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ABSTRACT .

A. general mo el along with four illustrations is presenttd for

the consideration f budgetary constraints in the totting of passing

scores in instruc 1 programs invqlving remedial action for poor

test performers; Biidgetars constraints normally put an upper limit

on.any choice ct.passing score. Given relevant information% this

limit may be determined. Alternately, ways to assess the budgetary

consequences alsociated with a given-passing score are provided. .

Such'information would be useful in any final decision rAgarding the

passing score.s

'IS. INTRODUCTION,

In many instructional programs, such es Individually 'Prescribed

Instruction (Glaeir, 1968) or others of a similar nature 4(Atkinson,
.

1968; Flanagan, 1967), testing is conducted at the end ,of every

instructional unit ro providf 4!eedback to the srudent ind/or
,

in oriiir that-oppropriate action can:de taken. If a student's st
/

score is higkr, igemay be reesona6le to grant that st*udent mas.tery

4 1 li
. a 14),.1 '

Thilwork was'performed pursuant to GranteNo. NZE7G-78-0087 with ,h*
National Institute of Education) Department cif Nea(Ith, Educition;
and Piel.fare, Nuynh Nuynh, Prindipal Inc;estigater,.
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of,the current Unit and tO allot; 'him to proceed to a subsequent
A

'unit. On the other hand,'a low score may indicate that the studeht
b

migHt benefit
qr

-from some remedial action. This is also the case for
t

certification fasting such as high school graduatidn or for minimum

competency tedting as legislated in several states. Funds are

usually allocated for 4p/med1at1onf r students whose scores 4re too

lbw to warrant mastery of the:compet cies under consideration.

The statistical ilisues relating to graiiting Or denying mastery

status have been approached by several writers,'indludintHuynh

..(1976, 1977, 1978). Most prOposed schemes _are by .and large quote-
,

, free, i.e, the mastery /nonmastery decision process considered by4

the writers does not take into account the budgetary consequences

associated wiel the denial of mastery sta tus. If funds provided' .

I

for rimediation are limited, then a constraint willhave to be

imposed,on the numberooflstudents declared as failures (nond lasters).

The purpose of this .0apei is to demonstrate,how budgeEary
( ,I

restrictionsvmay be takpn into account in the process of secting

pasting (mastery) .scores or performance:standards. -Alternaltely,

theepresentation provides, ways to assess the budgetary consequences'
a

fssociated with ati arbitrary passing score., $ection 2 describes

the overall framework. Illustrations based on the beta-binomial

4nd normal-noimal test score modelsvwila be provided in subsequent
.

.

sections.

2. OVEhALLFRAMEWORK

,It is now astumed.that the true abilityeof &

4 sullects maY1 be described by a random variable 0 which ranges in.
. ' V

the sampLe space n. For the beta-binomial model, %is th, propor-
. . .

.

tion of items that a subject answers correctly\in an item pool ahdr

A I/ the interval frompto 1.- For the: normil tesescore'model, 0

is the fraditional true'score, (Lord & Ndvfck, 1968) and Q ba the

entire real line. Let the'pi.ipbabiliiy denity function (pdf).of,0

bt pre) .\

S.

e.

4

0
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BUDGETARY CONSIDERATION 3.

Let x he the score obtained from. the AdministKation of an n-

item teet and let f(x) and f(xle) denote its marginal and condi-
.

tional probability density functions with'i-espect to A.

1 It shall be assumed that all subjects with iest scores smaller

Yit an a passing (mastery) score c will be denied mastery fer the

.iinstructional objectives covered by the test and that these subjects

.0will be provided with appropriate remedial learning activities.

the retaediation is assumed'to be so deA,Ised thatelts conclusion

.will coinade Wi the maptery status which was previously denied

the student. The colt of remediaiion will be assuriled to be a non-
. . ,.

increasing function of p ahd will be denoted as 6(0). Thus,
,

remediation will cost less for more'able students than it will for

less able ones.

