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both Interesting and easy to understand. -

PREFACE

-~ -

- -

. . ‘
The exerclses Included in this book were prepared to make mathemetics

i
A\

Teachers and mathematlclans with the Southwest bLducational Development

- lLaboratory adapted these materials. They were guided by the tollowing

beliefs: . - ‘ '
. Chiidren are Interested In mathematlics.
. Learning is enhanced by emphasis on understanding of concepts

________

rather than on<gemorization of rules, and understanding
“results from being activeiy Tnvolved Tn éxpérTences Trom =
..
which concepts are to be abstracted. ~N

. Alternative sequences of mathematical concepts tan be}

fol lowed, and yet the structure of mathematics can be' . :
preserved. K
. Cﬁlldren can learn more mathematics than they a(etnow
learning. N | '
. » -

. Edwin Hindsman
' Exacutive Director
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<4 Chapter 5: ' ¢
The Baplc Oporatloﬁs: A DHferent Loolg \

-

Section 5-1 Addition in Expanded form

Look at the simple addition problem 4 + 3 = ? Of course, righf\
away you know the answer s, 7. |f you did not know the answer you
\ .

could think of a set A that has 4 members and a set B that has 3 other

SR

members, and form the wumion of the two sets. ‘If you then count the

number of members in the union you would have the answer to the addi-

1}

tion problem. ) . ~

‘This way of doing addition is fine as long as you have problems
Ilﬁg the one above. What about problems like 892 + 367? You could ’
find the sum of these two numbers using sets, just as you did with

4-+'3; but I+ would be a long, slow process. |t is our base ten_

system that makes addition so easy. Look at the example below:
L

-

Expanded Form

. 892 800 + 90 +2 J

+ 367 300 + 60 + 7 L N
I,Z?Q 1100 + 150 + 9 = —9 -»sum of ones
‘ .
‘ [ | 50— sum of tens .
° 1100 »sum of hundreds
. 1259 ———wfinal sum |

Lo S ' o N
o . - /

S
N



Exerplse 5-1

'+ Use expanded form to find the following, sums-. Follow the
(
examp le above.
l. 246 =

+ 139 =

\. . + 926 = - T

- : 'l . 44
) ~

3. - 177 =

4. 123 =

T + 987 =

BRAINBUSTER:

7. 2,345,678

i
>

'# 9,876,543

4




8.

Write the answer 1o the BRAINBUSIER in words. .
L ; -
4/ | —
\ A | |
\\"\' .
IS - 9
" ggction 5-2 Addition in Short Form

-
bed
-

4
Now that you have done some addition using expanded form, let us
" see lf)we can shorten the method and do an addition problem more
-~ qulickly.
~ Exdmp le:

N

Follow the steps as we work the addition problem

/ /)- | 563 + 787 + 384 = 1734
e e BE Y S
) ‘ 187
M ' + 384
Step |. Add the digits in the ones place, that is,
3+ 7+ 4= 14.
‘ .

Step 2.
L)

~
Place the partial sum here. — . 14
Add the digits in the tens place, that Is,

.-

60 + 80 + 80 = 220. Place partial sum here.——————220
Step 3.

Add the digits in the hundreds place, that is,
500 +.700 + 300 =

1900. Place partial sum here.——1500 R
Step 4. Add the partial sums to find the final"sum. ————>1734 g
- Ngflce that if you uség this

method It is just as easy to add
4
from left to right as from right

to left.
Exercise 5-2 -

B

work the following problems

: 'n"
as Is done in the example above. |
I. 46 ¢ 2. 25 5. 122 4. 727 \
+ 17 ' | + 32 * + 57 '
\ ‘

4 324

.




) 4 ’
" N >
. 1 4
- 5. a6 W, 6. 403 7. 1177
AN
) 398 213 o+ 598
7256 414
+ 89 | + 898
c'l‘w — ~ ’
- 8. ° 3456 9. T 23856 0. 9999 )
v f219 + 45678 | /
L |
-\- -~
{
; \ .
,)\ Section 5-2(a) Addition in Short Form }

This is the final short form of addition which you will want to
-

be able to'do well. See if this isn't something like the way ygu think
. : . )- . R
when you are doing an ad%iﬂon problem. '

™

D . |
) 68 ' ) P . /\1,\
. 257 (a) 8+ 7 =15, "put down the 5, 'carry' the 1."
. 5 = S — .
68 ) .
257 (6) (D+ 6 + 5 = 12, "put down the 2, ‘carry' the I."

*+

vzé : e S \—’j.'."‘"

3, "put down the 3."

~
-0
-+
~N
fi




Exercise 5-2(a)

. In part (ak;'ﬁhen you "carry the 1", what does this 'I! sfan? for?

-

¥ ]
2. In part (b), when you "carry the

14

what does this 'l' sta for?

R

i

¢ ; )

3. In,$art (c), when you added(:)+ 2 =3, the '3' stands for three
. v {

A3

A

[ .

" Work the foll ngnbroblems using the short form as In *he”exampwe"on'“'“”“”“““

the preceding page. Circle your "carry ff;\f will ﬂélp.
S

4. 35 5. 69 6. 15 ~ 7. 465
+59 18 + 68 : + 654
. v )
8. 345 9. 3579 10. 98765432
567 . 2468 . 23456789
~
+ 789 2345 98765432
+ 9876 .~ + 23456789 s
- ’ \‘ ’ )

I1. BRAINBUSTER. Write the answer fo problem 10 In words.

e
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Section 5-3 The Number Line
N
A very useful way of plcturing numbers is to look at what is
. -"palled a number line. Ffifst we draw a line, as shown below, with
. \) arrows on both ends. The arrows ‘show that the line goes on and on
' In both directions. A ‘
) l Nexty we pick a pointi(aqxwgglgf) én the line_énd let it gorrespaond
b e e TO“zero;"Tc'The'glgg; oY zeré we ;ark a point correspondifig to 1.
,' : \‘ ( " (This 6;r+ ot the number line, between 0 and I, is call;d the unit -

= - - lntgrvél.)~

- - T Y

"0 I

v, ’ . /

, “ ' Now, we mark 2 to the right pf.l, 3 to the right of 2? 4 to the rlgh+

of 5, etc. The distance between | an&<2, 2 and 3, 3 and 4, etc., is
¢« S
the same distance as between 0 and |. ~

- T 1 T Al v —>
0 I 2 3 4
A . . )
. The part of th® number |ine between any two points is called a
- “ .

line segment. (Segment means "part of", so you can think of a line

N

segment as "part of" a line.)

° Exercise 5-3 o |
“Use the number line above to answer the following questions:
I. What is the smallest whole number .represented on the number |ine?
¥NOlO humbe |

L 3 ' 5

.o

[t

LA
i

4,




: 7
! \ .
. ] }
L1 -~
2. What is fte smallest counting number represented on the number |ine?
- .\ ~
. . -
— o - ’ o - 4 -
5. lha\dlstance betweon®3 and 4 is the _ as the distance
between 0 andl |. \ ' ‘ .-
4. The dlsfanc? betweaen 4 and 5 Is the same as the distance between '
ﬁf and _ . \\ * .
“ gt What do the arrows on elther end of the number line mean?
. B e i o e s e R B i u resia dame am 8 ML Aenis s e e imr - omacn o bs maament B P Gt B ok 8 B [ PR ™ e e e R T TE T Tl SNSRI LR S
‘.$ '\ )
T . . _
6. |s there a largest number ‘on the number |ine? why? -
. ’ ] . L 3 ) '
Section 5-4 Addition on Number Line i
. 0 « N
Jo add tHe number 3 to the number 4, start from O, mové -four units \
! L.
to the right to the number 4, then move three more unITs‘ko the right. .
- : A . . . +
. We stop at . 7;7s0, 4 + 3 = 7. N
| ngqf; 2 3~————>//
- Y “Y T T — | T T T
, o | %a 3 4 546 7.8 9 10 Il 12
AY [} ' 4 i l = ﬁ‘
J v

0

O\ =
~
m_
O
(@]
X)

3+6=9

i; >
Exercise 5-4 . ~ . ' \

o _ I. What addition problem is this a picture of?
. | - T - l.. v v L) ) : . 11‘
' 0 r 2 3 4 5 6 7 8 :

s _ & "

D =
o
N




\ . ] : .

. '{ \SL : - T \r v v AR SN A LN

0 | 2 3

o
N
Io)
—~
-
NG
o
-
;
~

3. Is this aplcture of 4 + 5 =9 or 5 + 4 = 97

L Y -

-
-

Y
-~ 2 4

0 |

N -
N
H
wn
o
~
ool
O
)
~

smtemsssen e U OrEw T number- -t ies and-show the addition of the following: . ,

a. 9+ 9 = |4

\ ‘ ‘ | | |
b. 6+3=9 . R

. | o

v". R .

ol C. 8 +9 =17

: ' -

.‘ N -~
(\
«©
L 4 Y

&

R - . . N .
- .. . Py
.
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5.  BRAINBUSTER. Can you show (3 ¢+ 5) 14 = 12 on the number line?
\ Try 1! " <
\ .
~ \
4 ’ " Sectlon 5-5 Regrouping In Subtraction .
) Let us now revievi, the operation ot subtrac}lion. You should urngar—&&
) " \ “$tand exactly what héppens whern two tumbers - are -subtracied, especlally. ... ..
N S \whaf you are doing when you "borrow." ‘ N
. . (
- ‘' Example: 68 - 49 = |9
. . v
2 68 6 tens + 8 ones ~—n
- : /’_’J\‘
- 49 4 tens + 9 ones - '
o ' N . —~
3 o0
Looﬁ}l ng ahead, vyou« can see that 8 = 9 cannot be done with whole
* numbers. Therefore Jjt w]ll be necessary to regroup the 6 tens Into
: ' >
N 5 tens + |0 ones. “Then we "borTow! the |0 ones and add them to the \ .
: P e ,
P ) - e . - '
L 8-ones. MNow ‘we ga';;l,.oohplefa the subtraction as shown belqw:
' A . i
© L 68 6 tens + 8 onés 5 tens #=I8 ones % ’
- 49 .4 tens + 9 o%& 4 tens + 9 ones .
9 - ~ | ten + 9 ones L
-Exerclise 5-5 . o
[ .
Work the following problems as |s done in the example above. Do not
‘uge the numerals 1, 10, 100, or 1J000. Write these numerals In words
. ‘ 7
as is done In the example, i.e. ones, tens, etc.
/"’ . N | \I
. .\ .
~ ,_ 15~
0 N ' . : - . M -
. ) : SN
) ’ - vg .
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5. 710" < .
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- e S . ‘ \ ~
- v \
\ 1] .. Ay '
6. 3,456
. ~ 1,567 -
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Section =6  Subtraction in Expanded torm
The example bolow shows the subtraction o8 - 49 us&nq axpanded
torm.  Study it carefully. '
Step 1. 68 and 49 are written in expanded form:
68 60 + 8 : ’ ‘
- 49 40+ 9
Step 2. Looking ahead we seé that 8 - 9 cannot be done with whole
numbeérs. Therefore, we reg@pup 68 as . '
b < W S Y rere e ms e Sl e Mo n mEL A B
{
' o S
68 50 + 18 _
' - 49 40 +- 9
Step 3. Now we are ready to subtract 9 from {8 and Jb from 50.
68 50 + 18
- 49 40 + 9
19 i0+ 9 =
. - -
Exercise 5-6 <
Work the following problems as done in the example above. Show all
*the regrouping. ..
» I ' . \ ;\-)g
l. 58 '
[
B —3.-9— ~oL A\“&S‘- 0
«
* L4 ) : » - ) »
\“‘ ' . . -:"‘Y\_ \ L
§ Lo
20 '73 ') .
* . LAY .
- 56
' R
‘_.
A/ ' ‘) Y



2 A
. ‘ ?
s \ ’
N
14 ® '
> 3. 125 X o \ \
- 37 \ 7
- 7 ‘.
\) !
: 4 -
4. 452
- 16 —
1 ] [
N i To.
' 5. 503
- 247
. { i
~ , -
6. 3,532 s
) \ | - \
-
- 1,654 ) ‘ . -
-+, . '
- . \ oy \ \
Section .5-7 Subtraction in Short Form
Study carefully the forms of subtraction below. This should make ;#,u
clear’ the- meaning of "borrowing" In subtraction.
. 1 ’
Short Form ' Expanded Form-
342 : 342 300 + 40 +.2 ~ ——"
- 187 . - 187 100 + 80 + 7
»
e
. - r}
’ [




Short Form -~

.3 .
342 2 = 7 cannotybe done with
- whole numbers, so we
- 187 regroup the tens.
23 ,
A2 3 -~ 8 cannot be done with
whole numbers, so we
- 187 regroup the hdndreds. .
’
(\ 23 . .
B2 Now subtract.
':'87 “
155
Exercise 5-7 \

ﬂm:rK_The’folIowlng-problems using the short form

. 246 2. 926,
&
-139 -784
./
5. 2323 6. 766
-_987 -~ 486
9. 6055
*-4723
(|
/\. -
2t
:. e | " 22

Lxpanded torm

12 v

s e e v ey Al T a s Pienres gt v s e AT e e 8 m b e a Wy

342 300 + 30 +
- 187 100 + 80 + 7
»
. o
347 200 + 130 + 12
- |87 - 100 + 80 + 1
342 200 + 130 + 12
T - 187 100 + 80 + 7
i55 100 + 50 + 5
shown above? |
37 96 4 4, 4 Q”Ji
-777 -1 3
7. 949 8. 310
- 892 -178
10. 2003
- 876 ‘

13
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Section 5-8 Subtractlon on Number L Lne

To subtract the number 3 from thoe numbor /7, start from 0, move

| 7 units to the rlghf to the number 7, now move % unlts to tho lott

from the number 7. Whore did you stop? ans.

-

Below Is a plcture of tho subtraction 7 - 35 =74,
-~ ® I'd }
» ' fe—————— 5 ——
i -ty | ] —Y A N ey Ty
/) 0 | 2 3 4 *1 6~ 1 8 9
R i T L W ANV Py S gy iy ¥ S S VRSP Ry SR J Vo oa A Rl B A R P oo By b tateaa. . .
- 4 ———»1. A +
Lxercise 5-8 ' \
"Draw number lines and show the followlng subtractions:
» . - -~ PY
»
|o |2 e b = 7
’ \}
.
N
- 2. 9-6=3 \ ’
[ A / - {
- . ’//y' ~ : ‘
» 3. 10-1=9
. 4, 15 -12=23 \ J
L.
v ; 5. 9-9=0
¢ , ‘




o e oSt rm s emnarn s tirestt

R

SIS

15
6. What subtraction is pictured on the number line below? L
. p .
'Y
« s
- T Y T 1-I | B § -
o 1 2 3 4 5 6 7 8 9

Section 5-9 Multiplication with Numbers Ending in Zero

The numbers 10, 100, 1000, 10,000, etc., are easy to work wiTh

in miltiplication problems. There is a pattérn to the answers

(Qroducfs)'when these numbers are part of theé problem. Study fhe = T

/followlng examp les:

3 .10 = 30 3 2
12 - 100 = 1200 .
. 37 . '|oo = 3,700 '
o 6 - 1000 = 6000
(25 - I0;000 = 1,250,000 .

Do you wee the pattern? |f we multiply some number by 1 followed by,

say 3 zeros, the product will be that number followed by 3 zeros.

* - ] /

-‘Exerclse--5-9

I. 7 - 10= :
5 . 100=___ »
3. 8 - 10,000 = ..
4. 32 - 1,000 = . }
5. 69 + 100,000 = | .
6. 507 - 10 = ___ , ' : .
o :3<%. E "
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7. 1,128 10,000 =

8. 4 - 1,000,000 =

9. 100 - 98 = J

10, 10 - 32 =

Express each of the foliowlng numbers as a product of 2 numbers. One

of the numbers must _be a power of 10, that Is,'IO, or 100, or 1000, or
10,000, etc., and the other number must nqt have a zero In the ones

place.

Examples:

570 = 57 - 10; 107,000 = 107 - 1,000; 3,700 = 37 - 100

Il. 360 = . 6. 9,700 = \
12. 5,800 = , : .. zﬂ. 546,000,000 =

13. 90 5 . 18 70,500 =
,14. 397,000 = ) ) 9. 8,700 = i
5. 250,000 = . 20. 1,010 =

Now you know how to multiply, easily, in problems like 10 - 5,

32 + 100, etc., and also know that 50 = 5 - 10, 3200 = 32 - 100, etc.
Let us see if you can make another dlébovery_abouf multiplication.
Look at the followLng multiplication problem and then answer the ques-

tlons that follow. _ -
9 : .
30 «+ 70 = 2100

Exercise 5-9(a) [Nb+e: problems continue on next page.]

i

3 - 107 ' .

. Does 30

2. Does 70

i

7+ 107 s
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5. Then, does 30 * 70 = (3 < 10 = (/] = 10)? e
4. Does it make any difterence in the answer (product) how we

g
arrange the numbers to be multiplied! tor example, doos

2 5 .5=3+5+27 . .

e A

5. Then does®30 - 70 = (5 « 10) « (7 « 10) = 3 « 7 « {0 - 10?

I o

L J

8. Then, does 30 + 70 = (3 « 7) « (10 « 10) = 21 + 1007 -

21 - 10h =

éfands for product.)

1!

