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The,series Soviet Studies in/the Psychology-<of iearningfand Teaching

“¢ MathematiJ§ is a collection of translations from.the extensive Soviet

8,

literature”of the past twenty—five years pn research in the psychology-
of mathematical instruction. "It-also includes works on methods of ‘
teaching mathematics directly'infldenced by- the psychclogfcal research.
The series 1is ‘the gisult of a joint effort by the School Mathematics

Study Group at Stanford University, the Department of Mathematics

Education at the University of Georgia, and the Survey of Recent East

EuroPean Mathematical Literature at the Universxty of Chicago. Selected
papers and books considered to be of value to ‘the Americafl mathematics «

educator have been translated from.the Russian and appear in this

[y -

series for the first time in English. . ' ‘\‘

Regearch- achievements in psychology in the United States are P ‘;'
outstandiug indeed. qucational psychology, however{\oCcupieé‘only a
small fraction of the field, and until recently little attention has
been{gyben ‘to research 'in the psychology of learning and teaching -
partfcular school subjects. : )

* The situat’ion“ h;s been quit’e different in the Soviet Uniong In
view of the reigning social and political’ doctrines, seyeral bragches

of psychology that are highly developed in the U.S. have scarcely been’

a
- investigdted in the Soviet Union. O the other hand, because of the

.

Soviet emphasis on education and its function in- the state‘ research in
educatienal psycholegy has been given conaiderable moral and!iiziyéial
‘support. Consequently, it has att(acted many creative and t ted

*
scholars whose ccntributions have been remarkable.

' A

Even prior to World War I1, the Russians had made great strides in
eddcational psychology. The creation in 1943 of the Academy of Peda- .
gogical Sciences helped to intensify ‘the research efforts and progtams
in this field. Sinceé then the Academy' has become the chief educational
research and development center for the Soviet Union: One of the main ’

aims of the Academy is to conduct research and to ‘train reqearch scholars

-

& D)

* : : ' :

A'study Indicates. that 37.5% of all materials in Soviet psychology
published in one year was devoted to education and child psychology. See
Contemgorarz Soviet Psvchology by Josef Brozek (Chapter 7 of Present—Day

Russian Psychology, Pergamon Press, 1966). L
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"ffxﬁ\special psychology and educagional techniques for handicapped children.
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. N . .
in general and‘specialized education, in educational ‘psycholegy, and

.

The Acadeuwy of" Pedagogical Science;_oé\fhe USSR comprises ten
i;reSearch institutes infMo§cow and Leningrad. Many of theéstudies

in methods of teaching various school subjects.’

reported in this series were conducted at the Academy's Institute of
General and Polytechnical Education, Institute 3§f§sychology, and
Institute of Defectology, the last’of which is doncerned with the / '

<

- The Academy of PedagogicaI Scafnces has 31 members and 64

« »

associate members, chosen from among distinguished Soviet scholars,
scientists, and educators, Its permanent .staff includes more- than )
650 research assoeiates, who receive advi‘? and cooperation from an T \;‘
additional '1,D00 ;scholars and teachers. The resgarch imstitutes of .
the Academy have 'available 100 "base" or laboratory schools and many
\ other schools’in which experiments are conductedv Debelopments in
'foreign countries are closely,followed by the Bureau for the Study of =
Foreign hducational Experience and Information. R AN
- Academy has its own Quhlishipg house, which issues hun&geds of

books each year and publishes thé'collecq‘ons Izvestiya Akademii

Pedagogicheskikh Nauk RSFSR [Proceedings of the Academy of Pedagogical

_Sciences of the RSFSR} . the monthly Sovetskaya Pedagpgika [Soviet

Pedagogy], and the bimonthly Voprosy Psikhologif (Questions of Psychology].

. Since 1963, " the Academy has been issuing collcction entitled . Novye
Issledovaniya v Pedacogicheskikh aukakh\ [New Resedrch in the Pedagogicall

Sciences] in order to dissem nate information on current research
elmajor difference between the Soviet and American conception of

educational research s that Russian psycholog’.ts often use qualitative

rather than quantitative methods of ‘research in instructional psycholog&

in accordance with the prevailing European tradition. American.readerg

. _may thus find that some of the earlier Russian papers do not, compl

1Y

. exactly to U.S. standards o#fdesign, anal;sis and reporting. By using
dhalitative methods and by working with small groups, kowever, the Soviets
have been abl@*to penetrate into® thé ehild's thoughts- and to analyze his

'mental procesees To this end the§ have also designed classroom tasks

/ and settings for research and have emphasized lod;—term genetic studies: «

P . [ , E SN s , ) . , .‘
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Russian psychologists have ¢oncerned themselves with the dynamics .
of mental activity and with the aim of srriving ok the principles of the =~ .
_learning process itself. They have investigated such areas as: the ' -
development of mental operations, the nature and development of thought,‘
the formation. of mathematical concepts and the related’questions of
.generaiization, abstraction, and concretization, the mental operations
of analysis and synthesis; the development of spatial perception; the,
relation between memory and thought' the development of logical reasoning,
‘the nature of mathematical skills; and the structure and special features

-

_ qf mathematical abilities.

-

In new approaches to educational research, some Russian psychologists

»

have devéloped ‘cybernetic and statistical models and techniques, and have
made use of algori#hms, mathematical logic and information‘sciences. . |
Much attention has also been given to programmed instruction‘and to ag
examination of its psychologflal problems and its application for ’
greater individualization in learning. . ' . . .
The interrelationship between instruction and child development {s i
" a sdurce of sharp disagreement between the GenevapSchool of psychelogis
Jed by Piaget, and the Soviet’ psychologists.* The Swiss psychologists o
ascribe limited significance to the role of instruction in the develop-- ’
ment of 'a child According to them, instruction is subordinate to the ,/f/
specifie stages in the development of the child's thinking--stages
manifested at certain age levels and relatively independent o"8he
-conditions ot instruction. . ' ‘ .
As representatives of tﬁe materialistic—evolutionist theory“aé the
mind, Soviet psychologists ascribe a leading role to instructiom. They
assert that instruction broad\hs—the potential of' development, may
' accelerate it, and may exercise ipfluence not only updn the sequonce of

the stages of developmen of" the child's thought but éven upon the very .

L’l

character of the stages! The Russf%ns study development in the changing

-

cohditions of inst(fg\fon, and by varying these %onditions,'they demonstrate

how'the nature of the child's development changes in the process. As a

result, they -are also investigating tests of giftednies_and'are using -
* ’ R 3

elaborate dynamic, rather than static, indices. A
r
4

See The Problem of Instruction and Development at the 18th Internatiqhal

Congress of Psychoel by M.~ A. Menchinskaya and G. G..Saburova, Sovetskava -
g Pedagogika, 1967, No. 1. (English translation in Soviet Education, J Jy

1967, Vol. 9, No. 9.) C T .
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¢« Psychological research haw Had a considerable effect on the . O
LY

- < recent Soviet: ;iﬁirature on methods nf teachiné mathematics -Experf

ments have sho he,studeﬁt s mathematical potential to be&grnste;‘v

than had been previoualy aSSumed. Consequently,‘Russianpsychciogi ts

have advocated the necessity of various changes in the.conteat and:

methods og\mathematical instruction and have participated in designing .
{\\\\the new Soviet mathematics curriculum which has been introdyced during

* \ 3

the 1967*68 academic yedr. . .f L ' ;
.

The aiQ of this series is to acquaint mathematics eddejtors and
teachers with directions, ideas, ahd accomplishments in the psychology.
‘of mathematical, instruction in the Soviet Union. This series should
assist in opening up avenues QfNinveStigatian to those who are intereated

. in broadening ¢ foundations ef‘their profession, for it is generally,

) .content and @ethods ®f school mathematica. v o

. : We hope that the \o umes in this series will be used for study,
discussion, and qritical analysis’in courses or seminars in tescher-

v -

training programs or in institutes for in-sgrvice teachers at various
‘ ' . ' . - '

" levels.' : o A ‘ :5 . o - ‘
+At present, materials have been prepared for fifteen volumes. Each W
book containg one or.more articles under a general heading such as The ‘ '
,Learning of Mathematical Concepts, The Structure of Mathematical Abilities
and Problem Solving in Geometry.. The introduction to each volume is
- intended to provide some backgroind and guidance to its content. '
| Vot - Volumes 1 to VI yere prepared jointly by .the School Mathematics L
Study’ Group and the gyrvey of Recent East European Mathematical ﬂiterature, |
both*conducted under grants from the National Science Foapdatio . When o .
the activities of the School Mathcmatics Study Group ended in August, 1972,
the%ﬁ&n&tment of Mathematics Education at the University of Georgia f o
undertook to assist in the editing of’the remaining volumes: We express ‘
¢ our appreciation teo the Foundation and to the many people and organizatibns :J

who contributed to the cstablishment and continuation of thé series

’ - . ' Jeremy Kilpatrick 3

b ’ ' . ' Izaak Wirszup X
\ o . .

) Edward G. Begle . ‘

. - " . é? James W. Wilson o ! .
- \ . . L] ' 5‘ - ‘ ‘

.. ) X - vi N ‘ . ' ¢
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| o . EDITORIAL NOTES . . ..
. ‘ '\‘ ‘ -« ’ -
1. Bracketed numdrals in the text refer to the numbered

references at the end of each paper. Where there are two figures,

e.g. [5:123], the second is a page reference.

to Russlan editions,. alth&ugh titles have been translated and

authors” namé§ transliterated., . '

P-
y 2., The transliteration scheme used is that &f the Library
of Congress, with diacrltical merﬂ% omitted except that rCJ and ﬁ
-are rendered as "yu'" and "ya" instead- of "iu" ana "ia,"

3. Numbere&*fcotnotes are those in the original paper,

starred footnotes ‘are used for editors' or transletqr‘s -comments.

»
3 ‘ . .
) S .
: -
- - (‘
" . . ,
Il -
- - .
r
s 'Y . . .
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0 INTRQDUCTION . "
' f!*; James W. Wilson and Jeremy Kilpatrick o T '
¢+ The analysis of reasoning processes‘in the learning of concepts o¥,f.‘
. in the solving of problems is the theme common to the ten articles in’
this volume‘ TﬁEse articles, except fof the £irst one by Ushakova, were
published between 1960 and 1967 and were part of the available literature:
1during the recent revision of tpe Soviet school mathematics curriculum. ‘
»The "articles are interesting because of the toples th:y/ireat and because
of the research styles\fhey 11lustrate. In*particula , three of the
articlea each comprise a series of ‘reports (published separately) showing .
aﬁsequential attack on a particular research problem. . X “ ) .
Ushakova conducted two inveBtigations on the learn}ng of visual ‘
concepts. In the first'series of experiments her subjects were presented'
. pairs of similar objects (leaves, pitchers, rectangles, lines) and then
J asked to reprodute them® The second series of experiments examined the
| _:effect of the presence of am duxiliary third object. o
‘fir%t glance, Ushakova' s paper seems to have yery little to do ¢ T
with mathematics; much of the discussion concentrates on the richness
of visual cg;cepts of complex, pairs of objects such as leaves ¥, pitchers.
It becomes clear,’ however, that although Ushakoya apgroached the research’
questions like a psychologist, her interpretation of the results*is di-
rected toward classroom practice. The use of an auxiliary object to A
‘enhance a visual concept is a'practicab peaagogical tool. The regularities /
bserved in the experiments can become expectations .in the. classroom, and
the extent and exposure of ViSual comparisons can be tailgrad accordingly.
The tisks that made use of+ lines and rectangles‘have clé%r relevance to.
.mathematics learning. ’ , . . ¢
e e very brief papger by Davydqv i a summary qf;his theoretical and
| xplgfzental observations of cﬁildren s formation of the ;oncept of number.

H@'explicitly restricts his attention to theyprgfess of developing number

’ s [ - ‘o
. : - xi // S ) .




. concepts dhring the time addition ds being learnecb as a mentafl operation.
The -three consecutive stages* ‘the ﬁiocess proceed fram (1) "adding ..
quantities of things by nﬂﬁ%;in  the units {objective opefhtiqn method),
to- (2) adding abstraet qdantities ﬁb’e&unting the units (detsiled‘verbal coC
‘ operation method), to (3) adding abstract quantities by counting the .
second addend onto the f!tst takém as A wholg'(conceptual operation o g S
. method proper). 1In these. sxages there ‘are echoes of Piaget's conception
"of the genetic construction of tﬁe n;§:¥&b numberg [2], but Davydov’ high- -
lights the role- of counting ‘and-does not deald explicitly with class- \
‘inclusion er matching relationships. The trainlng in the use of hand
movements accompanied by slowed pronunciation seemsc to have had some
. " effect in curtailing the countihg process. it is not clear- what effect;
" such training might have on childr}n 8 performancevon Piagetian tasks
- related to the number concept. Ty ) | 'g; :,
. Brushlimskii studied the prdblem solverfs-guidance of his'thought :

. a . ! . - ¢
~processes during the course of problem solution. The mechanism described

v
e s

by Brushlinskii is the ggneralized conception of a problem's %olution.

This is a mental description by the subject of the general charactFristics
of the solution, omitting details The genexal scheme is modified, or
redlized, in the course of solution~-it guides the - analysis and synthesis .

* of the problem' syﬁonditions toward the .golution. ' The supjectr begins by
reading the problem and absorbing the prdblem 8 data. At the first stages
of analysis of the prﬁglem s conditions the student forms a. generalized

. conception. Further analysis yields concrete details of the conception

-from the problem s conditions, then modification of the conception on

‘vthe bdsis’ of the concre@ezation, and hence progress toward a eolution *

One‘is struck by the sfhilarity of Brushlinskii's construct of generalized

. connception and Polya s notion of’a plan [3] . , ‘
Shchedrovitskii and Yakobson studied the process of solving simple
arithmetio problems in first grade and published a series of-five reports.
Logi-cal analysis ‘and observations of pupils were used to build a )theoret al ——~
argufnent concerning problem—solying processes that rely heavily on conpfi:g

and the usedyf objects A thorough analyeds is. presented of how mgdel

building. (w1th objects) can be usqd to solye simple arithmetic

N ’ to xii

»p
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" “ness as Kossov terhs it) of the ppera!ion sign is so 1ow that it is : 3_

-

. . . : - [ YA = ~ :

‘e ,‘ . - ol ., --“ " 1_“‘ . j.x.‘, i

M . . - . e W~ e ’." . . . ) -. v ‘;, ' - -.- . ‘. ]
. Kossov also studied firat graders proéeaaee of solving simple -~ .-
arithmetic problems b had a different'parapective than that of . ’
Shchedrovitskii and~Y n, The.serié%ﬂof seyen reports by Kossov :f

begins with 'an’ analysis of, certain non-switching. errgrs in arith- ‘

metic, where students continued to uae an operation in.a serids of

: l

‘4;ﬂ- stimulua geries tend to become less atrong Hence in a series of

PR}

problema when in fact a new cpenatien was indicated.’ kossov identi-

fied"a paychological regularﬁty inﬁthat non—varying aspects of a o - .

addition problems the numbers change bpt the operation sign doea not.._

- 'THen, when & subtraction problem ia presented the aaliencex(qr signal-“‘

unnq;iced by the pupil This ragularity waa thén examined in a variety
of. contexts and ut}lized'to'eriminatggcertain types of errors, facili—

. tate the learning of sums less than 10, develcp facility vith solving

simple arithmetic prgﬁlema, and%plag{experimental inatruction.‘ The"

-\ two final reporta by Kossov dealt with a comparison of the effectiveness

of alternative methods and thé development of abatractions The-series

of reports is eapecially illustrative of the, development of a sequence

of theoretical ‘empirical, and ?ractical Studies around a ‘basil thgk:}f,rf”
h

Masﬁgits investigated the solution-of geometry problema by el

. graders. He was particulazly, i‘éerested in"the formation of generalized '

ope;ﬁtions as a’ method for’ problem solving. -The students were classified

as being in one of four stages, where ’each successive stage oixforming

N

operations was,’ relatiue to the préceding one, a higher Jlevel of generali-

,zation of the.relationship bétween concepts. While the substance of
this paper-is- aimilar to that of BrushlinsKii, no link is acknowledged
'Mashbits theoretical discussion seems very nuch like an information—

proceésing approacb to psychology. . )

-

“The article by ZaValiahdna amd Pushkin draws from cybernetica and

v human subjects. This is an example of the

‘%ses ccﬂputer-generated roblem, aolution sequences on a simple task to
study sequences producedix

'thorough analysis of a task structure preliminary to the atudy of
students aolutien attempt! The three forms of aolution identdfied by

Zavalishina and Pushkin correspond roughly to using trial and.error,

- xid1 S

’
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what they call éf"proBlem behavior graph." .‘ S o Lt

LI

Artemov's investigations on the composition of pupils geomﬁtry

skills were contained in six reportsfpuhlished from 1963 to -1967. . The

series is an interesting progression from observational to,highly
theoretical inVestigations of varioug qspects of-problem solving in :_
geometry The first three reports deal withk;elatively specifié issués

. \pf instruction concerning auxiliary constructions, the concept of’ she

piane, “and using d?hwings,,respectively The second three t;ports deal

with more general«issues of instructién. the effect/of drill on séts’

exercises tha; are all of one-type compared‘with drill og\sets of '

. exercises of varied types‘ the differentiation of instrpctional.material

‘v

from similar material introduced previously, and ‘the efﬁectiveneas of

‘a method of juxtaposition to overcomg difficulties in maRing such a

- P

differentiation. ) ; o e . \5\\

_breaking the problem into parts, and splving the prohlem aS‘a whole., -
'The approach ighsimilar to that used by Newell ‘and * Simon [Fﬂ in ahalyz%ng

.

*

The second Brushlinskii -article in this volume is a,detailed logical

analysis of the thought processes involved 1im ,problem solvihg. It is
a critical analysis of other theoretical and pedagogital statemeﬁts on -

problem solving.  In particular, Brushlinsk%i argues Yor the inadequaty

of heuristic rules such as those givén by Ro 4§3] because of Polya g—=
iy
and others --lack of distinction “in Brushli ii.Q yiew, b.etween the

requirements of a problem and what is being sought (Ehe unknown)

The final article in‘the volume is a ‘summarigation by Fridman of
a program of empirical research and the analyses of the logical—méthe~
mdtical chsracteristics-of arithmetic probilems, leadlng to ‘an extensive
theoretical statement on the mechanisms for solving arithmetic problems.

Object models, verbal models, and mathemstically symbolic models of '

" arithmetic prohlems are formulated and illustrated with'examples.

.

These articles illustrate some'of the range of Soviet interests in .

studies of reasoning processes. In particular, the series of related
studies show how some programmatic research has been done that manages
to bring tpgether theoretical analyses, empirical data, and'implications

for instructigpf The orientation toward instructional practice that

-

-

xiv

.



L AN L bt
o VAR AN S

.
‘ .
- ' I PR . )
v - Y [ ]
! . - A P . ‘
-

{

~ distinguishesféok nuch of Soviet édugation

is particularlysevideént in, the stugies‘;epdrted in fhis volume. .
o . - ’ J .l‘ ) . .’ . - N , . ., ’ A
: - B ' ’ 4 . . e . *
t X d « . . 1 * ) .
) }\ : t " . . .
¢ ] . R . - . . -
; . ' P ]
Ll < *. L L. -
* v, ) . - ' Ld * \‘
fLoa - >
x/‘ ’\g. P ’ ] -
f, ~ . .
. . - . . -
- tv v Y . '. &
. . A ‘ - ' , L
. i ' - N N ] RS
Ve . . ' ‘ . .
. ; . ) s' - e . r\ . } ,
’ ¢ LY e . g
' ¢ - K .‘ ' rd - . L
' . L] * .\ N . * . bl . . ) .
[ - R ‘ - .'
) . L T
. | , - ,
A . . ¢ . ..
N h
' , .
. ¥
Q * - - ' - 1
) ’ .
- , ‘v
~ ¢ . ) .
) ' P . \
4 i -~ a
. , ,
. > ] ‘ ,
' N . 1 | “ ¢
. ; . -
- :
} * . . . .
- . i
. [
“ )
.
¢ Ed
H -
)
» . . .
v . XV ) ,
‘ '
? f\ \
-»
. g .
ERIC 15 ~

Aruitoxt provided by Eic:

'Y f : ' -
H

dl and psyghologicni research .

o



]

“o L . REFERENCES

l. ﬂ\]ewell "A.,-and Si:ﬁon, H., A,, Human Problam Sclving, E:ngléwood
CINEs, N.J.,-Premtice-Hall; 1972, .

2. Piaget, J.- The Child's Conception of Number Lon?on, Routledge

- ‘.- and Kegan Paul,, 1952, -

T

3. Polya, G.  How Te Solve It, Second Editiog: New York, Doubleday,

.
1957. )
. » -
. * ' o - v
. - ' .
. ". -
= - ' ! )
i ¢
N . , -
. f . R N
? - K Y ‘
- - . -

} b ]
-4
»
. .
. ¢
\\
§ '
..«r ] .
{
A LY
- -
¢ {
o , .% .
¢ ¢
v ] -
-
ge
'
'
xvi
.
L




-~ . “ ‘ ." ¥ ¢ ‘
: ' L
. I S : e o B Y
L THE RQLE OF COMPARISON .IN “THE' FORMATION.OF
. & . * . % :" . -
. CONCEPTS BY THIRD-GRADE PUPILS '~ =
| M. N. Ushakova )
« " . : . ’ 4 4 : L. . A . ) e,
’ . ' . ‘.’ ‘l 4 e
v : 'z%" Introduction ..'s B R

- ° ﬂ»?' : ' o ~ .

. Soviet ps§ChoIogy3 according*to the'Leninist theory of riji§Cthh’ ;
defines concepts as imagea offhbjecta or of: pﬁOceStes (or of dfvidual’
propertiea of them) which WR do nbt perceive at a given moment. It ‘.
- is known from research that concepts,;.which are reproduced images of
reality, have s numbex of features to distinguish ‘them from sensations

'. and,perceptions arising from the influence of reality over the sense :

AR t -

organs. ) Loy T \, P f

“In general paler than perception, concepts can<haﬁé a varxing

_wvividness. In some persons, the visual concepts are the most vivid in
.others the auditory conceyts are most vivid, in still‘others the‘motos
concepts are most vivid, and so’ Qu. .
. o Visual concepts cén have varying vividness, depending on ‘the con-
' ditions of perception, the nature of the object, and its significance
~5/ for the perceiver. We haye had an opportunity to become convinced of
, ./ this 1in asking schoolchildren to reproduce various objects from memory.
The relative precision of the graphic reproduction and of the verbal
dedcription by the examinees gave ug}the right te draw conélusions aggut
the significant differences in the vividness of the images. In some
_cases, the vi?idness of an’inege was close to the vividneas‘ofia per—

3 .
‘ception; in other cases, it was distinguished by pdllor and vagueness.

~ .

bl

The research is a revised part of a doctoral dissertation, done
under the supervision of I. M. Solov'ev. Published in Proceedings
[Izvestiya] of the Academy of Pedagogical Sciences of the RSFSR, 1956,

+ Vol. 76, 39-—3’; Translatad by .Joan W. Teiler.

®

lIn discussing copcepts, we have in mind only cencepts obtained as
a result of the visual perception of objects.

-




. . b ’ - T °
-;::. _ lt is characteristic of«conéepte.that individual pargs and si ,
K ;‘ of the objects conceived are @iven with~great vividness, dthers very
; dimly, and still others are altogether absent. The investigation we v
R conducted provides proof of the appe’aran‘of gaps in concepts; T‘t;us, ’
a- third grader’' 8 representation of a pitcher ﬁhat was pereéived pre—
'vviously was sometimes reproduceﬂ without a spout, yithout & béttom, or
o without a handle, and the leaf of a currant shrub was qometimes Tepro-
~  duced without lateral protuberances. All of®these parts occurred, of
. couf%e, in the originals. While"it is generelly accepted to. regard all

rfg\ﬂ “ gape" in concepts as identical ‘in their psychological natdre,’ it’ is .

(N
y”‘k ~hakxd to-agree wfth this. Our observations show theffiere essential
o differencee etween the "disappearance of parts found on the periphery .
- of an object and the "disappeerance of the- obiect. - hR L " o
. let,us cite examples of gaps in peripheral perts. Third graaers
JSometimes neproduce the leaf of a currant shrubtwit ut lateral protu-
berances (Figure 1). They rEproduce an earliﬂf“perceived representation
# -
. M ' b ,‘ ¢ *
R | . i ‘ E ’
‘ - ; \ - l' R i(
) g ) / \ - P
- & | '/'f k i 2
N g‘ .\\ ";‘g | . :
F} N 7‘ ! ! { 1‘* - .
Tl -\ / f,f/]- | ‘1,7 & X
R ) e-% é;
.,\ s < /} . /7?‘
|\ S 7o
Y f)] 3 g _£%§ .
\ : ' . .
A ’..5 : ‘ } ; l‘/.
{ Ny NS : 7/:" . .
» — z
i ’ N w’ - )
. " / 1 : (
A - oo
v t 1 \ }-
T . ' b . »
N !
. Figure 1
~ . N ~ -,

of a pitcher without tlie handle or the spout (Figure 2). The repro-
duction of a pitther without the line separating theé ;gftom from the

body (Figure 3) is an example of the falling away of- ternal details.

2 .

18 B
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5 _ U ) .
’ The niétinction between the cases consists‘in the fact that, in thg
. disappearance of an internal detail; there are not gaps, in the true )
"~gense of the word, in the concepts. The, object remains intact Mn the
. ‘'concepts, although more uniform (owing to the abseﬁce of detail} 1A
the” disappearance of bordex detail the object. in the concept has a real <K
gap. We note that in our experiments, the incompleteness of- concepts
‘increased with the complexity in structure of the_ objécts. | Reprodgctions
of leaves showed-more incqmﬁ%eteness than the reproduction of\’pitchers.2
An individual pargj\a detail of an object,” sometimes ig not fully ,
absent in .a concept abut turns out to be smoonhed over. ‘That is, the .

pert msy have lost. its significance to seme'degreé- Othhe other hand,

.a part may have bee%ﬁgonceived in accentuated form, obtaining an unusual
exaggerated significance. According “to dur data,, the smoothing over oﬁ
parts and details of an object occurs quite often in concepts. ‘In one
of the invesgtigations we conducted third gradérs remembered and thgn v
reproduced in verbal description and graphic representation a birch lesf

-and a currant shrnP leaf. In the reproductions obtaiﬁ!ﬁ'from the pupils
the prominent teeth on the birch leaf were smoothed over in 83% of the
cases, and the lateral protuberances ‘on the currsnt shrub leaf were”
smoothed over in 50% of ‘the cases. An exaggeration or accentuation of \

. parts and details arose more rarely in the concepts and primarily with _i
simpler gbjects. Thus ;ne smoothing over of scme parts and details can

" occur in cpncepts, while other traits are exaggerated or accentuated.
pr—= ,__'.(, = | ~ -~ L
' | )

BN

f
'
|

’,.\ L

!; L
.
|

Figufe'Z‘é a Figure 3 }

L' ¢

2Our experiments confirm convincingly that children & concepts are
netable for significantly less completeness than adults' concepts. This
circumstance s¥ould be taken into consideration in work on the formation
of schqolchildren's concepts.
o )
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The relative dimensions3 of objects can be changed in concepts. |

,Our experiments have shown thab in the pupils reproducgfions, objects,

on the whole, sre uspally reproduced with some changes in proportion.
The- widtH was overestipated\in sahe concepts, “and’ the height in othets.
Thus, a currant shrub leaf was reprqduced as'Broadened-—the ratio of 3
width to height was 98 1% invthe reproduqtion, but 86/ in the of&ginal.°
On the other hand, a birch leaf was reproduced asxnarrowedr-tﬂg ratio

of width tq ﬁeight‘of 514 instead of the 54% in the originaf (Figures
4 and 5). , R T *
. . . » L . [ o .
'S e < N N ’ * Y . ,{ r
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. . : ' . A3 \ 7 i
The concepty can differ from their respective objects on the basis:

of absolute size.4 '‘In thé experiments we conducted with third graders,

it came to ligh& the in reproductions done immediately aftEr pregen-
tation‘ the sizes'of the objects studied, as a rule, were underestimated
Experinints showed that absolute dimEnsions were reproduced most accu-

rately in the simplest objects (lines). With complication of the

objects (rectangles, leaves), their absolute’ dimensions décrease consi—

derably. The larger the size of the original, the more significantly

its dimensions are decreased in reproduction. A tendency toward under-
o . .

estimation of obje¢ts in reproduction.ié so strong in childrem that it

shows up not only ‘in reproduction based on memory, but in the direct

- .

3We-regarde the relationship of width to\height, in each object
conceived, as t relative dimegsions. ’

4_We regarded as absolute dimensions the length of the lines, as
well gs the areas of rectangles, pitchers, and leaves. !

: r ' : i
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In our study of concepts of'leaves, a gen eraf simglificetion of

objects was manifested rather often in the concepts of third graders.
This siﬁﬁlifieation was exgressed*both in simplifying the ip&ernel
sbrueture of .a leaf (the ‘'venation) and in its eﬁﬁerior tnacing. The
frequency with which th£§ siﬁ\tification trose and its degree appar-
ently depend on the eomplexity of the objects. Thus, {n our experi-
ments, leaves that. were more complex in structure (the leaf of a
,currant shrub) were simplified more often and more i&tensively than
simplex -leaveés (the birch.leaf) It must be noted, however, that a

percelved object can’ turn out to be more complex in the examinee's

Eon‘epﬁiqg, in a number;of cases. This complication occurs -due to

the ap'eerance of rdetails lacking in the originals. Evidently,‘;he
\ i;ature of'the complieations and additions is not accidental. . It is
,conditioned by the child's past experience, the activity of his
reprodue;iodk~the process by which a child strives to perfect a

-~

e T '
2

perceived object.
gtudy of concepts,5 that is, images of objects absent at a-

The
given moment that influenced our sense orgahs earlier, assumes
e ER . b . ,
RS “ ¢
’ 5In examining the features of visual concepts, we didgégt touch
on their generalized nature,.supposing that a study of this question

should be the task of a special investigation. We did not study the
problem of general concepts either. ,
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primhri\y the prEkence of a resemblance to the object. This resemb-

lance, really, is the refllection of the object. Sinee they are ‘repro-

i‘ 1 vduced dmages, however: concepts in the most complex conditions of the'

reproduction prqcess often ‘reflect - the approprfate objects inadequately
3 cThe facts cited correspond fully’ to ‘the dialectig-materislistic. )
understanding of concepts as secondary images of the wreflection of
reality. From this poiat of view it becomes !ﬁtirely clear that only

in extremely, rare cases can, concepts havé’ vividness in perceptions, -’
cbmpleﬂe?éss in them, stability, wholeness, that in the overwheln}ng
majority of cgses, the concepts (especidlly the\eoncep of younger

2

[ pupils) ers‘paler than. tﬁe perceptions,,unstable, and .ihcémplete. As .
\ testimony t&\this there is the lmportant.end labortqud work.of ‘the

-

‘best teachers in creating in- pupils vivid, campletew and stable con— ' \

" - cepts,d§ thé objects and phenomena that are studied.e .
' It sHould be said that all the noted traits of concepts are ex-—

pressed particularly sharply in children of young school age. Our /»

v

experiments showed‘that in the concepts of young pupils, smoothing over
and accentuating the features of oy’e ts, underestimqting the size of
the originals in“reproductions, and the diffusion of the internal
. structyre of ‘objects, are manifested more sharply than in the repro- *
rlductio s of adultsl The augmentation and comnlication of objects
. are so found nore often and more sign}ficsntly i;tthe reproductions
by pupils. Moreover, the great general variability with time of the
pupils' concepts should be noted. Therefore, it is especially impor-
tant that teachers achieve‘not only' an’' adequacy.of younger pupilé'
concepts of the objects perceived, but durability of these concepts
as well. oy - ¢ ‘ T
Psychological Investigations of the reproductions of objects over
variousfintervals of»time after perception have shown that tRey do not
repeat one another; thus the regularity of the changes occurring in
-them has been revealed. A detailed analysis has shown that the reasons '
for these changes, - on the one hand, lie in”the deformafion‘of the images
. themselves under the operation of time and, on the other hand, it was
clarified that changes in images can arise’in the process of repro-

» duction under the influence of external'cdnditions——for example, changes
“ : ' . ’ . 4
- | 6 . -
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in the goal or task of reality.

- Soviet psychologistg (I. M.-Solov‘e

- b

the greatest detail two interrelated directions of change of céncepts'

v exaggeretion of its differencea from old, more’ familiar pobjecks), and

the accentuation of features of the new fﬁject in a conﬁept gire

the iken;gg of a mnew object (smoothing overdfeatures, an increase in
likeness Jo a well-known, old copcept) The experiménts showed that
likening is a more Extensivp and profound changk in concepts, whicir
supersedﬁ% the initial accentuetion. : S . ’ '

In fpeaching id school, teachers, ose different methods for cresting
in the pupils sufficiently complete, sccurate concepts of the objects

/
- studied The most widespread of these methods are the depénstration ;
/ of &n object in”’ a lesson, accompanied by the teacher's explanation8'>

, the repnesentation of an object on the blackboard by the*tescher,
sketching it in notebooks by the pupils; qu.the xepeaqed perception
of an object by the pupils. While recognizing the importance and

‘advisability of using these methods in teaching, it should be noted
.that some of these methods (drawing) take up too much time, which does

not allow them to be used often; others (the repeated demonstration
of an object) are né&falways effective. Nearly the most effective

and most convenient, but, unfortunately, an insufficiently used means

‘which makes a concept precise is the comparison of objects in perception.

It would be a profound mistake to suppose that comparison i1s brought

aboug equally, regardless of what we compare and -for what purpose we
make the comparison. On the contrary, it is esteblished, for example,
teet.comparison of perceived objects has features that distinguish it
from the mental comparison of conceived objects. According to our
ohkservations, the nature of comparison changes depending on the purpose.

But the purposes of a comparf%&ﬂ‘csn be quite diverse. In some cases,

/

comparisons are used to define more precisely concepts that are already 4

familiar or known: in others, comparison is used for elaborating new
concepts. Comparison can also be used for memorization, reproduction,
generalization, abstractioo, and the like. Comparison, finally, is
used for the classification and systematization of ideas and concepts.
The process of comparison appears‘as an essential Seans of forming a

L.
.

. _ 7
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. System of ideas, elemédtary-concepts in general, or a system of know- |
.‘ledgt in schoolchildren. : < - p “:‘iﬁ.
N In a study of the question it is impossible to overlook the madbr ’ ‘
- contribution to the methodology and psychglogy of comparisen that ! t i*?

\

Ushinskii has made., Without entering into a critical examinstion of '.f

Ushinskii's studies of comparison, we should note that the great Rnssiaﬁ ‘,K.
educator and psychologist showed the significance of comparison in’ the :Qﬂ X
proceSS of cognition of reality, as well"as the role of comparison in ‘ .

v

B

teaching children the f&undations of the scienges. He wrote: ’

It is through comﬁarison that we get to know everything
in the world [our italics], and if some new object i8 we—
sented to us, which you cannot equate with anything or .
differentiate from anything (if such an object were possible),
we could form no thought about this object, nor could we say

- "one word abdut it. If you want some object of external
nature to be quite clear, then differentiate it from the ]
objects that‘are most 1iKe it and find similarity in it with ’
the objects that are most remote from it: ‘only then will y you
find out all the essential features of the-object, and this
means.pnderstanding the object [7:436]. ©

!’é
It must be noted that, unlike the majority of his contemporaries,
UshinsKii's views contained elements of a dialectic approach to s
settlement of the problem of comparison. Thug, Ushinskii wrote:
", ..Both the feeling for similarity and the’ feeling for difference

are ly two sides Qf the same process——the process of comparison
[6:47 '

In valuing comparison highly for didactics, Ushinskii showed the

- variety and wéalth of opportunities for using comparison in instruction. !

Even though the most progressive teachers use" comparison in their
lessons, hewever, there are no united demands for the usevof the pro-
cess of compariSOn. Eveﬁ for elementary school a methodology of the
comﬁarison process has not been worked out; there is no selection of
objects for comparison atcording to topics. ..‘

The authors of the best contemporary methodologies, in.stressing
the importance and neceSSityfof comparison in instruction, unfortunately
do not give methodologically elaborated igdicstions for the organization

and tonduct cf combsrison——in particular, advice on what to compare or

in what order. Nevertheless, these features are quite essential, since

>
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the result of Ompar pends on gﬁém: . ~ -

’ )
The ‘importance of the pgﬁirl‘eh of co i‘:;; éi:jeet;sﬁ prompted us }o '
conduct- special &xperigmental ipves¥igations of thi:e a.op{pa«ris’on process '\ .
in ;he- third grade of gch?ﬁ(. " we e?fﬁric-t‘e.si *to show f:ha%*compg;:ison wi;l
promote thé exposure of the dis‘tinctivﬁenesé:of‘ the objectd and a mqQre -
preci§e reproducﬁ%n of tiesé ‘::bjfects ’

[

: - o ? o
on the %asis of ,memory._. ' T
. . 3 Y BN .

-

Investigafign I. The Influence of Camgarisonm'f- ' (IR &
ry - T A —— : '}

Two Obﬂgcgh éé_Aécufacy ég_Reﬁroducigg Them . ., . ‘ :
« 7 . : ¥ T N . - <

The task of the’present inbestigation was to\g;établiéh’:' . What
‘(concrete) influencé.is exerted by cqppariéon'of;geféeiybﬁ objetts oﬁ/'
the quality qf théir,@ubééq&ent reproduction? ‘qufﬁdésfggg'qualiiy‘:i.
reproduced images depend on tfe comparison of objects that-are gimilar - .
in a varying degree? How is it possible ta-improgé:'to perfegq compa%i- N

son, so that it promotes the rise 6f‘qoncepts that reflect the objecté

more accurately? . o IR : - 1
Method . '

 The examinees—third grade pupfls~-were given d;&gd leaves;f;am the’ : e
herbarium, attached to cards®(8.7 x 13 cm) and covered with cellophane /ﬁﬁ N
for preseréétion;,outline representations of?two ;&échers, two rectangles,

.and two lines, drawn in Indig/ink oﬁ'tardg of white.paper {7.2 x10.8 cm).7 -

¢

* The experimental material was presented in pairg composed in the

o .

6Béginning with 1940, in Soviet psychology the quedfion giskh;\;to— N
cess of comparison in pupils was inv%ptigated eéspecially by I. M. .
Solov'ev, 2Zh, I. Shif, M. M. Nudel'man, A. A. Smirnoyx, N. P. Fester,
M. V. Zverewfl, V, E. Syrkina, A. I. Lipkina, R. I. Ivarov, T. D. -
Kirillova, and otfers. . ‘ Y

-

A

~ re

7The objects selected were taken from elementary school practice.
Thus, the leaves wefe chosen in connection with the fact that, beginning
.in grade 1, the children shou¥d become familiar with various aspects
of trées; the geometric-figures were chosen because an elementary study
ofy geometry is begun in grade 3——the children become acquainted with the
simplest geometric figures (rectangles, triangles, lines) and start the
study of ‘areas. ' .

. ."/
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‘following way: : - ' .o o
Pair I -- a birch leaf and a currant shruyb leaf (Figure 6);
L Pair II — two oak leaves, diffexing in dimensions snd shspe .

| (Figure 7);, - Y .~
Pair II§ — two pitchers of differedt shape (Figure 8); -~ .
“Pair IV -—— two rectaugles, di%fering in wiith‘(Figuré 9);~

Pdir V - two straight lines of different length. ‘
The experiment proceeded as follows. -TThe pair of ohjects was =
. presented.to each examinee._'Esch object was presented for 10- econds.
Thr'ee 'stconds after tHhe first object qf‘a pair was taken ‘away, the
' ’ étond was presented. The reprbduction followed immediately after the
. posi;ion of-the -secongd object in. eac% pair. The time for reproducing
was not.limited . The chiié;en Were told baforehand that they could,
correct and improve their drnqings for“g‘piong a time as they needed.
When a reproduction of the.first qbject in a pair was finighed, the

-

¢

.9: ‘

*

experimenter took away the completed drawing, and the examinee repxo- .
duced’ the second object.

Before .each experiment, the examinees were asked ‘to examine carl )
fullge-the ob}ects that were shown, to compare them with one enother,r
to establish simflarity and difference, and to try to‘remember them as

-

* "F . . . !

well as ‘possible in order to reproduce the objects in the same.sequence .

-

as they were presented ‘as accurately as possible. After the repro-—
duction of eech pair of objects, a discussion was held with the exemi«
nee, in which the sort of objects‘he saw was escertained Were they
similar to one another or dissimilar? How were they stmilar? How
dissimilar? The experiments were conducted with 30 pupils in third

grades.in Moscow. Control experiments were conducted with a group of

adUlﬁS . N ) ’ »
-« s . N

Results of the experiments

Does the comparison of objects %pupils in third grade of the mass
schooiapromote an improvement in the. qualitx? of the appropriate concepts?

L

. , SBy the quality of doncepts we mean the degree qf accuracy of the
. reflection of an 8bject. ' .

? ’ .

T | . 1w .
‘(\ . /-/ —«\’/.‘*\,
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To answer this\question, we must compare the results of teproducing the

i
’ 1

.-

\

- °
‘Figure 8

s

< same objects whe

A

«compared during perception.

erceived in isolation without comparison and when

fem

Fiiﬁre 9

§ \ The experiments we conducted permit us to assevrt that the compari—

éon of objects during petception exer;s a positivesinfluence on the

reproduction of the objects compared, by pupils in third grade. The
R reproductions obtained wi:h comparison during perceptiqgvsggtain fea-
tures and parts of objects omitted by pupils.repgoducing ebjects per-

' ceived insisolation.

1f the lateral parts of a curran
&

shrub leaf

were missing in thé reproduction without‘comparison, th agﬁgfkcompar—

ing the, leaves.of a birch and a currant® shrub, in the reproduction of

the currant-shrub leaf there were wide lateral protubetances with sharp

tips,. agd typical of both leaves was a cut in the graft.

ductions of oak leaves were alao more complete:

»

.

3¢

2
.11

The repro—

in the second oak leaf,

i
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(in order of presentation), a new, large‘ﬂlaterel tooth (4), a graft,
wag added after comparison®(see Figure 10, a and b) s In the repro-
‘duetion of representetions of pitchers after comparison a spout appear—
ed on the second pitcher in the pair, and at the botfom df the second.
pitcher, a widening of the lower part was added (see Figure 31, a and

N K4

'b). , , |
Smoothing, over of parts and details in reproddétions after comperi—
- son diéinished and features that were'smoothed over earlier in objects
" began to be reproduced more expressively. Experiments showed that in .
this case ip the reproduttions of bfrch and currant ehrub leaves, the
se§tation4%:

grooves appeared Or became deeper in places where grafts were attached,

"an incline of the tip to the left appeared in the birch leaf. In the _

N oth leaves began to be reproduced more expressively,

reproduction of pitchers after comparison, :he spout of the second
pitcher became pointed, and ‘the lower’part of the bpttom of this pitoher
elso‘becenz pointed. ’ ) ‘ ' |
Comparison appreciably improved the reproduction of the’géneral
outlines of the objeets. - The examinees' reproductions show that the
proportions of the pﬁjects‘efter compdrison were reproduced more
accurately in 60 percent of the cases. Thus, after comparison the
examinees reproduced the relationship-of width to heighr more accdietely
in five (out of‘eight) objects. (Currant gﬁrub leaf B, oak leaf.A

pitchers A and B, rectangle A.)

The reproductions we obtained from the examinees also allow us to
establish that comparison exerted affa orable influence 'on the repro-

duction of absolute dimensions in five put of ten objects (Table 1).

n

9In Figure 10a an oak leaf is represented after an isolated

'reproduction. Figure 10b is a reproduction of the same leaf after .
comparison with another oak leaf. Both drawings were done by a '
single examinee. - ! ) .
u 12 ) .
{ A? + - ~
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) . TABLE 1 . |
. Percent of Absolute Dimensions
in Reproductions
_ . Currant | Oak Pitcher | Pitcher | Line
Number of | Type of Repro-| Leaf 2 Leaf A A 2l B L, B
Examinees duction 5226 mm! 5994 mm™| 1326 mm”|_ 1479 mm | 43 mm
20 Reproduction 50 54 65 81 94
rwithout : .
. Compapison ’
20 Réproduc;ion 58 59 80 86 /96
"af ter Compari- ' 3 . .
son in a Pair . . . * e
LY fal A

. relative diﬁgnsions of the objects compared.

ones (two pitchers--two lines) were studied.

Table 1 shows, however, that®the absolute dimensions of the objects

in the drawingé continue to remain significantly smaller than in the?
originals. o

The experiments showed that comparison assists the appearance of
the parts of objects that have previously been lacking in pupil;w
reproduotiops, leading to a more expressive representation of the parts
and.details of objectsT(a‘decrease‘in smoothing over, an increase in
breaking down into details). In some cases comparison also turned out
to be useful for a more acc%rate reproduction of both absolute and
In general it can be
said that the reproductions of objects aEQer comparison approéched
the models in some, and often in éll,réspects.
'''' Does the result
Would it

Would it change, for

of comparison depend on the nature of the objects compared?
be identical in the cofiparison of any objects?
example, according to whether the objects compared are similar,or dis-
similar? s

i

'We considered it desirable to obtain numerous data on this ques—~
tion, and we therefore used simpler objécts, a changé in the repro-
ductions of whioh lends itself to a sufficiently precise measurement.

The reproductions of dissimilar pairs (pitchers--lines) and similar

14
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- :TABLE 2
Absolute Dimensions of Reproductions of Pitchers
'UnQer Similar and Dissimilar Comparisons

A A

o L | . Pitcher A Pitcher B°
Mean : Meaﬂ
Number " Percent of] Deviation | Percent of | Deviation
of . Comparison | Width'to from Width. to from
Examinees | in a Pair || Height Original | Height - Original
v e . '
. line | ;
© 10 Two 55.2 +1:2 59.8 +2.8
) pitchers

~ T
PO

“Bpitcher A: Percent of width to height in the original-;51.
Ppitchér B: Percenf of width to height in the original--57.

.

N

A
h TABLE 3
Absolute Dimensions of Reproductions of Lines
Under Similar and Dissimilar Comparisons
Nurffer | - Line A® Deviation| Line B Deviation
of " Comparison | (Arithme- from the | (Arithme- from the
Examinees! - in a Pair tic mean) | Original | tic'mean) | original
10 - {* pitcher-- 29.8 ~2.2 41.0 - =2.0
line ,
10 | 1Iwo lines 30.3 -1.5 41.4 -1.6 ~J‘§€

A
o

| 8length of line A in the original--32 mm, of line B—43 mm.

The data in Tables 2 and 3 show that the reproductions of dissimilar

chjects deviate significantlj'from the originals. Similar objects were

reproduced much more.accurately.

Consequently, the results of compari-

) ﬂsan depend on the objective relationships of the objects compared; in

15
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—~ _particular,/the results depend on the degree of similarity of the objects
-~ to be compared:' ) } o ‘
It was established in Pgvlov's experiments that an ighibiting pro-
cess lies at the baéis of differentiation. Here——Pavlov points out--
...the higher the degree ofﬁdifferentiation inhibition, that is, the.
closer the\differential agents are tq-each other, the more significant
is the successive inhibition, all othef conditions Being equal [4:139]."
) b\\'E‘he positive role--established in our experiments——of comparison in
. the process of exposing the features of objects finds confirmation in.
Pavlov's research. He writes: *

i
] . *

How does the specialization of a conditioned stimulus,
the differentiation of external ,agents, proceed?. At first
we thought that two devices take place here. One was only

- the multiple repetition of a definite agent as a conditioned
stimulus....: The other was the intermittent contrasting of
- this definite, constantly reinforcible, conditioned stimulus
with an agent ‘close to it.... At present we are inclined to
admit the validity only of the latter device {4:130].

- ?

The experimental investigation that has been cited permits us to
establish that comparison of objects in the process of perception
exerts g positive influence on the reproduction of objects by third
graders and that the influence of comparison depends on the objective
conditions-in which the objects to be compared were placed. The experi-
ments showed that the result of comparison is different in the repro-
duction of pairs of more similar and of lessfsimilar objects.

The peculiar traits inhereny in given pbjects are exposed in the
best form in the comparison of tie most similar of them. Thus,)the
'peculiarity of the general shape and venation of a leaf was best
reflected. in the reproductions of similariiéayes from an oak; the
peculiar serration of the edges was especially expressively reproduced
with the leaves g@»a birch and of a currant shrub, which are most like

ke -
each other in this respect. . )

The peculiarity of proportions was more accurately reflected in
drawings of objects more similar in that respect (pitchers); it was
revealed more weakly in objects whose proportions differed significantly
(the leaves of a birch and of a currant‘shrub)

¢

. »
It turned out that the quality of the reproduction of an object
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depends on the place the object occupies in ﬁhe pair to be compared.
Our investigations showed that, in successive domparison, if the inter-
val of time between presentations of objects 1is $§3;ls the first object ‘
in a pair is reproduced best. It should be borne ip.m nd however, that = =
- with an increase in the time-interval Between presenﬁgtions of objects,
the quslity of reproduction of the second member of a ﬁsir begins to be
heightened. ' / \\“ N .

In the analysis of the pupils’ reproductions, a dependgnoe of the
result of comparison on the complexity of the objects compared was
clearly revealed. This dependence became apparent in the fact’ ths; the
favorable influence pf comparison in the sense of an increﬁse in complete-
ness and of the elimination of smoothing over in an object in a repre~
sentation, ‘affected chiefly the reproduction of complex objects. Of& |
course, there is a question as to the degrees of complexity thatvthe:}
objects we studied possessed. ’ X

All of the proofs cited above for the positive influence of compari—
son on the quality of concepts should not hide the’impottant circumstances:‘
that in many cases of the comparison of objects there were not enough
examples for making coﬁcepts.more precise. . S

The comparison of objects in a phir in some cases did not fully help
to overcome incompleteness, smoothing over, and the changeability of pro-
portioos and of absolute measurements of objects in the concepts of young
pupils. And what is more, it sometimes even resulted in a deterioration
in the quality of the images of objects because a likening of similar
concepts arose. This caused features of the objects to be smoothed over
and the similhri;y between th, objects in a pair increased significantly
and illegaily. In some cases the particular and distinctive traits of
~an object were sharply»exaggevated accentuated as a result of compari-
son, and the proper representation of objects was also thus impaired in

4
the concepts.

[y
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Investigation II. The Influence of Compaxisom of
Two QPbjects with a Third on the Formation -

of Concepts

¢

’

- A comparison of tﬁo‘objects is not always enough for the‘graétion
of cemplet%, accurate concepts of these.bbjects.‘&Somé essential fea-
tures can remain unrevealed. Observations show that in these diffi-
cuit cases teachers ask the pupils to compare the objects in a pair
with a third object.}o Practice shows that the skillful use of this
’technique, which promotes the exposure of hitherto.unnoticed features
of the objects being compared, at the same time promotes an under-
standing of the actual relationships of the objects compared and thus
assists-the mastexy of a system'of_knowledge. : . : \

Observations of lessons have shown that teachers seldom use this
technique. .Only educators who work most thoughtfully use it systema-
tically in teaching botany and zoology ie.g., the teacher Gavrilov in
the Kalinin Suvorov Military School). However, evfn the best teachers
Use this technique with an insufficient realization of its significance.
- We believe thatv; psychological étudy of this technique is quite
timely. It is entirely clear that in thg‘process of this comparison

- the pupils experience new ties and relationéhfﬁs between the objects:
to be compared, and they interpret them more deeply.

