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: Plane to the Line




)
. - .

Getting Started ' . 4

't is difficult to convey to_peopleithe_nature of the ¢tourse -and how

the mathemytics actually relates to classroom teaching. One of the most . .

~effective ways is to invite all teachers-who.mlght:possfbly be interested to

.

. View one of the films and. inspect sample cgirse material. ¥ - IR

TeachéFs should have a taste of the mathematlcs, and a taste of the
.i' : . .
' (" . L} AEY

matetials of the course, before being asked to decide whether'to take an
institute. ShaEng an excerpt from one qf the films is one possibility.
You may wah{htp have teachers do oife or two pages of problems'from a written

’

lesson. that relates to the.fflm they saw. The Arithmetic Project will be:
happy to ‘recommend a film and written"materlals'that might be suitable for
- your group's introductlon'to.the course. _Conrse materialslwhlch mlght'be;

distributed as samples lnclude Maneuvers oh Lattlces, ”Answers to Common
T

d&Estions About ‘the Course,” and posslbly the first written lesson.

I'f you wish, the initial meetin! may be considered the flrst sessnon
of the course. (Show the first course fllm ) Teachers can try the Instltute

. .
.h for a few weeks before declding Flnally whether tq take It, They should do

. the wrlttqn Jessons as Iong as they are consldering ‘taking the course,

(”Audfting” without doing the lessons never works, in'a few weeks a person'
who Is not wolhlng the Iessons can no longer follow the dlscussions and al* -

most lnevltably drops out. Besides —much of the fun, as well as the sub-’J

-
-

(N g

stqnee; ls {nfthe wrltte\>ie$sons )
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- (Notes on Using the Course) = S
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Reieased~time or salary increment qredlts-»whatever is avaiiabie to o

you' for in-serwice courses—-wiii ensure that teachers know that the course;

' .. [} - . .

will make substantial demands on them, Schooi systems have given two to

[}
[] - ]

four inTservoce credits to«teachers who have taken thé éourse. ‘ 55\;_.

’

-

.Tthg‘s'vou Will Need

P

' v

For your |nitial meeting, and for g|ving.the course, you will need an'

v’

attractlve qulet room wnth good acoustiés, and a |6mm projector in good !
/ .

condition with a separate loudspeaker. ‘ ’_’f

)

S w ’y
o . Y a

) .

The room should be ampiy equipped W|th blackboards, SO that d|scu55|on

»

ieaders have space to write problems ‘and solutlons, and 50 that partlclpants

’

'can write their problem sequences B | !

\‘. . Y

AR - -\ ﬁ E : B

. For ease.in viewing films it should be possible to darken the reom‘

L4

.

)
v

almost totally. - _ S Vo

.
. - . )

.

. . v
- A -

ErQJEction equipment should be_offgood quality, with a sound system of

adequate “power: for your room, The loudspeaker should be near the ‘screen. -

_ .o\ .
¢ .

A quiet Foom is important for‘comfortable discussions as. weii as for

film-pro;ection. Avoud rooms with noisy aic conditioners or biowers. .

“ .-

Carpeting makes a"good acoustical treatment, Tables or desks are useful for

. -

. @
notebooks, coffee cups! and -other paraphernalia, but théy are not essential.

. L]
» .
'
.

Finding Personnel to‘Conduct an Institute T 4

The course is designed to be conducted by elementary teaching per-

: : : o ’ ’ o
-sonnel *‘who have a’betj'f-than~average background‘in.mathematics and who a¥e

A

‘ »~ ) . . -” - .
intetested in helping others improve their mathematics teaching.

-

*
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" the institute.)

,teachers'_classro?m preriences.

"¢ - (Notes ‘on Usirig the Course)"

. . r
Ca R R . . . TR L. .
! ) N Co s R oot

\

-

Whoever you choose to conduct the institute shouid activeiy share with

participating teachers the process of iearningi-and iearning to teachd-the

,materials _ I j | o - '

/ o« -
T. 4 . . ©
C, 2

Thus, each discussion leader and corrector should have a,ciass,of-i

_students with whom to try out” the new materials In the classroom.

. -

‘\
o .
. )
* .

To find interestdd teachers who might serve as‘ieaders,ihefore or
during your |n|t|al meeting ask people to contact you |f they might iike to\ -

heip give the |nst|tute (Your request will generate addltlonai.interestvln

- r .
) . ' _ S ST

S D

’ ‘ .
. . i
. ) .

Participants in earlier institutes are ideal as leaders of an institute
. U

HowaNer, prevuous experlence with PrOJect ideas is not essential, nop IS any

A

"'modern'' math ‘course a.prerequnsute (Most of the course is abput new- things

to do with ''old math," and the course materlais _provide ample guidance for {f'

¢
-

anyone wnlilng to study them.) - TN “n ' . ,

Planning the Institute Sessions.

. w

Each meeting.of the course shouid,iast*for.i 1/2 to.2 hours to give

. . » i X l‘ A s - .
time for viewing the:'film, discussing it, and discussing the™written work anj.-.

L]

- Different orders of events are possible. o S
- ) . , » . . . . . - "
¥ . --‘ ‘ : ‘., ¢
You .may want to discus¢ the written iessons-at>the'beginning of a -
‘session, since_teachers will have questions about problems fresh in their
,minds.\ Then view the film and discuss that, ‘' ot ,
- ' -




<. same time 50 that thex;pan’§hare

-9

. Thr;gs You Can Dlscuss at the ln|t|al Meetlng

n
- <y

RTIEREEI L
PO s
cr PR AR

. ; Another gqod ﬁossjbrlptv;f vJew the fllm fnrst and discugs lt"then.

'dlulde lnto;smaller groups..perhaps_by grade level,

,Try- to~have several‘teachers in eagh school take the course at the
/

[ SN

— 3

Lneces%arxn-@';,; e e T .-

[o]

4 Yo ”U el : : ' .
P . ) ; . ?

S " s : ey ) .

e T al&also helps if correctors can work together or conveniently be i
. toychowith one/another: =~ . = » t ' - T
.y » o . ‘;I, ‘.'-:. ) ) . - - ' - < ’ ..

.. JdoL l_‘)_, ;,__ - . ‘ o R . 3 , . ' ’ . R /\-’ .
4 . - R . ..‘. ]

<) ¢

i . © €

W O

0
., o

brlng about a subsnantlal chapge.ln his classroom teaching- of mathematlcs

. . . ) . I‘
< . . o S : . . 4

. vt '. ' ' . ' . . - J
hours a week on the written lessons, occasionally a little more. '

The lnstitute'should be both'work and - fun. There arelstrlctly .

optlonal starred problems in the wrltten lessons, JUSt for those who want an

*

. i

extra_challenge._ 2

Your teachers ‘should be- given every encouragement to try the. ldeas

A . . , _ ‘ _ » '
B . .,' . .' .

they are learnlng with thelr classes.

Lo
L

i

A . Teachers should be urged to help each other solve problems, plan~3_.

. [
_share ‘'successful ex- °

v

lessons, observe each. other in the classroom, and

to dlscuss the wrltten o

thelr experlences and help each other when

3 o .
| | \
! ‘ ] . ' -

>

\

W

The course |s demandlng, but it should make severy part|C|pant able to

While taking the course, most teachers'should_%lan_to spend up to .two

-

‘o
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A C oo T o BRI
o e nD|scuss wratten lesson .to’ be S '
. handed In - - - = = = < = - <o oo o Tem s

ST lhﬁroduoe-fllm ST T Tt s s e e e e \.“'2 minutes.

Lo ~ Here aré‘two'possible”schedules for your institute sessions:

? 15 to 25lmin0ies;~

1
'
|
)

1
)
1

1
1
1
' -
s
'

1
'

)
'
f

Lo e view film - &

- L
» g )
\ . - .
. . e -, .
. A
k!

v_Dlscuss fitm = = = 2« = 2o e e e e T

25 to 45 minqtes'

IO to 15 minutes

’
14

- 10 to l5 minutes

-

. . Return corrected lesson discuss it -. -~ - - = -
A (P055|bly sub-divide by .grade level for small . .
: 5 group dISCUSSlon ) _ v A v
S : «* - ' - -
. e e 'JTalk further about ° partncnppnts experlences, _ - - _
'P_ .« lesson plans, problem sequences - < - - - == - 0 to-20 minutes - 3;'f-_

] - . ) . . S A s . . B
. . . | 8 . . "o S

!

- - : /s . . : S o .
o Introduce film - - - - R I T e T . . 2 minutes b
) View;f}ﬂm e IR 7 ~ to 45 minutes
\.' ( EEEEEEN . . ] . . . o .
b Discuss film - - - = = == == m oo v~ - - o= 10 to 15 minutes
. ' -Dlscuss wrltten lesson .to be ' : : '.-‘ S “' o
' handed in - - - - - - PP L R ,l5 to 25 minutes
Return corrected lesson, discuss it - === - - l0 to 15 mlnutes'
(Possibly. sub-divide by grade level for small S
, group dlscu55|on. L . T S
oo  Talk further about partlcupants' experlences S "\ L
. lesson plans-problem sequences= - - - - -- - 0-to 20 minutes _
' . Y . .o : . h N
. . “_ . ;‘ _ \
. »
o | | ..
._::‘]- g A
) h] ’
) -
] [} L
p e
vii ot




h

L

lntroduoingfthe_film

o >

~ Discussion of written
~ lesson. being “handed in

“Discussion about the film "

LY

.

about the- corrected

Dlscussiod
ng returned

lesson be

¢

N

Further discussion of s,
"~ participants' experiences,’ .
lesson plans, and problem - -

. 3 \
o e

» .
¢ .
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" You -need say only 3 few words — the pade T
~and background of ‘the class as . glvea In -

the adiscussion, notes are usually Y
; sufflcleﬂt o . o
.. Since thls is a time when particlpants A

Interest ‘in finding the answers i% very )/ 31'
high, discuss fully every problem anyone/ ‘
asks about. e . “l-

Lo ° ; v o
¢ —— - . e
N .

Let each person keep and write on his
- lesson. (If you wish to keep track ‘of _
the answers wrltten during the session, .
dlstrrbute green pencils for use during =~ M
the discussion.) Full discussion not o
only helps pegple find out about the —
mathematics .(which iihwhat you want), it. = -
also savge work for- the correctors. ‘

.'c‘).‘ .

This may be short or long depending on the .

~ fi'lm and how far along in the .¢tourse you ~
are. The film discussion notes frequently
suggest questions about the class that was .
seen, as well as addltlonal work related .
rhe Film, .. 5 o T

)}

Here is the chance for participants to
explain questions many-people missed, as
found by the ¢orrectors, and for those .
who got unusual solutions to explain them.“
Questions about corﬂectors' comments may
also cqme - up '

Classroom experlehces, general questloﬂs
about mathematlos, generating and eval
ating problem séquences are all releyant .
here. You will find many ideas in the RS
» discussion notes and’ Corrector's Guides, . '
and others will occur to you as the course
proceeds. . L ' o




SaN

You .may. eXpecy’the discusslons which you wlll be 1 }ding in tﬁis R

course to center around the fl1ms, the written lesson ﬁme supp]ements,._

' R -«

. »and questlons ¢hat come up as teachers begnn to try course materlals in 8.

thelr own’ claseroms Because the course i's designed to be usefu1 without _
' expgrt mathematlcal gundance the d|scuss|ons are of partlcular lmportancé._

P R &
N v

Ihey enable the whole group to profut frpm the knowledge of those who have
-, .
had more-exper;ence wlth mathemat;cs, and from the intuitlon of those with

specnal aptltude for the materlar' Any reasonab]y slzed group- wlll possess a. -

dlverS|ty of backgrounds and talents. Exploltlng thlS dlversity for.the
.® I3 Q . . v / ? .

benefit oz(zvekyone Is the dlscussuon leader s Task lt is not aﬁbeasy one |
, but |t_can be exclting and rgwarding - '.."_ T S dd's

- The notes |n “this gulde ~eal wi th each Film .and each wrltten lessan.

e ® .- =

i the course. They are based oh .questions that ‘have come up ln prevnous e

. /\' . L

institutes u5|ng these materlals and on other mathematlcal ldeas that have

t . . -

TOVed o)
S}

|nterest to teac ers. ', ( B
Many of the notes ade ‘in questlon and- answer form, . | is not our-

v A : e

|ntenT|on that the moderator read each questlon to the group; call_for
» .

answers, and then read ”what the book says.”
. ’ - .
’ _Jn many cases members of your group will asgk questlons simllar to °

‘

thosejglven,here. 0of these, many wlll'be answerable by other members of EE

" the’ group. " The éomments glven In these notes will help you decide whether ’,

? we ] .

. i

a questlon has been adequately discussed, In some cases, partlclpants in\,'f}';

your lnstitute w!ll give better answers than we haVe given here, In other i

P

" !




_.b;;cg(]ntroduct‘on_to',;
' .casés, the answers are a matter of taste, aqd there I

. . 1 ‘\ .

of vlewpoints._ In stlll othpr cases, the mathematlcs lnvolved deflnltely o
.“;3.'19. determlnes which vaewpoints ar q&gaHTe and which need to be corrected /

. . . ) ﬁ ¢, ; ‘ .-‘_,
.‘?‘2;17'"”2 You must use your own Judgment Nh'decfdlng l( |t wll} be he p

(AN

to -a group But bear, hwnnlnd that much readlng aloudv_..; )

. .
-

".'_;a'portlondf of‘ this guid' _._'

. . e . v Y .
«thlnk about a problem. Npt only is th|s false, but also |t will lnhith,many JREN

o "t 1 ' k] ‘ . e . K - R . 'h'_.t-\ ’
’=jfpeople In yolr unstitute from dlscusslng the quest#on%“" ' "'-'ﬁ;. IR

- . . . - . -

u‘ r'y

Coni‘der the dascusslon notes as: only one.of many sources of assls-‘_h ,#f:7v
'tance to“your nnst*tute. Another Important sourqe is the Corrector s,Gulde&
'\: : \
V ’ )
;par {ggpants Yet another source Ts youn,pwn sense of what ls worth pd{sulng ) -

too hég;le on’ the e guldes. You may disagree with parts of! them,
o “"‘* - _,w"\ C .
-r-_to depend ingﬁead on the strengths of the members of your

L A

- i
he 1nstltq;e to have a class of chjldren to. work wlth

The course wlll be Immenseiy

<

-
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""’.\J'": N "" L . o .o ) . S . . L N . 'j__, . ~.' 4 . : - ’:. . ‘ ' R “ ..,
- . T VO N "(Introductuon,to_the“Dlscusslon‘Notes) Lo,
S B FREE L s S N "[‘_‘
L fertlle quéstlons and to, help each other probe the mathematlcs and how to" ;' B
U teach l‘ o . B S R ; '-"-‘53"-.' " " ool kK
CpLow, roe YL . ’ - WE . o N ’
. A o L -
' C r-“ Many people “howeVer, are frlghtened by mathematlcs. 0thers.may S B
. . ,' ;'e\»"'f'.‘ N N .
RN SEPENN ¥ ~ T IR
i@#jpg not" yet be cOnvlnced'that they %pould use some of “the currlculum lnnovatlons L
N . '.‘. . - Y
A LR o . T - T
_(YS\& L afhey haye been lntroddted to, “For whamever reasons, you .may well encounter* B L R
e - : . L
et iﬂ,a grbﬂp uhat, for all your efforts contlnues to remgln,sllent and A
T ) - A woe R L
o une uslastlc.. Jf so keep in'mind two obvlous but often lgnored rules. ,
R 4 R e : ’ " '.ZF
o Flrst, llsten to what Is belmg sald. If thls sounds too slmple, .
Tyt . ., o T !
‘ -;"i.- recall how many discussl ns you have attended in whlch nobody in charge .
:”seemeﬂ to -are/whether a questlQnAhad been sultably answered or whether a__ .
R commenl-waS‘germane. ,Some'moderators wil) llsten superflclally for the
B T . | ' R S . S
'i answerg: in thelr prepared ‘notes' and move on .as ,s00n as something similar is T
sald. [Other leaders_wlll 6&¥‘;helr-best toeget.an-argument started on'any"
Py .
. ¥ / . . ' .
subject. A Both approaches make clear a lack of lnterest in what ls actually

1-»:"l]*belng-sald.' Nelther is likely tq achleve a dlsqusslon that clarlfles

*; :ouestlons, olves problems people want solved, and brlngs out worthwhile ‘ . igije-
new ideas and vlewp0|nt'r - - A - 'i
“._..Second, dp not talk too much: the more you talk* the less the

'partlclpants wlll DoObtless lt ls belng “on stage” that makes a moderator X

;%fl : tend tQMta]k lncessantly The urge must be‘reslsted with all yéur strength

Do not flll ln the long embarrasslng sllences wlth your own volce.; Do, not
_.'-be afrald of sllences. Ffrst‘of all, they are. not as. long as they seem to .
» )

E‘I;f'ffyqy Secondly, these sllences wogk For youl' somefof the;people.ln the~
. § r ‘ ’

group may galn the coyrage to speak slmply to relleve the pressure of the K e

.,
-

.
s

o sllence. _;h_ ‘ ‘: ~ ..._.1-y». _: ; ] . - ,.' |
. 1. - ) . R ) . ‘ . ‘ B “_ .
S o Watch carefully for llttle slgns that someone ls conslderlng puttlng b .o

.

hls hand up. Adults, uhllke chlldren, freqUently are lnhlb]ted about ralslégkw"

v . . B
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Ny ' - . ‘ ) :
7.

_thair héndsﬁvery high. (They may be afraid they'll be called on,'or afrald !

s \ L

| - they won‘t be-or perhaps both ) If you wait long - enough you-may'sé‘ “‘ S
- timid index finger begin to sneak up by its owner's chinfg'f:- |
. Movung acound the room wiII heIp keep you occupied whiie you

concehtrate on belng silent. ln some cases, if you find yourself/near one

-

N\
“or two' people you know, you may find it heipfui to start a locai conversation.

’
H

It should'be related to the question or subject tp_be.cOnsidered: You may’

~.

‘ then.bringwlhjs'conversation'into open discussion with some remark Iike,

.o
)

" ''Would you.say'that again'for everyone?'' = 'Can. you explain that to the

others?'" (You shoulp not: contlnue ‘a iocai conversation iong, either make

I " ’

'ﬂtheadiscusslon publrc or terminate at.soon ) . Sometimes a retlcent group

wnll become* more.‘u\erbal if the moderator, while addressing a question to tho

n

whole group, concentrates on- Iooklng at two or three members at & time.

»

mou wiil dlscover other, use ful techniques as you go along. Once you . i  },
'become acquainted with bhe group, y?u wiii come to know'indIV|duaIs who are
likely to help Consuit with the. correctors to find who has given interesting T

', answews to hard-problems, and (preferably before the sessioni seek"out'and

v

' ask these teachers if they would e willing to expiain to the group what

I

they d|d L ‘ S | . N :*' I

% C, ) ' . N o
‘Many teachers who are perfectly at ease“in their classrooms are - " . .
< R . [ ..‘ . - i "

-
. . . i,
i ‘ . 7"

painfully shy.about taiking-to other'teachers on an uniamiiiar subject:q

Do not 'be discouragea if- your ‘early efforts to get people taiking resuit oniy

ﬁn a few nervous sentences._ Eventuaiiy, after a few teachers haVe 5ummoned

-

the courage to expiain something, others will be less reticent, and every-"
. , o . .

one's courage will grow. v
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As the Institute Proceeds . S c B

*

0nce e discussion is really: going, the task of the moderator is to.
Welp get lnteresting things sald., Heng there are no formulas. These note
- will 'glve_you clues to.fruit£~1 territonies for exploration, but your own . -

L]

sensitivity again must. datermine whether you, should encoyrage a conversation )

to continue, cut it off,hchange Its direction (by adding a‘new thought,\

« ., perhaps), or postpone it for further discussion. ° ' v
. - T s ) . . . . . . . )

Of course, a nice balance Is ‘requjred between -over-domination and
[ . . . - : . . - .

laissez-faire. Any r_up"resents being led from one pr etermined.question
. qroe 3 er

L 3

t6 another. A rambling discussion that goes from one ‘unfinished topic to

SE ;anotheruis,frustratingl And_one which:is _dominated by one.or two vociferous

, : : , S
.. particlpants is not likely to be of much help to others. - =« .Qﬂt A

1 T

.BeCause'disoussions cannot resolve many of the worries which teachers D

~

have when starting the course, it I extremely valuable, If you can arrange
.. . . . ' ! - "

_it, to have teachers who.have al ady begun to teach Arithmetic Project'

~

- tOplCS speak }o your institute it is. c0mforting to a group first plunging

|nto the course to meet someone who recentiy emerged from the experience .
‘and who is enthusiastic about it and working with the Ideas In the classroom.

B Y s

If this person entered the course with Iir;%e previous mathematical training, .

correctors of written lessons for your institute to taih‘about their teaching

.. )

.experiences, Beware, however, of an overemphasis on’ “staff“ ireports to the

o grqupfn;As soon as the participants themseives,havefthings,to say about thelr -

“own experlences, such-comments can often be more.usefui“anq mOre.convincing. o

@ L .
1 .

;

so much the better for the morale of your group. “You may ‘want to invite the -V
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" NOTES TO ‘CORRECTORS

[ T S } > " ~
. . B " . . .
$ . ‘ /

Thoughtful, considerate correctlng ls lmportant At Heips_

.

partn;ipants profit from their mistakes. They iearn more about mathematlcs -

;.:
and ways-to_teachuit effeqt|v7iy. Your caring makesllhe whoie institute
'expegience a_richer, more human‘rdlatfqnship. -(Incldentaily,nyourlqwn a

9

insights Inta teaching and mathematics will also benefit.) - I

Before beginning to correct papers, take the trouble to work through

[ 4

the written' leg'son yourSeif.Q Use the Corrector's Guide to correct your

work'af erwards. _Even though, you may have done the assignment previousiy,

‘ Y

~

/1] find it vaiuabie to be reminded how you found many .of the answers.

blems again seem quite difficdithand,thatﬁyou make. some discouraging .

it consider themseiveé partiy to be,taking i:\:?gaj‘along.with'the other |

" participants. Surprises lurk among the assignments, new thlngs are to be'

found in the films, and new ideas and questions will be ralsed by

_ participating teachers—and their students. ‘ : _ /

’ S * : ..‘* . - s

U’H6d_to help participants who are havingltrouble with computatMon;

Having'found an error, what does one do?. Sometimes .you Will want ~

simply to.write the correct-answer.v'Sometlmes you-wl]i:thlnk up' a question
, AR ‘ g |

“that will enable the teacher to find the answer for himseff. You may be.

able to write dowp the~pr6b|em the teacher probabiy worked."(Likely
)

'.posslbllltles are glven In the Qorrector 5 Guides ) You may wish to

_restate dlrections.lf you think they have been mlslnterpreted. If yod can

k] v
~

many.of the rest. of us, yoy may-be_surprlsed-to.flnd‘that some of the

ot

errors. . Be reassured, however: an institute benefits when those who give -




.. - - - .
. T e e e,

correct ideas and expands on them, realizing that teachers whb anticipate

" teachers, at least ln the beglnnlng of~the course, wlll solve probléms

L B . X Loy T ' R '
. ° - . - B ‘L . . [ .
< N R . . . . o N §
o s o e T »
. - X . C . _I. - . e . . . . R N

L u .
C
S e
.,
. .~
'Y A

guess at what stage ln a solutﬁbq the teacher went off ‘the track you may

explain and correct that step, and then suggest, "Now try It agaln " o

\ 3

~ A-wlse-corftc;n; I's encouraglng | If a person bogs down In the middle

of a lesson, tell him, '"You were dolng flne up to here." Then ekplain a

-few problems where the dlfflculty began and offer to look at hls paper agaln.
| If a teache55ls JUSt on. the edge of understandlng, there ls no eed to ‘make

: mlstakes hurt more than they already do If a teacher haslhad trouble ln

many places, it is unquestuonably important to flnd a page. well done and

write on it, "Good." . | - . MRS
a(uu ‘o L * '
) T % % % . . : T _
How to comment on. answers that require verbal explanations: o

[ N o KX )

c

You. may nnd_xgnballanswers which are vague, ‘i1logical, or only.

fpartlallylcorrect. -Look for the best posslble lnterpretatlEEA?’Téachers

' meetlng these |deas for the flrst tlme often cannot express themselves Well

.

about them, just as chlldren can't. The careful corrector emphasl2es the
. t

/

~

<

children's approaches to problems wlll.probablﬁ'be‘able to teach more

effectively. ¢ o n A | - , '.Jﬁ

-

A

Many queetlons'ask for hypothetlcal'chlldre@'s responses, such'as
LN E ; ,

'"How might a:chlldidescrlbe a fast methodbfor.dolng this problem?" ¢ /.

: Practléally~any'answer to«thisjquestlon.should be*considered'correct,”slrcee

it ls hard to be sure of the capabllltles of a. hypothetlcal chlld Man/

A

algebrelcally. whlle.most children do not. To a teacher ‘answering a

v ' ) S ’ ) ]

’

L Sl . (Notes to Correcfors) - .




:‘3.{h'_ : -'b(Notes to Corréctors)

! Y o
b ._5" - "'How might.a ¢hild. question with an’ algebralc method, you mlght comment'J
L)
i/ﬁ-“_ R 'Wes, a very clever ch|ld mlght say thls, but can you thlnk of some method )
T - that mlght be used more commonly by young chlldren?“ « . _ “- -
S o . . C kT kL ek . '
* . How to respond to teachers' sequences of problems: D _ i:B

- N A

1t s particularly dlfflcult to comment usefully on sequences of .

| | S i
o problems,wrltten by teachers. Whaf“yardstlck can be used for gradlng

A dlfflculty, pacnng, varlety,ﬁflalr, 1nventlveness? The notion of pre entlng

. v -

- an idea through a serles o

ms hs a, subtlF one. lt does not come l at

. 1]

\ once. There is n ormula for dolng it, and no general lnstructions are really

. » |‘-
—of much help Moreover ;there ls always the nagglng chance that the corrector s -

suggestlons might not really be as good as. the WOrk be.ing crltlclzed

1 -

f_ The real value in haV|ng teachers begln early to wrut\lproblems |9 that

.

[ wrltlng problems, even - lmporfect ones, helps teachers get started in thelr

classes Trynng these ldeas with thelr students I’ cruclal if teachers are

t ,-. Y l

‘to learn about them and learn effectlve ways to’ teach them.

r

j » "
¢ n . .5_. X 4 v
Checklist for Correctors e T v
&y . 1 ' .:' o .
v | ‘* Do the assignment yourself. L o . - ' ?
- .o- L ’ ’ . . -., . ’ ' ’ o
. ."

-

ok Remember that correct answers are to be found on the far rlght

i

- Page of the gulde. Answers-ln samples oftechontaln ervors, | (/‘ o

* Use erasable red pencll SO that you can chad!! your mlnd when

S

.‘t

you decide the teacher was rlght after all...""‘
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LT e | . (Notes to~Gorrectors)

N ’ -

Cr

Y . * Do not wrlte over pdrticipants' work or text; It Is difficult T
" - . . . .
to -read afterwards. |f you need mdre épace for an'explahatlon v

use a separate sheet’ of'pape§end clip it~t£’the page In question.

o . o . . -
- . R .

VheVerything_on a page'is correct you might slmply put a “C“ S
'+ .. or "Good" at the bottom. Make sure that there ls some mark L - R
..v. . . .\' M '. \ - PN .\.

", = on’each pagé attempted to indlcape that\you'have.]ooked It‘OVer., e

y . . “ ) ) . \ - .

D S erte overall commef%s op the last page on which problems were -~ . & .
s . _ 3

" : answered orulnsyde the front coyer. Do pot wrlte general comments on . #y.

. =

|
¢ the friig of the booklet, since they fay be seen by other . partlclpants
. )

v : when they coltect thelr returne‘crwoﬂ(\ 7 T | - V.f'-'
L % Do not add paren}heses to an answer-unless ‘the answer is wrong ~
# ~ without them. |

4

R
v
o .

' vff\\o . *'lgnore.errors-in~spelling and'grammar; lf *a person consnstently o

makes the same mathematnc?I error throughout a. wrltten lesson \-
_ X .

e e comment on it only. once. o ' ’( N T~ \\_
3 . ‘ . Q’ . . . ) - hY
. . . . BN I'4

. . * Keep_equations separate, Expressions like the following are’

sometimes written by correctors (and others) to explain how an-

.-
’ S . oo 1

answer ‘was reached: -~ v " _ T T e R

KRS RN ES T I b

1,Although dhe meaning s usua]ly clear, the expression 1s Incorrect L v 55”_

- W
»

: and should be wrltten as:

-~

6+ _~.l .7 I +,9 -22 o .. L o .\“\‘ . -
N oo _. 7 3 . 3 - ] //—/ | | 26 :. .
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.(Notes to;porrectqrs)'- e 'f-’ | .l ' | _l

W

.

- T .2 ] e

.

. ot .. | ‘ . o \/

" % Do not mark uﬂattempted starred problems. Particlpants

[

should feel that these problems are really optlongl

L

They may want td try them later. If'a.starreq‘problem has

4 .

" been attempted ‘but” the amswer is wrong, you may want to =\

PN
.

'"shpply'helpg ': N - T

. .o .
o oL . ) .\ . T

.*yDo'not overpraise eésy'work.  As‘the*course'progreSses, .
. . . -\ . \\
exercise judgment as to what wds difficult for a éznticular'
~person. Some participants will become increasingly sophisti-

cated about the work.-

e good toplcs for™

discussions

It |s not necessary to, comment on everything -lf‘you areo

in doubt about the appropriateness of a comment, refraln from :

' making it

N ) /..‘“

* Try not togforgpt,,és you correct papers, how it ‘felt when

the. ideas were new to ygu. Sometimes correctors™become

Ty
l

., Impatient for Bthers to'learn,-forgett@pg‘in_thefr-zeal how

long they themselves spent becoming familiar with the material.
. : . . v 3 ’

o

-
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v Mode-rat_o'r:' R1ght Now consider this rule.

) Moderator (wrltmg E]'“‘-—> 7 )

' \ . ’ ' | ‘ . . . . ) . , -‘ . »,' .“'~'.. Y ) ]
- Here is how one &oderator led a dlscussmn of the first ertten lesson N c N
Moderator: Are theféwciuestwns tha you' d like to b'rmg up about the ;
' 3 " written lesson? B ’ e . _ ' ¢ .
. \ -‘ , . . .‘ . ‘ " 4 A . ) . |
Participant A: .Why do you need O ———> for a Jumpmg ru’fe? Why can't.
" ‘ you Just write 3 X O? . - e

: P'ar-ticipan_t B: I suppose that it s;‘helpful to. keep track of where you started

s . s ' o
- ) Lo

First Sessioh o T
ertten Lesson Dlscusswn Notes - ' ‘ '

-4

. a jump. . Isn't this question dlscussed in'the comments at the
- end of the written lesson? | ' '

Participant A: But'l ‘stil.l don't understand. oL

Moderator writes O —>  Oxo + 10 ~ (5X0 )"on board. . »
. * ) o
Moderator: ' Wlth this Jumpmg rule, where do you land if you start at 17?
Participant C:  You go to 6 ' o
Moderator: - Now start at 4 and use the rule.: . L
Participant D:  You also land at 6 . T 5 _
Moderator draws ‘both jumps :
. =2-1 0 1°'*2 3 4 5 6 7 8.

P_érticipant A \ I see. It's the starting numbers that make the jumps different.

' - . ) ’ .. .8

Why do you suppose you need the box and.the"

o arrowhere?

‘Partic:pant E | It looks as if you'll. always get 7 as a landmg point... Unlpss you

\"'

. ,have the starting points, you wouldn't be able to distinguish one
’ ‘ jump from the othOr, would you‘r‘“

(. Pa?t%éipaﬁt A: Yes, .that's,whatljust‘saic‘. ‘ b o " "

> T o

o




\( ._ . N . - . .A & . . “-' . . B ] . ’\:' . P L . P . ‘ )
Participant®F:- +Is the arrow the same as an equal*sign? o
b . | . .. |._ " . - . ' » _— .. L .A_.‘ | . . . . | ;
¢ ' Moderator (writing O'——> 3 X O~ 4) ‘Start at 5 and make a jump with |
o S th1sru1e.f’ L e e
. ' . l" ' A} . . ' - ’ ‘ A ’ . ) )
‘/l | . ' . : " . e ,‘_ ~ .. . o - ’>
. . ) N ) N . "" ’ , - . . . ) "
Partl\elpa-nt. F: You land at 11 .- - . ' A . : - v
‘Moderator writes: I's —> 3x |5 - 4 T ‘ R .
} i_ S ._ ) 4 . : e _. . .- ) . ‘. : ‘~
Lt ". . . A : . - 5 . '_;_%-/ 11 N A . - ’ ) ' B - . Lo \
'\Moderator: L Th1s is - read "y goes to 11" or "if you start at 5 you land :
| L ‘at 11, " But no one would clalm that 5 : 11, . o
. Participant F: So the arrow is not like an equal _srg‘n. L S Y
» Note to moderator: . _ ...+ ... - ’ R e f....._‘ et T

Perhaps someone in your group will recognize that jumping rules are e mples
of functions. The arrow is standard mathematical notation indicating some sort of
jump or transformation, Further on in the course the teachers will receive: Supple-

/ mentary material on functions. " After having worked with jumping rules for some.

.J‘

time, they will be ready to appreciate a more thorough explanatwn of functlons as
well as some 1ntere‘9tmg examples of other types of functlons. _

.Meder_ator; e Oth;r 'qﬁestiOns?- o | : v
¢ S : - N N _
‘Participant C: For problem 19 on page 5, 1 trled some numbers and they worked.

' - But how can you be sure that all number& work? ‘

Moderabtor '\_;vrites problem 19: 1 + (2 XD) +2 = O+ 3+0 vy s ¢
. : b . [
. ~-a ",
articipant B Well, I figured thats .. . may [ come to the board?
Moder]tor:'__ o Yes, - . BN o . '_ ' )

. Participant B: I rewrote ‘t.he_k-expre‘ssio'nf on the left of the equal sign as.

. L 2X0 + 1+ 2, Andthe r"}gh't gide' may be wnittenas = = .

i 0 +0 + 3, Now each side has 2 boxes. and a 3,'90:'- P
the expresalons on e1t‘her gide of the equal sign, though' = o
writtén in ‘a different form, are readly equ1va1ent. There;-‘ o
fore any nu,mber you put in the boxes will work, oy

*Of couree 5 does not get up and walk to ,11 but thie \s a common way of

‘reading the expresslon. LR S - _ }
. ' LIS , ( 2.3 ¢
‘ ' s . o



g IR o S Co
B ' e ' . ro- ‘2-. . ) ) "' . B T . ’ 0 [ ‘. l
~ - One' of the mdst fruitful discussion topic¥ is question 4 on page 9 of. the firgt

-written lesson which asks par icipants towritg rules whose’ jumps always go to

T the left (to lower numbers), O e o . \ 0 - ’) L

" -'Mah,y,}_rpleé-s_uggested'W.ill be iﬁ'éq‘r rect but will g‘1ve some jumps to the left.

CoInt is usually interesting to pursue this in dis¢ussion. If no one raises the question, '
you niight bring it up: "What .'a):»oxbt question 4 on page,9? -Does anyonre have a rule

"/ e can try? " - . . o e S oo
Y . . . o - - . »

. e ., : . . @
- & . N . . J " . d e -

Y |
. A'rule is written . on the board. Fof.exampla '

. Moder

e

ator: _ Does that do it?
’ " o . o e

| Rarticipant A: It goes to the left._', E

Mo'de'ra__tor:‘ " Someone give me a starting pl}ce;

M-Participant B: 5 .. o . v

_ Moc.l'er_ator (writing 5 in the boxes); ~Where do you land? -
. Participant B:, Minus 57 ' _ | o | P "-“’: T ? -
- M_o..derator:' - Does everyone agree? O.K-,_ give another starting place.