... 9, Then, the product.of 30 < 70

b g

- Examples: (Note: 'p

~ (a) p =20+ 30 * ¢(b) p = 300 - 50
s P =200 (3 - |0x<% p=(3+100) ¢« (5 ' 10)
p=2-+<3+<10-+10 ‘ p=3+5+100" 10
p=6°*‘00 . , p =15+ 1000
00 p = 15,000

L-\ p=6
Do the exerclises below and on the next page in the same manner as the

-

examples above. Do not leave out any steps. [Note: problems continue

on next page.] ! \

it

10. p =30 - 40

p-"..

©
"

Y
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70 = 8UY

1]

= M

= -
—

= ] .

-

-
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¢
Let us swe it you have arrived af Tthe quick and easy method of

multiplying numbers that end in zeros. Look at the problem below and
T
the questions that follow.

600 - 30 = 18,000

I. How many zeros are there in the numeral 600! ans.

Y

2. .How many zeros are there in the numeral 307 ans.

3. How many zeros altogether? ans.

4. How many zeros are there in the product 18,0007 ans.

5. Now let us take a look at the above problem again. Observe the

pattern: ! v
2 zeros | zero 6 * 3, 3 zeros
e e e
600 . 30 = 18,000
2 ' Exercise 5-9(b)
Study these examples: ,

400"+ 700 = (4 + 7) followed by 4 zeros =.280§Eoo '
60 + 30 = (6 - 3) followed by 2 geros = 1,800
8000 - 9000 = (8 - 9) followed by 6 zeros = 72,000,000

\ Then complete the following:

I. 30 - 500 = 15,000 b
z 2. 500 - 70 = ) '
3. 300 + 9,000 = _ i
| 4. 8,000 -9 = | Lol
5. 600 + 900 = .
§. 80 - 7,000.5 . ' \ .
.




>
7. 700 - 700 - : i
8. 40 - 9,000 = L

9. 9,000 - 9,000 =

0. 4,000 - 700 =

Soction 5-10 Multiplicatlon In t xpandad torm

N Lot us now see |f wo can mako uso of what you have Just searned

to help you understand everyday multiplicaetlon problems, Look at the

examp les below: _ -

24 20 + 4 140 = (1 - 20

x 1 o * 1 I & B

) + 8 = loB
Lot us try anothor ono.
600 = (5 + 200)
25 200% 1 50 % 200 . 4 9 = (3 30)
x 8 s B ' 5 1h = (5. %)
v 600 + 90 4+ Ib = 0%

Ixorcise H-10

Work the following problems in 1ho same mannor as "tho oxamples above:

. 47 : | (
RN
[ ] \\
x 4 . : A
V4
-

2. 68

x _9°



264

30,

X

!

21
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PASERRIINS bhriah -

Sootlon Y- 10(a) Multlipllicotion In Lxpandod tokm
- In Sectlon 5-10 you learned to do multiplication In expanded form.

Let- us now see |f wa can shorten the procouss a little. Using the same
{ 4

examp les as In Sectlon 5-10 we can shorten the procedure

e e .ggég:.._”_ o _‘ , to:
24 20 + 4 20 4 140 = (7 - 20) 24
x1 31 e x1

. . 140 23 168 a.28 = (7 - &)

140 = (7 - 20)

Using the shorter form on the right, 3 « 235 would look |lke this.

235
x _3
15 = (3 - 5)
90 = (3 - 30)
600 = (3 + 200)

*zr 705

Exercise 5-10(a)

Work the follgwing problems using the shorter form as in the examples

- . above:
. 47 2. 68 3, 63 ™ 4, 4
X _ﬁ x 9 x _1 X _2
)
5. 368 K 6. . 264
. . X 7 X 6
a L 4
7 473 8. 987
X 8 X 5
¢ r




sectlon Y-10(b) Multiplication In Expanded [orm

In the last two sactlions we multiplied two-dligit numbers by one

diglt numbers. Le!l us see whﬁi happens 1f we use palrs of larqer
numbérs. § " - !
Example |:
46 40 + 6 46 6 40+ 6 40 O 40 o
: +
x 24 30 + 4 30 4 20 20 4 4 o 4

1200 + 180 + 160 + 24 = 1564

As you can sea, this Is a rather long procedure. Let us see If we
N

s can‘shorfen,lf a llittley
\ w6 " 40 + 6
™ : .
x 34 30t 4 <,
. - R YA VR
B \ N | 160 = (4 - 40) .
~ | % 180 = (30 - 6)
B - 1200 = (30 « 40) {
| 1564 _,..
Exercise 5-10(b)
- Work the following problems as in example 2 above: [Note: Study problem -
(5) before working problems (65 - (9).]
- l.» 67 2. 45 3. 97 , 4. 32
N x4 C o xe3 x 69 X718




\
5.
1
C./ a
7.
8.
9.

g

346 300+ 407+ ©

x_67 T 60 + 7
*" 42-= (1 -+ 0
de\=0(7 - 40)
! 2100 = (7 - 300)
360 = (60 = 6)
' 2400 = (60 - 40)
18000 = (60 -.300)
23182 4
839 u,? ’
x _48
735
x _93
. AN
BRAINBUSTER
648
x 375



g
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Section 5-11 Multiplication In Shori torm

/ Study the steps below and see It this lsn't something like the
way you think when you are doing a multiplication probiem.
Example: 46 -« 34 = |564
Step 1. (@
A .. 4 times 6 1s 24, pul down Fhe -4, "CarEy the -2 e e e e
x 34 . -
4
7;/// Y
@ .. .
/ Step 2. 46 4 times.4 Is 16, plus 2 "carry" is 18, put down
x4
184 . the 18.
Step 3. 46 3 times 6 is 18, put down the 8, "carry" the I.
x 34
184 .
8
o o .
'ﬁ'ﬁ}iﬁ,
{ ' % ' ) . .
6 . 3 times 4 is 12, plus | "carry" is |3, put down
x 34
184 the |3. vy
138 ' ‘
6 now add the partial products ‘
' . x _34 - ’
/I , 184 ——— First partial product
. : |38 —— Sacond partial product /
' “t
s " 1564 ———» Final product .
~ AN S - -
Bl ' J

o L . ' o o . “.
‘ St . . L e )
t - . N SO ) -
. - +
R . e .‘ - 7 - » '




t.xercise 5-11

The followlng questions refer to the steps taken on page 29, You

may.wish to refer to Section 5-10(b), page 23, also.

% oy
1t

I. In step 1., when you "carry the 2", the '2' stands tor 2

or

2. In step 2., where It says "4 times 4 is 16", it really means 4

U YU S U [ Chen e B i Ul tR PRI —

times Is

5. In step 2., when you "put down the 18", the 'IB' stands for |8

or

»

4. In step 3., where. it says "3 times 6 is 18", you are actually

multiplying by 3 or

5. In step 3., when you "put down the 8", the '8' stands for 8

or

£ 6. In step 4., where it says "3 times 4 is 12", the '3' stands for

, the '4' stands for , and the '12! stands for

7. In step 5., you are actually adding 184 to in order to
P get the final product 1564.

8. The fallowing multiplication problem is done for you. Write the

axpanded form within the parentheses. [Hint: See problem (5),

»

Exercises 5—|0(b).];

. 878
439 :
72
- 630
5400
' 240
o . 2100
: v 18000
T . 3200
.. . - 28000
: 240000
' 297632

O
.

~J

o

L R T I | RN A A 1

’\’\I"\’\’\’\’\’\
Nt Nt Nl Nt P Nl N Nt tt




Exerclse 5-1l1(a)

Work the following problems using any method you wlsh.

x 6 x 8
4. 835 5. 7498
X 8 X 6‘
6. 48 7. 92
x 91 x 56
9. 538 10. - 846
x 74 x 37
'Q'. .




Section 5-12 Multiplication on Number Line

Just as addition and subtraction may be shown -on the number line,

multiplicati may also be shown. tor oxample, to show 35 - 4 = |2,
(a LN

consider an arrow for 4. Three such arrows lald end to end (1éll to

\_ head) indicate 3 - 4.
4 4 » 4
- v — T T T v Ll || v
0 | 2 3 4 5 6 7 8 9 10 I 12
12

Exercisa 5-12

Draw number Iines for each of the following:

l. 2-+9

2
2. 35
3. 5+3




5. 6 2
6. 6 °* 3
o ’I l- -~
7. 3 -6

Sectlion 5-13 Divislion as Repeated Subtraction

Let us now take a look at two different division problems.

. ¢
! | 2

Examp l: 2% Example 2: )

)

»remalnder
(

CJ\J\J\J;J\JEﬂ\JG”fJS=-

Nojice, In Example |, we kep+ subtracting 7's until the differ-

ence was less than 7. In this case, the remalnder Is zero. How many

times did we subtract 71 ans. This tells you that there

are 5 sevens In 35. Therefore é;-n 5, remainder 0; or ég-c 5r0.

Notice, in Example 2, we subtracted 9's untll the dilfference was
less than 9; in this case, 2. How many times did we subtract 9?

ans. What was the remalnder? ans. ) _ This




—

—
7
Pl
. i
tells yod that thore are S nlnos In 209 and 2 lett over.  Theretore,
29 . |
= =3r 2. _
9

bkxercise 5-13

Work the following problems by repeated subtraction as shown In the

preceding examples: ' (/’/,_

l. 63 2. 125 3. 12 4. 66 5. 38
7 25 | 13 3
Section 5-14 Division in Short Form e

After doing the exercises in Section 5-13 (especially the problem

é%), you should realize that although the method works, the process can

» 1,728
become. very long and tiresome. Try dividing *‘3"—'by repeated subtrac-

tion if you are not convinced, and see how long it takes.
Let us use the idea of repeated subTracTIq‘r but let us shorten
F— . -

the process some. Look at the examples below:
' ’

|O\

WO
]
W
O’\!
O
>
c
(=

Subtract ten 3's, (10 « 3) - - 30 10 .

Subtract ten 3's, (10 - 3) -»- 30 10

~ ‘ 9

Subtract three 3's, (3 + 3) —- %9 | 3|

remalnder —> 0 33 —» answer

.39



With a little more practice, you will be able to shorten the

process even more by taking fewer steps.

9‘% = 3 [—69— Add
Subtract twenty 3's (20 - 3) : > - 60 20
9
Subtract three 3's (3 -« 3) — > - 9 | _3
remainderf —~—» O‘ 23 LM
(Quotient)
Exercise 5-14 . i :-’ N

Work the following problems using the method explalned, above: \\L~<<f

[Note: . problems continue on ﬁfxifpage.]

95 97 Q |23
l. . 2. F 3. 0 2=

40

k] )
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a. 3:%’— 7| 920 5, L‘%’i
- 700 100
220
- 210 | 30 &
10 -
" -1 _1
-
remal nder —— 3 131

1417 9250
6. — 7. -
R & ’ 9. 2t
i .
1
‘ ~
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Section 5-14(a) Division in Short torm

The foliowing is an oxample of divi

a 2 digit number.

Subtract ten 25's (10 - .79)

&

Subtract ten 25's (i0 - 25)

"subtract four 25's (4 . 25)

-Subtract three 25's (3 +25)

Exercise 5-14(a)

wion where the divisor i1s

675 © 25 | 475, Add

remainder

25

— - 250 | 10
425

>~ 250110
179

- - |00 | 4
75

- 15| 3

\

-0 27— answer

(Quotient)

Work the following problems as shown in the example above:

914

44



3+ Tey
\

\

7094

5. S

e

1828
18

21345
23

o



Sectlon 5-14(b) Divislon Iin Short torm

The method of division shown below is only slightly different
}fom the method you have been using the past few days. We will now
place the partial quotients above the dividend.

‘ 1359 «——quotient
4
™3

+* 50

» 300

— 1000 Add

4)5439

Subtract one thousand 4's - 4000

1439

‘. ——Subtract three hundred 4's - 1200

AN

239

Subtract fifty 4's S - 200

- ————— N

39

Subtract nine 4's - 3

3 Eémalnder

Exercise 5-14(b)

*

Work the following examples using the method shown above: [Note:

problems continue on the next page.]

S ——— ,)——_
. 91233 ' 2. 8)9683




3. 4)26547 4. 7)7983 & : .

h
* -
~
5. 30)l628 6. 44)914 * .
.‘ "
4 . ‘
~ . ﬂh‘



Y

k)

Sectlon 5-14(c¢) Division in Short torm

There Is a shorter way to write your quotient in division. It

will allow you to do your work more quickly.

. Study the example below. _
(a) Shorter Method - (b) Shortest Method
1359
9 - — ‘RJ’_\ .
50 = - a

S W
88
'\ A
/
»
Tp—
o
O

4 '|5439 4 |5439

v

" - 4000 = - 4000

1439 ) 1439

- 1200 « - 1200

239 | 239

- 200 = - 200

5 < .

NG "1 ) 39 * . ' : i?
| e | B N

3 remainder , - 3

In (b, to show the pawtial quotient 1000, we can write | In the-
thousands place. Instead of writing 300, we can write 3 in the hundreds
place. Instead of writing 50, we can write 5 in the tens place. Then

4

'we can write 9 in the ones place.

PR o7 T T
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txoerclios  H-14(0) ) /:"_“.\
Work the following as shown In example (b) on the preceding page.
0 ———— ————— '“_—-—.——
\ I. 3)963 2. 4)848 _ 5. 3)499
? A
! S
s
4 4)648 5. 6)4882 . 6. 8)6896
o AN
. 7. 6)4928 8. 9)6524 9. 8)7932
- ‘ !




~
L 2
’
!

Lxorcise 5-14(d) -

»

Divide, using any method you wish:

-

604
82

~

8446
65

2376
18

914
44

8767
72

1498
21
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Roviow Exarcinag  H-h
. I. Vocabulary -- Describe An your own words:
yocapulary g
' i
(a) digits (g) product
- (b) partial sum (h) dittorence
i (c) numberfr}ne : (1) multiplier
\ 0 |
4
(d) regrouping ‘. . (J) partial product
»
(e) quotlent (k) dlivisor

(”) (f) partial quotient

2. Work the following using any method you wish, but show,all your

work: i )
Adg : (a) 578 (b) 6,324
. 4,549 N 79
- \\ 496 o 39,137 “
. . 27,083 4,034
s . * .
. , J
- Subtract: oo -
“ (c) 58,931 ™ W@ 6,719
: 2,480
~ J-‘
»
. . (e) 354 (f) 709
: 26 . 61 .
\
- ”
. . 49 ) £
r ’ | N
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Divide:
Q) 8)2472 (h) 2008160
N |
3. Draw-number lines showing each of the foMgowing:
(a) 3 + 8 = I
b)) 10 - 4 = 6 o . -
b
4 ,
(c) 3 - 3/= 9
. -
+ 4., -What prot;lem is thls a picture of?
T T y . —>
Q I 2 3 4 5 6
| DO—




Chapter 6:

Geometry

Section 6~ Introduction

The world Is full of physical objects. Touching or handling such -

objects helps us get an jdea of their shapes and sizes. We can tel|
. -

t fferences between smooth and rough, small and large objects.

e sée that some objects have ends,' corners, edges, sides. Some
e’
}

\V/(ﬁbjecfs are éffatghf; some are flat, en? some are round. I
Touchlné and seeing help us tel| %he'g}fferences between the
i shapes, slzes_and forms of the objects around us. These differences -~
help us when,we want to group these ob jects into special groups.
¥ :

Geometry has developed from a study of éhapes of objects In the world
.

-around us.

*

The idea of number in arithmetic is a mathematical idea which gréw
from the need to know how many members are in certain sets?! |In geome%
the ideas of point, line, plane, and space are mafhemafical ideas that
grew when people wanted to group certain sets of figures and to measure
their sides or edges. Just as in arlfhmefi; fou studied numbers and the

operations on fhem, in geomefcy you &1 study points, lines, and p lanes

~

and how Th_y relate to each other.
“We shall study aBSUf’g’;;rf of geometry that has to do with how

such things as points, lines and planes are related. You will notice

~ that numbers are used very lLittle in this chapter.

t . . S . " .
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Section 6-2 - Polnts

Let us begin with a simple figure in geometry, a point. Think

of the following: the tip of a pin or a needle; the end of a sharpened
stick or pencil; the corner of a box or a plece of'paper; a grain of

» sand. All of these show what we mean by a point.

<‘I' Y e . — idoa —
NN
Which of these is the best picture of a point? The smaller the dot,
the beff?r the picture. |
Is the dot you make on a paper with a Sharpened pénci| a point? .Is
the hole you make In a paper with the sharp tjp of a pin a point? If
! " you answered yes to fpe last two'questions, you have an idea of what

we Imagine a point to be. But it is incorrect to say that a period, a

dot, or a pin hole are points. Points, Iike numbers In arithmetic, are

a _creation of the mind -- they are an idea. The smallest dot you can

~—

make with your penci |l is‘Qof a point. It is simply a picture of wh#t
j we,; in our minds, imagine a point to be.
We will think of a point as having position, but not size. The
» ;o _ pictures of points that we draw gn our paper/and on the board will help
us to see and remember the position of points we want to talk about.
When we say, "draw a point" we will mean "draw a picture of a point".
We have studied sets before. We said that sets were important in
"-mafhemafics. In_our'sfudy of geometry we will look at sets again, but
this time we will talk about sets of points. |

-We'will now think about some Important sets of points.
S L .- |

-




bettion 6-3 Lino Segments

Braw two points on your paper. Label them A and B. Mark two

more points on your paper labeled C and D so that your drawing .looks

)
like this:

Can we say that C Is between A and B? D Is also between A and B. What

can you say about B? About A? Look at the drawings below:
/

®

Figure | Figure 2 Figure 3

. . -RPQ Q
Q .

