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A.gcn;gal moklel ;ldng with four 1llustrations is presented for
the consideration Qf budéotary'ccnstriintl in the setting of passing
» - scores in instruc 1 programs invqlving remedial ‘action for poor
. test performers. Budgetary constraints normally puﬁ'an upper lnnit..
‘ on. any choice g&.pasl{ng score, Given relevant information, this
. limit may b; dctermincd. Alternately, ways to assess the budgetary
conacihgncns diaociatcd with a'givcn~palling score are provided. .
-Such "information would be useful iﬁ any final decision regarding the

passi .
. pass nF score , y
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-8, INTRODUCTION . I

-~ In many instrﬁé:ionai programs, such s Individually Prescribed
Instruction (Glaser, 1968) or others of a similar nature XAtkinson,
1968; Flanagan, 1967), testing is conducted at the cpd.of avery B \
instrucsional unit to providgqéccdback to the student and/or | A

Eg in oer& that ‘eppropriate action can .Be taken. If/a student's
Q El
Oo

cher

. score is high, iq’;ay be reasonable to grant that séudcnt masfgay

, ‘ L \\¢,
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t' National Institute of Bducation;, Department of Health, Education;
‘and Welfare, Huynh Huynh, Prinéipal Investigator. ° ‘ T

s
) . B
2"" »
) ! L l'l ’ ‘ 4 ' .
Q Y . . . . 1
- ) 4 -
T = Lo 3 .

e




. low to ﬁarraﬁt mastery of the compet

_the sample space W. For the beta—binomial model 8. is thg propor-

'Q 16 the interval from O‘to 1. For the noerl test score model )
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> . ¢
of . the current unit and to alloy him to proceed to a subsequent

‘unit. On the other hand,‘'a low score may indicate that the atudeft

migh‘t benefit ‘f om some remedial action. This is also the case for
certiftcacion taating such as high school graduatidén or for minimum
competency testing as legislated in several states. Funds are
usuaily allocated for remedtation fqr students whose scores are too
Qg\ac\:ies under consideration. .
The statistical issues relating to graﬁting or denying mastery.

status have been approached by several writers, 1nd1udin’LHuynh

. (1976 1977, 1978). Most proposed schemes are by and large quote- P .

. free, 1.e., the maatery/nOnmastery decision proceas considered by. * ‘
the sriters does not take into eccount tha budgetary conseqdences ;o (
associated wikh the denigl of mastery status. If funds provided . B a

For remediation are limited, then a cohstraint will ‘have to be . ' . )
1mposed on the numbef’of‘students declared as failures (nonﬂaabers)
N ) The purpose of this paper is to demonstrate how budgetary
restrictioﬂsymay be taken into account in the process of setting
passing (mastery). scores or performance 'standards. Alternahely,
theepresentation provides ways to assess the ,budgetary conaequencai
associated with an anhitrary passing'score.h Section 2 describes
the overall framework. Illustratiopis based on the beta-binomial
gnd normal-normal test score models will be provided in subsequent

( . P
sectdons _ o ' o

’ 2. OVERALL: FRAMEWORK

. It is now assumed -that the true ability‘of a population"of ' .

sub]ects may be described by a random variable 6 which ranges in.
tion of 1téms that a subject ansvers correctly\in an item pool and’

is the Craditional true-score, (Lord & Novick, 1968) and Q fs the
entire real line. Let the pspbability density function (pdf) _of '8

be YD) . -

. 8
.
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' .
Let x be the score obtained ffom.tﬁe Administxation of an n-
) ) item test and lat f(x) and f(x|6) denote its marginal énd cond i~
tional probability density functions with'respect to 6. | '
! It shall be assumed that all subjects with test scores smaller )
than a passing (mastery) score ¢ will be denied mastery feér the - .
-.’;nstpuctional objectives covered by the test and that these subjects
F‘Qwill be provided with appropriate remedial leaxning activities. .
The rehediation is.assumed'to be so deG!ved that.1ts conclysion
will coincdde dija the magtery status which was prévioualy denied
- the student. The cost of remediation will be assumed to be a non-
K ., 1ncreasing function of iy ahd will be denoted as 6(6) Thus,
' remediation will cost less for more’ able ‘students than it will for
" less able ones. . ) .