. . ' - :.). ) . ) - . / B s .. " . ) . . ) . . . -'. ) - ot
v (The moderator collects and draws several jumps, getting starting and landing - -
‘points from the group. \s long as no one suggests a negative number or O, he v

- will only have jumps going to the left.) - = . T ,
Moderator: ~ Well, what about it? Have we made ‘all the jumps we need in order*
' . to be sure? . IR _ LR e

Participant C: ..What about starting at 0?

: Mod_era'tdr:Writes 0 in the .ques.f; ,
« Participant D That stays o} 0, doesn't {t? -

p2y

&

.'Méderatc)r:' : 0 minhus 0 m}pu's 0.is -8till 0.
anywhere,
.o

Participant D:. ' Yes. Sb that julnp doesn't go to the left. It doesn't go

’ ) Parti.cip,ant:‘v E: What happens if you start on a negative dumber?
L 3 Mod.et‘ator': 0. ‘K., give mesone.

. | (‘n-
ey




IS

' P’artic-ipanfj E '('after ‘a ?ause): . 'Ne‘gati_ve 2 T -»_.'._f‘ ' A
ce . v v .
( v Moderator (wr;ting -2 in ‘each box) Does anyone know;how to do thxs? (He wr1tes ;
- - B o "!6)"( 2)*'( 2) . {9 '\L : - . S

,Part1c1pant E: "There's somethmg about th1s k1nd of thlpg in the’ notes at the end
<4 T L of the lesson. ‘ _ SR '~.'
| ._ SR - . | N
N Whether using the notes in "the lesgon or ‘relying so'r‘meone in the group, the
'moderatdr should compute and put on the board the cfrect‘answer to the problerh .
~ which, in th1s cage, is 2. There may be some bewilderment:in a typlcal group of v
teachers Wlth respect to how.one performs such a computatlon. 'The moderat .
should as sure the group that as the course proceed'ﬁ there will be more 1nf0rmat10n
'about computmg w1th negatlve numbers. ’ _ '
“With such a"rule as [J —> 0 —"fD 0O, the moderator rnight also ask, "Does'
.- anyone know a slmpler way to write this rule?" He is “loeking for O —> -0, |
'_ but may get such a suggestlon ag H—> O~ (2 X El) ’ Wthh is also the same ruie. :

) \

«

v

< Lo ) . -
. ] .

‘Many o({the various incorrect rules wh1ch-are given for this qq’estlon are like -1
the precedmg example in that they have jumps to the left only when you start at pos1t1v

v numbers. The moderator may Say to the group that thig id 11keY to be the case, ‘and ,
v 7 _ask hoew’ many others may have such rules. Here ar'e some typ1 al examples from

other: 1nst1tx&es e - , ‘o . : e 4

- O

e o Tge—s gz

. - "" . [&_L_) _2 Y D : o . . . ﬁ""- ‘ " \ |
B +w O=—> [ X 0 (This is the Same ruleas O—> 0 .)

© g .

"

"Some rules will have Jumps tc the left 1f and only if, you start above some
particular number.. O—> .0 -0~ ‘O-0~-0-2 goes to the left prov1d1ng you
~ start above -1 ' The exact point need not always be determined (later in the course
- people will learn how to find it); Any jump to the right d1squa11ﬁes the rule. * If the .
group wants to find roughly where the transition 'point is, you can ask for or suggest
various startmg pomts’and make a table such as the f0110w1ng '
A - o Jumps w'ith El‘-—~*> 0o-0~0- o - 0-2 -
. | . . o » . . ‘ | ) " ' . .‘.. | ' . .‘\. . /,
« . o R ~ or, in simpler form, O > (-3 xQ)-2
. - u. - Start Land. o Ju‘mg' goes S » .
| - | el =32 Left . - -
. S5 : ’ . ~17 - . : Left ...‘ - ‘
0 =2 Left 'ﬁ" ST
> » L} . . ’ .. . - -
) ‘ -5 . 13 . Right oo
. ‘6‘ \ . v .'
’ . N . o ,& .




o - . : BRI . . - - L. . v

_ By now you know that the transitionus somewhere between 0 and ~5 'Narr.owi-ng' ;
; 1t down f'urther- T R R -

T .' r Start Land -~ Jump gﬁéeg " SO - '\
R -1 1 | o v.'Ri W ' IR .
e . 4 . . . ] B . . . . g. ) -l ’ N . . i ..

S B o ) SRV
E | 3 -— . - .Neither right nor left = - .
v - For“other interesting rules that may be expected in resp'o_ns to this*q.u.éstion.',
i see the Com‘ector. s Guide. o ff‘ . =90
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Book | T tirm ﬁi&éﬁﬁﬁon"‘Nﬁt‘ ‘s‘ VENGERE _ .
L R f,_"‘*A Efi'a.t lass With Number’ L.ine Rules and Lower Bracketp" ' ST '
P Plelmnnc{'rx 1nforma,t10n-' Lo ‘ San B T i '
v : : . L . . . . i
-f ~ You w111 see a fifth grade class from the Gleason S‘Qhool in Medford
. Mas saq—hﬁsettb,‘ The Btudents had never beforé worked with Projéct matemals.
Ihu: wa s thc1r first mcctmg w1th the- teacher ee Osburn,' The film was
made near the end of the svch'ool.year.. [I‘llm runm 33 min. ] o
3 ' Here is how one .moderat‘or led a discussion after the film, L _i' IR
’ X , [ ! ' . l“. ! g ' 3 -' ’
e T, ) . ‘ .- . r « . ) . ) GP -. !
.~ Moderator: Near the end of thg film, the teacher /wrote this problem: =~ &
. - o Toe ' " Ty DTN l
‘ . < K : LY e . : : .
. . ) z . N ' N . . ) . .
i v . I_.—Z-'+-+§-+§+'_-§’r-2- = ‘
’ _ : . 5, -5 5 . 5 .5 5. ' T
. . ‘}'. . )
a " Do’ you recall some of the wrong ahswers that the students L
* . . ) "’ ) ._ . . . " L ‘
] Participant A: 'S',i‘x'”was‘a,-popu],ar.answer. ' . .
’. -- 103 ) 12 [} ]
“ Participant B; + So was 5 _ b ‘;;&o '
' ’Pe\rtic’lipa'rit C: I remember that two students gave 0., Lo '- S . |
. ‘Moderator: ' Where do you think these answers were coming from? o
. Co ' | 2 o o |
) Participant D; - Poss1bly some students saw 5 wr1tten six t1mes and -
. . ¢
A . thought tl}at the dnswer was 6. '
‘a ‘ .' .. ’ . ’ . ( . . : .
Participant By I suppose that you could f1x ﬁhe problem s0 the answer S
Soew . - would be, 6. ‘ | L
Mod_e\r_ator: s How would you do that?-
I _Pa'rticipant.'_B w«gites' o ) o ) S .
S o N I E N Y 21 2] T2 T27
- . . J=1+ 121+ 121+ 1&)1+]12]1+. 15 =6
. . . ) . ’ T ) - v ' . . ' , - ¥y
".» . ‘. [4 . ) . . )

' A B . . ) !

.

. Participant C: .- In that.case, if you switched each upper v_bra'.é‘ket to a lower = .
S ' ‘bracket, then you would get 0 for an anawer: Perhaps the *J '




1 " «? B . ) ' : .
- . - ‘ . 4
‘« . , . , . , BOOkL
,0 t . ’ . ’ ‘ ' 4 ' '
¢ - . :- ) Co. X ! r ) . e
& . .. " X . i z A " [
‘\ DR students .thPught that since I- -é- J = 0, then . : -
T - e SRR T | S
SRR ST - 0t = =+ = = = also
- ! l 5 ' w5 Iz * B 5 5 J might also equal 0
K ; .o, N '. . ‘ . 1& .
Participant E: Of all the wrong answers, I think 5 was closest to the
T . . : . [N ‘ % .
correct answer, since the students just forgot to use the-
o7 . lowerbl‘au‘kéts. ' ) ) T *
Participant I, What else can you do with ‘brackets? . S
'Peu:tic_'ipant.'(}: 3 Are the brackets a made-up symbo}ﬂ‘%r are they used . - 3 S
. Co in mat_}}en'latics? ) A A ' ) _ : , ot
Moderator:. Yes, brackets are used in mathematics. We will be see— -
a ' - ing .more of this topic later in the course. If you will save
your questions for a few weeks, we can discuss them then,
The topic of upper and lower brackets w3gs included in this
. film to give you a flavor of what lies aheag. Doesginyone
have questions about jumping rules? ‘ :
. ! . . . . a .‘.{ - ! . . .
~Participant B: When the teacher wrote the fir6t jumping rule on the board,
“ “the arrow seemed to be very long. Why did he.do that?
Moderator ‘writes . 1 .— —> X0 - 5 . . | T
Moderator: =~ - Students first 1earning about 'jum‘ping ‘rules somefimes
’ o T ' . confuse thg arrow'with a pius, "a minus, or an equal sign.
«  Mederator writes * 0O —> 0O + O - o SRR
Moderator: .. When the teacher wrote this rule (using a rjelatiVely short
' arrow), the students did show sonre confusion, T(_J,'hyr for .
: example, ;suggested 3 for a starting number, hoping to =
o P - . landon 9, an odd number. Clifford thought that if you
OV _ ' * started at 1, you'd lahd at 3.  What were théy probably
K ! - . s " t ’ A
' “thinking? ‘ . *

-
L]
* !

Participant A: 1 suppose they just. added all the numbers, If you make
‘ the arrow longer, it seems to separate t}f starting
number from the landing number, =~ . - " ’

! . 4

v e

‘
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Book1 | 4.

N . 20

Yes.- I égrc

. Moderator: Here's how some- of the jumps looked for
v ' ‘the rule ) *—> 2 X[ - ‘5 | I -
[ L . . i .
g I . . C
S SE—— S Tm e
(o 2 34 5 G T 8 7T /0l 1213 41516 (T

: Participant B:

¢ . - «

Partic ipant Dy,

Modcrator:
o

P

‘ ‘Participant.D:.

Moderator:

K 4

Participant B; °

. ¢

Moderator: .

Participant F;

’

Praticipant B¢

Participant ‘A

Modgrator;

v

- Can you find any [)atfcrns'_to these jumps?’

i
\

Elght spaces,

21, which js eight'spaces from 13,

» ’ ‘ .
I figured out that starting'at 21,

The Jumps are d1ff0r(,nt lengths and they go in opposite

d1rcct10ns. : "

‘
4 ~

I noticed that you have two jumps of one space,
of two spa,ce;;,

. twolju'r“hp‘s
but then only one jump of four spaces,

from 1 land?

»

If the pa'ttcrn were preaerv; where should the jump

l

'Would it be four Spaces ‘to the left of 1 ?

Yes, it would, How long/ao you predlct the Jump from
13 will be?

o - .
Theh you'd have 16 spaces, 32 spaces,
and so on, The distance just d'oubles, doesn't-it?

: \
,L"et's'tr;r it, -W“heré do you land whv:&h you put 13 into
the rule? = L ' - '

- w?‘,
‘ ¢
you land at 37, whlch

is a.jump of 16 spaces, sol was r1ght

)
I"not'iu‘d that forta while, the tther always took jumps
from the previous landing points® Are you allowed to
start on other nimbers? Can you start on 10, for
example ?( i o v
. \ .

‘ ! i3
Yes, you certamly can, You can start on any numer
on the line, Do you think you can land on any numb@r
on.the line? Gould you 1and on 11; , Or ev‘en on* 102-3
' 4
.. L _

\ . e °

?

v ' Ry -

N



Bookl

L] \

léTe are some other “questions about the fum')ﬁﬁr group may be, mtereﬂﬂ!"*
in discussing. Do not feel compulled to ”COVGI‘” them nor to provide all the

. answers, . 3 - K e
: : : - _ . e . :
l.. Why do you suppose the teacher _glid not introduce negative numbers? .
2 'l'or the rule ) =—>-11 + 11, the class was lookmg for starting
) ‘ pl‘u us 50 that.they would land on an odd number. One child said, *
) "Fvery number with 5 added to it.". Strictly speaking, this is not -
correct, since 24 + 4 would not work. What would you have done ’

in your class?

&

L3 JTry to make ‘a jumping rule so that when you start on any integer, )
N you ledYb land on an odd num,bcr _ _ : ' .
* o N .. | . . .' )
4. Try to make up a jumping rule so that if you stasrt on any integer,
you never land on a multiple of 3.
. . T : R

i




Book 2
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" i ¢ : L .

- . . - (Y s -
y . Second Session
. . \ . . . il - . r .
v Written Lesson Discussion Notes
‘ ’ [y
Moderator:

Participant T :

t

Moderator writes, L)} -—=> (] -3

Moderator:

. Partjcipant:

‘.

‘Participant

g
~

Moderator:’

Participant

Moderator:’

L3

&

+

L

B:

- . Where would you start to land at zero:

7

-1 alwaysgave a positive number, - o : '

~Are there any questions on the lesson?

1 | o S
- I didn*t know how to,go about question (j) on page 4. : The

rule is [} —> .00 - 3 "and the question is where car'x'.yqu
start so that after' 5,000 jumps you land at zero? i

..‘ “ .
“‘" ! . “

L

after 1 jump? . - (3,),.

after 2 jumps? . ﬁ \ {6) . e
. s TN e ' -
after .5 jumps?

_after. 10 jumps ?

after 100 Jumps? '

atter 1,000 fomps? / Co

after 5,000 jurhp% ?

¥ ’ . »
v ’

I was wondering about question 3 on page 3. The rule is
still €1 —> 1 = 3, If you start at' 10 you'land at 7,
Sihce the jump has beén to the left, why ‘don't you w,rlte
-3 instead of 37

.‘ ,"-‘
I'decided that 3 spaces is 3 spaces and that negative three
spaces does not make gense. So when asked for spaces moved,

Ypu dre corregt. Spaces moved asks only for how many spaces

« long the jump ig) regardless of whether it is to, the r1ght or to
‘the left, -

Does anybody h'ave‘a quick way to do question ( m) on page, 4
c P

Question (m') asks you to use the same rule’and start at
Yoy are to give three numbe);{\less than 80 on which you wi

not land. ,
\ '_ 3 j 1 -




[

LY

Notes to moderator:

10 jumps you are at 120" o 2
20 .
30

umps you are at 90 ' S

\jumps you are at-60

- 31 Jumps 'you are at 57

Since you.are’ startlnl, at 1'50 which Cél be d1V1ded by 3, and

you arc- subtracting 3 each t1me, you will alWays land. on a _
number divisible by 3 T . , Co ’

i

o
“

¢?

“w

4
L3

- As part, of this written lesson, teac;her-s were to write a sequence of problems

on compeéting -riumber line rules., Teac};ers generally find it 'helpful to see what

oo the b(’)ard

other participants have.written'.' Try to get a few volunteers to put their. groblems

The' group can d1scuss the sequencmg of 1deas, alternatwe prob-

lcms, and possible pitfalls to av01d lSomve teachers‘ will be tempted_ to try their

sequences in the classroom. You m1ght ask the participants to report later on

L —s IXI) + 40 )
' —>

‘the results. Ce o . ' .

4

&

N ¢
-

Can you tell a priori the number of tie points a pa*r of rules will have ? I

o

one or both of the rules anOIVbS M1 X011 (and not I X 1 X 0O or O X 0O X0 X E},

“ete, ) thvre may be zero, one gr two tie po1nts. Examples:

- 1 —> (1% + 6 ! | ‘
v o , Two tie pointsi 0 and 10
s L1 == 10 X1+ 6. ) | o o o

ot 1

dne tie pgint: 5

By 10 XF1 + 15 ’ _,
s N 4 ‘\.
] ' . ' (continued nexgpage) )

Coo LT




A

~at rost two.numbers will work—and so there are at most two tie points.‘for the

() —> (%t e
v L _ ' No tie points
o> O X0 + 2 : T

[P

At N = XL | R
L - - . No tie points-
g L) ——/-> 2 X1 - 100" o

N
?

Ii one or both of the rules invalves [ X[ X1, (with nothing more com-

Py

plica@ed{ there are at most three tie ﬁoints. Exa_r.nplé.: L I w
. A - . « N
. ) . * ; .
0 o— 0 | : -
- . . Three tie points: -1, 0, and 1
O —> OxOx0O )

\‘

The ¢onnection between tie points of jumping 'rule's and the frame équation_s ’

..of the first written lesson becomes clear if we observe that the rules ~_ 
0D — Ox0 + 6 | -~ .

¢ [N

tie whenever the same starting number (same number in bgth,boxes' on t.h'e left

of the arrows) yields equal landing numbers. Thus numbers that work in the

- ‘equation. Oxo + 6 = .1‘0 X[- + 6 are tie points for the pair of rules.

. f . .
$ince the equation involves O X[ (butnot OXOXDO or 0O X0OXOX D,‘eté.}‘j

A S

rules, In fact, [1X [Z] ,+- 6 - = 1.0 X + 6 has _ex'af:#:lx two rootis. 0_' and
10, and so the rules tie at exactly two places—0 and 10. | . ‘
It ;hould be mentioned that although a p.air of rules may in fact ha@o.tie‘

4

points, the tie points may be very difficult to find, N

.b

Al -
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o Film D1scuas1or{Notes o © . .
. ° \-\ : ‘ o .
[ . ) . ¢ [ L
: S, - — YWhiech-Rule "lv u;s? U v
v ] 3
: 1 .
L " . ! v [
» | . | N

’ ]
Preliminary informatiomn

Y] )

o You will see a third grade class from the Cunnlff School in. Watertown, .

| Massachusetts The teacher is Phylhs K1e1n.( The day before this clasa, _the
“students had been 1ntroduced to jumping rules. The fllm was made in the mlddle

‘of ‘the schqol year. [Fllm.runmng tlme: 30 mm ]

: . s -
PRV ! ¢ , - . .

Discussion a_fter the film:

+For each pair o‘f_ rules in the-film there was one tie point; to the left of

~the tie point one of the rules won ahd to the right of the tie point the other rule
won. It is natural to ask if any other situations are possible. . Here are three

whbich are worthwhile discussihg:

. A Y
b
“
Ll

. (a) Are there twe-rules which never tie? That is, could we have a
p1cture hke this? : .

Y

€——— b°b b b b b b —>

[N

(b) Are there two rules Wthh tie exactly tw1ce, glvmg 'a. p1cture

like this? ' . ‘
[ ) v “ :,(
o .
< - b bbb ™ a aa a a b
' , R ‘
, (c) ' Are there two different rules which always tie?
| s T T - -
———— e S e _— >




\ : .oV;;V" ) D E ot: e B W1l he gk

-'Ifmt Suppose rule a “is ’D'——-> D+4. WrNe rule b so that for ) _
‘ any startifg number, rule b’ always wins, L ' ‘
Some pOSBlbllltleS for rule b are:

* | t | - N—> 0.+ 100 - . _ t» / )
~or , .
. : 1 . ' v f ‘
“ o O—>0+ 5
\ - e R or even . : B o

D—>I+ 4_11—6

-Situation (b) is somewhat harder. If the participants get bogged down here, |
’ ~you could either let them think -about it for a whlle or? suggest that they try the rule .

D _— E] >< 0 as one of the rules . ¢

_ " In 'i'egard o p"roblem (c) ‘there may be some teachers who feel that a pair of
rules Ike O—> 0+0 |

| and - . " oo : . )
B ' l - : e '

;are two"diffe-reht rules which ‘always tie. If so, 1t must be empha:hze’d, that ‘

0 -——-’*—> D + D and 0O -————) 2 X D are in fact the same ru mmply because

they do always tie, They are wr1tten differently, but smce the Jumps glven by

’.
4

M ——> 0+ 0 are exactly the same as the jumps gwen by/ DO ———> 2 X0

the rules are not different.

. &

Of course thj# is true in general; two rules. different only if one of them ‘

has a jump’that she other doesn't,

t . : )

. - Par.ticipants in your group’fr':lay wonder why :the teachef re,rely filled in the
‘ box for the starting number when she tried humbers in the rules. - The reason for /
this was that in the preceding class the teacher found that the chlldren invariably
added the‘ntarting number to the landing number. For instance, if 5 were put into

the rule D —> 0+ 0, they would say, incorrectly, that ‘the landing number is ‘15,




W

When jumps are being drawn on the 11ne, however, it is very important to keep track

. of. the startmg number by fillmg in the first box. What are some -thi-ngs that“d teacher

can do to minimize the tendency children have to add the starting number to the land- -

H X .
7

ing number? ¢ ‘ .

Perhaps by next week some of the participants could share their expemences

. of. introducmg Jumpmg rules in vhem‘classrooms. : | Lo T

. ‘ . : . .
-4 l -.
H

.

. . [ ., . : ! . _' . ’ ..

15
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‘Book 3 - o | - Third:Session

“ VWritten Le--s'son"D___isc_uss_i'On'Notes ’

¢

’Phe d1scus sion notes for thlS wr1tten lesson have a format. diffefrent from
that ot the first two written lessons. It is not intended that the pa‘rt1c1pants
‘should talk less this' week. In° fact, by the third week the part1c1pants should

. . ¢ :
be taking a more active part in the discussion. S . "

General Suggestions T ' e

The first five-pages of thi's written le»s-son involve problems' about parentheses.
Perhaps the be ot way to answer questions that part1c1pants may- have concerning
" these problems is to write the problem on the board and have anoth;"’im,rhmpant

. . tell how he did 1t VIf someone glves a wrong answer to a partlcular problem it is

possible that he really solved a different problem. Sometrm\es_th'e quickest way "
~to.explain his error is to show'him the problem he actually did* For'{exa'mple,
. problem 22 on page 4 is 3 +é—- ~ 3 - % = -, and the correct answer_is. 0.
Assume that someone arrived at 1 as an'answer. Perhaps what he did was to
.-supply-parentheses-——’ 3 +--!2-‘ - (3.- l) =, 1n which case the answer\.Would f

o .be 1. It would be worthwhlle to ask a partlclpant to explam the d1fference between

N

theSe two problems. _ ' Ty

®

The remainder of this written lesson deals with methods for f1nd1ng standst111
points. There are at least three general techmques for finding standstill pmnts, and,
in a typical institute, each of the three ways will be nsed by the. part1c1pagts .. The
moderator should encourage participants to describe their methods., Notice that
problem %4 (a) on page 8 asks for a child's method of finding a standstill point for
rules such as O—>3X0'-8 and 0 —> 3 X0 - 7. Acceptable_ 'ans'Wers_ o
. to this questlon are not hkely to be as general as those desb{ibe'd'here. B «

- One way to find standstill points is to-make\rnany jumps and notice the . .

. Ppattern of jump's. : B“y l.ooking at the -symrnetry of the jumps one can usually o
determine the standstill point(s). - . : . . o A |

Another method is to divide the nurnber being subtracted by one less than the

',) .

| multiplier. hi the rule is: J—> AaX L'J = b..(a and b are numbers with a not -

equal to 1) then d1VLde b by (a-1). (Why ‘couldn't we do thisfif a were equallk

. to 1-?.) This is the method used by some of the students in the film

&

"Standstill Points'!, . N




sttlhpomts. In order for a number ta be a standst111 ‘pomt the startlng number ST |

must be equal to the landlng number. If the rule is' O -—> a X 0. -'b oo ot

( a and b are numbers), then the startlng number is [ ‘and the landlng num- T« ‘

ber is (-a X LJ .~ b ). Since these two numbers must be equal 1f there is.a . g

. standstill point, we héVe U s,aXx0O - b, The number that works in El W'lll

be the standstlll pomt Notlce that if a equals 1, then the . eduatlon has no oo

r

.8olution, and there is no standstill pomt. - oy ""l‘u -

The- moderator does not haVe to cover all these methods for f1nd1ng standstlll S

pomts m the discussion. They are 1ncluded here to provide background for the

moderatdrv and could be used at a later date. . . : \
\ ) 1 . ! . ) - '
[+

Specific Suggestions' - - ' o ST .

.
- 1
-

Be prepared for questlons about th{a followmg problerns page 6, questlen l(f) _
_page 7, question 1(j); page 8, question *4(3.) page 9, question wh5(d). A good "'

appreach in answering the e quest1ons is to have partlc1pants di cuss their

\
.ideas and answers‘ The moYerator. should use the followmg 1nforma§10n with

-discretion. e

Page 6, _q'uestien 1(f) (The ruﬁe is D-“'——> 3>§ o - 8 ).

(e) , Startat 1 , ’ One }\n\mp. B %.and?

»

R (f) A common wrong 'answer to\( e) above is --4 What question

might someone who makes thxs\sstake have been answering? - | - B

. ’ .
£\

N

Some possible answers .

l. The ‘starting point. mlg have been add d with the
landing point. . |

TR '_1+-(3,><_1)_\-8;'=~-;L

‘2. The multiplication sign might have been read askplusmignr e

FERREE R




(a) What other method besides lookmg at the pattern of. Jumps/{m1ght a | IS

Chlld suggest as a quick way to find standstﬂl pomtg for the rules '

in the toregomg problems ? o e R e

. . A )
v o . .
. o . A

A

Th1s type of questlon actually does not ha‘ve a wrong answer. The quest1on ' -
118 askmg for a “child's method and ch11dren say all kmds of crazy thmgs Howeve,r_,’_ '

most part1C1pants (as do many students). say %omethmg like ake L of ther end

) number . "d1v1de the last. number in the rule b‘;r 2", Members to your group ;--,._
who have answe‘led this question m1ght enJoy testmg thelr varipus methods o(n o
“these rules: e L _ |

o P> 4% t21 « ,

| . e ,_ ‘ D-—>1x.1:1e3" | “

\ . K S . EJ————> 0 >< o~ 3 R

a . ) D—-> sz F1z T | R
N ] _(' ' Ce ) ' - . 'l .
e Page 9, que_stion ﬂ"S(d) AU R N e x_\' . A v

.‘-‘ ‘

The qp.es'tion is to find the -sta,ndstill'poi—nt or polnts for the. rule .O > 0 -0,

)
Y ) '
A

) Part1c1pants often thmk that negatlve numbers are standstill pomts fbr th1s'
rule. If -7 is put ln’bthe Hoxes, theﬂ 0 - (- 7) ha®to he computed«to ﬁnd\the
landmg number. Because of the two negative s1gns people often have trouble.

_ 2
Two dpproaches could be used to solve 0 - (- 7)

. L. A sequenge of problems such as this: - P B
0-5=-5_ "
I " 4 . ,
’ ' 0 - 4 = —4 > 5 °
0 -3 = -3 ' ’
L ]
0 -2 = -2" ) :
S 0 -1 = -1 . * o ‘ N
B ‘e ' .
o _ 0= 0 = 0,
‘{{S ' =(-1) = 1 o g
C e 0~-(=2) = 2 : ' ‘ )
o -(-7) =7 39 o
\ , ~
‘e { ' * ‘




N . . . ’ . . .
' . . . . ) " ‘ . . . ) -
‘ . r . ¢

. 2.
s
&£
B _“*’-

'. "2, TRe Use of a gule suchas L —> 10 ~ O , -
| - . - Start at 7 and use this rule. ~W.here,('_lo you land? (3)

; ‘Startat 3. Land? (7)) . ., /
RN - Startat'l .* Land? (9) .;"l‘ o -
o Star% at 9 Land? -~ (1) . - °

" ‘Here is' a-picthre‘ 'o‘l".s.ome jumps _taken with this rule:
- \ ;
PN ——t , , . e ————+
-5 -4 ~3_;2 -1 01 2-3 4.5 6 7 8 9 10111213 14

- Start,at Il . Where do you land? " (~1) g oy o

)

Startat -1 .

€ .

If the pattern is preserved then you should go back to ~ll from -1, and

“ 010 < (- 1) ‘must be equal to 11, whlch it is, What is 10-'( 6)" 5=(=7) 7.
-0 - ( 7) ? " Where do you land w1th the rule D"—-—> O‘* O if you start at =77
!}»' ) N .
. 3 s ! l'.)
' 'f‘.'s ) : ; S o .

L In one ;nstltqte an part101pyﬁ suggented that zero must be the only st;and—
- still pomt for the rule O —.0-0 because 0 is the only number th.ch

.',.13 its own opposute. (The opposite of‘a nufnf)er is deflned as that number | r
wh1ch when added to the original number, yields ‘a sum of 0. ) Smce -f:“ '
] —>. =] ("Box’ goes to the oppomte of- box") can be shown to be: thé sam)e

rule as m —-> 0 - D ("Box gges to zero minus box"), 0 1s the only

\
R ' C f’ o B e N
e standsti.ll oint. ) : . ~ P AL T .
. ) . L » ) .. . S . '..:.._,. e LT S
T . . . - N Ty L. .
. . v ! < ’
. N l;l’:
a
e-f’w
: M
: "
] . : .
& oy 6
bl ‘A .
¢ M
v )




LA o " , R ‘
B_‘btok _3 ¥ ' .'-,:.V_f," Fllm Diacussion Notes f , P o
a : : .‘ e ! o " ”Standst111 Pomts" : - | .
- . ,.L L ) . ‘ — . | | .:-._.
R frehmmary _r{ormation. . oy : ‘»'
| S, ' This clasﬁhs a heterogeneous fifth grade from the James Rugsel'l Lowell ¥
' : .4.: School in Watertown, Massachusetts. The teacher 1s David Me, Before -
O -J this f11n:1, he" had metfwith the c1ass three or f()ur t1me.s. The fll_:mmg,took o
Ny place in Mayj cld [I‘ ilm'r u:nnlﬁl., ‘time: 45 min, ] e ‘. | | " h - -
‘ e . S : ,‘-‘ {\ ‘
. ) ' d1scussmn that follov;}"k occurred in a prev1ous 1nst1tute. It is 1nten-
” ded to alert the moderator to ‘lpc}&;fuble questlons. Most of these answers w&
- gwen by partlc*l.pants -
’ V, : ) i Q ", Fairly early 1r\’the ,fllm the class was domg thlngs 11ke A
,?r:i‘ o0 :——9 3 >< D‘ - 19 ’ and somebody g‘ave as her explanat1on ‘&Y ou just take .» V
'. thc‘ number on the rlght and cut it in. half, and you stay rlght there." But, when .
' the teacher was gplng arc!und askmg people what the standst111 po1nt was, TErry ‘&r-
sa1d 38 What was going on there? h ' |
N ' A ;‘Te:'ry vmultipllied.l‘) by'j ; instead«;f dividing it by 2 o | i
- R : ] S
" . Q: . Nancy's answer was 6% . Where did that come from" /
e A Poss1b1yshed3v1dedt£a 19by 3. . . . ‘
Q: "Why is. the st;andstlll point one less than the number? How
) . come 1t works? " (The person who asked thls quest1bn did not state the question ‘
,“ - g clearly What she really Wa;lted to know was why you can find the ‘standstilly
ﬂ “ | pomt by d1v1d1ng the. last number in the rule by the number ‘which 1a one less than

the multlpher in that rule.) o . 8 : g o

A:

: : L _
Since we are: lookm)for'n place to start.so that we will land at
- _the same place, we can say that for the standstﬂl point the startmg number w111

~

:.fiequ
_. ma po rewntten as O — oy 4 2 X 0= 19.

r the landmg riumber. In this partlcular case the rule 0 —> 3 X [Z] - 19 .
If we ‘can find a starting num;
""Alberutor ﬂ :80 that 2. X E] - 19 is zero, then that startmg number must be
“"l‘utandatﬂl pOi?t for the nule. (Why?)

. : '
S 4 o
e ar o, 0 [
Vs




>
~
-~

] '_1't1,=',3><1:1-19 g |
Now what works in the box? This method is entirely correct, of course, but
it is likely to compound the confugion of those teachers who think they have Y
just gotten it straight in their minds that the arrow in a jumping rule is not
an equal sign. The moderator, if he or anyone else brmgs out &uch a method
. should raise this question and try to get various explanations, makm! clegr
that the equation is a way of finding the standstill point of the jumping rule. .
Later in the institute he might want to come back to the question and explore .
~whether or not one could write equatlons in ordersto find jumps of spec1f1ed
" distances other than zero. - .
The moderator may want to get thoughts from those who wish to offer

therr, and defer'further distussion of.this question until the followmg week.
This will allow the participants time to solve the problem for themselves.
These notes are for whatever time he glec1des to pursue this topic.

/ LI . N *

_ . i)

-

Q: ‘When the class is trymg to find the standst111 pomt for the

S

rulo 0 — 3ﬂ>< a - Donald suggests startmg at 0. What was he

| probably thmkmg

A He might havé been confusmg a Jump startmg at 0 with a
© jump 0 spaces long. y ' .
" Qs ﬂ Commenting on Carmine's. jump from 9 to 8 (using the rule

A, =—> 3 X1 - 19), the teacher says something like, '"That's a pretty.

«short'jux‘\np, which probably means you're not too far away.' " Can a cla'sroorn

| teather and her atudents always rely on th1s pr1nc1p1e? ® co ¢

| i Ai . Not always, but for most slmple rules a vefy short jdmp in- |
d1cates that even shOrter Jumps are not too far away One has to ‘use ‘some o
common  sensg in applymg th1s, though I yOu st.art at 5 and use ‘the rule.
1, v-—t 1 ®O - 110 » you get a pretty short Jurnp ', but where is, the stand-— |
s‘ttll point? (There is none.) If you start at 1 and use the rule _

) —— IT(l)—O X0 -1, you get a_jurnp from 1'to -1"(-1)"" ’ but tie stan&stﬂl
pomt is not very ,close to 1.0 (Jtis 100 . ) Lo | '
. ¥ :

' Note to moderator o T o S P / _- :
*Someone with more than roytine insight or experience may suggest that *

a way to find the stdndstill pomt is smnply to realize that the, starbﬁxg point -
and “the latndmg pomt must be equal in. that case, Or &7 3




Book3 ., * ., . | | _',/

.\\

©

“have one 582 left.

Q: While working ofi the same problem, ‘Katherine d1sregards
thv teacher's hint completely and suggests 1-1- R wh1ch is not close to 9 at
all. Is :,hv lost' ina fog of her own, or is there a reason why she said 1% ? "'

A ‘P«:rhaps ehc divided the 3 by 2, gettmg 1-%. There's no
regason to assume she ¢ven heard the teacher's hint.

- t

Or perhaps she Baw, the distange from 8 to 9 was one and
~ \
when the teacher sug,;.,cbtcd Carmine was not too far away, assumed this o

meant the dllSWhr'Wab ‘around ope'.. ¢ - .

-

Another possﬂnhty is that Katherine may have realizéd that
l ' 1
9 5, was the sta_ndstnll point and the distance from 8 to 9—;— was 1-2 .

Q: After IIelen explalns her method for gettlng standstlll pomts

("'split the number after the fninus blgn in half") the teacher has the class try
1

1 .
the nethod\on the rule- 0 —> 3 XE] - 117 . -Half’of 117 is 58- s SO 58* '

2

&

yoa

a te
op®

18 put in the boxes and the chlld,ren work out the answer. Is all this arlthmetlc '

1 .
really nLLebbal‘y.?. Is there‘a quick way to see that 58—- must be the stand-
still point? - e |

. , _ ) . .
A You know that 117 = 2 X 58-2- (that's where the 58-;—_

came from originally)’ So the landing number can be, \rewritten‘as

3% 58~1~ - 22X 5871- . If we have three 58%_ 's and subtract two of them, we

2 : 2

\ . - " ' . * L ‘ '
\ . , '

’/ \ . . .

Qe In order, to check .25 as the standstill point for :

5

) > 4%1] - z15 , Ahe class has to comp‘hte 220 - z15 . The teacher

~ o

writes this sequence of problems:

10 - 5 . = 5§ ) )
' “< 10 - 4 6 | :
¢ 10 - 3 7 ’ ‘
‘ i 10 - 2 = 8. ‘
10 - 1 = 9 R
o - 0 = 10 .
10 ~ 21 = 11 ‘ \




Y

’He was hoplng that the students would see'that subtractlng a z ‘number is the

4

same as adding a regular number." Is th1s a good way to handle subtracti’n of
‘negative numbers? Are there other ways? o N S )
- : Ar It sounded as if a numiep of children responded ''9" to
10 - 41\\4 and the bf:a.cher rejected tharanswer.‘ Just by itself} the "Just-
lollow—-thv-pattern" method is not necessarily conV1n¢1ng, Yut 1t's quick, and
| if you remember that the answers keep go1ng m one d1rect10n, it is a reasonable
way ot remembermg what happens. . ' ' “
There are other ways of teachrng subtraction of negatlve num—-‘
bers, and undoubtedly teachers in an 1nst1tute can invent and develop many of
them, l'or example, sincé 5 = 3 = [ means the same thing as O + 3 ='§'5,
then 10 "= z1 s l:] means the’ same as [ + 1,l .= 10. If the student

knows how to add negatwe numbers, he can do this last problem, ,

. [N e
- , . .

