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I. .SIMULTANEOUS EQUATIONS

-Consider Ae equation

Hetcp are some,pair4, of numbers that Work:.

5

15, .- 7.7

,

4

a

(Notice that (i., is included. In an eApression Xfitaining frames of dif-
ferent shapes, you .are Allowed to put the salve number in different-shaped

)

frames. In Li + you must use win bothboxes;4'for + L
yot.i mai use Zi in both box and wedge, or you may Use any othe*pair of
numbers that work.),



Complete the blanks in the table below tc,o give six different pairs of numbers
o that work it).

1

ft

4
111611111

2

Now cqnsider.both equationsrtogether:

TT]

0

'7

v sl %,5

Pt,

4

.00

!,)

()

.We can ask, "lir theie a pair pf nu beret thtt will work in botti equations at the
.1

1
same time? '1 In tbis eXample the an'sw is, yes. Te pair,(43, Z ) will work.

Us it.the only pair?)

J-16

e5

5;4



.When.a bradset is us8d to tie two or diore equations together, the
"Oanile 4iLpe, same. number". rule applies :to all the Trames in theeqttationtc.
grouped byZhe brack.et.

A,Dother exafilple:
a

Find the numbers. that work'in the following pairs of .etitiatiOns.

problems, no pair of numbers will work,.)

1

= 10

.

In one :of th









II. POINTS AND LINES IN A PLANE ."

Much of your"work in this course has Mien 'related to n,urnber lineg. We.-
*ill now extend the iliea of a number line to 'a number plane. This extension is
customarily done byhaving two number lines perpendicular to each other. This,
allows yqu to nalne points ika plane by giviTig.two numb;rs a first number
and a secondkumber. liy convention, if the first namber 4s 5 and the second

.

number is 3 , the point is:

4

Second
Number

3
2

"lb

0

rib

5,3

. 6 4

.

First
Number

It is cuetoma.ry to write 5 , 3 ) instead of mentioning firs't number alind:itecond
.r.LUMber..

J- 1 6
Is



Heie are six points. Beside each`point write its numbers.'

Second
Numbier .

s-

'

7

-4--

4

4.

.;

3- 1 6

First
Number



2,. On the following.diag'ram, the poirii (-4, 6 ). has beeh labelled,4
similar way, locate with dot,s avtd 'label thes,e points:

e

(3,5)(-3,5)

Second
Nurnher

C,

.

4.1

,
a. First

Nikrnber

A

-4- r.
r

I

4

ON,



14-

'Second
Number:

jl

r 3?

F 3,1i

ids

13 If

(4,0) 8, 9

4

, AO . z.

First
Nun'ilfter'

In or-der to rpake Our terminology clear, e shall say that tliepoint B abRIce
is halfwkfbetween A4.and E . Point G is pot halfway between eA and E be:-
cattle it is not on the line throuKh A and 4 . Only one ..of the statements,below
islalse. 'Find. it.

( a) C is bettveencl.A and p
a

-(b ) The, distance between A and C is' the &Arne as the distance between. E 44,

and C .

,Pqint E is not halfway between A and B .
A

( d )k, F is between A ' and D .

F is halfwa between s.A. mkt D .

p.
4.



N

k's

:

Is pótrit 11 halfway between A and 'C
1

Point A (=3, )

.

( 1 , 0 ).\

Second
Number

M the bottom of the page ,
comment on your anowerf

6
9

e.

First.
Number .

..7

J16

CoMment on' yDur answer:

I.

A



A.s point D ha.lfv4y betWeen E :ant? F.

Point I) ( 0, 0 )
E ( -1, 6')

( 2 , 5 )

11

0

Second
Number

7

a

t.
At the bottom of the page,
comment on your.answer.

First
Number..

. 4

12,

,1
4*

Conmient on ,your answer:

J-16



1 1Uotnt : 4 5-i )

4--

'.0Locaie with a 'clot, and label, the point
halfway between i4 and N .

Second
Number

4

A'

A

\First
5 NumberS.

-

Tell how you can be sure of your. answer Without 4ayVing.a ne or using .a
, straightedge.

- 6 *eV 13
4



. ,

7,. Here are. three points/Thi'a line. md tro other peints orf the same line
which are 'hot between any .of thi iven points.010111

.44

-

,iSeeond
/Number.