C SN Fonsider now a subject with teue ability 6. The probability

that this person will be declared in need of remadiation 1s given
as the sum Zf(xle) -or' the integral f f(x|6)dx, with x < c. For the
.purposes of this section, the summatio’ notation will be used. It
‘follows that the (conditional) expected remedtation cost for this

" subject is ' oot T

J T Ex]0)8(e). . . .

e x<c . : e -

' ; , : _
Hence the (unconditional or margigal) expected remediation cost for

a subject drawn randomly from éhe populatidn 1is ' - o .
v(e) = o I f(x|e)s(e)p(oxdn. : N ¢ '
T x<c e _ . :
! This function is nondecreasing with respect to its argument c. Its
- lowest 11m1t is zero (when all subjedts are granted mastery status) ’ '/2

and its maximum value, Ypax ™ f §(8)p(06)de, is reached when
remediation is provided to all 8ubjetts regardless %f their test
y scores S / ‘ ' 4

Let us suppose, furthermore, that testing is to be coﬂaupted

for a total of m subjecfs and the total cost of possible remediation

cannot exceed the value B. If the pacsinh score ¢ 1s selected, then .

o — the total gxpected remediation cost will be my(c). Hence any choice
.o for ¢ must satisfy the budgetary constraint my(e) <B. Ifvy . iu§'

A

-~
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any cutoff score will be acccpt‘ble. However, 1if B < Yoax' then_
the passing score c must be 1cs§ than or equal to o yhere ¢y is R
thg highest -score satisfying the inequality

' v(c,) < B/m. | | | ‘ (2)
For discrete test scores, such as those of the binomial error model,
Incquation.(i) may be solved by computing the values of y(a) one by'

ons, starting‘with ¢ as the smallest test scorc,.dn& atopping when

) thé value N is reached For continuous test data numerical pro-

. tbe KR21 reliability coefficient as dgfincd by } . i
e Ee®) | -
21 ,n—l[l ! ] G

cedures for solving the nonlinear equation Y(cl) - /m might be

needed.™’ ‘T) ‘ o o ' '

3. "THE BETA-BINOMIAL MODEL WITH CONSTANT COSTS oo

Consider now the beta-btﬁBmial model as defined by the follow—

ing pdf's: .
.- (:)ex(l_e)n~x’ X = 0,1',...,!\ )
' : B % L
and -~ * ‘; )
‘ a-1,. . B-1 : |
8 (1-9) 0<9.<1. . ‘

B('G, B)‘ . .
The two barameters & and B may be estimated from sample data via

one of several estimation techniques such as the moment procedure

‘ot the maximum likelihood procedure. Let x and s be the sample

tept score mean and standard deviatiaoa:" In addition, let &21 be °

-~

"(In the case of a negative-021, simﬁly(replace the value computea'

from Equation (3) by any positiﬁe reliability estimate.) 'rThe moment

estimates for a and B are given as g

4
~

a= (-1 + l/azl)x T " ;o | N ‘(4)

L4

'lnd . . ] - ! . . .

B = -+ n/ct21 . ‘ P , (5)

[

" We will now focus on the simple case where a- single true pass- :

ing score (or criterion levelg\eo, separating true'masters from

’ . . 'Ll

..
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. : ’ . .
true nonmgsters, has been specified. Let the remediatién cost be

. .

congtant and equal to Yo for a true nonmaster and Y1 forie true
maat.r Thua the cost funétion is of the form

: LA 1f 6 <8 ~
: - §(8) = 9 .
\ § . le.‘f 826 . | ;