Qs When Ch¥listine is‘e)'c?plaining her general method she uses 'as ”
an exarnple the rule [ —> TaX L) ~ 2} . She says that she looks at the 7,
takes ¢he 'mext symaller number' and d1v1des it into 22. But there is no '"next
smaller number"; she rnt:ans th£ next smaller “Lol'e number. Should the "\ *

_ teac}‘[er have. corrected her?

L

" A This would be purely a matter of op1n10n.. W the context, 1n

Whlch it was uttered, Chr1st1ne s statemen! 1s perfectly (}lear. O,n the other !
hand, we wouldn't want chlldren to think that 7 has a ne))Q smaller number. ‘ln
th1s case the teacher chose to 1gnore Christine's lack of precislon (or ‘he didn't
notice it at all), but in a later film, "Graphl_ng with Square Brackets', you will _

see the same teacher handle a similar situation d‘fferently. This film*is shown -

in the second part of the course,
3 o




Book 4 - S Fourth Session 1 oy
| Wriffenbesson Discussion Notes™ | ' |
Moderator: Are %here any ques'tions on the lesson? ' v oo

Participant F: I'm puzzled about question 14 on page 3. It says that the most

" likely wrong answer to problem 13 is 20. I can't figure out how you would get 20.

S

Moderator writes: ; - : | ' h ) L
i- . - b .. 7
v , ‘ ——> O+ 10 . ‘ 4 :
0—<-> 0 - 4,
. n—%s g - 7
‘D——E—-) [:] )( 3 . ‘ N -

: - y _ : o,
by . ‘ - ‘-\- |

| Participant K: I thought 15 was a more likely wrong answer. You would
get that by adding the results of each Btep 1nstead of mu1t1p1y1ng them, You

- would have:

bt . -
‘ \ =12
-~ . '.\
. ‘\s‘“ [{ ‘» ) 4
" S ' '
and 1 + 12 + 1+ 1 =715, ' : /-(

o I)ar‘t-icipar;t O:‘. Maybe they added also the firs} starting point:
'5 +1 ¢ 12 + 1.+ 1. That would give 26 wrong .answer, '
"eP_articipant X: You would also get 2? by mu1t1p1y1ng instead of addmg when

. you do ' You would have 1 X20 X 1 X »1 = 20.

4 ,. . ' : . '
Moderator: Those are all good possibilities, and with this type of question

'ihey-are equalfy acceptable. Are there ahy other questions on the lesson? . o -
| e N |
4 . . - ' )
‘ » 45
' B T T \




¢

'_ the blggest number possible you should use your adding rule before you use

~ possible when you divid@c "’ .

you want to use-the subtractmg rule firsg so that you/Lilbose as little as

:Par‘}gipant A: By trial and error I was able toivfigurev‘ out the answer
to question 7 on page 4, But frankly, trial and error can be time- consummg

and boring, Can anyone explam it to me?

.

]
&

Pdrticipant B: After a few problems I realized that if you v?ant to get

M

“wha\ has been added on. - .

-
<

? rt’icipant"C: That's right. * You want to‘getf‘as big a number as you
can bofore you muyltiply, and when you have a div1d1ng rule, you want to get

as small as you. can before you use 1t For examp’le, in problem 5 on page 7,

4

s

Moderator: Let's.-see, The rules on page 7 are: ‘

3

s f i ' ]
. *—-——>\ + 8§ °

.

v [l

and question 5 asks for the largest posmble number using three f's, three g's,

and one h, The starting place is 116 Now what wete you saymg’?

‘Participant C: Well, when you, use rule h, youare going to take one-

fourth'of whatever is in the box, So you are going to lose three-quarters of

whatever you have. In order to.41'089 ais little as possible, first use your three -

_ &
® ‘

- g's and then‘use h, | , R . e

W . )

“ N

Moderator writes:

: mult.lplymg rule, Then you multlply not only your gtarting number but also




Rt

N
o #

Participant I): 1 didn't know how to go about question' 12 on page 6,

(Asi_d&[ have enough trouble getting the answer_when they tell me wher;e to

‘start and what rule to use, How do they expect me to-figure this out? )

Moderator writes:

’

& - ’

—C 3y

) R o R . - - . ) R
Let's see. Ihrt:‘c A's, three B's, and one C are used on a certain number,

~

~and the high-e"st number that can be obtained is 207. Does anyone know in what

‘

order the rules would have to be used to get the highest number ?
14 ‘- - .

~Participant B (a little exaéperated)° As I said befor~e, 1f you: add as

‘mugh a8 youscan bafore you multlply, you w1II get the b1ggest number

So do

| thc three A's, then'C, and then do the three Bls. » o \ , ¥
\ - .

Moderator (wrﬁli‘n“g. AAACBBB >) ):© So we know in what order

*
i

the rules were used to get &07

PN startmg number ?

L

36,

| Then use the three A's in reverse, so you suptract 30 from 8l1.,

the statting number.

Participant E:

so add 36 to 207.

"

Does anyone have an idea about how to.find the.

kx
A

The B! 8 subtracted
~243 + 3 = 81 .
- So 51 is

You can usc the rules in reverse

i

mult1p11ed by 3, so d1v1de by 3 .

4

kY

v

.

Moderator Now how should we use 'the rules to get.the lowesk number?

Pa,rtlc ipant A

rhultlply

‘90 do BBBCAAA .

I guess you want to get as small as' possible before you




[ 2

Moderator (writipg >) ) D_oe,s}x'(y'on'h\ have.the ansyver?

. oo | e F O O
Participant R: 75 B E _ \

oL \

. .
. / . S
. ) .
'3 v C \
. . i
» . o

v \
Al

—— L]

- S ' I . \ ' .
Participant M : I was wondering abgbut"question 8.on page 11, I know that

: i ‘ . ' \ '
© pq wins by 26. But does it work also if 1 put a negative'number in the diamond ?

. / .
;

«

. i . ,
»  Moderator: Let's try it with a negative numbd.

4

- 13

$omeone give me a negative number,
‘Participant M: -4

-

~

. Moderator writes:
' ™




A

Wthh is ‘largé'r’ ,‘_25. or _51 o . ‘- /

-

-'.Pa"-rticipan_t Q: =25

Moderator:, It is "larger by 26; 50, Pq wins by 26 even when we start

B, SO

- at -4, And, in fact, pq will win by 26 for all negatlve -numbers.
. T ' C :

5

4

(\ - . N B . . . ) . ¢ 5 .
‘ ‘ . N B o . ’ " ’ - . . .
- ’ ) ) ) L * . ' : . )

8

The preceding is the beginning of a discnssion about the fourth wr»irtten
’le’Suson It'is not complete, but it is 1ncluded so that you may get the’ flavor of -

',vhow one mode.rator handled his group. &

. : :
' Following are some other. ideas that the moderator could use’ 1f the par-
t1c1pants themselves do not bring them up. SR o o,
| : . N
- IR
. . B . N {'
b d \\ : , " .MI A ' .
v
N ' ! .
" ' b 3\ ~ o
. a v
" ‘ .
@ 4.!‘ - \
. ¢ . . . AN
‘ ' ‘ - ‘“ O . ¥ )
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A, way of determmxng which combmatlon of rules is "better” is to look.-
at what each rule does to any gtartmg number.
. For example, in problem % 9 on page iZ where tHe rules are H 2> -4
and [ ~P~> (1X.17 "and the starting ,number is 293 3 o

/ ’ -
;o

S T (293x 17 - 45

= (293 - 45)X17 =" (293X17) - (45%17)

| ’ \ { ‘
\ " Thinking of the first IexpreSSioh as (293 X 7 ). - (45 %:1) and comp\'aring it

with (293 X 17 ) = (45X 17), we see that in the second case the 45 is be1ng . ¢

4 t

subtractéd 16 more times . Thereforo, ba '1s thd "better" comblnat.lon -
. As a partxcxpant 1n an 1nst1tute sal,d, "If you,use rule b -ﬁ.rst and then
-rule a » you will be subtractlng 45 only once. . If you use rule a first, then

rule b, you will be subtractlng 45 seventeen t1mes ~So the combination. ba

-'W111 win by 16 X 45 or 720. 2 T a

.

Kor some people the answers for the problems on page 13 come as a

. surprise, partlcularly problem % 3. It may seem that the rules should be used

4 .

" in a different order when the starting number is between zero and one, since

jumps with the rule 0 <5 0Ox O ., starting between zero and one, will go S

\ to smaller numbers

It would be worthwhlle to dlSCU.SS these problems and see if. a part1c1pant B
could come up with a’ conv1nc1ng argument as to why the order of the rules stays \
" 1 L
L the same. A p0551b111ty would be to start at oo and compute the answers for . ' ) _
\ the six different ways that the rules can be arranged. . ’
T .. A '. . ‘ ’ ) k’
VoLe s
R -
. o ( ‘
\ ‘ _ 4
' . . ;
A 9 *
\
L] } . \\ .
¢ O \ N Y .
- ._ oy R 29
\ [ ] . ‘ . N . ‘




+ ) ' ' . N
D . . s
. This shows that ach will give the largest number when the starting number is

100

A more general argument follows.

.S

, . | : . :
-Rather than start at To_é start at [J K 8° that we_‘h’ave:

“w '




4 B - - N " = o Bookfl . \

'In a simila¥ashion weg get these results for the other five arrangements ..
: of the rules. ' o : e . o .
\ Y A I ' ' 4 '
.‘ L% ~ ! ‘ ﬁ:\.
4 : 4 "
= .= XxOXx0O
# 3 . -
Lo - )
o ¢
“ = 2 X Xx0 | " o
/ B /
e 4 ' : _ . ) /
= .= XOXx 0O ' i : . b
9 C a ) o . I
) ~
2 . . ’
- £ X3 X. O |
J 3 | é /
L] '/)/“’. ° \\ . | . ) , . v ) ) Qe . .
. v g Comparmg'what is on the r1ght S1de of the equal 51gn, one can see that
4
//- X' X O will be\\the b1ggest number no matter what number is in the box&'s
/" (exc,ept zero, in whlch case they will be.the same). Someone m1ght wonder if’
1/.,
' 3 X [0 %X [0 will give the biggest number if a negative nurnber is u_sed. " The
s " - . ~ . co . ) ‘
© answer "is yes, since 0O X O  will always be positive, . o P
- . . ,
The moderator may want to r;eturn to this problem after the pangticipants _
Y N
’ ‘have done the i{f‘ltten lesson in Book 16 .
1 ‘ i , . ‘ ’
3 ' .
. . | \\ - ,
. \“. .. . ( . ‘:Q
A : ‘ ' v
. S | ‘
| + ‘ 02:,&11‘
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‘Preliminary 'Infox‘matibn: |

) : Y-‘L,
| F11m D1slusa‘oxﬁ\lotes §
"Three A's , Three Bls » and One C"

» . ' . ’ . ! . - .

»

“.numbets, [Film runmng tlme 48 min. ]

Moderator writes _ ‘:.* 640 - e

&
Modprator - N S \ \ ot . |
\Eges anybody know how to get b to 640? . Lo
Participant D: : . B : _ - ‘ ) ' . ¢
. 6 . .
1 thought you would mu}t1p]y 10 Xz but it doesn't work out. : AL
Modnrator o o 1& B | 3 - : \ _
! A . . A N . N _ . . P.."
For those ‘of us who don't rer_nernl‘)'er about exponents, what is 2 to the 6th%..
: » * ' . ». :'» . . . v . ,
Participant F: S : ) - ’
Yo eipan oy . i L !
L2 X2X2X2X2X2 =2 | ‘
. . _‘ . N . | " (. -
~ / T B
oy S )

L 4

In this film you will see the same class of fifth graders th'a.t you saw in the .
“film ”Standstlll Points". ;This is the next day. The teacher is again David A, Page._
Just before fllmmg he. mtr.oduced the class to the conventional notatlon for negatwe

L N , . .
\ \ . B

D1scu\sswn Aftcr .the F11m

Mud( rdt\QL - ' S v

Are mbere any questions or comments about the film? .,
Part1c1pant A‘\ B '%, |
I couldn't figure’ out the one w1th the 10 and do 6 c's.
Moderator: . ' ‘.
Let's see. Rule ¢ wa'é ‘ ——C—!> 2 % and the problem was
. ' The teacher Q{as getting'most‘ly wrong answers. 1‘W}‘1at_

' ‘ ¢ .
were they? . - ¢

Participant B:

120. Theywere going 10, 20, 40, 60, 80, 100, 120. - ,'

Part1c1pantC '. . )

t
¢

Another Wrong answer was 22 They we_fe thinking ofveach_{)f the c's as

[

worth 2.« 6 x 2 = 12.° 10 + 12 = 22
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A o L X " b oo oy :
."’ | I .‘ | » .v‘v‘ .l‘ ‘:’.. . .. :A "‘v » " . " -"‘ \*‘ \\ ’ N A.\_ (‘ ) ' \ ' L.‘ \l ‘ : "-“ l\I\ l‘ L
. o - _>_~..“'_"" . - ¥ . Ty ) . N . ot . " .A » ..., \
Part1c1pa\1t D‘ S B TPV R e e
A That' 8.: 64 so 1t does work Imnly d;\d 2 to the B'th before. o e
0 T \. “ “ N e y ’ "M“ . S . ’
Moclerator wntea ~ Qs —-*—QE—(:——) C= 960 ) . R RS
A \ K ; v
< . , o [N o . o : <y . . “_ .
S v . ) .. . L o . " R :' M I}\- ' )
MOclerptor P . - e o S AN .o . L R ‘;""‘Jb o
, B

When the teacher cha,nged the. 10 to 15 “he commented The answer

';'-

"has to be’ bigger than 640 because we're sta‘rtmg with a b1gg¢r number. "o RN

Does anyone have a fast Way to get the answer Whlch was '96@ ? J\*
Part1c1pant F R B o A CE “ .‘)-.
T’ Add half of 640 to 640 TR T \ SR A\
Moderator" S o . | e ‘ ) ’., R o - Oﬁ

ﬁfﬁ" Does that work? S U R : L ‘
Partd hpant G R ™ o | , | | I_ EENEES o . | . ) _'-".\\

7 You've increased the 10 by half of 0. el SRR
Partlmpant H: I f T ‘ | : N . | -

.' I see what you're doing‘ If you take half_o_f» your answer (640) é"nc.l:_add" - o ‘ {
) it to 640 you get 960 R : ' g o o,

Modex“ator :_' _ ' o Sty S

What 1fyouhad 30'? o e _ ‘- r .

' ! ’ 'x A
Part1c1pant ¥ A ' _ ‘ o s o LA
a 3 R 2 A . . . " . A i)
It would‘be 3 t1mes the answer yoq get fof 10 o Ce s
Partlc1parrt K: o - _ o Lo 4 L T R '.
e ' " i : D D
'; TS

SRR I noticed that one ch1ld said one hundred and thlrty—t\bo, and another time .0

a child sa1d two—s1x—s1x for tWO hundred s‘ixty--suc. Isn't 1t-§mportant to .y LI

N . a._ ’J ; , .‘||!".. ‘. 8 e .
say 'the numbeTrs ? . W F R ' ‘ A S
N _ | LT i Lo o | o, . R 3|
Moderator * . o co . T e - _
It\ is' 1mportant that you do as you ‘think best: Sometlmes when chlldren D
: e T
. . - - are WOrkmg Wlth big 1deamland looklng for generahzatwns, a teacher/ may L

_ 7 'ignore” thmgs hke that for the time bemg S s o SUERE
} g , Y T ' S 1 ) . v',;;l ! .'-w
- Partmipant L. “_~ o ‘/ R A LR ) - N N _

In another plaoe 1n the f11m Brian sa1d 3 minus 10. instead of 10 minus 3, ) .

Vs

and the teacher let it go because he knew What Brian meant, and Br1an T

ol ' r
certain‘y knew what he meqnt. « AR - - s o - .
33
ey
' Y/ "_h
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Partlmpant N

e

B The° teé.cher said that
m by mac_qu that jump:’ '

‘_, ._'.

L : It says that usmg rule a, 6 goes to equals 9. Thls is nonsense. It 13'
L3 © . ST PRI ° o
SR ", correctto write i -9 Wthh says that 11’ ‘you start at s1x
) ) ;.'T:j}' ' 4 '_u “a ‘ . . = ‘Q‘ !. n_. o o R
- and use rule a, thevlandmg pomt is equal to 9 6—-——-& 9 if a C-Q‘).;.i'e,(_:t L
. . . L S ) » _..,.; ..-."
e S ' Lo . o, ,'»" %t P A T g N
‘4 . - .Y Way to say: using r\ule a’, six goes tp nine. : I T
o Cow _ . R . N . s a7 o,

Participant N: - ' o) S SN S

‘What if Bruce hadn't said, "Is-it becafise you multiply at.a different place? " -
a.- €, : > T kN o - . 5::3, "“t‘::
Part1c1pant O , - . SR | e
‘ ’ " g < -.~.. . .

. Teache»rs aren' t always lucky 'enough to have a. Bruce in the1r clasa. )

SR 4 vp - e s

;Paru%pant P e

I Maybe the teacher woufd ask why claa\abb'b‘ -> did.not. give the/ "

ca e . B c tale
L

same answe.r. _ ) T o » T

T’artlclpant Q c - '  \ ' L

. . B . » B A .
‘ : . J ‘ . .
. ] . . v f



"Note to n’mderator' - '_ ’ S I 'f 7 o _ L | )

At tHﬂ end ‘of the: film, after the students have found the maximum number 'V R

)

1imnmnmﬂumbvr, the teacher asks a questlon. "If 115 is the largest num-: SR

1

: i’bvnw;&cn that you can hit? C?n ylou 1_'

en,. ‘gt‘._ ..ndlilr “) 'or"only-._;on some of them?"

“
-
»
.
.
[
% - ¢
N \
t
”

Th sTe Are ma‘nywother Waysato arrangb thesq ""‘j.
: kee,pmg tbze, «to the left;. for example, -

cababab 4. (HOW many cher Wa.ys are thevé N
However, eagﬂ of these arrangements w1' 1j_'.;' i

: g - 3 /l'v':i . N
o e e " acaabbb
Y. e oL T bc aaabb

fere.we. have 4;wo at’rangements that wﬂl
_.gwe .d1f‘fe1:ent rcsults, 2 _'-::_": : o

‘,2
s,

O :
~
%1‘ V
3 P
o . \
.'.'.'.
‘ . . [2 [
it
M .
. .
f 35
L]
) .




& you,carnot get all the nimbers between the largest agd smallest. You“'cin.

<

¢ l S

_ . .
f . ) . ‘ ) L 4C . . . . ¢ . . =
‘ . Move the tfyto the right"again. Can you predict how many'arrangements..
will yleld different rcénlt.s? It you said thyee, you are, right, . . , '
. s * v N . * .
aacabbb : : . _ .o .
—-abtaabb . - A . S
( bbcaaab _ ’ o , o o ,
b2 . ' ) 0 . »
b . . ’ . ¢
: e
Move the ¢ once again. _ .
, v - _ Co R
aaachbb . . :
aabcabb N ,* .
’ abbcaab - | _ A o “
- bbbcaaa ' ' : : F
Again move c¢_. ’ : - _ X /
\a ‘\_ . ' - ’ . ’ .. ¢
aaabcbb ' x , o C .
' ) - aabbcab _ _
' © abbbcaa : ' : g
Once more? T . ) °
\ ‘
. aaabbcb Coe -
) aabbbca .
] - ’ .
: L]
O b3 ' -
. :[ 1;1.‘1113; ! o
) o
L . , o el
., o  .aaabbbe o
. \ ot ° \' . X , X | ) .

. . U ¢ ‘

Counting these arrangements we find there are 16 possibilities, including
o b ~ . N \ . . - . . . . l'; .
the maximum amd minimum. The answer to the question, thercfore, is: No,

A

&ii?t only 14" numbers hetween the la rgesteand smallest. R R L 4

. . . \“-\ . L, f’

)




. S . _ ' : . . " BN
' .- The moderator may want to shéw the 16 possible’landing numbers |
(starting at 53) on a number line and;uscdss such things as symmetry, pattern. -
of numbers hit and numbers missed, and midpoints. Here is a picture with the
- . . . R ' , w0
rules that give the landing numbers: N o N
«*-t> | 3 ! aaacbbb 1 11§ | _ \
— .{-
: f - ! . '
“aacabbb ‘L 111
. e .aaabcbb 1 110°
o . . ‘ 4 + . ' , e ‘ D ) ) - *

: T ac‘abbb 1 107 | .
v . aabcbba 1 106 . RS ,
aaabbcb 1 105 o .

caaabbb 1 103 :
. -abcaabb 1 102 " | '
. aabbcab 1 101 . 4 .. ' '
o aaabbbc 1 100

bcaaabb T 98 B o . - :
abbcaab 1 97 . R t
aabbbca T 96 ' ! _

bbcaaab *"93 4 ' ’.4
abbbcaa T 92 :

bbbcaaa T 88




_Written Lesson Discussion Notes

‘Fifth.Ses sdon‘"l

.
' & 7
A . . . ’ .
) . B

&

lema w1th thexr cla’ases.

with 1\att1_c.es.

. written lesson.

We hope that the moderator w111 encourage the partic-
‘ipants to djscuss the lat(ices and the problems that they tried,

(See page 41 for further dlscus smn of thls_ qqest_;,on )

(Some posmble answers are on p."eigea 43-r45~..‘j

¥
v'.'. .o‘.
e

~ g

! ‘ ',..’ A .‘ ‘q
Page 3, problem 8 and problem 9: E YL
L Rt Bk R B
_ j |
o 136 it} ~fo=t—~te= =

j,(Answer on page 43.)

" Page 4, Se‘t. IV, problem «4:

Is there a reason for using the same arrows in problems 8 and 97?

5/ N

. s (The answer is not 5,)

.

Vi

Why is . 5 a likely wrong answer for 5/ N\ ?

Page 4, Sect. V , problem l-(a):

v

(Answer on page 43.)

In’ghis written iesaom, the part1c1pants are asked to do some lattice prob-—

Perhaps teachers
from representatlve grade levels ‘could '‘present their problems to the group.

An()Fhera possnbihty to keep in mind is to reproduce for the entire group some of
the lattices and sets of problems that part1c1p,ant8 have tried in the1r classrooms

TMs \vould also be a good t1me to discuss what children can learn frorn working -

FolLoWing are s‘Ome of the questlons that are most o,ﬁten 'a.sked about thig

N\

]

qu the lmalle’ot possible number of arrows to make this problem true:

23

= 4]

What is the largest number of errovgs that can be used?

(Answer on page 43.)

- : "i.

Why isn't six the largest number of arrows that can be used here?

5 ")




Page 5, problem 4 (a): S oy ;o ‘o_b o
Page 5, p | (...): ‘ \ - V R
I AR r7 ) o« 88 |
% “& ~ . ' \ . . o . ' [ |
How mxght one approaeh this problem yﬁogical fashion? (Answer on
page'4d.) - ‘ O

2
<!

"~ Page 5, problem 5(c):

4

/ - Explain why this problem is impossible:

‘ . | o - . '.
‘W oy o\ - e/ O\ = 129

Whyis this problem impossible? (Answer on page 45.)

In pr'oblerhs 6 and 'i, on page -5 and page 6, th.'e participants are agked
to extend the lattice. Usually problem 6. g1ves nq trouble, but the answe§ to
problem 7 can be the subJect of d1sagreement. ‘Two common answers ate =3
,and -13 Part1c1pants who give these answers are probably trying to keep the ..
last d1g1ts of the numbers in each column of the lattice the same. (Thus; -3

'/

tract 6 there,, whereas prev1ous1y it has always subtracted 10. One has to de-
) “

c1de whether it is mome important to keep the value of the. arrows consistent or s

goeg under 3.) HoweVer, if ~3 were to go beneath 3, then the 1 would sub-

to preserve the pattetn of the numerals in the lattice. That all the numbers in

the column above 3 end in 3 is really just an accidental outcome of the fact
that there are ten numberts in each row. (Try the same kind of question with a
. seven-fold lattice.) The moderator might use the folloWing sequences of prob-

lems as a possible way to lead to an extension of the lattice whi(‘:h preserves

" )
the effect of the arrows. (

1

= A - R




» e ' . L ( : :
Lo : C e ¢ _u : ) . }
L . . . B e
. : . . . . : <

BookS ‘ | . '
(In th,eae problems. put numbers in all the f’ames no arrows allowed ) .
i) 90¢( _+‘-"O 90~L _ *—“—T '(A)' “..19\10 A~ o 1'0““.
o (11) 264 +4 26y = ._____._ (B) '-"l‘?l + ! 7 = 10
' o - : ’ IR
(iu) 43} 4 43& \; _ (C) 12} + = 10
,(iy) 53' + 033 = (D), 1y o+ = 10 c
R N S T T Ot YA . w0
(vi) 17 -+ = 14 QF;;). | 9y = 10 3
(vii.) ) 7y - o (G) - 8y = v1.0 :
| | (H) -~ 7 i 419,-

o L (1) A+ 13 =.7 10 Vo

bollowmg are two sl1ghtlyﬁ1ted dlscussmns among part1c1pants who

were taking the course. ' oy
\ . | | |
' B o - | [
\ . o . o &
Participant A: + What was the answer to 'pr‘blem 5(b), page 5 ? ‘ _ o
’ - 19247\ = 65N = 127
t Moderator: ' Remember, we must put the x’ame arrows in each Z_\ ,
N ’ Would soriieciie glde like to"a swer this?
_ . Participant F: 1 made a square with the arrows l } 80 they get back to
— : : [ '
: 192 and 65. \ ) ' o,
Participant G: Iagree. No matter what arrows you put in each ['"'_'“s ) the
arrows must cancel themselves out, so that f l in\aach
é::l would work, too, | A ’
’ ' A N 4
' PRarticipant M: Well then, I'don't see why I have to use any arrows at a}l,

- oy qince ‘192 - 65 = 127 already.




]

. " . v 4]
. T . . ]
LI o M ' .
« . .
. ! | ’ ' \
" 1

* Partigipant Q: We don! t, have'a no-arrow symbol. }} or — = ‘is the. close'st

-
~we come "to tha;,, and the result is Just as if we had used’ no
arrows.

Moderator: . - Yes, you're right. "You have to have Gomethmg in the ../_:rl g

- - ‘or you haven't done the problem. ¢

»

’ »Partici{ant N: I disagree with all of you. I tried four arrows to the right 13

e ) each D( , and I still gaot 127.
Mo(lera‘.tof: .. Let!s work fhat' out:
192 — — -~ = 196 T e
65 = — — — = 69. |
- and 196_"— 9. = 127. . | v

. X A
Participant N: In fact, I think that any combinatidn of arrows would work.’
. P : y . 1‘ ' .

o ) Vv : g . .
Moderator: You are correct. Those of you who wish to thigk some more
' about problems of this type might see if you can find the ans-
wer (or answers) to this problern

\1

fl

192 N+ 65N 257

Iio ) . ] » ' v
- . o v

_ : . .
Participant A.: / What are the children:f_.,r-éally learning by doing lattices?

, ‘Moderator: ‘Would anyone like to answer that? o

=

Participant C: 'Each arrow /:p'&inting up i8 worth 10, so that a problem like

A A R R R R tould be done by adding
| ) 3+ 10 + 10 + 10'+10 + 10 + 10
/; "' ‘ or by doing 3 + 6 X 10 . |
‘Modera-t{)r: Yes, and if you used a different lattu;e, sﬁch as one with

multxpled‘of 6 in the far®left column,, the chlldren would
get practice in the six tables.

i ’ : )

- e p—— - a——

S ks
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‘Book 5
. ‘ . .
, Moderator puts th
A

Partic ipant X:

7 !

Participant M:
;-2
Participant L:

[

Participant C:

L ‘
Participant D:

-

3

~ Participant L:

Moderator;

r

Participant P:

g 'They are learning to use n_um‘bers in base forrn, too.

-"ﬂ . ‘4 . . '. . " ' . ‘\\\
rée rows of this latttce"cjn‘ the blackboard: = R G |
Y o 4\\ |

12 13 .14 15 16 17 ‘

67 8 9 10 11 o

0 1 2 3 4 5 S

o . ) ' L
It's a good way to wiew d1v1s1on w1th remainders. If you had -

44 + 6, go up 7 rows from #ero on thaglattme and then go -
over 2.

. a

Using arrows that go in oppos1te directions brings in cancel—
. _'1at1on. The ch11d§-en can see that { _cancels out l 4

«

Is this really other number bases?

. » . ¢
1 don' t thmk it's the same thmg because you are working with
ten d1g1ts, so it couldn't be arother base.

" But if you wrote all the numbers in<base gix (in the lattice you
‘have

the blackboard), it.-would look a lot like the ten-lattice.

Do you think it would be good for 1ntroduc1ng negatlve numbers ?!
"~ How m1ght u do tTt"

Have the arrow\go down below O and put another row ‘of numE'Ers

below the bottom row. ‘ . .



o ;
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Y R Book 5
Here arf‘ some posalble ané\wers to the questlons on pages 38 and 39. of these
dlacuasmn notes. - - A oy : ‘

% E _ ‘ : ' : S ¢ . -

‘e Page 3, problem 8 and problem 9. - - ’ ' o ‘.

The answer to problem 8 provides a clue to the answer for ‘proble 9, '
~ since prp#lem 9 has the same arrows, but a diffel"ent',sta_rtirig number. ' If you

cross out arrows th"at Ca{'nc'el one another, such as t and l , and — and +
* you are left with . . 5
: NE 14 t 1 — - [35

LY

S0 all that those arrows did was to add 21, Adding/ 21 to 36 will now give the

answer to Iproblem 9.

Page 4, Sect. 1V, probletﬁ 4, |
Notice that 5 /’/ | \=\ 5' and 5 \\ >= .5 . Students oftén think that
.\ and /' Lancelbout in the same way, but they do not. On this lattlce,
7 rheans add 11, and means - add 9 ‘Thus, 5 17X has the same answer

~as SH

\

Another way to see that 5/ N\ cannot be 5 is to think of the geometry of
~ the moves. ,The arrow / moves you up and to the rlght the arrow X\ moveshyou '
up and to the left. As long as Phe starting numb?‘ is not on the edge‘. you must
travel vertically; you cannot stay where you are. Studente somet;mes d'ecompose :
* J «into ~ % and '\ into + t . Therefpre, 57 N\ can be replaced by

5 —t+ } . The two horizontal arrows cancel, leaving 511t .

I _ _ : .
- Page 4, Sect. V, problem 1(a): ' . - -
'y .

There are two common ways of thinking a'b'out the correct number of arrows

used. If one allows arrows that cancel,; there is no largest number of arrows,
“There can be as many as you want, If arrows that cancel were not allowed, then

6 would be the largest number of arrows; e + tt (or any rearrangement of

.

these 6 arrows.)
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"Book 5
Page 5, problem 4( a):
There are many approaches to this problem( Here aye four possnble ways

v

to do it: . : ,
- , . o . ' '
First rewrite the problem as =~

{1
m.
[0 <]
.

, (i) :
T, s T
) y;smc'e / adds 11, A A /7 adds 44.° . -
. S R ‘+ 44 = 58 o
1 o« L1 =
w o CZ3d o+ CZ3 - ow
(Of course, 7T/ A should be checked on the lattice to ensure that it doed not
N go off the edge y . - b / v
{i1) Rewrize' the problem as o o /‘/
ZOR s PPN e PZONERE R
I‘hen, each :] // must equal 29 Sinte. /;' adds 22, 7 .rnus-t'g'o
‘in the l::] '_ _. - - _// |
. . . o ) | /
. /
e -

(111) Add arrows ulmat w1ll cancel out those on the left:

e P27V e V20

(Since four ¥ 's Were added to the left of the e_tlual sign, fo r ¥ 's were

t

. ,
also added to the right of the cqual sign.)

;o -
58 ¥ ¥ ¥ ¥ = 14
¥ So, you are left with _ '
. O e
'j ) ) \ )
.., ’ .
{
; .
; »
[ ] .
Ao w
»
B2 L AU




same amount regardless. of the combination of arrows used.

( w) Try num&ra in the
\ (small )
- Try 10: 10 272
/ Try5; 5 A8
. ) [ 14 . . | )
CTey 70 0 2 AN
@agc ,proble& 5(c):
" ignpossible, since 192 -
alwax‘s' be 127.
»w
w . \ Re
¢
*
N Al i
e /.
A
4 \

i

3

Book 5

‘check to see 1f they are too b1g or too |

. , g e T .\
t 10 A7 =, 64 ~ (too big by 6
. . ) "' . ’ ‘ ¢
+’ 5_// = b4 ‘(toa small by\4)
+ AN = B8 it works)

4
S

4
L.

Usmg *he same arrows- fm’the same- shaped frames, as one must, thlS is

[
65 = 127, . Bothenuﬂmbers will be changed by the

The difference will

- f .. a . i .
~

: /
< |
B v
' N A} -
I {
_|
%
. . o .
‘ ‘ w | !
?‘\ ,. . ...
. L T




B 5 : : St S :
ack 3 o Fiam Dﬁacusuion Notes .
. ' 4‘ a " ‘ :?l e | ¢ ' v '
) . o / "A Seven-Fold Lattice" : -‘_ !

y
“

. Praliminary information:

L]

. The class you will see in this film is a f1fth grade. heterogeneous group
" from the T%rowne School in Watert‘own, Massacﬂusetts. T’ne film teacher is =~ °

{ | _ 'I ranct X. Corgoran, On two occasions prior to the filming Mr Corcoran

,

g ad taught the clabs _using ither Project materials. 11m running time:

L - /2
, 48mm] . .

Discussion after the film:

We hope that the moder'ator yvill use these goteg as a reference to hel

[} . . ) : . . . . ¢
- his group answer their own questions, - - ; S : ' :
) : ] ) ’ T l‘ AT ! |
[y . ) :. Y
Particjpant A: The answers to the last two problems were not given-in

the film. . What was the answer to

- | / \ / \ ',_79_"

]

Moderator:  In the film the teacher gave a clue by trymg t in the
- L s |
/o N + 2/ A\ = 7
. v . - . . .‘ . l ’ . ) . A.: ' .,' |
: 25 o + 36 . = 61 -~"

1

‘But we need to get up to 79. What other arrows do you need
to put in each frame to get the necessary 18?

.I"articipant A A;An arrow up and two arrows to the rlght ( f el ) |
Participant X:  So you would have 1 } — — in each m . _ .
Moderator: Can anyone do thls ,problem using oaly three arrows in _ ‘
. o (.ach m ? Only two arrows? o B R
Participant N: ~ For three arrows, you could have } / -~ , and for two
< o arrows, /. v S ‘ AR
[ - o

Participant B: What answets did tbc 0h11dren gwc for t}’s problem? |

.