Let ﬁs note that in Soviet psychology, Zh. I. Shif [5] was the
first to become interested in this fact, in 1941, and six years later,
N. P. Ferster [1]. Shif foﬁnd that the use, for comparison, of a pair
of auxiliary objects facilitates the singling out of features in the
process of comparison and promoteéfthe exposure of the relétionships
between objects that co&ld not be exposed in compgﬁigg them in a pair.
Ferster confirmed the basic conclusions that Shif” obtained, but the

investigations they conducted did not affect the question of perfecting’
‘ ° i

-

lOThus, in order for seventh graders to understand the similarity
between the brains of reptiles and of fish, N. P, Panchenko, a teacher
in School .No. 114, asked them to compare preparations of reptile- and
fish-brains with the brain of a bird, characteristic of which 1is the
presence of a cerebellum.

18 .

o
A -



- 1/‘\J

' the third object with the objects in the pair,

. -

concepts with the aid of this techaique.
The following 'questions confronted us: | ' 2
1.. Does the introduction of an auxiliary, "third" object influence

the coneegtion of objects in a peir? |

4

2. Does comparison with an auxMiary object alweys yield a posi—
tive result? ‘ ‘ T
3. Does the influence of the "third" object depend on what object

is)used as. auxiiiary-—in particular, how does the influence of the

auxiliary object depend on the extant of its similarity with' objects in

the pair to be compared? - ‘ . ! )

4. Does introducing an aguxiliary object promote the exposure only
of similarity, or can it influence the isolation of differences? '
| 5. Can the iqeicated technique sefve as a means of perfecting
concepts? . T ‘ : ®

Our task was to investigate and to prove the many—sided influepce
of auxiliary objects on Eﬁ; comperison of ebjects in a pair, and to show
theAerendence ot'that ieflueece on the relationships entered into by ;

The educational significance.of the study of this question is
completely obvious. Even a partial solution to it will put ‘into the

teacher's hands a didactic means for creating mpccurate concepts of

. objects. , ‘ ( _ o >

Method

A month after the first reproduction, described in Investigation I,

_ the same third graders were asked to copy and to remember a third object,

similar.in varying degree to the objects of each pair to be compared,
and only afterwards to compsre:end reproduce from memory the pairs of
leaves, pitchers, rectangles, dand lines (Figures 12, 13, 14). The order
of presentation of the object§ in a pair,” the time for exposi on of
each object, and the interval between them remained unchanged in all
cases. In all the series, reproducing was done' immediately after pre-
senting the pair. |
The auxiliary, "third" objects were objects of the same type,
specially selected for each pair oh 'the basis of shape and dimensions.

¢
L4
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Assuming that thé influence of the auxiliary objects would be determined
by the degree of their difference from the objects to be compared, there.
were specially selected.as auxiliary, "third" objects for the first pair——
a linden leaf, more similar to the first object in the pgdr (a birch
“leaf), for the second pair--an ash leaf, more similar to the second, the
oak leaf. For each pair of simpler objects (repreésentations 4f pitchars,
‘rectangles, lines), some auxiliary objects were §elected, differing, in
varying degrees,'{n width and length from the basic objects.in the pair. -
Thus, 17 series of comparisons with auxiliary objects were conducted,
some of whlch were smaller than the first object in the pair, and others
of which were larger than the second object in the pair. y ’
By having the examingek\sopy the third object before comparing a
pai;, we expected Eo elicit its influgnqg and to determine -the natuxe~§f

&

that influence. . . ’

-



Figure 14

Results of the eéperimencs. | A , ‘

Introducing an’auxiliary object into the cSmparison of two objects
exerted an influence on the reproduction.of all of the objects. This
influence was more significant where the third was more similar to the
elements in the pair. B

The reproductions we obtained from the examinees show that copying .
a third leaf (a linden or an ash leaf) before comparing a pair promoted
a clarification of the concepts of the leaves in both pairs. The chil-
dren's drawings show that this kind of comparison with a '"third"

::object significantly helps to eliminate defects in the reproductions

‘that could ndt be eliminated when a pair of leavts were compared. Thus,
after compariscn with a "third," the representations of the leaves in
both pairs became more comglete. In thede reproductions parts of the
currant, shrub leaf (lateral ﬁrotuberances) and of the oak leaves Kteeth,-
a broad, rounded tip) appeared that haq been lacking in some cases
Jdurin coﬁparison in a pair.

T™)e smoothing over of features and the accentuation of them, which -~

+

occurred duaing comparison in a pair, disappeared in the representation
of birch and oak leaves. The general shape, the serration, gnd the
“venation of the leaves began to pe reproduced more accurately after =,
copy}ng a third leaf and the distinctiveness of each leaf in a pair was
.significantly better expressed in reproduction. Thus, in the. examinees'

. reproductions, the birch leaf began to be represented mere aecurately

\
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in ité general shape; it became widened in the lower pary ‘and acquired
its characteristic triangular éhape, the shape of theoriginal, and
its pointsg tip stood out clearly (Figure lSal). The larg&-l;teral
protuberances in the currant shrub leaf also began to stand out more

distinctly, and the lf;éfyas*ﬁroken up more (Figure lel). The

serrate edges of the 1l¥aves in both pairs began to be reproduced more

e

accurately after a third leaf was copied. On the birch leaf the
characteristic large. teeth appeaféd on éach’side. 1In the reproductions
of oak leaves, smoothing over the outline gave way to a considerable .
breaking down into parts——especially, the serrations of the second

leaf in the pair became daeper,-sharply expressed, while the outline

of the first ieaf, on the other hand, became somewhat rounded, as

happened in the models. 3§

S

-

& Figure 15a, b, a1, bl ke . T

>



~. Introducing a third leaf in a comparison also exerted a poéitive
influence on the reproductions of the leaves to be compared in the re-
'spect'that superfluous additioms, which arose in reproductions when

) !
two leaves were compared, disappeared afterwards. Thus, in the curraat

shrub and oak leaves (the second leaves in each pair) the“éuperfluous;
large lateral protuberances and teeth disappeaged. The absolute .
dimensicns of the leaves in both pairs were reproduced more accurately

(see Table 4).

. * TABLE 4
// Percent of Absolute Dimensions
of Reproductions .

—_—

Birch Currant Oak Leaf 0Oak Leaf
Number of Size of the originals Leaf , Leaf , A ‘2 B - 5
Examinees  in mm? 3596 mm”~ 5226 mm”' 5994 mm~ 5610 mm
20 ( Reprodpctions after 49 58 59 57
. comparison in a pair ,
20 -Reproductions after 65 73 68 . 72
_comparison with an : i
auxiliary objeqgt . W

vy
N
e

S

,C:\\; Note. The areas of the circumscribed regtangles in the originals
- and in the reproductions were compared to obtain these
percents.
+ In Lhe analysis of the reproductions it was revealed ﬁhat copying
a third leaf changed the nature of the mutual influence of the leaves
to be compared in each pair. The influence of the third dbject, which
was spread over both objects in a pair, affected differently each of
. the leaves to be compared, depending on the degree of objective simi-
larity of the third to .the individual leaves of the pair. Thus, copy~
ing a linden leafl inflyenced the reproduction of both leaves to be
compared, but it héd the greatest positive influence on‘the birch leaf,
which was moré like 1t in its general shape. a e ‘
In conformity with this, we obtained, "in our pugil~examinees’
reproductions, a more accurate representation of the general shape of

the birch leaf in 86wpercent of the reproductions'and of the currant

L I
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shrub leaf in only 60 percent of the reproductions. . On the basis of

. Figure 16 a,b, a

- the serrations, the birch leaf began to he reproduced more accurately:
in 80 percent of ’the reproductions and the currant shrub leaf in
mﬂyhépmcmm . S ’ v

Our investigation showed that in some cases an auxiliary, third
leaf in a comparison aided the judgment of similarity between a pair
of leaves, whereas in other cases, introducing it evoked an scceq—
tuation of the difference between thes; In an analysis of the results
it was established that the influence of the euxiliary object was
determined by the degree of its similarity with tHe objects in the
pair.. Introducing an auxiliary leaf (of a linden) that wss closer to
the first leaf in the first pair (the birch leaf) evoked an emphasis
of the difference between the birch and‘currant shrub leaves in repro-
duction;’introducing an au;iliary‘leaf (of an ash) significantly
different from both leaves\in the second pair promoted an increase
in similarity between ﬁhe oek leavestin tbe examinees' reoroductions.
Thus, it can often be: noticed, in the records of the statements made,
that in comgaring a birch leaf and a currant shrub leaf, the examinees
expased first and foremost th'e‘similarisy between tﬁese leaVes,ixd
only after an indication of the similar features did they turn t
exposing the features of difference., It,is'turious that after the

2
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LY : intrqduetion of a third object—a linden leaf--the examinees first )

;*9\' discovered the difference in the leaves to be compared, and only after-

| wards, and not in so much detail did they notice similarity. Thus, ‘;;

" ethe.examinee Natasha L. said that "after compefing the leaves of a e
currant shrub and a birch with a lindefl leaf, I noticed that they
differed."” And she added that "the linden leaf helpe‘;pe to draw and

to remepber the birch leaf. "

a ¥

LY

When an examinée was given similar oak leaves for comparison in
a pair, the ismtroduction of a third—an ash ‘leaf--that differed signi-
ficantly from both elements in the pair, promoted an exppsure and even
an exaggeration of the similarity between theoleaves in the pair. In
the result the ash leaf had leﬁ' ‘influence on the reproduction of. the

A

~§ featureg of both oak leaves, with its influence being negative in a

<certain reSpect. ‘ - ‘ P

. Al . r
I3

The experiments showed that here the influence of an auxiliary
object on the individual objects in a pair S different. In,general
. shape‘and sexration‘of the edges:‘the ash leaf was closer to'the second
"a ek leaf, although it differed more” from it than did the linden leaf
‘from the birch leaf. Thes experiments showed that aftei’copying the .
i ash leaf, the représentation of the general shape and sé#ration of the
. second oak leef was impro &a (the representation of the general shape
improved in 86 percent the cades, and of the serration in 80 percdnt),
while the represenra on of the corresponding features . of the first oak ‘
leaf improved but to‘a significantly,lesser extent (the transfersof
the general shape of the first leaf improved in only 40 percent of the
cases,,and of the serration in 33 percent of the cases) .

"t 7 After copying the ash leaf, the examinees, naturally, compared it

first with the first oak leaf, but on account of its <considerable
\ difference, the "third“ object did not exert a strong positive influence

here.' When the examinees were given the second ocak leaf, they estab—

e lished its similarity with the ash leaf, which promoted the exposute

;' of peculiarities and resulted in an~Improvement in the geproductions
of the second oak leaf.

h .
Thus, the eﬁperiments with leaves give us the right to assert tlgt

v . ]
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introducing auxiliary objects exerts an influence on the reproduction
of the leaves in each paiy to be compared. The auxiliary object
significantly furthered the accuracy in reproduction of leaves to be
compared in a pair, with respect both to shape and to, dimensions. Jhe
influence of ti& auxiliary object depended on- the degree of its
similarity with the objects in a pair.

6ur experiments sgowed téat not only tan iélroducing an auxiliary
object prohote the exposure of similarit$, as Shif and‘Ferster indi-
cated but in some cases such.as introduction can promote the exposure
of differences between' the objects in a pair. It was alsb estgblisheds
that in comparison with a third object, more subtle and varied relation-

ships of similarit§ and difference are disclosed between the objects to

’ A
3

. ' - ‘ .
However, the results obtained were not able to satisfy us, since,

be compared.

in using such complex objects as leaves, it turned out to'be very’hard
to reveal basic laws governing the influence of auxiliary'objects. To
gheck, specify, and find a numerical expression of the laws that were

found, we conducted experiments in'the'compatison of simpler objectsr——

namely, lines and outline representations of rfctaugles and pitehers.

According to the method set forth above, we.conducted beven . .
_series of experiments in the comparison of lines, which differed enly
in the dimensions of the auxiliary line. In some experiments auxiliary
lines were introduced that were smaller than the lines in the pair,
differing from the first line by 12, 30 or 50 percent. In other series
of experiments, auxiliary lines were introduced that exceeded the lines
'in the pair in length, differing from the second line in the pair by
12, 30, 40, or 50 percent. Analogous experiments were conducted with
rectangles and pitchers. -

We were interested in the extent to which the influence of an
auxiliary, third line affects the reLetionqhip between the basic lines
that were to be reproduced in a pair, and in their absolute dimensione

as well. Table 5 was composed to answer the first of thesefﬁuestions.

26



TABLE ‘5

~ Variations in Reproductions of a .
. - S Pair of Lines When Compared a .
' ' | ) Shorter Auxiliary Lines } e
. . * ) Diﬁfereﬁce between Deviation of ratio
L ¥ ) , - Auxiliary "line and® | in reproductions
Series Reproddction line A An percent of (ratio of B to A)
(30 exapinees) ‘ A ) :
. ) . > ]
" After comparison of the - : _
pair ‘ . —— +l n3
After cbmparisan»with an . . .
auxiliary lipe, | 12 percent™ | -1.5
After cbmparison with an |’
auxiliary line . 30 percent, +1.9 ’
After comparison with an - .
auxiliary line -~ - - 50 percent. . v =0.5

‘The £ es in the third column show the déviation in the ratio
between thei lines in the reproductions. The ratio (percent, line B
of 1line A) of the lines that served as models waé 134.4. An increase
of the ratio when an auxdliary line was introduced is testimony that
the difference between the lines is increased; a decrease in the ratio
reveals a Smoothing over of difference, a likening of the lines in a
pair. | ] | . ' l‘

It was revealed in the experimentd that the relationships petweeh
the lines, recﬁangles,'gnd pitchers to,b; compared, and the absolute
and relative dimensionsll of these objects changed regularly after
auxiliary objects were introduced in the examinees' concepts—-depending
on the degree of similarity between the '"third" object ?nd the objects
in a pair. '

 The data in Table 5 show that the introduction of an auxiliary

line that is closer in dtmensiens to line A (the first objeeﬁ in the

. | | .
- lWe regarded absolute dimeénsions to be the lemgth of the lines,
and the areas of rectangles, pitchers, leaves; relative dimensions

were the ratio of width to height in each rectangle, pitcher, or leaf.

-
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pair) evoked a smoothing over of the differeﬁce between the lines of

the pair (deviation of -1.5), a trimming of their lengths. With an
increasefin,the difference (from 12 percent to 30 percent) between

the’ auxiliary line and line A, an accentuation of the difference be-—

“tween the lengths of the lines to be compared was ,observed (deviation
of +1.9). 'When the difference between the auxiliary line'and line A

of the pair was increased even more (50 percent), a smoothing over of

the difference.again‘enéued, a trimming of both lines in lé;gth
(deviation of.~0.5) .

TABLE 6
Variation in Reproductions of a Pair of Links When
' Comparequwith a Longér Auxiliafv.Line

Difference. between Deviation of ratio
" auxiliary 1iné and in reproductions
Series Képrodustions { line B in percent (ratio of B to A)
(30 examinees) " of B
“After comparison in a ' -,
pair - . : ——— : +1.3
After compardson with ‘
an.auxjliary line , - 127 \ +4.5
After comparisdn with )
an auxiliary line - 307 i : =0.7 .
After comparison with . 4 -~
an auxiliary lide 40% -3.7
After comparison with )
. an auxiliary line 50% -5.7

| -
.When linesvexceeding the second line of a pair in length were intro-
duced into an experiment (see Tabié.G): the auxiliary line that was
closest in dimensions to line B (the second object in the pair) elicited‘
an accentuation of the difference between the dimensigns of the lines

in the.paig (deviation of +4.5; see Table 6). With an increase in the

- difference between the auxiliary line and line B, accentuation of the

difference gave way to a smoothing over of it, and the lines in the‘ f\\

A
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‘pair began to be trimmad:in length (deviation of -0.7). A still
greater difference between the auxiliary line and line B caused the
distinction between the sizes of the lines to be compared to be.

smoothed over even more (deviationa'of -3.7, ~5.7)--they were

trimmed even more. , OO

It should be noted that ‘the general rule for the influence of an
'auxiliary object noted in the comparison of lines was confirmed during
the comparison of the representations of rectangles and pitchers. ‘
'Depending on the degree of similarity between the auxiliary object and
the corresponding objects in a pair, in some cases of reproduction an
~ increase was observed in the difference in size, in general‘ﬁhape or
in features of .the outline of the rectangles and pitchers to be compared,
In other cases, howeoer, the rectangles and pitchera’in a pair in the
examineesf drawings became more alike in dimensinn'and shape than in
the models. v ‘ z , .

It was established in the investigation that introducing an auxil-
iary object promotea’the coaparison of a pair under definite conditions.
If the difference, for example, between the third line and the first '
or sécond of the lines to be cq@pared in a pair does not exceed a
definite size the comparison is improved. This difference ‘between the
auxiliary object and the pair to be compared, within Ehe limits of |
which this objectlexerts a positive influence on the comparison pro-
cess, we call the zone of optimal difference. The experiments showed
that the more complex the objects to be compared, the ;loaer to the
first of them, within certain limits, was the zone of optimal difference
of the auxiliary object that makes the relationship between tpe objects
in the-pair more precise. .

An analysis of the results showed that changes in the objects in
a palr in the examinees' concepts after tha introduction of auxiliary
objects were evoked by ¥ thange in the process of reproducing the
relationships between the pair of objects to be compareo and the auxil-

fary "third:" These latter changes, in turn, depended on the degree

of difference between the auxiliary objects and the objects in a pair.
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This is shown in Tables 7 and 8.

L] \ )
TABLE 7 ) . S
Degree'of'Differgqsa Between Shorter Auxilikry '
Lines and Lines in a Phir *

Difference ) )
. between . Difference between Difference between.
. auxiliary | ' auxiliary line and auxiliary line and

line and line A (in mm) . . : line B (in'mm) *

line A in - - - . s

percent n In Percent of { In In ° | Percent of

of line A odels | drawings | models - models | drawings | models
12 4 . 5.7 142 15 - 16.7 111
30 10 9.5 95 21 20.8 99
50 16 | 13.9 | g 27 | 23.8 | 88

~  TABLE 8

-
.

Degree of Difference Between Longer’Auxiliaryv

.

Lines and Lines in a Pair

Difference ‘

between ° - Difference between " Difference between -

auxiliary auxiliary line agd ‘ auxiliary line and

line and line A (in mm) . " line B (in mm)

line Ain _

percent In | In Percent of | In In Percent of

of line A {models |drawings | models models | drawings | models
12 16 18.2 114 5 7.0 140

: ¥

30 24 25.1 108 13 13.5 104
40 28 .| 27.4 ' 96 17 . 16.7 98
50 54 47.5 ' 88 43 37.4 87

. Tables 7 and 8 show that with a slight difference between the

» auxllliary line and the lines 1in the»pair,lz the distinction between the

23 «

12 ) ‘ 4 : .
See the first line of Tables 7 and 8. .
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‘third liné and the palr was accentuated in the reproductiene, was

increased the pair of'lines diverged as it were, from the third,”
With a large difference between the iliary line and“xpe lines to
~ be compared, the distinction betwgen the third and the pair was smoothed
over, ard the pair of limes to beytompared came close to the third,
becoming like it. ’ o ,
The experiments showed that for each kind of object there existed
a difference between the auxilingy object end the pair to be compared
that was neither accentuated nor smoothed over in the drawings, but
. that correspended exactly to the size of the relationships in the
originals. The introduction of these eptimel auxiliary objects
resulted in an exact reproduction gf the distinction between ‘the objecte_
in a pair, as well as iﬁ the preciéien of absolute and relative dimen-
sions and of the shape of the objects to be compared. S -2
The process of comparison plays a leading role in the distinctfon
or differentiation of objects.
This was ‘revealed ‘quite distinctly in the experiments of Pavlov
that the comparison of a definite conditioned-etimulus with an agent
‘close to it results incomparably more quickly in the epecieiizeticn of
the conditioned stimulus, in the differential inhibition of external
agents, than does the simple, frequent repetition of the same agents.
It was established by Pavlov and his pupils thet the process of
| inhibition lies at the basis of differentiation. In experiments in
the methods of conditioned reflexes—-a fact that s very important for
us revealed quite d y—it turned out thatvthe iptensity o the !
ﬂgééermined by the difficulty of the differen~
tiation, or, in other &ords, the nature of the inhibition depended on FfX
the degree of similarity between the stimuli to be differentiated.

inhibiting process wqg

" When a dog was to differentiate a tone and 1/8 of a tone, the inhibition
was more intense than when two eonnds differing by two tones were
differentiated. | - ) 4 . ’
These experiments by Belyakov gave Pevl%; the right to formulate
the following conclusion, which is extremely important for our investi-
gation: "fhe subtler the differential inhibition, the greater the

retardation, and vice versa [3:118]." -

~
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Correlating these data with the results of our experiments, we
can see ghat thé psychologfcal regularity, which we disclosed experi-
mentafly; of the dependence of the results.of comparison on the degree
-of similarity of the objects finds its expisqation in the various
‘\ course; of thg physiologicél process of difﬂfrengial inﬂibitionll

With the introduction of an auxiliary object intg comparison, the
differential inhibition is also variable, depending qg\the degrée_of
difference between the auxiliary object and the objects in a pair.. When
the difference between the pair and the “third" objéct is very signifin" ,
cant, an irradiation o‘f the inhibiting process occurred, which caused s &
likening of the objects in a pair to a third. With an insignificant,

slight difference between'the¥tﬁ.;“and the® pair, a concentratiom; of

showed that the mental activity of the comparison

)

' <\“' established in the comparison-process are forﬁulatgd vgrballz»hxﬂg
person.
, With the aid of language a—;erson gets to know objects, adding
! ' them to a deffhité category of objects. With the aid of language he
establishes and expresses relationships between objects, stating in
speech the similarity, difference, or idehfity (1ike, unlike, the same,

more, less, equal).

.

Basically, in the comparison process the examinees were fac b4
with the relationships of similarity and difference. In all cases,
similarity had a more gegeral nature, and difference a more particular
one. These relatiénships were revealed by the examinees ié various
ways, depending gn how obvious the relationships were and how easy it
was to reveal gﬁi& {n comparison, ‘

' But in comparing objects in a pair, the examinee often had diffi-
culty determiging whether the objects to be coﬁpared were like or
unlike each other. In these cases he said, ''Almost alike,' "Almost
the same,". "1t "seems .similar." After the introduction of an auxiliary

object, fully definige relationships were established between the
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‘objects in the pair: they were alike or not alike,’ | .
Moreover, in some cases of comparison in a pair the children
said that the objects were alike, but just how they could not indicate.
Inttoducing an auxiliary object also 'assist:ed them in this respect
the children determined how objects were alike and how they were unalike.. .
Relationships are formulated differently, also, depending on the
complexity of the objects to be compared. Thusy the differences between
lines were manifested oaly with respect to lenglh and were expressed in
thewzprds: "more, less, equal longer, shorter.'" The distisctions $

betwgen rectangles were established in two respe¢ts—width and. height.

The examinees said that rectangles were "wider," "narrower," "lower,"
"higher," %'a little wider," "a little narrower," "thi*" "fat," "long,"
. “broad 11}

In the comparison of gitchers still more diverse relati&nships'
of similarity and difference were established, not only in the dimen-
.sions of. width and height, but in the general shape of the pitchers and
in ‘the shape of the necks, the bottoms, and the handles. .

Finally, leaves were compared not only according to dimensions and
tne‘general and -particular features of shape (outline, reethﬁ veins,
apices, twig-grafts), but according to color as well. Conparison on

' the basis of color, however, determining in this way whether a tree
s old or young and how long ago ‘the leaf had dried, was accessible .
| only to adults; cliildren, es a rule, paid no attention to this. '
Thus, the more complex the objects, the more cﬁmplex were the
relationships between their individual features. So, if the children

said definitely whether lines were alike or not, in the comparison of

‘ more complex objects, such as pitchers or leaves, they noted that the

;g?ﬁh objects were now similar, now different. The experiments showed that
:Sffyn\in this xespect the introduction of an auxiliary object is very necessary,
*..since it ‘helps in singj&ng out and systematizing the signs of both
) \similarityiand difference. | '
' An Qnalysis of the statements showed that the children, as a rule,
did non tﬁy to measure lines mentally, or to eorrelate them with a
. measuremeqtkbcﬁle, as adults did. They determined the relationship
N -
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between lines only in the most general form:* "The first line was a
l}ttleMShdrterz (subject E.), or "The second stick was longer, and the
first shorter" (subject A.). Thus the relationship between lines was
often reproduced incorrectly in words: . they said that the "first line

was longer than the second," while the reverse\;elationship‘OCcunﬁEd in

the originals and in the reproductions. These Hata confirm the obser—
vations of Ivanov-Smolensk, who, in his investigations of the inter-

action of the first and secbnd signal systeins in younger children,

established that

-..at a younger age, in a verbal account, in the majority
of cases, signals and reactions are described properly, but . are
repréduced much worse, and-.frequently the relations, the ties
between them are confused: the direct tieS, associations
(positive and inhibitory) were formed, but they are not yet in

- a proper verbal skill [2:574]. T ‘ '

According to the degree of the child's "agé~evolution,

everything that happens in the first signal system (the

bearer of figurative thought) finds an increasingly complete \

and exact reflection in #he second signal system; direct

experience (which is imprinted by the first signal system) be-

comes increasingly accessible, in the expression of I. P.

Pavlov, to 'abstraction and generalization,’ to verbal inter-

pretation and clear awareness..,[2:579]).

For comparison and accuracy of the results of the experiments,
we conducted an experiment with 15 adults, based on the same methol
as with the children in third grade. In our experiments the adults
used various special devices for remembering the absolute dimensions
of the lines. The majority of adults remembered the dimensions of
lines in centimeters. Many correlated the measurement of a. line with
the dimensions of a sheet of Daner.: In comparing lines in a pair,
adults indicated not only the general relationship between the lines,
as the children had done, but .tried to determine_exactly by how.much
the second line was larger than the first. '"The second line (B) is
longer, the first is a little shorter. The difference between them is
about 1 cm'" (subject'Sh.): .

When a third line was included in the comparison, both adults and

children, .in their remarks: determined its position with respect to a

‘ line in the pair: "The first line was the longest, thg second (A) was

‘ “ .
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'ta be compared.

+

the shortest, the third (B) was longer than the second" (subject U.). .

But in contrast to the ¢hildren, the adults determined that in some . \

cases the size of the auxiliary line was closer to the line A, and '

in other cases it was.elbser to the line B. '"The second.line (B) 1is

slmost the same, but slightly shorter'" (subject Sh.). e
Thus, the experiments showed that with the necessity to determine ,

just h%y and by how much the objects.&g be compared differed, the

children's weakness was revealed, since they had trouble formulating

the relationships between objects and, interpreting fhem on the basis

of verbal thinking. Adults, using tﬁ; generslized forms of second

signsl ties, reflected more adequately both the individual properties,

of objects and the relationships between objects when comparigg them

in a pair, whife for third graders the introduction of an auxiliary

object was reqeired for precision in reproducing objécts to be compared.

. ,
General Conclusions

1. The introduction of an auxiliary object exerts an influence on

 the comparisbn of objects in a pair. This influence is determined: a)

by the degree, of similarity of the objects to be compared in a pair; b)
by the degree of difference between an auxiliary object and a definite
(first or Qfeondi member of‘a pairy c) by the complexity of the objects
.

2. Bringing into comparison’ an auxiliary object thst differs in
a %efinite respect f;gm the objects in a pair promotes a more precise
reflection of the distinctiveness of the objects to be compared, in the
concepts of third graders. In this case we obtained a more eomslete '
singliné ogt of the 'signs of similarity and differe;ce in the)examinees'

repgoductions than had happened during the comparison®of objects in a,

" pair.

3;» After the comparison with an auxildary object, there are’
expssed, in the main, the signs of similarity and difference between

the two objects that appear as a result of establishing more precfée -

relationships with the respective third object. ’

£ -
4., The comparison of visually perceived objects has its basic

interaction with the two signal sysfems: The mord complete forms of
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this tie in the mental.activity‘of adults a.ided/f more adequate
reflection of the objects in the examinees' concepts.

- In the experiments it was revealed quite expressively that the
~result of activity in comparison [(the hidden relationships of objects)
is always expressed verbally. The m%:e highly geveloped vocal thought
of adults promoted a more complete realizatioh of the comparison pro-~
cess. In having a variety of generalized grammatical forms of speech,.

adults expressed more precisely in words the relationships between

!
4

objects while comparing them in a pair, whereas the introduction of a
third object was required for third graders precision, in the egpcepts,a
of the objects to be compared. ' : o N e & , dj.‘
5. The device we have investigated, of comparing the objeets in |
a pair with a specially selected auxiliary object, can be,’ in our |
opinien, applied usefully in teaching various disciplines (for example,
natural science and drawing in elementary school zbology and litera-
ture in secondary school). The pedagogical value of -the device*‘from ’
our point of view, is that its application helps the teacher to ‘
develop the pupils' thinking, since, in a cd@parison’organized and ’ )
" directed by the teaeher, with an appropriate image, the pupils . reveal
distinctly the most charaeteristic signs of objects and display the
necessary ties and relationships between objects to be compared. ¥
In this comparison by means of exposing signs of similarity and

difference in the objects to he compared, concepts that adequately

L] Y
- 4t

reflect reality are formed in the pupilsi\

-

It should be particularly emphasized that t! comparisons
.contribute to the mastery of a system of knowledge.

!

“
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, . ON'THE FORMATION oF ax ELEMENTARY CONCEPT
| /) OF NUMBER BY THE CHILD

-

‘ %
. -V: V. Davydov

was the_chila*s formation of the concept of number, a process thif\

The subject of the eéperimental investigation reported here

occursﬂwhen‘addition is learned as a mental operation. In the °

psychoiogy and methodology of arithmetic, it is a known fact that

‘at a certain stage in the develoPment of their knowledge of aritﬁw\\“

«. metic, children Are unable}to operate with numbers divorced f¥om

| quantfties of objects- arithmetical addition is carried out onlv with

objects, even though the children already know of numbers, that. jestab-\
lish the size of addends. At subsequent stages of instruetion, the.

. . children go on to operating with numbers abstracted from objects. [
This tl(ihition is an objective process within which the conceptual
form of the number is developed. ,” ‘ . | . ‘

| . The investigation establiaﬂed consecutiye stages in this pro-
~Ccess: .

. . ' L~ “/ . '.‘ M ! . .
1) adding quantities of things by counting the units 2
(objective.operation method), . ‘ :
2) adding abstract quantities by eOunting the units’
(detailed verbal Operation method), L .
3) adding ahstract quantities by“counting the second
addend onfo the first taken as a whole ‘(conceptual operation
method proper). E , , o

‘The characteristic feature of the object stage of berforming
.adaition was that when given a verbal assignment the children would
make up things to use as objects in the proposed addition (first

operation) and then find the result by counting them in succesaion

(Second operation) ‘It was shown that at this stage a method of

1] vy
. .

Of the Psychology Department of the M. V. ' Lomonosov. Moscow State
 University. Publighed In Reports [Doklady] of the Academy of PedagoZ-
* ' {cal Sciences the RSFSR, 1957, Vol. 2, pp. . 51-54. Translated by .

Linda Norwood. . ' ' ’ ‘
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opbrating such as counting the addends by units starting with one
was perfectly legiéi?ate, even though the-children knew *the nwmerical
de

designation of an

and could relite a numeral to the whdle quan—"

tity té be designated Here their knowledge of the gize of an aggre—

: gate of objects was not used as a simple integral descriptiop of the

-

’ generalized and differentiated indication of a collection of things.

quantity. ’ -

If th ldren''were given the first addend in the form of a digit,
they took the digit for a unit, tfor one object, regardless of what it
designated These children still” did not coneeivef:f a definite

‘f,abstract quantity behind the figure. They were first fo make up a real

quantity based on the numeral and then dse it (o adding.” The children ~
weré able to think up a graup of arbitrary objects to cdrrespond exactly

€b the given numeral. That is to say, to them a numeral was a completely

1
i
i

Thus, at the objecﬁ stﬁge of adding, children kgow a numeral as an
indication  the content of ‘which can be shown t% them when a series of
‘ names are actually related to objects, in detail.
The distinctive feature of the second stage of addition‘(detailed

‘verbal couhting) was that the c;}ldren no' longer related a specific
designation to an immediate co{\e;gion of things. An assignment would

. be carried out without regard to jects, but counting was 1etained as

the method of adding (the problem "3+ 2" was.done like this: "l, 2, 3--
‘4, S?, the dash signifies* the changeover to the second addend). When
the addend was given as a‘numeral it was not taken for a'unit, but
prompted verbal countding’ accompanied by tapping the numeral wlth a ,
finger. ® - - -

" The investigation established that this stage of* add?tion, under
the experimental conditions, originated due to the fact that, though

-
tpe objects were hidden, their actual presence was emphasized verbally,
and they Were shown to the thild from time to time. Under such condi-
tions, the children would begin to make particular moueménts-(such as

- pressing a finger against the box in which the objects were hicdden)
while pronouncing the number series  from one to the specified desig-
nation (counting). o R o .
.- : _ 40 - )
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Characteristically, the mdvements (and therefore the verbal N
counti weré first seen only when the hidden objects were actually
.preséggfg Ag soon-as they were removed entirely, the children refused
to perform addition. Addition ceased whenever the experimenter forbade
. them to make the movements. That reeiting the numbers while counting
depended on the hand movements was shown in.thie_fact' When the chil-
" drem began to cbunt verbally, "it was distinctly noted that the numbers
were named after the movements. Cooe 1? o '
Gradually thevchildren progressed to assignments presented in

+

words without using objects. True, at first a special, verbal indi-

cation of the supposed presence of dbjectevwas required (in naming ‘:
the first addend, the experimenter would say''Here's 5" — a gesture
*in the direeffagsof the table ‘— "and add 3"). ’

Af ter numerous preblem§ given without‘objects had been performed,
the character Of the child's hand movements was altered. Slow‘pressures
became rapid tapping of the finger on the table, and this was in turn

"replaced by an accentuated recitation of the numbers while counting.
Thus the mbqements, done an sueh a large scale at first, were gradually
curtailed or reduced, so that gs a result, the child would do a verbal
problem by counting purely in words (for example, the problem "5 + 3"

. was dome like this: '1,2,3,4,5 ~- 6,7,8; the answer is 8").

There is reason to believe that the movements, even when quite

K} .

reduced, never completely disappear. Hand movements are replaced by - .

B

the accentﬁétéd pronunciation of numbers., As our findings showed, the

pronunciation of numerals in.adding had different intonations than in

simple counting. - v L,

‘ An 'analysis of ho# the movementsrwe have described originate shows
the following. Back at the object addition etage when quantities of
things were being added the children would touch the objects with

‘ ‘their fingers while counting. 'When forced to operate with a quantity

~ not presenfed in material form, they apparently used this system of
movements acquired whilesadding real objects. These movements were

;@"'first repeated, not in the complete absencé of objects, byt only when

——

the objects were hidden, though still unavailable. One can fheorize

R

N
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that hand‘hovements let the children, so to speak, simultaneocusly
re—establigh and use each element of the hidden (and subsequently
totally absent) quantity as objects in the operatioﬁ. In'this‘case
the operation is effected as 1if real qhjects were present that could |
» be used in adding.. But since the child has no articles he can use
as immediate objects in the operation, one might say that when doing
addition verbally he "impliea 8 definite quantity %n the numeral
itself. This implication is manifested in the form of the direct
coincidence of ‘two factors -— the special hand movements toward the
*hidden objects (re-establishing them as objects in the operationj
and the use of them in the adding process. TR BN
:Gradually the link between the movements and the presence of
“hidden objects weakens, and the movements themselves are reduced —-
'the'children learn how to carry out an oral assigmment ip.a purely ' %
verbal way. But this 1is no ionger operatiig with words, as often
happens \at the earliest stage of learning hoﬁ to count; it is operating.
with a real, though implied, quantity When objects were being
added, a special procedure for constructing an object of the operation,

the object addend, was carried out beforehand. Now this procedure

drops out of the operation (ia curtailed), for ohe children haSe
learned to imply a quantiry in a given numeral.. . .

Having learned ho:/lo add without objects, they progresstto
adding abstracg quantities. Indeed, now they are operating with

numbers as. such, without expressing them in any concrete, object form
We suppose that the special hand movements (their reduced form {s the
aooentuated pnonunciétion of ﬁhe numbers) relateds to absent objects .
are a mechanism for implying them. * - ‘
From ;his standpoint, the question of the seeming irrelevance

of the operation to immedia€5/§bjects when addition. ie done purely
in-words can be resolved. Behind this irrelevance to immediate objects
are hidden real 'mechaisms (a reduced form of .the special movements)

that actually allow the children to ‘effect a relation between the

quantity and the real one, which is the genuine subject of the operation

and is its ultimate determinant. Moreover, it can be said that only 1in

’ . 42




- when addition is being done without objects. ‘ ’

this relating process is the numeral thought of as a number (quantity),
9
When childrep begin to think of quantities as implied by numerals,
counting is still necessary, for it is the real act that creates the
implication and ensufes use of all the eiements of a quantity. While
the operation is being reinforced in the realm of abstract quantities,
- it is‘not necessary to pass through all the elements of the first
~ addend. When a quite definite qiontity is implied in the numeral itself,
" which is known in advance, there is the possibility of skipping che ,
middle elements of the series being counted. ihis circumstance'elimi—..
nates the necessity of counting the first addend and thereby geaches ‘
the child how to use a number as a whole. It is the latter that char-
acterizes use of numbers in conaept form. i
Outwardly, the curtailment of counting looks 1like a trsamsition to
adding on, which immediately s€ems to be simply counting "farther" than
the first addend ("5 + 3" —- "5 - 6 7,8; the answer is 8"). Could it
be that curtailment of counting begins when the children learn to )
count(farther from any given number? Special experiments have shoﬁn
thit the child who has learned to add on in this form cannot ‘use this
skill when adding objects, which he can do only by counting. Such
“instruction in adding-on creates “only- an imaginary concept, since the

numeral is not related to an object quantity as a whole.. .

£,

Observation of the méthods of adding in children who thoroughly .
understand the number concept has proven that at the moment they name

one quantity and add another fo if, they make a continucus movement of

the hand along the objects of the first gquantity. “This movement is |
accompanied by a protraction of the sound of the number (for example,
for the object problem "6 + 3," & child would move his hand along all
the objects for the first addend without stopping, qay the number
"si-i-i-x," and go on to add the elements of the second addend to it —-
"7, 8, *9' the answer is 9"). .
- Guided by these observations, we experimcntally produced curtail-
ment of counting by having the child make a continuous movement alongy
the objects for a designated quantity. This movement, so to speak,
reconstructed the designated $cries, but very quickly: Real, discF@Ee
A
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counting, with pauses at every concrete designation was not produced.

In distinction from actual counting, the movement made along the series

of objects can be called conditienal counti;g, which allows a child to

use all the units of a quantity without relating a numeral to each one
[ : g —_ ———

'jseparatelz.A

Gradually the continuous movement is transformed into a simple
gesture directed at the group of objects and accompanied by an accen—
tuated pronunciation of the number. Finally, even the.gesture may be
reduced. There remains only the simple verbal designation of, the fyrst
addend- and the addition of the elements of the second to it. The child
has learned now to operateiwith numbepe.‘-But if this child is told td |
‘carry out addition with objects again, he will do it by adding om, in

the form of an extended but continuou§ movement along the objects. This‘

action Shows ability to take the first addend as a whole, which corres-

ponds to the conceptual form of a number . !

In the investigdftion of the gradual formation of the concept, thetﬁ
" question may arise, why not teach at first the operation itn the form
‘that characterizes the highest leyel? The experimental and theoreti-
cal analysis we performed showed that an operation that is created with-
out gradual transformations is a‘sham, since the child who is doing it
is not ware (does not understand) the natureof the conversions that
occur in it. He cannot correlate the eomponents of his operation and -
its result with the objective reality that is the ultimate determinant
of the mental ogerations of arithmetic.

On the othér hand, the gradual formation of a mental operation
and its object -- the number concept -— allows a child to be taugHt ig'u
to correlale an abstract transformation with its primary souree --7én
object transformation. Then the meaning of the reality behind an

abstractmumber becomes clear, and the operations are performed that

actually determine 'thé result of the arithmetical transformation.

A\
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THE GENERALIZED CONCEPTION IN PRGLLEM SOLVING ‘

2

' %
A. V. Brushlinskii

Tbé’fundamental purppee_ef psychological research into thinking is to
study thought as a process (analysis, synthesis; and‘generalization) included '
in the specific activity. of an individual [6]. This means primarily that
'underlying the external results (products, formatioms) of thought is a thought
process, appearing directly but leading to those results, and this thought
process must be conjectured
. * One of the components of the thought process is the maximally generalized ,
'conception of the solution of a problem [1]. Considering the results of in- '
vestigations in Vhicb the role of conception was studied in one form or.anotber

- in the solution of problems“[Z 3, 5, 8], we planned to in@éstigate how the

| initial, maximally generalized conception is used an@*developed in a subject'’ s
subsequent mental process. Such a conception is_ effected in the course of
analysis, synthesis, and generalization-of all ‘the conditions and requirements
«of a problem. Unless these processes are revealed it is impossible to explain
correctly why a conception 18ads to the necessary result--the solution of the..

given problem v :

For example, in certain of Selz's works (see especially [7D), it inevitably
remains unexplained how this "filling in" of an anticipating scheme for the
solution proceeds, because, from his point of view, the content of a'problem,

i.e., the goal of thé cognitive process, is in general not included in thcught

expressed through operations purely externally connected with the problem

Consequently, there can be no discussion of the process of analyzing the prob-

lem by the subject himself (this is discussed in more detail. in [6])

(]

) -

Of the Psychology Section of the Institute of Philosophy of the USSR
Academy of Sciences. Published in Reports [Doklady] of the Academy of
Pedagogical Séiences of the RSFSR 1960, Vol. 5, 65-70. Translated by
David A. Henderson.
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‘ . Methodology

f_—_‘The subjects (adults and pupils——68 persons in all) were given a-problem
from the school geomézry course. During the solution, different groups of
subjects received appropridte prompting (for example, the.theorem on which:

the solution is bgsed). By examining the subj@cts' utilization of the‘ .

., promptings, it was possible to study objectively the thought process of the

individual developing his'Eonception. FQr purposes of comparison, some
subjects were required to solve the problem without promptings.r A prbblem

was g;gsénted in a formulation similar to the following example, 5
Point M is taken inside -
triangle ABC (see Figure 1)

. and parallelograms AMBMq,

BM(M,,, and CMAM, are con-
structeq. Prove that
straight lines AM,, BEM,,
and CM, intersect”at’ ofe

point.
. , Figure 1
© Solution. "In paraliéiogrém BMCMz, si@s‘BMz is equal and parallel to
side MC; in parallelogram CMAM,, side AM; is equal and parallejj to side MC,

‘and hence side BM2 in qugd;ilaterai AM3M2

,AM3;.conseqqgntly, AM3M25 is a parallelopgram, hefice its diagona}g‘AMZ
BM3 at their point of intersection (K) are bisected. Analogously it is
proved that inp parallelogram_CBMlM

B is equal and parallef'to side

-

apd

3 diagonal CMl intersects diagonal BM3 A
at its midpoint K. Thereforg lines AM2’ BMB’ and CMl intersect at one point,.

Q. E. D. (In place of one of the two parallelograms AM3MzB and CBM1M3, ohe

Y

may also select ACMle.)

o

Thus, to solve the problem it is necessary to construct supplementary

lines, say M2M3 and M3Ml, to use two paralfé}ogfams (of three possible ones) -

not given in the conditions, and to prove the intersection of three lines in

one point, not dlrectily, but by considering th¢ bisection of the diégonals.
Here one must enlist the theorem of the diagonals of a paralleldgram being
bisected at their point ofintersection.

With one group of subjects (who were shown the problem beforehand) we
ascertained the extent of their knowledge Qf geometry. They were to recall.
(gometimes with the experimenter's help) a series of theorems quité unrelated
to the problem, as well as the theorem of the diagonals of a parallelogram‘ »
being bisectgd at sheir point of intersection. Thus the possgéie proposition

unable to usew
[ )

that a subject simply 'forgot' a necessary theorem and was th

it in a solution was repudiated from the start.
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In subseg@ent series the experimenter prompted by stating the theorem-

on which a solution was based or by directly indicating the parallelogram

containing intersecting segments'as diagonals.

R A
Results

First we shall present the results of the experiments of the series
in which the subject's Knowledge of geometry was checked in advance. In

these experiments the subjects recalled (in response to the experimenter’ s

- question) the properties of the intersection of parallel?lines, the properties

of the rhombus, of chords, etc., and even the properties of the diagonals of

a parallelogram. Then:a problem was given them. As they began td analyze

.it the subjects formulated their genmeral conception quite precisely. To

find some flgures within which certain segments jntersect at one point.

' This conception originated as a unique generalization of the repeated past

use of several theorems on ''the intersection of segments," when, to'prove the
intersection of lines, one had to rggard them as elements within a particular
figure, e.g., as the angle bisectors of a triangle intersecting at ome point
or as the diagonals of several polygons.

Let us consider in detail the typical courge of solufion with the example
of subject V.° S.,Qusing the data from other experiments for comparison.

At the first stage of tpe thought process, the subject, as a result of

his initial analysis of the problem, formulated a maximally generalized con-

ception: ”Onﬁ must look for some figures, such as triangles, perhaps larger
than here, in which lines would intersect."

Other subjects composed the conception of the solution similarly. "If we
prove that intersec¢ting lines are segments within some figure, then their point
of intersection is, say, the center of a circumscribed cirele,' or "What are
these lines with respect to the given figures? We must find a figure that
would embrace all three lines.’ i

These are representations of the maximally generalized conception 3f the
‘solution that originates at She first stage. It is so general that it does ~

not even formulate a principle of solution (such as a general proposition or

a theo rem).

The conception is directed at ascertaining some specified (although in
only the most general terms) figure (or figures). Owing to its extreme |

generality, however, it does not inherently contain an indication of the
y
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isolation of precisely that figure required for the solution. To break it
down 1is possible only on the basis of further analysis of the problenh to
make the initial ccnception more”concrete.

At the next (second) s;agemof the thought process the search for a
figure containing intersecting segments began. Subject V. S.‘firsp isolated
triangle ABC as such a!figure (other subjects considered thé same triangle,
or parallelograms- given in the conditions, hexagon AMlEM GM3,retc ). ~Here he
analyze& and attempted to apply the theorem of the intersection of the angle
bisectors of the triangle in onme point (on actualization, see [9]). That is,
he considered directly:only the intersection of the segments, completely

" overlooking their bisection at the,point of intersection, which was required
for the solution. Gradually he became convigced that the %ntersecting
segments are not bisectors, since, iR his yords, "soint M can be aﬁywhese
within triangle ABC and point K will mave correspondingly to any position"

“(see Figure 1)s . . ' J

With this, the sesond stage of the thought process is conclu?ed. The
initial attemptate-make concrete tHee maximally gene;alized schematic concep-
tion in which particular‘conditions (eonc:gte figures) are represented only ..

' as altered (abstract, more precisely, not yet specified) values ("some"

figures) is done. As the first partiehlag value, a triangle with bisectors

is subsumed into this general scheme. ) '

After an unsuccessful attempt, V. 7’ made a secondi:attempt to make the
conceptlon concrete: He began to seek/another figure that would satisfy the
problen's requirements (the third stege of the gental process). Thus, the

transition from one stage of the tﬁgﬁght process to another retains a uhique

o transitional determination of the entire thought process, insofar as that

same very general conception is realized now in a new particular variant

At the third stage the subjECL examined several figures in succession

very rapidly and superficially.' He did not analyze any one of them in
detail, since he did not know "what this yields" toward the realization of
the conception (in the course of the thought process only an analysis of
objects whxch can somehow be correlated with the- requ;rEmean of the problem

through synthesis, is possible). ’ .JQ

"Liree AM_," the subject remarked, ''connects one of the triangle's sides
- 2 , .

with the opposite vertex of a parallelogram. Figure ACMzB has two triangles,

ABC and BCME. AM? passes through them. It would be possible to ascertain

’ . 48 *
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the equality of the angles and sides qf these angles, but what will this
Yield°" B

As is evident from the records of the experiment, the subject visually

)"

selected individual figures and segments~ih the drawing. His analysis

:' (and synthesis) of these geometric elements was predominantly sensory, x

P nétill insufficiently linked in a single process with strictly me.ntal - e
analysis and generalization (for example, whem using theorgms).' He viewed‘//(

123 . _ N -

- six triangles at’ the common vertex K." Here he noticed the gproperty, which.” .
v .. : :
is necessary for the solution, of the intersecting segments' isgction. ) -

"Purely intuiti I saw that podnt K divides these three lines 'in half,
" but I am still not "

hexagon AM_BM_CM. in the same way: ''We can ascergafnfsomethingqfrom the

sure this is so. . . I still don't see any way e e
He seemed to suggest to himself the essential feature of the given segments,
but he 'did not attempt to check his assumption and made no use of his
self—prcmpting Thé analysis of the problem was still not advanced enough.
far him to "accept" it. Directing phe course of solution was a generalized
conception in which the fact that éﬁe segments aré bisected was not ﬁakesh
into direct co;;ideration. Hence the subjeet'did not take into account the
divisiomsbf the intersecting segments even though he had noticed it. :
During further, bas;pally sensory analysis of the problem, trianglas
AM,C, AM,B, and AM,C were selected. "Each of these triangles has.a sideyof
triangle ABC, one side of a parallelogram, and one of the intersecting“lines."
The subject. began to consider these in detail, gradually making the transition
to strictly mental galysis (the beginning of the fourth stage of the thought
process; see below2, oo ‘ o
Thus, attempts to make the conception concrete are continued at the
third stage. But not one of the figures isolated satisfied the subjectf
Essentially, the conception was not given a definite,'detailed concretization
here, for at ‘the third atage, as noted above, the analysis (and synthesis) .

- of the probleft was:chiefly:sensory (visual). Particular properties of objecfs
(without using any theorems to establish the general features of geometY¥ic ‘
elements) were examined. If only this kind of analysis, which is insufficiently
included in the strictly mental process is used, thd given problem cannot be P
solved. ‘ ’

It is clearly apparant at thé thitd stage that at aAcertain point in its

realization, the generalized conception is still unconnected with the theorems

- 49
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and does nat include them in its composition (until they are actuaiized)'
As noted abeve, they do not enter into its content even when it is formulated
at the start of the solution. Consequently, no conceptlon in general oCCurs
here except for the maximally generalized one.

