also a sunmary c¢f the fi1ndings

related to each of the aims will be reported.

Aim 1. To determine the various degrees to which

conservers, partial conservers, and Donconservers of volune

learn the volune algorithn of a cuboid "V = L x W x HY.,

i

indings. The results of the posttest showed a siynsficant

'. {p £ 0.05) superiority of the conservers yroup over the partial
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conservers gro2p in the Volume AcChievezent Posttest. No
significant difference was found between any other ConserCvation
groups at the €.05 level. There was no significant Jdifrereance
found 1n Volume AcChievement Ketention Test scCores between

coaservation groups at the 0.05 level.

Aim 2. To determine the degree of effectiveness for each
of the +two teaching dethods on learning the yolume alygoriths
for a cuboid.

Findings. The results showed a significant superioraity of
volume treatment group over multiplication treatment group (p <
0.01 and over control treatment group {p £ 0.01) on the Volunme
AChievement Posttest. No siynificant dJdifference was found
between multiplication treatment group and control treatment
group at th2 0.05 1level. Similarly, the results of the
retention test showed a significant superiority of volume
treatment group over nmultiplication treatment group (p £ 0.01)
and over cecntrol treatment group (p € 0.01: no significaat

difference was found between mmltiplication treatment group and

control treatment group at the 0.05 level.

Aim_3. To determine the effect of learning the volume
algorithm of a cuboid on +tha transition from one volume
conservation level to another.

Findings. The transition from a lower to a higher level of
conservation betwesen the pretest and the postest was found to

be independent of volume achievement scores at the 0.05 level.

5imilarly, the transition fror a lower to a higher luvel of
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conserva*iosn between the pfetest and the tLetention test was

. found to be

0.05 lavel. Likewise, the transition from a higher to a lowver

indepeudent of volume achievement scores at the

level of conservation was found to be independent of volume
achievement scores between the pretest and the posttest and
between the pretest and the retention test at tha 0.05 lLevel.
Even though the transition from onhe ccnservation level to
another was found to be 1independent of vclume achievement
scores there was a general inprovement ijinp the sudjects!

conservation levels.

3im_4. To determine the relationship between sex aad the

levels of conservation of volumea.
Firdings. The Volume Conservation Pretest revealed that
. the initial level of conservation of males was found to be
significantly (p < 0.01) better than that of the females. Out
of a total 150 students, 76 were males and 74 were females. The
nonconservers were 33 nmales and 45 females, the partial

conservers were 13 males and 9 females 2nd the Conservers wete

30 rales and 20 females.

Aim S. To determine the relationship between sex agd the

Findings. The Volume Achievement Posttest scores w2rLe not
found to be significantly (p <€ 0.05 correlated to sexe
Similarly, ¢the Volume Achievement Retention Test scores were

not found significantly correlated with sex at tne 0.05 ievel.

4in 6. To letermine the relationship between npathematics

Q T
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achievepent and the levels of conserfvation of volune.
Pindings. The 1initial level of corservation was fpund to

be independent of the mathematics achievement scores of the

pretest as measured by the computation section of SAaT.

Aim_ 7. To determine the relationship between mathematics
achievement and the degree of learning the vclume algorithm for
8 cuboid.

Findings. The Volume Achievement PoSsttest’ scores were
found to be significantly (r = 0.35, p £ 0.001 correlated to
the mathematics achievement pretest scores neasured by SAT.
Similarly, Volume Achievement Retention Test scores were found
to be significantly (r = 0.37, p £ 0.001) correlated to the

pretest of SAT scores.

Suppary_of Conclusions and Discussion

Iaportance of Conservation levels. This study was an

attempt to determine the Telationship between the level of
conservation of volume and the degree t¢ which sixta grade

students learn the volume algorithm. The only sigrificant

Iesult in this -ceonPectionr—was—that—the Tonscrvels scored niJher

than the partial conservers on the Volume Achievement Pasttest.
The conservels did not score siynificantly higher taan the
nonconservers on the posttest; partial conservers scored lower,
though not significantly lower, than the pnoncouservers on the
posttest. 0On the retention test, the scorfes of the conservacion

gLoups on the Volume Achievement Test did not differ




103

significantly. Furthermore, students of the volume treatacent
group scored 65% on cach of the Volume Achicvenent Posttest and
Volure Achicvenment Retention Tzst. Children in grade 6 szem to
be able to apply the volume algorithm for a cuboid, at the
computation and coaprehewrsion levels, regardless of their
conservation level.

350 far as studen%s who have reached the 6th grade level
are concerned, it appears, that conservation level is not an
inportant factor in learning the volume algorithm as defined in
this study. It 1s possible, although this study has no data to
sugport it, that conservation level wmight likewise be
relatively unimportant as a factor that influences successful
learning of the volume algorithm by students in, say, grades 4
and S. If this bes so, then the present schocl programs wnich do
present the volume algoritha in thosz grades may not be
unreasonable. So long as the criterion for reasonability is
learnability, the present study does not support the idea that
the introduction of the volune algorithm should not take place
before the learners have becone conservers of volude. However,

there may b2 factors other than volume conservation whicn would

also—influence ~¥hé learnability of the vclume algorithm. The
need for further research, regarding the time to introduce the
algorithm, will be Adiscussed later in this charpter.
Effect of Treatments. Subjects who were in the volunme
treatnment did significantly better, on the Volume Achievedent

Posttest and Volume Achievendent Retention Test, thkan those

sukjects wvho were in sach of the other trratpents; the subjects
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in the other two treatments did not differ significantly in
volune performance. The sub iects who were in the multiplication
treatment did significantly better, on the Multiplication
Achievement Posttest, than those vho were 1in the voluge
treatment and the control treatment? those who were in the
volume treatment and those who were in the control treatment
did not differ significantly. This indicated that at the
posttest level the puitiplication treatment was successful.
That 1s, the stulents had learned the multiplication material
vhich wvas taught.

In short, it ray be conclulded that, at the posttest level,
the subjects who were in the multiplication treatpent lLearned
the wmultiplication wmaterial but the subjects who wera iu the
volume treatment did significantly botter than those wvho wvere
in the gmultiplication treatment, on the Volume Achieveaent
Posttest.

The conclusions mentioned above seer to suggest that the
volume treatment is better than the miltiplication treatment ia
teaching sixth graders the volume algoritha of a cubaid. The
volure treatmant included activities for deterrining the voluwme
of cuboids by building them with cubes and counting the aumber
of cubes: this method later used the algorithas "V = L x @ x HY
for computing the wvolume of a cuboid. The multiplication
treatment consisted mainly of studying the effect of varying
factors on their product and varying factors whe their product
is constant; this task was supplemented by a brief application

to the voluse algorithm "V = L x W x H."
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The results of this stuldy do not, therefcre, support the
conjecture nide in Chapter 2 that stujents who are proficient
in varying factors of a fixed product cam rapidly predict and
determine the volumes oOrC dimensions of cuboids. On the
contrary, the TCesults seem to support Piadet¥s claim that *it
is one thing to multiply two numbers together and quite ancther
to nultiply two leny*hs or three lengths and understand that
their product 15 an area or a volume ... {Pilagdet et al., 1960,
pe 408).m

Transition_between Conservation Levels. FResults of the

study revealed that there was, gensrally, apb improvement of the
students!? conservation levels TCegardless of their vyolume
achievement scores or their treatments. The transition from a
lower to a higher level of conservation between the pretest and
each of the posttest and ret2ntion test was found iudependent
of volume achievement scores and of treatments.

It appears that the iaprovemznt of the sapjects!
conservation level was influenced by some factor{s) otner than
treatments and volume achievement scores. Fossible factors
could have Lteen ¢growth, peer 1influence; test infiluence
{sensitization) and ‘'Hawthorne effect'. Srowth is suspected to
have been a faCtor because the experiment lasted about two
months during which subjects in grade 6, especially those who
vere ®"on the doorstep® of conservation, could have Jdeveloped
frem one stage of cognitive developrent to the next.
Uncontrollable students' discussions (peer influence) of the

Volume Conservation Test cutside the c¢lassroonr could have




influenced the results of *he posttest and the retention test
since these tests were identical to the pretest. The test
itself could have influenced some subjects to think sSeriously
about conservation tasks and to correct their own errors in
later tests. Finally, the development of the students rfrom one
Conservation level to the next could have been partially
attributed to the fact that they were chosen for the experiment
{Hawthorne effect) and corsequently to the influence of feeling
special and worthy.

Bffect of Mathematics Achievezent. Results of the study
revealed that volume achievement scor2s on the posttest and the
retention test were correlated to pathematics achievenent
scores measured by the computation secCtion of SAT. The initial
level of COnservatien.of volume was found to be independent of
the mathematics achievement scores measured by the computation
section of SAT.

The above-mentioned results scem to sujgest tnat a
competency in mathenatics Computation may indicate a competency
in volune achievement or vice versa. Furthermore, the
mathematics achievement score and volume conservation level
seep to be independent.
the volume algorithm of a cauboid and on the initial level of
conservation of volume vas examined. The degree of learniny t!=2
voluze algorithm of a cuboid, at the posttest and retention
test levels was not found to be related to sex. On the other

hand, the males were found to have a significantly (p £ 0.01)
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higheT initial level of consersation than the fernales.

T“he above-»entioned sulcriolity of rales over feamales in
volure conservation has been also reported by other researchers
such as Graves ({1972), Blkind (1961-b apnd 1962} and Wheatley
(1971) . The suyperiority of the mnales to the females in the
initial level of conservation could be attributed to the wmore
active participation of males 1n practical experiences
involving manipulative skills. (Price-williams et al., 1969 and

Grave, 1972).

There are scveral limitations of the study. Some of these
limitations are Telated to the type of subjects chosen for the
experircent wrile other limitations are conseguences of the
procedures of the study.

The subjects of this study werle sixth grade students of a
suburban area. Their average fawily income was slightly higher
than the average income ©f the greater metrofclitan area. The
subjects consisted originally of 171 students but when those
vho missed any test or treatment day were eliminated, the final
sagple vas reduced to 105 students. There were 57
nonconservers, 32 conservers and omly 16 partial conscrvers.
Any generalization based wupon the results and conclusions of
this study 1s lirited to this or to & similar Ppopulation of
students. On the other hand, the subjects used in this study

were grade 6 students who followed a mathematics proyraa
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typical of those used in Jorth Aserica. They were of ayes and

. socioecononic status similar to those of suburban Jrade 6
students in North Aperica. These subjects seem, therefore, to
be representative of the population of suburban North aserican
grade 6 stulents and £findings could be generalized to this
larger population.

The 1limitations relating to the procedures 1i1nvolve
constraints due to the treatments and constraints relating to
the tests. One o0f the experimental treatrents, the voluse
treatment, was more comprehensive and required more studeats?
active involvepent than is noreal in elementary classrooms. The
other experimental treatment, the sultiplication treatment, was
different fror uswal school approaches 1in its emphasis on

. multiplication skills involved in the learning of the aljorithm
"y = L x W x H." TFurthersore, only one version of each of the
Volume Achievement Test, Volume Conservation Test and
Kultiplication Achievement Test vas used at different stages of
the experiment. The classification of subjects into volune
conservatiosn levels was achieved using a judgesent-based volume

conservation teste The Jenperalizations of this study are

limited by the zreataznts and test instruments used.
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Ipplicatioa_l. The students of the volure treatment had an
adjusted nean score Of 655 on bhoth the Vclume Achieveaent
Posttest and Volume Achievenment Betention Test. This szems to
indicate that students in grade 6 are capable of learning the
volume algorithm for a cuboid "V = L x W x H." The volupe
achievement scores of such stadents do not seem to be aifected
by their levels of conservation of volune.

Since the conservation level d4id not seea to be aW
isportant factor in learning the volume aljorithm, using
conservation ac a Criterion, the present school programs that
introduce the algorithm prior to grade 6 are not Proven
unreasonable. This study does not, therefore, suggest the delay
of introducing the volune algorithn fcr a cuboid
"¥ =L xd& x H." This 1is not to say that the prevalent school
practices are justified with respect to the theorty of Piajet.
The section on future research outlines possible vays for

pursuing the matter of Jjustification of the school prcygramse.

Imnplication 2. The results and conclusions of this stuady
indicate trtat the activity-orien*ed volume treatment was
successfule. This treatmpent was based on Jdetermining the voluse
of cCuboids by building them with cubes and counting the nuanber
of cubes: later the algorithm "V = L x W x H" was used for
computing the volune of ‘a cuboid. It seceas, therefore,

aprropriate to teach the volum2 algorithm of a cuboid using abn

activity oriented method.
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. leplication_3. The mathematics copputation scores of SAT
vere found to be positively correlated with vclume achievement
scores. This seems to suggest that a competency in sathematics
computation may indicate a competency in volume achieveaent or

vice versa.

Implication 8. Females seem to be as cagable as males in
learning the volume algorithm for a cuboid "V = L x ¥ x H,"
However, the superiority of the pales to the females in the
initial level of conservation could be attributed to the &ore
ac tive participation of males in practical experiences
involving manipulative skills, Activity-oriented programs in
the teaching of volume concepts may be beneficial to the

. acguisition of volume conservation by fewsales.

——— v i B . " — gl Tt e T e " e, S - ol

The purpose of this study was to detereine the
relationship between the 1level of conservation of volame and
the degree to which students lecarn the volume algyorithm £for a
cuboid "Y =L x W X H.Y On the basis of the findings,
conclusions and implications of the study, further research 1is
needed on this topic.

It is recoemended that the experiasent be replicated on a
larger sample. The sample of this studyY consisted of 105
students only 16 of which wzre partial conservers. A larger

’. sample might influence the results found in this study.
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It 135 also reconnenled that the experiment be rIeplicated
on subjects in a grade 1lower than six. The independence of
conservation level and volume achievement could have been
influenced by the high grade level chosen. Stud2nts in grade 6
could have developed learning habits that were very effective,
or those students could have been "on the doorstep" of volume
conservation and became conservers early in the experiment. The
choice of a lower grade and conseguently a lower level of
developaent ®might reveal the importance of volume conservation
level more clearly.

A further recosnmendation is to conduct a study, 1in which
volume learning at higher cognitive levels than computation and
corprehension is 1investigaiel with respect to a correlation
with volua2 conservation.

It is also recoumendied that a volume conservation posttest
and a volum2 conservation retention test be developed which are
parallel forms of, but not identical to, the volune
conservation pretesct. The id=2ntical conservaticon tests Jiven in
the Pretest, posttest and retention test could have allowed a
greater pzer influence or sensitization effect than if they
were Lot identical.

It 1s also recomnaended that the follcwing observations
vhich were pade in the Post Hoc Qualitative Analyses be
investigatel further.

. It was noted that thare sas a general progress in the
conservation levels of subjects in all groups. However, in

cases of regression, the Ppartial consetvers who vete given
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experiences in volure activities seem to have regressed the
most. Further investigation, which includes interviewing of
subjects, is needed for cases wvhere regressicn occurs. Such
investigation may reveal the effect of volume activities on the
stability of the conservation level of subjects, particularly
the partial conservers.

2. Students vere asked, in gquestion 11 of the Volunme
Conservation Test, to write reasons for their responses. Those
responsn?rs d4id not seem to provide sufficient validity
information for the final judgement about the test used. A
considerable number of students gave an incorrect response and
a reason which migjht support the correct respoase while other
students gave a correct response and a reason related to
veight. Further investigation 1s npeeded to validate the
assessing of volume conservation. It is recommended that
met hodological studies  be uniertaken to deteraine the
relationship between nonverbal and interrcgation methods of
assessing conservation of volunme.

3. Question 12 of the Volume Conservaticn Test concerned
tvo unequal volunes where students were asked to write reasons
for their responses. It was noted that the number of partial
conservers and conservers, who answered question 12 correctly,
increased in the posttest and decreased in the retention test.
The number of nonconservers who ansswered guestion 12 coLrectly
seemed to have improved steadily in the pretest, posttast and
retention test. On the other hind, most correct responses to

question 12 sere supported by explicit r1easons. Further




113

research 15 needed for question 12 in particular and cuses of
conservation of ireguality of volume in general.