’ ¢
0 - +
LR b L




[

' . . ‘ - . ‘ o s M . ] a - K ‘R C
Moderator;: ,"  Some popular answers were f\-—-’ . b / f T ks
: \ _.,'/\ tH_' y AN ',-and'..f'-"‘_"»"",- Lt {‘
g ,I-’-ar‘fi?l?g;t, Q: And what was the. answer to’ the last problem? e RETI
RO} - ’ . ! \ l‘l
> . L / \ / \ ‘. \\\ ?
| \\
Moclerator Any ideas? ’ o /;4 . ' "Jsi
"'.Partlclpant R: We have lust done the problem wwh the end number 79, :
' Are there any arrows that get up to 80? ¢ i
Parti‘cipag_g C: You need only one more, and you'd have to split that one m01e '
' ' into two [:3 's , so the problem is impossible... ‘
. . ’ . 1 v
Moderator: Yes, on this lattice there is no arrow that adds 5 ’
. ’ . ’ A‘ - : '
: : | . . A : : ’ . . ~ LY
Participant N:  Is it possible to construct a latticg so that some arrow adds -Z-?
' é. ' . . ‘r l ) .
3 A : . _ : : _ ®
P ’ L % % o L ¥
o 4 _ .
'Moderator: In the problem 32—\ = 58§ » the most common
' (,orrect angwer was %% } . .What other ¢orrect
» answers could you give for this?
3 . si N A . .
Partlclpants suggest the. followmg ways: }tt—=- 11 s /: \\_‘\ y
L SN AN |
Participant M: Of course, there are many more/solutions. ' .
- Participant D: Why is it _imp,ossible to do with only three farrows?_ va._

Participant E:

The problem is impossible to do using three arrows because

58 - 32 = 26, and the largest v?.lue that you can geN h-

three arrows is 24 ) _ /




"":,'Y.our group might t';ml it iptercsting to. discuss the fo'li'owi-ng qi;e'stions;

In the- bet.,mnmg, of the film, the teacher wrote threc rows of the lattlce .
' and tht'n had thv st'udents"flll in the fourth row and some numbers in the

fifth and sixth rows. Why did he spend 80 much time bu11d1ng it up?

. class, how wﬂl you demde how much of the lattlce to b 11d‘7

Several wronb answers were given when the teacher sw1tched toa short

‘e

way. of writing arrows pointfng up. 9 1‘ » the fla_.f;swé-l’ of 90 . was
- What, was. the child probably thinking? What.are some other short .

wég}.s '.yolﬁ' might use to:inclicate 94 fo ttt)t 1 ?

-

_-, ’dnbwor ot 460 was gwen, how did the Chlld probably arr1w at that answer"

-(.c') L At:.one point m:s.t.he film. the tea(":her 'gaire 'the..problcm o/ l arlfq?a'ltst-ked:
| if the result were /B1gger or smallcr than &l He said that the number he
thlnkmg of toﬂ H was. 49 One-gf the btudents "wanted to try a
Qmallar number, rramely 2 ]s 2/1 blgger or s:maller than 2?7 Is

49 /L bl}.,(gcl" or, sm'xllcr than 49f? Would the result always be b1gger,. ,

. no mdttcr what number is put, m 1]

Q.im }:olur)m_ct G and 0 m

\demulmples of. tan ccur\m évery column?' Wh1ch 1aft19es"

At

-




. |
P ¢ A .
o Sixth Sgssion
' Written Lesson Discussion Notes .
[ ’ “ . ] . . ) /.'
. T v ) Y N
. 3

FollowingTafre the problems in sections I and II of the lesson that

appear ti be the most difficult for people,

Pagell : Y
ALy 82 e 2 (D4 L) 4+ B = 9 44X 1)+ 4 /

. A}
3 ~
v .

'Part'ivi"};ant A I was unable to do it, Was it a misprint?
. v : - * . - LI

4 X0,

CPartigipant B: 2 x (174 11 )  is the same as,
| v . *
52%+ 8 = 60 and 41 + 9 = §0

1

" - so you are adding 60 on the left .side and 50 on the
right side, No matter what number you put in the™
) boxes, the left side will always be 10 bigger than
S the right side. So it's impossible.
Page 3 \' I. $
,)A‘ 14 ‘?.‘ .L 'L.! _,‘ ' . \
L 4 ' , U '3
=5 7 : 101 7

Yo 15, The most likely wrong answer'to problem %14 is 535 . Why

might this be?

5 Pa rtlc‘ip;mt‘C: ~ You say that the most likely wrong answer to problem

SO ) ‘ ' oo N
14 is 53% . But that is the angwer I got, ! added:
3 4 A o
l'()l~:7- to 577* and got 107, Then I divided by 2, and
o ' [ : ’
R S got 53% . Why is it wrong?

Nt

~ . . .

~

v

Particiglant B That ;33—5 that you got is the distange from the midpoint
T ": ‘: L) .!.'~<:.- “ ) . ) . ’

I T ' L 4 B

ot Sttt each of the ends. Now add 532 to -5-7- ,  or subtract
o R PO . .

S Ch PR ) : .

i v 53 f'rom_ 101 g Tthat will-give you the midpoint,

2
v - o
: . o s el
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Page 4 , L
. If some pa rti_cipants have attempted the problems on this page .
and have had difficulty, it i‘nay help to label A and B with*simple ¢

numbers and then ask appropriate questions. ®Ve illustrate with problem ¥ 16 (a).

. ) \ ) ’ ! . i
A r'la) Point A gocs west at 5 units per $econd, and at the. ‘
, same time point B goes west at 5 units.per second. .
. : - In what direction and how fast does the midpoint (halfway point)
' of AB move? : ) ’
! Midpoint moves . | at - Mnits per second.
[.et A be 7 and B be 11. . f
.

’ 7 | i ‘11 '
What is the midpoint now.' (9) ' .
Where is A after one second? , (at 2) - o N "

) Where is B after one sccond? o at 6) "
" ¢ ~ ‘ S
- Where is the midpgént? . Jat 4)

Has the midpoint movad easy or west? @  (west) :
In one second how many umts has it oved? (5) - - . :

Your grnup may want to discuss whether 1t makes, any dlffer):n(,e what nuybers

. .
= you use for A and B, _ I, | ’
. , . ’ ] . (. & :,_-“‘;’ N {I
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Vo L _' Sec.t'ion 111 _ v '
N g . _ : )

Even though we are speculatmg as to how peopl‘\arrwed at the wrong

answers mduated. these questions are’well worth discussing, By analyzingy

wrong answers teachers can often correct mwconceptlons befor\they’ become

’
toodirmly establlshed

N .,

_ . . 4 ' N Y '
. ' , " Section I o ‘ ;
‘ ‘ . _ .
: Sometimes participants have felt that a statement such as

~v.¢._@.. . ) - R - . ‘ e . .v
- Q | 2
_4.. : - . 4._,. ®
. | 3 3 ’
. ; 2 . ’ 2 . ’
PR & somehow untrue b cause -4-5 1s not equal to 43 . Pointing out that
3 _ .lhsolutv value lg an operation that makes negative numbers positive may

lead to a better understanc{mg of what the absolute value bars mean.

/ v . \

-

) ‘ I .
Another way to look at absolute value is to ask, for instance:

How many unitslj\Way from 0 is 16 ? ~ ~. ) o
- . '
4

How many units awa;} from 0 is =16 ?
:n |_16\| ‘>= ].6

\ . . 1 . ‘ .
. @ . .
The distance that a number is from 0 is the abgolute value @f that Yx‘umber.

»

Eh]

. More work -with absolute value will come in the second'part of the

course. /




e : s .
<

. Film Discus‘sion Notes . ' ' 'f ' I

"Counting With Dota' - | : - , | IR

L

Prclunmary information; >

Y

lhc class you W1ll gsee in this f11m is a second grade from the James

Russell Lowell School in Whtertown, Mas sB‘ehusetts The film teacher is

David A. 'I:’agcé, This,class had worked with PrOJect teachers for seven
. - B ]

months prior to the filming. [Film running time: 34 min.] i
: . ' 1 _ .

b
Possible discussion questions, ’ . : 7

-
4

ln the problmn where the #hild is asked ¢o sth that there are 63 dots,

T

do you think he really put them into g_,roupa of tens as he gaid he xhél" What

othen methodsg might he have used tq obtam his answer?

4

- T'o the ten-by-ten array of dots, the teacher added-another row and

-

. ! . -A\ ) -
another column.of dots before asking for the total number. Why is ‘120 a
.., f

likely wrong answer? - , _ : .

Draw a tour-by~-four ar-ray of dots on the,board. How many more dot\s

do you need ta add to get a f1ve—by-—f1ve array? Now consider the five- by five

drray * How many dots will you need to get a 31x~by-31x array? Imagine a

A‘

thirteen~by-thirte'en array. How many more dots will you need to abtain a

4

fourteen-bysfourteen array? Now you have a square-shaped array which is
v ; _

“~ . . : ‘
n-by-n (where n is a number). How many more dots do you.need to get to .
the next larger square?'” . . L - ‘

Consider tho'probl.(,m 13 X 15 ? ? How can a child use anarray of = | '
dots to help him determine the ans‘lver? Here i8 one way to look at the prob-,

lem (see dlagram on next page) * e / ¢ 6




® ¢ . 4 o o o o o ole s b
[ ] [ ] [ ] [ [ ] [} L] e [ 3 [ ] [ 3 ‘ [ \
r o . . / . . (] 10 ’ \ , °
Coror 0x0 e .10 X 10 = 100
¢« o o W e a] ) »
e e« o o o o o o o o} 3 ) 10 X 5 = 50
lra< . . / ) ' : .
; ¢ o o o ‘o ® o & o« ol . 10 X 3 = 30
o o o o o' o a o o o}lw o o * 9
L] [} [ [} [} [ e ] [ ] L] [} 'o o” . 5 x 3 = 15
. .0 o o o o o o o e ‘& o 5
‘ e o & o . o o]0 5 . V :
. e o o V 5 e o | o X °
| e o & o o o o 3 .
o ! e 0 o o o o o o o\\o . , * .
\ 100- + 50 +.30 + 15 = 195 = 13 X 15

\ , | .
L Drawing dots may get to be a time~consuming job. Sheets of graph paper
or a'large graph board can easily be subqtituted'{'" Instead of counting dots, chil-
dren will now count little squares, each of whiph 18 one unit.

Another advantage of using graph paper is that you can now solve problems

1 : . _ \ _
such as 5-2 X 721- (= 7 Students and teachers can profit from finding shortcuts
‘to this pirob,l»em. o ) | |
b ' 74 - ’

53
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’ l"il.g(? 3 ’ . ) .'_x ' . ‘ ” . ~- ] . \:A- .
, 6 . 10 97 - -
) - ]l + — 4+ —. .= :
Lo, L 7 1 T N 1 100 J . )

One certainly does not want to do the actual computation in this problem,

’. . v
Yon might ask your group for quick ways to get the answer.

A person might reason that each of the numbers is close to, but less than,

2. 'The'sum will be elose to, but less than 6. The problem is reduced to
l_ 6 minus a small trac.tan 5. A more cautious person might reason that
" together the fractions will certalhly be more than 1. Will they be more than 2"

1
When you combine % and —I% yosu have 1 and a fractlon that is certainly more

1 ' o
than - . This fraction combined with. 13)70 will give 1 and some fractlon The

problem is reduced to l_ 3 + 2 + some fraction

( P
0, 9% , 19 | % ,
8. L 3T %%t J .

- Reasoning similar to that suggested for problern 16 is equally apphcable

here since each fractlon is close to but lesiﬁgn.\-' :

- . . : ) : l N X _.
. -t o - .

Pnsc 5 e A

33, e > [ , T2 J

! ‘

. [ .
Someone may be unsure gbout using ‘negative numbers in this problem.

\
If 50, the group could work through a couple™of examples like the following.

-

Use a neg,akire-ihteger in the box. : . ' /

. v . .

or =3 > -3, 'wHi‘ch_;ié false.y
Therefore, =6 does not work in [. - I , o
| | \ ‘ , T _ v
L A} Y ‘ . A .
/ \ 79)




.' . ) . . l ‘ . . g . . ) ' . . . . .
. - . . _
S qrA ZZ ' 3 ) A : . ' ‘ }

.o This is true, so -5 does work. . Sy o ) '

Now try a negative fraction.

R v .
' -z' ,"} 2 > L -i'- -2 J , 0 N .
er =3 > -5 |
1 - c »
or =3 > -1, whichis true. I S o
’ y _ o :
~ Therefore, -4 does work in O, _ S ) .

A few examples should convince the group that even whele numbers (ppsitlve and

negative and zero) dd not wWork and that all other numbjers do work. \-._. .
One approach to ;roblems 34 through' 42 is to consider how mugch is
lost by placing the brackets in various places. For example, in problem 34
if the brackets are placed like this:: l_ 2 J + ‘;’; s. then —&3‘ will be lost, On the
: othér }nncl, if the brackets are like this: l_ ‘3 + ‘; J , then only ; will be

lost, Smt 3 you are lookmg foy the largest number, you Want to lose as little
as pos_mbl-c. I-her_efore |_“; +, 'jJ will give the largest number,

c e
[4

b, 03, 2
de 3t %t 16 ,J’,.-aJ’-

i

\

Using one pair of loweh' brackets in this.expression, the gmallest g.mount 3
. ' ‘ ., -

: 1 : : 1 . 4
that you can lose is T ‘There are two different ways to lose »— ((,/ /

‘16




Book 7

thw sgqut‘nu' ol questlons in the written 1esson° \i

-
L4

+

3 Here is a. problem for .a group 1nterested in a challenge. It concerns

@.

235 |

“28 . ‘_"—'J =

w | 100 . |

3 Py

29, | 235 % 100 | X 100 = .

_f 30. | 353 + 1oo [ X 100 = )

¢ - - ‘ , Y ’ /
CodL s | 6353 % 100J X 1000 = . IR
» L/ L_ o.,‘ . J ) . .

' they were followed bV this quebtlon

“had been found, 1nclud1ng 2 OOO )

|
\
\

l

When these quebtlonb were orlglnally written and trred in an’institute for teachers, a

4

[ 6,353 + _Jx

The plan was to extend the idea of going to fhe next lower multiple of 100",

L
v

The author of the question assumed 1,000 to be "th_e" root l the equation. |
Some*teach § in the institute.
gave 3,000 bnd 6,000, which also work. The following wcek more roots

1,200 600 and 500 .

l, ()00 does work,: p but it's not the only-number

’

’ Soon, some

rcally surprising roots had been d1s<.ovcred, m(.ludlng 545 — 1 l'l‘he equation

h.m, in fact, -the f()llow1ng 'oots

6,000 1,200 66'6—i 461-1—5
A 3,000 1,000 600 ,{ 423—7—
2,000 857 545>
7 . S |
750 ° 500




"lm this- uontext give the e?uat1on l_6 353 F]J X0 - = 6 000 ' Some partmi«-

pt’(’)duuz all the solutions, together with a .system for determining them and

., L R / Book7

v, In yom' 1nst1tute you mlght wishtd review problems 28 through 31 and

pants will probably glve ome of the more evident roots such as 1 000 -and

6, 000 . You can then observe that there are quite a few other . answers and

lat those who are 1nterestcd search for them during the next week. Keep a '

tally of thv roots collcc ted for several weeks. Eventually someone may

‘proving that the list is complete.




" pFilm DiscussionNotes ~ [~ . - / .

. | L .. : _-"%Low;er‘ and Uppet Brackets' | - L e

Preliminary information:

\ Y ou will see a alass of feurth &,raders from the Ballard Sc‘hool in |
School District #63 in Nileb, Ill1no1s. The teacher is Mrs, Carol Daniel,
| Whlle tiduhlng a tourth grade at the Balla,rd School, Mrs, Dam.bl attended

a twenty-week m-perv;ce institute using ProJect materials. The year:

after this institute Mrs, Daniel helped give an institute for the remaining %
| teachers'in District #63. It was for the second institute that this class . A
was videotaped. This film was made from the videotape. [Film running /
y timer 30 m‘Y] [ | S - g
QuestioMo&discussion: ' ' - . S 4
7 ; : : ' T
. . _ .
. ) A . L : 1 5 "
1. In t‘h@“fﬁﬁ\ you saw the expression 4= = + 1'-0 The teacher

2" 8 8°
}/\.\é‘[ﬁe brackets 'in two different places and asked wh1ch expression

[5 \ve the smaller answer. How would you place the brackets to get

the largest answer? Can you do 1t‘more than one way?

2. At one point the children suggested\sing nqmbers-helov) zero. How
do brackets wonk for negative numbers? If this question is raised in
: ybur. group, you can mention that the use of brackets withenegative

' \‘ numbers .is explained in .the'Epilogue to the wfitten lesson in'Book 7.

\After participants have read this informatiogf the group could‘lo a

L}

few problems with negative numbers,

\
3. ' For the equation [ 1] = |U)] = 0, Ed suggested ,/below zero

‘ . and then decided that it would not work., The teacher said that Mark
agrees with Ed and- it seems that she also agrees. Yet she summed
it all-up by saying that the whole nurnbers.wo.rk. Isn't ~2 a whole
& numbo:—?\ Does it work? : "__ _ . .
- . ’ . \' . . - ,
- To some people ""whole numbers" jneans only the p081t1ve .
) L
1ntege‘r9. 'Fot others, it means the 1ntegers' pos1t1ve, aegatwe L
J ' ~ and zero. (This is the m@amng the Pro_]ect adopts.) "For this . o

problem -2 and all other mtegers work.' . . S
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e ' }‘._ c XY b il -l’ — e .
I SRR _ Exghth Session A .o _Book‘, 8. -
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L A ' Jert,ten Lesson 1scus’1ﬂn Notes R r
‘ . : . . : .. . L A
' - A wurc @ tur (lla( ubaum 15 thv t:ollectlon of sam le se uences to ether
‘ P q g

wuh G r rewtors' umunontb that w1ll bc tqund 1n the Corrector 's. Gmde for t;h1s -

“lesson, ¥ ': ; T ' ' o

g z‘ e . ' . . . _"' . ' . _ ‘ ‘ Y . o ¢

The modc ator umld put one or mote sequences ori"the board and dsk for

comments a.nd (,I'ltl(,lbn ‘He nught brlnb up the Gorrector s Gulde comments
Y

4 \ at the Outbt‘t for (llbLLlSSlon, ‘or brmg them out later for comparls,,on with the
, comments of lnbtltutt, partlupantb. It would'be wor.t;h“ivhlle to have some -par- _
tlupants w‘rlté thmr sequcnc\es on the board for dlscuss1on
The’ following are the problems most often asked about. As with.all prob—
'lema brqught up.in.the dlscussmn, try to get the part1c1pants to tell their methods.
_. If no one has a 'nethod, one- approach is given hel'e. Use it at yopr discreti()r'l.__ ,
. ) N . } . . . N - . ‘ . . _. ] . N
o T \ ' L . ’ “
,, FPage 1, problem 5. o Tl - T -
o . \ ’ T . .. - : - _ _ »
1 L, 310 1 : . o - ST T
- 4t = — 4 = = - \
l_ 2 2 7 204 2 J ‘ L
“T'he common erng answer given is 2. 'The 2 probably comes from . N
; line 310 . 204 . o - -
, reac mg 2pa as 370 v | :
- - . ! N Ed A}
Piage 2, problem 14 ST L / .
» “ 2 % 6z | ’
\ 1 /
' < = U
‘ , 1 3° 1 ' , ' £
1- + 1= -
2 4 100
v ‘ o
d ) / . ¢ f - f
) ' ' . lz ! c .. O-
Many participants reduce the problem to |- ! 99 and then compute
' Lo . 100 '
to find an answer. A worthwhlle discussion topic: are there methods _/
, that do not involve dlvullng ~12 by 2 1%0 ? ' _ o :
’ . . . o .
x.- O " ’ [ | L ) o . . . , : - 59,‘ ‘
Q . - v_ . ‘ ’ . . 60 1Y . ) . R s » .




/_’ . A partlupant may say {sdmethmg llke, 'If you had -13% in lower brackets g
. - the answer. would be 4, Takmg 100 ‘away from’ theienommator makes the
' answer a lxttle blggu' than 4 , 80 that when you tvttke lowcr brackets-the answer ,
s sL1ll 4 o . _' S s ' “ S ‘/
: Fome those partxmpants ‘who ge,t 3 dy an answer, here is a sequ‘ence that " ;
mayhclp ' . o P K '-._ L :

.

. 6 12 1 . v
) 3 - L 99 = ‘ 99 = .
n : - : _— — { A . S
. z 4 . . . . 2(100 | a S Z lOO m———— oy

It neee:ssary,' be"fo\ge deing the last problem you may want to do these two. .
. ) Xp o - . N » ‘» P

A .

. , '
. S o : f R - . r
| B I : 3 MR
‘ ‘ .ot o K o, 4w . . ' ' . 0. . . \ - v {
) o ‘ ' Problem 15 onlpa;_.,e Z can be approached in a similar way. :
.;Page 5, problems 19 and 20 . e
- \ ) T iw“ . » y . ; . . ) ' .
419y | _rzxu] - [szJ\= 1" ,
N | - s . Describe, somehow, ‘all the numbers that work:
| L8 —
“‘ (ZO). o [_ZXD] - I.AXDJ
‘ | . What numbers work" ' .
. v ‘ - 1
. ‘ : For problem _,l‘\). ®ll numbers work except integers and integers plus 5

‘7—;— wlll work, but ncither 7 nor 7—2- will

I negatlve numbers are suggested by the partlclpants, then a few examples

coull be done Agam any negatlve number will work eJ‘ccept integers and 1ntegers '

. 1 \
plus % —9-— -175 —~—IOOE all work -9, -26—- -51—;: will not work. It
\may be %etter not to discuss negative numbers for problems 19 and 20 unléss
\ ' A)
’ '

thoy are suggested by the pa,rtlupants. '

¥

1
’ I‘or problem 20, mtegex‘s aml mtegers plus 2 wxll work.




T B TBooks

K If you find that your group does not have many quest!ons on thls lesson,
_then hcrc are.some other thmgs tha’t You may want to discuss,

\ * . . : _‘ .
y . S | ot \

- Which iy lar.ge , 7 or.
| 1,000 - — o | !
4 Is ;h‘ere a fa'stuway'of detcrr’r,_lining‘.which'is larger}? '
* {This relates to problems 9 through 12 on page 2.)

1

1
o

e exo] - faxo)

N4

" [sxn] - [sx0L

What numbers work? '
(Compare these two problems with problems 19 and 20 on page 5 qf the lesson.)

f)
7

I
—
]

i | '[(sxm)+$‘|.- J_(sx'm»_)+-—;—_| = 0

" How do the numbers that work in this problem compare with the numbers that

.. work in l—S,XD-l - LSXDJ =0 °?

i

0

-

Can you predict what would happen if the problem were v

o

i}
o .
-2
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g ' [ N ‘
0‘ M g i ' o N .
H(mk ‘)- cad 3 Nmth Sesslpn ( Lo
Cie Wmtxoa_ Lg-sson I’Mscussl}n N@teﬁ o S e
s q t‘ L & ’ \
'--.. .o h "
“If you:go© ..
: .;.If yqu go one
__ "‘-"-'g_.. 4 -.-;n' L{)B w‘hlch r'; a mu'ltxplc df 3 Sm-ce ther :\w 7 arrows to
P AR = thw 11;.,ht 'ﬂnd mt(-ry ¥ am‘o’ws add% 3y thon 6 arrows adde® 9 .
3R __ ‘ S R o “That" t.l]ws you'to L1 i and. mxw you, have to flgur out wher
et L one mom‘ (II‘:K‘UW\t'dkL $:you. E:_;mov 104 as in the same relatlve
; 5 v pomgmn a~;. & dr ‘3 th'"h one more arraw adds & more,
,a' ' ' .
g a m’.\}ltiple of 3 and all mul-
/ ] ' .’ " ) } .
e
.Woll I“"got 116 for‘problcm 14, and if I do. ‘what wa's sugpeBied
f()r problom 13, my-answer should be right, .
-" v ) L ) . L . )
"‘14.', 105 « —+ — = — — — = '
Participant ;'  You're forgetting that -‘105 is in.the top row. : '
. o , . [} . o P , .
ERIC - - y
) ' ' R 8!) .y )
Y 3




“Participant C: But how do you know when to sipp splitting ?

. (Note to moderator: Qudstion 23 on page 7 is wc"ll-.v‘vqrth discussing too.)

: o T . Book 9

' | | ‘o . T
Participant Gz Oh, of C(_mr!_c I'd land on A(lot!-f 5 ) '_ \ '_

e

Participant A: “Is 502 the correctangwer for problem, 8 on ‘page‘ 57
: —_— - ‘
8 501t = _ \
' 1
Participant B: Every time you go up a row the numbex doubles, so your
o answer would thL to'be 501 doubled. : .
] R «
Participant A:  Sg it's 1,002. [ seec. _ g ' ‘.
. ) »
‘ - \
Participant C; Does gomeone have a feneral.method fofr findin&\but what row
‘ " a nwmbcer is in? I couldn't seem to find a pa.ttcr(n e
v ) s ) Y ' : . ' .\
, - ' ™ R | _/ .
“Participant '@ All the odd numbers, are in the bottom row. I& you want to know
" what row 2,720 is in you keep cutting it in half. /
..

.P.t\‘rticip:n{t OO WZ{n you hit an odd number you know you're in the bottom row.
\ 1'd gey 1, 360 , 680 , 340 170, 85. You stop there.

!

R

Participant C:  Oh, I sge! Then you climb back up. 85 is im a, 170 in b,
340 in f¢, 680 in d°, 1,360 in e, and 2,720 in f .

’ . B » . -

fartivipant F:. - Right.

te

23, ‘Teacher; "How ¢an you tell met to add |
. _ v when you move one space to the right in
some givgn row?"
| ! . - ‘ E . ) w ’
' , " Student: ' g
* * A ¢ v

o Y L3 L3 L3 :

")

- 1"}4 ¢
. " | 8‘)"\ L Af}'- Lt
* . ‘ ",

- . } ) ' ¢ : ‘e
R . . ) .
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Book 9

ticipants wild h.wo shorter, more

.' l N " . .' R . . - - . :'
-- ‘ ) .o i . .
We haverineluded reasonably complete answers to probfcmq fr A7 and -

wWAB i the l':.pjl()gmn This will give teachers a chance, _befot'-c the discussion,

. ! P g :
so bl over-any ditterenced betwean their rg

r

©8. and. the arguments. pre- .

]

sented-in the Kprlogue. We stress that there are many ways to show- that each

“in the lattice; pcrhé.ps some of the par-

‘'omplete or more elegant explanatmns, gnd

— . - e
positive integer appears exactly onc

they sh(mlrl be enc uuxa;.,cd to shafe them with the group. \In particular, some

,X( hers may use/the so-c alle( Fundamental Theorem of rithmetic-——the

theorem which sdys that every whole num;!r ;.’ruate,r than 1 can be wr1tt<;n as

a product of primje numbers/ and that, exdept 101 the orderyin vyhlch the 'prlmc
numbers appear, rization is unique. -If this theorem is used, both
problem w27 and problem W28 can be explained simultaneously. Ca

Answers like "Well, it's obvious" or "The first one hundred numbers

all appear just hon__cc, 50 probably they all do" are unsatisfactory. Consider,

tor example, tho:‘\v two ‘num&)}rrs
- . ) . ) s '
123,299,131,511,182,514,899,124,224

]

-

. _and 123,299,131,511,182,514,899,124,225

T e \ /
The numbers are so close (in comparison to.their enormous./4size) that for all

practical purposes they are'the samme. (Bit they aren't equal, of eoursel)

The first of thesenumbers is t_h%’first number in the 91 st row, which would

be about 4 t'_c‘e_'et up hf the' numbers in the lattice,are spaced as they are in the

written lesson,  The other number is odd and. is therc-forc in the botto'm row-—-—

- :
o

_ nbout ‘3()‘.() _quintillion miles to the rightl That two numbers 80 wnlcly sceparated

on the lattice should be so (1(20 numvrually luggosts that'b'om(, evén larger

xiumbvr l}nght appear twice, in two cven more wulg!&r sapard"ted positions, ,

l

But, as the Epllogue shows, e,dLh p031t1vc mtcgcr appears exactly once.

R A

: %
- v
L]
[] - - .
v ! 0
| ' ' E
L v 8 ‘I ~_4 <.
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Filmi Discussion Notes N i~ Book 9

o o |- "A Periodic Lattice" o ’_"‘ R

e o6 b RLie e n s et e e e . . . PR A N
B em e ma emtom < e . . . o mttims ane ey ael s

'I’rulunm.tJ mturnmuon.

[n this film you will gee a hvterogvncously grouped class of flfth graders

“from the Coolidge Qr hool in Wntcrtnwn, Massachusetts. lhe teacher is PhylllS‘

Klein:  She had met w1th the L.ldﬂ‘v 48 times prior to this film, which wds made

)

toward the end of the school yt‘;lt‘. A reproduction of the lattice in this f11m is

on the,tirst pagoegot Book 9. | I'"ilm funning time: 35 min. ] ' | o
Why is the lattice in the film called a periodic lattice?

e . . 3 ,
~——Note that the word "periodic'" was not used in the f1lm and was not

necessary. The (hlldren were using the properties described be,lﬂW' tp solve

“the problems, but neither they nor the t.(,o\._g‘hers in your institute W'O.ufd have .

benefitted much by having these properties described to them at the @tatset.

Tater a teacher or discussion lbtldbl‘ might ask if anyone wants to try to de-

s rxbv thc "per iodic! properties of the lattice. ' e
o ' The first thing to'notice is that eyery number in the iatti_ce has a position

in o4 backward L-shaped array? v

5 e e 10 e e |]l5| e e 0 e R Y I

and that if we add 5 to any number in thé lattice we get a number which has
" the &;.mm pogition u-; tlrv original number, . Thug, for éxamble, 14 and 14 + 5,
, or 19, occupy the same po&ntwn within their own backward L*shaped blocks.
'bmt e a(ldmg % does not change the position of the number, addmg 10 or 15 or
any other multiple of 5 won't change the position of the number either. .’
The second thing to notice is that adding 10 40 a whole number does not .
. change the last digit. Thus, 847 and 847 + 10, ar 857, haye the same last .
g dig.'it, namely 7. (I‘hxs property is not a consequnce of~the lattice, but.rather
N A : ; o ; . : :




ks 3 L]
of the way we write numbe ms. ) Of coursé adding any multlple of . 10, such as '
¥

: ’,&' 20 on 40 or 150()», doesn't change the last digit either.

.7 . ) : ‘.' ‘ P
changes neither the position of the number within its backward L-shaped con-
figuration nor the last digit of the nymber. "Periodic" refers to this repet,itidn'
, . . . % d

of the lagt digit and position. It is this periodicity which makes questions like

4
“"What row is 13,468 in?'" and "What is 23 “'(-3—9—11‘5 ?!"" accessible to fifth
graders. One can‘tell a lot about what happens far out in the lattice by."epcam-
v"minp, the first part of it (
"Probably none of the children in the film knew ,precisely why the methods .
, they used worked; and there is no point in reciting lengthy reasons. The basic
ideas of periodicity'mig,ht become clearer to teachers if they attempt to answer -
a few of the same questions that were asked in the film, but using a different
lattice. You might try this on:e:
' ] o 0 7 o o o 14 o o o )
. o o o ( e e o |3 e & o )
/d' v "
e o o .5 e o o |2 e e o 9 ’
l‘ * )
L 2 3 4 8 9 lo 11 15 16 17 18
- \ .
[} Q‘ . “~
. - L : (301) |
What row is 13,468 in? What is 13,468 — ? What is, 23 ———> ?
Now try to answer the same questions on a non;periodic,lattice, such as ;his)one:'
. . i . ‘ ) &l. . _
v S . \
‘ . 15 20 |
.. . 10 l“.‘l 19 P
'.L;-'.rv . ' * . ,l ’ * ' » ’ .‘ ' . °
" o h © 69 13 18 ol
: S 305 8 12 17 |
Ca 1 2.4 7T 11 16
Periodicity can make a great difference!
' : : ‘v _
o A . * " . [




l‘id tln' teacher nmkc a mistake when she wrote. IB -~ - T 0' .
[

»ap
v Y :
- —e— ch‘. Sht meant- to write 13 = - t = ®

T S L L T N Chs A G Ay v aNn ey T

et et p a1 P e A e e s s bt

v by | #
0 @ - et Tl )
Whentheé teacher wrote 8 - <+ —» o ”*‘,‘ the wr iting at tho top of the screen’ ] ,
. . i R
recordeg the problem as 8 =w=s o - —e | with spacc between the two . .

-

groups of arrows., Which is bcttcrfo'use in the ¢lassroom?

~ :
;:""—*w"l'mu-}u-1'5/\%/'1.11 disagree on this, Some may feel that separaling the a'rLrows t
s a.good ulua,{- at least ingthe beginning, while others wi}l think that it's an un- "‘. ‘
Y E . . [N
necessary o l‘l‘lltfh.l l'here is no "right', way to do it. | / |

Cieorge says that if you hdwe a number followed by an arrow with a ;) over the

arrow, you "triple it}". To t'id\cl out what 'jt" refers to, Lhe LeaLhel asks himn
o to do 7 W‘i(—))ﬂ"* ) zl’nd he r('spo'nds with 21 . The, surprising thin;, h(‘re is that
he's only off by 1, even though he should have trthcd 5 and added it to 7..1s  » \
' there o number in the lattice for whxch George's method would work? That is, .
is there a number which r_nakes 15 -—L-()*-)—é = 3 X I‘lf true?"l . '

[cfuhL‘ls shuld be cncouraged to give reasons for the apparent non-

(‘mst( nce of such o number. . Going 9 spaces to the rlght on this lattice 15 the L
Ssame as ;ukling 1%, no matter where you starf. So the eq_uati.on;'above can be .
rewritten as !+ 15 = 3 X1, The only way to'mszé this true is to put
7'2 in the boxes, hut 7& is not in th# lattice. ) . o . S
' ( ,} A ) ’ . ' . ’ : . I
L - (90f. - Lo "
In explaining how he got an'answer of 160 for " 10 ——~%5> ", Charlie says, in
part, that "each 30 equals 90", Should the teacher have let this go by without |
. nny clarification? 0 s Gt ) . ‘ | .
: * . |
—=This question is deb: ttabl(.. - How would the teachers in ybur institute have
handled thc situation? o ‘ ' v ‘ Yy
. ) . . . : : Sy Y
’ '
v | .
| K:, Ly
\].
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4,Bm)k})lv Y T T ‘

: SR :
Several children in the film gave 110 as the answer to’ 10 ——=> ", Where
! ] _ _ .
does this answer come from? =~ *°

f . - ) . . Lo
'—-——9—'1'hjs 1S @ wrong answer which thu‘ Arithmetic 'Project ha) never been

able to explain, L)t course 110 is 10 l() + 90 but why'the students

dowhled the 10 14 a mystery, The Project would be deh&,hted to"hear from

3

angone who has an explanation!

' ()() .
When the pradblems get as hard as 10 *"“(**'“2‘5, some (hlldren will just add

A)

the 10 and.the '90 . luatl.w.rs should not feel d1scourag,ccl if tlns happens. Chil-"

Afren have learned that sometimes: t’he add-everythmg—1n-—s1ght tecﬁmque works,"

~ ne it'se haul to break them of this habit. : . - C o

S 3 . -
) P . .
b ‘ .
v . { .
¢ : f




L eXxc luslvvly by Pro;cgt teachers using PrOJe‘ct tOple. This is.in coﬁtfast_

© or no exposursg to’ PrOJect tOplLb. e | » /

any film, \/lany modcrdtorb, 1mpat1cnt for such a discussion, feel that

~will spread throughout the group. Experl nce shoWs that this is not

‘point’s abop.t tho film, Should there stlll be no discussmn it is- probably .

B | . e " : BN
e ot . . . .

L 4
o
o
o

K
‘0—‘
o

“FilmeDiscussion Notes - S Voo

"Surt’z‘uzcﬁ Arca With T’: lop-l'ﬁs"

. e .
. . - T
, g s et
: . '
' N ' Vo .