Not edﬂfj solution is begun with the composition of a general conception
[9]. Morxeover, the conception is=n9t always the fotmulatidn of a principle
(general statement, theorem, etc.). In‘the case in question it appears in
the form of a Apmy general scheme of operations, geometric constructiofis
(i.e., 'in the form of an operational scheme) through whleh one may connect
elements contained in{the conditions and requirements of theﬂproblem. Only
then cap one correlgte them and express their correlation through some geometr
,proposffion (a theorem, for example). Only the general basic relationship of
sbjects (the intersection of lipes) is considered in the conception. This is

a unique method of initial generalization of the essential connections and

" interdependericies of the problem and is basic to the expositdon of the subse-

quent’ thought process. The vague values ("some figures') of this scheme
are gradually replaced: by different particular propositions (concrete figures)
The~aext attempt at making the conception concrete was undertfken at

<he fourth stage of the thought process. Vn .§. began to examine clasely the

sides and angles of figures AMQL AMBB and AM C, actualizing several

theorems in which propérties.of parallelograms, angles with correspondingly.
paraﬁiel sides,-etc., were generalizedt- He ascertained the equality of

segments AMg, MC, and BMZ' as well as the equalit9 of the sides of oqﬁer"
patallelogfams. ‘Then he examined the two triangles ABM3 and ABM2 very closely

. ”
"Their common side 1s AB. . ... Since AM3 and BMZ are equal and parallel,

their angles are equal" (he ieolates angles BMzA and AM B, ABM2 and BAM3,

and many. others). L As a result, the subjdct draws ' supplementary line M2M3”

and analyzes the parallelogram ABM M,  thus formed, correlating it with the

23
conception (this is the most interesting point in the eolution) The theoremn,
‘however, is reprodueed in a unique fotmulation: '"The diagonals of a paralleld
gram intersect at one point and .are bisected.” (The correct statement reads:

lNow one may predict that if in the future the subject picks out one
pargllelogram of .the three that are posdible and necessary fér the solution,
this-one will be parallelogram ABMZMB’ which seems to be composed of the 4¢wo
triangles already- analyzed, ABM3 and ABMZ' ,

~
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"1f a quadrangle~is a barallelogram, then its intersecting diagonpgls are .
bisected.") . - A; ’ SN
The theorem is thereby brokenidown into two seemingly equivalent
"parts' (intersection and bisection), but since the analysis of the problem,
according to the conceptien, is directly aimed at isolating only the features
* of the intersection of segments, only.this first "part" is included into the
“%hought process. Then the subject picks another parallelogram (AMl 2C) in .
which "the diagonals also intersect ,at one point."” "I think this is the
‘solution,” he says, not even ﬁentiuningvthe bisection. )
"Thus, at this stage of analysis'qf-the“prablem the second "part" of
the theorem, the statement cencerning the bisection of the diagonals, is
'excluded'(”thrown outﬁ) from the thought process. At first subject V. §.
+ (as well as the others) assumed that for the solution it is sufficient to
be convinced of the intersggction of the diagonals of each of the two
parallelograms. He still did not see the need?to prove;the coincidence of
the points of‘intersection of the diagonals of both parallelograihs (fox
which'ong must use the feature of bisection 4t ‘these points). The real,
obgecgive role of the generalized conception comes forth most distinctly in
this fact. Formulated at the first stage of the solutiom, this conception
| expresses that level of analysis of the problem at which-.only the properties
,  of the intersection of segments within ''some" figures are essential for the
suujec .. Determining correspondingly the general direction of ' the subsequent
thought process {at first directly with the intersectiom of lines), the
conceptlon becomes a means for further analysis of the problem (on the means.
of analysis, see [4]).
lherefore at first glance there seems to be a paradox. The two parallelo-\
grams and their éiagonals, objectively necegsary for the solutrbn Have
already been ascertained, and the necessary theorem directly indicating the
bisection of the segments hasg been‘actualized, but névertheléss.their
division is still overleoked and the main content of the theorem is discarded
as something inessential. The new data, geometrically cuite uertinEnt, still
~ have no value psychologlcally (for .the subject):hxthe'cbursmcﬂ'tHe solution.r
With the aid of the analysis thus conducted, the subject, as we saw,

separated a series of essential properties'of objects (parallelograms, p

diagonals, etc.) that were necessary, but insufficient, for the é%lution.

51
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As he continued to examine the intessection of:the three segments,rthe
subject also began to understand that a ‘direct proof that: the three lines
~intersect at one point--without considering the diggsion Mhto halves~-was
imPQSSible (the fifth stage of the thought process).
We cite a relevant excerpt from the record: . .

' Here are two parallelograms. The diagonals are AMp
' and M4B, intersecting at point K. Diagonal AMp--again the
same one——and diagenal M;C, they too intersect at some point
Ky. Now we need only prove that both points coincide. .
. [after a pause the other "patt’ of the theorem, the bisecting,
LD is secondarily analyzed] But indeed the diagonals are bi- \“\
' sected into halves by the intersaction [this then leads to tha\

. ' S solution] ‘

At this fi¥th stagé tde content of the conception was reorganized.

The subjett acquired a new goal——&o prove that points K and Kj; coincide--
and took into consideration the bisettion of the diagonals. As a result he
solved the problem. . o '

4

Discussion

-’

i
=t

. ‘ ‘ . »
‘j Thus, using a typical problem, we have briefly examined, how thought

' progeeds as it leads to the solution, and we have observed its fundamental

4

stages.
The first stage is formulating a conception; the second is‘making the

conception concrete; tﬁm‘thigﬁ is a sensory analysis of predominanﬁly par~

ticular prdperties of geometric objéczs (creation of conditicns for later

concretization), the fourth stage ﬁs Qhe second\concretizatlon, and the .

. fifth is alteration of the Qonception and the solution. Approximately the
same'stages were noted in other subjects, but they were éxpressed gomewhat
differently (for exampl&, there could be three or even four detailed con-
cretizationq of the conception, a less developed stage of visualganalysi&,

. etc.). . i :

, Thus, in the case in question, the thought proceqs is a écaliaatlon
of a maximally generalized conception to direct the course of solution.

‘ The direction (selectiveness) of the thought process of a persoﬁ who 1is

realizing a generalized conception of a solution becomes concrete principally

when at a specific stage in the‘aqalysis of a problem, the subject first
. LR : .
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considers directly only the intersection of the segments, overlooking
complettly their bisection, even if he himself selects\the features of || w
this bisection. : |
This basic faet appeared distinctly, in .one form or another, in all

16 subjects of this series of experiments. All of t¥em, after their comcep-
tion, first discarded as inessentidl the prcpe;EZES of the bisection of ‘
the intersecting segments, although they themselves then seemed to "come
across” them directly and isolate them. o "

v Let us cite some more examples Subject N. N. reproduced the necessary
theorem in the course of the solution‘ ". . .in a parallelogram the'diago—
nals are bisected at the point of their intersection," but at first she made
_nofﬁse'of it at all, The subject's analysis of the problem was thep // )
directed only toward the intersectfon: "Which lines intersect in the -
triangle? Which other lines intersect at %a point in general, in whatever
figure? Perhaps lines interseft at a point in all hexagons?" Subject

T. M., about to mention the division of the segments, immediately disre-
garded this idea: "But what else intersects at one point and is divided .
into halves? Not divided into halves, but intersects at one point. The
altitudd of a triangle? ‘The medians?" ‘ A

These cited cases, eXpressing a certain direction. of human thought -

allow us to conclude that in the cases in question g person's thought
process occurs in the form of‘reilization of a maximally generaliaed s’

conception of the solution which arises at the early stages of the analysis

of a problem. Ccnception of the solution is the device for original

generalization of the fundamental relationships of a problem, on the basis

—_—— E——— P

of which its subsequent analysis, is developed.” » ) r

This fundamegtal comnclusion also stems from subsequent experiments
In some of them the subgccts were prompted {at early stages of the thOught
process) in the theorem on which the solutlon was based, or the parallelog¥ams ‘/
including the intersecting segments were directly indicated. In both cases,
after being prompted, the subjects firsg, according to their‘conception,
sexamined only the intersection~of the diagonals of the parallelogranms,
cOmple ely overlookin% thelir bisection. ‘
. . léts, the realization of the generalized %onccption is one of the forus
of the thought process of, the individual. The conception of the solution as

A

a means for the further analysis of a problem coneretely expresses the defimMite .
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‘direétion‘(éelectiveness [izbiratel'nost']) of hun@in Wpought. This helps to

.exg}a%n whx, in the course of the solution, the Qu_jects‘pge and analyze‘somg

properties ofe.objects but disregard others (excluded, at least temporarily,

. ’\ 1 ] 2, ’
from the tgought pracess) or do not notice them atfall., )
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ANALYS]IS OF THE PROCESS OF SOLVING - o
. LE ARITHMETIC PROBH&NS

G. P. Shchedfoﬁitskii.and S. G. Yakobson*

Report I: The Subject and Geoals gg_Thfs Invesfigation.

Indirecp Problems

L4
Introduction

The development of modern mefhods_of production makes ever hiéher
demands on the individual. <A worker needs to achieve an increasingly
high level of educdtion, for the scope of knowleggéﬂheeded for work
ieaexpanding. #he constant‘furnover in indusgry assogiatedAwith a \
change in, the professions of many people, demands an increasingly
.high level of general edueation. ‘With the present state of our.know—,
fedge and methods of teaching, this high level of general education
can be attained only over a signifieantly long period of instruction
or by overloadingﬂthe\pupils. Neither condition is practical. Ther,ei
fore, the solution for this qufté ecute situation’ must be eought‘in“
different methods. :

: One solution is to restructure knowledge itself and alter content
of school subjects. Knowledgg should be condensed” or reduced, but
it shoolo encompass a broader and continually expanding range of “
objective phenomena. The structure of knowleoge‘should be simplified,
and‘algorité§s for its use should be 'less cumbersome. . .

Another way of shortening instruction time is through maximal
success of the instruction process. Of major import here is the‘
trinsition to the so-called active methods of instructlon and training

that would allow the pupils to.master the necessary knowledge and

skills in the shortest time and with the least‘efiort (see [6]). .
. - 3

- *

*(G, P, Shchedrovitskii is a’ member of ;he Tnetitute of Preschool
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Finally, a third way to solve the problem consists of trying to
"pull down" some sections of the school curriculum into preschool
' instructiog—*.that is; to use prescﬂgol instruction for preparing a .
specific base that would facilitate aséimilazién*éf the school
curriculum. This approach is very realistic, and it would be difficult
to overestimate its~significancg.‘\- , ' .
But implementation of any of these measures is hindered by our lack
of knqwledge of the structure of human acfivity—— of thought processes
in particular. Therefore, the first condition ;nd prerequisite for ‘
all attempts at a practicgl solution of the problem ts the development ]
of a wide range of logical, pSychologicai, and pedagogical investiga-
tions into the structure of humagﬂactivity. ‘ ;
N ¢
Statement of Theoretical Principles _ .

» These‘considerations determined the aims of this investigation.
In selecting the specific empirical material and in outlining the
vgeneral plan of the work,'we began from the foilowing theoretical
principles: _

_ Principle’l. The basis of a child's intellectual development
is the assimilation of the cultural elements accumulated by mankind,
and mastery of socially develﬁped knowledge and methods of activity
thatICOnfront\ﬁim_in the form of work production, Laﬁguage (understood
broadly as an aggregate of symbolic systems), and everyday practicé
in the environment (see [A]). ‘ . .
Principle 2. In view of the foregoing, everyone's knowledge and
methods of activity (including mental operations) must be considered
on two levels that, though interrelated, are nevertheless essentially
different. ‘ o -
a) In a standard composition and structire, which
alone can facilit;te the énlut{on of specific problems:
\In this respect they appear as a "work norm' and do not
depend on the subjective means of individual persons.

This is what is assimilated, what is mastered.
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for "putting it together," i.e., mastering it. This was

L]

b) From the standpoint of the operq&}ons that persons
can and shauld perform so that, beginning from specific,
previously mastered informatlon and methods of operating,
" they can master a new complex of knowledge and operations,
a new'"nornﬂ (fér more ‘details on this, see [4]).
Principle 3. Knowledge and meéthods of operation (ineluding mental

operations) are mastered only in a definite system: Any information

"and mental operatio:i.can be mastered only on the basis of others,

and they in turn fornd conditions and prerequisites for the mastery.

of still‘othér,mqre eompleﬁ information and operations. ~The result

1s that during instruction, information and mental operations form a

single'system in which all elements are mutually connected and inter-

dependent, each preceding "layer" determining the_characﬁer of the

‘next, and all of them as a whole depending on what requirements we

make for instruction in its entirety.
From this last principle it follows, in particular that pfeSChoal

education'must not be viewed in isolation; it is the initial element

"~ in the entire educational system and hence should be considered in
~ srelation to other subsequent elements, especially the system for

v teaching primary school children; In other words, preschool instruc-

tion should be regarded as a preparation for teaching primary school

children. 1In particular, the content of preschool instfuction is

directly determined by the content of elementary school instruction.
Therefore, to determine the content of preschool Instruction, at

least in a-narrow area, we had to begin with an analysis "from above''-~
an analysis of what this preschool instruction prepares the child for.
We singled out, processes of solvingarithmetir problems in the first
grade, assuming that these processes are included in 5 type of
"synthetic" mental activity, a concentration of much of the abilities,
skills, and information that the child must master in the: preschyol
period. )

We had to analyze the processes of solving arithemtic problems so
as to single out not only the structure and composition of the cémpleted
activity, but also the information and mental operatioz:ﬂzgﬁrequisite

e first

r
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problem. The second problem was defining the subordination and
coordination of all knowledge and. operations rey4led during the
analysis. It thus outlined (approximately) the sequence of the

" relevant study material. Llater, a third problem was to be ptesénted:

to determine the structure of that "subjective' activity of the children
by which they master sociglly fixed knowledge and methodsiof operating

1

"the "norm. The fourth problem, which arose after the first three,‘
consisted of investigating the educator's activity in teaching all
this information and mental operations. The resolution of these

four problems would permit construction of reasonable ana affective
methodologies of preschool instructipn,'taking into account logical,

J

psychological, and didactic factors in instruction and training.

N —

Observing Problem Solving by Children o N

First and often second gradefs have great difficulty with rqplems
in which the pfocess described by a material situation seems to
- "diverge'" in content or "sense" from the operation that must be done
with numbers to obtain the solution. Consider,'as an example, a
situation in which certain number of things were obtained by combining

two‘sets but, it was required to find the number of one of these sets,

and subtraction was to be used.  Or conversely: Suppose one separated

to find the number of the original set by using addition.

or singled out a part of a set'of‘bbjecgf and the student was asked
We decided to give special attention to such problems, since
analyzing them would'undoubtedly help to explain the peculiarities
Ofé standard methods of so\}gion as well as shortcomings in the .
ins&ructign. ~For a whole serig of children, answers like these were -

typical:

L]
Serezha B., ssecond grade, October

Experimenter: Someone took 6 buckets of water from a
barrel, and 9 buckets were left.. How many buckets of .
water had been in the barrel? i

*

. .
Serezha: low many did they take out?
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P.: [whispers] 9and 6 . . . I don't get it . . .There were 3
~ _ buckets, right? ’ .

Valerik Kh., second grade, September

s Experimenter: There were 14 balls in a kindergarten. Ten
of them were blagk, and the cth‘;s were white. How many
white balls we&here”

-

Valerik: [after®reading the problem] It's clear that 14 + 10 = 24,
Correct?

. We notice immediately‘that these same pupils have no t;euble
solving problems in wﬁ!ch there is no "disparity" between the "'sense''

of the ses in a material situation and the "sense" of arithmetical
operation¥. }br example, they can solve those problems in which a

part is separdted from a total quantity and one must.subtract to h‘
‘find the numbér of the femaining part, or when two groups are combined
and one must add to find the number of the'whole set.

One may conclude from this that the cause of difficulties with
problems of the tyée indicated above is not that the arithmetical
operations @f addition and subtraction are not mastered, nor is ie
that these operations are just formally mastered, without understanding.
At any rate, if ;ﬁsse operations are not‘mastered or understood it is
only in problems cf the typ$ indicated above that the deficiency is

noticeable.

. ' .

Views of MethJ!glogists and Psgghologists

The pupils' di%§iculties,in solving such problems have interested

educators and psychologists for a Ipng time. These problems have

*»

even been given a special name: ‘indirect problems.

Gelanin [ 2] discusses especially those difficulties that children
m%y have with problems which require finding the "unknown item"
by subtraction. His explanation for the difficulties is that in
problems on finding the "unknown ite& there is no word (!) that
could be replaced by the minus sign. Hence this sign must be positioned
by the pupil "according to the sense of the problem" or, as Galanin
writes, '"according to the deflnltion of the operation as the opposite
’of addition [ 2: 64]."

L
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To clarify this explanat}on and, in general, the whole course

of Galépin's thinking, one must set forth his interpretation of pupils'
activity in so%ying ordinary, not indirect, problems. Several paragraphs
. earlier, considering instruction in '"the concepts of addition and '
subtraction,'" Galanin writes that to solve direct problems one must
,subsume the verbal.expressions denoting changes in sets of objects
("became,' "obtained," "poured out," "won') under one of the mathe-

s
" and "subtraction' or

matical concepts —--"addition'" or "increase,
"decrease"--and must associate the designation of this concept with
the corresponding mathematical sign [2: 58-59].

' The ability to solve problems, from the standpoint of thlS‘ -
interpretation, is the result of inductive generalization of the meaning

of different verbal expressions denoting a chahge.in the relation-- ( !
ships between parts of object groups (or operations entailing such
changes). Correspondingly, the teacher's work should consist in
helping the children, througﬁ appropriate selecticn of problems and
indicatlons of the similarity of various operations (from the stand-
poinﬁ of whether they lead to a decrease or an increase of the original
quaritity), to complete this generalization and thereby master a‘
particular device for solvinii?%oblems. . |

* ' It‘is quite obvious that solving indirect problems in this way
is impossible——incidentally, just as it 1is impossib e to eolve all
other problems in whlgh there are ho operatigns of increasing or
reducing the original quantity and no words designating them. Then
there appears this portentous statement to the effect that indirect
problems.must be solved on another basis, that the sign, and
correspondingly, the ﬁathematical operation in indirect problems should

be chosen "according to the sense of the problem.” But one may ask

what the "sense of the problem” is. On what is it based? What must
the child know and understand in order to grasp the "sense’ of an
indirect problem? . ‘
in Galanin's éplnloé, indirec¢t problems should be solved on the

basis of understanding specific mathematical relatlond‘rps He wxite’
that these problems must be explained ”in order to create in the pupil
a conception of the faci‘that he is.given oné quantity and the sum of,
‘ \

*
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? C - s .
‘that quantity and arother, to obtain the other he must subtract the
fipet quantlty from the sum.‘ From this comes the second of our comments
. given above, which ‘

A*tes ‘that in such problems subtgaction is
ra ORI which is "the opposite of a8dition [2: 64]."
In connectidn

take special note of threé‘points in Galanin's conception. t{

he plan of the further analysis we want to

‘First. Inegnalyzing the _process of solving ordinary, nonindirec
proble_gs1 Galanin says nothing of understanding. There the entire i
Anstruction process is apparently build on the development of particular

.35sociations, and the process of solving a problem appears to be
the applicaiton of these associations.

-*» Second. Understanding, required for solving indirect problems,
is characterized by Galanin only from the standpoint of content (one
‘oust know that the sum “of two quantities and one of the quantities
are given): he says nothing of the mechanism of ‘this understanding
‘and does not shoy‘!bw‘one is to teach this understanding. ’

Third. ,For solving direct and indirect problems Galanin proposes
'two'different methods. Butpif the first method he proposes has such'

‘narrow application and is inapplicable in solving indirect problems,
they perhaps it is niot a real method at all., Perhaps it is completely
erroneous, and one must seekandthergmthod that would be applicable

. to solving all arithmetic problems. . ' )

., Kavun and Bopova [3] deVelop the interpretation of the mechanism
of.the child's activity, which Galanin only skimmed over, quite distinctly
and sharply’ The authors maintain forthrightly that in arithmetic
, broblems an operation and the solution, are chosen on the basis of the
‘creation. of ''an association between the terms add and subtract and
those diverse expressions characterizing addition and subtraction‘

-

in problems [3]. Their proposed methodology of instruction ds built,
of course, around this principle. ~ ' R ‘
Skatkin [10] also gives special attehtiqp to the problems we are
interested in and stresses their difficulty for children. In. his
classification of simple problems he calls ‘them problems expressed
j if, indirect form," or ''mutuglly inverse™ with respect to simple problems

on -finding the sum or the dif{ference.

|
|
1
\
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In solving simple problems, the operation is chosen, in Skatkin's
opinion, ' on the basis of the pupil's life experience, by analogy to
the way in which he learned how many objects were obtaineMmigen
several objects were to be added or taken away [4: ' 12]." 4n solving
indirect problems, the necessary ope}ation,.on the other hand, is
found by reasoning, which permits deep penetration’into the sense of the
problem and, on this basis, its solution. The cause of incorrect
solution of problégé, accordingly, is the pupils' inability to reason
.aqd'penetrate the sense of the problem'

If we try to imagine that theoretical interpretation of the
child's activity in solving problems ﬁrom which one may advance such
statements, we must admit that it coincides essentially with Galanin' s
theoretical interpretation, differing from it only by being less clear
and complete. True, Skatkin apparently recognizes the insufficiency
of this ioterpretation In particular, he criticizes the statement,
quotéd above from ?he methodology of Kavun and Popova, correctly
‘notlng that it- is the use of the above mentioned assoc1ation that
leads to mistekee by the children in solying problems expressed
indirectly. But ¥ does not deny this principle altogether; he does
not \say that the préblem-solving mechanism should be essentially
diffexent He accepts it in general, believing that it need only
be supplemented by the children's "deep penetration' into the sense
of the problem. ~ ‘ ’ .

Finally, like Galanin, Skatkin considers an understandingof
the "sense" of indirect problems a necessary conditicn for solVing'
them, but he remains quite vague on: a) what he means by the sense

of a problem, b) what he means by an understanding of the sense,
&

¢) how this understanding can oe tauggt.

Y. Finally, the thesis that children who solve indirect problems
incorrectly do not understand thelifmeaning arouses our doubts from
still another angle. As early as 1915 Frn [1] noted this curidus
fact'q In solyving problems expreseed 1n indirect form, some children ‘
answer correctly, but write out the solution incorrectly Ern himself
explained this by saying. that the puprfg‘éss1gn too much impor;ance
. to che "external form' of the problem's text and are not W customed

.
i
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to think about the problem s "internal sense." It is this, in his {

opinion, which prevents them from fully undefstanding the operations

of addition and subtraction.,

In our opinion, this is a very important observation, but a

completely incorrect explanation. It is quite obvious that one eannot X
obtain a eorrect answer.to a problem without thinking about it and o
understanding the "internal sense' of its situation, Moreover, since

the child solves the problem correctly, we may conclude that he not

only understands its sense, but also has a definite.method for the

solution. That the child here cannot select the arithmetical operation
correctly and thgrefore cannot write out the solution correctly speaks !
for the existence of some phenomena, more complex than mere lack of

- understanding of'the\aenSe, which requires more careful analysis.
. . ) “ »\ .

5

The Role of Understanding\

v

In his  remarks, Ern [1] describes a_R;oblem in ;hich the "subtrahend"
and the "remainder' are given, and the minuend is to be found (bx '

' adding). First, we decided to aSCertain whether there are similar
disparities between the answer and the arithmetical notation of the
solution in indirect problems of another type. We also wanted to
check whether the inability to solve a problem. involved a lack of
understanding of the sense of the problem's situation.

Even our first observations here indicated that the incorrect M
solution of a problem could be completely unrelated to a failure to
understand its situation. i '
42ﬂ For ekample, secone—grader Serezha B., heloqpaverage in arithmetic 0

as given this problem: '

To decorate a fir tree the first-graders made 20 toys.
Six of them were paper and the others were cardboard. How -
many cardboard toys did they make?

Serezha solved it incorrectly: '"20 + 6 =26." -However, subsequent
conversat ion showed that this incorrect solution was by no means a
consequence of his not understanding the situation deseribed_in the

problem. .

t
L 3
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4 | | R ‘
Experimenter: How many toys did they make? B
Serezha: Twenty.

E.: What were rhey_made of? . 4

P.: Cardboard and paper. - - ’

D - ' ) ) )

E.: How many were made out-of ﬁaper?
P.: Six
E.: What were the rest'maderf?ﬂ

P.: ‘Cardboard.. | . ‘ : ' o .

E.: Which toys were there more af - all of them together, or only
cardboard omes? ‘ !

' - “

P.: There were more of all of them,
" E.: How many'tdyq; then, were made of cardboard? B
P.: [writes]: 20+ 6 = 26. ‘ Lo

Thus(frhe boy not only knew;that the cardboard-toys entered:
into the total npmber of toys mede, but he also understood that the
total number of toys was larger than the cardboard ones ‘alone,.
. That 1is, it would seem that he even understood that the cardbbard
toys constituted a part of the total ‘made. Nevertheless, he continued
‘to’ solve the problem ineorrectlyg ' \. '

Very many récords like these could be Eited all confirming the
thesis advanced.above. Even more striking are the cases in which,
the childéen solve the problem correctly and write out its solution
. or select ‘the arithmetical operation incorrectly '

In December the first~graderb were given this problem:

" . "Kolye had to make 8 flags. He made 4 flags. How many .
\\flags did he still have. to make?”

; ~
The problem was read twice, end then three children

\recounted its situation to the class. The teacher asked

how many flags Kolya still had to make. The next quegtion,

* asked only of the above-average pupils, was: ''How can we
.- find out how many flags remained for Kolya to make?" The
_ answers were: * -

Vitya K.:  Add 4 to 4
‘Lena F.: 'Add 4 to 8.

66
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‘Sasha S.: Add & to 4. _
..Ira 0.: The number 8 consists of A‘and 4,
‘ Tolya B. Add 4 aunits to 4 units
Alesha L. To 4 add 4 more, giving the correct answer, 8.
‘Tanya S: He made 4, he still had 4 to make.
Vera K,: To éfunits add.S.
Gena Z.: 8 take away 4. )
That these children's, answers are by no means a thoughtless
repetition of a classmate' s random wrong answer is shown by the
following curious episode. siberal days ﬁater the problem(§erezha B.

-

had (above) was ‘given to thi lass:

_ To decorate & fir tree the first-graders made 20
toys; six of them were paper and the others were card-
board. How many cardboard toys did they make?

When the teacher asked how to find how many toys were madefof
cardboard, one %f the children answered, "Take 6 from 20." But
‘all the other pupils in the class”said "Aha!" in a friendly way
and in unison, "Just the opposite. The correct (to us) method of
sofVing the problem, given by the first boy, had seemed quite absurd
to the rest of the class. . ‘
* These observations, first, make it possible to maintain that
the inability to,choose the correct arithmetical operation or'to
. write out the solution nrecise}y is not necessarily connected with
failure to understand the text of the problem. Second, they permit
>us to assume that the children’hsve,”their own! strictly defined
éethods of solving aproblem, but these methods differ from those with .
"whlch we adults solVe these problems Third; they force us to breaku
down the very concept of "understanding 1f the children thoronghly
understand the situation described in a problem and the relationships -
between the parts of the object group and are, still unable to selec&
the proper arithmetical operation, there apparently are several
different "understandings' of’ the situation in a problem and naturally
several different "senses' in the problem itgelf. Some of them
correspénd to those methode the children use to solve the problem and
others correspond to a sucially fixed mathematieal method, the
kind that we adults have already ma%tered and with which we solve ‘these

problems. , . .

( ¥




~

-

.
A

*

-

Conclusions

[ - . he ’
These ‘conclusions present ys with three fundamental problems

- for investigation. We must ascertain:’ : -,

1) What are these methods of solving arithmetic problems
that the children use? Under what ccnditions and for solving what
kinds of problems are they formulated? o ‘

2) What is our contemporary mathematigﬁl method for solving
thesa ﬂiﬁhlems? Under what conditions and for solving what kinds
of problems is it formulated?

3) How should childrén be taught this" ‘Socially fixed method -

for eolv1ng arithmetic ‘problems? -

) LI | ‘ . ' ‘“ . | )
, . - | L .,
Regor 11 Methods of Solution and the Content

. of Arithmetic ProhlemsA

st

5
n

. ; |
Methods of Sdlution Used hx_Children Before Thevy Have Mastered v
Addition and Subtraction , -

’. ¢ .‘, R - ‘&
" We know‘that in solving "indirect" arithmetic problems, many

first:'and.Seeond—graders make certain standard mistakes. When the
sense of the rroblepm indigates that they should add, they subtract,
and when the mathEmatical serse of the problem demands subtraction,
they will add. . When we analyzedvthe prod&éses of problem solving,
(See Reportal), we became convinced that it would be superficiaf

to attempt tq exnlain these mistakes by saying that the children )

do not understand the subStance of such p%oblems. Moreover, we foted

rather frequent instan@es where children would give the correct answer

- 2

with a second incorrect answer,

to a problem almost immediately t,would stilt write out the - \
splution incorrectly and follow t ,

surgendering to the logtc of what they had wdtten. We thus concluded

., .
‘that children have "methods of -their own" for solving such problems,

dif ferent fron our socially established method of solving them by means

of addition and subtraction. We confront the task of analyzing the

N\ .
~

children's methods. e ' . . t
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‘It 1§’ often rather difficult to disciose a methad (or mechanisn?

) of problem solving. ° Such responses as these are typical . R B
¥ : - ~ .
o Kostya B., first ‘grade, September . ' , -
.. Experimenter: Ira had 8 stamps, some yellow and some , )
S . -~ blue. There were 4 yellow ones. How ; ’
Tl Ty o - many blue.stamps did Ira have?. ° -° G
. N '§ostya4 ‘[whiSpers to himself] 8, 4. (A few seconds later): ¥

S know =- 1 just forgét: & and 4 is §, so there - .

} [J

. Experimenter; There are 8 rabbits in two cages. In one o N
. SR ‘cage,rhere are 5 rabbits. How many are tifdse ) .
. - o dn the other cage? ‘ .
& - . . ~ . ‘ , N - .. T .‘ ) ] :
: Sasha' Threp ' I . i i
© " E,: How did you f:,nd out? - ., - |
. e -

. ‘< 'P. 1 thought a minute and knew.
* .‘ A : ' N @
E.: Did you work it out? . ' -t . K

‘“ . P.:. No, I thought a minute and’ knew. , . o .
' ' é N "
Clearly, such remarks are oftm>%mlp in clarifying the actual

M

mechanism of the actj.\rity.~ Therefore, we must find Instances where
‘a problem causes a child difficulty, ‘where he 1s forced to

N extérnalize“his method oﬁ solution‘in order to solve it.

>, Sometines, to disclose the method of solution, it,works €
| WelI to nmke uSe of supplementary accounts by ‘the children.
s We analyzed more than 40 cases where children venbali?ed their
problcm sslv1ng,end in ‘them we fopnd three categories or variants :
| - of so}ution methods which children use: . . . "Nv . 3 ‘ -, a .
‘_Q v Nariant A. . The~childreh reconstrqct the groups of objects : - .

. described ﬁg the probggm (most fﬁ%quently on their fingers, sometimes

with blotks, counting sticks, or other obgects), and then solve Lhe

-

‘W- problems with the aid oi‘ccunting. These examplif er typical

ot . . " ‘L
% . -
. ) B . A
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' Sasha:®. Thatgs hard. I don't understand it.

~ Sasha Sh F!rst grade,. Septembec ) L p

Experimenter: There ﬁsﬁe some plums on a plate. A
. 2 girl ate’ 6. of them, and then there were 3.
How many plums had there been.en the plate
at the beginning? o . .
N .

P

K
Ye

E.: “(Repeats the probiem)'
. -

£
X}

" P.: (He holds up 3 fingers Then, ﬁolding these three fingers

along his nose, ‘he.holds up .6 more.. He looks at thenp.)’
Nine ’ ‘

- St . £y

Misha U. .first grade, thober B

v - . .-

Experinenter; Thereﬂwere 7 dumplings.‘ Some children ete .

~ "’ some of ‘them, and then there were 4. How
' mﬁny dumplingsfdid the chilaren eat? .

.
. - ' -

B
© Misha: (He had held up 7 fiqgers as soon as the experimenter

", E.: How did you fina that out?

’ grcups of objects described in the problem

began ) They ate 3.

~

v -

~P.¢ T had 4 fingers together like-this (he held up 4 fingers.

pressed together),, and 3 like this (he hooks-the, thumb,
\of one hand arcund the thumb and forefinger of the other
. hand) .

> . ~ . “
ot

. /
1ﬁ‘a ‘numerical sequence. Here are two exampIes . .
: e ! : / '

Sashe Bs, first grade, September

s

! hxperimenter There are 9: pencils in a bdk. ‘Five are red,

-

‘and ,the rest are green How many green pencils
¥ are in the box? RN

I3

Four. B o
y L ) , . T ) L 2
E.: How didxyou‘find that? . o
. P!i’ I counted. . ' ‘.
"By How? 5. .
ﬁi o “ .
P.: ”6 -1, 7 -2, 8 -3, angd 9 =4,
! \ LR , . \
, A 70 - — .
I . ) ‘ .
o L . '
. §¢. .
« ’ . 1 ‘: ’ “
€ {7 Cto ;‘ « Tp e k .
< 4 m‘.’% :

'Variant'B '&he children do not use anything to reeénstruct‘the‘

They count the. figures

Sashar (Whispers somethlng to himself; then after 41 seconds):

Y
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’ vladik A., first grade, October

Experimenter: There were 7 glasses on a shelf. Then
: : several of them got broken, and 2 were left..,
,How many glasses got broken? -

P.:- (In 38 seconds) Five.
E.: How did you do it? o s

- P.: 1 counted 1, 2’i35 4, 5, s !
. ) - Y L i - .
E.t How did you know when to stop? &ﬂo you think maybe:you
ashould go on? ' -1 ‘ SR v

3

P.: But 6 and 7 would-be degc ' e T

Ly - .

(This example {s somewhat different from the first, but’ we are.
assigning 1t to the same category. This wil} be discgpsed in greater
detai} in a later reportt) o v )

N Variant C. As in the preceding category, the dhildren mqye -

© solely. along the numerical sequence; yet they are notrcepnting hnt

‘are doing something which resembles addition and‘subtrggtion. Here

is an example. oo T oo . . .
. [y ’ ‘ * "

Zhenya G. first grade, Bécember .

. Experimenter: A girl had .5 penC1ls, she was given several
. ‘more and then she had 9. How many was she
o glvet? - L

¢ . - - N S i

Y ) e

Zhenga: Four. . i L - p )

. By How did you work it out?

< e I {

P.: I started with 5 gnd added 2 and then 2 more. .
\‘

one child added and subtracted by threes. .’ L
-Having obtainegd several variants of ehildren s methodswgf

problem’ solving, we had to determine with whigh of them to begin the

investigation.” Only certain consideratians,cancernlng the. genetic

connections among these mtthods gpuld be the basis 30: this. »We_

'”assumed that variant A was genetically primary, and that varrants ..

"B and C were subsequent transformatlons and develcpments of it.

Pu;thermore, we aesumed that the first method of behavior ls closest‘.

-

There wete Several cases of.additipn aqﬁ subtraction by twos and'




to a simple count of collections of: objects and therefore could

be a natural and direct outgroJ%h of it We thue faced the task

of analyzing the'method of solving Arithmetic problems that is based

“on first reconstructing (or making a model of) the groups of objects \ ‘
described in the problem, and then counting.

. . £
Cw - h. - ’ ) s . & v
Counting and Transforming Objects in Groups: The Structure of the Problem
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» The theoretical basis-of our amalysis consisted of the c6hcepts

and principles of suhgtantibe-genetic logic [7,8], and.specifically
the .idea of thg organic connection betwken the two ways of regarding
‘\thought~~-~ as coggition and as’ a process [5 8] In this view,
| knowledge is considered as the substitution of signs&for operatlens
with objeets [8r . 9: I], and by virtue of this, .as a two—dimensional

-
¢

strhcture that does not come under the g;inciple of parallelism
serEEtule

of form and. cantent [9] A logical analysis guided by “these

prineiples permitted us to examine. behavior in problem solving as

the "norm" or "method" gﬁ solution. This observation of behavior

is &4 mecessayy premise for a psychological analysES'of all children's

learning activity [61 and, indeed Afor a:pedagogical analysis (in

.the NAYrrow sense of the word) of the edugator's teaching adtivity.
The-initial component of problem solvin)is variant counting, '

‘This assumption served to qualify this method as genetically primary’,

lhe special problems involved dn analyzing countiné as a special .

mental activity and of the logical structure of the numerical :

sequenge exceed the limits of this.study. Here we wish tu provide .

é cursory review of‘onlylthqse issues that are absolutely indispensable

t

-in the present context. ' ' : SRS
Counting is a socially elaborated and socially established

method of solving certeinnprob}ems on the level ©of objects.

The problems themselves fare expressed in questions orxtasks of a

particular sort, and they necessarily assume the existanceﬂ§§,the

ORjectd themselves., We recogni?e ‘thits when we say that these¢ problems

are on the level of objects. There are only three types of problems

here -- two partial and one integral. ’
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"The first parrial problem,‘"ﬁoﬁ many'objects kre_there (ori
this table, in this room, etc.)?"‘aiﬁays includes‘a precise ihdication
of the spatial andaféggoral toundaries of the given field, the
objects being imediarely,psrcﬁeptibfe. The problc;.p'ﬂ'ﬁlving'process

itself is a substitution,in a particular order, of figures for
‘the gbjects in the group (or for the cougting operatidns), a

particular figure replacing each: . \\

0= OO Qe O > ,

ol

and a particuiar figure for the whole aggregate, #in schematig form,
this process .can be represented XA ‘< ? where\X is

‘the aggregate of objects, (A) signiiies .the figures of. the sequence,
and Z&T - the "delta-arrow'' --=is he countingxoperation, including

the series of comparisons [8: 44- 45] and movements depicted 1n

. .the foregoing scheme.,.
The second partial problem is: 'Take or choos® so many objects

from the given aggregate." The solution process is again counting,

but with a somswhat different connection between'the_objects and

the figure.' In the first problem the actual number of objects “in

the particular aggregate determined the figure ong-would get; but :_

_ here the figure given at the start determines a chosen or ‘xeated
aggregate of objects. One might say that in,a certain respect the

: operations employed in the first and second problem&-are inverse.

The first one we,shall call counting up the objscts and the second, >
counting them out. Schematicaliy the second- operation can be depicted:

. . < .

«
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or' (4) lv Y, where (A) si‘gnifies the figures of the sequénce,

¥ is the aggregate being counted out or reconstructed and V (the

Y
-

”inverted arrow") is the operation.of counting out..

LY . »
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seemingly, largely independent of each gther, The product of the

\ .

The integral problem is: '"Set aside or choose from among the
objects of the given aggregate the same number as there are in the
other aggregate. The solution of this problemvassumes both counting
operatione — counring up and counting out. The.whole process can

be depicted by a combination of schemes (1) and (2), or by the

formulla " X A T (A)lee

Let: us emphasize that from the point of view'of logical origins,
“it is the latter integral pnoblem that is the original one: It
.a¢curs purely on the level of objects and is formulated approximately
tiis way. "Set up an aggregate of ohjects Y equivalent to the
aggregate of objects X .," Originally it is solved not by counting,
but in ;ssense purely with objects. This operation might be
depicted schemetically in this way: .

~

-—QO*‘“O‘""D““’O*O

_?égsgus)
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In diagram form the solution of such proolems can also be oepicted
as X = Y. Only in certain condition, in so-called ''rupture
situations,’ wheniphe problem cannot be solved b§ this method, it
begins tp be solved in gnother, indirect way, using substitutes
(objects or symbols) Counting makes its appearance as a separate

gctivity in precisely these situations, and process X‘~4-Y is

- transformed into process X 1&" (A4) $ v Y. But even when the structure

t
has been complicated in this way, the process of solving the primary

problem -- of ”setting\hp an aggregate of objects Y equivalent to the
L] - »

.aggregate of objects X" ~- remains originally an integral unit, a

single operation, one might even say, and oniy subsequeﬁtly is it
separated into twcﬂoperationssthat are relatively self-sufficient and,
first operation is a definite number, which origi&ally had no practical.
meaning of itgelf, was only &n inrermediary means for solving a practical
problem with objecte, and thus appeared insignificant and hardly neceesary.
But nOW, when the operatidns are separated, this number is transformed
¢into a thing of independent véiue;rit becomes‘the result that‘is

sought after for its own sake.. - -

74
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This change in the significance of the symbol -- its transforma-

tion from an intermediary means into a special product -- at the’
same time isélages (and highlights) new problems which become just

' as important as'the‘original practical ones. "Deterﬁine thg number
of objects that are here' and "Set apart the number of objects
indicated by this number! are the wordings of thése new‘problems,
and they differ substanfially, although at first glance only slightly,
from the worsing of the original problems. Isolating such problems

completes the process of separating cognitive operations from

‘practical ames (in this area); The former yield as their product
_certain knowledg’e, i..e.,, X _Af (A)“; while the latter yigld a‘certain‘ 7
aggregate of ob?ects assembled on the basis of ‘that knowledge, -

%A)l v Y. In t%e case under qonsidqpaéioh; the cogﬁitive operation
is counting up,iand the Bpgcticai one is counting out. .
Ihis whole pfocess‘is alsoWery closely linked with a division
’;E labor, i.e., the distribution Qf the various parﬁs of the original
'operation té d!fferént persdns. One person counts up the given

aggregate of objects, and another, when he has learned tﬂe results

of the first %erson's actiwity -- a number -,,-:yunts c:t an
"equal'' aggregate. One might say that 5ﬁly when the activity is .
épportiuned to different persons in this wa§ are intermediate results
isq%ated and the separate tasks of obtaining these results distinguished.

‘ Counting, as a special activity directed toward solving the
problems descriBed above, "applies'" to another kind of transformation
of aggregates of objects —- combining and dividing them. It
.accommodates itself .to this activity and beéins‘?o "work" in its *
context. ) . * . '

. These two transformations of objecfs ~- dividing and combiﬁiqg o
" them -{xuxbe depicted thdsk

4
X Y sZ « wd Yy ZegX (%)
\\h_fffﬁ ‘ - . '
They structure reality in.a definite way, creating two situations
sharply separated from each other in time. While one situation

is in existence, before the beginning of the transformation, let us

say, the otheér one cannot exist, and when the-second situation has

~
- [
.
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come into being, after the transformation, then the first one can
1o longer be.  TFor example, say.we are diﬁiding aggregate X ipto ‘-"
two parts; when there is a whole there wiil be no parts, and ‘when
the parts are formed there will no longe£ be a whole, It would ‘be
the same if two aggregates were joined. Diagramméticaily‘the
relationships formed‘herg ;an be depicted this way:
‘ ]
743X

' )

~ |
Y E3X, XYLt Al

Z (éf)

[

(The vertical dotted line in all thesg formulas represents the ’ -«
spatial-temporal boundary of the situations. The last formula
corresponds to the case when the original whole is divided into

parts, but oﬁe part disappears and.only the other part is acfhally
.4 oo ) 1

involved in the second sifuation.)

In actual}ty, however, there is a whole series of probiems reqﬁiring a
definite comparison of the results of the second situation with those of the
ffrstz For instahce, in t@e first variant of the transformations (5) such
a necessity could arise in connection with the question of whatfpart of the
whole X was contributed by participants A and B or in connectioh with ’
whether the general quantitative character of ‘the aggregate changed when
y and z were joined to it. A similar question could arise with the second
variant, too, but now c&qcerning the division of X into parts, and so on.

. » s .
In all of"these cases the first and second situations must be compared in

ordet to answer the questions. .

But such a comparison igxﬁossible only when something remaips
from the first situation and is carried over into thé seéond. In
principle the impossible must happen: The whole first situation '
must be preserved and transferred to ﬁhe second. This is impossible€,

for if the first situation exists, then the second cannot, and

vice versa. The solution is to introduce substitutes (object@

or symbols). The {irst situation cahnot be preserved; it diséppgars
when it is transformed into the second. Substitutés or repreéentatives
need -to be retained and carried over into the second; they need to

be such that the necessary comparison of situatiof can be made.

" m——

This, it is important to remark, is exactly what .defines the

. Te, B

{4, ' '
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relationship‘in‘a'situation between objects.and_their substitutes.
.. The substitutes are such only relative to-the problem, and'théy
reflect, tahe upon themselves, or convey only those properties “of
," the objects that are necessary for the particular comparison called
for by the problem.? '
Depending on whet;;he quesnion is and which of the possible
substitutes for, the: firso situation we have, different probﬁems
can result from the same_transformation of objects. "The substitutes,
for the first-situation and the elements af the second one form
fhe conditions of the pnoblem in*a given instance.- Thus the
conditions of a practjcal problem dealing with objects consist of
,those objects of the second situation and of the substitutes for,
the first situation which permit a comparison, SO that the problem‘ :Sh
can be solved. ' Comparing the objects of the second. situation with
-.the symbolic substituges for the first is a spedial activity, ? S
and not such a simpfgﬁﬁne at that, for it is impossible to compare
. a number and ahhaggregate of objetts directly. Thus, this activity

obviously depends somewhat on the problem. Diagrammatically it can

be depicted this way: ' .
Coymy bl
' X\ ";..-2 }’Ac.’fi\!m; . ' (é) D

(Hete (A) is the numher determihiné the quantity of elements in
aggregate X, and the bracket beforé the word "activity' indicates
that a comparison is being carried out.). > ~

~ But the substitutes‘being carried over from the first situation
into the second had to be ohtained there first. ‘And this, too,
was a definite activity of a.special sort, intepded from the outset

precisely for %reating substitutes which could be tarried over

into the second situation. 1f we take this feature into account,

our formula will Ibok like this: ' : 2
\ ’ ' . '
4 J*”**f—f) /P thlav (7
A(’-{-Hlt/ {), } Aft\ ]l‘/ z‘f i : ( )<
\5’,4 i ~ TR
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It is importany/to note especially that Yactivity:2," by

means of whieh thefobjects and symbols &f the second situation are
'-compared depends |on three features‘> 1) the character of the
transformation of the objects in the aggregate, We problem;,

. which is determined by the broader, real-life situation, and

3) the nature of the substitutes obtained from the ¥irst situation
and transferred into the second. "Activity 1," by means of which
the substitutes are obtained\in the first situation, in turn )
also depend on three features: 1) the character of the transforma-
tion of the objects im the aggregate, 2) 'the possible character

of "activity 2," and thus indirectly the problem, too, and 3) certain -

incidental circumstancas determined by the broader, real-life situation..

‘For instance, if it was impossdible to devise a substitute for all’
of aggregate X, an obteinable.substitute for part of ¥ could make up
for it, or the like, . ,'

In this system of relationships it is especially important "
uforass to emphasize: 1) the dependence of "activity 1" om
"activity 2" or the dependent of what is done first on what will
follow, and 2) the mediating role of the part of the conditions
$pfesented in symbolic substitutes. Thesa preblems serve to- connect T,
' activities 1 and 2 into a single integrated activity for solving ’
the particular practical problem, and consequently thgy must be set
up so as tc prcvide this~csnnection In other words, this part of
the conditions of the problem fulfills'a certain function in the
activity, sand it should be. tailored to tnig functipn.

If the conditions of the problem can assure a connection‘between
‘activities 1 and 2, then in principle it becomes possible ta‘divide'up
or distribute'these activities:to difgerent persons: . i
One person, then,'can be creating substitutes for the first i
situation, while another person, in another time and place, doing
nothing but comparing these with the aggregatg of objects £;1i§§
" ‘se¢ond eituationcand'éblving the pyoblem. This becones cbmpletely
feasible if we further supplement’ the conditions of the problem by

including a description of the transformation of the objects in the

. B ¥
aggregates. This will permit the ,second person to reconstruct
) .
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‘the object part of the first situation, to relate correctly h}ﬁ;Ei
aggregate of objects ta the ones {h the First sftuatioft; and on
this basis to choose the correct type of comparison betleen the -
aggregates of objects he has and -the symbolic substitutes fo:.the >
others. If the practical aetivity is divided between different’ ‘
people without suehla Supplemqu, the problem cannot be solved, as
the second person, not having directly observed the transformation
of objects iﬁ thie aggregate, canﬁot even qualify the aggregate
assigned.to him.- 1t could just as e%eily be a parﬁ as the entire
whole. Supplementihg the conditions of the probMem.by describing
‘the transfo ion of objects in the aggregates brings‘the problem
closer to its textbook form, with which we are usually,condefned J

(altﬁaugh’ﬁvg; this approximation is not complete,, since the bbjecf ~

element z is still .present).

\-’ : | | : . '
' Report FII: Variants in Solving Problems .
Presented with Objects e o

LY

Introduction ‘ . ' ) ’
A v 7 .' .

When we analyzed the causes of first ggaders' difficulties in

BN

solving simple arithmetic problems, we'discoqgred-that;‘in'addiiion:_\
to the custoﬂary ggthod of solving themgby adding and subtracting
numbers, they use at least three other methods of solving these
probiems. a) by using objects to make a model of the aggregates ’
described in the problem and then counting them up, b) by counting
‘up’the figures in the numbkr sequence, -and c) by\"adding or ta&ing
away' figures in the number sequence by twos ‘or threes. Thé first y, 'y
.

method of solution —- by making a model with pbjecte "and countigg

them -- we singled out as being geneticalﬁzvprimaqz, from it (in

‘the Londﬁiione of existing instruetion) children move on to the second

and third metheds or directly to the sacially acce%ted, standard

i

met?od. But this genetically primary method of/eolhtian ig itself

sufficiently complex. The children arrive at it gradually, too,
- \
/
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a“\ - throuéh even simpler modes)of activity.’ Much[knowledge and many
*nental operations are wrappe§ up in it, too, and therefore it is
not easy to analyze its styuctures In Qrder to overcome these - .
ddfficulties and'to analyze the structure of d@e solution processes,
we introduced 4 special (in a certain sense fietitious) model .of an
’arithmetic problem - roblem presented with objects In its )
design, this illﬁ\problem which could crop up directly in the context ‘

~of. practical activity, whenzactual aggregates are being broken down §

N

and combined, and it pcesupposes the actual presenbe of certain parts
‘of these aggregafés; the latter, as it wa;e, tnter into the conditions ™ *
e prqblem itgelf along ‘with the symbols. Whgn d! analyzed

1 i

and examine then apart from ofher- secondary aspects. Three fﬁctors
in particular emerged in especially sharp relief as ones.on which S
problem solving aceivity‘depends. a) the character of the;transforma—
‘.tion of ohjects in the aggregate, b)- what the problem is asking, ﬂ
' and c) the chsracter of the sqbstitutes (symb?ls) ,found in- i;s-
f’ ,conditions (Repomt II) S /“f - ' . 'g‘.
: But it’tprned out at the same time that theSe mbdels, introduced
A originally, we repeat as & kind of abatra,F? fictitious prefiguring
’ of real arithme;ic problems, correSpond to completely regl proﬁ&ems
wbich are ‘(or in teaching can be made) genetically primary arithmetic

problems. We, tested this thesis 1n‘experiments with preschoolers

" and obtained\a number,pf important resultﬁ, tQ be presented elsewﬁere. .
‘ But here, having simply noted this fact of subsequens experimental
verification, we need to set !%rth the baSic features of the ¢ ‘Y o

.
*

. theoretical analysis of the posSible %bthods of- solving problems .
. p:esented with objects. As we db,this, we want to pay special '
e attention to the method we use of diagfamming*ﬂuaproceases of
problem solving (Report II) ﬁs a matter of . fact? for us the'
"t diaggams emerge. as abstract models of “the actual solution procegses.

.Y e

'When we analyze them we get all kinds of information about the »

L

peculiarities of. children s problem soIVing Without consulting the:
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empirical material directly, we anticipate the résults of the
experiment, This information, obtained in the diagram—models,

“ was subsequently confi:med by the experiments with preschoolers. ,‘

L4

y.fVariants fgr'Problems Presented with Objects' o T

.

What , first beqomes clear from _the scheme of the problems
presented with cheots iS\that the solution.of each of its variant%
.can proceed on two planes - ofcobdects or numbers -- and correspondingly
the\Solution processes will differ suhstantially in beth the opera~
‘tions involved and the understanding" of the conditions which these N

‘ s

operations det ermine. PN T A

By way of illustration, let us take ,the” first type of problem, e -

’Vhen the two aggregates y and z‘aeve been combined into one, ye .
have the combined aggregate X' directly before us here, we know the.
numher charadterizing thequanﬁty of: elements in one of its parts,
and we must either take away the second part«physically, o%” express ’

. the quantlty xof elements im it by aﬁnumber. Ehis type of problem

‘ aggregate correSppndng o rhe number (B) , {i. e.h aggregat® y, at

the same time ‘take away aggregate z frpm X and, if the question.

calls for ity count it up and ebtain dumber (C). .This solution

(Y - ’
: E] .
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' can be expressed schematically in Formula" l* ) ,: ..
LA a 4 ‘ , \ :
o T i/‘)‘-w’ ».A .o ™~
; | ’;‘ L ' "\$B>,wl7;t‘UQ) ‘(gg), N .
Lv s o VA o, ! .
i where the vertical 6otged line represents the temporal division of
the situations, A‘f (the ”delta one-arrow'’) ig the operation of )
’f counting up, and., (z?) is what the problem is asking\(Report II)
' R If wélate going,sto" use objectsgto solve the problem, then from
the aggregate X directl‘y before‘s ‘we will have to count out the = :
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' I v Tm .
I-X\k:,iy 28,1 o
. o C Formula e . | .

process can be represented by Formula-2‘ The symbol for counting out

éinverted errow") in this formdda, taken together with the

symbol for dividing aggregéte X, signifies the rgmoval of part vy

¢

(read '

from X.
But if we. are goingfta,be using mainly numbers in solving this

problem, then we will have to count up the aggregate X immediately

(8) T(A) (R)- (6)_.(C) fC)

-

2

[ 1 ' ,

X, h‘*®¢vz-r
s‘w

\. Fo\'-mu(a.. 3 ) i \1 : A -‘."‘\'I/‘ o
- When we compare these two method3> ;erjﬁ ethFbrmula 3) of
solving the,same problem (presented as.intﬁo ul qe emphasize,’
with objects), we can readi;y see that the fireu method (Fdrmula 2)
based on moving the objects themaelves, is unquestionably eaeier, S
more natiral, and economical than the second It conteins just the

on'e operation of ceunting'but,‘if we aant to obtain the aggregate

Eg?objects Z, "and two operations ~- counting out and countiqg up --

if we want to oﬁtain the number characterizing aggregate z.