| The nonincreasing nature of §(8) 1s satisfied whene§er‘y

. Y,
_ | 1
) . The cxpcct.d remcdiation cost per studentgas shown By Equa'y
tion (1) 1s now given as i : ' '
- c-1 1 ’ '
-k n gtx~-1 . \n+8-x-1
v(e) = geapy F (x){yl fo ® (1-0) de
X=0 - ‘ o . , .
! 3 8 *
- - 0 a+x 1 n+f-x- 1 -
)ty [2 o tame ] '
or; ]
1 ¢l n :
" Y(e) = m 2 () [Y\lB(M,n-*-B-x) -
* 4 b Y
‘ : KA R ! - "
S e ) I (1-9)TE*"1g0] LA
It may be noted that the marginal bcta-binoﬁial pdf of x is given as
£(x) = (Q)B(obx,n+8-x) /B(a:,B) o ' , (6)
. and that the incdmpiete‘beth fuqctidn I(afx}n+8—x;eo) 1s defined as
. ) » : b S
. ) _
(o, mhBox;0) = f 0 6™ (1-0)™ " Laa/n (i, mr8x) .
D\ 'It follows' that N T | N
\ . AR c_l [y hel ' . R
v(e)'= T £0x)(yy + (v ~v))L(otx,mB-x506 )) . N ¢A)
x=0 . ‘ , :
The values of f(x) may be computed via the following inductive
formulae: ) N | '
“ ) 0N . Al . * ' ¢ "
r . freg-1 ¢ : 1 . -
£(0) = 7' -——-é-j— - . . (8)
. . i-l MMB l 3 ' . .- 3 .
, . and . ) ' . AR - v
- o ' ¢n-x) (atx) " L
. ‘¥ f(x‘"‘l) f(X) (}H'l) (tH-'B—x—D sy X O,'l, coe ’-n 1. . (9)
# ’ . ' ' ‘ * , ' !
' . o . . . 6 . ] .’ \
Y ; ' ] : | -,
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l ) - D' -
The following regurrence formula: on the other hand, will quicken
the gvaiuation of ‘the incomplete beta functions:
' . - : . = a4 n+g-x~1
elea Vw8 (1-90)-
| I(otxtl, mtB=2-138.)" = = (o) B(ahx, nhB-x)
. s (10)

Finnlly, as in Section 2, let B be (he maximum funds allocated

£ Corbx, mHB-x1 6 ) .

for possible remediation involving a group of m subjects, Then the
8 §r p

passing score cannot exceed the highesat integer ¢y at which .
) v(e;) < B/m.
Numerical Example 1 . . . B '

_ A maximum sum of B = $4000 has been alloéated for remediation
~in an instructionad program with m = 100 studentg " Thds B/m = $40,
* For the program under study, assume that o, = .60 and the remedia-

L 4

¢ tion costs are y_ = $150 for each student with true ability 6 < .60

LY

H

2 and Y, " $50 for students with 0 > .60. Now:suppose a‘S-iteﬁ test
is administered and the test scores yield th. ‘astimates a » 3 and
B = 2, At the paasing scores c=1, 2, 3, 4 and 5, the expected
remediat}on costs y(e) are §7.02, $19.06, $31 83, $41 25, and |
$47.19, respcctively. Since, Y(cl) < $40, it follows that c, = 3.
The-budget constraint imposes an upper limit of 3 on the passing
score. 1If 3 is used, the expected coct of rcmodiation amounts to
$3183. If the next higher passing score,‘'4, were used, the axpected
remediation cost would be 34125 over the maximum budgetod sum‘gf

C . $4000,

4. THE BETA-BINOMIAL MODEL WITH. LINEAR COSTS

Lot us suppocc now that the cost function may be written as -
6(6) - (Y ‘Yl)(l" ) + Yl’ ~D M (11)

s+ in which Yy < Y Thus the cost is a linear function of: 6. It.ig
| . C.

eqqal o Y, when 6 ¢ 0 and Yl when 6 = 1, ™

~
. Under tht bcta-binomial model as described in thc first para—
*“graph of Section 3, the axpected cost per student is given.as

TSN 3 "