Finally, in this study the relationship betwveen volunme
conservation and the degree of learning a volume aljorithe
involving multiplication skills was investigated. It |is
reconmended that similar research be conducted to determine the
relationship between various conservation tasks and the deyree
of learning other algorithms involving multiplication ski1lls in
the elementary school. For example, r2search may be designed to
investigate the TCelationship between area conservation and
learning the algorithm for the area of a Trectangular Tregion,
“A =L x W", that is, area eguals length tipes width.

Iin supmary, further research is needed before the
prevalent school practice of introjucing the volume algorithm
for @ cuboid {V = L x W x H) in grades earlier than grade 6 can

be justified on the basis of tha Cognitive theory of Piaget.




114

REFERERCES
Arlin, P. K. The_application of Piagetian theoLy to
instructional _decisions (Report WHo. 78:1,  Educationa

kesearfch Institete of British Columbia). B. C., 1977.

Bat-Haee, M. A. Conservation of mass, weight, and volunme in
intermediate jrades. Psychological Reports, 1971, 28, 163-
168.

Beilin, H. Learning and operational convergence in logical
t hotght development. Journal of Experimentai_ Child
Psycholojgy, 1965, 2, 317-339.

- s e

Beilin, H. The training and acgquisitionh of logical operations.
In M. F. Rosskopf, L. P. Steffe & S. Taback (Eds.).
Piagetian_developumental research and_pathematical

- i

education. ¥Washington: National Council of Teachers of

—— i — — ——

Mathenmatics, 1971.

Berlyne, D. E. Recent developments in Piaget's wock. British

—— s —— . i o e . 2, i, o kel e

Bever, T. ., lehler, J., & Epstein, J. What children do in
spite of what they know. Science, 1968, 1€z, 921-924.

Braine, #. ©D. S. The ontogeny of cartain logical operations:
Piaget's formulations examined by nonverbal methods.
Psychological Monographs, 1959, 13(5).

— T g —

Braiperd, C. J. Continulty an
studies of conservation. D2¥

d discontinuity hypctheses in
Daye
{2y, 225 228.

lopmeptal Psyckology, 1970, 3

yrainerd, C. J. Judgements and explanations as criteria fior the
rresence of cognitive structures. DPsvchological Bulletin,
1973, 79(3), 172-179.




—

115
Brainerd, <C. J. The development of the prorortionality scheme
¢ in children and adolescents. Developsental Psycuolgy,

1971, S, 469-476.

Bruver, J. S. On the conservation of ligquids. In J. S. Bruner

A —— T ———————— ke = i ——

Sons, Inc., 1966.

Bruner, J. S. The course »>f <cognitive growth. Azxerican
Psychologist, 1964, 13(1), 1-15.

Calhoun, L. 5. Number conservation in very ycung children: the
effect of age and mcde of responding. Cchild Developaant,
1571, 42, 561-572.

Caapbell, D. T., & Stanley, J. J. Experimental and_gquasi-

e e B —— —

Carpenter, T. P. Measurement concepts of first and second grade
students. Journal of Research in Mathematics Educations
¢ 1975 (a), 6 {1}, 3-13.

Carpenter, T. P. Notes from national assessment: basic concepts
of area and volume. The Arithmetic Teacher, 1975(b), 68
{6}, 501-507.

Cochran, W. G. 2Analysis of covariance: 1its nature and uses.

e

Devault, M. V. what 1is mathematics curriculum research? The
Arithmetic Teacher. 1966, 12({8), 636-639.

i A s e B o R e e ——

Dilley, C. A., Rucker, W. E., & Jackson, A. E. Heath elementary
mathepatics. Toronto: D. C. Canada Ltd., Vol. 5 and 6,
1974, .

puckworth, E. Piaget rediscovered. In &. E. Ripple and V. N.
Pockcastle [Eds.), Piaget rediscovered., Ithaca: <Cornell
university, 1964(a).

. Duckworth, B. Piaget rediscovered. The Arithmetic _Teacper.
1964 (b), 11(7), 496-499.

Q l:?s




116

iy S —

Elashoff, J. D. Analysis of
American_REducational Re

A o — . . T e —

delicate instrunrent.

Elkind, D. Children*s discovery of the ccnservation of mass,
welight, and volume: Piaget replication study Il. The
Journal of Genetic Psychology, 1961(a), 98, 219-227.

Elkind, ©D. Quantity conceptions in cOllege students. The
Journal of _Social Psychology, 1962, 57, 459-465.

— e i L e i e e, . e s

Elkind, D. Quantity <conceptions in Jjunior afd senidr high
school students. Child Develcoment, 1961(b), 32, 551-560.

Elliot, H. A., BYe, ¥. P., Hanwell, A. P., Hay, R., Jorden, J.
M., Yaclean, J. F., & Neufeld, K. A. Project mathematics.

Montreal: Holt, Pinehart and Winston of Canada, Limited.
Yol. 3, 1975,

Elliot, H. A., Bye, Y. P., Hanwell, A. P., Hay, B., Maclean, J.
R., & lYeufeld, K. A. Project_mathematics. Montreal: Holt,

o —————————— i

Rinehart and Winston of Canada, Limited. Vvol. 4, 1974.

Fabricant, M. The effect_of teaching the vyolume formula for_a

e ———

conservation_of volume of fifth grade_ subjects. Paper
presented at the annual reeting of the Aaserican
Ejucational Research Association, Washington, D. C.,

March-April 1375.

Festinjer, L. A_theory of coqnitive dissonance. Califorania:
Stanfiord University Press, 1957.

Flavell, J. The developmental psychology of Jean Piajet. New
York: D. Van Nostrand Coazpany, Inc., 1963.

Flavell, Jd. H., & Hill, J. P. Daviiopaental psycholojy. In
P. Mussen & M. TFosenzwelg ({Eds.), Annual Review_of
Psvchology. 1969, 20, 1-36.

-




117

Fogelman, K. R. Piagetian_tosts_for_the_primary_schnol. New

Lo - RS P e — A g 3 —Yeai g APy A

York: Humanities Press Inc., 1970.

Ginsburg, H., & Opper, S. Piaget's_thoory of intellectual
development, an_intrfoduction. Na2w Jersey: Prentice-ilall,
Inc., 1969.

Glass, G. V., & Stanley, J. C. Statistical pethods in_eduacation
ané_pbsychologY. New Jersey: Frentice-fall, Inc., 1970.

Gove, P. B., & the Merriam-¥ebster editorial staff Wzabster's

. . —

Third_dew International Dictionary. Mass: G+ & C. derriam

s i e e S

Company, Publishers, 1971

Graves, A. J. Attainment of conservation of mass, wei
volune in minimally educated adults. Developmental
Psychology, 1972, 1(2), 223.

Green' D. Rc F] Ford' Ho Po' 8 Fl amer' G. B.
Piaget. New York: McGraw-Hill, 1571.

Halford, 5. S., & Fullerton, T. J. A discrimination task which
induces conservation of number. Child Development, 1970,
41, 205-213

Kall, v. 2.,

& Kingsley, R. C. Consarvation and equilioration
theory. Journa

1 of Gepetic Psychology, 1968, 113, 195-213.

— - —

Hobbs, E. D. Methodological pryblems in conservation testing
with particular reference to volume conservation. The
Alberta Journal of Educational Research. 1975, 21(4}, 262~
277.

Inhelder, B., & Piaget, J. The_growth_ of_ 1lcgical thinkiang froa

i T T T e T - ———

childhood to_adolescance. New York: Basic RBooks, 1958.

Inhelder, B. & Sinclair, #H. Learning cognitive structures. In
P. Mussen, J. Langer & M. Covington {Eds.), Treads and

.

issves_in_developmental psychology. New York:  dolt,

—

Rirehart & ¥inston, 1969.

James G., & James P. C. Mathematics_Jdigtionary. TorConto: Van

—— e ey ——

liostrand Reinhold Company, 1976.

130




118

Kerslake, D. Volume and capacity.
11, 4.

tathematics Teaching, 1376,

Kingsley, B. ., & Hall, ¥. C. Training comservation through
the use of learning sets. Child_pevelciment,, 1967, 38,
1111-1125,

Lewis #H. R., & Papadimitriou C. H. The efficieucy of
algorithms. Scientific_American. 1978, 238(1), 96-109.

o —— i ——— —— " —— =

Lovell, K. The_ growth of unlerstandipng in_mathematics (k-3}-.
Ho

New York: Holt, Rinehart S Kimston, Inc., 1971.

Lovell, K., & 0gilvie, E. The growth of the concept of volune
1p junior school children. Jourmal of Child Psychology_and
Psychiatry, 1961, 2, 118-126.

radden, #., sardner, E. F., Rudman H. C., Karlsea, B., &
Herwin, J. C. stanford achicvement test, New York:

i ok, ! i ————— . T Ty e T, i

Hartcourt Brace Jovanovich, Imc., 1973,

faier, H. W. Three theories of child development. Wew Yorks
Harper & Row, 1965,

Barascuilo, L. A., & HcSweeney K. Nonparametric aond

AN e . . i, e iy

Honterey, Ca.: Brooks/Cole Publishing Conpany, 1977.

Herwmelstein, E., Carr, E., 4ills, D., € Schwartz, J. Irainiag
techniques for the concept of conservation. The_Alberta

Ay —————— ——— -

T ey e T ol s T . S e e S e, e i i T .

Yodgil, S. Pi
England:

Nadel, C., & échoppe, A. Conservation of @mass, weight, and
volune as evidenced by adolescent girls in eighth grade.
The Journal of Genetic Psycholoyy, 1973, 122, 309-313.

Cshorne, A. R. Mathematical distinctions in  the teachiag of
reasure. Ia D. Nelson & R. E. Reys (Eds.), Measurement in

- ——— o . sy

school mathepatics. Yearbook, Hational Council of T=achers

e e v s A iy

of Yathematics, Reston: The National Council of Teacners

131




of Ya*thematics, Inc., 1976.

Perelle 1I. B. Difference in attention to stimulus presentation
mode witk regard to age. Developmental Psychology. 1975,
11{3), 403~u0u.

Piaget, J. Comments on mathematical education. In A. G. Howson
(E4.} , Development in mathematical education. Camoridge:

et . s s Ve s e . e . T i S - s il . T e S S S T

Oniversity Press, 1973.

Piaget, J. Development and learning. 1In R. E. Ripple & V.

K. Rockcastle (Eds.), Piaget rediscovered: a report of
the conference_on_cognitive studies and_curriculua
developaent. Ithaca: School of Education, Cornell

University, 1964.

Piaget, J. Forward to Flawell, J. H. The_developn-ntal

e e g e e W s P .

psycholody_of_ Jean_ Piaget. Princeton: D. Van Nostrand

Company, Inc., 1963.

Piaget, J. Genetic epistemology. New York:s Tcacher College

e ——— T i,

Press, 1970.

d'epistenslojie_genetique, xxxiii. Paris: Press

Universitaires de France, 1975.

—— ————— —— e T .  ———— —— i Sy — ———

— e e - - e i — e e —

Adams & Co., 1973.

Piaget, J. The child's conception_of number. Kew York: W. W.

e T ———— e, W e S —— A . -

Korton & Company, Inc., 1341,

Piaget, J., & 1Inhelder, B. Le_developpement des_guantites

e e e o T

physigues_chez “'enfent. (3rd ed.). Newchatel: Delachaux

et Niestle, 1968. (i1st ed. 1941).

Piaget, J., & TInhelder, B. The_osychology cf _the child. New

o —— i —— ———— . —

York: Basic Books Inc., 1969.




- /e

Piaget, Jae Inhelder, B., & Szenxinska, A. The_child's

o

. conception _of geometty. New York: Basic Books, Inc., 1960.

Pinartd, A., & Laurenceau, ¥. A scale of nmental developaent
based on the theory of Piaget: description of a project.
Journal of Reseirch in Science Teaching, 1964, 2, 253-260.

Price-Williams, D., Gordon, W., § Raminez III, M.' skill and
conservation: a study of pottery-making children.
Developmzntal PSychologqy., 1969, 1(6), 769.

Pulaski, M. A. S. Understapding_Piaget. New York: Hatper & row,
1971,

Roll, 5. Reversibility training and stinmulus desirability as
factors in convetsation of number. ¢hild Develagment,
1970, 81, 501-507.

kothenberg, B. B., & Orost, J. H. The training of conservation
of number io young childten. Child Developsent, 1909, 40,
107-726.

Shulman, L. S. Psychological conttoversies in the teaching of
science and mathematics. In D. B. Aichele & R. E. Reys
{Eds.), Readings_in_secondary_school mathematics. Boston:

—— ey . — -

Prindle, Weber & Schmidt, Inc., 1971.

Siegler, R. S., & Atlas, M. Ahcquisition of formal scientific
teasoning by 10- and 13-ycars-olds: detecting interactive
patterns in data. Journal of Educational psychology. 1976,
68(3), 360-370.

Sigel, I. 2. Child_development and_sozial science_education.
Detroit: Merrill-Palmer Institute, 131966.

Seedsland, J. Development of concrete transitivity of length in

— e D v iy e

Sredslund, J. Psychological diajnostics. Psychological
Bulletin, 1969, 71, 234-248.

(. Smedslund, J. The acguisition of conservation of substance and
weight in chiliren. Scandinavian Journal of Psvyoholoay,

il D e e . iy T o S ——




2

1961, 2, 1: 11-20, 71-87, 153-155.

Sonstroem, A. M. 0Oan the conservation of solids. Ia J. 5. Brunet
(2d.), Studies_in _coynitive_qrowth. New York: Jchn diley &

e R TR e A Sy e P S —— - — W

Sons, Inc., 1966.

Spitler, G. Personal conservation. Oniversity of British
Columbia, Vaacouver, June 1977.

Statistics Canada: Censys of canada, 1371. Ottawa: the
Government of Canada, 1974, (Catalojue 95-758).

Stef§fe, L. P., & Hirstein, J. J. Children's thiaking in
measurement sitvations. In D. Nelson & R. E. Reys (2ds.).,
Keasurement_ip_school mathematics. (NCTM VYearbook) 1976,

- e . ——

Strauss, S. & Langer, J. Operation2l thoujht inducement. Child
Development, 1970, 41, 163-175.

————— i — gt

Th yer, D., & Baggs, J. Teaching math2patics to young children.
New York: Fol*, Binehart & ¥Winston, Inc., 1971.

Towler, J. 0., & Wheatley, G. ConserCvation concepts in ccllege
students: a Teplication and critigque. The _Jourpal of
Gepetic Psychology, 1971, 118, 265-270.

e .y ——

Pzgiris, I. C. Situvational generTality of conservation. Chill

. e al ——

Van Engen H. Episteaology, research, and instruction. In M. P.
Rosskopf, L. P. 5Steffe & S. Taback (Eds.), Piajetian
coqnitive-development researfch and gathematical edugation.
Reston: The HNational Council of Teachers of Mathesatics,
1971,

#allach, L., & Sprott, R. L. lnducing number codunservation in
children. Child Development, 1964, 35, 1057-1071.

— v e ———— et

wallach, L., Wall, A. J., & Anderson, L. Number conservation:
The Trole of Treversibility, addition-suybtractioa, and
misleading cues. Child_Development, 1967, 38, #25-442.

134




—

122

winer, B. J. Statistical principles_ in_cxperimgntal desyjb. New
. York: NcSraw-iiill Book Coapany, 1971

%ohlwill, J. PF. Un essai d'apprentissage dans le domaine de la
conservation du nombre. Etudeg d'epistcmclogie Genetigue,
1959, 9, 125-135.