The second method (Formula 3) contains either three operations -

counting up, subtracting, and counting out, or Wwo - counting up

and subtracting. It .should be added that, in what it comprises,”’

the operation of counting up in the eecond case.is equal to both the

counting out andegnnting up operations in the first caseas o j
Tt is quite obvious that from the standpoint of the logic of

of problem solving, the second type of problem,wherethe nunerical‘
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before us, subtrect number (B) from the number (A)ithus~obtained,ﬁ
‘and'then count out aggregaté z if the problem calls for it. This
solution method can be*xepresented by Formula };' e ‘ v
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velue of aggregate z is known and that ef aggregate y un#%é&n,
"coincides completely with the preceding variant. This' similarity
of the problem types is substsntially what distinguishes problems o
pre3ented with objects from purely arithmetical, textbook problems.
Let us exsmine the third type of problem, when we have both
of the partial aggregates ‘directly before us, and we must either
orm a combined aggregate or determine its eumerical value. It is N ,

represenfEd schematically in Formula 4:
l (X7)

i ,
| o é{/; o Fprm«‘a.‘f“
, i In eesencefthis variant,’ if it is presented with objects, does not

. yield a really arithmetical problem at all There are\two modes °
of aetivity possible here: 1) We canﬂcambine aggregates y and z
(either actually ot in a representation, on an "understood" level)
and gount up the’ aggregate obtained; or 2) we can .fount: up the
aggregates presented separately snd then add the numbers obtained.
These two‘ques.of activity can be represented by Formulas 5 and 6:
{  (A) ", T - e, (ep,c‘_c'):fm{
. \YL\311§<A ) : ‘.YAj { ) '2452
> rbrnﬂgigp 5 - '-‘ , - ’Fb?h1u.&t 6

It is readily evident that here, teo, just as in the fifst and
second types of problems, tHe solution using ‘the objects themselve5~
turns .out to bé easier and more economical than the one based on th%-
manipulation of numbers. It will suffice to point out that the
operations of eounting up aggregetes y%and z are equal, in effort
required, to the operation of counting up all of aggregate X, whereas
in the second instance addition, too, is required. "
Let us turn now to the following types of probIems,‘ The

-~ aggregate has been divided and we have only one part immediately

before us. Two situations are possible:' 1) We know the numerical Y

veiue of the second part and must determine the whole; or 2) We -

know the numerical value of the whole and must determine a part. In

L]



essence these(aregtwo completely different tasks, and solving -9

. them requires differept activities. We might call these the fourth‘.:
’and fifth types of probfcms. Let us examine them in order. L. "f'fﬁif
, The fourth type of problem can be represented by Egrmqla-Z:
. & _ . ’ . - : : .
(8)+—»(8) (X?7) s
) | . oA S
t 2 -.._-_..xr N
* 6 . ‘ 2 ‘ 7 . . ‘ .
, If we wish to use objects to soi;e the problém, we must first T
introduce, as a supplementffo the co itions, an auxiliary aggregate

of objects (sticks, fingers, etc.)” from which we will take okjects

:_ . to reconstruct the missing parts of the original aggregate described
in the conditlons of the problem 1 Then the solution of problems o
" this type will proceed thus: First-we will count out aggregate
then physically combine.y and z into one aggregate and«final

count it up, The solutidn process can be represepted by

<. O

N (®), ® A
e , \ ' l: : . Wt . | N
N ' "/'47- vy, J j{s XAz. / : '
' Formula <, S ' ' -

But if it is going to be solwed mainly with numbers, then we
will first have to count up agg;egate z, then add the number we i
' .. get to thé .one we,had, and finglly, if the question calls for it, . -
count out the, combined aggregatet Diagrammatically’this process .
" is represented by Formula 9: ., " )
[ (8) ¢ (), (8)+ (c) m) (A)
. _ |

1'. . /l// . i
l | z A, a v vX .
Fermula 9 o R : :
r This is the only type problem where bdth methods of solution —-
e e .
with objects and with numbédrs ~- are approximately equivalent .

~ . .
hat we are not doing to examine the modeling
ere. Subsecuent rennrts willfbe devoted to a
of thes¢. Thus -- and it is important to keep

lLet us emphasize
operations themselves
more detéiled analys;

-
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from a general atandpofht The first method gaina‘}he aowantage
when the solution to the’ problem is the formation of ‘an aggregate
of_obiecta, but the second does if the answer is to be given in the
form of a number, In specific cases the superiority of cne or the
“other also depends on the correlation between the quantities of

- a4

;‘**““obﬁects tn*ﬁhe‘_ggre ates y and z. ' o -

amy

Formula [0

‘It is the most complex ‘type: At. least two eubstantially different

‘methods of solving it with objects‘are possible. In the one instance,
using auxiliary objects, we first need to count out an aggregate of
objects X in accordance with number (A), then count up aggregate z,
thch is given in the conditions, and having obtained the'number.
characterizing it, coudt out’an egual aggregate witginfaggregate X,

in the same way we will set apart aggregate y within X and then.count

{s up. Diagrammatically this very intricate process can be e
represapted by Formula 11. .

b () | (¢) (e) (8) .
B " uAL Formula [/
42, Vix,“z A X@Y;Y 3, o

L

A method-of solving-the same problem, which is simpler in ter&s
of the number of’ operations but dt the same time more profound"
(from the point of view of "understanding' and the mechaniams of
activity involved in it), consists of counting out aggregate X;
tiren ‘a continuatiOQ of the counting out, beyond the limits of
aggregate z, i.e., with auxiliary objects, will yield an aggregate
of objects y, which can bg counted up- afterward. This problem-

solving process can be represented by Formula 12. |

- +
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; The third method of solving this problem, with humbers, will
. consist of counting up aggregste z, subtracting the number obtained

form the given number (A), and, if the quastion calls for it,

. counting out aggregate y. This process‘can be'represented by

~— Formula 13. ‘ (A)? oA (C)) (A) - (C)-— (5), (B)]

b zA& . | L4y
. ' , FOrthiCL 13 '

It is readily evident that this is the only form of the problem
which is more complicated to solve with objects {the first way) than
) with numbers. ?he second 'way of soiving it with objects turns out,
, from the standpoint of the. number of operatioms, to be simpler than
‘fhe method using numbers, but it assumes a very high level of

"understanding of the relations hetween aggregates of ‘objects (we
‘shall discuss this in a subsequent report) and therefore will

undoubtedly prove diffieulg' for chiidren. . \

. -

. Summary

r

- As Je‘complete this analysis of possible_hethods of solving

arithmetic problems presented with objects, we want to emphasize

:' one, feature in particular. ~When we compared the proQ}em-solving
methods using objects and numhers,* we always worked from the assumption
thaguthe person perfqrmipg the activity actually had the.objects
necessary for making a model of the aggregates This assumption 1is
completgly justified when we are analyzing abstract models of problems
done at sehool For atlschool, children at the first stages very
often make use of“object models -- counting sticks, things used as

) abstrsct objects, etc. We°® found it important to ascertsin that the
methods of problem solyving using objects turn out o "be more .

advsntageous in these conditions than salving problems through the

use of numbers. But if we abandgn this;}nitial premise, if we assume

~
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{th; the person has no auxiliary objects'hut only tfhe matter
of the initialraggregates that are being transformed; them it will
smmm proklenms ~- of the first, second and
:fﬁﬂ hir&ﬁﬁypes — can be solved with objects‘;rﬁell. and “the other' T e
| two -- the fourth and fifth -- absolutely require a solution using

. '
P .

numbers. . .

This observation'has very important impli¢cations for teaching:
It specifies more pgeciseiy the conditions'necessary for ;
oréanizi -children's mastery of the modes of activity described above. 3
‘In'partic ar, it isolates the probleﬁs that can place children

in a rupture situation.*

Report IV: Problem Solving by Making a Model with Objects and "
Counting: General Characteristics of the Method and the Basic

! Problems Which Arise in Investigating It

Introduction : ' ' .

-

_ In the preceding report we examined models of arithmet Vo
problems presented with objects.‘ Parts of the actual aggregates
of objects to be transformed entered into the conditions of these ‘
problems along with the numbers. The presentation of.these problems
| w%th objects made it possible to use counting in solviog them and
to transform the.objects in the aggregates. Contemporary ar}thmetic
.problems are totally different from those presented with objects.
They are completely removed from ‘the plane of objects; their
conditions igeclude only numbers (at least two) and descrip-
tions of the transformations: gndergone by the aggregates of objects.
These changes in the conditions entail a change in the activity
by means of which the problems are solved, as well In the problems

presented with objects,_it was possible to count up the aggregates,
é

hY

. *A rupture s1tuation is one where a child is confronted
with problems for which he has not yet learned appropriate modes
of activity to solve the problems (Ed.).
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combine them_(or eeparate them), and count tnem up again while
fdetermining the numerical value of the aggregates thus created or
destroyved. 1In a textbook arithmetic problem it is unnecessary -
\\inpossible in fact -- to count anything‘up. Everything needed for
the solution is already counted up, and there are no objects as
snch at all. The mode of activity adequate for this problem
consists of the' formal mathematical operations of addition and
subtraction. Man worked these out at a certain stage in his

‘historical development and has since handed them down from

generation to generation Learning to solve-arithmetic problems
* means mastering the method of solving them by addition apd |
subtraction. This method itself is a complicated matter and B
consists of more than the formal operations'of addition and subtrac-
tiod (as will be shown in subsequent reports! see also footnote
2 on the next page). -

« TFurthermore; mastering addition and subtraction is complex,
too, with its own particular laws. We can scarcely discuss these
laws at present with confidence. We do not even know whether
‘gpe'learning Involves the transformation of modes of activity
the child already has into a new mode, or the pure" acquisition
of a new mode brought in, as it were, from withoyt, largely
. irrespective 'of the modes of activity he already knows. But every
time a child is confronted with a problem requiring ‘a néw method
of solution, he tries to solve it first through the methods he
already knows. Thus, independent of what the "pure'" mechanisms
of -actual mastery are, the new problem is always ''refracted"
through tﬁe prism of available methods of solution, and we
should take this into account in our investigations.

This applies fully to the processes of solving arithmetic
problems as well When children are given a strictlyzarithmetical
problem for the first time, in essence they are put into a .

rupture situation: Solving the problem calls for a new mode of
. L S .
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activity which the children do mot yet have.> In this situation,

with,the teacher urging them to solve the probleg, txy to make

use of the modes of activity they already know -- counting, in

'particular == and adapt them to the new conditions.‘ But to do

this they must turn from the arithmetic problem presented with

numbers' to the problem presented with objects and supplement it

with aggregates of objects. So the cliildren dntroduce auxiliary | .

objects (their fingers, for instance)% and use them te reconstruct- -

the aggregates of objects corresponding to the numbers giyen in -

‘ethe problem, thus making models of the original aggregates of

objects and their transformations ' : . .
But in doing this they do not simply use a mode of activity

that they have already mastered -~ counting, for example --

but rather they work out4 what in fact is a new mode of actlvity,

7

2So that children will not be in a ruptur€ situation when they
are first given arithmetic problems, and so that they will not
"{nvent" their own methods of solution, they are being taught the-
operations of addition and subtraction often even before they are
given the first arithmetic problems. This is instruction in. salvidE
sé—called "examples." But our observations in Report 1 show that
children who can solve the arithmetical examples well are still -
unable to solve many problems. This permits us to conclude that
" how we solve arithmetic problems is more than addition and subtraction. -
Even those children who have mastered these formal operations get
into a rupture situation when they confront problems. \\\i
This conclusion determines the problems to be investigated
further. How are the solution of examples and the solution of
problems connected? What else, besides addition and subtraction
proper, enters into the method of solving problems? = When we have
" answered these questions, we will then be able to ‘ask whether
':i'hnstruction in solving examples might not be organized to provide
simultaneously for mastering everything needed for solving problems.
Cleatly, these questions should-be answered by analyzing the method
itself, based on addition'endAsubtraction, but analyzing -the
- genetically simpler methods of making models with objects will shed
some light on them, too. .

3The conditions in which they do this will be discussed in
subsequent reports. '

4See the more precise deécription of this in the final seetion
of ‘this’report.
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a‘combination-ot previous ones, with the initial elements of the"
activity somewhat modified and*transformed Quite typical, is Sasna sh.'s
behavior discussed in Report 1II, when he is given the problem: \. "
"There were some plums on a plate. A girl ate 6 of' them, and then

there were 3. How many plums were there on the plate to begi%\with?"
First, he says the problem is '"hard. i don't understand it," and

then he golves it, by holding up-first three fingers, then next )

to them, six more, and finally counting them all up. His di;ficulty,

.

obviously, was not in reconstructing an aggregate of objects

.according to the specified numbers, but in reconstructing the
aggregates in the relationships that correspond to the conditions

of the‘ggoblem. The fact of the matter is that making a model 6f

the situation described in the conditions includes two consecutively '
performed counting-out operations, afd even in elenentary cases,

when the first‘aggregate of objects has been reconstructed according
to one of the numhers, it is then necessary to determine how or
where the aggregat% corresponding to the second number is to be
reconstructed. Let us illustrate t&is with a very simple example.

A problem is posed: "There were 7 birds in'a tree . . .";
immediately the child holds up seven fingers, but then, depending

on what hsppened in the situation described -- whether more birds
came o? some flew away -- he is going to have to count out a second

quantitly either side by side with the fir continuing and

supplementing it, or in the "opposite" direction, "within'' the first
aggregate. This choice, depending on the nature of the problem

and assuming a certain 'understanding" of its conditions, is precisely

‘that new feature which distinguishes this activity from the simple
counting of objects that was, mastered earlier, and this is just what
children initially have dlfficulty grasping. (All of this is only .
a superficial description, a more detailed and precise analysls of 1
all the points mentioned hére will be given gradually in the course

of further analysis.) -
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Solution by Making a Model

A majoft ei;cumstance, specificallyﬂ‘islthet this method of v
pﬁghlem solving is based on a 5peciai'su§q:itution -~ making a
model, in the preeise and parrow sense of the word., If we diagram
tﬁ; child's ‘activity when he is solving any elementary problem, it
wijll appear approximately this way: *

<A> == ’f‘"?m‘f“’?"f(n) - @ (©)
' y s e R i '/ ,
xa,! AU DR Y 9y s

‘_///y,)’ _(_;r: o \:;#:-_}/g
(X, y, and z designate heére the aggregates of objects, the symbol AT
-= the "delta arrow' -- signifies counting them‘up, the symbol l v
.= the "inverted arrow" — signifies counting-out the aggregates by
nemher,'and the'cur§ed arrows }epresent the deeompositien of aggregate
X into parts y and z, More detailed explanations of these sywbols
. were given in Reporgs II and III.) In the first situation the
- numerical value of aggregate e was not given. This eonstitutes
' the question being asked. To answer it, the child must reconstruc:, !
in accordance with the numerical value of (A), whe yhole aggregat&r ‘
. X which was divided in the first situation, but now with other objects,

”i.e;; aggregate X7, and then within it réconstruct with the new
objects the partial eggregate y’ according to number (B), thus ‘
essentially repeating in the second situaticn%and with new objects
the same division of the aggregate which took piaee in the first
situation. The aggregate z” obtained as a '"remainder’ will correspond
to the original aggregate z, and therefore, when he has counted up

! ) z”, he will be able to transfer the number obtained to the original
aggregate z. The question is answere@’ though not as a result of “
counting up the original aggregate z to which the question. eetually
‘pertains, but as a result of counting up another aggregate, z”.

But this other aggregate is such (actually, it is so set up) that
the results abteined with it can be transferred to the original .

aggregate. Another important feature here is that precisely the same
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operation of counting up is applicable to the newly created aggregate ‘
/ as was to be appiied to the original aggregate z. These two./éﬁ»__;

features: 1) the application to z“ of the same operation as was

fo be applied to z, and 2) the transfer to z of the rééults obtained.

from operating with z/, form the&é’phi‘fi‘c character of EHEML

gg_g_special type of substitute. Precisely by virtue of these two

/

~circumstamces, z” is a model with respect to~z; while z is a éattern '

- with respect to z”. ‘ ‘ . ‘

‘ - If we exteod this def}e};ion Efom the result .to.the whole activicy
by means of which the result is obtained, we can say that this whole
activity is a. modeling of.the original .aggregates of objects described
“in the pcoblem and of theiFrtransfcrmation. But at the same time
it must be remembered that this definition has as its basis a comparison
of only'the:final operations of this whole activity, which as
a Qhole, is model-making insofar as it is directed toward obtaining
a model of what is agked about in the;problem. 1t wouid'however,
be incorrect to look for a model-pattern relationship.in all the
elements and components of this activity. In particular, it would
be wrong.to attempt to interpret the successive operations of

*- reconstructing the aggragates of objects accordiog to‘the numbers
in the second situation as a modeling of the object transﬁormacions
.that took place in the first situation, as the problem variant we .
cited gpove suggests. Later on we will see that, depending on the
form of the 'problem itself, the relationships between the operations

? of model ing aggregates‘of objects and the object transformations in-

these aggrégates are quite oomplicated and variable. vertheless -~
and this, too, will be shown later on -- children unwiéEEogly, but
very frequently, perceive prec1sely such relationships and begin

" to pattern their activity on t‘ém. Therefore, it becomes quite

“fmportant to try to,orévent such a misinterpretation.

>

Learning the Method of Making a Model

We also need to discuss the degree to which children learn the
above-mentioned method of modeling the conditions of the arithmetic .

problem, and the degree to which the "invent," "discover," or construct it.

. ., 92 . ,
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Just as with any other mode of activity, the solution of
\arithmetic prnBlems through meking a model with objects has’ as its
basis the learping of definite modes of activify worked out by
mankingd and'"imparted" to thegchild in a special vay.

&

These assertions apparently—are indisputable with regard to .
counting. But do they extend also the the "addition" specific’
to such a solution of an arithmetic’ problem -- the modeling with

objects and the g@terminetion of the order of recomstruction operationg? -

'After all, as apecial operations, counting up and counting ou§ take’
‘shape in connection with' the solution of somewhat ﬂifferent prohlems
related to the object level proper. Likewise, children master them
through other problems In order to use these methods of operation "

here, in textbook arithmetic problems, the c¢hild must transforno '
‘them radically. ‘Not only that, but the very "idea" of using, objects
" to make a model of the conditions is a substantial addition that™

\ apparently must also be "discovered" or else learned in specially

'orgsnized instruetion.d Special research is needed to give a
well—suﬁ§taqtiated answer to these questions. In particular, it is
necessary to ciqrify in detail the way counting is taught, and
whether sitoetiogs are not alreadxfcreeted that lead to’essentially
the same problems, but on .the level'of objects. Are not the elements
and the general scheme of making oodeis wit% objects worked. out even

before we come to axithemtic problems proper - for ingtance, in

problems‘preseeted with objects, or even in ordinary counting? ,If .-

this.dis found to be so, then of course we cannot speakﬂof“the';
child's "discover§" of modes of activity here either, but will
have to talk aboot direct mastery. R N
But right now we are interested even more in another side of‘
. the matter. In principle we a;pareetly cannot and should not deny
the possibility of the child}s conetructing solutions to preblems.
Moreover, this is what we sgould'strive for, deQeloping in children.

the ability to construct solution processes on their own and then

to turn such processes into solution methods. The actual oroblem,
therefore, consists of finding the limits of this activity of the

+ child®s on his own and in seeing‘how his consgruction of solution
\ - ‘ .
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:processes is related both to thesmodes of activity he has already
<
learned and to new modes he has found on the basis of: the cpnstr ted !
solutlon. In essence we shall be concerned with this range of
:questions throughout all our work, but in addition it will be. the

topic of a special discussion in qhe of the subsequent reports. BN
s .~ - / ) . [y

. . / - > t
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Report V: Solution.gz_Making a Model with Objects

‘ ~and Counting: A heorgtigg g__the roblem Va gigg
} i .
. Introduction‘

In the previous report e examined the relationshiP between ‘

’ textbook arithmetic problems and so-called problems 'presented with
"'objects" and gave a general description of the method of solvfng

Al

textbgok problems by making a model with objects and counting. As

we showed -the heart of. this solution method is the’ use of some other

king‘of auxiliary aggregates ‘to make a model of _the situation described'
in the problem. Ag the condition for making a model isj-- to use

v

traditional terminology for the time being -- a certain understanding

i

* of the text of the’ problem. Only on‘khe basis of this understanding ‘
can the child choose the directioﬁ.;n which to cflunt out the second

~ o

aggrega , ,
An enalisis of the experimental material from this standpoint \“-;
reyeals what at first glapce seems strange: The same children who
fully understand problems of some types'(accordingly,'they know how
to solve them) do not understand problems o other types at all.

Here 1is a'pertinent set of observations: ¢

Sveta M., first grade, October

Experimenter: A boy had 7 pencils. He lost 2. How
: - many did he have left? .

Sveta: (immediately) Five.

VE,: There were two white goslings and some yellow ones in
the courtyard. There were four goslings altogefher. How
many: yellow ones were there? . e

P.:*  (thinks for a long time) Six.

N




) ‘ -~ : . ‘ - ’ v ‘,
- E.: A cat/ Rad some black kittens and two gray omes.
Altogether ‘there were.five. How many black ones .

werg there? ‘ .
P.: (counes on her fingere) Seven. AR
: ‘< : .
. . " Lyuba L.,- first grede, December ) e

Experimenter' Grandma made dumplings. Vera axe two.

(Lyuba holds up two fingers of bne hard.)
And there were five left.for Mame - :
(Lyuba holds up all the fingers of the other _ -
‘ ‘ hand.) .). How many dumplings'did Grandma . ™~
' . make? . C ot '

- -
- A .

K] .-
-

[y

. ) t 1 , .
‘Lyuba? . (counts up her fingers) Seven. | . Y- .

.:. First there were some birds, and the four more came
(Lyuba Lolds up four fingers.) And then there were
geven: How many birds were there to begin with? = .

irst there were four and then there were seven altogether..

_ Seven birds, righ o .
E.: (Repeats_the problem.) O —_— BT hd
T s, an (aqun she holds up four fingers) What do you mean? )
o I don'tuunderstand\ There were four, but seven didn't
+ . COmer

- E.: (Repeats the problem for the third time, Again Lyuba
does not solve the problem.) '

E.: \First there were some books, and somebody brought two
- “more, and’ then there were five. How many books were
i there to begin with?

S.: (hqlds up two fingers on one hand then all the fingers
of the dther, and then counts them all up) Seven.

LA

It appears as though the children being tested dnderstadd the
first problem and do not understand the second Qrhird. But
what_ié the difference between these problems? Why do these two
girls (and many other children, whose records we have not cited)
understand problems of gne type fully and not understand problems
of another type at all? What is the essential difference between

- these problems that makes for such a strange disparity in children's
reaction to tbem?’ And what actually is this understanding?

95
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. While the. child is hearing an arithmet}c broblem being read,-sucb
as, "There were some birds in a tree.' Six fore céme, and then

. \ ;herevwege'll...,“ he cép imagine a real trege with Birds fluttering
atound in the branches (or a pictu;e pf.a tree with binds'sitting ’
in the branches, of the type frequently provided of late in téxtbooks).
Then he will imagine birds flying towards the tree and alighting
A; on its branches, finally, in accordance with the text, the tree with
- the birds setlling.down after their flight. This entire process i
of imagifiing different situations in succession is uﬂdoustedly a
Hefinite understanding” of the te*ﬁtand the events dascribed there.
B;t it this the kind of understanding ﬁgeded for solving arithmetic
problems?y Understanding the problem is, after all, onlyloné step
in the solution procesé. Certain operations -— problem solving
.proper -— muét be carried out on the basis of it. In the cases
we are discussing this will apparently consist of making a model, . out
of certain aggrégates of objects, of the siiuétion described in
the problem. This activity presgpposes-understanding. Not only ¥hat,
but it is apparéntl§ pogsible to say that this understanding is
itself achieved-th§$hé£ the,model—making activity. It is needed
‘only in order thaththé;snlution be obtained with the model, and
it should be sd?h that this function it has is guaranteed. We can

present this schematically:

~

Ugderstanding of the con-

— : Ty
ditions of the problem ¢ model-making |

But one might ask whether the understand}qg~imagining described above

¥

ability, and if not, then what must it be? 1In order to answer these

: .
is that understanding which guarantees subsequent model~haking

questions, we must analyze the structure of the model- mak;ng activity

. needed to solve various arithmetic p?bblems.

~

N Variants of Solution by Making a Model

The process of making models of simple arithmetic problems

with objects has its own strict logic that i%pends on which of the
S ) v
"f .
i 96 -

»

o "Ly




aggregates in the'conditions of the problem are known and which are
not. If we consider all the problems from the point of view of
the character of the transformations of the obiects described in

- 'thelconditions and the; sequence in which the known and uﬂ*&own
quantities are . presented there will be seven variants in all. 1If

 we use the symbol v ('the symbol of union") 40 represent the combining
- of aggregates as- described in the conditions, the symbol A ~ ("the
symbol of intersection") to represent the division or isolation of

. -

aggregates as describeq in the conditions, the symbol. (A) ‘tb represent - l
known whole quantities, the symbols (B) and (C) to represent known
quantities of parts, and the symbol (2) ‘for unknowns,\then these seven

variants of'the conditions can be diagrammed this way!

DB Y (C)— (1 B IMA —(C) 'u)(m (?) -~ (A) (A3 "'(?)'
A AAB =0 90O 4 5 WA —e) NAI< ()

. . The seventh éariant can conditionally be called neutral. It
does not show~how the aggregates are transformed in it. It simply
‘ssates that there are so‘msny objects altogether and somg are of .
one sort and the others are of another sort. | )

Let us now examine these problem variants from the point of
View of the possibility of solving them by making a model with objects
and counting. As we qo this we shall be paying particular attention E
to two matters: 1) the relationship between the sequence in which
‘the known and unknown quantities are presented in the conditions,
on the orfe hand, and the possible sequeoce in which models of the
' aggregates<of objects can be made, on the other; and 2) the cﬂaracter
of the transformation of the aggregates described, on the one hand,
and the character of the transfotmstion of the models, on the other.
In the first ‘and second problem variants, the sequence in which
the known values are presente@ coincides completely wifh the sequence
in which the models are made with aggregates of objects. As the
child hears the conditions of the problem, he can immediately .
form an aggregate of objects.corresponding to the first number., Then

he must determine the direction in which to count out the second

"won "on n N

é%gregate. The words '"flew away, came, altogether, of them,"

[ * .
etc. can serve as points of reference here (we are leaving aside now

' »
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tified\an acceptehle from a broader point ef view. What is

up., Theae problems are obviously the simplest ones, and '
ysis of the difficulties;%iﬁt they can cause children should
be donevwith the weakest/ children e% brought down considerably
to the preschopl levek. "af R
The third variant gvide;tly shnnld not cause _particular
~difficulty either.l_He e, too, the child begins by forming an -~
aggregdte of objects ¢ esponding to the first number, then simply ..
kips the unknown and, guided by the sdme words -- "flew away," "altogether,
"divided " etc.,——forms an aggregate corresponding to the second '

numher, obtaining as a remainder the aggregate corresponding to

the unknown number. Thus the third variants should be solved in the
same-way as the second. . . -

The sixth variant, if we take it from the point of view of
the sequence inuﬁhicﬁ/models’of the quantitieé are made, shodld not
cause difficulty either. As the child hears or reads the problem,
he will skip the first unknown, thiﬂ in succession form the aggregates
‘corresponding - to the first and second numbers, and as a result obtain
the unknown number. But if it is easy from the standpoint of the
eequence,in which the aggregates aré formed, this variant should
present a ceftain difficulty from the standpoing‘cf choosing the
direction 1

which to count out the second aggregate. Hers the

" iy LA 1] 1

words "flew/away, ate up, altogether,” etc. can no longer be

points of yeference. The child must perform'@ certain’ transformation

in the conditions of the problem. He must begin to proceed in
reverse oyder as it were. When he has formed the first aggregate
—_— . B
he must then ask himself how the second one should relate to it.
¢+ .

T&is tragsformation or, in other words, the answer to such a question,
should -opviously comprise the understanding of this probiem‘variént.

‘‘But| in the foarth problem variant this aspect of the matter

emerges Wwith particular clarity. The child skips the first mention

L4
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s S o
of an aggregate, forms an aggregate corresponding to the first number,
and ‘then finds himself confronted with a terrible difficulty. He

does not know what to do with the second number, how and” where to

13

. in the sequence

]

in which the knqwn nqmerical values are presented, pres poses an

~form an aggregate corresponding to. it. Making a

exceptionslly deep (and indirect) understanding of the r 1ationships
between the corresponding aggregates. Inasmuch as the eg regate Just
cpunted out, @orresponding to number (C), is a part of
.aggregate, corresponding to number (A), the child should have begun o
to count it dut-a second time. Diagrammaticslly it would: look this -

way: . - - : o .

ae

Another way is considerably more natural: that of turning the

_ conditions of the problem around. Here one would begin by forming

an aggregate corresponding_to the .second of the- numhers given —

v

(A), and then. within it count out an aggregate eornesponding to the

. first. number (C). This sequence of operations can be di&grammed thys:

*
.

/ —a, —*l

./’ \'. ‘ ‘ _’l * | .

But this procedure as well presupposes quite a special "understanding"

of the conditions of the problem. Even before beginning the actual

operations of model-making ahd counting out, must determine

the relationship between the aggregates corresponding to the first

' end second numbers. This is the relationship between whole and

part, and in order ‘for the child to understand problems of this type,
he needs to have aiready formed a concept of this relationship.

In addition to this, we must emphasize especially that when he has
ascertalined tbis relationship on the basis of an understanding of
the transformation of the objects in the aggregates, he us® then
completely reject what wouid seem to be the logical operation with

the objects -- union-- and construct his model by dividing the aggregates
> .
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lr;?.sam.e.Way as the fourth.(following the‘secdnd me h&d{., But 4f the‘..
child has not mastered this method, He can solve it another way, and
the seéﬁnd way of solving this variaﬁt turns out to be easier than
. the comparabie way of solving the fourth variant. One could say ‘
 thaﬂfthis method 1is suggested by the very sequence in which }he numerical
. values are “presented in this variant, as was ndt the case in the
. fourth ‘variant. When the child hears or reads ths/problem,'he forms
. an aggregate correspdnding to the first number, and then he 1is
| givenra second number which characterizes the Whole, and along with
» it the information that this secondvnumber was obtained as a supple-
ment to the first. Therefore, stimdlated by the conditions of the
problem, the child can simply continue counting on up to the second
) numgﬁr‘anﬂ then quite naturally count wp this’supplement. In:the
,fourfh problem variant, as we already indicated, it'was possible
to operate in the same ya&, but there this mode of action conflicted
with the déscription.of the transformations of the objects. A .
reinterpretation was needed, a transformation, in fact, of approximately 1
-~ this type: "1f.we say that suéh-and—such a quantity was supplemented
by anather, then this is equivalent to saying that this other ope
was supplemented by the first. ; , . * d@
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Table 1 - _ .
Problem Variants for Solution by Making a Model
'Segueﬁce ‘ o o ’
. in-which Character of Character of.
Numerical Sequence  TrahsfQrma-® Transformations
: Values are of Model- tion of in Model-Making
"Variants Presented Making Dbjects A ,
) : t ° ‘) ‘ . *
1 e — Ty y
4
,-h“’ v . . : > ) o
e 3" _\__,) —_— /\ .a /\ ‘
4-1 — —5 Y : A
4-11 —p Y . A\
” ﬁ, ¥+ - -
5-1. —_— - Y /\
5—]':1 - —_— Y Y
6 i end AN A -
L, e S iy
’ L 7 & not indicated A

1

In the seventh variant there is no indication of the character
of the transfoymation of the.ohjecfs in the aggregatéq being described,
and therefore when models are being madé,_operations can be chosen
'oﬁly with the aid and on Ehe_basis'af,the concept of whole and
part. For children who have not formed this concept it should present
con§i§er;ble difficulty. '}

The results of the theoretical analysis carried out above are

Ay

.presented in Table 1. The "arrow" represents the direction of the

' seqﬁence in which the numerical'values are presented and in which

the models of them are made. . The inverted symbel of union in variant
4~1 indicates that in that instance this correspondence betweeg the
opératioﬁs of transforming objects and of making models of them is

attained through a certain transformation in the meaning.

k)
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AN ATTEMPT AT AN EXPERIMENTAL INVESTIGATION
= OF. PSYCHOLOGICAL REGULARTTY IN LEARNING

4\ . | . _B. B. Kossov¥*
_ , B v
o Report 1: ,
ot . The Anal is of a Practical Situation

From th tandmigt X &_ Assumed Pay;chological Regularity.

L

‘ Even the eimple observation of. practical situations can lead to the
l identification of centaén psycholpgical regularities. It is not unususl ’
: that under certain conditions, a person will succeed at an activity.
| " If the conditioms aqs changed slightly, however difficulties arise and
he will make mistakes or perhaps even fail in the very same activity
Therefore, pedagogical and psychological inveatigationa.qf incorrect'
as well as correct operations are completely valid. A recent and most
thorough comparative analysis .of correcg and incorrect operations (and
- their underlying aasociations), in conformity with. instructional condi—
. tions, was undertaken in a monograph by Shevarev [18]. We followed thia
same method nf comparative amnalysis in an attempt to understand the
causes of the so-called’ "switching errors’ ' observed by Kudryavtsev in
his detailed experimental investigation [ll] .
. Kudryavtaev studied the peculiarities of the transition from one
arithmetical operation to another, for example, from addition to subtraction
and Xigg versa, Pupils in the first through fourth grades were tested

individuslly (the firsSt graders were tested at the end of the'school year.

+
-

, Of the Institute of Psychology, Academy of Pedagogical Sciences of
* the RSFSR. Published in Reports [Doklade of the Academy of Pedagggical

Sciences of the RSFSR 1961, Vol. 3, pp. 65-68; 1961, Vol. 4, pp. 85-93;

1962, Vol. 2, pp. 89- 94 1962, Vol. 5; pp. 85-90; and 1963, Vol. 1,

PP 85 88.
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Translated by Patricia A, Kolb.
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The problems assigned for salution did not in themselves present difficulties
for the pupils. At the time of the-testing, the pupils already %ossessed '
tfirm.cslculsting‘skill and rarely made mistakes when they solved such
‘problems. under normal eonditions But the author slightly altered the
conditions:,. He presented the same problems in an unaccustomeéisequence,

and, as a result, the number of mistakes rose sharply. The usual conditions
had heen changed only in that sé%er a large number of problems of one type,
two examples of ‘another 'type aﬁpeared unexpectedly. For example, seven
addition.problems ofvthe type. 6+2= ,5+4% , were followed by two
sugtraction problems sych ag 7 -3 = . 5,1 2=, Thus, the only pe-

: culiarity in the .situation was‘that‘a hsupercharging" o% addition operations
preceded he-subtraction examples. Many pupdls did not switch to.the new
operatio;jSEnstead of subtracting, they continued tc add the numbers ‘Let

us call such mistakes '"mon-switching,errors" (in his book, Kudryavtsev

s
1

celled-then "switching errordij' :
‘Many experiments in pedagogical psychology have confirmed the fact

that non-switching errors are widespread in practical instruétion 7, 12,

13, 20, and others] . The school syllabus for arithmetic correctly notes
that equipping pupils with sound calculating skirls ‘4% the most important
task in arithmetic instruction [4]. The significance of this requirement
has increased greatly in connecticn with the current school reorganizatin
and drawing of the school closer to life and to tne pupils' solution of
_practical problems. Unfortunately, in speaking of calculating‘skills, one
usually overlooks mistakes in operafion'signs.. Suppose a pupil solves the
problem 7 - 2 = by giving an answer of 9. Hesobviously has a souwmd
calculating ability to add 7 and 2, but - he does not consider all the pecu-
liarities of the situation and therefore does not perform the operation
required for solution. - Such "sign' mistakes occur most often when there
has been a change in certain of the usual cslculating‘,conditions, and are
manifested particularly in nonsswitching errors. It is well known that
sign errors remain rather frequengvin algebra.insgructiSh. The pupils'
carelessness dlone is an inadequate explanation‘fof the occurrence of

these mistakes. 1t is apparent that there are serious methodqlogical

shortcomings in the formation of calculating abilitdies and skills.
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A number of assumptions‘have been made in the literature about the
causes of:non-switching errors. Various authors suggesting explana:iqig
for these errors have proceeded, consclously or unconsaeiously, fxom the
comparison of two types of situgtions. In one of these, éon~switching
errors oecer and in the other they are almost absent (the switch is made).
Comparing the two situations, the igvestigators decided that the frequency
of the first of the,two. oper‘ét{c‘ns caused the mist'akeg. If the first
operation was not repeated a sufficient number of times--for example, if .
both operations were alteraeted fggm the very beginning——there would be ‘v
nod (or almost no) mistdkes. BRut no unified opinion exists in the litera-
ture about the more profound causes for the errors. .

Some authors see the formation of a direction in the completion of
the first operatioq as the cause of non-switching errprs (Bzhalava,
Khodzhava, Eliava, and othérs). Others consider the cause'to be inertia
~in the psychic‘processes, such as thinking (Menchinskaya, Lyublinskaya).
Thus,‘the autbor; consider different factors to be responsible when an in-
 adequate traﬁeitien from one situation to another’occurs. It the first
case,‘the factor is a lack of narrow direction (that is, broad direction),
and in the second, the factors are flexibility and mobility of thinking.
Kudryavtsev asgociates successful switching with the presence of a, pre-
liminary analysis of the situations as a whole, as well as with the
phenomena of.direCtion., He also observes that non-switching errors ﬁay
be connected with imertia of the neural processes, and successful switching

with their liveliness [11:367]."

"

Unfortunately, not one,of the assumptions made in the literature abou&

the origin of non-ewitchi errors has received Vigorous experimental stud

and can be considered prgven. Similarly, the nature of the psychological
regularity that conditi ’s,sucqessful switching also remains unclear--

despite all countervailing tendencies, whether of direction, inertia, o
something else.

Through preliminary theoretical analysis it is possibla to form a

different conception of the causes of nom-switching errors and the mechanis

of the corresponding correct operations. .

«
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In the search for another and possibly more adequate conception, we
turned to the works of Asratyan and his followegﬁ, who also stydied the
phenomena of switchjing tZ]. But theMr test situation could not serve as
,even a remote model for the situation which interes:ed us~-the trans;tion
from one arithmetical operation to another. 1In the first place, a tonic
conditioned stimulug {from the test room, from the'expefimenter, and so
on) was ysed as a signal for s&itching, and second, there was a fixed /
stimulus in the background for initiating an opération (the tap of a

*

metronome, a flash of light, and so on). _ In- the. experiments of Kudryavtsev,

+

a switch (operation sign "+" or "~'') was produced simultaneously with

-

ather attributes of the arithmetic problem conditions.
. Apparently, it is simplest ond most efficiont to consider the
notation of the conditions;of_individual arithmetic problems a3 complex
stimuli that prompt defined response operations from the pupils. Each.
such complexXN{s made up .of two basic components--an operatidn sign and
numbers upoj\i;}ﬁh the operation must be performed. Both components
essentially influence the operations produced and the final result. That
is, each component possesses a known signal activity or "signalnoss."

The occurrence of non-switching errors indicates that the signalness of
the sign component has failed. 1In this situation, the number component
can still retain its signalness. For example, suppose a pupil solves

the problem 7 - 2 = by responding 9, He adds instead of_subtracting,
but the result of the addition is corrécﬁL In order to clarify the
causes of such errors, 1e:‘§s analyze the situation in which the "super-
charging” of an operation (such as additioo) precedes examples in which
the pupils substitute that operation for another (in this case, addition
for subtraction). In the case of.the "supercharging’ of addition, the
numbers change but the sign is always the same (for example: 4 + 3 ,
L+ 5= , and so on). The numericdl result--the answer=-also chénged

in accordance with the change of numbers in the conditions of the problems,.

“FOnsequently}.for successive Jomglexes of stimuli with varxing nuﬁber and

. idontical sign components, differigg response operations are, required

This 1is the typg of situation ‘that preceded the errors. Hence our assumption:
'S
The given situation causes the subsequent non-switching errors,. It is
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apparent that tqﬁ gradual decline of the iggalness of the constant

. .

sign componen t underlies the errors. A question arises: Does the :
* constancy 6f a component in similar condicions alwaya lead to a decline~---'
~ «1in its signalness? In other words, how regglar is the change in the
k .« signalness of components in the’ conditions indicated?
'The investigation 6f Kudryavtsev does nbc prove that non—switchigg
errors hdye a regular connection With éﬁ?'definedrcause'or efn a
fgénerai situation. His work ﬁentions the supercharging of one ogeratiqﬁ-—
f¥' and ﬁhe possible formation of a direction to'alwayéAperEOtm that §ame -
.operation~~as the caqses'of subsequent mistakes. Yet these same errors
, are sometimes made wi;hbut supercharging, and even occur in cases where
ot two operations are intermittently counterposed E&l:BBé] . It is clear
that without the complete ‘statisticil processing of data from appropriately-
constructed exﬁérimenﬁs, it is impossible to prove the presence of a
regular connection. '
The praeetical significance of the questiog,posed above becomes clear .
. when one considers thepeculigfities in the construction of arithmetic
texts and problem books for the first gréde_[lS]. In the introduction
of qlmost every new operation, the authors consciously avoid presenting
it simultaneously and in cnntrast with a similar or opposite operation.
For example, 1in the study of the addition and gsubtraction of numbers
between 1 and 10, the exercises are all airanged so that the addition
of a certain number is treated first, while the subtracﬁion of the same
number an&‘ﬁ#%fcontrast between the two operations are introduced only N
in succeeding lessoné. N 3§§¢§§ .
A If our assumption about the origin of nbn—ébitching errors is correct,
then it must be recognized that the textbook authors cfegte conditions
frém the very beginning conducive to a reduction in the signalness of
- operation signs, and that they then attempt to correct the situation as
far as possible, The widespread aécurrehce of non-switching errors is
eloquent tegfimony to the fact that, in the end, they do not succeed.
Tests aimed at overcoming non—switchingyerrors and organized in a
different pattern (for example: 4 + 2 = 6, b~ 2= 2) are the most

adequate check for the existence of the regular relationship (formulated
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‘above) between the signalness of a problem's sign component and its
{nvariance. 1In these tests, it is no.longeér the number component that
is varied, but 1nstead the sign }omponent. LAS befare, ‘successive

complexes of stimuli will demand different operations. Since.the only

distinguishing feature of the comélexes‘will'now be the.sign component , ‘
.one'might anticipate an Thcrease in its signalness. If problems are .
" then given according to the fi¥st pattern, with a supercharging of addi-
;tion, the increased signalness. of the sign. component should result in &
' decrease in non~switching errorsl The development ©of an appropriate
methodology for the tests will b& the theme of the nent report. Positive
resuwlts to tests constructed according to this methodology would strengthen
" the case for the regularity that we have -assumed in the conditions of
arithmetic instruction. . :
In our first work [5, 10] , the regularity under consideration served
~as the basis for one of the most effective methods of strengthening the
weaker component of complex stimuli. With this method, various reactions
. were developed to complexes of stimuli with identical strong components
and different weak ones. 1 In two other works [7, 9], we attempted to
t;ece the same regularity 1n conditions of edementary geometry instruction.
The choice of” situations studied in all three of" these works was not .
accidental. We were interested in manifestations ,of .the desired regularity
‘along two parameters and in two -basic typei‘of situations 1) when the
features of the complex stimuli were parts or properties of the complexes
(an example of a part is a table leg; examples of properties are the color
or shape of the table), and 2) when the test was conducted with the oresen—

tation of«psrtiCularly artificial stimuli, or undet more natural conditions--

L] ~

-+

lThe method of "leveling" components proposed by Vatsuro [19] might
be considered.to be a‘particular case of this method. In such "leveling,"
the complexes are also distinguished only by weak components: A positive
reaction is produceéd to one complex, an inhibited reaction to the other.
For a more detailed evaluation of this method, see another of our works [7].

2Shevarev has proposed the following letter scheme for designating
the situationg in which the indicated regularity can occur: AF—R; AG-9S;
AN-®U, where A is the constant component of the complex stimuli; F, G,
and H are changing components; and K, S, and U are different reactions
to the complexes [18:169].
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such as those in geometry instruction. In the works -mentioned, mani-
festations of a regularity in conditionms of instruction were not studied

when\tﬁg-features of the situatien constituted its pérts. Situations

of solving arithmetic problems whose sign and number features are its .

- parts (and which‘features, therefore, can be easily distinguished from

_nomber are both essential.

one another) present a convenlent case for this type of study. Another
peculiarity of thearithmetic proﬁiem situation éoﬁpélling its special

study 1s the particular nature of its features. In our }nvestigations

‘in geometry [7, 9], one of the features of the situation did not have

essential significance, and it was not necessary to determine th examinees
opérations if these)opérations were correct. (For example, in eviluating
the perpendicular relationship of lines, their position on the plane is

not essential 1f the apglg between them always remains a right angle.)

In arithmetic examples, however,, the two basic features of sign and

.Report II:
On the Varied Use of the
' Regularity of Differentiating Complex Objects
. . . *
for the Elimination of Sign Errors in Arithmetic Problems.
3 o .
. Y a ,
In the previous Report we discussed the following regularity:- If
the complex objects perceived a person are identical in some'feapures

but different in others, and reactions to. these objects are developed or °

- strengthened, then the identical features either become non-signalling or

their signalnéss?'decreases. For brevity,‘let‘us designate this as
"regularity A." | . .

.

*
.Translated by Patricia A. Kolb.

§We shall say ®hat a certain feature has signalness (or valeﬁey) for
the person if reactions somehow dgpend on the presence or absence of this
feature.
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It must be assumed that in pedegogicel_prectice regularity A can have
positive or negative consequences--wherein ome or another of its effects
may be determined by certhl"%\;pplementary conditions. Ke purpose of

our investigation was to test this assumption. This reeort prese :é the
first part of the completed investigation.

Four series of experiments were cond;cted with first- and second-grade
pupils. The first graders were tested at the end of the school year, the
second graders at the beginning. All the series employed addition and
multiplication problems of the types 4 + 3 = andb x 2 = '.L\The
problems were not difficult for the pupils and they solved them correctly.
Difficult;es arose and mistakes sharply increased only under certain
conditions especially created in our experiments. We shall concentrate

on the basic features in each problem--sign and number.

Study I - Background Experiments

Let us agree to call the first é}periment of this study the basic

experiment. In it, seven addition problems (with sums not exceeding 10) -

were interrupted by two multiplication problems (also very simple--with -
the answer 12), followed by one more addition problem. . .

The basic experiment was conductgﬁ with 141 pupils in four different
classes of three schools in Moscow. Egch pupil recelved a prepared card
on wgach the indicated 10 problems were arranged in a column. The first
~assignment was to "copy the column of problems on your'clear card." This
task was done at the beginning of the arithmetic lesson anfi took from ten
_ tp‘twelve minutes. The cards c leted by the pupils were then collected.

The second assignment, which wag given at the end of the lesson, was to

"solve all the problems in“order and write the answers on the experimenter's
card.'" To some degree it was thes'possible to‘separate mistakes in t
copying of signs from sign errors in the operations--or answers. An
example of a sign error in the amswer is "4 x 3 = 7." In processing the
results, we were interested primarily in non-switching errors, that is, h
sign errors in the signs and answers of the last three examples_in the .
column. In a second experiment on the following day «let’ us agree’ to call

it the control experiment), no special Ehanges'were made in iys conditiomns,
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and all of the conditions oﬁlthe first experiment from the previous
day were repeated as exactly as possible.’

The transition to other arithmetical operations in the column's
last three problems caused ‘a s;gnificant number of the pupils to make
ﬁon—switching sign errors in both the basic and the control -experiments.
From 6.6 to 7.6 percent of all the signs copied by the pupils in the
indicated problems were copied incorrectly (discounting whether the
errors were corrected or not). The corresponding percentaées of mistakes

»ingﬁriting down answers varied from 7.8 to 9.9 percent in different

experiments (see Tables 1 and 2). A comparison of all the mistakes made
by the examinees in the two consecutive experiments--the basic and the
control--showed that no statistically reliable change in the number of
sign errors made in .copying and in !'operations" (answers) was observed
(see Tables 1 and 2).
Table 1 ‘ ;
. Correctness of Signs For &asic L
and Control Experiments in Four Studdes ]
» , ) ' ’ Study
Q 0 - . - .
v I CJIT I1I v
Total cases. « + o « ¢ o o « & 423 303 567 483
Percentage of mistakes 1in the
basic experiment . . . . 7.6 8.9 10.2 8.7
Percentage of mistakes in the
control experiment . . . 6.6 10.9 5.1 3.5
Difference in percentage of the . ‘
mistakes in the basic and
the control experiments. . “+1.0 -2.0 +5.1 +5.2

- -

Relisbility coefficient™ of the
difference between the re-
Sults of the basic and the
control experiments. . . . 1.1 0.8 3.2 3.5

-

[y
-

¢

* L]
This 1s the ratio of difference to the standard error of the
difference~—a t statistic (Ed.).
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Table‘z
Correctness of Answers for Basic
_and Control Experiments in Four Studies;

Study .
4 —_
1 11 III Iv
' Total lases ‘ 423 303 567 483
.
Percentage of mistakes in the ‘ .
basic experimént. . . . . . 7 9.9 .. 8.6 13.6 14.1
Percentage of mistakes in the - . ’
contrel experiment . . . 7.8 11.9 13.9 5.6
. . ] ’
o ! .
Difference in percentage of " h ‘.
the mistakes of the _
basic- and the control ~ - '
experiments e o & e » @ . +2ol _3|3 —003 +8¢5
‘ Lo
" Reliability coefficient of
the difference between _ . )
the results of the basic
‘and the control experi- o
ments . . . e e _ a8 . . lcl l¢3 0!2 . 4.5

.
ENL N . .
. .

