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SECTION 1

v

l—l A Different Type of Question

- Suppqse that you are d1v1ng in the_ocean. You know that the p'

volume of your a1r tank 1s v liters and that the pressure when you'

began was P atmospheres. Your breathlng rate is x 11ters per m1n- :

-°ute, and you :are at a depth of a meters. Before dlving y0u applled.

.o

your knowledge of the gas laws. You calculated that you had enough
oxygen to stay at a depth of d meters for exactly one hour. '

How: long would you stay under water? Exactly one hour? 59"

mlnutes ‘and 59 seconds? 55 minutes? 50 mlngtes? What 'do you ‘need .

to know before you can dec1de how long you may safely be submerged?

'3

It 1s our purpose in the succeeding sections to help you. answer
thlS type of questlon. But before we dlscuss how to- answer such
questlons let us con51der several more 51tuat10ns._"

a

\ Kéow1ng the v1tal capac1ty of an 1nd1v1dual S lungs helps to
diagnose resplratory dlseases.. V1tal capacity 1nformatioﬂ from a
large group of young" people allows us to predlct a normal vital

P

: capacity fOr a person of any partlcular helght. Suppose a young M

person is". 170 dentlmeters tall. he predlcted Vital capacity for
young people 170. cm tall is 4.6 llters., However, this person 's v1-~4"

T b

tal capa01ty is. only 4.0 liters. ”]'4 co %_. .

o
40

' B B SR
Does thlS 1ndicate that hlS lungs are not functioning properly?;\,.
Is the dysfunctlon sernous? ; Do : :-g.; ' *

h) ' .

i

Cons;der another problem.' Our equatlons indicate that a per- j

'son w1th a mass of 73 kilograms (about 160 poundo) can drink nek. -

more than five 12-ounce cans of beer w1thout the concentration of
alcohol in’ his ‘blood. reaching».lo percent.:If‘the legal limit 1n .
. his stat& i8-.10 percent,how much beer can he drink and, then drlve

legally% ,_; .‘Iun L _Allﬁyiﬁy_'g,~ ,,» ..:4-."; \

'_w -f In B omed1ca1 Science you w1ll analyze a food for its oontent
' of certain nutrients. Federal law. requires meat sold as "hamburger

tp be no* mo e thaq_}O per cent fat. If you ‘analyze- a’ sample of




- You have been asked a large number of questions,-none of which
you can answer. You have been given equations relating div1ng time
. to exygeﬁ pressure and volume,‘relating v1tal .cap c1ty to: height,
'?r- and relating blood-alcohol concentration to quant 4y of alcohol’
consumed Yer these questions have not allowed you to answer any

.ﬁ of the questions ‘we- have asked. Why? ';;~—;;_;1--

| ~The questions all relate to matters of certainty and uncertain- ﬁj;
:_ty. To answer the questions we. need &p know how accurate our. pre—'_‘.

_ dictions are. . And the accuracy of ghe predactions depends on the . -34 -
v accuracy of other things- the equati@ns we% se, the numbers we e

RGN
. A

zsubstitute 1nto the equations and the procedures we ‘use to obtain

 the. numbers. The more - we know about thé accuracy of our measure-"'
;ments, our procedures and our equations, the better we are. able to
state the range of uncertainty of&our predictlons. This brings us

to the subject of érror. S -fn_ 4‘\ 'ff S élh'

—r..

.1 2. Error

Error often means d01ng something wrong. Errors are mistakes, ,
the' things that Elmo makes. He pours the grong. chemical 1nto the

Lo wrong solution._ He.adds 3 and .5 and gets 9. R ;u._ ' o o

‘J'However, the word error has a more general meaning than this,
and a meaning that is far. more 1mportant to SClentlflC 1nvestiga—
~.tions.' Not only, Elmo S experiments contain-error, the experiments
Aof everyone  have error in’ every procedare.‘ Error is an unavoidable .
':part of the experimental process.- L 'Ij"ﬁ';: - ¢

'ﬁ* In mathematics tgs word error. has a very Specific meaning. .
-m'_Error is the difference between the measuted or calculated value

h};‘of a particular quantity and 1ts true,value. ThlS idea is, 111us-'
R _ A

trated below., j, &7__ 7 . ERROR o |
S S . true, ' measured or cal-
C Qoo ‘value , ° .. ‘culated value

'gUnfortunately}'the'exact value'of many errors.can never be deter-
“;_mined " Instead we are forced (when we are being "fussy") to esti-=.

mate a frnge around a. ‘measured value in which we expect the true

'value to lie._.,'. SN e K

4
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&J~ Errors come from many sources. For exgmple, in Unlt I Math

‘we concentrated on a,partlcular source of error, 1mprec1s1on.- Re-.

y call that pre01slon for length measunements 1s closely related to.
- the 11m1ts of careful scale readlng.' v was inlthls context that _

¢ L
f we 1ntroduced the term -range of lmpre0131onf There is- another B -.f\\s,\

type of measurement error whlch was touched upon brlefly in Blomed- :

r.lcal Sclence, 1na,curac . ThlS ‘source of error is . related to varl-'
ab111ty 1n the measurlng 1nstrument._ For example,* ruler 1s longer
B when it is. hot than when it. 1s cold. Th1s var1atlon:1n length 1s} .
: not. notlceable in-an, ordlnary metrlc ruler but 1t LS very noticeable .
'1n a mlcrometer, an 1nstrument that can measure very small changes-'
1n-1ength._ Both 1mpre01s1on~and 1naccuracy contrlbute to measure-

meﬁt‘error.
[ . ) . . . ) o

n the follow1ng graph the v1ta1 capa01ty of ‘a large number of
 female chlldren and adolescents 1s plotted agalnst the cube of =
helght. We ﬁay use the data on the graph to predict - the v1ta1 capac-'
_ 1ty of a spe01f1c girl whose he1ght"we know. Yet our predlcted V1ta1'"

capac1ty will almost certalnly not be her actual vital capa01ty,'
.even if she is in perfect health.' ThlS error 1n our: predlctlon is h-
caused by the fact that people are‘élfferent._ We' call ‘this form of '

error statlstlcal var1at10n.a

Y

A thlrd type of error occurs in exper1menta1 procedures. 'One.
'1nvest1gatlon of Boyle soLaw 1n}”' d a plunger w1th welghts and a
syrlnge (see di ram on folloW1ng page) Fr1ctlon between. the’ plung-‘
: er and the syr1nge was a ce of error.’ (You may recall that you
obtalned dlfferent data when the plunger was mov1ng down and” when
1t was mov1ng up. We tr1ed to m1n1m1ze theerror caused by frlctlon

by aver g1ng the two numbers ) fe call thls type of error procedural

error.' ..~...__ o . e
_ s : o SRR o
fourth sourge-. of error is the equatlons we . use. For example,

| the gas law equatlon we have used 1s
tkjﬁ?\¥)constant.’/:‘ .
ThlS equatlon,.although ve&YWUSeful, 1s only an approx1matlon._ A
closer approxlmatlon is Van der Waals equatlon. ' '

P+ —f) (v-- b) RERE
— .#//;hstant

v : Co : - \
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The‘terms a.pnd b are constants that are dlfferent for every
gas. Van der Waals' equatlon is: more compllcated than our s1mp1er ”jgiiid
gas law, and more dlfflcult to use. However, 1t 1s generally true

~ that the greater the number of factors that are consmdered in-a 'f
'theory the’ smaller the error and. the better the predlctlon. ‘Often _
‘a more sophlstlcated mathematlcal mode& must be used to obtaln suf-“ '

:Nflclent accuracy _-_gjw-,/ ' C :'-; f_'_ﬂr. Ju, _':' Y

»

_ An equatlon is ‘a mathematlcal model of a theory,'and when an:
. equation is not acburate, 1t is a ‘reflection that the theory 1s not-f'”
accurate._ Thus we. ‘call thlsvtype of 1naccuracy%theoret1cal error.

B o .

. C We have 1dent1f1ed four types of error-- measurement error,
_statlstlcal va1at10n, procedural error and theoretlcal error.1
. In future’ sectlons we ‘will not be 1nterested in assagnang . )
SR errors to. one category or another. " We only Ilsted the types to 11—' '
- lustrate our concept of error. What is important 1s that you be 5
able to recognlze sources of .error and, when pogsmble, to estlmate
the maximum s1ze of the error. We will call th1s estlmate the'
'uncerta1n§y> ‘The m1dp01nt together W1th the uncertalnty w1ll be ;;ﬂ'

o

;called a'range of uncertainty. For example,“

_range of uncertainty-

RS o --'. ! - A

" ’ : O . . 4 K N\
. L c 04 .-, s
L e 4708 91 gram S S
: . m1dpq1nt ‘uncert 1nty S e :
| Uncertalnty is a much more general term than’ imprecision and refers

o

to estlmates of the maxlmum p0331ble error . from any concelvable

- 8

Source ..

When the maximum slze.of an error may be estlmated, 1t 1s pos-'

sible to determlne what effect the error may have on the flnal re- - -

- 'sult. Each time an operation is performed on. a number- that is not.ﬁ-’z"”
e absolutely accurate,lthe error is passed on. to the number that re-'
| sults from the- operatlon._ ThlS is called propagatlon of error.__ |

4 *

_ In thlS sequence of lessons concernlng error we ‘will develop ‘
methods to calculate the effect of- error on results.' For example,-

-?i; we will learn how to. answer questlons of the folloW1ng types..
: . . : ‘.- . - . 4 *

S Cae 1 R T R S
.. : . ’ \ i : B . ‘ ‘"\(‘ o o _“_‘A
' . : . . s T .' ’ ; !
' \, . . . . . = . . “ - ’ 5 . . .
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R LR - LS v .0 -
:f.fi“' - The measured,length of a 1s expréssed by the range%of“uncer-*

tainty 100 3 units and the measured length of b by the range of

L .
R uncertalnty So:tl units.‘ How is the sum'a4-b expressed as.a.: :f
T e o e . . . [ . . [ ..: . ./
o range of uncertainty? ‘r-u”r._-ﬁgx S ”;L'ﬁ, i
. o. . ‘ .- . o - - o ‘ oo : T ot ". "’.
' R § .-.\:..: = ¢ . ' .
. o ! | -. ". i ’;‘4 :f
: -~ ﬁofiﬁi : b ;ﬁt
. A " fJ;
o O f-'f. N R e ,q_f'-‘:«'t'-- .
.. ,c..._ . .'.. . o ‘;,._ a ) ‘ . . . ‘. -_ : ,.“‘

.._ifkﬁ N The measured lengths of a. and b are 100 3 units and 50
© units, ‘The ‘ared of ‘the rectangle is the productoab square units.' ‘
How @s thlS expressed as a range of uncertainty? Hr;_-.fgl L

pr The procedures to-which we. w1ll 1ntroduce you oannot always

- ber used Many errors cannot be numerically estimated However,

. these: procedures are one set-of tools that ‘can: help you to obtain
1.-- a better 1dea of the accuracy of compdted results.;"ff '

- 1= 3 Propagation of Error Under Addition 'Q_f ,t%’* ﬁ~'"‘~ e
Lﬂﬂf,f In the'prev1ous section we presented two- measured quantities_}‘

as ranges of uncertalnty. 'We then askeﬁ what their sum is, ex-:s
pressed as a range of- uncertainty. The ranges of uncertainty of
the two- measurements are a-lOO'H3 and, b 50:t1 (For the time

being we will 1gnore their unlts ) ti'x“ '._L'7
. ¢ . Y : o
o The maximum value that a could be is 100 *+'3 = 103. ‘The

_ max1mum value of b lS 50 + l ‘= 51 Therefore, the max1mum value
',of the sun’of a and b'is 103 + 51 = 154.,. SO -

. 2 : (‘
<7 e

o The minimum value of a is: 100 - 3 ,= 97 While the minimum value.
- of b is 50~ 1 = 49.{ The minimum value of the sum is 97 + 49 =.146.

._.’-

-

'4' Th9 sum of a and b mak be as great as\l54 ‘Qr ‘as’ small as 146 v
This may be: expressed as a range of uncertaintyqby first determrn-‘;

aing the midpoint. The midpoint is the average of 154 and 146, or' v
L 154 416 150 | _u», SR *

. E . S .
B SRR ’ Z
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o 150 l§ 4 ‘less than 154 the maxlmum value, and 4 more than -

LS A E

: “gg ‘146,wthe min}mum value..'THus the range of uncertalnty of the ‘sum
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Lo . L H ’ . .
: . N .
s @ ' . Y 1. ‘
PR 4 Yoy, - “r - \_.——-v-—_/. - . ‘ -
o V\ . . &
5% ’ S e 50 ’ )
R ¢ g 4

e -
.0 ,.\."

,;ﬁ;::mﬁﬁi; Observe what ‘we. have dpj_ The mldpd&nt 2}50) of the sum 1s

A; the averqge of the max;mum posSLble,sum and the minimum p0551b1e

R
LA

Tg‘l sum. The uncertalnty of the sum. (4)-1is half the dlfference between'
o the max1mﬁm'sum and'the mlnxmum’sum." L - i -
LAY ¢ e~ L et

S g'~Note also that the m1dp01nt of the supl is’ equal to the. 'sum of
. .-.the,mhdp01nts og the numbers*belng.added.- That is- to say,. JRURE

D -': L ﬁ o 150 -,iao + 50 T '_. o
fﬂ:.f Note also that the uncertalnty OE ‘the Ym is equal to the 'sum of
e the uncertalntles of thepaddends .'f_- e oo
o(‘ ’_\_ . , T ) . N . "‘ L - ._,_; RN -,_.b. ‘~ - . - . .
- P) '. C . ‘ -_—.-‘ "’______’,_4_. S I + 3 . ...- ..,, ] .'.. - . ok
N ,..”' .'\A:*"'Mb__ — - - S e .. L S

The observatlons made 1n the prev1ous paragraph 1re true not
only for the- two ranges of uncertalnty that we added
for the addltion of any two ranges of uncertalnty

L4

expressed as ranges of. %nyertainty X+ Ax and Ve Ay Recall that- A

_d,_ is- the Greek letter’ "delta;"'
R 'ference in,"’“change in" .or “varlaﬁlon i
SEKY dlfference between two values of x- before and after some ‘change has

‘ﬁf obcufred.r-Remember, Ax 1s a‘slngle quantlty, it 1s not the prqduct

" For example, Ax is ‘the

Of A and x.‘_*‘ -] . .* _ . : : ,

- . o . 'Y

. .. We may‘flnd tﬁe sum of X i Ax - and'y’t Ay in the same way that

f &s' we fohnd the sum in the1numerlcal eXample. The maximum value of

“the sum %S 'fi-‘.”hff-" R PR A L _.;-_
o ” 2 L R
x +’Ax + v 7 = (x +-y) + (Ax#AY) .. A
o B B
L3 - % - ¢

TheyAare;true"

Delta ‘as a preflx means roughly “dif-”

' We will demonstrate the general case by addlné two~measurements}_?"

‘O‘ - ..
.




5 .‘b,\.,:-.»_v IREOANEEE A

[ k)
L The minimum value of the ﬁum 19_ SRS T |
x - Ax + y 3Ay =X + y - A% - Ay o _\- g B

'fils: o '?ftﬁ, , '7:.f;3. *4(xg+,Y?" (Ax + Ay) .
iifhe‘midpoint'of the'range-of.uncértainty of the_sum?is_thetl.-lﬂ,-“
»averagetof the ‘maximum S‘

B BCUEE e
B ﬁ"‘ - .'(x.+ Ax) + (y{+ Ay) ;ﬁ(x - Ax) + (y - Ayl. e T

B R o . . I / v C . b -.I,
ol .‘~'A"&\-. e TR T+ Ax + y + Ay + x - Ax + y - Ax . "
‘;'ThlS eypr;ss1on may/be simplified tol.. j_"‘_' o 5,“_'
> / . _ S Co o
n o » . -. -
- 1.f' 4 ,.,‘;_ oy 2x 4 2y x o y N I /A; S
S e 2 A e e T
) 'A-The mideLQt Of the sum is- x -+ y.. _\ ' S Co SRR
E The difference between the midpoint and the max1mum value is -
. R VL N _
ST -.A'”\ - max1mum . midp01nt C SR
, o y o [(x + Ax) + (y + Ay)] - (x +y) = Ax + Ay ‘. o

- } The difference between the midp01nt and the mlnimum value is: the S
' “same.

IR . mldpm.nt-_._ o mindmnc R
ST TG y) s L Sy by)] = Bx + By

'Y " The: uncertainty of the sum is thus Ax o+ AY. *hexrange of uncertalnty
'}r;f‘3 of the ‘sum is given by the follow1ng formula.--

e

R T

)

I f"-»‘ o (x 2 o) + (y by) = (x + v (Ax *,Ay> -
. We may. summarize‘the general case by the folloW1ng formal
statement. Under the Rperatlon of addition, uncertainty is. additlve._

oy

,,r°4 Polynomials,;;'- RU ,_',_‘ - "'-fb;ﬁ "»,,,74"' s
i:'_' _ ' The express1ons X+ Ax and y + Ay are examples of blnomials. )
? .f -Binomials are: express1ons 1n Wthh two terms are connected by plus .
_E”Ji, .. or minus 51gns. Biomials are one type of a more general class, ‘{"
R ': Apolynomrals‘ Polynomials are express1ons in, whlch any number of
ﬂﬁﬁ‘» . terms are connected by + or - signs. - '“',-';'”}v_-'q - _V
Yy

Siqce operations with polynomials w1ll be used in our study of -

e error, this is a good place to. reV1ew the algebra of polynomials.
Qﬁﬁy’.“'l' ' ‘We hope that a rigorous treatment of the polynomials is’ not
fAfi; : needed, and that a’ few examples W111 feerSh your memory sufficiently

<o ‘ to epable you to go on to the problem set.
. ‘:, . ! . 3 ' , :

A ' . .' T AA"
1 ‘ R ) L. N \




o EXAMPLE: |
" . .. . . . T . . . ‘ o v ) . . . P (.
Addx +.2x° +2x+1andx +3x -4x +5 \
¢ ' '. ." ‘.. . 'A.' . ..‘ . . _‘ .A ‘A X

;_tSOLUTION. SR -*”,fp e - |
| We s1mp1y add like terms ?; )k_ .:;3 - ]'l h_ o
o +(x + 3x2 - 4x + 5)

S 2x3 ¥ 5x24<42x;+-6- -

_tEXAMPLE.} o
subtract x2 +“T§§ - 6 from. 2x2 4 3xy + 4

o | __'.'SOLUTION l..‘-;' S - ‘ | Do | : | e .
We'91mp1y subtract like terms . /' '
: .f‘ 2x2. + 3xy -I: 4

2

o . j—( x° + 4xy. -
e 3

. 6) -
N T 10

A - 4 - P

+

catlon of two polynomlals ~For‘these problem§ you w111 need to re-_4 -

1"cal1 the dlstrlbutlve pr1ncxple .-

.(/ .
s . | (a + b)h = ah" +bh | : o
fThls }inciple can also be stated in other forms dependlng on order"

-and. number of quantltdes 1nvolved .
' ' (a + b+ c)h = ah + bh + be
h(a + b). haA+ hb Qf B

-“:EXAMPLE.‘:: S o g _“"4'i,” e
c Find the product of (2x + Yt»'3) and (4x - 3Y)j

"’scSOLUTION. R
| We use the distrlbutive principle SO .;t'
!a“

3) -(4x - 3y) = 2x(4x i 3y) + 5y(4x - 3y) - 3(4x - 3y)

| (2x + Sy -
' e r L]
! 2

o - 12x + 9y

n\

'ﬁ'u-sxz - 6xy + 20x9 ~r15y

S = ax2 e 14xy - 15y2;~ 12x + 9y

o

We w$11 also be faced w1th problems whuch requlre the multlpll-i:AA”




e PROBLEM'SET s UL
'.h-iii What four kinds of %rror are. dlscussed in the text? uva’V"
";5‘25 Ygu are a carpenter s apprentlce for the summer. The carpenter
"asks you to measure ‘the length. of board‘A and board B which he is
\ going to nail together to make board cla 4 B-=C). Suppose board A

a -'measures 3 t .01 m and- board B measures 4 1,01 m.; ,-'-“ ‘

" .
' ' et

a.’ What 1s the max1mum poss'ble length of,board_C?

4

| f””.“ o ;bt What is the minimum possfble length of boafd-C?7;: 3 _'yfF

g 'fc. The m1d901nt of the range of uncertalnty may be found by
. averaglng the max1mum and the mln mum poss1ble values.f Determlne jg'_ h
f;\g’ the mldp01nt. '-'_'_\\ : _ _ o

-~

": d.- erte the range of. uncerta'nty ln the form (mldp01nt)+'a

SO (uncertalnty)
un‘f 3. - One beef pot ple contalns 43 refS'grams of carbohydrate and

S o :one-coke contalns 37 " .5- grams of arbohydrate. Suppose that
'you‘have just.flnlshed a meal cons1s 1ng of one beef pot ple and

,one-coke. L .,'_ ~

Ry . ' ) . . [ . .

AN a. What 1s the max1mum amount o
. coﬁSumed? | '

T
.

Carbohydrate_you,couldﬂhaye-:'

: b.} What 1s the mlnlmum amount of

N

axrboﬁydrate conSumed? -

' YACa erte the amount consumed as al\ range of uncertalnty.a

b4, As a’ result of your: 1nvestlgatlon"n the upcomlng Nutrlent

Analy31s of Foods Laboratory Act1v1ty, you flnd that your sample.'

of hamburger is T . . R
S . _ : o S o ‘ » ;
e T .. . Water (50 +.2)% - R
- RO Lo .7.a;5 Proﬁeln .(25 'l)%ﬂ‘ o
o Fat (20 ¢ 1)%

i+

I+

'.Whatyis-the'range of uncertainty of the.sum? N
. Perform the addltions 1nd1cated in Problems 4 through 9.'i ' N
A S SO | o . B
| 5. (73 £0.4): 4+ (.7 £ .05) . P Lo .

6. . (1.437 * 012) +'(.304 £ .009) .
: 7;._: | '6,'_78_.9;0?00 .,1.4‘;.__5.00 : .- 16 -
, -+ 14,380,000 * 7,000 A .

, .
[ - . -

o, N . .. N - : ' ‘. ___'____'_ﬁ______l_.___'

R T e



Bt 04306 + hvb°72> +(,13087° "+ .00007) -+ (.000963 £ .000004) , >

o 9. Let 937 5i= x o e

T andg463_— 2] = y + say L okt

- alaye
For. ﬁroblemé ldethroﬁgh.i4 flnd the sum of the polynomlels.:°.
100 2 -ﬁ--3xy + y2 S U ncz- 3y byt r.*'f§7
';;4x? -6y Ty ..f7z_; Ceeay .
| x2+xy"Y2_ L | L '."5y...f”A¥“.l/ L

3

3

% f“4x2 - 7% + 6, 2x 34 6x2 -8

- 5%+ 2. and -5x” 4 .6x°.
24+ n?-

-'.m?’/-mn+n, 432+m2—3mn ‘and 5m° +
"_l_x'
2

. . -8 .
A /3, 2 \l -
14 3 X- -;/-__4 éx 3,2’ X 4x 4+ Ax Zz and

"lSfoZX -’3y +. 62 N TR ‘1grir Coxd f

- -(4x - 5y + 2z> A S O o %2
. . Y _ f '-‘j"f L : _7
1'-7‘._ ..;_Subtract X" - 6x +5. from 2x2--«4x + 3

- g =N,
19. ;From the sum . of 2x + Ax and 3x - 4Ax subtract 5x + ZQX- LS

. For Problems Zo\through 26, perform the indlcated multipllcatlons

o (use dlstributive property) C e N e r ~

TN ] . . oL

o L
'18. What ‘do you -add. to 2x -6 to make x2 + 3%+ 2?

20. (2x + l) (x +. 3) 2x(x + 3) + l(x + 3) o o
EEE . | o
2x '+ +x+3° - N :

(ab - 3) (ab + 3) ,.lia;f (a. + 2a + 1)(a £ 1)

-(x‘fAy)«m# (x - y)(x - y)(x - y)

]7, X (325f'2y)(x - Sy)




"p 1s an example of statlstical varlation.,‘

" rounded to. the nearest intege
..

SECTION 2 T ‘ R T

2-1 Implled Uncertainty ‘h: :” s ; o

_ In your study pf nutrltlon you will use food tables. ‘Food’;
tables glve the amounts of nutrients contalned in glven portlons :

- of food& S Tew ,'__ ‘\ --.-.3 S
. TR SRPR TABLE D\» R E ot
¢ : e L — :
S UURERRRRI PR T c Fat | car- | - _+ |Ascor-".
:Z'Food} Measure A .| Food | Pro- |(Total| bohy- | ' |Thia-| bic -
, -gWeight (grams) - "|water [Energy| tein [Lipid)| drate | Iron|min | Acid
o g I % cal. | 9" .| 9 g
- Macaroni, 1 cup. 130 | 64- | 190 | 6. | 1 * 39
: cooked,enriched = . | = | _ o R o
. Muffins, I muffin.. 48 | 38 { 140 | 4-| 5 .| 20
4 efiriched white - A S o
-+ - flour, 2-3/4 in e v
.. ..diameter - o . S . "
" ' Noodles, 1 cup - 1607 {200 9 7 |'e2 | 37, .
.- (egg no dles) N B : e
. .__.enrichegll A CE P - o
" odtmeal{ 1 cup- . 236 |86 | 130 | 5 L 2 |23
-+, ‘cooked R S RS IR S R
% ppple, 1 sector 135 | 48 -| 345 | 3~ |15 | 51
. . _.Cherry, 1 sector 135 | 47 ' 1.355 | 4 15 | 52
L Lemon Meringue, N Y I R S
"% . .1 sector . - 120 | 47 - | 305 | 4 |12 45
' _ pumpkin, 1 sector 130 59 | 275~| 5. |15 | 32
. Pizza, cheese, . 75 | 45 185. 1 7 |6 | 27
1 sector . . - o : c | R
Popcorn,*lcup -~ , -14 { 3 |65 | 1° | 3 8 .
popped, with-oil, . | ... - |
salt . . e |l S I
Pretzels, § sticks 5 | 8 | 20 {(race mhace 4
_Rice, white, 1 cup 168 | 73 .| 185 | .3 '[frace |. 4l :
. .all commercial'” ' - R R e 2 SR |
. varieties, en-, N S * "
. fiched, cooked S B IR e : . S
.,Rice, puffed, 1 cup ‘14 | .4 7 55 |°1 [race | 13 3¢3\ .06 0
IR BN e : & _ _
—

Slnce the numbers in the table were- determlned by experlment,

;they are somewhat uncertalna“ For" example, the nutrltlve value of =f
;macaronl would be expected to vary between different brands, thls:

. b . .
However, the data are not expressed as- ranges of uncertainty.__
This is because the uncertalhty is 11ed in the numbers themselves.
" For example, note the numbers in the column glv1ng the percenj;ageI
:.of water‘: 64, 38; 70 86,Jet Apparently the data have been
7/. The actual experimental value for .

PP
.




e __,-_~_. -

'the percentage of watEr in macarpni m1ght have beef 64. 3 or 63. 92

. we- only know that 1t was closer teK64~than to any other 1nteger. f

-:»shaded region below._'_ SR T :f_"gfljf”

‘In other words the 64. represents a value somewhere w1th1n the

_ | S _
8 Tes a5 e ey

-

Express1nq the shaded portion as a. range of uncertalnty, ‘we
obtain 64 .5_..The uncertainty,_ 5 in this case, is called
the 1mplled uncertainty The other-values in the'column:can ;A
also be written as ranges oﬁ uncertainty, becoming 38 + .5,

e
70t .5 and so on LT ‘. v

: The data in the protein, fat and carbohydrate tables have '
the same 1mplied uncertainty as tHe water percentages The numbers

’”1n the protéin ‘column, for ‘example, would be expressed as ranges,_ e

'of uncertainty ‘as 6 * 5,'4 ¥ ‘5, 7 +. 5, etc

b

Observe, however, that the milllgrams of 1ron in each food f .
is given to the nearest tenth of ‘a milligram ‘Since: the data are ,

,trounded to the nearest tenth of a milligram, it 1s 1mplied that

h one cup of macaronifmay contain.@ny amount of 1ron between l 15 mg
'-and 1.45 mgs. B o '

\idredth of a. milligram _This 1mplies that the - error is at most - :{f"

 Thus. the implied uncertainty is i05 mg,~énd théfirqn'in,arcup
of macaroni may be expressed\asxl 4 05 mg. : . - E

- The amount of th1amrn 1n .each food is- given to the nearest hun--

".QOS mg. . ' The - quantity of th1amin in a cup 'of macaroni may be writ-

'lThe prese' -
that 0 me ns no. ascorbic acid. ‘was. found ; 12-_ ";_;,f'_,,t SR SRRl

ju-can now be stated - Wh

T The
'to the.nea est’ milligram, with ad'implied uncertainty of 5 mg..=

ten .23 & ,005 mg._‘_- o oo T B T

Lt

unt of ascorbic acid in each food is apparently given

e of the ord "trace" in the column, however,.implies

.~ The relation bet een: rounding numbers and 1mplied uncertainty ',

data are rounded to the nearest 1 g, then_fg.7

:[_thc implied uncertainty 1g%.5 x 1 =..5g. e rounding is. to: the" :fﬂ'f- R
gganearest .01 mg then the implled uncertainty‘is .5 x .01 = 005_mg’.,_.

jimplied uncertainty is .Sx

In general, when data have been rounded to the nearest X, the

T e, .~.

-~




y.
[

"f“_; -55"' Note that‘every number in the food energy column ends in 'f-fj k
VVVVV i‘,ﬂeither 0 or 5, and 1t 1s safe to. conclude that all data have .been .
-rounded to -the nearest 5 calories. Since the data are rounded to.‘A'

_ ,the nearest 5 calorles, the 1mplied uncertalnty is . half of 5, or 4
e&f..“@u. 2. 5 calories._ The actualtnumber of. calories i cup of macaronr '

A}

__.rilies somewhere between 187.5 or '192.5 and” may be expressed as 190
© 2.5 calories. ;_T - Sy |

"

_ The first column of numbers, which shows the welgﬂt in grams.f_
-fof one portlon of each food ts_more complex than the others. ThefA
:fpresence d& such numbers as 48:'and 236 1mplles an uncertalnty of
.5 grams. "But’ ‘the fact that 8 of the 13 numbers end 'in 0 or 5
':1seems to be more than c01nC1dencg (which it mlght be, of course)
. Could it be that many but not all- of the welghts were rounded to

“the nearest 5 grams? -;_;_,'- e
. i .

r.._‘_
The four ples and plzza are espe01ally suspicious becaus 'C,'

‘-although “one cup" is a spec1f1c unlt of volume, "one sector" iS"ﬂi_':

“not. We may- reasonably guess that the 1mp11ed uncertalnty 1n many o
of ths,weights is- 2. 5 grams. "ga441~ s i,‘i o

When you are dealing with' a large set of data, such as’ a comd.
fplete food table, -it- is. ugually ‘not too difflcult to determine the _
'.1mp11ed uncertalnty But often you encounter Just a s1ngle measure-.
T ment,. and in some cases the 1mplled uncertainty of a s1ngle number
| - cannot be determlned -

.
*

_ Con31der the numbers 12 ‘and 10, for 1nstance. When the numberr.
_12 appears as .a s1ngle measurement the uncertainty is 1mplled

x-{fﬁr”fto be .5.: When 10 appears alone, however, the 1mplled uncertalnty
sl 'may ‘be’ .5 or 1t ‘may be. 5; e do not know.,*."_‘ U : L
' _'f_Or take 101 and: 100 The number 101 1mplles ap uncertalnty ’
°4'of'75;’ But' 100 could imply an uncertainty of .5, or 5 or- ében of_j
3g50.' When a number ends in a zero, as 10 and - 100 do,. the implied b;fb“
-i.uncertalnty 1s ambiguous.‘ gﬁfa 4 St ,#. |
. ¥ M

This ambigulty may be avolded by u31ng scientific notation.
','For examﬂle, a single measurequt of l30 could be either 130 + .5

“or '130 _,5. However, 130 may. b expressed in scientlfic-notation;;“

(A.'i " as 1.§Q¥x‘10?oorwl_3,x 102, ‘The final zero\ln 1 30 is not needed

‘ ')‘ “ : ) ..\“ . .. ) ) . . ’ ‘4' ’ LN ..
: . o _ : | _ Y TR
2




to express .the size of thé’number,‘its only function’is to .express
accuracyg 1. 30 te 1s us that the measurement was not 1. 29 ‘or

'il'31' The number
1.29 or 1. 31 or eve 1. 34.- The 1mplled uncertalnty of 1. 30 X 102
2

.005 x 10 s whlle the 1mp11ed uncertalnty of 1. 3 X lO is .05 x - .
.102'. - T |
3 . . ., . PRI Y - 6 .

| You have a- ch01ce of two ways of av01d1ng confusion caused byh

3, however could represent a rounded value of

- a'finaf'zero 1n,measurement For example, consider the number l30rn
"Is the uncertainty 5 or -5'> ‘The confusion may be cleared up by,
statlng an explicit range. of uncertalnty, elther 130 +.5 or 130 + .5,

\ It may also 'be gleared up by statlng l30 in sc1ent1f1c notatlon,
-e1thér 1.3 x 10 (uncerta1nty = 5) or- l3 0 x 10 (uncertalnty 5),

1
You may occas1onallx encounter other conventlons 'If the

'flnal zero is s1gn1f1cant_ a measurement of l30 may be written l30. A

”_(130 followed by a decimalpoint) or 130. Both 130. an 1130 imply |
:an uncerta1nty of - .5. Often, however, you will ndt be able to 'J/,f
,tell what uncertalnty is 1ntended Pt - ’ "

. - e
‘. When measurements contaln dlgits to the right of the de01mal

. point, no conqu1on can occur. /373 94 ha ‘an_ 1mp11ed uncerta1nty
. of .005.' The implied uncertalnty %;\\73926 1s .000005, whlle
0 ' .

* .739260 1mp11es an uncertalnty -of 00005

. 2=2 Roundlng Numbers

, occaslon to xround numbers or example, suppose . that. you need to :'
' round the number 12.68 to the nearest integer. 12.68 lies between
- 12 and, i3 and clearly 1S‘closer to 13. 'Therefore, the rounded. value
-is 13.. o N o *fr S o | /

v , X L,

- - Or con51der the proljlem of"- roundlng 6 213 % to the nearest
tenth of a gram. ' We merely note that 6. 213 is closer to 6 2 than\ '
6.3, Therefore ‘the correct rounded value is 6.2 g. AR

' One addltional problem remflns How should we. round 6.25 g"'_
to the nearest tenth’ of a gram?g Slnce 6. 25 lies equally close to -

”‘”6 2 and 6. 3, wermust make an arbltrary dec1s10n In this situation -gff-

we Wlll adopt the COnventlon of - roundlng S0 . that the final»dlglt of
the' rdunded value is even. . The answer is therefore 6.2.

N . )
" :

o . R . : . L




. -
\_\ :

"f;:‘l;ff‘ Acqording to the above GOnventlon, we round 3. 35 to Se 4 and
- 8. 85 to 8. 8.-A'.f»ﬂz" ._}; -’“‘i' A -

2~3 Propagation of . Error Under Subtractlon e

;n Section 1-3 we found that under the operatlon of addltlon,,i
~ the uncerfr!hty.ls addltive. " The sum of two ranges of uncertalnty
”:_.is the sum of the mldp01nts plus or mlnus the -sum of the uncertalntles.

NI (a4 (y e ay) = u\+ ¥) (8% ¥ Ay)
| | (100 3) "+ (50 1) = 150 3 4 o

(45

In thlS sectlon we w1sh to determlne the uncertalnty when"_
_one range of uncertalntx is subtracted from another: We w1sh to

Z>‘ ’:flnd, for example, the uﬁcertalnty of the dlfference when 50 l )

l

is subtracted frém 100 + 3.. G - - ;_ :
: B T A Ae e |
L s e L e A T

oS o . . o el . R . . . o R .
. S T TR

EE :.*‘;' we determlne the uncertalnty by flrsu flndlng the. greatest *"1;
x‘ﬂfﬂ,‘ p0531b1e dlfference between the two, measurements and the smallest ;'
poss1§le dlfference between the measurements.- The greatest glffer-

: ence is found by startlng w1th as much as poss1b1e and suthactlng

’

as llttle as possible.; This is B ’. | SR ,_'n
o (100 + 3o = (50 ~1) =103 - 49 @




. the- difference betWeen two ranges of uncertainty.

e .

© . is ‘as large as possible’ and y

| 54, or as small .as 46

e

.between 100

= by repeating the procedure we followed in the example above, but -
' uSing algebraic expreSSions rather than specific numbersu. ‘

In finding the difference between X i Ax and - y Ay, you sub-'
tract X t Ax from y Ay The result is greatest when y * Ay is A\
vas large as possible and x is as: small as possible. This N

- and 46

-The smallest;value the difference may have is found uy start-”

ing with as little as pOSSlble and subtracting as . much as possible. ! L
‘ "'-f;q1"~ 77ww . i.".[.xof:;i .
= "?/ém_ | .,‘_ ; o

' B LN

t

The difference between 100 + -3 and 50 -1 may be as great as

i

: The midpoint of the range of uncertainty is the average of 54

Ca

‘.f//a Sﬁsi 4'6"‘=

,1oo- S

“

The midpoint 50" is 4 less than the maximum possible difference

The uncertainty of the di_ference is therefore 4. The difference

3 and 50

K4

+.

: l is expressed by the range of_uncertainty. ;
We have determined the difference between two specific ranges
Our ‘next- task is to derive a general formula for -

"'We wfll do ‘this

of - uncertainty.i

,w

L

occurs when x - Ax is subtrac d from y + Ay.f

.\’ .

(Y + Ay) - (X - =y, + Ay *'x + Ax

Ax and y t Ay is least when b i‘Ax

Ay ys as small as pOSSlble.

| The:dif‘erence'between X

.|+

v

@

;'Co




\ ,'i'_. The minimum dlfference is’ therefore,_\f f@- R ) e

D - L . : '

(y - Ay) Ax Ax) =y - . Ay - x - Ax

_ The mldpoint 1s the average of the max1mum and mlnlmum d;ffer—'
'jhl _L (y + Ay - x .+ Ax) + (y - Ay - X = Ax) _2y-2x
' 2. E : 2 ~

T | = Y‘X.

The mldpoint ls 51mp1y the-dlfferences between X and y.;td

o

«1,_*f-.- The uncertainty is the dlfference between the mldpolnt and
- the max1mum or between ‘the m1n1mum and the m1dp01nt, or ‘what is o
L equlvalent half,the dlfference between the mlnimum and “the max1- ’

Y

| "‘mum.- The uncertalnty is

-

¢°} (y + Ay - x + Ax) - (x;:-[y -x - Ax)..

-

PS
ol

' . ¥'+ Ay -.x._+A.Ax_;;'y'-|;' AY--F X .+.Ax
) . . E ) . e . .. e A .-‘ ] .2-....‘- . ..‘ ] .
- con o N ..- ) _..- - § " - . .-_-v . ZAY‘ + ZAx .- i R ‘ .‘ .

: ' ' ’ £ - bl S ".« .
| The uncertalnty of the dlfference between two ranges of un-
'_¥-"hcerta1nty is thus the sum of their uncertalntles. Uncertalnty is™

~ additive- under the operation of subtractlon._;

The dlfference between two rdnges of ungertalnty x * Ax and

); -.y + Ay is given by the ﬁpllow1ng formula. ) ""fu'_ S :'f-_v

We have con31dered the. addltlon of one range of uncertalnty to

3 But what if we combine the operatlons of addltlon and subtractlon?»'
What  is the range of uncertalnty, for example, of the follow1ng

"m‘expression? A R ‘ = I BRI
' | Nl i 1) + (33 El 2) - (74 t.ls)' e ..-"m'

_ The problem is hot difflcdlt if ‘it is d1v1ded into steps.
‘;First we ﬁdnd the range of uncertainty of - '

(611)+(8312)\

R S . S S T A_;;,._AL

another and the subtractlon of one range of uncertalnty from another..

'1-'--_ |t Ay) ('x t0x) = (7 - e G




081ng the formula for the additlon of two ranges\gf uncertalnty

Ax) + (y\

we obtain . - ... e : ; e %-:;\

RN

W
|+

(x. by = G Y E (), Y

N T Wl -
Ja .
[ R *

»,

- .

29

o

1) +.(83- (6% 83) P2l e

M

ST . 89 3 f.i;-f,."j\’
- e A : L . . Y ) . : .

The second step 1s“to findrthe range Bf uncertalnty of” _

. RE SO L o

ey o3 - a5 SRR

L o ’x

1We apply the formula Qpr the difference between two ranges of;-

uncertainty. o A S

) ¢ . .
© e

(Y% Ay) = (% Ax)

-

i+ .

Ay = x) % (Ak + Ay)
'The'result;is:: S g ; o

- . <

(89 74) {5 + .5) /

(§9u¢“3)f4f(74 i,,si

15 1'3-5;:%

“ ‘ ’ ) B '.‘ .. . . ... ‘-
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o ' Give the implied uncertainties of the set of numbers in each of
;;%; the followi 1 columns. Include units._ .”“e”..:._ .'; - s',
f_Jl.'\}r' iron ‘1*'Q 2 3‘“. | niacin A B
- '2.“ thiamin . -'e 'id.:'. vitamin A | .
iGive the implied uncertain@y of - each\of the numbers below. lf"'
,_-more than one answer is possible 1ist all the possibilities.
5.. 27 g 10 e .n | D
s, 322 - 9. 6000 e
o582 L (T Y
'»ti; In each case perform the. indicated rounding operation.'
:ﬁ'ilo,ijound 6.3 g to the nearest whole guam." |
'_ll.‘ARound 8.48 m to the nearest whohe meter.'__.ﬁy;;; | ,i?ei
| f:;lz._fRouhd 7.35 mg-to the nearest 71 mg.\ -i.e L ,-_w | -
{'jiléf_}Round 6, 205 cm to the qearest .01 cm j". | R
" ;lé.e:Suppo§e that you wishrto perform'the following subtraction.
'. o _' : (62 % 1) =~ (30 + 2) :
a. what is the 1ar9est poeeible value for the difference? ;o
. h;. What is the smallest possible value? f | B

- c.; The midpoint of the range of unc tainty may be found by
. averaging the 1argest and smallest poesible values. Finh the
midpoint.;‘n I ' R

\}

¢ _'_d What is the uncertainty in this problem? “.é_: | ;'. f"

;'g_; 'e; Write the diffenence.as ;Vrenge of: uncertainty.‘;-. i.i
| (Multﬂble @hpice) B . :{3 »
| fls; (BQ + .5) - (20 b NB{.- . . _'}‘.
".a,.'_"'"f‘- (85 - 5) # |20 -3* 3. e (so 20) :t (. 9+ +3)
o (80-_—_-- 3) _.:e(zo_-‘./_,s_)_ ": 91‘ 7(80 + 23) (\( 5/ _.3)
o LI . e
T . ‘

L T S A T T T T




‘. ;-fﬂf;ff V-.k r lyt” . _lw_;' Jl_-:-v;:a..l;- .
o (Multiple Choice) T S
16, (s +ae) - (t s At{ =?7_V--;" | S o
. t.a;:'(s - As) * (t -'At).s' ‘wa (sde.t)'i'(AscfjAt)-
h%~ (s - At) (tq?;As)n'f; : dto'lsi- t) ij(AS'vat)

Perform the following operations,.lndlcating the resultlng range

[

-of uncertainty/), |
17, (9.3 £..4)"- (6. 6 i.;sj

18, (8:5 ’,25'5-(12 4% 7y

3

19,7 (9.4 .6) (2.1 ¢ 15) (3. 14.15)

20, (8.0 lfl? »(2;o;¢ 8) . 1 -4. 1 1 .2) ;'_ oy

3 121.3'k6.9 :'ifs)'+“(8-2- 2.3) (9.0 & 1)'
22;'>(3 7 t.4) - @102 0 g"-

_ 23. A’ student is trylng to determlne the quantlty of water ln a
- grlddle cake If the cake welghs,gg .500 .005 grams before
drying and 12 150 005 grams aft

drylng, determine the range
- of uncertalnty of water in the cake '

”'24. ‘A rec1pe ‘cdlls for flour, water, angrsugar | If YOu used 5 330+
'-.002 grams of flour 8.220 + ,003 grams of sugar and there were ,'
15 000 010 grams of the flnal mlxture,_how much water d1d you

use? K

)

l. . o
’ —f e -
IR
- J . . .
f{ }.).l )
R
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© . SECTION 3: | |
‘ 3-1 Propagation of Error Under Mu%tiplicatrph

o We. have been investigating the propagaJion of error under r”"
| -mathematical operations. -In preV1ous 'lessons we considered the,‘°
. -operations of addition and - subtraction. We w1ll now investigate -
the: propagation of" error under multiplication by con31der1ng a
specific example, as we dld Wlth addition and subtraotion.

Our example" concerns Boyle S Law. Boyle s LaW'states that

'-;the product of. pressure and volume 1s constant for any gas at

;,'constant temperature.f The proh‘em is as follows. The pressure
ﬂof a. gas is 10."¢ Wl atmospheres and the’ volume is 3 ¢ 2 liters.-

"lWhat is the range of uncertainty of the product of pressure and

I

;;fvolume?
In other ‘words, - what is N
L wos.pera2 R R T
| We first determine the maximpm Value that the product may have.
'T e maximum p0851ble produot is found by multiplying the maximum
) ssible pressure and maximum possible volume. +This situation re-
‘sembles ‘that of addition, in which we also combined two maximum

.‘_values. Do . C - p L : C FRY

mhe maximum possible pressure 1s 10 + .l =10, 1 atmospheres,"

'T'while the maximum possible volume is 3+ .2, -3 2 liters. ‘The
'maximum possible product of these two- factors is then o

e (10 l)(3 2) = 32. 32 liter atmospveres,A :v‘_;l < -
f-v o The minimum possible product is found by multiplying the mini-‘
mum poss:.bleh pressure by the min.imum possible ‘volume.: ) /

\ Co aE (10 --1)(3 ) (9 9)(2 8) B S
4 R ‘ ' ' , o _ /
L R o =27072 litir-atmospheres R 4
L The product may ghave any value from.27.72 to 32.32.. The mid- - ‘f‘
v"'point of‘this rangé s the average of the'%xtremes, 3¢ ' e

27.72 32.32 _60.04
' 2 T2
: \

‘3_= 30.02 liter~atmospheres'

‘.r o “‘"f‘. ‘3 .pi,'_d'»}
: Aiﬁdlﬁu;; vfhk {) .,“'“




_ The uncertainty of the product is the: difference between the _“~._
max1mum and the midp01nt (or between the | idpoint and the minimum)

'. 32,34 - 30.02 = 2.30 liter-atf oSpheréE ‘-'-ﬂ.-~J;fV

or, equivalently, Half the difference of the extremesTg"

R

"5}?:{: T 32 jh ; 27.72 _ 2 30 liter—atmospheres

v ) e

The midpoint of the product is 30 02 the. absolute error is- _-R.
2,30 The range of upcertainty of the product is thus 30.02 +.2: 30

L liter-atmospheres\‘ | fj ; 3a . o I
£ g(;oy: l)(3 * pz) .oz-: 2. 30 .
’ L Wheqo two . ranges of uncertainty are added tl‘k m;.dpo:.nt of the."_'_ e

sum is’ tﬁ% sum of: the midp01nts of the addends. However, the re-'-'

.sult ‘of our multiplication is not: analogous to the result of addivﬂ'l.:
tion. The product of the midp01nts of the factors is not the mid—fﬁ
p01nt of the produgt The product of the midp01nts of the factors
is lO 3 = 30, while’ the midp01nt of the product is 30 02,

Multiplication of ‘two ranges of uncertainty is not analogous -"s.;'
to addition in another way. ‘When two ranges of uncertainty are o
-added, the uncertainty of the sum’ is the' sum of ‘the uncertainties'u
of‘the~addends. However, the uncertainty of a ‘product is- not the
‘product. of the uncertainties of the factors. The product: of . the - )
uncertainties of - the factors is (.1) (. 2) 02 while the actuals;,n_'“
_ uncertainty of the product 1s 2 30. Clearly, the propagation off '
: error in multiplication is more complex than 1t is in adgition |

.

In order . tgfdetermine ‘the rules of obtaining the product of'-d;'
two ranges of uncertainty we W1ll perform a multiplication alge% B
-braically._ We w1ll find the range of uncertainty of the prodﬁ

»
of x ¢ Axandy:tAy.:--f' o - : . .w‘.
| B The maximum‘poss}ble value of th1s product is - .“‘,n ‘.' -

. (x-+ AR) (y + Ay) = Xy + oAy + yAx‘-h AxAy:
The minimum p0351ble value of the product is f
i
(x - Ax)(y;ffﬁg) = y - xAy - yAx + bxAy -
S R T L .u\ I L R D
. | . | o ’h_‘._ o



P

B Agt]g_ - |
| The midpoint of the product is the average of the maximum pos-

Slble value. and the minimum possible value.. It is _
i, ' _ ) _ o n

- xy +<¥AY +_YAX + AxAy) +‘(Xy —.xéy -'YAx'+.AxAy)_.' S
R R

S Yoy +_2Axay5 | Lo
: = xy + AxA' - ﬂl-"'f _'.h.fi',z' \y/(

N The upcertainty is the difference ‘between the maximum pOSSlble'

value and the mldpbint.“ This difference is' _ R
df_ -_'f.,"f' (xy + xAy + yAx + AxAY) (xy + AxAy)

The midpoint of the product is Xy - + AxAy, and the uncertaintyoj.
of the! product is xAy + yAx. . The range of uncertainty of ‘the" \;
product is- therefore given by the follow1ng formula. '
'_(x=i'Ax)(y i.Ay)'= xxy.+]AxAy),f (xAy + yAx) e

Often an uncertainty is very small compared to. the mideint.
, When Ax - is very small relative to x,and Ay is very small relative. ¢ ,
‘to-y, the product AxAy is- extremely small compared to the product o AN
- XYy, . In these .cases little accuracy is loet by 1gnoring the term S
AxAy in the midpor?t express;/n (xy + AxAy)
Ax

BT xy + Ay = Xy

ThlS leads to an\approximate formula for the product of two

Y

ranges of uncertainty

L (x'i'Ax)(y-i AY) ‘= xy £ (xby + yAx)
- .

5 : 3 — , :
" For example, conSider the product of the two ranges of uncer-

”, tainty (lO\i 1) and (100 '1). -The product xy”is '

T C 10 1100 .= 1000 | . I
e “;Thesproducﬁ'AxAy‘is S T | ‘_";- I,; L
O L. T lel=1- S N L
The exact midpoint xy + AxAy is- thus
. o S
¥_wﬁ~A o 1000 #1=2000 0




The approximate midpoint xy 1s'\000, which lS very close to \?e

\

| exact midpoint. * - - [’;' '.f" L ‘ ' -
:ifr i;f; . The uncertalntylof thls product is xAy + YAX.'u” :;i
S Ef/'"iA: ."f“ “.l" XAy -+ yAx = 10 1+ 100 ‘1 | :
o | n_]. | d-;" ';_-‘“h 110 ) B

The exact range of uncertainty of the product 1s thus '.-,.a'

AR SR 5.1001 1-110

B | . R

..~ The apprgx1mate range of uncertainty is R

o o ; 1000 £:110 - S .

S The approximation is not as: good ‘when the uncertainties of ! -
1_the factors are larger relative to the midpoints.- For example,_;*'

7the exact” range of uncertalnty of the product (8 + 4)(10___3)”1s

L (8 . ]_0 + 4 . 3) + (8 s 3 + 10 4) ‘ . \_
"%: . Y - = (80 + 12) % (24 + 40)
.-.-" ‘ -" ’ T o 92 :t 64> o ' N

_ A . ,
(' The approximate range of uncertainty, however, obtalned by
»1gnor1ng the AxAy term,'is-' ” '

(B+110) + (83 #Q0+4) ="80 .64 . o .
This approximate ‘range of uncertainty of the product 1s not

nvery close to }he exact range of uncertainty.

d“;_' 'Using the appromimate formula for the product of two ranges “ |

of uncerta /ty sacrifices_accuracy. It is in fact a form of compu-'.f :
."tatlonal error. However, the loss of accusacy is compensated by
-”the ease of computatlon Because computations are. made easier,_

" the AxAy term is commonly ignOred when finding the range of uncer- ’
ainty of a product._l'ﬂ_w", L T o H_P";;'

3ﬁ4~ﬁ..3”2 Implied Error and Multiplicatlon

. An interesting.problem occurs when measurements ha#ing implled
5uncertainty are multiplied Suppose the measurements are 9.99 and -
~ 10.01. - If the implied errors: of these numbers are neglected, their

'product i ' ' ' | o

L

5,99+ 20,01 =«99.9999 Lo




-TheAimﬁlied uncertalnty of 99, 9999 is .00005. - But is.such a small
“implied uncertalnty justifled? Do‘we really know the product that _
u accurately? o '

i

" Let us. repeat the ultlpllcatlon taklng into account the 1m—lt.
p11ed uncerta1nt1es of the two- factors. The. 1mp11ed uncerta1nt1es
~ of both 9 99 :and 10 0l ‘are . .005. - These - factors may then be expres--
;'sed as ranges of uncertalnty._ . ' SR s L
| 9.99 005 and. 10 01+ .005 :+ e

r‘ . . ‘. .
The product of these ranges of uncerta1nty (uslng the approx1—-

C .

tmate formula) ig _

| : (9,99;:'.0055;£(104b1'_ 005) .._ o

) - x9.99;510.01> . 99 (. 005)+ 10 01 ( 005)]
| ;='99L9999 + .005(9. 99 + 10 o1) -

99.9999 + 005+ 20.

= 99,9999

'H-

.1

The uncertalnty of the product is actually .1. The product_f'
_' 1@ not known with the accuracy than ‘an. implied ‘uncertainty- of L
| .00005 1nd1cates. : '_ e : g - T

~ The b01nt is not, that 1mp11ed uncertalnties are not Valld but
_-that statlng the product as 99. 9999 1s m1s1ead1ng.- The accuracy
" with which the factors are known does not Justlfy 1mp1y1ng that
'the product is known w1th such great accuracy._ ' -

Y

Notice that very 11tt1e accuracy is lost 1f we round the mld-
2

’ the 1mp11ed uncertalnty is .0005 x 10 or
05. In the flrst case,'we are 1mplyrng a greater uncertalnty than

';is necessary. -In the second case, we are 1mp1ying less uncertalnty_.'

\

t 1mp11ed uncertalnty 1s .005 X 102 or. .5. If the product is-
ghated as 1.000 x 10% 2

-thansthere actually is..

4 ' The- only way out of thlS dilemma is to state the product as
‘“a range of uncertalnty. The. most’exact statement of the product is'f

. 99.9999 ¢ .1

--p01nt of the product to 100 If we state the product as 1, 00 X 10 ,_ffV




N when the approximate.formula 1s used 'Anoth§t7vef§'?eaSOnableﬁf'
Statemﬁpt would be ' ' j PR .:. 3 .c-.: - le,._
o, '.."” ll'h 100 tloe T
.-.‘“_ Keep. 1n mind that th1s diSCUSs;on app}ies only to numbers
, which have an. implied uncertainty, such as- measurements. In' the

realm of pure mathematics, the statement
| | 999-10 01 99,9999

¢

' is a true statement. . '__'

-:f PROBLEM SET 3:

1 | Given the expressmn .6 .13, 2, answer the follow:Lng.

{{’.
',{a.’jWhat-is the largest poss1ble value of the expres31on?x
:h...Whattis the smallest possible value of the expre581on?

Co- What is the dep01nt of the express1on? "-fh':i : ;54 .

"d. ".what are the- uncertalntles of the express:.on? | : AR

A -
’ 2 _Given the expreé.\smn g At, .an_sw_er_.the follow:.ng._ -

1 o . T

/ 1. -a. What is the largest poss1ble value of the express:Lon? |
, . 'b".- WHat is .'the smallest pos51b\le value of the express1on? >
<. SO c.'_--.Wha't is the mi-dpoint of the _express_lon? I

\ i d. What i__sl_the_'uncert'ainty-of__.the expres'sion?'

N \\_3'. '--G;iven the‘ﬁroduct 6 -'+' )'(7._1' 2), . - e e
:\‘-\\ a. W.at is “the max:l.mum product? B _ 3 S :

i ) o - R
\J} "OWhat is the m1n1mum prod,uct'> ‘

_ e Find the average of the %imum and m1n1mum products.
T This value is. the midpoint of the¢range of uncertalnty of - ‘the .

product. S e -“]I IR T ._4',.- R

4. Subtract the minimum prod ct ‘found in Part b fro} the_-._
L\pd divide the difference by 2 -,

~ maximum product tound ‘in Part a, a
- .to obtain the uncertainty.

Tooe.

iy f‘&. ,



Express the range of uncertalnty of the product in the

form (mldp01nt) (uncertalnty)

.lf 4,7 leen the product (6 4 l)(7 ¥ 2),;.m

| ;.Ni?; 'What is the uncertalnty of - the flrst factor?
.;b; tWhat is the uncertalnty ‘of the second factor?'

c;p-Flnd the product of the uncertalntles. 3

| 11"-' d. Ishthe answer to Part 4c.- the same as the answer’ to Part 3d?
- That is, did- the uncertalnty of the product: turn out to be the A
product of the. uncertalnty of- the fact?rs? e '__ ,-- pq

e. If your anSWer»to éd 1s "no" whlch is the correct way to
solve problems of thlS type? ' ' ' B o
“yfsa— An arlthmetlc example of the algebralc expre551on (a & Aa) T f-f/
(b + Ab) is (10 % 1) (15 *'2). _u,=1 e
fa.j What are a, Aa, b and Ab in the example? | | .'_ -

Given that (a Aa)(b -_) (ab + AaAb) t (aAb + bAa), the _
expre351on (ab + ‘AaAb) is the of the range of- uncertalnty

of. the product, and (aAb + bAa) is the- . of: the range L
of uncertainty of the. product.__>. | - o

c. Use the expreaﬁlon in Part’ b to calculate the range of R

uncertainty of the. numerical example. . \-

6. \Given that the range of uncertalnty of the product (x + Ax)
(y + Ay) may be stated approx1mately by the expresgion Xy * (xAy +

y%x) and exactly by the expre331on(xy + AxAy) £ (xAy + yAx), find
both the approxlmate and exact products for -each of the follow1ng.

7.4 Elmo wants to find the area. of his. classroom by using a ruler - | :
to measure the length and width. After several hours of yearlsome ;__f~’

B work, he finds ‘the-width-" to be 10 meters, give or take TU nmeter,

and he finds the length t° ‘be 7. meters, give or" take Ig meter. . ..
“What is the exact range of uncertainty of the area? The aPProximate-\\-

range of uncertainty?

1)(12 + ) _ -JA';Aéf (15 + .01)(15 ¢ 05) ;j.dt.-

o

+

1) (10 + .01) [T:‘Vé. (h + h) (s £ As)

»
i N S



ds. pd. What is the implied uncertainty of the number 9.987

4

| ';.bgﬁ What is the implied uncertainty of the number 10 02?‘

. ey Ignore error con31derations to determine the product :
(9 9&(10 02) State the 1mplied uncertainty of ‘the. result.;l'~"

d Calculate the true uncertainty of the product by use of
the formula (xAy + yAx) PR t". SRR

\\

. Tbe “true’ uncertalnty is 2000 times largen than the 1mplied
-'uncertainty of the incorrectly stated. product in Part ¢. This
s one of . the most .common errors: made by stﬁdents.v Beware! .. -

. - cemrorionse
v
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"mately the’ accuracy of a measurement~1s limited by . the. quality of

jcurate measurement.n

'Jcision, high accuracy instruments.: In Biomedical Science, the, -~ AR
. -flasks, graduated cylinders and balances wh1ch you use have . all ' '
'”[.1beenrdeSigned with accuracy in mind. . Yet they are still imperfeptly
. -made and manufacturers often include an estimate of accuracy 1n o

.['graduations .are accurate to +5%. ‘What does this statement mean?
- It means' that the true value of the volume 1.;
_‘7of what the: flask reads. In other. words,ht
-treading of 200 ml is 5% of 2&0 ml or.." .