.
"
[y . N .
\ i . .
.
' . ) '] - .
. - ) . . . . ’
- . .
. ‘ . re . . . .. ’ . "
o . \ ; . . . N
“ . .
. . . . . 0 +
. v
»
~
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1 it b1 1,
CY(e) = B( .8) E ( )[(Y Yl) f, “la- 8)
L
‘ + [1 . X 1(1 e) whg-x-1, }
- ' ) 1 c—~1 ' . /ﬁ(
m Z ( )[(Y Yl«)B((rPx n+g- x‘+l) + YlB((rPx MB*X)] .
‘ ' j .
. . By n5ting that . . _ . f
' b1y - EEBoX . L
\ Botx,mHBoxtl) = o Box, ahB-x) l
it may be deduced that ‘
Ye) c-r}l ( (v ~7p) (n+8-x)
. N Y(c) = _E(x) < — 4+ v : : _ s
. | ] T amow TrrorkB 1 ,
". ' c-1 . ao(n+8-x) + Yl(a+x) :
. g = ¥ f(X) ot B . (]_2)
, X=0 . .
b
As in the previous. section, the vglues of f(x) may be computed
inductively via Equat§éna (8) and (9). . o
) Numerical Example 2 . _ \,,:
' Consider the basic data of the first numerical example, namely
B/m - $40, Yo = $150, Y, - SSO a = 3, B = 2, and n.= 5 items At
. the passing scores of 1, 2, 3, 4, and 3, the expected remediation'a
‘ costs y(c) are $5.71, $18.81, $37.86, $59.29, and $78,33. Hence
v the passing score cannot exceed 3, where the maximum value of the
‘ - expected cost of remediation would amount to $3786, Had a score .
- of 4 been selecéeﬁ,:the expected cost would” have amounted’ to asg - n
« much as $5929. - = ¢ SN e .' J
Y . ; To .close thidksection, it should belmentioned chat simple . v
\ ' o expressions for y(c) such as the one of Equation C12) may be worked '

out for all cost functions &(8) .which can be represented as infe-

C gfal polynomials of 6. K AR . )
"

5. THE BIVARLATE NORMAL MODEL WITH CONSTANT COSTS

Now consider the case where the‘true score 6 and the observed
¢ vy

score x*are jointly dihtributed according to a bivariate normal




e

Ne .

L

-

\‘.

" other words,:

8 L HUY NH

A
. y
[y

¢ .
distribugion. Without any loss of generality, it may be assumed

'thﬁp x 18 in 1its standardized form with zero mean and upit variance.

» - ’.
Let p be the reliability of thevtest for the normal population of
. '

subjects under consideration. The true séore 0 has. a mean of zero,

'a standard deviation of /— and a correlation of /* with_the tegt

f

score X. The joint pdf of x and 6 18 - .
1 1,2
f(x,8) = ——F i exp - (x* - 2x6 +-—r{l/ (13)
2 }p(l_p) 2(1 Q) . \

o

As in Section 3, it will be assumed that the cost functfon
§(6) 1is constant, taking the values of Y, for 0 < 0, and the valu€
of Yq for 6 > 60. It follows from Equation (1) that at any passing
score ¢, the remediation cost for a subject drawn randomly from

< -~

the population is expected to be

) ' C _ -
y(e) =, f° [0 £(x,0)dedx +-yl jc fi £(x,0)dodx -

. . —-® oo 0

- Ylpr(x <¢) + (y -¥;) N j f(x,e)dedx (lé)

-0 - . o

' The maximum pgssing score ¢, satisfies the equation v(ey ) = B/m.

This value of c, exists.as long as B < Yoax where

v *

1

” . A} - * .-
-’ Y YoPr(O XS Gb) + ylPr(Olz 00). .

. 'max
_.Solutions may be found via numerical procedures such as the

Newton dterative solution for nonlinear equations. To apply this

technique, it may be noted that the derivative of y(c) with respect
i

to ¢ 1is

L)
4

. . 6
Y'ﬂ?) = YlfN(c) + (Yo-be I'o f(c,0)d6

™

T~ b

whege fN(.) denétés the pdf of x (the unit normal variable). In

L) »

. 2 » - . ,
%N(c) 1 o~ C 72 !
. T ¢
It may also be noted that o ’ Q9 ‘
0 > '
] _ . ¢
L ,
N * N N\ -

’4
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)

-pc
60 o)

6 " )
[ ° £(c,0)de = £4(0) - Fyl=
-0 . . . /p— 02
Wherc F ( § is the (cumulative) distribution fuhnction ef the unit

-

normhl variable
- In summary, ' | -
N R s ' o
v - ] -

Y'(e) = £.(e) Iy + (v -v))Fy :7j:%_ . , (15)

g . . Lo e .
Both vy(c).and ¥y (c) may be evnluated via computer programs such as
those described in the IMSL (1977) They may alao be obtained by -

use of appropriate tables for the univariate and bivariat, normal
distributions :