1\

In Figure \i, none of the three points is between Thi?T{ef Txo.
In Figure 2, P is between R and Q. In Figure 3, P is not between R and
Q because there aré only two points Indicated. R and P are.two di ffer-
ent names for the same point.

Draw points E and F on your paper.befﬁeen points A and B. Your

o

drawing should look something like this.

° 3 . - ° °

A E ¢ ‘D F B

Continue to add points that are between A and B to your drawing.

¢

1f you had a'vegg\sharp point on your pencil, how many points could you

: .
\ P
\

v

5%



| bt

./

draw? Could you confinub forever drawling points on your popor |t
your pencil kept getting sharper and sharpor?

Your drawing may look like Th‘it; now .

A E C D F B

endpoint . endp&l nt
L
As you contlinue To(draw polnts between A and B, notice. that thare

are many polnfs between every two (di fterent) points. The set of all

-

points bgﬂteen A and By Togefher with the endpoin1s A and B is the

line segment between A and B. A line segment is a set of points mﬁgg

up of two endpoints and all the points between them. 1t is hard to

draw a line segment by showing many points.

It Is easler | f we draw a line segment I{ke This.

NS

Which of these Is the best picture of a line segmenf? The thinner the

drawing, the better the picture.
Are there some objects In the classroom that suggest a |ine seg-
ment? The edge of a box or a pencli'mlghf.suggesT a line segment.

A plece of string stretched betweeM two poles will also suggest a N \

Ilne segment. : , &

~ Jlo name a line segment we use the names of the two endpoints. |f

. the picture of a line segment looked |ike this

P — —Q

A



then the line segment could be named Fa-or OF. We use the bar () over

the letters to remind us that we are talking about a line segment.

Exercise 6-3

I. Oraw a line segment AB and mark points C, D, and E on it as shown.

— 2 4

.
g

A E .C D B

Write as many true statements about your drawing as possible.

o

For example: 'E is between A and C.

2. In the figure for Exercise |, which of the following statements

are true and.which ones are not true?

(a) A.is between B and E.

(b) C is not between A and D.

(c) E is between- A and D.

(d) E is between A and C.

(e) C is not between E and B.

(f) B is between D and E.

(g) D is between E and B.

(h) E is between D and B.

(i) C is between E and D.

3. Which of the following drawings show a picture of AB?

3
'IB (c)

(a)

(d) ‘ SR ' (o)




-

“

4. In the figure on the ‘O)Qh" B is on

’

8 3

’

(a)

(b)

(c)

- (d)

(a)

(b)

(c)

(d)

(e)
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D Is on 66} £ is on BF and on
and G Is on KF, as shown.

How many |ine segments shown have

the endpoint A1 07 E?

Which point is an endpoint of the “
least number of segments?

Which points are the endpoints of

the greatest number of line seg—.

monts?

How many more |ine segments can
A &
be drawn using dnly the given points ' {

as endpolints?

many line segments can be drawn in the following manner?
Whén three points are used, if they are not in the same

7 |ine segment. _-

\

Nhen.four;poinfs are used, no three in the same line segment.

When five points are used, no three in the same line segment.

’ _ _
When six points are used, no three in the same line segment.

-

Can you guess, from your answeFS'above;,RBW’hany line ségmenfs
can be drawn when seven points are used, no three 'in the same

line segment, without drawing a picture?

N
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'Y Soction 6-4  Rays and [ines
4
. There are other imporfant :sets ot points that have special prop-
ertiaes. LHome.of-these new sets of points are very much like line

seyments. Recall that a line segment is a set that contains two points

and all the points between them. Uraw a |ine segment on your paper and

label it PQ. MNow find a new point named R so that Q is between P and

R. Your picture might look like this:

v P .1 q n

P
*—

Now find a new point named S so that R Is between Q and S. Now find
other points T, U, V in the same way so.fhaf R is between P and each

of them. |f you continue in this way you will socon come to the edge._of
-

the paper. If‘your paper were very wide could you keep on finding new

points? If your paper did not stop could you find the last point?
- »

Connect the points as you.did in drawing a line segment. The fig-

v

ure you have shown Is called a ray. The ray you have drawn has only
oge endpoint. The line segments we studied before had two endpolints.

A ray is formed by extending a |ine g%gmenf Infinitely In one direction.
The endpoint of the ray you have drawn js named P. We name a ray b*_
using Th; name of the. endpoint first and any other point of the ray ]

N v

second. , e . - Ql

These are plictures of rays:

~/
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what are tho ondpoints ot the rays? What are the names of the ray?

The arrow shows that thero is no end of the set of points in a ray. The
. - - [P P .

rays shown on the previous page are /\lr, Ml\r, FC ond DEL The bar with the

arrow above the letters rominds us that we are talking about o ray.
Remember, the tirst letter always names the ondpoint.
In the figure below we have three poinis PP, M and N, with M botween

P and N. We draw’ the 1wo rays MP and MN.

& - -» —&
P M N

We have a picture of two rays that are opposite each otlfer. The ray MN

goes on and on to the right without end and the ray MP g on aqd on

to the left without end; the two arrows remind us of this fact. We

say that two rays are opposite each other if they have only their end-

points in common and the endpoint is between the other poinf of the

two rays. The |ine shown above is the line through fh.e two points P and

N (or Pand M, or M and P, etc.). We write it asW(orWorW etc.).
Let A and B be any two points:~ Then _fhe line AB, vgriﬁen‘AEt can

be thought of as the union of the two rays, AB and BR. Why?

g -

~ailf- ——

=N

¢

Remembering that a polnt has no size, how many |ines do you think

two points show? The picture that follows shows several "lines' through

i
o



the points A and Boo Thewe "Hhnes” have been named with o amal ]l Tettor

0 that we can talk about them.

Which of tha abovg shows a line? |f your answer was line AU, then you
already know.what is meant by a line. Wo think of a line as being,
"straight." From now on when we say "line AB" we shall mean the one

: '

and only lins through points A and B. 1he bar with the two arrows above

the letters will remind us that we are talking about a line e.g.( AB )

To Review:

(1) This is the line segment, AB or EK; having the endpoints

A and B.

> ——

(2) This Is the ray from A through B, or AB,

v .

- - L 2 - T

(3) This is the ray from B through A, or BA.

e

N A
’ - 4



¢ "
(4) This i the line, AR or BA, containing the points A and B,
’ .
“ . - .
N e = ~ - - i PR ——
(5) Given any two points A and U, IWNTE o
(a) There is exa&tly oneg line soegment trom A to BB or
from 3 to A.
(AB or BA)
(b) There is exactly one ray through B having'R135'ah
endpoint.
-
(AB)
(c) There is exactly one ray through A having-B as endpoind.
i ’
(BA) - *
(d) There is exactly one line containing the points A and 8.
S
«{AB or UA%
-
Exercise 6-4
I. Here arevsome rays. Give the name for egch.

<

In e figure on the right,

(a) Name three lines.

(b) Name three line segments.

-~

(c) Name six rays.

X~

61
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3. We said that A could bo thought of as the union ot the two rays
AB” and BR.  what i the intersection of these two rays?

: . A o
4. The tollowing picture shows two rays,, AL and AC, having the same

ondpoint. Do these rays form a line? Why?

5. Are the two rays pichuged inrtierclse 4 opposite rays? Why?

A e

'6. A ray could be definedyas the wmion of points A and B, all points

T befweéﬂ\i and B, and all points beyond A from B on line AB. Does

A

AR

this set define Kg’or does it define BA?

7. Which of the following statements are true?

A-néf has (a) one endpoint.
“a\* » .
-¥\\g<: ) (b) two endpoints.

. ~

(c) many endpoints.

. ‘ (d) no endpoint.

A line has (a) one endpoint.

(b) two endpoints.

' (c) many endpolints.
; U4 no éndpolint.
A 1ine sesfent has (a) one endpoint L
/ | e (b) two endpoints. ’
. |
////. (c) many endpoints.
* . ' (d) no endpoints.
- .
61




section 625 Fatne oo and Plane:,

Which ot the following suttaces do you think are tlat?

(a) A table top _ « -

(b) The surface ot the earth
(c) A pane of glass . ' -
(d)  The blackboard
(e) The surface Qf a ball
If your answers were (a), (@), and (d), then you already have sonme
idea of what is me8nt by flainess. Look around the classroom”dnd see

if there are other objects that show flatness. ‘
' }

Now imagine a flat surface such as a table top extending indeti-
nitely far in every direction. It you start at any point on this flat

surface, you can walk in any directian without reaching an edge. This

is the ldea that we wish to have when we talk about a plane. We think?

of a plane as a special set of points that Was infinite length and width,

“vut no thickness.

| (
M7
' - -~ jdea —

- « T/

Which Is the best picture to show a plane? The flatter the picture, the

\ better the drawing. N\ ‘

v

G



Wo wometimes drow pictures Tike the ones below to <how planas?

- —

Plane [ Plane [

,

Plane ABC Plane RST

As the figures above suggest, we sometimes name a plane with a
Roman numeral, such as |, ||, Ill, etc., or name three points (not all
b
off the same line) that are in the plane. We say that three points not

all on the same line show &xactly one plane.

[~ . '\%\

Exercise 6-5

I. Mark two points, A and B, o’ifhe plane of your paper’and draw the
I Tne AB.
(a) Do you think that every point of the line segment AB also

lies in the plane of the papeS%/

(b) Do you think that every point of the line AB lies in the

!

plane of the paper?

(c) Could there be another plane, different from the plane of

- -

your paper, that also contains every point of I|ine AB?



t

>
2. Look at the cornur of your classtoom where the plane ot the side
wall meets tor intersects) the plane of the front wall. The edge

where the two walls meet Is what we think of as a jjq@_gpﬂ@gﬂt.

The intersection of the planes, however, Is a ling.
\\

Now look at the pléne of the ceiling where it meets the planes of

.

the front and side walls. How many points do all three of these

planes have In common?

3. If two points of a line lie in a given plane, do you think all the

points of the line lie in that plane?

4. Could a line have only one point in common with a given plane?

/

<
Section 6-6 Paths

.

Mark a point, A, anywhere on-your paper and place the 1ip of your
pencfl at that point. Trace out any drawing you like without lifting

your pencil from the paper. Orawings like these may be obtained:

r D8

. >y

() (f (g) (h)

o

. All such drawings are called paths. Nofe Thaf (a), (¢), and (d) cross

themselves at least once. Pafhs-(a), (b, and (e) do not end where

they started. Paths (d), (e), (f), and (g) consist entirely of line

segmenfs; Paths, (f), (g), and (h) do not cross themselves and go back

_ [
to the starting paint.

.



A path that never crosses alselt i g Simple path. (L), (u),
(t), (g), (h)
A path that does not cross itselt and does not go back to the

starting point is a simple open path. (b)), (e)

A path that never crosses itselt and goes back to the starting

point is called o simple closed path. (f), (g), (h)

'Exerclse 6-6

l.  Which of the following are (i) simple paths, (ii) simple open

paths, and (iii) simple closed paths?

r@ O

(a) (c) (d)
{;7 - ‘
(e) (f) (g). (h)

2. Draw three different simple open paths.
[

-+

3. Draw two paths which are not simple paths.

L 4

Section 6-7 Reglons : o~
Mark on a piece of paper three points which do not lie on the same
Iine and draw the three |ine segments joining them. Your drawling may

look like the one on the followling page.

L
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We call this flggre a triangle. We say that the triangle is made up
of the union of the three line segments. We can also say that a triangle
Is a simple closed path.

Notice as yod look at the drawing of the triangle that the line

segments that make up the triangle divide the plane of your paper into

L

r

* +three sets of points. The three sets.of points are (i) the points on
the inside of. the triangle, (ii) the points on the Trianglé, and (iii)
the points on the outside of the triangle.

Study the figures below and see if you can idenfi;y the points

which are on the inside, the points which are on the outside and the

points which are on each of the simple closed paths.

E

[
B S
oA G
| ) s
Figure | Figure 11 Figure 11 Figure 1V
) A
Point A is Inside figure |, and point B Is on figure |. Point D

Is inside figure |l while point C is outside figure Il. In figure 11|
point G Is on the outside, point F .is on the Inside while point E is on

the figure. In figure 1V, point X Is on the outside of the simple

clesed pé?h.-




Look ot tirgure 1o We saird that tigure | o divides the plane of the

; paper into three setls --  the set of all points inbidq the triangle, the

\ »

set of all points on the triangle, and the set of all'pojnfs outside the
i
triangle. Let us think about two ot these sets together. Think about

the set of all points on 1the triangle together with the set ot points

inside the triangle. This new set of points Is called a region. Since

the simplie closed path is a trianglie we call the figure a triangular

region.

We may show that we are talking about the friangul?r region by

drawing a figure like this one: ) 7

*

v
’:

If you place a matchbox on a piece of paper, yo% can trace three

: . S
di fferent kinds of figures. Your tracings should Igok something Iike

-

S

these:

~_~ | ] ;\)} N

‘ B TN

Side _ ¢ End . b

Top ' o . ~
You could. use a pook to get the same kind of drawings on a large

piece of paper. Each drawing will be made up of four line segments

-

- | 6y



and tour angles. 1t all the angles ore right angles (squarg cornors)

»

we call the figure a _r_‘g&;inqlq. A vedanili is asimple closed path

< that [s made up of four Iine segments and_ tour, square corners.

Which of the pictures below represents a rectangular region? Can

\
@

. you tind a clircular region?

N W
K ©

Section 6-8 Polygons and Polygonal Reglons
] B

')

A}

Cut a triangular region out of paper or cardboard. Your figure

should look |ike Figure (IZ@

»

, Figure (1) Figure (2) _ .
Now cut along.a line segment AB as In Figure (2). The region
you now have has four edges as In Figure (3). Now cut afong a line

segment CD as in Figure (4). The reglon ybu now have has flve edges

as In Figure (5).~ (Figures 3, 4, and 5 are shown on the following page.)
« . v . . '
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\

ARV/ERY

Figure (3) - }anure (4) Figure (%)
This process of cutting the cardboard or paper along line segments
\
could.be repeated many times and you would get figures similar to the
ones shown above. Q& .

- N

Yeou can. sae Thaf by cutting along line segments we can get plane

>

A Y

-

flgures with three, four, or five sides. |In fact, we could get

flghres with agfhany sides as we might choose. Such figures répresenf

!

polygons. A polygon is a simple closed path made up of line segments.
o o™

The common endpofﬁfs ara called vertices. (A single common end-

point is called a vertex.) .The line segments are called sides.
Some -polygons have names according Yo the humber of sides they
have.§ We know already that a 3-sided polygord is called a triangle.

‘

A 4-sided polygon is called a quadrilateral. A 5-sided polygon is

’

Mark a triangular piece of cardboard and cut it along line segments

‘a gg“.. . -

1

PQ and BQ°a§ shown below on the left. You should get @ figure like the

one shown on the right, a flve-sided polygon different froﬂé{he polygon

b

P
o~ .
s

in figure (5) above. ] | _ .
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Now, let ws see if we can discover the woys in which the two -

tigures are ditferent,

Labal the vertices ot the tirst fiqure A, B, C, D, 0 Drow tine

* segments whose endpoints are on the sides of the tigures as shown

A ,

pebow A

C
NN ) (7)

Observe that all the |ine segments of the firsy figure lie inside the
polygon. In the second tigure some of the line segments have points
¥

which are outside the polygon. Polygons like the one shown in\{ig-

ure (6) are called convex polygons. They havé\*hegpropeﬁty that all

line segments whose endpoints are on the sides of the polygon have no
\ y;

points outside the polygon.

| f any line segment whose endpoints are on the sides of the polygon

does have points on the outside of the polygony, the polygon is called

a concave polygon. Figure (7) would be an example of a concave polygon.
You will remember that when we talked about regions we said that
we were thinking about the union of two sets 5f-poin+s -~ the set of

gélnfs on the inside of the simple closed path that formed the figure

and_the set of points on the figure. Can you guess what is meant by

gplygpggl region? It is Bhe set of all points bounded by the simple

closed path ¢all the points {nside the figure) and all the points on

s ) , ,
fhé boundary (all the points on the’ figure). .

.

.
o

er

- . 4 o
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The figquie  boelow alc) picturos of polyqonal raegions

Y 2

Exercise -

{
(1) Draw two hexagons (six-sided figures) ABCOLI and PQRSTU, the tirst

one being convex and the second Qne concave.

P

1.

S
Oraw the line segments EF} ﬁf, §5, ﬁU} ﬁﬁ; and RT (these are
called diagonals of the polygons). -
In this wayifhe polygonal regions are subdivided into triangular
regions whose Interiors gg_ggj_ovejlap. - '
(2) Draw any polygonal region, convex or concave, and show.how it can
be subdivided into triangular regions whiéh do not overlap.
Section 6-9 Circles .
You will need a compass for Thjs part of your work. Mark two points, *

P and Q, on your paper. Using your compass, can you find a point R

that is just as far from point P as point Q is?

7%
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Point Q Tv as
far from point ' R
/
s
P as point R Is. ~ ‘l
Can you find three other polints that are as tar trom P as Q and
R are? Call them S, T, U. Can you find ten more? Can you find many
others?
Wlfh your compass connect all the polnts in order. The figure
you have drawn is called a circle. In drawing the-circle we found that

-~

we had,
»

(1) a point, P, called the center of the circle, and

(2) a fixed distance between the center, P, and each of the

points Q, R, S, T, U, that you found.

Now we can say that a circle Is the set of all points in a plane

that are‘é flxedjijsfance from a glven point in the same piane.