'_case, the above range of uncertainty would ﬁe written as follows.

it is called a)relative uncertainty. The term "relative uncértainty"

" of the midpoint.~ The greater the midpoint,_the greater is the.gJ_.J
-_uncertainty.._ J - ' : : : . i

SECTION 4y ;jff:ﬁ"‘h

T 4= 1 Relative Uncertainty
f

By now 1t should be apparent that every measurement has some
degree of uncertainty. One method .of reducing uncertainty is .
through careful aﬂ‘ention to the measurement procedure. But ulti-'

the YeaSuring 1nstrument used. If you-use a. metric ruler which 1s'~'
'podk Y, constructed.ahd calibrated there is 11ttle hope of an’ac- .

X 4
L
.

- When required, 801entlflc measurements are- made Wlth high pre—‘ _‘H7‘y-

equipment catalogues. , 3:, - “_ itj"“ »_7 _ j__ ‘ _“: R
A description of a 250 ml Erlenmeyer Flask states that the

ithin five percent
‘Wheergainty "of 'a,

S

.05 x 200°= 10 ml o o _;ff;7
Therefore, we. can hrite the readlng -as a range of uncertainty .
200 ¢ 10 ml o B R - .
Often, however, the uncertainty is 1eft as a.percentage., In that a

L 4

200 . 5% ml

When an imcertainty is. stated as a percentage of the mideint, 'ggﬁ;ﬁ,

is used because the size of the uncertainty is related to . the Slﬁf ﬂ y.” L

We have two ways to express uncertainty' a;solute uncertainty

and relative uncertainty.y When the gize of an unCertainty remains_’ﬁ
the same regardless of the size of the midpoin?,wggg range of {

. .'l . '
.\3 TR .o .
- S R P . . . . v 9: M . . L.
. B . LI R T . . . .
. . EEN Lo . . ’ N :
, ,
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b uncertainty is usually stated 1n terms of an ahsolute uncertalnty%
- .For example, if a thermometer can ‘be ‘read only to. the nearest
R degree, the scale’ readlng related uncertalnty 1s" .5 degrees for. . |
| any temperature.- The absolate uncertalnty 1n scale reading;'is {7.
the.same £6r a measurement of" 80° C.as it is-for 20° C.. Thé ;‘
"hf ranges of ﬁncertainty which express thls scale reading uncertainty

Z};” are 8b .5° C. and 20 + .5°.C . i

.. ' .

N s A

-

When the size of an uncertalnty is. &1rectly proportlonal to _
_ the 51ze ‘of the mldpolnt, the. range of'uncertalnty 'is usually‘btated
. in terms of a relaklve uncertalnty.“ In the ‘example of. the Erlen~ Y

meyer Flask, the slze of the uncertalnty was directly proportlonal ;f

to the volume readlng. Therefore we would usually g1ve readangs

in terms of»relatlve uncertalnty,’for exampl 75 '+ 5% or- 200 5%._a.

4 -2 Interconvertlng Relatlve Uncertalnty a hbsolugggUncertainty

.0.,"‘A

I "f Convertlng relatlve uncertalnty to absofhte uncertalnty, and
B the reverse, is not dlfflcult, as the follow1ng examples show.u

EXAMPLE-"- few.{ﬂ:--.p_}n" j-'.j:j' :f7.';t 1_\g

t S ; RN ' -. . l .- ‘, - . . l.v'-\, )

B . C e ‘:\. . . . .
|'T’e absolute*uncertalnty is’ l per cent of lO grams, whlch 1s

- | S, S 1 g L
B ’ ‘.. ‘ ' . . . . k . . A

’ u81ng absolute qpcertalnty 1sav" ‘ i, o R jﬁihV{F?f.
'p;-{. e "'t"'-‘ B :Tfefffffhlo -l;g‘ . .} C fg
\ | o ST ¥ 3
R CEXAMPLE: . T ““.{li | '.w'[ ;5?*eﬁﬁﬁﬂ e
"7/_., Express 50 t 1 cm in terms of relatlve uncertainty- .\_:gfl
o o PO S S R
| SOLUTION._T"é’f.{_:- iﬁj”-ff*ilgxfiy ':’lfiziﬁgzxikﬂ." -é;

a};: af;\fllh» e: absoluée uncertainty rs l, and” the midpoint is 50.'}1"is;:

é%.of 5} To- convert é% to a.pereentage, We,multiply by~1003,,¢§.‘t

. . . B . L . R . o v - e

) . - . . N R . . | . b .t 0’
[ ‘ ‘ . PR : LR .
.ol L - e . . . N &

. -4 R}

R s ‘t.,,-.

Express lO + l%‘g'in;terms:of absoluteTUncertainty.f A

4(/:: f* ; ‘_ The absolute uncertalnty ls .l grems.m The range of uncertarhty




vk

. v‘ Since Ehe absolute unceripinty is 2 per cent of the mldp01nt,;

| the rela@ive uncqrtainﬁy is 2 per cent. g_ L, CoeN
n".‘ i .'. .Q .- . .

R . ~ ) # . A o L o
R gu> T oSGt 2amam L e

»

. ; Suppbse that quarter-mlle tracks are lald'out w1th an absolute
._\ uncertalnty of %) feet.. SE R "_.;M S

. a. }§pres§ the range of uncertalnty 1n.terms of relat1ve |
'~. uncertafsfy. S 3'»_. ' e ~1_;-- “'-_{:; f '.*j
/'b ‘When a person has run 8 laps, what 1s the -range of - un=< - j .

\ns :
1. certainty of the dlstance he has run, u51ng relative uncertalnty?

B

What is the range of uncertalnty of the dlstance he has_h’

s

run, rn terms of absolute uncerta1nt¥?

.\ L

i;ffSOLUTION. ”TiVj-.-_f_i ...';% A - R |
S . l : _ -. . - '- f.._ - : . .r..
a. 7 mile = 1,320 feet ghe absolute uncertalnty is __§§U

Thg rangetof uncertaiAty is expresbed as -;--;‘plhh o 'a':”“ni

“of the mldp01nt ‘We~ convert 1,330 320 to" a percentage by multlplylng 3_5f_f

RLERE 100. T : e
. S o 190%_5, g

; 1,320 . _ .
Ce ,38% 0 ¢ o

. .

vt;f_"'ﬂ : The length of one lap is thus_h
LT, Y320 A".38% ft._i'-_ SR
p{';’\ib.- For one lap the absolute uncertainty is_ 5 feet; for tWD
7. laps 1t is 10 feet. ' The absolute uncertalnty is PE ﬁértlonal ‘to

“‘the mldp01nt. fTherefore, khe relatlve uncertalnty is the same for ';”3,_11

AY

| every distance:  'The mldpolnt 1s o SR ;,_;.1' 1‘ S

| :‘f:i,";l..;?i !i-uﬁf; .. "320 _ 10 560 ft - - ;.;_‘,Mp, ‘...: r“.

o The range of uncertalnty is. ,‘._ R x"-;:‘L. : '?;51 ) |
,l . hu'l"” - 10 560 33§'fti l_.,ptlfn. -f} h p,.};ﬁﬁl'ﬁ
] ,'f‘fi_c. | 38% of 10, 560 is. _-1=_f5~:,'~;;';f f“i_lf'df cok

S f-..'l; A i%% .10i55¢_y4o'f& -

! . ) - - L
- e . RN, 2 \ = . . ~ ' . . ’ Lo
i L e . ¥ . . : : . . . . . )

;- P . . g L - . . . .
g - . L N - : -
. 5 el . S . " . R .. )
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The length of 8‘1aps is - 71 .'_c73".-£ | _ .
' ’?.V»ﬂf-f'i"“f_;“:', 10, 560 .40 ft. ‘ f';} R qi

| __Whgh a rquer runs 8 laps he may run as much as 40 feet more than
U two. biles, or- asimuch.as 40 feet, less than two miles. - “‘;_ f'"ll"

_‘Wﬂ We conclu e this section by convertlng absolute uncertalnty
: ko relatlve

_ 'zcertainty and ‘the: reverse for ranges of uncertainty
finvolving/9lgebraic.gpant1t1es..- ' o

The’eXpres51on X t Ax is a range of uncertainty in terms of '

'absblute uncertainty The absolute uncertainty Ax is A— of ‘the- "},{tg
. mldpoint X.! ‘The- fraction %? is converted to a percentage by multi-: B
-n.plying by 100%. The relative uncertainty is’ ' R
_ The range of uncertainty in terms of"relgtive uncertainty 1s ‘con-
. .- Sequently .. "..,‘ ‘_.. . .‘ . + o . | . . . ' . -. -. . .
. x °~:X i 100 A)E. % . - - .
' We may convert a range- of uncertalnty w1th algebralc quantl--
,ftles 1m.the opp051te direction a so.. The expre331on X £ p% is '_'J'

a range- of uncertainty expressed in terms of relative uncertainty.-
- The relative uncertainty is p\per cent, so the absolute uncertainty

"1s l%ﬁ t1mes the m1dp01nt, which 1s x..j' R L q'

- . 100 " ¥ - R
| "“':Therefore the range of uncertalnty in terms of absolute uncertalnﬁy

Absolute uncertainty =

L . \ .. . S . . " ot
x t1'P'—oo L
PROBLEM SET 4:: L SRR P
"511..‘Givenlthe_ex-_-‘ ion 10 "1.caloriesb B -
| a. 'What i 7 uncertainty? . -
b;: Computelthe relatlve uncertainty.v_ _ -Jta'g
'c;"ZWrité the. expresslon using’ relative‘uncertainty;- ,
s o . - I . . . . + .
» . . : | -_._: 4\‘1 .
Ci Pl U a_‘f;ti' B T
¥ AN ¢ S
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. : g N \
Given the expression 150 :t 2% meters :
-a. What 18 the relative uncertainty? DU R o
. o . R I

'-b;- Compute ‘the absolute uncertainty

c. Write the expression uSing absolute uncertainty._f

‘.

Write the fOllOWlng expreSSions uSing relative ﬁncertainty.._-

> 37 5.t .1 seconds- . 5,100t .5 meters ;f'

4. 20 1 l calories - .h'ny--',f o "'f'“rf _'=?f; L

Write the follow1ng expreSSions uSing absolute uncertainy

“.

.A'GAI 8 8 + 1s calories o 8. 25°25?£ ;5%”calories o f} |

"Af‘y7L_;5.67~: 10% grams

. {:L

ERNC
s

e | R - L
Perform the indicated operationS‘and eXpress the resulting
range of uncertainty first in terms. of (a) absolute undertainty '

' and then in terms of (b). relat!ve uncertainty

’ . . . ' . ) . e . . . . o ) . ) i.' . |
(5'+ .1) + (5 t 2) '19 ' SRR . o v“*f

ll GiVen the expressmn (20 l%) - (15 2%) I *‘

-

‘f??*'a. Convert thé relative uncertainties to absolute uncertainties..;”'

o
» : 14

:{hy}bf Write the expreSSion using - ‘absolute uncertainties.¢

IR \ ' .
‘pjfc. Determine the range of uncertainy of the difference._-g —

y *3,g5*§ d.. Express your answer to Part c in. terms of relative un-

certainty._ (Note that your answer is not 5 * 3%,_which indicates
‘that. relative uncertainty is not additiye under the 0peration of .

~

subtraction ) o g'g

1. 30 1% i'p% o '"'."sf"fL'lz-y el

”

b PRS0 e e e

: 13;"[28 7 = x it Am

T SU U T Loet
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L & l4.~ According to an equipment catalog, a lOO ml graduated cylinderz-
"_,has an error ‘of ;6%, This indicates that any- measurement made |
z"w1th the cylinder may,betin error. by as much ‘as .6%, which i o
equivalent to .006 of. the midpoint. - For the follOW1ng problems -
) we Wlll 1gnore scale reading error 1n order to keep the problem

| _s1mple. : --!b ‘ L

' What 1s'the max1mum amount\of lquld that cou d be in the
cylinder when it is filled to the 80§ml mark? o ",. o
| 3_'” b; What is the maximum amount of liquid mhen it is filled 90' .‘r
"/ . the 45 ml mark? ' ' ' ' ‘

c.” The: cylinder is used ?o pour first 80 mi and then 45 ml
ufof ‘water ‘into a. beaker.' What is the maximum amount of water in
_the beaker? (Assume\that all of the water can be poured but of

P

: “:Mthe cylinder each time. } . . .

v T ' : ' ‘ o o .

RS - d. What would be the maximum amount of dater 1n the beaker
' if the same procedures were used, except that 70 ml were trans-

‘ferred first and then 55 ml? v el .} jef- Co f,,_

‘flS.- SuPpose that a 50-ml buret has ‘an uncertainty of l%.A-Sup- o
-.vpose that the buret is filled to the 40 ml mark. . Co

T f‘."_AVa. What is the absolute uncertainty of the 40 mJ reading.

B b. Express the reading 1n‘the form (midp01nt) (absolute

e uncertainty) o "( | .:"_ R o - .:-; .

\}~ 16.. Elmo and. Alfred are in a class that is studying the ‘metric
\\system. Alfred 1s the best student in the - class, Elmo ‘is not.'

T

The- students are. leafning to convert inches to centimeteps~"‘,\ -

by'measuring distances in 1nches on a yardstick using a meter :'

"f:stic .~ They measure the 1ength in centimeters of 5 1nches, 10 s

‘1nches, 15 1nche§, 20 inches and 30. inches. .

T Al red, does his measuring by placing thé meter stick ne: t‘u:
'-?f”,“g-vthe yardstick.; He finds that 5 1n9hes corresponds to 12.70 centl— .

meters. The. meter stick has div1sions oflone millimeter, and |
Alfred figures his measurement may be in error by as much as. .2”mm,h

N "or .02 cm. Thercfore, he expresses his measurement as a range. a
. | .fof uncertainty, o e o ;_l 3 3
BRI N T - ‘>‘112,7o'¢_.02 cm.

0
Tt




e
\‘ -

’\. -

¥ I Alfred:then measures the. “length" of 10 1nches *in the’ same ..

("{‘way——.by p]_.acing.the. yard;stick ‘next _t-o_ the metex.‘stlck and notlng ' .o

_ fthat 10 inches-is'25;40 céntimeterS'longwlk. LT T

Elno, hgwever, uses a dlfferent method.. ~ He measures the length“‘

'“of each 1nch ohe at a. tlme., He flnds that.the first inch is. 2.54
7cent1meters long. Error is Elmo' s specialty;. although he ‘is Just
] -plain’ 1ncompetent in most thlngs; he is good in error analys1s.
_nf“He knows that. h1s measurement of 2.54 cm has an absolute uncertalnty
F-of .02 cm.. ' ' ' :

B Elmo measures the. second 1nch and flnds that 1ts length too.
o 1s 2.54- + .02 cm. The length ‘'of. 2 inches is the sum of the lengths
of the flrst two 1nches.§“f.'gd\j ‘ g '

A2.54 "'02)'+“‘2 54 +.02) = 5.08 * .04 cn

Slnce absolute uncertainty is addltlve under the operatlon

"f * of addltlon, Elmo adds_.02 cm to h1s uncertalnty with each measure-h'

- ment, By the tlme ‘he has measured 5 1nches, his uncertalnty is L

A5_x 502.—n.lO:cent}meters. Elmo expresses the length of 5 1nches .
7w 1207008 L10em

L.

Elmo continues to measure the other lengths 1n the" same wayn

-

)

long after Alfred has gone home.'
aw’_Wthh student had constant absolute uncertalnty?

b. Whlch student had constant relatlve uncertalnty?

: \'. _ i t . »
SR % 'What was his relatlve unbertalnty?
f‘ '"'~ d,..’ What was. the absolute uncertalnty of hlS measurement of
the. length 17 centlmeters of 30 inches? - AU jﬁ\_ - ”
' \ '-_/4 Ry
’ ’
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5 1 Errofb That Can Be Corrected

Occasionally you. see signs alohg hlghways that read “Speed-"
ometer Check" or “Speedomeehr Test Sectloh.ﬂ These SLgns are
followed by slgns ;ndldat;ng one-mile 1nterva1s. e

' Speedometer check s1gns may be usegd. to determlne the a°9E£§9¥”/’~
’of a: speedomeﬁ.‘ - They may also be used -to check the. odometer, '
the lnstrument that’ indlcates the number of mlles traveled by a.

i

Assume that our car not only has an- odometer that records the
total mlleage traveled by the car, but also has a trlp odometer,
Wthh may be set to zero at any ‘time. ‘We approach a speedometer

test sectlon and set the: trlp odometer at zero as ‘we. pass the srgn
1ndlcat1ng the beglnnlng of the flrst test mlle.'-

[mice] -
N T

o,




- major error wh1ch \can be corrected. A

&

We continue ug trip, ‘and the odometer eventually reads 132. 0._-?_;'

ra

_ 'But'howumany milds have we; actually drlven since the start of the’
'.:sisedometer chec ?; -8 s ,;:;n.-g--v”:“,f'-. e

-

'Measurement error is the dlfference between the true measure—’;-‘ A

h}'mentfandftfe’réa ing-~ .of ‘the measurlng 1nstrument. Up untll now we-
cOuld only'appro_lmate the maximum 51ze of the error. . We. call B
th1s approX1matr n uncertainty. In the case of. speedometer correc- , 'A_..-_'w
tion we w1ll be ble'to do more. We Wlll be. ableix)estlmate both . |
”»the dlrectlon and the size of, a'major ‘error.' - Other errors. w1f1
[fremaln, such as érror 1n the placement\of the sign posts and error. .

:-1n readlng the odometer exactly when the s1gns are passed But we
. are 1gnor1ng uncertalntles in our readings and concentratlng on a

\ '\ [

\ Y SR | .
:.: Notice. that the odometer readlng is alw;ys too 1arge. ‘At the -
arge qy .1 mlles.- At B |
\“the end of% two mlles the reading. is too large by mlles.. T'o put N
\s afﬁays less than '

end of one mile the odometer reading is too

'1t another way,’ the actual distance traveled
'; the odometer readlng and the dlscrepancy grows W1th the 1ength of S
'.the fﬁip. We may -corxrréct the | odometer trip. readlng of . 132 0 mlles ' ;;"
f;by using J'e 1nforma§16n obtained from the speedometer check The'd"

. question is; what must we subtract from the odometeﬂ readlng tozv"
. obtain the actual mlleage of the trip? o '

| First note that when the odometer reading was l l ,the .error .‘F': .
was~ l miles. Thd relative error was ' ' ’ '

Ty ’ .
' LI

'for'apprgximatel




e M v I
N ' ' ’ . v . .
. . o ' :
. . . T . . .

'zq-1° | AT

he same as for the first mile."

. : . R I
o ' T ]
- Wmen the odometer read 2. 2, the relative error was

B "‘7"‘~'V '5—% 1008 = %%?% o T, A

:fb _ ce T

bl;:dp,' Thehreason why odometer readings have constant relatfve error:‘
- is ot the subject of thls mathematics section. But we m

) tlon that tire' size is . one factor. An odometer counts t) e numbe' i
5]of revolutions made by the wheels, and converts this to. miles by"
multiplying by a factor assumed to be the distance trav led per
revolution. If the tires have a- greater c1rcumference than that
U B upon Whl¢h the assumption was- based, the .car travels a greater dis-.
- . tance pen revolution. If the caratravels a greatér dfstance per
the odometer e
' the tires o
are of smaller 01rcumference (due to. béing badly word, | for 1ns nce),_’

f.f_frevolution than was assumed in de51gn1ng the oddmeter
n_indicates f er miles than actually were traveled I

_-the odometer 1ndicates more miles than ‘he miles act ally traveled.
‘The - theoretical error caused by’ assuming ‘an incorredgt tire s1ze
fintroduces‘a constant relative error 1nto the ‘'odometer reading

(constant, at least, ag long as the tire siZe rem_ s constant)

The relative ‘error of our: oddmeter is app oxi ately‘9 l per
cent.' When the odometer\reads 135 0, the ab olute error of the
reading is o _’[ L : s f-,~, R

e gy - . S
T _'. - 132. 0 /} 0 -"fl - \

,” The absolute error is 12. 0, and since ‘the odo ter: reading is- greater B

L %
\ than the actual number of miles traveled, we subtract 12 0 from 132 0

L ’7][4__ A 132.0 - 12.0 = 120.0

-o|

¢

. . _>When the odometer reads 132 0, the actual number of miles traveled
o ds 120.0. - o .;! |

The qpnstant relative error: that occurs 1n the odometer read-i
. , ing may be corrected. We COrrected the reading by. checking the -
t\; - odometer against true measurements, the. mile markers. "This type

: \Q’Of error does. not . inv01Ve uncertainty. Correctlbld error 1$:b

\ of the "plus—or—minus" kind, which involves maximum or minimu »
\values. Rather we‘may state the error by the folloaingfexpreSSion..

T . Yy
“!_;-. o Actual miles ¥ Odometer reading - 9. 1% L
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x;.,ﬂf”PROBLEM SET 5. e o ST
'- .‘}‘l. bathroom scale reads 2 1b when no on,e"ls stand1ng on. it.
It reads 102 lb when a. standard 100 -1b welght is plaied on it.
a,' The-acale seems to. have a@n) (relatlve,_abselutp) error._ , S
: ' L C Voo
_b;. If it reads 413 1b after Bellnda stands on it, what 1s L
Belinda s probable we1ght° o g ao S
2; Another bathroom scale reads zero 1b w1th no welght on. 1t and\\\\ N
. 102 w1?h a 100 -1b welght on it.’ "_._ ‘_- -'\. R o SO
S _asﬁ This scale probably has a(n) (absolute, &elatlve) error. ; '\\;

!
i

\ bl If it reads 357 1b when Errorbella steps on, what is’ Error-
'-'bella s probable welght? ' ’

.]”3.- Speedometers ‘and odbmeters are" generally in agreement ForzrV_ S
: example, if you travel for one minute at a constant §0 mph, the SR "i‘

A odometer will reglster one mile, as 1t shOuld Th1s means that

"t~the speedometer Wlll have the same relatlve error as the odomew\r.L;
. The same correctlon factor may be used for speed as for odometer
' fcorrectlon.' It is easy to imagine. 51tuat10nb in whlch the ab111ty

to correct: for speedometer error mlght be really useful such as- »
Lwhen a nghway Patrol car appears in your rearv1e¥ mlrrOf and your':'Mik'f“
h_1ndlcated speed 1s a 11ttle above the speed 11mit

%é\é_ﬂ..mwwm« PATROL (AE

kid

o=l |

— - B .-(’\
W, . \ E B
TRUE SPEED9 T *77-\ .

4y Assume that the rela,1Ve error of the speedometer is the. same ‘as -:_'h'a-
.~ - _that of/the odometex B

' ~p1ndicates more. m11es than actual miles. ,Show that the trye speed
is about 54. 5 wph.’ o -(, | | l\

) o . ) . .. . . , . ) v
: s | - . i N :
s L [ S . hd . . v, - )
VS T T 4y e ;
& . .

The odometer has a TT relatlve error. It




',4.' Odometer Reading

5.. Odometer Readlng

f.mlles is

-,an actual dlstance of 135 mlles.

| " ”True'MilesQa
: ,“ooo 0. f'_' D |
ki \

b. Show

'f_ynel hborhood of 3.8% (not 4% exactly)

""cl_. By use’l of the formula ."_‘

[ PR
-~

s S%miles.,," x,_:_.' C {~. Aﬁ""

subtracted) from the odometer readlng

1

:g;_ Show that th

_True_Mi es
©..35026.2 N
R 35029 9, : 4
\

. a. *Show that the_odometer 1nd1cated a,dlstance of 3.7 mlles -
'lh.traveled:uma dlstance'of 4 true mlles.- R ' '

A'b. Show that the absolute error of the odometer after 3 true 3

.3‘mlles.-

o ‘¢. Show that the relatiye'error'of the'odometerzis in the"_
'”_nelghborhood of 8. l%{' o e ' R

)

cd. Show that an indlqated dlstance of 125 mlles 1s approxlmately

2 .

-

.;

4

.
| ~—§ (Odometer R%Fdlng)

4 \ Slnce the odometer readlng is (less, mone) than the actual

'f;number of,mlles traveled, the absolute error should be ! (added, )

'/jf |
. e._ Show that the corrected value for dlstance travel 1s _ﬁ
‘125 mlles.v | |

Absolute Error

T

v

6

a)

S

R

, the relatlve error of. the odometer is lh the

. show that the absolute error 1n an odometer reading of 130 miles )
. ) . . .

_ Show ‘that if the speedometer correctlon factor is the same
as® the odometer correctlon factor, then d speedometer readlng of
65 mph has an absolule error of 2.5 mph "

corrected sﬁ;ed is 62 5 mph

"




i . . L . ' . . - ’ .. -t IR - . ¢ . : .
L o : ’ ' . . . oo . . L ) ' ! . L K :
- . . ! T A . s . ) . o . .

ﬁ--ili"_:e; State why the correctlon was added to the indicated .
! . _distance. .' - , : - L -——— . R

étely aq actual

1
£ Show that an - indicated 55 mph is approxi |
'speed of 59.5 mbh (N6TE , This situation can arise ‘when over51zed _;

‘tires are put on the rear. You may think you'
. ’ ,

Aaren t. )"'; 51377*

_ “96..'-4

e legal, but you
Odometer Reading'\ fTrue Miles : I o i;3 o ._'_\w

25626.8 . .0
25630 [ S 3

,a. After an 1ndicated 210 miles, ho many actual miles have

) A

__you gone? State your answer to the nearest mile

.b What is your actual speed whenymwur;ndicated speed is 60 mph?

14

-y, State your answer to the nearest mph L R RN

..7. Elmo was cru1s1ng alaong one day in his. Locomobile He'had: -
) {Just purchased sqce overfized tires from Reet Red's Square Deals o

. and Round Wheels

ochange his. speedometer readlng Accordingly he drove stralght to

arehouse The - salesman told him that it would*'

a speedometer check zone where he obtalned this information His
:odometer showed only- 1. 7 miles in 2 actual~m11es Elmo d1d some .
hlightning calculations,-" 3 miles ipf 2 miles is a 15% relative '_

. ¢ error. If" my speedometer shows 65" mph then 15% of 65 is 9.75 or

‘_about 10‘ Since the odometer reads less than true. distdhce- -y true

speed must - be less than my 1nd1cated speed . by 10 mph. I must be - N
going’ about 55 mph.". Elmo continued to cruise along at an 1ndlcated_u'p o
7»“ 65 mph After ‘an. extremely short time poor Elmo Was pulled.oyer for .

»

-speeding V.The officer'claime& he was going 76 mph

Identify two’ mistakes Elmo made in hlS calculations

: /
',b.' Do you th1nk the Judge will haveimercy on Elmo when he ?
't l1s him hlS story’ 14/ _ o o
. a0
¢ N A,
o R YN YL
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SECTION 6i'-"_-wf- L B T

6-1 " Propgga -ion of Error Under DiVlSlon Y

.=.,fQ .' | . We ave developed proCedures for determining the propagation L

E of error when ranges of uncertainty are added, subtracted or. multi-ll .
. plied. .But we have not vet jetermined the resnlt of dividing one =
- "’range of uncertainty by another._ For example, what happens ‘when
S e dﬂVide 2999 + 70 by 100 £ 1. ; L e

-

e T 2999 £70 _ o e
AR 'd The quotient has its“’ ximum pOSSible value when 2999 t 70
is as great as pOSSlble and. 00+ 1 is as small as possible. There-"
fore, we' obtain the maximum oo Slble quotienJ°by dividing 2999 + 70
by 100 1. - ~— "

Lt 000 w70 s30e CCNL
e 1m0 -1 99 .

“*f = 31 o

‘l

N '*The quotient has ltS minimum poss%éle value when the smallest _
possible valye of 2999 * 70 is divided by the largest p0551ble value |
of 100+ 1. - ; e e

| St 2099 =70 _ 2929 L o |

: _ R R - 100 +° 1 101 g“ C e N
The~quotient may/beyas great as_3l_or-as“small-as.29r_ Theg"

,
g»emidpoint of this rarge is ‘ T
oy 7'v~:' 31+ 39 _ 60 S
S //(T\ el =-3o»",}-.l,.jf.'\ oL e
e\f.'fi'Th /absolute uncertainty is the difference between the max1mum i"
- -and . t midp01nt, or halr'the difference between the’ maximum and
'_the‘m nimam. 0T -;.ﬂ_”,_ s
-”‘-_ 31 =29 2 T
b :bd” . Tz YT 2 “:;‘\- A
1

s
N




T

s S S X R
’ L - . .

.ffzﬁf\g.' fThe absolute uncertalnty ;s 1, so the range of uncertalnty
N o{ the quotient is : . . R

\

, Wri ters in the field of mathematlcs are not usually requlred L
:; to use data ffom actual experiments. They are free to use in exam-
'1ples whatevhr numbers they w1sh, and conSequently they tend to -

:choose number . that ‘are easy to work w1th In the'example above,
'for 1nstance, numbers were chosen so that the maximum and m1n1mum

P

»-_values of the quotient are whole numbers. }*‘ ,' . __1 e L -

In actual sclentlfic~w8rk we are usually faced w1th examples o

. in whlch numbers are not\so easy'to work w1th It is therefore ',
'1useful to have an algebra formula for the quotlent of two ranges

. of uncertainty., Then you‘EEed only substltute the numbers 1nto K
" the formgla.; Let us suppose tfat we want to d1v1de the range -

LoxEBx by’the range y-*AYo

_ Y-:- e . o .
The prob]zem that we ha've Just posed is- nothJ.ng more than an

| ' ‘algebra problem, but the computatlons are qulte lengthy : Therefore,g*ls-»m
'nf."w W1ll Just present the result and then show how xt can be’applled““‘
;;At spec1f1c problems.’ The result 1s . . o R ; SRR LR

-

SR FTT xy + AxAy by bYAR
S 3 Ty e 1 (R

Se . o ¥ Ay.. Y.,' Ay , .”QYQAT'AY 1 -

A S Co : ' U e

) In order to illustrate the use’ of thls formula, let us return

- to our numerical example. The example is the d1v1s10n of 2999 + 70
‘,by 100 1. JWe w111 substltute tQESe numbers 1nto our algebralc
exhress;on.i We set 4 = 2999 and Ax = 70; we, set ¥ = 100 and Ay

" B

o%

. 1 _;.
’ . % x :
l‘

g
AR

;70';A2999 1oo + 70.- 1 i 2999 14 100. 70
.l“'_'fi, 1002 12\- o ioo 14

2999002+ 70 4 2999 +‘7000

© -

*m““l

,"J I

. . - . . . N
. X ' . . U

A . o . . . . = . RN R
: e . - ~ : c . P . - M BT 5 v - ‘ . T
. ot L e, - : - c X , , T :
" Ny, ¢ . . R . . . L FooL
- .\ | _ T R

(;{3 . °

-A *r' ﬁt'1¥iY}J;s

f=;26b97o"”‘9999 o N
S 1 o "%,.(b._ T
mﬁ558( .biilﬁ}’ﬁ/if;}hfig |

4.,/,... .&.u_.‘..LA.u N TN TS . e el e e b i i b P R T A = L - N




S "@ g. e ,
T Tt result is in agreement withf our\
o When AxAy is a small fractlon "of w

o

: ..': -u. ‘
X * -Ax°_=__ Xy
Y;E By -

' ‘.

-+ Therefore, R T

oo VAR Y WEORl S U S

]+
|

P

<

ThlS approxlmate formula may be applled to the‘ example above.

70 1s much smaller than 299 900 ‘and:’ l is much smaller than lO 000’

Let us repreat the computatlon, 1gnor1ng the terms AxAy and Ay2

T "‘3" " . s__;;iy_' '5 s xAy + ybx TR f_if,f*';\i‘_&ff*f.l-_‘

(L3N

y
- -2999. %70 2999 , 2999 ¢ <ﬁ-160'\70)\_-‘ S
P © 7100 =1 100 T | 2 ... -
| o IR 2999, 2999 + 7ooo LT
Too *TTTo,000 .

e T1p0s T, ooo o R
C : We. 'Simpl.ify. ;this._-éxpresslbn to‘obtaln BRI , L -

Lo i T 2999 £ 70 Camon G L e
COON L 100 +‘ri: 29.99 ¢ ,9939 R o

. | - N L . . ' . . . . . .
O The actual quotient is 3071, s0° very 11ttle accuracy has
~ been lost ‘in the approx:.matp.on. In general, the smaller Ax is . | o
| wmth ] Spectn to X, and the smaller Ay is in relatlon to! y, the




4 . .o
T .
o ' We will ﬁhOW one more example to ;llustrate the use-of the_f
B approximate formula The example has been ¢hosen - to' make a p01nt
concernlng 1mplled uncertalpty. f' e -:‘,\_-W o 7b'7"'

8. : t
- ‘Students often take two measured pleces of data, such as l and

”f:};§i d1v1d1ng 3 into 1, and reportlng the qubt&ent as 33333333 :Or;:; “7.'t

4 ”what 1s WOrse, s1nce 1t 1nvolves more work d1v1d1ng 97 into 103 '
A h_and reportlng the result as 1. 06185567 The numbers are: excellent if
f;:_approx1matlons and su?gest ‘that - the. student is trylng to do. well, -
¥ but what about 1mp11ed uncertalnty? The 1mp11ed uncerta;nty of - a - ’

e-measurement of 97 is .5, and the: 1mp11ed uneertalnty of 103 1s also - :4
’ The 1mp11ed\uncerta1nty of 1. 06185567 is .. 000000005. ISf-‘ R o
'-fsuch a small 1mplled uncertalnty Justlfled? B . -~\§g E
| .,——_____EXAMPLE. ' o.‘:' | ‘:‘u‘.‘_' A . | \ - \ ‘ .. ) .- * | . (:;; . . ". . N
: S BESER DEE Lo L T

R DlVlde 103 & .5 by 97 ¢ .5, '
co ' y . A R

.SOLUTION.; * ;J ¢: o _-:g__ o e . R y

5 1s much less\than 103 and. 97, SO we use the epprox1mate

(&} . . .
N s o . _- . . . . . -F

, ) ( sy\103 +( 5). 97 o
.Q _;4 . 7ﬁ._ﬁ . 97; ;- ';;44- R S o
e .5(103 + LY TR S S
; ' 4 972_tin / o ‘: . - B . .
S oL ;" R '3 = o S o T
| 5 ©-, 103 ; 100 - ~~f‘ﬂ . ".f. e

o Ao T T D409 @
Be_ore computlng the mldp01nt AIOB
100 '

mate th_ unéertalnty (§Tﬁ') Tth/estlmate of the uncertalnty
. w1ll teIl us how many - de01mal places to calculate in the m1dp01nt 4
Flrst we rOund!9409 to the, nearest hundred&to allow us to cancel ’./>;/

some zeros in. the numerator. SR R C ¥ Lo

) 1t 1s a’ good 1dea to estl- .

A y. T _ ' ‘o v
o consequgntly - . '” ' . “

& }'w;-ijt‘;{;7:'iﬁ_2];fdfj’. 100 ' 100.
T 7 1 9400",."-' Vo

V- T N

. LI
. . e R . . '
N T e
. sl N e s Ly A A ——
; S ' e L 94 .
v A. . T N . : : ""
y s . [ t .
. ‘ ~ &
<0_-(_;‘vj Cooe
N P ™.
N e ! PO
Y oan S ? St
t R
‘ - . L . .
A ‘ 3 » . ¢
’ . I T Y



i. Néxé,dve makeltheyfurther;apﬁroilmatlon_y ::;i;':' | t-:_ f-*-“ ‘jff;
e et

» R

Notlce that thls estimate of uncegtalnty has only two nonzefo_*l ,f.f
_ 5dlglts in 1t._ ThlS 1s the max1mum number .that you w1ll ever need.
l{i'f;f,_Most of- the. time a single digit is adequate. Slnce we apen' t 1n-'i'

' terested in d01ng any more work than necessary, we . rou?d the uncer-

. ﬂqltalnty ‘back to one nonzero d1g1t. ™

SR M P _ . R

T 011 g_- SOl

-sThls estlmate of the uncertalnty ( Ol) tells us that the depolnt

._should be - rounded to the nearest hundredth, i.e., so that: both the
uncertalnty and the mldp01nt of the product have the ‘same 1mplied
uncertalnty. . . T s ' .

-"PROBZEM SET 6: S ]
. U e
) fl.Supp se that we w1sh to carry out‘the following division.

L 1007 1

R ' i . o o
'i»_o;;_“l. The 1argest poss1ble value for th1s express1on 1s_1ig§;f.}3°.

Compute thxs value. AR

N

R erte a quotlent for the smallest pos51ble value of the expressxon.

'ﬁf:-}I.3. Compute the value in Question 2

4 Flnd the mldpolnt of the range of uncertalnty by u31ng the

ii‘formula : ;_ S :
| ' mldp01nt = largeSt.value ; smaklest value

_5,"3F1nd the absolute uncertalnty by using the formula;i'. C '_j

o s -'.}absolute:uncertainty ' largest value ; smallest value

"

- 6. State the quotient as a'range of uncertainty.f

.




., VA S f'_'f.{ . o

Use th’ approximate formula | '-_f?;

@ s ﬁ XA + Ax . ' "_'f_‘.:,'

AR 2 Ky Y

VY \ Y R
toicompute the same quotlen ,_n---' N

s

H- .

o 1998k 180 ST
\b l..a_ﬂ. - s 160 x 1:._. : _ S -. o

_b. Is the answer 1n part a close to that of problem 69

YN

—‘ . 8. From a food table W1th ‘an- 1mplied absolute uncertalnty of ,53-.{7‘
R grams 1t is found that 50 grams of egqg contaln about 6 grams of -

p o S o ' L L S
ila;, Express the ratlo of. proteln ﬂo total food mass as a quo- ﬁ_. -
Ax o .

t1ent of ranges of uncer‘nty,.l ‘e. ,' 1n the form ;—AY _ r

S P

e

. b. *Substitutelihtorthe relation

oy % 'Ax xy ! Axpy XAy + ydx g
' E A 2 2 - 2“-, 2.
to: obtaln a’ numerlcal statement of the°range of uncertalnty of the :_:'5

v

quotlent Do not - s1mpllfy

) c. Note that in this case R SR R

. ,AxAy =5.25
Y
Rewrlte the numerlcal expre531on found ‘in- Part b;:ignorlng'the .25
value term, - o _ _
l";USe‘the relation,_f' @'l
. o .

o™

xt AKX, XAY + yAX
, . ¥ A{\ y o oy : “5 |
" to calculate the approx1mate quotlents of the,follow1ng expres51ons--

. A0 £ 1 15,6+ .04 . 4.
Vo TTEL Yk -.\_._\i.?,- 200001 % . T 4’ o

B O USSP DRI W X S INT I R
10, ygg- =, o v T0.000E0Z T
50 it.

02 .01 L el A28 %r'°3.~

...\. .

4|+

5. -

6,80




: PROBLEM SET 7:‘ zgflﬂ_:.f--lf ,f_' S ,:g L 1_‘:

Take your time in answering these questions. There should be f :
plenty of time to finish in one class. period.’ '_f_.‘:‘

J 1.1 Nurse Nathan wishes to determine how many units of tetanus'-

Z:f_antitoxin are - in S ’ | ,
| of a solution labeled o g : i
. 1930 + 30 unlts ant1tox1n/ml of solution.

a. Supply the missing units in’ the follow1ng dimen81onal _ , ,
algebra problem._f_ - S -_.ﬂ‘ N 1 _ T
(100 tll) X (1500 30) (Range of Uncertainty ei\groduct) ‘.,;

“Cbtt Use the approximate formula | B | R
| - C(x % Ax) (y t Ay) y.i (xAy + yAx) : '(”i%' R
o to show. that PR T , . R T
o . (100, e 1) (1500 i'3Q).e_150,000 + 4§oo._ L L
'c}- Use the relation o , . t'iﬁp ;

.'relative uncertainty (%) = %T'° 100%

_todshow that tﬁe relative uncertainty of lOO t l is l%.

~ _ d. ﬁpow calculatlons that confirm that the relative uncertainty\.T:
:t”'of 1500 30 1s 2%.-” e ' -

. e, Show calculatlons that confirm that the relative uncertainty e
~ of 150,000 £ 4500. is 3%. REEE HEE
f. Show.. calculauions which confirm‘that the sum of the relative
uncertainties of the factors 1s also 3%.._’1 34 ‘ L f7.

3 Nurse NaOmi w1shes to determine how many mg of t?b antibiotic -
(terramycin are in - - . 07 o o o
"-;1;5¥¢i;ols'm1 h

of a solution labeled , . A
| 200 r 1 mg. terramy01n/ml solution.f N

. a. Supply the qissing units in the foldowmng dimensional - e
'algebﬂh problem.n- : ' , g : S i
(l¢5 .015) X! (200 i l) , (Range o% Uncertainty) . ",.-




'.uncertalntles of the factors 1s also 1. 5%.~

. factors is ,f (numer1ca1 answer) e

4. | Relative uncertalnty may bjzdet rmlned ffbm the follow1ng equatlon.~-

U:ﬁ ! £ ’
B AR o
L _ ' T.I."jfzhp,hﬁ ;_" nf. N
OFERES Use thé app oximate formula LT
S e T R 8 (v Ay) = xy +(xby ¢ yax)'
'ﬁ"to. ShOW that | ".' ‘ £ =  r ) ', ,. | . . o 0 ,;_.
"“*ff*ﬂ’[' AR (1.5 ;015)(200j:z1)_e 300 + 4.5
e ‘ R I
i\ c, "Use the rel ition . - : - .
L - Ax

,,4 relative uncerta;nty (i) x °~100%'

”'ﬁ_ﬂo show that the relative uncertalnty of i 5 % 015 rs 1%.-

d (1 Show calculatlons that conf”rm that the relatlve uncertalnty

of 200 8 1ids +58. oo

3}2;' ShOW Calculatlons whj¥h conflrm that the relatlve uncertalnty _
oﬂ 3OQ x 4. 5}15 l 5%. _'i ‘ . v . - . .

f. Show calculatlons whlch conflrm that the sum. of the relatlve

. / *

3. On ‘your: own paper wr1te the 1nformatlon mlSSlng in the follow1ng
-~statements1 . R l~~f 5 . | |

Cooa. In4problem 1 the sum of -the relatlve uncerta1nt1es of the

. )
J;blf In problem 1 the relat1Ve uncertalnty of the approx1mate :
‘quduct is (numerlcal answer) I
" /, v : .
l c. In problem 2 the sum of the relatlve uncertalntles of the ';sf

' R . .
factors is - B . (numerlcal answer) B

-~ d. In problem 2 the relatlve uncertalnty of the appfoxlmate.'

- product is . (numer1cal answer)

‘ e. For both of the prev1ous examples the sum of, the relatlve .
uncertalntres of the S is e ual to the relatlve uncertainty

of Ehe : ', .

! (absolut undertainﬁy) o
(miap°intlgf thd Tange of uncertainty X 1°°%

The product of two ranges of uncertalnty‘may be approximately ex--
pressed by the following equatlon. T ‘HJ '

o
33

. N
. FactOr RN rFactor 2, . N Product o . :
" 7
™1 Ax) (y x Ay) éw'xy (xAy + yAX) e
f‘ . .' . Midpoint Absolute Uncertainty

'.'i.\ : érreﬂ)f:;fﬁ / 5%; b

o SO Y A .;_'_J_,l.;k_...m,ln_rl e N




. . - . Pl

'.a{' Expréss the relatlve uncertainty of- each factor as an-:

T

algebralc quotiemm T -"-..L"F'- ! R

- Q._b Express the felatlve uncertalnty of the product as: an“ﬂl

algebraic quotlent. ,- ///
; " C. Determlne the numegatOr of the rlght hand 51de of the _
o follow1ng equatlon. R -,_ '":"g 7:-}“.. : = L] _.7 ilh*.”|
; o -<—— ,+.A1>'»1fo.0% =g wes o
SOURIN oS o |
d. The left 51de of the equatlon 1n Part c represents the“_“_'v ;'
sum of the _ P uncertalntles of the factors. o ..“, T _]T

[}

B K AP
The\right slde of the. equatlon in Part c represents the S
",uncertalnty of‘the approx1mate product.-,g- ' DU,

-5;: Con51der the follow1ng d1v1s1on problem..“

AR 2499 * 75
e -~ . TIo0 = t;'

v . NI . S ' -
.« N wheré X * Ax'= 2499 £ 75 . . . &4 .
- .yt Ay =100 %1 | -
a.  Show Calgulations which confirm the'tfuthmof“the equatidn o
Coe 2499 .75 _ . L o
.p . o -\ A R 100 - 1 - 26 ’

Note that thlS 1s ﬁhe max1mum possible value for the quotient,__

'b. Show calculatlons Wthh confirm the truth of the equation *

. . * l -
b da99 - 75 S R
o I T 1 [ e 24 .
‘Note'that.this is the minimum poSsible valuelfor the quotient. o

1" c. From,the maximum and minimum possible values for: the
quotlent, gonfirm that the true range of uncertalnty;for the ;{.-
quotient Wlll be 25 1. . SR X

A .

S d. Show caICulations whlch_gonflrm that the ratlo of the . { _"
. mldp01nts of the numerator and denominator is . 24 99, o '

e. Show calculatlons whlch conflrm that the relative uncer—
tainty of the numerator is approxlmately 3%, Uhe the approx1mat1T

2499 ' 2500, - C | R,




f.- Show calculatlons th&t the relatlve uncertainty of the-"

B \ e _ . e i

denom‘naﬁor is 1%.:,~-‘ BT l\
g. -Show. claculatlons that conﬁlrm that the relatlve uncertalnty o

of the quotlent is 4%.‘v"j R ‘ o
. T ey ;o - , .(

| “h. On your own paper wrlte words\that w111 accurately complete - _r'

A th1s sentence. o *A:if \‘ : o a . A |
. 3 : * . .

‘For the foregolng d1v1$1on prowlem the - of the

1 v:'«J - uncertalntles of the- numerator and denomlnator;
P closely approxlmated the relat1§e uncertalnty of the quotlent

6. . An algebralc problem for the quotlent of two ranges of un-
__ ertalnty s1mﬂﬁar to the precedlng Problem\4 (on products) W111 ,f~‘,;
not be. presented hé&e because it is much more compllcated than '
"the product of ranges of uncertalnty. If you are happy about thls/
_-wr1te yes on yQur paper. - Perhaps th1s means that man was meant to .

multlply, not d1v1de..v~i-

N




REVIEW PROBLEM SET 8,,ﬁ'”~

tlgn, multipllcatlon and¢div181on..-

"_'ll -Addltlon.'

the aBsolute uncertainties in Parts b and c.
R __// : L

_{2. _Subtractlon. - co . o

T :' A L .

(801 ) el T2y = a.
«_r\ )/ * . - .absolute uncertainty ' “absolute uncertainty

- ;/./- (first. term) - o (second term)
' . The absolute uncertalnty in Part a is the_.

the absolute uncertalntles in Parts b and C..

.

B i? Multipllcatlon Use the approxlmate formula '
(x £ %) (Y ¢ Ay) (xAy + y,hx)

Parts b through h.

/

s LA

the relative uncertalnties in Parts e and f. /

, (20 & .04)° .+ . (43 %..07) = . =. . a.
"'_-;..7 . f P r‘. DR S
c. by - ”cl i - - d.
o - absolute uncerta1nty a absolute unéertaxnty
(first term) ) -'_ (sécond term)
\ P -

[4

Tﬂ& first foEL problems are 1ntended ﬂ@ help you rev1ew how raﬂles
. &
.of uncertainty behave under the operatlons‘Pf addltlon, subtrac- ',’

.. (sum) -

- range of uncer\taintJ

(of sum)

The absolute uncertalnty/in Part d is the :

-'absolute uncertainty o

(dxfference)

"

-~

.":”

- range of uncertaxnty ;

absolute uncertainty
(of difference)

\ T . .o . . . )
v (100 + 5« (500 £5) °\ g as
‘. C . - < -
. . -
. » Qo *
- . ey ' a7 .
be el __d.
' .absolute uncertainty °  absolute uncertainty -
, B (first factor) l// S _(Secondnfactor)
. relatxve uncertainty‘ ‘EEIat1Ve uncertainty RN
¢ .- - (first factor) . - .y  (second factor) .

Ri

to compute the range of uncertalnty in. Part a. Then complete

Off: _

range of uncertaxnty
(product)

A

vabsolute unce
(of. produc

§§a1nty

o o : .
* .

(of product)

s

. h. The, relatlve uncertainty in Part g fb the;

.

‘relative uncertainty '

S rviof
Ok




A BERD RS S A e e R
. B . PR . . ) . . . . . . . . \

.“4;‘ D i ion Use the approx1mate formula Afﬁ '_" flﬁ?“ o ',1'J:o~,i
: . ( Ax) (y + Ay) x + (xAy + yAx) ' '
. YT YT a
- T | et Iyt o
/ cc mpute the range of uncertalnty in Part a.  Then complete
.(300:1’3);;"*.f_+ ooty ar L '

L : . range of uncertainty

.o

S A L " . {quotient)
- absolute uncertainty e absolute uncertalnty absolute uncertainty .
(dividend) = : ' (d1v1sor) o _"-(of_quotient)p” e i

relatlve uncertalnty o« relatlve uncertainty :relatlve uncertalnty
(d1v1dend) o \s 14_ (d1v1sor) S (of qu5t1ent) '

o "aae relatlve uncertalnty in Part g 1s the.. -+ of thev .3”f;
L relat1 e uncertalntles 1n Parts e and f c ' f'“ L oo 9

- i AW
N .

‘.‘ .5.
' also re_r1te the range oﬂ uncertalnty us1ng he absolute uncertarnty

I

L

| ~ a. 11500 . 2% meters A
g bg' ];02v 16% grams . . i
6. [ln e ch case flnd the 1mpl1ed absolute uncertalnty of the g1ven '

'number.”'l . |
Al Ca. 334215
y,ooo g”’; R - R R

7. In the last month Hortense has drlven round trip to N rdsburga _~,
] between 8-and 10 times. In the process she has. drlven bﬁlween -

f840 and’ 960 mlles.'

“\

a. Express the dlstance drlven as a range of uncertalnty
b. Express the number oﬁ@trlps as a range of. uncertalnty.;,

"c: ‘Show calculaElons verifying that the length of one . round

tr1p to Nurdsburg annbt be more than 120 mlles. AT

o e - S . _ -
- l » : v- . . )\ . ,. -. . .. - | R . | . i -A ) 'g: Q | 60 . | . . ) ..




..\'_ _
trmg to Nurdsburg is at least 84 mlles._

-

qi | e.\ Express the length of one round trip té Nu-'rd'Sburg as a
ange o§ uncertainty.._ ‘ VAR N

. . . !
e . ) N L ce ]
— - ¢ (N, . . N

. ! . v . [
SR L !
t . o

\
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SECTION 9“'

9 1 jIntrodgction to Vectors , _7 7}_df ST dﬂ‘

lﬁ _" hortly you will Ye startzngfthe*study of nutrltlon in Blomed—“"' |

f\ 1cal Sc1ence classk; You w1ll 1nvestlgate the requlrements for: a '*‘_4 :

ff\ healthful dlet how. the digestlve systef functlons to meet: the nutrl—l\\\\ A
* tional needs of tﬂe body and some medlcal problems ass001ated w1th :'a SRS

Cor

poor nutrltlon and malfunctlons of the dlgestlve system. -f” T ‘ o]

!

T e mathematlcs materlal whlch you are beglnnlng now is 1ntended
t ;
to lay some groundwork for your: study of nutrltlon «'You w1ll be
solv1ng problems 1nyolv1ng the bas1c substances necessary 1n a healthy:

-hckldlet All of us must have a certain minimum amount of proteln, fat"

! ‘and carbohydrate. In addrtlon- everyone needs certaln amounts of |

. /-‘ '_ A' f‘. -

"v1tam1ns and minerals.

»

* You w1ll be- able to answer questlo s of the follow1ng sort yhen

'you have“flnlshed this. sequence of math lessons. o SR _‘ /:

- l\ For .what length of t1me ca& y‘u swxm_on the energy obtalned |

E_by eatnng one hot . dog? L R A L / - ' g" 'n»ﬂ
A _2 \ ‘How many spoonfuls of peanu butter .and how many spoonfuls of

' jelly sHould be used to make a. sandw1ch contalnlng 12 grams of proteln R

and 72 g ams of carbohydrate7-

S,
[ : . S,
SN .

“3. \What‘ls the least expens1ve mlxture of peanuts ‘and- cashew

/

nuts con a1n1ng at least\as mucﬁ proteln, fat and carbohydrate as’

". a pound o 11ver7 Co TN - o

9= 2 Vect rS\ -l .“.A. N g 1 .f..".<~-
Mathematlémans frequently flnd 1t oonvenleht to dev1se spe01al .WJA'V .

”notathps to make their work easier. ,A.mathematlcal notation is often .-
a. klnd of shdrthand lntended to mlnlmlze ‘the amount of ertlng (and \i ./_A‘

operatlons s1mpler to perform._ ‘A """f~ff‘f?-J'.i;; N

Cons1d r the following tabzg, which gives the total mass of four
_.'breakfast fpods in: the first cq umn, The quantltles of proteln, fat
- "and carbohy rate are given in éucceedlng columns. . ‘

c—d—i-‘i S




.{;'5 o _'Jn:ic ‘ﬂ;7~:;_ﬂ'l" R B o

I R A T _’ass proteln_ t hydrate
lup of, orange juice j 249 g 2 g f l'g'r-26 g
crambled egg N ﬁ4 g ;7 g ‘8 gl .1'glf'”f; l _
"llce of bread = ‘“f .23 g f2'g3;;l.g' 1l2g
glass oﬂ mllk S 244 g '9'g- ‘9 g 12 gﬁc{ J.y."'
e . : : .

maticia interested not . in nutrition but only 1n pure .o,

I

..{. .
could call such an array of numbers a matrlx._ He could 1“

1/ | ;"1J f

v /’f:_'.-l_.'_ Amat
o jmaﬁﬁemati

1

A "4249 ;'ff.2 J _‘267g' s
‘//'.4 ! ‘6% . r7 ,“;.4-. . 1 - “

23

- [_2‘44 9

12|

O o

o Matr# notation reduces!the wr1t1ng required, and alloss the mathe-_

5 matician to,concentrate on the numbers. e

N

."IA 51ngle row .of numbers is called a row .ector.A For example;V'"
a x b vector can- be wrltten for one cup of orange Julce.'

). I249 2, 1, 261" | ':'.';fi- R

o .

.{,A single column of numbers is . a. column vector A column‘vector'lﬂ

for‘the quantities of fat in all four foods 1isteﬂ 1n the table 1s-'-‘

- »:\‘ Y o ‘/
. ‘ ) Ly L
' [ ST N - -
. L y
_. \* 9. ? -

_ _ up a r \ vector are separated by commas. If a 1etter is used to
'u" ,ﬁreprese't a vector, an arrow is wr1tten above the 1etter. “For example;

P identifi s a vector for two reasons.. He would know this because of

-"‘numbers w‘ich are separated y the commas._ ' '. _\' .. \ N

L T VL. S 3 T Y. S



";represents p grams\of proteln* f grams of fat and c grams of- carbo—:'

"of the Vector V The components of. a vector may “be pure or: abstract L

; i'numbe . They may be numbers assoc1ated With/unltsw“\uch as.' |
4 cm, 5 em and’ 6 cm, or 4#g, 5 kg’ and -6 “kg, or even &\em, 5. kg R
’and 6 sec. In our’ oran?e julce row vedtor, the components are - '

’a55001ated W1th unlts of grams.; Thus- EEE » _Q'jvgagt,

ffrepresents 249 g, 2 g, 1 g and 26 g, respectlvely._.

vectors. And we w1ll adopt a conventlon for row vectors of three AN

..grams of proteln 1n a fOOd, the second component is. the grams of -

‘ the vector

..hydrate.'“. o T )';

fwé 1nterpret the statement to\mean that the food (orange julce).

{grams .of carbohydrate.

Observe that the order in; whlch the components are wr1tten is f .
-;;mportant.»":"g;;g - 7?%)i' o e }v:l.ﬁ_ _— iJ,f - L
’ R “E?.'_f-{ZQ, 1i?2]': :J"V h,a??' | o ?f,

is not the same as

_thhe flrst vector 1nd10ates 26 grams of pqpteln, 1 gram of fat and“'
.2 grams ‘of . carbohydrateh but the second 1nd1cates 2 grams of proteln,}

\ ?*.'-4 T
[ hd ’ .
f", A . . T .. 3 .
-, I :
\ \ s ) ! ) .
;e : . L. .’ ‘
[ v'\ % Y ’ ‘ P 1 -
T
N ;
4 .. € - __r..,m.-_;.i’,.‘m o

The,numbers yithln the brackets are the components of a vectOr.-
a

The numbers 4, g. nd. 6 1n ‘the prev;ous examplé are thexcomponents

N
; LN

[249,;2 ;1,261

In our . study of nutrltlon we w111 work. mostly Wlth row

components. our conventlon w111 be that .the f1rst component is the

fat,: ‘while the thlrd component 1s ‘the grams of carbohydrate. Thus

’ . i
. (Y o i . - e

V= [P) SN ~:':~j;5 SR ‘;.Ji;flv

~
' R

We may represent the amounts of proteln,.fat and carboh\drate.{

¥,
1n one cup of orange ‘juice by the vector expres31on

'a’vf»-'dif . _mym.,3;= (2, 1, 26] . *.. ’

represented by F contalns 2 grams of” proteln, 1 gram of fat and 25‘; '5p:’

-~

i [2 1 26]

1: gram of fat and 26 grams of carbohydrate.'




Ona cup.. 0 orange Julce 00nta1ns about 2 gramsdoﬂ p
/and -26 grams of" carbthdrate.. How much of ﬁach typef

X gram of fa
o _of putrient oes: two cups of orange ju1ce conta_ln9 . 'Two cups o}
e orange juice. contaln twice: as mqph as one cup, -or 2 2«F 4 grq Ams

of proteln, 2. 1.= 2 grams of fat and 2 f'26 = 52 grams of cat bo-: et

) - - . .. L A " ]

drate._
* '?stﬁf‘ - If vectors are . 5 be useful, we should be able to performv L
1 | .1 these multlplicat!ons uslng vector notatlon, ‘and .in fact we ca};fhifﬁ
hffﬂl cf We may calculate the nutrlents'm@ _two cups. of orange Juice by
e I
b . 2\’.3 =2 12, 1, 261

]

Soels SR

s . : UGN .
' | The multlplléatlon on the rlght side is done by wrltlng | B T ..
.h;:_L ;and:finalIY" ) y '.L, -_-4” ‘ N . . _.;. S - i
B S 23 = 4, 2, 52] R
.o : . ““_ v ;_ -4‘?' e " e L ‘
_ In ‘the same manner-we may determlne ‘the quant1t1es of protein,_ B
fat and canohydrate in three cups of1brange julce. We may erteﬂg;j;¥

L] et .

v . Ny N | Lot - . . Co . ‘(.if\‘

A o ‘ SRS \

:.,' ,;:-A"a.' ) . _ _ . ', 33 = [3.2’. 3'._1:',. 3.26]

Three cups of orange Julce contaln b grams of proteln, 3 grams

:'ﬂ"_tj of\ﬁat and 78 grams of«carbohydrate.\ N - ‘,' - _y- '/ﬁ;A 5&{

4

o We ' may Aepresent any row. vector as '.'-{; N S S

e ’ L
e The dotd 1nd¢cate that the vector may héve any number ‘of components.