) . A

!hmmujtgl Example 3

Let the parameters defifing the problem be p = .64, 8 = 1,
- $150, Y- $50, and B/m = $40. Numerical procedure yields the
maximum standardized passing score ¢, = -.475. 1If the ted% scores .
‘have a mean of "50 and a atandatd deviation of 20, then the passing

score cannot exceed 40.5.. ' a e

/

6. THE BIVARIATE NORMAL MODEL © o
WITH NORMAL-OGIVE COST |

Now consider the case where the cost function 6(8) is of the

form

‘ e—ekl .
o . :
s<e)\<yfvl [ FN.{ . } +v de)
» whérae, as before, F (.) represents the distribution function of the

unit normal variable In . the context of decision’ theory, expres-

sions simglar to thoge of Equatian (16) have been, proposed as

Coutility functions (e.g., Lindley, 1976, and Novick and Lindley, .

1978). As in the case of the'betg~bihomial model with linear costs,
Y, and }1 represent the~remgdiation'e6§ts ‘associated with the least
able (6'--«9 and the most able (6 = +2) gubjects. On the other .

_ hand, the parameter eoris the locatidn ht which the cost 13.._\/

<

. :’ i_:' " I ‘ | : fl‘) ‘ ‘ ' i

3
+¥

—
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(Y0+Yl)/2;and“{/o indicgtes the extent to which 8(8) decreases at
this location.

The expected remediatioh cost y(c) may now be written as-

' c 4w
Cv(e) = [ £(%,8)8(8)dedx
S~ - - s ’ x
C .
- Y Prix <) - (v,~Y{) {w (x) £ (x)dx oan.

where

oo " le-8
, ¢(g) - Im £(8|x)Fy|— °l4e.

The conditional pdf £(6|x) 1is given as
! ‘ _ 2 . ‘ ”
£(6]x) = S — exp [- égz%§%yl. N
v2mp (1-p)

. It follows that

s

7

U | o 2
o N2 6 (t-6 )
$(x) = 1 f xp l— 52?%§27] | exp r'—f——%—w dt}de.
l‘ZnOJp(l-p 00 LePlTR) ) e 26 3
It should bénoted that the expression
. 12 (-8 )
1 exp |- (6-p%)~ _ o _
270V (1-) S e .
acts as cho'joint pdf of two indepandent normal randém_variables ]

hnd t with means px and 80, and with variances p(1-p) and 02. d

Now let us introduce the new random variable u = 8 - t for
which the mean is px - 60 and the variance is p - p2;+ 02. Since
the condition t < 6 1is equivalent to u > 0, it follows-that ¢(x)

~

may be expiessad simply as
. e . ’ .

o) =.f, | 8g,(0,u)80du, , ~ .
where geu(b,u) is the bivariate normal pdf of 6 and u. Hence

$(x) = Pe(u> 0) =1 = Pr(u<0) PO

or [ >



wtth this new expression for ¢(x), the expected remediatign
cost as dcfined in Eqpation (17) may he written as

The 1ntegral ound 1n Equation (19) may be writcen aa

¢ h(x) '
2(e) = {.J £ (W) £, (x) dwdx,,

'-oo...

‘where h(x) & (-px+ )/,/ ,p-’-+o2-, and f (.~) 13 again the pdf.'df a unit

normal variable.. Let ’ ‘ i .

v e - h(x) -w + (px-e )/¢p—p +o e  5 FQgﬂg?J

e

Then x and v follow a joint bivariate nonmal pdf g <x43), with.’

u =0, *

means, v%fian\is, and-correlation given, respectively, as e
x

= -9 //p pz+o ‘ ’ | -

-1, . , Coo (20

= (pto )/(o-oz+o ),

. s _
piv - p//g:gf. | g

Hence the integrai Z(c) takes a simpler formw given as
. . . . . - ; .

z(c) = j f 8. (x,v{?vdx,

00 w-®

<,N KN<

and

-

.

and the expected remediation cost y(c)'may.be written as ’

-

cy(c) = YlPr(x < c) + (y yl) I [ 8oy (x,v)dvdx. (21)*

o
-0 =00

The numerical values of y(c) may be tomputed. via tables or

_comﬁdfii programs dealing with the univariate and bivariate normal

distributions. .- ‘ .

