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. L. The' series' Soviet Studies in the PsychologY'of Learning,and Teachfng

thematics is. a collectign of translations from the. extensive Soviet

- 1literature of wie. past twenty—five years on research in the psycholagy . o

,:e. of mathematical instruction. It also includes works on methoda*of ’ .
o ceaching mathematics directly influenced by the psycholagical rasearch QS\N
'The serieg is the result of a joint-effortfby the School ﬁgthematiés i ‘ '
. Sgudy GroZp at Stanford University, the Depa*tmant of Mathematics : S

Education at the Unive?sity of. Georgia, and- the Survey of Reeent‘East
. European Mathematical Literéture at the Univérsity of* Chicago. Selected

" papers and books considered to be of value to the American mathematics

[ <
educator have been translated from the Ruasian and appear An this

. X ! 3

series for the first time in Eriglish.
) ' Researéh achievements in psychology in.the United States are

7 ]

e B outstanding;indeed. Fducational .psychology, however, occupies only a
small fraction of the field, and until recently little attention has
been given to reaearch in the psychology.ofxlearniqg and teaching

o particular school subjects. : ' * ' - .
T Theysituation has-been quite different in the Soviet Union. In
u . .
viey of the reigning social and,political docthkines, several branched - -

' of psychology that £re highly deyeloped in the U. S+ have scarcely been
+ * investigatad in the Soviet Union. On the other hand, bqpause of .the
-~Soviet emphasis on tducation and its function in,the state, research in
educational psychology has been given considerable mora) and financial
support. Consequantly, #t has attracted many trea* e and talented
scholars whose co@tributions have been rémarkable. T
Even prioY to World War 1I, the -Ruseians: had, made great strides in.

)

educational psy;holo 1V . The creation in 1943 of\ehe Academy of Peda-

gogical Scﬁences helped to intengify the reséarch efforts and programs |
- in this field Since then the Academy has become the thief educational
g research and development ceptex for the Soviet Union. One of the main

L

« aims of the Academy is to conduct research gnd to train research scholars

L

a

A study indicates that 37.5% of ‘all’ materials in Soviet psychology
published in cne year was devoted to education and child psychology. See

Contemporary Soviet Psychology by Josef Brozek (Chapter 7 of Present-Da _
Russian Psycholopy, Pergamon Press, 1966). ‘L ; ; l .

1141
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in‘general and specialized education, in educational psychology, and )

" in methods of teaching varicus school §ubjects.r g <

L} \

The Academy of Pedagogi@sl Sciences of the USSR comprises ted
research institutes in Mcscsw and Leningrad Many of the studies - - -,

~

reported 4in this serids were conducted at the Academy's Institute of
' General and Polytechnicah §ducation, Institute of Psychplogy,_and
Institute of Deﬂectologys the last. of hich is concerned with the, .
special psychology and educational tec niques for handicapped child®en.
The Academy, of Pedsgogital Sciences has 31 members and 64 .
associate members,.chosen\from among distinguished Soviet scHolars,
scientists,.and educators. Its permanent staff includesrm?re than
+ 650 research associstes who receive advice and cooperaticn from an
' additionai 1,000 scholars and' teachers. The,research instituteé of
" the Academy. have available 100 "base" cr“labdratory schools afd many”
. other schbols in which eXperitznts are conductéd. Developments in : e

by
- foreign: countries are closely ollowed by the Bureau for the Study of~

Foreign Educational Experience and Information. © . \\ e
The Academy has its own publishing house which i\Lues hundreds of -
books each year and puglishéB the collections Tzvestiya~Akademil .
l Pedagogicheskikh Nauk RSFSR [rrd‘eedings cf the Academy of Pedagogidal

Sciences of the RSFSR], the- monthly Ssvetskaya Pedapogika [Soviet s

-
~

Pedagogy]; and the bimonthly Voprosx Psikhologii [Questiona of Psychology]
" Since 1963, the Academy: has been issuing <ollectign entitled Novye

Issledovaniya v Pedagggicheskikh Naukakh ;New'Réssarch in the ?edagogical ,
{\ Sciencesl in ordar to disseminate inﬁormation on current research.

) .« A major diffeJ;nce between the Soviet and American gonception of
'educational Mesearch is that Russian psychologists often,use qualitative
rather than‘quantitative methods of research in instructional psychology o
in. accordance w1th the prevailing European tradition. American readers Y. ,‘&

‘ may thus find that someeof the earlier Russian papers do not comply \
oo exactly to U.S. Jstandards of design, analysis, and repor ting. using
qualitative methods and by working with smali grsups, however, the Soviets )
A have been able to - -penetratg into the child's thoughts and {E“analyze his

mental processes. * To this end _they have also designed classroom tasks

L andagettings ?or research and havte emphasized long term, genetic studies
%

of 1 arning ‘ ’ ) ' ' . _
\..r\ . \, . : . .

-2




. \ '
generalization, abstraction, and ‘concretization;, the mental, operations
'i,the nature of mathematical skills; and the structure and special features

-of mathematical abilities. .

have developed cybernetic and statistical models and techniques, and have

conditions of instruction.’

5 R
] * L
, . oL .
® . < . &
: . \\\ . - .
-

Russian psycholonists have concerned themselves with the dynamics
of mental activi‘y and with the aim of arriving at the principles of the
ﬁ rning process itself, hey have investigated such’ areas as: the
development of mental operations; the nature and devealopment "of . thoughi'

‘the formetion of mathematical concepts and the related questions ol

of analysis and synthesis, ‘the development of spatial perception, the .

relation between memory and tnought, the development of logical reasoning,

- In new approaches to educational research, some Russian psychologists

made use of algorithms, mathematical legic and information sciences.
Much attention has alsn been givenvto programmed Mhstruction and to an
examination of its psychological problems and its applicatid% fgr

S~

1

greater individualization #n learning.. , ) .

The interrelationship between instruction and~child dev;Iopment is
a source of 8harp disagreement between the Geneva School of psychologists,
led by Piaget, and the ‘Soviet psychologistsg*_ The Swiss, psycﬁologists '
nseribe limited significance to the role of instruction in the develop— . .
ment of“a child. According to them, instrudtion is subordinate tof}hé o
specific’stagEs in "the development of the child's thinking>-stages

manifested at certain age levels and relatively ina‘iipdent of the

- A - .
¢

As representatives of the materialistic evolutionist theory of the
mind Soviet psycholegists aderibe a leading role to, %ns ruction. They ]
assert that instruction broadens the potential ‘of . development may
accelerate it, ana may exercrse influence not iny upon the sequence of
the stages of 'd velopment of the child's thsught but even upon the very ‘
character of -tife stages. The Russians study,development in the changing '

conditions of instruction, and by varying ‘these cqnditions, they demonstrate

- how thé nature of the thild's developmeﬁt changes in.the process. As a°

result, they are also investigating tests of giftedness and are using

-

elaborate dynamic,*rather than static, ind es.' , .
A ’ ) '} . - . ) . -

See The Problem of Instruction and Development at the 18th ;nternational

Congress of Psychologz by N. A. Menchinskaya and G. G. . Saburova; %ovetskaza
Pedagogfkd\ 1967, No. 1. (English translation in Soviet Eddtation, July

<1967, Vol. 9, No. 9.) .

¥ . . . »
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- Psgghological research has had a«considerahlei:ffeot on the - )
recent Soviet literature'on'mathods of teaching mathematics. Experi- f?

« ments have showmr the student s! mathematical potential to heigreater .
than had been previously assumed. Comsequently, Russian pchhologists

have advocatdd the necessity of . variOus changes in the content &nd:

md&hods af mathematical instruction and haye participated in. designing,

’ the new Soviet;mathematics curriculum which has been introduced during

. the 1967-68 academic year.
The aim oﬁ this series 1s to scquaint mathematics educators and .

¢ I L]

1
“v\ ' . . é - f‘

L]

teaéhers with directions ideas, and. accomplishments in the psychology . ' ,

of mathematical instruction in the Soviet union. This series should
' ‘assist in opening up avehues of investigation to those who aré intereSted ’ 4
in broadening the foundatipns of their profession, fior it is gtnerally‘ ‘
recognized that experiment and research are indispensable Yor improving
. content and methods of school mathematics. , s

We hope that the volumes in this series will be used for sgudy,

discussion, and critical analysis in courses'or seminars in teacher—“”‘
. training programs or in institutes for in-service teachers at various

¢ » t . ] -

41evels. . : ~ .

.
» F

At present materials have been preparyd for fifteen vodumes. Each
book contains one or more articles* unter-a general heading such as The
Learning bf Mithematical. Concepts, The Structure ot Mathematical Ailities Cf
and Problem $olvinglin Geometry. The' introduction to each volume is

,! intended to provide some background and'guidance'to its content. ‘-

Lo Volumes I to VI were prepared Jjointly by the School Mathematics-

Study Group afid the ,Survey of Recent East European Mathematiqal Literature,

both conducted undef grants from the National Science Foyndation. When

drd in August, 1972,

NQK the Department’ of Mathematics Education at the University of Georgia

s
the activities of the School Mathematics Study Group en

,undertook to assist in the editing of the remaining volumes. We express A

.

.‘ our appreciation to the Foundation and to the many people and organizations

w o contributed to the establishment and continuation of the series.

.
e

¢ . ~

Jeremy Kilpatrick
L. Izaak Wirszup .
a " Edward G. Begle ) ‘-

' ‘ . James W.wWilson °’ '

b ’ . . 9
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EANY conﬂection is ectuslized. fo Shevarev, algebraic skills in students .

.“}._
L oL B o
INTRODUCTION . -. . e

v ’ .. A .t ' L
-~ .~ James W. Wilson and Jeremy Kilpatrick .
- * 'y ’ 'f‘ < 7 s

¢

'Educetionsl Tesearch in the‘Soviet Union hss producéd a consider— N
shle literature devoted to problems of instruction in mathematics ,' s
, clssses. The new school mathematics curriculum adopted by the Soviet, Ty W
Ministry of Education in’ 1967 drew upon snd reflected this ‘1iterature. ,:
The articles in fhis vorhme all predate the new aurriculum-snd trest

a variety of lesrning problems encountered’ in mathematics clsssroqms. \

The lengthy peper by Shevareu repertsk y;é:i.es of inveetigstibns’ .
on' students errcrs in leerning algebra. The paper,. puhlihhed in 19&6, .
follows frgh his eerlier study of elgehreic skills [2]. ‘1t yses a o
biend of psychologicel theory, observxtion of students in)clesses,> -
" and eneLysis of textbook msterisl. ;ﬂhe study wrs restricted to the

.3 arrors occurring when*sq“den:s know a rule, ark able to apply it, ‘but
SN neverthelese sct contrery to it. _THe better understoS% kinds of errors-— ' -

errors due to not knowing a rult or not knowing how to applg a knewn

L .,

N . ]

~

T{ule——were excluded

Shevsrev, like many Soviet psycholsgists, drsws upon Psvlov fcr v
1 the retiesl foundstions. Algebreic expressions ar operated on by ‘
S J
a

rules learned and used by the student. .As’ these»rules*%ecome practiced, ,
their conscious recall«and applicstion are diminishédlsnd instesd a ‘

ref ct connections, whereas the leerning of skills begins with - lesrning
a rule.' As the rulé is spplied and practiced, a tonnection evolves.j
The disttnctien and interplay between rﬂles and csnnectiong {s demcq—
strated thrcughout Shevarev.s paper. Errors .are-thk resulc of" incerrect )
" connections, and’ﬁe prsvides evidence on the sosrce of these incorrect
. connections. For example, students often treétedd(x ) like X * x e ';

-@hey actualized a connectinn by perceiving general characteristics’ of the
. AR [ M

_—d*— expreséinn but ignoring some specific ones. TherSource of the incorrect

» . , ¢ . s \:' 4‘“



_ of problems in the t tdbok Wi the _algebra clssses._ The'stuesnts sed-

.point way(that incorrect connections were generated while students were :

priate alternation of kiuds of- problems and the inclusion of some

‘ | . ’ \ | r .' . .Q } ‘§ ‘ . .
: .I‘ » \q < o.sn . : : ‘ “

n,cunnection was snovn to be the-%eguence aag inﬁslanee @f-the two types

P
- .

dori encountered b6§ﬁlt es of problems in the same lesson or same
section, and conéiderably mdre prActioe was provided for proﬁlems like
K2 X than for prohlemstiEe (% 2 3. . -
Incorrect oSanections leading tp‘errors were also analyzed for .
algebraic expressiqns in radi als and for rational expressions.‘ Shevarev ;
confirmed that the sonrcé offiz§oss was in the textbook presentation

'and <¢lassroom prsctices th&t fbllowed from the textbook. One smportant

correctly solving algebra exercises. N ' '
Suggestions for improving classroom practices inclu&ed the appro—

operative suggestions for studentg. The first deals with the structure

and sequence of textbook materials. Shevarev argues that probiems with .
similar general characteristics should be studled together so that éﬂ
distinguishing specific .chafacteristics can be emphasizeé This lesds'? “
naturally to Shevarev's notion of teaching operative ‘rules. - It 1is. natural
that .a complex mathematical operation becomes routine and algorithmic

with practice. ‘Shevarev srgues thag teachers miust gulde this process to v
i

avoid thepformation of incorrect connections. v . e
Gonobolin's study of pupils comprehension of geometric proofs was ‘ . .

aimed explig}ffy at improvihg the secondary school .geometry textbook. - ' .

The textbook- in .use at the time (1954) was noted for its ' maximum brevity }/‘

of presentation," and the pupils had difficulty understanding the proofs. '
Gono;olin ndugted a series of investigations in several schools to ,' :
discover the’ ré%sons for?the lack .of comprehensibn and some wdys to ‘ .
overcome the problem. Items Gonobolin investigated that were shown to

be. needed in instruction included ' sort of completeness of »1inks in a.

chain of reasoning, a schematic,presentation of material in a proof, P

- L

and a gengralized understanding of geometric mxterial Suggestio g’?6?-\\\\";\\
improving the textbook were made. ' '

. T ’



e i

'pleteness of 1inks in the*chain of reaSOning is a prineiple or, guid!line- R

a who use it. The sghematic presentation of material in a:proof Seems .
,parallel tanlyas [1] advice on devising a plan. It is .an instruqtional

'variable to be used by teachers, and o courseathe.idea is not restricted

At first glance, this study apPEars to be primarily >a complicatéd .
analysinef book materiai. It ish however; consigerably more. *The
g‘*

repeated,tf ,pf rewxitten Mﬁgerial with’ students' led to the identifi-

., i ,.1
- .

. gation of aSme genetal instructional concepts*or princiélea.. The com— . -

by which a‘textbook can be revised by jts. authors or adapted by teachera

s to the particular materiai.insthe textbook Gonobq}in was using.‘ ~A N

~ The. paper by Shevchenkn is a, treatise on the rationale for and methodq“

'of fastrugtion in the history of mathematics in Soviet’Secondary schools.,_

It is a.substantial review o£ the Soviét, literatura on the use of the

‘histgrical perspective as a- pedagogical and motivational device,‘ One

section of the reportwis a series’'of’ lesson plans on histnricak approaches'

to certain mathematical topics.. The extensive bibiiography is an interest-

ing feature of the article. ' .. ' ' . P

The paper by Bochkovskaya presents an analyﬁis of three necessary

doAditions for preventing first1 second, and third grade studg e
~errors in solving, simple arithmetic problems. The paper addressed to

teachers and is a guide o instruction rather than a research report.
Bochkovskaya proposes“hree conditions_for an instructional system. First,

the problems should be ordered according to their content and“structnre

and the time betneen the introduction of certain kinds of simpler problems ‘
should be reduced. ' Thus the firat grade student can study opetrations by .
being introduced to unknown addend and unknown subtrahend problems (rather

than having them postponed until the second and third grades) Division

of objects into equal groups should prepare for diviaion into equal parts.

.» Second, problem work should develop the habit of selecting arithmetica}

operations on the basis of the entire condition of the problem, not o’
the analysis or\iynthesis of separate parts. Third, the teacher should

develop the studénts' self-reliance in solving problems.
. «

‘ +
. oa . i
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A -A report of a teaching experiment on thé interweaving of number -
concepts into the study of functional relationshipe is given by Goldberg,~
who used a peries qf questions to develop the properties of cﬁé function

“¥ = kx 3n eigh;h grade classks:. The qnestions emhodied‘certain number

\ﬂxnmepts 8uch as-positive versus negative, whole numbers verSus fggctions,

E absolute values, and decrease versils increape. Goldberg found that the

'use of number problems in theﬂdevelopment of functional relamionship
enhénced bobh the knowledge of fupctions and the knowledge OT number
properties. Goldberg doea not describe the traditipnal suudy of* functions
against which his approach was compared' .t L0 : .

% ’
A short articie by Grudenov argues- for/the 'extensive' use of un- -

" s solvable problems in mathematics teaching iThe psychoIogical foundation 4§§

of his argument is taken from work bymShevarevzdone some time after that
reported in the first article of this volume, hut dbne as a direct
follow—up An unsolvable preblem will have a specific condition opposite
to that of- other problems having the identical general conditions.° Thus

) ‘the unsolvable problem will point up for the student any inqorrect aaso—//
clations he may have formed. Grudenov hd’s used unsolvable problems as .