_ The general express1on for the multlpllcatlon of a!yector by a- num---
LV per ds Lt T f- L e
fooos R ,‘x\7_= Ixevy poxe vz,..., RV L

A

L 'TL The number multlplylng the. vectqr 1s called a scalar or scalar
: number.' The operatlon of multlplylng a vector by a s%ﬁgar lS
S : S _ y-.

b e

. ) . ) , . . . ) - ) . . , . . ’- . _ ':‘4_"“

o~ e

. ) . . . N . . n . S

;EBiq‘; éoi'lﬁ_ f‘h \m ilf: 0 ::?“ fa"ﬂ'fl L ':r

V.= [Vl' 2’ s e rV 1. SR ‘” . : z .

SR 9~3 Scalar Multiplication _”;-f-gjj“ ; fwg"n %-14-'w’j‘ .FT::>E§Lw3
:;‘ ..-\4-4\)/‘,?» . 4 ‘ - - . ﬂ ‘e ) A . ‘

© and solve this'expreSSion'to obta1n . _f .‘*;:,' SR . ji.ry




g

a0

technlques we wrll use to do nutr1tional computatlons‘;‘”

. ..,ax

L Scalar multlplacatlon is a’ commutatlve operatlon. That 1s to
X Say' IR \* '.7 ‘l . - ) - .'ﬂw ’

) 'l

.‘.\ .-':....' E .‘.'. .. + '.-. s l'. Lt i-( .

. P L .. [ ‘_' et . . . .
o : ' .

e ‘ ‘ s R . o
T s .' T N ‘---_.-";:. X
Lo AN ) 3 .

PROBLEM SET 9. L

“Fl} Whlch of the follow1ng are vectors? | 7llﬂf. B o e .

: "”‘Lé R . I R L

.b." .:. 1-6 - -. ot a T ' - . . o
N . Lo T $ : _1 1 o . B . .. .' [P ' -
]’6 B | 1y ) . . . . CEE B . o . Y .v)]‘.) _.,..

L. X
~F, \ N . . “'. . . . E .
Lo . . . ., -, \ R R » < )

e L
0

M

O e

e N W
»

g 17 268 :&if'f’_._“ o ;._:: .é?;_nwld:f.
, .' "/‘ ) L \ A L _‘ . .
_ '2.‘ Identify in the prev1ous problem a row vector, a column o

avector, a matrlx and a scalar,, hf”'H R 3:__ L e

| When a~mathemat1cian sees the statement

D e e e S e .
N u‘ ) aor " ﬁ*’ [10’ 2, 8] C i T . .

0 whlch two things tell h1m that the quantaty represented is a

vector? }u QJffigW.:_oi

, called scalar multipllcatlon.; Scalar multxpllcatlon is’ one of the -

foi any scalar X and any vector V. PR o “;i,d LN

St e R . . .. ' . B . .
. I - L . .. . . - ) . - - .
. B -+ . . .- L L N ) - B X BN

. . . 3 . ,®

16 o e

.
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f.4.f

is

]

vector'[3l, 8, ll]‘means : g of proteln,-' g, - of fat and 9
carbohydrate.'; o o - S

5. Inéerpret the vector [l 3, 14] |

6. The vector for the nutrltlonal 1ngred1ents of 245 g of yogurt .

How many - grams of ‘fat . aré there 1n 245 g of. yogurt’ff_:f”'__'_ .

"12 g carbohydrate.

..

¢

A RN

We.have adopted a conVentlon for 1nterpret1ng vectors. The o

[8,:1- 13]

7.' One scrambled egg contalns 7 g proteln, 8 g fat and 1 g
. carbohydrate. : o :
ZA._ Two scrambled eggs conta1n __; gcprotein,”;;_g fat and ..
g carbohydrate.-' o - ST ; B
Wx'f-b.' erte the nutrltlonal contents of one egg as a row vector.
'ic. If E = [7, . l], Wthh of the follow1ng 1s equal to ZE?\
| ) [49, 64, 11° _'3‘_.(3) [9, 10, 3] “
SRS [14’_:} 1].1 f“f_-f_14> [14’.16’.2],
'8. A slice of bread contalns 2 g proteln, 1 g fat and'

.\ oo »

- How much of éach do 3 sllces contaln?

b' erte a row v?an.r B for the nutrltlonal 1ngred1ents of

“a slice’ of bread kw 'l*',Ff. “
‘.ﬁfi_c. erte a vector equal to 3B, ‘.
i“.g..”OPeratlons such as 2E and 3B are called | '~.x. - :
.fa\ vector multlpllcatlon - o
: b.v scalar multlpllcatlon
llO.;‘Perform the 1ndlcated scalar multlpllcatlons,'us1ng vector

\

Loy
' <

R 1]

'notatlon.' _-1 _ i;. '; _ o S _ ”. -,_,. ,“_ ;b _

One glass of milk conta1n§'9 g proteln, 9 g fat and 12 g

| jCarbohydrate. How much of each do 2glassesconta1n?

b.} A plece of Sw1ss cheese contains 8 g proteln, 8 9 fat, and

l g carbohydrate. How much of each do 8 pleces contain?




o

11, gpe vector for the’ nutrltronal 1ngred1ents of one cup of
b cooked spinach isf% a '

SO § = [5, 1, 6]

3 ' ) P . . .

) !

) Durlng an- unusually taxing day, Popeye ate 12 cups of
. \Vﬁfsplnach erte/a rowsyector for the nutrltlonal 1ngred1ents%

‘5f of. the spinach he ate.. - ' . ,_;' *pl'__;h‘:' 7',=j'f ""i
| If Popeye needs<i0 g of proteln a day, d1d he eat enough'.‘

| splnach td‘meet his requlremente

:'12:f The vector for the. nutr1t10na1 1ngredrents of one .cup - Of raw

: oysters is [20 4 8] How many~cups of oysters are represented_i
by the vector [5, l, 2]? .’ R o ‘ '
f{' 13, ‘The nutrlent vector 5 of one sweet potato is -_'_‘1'.,gu‘
. .Z‘; . t i .o ) o . . . . 1,
G N .__:§_= [2,'1, 35] _ o
* - 2 °' . . .
The vector for one cup of roasted cashew nuts is ,._Wﬂ
\ L] ) . - ’ ’ - 'ﬂ‘ A
Flnd the nutrlent vector for 20 sweet gptatoes. o
b TwentY sweet potatoes contaln more T _o' and'
‘ than one cup of cashews.u 4 | P
c. Twenty sweet, potatoes contaln 1ess _____~ than one cup
- of cashews. S o _j'_ E f;». _ _J~ . }i
‘dﬂ- How many sweet potatoes must one eat to- get the same amount
of fat as that in one cup of cashews? oo ‘x __3,. ”_-“V: o
14. Suppose that the nutrlent vector for 195 g of mashed/potatoes
s -;4J5 _ S B
l\,. f'_ Lo \ ﬁ o [41 81 24] E I
" How many grams of ma hed potatoes are represented by the vector ‘_(3
L | - R[5, 1, 3}? | .
' . : < o - ».’ A oL
N :.. . ] . . ‘ .. *
¢ ) 3, i 7 v
| ‘ N t " ( . \.
: ) : . ol S
. . P . [] .
}\ =
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L SECTION 10- N T L
\ o - R U

10-1 Eg_ivalenf Vectore - 3

The previous section conbentrated on vectors w1th ‘three compo~
"nents, s1nce these vectors. will be used in your- study of nutrition._,
“This section deals with two- component vectors. " The components of

: / .
.these vectors w111 be interpreted as pure numbers, that 1s, numbersl

'(without unlts. -

Vectogs wifh?twﬁ;;%lpénenté may be_repreSented-graphically inﬁ_
S two—space~* e ;”epreSentedpon'a graph.aslan arrow.: r
v ;,i"example, thegv o3 j%] may be represented as an arrow whose "tail""-
S 'is‘iocated al the p01n% 10, 0) and whose "head" is at the p01nt (5 7),

O T i ‘,wn*fi‘ —
. / y l
.8 . |
P 16,9 I

~

‘ Note the dlfference in notatlon between a vector and the coor-‘
:dlnates of a p01nt. The coord1nates of a point are enclosed\ln |
:parentheses, while: a gﬁctor is- enclosed in square- Prackets. 'The |
' - numbers within the brackets are the components of the vector. We -
T_FZ ftﬁ“may refer to the x-component and Y- component af a vector, but these )'\
:_components ‘are dlfferent from x—coordinates and y—cbordindtes.

i}p”_ ' Coordinates de51gnate points on a graph. Components of a vector,
o however, are the dlfferences between the. coordlnates of the head of
lvfjf Aan arrow and the coordlnates of the tail of the arrow.- The. compenents'.
of a vectop/may be found by subtracting the coordinates ‘of the tail
, from the-coordﬁpates of - the head The tail of the wvector shown in’
\the g eph above has the coordinates (0, 0)-; ‘The head has the coor—
% dina d (5, 7). The x-component of the vector 1s consequently 5 + 0=
5. .The y-component of. the vector is'7 - 0.= 7.' Thus we represent '

: the vector by’the expre351on [5, 71. - . .-L' L -‘ﬂ-'//
. v,‘ The vectgr represented in the gJaph above is not the only véctorv
| ‘:Ah with an x-component of 5 and J y7component of 7 Constder the .
. - - B sf | ™ S L
LERIC 4 g & R o L /v Lt
il RN " : e R Sy




B

P . . . . ‘ H . .
. . R . . - e . E o . . . \
Y . ‘ o . RN i

- . . dy - o . H

: ; } (IB.IQ)\ .
R 11 Al S ol I S
R 57) - |1V | L
- / - ‘
- | '/ | K .A _:\_ \
‘ i .

4
) -.(o,o), |

- &he coordlnates of the head of the right hand vector. are (13 9),~
{ y~' while the tall/;s located at the pplnt (8 2). Therefore, the x—~ .
"a-compdnent/of the vectqr is~ 13 -+8 = 5, and ‘the. y*compone?b is - "

9 -2 = 7. ector -
notatlon as [5,
-as the }éft hand Vector and is . represented by the same notation,"

lthough the heads and talls have different coordlnates.r”‘

he rlght hand vector 1s thus represented in
_ The rlght ~hand vector has the same components

-
The rlght-hand vector and the 1eft-hand vector are sald to

" be’ equmvalent. -In vector. theory two' vectors may be equlvalent

although they do not occupy the same- p051tlon when graphed.,“

f/f S Let us further 1llustrate the 1dea of equlvalence by another \

/ h' example.. Consider the four vectors represented fn the follow1ng N

Wthh are equlvalent? L f-\',m
o 's_(}h'. ,_'f .'V'Ynh-idg_' :ﬁ_~.;7 | e _@'h,ff[j‘ "
R LT _/ﬁg~ . , 3R B -

i . . . P N, 2 3 - . C L ; i

'~,grapﬁ$,

th._r

ndﬁts of each.

1_.':

4

. ’ Y .. ) | VA I 8 . .‘ V 'l .'.. . . '.
N ==
' e ) -5 ;@' ' L

.‘:'

.ti.f To detgrmlne the eqqivalence of tho vectors We must flnd the compo-
Recall that the components of. a vector are. fOu-. '

. \ N . : o .7; ‘
. AN 6 T \
. o, » s Y
H B - + o ' A
) ! '.‘0 ) ' Ty o : * L
vl g IR 65
R | d o} PN ' T

s A -




|

. Tt . o,
. o LI
e .- / B
. ,(. .

BSk\L_- by subtractlng the coordinates of‘the tall from the coordlnates of
| the head Lo ;:' _.': R S
: \m Thus the components of vector A expressed 1n vector notatlon

,'aré [3, 1]. The x~component of vector B is 1 - 0=1,. whlle the

'~ « ., y-compQnent js 6 - 3.= 3.. In vector notation. B is [1, 3]. B is-
ft?ﬂ g;f_not eziiualent to A, because 1ts x—COmpjfEnt is not’ equal to the
o nx-component\of A, nor are the y*compone ts equal ' ‘

\ o The X- omponent of vector E is- 8 - 2 6; the y—component 1sAp
\{p: .4 =2 =2, 7C in vector notatlon is consequently Ie, 2]. Although
A ) L:6 pornts in the\ ame d1rectlon qs A, it .is. not. equlvalent to A,

- ‘because- the two. vectors do not h ve the same components ' Nor is E

equlelent to B.- _;‘
“The components of vector D re 9 = 6 = 3 and'2 - 1= l_ 'In"
is [3, 1]. D is equlvalent to. 2, because 1ts

_vector notation, D
. ;_cbmponents are equal to the components of A v

\ v . .
Let us - summarlzerthes sectlon w1th a formal deflnltlon of = o7

.egulvalence. - Two vec rs are said to be equ1valent 1f and only 1f

Athelr respectlve compo ents are equal .
. i

' \' .'.' vl R L e
10-2 Addlng Vectors :_Q\. - . \ Lo

Tg ' ”ﬁ'-- In Sectlon 9 we adopted a conventlon for expre551ng thg quantlties;
- 1°f proteln, fat and carbohydrate 1m a food as a vector., The - flrst
component represents grams of protein, the second component grams -

' of fat and the third grams .0of carbohydrate. - One scrambled egg con?::;;

ﬂtalns 7 grams of prote1n,38; fat and 1 .gram of. carbohydrate,

| 'S0 ‘we write the vectOr for\a scrambled egg [7, 8, 1]. One - sllce

rams O

of bread conta1ns 2 grams q; protein, -1° gram of fat and 12 grams

" of carbohydrate, ‘its veptor\ls [2, 1, 12]

In Sectlon 9 we dlscus'ed how t6 determlne,'u51ng vector ‘no=--
putrlent in two- eggs or three sllces of

however, how‘bo use w?ctors to calculate

v'itqtlon, the amount of each

" bread. We did not discuss,|

the cofbined nutritional va

In this séction- you w1ll le
. Qby adding vectors

ue, of one -egg and one slice of bread.~ ‘
rnthow to solve-problems of,th;s tyr_ ,;]

' . . We will start by addlng vechors. on a graph on. the following
.. page. '

Mcliﬂﬁiif;*"
p6 |




L 3

VAT
\ (0’0) . : '.":/

Vectors may be addeh graphically by placing-them "head-to~tail."

o ThlS 1s done by drawing an equlvalent vector- wrth its tall located
at the head of the other vector. In our examp e, we drawuaqvector
equlvalent to B Wlth 1ts tail at’ the p01nt (8 13) Th head of .
- thls equlvalent vector is then at the p01nt (12 10) . S

AN

)

-\‘ B - (00) L Ty f".‘.'fﬂ; A ( |

The sum of vectors K and ﬁ is a vector Wlth 1ts tail at (0 0) and
its head at (12 10) ‘That is to say ~ AN l //\: ';i “Ijl"“' ]
K+B [12 107 '*'

We may also perform_the addatlon by p1a01ng a’ vector equ1valent .i';.
to K with itS‘tail ‘at the same p01nt as th% head of B "i ev.;"-”_gfif,7\




o Th{is sum- J.é agaln the vector [12 10], 80 we may say '[that :

and vector addltlon 1s commutat1Ve.

o It is not necessary to add Vectors gghph
-.3be added by 51mply addlnq components.f
,may be added by -adding the first component of A to ‘the first compo—'
nent of B, and the . second component of A to the second component of\

The resuIt-hs'the‘same.as'that

"We have demonstrated the addltzon of vecﬁors for one partlculars\,
@he addition ok vector |

.,case., We may also state the general case.
'[a, b] to vector [c, d] is glven by the exp ess1on

The general case may also be shown graphlcally
esents the addition df vectqr K

54 _.

ally._ Vectors may
tors in our example..

obtalned by graphical addltlon..

' The next graph

[a, h] and vector ﬁ-— [c, d]



* 51 .:{‘:_’A m_ R .i '-7.‘:
., “ '.-v ’ . / /‘Q
= . D " o

S

) K . )
X 1 ( \ - ' '
« | . v . .
, A O\ .
FEN e e ’
f )

Note that ﬁi and § are equlvalent Vectors.“ The components .
. of a vector are the dlfferences in coordlnates between the head
_fand the’ tail. The dlfferences in coordlnates of B are c =0 =rc3'g;

_and d-0=4d. The dlfferences_ln coordlnates of_ 2 are glven-in {'f

vector notation

s - _ _ ,

S [ +.C = a, b +d - b] = [c, d] \_ -, L
We'conclude; his Sectlon by returnlng_tOche.problem:ﬁe'poSed |

| at the_beginning;o_ the sectron. How much protein;'fat and carbo- ay--"'“
hYdrate is‘containe, in one. scrambled egg and. one sllce of bread?

' The scrambled eqgqg. vec\zr is [7, 8, 1]; the bread vector is [2 l2]aa

We may determlne\the tal quantity. of each nutrient by vector S

additlon. o | . |
| e [9, 9, 13] -ﬂ'_%

.II

R

bread together cont fin 9 grams of prd~




PROBLEM sm'r 10{" |
e ’

]_. [

Olt_'

’ -

- Which is‘vector"[4 7 /(__I

; The head of Vector [4, 2] 1s at what p01nt7

-igThe tall of vector [4, 2] 1s at what point?
.d%; Whlch vector on the graph is: vector [2,;4]7 S - .

?4:.Whlch is veéﬁor [-4, -2]? | ' -
: f.“'Vecth D ;S-sg;d to be c ':-to.ﬁéctor E..

R

70



1

L

S m————— o A

Vector B 1s de31gnated

vector (2, 2].

'De31gnate vector A aqﬂ vector E.

en

- a, [1

3]

2]
c. 5"[47.*-_2].
“dwl6, 0]

0 -

._Whlch vector is equlvalent to vector A’

'Draw the folloW1ng vectors on a

'Whlch vector is. de51gnated [1.5, 2]9

~5raph.

!
V

h

Z‘Whlch vector vectors are equlvalent to vector B°.




+%

. : \
3 'f' We w1sh to a%g vectors 3 and ﬁ - -[_- " M:'r -»ﬁ..’ L
a. Draw a vector equlvalent to. B w1th its ta11 at the same' h

*ﬁ-_ :; pornt as the head pf K

b. Dram a. vector from the orlgln to the head of the vector

~

::g:”m_- you drew equlvalent to Eg ‘

c. Th1s vector is the Vector sum K + § _ Whichfof‘the followingj

Sy

Vectors a_s 1t? .’_' .- S : 1 P | ._"._." -

. @ (s, 8] BCINTY 51 I |

SN = ~J’ T -
S (2) (8,61 (&) [-2, 2] . T A
‘ d. Repeat the procedure/but th1s time draw a.vector equlvaﬂent -

to K W1th31ts tall at the, ~same p01nt as. the head of B. C

oo ey

.f\; o -e;rAIs the resultant vectOr sum of part d. ihe same as part c?/
f;'zDoes F ﬁ B ’

' . . ,‘ ‘:' ..AQ_
. .. » .

'f Is the aqdltlon of vectors commutat1ve°_'

" -'_ "‘ v _'

R 3 . . A : . . o -
Te ! _ L3 .. .
. . . . . . '
- : . . . . °
.
-




ot o _“.“TMA-*.;. A IRV .s~."“..ﬂu‘ \ wor
SRR R e N
- L EAEU)

.ﬂffl‘S; Vectors may be added simply by adding their comﬂonents ' Which
i -'{AQI the foliow1ng is a correct metﬁbd of adﬂlng the two vectors 1n

t

’ Problem 4? B 4“-

[4, 3] f [2 5] % [4 + 3, 2 + 5] = [7 7] if‘j&j'

'jit_}r:ﬂ7b°l (4, 3] + [2. 3] 2 [4 £2, 34 51 =6, 8] -~
| {4 3] + [2, 5] ; 42 + 3 5 L '

| 23 .
4'5.'8,, [4, 37+ 2, 5] =4+3'+2 -5'; 22
'_6;-'ih qeneral, [a, b] +.[c(ﬂd] = ?* (ehquejpheﬁji.r
Aeﬂ"é._y[a + b ¢+ d] h .4 R |
by [ab = cd] ‘ .. : ._ ’ o .
D el n o C -
V{fhAddfthe_follow}ngbgeetors:Al
A D391 DAl
VA b, "'[16 0] .11, 31
T e [-3,, 214 [7,_-1] | 8 |
o d [1,3] ¢ [, -1 TR
. [3, i]*% [6,~9] * 7] 4} ;-"L T ‘,.13.51?
o5, 0 + [4, 71% [-3, 6] e e
C 3, 6, 21 4, 7, ) '_ o s
N 0, 3] [ 6 ,s] i _; R
"j;i B [ég_sg_lj + [6, 1, 2] + [6 B B

~
N -

‘Q‘

. _thﬁLet th:téblespoons of peanut'butte1,~f§.?-“g L e A
N [ . . ’ . ] r, X ’ ‘- - T . . .
Let-two.%l;ces‘of wh1te bread ﬁ ERE
. . ‘.Aﬁ‘\\\..: [8', 16]\\ n , p RS ‘ | ': . ' .
; The order of thb vector componeﬁts ls proteln, fat
. &a. Graph 15 + § ::- Does B + ‘ﬁ P +. B? [ I ‘,

» b. Graph ﬁf’




=et.two tablespoons 8% chocolaﬁe syrup = §j"

LN S .

‘“et'onelplece of . cherry ple =_E, . ': : BRI _'j ‘_Q:ﬁ a.~f

ARSI

. o n rLet one;;coop»of vanllla ice cream = §, e
il'ﬂi“'.;.iff§5§II4: 15] :e%_i;i ' s~c"3:.v_ -'s:_ﬁ,ffjl
| IR ,;[2; s] L T P

The order of: the vector components is.protein»fat;.

- .
-
-

. ‘\% a,; Graph 3 +"\7 + § ,,.e l- / N
.7_i_:--.b, Griph 3+ E + V. L :3-'_.-@

re

RS ':f” ¢. @alculate E + V + 5 and wrlte the result u91ng vector -

v

£

npfatlon. | | |
) 5][:d Do the.graphlcal‘and calculatedvaluesagrees?
} 1o;f Let one- cup of whole mllk = M._'f‘”{ o

Jsfj'c.;eLet one ounce of-corn flakes = Cr  .';__‘ﬂ7 '}w.'_; o
- 'A""'._ Let two tablespoons of sugar §§ ..'_’ o

. ,-_'ﬁ__-—-[9 12] D B _' |
RTS8 P 0¢ 247 "'""_- - S
‘ 2% =. [o, 0, 24] . ‘ I
'.;I,j Calculate>M + E + 2§ | ) A ' . |

.




in’jRefer to. the°follow1ng table in problems 11 through 18 '4
o U fj.Let;one‘slice of ham H.

L -. -4 RN R e . - o
Q{Let‘one@slicetof SWlSS cheese = E;’~A L

'

*:‘\'
,

oo %Let_one.slicefof white bread W oo
hfﬁ:ﬁ' ,ﬁetFone;s;icequ French bread ﬁ ,i ' _'JIV'. ) S 'a?fﬁ~
'”Let“one_ince'of-rye bread = ﬁ,‘lf3;, SR Lo T

o gram'lgram'_,‘gram ©. mg. . mg.“_ I.0. mc i mé . Illl.j
- _ Proteln .fat _carb, ca1c1um 1ron vit. A thlam;n' n1ac1n- vit.. c

- He [11, ©10,. 0y - 6, ‘1.6, 0 - .25, ' 15, 0]
B S S,
ot Fe g el A% 107 . 5,0 0, .06, .6, o]
. t R.= [2’ - 6, 12’ . 17, L .4' . 0, . -.._04,. .0_“'3’__. 0]4 "
fll How many mllllgrams of 1ron would a ham,and cheese on rye sand--“a_
" chh haVe° (We are 1gnor1ng mustard, mayonnalse, etc. fpr the present )

‘

~112.-,Wh1ch k1nd of bread 1s r1chest 1n.1ron?

‘-13.u Whlch klnd of bread has the least n1a01n° : oo . S
L T

-hf 14./ erte a column vector glVlng the mg th1am1n in each féod.

-
.0,,

JllS ertg the amount of proteln, fat and carbohydrate for one sllce -

X .-,o

g French bread :Ln vector notatlon.

PR

16 . erte a vector for one’ sllce of cheese show1ng the amount of ﬂ S

proteln, fat, carbohydrate, calc1um, 1ron,_v1tam1n A, thiamin,

LR Y

-
\_n1a01n, and‘W1tam1n ¢, in: that order. .- '
s ,

' 317 Write-an vactor notatl‘?n the sum 2H g c + 2R, ‘using protelnr.fatr_'l
*7§4‘carbohydrate, calc1um, irom, and v1taan A, in that order, as the.-ii‘

, | k R AN ) o T e
components.\ fluj f» e T ‘ 'd-ﬁ ' ' - ST
4 > o L , _ _ ,

,efih._ ~In thls problem use proteln, fat and carbohydrate, 1n that order,

(-2

- as’ the‘pomponents ‘of all vectors.",fn' LMQ r'AZ ‘ SN L_-al o

o 0
L
T

'1a.“ Descn;bé”the makeup of the sandw1ch descrlbed by the Vector -

,._)
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fie

oo
. b, Compyté the sum in Part.a.f

‘c. 'This sandwich, has ‘the same amount of

: : - .
@ p e 3
,", ’ :‘ . . L .
he' sandwich
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'jw_ll-l Sub%#act;n

-_;f)zero is a 'ed to!a number, the sum 1s the number 1tself . d m_VW

. . . ' o 1* n -H 0 :n ) . -. | .. .._ ] 3

e iero }s sald to’ be the add1t1ve 1dent1ty_for the system of scalar :
B s ) RS Re
; : numﬁe ) Zero 1s tme addltlve 1dent1ty because whem it 1s added
" té a number, the ‘sum ‘is the same- number..' ' '
*;:5'_11 When ‘the vectbr [0, } Oﬂ 1s added to a three-component vector, —
o "fthe sum is the vector 1tse1f.. R A o A
/ o . o TR S s
& _"‘.‘ [a N c] '+-[0, 0, 01 .= (2, b, c] L
{Therefore fo, 0, 0] is. the addftave 1dent1ty for vectors W1th
three components, This vector is called the qgfo vector. '
. i :
. Two scalar humbers may add together to give the addltlve 1den- A
| 'tityL zero. We. then say thdt one number is the addltlve ;nverse of .~
© “the other." The add1t1Ve 1nverse of 5 1Sr-5,5because'3.ul | L
3 . - ..s- . 5 + ( 5) ="0 s : .
A We may also speak of the addltlve 1nverse of a vector. 'The_; 3:'
"ﬂaddltlve 1nverse of vector [5, 6, 7] is. [-5, -6, -7] because N
, [5, 6, 70+ 1=5,. "--7] la, 0, 01. | |
'-HRecall that [0, 0, 0] is the addltlve 1dent1ty of three component N

i”Vectors. .’_ A L - o [ERCEER
In Sectlcm 9-’3 you were 1ntroduced to scalar

multlpllcatlon e
If vector V = [a,,b, c] 1s multlplled b>\bcalar X

the L e

’7-of vectors.

{

- product ,is ! A e R
| 4 _ V [x-a, x*b, x¢ c]
., . C e , SN

"-“‘One way to obtain the add1t1Ve 1nverse of ‘a vector is scalar"g : of*

V”multiplicatlon by -1.

I;inverse,ofec.” S

L

. ’l_ ’

>
" [
¢
" S

In general then,"

Vector Z multlplled by l glves.the addltlve

O

l
O
<+
T
O

E+(1)E_f (-C

P




'7;6 is the additive identitkae%tor. _ Lz;fj;}'~ f,qr'f ;;}",f"f ”
_  We have brlefly discussed addltlvevldentlty and agdltlve 1n-”1¥
i Au;'verse as an introduction to subtractlon of‘v ctors. Recall that |
o e numbe"s addltlve
."inverse._ For example"sﬁbtractlng 7 from 5 18 qulvalent to addlng e

o .

"_subtractlng a’ number is equrvalent to addlng :

i3.4.a_ B SUbtfaCtlng"B from 4 is equrvalent to addlng 8 and 4 AR

T v (+8)._ n /.
~.The’ same pr1nc1ple is true for subtractlng vectors. Snb—-1

_tracting a vector 1s the same .as: addlng its additive inver¥e. - -AS
an example 1et A 1357, 5] and B = 11,.4, 2], and_let.us_calcu-’”

. late k- B. N

oy B-B =Ry quB - 1

- s o =3s 7, 51+ (=11, 4, 2]
The rightéﬁknd vector is multlplled by the scalar -1 hv - Adil- i_;‘@
I | X ﬁ [3, 5] + [ 1 \\ =21 i-r..A_.’\

"~'We then add the two vectors.- N ,

_* . . . k. . . ‘ . N B . . .
| - _Zx_- [3—1 7—4,\5-—2] v o

., " Y __.‘"' . , . . -’ . .

‘z"- [2, 3 3] ST o :

Tﬁe example above 11kpstrates subtractlon of vectors.¢ In
.

.Q,

géneral for Vectors of three components, '

.gi*““* ‘1a,b,<n - ld; e, £l =la=-d, b -e,:c-rﬁl ST
®1f this formula is used to solve a- problem; the first three steps.
,in the solutlon above need not be dQne. We ‘may:. 31mply wrlté

T : S , : '
el k-8 [3“L5]-[L (21‘*_-_n“
sl RERE . , S

3= 1, 7= 4,5 = 2]
. ¢

0.4. B q » V w . ‘ . . " | - ) - ‘A: . '=' [ 3’ 3] " } l . -{ LT ‘. ERE
'-'.."'.'_' N ) . .- bl IR . e ’

¢
.8
||

B . ' Scalar multlpllcatlon and.vecLor additlon are commutatlve ,
“fﬁ;vl operations.' What about vector subtractlon? If subtractlon is

&) ‘. o Cy

’?-



dcommutative)-then A~-_B. =B *’A Let us find out by us1ng the VeCﬁ
'{tors A and B of the prev1ous panagraph._" ’

Loes B -A=L 4, 20 - 3, 7, 51 e

@ L , _ o _ . .

wa {z,-—qf?»_l' .

_~;'[‘ A . = o N i /
"B - A is_ not equal to A - Brf Therefore Vector sdbtractlon is’ not

_commutatlve.-

.ll

_11-2 Dlmens1ons of Vecter Apaces

*tﬁ{ Q, In Sectlon 10-1 we; represented vectors on graphs. -The'véctors
Cwe. represented had two components.; A two-component vector. canvbe.'
"represented in two-d1mens1onal space, or two-space, that 1s,on a -

plane. ; ‘
._ | (a,b) |
,%ffiin[; 4 .

Vectors of three components may ‘be represented in three- .
dlmensienal .space, or three-space._ There is. a third coordlnate
"~ in three-space, ‘this EBordInateels conventlonally called the z=

\N..
\coordlnate. "It is convejtlonal to staﬁe the" threemcoordlnates 1n ’
the order (x, y‘ z). Likewise the components of a %sctor 1n three*
space .are in the order [x, y, z] T ﬂ;___.
. . : . . . el 5 ' [ . : e ' . . ’

- :

. . . .
TP, .,

kY




}thector J.llustrated above 1s des:.gnated/ﬂv 5, 6] ViSuaIize '

the x and y. axes as qFlng in the plane of the paper ‘and. the z ax1s

comlng out of ‘the’ paper at. a rlght angIET' e _' .

-
-
3 - .

Vectors are not restrlcted to two components or three components.

.;..

A vector 1n four space is represented by four components.-‘A vector

P

in n-space is* represented by n components., However, we have‘%o sat-
1sfatory way’ to’ present vectors w1th four or more components ;‘;-f;
graphlcaIiy i~ L -'__ : -
DRI _ o \ﬁf/' o g

o e s C




X

- [z, -?,._1],,( D= L .

b (Multlple Ch01ce) 1’;'

‘PROBLEM-SET*Pl"{'L:' : ,‘gf g,. L
B TP I'f | -
£.

'<+ <t

. -- . .':b... I

S : DI
The additlve 1dent1ty of the real number 7 1s£ ‘a. -7,

:_..'. e, . . . . Ne .. B . ..’_ ...._ . R '._‘ ﬁiﬂ._.-_.;.r.,_.,.,..-.__;. _ o . . ’ o

2.

\

:'(Multlple Ch01ce)

L Lo
[] hd

; .353 The addltlve'ldentlty of a" Vector is the vector which when

.~_added to that Vector glves the same vector The addltlve 1dent1ty
‘of "vector [3, 2] is: a.~ [- 3, -1, -2J b. [1 1, 1],

[2 l 3] d [0 0 0] ' ' ' :

-

;_'4. What 1s the addltlve 1dent1ty of [0, «_,'4]?

Q\\fMultlple Ch01ce)

“ S., Suppose we add a real number ‘and another number (n) and get
ca sum of zero. The name mathemat1c1ans “have glven'to thlS other'"h

! i

"'-f:number (n) is: ‘ay addltlve 1dent1ty, b. addltlve 1nyerse,_ S

- 1den 1ty 1nverse, ér, scalar sum

N D

-6 When a vector and 1ts addltive 1nverse are . summed the resultf;r'

1s the ‘ _Aﬂg' vector.' E

In each of Problem 7 through 10 flnd the addltlve 1nverse of the

;l[5f 6,'7] ';,-' el [-2, 5,.-6]_- T R
oo, 10] 'ff' © 10, [-100, =50, g1l R

(Multlple Cholce) o .a.._'-'l{' '

}l.' Wh1ch scalar multlpllcatlon glves the addltlve 1nverse of

the vector [x, y, z]? a.ﬁ (l)[x, Yi 2], b. (0)[X, Y' Z]r

"“,C- ('-l)[xr"Yr _Z] _d' [ Xr ""Yr."‘Z] [Xr Yr Z] _._'j.'

,Which is correct? ;:.T ';;"r- {}; ‘.
: R-Bede (DG 8) -
b _‘K- -”_ﬁ = _z'_i_.+“(1'1§ RN




ey * PL
'_ . » » L

-[ﬂeylv'13 Which is correct? ’]~1-;f a"‘*; S - .

| - 2'V5j' [6, 9] - [4’ 2] [6 9] + I~ 4’__2] _l[z -.:f.;..i ' ;;;t
";;.~.; i .h ‘ [6 9] - [4 ] [6’ 9] - [ 4 ._2] [1¢’ 11] ?;ﬁ_'.:..miufi

R R o

'“
H

H

~ﬂ

f{ii;_t:}ﬁlégi Wthh is correct? | L |
Sl e fablele al=la-en-al |
R [a,._ ] -le,al ¥la-b,e-al o

. i

”:f¥7j la, b] - [c, d] = [c 7'a,<d?—'bj'i.'“f°/°l«_-*
- .’-715; .Is subtractlon of vectors commutatlve'> ',,'}_’ | ) 235.;' _":f“
“‘.”'16 Perform the follow1ng vector subtractlons._" 1_ﬁ.f R 'J'T'//h
v fai. [12 16] - [9r 5] i_e;_h[6 8, 10]---[! s, 71/
b I3, 81 - [2, 01 . Tas b o] - [xoy, 2]
c [7, i1 _'.[13,-:. 1]- ..g.’-,[a, 3] +°[19, 1] - - [7, ]
B . , .

'¥f;¢;_i;3;»51”g.[s, ;s]‘ [14; 201 - [1,,0] - [2, 1T

. In Prquéms]17 through 21 suppose that.=

e

B S T I __g_.-ﬁ,,'-«
’.' oy i§:= E_::Is( -3]-?. . . o , | | -

Tt . o e

R R (A

fu S 17\ Caﬂry o&t the follow1ng steps 1n order to compute 2R - §§
C A, compute Zﬁ | B :

. :'- o e R . ﬁ.'{

v by compute 3§ S ."/* 3

. [ A . ' _
. C. Subtract the vector 1n part b from. the vecﬁor in part a.“ ,
. 0 ’

'*'13;7:Compute 5§ - GT : 'V:--'f'p ;},_'ﬁ“;p}i;

J . 1§;~.Qompute T - 10§ 'pi e:tf h p"” |
f20~'fCompute R - § 7 fh=[;" R %}“'

-'21;s Gompute § - 3§ + 4% | ‘:




,In Proglems 22 through 27, refer to the follow1ng table whlch'
glVes [proteln, fat, carbohydrate] vectors for varlous foods.".

IIVSteak (l serv1ng) -:. _ _;af K‘=f[20, 27, 0]
i.ifrled perch (l serv1ngL_d' B ;:[16, ll 6]
ﬂtchlcken pot pie (one) f’ l\E ;.£23;. 3j
| xppeas (1 cup) ' - Be= [9, 1, 19]
. ,}', o corn (1L ear) _ : 'ﬁ'b'[3 l, 16]
~l_:('»if;' - broccoll (1 stalk) :-f =i[6 1,78]
[ . .-mashed potatoes (1 cup)~' . "'§J=-[4 | 25]",
french bread (l sllce) _ﬁe=-[2, l, 1313»

'»_2? , Find the nutrlent vector for a meal cons1st1ng of one serv1ng

1 ~of steak, half a cup: of peas and two sllces of. french bread

v That is, compute" A S ‘

A T . ,.-_- ';;,,i- _ g.f'2§ iTZH.- o 'j .

23. One’ evenlng Elmo had a meal con81st1ng of one chicken pot

. - pie, one cup of mashed potatoes and a certarn unknown vegetable. _

' The mitrient vector M. for the entire meal was, [35, 33, -38]. .Carry
out the follow1ng steps to flnd the nutrlent vector X for the un-

.'known vegetable o ;' . o |

a. Flnd the.nutrlent vector for the pot ple and mashed -~
potatoes combined (add E and &) ‘

_‘b.ﬁ Subtrgct the vector: 1n part a\from M to find X

: 24.' Norbert Numnitz had a meal of roast Veal, one ear of corn, andr
o one cup of mashe?® potatoes. Ehe vector: M for the meal was [30 16, -
41]\ F1nd the vector x for the roast veal‘ ‘ ' -

V'ZS.\ If .one serV1ng of frled perch, one serv1ng of. baked squash
a and two sllces of french bread glve a nutrlent vector '

[
< °

o = [24, 14 a4] |
' 3 e

find'the Vector X for a helprnq of baked squash
. ( . .
. 26._ A meal Wlth M [53 25. 5 62 5] cons1sted of two helplngs of -

K perch, three stalkr of broccoll, half a'cup of m*fhed potatoes and

' ' one beer. Find tHe nutrien‘t vector for ‘one "beer.
o . o ) . .




27. . Ima Goodwin had a'meal'with M= '[41'.35; 51]‘60nsisting-of _
~one pot pie, two ears of corn and some broccoll..-How much broefhi_f'f
COll dld she eat? ' L ' D

.- .

z

}vQ-,

‘<:'+ |

| a. eThe mlnlmum number of components neceseafy te spec1fy'
1n.this flgure is’ - . - | B |
(Mpltlple Ch01ce)
| b, Vector VlS dealgnated T
_. C@ela el @) larb el
. 2)- [a; b] + [C] f"j' ‘.-.-",_" , o L
| 29; Is: tZe vector‘fl 6, 9, 3] poSsmble? Inﬂnhefrkindfeﬁnspace?7fw

- N
AN




L4

?}\g; 15-1 Dot Products of Vectors‘”

".prov:Lde,tl.f3 caldries. The total calorles prov1ded by . food F is

_‘!f'ﬁ, The’ quantltles of protein,, fat a‘d‘carbohydra in a- food may. g
be expressed by a three—component vector N ’e" coL ' : ;y

; o S R € 3Y fz’--f 1o ‘_ P
L A S _ ) Ty
Food F contalns fl grams of proteln, 2grams of fat and f3 gram&of C
carbohydrate."f_ o _‘_. S o . Ty - .

Often you will be glven the amounts of proteln, fat -and carbo—-'“
ihydrate in a food and asked to determine the calories. of energy. --"’;fw‘
__prov1ded by that food . Nutrltlonal research has shown that a gram o

of proteln prov:des roughly 4 calorles, a grdm of fat about 9

"'_'balorles, whlle a gram of . carbohydrate yields approx1mately 4

, alorles fl grams of proteln therefore prov1de 4fl calorles,_"' f'm
2 grams of fat prOV1de 9f2 calorles and f3 .grams of carbohydrate '

Total S 4 cal o : 9 cal | ' 4-'a1‘-:' ' \'
c T X = f [} . e LR A B
Calories 1 g prot_ g prot+if2 g fat' g fat *. f g carb g arb R
- , dcal f 9 cal - Y f 4 cal
Trppm; rrfat R g-amir
= . + i . £, . 4. . . Lo A . | | g A _. .‘—_. - |
4f1'_!9£2 +'4f3gcalor1e$7 4 N . . | {

The calculatlon above 1s aﬁ example of what 'is called a "dot -

e " roduc or inner product. A dot product Ls\the produdt of two' "
| vectors.:, . e . -
o The numbers of calorles in-each of the three typés of nutrlents
Tfmay_be wr;tten as.’a vector of three components. Call this vector&?jg
. c L ” E__ k k ] . _ o\
. o : R . = ['l’ 2! 3.-
"¢“where‘574fr' o ; _ -
RPN ‘ f{ ! K ="_caibries_ "
o T 'L~ “gprotein .- - -,
‘ N 3 | - : . = 9 calories, =~
oL EEREREE - {. 2 . . g fat ot
SN T oyl xr e, calories . . e
' AT "_/ S ;k3, 4§;ca¢bohydrate'_, o
Ly :\‘ . . ‘ R ) . . . . : ‘ . .’ S
Ty * .'/" : * LA - N . .
Paa A ‘ ruﬁ‘w o S .
) .‘ ' . I \ | !
) . S . . . 85 .




tfy' b" '}... : o ]'.ﬁ'ﬁh_ﬁ.%vl4, 9’ 4] e ; -;;:_ l .i; ‘ "“hi,j
! The dot product of K and F is wr;tten = |
| | K ofﬁ = [4, 9,_A] [ l'; 2 f ] calorles,..
4 A dot product 1s found by multlplylng’thewflrst componenttgp- .

one’ vector by the first component of the other, ‘the second compo-,.
. nent of one by the "second component of the other and the third com-
-i}" ponent of one by . the th1rd component of the’ other. These three

e —— .

p;oducts are then added ~The sum is- the dot product

j The dot product of K and F may be detqrmlned in th1s way ’.‘:.

S :
K« F = 54, 9, ] [f fz, f ] calorles

calorles };v"_ ST,

H

4f _+ 9f +'4f

- 3 |
\\ This eXpresslon glves the total calor1es prOV1ded by food - F.; Note.
that the dot product of two vectors 1s not 1tself ‘a vector b&t

e

rather a scalar number

- We may write an. expre531qn “that def1nes the dot product -for
the general case, the: multlpllcatlon of. two vectors of n components

;"'_" Suppose 'we-have the- two vectors Y A, 3 '_ \

= Ial;: é{,.,,ia.,g:;,ja"]»'

_d¢->4

L . B"..’.’b. j

=?[blrib2173-l i ;p. C

"Theh. . | :.'71#.‘ - : ‘L B P _
K ﬁ ‘a b + agb 2 . +'a'b't+’7°-fyanbnf'_tﬁf"7'
Observe that both vectors must have the ‘same number of ‘compo-
_ nents, because each term . of the product contalns one component of .
N each vector.: /,'f_ [,L. 'ﬂ :'.'J:“aﬁ D ‘.'”"'} R ’\\\;'
The rlght S1de -of the preV1ous express1pn is- rather 1ongdfnd -'
unw1eldy. Mathematlclans ‘do- not llke clumsy notatlon Or. expr ss1ons_
'requlrlng large amounts of writlng As we have said before, new R
'notatron isg often created to reduce the amount: ‘of wrlting There_‘:
' is a problem though, and the problem is that such "shorthand"'can .
w,ﬁrighten;thoseyhoﬁ famlllar,w;th_Lt There is a tendency to’ av01d
fb_;: o J,;-',_.”{ o A J_,;A-. ::,l .'.. AR TN
T Lh T S ~ .

o .
oy

N A "
T o




Lo : T

'Jlearnlng and us1ng 1t. Howevery learn}ngr_?w notatlon is. qenerally E

worth the. efforty because it si pllfles handllng numbers.; Slmpll-”

.-'fylng the handllng of numbers 1s a large part of what mathematlcs_f

71s about... e,

:ji,f.l»
- a s1mple example. . Suppose that we want to find a quack way of

:-wr1t1ng ‘the follow1ng sum.y'

‘ We begln by not1ng a‘few thlngs about this sum.e All the terms are
A . the same except for the subscrlpts.' The subscrlpts begln at two'
-and ,run up to. n1ne,\ In summatlon notatlon, we. would wr1te the sum

The symbol IZ“ ;.s fhe capltal s1gma of the Greek alphabet T
: : a
_ySlgma is the counterpart of our'"S", the flrst letter of the word o

:tlon beglns w1th the term in whlch iis equal to 2 ' The 9¢ above
~the Z means that the sum ends wﬂth the term in wh1ch i = 9., In

yotharwords the sum is from’ a2 to ag..
~.Let us 1llustrate summatlon notatmon w1th another s1mple
-gproblem.‘ 3 ' ‘ L ‘ ’
. .
:EXAMPLE i o B
Caldhlate Z al,«glven that o B N
- @1;_.lh.s ' ‘
PR ay =4 ! |
-- h’ " s . ‘. ;
. \-’L . ‘ o
Lol me S 9y i
: . : \’ I i
:.31 T K » S
. A - ' t‘ N b 4 87’
‘ : N - ) "

. . 5
Express1ons such as that on?the rlght s1de of the equatlon

above may be w jtten }n more oompact form by u31ng summatlon notatlon e

In order to see how’ summatlon notatlon works,'suppose we start with
\ _

-a, +4a3 +,a4 flas +.a6~+;a7atA§81+ta9.

as follows.

L _.-.i _ g i- qb‘.

"sum," The notatlon Mi=2"- beneath ‘the’ f 1ndlcates that the summa-




. - . . . . . v . . o AN

" L ) . o ’ . s Y ’ " . X . : o
. n P . : . . . b
v

SOLUTION. ;_ I N O R R

o AR | 2

‘.

B _"Z'a',='afi+ a-q&_a3 + a4.

=l 243 48 PSR
D S : R PR Co e T e e
;”,'The,sum.of_ayffor;ize-1'gp.4.is_thus 10 - S
S ol ' -:"'-'~l o L .
.- The dot product of two vectors may be expressed 1n terms of

summatlon notatlon. Let us use the—vectors used prev1ously,

i B ) o
.‘)_ . . R ) . ¥

< K-—— [al’ . 2’00.1 ao’ooo’ a ] Co - ‘ :

and B =. [b ’ b ’o o0 ’ bo f.o 0 0 p b ] \\ ' \\;‘—\. a ..
$ﬁe dot product’ of.x and‘% is K ﬁ = albl + a2b2 +... + a b +..,1 Lo

- +‘Fn . ThlS dot prbduct@may be wr1tten more ea91ly u51ng summafion -

L4
..

notatlon. e 'f_",w

A PR LA RO W-ﬂ;m..%._;wf;;;f' ]

P

The. followrng pr Blem 1llustrates the use of the dot product

to calcul::e the number of calorles prov1ded by a Spe01flc food
,ﬁ-:. . . -._. ) ,_7-.._‘ . AN . ' .. . ; ' .

EXAMBLE

A beef pot ple\ls 10% proteln, 15% fat and 19% carbohydratef

’.'How many calorLes are prov1ded by a 200 g serv1ng of beef pot ple? f{
| SOLUTION. ’_, i ] };?f__ ;'f; :t' L r_g fz"_ . - -;-_-r;¢
'm The f;rst step 1s to flnd the number of grams of proteln, fat
= and carbohydrate~1n the 206 g serv1ng.& ThlS 1s eé31ly done, us1ng S
- the percentages glven.“;'fh-;, .f }f’f “"f-r'w o '”,_h o ’
Lo iO X 200 7}20\g proteln ) - ﬁ

.15 X '200-=-30 g fat 'f~-7f, R S
19 x 200 = 38 g carbdhydrate b j“-g' ;.: RURR

Lo . _,.' [ o ) T . :
L4 - a

-

| ',Therefore the proteln, fat, carbohydrate vecthr B or the servlng.u
'-_,f”'=’: ;w- E = [20,




'h The calories per gram of proteln, fat and carbohydrate are glven'

.-.-

;¢ -The. total calorles

of ﬁ and §

e g '

by the vector K.

N

s

[4, 9 4]
= 4,.20 + 9 -30 + 4 -38 balorles

- : :K--A [4, 9, 4]

)

3

~

[20 30, 38] calorles a

N -

Ay

‘e,

.
-

~

PR

¥

~ .

in the serv1ng of beef pot p1e 1s the dot product

. -
R 14

""_‘Performlng the 1ndlcated multlpllcatlons and addltlon, we obtaln\”"

~

B

80 + 270 + 152 calorles

. 502 calorles

L

Is dot productfmultlpllcatlop commutatlve? Does it matter

whether we' wr1te ﬁ -’ B or B -aK? Let us determlngﬁ K and compare

the result to the resul

1:38];[4IW

fThus B .. ﬁ-

il .
73‘

Al

&

>
K - B.

¢

_commutatlve.

~ .

S PROBLEM SET 12+

 Find the doé§product of the follow1ng

-(Multlple Ch01ce)
A[al b] s
(a + b)(cz+ d)*

1.

_"a‘

[cl d]

20, 3

In fact the dot product operatlon is: always :';'

(a + c)(b +- d)

355 .

[3, 7]
ﬂ@f'75-
"b-,_"‘f A

Egl 4] =

of the example above.'o.

o= 502, caforles

-

. .,

20 °4 + 30 °9 + 38

..

’ 4]'Ca@oriesi
4 calorles :

= 80 + 270 + 152 calorles .

= "

-

R G T




. [-1, 3004,
Ts, | o] [1,):
T, 9301,
ClxylelL

4.
1555
-h'*i .
';fe%Multlgle Choice)

.ao'

11.
i-lBQ_,[xl

"_ 14..

[X’QYJ [ol i
[a,_b' CJ [x' Y. z] = ";" o : | -'t' -ﬂf hj.::' - .
(@ +b + ax + by + cz fh" j'_ TR

(dbc)(xyz)

)(x vy + z) — c,.

. (a +- x)(b +y)e + 2)

3 [11 2,3] [3, 2, 1] = \ .
--'[1.;'2","'3] [1~ 1, 1]% |

Yer Ye ] ~}fﬁw”
5 6
. b

[x,
[x;:

Yo

[xll xzf x3r x4r XSIIX } [Yll Yzl Y3r Y4r

For Problems 15 through 17 flnd the dot products and give the _h,f

','16.

groper unlts. P ;'a( : _,'- S S ST ¢

ff’LB;h
‘19,
20,

:,}u

[6 cal/g, 9 cal/g] [4 9, 3 g] o
[3 acorns/acre, 2 acorns/acre] [2 acres, 1 acre]

L300 people/sq mlle, 600 people/sq mlle, 200 peop%e/sq mile]
[4 sq mlle, 70 5q. mile, 100 sq mlle] ‘ .

) C] [xl YJ?
True or False? [a, b, c] [x, Y, z] = [ax, h;, cz] - 5;_2‘
2[xl Yr Z] and [2, 2' 2]

Is 1t p0851b1e to have a dot product [a,

Dlscuss the difference between'

[x» Yl z] L ;’T”f_”,\




o -
5 . o | , e * . | -.' : _...'\ .
- (Multiple Choice) e o o N
T ';21.' al : a2\+ a3 + a4.+ﬂ:i + é-,f,é7 :'
may be written in isummdtion ‘notation as. o o &
_ 7 L 7 . 7 ' \ s
ao.._ Z ai . z a L CQ: Z 7 do 2\1
_ . i=1 ,i=1 i=1 .
AN T Lt Voo :
22, Write th t/é's}‘m ,/5. |
S /ol C ' o : N o
- . o/ L - o\ \\‘.\e&,\ht "”fwu ..
o fo gz,g x3.+ 'xé.+_x5 / ? o
. in.summa on notation. ' " *%& 5 b I
. ..‘ ke . ! . . S ’;‘ ‘.; ' _:’{:' )
. . o . : - /// “,\\\ . P
©.23. ' Wrife the sum- o R ."1~;
- Lt S2 % 53 %t S10 A
‘:infs mmation-notation; ) | | ? :
'i 24 / Vector K = [al, aé, \..a ] and vector B —.[bl,,sz T.--,' bn]’
// %rite K 3 using the summatlon sign. ' ' [h:. gk"_ _;5_2
25 ; Write your answer to Problem 14 uS1ng the summation sign._,g
(-—4Mult1ple Ch01ce) |
.26, l + 2+ 3 +...+ n can be written as-,
| ‘n - n - _ n |
’ a. 1 n b, ] i o - ¥-i d. }).i
i=1 i=1 ‘# n=1 A=l
. 27._ We know from Investigation that a gram of proteln contalns 4H
'i; calories, a gram of fat 9. calories, and a gram of carbohydrate 4
calories.f These numbers are called conversion factors. Writq a -
3*component vector from these conversion factors aﬁd call it f
. Rememb that the’ order is, 1mportant. :
. .
284 A s rloin steak is 24% protein, 32% fat and 0% carbohydrateh
- ”a.: How many grams each of protein, fat, and carbohydrahe aref Y

in ore gram of steak? ._-.'5-__ T '-f&'-
"b. How'many grams of each are in 100 grams of steak? !{

d . Write a. vector‘§ showing the grams of each in a 100—gram*

steak RTTREEI
,‘l" .. . ! 9 8 .
{:.i:;.f_. . . R '. I | ; ‘L"."..: !i,‘ .91\ .v




o 29...A si“ rder of French frles has- -a mass of 50 g, 4% is protein
R 13% 7At and 35% carbohydrate. : - .s
L

‘

a. Find the number of grams of protein, fat, and carbohydrate
in, thé side order -and wrlte a vector F. L

/ . .
'/ /b.¢ Use the dot product operatlon to find the number of calories )

v/in/a s1de order of French fries.

WQO, ‘In"a lettuce -and tomato salad, the tomato vector T is El 0, 4]
and the lettuce Vector L 1s [2,20, 3]. A tablespoon of blue cheese
/dressing contalns 1 g proteln, 8. g “fat and l g carbohydrate. '

,/ ..:a. Wr1te a veéctor for the salad W1th a tablespoon of dresslng

'.b._.Use.the,dot prqduct_to'fln‘ the number of calorles in the L

7/
.t

salad. . _ _ _ o _
| 31. A.glass of milk hds a mass of 244 g, of Wthh 9 g are proteln,
9 g are fat and. 12 g are carbohydrate. A plece of . chocolate cake
- has a mass of 120 g, of which 5 g are proteln, 20 g are: fat and
67 g are carbohydrate. ' ' oL

' a.” U51ng vector notation, f1nd the number of calories 1n a-;

glass of milk

!

P

b. Do the same for > plece of chocolate cake.

c. Add the mllk ve tor ‘and the cake vector, and use the sum to '

\flnd the total calorle' 1n the two foods. : . '\\

_ | d.. Add ‘the calor'es obtalned 1n a and b.'_Doesjthe'sum equalil
R the answer to:c? | | ',a. ) _.'_'; o ff";f_ ,-:
;_32. A l7-year-old Student requlres 3000 .calories a day andﬂhas al~
" ready consumed 2000 calorles. W111 a dinner of the salad, steak,
french fries, m11k and choqolate Cake described in Problems 28 through :
31 glve him Suqﬁic1ent calories? " How . many calorles mor% or : less ' -

~ than he reguires will the dinner proV1de?
’ ( . .
%33, Food is converted to energy 1n the body by a chemical process

+in whiqh oxyg%p reacts with the protein, fats, and carbohydrates |

.. to fpfm water, carbon dloxide, ‘wastes . and energy Thé water: formed .
ig/called metabolic water and is available +to the body td . perform ,;-
the normal functions of water.  The amount" of mEtaboﬁhc water formed

is .4 g/g/ £ protein, 1 0 g/g of fat and .'6 gig of carbohyd&ate.
s | TR LU :

9

; ., : :

92 A




LN
2 s

3 S

a. Writelé of metabolic water per g of protein, fat and carbo-

f

" hydrate, as a.ydctor, W._a; | |
" b, A quart of m11k has a mass of. 976 g and contalns 36 g
.protein, 36 g. fat and 48 g carbohydrate. Wr1te the last three

g st

fnumbers as vector M._f*

+Ca Use the dot product W M to find the amount of metabollc '
h water formed by the oxidation of ‘a quart. of m11k |

) d.. Assume that the remalnder of the 976 g of mll 'is ‘water.
How much water does the quart of milk: conta1n9 SRR

v e.- Use the reSults of c and d to find the total amount of

“water gained by dripking a quart of mllk | o

_ aféﬁ Use the resklts of e and the follow1ng data to determlne ’

_jwhether consumption of a quart of mllk causes: a net 1ncrease or

-._decrease o water in the body SRR '. e '

f_fEnergy content of ‘1 quart’ of mllk 1640ical;'“ R "'g_;;t;

| '*yater lost. ln’heat dissipation: .6 g/cal. T

7 _ " S
f‘f"r _fWater lost in wastes- 8 g/g of mllk T

4

_wﬁf?f:g. Would a d1et of nothlng but m11k (no other food, no water)
make a. person th1rst1er or less therty? ‘,.,r _ﬁ.; SCEE

: '3&34;5 To convert a gram of proteln to energy .9 llter of oxygen 1s'
“used; to: convert a‘gnam of fat l 9 lite¥rs ar used .and .8 llter
1s used to convert a gram of carbohydrate. :

. a.. Write the amount of oxygen as a vector 3 and use the vector ;'3 o
to determlne how much oxygen is used to. convert to energy food con- -
1ta1n1ng 10 9. proteln,\?0 g fat and 55.g carbohydrate. ' '

¥

'b?r HOW much“oxygen is’ consumed metabollz1ng a quart of mllk? /'h
(Use data fnom Problem 33b. ) L

- ‘H'

'*§

b ’:3‘1- 11;§ g é




=.hy protel ' 14 grams are fat, and 1 gram is carbohydrate. A hot dpg
ibun has. a proteln, fat, carbohydrate vector of” 4, 2, 24] T

Ja. Use vector notatlon to f1nd the number of calorles in one

f,fra kfurter. There are approximately 4 cal/g- of proteln, 7 cal/g
Of fat, and 4 cal/g of carbohydrate. ' :

r.

b. Flnd how many calorles the bun has, uslng vector operatlons.
// . c{ How many calorles does a hot dog and bun have° -

'-72.. The following ‘table glveS the number of calorles per kllogram :
per mlnute a. person ‘uses in. performlng various phys1cal act1v1t1es.
Ain order to flnd the number of calorles ‘you use in performing such’
act1v1t1es, you have to multlply the flgure glven for an act1v1ty

by your mass in Kllograms.

”// e .' y=,_' 1 Act1v1ty :':' R cal/kg-min‘
- "Washing, dressing o o | "::u.OBZ'
- Sitting; eating S 025 .
Sitting; watching f@ . o '.023A'_f
| _ o Stand;ng I ' R .028'., '
.; e Walklng.' T - ;; a'-.oss
- - ‘Running N 0 . 347 - . .
| o _Typing; driving a car B ~J03s - ;f
st e |
_Sw1mm1ng‘“ hfﬂ R | '_.,.163-- '

- ai; Find your mass’ to the nearest kllogram 1 lb = .454-kg"

e e —an e e ol .

b. Flnd the number of calorles per mlnute you use in perform-

'1n4 any three of, the act1v1t1es llsted o SR . ﬁjo
'j Q3;_ tow many calorles would you—galn if you ate two hot’ dogs in-. 4'_
1‘ . clud ng buns and it took’ you 8 mlnutes to eat them? - = T
i 4. hoose any three act1v1t1es from the table in Problem 2 and :
| _f1nd out hpw long you would have to spend at‘each of the act1v1t1esﬁ?
to use up the net calorles supplled by tWO hot dogs.f_.' o “e'”'rf-*”‘

" o4




- 5,

Effie the heffalump spends 24 hours a day eatlng

Sheheats o

'_nothing but hot. dogs nlght and: day, consumlng them at a ‘rate of

“one every four minutes.
Assume that Effle uses. .025 cal/kg-mln as she eats.d

mass’_

to flnlsh the meal

e§ head lettuce

steak
. lO,Frenchvﬁrles

: 3-02 K

SRS | cup;milk:

1 tbsp. blue cheese dress1ng

\1 piece'chocolate cake

NI I |
e T 0y Ov BV

-Effie's mass never changes.

a. How many calorles does th1s meal prov1de°

1) -

'calorles you obtalned from the meal.:

.
11
120,
(2447,

19, 9, 12)
i r 20,

What ig' ‘her-

s

Suppose you had the follow1ng dlnner and 1t tooﬁ you 40 m1nutes;

'8,.1]
.27, 01
2017

6711

‘ .