A

400

q

*First
Nurnb,er

7%

,

J-16

4



104(

8. ye;re aire two poirqs. There is.exactly one line that goes through both.
(if them. F-Ind the point on this lizie with second number -2.

44.*

5

Second
Number

'

(9-10) -

CO

,

Fi:rst
I. 3 4 5 V. 9 101 11 13. 14 15 Number

. With the fiest..nittnber 15 :

1
With th(llirst. numbe r (17 -2 :

.
1-With the first number 31-4

"

4

a.

15

17 1
2

31-1

4

15



-These, two lines are called axes:.:..
/

Second
Number

e

First
Number

!I

'01 1Every, point on either axis has 0 for onetrrits two numbers : F r xample,
these points are ,on the firSt-number axis; (31,0 ) ; *( -43 ,_0 ; 415.1,0).
(0 , 7 ) is on the second-number axis. The point (0 , 0 ) is called t1ie origin.

Find where the line going throukh the two.p6ints giVen below intergécts

10

t I

) ; (

-S
.. 4-

, r

I

Second t4gPt1/4
Number

each

-r 71 76 -4. -j '2

Fii;st
Number

.1 4 5 6

Can you bi.sure without drawing
the line or using a straightedge?

J-16



IO.. Findwhere the line going through.the two point4 'intersects each axis..
(Plot the points of intersection and giye.their numbers. )

6.

4

-Second
Niumber. .

4

r

3

- 14 44,0 .

- . I

-L-

-3

5
4

.r

A . 8

Fir st
Number

If you used a strai,ghtedge to draw the line through ( 4, 4 ) and ( L4, -8 ),
one of the points of intysection lotks something Pike ( 0 ) ( 14-1, 0 ).
Tell how yoja can be sur-e exictly what this point is.

4.0
17



i1. Point% .( -3, S ). 'Theline through point -.M and the lorigin also...
'contain .ome of.thefollowing ptints. otkpa.`:?

.41

18'

;.
Second
Number ,

Fir st
Number

.

(Hine: Four points should be checked. )

11!

J- 1 6 \



4

Se6cond.
Number

First
Number

r
1 v

are some clUes' about a point' in the plane. Find thq.point and show
it on- the',graph above.

The point lies on the line ,halfway between the tivordark

Thje fir* nurnbcr and second'nUmber of the point are both ill-
tegers:

One of the numbers is , -2 times the other number.
of°

J-16
eN

;
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Surnrnary.of Pr,oblems in the FilM/
"Graphing-Absolute Vilue Equations"

Zrid,Grade, James Ilmskell Lowell School, Watertown, Masschusetts
'Leacher: .Mrs. Marie Hermann

"Let's See, I think you all know
what these bars do."

"Who knows what the answer.to.
that is?" L.isgiven.)n-

( 5 )

"I think you're thinking of these
Y.bars. [18 1-] ThenIthe answer

2

would be 18 . But these are just
straight.bars.

IlI

iorks., Anybody know

. thing elSe that works ?"

= '26

=. 1.00

( 18 is given. )

z

( -2 below)
3

( 20, 20 below )

(Answers given:
37- bel'ow )
3

.( 105, 95 below )

o.

below, &below,.



".Now we have to find twoeumbers,
a number for..the bcpc and a number
forthe wedge so that :04,/hen you get
finished ycug 5."

(The teacher chse a student to plot the points
4

Tkie table add the graph are shown berow.)
and a student to fill ix a

(Wrong answers..given

tab l e .

vow

I.

5 1

21



J'
9.Can anybody giv.e me an equation

, .

'., *. so thet we'll get something that
.clooks li e th9.t1tar1 .upsi'tip-dowli V,

but tho e it up ot move it down?" .,1
1 .

4

4

as the

"Take away the 5 and put 6
'Tut 15 tliere instead of '5."
"l'ut 15 below find it'll go all
the way down to the bottom. "
'1 knaw one' that can make it sp
high that you couldn't even fit it
on.the graphboard."

D + = 100 .

!"Do you think you could come
up and draw it without doiug
any work at all?"

"Cartanybody figure out ?low to
flip-it over o that instead of
haVind n s ide-down1V, you'd
et a right-'side-up V?" Suggestions:-

Lo-I .A = 15

5

+ A =.1510

I q 1

-10 was tried, but it-did not work.

= 5 was tried. The graph of this equation did form a
rigV side up V .