3

a pedagogical device in 4 geometry textbook and workbosﬁ. .
The final article, by Marnyanskii, concerns the learning of a function
concept within the algebpe course. eItA§§ the report of a series of explor—
atory studies in grades .8~-10. The, !:ié is.a fgirly éomprehensive
analysis of one, approach to the concept of fhnction . -, /
This collection of articles reveale the univer€ality of certain
problems of mathematics instruction. Although the Soviet curriculum .
was quite traditional before 1967, ,the art of analyzing pedagogical '3
problems was well advanced. The reader may find helpful techniques )
of investigation and ana sis, as well as practical advice on instruction,

s, e
in these pages. ' .

g : o | /;._ .
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: g - AN EXPERIHENT IN THE PSYCHOLOGICAL ’ - U
e H : . * . '
: ' ANALYSIS OF ALGESRAIC ERRORS* _ oo N\
L (:,‘ , ’ .» . .. . - . -
v N » P. A, Shevarev » S L
na . . S |

» Pupils errorg in soiving ‘algebra¥c ' problems can be. divided
v " into fhiree groups. Sometimes a pupil does not know the rule that
‘5 . ¥ must be applied pr does not know it precisely‘ Sometimes he knows o
©* the rule wpll but still does not know#how to apply it. Finallf,
- . tHere are cases where a pupil knows the rule, is able ‘to spply it,* . o B
© but nevertheless acts contrary to it.‘ 0f - these three cases, the last
Ys the most important and the most intetesting. We shall deal with

.o

it in our work. In the, first' two cases, the basic causes of error

. are known; henceyrthe practical questions are easily resolved. The
. third instgnce is different{ we have no saﬁisfsctory explanstion of
i jthe causes of error. In this ‘connection, practical questions of how
to preGent such errors, and whst to do if,they have already ocdurred,
also remain unanswered. - ‘ ' ' _
One might assume that ;ﬁe source of-errors of this'kind-lies in p

the pupil’ 5 failure to recall the rule according to which he should
operate. But it is not difficult’to see tﬁst this supposition does ’
not fully explain the causes of error; In the first place, why the . T ¥
pupil does not recsll the corresponding rule . remains incomprehensible. .
Second, the question of why the pupil makes precisely this mistake, . f ¢
and no other, remgins unanswered. Third, recalling a rule, in general,

is not an essential conditién for correctly&solving a problem using

. e -

this rule. ‘ T : .
Id approaching the explanstion of\errors of the type indicated,
. one nmust consider several facts discussed.in another work’ of ours [1)

N Let us cite these fagts. When a pupil is solving an slgebfaic prpblem

Published in Proceeding__[lzvestiys] of the Academy o Peda-
o gogical Sciences of the RSFSR, 19461 Vol. 3 pp. 135-180. ranslated
; 'by Albert Leong. p' C ’
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: of a type well knan to hink\he operates in sﬁtict’a\zordance wit

definite rules. From a'logical point of view, the process of’
problem solving'is & ehain of HeduEtiona. In‘almQSt .all ca .

Without making.any dedhctions, how is it possihle for him to behave

A

as 1f heihad performed them? : ,'/ L ' '
. Analysis of data shows thet: speclal and., distinctive combinations L
of intellectual processes play a substantial role here. In the
simplest case, a comBination of. this typd consists of .two components.
. The first is the recognition of the features«of the algebraic .~ ‘
o _expression (sometigee ‘only its’ defined part), or of the features of D
an’ operation qxst’performed The .second’ eompodhnt is an orientation

'y

toward perfeﬁﬁing a definite’ kind of intellectyal operatian. ','~ ~
Suppose we are .solving a problem on multiztying the monomials,
fgfﬁgfiz;b in which we do not recall the corresponding rules. In
‘ffxf/f this case, the following occurs: ‘ ) . “
. (1) Recognition that the algebraic expressions to bel g
multiplied are mohomials entails the rise of an orienta-

: tion toward the mental selectionand specification of
coefficients,

(2) Recognition that these coefficients are expressed
} _(in the given case) by simple numbers entails the rise of
an orientatich toward recalling .the products of these numbers. {

(3) Recognition that the number that arose in the mind is:,
the product of coefficientséstimulates an orientation toward
recording it on the right hand side of the equation. P . .

(4) Recognition that the product of coeffiefents is writtey ° 4% .

‘. ~ on the right side of the equation prompts an’orientation towayd & | : -
selecting and specifying identical letters in the monomials P -
multiplied, and so forth. Lo

~

. Simple combinations, similar to those just indicated, ar frequently
united into a single whole‘to form complex combidgtions. In /our example, ‘
the second and ‘third combinations are almosf always fused t gether {
rZ&bgnition that the coefficients are simple numbers prompf£s an orien—
tatiod’toward both recalling and recording the product of/ these numbers.,

Sometimes reeognition that tée expressions multiplied are monomials .




* v - ! . ,/
' 1

immeﬁistely produces an prientation toward specifying both, coefficients N

Y

/d letters. . . § B ]

To, designate oombinstiogg of the type indicated, . simple as well
Qs complex, we suggested the teryconnection [konneksiya]. One

's/puld note that both gorrect an¥ incorreect connections are possih‘

When we solve an algehraic problem'by actualizing correct conn c- | ‘

!
;

/ tions, our operstions correspond exactly o’ these rules governing the

Yid

r t

“given case. In elementary algebrs, correct cdnneotions ususlly arise - :
from operations based on the recognition’ of rules. When P pupil solves

an algebrsic problem of a specific type for the first time, he assimilates
dhe genpral featureglof the expres&ion given him' recalls the correspond—

A g rule,. and performs a series "ot deductions by which this rule is
.fspplied to coneréte da%ﬁ T?ere arises 4in him-an orientation towsrd '

i
N

executing a definite intellectusl operation. ¢ Recalling rules an&

performing dedpctions, however, diseppear d ring *he repeated solving
Q:pheral links of the process

of problems of the fsme types Only the pe
red&in, secogniéing the general featuras of the given expression now

ﬁmmedistely entsils ép orientation toward performing a definite intel-

’

lectusl operatipn .
A :
"Every incorrect connection also corresponds to a definitesrule.

‘But the fule to:which an incorrect connection corresponds is a false
rule. Analyzing how incorrect connections atrise is one of the main

tasks of our research, since thes% connections underlie errors of the-

-

kind indicated above. ' ' . .
Eseential and sufficient conditions for act 11zing a definite

eonnection are:

-

i

(s) perceiving the expression or performing operations
eorresponding to the first component of this connection, \

.

' : (b) recognizing the task that one can execute by sctual- .
izing this ‘connection, although recognizing this task is
sometimes quite indefinite; v -

(¢) an orientation toward performing this task by agtual-
izing connections, that is, without recalling rules. .
In selecting work methods, we proceeded from the folLQwing consider-

ations. We assumed that a broad application of experimental methods is

‘ , not permisgible in studying algebraic errors. In the first stage of

{

.

=
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-8tudy, isolgted, amall scale experiments cannot produce vpluable
Yesults. Similarly, as the experiment revealed, observations of

| the)propesses of, classwork anll of a pupil's. work outsdde class
glve very sparse and incidental materidl,, Thedefore, we decided ,
first of all to perform a psychological analys s of those errorgL

‘found in assiglments., . ‘ - -t

-

I. K. Novikov, di;ector,qf Mosco& secondary school Nb. 110, ;
kindly let us use the assignments'of pupils from two parallel eighth » -
" grade classes. Each pupil did his agsignments in fhe same notebook, -
which was kept in school between assignments——a cirtumstance that * ‘
aSsured completeness of' material In ‘school, fhe pupils kept apeci
"eollective notebookd'['krugovye teﬁradi"], in which all problems
.solved in. s and at home" were recorded in chronological ‘order.
. The facts® that one can . establish by- studying these "collective note-_

&

‘books" helped substantially in determining the causes of efrors in

sev‘ral cases. - . : )
We were able to discover the Lauses of o few mistakes. To -
understand the cauSes.of errors made in assignments, several special
'conditions are essential, although not always present, Heace,. there
18 no! doubt that many other causes of algebraic errors still exist\‘
.besides those we uncovered. Let us make one more preliminary remgrk.
In analyzing errors, ome may have different aims in mind. The task ,;
may be only to explain errors, that is, to determine which facts and
' reiularities:already'known underlie s,given error.’;ln this appreoach,
mistakes that cannot be reduced to facts and regularities alreadx
known must be set aside. ' But one can have another_aim;. In considering
the, facts already known that may be the cause of error, one canVseek
indications'of facts and regularities still unknown. Not every mistake,'
of course, contains such indications. /fBut in this approach, prebisely
those mistdkes in which these indications can be revealed offer
greatest interest. ‘The second of these two pcssible approaches seemed
more fruitful to us. We considered in advance, of course, that the
conclusicns to which this approach leads will often have only hypo-
. theticsl significance; In what follows, we shall not stress the hypo-

thetical aspect each time, but one must always keep 1t in mind.

L)
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-, forgotten the corres onding rule and had

ey . ‘ \Z A
I Lt ¢

B 3 "-" .o ) e i «w

. Part I . ‘ y

In pne assignmente eight pupils (from two/pnrallel cleseesL L

‘made an error of the following type: CTe . :

~ A

- s ‘ ; . El
. . . A . 14
. .. c “ * M . Coe /
- . - " n
‘ . . . ‘ -

s+ N

& 2n 2n - l \ m+ 2n - 1. 2n'+ zﬁ -1
gt b .
3 : ?‘ 3 + 21:1 - i. . ' e
. L ¥ . ~ c -y °

-~ ' .

. : . N ’ S
Instésd of :jltiplyin,g the. eprnent of each 1e.tten b)‘( ﬁhe exponent
of "the fre ion, they added the frsctimg s exponent to the eipo?ents
of the- letters. = 7ther words. they mide a‘mistake of the type . -,

. ',‘ M+ N ; 'T ‘ < .
e - 1' ( ) &_ AT Ly - " \

One might suppo e that the pupil who made this error had
rocdeded from a false rule.
This conjecture seemd 411 the more probable, since the assignment in
which this mistake was made~had been given to the pupils on Septamber
16. During the two preceding weeks, the pupils did not solve a single
problem on rafSing a power to a new power, and not one complex problem
that involved the elevation of one power to another. Therefore, the
pupils' operations were determined by the same knowledge and habits
that they Yetained from ‘the preceding School yesrj N

Thts assumption, however, is untenable In the eame aesignment,“
the pupils had to form late, in writing, the rule for elevating a
power to a new one, sn& all the pupils in question formulated it
correetly.?*One ghould note Jthat the problem in ﬁhich the error was
made occurs first in the assignment, and the task of formulating the
rule occurs third. .

The,notion may atise that the erroneous operation performed by
the,pupils;was accidental, that is, was not connected with the features

of the expression (eM)N. But this notioh also does not accord with

facts. 1f the tonneftion were missing and the operation were accidental,

‘then we would have a great variety of mistakes dn solving the problem
indicated. But, in fact, in solving this problem, none of the pupils

made any other error besides the addition of exponents. .

E "\\J | :\ 5 '

A
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. the phpils who made ‘the mistake did not recognigM, of course, the «
rule for raiaing a powex to a new one. 1f they were aware of it,

" . t . LIS 7
&f A . . 4 ' - ‘ & . N v" \“
L Where is.6ne to seek the cause of error?-.We shall note that ;.

they wonld have solved the problem correctly. At the’ same time, v v .*’

o
the operation performed was no doubt connected with certain featuréﬁ '\‘
- of Ehe expression (a ) Thua, it follows that the causg of error d::B

A

was the actualization of an incorrect commection. Its second com-

| ponent, apparently, was an\orientayion for adding exppnents. It may .,

. - Dbe asked how did this connection aris s and what was its first comw . *

‘. poheng? The two. questions “are intimaéily connected. 'f;i ; { ‘ '; . .

o - To. resolve these quentiohs, Pt us £f¥st note that a connection .
v pertaining tolprohlema on multiplying deérees of the. typd M-akmo ST

- doubf %xistedtin the minds,of all eighth grade pupils. As—our‘earlier .

S;ﬁ_ ‘ research showed‘{l], this connection already existed inﬂ}pe minds of

-

+

all seventh grade pupils. The first component of this connection is
.the recognition of the definite features of the expression mentioned

+ the second is a; orientation'for addi exponents. In thié\connectio',
one naturally‘sﬁpposes that the pupils in question somEhow "confused |

"the expression (a ) with a -aN and, therefore, perceiving the fif

expression, performed an operation pertaining to the second.
This g¢onjecture correctly points~the way to an'explanation for

,. the error. ‘Indeedf some "mixing" of the two instances underlies the

error; one cannot understand it otherwise.~ But this supposition still L

* does nat give a,full explanation; it does not indicate those processes
that oceurred in the "mixing" of thescases mentioned above. In par-

N
:‘l A ticular,‘it does not answer -the questions outlined above. One must

‘“l maFe this process concrete. *

' '@, - By ‘way of concretization, one can suggest the following in

E‘ - sglving the corresponding problems, at first two cqmpletely correct SN
’ cpnnections arose in the pupils. In one connection, the first com-
\ponént was recognizing essential features of the expressiqn (aM)N;

the second‘component was an orientation toward multiplying exponents. ~
"~ &= - In the second comnection, the first component was recognizing essential .
' ’features of the expression aM°aN;'the second component, an origntation

‘toward adding ekponents. But after the holidays, as a result of

o - Ny ;




_tures characteristic of both expressions mentioned abd

Y
[N

" *forgetting, the first components ofi these confections lost their
A

specific features and merged with one another. ‘A connection vas
'formed, the first component of which was recognizing several fea-
yée(the .

T~

¥ presence of two exponents, for exemple) As a result, an brienta-

tion originally~connected with features of the second expression

arose 'in perceiving the first one.: i . . ' g

This assumption is supported by the well ~known fact that

T #ecific features fade first in the process of forgetting Hence,

a fusion of what wes _separate earlier may-be the result. One ﬁust
adgiyr thet forgetting, of course, pleyed‘a role inAthe rise of the
fncorrect c0nnection examined Nevertheless, this essumption shou
be discarded as not corresponding to reelity. . : )

°  In fact, if the first. components of the ‘two connections had 1
their specific features and were combined, then what should be the
second component of the single connection which arose this waw?
Apparently,’ both orientations (for adding end multiplying exponent
have equal chances of becomiﬂg“the secogd component. Therefore,

together with errors of the type we anelyzed (adding exponents in

-

*

1d

ost

8)

‘raising a power to a new one), we should have had approximately the

‘same number of mistakes of the opposite type (multiplying exponent
in multiplying powers ' of one letfer). However, in the assignments

8

we studied there was_not one mistake of the second type. And, in

general, we did not encounter errors of this type. Hence, the

incorrect connection in question was fotmed precisely while the pupil

was solving such problems, and not when he was dealing with proble

I3

of both types.

L

Therefore, the assumption naturally arises that the incorrect
connection arose when the pupil was solving problems on elevating
polver to é new one. But this assumption is indivisibly linked wit
three others:

(1) this connection arose*when the pupil was solving
‘the first -problemg of this type (since connections, correct
or incorrect, generally arise in solving the initial prob~

lems of a specific type); therefore, in solving these first
problems, percelving the ex@ression (a¥)N entailed an orien-

Sy tation toward adding exponents;

. r
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. (2) this inco;rect orientation arose because the pupil
*  proceeded from 'the recogniti.mf of adistarted rule (fo¥ ob- ’ e

viously, at the moment in question, nolbther teasons could ~

, induce ‘this orientation), distértien of the rule occurrad h

' because the pupil "confused" the elevation of a power to a -

new one with'the multiplication of powers of cne letter;

A-

(3) later, aXl those processes that would aye/inevitably
destroyed the incorréct connection that had ardsex and, at

the same ‘time, would have induce€d the rise of a correct ‘ .
connection were missing. S ~ .

‘ . .
Let us ched® these last three a%sumptions with the facts. fgirst,g
"t as our observations shdwed, while a plipil was solwinl his tnitial 'Q
problems on applying a simple rule; cases of distorted recogpition of -
this rule very rarely occurred. Hence, the assumption~that all eight L
pupils~under consideration had proceeded from a digtorted rule in
solving their initial problems hae 1it?1e likelihgod of being true.
Second, at the school in question, work on algebra was so organized
that only in very rare cases could an grror pade by a pupil remain
unnoticed, unrecognized, and uncorrected. At the same time, one nust
consider that each pupil solved dozens og problemswon elevating a
power tg, a new one. The supposition that a significant percentage
of these problems was solved incorrectly under such conditions is
 quite im obable. Therefore, even if the initial problems were solved

.incorrectly, in almost all cases, a large number of problems followed
that were solved correctly. Hence, the incorrect connection that arose
in solbing the initial problems could be preserved only as an exception..

- Even if the erroneous cepnection at firet arose in all eight pupils,
sthe probability that it would be preserved in all of them is totally
negligible. ' o

Thus, one must fonclude that the last three assumptions, taken
- together, are not in accord with the facts. But, as we alyready said,

. these three assumptions stem necessarily}from the first basic supposition.
Therefore; one must admit that the first assumption also does not “
correspond to reality; that is, the incorrect connection in question
did not ‘arise in solving problems on elevating a power to a new one.

Only one poesioie conjecture remains: the connection we are

‘examining arose while the oupils were solving problems on multiplying
' 4 R & . N
- . ]
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. powers of one letteé! If so, what was the first componen;‘of Enis -
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connection? ' ; .

Ry .

" To answer this question, let us note the similarifies eﬁﬁcdif-

ferences between tiM expressions aM'aN and (aM)N Let us’ call the :
features common to bath expressiong the general fea(ﬂres of thﬁse
expressions. . Such common featurEs are the absencé of plus*snd minus p
signs on the base line and the presence of two exponents. The fees \
tures peculiar to each expression_ we ghall call the specifi feetjres§
of the expression. The specifie feature of the first expression is ;
the presence of two identizal letters (bases) on Whe line; the specifi
feature of the second expression is the presence of oniy one such letteri

. The connection we are analyzing erose, as we said, while' the pupils

‘wera solving problems of the: type aM-aN. _But in the eight pupfls who

‘ made the'mistake, it was actualized in solving a problem of the type

(s ) Consequently, only the general features of these two expregsions
entered into the firs{ compodent of the connection, If the specifjc
features of the first expression had also entered into it, then this
connection‘would not have been actualized in perceiving the seeon§
expression, which does not have these specific features.