"b,' How many calor1es would you use whlle eatlng the meal7'

. c. éhoose any three act1v1t1es from the table in Problem 2,"
'and find out how long you could perform each act1v1ty w1th tﬂe '

95 .
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SECTION 14.

14-1 Introduction to Vectqr Equations o '_V;~

We have now studiedasome operations that may T”done*on"vec-
tors*“ 'scalar multiplication, addition, subtracti and dot pro-
_duct multiplication. These operations may. be used to solve equa-

tions that contain vectors.

The ‘principle of equivalence 1)s J.mportant to solv1ng vector
equations. (We discussed equivalence in Saction 2-1.) - “Two vec-
tors are equivalent if and only 1f their respective components are

A

| . , _ . _

\ Thus. 1f two vectors are equivalent and we know the’ components
of one, we know the components of the other. Suppose that vectors
K and B are’ equivalent. S @ '_-"- . S _','

Toe " . L P S

We know the components of . .
| | X=1(5 7 9 .

~

.

The components of B, however are the ‘pknowns x, y and z.

~C

B"' [xr Yr Z]

R

We wish to find these three unknowns. R C

»

Since B is equivalent to A, each component of B 1s equal to
“the corresponding component of A. ' '

.Z \{x,_y, Z] = [5’ 7’ 9] N

/

Therefore X = 5,' Zéand z = 9.‘

The equation we Just solvéd is a very 51mp1e example of a vec-

- tor equation. We Will turn our attention to more compiex vector .-

A
quations, but our- methods of solution will rely on the same prin- -

_../

ciple of equivalence. o wpw;ﬂv
s an. example of a diet problem ‘that may be solved by means of

a vector: ’quation, consider the following. A certain person s diet'
- should i

clude 30-grams of protein and 24 grams of carbohydrate per:

_meal. - Qhe gram of 'salmon contains .20 grams of . protein and no car-u-'

, while a gram of apple contains no: protein and 12 grams (

C e




of . carbohydrate.' How much of each should theﬁperson eat to obtain
.3_30 grams of protein and 24 grams of carbohydrate? - |

4 " A}

: We, write the contents of a. gram of salmon and of a’ gram of
:apple as vectors, '§ and A,- These vectors “have only tworcomponenxs,'

';31nce we can ignore the fat component in th1s problem.- Y AR
| : N : .. . .' oL : 2\: = [0"‘”‘12] : o :': . o . P T .-. . ..‘..

& - .‘ ) v -

'_We also express the requirement of -the diet as a two—component .

‘vector, b, ;o I . -}51
| o r‘5 = 30, 241 o
',These three vectors are shown ‘on the. graph below.:fKThe scaling is =
R A.' s 'E _ L G e,
NI , g.
LERY |
| “
9] L ‘
| i 2 o |
' - : v
) ( . . /w .
. » = )}:.
§I\A —> : .
_ S

-
GQAMS PR.OTEIN

-Let X be the number of: grams'
‘and y be the gram& ofﬁapple. The quantity of protein and carbohy-

_draéb prov1ded by X grams of:salmon is _ "

almon this person should eat -

The_amou?t'of'protein and carbohydfate in y grams of apple;is:J

aa S |
_The’ total quantitnes of protein and carbohydrate in x grams 4
of salmon and y grams of_apple must equal the amount of proteln.

—and carbohydrate n therd"eb, <In. other words, the.sum of the two -
- scalar multiplications abov?kmust be equivalent to the diet vectorQ §

5
| Xg + YK--v]S




";i' This problem may be 1nterpreted in terms: of the graph above.
It is obvious that the sum. of K and § is- not 3 HOWever, if’ X
'_.and § could be "stretched" to certaln lengths, the1r sum would be -
| equal to. 5 This "stretchlng" is done by scalar multlpllcatlon.-"' o
"-‘Vector § is "sﬁretched" by scalar x, whlle R is "stretche@" by -

[

. N ] . R N . e . R T co. o
. . . . . - i . . ) .
. * i v . . : . . > i
v - . i
Yo . - R . . :
L ) L . M . .o .- . A .o W .
T : . - . . . .

_'-scalar y.

ézAMs<sua§oHYozA%a

e &I?AMS PRDTE-IN R
Thlnklng 1n another way,'lt 1s obv{ous that one gram of )
-fsalmon and one gram of apple is not sufflclent to prov1de 30 grams ;
. of protein and 24 grams of carbohydrate. We need many t1mes one _
~gram of salmon and many ‘times one gram.of apple. The "many times";’
'-are represented by the multlples X and Ve S . S

ThevaJuesof x and y may be found by substltutlng ‘the numer-

.1cal values of § A and 5 1nto the vector equatlon.

'U'-;_-_:‘x§+yA 3

The result of the substltutlon is-

%1.20, 0] + Y10, .121 = 130, 24-1._'_3’

‘ The first step in solVlng this: equatlon is to! perform the -
' scalar multlplicatlons. ' o L .

(. 20x,. ] b (0, ‘12y] [30, 241
Next we add the two vectors on the left.

A\ '-_~3 j‘ L. 20x, 12y] = [30,“24] ;i}

‘The resulting vector on tMe left is equivalent ‘to the vector on'p.”‘
the right.: Therefore, the respective components of the vectors :

afe..‘equa;, . D . S S
R .203 = 30 agd_Jizypa-24-;




- We SOIve-the-firstiequation for .- S S O

. L - : . - \

We solve the: second equatlon for Y. -.-:;'.. | e
L v o _ g ;
Cay ~ 24 e . TN 3
. b o TR
200 g

The d1et should 1nclude 150 grams of salmon and 200 grams of e
..apple. Co ”\° e :
‘We. have solved a vector equatlon in wh1ch the vectors have "
;tvq,components. One component is . zero in one vector and the other:,‘?
component is zero in another vector. The problem we solved repre-: o
_n:sents a general type of problem, We - are glVen a diet D [dl, d ]_ﬁ'
and two foods A= [al, 0] and B = [0, by}, We, are- askez to find;

a combination of the two foods that provide dy grams of one ‘nu-
. trient and d, grams of a second nutrlent In other words we(‘

"_must f1nd numbers x and y ‘such - that . . |

. xK + y§ B o L
In. terms of the graphlcal representatlon, the sum of vectoer
"gtretched" x’ tlmes and vector ﬁ "stretched" y t1mes muSt be'eguivf“ B

alent to vector B L A -:2-'_ i_si”; LT S
The solution of this vector equa on is. accompllshed as"ln: S
the salmon and apple problem.5 We' subjtltute for A, B -and Bt '
e x[ay, 01+ y [0, b2]~[dl, a7 |
. The scalar multlpllcatlons are‘performed | ;f}_; "r-.jhp. ; i _“;1"
' [xal, o] + [O%L [dl,- S

We add the two vectors‘on the left o . '.”"»_» ’:3"-_ A;f

Y

[xal,.yb 1= [dl' a1 .




- . - L 3 4 . . R .
N . . . - . ° ! g ‘JI/ : h)
L 2 . . - R : BCRN] N P
. o : . : e i
l e - N . . . ] . [ . h .

.’sThe frrst component on ‘the” left is set equal to the. flrst component )
o .on the’ right, and the seconé component on the 1eft 1s set equal to ‘

Lo the second component on the nlght. . ST )/ \tff*y
» . « . X ._A.‘.\ f - ,}\ :

e

e ='d1 and yb, = @

Ay
\ Tt
»

;We"solveffof x’and'y;_-L‘w S 7;-~HA7;.~. - Voo
PR L ' D on = “an IR ¥ A - o D .
. ‘ . ' . . al . el | y‘\ . pzl "u. . ’.'_' A. . - . - N - ) A '.I\g‘

s
«

. ' B . "’ . . o R ] |
This general solutlon may be used for any case w1th two'food ﬁ{"
vectors in which 6ne component .of one food vector is zero and the ‘;

. other component of the second food vector is zero. . '

~
. . P . . . P . . .
A - . : . . . . e

PROBLEM SET 14: L fﬂ'n",, '_;"-4:' . /'-”~',f9

o l. Two vectors are equlvalent if and only if: o 4 :
. . 4'07 . i ° . ' . e ‘ "\

I . : _
' ' . A - | ‘.\

4. their components are even_numbers, L O '\

) -;a;i‘their components.are scalar multiples.
Y b.u'their~comp0nents are-the same. . o . 'V

2 “%Are vectors A and ﬁ equlvalent? ~(Answer yes or no for each)

A

L (‘~_:a. %= [4,6], B =681 -

ik el Bel2 o o
Lo, 1], B=C1, 01 . . L |
[2, 5 31, B = [-2”:1 3] e T
= [46 29] ﬁ = [46, 29] | " R

- d.._

Q
DY BB 'f:>+ :
|]

L e L
:j, What values must X and y have to make the followinq spagaﬁéﬁﬁ,*"
Tokrwer .t oo oo L
- - _ﬁ* o Ix 10]-= 6, vyl |75 .

4..‘ {;:-.. [xr Yr Z]r _‘:‘7-"-'.[__1’-'"'_‘5'. A'i‘t]_' \. . e | e e

A

A

Ve %
’

S




\
.» ; o

}

)

}

A

;:;c, Choose the equivalent vector pairs. ; SRR
' a'and E ,'j e E and 3 ”'f'i ‘e _”' ;.j

-

-F“lﬁ.f;‘c.l K and E ' *_,i§§ K aﬁﬂ E

¢
Lo

~'£,"Whlch 1s the two-food iet equatlon?\ '_" ; o o ;.%&.ijj;u

SR A\ S SR S S

‘«’\ . a. xz + Yﬁ E . .A . . | ‘: . . v . A:y»; "

IR ~ o, . . R A J'\ »

'ffqﬁi . b (x + y) q(K.+ ﬁ) = 3 . "j S T
'\_";’v";‘:t ﬁ‘ - o ~.<'s ST e ]

J {9 7, *Suppose food K contains no carbohydrate and food B no proteln.

' ‘fThen K,- [a, 0] and ﬁ A'_“ - . B -'iﬁ \-;
-."a‘.--’-.[b, ol £ o .
: ,» zf3g. [o, b] _» —§ _~],_'_f
l‘.l.lFind X. and Y. in each of the follow1ng problems.'
'o.j x[1, o] + y[o, 1]-[3, 4] ‘c"
‘9.; t’x[a, o] + y[o, 4] = [3, 12] |
5;,_*]9.;dx[1 S o] + y[o, .3] = [45, 1 5]




~

' ;V, ll.: The menu of.a quaint little seas1de restaurant llStS "Apples

’ ..and Salmon for Two" for 1qpch The meal contains 34 g protein ,

‘ “and 36 g carbohydrate. Apples"re 0% protein and 12% carbohydrate,

L while salmon. is 20% protein and 0% carbohydrate._ How many grams
3.of applestand of salmon does the meal~conta1n? ":, N

s

j;"‘lé. Phll is- restricted to .a dlet of 37 g fat and 67. 593 carbohydrate H
| per ‘meal.. He is havqi&pham and bananas for lunch today... K slice 'j”

- of ham 84 g) 1s 22% fat and has no carbohydrate A banana (150 g) |
has no' fat/dhd is lS%Hparbohydrate. . : o i R

. ’ ’ ~

a. Write a- vectogﬂﬁ for the grams of fat gnd carbohydrate' :
content,of one slice bf ham. ; '.. o - //; et

. 1 .
b. Wr:l.tQ a. vector ﬁ for the content of- one. banana.

e c. Write a diet" vector D for Phil's meal .
T, - . Y

{g . y',~ . 'd. Solve advector equation to find out how many bananas and '
s11Ces of: ham Phll should eat..- .

«

13. -For w1nn1ng the Intramural Frisbee Championship the victors,
L,;, e 7called the Frizzer Freaks, were treated to a dinner by- the losers

;i - -with the main dish being pork chops topped w1th‘cherr1es. One _
&. i i - pork chop (98 g) ‘is ‘'21% fat and 0% carbohydrate,‘and one cup of
é . ;,f-cherries (130 g) 1s 0% fat and 15% carbohydrate. ' :
S
.‘:f: . . . . ] . . ’\ . - . . K] . a .
i x rlade | )
& SRR o E\'_‘ .
o S > .
. | -§§';i |
y i ' e
'L.'j‘ oo ' . lll .
S - - .
- . ; .'." ' '7“; .

t e (° o) FAT IN ~ONE" SERVING - (GRAMS) R
e A Which vector represents .pork: chops?. Whidh represents L
S I .. .

o .“j;cherries? Which 1s the diet vector& b-;__' . -f”: ’

‘(':-i.} ‘fb. How many grams of’ fat are contained 1n one serving? How
"‘many grams of carbohydrate?’ ' ' '

Ky .
’ .

.c. Hdw many grams of pork chops and grams of cherries are in

one servmg? _ _;'




coge

.

S SECTION 15' L g.;.j' _g,'f S

o
'.I

:._15 l A Second Klnd of Vector Equatlon - | .~;” '*-f_'-_z\”.e!\ o

o ~In Sectron 14 we demonstrated the solutlon of vector equatlons
L of the type o S L o D

: . RS x[all 0] + Y[o bz] = [dll. 2]-

i : 2 ' Y
In- thlS sectlon we w1ll add one degree of complex1ty. One of the’ _

- yectors on the: left" s1de w1ll not have a zero component._ The'veotor'"

o~

;6

'.:equatlons w1ll be of the type .
| x[al,'a ]+ y[O b ] [dq, . 21

Note that ne1ther component of the f1rst vector 1s zero.

We w111 demonstrate the solutlon of th s’ type of problem by
e o

solv1ng a speclflc example.

& °-  Assumé that ‘Fred's' lunchtlme dlet should 1nclude 34 grams of i”izf"
'f'proteln and 62 grams of carbohydrate.ﬂ In his refrlgeratOr are'only -
_flshstloks and apples.~ Fred is understandably dlsgusted but 1s _" |
.{too lazy to go to the store. FlShSthkS are 17 per cent proteln and A
‘.7 per ‘cent carbohydrate. Apples are 12 per cent carbohydrate but ."
ontain no proteln. How. many grams Of(FlShSthkS and how many gramsf o
hof apples should Fred ,eat? “_5_~_“- L e B i ' ' |

We let F be the nutrltlonal vector for -one gram of flShSthk
,f represents the protein and carbohydrate in one gram of apple. ‘

- If 17 per ‘cent of flShSthkS is protein, one gram contains .17 gram i
of. prote1n. - One” gram of . flshstlck also contalns .07 gram of carboh-.."
hydrate. A gram of- apple contains 0 grams of proteln and: 12 gram “'~3'
of Carbohydrate. The vectorsF -and K are’ thus - c '

| ﬁweglét.ﬁbé'fh? Qeqtdf,éxpregging Fred’s.diet.,.Then
"F{‘.jf e B= (34, 62] - . |

_ The'number of-gramS'Of flshstlcks to- be eaten by Fred is x; the
number of grams of apples 1s y.. Wr-wr1te~a vector_equatlon as we ,f | |
did in Section w0 = SULEN y: - oy

o~ 103




(ot — T T s ORISR X AN y i 2SR
T - RS _ - S '\" o e S o '
. " - R . .
L] * ;

e | .T-ff(;”°_{fdf xf +. yK B ;.:w_glﬁfﬁﬂ.\

This type of problem ls 1 presented graphlcally below. L,

']

B Ly :

'Carbohydrate.j -

) J
" Grams
. -

- o)

. We must expand F aqi expand K so*that the sum of the resulting vec- -

'”tors Ls equlvalent to D. We expand f by a factor X and expand K
. .
by a factor y.:v ”A.f T . : . S

’ ) ’ l:.‘-:.‘ o : ’
o L We must solve the vector\equation for X, and y. Wefhegin by

4.
’-

| substltutlng numerlcal values: \for F, & and D

x[.17, ,07] + 10, 121 = 134, 621 .. i

"\.'f“_ -,f
We perform the scalar multlpllcatlons of the flrst two vectors.'-7

-:_"‘ 1.17x, 07x] +.00, 412y 5 134,621

3'- We then add. the two vectors on the left. ; 4 ;-; - AP
o T ’ o © :
[ l7x4-0,-.07x-+ lZy] - [34, 62] L '

4

. 1.17%, .07x+ 12y] = [34,'62]'

)

'&_- o :_. Since the vector on the left is equlvalent to the vector on

~ the right, the first components of each are equal, ‘and the .second
Cnmponents&of eaoh are equal oo L

. . . " - k o . . o S :4 ’ s
’?". n_p:ﬂAt . | . .“ ‘; -,.f.- . l7x 34 ) .‘A.- : ‘f.T ‘:l.-

T .07x+ 12¥=’62 111




o B o The first! uation may be solved for.x. L o ]
o o e

value of ngobtalned from the flrst equati S

o7c200) + 12y =,52r

: _0'. t 14 o+ 12y_ 62}‘ o
o | | R S SRR B
_ \ -We SOlve this equatlon for y.,_._ | |
a L : L - '“: e

' -1 . o

The answers 1nd1cated that Fred should eat 200 gr?ms of flShSthkS \/ o

and 400 grams of apples. o w_...;h_;_ SR - 5 o ﬂ_:ffl

e - Our method of solv1ng thlS proﬁiem dlffered only 1n the flnal

:_f step from the solutlon of the vector equatlons 1n Sectlon 14. In /
-Section 14 each of the f;nal equatlons could be solved directly for

.an unknOWn.; In the type of problem that concerns us here, one egua-*

.\t;p.tlon contalns both unknowns. zherefore, -the equatlon contalnlgglone -

. unknown'is ‘solved dlrecter an‘ then the numerlcal value of th un-,.'d

'known 1s'subst1tuted 1nto the other equatlon. T P -*/;'

:cVector K,— [3 2] and vector § = [0 1] ’ Vector D= [6, 71' 'ﬁroblems
'wl through 3 concern 1s\f1nd1ng X and y sfich that xK +. y§ 3 |

S .
L S . .

~l;} Are xK and yﬁ vectors or sfalars?

K § and 5 are shown on thr graph on- the following page.'

¥

. : .'..‘l\l ! . . .
:':, S
“ R )
112 E
o Y R ' ' "
) . ’




2.' Vec or § is salg to be-. , to'Vector ﬁ fA['._ a".;q};._;
. 44 3., Whe the” vectors X and ﬁ'are extended along the dashed l;nps_“-
a %e obtaln the vectors x&, and yB. '

_ | 1 ;n:va.- The. vector xK whloh satlsfles x& + yB =D is: -ﬁahéﬁvh~!‘
B Y € ) < 8 [s 4] B TV
@l L Y

L . b; Slmllarly, yﬁ is-7 ‘-” § e g A;-'Jh_ . H'gf;;fh'; T
'i._,A;,",‘ | (@) [0' 31 P B |

What does X equal and“what does ¥y equal? ) e
. . . v \ el ’ .
In Prbblems 4 through 8 prov1de the expressioh which belongs in .

inithe 9031tion of the - question mark. ‘ S DR RN

| -..f-;c-[4,__-.21.--‘“ (2, 2x]° L
o 6;' X[B' 2] + y[3 0] = [8x, 2x] + [?, o .
Aef 7. [x, 10x] + [0 7y1 = [x,?] s ._;f :fht;" illgn\'

8. x[21, 5] + &[16, o1-=== [le + 16y,?] 'a" St e




"In each of Problems 9 through 11 a2 ector.eéuatidnAtgﬁgiven.i'Write jii;. “
sr»the ass001ated.Pystem of: linear equations./ Do not solve the system.; ?::'
e ek ayisyl =202 - S |
'f;o,QGI7x, ox + Zy] =[5 P R R T ’
' f[lOOx + 18y, 12x] [18,.0] | iui‘i'f 7; | \
Solve the following system of . equéti n
,}%' *”:1 2x + 5y = 1&0 i
S e+ oy = 205 c -
= e L -
‘Solve . the follOW1ng vector equations fo\r~ end Yo . *L'
Ly

13 xl4, 21+ ylo, 31 = (16, 14]

14. " x[0, 7] + y[l 21 = (5, 171 R T R -
. .‘ | j ...v “._ ,- a.
15.- x[5, 0] -+ (6, 4] + [3. 3] : [25, 151 \. -
U o S o t
-7 16, x[3,. 1] #+ x[7,_3] + y[9, 0]‘= [56, 8]\ . \'. .
g ‘ Lo . _ t Sk
'17. A'QlaSs of ‘orange juice'cOntains 61 md vitamin C and l4‘mg'cal-
'cium - A bowl of corn flakes contains no Vl amin C and 5, mq\calcium
A certain diet‘reqU1res 122 mg vitamin C a d _3 mg calcium.'i_ .
a._ Write tw6-d1men31onal vectors [mg it min C, mg calcium] for _/
'orange Juice, for corn flakes ana for the %1e ary’ requirements._ '
. Y
_ b. Let’ X. the number ofsglasses of orapg Juice'tO'be drunk. .
and y = the number of bowls of corn flakes to'be eaten to achieve’ .’f'
~ the diet mentioned above. This information may be written as a .
r-;vector equation., Which equation describes this tatement? o f;'ﬁf-f"
. ¢ _\ " . . o ; : R
. (l)‘ X [61 0] + y[l4 5] = [122,_33] T .
@ x+ y=122+33 L | oo
(3 x[61 14] + y[0;, 5] = [122 33] -,“”'\~. ST
(4) "x[122, 33] = yl6l +7, 14 +~5]‘3__g S LY
_c;v Solve the vector equation.a-'_"-vf . i. PR .,f;..

_ d.” How many glasses‘of orange Juice and how many bowls of corh
flakes are needed to, fulflll the diet?' o T

Y - . e
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‘f_A spoonful of jelly contalns no- proteln and 14°g carbohydrate.

v1tam1n C.

21,

'magaZLneJthat she ‘should
-'breakfast
-ffollows these d1rectlons? Use vector notatlon.

o 22_.‘
"IVet happy, too, . Martha s Ould give ‘her monkey a da11y daet that

A spoonful of peanut butter contalns 4 g proteln and 3g carbohydrate. ﬁf

How.”
many spoonfuls of peanut butter and: how-many spoonfuls of Jelly would:

-

2 g carbohydrate? R Lo A ;x

19. An average strawberry contalns 9 un1ts of vitamin A\and 9 mg of
A scoop of -ice cream contains 120 un1ts of v1¢am1n A ,'
and no vitamin C.’ How many scoOps of 1ce cream and how many straw-

-
berrles g1ve 465 units of v1t3m1n A and 225 mg . of v1tam1n c? yf- N

'.F W

;015 mg v1tam1n B anc%,I 020 mg

20,
T_ vitam1n B2

A sllce of wh1te bread contalns
. l
A tablespoon of honey conta1ns ‘no v1tam1nBB1 and

:v1tam1n B2 To. fulfill a requlrement of .045 mg v1tam1n Bl and

©

.096 mg V1tam1n 82 how many slices of bread should you eatf and how .
many tablespoons of honey should you use on each slice of bread_)

i

One egg conta1ns 6 'g of protein and 6 g of fat. on—fat milk

contalns no fat and 9 g of prote1n ‘per cupful A g1rl has read . a

at 24 g of prote1n and 6 g of fat dur1ng
How many eggs and cups of mllk should she have if- she

Martha s monkey loves "nanas. To make h1m happy and to make the_ )

‘has at least 59.4 g of proteln and. 230 g of. carbohydrate.

~cides on bananas and hamburger.d
_fproteln and 23 grams of carbohydrate.

One banana contalns one gram of

A gramcf hamburger has

" 'She de-'~

. 247

Vo gram of proteln ‘and no carbohydrate.~

How many grams of hamburger

-.’and how. many banahas Should the monkey eat a day?

of

R

© ., 23. Mother Hubbard went* to her cupboard but 1t wasn 5 quite bare..'

ft contalned a jar . of peanut butter and a sack of sugar. Mother

: Hubbard and her _poor dog need it least 100" grams of prote1n and 150

grams of carbohydrate to surv1ve for a day oLt

"'718. IA slice of bread contalns 2 g proteln ‘and 12 g carbohydrate. :f‘W_

s
S

.. make a sandw1ch (w1th 2 sllces of bread) conta1n1ng 12 g proteln and ;F.'

012 mg .w

~ o e - 1 1 e o e




- - R grams . - grams
R o - .i~ protein carbohydrate

N Ak‘l-

‘One tablespoonepeanut_butter = b =0 4 _;_ﬂ. 3}
. 4+. . .- One cupﬂsugar = :§' =;*[ 0 -;,’_-ZZOQI

. e o ' . .
- Diet = d =-[w00. ', 150]

~ ., . ¢ 0

- How many tablespoons of peanut Butter and how~many cups of sugar
' do Mother Hubbard and her dog need to. eat°1n one day? '

: ;24. Claude ate a meal at‘a plzza parlor.l How .many. glasses of" cola{ir‘;
--and how ﬁany sectlons of plzza would he have to eat to fulflll a.
d1et D? st L A : S _ .

'grams{l.l:  grams
. proteln .carbohydrate
— | Dlet B'i=ﬂ [21 -'5'“\ .105]":.
One sectlon plzza‘ P = 7 e 2T) ) o N
"One glass of cola E'5= [ 0 R | '24] :. Tf- B N

How many calorles dOes th1s meal have from proteln and carobhydrate'« o

4

alone? - A e L ' R
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16-1. The Substltutlon Method for Solv1ng Vector Equatiohs _»"

A of vector equatlons By specific examples._ In this section we ;‘
.'.'. wlll again use a spe01f1c problem, in this case to ‘demonstrate

. scalar multipliers and wr1te a vector equation.,-

-'“The scaler multlpliers are ‘X and Y. o The equation expresses Ahe'

Z/'

- any z2exo components. f'j-_ o ~qg

/-

4 All of\the.vector equations SO . far ‘have 1ncluded at least-"
one vector with a component ‘of zero. We W1ll now cons1der ;'- '
. ‘cases in whlch none of the componi:ts of any food vector 1s Zero. :

4

In the prev1ous two sections- u!ldemonstrated the solution-

the. solutlon of vector eguations in’ which no food vectors have

' We are g1ven vectors § and F2 representing the nutr1ent'
.content of“twovfoods. AL '

; . . . . ) T '...“ . . ‘ o "

R o ap |

We are asked to determineJthe quintryies of, these foods needed
to fulflll a. dlet glv n by vector: 5

_.‘

[12, 16] g

4 . ] -

As we have done prev1ously, we multlply the food vectors by

e : e

- ey

et L-K - xﬁ . yF’ =B : o ::a‘:‘;_:‘

[ K

fabt that X grams of . thé first food and Y grams of the second food
fulfill the requirements of the diet.. j_'_rv '

You should by now be familiar ‘with the first several'steps-
of the solution. We substltute-thebnumerlcal values of the vectors :.
1nto the equation and perform the scalaf multipllcationsfrrx__. -

x[2 4] +*y[3, 21 = A 16]

[ZX, 4X] + fQYr'ZYI 812r1ﬁ.

equation are added¢ Then o

The two vectors on: the left side of b
the first component on the left is _et e al to the first component

" on the right, ‘and the second components are likeW1se set equal
_ .

y N\

tQ‘

| to each other."




-

[2; + 3y, 4x + 2y] [12, 1615.;;
;t.'-' L 2x + 3y =112- (Equatlon l)j:
C .;4x_f 2y = 16 - (Eqdatlon 2)1”

Uunknowns X and y.

"‘equatlon can be solved d1rect1y for one unknown.

. -

" - and lsolate Yy on- the left side. Th1s is solving for y in terms

We have not. prev1ously encountered th1s 31tuatlon.ﬂ

.

.

The'result is a.-.pair of" equatlons, each of whlch contalns both

Nelther

However, we caq-;ﬂ.'

solve one equatlon for one unknown in. terms of the other hnknown...

" We can transfer X to the rlght 51de of the equatlon, for example,d'

of x. The follow1294steps show how. to solve for y in terms of xj

Awf'lh Equatlon 2, - e -

4X.+i2y- 16 'KEquatioan)'

: =. 16 .—..4x

y = 8 - 2x;"

2% + 3y 12-_ (Equatlon l)

2x +\3(8 - Zx) =

-8

2x + 24 - 6x =

24 - 4x = 12

This equatlon may be. .solved for x.

l. f*“.;'-J co o | —4x -12

o We have. now . solved for x;but have not yet found Ye-

_.”flnd Y. by substltuting the value of x into either Equatlon 1l or _
'Equation 2 Slnce we have already sqived Equatlon 2 for y in’ terms f

':of X we W111 substitute into, that re%ult.j ' ' ' |

8- 2%

-y :.3 - 2(3)

12
;12.'

We now substltute the express1on 8 - 2x for y in Equatlon 1

We may =




.- obtaining ' |

The method of.solution 1n the above example is - called Jh

substitution method Let us reV1ew the steps 1nvolved -;}{' / -

\"?.-' 2. We- substituted«the expre531on we obtained in step '1 into
the otheﬂl-puation. - We solved this equation for tﬁe—second Unknown%

' equation was solved for the first: unknown._-; . -;g“
. step 1 by solv1ng Equation 2 forvy We could just as well have__-

'solved Equation 2 for X,. Or solved Equation l for X or Y..

EXAMPLE.

'm hundredths. Therefore we multiply the entire equation by 100, -

. in simplifying subsequent calculations.; Equation 2 can also- be
- converted, reduCing to

1. We solved one of the equations for one. of the unknowns

in terms of the other. o S _5: I DR ;.>f

;.

N

3. We substituted the value of the second unknown, obtained
in step 2, 1nto the expression obtained in step 1. The resulting

. . . . w

: When we solved the pair of equations in the example,\we dld

Solve fd\\x and/éi

20x + 25y

J0~l (Equatlon 1)

.1Qx + .75y .15“‘ (Equation 2)

SOLUTION° 'j. o _{_‘-h | R
et R ¢ ’

o Many people prefer to work with linear equations hav1ng
coefficients Wthh are 1ntegers.- In order to put Eduation 1 1n

- this form we fitst note that the coefficients are expressed in

- . A
o : - o n

2o;¢‘+ 25y = 1000--

-

Next we notlce that 20, 25 and 1000 are all d1v1sib1e by 5 There- K
fore we divide the entire equation by 5 qbtaining o -

4x + 5y 200~'- iEquation 1)

-

The equation is now reduced to lowest terms. This:isAimportant

2x + {SY 300 (Bquation 2) "
- Suppose that we now solve Equation 1 for X. | |

T o Do T g




;‘ 4x = 200 - 5y 'Q'T'T'J - : N

-

'Z _= N § o - AT
. . . . .";f?(. 50 4y . . )..’ : .
-f wWe substitute thlS expreSSLOn mnto Equatlon 2 and solve for y.

2(50 ~,—y) + 15y 300

5 ._ "‘.'l ._ c .
100 = 5y + 15y 300 PR
100+ Sy =300y e

e .,22y r—-;._2_°0

;_-The.galde;of,x'is now easily eomﬁuted.; .
. g .‘ .w:_ . _. .. 5 - O -

x=“'z R T

e T ;'= 50 -‘—(16) TN
. e R ' S e
| - o=
| we_conciudé;thath-e.3o and y = 16. - - N

PROBLEM SET 16-”'
_,t | : :
1. Solve the follow1ng vector equaiions for X and y

. -

i
a. *[6 4] * y[7, 3] = [75, 35]

B.g;x[z 19 + vi4, 5]
o x[. 003,,.005] + vl 002, oos] + [ 090, 980] [,;19;?
0 a. x[7, 3]:+'y[9ﬁ 4]~+ x[2, 01 = [99, 39] o

P

'_; x15, 9] y[12: 3] ="3[14) 7] __,,‘a_?_ ) 1'}fﬁ'1

2. A&carrot contalns 5500 uhlts of V1tam1n A and 4 mg of‘Vltamln

28, 23] | i';,fi rQ ;-_ﬁf' ;‘:“1:_. .
L6001 -

—

C. A stalk of celery contalns 100 units. of Vitamln A and 4 mg of

Vitamin c. John 's d1et requlres 590Q units.of Vitamin A and 20
of Vitamin C. erte a vector equatlon. Solve it, .'

. V
3. ‘ An apple contains .04 mg of V1tam1n Bl and .02 mg of. Vitamln S

QBZ' ‘A pear contalns .04 mg. of V1tam1n By and .07 mg of Vitamin

f How many apples and how many pears would you—have +to eat tﬂ.gét

1. 60 mg. of Vitamin and l 20 mg of V1tam1n BZ' the minimum daily vﬁﬂﬁ

l L. . . . ..

-'requirements?

.,:-’ € . .‘. . Q e - . Y . L .
. 'S C o Do . S - e

-

mg ’

Bz. '_f“'




.. “—; 4:;;' . ’_ , . A T T ‘.'J-‘.‘ ol -a s .1 f" ‘ . . : I | . L \/“ '.' d . ' ‘ .‘

; ‘j:‘A . ; . E . . . . . ’ : .
’,ﬂﬁy4-:"°ne cup qj macaronl contaans 1'g of fat aﬁd 39 g carbohydrate.’
.+ ‘A cup of- cheese bas 36 g fat "and -2 g. carbohydxﬁte. If b°u argron:

jﬁf'a diet restricting you to 20 g fat and 79 d’carbohydrate, how many -
chps each of macaron1 and cheese can you eaffpand—;hat lS the ratlol
',_of macanonl to cheese? f '-'__‘. A o T e

.S.J A sandwich cons1sts of two sllces of bréad,_a spoonful of '
b - °apeanut butter and a spoonful of ﬁelly._ A spoonful of peanut butter*w
a(“’,:;f:fcénta;ns 4 g proteln and 3 g carbohydrate.f A spoonful of jelly ‘
o ..contalns no proteln and l4 g- carbohydrate.' A sllce of bread con—\i e
o ,‘A_Italns 2 g proteln and 12 g carbohydrate. A glass of mllk”-Btains |
i!ﬂf Afg 29 g proteln‘and 12 g carbohydrate. If you des1re to have a 1unch

S Aof 35, g. proteln and ¥7 g carbohydrate, how many sandw1ches and “how

~many glasses of mllk should xou have? .. = .

, 'd'-ﬁfﬁs Master Chef Baniersnatch llkes to make salads that have a
proteln-to-carbohydr te ratio of 1 to 3. Note that any scalar:-
7’ y' multlple of the d1et vector D = -1, 3] w1ll have such a’ ratlo.';~
¥ .

_~;'VLE. y~,_"h' N Qne heaéylextuce =1 [3, 6]

”ﬁ‘ B .f'? .- one carrot L = é = [1 5]
P . L M

“51 ‘ Make a Chef Bandersnatch salad from lettuce and carrots. 'What'
g '1\would be the proportlons of the smallest salad that made use of
R an integral number of carrots and heads of lettuce? ' L

av




R SECTION 17 e

N\gh-'l7—l ThQ Addition—Subtractlon.Method1goh Solv1ng Vector Equatlons

In Sectlon 16 we solved a vector edlatlon 1n which«no componant\'

'of any vector was zero. The equation was7
f

';:§;§ﬁ;-ﬁi_--, | x[2, 4] + y[3, 2] = [12 ls]

We converted thls Vectbr equatlonjto the two equatlons ;
v. . ™ . \-_ : e . \ '

| f}~3,v;} ' ’Q'F.‘." - 2x + 3y =12, (Equatlon l)

. & . R . e
N 4x +. 2y =016_ (Equation 2) L .;; N _
o We ob'taJ.neJ the values for- x and Y by solv1ng the second .

'“1Lequatlon for x in terms of x, substltutlng th1s expre331on fOr ',

ﬁnto the flrst equatlon and. solv1ng this equatlon for X. Flnally
} __ﬁe substltuted the numerlcal ‘value of x into’ an earller equatlon and
-&‘f;--solved 1t for y. The- solutlon we obtalned was X = 3 and y = 2, B R ;.fd'v
' Thls procedure is called the substltutlon method ;'_' A-,,' --'.'.Q'HIIM

2

v"'i. We will now dlscuss an alternate procedure, called the addltlon---5

'tsubtraction method, Wthh may be used to solve the same palr of
; . " _ <P

) equatlons.l _
MR . o

2% + 3y 12?~ThiEduatiOn"l) ,“:.'} l__{ S

o

~

L ‘144”“4x + 2y = 16 (Bquation 2) "t

.. ConSlder the result ofemultlplylng the flrst equat;oq:by'épprefi”'v ;-‘_
o des1gnate th1s result by'2(Equatlon l) o c ':' e S

ax + 6y = 2 Z(Equatlon R

Suppose ngﬁ that we subtract Equatlon 2 from‘this‘new.form_of

A." ! L‘.. . 7 . . . . .. \’ N . . ‘, ;-... . . . ... .

2 r':-{‘ﬁ_ A i.; 4x 4 6y “24" Z(Equatlon o, " :__QK,
R E -(4x + 2y = 166 —(Equatlon 2) o f_pp‘_f A

(O

'.‘x ’. ‘_.:.,‘ ) ‘-“ o " -4y - 8 S

Il

- ,Observe that we hgge elimlnated terms contalning x._ The_reSulting"t~

'r;equation can be . solved for y C “E"(l

o 4 .
w
N . . 3

=~
#




u

.« v,“,

o . ! - . X e v FEETE . L
N L - . B .. . V. .

| The vaiue of X 1s now easily found by subst;tutlng 2 fof y 1n either_

of the Original equatlons. . S - =a; N ",'

*,«

.

2_x + 3y 12 _(Equation_"'];_)'

B

"

2#{+'3{2) 12 - !

[

|| .

- R . ] _;".".‘_:- . R — 3 .\f . E . ' - . . . - ;
P N P

‘obtalned by the substltutlon method \ The addltlon—subtractlon '

'Amethod pnoduces_a new palr of equatlons with the same solutlon set

| ¢ as the'orlglnal palr.- When two - systems of equatlons have the same -

"hsolutlon set they are sald to be- equlvalent systemsf

-‘SOLUTION.,ﬁ .

g Vil
The cruc1al step -in the addltlon-subtractlon method is the

fhladjustment of the equations $o, that one of the variables has the |

same coeff1c1ent in both equatlons.. Usually. ‘this involves multl- B

' plylng one’ or both equatlons by approprlate numbers.r Another'

example follows.:-

1
|
.
|

| Solve for X and y .'-.'fi"h _*I. e ;mj:ea"':. 3 ; hfff'

-.._.__' S Bk 4 2y = 9 - (Equation 1) -

10 ° (Bquation 2) = ./ wf

. Neither varlable has the same coefflcient in both equatlons..

':fTherefore we must adjust the equations by multlpllcatlon. WF can

" ‘make the: coefficient of y ‘equal to .6 in both equations 1f we S
-'multiply Equation l by 3 and Equatlon 2 ‘by 2. ) |

g,_ ,.-'V-”'l .1 5x +' 6y =27 3(Equatlon l)

. Pl
|

L

Lt Jex + .6y =20 ":2(Equatlon 2),
We nowgsubtract the’ second equation'from:thegfinstl‘ B

 1.5x + .6y = 27 - 3(Equation 1)
‘-( 8x + .6y = 20) »-2(Equabion72)

c10 L e '

Y ] .:.'.'4; ,.m..__.,..utll.ul_..j_ll.__l*.__m .“..__A_.L._.._._._....'_'._.l_.”- ) ,, B l . ,, ‘

The values-of X and Y,Anot surprlslngly, are the same. that we -’

e A S

o



'
>

L T R

We now substitute this value 1nto the origfnal Equation 1‘?0 find ‘

b lthe value of » ﬁh B . ~_;' R ‘g' .

SRR o ST e L

. ﬂ
o v

.

. 5)(10) + .2y f-
5 + sz _:

. l‘ .
R A

-'.fi.Zy;=_
:y)f 20 <_-?";_ . “w_. i ﬁf

L _ Let ‘us - now,consider a more practical question about the addition- Lo

v 'subtraction method When should you use this method and when should |

. 'you' use the substitutlon method?: - In- many problems,personal preferencei' ‘

; is’ the best guide. ‘In general, the addition-subtraction method 'is S

: ,'most convenient when thewobeff1Cient “of an unknown in one equation,

SRE '_.is a s:.mple multiple of the. coeffiencti in:the other equation. /The |

','substitution method is -most convenient when one of" the coeffic1ents _
-is a small integer. Both methods will always work ConSider the ”i' ;_}

hfollow1ng problem which we w’ll solve by. both methods, e L

- -EXAMPLE._W e R O

Vo

. :~§ >~

Solve for X ayé y’.. S .'. : L - o : B L | ‘ ‘_ | .
| Cox %fi4y _ 76 - -(Equation'l). . . B o

11x - 4y = 46 . (Equation 2) . = .0 [

)

SOLUTION. (SUBSTITUTION METHOD)'»3”
Solve the first equation for X - j_'“~; - A’ . _-5_;"
. -_ R L T S

o Substitute thlS expres51on 1hto the second equation. - .

46

11(76 - 1l4y) -

Lo 836 - 154y - 4y = 46

v -"-g- _1335'- 158y = 46




.. Substitute y = 5 into thq first equation.. . . L
| : | +,14(5)‘=;76 . ; _j_,_~ R

AR Cox# 707=’76'_ IS
G x=76-70, - | o

._,._x=6.;. -

vt

N SOLUTION° (ADDITION~SUBTRACTION METHOD)

/ Multiply the flrst equatlon by 11. - R "';' I
L llx + 154y ass-f' ll(Equation 1) LT A

Subtract from th1s the second equatlon.-; _ L

836 ll(Equatlon l)

' 4& _ -‘quatlon_ 2)

790 o0

SR llx +: 154y
t';.=.¥'.t -(llx - gy
o " 158y
"”VY

iL\ﬂ

A

. 'Substituté'y 5 and solve~f6}.x.;'
S x4 14(5) = 76

o

i

.;:h_.,it_. i .""f.‘ﬂ o -'_1 N x 6
h Whiéh method do YQu prefer?: j: . .;»
B Vo L e S

v L B o

.y

PROBLEM, SET 17

‘¥4'-"-”.“Sdlve ‘the : vector eq atlons in Problems 1 through 6 for X" and Y.
,7' ~_ " by the addition-su ractlon ethod.. ' - : B N

I x[3, 6] + yl4, 5] = [39, &3] |
;Eztz'; x[9, 91 + y[% 7] =-[57o, 850]. ai.f S 7.‘f
';]3,f;x[e ’24] + y[s, 24] = 52600, 9600] HE | |
B "{qi jxf 20, 1 001 + y[olp .36] = [2, 64] . |
4;'t¥5;=nx[‘13, 17] + vl 09, .06] " [38. 40, 38. 10] "._.f 3 :ff:_V”\
- xl.20, .25] + ¥l 14, .35] = [110, 225] -

1




-

8
-

o _ o , _ ;
7. Which of the following systems of equations are equivalent
to: the system ARSI
7x - 9y ¢—49? SR

':There may be more than one correct answef in this problem. Recall "
;,that eQuivalent systems have the ‘same solution set. ' R

_m.a; ‘xf+33 ;35__:

‘:ﬂ¥‘- 9.%fe2 o o Lo | - |
. b:.;sxkfquy ¥'110t o, | , S R e
| ?‘7x'~} 9y = -49 _;9
¢.1'13x ¥ 5y -6l ' ; |
l - ?l35'"ri' | ':i' _;.,.';f _"._:_.-_ ---;l
a. 3i'+ dy = 59 o '?" S
ox - 8y ?:Léo oL | |
| 84 - John, a football player, loves*fried chicken drumsticks and '-7;.[_ ?*f

-.i*mjﬁk._ He was told that during trainlng ‘he should eat 767 g of

_ tein, and 169 g of carbohydrate each day. . John decided to eat.
bf’drumsticks and, milk three meals a day. Fried chicken drumsticks
'fare 32.5% protein and 1.3% carbohydrate.1 Mllk 1s 3 9% protein and

~5.2% carbohydrate. o S
_ \ . o R 5
a. How many grams of protein and of carbohydrate are 1n one

cgram of ch1cken° 'In one gram of milk?

b Write PrOtein“Carbohydrate food vector7 for chicken and e

.'for milk. _ _
) .. v _
~ G How many grams of chicken and of milk will John nged per
-day tg fulfill his diet? BT

o d. If John fulfills ‘his diet by eating cnly chicken and milk,
he. will consume 239 .g.of fat per day._ Use the cqnversion vector
" to determine his dadl caloric intake. ’."y o Y |

.i'g' For dessert, Jane. likes!apple pie a la mode (with ice cream on- "
top). How many pleces of pie and how many grans of ice cream can | - !
:she eat. if she can . have only" 39 g of fat and 93 g of carbohydrate? o




There are 15 g of fat and 51 g of . carbohyd ate 1n a plece “of apple,”

pie.. Ice cream isle% fat and 21%. carbohy rate. Use vector 3ta-:
tlon and be careful rlth your units (pieces and grams) '

.




e '*-If _:‘.-:.._;i-i; 1”.*.- ;;_. At_._, ;,._‘:r.’_‘. . :
,REVIEW PROBLEM SET 18: _",-;*Q‘j31 r_.f:'="f.'lih:~f"i3‘7if '. .
e &= [3, 2, -1] ﬁ = [ 2, 5, 7]”..qia'.-ci;;.4,£s1lc.mpa@. theilf
‘following vectors. o T, e '

E . 2K SRR . -

_"The following are nutrition veqtors for-tHP ingredients of a.meal.” b '\\;;

.

"one hamburger patty ',ﬁge [21 7, 0]
e

3.'lone'cup ka beans . = B = [2 1 -10]
' one cup rice casserole § = [4 2 38]

. Suppose” that a,certain meal consists of two hamburger patties, one Ch
_-cup of beans and half a cup of. rice casserole.“- | ;,' ‘

l v ’ ' o

w”4ﬁ4°- Express the nutrition vector for the meal in terms of the vectors
55. Compute the components of the vectOr in Problem 4 and write the
vector 1n terms ‘of the components. j

~ j;G.H Compute the number of calories in the meal.: e S
'_-7._ One evening Norbert Numnitz ‘had a meal consisting -of one terrapin
steak, -2 -ears of corn- and half a cup of mixed vegetables. Use. the'-Q~x'
information below to compute the nutrient vector for one cup of the

'mixed vegetable dish. I N / _ ) . _
. R : Lo A
‘e total meal i i = EZ? 7, 36] - v

~ one terrapin steak T /t19 4, 0]
- one ear of corn o 6 9 [3,. 1 16]

. The followxng table lists the célories used during certain activities.'r-

' Activitz // "cal/kgfmin
' Washing, ‘dressing’ o .032
- 8itting; eating- .025
Sitting; wat hing TV - .023 :

Standing oo .028 7
Wakking L0585

o . Running @ /' c 147
L - Typing;/driving a car " +0350-
PR " Dancing, o .087
- © Swimming @ . g-..'v C.163

- / PR L _




- Suppose. that a 7O~kgfperson:consames:a'mealFWith nutrient vector - 2
ﬁ: [25....12' ._21:]. AR , o e e L L

8. Find the number of calories in the meal._

-3// The meal t°°k-3°_miBUte$ FO_eat.A How many . calories were used o
in e tihg? T o o

..10u Tho meal was followed by a 60-minute walk  How many calories '
v were used qn the walk? T '_=.f" : R .

B

11, At the end of the walk, how many calories remained from the meal?

_'12.- The nﬂtrient vector for one chicken.drumstick is D = [12 4, 0].\_
h Salmonella, a 60 kg woman, ate a drumstisk so slowly ‘that she just
broke even on calories (neither gained nor lost calories) How \}“
1ong did she spend eating the drumstick? * '

'i.l3§s Find X and y in each vector equation.

"[x'+“‘z,,5] =-[42,5'y “al D
: [17, 11] [2x -1, y +,5]
-i'14 {Solve for x and y. '_,~: '_ﬂj l,_:' f:_,'. i{;--
I x[3, 5] + 'ytz, 4] = [34, };j:A

15. A snack of raw tuna and tangerines contains 3. 6 g. fat and 7.2 g

"carbohydrate.. Tuna is 4% fat and contains ‘no carbohydrate., Tan—
gerines contain/n/ﬂfat and are 9% carbohydrate.. Give the amounts

f}, 'of tuna’ and tangerines\in the .snack.

. 16. A lunch ith 33 g protein and 21 g fat consists of chicken |
drumsticksgand avocado salad.' The nutrient lectors are ' :

. one drumstick \ [12 g protein, 0 g fat] j: o R AN
one. helping salad L6 14] R R g 5*:}_

. How mahy drumsticks and how many helpings-bf salad are in the lunch?

lﬁ., A 90-9 steak contains 21 g of protein and 27 g fat.. A 50-g
‘order of French fries contains 29 protein and 6 g fat. How - ~';af

": many grams of steak and how many grams of French ‘fries must be.
5 g of fat?

consumed to- prov1de 31 g of’ protein and




SECTION 19: - e et

“19fl Inequalitiésfx.

R “Certain’nutritiona' problems'involVe determining how-suffi-
.c1ent quantltles of nué;ients may be supplled at- the 1east cost.‘J' _
.'rThe solutlon to -such problems could affect the lives of many people .
in poor countrles ‘trying to cope with starvatlon.- An example of |
'"such a problem is the’ follow1ng . ' oo |

One pbund of whole wheat flour contalns 60 grams of protezn,"
- "1\20 mg- of nlacin and no’ v1tam1n A. ‘A pound of soy flour con-
| ta1ns“168 grams. of proteln, 10 mg of nlacln and 500 IU (1nter--'
(natlonal units) of V1tamin A. Suppose whole wheat flour costs.
.15 cents per pound, whlle soy flour costs 30 cents per pound f;
What 1s the least expens1ve comblnatlon of the two types of
"rlour that meets or exceeds a requrrement of 252 grams of
: proteln, 30 mg of n1a01n and 500 IV of vitamin. A? :‘

. This problem dlffers from prev1ous problems 1n one 1mportant
’?_respect. The dlfference is the phrase "meets or exceeds.ﬂ The

y- cqhblnatlon of whole ‘wheat. flour and- soy flour need not contaln the
_f74exggt amounts speclfled in- the dletary requlrements, it may contaln
7;_'more than is requlred ' The ‘combination may contain 252 grams cf I

. proteln, for example, or rt may contaln more._ e

, Slnce the amount of proteln 1n the flours must ‘be either- equal

- toor greater than the amount Speleled, the algebra of 1nequalit1es
;llS 1nvolved. ~The algebra of 1nequa11t1es has 1ts ‘own spéclal nota-"

'tf tlon.3 We will now study. th1s notatlon in order to better understand B

)

.the nutrltlonal problem Wthh we have posed

;/ 'The statement x> y means that x is greater than'y. " 'Por example,'”
6>4., x>y means that X is elther greater than or equal to y It is.
true that/ﬁdfﬁ, and it 1is also true that 62 6. L _—

1.

B WX < Y means that x is less than y. For example, 6< 8. X<y |
.7indicates that X is less than or eQual to Y. _,' 3 ;- ','=.L ‘o SR

The statement X # ¥ means that x is not equal to y 'For_example, o
6 # 4 and 6 f 8 ' L . . .

A \\A.... ) Y _‘.l' . . \ . L ¥ N

O GV S S v Ay N S
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- qu may remember which 51gn 1ndlcates "greater than" and Whlch _
isign "less than“ by:-. noting ‘that the wider slde of the s1gﬁ is toward .
the ‘larger number.¢ The w1de 51de 1n 6 >4 is toward 6, and in -6 <8

lt is toward 8. ' ‘o S f.

A0

_ _ Inequalitles in many respects are like equalltles. An in-
equallty is a statement that may be true, false or open. (Recall ..
that . an open statement may be elther true or: false ). The follow1ng

by -

1nequa11t1es are true. L p f~g¢~._ ey tV-
Tas3 . 923 R o
o S 3<s . sas
T R AT
However, the followrng lnequalltles are false.
4<2'f" L 4#4
2>4 . TE9

The f0110w1ng are open lnequalltles, because they may be erther A

ltrue or false. ) _
" X _>°:47_' L - 'y:_s'x'-+ 2 | ~ -

" The solution set of an open statement is the set of numbers.

ﬁd'that makes the. statement true.,-';_ Dol -‘-*‘f.' - '-_?“;_
. 19-2 Gra)&xng Inequalltles _ R L ;-

One of the’ best ways to study: 1nequa11t1es 1s through graphlng.
“braphlng lnequ llties will be- essentlal in our solutlon of the

nutrltlonal pr blem we,posed earller. Therefore we w1ll glve thlS i}

subject some attentlon ‘now. . - S

Equ litiks may be represented graphlcaIly jForteXample4 y = 3

g .

'rbé“represented by a 11ne, as shown below._

1
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Inequalitles may also be represented on a graph._ The.inequality

x >0 1is shown by shading the entlre reglon 1n whlch x 1s greater
than or equal to’ zero. : o

RS .

N\
N
NN
NN

The 1nequa11ty y 0 may be shown by shadlng the entlre reglon 1n
whlch y is greater than or equal to zero..;:'_'*v; '

B ]

‘Y_.'.

-

/
//

NN

Y?»O"// /

NN
N
R

-
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When one side of an 1nequa11ty is greater than the other 51de1- , Af

(a >b) ,- as opposed to being greater than or equal to (az b), a’

“idashed llne bounds ‘the shaded reglona For example,.the graph - on. -
.the left below is y:zz while the graph on the rlght is'y>2. The’
s that ‘the ‘line 1tself ‘is not included .in. the

-‘dashed line indicate
' 2 is not part of - the’ solutlon set.h'

'reglon, in other words that y

T Y _ e | Yy - __
'f/////{} //_1//., /) _ .. //' ' _‘/T//,~
RN 727141 447 7./7 W17 LA
S - Y22 e Ty>2 [

o oy | 2. ’><‘. e 0 ]
G * ,

[

N A
X X
A 2 el"x _ T 737
\‘Qigk\\\r B - , '$‘q<;6/ 7
\ R ' | \ ’: ) ’... - | 4-. N
133 ‘
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Ofg;n a problem contalns more than one constralnt. 'For- o ;'if'\

”ﬂ example, ln our flour problem the amount of whole wheat flour can. _“f A
. not- be negatlve.. ‘We cannot buy a negatlve amount of. whole wheatﬁ -

h'flour.. The same goes for de flour.f If % is the quantlty of /

-'whole wheat flour purchased and. y is the quantlty of soy flour

Y

_purchased then: h',f . ST __...“.; o IR :

/

¥ .

w20 and o y20 il
How can we graph both these 1nequallt1es at once? The solution.ig S
developed on the followmng graphs. Where “the two sh!ded reglons '

N

" FIGURE 1- }f' P -.-li : ATFIGURE-gyfﬁﬁ B L

KONNT 720K - f oL X20 e

.' N ) ~ h f ) : i . ) . L K

/QVI (904 J'E R S I 7 T 50 NS B 'b.'

FIGURE 3 " # . FIGURE 4:




*}aef»fo ,fy; More than two inequalltles may ‘be represented on the same

'_;?Jﬁ'f graph, ‘and sometimes the. resultlng shaded reglon is entlrely bounded

s For example, th‘e three 1nequ¢;.t1es x21, yz 1 and ys, -x + 4 deflne '
.'the bounded shaded region. in- the follDW1ng graph By contrast, the
shaded reglqns in the previous graphs are unbounded, that is, - they
extend'indeflnltely in one or more drrectlons.. ' e

L] N . )(’| l
: ) ~ ' * L IR
' ) -
1. N o
' 4
- -
|Y=X+4H |
o . Nl V.1 | R P .
i = 4 Ys('.' oL ‘°_ , L
. . X : ;
. , . - (
- ¢ . s T . . ¢ . . N
T : : s S - : i oo o

As a f1nal example, conslder the region defrned bg the con- -

stralnts C e L o
| . e x 2 0 Coa B

-

-

‘ ,;These four constralmis are represented on the graph below._ :4.;’v",‘

I

. . * - .
\ . . . R B . . o : <o
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. L ' ' ' v ' ; .
-l. | ,State whei:her the follow1ng 1nequa1.1]t1es are true, false or og Q

. v'a'.-----10>7'.'-_ .-" B ."i' e
. B. 15 :Q- f;;1f',fJ‘;'iff | - R
,:_-75.'§." -3>»3 "{i”;..at: o F{f_;“a;: B .

A R -4
",ﬂr;e;,p$3 ~ f jﬂt   § _'““,rf?'f"f“t ;f“_-’;
.f',v ‘2'< s -and sle | | I.'. "-:-.":.za a R

mgg;JéQ-m>3+5'*z_-Jfr‘jg_ f*,rf

'"'~=m:2x+y;7;;; S e

-.fg',"-',;-Express the followmg statements symbollcally"‘ LT
. L ) 8. _ . ro

B Fn.ve is’ less than s:Lx.k

(}r b Negatlve three 1s greater than or equal to negatJ.ve 100 .

Sy

.

'7’-"c."' Three is greater than two and 3 is 1e$s than 5.-

.Q - [

- 4, s:is a .ne_gat;ve. number..;_ T SR

N .
.

- .




G330 Mat':chthe follow1ng1nequa11tieswj_ththe graphs. below R




S SR ¥9 :" ro ¢
4. Match the following sets_of.}nequalities W

*

ith their graphé at .

. .

- - the right. -
| i*é.  x=50_ <
O :{4,

Nit
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In each of problems 5 through 7, graph the set of 1nequa11t1es on
6ne graph and shade thefhounded reglon... ’ '

“w -
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( 0 1 Vector Inequalities - e R

Let us #®turn to the problem presented in Section 19 hThe'p
_ problem is to- find the least expenSive combination of whole wheat _
fflour and S0y flour that prov1des at least 252 grams of protein, .
1;30 mg of niacin -and 500 IU of v1tam1n A. We may represent these'vyr
“'quantities by the diet vector B. ' ‘y‘

b= [252, 30, 500] -f S
’%he grams of protein, milligrams of n1a01n and 1nternational units

- of vitamin A in ‘one. pound of'whole wheat. flour .and 'in one pound of_'
' fsoy flour are qiven,_respectively, by the vectors- ' '

e
S .' .o

| o W=reo, 20,01
vy . ~ana B =168, 10, 500] |
‘We let x be the number: of pounds of whole wheat flour and Y

- .the. number of pounds of soy flour. We may express the fact that _'_{ifu;:
'?.the whole wheat flour and- soy flour ‘must supply at lgast the h

.i“

spe01fied quantities of each nutrient by writing
| XW. + ygzzﬁ ':'ﬂ_f "_:. .