A line segment that has one endpoint as the center of the circle

—

»

and the other endpoint on the circle Is called a radius of the circle.
r A compgsé'ls a convenlient instrument for drawlng & circle because
) N N ‘ i -

the opening can be adjusfed.

In the following work you are sometimes required to use a compass

to draw on]y a part of a circle as In the. figure below. -

*



o R s

We call that part ot the circle shown as g solid Tine in the fiqure

. . N .
o circular arc or are AL We sometimes use the symbol AB to show o cir-

cular arc, and this is read "arc AB".  1he center ot an_arc is the center

of the circle which contains the arc. 1 he tigure below shows three arcs
of different sizoes and their centers.
{ 0
\ /
. e —_—p

(a) (b) ' A(c)

£

. In Figure (a) the arc AB consists of half the circle and is called

a semi-circular arc or semi-circle. |In Figure (b) arc AB is smaller than

a semi-circle and Figure (c) shows ad;s¥é that is larger than a semi -

* ]
circle. |t we take two points on a clrcle, such as R and S in the

-

Figure (d) below, they determine two arcs of the circle. In Figure (d),
the arc shown in heavy line is smaller than a semi-circle. The arc

shown in lighter line is larger than a semi-circle.

-

(d) (e) .

.

The two points R and S may also be chosen so that the tWo arcs

formed are both semi-circles as shown in figure (e).

»
. -



Lxercise 6-9

I. Use your compass to diaw three cirdles ot ditterent sizen. Are
thove circles path.? Are they -imple patha? /\r.n thay ¢ losed
-~ paths or open paths? Draw a radius of each circle.
v 2. “Use*your compass to draw a semi~circular arc; on are smaller than
a semi-circle; and an arc larger than a semiscircle. Are these
arcs. simple paths? - Ate they closed pa!hb)u: open paths?
" !

5. With your ruler, mark two points A and B on your paper two inches
apart. With an opening that is a little more than one inth, use
yoar compass to draw two circles, one with center at A and the
other with center at B. Do these two circles intersect or cross
each other? |f so, how many times? Now take an épening that is

. a little less than one inch and draw two circles with centers at
A and B as before.. Do these gircles cross each other?

4. WIith your ruler Mark two points R and S that are three inches
apérf on your papen.' Telf what opening you would need fto set on .
your compass so that.circles with centers at R and S.would:

- " (a) -Intersect In Twé\polpts.

(b) Touch each other in just one point.

(c) Not Intersect eacﬁ ofher at all.

-

. ' Section 6~-10 Pairs of Line Segments

To see what pairs of line segments are like, let us look at dwo

stralght edges. This Is a good place to start because we draw |ine

-




~,agant'. with <traight edges. T we have two pieces of wooft o heavy

cardboard that look like this,

then we have many straight edges. Here are two examples ot straight

edqes: .

R 14 T soeond]

First straight Second ' straight T
edye _ edge

..

If we fit the two edges together, we could get something like this:
Second sfralghflpdge
_ X\
LI
X
First straight edge

- We notice that there are no holes where the edges meet. The two edges

are both straight. Try Thisfyouféelf with two straight edges.

It we slide one of the edges along the other until their ends just

meet, they will look something like this:

<

We see that the edges do not fit exactly. The second edge is longer
than the fifst and the first Is shorter than the second.

Another way straight edges may fit is like this:
- { 7
. ) ! econd straight
' edge

h________Fnrsf straight
edge

ey
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.
Can yow find two straight edges that tit this way? We say that

straight edges such as these fit exactly. Their endpoints fit together.

Whenever two straight edgos fit together so
that endpoints fit endpoints, we say they
fit exactly. We also say they are & onqrueni.
y Congruent is another word for fit exactly.

R

Herg is a pair of congruent line segments.

The page can be folded over so that the segments fit exactly. Try it

after tracing the segments on a sheet of thin paper.

E

Here are three line segments.

4

F

We cannot make any two of~these line segments fit together by folding
the page without tearing the page. How can we tell if two of them

. ~ -
are congruent? FOCfexample, how can we tell if either CD or EF. is,

congfuent to AB? One way is to cut AB out of the page and try to ¥t

it to Eﬁ.ang to EF. But isn't there some other way? Yes, there are

several.

One other way, and it is a good way, is to make a straight edge

that fits Rﬁ} and then try to fit the edge to Ea‘and EF. For examp le,

take the edge of a plece of paper or the edge of a folded piece of
paper. Now fit It'to AB. Fit one endpoint of the edge at A.

A B -«
t .
'

Your straight edge

7

L
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Thaen mark the point on the.,odge that fits U, Call the point you mark

B', and call the endpoint that tits A, A', Like this:

The part of the straight edgo that starts at A' and ends at B' is a

copy of AB. If this copy fits CD then AB and CD are congruent. |f it

does not, then AB and CD are not conqruent.

Try now to fit your edge to CD, Can you fit it sq“that A' fits
C at the same time that B' fits D? What do you conclude about AB and CD?

Now try to fit your edge to LF. Can you fit it so that A' fits L

~ at the same time that B' fits F? What do you conclude?
|

Here is another question. On a separate piece of paper, draw a
{

line segment and a ray like this.

Q ¢

How would you find a pqint B on the ray AC so that AB is congruent to
PQ? We want to transfer the segment PQ to the ray AC.
Make a copy bf 56 on a straight edge, calling the endpoints of

the copy P' and Q'. Then fit your edge to the ray, with Q' at A.

ar

P dieey
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P' is then matched with some point on the ray. I you mark this point
and Cdlr it B you will have made o line seqgment AB congr uent to Q. Do
you agree! Why!?

We can also use a compass to transter PO to AC.

Fit the compass points to P and Q. 1This sets the compass.  Without

z
changjng,1hi5\§ottlng, put the pin point at A and drgw an arc that inter-

sects the ray. The arc intersects the ray of B. (See the following

diagram.)

Carry out the xonstruction with your compass, and compare P'Q' with

your new AB.

Section 6-1| Perpendicular Bisector

~ A S

in this section we are going to show you with plctures and with
words how to construct a very special kind of line segment. To begin
with, draw a line segment AB in #ie middle of a clean piece of paper.

L4

Then fold the paper so that the two endpoints are on top gf each other.
Press the paper flat to make a foid.© Unfold the paper and mark the
point where the fold cuts AB. Call this point C. What can you say

about the line segments AC and CB? They are congruent because they

<

match each other in foldipg. They fit exactly!

75
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23

Crease or fold

|
|
- |
A ?} B
. L
|

L o

Since AC and CB are congruent, C is half way between A and B.
We call C the midpoint of AB.
Let's look at é?ofher way Of finding the midpoint of a line segment.
2 o .o
In the middle of another clean sheet of paper draw a line segment .
\"Pn

Set your compass, and with £ and K as centers draw arcs that meet each

other in two points, like is shown below.

!

' E ’ K .

Be sure to use the same setting of your compass for both arcs. |f

your arcs do not meet, or if they meet at exactly one point,

L4 A -
.
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Name tho points where the arcs meet 1 and P. Then draw 1,

The point where 1P orgsses LK, wo will call 6.

- f

P
i

What can you say about G? Does it look as 1t LG and GK are congruent?

Fold your paper along 1P. Hold your paper up to the light. Do you see

that LG and GK fit exactly? They will fit exactly if you have done

your drawing and folding.carefully. G is the midpoint of EK because
\

’

- _ — \
£6 and GK are congruont. We say that IP is a bisector of EK because

it intersects LK at its midpoint.

~~ -
Keeping your paper folded along TP, make another fold, this time

<

along £G. This fold makes a square corner or a*Tight anqle at. G.

Unfol;\§9ur paper and look at the creases. Do you see that EG and TG
make a right angle? What other right angles do you see? |

If you have any doubt about where the right angles are in your
drawing, fake a moment to check your observations with a square corner
made from another piece of paper.

Whenever two line segments cross and form right angles, we say Théf

* the Line segments are perpendicular.

We see that the bisector TP Is perpendicular to EK. For this

. reason, we call TP a perpendicular blsector of EK.

. Now go back to the blece of paper on which you drew AB. Remember

.how you folded this paper to find the midpoint C of AB. With A and B

&5
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as canters, use your compass once more to draw arcs that meet each other
In‘ two points.  As b(ﬂore, make sure sthat you use the same setting for

drawing both arcst o |

2R _
»
. Do the points where the arcs meet lie on your fold? [f you have drawn
/ carefully, they will. \\
‘/" - SN
/ Draw a line segment that joins the two points. Uo you see that
/'I
/ it lies right in the fold? The fold you made is the perpendicular
/ ) —
/ bisector of AB. ' -
To make your ideas of bisector and perpendicular clearer, study
these three drawings: G G
<
(a) (b) “ (c)

(1) In figure (a) GH is a bisector of AB but is not a perpendicular
bisector of AB. Also, AB is a bisector of GH but is not a per-
pendicular bisector of GH.

-

(2), In figure (p), GH is a perpendicular bisector of AB. AB does
not bisect Eﬁ, but does make square corners with CH.

(3) 1In (c) each of the two line. segments is a perpendicular bisector

of the o}her.

«
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hY .
fxercise _(n-ll
. Suppose that we have traced o Straightedge and made o Fine seqment
like thio:
4
A L% B
I f we choose another straightedge and trace it on the came paper,
/ we shall have a second line %;gment like that below.

<

C D .

There are many positions in which AB and CD might be drawn. We
can-draw the two line segments in such a way that they have no

point in gommon; that Is, they do not intersocct.

A | B
,~’~"’;/d”q—~’/’~‘—l, | ...
c

If two line segments have one or more points In common, they are

sald to Intersect. There are many positions in which the two -

-
+

line segments intersect In exactly one point. Here aré some examples:

n PLIY n
-

»

.‘: Crossing Touching

Lined up end fo end

e

A X

Connected end to end B
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tinally there are positions in which they intersect In more than

one point,

y B | — +——PD A —+ +
) a - b c . B . c n
T ¢ ’ ° . M . .
. o - Use twa paper. straightedges 1o show each of the above positions.
Ya paf g 9

hi .

: S v - .
- 2. tarlder-we learned that 4Len line segments cross and are also per-

]

] - - . _\. M ‘ B .
pendiculdps they form rigwt anglgs. Line segments can also make

- . ‘.\'n.. - . 7
. : 'f}ghf?thgles like this..® . - , -
R : \ )
- .":L: { . - . \
> BT . A\
PR . -
v 7 \% .. ." " /‘
N : .
. s 4” ) ‘ ~ t‘" Y )
) Connected &nd to end Touchin
-ted R “ Touching
< L E - - : A .
- . S TN ] .
We now extend our definition of perpendicular to include any two
. ; '3}:“: .
line segmenis that mike a right angle.
) . Q&\\.’ Line segménts are perpendicular if °
) " N | they make dne or re .right angles.
. - - p %‘”,’:', ” .
) How many differenflrighf angies do you think two line segments , SO
~ ‘ . . 'v“‘,-. . ,_N o, 1‘”. ) N E . 0,
, can make? - R .ﬁ..’ - e ,
ot N . IR R Lt ’ ,
\\ "3, Heke are some pairstof |ine segments. -Use one of the fol lowing
' ? . * . ) e
] . »
. - . R - . . .., . 1
. .. phrases to:describg the rp]atnonshnp of each pair: '"crossing",
B ‘ . . I e R N
o ““touching", "connected, &nd to end", "lined up end to end", "mak i ng
- T .. . % T ;
S - a rlghf«angle";_"h9n—lnter§ecfion“. Example: ‘Figure (a) sh9ws
’ T+ 7% wo llnes cpoising. . - . - ’ R
. . ;' . .' ~" . 0 \~ . .- ¢ . < - .
> . . * S P S - ‘
. "t ,\ ¥ . ) ... ‘ e g ’ . . . + " B
[ . \.;" ’ - . o .
5 . < : s e . v ~ 8{) | .
T v % . . }( - “ -
R * Qf o ¢ R} .
£ . ; . N 4 e . PR ¢ - L



shortest? (Do not use%ruler; )

-

Test each pair of line segments in Exercise 3 for congruence.

. - .,

o . S,
Oraw a ray on-a piece of paper, and call its &ndpoint T.
'l'ﬁ i v . - ~
N . T * ) . -
On your ray draw line segments, with endpoints at T, that’ are

€

congruent to these three |ine segments?

Which, of these three given segmenfs Is® the longest? Which Is the

75
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. In the picturo which tollows, try to find a line segment that s

a purpendicular blseactor of XY; of Db of 16,

| ' D X E

6 ’

- F

- s#y T

7. Makeo a papeor straightedge and bisect it by folding. Bisect, cach

"resulting half of the straightedge In the same way .

Y

8. Copy each of these line segments and use a straightedge and com-
. [ ’ ~

pags 1o construct a porpendicular bisector of each copy.

r
a2
Y . ° / - w
- o ~
&
o
- LY
9. Among these line sedgments, which pairs are congruent pairs?
J ° ‘ N
- 5| 1 R
:* Gl
Lo
-
h -

Ay




10.

<

I

" nect these two points with a line segment. What do you see?

By using the compass, compare those Tine segments for length. el

which iy the longest, the next longest, the next longest, and so

forth.

F oG
D |

When we constructed perpdbdicular bisectors with a compass we made
sure that we drew the two*arcs with the same setting of‘ﬁﬁp com—

pass. Something interesting will happen if you use different

- settings for the two arcs. Let's discover what It iSy

. o .

. Start with a line segment AB drawn on a piece of paper. With A

as center, draw an arc as shown below.

"

* Then change your compass to a smal ler setting and draw an arc

- 9

with center B that intersects the first arc in two points. Con-

£

Test your'qnswer with a square corner. Where is the midpoint of

AB? . ' : . .
. ¥

17

I
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4
((’))

{b)

(c) ‘;\N\\\\\N\‘\\N\\\\\N‘

.

section,o-12 Pairs of Lihes : B

We. have just studied how line segments can intgrsect in many dif-

-

terent ways. In this section we shall see how ines infersect.

If there are two lines in a plane, then (1) they have no point in ) .
common, or (Z) have oné point n o common, or else (3) are the same |ine!

h <

To see this, suppose that two tines have more than one point in common.

- ) . . * N

Yy

Choose two of these common boints. Then each of our lines goes through

these two points. But through two points there ig;jusi one line. So
- v - . w
the two lines are the same. N
. o . ©
After this, when we say'“Two lines" we sha{l mean two that hre . ' e
’ ) 4 T 3
not the same line. We can now say that: , : T
‘_(‘ N ) L4 v e :
Givenbany two lines in a plane, either | . v _
they do not intersect or they intersect < S
. at just one point. . P
- - — J '] . - -
If two lines intersdct, we call.the point where they T&hérsecf the ._ ‘ o
! - ) " ) ! ’ ) » “ b ’ .
point of intersection. S : . - N
. N .
- Y . L -
L] \ A [y
* | ) \ < )._ ‘
L P - -
\ Y Py -
. . L ad 8 i N . . Y
2 S 7 s+ [N .’ - ) N -
A N A} ‘l "- .:’ - .. ..
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- " . n
£
) It two lines interseot, ve can try to tit a right angle ot the
intersection. Here are three examples of what we might find: /
' N
(&) (L)
- * N
In each case, we put the tip of the square corner at the point of
intersection. Then we fit one siraight edge of the gagper to one of-
the stralght lines. Now, sec whether the other straight edge fits
the other straight line. |f it does, we tvall the two straight lines
perpendicular (just as we did for line'segments). In example (c) above,
the two lines are perpendicular. In the other twe examples the |ines
\-‘ 4 \ N ’ /' ) L
' : are noft pecpendicularﬁ// : (
’ . . = . “ . . / -~
! A\
' - Two lines are perpendicular if:
: ;- o (a). they intersect and )
> 5 . ‘ (b) a square corner fits exactly at the | 7.
. ,'\\J/T . _ _intersection. '
On a piece of paper, draw a line and a point on the.line:
. - * c ) L4 _' . . »
. | - + —
. R _ . How would you draw a line that is perpendicular to your line at C? You
‘ . " ; ' ’ * L d .
. . . may do this by placing & square corner in this poslt1on.

L

{

L . .
- . X - - . T an

.




| LURY

o 7/
. % suppose that we are given a line, and a point C not on the line:
¢ ) .
g -
CQ
How could we draw another line that is perpendicular to the given line
and goes through C? C1f we use a square corner it is casy. We fit one
edge of the square corner to the given line, like this,
. 4 —— —R—--
V3
. _ c. .
i >
and then slidde the square cqrner along the line, (keeping it ftitted to
. ' the line) until .the other straight edge of the square COFHéFwCOQeS to
: A . S o — "
the given point. L ’ T '
- T ‘_A_._ i
t'i" ] ‘
. . 't .
¢

) * . .~

1\4‘

Here we stop and trace the edge that is at the-point. This makes q'kYne

N

L4 ta
1 -
’ .

segment, o s .o , SR j_.'~ﬂ
: - . U
-’ ’ ——— T *‘T‘»._-.
. ’ L Q
b
. Y .
'. a # -
qnd the Yine segment defergines a straight Aine which pasi?s through C
and is perpqndlcular To The line wlfh which we started. R B A
r . ~ v . . S . i. ‘ v lJ .. A
) .. . ‘—/- - : ' ' : i ~ : ) '- -.-. e -
. . N ¥ S o . . ‘ > .“h.i
* .-“,. ot ; ‘z.\. - @ v o ‘ " ‘ v
’ . . é;g)T .
] ‘ . - , - * : @
oy © e ,
N R L SR R S I oooT
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«
~
-~} S
c )
There is another way 1o draw perpendicular linos. All you neod is

. @ straight édge and a compass. .