}

The results obtained én each of the two expériments in the first
study were in complete conformity with regularity A. ‘The“aperation sign
(+) remained the same in the first seven problems; only the numbers
changed. Therefore, the operation sign (the sign feature of the problem)
lost signainess for_some'puﬁils}’ Only the nu&bers, which varied, retained
signal value. As a result, when these pupils encountered the 1a§§ three
problems they made sign errors in copying or in the answer, Heréﬁﬁe
observe the negative influence of regularity A.in the cémpletion of .a
school assignmené%' The 'nature of regularity A's" usage completely deter-
mined this negative efifect: All the essential criteria were not varied

in the first seven proble in the' column (the operation sign was constant).
¢ f problemg f )
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Studies 1I, IIT, and IV. ‘

Inthe three succeeding studies the- plan described for the two experi-
ments . remained upchanged except that a training experiment was conducted
between these experiments (usually immed{ately before the control experi-
ment and duringtﬁuasame lesson)~-the pupils had to copy and solve some ;
"practice“ proﬁlems. The results of the solution of the practice problems
were immediately checked and corrected. All the succeeding studies were
conducted each time with new examinees in different ‘class groups. There
was no preliminary selection of whole groups or of individual'examinees.

| In Study II, the 10 practice problems were of the type 5 X 2 -
and 9/x 1= . Only the, numbers were varied in the practice problems .'ff.
of this series. In'compariSOn with the basic experiment, the Sign‘had
changed-:éhat ig, a multiplication rather than an addition sign was .
tonstant. (Such sequentiai contraposing of different operations is widely
employegiin the first-grade'arithmetic textbcok by Pchelko and Polyak
[15]. The expérimefits with 101 examinees (from 3 new CldSSeS) show the
reéults of this.) 'Neither mistakes in the writing down of signs nor
sign errors in the'answers decreased in the control experiment when com—
bared with the basic experiment. On the contrary, there was some tendency_

toward an increase in both types of mistakes (althoughv§ﬁéfigtically this ﬂ*

was not completely reliable--see Tablés 1 and 2). e S
It could be conjectured that the positive influence of regularity A

ipuld be manifested in the canditions of Study II. 1In the basic experi-
‘ment of this study the pupils dealt with 8 addition problems, and in the
training experiment, with 10 problems in another operation--multiplication.
In other words, there was a situation of sequential contreposing. The
problems in the basic and in the tra{ning experiments differed only in
essential féatures (eigns-and numbers). Cénsequencly, it could be expected
dthar the signalness of the operation signs would increase after the basic
and the training experiments, and that the number of both types of sign
errors wocid, in turn, decrease in the control experiment. Actually, as

stated above, mistakes did not at all decrease in the control experiment,

and even had some tendency to_lncrease.

4
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Apparentf&, there were certain additional conditions operating in
the described experiments that disguised the anticipated positive in-
fluence of regularity A. The age peculiarities of our examinees&g}ght
"have been such supplementary conditions. They wewe primary-school ’
pupils for whbm sequential contraposing'did not facilitate‘the differ-
entiation of problems according to their essential features, and
likewise did not ensure the positive influence of regularity A. 1In
order to test the role of the indicated factors in Studies IIT and 1V,
we introduced intermittent contraposing. - .

Ten practice problems of the type &4 + 2 = and 4 x 2 = R .
were used in Study III. Here the numbers were constant and only-the’
signs varied. The seqyential order of the signs ensured intermittgnt
contraposition (+, x, x, +, x, +, +, x). There were 189 examinees in
six class groups. In the cént;pl work there was a decrease in the
number of mistakes in copying signms, but no change in the number of
incorrect answers. This conclusion was statistically reliable (see
Tables lfand 2).' |

)  13 10 practice problems in Study‘lﬁ,éboth of the essential problem
fedtures were varied: the signs and ;he numbers. For example:
4+ 2 = , 7 x1 = . There yere 161 examinees in five classes.
A comparison of the basic and the.gontrol experiments showed a statis-
tically reliéble decrease ipn the number of both types of sign er{ors in
the control experiment (see Tables 1 and 2). . ' .

The results of Studies III and IV fully confirm the influence of
regularity A on young schoolchildren in the conditions of'iﬁﬁermitteﬁt
contrqgosition. Correctness in copying Signs'presuéposes the signalneés
of the sign feature. We varied the operation signs in both series,
which caused their signalness to increase for a number of examinees ghd
led to a regular decrease in the number o% mistakes in copyfhg the signs.
Writing down answers correctly further required the signalness of both
 essential broblem features--sign and number. Therefore, when we used
regularity A to increase the signalness of only the number feature (as:
in Studies. I and II), or of only the sign feature (as in Study Ifl), it .

did not result in a decreased number of incorrect answers. As we would
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then expect, this positive effect was observed .in Study v nnder'conditions
where the problems were immediately differentiated according to all (two)

.

. of the essential features,

"

Our research has thus shown with statistical reliability that, first
and foremost, regularity A has significance in one area--elementary+school
arithmetic instruction. But we can also now assume that this regularity

has broad significance and is relevant to the most varied areas of human

activity. This research has further demopstrated that certain supplemen-

tary conditions can have essential signifticance. In particular, both
the positive and the negative influence, of regularity A--as well as its
lack, of .influence-—on the pupils' completion of a school assignment were

observed to depend on such conditions in our experiments. The results

we obtained in these experiments depended on such variable supplementary /

conditions as:
1) The choice of perceived objects ("problems')

a) which individual, essential features of the objects ..
being differentiated we made different or idemtical; \w

b) whether or not the objects being differentiated differed
in all essential features.

2) The tefiporal relationships between the objects being presented:
the\sequential or intermittent contraposing of these objects.

{ertain variable conditions in our work Were only outlined.  The

. s8ign and number features of the'problems in our experiments were separable

(they could be separated from one another). 1In our earlier work op school-
children's mastery of elementary geometrical knowledge [7, 9], thé?rarying
and the constant features of the geometric features--their form and their
spatial position--were inseparable.

Thus, we are able to ascertain the effectiveness of regularity A in
changing the' siggalness of both separable and inseparable features.
Further study -of this regularity will be required in order to identify

its specific manifestation(s) under different conditions, with separable

and with inseparable features. Deeper study of all of the conditions
named;—énd possibly of the many other variable.ones as well--is necessary.
Without such an accounting, the expedient use of regularity A for prac-
tical goals will be impossiﬁle.

115



,h Report III:
The Use of th;,Regularity of Differentiating Complex Objects

- *
in the Teaching of Arithtetic Operations with Sums Less than_lg.

L]

In the previous report involving experiments with pupils from grades
1l and 2, a regule;lty was verified and tentatively designated "'regularity
A." We studied that regularity primarily {d—the strengthening of differ-
entiations that had been.elaborated in the past. Under those circumstances
_ the signalnese of identical signs detreased while the signalness of dif-
ferent signs increased. Our 'current work will jnclude the study of ‘
regularity A in the conditions of the formatioh‘of new connections. If
our earlier work .was directed at clarifying methods of removing pupils'
errors, our present task will be to prevent errors from arising from the
very beginning by finding methods of using regularity & in the formation
of new connections. |

In analyzing the textbook in arithmetic for grade 1 [15], as well
as methodological handbooks for teachers [1, 17, and ethers] we observed
that an obvious preference is given in both the textbook and the handbooks
to thie method of sequential contraposition. Examples and problems are
selected there in an appropriate fashion.A Thus, in- the textbooke s rfa
introduction of two opposite operations (addition and subtraction, multi-
plication and division), exercises are first given. on working out one
operation without the othe;. As a rule, the illustrative lesson units in
the methed\&egical handbooks follow the textbook. These operations in
the coverage of each new topic (adding and taking away 1, .2, 3, and so
on) are not only introduced separately, but also are introduced in dif-
ferent lessons from the.very beginning of systematic study of the section
called "Addition and Subtraction.” The gap between different operations
~ is subsequently increased still more by the.appearahce in the textbook

of entire topics--consisting of several lessons each under the immediate

-

*
Translated by Harvey Edelberg.

- Alh thie report we will not set forth the results of our investigation
into the application of regularity A to instruction in problem solving.
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headings nfv"Addition without Passing through the Bounds of Sums Less

Than Ten" [15:65], "Increasing by Several Units" [15:67], and so on.

Thus,'from the autset, there is lacking the differentiation of problems: »

on addition and subtraction, which could have been distinguished according
to all.essential featuresd(they should be distingnished not only by

| numbers, but also by operation signs). Only after one operation on a
certain topic has been reinforced are exercises on the other operation

and intermittent exercises on both operations introduced, with many . , &
fewer lessons allotted to the latter than were spent on the individual

‘study of one operation or another.

Apparently, under the influence of textbooks and methodnlogical
handbeoks, there is a widespread fear among methodologists and elementary~
~ school teachers that the "simultaneous" (intermittent) introduction at
the very beginning of opposite and generally different operations can"
only mix up the pupils, give rise to the confusion‘ef ‘different operations,
and make difficult the whole process of 1earning., ‘One cannot consider
this judgement alone, but must snbject it to.expPrimental - testing under
the actual conditions of instruetion.

In the previous.investigation conducted with pupils in grades 1 and *
2,_1: was shown that the fntermittent contraposing of arithmetic problems
requiring different operations better promoted the isolation of features
necessary in the perception and solution of these problems than did
sequential contraposing. One can assume that tne indicated advantage of
intergittent eontraposition is also preserved in the formation of new
connections. In sequential contraposition two series of objects (for
example, two columns of problems) are presentea. Within each series the
objects'do not differ in ail of their essentiel features (for example,
they have identical signs); only the objects of the two different seties
.differ at once from one another in ail essentlal features (for exgmple,
in both number and sign). Apparently, the reason for the ineffectMeness
of sequential contraposing lies in the folloning two peculiarities o
regularity A when it is manifested ypder such contraposing: 1) the objeets
of one and the same series are identical, even if only in one feature.

Therefore, regularity A must act ‘here in a negative direetiun——identical
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features may becone non—signalling—;;gd 2) the objects of different
sequential series are distinguished by gll e%sentiél features. This
must foster a positive manifestation of regularity A in the relation-
ship of all of these features, although tﬁe time interval between

 the objects of the different series does hinder this. The latter
intefval is'éignificantly greater, on an average, than the interval
b&ween objects of one and the same‘series, and it is possible for
this reason that the positive effect of regularity A masks the negative
effect (see.the first peculiarity enumerated above). Our task consists
of verify%y& our hypothesis concerning the advantages of intermittent
contraposition iﬁ the formation of thdse new connections that form the
basis of calculating operations within the:limitatiéns of’;he natural
numbers with sums less than ten. ‘ ‘
fxperimental instruction was organized in grade 1-b of School
Number 672 in Moscow. .The control érades were 1-a and 1-¢ of the same
school.S Until the tenth of October, 1960, all three grades were -
insttructed striqtly according to the textbook and the teaching methods
in general use——which were adapted to that textbook. On October 10 we
conducted bacggfound control work ip all .three classes, before going on
to the systematic section entitled "Addition and Subtraction.'" The
children had to copy and solve a column of five éroblemS' In the first
three, they had to add 1; in the fourth, suhtract 1; and in the fifth,
again add 1. All of these operations were already well known to the
pupils. Thus,, the 'summary errors they made in the answers did not
interest us nearly as much as those which Sepended on the incorrect
copying of signs. According to the number of sign-copying errors made
in working the. column's last two problems, grade 1-b made the greatest
* number of errors. Grade l-a mada three mistgkes, l1-c made five mistakes,
and grade l-b made eight mistakes. (Relative to the total numﬁer of

observations made in each class, the percentages were 4.8, 9.3, and 12.1,

3 -

"

.-

ST express my deep thanks to the school's Director, S. G. Amirjanov,
and to the fo%}awing teachers for their great help in conducting the
investigatien: N. Akhapkina, L. V. Msksimova, and N, I. Titova.
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fespeccively.)  $1nce the number of errors was greéEZEt-in 1-b, that

grade was chosgn to be the e}perimental class. In what follows, the
;cqntrol cldsses were instructed, as before, according to the textbook.

Tﬁey.were used as a basis for evaluating the effectiveness of the method

of,éeguential contraposing. in the eﬁﬁé?imental class, addition and

subtraction were studied "simultaneously' from the very beginning or,
'morgwprecisely, through. the method of intermittent’contraposition.

The results were used to evaluate the effectiveness of our -earlier.

introduction to_intermittent contraposition.

In order to achieve g-better realization of the principle of

intermittent contrappsing; we decided to start from a logical structure
' of numbers. We shall take as an example-problem the number 3. The
" children successively mastered the knowledge of all cases of addition
and subtraction within the limits of this number by first taking real
objects,~effec£ing real operations with these objects, and then con- .
sidering them in the abstract.6 2+ 1=3,3-1=2 (this latter
operétion was introduced immediately as the inverse of the first),
1+2m=3, and 3 - 2 - 1. Different operations in'the study of the
structure of the réﬁaining numbers in the'first ten were contraposed
in an analogous manner. (It is possible to repxesent the logic of
oﬁr‘gonsideration of all the cases by the set of formulas: x +y = a,
a-y=x;y+x=a, and a - x =y --wvhere x -and y assume, con-
secutively, all values from 1 to 9, and a < 10. In each successive
topic, the quagtity a 1increases by 1.) As a result, a table of
addition and suﬁtracticn for the numbers 2 to 10, Which the children
understood without particular difficulty, was put together step by step.7

-

N

6Here it is important to emphasize that such general principles as
"from the graphically active to the abstract," and others, were not
objects of special study; we therefore tried to put them into practice in
equal measure in both the control classes and the experimental class.

7It is true that such instruction logic almost completely excluded
the possibility of using the textbook for home (and class) assignments
which, of course, gave known advantages to the control classes. We were
not able to use even those sections of the textbook in which examples or
problems on both operations were alternated. However, the advantages
originating for the control classes in all other relations except the one
being studied (the use of regularity A), could only increase the reliability
of the results of our investigation. :

am

i3
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Calculating exercises for each topic were set up in the textbook ‘\A
according to the principle of sequential contraposition, as indicated
above; but this, in turn, excluded the possibility of prdceeding from
the logic of the number étrgcture. In fact, the order‘of studying .
operations in the textbook is réflectgg in such headings as "Add and
Subtrgct 2" (at first only add, and so on), "Add and Subtract 3," and
so on. According to this order subtrahend and second addend remain
constant each time, and all of?iizeremaining components (numbers and
signs) change. (It is possible to generalize the given principle in
. the form of two formulas: x + a=y '‘and y - a = X, where x and
a change from 1 to 9 and y < 10. In each successive topic the
quantity a 1inereases by 1.) ' »
The following question may arise: Does not this s;&&}'nf nunber
structure constifute that supplementary factor by which experimental
. instruction was distinguished from instru¢tion in the control classes,
and which thereby caused the difference in.results? Here one must bear
in mind the fact that the study of number structure is also given a
great deal of attention in the ordinary teéching methodology. Specifi-
'éally, the pupils in our control classes answered questions about the
composition 9f these ardthose numbers with as much ;gccess as the pupils
in the experimental class. The difference consisted mainly in the fact .
that in the control classes the Ptructﬂre of numbers was studied primarily
* in connection with the synthesis\ef.numbers'by means of éddition, while
in the experimental class this sape composition was revealed equally by
both synthesis and analysis, by addition and by subtraction. As we‘can
see,lthe possible influence of the indicated suppleﬁentary‘factor
apparently boils down’ to that bgsic difference in ways of combining the
. contrasting operations (which‘ﬁas also served as the fundamental subject
of our investigation). That is, it reduces to the difference between
sequential and intermittent contraposing. )
Approximately two mégghs after the new instruction in the experimental ~
class, three identical control tasks were introduced in all three classes
/(with two Qﬁriants per class). In each class these ﬁasks-were cBnducggd
| at the time of transition to the study of the second ten natural numbers;

-
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that is, roughiy at the same time in all thife classes. In the first
‘control work the pupils had to copy and solve three colummns of five
problems each. The problems were arranged alterdately in two operatioms
(in random order, but with no more than two repZEjtions of one operation—:ﬁf
~ either addition or subtraction). Problems on all types of operations——
within the limits of thg natural numbers up to ten——were used, including
those with the answer 0.
In the second control task the examples in columms two and three = .
were more complex trinomial problems (of the type 10 - 2 - 5 = ?),
Table 3 shows the difference in results between the experimental and

normal methods of instruetion in both control taskb.s This difference

e - . . :
Jable 3 . =
Errors in the Answers to the
Problems of the Two Control -Tasks .
‘ ‘ . 1st Control Task . 2nd Control Task
~ - . Results L . i .
) Exnerimental| Control ExSerimental| Control
Class Class Class ’} Class
. .
Total number of ,
« problems solved A 495 915 T 384 660 .
[ N , ‘ S
Percentage of incor- " Dol tod
. rect solutions \ 3.6 7.5 7.8 13.6 P
. / ' -
The difference in per- /
centages between the
quantity of mistakes
in the experimental ,
class and that of the v i
control classes 3.9 - 5.8

The coefficient of
reliability of this ;
difference 3.3 . 301 RS

. .
. A
—_—
- - . .

YSIn the two control classes the percentages of incorrect solutions weéeﬁ
roughly equal to oude anotheyr, and werge alwdys blanel Lidw L sthe experimental
class. This allowed na te combine the results from the two control classes ,
in our reliability computation. ' '

“
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in favor of the experimental instruction was completely reliable statis—

tically (the coefficient of relia?ility, that is, the ratio of the dif=
*
ference in results to the mean error of this difference, exceeded 2.6).

“In the general mass of incorrect answers the number of sign errors in

the answers was negligible: ; In both the ‘tasks the‘control-classwpupils

committed 7 errors, while the expériméntal-class students did not make .

-.a single mistake~--even iﬁzprrected one, Meanwhile, we could apparently

judge more simply the merAts of different kinds of contraposing of )

arithmetic operatibns %i the patio of sign eerEfr%n the cilasses,.7 A
third control task (as always, with two variants per class) was conducted
for the purposes of further selecting appropriate facts. The pupils

had to copy from the board and solve three columns of normal, binomial
ﬁroblems4—with five problems per column. The difference between this
(the third) and the first two control ;asks consisted in the factlthat
here addiéion was repeafed four times in the first column,‘and then was
611lowed b; a last proﬁlem (in the same column) in subtraction. As

was. shown in Report II, this device pfombtes a negative man}festation of'
regularity A. In.the.given case it was bound to help show the stability .
of the différentiation~of various Operations under different methods of
instruction. The super%o}iﬁy of the axpérimentai class appears particu-
larly digtinctly&agaiqst a background of the very first cdntrol task-- .
mentioned above as background control work, and conducted in all classes
before eﬁperimental instruction Qaszbegun; and used to select the experi-
mental and control classes. The exﬁerimental class went from last to

first place in the number of mistakes made in c0pyihg signs (see Table 4).

The difference in results in this last task between the experimental and

" the Qontfol classes 1s statistically completely reliable (see Table 4).

One can add that all of the errors in the eXperimental class (and there
were 3 of them) were correctéd.by the pupils themselves, while in, the
control classes preeiseiy half of all the errors were uncorrected ones
(17 and 17--34 in all).

included in the éxampies of the third control task was a speclal
addition problem containing 4 transition past thé sums less tham ten

(for example, 8 + 3). The successful solution of such a problem during

-
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. Table &
Sign Errors in Copying Probleps Before ?
7 and After Various Methods of Instrdytion
. _ \ |
= \ W R
| 7 | - I |
a L Control Work, N Control Work
10/10/60.. ’ 1Q/13/60
Experimental | Control !(Expérimental .Control
oo Class Class Class Class
Total number of problems . ' o |
solved o, , 66 116 450 960 B
Cases of sign errors in . - o g
- copying (in percentages - ' N - i
. of the general number . : , /
. > of problems) .. 121 . \6 9 , 0.7 3.5
-~ The difference in percen- ' o ‘ '
B ’tages between the quantity N =
. of mistakes in the experi- .
tal class and that of the : "
control classes |, S 12.1 - 6.9 = 5.2 0-7 - 3.5 = 2.8
e The coefficient of rellability B o .
., of this difference . . 1.1 - 3.9
f ' M . ¢ i

. : *
. . R
. -

this period. when the classes had yet to begin studying the second ten natural

numbers and their corresponding operations, served as an indicator of the

L 4

pupils' degree of auxiliary preparation at home. In this case it turned

out -that the experimental gradé had no advangages over the control classes.

The number of incorrea#it solutions and refusals to complete the problems

proved to be idemtical (5) in all classes. From this point on it was- possible
to judge, to a certain degree, that the difference in fundamenwal results
was not determined by a-difference in home preparation between the experi-

. mental and control grades (which, in any case, would have beenwunlikely

-

before checking), but, depended instead, on the different' use of regularity
A in these classes. - *

'Thus, we also observed the manifestation of regularity A in the develop-

ment of new comnections on complex objects (gs before, we saw it here in
terms of the stréngthening'of connections). Moreover, intermittent con-
traposing better promoted the development of correct apd strong connections

thag did sequential contraposing.

’
~ -
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Report IV:
The Relative Difficulty for Pupils of Three Types’
of Indirect Problems on Addition and Subtraction*

Gl

- §With this report we begin a presentatioh of the results of an inves-
| tigation of the regularity of the differentiation of complex objects
(regularity A) under conditions accompanying the solution of arithmetic '
problems expressed in oblique form (more briefly, oblique, or indirect
problems)., The choice oflghese conditions was determined by two series
of considerations.. | '
First, these.problemS'hgve peculia;iﬁies not taken into account in

‘the earlier studies of ré%ularit& A:

a) the differentiated objects in this study are characterized by
a greater complexity, in view of which even the essence of some
particular features, i.e., their connection with the required

*  operations, is not entirely obvious; -

b) the objects are completely or part;y,presented;in verbal form;d'
c¢) the pupils' response activity is signfficantly more complex;

d) the degree of the distinction of objects according to a given
feature is varied.

Second, it isvcommcn knowledge that these problems are of great
difficulty for the pupils. As early as 1958 they were completely removed
from the flrst grade curriculum. At present some indiredt problems Aré,
studied in the second grade, e.g., problems on finding the minuend or
addend. Even haréﬁ ‘however, matters are unsatisfactory [14]. The existing
methods of .teaching how to solve indirect problems dddoubtedly need per-
fection. Until now we have had no psychologicaliy based answer to questions

of such primary importance to school practice as: -

* .
Translated by David A. Henderson

- 9Régularity A may be formulated briefly as: 1If the complex objects
perceived by a man are identical in some features and different in others,
and various reactions are redeveloped or strengthened in these objects,
then the different features acquire predominant significance (for more
details see Report III). -
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a) What is the relative value of the method of contraposition among
‘the other methods of singling out the features of arithmetic
problems? )

b) What types of indirect problems is it expedient to teach fir

¢) When should the contraposition of direct and indirect problems ‘
~° - be introduced--before consolidating abilities to solve direct BESALEET
problems or at the very time such abilities are being developed? .

d) What should be the form of concrete methodological devices fof
successful instruction.in the solution of indirect problems as
opposed to direct problems?

We assumed that consideration of regularity A was of no little im-
oortance in answering these questions, at “Yéast in the first approximationm.
Also, in answering these questions by experimental means, we hope to as?
certainthe peculiarities of the phenomena of regularity A in the new
circumstances indicated above. F

Before approaching_ghe study of these four questions, we should do
some preliminary work, on the classification of indirect problems in their
connection with direct ones. The major goal (and the basic difficulty)
of such work consists in finding the objective criteria, features, on
‘which a classification can be founded. Then we must ascertain, at least
hypothetigaliy, how the various types of problems relate in difficulty fof
the pupils. This.is necessary to establish any sequence for teaching the
devices for solving problems of the varilous types. Such are the main
tasks of the present report. ‘ '

To determine the general principle for the classification of indirect
problems we can limit outselves to problems’on addition and subtraction.
Problems on the other operations ma& easily "be included in the commoﬁ\\
scheme of problem typgs that is obtaimed by the classification of indireet
"addition and subtraction problems. |

All varieties of simple direct and indirect addition and subtraction
problems can be solved identically in one of two ways: o

1. A+B=7(S) |
- II. S-A=27(B) or§~B=17(A) e
where S (sum indicates tﬁe "whole'' total number, and Ay and B are ‘
iparts‘of this whole.' The two plans for solving probleﬁs,inumber problems)

represent, essentially, the notation of two algorithms of addition and

-
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subtraction problems. But in the Eramework.of.these algorithms it is
still impossible to differentiate the direct and the indirect problem o
The specific features of these problems lie outside their common algorithms;
these features come forth when. the actual texts of direct problems are
compared with each ®ther and when those of indirect problems are compared'
with each other, on the one hand, and“§lso when the texts of direct
problems are compared with texts of corresponding indirect problems, on

the other. ' 4

$

lLet us compare generalized texts of all the basic variants of direct |

e

and indirect problems, e.g., of the type:
1. Direct problems: i : . .

a) There were A objects of the first kind. There were B more
of the second kind than of the first kind. How many objects
of the second kinq‘yege-theré?

b) There were S objects of the first kind. There were B fewer
" objects of the second kind than of the <€irst kind. How many
objects of the second kind were there?

2. Indirect problems:

a) There were § objects of the first kind. There were B more
objects of the first kind than of the second kind, How
many objects of the second kind were there? ‘

b) There were A objects ofxfhe first kind. Therg were B -fewer
objects of the first kind than of the second kind How many
objects of the second kind were there? -

" The concrete formulas for these problems will.beﬁ
1. a) A+B=17(8);b) S~-B=2 (4) i .
2. -a) ? (A) +B=S; (b) 7?7 (8) - B = A.

iF

1 _
, As we see, the direct problems differ in only one component. 0 This

component is the word more or fewer. Similarly, indirect problems differ

in only one component. This is the same two words, more.and fewer. Let

us call this component distinguishing the direct ard indirect problems
given above Distinctive Feature I. In our example this feature has\EWe\N\

) —
variants (the words more and fewer).

x

~ ,
lOHere S always denotes the whole, and A and B denote its parts.

At the same .time, different literal designations of data in the texts

of problems (A, B, $, B) do not denote d:fferences in the numerical
quantities of different problems. 'In particular, A in one of the
problems can denote the same quantity as S in another of these problems.

3



A second essential feature of direct problems is the feature that
allows the distinction of an indirect problem from the corresponding one. !
-Let us agree to call it the distinctive feature of the direct and the &

. indirect problem, Feature II, for short. In our example (see the formulas

N
vad
"i'

for the foyr problems, above) Feature II will be the position of the
unknown in the problem's structure. . Q _ .

Here one variant of Feé;ure-IIééthe ﬁnknown——is in the unsigned part
of the equation; this varia%t,characterizes direct problems. (The second
variant of the same fegture objectively characterizes indirect problems.
The'unknown stands ing§ l

Iy solving a previously unknown problem, be it direct or indirect,

he .signed part of the equatiom. -

" the pupil's Qperations~shaulﬂ,be determined by both features, I and II.
Let us call this. set of the two. features frather, of variants of these

features) a complex fegtﬁge. N -

Using Featurgs I and II then, we obtain the. following classification

+ of simple arithmetic problems on ad&ifian and subtraction: .

*

¢

Direct preblems ‘ ' ) . X
Formulas: 1) A+ B =17 (673 2) S-8=17 (A). T%e unknown 1is in
the unsigned part of the equatig. Feature I can be distinctly expressed:

in a verbal formulation of the problem owing to special lexical units:

E3

i
13
«4
»

" more, fewer, added, took away, was obtained. In the actual texts of

problems all these words may be represented by their equiﬁalents:

more = more expensive,lhigher,‘longer, « + +3 added = flew together; géve
more, . . .; was obtained = was, remained, was.altoge;her, etc. In the
following formulation Feature.l is lacking: "There were A objects of one

 ~%ind and B objects of another kind. How many objects of the two kinds

\ 1"
were there? o

n

* ‘ : ' : >
& llWe will call problems ghat are not differentiated by Feature I
“"corresponding" direct and indirect problems. .

¢
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Indirect Problems

. The unknown in the férmulas of these problems is in the signed part
© - .of equations. ' | '

-

Type I--indirect problems. Formula: B + ? (A) = §. (Feature T is°

~absent from the verbal formulation of the problem. One possible variant..

of the formulation is: '"'There were § objects of two kinds. There were

""x‘-l‘

B objects of one kind. How many objects of the other kind were there?"

“Such problems may be transformed into direct problems with the addition

- 12
of several words--carriers of Feature I ('they took," "the rest," etc.)™.

Type 2--indirect problems. The second type of indirect problem - &
includes the following‘variants of formulation (in general terms):
a) There were some. When B was added, S was obtained. How‘many were
there? b) There were A. When several were added, § was obtained.
How many were adééd? ¢) There were several., When Bwere taken away,
A was obtained. How many were there? d) There werevS. When several.
were taken away, B was left. How many were taken away? ’ﬂuECOnérete
formulas of these four problems will bé: a) ? (A) + B = S§;. '
b) A+ 7?7 (B) =8S;c) ?(S)-B=4;d) S~-2?(A)=B. "

s -Type 3--indirect problems. Zfﬁévthird type of indirect pyoblem

includes problemg on increasing and decreasing. The generafﬁférmulations
of the two possible variants of ;uch problems were given‘above (7 (A + B =S8
?7 (S) - B = A).

. ' Since a characterization of the unkpown is required for solving the
problem, we can transform indirect problems of types II and III into

direct problems where this gharacterization is given, i.e., turn the

A‘”

o
2 . {5

1 The carrier of Feature I in indirect problems of the first type
-may be real operations with objec;s. In teaching such problems, the
teacher usually accompanies the text of the problems with actual operationg
with objects, gestures, etc, Independent’ly or with the teacher's help thz_h
children name these operations with the appropriate words which, of course,
is equivalaent to transforming an inditect problem into a direct problem.

* , L2
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ﬁ\zhairect problem inféw;rdirect one. As a result of éuch transforpation,
instead of the four formulas we obtain the two basic algorithms‘(given
above) for simple addition and subtraction problems (coinciding with
the formulas of direct prgblems): A+ B=17(8); §S=3B=17 (4.

The difference between the second and third types of indirect proﬁléms
consists‘inﬁ ‘l) a differert number of possible variants (2 and 4)5 2) two
quantities figure ip problems of the third type, and in problems of the
'second‘type we are dealigg with changes in a-single quantity; 3) Features 1 .
and II are lexically more fully expressed in problems of the second type.
For example, in a problem of the third type there is only one word, the

carrier of Feature 1 (more or less or their equiValénts). At thﬁ\same
A )

time, in problems of the second tﬁpg there are more.such words (in actual
A Y . ’
texts besides the word added, as in our generalized text (see ‘above),

words like theré‘wéfe altogether, still, remained are also possible)f

Practical schooi instructibn shows that with the existing methods
of iﬁstruction, indirect problems are more difficult for children than
direct ones. This statement scarcely needs further checking. The causes
of difficulties arising in children when solving indirect problems derive,
we must assume, from the methods of instruct1on. Existing methods of
instruction do not ensure proper utilization of regulqrity A when the so-
lution of simple problems is being taught, Even in the first half of the
first vear of instruction there develop -in the pupils firm associations
between the variants of' Feature 1 apd the arithmetic operations being .

performed: between the words "added," "more," or their equivalents and

" etc., and subtraction. The

addition, and betwee%%phe words ''took away,
subjects do not differentiate problems by Feature II. This is understandable
because this feature does not have signalness--instead of the complex feature,‘
iMsds Feature I which wholly determines the children's operatiops., It is
no accident that thg'most typical and very stable mistak; of pupils is that
they solve indirect Prbﬁiﬁgﬁﬁégﬁ?ﬂ%sgct ones.l3 The incurrect'selutiqn in

this case is determined only -by the variaﬁts of - Feature I,
LY
- Ll

.

Y l3The tremendous difficulties “in overcoming these errors occasioned,

* unfortunately, the removal of indirect problems of all three tvpes from
the first-grioe curriculum, and problems of the third type from the elemen—
tary school curriculum altogether.




e

o
+  We decided to‘compare the hifficulfy of the three types of indirect
éfobléms. It may be assumed that problems of the first type.should be
least difficult and problems of the third type, the most difficult This
assumption is based on the following considerations. '
Success in solylng all simple problems is determined by the signalness

of the ccmplex feature (see above) The variants of Feature I Qgg;gr-
fewer, gave-—took, etc.) are opposed to one another. The .variants of
Feature II ("both quantities in the signed part of the formula are known'"=--
"one quantity is known, the other is not") are not in an opposing relation-
ship; in other words, the variants of Feature I differ from'one,agother
' more than the variants of Feature II. We conducted_eariier laboratory

-experiments [5, 8] with two complex stimuli whose peculiarities were:

'a) each of the gtimuli, eharacterized by two features, had one of two
variants of one feature and one of two variants of the other feature;
b).the variants of the first feature were opposed to one another, the
variants of the seFond feature were relatively little different from one
another; c) wheg‘;howneone of the complex stimuli, the subject was to
perform one operation, and when shown the other complex stimuli, another

operation; d) the variants of both features were more visual and simpler

' than variants of Features I and"II, with which we are now concerned.

Hence, we may consider that the processes occurring in these laboratory
experiments are a model of the processes occurring in the solu&ion)of )
‘arithmetic problems of the types we are now considering. The laboratory
experiments showed that under the described conditions the variants of

the first Eeature became dominant, i.e., the subject reacted in some way
contingent upon the Varia;ts of this feature. The variants of the second
featufe, however, are recessive, i.e., the pupils® reactions are not
contingent upon them. It is possible that the processes{of the perception
of the first featuré*impege the processes of tﬁevperception of, the second
featire. Bearing this in mind, one may also presume that, in the solution
of the arithmetic problems we are examining the variants of Feature I wili
be (at Leest in some pupils) dominant, and the variants of FeatureE;I will
recede into the background. But, as we already said, the sglution df a

. problem, porrectlnot only in its .results but also in its structure, should
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bg determined by‘the variants of both the features. Consequently, it is
to be expected rhat either the pupils will err inm their solution of problems
where the required opedetion does not correspond to a variant of Feature 1
(when, for example, the word more -1s.in ghe conditions, but the true
operation- is subtraction)or the solution process will be delayed. But -
Feature 1 is absent from the conditions of the first type of indirect
problems, so the)phenomena just described cagpot occur. With this as a
stertiog point, one must assume that the first type wil; be easler, i.e.,
the pupiis will make the least number of errors here. R o ‘

In the conditions of indirect problems of the third type the difference -
between the variants of Feature I is greater than in indirect problems of
the second type. Hence we may expect indirect problems of the third type to
be more difficult for the pupils. : . . ,

?o ascertain the relative difficuliy of the three indirect problem
types and to check the above stated theoretical proposition of the unequal
diffioulty of these problems, we conducted two variants.of control work, e
for all types of problems. The texts of problemsepf one variant were:

1) "Nine trees were growing at the ‘entrance of a school, birches
" and poplars. There were 7 birches. How many poplars were
there?" . . .

2a) ''Vasya had seyeral acorns. When he planted 3 acorms, he had
6 left. How many acorns did Vasya have to start with?"

o % [16: problem 224]

2b) '"Sasha had 5 stamps. When he was given several more stamps,
he had 8 altogether. How many stamps was Sasha given?"

3) '"Seryozha had 5 apples. Seryozha had 2 apples more than Misha
had. How many apples did Misha have?"

The control experiments were conducted at the end of the first or at
the very beginning of ‘the second year of insgrucrion. Before this time,
the usual instruction following the curriculum and the workbook had not
included a single bne of these three' types of indirect problems (in the

"classes we studied). ‘ |

Infworking cut the resultd, we considered the percentage of pupils

who comgletely solved the problém correctly. Moreover, to best delimit

¢

the difﬂerent types of problems according to difficulty, we also added

. together| the percentage of pupils with wholly correct solutions and

pupils who made one specific error--ingorrect notation of the operation.

*
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Here the unknown number was found correctly, but it figured in the nota-
.tion not as the result (the answetr), but as an already known quanﬁity, -
An example of this kind of error, in the solution of the first of the

> _
4 problems given above is: 7t + 2t = 9t (the unknown is 2t). o

‘Table''5

Relative Success in Solving
the Various Indirect*Problems

.. Before the Special Instruction
Total Number Solved Completely ; Correct and Partly
Problem N pf_Pupils Accurately Correct Solutions
Type .. ~ Working In % of the Total Number of Pupils e
MN~—
1 . 54 59.3 B 68.5
2a “o 31,8 59.1
2b 26 - ‘ 7.7 ‘ - 53.8
3 . 108 & 9.3 ) : 11.1
7 _

s

The results of the Eonetﬁl work (see Table 5) confirmed our expegta-
tions. The most difficu%t}és arose for pupils when they were so;ving
-~ dindirect problems of the third type, and the least, in solving problems
‘ of the first type. The statistical elaboration of the resﬁlts showed
the reliability of this statement.

- - Report V:
Schemes for Solving Direct and Indirect

N+ Problems and the Plannirg of Experimental Instruction%*

~ The isolation in a problem of at least two essential features is a
neceséary condition for EDB successful solution of direct and indirect

problems in a single operation. Feature 1 is a feature by which the

. %
Translated by Harvey Edelbexg.
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generalized statements of both direct and indirect problems are distinguished
. : .
from one apother in various arithmetical operations. The "symbolic' words

more—fewer gave~took, etc., appear in problems as variants—of Feature I.

' The generalized stagtments of those direct and indirect problems that are
not distinguished from one another by Feature I are distinguished from one

another by Feature II. An‘example of Feature 11 is Where is therevmore?

or Who has more? Generalized variants of Feature II were defined in

Report IV in the following manner: In one variant the unknown is in the .
unsigned part of_the.problem's formula; in the second variant the unknown
- stands in the‘signed part af the formula. For example:
1) A+B=x; 2) A+ X =S, .
In order to facilitate the future comparison of various methods of
teagggng the solution of problems, it is importaat to pres?nt the solutionm-
of the problem diagrammatically. By way of illustration, let us take the
generalized statements of direct and indirect problems containing a single
+ operation and the words more and fewer. |

N I. Direct problems:

1) There were A objects of’ the first kind. There were B more
objects of the second kind'than of the first kind. How many

"“"‘*\\\ - objects of thevsecond kind wererthere? . :
N 2) fhere were A objects of the first kind. There were B fewer;

objects of the second kind than of the first kind. How many
objects of the second kind were there?

II. Indirect problems:

3) There were A objects of the first kind. There were B more
objects of the first kind than of the second kind. How many
objects of the second kind were there?

4) There were A objects of the first kind. There were B fewer

‘ob;ects of the first kind than of .the second kind. How many
objects of the second kind were’ there? -
The corresponding diagrams for solving these problems will be as follows:

I. Direct problems:

1) (I -a,JII -—a) -——- Oa; .
2) (I -b, IIT -~ a) —--—-- Oé;
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IXI. Indirect problems:
3) (I -a, II = b) —==- 0 ;

4) ;I/-h’/il—-b)-—‘--o. : . :
In all folr diagrams ‘the following notations have been used for the

- features that form the statements of the problems, and for the operationms

that must be performed in solving ‘the problems: I - a, I - b are two
variants of Feature I 11~:~3\and II - b.are two variants of Feature 11;

'0 denotes the operatlon of addition; 0 denotes the peration of subtrac~-
tion. A comparison of the diagrams shows the followimg: "a) direct problems
1 and 2 differ in various arithmetical operations orly by Feature I; '
b) the same may be said about iﬁdirect problems 3 and 4;‘c) the direct-
1ndirecE problem-pairs--1.and 3, 2 and 4--are distinguished only by

Feature 1I; d) finally, the direct-indirect problem pairs, 1~4 (requiring
identigal operations) and 2-3 (also requiring the identical yperation)
are simultaneously distinguished by both Features I and II. \

ACCOrding‘to regularity A, in the differentiation of complex objects,
it is the different. featyres of those objects that acquire predominant
significance, thit is, a person's reactiong ate determined chiefly by the
different featust rather than by the‘srﬁiizr;ties. At the same time,
the identical "'features" become ineffective, that 1s, they do ®ot themselves
détermine a person's reactions: In this connection, it is not only variants
of the' feature encountered eﬁ}lier that become ineffective, but all other |
variants of theﬂfeature as well.

According to regularity A, in order to isolate a certain feature in
problems and to form operations according to &ﬁat‘feature, the differentia~
tion must be such that the problems would be distinguished enly by that |
feature. Isolation of Feature I requires the juxtaposition and differen-
tiation (that.is, the generation of different reactions) of direct problems
by different operations (see diagrams 1 and 2 above), or of indirect
problems EX différent operations (diagrams 3 and 4). 1Isolation of Feature II
must occur 1f ‘the direct and indirect problemé denoted above (in diagrams -
No. 1 and 3, as well as in 2 and 4) are differentiated.‘ In order to guarante:

the effectiveness of both essential features of the problems, the differen-

 tiation of all of the pairs of problems listed here is apparently required.

“~ {
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We should gote that not every solution of pagts of differenc proble '
is responsible for the advisability of using, regularity A and of isolat\ g
necessary features, Here those problems requiring identical arithmet cal \
operations--Numbers 1 and 4 and Numbers 2 and -3 (see diagrems)——may serve .
as an example. The preservation of the same operation in the prcblems will i
be a modification of unessential features only if the essential features
of the program do not vary. The conversion of a problem with‘diegram 1
to a problem with diagram 4--as with the conversion of type 2 to type 3--
does not mean a modifieatibg of unessential féa;ures, since, in this’
) connection, Features 1 and 1II both change as well. iAnetner example would
be a pair of problems composed on the principle of variation of only the

unessential featUres (an alteration of "plot" or numerical data).

-

.

-

Regort _}Q
A Comparison of the Effectiveness of Some

Methgds of Teaching the Solution gg Indirect Problems¥*
« The eéizging methods of teaching the solution of problegs in the
primary grades do not ensure the effectiveness of all the essential features
of the problems. In Report V two features were pointed out whose isolation
‘is indispensable for direct and indirect problems to be solved successfully
in one operation 14 The general deficiency of existing methods of instructior
‘consists, in part, of the inekpedient utilization of regularity A in singling

out the above mentioned features in problems.

*G, M. Bakhromeeva and E. 1. Galakhova of Moscow Sclool No. 4 were
coauthors of this refort, along with B. B. Kossov. Translated by
Harvey Edelberg.

~
-

}AFeature I--This is a feature by which the generalized statements of
both direct and indirect problems are distinguished from one another into
various arithmetical operations. The "symbolic" words more-fewer, gave-took,
etc., appear in problems as variants of Feature I. The generalized statement‘
of those direct and indirect problems that are not distinguished from one
another by Feature I are distinguished from one another by Feature IT1. An
example of Feature II is ''Where is there more?" or "Who has more?"

o
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« ., In fact, écc0rding to an arithmetic textbook [I5] and the current
cufricpluﬁ, first-grade pupils solve only direct problems. But since
direct problems can be Qistinguished only by Feature I (see Reports IV
and V), the differentiation of direct problems into variousuéperatioqs

can and does lead to the predominance of variants of Feature I. Feature II.

. has only one variant in direct problems, and those_problems are not -

k 'distinguishable from one another by this feature. .According to regularity
A, the variant of Feature II in these circumstgnées is not supposed to
‘determine the pupils'’ operations, and actuallyudOés not determine them;'.
This non-signalness of Feature II in direct problems is also transferred
to the feature's other variant, contained in indirect problems. For this
" reason, variants of Feature I also predominate in the indirect problems

3 witﬁ which ‘the pupils first come in ¢ontact; and it is no aécident that
pupils solve indirect problems the same way they solve direct ones.

* In the second grade the pupils turn to indirect problems on finding
the minuend and addend. Their problem book introduces these problems ‘
without sufficiently contrasting thenlhith‘direct oneS*—oeraking any

* '~ connection at all between the direct and the indirect~-and there are

sections of that book in which problems of only one type are selected.

Such headings as "problems on Finding the Unknown Minuend" and "Problems

on Finding the Unknown Addend" are typical of these sectioms. Ini‘;ect
problems differ among themselves just as direct problems do--in Feature 1
only. According to regularity A, the concentrated solution of indirecth
problems aloﬁe promotes the dominance of Feature 3. Moreover, the very'
same variants of Feature I that call for a single arithmetical operatioh
in direct problems, correspond to the opposité,operat?on in indirect o
probléms (addition instead of subtraction and vice versa--see the dlagrams
of problem solutions in Report V). In circumstances where "Feature 1 1is

" dominant, an alteration of connections occurs émong the pupils between

operations, on the one hénd; and the variants of Feature I, on the other.

After such an alteration the reintroduction of direct problems--and this

is demonsirated by current instruction practices in the schools--is

i
»

[frequently accompanied by errors in their solution. \
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Devices usually employedipy teachers andirecommended by methodologists
to make the sdlution of indirect problems easier for students amount either
to a variation i the 'verbal formulatioms of Features'l and Il, or to the .
eonversion of indirect problems into direct ones by the insertion of the
corresponding symbolic words. A principle known in the literature as the
variation of unessential features forms .the basis’'for thebe devices, which .
may be useful at specific stages in instruection. By themselves, however,
they cannot guarantee the effective isolation of all the essential feaéures
of the problems or the development of the necessary associations. The
authors of arithmetic textbeoks follow precisely the logig of the variation
of uneSSential featurgs when, in the first- grade problem book, they offer
only direct problems while, in the secon\h%;ade book they list 14 problems

in succession on determining the minuend amd then 21 duccessive problems .

) - - ) £ :
on finding the addend. In éath.of these cases only one variant of essentia

Feature II is given. lnstruction practices instbe schools indicate that all

of this contributes little to the isolat ion of "all the’essential features

of problems and to the development of the ability to solve preblems.
Finally, many authors point to the opposition itself of direct and

: e
indirect problem&”es one measure for overcoming mistakes whEn salving

indirect problems.’ 'There is no doubt that this particular method Eﬁs

* been' underestimated up to now. It is usually discussed superficially;

'_and then only after atHer methods, it is no accident that the method is.

ignored in textbooks and carricular. guides on methods.

..One may assume‘that the number of common features in the differentiate

items is significant for the successful isolation of the essential,
distinctive feature. It is possible that the necedsary' feature can be bet:
€ .- R .

isolated wunder comditions in which /A minimal -number of other common featyr,

exist, i.e., by removing all si¥érflyous, distracting components and by
3 o ,

"Baring" the two essential problem-{eatures m;;%%gned above. In order to

verify this aseumption, an investigation was ¢grried out in which the resu.
of tﬁo methods of teachin& the solution of problems were to be compared

l) the method of immediately diiferentiating complete statements of the
problems, 2) .the method of at first~differcntiating cnly some simplified

[3

models of the problems : . .
4
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Report IV showed that, of the three types of indirect problems,
those of Type 3 with the words more-fewer gavthupiis’the'most trouble.
‘At the same time, there were grounds to expect‘that, with appropriate
‘instruction,'problems of Type 3 would be entirely comprehensible to *
first-grade pupiis. In both methods of teaching, therefore, we decided
to begin instruction immediately with the more difficnlt’indirect.probiems_
'to Type 3. We also thought‘it possible that, with suocéssful inStfuction,-
the ability to solve these more difficult problems’ would be a positive
-factor in the solution of the easier problems of Types 1 and 2
_ Our imstruction by the first method adpered closely to the methodology
of Bantova who achieved good results in the second grade (although: she
did use a sufficiently large number of exercises to solve the problens [3])
Unlike Bantova, however, we began instruction in the first grade, and’
therefore, limited ourselves 'to one variety of the.Type 3, indirect problems=-
problems of increase and diminution. The number of" exercises used in solving
such problems (and therefore the total amount of time expended on instruction)
was smaller in our case. We tried to create other, equivalent conditions of
. instruction in the two grades while presérving the fundamental‘differences
between the methods of instruction. In this way we hqped to achieve |
cqmparable conditions for charactgfizing the two methods.

In the first method of inﬁggfition the teacher would fully expiain the .
solution of a pair of problems such as the following (one direct and one
indirect): | | )

1) Six mushrooms were growing under a fir tree; three mushrooms
more than the number under the fir tree were growing under a
birch tree. How many mushrooms were growing under the birch

tree? . [
2) Six mushrooms were growing under a fir tree; three mushrooms more
than the number under the birch tree were growing under the fir 4

tree. How many mushrooms were growing under the birch tree?

v

The solution of these problems is diagramed as follows: ‘
1) (I - a, 1I- a)~=p Oa;~ 2) (I - a, 1II - b)—+(). 15
The second pair of problems (numbers 3 and 4) differed from the first pair

in only one word: Fewer was substituted for more. Thus, the solution

lSI - a,”1 - b are two variants of Feature TI. 11 - a, IT - b are
variants of Featur€ II. Oa denotes the operation of addition, OS denotes
subtraction.
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t diagreﬁs for the ;econd pair are: A
3) (I-b, 11 - a)«—’O 3 4) (L -0, II - b)~—’0 . The contrast
between the problems in each pair, in accordance with regularity A, promoted
the isolation of Féature II; while the contrast between problems 1 and 3
or problems 2 and 4 had to' contribute to the isolation of Feature I.
'Indirectxproblems were solved by converting them into direcr ones; for
example,fif a» b, then b g'a, and, in accordance with the word fewer (&)
subtraction wés required. Moreover, the juxtaposition of a direct aﬁdA
‘a corf@éponding indirect problem should have protected the pupils from
. erroneously converting the direct problem. The, teacher accompanied the
verbal eXplanations and the problem texts themselves with appropriate
drawings on the blackboard, but all of the funddmental relations between
quantities were given, of course, in verbal ferm. R
| Such is the peculiarity of teaching indirect problems on the basis
of their convertibility into direct ones. One typical characteristic of
this first method of 1nstructlon is the minimal difference between problems
with respect to any one feature and, at the same time, the presence of
- a large number of common‘constituents. Thus, problems,l and 2 menrioned
above fully coincide lexically (in nineteen common words) and differ onmly
in the location of the words birch tree and fir tree, that is, they differ
only in Feature II. ) k
| In the second methoﬁ of instruction we tried to reduce as much as
Rossible the number of common constituents in the problems. . By cogtinuing
to simplify situations, we finally obtained certain models of elementgry
. situations (preblems) in whleh many features characteristics of direct and”
indirect problems were lost, but the two essential features--1 and II-- were
presexved. ''Model” situatioﬁs were represénted by two pairs of assignments
corresponding to the number of simulated problems, o i N
The first assignment was a model of the first direct problem in ‘
addition that was discussed above: Each pupil had a set of colored mugs
on his desk. Using this set, the pupil had to put n red mugs on the left

. side and n blue ones on‘the right side. Then the teacher asked that the

)
L)

number of bluesmugs be made m greater than the number of red ones. The

children added another m to their n blue mugs.
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The second assignme;t*ferveg as exmcdel of the second problem—-an
indirect one. Once again, the eriginalAn;red mugs and n blue anes lay
before the children and agaip they had to make the number of blue mugs
.m greater than the ncmber of ieh ones, but this time not by changing the
number of blue mugs.- Insteaé, the students, with the teacher'e help,
‘removed m mugs from the quantity of n red ones. In this way one quantity’
grew larger than the other by addition to the~first or subtraction from
the second. Here we see Feature I--the word more, and Feature II-- the
color of the mugs to which it is necessary to add (one variant of Feature II)
or from which it is necessafy to teke away mugs (another variant of this
feature). Thus, as befits the models, the generél diagrame of the eituations
coincide with the diagrams of the solutions to the first‘(direct) and second
(indirect) problems above. ‘ ' '
. In the third and fourth assignments the word more was replaced by the
word fewer, and the pupils' work was organized accordingly. Thus, the
'model assignments--when compared with tﬁe problems——were‘distinguished?ﬁrdm
one another by a smaller number of words and did not require caiculations
and verbal conversion into énother.(mofe customary) form of‘assignﬁent. )
Suth was the first.stage in the second method of imstruction.

In the second stage the teacher employed texts of direct and indirect
problems in juxtaposition--just as 1n the first method of instruction--but
thhout using the principle of reciprocity It was necessary to build a
little connecEing bridge from the first-stage assignment to the sclution
of the problems, since many of the children (about«40%) were unable to do
this independently. For that purpose wi taught the children to assume first
that two numbers-—a known and an-unknown--were equal to each other (". . .
first let us suppose that there are as many under the birch tree as there
are under the fir trée. . .'"). The subsequent course of work was identical
to the one followed in complet ing the assignments in the first stage of
instruction.