El

%ol lwill, J. P., & Lowe R. C. Experimental analysis of the
developnent of the <conservation of number. child
Develogment. 1962, 33, 153-167.




123

Appendix A

DESCRIPTION OF THE INSTRUCTIONAL UNITO
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Treatment A

—————————— ———

Lessobn 1

Behavioral Objectives:

1. Given two wnodels of «cuboids {clcsed boxes or solid
blocks) the volume of which differ macroscopically, the
students will be able to state which one has the jreater
volune.

2. Given five models of cuboids (closed boxes or solid
blocks) the volupe of any two of which differ
macroascopically, the students will be able to order the
five models by volume.

3. Given two closed boxes, the volumes of which do not
necessarlily differ macroscopically, and givena a set of
decinetle cubes to be used as units, the students will be
able to build nodels congruent to the closed boxes, and
thereby to state the volume of each box.

4. Given five closed boxes, the volume of any two of which
do not nh2cCessarlily differ macroscopically, and given a set
of decinetre cuybes to be used as units, the students will
be able to build models congruent to the closed boxes, and
thereby %to order the five boxes by volume.

S. Given a picture of polyhedral model built from unit
cubes, some of which may bpot be visible, apnd givea a set
of unit cubes, the scudents will be able to buiid the
pictured model and state 1ts volunme.

gutlins:
1. Direct comparison of objects.
2. Direct orderinq of objects.
3. Indirect comparison of closed boxes.
3.1. teed for units; volume 1s the number of unit

cubes.
3.2. Non-standard umits: DisCUSSiOR.
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4. Standard units: o?, dm? and cao3.
5. Indirect ordering of closed boxes.
6. Volume of polyhedral modz2ls built from unit cub=s.

7. Worksheet.

Baterials:
¥. Cardboard boxes.
2. 1 inch-cubes.
3. Some Jacimetre cyhes and Centimetre cubes.
4. A poster of polyhedral models built from unit cupes.
S5« A ¢cm ruler.

Activities:

Give each student 25 inch-cubes {refer to these cCuoses as
simply M"cuybes" and not as "incCh-Cubes") . Ask the students to
lay the blocks aside hecause they will be used later imn the
period.

1. {2 min) Direct comparison_of 2bjects:

Display ¢the two Closed cardboard boxes A and B of sizes
6 cm X 4 cm X 2 cmn and 40 cm X 2C cme X 10 Ccm respectively. Ask
the students ¢to Yuess which 1is bigger, which occupies more
space and which has the greater volume. Conclude that box B is
bigger than box A and that any one of the fcllowing sentences
describes this fact. '

a. Box B is biggyer than box A

b. Box B takes up mcre room tham box A
C. Box B occCupies more space than box A
d. Box B has a larger volume than box A.

2. {3 min} pirect _ordering of obijects:

pisplay, in this order, the five Closed hoxes F, G, H, I,
and J of sizes 2 423, 4 4dm3, 16 dw3, 1 daz3 and 10 dm3
respectively. Ask the stuldents to help to order the boxes froa
largest to smallest. Allow time for responses then order the
boxes by comparing any two boXes and then putting a third in
its proper position between the first two and so on.
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Display a closed cardbsard box in each of two distant
locations of the classrooe (use box P and box @} and ask the
students to compare the volumes of the boxes without moving
them. Lead the discussion in order to conclude that percegtion
may be Jdeceiving; deternine and compare the volumes using the
following activ ties:?

a. Use units (smaller boxes provided) to build next to
each box a cubhoid with the same shape and volume as that
of the box.

b. Count the nuaber of units and write the volumes of the
boxes on the board. {(Volume of P = 7 units, Volume of
¢ =8 units).

c. Compare the volumes of the boxes using the nuaoers of
units found in b.

Stress that 1im this process, any units of the saae size
could be used, but the same units must be used throughout.

3.2. Nopn-standard_units: Discussion:
Encourage individual students to sugdest items which could
be used as units.

Piscuss with the students the feasibility and convenience
of scme of the suggested units.

4. (5 min) Standard upits: dm3_and_cm3:

Ask the students about the common units for measuring
length (iesir2d answer: m, dm, cm, ...). If necessaty use a ca
ruler to measure length. Lead the discussion 1in order to
conclude that m3, du3, cm3? are consistent with the units we
usually use to measure length. Show cubes of volume 1 dm3 amd 1
cm3®. Imphasize that these volumes are the usual metric units
used in industry and commerce. Use decimetre cubes to baild a
congruant shape and to measure the vclume of box B
¢ ds X 2 dp X 1 d2) and wuse centimetre cukes to build a
congruent shape and to measure the volume of box A
6 cm X 8 ce X 2 cm). Write on the board statements such as
“Yolune of box B = 8 dm3" and "Volume of box A = 48 cm3.®

5. (5 min) Indirect ordaring of closed boxes:

Display three closed boxes (I, F, K} and ask the students
to suygest how to order the boxes from largest to smallest
using +the 1 dn3 blocks and the method described in section 3.1
above. petermine the volume of cach box and order the boxes
accordingly.
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6. {5 =min) volure of polyhedral_models built from unit

Display a poster {#1.1} of two arrangemeunts of cabes. The
first of the arrangements includes ome block "absent" although
it may appear to be "present.m The second of the arrangeasents
includes one block ™present"™ although it wmay appear to be
"abtsent.® Ask the siudents to use the cubes ({inch-cubes) in
order to build cunboids exactly like the ones pictured in the
poster and to state the voluxes in terms of the cubes.

7. {10 nin) Horksheet:

Display boxes X, Y, ¥ and Z in one area of the classroon
[station #1). Display also boxes #1 and #2 as well as 15
decimetre cubes in another area (station #2). Give each of the
students a copy of the attached worksheet and explain it to
then.

Divide the pupils into 3 jgroups. Let two Of the (groups
each be of about 1/4% the class and the third of about 1/2 of
the class. Ask each of the smaller groups to start on station
#1 or #2 and the larger group on the seat work.

Instruct the students in the smaller grotps to firish the
woLk at their own station, them, with your approval, to move to
. the other station and finish the sork there, and then to return
to their seats for the seat work. Similarly instruct the
students 1in the larger group to finish their seat wor« first
then wait for your approval im moving to the stations. Send
students from this larger group to the stations as they finish
their scat work and as space and order at the statious allow.
At the end of the period collect the worksheets.

ERIC L4
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Kame: Last: e First:

e ———— . —— St e e

T L we— T e . Al .

(Station #1)
1. Exazine the two boxes lettered X and Y.
which occupies less space, Y or X2

vwhich has the smaller volune Y ot X?

2. Examine th2 four boxes lettered W, X, Y, and Z; than order
thes from lacrjest to smallest and record your apmsvers belowv.

(latgest) _ ¢ . . (smallest)

{Station #2)
3. PBuild stacks of cubes similar to these boxes and ansver the
following:

The voluze of box #1 is: Cubes.

The voluse of box #2 is: cubes.

e ——— "

(Seat wvork}
4. Por each of the figures below wuse the cubes to build a
aodel. Count the pusber of cubes and rec>rd the volune.

Figute A Figure B Figure C

¥oluse =____ cubes Yolune =____ cubes Volupe =____ Cubes

5.1list A, B, and € in otrder

{Lactgest) {Smallest)

—— ——————— ——— i . —— - — i ——t——
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Lesson 2

Behavioral Objectives:

1. Given a cuboid or a diagram of a cuboid, which 1is
completely partitioned or partially partitioned into unit
cubes, the students will be able to build a layer and
determine the volume of tbe layer, the pumber of layers
and the total vol ume.

2. Given a diagram of a non-partitioned cuboid, the
dimensions shown either by nunerals or by the fact of its
edges being marked in unit segments, the students will be
able to determine the volume of a layer, the pumber of
layers and the total volume of the cuboid.

Cutlines

gt ¥R 9— -}

1. Follov up of the worksheet from the previous lesson.
2. Volune of partitioned and non—-partitioned cuboids.
3. Algorithm for the volume of a cuboid "V =L X ¥ X H."

4. application of the volume algoritha to cuboids and
diagrams of cuboids.

5. %orksheet.

Materials:
1. Three cardboard boxes.

2. Some decimetle cuhes.
3. A postel of: a partitioned cuboid, a partially
partitioned cuboid and a non-partitioned cuboid.
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Give each student his corrected worksheet fros the
previous lesson. Explain that in order to ccmpare volumes one
cab count the cubes and compare the numbers obtained.

Por illustration count the cubes of the shapes in #4 as
each student follows on his own worksheet, report the voluaaes
of the shapes and state their order.

(7 min} Volume of partitioned and non-partitioned

2.
cuboids:

Give each student 25 inch-cubes. Display a poster (#2.1)
of a partitioned cuboid of dimensions 2, 2 and 5. Ask the
students to build with the cub2s & cuboid exactly like cthe one
pictured in the poster, to count the number of blocks and to
state the volume of the cuboid.

Draw on the board a diagram of a non-partitioned cuboid of
dinensions L = 4, W = 3 and H = 2. Write these dimensinns aloang
the edges. Ask the students to gJuess the number of cubes
necessary to build the cuboid. Partition the top layer thea the
rest of the cuboid. Ask the students to determine the volume by
using the blocks to build a mrodel then count the nuaper of
blocks used.

3. (12 min) Algorithm for the volume of a_cuboid
L X ¥ X H":

=L A e A

"y

Display a closed cardboard box (i) whose dimensions are
L = 4 dnm, W= 24n and H = 2 idm. Display also about 20
decigetre cubes. Discuss with the students how one cal
determine the volume of the box using the available cub2s. Lead
the activities using the cubes in order to determine:

a. The number of decimetre cubes along the length of the
bottom layer. Write on the board *“L{length) = 4 da" i.e.,
4 cubes fit along the length of the bottcm layer.

b. The nuwmber of decimetre cubzs along the width of the
bottoum layer. Write on the board "W(width} = 2 da"

C. Build a layer and conclude that the number of blocks
that can fit in the bottom layer is givell by L X W.

d. The number 2f decipetre cubes alofg the height of the
box. Write on the board "d(height) = 2 da"

e. Build a shape congruent to the hox and concluie that
the total volume 1is the volume of one layer (L X W)
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multiplied by the numbher of layers {H) ie@a,
V=1L XW X H. )

Display another cardhoard hox (R) whose dimensions are
3 de, 3 dp and 2 dm. Display also about 10 decizetre cuhes.
Discuss with the students how one can determine the volume of
the hox using the availahle cuhas, knowing that there are not
enough cubes to huild a shape congruent to the box or even
huild a shape congruent to a layer. Develop again the algorithm
"V =L X % X H" by following steps a to e of the previous
activity but without actually huilding a shape similar to the
hox.

Test the algorithme *V = L X W X H* using a differenmt
cardhoard box {#1) of dimensions 4 dm, 3 do and 1 dm:

f. Find the 1length, width and height of the box in
decipetrss and multiply then,

g. Build a shape similar to the hox with deciwetre Ccubes
and count the number of cuhes.

h. Compare the results in £ and g.

6 min) Application of the volume alqorithm %to_diagrass

i i . T e e S i " . s o e Tk —— s, i . e

Present a poster (#2.2) of diagrams of cuhoids and apply
the algorithm as directed.

a. Refer to the partitioned cuboid on the foster. weithout
actually wusing thke blocks develop again the algyorithn
"y = L X ¥ X H" hy verbally following steps a to ¢ 2f the
pLevious activity.

b. Refer to the partially partitioned and the non-
partitioned cuboids. In each case determine the volume of
each layver, the number of layers and the total volume. Use
the algorithe "V = L X % X H* to compute the volume.
Coanpare the two answers.

S« {7 min) W¥yrksheet:

o — b ey e

Give cach of the students a copy of the attached worksheet
and explain it to them. Go around and help them to complete it.
Collect the worksheets at the end of the period.
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Name: last: _e First:

Jessop A2 - Werksheet

1. Find the vwcluwe of €ach of the figures telow. (you ®may use
the cubes tc buvild acdels cf the figures).

Pigure D Figure P
Yoluse of a layer = ___ _ ¥clupe of a layer =
Ruakter of layers = Rusher of layers = -
. Yoluze =______ cutes Yolugze =

2. Vclume of the Lcttcs layer =
Rusber c¢f layers =

Yclupe =

i}

3. 1L

—— p—— .

. ., Yclume of thke bhox =
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1. Given either a Jdiagram of a non-partitioned cuboid with
its dimensions mnarked, or a word descripticnh of the
dimensions of a cuboid without a diagram, the students
vill be able to use the volume algorithm in order to
deterrine the volume of the cuboid.

2. Given a diagram of cubolds touching side by side and
all of ¢he required dimensiohs, the students will be able
to use the volume algorithm in order to determine the
total volunme of the cuhoids.

3. Given a diagram of a cuboid to which there are attached
half cubes (rectangular parallelepipeds or triahgular
prisms) the students will be ahle to determine the total
volune.

4. Given a diagram of a partitionhed cuboid waich is
partially covered, the students will be able to deternihs
the ¢otal vclume of the cuboid.

1. Follow up of the worksheet from the previous lesson.

2. Application of the volume algorithm to the following
cases:

a. Word descriptiof of cuboids.

b. Cuboids touchlng side by side.

c. Diagrams of cuboids with some unit cubes attached

or rcemoved.
3. Attachments of half cubes to cutcids.
e. Diagrams of partially covered cuboids.

3. Worksheet.
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1. Posters of cuboids touching side by side, cuboids with
some units attached or removed and attachoents of half
cubes to cuboids.

——

Give each student bhis corrected worksheet froa the
previous lesson and explaia that "¥ = L X ¥ X H" bhelps us to
compute the volume {the number of cubes peeded to build a
sisilar shape}) of each of the shapes drawn on the worksheet.

For illustratioa explain, as each student follows on his
ovn vorksheet, that in #2 the volume of the top layer (of L = 4
and W =2} is L X W =14 X 2= 8, that there are 6 layers and
that the volume is the number of cubes in one layer (8)
aultiplied by the nupber of layers {6) i.e.,
vy=04X 21X €& = u48.

2. (18 wmin)  Application of the volume algoritha to the
follovwing cases:

——— i ——— i ——— ———— "

Write on the board a verbal description of the dimensions
of a rectangular box{L = 6 Ae, W = 2 48, H = 5§ das}. Supstitute
the given numbers for L, %, and H in v =L X ¥ X H" and
cocpute the volupe. Draw a diagram on the board and illustrate
that YL X W" gives the number of blocks 1in one lajyer and
L X% XH is the total volune.

e T R s e -

Present the poster (#3.1) of two cuboids tcuching side Dby
side. Ask students to compute the volume of each cuboid 4and add
to determine the total volume.

c. Diayraps_of cuboids _with some_unit cubes_attached or
Lempoved:

Present the poster (#3.2) of cuhoids with some unit cubes
attached or rznoved. Lead the students to compute the voluame of
the cuboid as 1if there were nothing attached or reaoved.
Datormine the volume of the wunit blocks to be added or
subtracted. Add or subtract to dzterrine the volume.

——
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Present the poster {#3.3}y of the diagrams of the
. attachments of half cubes to cuboids. In each case ask the
students to deternine the volume of the cuboid, the volume of

the attached half cuhes and add to determine the total voluae.

e. Diagrams of partially cgvered cuboids:

Present the poster {#3.4) of a partially covered cuboid
(4X3X6). Point out that the blocks of the tof layer are shown
and there is a total of 6 layers. Determine the length, width
and height of the cuykoid and use the algorithms to compute the
volume. Count the number of blocks in the top layer (14) and
conclude that each of the 6 layers has 12 blccks. Deterzine the
total volume {6x12). ComPare the tvwo ansvers.

3. (10 min} Morksheet

"'

Give each of the students a copy of the attached worksheet
and explain it to them. Go around arnd belp them to comrplete it.
Collect the worksheets at the end of the period. —
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1. A box has a length of 14, a

#hat is the volume of the box?