Start once more with a line and a point C on it. FPut the point of

your compass at C aond cut the line with an arc on each side of C.

[ S I

)

5e

L 4

(We have let A and B be the names of the points at which the arcs Cut

the dine.) Now open your compass some more, and with A and B as

centers, draw two more arcs, the way we did when we bisected |ine seg-

D and E:

@nenfs. They Intersect at two points

- ' o . . o, |
The straight line through D and E is perpendicular to the given tine,
) ) . v ~
RS at C. whyr . o . S
| Fe % .

o 8 B
- v



«ERIC

Aruitoxt provided by Eic:

there agre weveral thing, you can do here fo convince yourself that

- ) -—»
DU is perpendicular to Ace dne o to remember the way you learned to
construct perpendicular i r‘@:_',ml@g_r_nt}_. The Tine segment Db i perpen-

. . — - . -<— - - >
dicular to Ac. Since DU oand AB mane right angles, o do Gt oand AB.

_ . .
Another thing you <an do to convince yourselt “L@ﬂﬂ and 7AD" are

- - ) <_._.
perpendicular is to folqliyy5>£5451£_£l99g_pl7 I't you then fold your

*

= A
%gper Along CA you will hdve made a paper squate corner whose edges
-+ -

lie along CA ang L.

e have used a straight edge and compass to draw a line perpen-

’

Jicalar to 4 given line through a given point, C, on the given line.
. g g P ’ 4

-,

B [ ; .
wow startiwifh.a line ang a point, C, not on the line.. Open your com-

AR VI

i ;
pass enQ_ngh]lf"SO tnat when you put the point at C you can draw an- arc

that cuts tre lino in two points. Call thewy two points A and B.

-

Then, without changing the setting on your compass, make big arcs with

A and o as centers. These arcs intersect at two points, one ot which

ts C itselt. The line throuch C and the other point will be perpen-

-

. - (: .
dicular to AZ, Why?

S S,

, You have now seen enough examples to understand the difference 7
between the line segrents we draw and the pictures we draw when we
¥ .
Thinw“q( lines. Line segments are shown by drawings that we make
L 4

with straight edges. Line segments have endpoints. If we.draw a line

segment AB joining two points A and 8,

.




- . - - > AT . .
we can think of the line gegment AL extended to Tine AL AU is just a

part ot this line. we can not draw all ot the line. Wwhen we draw a
picture for someone, then, how do we show him that we are thinking of
the Iinu<§Frand not just the segment AU?  We make the segment a little
tonger, so that it extends past A and B, and then put arrow heads on it
to show that we are TEinking about the entire. line such as we show here:
. . . i
Remember al<o how we made the drawing for the line through C per-
‘ . pendicular to the given line. We did not draw pictures like The.\\\;
\ following two examples:
——
A L ]
— c

What we drew was-‘like the following figure which clearly shows the

.

" intersection of the two |ines.

. A

S




When we draw part ot a line in a qeometric ftigure, we draw only
enough to show clearly the relationship of the Tine to the other par i

of the figure. When we have drawn enough of the Tine, we say that we

have drawn the line.

Now, let us explore another important relationship oncerning

bines. Iwo lines in a plane are parallel if there i another straight

line that is perpendicular to each of them. Since you know how to draw

perpendicular lines, it will be edasy for you 1o draw parallel lines.

For example, start with a line like this on a piece of paper :

il P
' —{‘rﬁ«.
Draw a second line that is perpendicular to it (this is easily dorfe T:é

\

with a square corner). .

v
A Second ltine ,
. 4
D i’-
g . First line * .
&
, '
Then draw a third line that is perpendicular to the second line:
’ i Third line -
il —
. ~
. Second line_ )
' . ' ) . ) b
‘«ﬁ - = : T |—‘»
' First line ! oot
o . ¢ - ] oL . 9 . i oy
N ’ . ' - ' oo :
ERIC | . il ‘ o v / o

« )

P

Pk
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ERIC

Aruitoxt provided by Eic:

~N

The first and third lines are paroliel Gitce Yhe cecond i perpeandiculon

to oach of them. -

You (an dou even more.  Given oany line and ooy point not on it you

can find another line that is parallel to the given Tine and qoes throuah

the given point. Here is how E:} Ihrouah the aiven point conttruct o Line
porpendiculor to the given line. ‘

9———Given point

) »:t;\q 8 -
Q ' k*v:? -

Second line

L. —
8

Given line
}
5 ‘
’
Then construct a third line that is perpendicular to the second line

at the glven point. Your result will look like this:

. | | \

S | .
Second |ine .

’ Third line ’ .

. ’ i

’ Given point

— e
j .

»
Given line ' .
s 4 , - )
S
? \ .



Exercise o-12

b, bFirst, by sight, then by using 4 square corner, test cach of the

tollowing pairs of straight lines. which are parallel? Which -

. . A
are perpendicular?

(e)
% y

2. In Uxercise |, which pairs of lines do you ThinK/are intersecting?

) (a) (b) (c) -
/
L \ .
(d) )
\ ,

Remember that we can never draw all of any line; two straight lines

\ may intersect although the parts of them shown in a drawing may not
intersect. | | T .
| . @
. ‘3. It is a fact that two lines in a plane that are parallel cannot
3 ]
intersect; therefore:
)
(a) Can two parallel lines in a plane be pefpendicular? v .
\ o

: b
(b) Can two perpendicular lines in a plane be parallel?
.

4. This ‘exercise will lead to a discovery. }n order to make the dis-
covery you will have $o draw a line that is perpendicular to one
g
of. two parallel lines. This will mean drawing“a'berpendicular line

a nyhber of times., It is more convenient to use your square corner

[A

instead of your compass for drawing perpendiculars. |f you have a

-
Al K
.
) @ ’ AR -
o . . * .
.

CT ' “~
- e » o o £)$)‘ .-
ot -t

4

:},.



OO wquate caroer you ocdn diaw perpendicular Tines faster o and with
Fore e afaey than yvou oo with oy compane, and o ctrarght edoe , Now

tor the dicoverny.

. J Y N
tep b
e clean picce ot paper, Jrow two parallel dines. Mark two pornks
i i - T R
( or each Line, and give them names, <o that one of the lines i 11 *'\g

ang the other s M. Through 1 draw a Tine perpendicular to TP
He wure to draw enough of this Tine to show 1ty infersection-wi th

the Calbl the point of intersection B, What do you think is the -

relation between BT and IH?  What do the corners ot B look " Tike? -
S_E.QL_) .__.L_‘ : f.’\‘

Now through ' draw a line perpendicular tgdlf, Let F be the name

N .

} . . . <P
ot the point where this Tine intersects TH. - What do the corners

cat b olook*like?,

-~

.

f) felz 5: , ;‘1 - ¢

Now told ur paper so _that 1P and IH are right on top of each
%

- _ .
other. This ﬁuﬁs'B on top of T and t on top of ', Hold your

paper up to the light. What do you-aéé?

N N

Do you see that Thé\?ighf angles that you constructed at T fit
exactly the cornems at B? Do you ség that the corners at F fit

exactly with the right angles that you made at P?

4 N

Step 4: ’ .

. * N - " ~ < .
Now unfold your papel, and pick any point you like on IH. Call

it Y, for "your point". Through Y draw a line perpendlcplaf'fo

)
- 4 - - . . &5




88 ' :
s
'\ . A
} . L
- > -
PH. whal can YOUu Ay .!l'()llf‘\ Tttt cos o et g 0 s [
. v ) \ [
<._ﬁ ; : . ) . ' -
and TH? What i the relatienship bhebweon thio new oo ot .
- - —
317 .

By now you should have some very definite thoaghte about phat
. . ’ \

happens when you draw o Line perpendicalar to one ot twe paral el

-

~ »

© lines.
v ——— ——
A lime that is perpendicular to one of
' two parallel -lines ia dlso perpendicular
: to the other .
@ O the other
¥ l Y . o
Lo
? ) 5. As you worked your way through btxercise 4, you riy have wished

for a way to keep track of angles that you hnew were right angles.
: . \ = .

In the picture below, you will sce that we have drawn a little

mark, ([ or ‘]),‘%n some -of the corners. Thig little square

corner is Thé symbol which we use to-show that two intersecting

lings are perpendlcular. For example, we have put this mark ot

{ .
I, D, H, and at two other points to indicate thft the lines
crossing there are perpendicular. ,
o -

oA : As you study the picture on the following page, see if you can

answer these two questions:

- (a) Which pairs of lines in the following figure are pairs of
perpendicular~lines? ~ . . Lo
Y 3 ' . (b) Whlch are pairs of parallel lines? .
- ' ‘ Be careful herel- We haven't markéd all the right éngles, and
LN . . * -
4[3 we haven't drawn all of the intersections,
. c, ’ L3
. . ¢
\
L] - .",
\ ’ ¢ |
[ 4 ’ S
. 594 e
A - . ’
.’ ~ v .
, l




'h\‘\-____\\\\ ) | E ‘ ’
N\wﬂ’\\ﬁg B -
. e
] -~
| D ‘
2 ) - [ - 0. — — — -
f ! ' : H
4 L
-~ - - : 2 - » -
L . ‘ F- K

, - 6. Do ysu think that the tollowing statement is a ti"ue statement?

4 » )
A 1ine that-is parallel to gne of two
) parallel lines is parallel to the other .
one also. . = *
) . \
Section 6-13 Rays and Angfes - 5 ’

v
. -

Now let us investigate pairs of rays in a plane. There are several

1
ways in which a pair ofvrays may intersect, but vne is especialif impor-
L4

tant. When two rays have the same endpoimt, but no other point in ;

i

. : common, we say fha} the two rays make an angle.. .That is:

-

~ /
An angle is a uniqn of two rays that have !
, the same endpoint, but no other point in _
' : common and -are not opposite rays. .

AN ! T Of the three pairs of rays pictured below, only the middle pair is an a

.

) N .- '

.

£ Two rays make an angle, we<§\?ll also say that. fhey are connecfed
A
* - _ end to end. The common endpolnf is called the vertex of the angle, and

L - the two rays are the sides or edges of the angle.

.

e, : : 94 L . ~ > ’
ERIC "+, & T YT : D

. Pl
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"Thare is a special angle --" the onu in which a square corner tits

tho sides and the vertex. We call it a right angle. Hero is an example:

.
- » . : »

Remember, when two rays have their endpoints In common So that the
}

-

- endpoint is between the other points ot sthe 1wo rays (AB and AC)

. .
s ond peoint |
N . . — } + + —

. c A B

b the rays areggalled opposite,rays. In this book, when we speak of an

angley we mean one for which the f&o rays are not opposite rays.
T y - !

| 3! .
@Nowz'lef'g see how we{name angles. Suppose we have two Kkays that

0 : ¢ : l .
Y ry make an angle, and the rays are already named (if they are not, we can
- . L4
name them). The vertex has a letter name, perhaps Y, and the sides bear N o
. y .

4

nam8s like YJ and YS. We could say "the angle YJ and YS". This is

& -quite all right, bﬁ#.we can be mofg hriaef.

L
* LY

. o

. l S
. ' o i
- We can also say angle JYS. To be even more brief 'we can use a little

) -

¢ mark, (zﬁ_), to remind dus that JYS is anfang]é. We can then .say, "ZL.JYS" \
. J C or "LSYJ". At times: we may wish To}be ‘mose- brief and call the angle
‘ . by a numeral +ather than bv'feffers. - For ex?mp|e‘ we may.wish to c%:|

our ang|e,£i_l, rathér than ££_JYS;" . “ . ) ’ o

: : \ @ g \




) H
~
-

. lhe order in which the letters are placed is not impor tant excepl
that the vertex -letter 1s named, ih the middle. 1t you swe the syrbals

[ ° .
o "LZXQ" ot "LQX[",'y(x«wi {1 know thal thoy.name gn angla which con-

sists of the two rays XZ andﬂiaf' : . BN

. - ‘ P

JustEas a triangle and a rectangle have interiqr regions, so does
a1 - ' .

an angle. Look at these three figures:

- \]

~ Interior |

interior

—

w’
What should we regard as the interior of the ond that is an angle®

There are only two natural possibilities;

s
]

}

Inferior?,

. Iinterior?

. “(a) . . .« 4 " (b)

.+ As you may- have guessed, exé%ple (b) correctly Illustrates the interior
' . §
of an #ngle. Does this choice have anything gn common wi th the i@ferior

-

of a triangle and the interior of a rectangle? (Remember, the rectan-
‘ . ) I .
gle and the 1v§angle are "closed" and the ‘angle is "open".) All Thre

have sides,.and this gives us a common way of forming the interior:

draw all Ilqp segments that haye their endpoinfs'on the éldes of the

¢




Lxercise O-15

Draw, it pusstle,‘a»pai{ of rays that:

- ;T . l‘ ‘ .
(3 do not intersect.. _ .

. .

(b)  do not Intersect and are not parallel. (NoTms 1wo rqys
L] \ .
are parallel it the Inoos_of wh:ch they arb pagt are

parallgi.) \
¢ o ® -

() infersegf at a single point.

(8) intersect at a single point and are not an angle. ’
N '\/\ : '
(e) intersect at exactly two points.

(f) havg in common a line segment.

(g) make a right angle.

. : (hl make an a e but do -not intersect.

If, in any of these lsases you think that Theﬁ? is no such pair,

-

. ~
give your reasons for thinking so.

2. Here 'are three rays, JP, JS, and JF. How many angles can you '
. hd ‘ 0 -
. . . !
name from them? How many right angles do.they make?

. . ®
\ . . P, < ‘

- - —~
<
. v
‘_ : / ) .
: . .
3. 1If,"In Exercise 2, you added a opposite JS, how mary right
angles ‘tould you make? ' o o ' .
P ' ) :
. # ‘ Y ' '
- - ) - J ]
. . 3 P e Y

a
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3
4. Here are seven rays. = °

»

(a) How ‘many anglds do the@se rays make!

Eo

4

": ) ‘ N
5.<0n a piece of tracing paper, copy.the rays,that stdrt at A. Then

. ‘shade the interiors oflé.BAC angd bf‘ZCDAE.
'.’. . ¢
-7

ng*lon 6-14 Comgaélnqﬁnglég -

How can you tell whén/one angle js larger than another, ‘or when

two aﬁblés have the same size? Sqméfimes yod can tell Jugf by- looking.

L d

For example, study these angles:
' - /

You would not have any trouble saying which is targer, would you? But
) B [}

~ now look at these: ) - :

LS .- ~.5.1-1023 {) . o Z\ﬁ

3



-y

¢ (a) . (b)

-
- -
.

Do you think one of them is larger than the other, or would_you‘say
that they have the same size? |If we could qéﬁqg them closer together
it would be easier to compare them. In fact, a good way to compare

angles (when you can do it) is fo try to put one right on top of the

other. Move the angles together so that the interiors overlap and a

Yside of one angle fits exactly on a side of the oTher’éngle. If we

~

did this with the two angles, {XYZ and L.EFG, as ghowh below,

F

ways:



Y

-~

Can you determine the .other two ways?

. : .

In each ot the ways to compare angles it is Clear that the ‘interior

ont.Hj is contained in the interior ofAXYZ, and that the interior
y - .

2

-

ot Z XY/ is not contained in the intarior of ZEFG. 11N also cleam.

that we want to consider £ EfG as being gmaller than AéfXY[, and
- o . .
. \ . .

.

* . A
2 XYZ as larger than ZELG. ) A

.
\ ]

Whenever we put two angles together with thekr irkteriors overlap-

ping, and with a ray of one angle fif?id-exacfly to a ray of the other

-

- .

A

angle, one of two things happens:

(a) ,The other two rays fit exactly, so that the angles

-~ -

fit exactly. In' this case the angles have the same
= \ .

-

size and we call them congruent. ) - <

23
ooy

b4 p3444

L2227 4++

o

>l
2040000000

090
H

L 4

(b) A ray of one angle lies In the interior of the other

-
.

i _
angle. In this case the angles are not congruertt.
. . -
‘. One angle is smaller, and the other is larger. .
QA . oo

. . .
) t
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~ their point of intersection T.l

< L

Exercise 6-14

1. Uopy the drawing below b"fracing it on thin paper.

-

Before folding your paper, decide which of your angtes you think

is larger, your copy of ZIHP or your copy of zﬁ:_MH¢\\\Now check

your statement by folding. Were you rugh17
e

Make é drawing similar to the one above. Be sure to make straight
s . ;

lines and ¢learly name the points. Now, let a fe'llow-student take

| yodr‘drawlng'aﬁd you take his and make the same comparisons you

i
!

mdde "in example |. You might Iike to d several examples like this.

A

Section 6-15 Angles Made by Lines

congruent angles all, about us.

After you read this section you will see that there are countless

]

. .
- ‘ M
—

On a clean piece of paper, draw two intersecting lines, and call

-

. The |lines make four'réys, all starting at T. The rays,.faken in pairs

one from each lfnq, make_fbur differant angles. Do you see them in your

drawlﬁg? We have numbered ours |, 2, 3, gnd 4. These four angles are

-

-

j_ CoL R pl(){i o h e

4

A



r

/7 have-a common vertex and because their rays™ are opposite pairs.

¢

97

called the angles made by the two lines. <A side of cach ot these angles

comes from each |ine.

. Angles | and 3 are called vertically opposite angles bhecause they

Ve

A}

Do you think that 2 and 4 are vertically opposite? Why?

Do you think that | and 3 are congruent? Do they look congruent?

Try to fit them together by folding your paper. What do yoﬁ conc lude?

Is. 2 congruent to 4? Test them by folding. What do you say?