Preliminary intor mation:
Al

I4

The clas«. you will see in the tllm is a tirst grade from the James = . \\
Ruwwll Lowvll School in Wdter*town, MaSbacht,lactts It is a heterogeneous |, |

\

group. Prior to the {ilming the chlldrcn had been taught arlthrnetlc

to the classes seen in other films in which the thldren had had lim1ted ¢

Although thcy had worde otten w1th blocks, thlb is the f1rst; ime

the students had consigered surface area.,

A]

The film teacher is Phyllis R, Klein and this is the first time sh » -

had taught the class, [Film run-nin'g time: 25 mi_n'.] o - R

Discussion after the film; ) o

.. 'in a suburb of Lowell, Massachusetts,

L4 >

. . . R ' ' . . . .
Therd is no formula to insure that a'lively discussi

A

will -foli'ow ‘ .. .

by brlng’;n@, up lots of peints about the f11rn an enthusiasm for discussion
usually the case. Beforc the moderator brmgs up anything the part1c1pants | \ .
should be given ample time to brmg up their own, discussion pomts. If .

they do not, thcn the moderator might try mentlomng one or two significant

(e

best tb give up and go-on to somcthmg clSe. . : (

The tollowing is pakt-of a discussion'rec'orded at an institute given
. . ‘ i

S~ . . * s ! L to. . \'

L : »” : : . ‘ . [ Co . )
R . . . . . . . . ', .
. | . . . *
. . - ) , . - ’ .
* [ . ‘ N . . » . N

{}




Bt_)ok'l 0

o Discuss,ion:{ . ,
T, -Mdderator . '
- .l.;-.-"- A ————————— |

Does anybody Have any commbnts
about the film, or questions?

This das made in May s,o’it-\‘was
pretty well along in the ‘ycar.
\ ©

'S

.

Does anybody teach first grade in,
¢ the group?

——

. L]
. .
’ . D ’
A . * Co. . ._
-
s

- I ' have a few I wrote down,

"Row to count by 10 and 6.

‘all, The girl, Eileen, who had a

: chlldren like thatt'?

~ are not an. ordmary class,

‘What is your reaction?’

Fa rticifba ntsl

You said =t
they were first graders, They know
their addition pretty well, It seems:
to me they are still doing this in the
first and second grade.

f

They knew
The fiﬁst
one got 42 without any problems a

problem adding 6's, is going to be
lost at the end. What do you do about
It seerhs to me

these ch1ldren are awfully br1ght. They |

Didn"t_you say it was a third grade? o,

This film was made last year? For

- that matter, one of them knew fractlons.

A(lot of children know that.

N ' ] _
Ifmt th-ey k_new it wa:.s.-z e

They had almost completed a year of
the first grade,

1 , ‘ . . .
It seems to me these wegre awfully large |
gumbers they were adding in their heads,.
Eileen is really.going to be lost, if the

rest know how toradd and: she doesn't,




) Moderator - . - i - Participants - e
e - : 1 think they could do it if they Iﬁdd the

preliminary w‘rk. It is just what we
do,. but we don™t have all those bloc ks
to work with, They learn th count by
10's . A lot of kids know 6 and 6 is

12 and we did quarters and halves in
other ways, so I think by May they
would be able to do this. '

A much ldrBLr majority of the kids’
. werce working ‘with 10's and 5'
. v .+ rather than 6'b.
Mostly the teacher was using .y'llow
blocks, but I think she did usca 6
block on two occasions, (Moderator: .
got out the lai‘goblock"s*:) Have any » . . -
of you ¢ver used them? o a

The émall ones., R .

Co I would be 1ntercbted 1111 seeing them
- / xtroduced to something like this. How
t

e concept of putting acjross whit a
block is and how many stamps ghould

hi ' )
\ . t e /'—— el
T would like to hear from somebody . ° S0 |
who has used them, perhaps how they
introduced them. I am not usually -

teac'hit?g a first grad_e. * _ _ : :
A . We ‘used them m fig st grade. They -
B S stdrted off with one unit and built it wp
.« “«. sothey could see the 10 block was

T

y composed of /|10 small ones. That is
' ' "how we introduced th(, blocks to the
o children,
o " R ) K . , Y - ! \ ‘ .
- i LI started wit}Lx the very“smallest blocks,:

__&n"_

you start these first graders? JUbt |

‘be on each Slde Ithmk would he’ some- |

-
AN
4
i
. A
%
~
.V
- 'r:,!/.‘.‘
!
i .
L8 G




. . L : LU S . .
“ Moderator -+ . . s . , Participants . 5
- e - . . . o
_ . . : R . \ )
. TR v
We have the simall hlocks hére, dlso. : ¥
. In the fili you saw- ]ust the larye_ . ) . ,A
oo blocks. Very often with a ¢ lasa\ it ' o e »
b bs best to let the childred have some - o : /
. osmall blocks :sn they can do it by - ' B . o s
. . @ ' ¢
themsedves e teacher sometimes : N s :
took the ldr;.,v blm ks to lhelr-dt bkb. ' o - )
'{. M ' .’ ‘; ) ' ..
» .We used a different method. We ga&re the _
e o o : ch1lclrenn the entire kit and let them pl(Ly ' .
ST . . -7 with the whole kit. They could stack them
' L T up and form an idea of how the blocks relate
' 3 to each othcr and wha.t they represented ‘
“You gave them. s ome time to play . - U . . _
. * & . . . . 9
. with them® . -™ _ T * _ e
\{ . o o Severdl"weeks. They would be glven free . °
.4 - time to p]ay with them and, hopefully, ta
) . work (,onbtruetlvely with them, :
'_Do you really thipk it's neces qary ' . \ o , e
to pive free time'to play w1th the w» '
b10( ks?
) . B EE v N ' * . . (
! ¢ \ . . ( Lt
. o " * T ele P St o
! : \ ' '
. / " l‘. ) .
i e | X .
' /1 ' \ ) ’
. N 1 N S . .
» . . n _ v - » "‘ ‘ . .
. ¥ ] . .. : ‘
. : ' o ’ ), “ _
\ - Questions thye mode rator-might bring up:, N : ( R T
- - N AN ! ; " O - L PR [ N
. N r, » . . . “ ! ’.. ‘\f - -.‘ . . " .- . .
B "Que%ion' ' ' ' . e : : '_ - R o h _—_— .
P . : Y. ‘ . ‘ ‘,“,
O Dﬁ,w“l had given the answers to 4 yellow bldcks ,'" B L
3 ‘ P : !
‘, stacked together as 58 and when askqd "Wha't's v . )
;'.(1 goocl way of do1ng that? " he. Sdld "I didn't get Lo ‘ R » «
¥ Sy . L AR \
o __a good way ‘of (lomg it, I just counted. o L, e—— :
. | o evers oner o (Yellew v
o g ‘I-)o you think he really counted;every onc‘? R ( ﬂO(‘ks are _
b T g : . \d\,. . . . . o I '5 unlts ﬁOl’lg ) \‘ ' 'y
. . - . ‘ ‘\l‘(l ’ ,\ 1 ,I Q . | | ° ’ ‘ A N : ' ' .l | ‘: . ‘o " ; { ! -
X . . . . - - ; KN . ) : O ) - ¥ .
-») V. i oy , . ! ‘ : b it LI t o N )
\ \ ) '--‘ R -y . p \ . :. "’. \ . s ji
A , . | e ‘7 ' 90 - ’
. 1Y ’ l‘\ . ' ! 0" ’ 4 ’ (.’. ’ * o ) i




3 | A J' o T F IR (I L T e B B
.. Question; v R ' U LI St A
 Dogs .mypm‘ have a qu\.ck way ot flnding surfa,cc- SRR B ..
"¢ . area tor blocks btadwd as shown in the plcture S i
N so the te’at:hvr wilf ledY‘i be dh&»ad Of ﬁhb Chﬂd" SR ascaecran ff AR
‘. ren with thv answer? " e T e " (S %
- Question: b o ) | R TR “

‘When the Llclb:i tirst dleOV(,rbd it took 6 stamps to cor'xcr a whxt;e,.

block, they wer thcn shown a red block and Denms 1mnled1ate1y 1-‘)" B
(ST . : ¢
" said it took 12- sta'm_ps to cover it ‘What might D<_3nn1s have been

A, '. » | thinking ? o . A . ~ Lo
. qustlon- \ ;»‘ e - ; _ : ’
h ' Whvn thc (,ldbb was bhOWI‘l tshe orange blpck tmd asked ‘how many
Strltnpb Wwere nee dcd to cover it, Stephen anbwered with “a, qulck .
: S 100. What L,O\l].d he have been thmkmgr‘ B o ﬁ' o ‘
! ’ " . ’ o . : b
~ Question:- T : : ‘ ) : N - \ —
' \"I he téacher cnd >d thb glass by having the chlldre,:n g A\_ i :
: think about 8 yellow block.s stacked this way“ ’ . — .
‘Whay ts the_sqrface area of that‘ f1gure? . '. 2,‘ . ."3
o _ ’ A'.“,. : ST R <
’ Questmn. s ' o '7,' | - ‘ . ;!
.“__(Aa) In the hlm we saw that a ha'lf white block can be govércc.l by four
o o a‘tmnps. Can you cover a half, block with. f‘our stamps Ai't:thout
; _ cutting ény-stax_nps, i..e. ’ by‘fol_cling them if v'ne‘:cessaz‘jy'?.
' ‘.‘ ' (AR }'Iow'r'han}'r:differe:n'.c w_ayé ga|n1t be d&ngni‘if'f}t 5\11)‘?, ‘
L, C . : . A Co
> ot ‘, \.Ca}.‘ _You'dq_it"byh folding only ohe qu the st\ampés_?\\wa) of them?
. AT o S _<‘.  :’,‘
, ' _(b) NA E"luart'er block can-be covered with three stamps‘ if you.:cub”f
- : them up, Can you cover the aam‘e brock without cutting any
) ,‘”‘.' A of the atarnps? : ' \ _ . ,' :' O ,‘ 'A \

, < \ RE ’ . . . {9 ol S . 4 S v e
-, ' ’ . A . i - - X . ;
.A . . ‘ . ‘
. ¢ . ¢ A N “ i b ! ' N s
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: Book...'l'l_ B . 3 Eleventh Seamon ' | 5 ‘ e
- W“htten Lesaon Dlacusmon Notes |
) ' ) J 4
When workm@, w1th art1t1ctal operatlons, the moderator should be pre-- ot

(20 10) © &0"
‘( 2 O 10) ® 20 does not equal 2 @ (100 20 ), so we say that the' oper-—

r\.

_The di-fference between these two methods is not trivial in practice, even though_’

| other hand, for most people it is eas1er to fmd the number halfway between

1 000-;- and - -1 by divicling thexr sum by 2. _ o

EY ‘ ) “y,

»

pdre(l for u)ntusmn whon (lehmtwns arc written us ing frafmes By chance, :

___all of the definitions given m the wrltten lessona were written‘using flrst ]

)

and then A .7 But [ ¥ A = 01 40+ A could equally well have been

.Wl‘il“‘n N X"] = A+ A+ 3 or O ¥V =0 .+ O + V : T

Partlupantq ofton ask if the art1f1mal operatrons in- th1s lesson (such as

®, * v, ete.) are of _any Value, or 1f*they are- _]ust games "The -moderator

~ might comment that chlldren often look upon them as games, but that they do" -

have mathexn'atica'lﬂsig}gificance The commutative and, assomatWe laws may
’

" not look very 1mpresswe to chlldren when they are told that 13 +° 5 5+ 13

or that { %+ 14) .+ 16 9+ (14 + 16 ). However, to decide whether
&/O/ (10 ® 20 ) is a dlfferent matter. - We see that '

i

atxon O is not absouatwe The moder\ator may wish to brlng this out by

puttmg probleme such as the followmg on the board for comparigon: ¢

9 = | | -
344 L o443 | 6w (1047) 2 (6 +10) + 7
. . E T L T : o . o
3K 4= 4 %3 6% (10 %79 = (-6—)6 10) v
_ | - : Y
- P o | | - Lo
3V4 = av3 | e (10VT) L (s \/ 0) 7 L)
. . ' - ' I 6 _ ko %
~+ v +In the lesson 1 ® A’is defined as '"the number halfway between [J and: k
. . l . ) . . Ty . 1'3 - (
A" it is also defined in the following way: L _ v :
| | _ . . :
Co mea L BZE
w . ) - ) L

\ v |

: the resilts are the same; for example, it.is easier to find the number halfway
- between’ 6-!- and 7 by-JuBt thmking of the point halfway between them on the num- |
' ]

‘ber lme.v‘ It would be more d1ff1cult to f1nd thelr sum and divide by 2 On the - .

!
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Paﬁe 3,_problems 16 throu&h 23 SV -
*~._' 57. 1 @_1 @-49 o= o - \/, IR :
| 18 w0 @ 2002 = o0 LS
9. 6000 @0 20 =, ., O e .
" %00, 50°®@ 100 @ 12 = | A
2.} © 400 @ 400 = { o \\
. . .. . __‘.‘ ] L , ! . o L, - .
22, 14 @180 14 = -~ o | ;
23. . In a student's words, what is;a good strategy to ( A .
* L fallow in domg the prec‘edlng problems 7 _ f.' o - \ S
. ‘ ,.' . ! | »', ) \ P . ‘ . . L \:‘\ I . ,
An mtcrcstmg questlon that mlght be asked about problem& 16 t rough h
23 1é this: if the rules for these exercises yere changed s0- that you could™ '
ot . ]
rear range the numbers, would you get dlfferent anSWers ? o , K
=~ Doing problem 20 as it stands gives ' o N .
(50 ® 100) 0 12 = 43%” i LN
. 4 ‘ .
P2 . ¢ L,
L " and 50° @ (100 ® 12) = = 53 o\
Now rearrange thé nu’rﬁbe.rs' o | I )
Tl T (12 @ 50) @ 100 = '
P! ‘ R | . A .
: lZ O ( 50 @ 190‘) = 43-2- R
(This is the same as ( 50 @ 100 ,) @ - lZ‘, ~sinc'e ® is 'cgmlfmtative.) S
. . ‘ ) @ . . . — - '.
-Predict answers to: _ . - L : . .a,;*‘f.*'_
€ ( 10p © 50) © 12 =
100 &( 50 © 12) ‘=
»
- A (100@12)@50-= . o
. v ' ' L 4 ’
a ' 100 ‘@ l @ 50 = o 4
~ Youcan now find all the other ways to a,r!'ange the numbers m problem ZO ,C,/':i
, ! ‘In"all there are fewer than 15 ways . & L _M"’f"/‘/..'.""‘
ﬁ1d the maxim‘ch.ange? Which arrangement (or arrangerr'nts) gaVe fe . ° 3
, L R . -“ ’ _ . . ‘ )
largest re‘ult? R B S SR
‘ . ‘y . . * ‘.'* | .\ * . . ,;.. .‘ u \‘.".‘J
‘ ‘., . ‘ "\ e .. , | .‘
\ ‘ ~ . A } ‘ 98 ’ ‘ C;ﬁ . 77 .
. . \\ . 'f\ p
. i - ( . ¥
i ‘ ¢ 2 e /| [ ]
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" "_, Partwipants often have dlfh ‘, flgpiph/ he problems oh page 5. Since S

/ : | therv are various ways to thi & robléms, by all means-ask people

"'_- . ho solved the proble’ms win hov ey d1d 1t. Commqn methods 1nvolve e

- . ” / CJ,‘
18 nvolvmg th eratlon \/ is to realize ;l(at 12 \/ 0,

. dor examyle 18 cxt}yér /(2. o' tJ ¢ «,ao/h of the two possﬂnht/ws/leads toan . ¢ |
':-_'_,-0(1uat10n Whth doc/s ngt. 1ﬁv"olv \/ The. roots of these tw/o equatlons may or. E “

!“

|

/v_‘{gin: ‘ - at1on, the trlal roots/rnust be tested T

] R ’ e .
AP A o \ Lt B . .
O X apss 12 v O - : : |
F ot I . L .
é v . /ﬁ%
. e
,"’""
.'r;' 4 . ' '
! o v ”

i
[}
[ 3]
e
-
D
3]
=
b
2]
5 -
(4]
<
(¢]
a1
[y
w0
Ju—
)
a1
xr
[¢]
a1

.- . N . . .
. \~5‘:‘

e b .

we. . Try *2 =

TV . e S ' | A L _ S Tl
: _Jlf/()h: 5 o ] / Root: "2. L : \ T
S/ec if 5 works inthe - : "7 See if -2 works inthe -~ - . -

/orlgmal equation: . _ original equation:

{5l %2 2 w2y |5]. 2l %2 Loy 2
: 5 worka. . o . :f-Z'do.'es not work., - v

I.I{l fact, 5 is‘the" only numbet. that .:w‘or-ks_ for this problem.
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. Problem, %18, pages

'-me‘*g = (3xo) Ve | T

(3Xu) v 10

o

max(3x0,10) -

&

v
.
t
.
: ’ : . TR 0,.."'. K . ) »
™ . ) oo e . ot , / .

' ’ t] * 4 = 3\)< LI or 10\, whichever is larger.

I

i

Try | | %4 3 X . - Try | 4 ¥4 -= 10 |,
*"_Root:'.4_ SR L o ;R'O,IOt:'.3‘ ! ' . :.I“'

" Sce if"_l works in the : : See if" 3 'WOyl'{é in the-
original equation: - I ' original equation:®"

(4] %4 2 (x| Y )\/'10.':} - [3 *..4' = (3x 3] v e

i

12 12 - 1 1007 = 10 .

4 works. . o 3 works., ' o I 1 e

Préblem,'ﬂ!l‘),"page 5 S S

% 2 (3x0 )«/ 10

0 % 2 3X0. of 10 , whichevér is larger.

. ’ .

gl

. . . . .- \ | : . ". NS ..
T!y- *‘}@ . 3X -y Try: | *¥2 = 107 . ' A

Root: 2, S.ee"i’f it works in = » Root: "4, See if it works in e '
~ the original equation:~ | . tbe original efuation: _ SR T
%z = Gx@hviw b (4] x2 I (sx[d]) V20t

. ! . .. . . . v . . . .
v . . . , . . . . . y v

e #1000 St 10 ¢ 12 |

L

™ 2 does not work. " o . 4 does not work, + ° Sl [

. o . Y L
) i Lo F s o
[ ¢ .
P DAY A
—— : ' } . !
. . S K
[ T .
’

e
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» P""blem *20. page 5 S '__'-o[/i o e |

ol [awa - <-'37>.<. AL R

P . AT S . : -~ hd . . . 4 .‘

In (lwutsmng problem 'A'ZO' the moderator mlght find 1t hseful to pomt

out tb,at by seleotmg different nux;(qbers for w ) ogo can genera’te @ore proble\ms |
of the same type as %18 and- *}9 . After f1nd1ng solutmns to several of these, '

{

a pattern will beCome appar‘ery/.. L I . o _”« T

. . . AP S ' _ “~
number.in-A . | ° number of solutions for O

S e . . . K

L - two

© two . _ ' i ‘
L IR ‘l’ " nohe"

A

. none . S s’

ST IR T R - PR
*

—
.
L 4

-none{
. \
* .. 4+«  none

-1 - I none.

3 . .o . L o Te

m‘,,—_-».‘“- "" . . : - . . l. '. ’ BN "...:
« .o o H there does exist a number for A whu"h will gwe only onge s'olutwn afor a,

it would appear from this to be somewhere between 3 and- 4 Further tr1a1

3 '

,«fﬁﬂd error will qu1ck1y show that such a number i 1s 3-1-:"' T _ 0
| Anﬁher approach to problem ﬁZO is to reahze that’whenever there were t :

H

/

two solut,lons for [1, "1t wa's because ( 3 gl ) Ve 10° had two pos31ble answers, \ '
_ ‘accorci/ig to wh1ch part of it> was, larger. If both‘parts turnéd out to be the same

v e mmsaabm e T

w .‘there.gould be at best l‘nly one .solution for 0, .and we make th1s happen by set:- .

e «  .ting L'.’_X.D 2 10 ' or).'D = 3':1;_--. Now we have: - . .. .. - _ kw
.."‘ | ;.‘-A\. '. "fl.-'_.l ; ‘_ ‘._,’ -v.‘ "’ :.V.I. . 3-1- * A“‘..

1)

. e an.d all‘ We.:need-tb c&q ‘is soive fo’r‘ FARN - L L&\

10 v 10 =10,

N




LK
- that satisfies the eondttlons ;{f this problem. In fact we mlght guess fror‘n

ls ,_two numbers will always work in

) ‘ i ..
o - : t ! ¢ -& ” '

'--:m % 100 = (3%x0) V1. o ' . -

~one nuymber is given to get batk one number. The moderator may ask parti-

F 1ndmg lower brackets ff a miyber ( l_ J ) and finding thz\posltlve square o

‘are commutatwe and assoc1at1v\e. ~If the part1c1pants are'curious about these

Nt T e T ) ekt -

Vo : . d

Partlc1pants may be curxous as to. why 3%’ -i8 the only nimber for A

, )
exanunmb the table on page 80 that for’ A Lqual to any number larger than -
L

SN—T
(. ‘I‘hese two numbers are /¢ and |

. 1)
’

10 - A ™ T .
e T e C : .

'I_‘hc tnode-rator hlay w'ish to check that A and —E——Z;—-—— will gWe

_. 1

thL two numbers th'at ‘work for 10, He' can do this by mak1ng A equal to. PR

11005 for example, and chécking tha“t 100 ﬁnd 45 both work 1n the equatlon

- . ',_.,;.' . -'; . M . .
In problem % 19, 'page 5, A is equal to 2, and’ ho number works in D

I‘he moderator may want to ask participants to predlct how rnany numbers
_wouldworkmLJ it A = 2%,_1f&—3. - S - .

. + ]
. R . -
’ . . .

' : - X% % %, L B

.
.

, Tho operat1ons that we have called circle- dot, star, and/heck are v

binary operat1ons (You have to’ use two numbers to get back one number.)

Thore are also slngulagx (or unarx) operatlons. In these operatlons, only

Ltpants to suggest éxamples Absolute value is a smgulary operation. ,

N -
root of a pos1t1ve number are other® examples .of s1ngu1ary operatlons.

‘Both of the operat1ons ® and . in the Epilogue to the written lesson

operat1ons, the moderator mlght ask them to invent, other oper&tlons W1th

.

four-—by—,four tablee that are o

/ “( a* neither commutative nor associative,

and . © (b) -#ommutative but not associative.

L e . .
. - ' 5 ? - . . -

l

Fu‘mg an. operatxon that is assoc1at1ve but not commuq\ative, wbh}e posa1b1e,

L

is a much harder problem. ,." e " - ” .
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At -3
L5

—

.

rule a . wms and at "4

_—

rule b wms

1

Partlclpants may becorne

| -
" and \.5‘ : There 1s 1ndeed a tie ppint, L

F’Zn\ybur i*n‘ﬁormatmn we 1nc1ude the followmg

.'. - . curiohs{ ahout the tie. po_mt'between

© but it ts hot a rational number.

- K "'anaIYsis It 1s' not neceseary that partmlpants see it. 'I‘o hav‘e a t1e the lahd~ -
. ’ T ,_' . .
! lna oints m‘ust be e -ual aTh1s ives the e uatlon S Lo e
. C s v . -, \. d . ‘ "'. ) ) .
R T N N0 N O S I O 2 T P
\ - : ¢ . 3 : . - ‘. ‘_'. . s . A . ) L . L .
o ’ v L8 e . * PR '
o T b . Y ' -
. | | © or ] x| I ~- 4% - ___ 0" '
¢ e . :‘ : | . \
- &“,‘ ﬁ. - N Yoa . X ‘;"« ,
a - v o - ' . ,- . . ) o s ‘. .
_ Thas is a becond degree, or uadrat1c, equat1on Using the qué}dr.at'i'c' formula, - |
‘v ~we get o ."1 S s T S o e
b o [y ' , o S NEY e < . o .:A‘k
< :*... e ,;v - ' * - * LIS ‘e d .
s - \ \ \‘ ' — ] L]
L] . ¢ v b . . - “ v ] \
. | b . ‘or - .\- 2+ 2.'\) '\a"nd " = 2 - Zr\/ ‘
‘. . o _ = 5
) . ‘ : ‘

vl H\e Qt Z - 2'\[_- is the 01\3t is between - and *—*.,-_'_'- -

= 4 >
f o . Of cou‘rse the eler{lentary school'teacher. need not know how to find the tie
. t . - ‘
v ' &pomws fofr such rules in e;der ;Kuse therh effectwely in. the c:lassroom (Not1ce
oy
' that the sequence of problems on pages 6 and 7 ‘did not ask for tie pomts, 1;\1}
A df».'- only for whigh rule won at varlou's startmg pomts ) Part1c1pants who want to 4
" Jao R pux;sue th1s sort of th1ng further can be” referred to the sect}on on quadreﬁm
*' . .eqq,atmns in any ]]ugh school algebragbook B ' . |
- ’ \*\ ' ' k ’ ‘ . !
. ~ M . o
\ :. . . ' .: .
» M ¢ ' . PR A ’ | b ’ "
’ A > h - | ‘
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e F B ) "SorBe Ar!1f1c1al Qperamons“
. R .o . . S .j..l N
» '.’ K > e Kl /_4-——..\ e — g e
A, _ S SRR . T . g
) ”. ' - o - ) .4 s ot
‘- . . . . A ..
Prt‘hmmammformatxon o < - R Co ’

- The class Ydu w1ll see 1n th1s f1lm is a fourth grade heterogeneou)group
from the Phllllps &hool 1q Watertown! Massachusetts YThe f11m tea,cher is .

Phyllis Kleln._ Misg Klem had WQ{ked~on other Pro_)ect top1cs w1th the class ) o

.20 \Sveé'ks prevmus to the f1lm1ng [Film runmng t1me 44m1n] L _‘ o

N Yoo, N _ o I |
ion after thd film: . .~ . = | - L e

" X . i oo . -
. AT T a D ’ . . .Jf o a - . o

<« 1. When the class was doeing the problems. = - = "+ ) .

. .l IR . -(.:4 _X_ 5 ).* 1.0(_)

. _ . and '-4 ¥ (5°% 100) = T . -
N ) . - . K : . '9 o .' ,v

tlu,y were asked to Pr edict the difference between the answers The next da'y.‘ )

tho tea,ehcr agam)arought up th1s questlon, and Robert S gave th1s answerr

[

{ Both the lOO's only got added once, - o v ,' '

_ . " the two 5's got added twide, and the BT R
o S *  only difference can be in the 4's — R
pa e . . oneof them is added four times and N
( _the otker just twice, whlcb\s why the .
. ‘ . dlffé"rence is' 8. -
o L g . ;. . e
~ What does he n}‘_g-an? ‘ Was}hls_think_mg c,or{ect?' . !

; \ II I‘he last pll-oblem in the film was to use the nurnbers 100 v 0, “and 51,

and one.:' *tjne %, and one ( ) to get the biggest- number. Did anybody f1gure '

. #
Tt out? Ca.n you get the biggest number with more than one arrangement?

Sy . \ > o ' ] ’_. - - ] . . . ’ ’
£ ‘ 4’ . .. .'.
Q ‘ Whale the class was workmg on the problern ' '
s.._ . ’ (D * D ) * D - 21 . g
L an\l fthe teacher was gettlng whlspered answers, she gaid that some people -
- were domg this problem 1nsteacl - o : f)-f' T g B
c:1 a(r(m%c:) - 21 - Y e

1
<3 .
.
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Book 11

L
L . . [
t. N y P . . ..

AL It 1s surprlsmg that t‘hey d1d UR the problem.

5
. . ' . . ?
.

= 2l : e : N .."~ .
. ' g e . [

Q\ B .: . .’ b ¥ - ) . -
0 % (o % Qa) o210 SR
"_'}'.\.7 0 % (0O +D 70 k 2
(D+D)+(D+D+D)Q el

s

- : pet M LN e s o 1
. v‘sbo’ ] . I‘._. '{,M. L] . .- ; . [:] . X 5

1}

leQm\\ Here 1s one: o C ‘.

dJ ... L.O \;., ‘_‘ Do

o . IVi" The'class found that the difference between the answers for T
v : i . ’ - C . o . . . 1 - . . . R ) . .
. (10 % 3)r % ET-'J'? S T e

and 10 % (3

.' 1 © - R N~

a and .50 *(%* 4) = . NI

is- 100. Then the teacher asked the class to predlct he dlfference for\ _' ~,

-,
AL

. (4 *.5) * 100 N

. ' . . / 5 ' ‘.’.j..
Ao and 4 % (54*_-100._) = A

L Y :
Did you think this questlon was premature? Were: you a‘kﬂe to. pred;ct o

the dlfference at that pomt? D1d the class predlct correctly?

T %oy st : \/ ﬁ\

':.._Wh,é_.t_answler_'-were-'_the“y getting 'a'n_djhow' wer_e_'they g_e'tti'ng‘ i . o

is 20. and the'_differ-e.'nqe“'for.the_~paif’" ST R

s \ . . . - LY . :
C e Note Some members of your group rr(zght like to try an extensiymefthis prob-. -
! Y . . t E . T . ° . N . . ) o . . o
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A may be of mterest to your group. - % ; R "_' “ ' ;"_
B A P .

. - N N . [ . .
o . o L S P
e . L i . ) R .

A Y

e tay, Afﬂei' g1v1ng the problem -17 \/(1'\18 L= 9 ,ethe teacher gave the
. " problem -18 -17 ='.?j Isv 1t ev1dent that the operatlon \/ T

e A L
18- commutatwe" CUR T L v
' - o L. { \

t W,) The operatxon \/ is & frequently used blnary operathn, CQmmO@y" -
S RO known as | maxn (max1mum) - . ‘, o

. t . . - . ~ . . ,\
. . L . .
o . . \

. N - . , \

Can anyone find’ general methocg for solaving problems like these? ' .e..\‘."-

.o oo . ((((( E\I%D ).x. o) %D\) % D) '*#Elﬁ) %x []q .

a} * o”%(tl% (D'eé (0. %

V - The followmg pomts are \t questlons that are llkely to corne up, but they B

' : . . ; <

~, (That 1:,, flnd all numBers that work. m B.and Ay - R

. . ‘t\ ) ’ o . ) ¥ : . “ .v ) l- ¥ . -. / ‘. - : » . B ) \ ’ '
- oL TN o [ \'. ’ ’ . - 4 . R : . & . te -




.Page ‘2/ probll-:ms 6 - 8
. ‘- " /"‘_*tﬁ\\ . . i
n 6 (.._3.6;-_‘4)»5""5 =

: [ 4
. 1.
!

,.3.' 3 »(4 6“5’-)‘.- =..|:]
— » . - ,

B'., Find a number for 0 80

; - : '3’t\('_D 6 4) 6 5 ;'d.oes.not. equal- . o
C o d 6 (,4-_ 5 5. - ARG | R

- '

‘- I')I'Oblelhb 6 _ and 8 ‘c}(,al with the queSthn of v>hether the” operat1on i

§ .delta 15 assomauve S1née'you _get the s same answer for problems 6 and 7

* C
ever, f1nd1ng only one number so that ( 0 6 4 ) 6 5 does nqt equal o i
i et (46 5 ) ‘proves that the operat1on is not assoc1at1Ve. Ask part1c1pant3' "

' l'.';for fabt methods of solvmg problem 8

Page, 5.,. prob,l_‘:;me 18'-.22, . .- ' e ‘_,_, S

Q -
It may be helpful for: your Lro'up.,to graph on & line the rumbers that work .

LR / B i : : L . g A
o o33V o =5 . ———————~ .
. - L . o »- o 23 c . . \43 S ' . f"'

'y . '/"- L 21 \/ D = . - . ) ) _'-._ | - .".,

e twov O 12% . —‘_-0-1' —— e — ., \
J N .o . ) .. . . R ] T v, 1 .t ot ) .
‘. . . . . - ,,75__( . : . o
——
27

N
’

]

- 1
o e OB s 100y e
. // . ’ . i i ' D - ' - - 143 " . » : ; ) ;‘

'/ What is th‘a d1stance between the’ two numbers that work m each of the

/ problems ? Are there any patterns worth d1scussmg? Can ypu ake up a prob- :

t

lem w1th the © eratlon‘ "che k” ilar to those above so that the numberq that
| P ¢ 3‘

;work -are 56 and 96? Can you make up a pr‘pblem 80 that only .one number
' N .

T ‘ /< [ . . h , o .y -




Aruitoxt provided by Eic:

[ Tttey -, fa' v . Ve .
‘ fier . ﬂ;\m . . . _(;‘ ";.‘ ' )
5 i S .
Page 6, LEI‘OPlemﬂ 28 ~ 32 IR Y {’ A A
| ‘ . _ N PRI T l.’;".' .}\ - _ Nol - v % ] , ) . ’ | N ’.Q--(\."
y -‘...'-One way to solve these probler‘hs is by computp‘ng the answers, usmg 8. v s e e
TR }“rlal and error approsch for problems 31 and *’32 An,__alternahve approach." R
LR I B VA e .
follows' ERUR "' +? "\ - _ 'y
o . i . ) . i Y N " RN
R _ ' g S I ¥ S 3
B . - 6. ’
) N LT REE L - o . A S
P Loi(sVRey T (20 v3s) 7 o= SR
. ;o ' N - 3 S S .
_ . P Yopoa i ) : o R A -',‘;'
J ~~‘the dlstanCe - 2 the dlstanco L / "
o . bet;WEenx 5 and ZO between 20~and 35 : f
. o e e £ s . - E
' o . ' Car ; Lt
. ! . |,~ . . V A - 'r ," i : . ‘;;' o *
/ VQ ‘l "’ 1 .,-‘ i ' -\\,l. . \J , X J
. Yoo 1 g this dlstgnce oy ' .‘,', ‘
- . '(—‘-....—--———-,u_-....)' ’ $ | Lt ; oo
. " . . ) P ‘| Kl ) . o oo K
. . y . T N , ! f . ] . o ]
‘ ¢ - Ao L C ! « 7 ' ’ Ia o )
/: v & 5 o N l(" 20 LI . ' b L . ‘U ‘ L
N C . . v/ N ro ..
\ . ) . , S
PLUS N ’, - ;
- " ,.-' f 3 .’.’2 ) K ._’lll . ' - ".\ " .
L . . - b 7 C ' N . . . Co
. ,‘ \ . N , ‘l , V . \’ €. _'\, ,..l o ‘ 0 |
. R I | : o . N
; _ 2 s th}§ distance ") N _
- ‘ Tt | o I e b L -> o NS sy
. K v ' ) , i . )', T ] - ! . ’ v
S . ol . Y on \\, o R T T
.t L '20 ) . 35 o CER R
. ,)' ‘\‘. .. - . .. A ‘f‘\. . Lo .-.' ‘.' ’ . ) "_ﬁ\
- . {.*, 0 N ! -
¢, ' N s > ) \v‘\‘ . :
. , . 1 THE SAME As .‘ g S T
R . ~ p “" - " s
o . . . ‘ . - W ‘.-‘ o -t ,;l I. ) " . L .".,
. AT N - ' L ", ) >
" A | ', YD e
A . _ 2 th1s d1st’ance ks o BRI
N ; (.'__..._....__4....’..-.7__--n-_“_L_A.___;_:.____> "y . _ !
- ¢ . - _ R ' — ". oy m.;‘,l‘( . :: - ‘: . )\ SR , . o 'l > W)
- 5 . o . ( . s, .. 71 358 . \ O ’) “
e ¢ . N s K . 4 . ’ . o N ~ (Y YARIE I ) \/ . I} 10 o
. ..’ “ . ' . S " o - .. o “f. - ‘. ’ RIEY - '
5 y lsnf‘-.. o T ' 4 . N ‘- B . i
. " a o jl‘_.‘ R “ ' N B S
R : ‘ ' ‘ Sy Vo ' A Iy o
T, . S
: Problems 89 and 30 chn be 111ustratéd in“a s1m11a1; manner.- Not1ce l"'""s b ey
1 5
that in all three pfoblerns the numbers 20 ,. Zl . and 31 g occur 1ns1de the Iy e
. reglon b&tween 5 and 35 B & iy , T e o .
% . t \] ‘. J:. LI ‘. 3 ¢ .
. B ‘ . . _ ,
: ¥
ey .-
.’_ . ‘
Pl




ﬂ BOOk ‘lz . o 1) b » ";,' oA .. ' I ,:. ‘- X ‘.. '. , :!',"' . ‘vi:.

S Y ly (D V 90) 10 s/ 90 ‘_ L SO
bR "Fof this problem, s\rppose. EJ is a numbe b;tween 10 ~and 90 \The
B pictyre would look like thm“ '

. . : R : .' v
» . L - )
- ) ' L4 N . L
. .

LUS v l 'this distance .. .