8 Uppl e rne

Graphing pimultanebug Eqdations

by Sally Agro'
11

In.the written lesson in this booklet you were.solying si1 mu.ltaneous
. eq ons such as these:

.

. 4 ' , . .

64.

Pe rhaps y deyis ecJ a method for solving .any such problems by. cOmparing
.-

-the frames .anci the 'numbers in th0 'two eqUations . He re is an alternative -approach.
Gonside r the itop equation; CI + t 3 . By making atable, you, can

. Ivr

, find many pairs :of numbers that work in the equation (that iss, whose sum is 3 ).

You can put a doton a graph:to epresent eachpair of numbed in your
., table. FOr gonvenience .w/e *will lie. he.Lirst numb,ei axis for' the. box. (..0.)

.4-

numbers and the see mber 'axis for ihe Wedge.1 A ); numker.S:.

234



. 1 $

47

Li +

a

.
,.. ,.4 ,

Of cOurs.4; you.could continUe ,to put more ntimber pairs ,in your.table, and
put .appropriate 'does on.-your graph. Eventually, all the numbers that w.ork in the
equation (.:1 + A = 3..WouldIbe represented by the Multitullp.old,ots making

7 ; Fte .... up .the''. straight -line:

at

Q.

4

6.

tio

to.

4



.

If you fcillow a similar ,procedUre for, the equation b,
ou get thiS pitture: .

inv

,

I

'.Since,you ary looking for 'pairs a..riumbe.ts that Wor)( i.x both equations
siMultaneou8ly, place. the lines kir path..equation onthe same graph.°

1

;

The point at.which the lines
cross i8 ( 5 ), which )

giv'es the solution to this
problem:

+ A =

Ll 'a+ li + A '= 8

Nainely, putting 5 in the
'boxes and -2 in the wedges
'satisfies both equations.

1

di

V.

25
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On the next .few pages, you will find several pairs of simultaneous equa-
tionswith their graphs and tables of Valuds, Looking at these iraphs., the fol-

. .lowing emiclusions can be4Irawn:
,..4414114

If the -lines depictinekhe two equations cross, there is
one solution. "Since they are straight.lineS, they can
only cross- once.

.
Ibe.ach .of the two-equations invoiced is represented by the
very same line, they have m,any common solutions (infinitely
niany)-.

If the lines are parallel, no solution exists,*
0

4

r
201

You canfind the solution to simultaneous equations fos type (a) by loOking .
for Ur place where the lines meet ahd restling off the point. Make.sure you are
correct b'y tryins the first number of,he point A the boAs and the 'second num-,
ber in the wedges.

2

0

4 '4

I

*This disckssion lirnidpedltp siintataneous equations containing only two ,

unknp4n quantities (or variables) such as 0 and L . One should avoi4using
more than twO different sliaped frarries'iwthis context since the possibilPties
for sli(ferent types of solutions become quite complex for equations of three
variables. An exampfe of such a system of simultaneoui equatiorkts problern
*12 on page 5 of tihis written lesson, where each of the thzee equations deter'-
mines a plane.. The three planes mutually intersect at ( 17 ,19,43 ). This
Solution of(1141,Nyt/8) represents one point in three-dimensional space.
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.

On the .graph paper following this pap r
, graph theSe pairs .of simultaneous,

equatioo .anCi find their ns:.

k4:

' 1

{,

5 X,L1 t A 20

'.3 'X Li A 4

x -16
luir

+ A -10

.4

13

2, 4 20

2\x 16

1,3 X LI + x

X

omment:
44

1

A . 71'F.J
-

9 xii .- x A = 61 ),

.What does th.e gr34ktell you about thls pair of simultaneous equations?
.,Why should this be sti?

(Answers o all.p,Iroblems are on pages 47 through 49.)
0

4
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II. .Until now, the. number of solutions to a system of simultaneouS equations
.,,

. has been zero, one,. or many."' A question that might .occur :at this point j.s how .

.to find a system of simultaneous equations with exactly twp'solutions. /Since two .q .,.straight.lines oan never cross tWice., one way,to get/two solutions, iS to find an
equation that gives a curyed,linewhen. it is graphed. Then a straight..lin'ecotild.n.

passthrovgh. it twice. Surprisingly, an eqUation'as simple as'..D X .A = 8.
will give 'a cuive v*ith two bsranc...hv's .tvhen graphed. 'Below is a,graph of,Ith's
equation with a table of values.
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;.,
.equi.t.tion. FOr example; uSing 11 X A 8 as1 one of the tiNo equation's, two-'pairsmf numbers that workare..( 4,4 ) and ( 4 ,2-) . 2 1- 4' = 6 and

Ake tRe,equation giving the 'curved ling 'has been chosen",,the linear
.