- or x[60, 20,.. o1 + y[168, 10, 500] [252, 3o, 500] P

v _"n Both express1ons are vector 1nequallt1es _ )
“ 'Recall our 1nterpretation of a vector egualitx SuppoSe that f ‘
_two vectors, """ tal, a2] ‘and [bl’ b. ] are equal ‘ ' e |
" Then the respective cOmponents are equal T _i; \k'jg-"; S
A /pfia. - l = bl and a2, bza S . |
"« ' A vector inequality is intérpreted in a similar way. The - s
statement o S SR L ' R

{al. alaloy, byl e e
'means that each component on the left 51de is’ greater than or equal/
'“to the comparable component on the right s1de wup//“'
e L a; 2 ‘;hd a, 2 bz. P
B N T 4u S
X3 | . N
.A‘. N N o oL __.j_l - ,_i_._ _____________________ MA. o
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o ':J'l Let ug return-to the vector inequality written for the whole N
R _wheat and. soy flour problem. | ' ' | :
S x[60 20, 0] + y[l\B, 10, 500] > [252, 500]

con ert the 1eft side of the expression into a Single vector by

”'“‘”“‘Vecto:1r~w~w-_.>_lliwmﬁp_ S L ',///“*’/

[60x, 26x, 01 + [168y, lOy, 500y] z [252, 30, 500] KT

-o\‘ ’

v

[60x + 168y, 20x + lOy, 500y1 2 [252, 30 500])

Each of the three components on the left side is greater than
or equal to its counterpart on the right side. We- may express this_
o fact by writing an inequality for each component. - ’

| ,1\-.'_ P L 60x + 168y2 252
' 20x + 10y'> 30
. 500y2500

20~2 Algebraic Manipulation of Inequalities

ﬁ%u have learned to graph 1inear functions when'they are in
the form y = mx + b. Therefore, we Will convert each of the three.fj

. inequalities to either

.~'y>m<+b or y5m<+b j~.'

in order to—{epresent them graphically. : . _ .
. : L : o

: o However, we have. not yet seen how inequalities may\be manipu—

/ lated Therefofe we: will once again leave our flour problem SRR B

briefly to discuss how . to handle inequalities. . -..y\

Equal. quantities may be added" to or subtracted from' hoth’sides
'of an inequality. For example, stagt v with the inequality '

o Do 925 S
r_-' U If 3 is added to both sidqs, the result is
v If 3 is subtracted from both. Sides, the result is T .
,M.-_ L _.‘\q S 6>2 . -,Q.~' S
Y Voo e




_ " expressions aré alwa's true

‘ Both sides of 7h inequality may’ also be multiplied pr diﬁnded
by the same ositiv number

: For example, 1f 9 and 5 arb both multi-'
plied by 2,_the re ulting 1n ‘ '

ality is true - '*i.,\ \

B ”\

3?27 . -_A-"- o ”-_
However, if both 51des of an. inequality are multip11e¢ or, 4

: divided by a neghative number, the direction of the 1nequalfty must

Rlbe reversed.- qu example/' rr: o : _'f3-~; o \ - ;..!'

o

_ LR ) .'9 > 5\ S R
is tfue. but\ N IR ST e - g

Rther -

'._is"notitrue.

9 is greater‘thah 5, but -2
 wise .

j9i%-

'is_false,'buf' o
. L '.:_ : o

is true.

'\

v

29 >=2(8) e
B R |
-l’< ...10 : S o \\ -

".-.-2)':-<. (5 -2) I;\} .

times 9 ié less than -2 times Sf‘ Like-

.
L )
'

P U P

A\

The first 1nequality of our flour problem expresses the constraint

-\ "

| thag,the protein content of the two flours be equal to pr exceed the

'ambunt sp‘zified. ' \\ \

o é

',\.- 60x + 168y >-2Sz

4

4 ’ ~ o4

" In order to graph\this inequality it is convenient to put S

) ﬁr it in the form

oty >

+. b or

y<mx+-b" yi

Since we m?y subtra t the same quantity from both 51des of an _ cp'