4 . Ay X
i . . LA

Now suppose that 0 "is a nu.mberY outside-the region between 10 and 90 . If -
you Oraw a similar picture, you will see why no number outs1de t‘he reg1on
. between 10 and, 90 w1ll give the same results..
v N .
o~ Page’ 10, problems .10 a’hd w1l
-

Cowmos asa & JoesTn

.;}:__11,’9[:1»&) A, gID | © A e |

” .

e The operatlon 1n probolem *A'lO 1s commutatlve The opef‘atlon in problem
‘ ‘»_- 'kll is not commutatlve. Ask part1c1pants who attempted these problems to de- ‘.
stmbe wl}y thls is so.. R B '. LT o

__\ - . . o -‘y . ‘.*‘ J/ | ' . | | ’ - ‘ AN
| Page 11, problema Mand._*13 | . . .

) [:] ® AN A _ N : B . Ll

R Ty L v, L - _ B \ . . A T

u

L w2 oA

R For teachers who are puzzled by these problems, it m1ght be helpful to ':‘\'_5'?

'

‘ translate the mathematical symbola mto w@rds‘

R | \& A o @ A may be translated as: Look for ™ .. : o
w0 number whose average is either &ero 1f they re d1fferent, s
EI o or one (’ltheﬁ're the same. t T L
Caa ) . . N . , . . Lo - o ’ Cos )
.."; : ' O \/ A = 0O ® A may be worded as: Look for numbers/ :
BT so that half the dmtance betwpen them eq-yll their avey ¥,

.. . ) i . - ,. ‘ // . (W, ,

3




W DR o o . ‘Book 12

‘- : .
¥ : : N t_.:t? _ "“'-."‘. F1lm Dlscuss%n Notes - R B / . | o N | PR
; KSR MPrames and Number Line- Jumping Rules" B I M
B ks o
\
2 -Ph:liminafy Int'orrimtiolr R ' ' - o
. : In th1s tllm you will see a h(.,t(,robenu)usly grouped class'of fifth graders. _,
Ry 1[ he ts-aehcr is Lee O:,burrb He had met with the class for about an 1 hour prior:
[ ) . e
'.'v to thl‘u [llm. |Film runnm@, tlme 38 _mm._] -
Vil . . , : e .
- ‘g . IS . . ot
. } S ' I ) _ . .
_ Jiscussign after the film: - - . Vo L |
,,. it A ’ . . « .
.o ' Question: Early in the film the teacher writes the problems ° ,
0+ 0+ Ops= 21
and - D 4O Des 2 P
L) : : ' K : - : e
 with' a_gk?ﬁet’_ween thern, and later writes e S .
w IR TSI |
.<l1rectly undcl the first problem. What advantages, 1f any, does
. ‘this have over. writing -each problem diregtly’ under the preéedmg
one, ’llke th1s | ' . . '
A ’ v ‘ T gr ’ o g L - ‘ ‘ |
- ‘ | L0+ mene = 21 .
S . D+ 0+ 0 s 24 *
) 4 L . * . , . . ’ . .\
o .- LM A ke o= 220 .
! . Probably tlle Lchxef deantage of wr1t1ng ‘the problems as the teac er d1d
N sto gwe an additional clue'to the answer. Wr1t1ng the thlrd problem
4 ""( l + = ,82) Ehxsma’lllx between the f1rat two emghaslzes the fact that -
., numerlcgllj 22. 11es§theen 21’ and 24, and hence that the answer to the e
third perlom may lie lhetween the answers to,the precedmg pro'lol:ms. -
. YN Lot \

119




- : . ' . - N ' ! . | / -' . . v' . L N '.-- . ‘ .. . N .
_ . v » . . ‘ oo .t\_ .
Later ‘on, of c.ourse,, the thlcl “would be e«pected to find the answers to -
K problehls hkc b+ L+ i = 22 without hints like these. . C
‘ . ) B . o
'. Question: Whul the class is trying to find an answeénto . L
PEA i+ 11 = 22, the teacher asks if the angwer is going
to be, la.z ger or bmallcr than 7 - This 1_ntcrvchang'e ensues: . . S
% ;V' \ . B ) .. ; - ; - . ) 3
. Andy: ,Smaller. o '
Th _Teacher lee me a number sfnal‘ler than 7. 2
- LT . » _ 7 :
. _‘ - l . Tqacher; (W-ri'tes) 6 +6 ™~ b 'IS_'_ 22, ot
Andy: No, larger, — == v
, . ! _ ,
R § : ) N ' ot _ . .,
. W Was Andy right in concluding from this evidence that the _ _
C answer had to.be larger than 7?2 -~ ¢ e
N | lhc answer to thlb d(.pcnds on' %bat Andy was thmkmg when he gaw |

N 6 + 6 o6y = 22 —which is. sometfung we' 1l never know If he&reahzed

: . v .
N Lo IR ] . . : g o o . . , )
' [ T : . 3» . ) . ) o : ) wo oo (A
. : .« -7 3 : . ) o : . . - B , “w iy
. . . . R .
.

that- 6 + 6 _+ 6 is- snlg_l_l_c__t_ tham 22 then he is Justlfled in changmg h1s an— _
-s'w:./e;.' I, on, ‘the other hand hg saw only that 6 o 6 + 6 is not equal to"_',l ._
&& he could’ dt,du;:e only that 6 in the boxes is not rlght There is also the
powlbLhty that Andy changed hls answer on the basis of totally non—- _. -
ma‘thcmatlcal cucs. Hd m)ght have been thmkmg, ""Only two answers make

" sense—larger or smaller, EV1dently the teacher didn't like the one I‘gave,

50 I'll change ity : S | o

. -

, . . _ :
' d A . e
s Y ' : .

L Questlon When Rlchard suggests 7l for E] + E] +.0
‘ 'the exchange gy o S

Teacher:-*?*l- + 7= 7 . '

g

[Rlcharcl 15. R

e o~ »
: \ i .Teache r: That would ge 7 - .
s : . . F I z v
! ) . o v - e ‘ , R < Py e oo ) ‘ ...
o . | ‘ ‘




R 4

SO -+ . .Richardy .1f4-

o . ' Teach®: And another 7" ? e :

I - Richard; 2.2. ' .\“ ‘
1 ’ ) , . l . rov,

: Why. does the teacher ha-\_'ﬁ.Ric.hhrd

N 1 ) ! * P . 1 ‘
. \ - . 9 = )
another ?3 ‘w_hen adding the 7'y a,it/g(n t‘He 3 $ \is s0° much o
- ‘. ' | 0.‘ . | " \\. | ' . ‘- . o .

The re is no doubt that addtng the’ 7' s and then the 1 's is far easler On .

* . . -,
' cagier?

\

3 3 3 .3 3.
Perhaps the teacher suggebted that R1chard add the first two 7’* 's, ) hoplng S A

that Rlchard wzuld say he'd.peather add the s and then the '1' 's ,' 1nstehd. \

7 % 3 ' Y
~the othtr hand, the, problem 1s 7l'+ 7- + 7-1- ) not 7 + 7 +'7 + l+ L + -1- N <

3

If this was the'teacher's intention, it didn't work But it is interésting to
1 1 -

noto that ‘Richard said 7'5 + 7~3" is 15 we can conclude from,&hls that -if

1
Rxchard checked his answer at all, he d1dn't check it by add1ng the 75 's, but

ather by addlnb the 7's and then the % 's
. . . l . vvv : . . : ‘ ' L, Cal
. u) N ‘ . o - oo . o . ' L\“-
"7 Question: th\tx Andy explalns how he diid. 96 + 96 + 96 =0,
. he insists twide that he subtracted 3 fours from 96. He got the
nght answer (288) so clear ly*he did not subtract 3 fours from
.96, but from 300 instead The, teacher lets this explanatlon go
~by. Should he have? - -' : S \

\ .

Very frequently childr’n getur'iight answers but he.rre trouble in ex’plaLining
thefir-methods.  This is a claseic'exa'mple.v Two courses, were open to the'
tvacher' First, he could have pursued Andy's e planat1on, malung him see
.:_that he wasn't say1ng what he meant.’ Posslbly spme ch11dren 'would haVe ben-; .

fefxted from th1s, but- it would have slowed down the class. The teacher 8 on— °

L the-spot dec1alon was' to follow a. second ,course, namely. t° ignore a faulty

'explanation of a correct answer, It is important to remember that no partic-

ular filmed: class represents the last bit of mathematics instruction the? =
8 can

" children will ever have-—-there is always another day when- verbaltzatio

’

be refined, o, T e 7: “




. o o -~ : SR L ";,‘-. -", =.._; G e '
. o S0 0 - Questidn: -Whedithe tebcher writes the jumping rule - “- -
e N e 3x0 - 1q, et T
_ ' Wt ' o S
.. the a}row seems extraordlnarlly long. Why does he do thls?
L 4 . : . N . . v ’ ~ . ' ) '1, W
L B -
D It the arrow in a Jumplng rule is drawn too short it is frequently confused
o WLt;h a nifnus mgn Partlcularly at t}"le begmmng, it is a gbod 1dea to make the- -
.ATTOW qulte distinct fromfther symbols. IR ,
o : He\fé are _“some"question's you. may whnt.to r'ai's_e':.' | 5 __ .
Whdn the problem is 00 + [ + 0 o+ 12 . Paul suggests 3.
Why is 'th1s a hkely wrong answer? B e
Y . /]. .
_When the arithmetic is done, with 3 in the boxes, ‘the teacher
_'says "9 = 15, True or false?" Paul says, "True," The - . * |
answer 3 is understancfable, but what could"have made Paul
. thmk that nine. quals fifteen? e T
. For the probzlem EI + E] + D = 0 + 50 Juho suggests ZOE . .
.Where dd .you think thls answer comes from? I ' T 'g. :
. .. .. ‘ R Lo ) ¢ (

T
¢

. Wndy suggestd 3 as the place to- sta/rt in order to get a Jump of one"" :
- space when using the’ rule "] —> 3x0 - lO Why is thls a’

[AfRely wrong answer?
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* o o , N Tﬂirteenth Sessfon L,
| - Wr1tten Lespon Discusslon Notes
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- ',o-

: »

v examples of llkely e@rs. _— : t':.',"
' 3 . -'- SR JI o
Page 2, problem 5

Py L. s . ‘- . . ) . X .

R

. . L N z o L
v . .
ot K o .

J . ”' ."“l,-

[}

' o ,l. 3)XE]-| = 6 - B | -.-_‘-_.,v_l. » \ .

-
Ju S - . I h3 bl i I il
r. T v KR L 7 T T
. . - . - .
/00y "
. . - - . L : : . N ] : .
- - v - v
d . . T " ¥ T 7 V B i

- mglurlmg 3 y The rlght ansWer is th‘dt a.ll the n' mbers frbm 2 to 2l

3

work,.' o

v

. .

: - : Smoe the first twelve problems involve smnlar ’ide;is,.,’ here are some B

Tt o : o

' B . © A’ . N R . L . ’
. . "'.'l . -

o ‘_ - _ .- El, = 3 .

[

-

A common wrong answer h¢r,¥ is to gxaph the numbers from 6 to 7 not

'includmg 7.

suggos} a number like 7% c

OIS . ' - .
' . - . .
K] ! oL X , . . . e : A

Paﬁe 3. problem 11 L SR : R

o It may be woft)'h&’hile to clraw some comparisons bew en pr lé,ms }0_
.and ll ‘ What is tl?e same in the two pictures? What is i fer t? .

The rlght answer is | pl;tured above. Agam ‘trymg numbers would L

f lvll‘.l

probably be the best approach I{ no, one suggests it, the moderator may ne,ed to




-voften the starred p&oblcms that parnupants ask about. Followmg a'l*e some

lems beo_ause the division

As an e.xample, l_ 0+ 3J = [+ 3 w1ll give all th’e .pomts 'ind]

‘answer toproblem *5 is |_[Zl 6_I = D 6 s .
"\Pa:L 6, problelﬁs i) and *7 n_'

'.partimpants suggest posslble equations and“try tbem. ~ Sorhe part;cipant may

T

L

Most of the other problems in thls wr1tten lesson are starred and it is

*

-examples and general comments a,bout them. R L .- [ Lo
. 1 | | ST , ' ’ - K . .,.' .
‘Pages 4-and 5, problems 1, 2 and 3 v - e

A ’ )

- .
Many pa'rtlupants, ln graphmg thest problems, ‘om1t zero. The reason ¢ .

-

1s pr obably due to the d1v1sxon s1gn Teachers may be thinking, "Whenever

[

.thero is a dw1s1on s1gn, dlnog us,e.,\aero(\ Zero W1ll ‘work in these three prob,— ‘
i

s not by zero. Whether-the moderator wants ‘to

(N L] . ‘,'.f" ) . . . . .. LY i . o ...', -
“comment on this is left to his discretion:” . S e LI
- Papge 5, proble-m %5 - e ey . S , [ S . ~

gL

.'...“ , »’ . - = - s i - f’ A‘
S -  The* pattern of dots on the numb!ralme below CL)ntmues 1n : ( .

(and only thepe dots) will wor.k { “'o

g

v v

¥ . both dzrectloFst. Make \fp an equanon so.that these dots *

e

' _.6 ~ o, o’ ~ 12 k]-’BP ‘
R . DA . _‘ k -
. .\ ’ s
As with any problems wher_e an quat1on is asked for, one must ‘Q sutre '

that the equanon does not gwe ‘more numbqrs than the pattern o@nts 1nd1cate—s. ._
d above.
HoweVer thls equatm} will give more thar‘ the pattern of pomts lndmated “ﬁ‘o‘
example, multlples of 3 work also )-- This type of error appears to bo very B
commen among part1c1pants It is also posslble that the equatlon w111 not include Lt _}

all the 1nd1cated points, but this type of error is less 11ke1y to occur. A,correct

'\.:‘

AN

>

st to have

3

If there are. questiorls on these two problems, it Mprobably

have.a method for. l'1nd1ng an equation that' will work e o | .
' . : v . . ] ‘ . ‘-.‘. . ‘ \
’ . . . k]



For ea.ch of these problems there re an. 1nf1n1te nu;nber of equatlons )

that w1ll work Here is a brief explanatlon of how to fmd the equatlo;ls. .'
' '_' Eac_h sxde of the equ,atllty will be the same except one side will haVe lower

brackets. * The numerator will be. [ pI%the dlstance neo\sary to. move any
- of the pomts <& to '1ero, or (] m1nus the distance necessary to move any of the

, 'mdu.ated pomts down to zero. The numhex"’you d1vrde by (denomlna,tor) will be ‘

the dxstanee betw'een any two- consecutwe pomts that are indicated by the »graph/

(Note to moderator' Pe rhaps ~your group would l1ke to~ cons‘lder w-hy th1s method y e
o works ) L o . __'- o R . TR o
> ' -/
oo In problem ﬂ?? we Imow that dots w1ll be at l,l and at every thn'.d space _’ Y
away from.ll - \ TR

. .
.'_ N

+

——— + ———
=6 -4 -3 -29-1, ? 10 11 12 13 14

To move any 1nd1catt;'°d point up to zerd we need to add 1 » or' 4, gtc., so the I A
. ' o0 ) . * '
- numerator ‘could be ' 0 +1, or D + 4, etc. To move any ihdicated Ppoint

\6-

down to 2e1o we need to subtract 2, or 5, etc. Therefore, the numerator
o could also be D -2, “or 0 -5, etc_ The’ d1stance betwéen any two con-o‘ L
se.(.utive pomt-s -is 3; therefore, the denommator will be 3. . !

Any of- the followmg equat1ons, as we-ll as many others,_ will wor“k for

"-"l'l-_"_-p.roblem 121’7“ _ B N ‘¢ . \ _ ~ - -\ 3
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Fllm Dmcussion Notes : j.‘ o S

Prelimidary information:

]
These d1scus sion notes are‘somewhat d1ffe1ent fr

j(llscuss10n notes ’I‘here are two reasons for thlS.

- 1. Many teachers v1ew1ng films from t‘he Progect have asked
" else can we do. with the ideas presented in the f1lm"" '

’ "Gr)aphmg W1th Square Brackets"l S e

"What

.

\ T
It has been our experlence that part1c1pants have not as'ked 3 4

o~

) « o » many quest1ons directly about this film. -~ S oo
_‘»R_ Therefore, ‘these discussion notes. are var1ohs extens%ns of the ;déas in the "
fllm We ‘suggest that if any of these ideas are used the mbderator presenb

l

them in much ;the way a. teacher would’ use thern in a c1assroom " As w1th all o
\uﬁlms in the course, however, partlclpants' questlons have, pr10r1ty R .' T
v ' .. This Qs a. fifth grade class from the James Russell L well School in S ) o
K o Watertown' Massachusetts1 The class had met with the teacher, Professor o
o Dawd A. Page, for approx1mate1y 50 hours prior to this film. They had
wOrked with square brackets prev1ously, -but had not done much graphing - .

The square brackets notatmn was used by the PrOJect before lower and upper

bracket; 'we re adopted

Square brackets means exactl'y the sarne as lower

brackets

. (For further 1nfbrmat10n, see page 100 of these notes. )

. '/ ,

[F1lm runnmg time: 28 min. ]

~ . . = . . . »

Extensions o e ‘,' R T

Following aré"some ideas t—hat a mod rator could use" after ‘the film.., It Re
is)left to the d1scret10n of the moderator wh1ch, 1f any, of these ideas are

" el . e . '

use(d‘ . ’ . ’ \-' ’ . ’ . N .- ° V S ’ . ‘ -

| | | ‘_:1,." Here -fs the g_raph..of_the nurnbers that work in I_D’ ;
( . ‘ - . . “‘ .,‘ - ) . R B '-. . ‘..- T




S, =2 -1 0 1

A

4

(a)* How _c[an rou change ‘t'he e 'uation‘so that the raph would be:
- (2)” How cany ge the equat hat the g

.

-
48

o e

=2 =] 0}

X . ‘ ‘ ‘ v ) L3 5), 6 7 .‘ 08 "9 10 ll ) ‘
p‘ _— ' . . - ‘ “. L . .
" (The

F oW here mdlcates that all numbers after 14 work also )

‘},Iow.about LD < 3J 9 “ R .

—
Vs of
A
w

?

LY

N . M'.’;\“ S T 1
¥ -t T LI T
2 23. 4

5.6, 7.8 9 10 11 12 13

'
S 3

-

Here are other p‘iﬁ-obl‘emsﬁhe.%oderator‘could use.

5.
o,
~

L

N C . —
T v ¥

1213 14 15 16 17 18 19 20 21 ‘22

1

VI

21 22 23 0

| 8 19 20 21 23 e
L . . ) ' ° ) N - \ . : \ v -

) 4 ’ ’ .

wer

3 _‘=."5_.. Alikely
angwer is to add 2 to the box,{since the gr\zph was fove up the B

b
vl

13t‘14"

14

E R

Another idea that oan be pursued is how to«shde the graph up or down the
g number lme. Here is the: graph of I_D T 3 J

4 o
%is to subtract 2 ﬁ‘om the bgat' "-[—j-—:——— _I“ '

e T ey




Book 13

(b ). '_How could you move the or1g1na1 graph down the number 11ne one. umt"

HI-.‘

U .‘.

'lme 100 units?

- ' .

PR A
._'\

: How could you ‘mave it up the 11ne 3 units‘? (For' this_que._s‘tior_l either

@

| How would you move the or1g1na1 graph den th\a lme 7 umts" ,Up the\_ "

o

4

Pred‘ict._-wha_t_t.he graph of L—g;i} = 6 would logk like.

7
' j_co,'
. ) - N
® L

Here are some graphs ~What are some equations t.hat;__woulc.l;give_ ‘these =

grapﬁs - In each case one possibIe answer is given._' S L

-+ -

' What happens if you mu1t1p1y the qu by some number rathe\: than add

'or subtract some number? - : _' SR B v

o)

| ._,' .- '.l..' - x : ‘ ,‘ . | . ;
»'__Compxre the graphs of ]' J 5, ~and. I_—-Z-—:;’-—*[-j——‘l =5

.,-\‘

‘*..,-.




B R T
S .» . - l:l‘_ .D ‘ s .‘ - - ‘.-.. . ’-.’1 4XD ¢ ; " ' - : , . ,\ ’ |
P ‘z e IR o el PR LD S

(d) What happens 1f we multiply the box by some number and ’chen a;ld or

, subtract some number before we d1V1de? o '4’/' '-_‘ R
.. . of ) L * , o “ ) T * o
. ‘ L . : | . ¥ '. . . - . 3 - $L o —. - _., . oo - E _.‘r l_ ) ' e o .

Qg 4
It probably ig worth po1nt1ng outﬁat there are two falrly standard ways // e
of show1ng the graph of an equatlon on.a number line.. One way was used in: the

f1lm. the ‘other is. to use a shaded loop or@diwn loop Both graphs below show '

- the same thlng, namely, the numbers that work are 6 up to: ‘but not 1nclud1ng 9

- _Som\b'questiOns that might be raiged: = .- SR \ : o
.~ 1. - The last problem:in the film was - [EJ + 1'7 ] lO and the answer +

e How_ d1d';the students-"figure that ;SO' A

A wag T e
. i S N U o 187 - o SR
" Could you solve [D T 200] > 57 the same way? L ‘. Co \

- WRat is a general method for solvmg th1s type of problem?

:-»l.‘. p .4 . . , . | . L .l s | . | /w--" . }.' N d
BT In the film, the students try to f1nd ‘the bxggest n mber that works for : ;-'
N\ L [ a s 3] Why can't they find the b1gges number? What is’

- the- smallest numb/v:b1gger than 12 that does not Work? R ' «

.
-4 )
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1nteger not greater than'' funct1on. Because

Informatlon about sq_are brackets

= Square brackets was net made up bV the PrOJect 1t is a standard mathe-— !

matical functmn. If students pursue mathematlcs they w111 perhaps see square

v

ese words can. get in the way of

‘brackets’ augam, ‘although they will probably f‘d it presented as "the greatest

_ the 1dea, square brackets" ‘was. used instead. ) S

,_Q‘ . " . X v ' BN
. L . 1 _10° . - -

S1nce this Nlm was made, the<PrOJect has mod1f1ed the idea of sq/are

' I

"~brackets to upper and lower brackets. The’ participants have wo-rke_d’w_ll:h_0
.upper and lower brackets in. the wr1éten I'essori’s " Lower brackets .a're :defined o

“in the same way as square brackets upper brackets Leave mtegers alone and '@" -

P

take any- non—mteger up to the next h1gher uiteger

If some part1c1pant 1s, mtei-ested in and 1ns1stent about where the idea of.

. A

| brackets can be used, ‘here are two\exarnples the moderator could g1ve ..)

1, ‘Ina book store some books cost $2 89 . If I have $10 00, .
/_‘3 ' - *how many-books can I buy?" One way, to find the solution is "
to solve the equat1on . P v L

) . !

L. _ * The post office uses upper brackets, for"postage First-

' o " class mail costs 8 ¢ an ounce (at this writing at least),

but a 24 oz. letter will cost 24¢ to’ ma1l

..~'.-'C ' . ':s. .. ° )." .- oA ) . oL : - .
. w‘)&‘ . ‘—' . ... ) 1 . P . . . )
L NN RS 2 . AR ' ’ ' ’ :

Q

/
.

v "

ot
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. are different ways to write the same r'uIe. T S o o
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Wntten Leesoh D1scuss1on Notes

" .. ) . - M ' . . . .t -
SO cor [ . . ’ :
’ N o R . . - . - o .
e . ; . ( R .

. This lesson deals with f1nd1ng rules that. will send two given pomts Lo
L .

to two- given po1nts. When you ask for rulea that do certau*thmgs,. you o :
need ta be careful because there may be ma.ny rules, tﬁat w111 8o the same’
thing. Not only may there be d1f£erent rules that do the same thmg but - ' e

‘the same rnle may be wrltted 1n many forma. e

_':‘o_ o

_FQr,example, ; _ . : ..
——->1><[:1,i N |
~—> D"-.'.' y

O GJGE

and — D+@ -0 R | . |
. . o R

If a rule is proposbd for a partlcular problem, it should be tr1ed

w1th the giVen numbers to ascertam whether 1t will work.~ R

¢,

. ' Fo}lowing"ar_e the problem's that appea_-r @ be the ~rnost-_.difficu1t~'for~ . o :. *‘¢,
\‘peop-le‘ I“.. - _I.";ll.( : v‘. o | . ~... » R K '. . . “ B o
. . . h . PN . \0 . _'-,. . - | -- . \!{ . : . . . . ) ’~ . . ..f.
8'._. o Write a rule:
., START . _LAND T L
T

3

N . - . ° " N o L ‘

It is rnostly the numbers in this problem that cause th d1fflcu1ty “ ] _
Smce the dlfferences between f startlhg poi,nts and landing’ pomts are* ¢ R | ;
the aame, you only need to ind'how much is added to the starting point to. S\ |
"reach the- landing point. If a queation is asked about thls problem. then

it may be but to work it out as a grow

-_‘! oy
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w20, . ‘I:“ind a ;ule such that two of its JU.MB might be illustrated by .
P the followmg diag(ram. You should number your‘ starting and B
e L ‘1and1ng points, anc'l you may calibrate youj number lines any B
.. A . ¢ ’ ‘. o T ’
SN T ‘way you W1sh : \ L R / e
. -(_ L] L] LA L} w L _v-'. ..l 4 ?) “"7 L ‘ L} | ‘ LS "' l
- ' e - STARTING. LINE .
l . ‘ . /?,\. ) '. _ﬂ.
, - / ( , . . LAND;NG LINE 3
o Participant: .. I attempted this problem and. I don't know wha.t I d1d N
. . . ’ o
’ e wro‘mg. The d1fference between the startmg pomts is =
v 2 and the difference between the landmg points 1s 10
. ‘ 50 the rule shou be O —-———> 5 )ﬁ, W & pxcked 1
o - and 3 as my star ing points, W1th my rule '1- ——-9 5
i -
and 3 —> 15 tre. only way my numbers will A
/8
work in the d1agram is if I calibrate the landing 11ne )
. ‘ ’ from right to left like ‘this: . o ) .
‘ . STARTING" LINE ’
'(_- o ©
o, - , e .
s o S e el
¢ . __‘ N . y ' ’ v V ' o + l
- Is that correct? Is there a way to do the problem T .
3 ) . . ' .l ’
! & .~ calibrating both lines from left to right? | !
N 1. . . . . ‘ . . [ i . .
02 o 12
o : , . N ] M \
. ':l i A‘ ' ‘ ! K 4 ‘ : ' ) ;
' "_l <4 .. ‘ ' ' ,)’I '- ‘ ) .|:L



| ,' o \ ' Moderet’ﬁr: ‘ (The problem states that you c£n ca.llbrate the- number
S e lin4 a’hy ‘way'you w1sh 80 your solutlon is acceptable. . / ,_' 1
_ | - ] ‘..D1d anyon( do 1t numbering both lines from left to - ¢
A ~'-l‘1ght?--" | - _ . - : |
. . A . : o ; : ' P
Participgnt: © - Well, I agsumed that both lines were numbered in gy ‘
- | "‘ R k. o the 'usual way, I figured that the lst sta\rtmg pomt
D minus the 2nd startmg pomt is 2 wh11e kst landlng : ‘;._ . t
' A L a -~ point minus 2nd landmg p.oinqt is --10 1 k.neyv I wanted e .
v . | ! the ruie —4—> =5 X .0, Next Ipicked 10 and 12
as my starting n_tix:nbel;s._ "My diagram looked like th1s”'
N S S,
, ! ‘ + ; ; + . A s
\ o STARTING LINE .
b (
N .
’ ® —Co vﬁﬁmc LINF%
Participant: " Ithought the| number lines should be numbered so that 1 ¢
"I | o on the landing line was d1reet1y under 1.on the startmg )
/ . | | . | line." P1ck1ng 0 and 2'as my etartmg numbers, my . |
i o " | . d1agram looked like th15°' . R . ‘ o S
o 'STARTING LINE
/ ) :

e & I
L l”l.'

L'S—-‘/-.BWQ _" O' 2 3 qr 5 G7LA t)ING 'LI,NE
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1 knew that I needed a rule which took you from 0 to 7

and from 2 to -3, By what caine- beﬂore in“the leason v

0O —>» 0 °
2 ——> .10

0 —--—> 7
| 2 —> -3 *
Comparing the landmg pomts 0 and ~10 with the landmg |

With thie rule

and I yvanted',
» S

‘.X

" 'pomts that I wanted 7 ‘and -3 I figured out that the

« rule should be E]—'L——> -5 X [0 + 7.

< - ¢

.. ' . ) . |
. Note tb ‘moderator: If this last approach to the problem is used, the rule:.
‘that worléxvxll be of the form- ) —,> -5 )(c (1 ¥4+ Lk where-k stands:

®  for a numbpqr,

T he value of k will dep nd on the startlng numbers that

-are picked, ', v A

-
v

T
.

s

J

R
e J

' '_ Ithought that the Tule should be L] *-———.? -5 X Q. |




‘; - . | o Film Discuesion Notes.

"Competing Number Line Rules''

e “ N . .‘ . ‘.v . N
r . ' N . /
> . ki EEE RN B . .

Prelimlnary mformahon’ |

~The class you are. about to see is a he.terogeneouely grouped flfth grade

from the James Russell Lowell School in Watertown, Massachusetts The
f1lm wag made in the early sprmg . The class hq.d wprked with: the teacher.
Dzwul A Page, for about f1fty prev1ous hours oh various tqpics of the PrOJect.
' [ Film runnidg time: 33 .min'] o '. N ( S oo

|

‘Here a're‘some‘-possible queetions which might avise after _f:_he teachers

) .y
~ . “

view this fil‘r‘ Note that the responses given a're*m'erely sample answers. .
" “ - \/ﬁ-—'—q.___\ . ] . . .
Answers are not provided to some’ questions. A variety of ‘opinions and

apm'oaches ventured by teachers in the ght.

% :
Puestién The class seemed to. be quité at ease. uging jumping ruleég. Had .
t’hey ever done this kmd of top1c before? . o R _,' |

A .
<
{

| ':Resgonse'- Yes, the ‘class had certainly werked with jumping rules beff'ore.

Some of the’ topics they had eXplored Were. f1nd1ng standstill points, making’
consecutwe Yumps, usmg rules in combmatmn, and finding inyerses for rules.
However, they had not pursued thls part1cu1ar top1c-—-—-tha 8, combining rules

. o {
" to obtain the largest number pos sible. S . L

A ‘ B ) \
. .
Quesgion: When the rules were: e o ‘
« 0350+
. | o s exo

. S EJ e Ox0O R

<

. tho teacher asked where the next interesting number would be. What is an

mteresting number”? o ' : .

i . .
~.‘ [

_.R.eagonse' In this case, the interesting starting number was 6, because you
get the same landing number (36) whether you use rule b or rule c. At.

“another time, some .other number might be'considered interestipg ‘ '

i

'\\.' 0 is
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Book 14 B R R R D ,, .
guee‘ion Aaxde from the computatxon involved, why is thm pa,rticular topic

. -'-'1mportant Eor ch1ldren?

¢ ‘ ) ot L4

: Response‘ In pursuing which combination of rules to choose to get the largest

number. the class began to get an 1dee of what each of these rules accomphshes

Consider the £ollowmg rules.

. . . ne

: When Lorrame S@ld "From 5 on, - 1t's cc " she ind1cated that. squarmg any '

number over f1ve will yleld a larger result .than elther addlng 8 to it or- mul- :

. t1plymg it by 4. And squarmg the resu}t (in effect, fmdmg the fourth power df

- the original number) w111 certamly yield the maxirnum Lorraine and many of

the other stuélents ehmmat.ed much unnecessary testing Jf numbers 4s soon as

~ they’ reahzed how strong the yﬁrmg rule Was

(- TR
* o . : ' . ‘ '

Question: 1 heard Janet say that’ in or&er to find the largest landmg po1nt, ;
you s-hould get the blggest number. you can before you hit the squarmg rule Is.
her method reliable at all tlme's? L 4 : ' J . . . o ‘
. Resgonse: Giyen‘the rules: . ; -_ - - s
| L O -2 0 +7 g
.t A [:'1—~>b7 6 X0 - o ' o

. [ = Ox0
_ .

“
i

*

.Jane,t's_method does work most of the ‘time'. But before adopting this strategy..

for every problem, 'let us change rule a to

'Y

[N

Now rule .a ‘always moveq %8 down the line 100 units, no nn_a_.t!:e’r where we B_tar't.‘_

Rule a




&

-l{’B,‘._:-l,S -12.

L.

‘.
. .
» 5

Rule c takcs pos1t1ve num’oers greater than 1 up the ll,ne. 1t¢takes negatlve

‘L numberb _J_ to the posutwc portlon of the 11ne also. '

L)
€

- vl b - . -Rule c ~ '
[ U —— m —_—
o~ \ . =4 =3 —Z -1 0 1 \3 4 5
Wh1ch two xules wo‘}ld you use start1ng at 0 ? Here, the l;est strategy N ‘.
ould be to use rule. a fll‘St - That gets you 100. spaces to t;he left of : zero. b o

-

. Then you would use rule c , taking you to ("100) ., or p051t1ve l(’ 000..

Hence, we first want to get as small as p0851b10 before using. the squarlng

-rule. You may wish to try some other start1ng numbers to see where th1ngs .

Iy ) ’ -*
change. , ] I ‘

An inte restmg toplc to pursue may be to find out for- which startlng num-
bevs Janet's method fails with rule a changed back to, D 25 0+ 7. o

: Another variation worthy of group dlscussmn may‘ be: ‘what general

_ strategles can be developed if rule a ‘is again'changed, this time to: -

~

0 25 51 - (J. Rules ‘b and ¢ remain the same.

e _ v ‘ o o
| Q uestion_: " Near the enti of the filrn, when the rulles Were'; // . .'
N - oSS o+vr. D s
IR o 2 axn I
" -' Cn L E'l'>‘<E]- ,f‘ v '
Alfred said that he'd chooske cc starting at Z-El_; because 2 tirnes Z% is not as
much as Z; X Z-é . He aeelrne sure ofrthis, even though he may na}know the
- precise answer for, 2 3 X2z, Is he correct? v '
| ~ R ' . V107

. " 1 ‘ ) ' ! '
" . o . X
._ . \ 28 ‘ . [N *
o . . S




Book 14 e R ' ‘_ _
. .. . l' B ﬂ‘q’"ﬂ R . : ) - . . .

: Quesnog . Suppoqe & child does not Bee Alfred's shortcut. A’re there bther
. ways of fmding out whlch rules to use at 2l and at 1=

5 w1thout domg a I:)t of
' ’.gom}utat_um? L | R ' e

. . . . . L 1
. s oo )
) s . LY 14 . . \ . . :
N s . .o G, .
Qutstwn :

.....

I ' would like to try this, topic, but my students do not k"nowv very

L/t négatwv numbers. They also would not be able to handle the .
sqﬁdrmg rule..

How can I adapt this matcmal to my class? ' ‘ o

. .
L

: ) e ) ) ’ . " *.,_'.\ Si".' . .>:< -
. ~ ' i \ v . : . .

i situations were described

_For the sake of completeness. we repeat: them.
here and append a few' others. - '

. i '“
(a ) Are there two rule,s wh1ch never tle? That is, could we have a plcture
' llké thxs? S _

b b b b b

; -
. * . ) . . )
i . . : - 4 - -

. o o i
. ) - | . l D . ‘ \.' . [ ( ’
T (b) Are there two rules Wthh tie exactly twice, glvmg ‘a plcture llke this'?

| .
' ! .
) *
u‘ * ‘
Are there two different rules which always tie? o
- .
= 4 T3 23
™ ™ m.om
" / . 7i °
// . :
) , » ‘ .
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T S R & . DI N ! ’ ;,“‘_' ‘Book 14 o
e ‘_".('d), Are there two rules (a and b) Where b wins eve&ywhere except o
4. T for one tie point? Picture.- . | ) .

4

Ly L b bb3b b b by

N | . ‘ . . — lu-ﬁ. . i .
. .. . ‘,.v " . " __\. - T " . . «. .. i .
.o h ’ . ' ".\"A . v R . ' S Lo . ‘. ‘- .
. R s . . - . ) - . : . - s ] . .