Experimental instruction by the first method was conducted in grade 1-A
of Moscow School Number 4 at the edd’of the 1960-61 academic year;
simultaneously, experimental instruction by the second method was being
carried out in the parallel'grade——ILB. Before this special instruction

began, grade 1-B had no advantage whatsoever over grade 1-A in the level

of arithmetic preparatiun; The number of pupils who correctly solved the
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descriptive, indirect problems of Type 3 did not exceed 9 to 11.5% of, all

the pupils in the class--a figure corresponding to the’ average shqwn by

=

the first and second grades in a number df other schools that we investi-
gated. ' B : e .
The results of instructioﬂlby the two meEPods showed the superiority
. of the second, model method of instruction (the one‘employed in grade 1-B).
‘This was expressed by the following: 1) In grade 1-B 61.8% of the. pupils
were already solving the control assignments oorrectly when doing their' \
- first conrrol work after a single, first-stage assignment, In grade 1-A N
the first centrol work was not conducted until ‘the completion of three
assignments, and.even then the corresponding percentage was only 57.1.
After seven agsignments, ‘however, the percentage reached 64.7--havdly |
. towering over.the index of 61.8% achieved in grade 1-B after just one
assignment" Z)F In all five of the comtrol exercises conducted in the
two grades after the same number of assignments, the results were better
in grade 1-B. 3) With the same amount of time devoted to instructiod in
both grades (8 assignments of 20 minutes duration each), the highest
achievement in grade 1-B (90.6% solved correctly) exceeded thatﬁfor grade
1-A (71%). The reliability coefficient for the difference in results
equals 2.0. 4) In grade 1-A symbolic errors in direct problems were
. ' encountered in all control exercises. The percentages of pupils who
committed these errors in the five control exercises.are as follows:
2.9; 15.6; 8.63 26.5; 12.9. 1In grade 1-B, on the other hand, mot a single
such mistake was encountered during the same period . (
One must assume that the reliability of the difference calculéted
above in point 3 actually would be higherwif everything that was mentioned
in all four points were considered. Moreoyer, the model instructign in
grade 1-B could have been even more ef fective had we made the.transition
from the first to ghe second stage somewhat earlier. By the same token,
it - was evidently possible ro reduce the total number of assignments in

S

grade 1-B by roughly one-third withodt damaging the resu}ts.16 ' .

6 , .
Several ways for increasing the effectiveness 'of model instruction
r\
will be treated in another report. .

LY
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*  The merits of the model method of imstruction became apparent in the
sqution of both direct and indirect problems which had been given only
in verbal form (without visual support), and which contained two-digit

numbers (founded tens). In grade 1-B the percentage of correct answers

s

in the first sblution of such problems was 81.8.

During this instructian, therefore, facts were obtained which relate
to an understanding of tﬁe general mechanisms of the operation of regularity
A. The differentiation of two objects by one distinctive feature (the
isolation of that feature) occurs faster when there is a smaller number of

~

~other common features. . L
P - ?

‘ ,v T Report VII: . T
L The Degree of Abstraction of Learning Material

and Its Role. in the Formation gg_Generalized Associations*

In pedagogical practice there are often cases where pupils know pfie
verbal formulations of rules well, but do not always act in accordfhnce
with them.. The pupils' incorrect operations originate in
associations. The first terms of such assoclations eitjfer exclgde certain
relevant features of objeeté and phenomena, or includd irrelevapt features
(or both oecur). )

N . ['S
Let us call relevant those features which are co

rules, and irrelevant those features which are not contained in:thehrnlga¢7f:'

-
S

Let us further agree that a feature with signalness is a feature on which
one's bperations depend in some way. The signalness of a eertain feature

has many causes. Specifically, as was ahown in Report III in the differ-
entiation ‘of two complex objects their distinctive features generate,
signalness, that is, one‘s reactions are determined by variants of the

* same features which are inherent in different nhietta At the same time,

L
features which are not used to distinguish obfects from each other~—y
. e

*

identical features--become non-signading, that is, do not themselves
K

determini reactions. This regularity was designated for brevity,

~ ¥

G. V. Usanova and FE. M. Sharonova of Moscow School No. 22 coauthored
this report with B. 'B. Kg¢ssov.. Translated by Patricia A. Kolb.
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regularity A. If the differentiable objects being used as learning
' material are distinguished not‘anly by relevant but also by irrelevant
features, then the latter, because of regularity A, may have signalness

and prompt incorrect operations in the pupils. >

Learning material can differ in its degree of abstractness (con-
creteness). An object's abstractpess dépends upon the number of features
that are intrinsic to 4t as opposed to other objects~-the fewer such .
features, tge greater the abstractness of the objectﬁ For example, the
letter addends in the expression & + b are more abstract then the addends . \%
expressed by the concrete numbers 5 + 3. The first expression, the .
Yetter one, cannot be altered on the basis of the comparative value of the
addends; in a 1etter expression, we usually abstract oursewes from’ this
feature. At the same time, this supplementary feature is typically present
for a numerical expression (aside from all features held in common with
the letter expression, for example, the presence of two different addends).

‘Let us suppose that we want to make & certain feature of objects
.....signaling, using regularity A, For this purpose, let groups af objects
of a variable degree of abstractness be'useh. Then the question arises
of what degree of abstractness must be.preferred. Theoreﬁically, it is
‘better to take more, abstract objects. Since the number of their features

v is tge most limited, it is easy to select those objaﬁb% that will ‘always
be distinguished from each other by relevant features only. Dn the other
hand, because of the negat ive me;IFEStation of regﬁisrity”&. irrelevant»l'

. distinctive features can gcome signaling in more "comcrete” objects. '
The goal of this.;ngeﬁt% tion is to test the validity of the above-stated
thegretical proépsitian on the possible advantages of usiﬂé more ahstract

.-learning material in instthetion,;n the first grade.

During the first semester of the schuol .year 1961-62, invtwo first—

Pl

grade classes of School Number 22 in Moqcow we lnstructed the Lhildren
in the concepts of the whole and its parts.aenﬂ '
The cholce of fhese concépt%, which w;re not included in the elementary

school arithmetic currieulum was dttermined by two considerations,” First,

as we shall see below, these concepts were convenient for an investigation

of the role of abstract material In first-grade instruction. The degree -
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of abstractness of the appropriate 1earning material could be varied easily.
Second, thesg concepts were necessary for teaching first graders the
’ general methods of solving direct and indirect prqblems.17
| As an example, let us-.-take direct and’indiregt problems in addition

and subtraction in ohe operation, problems in finding a sum, difference,
addend, minuend, and subtrahend. All of these problems can be written
in the fdr% ofxﬁés\:rllowing equations: 1) A +HB = ?;AZ) S - A= ?} ‘
3) 7+ B =6; 4) AF?=85;5) ?-B=A; 6) S-?=B; where ? 1s the
unknown, A and-B are parts, and S is/ the whole.
. Proceeding from the concepts of] the whole and the part, it is possible .
to‘solve all of these equations without resorting to moE?‘complicated
algebraic concepts., It is sufficiept to operate in accord with one of

, two rules: ‘In order to find a whole, thé known parts must be added; in

" order to find a part, the other, known part must be subtracted from the’
known whole. Thus,lit»is necessary to learn.the concepts of the whole
and .the part in order te master the general methods of solving problems
by means of equatioms. | '

The general plan of instruction was as follows:

1) The initial period of forming the concepts of the whole
and its parts with the use of concrete numerical quanities.
The methodology of instruction in both classes was identical
during the initial period, '

2) The introduction of more abstract numerical quantities in one
of the classe§. In the pther class, instruction proceeded as
* before. - : ' *

~

' v 6
3) General control work in the two classes in order to compare
the mastery of the concepts-of the whole and parts and the
' mastery of ’pe necessary operations. .

The initial perfod of instruction was divided into two stages.
First, we demonstrated visually to the pupils that a whole object or a
whole set (an apple, a group of children) could be divided into two parts;
a%ter rejoining (dgawing togethér) these parts, we would again be able

to see the whole. $Second, in teaching the first ten numbers, we encouraged

A

An iqvestigation by Kossov [6] showed that such general methads
were within the grasp of first graders. -

17
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~the pupils to consider each number (except the unit) as a‘whole composed
of parts. As a result of the work, the pupils mastered the following:" "
A whole is composed of parts; in order to-obtain the whole, it is necessary
to add up its parts; in.order to obtain one part of the whole, it is necessary
to subtract .from the whole its other part.

- The concepte developed fhus were used for'notating examples in
addition;and subtraction: The pupils were suppesed to put two dots under
the whole and one dot under each part. :Initially; the children learned A
to place the dots correctly in examples with concrete numerical quantitivs

.

- only, The corresponding assignments were of two types; they can be illus- .

* ' trated by two columns of examples: W i .
e N -'..‘ v, . .
I, 3+ 2= ., +Il.-3+2=5 -
24+ 3 =__ __.;:% . ] ) a
) ’ 5-3=__ —_— 2 L
e s 5=-2= =3 B

¥
¢

" In completiing each of these %0 assignments it was'initially necessary

2%

to copy the first example in/a éiven column, to fill ig the dots (symbolizing
the whole and the parts), and then go solve the rest of the examples’in the
column, constantly keeping in ,mind wﬁet the whole and the parts were in the
first example. The teachers gave’ the‘following instructions - for assignment I:
e 4 "Fill in th‘nswers for the rest of ghe examples. In order, to find the
\answer more easily, look at.the first exaqple‘ the whole and the parts there
are the same as in all the other examples/ Assigning problem I1, the
teacher usually said: "Fill in the empty spaces 'to complete the examples. .
In the second example, think of how thé whole 5 can be obfained from the

same parts (that is, from 3 and 2) ae/in the first example. In the third

and fourth examples, think of how one part can be obtaine% € xom theiehole
and the other part ‘which you see id the first example.' N

: Cenerally, the pupils placed the dots corg ctly and solved examples"
aélthin the limits of the. numbers l 0 (they hgd not,yet begun the second

- ten). 1 ’
On the sixth day of the experimental ins ruction; we introduced a column of
two-digit examples in both classes: 63 + 29 = 92; 92 - 69 = § 92 - 29 = H
‘29 + 63 = . (On the previous day the children had learned to distinguish
two—digit‘numbers, to findiequals among them when written on the#béard, and

to c0py’twonigit numbers from the board into their notebooks.) In'both
»
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classes, the isolation of the whole and parts in two-digit examples was
completed with inadequate but approximatei? equal success: Somewhat
more:théﬁ 50% of the pupils iy each class placed the dots correctly in
just one of the four examples. Thus, despite knowledge of the verbal
rules and correct application of these ruleé within the limits of the
first ten numbers, many pupils had not yét mastered the generali;ed
method of f{inding the whole and the parts. Apparently, instead of suf~ﬁ
"ficiently broad generalized associations (for a detailed definition of-.
this concépt, seeAEQO]), most, of the pupils developed narrow associations;
moreover, the first terms of these associations included some irrelevant
features inherént in operations with numbers within the limits of 1-10.
Further instruction in one of the classes (I-A) was modified for
_greater abstractness in the quantitiesfﬁsed in the arithmetical operatiomns.
Two notafions were used far the operations: 7+ =17; 7= ? = 7. Thus,
we made the operation sign the essential, distinctive sign of these nota-
tions--all of the other components yere idegtical.- When almost all (802), .
of the pupils in class I-A had learniﬁ,to isélate the whole and parts in
such abstract notations correctly, wé conducted control wprk in both
cksses., Let us cite one version of the probléms. (all work was usually

conducted in two variants):

\ ‘ 10+ 2 = a
2+ 10 = c

12 - 2 =

. 12 - 10 =

The result was that 817 of the Pupilg in class I=a but only 417% of

(IS

b =
b

»

the pupils in class I-B completed all of the problems correctly. The
difference in the results was statistically significant: The diffé%enéé :
exceeded its standard déviation 2.6 times., 1t was interesting that the
pupilsoin class I-A who made mistakes in placiﬁg the Qots were primarily’
those who had not yet mastéied this operation in the abstract examples.
Conggquentiy, the indigé;ed difference' in the results of the two classes |
will incr2ase because of the positive iﬁfluence of class I-A's training
in ébstract examples.‘ If one considers the number of mistakes made in

placing the dots, then the advantage of class I-A becomes distinct. As

is evident from the table, the pupils in class ]-B made a certain number
o . A
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~of mistakes in finding the whole and the parts, even in examples with
concrete numerical quantities. The nature of the errors in these -  A .

. L~
s examples indicates that the. pupils in class I-B made associations that

. ~ Table 6 .
‘ . Isolation of the Whole and Parts
. . .
Results Numbe; of placements of dots »
" in letter examples in concrete examples
Ciass ~ , : A
‘torrect incorrect . correct incorrect
I-A (Abstract | ‘ ’ ‘ ,
Instruction) y 49 (94%) 3 (6%) 104 (100%) a (0%)
 I-B (Regular A : - : B
Instruction) 40 (69%).] 18 (31%) |} 109 (93%) 8 (7%)
. ‘ \ ‘ '

<

number 10

were too marrow. The most typical mistake was the use of thi
e in the

f’ as the whole,‘althaugh it was not a whole in a single exampl

%pf\23§trol column (see above). For examplé, 1?_— 2 = %9. The origin of

| the error‘becomes apparent whemn it is recalled that operations within

. the limits of the numbers 1-20 had been introduced jonly two days before
the control work. Previously, the children had solved examples only o

within the limits of ghe first ten numbers, and the number 10 had actually

always been the whole. The incérrect, narrow association (10 as’the whole) 1 .

.

causes mistakes in the transition to the next range "of numbers (th;
second ten). The nature of the‘zfrors made by class I-B in the control
,wdrknéﬁd in succeeding days indicates tﬁat, in some cases, this erroneous
' asséci;;;;ﬁ\was somewhat more genezalized: In general, whichever of two

numbers was the larger was used as the whole. For example: 16 +3 =7
Moreover, sometimes both associations cited here, the narrow and the more
. generalized, occurred simultaneously. For examplé, 2+ 10 = 12 (lest one

of the large numbers be slighted!).
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All of these facts provide grounds for supposing that for maﬁy first
graders, eperations with numbers within the limits 1-10 are determined
not by the éeneralizeﬁ rules for finding the whole and its parts, but
rathef'by incorrect associations involved with irrelevant arithmetical
examples., Such associations did not bccur when abstract "examples' of the
type (7 + 7 = ?) were used in class I-A. . .

Thus, abstract examplea helped the pupils in rlass I-A to isolate the
essential features in all examples and ccntributed to the development of.
sufficiently generalized associations according to the general rules for
finding a whole and a part. Consequently, the use of learning material of
a different degree of abstractness has signif1cant value for the development
of generalized assoc1atians. It is important to note that the pupils in
class I-A also solved an adequate number of concrete problems. It must
be” assumed tﬁat the exclusive use of very.abstract material, wlthout
éufficient.use of the concrete, would not have positive results. In fact,

this abstract material (letters, guestion marks), taken by itself, becomes

just as concrete-as numbers. Thus, the exclusive use of such material
,would,in all probability, lead to the development of narrow and, moreover,

/ completely useless associations.

>

Paanann s

148




REFERENCES

1, Arkhangel'skaya, N. V., and Nakhimova, M. §. Lesson Plans ig'w
Arithmetic (for the First Grade ), Moscow, Uchpedgiz, 1958. .

.2. Asratyan, E. A. "Switching in Conditioned Reflex»Activity as'a
Special Form of Its Vardability," Problems of Psychology,
1955, Vol. 1. . S :

¢

3, Bantova, M: A. '"The Solutiomn in Crade 2 of Problems Connected with
‘ the Comprehension of Remainder and .Multiple Ratios," Elementa§y
School, 1961, No. 3. x :

\

. 4.. Curricula for the Eigh;tear‘Schqg;, ElementazirGrades, Moscow, 1960.

5. Kossov, B. B. 'Comparing the Effectiveness of Several Means of.
‘ Strengthening the Center of Awareness in the Weake?f “of Two
Signal Systems."” <n B. M. Teplov (Ed.) Topological Peculiarities

of the Higher Nervous Activity of Man, Moscow, Academy of Peda-

gogical Sciences Press, 1956,

6. Kossov, B. B. '"On the.Mental Activity of First Graders in Solving
Arithmetic Problems.'" 1In Theses of Reports of the Inter-vuz
Conference on the Psychological Characteristics of Pupils'
Creative Activity, Moscow, 1962. ' '

7. Kossov, B. B. . "On Several Methods for Facilitating the Isolation of
‘the Essential Criteria of Perceived Objects," Problems of
Psychology, 1960, Vol. 1. ' o :

8. Kossov, B. B. ''The Role of Verbal Indication in Perception.” In
P. A. Shevarev, Perception and Thought, Moscow, Academy of
Pedagogical Sciences Press, 1961.

I
9. Kossov, B. B. "Toward the Question of the Productivity of the Method
' of Varying Unessential Criteria in the Formation of Concepts, "
In Theses of Reports in the First Congress of the-Society of
Psychologists, Issue 1; Moscow, 1959.

i
4

10. Kossov, B. B. Toward a Study of the Factors Determining the Relationsﬁip
Between the First and Second Signalling Systems, Abstract of
candidacy dissertation, Moscow, 1955.

11. Kudryavtsev, T. V. "Switching from One Mental Operation to Another
. (in the Schoolwork of Primary Schoolchildren).” 1In N. A.
Menchinskaya (Ed.) The Psychology of the Application of Knowledge-
to the Solution of Learning Problems, Moscow, 1958.

149 ’

&




12.

.13,
14.
15.

16.

19.

20..

P

Lyublinskaya, A. A. '"Several Peculiarities in the Mental Activity
of First Graders,'" Speech at a conference on psychology.

Menchinskaya, N. A. The Psychology gﬁ_Arithmeticfinstruction, Moscow,
1955. ‘ S

Moro, M. I. '"The Solution of Problems Expressed in Oblique Form,"
Elementary School, 1959, No. 1. .

Pchelko, A. S., and Polyak, G. B. Arithmétiq: A Textbook for the
" First Grade, Moscow, Uchpedgiz, 1960. :

Pchelko, A. S., and Polyak, G. B. Arithmetic: Textbook for Second
Grade, Moscow, Uchpedgiz, 1961.

Popova, N. S. Arithmetic Experiénce in the First Grade, Moscow,
Uchpedgiz, 1960. '

Shevarev, P. A. ' Generalized Associations in a Pupil's Schoslwork,
Moscow, I1959. ‘ : ' "

Vatsuro, E. G. "The Principle of 'Levelling' and Its Significance
for Psychology and Pedagogy," Soviet Pedagogy, 1954, Vol. 3.

Volokitina, M. N. Essays in the Psychology of Primary Schoolchildren,
Moscow, 1955. ' ’ f

L
[ 3
L

150



o

THE FORMATION OF GENERALIZED OPERATIONS AS A METHOD EQ Wu
PREPARING PUPILS TO SOﬁ:z;fEOMETRY PROBLEMS . INDEPEND! Y

N

TE. I. hbits#*
The pupils' independent solution of new problems, as is known,
is preceded by a state of instruction that demands the pupils' active
participation. Pedagogical guidance of the pupils’ activity‘should
be based .on the psychological regularities of forming a problem-
solvingAmethod. Elucidation of these regularities is an important
problem for psychology, both theoretically and practically.
Inforder to outline precisely the problems subject to investiga-

tion nére, let us present the solution of a mathematical problem as
a system of operatﬁons1 Si.—a sz-ma cen Sn-*é R, where Si are the

' given conditions and R the desired result. From the I 1
standpoint, the solution of any problem is already contained in its
condition, and the essence of the solution consists in transforming

- the 1nformation eontained in tha tondition with the help of supplementary

information--logical rules of this "transformation. Such an approach*
can Qe,explained by the fact tha¥ \logic does not consider the |
(implicit oJ EXplicit)'form in whic athe'condition is'given, whereas
from the standpointfof ps&cnology‘the translation from implicit *
to explicit form mesns that the personisolving the problgm acquires
new, information. 1Tt is clear from this that, for the:subject,

the su;;lementary information requirxed for the solution of a problem
consists not onL§ of logical rules for transforming the geometric

‘ materisl that is, rules for establishing connections between the
elements of the chkain S - R,-but also information contdined in

¢

.each element of this chain.

*

\ .
- &
S ' *0f the Institute of Psychology of the Ukranian S8R, Kiev.
Published in New Research in the Pedagogical Sciences, I. Proceedings
[Investiya] of the Academy of Pedagogical Sciences of the RSFSR, 1963,
Vol. 129, 73-78. Translated by David A. Hepderson

lHere the symbol -3 dqes not mean implication, but is used to
ind jgate any cind of connection.
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1ogie that enter into this algorithm.

R "
¥, ', -
N .

Thus, the algorithm for salving problems (for example, geometry
problems) contains operatidns that differ essentially These are N
primarily operations (we call them operatiomns of mathematieal logic)
with which the solyer transforms each element of the chain into the
following one. These operations are logiéal'traaéformations of - -

mathematical material; they are abstracted from the subject content

‘of the concepts and may be applied to different concepts regardlees

of theﬁt congent. The second type of operation (mathematical)consists
of operations performed within each element of the chain § -3 R.
They are defined as the relationships between concepts included 'in
an operation and are always dependent on subjeet.matter. ‘ ’
The pupils' generalized mastery of‘the system ofimgthematical
operations composing the algorithm of the solution of a problem is . ,
a necessary but insufficient prerequiszte for its solution. Before‘
the mathematical operations ean be applied in the correct sequence,
it is necesgary that the pupils have mastered the operations of v
thematical logic. Therefore, if we express the process of
nstruction in solving problems of a particular type in terms of
a program, we must distinguish in it two subprograms. - The first. one
should contain the system of 'strictly mathematical operagions-thaﬁ

enter into the algorithm—;? solving problems of the given type, and

the second should contain the system of operations of mathematical = -

A subprogram is a system of operations (they are sometimes called
"information blocks'" or simply "blocks") each of which in turn consists
of definite-levels differing in their method of expresaing the
study material. 1In prinCiple there are two,possible approdaches to
presenting‘the study material (in our . investigation, mathematical
operatioﬂs.and operations of mathematical logie) in one ‘and the same
"information block."” The first is with the use of "logical models,"
that is, models.that reveal the structure of an operation by redpcing

it to a set of other, elementary operations. Such models are called

operation'is broken down into a set of elemenpary‘Ones. As applied
to man, we define elementary operationa as those operatiohsealreadyp

formed and whose performance eyokes no diféiculties. The logidal
- ) . { -
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model may‘be presented as a formalized system of elementary operationS’
whose ordered implementation leads to completion of the model operation. .
A second approach 1is to apply psychological models' that model
the relatlonship between concepts at various levels of generalization.N 
To create such models one must study the process of operation
formation in the pupils. Because this process had not yet been
sufficiently investigated, we conducted a special experiment
- In this communication we present data relating to the first
subprogram, that is, to the formation of mathenatical operations.
The investigation wa; conducted using material om pupils'.solutioP '
B of right triangles. 'This material was chosen because: 1) its mastery
by pupils evokes significant difficulties, Z) in mathematical
structure these problems differ from problems solveo earlier,
3) the necessary operations have not been formed in the pupils
Qbefore studying this topic, 4), problems of this type make‘posaible
a precise accounting of the knowledge and operations required for
their solutdion as well as the composition of a;practiéelly useful
algorithm. C Lo 7 -

The first experiment consisted of two series. .The aim of the
tirst series was- to study the process of the fbrmation in pupils of
.mathenatical operations under teaching conditions. We formulated
the oaerations needed for masterina the . concepts of the trigonometric
functions of an acute angle, finding the size pf an angle from its
trigonometric function, and finding the magnltude of the trigonometric
function of an acute angle from the size of the angle. We also
formulated the operations for est*?lishing the relationship between
the‘trigonometric functions of supplementary angles.

The aim of the Ssecond experiment was to ascertain how pupils ,
appiy the operations learned in the fizst series and the information
related to. them and‘ngy this formation of mathematical operations
occurs wheg the pupils are solving problems independently. The

~pupils nave to master the operations necessary.fot esta@lishing the
relat ionships between the trigonometric functions and the sides_of
atright triangle and for making the transition from one trigonoyetric

. function of an gcute angle to another function of this angle or its

supplement. ] .
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If in performing these operations a pupil experienced difficulty,
he was given an auxiliary problem representing a mpdel of the given
op%ration. The modeling of mathematicél operagions was the fundamenta%
. methodolvgical device of the experiment. Further, each ‘operation

was presented. to tﬁe pupil as an independent action. That‘is, the
means f téaining the goal (the‘solution of some problem) became
the' content of the goal. 1In other‘words, the auxiliary pébblem was
required to disclose the relationskip between the concepts contained
3 in the structure of an ope;ationf But the.re}ationships themselves
\\\\\. in different models of ?‘single operation were presented différently:
| Presented below~ar¢.?ddals of the oper?tion of establishing the _
relationships between thg trigonometric functions of an acute angle

and the sides of a right triaﬁgle. A

AL Isolating the operation as an independent action. The first

model is the natat{on of the trigonometric function of an acute
angle (for example, sin =_;_) with the instructions "determine one
side using the trigonometric function and the-othef side."”
5 . In the’second model the unknown quantity 1s denoted’by \
X, éin, a =.§_ (in the exXperiment it was established that it is easier
for the gupil§:to pé;form an operation when the unknown is expressed
‘by'x or’y'; t%e rgquirement of the probiem_reméined as before.
Ié££he third model the'given formula was preéented as the
ratio” d —.;_ (thus all’ its elements were named); it was required
‘ to find the unknown member of the ratio. = ..
* The fourth model. presented the formula as an arithmetical ogeration
éé_&{éisiugt fhe requirement” was statéd as finding the dividend
hs (divisor) tbrough the quotfent*éﬁdwihe divisor (dividend).2
“The first experiment was ponducted with 27 eightﬂ—grade pupils.
All problems had to be solvedfaloud:. The subjects' argumentations
.. were Bqteﬁ'in'detail'or recordeq#gp tape. T | |
The rESults of the investigation permitted us to’isolate four
stages’ iQ thg formation of the strictly mathematical operatiunq in

sthe algerithm af the ‘solution of the problem. "

[} - .

zln formulating the relationship between the trigonometric
functions of an acute angle and the sides df a right triangle, th
pupils were allowed to #me a drawing. :
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1. The pupils do not separate the essential from the nonessential
features.of the concepts included in an' operation. They are dnable
to isolate the relationships between the essential concepts. When‘
performing an operation, pupils rely.on visual and spatial schemes.
When ohe alters’ these schemeg {position of the drawing, its notatibn)
for the forms of expressing the concepts in the operaﬁion, the
pupils are faced with significant difficulties that impede their
correct completion of the operation. Even simple operations such
as finding the size of an angle from its trigonometric function
and finding the trigonometric function ej an acute angl% from
its size are not reversible; each is recognized independently of
the other. -

II. The pupils grasp the relationships between'essential céncepts
of an operation_but cannot generalize these relationships. Therefore,
the form of expressing concepts still influences the success of
completing the operations, especially when the alteration of this
form is connected with a higher level of generalization (for
.example, from d =-%' to sina = %—) or when}altering the form of

\ﬁxpression of the concepts leads to significant change in the
structure of the operation, such as Omission of some particular
element (for example, the replacement of numerical data by letters
in- the qperatiog, or the transition from one trigonometric function
of an acuté angle to ahother function of this same angle or its
supplement). The operations are reversible only within a particular
level of generélization of the relatinnships between concepts (for
example, the pupils can find a and d in the equation d = %, but when

" d is replaced by sin o« they cannot dq}thfs; they correctiy note

that sin 37° = cos 53° and gos 53° = gin 370, but cannot determine
that sin (90° - « ) = cos a.

- II1. The relationships between the concepts are generalized
by the pupils, and the operations are carrled out correctly no matter
how the concepfs are expressed. The operations are reversible, and
the pupils are aware of each of their‘directiéns as a part of the
operational structure. But ghe structure itself is regarded narrowly--

as two directions (forward and reverse) of a specific operation.
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The pupils still cannot estgblish the connection between the

itute the broader o;e?étioﬁal

€ o eB I8 ) )

IV. This stage is characterized not oniy by the generalization

different operations tlat

structure (§r example, f(

of the relationships between concepts, but also by the pupils'
establishing the cqnnections between the varioui operations. Because
of this the operational structure is formed in them as a system of
operations. Iﬂ addition, the‘pupils master the reversibility of
not only an individaul operation within the operational structure -
(for example, £ (o ) <—a or 8 €—>f ), but also a system offf‘::
operations (for example, f(a ) & fl( B.)). -
Insofar as each successive stage of forming operations has,
relative to the preceding one, a higher level of generalizatiqn of
the relationships between concepts, it may be viewed as a specific
level of the operation. Such{levels; as our investigation showed,
give a general picture of thé operation formation process, but
the presencé of each of them is not a requisite. The real process
of forming opérations depends‘largely on the pupils' individual i
:peculiarities of their mental activity.
The data obtained throughthe investigation permitted us to
lclassify subjects into three groups, depending on the types of
difficulties they experience in the formation of operations and how
these difficulties in mastering and generalizing the operations
‘werefovercome. Let us examine.the process of forming mathematical
operations (in the conditions of the special instruction and q&en
the pupils were independently solving problems) in subjects of the
different groups. ' T
It was characteristic of the subjects of the first group (fourteen
pupils) that they could not single out the essential features of
the concepts contained in the structure of an operation. - Hence
conplete mastery of even relatively uncomplicated operations such
as finding the leg o§ a right triangle (either adjacent to or )

opposite an acute anglé) required painstaking work. The subjects

of this group, when performing a series of operations, at first

‘ ' 3 a and B are zunnxrangies of a right triangle; f( o ) and

fl( R ) are different trigonometric functions of these ag angles;
, & 1s the sign for equivalence of the relationships. -
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»
based their thinking on visual spatial schemes. Their inability‘to
generalize the relationships between concepts made it necessary
to give the pupils various models, gradually generalizing the
relationships between concepts and varying the form in which they

. were presented. Specii'?models werg. réquired that showed both

" directions of an operation so to make it reversible. Each

direction of the operat wasqfirst mastered by the pupils
separately; only later were the operations mastered as a part of the
operational structure.

One may judge how the pupils mastered operations in solving
vproHEExsch the fact that only two of them mastered the relationship
between the trigonoﬁstric functions of an‘acute angle snd the sides
of a right triangle after being shown the second model (sina = —ﬂ '
nine pupils needed to be shown the next model also, and three had
to see model 4. ‘ A

In subjects of the second group (eight pupils) the process of
forming operations proceeded similarly. The pupils often confused
essential features of concepts with nonessential ones and did not
consider the whole system of essemfial features of the concepts
- that enter the structure of an operation, but only some of them.
‘Hence, they made mistakes. The pupils' mental operations.were not -
flexible or generalized enough. This resulted in the fact that, ’
for example, when mastering the relationship between the trigonometric
fugctions of supplementarf—aggles, the pupils, finding equal
relationships in the trjgonometric functions of different angles,
could not independently conclude the correlation between the .
trigonometricvfunetions of supplementary angles. Unlike the first
group, the members of -the second group needed less assistance.

In the third group of subjects (five pupils) generalization of
the relationships between concepts was more successful than in
“the others. Their mental operations were generalized and dynamic.
Thus, it was easy for them to think even when the form of expression
of the concepts was altered. The subjects also had no trouble
making the transition. from direct relationships between concepts
to the reverse relationships, that is, the operations were developed

in two directions, forming a definite operational structure. The -
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subjects of this group were able to master the mathematical operations
while solving problems wiﬁh‘a mﬂnimum of asgistance. They easily
combinéd theAindividual operations into a system.

| The data obtained show that in forming mathematical operations,
these operations must be isolated into an independent operation.

In other words, the operation s hould first appear not as a means
to an end (the sdlution of some problem), but as the content of
che goal of the operation. That is, it should be set apart as

an independent problem. Formation of generaliZzed mathematical
operations is-promoted‘by modelihg the relatlionships between concepts,
that is, by‘applying psychological models. Systems of such models |
éhould provide for variation of the concepts and the forms of !
expressing them, isolation of their individual links in a complex
operation, axd the transition not only from expanded to abbreviated
operatipons, but, conversely, from abbreviated to expanded operations.

It was nofed above that besides psychological models one may

‘also utilize logical ones. Logical models reveal the structure of
the modeled operation by reducing it to elementary operation. In
our investigation we obtai;ed some information on the relative
effectiveness of the logical and the psychological models, but
'since the criterion of the effectiveness of the models should be
extended beyond the framework of one subprogram, these data will
be presented along witﬁ‘é'description of the characteristics ka

the formation of operations of mathematical logic that are cofitained

in the algorithm of solution.
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AN EXPERIMENTAL INVESTIGATION OF PROBLEM SOLVING

‘ *
© AND MODELING THE THOUGHT PROCESSES

D. N{/Zavalishina and V. N. Pushkin

As indicated by Glushkov [3], the external approach to
modeling man's mental activity is characteristic of the contemporary
stage of the development of cybernmetics. Basic to it, as is well
~ known, is the behaviorist scheme, which views each operation as the
~ probable result of a stimulus,, and the processes resulting in the
operation are ignored as taking'piace in a "black box."

‘Yet representatives of cybernetics already take into account
the one-sidedness of this viewpoint and understand that, for example,
to create computing apparata capable of forming algorithms unforeseen .
by the curriculﬁm,'it is necessary to reveal the mechanisms of
man's mental activity [2]. The regularities of thought important
for cybernetics can be ascertained through experimental investigation
of a person's solution of problems.. At this the methodology should
-make possible quantitative analysis of data and be éppropriate for'
programming and putting into a machine, for transmission to a
machine, the devices and methods of human thought that are discovered
during psychological investigation. The methodology will include,
on the one hand, verification of the results of psychological study
of thought; and, on the ogﬂgr, its practical outlet. -

The metho ogy applied in our work consists in the following.
On a blank with 6 squares (designated a, b, ‘c, d, e, §), five
numbered slips oi paper are randomly placed so that one square
remains empty (Figure 1). The problem is to put the slips into
normal order, i. e., 1, 2, 3, 4,.5 (with square d empty) by making

" which means moving some

a series of '"simple rook's moves,
slip of paper,onto the adjacent empty square with each move (Figure 2).

1

*Published in Proceedings [Izvestiyaj of the Academy of
Pedagogical Sciences of the RSFSR, 1963, Vol. 129, 139-143.
Translated by David A. Henderson.

. <
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Figure 1. ‘,Figure 2

*  This problem is a variant of the mathematical "game of 15" [1]
It is known-that certain mathematical propositions and concepts
have been applied to this game, especially those of higher algebra
'(permutation, inversion, etc.), which allow one to calculate all
‘possible situations and ascertain solvable and unsolvable situations.
By definition, permutations of n elements are combinations of B
them that differ only in the oxrder of the constituent elementsj; hence
each situation in our problem can be viewed as a permutation.:‘The
.total number of suah permutations, that 1s, variants of situaﬁions,
can be expressed¥as P = n! = 5! = 1:2-3-4= 120. But not all of these
permutations are solvable. T@ybe solvable, a permutation must. lead
to'the abovementioned normal position (normal permutation). The
Hgolvability of a given permutation is determined by 1) the evenness
6fythe normal permutation and 2) the place position of the empty
sqﬁ#re, orthe "imaginafy slip" with the number 6. There are even
ana héneven permutations. Whether a permutation is even or noneven
is determined by the number of inversions in it.
T Inversion is the term for the mutual positions of two sl}ps
in which.the slip with the larger number stands before the slip
with the smaller number. Into the total number of imversions in a
permutation there enter the inversions of the numbers of all skips
making up the given permutation, with the number 6 which 1s assigned
to the "imaginary slip'" in the empty square (square d in this case).
In our case, the normal permutation is even. Since, for |
cdnvenience, we declided the initial situation with d~the empty
square, then all even permutatlons leading ﬁﬁ the normal form
1

through an even numbér of movements of the-61lips are solvable

1
In our case there are}EuSZ = 60 such permutations,

.-
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With the aid of this methodology the experiment was conducted
as follows. The subject was presented with one of the situations
and given these instructions:

Move the slips around in normal sequence\(l, 2, 3, 4,
5), using the free square and moving the slips vertically
*or horizontally only. You cannot change the slips by
switching two of them. You also cannot move them diagonally.
-~ In the final situation square d should be empty, as it is
in the initial situation.

The subject's every move was recorded. For simplicitylof

fixing the moves during the experiment, each move is denoted by
the number of the slip moves. For example, solution of the initial
] ‘situation of 223

of moves of the numbered slips:

was done by the subject through this sequence

4

4531 5 4 2 3 l 5 4 231 2 31 2 3 4 5321 (24 moves).

On the basis of this notation, if we know the initial situation, .
we can reproduce the oourse of solution with the aid of notation
| similar to that of chess. The firef move is slip 4 from square g to-
square d (4ed); 2: Sbe, 31, 3cb 4: 1fc; 5: 5ef; 6:"4de; 7: 2ad;
8: 3ba; 9: 1gb; 10: 5fcj 11: 4ef; 12: 2de; 13: 3ad; 14: lba; 15: 2eb;

' 16: 3de; 17: lad; 18: 2ba;.19: 3eb; 20: 4fe; 21: 5¢f; 22: 3bc; 23: 2abj
24 lda. — | ) T : - ot
' This real course of solution is related to the optimal one,
~which consists of 16 moves. 1: QEQJ 2: 5be; 3: 2ab; 4: 4da; .
5¢ 5ed; 6: 1lfe;, 7: 3cf; 8‘: 2bc; 9: leb; 10: 5de; 11: bad;
12 Tba; I3: 2cb; 14: 3fc; 15: Sef; 16: hde. . |
One of the merits of this methodological device is the poesibility

 of regulating the complexity of the problem. Thus, for example, the

243 413 . 235 135
situations 15 and 25 can be solved in 4 moves; 14 and 42
‘ , 415 124 ., 325 .
can be solved in ? moves: 4, and 53 in‘S‘moves. 41 in 14 moves;
253

41 in. lﬁ'moves: Despite the complexity of the problea being

" determined by several factors (interconnection of elements, etc. Y,
there exists a definite correlation between the complexity of the
problem and the number of‘fixgﬁ of the optimal variant of the

solution.

1
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In creating a machine program that solves this problem, one
may take two approaches. By the first method the optimal solutions
of all 60 situations are registered in the machine, which needs
then only to recognize the situation and to produce the,appropriate
variant of the solution. This method is the least interesting
from the standpoint of cybernetics. A much more interesting mathod
of principle interest is a program set up such that the machine
knows only the initial and final situations and the method of

given to t

moving the slips. Hence the machine works from the same instructions
h;

,subjects.. Here a knowledge of those intellectual

operations with whose help a man solves this problem becomes

* -

"significant. . .

The present series of experiments, (107 experiments on 14

’ subjects) permitted us to ascertain the meaning of one of those

operations--the activity of'eotablishing connections between the
elements of the problem situation. It was observed that various
forms of the;solution of a problem are in a direct relationship .
to the expressed connections between the elements. An analysis
of the records makes it pgssible to state.tnese three forms of the
solution of a problem | ‘ . , ' | .
The first form iéﬂzgs?!tteriaed by a course of solution based
on the expresgion of the individual elements outside their mutual
’

connection. !

235
1%°

Record of the experiment. Subject V. A.: situation:

Sokution process.: Moves 1 and 3, then 2 ‘and 1.

Begins moving the slips at random: 3 2 5 4 2 5.

"It's not coming." Again moves slips: 13524135

294, 1,3 4 25 4 2. "It's more or lgss clear that 4 and

5 are in place.”" Moves: 54 251 3 5. "I don't get 1it.

Let's try it this way." Moves: 13512432, "Mand 5
» have to change places, then everything would be in order."

Moves: 152 3415235235 4. "Finally! 1 didn't

have to make the moves, just think up a plan first."

Tbe problem was solved after 56 moves. The optimal variant
is 6 moves: 1 4 5 3 2 1. Because the subject did not reveal the
Aconnectioné between the elements, the movement of the slips vas

random and chaotic. : . .

162
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» The special characteristic of the second form of solution is

the transfer of slips on the basis of seeing the connections between

several elements of the situation e - -

Record gﬁ_the experiment. Subject V. A.j situation' 4%;. :
< 7Solution process.. Looks at the situation.J "I don t

see a plan yet."s Separates all slips into’two groups, 1, 2,

3, and 4, 3. Continues analysis: "1 and 3 can be set up’

correctly, but 5 makes for confusion. 5 is between 1 and

3. 1, 2, 3 are in order. We have to put 5 on squate-e:" -

Moves: 4 15 23523 5 4, ' , F

®

- . e

The problem was solved inLlG moves. The optimal variant is
8 moves: 413 25324, "As can be seen from the record, there
is no whole plan of solution, all elements of the situation are

divided into two groups, and the slips are moved on the basis of
.the correlation of the elements within these groups. Hence, move-

ment of the slips is no longer random.

-

The following record can also Serve as an example of how the

expression of the 1nteraction of elements determines the course

%
of solution

~

451
23.

€

‘Record of the experiment.,6 Subject V. P.; situation:
Solution Erooess. "I don’t see a plan. Maybe if
we move 4 down then 1 goes to its own place. But in plénning
this transfer we observe that in this case 4 and:5 end up
reversed. How can we make it so both groups 1, 2, 3
and 4 and 5 are placed correctly simultaneously? SI'1
begin with 2, because 5 has to be chased into the corner'
then, I’ think it'1]l be easier--but I still don't see 1it. .
He moves: 2 51 3.- "I see the solution of the problem, the
plan is ready.'™ He realizes the plan" 5 2 4 1 2 4. The -
problem is solved optimally. : '

The third form.consists in seeing at one time the entire solution
of the problem trom beginning to end. In this.case there is present
the representation of all elements of a situation in their inter-
eonnettions and relationships. ‘ |

1he investigations show that the basis of the algorithm for
the machine solving problems of this type should consist of the model-

ing of the process of establishing connections among the elements of

H
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the problem situation. We can assume that just this establishment

of connections eliminates the need for a large number of operations
i .

on sorting out all the variants, which is characterftic of

'S

,cbntemporary problem;golving computer mechanisms.

I3
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THE COMPOSITION OF PUPIL'S GtOMETRY SKILLS
"~ A. K. Artemov* ‘S . -

:

Report 1I: ‘Mekigg Auxiliagy Geometric Constructions*¥% s @3
s ‘
s Success in solving many geometry probléms is often attained by

T correctly making auxiliary cbnstructiong. In actual school work ig:
d

. may often observe' pupils making these constructions by the "trial

_error' method. f; B&ly a trial prowes successfuland the problem is

“fimetimes become convinced that their attempts are

.

solved. The pgpi\“
fruitleSS and gtve up trying to solve a problem. Thus, it would seem
that siccess in choosing. auxiliary constructions 1is completely accidental.

In the methodological literature there are various statements B
,concerning the methodology of teachinf children how to make auxiliary"
'constructions. Nemytov [13] considqrs it diﬁficult to point out any

.. definite rules in solving such Questions, what is neeged is imagination >

and creativity on the part of the pupils. He does not, however, explain .t
‘what he means Jj these two concepts. " Other methodologists try to give |
some rules (adv1ce) thdt might help in figuring out what auxillary ..
constructlions are needed Hadamard [7] rectmmends determi}ing the
”givens” by 3onven¥ional notions. anilova [6] suggests, for example,l
continuing straight lines until they intersect forming triangles, etc.
.However, thése recommendatlons cover only some cases encountexred in 7 ®
‘solving problems, and they remain theoretlcally unsuhstantiated On the &ﬁg.
whole, the methodology of instruction in making auxiliary constructions

s remains undeveloped, and the pupils pessess no special devices. Tt'is
suggested that solving a large number of problems per se will lead Lo
the formation of a high level of‘zzzllties in making such constructions

- %
« In this dork an attempt is made, to examine two questions .

. KR [
Al .
. , . .
: ’

*Qf the Penza Pedagogiczl Institute. Published in Proc%edings
. [I?vestlya] of the Academy of Pedlgogltal Scienceg of the RSFSR, 1963,
129, 47-53; 196%, Vol. 138,54 -58; and New Reszdgcl_lg_ggiPodagogical

so dce, 1963, Wol.,5, 34-395 1966, Vol. 7, T56-63; 1967, Vol. 9, 43-47;
and. 1969, ¥ol. 13, 53-58. . : S

**Trsnslated by Dﬁbis Al HEnderson.
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1. What is the basis of the children's guesses as to thesehoice

of expedient auxiliary constructions?

/ f
2. 1Is any kind of special instruction in making auxiliary con-~
structions possible? ~ .
| Ascertainment experiment o h ' -

The intent of the experiment was to‘ascertain students} basis for
guesses concerning the selection of auxiliary ccnsfructions. The
subjects had a relatively high level of ability in solying geometry
pgoblgmg. The stbjects kere 17 third—&ear students of the Physics
and;Mathematiés Department of the Penza Pedagogicalilnstitute. They
had average and above—-gverage abilities in ;nathematics.f :;nd in their-
seéond year and partly in théir third year, ‘had tgken a special course
in elementary geometry, in which they had solved many diverse problems.
The experimental material consisted of problems from the school workbook
by Rybkln [17] designed for the sixth and seventh grades (problems 16,

18 from section 6, and o\hers). The experiment was conducted like
ordinary auditorium examinations. 1In solving problems at the blackboard,
the subjects were asked to reason aloud. _The answers were récorded’ghd
later analyzed. ' ‘

During their previous instruction in geometfy, the subjects had

learned no special methods .for seeking expedient auxiliary constructions.

'

Results of the experiment

1. Many subjects made "blind," random, auxiliary constructions.
Often such constructions were inexpedient and did not faciljrate

N ,
solving a problem. ®*It follows that solving even a large number of .

problems is not sufficient for forming a high level of ‘ability to make

expeddent auxiliary constructions.

2. In individual subjects the selection of auxiliary constructions

was based on -several generél operational propositions. Operatibnal

propositions are thqse in which there are indications of what ‘must
be done in the concrete situation for solving a problem.

Here are some examples. It was required to prove that (under ,
given condrtions) one angle was three times as large as another.

Subject L. began solving the ppoblem in this way. . ""Here we must compare

., 166
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two angles, . They must be taken togetner."- Then he fulfilled this
The problem

. L oy

statement in a drawing by making auxilisr§ constructi
was solved correctly.

.

It was required td prove that (under given conditions one chord in
a circle was larger than another. Subject E. dropped perd“ﬁiculars ‘
from the center of the circle to-the two chords. When the experiménter .

- asked why that was done, the subfect answered, "To make a comparison. ‘We
know that the larger chord is eloser to. the center." Qonsequently.the‘
'subject was acting on the basis of a general operational statement--
to compare‘two chords, one mult compare their disténces ftom tne center
:5{ the circle.,. i S : ) T o |

"These ope}ational propositions correspond to a generarized ]
association of this type: recognition of the initial data of the
assignment, thep recognition of another (secnndary) assignment by means
of which the given problem is solved. Since making such an.association
enabled the subjects to mske expedient auxiliary constructions and to
solve the given problen} it follows that the existence of a large

_ store of such-associations and their actualization is e¢ne of the necessary
conditions for successfubkmastery of skills in making auxiliary o

SQ
., constructions. R . !

- LN

Let us agree to say that guiding associgtions arg those associations
underlying the selection of an expedient auxilisry sonsttuction ‘that

leads to the’ correct ‘solition of .a problem. } . 5

€. The experiments showed that the subjects command a GEry poor

store of operational propositions and the guiding,sssociations connected
with them., This is the essential obstacle'in mastering problem—solving

‘skilis. * v

t

'Analysis of the correct solutions of problems . ' 3

The analysis conslisted of an‘attemPt'to increase the*Pumber’of

gulding associations revealed in tle ascertaining ekperiment. The

esserice of the analysis consisted in establi hing the pattern of '
\ b

reasoning that leads to the auxiliary construction rnealized as the
problém is being solvéd correctly. The material consisted of the written~

x/ . work of the tenth graders in School Number 4 of Penza, together with the ~
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solutions of problems gdven in Barybin's collection [3] . This collection

was .selected because it contains\soluwions of problems on the entire

topic of the school geometry course. " o ’ 1

I

based on these operational propositions: - ..

*and point-M is canﬁected

Let us dite a concrete example of£§uch an analysis.

Problem [3. No. 98.]

In Rarallelogfam_ABCD'

"(see Figure 1): BC = 2AB;

M is the midpoint of Aq,\\

£ is thevbase of the =~ ™~
~perpendicular dropped from , .§
point C to, the extension + .’ -
of side AB. Prove that .\\
LDME = 3/:AEM. L

Birybin made these N
.constructionss _J_EE
*

to point C.  (See Figure} iy
2.).

. . PR

& -
4 3
. .

o ,
Let us dwell on the first one. In th§ proof it is shown that

= ch =ZL.33=£_A. Consequently, the supplementary eonstruction is

R

a) to prove thatéL_DME-= BZiAEM,'we must divide /_DME into three

equal parfs, each of which would equal /4% S

b) to Cfnetructzl_ /[ 4 within L_DMB swe must draw through poin%v,

L}

M the iine MM AE (or MM EC). - e

. N
1 - N N T -

Generalized associations having the abovementionpd standard features .

correspond ;p these operational propositions.

Of course, with guch an analyeis one can establish only the possible

operational proposxtions that lead to the given Lonﬁtluctiona It is

quite possible for the problem to be solved on the Ba

ization of some other associatiqns, such as the ones un

s of the actual-

lying the,

blind attempts. This, however, iq unimportant for s, since aim of

the analysis is te look for opetational propositions (and their

guiding associations) that can lead. to a gueps at the selection of an
k] f X :

- auxiliary g¢onstruction. , N

(\. , 1,681 92 - , .
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In analyzing correct solutions we were able to establish three

types of guiding ass?eiations:
. Recognition of the peculiarities of objects as given in the

conditions of the problem leads to recognition of other properties of

L) i N

these objects.

For example, the recbgnition that a segment and an angle are given,
_and under the angle this segment is visible, evokes the notion of an arc
of a segment containing the given angle. ’

"« 2. Recognition of’ the terms entering into the conditions of the

problem leads to recognition of the definitions of the concepts they
denote. '
o For example, if the term "an angle between two‘planés” is given in
the conditions, the corresponding construction is made on the basis of
the definition 5? the concept signified by this term. This type of
association often corresponds to the recommended rule of replacing the ,
concepts with their defiinitions [6 7]. - ,

3. ‘Recognition of the originally. given assignment leads to recognition

of another (secondary) assignment whose solution will lead to completion

of the ﬁirs% ERP - . ',

* % Within this type we were able to establish eiggt kinds of generaldzed

guiding associations. Here ate examples of sevenal of them.l

.,
L3

a) Recognition of the assignment to find (calculate) the size of
- some segment (angle) leads to recognition of the assignment to cons{guct  *

this segment (angle) on the drawing,K in connection with the g&ven elements '&.

of the drawing so as to obtain-an auxiliary figure from which one might 2
. T

computé the unknewn object. -

3
“ ~ .

calculate the altitude,

For example, recognition of the asslgnment t

of a trapezoid, glven a lateral side and the angl of the slope of this

side to the base, leads to recognition of a scgsfidary assignment of

constructing this altitude,on the draw from the end of the given side
(the vertex of the upper base of the trapezoid, and not at Some other
point) with the aim of forming a triangle from whiFh the unknown altitude

may be calculated.

[N

\ % .

1Compilatlon of a detailed list of puiding associattons was not the
goal of the present article. . < o
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(b) Recognition of the assignment to compare two quantities leads -
to recognition of the assigmment to find and compare other quantities
such that by reasoning correctly oo the basis of their comparison, the
unknown relationship can be established.
For example, recognition of the assignment to compare the lengths
of two oblique 1ines leads to recognition of the task of comparing the
A lengths of their projections and to construction of the projections ({if
A . 'the latter are equalzfpn the basis of a known theorem one may conclude

*

that the oblique lines are equal). o)

Trial teaching experiments o ® . .

