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Abstract. Solving egquations in elementary algebra requires
knovledge o1 the permitted operations, and knovledge of what
operation to use at a given point im the soclution process.
While just these xinds of knowledge sould be adegnate for an -
ideal solver, nuzan solveis appear to need and use other
sinds of <gnowledge. First, wmany errors seem to indicate
that siagle operations of algenra are often  represented as
collections of parts whicn =may nave independent status.
Second, operations seee to be connected, often
inappropriately, with a geaneral scheme for sysbol
zanipulatioa. Tnird, varioss Kinds of knpowledg2 are brought
igto play to detect erroscse. 2vidence about the role of
these «xinds of snodledae , found ixn the solutions and
corments of college students, is discussed, and soae
inplications for instruction are coasidered. .

I%d like to talk about some of the things students know
about solving equations in elesentary algebra. Obviously,
successful solvers have to Fnou the legal wmoves of' the
algyebra gase, and ¥aen to kdke them. But there's apparently
s0fe to solwving than that, at least as people play the gasme:
other kinds of ksnowledge are involved. I want ~to discuss
some of this extra knowledge. Por evidence and examples
1%1i1 ne>§rauing on a set of protocols that John Bernard, Ray
carry, ana I collected from college students at the

Oniversity of Teras at Austin.

Tais 404Kk @as Lupported Dy a4 gygrant iros tae Joint NIE-RSP
Prograd for Kecedrcn on Cougnitive trocesses in  Science 4nd
Mathedaatics, «ud by IBM.

£)
o



PAGE 2

Pieces of procedures

Let®s look first at the legal moves solvers have to

kpo¥. It appears that some students don't knos these as
neat.little packets, with each packét holding 2 a procedure.
They seem to know about a collection of pieces of procedures
that can be put togetaer to make legal moves. (At least,
the aope is that they can be put together this way.) Here
is an example of this kind of kaowledge. y
Lookx at the errors shown in Figure 3. In each case, two
fractional expressions are coabined - incoxrectly. But the
incorrect combinations are not arbitrary. 1In fact, as shown
in the PFigure, the procedures used in each case cam be
dissected into pieces, each of which is found in some
correct procedure for combining fractional expressions. This
suggests that what these students knov is not a way to add
these expressions,  say, but rather a repertoire of

operations tnat may be drawan on in adding them,

1t%s int«restinag that Karen Larkin found the same thing

nappening wnes spe studied adults® procedures for doing

arithmetic on fractions kLarxin, 1978) . It is plausible

that students carxy over to the algebraic cosbipation cf
fractional expressions the operations they learned in doing
dfitheetic un LfLdCctiolnsSe.

A question is :dxsed by the suygyestion that students just
know jieces of procedures. How do we know whep the pieces

afe put together? It coulu be that a4t some point in the

3
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x x+1  x+x+1
- P m .-) -
1 2 . 2

Procedure: Add numerators, as in addition of
fractions wita cosmon denosinator. Then -
place over comszon denominator.

4 Q(x(2 ¢ x) ¢+ 2(2 + x)(x)
A%+ 2/%) (vomem) =D —mmremmcee-
2 ¢+ x £ ¢ 2z

Frocedure: Convert all tergs to coamon
denoxinator of x(2 ¢ x). Then coabine
Rumerators according to tne indicated

- operations and place result over cosmon
denoainator. ~

7T - x ¢+ 3 7 - x « 3

Lt oL ) “) A S G

1 r 38 1 -x

Proceaure: coubine numerators and desoainators
according to tae indicated operation, as in
sultiplication.

4 2 8
- - _.> -
L) x . x

Frocedure: Apply setnod foi aultiplication.

Figare 1. Some errors in compining fractioas

.................... T — -
past the student (iﬁcoréectly) built up a procedure for
combining fractions from disparate pieces, but at the‘no-ent
¥e are watching, this incorrect procedure is neatly
packaged, with tke xnowvledge about the pieces long
forgotten. It wvould be nice to have more direct evidence
than we do on this point. larkin found changes in the

procedures used LY 4 given person  that suggest there was no
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establishad procedure availadble. Re collected opne protocol

1= 1 1 This ose I can do. Cross multiply.