Fonsider now a subject.with OrUe ability.O. The probability 0

that this person will be declared in need of reMediationis given

as the'sum Ef(xlfi) ..or' the integral f f(xle)dx, with x < c. For the

purposes of this section, the summed" notation will be used. It

follows that the (conditional) expected remediation cost for this

subject is '

E f(xl 6)6(0) . .

x<c ,

Hence the (unconditional or marginal) expected rekediatioh cost.for

'a subject drawn.randoilly from the population is

y(c) f2 E f(xle)6(e)p(Ode. (1)

x<c

This function is nondecreasing with respect to it's argument c. ,Its

lOwest limit is zero (when all subjeCts are granted mastery statue) .

and its maximum vplue, yma
x

6(e)p(e)de, is reached when

remediation is provided to all lubjetts regardlesstf their test

pcores.

Let us suppose, furthermore, that testing is to be coriducted

for a total of m subjects and the total cost of possible remediation

cannot exceed the value B. If the passing score c is seleAtedt then.

the total expected remediation cost will be my(c)_. Hence any:Choice

for c must satiSfy the budgetary consttaint rny(c) < B. If y < B,
max

e

4
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any cutoff score will be accepttble. However,
if B < Ymax,

then

the passing score c must be less than or equal to cl, vipers c, is
Ars.

the highestlicore satisfying the inequality

y(c1) < B/m- (2)

For discrete test scores, such as those of the binomial.error

Inequation (2) may be solved .by computing the valties of y(a) one by

opt, starting4with c as the smallest test score,.and stopping when

the value c
1

is reached. For continuous test data, numerical, pro-
%

cedures for solving.the nonlinear equation' y(c1) 44m might be

needed.%. t.

3.1, THE BETA-BINOIcAL.MODEL WITH COkSTANT COSTS

Consider now the beta-bih-amial model as defined bY the follow-

ing pdf's1

inNextl-con-x, xxx, %

and:,

ea-1
8-1

, o < CE0 < 1.

ea.

The two aramete rs a and 8 may be estimated from.sample data via -

one OT everal eiiimation techniques such as the aloment procedure

4
ot the maximum likelihood procedure. Lot 7c. and s be the sample

teat score mean and standard deviatioot-e` In addition, let a21 be is

.
the KR21 reliability coefficient aa defined by-
%

4

n (1n x(n-2x)1

21 .n-1
ns )

(3)

j (In the case of a negative- a21, simply replace the value computed'

from' Equation (1) by any positilie,.reliability estimate.) ,The moment
.

estimates for a.and 0 are given as

a . (-1 + I/a21)x

-and

1

/

A
%

'(4) ,

(5)

We will now focus on the simple case where a-single true pass-
.

)1X
ing score.(or criterion leve1k0 , separating true'masters from
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4

true nonmesters; )las been specified. let the remediatión cosi be

constant and equal to y for a true nonmaster and yi for$.true
a. o.

master. Thus the cost funttion is of the form

y, if 6 < 6

4

Y iX '.61 o

The nonincreisifig nature of d(6) is satisfied Whenever' yo > yl.

The expected remediation cost'per etudentoss shoyn 14 Equal
\N,

, tion (1) is ndw giVen as .

as

OX

c -1 1

y(c) E (x) (yi foo1
6
cr+x -1(1-on+S -x -1

de
x7o

y 1o 0' 6

6
o

(1-6)
4

1 S-1 n
y(c)

B(060)
E ( )(y B(m+x,n+13-x).

x 1
. xao

f et+x-1- n+p-x-1
4

j0
It may bp noted that the margi.nal beta-binomial pdf of x is given as

f(x) (:)B(a+x,n+0-x)/E(a,$) (6)

and that the incomplete betk fulIcticin T(a+101+6-x;6 0) is defined as
#

c-r
6

I(ct+x,n+13-x;e f
O
° e'+'-iti-on÷s'idleplot+x,t1+13-x).

It follows'thaht

4 c 1

Y(c)-'n E f(x)(y
1

+ (y -y6I(m+X,n+S-x;60)).,x.D. °I
The values of f(x). may be computed via the following indActlye

formalae:

and

f (0) ir

n+a+S-1
6 (8)'

, p.