What is the voluae

139

E

W¥hat is the volune

' %

fhat is the voluae

— i o, Sg——

5.

6.

A aetal block and a half
. of a different block on top

%hat is the volnae

Ay
<

A pile of cubes'partially
covered

®hat is the voluae
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Lesson 4

Behavioral Objective:

1. Given a diagrawm or a word descripticn of a cuboid of
known dimensions and givemn a proposed additive or
multiplicative dimensional ¢transformation, the students
vill be able to state the volume of the cuboid that would
result after the transformation.

1. Follow up of the worksheet from the previous lesson.

2. Application of the volume algorithm to cuboids with
proposed dimensional transformations.

3. Summary of generalizations.

4. Worksheet.

1. A poster of a partitioned cuboid.
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{5 min) Follow up of the worksheet from the previous

i . . Sl e e R . . . . o 2

Give each student his corrected vworksheet from the
previous lesson and explain that in #2 for example, there are 2
half-cubes attached to a rectangular pile of cubes of L = 3,
W =3 and H = 2. The volume of the 2 half-~cubes is 1, the
volune of the pile is 3 X 3 X 2 = 18 {using V=L X W X H) and
the total volume is therefore 18 + 1 = 19,

Similarly for #6, explain that the volume of the block 1is
5 13 ¥ 4=060 (using V=L XW X H), the volume of the half
block on top is (3 X 2 X 1)/2 = 3 and the total volume is
therefore 60 ¢+ 3 = 63,

2. {18 min) Application_of the volume algocithp to_cuboid

—————— —— T —{— —— — - ———— T oo iy, A} e . W S, ——

with proposed dimensional transformations:

Write on the board "V =L X W X H", display a poster
{#4.1 of a partitioned cuboid of dimensions 6, & and 10 and
rerlace L, W, and B by the numbers 6, 4 and 10. Compute the
volume (240) and replace V by 240.

Apply the following changes to the factors (L, W, H) and
observe the changes in the prodnct ({volume). Encouraye the
students to state and test conjectures about the effect on the
volume when the dimensions are changed.

Additive {or multiplicative) increase in_ope, two _or

1. Additive {or multiplicat
f the dimensions_produces additive for multiplicative)
n_th

e i e_volume.

=t

2.
-2
s

[ad

hr
n

e_
t

p1
(2]
H i
S

|
l

1. Additive_increase_in_one, t¥o_or three of the

ns:

2.1
imensio

(=7

Ask the students to use the algorithe "V = L X ¥ X H" to
calculate the volume of the cuboid if its length increases to 7
units. Write "7 X 4 ¥ 10 = 280" underneath "6 X & X 10 =240."

Contipnue by asking the students to predict what happeans to
the volume (240) if the width increases or the height
increases. Allow time for responses, vrite on the board the two
sentences "6 X 5 X 10 = ____ " and "6 X 4 X 11 = ___ ", divide
the students into two groups and ask each group to complete one
of the statements. Solicit the answers {300,264) and conmplete
the statements written on the board.

Ask the students to predict what happens to the volume
(240) if any one of the dimensions increases. When conjectures
are made *est them using examples such as "8 X 4 X 10 = 320"
and "6 I 4 X 12 = 288." Lead the discussion 1in order to
conclude that the volume increases if any one of the dimensions
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incCreases.
. Similarly, ask the students to predict what bhagpens to the
volume (240) if two of the dimensions increase. Allow time for
re Sponses and test then using examfles such as

"7 X5 X 10 = 35" and "6 X 6 X 10 = 360." Lead the discussion
in order to conclude that the volume increases if twg of the
dimensions inCcrease.

Similarly, 1lead the discussion in order to conclude that
the volume increases if all dimensions increase. Use
"7 XS X 11 = 385" for illustration.

2.1.2. Hultiplicative increase_in

—— — —— it

Ask the students to predict what happens to the voluae
(240) if any one of the dimemnsions is w@ultiplied by "2"
(doubled). Allow time for responses and ask three groups to
test them using "12 X 4 X 10 = _____ ", "6 X 8 X 10 =_____" and
"6 X 4 X 20 = * {answer: 480). Conclude that the volume is
pultiplied by 2 (doubled). Continue by asking the students to
predict what happens to the volume (240) if any ope of the
disensions is multiplied by 3 (tripled) or 8. Test the
conjectures using:

1'. 6 X (3 X 4) X 10 = 720

6 X 4 X (4 X 10) 96 0

(3 X 240) and
(4 X 240).

hoH

# n

Lead the discussion in order to conclude that the volume is
multiplied by 2 (do.bled), 3 {tripled), ... if any one of the
dimensions is nultiplied by 2 (doubled), 3 ({tripled}, .«

Likewise, ask the students to predict what happens to the
volume {280) if each of two dimensions is multiglied by 2; themn
if one 1is multiplied by 2 and another by 3, etc. Dse examples
such as the ones written below to establish that if one
dimension is multiplied by a whole nusber and another diaension
is also multiplied by a whole number, the volume will be
nultiplied by the product of the two numbers.

(5X6) X {2 X4 X10=1(5X2 X 240
30 £ 8 X 10 = 2400
6 X (3X4)X (2X 10) = (3X 2 X 240
6 X 12 X 20 = 16440

2.2. Additive for multiplicativel decrease_in ohe, two or

e ——— - A ko " — oy, i - ——— —— ey T

s Y . s . i e . IS S . o i

. Model the discussion of this section after the discussion
of the previous section {2.7). For each of the 4generalizations
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below {lettered a, b, ...} ask the students to predict what
happens to the volume (240) if the proposed changes in the
dimensions are applied, test thke students' predictious using
the given examples and conclude the generalization.

.1. Additive decrease in_one, two or three of the
ns: (move quickly through this section)

a. The volume decreases if amy one of the dimensions
decreases.

Examples: 5 X 4 X 10 = 200; 6 X3 X 10 = 180.

b. The volume decreases if any two of the dimensions
decrease.
Examples: 5 X 3 X 10 = 150; 5 X 4 X 3 = 60

c. The volume decreases if all dimensions decrease.
Example: 4 X 3 X 8 = 96

2.2.2. Multiplicative decrease in cne or_ two_of the
dimpensions:

a. The volume will bhe divided by 2 (halved), 3, ... if any
one 9f the dimensioas is divided by 2, 3, ...

Examples:
6 X {4/2) X 10 = 2u40/2
X 2 X 10 = 120

10/5) = 280/5
= 4

b. If one of the dimensions is divided by a whole nuaber
and another dipension is divided by a whole nunmber, the
volume will pe divided by the product of the two nunbers.

Examples:
{6/2) X (4/2) X 10 = 240/({2 X 2) = 2404
3 X2 X 10 =060

[3

e_increase_ip one_or two of the dimensicpns _anf
in _one or two can_produce any one of the

Ask the students whether they can predict wvhat happens to
the volume 1f one of the dimensions increases and another
decreases. Allow time for predictions and ask three grouaps to
test them using the following examples:
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5 X 9 = 270 [(the volume increases)
4 X 3 = 84 (the volume decreases)
3 X 10 = 240 {(the volume does not change)

o -l
L

Conclude that the volume may increase, decrease or stay
the same if one dimension increases and another decreases; each
exanple has to be examined individually.

3. (2 min) Summary of generalizations:

T ———— s

Summarize the generalizations wmade im this lesson by
asking this series of gquestions and encourage students to
ansver then:

i. What happens to the volume if ve increase one, ¢two O
three of the dimensions?

ii. What happens to the volume if v¥e decrease one, two or
three of the dimensions?

iii. What happens to the volume if ve increase one of the
dirensions and decrease another?
iv. a. What happens to the volume if we double only one
dimeasion?

b. what happens to the volume if we double two
dimensions?

¢. Rhat bappens to the volume if we double all tbree
divensions?

v. ¥hat happens to the volume if wve double one dimension
and halve another dimension?

4. (10 min) dorksheet:
Give each of the students a copy of the attached worksbeet

and explain it to them. Go around and help them to complete it.
Collect the worksheets at the end of the period.
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Bame:Llast: « First:

lesscn A8-Worksheet

Coprlete the fcllowinmg;

Te

24

3.

A plastic kex.

I1f ve increased tle width cf this

box by three gpits and the length

and the height stayed tke same,

then in the mew tcx what would ke the

4
Length? _

width? ___
Beight?

Yolume? __

d metal tci.

If ve Qdecreased tke height bty 3 upits
and the the lenqgth Lty 2 onits

bot the width stayed tke same,

then in the pew kcx what would be the

length?

§idth?
Beight? __ _
Y¢lowe?

A wooden bex.

If we decreased the length by ¢ omit
and we iIncreased the height by 2
opits bot the width stayed the same,
ther in the pev bcx what would be the
Lengtt?

width? ___

Beight?

Yclouee? _
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4.

9.

6.

M rectangular pile of cabes.

If ve tripled the height of this
pile and the length and the width
stayed the same, then in the new
pile what would be the

Length? __

width?

Height? __

Volume?

M rectangular pile of cubes.

If we doubled the length and halved
the width but the height stayed the
sare, then in the ntev pile vhat
would be the

Length? _ _

¥idth?

Height?

Volume? ______

A cardboard box full of cubes.
If ve multiplied the height by 3
and divided the leagth by 6

and the width by 2, then in

the nev box what would be the

Leagth? _

-

width? ___

Height?

———

Volume?

——

160

147




148

Treatment B

Lesson 1

Behavigral Objectives: a, b and n denote natural numbers.

1. Given a nultiplication eguation with the saae three
factors onh each side of the equal sign, such that the
factors on both sides are nhot in the same order and that
one or two factors of one side are missing, the students
vill be able to state the missing factors.

2. Given an assertion of the form a X b > aXc,

aYXYb<aXc,cXa>bXaorcXa<bXasuch that a

is known, but only one of b or ¢ is kncwn, the students

vill be able to ascribe correct limits to the range of
. values for the unknown number.

3. Given an assertion of the forma X b X n>aXc¢ Xn ot
n Xz Xa>n Xb X a such that n and a are known and only
one of b or ¢ is known, the students will able to ascribe
correct limits to the range of values for the unknown
nupber to make the assertion true.

P=S—Tp. J=—t_=t R

1. Review of the commutative and associative principles.

2. Prescribing the range for the missing factor in an
inequality involving two factors at each of its sides.

3. Prescribing the range for the missing factor in au
inequality involving three factors at each of its sides

4, Worksheet.

Materials:

s —— e e -

. 1. A poster of 3 X 5 grid.
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Activities:

1.a. (5 min) Feview of the computative principle:

Present the poster (¥ of 3 X 5 grid and ask the
students to tell the number of rows (3) and the nuaper of
squares per rov (5). Ask the students to give a multiplication
sentence to describe the total number of squares (3 X 5 = 15).
Write "3 X S = 15" on the board. Declare that the nusbers 3 and
5 are called the factors while 15 is called the product.

Turn the poster 90 daogrees and ask similar questioms to
the ones in the previous paragraph. Conclude that the sentence
describing the total nuaber of squares is now "5 X 3 = 15",
¥rite "S X 3 = 15" on the board underneath *3 X 5 = 15", Lead
the discussion to illustrate that both "3 X 5® and "5 X 3»
describe the same number of squares and are therefore
equivalent. Write the statement "3 X 5 =5 X 3" on the board.

Ask the students to make 3 generalization about the order
of the factors based on the statement "3 X 5 =5 X 3" 1illow
tire for responses and enphasize the commutative primcigle
(vithout mentioning the term "commutative") i.e., the order of
multipl ying the factors does not affect the prcduct. Test this
principle using 3 X 4 and 4 X 3 by determining the answer to
3 X4 and 4 X 3. cConfirm the commutative principle by asking
the students to compute the ansver (180) to each side of the
sentence 12 X 15 = 15 X 12,

1.b. (5 min) Review of the associative principle:

e —— ————— . — . —

Write "2 X 3 X 4" on the board and ask the students if it
makes any difference in choosing the numbers to be pultiplied
first, 2 X 3 or 3 X 4. Then write (2 X 3) X 4 = _ and

2 X (3 X4y = ____ on the board. Ask the students to help in
the steps for fimding the answers and conclude that one may
nultiply the f£first two factors first or the last ¢two first.
“rite on the board (2 X 3) X 4 = 2 X (3 X 4). Ask the students
to make a generalization about the order oOf wmultiplying the
factors based on the sentence written on the board. Allow tiae
for responscs and emphasize the associative principle (without
mentioning the term “associative™) for the product of any three
facters i.e., the grouping of the factors does not affect the
product. Test and confirm this principle using "5 X 3 x dJd%.

drite the following statements on the board and ask the
students to find the numbers which complete the statewents.

X8 X 11 =8X6X11; 7X 12X 4= _ X 71X

2. (10 min} Prescribing_the range for the missing factor

s —— - —— " ——— T T ——— ——— mprbt— —— T A W

in_ap_inequality involving two factors at each of its gides.

—— i —— —— D —— —— e ———

Write on the board "3 X{ 3 > 3 X 5* and {o0llow the
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discussion below 1in order to lead the students to prescrihe
wvhole nusbers that can fit in the [ ].

T: If we replace [ ] by %, will it be true?
(Response: "Yes". Write 10 on the board underneath | J)

T: Is th2re a number greater than 10 that wvonld make it
true? If so, tell pme such a pusber?

[Arite pupils? responses in ascending order. Leave spaces
for contingencies)

T: What if ve replace [ ] by ¥, vwill it be true?
[Response: '"No". Ask how we tell)

T: Are there any numbers less than 10 that would gmake it
true? If so, wvhich numbers?
(Write thea with the seyuence in order)

T: What 1is the least nupber ve have been able to replace
{ ] by, so far? Does that mean that 6 is the least wvhole
nunpber e can uyse? Cah anyone nhame a8 smpaller wvhole nuaber
than 6 to make it true? Why not?

T: (Point out the "gap" in the seguence on the board which
probably looks like this:

Numbers that make 1t true: 6, 8, 10, o4, 100)

Are there any numbers betveen these two (fcint to 6 and 8)
that make it true? How about here? (pcint to 10 and 64)
etc.

T: Coulil ve possibly list all of the numkers that aaxe it
true? Why not?

T: S0 without actually listing thea all, what could ve
vrite that would clearly indicate all of the numbars that
make 1t true? Could this do? ({write on the board "Any
nunber greater than 5" or "mn > 5%

Similarly let the studeuts prescribe ansvers to the
folloving statements.

38 < { 1x8

12 X155 > ( )X 12

tor in

a_fac
des:

3. {5 min) Prescribing the range for the nis
o

iss
an_inequality involving three factors at_each of i

iwqm

in
ts_s

¥rite the statement "2 X 3 X 6 < 2 X[ 1X6" on the
board and follow the steps below in order to lead the stujents
to prescribe numbers that can fit in the [ I {Answuers M"Any
nunber greater tham 3" or %“n > 3%).
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»
3.1, Deterumine a nurher, say 10, that pakes the statement
tr ue.

3.2. Deternmine a numher, say 2, that makes the stateament
false.

J.3. Establish a lower bound: Find all the numbers less
than 10 which make the statement true.

3.4. Determine a larger number than 10, say 50, which
makes the statement true.

3.5. Determine two or three nunbers between 10 and 50 that
make the statement truee. T

3.6. Establish that it is impossible to list all the
numbers that make the statement true.

J.7. krite a sentence that prescribes all the nuabars that
make the statement true. ("ADY number g9reater than 3" or
"n > 3v)},

Similarly let the students Prescribe nupbers that fit in
{ ] in order to make the statement
X{ ] <6 X 2X 20" true.