Thus, the first compongent of the connectipn that ihduced the error .
we. analyzed was a recognition of the generel features gommon to the

expressions sM-aN and (s ) ‘Its second component was an erientation

for adding éxponents. .When this connection was actualized in perceiving .

expressions of the first type,_a correct result was obtained. But when

it was actualized in perceiving expressions of the second type, a mis-

-

take arose.. . . .,
However, -one must modify what was just said. In the same assign-

ment, imnedistely after ,the problem in question, ¢ame the problem: \

S S 2 .
(— %‘ysx2 4x6 - %y3x) .

-

* A1l the pupils Yho made the mistake we analyszed solved this problem
correctly; they correctly sqnared the powers of the givey letters (five

times in succession), Therefore, in these pupils existed a correct

»connection, of which the first component was a recognition of definite

.
e
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fedtures of expression a ) - and the second eomponen;, .
orientati mu i in e:(ﬁmes'ésy To und®wstand thi fact‘( p\_.-‘ 3

one nn(xst notf that. éngring p*?oconpies'c a special plac’é in. an Y

/
elementary Elgeb pourse& Pupils ire aeq‘uainted with this ‘,opera«" .
tion much earlier than elevati.ns a power to*h new one. During th‘e
course, they selve A large number 9f problems that enta’f‘l the " -

4‘& .

aquar'in} of msnomials. In ,particular, one. must\execute méany ssdch - S
operations ‘fnlsolving problems on, squaring.b/insﬁials and polypomials.& .
M, 3 - C

- In all p?babil.ity, even in casea Qf ‘,the t'ype T\Z » 8.correct

. connection was alsq actualizéd since s,pch casesS' als occupy a sp'éci\al

place (similar to cases of squaring) 1g ad s,fgébra qourse. But we' can
\ Bay nothing definite about those caaesg,iﬂere ﬁx} exponent equals A-,‘ 5
6,+and so forth Possibly, a coréect connection was actugized e(*en

fm these cases. But it is possible the /pupils have . alreacly“ entered .

./
T <. A .

e {the sphere of an incorrect connection. ~
Comcerning this, two additional assumptions pertaining to the first
component of the incorrecﬁ ‘E:onnect on examined are possiblc Perhaps ‘
‘the recognition that N is\ neither 2 TOT - 3‘a\lso ente.red into the first R
component, tog th@ with the perception .of general features eharacferr-\ o .
/istic of the expressions aM~a and (a )‘ According to the second
possible Suppositi{n, the - recognition thdt N is a letter or an expression
in letters (and not in numbers) also entered into the first component,
.along with the recognition of the general features indi,cated. -
Soon we shall need these plo assumptions, but ?&Rily', for

' simplicity of exposition, we shall consider only the general features

LN

of the expressions mentioned above. We have‘established that the,
_incorrect connection arose while the pupils were-degling with prdblems
on multiplying powers of one letter. But we still do not \ hsw and
why this erroneous connection arose.,,Apparently, it arose only when
pupils, dealing with expressions of the type aMFaN, recognized only
general (in the sense indicated above) features. They nevertheless
performed the correct operation, that is, added exponents. And this
' means that; at gome stage of mastering multiplication of powers, con-
ditions existed whereby: (a) situations requiring the, K pupil to recognize

not only general, but also specific features of expnessi?xs of\ﬁhe type

10 .
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//*aM-sN, were missing; -(b). whenever the pupil recognized only general

features of this expression he nevertheless solved the problem
i

correctlz thet is, added exponents.

’ To understand how these conditions srose,}let us exeminesthet

period o* time when the pupil was alréady acquainted with Jnultiplying

powers, but still knew nothing ebout dividing powers, or rsising one .

© power to andther. During this period in solving problems on miJti-

plying powers, the quesfion’ of what dperation qne must (or can)

perform is very often decided even before the perception of data.,

" The pupil has just fsmiliari;eﬂ himself with the rule for multiplying

. powers snd has been solning the corresponding problems in tlass

: .Heg&gpws, thereforz}ithst the homework given him-will consist of
probdems on multip ying powers. In other words, he knows in sdvsnce,

even before perceivingetata, théquﬁe must sdd exponents. At the ‘same

time, the section of the textbook containing these problems is entitled_‘

"Multiplication of Momomials. " Rat the pupil knows the rule for - '; ’
multiplying monomials; the rule states that one must -add expongents of
identical letters, Therefore, he again knows, before peroeivj%g facts,
#-what operation with exponents he shouzz-perform..vffnelly, a pupil
must usually solve in succession sevelgl problems immediately following
‘one.snother in the textbook. The pdpillknows that problems'in the '
textbook are arranged by sectign and by type. Therefore, after solving
the first problem on multiplying powers, he knows he will have to add
exponents in the next probem
‘Thus, in all these situations, there is no‘need to recognize those
éeatures of an expression that indicate one must add, and nmot subtract
or multiply, exponents. And these featnres, obviously, are the specific
features of the expression-—the presence af two bases and the presence
.of“s‘dot betweén them {(or the absence of any sign). In the process
of solving the problem, of course, motives ariseighat prompt the pupil
to reeognize certain features of We data. But these features are
‘either concrete features {(for exsmple: the fact.that the base is
expressed by a letter and the exponent hy a number), which do not
interest us now, or general features (the absence of plus or minus

signs on the 1ine-or»the presence of two exponents) .

. . "
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. ) .Thus, in fact, we see that a stage of‘mastering the multipli-
catton of powers of one bas€ exists in which: (a) certein impelling
motives, prompting the pupil to recognize specific features of an
v expression, are missing, and (b) if the pupil recognizes only genera;
features of this expression, he will nevertheless perform the correct
,»Operation. If so, during this period cases occur, no doubt, where
this or that pupiI solves a problem on multiplying expdnents without
recognizing the dpecific features of the expression indicated. At
v the same time, 1f he occasionally solves a problem without recognizing
i its specific features, the chance that he will golve it the same‘wey
another time is undoubtedly increased. As a result, the same incorrect
connection discussed above will arise. Its first component will be / |
%“recognitien of only general features of the expression aM'aN; end”its |
,second component, an orientation toward adding exponents. ‘ R
* While this expleins how the incorrect connection arose during the .
olution of problems on multiplying powers, it still does not explain
‘why the connection was preserved when the pupii§ having m;gkered the (P
multiplication of powers, after a while moved to the elevation of one
power to another. 'One must think that the correct connection arose
. « in the pupils while they were solving problems on raising one power~
to another, the first component being' the recognition of all essential
. features of the expression (aM)N, and the second component, an orien-
tation toward multiplying exponents. Why was this correct connection
. not actualized while the assignment was being performed? On the
”other hand, it would also seem that, while the pupils were assimi-
lating the elevation of - one power to another, the incorrect connection o
An questien should have been reconstructed and converted into a’ correct
one. For at this stage of instruction, the pupils were dealing not
only with. expressions of the type aM-aN, bi:\EIho with the type (a )
Therefore, to perform the correct operation in the first case, the '

pupil,. it would seem, should have noticed not only the general, but

dlso the specific features of the first expression. Why was the .
~ & . . “
. Ancorrect connection not reconstructed?
“.
", ~ To find an answer to these questions, we counted the number pf

“problems in the textbook -(by Shaposhnikov and Val'tsev) on multiplying
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powers and on.raising‘one power to another. ‘We considered only
elementary problemg. Foxr exsmpIe we counted- three problems on
multiplying powers in the ease of esz m~snb4 2. . We tahuleted not
only problems found in the special sections "Multiplication of
Monomials" and "Elevation to a Power," but also all the casés where

" the elementary Problems on multiplying powers and on reising one
power to another entex into more complex problems. Of eourse, the
numben of eIementery problems entering into a complex one sometimes
 depends on the method of solving the complex problem and on what -
simplifications are performed after completing s given ‘operation.

W¢ counted from that method of solution and those transformations
containing the smallest number of elementary problems of interest to
us. - At the same. time, we also recognized that cases where any power
is squared or cubed no douhtvform a special group. Therefore, in the
- first variant of our count, we excluded all cases in.whichgs_pupil
wis confronted with e task of squaring or eubing s'poweri As we
indicated ahove, it i quite possihle, however, that not only do
these problems form a separste group, but in general all cases in :
which the exponent of ‘the power to which one must raise a given power
is expressed by.s number form a separate group.‘ Thereforse, inlxhe )

* second variant of our oount, we considered only' those problems of
elevsting one power to snother in which' the exponent of tige new power
is expressed by a letter or by an %lgebtaic expression. Of-the number
of problems on multiplying powers'!n this variant, we considered only

)’
those #in shich one-or more ;exponents were expressed by a letter ér an

;

" algebrafc expression.’ . . :
In the first vsrisnt we ébtained the following results- the first
* four chapters of the text contsin no less than 620 problems on muI!
plying powers; in the fifth ehspter, there are 58 problems on rsising )
one power to snother, and not one problem onzﬁultiplying ‘powers; in.

subsequent chapters, there is not a single problem on elévating one

power to anotherb.but'no less than 360 problems on multiplying powers.

In the second variant of our tabulation, the results were: in the first
.four chapters, no fewer than léD‘pnoblems on multiplying powers, in the
fifth chspter, 39 problems on raising one power to snother, in subsequent

13 g

L}

:



chdpters, not one problem on either multiplying powers or Elevating‘
one power to another. - ) : s
The order in which the pupils solved the probleme dfd not fully
agree with the sequence—in~which these problems were_arranged in the
textbook. But, as we were able to eetablien, these deviations could
be disregarded. Moreover, the pupils of course did net solve all the‘
problems found i&-the textbook. At the same time, theg solved several
problems not in the book. These two cfrcumstances could not, however,
~ substantially change thetrelationship between the numbers of problems
of various types that our calculations revealed. Therefore, tPe |
numhers mentioned above generally give a4 true picture of both the .
number of problems of different types solved by the pupils, and the™
order in which-these problems were solved. , ’
Consequently, the description of the incorrecteconnection we have .
given could remain totally unchanged by these data. It could have been
modified and corrected if, at a definite stage of work the pupils had
elternately solved froblems on multiplying powers and on raieing one
)power to another. Under these conditions, the pupils would have been

- compelled to recognize not’ only general, but also specific features of

‘ expressions.- But, as the data show, alteration of the two types of
problems was lacking. At first the pupils solved probléms on multi-

‘' plying powers without solving problems on raising one power to another.
‘The incorrect connection in question arose here. Lafer, without at. the
same time gplving problems on multiplying powers, they salved problems »
on eleveting one power to another. Possibly, at this stage of work,
certain tendencies to reconstruct the incorrect connection in fact arose.

> - But these tendencies could not _appear or be reinforced, gince the* pupils
were not dealing with problems on multiplying powekrs. Finally, after a
long period of time, the pupils again solved probleme on multiplying powers,
Qithout dealing with problems onlelevating one power to another. At this
stege, therg again were no objective conditions that could have precluded
the possibility of solving these problems by actualizing an incorrect

- gonnection. fherefore, the incorrect connection could remain unchanged
eeen‘here. ' - .
One must note that, during this tpird period, the pupils dealt only.

’with problems on multiplying powers whose exponents were numbers. But,

2
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_as we alxeady ssid perhsps such cases form a specisl group and aré
not related to the incorrect cénnection in queétion. 1f so, the
incorrect connection that arose earlier not only could, but also
should remain,uachanged in this third period. P |
0f course, after familiarization with problems on raising one
power to another, it is quite possible that the incorrect connection
formed durlng the multiplication of powers was reconstructed in several
. pupils.- This could be caused by a conscious juxtspogition of nM-sN
and~(a ) , and by the. clarification of not only external, bub slso
, ‘semsntic distinctions ‘between them. But the conditions we desnribed
for solving problems were such that they did not demand thjs recon-
stnuction nor force its- execution. Therefore, towards the end of the
school year,- the incorrect connection remained effective in seVeraI
pupils. It appsrentlz existed in those pupils who made the mistake '
* we analyzed. | - . ‘
ti _ Our tabulation also answers another quastion: Why was the correct
e connection, which arose in solving problems on raising one power to
.another, not actualized in csrrying out the‘assignment? As we have
seen, the numbef of problems the pupils solved on elevqting one power
to another was geveral times less than the number they solved on
multiplying powarf. It 18 quite natural to suppose that the correct
connection was signjficantly weaker than the incorrect one under thess
conditions. It is also possible that, during the holidays, the wesker
corréct comnection weaskened to a greater extent than the significantly
stronger incorféct connection. THerefore, when the pupils in questioniﬂ
returning to school after the holidaysy encountered an expressiom of -~
the type'(aM)N the incérrect, and not the correct, ccnnection was |
actualized in them, | ‘ M
To understand fully the causes of the error tolerated by the pupils,
one should examihe two essentiel}questions: (1) Why didn't the pupils,
knowiné the rule governing cases of (eM)N well, reproduce this rule in
solving the problem?. (2) Why, having recalled it immediately after
solving the problem (when they had to formulete this rule in the same
assignmént), didn't they suddenly catch themselves, return to the prob~ -

lem, and correct the mistake?

& - *
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We think that only one answer tan be given to the first question.

One must assume that the pupils' perception of the expression_(aM)N '
contained a feature which precluded the recall of the rule. The":
following considerations enable us to make this general aupposition
concrete. " As we already clarified in onr earlier work [1], = rule
1s recalled only when a'préblem is unfamiliar to us and, if only for o
an instant, the question arises: "What must be done?" 1n the absence
of this question and the Presence of & moment expressed b§ the’words,‘
"I know what must be done,” the problem is solved by,acﬁﬁalizing
connections. In otler words,'reoognizing that tne task is familiar
produces an orientation tdward solving this problem by actualizing
connections. Thus, we obtain an answer'&o the. ﬁirst question posed
above. 1In perceiving the expression (a ) , our puplls had an impression
of the familiarity of this problem, an awareness that 'they knew how to
solve it. These features of the perceptionaprompted an orientation to
perform the task by actualizing connections. Hence, the corresponding
rule did not become éonsciousg The xask in fact was executed by
actualizing a connection. ff .

: Let‘us proceed to the second question: Why didn't the pupils,
when they had to formulate the rule for raising one power to another
in the assignment, later correct the mistake they had just made? One
must seek the answer to this QUestion in the content of the first com-
ponant of the connection actualized in solving the problem. As we haye
established, its first component ‘was the recognition’ of only general
features of the expression (a ) The bpecific features of tﬂis

¥

expression, by which it ‘becomés a power elevaCed to a new power, remalned

unyecognized. This peans that, having written (a ) ‘ M + N the pupil
isiﬁg

‘did not recognize- that he was dealing With a problem on ra gne-*

power to another. Therefore, it is fully understandable why he did not

recall the problem just solved after formulating the rule for elevating

one power to another soon afterwards. He had no reasons for recalling

it. In the pupil's consciousness, the problem in question was not,

related to the rule for raising one power to another, and vice versa.
To Canlude our analysis of the error, we must investigate one:

more question that inevitably arises at almost every stage of analysis.

? . fg
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As we have seen, the causes for the rise and preservation of the

incorrect connection were: (1) the condi%ione under which problems
3

on multiplying povers f one letter were solved; (3 the suall
. number<of‘pr061ems a pupil solved on-elevating one power to another;
. and {3) the order in which problems of both types were solved. But '
| all these conditions were the same for all the pupils.d Why did the
incorrect connection arise and persist in only eight pupils, and not
in all pupils of both classes? . o7

" To answer this question, one must note one important circumstance
that we hsve not considered yet. The recognition of specifip features .
of arn expression arises not only when the objective sityation demands
it, but also, sometimes, when we have a general orientstion, habit,

or custom.of solving algebraic probleﬁﬁ consciously. This orienta-

tion may lead us to carefully perceive all essential features of the
"data,” subsume these "data" under a corresponding‘concept, and only
afterwards strive tq perform specific operatiotts. This crientation
already begins to be formulated” in the very first stages of studying \
algebra, but 1t is still quite unstable at first. It of course needs
reinforcement. Moseover, the stabilityiof tﬁis orientation is more
significsnt in some pupils; in others, it has a tendency to fade

away if it remains unsupported in preetice. Naturally, pupils inﬂ

whom it is more stable, in solving problems on multiplying powers,

will clearly recognize all essential feitures of the data dven when

the situation does not demand this. awareness of them. Hence, the
correct connection arises Hn them. Other pupils, in whom the stability
of an orientation towaru conscious solving 1s insufficiently high, will A
perform the multiplication éf pouers without this awareness under
*conditibﬁs where compelling motives for recognizing all essential features
of the expression aM-aN are missing. The incorrect connection 1in )
questionwill arise in. them. .. ' )

In the assjgnments we studied, one can find another series of

errors whose causes are analogous to those of the mistake just analyzed.

geere is o need to examine all ﬁ}ese mistakes. ‘We shall describe.oniy

two of them.

AN
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In one asSignment, the'puﬁi%gvhéd to reduce the root

v »
L) \. M
3 SR »
7 N
~X ‘\\k.w

,to its simplest form. They'had rarel;xgéglt with expressions of

this type earlier. In the problems the ﬁ%gils had solved prior to
this asa}gnment, therg were 430 cases of é&g#i&Eipg roots of monomials
with & "plus" sign, and only 11 instances wi%& é‘r\}"minu'sﬁ sign. In the

a

month immediately pracediné_the assignment, tﬁéy'éb&ved.ZQS problems
on extracting roots of monogg;%s with a""pluq".éign,tand not a single
problem on extracting roots from monomials with a “miﬁus" sign.