,

.-

f(x+15 f(x) (J.7,-)1L(.:!:?.]:5, 0,1,...,n -1.

s

(9).



;

MTN NH

,

The following reourrence formula, on the other hand, will quicken

the evaluation of'the incomplete beta functions:

a+x n4-0-x-1
e

-

I(a+x+1,n+B-x-1;0
'04-x)B(0114-x,n+13-x) k4I(a+x,n+B-x; eo)

Finally, as inSection 2, let B be qhe maximum funds allocated

for possible rpmediation involving a goup of m subjects. Then the .

passing score cannot exceed the highest integer cl at. which
\ ,

y(c
1
) :< B/m.-

Numerical Exaiple 1

A maximum sum of B $4000 has been lloCated for yemediation
.

in an instructional program with m 100 student!. Thus B/m $40.

For the program under study, assume that Bo .60 and the remedia-

tion costs are y
o

$i50 for each student with true agility .60

and yi m.$50 for students With 9 > .60. Nowisuppose a 5-ritele,test

is administered and the test scores yield the estimates a 3 and

a - 2. At the passing scbres c 14 2, 3, 4, and 5, the expected

remediatyin costs'y(c) are $7.02, $19.06, $31.83, $41.25, and

$47.19, respe6tive1yi.. Since, y(c1) < $40, it fellows that cl m 3.

The-budget constraint imposes an upper pat of 3 on,the passing

score. If 3 is used, the expected cost of yemodiation amounts to

$3183. If the next 'higher passing'score,*4, were used, .the expected

remediation cost would be $4125, over the maximum budgeted sum ff

$4000. :

4. THK, BETA-BINOMIAL MODEL WITIL:LINEAR COSTS

Let us supl)ose now that the cost function may be written as -

, a(e) (Y0-y1)(1-9) + Yl# ,) (11)

in ahich yi < yo. Thus the cost is a linear function of,8.. It is,

eqqal to xo when 9 ' 0 and yi when 1.
C.

-414#

Under the beta-binomial model as described in the first para-
.

graph of Section 3, the'expected cost per student ii givemas

là

t,

\
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1
c -1

y(c) E (.11.)((10-:Y1) f3:0 eirilc -1(1 -0)114-6'-x+1 -1de

ieo

1 ea+x-1(l_e)n+ B-x-lde]

J

c-1 4

e IT( c7iT E (n)1(Y
1
4B(cri-x,n+B--x+1).+ y1B(a+x,n+B-x)].

x o
.1

xwo

2y n;ting that

B(a+x,n+B-x+1) = B(a+x,n+e-x)
n+aB

it may be deduced that

c-1 (Y0-Y1)(n+8-x)
Y(c) = f f(x) . + Yi

xi=o*

c-1 .

= E f(x)

x=o

a 0(n+0-x) + y (a+x)
1

n+a+07

As in the previous.section, the values of f(x) may be,computed

inductively via EquatiOns (8) And (9).

Numerical Example 2

4

(12)

Consider the basic data of the first numerical example, namely

B/1 = $40, yt. = $150, yi = $50, a = 3, a 2, and n.= 5 items. At "

the passing sCores of 1, 2, 1, 4, and 5, tWe eXpected remediation'

costs-y(o) are $571, $18.81, $37.86, $59.29, and $78.13. Hence

the passing score cannot exceed' 3, where the maximum value of the

expected cost of remediation would amount,to $3786. Had a score
,

of 4 been selected,' the expected cost.. woulehave amounted'to as

much as $59'29. go,

To.close thid-section, it ilhould be[mentioned thaZ simpie

expressions for y(c) such as-the one of Eqdation (12) may be worked
. ,

..
out for all.cost functions d(0).whiCh can be represented as inte-

k. gral polynomials of O.

.

/
. It.

5. THE BIVARLATE NORMAL MODEL WITH CONSTANT C0ST8

Now consider,the case where the-true score 9 and the observed

score xAare faintly dibtributed according to a bivariate normal

8I.
'
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distribu;ion. Without any loss of generality, it may be assumed

that x is in its standardized form with zero mean and unit variance.