4, (10 min) sorksheet: '

i s — e ——— — T

Give each of the students a copy of the attached worksheet
explain it to them. Move around and help them to complete

it. At the end of the period collect the worksheets.
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Bo. 1.1




Rape: Last: . FPirst:

Lesson Bl —~ worksheet

Complete the following:

1. ST 7X12=12%XS57%___
2. 9 X (14 X 10) = 10X (_ X __)
3. (23X 7) X 13 = ( 2 13) X
4. 739 > 7x{ }

What number or numbers could go in the { }?
S« 53 X 16 > 16 X [ ?

what number or numbers could go in the [ ]?
6. 22 ¥ 25X 26 < 22 X[ }X 26

#hat number or numbers could go in the | ]?
7. 213 X 19 X[ ] < 213X 19X 6

fhat number or numbers could go in the [ )?
in each of the following vrite: <, = or > in the (:).
8. S x4 O 8 xS
9. 6 X 4 O 6 XS
0. 213 (:) 3 x 8
11. QX(ZXB}OWXZ}IB
12.

9 X (8 X 13) O (8 X 13) X 9
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e e . . . s S o

Behavioral Objectives: a, b, ¢ and P denote natural rnumbers.

A e e T i o . . iy il i T . iy e o

1. Given an assertion of the form a X b = P yhere a, b and
P are known, the students will be able t0 descrine the
effect on P when any ome of the fcllowing chaages is
applied additively oOr multiplicatively:
i. Increase in a, or b, or both.
ii. Decrease in a, or b, or both.
iii. Increases in a together with decrease in b {or
vice versa).

2. Given ar assettion of the form a X b X ¢ = P the

. students will pe able %0 describe the effect on P when any

ope ©f the following changes 1s applied additively or
sultiplicatively to the factors.
i. Ipcrease in a, b oOr ¢
ii. Decreas< in a, b or ¢

iii. Increase in ome or two of the factors a, b or c¢

and decrease iR two or one of the factors a, b or ¢

1. Follow up of the uorksheet from the previous lesson.

2. Effect on the produact 6f twe factors when these factors
are changed additively or sultiplicatively. {[Note:
*radditively" and "multiplicatively" will substme decrease
as well as increase.)

3. Effect on the product of three factors whec these
factors are changed additively or multiplicatively. {Hote:
"additively" and *"multiplicatively" will subsume declrease
as well as increase.)

4. Worksheet
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{The activities of this lesson are mainly number
ranipulations and do not require physical materials)

1. {4 min) Follow up of the worksheet from the previous

— — . S . oy e, mirpreial S . T — . e . W= . S e S v e

—— i —

Give t%ch student his corrected worksheet from the
previous lesson and explain thit in #4, any number less than 9
can do in ¢the [ ] and make the statement true. Any number
greater thar or equal to 9 will mpake the statement false.
Similarly, in #7 any number less than 6 will nake the statement
true and any npunber greater tham or equal to 6 will make the
statepent false.

fect on_the product cf two factors when
d additively or multiplicatively.

Write om the board the statement "6 X 4 = 20", 2Apply the
following changes to the factors {4 and 6) and observe the
changes in the product {24). Encourage the students to state
and test conjectures about the effect on the product when the
factors are changed.

2.1.  Additive (or pultiplicative) _
of the factors produces additive {or_mult

in_thke product.

ncrease in one or two
P

i
iplicative} iacrease

2.1.1. pdditive iucrease_iR_ope orL_txo of the factors:

Ask the students to predict what happens to the Froduct if
the factor 6 is replaced by a larger number, say 7 or 8
{desirable response: "It increases'"). Allow time for responses
and write on the hoard "7 X 4 = 28" underneath "6 X 4 = 24_%

Continue by asking the students to predict what happens to
the product {24) if any one of ¢the factors increases. #When
conjectures are nade test then using examples such as
"8 X 4 = 32" and "6 X 7 = 42.%" Lead the discussion in order to
conclude that the product increases if any one of the factors
increases. Hrite on the board

R
increases stays increases
the sanme

Similarly, ask the students to predict whkat happens to the
product {24) if both of the factors increase. Allow tiawe for

185
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responses and test them using examples such as *7 X 5 = 35" and

. "10 X 6 = 60." Lead the discussion in order to conclude that
the product incr-.ases if both of the factors increase. #rite onh
the koard

X 4 = 24

4

increases increases 1ncreases

2.1.2. HBultiplicative increase_in one_or two of the

iy, -

Ask the Students to predict what happens to the product
(24) 1f any one of the factors is multiplied by 2 (doubled).
Allov time for responses and ask two groups to test thea using
"2 X 4= __ (answer: u48)" and "6 X 8 = ____ (answer: 48)."
Conclude that the product is multiplied by 2 (doubled).
Continue by asking the students to predict what happens to the
product {24} if any one of the factors is wmultiplied by 3
(tripled) or 4. Test the conjextures usings

6 X 4 = 24 foriginal statement)
b G

6 2 = 72 = 3 ¥ 24 and
24 X 4 = 96 = 4 XK 24,

. Lead the discussion 1in order to conclude that the fproduct is
multiplied by 2 (doubled), 3 (tripled), ... if any ope of the
factors is multiplied by 2 (doubled), 3 (tripled}, .. HLite on
the board

& X 4 = 24
stays is’L ts

the same multiplied oaultiplied
by 3 by 3

Likewise, ask the students to predict what happenrs to the
product (24) if one of the two factors is multiplied by 2 and
the other by 3, etc. Use examples such as the one written below
to establish that if one factor is multiplied by a whole nuamber
and another by a wvhole number, the product will be pultipiied
by the product of the two numbers.

6 X 4 = 24 (original statement)
30 X 8 = 240 = 10 X 24

2. 2. Additive (_.r wultiplicative) decrease_ih_ona_orL_two

AT —— e —— ——

——— —— o —— o —— L —

Hodel the discussion of this section after the discussion
. of the previous section (2.1). For each of the generaligations
below (lettered a, b, ...} ask the students to predict what
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happens to the product (24) if tha proposed changes in ‘the
factors are appliecd, test the students' ypredictions using the
given examples and conclude th2 generalization.

2.2.1, Additive decrease in one _or two of the factors:
(nove quickly through this section)

a. The product decreases if any one of +the factors
decreases.

Examples: 5 X 4 = 20; 6 X 3 = 18,
write on the board

6 X 4 = 2

{
a

+=

stayé‘ decreases
the sase

ecreases

b. The product decreases if hoth of the factors decrease.
Example: 5 ¥ 3 = 15,
%rite on the board

6 X 4 =

3%
=

o ad

decreases decreases ecreases

2.2.2. Kultiplicative decrease in_one, two or three of the
factors:; {move quickly through this section)

s e e

a. The product will be divided by 2 (thalwved), 3, ... if
any one of the factors is divided by 2, 3, ...

Examples
6 X 2 =12 = 24/2

¥rite on the hoard

stayé& is is
the same Adivided divileil
by 2 by 2

B. The product [24) will be divided by the product of two
numbers if cne of the factors is divided by one of the numbers
and another factor is diviied by the oth2r nuaber.
mpla~

¥amp
2
1

24 74
24/12

B s
I p w
[ e T
Ny

da
X
X

wCite on the board
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6 X f = 24
. is l is is
divided divided divided
by 3 by 4 by 12

2.3. Additive f{or multiplicative} increase ip one of the

S — —t————————— — " T —— . ——— — . S o e Sy W st g, . Sl APy s -

— . ———— i —

e e e

2.3.1. A

_in _one _of the factors_and
additive decrease ip

-
-
—— —— —

€
g

Ask the students whether they can predict what happens to
the product if one of the factors increases apd the other
decreases. Allow time for predictions and ask three groups to
test them using the following exampless

6 X 4 = 24 [original statement)

5X 9= _____ (45, the preduct increases)

7 X 3= _____ {21, the product decreases)

8 X3 = (24, the product does not change)

Conclude that the product may increase, decrease or stay
the same if one factor increases and the other decreases; each
example has to be examined individually.

Write on the board
6 X 4 = 24

v Y

increases dé*reases increases, decreases
Oor stays the sane

A e S . — e o

guickly through this section)

Write of the board the statement "% X 6 X 10 = 240" and
ask the students whether they gan predict the change in the
product {240) of three factors (4, 6, 10} yvhen these factors
vary. Ask this folloving series of questions apd encourage
students to0 answer them by making generalizations. ¥hen
hecessary test the geperalizations using nuperical examples.

i. What happens to the product if we increase one, two or
three of the factors? (answer: it increases)

. ii. what happens to the product if we decrease one, two or
three of the factors? {answer: it decreases)

ERIC 171
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iii. what happens to the product if we increase one of the

. factors and decrease the other? {answer: we can't tell; it
may increase, decrease or stay the same. Each example has
to be examined individually)

iv. a. What happens to the product if we double only one

factor?

b. Wwhat happens to the product 1f we doubie two
factors?

c. What happens to the product if we double all three
factors?

{answerss it will be multiplied by 2, 4 or 8).

v. What happens to the product if we multiply one factor
by 6 and divide another by 2? (answer: it will be
multiplied by 6 and divided by 2.

4. (7 min) Yorkshee

Give each of the students a copy of the attached worksheet
and explain it to them. Warn the students that they may not
have enough time to finish the work and ask then to do as auch
as they can. Move around and help them to complete it. At the
end of the period collect the worksheets.
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Complete_the following:

decreases
the sane

increases increases

If 24 were
replaced
product?

replaced by

becomes 3
times as

If 35 vere replaced by a number twice as big and
replaced as big, what should

happen to the product?

Cﬂu
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16 were replaced by a smaller number and 24 stayed the
vhat should happen to the product?

vere
numnber, what shculd happen to the

vere
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17 X 9 X 14 = 2142
stays decreases dJecreases t
the sane

If 9 yere replaced by a smaller aumber, 148 were replaceld
by a smaller number and 17 stayed the same, what should

happen to the product?

i X 116 X 13 = 111334
become becones hecopes 7
twice one-third 3 tines
as big as big as big

If 3 vere replaced by a aumber twice as big, 13 were
replaced by a number three times as big and 36 were
replaced by a number one-third as big, what should happen

to the product?

174
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Ireatment B

Lesson 3

Behayvioral oObjectives: a, b, ¢ and ? denote natural numbers.

T« Given an assertion of the form a X b = P where a and b
are known and given a conl?tional statement that P remains
fixed while one factor is replaced by one of its multiples
or divisors, the students will be able to anticipate a
suitable replacement for b.

2. Gilven an assertion Of the form a X b X ¢ = P such that
all variables are known and given a conditional stateament
that P remains fixed while one or two of the factors are
replaced by their mnultiples or divisors, the studencts will
be able to anticipate suitable replacement for the
remaining factor or factors.

Outline;
1. Follow up of the worksheet from the previous lesson.

2. EBffect on one of two factors when the other factcr is
changed and the product is fixed

3. Effect on two (or one) Of the three factors wpen One
(or two) Of these factors is (are) changed and the product
is fixed.

4, Rorksheect

Sl e e s i

{The activities of this lesson are mainlY nuaber
manipulations and do© not require ph¥sical paterials)

-y -
Y
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{¢ oin) TFollow up of the worksheet from the previous

= — ——— o — . — T ———

Give each student his corrected wvorksheet froa the
previous lesson and explain bow one c¢can obtain the correct
answers to #2 and #5.

For #2 write "24 X 15 = 360" on the board ard explain that
if 2% anld 15 were replaced by larger nusbers the product would
increase. Illustrate by writing ©®30 X 20 = 600" underneath
“24 X 15 = 360."

Similarly for £5, write 3 X 36 X 13 = 1404 then
6 X 12 X 39 = __ - Explain that the product will be

multiplied by 2 X 3 and divided by 3. Therefcre the number to
fill in the blank will be 2 X 1404 = 2808.

2. (8 min) Effect _on one of two facters when the_ other

factor_is _changed_and the product is _fixed:

Write on the board the statement "9 X 6 = S4"™ and
underneath it write "18 X [ ] = 54" and tell the students that
in the examples or the board, the product SU was fixed while
the factor 9 was doubled to 18. Ask the students to sugyest a
nunbers that can g¢go in the [ ] to make the statement true
(answer: 3). Continue by telliag thke <tudents that 9 was
multipliedl by 2 to get 18 and ask thea to predict what happened
to 6 to get 3. Help the students conclude that 6 was divided by
2 since 9 was multiplied by 2.

Similarly write on the board *S X 8 = 40" and underpeath
it write "10 X [ ] = 40". Ask the students to guwess how 13 was
obtained from 5 (multiplied by 2 or doubled) and to predict
vhat would happed to 8 in order to to get the same prodact u0
(divide it by 2 or halve it). Allow tinme for respouses and
replace "[ 1" by wurw,

Write on the board "4 X 6 = 24" and ask the studants to
predict what happens to one of the factors if the product (24)
is fixed and the other factor is asultiplied by 2. Test the
students' predictions using “8 X [ ] = 24" and " ] X 12 = 24",
lLead the students to conclude that if the froduct is fixed and
one of the factors is onultiplied by 2 (doubled) the other
should be divided by 2 (halved).

Similarly, refer to "3 X 12 = 36" and ask the students to
predict what happens to one of the factors if the produact is
fixed and one of the factors 1is divided by 3. Test the
students® predictions using "1 X [ ] = 36" and [ ] X 4 = 36"%,
Lead the students to conclude that if the froduct is fixed and
one of the factors is divided by 3 the other factor shaald be
nultiplied by 3.

17y
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KCite on the board "9 X 8 = 72" and ask the students to
predict what should happen to one of the factors if the product
is fixed and the other factor is nmultiplied or divided by a
nuaber. Allow time fOr responses and test them using:

3% )= 72 {answer:3 X [24] = 72)
18X )]=72 {answer:18 X [4]) = 72)
[ 1X 72 =72 {answer: [1] X 72 = 72)
[ 1 x 2= 72 {answer: [36] X 2 = 72)

Help the students generalize that i1f the product is £ixed
and one Of the factors is multiplied (divided) by a number the
other factor should be divided (mrltiplied) by the same auasber.

3. ('3 min) Effect _on_two_ (oL one) of the three factors

A e . S ————— —— N —

ben one f{or two) of these factors is_{are) changed
u

e e i o, e i . s S e aa— . T T i W e R

.
multiplicatively and_the product is fixed,

3.1 Hultiplicative incrfeas
L a

through this section}.

Write of the board the statemaznt ™4 X 6 X 10 = 240" and
underneath it wCite "8 X [ ] X 10 = 240", Tell the studenats
that the product 240 is fixed and one Of the factors 10 is also
fixed while another factor 4 was multiplied by 2 t0 beccne 8.
Ask the students to predict what should happen to 6 in order to
find the number (3} that should g0 1imn [ ] and make the
statement true. Test the students' prediction by replacing the
suggested nunbel in [ ] and complete the gstatement. Conclude
that 6 was divided by 2.

Befer to0 the statement "4 X 6 ¥ 10 = 240" apd ask the
students to predict what happens to one of the factors if the
product and one ©f the factors are fixed while a factor is
pultiplied by a nusber. Ask the students tO test their
predictions using:

12 X[ 1Y 10 =240 {ansver: 12 ¥ (2] ¥ 10 = 240)
[ 1X 6X 20 = 240 {answer: [2] X 6 X 20 = 24))
8 X1 X[ ]= 240 {ansver: 4 X 1 X [60]) = 240)

Help the students to0 conclude that in this case if one
factor is rultiplied by a number, the other should be divided
by the same number. Similarly, ask the stuadernts tO predict vshat
happens to one of the factors if another factor is divided by a
nupber while the third factor and the product are fixed. Ask
the students to test their predictions using

2%X[ )X 10 = 240 (answers 2 X [12] X 10 = 240)
[ 1X 2X 10 = 240 (answer: [12] X 2 X 10 = 24d)
X 1 X[ )= 240 {answer: & X 1 X [60]) = 240)
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Refer to "4 X 6 X 10 = 240" and tell the students tnat the
product 249 is fixed while 6 is =multiplied by 2 and 10 i=s
nultiplied by 2. Write "[ ] X 12 X 20 = 240" underneath
"4 X6 X 10 = 24C" and ask the students to predict what should
bappen to the factor 4. Test the students' prediction aud lead
tbe discussion to coaclude tbat since two factors vere
meltiplied by 2 each and the product is fixed tbe third fac.or
should be divided by 2 X 2 or 4.