. Nevertheless, almost all pupils golved the préﬁlgﬁ peffectly.
.. . Perhaps Ehese‘pupils had recalled the rule of signs”fh& extracting
toots and acted according to this rule. It is possible,}however, that

the corresponding correct connection already existed in thgm}' But

. tw0'pupils'made mistakes. They wrote : v
. 3 . . ! : ! K ‘
| 3 — 1 1 vl“ v
\. . ] —-x7 - x7 - x2 ;{- . N o ’ .
. . -~
* In other words, they made an error of the type
' AL _gn 1 _ ]
, , S

. - X .

#

*

Apparently, they did not have a correct connection cor£59pondiqg to
this type of problem. There is nothing surprisihg about this. We
saw that the numbey of such problems the pupils solved was,génerally'
quite small, and th;t in the following‘month they did not solve such
problems at all. There is also no doubt éhat they did ﬁot recall the‘
rule that would have shown theq how to operate.
In such situations, the gquestion usually occurs to us: Is it -
possible, with the aid of a transformation we know, to reduce the
", 8lven expression to a type familiar to us? This questionm, apparenély,
also occurred to the pupils. It was resolved as follows. The pupils

" were able to extract a root when a '"plus' sign stood before a monomial,

"3
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and they knew they could dO‘thiS;: But they didn t know how to operate
when a "minus" sign stood before a monomial., Hence, the thought oc-

curred to them: - transform the expression under the radical sign so

‘that a "plus" signfwould appear before it. They decided to "remove"

the minus. v :
This thought is not incorrect in itself. . Proceeding from it, omne
could have performed tho following. transformations.

‘\/ (-x ) x| ,—x \/—- .

But fhis transformation did not, and could not occur to our pupils.

They, of course, were seeking something familiar and well known; and

this transformation, despite its simplicitf, was not familiar :0'§heﬁ'

. (in the first part of the textbook by Shapodhnikov and Val'tsev; we -

did not find a single problem in which one had to perform this trans-

formation to solve it). Hence the error was inevitable. .
' Why, however, did the pupils perform precisely the incorrect o

transformation indicated abqve and no other? The assumption that

they had proceeded from the recognition of an incorrect "rule" no

longer arises.. If the pupils had recognized that astonishing "rule,"

. A
according to which they in fact had operated, then they of course

*

'would have immediately noticed its absurdity. ‘Therefore, the suppoé;;;on

remains that the error was prompted by the actﬁg&i:ﬁ?téo'of a connection.
Considerations analogous to those we mentioned in analyzing the

first error 'show that this incorrect connection arose while performing

transfotﬁ%iions of .the type |

The first component of this connection was the recognition of the general
features characteristictof the expressions x © and —xn; its second com—
ponent is” an orientation toward writing fractions in which the numerator ¢
is a unit and the denominator i§ a given expression without a minué..
It is not difficult to establish the causes for the rise of this

*

incorrect comnection. When the pupils were transforming the expression
x-n, they aiﬁays knew in advance, even before percei#ing data, what

- »
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operations they had to perform. Therefore, compelling motives that )
would have demanded recognition of the expression's speélfic features™
were missing. At the same time, if a pupil recognized only general

-~

features, he nevertheless would solve the problem perfectly, sincep"

" he did not have to solve any probléms\having the same‘geneghl features

and different specific features, whichwhg had to perform cthe;r‘
operations. Therefore, when proble on transforming powers with
negative exponents (found in a special section of the text) were .
beingwsolved, the incorrect connection was bound to arise in several

pupils. Later the pupilé did not -deal with_this kind of problem at

.all.. Hence, those conditions which might have led to the cor;ection

of the incorrect connection were completely missing.

<The cause of the error consists, however, not only in the fact
that an incorrect connection existed in the pupils. If the Pupils
had underdtood the expression &nd the.problem they were gi&en (to ]
remove the minds), they of course would‘not have erréd. They wapld )2
have eitfer hit upon the correct transformations ihdicated above, or *
ieft the problem unsolved. The incorrect connection existiné in them .
woukd have reémained unactualized. . Hence, the cause of error also lies
in the fact that an orientation toward solving problems by actualizing
a connection existed in these_pupil?. In t;e combined opefétion of |

s . ‘
both conditions, error was unavoidable. i
Let us examine one more error of the same 'type, with geveral

distinctive features. Five pupils, dealing with an algebraic fraction
of the type ' )

‘88512
" aéblO

Y"reduced" %t and obtained the fraction

aéb6 : ' ‘ '

280 P
. _a.ab > . ,

.

In other words, the eiﬁmﬁénts in the numerator and denominator were

divided by their common factor, and not subtracted from one another.

The pupils acted as if the numbers 8, 12, 6, and 10 were not exponents
¢

A,
of powers, but factors of the fraction's numerator and denominator. gﬁi

t
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' In the same assignment, they were to reduce the fraction

M by-l 4
py-2e ’ . .

‘or (in another variant of the asgignment) the fraction

.
>

ay_‘a ' - : *)/ -
y—Ba <

The pupils who made the mistake indicated above solved this problem
correctly. Therefore, it is impossible. to explain the error the five
pyf™s made by claiming that they did nop know the rule for dividing
powers and had proceeded from a false rule. Thus, the immediate cause
of error hete was also the actualization of an incorrect connection.
\ﬁ) Its first comp&bent was f?cégnizing that two numbers with a common
* factor stand in the fraction's numerstor and denominator; the position
of these numbers did not enter into the content of the connection’s
firs@ggpuponent. 'Thefefore,'this qpnnection waslactualized whenever
the numbers were factors of the numerator and denominator. The sqund

component of the connection was an orientatior toward dividing these

. numbers by their common factor.

» .
There is every basis to supposg that this comnection arose while

the pupils wepe stiil practicinguﬁhe réduction of arithmetic frsctious.
In studying arithmetic, they of coursd did not deal with exponents and B
prd%ably had never even seen expressions containing them. At that time,
therefore, awareness that both members of the fraction were products ané
that one number stood in the numerator and the other in the denominator
was sufficiept basis for reducing the numbers entefi#é into the fraction's -
structure. The fact that these numbers were factors of the fraction's
members could remain unperceived. The situation for solving the prob-
lem contained no motives which would have demanded awareness of this
fact. At the same_time, if the pupil did not perceive this fact, he
still could perform the reduction perfegtly. Naturally, the incorrect
connection indicatéd could be formed in him under these conditions.

'But, in studying algebra, the pupils of course solved a great
many problems on reducing, multiplying, and dividing algebraic fractions.

’ LY
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Reducing powers of identical lePters in the fraction's numerator and
denominator enters into almost every problem. In these probleus, the»
pupils also had to reduce the coefficients of monomials forming the
members of the fraction, that is, to executg an operation which they
had performed in arithmetic. It would seem that, in the fifst place,
the incorrect'conogéglon which existed in the pupils should have been
reconstructed und;r these conditions; the specific features of the
factors (coefficients) should have entered into its first component.,
But this connection could no longer be actualized in reducing powers

* of .letters. Second, the correct connection, which pertains precisely
to reducing powers of lecters, no dodbt should have arisen. Why was
the incorrect connection not reconstructcc; and why did it seem stronger .
than the correeﬁ‘one? , ‘

To answer this question, let us note that the incorrect connection -
.under discussion can be reconstructed only in the presence of one
essential condition. Such a condition is an alternation of cases of
‘ . .

the type A

3b 3

H . * k)

Of courde, it is essential that each case be encountered oitan
enough. Under this condition, the following processes will occur.
(a) the pupil will hotice that there are numbers with a common factor
in the numerator and denominator; (b) he will note the position of
these numbers: if they are. factors of the fraction s member, the pupil
will divide them by their !:om' factor; if they are ‘exponents, he
will subtract the smaller from. the larger. As a result, the incorrect
connection will be reconstructed and will be actoalized only in cases,

of the firs:.type. At the same time, a correct comnection pgrtaioing

N v

to cases of the second type will arise.

f ' But in all the .problems contained in the first part ofthe text
* by Shaposhnikov and Val'tsev, there are. ‘only eight cpses of the type
\ a )
3
a ’
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that is, cases in which exponents of reduced poweks contain a common :

factor. At the same time, the number of case of the first type fga
rather large. Obviously, the incorrect comnection could not be |
reconstyucted under these conditions. On the contrary, conditions
favored its reinforcement, ) o

But there f§ no doubt that the pupils very often correctly reduced

exponents of a single letter contained in the fraction's numeretor and

‘denominator. In the first place they were dealing with cases of the

.

type

a 2 h

that is, with caegs in which the exponents do not contain a common

factor. Second, they were dealing with cases in whichfexponents\were
expressed by letters. As a result, the correct connection for reducing
exponents arose in almost all pupils. Its first component was recogni—
tion of the following facts: (a) the frection s numerator and denominator

are manomials 5 (b) each monomial contains the same letter, which denotes

‘the bases of powers which are factors of monomials} (c) the exponents

¢

are identical (the first variant) or dissimilar (the second variant).

If the exponents of powers are identical, the second-compqneﬁt of the

connection is an orientation toward cancelling letters and their exponents. .

(in the fraction's numerator and denominator). If the exponents are
not identical, the second compcnent of the connection is an orientation
toward subtracting the smaller fexponent from the lerger.

* This connection can be actualized inaexponents of any magnitude,

whenevér exponents contain a common factor. But it cannot destroy

_ the incorrect connection in question, since the first component of both

xconnections differ sharply from one another. In particular, recognizing

that the numbers standing in the numerator and denominator contain a
common factor enters into thevfirst component'of the incorrect c¥wnection,
but not into the first component of the correct connection. Therefore,
both connections can coexist simultaneously.

This means that both true and false eonnections.can be actualized

»

in perceiving an expression of the type
8

a .
6 \
a .
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Ifu in perceiving this expression, the pupil notices chat'the nymerals
"8 and 6 are exponents or powers, then a correct connection ‘will be
actualized in him, 1f the fact that the numbers 8 and 6 contain a
common factor strikes him first, then-—in all probabilitiy--an incorrect
connection will be actualized. Appgrentiy,'it was the second case
'which was realized in the consciousness of the ﬁuptls who made the o
mistake we analyzed. ' '

In summary, we assume that the meaning of the :esults we obtained
is by no means limited to the narrow circle of errors examined. Therefore,

~we shall try to list the general characteristics of what we discovered. |

. (1) Under certain“conditiods, cases éan~occurlin which a pupil
solving an algebraic problém does not nbdbtice several essential'ﬁeatures
of the data, but nevertheless arrives at perfectly correct results. In
all'probability; such cases are also pbssible in performing many otherl

. kinds of intellectual tasks (in aritﬁmetic, spélling; and so forth).

(2) These cases are likely when the pupil knows in advance, even
before an attentive examination of the data, what operation he must
perform. Under the conditions of a typica},school course in algebra
(and arithmétic),, pupils very often have such prior khaﬁiedge of forth-
coming operations. « . T o

(3) When a pupil solves problems of a definite type in the manner

- just described, an incorrect conmnection arises in him. Its first
n compcnenf is recognizing only general features of the data with which
he is dealing. The specific features of these facts do not enter into

the content of the connection's first component. The second component
. ' P

of the incortect connection is an orientation for performing an opera- JFM
. tion corresponding to a given type of problem. Thus, an incorrect

connection of this type is distinguished from a correct one only by A

the fact that 1its first component is poorer in content than that of a \

t

corr%ct cdnnection. At the same, time, the scope of the incorrect
connection s first component is broader than it should be,

(4) As long as a pupil is deaiing only with problems of the type
in which the incoryect connection arose, he makes no mistakes. There-

fore, the incorrect connection is strengthened more and more.
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(5) Sooner or later the pupil encounters problems of another type.
The data of these problem%‘have the same general features as the first
type, but different specific features. Therefore,‘to solve these P
problems, one must petrform a different operation. However, as long

as the data of problems of the second type have the generaleeatures
indicated the incorrect connection which arose earlier is. actualized
under certain conditions, even when problems of the second type are
being solved. Error is the result of the actualizatjon/of the incorrect
connec . , : e
' (;%course, even if a pnpil has an incorrect connection, he
does not always make a(mieteke under the conditions described above.
Quite possibly, in dealing with problems of the second type, he will
notice the specific features of the data, recall the appropriate
rule, and operate according to it. In solving the initial problems
of a new type, he usually proceedevin just this manner. )

(7) The condition for actualizing any'connection; including an
incorrect one, is a special orientation toward performing tasks by
- actualizing ‘certain connections or, in other words, solving problems
without recalling rules. This orientation arises whenever the prob—
lem and its data. are perceived as something familiar. Since data of
the new (second) type of problem have the same general features as
that of the first type, an impression of familiarify;can arise in
perceiving these,facts. This will prompt an orienretion toward actual-
izing connections. . | )

¢ (8) When a pupil solves problems of the new (second) type by

recalling rules, a correct connecgion is produced in him; the incorrect
one usually atrophies. However, a correct connection 1s strengthened
once and for all only if the pupil has correctly solved a sufficiently
~ large number of problems of this new type. If the number of problems
of this.type solved 1is significantly less than that of the first typeg:
the_gppil solved earlier, an incorrect connection can be actualized in
the orientationgtoward actualizing conhections.

(9) Formation of a oprrect Eonnection sometimes does§not destroy
the incorrect one. Such cases occur under the following conditidn |

(l) data of hoth types of problems ‘correspond to the first component

A0 .

+
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of & corredt connection, but datq}of only one type (we shall call :

it critical), to the first component of an incorrect connectton;

R

(2) the pupil almost never solves problems of this critical type,

buf solves many problems of the other type' (3) in solving the

_ second type of problem, the features distinguishing them from the

| critical type have mo significance and. therefore go unnoticed., As,

a result, a correct ¢onnection embrscing ‘both types of problems arises
but, at the same time, the incorrect connection remains. Therefore,
when a pupil encounters' data of the critical type, hoth correct and ..

' incorrect connections can be actualized in him, depending on what.

. features of the dsta cstch his' attention."
- ') . ’ .
4 ) oo ¥

.
e . . »
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'The characteristic feature of the incorrect connections examined
abover s that their first component is less full An content and , g
‘ broader in scope than it should be. Also possible However, are

contrary instsnces in which the connection s first component contains
something which should not have entered’ ipto it and which narrows itf
scope. Perhaps it is impossible to call thismconnection incorrect.
'Whenever it is dctualized, it leads to correet. resmlts: But it 4is
‘not actualized in a series of instances in which it should have - been W
sctuslized In this case, problem solving can proceed incorrectly. T
Let us examine several facts which oonfirm‘these,supgositions. —
In one assignment, the. pupils wére to simplify’the followiog o
fractions: } | LT -
=¥ # v )
By 2t a4Lx—x)5 - L

lO l -y - e(x _ y) - ; .  . . §

Four pupils correctly solved the first two problems but not the third
Two of theseé pupils make no attempt to solve the problem, in their
nbtébooks, a blank Space follows the expressidn given them. Tvo other
pupils tried to perqum the task, but these efforts led to £YOSS Eerrors. .

N
L

b . v
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One of them wrote: o . T
SRR .5 45 45 /
. . ‘ a (%~ ¥) . A% -ay
: alx _‘y)15 o ,axls'- §y15 o
At first the other wréte: . ' ‘ o | .
| 5 5 5
AR a(x - y) - a“% y)
o ’ . v 15 1 < '
e ) , a(x - y) . a@> -y . | v

7 7 Then he erased what he wrote and went on to the next problem.
Thus; none of these four pupils noticed that the third problem does
not differ essentially from the two preceding ones,othsg here too '
one _must reduce exponents of identical bases. : ’
According to our observstions, after studying the section of l
"the qourse entitled '"Reduction of Fractioms," sll'pupils reduce fractions

-

of the type
. -, 95 | -
Ay ‘
. . 10
. ay

(we have in mind the first and seoond oX the three\problems mentioned
above) by actualiZing the corresponding connection. .Therefore, there
is every basis to suppose that thase four pupils in question also

. performed this task by actualizing a connection. But spparently this

connection was not actualized when they were dealing with the expressiom

~

<

) 4 5
a (x - y) ‘
: 15
a(x - y) . . .
. ') ‘ p
This means that these pupils subsumed under the connection's first
component cases of the type SR ‘ .
n n >
a , but not (&) ,
\ . o am | . (A)m . v

“ where A1 is any polynomial. Consequently,‘the feature that the power's
base is a letter, and not a polynomial enclosed in parentheses, entered
into the first component of the connection. This attribute, of course,

" does not enter into a correct connection. ' 4

. , | 27 i
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How did this narrow connection arise? To answer this question,

we tay%;ﬁtea the number of elementary problems on reducing fractions

‘contained in the fourth chapter of the text by Shaposhnikov and

~Val'tsev. Wa considered elegentary ptqblems on réﬁuction; that is,

" we counted

aﬁbzc3

* ' s3b c ,
as cantaining'three such problems. Later, we eliminated from our count
all instances in which both reduced exponents equalled one. wé assumed

that these cases were unique, and that their reduction proceeded in a

special way. However, even if we had cqonsidered these cases, the rela-

tiodship between the numbers found would have remained the- same.
The tabulation showed that in the section of the text entitled

"

"Reduction of Fractions," there were 28 elementary problems of .the ‘type

n

a
m

a . A -

and onlx 11 of the type‘ - e

o ) , - : v
.t A n ' . b
. . " .