 ‘1 N 'f‘p -

L4 ) R - . .\ B »
e Y --f\ '1:!c,l~~
. . . . . L ) W\ 4 P

T

Y A

.‘\.A j




~~~~~

s | 5~; 1nequalb ’ let qﬁrsubtract 60x from both sides of. the proteini;'
r:;-:;’i inequalitg R ,«g;,./'-|.Lfi o . ';._ ffll S

- ”_ o e0x + LeBy - 60x 2 252 - gox T .

| ;=_4_-‘,{-\ .  ; .s.jf o ",_ 168y 2 -60% + 252

o .j; R ii . 168y, -60x +:252
i e e e, 260X, 252

‘\ .
Ve

contain at 1east 30 milligrams of niac1'

‘ﬂ,"~%f_yjf_ 2w+1wz3o

-..At he protein inequality.. We first subtract 20x fro
e o 20x T lOy - be 2 30 - 20x
/.~~]~_ '-'.':'. . ié';e'“ A _10y > -20x + 30

| We then divide each 31ae by 10. i R
.10y =20 + 30 . *)j~f'."

.»\3f.' . 'The third i equality is’
RS ) ~ o : |
'\,-:ﬁ This inequality expresses the constralnt that the flour that is pur—
f\wf chased contains at least 500 IU of Vitamin A.. It is 31mp11fied to :
the standard form by dividing both Sides by 500 - ,_f .',‘
500 500 ; : o

‘! 21 143 .

. R




ap 3 Reglon of Feasible Solutlons _-j7:;-qﬂ L

_— :
" We have been developing a’ précedure for solv1ng a problem. The :

problem is to find' the least expenslve comblnatlon of gppounds of

whole wheat flour and y pounds of soy flour that contalns at: 1east

"'certaln spe01fied amounts of proteln, n1acxn ‘and. v1tam1n A.

We will be concerned w1th flndlng the 1east expen91ve combina-“"

tlon in Sectlon 21. In this section- we are concerned only with -,\\fc_'

determlnlzg the poss1ble values that X and*y may ?ave while meetlng \\\
\\

the nutritional requlrements. : ' o R

L4

These values are represented by a reglon of a graph of x ver-
’ sus Yo The reglon 1s determlned by the tonstralnts the problem ' 0

1mposes.

_ In Sectlon 19 -2 we: p01nted out that x and Yy cannot ‘be, negatlve
numbers. ThlS constralnt is expressed by the 1nequa11ﬂ1es o

| ,xvsz
: e o Ty 20

In Sectlon 20- 2 we derlved express1ons for three other pon—f"

o

:,strarnts.'- _ : B L
. . ). ‘.—5— —3-. . .
Y2 TTg%Xt g <
_y.; —2x.+-3:'
e oyl

_ The solutlon to the problem must- be w1th1n the reglon where all
'rt flve 1nequa11t1es are true._ Th1s reglon is called the reglon of -
fea51ble solutions, because it represents all comblnatlons of X and
y that are feasible solutlons to the problem. The reglon ofgﬁeasl-
ble solutlons is represented by the shaded regron in the graph on the_ S

_v(. next page (éhd 1t extends 1ndef1n1tely upward and to the r1ght)
;\\‘-

; The reglon of feas1ble solutlons 1s bounded by the lines repre— “l‘(f;b

. senting the four equatlons
: X

| L. .#T=TQ' ? Ly = -2x + 3
N A y=31 Y= -ig*¥t3
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X 20 s \ 2 240 _
‘ y 2047 2720 |
By 3 ) e
‘ 2SI 7 : 2 - :
ot ¢ o e o : - oo | ’ ., _
'- vzl 7}- 221 '
T Coy . . -
" The - lastithree 1nequa11t1es were. obtalled from the vector in-
quality e L : -' i N o
' x [60, 20,_0] + y [168, 10, 500] 2 [252, 30," 500] ;
If we substltute x = .2 and y = 2 1nto thls vector 1nequa11ty,;f; @f“ﬁr
we obtain SR SRR - T ;” R
2 [60, 20, 0] + 2 [168, 10, 500] 2 [252, 30, 500]. - :_:\h_.f{:'
[120, 10, 01 + [336, 20, 1000] 2 [252. 30. 5001 - %
' ‘ We ddd the vectors on thd left s1de and obtaln - —".:7"> .
l;f;s,i 456, 60, 10001 2. (252, 30, -500] - B

_ “ This expre351on is true, because each component of the vector. ’

- on the left is greater tHan or equal to the correspondlng compo-- .
_ nent of the vector on the rlght. -n,p pouhds of whole. wheat flour S
:;and two pounds pf soy flour contain’ 456 grams of proteln, 60 mg of j-_

nlacrn andglOOO IU of v1tam1n A. All of these quantltlas exceed '

the spec1f1ed amounts. j
Do ' O ‘
T Of course 42 .2) is only one. of an fnflnlte nunber of pomnts_
ly1ng in . the reglon of fea51ble solutions. We could just aQ well
have chosen (64 4)- ‘or. even (8, 1000), which represents 80 lb of

. wheat floqr and 1000 lb of soy flour. . - o e ,--”‘"
Our task in the next sectlon w1ll be to flnd the values of x '_ :




B “ . . . . ST - ’ ’ - .
. Perform algebralc manlpulatlons that W1lla :Lsolate the. varlable on’ '.‘"

. fﬁoone 31aé\or the other of the 1nequa11ty Slgn.u_ ...!.

/r.ﬁﬁ f,l, ' + 6510 .;¢’P_;lf».?"{,,. ;f . %;.Lfﬂ”?
i ._fz.“-a.szx_ SR S B | et
B 'Transform the follow1ng 1néhua11t1;s.1nto.the standard form

-;-«ysmx+hor y>mx+ bo

) R o o - o - .o B ,, . /.7- Y] -_\

N
B -2x+6<y-—8 . . . _ : .
9. “Given that & = [2, 3, 4], E = [1 al 7] and é [s 10, 15] -and e
hv~~thath+sza o L _ "\.'
S a;"_ Substltute the component form: of the vectors K B E 1nto '
/,_/ the equat:.on and write the new equat:.on-. '
. - - b. Perform the scalar mult\lpln.catlon. o e
. c.. : Perform the 1nd1/c/ated addg.tlon. RS ) |
| d - Use. the 1neq);a’i1ty conventj\on for vectors to transform the o
vector ifnequallty//l/‘to a set of alg raic 1nequa11t1es. o '

10. | G:Wen the V’ector 1nequa11ty '.'- |

i, | % and th7/ K» [2 4]' g___t[é_’.-is.]'- a_ [15 10]

Substltute the cop\p}:nent form. of the vectors K ﬁ E :Lnto ‘
'..__vthe' vector equa on and wrlte the new equat,ion. L S N

-

b. ' Perform he J.ndicated scalar multlplz‘\catlon.

4
Perform the indlcated vector addltlon\

T S Mg i
R &
N T A ATVE. S - T L




\i{ ¢ “r .
N 4. Use the 1nequality conventlon for vectors to transform the Y
'vedtor nequallty into a system of algebralc 1nequa11t1es.., - @ -

) } e
e.- 'ewrlte the 1nequa11t1es in the form y:>mx + b. o p—

“;f.- he idequalitles of Part e-and: the 1nequa11t1es x;:O and’

\hf y20. define® @ region Of fea31ble solutlons. Graph and label th1s
, reglon.'n ’ffﬁ{jﬂ—”_irj s g ;_f .-. oy,
’ :_ll;~ leen \the- vedtor 1nequa11ty ‘f5 ,-:;}:'f44fji- o

e o SN x§ + 321‘5 o e
-and glven that o \\ T
i ﬁ \[2 1, =-1],,'§\ [4, -1, 1],.,3 _-_'[a_.-, .--5] ) —

Follow1ng the steps of Problem 1Q, transform the vector '




%ZATION 21.

21-1'The Optimal Solution'f ;sﬁi_;t;:

' .J,'.\

.developing a procedure

, In the preV1ous two sections we whﬁ_
S :_for solv1ng a problem The,problem is. houfind\the\combination offg_
e . X pounds of whole Mheat flour and y pounds bf soy flour that - pro-*
| .v1des 252 grams of protein, ;0 milligrams o nlacin and 500 IU ofb’

+ . vitanin A for the least cost.: We assume that whole wheat flour ‘ _
'Fcosts\ls cents per pound’ and soy flour costs 30 cents per pound d""

- In Section 20, we graphed the region of feas1ble solutions.
: ThlS region is the part- -of the. graph in which the values of x and '
dy satisfy all the constraints of the problem.. Two\of the constraints“
“are that x- and Yy have non-negative values s1nce we cannot haVe less g
‘i}. - than zero pounds of either flour. o _fi {5¥{f3d2‘ | ~h €~ .

y > o st e EEEEEE

o

_ L R , o
- Three other constraints were obtained from the vector 1nqua11tyr”ff.
| '.f . x[eo, 20, 0] + y[l68, 10, soo] > [252, 30, 5007 o

. We expressed the vector 1nequality as'three 1nequa11t1es, and

'we-bonverted these 1nequalrt1es to the form s q.;;i ;‘“f,' \ ﬂ‘
B PR AL y 2 mx + b_~°rf y <‘hx thoo T _lf“_i;;.~ .
| The results were . . -~ . - | - _f'- N
o ERE T ,
e oy zmEE S - .
e 1'7'n"h_ Yz 1,
:_gi : -"_ The region of feasible solutions, the region in which the five )

‘\v.-

constraints are true, is shoWn on the graph in- Section 20 -3.

dow we must find a' solution w1th1n ‘the region of feas1ble soiu-
.‘tions that involves the least cost.o The- values of  x and Yy resulting
-in the lowest cost are the optimal solution to the problem‘ f::vdﬁg.;fj

" We begin by writing an express1on for co&t as a function of x
and y. Whole wheat flour costs 15 ‘cents per pou , and soy flpur
& costs 30 cents pound, 80 if we let p be the total cost in’ cents ~;¥f_”

0




]

AV';7We can find the'COSt corresponding to any pOlnt (x, y) onr the plane
t'ley simply substituting lnto the equatlon above., Our objectlve As

o*

to flnd the 901nt in the regaon of fea31ble solutlons Wthh glves o
the smallest poss1ble value for c.-_3"_ St ;-~ - “.f '

‘»"';' R -

S We can begln by asklng, for example, whlch p01nts on the plane D

.. {

N correspona to- a- cost - of 30 cents? These w1ll be the p01nts (x y)
e satlsfying the equatLon 'f'? T S
Loy 30s 15x+60y o

. ‘j: ,gy__,;( . ".'_ ..' - ’ .
'é*}This llnear equatlon whlch can eas1ly be. put in the/famlllar

form y = mx + b \?he result is - -'f_o' B R o ﬂ
- _y_e” _-%_é("‘#'l .

L om

": The graph of thlS equatlon is sthn below as thA llne 1abeled c'='30.yg5u
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. hasing
: S
4

o :The line y"R-%){+-l ddes not pass through the reglon of B
:”?feas1ble solutions.v Therefore there is no feas1ble comblnatlon?4

’ B |
. of flours costing 30 cents. As you W1ll see. shortly, the cost must Coe
.. be greaternthan.BO_CEnts. e ' '
¥ : “ ' I - .

. : - . . . . - LI . A
. . . . . . 3 N .
. | . . f ) ) . . L. L X , ’ . .
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. Before we try pther values of c,}we put the cost equation :f L
v o= 15& + 30y im the form yo= mx + b ,I-_“‘

15x e 30y mg o e

A

We now check cost values of 60.and- 90 cents.f When'the e Values_

~ _ are substltuted 1nto the equatlon above we get the two equatlons..
LI C .o ”.." s oo L -

-?‘f -f&; ‘..,i'» - Ylf-ééfx * 3:‘

The graphs of th$se 11nes are. shown below.
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ﬁ'There are two 1mportant thlngs to note about the cost llnes.

] . A

[ ;7
=t vi

£3‘+i+4l.L.+-L.._ BB i kg
RS }.,‘)\t. " | Jj}

—r—,-«._-.__.‘ i

l;<'The‘60—cent and 90~ cent lines pass through the reglon of

4

'"feasibleﬁs01utions, Therefore, the" nutrlent requlrements may be ' 7’
r}cf3'§";met by comblnatlons of flours Wlth these costs..U '

\

2. The cost llnes are all parallel because they have. the_f”"
e b . : : -

‘e o j‘v What about the cheapest comblnatioq;e We reason as follows.u

\ There must - be a. cost line parallel to t ones drawn on. the graph




and. just touching a corner of the shaded region ! The line Wlll |

= lcorrespond to'a cost” somewhere between 30 cents and\60 cents.' To““
: fget an idea of what the line oks: like, tHink of sliding the c .=
'_ 7?:0 line. untﬂl‘you touch the shaded
regionﬁg The. farst point touched w111 be the 1ntersection of the

30 line upward toward the c

\Qﬂines 'y '-2x + 3 and y = JL)c + 7' ”_= - L = ”f f.
The coordinates of the 1ntersection of the lines y —--izx +
0 % and y = =2x + 3 is the solution. of‘the two equations.' We may - .f}f

N - find the values of x and y at thlS point by solv1ng the pair of
oy quations.- ‘: o W i L
. : s

. . . . . . .-
~ . . . . RN . ,,.f‘

S ~ We have encountered two methods for‘sOIV1ng a pair of linear
"equations.-_ One’ 1s the sub‘tution method the other 1s the addlf' :

v tion-subtraction method he'results, Wthh you may verify for -
. 'yourself, .are f- g . _ -,
X = 7o '_.
\ S 21
R o }__:.-Y.f 33 e BRI
‘The least expensive solution'to'our nutrient problem*is E%'
27 C

',pounds of whole wheat flour and 23 pounds of soy flour. .

o

The cost of these quantitaes of. flout is calculated by the

equatidn

¢

éff.15X“+ BOy

{21 27] -
-1 23)+ 30( )
15

T e 2L+ 2 an

wion

13

3

(8]

AN
/
]
[\
o
=
+
(6]
B~
~

15.75 . . L
E K 3 -7

]
X

v f-.1 : ;f 'Sp./f. e

21-2] Linear Programming - S l; N

. R

_49\cents I '

5.

20 and 21-1 is called linear programming.. We digressed from SOlVlng
',;the problem in, several instances to discuss related matters., Since

-

L . J . _ : _‘: T . - . r L . . .
T A .xr15a‘ S T

N T

The procedure we used to éolve the flour problem 1n Sectlons 19, .




¥

Voo ey

'you may wish ko see the solution to the problem in a form that is =

”easier to refer to, 1t 1s rev1ewed below as. an example. RN E
;J' . Suppose that whole wheat flour costs 15 cents per pound and
i-"contalns 60 g of proteln, fb mg of niacin and no. vitamin A. Soyr’ .
- flour cos!s 30 cents per pound and contalns 168 g of proteln, 10 mgm*
n1ac1n and 500. IU of vitamin A. ' How much of each type of flour
should you buy to obtain at least 252 g of proteln, 30 g of n1ac1n.'
and 500 IU o!tv1tam1n A at the least cost?'
\SOLUTION. . _’;..' o a_f":'": e T ;ég,
A f 1. Let W represent the nutrlent content of whole wheat flour. -
e [60 20 0] - ,_ -
Let § represent thegﬁutrlent content of soy flour( :ﬁ“. '-'}?Q N
) B=les, 107 5001 . N
R Let 3 represent the d1etary requlrements. (. . l o ;.
| - B =252, 30, 500 ’;,e/ffi 3
_ f Let x be the number of pounds of whole wheat flour and y be R
the pounds of - soy flour._-. ' | ' e
2, ‘Wr:Lte inequalities to. ekpre“ss_ the constraint that .;c and y .-
f”.Cannot be negative numbers.' . . o o
.-.;R", l o P Lo . . x ->- e
' e . g ”7.' S oy > -
| '.3. erte a, vec?or 1nequa11ty to express thF constraint'that .
the flours must, contaln at least as much of eaéh nutrlent as . the 'f. !
amounts spec1f1ed by the dlet vector.. e o _ff}" e
_’*'(_*';; x[60 20, 0] + y{lea, 10 500] > [252, 3o, 80] o f_j.ig
s e, Perform the 1ndlcated scalar multlpllcatlons. o
- [eox, 20x, 01 + [168y, 10y,_500y] > [252, 30, 5001~ .
Add the vectors on the left. o _F ; l;‘; | T‘l; bi B
0[60x + 168y, 20x + 10y, 500y] > [252, 30, soo] DR
. | . . . "o
148 R - v




Write this vector i qua%;ty ag three separate inequal;ties.‘"
,’{ ' o A
.. W_»fnqa) “60x + 168y B 252/ . 500y > 5oo 4 N

() B0x " 10y >’ 30 - o e
h‘; _"“1"@h 5}1 Convert ea h of these 1nequa11t1es to the form y Smx
~ .-_+bory<mx+b, J . { | ' :

e "yphy'37'IE*-+p%" . 1;,;35ﬁhuz | D :*h“e?ﬂh_«
ziv’_b) 1-03‘3_ ~20x # 30 " - \ e

B (c) ¥yl \

. ‘. C 6, Represent the two constralnts of SéLp 2 and the §h§55>qon-
¥ lines

stralnts of Step 3. graphlcally.' This is dqne by graphlng
representin the follow1ng five equatlons. R RN

_fx_é'o_

~ll
- ] .
<

e y=-1g% M3
e I o y=1 |
M?. 'Indieete_the region of feasible solutions. -
. o
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ffor~COst (c)'in,terms-of x and y

te an equation

S Wri

.7._

b

i

15x + 30y

co=

’
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K anvért this‘equétion to one that gives y. 'in term$:qf'xf
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8. Asaume values/ﬁor T and\substitute those values in the R
equa*iqn of Step 7. Draw the 1 es representlng these equations - S

-.on the graph./ The equatlons when 302and ¢ = 60 are represented \
54 -on the. following graph T j\ ¥-_ B ,__2?;:1 Lo
T 0% Ty e R ‘.'ﬁ
5 y. v ’ v // AL X
N . , ) i ) ‘ N v
Ao KEGjoN OF . FERSIBIE SoLUTIoNS 7 o
- S “.
L B A o YAk 5 o '
Z .
A
7 1 7 R
= I.l-a - - * : .
oS 1 HHH .
Ce \ 5% N o i
%o Xog S
% I n i % g - .'
: i S >$f ;}:'
- r___x. - . .
- I 4 -h-\—'
y o 11 TR
-\ T=-2)<+3 b - +IL R ’
EE . . B ) . . ‘
_ .9 Locate on the graph the p01nt at whlch c has ats least - '?
'-value withln the reglon of fea51b1e solutlons. ThlS p01nt 1S\the |
.1ntersection of the: 11nes y = -jf-x + % and vy = 2x + 3. Determine
) the coordlnates of the- mﬂtersectlon by solving the two equatlons .
- simultgneously. . In. thlS case 1t 1s convenieht to use the substltu- 4
B Y |
o S -ix*2'¥-;23+ 3 - S
4= 2 770 T o
233 ) r
g Lo T 230 _ S .
. '-21 o B B
' Substltute X = 93 1nto_either'expression for y. .
. ! ' '
e T __5 21 3
T St v & +7
E L B M g
- 10, Dﬁtermlne the cost of thlS solutlon by subséituting _
21 - 27 S R .
X imI? nd y = 33 1nto the expre331on for cost. R .

¢ c=15|3

ey

2.3-+3d %)/ .

| é,ﬁ.49'éents_f 'W :




L “The lea expensive solutlon to the problem 1s tq purchase
A ’ 5-3- pounds of whole wheat flour and —-3- ﬂou‘nds of soy flour at a . _
. . cost of approximately 49 . cents. L S __n-- e »
 cosf of arp cemts: T & a

K]

 PROBLEM . SET 21% _' e l. - B -j.;' o
?f VSuppose th&t in a certaln llnear programmlng,problem the cost ’
"'functlon 1s g '_ T g S T.:ﬂ‘= o
' o ' ' K / 2% i Y -(c-inedollars)

*

The graph.eelow shows three cost llnes band on th1s equatlon.

NuenE - - n - - IBE I 1]

4

*

1
117 A
=gy
(11
\3"1

1

1
-

. ;“fa.‘ Llne Q correspoqu to a cost of v dollars.
(Multlple Ch01ce) | “ ’-;- h:-'-' - .'.;Q | _;f | ' ”_-;'I._Tﬂ_
= b. :-If the line 2X/{ Yo= E.Weré'édded:to the.greph,lit would -

- wl 1ie._w '-;_ .,f;-_-'. f; ‘{-'-f,' ' o [

prto T () between 11nes Pt and Q.

-.‘4\"."*\
(2) between 11nes Q and R

(3) abbve line R




jf'- ’f. ‘[ Lines which are closer to the orlgin correspond to | |
. (high - | R ——“-‘ |

r, 1ower) valqu of c.-

Ctae . -
2. The graph below shows a shadgh region of fea51ble solutlonS'
and dashed llnes correspondlng to costs of 2 and 10, . ' T
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.'a; ‘The polnt D (7, 0) corresponds to a cost of s f."'“ _" K

i_ i ? _ Mw lee the letter Jf the p01nt fJ the. reglon of fea51ble

N solutions wh1ch Wlll yleld the mlnlmum cost..
. N

(Multiple Ch01ce)
C. The minlmum cost w1ll

'.(l) be at least lO
.(2) be no- 91gger than 2.

'(3) lle between 2 and lO.u




3, The graph below shows the region of feasible solutions. deter-
mined\by ‘the- inequalities S ,».-'_- , -_” '
| ._\_ P {/4x+3y 3',_1_2'\.'
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Encel BRIRURES Y IaES ibuiuEdpulnis gy o NWGTT '
et f*:l*ff R *tzmtu i :
- '“ Suppoée we want to find the minimum value of the function 'f“ -
= 2x + v ooy
, _(f-. ‘on the shaded region._‘ff -:;_ ;' o - -1”'
a. Put the equation s = 2x + Y. in the form y mx, + b
b Reproduce the region of feasible solut10n8ron your owni

ngraph paper.- Then- add'graphs of the equation in part 'a when s

_ -3 and s= 5. SR .ﬂv.i _ . - '%:
| o 7'i.'. c. Give the letter of the pOLnt in the region of feasible solu—

. \

]

...,-v

. tions Wthh corresponds to'a minimum va;ue of S..
\\\ What are the ooordinates of the p01nt°"' :
: E -

e.. Substitute 1nto the equation s, 2x + y to flnd the minimum

value of s, o S S ¥ .




\-1neqpa11t1es.'7;-,

'3{4,; In this problem you will be working Wlth the reglon of feaslble
solutlons defined by the follOW1ng 1nequa11t1es - (

x>0y >0 T e
EE5s SRS N A S TN

. Y -.;I.'.x + 2 ]

I'v.

2°

C —

\ ST

‘a. Graph the reglon of feaslble solutlons deflned by the
. _ . ' _

'7'b Suppose that you want to flnd the mihimum value of . the

;functlon W= X + y on the region of feas1b111ty Put thlS equatiar

~in the form Y = mx + b..

j:be a\mlnlmum (solve a system of 11nea equatlons) .:'4“ . j

'Cons1der the follow1ng problem°

e On your graph, draw in the 1i es correspondlng to the values '

W = 2 and w = 4.

"d. Flnd the coordlnates of the p int in the reglon where W~W111T:-'

\

i What-ls the mlnlmum value of /w2 = - . :_'A B

5. Elmo ‘has decided to try%kmvlng on wlld foods. He 1s plannlng o

'a modest dlnner partly con31st1ng of swamp cabbage and raw snails.

He flgures he w1ll need to collect _enough cabbage and snalls to

‘meet or exceed a diet vector 6f B = [60 g | roteln, 40 g carbohydrate].f §

One pound ‘of - swamp cabbage has a nutrlent ector of E 15 g pro-
teln, 2? g carbohydrate and one pound of 'snails a vector of §

[30 g pﬂgteln, 10 g carbohydrate] It takes Elmo 30 minutes to _”-_
collect pound of ‘swamp cabbage and 20 mlnutes to- collect a pound

of sna11$ What is the least time he can- ‘spend in collectlng dlnner?

7

a. "et X = number of pounds of swamp cabbage, and y = number -

of pounds of snalls. Exﬂ&aln why it must be true. that R ’ 'r;\_',

.bf”p .ﬁl _»"' xa +/y§ > B :.'. : ,l"'f . .l

b, @iven that’x




+ 2y > 4 (proteln) '

+ 2y > 8 (carbohydrate)

'u;Carefully graph the 1nequa11t1es of parts c and d and label

$he. reilon of fea51ble solutions., . Label the hor1zonta1 .axis “iounds f
.of cabbage" and- the vertigal ax1s "pounds of snalls " icale t ' N

| graph}@o that 2.cm = 118 -4“fj .

) the tl e T w ll be a minimum. Mark the p01nt w1th a star\(*5

.6_.;

One

. - Derive the equation,.k;

4 mlnutes and one for T = 80'minutes

B . : S i
Let T represent the nunbe:\Bf mlnutes requlred to collect

Explaln the equatlon

EEEE I 30x + 20y |

9= —_§-X-.+ =T -

‘bcate the p01nt in the reglon of fea51ble solutlons where -

"-‘

| i | L
What. is the m:l,nlmul\ time T? - .
. ]

the folloW1ng p&oblem. .u o ? 'l}

-

ound of hamburger contalns 90. g fat and 100 IU of vitamin A,




If hamburgag costs $1. 00/1b and chicken costs $ 5b/lb how
many péunds of each should .you buycto meet or exceed a d1et S
. .vectog of B = [180 g fat, 800 . IU v1tam1n//1/for“ hexisagt amOunt o

of mohe 2 C e o N
y e L N

'a.' If 1 represents‘one pound of hamburger and 6 represents 1::"
one pound of. chicken, is 1t true that R ﬂ\“_,f”f -
, ',E': [15 400]? ,: '*:,,.‘J e
If 1t 13 1ncorrect wr1te the correct vectors.~
1 o : N
/'4b;4 If x = number of pounds of hamburger needed, and Y. = number
of pounds of chlcken needed, explaln why 1t must be true that :

LT e ST :xﬁ + yE > B L S
LN : :

.1:0, .Given \that h-,' - N o '_‘ . ;':" -,jfi:
'.4;$ff Jf_ S xH + yﬁ > B, o b e :&“'J?_

&

mus t be. true; shdm 1ntermed1ate steps between thlS vector equationl'd

-and the- follow1ng set of 1nequa11t1es.» _ . ‘;:'h . -
(1) 90x + 15y > 180 (fat) S _' Y
(2) 100x + 400y > 800 (v1tamin a) ‘ | 'fl.f
d.  For each of the above lnequalltles show 1£uérmed1a£é“25ﬁ1§é'
_alent 1nequa11t1es between them and the followxng 1nequaI*t1es

(1) y > -6x + 12 (fat) - I

-V

(2) y > -%x + 2 (vitamin A)
'_é; Why is 1s-alSoatrue that x> 0 and y > 0?

| £. Carefully graph the 1nequallt1e3aof Parts e and £ and 1abel | .

the region of fea51ble solutlons.‘ Label the horizontail axls "Pounds _1

. in Hamburger" and the vertical axis "Pounds 1h Chlcken.". Let l.cm:

SoLab. oot N o,
' - | - : : ’- : ' - .

Tg,j Use dimensionalialgebra arguments and  the 1nformat10n ‘ :

E3

11b hamburger=! 1 dollar
':; : ;.**'uf;;jy~~ 1 1b. chlcken frf dollart
Ao derive the expressioh _;\\_,;'" e
o \ cost in dollars = Ix E_+".~—.y . - . |
T Y 4 T L - D ,




“,’1"._ ,';‘ | n;l :t- _'_yr= -2x + 2c _ B 'J4:=L'f=-:lb TTI'I'G:

Cgh

' from'thefequation1'

T . to " ¢ e - . ) ‘ . o .o N e st
j : . ' T ' o [ . . . IR . . s L

i. Graph" two cost equatlons on the graph for Part f, one for. fér

L
o)

$2. and one for c $4

N 1nt&rsect the reglon o fea51b1e solutlons.‘ Locate this p01nt on ‘
e 00 . ' AR s ;

- the gréph and ‘maxk it w1th a star.ff' ;“' T

e

k. ‘What are ﬁhe -exact coordlnates of ‘the point'> How many
pounds of hamburger and how many pounds of chicken should be

’ . . - C -

7'T 'ﬂ-. : j._ The mlanum cqst is thaq p01nt where d!cost 11ne wTIl first s

e purchased? . : . Co T S ;u_ Cwieeie

N M N oy . ) . . . .. AN . -
> . 7 Lt

B ' _ :"f l;L Flnd the mlnlmum cost. ;_,:d,zf'g';- ’.'f,J 'feh_ujbffff, f”,h

P Xl

formula pllls.: The Vector thatprepresents his blue pllls is

'..QY - 3 [1 graln asplrln, 8 gralns sugarﬁ 6 mg clnnamon]

qlt7.. Prof. L. Mobucs clalms that" he cﬂﬂ cure colds w1th his. trlple}'b ;;

' The veCtor representlng hlS red ’pllls 1s -'.—':- S o

’ﬁ {2 gralns aSPlrln, 5 gralns sugar, .1°m9 Clnna‘mn]

(A : . s

Prof Mobucs' research has;conv1nced h1m that ‘the" vector
i

_ ) ETE [12 gralns asplrln, 74 gralns sugar, 24 .mg cinnamon
.\“}_ SRR must be “attagned or exceeded ‘to. effect hlS truly unbellevable
-l cure. . Determlne the mlnlmum number of pllls that Prof Mobucs o

R

et e

.-\,.
'~ X ~ ’ .
. {

f-‘ -should . prescrlbe.‘.
the number of blue plllg . l]""rf . f"=”"4."”

'.f;T. ) If x

and y_==the number of red pllls ”;‘}‘ | ';.V'a._ bif.-“;:'{ ‘-f,

o ?{!.» S 'fh.e ‘total. numbe%uaﬁ pllls j'f“g;.b; 3\Q}a; EER P

' N
- . .

write an 1nterpretation for the constralnts ;";Vu "RQ_ e e

e explainlng the constraint ."-. |

e 'b Write one sente

b yﬁ e L o




From the vector 1nequality “; frgﬂfp'?g? '-1,jg: A.f'
{*wgi;;ﬂ;';n..;ﬂ "k[l, 8 6] +: y[2 5,&1] >[12, 74, 24] B
' % T
aerive the folfBW1ng system of llnear 1nequa11t1es.% -fg\,,'
"“-" s ‘ T V- - ' : ty ot i : : . . : PR ST ‘

&‘.... (‘ : .Q %\\ A. ’ \:\x + 2y ;>- 12 | (asplrln) .' . e
8%, ¥ 5y 2> 74\ (sugar) ' :;gyffée*;‘;f.jn"‘_ CITEN

o PR _-'w*"a‘. - R o
1“} !:-..'..* o ,'6 +y > 24 : :(01nnamon)- :f*f SRRt o e
Show all work UQL;V 0 .';f‘u."‘f~ | «‘:'“};t "'7'=;p'J-§y A

e ! .
4' .\-‘v

'0_55 o d From the 1nequa11t1es in Part c derlve the follbw1ng Set
- of inequ%}ltles. {ShOW>all work ”Pf‘ﬁ’__’ x”i-v'l“ e

.\-.v .1-._ . - .‘. ; . o . -‘ ‘ . ‘. . . ._0 ’.., T L ,‘A:‘ e : . '.“ . ,/a
S ;pa,,-.y;x 5 + 6._;w(asp1r1n}g S I

—
T . s, Al

- . . S P Y I

e 'f:} [y.2 -6x ¥ 24 L ”(cinnambn)}" L Lo
: AR A%

"'.fﬂ e. Graph the reglon of fdasibie solutlons. Rememhpr,_thére :
are. ’fme constraints. Label each ax:.s accur.atelya el i T

8
—:'g.x +

]
‘< . . ..'
N l v e

wf. -Label the reglén of fea51b1e solutmons on your graph. _.' ’-1‘-_/-

}fA-h' g. ferte a one sentence 1nterpretat10n of "the algebralc statement

T sy T

Ve b " 4 . . s . . ?
- o

‘e . R P

i.h;v'From the equatlon 1n Part g derlve the equatlon

..f-ij- ;:-2 - ‘i';.?f : 3:;4 h:;._Sr,=='—}( +n f.,l”i~ | '::-'1‘ _',gup-;;:‘v:_ L AR e
fﬁi. ‘(L) Graph the equatlon in- Part h for n’ 4 on the graph for.

Part e. erte n %= 4 on the llne. A _gf' o 35: v,_

LI ® -

o (2) Repeat part (1) for n = 8 °andn = 10._ .5"4', N . ‘1; Vs
¢'°".j,- Refer to the - graph you have been constructlng.' Select the“h.mf;ﬁ
. appragrlate‘symbols rn order tb make the folloW1ng statement trﬁe. e

8 1mp11es that xB + y§ 2 3 v-,_f_ f‘.'-”_ - L

(1) s
" 12)78 < 30 implies‘that xﬁ +- yR ? E LT AR K

_r13)'s?= 10 . 1mplies that xﬁ + y§ ? E S RRE




. ..

'8. Of the tWenty-odd amlno a01ds maklng up proteln, elght cannot

::'that contain ‘an amount'g
m,or greater than the am@

-k The minimum ,‘nimber of pllls necessary to meet or exceed
Prof L. Mobucs' rigzlrements is achleved when X ='“’_ﬂ and y =

- 5 ; The number pllls is the sum of X and Y, Wthh iss .

FR

be synthesized by humans and :are known as ‘the essentlal amino
acids." A-diet which prov1des adequate amounts of the three amlno"::u“
a01ds tryptophan (TRP), lysine (LYS) and methlonlne (MET) will -
generally provide enough of the other ‘essential amlno ac1ds. Meat
1s»an excellent source of the essentlal amino acrds, but they may

},falso be obtained from. several other sourées. One of the sourdes
fols nuts In the table below 1s listed the approxlmate number of
grams of the amlno a01ds TRP LYS and MET in a: pound of beef, a
'}pound of peanuts and- a; pound of cashews 7_ S . o o }f"_

. .. Beef (1.2 8.0 .2.4- -
” | 1dPeanuts._ 1;5',_5,0"ﬁ 1.2
-éashews 2.0 3.0 1.5

_Q;Peanuts cost $ 50 a pound ‘and Cashews sell for $l 50 a pound. Our '
_'problem is. to flnd the' cheapest comblnatron of peanuts and cashewsfd””

each of the three amlno a01ds equal to
95&‘ n a pound of beef | |

& l

‘.a. ExpreSSothQ%Quantity of ‘the amlno a01ds in beef as’ a three-.'

_d1mens1onal vector B Alsp wrlte three—d1men51onal vectors Jfor P"Z_"
-Iand C, the anumo acids: 1n peanuts and cashews, respectlvely o

."_;b;{ Let x = pqunds of peanuts and y = pounds of cashews. Iden-

';tlfy a vbctor 1nequa11ty express1ng the constralnt,that the amount d
‘ ‘of each amino- acxd in the ‘nuts ‘be. equal to or greater than the -

-amount {; a. pound of beef

L
LS 2

1) x[2.0, 3.0, 1. 5] + y[1.5, §. 0, 1,2]> 1.2, 8.0, 2. 4]
. R T
(2) x[1.5, 5.9., 1.2] +vy[2 04 .o,_--.1..513[1-..2_ 8. o 2 4]

-

(3) x[1._5,_$._0- 1. 2] +, y[2 0, 3.0, 1.5]>[1. 2, 8. 0, 5 0, 2. 4]

'K

(4) x-[_;.s-,‘vs;‘p 1 2] E [2 0,:3.0, 1. 51 > [1.2, 8 o 5 0, 2. 4]




; ._‘ ¢ "B } ¥ ‘.“ A * 4
F f‘- T . A i «‘ » ”
o _ : _ . ¢ o S
T c. 'The vector inequallty may be wrltten as. three separate .

inequalitles, one for.each amino acid.w\The 1nequa11ty of: tryp-
| tophan, for example,'lsi | I -
R 1. Sx + z Oy > 1 2 S T A
' 1”\ - o ) o . 1, ot L
Write correspondlng 1nequa11t1es for lyslne and meth1on1ne. : "Qfd |
. ¢ - e v ) . . B
S '”dc' The three. 1nequalr§1es in Part c may ‘be solved . for. y. .For . -
tryptophar\: for - example, we obtaip { > -Ex + -§-. Solve _each of the - §
two other 1nequalit1es for y..-"' o _; f:_, }3 - -
' ‘e, Which cholce below expresses the impossiblllty of a nega- L -
- tive amount of e1ther nut? I ' ' o .
r Rt %= 0 and ¥ 0 .-.(-4_) x >0andy >0 ,, A
' s (Z)Zx a-y | 4_' o . (5) X i'o_ahdlyfi Q,.‘ | .
_ (3) .. > § and y > E Vfﬁ' - ._" - .C .m N ,W{f.' ,1

v :.f:i" f Graph the 1nequa11t1es og Part d: along w1th the two you"fl'_g¢n1;
o ' chose in Part e.. Label the reglon of feas1ble solutlons.. ‘Label. ﬁ\-' e
-"'-.the axes.. S : Co o S - .{

, g.- The cost, c, of x pounds of peanuts and Yy pounds of. cashews' '_;»”
" is given by which- equatlon? ~_ _'~ o Coa 'y.- ' ﬂ{j,
:-_.4._. RN (1) C - .50X + 1, soy . (3) .c._:-_-_l‘.-.sox - .50y - V
L - e L T . ! ' N
e (2)c=150x+ 50y ye=x+y
. h. The equatlon of Part g may be rewrltten as : | -
(1) y = =50 + 1. 50¢, _' - (3) y = '-%x + %‘c' . J B
(2)y=\-% +-3- (‘4)y——-x '+-§-C', ‘

ff_;r"i,f Plot your answer to Part h on "your: graph for c. = $ 50,

e $lOOandc=$lS\ o SRR
- {' ’j What is the lowes value of T for which the cost llne 1nterw ‘

_ 'sects the region Qf feaslble solutlons? Thls is the minlmum cost

. of nuts that will provide enpugh of each amlno a01d : V_-. \ Y

’ - : _ R
o itjy' At the p01nt of minimum cosq, x® and y '; j,,

b
4

'n'[,ﬂ “ | Therefore, the cheapest comblhatlon of nuts that contains at
: ieast as much of the ‘threg. amino aclds as: a. pound of beef is- | .
-pounds of peanuts and 4 pounds of cashews. ‘ -

LG

’ O B ‘,' '.' . ‘, - . E / B o . - R . ‘ ) . . .

B o\ R ¢ e ek o o e . ' "“ o,
\ oo e e e
g‘.l. ) i . . '“.V M e e ‘ B ‘.___m_‘“‘:l‘_“_“ ; o '_..e..-:....;., : . l 7‘ ) ‘ 2 L. .c . ' . l E L _'




9. In Problem 8, a diet of peanuts and cashews was determlned DR
“which contarns—as\much of three of the eight essentfal amino acids |

- as’ a pound of beef. ‘In ca§% a dlet of nuts does not appeal to you;'
'another satlsfactory vegetarlan dlet may 'be devised: w1th egg and _ 4
‘~mp1nto beans.. The table below gives the approx1mate grams of each kN
of the three amlno ac1ds in a. pound of plnto beans and in . one egg, A
as well as g1v1ng qgaln approx1mate1y the grams of each in a. pound

Ff*.of beef L

. TRP_L¥S MET . . 4
1.0 9.5 1.0 0
egg A, 0.1 0.4 0.2 o
llbbeef 1.2 8.0 2.4

‘:Assume that eggs seil for 60¢ a dozen TB¢ aprece5 and that p1nto
beans cost 30¢ a pound - Find the least expens1ve comblnatlon of
eggs and bean that prov1des at' least. as much of each éssentlal . f

'slamlno ac1d as a pound of beef does.' N |

Jthe menu for group back-'-‘

‘Llo; An outfltter in.charge of settlng up

. packlng tr1ps plans to/serve scrambled eggs and’ pancakes as part |
of the, breakfast menu. To mlnlmlze welght, bcth.are purchased in"
the form of drled preparatlons intended for backpacking. The pro-"

tein, fat and carbohydrate contents of. 100 ‘grams. of: each dried //',b_

preparatlon 1s as follpws. = . ‘ '"f, '
~ grams = gdgrams - drams ‘:;] 4 S
o . - protein . . fat 4garbohydrate ‘ S
f}' - scrambled eggs A 527 f.42 o0 o |
o ‘ pancake mix :.1'15_-_;.315,5g .60 '\\\"'
On'the*basis'of"dietary'congideration the outfitter: wants'to sérve

‘a enough of the two dlShes each’ mbrnlng to provide a. total of at. 1east.
v¥20 gr;ms of pro eln, 18 grams of . fat and 30 grams of carbohydrateﬁ
/
per p

)

, -
.~‘} "

as: Suppose that the outfltter is 1nterested 1n mlnlmlzlng the R
: weight of the}lngredlents to be carrled _ How many grams of each

ﬁried product should he allot per penron per day° t'
tA .

“;}ghn”d'tﬁ‘. 1(3




b. Quppose that the scrambled eqq . mlxture costs $1 00 per - 100
-grams and the pancakelmix costs $0. 15 per 100 grams. If the out-
" fltter is interested in mlnimlzlng the. comblned cost of the products,

" how many grams of each drmed'product sﬁould he . allot per person
per day?. s ' A '

v

-
' ‘
3
. - !
r 5 T e
) ¢
e s 7 ’.' -
\ . -
S .
. i -
* ‘x - ~ '. .
. S
. P .
¢ - N .
L]
. -
2] b *
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N e L
- PROBLEM SET 22: ¢ | I S

In Problems 1 through 4 compute the range.ef.uncertalnty. :lf-u
UL (80 £ .10) + (17 % sy |

2 (037 % .002) £ (.162% .001). ¥ (1.06 £.01)"

NN T 09,__,01) x 10%7 + [(6.34 :'.Qi)'g,ioslf

t&,f 1000 000 * 1,000 Sy | AR

W ?1'600 , .560 . ].5255 o o%80 '77.5- 110
S . S . e
_ _a.f What is. the 1m\11ed uncertalnty of the transmlttance values
in the\table? i ' ;o '

".hamburger?

~ +19,600,000 ¢.»'5oo" -3l”

I

B . _ - .
. 5. "'The following is part of a table whlch appeared 1n the :

Blomedlcal 801\nce Text..}* S R

" - Tramns. . . Trans
(%) Absorbance [l .(%)
0.0 . wmemm

| ABSORBANCE-T __SMITTANCE.TABLE_j"

Prans ¥ - v'I_‘.rans.-A‘ _ S
Absorban ell (%) Absorbance (%)  Bbsorbance "
600 | s0.0  .300. _f75.0 - 128
595 [ 50.5 208 - 75,5 . 120 . .

0 [ .585° 510 @ .290 0 7760 - . 120
~ .575 . |} 51.5 .. '.290- . | 76.5 115

570 1f 52,0 - .285 l77.0 - w115

1.0 O -2,000
.. L5 - 1,825 |
- Q’-'z,o . 1,700 -

Ty : p R

'f b. What 1s the 1mpi1ed uncer alnty in the. absorbance values?

6. The dry mass of a ffesk ‘15 . 75 )3 -..02 g. After the addltlon of '
:xa portlon of hamburger the lask and hamburger have a comblned mass |

of - 94.87 % . 02 9. What fe

hevrane "of uncertainty of ‘the mass of .

(8.9, ;.1¥ (3.1 % ;1_ L
(8.32 £7.01) - (5.10 i\ 02) (Lo ".01)
' R(z 01 ¢ .02) % 10 3,

‘ )
L) + (1 52 .03)_3

. [(3 75 + .01) x‘lO T

O*™ o 1
. [ ]

H-.

10. . (17 01 i,.oz) - (1. 31 ,
¥
Use the approxlmate fo mu a for the product of two ranges #}f

uncertainty (x =\xy * ¢xAy + yAx) to solve Problems

-

11 through ;4. - . -
L - 16p
< B -

S g e




?__bw; (10 .1)3’ T

13, A square has a. slde 20. & +02'cm in’length, Determine the range .
- of uncertainty of the area._. B ST e e
R S o

»_J14. A cube has an edge of 1 £d.l meters.s°Deternine the_rangecof-"

o S te the relative uncertalnty of each of the ranges of uncertalnty‘.
S 1n Problems 15 through 17. o ;-i't-_ e !_ . 2_,__ e

uncertalntY of the volume. o : e

) . |

// W%tate the absolute uncertalnty of the ranges of uncert‘
a‘j ’Problems 18 through 20. [

- 21. Determlne the range‘ of uncertalnty of (187 1 i .5)_.4—_' (_22._9& '.'_2)' -

" 'in terms of . o R _“_%_-- : ' :

7.}6”g-a.'5absolute uncertainty

b relatlve uncertalnty : -j dg' - }'

{

Qlley wanted to calculate the mlles per gallon tth hlS Burp—'
moblle was getting. When he fllled up hlS tank his odometer read: g"?,
R 40 356 2 mlles.: When he ran out of gas it rdad 40, 612 4 mlles. 9_' .'“__
-Og//\ Burpmobile gas tanks hold 12 gallons.f HlS odomet\r has A correctable .“:;‘
uncertalnty of 4%.; The .odometer errs gh the high s%de.’ In other f:
'{j words, the. indicated number of miles: traveled minus /4% glvég'the
COrrected number of- mlles traveled How many mlles per gallon did | _
rRiley s Burpmbbile get? Round your answe to the nearest .1 mile - ey
per gallon. f'f . SR ' T SR AN

'
A f




. . . B . ) . o T . .
’ TN B HE . Y
- Lo . . . o . :

Ff‘la_; "{ff2'?7 Riley readjusted the'lgnltion timing on the old Burpmobile. iﬂf;f

_ - He -went: 190 0t .05 aﬂtua mlles on 10 & - 05 gallons. of gas. S

S A C i 4 '

—_— T al What is the ra ge of uncertalnty of his mlles—per-gallon
i,V_calculatlon. Use the E X't Mx X, XAy + yAX.

ormula —5or Tt o R
oo IR T A yEhy Ty ST T e
: : B - A Do; ou think_RLley ought to learn more about ignition .

tlmlng? ' ' o 3£H' : - : f.'7-.f' - i(g, |

t l ml contains 6. 25-_-.03 grams of eggwhlte.'t
Y TN What is the concentratlon of. the solutlon in grams: eggwhrte
'fper ml of solutlon? Sta;e youf answer in the form (mldp01nt
'-frabsolute uncertalnty) | '

f_ (f'724, A solutlon of ‘125

. . Y.

':4 - b.- What is. the concentratlon (as a range of umFertalnty) 1n7 :
- qpams eggwhlte per 100 ml of solutlon? o

L>

25. The proteln concentratlon of an eggwhlte solutlon may be

o obtalned by th1s d1mens1onal algebra roblem. 1.__ S S

/

/

(C) g protein .

(E) eggwhlte ' (P) g prot 3
1te 1?0 ml solutlon

'nuthf- 100 ml solutlon Tf) g eggy-

If the relative uncertalnty of each: of the ‘fctors is

_ ) . _' relatlve VAR !

' T R o ‘“‘f“factor'_uncertainty . e _
_ B S A :.“5_ l l%_. SRR T T

T L *_d' I J-'-

what 1s the relatnve uncertalnty of the prote;n concentratlon (C) 3

mowE

: 26 A s1:|.ce of bread contalns 2 g:;ams protein, l gram fat, and 12 \

»

' graﬁs carbohydrate. _ '.' : o R ;o ‘

/ o )
.'a._ erte a row vector ﬁ for the nut)&tlonal 1ngred#ents of one »
Slice of bread -'__:.\ N . A S L

. . ‘ . . . . ._ : . q'
b _v*-[';;* b._ 1f a loaf of bread has\io sllces, write a vector f which
| ' &epresents the nutrltlonal 1ngredients of the loaf. o

'37?, Given bhat K = [-1, 0, 31 E ﬁ\[o 0, 1], & = -2, 3,751
.'_f-*.}'_"b Find ,~2A+1§-—3E |

"

o - - | f_ T4 N

< TR B T WY S

. leg © b ’ v,q\v\ L \
. T AN .. .




- , -
v ) e o
e Al S .
28, If SE = [1, 2, -1] and i ...[o 1, _104} ) R
| oL o MK
'4 | .a. i__i = ' .\._ :
{ T, PO 2}?—3i= R ‘.‘. o R . ' 4 .
.' 529_' | If K = [2 l '2], §= o, 1, -1] e e

> o

o

e B3

| -
By ’ . N
Wt

e

- c... Does E

AR R

‘f-n_'3l,A-The vectOr X L [4, 9, 4] represents ‘the number of calorles

| 'contalned respectlvely 1n 1 gram of proteln, 1 Bram of fat and
ES gram of carbohydrate._ leen that a lettuce and - tomato salad - )
J4vector 1s 3'— [3, 0, 7], use the device. of-dot product to Qeter—-45

xzmlne the" n&mber of calorles in: the salad Show your work
A

or . expreSs1on [8 ll] [2x + y, *X - y]

32 From the vect

*.x;'*"a; Derlve, b' appllcatlon of the pr1n01ple of\vector equlv-

. alence, two open entences.
:gb._ Solve the pen sentences for X and y

' 33. A group of Glrl-Scouts eat SWlSS cheese and apples for 1un?h
o - If thelr total. diet rntake was [64 g. proteln, 80 g carbohydrate],
'adetermlne the nuaber apples and the number of pleces of. Sw1ss -
l apple = [% lBj 1 plece of Sw1ss cheese

N
\ :

:f';cheese that were eaten
= [8pa1]).-

W 34.' ln order to achieve_

‘

'diet}of'[SbO'units‘vitaﬁin A,'200-mgl

R «l’Californlq orange.
'~_*'- aﬂd 1 Florida orange

R™ R
™
w n
oo
o
m::i
o -
I—lﬂ‘
.o
<
e
r‘-
)
=
'—l
-
'3’
-5
o
Q
<
|—l
ot
o))
=
'—l
=3
- L0
j -

35\ Solve the equathgf by\;he substltutlon method ,“_;;J‘




e letters when needed to represent unknown quantltles.

N
%/(";.

\ .
. - S

. L. ;
[ . < i

' . . )

-

. i

opan. S _{.
ﬁfS <.15

‘bé' x> Y

&

1
i

;-36.; State whether xpe followrpg rnequalltles are true, faIse, orv'h
- :ﬂu_ " | B
1 * - /3 < a and 10 > a

i! d//ffg > 23 |
| - o

// 37., Translate the folloWLng 1nto mathemaélcal statements ch0051ng 717

[4

i'a;,_Flve is greater than negat}ve two, but less than 8.

@

'{b;ffTw1ce a certain number is three more than one hdlf the number.

.dl fThe totalknumber of nut trucks and bolt trucks is at least
sev n ‘but no. more than f1fteen. o O Jw_ S j

‘A T is a p051t1ve number..i \
e ,

'385 ' Graph the reglon determlned by the follow1ng set of 1ne?/alltiesl'
S ';ﬁ:;x i O;._..t::_rvv y > _3 l;.. i - R S
',Gra h the reglon determlned by theu%ollowing set'offinqualitiés;'
_":fc'_>_-_ ->_\ and.x < 3 e . / S

y>-tandy<-2

o

.'h :40, ;_?aph’the.region:determlned by the fqllow1ng set of 1nequa11t1esf
f'f\x Ly .ﬁif; o N _:.t: | i S [r.: | :
1h 41;- Transform thelfbllOW1ng 1nequa11t1es.1nto the standard form :
 .y <mx.+ bor y>mx + b. _' L C o hh. -
-’f'.fa; 3y < 6x + 15 o e -x - y'?-bp ,_l'_ SR
Sl oo T T

“b. ' 15 - X227 h d., 2x < -y = 37

o '742. Given that aX + bY > Z, ‘where % = [2 -1, 3] q '[0' : -2 l]
' _and 2 [ l, Ou -1], transform the vector 1nequa11ty 1nto a. set
of algebraic 1nequa11t1es. Show your work. . .-_ G S ',m'/

543; Given that K = [1, 3], ﬁ -.[o, 2] and E = [- 1, —1], ”_j;{- )
. a. | Transform the 1nequality sK + tB < E 1nto a set of algebraic'L
inequalities.f_~ ' - .‘




*'d.43;hy Graph the reglon determined by the 1neq?a11t1es.

A _"-.? - ‘Lentils (10'(5_ gi.._ﬁért_.i_on)"""\ 25-g % 60 g_

.\/ et ' |\ . . ( . . . ) \ R

44, Given the vector 1nqqua11ty’ xﬁ -h y—ﬁ 6 : f" -

.. where ﬁ - [0 1, 11, $ = [4,-—2 ,0] 6 = [ % 2, 1], derive’
algebralc inequalitles and shade the reglon of slmultaneous s71ution

45, '/The follow1ng table shows the proteln and carbohydrate coﬁtents

L of lentlls and soybeans. e o S e .”“

.’
. . -
..
1. : o

' Prgtein Carbohydrate '

. Soybeans (100 g portion) .\_ 35 g . 35'9 /1f- TN o
.Suppose that we want a comblnatlon of lentlls and soybeans whrch - - -
L will contaln at least as Wuch proteln and carbohydrate as ‘the .. \ _';'1/
diet: vector. _ﬂ - \ e - ,_,.- : N .Q ’
R [210 g pﬂoteln, 455 g carbohydrate]

_Flnd ‘the co blnatlon satlsfylng ‘this requlrement such that ‘the com-:'
- bined mass ?f lentils and soybeans is as small as poss1b1e. "What
7 lis the smallest possible mass° (Show all work!) N -
o i L
— | ‘
_ r1/'
LU -
. N\ -
. b . o LN
o o L ol
. ;.. . I K : ..Q‘ |
VoA . o




“;SECTlON‘ZBJ S :
.,23 -1 Introductlon to Statlstlcs - : RS ‘fft- '”“.“;wgf:

P

o During the next few weeks you will be: studylng “the mathLmatlcal '
'f1eld called tat1§t1cs When you have mastered some of the bas1c o

'f;dondepts, YOu will perform several act1v1t1es in Wthh you w1ll col—-:
flect data and app1y st?tlstlcal technlques to the results -t S

_k Roughly speaklng, the fleld of statlstlcs 1nvolves the . study

_7of ‘certain trends or patterns whlch arise 1n large populations or_f

A“groups In med1c1ne, patterns of disease gre studied. us1ng sta-f '
4€1gat¢on of the f_Iatlon-f

:,‘
ot

':tlstlcal methods.V An example is the inve
.:_Shlp betWeen smoklng and emphysema

. What 1s 1nvolved in testlng whether smoklng and- emphysema ane‘
'related° If you have knbwn a’ smoker or two -who developed emphysema
1t proves nothlng at all' it could have just happened ‘by” chance On~
: the other hand; suppose ‘you: WOrk in’ a hospltal and you notrce that

. most of the patlents W1th emphysema are smokers o Can you now con-
'clude that smokers are more llkely to deVelop emphysema than non-

| smokers? ' The. answeF is still. no. Perhaps most people in the general
-.populatlon are smokers ' Then of course most emphysema v1ct1ms w1ll

be smokers' too. e R - f:‘-f*
‘ N : S C S

"In order to: show that smoklng and emphysema ‘are statlstlcally :-/ p;

Arelated we must do two thlngs.'v _ o -;' ' . ".F_.y
"l. We must show that a hlgher percentage of smokers than

' nonsmokers develop emphysema _" _' o u_'“

.132.- We must have das? on a large number of people so we -

;can be confident, of our: resul ks, S 'f .

We want data on a large number of people so we can.be reason- L

\.;'.ably sure that ozy resultsgaren t jeust. an acc1dbnt~-just a - freak .if -
.5.occu;rence because we happened to 1nvest1gate an unusual group of
,jpeqple ‘But how do we kriow, when we have ‘collected ‘data on enough
people? How* can- we know’ how llkely it is that our results,are just
‘aﬂ "accident“ and, prove: niphlng at .all? In. the sectlons to come you

Will learn how -to use mat atlcs to help answer such questlons _ .
[ . o .




. 'ﬂ';;.” Before we go on, however, a word of czutlon is- needed Medlcal
_»iJresearchers are alWays trylng ‘to find the gause of partlcular med1cal b
problems., Therefore they "do- statastlcal research to 1dent1fy var1-,

" “ables whlch aré.commonly assoc1ated w1th the allment However not;.;

»ijfh':all things wh1ch are assoc1ated w1th an ‘ailment are causes of the
. ailment. A mlsunderstandlng of th1s idea could. lead to dlsastrous;.
'1results . For example, suppose Dr "Elmo's research has shown that
- all emphysema v1ct1ms have heads 'rThe d1st1ngulshed Dr. Elmo con-
_ 'cludes that heads are the cause of emphysema,,and recommends the .
'}headectomy (removal of the head) of everyone. Perhaps Dr Elmo should

-'be the f1rst to try out hlS revolutlonary new procedure

~ . . . o . . .

’-23 2 Randomness_ ",_ : Q;f,: - Z'f

'th1nk about at all. But once in/a whlle s!F ing'happenSQWhichfis

_ ' so unusual that we take %pec1al not1ce of it. FOr examplej_suppose <

JZIp,you went for a walk“and the - f1r t f1ve pe ple you passed were all

":'naked ‘This would certainly be an unusuag event, but 1t could occuri'

e by chance alone .. Now and then/some people get the- notlon to go- out,ﬁf
-and walk around the block naked. - If five. such people happened to do.
,so at the same tlme, that could account for;the event But the com—h"

-,;blnatlon is so unllkely that.you ‘would probably look for some other

‘ explanatlon besgides chance. Perhaps youw walked 1nto a nudlst colony

o s -

) by\mlstake or were’ havlng an halluc1natlon

; fv\\An event whlch occurs by chance alone is called a random event.;“
' Some random events occur frequently Others are very unusual An S
funusual event like the Qne above 1S<varlously descrlbed as a rare
;exgnt, an . évent with a:low. relat1ve frequengy, an-event Wlth a low-ﬂ

a7, ) KR} - . L.t

probabllléy ' . R ; . . - _;~,
- In our Study of~stat1st1cs we W1ll be partlcularly 1nterested.

- in- rare random\évents - You Wlll begln by performlng a randem events
AN 'ac'tlvity w1th a set %f 16 coms ‘You shake- them up: and then dump "
\ them out on your d&sk top ‘ You probably already have some correct
-:éxpectatlons about what Wlll happen ’ For example, you would probably
fbelsurprlsed if you got. 16 heads or 16 talls ThlS 1sn 't 1mposs1ble,'{}_'

but it is a rare event.l You probably would expect ‘15 heads and one o

ytall to happen more often\than l6 heads and so forth,




- 23 -3 2 C01n Dumplng Tally _fy;g-i

' are 6 pos91b e events. ~‘\;“ -..‘) BECE o  ;W
s : L S SR . S e

 J \ ~ ;- I -
S S : . SN o . S
:"- What number of heads ‘do you thlnﬁ prld ‘be seen most often?

ffThe aMSwer haS\somethlng to do w1th our expectatlons about - the way
i"falr" c01ns behave. In the long run we expect o see just as. many. -
heads as talls "This. has 1mpllcat10ns for our set of,16 coins. fIt'

| suggests that we- mlght expect to see 8 heads and 8 talls ,more often .
‘than any other comblnatlon. We can summaq}ze'bur 1ntu1t1ve feellngs
by saying that we expect 16 heads very arely,.8 heads most often
and zero heads very rarely. . Would you ‘expect lO heads or . 9 -heads. to.

occur more often’ Slnqe lO heads 1s farther away from 8 we would :

expect 10, heads to happen - less often than 9 heads." This then. is the

‘general trend of. thlngs for 16 coins. /&he farther away from 8 heads

the less o en we expect to see. 'it.  How often ‘we see an expected

pattern of events 1Srsomewhat dependent upon the number of " tr1als.'
Inlan experlment w1th a mllllon tr1als we will produce a pattern

. that agrees very closely with- the expected pattern When the numper_"n
'"_of tr1a1s is small we will more often see unexpected patterns of ”

.

_events. o R, o S N S \ |

[

So far we have put forth some 1deas on the outcomes when 16°
001ns are shaken up angd dumped on a“desk. . How w111 these expecta—z
tlons bear outln‘practlce? “In order to find out, you w1ll spend " a
class perrod*dumplng a set of 16 c01ns To hé{
experlence and’ apply 1t we will deflne ‘some’ words to deSCrlbe the

;'act1V1ty Ybu w1ll ‘be repeatedly dumping 16 c01ns and countlng the

" number of heads You w1ll be doing this agaln and again. It would
seem reasonable to call‘ one dumplng a "dump However .we won 't
because there is.a lack of’ dlgnlty in the word "dump ' You may. wish

to agrue -this polnt We will’® call each dump of the coins a trlal

ThlS is the language of statlstlclans For example, a statlstlclan -

would say "The result of Tr1a1 14 was: ll heads.;

A K

Mhen 16 g01ns are dumped there are-17 poss1hle outcomes,,from

16 heads all the way,down to zero heads.,  We will call each of tHESe'°

poss1b111t1es dh e ent For. example, 16 -heads 1s ‘an event. In

all poss1ble outcomes of/d trial is the" set of
or'example when a s1ngle d1e 1s thrown,,there'

general the .set o
possible even®y.

/- Y

3

p you record the _7} R




. ._".({' r e A

5. - event.  Fo

oo L,
o pooe
o -
. . : o P . e . _ : oy
o -'. Y .. T } ET : - . 9 ;
(-r ,( v Lo vo

.(;“ Since you dump out +thé 16 coins agaln and agaln, it 1s llkely

':that aqbartiaurar eyent will happen more than once. ‘We will call _
thernumber of ti es ‘a partlcular event occurs - the frequency of. the

" quenc

£9 heads was 8. “In other words, ﬁhe event 9 heads occurred

» T . \
‘ N L
?

" -

’ﬁn a manner s1m11ar to the way we have recOrded the results of an___
actual set of 50 trlals, _ _':'. . - éﬁk
P R iff_"w ;';__," ‘. Total Number

. -
[

' When you :do your chn dumplng, your results should be recorded”f

Cho Rt A o vof trialg

?

A
<

of heads .

Event (Number”' S .- . "of Heads for - |
. of* Heads) : _Observed Frequency - Each Event _ -
R T TP
| . 0 . ’ B K . 0 ' N
‘4 . ’ T R . ) - .. - [ .
i o le SR <
‘At_ , :" 2 . 'DI_QIII "-;.‘- ! _-ﬁ _ i 5 0.. . ’ -7 o
| :'4% - _. o .j' 0 . . S ?
- o e _5 e W-__ i _5 e _' ; 5 X 5 = 25 ”
6 I8 6%8 =.48 . "
S 7 Al 8 T ete. 56
A 0 VU N . 2
S Ty Y7 72
SRS S o gl T e
el 12h L/ 2 s 24
Co e 3 o 0 b ’ N
TR E 0 . .
N T Pl B N y
L0 Geeet.I7 "total number.: _ total number _ .44

e e : oo '

401

B

50 .;"}f-; a
SO

'AMean

re
p 3

e e b s ‘8. 02 ‘heads, per” trlal -
.;’_ . . ) A 3
When you have compIeted all of your trlals you- W1ll report

your frequencies to your teacher who W1ll record the . grand taotals. |

»,

"' o . .

.o ba

n o
R U e

17 L

A‘l'

N . . . . . . [ . . . . . -
b P : . : - . . ’*L, .- P : : . s C

»

”example, Wllbur.Callente performed 50 tr1a1s._’The freq_'

for the entlre class._“Then you . should calcuLaté‘the méan (aver?ge) .

g

Lo L
AN -

n\

. s N




.;number of heads per trlal for" your data. 'We have'demonstrated_how'-
:jto do tﬁis in the. example shown on the previous page. Your teacher
-p'w1}l calculate #he’ mean number of heads per trlal for the entire,
'“ﬂclass._ You are d01ng this to test a statlstlcal predlctlon. The
:-predlctlon 1s that the mean for the whole class w1ll be closer to

8 than most of the students 1nd1v1dual means. 'ﬂ[

PR'QBLEﬁ SET i3,
~l. (True ‘or fal””y_ If you have known a couple of smokers who -~
deveapped emphysema then it proves'thatsmoklng causes emphysema.m

_;2; Suppose that you work 1n a hosp1tal and you not1ce that most of .

your emphysema patlents are smokers" One pos31b1e explanatlon is -
“that smoklﬂ/ causes emphysema. What are other pos51ble explanatlons?

_3; What two thlngs must be done to show that smoklng causes
emphysema'> T S o Co g.;_- c\'“
.4.' Llsted below are-palrs of varlables wh1ch are assoc1ated Wlth y E
’_each other. Whlchtpalrs are related as cause and effect? L

¢ . ‘ ) s 'A'
'aa It has been found that countrles with hlgh per caplta 1ncomeS

4

:,tend to have hlgh heart dlsease rﬁ%es.h'; ='ﬂ o _.v:_*g
. W

. b;- It lias been Ffound that '82.4% of .all people who break the1r
1ps were wearlng shoes at the tlme of the1qgacc1dent _'/A'v.'- o

v .

,” ' ' C. An 1ncrease 1n temperature 1s ass001ated .with an 1ncrease in .-

volume for a quantlty of trapped gas at constant pressure.
. d. An 1ncrease in pressure is asSOC1ated W1th a decrease in

volume fqr a quantlty of trapped gas at constant temperature.j

Py

e. People go- +o lunch 1n Callfornia when’ the clock strlkes

3 00 PM 1n New York

. s . O
'51i List two varlables that are commonly assoclated w1th one another '

..

that: are not related as cause and effect Do not ,use any- example-'

l%sted above,.- . - = _-' IR - ". o ;o

64 Identlfy thc random events 1n the,follow1nq llSt. .Ail-dechﬁi;

'ﬂ'{ dice and’ c01ns -are . "ﬁalr L . S

S ° - . ! . T .- : r ’ X :

A . . ‘ o . A 2 17! ' ’ e e L

- - . . w0 .. . o R \ : . .'.’ : L ) L Lo L
. , 3 v . . .o Lo - . . - ) ' '
e, “ e N . = .. ) . o - I. . | ‘ ' s .




SO N ’ o e i :
, -'\a'.;i_ | Eoin J.Q ssed t It turns up heads. ! | ;
b._ N palr of d de is Eolled A pa1r of sixes’ ‘comes up.;
. ’.A card is dea&t._'It ig a Jack.- : rfjfw' ~gs-4'h3 5j i
d ‘A key is 1nserted J.nto a lock.\ It opens ‘the .lock | |
d;edvlh car runs out of gas.f The car stops.A gﬂAanl7v ::V*?'.

-—_

£. A person rblls a palr of dlce. He gets ten 7's before he

_‘i...'..i ] -.: |..’ .
R _rdlls & 2‘- S SR ;,l.a

_?f_'.7._ L1st two random events not llsted 1n this text., B o
: B.q Llst two nonrandom events ngz‘llsted in thlS text._; .

9, .. Wthh event 1n Problem 6. is the rarest randgm event? '
. ~ - ' ’ - .
10, Sixteen 001ns\are shaken up and repeatedly dumped on a table. top.;
Whlch two numbers of heads would we expect to see least Often?

"-b._ What number of heads would we expect to see’ qges t often?

c. In the long run, the farther away from 8 heads, the (more,
less) often we' expect to. see*1t._.'; fr*'.f : *_.. _j' R ok

q."‘11. Slx COlnS are shakén up and repeatedly dumped on a table top._._
‘Below we have listed all possible events whlch mlght occur (h =

""heads") The set of all poSsLble events = {Oh, lh, 2h, 3h 4h,
shyenl. - |

'a. Wthh two evrnts w0uld you expect to see leasg often? ' j'..-i.',p’-

4

e

b. Wthh single event w0uld you expect to see most often? -
| 'fc.T”Which event would you expect to see«more often, 3h or 2h?
R : v_ d. . WhJ.ch event Mould you expect to see more often, 4h or. Sh? ot

.x_lZ Ten corns are shaken up and repeatedly dumned on a desk top.
Below, we have a table.that otders our expectatlons about the number |
of heads. ~It gees from most oftep to least often.“ Insert Oh, lh,,.‘?
2h etc., in the approprlate box in the table. T L

tn ke

;.”-'f: —— 'z«b;r;;g‘.gﬂlﬁ, -
U ‘ L ' B I N L et
s b y Most {H' L
¥ ) Often . 'J .
vt [ :
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130 :al When 10 coins are dumped\there are possmbLe events.- Ay
n:ibﬁp" _ F + P 'VC L IS ) : d.ﬁ'"t
A.jM’b,. When'"n“ 001ns are dumped there are’ ~4pos31b1e events._.;' '

. 'al.~ Iﬂ'&hesnext
_,prob}ems suppose you are dumplng 100 - 001ns at al tlme and countlng

';: In class ‘you dumped 16 ,coins at a time in eaoh~

‘ the number of" heads. Therefore, on any glven trlal you can get any+# fﬁ ’
.*. thing between zero and 100" heads.;-Sgppose_the number of trials is

-

-: very large.. o ;,~{~t_'_..f _ ! T f’éi
PR . -, L . y .. ] ? S . . . . e ) . . - - ’
Soe 140 We expect that the most frequent event w1ll be'. . headﬁ._ .

'1’ 15:,:Whlch event do we éxpect to be rarer, zero heads or 3 heads?

.A"

_: 16. -Which: event do we expect to be rarer,_3 heads or 52 heads7

El?;ﬂ*Whlch event do we expect to be rarer, 40 heads or 62 hd&ds?_j‘“

ES

. hfter four trlals of a four-c01ns at—a—yame comn dumplng experlment,
-_f the tally sTeet looked llke the one below. F, R R

.o o — . e T PR,

‘ ‘

S " Event - i-"Taii'.l bbservedy | T Lt B
(Number of Heads) srally Frequenoy'xﬁ'-?'“ S

hl'iis-; N :,.:_i:erih

. - & ;g, T . = ,‘ o PR A
S . 3 . @ Y 1 S 1« | T B L

-.-4 ioe . . ?

18" Ddes‘the tally sheet prove that the 001ns are behav1ng ln a
c B Y
nanandom fash1on? (Yes or No) S }:*--~":_“~. (~j i

A\

11% H%y do the results in, the table dlffer from our expectatlons..’ﬁ_«'V}

.'s. abﬁut randomness? iﬂm~,~‘p,-r}. h‘. _:d“.r":m.’“l-;;:f‘ T j .\pf

"

g; SR
tt”;.r6., What might éXplaln the pattern 1n the tabler '




" . Below is:the'taliy;sheetffor;the‘same-expegrment“after ggptrials,
o Event (Number _ o Observed;w“ a -
\‘a".', R ;..'v_of Heads) “% .Tally’ Frequency ~ . . _'/'
s o-,_- ._jj. /- '.,” Lo ER
B AL D
3 //// 4.
'4'-“71 : :// 2

R o ’ .-

i-glg,hHow many posslble events are. there°*’,' ‘ - .-',:';’i" o

- 22, How many. trlals (or dumps) were there in the above act1v1ty?

‘. L

.23;;’The event g heads" occurred w1th frequency -'_.

-~ 24. The’ most frequent event . was: - ff'.t heads. S B AR

fs:25.i'The rarest event was o heads.

Q

‘".27. What was the mean number of heads per trlal? ,' .

. The follow1ng table shows the results of measurlng the SYStOllC
'T‘blood,pressures of . 102 men: aged 75 and . above._ ' .

“"‘—‘&R .
j‘

L “{ R f‘ Systdiic*Pressurg ObserVed - ,;‘ - IR
e 4110

B 130-149 . . 31 .

150—169 S -23 B _‘}' o~

e T Mgo-zoy o e T e .
e = 210-229° o 1
R 230*249 2 A

] , _'l ..\ . .. . Total 1@ 'i- - -l | _t‘.
: : \ r_.- o’ . . "' .. .

ZBVH;aQ,VHow many poss1ble évents dre there 1n thlS survey?
: ’ ' v ',_...J '-'7,. .

| ”;b How many trﬂals were there? ,_ N'-." e e
' N \ . ’ l : ' LY
~ \129. The event of a Blood pressure in, the range 19@ 209 mm Hg oc- .

curred with a frequency of e ;, o T *;'

175

’f'26; What was the total number of heads appearlng in all 20 trlﬁis? va':

,‘

2129 'f‘f 18 '_. B




co ,1304"'a; The most. frequent event wés a. blood pressure ;n the range

" ‘ o . SR . b e g

Sonet i gmlge ch T sl T A
e _’bh’.The rarest obsefved évent was a blood pressure in the rangewj
/ . . : . . |2

) _.':E.‘Of‘. b .mm Hg *{ 0 [

_ ”;Sdme”bf the best medlcal surveys avallable are based on mllltary
ﬂ;*personnel “and; on 1nmates of mental hospltals._ ThlS ls no surprlse

o since such people are glven systematlc medlcab examlnatl ns.” The .
f;follow1ng table glves ‘the head helghts in mm of 68 male entai{ba—'f{
'}tlents. - The source' of the table did not. explaln exactly hat "head
rfhelght" means, but thlS 1s unlmportant for our’ purposes., : N

DATA LON - HEAD HEIGHT OF MALE INMATES oF Tt LT "
L HADDINGTON DISYRICT ASYLUM o ¥

Head Helght (mm) ] ' Frequency

I I < b ~119 :"Z R
ST 120m12a 00
ey 130-134 s o
L _/k/J S 1351390 - N T
T 1409188 0 16 o, P
S T isgeise S SRR
e ~ni.+wéwf:__’ - . S " S

"31.- The most frequent event is a head helght xn the range . M. -

- 32., gThe rarest event is a head helght 1n “the range ' mm.

S v -
33.. Thls survey was based on only 68 males If the survey were done -
~on 1, 000 000 males, WhlGh event is 11kely to be more unhsual, 115~

N L
119 mm or 120 124‘pm? R S

4

34.“ How many. trlals Were ‘there?: R
. { ~ 's
Create tally sheets and record the da!a for the experlments descrlbed
( R

below.'- .,' L e
o | R T,

357 1153 trials of anlexperiment with' fiv® possible events is run.:
The frequency of'the;zerethvevent'Was 6. = .
Therfrequency.of'thefffrst'eventfwas 27.,h0,5 : S

. » v - ) o . . . . L . \
o ‘ S : R fo Ly,




| L The »freQuenconf ‘the s'ecoud '.Jevelnt pas 80

The frequency of the thlrd eventiWas 33, Q }\g,' ‘i
;-;”" : . The . frequency of JL fourth event was ?' rt}'wie ﬁ S ',':'_ ';::'

Be sure to 1nclude ‘the. numerlcal value for the frequeﬁby of the

~r

\ fourth event __;'} . o ..-g“_l_“ e .‘_;Q.‘,. .._‘;-a

ot

V'36}. 127 trlals of an experlment W1th seven p0551ble evenb@ is run...r

.1_\\. o Helghts iu ;he*rénge-

'—l
m.
o

em are observed 7 t1mes.-5.. B

‘l—‘
B L4
o
3

-4 _E' g

Helghtsfin'thefrenge' to cm arefobseﬁved-l7,

|

‘l._ :.'-A Heights 'in the range

- Il—'
(o)) (4]
o (8]
Q
=]
il Lot
N (8]
2 Im
oty
[a0 o
- 3
D QO
L@
-

cm to cm are observed 41

|
|

.cm. are -observed

r
R

‘cm!are observed

Lol
=)}
AR

cm to

|
oy
o

|

.~ Heights in -the range times. . ..

[

~1

=3

= |w |
wn oy,

-
~1
o

cm to-

|
|

~..Ht_:aii'gh_ts in the range

.
O

3
_ (8]
Q
3

Heights in the .range Y nto. cm-are observed 9 times.

?ﬁo ho I

L to 184 cm are observed

'—l
o0
=
Q -
3
l—.l
joo
1

times. ..
L N

|
|

© Heights in the range




N -
'; S SECTION 2450 _‘ T e G "
"-24 i Tally_ Ho. ";';”' L o 4 |
A tally . 51m11ar tb the one you made in. the preV1ous sectloﬂ is ..l

':'one way to display a‘frequency dlstrlbutlon. It shows the frequen- )

' i01es of different events. . We wlll 1ater examlne more elaborate ways:"

“of dlsplaylng a frequency dnﬁtrlbutlon._ But'. there is much more that o
, L ' _

o

w'gwcan be- learned from the s1mp1e tally in: Sectlon 23~ 3

l For example, were our é&pectatlons.confirmed for that par-' ¢
T*tlcular set of tr1a1s°7 In other. words,_dld 8" headsf occur most often?’
t“;Were ﬁrequenc1es lower for- events ‘farther. away from 8 heads° Cer-

1ta1n1y 8 heads was. most often seen and, 1n general, the farther away

_g;ifrom 8 heads the 1ess~frequent the event o, N v EEE ;//

;_; There is an exception, though Can you spot 1t°!.Six"and-a
ﬁijheads both occurred 8 times. ' But 6 1s farther away from 8. than 7,
itherefore we expect that its frequehcy should be less than the¢fre-
| fquency of 7. ThlS result underllnes somethlng 1mportant to: keep 1n :
fmlnd about random events. -We can only predlct what is./most 11ke1y ;‘

fto happen.- We can never be certain exactly what(W111Ahappen.

o

' The’ unexpected pattern of 6 heads and 7 heads happens more often

._Wl h small numbers of tr1a1s. (The grand tally for the whoie claSS;;L“
Vipro ab1y w1ll not show ‘this klnd of behav1or ) There 1s-an under-'
51y1ng pr1nc1p1e here._ It is that frequency dlstrlbutlons w111 more-

._'clos§ly‘f;t our’ expectatlons (1f they are cOrrect) as the. number of

s indreases. The exercise in computlng the mean number. of heads

tria
per trlﬁl was des1gned to 'test. this hypothes1s._ If the mean for the
entire class was closer to 8 than a majorlty of the Qneans for 1nd1— e
.?v1duals, then our expectatlons pro#/d accurate for your class.‘ How- .L
_ever, if the grand mean wasn't closer, thlS does - not dlsprove our ‘~~ |
_hypothesis.f Slnce we -are deallng with random events,,there is always R

B

%jf{:the possiblllty that a\rare event may be observed
-124 -2 Relatlve Frequency A Zero—to—One Scaﬂe for Never to Always

S

Is an event that happens only onbe a rgre event? The: answer

depends on the number of. trlals. If ‘there Were only, one trlal, then ;”
f the answer would be,="Not necessarlly | it there were a million -~ . '

EE A .
R \\ N s U B
A & & T e e R

" .‘! 1 .




e

Ztrlals, the event would lndeed be con81dered a rare one.IIThe ratio“'ﬁo
_A'of the. observed frequency to ‘the total number of tr1als is. Called _
“the relatlve frequency of an event.' ThlS is- summarlzed 1n the formula

.below. N oot ,"' e
. R .‘?'

"

‘=10

h/where R relative.frequency

*n

lI

.('~fff- o observed frequency j_"l_-'.;; o o
- N = total number of trlals

”‘\v For example, ‘the relative frequency of 8 heads in our ‘earlier example fﬂ
is: the obéerved frequency (9) d1v1ded by the total number of. trlals : ‘PC

“..

i

.!: —19

1_‘/“. | R—.?O-
< T S ‘ ' S
" What thlS f1gure means 1s that the event 8 heads occurred in 18% .

“vof-the tr1als. . You w1ll calculate relatlve frequenqngs for yourri'
~own: and the ent1re class tally.

. . 3 . .4.. % %
_— ‘Remember that a relat1ve frequency of one means Qhat an event
. always happened, whlle an. R of zero means that it never happened

Also, relatlvelfrequency is a descrlptlve statlstlc. It descrlbes

L ’How often a paﬂt1cular<event happened.\

24 3 Probablllty--An Expected RelatlvelFrequency '

| Prbbablllty is a predlctive statlstlc. It predlcts how often

if a paftlcular event- can ' be expected to happen on. the average. L ;
dt'v Probablllty is related to expected frequency and the number of
. rlals by the formula- . . :
SR s o | o - '.p‘._ N

probablllty ﬂ_pj ‘;ﬂ~'

=
e g
o.
o
o]
!I

R E_z_expected frequenCYf'L

=
h

number OJ tr1als,.y




ThlS formula looks a lot like -the prev1ous one and 1t 1s. P and‘R'
are related quantitles. A probablllty of one means that an event is’
certain’ to happen. A probablllty of zero -means. that an event cannot :
happen._ Relative frequency deals Wlth hlstory while probabllltyf' )
- .deals w1th future expectatlons.N T | - . Voo

_ __In the relative frequency formula, R is generally the unknown.,.-
N ‘and 0 are knOWn.» However, the p 1s generally a known. quantlty in
‘the prbbabillty formula.' Th! unknown is- usually E or expected fre—
L quency.\‘We can: use this relatlonshlp to predlct the expected number'
: of heads for a partlcular number of trials.-u' :

_ The first ‘thing we must do is. to determlne the probabllity of
gettlng a head .on a s1ngle throw of a c01n. We shall assume that
the coin’ 1s’"fa1r" (heads. and tails are equally likely) and that

_x_it cahnot land on. edge., Slnce a head 1s one of two equally ‘likely |
’-f events, the chance or probability of gettlng a head on a. s1ngle f_”z'

‘throw is one—half or 5. | 4 -
. - / . . P V; ) - . , L .
;;;lw;L_,“,/ Suppose we, fllp a single c01n 16 times. What'is the expected- e

-

fzequency of heads° We know p (1t 1s .5) and N (1t is'16) . 'Notefj”
. ,
w1ll calculate 1s the expected frequency of heads 1n 16 fllps.a

at we are calllng the flip of a 51ngle coin a trlal What ‘we

. We substitute'theselnumbers into the formyla.- Sy

- [+3= 9§ - oo
T ] : e § = E - PR ].;-Fb:4 Qﬁ o

R S c S

A 4i, | When a 51ngle coin is flipped 16 times the expected frequency}j :

-of" heads is 8. What does "expected" ‘mean-‘in. this statement9' ‘Two 1,5},
V'things.i It means that 8 heads is more 11kely than. any other Out« e
; -.come. when we flip a single c01n 16 tlmes. "It plso’ means thdt if :‘i,h