Similarly, ask the students to predict what should bhappen
to the factor 6 if 10 was divided by 5 and 4 by 2. Test the
predictions and help the students to conclude that the factor &
should be omultiplied by the product 5 X 2 (or 10). Test this
conclusion using

2 X[ 1x 2= 240 (answer:2 X [60] X 2 = 240)

Write "4 X 12 X 8 = 384" and tell the students that the
product 384 is fixed and the factor 4 is multiplied by 4 to get
16. Write "6 X[ J]X { ) = 384" underneatb
“4 X 12 X 8 = 384." Ask the students to predict what should
happen to 12 or to 8 or to 12 and 8 1in order to wmake the
staterent true. Test the predictions and lead the students tu
conclude that since one of the factors was multiplied by 4 any
one of the following could be done:

a. divide any other factor by 4
b. divide each of the factors by 2.

Similarly, refer to "4 I 12 I 8 = 384" and tell the
students that the product 384 is fixed and the factor 12 1is
divided by 6 to get 2. Write "[ ] X 2 X { ) = 384" underncath
"y X 12 X 8 = 384." Ask the students to predict wbat should
happen to 4 or to 8 or to 4 and 8 in order to make thbe
statement true. Test the predictions apd lead tbe studeats to
conclude that since one of the factoi, was divided by 6 any one
of the following could be done

a. nmultiply any other factor by 6
b. multiply one of the factors by 2 and the other by 3.

4. (10 pin) Rorksheet

Give e¢ach of the students a copy of the attached worksheet
and explain it tc¢ thes. Go around and help them to conmplete it.
Ccllert the worksheets at the end of the period.
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. Name: Last:__ ____________ s First:

'Losgon B3 - _Worksheet

———— - ——— —

complete _the following:

1. B X 5= 40
£ Y x 10 = 40
The product 40 stayed the same; 5 vas replaced by 1J. What
number skould go in the [ )2 ___ _
2. 3 X 15 = 135
27 X[ 1= 135
The product 135 stayed the same; 9 vas replaced by 27.
What nusber should go in the { )2 _____
3. 3 X 12X 9 = 3672
38 X[ )X 36 = 3672
The product 3672 stayed the same; 34 stayed the sane; 9
was replaced by 36, what number should go in the { J?
. b, 11 X 15 ¥ 22 = 3630
33 X[ ] X 22 = 3630
The product 3630 sta¥Yed the same; 22 staved the saae; 1%
wvas Treplaced by 33, what nuanber should go im tne | ]2
5. 26 X 45 = 1170
I3[ J= 1170
If tb~ product 1170 stays the same and 26 is replaced by
13, what number should replace 452 __
6. 20 X 8 X 23 = 5152
[ ) X 32X 23 = 5152
If the product 5152 stays the same, and 23 stays the same
and 8 is replaced by 32, what number should replace 282
7. 18 X5 X 32 = 2880

6 X[ )X 16 = 2880
If the product 2880 stays the same, and 18 is Teplaced by
6 and 32 is replaced by 16, what nunber should replace 52

O ‘ 1?’:




Behavioral Objectives:

1. 31iven a cuboid or a diagram of a cuboid, which 1s non-
partitioned, partially partitioned or completely
partitioned into unit cubes, the students will be able to
use the volume algorithm "V =L X ® X H* in order to
determine the volume

2. Given a diagram of a partitioned cuboid waich is
partially covered the students will be able to determine
the total volume of the cuboid.

3. Given a diagram or a word description of a cupboid of
known digsensions and given a proposed additive or

. nultiplicative dimensional transformation the students
will be able to state the volume of the cuboid that would
result after the transformation.

Qutline:
1. Follow up of the worksheet from the previous lesson.
2. Clarification of the concept of volunme.
3. Aljorithm for the wvolume of a cuboid "¥ =L X ¥ X H."

4. Application of the volume algorithm to partitioaed,
partially partitioned and partially covered cubecids.

5. Application of the wvolume algorithm to cuboids with
proposed dioensional transformations.

6. Worksheet.

Materials:

. ) 1. Cardboard boyxes.
2. Decinetre cubes.
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3. A poster of polyhedral models built fi1c¢m unit cupese.
. 4., Posters of partitioned, partially partitioned, noa-
partitioned and partiaily covered cuboids.

e e, ————

1. - {4 min} Follow gp of the worksheet from the previous

Give each studest his corrected worksheet from the

previous lesson and explain how one can obtain the answers to
#5 and #7.

For #5, explain that 26 was divided by 2 in order to get
13. Therefore 45 should be multiplied by 2 in order to get the
same product, 1170. Check by writing %13  {90] = " and

computing the answer (1170). Write "1170" in tbhe blank.

For #7, explain that 18 was divided by 3 to get 6, 32 was
divided by 2 to 4get 16. Therefore 5 should be multiplied by
3 X 2=6 in order to get the sape product, 2880. Thus 5 should
be multiplied by 30. Check by writing 6 X [30] X 16 =
and computing the answer (2880). Write "2880" in tbhe blank.

e S e r ——— T T ——— Ly ———— i -y .

. 2. {5 min) Clarification of the_concept of volune:

Display the twxo closed cardboard boxes A and B of sizes
6 cm X 4 cn X 2 cmn and 40 ce X 20 ¢m X 1C cp respectively. Ask
the students to guess which 1is bigger, which occupies aore
space and which has the greater volume. Conclude that box B is
bigger than box A and that any one of the fcllowing sentencCes
describes this fact.

a. Box B is bigger than box A

b. BPox B takes up more rLoom than box A

C. Box B occupies morCe space than box A

d. Box B has a larger volume than box A.

Display a closed cardboard box 1ia each of two Jdistant
locations of the classroom {(use box #1 and box #2) and ask the
students to comparc the volumes of the boxes without moving
them. Lead the discussion in order to conclude that perception
may be deceiving; deternine and compare the vclumes using the
following activities:

a. lUse decimetle cubes as units to huild a cuboid next to

each box with the sawme shape and volume as that of the

box.

b. Count the number of units and write the volupes of the

boxes on the poard.

c. Compare the volumes of the boxes using the numbers of

. units found in b.

Stress that 1in this process, any units of the saae size

Q 181




169

{in this case decimetre cubes} could be used, but the same

uhits must be used throughout.

. {5 min) Algqorithm _for_the volume of a_cudoid
X X H's

is
(B
i
I
1=

Display a poster {(#4.1) of a partitiored c¢uboid whose
dimensiors are 6, 3, and 4. Rezind the students that the height
is always ¢the vertical dimension, the length is the loager of
the two horizontal dimensions and the width is the shorter of
the two horizontal dimensions. Discuss with the students how
one can determine the volume of the cuboid. Lead the activities
in order to determine:

a. The numbar of cubes along the length of the top layer.
Write on the board "L(length} =6 % i.e., 6 cubes fit
along the length of the top layer.

b. The number of cubes along the width of the top layer.
Write on the board "¥(vidth) = 3 ¢

¢. Conclude *nat the number of cubes that can £fit in the
top layer is given by L X ®.

d. The number of cubes along the height of the box. Write
on the board *H{height) = 4 % _ This 1is the nuaber of
layers.

e. Conclude that the total volume is +the volume of one
layer {L X ¥; multiplied by the number of layers ({(d) i.e.,
¥y =L XWX H.

4. (5 min) Application of the_ voluwe algorithm_to_the
folloving_cases:

a. Partially partitioned_ané non-partiticned cuboids:

Refer to the partially partitioned and thke ncn-~parcitioned
cuboids on the poster ({#4.2). In each case determine the volume
of each layer, the number of layers and the total volume. Use
the algorithm "V = L ¥ ¥ X H"™ to compute the volume. Compare
the two answers.

Present the poster {#4.3) of a partially covered cuaboid
{(4X3¥6). Point out that the blocks of the top layer are shown
and there is a total of 6 layers. Determine the 1length, width
and height of the cuboid and use the algoritha to coapute the
volume. Count the number of blocks in the top 1layer (12} and
conclude that each of the 6 layers has 12 bloCks. Determine the
total volume (6x12). CompaCe the two answers.
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5. (7 min) Application of the yolume aldorithm to cuboids with

proposed dimensional transformtion

e e S Y R Ay, AR i s e i, e i, v e

ne_
53

Write on the board the statepent 6 X & X 10 = 240. Review
with the students how some of the changes in the factors
{6,4,10) affect the product {240} by asking this series of
guestions and encouraging the students to make
generalizations.

i. what happens to the product if we increase one, two oOr
three of the factors?

i1. What happens to the product if we decrease one, two or
three of the factors?

iii. a. What happens to the product if we dcuble only one

factor?

b. ¥What happens to the product 1if we double two
factors?

c. ¥hat happens to the product if we double all three
factors?

iv. What happens to the product if we double one factor
and halve another factor?

Display a poster (#4.%) of a partitioned cuboid of
dimensions 6, U4, and 10. Ask the students to state the
algorithe for finding the volume of the cubecid and write on the
board V = L X ¥ X H. Replace L, %, and H by 6, 4% and 19
respectively and compute the volume (240). %Write on the board
6 X4 X 10 = 240 underneath ¥V = L ¥ W X H.

Ask the students to predict the changes 1in  the volume
{(24C¢y when L {6), & (4), and H (10) vary. Help the students
make the Jeneralizations by asking them +this series of
questions.

i. %hat happens to the v(lume if we increase one, two or
three of the dimensions?

il. Wwhat happens to the volume if we decrease one, L¥C O
three of the dimensions?

iii. What happens to the volume if we increase one of the
dirensions and decreasc another?

ive a. What happens to the volume if we double only one
dimension?
h. W®hat happens to the volume if Wwe Jdouble two

dimensions?
C. What happens to the volume if we double all three

dipensions?

v. What happens to the volume if ve double cne dimension

e
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and halve another dimension?

6. {9 min) Horksheet:

Give each of the students a copy of the attached worksheet
and explain it o them. Go around and help them to corplete it.
Collect the worksheets at the end of the period.

1f§4
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5.

A plastic tox.
If ve jucreased tte width of this

tox by three vunite avd tbe length

avd tbe beight stayed the same,

thev in tbhe vew kox ybat would be the
Length?
Ridth? ___
Height?

Yclome? —

)} wooéen lcx.

If we decreased the length hy 1 onit
and ve increcased tie beight ty 2
opits bot the widtk stayed the same,
tbev in the vew bcx what yould be the

Lengtb? __
¥idth?2 ___
Beight?® __

Vcluae?

A rectangular pile cf cukes.

I1f we dcobled tre lengtl and halved
the widtk bot the teight stayed the
same, then in the vew gile yhat
wcould ke the

Length?

§idth?

Beight? __

Vcluse? —
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Treatment C

Lesson 1

Behavioral Objectives:

1. Given a numeral in Base 10 for a number n {n<310%), the
students will be able to write the numeral in exparded
notation using either of the forms illustrated below:

a. 324
b. 324

hundreds + 2 tens + = ones
X 100 «# 2 X 140 + 4

3
3

2. Given a numeral in Base 10 for a nunber n {n<i24), the
students will be able, with manipulative aids, to convert
the numeral to the equivalent numeral in Base 5.

1. Review of Base 10 place value concepts

2. Bundling ip fives and expressing numbetvs in Base 5

1. Popsicle sticks

2. Tvist ties

3. Base 10/Base 5 table

4. Base 10 & Base 5 mats: a paper on one side of which
there are three large columans with headingst ten-tens,
tens and ones; the other side has three large colusns with
; beadingst five-fives, fives and ones.
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Activities:

Give each student 45 popsicle sticks, 5 twist ties, a Base
10 and a Base 5 mat and a copy of the Base 10/Base 5 table
illustrated below. Ask the stulents to lay aside the haadouts,
the sticks and the twist ties because they will he used later
in the periode.

expanded form { short]] short| expanded fors i
Jform {]form } |

i et . —r "

Wiy e gy S S N Saa
Ay Gt S S e gy f—
e S S W gy —

T ————— . ——— T —— — " ————

Reviey of Base 10 place value concepts:

Wrcite "1131" on the bhoard them ask the students to read
this number. Give pupils opportunity to respcnd ther ask abhout
the relationship of the "1" in the tens place to the ¥1" in the
ones place and the "1" in the bundreds place. Use popsicle
sticks (1 stick, 1 bundle of 10, and 1 bhundle of 10 tens) in
order to illustrate that *1* in the tens place means 110 times
as much as the '1* in the ones place; the *1* in the 100°'s
place means 10 times as much as the *1*% in the 10's place and
100 times as much as the '1' in the ones place. Conclude that
"111 = (100) + (10) + 1%,

Write 444 = __ hundreds + _____ teas + _____ ounes®
and then ask the chilldren to sugyest numbers that will make the
assertion true. Review witbh the cbildren that:

444 = 4 hundreds +# 4 tens + 4 onese.

444 (% x 100y ¢+ (4 x i) + 4,

Pepeat using "2795" in order to conclude that 3
2795 = {2 x 1300) ¢« (7 x 100) + (9 x i0) + 5,

2. {20 min) Bundling_ in fives_ and e¢xpressiaq nimbers il

N e — i, S s - P ——

Tell the students that after what they have just dore the
following may seem to be ridiculously easy. Give the stulents
the following 1instructions ard make sure that each student
completes the work.

a. Count out 74 s*ticks.

b. Group the sticks 1n tens and vnes. Use the twist ties
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to bundle each group of ten.

c. Place the bundles (1) and sticks {4) ir the proper
sections on the Base 10 mat.

d. Enter in the table on tha left wnat the bundles show.

@. Enter in the table on the left the short form of what
the hundles show.

f. OUnbundle the sticks.

g. Regroup the sticks in fives and ones using the twist
ties.

h. Place the bundles (2) and the sticks {4) in the proper
sections on the Base 5 mat.

i. Enter in the table oOn th2z right what the bundles show.

j. Enter in the table on the right the short form of what
the bundles show.

Repeat the above steps of instruction for "thirty-cso" and
"twenty~ six*"; in step g say that as soon as 5 bundles are made
they should be bundled into a larget bundle of five-fives.

Tell the students that when they hundled 1in fives the
written numbers were in Base 5, just us when they bundled in
tens the humbers were in Base 10. Show the equivalence of the
nuserals by using the numerals written on the table and writing
the following:

14 (Base 10) = 24 (Base 5)

22 (Base 10) 42 (Base 5)

32 {Base 10)

it

112 (Base 3)

26 (Base 10) 101 (Base 5)

19

. —
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Lesson 2

Behavioral Objectivess

1. Given a numeral in Base 10 for 2 nuwnber n {n<124)}, the
students will be able, with and without manipulative aids,
to convert the numeral to the equivalent waumeral in
Base 5.

2. Given a number no greater than 124 (Base 10} wnich is
suggested by a given real 1life situaticn, the gcudents
will be able tO vrite the equivalent Base 5 nuameral for
that given nugber.

. Qutline:
1.

2. Countiny in Base S

Review of section 2 of the previous lessoan

3. Converting numerals from Base 10 to Base S

4. Worksheet

— e —————

1. Popsicle sticks

2. Twist ties

3. Base 10/Base S table

4. Base 10 & Base S matss a paper on one side of which
there are three large columns wvwith headingss ten-tens,
tens and ones; the other side has three large coluans with
headings: five-fives, f{ives and ones.

Activities

— e Tt i . T e —

. 1. (7 min) Reviov_of section 2 of_ the_ preyiogus_lessong

Holé up 22 sticks. Show the students that 4 bundles of 5

-
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sticks each can be made and there will be 2 sticks left over.