. The aim of these exper iments was to see how the abilities to make
auxiliary constructions are petfected;under the influence of exercises -
promoting the indicated types of associations..'The‘subjects were tenth
graders from School Number 4 of Penza. First, all were given the assignment‘
to solve this problem in writing: ' *

The diagonals of an isosceles trapezoid are mutually _
perpendicular; prove that the midline of the trapezoid is® '
.equal to its altitude. [15:Problem 456]. \\\'f

. 0f those pvoils who were unable to solve this problem, 9 with
- ' .
average @r below«average mathematicg ability were selected. Fou
class sessions were held with them diring which problems as df£;§cult as’

the wexe solved. During the solution the pupils attention was

d{awn t at ia making auxiliary oonstruotfons they must orient
cial general (operational) propositions (corresponding .

-

-

themselves to §

to those associa ions’cited abov‘% These operatioog& propositigns’ tth

pupils wrote dDWﬂ in their notebooks as rules thatwthey then used in

solving problems, especlally whes-making auxiliary constructions Theﬁ

the pupijs solved ‘a cofrtrol problem approximately as difficult as th

first written assignfent. Of the 9 pupils, 7 made the duxiliary construction

correctly and sol}ed the.cont;ol problem;‘only 2 made useless qpx%l?ary% .

R conbtructlons ] ' ) T
These experiments allow us to conclude that a. guess® ‘of expedient R

supplemensary constructions is based ®n ch aotualization of generalized

associations. Tt nigy be suppoged that' th% form&tion in pupils of
' ¥ L S ' - ’ -
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generalized guiding associations of the types indicated definitely has
an influence on increasing the level qf the abilities to make auxiliary
constructions for solving geometry p&oblems Nevertheless, further

‘supplemental experlments are necessary 4o ascertain the most expedient .

- ways of forming these guiding associationms.
4 ! i . ' -
. Report II: The Cause of Errors Connefted
e with the Concept of the Plane™ .

. 1 —\ N
In the present work we are presented with the problem of determining

-

the causes of very widespread errors connected with the cvncept of the plane
arising in the teaching of solid geometry in secondary school. The errors

under consideration have not previously been the suﬁject of a special study.

Description of an Error - ‘ ' : -
The following problem was posed to ninth grade students2 in their \

fifth lesson on solid geometry (the beglnning of their study of it) to be -

solved orally (The sketch was done by the teacher at the blackboard.):

The straight line MN and the plane P of the parallelogram A
- ABCD have two common points, M and
N (Figure 3). How is the point F
. situated in relation to the plane
K . of the parallelogram? -

‘ _ 8 . In the solution, it was determined
_ A , ,
£ A//F~‘§-T;7 that four of the ptudents did not
”‘L‘“--n~4/ regard point F as belonging to plane
0

P.. Several of them said that the
Figure 3 point F could have been regarded as -
belonging to the plane P if that point
‘had lain in the interior region bounded by the wavy line; others asserted
that the point would belong to the plane of the parallelogram if it were

inside ‘that parallelogram. When the teacher asked why they thought so,

-

P

a
'

* :
Translated by Nancy Stetten.
lSchool Number é-in Penza (school year 1960-61). - -
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- they answered, "'It's obvious from tl drawing." However, the correct

answer is that the point F, under thd given conditions, always belongs to

the plane P.

@

. Supposed causes of the error

From a comparison of the above situations, in one of which the

" students gave the correct answer and in the other incorrect ones, the

following suppositions about the reasons for the errors can be made.
_ 1) The cohcept of the "plane" is identified with the concept of
_the "'part of a plane bounded by some enclosed figure."

2) The pupils adequately understand the term '"plane," but they
understand the term "the plane of a given figure .as that part of the
plane conteined within that figure. ’ \ \

. 3) The pupils' words, "It's obvious from the, drawing,' provide
grounds for eupposing that the students may have golved the problem by
actualizing direct associations: recognition thatythe point'ﬁs inside
(outside) an area with:respect to an outline leads to recognition that the

point belongs_(does not belong) to the plane P.
Analysis of these suppositions (starting with ‘the third) A direct

eseociation is,,s0 to speak, an associatien with a ”ﬁtgigﬁeirgﬁit." Aware-
‘ness,of a rule (or definition, theorem, pr whatever) with wﬁ}gﬁ,soﬁparry
out an operation is not part\of its makeup.. As Shevarev [19] established,
direct Bsspciations are formed as a result of’regeated performanée of
exercises of a single type and are actualized whén.Lhe,pnpils_recognize

the situation facing them as familiar and well-known. In the instance
under consideration, such exercise§ had not been completed in the solid-
geometry lessons. Thus there are grounds for supposing that the pupils
solved the problem by actualizing direct associations formed in the study
of solid geometry. ,

However, it is possible to assume that such an association had been
formed at some previous time, for instance, in the study of plane geometry,
and attualized in sulvinthhe present problem. Actually, in the course in
plane geometry, one must sometimes solve prohlems whose drawings show somg
object located outside a given figure or in its internal region--such as

~
a point inside a circle or outside it.
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Thus, we must suppose that-in the study of plane_geometry, theré
have been conditions for forming the indicated association. ‘However,
-the probability that this association was actualized in &he condltion of
solving the given preblem is insignificant,'because'the«situation in ~

which the pupils had‘}o solve the problem was completely new to them; it .
was a gew branch of geometry,‘with new concepts and new definitions. The
terms of the problem differ substantially from the terms of problems in
plane geometry, where the question of whether or not a point belongs to a
plane 1s not asked. _ .W ) -

An individual experiment was conducted in ordervto clarify fUrthet
the reasons why the four students made this mistake. They were given an
analogous problem, where the drawing represented a plane figure other than
" a parallelogram. The experiment was conducted six days after.the lesson
at which :ﬂe previous problem had been solved. During this time, there
were no geometry lessons. Two pupils repeated their error. From con-
nersation with them, it emerged that one of them identified the concept
of the plane with the concept of the part of the plane encloged by the wavy
line (Figure 3). For him the point F belonged to the plan only if it
was located within the outlined area. If the point F was Located on &he
wavy line, he considered the location of the point to be "on the end of
the plane P, The other pupil was. adequately aware of the term "plane,’
but understood the term ”plane of a parallelogram' as the part of the
plane }ocated within the outline of the parall®ogram. For him, the
point F belonged to the plane of the parallelogram only if it was
located "inside" that parallelogram. Situating the %oint F in the
intetior region of the &avy outline but outside the parallelogram ABCD
meant that the point F belonged to the plane P, but did not belong to
the plane of the paralle?ﬁéram (Figure 3).

In order to exclude )the influence of chance circumstances in deter—

-

mining the reasons for the mistake, one more experiment was conducted.

3

The subjects were 16 pupils in tenth grade. The experiment was conducted

in the Lesson 32 of solid geosetry. Fach subject was given a small card

with questions to which they had to give written answers.* There was no
3., e N
School Number 7, Penza. (school year 1962-63). 3
e e /
/f‘) P 1\13 . Y ‘ ) 7/
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opportunity to cheat.
"' The way threée pupils answered the'question "What is: a plane and
how: can it be represented?” indicated that they identified the Loncept
' of the "plane" with "the part of the plane bounded by an outline." For
example, subject(éb wrote: A plane is a surface bound by a closed
curve.'" Pupils also wrote that the plane could be represented in the
forgd of a rectangle, a closed curve, a circumference, the top of a
¢ table, etc. N y . "
. Five pupils gave anéwers that euggest the conclusion they did not °
i adequately undérstand the term ”planerof a'given figure.!" For example, ”;
?,4 “,l subject Sh. reé@%ndep to the question above: "The planme Is infinite.
RIS We can bound it and &et a square, a triangle, and other figures. These ,
bounded parts of the plane’ will form the plane of the square, the tri-
A“ " angle, etc.” The ﬁoregaing provides a basis for the following con—‘;"
| lusiuns.u - | _ : T B
f' 1) The error under consideration was consistent and was exhibited by
Qarious students Teatrning from various teachers in various scho;}s; ‘Con~

sequently, the reason for the error must arise from general feafures

of ihstruction.
[ \ :

a

.2) The>experiments confirmed the above- stated supposibion on the reason
for thﬁgerror we are studying, namely, that the error was caused by the _b
actualization of one of two erronéOus aasociations a) consciousness of
the term "plane" (——) eonsciousness of a'certain part of the plane bounded
by an enclosed figure asladequate content for the concept of the plane;

b) consciousness of the term "plane of a given figure“(mh) Lonsc1ousngss
of' the part of the plane enclosed within a given figure.

1 3) The reason' for either error can vary for different studente How .
is it possible that the above~mentioned erroneous assvcilations are formed?

" From the very beginning of the study of -geometry in the sixth grade,
 the concept of the plane is,formedron the pasis of the phpila' concepts of

’ - objects fg‘the real world. These objects, at&gally, are not of unlimited

- dimension. Thus, Kiselev's textbook [8], whicn\oar subjecta were using,
says that .the surface of a good windowpane or ‘the qurfaee of still water in

- a pond will provide a notion of the plane. The plane is described in approx~

imatelv the same way in the new Lextbodk by Nikitin [14]. The team "surface"

s o
+
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‘is essential in these desoriptions of the piane. However, some pupils -
understand this term to mean only the shape 4n which part of the surface

. 15 .bounded. later, in the study of solid geometry, the teacher, of course,
explains that the plane should be understood as continued infinitely in’
all directions Howlvcr,‘the content of the textbook in solid geometry
by Kiselev (9] again orients‘the student to an agareness of the plane ’
- as the internal r ion_surrounded by an outline. IThis is obvious, if
oniy from the'factﬁihat the piane as a geometric object is compared with
objects whose surfaces have a rectangolar.shapef This rectfngle is depicted
’“in‘the drawiags in the fo¥m of a parallelogram (with the eZieption of )
four. figures in which the _plane is outlined by an arbitrary line). An
' essentiaL property of the plane—— its unboundedness-* is used very rarely,

and. then in contradiction to the' illustrations pnesented
R o . . Y] e
p For ekample,ﬂparallel planes are defined'as planes that do‘not interéect‘
.no natter how far they are extended. However, theorems, folioying this gign‘
for parallelisg,of ,planes, as well as other ‘theorems, are proved im con- ,
formity with little(pieces of planes, depicted in the form of parallelograms L
" intersecting within the litits of the drawings. This also promotes the
formation of the erroneous associations noted above. Apparently,,we must’
-work ‘out a special system of exercises directed at anvédequate uncerstanding

. ~of the termn ' plane ¢ B ' . ) o

o
'

e

lz?e attualization of the erroneous associations indicated above &,
s in other pupil errors that a

resu well known in. practical school

instruction ., ‘L
rm/ l) 1f the vcrtex,of a pyramid is pro ected orthogonally onto the
. R plane of the base at 4 point lyi outside the base og the
- // ‘ py;amfal some pupils bel e that the point does not belong
/ ( to the. plane oi the bage. ' | y

4 yere given the problem: Through

2) Studentg.in the #inth gade

the midpoint‘of two lat 1 edges and the center of the base of

a regular triangular pyramid draw a plane and determine the

. ¢
%  shape of the resulting section. Many pupils constructed the
R S~ . s A ) .
. - ‘ . : -t
' b1
. * 4 ) * J ~‘\ N
e . . 8chool Number 49, Penza.yx,
. g ' . )
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-, sectioq as shovm in Figure 4. . j
LT T If we proceeded from the assump- l

“\

‘tign that these students unders ~ ff
the term "plane“ as a part a pyéne \’

enclosed within a certain E}garé;aj - \
which’ as we have segn, is quite piaus—
ible, then-~the errdr we have examined. zxure
1s easily explained: The tef& ‘ \!/

o

"to draw_a plane," in this case, is understood as "

/
connect given points
ht lines,” i.e., to congﬁruct a béuuded figure. _
réhlem Nugber 13 of Section 11 of Rybkin's book of proplems
is asked to construc;é%%section passing ‘through t?e-axig 17'

[lS]&Jéhefe o

. and a lateral” edge of a regular trig ar :runcated pyramid §ome tenth

. S S . x{
graders- made_g pepresentation as, ghown in Figure 5. One ust surﬁose that
\_’J o _here{&{’;term "plane'' is iAgﬁﬁﬁia ly . N : A
f\q;“-_'realize s in the previous instanes. - :
pé“ ff J‘ F
S ow level of pupils' spatial '

(o, e lal’ "
‘ ' cgncepts has been' agwanced in the 1lit- 2
Y Leneil | .
- rature as a reas for such errors as
these. Howevef, this is an extremely | X ’
general expLanation. As we have seen, > .
the ﬁ;fté;fis considerably more complicated.
s
* ~'v§
£
Report III. SolvingrGeometrichrublemslhz Using Drawings¥*

- . § e

. ~ ‘ .
The Selection of instructional methods for the formatiaom of school- - ,

children's skills'in solving geometric problems 1s closely related to the

answer to the quastion whether the process of solving these'pr?blems is 6:

is not rediced ts the actualization of previously @astered kﬁawledge. This .

thesis 1is alﬁ%st obvious. Realdy,’if the progess of solution as a whole

is based only on the actualization oﬁ~pneyiqus_knqwledgeg then what hgs ‘
" been studied earlier must be repeated in ever;*;ossible way.

If there i1s something-else in this'process, then along with
5 ‘ A}
School Number;4, Penza. . -

. Sk L
p Translated by Joan W. Teller.

(4 4

'S v .
:,?! j?fG. ) . .
Q "} 3 SV {)' o g




| the repetition, different techniques of instruction should be devised. '

‘In the methodology oﬁ'teacbing mathematics, the,question just for-
mulaged is. not posed or solved directly. There are only individual ’
general observations, relating to this question in some measure Thus,

A

Bradis [4] writes tbat school problems are usually solved on the basis of

- certain statements from the theoretical course, and the chief difficulty

‘consists in the proper seleorion and combination of these statements.

\ Consequently,”one can make the agsumption that Bradis does not reduce-

the rocfss of solving a problem, as a whole, to the actualizationm of
_‘fzzéir kbgwledge ‘ ' -

solut on., Consequently, one can make the assumption that, agrording to

_the process of solution is reduced.on;y/to the actualization

i

of previous knowledge.

!

, " : {
& In a psychology textbook [16] it 1s noted.that solving a new problem

7; consists in establishing new ties (assoclations) among the knowledge
previously acquired . On the grounds of this general conclusion, one
.. might believe ithat new associetione arise and later are used in solving
'5: geometry problems. But what aré the<peculiarities of the newly—arlsen
’ assoclations? * This question remains ‘'uisolved, both in mathematics
methodology and in psycholog . Neverbheless, an answer to it has a great

s F significance for the practLLe of instruction.’ The present work poses‘tbe

-

problem of revealing the pecullarities of some associations that arise
in solving geometry problems. aWe shall have in mind only tbose-problems
rbat are different in content but are solved on the basis/éi\using the
j\same scheme, which is, famlliar to the pupils Pﬁob}éms'éf_thls sort are
very often encounﬁered in the study of geometry. '
The mechod of the investigdtion used an analysis of the process

~——

of correct solutlon to a geometry problem Each operatlod (acdressing

: at:eﬁtion to sometﬁing—-tbe prQnunciatlon, of a def#stite word or sentence

{,
aloud or to oneself, and tbe like), realizablc in solving the problem,
- ~
was, examined as the second part of’ some aSSocaition Then, necessary

~
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.and sufficiént conditions appeared that provide for the flow of the
processes composing the second part of the assoclation. These conditions
were taken as the first part of the same association. This method was

a

Agse&/by Shevarev [19] in ‘an analysis of the processes of a correct solution‘

, to alggbraic problems. _ : ot
L : B ) .
| ' Problem [2: No. 533]. | ar
From the vertex of an obtuse
— angle of a rhombus (seé Figure ) 0

6), perpendiculars are dropped
to its sides. The length of
each perpendicular is equal to
a, and therdistance between their - A K D
: : bases is equal to b. Determine s ‘
: ‘ ' the area®of the rhombus, /7

b
N .

Filgure 6.

& - .
This problem-is of average difficulty; its solution, which was

carried out by the authors, is based on the use of.a scheme well known

to the pupils (the base ‘of the rhombus is multiplied by its altitudeﬁ 5

. Solution. . "l) According.to the condition, BB =
“and KM = b. Therefore, - ‘ .
« _tl L 1 ’ -
. K2 and BE - \f (-> | |

2) [\ BKD is a rlghitriangle Therefdre BK = BD * BE
(by the theorem on proportional (lines in a right triangle) Then
' ‘ L2 . (

* e o , a PR 13 ' -.
v . ;343' BD = L K »e

N V S%)

* *
_‘ . . - . ¢

S
7

-3) _The isosceles trianglea ABD and BKM are, similar
e (< BKM = < BDA as angles with mutually perpendlcular sides)
’lhen AD;BD = BK:KM, Hence, .

A AD

4) The area of thé rhombus is § = T .
Vw22 -

A b 48 T o}
3 Z . .
) : o - . '
(BK is the altitude of the rhombus.) | . , . .
v 4 : 178 ‘ ) . ' . )
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The conclueion‘established in,the second step are clearlf based on
the following asBertions: S ' |
| - a) A BRM is is‘bsceles" l.

b) BE is the median of the triangle BRM;

c) A BKE is a right triangle, BK {s the hypotenuse of the triangle
BKE, KE and BE are the legs, and so forth.

Not one of these assertions is giVen in the problem s conditions, they
.are new. oy ' .
-~ For an objectively correct answer to the p*oblem s question (Whdat is .
the area of the rhombus with the given conditisns?), A BKM should always
- be recognized as isoceles in the solving process. This was essential, for-
example, in the third step of the solution. 1In other words, each time the
problem is solved, the gerception or visual notion af the triengle BRKM
should be followed by an awareness of the quality corresbondingbto it.
In the absence of this awareness, "advancement' of the golution becomes
impossible. But this means that at the step under consideration a new
association is formaﬂ awareness\of'the triangle BKM awareness.that
it 1s isoseeles. ' . ! |
At this step some more new associations arose, for example, awareness
#of the triangle BKE +* awareness that it is a right triangle, and others.
Aﬁélogous phenomena are observed at other steps in the solution where mew
»:ssocietions are alsp formed . ) | ‘ l

S

The fof‘gying objection is possible: " the associations mentioned are

not new; they %ere formed earlier and were actualized in solving the‘given
| problem. Such an objection, however, is groundless. ‘

) First, in the theoretical sections of the school coarse, mathematical
statements corresponding to the associations under consideration are not
especially studied. For example, nowhere is the assertion studied tbet
a triangle formed by a segment of a diagonal of a rhombus,’a seg;ent of a

, line parallel to anhother of its diagonels, and by a perpendicular dropped
from the vertex of an oblique angle to the side of the rhombus is a }ight
triangle ( A BKE) ) , ' o ‘

Second geometry problems, in contrast to algebraic examples, are not,
xhas a rule, uniform. Therefore the probability of a repeated "encounter"
with the triangle BKE in exactly the same position as 1s portrayed in the
drawing, even if a problem with an analogous drawing had been solved formerly,

would have to be admitted to be quite insignificant. : ‘_Z‘
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‘the fact that these associations are actually newly arisen.

fo

-~

Third the associations we studied do not srise at gnce in the solving

of a probrem, but are the result of certain previous processes.6 For example

" a pupil says: "BK'= BM. But we know that if two sides of a triangle are

equal, it‘is called "isosceles. Consequently, A BKM is isosceles.” If we
assume that the associations under consideration were already there, then
the flow of these processes Would be unnecessary. ‘A1l of this speéks for
The indicated associations usually function only in that period of -
time wien a given problem is being solved. After this, as a rule, the

- necessity of especially reinforcing the new associatiens that hagve arisen

here does not appear. In solving’oéher problens; other associations arise
and functjom. If we even assume that a new problem is solved with the use

of a sketch, similar within the limits of sight~-estimation to the figure

_that was cited, then this in no way means that in the sketch for 4 new
lproblem, for example, the dyEgonal BD.of a rhombus should be recognized -
-as the hypotenuse of triangle BKD. 1In the conditigns of a different problem

the same elements of a sketch would be recogitized in a different way. .
Associations that function only over a certain period of time are

called periodic [19]. This term stresses their short- ~term v

exfStence. 1In the given case the term is only\for the period of Solving

the problem. ngequently, the assbciations mentiofed above are periodic.-
Two classep of periodic associations that arise in solving geometry .

problems can be sdingled out easily The formation of the first Elass is

determined by the condition of the problem and by the designations adopted v

in th€ sketches. For example, it is given that the segment KM = b. This
sonnedtion las;:/ﬁuring the whole process of solution and then is destroyed.

We shal

ese perfodic associations 'specified. They are essential for

-obtaining<"n answer to &Qe orobleﬁ's question, but they do not advance the

solution. In contrdst to them, one cén say that the advafcement of the
solution is based on dssociations of the second vlass, examples of whieh
were cited above. us, for awareness of the similarity of triangles ABD
and BKM, an awareneZE that thay‘ére(isosceles is essential. Such periodic
associations can be called §§vancement associatipns. '

/ - ~ f
The above mentiomed examples of periodic advancement associations have

- n—_

~A description of these processes is not included in the task of the
present work. ‘

\180
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.type of SSsociatiQn as Type A.

-

L4

‘the same typical features. Awareness of the elements of a geometric

figure'isvawareness of their conceptual character. We d¥signate this
Associations of Type A are isolated. That‘isi.the comnection of the

mental processes forming the association is related only to a definite

element of a sketch. Moreover, every time these associationg are actual-

“ized in solving a given problem, their first and second parts remain

uncﬁhngeﬂ, since the sketch for a groblem'in the solving process does

not unde(go éhanges. Consequently, associations of Tyge A are constant.
Besides Type A, in.the second class of periodic associations one

can single out ‘associations6of another type, éype B. For example, 'at’

the third step in solving the problem, consider the mément'preceding‘an.

awareness of the proportion AD:BD = BM:KM. For this proportion to be

established, -an a&gréneés of the proportionality of the similar s;des aof

the simflar triangles ABD and KBﬁ is necessary and sufficient: ‘ Consequently,

at thig momeﬁt a new association has also ariseﬁ?-déareness,of-the-C o

similarity of‘triangles ABD and KBM <> aﬁareness of the ﬁroportionality

of their similar side;.’ Analégously, at the second step of the solution

" the association was formed: awareness that A BKD is a right triangle

agd KE LBD +> awareness of the quality, BK2 = BD-BE.
Both these associations, aceording to thé considerations set forth
. ¢ : .,
aybve, are periodic, isolated, and belong to the same type, namely: aware-
h i :

ness of a definite peculiarity of an object «> awareness of some condition

" in which a peculiarity of this sort is the subject. In our case suc

conditions will be the proportionality of the similar sides of #imil
triangles and the relation BKZ = BD-BE in the right t{iangles. Al is
evident from the examples cited, the first parts‘of the Type B association
are periodic Type.A associations and the éecong parts are constant asso—"
ciations corresponding to the assertions studied in theoretical gebmetry
course; and applied tB specifically isolated elements of a sketch. Also, ]
hp to now we have gxamined only the rise of new assoéiationsl But inm
ﬁroblem solving, the student's available "old" associations are actualized
ai&ng w;th the formation of new associltionms.

The process‘of solving the problem from the very beginning was
subordinated to‘one purpose-—- to find the length of the side AD of the
rhombus. This.singleness of, purpbse i$ determined by the problem's '

) . - .
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question; What is the area of the rhombus? Undoubtedly, Awareness of
this question entailed actualization of the concept corresponding to the
theorem "The area of a rhombus {s" equal to the product of its’ side and
its altitude." This association wzg actualized at the very end of the
solution, when tQ\Yvalue of the area’ wag calculated. 'ﬂperations §tated
in the solutfon we e performed in full conformity with the named theoren.
AsSociations corresponding to general geometric statements studied
in t@e theoretical éourse we agree to call ready-made associaéiops. By
usihg”tﬁis term we wish to stress peculiarity of these associations—- they
are usually formed under school conditions prior to solving the problem.
Undoubtedly,'ynder‘the conditions of insg}uction some advancement Hssocia-
tions are transformed. into ready-made ones. | i
Our §nalysis shows that the process of solvingvgeometry problems with‘A
the use of sketches is quite cogplex. Both the actualization of previously
‘learngd associations and the formation of new ones occur. The latter cir-
cumstance, as we have seen, is not taken into account at all by thg“metho—

d?logy of teaching mathematics., Nevertheless, sﬁocess in solving geometry

" problems 1s possible only on the'basis of skill)forming neW\gsésciations;

\

) .
Report IV : The Occurrence of Certain yghological

Phenomenon in the Solution of Geomet:y Problems*
A\

N

> In hisfanalysis of the processes of solviné algeb;a problems, Shevarev
[19} established the existence of the following phenomenon. Suppose that
in a particular segment*of Mme a pupil deals ahly with complex stimuli,
which can be represented on paper as Alx\‘AiY, AZ, etc.; where the letters
A1, X, Y and Z designate components of complex stimuli. éuppose that the
student per%orms one rétjonse operation Rx when confronted with the first X
stimulus, another operat jon Ry when confronted with the second, operation
Rz on the third, etc. (with the distinguishing characteristics of each
response operation being determined by components X, Y, Z, . . . of the

complex stimuli, the operations being identical in type). Then, in the

.absence of counteracting conditions, the distipguishing characteristics

of component A (i.e., what distinguishes Al from A2, A3, atc.)7 can become

-

7The letters A, and A designate components which are pof the same type
as A, but distinguisShed from it. Characteristics common to components A,,-
A2 and Ay (generic characteristics) will be designated by the letter A.

*Translated by Ann Bigélow.
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invalent (i.e., response operations Rx’ Ry, and szgppear to be independent
‘of them). Only the components AX, AY, AZ, etc., will turn out to be valent.
'That-is, when the pupil is confronted by the cqmgleﬁ stimulus Azx, for in- .
stance, he will perform Gperat?cn Rx; when confronted by the stimulus A3Y

he will perform ogeration Ry, etc. In other wordi, the student will develop
. ‘ ! . . /
the generalized association Aéa* Ra’ where a designates any one of the compo-

nents X, Y, or Z,.and the letter A ﬂesignates'tﬁe ggﬁeric characteristics
of A Az, and A If A

* .

1’ 3¢ 1° AZ’ A3, etc., afe among the nonessential compo-
nents, then this is a valid association. But if these components are esgen-
tial,.th(t is, if when confronted‘by stimulus A2X one shoglq'perforﬁ pot
operation R but another operation Px’ then such an association is of course
erroneous. This error éoes not become ev%dent, however, so long as the
pupil is degl?ng ;nly wifh complex stimula of which Al }s~a paré. It be-
comes evident only when he is confronted by a stimulus containing AZ or AB’
etc. Conditions which counteract the develepment of an erroneous association
are: a) awareness that Al has a necessary rélatiqnship to op?fatians Rx’
Ry? Rz, . + «; b) Minstruction by the teacher, after which the pupil becomgs
attentive to A; or ¢) realization of the errgYoof operation Rﬁ when performed
in response to stimulus AX (if guch’instances have “occurred). _

B. B. Kosdov [10] found that this phenoﬁédSn élso occuxs fn the study
of arithmetic in the elementary school. The task of the presé;t'artiqle
is to determine whether this phenomenon occurs in the study of geomet}y on
the secondary school level. It is wery imgp}tant to know whether such a
‘phenomenon exlists because this knowledge would allow us to understand_the
- cause of certain widespread mistakes pupils make and to determine better
methods for the study of mathematical «(and in parti%ular, geometric) N
material. ~w\~ ' .

., ' The investigation consisted oﬁ:two parts. The task of the pre-experi-

mental aﬂalysishwas to f;veal‘places in‘the high sg¢hool geometry course that
. looked ”suspicious;‘b%th regard.to the appearance of the phenomenon being
examined. Two types of‘material served as thé.bésis for this analysis: 7
1) the author's observations of pgpils' operations as he taught them mathe-

" matics, and 2) the contengs of the standard high school geometfy workbooks
[15, 18], R

We assumed that erroneous associations of the type described above could
b

¢ w—

[
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- In the standard workbook by

. leading to the determination of a lateral surface of a pyramid according

*
~

I
occur 1) when pupils are solving problems of the same kind one aftgr anotherz'
where components of ohe type occur over ?nd over, or 2) when the pupils

know beforehand what "type" of problems they are going to be solving. The

“analysis of the contents of the standard workbooks showed that the selec-

tion of problems .in then frequentiy meets these two conditions.

Let us examine. the topic-on '"The Surface of ‘a Pyramid," fer instance.
After studying the theorem concerning.regular’pyfgmids, students are usually
éiven q}ill problems. The students know before the§ solve the problems that
the content of the theorem about regular pyramids is what will be drilled.

\

are presented .with this theerem {(Number 10) at first. These problems are.

Rybkin [18] only problems on regular pyramids
subsumed under the general heading 'Regular Pyramids. *

Therefore, if the omenon formulated by Shewarev occurs in the -
study of geometry, we should find that the valence of the werm ''regular"
is reduced.. This, means that as the children solve problems on regular

pyratids, some of. them may develop and drill associations between other

' components of the complex\stimuli and the corresponding responses. For

instance, they may drill the associations between the common character- .

2

istics of the numerical data in the texts of the problems and operations

to the formula for regular pyxamids. , It can be expected that when the
pupils are giveh problems on irregular pyramids, some of them will actualize
these associations and thus make-errors For instance, on the diagram for
such a problem they will perform operations inappropriate for irregular

pyramids, calculate the lateral surface with the formula' for a regular

L]

pyramid,, and so on.

-

The exLeilﬁental part of the investigatidh consisted of three series

of experiments, of which the first two were investigative“and the thir&ﬁ

was instructional. The experimcnts were organized in this

_wsy in order 1) to check whether the assumptions spelled out in the pre-.

experimental analysis were really justigied, 2) to clarify which components
1 4
of complex stimuli become invalent in specific instances, and 3) to find

ways of.preventing the negative influence of the phenomenon under study.

8

First series. The subjects were the pupils of two tenth—grade classes.

/

8 - ~
At Schocl Number 49 in Penza.

184



e

- . ‘ ‘ , . N

The experiment was carried out‘as a part of regular classroom activit&.

y [mmediately following their stydy of the theorem of the surface
of a complete regular pyranid, the puoils spent three class periods
solving problems [18:. Theorem 10} on_calculating the surfaces of pyra-
mids of this type alone.’ Such a Sequence in the selection of problems
for the experiment corresponds to their order in Rybkin's workbook. Only
éight problems were solved. We considered the textyal conditions of the
problems and the diagrams corresponding to them as complex stimuli. The
verbal components that these complexes sharedare the words " 'regular pyra*
nid"” in the texts of the problems. In this situatiOn, without a clear
.awareness that.a pyranid is given and not soma other geometric figure

it is impossible to make objectjively valid responses. If, for instance,

v‘a rectangular prism were giyen, it would be necessary to perform other

operations The common- visual components (i.e., those shown in the
diagrams for all the problems) are: a) the "passing" of the altitude
ofythe lateral facéE through the ¢enter of the side of the basé&, and

b). the passing of the altitude of the py&amld through the point of
int!rsection of the medians or 1iagonals of the base in triangular and._ o

quadrangular pyramids respectively. The response opefation: gonsists of

multiplying the perimeter of the base times half ‘the apothem,

The control problem was No. 16 from [18: Theorem 103.‘ It called

for the c4q oé the surface of a pyramid whose base is a parallelo-

gram, To solve it corréctly it is first necessary to find the area of

. ’ : .
two adjacent lapéral faces and to double the result; in, the diagram the al-

titude of ateral face'should not pass through thé center of the side

of\fhe base.

In solving this problem 27 out of 46 pupils extended the altitude

tn?pugh the centér of the side of the base, and nine tried to calculate
the laterai surface u;ing the formula for regular pyramids. Thus for

these pupils the awareness of the word 'regular” and the awareness of the
position of the apothem of a pyr;mid had become invalent as they solved thg
preceding,p;oblems.

We must assume, therefore, that the formation of the erronevus -

AN .

. )
generalizéd assuvciation shown above ‘came as a result of the selection of

problems. /o ' : -

Second series. The subjects wede eighth g adets.9 Problems from a

‘ . : B

9AE Sgnool Number 4 in Penza. /,
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) In the sev

"s EmB = 40°,

followinggwa § . _ :
) Ini ly the confe;\QPf the theorem of an inscrioed angle {the'

measure of this angle’!;)hélfthe measure of the arc on which it rests)

» ¥

section on ”Inscr;. Angles" [15] served as the experimenﬁ§l material.

this section us

nh grade the subjects had solved most oflthe problems {n

diagrams. The_visual components these have in common .

ate: a) the vertex\of the angle is situated on the circumference, b) -the

sides of the angle form chords, i. e., the es are sityated within the

assume, theﬂbfore, that soiv

- circle, and c) the "ends”&of the sides of the angle lie on the circumference.

them would 1ead to the formation of an

All the problems in thgiection are of the same type. Ve could

erroneoug associatdon in which there .would be no valent awdreness of even

one of the common characteristics. This assumption was-tested in.the

\

was repeated in class,and three problems [iS:' Number 659, 6@2, and'663]

were solved by the class as a whole. Then the subjects were divided into

two groups of approximately the 'same academic achievement. The members

of each of the two groups were instrgcted to perform one variant»of an

assignment consisting of two probleﬂs.

-

Problem 660 from [15],

second preblem of the first

variant:

AB and CD are chords (Figure 7),
AnD = 60°.

Z ATFD and I_CFB. .

Problem 661 from.[15], the

SECORA

problem of the second varidnt:

I

Calculate . Figure 7. .

AB and BC are secants

AmC = 60°, Dnk = 30°.

. &Asc. -

The first problems of

(Figure 8),
Calculate

v
ones in content, while the

control problem of the first variant we modified only one‘bf'the common

visual components of the preceding problems (we put 'the vertex F inside

both variants were the_ga&e g4s the preceding

second ongs were control problems. , But in the

1

the circle), while in the second wariant we changed the common components

JR

The diagrams for these
put on the blackboard, and

.

two problsms were prepared by the experimenter and
the subject's copied them into their notebooks
A}
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more radically, piéciog the Qgrtex of the angle\outside the oircle and feolacing
the chords with secants. Our\task was to find out how sucH a variation of-tﬁeA
visual coﬁgonentslmight.influopce the occurrence of erroneous operations ‘in

\t_ . .
! ’ P ,

the pupils.
Of the ‘thirteen pupils who performed the first vipiant of the assignment,
seven made mistakes iusolving the control problem. They said that LAFD = 30°
but that éCFp = 20°fkfigure 7). iThaw i§} they performed the opéfation that is_
correct for inscribed angles. In doing this they were not disturbed by the
difference they found in the value of the two angles, which in_faet are equal *-
. as verticals. - - : o S
; Thus when pupils solved the problems on inscribed anglés in the sequence
| . called for in gheistandard workshop, oart of! the yiégalscomponen S (for'example,
(the‘position oﬁk;he“veftex of the angle'on#the circumference) be§§me invalent
for some pupils. What became valent was the aggregate of conditions consisting
of -a) -an awareness of characteristics common to inscribed anglés as well as fo
*» 'angles formed by intersecting chords, and b) the pagticolar chgracteris;ics of
Jhe nuﬁerical data.. Toe subjects' reactions were determined by this ajéfegate.

of data ajone. In the course of the drill exercise on the theorem aboudt in-

scribed angles, the pupils develpped an egroneous\associ;tion connecting par-
.tigular. visual aspects of the diagrams and the numeridal data -of the problems
with the divisxon of the arcs,of the circumference into two. . This association
was erroneous from the very beginning. But ité fallaciousness went unnoticed
so long as they were solving problems on inscribed :angles; it became apparent
only when they began to wofﬁ problems of'aoother type.ll
Fourteen subjects performed the second variant of the assignment. Seven
subjects were unable to solve the control problems, but at the samé’time they
did not make the mistake made on the control problem of the preceding.variant,
tith the exception of ome girl who said éhat £ ABC = 30° (4. e., she performed
° the operation which is correct for the calculation of inscribed angles). [_L:S
Apparently these pupils also (or some of them) had develoé%d the erroneous‘

association described above, but they did not act on it,

-

Such results give us reason to believe that these subfects reallzed that
the control problem was of a new kind rather than the same. Inasmuch as the

*'hewness'' consisted of a greater modification of visual components -

-

1t is not relevant to the problem being discussed in the present work
to give g detailed debtription of the erroneouq‘associations that occur.
b
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than the control problem of the first variant had, we caﬁ‘assume that
the modification of several common visual components can hinder the
actualization of an erronous associa:ion formed when many problems of-?ﬁe
same type are solved oné giter another. This assumption needs to be

checked further,‘x &ew _ . BN

The task of the third series of experiments was to compare various

procedures for selec exercises to lower the valence for the awareness

_of %eparate component of coz:ijﬁ/ﬁﬁzyuli. The subfects were eighth graders
(also at School Numb&r 4). % which the pupils were being

introduced fof the first time were used as experimental material: . 1) the‘

perimeters of similar polygons are in the same relation to one another as',.

any. two'coggiggonding sides, and 2) the‘areas of similar polygoné are ‘in |

the Same relatg?n to one another as the squares of the correSpohaing sides. .
- priil on the content of the theorems consisted of solving problems.

For the first theorem six problems were selecteq//coneerning the calculation

of the perimeters or sides only of gimilar polygons. To solve these problems

accurately it was necessary to establish corregponding,proportions. The pupil
solved three of the problems with the teacher's‘help 4nd three on thelr own.
(in a two-hour geometry class). The problems the puoils were to solve in-
depenoently were given in two variants differing only im their numerical

data. We assumed that with suoh a selection of problems the awareness of the
term "similar" in the -text and of ideptical visual components (a similafity

in the shape of the figures) would become invalent for some of the pupils

, while the awaréniss of tbelEBree numbers making up the proportion given in

the fexts would become fully valent. The final problems (the oeventh ones)

. were control problems. One of them had the ﬁq}lowing content:

. The base of an isoceles triangle isyéé?cm and its perimeter is
126 em : the perimeter of a square 138\252 cm§ find the length
of one side of the square.

-

Before they b gan‘khe pupils were cautioned that all they needed to do was
answer the qdedtion, regardless of whether it was connected Q}iQ‘ghe con-

tent of all of the conditions or only some of them. '

If the assumption explained above is accurate, then in solving® the
control problem some of the pupils should have made up a proportion from

the numbers given. Out of the forty eighth graders who took part in the
. . \

L]
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experiment, twenty-three did solve the control problem by making up a
proportion -~ an incorrect operation. Of course, the pupfls all knew
perfectly well that the tniangle and the square they had drawn were not
similar figures. We must conclude, therefore, that the pupils awareness-
of the similarity or difference in form of, the figures drawnm, as«well as
of the term ®similar," hed become invalent while they were solving the

.

preceding problems. ' : -

L

Following the study of the second theorem problems were. presented in

-

the' following sequence: the first, third, and fifth were on similar -

. :figures (concerning their areas), while the secghd' fourth and sixth

»

were from sectiops on geometry that had no connection with similarity.
The first end second problems were salved by everyomne together,,end the,
rest .by the pupils on their own (in'two variants). Control problems on the
content were similar to the one cited'above. '

Out of thirtyrfive pupils, six solved the final ptoblem by making
up ; proportion, while the others proﬂuced the correct solution In- '“;
asmuch as the experiments were carried out within a span ‘of seven days, &
in the course of which there'%ere no geometry‘(les@hs, and the nistekes
in the preceding work were not cleared up (and therefore the pupils'

Y

. knbwledge and skills did not change suhstintiallyﬁ, we must presume that
}the great reduction in the nhmber of errorg in the solut W of the control

problem in the second case as compared with the first wag achieved by

achieved by alternating the conteént og(the preceding ‘proble
A'repetition of the third series ¢f experiments, using the same
material and the same methods, was carried out on 'six other\eighth—grade

£ classés in various schoolss As‘in the preceding case, the best results

. in the development of skills were obtained when the exercises were arranged

.s0 as to alternate. The overall results of the third series of experiments
«are‘given in Table 1. The column labelled "Number of Frrors" indicates
‘solutions of the control prnhlem in which pupile made up a proportlon.a'
Calculation of the criterion of reliability of difference in,the two
methode of ins%;uctlon shows that its value 1s 4.4, considerebly more
than the critical value 2.6. This means that instruction averages signifi-

cantly better results when the problems arfarranged sso as to alternatg.



| TABLE 1 . .
s o . ,
% RESULTS FROM THIRD SERIES

.-
.. OF EXPERIMENTS "
‘ . ~ A ~ - :
Arrangement of Problems Number of Number of Percentage of
S ) - Subjects . Errers - . Wromg Solutioms
with -alternation | 194 R 31 16
without alternation 200 . 70 © 35,

-

~
¢ )
'

The following conclusions can be drawh from 'all that has been

said above: - o e

1. The phenomenon of thought described above applies to the process
by wSXch high- school pupils learn geometry
2. One of the possible ways of anticipating and minimizing the
; negative influence of this phenomenon in the study of geqme:ry
- « 7 . »ig by alternating the content of the problems used for drill.

. * <% In day-to-day teaching it is imporfant to foresee compannts
of comﬁiex stimuli that could become invalent in the study of
one aspect of‘geometry or another, in order to take steps to
R '+ anticipate m?stakaesggpils might make. Aecarding}y, an appro-

priate analysis of the content of textbooks and workbooks, as

well as a hetter arrangement of problems in each section of the
- g

*curriculum, is urgently needed to-improve methods of teaching’

mathematics. . ' RN
. *
Pl - ," S N l N ’
2 Report V. Peculiarities of the Mastery of Mathematics in

Similar Situations*

#

The study of many questions in secondary-school mathematics {s imple-

mented in situations for which the school material - to be mastered is c?arac—

~
’

terized by the following:

R

<. Th material 1s identical in several features and distinct
. Y .

{n only one feature:

2. Objectively correct response operations by the pupils are

- -

]

*
Translated by Joan W. Teller. ’ ST,
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" determined Qy a clear awareness either of idemtical or
of distinct features. ‘ ' - ;
We shall call situations similar if they posdess these traits.
. It follows from the definition that two typgs of similar situations
are possitlee—depending on whether the comﬁonents’for which the response
operations'ere é%nerated are similar'(situations of unificdtion (genersii—'
2ing)) or distinct (situations of disjunction) This cah be shown schema- .
" $ically as folloys’ 0 R . -
'ic. m)-—-§; . T, )
7 B(a, b, ¢y, ..., k, n)-—-p.
In situations of diQSunction“M(e, g, hy, .8, 1

‘In situatioﬁs of unification A(a, . c; oey

» £)—-q;  °

) - N(e, g, h, ..., 1, 8)—=-1r
y Here a, 'b,’z, . ..s8tand for the components of the material beinggltudieds
\P\\ P, q, r stand for the response operations In the'future we shall call

’
the learning ma%prial for which definite requnse operations are generated
a complex stimulus. Similar situations are’ engendered by the content of
curricular material or by the selection of practice exercises.
. Example. 1In the study of-inequalities,it‘is established that the
term# of inequalities can be fransferred from one side to the other if the
sign preceding this term is changed to its opposite. But it was the same .
N way in the study of equations. Consequently, here we have similar situations -
of unification: On the other hand, ‘when we study the multiplicatien or
division of both sides of" inequalities or equations by the same negative
nuﬁoer,lz similar situations of disjunction are generated. Actually, in
"solving the inequality -2 x > 3 and the equation -2x = 3 (and in all .
: analogOus situations), sthe complex stimuli differ only in one component (t%e
'5 and = signs) and are identigal in all other components (the presence in
the given exoreSSions of two sides standing before and after the corresponding
sign, the identity of these parts; and the identity of part .of the problem's
’conditian—«to find the value of x). But in the solution, in theﬁformer @ff

. -_3 '
case the inequality sign is changed to the opposite-(x < “E’). while in the

v lzIn the textbook a general rule is given for multiplying both sides -

of an equation by a negative and a positive number. We are singling out the
case of, multiplication by a negative number in order to contrast it with
* the same case of multiplication of inequalities.

A
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'ylatter, the equality.sign is retained (x'= —%0. . :

’ : . N
s x - .

- Insthe conditions of instruction similar situations saﬂhtimes‘fqllow

one another directly and sometimes are separated by a time interbal—— _' v"
accasionaily a very c0nsiderable‘2ne.- ‘o . .

Similar situations have not been the subject of'special‘study in the
+mathematics education methodology. - Evers the concept of "s%milar s;tuatiaﬂs"
is lacking.A In conneetion witﬁ this, the features of the pupils'vpastery

‘ " ‘ - . < -
of mathematics remain unclear and there are no-clear-cut-recommendations
. L 1 -

. on the teacher's wqrbﬁng methods in’ these situations. Undoubtedly, teachers

and pupils are sometﬁmes more or less-distinctly aware of'nhé‘presence of
leaFning material that i§;simi1ar,in certain features. It is alsouwell
known that in similar conditions pupils often confuse one'thiﬁg w$®h another;
hence, very genéral ;ecommenﬁations often result--for example: ''We must
strive for complete understaﬁding, clarity, and the liye on the pupils' part.’
But :hé question of how best to do fhis remains ope\. For a working metho-
dology in similar situgtiogs (whi;h are very frequenily encountereh in mathe-
matics teaching) to have sufficient basis, we must haye a dist%nctive miecro-
analysis*of the instruction process, directed iowards revgaling‘the mechanism
“of mastering mathem;tics in these situations. |
In this communication an attempt is made at such a micronalysis in’
similar situations of disjunctionJ on the basis of the author's experiegce -
working as a mathematics teacher, and on the basis of especially organized
‘observation and experiments. Here we shall limit ourselves to a qualitati§g
analysis of instruction in similar situations of disjunction. -
The basic educational task .facing a teacher . in these situations comes

down to forming in the pupils two different bonds of psychic processes .
'(associatiéns), each of which corresponds ‘to oﬁe of the similar asécciations”
(for example, for multiplying both'sides of an equation and of an 'inequality
by a éingle negative number). | )

‘ Let us agree to cal® similar the associations to be formed in similar
situations of disjunction. All of the distinguishing components in the
links in these associations (firsﬁ ornsecond) are identical, except for one.
The formation of the pupils' ability to differentiate what is common and wha

is distinct in the learning material {s evidently the chief. feature in the

> ¢ 192
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mathematical' preparation and is directly related to the formation of similar

- associations. ‘ , S r \ ' N

J Bupils often make mis?akes in: similar sbtuations. For example, fn prov-

ing the similarity of certain triangles, they refer to the corresponding test
‘for congruence instead ©of to’the test for similarity the difference of the ’
“cubes af two numbers is called the cube of the‘difference‘ the ratio of .
a leg to the hypofenuse is called the cosine instead of the sine; and the <
like. It can be observed that the essence of the matter hera consists in
the following For many pupils, instead of the‘two necessary similar((and
distinet) associations, only one arises, often functioning for a-. prolonged
period-—~an association whoSe‘first link;is an awareness of common features
characteristic of the first two links of the necessary-similar associations,
but whose eEcond link is the second link of one of these assoclations (ususlly'-
fhe one 'that is simpler or the one that arose prior to the other). 13 -Such an
association is clearly erroneous, and its actualization can lead to errors

in the pupils' operations. Let us agree to call these mistakes merging errors.

Example. The construction of graphs of the functions y = ax2 for a > 0

¢

and a < 0 is done ip similar situations. To have a proper notion of the

location of the’graphs of these functions, the pupils should have formed
. two distinct,(simélar)'associations, namely an awarepess of the given ‘F\

expression y.= ax~ together with the sign standing before the coefficient
"+ of x2 (a > 0or a < 0) and an awareness that the branches of the parabola

will be directed upward (or downuard) In the first 1inks of these asso:-‘\S\\\
. cia%ions, all components coincide (the presence of the argument X to the
right after the equality sign, the dginc1dence of the values of' the exponentz
of the argument,. etc.), except for °§d§@§be sign before the coefficient of x".
Objectively, a correct answer for the second case is possible only if there
is a valent awarenedgfof the minus sign But it is well known that many
pupils, _Particularly when first being taught to construct graphs of the

functions y = ax~ (a < 0), represent the corresponding parabola with the

branches directed upward, .that is, the same as for the case when a > 0,

. 3Associations characterized by the indicated typical features;have
been noted in works by Shevarev [19§ Yaroshchuk [21], and Artemov l].
. £y '
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/But this means, firsty that they are not valently aware of the minus

€

~

sign, and, second,,that in both cases the parabolas are cunstructed on,
‘ the-basis of the actualization ofax,single association, the first 1ink
Qf which ‘can include only an awareness of the commonkfeatures (or of some

-

'of them) of the expressions y = ax for a > 0 and a < 0. The second term

of this asseciation constituies the seconq term of one of the similar
associations formed earlier (the pupils encounter the parabola of the type
y = x2 before their systematic study of the unit "Functions and Graphs").
~The actualization of this’ association engenders a merging error, in the -
construction of parabolas for y = ax (a’< 0).
Many other similar examples from the practice of mathematics instruc-

. tion could be cited. All of this provided a basis for formulating the

| following feature of mastering mathematics in similar situations:
Lf 1) a definite response operation is generated for some
complex stimulus; 2) a new response operation 1s generated
for a new complex stimylus; 3) such complex stimuli have only 2
one component epiece with which these stimuli are differentiated
\\}R\ from one another and ail other components identical, then 1)
e initially, the_ﬁwareness of the distinctive component of the
second complex can be invalent or seldom valent; 2) the aware-
ness "of identical companents or of some of them can be fully
valent (that is, such that a response operation depends only

on these components) ‘

# v .

% §chematica11y. If the bond M(a, b, c, d)——m is generated and the bond

"* N(a, b, ¢, 1)--n is formed, then a different ‘bond N(a, b y € B--m often
oo arises, which engenders an error. ‘ ' | )

' To diminish the negative influence of this peculiarity of 'mastering
mathematics, it {s essential to foresee which componenﬁ of the newly intro-
duced complex stimulus might turn out to be invalent the first time it is
taught. For this purpose it {s clearly essential to condgsf a microandlysis
of similar situations. The subsequent task consists in equalizing the valence
of awareness of the distinct components of complex stimuli. We can suppose
that the method of Lomparison is the most suitable for this.. The use of it
forces the pupils to differentiate the similar and the distinct in similar

2 situations and will congribute to the formation of essential.similar situation
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- The method of comparison has not found ;roper reflection in the,
mathematics educational and methods literature, and, in particular, it
is not used in similar situations. In Larichev's problem- -book [ll]
theré are & small number of exercises requiring that what is similar and
what is distinct be edtablished. However, a ‘detailed analysis.shows that ’
they are inferior when it comes - td the formstion of)similar associations.
For example, in Problem 1777 one,is asked to construct the graph of the

functions y = 2x £ 3 and y =\—2x + 3, and to est&blish the similaxity (

and. diffefence in the constructed graphs. These exercises, as it is easy oo

to show, are executed in similar situations. Consequéntly, to nealize them,
two simgiar associations should be formed- or,consolidated? ' \

- In the research of psychologists it has been esfablish;d that for a
needed association to arise and be reinforced in a pupil as a Yesult of:
" doing exercises, it is essential that the ongoing processes in‘the execy-~ T
tion of these exercises strictly correspond to the first and second term -

!

‘'of this assoeiation [19]. NS

'
. : @

In the execution of the exercise that.me are analyzing, the Eonds
of the processes constituting the terms of similar associations are not
envisaged The difference in ‘the location of .the straigbt lines is not
placed in relationship to the sign preceding the coefficient 2. for
| essentiﬁ? associatiens to be formed, however, it is important to expose not
only what is similar-‘and what is distinct in the graphs but glso to
‘establish what engenders such distinction. Only in this case will the

processes occurring in the execution of an exercise strictlg correspond to
the processes forming the terms of similar associations, and one can count
on the formation of the necessary associafions. This is just what is lacking

in the exercise we have been eonsidering.