Let p be the reliability of thevtest for the normal population of

subfects under consideration. The trupeCore e has.a mean of zero,

- a standard deviation of **/-p-, and a correlation of /IT with,\the test

score x. The joint pdf of x and 0 is

1 e
2

1
1

f(x,e) a exp (
i(1-p)

(x 2x6 +

2Try/R-17-1.
(13)

As in Section 3, .it will be assumed that the.cost function

6(0) is constant, taking the values of y
o

for 6 < 6
o
and the valu .

of yi for 6 > 00. If follows from Equation (1) that at any passing

score c, thq remediation cost for a Mibject drawn randotply from

thelopulaxion is exPec4pd to be

° f(x,0)4edx + yi f° f; f(x,6)(16dx

0

= y
1
Pr(x < c).+ (y

o-y 1)
)c

reo
f(x,8)d6dx.. (14)

The maximum pas.sing score -c
1
satisfies the equation.y(c

1
) MEI'.

This value of c
1
exists.as long as B < y

max
where

y
Max

a yoPr(6 ) + y
1
Pr(6 .> 80)

Solutions may be found via numerical procedureg such as the

; Newton Iterative Aolution-%for nonlinear equations. To apply this

technique, it may be noted that the derivative of y(c) with respect

to c is .

Yls(e) Y
1
f
N
(c) + (

k

,0

-110 f.° f(c,e)de

. where fN(.) denotes the pdf of x,(the unit normal variable). In

.. .

other words,. .

._ .

.

tsl(c) 7-1/:-t:e-c-72
.

.. ;
.

.

4,

. .2v

It may also be noted th.sit S9,

lk

4
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rppcl
)
0

f(c,0)d0 f
N
(ci F

N
vp_p2

Ohere F
N
(.4 is the (cumulative) distribution fufiction ef the unit

.

notmil.yariable.

tn summary,

1
,

y'(c) Al, fN(c) yi + (yo-y1)FN \

4 40

4.1.p2

.
.

.

(15)

A-
Both y(c).and y'(c)- may be evaluated via computer programs such as

those described in the IMSL (1977). They may alSo be obtained by ,

use of appropriate tables for the uniyariate and bivartet, normal

distributions.

Numer161 Example.3

Lettheparametersdefidingtheproblembep...6.4,0_... 1,

y
o

$150, y .. $50, and B/m $40. Numerical procedure yieldi the
1

maximum.stahdardized passing sdore,g1 -.475. If the teet scores.

.have a mean of'50 and a stindard deviation of 20, then the passing
F..

score cannot exceed 40.5

form

6. THE BIVARIAtE NORMAL MODEL
14ITH NORMAL-OGIVE COST,

Now consider the case where the coat function 6(0) is of the

{1 F y (16)

'where, lila before, FN(.) represent4 the dietribution function of the

uni4 normal variable. In,the context of deciiiion'theory, expres-

sions sim;lar to those of Equation (16) haye been.proposed as

utility functions (e.g., Lindley, 1976, and Novick and Lindley,.

1978). As in the case of thebeta-binomial mOdel with linear costs,
, .

o
and y represent the'remediation.00sts associated with the least

.1

able (0 -.9 and the most able (0 +00) subjects. On the other.

hand, ttle parameter 0 0ris the location at Which the cost is

4,
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(y0+11)/2gand4f/a indicates the extent to which d(8) decreases at

this location.

.
The expected remediatioh cost y(c) may now be written as-

C +CCP V

y(e) f 5 f(1;,.6)6(6)(16dx

'"

where

..00
X

= y
o
Pr(x <.c) (y

o
-y

1
) j 4)(x)f

N
(x)dx

to,

gx) f(Olx)F
N

4 The conditional pdf f(61x) is given as

/ 1
exp

(0-px)
2

f(61x) = 21-p)i

It follows that
7,

(1)(x)

f 111'" I-.20(1-o)

(6-px) f
6 (t-6 )
exp 2t1132 dt}d6.

2Trav571-77 -co

It should 14-noted that the expression

(17),

exp 13k)
1

(8

2 (t-0 )

2i06717-715-
41010 2a

2

4, acts as the joint pdf of two independent normal random variables 6

and t with means px and 60, and with variances o(1-p) end a
2

.