Drav the Base 5 table on tbhe board and write "4" under the
"fives® and "2" under the "ones". Then write on the board the
statement "22 {Base 10) = 42 (Base S)".

e —— = e i i  ———

Ask the students to enter "%, "“2", ..., "12% vertically
in the left short focd section of the table. For each of these
numerals write tbe equivalent Base 5 numeral. Emphasize that ian
Base 5, fives oust be grouped (bundled). Make a correspondence
that in Base S5 there are ones, fives, five-fives, ... just as
in Base 10 there are ones, tens, ten-tens, ... Also point out
that in Base 5 the orly digits needed are the five digits "0,
1, 2, 3 and 4." Contrast with Base 10 in whicbhb the ten digits
"0, 1, ceey 9" are needed.

3. (10 min) Converting numerals from Base 10_to Base 5:

— e —————— . ———— ey i T ek ey

Tell the students to enter "38% in the left short fora
section of the table. Ask the students to think of 38 sticks
and the number of bundles that could be made. Ask if 1 bundle
of five could be made (Yes), 2 bundles (Yes), 3 bundiles (Yes),
4 bundles {Yes) and 5 bundles (Yes}. Ask what we would do with
S bundles of five (Yak2 1 bundle of five-fives or twenty five).
Ask the students to enter the number of bundles of twanty five
(1) in the tabhle.

Continue by asking the stidents to calculate the nuaber of
sticks that would be left over (13}, the number of bundies of
five tbat could be made (2) and the number of sticks lefit over
(3). Ask the students to enter the nuabers (2,3) Trepresenting
tbe fives and the oues ih the tapnle and to also enter the short
form (123). Write on the bhoard "38 (base 10) = 123 {Base 5)."
Repeat for "56" and conclude that:

56 {Base 10} = 211 (Base 5)

4. (10 min) ¥Worksheet:

Give each of the students a copy of the attacbed wdorksheet
and explain it to thepm. Go around and help then to complete it.
At the end of the period collect the warksheets.
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Nape: Laste_

Do each calculation and write your answer in the space provided

for it.
1. 938 = 9 hundreds ¢+ ___ _ tens ¢+ _____ ones
2. 8207=( ___ x 1€00) + ( ___ x 100) + (0 x 10) + 7
3. 279 = {2 x ____) ¢« (T x ____) ¢ ___
5's | onhes
4. 18 (Base 10) = —wem-——e——e—w- = _ (Base 5)

. 5. 30 (Base 10)

29's |} 5's |} Ones

H
-
o]
:
n
1
N
S

25's | 5'%s {t ones

——— e ————— . ——————

]

6. 86 (Base 10)

]
—
o
:
1]
1
W
S

7. 57 (Base 10} = [Base 5)

—— " ——————. —

8. The Base 5 number for the number of days in a
veek is (Base 5)

i s s s -

9, The Base % number for the number of months in a
year is (Base 5)

10. The Base 5 number for the nuamber of days in
January is _ (Base 5)
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Behavioral Objectives:

1. Given a numeral in Base 5 for a nuamber »n [nS444{Base
5) ], the students will be able to comvert the numeral to
the equivalent numeral ia Base 10.

utline:
1. Follow up of the worksheet from the previous lesson
2. Converting numerals from Base 5 to Base 10

3. Worksheet

(the activities of this lesson consist mainly of uumber
manipulation and 30 not reguire physical materials)
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et il i . s .

1. (5 nmin) Follow up of the worksheet froam the previous
lesson:

Give each student his corrected worksheet fron the
previous lesson and explain how One car obtain the answver to #6
and #10.

For #6 explain that from 86 sticks one can bundle 3
bundles of 25's, 2 bundles of 5's and have 1 stick left.
TLerefore "3®, %2" and "1" should be written under "25%s%,
"59s" and "ones" and thus "321" should be written in the space
provided on the right.

Similarly, explain that in #10 the 31 days in January
allow for writing "1% ypnder "25's"%, "1% ynder "S5's" and "1Iv
under "ones". Thbe ansver is therefore 111 (Base 5).

2. {15 min) converting numerals from _Basge 5 to Base_ 10:

=g

Write the place values for Base 5 omn the board as follows:

1 25's 1 3's i0nes)
| !

|

| | }
1 | |
l } |

s S gy

Arite also "123 (Base 5)" on the board and ask the students what
"123{Base S5)" means {1 twenty-five, 2 fives and 3 ones). Write
)%, "2% and "3" in the proper sections in the Pplace value
table on the board. Them write on the board

123 (Base S) = (1 X )} ¢+ (2 X }) +3 and ask the students to
state numbers that will make the assertion true. Conclude that
123 (Base 5) = {1 X 25) ¢ {2 X5) ¢ 3 =254 10 + 3

123 (Base 5) = 38 (Base 10}.

Likewise ask the students t0 state the usual way (in
Base 10) of writiag the numbers in the following exercisess

(Base 10)
{Base 10)

203 (Base S5) = (2 X )} ¢+ (0 X }y ¢+ 3
334 (Dase 5) = ) ¢ U

—— - ——

3. (1S ein) Horksheet:

Give each of the students a copy of the attached worksheet
and explain it to theme. GO around and help them tO complete it.
Collect the worksheets at the end of the Deriod.




Name: Last: __¢ First:

Lesson C3 - Worksheet

Do each calculation and write your ansver in the space provided
for it.

1. 23 {Base 5) = ———--——---m= = {Base 10)

s ———ig -

2. 401 {Base 5) = ——--—m————m—e—co———— = . {Rase 10)

3, 34 (Base 5) = _________  (Base 10)
4., 332 (Base S5) = _________ {Base 10)
S« 3G4 (Base S5) = ______ _ {(Base 10)
6. 432 (Base S5) = _________ (Base 10)
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1. Given two numerals in Base S5 which represeat two
numbers the sum of which is not greater than 444 (Base 5),
the students will be able to calculate the sur of the
numbers and express it by a numeral in Base 5 without
trarslating the numerals into Base 10.

2. Given two gumbers in Base 5, neither of which is
greater thar 444 (Base 5), the students will be =zble to
calculate the difference Of the two numbers and express it

by a numeral in Base 5 without tramrslatirg the nuazerals
into pase 10.

1. Follow up of the worksheet from the previous lesson
2. Addition in Base 5 with and witbout renaming
3. Subtraction in Base 5 with and without regaaing

4. Rorksheet

Materialg:

1. Popsicle sticks
2. Twist ties

3. Base 5 table

4. Base 5 mat




{3 min) Pollow up of the worksheet from_the p

————— o — - el -3

1
lesson

Glve each student his corrected worksheet from the
previous lesson and explain how one can obtain the correct
ahswer to #6.

Explain that "4* means four 25's or 100, "3" peans three
fives or 15 and "2" peans two ones. Therefore "432" in Pase 5
i1s equivalent to "117" in Base 10 (100 + 15 + 2).

-

2. {12 pin) Addition_ip _Base 5 _yith and without renaming:

. e,

o e i

Give each student 40 popsicle sticks, 5 twist ties, a Base
5 mat and a copy of the Base 5 table illustrated below.

— - ———— T —— - T o —

Ishorti expanded form H
jform |} {
| tfive-fives|fives]iones]

—— et ko T T

Hold up in one hand one bundle of five pcfsicle sticks and
3 sticks and ask the students t0O use sticks and twist ties in
order to isolate a similar amount and place the bundle and the
sticks in the proper places on the mat. Ask the students to
record in the Base 5 table the expanded form of the numeral
{13) representing all the sticks on the mat. Similarly, hold up
in the other band two bundles of five sticks and one stick. Ask
the students to isolate a similar amount, place the sticks on
the mat and record in the same table underneath "13* the
nuneral (21) representing all the sticks just placed on the
mat. Ask the students to draw 2 horizontal line underneath "21¢
and add the two hunbers step by step as follows:

a. Join the sticks (3 and 1) on the mat in order to get
"4,." Record the number of sticks (4) in the proper place
in the table.

b. Join the bundles {1 and 2) and record the nuaser of
bundles {3) in the proper place in the table.

2.2. Addition with repapming_(using the sticks):
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. Repeat activities similar to the ones described in the
above section [2.1) using 2 bundles and 4 sticks (24) in one
hand and 1 bundle and 3 sticks (13) in the other. Reaind the
students that in Base 5 ve have to bundle by fives if we can.
Ask the students to add 24 and 13 step by step as followss

a. Joim the sticks (4 and 3) on the mat, make a bundle of
five sticks and place it with the bundles on the mat.
Record in the table the resulting number of sticks (2).

b. Join the bundles (1, 2 and 1) on the mat and record in
the table the resulting number of bundles.

¢ Similarly, consider 3 bundles of fives and 2 sticks (32)
and 3 bundles of fives and 4 sticks (34). Ask the students to

place the sticks or the mat, record the numerals and add step
by step as follows:

a. Join the sticks (2 and 4) on the mat, make a bundle of
five sticks and place it with the bundles on the nat.
Record in the table the resulting mumber cf sticks (1}.

b. Join the bundles (1, 3 and 3} om the mat, bundle five
of them into a bundle of five~-fives and record ie the
. table the resulting number of fives (2).

C. Record the number of bundles of five-fives (1) on the
table.

2.3. Addition without using the sticks:

Write on the board
31 {(Base 5)
+# 2 {Base 5)

e —

Ask the students to copy the numerals to the short fore section
on the Base 5 table and add. Help the students to calculate the
nupber of ones and fives resulting from addition without
actually pmanipulating the sticks.

Similarly, help the students perform the addition J4ithout
the sticks for both of the following exercises:

23 (Base 5) 124 (Base 5)

¢+ 4 (Base 5) + 133 (Base 95)

____ (base 5) — (Base 5)
3. (1 ain) Subtraction in_pase 5 with and without
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3.1, Subtraction without renaping_ ({using the sticksi:

Hold up three bundles of fives and two sticks and ask the
students to isolate a similar amount, place the sticks on the
mat and record in the Base 5 table the expanded form of the
numeral {32) representing all the sticks. Ask the stulents to
follow each Oof the steps below in order to sudbtract {take away,
remove) 22 from the number represented in the table.

a. Record "22" in the table underneath *32" and draw
a horizontal line underneath "22.7

b. Remove 2 sticks and record the number of the
resulting sticks {0).

C. Remove two bundles and record the number of the
resulting bundles {1).

3.2. Subtraction_with repaming ({using_the sticks}:

Repeat activities similar to the one described 1n the
above section (3.1 using 4 bundles, 2 sticks and subtract 2
bundles, 4 sticks. Ask the students to carry out the
subtraction {take away) by following the steps below:

a, Piace 4 bundles and two sticks in the proper colamns on
the mat. Record "42® in the expanded form section of the
table. Write 24" underneath "42" and draw a horizontal
line underneath "24."

b. In the ones column on the bat, "2 take away 4: can't
do."

C. Pegroup 1 bundle into sticks in order to have
sufficient amount of sticks to a)low the "take away® of 4.
Place th2 sticks in the proper column on the mat.

d. Remove 4% sticks and record the resulting number {(3) on
the table.

€. Remove 2 bundles and record the resulting nuamber {1} on
the table.

Similarly, consider ! bundle of five-fives, 1 bundle of
fives and 2 sticks (112). Ask the students to place the pundles
and sticks on the mat and record "112" in the expanded form of
the table., Ask the students to record "34" on the table
underneath "112", drav a horizontal line underneath "34" and
subtract {take away) by following the steps below:

a, In the ones column on the Dat, "2 take away 42 can't
do."
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b. Regroup 1 bundle into sticks in order to nave
sufficient amount of sticks to allow the "take away" of 4.
Place the sticks ia the proper zolumn onh the mat.

C. Remove U sticks and record the resulting number (3) on
the table.

d. In the fives column on the tat, *0 take away 3: can't
do.*

¢. Regroup the bundle of five-fives in order to get
sufficient amount of fives to allow the “take away.” Place
the fives in the proper column on the mat.

f. Remove 3 fives and record the resulting number of fives
{(2) on the table.

3.3. Subtraction without using the sticks:
Write on the board

4l (Base 5)
- 32 {(Base 95)

Ask the students +o COPY the numerals to the short form section
on the Base 5 table and subtract. Help +the students <o
calculate the nember of ones and fives resulting from
subtraction without actually manipulating tke stickse.

Similarly, help the students perform the snbtraction
vitbout the sticks for both of the following exercises:

23 (Bacse 5) 6. J40 {(Base 5)
- U4 {(Base 5) - 243 (Base 5)
——__ [Base 3) ———__ {Base 5)

4, (8 min) Rorksheet:

Give each of the students a copy of the attached worxsheet
and explain it to them. Go around and help them to conmplete it.
Collect the worksheets at the end of the period.
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Name: Last:__ _ ___e¢ Firsts_

Lesson C4 - _Worksheet

Do each calculation and write your answer in the space provided
for it.

1. 21 (Base 9) 2, 34 (Base 5} 3. 213 (Base $5)
+ U4 (Base 9 + 3 [Base 5) + 144 (Base $5)
_____ (Base %) —___[Base 5} c—w_{Base 5)

4. 34 (Base 5 Se 23 (Base 5) 6. 340 (Base S5)
- 32 (Base 9) - & (Base 5) - 143 (Base 5)
o __lBase 9) ee__(Base 5) e Base 5)

7. 143 (Base 9) + 31 (Base S5) = ___ (Base S)
8. 201 (Base 9) ~ 32 (Rase 5}y = _____ (Base 5)
9. 244 (Base 5) ¢+ 40 (Base S5} = ____ . (Base S}

10. 300 (Base 95) - 223 (Base 5) (Base 9}
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Table b1
. Volume Achievement Pretest Itea Statistics
Tten Percent Point~biserial) Iten Percent Point-biserial
Number Correct Coefficient Yumber Correct Coefficient
1 80.7 0.35 15 4.1 0.47
2 73.1 0.51 16 19.9 0.69
3 52.0 0.58 17 1.7 0.89
4 28.1 0.66 18 35.1 0.64
) 8.8 0.49 19 18.1 0.74
6 22.8 0.68 20 11.1 0.74
7 51.5 0.53 21 13.5 0.74
8 25.1 0.72 22 19.3 0.68
9 13.5 0.69 23 19.3 0.68
10 27.5 0.66 © 24 3.9 0.67
1" 24.0 0.67 25 11.7 0.68
12 32.7 0.65 26 21.6 0.58
13 8.2 0.65 27 45.6 0.54
14 14.6 0.63
. Table B2
Volume Conservation Pretest Itemx Statistics
Iten Percent Point-biserial 1Item Percent Point-biserial
Nuaber Correct Coefficient Nuaber Correct Coefficient
1 72.5 0.67 7 57.3 0.78
2 76.6 0.75 8 66.1 0.76
3 35.7 0.52 9 6.1 0.72
4 56,1 0.62 10 56.1 0.7
5 58.5 0.65 1 42.1 0.46
6 53.8 0.73
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Table B3

. Volume Achievement Posttest Item Statistics
Iten Percent Point-biserial Item Percent Point-biserial
Number Correct Coefficient Number Correct Coefficient
1 78. 4 0.50 15 8.2 0.38
2 74.9 0.61 16 42.1 0.77
3 62.6 0.66 17 17.0 0. 35
4 53.2 0.72 18 58.5 0.73
5 27.9 0.63 19 39.8 0. 65
6 41.5 0.64 20 32.7 0.73
7 60.8 0.60 21 36.3 0.66
8 57.9 0.76 22 40.9 0.67
9 48.5 0.73 23 . 33.9 0.62
10 54.4 0.73 24 32.2 0.66
11 43.3 -0.70 25 30.4 0.65
12 51.5 0.75 26 41.5 0.62
13 23.4 0.64 27 56.7 0.61
14 43.3 0.74
. Table BU
' Volume Conservation Posttest Item Statistics
Iten Percent Point-tiserial Itesm Percent Point-biserial
Nupmber Correct Coefficient Number Correct Coefficient
1 86.0 0.65 7 63.7 0.72
2 87.1 0.75 8 76.0 0.75
3 59.6 0.60 9 73.1 0.72
4 66.7 0.47 10 71.9 0.70
5 74.3 0.56 11 56.1 0. 46
6 67.3 0.70