A - |

1

; =7+ 1 It doesn't seem to me like that®d be right.
OK all right, it®s not right.

1 p {

307

Figure 2. Protocol showing attempts to combine fractioms

fragment, shown in Piqure Z, tkat may shov an operation on

tractional expressions being built. &As shown in Pigure 3,

1 1 - »

- ¢ = ==>T7 + x ' ®Cross multiplication®™ say occuar

p 4 7 as part of the addition procedure,
as/b ¢+ ¢/ -—> (ad ¢ bc)/dbd, in which
it is used to form the numerator, or
as a misapplication of the operation
a/b = ¢c/d -=> ad = bg, with ®=®
replaced by ®+™, ) ‘

.11 x
-4 - -=> - Invert and rultiply, as in division
p 4 7 7 of fractions. -

Pigure 3. Apalysis of the operations attespted in Pigqure 2.

the yprocedures the student considered do drav on the
repertoire of pieces of legal operations on fractions.

S0 here's ovue gind of extra Kpowledoe students sees to
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bave. They sosetiaes knov pieces of legal zOves, not the
leyal woves thesselves. Of course, this knowledge is %extra®
only in the semase that if one did know the legal moves one

wouldn®t peed this other stuft.

How to manipulate symbols

Enotiher kind of “extra™ kpowledge is knowledge abdout
symbol manipulation. We are accustoné&. I think, to deplore
®blind fy-bol' Ranipulation® as an unproductive approach to
mathesatics for studeats. We may perhaps also note (as I
will Dbelow}] that viesing mathematical éperAtions as just
operations on syabols th:ass'auay redundancy in the systes
that can Dbe used to detect errors. But I want to suggest
that seeing algebra . as gynhol sanipuiation is evén ROIQ
rernicious, 10 that it actually proszotes ¥rong idease.

Tae key notions 1n syshol smanipulation are deletion,
rearrangyexent, replacement: those a;e the things‘you do
witn sgnbolg. Viewing algedra this way, you try to get rid .
of thipngs, rearrange, and replace, until you have "X =
something™ witn a0 X in the souetning. ¥hat®s dangerous, as
opposed to just suboptisal, in this vxev? It makes salxent
those aspects or the operations of algedbra that Ahave to do
with deleting, rearranging, and replacing at the expease of
other critical aspects.

Consider deletion. The cowmon operations that have the

efiect of dedeting tainygs are sudtraction and division, as

6
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X ¢+ a --> a by suptracting x
ax -=> x by dividing by a

Pigure 4. Subtraction and division as deletioms.

————

3llustrated in figure 4. 1In the syabol masipulation vies of
algebra, these becose close cozpanion operations-- they do
®the sase thing®™-- and we xight expect their differences to

be ignored. Eut that®s just wpat aappens— look at the

2

X =X =-=> x =2 “ ®*Could I subtract an x from
these ones?™

X ® 2(x ¢ 2(x ¢ 2)) =z ¢ 2 —>
x ¢+ 2(x ¢+ 2y =0 ®Subtract"

2
X ¢ 3¢+ X=X ~=> 3 +4x =2

-12% T + 12

= L e=> X =X
12 . Y

Figure 5. One studest®s confusion of subtraction and
division, with his comzents.

examsples in PFigure 5.

The confusion ®may give rise to a gemeric deletion
operatioa, that cosbines the features of correct subtraction
and aivasiog. In the last three examples in the figure, it
sdy appear thut the student is breaking a basic rule of

algebra, 1n that be 1s doing aifrerent things to the two

A

by
/



" PAGR 7

sides of the equation, But given the generic deletion
operataon, his aisconception is seen to bhe quite different,
and perhaps less basic. He is doing “the same thing™ to both

sides. He's deletinge.