‘ .wg repeat the series of 16 fllps many, many t-mes, we expecf the B .




oo R . ‘ ]

average number of heads per.. serles of 16 fllps to be very close
to 8,_ ' .. : : _ . _

, .. . . . o . ,

RN [- !Qu may have already reallzed th t fllpplng one c01n lG—tlmes

C g .

-~ is’ equlvalent to dump&ng 16 coins at ohce,*as you iﬁd in class. .
'the most 1Lke1y

event when we dump- 16 coins at once.- Notlce that thrs does not mean'

Thls equlvalence permlts 'us . to state that 8 heads

that 8 héads w111 come up in a majorlty of the trials. Elghto eads

. did in fact appear more often in our éxample than any other number,

butwstlll only 18% of the time. S e ;1-. . 43;'

For the same reason’ we expect the average to be very close to
8 heads per. tr1a1 (of 16 colns at-a tlme) after a very large number*
of trlals. In Section 23 the average number of heads per trlal

o after 50 tr1als was 8. 02 , This 1s 1ndeed very close to 8.=-

- For the sake of varlety we con81der another example of the use
- of the probablllty formula. o o ' ' |

EXAMPLE. A L T T IR

~

L what is the expected frequencyL of a. 3 Ain. &0 rolls pff s:.ngle o
\f<5$;'yg__d1e? > _
,.a.SOLUTION- - \_.-_ R .‘g" hfh ﬁr\<p. . R

'15_Slnce we expect that each s1de of the die w1ll come . up equally

ﬁoften, the probabllrty of a' f comlng up 1s one out of jrx or -

:_”%; The, number of trlals is 60. o L
. L o P
|

o

'
‘. ’ ' where p = %

. - Y? '; : . N = 60 af ::-' | ) . : ::f o f.'
‘ We.Sphstitute@thi37information'into;thefformula;-y" -
. . .' “ ; o o 1

3 e see that the expected frequency is 10. for a: 3 comlng up
-+ ~4n 60 rolls of a single die." e -

185 .'

U | B PIRER

[ A “ ! L
! : :.\ ;o T
. . . N

) N >
. e B . 2
o o N R A

e

. LTt




V .

- the ‘future.- S N S e

- ?ROBLEM SET 24: ;;*_,_.r_

4, ‘In the formula: . . -

a .

A simple tally is oné way to dlsplay a .f.“\\ _gp

¥

\

2;‘ (T or. F) Statlstlcs allow us to make exact predlctlons about

_l__ ) !.

3._ Relatlve frequency sets up a zZero- to—oné scale for

p—

1

.a. R =

b 0=

S d. ‘Which‘variable“is-most commonly the. unknown? R

<

‘5. 'Relatlve frequency 1s a descrlptlve statlstlc. It descrfhes

._how often an event h o .

i

e L S - -

_6. Probab111ty is a ;? _ g stat1st1c._

’.7,: (Probablllty, Relatlve frequency) pre:f cts the pattern of

" the pattern of past évents. ko : ,-'“';-.‘ -Z..

| 8.‘ In the formula

future events wh11e (probablllty, relatl e frequenc ) describes

N
T

’

-

a. p -
s ! e - . a
v T

It

._. R ‘. . . - . . . V N . - . ‘ . ._. . - ‘ . ". ‘... . .' ) .. . | ) / .
T Ce N.= " = S - IR C \ ' : ' . : o \\ ‘
T e - . . : . . )‘ . K2 ) . X

. d;, Whlch varlable 13 most commonly the unknown’,

: R el v . _ :
(Multlple Ch01ce) f:-_ ﬁ'-_ ‘ .f _}'* S j

t
9.; When 16 coins- are dumped s1mu1taneously we expect to see 8 heads

(half the t1me, every tlmei more than halﬁ the tlme, more often than

\,

)

-any other event) e
. S T I




“ta

'

O the observed frequency by j'y'

T

- 10, A 51ngle die is’ rolled 90 tlmes.-- ' .T,O\E‘

~

On a. slngle roll what 1s,the probablllty that a.5 w1ll L

come up’ o el = . .
.

_fb. What - is N in the formula p 9 ff* “xv; ﬁ'{h .

thxi

I

/Calculatd the expected number of times that a. 5 will come Up.:
_'d; I1f 5 came up 17 tlmes, would you be susplclous about the e
falrness of tﬂb dle? d-f_- : ;':__”* ﬂ',"ﬁ””'-f ' 5 -

le; If 5 cam8 up 90 tlmes,,would you be suSplclous? -_'Lf“

L " § ' .
~ 11, In order to compute the relatlve frequency of an event we d1v1de

"

x '512, 1f the relatlve frequency of ‘an eVent was' .62, it means that the’ . .

event occurred in. - % of the trlals. _'-' S

‘The follow1ng table appeared in Problem Set 23. . Et SHQWS the out-

'.comeswof 20. dumps of 4 c01ns. __‘ LT _:“ o ‘b’

@

| 13. Show qelculatlons verlfylng that the rel&tive frequency of the

'Adl - _-"' - Aﬁﬂeﬁt——eef————Gbserved’n'“ — I _3"'15_
. . Numbe; of Heads) ' Frequency - - | %-
T _n\?,,' : . . - : . . . .\ . . o ._ . B q__‘_
v L - S 1 : . R | ' - R
o 2 = C1 ) o -
T 3 g .
’ o 4 2 '

: ncs S

~ event 4 heads was :10.: © - . ‘ S b

»

Q;_-14: Show calculatlons verlfylng that the relatlve fr;quency of the kﬂfﬁrﬂ

'event 2 hé%ds was .35«

fhe followxng 1s the %ame table as above, except “that the observed 3
frequencies have been replaced Wlth relatlve frequenc1es. . :
o ’:. B . Event ..  Relative - ¢ - oo

L Lo .éNumber.of Heads) Frequency_ o SRR
‘ \ .‘ \. ( . ' ._' . . . . . . ’ . _.' . .
. - S 0 jos o B
| S T .30 |
TR R T
T . -" 7 . /
v .ls; 3 , .
. . . },\y.,u- - 183
o ) L R




. . A L T N : SR 5 n rid - - N o
- . X . . B . o . . i - . < RN .

. A . . 5 . o ' .

RO . . S . * * o o
. . Lo - ) . . . L o . i ¥

.o .o . . Y " Lo o e
o ' - ce 0 ., - - . ’ . . L. o o
. o ST - M S B . . ) L M

Y, .o - : . . A . v . S N

- 1
.

.115 What event occurred 1n 5% of the trlals°'

- 16 One»of the follow1ng statements 1s true. Whlch one is 1t?

¢

a. he event 1 head occurred W1th the same relatlve frequency

" as. the event 2 heads o o jj" : '.;*‘f‘~i;;'p-jg.r,$
e SRR : » : { S

- b. The event 1 head occurred w1th the same relatlve frequenoy

o

j:as the combined eveht 3 heads and 4 heads

..'“ The event 0 heads was more frequent than the event T heads.,;j't

~ . -

' The follow1ng table 1s based on a survey of hemoglobln values fortly,y

.o
[N R ’ B

]

.
o

54 female med1ca1 students . 1-; S

. : Event (Hemoglobln value: | . -
'® ° | - ranges in grams per- . Relative . . - .
, R 100 milliliters blood) 7 Frequércy'* = .\EL;:.'y_ o
. - . . A4l R B B “ , ' p }
IR - 11.5<v$12.07 . : 037 .
j . T 12.0<vel2.5 | -056 P
| T12.5<vgl3. o660
13.0<V<13. '*‘ff:%%%;-~¥m»am¢+§;“r;fr:_ﬂ-”i{
13.5<Vgld. - 2204 - L -
- T 14.0<v<la. T 222 ‘%
Ls T 14.54vgls. 037 a0
- . 15, o<v<15',' . ,056 , AT

L

' ;%{

U'I_ ol nfolullo]
. - ‘-

:‘17 How many poss1ble events are there for this set of data? Re— .
member that an event is-a poss1b1e outcome of a- trlal.- A trlal 1n '

j;mthxs case is a measurement ofshemoglobln vaIUe
, \ K g
¥ ,'18 How' many trlals were there? :ﬁvmi.g'f”y‘._

'

al9. 16 6% of the students had hemoglobln values falllng Ain the ng‘ff!jy

‘irange ' g/ml 3-,§- o 3;ﬂ Lo 5w-,a- fqp;- , y_;ﬁ'

" . ) ’ ' . T ' ~ .’ .‘ ..-_-I.' - N , _:\'I\.'
_ LZ,ZO A hemoglobln value. in the range greater than 14~5”toW15,0 g/ml -

. ',//_ ‘ . .- . X . - .. '.o ." . ..' '.:‘ o 3 ~ »

was obserVed 1n % of the cases o l'v,fn-.éi'- | o .
—_— S BRI <

.121 Notlce that the: relatlve frequency of a value in the range'ii; o
; igreater than 13.5 to 14 0 g/ml 1s 204 Shpw that the ooftesponalng _j
' Observtd frequency must be 11 (You W1ll need to use the formula N

j_R,= % and SOIVe for 0 ) q'.gﬁi_; _ . .‘g: .
. R : R I - Ty ""' - ’ . B - -
\ \ " ’\“‘ R A .
'.: (” ' \ ’ 1. , 1 ; .v’.‘ ” ‘ :
B e ~ - . 9" ( oo




) - . -.’ . . °
. . . e

22. What ‘was the observed frequency of values in the range greater

- _than 14 5 to 15. 0?

23 What is the sum of the relatlve frequency column° _(Don't add--
think about it.) o |

o

_ _ (o
24, Recall that the. probability p:is 0.5 that a coin w1ll come up

T heads on'a given. toss. Compute the expected number of heads when

,.ua.c01n is tossed 20 times. (You will mued to use the "formula

L4

p.=:% and solve for E.)

J .

25. "The probability'p'that'a'certain experimentaf druq will be

- -effectivé'is 0.6. If 100 patients are treated. w1th the drug,,what |

A .

-1s the expected number of - patlents )‘hpon whom the drug w111 be :

effectlve? S - L
26.vCalculate the. relatl e frequency of each of - the follow1ng
‘observed frequen01es NWF 250 ’ o

b.: 220 °

‘ - ' : ) . . .

c. ,25- _0#_ . Ly

- d.. 93 -

127, Calculate the relative frequency of eaoh event forrthe‘total
-iffclass data from the coin. dumping activity ‘of Section 23,




"_SECTION 25: . o /

©'25<1 A Descrlptlve Freq~ency Hlstogram//

We mentloned frequency dLstrlbutlons_in the prev1ous sectlons,

‘?'We w1ll develop a few more details in ofJ:descrlptlon of them. W

' jcan make a graph of the tally: of Sectfon 23. We will put observed-

frequency on- the Vertlcal axis- and,f' (number of heads) on the -
; ‘horlzontal axis. . 4 o
e
N
!
i B »
0 a8 I
\g_ . . ‘p
X 8 -
3'7’ '
- T yg
Qe
o NL T
‘\L\\ 5 —+ ‘ :
g EEE4EN
_V -: Q 2 ./ .
. T
y 7T T

7 3 4 56 7 8.9 iz B W 1576
S E:VBNT (Numa\sz ora uaAoe-) R

A graph 11ke the .one above is called a frequencyfhlstogram

It is a. good way of. "plcturlng"'a frequency distrlbutlon.' Notlce,-
athat the- vertlcal ax1s 'is scaled 1n terms of observed frequency .
e For example, 1t says that 12 heads were observed 2 tlmes o \
) !

: ﬂ hlstogram is”a convenlent method of dlsplaylng blomedrcal

_ _ data also For example, we will construct_a hlstOgram for the ‘
i'. ’ L hemoglobln data of Problem Set 24 3 j- DT .-,;.__«5 C T e

L .186‘ I ' ‘ ‘O‘ . ".“ - /‘\ ( \ . ~'-..._ — | : . 1'

' - . o I N o .AAA._‘___';‘__I_",______..__;,_‘“_M;__ o 1] ) ] o . _; - T . ' )




4.25 2 A Relatlve Frequency Hlstqgram

-

. In the future we w111 often want'to compare observed frequen—

. 01es with probabllltles.' It turns out that relatlve frequency 1s.f
'mOre comparable thh probablllty than observed frequency For this °
‘reason, it is’ conven;ent to. scale the vertlcal ax1s of our hlstogram
41n terms of: relatlve frequency 1nstead of observed frequency The"’

' relatlve frequency of each 4vent is summarlzed below.

Jevewr, Number 16 b o i3 4| 5 |6 |7 |8 ]9 |10]12t12{13|14 15|16}

uofeHeads

. Frequency

.Y

_n' . . ;o
f\ /

_ The graph of thlS frequency dlstrlbutlon ls similar. té the
prevxous graph. The only dlfference is 1n the vertlcal ax1s.' It

. is scaled in terms of relatlvt frequency As you can see, the )

ﬁhlstogram bar A graph of th1$ type is called a. relatlve frequengy o

h

RELATWE PREQUENCY:

‘relative frequency of each event is wrltten on the correspondlng |

histogram. Note that the shapé is 1dent1cal to. the observed

Relative | o4 o 10|00 |.10{.26].16].18).16|.12|.08|.04| 0 [ 0| O [0]| "

frequency hlstogram.": . S
hulﬁ _ T
- HE T T m ) ™ -
’6 . T mam |8
| HHHHI A e § o & 6 JiiE SEgs
14 T - T seREREEEE
A2 fEH _ T puEEi g FITTT T
TR AR {us| maus YN RESRBRuRdRE _
JO . 1L . - 1INT Y fl HERE ENERREEEEEENE S 1]
. - “ o .e—- —<;5r T 7 JHH Ar. ,aﬁr, 1T
08 -+ HHHHTT TR AT ﬁ“ T
o iB mEEnnE WANE 8 AR ek 08 B
06 : _ TH Bi |NER : :A i Tk -
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Y The two graphs and the tally are: all dlfferent ways of representlng
| 'frequency distributions. In math class. you will construct axrelatlve.
-jfrequency hlstogram It will show the frequency dlstrlbutlon of the

f ”V"y--results of ‘the class coxn—dumplng exerc1se
. '25 3 Comblned Relatlve Frequencxep

Th1s sequence of lessons is. leadlng up to the 1nterpretatlon
'-of ‘a StatlSth called chi square The chl-square *procedure produces
;a probablllty for a comblnatlon of events ~ To understand. the meanlng
v _]of this probablllty we. are . goxng to start out by flndlng relatlve o
B - frequenc1es for: comblnatlons of events. For example, how often dld'“f
felther 7, .8 or. 9 heads- come up? Half of the time. We can determlnej~

E thlS by addlng the relative” frequenc1es of each of the three events
.16+ .18+ .16 = .50
" An important-polnt.to keep‘in_mimd is that.theISum of the rela-"
‘tive frequencies of‘all'the eVents:must always be-o'_ne.'__’I"his._ris,tru_e'-‘~
et T 'because the sum accounts for evgry event'that Qccurred, and therefore
: :the sum represents an event ‘that always happened- An event that
_always haq ens has a relative’ frequency of 1. Try addlng up all the
R relatlve_é equencxes on the hlstogram bars of our example . The sum_

'should be 1 o I

. . . : o : )\

325 -4 Area and Hlstograms . E ﬁ..'.i' : \ - \

)

’ R A very rmportant feature of hlstograms is the relatlon between ,
-the area. of - a*bar and relatlve frequency Alloof the bars have a
base -of 1. The helght of each bar - 1s ‘the relative frequenay of the -

':-partlcular event ‘The area.of each bar. is the product of the base 5°f
-and the helght Slnce all of the bases have a wxdth of 1, the areaA
. of each bar 1s rumerlcally J.dentJ.cal to the.relative frequency of '
the -particular event. This idea 1s very useful when descrlblng com-'s
blned relatlve frequencres}, The shaded reglon of the graph on the
next page repr sents the comblned relatlv frequenc1es of 7, .8 and 9

:;/' heads The s ded area 1s .5 and the unshaded area rp . ".V

.
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_ The relatlonshlptpetween area and relatlve frequency is not oL
'_always as- obv1ous as it is with our. coin- ~dumping hlstogram. Con- i
51der ‘the hlstogram on the next page of the hemoglobln values of

the 54 female medical students. ,e' S - ] ' Y
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Notlce that the baee of ea
N “per 100 ml. If the helght bf
,"fmult;plled by this .5,

hlstogram bar'ls .5g hemoglobln
ch bar (relative frequency) were

the area of each bar would pnot be nu-'

._merlcally equal ‘to the nelatlve frequency.: However, thlS is anf B
'htartlflcial problem which is related to’ the scaPlng of. the horlzontal

axis.” We can consider each. hemoglobln value ‘range to be one event-

iwide. Now,. If wo multlply the hc1ght of each bar by its w1dth in -

term_ Qf,events, then_the helght of each bar w1ll aga1n be numerl—hrA
;'"calIY'equal'to the- area ' Consequently the total area will be l,

'fjust ikt the totxl relative: f{tquency.. When we -look at the histo- .

rf'“ugram fn thls quht, fhen 1t is sxmrlar to oul coin- dumplng example; jﬁf

..(_
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: PROBLEM SET. 25»- S T T Ty

.. v
The follow1ng table summarlaes the outcome of dumplng four coins =
. 20" times, | (Thls example appeared in the prev1ous two problem sets )

'EVENT,(Number " OBSERVED - RELA?%VE
~ of heads) - F%;QBENCY ' FREQUENCY

' co .1t les R i*-.
| S R ',f\" 5 I
T T N S
| | , s a0
4 L2 R X

1. Draw a frequency hlstogram of -the above results w1th the verti-

- cal axis scaled 1n observed frequengy '- j-.- . h
s 2: . Draw a relatlverfrequency hlstogram of the above resuﬂts.

."ln Problé%s 3- 5, glve the- relatlve frequency of each comblned event.'
Refer to the table above or- to your hlstogram. )

_3;1:Zero heads or four heads.

» : Coe T S
" 4. One head or two heéds. o (,r~\\\\ L
S 'More than one head | | ST |
. A . . r -
6. What two events may be comblned to g1ve a relatlye frequency
® .

~of exactly 0.502

: .The follOW1ng relatlve frequency histegrams are the same as 1in

_the_text example. _In_each case, g1ve the area of the shaded portlon--"

of the histogram. '

191
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For Problems 11, through 16 determlne the 1elat1ve frequency of the

)-J.'

comblned events. -_, R : .

v

("'ll - A hemoglobln value (v) _in: the range. greater than;JZ 5 to 13.0

2 Bﬂ. L

12. - The comblned events, 1, 2 and 3.

(12.5< vig 13. 0)

(13, 5<.v_<. 15 ). e

14.; The comblned events'l, 2,7 and 8.. BRI

- o :;Lafﬂ-_:’ C 2()i'f;_ h _r- '1f;r-,




Y

- of 1l observed events’ | L __:"f” v

¢ ..- ‘ A . ’ I'

. . poe
flS.f A ‘value (v) in the xange greater than 12.5 to 14 0 _f.
( 2 5< \rs ‘14. 0) oL ff 13‘ . _-1-_,_“ r“q;’\“

\

-11.. What is the relative frequency of a value (v) 1n the range |
' ﬁreater than ll/5 to 15 5 (11. 5 <. v§ 15 5)? oy

3

j7.' Calculate the observed frequency of each event in the hemoglobln
_jhistogram. Keep in- mlnd that each observed frequency must be a whole ‘

AT > . < . P

number. -

rd

'1.18§' The comblnatlon of events 4,.5 and 6 accounted for'whatlfraptiOn

?

-19. Construct a relatlve frequency hlstogram for the total class
”data from the coin dumplng act1v1ty of Section 23. B o
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v : ’326 1 Yet Another Freguency Hlstogram P R ’

How often Wlll the number of males in a randomly selected class dev1ate

L by 4 or more from the average number for all classes?

. ThlS 1s an example of the klnd of questlon whlch we w1ll be

»

"answerlng W1th ‘the ch1 square procedure. .5.; L '.}';r'.3~:r
Y . . ' 3} : ' ’ - '

o ,In thlS sectlon we will develop a. hlstoqram that focuses on fft»“
7'mdev1atlons...from the average“ and ‘a table that focuses on the .
vhf.. .or more" phrase 1n the question above. _ . .
.- ‘ . . PN . “ . e g "

","?:' To develop these new tools we return (as usual) to the famlllar;.
001n-dump1ng data. BT . R | ' BN
el _g”;' Recall from Sectlon 24 that the expected frequency of. heads
' 1n a .toss‘of 16 c01ns is 8. - In other words,'B 1s,the expected ,
o ¢number of heads per- trlal GeneraIly, the farther from -8 heads the ;
-._" more ﬂare the. event. We can focus on thlS pattern by draw1ng a hist-
= .iogrgm ﬁased on dev1at10n from ‘the. expected number of’ heads. Elght ,
: hgads. has a zero deV1at10n\from the expected value._ Both 7 and 9
'.have a deV1atlon of ‘1 from the expected vaIUe.u The frequency hlsto-lM
-gram Wlll p;cture the relatlve frequencles of" partlcular dev1at10ns ?

U 'from the expected value. The 1nformat10n needed‘to.construct such

‘e

a histogram is ﬁhe table below.:‘ B 'd_ _ [,‘:_

BN S ;\ ‘ V . -. - : . S - . un.'. : N ‘ . .‘ .r‘ _‘._..
number || 0 |17} 2 | 3|4 (5 ['6 |7 |8 |9 {10 |11 |12 |13 |14|15 16| "

S B i EVENT.
kof ‘heads ;

> LIS g Fi

T ReATIVE [T Ao T Faa e | 1S oxlaala e 1o lo I
SR 0| 0 1.10|:16 |.16{.18 |.16 [.12{.081:041 0 | © | O | O..
Co FREQUENCY 0 |0 00 b 10):161.16 .18 .16 | 2 04010

—t

Your' table.w111 have theaform shown belo h Note'that'we'have '
m- the expected eventl°.

"Iz'_changed the .event, row’ ‘to record deV1atrons fr
(8. heads) : For example, “the- relatlve frequency of a dev1atlon of °
.1 is the . sumzof ‘the relatlve frequenc1es of 1 and 9 heads, namely,~.,
.16 +..16, or 32.n_\‘.‘** FT RS i TSI
',":. R A S O R e |
' ,Deviation.from}_Ah S D R % R 2 B I . .
expected value’ 28 VR AR BN A L

o
“ .

Ut
.‘ o
~
o

A - RELATIVE. -',1.;,_' . .;'.', T 1. N fj\. A -ﬂﬁ'“}’;"f
\‘:\\\_ Bt FREQUENCY - | ...18 32 »..._,28 ) .18 04 I 0 : 0 ‘0 ._-0 Yo
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N We are using Ah ("delta h") for'deviatlon fromethe expedted

‘ﬂ”;37¢number‘of heads. Recall that deltas are supposed to remlnd you s
. ~of differences since- both delta and difference start- w1th the '
; letter "d” b w1ll always be*the pesitlve value of the dlfference
| between a glven event and the expeoted event o
. - Y Y, 'y , U . _. o s

_ ‘EXAMPLE* e L ve

'jq 1}; Expected evé!t =ql3'heads' ot }r : N £

. f:’ | Given event =20 heads R |
SR SO C Mh=2- ‘fgj , S
CaewSOLURIONG e LT o

e e T AR =20 <T13 bt T ST
“ .‘< e . . ’ L= 7‘.‘ ._ .'.n,.‘.‘A o o . "’ ) . L ‘ ) 1\ .
s ™~ . 9-..;—~- ) /;--'0-

S In other words, the event 20 heads is 7 events away from the event
’EQ " Below is a frequency hlstograﬁ of the d¥v1atlon based table..:n”
.:.‘__._. 0 g -{_ T1 ' T -r T e
4 | 3 1 Tr - I
va | ) SEaREan: . Tt T + HAEH
: "" ] . ' '_: .' . \. n, (8 '- . : oiHL_!' . - V . . : .' P
. ' : m ‘ - 1T 1 FHH .,#L‘_- : ]
- 7 a . i T N
T ‘1..'
- Ead ‘ ‘."‘.ﬁ ‘ZOIJL | oL :

‘ . F 4
VI L Hhe 18
.o . . j '

. g 1oH :
R R - geasnse
. .., . o E 45— ‘ s i EmE

’ ._‘.' ‘)_""u ’ v E . d lllr:_ A RSN EpE +i
v | -:_'0',_'1_ Z B 4 5\/6 7. e.'

: E;\/E.NT Ah (DE—.V;ATV?M FEOM EXP‘E.CTED \/ALUE-'—) L

R Since the expected event is: the mean number of heads after TR
' an inﬁinite number of’trials, we w111 call this kind of frequency ’
<‘histogram a: mean-centered hlstogram.' You w1ll have the opportunlty
\'to construct one of these. hlst\grams for the grand class tally re-'}.p'
, "sulting from the qoin-dumping tivity. You should. note a few - '
‘;‘i’atures of this particular fre uency histogram.. First of all,r
,~; ovement to the righ%bis moyement away from the expected value. _
N F“Second, the!highest relative frequency is not at zero or: the expected

: " . - R < -“ . o A . Lo -
e T 204 Gl
.J . . "‘ ) . ) / . N s E DU
L R e ‘,h_«_w_,' R P S C *




.'value. It is Just to the‘rlght of 1t.. From there on,vthe farther

Aaway from the expected value, 'he shorter the bars.' N

. This k1nd of frequency'hlstogram has the same relatlon be—
n._‘-_tween relatlve frequency and area as: our earller h1stggrams._ For

: | xample, the area of the zero bar is ( 18) x (1) =- (~18). Area”
is equlvalen; “to relqiéy frequency. Look at the graph on’ the y v
next _pa e.. The first two ‘bars have been shaded in, : The.shaded

eglon repr, sents a c b1ned relatlve frequency of 18 + 532 = .50 g:

N Ed
- for how 6ften 7, -8 or 9 heads .weye seen.’ _ S
o : . o R —— o . . . v
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S, 26 2 Rare Events and the Phrase .o or More"

W E.vgu-r /_\.h (DE\/IA‘HOM r--zom e::xPac:ch \/ALUE) i

Oy A £ We mentloned earllér our des1re to measure the rarlty of ran-'

1? ’f | dom events. This kind of histogram makes our task ea51er. EventS'-;
farther to the rlght on the horlzontal scale were seen less often. _"
o They are farther away from the "expected" event. We can use th1s
, E_J-ﬁ; hlstogram to answer: such questions as,. "How often did the number S
_\IV} - _A'of heads devrate by 4 or more . from the expécted value?" . The '
f;'-&;ﬂi;i shaded reglon 1n the graph on the followmng page represents the"

L answer. o K : . .
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In other words, a dev1atlon of 4 or more from the expected value

-

N

-:‘d occurred 1n only 4% of the trlals.

Thls klnd of questlon is _very slmllar to the one we opened
' the sectlon w1th | But for a fe% phrases they are 1dent1cal

Y

3 How often dld the number of heads dev1ate by 4 or more from the expected value?'
> : : _
“Now often will the number of’fn'a/l\e's" dev1ate py 4 or more from the average? _
| The graph below represents the answer to another questlon
. about the rarlty oﬁ a gerta;n set . of ‘events., Can you glve the
. question? . . I
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“Thﬁ question ig~ ”wa often dld the number of heads dev1ate bz;ﬁvx(,
or’more from the expecte& value?" The area of the shaded reglon

1§ ( 18) + (. 04) 2.uf. L _— . T ht *l
‘{ ‘The shaded area below represents the comblned realtlve fre- ‘_.
. quency of a dev1at10n of 2 or more., . N y_':\\' _ "" ;y
L B H Lt%:;mj*iih;ﬁ;:ﬁj- H : '
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Look back now. at. the last three graphs. Notice'that we -have

'moved from right to 1eft, shadlng in an add1t10na1 bar +in"each: step._;

In the next section we w1ll demonstrate how to construct a table
. which. recordg the comblnated relative frequenc1es which correspond o
" .to. the process we have v1sually produced here. | '

-

. f26 3 a Table of Combined Events o '.;”:Ql R 3. - ».;;:

A table that shows the relatlve frequenc1es of dlfferent combin-

- ations of events w1ll have this form.

. ‘TABLE'OF COMBINED EVENTS

VT _ ' X :
BVENTA" ' , 011 2 [ 3 |4 5 6 |7 8

Deviation' from|, Ah- | or [or |or or or or |or..[lor {or

expected value, : ;

Y}

- +

" RELATIVE
FREQUENCY
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P

. for deviations of 3 of gorg.

\'f_ up all of the relative frequeAC1es. And, we know -that the sum of

‘| lexpected value

;~a11 of the relative frequenC1:s must be 1.

Notice that ﬂhe events in the taple all have-an "or more" tags

.We ‘can find the r lative frequencies or these combined events by o
'following the*rea’oning éf the prev1o s discussion. 3nd using thb ) ,
g 1nformation in" th¢ table below. This is the same table that we y/fg'};
'fdeveloped in Sect_on 26~l. Just below is the fable of combined FaE

""-eVentSe ,z.f . T o /t R . .

T L " TABLE 1 R S o
KR 1 - V-0 T . T
Deviation from| ‘Ah = | 0 1. |2 | 8 | 4 6 8. .

RELATIVE IR ~ 1\ 0 |
FREQUENCY fig | .32 | .28 | loa | o |
- TABLE. 2 %/ \ Sdey /
| , ~ COMBINED FVENT Y -
. . L. — + : .- /
EVENT _ -Ah>} o0 1 ]2 }3 “ Al s
| ‘| Dgviation-from| - jor oT- or {or - |ot or |
| |expectedtvalue |' ,'mbre\ more |more (more |more’|more
FREQUENQY o _'1'09 82 '5.0_ - L ¢
. Tabie‘z may bsﬂmost efficiently develoghd by st rt1ng from '
-the rlght and worklng left, . z1g—zagglng between tab, es'.- Lo

For>example the 1elatrVe frequency for,devlatlons, £~3 or mOre may.g'
be found by adding R for 4 or more ( 04, Tabde 2)'to the R for a

dev1at10n of exactly 3 (. 18, Table l) to/get R -ﬁ2 (Table 2)
S ’ > o -
NOW-it 1s‘t1me to tak a break from calculatlons and look at

the'table we have constructed. 'Remember that a relatlve frequency-.‘
Cof 1 means thSt~aﬁ'event always happened., We- see. by looklng at

the Table of Combined Events that 0 or more ‘heads happened alL the
time. Th1s is veny reasonable._ From a mathematical point of yiew,'

‘we also know that we got the 'elatlve frequency for Ah >0 by adding

.’ i‘\l‘ ’

. Now notice that the relative frequencies decrease from 1 to 0
as you move from left to right (+) "in the table. In other words,
if An event. is to the righbwof another event, the right-most event

[ .

is more rare. f ' _ s
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‘The follQwing

- PROBLEM SET 26:
"developed in

, -

‘Therefore, the relative frequency of a deviation of -1 fgom the

'Thé'shaded area' in the’above histogram re

~_Thérefore, the Shaded,areé repres

frequency of the combined event, "

'afdeviatioﬁu(Ah):of,
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2.

.>3.'

~ expected value is’
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- The above mean—centered hlstogram is. the same 'as the one & veloped
in Se&tion 26. It is another way of dlsplaylng the results of toss-
ing 16 coins. - B B — :

7. The shaded area represents the relatlve frequency of a deV1atlon

~of  from the expected ‘value.

8.  Does. the relative frequency,.28_agree With-yoﬁr answer to
Problem 57 '
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. 10. Hérefwe‘haVe~§9Piedlthe-Tablélof ﬁombinethvents and'the.Mean—-:
'Centered’Histogram developed in this section. We have drawn in-

11nes to- show how .a partlcular table. entry corresponds to the area =

of a combinatﬂpn of hlstogram bars. _ . ]
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a fCopy both the table and the graph on .your own paper {
. b Draw in llnes s1m11ar to the ones above for each relatlde

frequency in the R, row of fhe table.

The follow1ng table summarlzes the outcome - of toss1ng 4 001ns 20
times (you have seen this- example in preV1ous problem sets)

co "f*Vlﬂ'f“._ " pvenr " RELATIVE < .. ,
R 'T' r(Number of'Heads) FREQUENFY e ' v e
< ,::f' 0 l,OS‘
' 1l N | 30
" .35

e

4 ;10

Z'llL The expected value for the table above" is 2 heads. The rela—'

tive frequency of (?Qv1atlon of 1l fr rithe expected\ value is’ SUNCI
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“12.

13.

Problem 11. _ . . . -
14. Us1ng the data of Problem ll complete the follow1ng table._
,Nptlce the addltlon of the "or more" phrase to the column headlngs.'

-~ -

Construct*a‘meanﬁcenteredlhistOgramjbased_on the table‘of
¢ _

e
- Use the table aboVe_tovcompIete therfollowing’tableC
.~ EVENT B ) .
Deviation from| Ah | 0 - {- 1 2
expected value I p
= e :
'RELATIVE - . | - N
FREQUENCY .. - :
. .
i

.15, .
16,
2,

A

. b,

<

14

EVENT o |1
Deviatiop from| - Ah| or |. or
expected/value. more | more

or

2

more

RELATIVE
FREQUENCY

y -
T

A deviation of
‘coins

. What i

List

When
. ‘When

' List:

'List

List

(Remember that 0 1s'

~

arefrepeatedly‘dumped

all events for wh1ch Ah

h=9, th=

h \bh =2

5,

all e

events for

all

all events

events for

for

c01ns are repeatedly

Whaé is the, expected number of heads for a 81ngle trlal? B
List | |

. List®

List

, ~ List

List

stiSt

all events

all events

all'eVents_

all tvents-

1all events

all events'

'fOﬁ

. for.

f8r

for

for

‘which Ah

which Ah

fdruﬁhich;Ah

|

Yoo -

’

5\. ). ) .

‘which 4h > 5.

'whi;h Ah. <

lesg than 3.)

du ped.

wh1ch Ah/

which AR

i ll

which Ah:.
ch_Ah

2?1:1

.. 3 |

0.
1.

5.°
2’ .o . )
2.

Y

-1) !

or more Was'observed”in 65%)of_the7trials;

! - - >

o

is -the expected number of heads for a s1ng¢e trial?

-

e )
- '
_‘I
.' ~
) k)
_f ) SR L
o
o A
- | !
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. ) i
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.,(,: - t '
B .
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- 18. Calculate the observed (0) frequency of each comblned event 1n
“the table of comblned events in. Problem 10.

GV .. 500 Y ' ~
19 Gonstruct a mean centered h1stogram for q,e total class daba
REEA for the coin’ dumplng act1v1ty of Sectlon 23 B . 7
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SECTION 27. o S T .’: |
erl Frequency D1str1but10ns from a Theoretlcal Point of V1ew St
So far we have been concerned only with the descrlptlon of fre-rc-
quency dlstributlons that we ‘have obtalned experlmentally ’You'now : ,i“-

f E have qulte a good idea.of how 16 c01ns behave when they are’ tossed
a large number of tlmes. But this informatiop did not come partlcu-
larly easily. Tossing 001ns and tabulatlng results took quite a bit
of time. And to make thlngs more compllcated, maybe some of the
coins’ you used were lopS1ded, ‘and maybe you didn't throw them .in a
"random. way. .Maybe the frequency distributien you develbped 1& classvl'

.is a "freak" and doesn t look the way 1t should o oW v N
.ﬁ .,. Because of the above conslderatlons it is very useful to be able
to predict the appearance of a given frequency dJ.strlbutJ.on.'~ Since '-f”
-~ a- frequency distribution is based on random events, we can never pre-f -
dlCt it exactly, but mathematlclans have’ developed methods for pro=- . .
ducrng an ”1dea1“ model. Their predlctlons for. 16 001ns\are summar- g
lzed in the tableuthat follows; Remember that a probablllty is a__iﬁ;
theoretlcal relat1ve frequency. - Itnls_melated to expected_frequency-~*-
“and the nuqur of tr1als by the equation S - |
‘where p.= probability, ' ’
| o = expected frequency | |
N = number of trials. ' o o 1h?i L ---“f'l(’
. : T . i
NUMBER QF  APPROXIMATE RELATIVE | NUMBER OF ‘APPROXIMATE  RELATIVE. -
~ HEADS PROBABILITY FRgguENCY HEADS _ PROBABILITY FREQUENCY
o "o ' +.000015 DI B 9 174561 .. .16
) 1 _.-000244 o0}, 10 - o.r2292 .12 | |
' .7f\ 2 o01831 - 0. fe1l 066650 . - .08 . 4
T “loossas . 0. 12 o2 .04 T T
| 4 | ..0277-71 S ‘o.:. . .13 .008545 0 _‘* ) -
i 5 7 loe6650. , .10, | 14 .t .001831 - O o
' e o .122192 ' 6| .15 .oo024a o
7 A74s61 .16, . 16 -.00005 . 0 R
e * | *

. . ) ) . . ] - ] I\
. . 9 81 ' i .18 o Lo . ’ o ) A " ‘
. » . . - ) Lo . L . . y . : . 4 » o . .
- - ’ . E . . . » . C o o . S o ‘ .
. . .
. . ) .
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;TlIn acqualntlng yourself wath the 1nformatnﬁn in theltable,, j;'

P

thlcé that there’is rough- agreement betweengthe theoretlcal

"'i relatlve frequenc1es (probabllltles) and’ the»ebgéf—ed relatlve_.*'-

.frequenc1es. A stat1st1c1an would. tell -ug that - the" larger thepf
number of trials, the more closely we should expect the two tOgi‘
'agree, Notlce also that  some of the probabllltlas are very '

- mean. We can 1llustrate the1r meanlng 1n a 11ttle more depth by

y

'ydumps of 16 coins. ""_ T

1 , 5
u51ng the formula e B T L -

PR v R . . ,,,E S0
T e e E R

.":" :
i N4 S

Y How often do we expect to see l4 heads out of 16 coins. in

"esmall" Perhaps it is a° llttle dlfflcult ‘to. apprec1ate what they K

50 trlals’ ‘_' -
SOLUTION: . .. .= S :’i L T
\_' - . . . S o / B . . . " .

'?,-jy By referrlng to the.table we f1nd~that the probablllty of
14 heads is ;.001831 therefbre,-p.g 001831 -The" problem says
that N ..50,_ We subst1tute th1s 1nformatlon 1nto the*equatlon g

) * 0 i ,. ,p N ’ ! -
to get 4 . S o R e ‘. *
. - o Yo o B " '. I A
IR TS LS S-S R

. . . . ),,\ ) .t . -
So\ye See that the expected frequency of - l4 heads 1s%much much less
than-l. This means that we would very rarely see 14 headglln 50

e '

'\ Slnce we found the expected frequency for 14 heads in 50 dumps .

to be. much less. . than l,.1t would ‘be 1nterest1ng to. f1nd out how many

ftrlals 1t would ‘take to- expect to see 14 heads once.

' - 3 - - . & . . S .
EXAMPLE: ° s L -
. . - L e .. - .

€ 9

How many- trlals are necessary to have an expected frequency. -
of 1 for l4 heads: out of 16 c01ns'> R o

- L ;.'. ’
SOLUTION.,‘ N . - -‘

S ."';"We know that . _ SR _' SR ¢ ~)

R S ey .001831

. : Ry C . .- - . . . A . 4 .
- 210 R ’ ’ LA Co . : ' ’ o - : ' ' '
s . . . . P . . v

Tt ad




" In the”pfobleh.it-stateS'that'

0 A RN _ E |
The problem is to find N._ We subdklthte our known 1nformat10n
into the formula f}{. : : . .

~\_, to get 001831

'N_f..001831

Lo S 546 L

. - ) . - .'._ . * i .
. . o ) W

In other words, we . expect u:see 14 heads out of 16 001ns about once '

out of every 546 trlals.

'»'f

s

| Below we have made a hlstogram that represehts the probablllties
&‘ “for 16 coins. . I o ‘
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) and merely use éhe results.

P

T

C T S . = .
Again, it is’ important to notice some features of the above-

graph First, it is. symmetrical to the left and rlght around 8

" -heads. Eecond, 1t has a shape 51milar to a bell., In StatlSthS
5.f*there are:. a variety of bell-shaped histograms.j We w1ll not now

pursue the mathematics 1nvolved in ‘the .derivation of these proba-fg

rbilities. Later, when we deal with the suHJect of genetlcs, we

-w1ll explore this tOplC in greater detall For our present pur-
poses we Wlll assume that the mathematicgl derlvatlons are accurate
L4 Y . o

~

Interestlngly, the same. hlstogram descrlbes rather well our.

.‘expectations about the number of males- (or females) in a family

of: 16 chlldren. For example, it predicts ‘the 122 (roughly one
eighth) of all lG-children familles would have e&pctly 10 male

. children.'

27 2 A Theoretical Mean-Centered Hlstogram

Just as 1n Sectlon 26, we' are 1nterested in a’ hlstogram that
'shows the relatlve frequen01es of. the dlfferent ‘deviations from the
expectedvvalue (Ah's) The table 1s constructed just as before.

_ EVENT B Predlcted Relatlve
(Deviation from’ : Frequency

* expected value) ', . . Or - .
- - or Ah o _PROBABILITY 3

» Lo -
e - E ]

.19638
.34912
24438
. .13330
.05554 | .
,01709 . N AN
© .00366 N
L0004
00003?”';_,:7~

o v R W e, O




. " .. . . - N
g’v‘\a". Lot , S
o e ‘r : . .

L o ) ‘ . 4. | ,‘» L '! /"" ' . .
A histogram of this theoretrcal frequéfcy dlstrlbutlon appears below.
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E.VENT Ah (DE.\/IATIDN FEDM Exwecrap VALUE)
@

_ Just as’ before, there is a relatlon between the area of hlsto-
grams and the theoretlcal relatlve frequen01es.: The shaded reglon.
in the hlstogram below represents the probablllty that the number

of heads w111 dev1ate from 8 by 4 or more.

“In the context of a 16-ch11d fam11y 1t predlctg that only

.';00366 (about (1/275)th) of such fam111es will the number of males

7'.or female children be exactly 14 (Ah =
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a The table below shows the combined probablllty of dlfferent
deviatlons from the mean.: Notlﬁe that events bepome rarer as: you

. move from left to rlght. - Al Lo
. Y . R L s ~'
C 'V; —men o |1 ]2 ['3 |4 s Je |7 | 8 o
- I[(Deviation from}:Ah | or | or | or or |or [or | or or | or |
expectcd-value) -~ .|more more~'m0re’vmore'=more-,more more |more | MOTe o
COMBINED | | IR RV BN P 1 1 B 4l ls |
' PROBABILITY ) 1.90 ',804 .454:r7210. .Q77 TOZI','qu‘ Sx}QJ SxIQ
. Remember‘that'the above*table is'based on'théoretical predic-
tions. It tells what relative frequencies we expect to find -after
an 1nf1n1te number of trlals It is 1llum1nat1ng to compare the
above theoretlcal table ‘with the one we. got from our run, of 50 .
.t_rlels.. This table follows. . ‘ .
~ BVENT . |0 |1 |2 |3 4 |s |6 | 7. | 8
. |[(Deviation from| Ah |-or | or or | or or .| or | or | or or
,'._ex?ected_valuﬁ) ~|more |more |more moré_ more |more |more |more more
[~ COMBINED - . R ‘1' _ — —*
~ RELATIVE. ~ “|1.00 | .82 | .50 |.22" .04} @ o -0 - O
'FREQUENCY - ~ o - N B
* PROBLEM SET 27 e T |
1. List two reasons why it is useful to be able to: predlct the
«appearance of COln pzoduced frequency hietograms o \
| é. How does a probablllty differ rrom a xelatlve frequency?
3. a.f Complete the table below All entrles 1n the thlrd column
'should be pqutlve.,- o ' ' L '
' e - o
Event . N
(number 7} - o [0
i _Qﬁfhgads) }p,j. ,‘Rt 1 (@ * R): _ , -
S5 A7 .10 .03
P 7. S~ W17 '.16 .
" 3 (Y N .8 i20 18 ?
S T T 9 .. LT ,;16' AN .
L 30 G120 .12 2
‘ . : 11 7 08’ -"?*\
3 12~ | .03 - .04 ? ‘ -
o |
, P : o




'.b; Construct a table s1m11ar to the one on the precedlng page ,} a
- whlch compares probabllitles with the observed reiatlve frequenc1est

of the . total class 001n—dump1ng data. \Include 411 events with non-h

:zero observed relatlve frequenc1es.q

In- Problems 4 through 11 refer to the table on Page 209<3f the text

4. The event which.is expected in about 19. 6% of the trlals is

= heads. - } - o
5. Thlrteen heads and ____ heads are expected to occur with equal’
frequency.. 0 e

6. 1In about 2. 78% of the tr1als we expect the event
._a; 1 head-: "'"'__c.. 12”heads:
b. - 8'heads ,' f,', C | -.__ o

7. 'If the number of trlals were]lﬂﬂ)then the expected frequency

of 7 heads would be .

... 8. If the number of trlals were 1007000 then the expected frequency |
. of 1Z heads would be - _' o
o

9, W many tr1a1s are necessary to have an E of: 1 for 16 heads?

_(E expected frequency) . ' *-_“ - ///,:h

“'10.. ‘How many tr1als are necessary to have an E of 1 for 8 heads?

-

(Use- p ' 20)

11. a.’ How many trlals are - necessary to have an E of 1 for 15 heads?

-

(Use p = 00025) .
fb. How many tr1a1s are necessary to- have an E of 1 for 1 head?

(Hlnt., No calculatlon is necessary)

-

12.- Llst(two 1mportant features of the hlstogram in Sectlon/é3 1 of '
the texﬂ _fhl . ]--. E I 't'}' '

In Problems 13 through 15 refer to the table on Page212‘of the text

13._ The probablllty of gettlng e1ther 10 head% or. héads is about
244, ' N '

14. A deviation. of 7 from. the expected'vahuegis~expected'to occur

about 49 times 1n every ,'.trials.

N

15. “The. rarest event is a devmatlon of .- from the expected value.

,e,wj, o m




16, Construct a'mean?Centered’hiStogram for

dlstrlbutlon descrlb{d in the table below.
for repeated dumplngs pf 8 falr 001ns

/' ) EVENT
e * (number L
A T ~ - of heads)| P
P R IR BTV
o o 1 lles!
o2 |a109
o » 3 1|.219-
_ R » 4 e]-274
o P -5 .4 ].219
1 o 6 . |.109
o gj’ 7 .031
: .8'4 .004 -

17;. a.. Construct a table of comblned probabllltles for the frequency

dlstrlbutlon 1n Problem 16.

| b.. Let-N=— 50; Galculate an E for each p of part a.

\

Fr18 Construct a mean-centered hlstogram for the theoretlcal frequency
It ‘is the dlstrlbutlon

- distribution descrlbed in the tabl\\beto

for repeated dumplngs of 6 c01ns

— R o EVENT ,
- ' .(number =
' of. heads) P
.0 .016
1 .094
2 .234
. 3 .312 .
S 4 .234
) ‘5 -_.094

19. 'a. Construct a ‘table of comblned probabllltles for. the frequency

dlstribution in Proh}em 18

b Let N ='50. ﬂalcu&ate E. for each p of part a.

The following table shows the predlcted and observed relatlve fre—“
quencies of the various dev1at10ns from the expected value for re- -
peated dumplngs of 16 ‘coins. cSee p.214<3f the text, ) '

‘he theoretical frequency
1t is the dlstrlbutldn.




[EVENT |
(Deviations from .
_expected value)

| COMBINED g

Oor|lor|2or|3or{4or|50r|{6or|7or |8or
more | more | more | more | more | more | more | more .| more -

S .00 Cazal o101 077 | 021 1004 Isx10-4 Bx16
N\ | eropapILITY - ;.oq .804 | .454 ..210 ,5077 ..021_ .004 {5x10° _;f10
‘[ COMBINED RELATIVE — 1 1 T - 1. T |
FREQUENCY FOR®~ |1.00{.82 |.50 [.22 .04 [ O [ O |O -fO |- . .
SAMPLE DATA . .. S B Y - 1 | e
720, Both the comblned probabllity and the od&erved relatlve frequency -
"'~_,are”the same in the "0 or more" column : Why must they agree?
| f2l,i'Look at ‘the last four columns of the table. 'The probabllltiés'f' 3
. are not 0; but the observed relatrve frequencles are all o0. How Co

can thlS dlscrepancy be explalned? . T

‘M ¥ .

22. Copy and complete thls table. Use the relatlve frequencles from .

-~

- your. class s c01n—dump1ng act1v1ty .
: _ C N

?gigzations.from 10or|1or|2 or' Jor|4 orﬂdﬁgpr 6 or| 7 or | 8 or

[N & - .
mor@ more | more | more | more”} more | more | - more .| more-
expected value) : o , s _ b

COMBINED - = .L ' . ' ) : N A I . 5 10'4 3x10;5 ;['
PROBABILITY  1.00 a§Q4 .454 .7210 .077 | .021 .004; X |3x10 l A
. COMBINED

- RELATIVE * .
.__FREQUENCY




. '”SECTION 28.

'28-1 A Quick ReV1ew

// How often do we - expect the number of heads to differ from the.
expected outcome by 4 or. more when 16 coins are tossed? In Section

RN 16 we found that this questﬁbn could be answered by combining the
'probabilities for Ah = 4, 5, 6, 7 and 8. Graphically this is repre*If"
- _ Sented by the shaded area in’ the. histogram below.‘n ' R o
: * .V .' . | . ) ’ | ‘ 1; . | ) . . . . | .‘v_..l-‘, '_..‘
S PN PR SO CENTY ey b L . B
: o AN b IERNEES e -
v ﬁ‘_ , ',H1 n-5¢9:,;%{.::i .Hi o S B B N
o8 : : 2 B BN B RS RE PR kB e S BN i
: , 3_ 20 | }rn: '-p SRS SRURERRRE ] FRREY RN T I AR b
A LEREEEE S BN AN RN EARSR ICRTE R PUTE R AP IR
| §¢ :" X SUES ATRRS A PERCTERREE SRS PRGN FIRTS PRP & -
3 | il AR PR RS SRCRE B .
ST R TN RK) 01K (AN (Rt DREREr sy PR LAY Pt
B Ol el T H R N
o Viua__ -t.:L+g_!;i;r,4r} ir;,uiy,;;,i;.ir-:qajin.
. o | SERE ARIR geew RAREEE RSN R ER R R
an !ff|'ﬂfi' 2J3%*‘l:e!!.|rs SRR RN P
BN 1140 o! B IR S i T RNl T R I L
- - U] | R BE | | F A §:-: '1§.- :
| {\5’ e 1Y 3 U L b ’! ".Hol',!; ‘1:"]!;3.3 L
w- _ ii T} “Il 1 ‘;9056 :',’TH- ooz I' i
S o I 2.3 4 5 @ 7:-_8
0 EVENT. Ah'(Df\_/léler\_l FZDM Exr_’é_(:_re::t?_ VALUE): .

,,-45

. S 7 . _
| The area for the entire shaded region is about 08 Therefopé/we'
Jl-expect a deViation of 4 or more in about 8% of all cases. |
"

feo 28~2 The Chi~Square Procedure

The question posed in the last paragraph was easy to answer LN
V_using the mean-centered histogram which we have developed q?wever,\
it is not very efficient to' construct a table or. histogram ‘each. time -
f.we run, into. such ‘a question. It is natural to look for a shortcut‘- o

Fortunately there is a formula which we can -use  to find the ap—- ,
proximate area of part of a histogram. Instead of drawing the histo-
- gram and adding the areas of the bars, we substitute into the formula
,fi‘ahd,then_look_h the area in a table. In order to illustnate this ”
"&JproceSSjwehwiI look at’ a specific examp}é » o

. o P
S, ) . s .
. N ' . - ) : )




:Jr_ S R

X Suppose ypu toss 16 coins and you get 12 heads and 4 tails._-i_ s
s You can diSplay ‘the event in a table with two boxes.“ R }Jx_"
, k 1’; R o) - . o ; LN .
e 0 vmarLs | 40 |° 3 .

The observed numbers are 12 heads and 4 tails. What are the ex-

pected numbers of ‘heads: and talls? . BY now you can probably answer
. this question easily. We expect 8 heads and 8 tails. The expected.
\\values are entered 1n the table a; follows.‘_ o N

' oL ’ . 7 ' - Lo . o LT . o DY

'TAILs_ l-4$8)r" o T .

q T .

A table of th1s form is called a contingency table.~ It is a conven-
-ient way of displaying observed and expected frequenc1es. Notice
that each observed value dev1ates by 4;§rom the expected value.

_ Since you- w1ll be working w1th contingency tables, remember
_u\whﬂch frequen01es ‘go inside- ‘the parentheses and which do not. ©One
way to remember is to. think of the frequenc1es w1thout parentheses -
as. representing actual experience,_these are the observed frequen01es.
“We can think of the parentheses as 1nd1cat1ng%tﬁht‘a frequency did
"-not actually occur, "in other words, an expected frequency.

We are now 901ng to answer the follOW1ng question. "With what
] relative frequency do we expect a dev1ation as great or 3reater than

often we.

6. .

- that 1n ‘the table: above°" .This" is the same  as asking ho
'expect to observe a dev1ation of. 4 or more. ' '

/ The first thing we do is. calculate the quantity
I ' o LB - .
»for each of the two "boxes" of the. contingency table. Here

[}

X

‘;0 = observed frequency

T L
Nl Yy

B e,expected frequency.




Lt .o
. . . . . LR .
\ . . . S s

~.~fhé'ex§ressioﬂ'|0‘— E| means “absolute value".'_Absolute_valueslaré

~ always pOSS1ble.v In other words, |

S S _|12_ - 8| = |4 - BI | | |

| - B oo a=4 o Lo

~Substituting the values from -the first box, We;get '
_ PUR T -

. g
. —-.8. E ',_8-;

R
-
o
S

.Substitutihg the;values'ffom the second.box,iwe.get'-
N L I A ¢ LA

. ~ 1.53
o _You_have'probably_notiged thatfthis'result‘is the'same'as'for o

" the firSt‘box.7,ThiS'happens'whenever;lO - E| is the samé for each
~box and E-is_the same-fbr.eaohjbox.- Khowing this can save us from -
5repeating:calculations in some” cases. But WATCH OUT'--TheSe values’
'are not always the same for the dlfferentnboxes . o

" We now mpute the. quantlty x ’ called Ohl square, because X is

the Greek letter chi. Xz is just the sum of the. two numbers obtalned.
'aboug,_one_for eaci_box of the table. Rememberlng that X stands for

"sum," we can writ¢ the formula for x% as follows

Do
v.
N XY

Ih‘our parthularleXampleﬂ'ﬂ',,s. 't":'.'f . _;'~.:, T o
T N
"-Now\we?look_up;this.value'of;xz iu‘a xzrprobability tahle,;Notice
that 3.1 appears in'thelxz'column opposite a p of .08. |
) o 3 ) e . vl‘ . v . .

"

X
|1

J




Ll o 2le o Ale o e
.00016 | .99 - ..045|.84 . .467|.50 -, 2.0].16
00063 |.98 - .04 |.82 - .56|.46 2.3 0.4 |
| o7 |.97 .04 |.80 . - .72 42 o2 |az |
| oozs |.e6-  osal.78 T 84|38 “2.7.| .10
40039 |95 . ,098 (ZZ, a7 72,9 | .09 -
L0063 |.94° .12 . -1 .30, 3.1 1708
0087 .93 . .13 |.72 120|028 3.4 (.07 -
.011 .92 S s o a2 3w |06 | "
ou |t T .21 e 14 |24 3.8 |.05
ote - |.0 . .27 |.62 15 |.22 4.3 |08
) 026 |.88 7 .34 58 1.6 |.20 4.9 .03
035 .|.86 40 |.54. 1.8 '-118__ s.a¢|.02 |
| | | - 6.6 .01 |v
o We conclude that a dev1ation of 4 or more from 8 heads can be "
: _expected ‘to occur about 8% of the time. Notlce that this agrees -
with the value obta1ned in Sectlon 28-1. The x method does not. ~

always glve such good results, but 1t is more than sufflclent for

Pl .o

‘most. purposes._

_ Recall that we were able to flnd exactly 3, l in. the X column.i
,__dOften this. w1ll‘not be possible. For example, suppose that we
’_want to flnd p for x2 = .28. When we look in the XZ column, we
,see that 28/falls between the - table entrles of .27 and 34. .

/' . “..-2.7” ..62.1_ - , T ,,‘
R L aasee T -
- 7 B0

' What p should be reported for a: x2 of .287? Since .28‘is'clo9er'tqf7'
CL21 than 34, report that p = .62. In similar situations’ follow. R
1 this rule. __port the_p*which corresponds to the nearest x2 table \\:
- gntry. If your. x ‘value falls exactly in the middle of twoji -

] ‘table entires, report the smallest 43 ?. o o




--square of any number that ends in. .5 by the

- one, more ‘than 1tself _ Y

To summarlze, there are . three steps in us1ng x2 to, estlmate

expected relatlve frequency. .f

'l Construct a contlngency table dlsplaylng observed %

and expected frequenc1esh

-2, Compute xz by substltutlng 1nto the formula.

F A

'3; Look up the probabllity or expected relatlve frequency_,

_1n the x table. o e #

28~ 3 A Handy, Dandy Shortcut in Chi-Sqﬁaretcalculatfons
. . \ . "-h-.. ’
. (x +.8)2 =%x% +'x + .25
. x(x_+_1)-+",25'd
“So what?" you might ask. . Well it. just SO happens that whenever
the observed and expected frequenc1es are 1ntegers, the chl-square

',forﬁhla requmres fou to square numbers that end ‘in .S,d If you enjoy
multiplying out such numbers as (4. 5) (9 5) and (14. 5)~ stop re'd—_-'
_1ng rlght here.. Go d1rectly to the probl ' ‘ _

set._'

Still’ w1th Ws? The equatlon above tel s us that you can flnd the-

ollowing procedure.

¢
l. Take the 1ntegral part of the n

,2. Add .25 to ‘the result of- step 1.

_TA few examples shoyld giive you the hang of it.

» s

(4.5)2 = 4(5) + .25 = 20,25
L. 5)2 = 9(10) +..25 = 90.25 fi AN
(14 5) 14(15) + .25 = ‘210, 25 |

If this’ procedure confuses you, then don t use 1t

Do *

er-and multlply it by

"




PROBLEM SET 28‘

yThe fblloW1ng contlngency table shows the outcome_of'a'tossfof 16 : '

.

_].c01ns.'l7. e
o R 'IE\ - HEADS ‘11‘8f

PR ' TAILS 5(8)

e, - ) . © g

1. %he 8 s in parentheses represent the A’ ' (expected, ob-
lserved) frequencles of heads.and talls. P - T

! sz- The other number not in parentheses represent the o (ex= .
| pected, Observed) frequen01es of heads and tails. e
'4l3.* Show calculatlons verlfylng that | -.'-_-'“.l_j o Tf-,h p;
T ST ' 2 o E
: A . S o .
i o de-El =
for the left-hand box of the contlngency table. . R
: l 2 : 4 : . 3 .
- (o - E| - 5) . - X
- 4, Compute — T for the right'box of the contlngency_tableﬂ-
- 5. x2 = ? (Add the answers to Problems 3 and 4 ). E;press'yourlr
value of" x2 with an 1mp11ed uncertalnty of =,05. (1 €.y round to -
'nearest tenth ) o _g-f, : 4"]_
.; 6. What is the probablllty corresponding to your value of" xz?
o (Use the x2 table on p. 221 )- | - : | f
| 7. This is the probablllty that the number of heads w1ll dev1ate by
or,more from 8. | 1_'. S . : = '4\_;/ -
8., Refer to the table on p 214 and write down the probablllty of
.f a deviation of 3 or more using that method._ (If you foliowed all
"-f’hthe above steps carefully, thlS value should dlffer from the one in )
v Problem 6 by only 01 ) . . : ‘; '&%?@Tiygfrﬁ

. Refer to the xz-probablllty table on . P~ 221 for Problems 9 through’ll, _‘”

9.‘ As: x2 gets larger, the probablllty of the eveng gets ”,

_ ° - SR
(1arger, smaller) ;.- . _' . o B . ‘:r, e :
: “10. As’ xz of 00016 corresponds to an event wh1ch we expect to “.
-happen . % of the time. - ' N o W ”f L
’ . ( » ) o -'\. H

' . V K% ) o } . , ‘ \ -
S : ) . N . L e Y |




' 11. i_ If x_z s T ,_.;__.'than b < '..55, | ARefer 'to,thé' x‘?-p tables .- . . -
L Suppose that you’ toss 16 colns and get 3 heads and 13 tai;sa' '
7 12, Set up a. contlngency table shOW1ng these results. i ; S .

13 Compute )(2 - Round your value to: the nearest tenth ‘

14, Refer to your xz table.' What probablllty corresponds to your
value of X ? S R S ;_.5. S

I T ) ! . - . R . AN '

't; h 15}' Therefore we expect a dev1at10n of 5 or more from 8 heads about
) B \J of the timeo~ g,-' : o PR R

] : oo - e '

Now suppose you s1multaneously toss 100 001ns and get SZ heads and
43 heads. _ 3 ;;:‘ T T 'Z"}7 ".*%5_4
'iG,ATSet'up-a-cohtingenoy;table~showinggthese'results;.,f: ;”;‘J*

17;‘:Compute-x2f(with an.impliedrerror!of-}05);3" IS

'-18;'oWhat 1s the correSpondlng prc:;bablllty'> [
: 19. Do we expect a deV1atlon as great or greater than the one

'f'l o observed to have a p > .50? (Yes or. no. )

. . K] 0




SECTION 29: : -_‘ , S D e

2Q-l Chi Squara ‘and Your Blomed Class b L S
, “ ;- / : " T
o At this point you have seen how to use chi’ square to . estlmate L
the probabilitles of various. outcomes when tossing c01ns.“ Fortu-~" o
"nately the ch}—square procedure can be applled tp many other s1tua-
',tidns as well - The cq1n-flipp1ng approach was - used tq introduce“the
‘concept because 1t is easy to v1sualize.. In the next two sections.

| you w111 se§'how chi square can be applled to an entlrely dlfferent

'.--~'ftype”’ of. pr°ble‘“' Lo e e T

Y Let’ us turn our attentlon now to your Blomed cfass._ Your‘class;’ it
‘represents some .small: portlon ot - ample of a11 the . people in ,your ot
grade at school /’There are many pos51b1e ways to -.choose such a .
sample._ For example, aprandom process could be' used.’ The names of
all the students in your grade could be placed- in a hat, and then
your .class could be chosen by: drawing names.- In tHis case we would
expect that your class would - be’much like a scaled down vers1on of
your entire grade. That 1s, we would expect about ‘the same porpor-
/tlons of males, females, brown-eyed people, football stars, cheer-'
leaders, bongo drum players and so on, as’ therd are in your entlre

r

o Agrade.
, ‘In summary, your class was formed by a random process, than _
gxpec that its compos1t*on ‘will be about the same as - the cdmpos1--'l
_tlon of your entlre grade.” But what should we conclude if the .com- =
iposlklon of your class is qulte dlfferent from that of your entlre ',\e*ff
. grade? There are two. posslble conclusions.\ First, we mlght conclude -
';that your Blomed class was not formed by a random process. Second,
. we may have observed a rare. random'eventy analogous to gettlng al-

most a11 heads when 16 c01ns are tossed ”'y:" ' SRR -

In® order to tackle a. g!ie-sifed probLem, we. w111 restrlct our
ttention to the sex compos1tlon ‘of your class., We 'will use Chlﬂ
square to estlmaue the probabillty of randomly select}ng from .your -
o émtlre grade a class with the same sex compos;tion as your Biomed :?g
class. The lower the probabillty, the more ‘likely it is that we .
}Af_ need to.}ook for a non-random explanatlon ﬂor the observed sex ratlo."

. s . . R - . . .
. ) . . - . 2o e . . ’
- . .- a . 1
e . . LI N . . . . i . oot K
. . ¢
»

e . 3 "




In the math class we are merely g01ng to estlmate the prob-7
ablllty. It 1s the bu51ness of the s001al sc1ent1st to declde when

'-.and how to.look for non- random explanatlons in a problem of th1s _'

'29 2 The Propoptlons of Random Samples

1h You mlght expect.that the probability of selectlng a male, |
'~for example, at- ‘random from your brade would be .50. ThlS is not.
'necessarlly SO. Suppose you were’ ‘in an’ all-male or all female
_Ischool Then the probablllty of p1ck1ng one sex would be 1 while N
f_the probablllty of.plcklng the other would be 0. " Your school proba-
'r_bly lles somewhere between the extremes of all female or all-male.»
;Can you' th1nk of a way to £finhd the probablllty of p1ck1ng -a male .
- or. female at random? One place to start 1s w1th the school records.

' _Certalnly if- you knew the numbers -of maies and females in. your grade,

. then you would be one step closer to. gettlng the information you need.
.For the sake of hav1ng some numbers to crank through our statlstlcal_'
‘mill, we sent Elmo down to the office of Pudworthy High School " He:

- badgered the secretarles until they took plty on him, . |

s

Elmo came back w1th these nu%bers.r males——230, females-—éib.

You already know how to proceed from here.} Remember how,we'calcur“
lated the relatlve frequency for each number OfIheads?"We.will;cal;u
~ culate thedrelative frequency.for the_males and females-ln;the'same."

way. . T . T
where R'= relative frequency ;“'l ol
o "b.=.obserued'frequency e '.¢:> o B

"-_N.= total numbereof students . '

r'The number of students in Elmo S grade at Pudworthy ngh School 1s
f270 + 230 = 500 _ ']' } _ g R ‘3 S

L]

alculate the - relative frequency of the number of males
o 230"

o | _W'.j‘Rfsoo

R ».-“ . ' ;-;: 46

.46
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‘»'481milarly, the relative frequency for the number of females is._;~ jrfff’
' ' ' '_’270 e o S
R=Z65. e
| C TR e e e
=54 -

of course, we could just as eas1ly have obtained this number by

substracting <46 from l

P . _ . . )
- We conclude that Elmo" 's entire grade is 46% male and 54% fe-

;'Al”male.' For the sake ‘of argument, we are cons1der1ng the Biomed class ’

at Pudworthy to be a- random sample of. the entire grade.’ Therefore-‘_

we expect ‘the Biomed class- to be 46% male And. 54% female, toq ‘The
Biomed ‘class hap 25 students. . We can now qalculate the expected ' -.'f v
frequencies of the males and females 1n the Blomed calss.,;' '

(.46) ('215) L

' "MALES:. E =
L. =115 o | |
| . - .. FEMALES: E = (. 54)(25) i,"":‘ e

Do not be concerned that the expected numbers of males and females
_ are not whole numbers. Expected frequencles often come out th1s_'w
~_way. The numbers aé not 1mply a person who is- half male and half

'l’_

;.r-'afemalel

' At th1s p01nt we hame calculated the expected frequencies of
e males and females.~ What about the*observed frequenCies? A head C
' count 1n Elmo S class ylelds the results, 17 ‘males and 8 females.

~We can. summarlze our results in a COntingency table.

‘3¢MAfEs' 7(ll 5 R
- o moman |25 L

Notlce that each expected frequency (the number in parentheses) is
the total (bottom box) times the relative frequency of males and"

b

females respectively ' n : .-_. | - ?w-
" Voo G

_ , In the next section we will ‘apply the ch1 square procedure to- WJQ‘
'.' - these data. = : ' ’ |




S
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LIS PROBLEM SET 29.;;

,_l. At Nurdsburg ngh School there are- 200 students 1n grade 10% 110
' are females and - 90 are males. S

-l,HZWhat 1s the relatlve frequency of males in grade 10? “,3-.R'

~ R 2."What is the relatlve freque\cy of females in grade 10? '_'_ 5

lv3. The grade 10 algebra class conta%ns 20 students. If thls class :
« is a random sample of the tenth grade, what is. the ex ected number ‘..
b -‘.. ] ..r ' .

of males ‘in* the algebra class?. h"'l‘

-4, What 1sythe-expected number of females in the algebra7c1ass?"

5. Suppose the algebra class is actually made up of 13 females _
and 7 males. Construct a contlngency table. dlsplaylng the observed
-'and expected frequen01es of males and females. .

”

.-ip;j_} : The . follow1ng table gives the relatlve frequéncies of bloOd types
g ' 1n the U.S. whlte populatlon._ _

x\\w & BLOOD. . RELATIVE - .
T  TYPE - FREQUENCY
. ] : o 0 :45.;'f e ;_‘_'
. - : ST - : n R o
. S S ' e B: _-.u-.ll,- v . .
T .. AB .04 R
-IA';“/ 6. In a randomly seledted group of- 100 whlte Amerlcans, what 1s
' ””\f .the- expected frequency of. blood type AB? } :
iq;._ff N 7. In a randomly selected group of 1100 whlte Amerlcadh what.is the
o “l3 \e<pected frequency of blood type 0? '_ j} f_ B - f*”f‘.
."8 In a randomly selected .group. of 12 whlte Amerlcans, how many do ’
“we- expect to have elther blood type A or blood type B'>
) ..f_ The foflowing table glves thé relatlve frequencies of blood fypes_ﬂ'
;. in the u. S. black populatloﬂ _yy" ;zj o ‘ .

e r
S ' : . BLOOD RELATIVE
VT R " TYPE . FREQUENCY

o0 v .47
R . '28, S
RS

. .Lzng'
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"In a randomly selected group of 80 black Ameslcans, how many d*;'

(} ' )

o we expect to have blood type AB? , _
0. In - randgwly selected group of . 450 black Amerlcans what is the'f__wj'

T expected frequency of blood type Az

| -f'll. .In a randomly selected group of 12 black Amerlcans, how many "

-_do We expect to have elther blood type A on B? Is this answer the

,same as in Problem 8?2

- The' table below ‘gives the relatlve frequen01es of blood types in the .
WEst African populatlon. C :

—

BLOOD . RELATIVE 3
TYPE  FREQUENCY
S0 .46 |
“\ A .23 T .
AB .05 o o L
. ,- - . . . Coe . . - ’ ‘ v
'"12.' ‘Calculate the expected

_ frequency -of blood type B 1n a randomly
o seledted group of 150 West Afrlcans.

13. Calculate the expected frequency of blood type A in a randomly

' selected group of 30 West Afrlcans. _—

A survey of 400 randomly selected people of one ethnlc group
gave the follow1ng results._ : ' S

OBSERVED

- B BLOOD _ y
S , /. . TYPE' FREQUENCY ) )
! o 0 -180
: S o ‘A 96 . B
'ﬁ | B aloo_l_ T "\y“ & AR
o . AB .24 ) )

These data szt closely flt Wthh ethnlc gr%up, U.s. whlte, u.s.

- black or West Afrlcan? (Hlnt, calculate relatlve frequen01es ). s
SRR ;'.ff_ e .
; ; ) 3 . o : R
“ S .’230_
s +« - o1 A ' o




I. 'fIA'O'NGUEV R6_LL1NG_ .
IR . L T
15. Many people 1nher1t the ab111ty to curl up the edges of thelr
tongue as in p1cture I above. Can you? The relatrye frequency
o of tongue rollers 1n the U.S. populatlon is about 67 and non-rol— B
. lers .33, | ﬂw : _;-- S | o
\ In a. group of 500, randomly closen from the U.s. populatlon,';:r
‘what' are the expected numbers of tongue rollers.and on-rollers? |

._. 16. Suppose that the sample of 500 actually conta1ns 320 tongue .

) rollers and 180 non- rollers.' Construct a contingency table displaﬂ'bgf
the expected and observed frequen01es.A '

;lT,“ A t ait. Wthh is qulte rare in the U.Ss. populatlon is the ablllty 3
to fold ‘the tip of the tongue back when the tongue is xtended (see f

o plcture 11 above) f The relatlve frequency of people with this -

- ability is about .002. In a high school Wlth 1000 stud nts'““*iffpy.i

A7,tongue folders would ‘you expect? "_‘ A i

+18. .Taking the populatlon of the U S. to be 200 mllllon, approx1- v
A .

¥ mately how many tongue folders are ‘there in the u. S 00

<



) . "
T : | :
v L l:i'.
oL :
. ’ ._‘" 'A. '
' Tes ]
- )
] p \ R
! I. HITCH-{HIKER S THUMB Il STRAIGHT THUMB )

,{ Some people ‘have the abllity to hyperextend the last JOlnt of the

fthumb formlng the "hltch hiker's thumb“'shown in p1cture I.. There
is'some difficultﬂ in decldlng who has thlS trait because people

can hyperexténd to dlfferent degrees.. We will dlsregard this de-'

R tall and summarize the relatlve frequencies of. "hltch—hlker s thumb i

. U S. whlte populatlon-'".25f'
| U.S8. biack ppphlatlon- :36

N

\

19.7 In a sample of 25 randomly chosen frbm the U.S: black populatlon,.

‘ ) what is the expected frequency of h1tch hlker s thumb? . | "
B 20. Suppose that the observed frequeﬁcy of hltch hlker s thumb in -
~ the above sample ‘is” 12 Construct a contlngency table for th
21:; In a random sample containlng 80 wh1te people agﬁ 20'b1ack'_
# peggie, what is the expected number of. people with tch hlker S
" thu (The answer is not a whole number . ) RN ' '
: _ . N '
~ .‘\ . . A , ’
. . g | . ‘ .
. t Lo :
.' \ " .. ) . o -l . "‘.
x." » - "1,‘
' E o~ R 1
".ﬁ,,! B
o . 231
- - - B _;ﬂén._m__;mfih o ,
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» SECTION 305 | | IR
> “d“_“ 30- l How OSd (Statlstically) 1s Your Class? ;,“":=3 - =
R ';'_f' We are now prepared to apply the chldsquare procedure to

Eﬂg sex. ratlo of Elmo's Blomed class at Pudworthy High Scho 1.

-fuf?.ffmfm By following the~samewprocedure you can calculate the ch1— quare 4
probab111ﬁy for your . class Wi o -
_ A . P
Let us recall the results obtalnediin the last secti n.- The.
S V_::Blomed class at PudWorthy contalns 25 students If the class A
o _i‘_;were a random sample of Elmo's ent1re grade, we would expect the o
~ ¢lass to contain 11.5 males and 13. 5 females. In realit the - v
class’ ‘contains- 17 males: and 8- females We summarlzed t,ese facts R
‘in a contlngequ table . ' | e,
. . - ) . l‘ .
b T (11 ,5)"_“' ’ .
| - - omaEs | 17707770 =
— R T Fd??LEs”~"8(l3'5)
o i o o feraL | 25
g I;r. o _ In applylng ch1 squar? to thesb data, the techn que wlll be
N ] exactly llke that of Sectldn 28. 'You can refer to ‘that sec¢tion f
\'[/ . as an -aid in trac1n§ through the development _ ;
i BN .
' . o 3 .
o The formula for chi square is . - I, : K
o In order to apply this formula we substltute the values from each
box or cell of the contlngency table 1nto the expression '
N “and then add the two resultlng expre551ons he qpmputatlons
N follow . - 2 : -
s o - | cg x|17 - 1;.51:— 5; | (la - 13. 5[ - 7)_ *;.‘ :
S xoEs 1.5 TI35 LN
fﬁ | - \\ o "?7 52? . 52;
N : N - . II.5 7 13.5
- ) ".z"-\'\_. -. SRR 24,0 %"
. , o . L
o \ R e
232 - ' -




2—probablllty table on*p. 22). T It w1ll

tell us the probabllity that a random sample will dev1ate from

LA " Now ‘we refer to. the X

~ the expected values by ‘as much ox" more- ‘than in Elmo s ass.__Ina__ _
" the: table we f1nd that.p.x .of 3 8 corresponds to a probablllty L —
" of 05 and - a xz-or 4.3 corresponds to a probab111ty of .04. Sincel |
4. 0 is closer to 3.8 tRan 4. 3 we. report a probablllty of .05. |
In. other words, we would expect only about 5 out of 100 randomly ' N i
selected classes to have as large a dev1atfon in' gex comp051tlon o af\f
. as: Elmo" s’class" In 95% of randomly .selected classes, the sex i
i d1str1butlon w1ll be .closer to the predlcted values. , 'f- D _j:',;t

This is the 901nt at which. 5001al sc1ent1sts have to make ‘a
deCiSlon._ They ask .themselves, "Am I observing a rare random. event?
Or 1s there <xmaother explanatlon?“ Typlcally, when the probabil- .
ity 1s as low as .05, 5001al s01ent1sts W111 start looking for SOme