193

Table BS
. Multiplication Posttest Item Statistics
Item Percent Point-biserial Iten Percent Point-biserial
Number Correct Coefficient Number Correct Coefficient
1 85.4 0.58 1 71.3 0.54
2 80.7 0.59 12 63.7 0.58
3 79.5 0.47 13 33.9 0.53
4 49,7 0.60 14 22.8 0.137
S 50.9 0.65 15 13.9 0.42
6 33.3 0.62 16 67.3 0.99
7 8.2 0.34 17 7t.3 0.54
8 43.3 0.56 18 23.4 0.46
9 36.6 0.67 19 22.8 0.42
10 8.8 0.58 20 23.2 0.36
Table B6
Yolume Achievement RBetention Test Item Statistics
Iter Percent Point-biserial Iten Percent Point-biserial
. Number Correct Coefficient Number Correc¢t Coefficient
1 87.1 0.39 15 12.9 0.41
2 82.5 ¢.54 16 Sk. 4 0.71
3 T4.3 0.57 17 22.8 0.41
i 59.6 0.62 18 60.2 0.7
S 29.2 0.59 19 46.2 0.60
6 6.8 0.65 20 36.8 0.6%5
7 63.2 0.58 21 42.1 0.70
8 5%.1 .73 22 45.6 0.73
9 49,1 0.78 23 404 0.70
10 59,1 0.68 24 3.5 C.6d
11 45.6 0.70 25 37.4 0.69
12 56.1 0.67 26 38.6 0.5
13 24.6 0.58 27 63.2 0.55
14 46.2 c.69

o E?O(;
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Table B7
. Volume Conservation Reteution Test Item Statistics
Iterm Percent Point~biserial Item Percent Point-brserial
Renber Correct Coefficient Hueber Correct Coefficient
1 50.1 0.54 7 71.9 0.77
2 91.2 0.59 8 82.5 0.70
3 68.4 0.60 9 76.0 0.72
4 81.9 0.54 10 75.4 0.69
5 79.5 0.690 1 59.1 0.33
6 71.9 0.65
Table BS
Multiplication Retention Test Item Statistics
i + 1 ¥ 533 5 3 4 4 B 33 N i dtii i i il 8t R 35 FFF et FFI N33
Item Percent Point-biserial Itenm Percent Point-biserial
Rumber Correct Coefficient Number Correct Coefficient
1 93.0 0.50 1 77.8 0.40
2 91.2 0.46 12 66.7 0.44
. 3 80. 1 0.35 13 28.7 0.35
4 47.4 0.56 14 19.3 0.35
S S6.1 0.55 15 22.8 0.39
6 30.4 .55 16 71.3 0.50
7 7.6 J.34 17 73.7 0.47
8 50.9 0.55 18 22,2 ¢.50
9 36.6 .53 19 26.3 0.44
10 88.9 0.44 20 14.6 0.40

- — - ———
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RAW DATA
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. 1 = Nonconserver, 2 = Partial Conserver, 3 = Cohserver
= Pretest, Post = Post Test, Ret = Retention Test
Yol = Volume, Mul = Multiplication, Ach = Achievegment

SAT Stanford Achievement Test, Tr = Treatment
= Volume, M = Multiplicationh, C = Coftrol
Cofiservation Yol Vol Mul vcl Mul
Subject Level _ Ach Ach Ach Ach Ach

=3
(]

Number Pre Post BeE SAT Pre Post Post Ret Het

002 3 2 2 Y 30 & 18 10 17 1s
004 2 1 : v o33 4 12 5 8 9
006 1 1 1 B 29 4 2 10 2 8
007 1 2 1 c 25 1 4 7 5 7
cos i 3 3 ¥ 31 3 o 15 1 11
014 3 3 3 C 40 16 23 15 23 13
015 2 3 3 ¢ 37 13 1 9 3 7
016 1 3 1 m 31 5 6 9 15 8
022 1 1 i ¢ 32 5 6 8 6 7
023 1 1 1 v 26 17 18 13 18 14
024 33 3 v 30 8 15 8 71 12
027 1 2 1 M35 & 10 8 7 1
031 1 1 1 43 4 8 14 B8 9
032 1 3 3 v 38 1% 29 4 21 13
. 033 3 2 2 M 39 12 21 14 24 8
034 2 2 i v 25 1 15 3 19 6
036 1 2 3 ¢ 28 31 0 7 3 7
037 1 1 1 ¢ 32 3 2 11 1 13
038 3 1 2 v 38 1 12 10 12 8
039 2 2 2 M 42 11 17 18 16 15
041 2 1 2 ¢ 31 6 1 6 12 10
042 1 1 1 v 21 3 10 8 9 8
043 3 3 3 M 39 11 12 12 11 1N
044 1 1 1 c 31 3 2 4 5 10
045 1 1 3 M 21 6 13 6 4 5
047 3 3 3 vV 29 4 18 11 21 10
051 3 3 3 ¢ 35 20 25 9 22 15
052 1 1 1 v 39 9 21 13 25 12
053 1 2 2 v 34 7 25 6 213 9
056 1 1 1 c 40 2 1 8 1 10
057 2 2 I ¢ 18 2 0 o 0 5
058 1 1 2 ¥ 26 4 19 10 18 11
059 i 3 3 Y 40 9 19 12 23 10
061 1 1 1 v 28 7 13 11 23 12
062 1 1 1 v 35 2 5 3 10 9
063 1 3 1 v 43 18 22 12 25 13
065 2 2 2 M 40 3 3 14 1 8
066 1 1 3 ¢ 37 2 2 5 3 13
067 2 1 1 v 33 S5 6 8 5 9
069 3 3 3 ¢ 39 2 5 13 4 12
’.. 670 1 1 1 ¢ 28 31 2 6 4 12
071 1 3 I 8 30 2 2 8 6 8
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152 3 3 3 v 36 15 1 ¥ 9 20 9
154 3 3 3 v 33 4 16 10 18 10
157 3 3 3 v 33 2 14 T 13 5
160 3 3 3 v 33 17 25 1t 21 1
161 3 3 3 [ 29 6 18 15 9 11
164 2 3 3 C 36 12 14 12 19 11
165 3 3 3 M 36 6 10 17 W0 13
169 1 2 3 M 36 16 20 11 22 15
170 3 3 3 M 36 9 4 1"t 171
Nunber of subjects = 105
)

198




Appendix D

D

UNADJUSTED DESCRIPTIVE STATISTICS

199




200
Table D1
. Unad justed Means, Standard Deviations, and Group Sizes of
Volume Achievement Posttest Scores for Treatments by
Conservation Levels (Maximum Score = 27}
Conservation Treatments
level VYolume Nultiplication Control Total
Non-cBnservers 17.68 T12.28 6455 11.75
(5.63) (7.27) (6.87) (6. 58)
19 18 20 57
Partial-conservers 17,17 8.33 6.50 11.19
(7. 41) (10.17) {7.05) (3. 36)
6 6 4 16
COuserLvers 17.82 16.33 17.33 17.31
(4. 29) (7. 54) (8.59) {0.62)
11 15 6 32
Total 17.64 13.00 8.70 13.36
(5.52) (7.82) (7.24) (6. 86)
36 39 30 105

Regression coefficieant = 0. 66

Table D2
Onadjusted seans, Standard Deviations, and Group Sizes of
VYolume Achievement Retention Test Scores for Treathents by
Conservation Levels {Maximum Score = 27)

T T T T T v T S W Wt b e R e W ok A ot BN A S S o e w mm T  w t TE s
L+ ¢+ 5 3+ 2 4 33 5 3 3 + 2 Lt 341 5 33 A 3+ ¥ 4 P4 F g 1 3 S

Conservation ___Treatnents
level Volume Multiplication Control Total
Non-conservers 18. 32 13.56 7.81 13.13
(6.51) (6. 34) (6.90) (6+59)
19 18 20 57
Partial -conservers 15.83 9,50 8.50 11.62
{8. 13} {10.00) (B.66) {B.96)
6 6 4 16
Conservers 17.73 17.00 16.50 17.16
(5.08) (7.96) (9.05) (7.17)
1 15 6 32
Total 17.72 14.26 9.63 143. 12
{6.34) (7. 53) {7.56) {7.13)
36 39 30 105
*. Begression cosfficient = 0.67
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Mame: Last: First:

. School:

Volume Achlevement Test
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.
14/ /

14

14

18

Height=
Length=

Width =




R

A box 18 10 unics long, 5

What 18 the volume of the

A rectangular plle of cubes.
Volume of the top layer =

Number of layers =

A rectangular pile of cuhes.
Volume of & layer =

Total volume =

A glass box with some cubes 1m it.

Volume of the box =

A cardboard box full of cubes.
Volume of the bottom teyer =

Nusher of layers =

units wide and 2 unite high.

box?

A rectangular block of wood.

Volume »

210



10.

11,

12.

o
49
e
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A plle of cubes.

Total volume =

A plle of cubes.

Volume =

A plle of cubes.

Volume =

Three rectangular wooden blocks.

Total volume =

A plle of cubes and half cubes.

Total volume =

N,

A wooden bloek and half of a different

klock on top.

Total volume = _
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13.
Iy, 7 g
A rectangular pile of cubes partially
f 4 covered.
ey Totsl voluve =
]
14,
A pile of cubes. 9 layers are covered.
Total volume =
15.
A pile of cubes.
If we removed the top layer, what would
be the volume of the part lefe?
16.
A pile of cubes.
1f we removed both of the ghaded portions,
vhat would be the volume of the part lefe?
/i
Y
17.
s A plastic box.
5 If we increased the wideh of this bex by
1 unit but the length and height stayed
the game, what would be the volume of the
new box?
2
[
18. A metal box.
If we doubled the lengeh of this box
5 but the width and the height stayed the
same, what would be the volume of the
6 2 new box?
\) ] - 0-1'
ERIC <25
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19,

A retisngular nile of cubes.

1f we halved the length and doubled the
width but the height stayed the aame,
what would be cthe volume of the new
shape?

20.

A rettangular pile of cubes.

1f we doubled the length, tripled the
height and halved che width, what would
be the volume of the new shape? _

' A wooden box.

1f we detreased the wideh by 1 unic and
we intressed the height by 2 units but
the length stayed the same, vhat would be
the volume of the new shape?

21,

® -
5
A wetal box,
4 If we detreased the width by 2 units,

4 detreased the length hy 6 unics end
y increased the height by B unite, what
would be the volume of the new shape?

3. A britk has & height of 5 units, a length of 6 units and &

volume of 12( unfts. What is ite width?

24,
A rettengular pile of tubes partially
tovered,

Total volume = 42 cubes.

How many layers are there sltogether?

ERIC 226

Aruitoxt provided by Eic:
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Bultjiplicatiop Test

A. In each of the folloving wrjite your amswer in
the _box at_the rjght,

T. {23 x 17) x 36 = 17 x ([ ] x 23}
%hat number should go in the [ J?

2. I3x(5:l§)=([]xO)xS
Shat tvo npumbers should go'in
the [ ] and in the ?

3. 6 X6=91%()
¥bat number should go ia the { J?

. . 15[ J=30x 25
what number should qo in the [ J?

Se 26 x 1= ]X 33
¥hat pumber sbould 9o in the { J?

6. 12X 15X 22 =36 X[ ] x 22
ghat pumber shonld go in the [ J?

7. 41 x50 X 7={ Jx5%x 35
¥hat number sbonld go in tbe [ J?

8. 189 X 24 = 432

1f 18 is replaced by 9 and
if the prodnct, 432, stays the sane,
then 24 must be replaced by whdat nuaber?

9. 9 X 13X 21 = 2457

if 9 is replaced oy 27 and
. if the product, 2457, stays the same,
then 21 must be replaced by what number?
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8. In each of the follovipg yrite the letter copraspopdiag-
Lo the correct answeg in_the box at the right.

10. 18 X 27 = 866

If 27 is replaced by a larger number and
if 19 stays the sane,
vhat bappens to rhe product, 4862

a. It becomes smaller

b. It becomes larger

C. It stays the same

1. [1x1s & 9x 18

¥hat anmber (or numbers) could go in the [ )2 '
a. Any nonber greater than 9 —
b. Any nusber less thaa 9
C. AnY nusber greater than 14
d. ;ny nunber less than 18
e.

[ 122 [ )x27 > a1x27

wWhat puaber (or nuabers) could go in tha { 1?2
a. AnY nuaber less than .27
b. Any nnmoer greater than 27
C. 27
d. Any nuaber less than 41
€. AnY number qreater than 41

13 38 X 53 = 2014

If 38 is replaced by a npuaber tvice as big and
if 53 is replaced by a nunber three tiases as big,
vhat happens to the product, 20142

a. It iacreases to five times as nuchb

b. It increases to six times as such

c. It decreases to one half 4s auch

d. It decreases to one fifth as much

e. It changes but it is impossible to knov how

auch it increases or decreases.

R28




18.

15.

16.

17.

72 X 35 = 2520

If 72 is replaced by a nusber half as biq and
if 35 45 replaced by a nusber one fifth as bigqg,
what happens to the prodnct, 2520?

8. It decreases to one seventh as such

b. It increases to ten tises s such

Ce It decreases to ope teath as such

d. It fiscreases to seven tises as such

e. It changes but it is ispossible to knov how

such it increases or decreases.

40 I 24 = 960

If 40 i8 replaced by a susber ose fourth as bi¢ and
if 28 is teplaced by a nusber tvice as bigq,
what bhappens to the product, 960?

B. It fiscreases to six tises as such

b. It Qdecreases to one sixth as such

c. It fncreases to tvice as such

4. It decreases to one half as such

e. It changes but it is fspossible to kxnov hovw

such it ipcreases or decreases.

12125118 12303118

#hat nusber {or nusbers) coald go in the [ J?
a. Any nusber less than 25
b. Any nusbef greater thkas 25
c. 12
4. Aoy nusber greater thas 12
¢. Any nusber less than 12

14 I 9113 = 1638

Xf 9 i3 teplaced by a ssaller nusber and
if 13 is replaced by a ssaller nnaber and
4f 14 steys the sase,
what happens to the product, 1638?
8. It decreases
b. It fncreases
c. Xt stays the gape
d. It changes but it is fimpossible to kaow
whether it ifscreaseg or decreases
e. Xt could increase or it could decrease or it
could stay the same

<29
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. 18. 21 X 18 X 25 = 9450

If 18 is replaced by a number balf as big and
if 21 is replaced by a sumber one third as big aad
if 25 stays the sanme,
vbat happens to the product, 94502
&. It iocreases to sizx times as much
b. It increases to five times as much
€. It decreases to one fifth as much
d. It decreases to one sixth as much
e. It changes bput it is impossible to know how
much it increases or decreases.

19. & X 27 1 17 = 1836

If 4 is replaced vy a oumber twice as big aad
if 17 is replaced by a sumber three tises as big and
if 27 is replaced by a nuaber cae third as big,
vhat happens to the product, 183167
a. It iacreases to three tiaes as much
b. It decreases to one third as wmuch
c. It increases to twice as much
d.'It decreases to one half as much
e, It changes but it is inpossible to know how
. much it iaocreases or decreases.

20. 16 I 154 X 2 = 4928

If 16 is replaced by a asumber twice as big aad
if 2 is replaced by a oumber seven times as big aad
if the product, 4928, stays the same,
what bhappens to 1542
r a. It increases to nine times as much

; be It incrteases to fourteen tises as auch

c. It decreases to one niath as much

d. It decreases to ocne fourteenth as much
et e, It changes but it is impossible to know how

such it increases or decreases.

Wt
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