»

Subsequent sections of this chapter contain 81 elementary problems of
the first 'type, and only 33 of the second type. Thus, the number of
problems of the first type is approximately 2 1/2 times larger than
that of the second. type. There are almost no eiementary problems on
‘reduction in the remaining chapters of part one of the text. The rela-
tionship between the numbers of problems of“Bofﬁ Eypes the pupils
actually solved in all probability, did not differ essentially from
that obtained by counting the problems in the)text,.

One must think that, while the puplls were solving problems from
CHapter IV of the text, there.arose in them correﬁﬁ epnnection encom-
passing all cases of reducing algebraic fractions. The total namber
of problems of the type '

. | _ (A)m

28‘4-;

A
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which the pupils solved was quite sufficient for these problems to be »»a‘
'inéluded in the comnection. But, as we alfeady said, in subsequent e
chapters of the first part of the text, the pupils rarely encountered
elementary problems on reduction. In all these chapters, we could
find only about 10 such elemeﬁtary problems. Furthermore, in all
these cases, one‘could solve a;complex problem without'reducing fractions.
Thus, during a rather lengthy interval of time occupied with vcfk on
simple equations, the pupils did not deal at all with reducing algebraic
fractions. Hence, the connection in question (still not very strong,
of course) could suffer somewhat from forgettiné. In the process of,
forgetting, the connection may undergo various changes. One of these
, changes is the shedding of several aspects'of the data encompassed by
' the connection's first component.' Moreover, it is natural that those R
_aspects of the data with which the pupil dealt less should be shed first.
In the case analyzed, the pupils déalt significantly less--as we saw~-
with data of the type

. r &) f . :
than with data of the type "
- 4 L}
. N
a
m
a -

Before going further, let us examine one more similar case. In one

assignment, the pupils wer%‘}n solve the problem of simplifying
2,5 2 2.4 '
. (x=y)7 (x=y)(x-y")
3y . )
‘T s6lvingthis problem, nine pupils made one mistake or another. In

most cases, it took the Jfollowlag form:
2.5 2 2 5 °10 2., 4 8
W(92)° (-9 D) ey DY = (=3 ) (v ) (-3 D).

*  Having performed this "transformation," the pupils then multiplied the
binomials on the right side of they equation w ' ,l
There i1s no doubt that the pupils making this mistake totally failed
to understand, even partially or in a distorted form, the rules for multi-

o " plying powers. At the same time, there is-every reason to Suppose ‘that

. 29
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these plipils did not have s conbection corresponding to this rule. For
1f a connection exists, it takes paxt ‘in.the q:eratioﬁ whenever (a) a
given expression possesses all the fééture }yhich enter into its Mirst
component; (b) a task which can’be performed by actualizing this connec-
. tion 1is efperienced one way or anothgr; afd (c) an orientation exists
toward actualizing connections. All thesé conditions existeé in our
case. The algebraic expression given the pupils is totally suhsuned
under the first- component of a connéction adequate to the rule. Thé

" and the operations of most

pupils were given the task of "multiplfing,
pupils show that they"pad this task in mind. Finally, from the character
of the mistake the nine pupils made, it is clear that they had a general

orlentation toward actualizing certain connectiqn;. Nevertheless, despite %

the presence of all these conditions, the connection was not actualized.

Apparenﬁly, the pupils did not have a oonnection-which would have subsumed

the expresgion given them under the first. component. ,
One must compare this case with another. In the same assignment, ‘
immediately befare the problem just discussed, the pupils were to solve

the following problem on mulgiplying powers:

v
\, x+8 6-2}: ) =
Cc *C

'All the pupils soived this problem corréctly. Moreover, there is no doubt
they solved it by actuqiizing the corresponding connection, for all
,8ixth-grade pupils already solve problems on multiplying powers of onme
;etter without knowing the rule, that is, by’actualizing a connection.l
Comparing these two cases, i1t is not difficult to see that we are
dealing here with essentially the same case we encountered abbve. It is
clear that the pupils'ﬁsgqessed a connection which was actualized iy the
problen an-am, but not in (A)n-(A)m, the letter A being any polynomial.
As in the preceding case, the feature tﬁat bases of powers are expressed
- by one letter evidently entered into the first componént of the connection
existing in the pupils. 'This feature, of dsprse, does neot enter into a .
connéction adequate to the rule. ‘ ’
To clarify the reasons for the rise of this narrow connection, we
again counted in the text the number of elementary problems of the types

.

that- interest us. We considered Qeiﬁiz?blems conrtained in Chapters II,

“~

1See PP. 28-29.
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111, and IV of part one_ of the text. Whenever different methods of

solving a problem were pessihle, we considered the mbst economical

means. In most cases, it was the method the authors of the text no

doubt had in mind. - S . S
" First, we counted all problems of the types a «a™ and (A)" ~(A)

ned out ;hat the chapters

of the first type, and 16

4n the first variant of the count. I

indicated contain 604 elementary proble

elementary problems of the second type. ‘ _
Quite possibly, however, cases in wh the first powers of any

qaantity are multiplied form a special type in which speEial connectidns )

operate. In the problem we examined, the factors' exponents did not

eqaal one. Therefare, in the second variant of the count, we conaideredh

only those cases in which the exponent of one or more factors does mot

equal one (that is, '"there is" an exponent). , The chapters indicated .

" contain 332 problems of the first type, and 7 problems of the second

t&pe. Furthermore, all 7 problems occur only in sections 4 and 5 of

Chepter II and are not encountered later. - S e

~ Apparently, under these conditions there co&ld have arisen a |

connection for multiplying powers in which expressions of the type

L]

B _éf_ y but not_&&il ’
A w8 @
are afbsumed under its first member. Pn
Let us now compare the narrow connections which we have exposed.
1t 1s not difficult to see that they are similar. Here and'there,
under its first'comgonent are subsumed cases in which bases of powers
are expressed by a single letter, but not cases in which polynomials
enclosed in parentheses appear as the base. The conditions for their
rise are also similar. in both cases, he pupils were solving many
problems of “one type, and few of the other. Hence, the assumption
naturally arises that a certaln internal bond exists between these two
connections, that a single condition underlies their rise.
To make this assumpticn concrete, to decide whether or not it is
correct, one must examine a question with broader significarce. Expressions

w

of the types

. . an and gA!n }
‘ am (A)m

31
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are both subsumed under the rule for reducing frections. Similarly,
express{one of the types a™a™ and (A)" (A) are subsumed under the -
rule for multiplying powers. o
By the letter a, we mean ehy‘individual letter; by A, any poly-
‘nomial. One can say that under each rule are subsumed';wo types of
problens, which-diffef'in that individual letters enter into ome
expression, whereas polynomials enclosad in‘perentheses enter into the
other. This feature also distinguishes many other algebraic rules;
prdblems of both types are subsumed under each rele. The question 1s:
" if a pupil solves only problems of the first‘type, can a correct connec-
tion embracing both types arise? .

To answer this question, let us see how new connecti;ns are’ formed
in a person who knows elementary algebra welﬂ for example, a mathe—
matics student. As an example, let us take a case in which a methe—
matics student is solving for the first time problems on gomputing
determinants of the kind .
¢ t S' = ad - Ec, L ’

where g, b, ¢, and d are any individual letters. ' In these cases, a

connection arises in h;ﬁ, the first component of which is recognizing

~ ‘essential ‘features on the left side of the eq;ation, and the secondg,
combcnent an'erientetion toward pe;farming operations whose result 13 
recorded on the right side of the équation. Upder the first cogponent
of the connection, however, are subsumed not only those cases in which .
separate i%&;'igAstand in a definite order between thesvertical lines.

1f we give thé SBame student a determinant of the kind

:'4.. g . N
TR (a+b) (c+d) -
(e + f) (g + h)
» . L)
he does not recall the rule, and writes \
, ~

(a+ b)(g+h) - (c+d)(e + f)

v
Thus, although he solved only problems the first t{%e, he made a
connection encompassing the second type end, in general, ‘all problems

Ap computing determinents of the second oxder.

o J | .
S 4




M

f 3 . . Awmny N Y

L] i ‘ . “
‘a )
an

The question 1s:" why didp t g marrow connection rather than a
connection adequate to the rule arise immediately? It is not difficult
to answer this question. The mathematics ‘student knows ‘that each
gseparate letter he deals with in solving the algebraic "problem" can .

ldesignate any algebraic expression, and vice versa. And this knowledge_

does not seem abstract and verbal to im at ell. He often had to q
substitute an algebraic expreasion for a letter in one or anmother
formula and, conversely, replace an algebraic expression with a letter.
Hence, in dealing with separate letters, he-~so to speak—~'""sees" in thgm
the /designation of algebraic expressions, that is, he. alwayh undersnands
them as such witbout any special considerations. -And conversely, he i.
canf always ''see'" an algebraicJExpression as a special form of a

written, constituent "letter.” ' Therefore, in solving problems\of the

‘first type, he in fact has in. mind problemis of the:second type. “}pd,

A
N

immediately identifdes it with the first type. Speaking more preciseli,

AN
™

conversely, having encountered a problem of the second type, he

in solving problems of the first type, he essentially has in mind.

features common to all problems of computing determinants of the second ‘“ﬁ;i“*

;order. Hence, there immediately arises in him a connection adequate to

the rule pertinent hera. When there is a generalizing conception of the
problem s data, solving problems of one kind generally entails the rise
of a ecoénnection corresponding‘to all kinds of problems solved according
to the same rule. And at the same time, apparently, if we sylve only
one kind of problem, then a connegction adequete to the rule gah arise gp
only in the presence of this generalizing conception of data.

Hence it follows that the nine-pupils who did not solve the p%oblem
(x -y ) (x -y ) (= - y_) did not.have a generalizing understandfng

of the expressions an_and (A)m, both when the connection for-wultiplying . _

powers was formed and when ‘they had to solve the preblem. The same can

be said about those pupils who could not reduce the fracg}on

3 ) ) (x " >5
' 15 .
x-v . @

\ - N ¢

b2
Thus, both narrow connections are essentially linked. At the same

time, it appears that the rise of these connections has two causes:

¢

33
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(a) the absence of a generalizing conception of the expressions a end
(A" and (b) the more frequent solving af problems .containing expressions
of the first type; s we have shown, the second fact could gemerate
narrow connections only in the presence of the.first one, and vice versa.
Now we can answer one more queStion which naturally suggests itself
in the initisl analysis of the errors indicated ebove; in deeling with

the problems

| (x - 125 and (x - yJ)s(x - yz)(x - }*2)4

(x -~ y)ls

-

why didn't the pupils in question recall the corresponding rules, since
these rules were well known to them? When §§ pupil is/desling jgith the
_}irst problem, the essential condition for recalling the rule is under-
- - standing that the,expressions ((x - y)5 and (x -'&)%5 are powers of the
. base (x - y). In other words, the essential condition for recalling
the rule is the same generalized conception of the expressions (x - y)
snd (x ~ y) 3gw.rhich was missing in these pupils. Apparently, the same
can be said about the second problem.
Naturally, a generalized conception of the expressions a" and (A)
does not arise immediately. In those pupils whio could not handle p e
problems on reducing and myltiplying powers of polynomials, this generalized
conception was still missing. It was already developed, apperentlygfin
the other pupils in the same grades. Therefore, although all pupils
sol#ed the same problems, narrow connectigns arose in only some of them.
Only in them was thiggconception of data, the essential condition for ﬂf’
recalling coxresponding rules, impeded. In most pupils, on the basis
of a generalized understanding of the expressions sn_and (A)n, either
connECtions adequate to the rule had already arisen, or the recall of
rules was accomplished while solving the problems.
Thns, eﬁ? general conclusions can be formulated in the following
propositions. | |
(1) while mastering algebra in school, a general ability to conceive
qach specific letter as designating any expression is ciltivated. This
*d es not mean that pupils having this ability necessarily think of a
stepetq 1e:62: precisely sskdesignating any expression each time they

a . et . .
+
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. gpe it, Usually thispcondﬁption is missing, sincgekhere is no need_‘
for it. But the pupils of whom we speak are able to understand a
Jetter in this way when necessary. The same can also be said of the
ability to understand any. expression as a letter, that ig, to replace
mentally this expression with a single letter. | P '
(2) As the facts mentioned showed, eighth—grade pupils are far
from possessing this general skill. 1Im all probability, this is
because pupils solved too few problems on substituting whole expressions
for separate letters and vice versa, and too few problems in which they
+had to perform mentally, these operations in order to solve more complex
~ problems. ' |
(3) If pupils without this general gskill solve problems of only
one type out of those subsumed,under a definite rule, a connection is
formed which is too narrow. Into its first Eomponeqt enter not only :j .‘
features common to all kinds of problems subsumed under a definite
-, rule, but also certain specific features found only in that type of
problem with which i pupils were dealing. Therefore, this connection
is not actualized in pefceiving data of another type; At the same time,
.in perceiving such data, the pupils without a generalized concep;ion
of algebraic expressions do not recall the rule, since the essential

condition for recalling it is precisely a generalized conception of £ .

-
.

Part III . N

In the assignment given after studying the section "Irrational
Expressions,' nine pupils (from two parallel classes) made identieal

nistakes in removing factors from a radical. Let us cite a tYpical

case. They were given the expression

‘V S Voo
ab 9h a l 6 : A:,;'.j_;f';".- =

The pupil correctly transforms the ‘first monomial and writes

~ V_E - .%2'1
. ' 3afa T 3 ab Y

® o
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In dealing with the secand monomial, he makes an errorj he places
the factor removed from the radical not. in the denominator, but in

~

the numerator - - “
, _

.0 2bv9b = 2b- 3b%Yab °

There is no eXror in transforming the third monomial; the pupil

. inserts the factor extracted from the radical in the numerator, where

D4t should be

Ve - wVE .
3 Va T S
But in removing factors from the fourth radical, he again exrs; he

places the factor remdved not in the numerator, where it should etand

but tp the denominator

5 .
5 a b 5
—~ a2 V1 - 7 Vab

43 * a ' .

»

Thus, in performing;the same operation four times in succession, _the pupil

,exécutes At correctly twice, and twice incorrectly.

. °Is it possible -to beligve that the pupil meking all these transfor-
‘mations had proceeded from the recognition of rules? Ubviously not.
F&r-this would mean that he alternately procéeéed now from a correct rule,

‘now from an incorrect onme. This suppositio® has no possibility whatsoever.

<

£

.,

i

Perhaps he recognized the rule in two ca§es and then performed the .
transformation correctly, but operated without recognizing the rule '
" and hence erred in the other two instances. This assumption, however,
should also be discarded. Cases in which a pupil, solving similar problems,
alternately recalls and forgets a rule are of course possible. Bat
they occur only in special cases.. For example, if a pupil solving a
problem without recalling a rule makes a mistake aind notices it, then
he occasionally will remember the rule in solving the next problem of
the same type. Similarly, if a pupil encounters a more complex probleﬁ
of the same‘type, after'solving a series of simpler probleme, he'nay
also recall the rule, In this case, such special conditions did not
exist. The error made in transforming t%? second monomial went unnoticed;

r ’ . ~
? .

T
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transformation gf the third monomia% waggsimpler, not more complex,
than the task perforped just before. One cannot find any other basis
. for recalling a rul;hin executing the third transformatiom.

Hence, in all four cases, one must assume that the pupil operateq

by actualizing certain conhections, not by recalling a rule. First
Cwe shall consider those cases (the second and fourth problems) where

he erred. An incorrect connection was apparently actualized here.
What, are its components, and how did it arise?

\if the pupil had operated in strict accordance with rules, he would '

have solved the second problem with the following chain of transformatiogs:

e2b "-a‘_ \ ab EP— = g?. . .
_be_ Hgb S A

The pupil did not perform all these transformations in' writing. He no

doubt executed thé first one in his @mind. The fact that the final :
. )
\redult contains yab points to this. - The pupil did not evegn perform ‘ -

the second and third transformations mentally. If he had, the problem
would have been solved correctly, Hence, one must suppose that he

Mgkipped” directﬁi from the representation

’

ab ’ .
ab ggz to the ' result 2b +-3b ab .
v

Thus, one must seek tﬁe,incerrect comnection in the transition from ex-
tracting ;.root from 9b2 to writing 3b before the root. Analysis of
the second error yields similar sults.-_‘ v .o
To establish the components of this?%&éérrect connection, let us
first note that both incorrectly transforméd monomials share one feature--—
the same letter thevpupii removed %rom the radical stands in front of
the {adical.\ Moreo®er, whenever this letter stands under the radical ’ ' (f
in the denomjnator, it stands before the radical in the numerator, and

e

vice versa. These monomials are

N 1’ \, 5
a b
. ab b and 16

As we saw, in operating with them, the pupil obtained the following

L]

results’

L

. : 2b « 3b V and 2 vab

o 4a * a s
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That is, ha put the letter removed from the radical in the' place where
such a letter already stood before the radical. By so doing, the pupil
in both cases placed the factor remdved from the root in a position
opposite to the correct one. Hence, two possible assumptions pertaining
to thé connection's components arise. -
First, one can suppose that the second component of this incorrect
connectipn was an orientation toward recording the letter remnved
| from the root in the place where the same letter already stood before
7"; the t. -t -.\ |
‘ n;it could this comnection arise? Let us note first that it
decisdvely contradicts both the basfc rulés for extracting fpois and
generally the charactér of all algebraic rules. Therefore, it could-
have arisen as a result of transformations baged on recognizing rules.
- it was conceivable ¢hat it arose because o&\an unsuccessful selection
of problems the pupil solved earlier, that is, that problems pre-
dominated in which one had to write the letter removed.from‘thelzocf'
neizitq the same letter standing before the foot. But a count of the
problems the pupils solved2 refutes this-assumption too. These problems
contained only 18 cases in which one had to write the letter removed
from the root next to the same letter standing before the root, and
34 cases in which bne had to record it in a position oppos e to that
of the same letter in front of the root. Thus, the first supPhgition

no longer arises; the pupils had no orientation
. letter extrActed from the root in the place where
stood before the root. : | i, .
Another assumption #s possible. It was conceivable that the
connection'%&second component was an -orientation toward recordinggthe
letter {cmoved from.a root in a position opposite to that which it
occupied under the root, This‘supposition, however, should alsoc be ’
discarded. Such .a connection could not arise as a result of'cperations*\,
according to rules, nor could it £ESultAfrom an unsuccessful choice
“of problems the pupil solved. .
£ .