\

| vertically opposite angles. are congruent.

. rd -
Before working the next set of exercises, let us briefly review

line segments. |f two line segments have a common endpoiqf, the pair

L 4 .
is'not an angle, because an angle Is a pair of rays that have a Common

IS

“endpoint. , But givén two line segments AB and AC with a common endpoint,
. .

.

. . .

C

t




S
Likewise, when two llino segments crons we say that they make tour

angles. This, |s shown below:

L4 ]

Crossing line segments . The four angles made by
: the crossing line segments

If two line segments lie on lines that are parallel, we call the
ltne segments themselves paralliel. These figures are examples of

parallel line segments.

\ .
%
\ ‘ .
\? |
Exercise 6-15 .
|. What does 1t mean when we say that two rays are parallel? When
a ray apd a line segment are parallel? When a line and a Jine -
" segment are parallel? b
- 2. In the picture below, name the vertically opposite angles.
B ,
\
\/ ] ¢




~ N A
~
' 3. Tt;e line segments below are part of a map of Bordersville. Some
* RS of the streets are named, and others are numbered so\ThaT it will
_ ) . " be ‘easier for you to refer to them when you think about the
h questions. ‘
(a) How many pairs‘;f perpendicular 1line segments can you find?
How many parallel ones?
; : (b*\\ATleach jnTersecfloﬁ, what angles are congruent? .
« -
.
.

4. Th}nk about where yau have seen things that suggest vekfically
uopposl+é angles. Do you know two sfreefs'fhat_gr; stralght where
they cross? |f you were to draw a map of-your school playground,

) e wauld you have made ‘any vertically ogposite angles? Can you find

any |Ine segments in YOOr cla§sroom that cg?ss each other?
5. Look around your classroom for parallel anq perpendigular Iine
. h _ ' segmen+$. For example, look.at the windows. 'Are the sides
pgzéllej?_ Do fou see any perpendlcular.llhesf | , |
_ . . )

Y
. R -

C10g
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Section 6-16 Alternate Interior Anclew
v Y _
there is a famous geometric figure in which congruent angles always ,.
‘ appear. Let us see if you can discover them,
l\.
N N .
T. ‘\&_n . On a clean{_fhin sheet of paper draw two parallel lineg. Now, draw
J‘; a line that cuts across them both as shown belows T

&
-

-t - B
‘\
- e - -
) D
——
. P
- " A line like this -is a transversal of the par@l lel lines. The trans-
.vergal makes four angles with each of the parallel lines. Can you name

them? Each angle aT P is congruenf to anofher angle at P, and each

ang_le at Q is congruent TQ ano’rh_er angte at Q. ‘tor-example, él i

congruent to 48 and 47 Is congruent *oLZ.‘ Why? (ZI is vgrtically

oppositeZ 8 and 4*7 is vertically oppoSi’reéZ.)_ " Now, do you see_any

angle at P ’rhaf seems To be congruenf to an. angle a’r Q? Check your= o

e /2 se|f by fn’rﬂng ’rhem together: by foldlng .
d - K -
' ' Here:* is cme way. Ford your paper so fhaf B Hes on. Tpp of “AB
e Then your paper, on one side; looks like this: ~
) . \ - ¢ . . .

€ .

o . fold T “fold -




¢ - ‘ 10

Wo have called_ihe point where Fa crousses the told, M. fold the
paper again to make a sguare corner at M. What seems to appear when
you hold your'paper—fo the light? |f you cannot see clearly enough
through all fha+ paper, unfold your paper and draw the |lnes mo}q

’ heavi ly., Then fold_and have another look. What do you conclude about

~

A:I.and,£:4? Do they appear to be congruent?
. L}

What seems to be true aboufkfiB and sz? Wheh* you_ fold youf !
- - ,/ )
paper, do they fit exactly? AnquTB and Z 2 congruent?

Do you see that the four angles we have .been talking abou+,4(:2,

- e

<\

| 23, 24, and ZI, are the oniy angies in The picture that have an

4

= edge containing 56? These four angles are called the Ihfeflor angles 2
formed by the frénsversal and the parallel lines. sz3 and¢ﬁ:2 are
x called alternate interior angles. Aﬁil-and‘4f4 are also alternate .
interior angles. These are shown In the following examples: ,
s R
Wi i
S
“Alternate interior angles Alternate Interior angles
Do you see that alternate Interior angles have different vertices?
. .
Notice alsc that the Inferlors'of alternate interior angles lle on - .,
" opposite sides of the transversal.
. - : Alternate Interior angles, formed by '
' ' a transversal crossing two parallel
v _ °| Iines, are congruent. .
¢
. . -
_ . : ) .
- / 3
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N

>
¢

.

[ 4
Exercise 6-16 . -

I. Here Is a picture of a transversal crossing two parallel |ines.

(a) MJse youp kn?wledge of vertically gpposite angles, and of

; +
\ w#f*ernate Interior angles, to name all the angles congruent

L To.éiHBR. . : Y

(b) What.angles are congruent To.éiBQN? . \f

(7 X

. ’ . X
2, On tracing paper make a.copy Qf the.figure which follows. Shade

the Interlors of the alternate interior angles marked with arcs.

v




M‘a\ke a list of the congruent angles form\ln the diagram.
\ . . e . .

Section t};l? Using a Compass fo Compare Angles - N )

: }
K By now you know what angles are, and how lines and 1Thé segments
' t X .
: ) make angles. You Y%to know how to compare angles bn paper whenever ... . ...
you can fold ’5ne on top of the other. You®have used this method of

comparison to look at arngles made by crossing lines iIn flguresg such _

- as the \f0||owlﬁg: . \ . S .

AN

Your study of flgur?es such as those above led you to identlify congruent

8ngles made by objects In the world around you.

() ) . But what about angles which cannot: be moved about?’. How are ydu

.

going to compare them?
! .

Do_you remember how we compared |ine segments? We made a copy
o ' & .

¢

.. of ohe and q.o‘mpaljed. the copy with the other. If we could makeé coples
-+ of angle's,‘- then we could compare one angle with another by comparing .-

. -
. . . - ) -

\




] - \
v ’ l
. - \
a copy of It with the other. Then, instead of saying that two angles
) . [} )( <"
i ' g@ré congruent 1{ they fit together exactly, we could 3py,
- b , .
! ] Two anyles are congruent if a copy of ”
elther one tlts tha other exactly. 7
We could also say,
t X
. One angle Is larger (or smaller) than
: another if a copy of it is larger (or
smaller) than the other. ’
Co ’ How, then, might we copy anglés? ‘
\ . .-
' Some angles are very easy to copy. Right angles are, for example.
Any two right anqles'are conqruahfs Do you agree? . ) ‘-'
- One ‘way is to put thin paper over the angle and copy the angle
-4 ] . " 1
~. " onto the paper by tracing. Agother way;4§¢§8753+ a mode!l of the angle
> “from a .sheeTAof paper. Hegre is anothem way which you might |ike evan
vetter. . - R
. ' T s : . . :
Let us each start with an angle drawn on a piece of “paper. Ours s
» , :

looks |ike this: \

* .
“ T X

i
A 4
'

- Yours may'{qdk differgnt, but that does not matter, because we are goling

to show you with plctures and with words how to copy your angle. Start
’ L ' . ~ : -

ey

~ : b Y . ’ )
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d . : v

with your angle BAC on a plec¢e of paper - and on anothor pioce of paper

N

draw a ray: ' . _— .

1l . ) \ \ > ] . — -
| . ‘ » j n . ) [ M \
i \4 ) ‘ _.\’ ’ '

) Now, let's see how we construct an angle which Is congrqgnf szf:BAC ‘
/ Q’ “and has DE as’' one sflde.
AR . Take your compass and wlith vertex A as center. draw an ayc that - f\\-

|

' 4 b . ’ = - . » ,
. (We have éalled the p?]nfs where the arc cuts the rays P and Q.)
Leaving your combass urchanged, put the point at’ D and draw’ an ;?c
that cuts DE.. You should draw this arc longer than ‘the one that

- . -

. cuts 48}\0. : : | : v -

= ' . - ‘ . -
'
. A 1
) ' . . A
[ 2 —- e
D E o~
- <
) [}
’ ,
\
.-—\~ - ' .
. . 5
. "‘.* \Q L4 )
» -
v -I:l .
. € . .
Vi w -
- L )
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L ] ) . ’A . /
Returning to £ UBAC, set your Ghmphas so that one point fits on P’ at
’ the sape time that the ofher 1its on Q.WNithout changing this se‘H\ng,.
\\ ' ' pdt the pin point at R and draw an arc that cuts the first arc y(')u drew
/ . : ‘ -
S L} there. Call the point of intersection Y, if you like, and d,?aiw the ~
r ray DY~ ,
-4
\1\ ;
NI . -
‘ \J
' ' , R
AJ ) 3 ) )
| f you have ‘done your work-correctly your new angle, YDR, Is congruent
. x ' £ - :
to ZBAC / ' t
= s [ . ¢
Now that we can copy angles, the following observation can be
\ . v o .
L made aRout comparing thelr s{zes: : .
r — A -5
The size of two angles can be compared by
\ matching one with a copy of' the other.
) Since the copy can be moved about we simply
o observe what happens when we try to fit it
: to fhg’pfher angle. .
Exercise 6-17 ‘ I W !
L] A\ N
I. At the beglinning of Section 6-14 we looked at two angles that are
.:1)fflcu|+ to compare by sight. .Trace one of them now on, thin
paper and. compare It with the other, What do you conclude?
s A 2, By’slgﬁ+ anly, |Ist the-angles named on the next page In the order

of their sizes, beginning with the largest.
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3. Draw a ray, and on it consfrug»f an angle congruent to ZBAC :
7 <,
. of Exercise 2, above. On the same ray, construct another angle,
a ’ . . -
' .this one gongruent to £ IHJ of Exercise 2. Which of these .two
, _ angles Is larger?
' 8¢ on a

4.. Copy the following.angle, £ BAC, on a piece of thin paper. Om

« & - . \ s v . B .

another plece of paper, draw a ray with endpoint D and use your

‘ N ) " . o - 3
.compass to consfruc.* an angle congruent to Z.BAC and having

o yoyr ray as one side. Put your thin paper copy over the compass
p -, R

/ cogy,énd compare them. Does We thin paper copy glve 'ydu a way

N ' .
to show that the compass copy and ABAC are congruent?

) , - -
‘5. Compare the following angles using any of the methods'we have dis-

‘cussed. What are .your concl usions?

“

! N,
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. ;
¥ _\
; .
A )
®- (e)
. FY gl .~ \ ) o
‘ Section 6-18 Bisecting an Angle - - ) :
| _’ . ) Another important construction with angles is called bisection. .
We bls'e‘cf an angle Qy/c\ivldlng it lnfo'iwo congruent angles. Remember, g
/ we blsected a line segment by dividing i+ into two segments that were
. congruent. - ° . _ B | -,
A 3 ‘To,bls'_ec’r the apgle BAC,
A -
L c . N
B we find a ray, W’fhaf lies In the interior of LBAC in such a way ﬂ\af
“ - Z_BAM andLCAM are congruen+. SN
“fz. TUA i
\, . ’ . o ’
) . : " | _ ~
Y | 117,
rd d i V - . 'Y




This is how we do it. With the point A as center, draw an arc

that cuts both AB and AC. In the picture below, ' and G are the

names of the points at which the arc cyts the rays.
IS
e ’
\ v
With fhe same sefflng, and wifh F and G as cenTers, make Ywo morehwv_“:“ m.h:m”“”

s S

’"' a?cs that intersect away from A, as shown In the figure tha¥ follows.

Now, let M be the Rit’ﬁ of -Intersection of these two arcs, and draw
~ N ~ . 'S A'

T4

the rr{v

»”

C

de you fold your paﬂér along iﬁ?'you will find that AC fits exacfly’on
AB” Try 1+7 Do you see that / BAM and LCAM are congruent? A is the

‘ blsecfor ofAZ:BAC. We have bisected ZLBAC

(

109‘13

!
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Exerclse 6-18

- .

I. In the two figures bélow, tell how you would use paper folding to
i compare /_AT8 and L(,TB I They are congruent, how would you
know? | f fggy are not congruent, how would you identify the

Ia;ger one?
g

| B S
2. Draw three angles on your ‘paper and bisect each. Test each

biséction by paper folding. -
}- . 3. Earller, when we discussed angle bisection, we used the same
' i'.wm' setting qf the compass forifhe'fwo"nfersecflng arcs. Would our

. ¥, L]

;}\\ ;, drawlng have been affected hiigwe changed the sefflng before we

»

dnov the two lnfersecflong arc3? Let's see whaf,hgpggns.

1 ’ - . - -
On a plece of paper, draw two polints, Iabellng\gne f and the

-

) other G. Set your compass, and' draw. two intersecting arcs, one

N\ .
with center F and one with center G. Change the setting, and on

-

" the same side ot F and G draw two more intersecting arcs. 'So far,

you have something like this:




. "

Now, by changing the setting several more times, add soms more

pairs of arcs to, your picture. What pattém do you see? DUraw
[
soﬁb_ggj;; of arcg on the other side of F and G. What happens?

¢ Can you make any conclusions about the way we made our bisector?
N
Did we need the same setting for all three arcs? N
~ i -
[

) Review Exercise 6-19

|.. "How many different Iines may contain:
TV {a) " One certain point? T
(t) A certain pair of points?
- 2. How many different plane; may contain: '
(a) One certain point?

(b) A certain pair of points?

-

. ~
’ ' (¢ A certain set of three points?
, % tain s point
- ‘ 3.- Draw a picture of two simple closed paths whose intersection is

exactly two points. How many simple ciosed paths are shown in
your figure?
Nib
4. Desc¥ibe the region between curve M

. A" .
and curve N in terms of intersection,

inférior, and exterior.
-’ 5¢ Draw two triangles whose intersection is a side of each. Is the
unfon of the other sides of beth triangles a simple closed:-path?

How many simple closed paths are represented in your figure?

6. (a) Draw AE on your paper.-

(b) Draw é circle with center at A and AE as a

radius. Calil the circle C. “

1_3(1
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14
~

(<)

(d)

¢

Is a radius ot a cirkle part ot the circle! Why?

Draw a diameter of your circle. |s a diameter of a circle

‘part of the circle?

Draw
Can y
Is th

i1magi

(a)

(b)
(c)
(d)
(e)
(f)

Copy

edge.

a circle with a center mérked A and a radius AE..

ou imagine another circle with cepter £ and radius AE?
ere more than one such circle?

ne two circles. \

Douihey have to be in -the same plane?

Could their infarseéflon be the empty set?
Could they intersect in exactly one point? Show how.,
Could they intersect in exad;ly two points? Show how.
Could they Intersect in exacf]y three points? Showhggk.'

Could They5lnfersec+'in more than three points? -

each of the following Triangle;buslnb a compass and sfralghf—

+
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! 10. ConsTrue} a triangle using the lengths of the given-.line segments

for the lengths ofMhe sides of the Trkanqle Are all the con-

w . - _ ' | :
(a)s ) — -

structions po&sible?

(c) (d) — —

/
\. - ‘ ! // "’ N

. '(5)‘ Trace angle RST. Choose a point
in the :InTerfor of angle RST.

Call this point, W. .Draw W, S

(b) Compare The; size of ZRST with <«

the size ofAst

-

(c) Compare the size of@fRST with

Ii./ in the interior of'éZYX, place a point N near Z and draw YN.

the size of LIWST.

. ’
Fold along VN'_; Which has the larger size,éXYN or ZNYZ?_

}
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Chapter 7T:

* Factors and Primes o L N
-~ S
Section 7-1 Natural Numbers and whole Numbers ) ”f;rf:‘_
M N M. A Pl
Ky et

[

In Chapter 3 you learnd¢ that the 51; of scounting n&@u9r§_

{1, 2, 3, ...} is also called the set of f we include

patural numbers.
the number zero in this set, we have another set of numbers’which we -

‘ . N . . ) . - ._'. .
: have called the set of whole numbers. You have learned that the set

\\ of whole numbers may be written as.W = {0, 1, 2, 3, ...}

H

. 1 Set of ural Numbers N {1, 2, 3, ...}

tt

—~—
(&
-
.
N
-
M
-

‘.
——

N Set of Whgje Numbers : W

In this chapter we shall study only the natural n%mbers. Therefore,
““  every time we use the word "number" in this chapter we shall mean natural

number. -

V4 :
Exef%lse 7-1 . ‘ L.

2

I. How does the set of natural numbers differ from the set of whole

. ' ~ numbers? ‘
) . ‘ g
2. Wmet Is the Intersection of N and W?-
ot ~ .
. 3. What Is the union of N.and W? . .t
/, 4. What is the smallest natural number?
. 5. What Is the smallest whole number? '
6. If | 1s added to.any natiral number, the sum s another natural ;-_,-5'f

_numpgr.' Wifh‘fh}s fact could you c0nvjnga a friend that fhereﬁis
#* no largest natural number? - . T, | SR




»~

Think about these two sets:
and (b) {natural numbers}.
8. Let w represent a whble number.
number?

saents a natural Why?

o Sectlon 7-2 Factors and Divisors

We nead to review two words

(a)

which

in our mathematics vocabularvy.

116

{pages in evary book ever printed}
set has more elements?

Can we always say that w repre-

The

words are factor and divisor. Look carefully at the following examples.

6 =3 -2 3 and 2 are factors of 6.
\
IS5 =5 « 3 5 and 3 are factors of I5.
\-
- - I0 = 10 - | 10 and | are factors of 10.