- 12 L Y

[
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\ f Nﬁmer;qal procedures such as Epe‘Newton‘iteration process may
A . be used to splve the equation () = B/m. The derivative of y(%¢)
y . wlth” respect‘to c, from Eqﬂhtion (19) is found to be .-

. o . ‘ " ¢ S . ao pc - . .
o - 1' () "f (c) 71 + (v, Yl)F t‘—*———f1 - o (22)
;" 'i T A;; : p— 02+o2

It may be noted that by taking 02 = 0, éqgftioné (19)'and'(22)
of this sectien will reduce to Equatiens (14) and (15) of Section 5.
This is expected since the normal—ogive cost fuqction 6(6) as .
defined in¢(16) will degénerate into the constant cost fundtion of
Section 5 when 02 tends to zero. Finally, the maximum expectedd
remediation cost (per random subject) may be deduced from Equation
(21) by letting ¢ = 4w, 9& is

S
Yy = vy F (v ovy)F 1. ‘ - @Y

m 1 o) N| %I y
* : p+02 ' *

Numerical Example 4

Let the parameters of the problem be p = .64, 6 =1, 0= 2,

Yo " $150, Y1 = $50, and B/m = $40. The Newton 1teration procedure
for aolving the equation y(cl) = B/m yields the solution c, = - . 362.
If the test scores have a mean df 50 and a standard deviation of 20,
then the teat passing score cannot exceed 42.76.

7. SOME CONCLUDING REMARKS

\\

. In this paper a general model along with four separate 111us-

- . trations is provided for the consideration of budge@hry constraints
in the setting of passing scores in instructional programs involv-
ing remediation for‘subjects with poor test performance. The

/// . 11lustrations.are not meant to be exhaustive. Budgetary constraints

normally impose a limit on the number of students allowed to take
a0

w

remedial le;fning activities "and, hence, restrict the 'range in
which a choice for the passing score is to be made, The paper also
provides ways to assess the budgetary requirement associated with
each passing score. This information would be a factor in deci-

- : sions regarding passing scores and budgets for remediation.

0 13 -




BUDGETARY CONSIDERATION ' | 13

¥
BIBLIOGRAPHY .

Atkinson, R. C. (i968). " Computer-based instrucgion in initial'

~ .reading. Proceedings of the 1967 Invitational Conference on
Testing Problems. Princeton, New Jersey: ﬁfucational Testing
Service. - N ? '
N -

< \ Flanagan, J. ¢. ‘(1967). Functional education for the seventies.

ghi Delta Kgppan 49, 27-32. . N, ’

. .Giaser, R. (1968). Adapting the elementary school curriculum to

] individual performahce. Proceedings of the 1967 Invitational

J ] Conference on Testing Problems. Princeton, New Jersey: Educa-
cational Testing Service. ' B

’

Huynh, H. (1976). Statistical consideration of mastery scores.
Psychometrika 41, 6%-78,

¢

'Huynh, H. (197?). Two simple classes of masfery scores based on
* the beta-binomial model. Psychometrika 42, 601-608.

Huynh, H. (1978). A nonrandomized minimax solution for mastery
scores in the binomial error model. Research Memorandum 78-2,
© qPublication Series in Mastery Testing. Umiversity of South
%'Carolina College of Education.

~ IMSL Library 1 (197f). Houston: International Mathematicalﬂand
Statistical Libraries. t -
. ) . | : ‘
Lindley, D. V. (1976). A class of utility functioms. Annals of
Statistics 4, 1-10. .

. Lord, F.-M.r&'Noviék; M. R._(1968): Statistical theories of mental
test scores. Reading, Massachusetts: Add§son-Wesley Publishing
Company. . :

~

Novick, M. R. & Lindley, D. V. (1978).: The use of more realistic
utility functions in educational applications. Journal of
Educational Measurement 15, 181-191.

ACKNOWLEDGEMENT
This work was performed pursuant to Grant NIE-G-78-0087 with the

. National Institute of Education, Department of Health, Education,
- and Welfare, Huynh Huynh, Principgl Investigator. Points of view or
opinionas stated do not neccessarily reflect NIE yositions or policy
- and no endorsement should be inferred.: The editorial assistance of"
/ Joseph C. Saunders and Anthony J. Nitko are gratefully acknowledged.

’_ / - l i N