Are ther'e ‘two ‘rules (call them a and b as. usual) where

*eBmetimes '
. a wins and sometimes. b wins but w

h,ere they never tie? The - o
pmture m1ght look hke this . oy o -
S m«-a,,g,- S
_ R _ ‘ bnf'no'f'beH, . IR ‘ PR
.‘ ‘ , Coe | ' . . ‘ o , , ) - .
° (f) . ‘Are there two rules which tie 1nf1n1te1

y.often but not always? The
p1cture rmght look like this . : S L

‘7“?5 o,q,a.a.tbkl)b QQQQ\LLL

L_'

ahq L oic.

or 11ke thls

R - 4 4 =2 ‘,"

'. _" . a ;-‘ i-‘ . m ‘-m ) q ab

| . L t -

- or like this:
o "‘." - 4 A 4,4 4 L
©0 o » ™ m moom m o !
= +H——t — ‘
. | , ~ '

. ' ¢ B v ./ .
Fmdmg a pa1r of rules which works for 81tuat1on (d) }s far easier than '
fmclmg pairs for (e) or (f), but the latter two problems ¢an be done. By the
L, _end of the coureJ the’ partlcipants will have the tools to find rules which work,
e

80 it might be a ‘good idea to bring up these points again later on.,




3

o Ti’lb summary for this {ilm 1nc1u§qs a note about irratmnal tie pomta._

_'In connection with thxa. you sRould refer to the Wrjtten Lesson Ducuaswn

Notua for Book 11 For those mterested, further notes about quadratic w. o

lmear functmns may be found in the Epllogue to the written lesson in Book 15,..

. _and in the supplement "Qraphmg Nu

‘ !
’ . A

v

mber I:.me Jumpmg Rules (Books 13 and 14).

Ay
138
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. Written Lesson Discussion Notes.

t

, For“the most part., these noﬁ\g 1ve a stra1ghtforward exposltmn :
of ﬁ:: more difficult problems in the lesson.\ We. hope t%moderator ’
1

o W1 Duse them not as they are. presented but rather in A manner wh1ch w111
o el1c1t the approp’nate rdsponses from the members of his. gfoup. < T
Starting Landing 1st Ste.rtlng.__ptl. 1st La.n_dmg pt . |
Points . Points s R Rule:
] _ 2nd Starting pt. | 2nd Landing pt. |
== z

. This problem may be troublesome for some people because the
differences are -1 and —5 and the rule is 0 —> 5 X O + -3, If the

. 'two negatwes led people to thmk the rule would involve a negatwe, it

‘might help to work through the followmg problem .' _ (

1




57 .
6. . . - ;
'1—50‘ —_—> 32 ¢
| ) 3 . | | .A ' . : . .
. PO = 645 B R (3
‘ 150 —> .37% s o ¢
| 300 —3° | R
8. L S ’ . - I A 0 —> -6'>< .- "54
. 150 —> -29. ‘ S S SR
B : ﬁ I N 75.‘; ;‘
e 29 —=> Leave - \ 2 v )
_,' l'Z‘l: —_— B_la'nk - ‘ )
v (e : .
Probably th part1c1pants will recognize thaj: although the startmg
s points {n number 9 differ from those in the other problerns, the equatlon :
~lgt }La,.ndingpt.., minus 2nd Landing pt, -... 1 -
. lst Starting pt, minus 2nd Starting pt. 6
T . \ R .

© What do'problems 5.through 9 have in .c_o_vn)r(;,inqn“?

¢

.ll\l ’ .
>

Starting:

. . P
- Landing

1st. Starting pt.-

st Lar-;dir.)g; pt. |

: : ) ) minus minus Rule
. o Points Points ) S ! :
I B om _b - | énd Starting pt.. »Zn,d, Landing pt. :
\ &as:—:#ﬁ?*““:ﬁ-“'"— i i S ] — ' , - ‘ == — }_
‘o, ' , - - 50 : i ,f , ; . : 1
R | : 0D —> ¢x0
s, T 25 - NS

300

“is'true for each problem,

such as

tested to show that any 'rule of t

~

- The moderator might want to ask what rule works in Rroblqm 9 .

Probably there w111 be at least two different rules given. If not, a rule

|

L]--->—-XD+ 2

6.

or
Ve

o

O —

] |
> 1
5 X0, -

he form O --->%XD +

is F number, will satisfy the con’ditions of this problern

(Y

!

133

m1ght "be

Q\Where n
. ‘ . . ‘ a
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', Book 15

¥ls Write a rule: .

| | ~ START:
S R TR

s . B . . . L ' (. . J\ ) R ‘ .

out. Proceedmg as in the table on page 111, you would have:

' _;s‘t Start-ihng pt..
' minus
2nd Starting pt.

{

lst Landmg pt. - "+
minus Vo
2nd Landing pt. | =

20

'D'—*e'—g X' O or

4

is\rul yéu lan_ci'. a.'t_/?b-';--.

: ;The rule ] K

.

2

L . ’ . ’
P o

,gives a jump from’11 to 10

~ land at. 307

With th)

~

.y

, If someone asks about thls problem, t,be group m1ght beneﬁt frorn workmg itv

‘rule, does:the other starting point, 17,. -
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P

I T A R

o Boofls . L s T T T e
BTN v . o« L ‘ . - X ) o ) .' . ’ . ‘_,/,. )

”

'Wr_i't_e'rul-_e; cd” and de: e | .‘) o

P S

s

SN

(Note t'hét rule dc isVery different from-rule cd. 'If__.in_doubt. check bbth

rules. )_ * o e L

k

' Page 5

Q-

L 4

T

The fact that rules cd _and "dc are different illustrates that composition is

not always.commutative. In other words, the order in which you do f;he"com-

‘position makes a ifference. It would be profitable for the group to investigate e

whether composition is ever commutative, and if so, whenu’ E‘xanﬁning the
“~ . . a . 7 . ) - N

. rules ysed®n this lesson, one finds examples of both commutative and non—

'commutativé composition. The .fc')'llowi.ng-i'nforlrn-at_ion m_as'rj'be_ helpful.

" Rules ab and ba: © - o - . .

. | _____l:_)_a_.___>




Page 7.

": _ Page- 8

A

"

Rgles' gh and hg a._r'e: the same.

#5

-———-—->

b'a

s

6 X

'4 5 X

[N

5 X

’)

.
.
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o

o

[
what led up to this film. [I‘alm runm,ng tlme‘ 50 nhn, ] : .{\ : _ S

v

L
; mmutes of the prev1ous ‘flay 8 1esson is 1nc1uded so that the viewers may khow

quest1ons that have been"a;akepl by teachers about this f1}y¢t"&<ﬁ:me’ answers i'_ ':' .

’ to.t these q"uestions The s‘q ntl part cansists of questions yowW\may want. to

'.'ralse The th1r<;1 part is a, transcrlpt o& the begmnmg of %n actual d1scuss1on

. _sw1tch to finding a rule
: rather easy and not very 1nterest1ng The teacher tried to make it'more

1nterest1ng by mak1hg both landmg pomts negatlve. It appears. in the f11rn

.. needed the idea that adding,or .subtra‘cting 'something does,not affect the B /

;dista.;nce. ‘The teacher thought that one example, at this pomt in the

M

Ve ' Filrh Discussion Noted

~ ¢

- . , " - " -

L]

Prehmx‘agy Inform;tmn"» 1 ’_ ! Lo o ‘.b
Th:' film shows a heterogeneously grouped fifth g'rade from the James -’

Russell Lowell Sc‘hool in Watertown, Ma,gsachusetts. The tedcher 1s David A.
Page Prior t¢ thls film he had ‘met th1s class for about 50 hours. About 2ve

N, -
« . sl . . *..
Ky . AT

The notes for thrs; ﬂm/s.re wr1tten in three parts. Part one consists of

"y

after the f11m w8, 8 .vuewsd in one of the Pro;ect's m.-servqce 1nstitutes. . C—) 4

t._o «'t w - ]

. Question: The teacher had been asking for rules that made the
- distance between the landing points either longer or shorter than
the distance between th starting pomts.- Why did he suddenly
7that kept the distance the same?’

Fmdmg rules that keep the d*istance between landmg points the same is .

that nearly everyone ‘could .stretch _o.r.- shrm..k"th‘e distance and that it w}\s
. ' : [ N . L

LR .\

timé to move on to more cornplex' things,_-. In drder to do that, the class -

1esson, would get across this ea. . B

Question: R1ght after David said the lan’dmg numbers would be |
two _ ugits apart, Lisa said David was wroqg because there WaB a’
standstill point. Does the fact that a rule-has a standstill po t
mfluence how far apart the landmg points will be? -

AN}



] . . RS ‘ “.

B S Book 15 .

o :tht. e'xgctiy. Lisa hac®in hmind is debata’ble It'is conceivab}ﬁ that .

. 8he thought Dav1d said that all jumps would be two un1t} long.- In other: worda.
ahe was probably computmg the distance from a startmg pcﬁnt to its landing

pomt. yather than the distance between two landmg pomtl

i

‘The fact that a rule has a standstlll pomt doea not have -anythmg to do

_ thh the distance between the landing pomta preye r, knowmg that a rule
of the. form ‘ c _ v | ceee L ¥
S . - _ o P D

] - . _ K
’ . S f

N (0 —> aX0O -b .
_ . a .
. (whére a and \5 are numbcrs w1th a not equal to 1 ) has a landshll pomt,.
and that as yoth move fartht.r away from that standst1ll pomt the _)umps become
longer. 1mpheb that the landing pomts of two part1cular Jumps ‘will not always
be 2 un1q~s apart. Such an intuition comes’ after workmg w1th _)umpmg rules

. for a long t1mc (which this class had done).
Question: Are there always only two rules that take two boints to
two points? S ' P : »

[Although this question. m {be raised by someone 'in ydur group after

~ seeing tQe film, most people will not be able to discuss the question adequately _ _

-until they have finished the fift nth gon. In that lesson sFartlng points are B .
. 8ent to the landing points in a spécific der, while in-the filtm the order is S

not specified. The question as treated here applies to the type of problem

given in the film,, while in the Epilogue to the fifteenth lesson the question is . '@‘

answered for the kind of problem given there. The inclusion of the following

material at this pomt ts not to suggest that this-is the proper time to discuss

it, but only to give you background for handling the quest1on when you wish

' todoso] :
»

. There will be only two slmple (l1near ) rules that will take two given
pomts to two- gwen points but there are many other kinds of ruleavthat could

be used There are various re'qulrernents that one an . make in asking, the

quest1ons. The following is an attempt to show what restr1ct1on8 can be »

placed on the question and some poaslble solutlons

’ . . P
N . o \

o .‘. | ’ . |
. . . . __. LW " ' ;‘“
. . . .

P Y

- *A linear rule is one that can be written in the f‘srm ) --*) a X D + b

where a and'b are numbers. ' o «"-'
. . L ' .




(a)

AJHere therre are four hnear rules that will do the job. The first , - .

~are 18 apart. R o [ T
o, D > 9x0 }
, 0 —> =9 X[
¢ 0D — 9x0O +'~11"l3' . e,
EN | | SV
e 0 =% 9x@Q - 102 "+ |
¢ -~ - —> -9x0O + 75
o o r, . : '
. o | O ——> -9X0O. - ll‘ ,
e _ . : etc.
There are infinitely many rules of the form
v D .l , "a.. X‘ D + b | - | A: ‘I
. A : . :
that will do what the problentasks; a mustbe 9 or -9 and b can .
be any number. - | . S .
Another rule that will work: . ";
D 0 — - Ox0+ 0~ 3
(This is not a hnear ru1§ because of the [ X E] ). BRI
Start at 3-and at 5. Find a rule 80 that the 1and1ng points age, |
18 apart, and one of them is 37, ‘ , .
N 0 —> 9XD+ 10
& . " ) . m.'“ .
C 0 — 9x0O~ 8 I , ¢
| %.D-——»;‘)'XD+64'_ .
. o S -9 XD 82 " o oy «

Staryat 3 and at 5,” Finda rulg B0 that the landing points .

and third rules above pend 3 to 37, while the second and fourth’

‘
"

\les send 5 to 37. Orre could eliminate two of the rules"abvae .

by specifying which of the starting numbex;a you wanted to go to 37,
'Another rulg, not of the same form, that works: '

D——>[3><D+D+7




. ' R C S | /. meok 15
- (c) Start at 3 and at B.. Find a ruh so that the la‘ndinﬁ points - . . .
oL ‘are.23‘anq 41 - ' “ | ‘

4

; L . . . o — 9XD-.4 , o / e e
| l &\: e Gy —> -9x0+ 68 - - o
. -'Herf there are only tw rulea of‘this form that w111 work ! L ‘ ,,

,Agai 'notlce that the first rule will ?«end { tQ 23 while t]’;e
eecond will send 5 to 23, You could eliminate one of the ,

" rulés by specifying which starting point you wanted to -
_ ¢ A :

1

send to 23. . ' . "

Another rule that works: | e E . . 0
S -D—-->D>¢E1+D+11 . |
In most classes the students would not propose any of these

other rules; however, if a student has a rule that appears

. | v to be different, probably it is wdrth checking.

_ : « j - LU
.+ - Some questions you may want to’ raise: o -
o ‘1. The previous day Ricky had predlcted correctly what the dﬁetance S : :
between the landmg ;}oints would be, yet the next day it appeared no one |

knew what was going on,

_ \
! Wouldn't it have been bet’er 1f the teacher had spent more tlme
T . . Y . -
leading up to this topic? o S \ ’ o -
‘ Lo L. . ,‘l - .. . . l. .\
At ane place two rules weré given: D — -i X D' ~and e

f 3, At one point the rule 0O — X O - 10 .'was. put on the '» |
boai'd. and the students were asked to pre ct what would hapn'en to the

distance betweén an;’;two starting points. David said that every pair of °
.- landing numbers woyld bé two units apart. Where did he get that? . |

' A ' _‘ o _ , L '
( \ u\ .' o v SEPREPUR T e .
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Bookls ~ - *® o S
' | ‘L Late in the film the starting points 2‘ and 6 were given, 'fhe
:problem was to find a rule that would take thes, starting points to the landing
~points 4 and. 20 What question could a teacher ask if his students did not :

find a rule after a reasonable length of tlme?
. ‘

M e

. III.

Followmg is the beginning of a discugsion by 25 teachers led by a

Pro;ect staff member after the teachers had seen the film,’

)
’Modérator . . Participants ) .
. . . ' ’ ' K] R
Did anybody find the other rule for - o ‘ ' S
the last problem in the film?- = ‘. ' : ‘ '
Starting points: 2, 6. Landing . Ca :
points: 4, 20. ’ ' : - o ‘\
‘ _ Is there another rule? The rule they
‘ \_) "~ found made 2 go to 4. Now you want”
Y to get the 6 to goto 4 2 .
, S L. .S L . ‘¢
b N s .
i~ — e '
2 4 6. 20 . I
. - . ) ’ .
Alfred' 8 rule was D —->\ 4 X [Z] - 4 I : _ . L
) e ‘ RN ' . e
. 2 --9 4 . -
! [ : Y ) ) : i " . , . . .
‘ : . .' . . S . ' : o v
What would the qther xu_le do? . - ( L
Lo P e Now you want 2 to.go to 20, and 6 to

, ‘ co ( ' 801:0/4 B / <

It has to-be a multiple of 2.

¢ - . - S

r .



L Mgderator

1 d'x«dn"f understand what you said.

[”"l'“‘5 4><['"}-20

Let' s Lry‘b.

‘-6«_.._.) ‘4“

-~

"~ Now try starting :at 2.

So this one doesn't xork. |
You want 6 —> 4 -and

2 > 20,

Is it impossible?

Tell rhe{the wh,dle i'ule.

<

2

.

..i : , o B . . »l y o : 'Book 15\ e
Paf’;icipants R g /'

. ’ - g . : .l '/‘

L

- ") . . .

It has to start off 4 ;imes something to’

koop the distance. '
AR

How about 4 X0~ 207

’ . " ¢,
] o . Gy
.

"You land at ~12, but-we wanted 2 to go _
@to 20 c “‘ B I, .

Don't tell uﬁjéhe rule. Tell us hOW.'tO ,
start the rule, | L

T
Itis 4 X -4 + 28, " P




A x

Book 15

vaﬁ_?_'l_‘_ ' Cr Participants # o

" - B - . - i . . N | ( .
\ Let's check it. With 2, what - R o ‘ S |
: :,happe_ng? . " . : ) . . . v ; ’

P
. N L RS
» . - . . N

. ’ : *
. | - - . Youland.on 20.

‘ . What about 6? | - ' — 4 . I ‘

| | ..You_.'lanc;l'on"i. 'Ifigux_'ed‘it"ha}d to be o
' . the opposite.- ’ T

3 . . - . . .
A . - L ‘
« < A [

'3 . . . .' \.‘ . X ‘ : A -




: . Book 16.-: *

\

. Throughout this written lessoﬂ partici‘pan.ts are direc\é_d to check their

v a’nsw.érs; Ahe che_ck ipv_olves‘ a s‘e7’up like' the }ollowing:..

Since the answers should a“gree for both parts of the check, the‘re is a strong

\ tendency for part1c1pants to do just part of the check and copy that answer in

a

the other part. Th1s defeats the purpoese of checkmg Participants are
\;mged to be thorough in rq\akmg checksu '

i . . - . h . N o . .
.

) H some part1¢1pants héve d1ff1cu1ty finding the composite @ two or ‘more

: rules, other part1c1pants should:be urged to explam how they went about find-

‘ . n o
Y ing it. 'One of the nice things abzut this topic ig the variety of ways to a}proach AR

. the broblems. To illuatrate, each of the following problems is solved in.a
. . ) " ) . . . . T n )
dxfferent way. ’ o ool S _ ‘ : L
o} ' _ ' 7T o : ' - '




Boeklb ,
~ S
| I’a;e 6Lprob1em8 | SO _ o :

PR S
"l \“Writerule b: . 0 'ﬁ':a';",'D t5 Py e

| s - AREREE L .

“\ Dfﬁ»zxm+1o |
X

. Solution:: Compare 0+ 5 ‘with "2 X (D 4 10:. The result obteined"‘frofn.

'..-s us{ng rul ab is double’ the result obtained from usmg rule a . Therefore,

- rule b must be a rule t'hat doubles - 0O —]-3-9 2xno -

/
" Page 6,4 problem 9 '
R __'Writé' rule d: -0 <> 0+ 5" - | . -
) | | oL n S | |
-4 0 < ZXD + 6
b ' = — .
lS'(f)lutio'n:“ o | s ’
(1) Change rule c to O —» 0O by subtra@cting the 5. o
0D —> (O +5) - 5 R <
Cor -0 —» O | N |
} . ; .. - a » R LT
Now change 0O '—>"00 to O —> 2X[E by multiplyirg by 2. '

Fmally! change a —> 2% 0 ‘to El --> ( 2 % E]) + 6 by addmg 6.
o - This fmal change produces rule cd B .

.

¥ * =~
d « &

Rule d’ is the rule which br1ngs ‘about the 1nd1cated chgnges. (Ilt _sub:-_‘
tracta 5, multlphea by 2, and adds 6.) A '




Solution: Since rule abu is tormed by usmg rule a, then rule b, and then

L. | B £ ;
O S . v ' | ‘B_ook16
Pagé 8, probjem, 3 - | ) | —
. ‘ | ~‘ L . : ".‘l c 4.;.‘ s ‘
— - , T ] k
*”‘T (=5 y | o .Al
L} = 3x10) : ) BT
|4 s / J . .
1l —ﬁ—b—%—J ’~ "
T ) "

rule ¢, we can wrﬂte rule abc dir ectly from these:
. ‘ . o . . .
subtract 5 ' '
then mult1ply by 3 - 4
~ ] ¢ j then add 5 o, .
i B -;% §0-B)x3) + 5
Simplifying, we get:
0 2 3xg - 10 _
.\\ ' ; . . ' .
¢ | - ’ \ IIIQ . L, . . : » . ) . 1
Suggested discussion points: . o } . - | .
Pages 6 and 7, problems g-11 . < B S . o [_o ‘
.. ‘ ' e . ~f . S
*In each of these problems the flrs% rule given 150 0D —> 0+%, and th '
four problems form a sequence. How' can the work ‘done in solvmg probl 1.
8 be uss;d to help solve px'oblems 9, 10 and 11 ?.
Page 6, problem 8 | ) T S \
! In problem 6 on page 5 rules gh and hg were: the same. If you were
" to find rule fe wusing rulea e and f of problem 5 on page 4, you would
= see that it is the same as rule ef . In this problem rule ab is’ ~ C
.0 r—>2x0 + . 10. Isrule ba the same as rule -ab ? (No) Why not? SLEEN
~ Page 9Lgroblerr1. 8 | 3 abb — — : | T
TER T ' . (Hint: The snswer- is not I ,
: . & I - D"'—*9XD) \ BN B N ‘

What problem might have been done to get an answer of O —» 9 >< El ?

S I

/7 " ‘ v ‘ Co ’
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. Book 16

. . . ' g ' _ ‘ ‘e S . .
- ®The f,ol‘lo‘w‘ng preblems give practice in woxfk.ing w‘th comppsition. Use
these rules: = e o S : L
nAdxo 0 odsaxo D
. . | _/ ) |. b ) .. . . . R e . ) .
. S0 =0+ 2 : , 'O => 2Xx0 + 4
0 -—> Q-3 o =0 5 . .

g

. : o St | .
Make the equations below true for.all numbers in the boxes by writing one or
» ' - L

more letters. ' The first one has been dohe_,as a ‘_éample. :"Thex_'e are many

Vi ) h ’ . »- hd . :
J- .- . correct answers for each problem. - . ‘ BT ' /-

1‘

A
-~
o
)
'l
A .
3 . . . ) .
. ' %
‘ -
L} . . : o
. t .
-
o - - .
.
.
v
kS e
' Y
- i
. ;
« /

a N N
- .
. o
.
. ‘ ",
“
/‘..- 2 Iy
. . — . .
.
Ay
LY » "
. v .
4 B
?
. ' [ I
wo. : . . v &
\

o




. fh‘ * Film Discuuion Notes !

: ”Introductlon to C; mposition

Prellmmary mformatlon

-

{ _
.}&atertownm Massachusetts, Although thé. students hacl workecl only one hour -

Y
with Mrs., Hermann prior to this class, they had worked duri‘hg mudh of the

') :
Pr.OJect teacher the preceding year and c‘an be seen in the film "Some A rti-

L4

“-year. on Rroject tOplCS,. 1ncluding Jumpmg rules Four students hacl ;fd a

f101a,1 Operatlons The ciass hacl not prev1ously workecl on compositlon.

!

[Fllm runmn%nme 35 mm ]

<

Discugsion afte¥ the filrgj \
Y [Ea,rly'in the film the class was.giuen the problem of finding ,r-uie b,

S 0 o i;t3+5 e
. \ ,.e’

o —

N,

. / , -'('_jm, . \ | E _____) 2 XP

/'/ . David B. s\tggested the xule O -b—-i' 2 X D + 5, How clo yau suppose he

. '

there any othe way to cleterrm’ne.whether it is correct?

2. In the film many numbers were tried to check the rules.,. (Did the

_ teitcher try too many?) In t1me the chllclren began to sense that they coulcl

. eontinue selectmg numbers 1nclef1mte1y, but that thls was not’ necessary, and’ '

\ that, in fact, trymg orﬂy a few possibilities should "prove at- the rules

would work ﬁor all numhirs At one. pbmt/ Michele sald'

) .

» g _' - You only, have to do three things to fmcl out Lf
o ©* the rule 18 correct. L mean you don't have to
take all numbers-—-———whl, maybe four. Take

. "“ R L.a ‘plam number.k: number with a fraction, just
! " a plain fraction,N\and a negative, and if you try
' .those you 'can probablx tell by then if all of ther |
1 . <+, numbers work. : L . - N | )
R S e ’, :
. 3 '. . . ' N .

-,i148h _ﬁd:ﬂ ens”‘i

“ The class you will see is a flfth grade from the Ph1111ps Sohobl in L

got that answer? Bes1cles testing Dav1d's rule with some startmg number, is'

. . ' : . » -.'- /\ _‘ *

4

.




~Later on in the fllm. Danny‘smd.“ g Lo ),* " ‘ i
| If we tl‘led l ,804 that would proVe il |
i ) "Each of these 1tatements wag an attempt to categorize the numbers in
some way. . Danny thought that large numbers might act differently from small .
‘numbers. Mlchele divided the numbers into rough categor1es of positive whole e
- ~numbers ("_platn numbers"). fractlons, and negatlve numbers, The moderator '
\\. {t :nay wish to dig’cuss these statements and how part1c1pants might have respond-—
N edif they ‘had been teaching the class.
'_ \ | ‘Since all the rules used in the film are linear rules, you need oply two. .
\\ numhbers that work to show that a certain rule is the eompos1te of two other . v
\1 es T‘hebe two numbers cin be, any ‘kind ‘of number you wish to-choose: neg-
o\t p051t1ve, fractional, whole, large, or small A ‘brief proof of this is
g1v‘;\\n thé Epilogue to the wr1tten lesson in Book 16 o .' K
( ~*  Eventually students should be led to see that only two nu‘rnhers are needed/
to test the rules How: would tev,chers plan to accompllsh this? (D1scus sion of
. thxs question mlght be startecynow alnd contlnued next wee;k..). -
'.° o - . | .
'3, Several answers were given far the rule fge at the end of the film:
‘ D—ig——a([:]—l)xs_ R |
S . g e, 5x0 - 7+ 2 . e
v D—;f—g——asxu, s T
’ How might a ch1ld in your class dec1de that these are d1£ferent ways of wr1t1ng
the same rule | ) | o L \
3 T 5
S ) 44' After working w1th the rules a and ' seen in the film, the teacher gave L}
\~th15 problem that. was ormtted from the f11m'* . - . Ry e _.
SRR o t1—-‘5-‘3->3><m 2l
U Given thie rulels",_\{ ' de - » find rules c and d e
cor - D-—->3><D+7 B T S
U AR e

- Book 16

° & 0 —>

S .

" \

*>_ *,Lee the Summary of Problems for the %n "Introduction to Composition". 0

LY

A4

. . N P B . . ;

Vo



- [7“';'*, o S N ~Book16
. e o g ¢ . | \ R
- What are rules c and d: ? Wo,p.ld it have helped to wrlte the problem 11&

S ‘ . ' .’:.0; - - o ll Lo r | | ) . A T N ‘\ J 2 '.” \
- . ’ ‘ U D ,_E_Ei__> 3IX0O o+ 21 o . L ' ’ T
PR - I S XxO 7 e

Whyorw}ty noit")': \l\/_«‘ ' o | . | . _. N . .aa e, ‘

5. SIn doing the problem abo\/e, the rules D — 1_;_ % O »+ 3% and L
h L 1’1" X lj- ot 10'1— ‘were suggested fog' rules c and d fespectively\..-‘é,.'-“ N
. . ¢ .

b
Why mxgjht a student auggqst such.rules? - P P : Ca U

rm/' ’/ . |
%ﬂ‘. o o / : o . v L e B v

o *There is mo%*e ‘than one p0991b111ty for rules c and d ... What would. e
"'rule‘c belfrule d were . —>.0 -77? R B | »




BO,okl7"' o e Y o , - B o
e T ‘-, Sevénteenth Sessig o v S
Y RSN T .Wr1tten~l;e§a:on Digcussion Nores ' e
" ) ) A - “) . . ' " . .. , .
Y . y :'. ‘ . ‘ .';‘ u '.\.: L ‘ ,\ t"\ A’ . . , A ‘ ‘ . ot . . ‘ l» ‘v ..

- 'y - Possiblé disgusgion tapics: =~ * -, o S LY S
: / . S " Py o : 2 . . L S, . - . @ - - G

. . _.a . . . .. . _‘ |9 . . "'/ . . . ,
..*  Page 5, problem 9 ‘" o . g c : e '
n' . . X . . ) ..‘ ._
f : L . . 0 5, S ". Q.
o e oA = e | T
: n o . ‘ M ' i - N - L -
. ) ‘ ' D .' - A = ".O . . B (_j-\ . - ™ 0 N X
\ . - : - . TN .k_ * A ‘ ¢ . . : l Q N
. N Y . . N )

- If D ~‘""’& = 0-, what conclus1on can you draw about 0 and A ? ( El a.nd .
A must; be equal ) If O .and A are the same, then t e f1rst equat1onucan be re-.

‘erttbn as e1ther O +»El = 118 or A + A 118 Now it is easy to fmd rthe . .

S number for bo.x or wedge, deperidmg on whlch equatlon you uee_. ‘__ s

v . . . L ', L . i 1 u A
- : X - .
a4 . o . . ¢ ' . .
R . . . . _‘.‘G . N , . . , 1,\ . R ) )
. Page 5, problem wl2 SR S . S :
! .’,I( :
RO 4 ,
. we N
. ‘ . .
-t }‘ t
. 139 : .
oy \
Ul .-
" ! .1" oy .

If this is d1scussed the partlcipants shduld be urged to gwe thelr methods.

3 . @ . & N ‘

. One approach follows. B . e . _ S

' -y p) N < ' . v L
R ® v
: .ov o Look at the second and th1rd equat1ons. If the third equat10n is rewrlttén _ K

» .
IS as . [L]" '+ H + RAN O 3} <> = . 139, then the flrstfour irames exact\ly Y |
T ' atch the frames of the. second equat1on. ._1' o ' o CL Ry

5~ . \. . _ - _ . )

. . @ . . e “ D 1

. + E}‘ + A + <> + <> = 139 ’ o
l' . ‘. v/ . . : ! . . . . ‘, -‘.'i, if . ' ’l .l.(';'/}'i . . ot
AT . Thua the first" four frama,s of the third equat1on cah be replaced. by 96 G
‘ We have 96 + 0. = 139, »0T "0 = 43' . Can you use. similar reasonmg
~to cletermme numbers for box and wedge? (Hmt' Use the fxrst and second
T A | Y o A
equation and the fact that 0 43.) v T o e R
. . s . /,'.v . .l : E o N '1 .
~ N .o
» " ot ' . fiy ‘) 5 - .
v o Vo ’ he 4 )
P b ) \ , w o W . Ut P ) , .
. e« . LT [ X : A
- " . ' .- N ) -':,,‘ L] |}
’ « . a V (‘ ,,‘.v ’ .‘\1.{ ’ ) ! '
v ' ; ) v ‘ K T
° , A N v 1 5‘ i :* ; ol ( 0"
o ' e ) Py ' (‘ ‘ ' . . » . X _’4" .JL;!A o ’~




- St / - | L ' ' R Bookl7
| '. ' For the problems .on pages 14 tbrough 18& sometimes helps to look - |
at the patterh of the numbers For example, in th.e problem on page 15, the T L :
. - o 4
v 'pomts\g}Ven are: ( 0,0) and ( 5,2 ) If we look at the first nurhber in each o
. ) Q’
- . pair we see a dltferencw ;. the second numbers have a difference. of 2, |
Since the line is a straight line (211 1§nes referred to ;n"this lesso'p‘aire straight | .
e _1'mes-),. the difference must.remain in the same ratio. (Why?) This can be : , S
sumined up by using a table. | . _\ , | : o
¢ ’ ) . . " ’ o . . . | -
' B first second ) L o | s
- number’ number ' |
: <0 dJ oo o ; | o
0
5 2 ! . o)
4 N ) - \
b N
T , 10 4 v
| 15 6
~ b iy ‘

1

_—
C 'R . .

< ’
' What happens 1£ we want to know the coordmates of a. p01nt ‘'on the line

when the f1rst number 1s not a multxple of 5& If the first number mcrease\s

(or decreases) by 5, thén the second number 1ncx‘eases (or decreases) by ,

[

v How mu(,h will the se;:ond number 1ncrease if the fir st number mcreases hy 1 ?

"'-»By 27, | ‘

. In problem mz on page 19 the number lines are ‘not num L‘trerecl. Most -
. part1c1pants ‘will probably count each mark a8 one space., Some participants'

. may use a d1fferent sC"ale ahd therefore might have-a different number pair. It

——

]

. L may be worth ddscuSsmg what happens 1f the lines are numbered other than by

" a ’ il B . . B - -
ones., ( . - . . . ., _ _
. . [ . . ' . ¢ . ' | v ‘ . Co ‘o

'

Note to moderdtor: ) ; : ‘ _ ’

e The problems on pages 14 through 18 are an attempt to give the partici-

'pants an 1ntu1t1ve idea of s‘.lope, ‘The: slope of a 11ne is defined as the ratio of -

: hov) far up (or down)'you move to how Tr right’(or left) you move when you go ..

. ' . . y . ,

““.“.‘ S " '152 . ‘ e

]




" some algeb%a The branch of

this mothod is callecl analytic
‘ .

Qiéookdv':ﬂ-*~' . QT e o L

. FERRE S

‘from one pO{nt to another pomt on the same ll.ne. It turns opt. that the points
Jyou. choose to fn? ‘the slope of a ling will not make any differemce If you plék

¢ .
two pomts and g meone elae ‘pleS two d1f£e1 ent pomts on the same line, then .

both of you will arrive at the same alope.

If you mo\'re down, that is .Cons‘lde,red agnegative d1rection, and 'if you gb

lett, that is also a negative d1rect10n. This means that some lines will have a -

'posnwe slope and others will ha.ve a negatwe slope. Lines. psrallel to the first

L]
number line have a slope of zqro The slope of a line parallel to the second

. .
number line is undefined. because divisiof by 7ero'1s mvolved, and d1v1s1on by

Z0TO0 18, \,mdefmed . . L A , ’

Here is an 'exar‘nple of how one can find the slope of a line. We want to |

find thig slope of the line that passes thrOuéh' the points (3,2) and ~( 12, -1).

To get from (12,-1) to (3,2) we must go -3 units' up and 9 un1t711eft

3 - L
Thus the' slope is —— or =~/
Lo . j9~ A SR /
- .:-,_.-,7 ) ;'ll C v " e . ’ .
Do b !/ Second . \ N .
* * L ) ..: N .
\]

Nimber

Fifst

-
- as e e W

Bl VS -b

| . ‘.o C(12,-1Y) »
v . . . ' ! " ) i !‘ . ) . ' - '

\ . What is the slope of the:line that,paSses thlrough ( 4,3,) “and { ll, 5 ) ?

You may Want to draw some lines on a graph board and ‘@ye the part1c1—

pants find the'slope of the lines you have drawn.b : _ -.'“ : e

' A

~Many geometrxcal theorems c#n be proven by lng the idea of sﬂ)pe and“

ﬁthematics in which gheorerr}e are proven by

s,

ometry.
.. PRI \ =
At p%rsses through ( 4 3 ) an‘& ( 12 5 ) is é JD)
s 153 Jr

\ !

..".

9,
(The slope .of’the lliﬂ.rlle“t:

15 N\ilmb-er.

. ;e
. <, ‘ .
‘ " 5 l
PPy A_._.;.‘..‘._.“J o aaka




 Preliminary informatign: - S

- vertically, and they also flipped it over. There are two other ways to move

answer to this question. Placing the absolute value barg around th

"Graphmg Abs

‘ : ‘- ' ) * "
lute Value. Equa,txons" o ‘ e

't . : . . . : n LIS
: . o " . . - ‘

This is a.second grade class frdm the James Russell Lowell School:in. !

'Waterto{av'n, Massachusetts. The teacher is Mrs. Marie Hermann- " The - S

class hacl worked with Prqgect teachers gince the beginning of first grade.

AL .
The stu(lents had done sonie gr»\p;ung of equations and had worked withvabso~ . '

luté value  [Film running time: 33 mlgr,l

L, : . : : . L
. 3 .