The generic deletion operation can also acce ¢ for the .

ax x
Correct example: -_— =D -
ay b 4
2 2
X ¢+ (x + 3) x
Iacorract exdamples: - - =D -
3(x + 3) 3
X ¢+ ax .
,m——— ==) X+ X
a
2
X + 2+ 3 2
——————— —=> x
x + 3

Figure 6. Simplifying fractional expressions by deleting

- elesments cosnon to puserator and denominator.

A A S——— - - ane - -—

very commol errors shown in Figure 6. %hat the students are
doing is deletinyg tae same thing in numerator and
denominator, not dividing, Division is just a special case.
'riqu:e 7 sho¥s sose exgsples of correct rearrangesment and
replaceaent of syabols. Let's call this ®recosbination®.
In each case, symbols are*connted and replaced by an
expression that egbdodies the identity ot the symbol, and the
count. Well, this useful pattern of recorbigation seems to

stdaad out above the getails, for some students, like the

y

1]
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X ¢ X ¢+ 2 2> iz

3 : d
XXX -~> 32

Figure 7. Keccabination operations.

R - -

affinity o2 snht:actian' saad division. *he distianction

betseen addition and sultiplacation gets lost. LOOKk at tae

- o—— ——— - e

2 3

X +4x ¢ 3 -=%3x ¢ 3
y * yz2 ==> 2y2

2
P¢p-—> p

®x is ope-half of x sgquared®

4% ¢ bx ¢ ab -=> 23 ¢+ 2b + 2x

Pigure 8. Recombination confusions.

exanples in Piguze &.
In these examples, and the deletionm cases discgssed
before, it appears that vhat students knov about algebra is
- shaped, and in £fact distorted, by what they know about
symbol aanipulacion. This view 1is consistent with Batz's
proposals (1979) about the origin of errors in algebra
saallfing. datz eaphasizes the role of intermal ®critics®
that Iy to Bake sure tnat the operations performed are
consastent  wita what the student &Kpo¥s about the legal

moses. It seess likeiy tnet the sysbol sanipulation sodel

QO 19
A ided by ERIC
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foras an important part of the Xrowvledge these cxitics

esbody, for some stuaents.

gov to fapd mistakes

The last Xxind of kaowledge that I want to discuss is
fnowledae that®s used to detect errors. ¥e can distinguish
t¥wo Xinas. PFirst, Pigurec 9 shows sore remarks that indicate
that students aonitor their progress as they work oan
(p:onless. peiny seasative to some indications that sosething
aay have goRe€ w¥rong. Second,  there are a nuther of uays

stucepts have of checking taneir wvork. Pigure 10 describes

sethod e Nusber of studests (n=34)

Substitcte answver 1%
in equatioxn

Retrace sclution or 7
parft of solution

Use an inverse operation 5

(€.ge., &UlLiply tO check _

factoringy - '
Try a second solution g

xethod

Other P

Pigure 10. Ketaods of checkiang observed among 3% college students.

_— -y - A S G —— G G aE e Sy sl

the methods we observed stucexts using.
Altaough it's clear that eany stgdents do have and use

snowledye abDout sonitoranyg their proaress and checking,

\
\ 11
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]

Complexity:
T 1 1 1
- memE e == qee ™D

R x v 2z

_Y2X - yzBR = Rxz + Rxy

legality:
21

7=-Q+3 — 832.-.
x

Backtraching:

yZ2(x - K) = Bx(z ¢ y) -=>

¥ZX -yzR = Rx2 + Kxy

Lack of solution:

9fx ¢+ 8¢) = 5(x ¢+ 40) =--> 9 = S

LUead enu:s
2
X = 4x ¢ 3 = ¢

®"I'a gqoing to try a

a differeant wvay. I
don®t like that. It®s
too complicated.™

sTake the x over to
this side and bring
this seven through.
Can®*t do that.®

®g¥efre going to
factor out, naw, that
¥ill give me the
thing I started with®

"¥ine equals five |
doesn®t exist, so 1*s
going to work ou: the
problea.®

®This one doesn't
sees to factor very
vell. That's why, I
made a mistake."®

rigure 9. Zonitoring the progress of the solution process.