]

* Report VI: The Fxperimental Substantiation of the Methodology

of Teaching Mathematics in Similar Situations*

"In our preceding Report we noted that in the study of mathematics

one often has to produce in the pupils distinct res%onse operations for

T

*
Translated by Joan ¥W. Teller.
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‘complex stimuli, similar in all componengs except one, namely:
Ala, b, ¢, ..., k,,mll——p and B(a, b, c,~.i., k, n)=--r, The-situatidns in

. . ral .
which response operations are produced for suck complex stimul%.were called

. ¢ . -
similar. " On the basTs™ a qualitative analysis of the results of observations

‘e

.

-y

it was estaE;ished for the instruction of pupils. in similar situations that

if an association A(a, b; ¢, ceny Xk, m)-~-p is formed, and later (often-after
a protracted interval) an associAtion B(a, s Cy oe., Kk, n)vf::\is formed

then initially the eomponent n in the second complex\tan he seldom vhlent ,
:ﬁ'gjwalent‘ On the. otheg hand,,the common components of Poth complex stimuli
(or some of them) can be fully valent. The' result is that instead of two
essential (similar) associations, ‘the pupils form one, the actualization of
-which can engender errors in operation (mergisg errors). It was suggested
that in similar situations one should use the method of juxtaposition, in f
order to heighten the effectiveness of the instruction. In the present

c L

repott5 an experimental" substantiation of this suggestion is set forth, All

" of the experiments were done by the method of cross—oomparison [21].

: ' -

Lo

First series (trial experiments) ‘ ' ' Ky

. The study in grade 9 of the graphic solution of systems of {wo linear
inequalitie& and of linear equations presents similar situations.lé' In fact,
the graphs of straight lines are constructed in both the former and the
'latter cases after appropriate transformatigfs. Nut in solving & system of

equalities the common values of the argpﬁent X fof which both inequalities

are satisfied gre found on the axis of abscigsas. 1In solying systems of

equations, the abscissa and the ordinate of ?ﬁe»point of intersection of

the straight lines are found. )

The topics named were studied in parallel fashion during two lessons. 15;'
The appropriate exercises were selected haphazardly——one or two on systems
of inequalities, then on systemd of equations, then on inequalities again,

+ .
lATha graphic solution of systems of inequalities is not directly Cor

specified in the curriculum. However, since it is not eg§borate in
content, it was done for experimental purposes.

School Number 4ﬂin Penza.
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“and so on. At the same time'the pup¥ls were required to clarify what was

~

similar and what was distinct in ,the solution of inequalities and equations,
and yere obliged to disclose the reasans that;g;ye risé*ﬁo dist;nctiOn in

thé‘operation. ‘In. dther WOrds, the instruetion was done by the method of

_ alternating juxtaposit1on and was intended to create in the pupils an .
¢bﬁjective of differentiating the similar end the distinct'in,similar situation
1In the third lessdn written work was done independently, whereby one had to

‘. solve svstems of inequalities and of equations graphically T 0f 33 pupils,_‘

3 made a merging error (i..e s approximately 9%). 1In finding the solution _
of g system of inequalities, they performed operations that were adequate '..;’
© for solving a system of -equations, .- , ' tu—

R After this we, spent two lessons, with the game pupils, reviewing the

‘.construction of graphs of quadratic trinomials and the disclosure, on graphs,
of the increase and decrease of the given functions. In doing these exercise<
one had to compare distinct values of functions by comparing appropriate
segments parallel to the y-axis. The situations arising here, of comparison
of positive and negative values of tunctians, are similar. But, in contrast
to the preceding case, there was no special comparison of ®hat was similar

N

In the*written work, which was also done in the third lesson, 13 of 33

and what was distinct in doing theéxercises. .
pupils.(approximately 39%) made a merging error. The error consisted in )
comparing-segments without their direction into account. The greatest
value of a fdnction was always correlated with the segment of greatest lenéth.
This means that for pupils Qho made merging errors, instead_of two similar |
distinct assotiatlons, ogly one erroneous assaciation-was formed and functione
The awareness of the direction of the segments was {nvalent.

~ Llater on (parallel with the study of the curricular material) a com-
parison of the values of functions based on graphs was repeated by means of
alternating juxtaposition of the similar and the distinctland by disclosing
the reasons giving rise to a distinction in the cenclusions. In the repeeted
written work, which.was done two weeks after the’first, exercises were in-
cluded on the graphic solution of systems of inequalities and equations aiid
the comparison of the values of functions by graphs. Three out of 34 pupils

made a merging error having to do with systems of inequalities and eguat ions
)

-
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{9%). It-is appa¥fent that tpe method of alternating juxtaposition promotes p

a sufficiency stable formation of necessary similar associations. . {t ;g
| Seven persons (212) &ade merging errors in performing the assignment -
on the comparison of the‘values of functions. using graphs. If we compare R
_ this result with “the reSult of the preCEding work, we.can observe that
application of -the method of alternating juxtaposition has resulted in an
improvement ‘in the pupils' *abilities. ’ : -

Second series . o 2 3 . - 3;< Afﬁ_\

’ ) ' . - »

To exclude the influenoé'of random ﬁactors (indivi?ual tralts of the

‘teachér and pupils, content of thé learning material, and the 1ike), a second

series of eXperiments was conducted. The subjects were pupils in the eighth °
grade.l6 4 The‘experimental material was the content of the second and third
tests fo; similarity of trianglesf The study of these was done in situations-
similar‘to the study of the corresponding tests‘for congruence of triangles. '
The experiment was done by the following method. 1In each school two )

classes taught by the same teacher were selected. In each class one test

for similarity was studied using the method of contrasting it with 'a cbérre-

sponding test for congruence (the method of juxtaposition), a second test for
similarity was studied in the usual way -- without cqntrasting —- following
the- content of the textbook and the problem-book in geometry. For the study
of both tests for similarity, two lessons apiece were set aside, without
reiying on the methodology of exposition. In the first lesson the content

of the test and its proof were examined, and problems were solved; in the

secqnd, the problem solving was céntinued, and at the end of the lesson writte

L 4 N
testing was done for approximately twenty minutes.

.

The juxtaposition was done -according to this plan: a) Three palirs of tri-
angles (congruent, similar, noncongruent, and dissimilar) were constructed
to correspond to the test for similarity being studied. The puplls did this

assignment at home. Then what was similar and what was distinct in the data-

.
2

6Schools Number 4 gnd Number. 54 in Penzai teachers V. D. Sal'nikova
and T, A. Polubarkina.
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for construction were clarified as were the distinctiOns in the conclusions
that engendered the distinctdons in“the dataI‘ b) Afser proof 'of the test:
for similarity; its content was juxtaposed with the appropriate test for, ‘

_ congruence. -¢) Included among the exercises, for consolidatiQn of the test

sfor similarity was the solution of’ problems requiring the application of a
corresponding test £6t congruence of triangles. TFor example,” in the study

" of thé third test for simdlarity by the method of.juxtapositidn, 7'problems_

. were solved (including a homework assignment) hefore doing the test-work
3 of these were*on the application of the third test for congruencé In a :

. parallel class—-at the same - time——all 7 problems ‘cbvered only the third test
for similarity in their content. . -

Among the tasks on the test wege these: | ..

-

1. The ratios between the three pairs of corresponding sides
of two triangles are known. ' What can these triangles be?

2. In two triangles there is one equal angle, and the lengths

& of the sides containing these angles are known. What can the
given triangles be? .-

Correct answers are possible only when distinct similar associations
are present and actualized. An indication of three possible types of trd-
: angles (congruent,vsimilat, unequal, and dissimilar) was regarded as a com-
plete answer and signalled 'the presence of-the necessary similarlassociations
iﬁ the pupils. o » '

The results of the experiments, formed by methods of statistics, are

;consolidated in Tables 2 and 3.

TABLE 2 ,
EXPOSITION OF LEARNING MATERIAL USING METHOD OF JUXTAPOSITION
\ .
: ; 3

Number Of Frequency Total Mean Standard Coefficient of
Types of : Observation ~ Derdivitive Variation
Triangle (percent)

3 ' 57 171

2 27 ' 54 249

) 109
1 24 24 N 2.28 084 36,8
o 1 0
v - 2
Total 109 ' 249
N .
v 199 oy 1 )
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TABIAE3 . > ';::‘-,
e
~  EXPOSITION OF LEARNING MATE?IAL WITHOUT JUXTAPOSITION o
. Number of Frequency, Total " Mean “Standard  ‘Cnefficient of'
Types of - Observation viation Vayiation
¥ Triangles . o . (p rcent)
~ "
: Y : ‘ ' » . / .
3 D w02 T X S
. ] . - : ) . - ...
. 2 . .. ‘ ‘.’ K N o AN . N )
. - e 23 o 4§' 195 0.99 . ‘-Eﬁ*
1 RS B 47. 14 ‘ e
, ' 1.62 - ‘
, 0 10 0 *
' ° 'f ¥ o . , .v .
Total 114 o 195 .~ s ‘ )
P . . : . 3‘ -

The less slbndard deviation and coefficient Gf variation, the*better
the results (on the average) nA COmparison of the means, etandaﬁp dev?a— .

tion, and coefficients of variation speaks in favor of expositiﬁg using the

method of juxtaposi!ion. r-J. -

v

When we calculate the rel&ebility criteria for the difference t of |
the. results of experiments in which the relationship of phenamene is studied
(for us it is the relationship between the ability to differentiate the simi-
lar and the distinct, and the method of instruction), we obtain t > 3. It
follows from this that the reliability of the difference according to-the f&
two teaching methods can be regarded as proved [20]

N . ) - ”

Conclusions

#

Thelvalidity of the previcuSly formulated peculiarity of the mastery
of mathematics in similar situations was confirmed. Actually, we proceeded
from the fact‘ehat in similar situations'eome components of complex stimuli
can prove to be invalent. During one case of instruction, measures were
taken to increase the valence of awareness of such a'ccmponent; in another

this was not done. The results of instruction of the same examinees in the

first case proved to be essentially better than in the second. Consequently,

the content of this peculiarity reflects with objective correctness the cours

. of instruction in similar situations.

Wiéhout the teacher'$¢ deliberate intervention, many pupils often form
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erroneous associations in similar situations; the formation of essential
similar associations 1is done with considerable expenditure of time and
effort. The methdd of juxtaposition is quite an'eﬁfective means of form- ,
ing similar associations. It can be realized in different variants. But . |
h'iﬁ aiI‘caﬁes the methodological task consists in m;ﬁiﬁglvalent the aware-

¢

,ness of a seldom valent or invalent component of a complex stimulus. ¥

' Whe\ever pessible, a parallel study of learning material should be
envisaged in similar situationé with in;erchanged exercises_on the formation
of}similar associations. If similar associatioﬁs are separated by a signi--
fi

mategial in the second situation to be done in juxtaposition with “the learn-

cant time interval, it is advisable for the exposition of the learning

ing material of the first, which undoultedly is one effective device for
reviewing material that has been coveredgf:In this case thekinelusion in
the second similar situation of‘a small wffmber of exercises (done at. ‘random)
from the first (previously encountered) one promotes the formation of suffi—
ciently stable and-easily actualized similar associationg/ No additional

‘expenditure of time i8 required for this (as experiment€ have shown).
- ! f .
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ON 'm(m PROCESS OF SEARCHING FOR AN UNKNQWN WHILE SOLVING
r A MENTAL PROBLEM* "

" : . , o

\;;?' - '> A. V. Brushlinskii

) -~ s . L3

_ Regor&zz: The Role of the Problem.1£ the Tbought Proeess**‘
A N . T ‘

In ‘the ﬁ%ychology of . thought a generally correct tHesis has
long been firmly estabt&shed—-even in thé Wurzburg school—-to ‘the
effect that the course of solving a problem {s détermined primarily '

_i_the problem itself in its original formulation, in particular by

the rquirements of the problem [2 7s lzg In' contrast to ‘the

problematic situation, a problem (the posing of an initial question,
of a requirement, and so forth) immediately seems to establish an

initial determination for thought, ‘which determines the general

ﬁirection of a search for the unknown. This thesis is largely true,

. but when it is given a one-sided treatmgnt, it can be inadequate

for a comprehension of'the subsequent determination of thooght.

Very often this results in a metaphysical break between the initial

and the subsequent determinations of the mental process. Such a

break appears especially sharply if the problem is regarded only

ds a starting stimulus, just launching ‘the thought according ta

the pr&nciple of an external incitement and. then in no way part1cipating»

in its determination. This interpretation of a problem, which

originates, as&we know, with Selz [15,'16], is retained--more

(i .
or le§s obvioudly--in every psychological theory that is limited

‘to, a general thesis according to which the course of a problem'e

solution is determined by the problem itself, the direction of a
search for an unknown is provided S& the initial question, the

éequirement, and so on. (The same interpretation of the role of
the problem in tbinking‘bes recently been revived in gnosiology,

cybernetics, the so-called heuristics, and in other fields.)

*0f the Psychology Secter of the Institute of Philosophy of the)/
USSR Academy of Sciences. Published in New Research: Psychology,
1966, Vol. 6, 98-101 and , 1966, Vol. 7, 129-132. '

**Translated by Harvey Edelberg.
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Such a break between the initial and the subsequent determina-

' tions of thought means, essentially, the ‘reduction of the latter to
the former. As a result the first stages of the thought process
acquire a self-contained, exclusive signifieance, determining the
course of thought, without contact with its Subsequent stages.,

» In the end, such an isoletion leads to the elimination of any ‘
determined quality’ in thinking. A mechanistic approach to determihaj
" tion, as to the external incitement, in fact quite annihilates it.

as an activity (of the individual) To treat it as a process, as

A way out consists in understanding thought §j a process, .
Rubidstein [12, 13, 141 has done, means primarily to understand
the determination of thought as a process (interactions between .

\ the initial, external and the specific, internal conditions of

mental activity). This is a process of continuous interaction

1
t

between the thinking subject and the knowable .object, the objective‘
_ content of the problem being solved. The determination of thaiipht
(as of any human action, in'general) and its performance take place
at the same time. It is notfgiven indigenously as something entirely
readymade; it is formed, it develops gradually--that is, it appears
in the' form of a process. Only in the course of. thought itself
. are the specific, internal conditions for its further development
created; the p$94ucts or results of the thought are themselves
included in it as preconditions ‘for its subsequent course, and they
become the means of subsequent analysis. 'The determination of the
mental process is by no means formed jusigrat some one stage (such as
the initial one) or at a few stages 3¥_€i2 thought process—~in
particular, in the case of an "insight' that arose no one knows how.?‘
{guessing, etc.). All determination of thought is formed as a |
process--that is, it is formed continuously (but not necessarily
uniﬁurmly) at all stages of mental activity.
To confine owrselves to one example: In the opinion of many
psychelogists, the solution of a problem involving the use of a
general principle breaks down into two stages. In the begihning,’

in the first, creative stage, a principle is found that determines

206
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the subsequent course of solution, then in the seéopd stage the

principle is applied to the solution. This, in‘particular, is

the position taken by Duncker [4], as Humphrew corxectly observes [6].
‘ThiS'Eestalt psychology treatment of the relatioﬁship between

the stages of thinking gathers up the determination of it into

just one of its stages (insight) . This difficulty is overcome

if thinking is regarded as a process.

> In Slavskaya's research [18] it is shown that the di¥lysis

of a problem and the actualization of a‘gg;srem (a.principle for ,

the solutioﬁ) are not' sephrate from each other, like two aligen

.stages; they are intertwined, so that the general proposition

(principle, theorem) and the particular.conditions of the problem
are continuously correlated with one another at every link in °
. Ay

the mental process [14, 18] =

=

Thus, it is utterly insufficient to limit oneself to a general'
thesis according to which the course of thought, the solution
ﬁo a groblém, is determined primarily by the problem itself (in Its
original formulation). The determination of thought is a process—-—
that is, in.tha course of cognitivélactivity ‘all new propertiés

 of an objeét are continuously revealed, as a result of which all

new determinants, which detexmine the course of the meptal process,

arise. Fromzthis'stanépsint, a gradual isolation of what is-being

sought (the unknown) is essential, proceeding from {ts relations
with the unknown im\the problem, which (the relations) arecmanifested |
and analyzed step ;;}§§ép in the course of the thought. An i
unknown‘is not an absolute vacuum with which it is impossible to
operate in any way. It exists in a definite system of relationshigs
that comnect it with what is alreddy given (known) in the probleﬁ.

For example, the requirement of a probleﬁfis to prove that three

isegmeﬁtsgintersect at one point (under certain conditions, which we
. . omit here, for simplicity); Special experiments show (see [3] for
‘more detail) how, in the process of thinking, it becomes clear that

three segments can intersect at three different points, and

therefqre it must be substantiated that these points coincide in

one point.
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‘Proceéding from the dismembered relationshipslv(coincidence)
between these points, as well as from other connections between tﬁe ‘
elements of the problem, one succeeds in isolafing what is to be
found--while still in a very appro%ima;e de inition of it.s The
unknown here is certain "dimensions" of tﬁe parts into which the
three segments are divided by their ?oint of "intersection (then it
is clarified ﬁhat the three segménts are diagonals of parallelograms
and consequgntly are divided.in half when they intersect; this then
leads to thefsolution of the problem).. Therefore, we must
distinguish between the requirement of a prob;eg and the unknown. .
The former ié,given'in'the original forﬁulation of the problem;‘
the latter must be singled out gradually, in the process of solving

it.. ' o « -

Report II: Distinguishing Between the Requirement of a

o Problem and . What Is Being Sought*

In the psychology of thoughg'and in pedagogy [1, 10, 11] one
usually identifies a problem's réquirement and what is being sought,
the finding of which constitute

a solution to>the problem. Special-
analysis of this question, howéver, leads“;o the conélusion that -
such an identification.is Ahvalid.

In the requirement of a problem (insofar as it is distinguished
from a problem situation--see [5, 8])definite pointé of departure |

for isolating and describing the unknown are indicated or sometimes

I

-~

lWe know from the history of psychology that, in itself, the
role of relationships (between elements of a problem) for the solution
of a problem has been noted repeatedly. TFor example, Selz 15, 16]
compares a problematic complex with an uncompleted form or diagram,
in which there is a blank that needs to be filled in. This blank can
be filled in by having due regard for the relationships of this unknown
to the known components of the complex. However, an analysis of
Selz's interesting work shows that these relationships usually turn
out to be in the previous datd, known from the formulation of the
task. In realify, the person who solves a problem should himself

discover these relationships, which are the starting point for

subsequently determining what is to be found. 1In the experiment we paid

particular attention to this discovery of relationships by the examinees,
. A

*Translated by Joan W. Teller. ‘ -
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%given directly. ’ QA: the unknown (what is being sought) is such that
. -it is not given, but only specified by the initialvconditions and 1
' f\ ghe requirement of the problem Only a part of what is.being
sought is outlined, as it were, in a problem 8 requiremenc (question)
.The entire unknown is specified by the emtire problem. Therefore
it is impossible to identify what is being sought with the requirement
by reducing the former to the latter. This is e§peoially clear with
respect to probleﬁs on proof. PR
. In the¢requirement of a problem on proof, a proposition that
is subject to Substentiation is formulated directly. ‘What is being
sought;‘conseqoently, i not this given (knowp)'pfoposition, but
only its logical basis; about which'nothing is stated &irectly
in the pnobleﬁé - Here the Qfoblem s requirement and what 1s being
sought are separated in an obvious way. .
The distinction between what is being‘sought and the requirement
(the question) can apPear in a way that is not so obvious in problems
 6n comgotation (in which one is required to compute, for example,
the weight of an indicated object). But even‘theh.whet is being
" sought 1s not, of courge, the technique of*celculation: not the
‘oomputational operatins of. addition, multiplicetion, ete. (them-
selves not requiring thinking), but the general relationships
(physical, mathematical, etc.) that are contained only implicitly
in ige given concrete probleﬁ and on the basis of which the entire
technique.of galculation is then performed almost automatically.
What is beingsgv

weight, volume, etc., of a specific object, but rather the general

ught in the problem 1is not the definite, specific

essential interrelations between the weight and the other properties

of objects appearing in the particular case, which are not revealed.

by the original formulation of the problem. " kﬁv;_f

In the formulation of any problem (in contrast to a problem
situation), the initial conditions and the requirement are given.
1f they are given, then they do not have to be sought. We neeJ

to search for cheif foundations, oauses, consequences, interrelationships,
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. etc., about which nothing is stated in the initial formulation of the
_ problem. These constitute what is being sought.2

Q‘é The basic point of our distinction between a problem 8
requirement end what is being sought consists in the following. A
problem’'s requirement can be given even, as it were, from without,

" from the side (by an experimenter, an instructor, a practical worker
who confronts the seientisf'with a problem, and so on); by contrast,
what is being sought is distinguished and formulated only by the
person solving the problem (of course, the latter, in a numher ‘of
cases, can also formulate a problem's requirement himséif)

o A view that what is being sought and a problew's requirement
f////are identical is a natural consequence of a restricted understanding

of the latter. Accordingmto such a restricted underetanding,'the
process of solving a preblem is determined by the problem itself _
(in its initial formulation) Here the initial, opening determination
of thought is made absolute, with an underestimation of the
determination following it, which develops in proportion as

'the problem is transformed. In its extreme expression what is being

sought and the grohlem (in its original formylation) are identicel.
As a result, subSeqeent determination of thought may turn out to
be less essential or altogether superfluous, since the initial
formulation of the problem--entirely by itself--predetermines
the entire subsequent course of the cognitive activity. The -
determination of thought as a process is not envisaged in the leeSt'
here. Such a- predetermining, proceeding from the initial formulation
of the problem,}can result in a complete coincidence of the charecter—
isties of what {is being sought, the unknown, with the way in which
it is directly characterized in this formulation (the explicit content

*
.

f 2We nedd to make a distinction not only between the requirement
' ~of.a problem. hat is being sought, but also between what is
' .being sought igggg:; unknown. Not every unknown becomes what is being

sought straight (but, of course, everything that 1is

i being sought is at first unknowm). ]bis appears especially distinctly
when arithmetic problems are solved qﬁgebraically, when one designates

y the "unknown' by X and operates with it ‘as something known, during

) the search for other unknowns, which have become what is immediately
being sought. In the requirement of problems on computation such an
unknown can be indicated, but it is not- ‘what 1is' being sought in the
proper 'sense of the word. In some cases (see below) such a distinction
betwgen what is being sought and the unknown can be disregarded.
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o
of thE'formulagion). Ip-other wnids, more and more meaningfdll
definitions of what is being sought, which are obtaiped only

~ gradually and with di.fficulty‘ in the courée of the entire nmental
process of solving a problem, with such a notion of its structure,

are directly identifiéd with characteristics of an unknown that -
 are immediately given and still quite indefinite, being contained
only in thelinitial formulation of the problem, i.e., in particu;ar,
inithg problem's requirement. -The concepfion of a problem's
requirement and.what is being sought as identical is therefore a

R particular case of the conception of the problem and what is being
sought (replacing what is Being sought by a problem) as identical.
Viewing a problem's requirement and what is being spught (the

‘unknnwn) as identical leads to an inadequate understanding of the

~ latter. Many authors, gdherisg to the idea of such a view l9, 10],
suppose that in the thought process one must be guided by :hem

‘following heuristic rules:’\?Laok at the unknown,' 'We must concentrate

on the unknown," "From the very beginning one must clearly see

what is being sought,” and so%n. This is just the same as advising

a blind man to look carefully ahead. Though the unknown, what ‘

is being sought is really unknown, we are still faced with somehow

éelecting, gfadually isolating all of the richness of its attributes,

" etc., It is simply impossible to see at once and clearly ''what

is being sought,” If it were possible, ‘then there would be nothing
to look for o*to solve; nmo problem would remain.
Other so-called heuristic rules are just as inadequate:
' "Look at what is known' and “Look at the unknown," "Transform the
unknown elements" and '"Transform the given elements" [10]. 23l . .
Conéequently, it is suggested that both the known and the unknown ’
be subjected to identical operations ("exam%ning," "transforming,"
etc.). As it turns out, one can operate with the unknown in exactly
the same way as with what is known. Here every specific feature

of the unknowﬁ that distinguishes it from what is given disappears.
Thus the matter of the question (which as it were, intradﬁces of‘
projects the unknown is ignored, and the matter is primarily
psychol&gical. It is no coincidence that logic could not even

approach'it. ' ,

e
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What is being sought and the requirements of a problem arehmade
identical first by replacing the former by the latter, For example,
the authors of the abave—mentioned rules of thought [10], without noticing
themselves,. usually mean, in reality, by an unknown or what is being

sought precisely the re%u1rement (question) of a problem. But the

- requirement of a problem is always known, since it is given in its

indtial formﬁlatiqn. Then the only unknown here tumms out to be
only the connection bet gen what is being sought and what is given,
since what is Seing sodzi: here is repiaced.by“the requirement of
a problem, that is, what is given, known. The source and the
erroneousness of the widespread view by which everything is reduced
merely,to the neceesity of reveeling connections between what is
~being sought and what is given ‘are thereby rgiealed Such a
“feduction can assume that what is being sought is already determined,
and one has only to find/its connections with what is known or given,
That is, first what is being'sought is'fguﬁd—-outside this connection,
as it were, and then the comnection as well is found. In reality,
the one is determined only by the other in the process of analysis
through synthesis. 4 7 2 | - N
Thus three positions that might at first glance seem quite
remote from one another open to criticism come together here:
a) the course of solving-a probleéu;s determined‘by the problem
itself; b) what is being sought is identical with the requirement
of a problem; c) in the course of solving a problem one must diéCoter,
(only) the commection between what is being sought and what is given.'
Thése views can be surmounted if we regard the determination of
thought as a process—-in the sense of the word as we designated it

in our initial report.
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L ,
THE MECHANISMS OF SOLVING ARITHMETIC PROBLEMS
' L. M. Fridman* |
Much psychological and methcdological research (Menchinskaya
[5 61, Kalmykova [4], Yaroshchuk [12], Talyzinma [10], S‘chedrovitskii |
[9], et al.) hag been done on the .questions involved in solving arith-
‘ metic problems. This work includes material that descfibes ;helsoiving
7 of arithmetic problems hy.expgrimental subjects of various ages—-
from pre-schoolers to adults.c However, no integral theory of the
mechanisms of this process has yet been created. There is reason to
assume that one of the essential obstacles in the creation of such a
- theory is the very method of approaching the estahlishment of ‘mechanisms
of solving the problems. f ;j ‘
- In the first place, the problem—solving processes are most often
investigpted with subjects who have somehow already 1aarned how to

solve problems {(and not necessarily im school). As a matter of fact,

a fully determined mechanisw of problem solving is investigated, whick™ 'y
v /

is the consequence of certain methods of Instructiom, established his- '~

torically in the methodology of aritﬁmetic. But is this mechanism
optional? It is possible to posit other methods of learning, which
yield other mechanisms of sdlving problems and different results from
those which have been investigated?

++  Second, mahy investigators do not define precisely the concept
of a problem in general-and of an arithmetic problem in particular,

assuming, evidently, that a '"problem" is something simple and generally

’
-

* 0f the c¢it¥ of Sernukhov. Published in Questions of Psychology,
1967, No. 2, 79-87. Tramslated by Ann Cogan.
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. known and therefore does not need a special definition. At best the

following definition, widely used in methodology, is cited: "An
arithmetic problem is a question in which one is to use arithmetical

Operations‘to find an unknown number (or numbers) according to given
numbersA[l:67].">f§Qch a definition can mean almost any pr bleqf”hot
to'con-

- just an arithmetical one. By relying on it, it is difficult.

struct a psychological fnvestigation of mental activity.
Considerable difficulties are also related to the questions of
the essence of the solution of arithmetic problems. This process

can be considered from various points of view: mathematically—-which

¢

mathematical operations should be performed in order to answer the

question of the problem; logically--of which logical -operations does

the process of solving problems of various types consist; psychologically—

of wﬁich,mental operations does the solution process consisty educa-

 tionally--what are the teaching devices for developing an ability to

solvg‘?hé problems in the pupils? Investigating the solving process

froﬁ Ehe psychological or educational aspect, one must present clearly
the essence of this process from the staﬁdpéiht of logic and mathe-
matical features of arithmetic problemé only &aguely. A special‘and
careful examination of this aspect of the problem is necessary as an v

important Eggrequ?site to psychological research into mechanisms of

solving. BN o '
We have cenducted an analysis of the logical-mathematical char-

acteristics of arithmetic problems and have constructed a hypothesis

about the mechanisms of solving thém [3]. Underlyinfnlt was a dis- .

. tinctive methodolegy of teaching the selution of arithmetic and algebra
problems, which has been tested experimentally for several years in

a number of schools in the Sverdlovsk province, under the direction of
Semenev [7, 8] and in the Tadzhik Soviet Sociaiist Republic, under

the direction of Asimeov [2] and Turetskii [11]. The positive results
of these trials permit us to thihﬁ fhat the hypothesis we have advanced

describes correctly the basic characteristics of the mechanisms of

selving arithmetic problems. In a short article there is no oppq;gunity :
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to explain in detail the whole course of the analysis of the problem
and of its experimental elaboration (this has been done in enough
detail in a number of works. [3, 8, 11]). We “shall dwell on several
questions of principle, expeeially sipgnificant, in our opinion, for
future, strictly pgychological investigations in this area.

The generic ‘concept of an "arithmetic problem" is a problem
- situation,” by which we mean the following. The quantitative aspect
of an§ phenomenon (frocess, event) of reality is characterized by
many quantities, each of which assumes a certain value at a given

moment. To characterize the quantitative aspect of a phenomenon there

is no need to know the YaIues of all the quantities, €for tney are bound. “-

together 'by several relationships. Based on known values of some quan- .

tities we can find out (calculate) the values of;ogher quantities, whieﬁ -

characterize the same phenomenon. We call this situation the 'problem
situation.'" To calculate the unknown values of some quantities that
characterize such a situation, one must first translate it into math-

ematical language or, as they say, construct a mathematical model of

it. Constructing such a model of a real situation on a-psychological
level is not the act of a single moment, but. a complex process‘of many
steps, which involves constrncting a whole sequence of models of the
situation from the simplest ones to.the most abstract, rigorously
mathematical (symbolic) ones.. In this sequence three basic types of.
models can be isolated: . ‘ ;

I. The object—model; It is made of any standard objects (small

sticks, cubes, nuts, etc.) and represents the values of the quantities_
and their interrelationships on ‘the basis of an actual reproduction
of the operations that characterize ‘these relationships.

We regard the object-model as dynamic. Of course, it can also
be treated as the construction‘of a chain of static models~-here the
transfer from one link to the next is made in conformity with the
operations that characterize these relationships.

II. The verbal model, or strictly arithmetical problem, of which

the.-verbal specification of "individual values of quantities and the

<
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verbal specification of relationships between these valu;:.;;e the
basic, primary elements. \

The verbal specification of individual .values usually consists .
of the following three parts: §Q}the name of the quantity to which
givep value refers; sometimes The name itself is omitted, but then
' the‘units of measure in which the value is specified must be indi-~
cated, so that it will be easy to establish the name of the quantity,
when needed; 2‘ the indicatien of characteristics of the given value
‘that distinguish it from other values of the same quantity; 3) the
numerical extent of a given value, if it is known.

We shall illustrate this with the following problem:

“n

The distance from A to B on a railroad is equal to
200 kilometers, and from B to C it is 400 kilometers.
What*is the distance on the railroad from A to C,
-passing through B?

In this problem one quantity is considered--the path‘gdistance) spec-
.ified by 'three of its values. The first value is specified as: "The
distance from A to B on a railroad is .equal to 200 kilometers.'" It
consists of three parts: . 1) 'the distance'--tRe name of the quantity;
2) ". . .from A to B on a railroad"--the indication of the character-
istics of the given value; 3) "200 kilometérs"--the numerical extent
of 'the value. T s

The second value of the quantity under consideration 1is specified:
"and from B to C it is 400 kilometers.” Here there are the same three
parts, but the first is understood because it is the same as for the
first value. The third value is specified somewhat ditferently: "What
is .the distance on the railroad from A to C, passing through B?" Here
there are two of the three parts: 1) ".'. .the distance''--the name of
the quantity; 2) ". . .on the railroad from A to C, passing through
B"-—the indication of characteristics of this value. The third patt-—
the numerical extent-—is missing. This shows that the given value of _
the quantity is unkncwn éince the question "What?" is included in its

specification, this value is the unknown that we are searching for.
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Tnﬁs, if the epecification of the value of a quantity includes all
‘three parts, then this value is known (given); if the third part
(the indication of numerical extent) is lacking in the specification,
then that value is unknown. Unknown values of quantities occur in
three types: f l | k

: a) the desired fnes, the extent of which we are to find; finding
the numerical extent of -these tnknowns is the‘immediate aim of solving
arithmetic problems. That the‘given unknown'velue of the quantity
is sougﬁi‘EZZ_is easy to establish gy the very method of specifying
this véiue;> The specification always includes an indication of the
need to find the numerical extent in the form of a question asking
"How much?" or something equivalent. o

b) auxiliary or.,intermediate unknowns, the extent of which ,

does\nct have to be found, according to the question, but one canp
and shauld find them while solving the problem.

c) the undetermined unknowns, the ‘extent of which is also not

required and cannnt be found, in the conditions of the problem, but

R ~.
s

other values of the quantities. 5
Let us _examine examples of/these values of the quantlties,using
the text of the following probkem:

€

One worker wdrking alone can finish a task in 6
¢ hours. A second worker working alone can finish
' the same task.in 4 hours more than the first. In
how much, time can both workers together finish
this task?
Here three values are examined: the time spent on the task, the amount
of work, and the productivity of the workers. The first quantity was
assigned three values:.-a) a known value for the first worker's time
{6 hours); b) an unknown auxiliary value for the second worker's time;
and ¢) a desired unknown value for the time of their combined work.
The indication ﬁ. . . in 4 hours more than the first'" is the value of
the quantity of the difference relag;cnship between the first two values

and serves. to connect them
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.The second &uantity (the amouatvof work) is assigned one Qalue»
without an indication of .the numdrical extent ("a task," "the same
. task,“ "this task"). Therefore it is unknown. In its verbal spec~
* ification the"question of "How muc is Jnot inclwded, but “an anal-
‘ysis of the problem's content show:q:;;;)the extent of this value-
cannot he found from the text of" the problem, afd that, consequently,
"~ this 1s an undetermined value. The tRird quantity (productivity) N
is not even named but since the problem’ specifies quantities for h
" the amount of work and’ the time’ spent on it, the quantity of their
- relatipnship is thus also specifiéd--the productivitv of the workers. N
« It has three values: ~the fir t worker s productivity, the second
worker's, and the productiity of their combined efforts.. All, of
‘ these three unknown values are undetermined, on account of the
undetermined value of the quantity of the amount of work.
A little further on, we shall examine #he methods of speci—
fying relationships .between the values of quantities in arithmetic
problems. | - B x

III.h The mathematically _ymbolic model of real situations has - -

two aspects: 1) a numerical formula or group of numerical formulas,
accoréing to whieh one tan calculate the numerical extent of the
‘desired values of quantities; 2) an’ equation or system of equations,
the solution of which ylelds the numerical extent of the desired
values of quantities. We shall call the first aspect of the math- |
- ematicalt model an aritnmetiqagAmGdelfbf this.situation, and the
" second--an algebraic model. . 4 .- . "

2 All othgr -models that ~are constructed during x:} ttaasition from
a real situation to a mathematical expression of it the essence "
of 'a different kind of modification of the three types of models

, indicated above., - R ’ )
let us examine elementary forms of situationsi the mathematical .

model of which can 'be written,with the help of -a numerical formula . ‘
.containing only one arithmetical ooeration. In‘human activity many
such situations ariSe, but they can all be reduced to several basic K
groups. These groups have been selected over eenturies of human prac-
tical activity. All elementary situations can be subdivided into ' |

three groups.

- ' ’ é_f-k
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Group I: Situations that arise és a result of certain oper-
ationsiwith objects, Depending ‘on the nature of the operation,the
following types are possihle here: | \

. Type 1 is characterized by the operation of combining
several valiies of quantities (objects) into one value of

.of two sets of objects into one set; o e

g EZR 2 is- characterized by the operation of ta ing

awvay (Apbtraction), which is the reverse of the operation
of combining H '
Type 3 involves the operatian of transfer from a

t

ev;gggg_ggiggof calculation (or measurement) o a smaller
Cuntt; T - SO

| ’ gyg__4 1s related to the reverse operation of tran~ ‘fv

. sfer from a smaller unit of calculation (or measurement)

" to a larger.’ : - e e” .
l_EQER.EE' Situations that arise as a result of the comparison i
of"fwn valueﬁ of a single quantit&f If the:values turn out to be
equal, then we have a situation of equality; if they are not equal,
then we obtain one of tno types of situations, depending on the.

. method ofvc;mparing the values : ;l) comparison by finding 3/§i§f‘
ference relaéibnship, and 2) comparison by finding-.a multiple |

.relationship. . | o : _ | )

. Group IIT: Situations that arisé in the quantitative description
of one feature of any-phenomenon by means of several interrelated
éuentities, each of which assumes, at the noment under’consideration;
a certain value (known or unknown). This group is divided into

- types depending on the quantities that characterize a given phen-

omenon; ehief among them are “distance-time-speed; value-qpanti#y—price,

~ amount of work-time-productivity; etc.

The verbal models of elementary situations we call correlatioms,

of which the terms are the values of the quantities specified by the
verbal method.  Correlation models of the situatioms in group I we

shall call correlations of operations, models of the situations in

group II--correlations of comparison; and, finaily, models in group
i III-:elationship correlations.
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The three values of a single quantity are terys in each cor-
relation of oﬁeratians, of which at least one value is unknown.
The term in th& correlation which corresponds to -the /fesult of - the
operation wg call the main term. A'characteristic feature of the
verbal method of specifying the correlations of operations is the
presence of special word-signs or of a main term. "Thus, in the
correlation of*operations of combining,’ there is the phrase, "in
all" or a synonym of it; in the correlation of operatiogs of tran-

~sition from one unit of calculation (measurement) to another we

terms of the correietion. Let us note that the correlatifn of the
2,Qperation of taking eway is specified in the s
| ;elation'of the’operation_of‘c0mbining. There are no specjal dif-
ferences between the specification of the ‘correlation of gequeration
of transfer from a larger umdt of calculation (meagsurement) to a
smaller, and the opposite operation. Therefore in the fi;st-group
ehly two types of correlation are actually different: 1) the cor-
relations of the operation of combining or taking away, and’2) the:
correlations of the operation of transfer from one unit of calculation
(measurement) to another.

‘The values of one quantity.and the fesult of comparing them in
the form of aiffereﬁce or multiple relationships (if they are not
equal) are the terms of the correlation of comparison. Here the
resu{fs of the comparison is the main ter&. The verbal speclfication
of correlations of comparison is also characterized ty the presence

.
" "so many more (dr less) than."

of special word-signs: ''so much as,
- The values of three different quantities, boudd by a given type
of ‘relationship, are the terms of the relationship correlations. The

main term is the term whose value is equal to the product of the

other ‘two ‘terms. No siicial word—-signs enter into the verbal spec- -

X
ification of these corr€lations, and we distinguish them only by the
" names of the quantities that are bound by a certain relationship.

-
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As was already noted, just one of the terms of any correlation.
is unknown. Tﬁé correlation hsving only one unknown term we shall
- call solvable. If there.are two or more unknown terms, then the AN\

correlation is unso¥vable. If the unknown term of the correlation
is what we &re looking for, that is, if its specification includes
"the question "How much?" or an analogous question, directly indica~
- >ting the need to find the numerical gxtent of this term, then we
‘call such a correlation central. A correlation which is solvable
and central forms a gsimple arithmetic problem. Uﬁsolvable corre-
" lations can only be component parts of cogglex arithmetic probléms.
Let us give examples of simple arithmetic problems of the-
‘different types: | : . o ’

1. TFifteen rubles was paid for a child's table, and °5
rubles for a chair. Ho# much did the table and chair cost together?
(A simple problem of the operation of combining or taking away; the
‘unknown 1is’the main term. )

. 2, Vitya had 18 apples in all; he kept 5 apples for himself,
but he gave the others away to his sister. How many apples did

'Vitya give her? = (A simple problem of the operation of ¢ombining
or taking away; the known number of apples belonging to Vitya is
the main term.)

3. SSﬂg—Young Pioneers -planted 3 rows of apple tfees; with 6
trees in each row. How many. apple trees did they plant in all?
(A simple problem of the operation of transfer from one unit of
calculation to another; the main term is unknown,)
. N Y o :
' 4, Some pupils gathered 180 kg of potatoes. Theysput all .=
- -the potatoes in three sacks, an equal number in each sack. How many
* kilograms of potatoes did they put in each sdck? (A simple problem
of the same type, but the known value of the weight of the total
‘number of potatoes gathered is the main- term )

5. A boy dug up 10 cucumbers from one bed, and from another
he dug up half as many. How many cucumbers did he dig up from the
second bed? (A simple problem of multiple comparison; “the main teqm
is the known value of the abbreviated relationship.) S

o

-

1t 1s- also possible to interpret any praoblem involving the
operation of transfer from one unit of calculation (measurement) to
“another as a simple relationship-problem. For example, the corre-
""1ation specified in the last problem (4) cé&n be interpreted as a
correlation-relatfonship between the number of sacks, the weight of
- each sack, and the total weight of all the sacks.

[}
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6. TFive kg of granulated sugar was bought at 90 kopeks per
kg. - How much did the whole purchase cost? . (A simple problem-
relationship, the main term is unknown.)

, &,

We have described the t;pes of simple arithmetic problems.
We shall examine ‘the méchanisms of solving them, Let us note

that by the "mechanism of solving a prohlem" we mean the norma-

tive algorithm of solving:which is the consequence .of the logical-

mathematical analysis of problems, taking into consideration cer-

“tain rgsults of psychological investigations of the mechanism of

these problems. To put it more simply, it is our under-

" standing of how pupilshghould*solve these problems. Tﬁis, as 2
~matter of fait is the “tentative basis' of those operations (in
Gal' perin s térmimodlgy) fhich the pupils should perform in order

to solve the problem. 0f ‘course, the actually observable mechanisms

of problem solving, that is, mechanisms in a psychological aspect,

will not fully coincide with the "ideal” mechanisms as set forth belows,
However, the 'ideal' mechanisms of problem solving are also

different depending on the extent of the pupils mastery of tne -

E.

methods of solution, on the pnpils stage in the learning process. ,
In the lengthy process of instruction in the solution of simple arith-
metic problems, the following stages can be outlined. B

Stage 1. In this stege it.1is not the arithmetic problem
itself but the real situation,or its object—model that is ;nitial "
and primary. The situation is resolved "with objects," that is,
by mééns of an actual execution of the operation and a counting of
the objects. The child learns, by imitating the person who is
teaching him,.to make a verbal nodel of the situation (i.e., to
compose an ‘arithmetic problem besed'on a real situation or an object-
modei of it), and he gradually comes to recognize the meaning of
th&hﬁirst two ‘arithmetical operations as the mathematical model
‘of the situations of the first two types of group I (these types will

usually be the only ones examined here). Parallel with this, the

4
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child masters counélﬁﬁl and then the method of $érforming thﬁ first
two arithmetical operations with the aid of direct and reverse ;
counting Thus, the child still is not solving arithmetic problems
here--he is only being prepared for 1it.

_Eggg.g, In this atage the simple arithmetic prcblem in its
usual form becomes the starting point. Solving is done ;n‘apprax—
imatély this ways TFor a_given problem an object-model of the
situation 1s constructed, and then during the actual pérformance of
the modelling operatidn in object form, the problems receive an
answer. Then, by means of counting the obj;éts, a nunmerical answer
is found, with the problems usually limited to the first type in
group I. At this stage the child learns chiefly how ;o canatruﬁt
object-models of simple arithmetic problems.

Stage 3. According to a specified simple arithmetic preggem,
.the construction of an object-mods&xoccurs, accompanied by a“
transformation of the verbal problem into its normal form, which
contains only the numerical data of known values, the unknown,
and the word-signs for éhe given type of correlation. Thus, the
normal form of problem 1, cited above, will be: "15 rubles and 5
rubles. How much altogethe:?" The transformation of the problem
into its ndrmal f is done By establishing the omitted parts of
verbally specié;ed~terms of the correlation, the word-signs, by:
‘kgeneralizing the subject matter of the problem, and by abstracting
oneself from all tHe particular characteé&Stics of individual
values and thelr interconnections. Havihg obtained the normal
form of the problem, one can then construct its arithmetical or
- algebraic model. ﬁ

Stage 4. This differs from the preceding stage in that the
constrﬁétioq of the object-model occu}s in the imagination but
not acéually. However, the transformation of the problem into its
normal form and the subsequent transfer to an arit&petical or

algebraic model is donie in detail.

-
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Stage 5. The fifth stage is characterized by the curtailing

of the process of transfer frdm the sat problem to its arithmetical

or algebraic model. 1In the final analysis this transfer, that is,

the solution of a simple arithmetic problem, is the act of one moment.
Let us examine the question of the solution of a complex arith-

"metic problem. It can be defined as a system of interconneqted *

correlations, of which‘at least one is central, satisfying several

requirements {3]. The type of complex problem, the methca‘cf solving’

it 1s largely determined‘byvthe nature of the connections between

the correlations included in this problem, that is, by the problem's -

struciure;‘ To study this structura, one must find such an apparatus

as. would reveal the connections between correlations, would make them '

[
maximally graphic. Structural models in the form of diagrams of -

 problems are such an apparatus. R ' ‘ y e
They are constructed in this way. We introduce designations

for the terms of the correlation: Let us designate the known terms

by rectangles in &hich are written the magnitude of the terms; leﬁ‘ o

us designate the unknowns by circles; let 'us desgénate the auxiliary

‘unknowns by triangles and,finally, the undetermined unknowns by

rhombuses. We agree to desigpate each correlation by_a closed figure

{an extended rectangle or akcurvilinear—figure), in which-the desig~

nations of the terms of the given correlation are placed, joined by

the sign for.ﬁhe approptiﬁte operation and by an arrow directed tow-.

ard the main term. Figures 1A and 1B show structurdl models of

problems 1 (operation of combining and 6 (a simple problemrrelatiohship).

A N
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“problem (Fig, 2A).

. ¢
- . . v

Let us examine the ccnstruction of the structun;l mndals of
:omplex problems. T

a, 7. In a store Ivan-bought 3 kg of ‘cookies at 90 kopeks per
4 kg of sugar at 1 ruble 5 kopeks per kg, and several kg of
groats at 60 kopeks per kg. Knowing that Ivan paid 10 rubles
50" kopeKs for the whole purch8qe, how many kg of groats did he buy?

”
Let us analyze the text of the problem: 1) the event examined -

in the problem is described by three quantities: cost-weight-price;
2) the cost is specified by four values: three auxiliary unknbwns
(the cost of the cookies, of the sugar, and of the groa;g) and one
known (the total cost of the pyrchase); the weight isbdesignated bj
ﬁhree values, of which two are known (the weigh;lof the cookies and
the weight of the sugar) and one is unknown (the weight of the :
groats); the price is”specified by three known values (the prices

for the cookies, the sugar, and the groats); 3) all ten values of _
the three quantities are connected by four correlatioms: Three corre-
latiBns are the relationships between the values of cost, weight, and

-~
price of the cookies, sugar, and groats, and one is the correlatiom,

~ of the opefation of addition between all four values of cost. If we-

designate all of these ten values by symbols and combine them in the
indicated correlations (with the gnkncwn values enter;ng into some

of the correlations, i.e., they are’ signal stétionsubéuWeen corre~

lations), we obtain a diagram that is & struetural model of this

Figures 3A and 3B show the structural models of two more

problems: -

8. One brother is 5 years old, and the.other is 4 times older
than he. How old will ‘each of the brothers pe when the older brother
becomes only three times as old as the .younggr?

9. One boy has 3 times as many nuts as another, and all
together they have 48 nuts. How many nuts does each boy have?

.

The models of complex problems are diagrams consisting of '"segments'

"bound betw%pn them--models of individual correlations. "‘The models of

solvable correlations are "segments' with one unknown “point,' and
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models of unsolvable ones are "segments" with two or more unknown
"points." “Segmenté" with one unknown "point" we shall call entrances
of a diagram.' The diagrams of problems Y and 8 have entraﬁées, but
~the diagrams of problem 9 do nat. Problemé whose diagrams have
'entrancés we shall call open, and problems whose diagrams do not

have entrances we shall call closed. Each entrance séément of the
diagram of & complex problem can be dismembered, and Ehenfﬁﬁe cor- .

. relation coryesponding to it forms a simple probleq;léfter having

;/ ' 228
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 solved it, we convert the unknown point of this entrance segment
into a known point. But this point, bécause it is a sigﬁal station

has become known, the segments that have not hitherto been entrance
segments might now become such.’ o

This process of dismembering the entrance segments can he proF_'
ionged. For instdnce, the diagram of problem 7 (Fig. 2A) has two
entranée segments (designated in the figure by a and b). If we“dis-
member them, we ohtaih these simple problems: | :

1) Iwan bought 3 kg of cookies at 90 kopeks per kg. How
much did all the cookies cost?

. .

and

§¥ Y
2) Ivan bought & kg of 'sugar at 1 ruble 5 kopeks per kg. How
much did all the sugar cost?
Sodving them and replaciné previously unknown Qalues of the cost
of the cookies Mnd the sugar by the numbers we have found, then elim-
inating the solved correlations, we obtain this problem:

-~

: In a stqre Ivan bought cookies for 2 rubles 70 kopeks, sugar
for 4 rubles 20 kopeks, and severgl kg of gro#s at 60 kopeks per
kg. Ivan paid 10 rubles 50 kopek$ for the whole purchase. How many
kg of groats did he buy? :

The diagram of this transformed problem (Fig. 2B) contains an
‘entrance segment. We shall isolate it in the form of a simple
problem:

In a store Ivan bought cookies for 2 rubles 70 kcpeks; sugar
foxr 4 rubles 20 kopeks, and some groats with the rest of his money.

He paid 10 rubles 30 kopeks for the whole purchase. How much did
the groats cost?

Solving this problem and eliminating the solved correlation from

the transformed problem, we obtain this probleﬁ:

Ivan boﬁght 3 rubles 60 kopeks' worth of groats at 60 kopeks
per kg. How many kg of groats did he buy?
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Having solved this simple pgqélem,‘we shall find the unkhown of

the original problem. T i o .
Eﬁu " 1f the same method is applied to problem 8, then after the cal-
- c&iation of the first entrance segment (designated in Figure 3A by
- the letter a), this process 1s interrupted and éhe closed problem

will remain, but still simpler fhan the original one.

To solve the open problem, we should apply a purely arithmetical . .

‘method of consecutive‘calculations of the simple problems, which in

thg majority of cases leads to a complete solution, and in the remaining
cases simplifies it ggsentially. To solve closed problems, it is
advisable to apply an algebraic method of solution, using this general
‘rule: 1) designate each ﬁnﬁhown point of the diagram by a special let-
ter; 2) write out each sagment of the .diagram in the form of an‘equation;
3) solve the resulting system of Eqﬁationé, after first shoxtening it

to a simpler system or to oﬁe equation. For instance, solving problems_ ,

8 and 9, we obtain these systems:
: o ;

) X f‘y = 3 X -y=3
x - 20 =z . x+ vy =48
y - 5=z » ,' N

'?T'Of course, there 1s no need‘for the studénts to make such a
detailed solution and especially to construct-a.strqctu?al model for
literally all problems. Such a solution is needed only in the first
period of instruction.  As soon as the pupils learn the methods of
solving complex problems, individual elements of this solution are
curtailed and fall away. In particular, the construction of the diag-
ram drops out; it is then posgible to compose a curtailed sys m of
equétioﬁs or even one equation immediately. Composing diagra:S\of
arithmetic problems is not only a good means for teaching how to solve
them but is also an important condition for developing methods of a

theoretical analysis of them in the pupils.
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