other explanatlon. For Elmo's class they would look for factors '
which would cause more males than females to end up 1n_the Biomed d
-class._ o o - \ . e

In math class you will calculate x2 for\your own class. 'From
this ‘value of x2 the probablllty of random se ectlon may be found. :
- If the probablllty is low’ (p <..,05), then you will M scuss poss1ble ‘
-'Z factors which m1ght have caused .your class to dev1ate markedly

" from. thé expected sex compositlon. - P

LR . - .

PROBLEM SET 30 . I }' o T

> The follow1ng contlngency table shows the expected and observed
) frequen01es of males and females in a high school class. e ,_j-” ﬁ.
oo mawss |7 | S T
e FEMA@ESE'13(11) o .;f' A T

‘; l-;_j”;_.Compute.x2 for thlS table. 'Round your_answer-to the-niarest

.“;huﬁdredth..' o - S T,:. - {




‘ : S . “

_2,- Refer to: your xz-probablllty table and f1nd the probablllty
"ding to your value of x2 ' '

~ cor

-';/ L 3. Complet -the follow1ng sentence. o
" | ‘ _
"Th refore we expect a random dev1atloh of

o more .'om the expected values aboutl 3 : 3 of th@ tlme.? 'i

“In Problems 15 of Problem Set 29 ve llsted the relatlve freqﬁen01es‘
°f tongue rollers (. 67) -and non-rollers (.33). - -

4.. Suppose- that a .group of 100 people cons1sts of 56 tongue rollers
and 44 non-rollers. Construct a. contlngency table dlsplaylng the

expected and observed frequencles.' _ 7 cow
' 0
.5. Compute x2, roundlng your answer to the nearest tenth

6 AWhat is the correspondlng probablllty? t

7. Does this probablllty 1nd1cate that the group of. tongue rollers——.
' and non—rollers were randomly selected or not? Explaln. '

*Srh A certaln drug is known to be effect1Ve in 60% of cases treated.
A doctor who has used the drug on 100 patlents flnds that the drug h
- was effectlve in' 50 cases. How often would we expect a dev1atlon '

thlS great or greater Qque to "chance alone?

. . . . A . . :
', . B ' . .
. . . . . -
P \ oo .
.
s

r4




. " of the vital capac1tynof'a 51ngle 1nd1V1dual J_The m asuremen S were |

'

'-4} The rarest observed event was a v1ta1 capaclty in. the range o§

g, Whach event happened in 8 4% of the trlals?

’

‘taken to the nearest .01 llter.-

o 3 VITAL CAP%CITY g} J_OBsERVE37;I o RELATIVE j R
f,r - (liters) ©  FREQUENCY —  FREQUENCY .
.f/ | ~ 6.10-6.14 - SRR ) :°°3').
o 6.15-6.19 - 3 .008 . .
6,20-6.24 . - . 13 -1 .035 - o
o 6.25-6.29 - 20 .../ - :..079
. g:30-6.3¢ .18 212
T 6i35-6.39 L . 91 | . -.247
| '6.40-6.44 . - - 61 . .166
co - 6.45-6.49 .- . " 51 . 139
A 6.50-6.54 ., .. 31 Co 084
| ) .'Bgsses;gg o 7 . .ol9
6.60-6.64 B TR 008
.. . . ToTAL 368 . B
‘1.. How many dlfferent events are there? .j. S ’

2. The event of a v1ta1 capaclty in the range 6 50-6. 54 llters occur- L

-1.red with a frequency of ' LY -,: o 'f : A\

3.) The most frequent event was -a. v1tal capac1ty in the range of

'/

11ters. fﬂ

..11ters. - fg . TR s IR

? . : I

5. o find the relatlve frequency of a glyen event we dlvlde the ob—'

servee frequency of that event by S S
6. T%F relatlve frequency of whlch event 1is .2472 4/;
« e T

ST ThlS means that that event happened 1n' | % of the trlals.

[

glven in the preceding table. ' ‘Label the vertlcal axis: "Observed

231.1 R <ﬁ15 e

Frequency." .
. s o

| ' b
9. The event "v1tal papa01ty in the range 6. 60 6 64: llters" ccCUrred
\IW1th the same relatlve frequency as the event h e
;10. Draw a: frequency histogram 6f the v1tal capaclty measuremént r&sults

ﬂ_gbff'




St

i

e s s e

X

.&.

11. ‘a. Draw a relatlve frequency hlstogram of the daLa in the

precedlng table.

“The folIOW1ng table records the results of 20 tr1als of dumplng 10

c01ns¢-

L

| (Number of Heads),

. ﬁow does the shape of thlS hlstogram compare with that .
. 1n Problem 10? a C C

a"

EVENT

O © N O A o>ho|-¢-

—
o

e

OBSERVED .
' FREQUEN@Y

ﬂ .

TOTAL # .

OF TRIALS

N\

©O H H W o W WwHE N O

SRPRY
(]
/ l.»

0_'

?].t/ .

+

) .

' TOTAL NUMBER.OF HEADS.
. for each event. )

TOTAL #
' OF HEADS

15

12
36 K

21
.3'9
9

108

12: Draw a frequency hlstogram of\the above data._

horlzontal axis "EveB;/Qnumber of heads)"'and the vert1ca1 axis
B "Observed Frequency/ |

Label thk

B i 13. Complete the’follow1ng relatlve fr quency table.:

T Tnu er a — ] B f.'_ - N , ut
_EVENT of hdads) o0l 12|34 |5 |6 |7 |8 [9°]10
CLATIVE B I O IR R
. REQUENCYI 0 , \1o‘f05 +151

AT ‘
." 7
'236 ’

. .

14, E raw a relatlﬁf'frequenfy his

togram of thése data




16, Four heads or 6 heads. .

7-17._.More than 3 eads. o o

1 21}- The relatlve,frequency.ofua dev

224 Complete the follow1ng table.‘ ;i N

- 4 T E®ENT AR .| | 1 T T i )

In\?roblems 15. through l7 give the re1at1ve frequency of each

B _combined event. ‘Refer to your completed ;able (Problem 13) or_f i"

to youn hlstogram (Problem 14)

- 1s. 'Zero\heads or 7 heads." l.. IR

e

18;.'The comblnatlon\of ' heads or o heads;occhrs}withna relatiue_
frequency of exactly 0\40 S L :v,'_‘:_;_ _____ ' '
el9; What 1s the relatlve\frequency of the combined event 9.headsl' |

| or less?

.20. Recall that we. are deallng\w1th‘20 dumps and 10 colns each

What is the expected number of heads per trial?

'atlon of 1 from the expected

: value 1s L . ..1' o x IR

¢

Deviation from| | 0 {1 |2 |3 |4 {5 . .~
expected value A S N

. % | " REIATIVE S N R | . | .
" | prequency | LN | B R SO

L

23. Construct aumeanécenteredvhistogram'based onsthe:tablemqf,Prob—

[ .
"9”"4

,24;' Using”the.datalofaﬁroblem/26g completefthe_following table;

-4

o - T B

or | or or | or or | or |-
more | more | more | more| more|more’

|y EVENT @
~||° Devigtion from
lexpgcCted value

- RELATIVE
' FREQUENCY

kY

IS

'”/ZSSifA'deviationjof; - or(more,was observed ‘in 40% Of the trials. .

L j
: e
y . ‘ T s
- " o
{. oa o




ff?‘: The QSElowing table glves the probabllitieS;(the theoretlcal relatlve

10 c01ns..;.' o ;:~

(ot tamag| 0] v 2 [ e s ey L8 e jl0

T PROBABILITY“qOOl.fOlO /044117 205 E245.1205,;117 044 |.010 |. 001/

)
%

~26 The event wh1ch 1s expected 1n 24 6% of the trlals is
‘heads. - ' ' ' N "

. 27 . Two heads and o - heads are.expectedhto'occur:with equaly - i
AR frequency } o ("' o l.e'_ ca - 'gxlﬁ,A.ﬂvl.ﬂiy,'

\ l

- ».

"28, If the: number of tr1als ‘were- 1000 then the expected frequency of
2 heads would be . _ ._-_l T ;i-; ,'.' L \: “

29 Complete the follow1ng table u31ng the probablllty data Just\pre-
cedlng Problem Set 26. o | . o \ '

-;7 EVENT AR |+ ] e
(deviation from |0 1l |2 3 |4 S5
_expected.value) e { 1 : 1

PREDICTED RELATIvE I I PR I B PR \\ \
l .
1

2 | . | FREQUENCY, - . . i '1 S I T B
-~ : . .| OR PROBABILITY SERE o N »«;‘

.. [

30:: The probab111ty of gett1ng e1ther 3 heads or _'; heads 1$ 234.

31, A dev1atlon of 4 from the eprcted value 1s expected to occur}200

‘times rn every . -__" tr1als. o ‘.j*‘_.., ' ‘y/' e

(VRN B sty

3 Complete ‘the follow1ng table u31ng the table ydu completed in

-

: Problem29 {.'." R N _” o S . "fﬁ

-

. '.. i‘- .- ' . ~ .. ’

EVENT Ah 0|1 - 2| 3 4 |-.'5 3,\

s (deviation from} or. | or-| or | gr,\u or | Yor |- .
; expected'value) . more| moge| more 'mqreﬁ.more-'more S

- COMBINED S I .
PROBABILITY S I | [

B ' .33, What is Qhe probablllty of .an event deVJ.atJ.ng W 3 or more .
-.t' frém the. expected value? = - .. 7- oL d - '"1° ) 1¥',”§ﬂ




ﬂ}ﬁ}f Use the,x2 tﬁple on page 221 of your text to flnd the probablllﬂ&

- method

a2

R

':fbyf"'”
4L
'ﬂ ‘the- probabllrtyéof a dev1abL6h of 3 or more’determlned by that

LS B

In what pércent of the“trlals would we expect a dev1at;on of
o K

34

/J
e

- 3 or mOre? Lt ?”7.t“, e ST S )
Ll : '*\*\ . R T R N 7
w;: ’ @, . ' . | :\ .. . ,.,., i .- .’ ‘g. : pan ‘
e }m The foLIOW1ng~contingency table'&epresents the Outcome of a toss v
e ofnlO 001ns.. ;ﬁg“@ '1{ B A Y \ffs o
B . " HEADS - ?"8'4‘5"‘{”; e
. | . s TAILS _1_}2.(5)'~ “ B .._6.;- : .l
X ' @gﬁT&Elefe Cmo Tt N
£ 35 The numeral 5\}h parehtheses represents the 3 -lﬂjexpéétédfr
;%d' observed) frequen01es of heads and tallS¢ Yo ﬂ SR L
Aﬁ" 3§ The numeral 8 repreSents the e | (expectedh observed) fre—‘ Ve
‘Q. quency of heads.,: o «dafﬁ'.%“ ;._“ “? e .z' A
S f? e o < El- é A el S
T 3T Evaluate, S & ”-[for' A 3"f
. _ MY ' ) [ . ’ & 1. .. ° v . e
T The box 1n the contlngency table labeled "HEADS S S
. The b0x int table 1abe1ed "TAILS .HA R
TR 2 g . X . . ~
» j38;§7x3.' Round b (‘answer to’the nearest tenth e

Acorrespondlng to: your value of x

What is thet probablllty (to 3.¢v'
' . i .
the nearest hundredth ) 'y . s

S

n" ° -

the probablllty that the number oi heads WLll deV1ate

o/

A".

om more from 5

+

: E _
Refer‘to the table yqu constrhcted to answer Problem 36‘and vrlte
. ’ .- ¥ TN

Referrang to the table.precedlng Problem 12, we can set up ‘a .
contlngency table 0. determlne Whether the total number of heads"w'
~ which qccurred was a rare event, glven the total number of 001ns ’

tossed vl ) fe T
IV : ‘ . o * ‘ B : ¢
T How many - trlals were - there in all taklng 1 trlal to be 1

. .
: A"A .
.-

&

. - P v
a

toss of l comﬂ
.o 8 N

'b; What is™ the expected number of heads in that many trlals? R

‘. . .. ' . | . . | .' . - - B -\
A - ! ? 240, 5
Y IERYS — R N : ‘»‘239~.




,! £ go; What 1s the expected number of talls? ,f%~

- d. What were the observed frequen01es for head andltaiis;f
reSpectlvely? .~_ R . L R .

'*‘k‘ '_ 6o

'eg Complete the contlngency table below.r -{ ='.l1 SRR

o vmeaps| U T

..1 oL ) BRC . _A _——

T s . S
.. TAILS () o - o

T o -T';-Hfi' Evaluate x2 round your answer to the nearest tenth

;J~4“z-__;l' | g;, What 1s the probablllty assoolated w1th your value for}




.fSECTION 32 flff_;f S . T \

“:.32 1 Drugs and the Placebo'Effqu ; ;;-"’ M

At thgs p01nt we are ready to look at a sllghtly more compll—'

,;ECQEEd 51tuat10n 1n Wthh ‘chi square Can prov1de useful 1nformat10n._¥;i
.~3"Spec1f1cally, we are going to tackle the problem of measuring the S
- elfectiveness of a new drug before 1t i's, released for medlcal use._

_After a drug is developed, and tested on laboratory anlmals for _
'toxlclty, it must be tested on a group of people who ‘have the med1~ i
cal- problem which it 1s 1ntended to treat. )Moreover, the effect

-~ of “the drug must be' compared . ‘h that _.o_f. a.pla._cebo glven ‘,_mdef | .

i,:comparable condltlons. - . _ |
' A placebo is an inactive medlcatlon Therefore”it should haVeq_
__no phys1cal effect on the human body g Nevertheless' a placebo may _l
-"change a patlent N symptoms through psychologlcal avenues. AmOng
'patlents who are not told they have taken placebos, as many as 60%
may experlence .an. 1mprovement in- thelr condltlon _ N
Because of th1s placebo effect, we do, not know whether a drug

_1s really effectlve, even -if 60% .or so of patlents show 1mprovement. =
"_Therefore it is standard procedure to’ glve some patlents the real '
drug and: other pat;ents a. placebo._ The ‘results can then be compared. o

" ".We can also state that ‘the. 1nvest1gat10n is properly controlled
" The following. example 1ilustrates the method. -

“200- patlents suffe ing from paln were selected, of whlch 100 .

f;'were given a placebo and 160 were glven a newly developed drug for
-flpaln rellef. 60% of the pdtlents rece1v1ng the placebo 1mproved -

;}._and 80% of the patients recemélng the new drug 1mprov%d. _

You w1ll notlce r1ght away. that the patlents on the new. drug |
'dld better than those on: the placebo ' But is this because the new |
ﬁdruu 1s better or is iU Just a chance phenomenon° This is whegp

rchn.square is usefuﬂm it caft tell uf the pfobablllty that the dlffer—” ,

| ence 1s due to chanceralone. ) , |
- We begin by exhlbltlng the obgerved freguenc1es 1n a cont1n- 3

N .

__egency table B ._.}“g

s _241

et

A T T Y L T e




R DRUG - PLACEBO- - TOTAL -
IMPROVED. |.. 80-~.{ 60 [ 140

~ UDIDNOT | o N a0 1 eq
- Tvgrove - | .20 40 60

This abl »is a lattle more compllcated than the' ones’ 1n

P

. preVious 1 onsfw There are four boxes, or cells,_ln the table
““f_lnstead of two._' L o ' '
_ At thlS p01nt, we have no expected frequencles, s1nce we don t _
: know what to expect. Flrst we must . make an aSsumptlon. The%\ssump-~hw.
"tlon is that there is no difference between the. drug and the placebo_
'in. terms of 1mprov1ng ‘the condltlon of patlents._ This would -mean .
Lﬂthat the relative- frequency of 1mprovement would be the saJZ_for_;;"
"'-both the drug and the placebo\‘- L o o ) _“ ,
_ To obtaln the expected frequenc1es, based on oJr assumption, N
‘we reason this way. In the total group of 200, 140 1mproved and 60_!
‘didn't.- Therefore the relatlve frequenc1es are as follows\ a '

IMPROVED, _:f"',%%% = .70 fff‘.-'

0¥ NdT-IMPROVE;' 799 __n;o o ;;,f

If.the relatlve frequency of 1mprovement is the same. for both.
“:groups of. patlents, it must be ..70 : for each group Slmllarly, the
'_relatlve frequency of no 1mprovement must be' .30 ‘for each’ group ‘

fOf the- 100 patlents glven the new’ drug, we would eipect .70 x 100 =;'
.70 to 1mprove and .30 x 100 30 to show no improvement. The same .
.goes fOr the group. glven the placebo - We enter the expeited frequen-’«

h'cled in the contlngency table.

~

DRUG PLACEBO  TOTAL
| 80(70) 60(70)' '

IMPROVED -

' DID NOT [ Al
.~ IMPROVE 20(30) 40030)

" TOTAL




: The formufﬁ is

Now we can apply fhe,x:ifornula"tc_thefdata of'the‘table,: e

“_In all our prev1ous ex mples there were only two cells in the con- .

't.tlngency table, and therefore only: two terms t add in the xz for-
._mula.' But in the present case. there are four cells in the cont1-
-genéy table ' Therefore, there w1ll be four terms ln thé x sum,

"ifjone for’e@ch cell. . R

'out that 6.6 1is the largest value of X
.-value of 8.6 is "off the sbale " We can conclude that the corres-'

21 (|ao 7o|--) (|60 7o| %) (|20 30|-~) '_('|40:'—30|-%)2.
=5 75 ST _r.__+_ TR N

"_"\_ 13+143+3o+3o' \

|2

\ -'—"‘86 S , .','\' i

E Now refer to the xz-probablllty table on R. 221, It turns.
2 llsted Therefore our

pondlng Drobabgllty is less than .01.
There ig less’ than one chance in a hundred that the: new .drug

: 1s no more effectlve than the placebo In other words,'lt 1s ' H;_

- hlghlykllkely that. the, drug is efféctive. ﬁThlS kind - of informa-
_tlond along w1th data on any side- effects chused by the drug,

_fon qeneral use,.

would be used to make a dec1s1on about whether to release the dru@

"\ : R 5 " R 9 ,"U S - ) - N N

3 Ky

N !




fPROBLEM SET 32 ,__'/ fo f;fi”]'; T R 2

' Dramamlne is a drug used in the preventlon of motion’ s1ckness. - In

- .an” actual study on the effectiveness .of Dramamine, 108 people were-

1q1ven Dramamine and 108 people were given a placebo. The entire. y
.- group of 216 was then subjegted to turbulent fllqht conditions. - A

record was kept of those who became sick (i.e.; vomited) and’ those

R who_d;d not,' The. table below shows the follow1ng results.. ‘

. - DRBMAMINEe ,_PLACEBO - roraL T /-
b' . SICK 13 | 60 B
o R § N . . . - R
- NOT ) I x
~SICK. 77 b 4? |
TOTAL | 108 -~ ~ | -~ 108 .. o

_l. In order .to determine the?eXpected_frequencies,-we assume that -

'_é. sThe total number'pf people who became s1ck was __;;_. B S

-~

3._.The total number@of people who did not become ‘sick was

"41 The fractlon 2?% represents the relatlve frequency of ‘those

who , o (d;d did not) become s1ck _ ,
o N s A
5. Therefore, out pf 108 people, we expect to have become

sick. (Your answer should end 1n .5. )

6. The fractlonl%%% represehts the relatlve fréquency of those"‘.

Ayho R (d1d did not) become s1ck |

7L out -of 108 people, we . expect __to haVe:n&h§become7sick;'.
(Your answer should end in .5.) | o S » f’t '_'\
8. Copy ‘the. contlngency table and add to 1t the expected frequency

for each of the four cells

.;»9, Compute x2 for your table If you do not have a calculator,
round the denomlnators to ‘the nearest lO before d1v1d1ng.__ . )

10.° The 'probability that Dramamine is no better than the placebo \”
in preventlng vomltlng is less than e Th1s mlght be consxd- :
ered strqgg eVLdence that the drug is ef ive.

244 e
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7'33 1 Introduction to the Cola Activity

| . \

Everyypdy is a consumer, ‘we all buy th1ngs.' When'we buy” "V‘_:

‘products such as breakfast cereal, rlce,‘bread and so forth, we ;

LN -~ -

. :3_fmust choose a s1ngle brand -from a great yarlety of ‘brands. What
o factors 1nfluence the ch01ces we make? ‘@he people who sell us
thlngs are-‘'very 1nterested in answers to th1s questlon.ﬂ They

I

o gbend mllllonsyfor "motivatlonal research » ' B

’ - We will spend pennles. ‘By means of a coLu tast1ng act1V1ty
-'--we w111 demonstkate how 1nformat10n about motlvatlon can be ob-_ =
. ta1ned. - We w1ll ask’ "Is taste related to brand prefenence for . !
E Coca-Cola and Pepsi-Cola?" Taste is ‘only one amohg many factorse:.

| l which mlght 1nf1uence brand preferences. Some, 1like. taste, are

.related to 1nformat10n wh1ch our ~senses can gather about the cola_

'1tself Others are not.

) '..\\ _A ’ . . B ' SENSE . .. ‘. 3 1 . “d I ' . Y ' . \\ .

S 'FACTORS-‘ _flzzlness,ztemperature, .o o
o emER o
. -'FATTORSTf attrtudes<of friends, advertlslngr_.t,m__ _5\
oo P . . T A\

RN

: In'qhe'Cola Activity we will use.chi‘square toxinvestigatew
o whether the taste of a cola (elther Coke or Pepsi) is related to
i the preference for a part1cular brand.. - " 3_.f ";'") |
o Here'is what W1ll happen.' You will. be asked to state your
7_preference ‘for ‘Coke or’ Pepsi. . This W111 be’ recorded.; Your re-- .
. '_corded preference for. Coke or Pepsi will be called ydﬁr "brand 'pref- | L
- erence." ' Then you w111 taste unldentlfmed samples of Coke and R
ijeps1. They Wlll be - caIled X and Y, or Y and X, or ‘something else.
~ Your ch01ce on- thlS test will be called your "taste preference.’ : g
When the taste and ‘brand preferences for the entire class have o
| been recordeg the- true 1dent1t1es of Brands. X and Y will be revealed.

yotlce that we . have chosen two dr1nks which are- very simllar ;

as far'&s huma senses are\concernedf Both golas arejthe_same E
"colorland will be served to'you at the same temperature. Every -
" effort will be made to make-Sure‘that‘yo% base yourlcholce.onlyl' ,

Sy




on Qhe taste 1§Thls is,an effort to make taste- the onlf sense*'
related factor avallable for decision maﬁlng _'&f“ L

'-33 2‘The Unerring Tasters - o ';f -...Rf
. The students of Oracle ngh School performed the Cola Act1V1ty,

:The results are summarlzed In the. contigency tablg below‘ 4

e BRAND PREFE$ENCE L
T . ; /.COKE . PEPSI ) TOTAL
ey | s | (12) I
.- . .. 'TASTE. = _ 15 a2y | (8)'
.+ preFErencg TEEST | O~ 120
o om Lse Ja ] o

20 : _'. o S

e

_/

Flrst, let"s get fam111ar w1th the table,.

QUESTION 1'" ":F; ;.1' _;_" o ﬁ""_= T:f"

How many students sa1d they preferred the Coke brand? S ’[_'

M'ANSWER 5f'f- =

T3L. Brand preference 1nformatlon is found by readlng columns. §
The "30" which answers the questlon 1s found at the bottom of - the |
"Coke’ Brand Preference" column. '

’,lmm&nmuz . . L | ?,
| - How : many~students-preferred the taste of Pepsl? pdg"_ tj._.?.~ e
ANSWER- e o o | N | ' |
f-';f.'a' 20.r*The "20" which answers the quest-on is found on the rlght 4
”of the "Pepsi Taste Preference" row.© % :

'_Notlce that all students who Fald they preferred Coke actually

 chose the taste of Coke.. The same is true for Pepsi -
v |

iAn 1nspectlon of the table reveals a strong pattern of assocla-"
. tion'between Coke brand Iferznce and Coke taste preference and |

'also between Peps1 brAnd preference and Peps1 taste preference._

"'From a statlstlcal point of v1ew th1s is a vqu strong cortelatlon.

~There are four poss1b1e relatlons whlch mlght account for ;"‘
',such a strong correlatlon. - ‘

L .f;u-; i:- o >;95;¢‘,53 --“”-‘_ S ':,,“7;

R




r R v ' \ .. . ) ) ,A_ ) @

'Taste may cause’’brand preference

-\Qausé and 1. |
:~ﬁ'”..?,_ Effect o 2.73Brand preferenhe may cause taste preference.“-
o nRelatlonshlps" 3.'lScme third factor may be causlng both o
® - . lf" o j 4; . The pattern may be Just a very rare chance .
RO ﬂ_. f” ¥ _occurrence. . L _-v:
("'f Notice that 1f we can’ elimlnate poss1b111ty 4, then.all other
R fposs1b111t1es are cause~and effect eXplanatlons bf some sort.

“-'The ch1 square procedure allows us to calculate how often a

R chance ccurrence would produce a pattern llke th1s.-
) «

T expected frequenc1es in the table are calculated in the :
-standard way.ﬁ We assume (for the sake of comparlson) ‘that eachawf/
. BRAND" PREFERENCE subgroup is a random sample of the total q;oup
olwlth respect to TASTE PREFERENCE. ?or example,#COKE taste pref-

. erence'had'a relative frequency of .60 for the entire group, This -
@f:Ls found by d1v1d1ng the number in the upper rnght box (30) by the::
.!'total number of subjects (56) A The expected frequency of Coke ‘

taste preference in a random subgroup of 30 would be (. 6)(30) or
.. 18 (upper left box).. Other expected frequencies are calculated
| ‘s1mllarly ’ o

1 ]
&

L f.' ) Wlthout ‘even calculatlng x2 we can see that it would be ?ulte
‘H,“"llarge, correspondlng to a p < Ol. In other words, the pattern
- of dbserved?frequen01es ‘in. thlS table ‘would. be a very rare random
'event. In fact the probablllty is so0 small that we will neglect/
"the possibllxty that the pattern is a chance occurrence and assume
-that sbme sort of a cause—and*effect explanation is responslble '

33-3 The C01n Fllppers.

'fi Elmo s Pudworthy High School ‘Biomed class attempted to admln-'
' 1ster the Cola Act1v1ty to the Home Economlcs class.‘ Unfortunately
they ran into some - pyoblems. EVery°student in the. class clalmed
‘that he or she llked Coke or. Pepsi equally. well Not a s1ngle . ,
student could de01de whether he llked Coke or Pep51 better. Thls-/.ih'“
stopped prqgress Nobody was: allowed %o taste the drlnks untll he f
o Astated a brand . preference At last Elmo had a brllllant (?) idea.
-K»" dHe suggested that each student flip a 001n to de01de‘on a brand’ .
\ preference. All agreed that thfs waf an: acceptable solutlon .-The,’“




't;/;f ”'"table helow is a record of the Home Economlcs class' data.‘;

VAR ;p\v B o ‘ ":7"'_ BRAND PREFERENC‘
L g R
A . " coke ~ PEPST "

'-f:' S - 7 ymEADS) (matLe) - v

w f,COKE. | 6(15) g(10) | 5g

oAsTE- . | - | R
| PRﬁFERBNCE PEPST :.14(15),. ll(10) a5 |
iR S

4‘\_- B qTso -

There is’ more 1nformat10n in- thlS table and 1t w111 probably .

'take a 11ttle study to 1nterpret 1t correctly

h"QUEQTION 1.

R How~many students sa1d they preferred the ‘COKE BRAND? (Or,
hequlvalently, How many students got "HEADS"(ﬂlthe fllp of the 001n?)

SR A,-ANSWER. _'_ ?7' s j- R i,;' S _p 3 .} - .'3.,-)-
. c 30, whlch is found at the bottom of the COKE ~HEADS column._
Of the- 30 in ‘*this group not all students chose a single @ste
. In fact 16 preferred the COKE. TASTE and 14 preferred the PEPSI

' TASTE -

©w -

B . . . L o i . A
»~ . ., . .
. C.
v

C. How many students preferred the taste of Pep51?

) QUESTION 2

ANSWER A _
25 whlch 1s found at the r;ght of the PEPSI TASTE row.

| Also notice. that 14 of. these were 1n the heads group and] 11 1n ;[
'the talls group S o 'j_=' _:“, T g

.;’_
v

It is- 1mportant to ﬁote that Elmo S solutlon produced randomly

. selected BRAND PREFERENCE subgroups._ Therefore, the pattern of - '
T;observed frequenc1es in the table is-a true random event. hNowmﬂ
"-x{n_notice that' the observedugnd exp%cted frequenc1es do not agree

exaqtky, although they Afe close.aﬂThls 1s a common . random pattern.-
«(Rec 11- our earller 001n-dump1ng act1v1ty . Even though 8 heads '
~was the expected number of heads for a trlal 1nvolv1ng 16 c01ns,
'.(we actually got exactly 8 heads less than a fifth ofjthe tlme )

R : . S R LT -
S e o - R 4T‘_v\ FEEER
';a. Dt) ‘
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VT When we determlne p for th1s table, we'w1ll be calculatlng_‘_”f' - "
‘how. often randomly produced tables Will h&ve xz values as Harge P B
. for larger than the. xz for th1s table.;“T - L N B

Wlthout going through the detalls of xz calculation'yOu should e

h'by now expect xz to be small because the dlfferences between ob- - : \\§<

'fserved and expected frequencles are smalf Small,xz's correspond

- Eo large probabllltles., In fact xz = ,083 and p = 93,_ Thls -"

means that 93 out of 100 tables produced 1n exactly the same way -

-'would h ve x2

values thlS large or larger. In. other words, it
. is, very common for randomly produced tables to ‘have xz valueishich

- are - larger., ;'Af'uf “_ A I .. ,:_ L

33 4 Looking Back--Looklng Forward -érﬂ~_l ff-'l-'e R

We have just examlned two extreme x2 tables. The first one

l

. was for .a group of students who knew defi 1tely which brand they TV

preferred and’ who later were. able to cho se, w1thout a s1ngle : j

guerror, the taste of the brand they had P ev1ously stated We also

found that this. table had a larger xz a p -< Ol Such a small/

" ? implies that it is. very unllkely th t th1s table could have/

_occurred as a result of a random procesgs. Therefore, 1f we examlned

" the table and then clalmed, "The .students of Oracle ngh School

prefer the taste of the1r prev1ousLyistated brand preference s
then no one could turn around and agree that the results could ;
fjust as eaS1ly have happened by chance. e o

_ -{_ .

The second contlngency\table was for .a gioup of students who - o

e had no, predlsp051t10n to prefer elther brand When forced to

'_make a braqd—preference ch01ce, they fllpped a c01n. This- produced

-7§a tablée in Whlch\there was llttle dlsagreement bétween observed -

;and equpted frequenc1es and, consequently, 'a low xz  For th1s_ ':--‘bl._
iAtable P was‘ 93 Wthh 1mp11es that the observed pattern is alsp > v
o dxﬂV : _
- ‘calculate x and fi d p for the Cola Act1V1ty results
| e flndlng out how often dev1at10ns

a common rar dom event




”lhad brand pre

"' i . . R ) (. : .
\ . s Tt ‘ “ -
A L v - .

..A o . A-/

__In otherfword ’ you w1ll be- calculatlnd'how often de&matlons as

'5large or larg x -than those actually observed could have happened

rences been chosen ny a Eandom method such as a
coin flﬂp or q e. roll of a dle. Stated Stlll another way, you"
will presume a random method of brand*preference selectlon and

"then see whet er p. is }ow or hlghy/wlf P <. .05, as it was for the

A3

' /Mhlch coul

:_Oracle ngh S
;fln the table/

!

hool contlngency ‘table, then we say that the pattern

departs s1gn1f1cant1y from common random patterns."

o se that you determlne ap > .05 for’ the table wh1ch re--”
sults friom your own Cola Act1v1ty The meaning is stralghtforward
' Tﬂe dep'rture from common random patterns is_not significant. You
| must conclude that your clLss as a whole ‘could. just, as. eAElly have'ﬁ
“fgotten the results by some rand thod ‘of BRAND EFERENCE selec-.

._tlon, similar to the method the Home Economlcs class used There--'

fore, you must conclude ‘that taste 1s not a major factor in brand
_prefe Fnce for your- test group Th1s conc1u51on quite naturally
. raise lthe question, "If brand preferences aren't related to

taste,| what (1£ anythlng) 1s?

ecall that the colas are nearly 1dent1cal in their sense- :
relate characterlstlcs. Therefore, 1t is reasonable;to ask
fwhethe
pressu e, 3dvert1s1ng and so forth

brand preference 1s related to other 1nfluences 11ke peer

-33 6 What Can Be Concluded 1f p < . 5_;'

| SuApose p < .05; can it then be toncluded that there 1s a
cause-ang-effect relatlon between TASTE PREFERENCE and BRAND .
PREFEREN E? In other words, can we. conclude that a pattern ap- '

fproachlng the Oracle High- School pattern is being oObserved? It -

' would cer'alnly be convenlent -if “this were true. Unfortunately,
P < 05 does not necessarlly 1mp1y a cause-and-effect type .of
explanatlo because of another unllkely (but poss1b1e) pattern

'ﬁ.a

o

-also result 1n_1owlprobab11;t1es.'




3

: -would’result in\h\zh x2 and low p. We w1ll call th1s pattern

" the one 1n which brAnd and taste preferences agreed perfectly,

- whlch klnd of pattern 1s respons1ble for your P < -05 -For .example, - -

- b In ‘the glven example it is pos1t;ve becauSe 35.> 15.

‘cases you'll have to examlne the tables. to dlspover which boxes )_
'_represent positive: responses and§yhich represent negative Then if,

33 7 tatlg

Coniider the folIOW1ng table. - ‘f-/;//ffpf'_
L ‘ ' e BRAND PREFERENCE N
- COKE ~ .PEPSI . =~ . - M
T 'coKE-';'!- - (12.5) 1 -
 PASTE .. . . 0 2571 1 25
PREFERENCE o (12.5).|" ,(1l2.5) | E
| PEPST . | 25 ° _° il 25
- 25 - ‘|25 .50,

r -
-

Examlne tha table. What is'the pattern? It is a weird one'"“EverYr...
one who ‘said they preferred Coke chose the. Pepsi taste and the 'fwﬂ-°'
reverse. This 'is another mathematlcally possible pattern whlch \

negatlve correlat1 n We w1ll call the Oracle ngh thOOl\pattern, o ‘} .

.\-

po51t1ve correlatlon A

Fortunately there lS a 51mpleamathematlcal test to determlne -

. ) . - S . ) . . . ) . ) . . E e
. ) . .

COKE  PEPSI _ —— -

. - - .. - t \
oo - - \ ¢ T
‘coge- | 20083 | 5 (167 t |
" PEPSI l-0(15), ,._15(10) X '?:6'75, .
o S LT -
0 | 20 POl
The dlagonal from uppev left to lower rlght (CK\) represents posi; ' j : f

t1ve responses i.e. ,_COKE-COKE PEPSI PEPSI. .If the sum of the '

observed frequenc1es in thlS diagonal (20 +. 15 - 35) ‘is greater
in the. other diagonal (10 + 5 15); then a p031t1ve pat— '

tern~1s belng observed If not, then it 1sva negatlve pattern.
t R R

. For other X? tables the dlagonal rule may not work In such S

the sum . of the positive 'responses 'is greater ‘than the negative,'f;’_ S
a positive pattern is s being. observed :--_ 'ﬂ”"’l-" PRI R




53-8 p < 05 (Recomsiderea) | T AL,

CIf you d?termlne ap < 05 and the pattern gs p051t1Veb then
you- may conclude (flnally) that for the most part the people in
‘-your test group form BRAND prefeﬂknces on the. basis of TASTE
'A word,about the 51gn1f1cance [ thlS concluS1on is 1n order.
It is a finding'for'the-test-' oup. It really says nothlng about
the ab111ty of a g1ven’1nd1vr ual to recognlze ‘the taste of - L
the1r favorite cola.“'In order to answer th1s questlon for . a s1ngle

' person a dlfferent kind of/experlment is requlred For example, e
P

‘a glven person could be /épeatedly; tested. and th@ data from this ;
' actlvity analyzed R :\ s

'.'/“"

One flnal'cautlon. You may ‘be tempted to . th1nk that the con-

'_ clu51ons drawn from @gour own Cola Act1V1ty 1nvestlgatlon would '

f; ' apply: to all. possibl test groups. Unfortunately, ‘this is not.- = .
B so.: Th1s is becausd your test subjects (hlgh school students) f.l.-;”
rf gare not a random sample of the ent1re U.s. populatlon.v Inafaqt, |
they may not even be a random sample of the ent1re U. S high School
'bopulatlon. However, there is a good ¢hance that. your results gf;t;gll

“~

-may -apply to the entire populatlon of YOur own h1gh school -How ﬂrg;;V
'accurately they desCrlbe your: school depends on. how representatlve

~ of the whole school your test groups WereAI

> -

. 33 9 Endlng on a.Positive. Note"-lgf- . f" - _ =~

L, T The results of ch1 Square analys1s must be qualifled SO much

s that it is easy . to forget what chi. square can actually tell us.-_” T

1. If p ; .05, the assumptlon of any sort of cause- -and- ef?Lct -
relatlonshlp isg unjustlfled - S ; ,-'_*;,rj o o
.732} p < 05 suggests some k1nd of a ecause- andbeffect explanatlon..

\

" - j'-,_

L . B .
" . .'.. ’ - '
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Questlons l through 5 refer ‘to the follow1ng table. ,

] L N

f.;;fﬂ'iﬂfr .7.3-; SR " BRAND PREFERENCE

.o g T COKE . PEBSI TOTAL

T s core < f26t )l el 30
' - PREFERENCE -~ FEPST "o 9. 1 11 " |  20¢

$ = T -

L TOTALa 135 ] 15 {50

s fy(Jl How many students préferred the TASTE of COKE'>

;EZ; How mahy students sald they preferred COKE by BRAND?
- H

'.the TASTE. of PEPSI?

- o ) 8

4. of the’ COKE BRAND- PREFERENCE group, how many preferred the
TASTE of - PEPSI? ;'-j'_,f - o

- .

7

<l
B

-d. Determlne p

°o, " e

e What can be conc:luded‘>

'ﬁg}fa; Calculate x fOr thls_table..'(Hint:s'X'% |

S ﬁﬁ?ﬁ"}é.fiif;ﬂ COKE . PEPSI .., TOTAL

TASTE -*”?.Q L
oy PREFERENCE o PERSR 6 —
: ..f:{-'.«r: L ,./ '._'.Z ",'.'{-:. R nTOTAIJ, R 35 .

Ty - s ey
. T S S N

(21)_;-}- g 30y

b, @Determlhe P , : <
. ’ é_‘:"),..«‘." Lot :
S What cah be concluded@
- # ’:. "'. \__ ) .

R R N T L R 1

PROBLEM SET 33- ﬁﬂ 2 S 715 - ‘“.'.-f-:?é-"“? o S

‘;m3. Of ‘the PEPSI BRAND—PREFERENCE group, how many actually chose.*l

’.-5.__a,. Copy the table. fﬁ,','~ S “; 5 d_:- N
Calculate the expected frequenc1es and fdll‘them 1n. L

c. Calculate x ﬁgﬁ the table._ (Hlnt:'M{_Efa”p4) R

o "fﬁe:. ﬂg'*j;j";f. - BRAND PREEERENCE r:~ VRN




. . B '4. Lt . .
. A ’ . . .

_,;-'“’1'{1Jffa,' Which table below shows a negative correlatiom? - . " .-
| A.. COKE PEPSI TOTAL ~ = B, _COKE  PEPST  TOTAL

10 | coxg h 10 | 10 | 20"

e

_GOKE |8 | 2

; ~PEPSI. Cpmpst | 25 | 15 | 40

12

“TOTAL 40 fToTAL; 35 | 25 60 |- .

b. Justlfy your answer to Part a mathematlcally.--' ”V.f LI
S '~&;_ Suppose taste: 1s not related to brand preference (p > 05).u~'

L a--.What other factors (1f any) mlght be’ o

_ "79.' The Cola Acthlty 1s de51gned so that only one factor 1s avallable-
?;K".as the ba31s for a. TASTE PREFERENCE ch01ce° ‘What is it? - .

- % . A




. YR o R | :
PROBLEM SET - 34.; ‘ -f,;-"
- Follow1ng a’ charlty luncheon there was an outbreak of nausea. :
' _ Consequently an 1nvest1gat10n was conducted to- f1nd out which '
A \food was re3pon51b1e., The results are. summarlzed in the table T
o below. I IR _._1 L
o+ .~ . -EGG SALAD ) Lo
oo e o e f L
.. ow.. . _ATE __NOT EA® . TOTAL -~ -, |
s s BY 30 gy | T = 1007
PR o an L oay e, N p < .01
| Cowor mmn | 2704 s | 4s o PR
1 “poraL. |65 | 217 | 86 |7 o T

MACARONI AND CHEESE - B e

e -~ pID - o l o,

e ATE: ' NOT Epr- . TOTAL .- . LT
"'ILL*_ (16 2> (24 8) |, 2 =212

- . _". ' . "’,.‘ 3 ; " ) - - . ~.' ‘

NoT ILL ] (17 of _§$§37.g).%§[.45 . P

. Td&AL;o' 34 “ 52 .86, o

R
.
o

A/.

S m—— e N
s .

l;- How many. people'ate egg salad and then became 111? ' | A . j',

' 2., Howfmany peOPle'ate eqqg - salad and then dld not become 111?

..

-'tjig How many people did not eat macaronl and cheese and. dld not
;become 111? I PR N T --1“

‘o 'ﬁ o : : i

o 4. ‘How. many peoble" ate macaronl and cheese and did. not becomd 111?

"5.. What assumptlon 'is“used as the basls for calculatlng the ex- i
. . Id . . -
SR pected frequenc:.es'> ; ST Co. T : - ",p

| 6, ’a. For the egg sala table, what is the probablllty of produC1ng
| 'a table with dev1at10ns as large or larger as a result of a random

-f* Subgroup selectlon procedure? . _M-ﬁ PRI "i_ o

: \
PR "b.‘ For the macaroni and cheese table, 1nterpret "p 0 U PR ‘-‘?i
S B [ . \ - + . o,

7. Which food shows the stronger p031t1ve assoc1at10n with, be-‘ :

x rcpming 1112,




8; For wh1ch food i the associatlon w1th becomlng 111 more

11kely to be attrlbu able to ghanoe?

| 9; a. If the nausea was causéd by eat1ng egg salad, how can you
account for the 20 peOple who ate’ the macaron1 and’ cheese and be-
carme 111? -;_ L -_-..‘_'_f -’"ﬁ - j'__ R
b. On the other hand notlce that 3 people who experlenced

nausea also clalmedrthaﬁﬁthey ate 'no’ egg salad ’ What mlght explaln

pe
Genetlcs is- the stud}‘pﬁﬁtransm1331on of certain characterlstlcs ild
“from parents Ho offsprlng : Many genetlcs experlments use fru1t L
flies because ‘they reproduce rapldly and therefore many generatlons
~_~“Be observed‘rn a short tlme . They also happenjto‘be easy to.

work w1th._

One propostd mechanlsm for the transm1331on of eye color in . -~

7_fru1tfllespred1cts an approx1mately equal split: between red—and'._“

:whlte eyed females for the first generatlon after a- cross between '_j~'
males and females of d;ﬁéerent colored eyes. - We w1ll treat the
results of a partlcular fruit fly experlment just a,s if they had
occurred as a result of a c01n dumplng exerc1se. Expected frequen-
c1es w1ll be calculated just as they were for the c01n-dump1ng

data !

IR Problems lO througL 14 use these data. ’
. . | ,
Red eyed females 86 | ¢
<"Wh1te~eyed females_‘ 91_ o ' o
[ Total '177 S N

& . - : N
.“10.:JThe theory predlcts a relatlve frequency of .5 for-each-color.n
Calculate the expected frequency of each color | |

'rk‘~; p ’ Copy the contlgency table and 1nsert the expected frequencies
11, wCalculate ¥ for the data. : '; T _”._'“ };':z'_ | '_}_

12, Determine p.




-”13{ Do the observéd frequencles represent sxgnlflcant dev1at10ns

Y

from common random patterns (1 e., P < 05)?

14; What does the probablllty fer this tagle 1mply about the-
. original assumptlon that each eye color is equally 11kely?

Problems 15 and 16 refer"-to ,these data. - AT N
' . .Qr
Redveyed ﬁemalgs ’ '
hWhltefeyed females - \
-/ . - -Total | _ A
_“15,'fa{'-betermine p for the table.. - . Jﬁv”

b. Do the observed dev1at10ns represent a 51gn1flclant de-”~

parture from cqmmon random patterns (i.e., p < 05)&\

- 16. - What ‘does: the probablllty for this table 1mply about the orlg-

1na1 assumptlon that red- and whlte-eyed females are equa’iy llkely?

/ ) . : . 8

/,

“Elmo's’ class’ at Pudworthy High School conducted an experlment to

'determlne whether positlve feedback 1nfluences subjects' oplnlons
- of their -own performance.' The subjects were d1v1ded into two

fgroups, an experlmental group and a cgntrol group. The experlment

S - - oA -

- was conducted in two phases. S S - LT

In the: flrst phase,_all subjects were glven a 11st of .ten non-~

'”3sense words, were told that these words were actually bionedical -

_terms with whlch they~Were not famlllar,:and were asked to guess'.
the meanlng of each term.f After guess1ng the meanlngs of: the' terms,.

" each subject was‘asked to rate h1s own performance ‘on a scale of .
.1 to. 10 Y '

R .‘..' ' .

'V-JT In the second phase, all: subjects were glven anothqr llSt of
"{yten nonsensp'words w1th the.same 1nstruct10ns.‘ Dur1ng thlS phase,
'_‘confederates of the experlmenter cxrculated among the subjects, |

./4




N

looking at'their'workh' The'confedzratesg:;efbbsitive feedback
- to experlmental subjects (1 e.,."You re d01ng pretty well. "o

"It looks:. like: you've got a knack for this kind of work "y They

samd nothlng to . the control subjects, if the control Subjects
asked\them any, questlons, the confederates made neutral remarks o
e, ges ee work1ng ") At ‘the end of e second phase, each sub- d'
ject was 949 ozh

ked to rate h1s performance the second phase, using -

) s

the same scale of l to lO.fV“

-1 After the\experlment was. conducted the experlmenters examlned
all subjects -answer sheets from both phases of the experlment,
amddetermlnedfor\each subject whether the subject 'S self-ratlng
was hﬂbher for- the second phase than for the first. phase. 'The _
results for 100 suheects (50 experlmental and 50 control) were ‘as

follows. __- N
L A
. \ -~ TREATMENT
. A exper:l.mental . . control | S
. - (9051t1ve feedback) (no feedback) | . Total |
. change in hig"her\ ' 35 P V_l'5_ ) 50 .
self-rating lower or X : : — ~T7 — - —
from first O : -~ *15 35 . 50 -
. no change \{. v . = .
i t9 seco d . s a - I s . ; o |
~ phase /? - total _ 50 - _ fr 50 g l?Ot
. . \\. - * .‘r
SR . | e
L - Ay

.Vl17° "What assumption is used as the__asis.for the~calculations of

'18.i'a. Determ1ne P for th ata. .:\_

tern in the table?

.expected frequen01es? S

b. Do the observed fr uencieS'represent.a_significant:depar4

ture from common random.pat;erns?_' S A
‘c. Is it 11kely that c'ance-alone_could'account'for'the pat-

n'. .

Y




b

_ e.’ What appears ‘to be the relatlonshlp between positive
":ffeedback and self-evaluation ratlng? SR _' NS
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.'X-l Correlation'"
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\ :

Sugar and Heart Dlsease.'

Slnce the development of antlblotlcs and 1mmunlzat}ons,4
:dlseases caused by bacterla and unrusus have declined as causes_,

1fof death in the United States.

Instead we are faced w1th dis-

'Jeases for-'whlch rt is difflcult to £ind a 51ngle cause, such as

tancer’ and heart. dlsease._

There are many. factors involved 1n

chese dlseases, S ich as - heredlty, dletary hablts, c1garette

_ _smoklng and - the RS Chologlcal state of the individual.
'V~the major projects of medlcal research is dec1d1ng Wthh factors

are most 1mportant

this, searc¢hers’

_One of

in causlng "a partlcular 111ness.- In order to do

1ook at large groups of people and try to flnd

trends

is7an'example of 5

" In order to- 9

look - at the‘table
rates per 100, 000
1n 1966

The value listed fo

EEAN

?tr correlati

' The Framingham Stugl

_ They are
rate. . Also listed is the averagz number of grams of sugar con-.

| sumed per person p r day over the years 1948- 1965 w1th the. excep-wgﬁ.

tion of Hungary for&rhlch there were 1nsuff1c1ent data before 1960

ions between certain factors and a given dlsease.- s
iy, mentloned 1n the Blomedlcal 801enCe Text, '

ich a’ stat1st1ca1 study_ .-.[";.

ot an 1dea of. how a statlstlcal study works, ~
HN the following page which lists. the death | R
people from heart d1sease4for twenty countrres B
Iisted in order from hlghest to lowest death |

Hungary is ‘an educated guess.




R '_ Average grams Sugar/ Numbef of deafhs7160f600 -1
- [ Country. |- person /day’ - . caused by heart disease
B S ~ . . (1948~ 1965) el o(1966) - s
| united'Kingdom?- SR ;130 3 / IR R ¥ 2: 9 L
B a_ﬂpenmarkfj,“'- | - ‘(123,3f 'hf | - 1 2 S :
© o oluts.al i o eTs ( . -371.2
o o Sweden - o = :.119,7_*'__-'~ R E .359,4
S/ |Finlama. | 0 L lo2.3 0 . | . .342.2
y{f' L 'Australla ool 0 1ees 338.6
S0 |mustpia | se2 1 316.8
- | neh Zealagd I IR B N 314.9
| Norway O Moz | 3Lz
|switzebgana | 118" o} 27819
.5; Hungary R P e - - f{ Q427794: B
lrtaly 0 s0w0 o p 2633 T
. 2West2Germanyv O T - o 262.1 L ﬁ‘lhf.
. |Netnerlanas . | . -119.2. R >+ %
.. Israe& R 84,5 . | co 20643 N
| 2 | 77.5 7 199.6

e 3508 v o 128.0 f

ceamst L 832

N

'Eranc
'Spaih'

TS

/| Greece

i Japanh}-

| raiwan¥, -

: When the data are represented by a graph, the relatlonshlp_;
between sugar 1ntake and heart dlsease is easier to see. . ThlS.-
graph 1s shown on. the follow1ng page

SRR [',--ﬂ- R
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y Af,'_ You may remember from @nltyl that one way of measurlng the S

_ strength of a relatlonshlp is. to see how close “the plotted p01nts.”' _
 come to formlng a stralght 11ne.f This can be'dOne'v1sually by . ;i:
draw1ng ‘a "best" straight line through the p01nts and examlnlhg N
™. the degree to whlch the pornts tend to cluster around t?ls "best" .

linet I P _
Stat1st1c1ans have a more prec1se way f d01ng much the -same .

thlng. - They- speak 1n terms of the correlatlon between two variables.

- ff' They have developed a scale for measurlng correlatlon, and- have de-"'

ﬁlned a.term called the correlatlon coeffic ent _If a graph of the
Z tly stralght line, the

data is a set of points that lie on a perf
‘correlation coeffmqient s 1 (Flgure 1). If the,set of p01nts is _”f

. - scattered comgletéiy-at randdm over the graph, the correlatlon i't

_\. : o coé%flclent 13» (F1gure 2) ' ;‘ LR

’? . A ) - . ’ ] i ,_.('

CORRELAT!QN COEFFICIEN]. 1 o CORRELAT!ON COEEFlClENT =0

~ FiGuRE 1 - . _ | FIGURE 2.
Relatlonshlps which lie somewlere between the 11near and random .

- cases w1ll have- correlatloncoeff1c1entssomewhere between 0 and 1‘\

X L Fldhres 3 and 4 show examples)

e - AR Lol e e e

‘/ | R -_: .-. - _‘ . :‘ ' . . o ...

B CORRELATION COEFFICIENT 66 CORRELAT!ON COEFFICIENT = .95
g l- o FIGURE 3 = 7 T IGURE 4 [P

R . ot R

\ 2‘26?: - }m‘;p;"im:¥¢;3;w;;m {;-ivqff:. [ ff'sl:g | pﬁ'} \;\A&'h
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¥ -l 1f the correlation coefficlent is closi to l we . say there- DL
- is a hlgh correlatlon between the variables If it is close to

'“*0 we.say there is a low correlation . Now look back at the graph

of heart dlseasé as a functlon of' sugar consumptlon. The correla-

-tlon coefflclent for that graph 1s‘ 85. ThlS 1ndicates qulte a_

strong relatlonshlp ' f_./

e .

. 8]

.dlsease? Thé answer is. no. We could just as eas1ly conclude that
"Heart d1sease causes pe0ple'to eat sugar. "6r a thlrd factor mlght
cause ‘both- 1ncreased sugar consumptlon -and heart attacks.,"To
© use a far-fetched example, we could  argue that money is such a -
._ithlrd factor : We COuld say “that m ney‘allows people to buy more -

.'sugar and that worrylng about ‘money causes hef "dlseases Based

tonly on our graph thlS . is a poss ble exp a¢i 'n. " The - correla—

'and heart dlsease are

tion demonstrates only thpt suga consump io

frelated We cannot automatically conclude’

cdme

Ehat one causes the other;

X3
To use another example, the relatlons ip between annual in-

come/and the death ratefrcm‘heamt dlsease turns out to have a cor-

*  relation coefflclent of .78, Wthh 1s,qu1te gﬁhlgh value. So both jf

.\sugan and annual 1ncome are correlated w1th heart dlsease {?Wen
_have already mentloned one fax—fetched explanatlon, namely that "'
j’;money allows people to buy more sugar and worrying about money .
' }Wcausés heart d1sease We could also put’ forthy
3tlon\that people ‘with heart dlsease develop a crav1ng for sugar
'Eand that\sugar glves people more energy to'earn more money

There are many posslble explanatlbns, some abSurd and some S,
: plaus1ble. ‘On the bas1s of: stat1st1cs alone we cannot choose |
between them To prove a cause—and-effect relatlon between,vsay
"hsugar\and heatt d1s£ase, controlled experlments are necessary
"_The‘mechanlsm by\whlch foods- cause heart disease must be speclfled

It.so happens thatx a\’nechhnlsm has been hypothes1zed to explaJ.n

"*the correlations between Supar~(and fat) consumption and heart -;.,,4

.
-

N disease. - Experimental ev1dence has been collected to support the

‘:hypptheSis. TMls is the toplc of a” later sclence sectlon.-<‘

Can we now. conclude that sugar consumptlon is a cause of heart:_,

the absurd explana-'.f
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In schence class you dlscussed the relatlonshlp between fat in-

S take and hearﬂ dlseasey

“In order to- focus on this relatlonshlp,

" . look: at the ‘table below Wthh llStS ‘the ‘death rates. per 100, 000

tipeople from heart dlsease for twenty countrres in- 1966

They are .

“ﬂllsted in . order from hlghest to lowest dea%h rate. B Also listed -
~is the average number of grams of fat in mllk eggs yand meat con- N
X Isumed per person per day from 1948 to 1965, wlth the exceptlon of]"“
- Hungary for" Wthh there were 1nsuff1c1ent data before 1960 _The L
e value listed for Hﬁngary 1s an educated guess '
) \ b " Average’ grams fat in M,E,M/’ Number of dea.ths/lOO 000, --
|.. Country ’  person /duy (19i+8-1965) caused by heart disease (1966) -
. United Kingdom | - 68,00 - ., | 378 5 .
| Demmark .« ¢ L 615 e 2373.1 o
|eusa SR © - R (e cy6 L
Sweden ' . 61.2 359.4°
Finfand 2.0 2.2
Australia” - 78.6 - ' o . .338.6 ;
Austria | ' ’4’45 o . 316.8 . »
Wew zealara | . 0.0 Y T . -3bg
! Norway i Nk o 52,9 e -&ﬂ . 301.2 - R I
_ Switzerla.nd | : 58l».6 ' ‘ ' 27/8-9 . : ﬂ
Hungary . , .3é' . S '277éh4- f.i-;.n
| 1tay o o 20.1 263.3. - . .
. West‘German‘y . 4. f»'.',,_ 4' 43.3 Co262.1 SR
PRI Netherlands T ks 21,7 -
" :Israel .+ 25.3 . ,206.3 .
France - ;_ %1.0- 199.6 .
., | Spain o167 " 130.5+ !
| creece. . 19.6 ) 128.0
1.

~Japan’

' TaiWan :

U6

153
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e . . A . ZINN . . - e ° \‘
T, Draw a’ gﬁaph dlsplaylng the data in the table.wh f“ifh.':ﬂﬂ;t}?"ﬁjﬁntfﬁ
R Based on’ Your graph albne. does theré eeem to be an aSSOCiV o
‘fftlon between fat*rntake-and death from heart dlsease? | 1--:.€sw'f&@ff
y 5;3., Look at. all the graphs ‘in the text and. make an egucated guess
on the correlatlon coefficlent for the graph of Questmn 1.- . "ﬂ A -‘-'v; v |
.7 44." Baseq on your graph, «cah You aﬁsume that fat mt""ke Causes S
heart dlsease‘? _'"- e T
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“ v Y-l anertalntles 1n the Vltamln C Analys1s ;1?¥:;3 :

’

'L“*lft_f:ﬁ?é You W1llgshortly be 1nvolved 1n a laboratory aCtlvmty to
B measure the°ascorblc a01d coneentraﬁlon of. oraﬁge Julce.f Measure-
ment is lnvolved “in every phase of- thlS act1v1ty Involved,ln'
eVery meashrement 1s some uncertalnty.,'We w111 dlscuss how the
uncertalnty assOclated Wlth each measurement translates into an’’ _Q;

uncertalnty in the flnal result. Also,,wé Wlll dlscuss factors .
Ufconsldéred when de01d1ng on an: estlmated unoertalnty.

el

“?ﬂ‘The Sﬁa_f.xlf‘scorblc A01d Solutlon -ff.w:'*"tf 'f37':$h

= 5 ﬁ;rlendlx laboratory ass1$tant, will prepare ‘a
a stahdard ascorblc a01d solutlon. A balance will be used to. measure'p

S ggﬁ;"”iﬂ. ,01 g of a%corblc aeid Whlch w111 be transferred to a 1r11ter W
"7¥n~,3“r;volumetrlc flaSk- Then. enough water w11l be added to make, 1 liter.
.1 . -.:""';. h M"._ aj . l"/' B ~‘.' . Y ; ) 4 T ' i C

A ]

BeED T ‘”;j,f*,DART?i}- MAKING THE STANDARD SOLUTION

w g s e F e ’ ascorblc
e L T T K aCld

fo e S e :f: L i
Y P ' ——— Fill to mark
o - - B - -with ‘water '
0 X | N R b
< . ) Do . .
'-, B Y . T
A
.o A “::-: - ‘-', . .
-y B ..
. : ¥

'_ . 2, Add ascorblc acid to flask o
Ce '-and add water to mark. . e

¥

I Welgh l g ascorblc a01d o B R T S .
SR : . R v B T
SRR E— R DIAGRAM 1 ' | =

Both the balance and the volumetrmc flask contrlbute some uncertalnty

B o to the doncentratlon of v1tam1n C in:the solutlon.

1
i ) Sy P ) . . . . N ..

e L [

2

v N X
. b . . { '
s . L N L4 (
[ . '
’
KR . . . «*
’ 4, . ] ’
L ‘ L » i
- ‘ . .
268 ° o o .
. . -
. . 1 ¢ L]
'\5 - L .. ! &
n L b N Y T Oy -
...... ey




e . ‘I ;Th'h T L _ S
qpncenhta . 1.9 3 \ S ; o o
. of = | ._—6——3__:; o e T Y
Ascorblc Adid o 1000mlL e e
oo W - : ' S .
. S _.,I. . _j.’_ 'Vblumetrlc FlaS? T
Slnce t!e cpncentrathn is a quotlent, .the' relative uncerta1nt1e5:=

of the two measuremenﬁs are added together to obtaln ‘the uncertalnty -

1of the concentratlon.'

‘Q

-

A >

Relatdve. -
' Uncertainty-ﬁ
- of . '
Volume P
Measurement~ﬁ

Relatave ,
- Uncertalnty
.= of
. Mass -
Measurjpent

S

Relatlve
Uncertalnty
™. 0of
L . Standard

’f I -Solutionh

A - . i

+.

~

Y-3 Standardlzing the Dx_ "J

.‘_

N In the' next: Aart of the act1v1ty you w111 use the standard
ascorblc acld solutlon to standardlze the dye. -

o JOVUREIOS S

ot

STANDARDIZING THE DYE

.'gART IT: .

s h

/"_’Y,e |

1 ml standard
- golution =

,.‘w:l .

Add 1 ml btandard : ST ff,_
solution to beaker_; :
ueen, e _ o
R VR, DIAGRAM
- \ - 3%

2,

Titrate-With_x,m1{§§"3,

dye -,'Y/ S




T

LY v o

’ %

A plpet is used to measuretl ml,of standard solution and a.

¥

- buret lS used to measure the*amohnt-of dye that w111 react w1th o

_the amount of ascorblc acid 1n the test boluclon.. The- objectlve"

AflS to flnd the converslon factor ‘between ml- dy and mg ascorbic

acid. .In ‘additidn, we. want- ascorblc acid in’ thue umerat& when -

‘we e’ through because we want the answer to 1nd1cate how much
we ar '

v1taan C- 1s in. a g1ven amount of orange julce.‘ Therefore, we

begln w1th the. concentratlon of the. gtandard ascorblc acid solu-
'.vtlon and then link up, the. remalnlng measurements so that the "mI'
st d sol'n ' L,

T " units cancel ¢ =

’

(ba}ance e

1 g ascorbig acid’

" # '1 et '
: pP1p , -

_ 1000 mg_ascorbic acid, , 1 ml st'd sol'n

43

_ 1mg ascorbic ac1d

~1000_m1_st'd sol'n '-1 g‘ascorbic acid 'x ml dye .

'Euret ;

X ml dye

.

A

“volumetric flask -~

Wy

convers1on factor—
exact

Slnce all £ the ar1thmet1c operatlons ‘are e1ther mu1t1p11catlons

"or“dIVismons, the relatlve uncertalnty of\the result is the sum
';of the relatlve uncerta1nt1es of all of’ the‘measurements 1nvolved

':Y~4 Determination of the V1tam1n C Concentratlon of)an Orange

Julce Sample

\ v
! \

»

In th1s part of ‘the act1v1ty you w111 determlne the . vqume'
;of dye that reacts«w1th the ascorblc ‘acid 1n a 1~m1 sample of «‘

3

hﬁ _

S

4’orangq ]ulce,v»The procedure is. the same as . descrlbed in Sectlon Y-3

__a_'
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o . . wn ‘D s, - . o, . . . . L - | ] .

- PART IITs _TI_&RATING ‘ORANGE JUICE SAMPLES , T
' o y o . . " .

.1 ml orange
juice. !

- - -
. A ' .
' ’
X
~1.. ndd 1 ml orange - ' o2, 'I‘itrate with v ml | . e
" juice to beaker. L dye S g . s
oL DIAGRAM 3

The amoant of. dye used Ty*m1~dyel diVided by the amount of orange

juice (1 ml 0J) is a conXer51on factor ﬁhichmean“be multiplied -f';' o
.~_aby the tonverSioﬁ factor f Section Y-3 to find the g ‘of ascorbic, o
' i aCld in 1 ml’ of orange Juice._ S = ’f- |

. »
. . ',
A . . . . . .

..

.1 mg ascorbic acid' y ml dye _ymg ascorbic acid R o
- x ml dye. : 1m10J xmlOJ '
. . A P _ . - .
}The_ uncertainty is N lP-]_Pe_t _' o
'constant apd comes R ﬁ '
~from the previous , - .- . % ¢
section. AR | / '

N £y

k4

) Once again, s1nce anl pf the arithmetic operatxOns are either' _ _
';multiplications oridivisiens, we can 'find the relative uncertainty .
.of the result by adding the relative uncertainties of the’ factors. '

. . i ‘v . -
. P ‘ . » é L T :

»




.Y-5 Finding The Relatlve Uncertaintles | a-sﬂ;l;a.k'_:'&_' :_ ;

¥ 3 .
Thq,relatlve uncertalnty of the ascorbic. ac1d concentratlon'

of orange Julce samples*depends upon the relatlve ‘uncertainties
"+ of all the’ measurementsglnvolved - Four 1nstruments were nééded

They were. T _l'“ S o
'X-a. A balance fo measurlnq 1 g ~of- ascorblc ac1d

¥

b. A volumetric flag_ for measurlng the Volume of the

standard solutlon.-"_ C - S , o __-Wy.;“,:ln'

o o A e

c. A ElEe for measur1ng l—ml samples of;ascorblc ac1d and-.

/ . . . : N

orange Julce“samples. ﬁ,»- RV S - S y\\§
| ;'d; A buret for measur1ng the amount of dye used (tw1ce)

Our task is to estimate - the relative uncertalntles assoc1ated L
w1th measurements made by each of these 1nstrument§. 0ccas1onally
the accuracy of an 1nstrument w1ll already be stated in relatlve'
T '”terms. Often, however, we will know the absolute uncertalnty and’

need to convert it to a relative: unceftalnty - Recall that relatlve

unce a1nty is the ratlo of the. absolute un ertalnty to ‘the size

of measurement, i.e., | R : ~ﬁ' S IR

' "

; RN s ) . absoluteé uncertain .
" o relative uncertainty = gy;o of measurementy (100%) v

" You should use -this formula to conVert'absolute uncertaintles"h3 .

vs—%—ffsmvigg:felatlve ones. - *"”_-. ) = -_ L N A R
3 ~ Before anyuncertalntycalculatlons can b - made, it is neces-_i'f:

Cey

- 'sary to know ‘the uncerta1nt1es of the 1nstruments used. Therefore,
" the class w111 scrut1n1ze the 1nstrument§hand arrive at ‘a comkon
' dec1s1on for the uncerta1nt1es ass001ated with each ‘hstrument. _
"To arrlve at you{ldec1s1on for the estlmate of absolute uncertalnty,'h

b

g-you will have to cons1der

{

-a. Imprec1s1on or scale readln% uncerta1nty——roughly one~

2t tenth of the smallest dlvislon.»

AY
A

-',' : "'b,. Inaccuracy-—lnformatmon about gpe 1naccuracy of your 1nstru-;
C 'jments may be obtained from -the. catalog from wh1ch they were ordered
e :5 | hccuracy .may -he referred to ‘as "tolerance" 1n¢these catalogs. '

. /&'These “two consideratlons Wlll be adequate for the flask and pipet.:




\l‘termlned Recall that tHe absolute uncertalnty of a

"’fFor the s1tuat10n deplcted in the dlagram the measure-

An estlmatlon of ! the uncertalnty for th:;’ balance'is'more comp‘li(:ateuf}
_ but has been cons1dered .earlier. Presu ably, you have al eady '
arrlved at a dec1s1on for the balance. . : - !

‘TYfG The Buret . - :,,H_ ,;. y f ii . ¥

A

Yi‘ A buret measurement 1nVolves two readlngs, one

-at the tog at the . beglnnlng of the t1trat10n and one.
_.lower doWwn’ at the flnlsh ' To flnd the amount of fIU1d
-}added the dlfference between the two readlngs is de—l =

'difference is the 'suym of . the two absolute uncertalntles.

ment would be 44.8 (u ¥ v) ml.
i 4 :
To estlmate the uncertalnty of the 1n1t1al read1ng

_ (u), we need only cons1der 1naccuracy and 1mpre01s1on.m,,
'-To estlmate the uncertainty ‘of the endpoint: ‘we also
.need to consrder the problem of seeing the endp01nt

. When excess dye 1s added to the ascorblc acid solutlon,

ﬂthe soluthn changes from colorless to falnt .pink, a- o
color changE that is difficult to see when 1t first

happens._ This" factor will have to be cons1dered 1n -

.;the est;matlon of the uncertalnty (v) of the f1na1

' readlng

- o e e e s




-2, (4.50°
3. (.702 + .8%) (100-% 1%)

4. 280 + 118 e LT R

'ﬂ f and-dlfferences. State, uncertalnty ;n absolute terms.-

.

8. (3042 % .15.ml) - _(.'2":%. 2mL) RS
9, - (28.7-% .10 ml) - A2 ml) S I
.\\ ~ . . . S . - . : . o }‘ I ‘ . B . -"‘:.‘
| o 1ol\:(17.41 t 01 g) - (3 20 i .Ol g) ‘ -
\(14 017i-'02-g);4 €123,24 ¢ 05 g) B e
| (26 497 .00 g) + . (18 203 001 g) | -
s f-13; bhe first step in the v1tam1n C act1v1ty is maklng a stand&rd
15. ascorbic acid’ solutlon. "_ ' ' .
Q 'fa,' What two measurlng 1nstruments are used ln thls step? '
gf’ b.. The ratlo of two measurement is the concentratlon of the'3lgg'
o standard solution. The (relative," absolute) uncertalnty of the .
Lo concentratlon 1s the (suﬁ product) .of . the (relatlve, absolute)
\. uncertaintles of the tWo measurements. ; t;f; o
. . ﬂ .
- 14. In the second part of thlS act1v1ty y0u\determ1ne the amount
of dye that reacts w1th l ml of standard oiutlon.
B "a;f Name the two measurlng 1nstrumen s connected with this
e * part of the act1v1ty. N e
. ‘ . W N

PROBLEM SET. Y-‘”:'\x; A e l'~--”:.]

G .
Determlne the range of uncertalntyléf each of thL fOllOWlng products
and quotlents. State hncertalnty in relatlve terms. - I

'1;_,(100 18) (.250 & 2%)

.I+

'1,5%x(lqoo 1, 2%) Lo w e

Determlne the range of uncertalnty of each of the™ follow1ng -sums~ '

7. (50.0°% .2 ml) - (30.0 £.2ml) |



.‘ v e

b. Which 1nstrument requlres you to flnd the dlfference of
two readlngs?/ '

T

_ c. For whlch instrument w1ll the absolute uncertalnty be_f*'“
,pv%u the sum of twe . absolute uncertalntles?

15.4 Suppose the balanceluusan absolute uncertalnty of Ol/g and the,ﬂ

Yblumetrlc flask has an uncertalnty of 5 ml
: 'J7a.” What is the relatlve uncertalnty of a measurement of l g?

o >

. What is the relatlve uncertalnty of a measurement of 1000 ml?

.t _- f'c.' What is the relatlve uncertalnty of. the quotlent of the.f
v two measurements? . |

, N . . . -. ]
_'ﬁ 16 ‘Before the start of a t1tratlon a buret read 3 ml At.theﬂ R
i _ L, _ SR T e
E.' endp01nt 1t read 40 3 ml _s'-'. - S S )
' ﬁ_ f a. If .each readlng has an uncertalnty of .1 ml, find the range

of uncertalnty (1n absolute termF) of the volume of flu1d delivered

';_“ - b; Find the relatlve uncertalnty (an percent) of the amount L
' of fluld dellvered _f@_‘ L : '

fl?ﬁn The d1mens1onal'algebra problem below descrlbes how- to flnd 1f

'_ the number of mg of ascorblc acld in 1 ml of orange ]Ulce.;,.;~ K :
_ (AA = Ascorblc %Cld) LlSt the measurlng 1nstrument correspondlng -
:‘h~;.to_each letter.ﬁ . . . o S . B
. W hi o , . - N
1l g AA = 103_m§_AA .1 ml st'd sol'n _ysml dye _ z. mg BA
1000 m@ st'd sol'n " 1gAA - - xmldye 1 nhTTXP~ .x ml OJ*
' _ lJl Assume the following relatlve uncertalntles for measurements
_ }d, made by each 1nstrument and calculate the relatlve uncertalnty. _
u;*f_ of the result of the dlmen91onal algeb¢a problem -of Problem 17. T e
N _" .balance - l% - 'f;;;-"'w S o ~f' ‘._”=“¢~A SN
- ‘ R 'volumetrlc- flask - ..2%;._ - : B _ .. - ._ . )
R 35_';buret -'.43 (comblned relatlve u‘certalntﬁiof 1n1t1al
‘,;' R qeadlng\and endp01nt) LR

. . : Y .
. . 3 .. ve . . LN
A . . . . . 3 . .
: iy - . . . . L
" RN . - .. A . . X :




7 SECTION z~f-ﬂvhi . ;;j'j_~f'; '5,('ff | 'ri

4

7-1 A Sample Ascorblc Acid UncertamntgﬁCalculation m77l", N

For the purpose of demonstrating a typ1cal~uneertainty cal- _
= 'eulation, we w1ll assume the follow1ng uncertainties for each of ”
‘ the measuring 1nstruments 1nvolved. . o

o balance - Ol g 35 o e f:_ o | N 03} 
_o-volumetric flask - § ml- o .. U__. ? _ o

pipet —olml v e 'l*l S
| ‘buret - .1 ml. for the 1n1tial readigg . S
1}'3" -i_': R .2 ml for the endp01nt

The dlmen51onal algebra problem Wthh links up all of the measure-
' ments will® tell us how to use the uncértaigty 1nformation to find

" the unﬁertaingy of the result T e
R ~ LET AR = ASCORBIC ACID

Ce . 8§ = STANDARD SOLUTION B R

] . : . . et | . Coles o € e ek e et
| %@lﬁnce_ | IRV plpet _ \Ega_J P ST T

o . 3 : . _ _ _ x IR -
_ ;.2 Aa_ ,{ 10" mg AA - 1 ml ss S,y ml dye, 129.6 ml OJ% ,° ¢ £ o3 03

103 w1 s . gAA - Xmldye | 1mloJ -}l oz o3 - o T

. Fyolumetric't - = . buret pipet’ e R

flask L T

. PART I~ . PART II - I _-‘PART III

. |T . -
. ) ) . . ‘ N : - T . Qv

? The result of the calculation described above w111 be the, B
'number of mg. of ascorbic aCld in a 6-oz glass of orange juice.. |
- -We are currently 1nterested in- the uncértainty of thlS result.j'
-dﬂsince all of the calculations in the formula are either multi—
plications or lelSlonS, Jit wrll be most convenient if Ehe un=-_. _i."ﬂ
icertainties are first stated in relative terms. Then”we:can JV'. |

- add’ all the’ uncertainties 1nvolved.-, o »h»h' LT,

Exampybs of the calculations of the‘relative uncertainties
'»for the balance, pipet and volumetric flask follow.'”v o

.« ' . . .

. . (2 - R | N . - .

wE . . - . ) 3 .. . R . . . ) }
: v

“-‘*The use of this rounded conver81on ‘factor 1ntroduces ac nstant epror of
(+.09%). For simplicity, we will neglect this error in opr calculations.}/

a6




BALANCE._f‘

ST 'l abgolute uncertalnty 0L ey o .
SN - size. of measurement ‘%00%?”j-1.'(190%)f o e

PIPET' o R R PR

o relat1ve uncertalnty —-1Tf (100%) . .
| o S £ T

VOLUMETRIC FLASK :

lzrelatlve uncertalnty ?:l630.(100%)4::
o = 038 o o
N . N : - . : .

ThiglleaVes only'the buret'unCertainties to convert to relative'
terms;_ To do thlS we must know somethlng about X and Y. For-_: ..
example, let - ; S o

[ U S

40,mlliThe volume of. dye that reacts wlth l ml of -_.d,i'-.
standard solutlon. "- Lo "”

Y = 15 ml (The volume of dye that reacts w1th 1 ml of

A3

A ) h ! -_‘.Flrst we w1ll cons1der the buret uncertalntYV1n Part II,
‘the standardlzatlon of the dye. Qhe total absolute uncertaljtyg:'

S of the buret measurement is the sum. of the uncerta1nt1es of he?
c two readings, or .l ml + 2 ml —/ .3 ml., Thxs trahslateS»lnto a

L4
Lw

‘ \
: frelatlve uncertalnty of 75% for x. o /?a'

E TR - )
.:_absolute uncertainty ,..ngy - +3 ML ml

Size of measurement (100%) 49 (100%)

\ B ..'--” L. '.

. ' ~"'l/ te . .-‘, : U . .= .75% ’ . ._ . ’ . \
_s,\_The_relativefuncertaintyfforly is'fduhd.kn‘atlike:faSBion} By

(. : _'. | 3y :', L - 1-5——1- (100%) 2% R “ ____A:—‘
(o NOW we haVe all the informatlon needed to calculate the ans
| bcertai Y Of the result. We Slmply add the relatlve uncertalntles _;;¢
he germs in,the dlmensiona1 algebra formula above. o AT

i
i

t

R . e . - N R
4 W , s . . ': . L T .
o ) o ':/‘\ . Lo H . . . v N . . . " N - . K rl .

.




PART I.. . ., balance . . “1.08

: : . volumetric flask . . o . .03%. - A
PART II . opipet -~ - .. L.0% . - -
. R - 'buretf(X)-";_ ,Mﬂ ',3?5%'7 : t.'; L
;,LPhkT 11T S lburetr(y)_7 L ’ «.2:0%'~'f":2.'_} .':,.m
- pipet . . .+ _1.08% l. . T
| o sTes L

ThlS result 1mplles that the true ‘number of mg of . ascorblc

'acpd in a. 6-oz glass of orange Julce could 11e at most 5.78% toi" l?

L -elther side of the calculated result, 1 e., the m}dp01nt of the._‘;
f~'.i'range of uncertalnty ' : | - e RN

- -;wﬂ-;- i If you are requlred to calculate the uncertalnty for the amounq
A of vitamin C in dlfferent kinds of orange juice, ‘you wlll be pleased

..\<~to learn that all error calculatlons are 1dentlcal except for
BN - ;7”the relative, uncertainty of,y. Thisg means ‘that for each separate _
7 ;'i”wuuncertalnty calculatlon only the relatlve uncertainty of v heeds Y
ito be recalculated then thls number cah simply-be" added to-the~ &~g«i
constant sum of the uncertalntles of .the other terms. ' ' |

/

/