We look again at. the factors of 6, 10, and 15 just shown:

3 5. 1
- . 2)6 3)15 10)10
- 6 15 [T
remainder 0 remainder 0 remainder 0 Oy
3 - 87 ‘ j(
2 3 10 N
3)6 5315 «)10
6 15 10
remainder 0 remainder O remainder 0
When 6 is divided by 2 or 3, the remainder is zero. y

' 2

2

e -1 and 10 are divisors (exact divisors) of 10. “

\. [ ’ . *
N\ . [ . . N .

and 3 are called divisors (exact divisors) of 6.

. When |5 1s divided by 3 or 5,: the remalnder,is'zerp.

_ B ':, . and 5 are dfvbﬁorsn(exacf djvisors) of 15.‘. ’

Lo

)

¢ " When 10 Is divided by | or 10, the remainder .}s zero.

\
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In mathematics the words tactor and divisor mean the same thing.
56 = 8 « 7 8 and 7 are tactors of 56.
8 and. 7 are also divisors of % since
_8 -
_ 1)56 8)56
o T ' 56 and 56
: . r=20 r=20
. : ' »
We know that 4 is a factor of |2 since 12 = 4 « 3. Also, 4 is a divisor
J

of 12 since 12 divided by 4 equais 3 with remainder 0.

ural numbers such that
n=a-+b>b, then a aﬁg,called factors

or divisors of n.

[ Example: if 21 = 3 « 7, then 3 and 7 are
tactors or divisors of 21.

Exercise 7-2(a)

- Y - '
Note: Exercises | through 5 refer to the definition shown above.

l. n= 56, a= 8. The.mlsslng factor b is - .
2. n= 24; b=23. The missing divisor a Is i .
,3. n = 30. One pgair of factors, a and b, Is }p==_12_J b=_2 .

4. n = 30. Another palir of divisors, a.and b, Is a = L ,

b = : . L \\\
5. n.= 30. Another palr of factors, a and b, is a = .,
L _ -_—

3

b = L ]
H. Circle the numbers from | to 12 which are factors of the amumbers

.. glven. (a) has been done for you.
e = O@3@s 6 7@ 0.1 12

b. 2: 1 2 3 4 5> 6 7 8 9 10 11 12 _ ”?Sﬁ

a

c. I15: 1 2 3 4 5.6 7 8 9 10 Il 12 S
dow. 20t .1 2345678 9 10 11 12

* :_ I ;.-: o _‘ L 112353
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0. /ﬁﬁ(:nflrluud from preceding page)
\ ]

- 3 o.. 2P | 243 4 5 6 7 8 9 10 (1 12

f. 23: | 2.3 4 5 6 7 8 9 A0 11 12

7. Circie the numbers to the right which have the numbers on the lef1t

N . é’
as dlvisors. Q(a)‘has been deéne for you.

a2 @ s 71 (2 51 @) 63
b. 3 6 I 3 21 26 8 33 15
c. 4 12 7 6 13 16 28 32 4l
d. 5: 20 16 30 22 5 51 34 60
. 6: |6 24 42 7 9 15 6 48
(. 7: 63 22 28 21 15 14 18 49
o. 8 8 9 56 24 16 .2l 64 I5

h. 9: 72 45 16 2| 27 29 36 71

_ i. l: 21 -3 6 l I3 7 9 2
~ . .
8. Write each of the following numbers as a product of 2 factors,
each different from |, if possible: ¢ | .
a.- I2=4-+3 ; . fo~ 35 =
b. 36=__ " ' g. 39 =
i c. 1=1-1 A "h. 42=17"-6 ‘ %
' d. 8= 1. 4l.= |
e. = ' J. 950 =

-
s

It is sometimes useful to be able to find all the factors ot a - *

glven number. For example, the set of all factors of 6 Is {1, 2, 3, 6}.

(.,‘__ ' _ .0 P N— . . ’ /
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rhan the numbers bucome Targer, the complete set of toctors 1y morte
difficult to tind. (el us see if we can disc0v§r an wasy way to find
’ the, factors of a number. For example, let us tind all the factors of
36 . .
a. Start with 1. 1Is | a factor of 37?7 ans. o . Then |
timaes some nu&ber 8quals 56. What is that number? ans.
¢ b. Iry 2. l§/2 a factor of 37 ans. _ Then 2 times some
. : )
Jumber equali 36. What is that number? ans. ) Then
Sz = 3. '
) C. Try 3. Is 3 a factor of 36?7 ans. Then 3 times some
J number equals 36. What is that number? ans. Then
\ 3. .f 36 . ‘ '
* d. Try 4. "Is 4 a factor of 367 ans. _‘ Then 4 times some
numbérﬁéquals 36. What is that number? ans. Then
. 4 . =36,
. ,
Q. Do you need to try 5? ({[Numbers which have 5 as a factor
o ; always end l; 0 or 5.] .36 ends in.a 6, so 5 is not a factor

. of 36. ‘ \

f. Try 6. Is 6 a factor of 367 ans. Then 6 times some

number equals 36. What is that number?. ans. Then

g 6 - = 36.

’

' g. We know 7 is not a factor of 36 because 5 « 7 = 35 and
L6 . 7= 42, -
h. We kndw. 8 Is not a factor of 36-because 4 + 8 = 32 and

[

3 5 .« 8 = 40.
! 4

i. - Do you need  to try 92 hy or why not? (Hint: See guestion d.)

T S N '
. . 192
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You dhould now bLe ready to List the sel of tactors ot M. »
Vol b 1
{1 2 34 6 8 12 18 36}

t

* .
Notice that the arrows show you every way ot L
naming 36 as a product expression ot two factors.
We see that the factors of & given number come in pairs of

different factors (except far cases Iike‘k)==6 * b or other squares

like 4, 9, 16, etc.). When we findegne factor we usually find 1two

-

factors. This fact helps us find factors quickly. We shall learn
other facts later which will make the task eyen easier.
- i
%
2 e - !

Exercise 7-2(b)

I. Explain in your own words what the following words mean: natural

2

N number, factor, whole number, divisor.
2. Comélefe the chart. y .
R Number of . Number of
Number | Set of Facf’ Facfo?g Number Set of Factors Factors
| () | 13 14
2 ' tr, 2} 2 14 {v, 2, 7, 14} '4
3 ' 15
s | w20 s 6
5 (1Y =
6 r 18
3 {{, 7} .2 19
8 l 20 .
9 ' 1 2 |
<
[0 | {y, 2, 5, 10} "4 22
NI | 23 n
12 - I - -

St



) ¥ \

S, True or falsae? "It a and b are natuyal numboers and a i+ e than \
!

-
-y

b, then a has fewer factors than b." The chart in txercise 2 will
help you with your answer. l
A

4. Can you find a number which is contained in every set of tactors.

5. Find the factors of the numbers listed; 27, 30, 3, 42, 48.

Section 7-3 Prime Numbers and Composite Numbers

The set of factors of 2 is (I, 2}. Also, the set of ggﬁqurs of 3
is {1, 3}, and the set of factors of 5 is/TT; 5}. The set of factors of

4 is {|, 2, 4}, and the set of factors of 6 is (|, 2, 3, 6}. Let us
make a list of sets of factors of some more numbers : \

\

Set of factors of 7 is {1, 7} \ .

*

Set of factors of 8 is {1, 2, 4, 8}
) . Set of factors of 9 is-{l, 3, 9}

" Set of factors of 10 Is {1, 2, 5, 10}

J// | Set of factors of 11 Is {1, |1}
Sef of factars of | is (I}
We see that some numbers have only two factors, the ;umber ifSe]f
gﬂg_lr whfle other numbers vae more than two f;Zfors. "A numbél which Vv \%

has exactly two different factors, the number itself and the number one, .

is called a prime number. Check to see that the first ten prime numbers

' : : . |
are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29. You may want to consult prob-

lem 2 ln‘ExeFElses 7-2(b). Let us consider-the prime number |3. Look

~

i " ata group\jf 13 clrcles. .




m
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OO0 O O0O0

Try to see if there lé any way you can divide the circles into

groups of equal size. (Other than | group of I3 circles or |3 groups

with | circle in each group) Do you see thatr a prime number.of objects -

can _not be "split up evenly”"? This is another way of saying that a

'prlme number has no factors other fhan‘lfself and one.

- Thosp numbers that have more than two different factors are called

composite numbers. The set of the first five composite numbers Is
{4, 6, 8, 9, 10}. Can you list the next five composite numbers?

What can we say about the numbef 1?7 We notice that | Is neither
in the set of prime numbers, nor in the set of composite numbers. The
set ;{'facfors of | Is simply {1}. Heéce the number | is not péime,
and it Is not composite. ’

In our discussion above we have put the natural numbers intc three

different sets: the set of prime numbers, the set of composite numbers,
3

and the set consisting of the number |I.

. A naturak number which has exactly two | , ‘
" different factors, Itself and |, is
called a prime number.

two different factors .Is called a

/ " 2. A natural number which has more than ,/
compos | te number.

3. The number | is nelther composite nor

' _ ‘ {1} .
o - S
-+ ,{Natural Numbers} {Prime Numbers}

'{fomposite Numbers}.
- N - ' v L‘ '
) - . . | ' ‘;'.{.Q } . .- - ‘-‘ . ‘- ' ..
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Ve A method tor tinding Tﬁe primg numbers less 1ﬁan any given number
é; was suggested by a Greek mathemat ician named Lratosthenes (2767 - (957 B.C.)
) One way of describing the method is as follows: -
I. Write all natural numbers from 2 to a given number (here, 100).
SIEVE OF ERATOSTHENES (Era-toss-the=-knees) . J -
| 2, < 4 5 6 ~ 1 8 9 10
I 12 I3 4 15 16 17 18 19 20
21 22 23 24 - 25 26 217 28 29 BQ
N 31 32 \ 33 54 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
| 5] 52 53 54 55 56 57 58 59 60
6l 62 63 64 65 66 67 68 69 70
71 7273 74 75 76 77 .78 79 80
8l &2 83 84 8 8 87 8 8 90
9l 92 93 94 95 9% - 97 . 98 99 100
Py v 2. Clrcle 2. Now cross out all numbers wifh 2 as a factor which
are greafer than 2. Tﬁaf is, 4, 6, 8, ...
3. Cilrcle 3. Now cross ouf:all numbers with 3 as a factor which
" are greater Thén 3 Thaa is, 6, 9, ... .
‘ co | | 4. The™umber 4 and all numbers with 4 as a factor have baen .

crossed out. Why?

5. Clrcle 5. Now cross out all numbers greater than 5 which have

5 as a factor. That is, 10, 15, ...

. - -
.‘ ' A
Te - -
-
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@
6. Clrcle 7. Now cross out all numbers with / as o fa;.tc')r which
are greater than 7. That is, I4; 21, 28, ... ‘ ' }
7. Circle I& Cross out all numbers with |l as a factor which |
are greater than Il. That ls, 22, 33, 44, ... -
a. Did you cross out any new numbe;; when you considered
numbers which have |l as a factor? ans. e
Why? _
8. Continue In this manner. After a number has been circled !
ot - cross out al;lnumbers greafer than the. number which have it
:. as a factor. Then'circle %he next number which has not’ been
crossed out in any previous steps. Such a nuhb;r has no
J factors smaller than Itself, except |. Hehce, each of the
t circled numbers s a prime number. J
This process is someflmeé called the Sieve ofrErafosfhenes. Do
you know what the word "sieve" means? Can you explain why It was chosen
to describe Jthis process?
'
, 1,275,643,137 frimes .
' (2, 3,5 7, 11, ...}
Compos| tes
" a - ® . {4, 6, 8,9, 10, ...}
’ Let us look agaln at #he Sleve. Five of/hgwren columns were
' 9 crossed out In the discussion of +he number 2, that is, one half of 'rhe
. -
- ~ ‘ ”~
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nu~-ars here have . as a tactor. It is usetul to remember that

axcect fcr 2, orime numbers must end in I, 3, 95, 7, or 9.

Al
“
"

A nat@ral number which has 2 as a factor is
called an even numter. One which does not "
. e have 2 as a factor is called an odd number.

) v

Cive cf the ten columns are made up entirely of even.numbers. Five
. ’

.ot the ten columns are made up entirely of odd numbers. When we list
the numders in natural order, |, 2, 3, 4, 5, 6, 7, 8, etc., we see that
after each odd rumber comes an even number. And after each even number

comgs an oqg number.

Exercise 7-3

. I. Give 5 examples of each of the following types of numbers:

a. .prime

b. composite

.

. ' T oc. aven

d. odd <

2. List the first |5 prime numbers.

3. A = {even numbers}, B = {odd numbers}, C = {prime numbers},

n

D = {composite numbers}, E = {numbers with 3 as a factor}.

Find the F3||owlng sets and desc‘ibe them as simply as you can.

a. AN B e. DucC

b. AU B - R f. AnC

__ c. CnE § g. BNE
L N _ . 2 ,

o . 4. D N.C h. BNGC

- /.
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Cross out the word which does not apply.
a. It saems that the product of an odd number and even number
is aiways an odd, even number.

b. The product of two primes is never a prime, €ompos|te number.

c. It seems that the sum of two even numbers. is a%an odd,

even number.
d. It seems that the sum of two odd numbers is always an odd,
even number.

e. It seems that the product of two odd numbers Is always‘an
odd, even number. '

f. If n Ils a prime numbe-r Iq%han 2, then n is an odd,
even numbef. ‘ |

We notice that 4 = 2 + 2 ' 10

= =34 7
7 6 =3+ 3 | 12 =54 7
B=34+5 4 =3+ ||

" We see that a1 the ey@n.numbers greater than 2 and Iedélfﬁanyor:

.

equal to 14 can be writfen as the sum of two prime numbers. Extend

this list to Incluge all even«numﬁers less than or equai to 32.

16 = S - 22 = 28 =
18 = 24 = * 30 =
20 = 26 = 32 =

Do you think that every even number greater than 2 can be expressed

as the suym of two primes?

( s

AY

Find two numbers which have 5 as a factor. Add the numbers together.

-

-Does, the sum have 5 as a factor? Repeat thls using 4, 7, 11, 12

Instead of 5. Put Into your own words a rule which seems to be

» *
N

presen.fo . W

134
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suetlon /-4 Primo tactorlzgtion of Nglurul_ﬁgmpuxs

Look at the following products of prime factors. Check the

multiptication.

2«7« LI

u

12=2+2-3 154

30=2-3-+5 80 =22+ 2+ 2 +5

-

When a number has been written as a product of prime numbers, we say

that we have found Tpe prime factorization of that number, or that .the

4
4

number has been written as a product of prime factors. What numbers

!
have been factored into pn{Te factors below?

=2 01+ 13

il

3+5+5+19

= 4l - 43 17 +29 +'5

P ——
-~

‘Can you find the prime factorizations of these numbers? -

<

80 = ’ - 63 =

.

g 84 = ' 29 =

Did you have frouﬁle factoring 29 Into a product of primes? Of course,

you found that 29 Is already a prime number. When we talk about the
prime factorization of >number, we shall mean a composite number.

Prime factorization can bg,used to find all the factors of a

v
number quickly. The set of factors. of 30 is {I, 2, 3, 5, 6, 10, 15, ib}

-

1y -

ST ) Y S
R
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Do you agree! Write 30 as a product ot primes and then check your

result with the explanation which follows.

S |

/ 30 Factors with one prime, 2, 3, S
6 15 v

30 % -%% . % Factors with 2 primes, 6, 10, 15

10

All factors have been found except | and 30. 8ut any number always has

i}

itself and one as factors. We have found all of the factors of 30.
The factors of 36 are (I, 2, 3, 4, 6, 9, 12, |18, 36}. We shall
find all but | and 36 bilfhe method above. 36 =2 + 2 + 3 « 3~

v {

-

36 =2 <23 +3 Factors with one prime, 2, 3
4 ) ‘ o
36 = g . % . % . g Factors with 2 primes, 4, 6, 9
26 .
vy - :
36 ?‘2 . . « 3 Factors with 3 primes, 12, 18
Exe 7-4 ' o
X $e ‘ /7

I. Find the prTﬁEﬁiacTorizaflon of each/gf the following composite

numbers: 15, 16, 18, 20, 36, 48, 82, 154, 22I.
: ]

2. Factor completely into a product of primes: 9, 12, 21, 24, 30, 42,

108, 125, 1,015.

3. Find the set of factors of 125, 18, 24, 108, and 1,015 by the

) method which Uses prime factorizations. The prime factorizations.

- were found In.problems | and 2 of this exercise.
N _ -
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section 7-9% Repeated tactoring:  The tundamental Theorem of Arithmetic
S~ .
Every composite number Is the product of smaller numbers. |f one

of these numbers is composite, then it also is the product of smaller

numbers. |f we continue this, we must come to a product expression in

. which no number is comﬁosiTe and every factor is prime. We have then
found the prime facforizafioa ef the composite number.
“let us take a closer look at prime factorizations of composite
numbers. Study the following;

30 =6 5 30 =10 - 3 .30

=2 « |5 \\
N = (35 +2) 5 = (2 «5) «3 . =2 + (3 5) '
=3 «2+5 =2 +5+3 =2 +3+5

- e yd

It seems that no matter "how" we begin to factor 30 into prime factors,
we end with the same factorization. The following "factor trees' may

help you understand the examples above.

~

[ R R N

Note that only prime factors are circled.

-

Let's use '"factor trees" on 24 to factor it into prime factors..

24

ay

Which primes 6ccu§ in the factorization of 24?