‘ .
Ne used the "collective notebooks" for this count.
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‘ Hence it follows, firat of all, that the position of the qnantity
s from which the.pupil extracted the root had no significance for him,
He, ¢f.course, aaw‘ghére this quantity stood: either in the numerator )
:79 " or the denominator. But ifs position did not detexmine the pupil's
| operations. And this means that the feature charhcterizing the
position of the quantity from which the root was just extracted (9b
in this case) did not enter into the connegtion s first component. Its
first component ‘was recognizing only the fact that the quantity (3b in
our example) found in the mind is the result of extracting a root. §
‘ Furthermore, iti?j;lowa that recognizing the position in which one
must write the factor &xtracted did not enter into the connection's
| second component. The second component of the Connection was an orien— .
-~ tation toward repordin% the factor aomewhere before.th:\;ohﬁ

" We shail try to clarify how a connection with inaufficiently

. defined conponents could arise. \

-

»»»»»

of problems on removing factors from a root for the xise of coyrect
connections. Abdut 120 such problema were solved in all. Of these,

! 74 were on remcving from the root factors standing in the quantity's

numerator (considering also those caaes it which the quantity is not

a fraction), ahd 46 pro@lema on tfacting from the root factors standing’
in the quantity/a denominatcr.3 "The accuracy ‘of the aolutions was
carefully checked Therefore, each miatake a pupil made was recognized
and corrected by him. Thus, there eas né reason for the‘rise of

‘ incorrect connections; on the contrary, all conditions for the rise of
correct connections were apparently present. . )

- However.,.-one shon %ote one importaent circumstance. When the pupil
'soived his initial problems on'removingvﬁactors from a radical, he of
course performed all‘the intermediate transformations mentioned above.
They eere especially necessary whenever the quantity under the.root was
fractional. But the correct connection, which permits a 'skip" across
}ntermediate links, cannot arise in this method of solution. I{ begins

3As before, w; counted "elementary' problems and consi ereg only

those cases 4n which the factors removed were expressed by lett ré and
not numbers.

*
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‘to be formed only: when an sttempt is made for the*first time to jump
directly to the final result from the perception of data (or from the

" representation of thelr firstﬁtransfarmation). For'fﬁe correct ey,
\ connectionvto'be formed, the pupil must solve a sufficient number of © -

N problems of this type the short way. - a

= . Hence, the conditions for the rise of a correct conneotion were:

‘less favorable thsn it seemed at first glance. Therefore,'one must

. not consider all 120 problems the pupil solved, but only-a certain
-psrt of thenm, that 1is, tﬂose problems the pupil solved by bmitting
‘intermediste links. We do not know preciﬁely how, many problems he .

‘. selved the short way. ‘But apparently they’ were insufficient for the P
“correct connection to arise in him. '

" This dees not mean that the other pupils of the same clsss did

not have the correct connection. For the speeg of formnlsting connec-
tions vavies for different pupils. Besides, dome pupils-could pass .
from a detailed to a shorter solution .sooner than others. Therefore,

. Aalthough the pupils all solved the sage problems, it is quite possible

.’  that s correct connection‘srose inxsome, but not in others.
All this does not, ‘however, resolve the question of the causeg§ for‘”
. the rise of an incorre t'conneztion. Suppose our pupil still did not
' 'v.hsve a correct comnedtio .'fWhere did the incorrect comnection come from? - -

To answer ‘this question, on€ must remember that an incorrect connection
differs from a correct one only by its components' being less definite.
The first component of the_incorrect copnection is recognizing s certain
quantity'as the result of extrscting a root. The first component.of
a correct ‘éonnection also’ contains the recognition of the position held

-by the radical quantity from which the root was extracted. The second

© o« n

component of the Incor¥ect connection is an orientation toward recording
the quantity obtained‘"somewhere in front of the root." The second
.component of the cofgect connection also contains an orientation;toward
writing this qusﬁtity in the position where it stood under the root.

Now if we recall that the assimilation of anything, in msny cases, begins
precisely with the mastery o; the general, less defined features of

what is.being assimilated, we are completéely justified in supposing that

C the incorrect connection in questign is,onlg the first*stage of formulating

-
-

' a correct one.
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.- resulting from rules, since the connection arose from aetailed,sperq-

. R Co

This supposition is confirmed by the fbllowing considerations.. o

At a definite stage of assimilating the operatien in question, the
pupil attempts to perform the task the short way by omiﬁting inter-

i

med%ate links. The very ‘nresence of these efforts shows that some
kind of connection has already arisen in him. Teo develep and
stréhgﬁhen‘a correct connectioﬁ, repeated correct execution of the
task thé short way is essentlal; éut the pupil is only making his
first attempt at"performiné it this way. Therefore, the connection
now éxisting in him cannot correspond to rules, But at the same time,

its components cannot contain anything missing from rules, or not

/
H

tions ‘according to rules. Consequently, the lack of correspondenée e
to’ rules can consist only in that several features correspondiﬁg to '
rules do not enter into the content of the connection's components.

Let us make these'general assumptibns‘concrete. We shall analyze-

& case in which a pupil in the first stages of mastering an operation ) v

solves a problem by the transformations indicated above:

‘, ) va = 2b v;zz 2b ‘ = 2b “ b 3b .

’
T s e

. . z) (3) (4) SR
© S
How is the third transformation performed? ‘At first the pupil writes .‘
«2b, then-~convinced thai-v defiles transformation—:he records this N

root in the same position as it was written in expression (Zf' Then

he draws a line and turns to the denominator of the fractiag in expres-
sion_(Z).- He extracts the root from 9b2 and .obtains 3b. In considering ‘
this ekpression, he of course recognized that it was obtained by oo

extracting :ie“root. An prientation arises toward recording it within

the éxpression formulgted (3). ‘Must this oriehtation contain the feature
characterized, by the words record in the‘dgﬁomina£0r?" No, this feature

may also be missing The pupil has already finished writing'the factor

standing before the fraction and the fraction B numerator, and he is )
aware that he has completed both, Before him is the expression 2h VrT; ’

with a noticeable empty slot. At the same time, he cangzz place 3b before i

the, fraction, nor in the fraction's numerator; there is no place for it.

41 .
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Therefore, the operation will be performed correctly even if the
orientation in question suggestpyplacingfthe\quentity existing in

“tﬁe mind somewhere in the expression formulated. Later, recognition

‘that 3b was obtained from thehquantity in the denominator apparently

becomes superfluous in these cases. Even if it.does arise, it does

‘not determine the content of the: orientation or of. the subsequent

~ operation, for thé oriedtation does not contain the feature characterizing

possible, under these conditions, with the following cqmﬁonents;

'quantity 'somewhere" in. ad oPen slot in the expression which the

the place for writing 3b. Cdnsequently, the rise of a connection is

(a) recognition that the quantity eﬁistzagfig the mind is the result

of extracting a ‘root and (b) an orientation towagd rquyaing this

pupil began to write, '
. Of course, this is still not the incorrect comnection disc&gsed;

earlier which is the cause of error. This is a connection which

arises and is actualized whenever e‘problem is solved.in detail. But

~expression . '

the incorrect oonnection actualized in an abbreviated solution arises

precisely from it. This probably occurs as 'follows. Having solved

. . \
several problems on removing factoraﬁfrom a root, the pupil begins to

understand that several quantitiés obtajned in intermediate operations, L

. _\Kf\'.

especiaiiy in extracting roots, enter into the final result. In our
example, for instance, 3b is such a quentity. ﬁaturelly, a tendency .
arises to record this quantity immediately in the place where it should

stand in the final result. In our case, for exemple, after.the . .
. NEER

~ :‘.’{, . Pl .
. b .“.v . - b ab s -, L.
oy .+ 2b~ ‘ ‘ - . N
~ . | , _ 1};b2 ‘ _ .
was written and the root from 9b was extracted mentally, in the pupil .

there arises a tendency, to write the 'quantity 3b immediately before the
root, to omit the subsequent.intermediate.;ink

: | | | b ¥AR

3b

“ < 3

This tendency can be reaIized only by actualizing some connec~
tion. Recalling rules does not help here, since the rules indicated

Y !
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in the text pertain only to a detailed solution of a problem, not to
an abbreviated one. At the same time, there already exists in the
.pupil a general'orientstion toward solving problems-of. a éiven type~
by actualizing connections which arose in him while solving problems
in detail. However, ‘what kind of connection cag be “actualized here?
Apparently, only the one which arose in the detailed solution problems,
"in the transition from extracting a root to recording the result of this
extraction. True, thichongection shoul underge some change; instead ‘
; of an orientation toward writing the quantit§ "{n some empty slot," . ‘ng
an orientation toward recording it "somewhere before the root". should
arise. But this reconstruction is implemented byéitself, sinte the ‘
feature "before'the root" enters into the problem's content.':The remain-
ing features of this connection are preserved; into its first component, h
'_ss before, enters the recognition only that the quantity existing in
the mind is the result of ektrscting a root, andvinto its second
component, recognition that it should be written 'somewhere.g .
These are the results of analyzing transformations in which errors.
“ ware made. ,Let us turn to those which the pupil executed correctly.

It will be recalled that he wrote these problems like this:

4 .
3a V % = Q%- Usb (first problem) S~

' : 7
gé ab3 = %B vab (third problem), ¢ )
Can one suppose that a correct connection, distinct from the incorrect
one just analyzed, was actualized here? Co X ‘ : -

Let us compare all four problems. It is.not difficult to see
that the first problem, performed correctly, does not differ in
essence from the second, which the pupil executed incorrectly, nor
the third, performed correctly,_from the. fourth, executed incorrectly.

Indeed, in the first;snd second problems -- that is,
* . \’ b , ” a ‘
. 3a A and 2b b

the root is extracted from the fraction's denominator, and g{he’ same

letter removed from the radical stamds .before the root in the numerator. o

N

" ‘ . | E _ )
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In;th;>tnird_a§? fourth problems - - that is,

- 1 2 é_\le_h '
: o S g TeY emd VTR o | /

\

the root is extracted from the numerator, and the same letter removed
from the radical standg before the root in the denominator.
 Let us further reggil that correct and incorrect connections, as
* we have established, &iffer in that members of an incorrect connection
do not contain several features entering into the elements of a
. correct comnnection. Therefore, supposing that the pupil possessed a
cotrect connection which was dctualized in both cases, we assume that
both tonnections can exist simultaneously. Both the' less and the more
defined connections, however,'ere actualized under identical conditions:
one time a correct connection is ectualized in solving the first of .
two identical problems, another time, in solving the second problem, an s
incorrect comnection is actualized. Such an assumption cannotfcorres—
pond to reality. For‘in the first place, it follows that a correct
connection is sometimes actualized and sometimes not under the same
conditions. But this wowld mean that it simply.did not: exist. Apparently,
-the same cen bea said about an incorrect connection. Second, in‘
considering the relé%ionship between a connection's components (distinctions
.in definiteness), it is impossible to understand how an incorrect ‘
connection can exist and function separately from a correct one
and not merge with it. ' Lo
s , Tnus, one must suppose that . this pupil kad no corregt. tennection,
ron there was only en incorrect one, whose structure and origiﬁ e revealed.
It is not difficult to explain how the pupil solved two problems ¢ .
correctly, despite the presence of this incorrect connection. The
incorrect connegtion's second member is an orientetion of an indefinite
character: '"to write the quantity somewhere before the_root.”
Apparently, when thig orientation éxists, the quantity in question can
-  be written ih either the numerator or the denominator of the fraction
4 standing in front of the root. Moreover, there s an equal chance that
it would be written in either the numerator or the denominator. This

' .equality‘of chance is precisely reflected in our pupil: in two

[}
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. instances he wrote the quantity extracted from the radical in the
fraction 8 numerator- "4n two cases, in the denominator.
' Let us summarize the results of our analysis and the conciusions
steming from it. T e
: (1) One must distinguish connections whose actualization forms
. f‘~a_é\“eiled solution from connections whoae actialization constitutes an
abbreviated solution of a problem. In the initial states of mastering
a ‘transformation, the task is executed in detail;®later, it is carried
out in a truncated form. Thus, the chein of connections that arose
in the initial stages does not remain unchanged. During the exercise
1t 1is recomstructed, if not always, then 1n.several instances. -
‘ "~ {2) An abbreviated process of, solution 4s cheracte:ized by the
fact tgnt several connections constituting a detailed process do not
. enter into a truncated one. However, the reconstruction in question”
does not consist only of discarding several conmnections’ The rise of
new counections, which '"close" the gap forued as 8 result of discarding,
should occur at the same time. : SN
(3)  These newly arising, "clos;ng" connections differ in origin .,
from the original ones. S |
The initial connections arise from performing a task bf recalling
and applyisg rules. Although recall and appiication of rules drop out,
the components of a connection are nevertheless definé& by the rule'
content. The comnection's first component is recognizing the expression's
* features indiceted in the first half of the rule' the second compgnent
is an orientation toward performing operations indicated in the second
half. For example, a short rule for multiplying powers states: to
multiply powers of ome letter ‘one must add the expenents of these powers.
"'The first component of the connection arising on the basis of this"rple
~1s recognizing that the given expression consists of identical lette¢rs
written side by side, without intermediate signs or divided by dots.
The connection s second component is an orientation towerd adding )
exponents. Thus, the original connection develops from the process
of recognizing and applying a rule. Moreover, the rule's content
enters wholly into the &onnection's structure, if special circumstances
do not impede this. Therefore, when these circumstances are absent,
the initial connection is almeys correct.
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By cdhtrast, the "cloaing" connection arises at the stage of
assimilating a complex transformation when it is already executed
without recognizing and applying & rule. ?hérefore, the closing -

_ connection cannot be the direct product of these progesses, but can
arise only by "short circuiting' the chain of initial connections:
the first component of the original connection entering into this
shedding chain is the first component of the closing ccnnection,
and the second component #f the final.connection enéering‘into the same
chain 1s the closing connection's second component. :

(4) ,In .the first stage of the rise of this closing connection,
.its componente may seem 1nsufficiently defined, since -the components
of the original comnections which become components of the new
connection cannot have all the features essential to the formation of
‘a final, correct closing connection.. The detailed execution of a tesk
proceeds under conditions other than those for a truncated one. .
Pherefore, several featuras essential to the formulation of a correct=
new connection cgnnot enter into closed links but only into the
discarded linke of the process. I@fthese cesee,.the ectualization of .
a connection which is just arising (embryonic) can lead to errors in
solving a problem. Moreover, as long as this embryonic connection
fdiffers from a correct one only by a lesser definiteness of compohents,
one must expectrthet its actualization will lead to corract results
in some cases, to incorrect ones in others: In the cases we analyzed,
we found precisely this alternate execution of correct and incorrect
operations. ' . ; : ~

(5) Since a correct closing comnection replaces the whole cﬂain
of original connections, each of which/correeponds to a rule,‘the
closing connaction itself also corresponds not to a single.rule, but
to a series of rules linkéd together so that each subsequent rule is
related to the results of epplying the preceding rule. .

4
LY
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Part IV

In ‘twelve pupils, we found an error of the following type:

@Yo - 2 Ya 0? = ab-2ap® [ ab + b

-

v In a correct squaring we would have

a2 - 2ab? Jfab +dYa. e .

. Apparently, the pupils who made the mistake, in dealing with the .
monomial ayb , squared only 7-— but not the letter, a . Similefly
- in deeling with the mouomial b xf_. they squared enly‘y;—, but not

. bz. In one of the preceding assignments, the same pupils 8olved a

problem of this type: : . .

T P (- gyzxz + éxé' -(éyBx)z . o ‘
Of twelve pupils who made the mistake indicated, ten either solved

" this problem correctly or made an error unconnected with the one
indicated above. In whst\follaws, we shall consider only these ten .
pupils. S | - | | |

’ First let us note that, in solving the second prohlem, the
pupils should have squared the degree of one‘letéer or another five
'times. They did this correctly in all five instances. Thus, a
problem of the type (n ) , where x is any number, was correctly . \x/r
executed five times in an earlier a signment but twice incorrectly
in a later one. How could this happen? Why did the pupils suddenly
err after repeatedly performing the task correctly? |
First of all, one must mike this question more preeise. In squiring

trinomials, the pupils perfgrmed elementary tasks of the type
(n?) , of ceurse by actua izing cenneetiens. They. had already
solved a large number of problems on squaring binomials and on
multiplying binomials according to the formula L (a + b)(a - b) in
‘the seventh grade. Elementary tasks on squaring powers always enter‘
into this type eflareblem. Consequently, there is every reason Lo
suppose that the corresponding comnnection had arisen in them already
in the seventh grade. After the holidays and during the firgt month

, of the new scheol year, it of course could weaken somewhat. But not
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| long before the assignment in which they had to squaxevtrinomials,

the pupils again solved a serles of pfohléms of the types igdicaied.