—-—

nevertheless there are gaps in

this knowledage that makes it

less effective than perhaps it might pe. ¥hat students need

to e able to do, uspecaially poor students, is not so much
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detcct an  error on a given probles, bdut rather detect an
error 48 their proceausre for soluticn. tnfortunately, tie
checking aethods studests use are not vell adapted to use

for this xind of knowledge refipnement. The retracing method

vontt detect stable, conceptual 'e::a:s. The substitution

method can’t be used until am asswer is obtained, and von’t
pinpoxntlihiCh step in a solution is taulty. What's needed
is « method that caﬁ detect stable errors, but unlike the
substitution setaod can‘ be used in the aiddle of tae
solutivn process to c;i\re\E feedback on a single doubtful
stepe.

so students do have knowledge they can use to detect

errors. But their knovledge is not well tailored to their

peeds.

isplications

Re*ve novw talked apout three kipnds of knowledge students

seea to have, apove and beyodu the obviously necessary:

.} Taey kaov about the legal moves, but not always the

rRoves themselves

.JThey Xkno¥ things about sysbol wmanipulation that =may

sislead thewx about algebra

JIhey Kaow sose vway:s to detect thelrl Own errors

R
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These points 'are perhaps interesting from a natoral
bistory standpoint but they have implications for pedagogy
as wvell. |
fLet's go Ddack to knowing pieces of legal moves. Given
that studesnts look on operations on f:agticns as cailections
of xOoIe Oor less Iamilaar Apieces whose specific combinations | | .
are poo:ly'unde:staod. Eaybe we can help thes sith the
specitic problies of Kkeeping track of what pieces go with
shich operation. Ome way to do this is to learn atconple of

sisple exaaples as pattersas, like ope-half plus

one—quarter. Figqure 11! shows how this pattern can be used

-

Pattern: 1 1 3
Z g i
Procauvures Acd numerators, place over cosmos denominators,
as ian
X x ¢+ 1 Y + X ¢+ 1
- e --) - a———
1 2 } -
- Test: 1 1 1+ 1 2 3
: - 4 = —> ———e— e=> -~ not = -
2 4 & I3 3

Pigure 11. Testing a procedure for coambining fractions.

to detcct one of the errors in Figuie 1.
Let®’s Jlook more closely at how this use of patteras

WOLKS « As shown in Fagure 12, the student sets up the

13
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Domain of syabolis aad I Domain of anumdbers and
operations on thea. I and operaticns on thes.
I

I .
1/2. [ X X N N N J ...teptesents.-. -ﬂ..Q-QQne-hau
B o
1/ BecesesnsselepPresenttSeecessseessOne=quarter
b 4 .
procedure I '
tdder testecececelOPrOSeRtScccccnes eﬁaéeiticn
I
resualy of I
procedure, Y .
2/8 eceeshould representee.c.....three quarters
I .
I

Figure 1Z. lLogic of test spown in Pigure 11.

-

operands, 1/2 and 14, and applies tne'procedure that is to
be tested. The result 1is 2/4. Now this syster, of
operands, procedure, ana result, is irredundant: there's no .
way to tell vhat the result shosld bde, so.there's no way to
tell whether the procedure 1s correct. What has to be added
is relation betweer this system and actual gpumbers, as

oprosed to vrittea syabols. The objects in the sysbol

domain represent nusbers, aand the sysbolic procedure is

supposed to represent addition. = Now the system 1is

redundant. The result of applying the procedure has to
represent the result of adding in the nasber domain. But it‘
doesnt®t, so the procedure is wronge.

1t ¥e now turn to the errors spa@ned by the
syadol-ranipulation view ot algebra, ve find that the same

general idea of repgesestation can be used to expose these.

11
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Domain os syadol I Domain of
strings ' I calculations
I
I | .
Y ¢ YZeceocsaoIepresentSececoceesBltiply ¥ and 2
1 and add ye.
I .
2Y2aceaceecsolOPresentsScecce---.-Nultiply 2, v, z.