/

Now let us introduce the new random variableu=6-tfor

which the mean is px .60 and the variance is 0 - p
2
+ a

2
. Sihce

the condition t < 6 is equivalent to u > 0; it follows-that qt)(x)

: may be expiessed simply as

0(*) is.fo I geu(6,u)dedu,

whirs g (-6,u) is the bivariate normal pdf of 6 and U. jience

gx) = Pr(u > 0) = 1 Pr(u < 0)

or.



1.

BUDGETARY CONSIDERATION

0(x) 1,- F -°

,

I /

ip-p2+0,2

.

(

With this new expression for (0(x), the expected remediatikn
w

.

cost as defined in Equation (17) may he written as

11

1,- (18 )

4.,

al iiY + (yo-y1)
N

fc., F

c 60- rix
f
N
(x)dx. (19)y(c) Pr(x < C

1 4-p2+02
.

.

The integral- ound in Eiluation (19) may be written as

c h#

Z(c) f j
-0 _

x)
f
N
(w)f

N
(x)dwdx,

where h(x) 46( -px+

normal variable. 'Let:
- _ .

v W.- h(x) w + (px17.0 )/47-7;17.
o

I

2 2
and f

N
(.-.) is ,again the pdf di a unit

'

Then x and v follow a joint bivariate normal pdf, g
xv

(*11),4(iith I

means, vvian es, and,:correlation given, respectively, as

u 1,

4

0 / p

X

2
a
2 '

21 - -0 4- ,

2
-Ox

2
crly. (p+7

2
)/(p -1)

2
+a

2
),

and
AI

pxv

Hence the integral Z(c) takes, a simpler ford given as

c o

Z(c) j f g' (x,v)dvdx,
xv

-m

and the eipected remediation cost y(c) may.be written as

c o

py(c) y
1
Pr(x < c) +.0

o 1) J f gxv
(xtvYdvdx..

-m
r

The.numerical values of y(c)' may be computed.via tables or

.computer programs dealing with the univariate and bivariate normal

, distributions. ,

(20)

(21).

.1

Is



12 HUYNH

Numerical procedures suCh as the Newton iteration process may .

A be used to solve the equation y(c) = B/p. The derivative.13f y(t)

t- .
Taith'reeipect, to c, from EqtratIon (19), is foubd to be

. 6.07 pg
1.

Y'(c) 'ON(0' Yl + (Yo-ii)FN . (22)

4_024.a21

.4-...;...
.

.

.

It may be noted that by taking.o2 = 0, iquationé.(19) and' (22)
1

.of this section Will reduce to,Equations (14) and (15) of Section 5.
J.'

r

lis'is expected since the nOrmal-ogive Cost function 6(0) as .

a

defined ini(16Y will degenerate into the constant cost fundtion of

. Section 5 when 0
2

tends to zero. Finally; the maximum expected

remediatiofi cost (per random subject) may be deduced from Equation .

(21) by letting c +m.

Ym Yl (Y
o
-Y

1
)FN

Numerical Example 4

00

Let the parameters of the problem be p Al .64, 0
o

= 1, a = 2,

y
o

$150, y
1

= $50, and B/m = $40. The Newton iteration procedure

for solving the equation y(c1) = B/m yields the solution cl =

If the test scores have a mean bf 50 and a standard deviation'of 20,

then the test passing-score cannot exceed 42.76.

7. SOME CONCLUDING REMARKS

In this paper a general model along, with four separate illus-

trations is provided for the consideration of budgetary constraints

in the setting of passing scores in instructional programs involv-

ing remediation for subjects with poor test performance. The

il1ustrat1ons,are not meant to be exhaustive. Budgetary constraints

normally impose a limit on the nuthber of students allowed to take
? .117

remedial learning activities...and, hence, restrict the'range in

which a choice for the passing score is to be made. The paper also

provides ways to,assesa the budgetary requirement associated with

each passing score. This information,would be a factor in deci-

sions regarding passing scores and budgets for remediation.

1 3
fr
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