' This undoubtedly entailed ;he‘réstoration of the comnection.

The first compbnent of ‘this connection, apparently, would be

‘recognizing ghat‘thé'gf%en "letter" is the factor of a monomial which

one must square; and the second component, an orientation toward.

copying letters with a doubled exponent. In the first agsignment,

in solving the problem : f

‘ -5y5x3 - 4x6 + }yax)z '
: 5 o 27 ’
this connection Was actualized five times; in the subsequent assign-
ment, in solving the problem '

.

coele SN

twice it was not actualized.  One cannot suppose that it somehow

- vanished during this time. Hence the question naturally arises:

why waseit not actualized is the second instance? Apparentiﬁ, one
must séek the answer to this queétion in the features of the second
problem. But'oﬁly one of these features is significant, In the
first problen, one had to squ;re monomials which did not gontain

_roots; in the second, monomials containing roots. Therefore, when
. the pupil had to sngré ;he.moqﬁmial a' b , the connection in question

was not actualized in perceiviﬁg the letter a precisely because
‘ )

vs stood after this letterﬁ/If a rational factor, instead of a

root, had stood in the monoﬁial, the connection would have been

actualized, and the pupil‘ﬁnuld have written 32 as the answer.

Similarly, in the monomial bz’ a , the presence of' a aaused the
connection not to-be.actualized in perceiving the factor bz.. The

{ .
presence of a root hindered the actualization of the ‘connection in

question. ‘

But ihis explanafion of the error is stiil,by no means final. To
obtain such an explanation, one mist establish why and how the presence
of root in a monomial could der the actualization of a connection.

As our survey of the "collective. notebooks” showed, the pupils did
not solve a singlg problem in which they had to square a square root

48
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before'the assignment. Therefore, thid operation was new end'dn-

6 femilia??to them, and they had no conn®ction according to which ‘
they could have performed it. Nevertheless, the pupils had at their
disposal knowledge essential to the correct execution of,thisvoperetion.

They knew the definition according to which a nomber, raisedlto'the
power n to give a, is called the nth root*of the number a.

'They glso knew the identity ‘Cﬂy:;-)n = a, fﬁey ha® already sy
memorized both at the very beginning of their work onthe section s
‘entitled "Roots," -and later often had to recall the definition itsel¥,
as well as the identity indicated. Squartng the r&itsj{g- endpg-.under

he pupils recalled
<. either the verbal formulation of the definition of a root, or the
writted expression of thiis definition. They /,applied the definition

these,conditions appareptly proceeded as follows:

.

to the given case and obtained the corresponding result., One should
note that the definition played the role of a rule under these conditions' b
therefore, in what follows,.we shall simply call it a "rule,"
But why did the pupils recall thislrule and draw the eonclusion
- procéeding from it? Can one say that the cause of all this was “just
< the aggregate of fects mentioned above: the absence of a corresponding - |
correct connection, on the one hand, and knowledge of the rule, on
| the other? Odg'must answer this question negatively. In analyzing
other errors, we saw that the pupils who made these mistakes did not
have correct connections, but knew the corresponding rules. Never-
theless;fxyey did not recall these rules. Consequently, for the pupil

to recar

the rule,”a special orientation toward solving a problenm by:

' recallinﬁ rules is essential.’ Our observations showed that this
orientation arises whenever a pupilris dealing with a‘problemﬂof a
srecific type for the first time, but thinks he can solve it with
the rules he knows. The case in question was no doubt subsumed under‘
these conditions. Hence, while perceiving‘r-. and y__
orientation toward recalling a corresponding rule unquestionebly arose‘

iin the pupils. But this orientation :is directly opposite to the '

orientation toward solving a problem by actualizing connections and,

without this second orientation, an actualization of connections

is impossible. Hence it follows that the connecti&n which should have
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been actualized in- perceiving the lettef a was not actudldzed
pregisely because an orientation toward recalling a rule afose 1in
pe ceiving 8\‘.‘.. , . Y

It is not difficult to be convinced that no other reasons were
,siégificant here. Essential and, at the same time, adeguate conditioné.

for actualizing a definite conflection are: (a) recognizing data
subsumed under the first member of the connection; (b) recognizing

the problem to be solvq@;‘and’(c) a general orientation toward solving
é“problem‘by actualizing connections. The first two conditions no

doubt :eyisted in our example. The pupils of course recognized that

: 4
f the letter a entered into t::gﬁgpﬁhture of the monomial, and that

this monomial had to be squared, ’ Therefore, the connection was not L o
actualized only_becauss the third condition waiipissing, that is, an
why didn't this

orientation arise? Squaring a monomial without roots was unqueét;onably

orientation toward actualizing connections.

a simple and familiar operation to the pﬁpils; and, in‘ithese cases,

an orientation toward actualizing connections always arises if there

~~&re no obstacles. In particuiar, -1t existed in squaring the,rationai

W

trinomial indicated above. This time, therefore, certain processes
\
linked with the perception of Yb impeded its riseﬂ But only one of
i

these processes could hinder it: an opposing orientation toward
solving a problem by recalling rules and making deductions.

Here one objection, at first glance'a substantial one,is possible.

'
P

, U
The pupil, of course, first squared the factor a and only afterwards
moved to the factarV}:.- But if so, then the okientation foward
recalling a rule ligzgﬁ§$ith the perception othr,‘gpparently; could
/ ' .

-

in no way affect operations with %the letter a. .

. This objection prompts us to note several. facts which we did not
consideé before. Various types of problems entered into.the assign- °
ment, and the pupils of course: did net know in advance what kinds of, 3
problems they would have to deal with and in what sequence.,- In
cases of this ‘kind, a tentative perception of the algebraic epression
we are given always precedes the execution of any transformatidns.
There is no doubt that this tentative percepfion also occurred in the
case just analyzed. Moreover, since the task to square1rg-was, ég

we kiow, new and unfamiliar to the pupil, he of course paid attention
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to this-Yb Therefore, the perception of yb preceded operations with
the letter a, “and hence the orientation toward recalling the rule
connected with this perception could affect these operationa.

However, our aaalysis of the error which interests us 1s still
unfinished. The orientationntoward recalling‘rules pertained to the
factor‘v—. Jhe question is: how could it impede the rise of an
orientation toward actualizing connections in operatioms with other
| factors, with the letter a? We think there is only one agswer.to

_ this question: when the plpil dealt‘with the letter ax this ,
orientation did not pertain to the factor\r_‘, but was related in
general to all operations hé was performing. '

Quite possibly the content of this orientation was sufficiently_
undefined at the moment of its rise, that is, in a tentative perusal
of the facts. 1In other words, it is possible that the pupil aimed at
recalling any rules related to the given problem; but the cleer
character of the rules' features, did not enter;into-thg content of the
orientation. The orientation of cqurse pertgined to the factor]fg*:
but only Secause it was prompted by the perception of this factor.
Therefore, when the pupil transferred his attention to the lettei\ a,
this relationship toVWH; completely disappeared. Only an indefinite
~orientation toward recalling algebraic rules remained. j

However, it is possible that, at the momedt of its rise, the
orientation toward recalling A rule was more or less defined by its
. content.” Perhaps the pupil aimed at recalling the rule expressed by
~ the identity C\? ) = a, or at least some rule pertaining t roots.
1f so, when the pupil began operations on the letter a, the Z ienta-
tion had lost its definiteness and, at the same time, its relationship
towr—' Only the same ordentation toward recalling some algebraic
rules remained. ’ : o " .

" But here an important new question arises. If the pupil had a\
general arientation toward recalling rules while performing operations
on the letter a, why did he not recall those rulee pertaining to -
the letter a in this case? Why‘did he not recall the rule for
raising the degree of a monomial, or the rule for elevating a degree

‘to a new degree? These questions, apparently, indicate one more
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essential feature of the orientation eyamined. This was an orienta-

tion that was not activated while operations on the letter a were

being performed., It was a delayed [zaderzﬁannayaﬂ orientation for
'recalling rules which was activated only when the pupil turned to
A ) agaid. h .

" To understand the sburce of this feature of the‘orientatién
examined, one should note one regularity which occurs in\;he solving
of algebraic problems. Whenever possible, pupils perform operations
on separate parts of the expression given them from left to right,
This means that they have a general orientation toward performi
operations in an effective order whenever mathematical rules do not
dictate‘EnSQher sequence. This orientation unquestionably determined
the pupils' operations in the case‘just analyzed. Therefore, the

. process of solution proceeded in the following manner.. In perceivin
1[;; (and then a ), an orientation towardtrécalling a rule arose.
But the actual recall of this rule, and deduction from it, were not
realized, since these processes did not correspond to the orienﬁﬁﬁibn
toward perforping operations from left to right. And this.means that
the orientation toward redéliing rules was delayed. ' The pupil moved
to operations on the letter a with-this delgjgd orientation toward
recalling a rule. The orientation could not be realized, could not

' prbceed to the actual recall of rules. But it pevertheless deléyed
the rise of an oppbsing orientation towardtactualizing connections.

\ :One should assume that the orientation's delay qég not a simple .

;'interruption in réélizing the frocess that had begun, Apparently the

orienfation*undergSes certain”qualitative,changes_at the moment of

d e\lay . v ' ’ R ) : . o

t

Let us summarize the results of our analysis and make several

additional reﬁarks: ) A

s

) Under defined COnditions,'Ehere 1s in us an orientation

$

toward recalling rules and making deductidns from them. Dependinhg

on circumstancges, evidently can have diverse characteristics.
At times it 1s a sﬁeéific orientation: * into its content enters
a recognition of the typical féatures‘of,an algebraic expression, arid

of the rule whi¢h should-be reproduced. This specific’ orientation

%
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« - "does not lose its defined objective reference even when perception
. ]

ceases of the expreseion to which it pertains The orientation 8
objective reference enters into the content itself. T
\ ‘$n other casee, it is a general orientation which also has a
defined objective reference. Recognizing ghe typical features of both
the given expression and of the rule to be reproduced does not ‘enter
into the ‘content of this orientation, However; despite the indefinite-
ness of its content, this orientation nevertheless has a-defined
objective reference to the expression immedietely Eé?céived. ‘

. Finally, a general orientation with an. indefinite objective
reference can occur. Récogpition 6f the typical features of the given
expression and ‘the’ rule one must recall does not enter into the , -
content of this orientatjon. Nor does it pertain .to any definite
expression. There is only a’special intellectual condition conducive
to recalling algebraic or other kinds of rules, and to making .
deductions. | | ‘

(2) We have already seen that an orientation toward solving a
problem by actualizing connections arises under'defined conditions.
» By analogy to what was just said, one can imagine that this?orientation

' might have a ‘definiteness different in content and in objective

-
<

‘reference.

(3) Characterized by a defined objective reference, an orientation
toward recalling rules is incompatible with an oxienfation toward
actualizing connectipns pertainin%lto the same object, and vice versa.
Howeverl the coextstence of, orientatione pertaining to different

. objects is apparently possible. C ‘ ‘ B ‘/

Chﬁrecterized by an undefined objective refere;ee an orientation
toward recalling rules is incompagtible with an orientation toward
actualizing connections. Similarly, an objectively indefinite 4 ’
orientation toward‘actualiziné'connections is incompatible with an
orientation toward recalling fules. These orientations ”inpede"
one another

(4) Delayed orientations coexist with urgent ones. An urgent

d’ orientation’is immediately activated; a delayed one is not activated

-until a definite moment. A delayed ®rientation, however, is not the

* . »
. . . ‘ . . -




absence or disappearance of an orientatidy. Although‘delayed,
| the orientation continues to exist, that s, to affect the course
s - of intellectual processes; but its influegce is expressed only
by its ability to impede the rise of certain processes.
(5) Orientations toward recalling rules and actualizing
‘cpnnectidns.elready arise in a tentative perception of an algebraic

P

. expression. : . ,
266) Operations canstituting the solution of a (number)”
problem are performed according to the order of elements entering

. ipto the expression (unless a rule of special circumstances

L]

demand another sequence). An orientation toward performing ope‘ra—‘~
' tions in g definite order may deley the erientation toward- a
recalling rules that arose in a tentative scennﬁng of the expression.
ey (7) A delayed orientation toward recalling rules can impede
the rise of an orientation toward actualizing a connection. 1In
is case, the connections existing in us are not sctuelized At
. the same time, the corresponding rules are not recalled, since the
o¥ientation toward recalling rules is a delayed one. As a result,
we' do not perform the specific operation that should have been

executed in the given situation. ~

Part V

"

. " In our preceding work, we estsblished that*specisl'combinationsj;
of mental processes arise in all pupils during the, assimilation of ‘
-elementary algebra. The first compoenent of each combinstioﬁ 18
recognizing_the general features of a specific part of the algebraic’
expression given‘us, or of an operation just performed. The secow g
component is an orientatioh toward performing an operation defined

by kind. We called these combinations connections.

The task of our wor%, the results of which we.now summarize,
was to analyze algebraic errors. The bgsic results of this work
_ can be formulated as follows: ¥

L (l) In a series of cases,; the error the pupil made resulted

a'é§‘ from tpy_actualizetion of an incerrect connection which existed in
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,(2) Incorrect connections fall into several types according’
to their structure and to the conditions forstheir rise. We were

able to discover three types. But it is poseible that other types

of incorrect connections also exist.

(3) The first type of incorrect, connection is characterized
by the fact that a specific feature that should have entered into
its first component, does not. With such a connection, therefore,
a ﬁarticular operation whieh-eeeording to rules--should be
performed¢invrelating facts of another kind. This comnection can
~ arise when a pupil, solving problems of a definite (flrst) type,,'
knows what operation he should.perform even before clearly
© perceiving thejdata. Under the usual conditions of school and
‘homework in algebra, this prior knowledge of forthcoming operetions'
arises.rather often. Having this priarvknowledge,'the pupil often
recopnizes only certain features of the elgebraic‘eipression given
him, ang omits equally essential ones. He nevertheless performs
_the correct operation. If the pupil solves several (number)
'probleme of a particular type in this way, then an incorrect
connection arises im him. Into its first component enter only

those - features of algebraic expressions which he clearly recognized.
If this method of solving problems is repeated often, the incorrect
" cornection is reinforced more and more. One should note that it .
. is imposeible'to'discover the existence of the incorrect connectien
as long as the pupil deals only with’ problems of the first type.

" But later onm, the pupil encounters problems whose data (a) have all
the features he clearly recognized in solving problems of the first
type; but (pb) at the same time have several other'features; by
virtue of which one should perform an'operation different from that
performed in solving the first }nud of problem. The incorrect
eonneetion whieh_aro$§“§artié;!:iy be actualized in solving problems
of the second kind., The pupil sometimes performs the operatidh he
shoeld perform in solving problems of the first kind, and ot the
one he should perform for solving the second kind of problem. For
example, in solving a problem on ralsing a power to a new one, fhe

?gupil does not multiply, but adds the exponents. r

.. ' ]
i
i
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The\exjstence of an incorrect connection which arose earlier
in ng problems on multiplying powers of one letter is

mantfested /in this error. Into the first component of this in-
nnectgon enter only these features: the presence of

two exponents, the absence of two different bases, and so forth,

. that 1is, features common to problems of both kinds.

0f course, the rise of an incorrect Fonnection in solving
problems of one kind does not always entail errors in solving
problems of the other kind. If the pupil recalls the relevant rule
in solving the second kind.of problem, and applies it to the data,
he of course will not make a mistake. Then, if he has correctly
solved a sufficient number of problems of the second type, the
corresponding cornxrect connection will arise in him.‘rln\many
instances, the rise of this corfrect connection probably entails a

reconstruction of the incorrect connection created earlier, jits

, conversioh to a correct onme. When there is a sufficlently strong

connection' pertaining to problems of the second kind, especially
after the‘reconstruction of‘the incorrect connéction}‘the error that
concerns us at this time becfmes }mpossible. |

However, the facts mentioned in our work show that an incorrect
connection is sometides nevertheless preserved. and), mqfeover, seems
stronger than a cor&ect one. An incorrect connection is actualized
more frequently whenever a pupil solves a problem by aqtualizing
connections.

‘}‘Ience, it is possible to successfully prevent errors of'the‘
type analyzed. First, while solving.problems in class, one must
tsy to have the pupil recognize clearly each time all essential i
features of the-algebraic expression he is given. This self-
evident methodological rule is not alwa}s observed. Second, one
must ‘further reduce the number of cases in wh#cp a pupil solves

many problems of the same kind in succession Without a teacher's

supervision. Mathematics teachers often assume that independent,
successive solution of many problems of the same kind reinforces
the corresponding correct habit. But the opposite in fact occurs:

. . .
conditions are created in which the rise of a false connection
‘ “\ { ~ .
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becomes more likely. Third, one must increase the number of cases
in which a pupil solves in succession\geveral problems of different
kinds in which the operations to be perSormed are not indicated to

.him; he must either "simplify" the given expression or perform some
. transformation. Tasks of this kind will effect the rise of a -

general habit of beginning operations only after recognizing clearly
the features of a given expressian. Fourth, one must arrange
assignments so that a correct connection pertaining to the second
kind of problem will be stronger than an incorrect one that might .
have‘erisen’whilé solving problem; of the first kind. In othar

‘words, ‘the number of problems of the second type the pupil solves
* ghould never be less than that of the first type. Cases we have

éeen‘testify that pedagogiéal practice occasionally does mot
satisfy this demand. Fifth, one must create conditions that assure
the :econstfuction of an incorrect comnection, if it has arisen.'