. t qition wust be chosen so that As straight line passes thrqUgh the curve
Aw.j.:ce. A simple type of equation that will do thisis A. n ; swherse,::

n is..someNnumbesy that you choose to -do Uie job In order.ta dake the soli.ti4n
.,,

relatively easy to ind, look for pairs.,of number's that work for the -0 x

,

4 + 2. = 6., so + A 6.is a linear equation whose graph-woAld
algo paSs through the points . 4 , 4 ) and (4,4, 2 ) . Thus, the simultaneowk,
,equati:orm

+ A
=

would have solutions o (1St, ) and )...

Another choice fOr thelihear equation could be: cr a
would the biro solutions be for .

Put thrrn here: . -

t

What

I.

4.1sing:requations of die\ 0 n type only, fill in the following
bla'n*s 910 i'll.h:t.the repeXting simultaheous equations will have two solutions.
(The tabtb of values on preiceding'page will help;)

a/ y
{= a,

t
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1

a.'

it
IV. Finding other equations that will-cross the.curvecr14.nes in two places is'

.Nryou.now.largely a niatter.o.f experimentation. Lookingat the table of val4es
4,for lIXA "111*. 8. and trYing various pairs of numbers in the expression

2 x LI + A (which was arb trarily chosen).led to this pair of simultaneous.
- .. .

.. . . ...equations:
1.1 X A ,--- -8

"I

11 2 X IA + A

2' 4 8

4
r

2 10
,i

1. 8 10

8 . 17

16
_

.. -1

,
i32 -i

-1

-.L

16 17

;-72.,`

-4 -10

-8
..

-17''

. -1 t -8 -10'

,.

Iv

A

S.

There are two other pairs of simultaneous equations with two, solutions thatca'h
be made up from this table. Can you find them? Write themthere: I
t

A

2"X 1.1

1.

+ A. wo4

'. 2. 0 X'A = 8

2 X 0 + `A

it
4

tiie,fOlWkwingThe graphs of,. 0 X A = 8 and° X 0 6 = 10 ii,,ar
i

. *
\,

* * :
\

? 434 43 N ,

k,.

page.
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V. , Each of these pairs of simultaneous..equations has two whole number solu-:
1. tions. Graph each pair and list the number pai s that work in the spaces prvided.

(Gidph paper is attached at the end' of the suppl rri'ent.)

44

LI X A

{3 X LI 2 X A

24'

30

NPmb9 paire 'that work are
.

4

I '1



2.

3.

5.

Hx.A
4 X

{
11X A

4 x11 +

{

11 X A

+

11 X A
)

{10 X L1 +

A

A

A =

24

24

28
e

-12

-10

5,000

600

One way to make up problems of this type. is as follows: Choose any
equatiem of the Fl X A = n. type: (We chci§e 0 X.A 24 in the problems
above because 24.has lots of faetors.- Other equations with many whole number
solutions, such as X A 30 or 0 X A = 12 , would also be fruitful.)
Then, take a linear expression such as -0 + A, ..:

A + -2 X 0 ,__.c..1 + 4 X A,
etc. Now construct a tabie,of solutions for 0 X A = 'n as was done earlier
(on page 43 )., *computing values, for the lin6Nr expression as well. If, out of
all the pairs that woi:k 'for the 0 X A equation, you find two Opt give the 'same'

*#answe r when used in the linear expression that you pickscli you are in business.
, _

If not, y then should discard that part:icular linear expression'.and tryranother
one in its place. Usually. however, it..is\pos,sible -to fittd two solutiOnS for the

.

first linear exprewsion that you try. Itittil your students have lipent some time
making ap tables and choosing equations, they may find other and taster ways
.to make up new pairs (If simUltanediis. equations t

,

In particular, staidents may wish to graph th. T1 X A n equation and-

then move the graphof .01(4 linear equation up or cloty.) to intersect.the'curve at
whOle.-number points. For exaMple, suppose that I Xt 24 is chosen for
the curve ancf LI + A. = N (N is any positive nuMber) as the lip.ear e<uation.
Any two xquations of the form El A N will have graphs that are par-

.

allel. By changing II ,:we will get a whole family of parallel lines. On the 'next
page is a graph of the equation LI x A = 24 and some' graphs repr'esenting

)

equations of the form LI + Att. = N . Can you find. Nt, fori.each line on the.
'gpaph?
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t.