Noté: You should have a graph board available for the discussion.’ You may
want also to have graph paper for the partic1pants¢. ‘Participants should refer

to Book 6 to refresh then memories concermng abgolute value o - ‘ .
Discuysion after the £11m ( e \ o .
In the flltll the btudents graphed I N | + A 5 and found that it

formed an’upside~down V .° The students then moved the upgide~-down V

the figure that would be worth discus{sing

Can you rotato the ups1de~dowﬁ V so that it looks like this, (< ) or fike.

this (> )7 Partlupants will probably not' have much trouble predi

will rotate the plcture The graph of [ + | JAN | = 5 wi_l‘l'lo.o_k likeg >
’Ihe graph of T I A I F 5 w111 look like <. v o

4
oy
. Can you move the ups1de dorm V left or right? This is a harder questlon '
'

and various suggestmns shoulthned. The equation | 0o -3 | A = 5 ."”-"':) _'
: }/111 move the graph 3 units rlght - To move left 3 units, 'Qdd 3 rather than

subtract 3, s ) o _' -

Here are other 'ec.luations that your group may profit from gra'ph-ing.:“' o

\ S
zxc1"|-+ A= 6 N zxp'+“2&|'~"f‘="’ 5
| . 1 I + 2XA = 6 ' l .Fl_‘- 3 I - 5 = N | o

H
n
.

TR S LA
| o 1s¢ 133
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® Book 18 | T a———— T
; SR . - Eighteenth Sesgion I R
W | ) N | Written Lesson Discussion Noteg :

Some questidns for discussion:

) \ ,Page 3, problem %6(c) . . ' . -
. \ v v N
» ) 7 B No computing. Starting at ( 6, =3 ), do you think
' \ you could.land at ( 3,089 , 187 )2~ . Comment;
» PRI ‘ -

o It unp.smblc to get from ( 6, -3 ) tg,.‘any po:rnb,w‘hose coord1nates .are
both even or both odd because rules a, h,c; c: and d\ cﬁange the parlty
/ (cvcnness or oddness) of either both coordmat.ei m: elsé nelther coordmate -
But is it poss1b1e to get from (6,-3) to every g_t'_‘er pomt with whole-—number |
. coordinates? Try to get from (6,-3)|to g', -3 ): WhY¢ is a.convincing |
. argument that you can (or cannot) get from (6,-3) to ( 3,429,817 , -4,216 ),
4 for éxamp‘le-’? (Hint; In answering these ques:tions t.here is no need to consider

+

‘ rule d at all.)

Pé.ge. 5, problem 1

| - e
. ”' . ‘ -]  .Start at ( 10 4 ) and make a jump with’ rule A another - o |
| ~ jUdmp with rule A, a jump with rule B, and a jump with t
o , rule C. Plot the landing points below, connect successive
| pomts w1th straight lines, and find the area of the re ultmg
' figure. R : i

) * "

Is making a Jump w1th rule A, followed by another jump with rule A,
/tollowe(l by a jump with trule B, and then followed by a jump with rule 'C the
same as mal§1ng a single jump with the composite rule AABC ? (No. The
\mtermedlate landing pomts, nét _]uSt the final landlng point, are crucial to this .

. problem, the composite rule is. ( a,Ay % (0,A), which'doesn't go -

anywhere.)




. Lare. positive. )

_Pagg?,problem'z ST | R

"o oYl Give a startlng point. within or on the edge of the shaded

. l disc_shown below ao that eVentually successive Jumps
' W1ll take. you t to (-8,-8). - .

&
[ ]
Wt

‘- '(a') . Could you get'to (~8,-8) if you wel'f—-no\t:lllowed to s.tart on the N

boqpcttry of a région? (Yes. Start on ( —% -% ), for.example.) o ,
(b) Could you get to (j-8, -8) if you had-to start above the f1rst number :

.» 5 .

lme and 1n91de the <.1rcle? (Yes Start.on (- 16’ 16 ), for example ) o

(c) Could yougetto (-8, -8) if you had to start above,the first number -

line and ‘also to the right of.the eecond number line? ’ (No Both numbers would

L

¢ pos1twe and the rule would keep takmg you to pomts where bobh coordmates

- t
>

(d) What are alfl the startmg po1nts that satlsfy the. condltions of the

problem? (All pomts 1ns1de or on the circle and which have coord1na1;es whose

<

1 -1 .| 1 : )
2 sum is -1 or the oppos1te of some power of 5 such a8 3. "5 etc.’ e
' stated efflciently“, all points ( [1,A) such that | B ’

: | _ _ . 1n .

v , 0+ A = 'E) for some integer n
S . ., J
' . L2 2 . '
and where L I A s 1) .
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-
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Book 18

. _i ..;._ . R = . Y L

Puge 8 problem 3. ’ .

ot - S A

1 . Contlnue w~xth the ruLe (F,A ) -

R }’ : lee all standst\lll po1nt8

. Vo R BN _ « .
O Y v o ) - "“' i} . ﬁ
K R v ‘Prove that you have them all:

\’ . .
It you pla? around with the rule, it is pretty easy to find that (0, 0 ) is a
standstxll pomt ‘If you experiment i‘urther Srou may, feel sure that (0,0) 1s the

)
e

only standstill poin. ‘Now' give a proof! (How rlgoro‘ﬁ; and detalled should such

1

a pro‘of‘be?) o ' ' N

_wi..”  SAMPLE PROOF

o v Elrst note that a p01nt ( 0,4) and a point 10, {:3 ) turn out to be exactly

the same pomt when the two first numbers are the same, [0 = Q. and t}y two
¥
- secong numb@:rs are the same, AN = O Furthermore, the pbmts are the same {
..'lxwhen[:] : Oand FE O | N | : ' «" '

)

. Let s-try start1ng pomts other than (0,0 ) as posmble‘standstlll pomts

. I. | One way a point ( (3, A) ean be different from ( 0 ,0 ) is for the first num-- -

- ber ( ] to be dlffere’jt frg’x the first number 0"-:>f[f 0O is 'not 0, , then we can show

.. _ 'vthat the landing point (0 + AN, 0 + AR IR as given by the rule, is d1fferent from .
the startlnp, point (0,4L). We car* how that (O +A,0+A) is dlffe‘rent

from (E /\) by comparing the two second numbers, O + A fnd A, Since we’

are assumlng that ﬂ does not equal 0, we know that addlng D to A will change ._
the /\ to J + A, which is different from just A. . -~ -
e So we have shown that~ if- the first number O of a starting point ( o, A) is -
N ' ,dlffe-rent from 0 ,Athe—‘l‘a‘ru{:i;ng point (00 + A,0 + A) is different from the
.starting point for this. case, whepe” [ # 0., we ,;annot have a standstlll pomt.
o 7 , S : e "
1L _A,nother way a point ( O,A ). can be different from (0 ,0 ) is for the second
| .humber, AN, to be different from 0 If /A is not 0, then we can ahoW that the: i
' [0 0, %\

. We show thls 4

iven by the ‘\'u'le , is-?diff'erent"from the

~ landing poinb (0O 4+ A

' - _startlng point ( D A § comparmg the two flrst,mmbers, '

3 ‘ e
in} + JA) ar\d D Addf AN h1ch u not 0 to a number ) w111 make

Ve
y

b + A come out diffe\rent from just plam o. )

A\ 15/ ’--




4

B ([”l [\) ma(hfferent from 0. the landmg pomt (D + A, El ' A) is" diﬁerent : ',‘}

S R o | N__ AV ' e
. : R S » N Bolok 18\
" So now we haVlhOWl" that 1f the second number iy of : :‘ g pomt v. e

‘[rom the atartmg point for this case, wher' A # 0, we cannot have a dtand-.
“still point.. : S ! ' o . ( _ .

1. Comblmng the results of I and II , we have that if either D or A is not
0y then the starting p01nt { El A ) 13 not a standstﬂl pomt So the only way to '
. ‘have - ( L), A) bea standstlll polnt is for .0 tobe 0 and also for A ‘to be 0. . l "'

We have pr/ﬁ/z\d that (0,0) is the only standsﬁll point for the rule | ‘ |

(N /\) —> (1] + /\ 0 + A) . -There is certalnly no point in gomg into y '

‘s'uc.h details with #h elementary school ch11d But you might find an occaswnal

child who would say something hke, "Well unless both starting numbers are

zero, then when you add them the Way the rule says you'll get a d1fferent dwo

4

numbers from the ones you btarted with, because addlng them changes the num-

" bers.'" Such a thl/d understands the essence of the argument.

k¢ ¥ %
A moderator may wa{lt to brmg up some .or all of Ame pomts in either or |
both of thc next two paragr‘aphs S % - 4 |
R 'l
A jumping rulesis called one-to-one if no landmg pomt comes from more vy,
" than One startmg point. The Jumpuag Tule on page’ 6 - . b
. ‘ ) . ) .
(L_]/\) (D—.A’D"A),l ..(
j}# not a one-to-one Hjumpm/-g.--rule smce ‘both (8,6) —> (2, 2) and ( 100.,98). -
(2,2). Jumpmg rulc A onpage 5, . . {’ ' s - L
. . . A y . .
/ oo (r:JL\) (D+.3,-A-4), DR B ’
. . ’ -~
' _‘_ a o"le to-one Jumping rule: each landing pomt comes. from the startmg point, - -
3 spg\cea to the left anck 4 spa.ces k,ugh’r andgfrom no other startmg point S ‘

"'Which of the other rules in the lessdn are one~to-one? (All the rdles on pages

lthrough 5, the rule (D A) lL7> (0 + ZXA A) orrpage IO,the rule‘s

which partimpants w1ll probably write on’ pages 11 and 12 ) = R

e L ]
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’

Some of the rules in the lesson have 1nverses and others do not.. _R'ecall |
e ~ ' that the myerse of a rule_1s a rule th_at se_nds each landmg_,pomt ‘back to'its © . .
o . }'startin"g. point‘..'.For examm of (0O, A) C—> E] +3, A~ 4) ?
. - is_the'r_ule N t.l,-,A_) — (_[j_.; 3, A + 4y, - The composite of these two _ ! |
o rules is* (0,4) —> (0,4). Therule (0,4) —3 (0'-A,0 - Ay
o does rot have an@verse, .£or- (the inverse would have to send ( 3, 2) bothto
(8,6) ind also to ( 100,98 ), and to infinitely many other points as well. A. )
; jumping rule cannot do this! Which rules 1n the lesson have inyerses and wh1ch .
'l do not? (The rules wh1ch have 1nverses are exactly the ones which are one-to-
o one. 'lhe inverse of (U A) —>. 0 + 2 XﬂA A ) is the rule

(LZJ &) —> (D—ZXA A),wh1chmaycomeasasurpr1se)

LY
1y
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e r Film Daacussmn Notes S S A RN
‘/ L lumping Rules in the, Plane, Part I" - PR

. <

A large graph board should be on hand for diacussmn of thm and the
J v . .

- Preliminary information:

Y . . . ’ i

~-The class you are about to see 1s'a sixth grade group from the James
Russell Lowell School in Watertown. Mas sachu/setts The teacher is -
‘Lee Osburn .Some students had worked with PrOJect materxals 1n fourth’

or fifth grade This class had worked w1th various PrOJect topics for

~ about e1ght weeks prlor to f11m1ng "The Pupils were already familiar w1th
' Jjumping rules ona hne, plotting points. in the plane, and q)raphmg equat1ons
in the planex They Had not worked with jumping rules in the plane. :The

. film was made in the spreéng of the W\r. [F11_m.runn1ng time! 25 min. ]

L. Near the end of this film, the students were pred1ct1ng that the area .
of the gwegr square would not change with the: rule (O, ——M X 35 4) |
smce multlplylng by 3 would just move the square thrée t1mes as much Their
- arg‘uments are conv1ncd:?1ng,. but 1ncorrect V\}hy? i ..V. )

N - . . , . f

2. Instltute participants have come up with various questions which can .
be asked about how to move f1gures ’1 the plane and how their areas change. |
. D6 encourage your partxc1pants to formulate problems for themselves and
- their classes, and perhaps to begin to solve them during discuss1ons. Sample | . _":
 questions from partic 1pants follow All questions“ refer to the' original square |

‘as given in the film,

~

ey @ N
5 R \ ot

r
| .

A

@

A A —

e .
- o
’T ‘. Ui - .




! o ’ . . g . . * ' \\' . \” - (;."" b ’ . i ‘. ' P | : . 5
CoBeakts o e T ‘ ( 0 L

2. ('Cont-)-." T ' S SR ‘ T ' .‘ ]

) . éf Wnte a rule whmh makes the area 9 ’c1mos b1ggmr, and keeps the o }"_Ql

S | ’ A _ . o _ S o
| fxg’ure‘ al squard L '1. __ g k -

. ' v " ', ,.»

b erxte a rule which makes trhe area 25 t1mes blgger. and\atﬂl

Jooee T oy _
. L L . ] L . e . ’ ’/'

T yxeldgaaquare._;_" S . s |
T ) o ' . ‘ : BN ’ N

“c. Write a r‘ule-\so\'t.hat‘,the resulting figure is a square whose area

is“9 square umts\., R Lo ) c
. . ) ‘. W AN U :

. o d.» erte a rule whlch makes the resultmg f1gure a rectangle Whmhls -}}- "
!

(N

l. t

' \ ' . as b1g (one square unit 1hstead of 4 square un1ts), and ia 31tuated in%ide '
* ot \ . . AL ) ) ) ~ -

L the original square. ey SRS oW .'- A e

Ton

' sﬁu re: for example, the followmg ‘trapez01d

’

)

(40‘1) “"

St

i \ - a. Using the rule ‘(D , .A) —> (O + 2 D+ 2) predict wfxat’
f : \\ the resulting figure will look like, Put some of the points through the

‘\rule_ and check your predictions. = _ R .

[




what is happemng c T N 0

Ko,
(cont.\) T e R | B
‘Predxct the ahape and area when you‘put the pomts of he glvﬁri
trapezmd through this rule sD ) ..A) --} (‘E_] ,"*21' X A)
Check your pred1ct1ons | '-»'_ R ‘ \ S
""c Wrxte ‘a rule that w1ll qhange the or1g1na1 trapezmd taa flgure o
| glat is taller and narrower than it is now e - S |

. . . ) J . e .
See the followmg page for: poss1ble answers tc;/me of these qftestmns. '

If there is any doubt about a rule wh1ch someone i your group proposes, you -

should, of course, check out. some of the pomts to” conv1nce yourselves of

/ ~ D ) . _.-l




g i \1 B |
S e e mple Agswers and Hi.nts .
P T ety B
/ The rule ( D A ) ( 3% El 3 X A ) will ﬁt the requw.ements. | "
- So will th 8 one, whmh places the resultmg quf,re 1n the thlrcl quadrani U .
, 1

DA) (- -3x0, ~3><A) o L

. - :
) . : . N o .
v . » : L)

'.‘z_c . Since. you waht the area to 1ncreaae from 4 sq(uare umts to#,‘) square | . h
| _ units, youkneed to make. the area of the figure 2.-‘-11- times blgger But you also .~
v “ need' fo stretch the &1des umformly to keep the figure a aquare .The riles
A (0,8) = (1-><D I—XA)and(D A)

> (-1 —/KD,—I—XA)
"willbothwork., ' R R W ) IR

g RN

..Zd,l One method of attack is to shrmlt the area by d1v1d1ng the bdk or the
; wedge part of the rule by 4. Then’ add or. subtract to move the rectangle 1n81de I
the orlg}_nal squar_e.. S ' o | .o
S " 3c.. To make the trapezmd narrower. one needs to shrink it horlzontally
| by d1v1d1ng the box component by somg number bigger than 1 (which, of course, |
is the same as mu1t1p1y1ng by a number between 0 and 1). " "Po make the trape=-.
" zoid taller, one must mu1t1p1y the wedge component ‘t?y some number bigger

_than 1 _One such ruleis (O,48)
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' .
Thé moderator should’ read these notes b,e/fore the dlscussion begm‘, 1f

~ he- plans to use them Alarge gl.‘aph board- (or’,graph paper and an overhéﬁd

.

prOJectOr) should be ava11ab1e Da not attempt to covér“ all the suggestlons

[Somg hints and answers a.ppe_ar in brackets.] .- S

“ Section I of the written lesson shows Just a few of the many vamMants of

the f1rst rule, (0, A) -—-> ( D + 1,10 ~ A );._ Part1‘c1pa{1ts should bq\_

' encouraged to find oth.ers.'

G~
-

(a) How can you change the ule $0 that the farther you are to the r1ght, the
- farther the jump goes to\the right? : '

{You don't ‘want to add a constant amount to the f1rst component. Tf_r'y
(0,4) —> (DXZ IO-A)] ' : -

“Start at. (2,9) and draw several consecutive jumps. What happens if

you start at { =2,9 ) ? Where are the standstill points? [There is only
“one,] Is this rule an 1sometry? [No.] . o
|

(b) _' How can'you change the rule 80 that successive Jumps‘get closer and
tloser to the second (vertical) number l/ne? e . ' Voo g

Try. (O1,A) —> (mxg , 10 = A)]

Again riake several onsecutive jumps frem (2,9 ) and from ( -2, 9 ) "

Standst1ll pomts? here is only one. ] Is thls rule -an 1sometry? X . .
P _ ' *

(c) How cah you further mod1fy the rule ( m) A!) v ,_XE] A )
' so that the vertigal dlstance of each su’cce?SWe jump ge shorter a‘nd
phox‘ter and so that'the landmg points get close;‘ and clfsér to (0,5 )? ;

A good guess would be (0O,A) ~> - ( x (107~ 'A)). Start at
(20,10 ) and make four or five consecutlve Jumps Surprisingly enough, ~ )
. . successive landing points are not approachmg (0,5). What is the: R -

stapdstill ppint of (0,A) —> (4xD, §x (10 - A))? ‘Replace the '
10 ‘by some other number so thatythe standstill point js" ( g 5 ) Now
- make four or five consecutive jumps starting at '( 20, 10 ). What point

' do you seem to be ‘approaching? - What happens if you start at"‘( -20,10)?
.What happens 1£ you start at (0,10




V-Bookw
(d)
(¢)

{g)

- Secutive jumps. Draw the arrows as stralght as you can. - What is L
happening? . S e . Lo R

“else and make consecutwe Jumps How could you tell that the rule
(0O,AN) [ "(El + 1) y 10 - 4 ) is an 1sometry, before makmg
. any Jumps" : o .

o oo 0 . Fd 1
v W ,
ape . g .\m EPPIE V‘ I"') ! o .’ ‘
! : 1y, (:f“'.v‘ ‘ \ ) /".~ ‘;“,.“ ‘ ( K . { ¢ ¢ -
C o _ -,._' o

- Another varxattqn’on, ( A ) i L %XD A) is the rule .
(T3,0) > (=ix0 10 A) Try to predu!t what will happen if
you start at ( 20, J,O ) an fnake several consecutive jumps.: If you

o draw tht, arrows/ as stra1ght as you can, an mtereatmg pattern of inter-
secting arrows emerges, whu.h will enable you. to dr aw .as many Jumps
- as you want ww.thout domg any computatwn L

Now: usci‘thc'fulve ( 0,AN)- *->'_ XD ix ( 10 = Q). Agai‘rxtry"‘to
predict what will happen if you start at ( 205 10 ) and make several con-

' - 3
v A ' .
0 o - - 4
" :

. It we Lhangc our or1g1na1 rule, (O,A) —= (0O +1, 10 - A\)..._,' by

replaung ‘the first component by ‘its opposlte, we get the rule - _ :
(12 —> (-(O+1), 10 = A). Startat(2’9)andmake' '
se veaal consecutive jumps. Start at (2,8), or at (3,9), or anywherve

‘.

[The rule 1s the comp051te of ( 0,A ) (g + 1‘ s Z\,) folloWed by
(0O,40) (a, IO-A)followedby(D Ny —> (—-EJ A)
Each of these rules is an 1bom(,try, so the composite 139 ]

~ What kind of isometry is it? What,are the s\tandstlll points?

. ‘ . .
- .o L ] »

;How can the briginal rule be ‘changed so that. the zig-zag pattern of con-
: secuth jumps will look like .this: ' '

~

(4 4)

C(4,0)

w i
[T L

»

LN

@

(6-’.1l,). - o

.c'
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(g) ‘(‘co.nt'mued)

Just as in the pl.me, an 1sometry on the line is a jumping rule wh1ch preserves

A | | - B__ook'19

, . . .- : - i . - . . v

[E.ollow a translatlon with a reflectmn whose axis of aymmetry pomts in N
‘the same direction a¥ the direction of the translahon.‘ To get the jumps

" of Figuwe 1, first uge the translation (a, A) ( O,A + 1), which*
moves poMits straight up. The reflectlon (0 A) ( 10.- 0, A)
flips thq Plane around the vertical line five spaces to the right of ( 0 0).
The composite of these rules, (0,A) ( 10-0,A+1), g1ves ' -

the jumps of Figure 1,° Participants may suggest a rule like
¢ (LWA) —> (10 - 00, A+ 1) because of its similarity tc the rule -
(L1,A) —> ( 1+ 1, 10' “~ A).*To get the jumps shown in Figure 2, °~

SO wemneed a translation which moves points diagonally, together W1th a re-

flection about a diagonal line. The composite of | o
(nm —> (0+1,A+1) and (0,4) —> (A,D)willdo%t.].“

. )
: . . . ’
’. . el ’

. S

N

< It would be worthwhxle for the moderator to compare isometries in the

plane w1th 1sometr1es .on the l1ne, where the situation is similar but s1mpler

- distances, although npw, of course, we are talking about number line _]umpmg

rules

me N — 0 + 3 and O —> 0O - 4 are translations. No

‘_.translation.e‘x pt 0 —> O has an}'r fixed points. (All points on the line are

: flxed pomts for L} —>0)) Just as in the plane, the compos1te of two trans-

—t
<

lations iy alsb-a translation. .. “
“The only other isometries of the line are the reflectlon,é around a point,

rules like 0 =-—> 10 = 'D and 0O -—» -8 - 0O and O —> .-E] ) | ’

(Sometimes these rules are called "fl1pA-flop" rules.) Each reflection has a

‘smgle .standstill point; for the three examples above they ane 5, =4, and 0 )

| respectwely A reflect1on canm just as well be thought of as a half turn.

The composlte of two reflectmns 1s not a reflect1on Consider the tWo

reflections \ S ST
- B L v
. e y ' b, . - '
and g — ‘4 -0
| ,‘ e ab  ab
The composite ab-.if O —> 4 - (12 = 1:1), or O.—=> 0O =8, which
is a translation and not a reflect'lon. The composite ba is O _b,&_,, ™ t 8, o \'
- anothgr tranulatio’ﬁ, bul\diffe}(ent'fg‘o'm ab. . . o ' . '
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_,Book 19

- | rimd stth lnke a yapdstm_k Or wb

s markul on’ the nglft\sbmk to‘ 1- )au_-»:anothe!' number lme drawn on ‘e blackboa.rd

[‘ransldsmhs\are xllustra‘.ted Slmply by shdmg the stick. o the: r1ght or the left; /
R rell&!)ns arc shuwn by. gwmg thc atu,k\ a half turn wh11<, keéplng\the standst111

™

pmni: tmvd. \Star;mg, humbers z&ppear on the sthk and landmg numbers on the .

. N

/f)lackbo‘n‘dw The drawmgs below and on the next page %ndmate hO\Z the reflection
ll -‘-~> 6 AR followed by the refle,ctlon 0 - 10 - [ woul

be done.

) Sm( ¢ the startmg pomts foi* .the second rple alre the landmg points_for the first

I

ruio,» we pivot around % on the number lme when using the second rule. 4

L0 > 6 - O
>3 N ,
Standstill point is 3 i

H ‘ L4
o ¢ ‘ ; ’
) \ "
. . / .
- [ | | Y X ’ - / ‘ /
-2-1'0°T°2 3°4 5 6,7.8%9'1Q o ° L

P o ' - .
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' (Diagram continued on next page.) ‘

. C 0 : . .
» . / .’,’ ’ ) . .’ v | ot I_ \




s

~
-

AT T

H
o
i
a—y
i
t
Al
(U8}

5678910

R . N
~

’ Advantages of the stick metho'd:

number of reflections is a translation:
of times the stick gets flipped.

) entirg-line, not _]ust to- mdiv1dua1 poutta

tatod or reflected again'st a

Taph boggd background
, . . ;
. By
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Composlte’ rule

2. It encjpurages partlcipants to’ consider what iOOmetri

O

0 — 10 -

x

S
. 4

. ..
l‘

L.~ It'shows immediately why thg composxte of an odcf number of
' " reflections is a reflection and why the composite of an even

just count the number

do to, the

/_

on the line

* Standstill point is. 5

‘ It'a< somewhat harder/ mechanically to’ éq the same aort of thing withf\e e‘tlre ‘
plane. but ce rtainly small figures cyt. out of cardboard can be trans ted., ro-




'‘Book 19 .

A Iar'ge'g__ra-ph board should.be on hand for discusé‘io_n of thié- film,

.\-.' . ) - . ¢ ..
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Film Dmcusuion Notes '

”Jumpmg Ruloa m the Plang. Part n"

A

RS

1

&

I

“The students arte sixth graders from the James Russell L0we11 School in
‘Watertown, ur\/[a.ssatchusetts.

{ Film runmng time: 25 ‘mm.] .

Preliminary ih_fo rmation:

.,

AN

Discusaton a.fter'th'e fiIm: ' | _ *

‘Participant’ A;

)

Participant B:

- Partic 'ipa.nt A

Participant C:
o r

1]

Moderator; ,

. No, that rectangle won't.
'narrower re‘ctangle, probably shaped like this (

If you want to use this figure : and ge‘t a square. m o

have to change the rule to (O O

I don't gnderstand how to get the answer to the I/ast

quest_io in the film.,

~

»

The teacher\la Lee Osburn.

)

» .

PO

o This is the second part of-the samie class which was seen last, session.

-~

1 thiﬁlc Ican help.l.- You want to use the rule on the boa,lr.d:'

.1‘

xD}A)—~§(z%ﬁ,-—xA)

2

¥
I3

.
N
..J

-

Will a 're,ctar}xgle that is 1 by 4 do.it?

dy

..

'Draw a rectangle someplace on the graph and put its points -
.through the rule. You want the resultmg figure "to be a
_ square oy .

1 f1gure that the 2 times box in the rule will'stretch it out

2

to be 2 units w1de, and the 1 times wedge would shrink

A

the 4 unlts to 2 units.’ The square you get will be 2 umts;'

by 2 ‘units,

‘v

B Vs aeme o R

. Does it?

_‘Parhaps..a'4 by 1 rectanéle’ would do it-f.toq‘.

' “The vesulting figure wiﬂ just'be a

A

—> VEXD'ZxA”

v




‘Moderator:

. Partigipant C: {fhmk that a rectangle th\t is 2 umts by 8 umta will also :

]

Participant E:

.o Mod?e;a_tq'r: )

'-\Moderator:

‘ Modcfato,r:

{

!
i
!

- Partigipant F:

‘(Note to moderator:
rectangle so that after you use the given rule twice you get a squayre: ‘Suppose
you- had a. rectangle whose sides were in the ratlo of 1 to 64.

would you have to apply the given rule (O , A) ——> {2 >< o,

d 80 that you would-get a square? Same problem w1th a rectangle whoge
’sides are.in the ratlo of 1 to 32. ) : ' :

\.' Pa__rticipa_nt G: |

\

. .and which is placed this way

" will be all right.

‘ 'thlrd sec.tlon of the plane? N o . \
Second N . . |
, Number . - ‘ i {
....‘,%‘..Mr:.. " : : i - . .
} .
JEU GRS N /7 / S

‘ ‘ ‘ . Book 19
Does'it matter where on the’ g@&ph ypu put that rect‘.anglé? T
~ Can Jou put it any place you want, as long as 1t m S unit
by4 umts? L. ST

)

Yes, you can,

ecome a: square. :

Probably any rectangle whose ‘sid'e_:s have a ratio of 1 to 4.
I] rather than “this way [T

Even % by -2 w111 work.
Yes, . you are correct. X , . o L

t this point, other questions can be .asked‘ Draw a -

How many t1mes ’
1

LS

t .
s
i .

4

By the Way', weré those rules we saw as the te'acher_,()valked i
around the class really written by the students? { ’
Yes, they were copied precisely from the. students' notebooks.’
. " . . .‘ ) ‘ . , _\(..‘-‘ ‘ .
% - % . %

Do you recall the problem of writing a rule that made the area
of the given square 15 times b1gger and put the f1gure in the

T

RN

-] N | © First

/ | I 1 | Number:

49




Bgok 19
o Moderator' '

‘Participant H:

, ; . ‘Moderat&r:

'
{

Participant H:

"~ What would your rule look like? "

“15 times bigger. The figure would look like, this:

.+ Second : ' e e )
" Number - i . '

o ‘ . ST L G o Y- ,Yy

s /‘ e .”*.‘.‘..»'_-ﬁ -
The clasé wrote one rule whmh eat1sf1ed the cond1t1ons.~
Itwas: (U, &) = (16 x -0, -A) _

' But'thdre akeé other rulb,l which will do it, too. Dops " o

.anyone have an idék of what such a rule might be?

I think that you have to make the figure .15 t1mes bxgger
by multlplym%. and then move it downfnd to, the left by
subtracting : . ;

. - A4
1 "' nwt

P

(L, A) —> (3 X D, 56X A) 'woul'ci'.'ma_ke the area ' ,

LY

. First =

Numbe r, |
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. | 'g'P;rt.ici'pant H: Then I would move it left by subtracting at least lZ from .
SRR “ Y T tb,e first component, and I would need to mbdve it down By

ST subtractlng at. leaat 25 from the secondacompongnt. So
e o " -if I made the'rule ' '

e f-;(m',A)'ﬁ**’(SX;D

the nem figu're-_'wo'uld look like this:
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i SR <¢':, I:' you.could’ multmly to. gm: it 15 times bigger.

(O, &) = (O = 4= 5)
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You can mové fhe flg,ure; do%vn“f}ﬁst by subtractmg, and then

will move it down
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" Firtic,ipiant-A:‘ And multl,plymg w111 make the axea 15 times bigger: -~ . ‘ '
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Note to moderator: Sincp theﬁr}'e‘.=a-re many rules which will fulfill the' con-

dition$ of th1s problem, here are some general guidelines for what to look

for in the rules proposed in the’ dwdussmn

> 0

Ifthe Tule 1softheform (E] A) -—>" (aXD + b, . cxXxO + d), : ’
where a, b, c and d are numbers, | axXc | ‘mud} be 15, ‘and b and d
_ must be Chosen so0 as to slide the’ rectangle into the third quadrant. . - " 1
But other kmds of rules will work too. - For example;
e '~'HLA) — (3x0 + A - 18 , 5XA - 26)
r h .
‘makes the square into- the parallelogram shown on the next page. The area of -
. ; . ' . B . [ '
' thls flgure is 60 aquare umts. : Yy L L > N ks
N _;' o : *_“'v.
\ .
« N H ) 1 \
oL \
) - . ) o
, . 5 o ] g | o
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There is even a rule which will take the square into this figure
i ‘ S ' Second .
S | Number ' 4
i : k \ P b - Flirst
-15 ~fo / "~ . Number
: | N
v N N '
| S+ L
n . ‘ ’
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| 0‘0 .
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- If someone proposes a rule whoge effect is not 1mmediately evident, it is

worthwhile to check at least the corner points of th¥. original square to see
how the proposed rule af?cts its areagnqwlocation. - /“ :
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P B Film Discussion‘Notes

| "Rotatlons ‘n the Plane"

1

CLY e . . . ¢ . - .
A % . . : A
e o A _ .. 7.0 B
C » - ". o . n ..

~ Prehmlnarlmformatwn

| . You will e a f1£th gracle class from the Seldon L. Brown thool in

[ '.Wellesley, Ma»ssachuse-tts The students were, farmhar W1th some rr;atemals '

" from thig '-Pr(')ject - Their regular classroom teacher was attendln a PrOJect

institute, and she fiad had®he (lass do many of the written less n

those on number plane rules). ‘The teacher is Dav'id.'A.-Page;

[E’ilrn:f.runn,ing time: 37 min.] | av

..

Posyible discugsion topics . , )
| | 2+0.-A . O+A
. , 2} o 2

standstill point: (1,1, What 1& a convmcmg argument“that there are no other.

_¢ The rul_e ,(D,A) ——:'3’ (. ) has only one
.stan‘d:s;t'il_l_.points for th‘is_. rule? (Hmt._ It might help to thmk about f1nd1ng stand-
still ooints for"n'u\mb_er line, jumping rules. The graphs on the second page of

N\ Book 20 may prowde a geometrlc argument. ) .

\
e When the 'oiass was asked, "Do you think we Jould ever hit the standatill |
point? " | they did not agree o‘n an answer. Jorie said, "I tho;ught we would land \\
- about the 'tandstlll pomt " What mlght she have had in mmd? If participants = \ '
| seern in doubt about- the answer to this question, here is a notion which may be .
w{o:"}n qon51der1ng if one _g_o_u_}_d_ hit the stand,stlll pomt in some ‘nurnber of

. Jumps, where would one have landed just before that?

- 'j . .
'Béfor'e attempting (o answer the questions near the end of the fllm, it may -
be worthwhlle for the group to play around with other number plane jumping rules.
. Some rules are listed on the next page‘ For any partlcular rule, choose a start-— .

. 1ng pomt ‘and make at least ten consecutlve }umps. - ', e SR (
'v‘- . . . ] . | . .., - ',.k,' - .‘ ‘\

Be on the lookout for. standshﬂ pomts nd the relatlve lengths of Jumps

>

For which rules do you l’nt a pomt that you've hit beforq’?
~How many Jumps does it take to get back to your starting point? | N
Which gulea never tal!q youto a point you've ;already touched? R

-
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Book 20

. 'one hundred Jumpe from some pomt For other rules, try to predlct \
‘generally where on the plane you would land after one hundred Jumps

-

For any given rule,_are there p01nts from wh\ch 1th 1llegal to start?

“Are there some pomts ong can never reach?
N : . . , v o . 1

These questions cannot all be answered rapidly; a considerable amour!t of time -

1

and thought wxll probably be neces sary in order to f?d out what a glven‘rule
(joes But part1¢.1pants should now have sufficient skills to begm to think about a

o make Jump and to Venture predictions. . o

_ 'the se que}»tlo

~/  Herg ome number pIane'jurriping. rules:* . o . o -
S : (0,A) 2> (O-4,0+08) = .
N : g . b 6 + 0D -A " 0O+A "
Ea N (0,8) B (S, )
A . : Cc .’ |
(0,8) — (A-0,-0)" , .
. : - - o
' (0, A) -919 ( % , 2x0) oy o
. LO-A o+h S
(0,8) = (—T=—, =4 ) o
' A .,..' 3' o 3- ‘ . ".
' f 2 +0-A 0O+A L

(o,8) 55

iz vy )

It is thls last.rule, rule f, which meets the requ1rements posed at the end of -

the fllm. That is, this rule balarnces evenly between spiraling in and splrahng '

outs From wherever you start, you W1ll come back to the same startmg pomt E

after eight Jumps. e ' - : _ C
’ : ¢ ’A b ; ’ !

If we make the denominators of rule f some number«larger than the

. +square root of 2 (for example, a denominator of 2, as used ).7; the film), we .

B }

get a splralmg in taward the standstzll pomt If, we make the denorm(nators

posxtwe but less than the square root of 2 (such as in rulea a or e abOVe),

R

’ w‘ get a aplrallng away fr:)!m the standstﬂl pt;unt. ST o )

oy |
)

*For an analysw of rules simpler than thos? conslﬂered here and in the_ fllm, '
see the supplement, "Mqre Work With Number Plane Rules" (Book 19).

'*V /» ‘.
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and start at the point s,(.‘Z.-,.l ).

L Standstill pomt- \(‘%. 1!’ ; T




The solld line shows what happens when you use the rule

L e gt D= O+ A N
LT . (u o) (0 = .
. ‘ ...‘~- . . ”' e . - ‘\. . ...A. I —— ...‘ N ,,....(.'......ﬁ-,_.... ..:.‘.'.,...‘.' - ﬁ)ﬁ

»

| and gtart at " ( b,.l, ) . “The dotted liné shoys what happens when you staf®
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. Starts (1~1) —-> (Jr) — (—1 1) —' (-J_ 0) -
J) C-> (o,.~~/’) = (1 1) - (J" 0) — (1 1)’
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k) ‘;v o * - ‘. ' ] e ‘ o . y
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