~

h )

~ _f

' . .-
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The fact that we obtain the same prime factors for 24 (or for 30)
no matter how we carry out the factorization is an example of what is

+ known as the Fundamental Theorem of Arithmetic. Stated simply, It says:

&

Every, composite number can be factored as a
product of prime numbers Jn exactly one way,
except for the order of the factors.

Exercise 7-5

Make copies of the foilowlng factor trees and find the missing numbers:
v \)
) I 8 2. 27 3. 6
.4 3)e b 4 -
~ ™. )
Wefote lofo SOOD
5. - 8l 6.
/\
/é.é : \'
«
~ w 7. Make three different factor trees for 42. )
8. Make four different factor trees for 36.
9. Make as many facfor trees for 60 as you can.
o _ 10. Factor the following into primes by any method you wish.
a. 10 -
e N
) b. 15 - .




0
C. 9 ,
d. 100
e. 28 -
f. 16 .
- . . & o
AN og. 12
\ 4
A ’\ h. 8l \
kg T N
i. 75 .
~
. ’ (“: .
Section 7-6 Greatest Common Factor (GCE ) v
A number which divides fwo or more numbers is called a common
factor of these numbers. For example, 2 divides 10 and 2 divides 12,
_/ So 2 is a common factor of-lo_énd 2. Generally, the greatest common,

_factor is more useful in mathematics than other common factors. There-
fore, we need to know how to find The.greatgff common factor.
Let's try an example.

A = {factors of 12}

fL:/}4ac?or§ of 18}

"

{I‘L 2, ‘3, 4, 6, |2'} DI .

1]

{1, 2, 3, 6, 9, 18}.




(K}

AN B - {common tactors ot 1.2 and 18}, thaot i+, tactors that appear in

both sets, A n 8= {1, 2, 3 6}. The largest number of the set of

common factors “is 6. 1herefor§::223gpeatesi common tactor ot 12 and 18
is 6, that is, the GCF = 6.

Let's try another example:

-

A {1, 2, 3, 4, 6, 8, 12, 24}.

i
i}

{factors of 24}

1

B {1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, 60}.

{factors of 60}
A n B = {common factors of 24 and 60}, that is, factors that appear in
both sets. A n B = (I, 2, 3, 4, 6, 12}. The largest number of the set

?,«f"—*\ —_

of common factors is 12. Therefore, the greatest common factor is 2.

‘ " The GCF_= 2.
Exercise .7-6 : \ .
N -
I. Find the set of factors of each of the following:
Example: 18: {1, 2, 3,-6, 9, 18}
a. 6
b. 8 T
4@_ C. 12 |
d. 15
e. 6
f. 2 ' .
2. Usling your answers to Exercise |, find the greatest common factor
(G.C.F.) of the following sets of numbers: - .
-a., 6 and 8 | ?
b. 8 and 12 )
i .
c. |2and I5 . .

1l -
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. l;‘

!
.

. o, 8 and 12 (See problem 8 below for holp.)
. *\
o. 12, 15 and 21 . s
{
f. 8, 12 and 16 . .

Find the G.C.F. of each of the following sets of number &

5. 15 and 25
4. 18 and 30
5. 24 and 36
:\B* 25 and 75
7: 32‘and 48

8. 15, 30 and 36

{1, 3,5, 15}

Examglé: A.

-l

%&écfa}é of |3}

\ . B = {factors of 30} = {1, 2, 3," 5, 6, 10, IS! 30}
C = {factors of 36} = {1, 2, 3, 4, 6, 9, 12, 18, 36}
A n B\jf C =" {common factors of 15, 30 and 36} »
. = {1, 3}
.Greafésf Common Factor ; 30 ¢ * -A;

A )
. 9. 12, 24 and 48

a2

10. '15, 30 and, 45

w—

-

.Section 7-7 Multiples, Common Multiples and LCM
Start with {natural numbers} = (I, 2, 3, 4, 5, ...}. Let us form

[] v

' _a new set as-follows: we multiply each natural number - -
< ~ Q . M ‘- .%.;

1
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_ B
{1, 2, % 4,5, ...} by % and qet ‘3,00, 9, 12, 15,

A=1{3,6,9, i12, 1, ...} is called the set of multiples ot 3. <tach
element of set A Is called a multiple of 5. tach element of A has 3

as a factor. <Can you tell why?

.

If n, a and b are natural numbers, and
n=a-+b, then n is said to be a multiple .
of a and a multiple of b.

txample: tf 45 = 9 - S5 then 45 is a N
multiple of 9 and 5. . AN

We thus see how the words factor and multiple are related. |f a and b

are factors of n, then n is-a multiple of a and a multiple of b. Use

~

this definition to fill in the following blanks:

6'=3 - 2; therefore, 6 is a multiple of 3.

3 is a ~_of’6,.

) 6 isa - of 2.
2 is a ' of 6.

Since 2 and 3 are also called divisors of 6, it would be correct to say
that 6 is divisitle by both 2 and 3. However, we shall use the word

- \ ). .
multiple. So, Instead of saying that & js divisible by 2 and 6 is

divisible by 3, .we shall say that 6 is a multiple of 2 and 6 Is a

multiple of 3. The following set. is the sef, of multiples of a number.
{6, 12, 18, 24, 30, 36, ...} Which number? Can you find a number in
the set which is at the same time a multiple of 2 and,a multiple of 3?

You found more than one, didn't you?
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You will find the tollowing intormation vedy helptul whon working

with multiples of numbers. Study It carefully.

Multiply by ? wo- {7, 4, 6, 8, 10, 12,
(1, 2, 3,4,5,6, ...}
Multiply by 3 C=1{3 6,9, 12, 15, 18,
/ - A )
A=Bn C=(6, 12, 18, ...}. ‘ N

Do you see that A is the set of common multiples of 2 and 3? The smallest

element in A is the least common multiple (LCM) of 2 ahd 3. What is it?

/ : 12 x 12 Multiplication Table
L & \
X | 2 3 4 5 6 7 8 9 10 I 2
| | 2 3 4 5 6 7 8 9 10 I |12

5 5 10 I5 (20 {25 | 30 |35 |40 {45 | 50 55 60

-6 6 12 18 (24 |30 | 36 |42 | 48 | 54 60 66 12

- 71 7114 |21 |28 |35 |42 |49 |56 |63 | 70 | 77 | s4
. 8| 8|16 |24 |32 [40 [48 |56 |64 |72 | 80 | 88 | 96
9| 918 |27 |36 |45 |54 |63 |72 |81 | 9% 99 | 108

10 {10 |20 [30 [40 |50 [60 [70 |80 |9& [100 [110 |120 R
i [ |22 |33 [aa |55 |66 |77 |88 o hizr sz

12 112 |24 |3 |48 |60 |72 |84 |96 los |i120 132 |144
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bind the row which shows the tirst.dZ multiples ot 5.

Find theg column which shows the tirst 12 multiples ot 5.
* Notice that the same set appears in each: (5, 10, |5, ..., %5, 60}.
Do you see that this table Can be used to find the first 12 multiples
r

of all numbers from | to 127 %

Find the row which shows the first 12 multiples of 3.

P Find the column which shows the flrst |12 multiples of 5, -. *
I5 appears in both the kSi and column. So it Is a common multiple of
3 and 5. Is it the least common multiple? . ‘
) \\ék;*** The set of the first 12 multiples of 4 is {4, 8, 12, 16, W 48} .

The set of the first 12 multiples of 6 is {6,zg2, 18, ..., 66, 72}.
The set of common multiples shown is {12, 24, 36, 48}. The least common
* .

multiple of 4 and 6 Is 2.

Exercise 7-7 .

. Use your multiplication table to list the first 12 mulflpies of:

a. 2 -
b. 3 — 4
c 5 -~
d. 6 _Z
e. 8 /// '
—
f. 7 . — .
g. 9 .
R h. "IZ 2
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2. Use the resutts of 9xerclse | and list the common multiples of tha .

pairs of numbers below which are loss than 44,
V a. 2 and 3 7
' e
b. 3 and 6 e
« S
hY C. 4 and 5 ”
¢ _
a. 3 and 5 N
e. 5 and 8
f. 5 and ©
‘ &
'
5. 1f n=a-+ b, we know that Q_fs a multiple of b?&b a and b.-
<l Therefore, it is a common multiple. |t is not always the least
: !
common multiple. For example, if n= 24, a =4, b = 6, we see that
' 24 is a common multiple of 4 and 6. But it is not the least common
multiple. Find the pairs below whose product, a - b, is the LCM
] _ : ] —_— .
Jﬂ\ _ (least common multicle) of the pair: - s
v = - . o
a. a=2,b=3,a-+b=26,LCM-= M
‘ . - b, "a=3 b¥6,a-+b=18, LCM =
C a=4,b=5,a-b=20, LCM =
- N »
d a=6,b=28,a-+<b=48;LCM = J
. _ .
a. a=23,b>b b = [?, LCM = '
f. a=6,> - 5 = 30, LCM =
~ . . ,-
4. Find the least/common multiple for each of the following:
' “Example: 3, 4 and 6 ) ) _ : /,r
. .- o » B aaanh
‘ _— {multiples of 3} : (3,6, 9,(1D ..}
R | _ ' : : - )
{multiples of 4} :° {4, 8, , 16, ...}
{multiples of 6} : {6,(12, 18, ...} .
. v i '
. The least common muitifle of 3, 4, and 6 1is |2.
; L - LN N SN
. - D *’t: _L;";‘ ] -
* ) ‘»‘.'
141) | N,
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-

+ 4, (Continued from preceding paye)

Y ‘ a. 2, 3, and 4
¥ ‘-* . \r‘ A
b. 8, 9, and 12 ) \ :
]
BN
T C. 4) 5’ nd 6 . /\f-“ N
s V7 d..' 4, 6, and 12 - .
P 2
Section 7-8 LCM: Larger Numbers and An Easier Way -
S0 far we have found‘LCM's only for two or three numbers where
.~ y . each number Is less than I3. But the method used before can also be
. - used on numbers greater than 2. Let us find the LCM of&léfand 20.
: . - * . .
We think as before:
A = {multiples of 15}
»
B= {multiples of 20}
A n B= {common multiples of I5 gnd 20}.
From set A N.B we.pick the smal lest member.
.
o This Is the LCM of 15 and 20.
- - ' - - -
o L IR 15 A= {I5, 30, 43, 60,75, 90, 105, 120, ...}
Cars e '- multiply 7 - |
. {1, 2, 3, 4, 5, ...} .
i = {20, 40, 60, 80, 100, 120, 140, ...}
i::)NN .. "An B= (60, 120, ...}. The LCM of 15 and 20 = 60.
g Lo .

e
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let us see if we can find an easier and quicker mathod of tinding
the least common multiple of a skt of numbers, tor example, 8 and |2.

We shall use thé Fundamental Theorem éi Arithmetic.

b4

. Consider the following:

Does 8 = 2 = 2 * 27 ans, -
. Does 12 = 2 + 2 * 37 ans. =
. Now let u sider the prime factorization ot 12, that is, 2 = 2 - 3.

Is2 =2+« 3 amultiple of 12?7 Qqns.

{ ls 2 2 = 3 a muitiple of 87 ans. -
y -/

- . -

In the product of primes, 2 * 2 * 3, wha® other factor is

_ : , needed so that it is a multiple of 87 ans.
. . ) s

p—
Suppose we take the product of primes, 2 = 2 = 3 and place Iin it another
L 4 Toa .

factor of 2. Theg the product of primes will look like this:

b J

22+ 2 ° 3.

Now consider the following:

» 12 will divide 2 = (2°* 2 - 3) because the product of primes withip the

parentheses é&s another name for 12. 8 will divide (2 * 2 < 2) * 3vbecause .!.
the producT of primes within the parentheses is another name for 8.

. Therefore, the least common multiple of 8 and 12 is 2.° 2 * 2 « 3 = 24.

Let us carefully follow one rore example ofﬁghe short method. //
! ’ ¢ .
- Example: Find the least corror ~ultiple of 9 and |5. e -
' .
f R 5 g - 3_- X
. . ra IS = 3 . 5

Consider %2 * 5,

& 3+ 5 is a rultiple of 5 because 3 * 5 is another name -/

- b !

for 15.
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3«5 is not a multiple of 9. To be divisible by 9 the
i S - product of primes must have two factors ot 3, that is,
3 - 3. )
To make 3 - 5 a multiple of 9, place one more factor of 3
in the product of primes, that is, 3 - 3 - 5.
~ - Now,'S * 3and 3 - 3 will both divide 3 = 3 - 5.

Therefore, the least common multiple of 9 and 15 is

3.3.5=45. ' -
When you write the problem It should look something like this:
{
: . 9=3-.-3
. : _ LCM =3+ 3¢5z 45
I5=3 -5 ,
Exercise 7-8 - . (:vi
lFlnd the LCM of the following using prime factorizations:
I. 12 and 16 12=2+2°3; 16=2°>2°-2-°2
) The LCM needs(i factors of 2 to insure that 16 divides it and |

fagtor of 3 to make certain that 12 divides it. Hence, the LCM

of 12 and 16 is 2 - 2.- 2 - 2 - 3= 48.
2. ..’:|4 and 18
“ 3. 10 and I4 | | _ .
4. IGAand 18

5. 12 and 17
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£ vl and 3o
- [
~
7. BRAINBUSTER: 100, 250, and 200
\ -k
. €
Y
Review Exercise 7-9
. We have studied the following types of numbers in this chapter:
a. whole numbers b. natural numbers Cc.’ even numbers
d. odd numbers ©. prime numbers 't composite numbers
" Next to each of the numbers below place those letters from the
above list which apply. ’
Example: 17 a, b, d, e
a. 2 d. 29 .
b. 15 \ | e. 24 (\/ -
: _ "
c. | : f, 0
: -~
2. Name 3 factors, different from |, of each‘ of the following. .
.Problems (a) and (b) are done for -you. > °
a. 12: 2, 3, and 6 are factors of 12. )
L2
b. %I: 3, 7, and 2| are factors of 2I.
v : N ‘ <
" Ce 14:
od. 16: o~
. - L) ‘l x\'. \0 . ’-"’i.
e. 24: . -
f. 27: / :
\ }
21
9. 32: -\\ ’
LY I.:-\‘
-
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3. Namoe S multiples, difterent from the nurber itelt, ot oah of the |
following. HFroblems (a) an'b) are done for you.
a. ' 6: 12, 18, and 24 are"muitiples of ©.
1 .
b. tl: 22, 33, and 44 are multiples oW |I.
C 7:
v d. 12
o. 9:
>
£, 5
4. List all prime Aﬁ%bers between | and 50. . el
N »
-
>
5. List all the multiples of 5 which are less than 61.
6. List the set of _numbers less than 50 which are multiples of 7.
. .
. \‘
7. List the set of numbers which are less than 100 and arg also mul-
tiples of both 3 and 5. r‘
8. List the set of all common factors for each of the fgdlowing: |
: ¢
a. 18 and 42
b. 21 and 353 ‘
@ -
g. F[nd the greatest common factor of:

a. 18 and 42

b. 28 and 56
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i0. Find the least common multiple ot the following sets of numbers:
a. = 8 and 10
- b. 12 and 15
~
C. 10, 15, and 30
¢
1. Using any method you wish, find the prime factorization of the
o following: *
a. 105
b 42
c. 300
) do 64 @
. | -
BRAINBUSTER SKILLS . '

The following are statements about natural numbers which mathema-

ts

ticians have proved to be true. Check the correctness of the given

statements with examples.’
Y

12. True statement |: |If a and b are natural numbers, if G stands for
- . the greatest common faotor of a and b, and if L stands for the

lest common pulfiplé of a and b,.then @ + b =G - L.

. - ° -
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A

Example: a =6, b = 15. Then G = 5{7L = 30.

a-b=6-¢°15=9
., G-L=3-30=090 " Thena -b =0 - L.
a. let a =3, b=5. Find G and L and see lf a~-b=G-L.
) b. let a =8, b =20. Find G and L and show that a8 « b =G - L.
13. True Statement 2: If 9 is a factor of a number, then 9 divides the

_“ sum of the digits of the number; and if 9 divides the sum of the

digits of a number, then 9 is a factor of the number.

Examples:
. o 9 is a factor of 99; 9 + 9 = 18% 9 divides the
B A sum of the digits, 18. ’
9 is a factor of 45; 4 + 5 = 9;19 divides the
sum of the digits, 9.
’11& g ’ \
v a. Decide without dividing if 9 is a factor of 510,211.
[} . ‘/
b. Decide without dividlng if 9 is a factor of 2,115..
. C. Check (a) and (b) by division.
P

4. True Statement 3: |f a Is a factor of b, and if b is a factor

,
of ¢, then a is a factor of c.

. Example: a = 2, b = 6. Then a Is a factor of b.

1
" : If ¢c =12, 6 is a factor of 12. b is a factor of c.

Notice 2 is & factor of 12. So a is a factor of c.

3 . \

a. a=>5, supply b and ¢ to show the truth of -this statement.
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b. o 7,0 4. tind « such that b e o tactor ot o,
4 . .
Does a divide ¢?

True Statement 4: The greatest common factor of two different

prime numbers is |.
Show this is true for:

a. S5 and 7

b. It and |3

True Statement 5: |f 4 is a factor of a number,” then 4 divides

the number formed by the last 2 digits; and if 4 divides the *

number formed by the last two digits, then 4 is a factor of the

number. R v

i

4 divides. 132 since 4 divides 32, hhe number formed by the last

AY

2 digits. - <
4 . N

Does 4 divide }76,9307 Why?’%

~

Doos 4 divide 6247 _ _ Why?

O