Por y=2 and z=3,

the first calculation
gives 8, while the
second gives 12,

They are therefore
not egquivalent.

Frd b b e

Figure 13. Detecting & recombination error.

The asalysis 1s shows in Figure 13. In this case, the
probies is to tell vhether two expressions, which through a
recoshination confusion might be thought équivalent. really
are equivalent. As sympol strings, there's no wvay to know
shether y + vz and 2yz can be regarded as equivalent or |

not. osut he expressions represent other things, Jjust as

1/2 represceats o nusder. An expression represents a
calculation, a recive for combining nuserical ingredients
arithseticadly. for example, y + Y2 represents a
calcuitation which 3ight otanerwise be expressed as "sultiply
y and z, and add y." Two calculations are equivalent just
¥hoit tuey alwdys ygive tae same result £or the saae
iadredaiedts. sut this gives a siigle vay to tell whether
{

tvo calculatidne dare equivalent: just carry them out on the

tale 1nYLedlents anpd cospare the results. Sometimes
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different calculations will look the sase for a fev cases,
but if two calculations agree in two cases without a lot of
zeroes and opes in the ingredients they probably are
equivalent. .

This cosparison method for calculations now allows gs to
tell shether two expressions are egquivalent, as shown in the
tigere. Putting the representatior relations in this systes
makes 1t redundant in just the samé way as in the case of
operations on fractioas. |

xou ve've made some suggestions about the first tvo kinds
of kpowledge ve®re considering: knowing pieces of
p:ocedu:es.;and knowing how to lanipulate'sy:bels. Bat in
fact this pbas led us to talk about the third Xind of
knowledqe, xnaning hox to detect errorse. In fact the
cnecxing procedure ve've just been discussing is just the
sort of procedure we argued students don’t know and should.
This procedure -~ let%s call it ®trial evaluation®-- can
detect both stable and unstable errors, and can be used to
evaluate a singie step in tne middle of a solutionm. It can
test tne validity of any step that can involves the
fepldccwent of an eXpression by an equivalent one, snd most
steps have that cﬁé:acter.

If students knew about trial evaluation, vould they use
it? 'That resains to be seen. Students often express doudt
about tLie correctiness of steps. but they don't know what to

do about the doubt. One student®s views are given is Pigure
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Experiaenter: Is there a rule you could tell me that
. vould tell me, that would tell me when
I could cancel something of that sortee.?

Student: That I couid tell you, that I could tell
you, no. The book could tell you, yes.

Experizenters I mean apart fros asking soseone if
: ' there is any way that I could figure out
vhether a particular thing that I*a doing
vould pe correct or whether it woildn't
- be? Can you give me any advice along
"0se lanes? .

Stucent: - It®s always safe to ask the teacher if
: you don*t Xxnow soaething. BZaybe consult
a friend who is coing well in the subject
or kno¥s what he's doing.

Experizenter: 1f 1*s all by myself in.a locked room or
something is there some way I could
figure it out, like is there some way I
could relate it to other things that I
might kaow about algedra, or do 1 have
to, you xnow, are the rules just thinys
that you have to KROW OFCew.

Student: I0u're going to have to knov the rules.

.

Figure 14, A conversation adbout checking knowledge.

f4. Trial evaluation =may help.

Meaning

The argument for trial evaluation, or for usiag patterns‘
to check operations on fractions, bhappens to fit a familiar
fora: if students knew the aeaning of the things they
manipulate they could avoid =mistaxes. But I think it is

ispurtant sot to put the case this way. It suggests that
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-

®scaning® is some generally good thing that we should
exploit, ana perhaps there are many ways to do that. One
aight try (as ve have) to convey ®geaning® by teaching the

mathematical abstractions, like ®distributivity®, that

describe arithsetic. But in fact this knowledge caanot be

used ins a practical procedure to comapare teo expressions,

anRd waat 1S i1Rportaat is not "xeaning® but what it lets you

do. ™"Meaning®™ doesn®t make trial evaluvation good; rather,

trial evaluation is one thing that aakes meaning good.
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