Answers
zummium=m

1. We 4.1) Solution:. ( 2 ,2 )

' J.
2. (page 31)

3: (page ,31)

A

.

Ei41:1

Solution: ( -6 , -4 )

\ I
none

.0

It

I

_0-
^

p.

^

silmullEihmumpu
INNEN& 1mm
MINAaimnirb4MIMN

I
MWONIM M

MMONIMMEM I
MOMMIRSM gMIIIIIIMONIMMA m111MMIMMUM .

NMEIMIMMONOMWMOMME
IIMMOMMENIMMMMV11

1 1111111110.WINNmM WM
NIMMWM lic.M10 MV3 Uni

1 i 111111111R

Comment for this5problem should convey thelidea that these two equations are
'exattly die same on the left,of the eq4aLsign, hut are different on the fight of
the equal sign. Their graphs d're two parallel lines am! hence the §quati one

41.' have np common solution.

47



(page 31)p

Solution: NeNny, pair that Almprks fcir

A .

.Th'elgraphs 'oil these two eclitations itret
esactly thel same. -Thus, the' equaiions
are really different forms of the lame
equation. I4u1tiplying both- sides of the
first equeti.o.n.'by nine givos .the s/.:cond
equation.

5. Page 36)
1

1111111111011111111111.11111nk 111111111111111111111

111111111111,111111111111111111111111111.11
1111111111111111111111111111111111111111111111
11111111111/1111111111111111111111111111111111111111111111111

1111111121111111111111111141111111MAINIIII
1111111111111111111/114mmnamm
1111M111111111111111111111111111111111111MMI
11111111111111111111111.1111mmumen
1111111111111111111111111111111111111111111111narAll
11111111MINIIIIMINNWHIMUNIMMI

111111111111111111
11111111111111111111111PRIIIIIPM41111111111111111
1111111111111111111111111111111rAMMEM
11111111111111M110111111uNammemommummiLammumu
munnur..11111111111111111M

There are an infinite number of equations Whose graphs go througli the -

"point ( 5, 3) . Thum, it is likely that no two people will give identical
ansN;vers.. Illowever, Jiere are/a few pairs of equations that wo ld work:

ri

lo + A

Z X til + ,A

3.X LI . - 2, X A

13\

0

,

2 X A

3 XEl A = 12

-1

: , < LI 7 5 X A = 0 X D Z X A 21,

3 r + 5. X A 30 '%$ Z X D 3 X A

i-"
5

A 3

Page 37). The lines ttess at the point ( A )

*

Equation. c : A

Equation d Aix A-

t

sc48

.

7. (Page 38)

41,

et,

'EqtatiOn a

. Equation b

0

I.

,

7

It



. (page 40) The two solution's wouid'-be
..

(page' 40) .

,Posiiible so' tions a're n +
. 2. .a,b.,c

( 8,1 ) and' ( 8 ) .

+ A = -9 ° -1,",

There are many others,.
,

d (page 41)

1

+ A
2

The straight line would have to hit the '!corner' of either of *ihe

two branches of thet curve, for a 0 value of somewhere beeween
2

.3 and 2-3 or somewhere between -3 and -2-2 To get an equa-
3

tion that,does thiS, 0 must equal A . Solyi 0 X 0 = 8

gives irrational a,nswers; namely, till square root of eight (;/T. ,

t

,S 4
'and VT. So -each of the pairs of equations

has exactly one solution.

. and
{0 + A -7 -1F8-

It is possible for there to be no si.Yon. These tivo palf s
of simultaneous equations have no solutions:

8

1. (page '42) Sólution, are ( 8,1 ) and ( -1 8 ).

x A

A 1

., and 2. (gage 43) Equations that can be made up from the table:

* nd 2 X 0

I '

17

1. 4page 44) Number paiTs that work arl ( 8 3 and ( Z 12

2. (page 45), ( 3', 8 ) and ( 2, 12 )
3, 6" ( 6, 4 ) and ( 1 , 24 )
4. " ( -6 , 2 ) and ( 1 , -12 )
5. (

i
4,50 1100 ) and ( 10 , 500 )

I

4 s
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