(4) Conversely, the peculiarity of the second type of
incorrect connection consists in the fact that its fixst component
contains a feature that it should not contain.‘ Hence, the connection
isractualized in perceiving ome kind of data subsumed under a
definite rule, but not actualized in perceiving another kind of

data subsumed undet the same rule.. This connéltion arises under ¥

‘the following conditions: (a) during much of the course, the

pupil deals only with data of one kind from thpseisubsumed under

“a given rule; (b) moreover; the generalizing recognition of thaese

facts, that is, the selection‘bf their generic features, is missing.

Therefore, first, whenever problems of several different

htypes are subsumed under a definite rule, it is essential for the °

pupil to solve a sufficient number of problems of each type. This
demand is also self-evident, but--as we have s%en-—it is neve;the* .
less not always carried out. Second,.using special exercises,
one should culti&ate a general ability to conceive of each
algebraic expression as a “letter" and, conversely, each letter
as designating a complex algebraic expressioﬁ. 3

(5)- Sevegel features that should have entered into both the
first and second compoments of the third type.of false connection
do not. This connection may be formed in theﬂfirst stage of

-
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formulating a correct connection. It leads to the performance of
both correct and incorrect operatibns under essentially identical
conditions. It is probably iépossible to prevent the rise of

such comnections. But one can and should hamper a pupil's premature

attempts to solve problems of a definite type without recalling

the corresponding rules. - S .

(6) One important fact should especially be stressed: in
the cases we analyzed, the incorrect connections arose precisely
while the pupil was correctly’ (Judging by cbjective results)
solving prdhlems of a definite type.

(7) Connections arising from the omission of several links
of, the already existing chain of o¥iginal connectiqps coexist
with connections arising directly from operations based on

.recognizing rules. This "closing" [smykayushchya] connection does

not correspond to a éingle'algebraic rule, but to the entire chain.
However, one can say that the closing connection corresponds to
a single operative rule, that is, one according to which problems
of a specific type, when the pupil's ability is high enough to
solve these problems, are sometimes actually solved. Operative
rules are not indicated in algebra courses, and the teacher at best
gives only isolated, fragmentary indications corresponding to
these rules. Hence, the ability to solve problems of a specific
type is cancelled: that 1is, by omitting severél links from the )
chain-of deductions and transformationé, the skill is spontaneousily
generated in the pﬁpils without proper'supe:vision. Therefore,
cultivation of this skill leéding to the rise of ﬁclosing” connec-
tions is often understandably accompanied by a large-ﬁumber of
errors, These errors occur because the closing connections are
insufficiently defined in the first stages of their formulation.

It seems to us, first, that one should introducg into the

" practice of teaching algebra several operative rules of complex

transformations and, second, that one should consciously and system—
atically cultivate in pupils an ability to perform these trans-

formations the ''short" way.
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*(8) In independent work, a definite rule is recalled only when
a special otrientation for recalling rules exists. It ordinarily
arises when a pupii is dealing with a problem new to‘him, or with
a new type of data. Under various conditions, it possesses a
definiteness different in content and in objective reference.

¢9) One should distinguish actual and'delayed orientations.
An actual orientation is immediately convsrted into a corresponding

-

operation. A delayed orientation, continuing to exist, is not
activated until a definite moment. We discovered that delayed

orientations for recalling rules arise under specifieiconditions.

' But other kinds of delayed orientations are probably also possible.

~ (10) The existence of a delayed orientation is manifested
whenever processes contrary to this origgtstioo do not arise, e@en .
though all conditions for their rise‘exist, IQ particular, the.
presence of a delayed oriemtation toward recalling rules under
definite conditions impedes the rise of an orientation toward

actualizing connections. A mistaken failure to perform an essential

roperation which, with no delayed orientation for recalling rules,
" should have been performed, may be the result of this imhibition.

One must keep these facts in mind during clssswork with
pupils, and especially when gelecting problems for homework and
assignments. In particular, one must carefully work through in
class those types of problems in which the- inhibiting influence
of a delayed orientation for recalling rules might affect the
solution. |

(11) 1In revising the textbook, one should consider what we
sgid above in (3) and (4). Several kinds and aspects of problems

are presented inadequately in the existing text, There is no ‘proper

alternation of the kinds of problems that one must alternate. The
book has too few sections containing various kinds of problems in
a fortuitous order, and so forth. Apparently, one should also
introduce into the text ieveral‘indications of an "operative'

character.

<
\ ' ) -
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| PUPILS' COMPREHENSION OF GEOMETRIC PROOFS* )
’ : F. N. Gonobolin
’ - X
The Problem and Methods of Research

«

In this article we igvestigsteﬁhe psychological peculiarities

of pupils comprehension of study material in geometry:. In particular ..
their understanding proofs of geometric theorems is of interest.
o As we know, the study of geometry in school begins in the

sixth grade,.with no preliminary introductory-course on this subject
"in the lower grades.. At the same time, the textbook presents ‘
pnoofs of geometric theorems very briefly and abstractly, a condition
that often creates great difficulties for the younger school children
whenjthey try to uﬁﬁhrstand the propfs. Moreover, the pupils of
these classes do-not slways even recognize the necessity of the
logical, proof of geometric theorems,;especielly when these proofs
are of a visually obvious character or can easily be established
empirically

Not understanding the value of the logical procf or theorems,-
the pupils feel no neegi?s think about the struycture of such proofs.
"1 don‘t understand " one sixth-grade girl tolS)us, "why it's
necessary to prove that in an isosceles triangle the angles at the
base are equal; anyBody can see that, especia 1y if you use a .
protractor.”
' Bésides that, another phenomenon is apparent. Comparing the
pupils of the same class, one easily sees a considerable difference
in the depth of their understanding of various study materials. While
some 0f them are limited to merely reproducing the teachers' )
explanations or stating the material im the textbook, others sometimes
‘find independent methods of proving theorems and, handle solutions
of geometry problems with comparative ease.

All thié speaﬁs for the necessity of,a detailed study of this
process from both the‘psychological and pedagogﬁﬂkl points Sf view.

'We must ascertain the conditions for the correct and comprehensive

H

P

"~ [

%Published in Proceedings [lzvestiy_] of the Academy of
Pedagogical Sciences of the RSFSR, 1954, Vol. 54, pp. 175- 192, ~
Translated by David A. Henderson. -
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-

understanding of geometric material By pupils of the lower grades
of secondary school and outline the most ratiomal principles of
presentat&on by teachers and authors of school texts.

In

eStigating the above problemsl our initial theoretical

e
ke
: — )
"We must consider that the formation of temporal

congections, i.e., of these "associations," as they are
aalways called, is comprehension, it is knowledge, it is
the acquisition of new knowledge. When a connection,
that is, what is called an '"association," ig formed,
this"is surely knowledge of a matter, knowledge of definite
relationships of the external world, and when you next use

it, it is called "understanding," i.e., the use of .

knowledge scquired by comnections is understanding [2:579-580].

fdudation and the functioning of temporal con]ections:

1

To study the process of pupils’' understanding geometric
proofs, we turned to special observgtions and experiments, which
we conducted in schools 187 and 240 in Moscow, in the Moscow
Municipal Adult Secondary School, and the Moscow Regional Secondary
SchodiB;;r Resident and'Corresponding Adulfs. First the observations
were donducted d#ring the usual lessons of the teachers of these ‘
schools. Then, for the purpose of checking variations in teachers'
explanations of the study material to the pupils, the observations

were carried into the experimental lessons of one of the teachers

~of an adult school. During all the obsefvations, we carefully

‘ registered the td‘&hers{ explanations and the following proofs of

- the theorems studied by the pupils.

Simultaneously with the observations, we conducted individual
and group experiménts. With this aim, the sixth- and seventh-
grade pupils were given new material that was not yet used in
school but for which they had already been prepared by the .
preceding course. Here the pupils were asked to independently read
the text of a new theorem, togéther with its proof, as given in-thg
standard geometry textbook. Tﬁey were allowed to read it several
times,. after which they were to reproduce what they had read and
answer the'experimgnter's questiéns.‘ If it was observe%/that the

pupils did not understand the proof of the theorem, the

experimenter offered to read another variant of the explanatjon,

! ’ -

avliov's statement about thought and understanding being
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which he himself had composed. If this yielded no pesitive results,
the pupils were asked leading questions and given necessary
explanations. ‘Such experiments embraced six groups of sixth- and
seventh-grade pupils, with four persons in each groag.!including two
groups in the adult schools). To ensure a greater und formity
in the conclusions, average pupils were used in these experiments.
The pupils almost always had a hard time gaining an under-
standing of,the proofs of theorems when studying them independently
"~ from the textbook. This may be considered normal, since the textbook’
was not designed for independent study oflgeometric proofs. batA o
nminly to drill the study materigl after it Thas Seen preéZ;:ZEQby
the teacher in a form intelligible to the pupil.;;Introduction of
the pupils' independent study of the‘proofs of geometric-theorems
from the textbook, hawever, Aas only one of the investigationel‘
SEbices and it permitted us to see more disginctly those difﬁiculties
! that arise b pupils of the sixth and seveggh grades when they _

study proofs of geometric. theorems. .

BeSi&és the observations and experimen€s indicated above, N

in one of the schools we held systematic consultations with the

pupils, who came . to us for explanations of parts in the textbook

\/ they found difficult

/N" . During the investigation it became netessary to define objective

\

\eriteria for understanding, since it was not always poesible to rely

on the pupils' subjective statements in this reSpéct. Pedagogical

experiences indicate that pupils, stating their noncomprehengion

of some material, may unaerstand all the basi details correctly,

but may not understand a single, sometimes everr unimportant,

detail. And, on the other hand, there are times when pupils who

say "'l know' are very far from correctly underet;na“§\\his material,

'as one learns after further checking. _ h
Therefore, to determin€ ‘the degree of the pupils’ comprehension

of the mate;isl given him' in our_experiment{ we hed.to turn to more

definite criterid. Such criteria were:

1) the pupils abili{zrfo present the material they

.- read, particularly the prooY¥s of given theorems (in their

" own words);
} 2) . the completeness of their answers. to >t he experimenter's
t%st questions; these questions related .to the elucidation ~
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of both the fundamental principle or logical scheme of

the proof and its separate parts; ¢

- 3) their use of acquired knowledge in new conditions,
particularly in proving analogous theorems with modified
data, or. in proving new, more complex theorems, etc.

-,
Further investigaiign confirmed the necessity of such a differentiated
approach to evaluation of the pupils' comprehension of geometric
proofs., On these criterla of understandinnge based the analysis
of our experimental materials. \ ” P '
The main cause of sixth graders' difficulty in understanding
gebmetric material is the abstract nature of the proof of theorenms.
An analysis of thekzifficulties encountered here has permitted us
to makKe this general premise concrete and to outline some important
condition hat assure thelpupils' best understanding ofiproofs )
“of geq@etjzt theorems. Together with this, the observations and
experiments made it possible to establish various levels of comprehensiOn ‘
in ‘the light of. Pavlov s teaching. M N | '
The geometry textbook by Kﬁeelev[ 1] that has been adopted l
in the schools undoubtedly has marny merits. AE%ng them are
precise presentation of the material; accuracy of mathematical R
" formulations, and taximum hrevity of presentation. It should be f }
remarked, however, that Riseﬁev's textbook takes 1little account of
age peculiarities in the mental development of the pupils. 1t is
uniformly designed for all secondary—school grades, although thee
level of the mathematical development of Pupils who have just begun
the geometry course and‘of those who have been studying it for
several years is of course not identical, Therefore what is a merit
for an upper—grade textbook becomes a'defect for a textbook for ‘
beginners. In particpdar, the previously mentioned "mdximum brevity"
of presentation of n427study material, while presenting no difficulties
for pupils of the upper grade;, mayee the textbook difficult for,

. §
sixth graders to understand.

The practical significance of our work is to direct the R

attention of teachers and authors of textbooks to the psychological
difficulties that ariﬁe here and the possible ways to eliminate

them. We do this by nalyzing the particularities of pupils'

comprehension of the proofs of geometric theorems. d//
&
a. 3 i
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Two Conditions Necessary for Pupils' Compre-

hension of Geometric Proofs
2

From the formal logical poiﬁt of view, comprehension of mathematical
study material should begin when a new proposition comes forth - .
Efom the ?ropositiénsralready known to the.pupil. A conclusion is
possible only when premises that gre known and understood are given.
In fact, however, this is not always‘so, “The pupils can know some
prepositions separately and at the ;ame time fail to see the connection
between them. . | | |

Ve proposed to read Section 73, "Signs of Parallelness of
Two Lines,'  from Kiselev's textbook [1] to four sixth-grade pupils
(see Figure i). They had not yet covered this material. At the -
preceding lesson they studieg the theorem of two‘perpendiculars. R
Knowledge of Fpis theorem was checked, as well ésaof the theqrem
stating that an exterior angle of a triangle is greater than either
interior angle not adjacent to it. Thus the. pupils had mastered °
i}} the matérial 16gically necesséry for comprehenéion of Section 73.
After this, pupil K read the following from the textbook:
A

Let there be given, for example,
that the corresponding angles 2 and &6 | '

, are equal; prove. that then AB H CD. , A_
lLet us assume the contrary, that P <ii

‘C:W-

, is, that lines AB and CD are not
parallel; then these lines intersect
at some pelint P ta the Yyight of MN, or

‘ L h o T
4 in which angle 2 'is an exterior angle ' Figure 1 ' - \

P' to the left of MN. If the inter-
section is at P, a triangle is formed

_and angle 6 is the interior angle nongdjacent‘to angle 2; this
means that angle 2 should be largé; than angle 6 (Section NS .
which contradicts the conditions; that is, there can be no
intersection of lines AB and CD at any point P to the right
of MN. If we assume the jntersection to be at point P', then a
triangle is formed in which angle 4, equal to angle 2, is an
interior angle and angle & is the exterior angle nonadjacent
to angle 4; then angle 6 should be greater than angle 4 and
therefore greater than angle 2, whHich contradicts thie conditions.
This_means that 1ines AB and CD cannot {intersect at a point
to the left of MN either. Therefore, these lines do not
intersect at any point; that is, they are pa¥allel [1:42-43].

Experimentgr:'rWell, did you understand the ﬁroof?

Pupil K.: I didn't understand anything.

x
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Pﬁpil M: Me either.

iy

Two other pupils said the same thing. .The experimenter
put all lines of thé text that related to P 1in brackets
and asked the pupils to read it again. , ’

v E:  Did you understan&-something that time?

i Pupil K: I don' t derstand why angle 2 shaqu/he greater
’ than angle , , _ .

[

The experim®nter made a drawing in which the extensions
of AB and CD intersected at*P. A triangle Wss formed.

© /s

E: Whdt is aéiie 2 called with respect to tﬁe triangle?
e

.~ - The pupils w silent. . i

o,

E: But look” it is outside the triangle.
“ .

‘ Pupil K: Oh, yes, it's an exterior angle. .

€: And what theorem do you know about the exterior angle
of a triangle?

- The pupils state this theorem from memory and say that now the -‘;7R-—!-‘
proof is clear to them. Two of them repeat it correctly. - D
"To another four pupils of a parallel class, who were approximately
as good at geometry as the four«mentioned above, we gave the same
‘text, but after the words "a triangle is formed in.which angle 2 is o
an entéricr angle and angle 6 is the interior angle nonadjacent to
angle 2; this means that angle 2 should be larger than angle 6"
we inserted "according to the theorem we studied earlier which says
: ‘that the exterior angle of a triangle is larger than the interior
angle nonad jacent to it. “_ All the nupils indep&ndently understood
the theorem. ( ' . .
This® shows tRat it is not enough to know the proposition required T
for a conclusion (the subjects all remembered the theorem'agout the .
exterior angle of a triangle well), but it is important to recall ‘ ) !
it in a given situation, underfgiggg conditions. The words recalling
f the theorem immediately ‘made the sigyation clear where the theorem
was to be used, but the .simple reference in the text to Section 44,
which contains this theorenm, was’hardly effective. |
Pupil §, a sixth-grade girl, was first ked to read the proof
of the theorem of the ahgles with parallel} sides (Section 79 1in fz
Kiselev's book). Having drawn the two ahgles, she read in the textf
«
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Having extended one of the sides , AT D~

of angle 2 until it intersected the - y ‘ .
side of angle 1 that, was not parallel / -
to it, we obtain angle 3, equal to angle ’ 5;33 3 )

1 and to angle 2 (as corresponding CogfoTs -

‘angles formed by the transversal of: , 4/ Y : -
parallel lines); therefore, angle 1 = ° ’ M e
angle 2 (see E}gure 2). v e '

SR - M

Figure 2
Pupil S: I don't understand why angle 1 = angle 2.. How . N
' are they corresponding angles? Are 1 and 2
really corresponding angles? i _ .
. / .
E: Angle 2 is equal to angle 3 as correspending angles
formed by CM biseoting parallels AB and ED. Angle 3 =
. angle 1 as corresponding angles formed by FD bisecting
\ , parallels ' CM and EF. And if two angles are equal to a
' third, it means that they are hlso equal to each other.

The pupil saidfthat noﬂ?She-und!?stood the theorem, and gshe

‘ -
repeated its proof.

* Pupil L, another sixfﬁ—gréde girl, independentdy=sead the same

o s
theorem twice, then said that,she did not understand the proof. Then

.the &xperimenter gave this gxplanaéion; "The proof is reched
Pt thé‘fact thdt we first prove that angle 2 equals angle 3; Yhen - '
wg prove angle 3 equalsto angle‘l.ﬁ This remark J;s endhgh for the

pupil to understand the proof. |

| When this theorem was given to several gup;ls of the Moscow :

Regional Secondary School for Resident and Corresponding Adylts who ’

*,

i .

had not yet covered this material, one of.them, Mr. 1, asserted
¢ : . . ‘

categorically that he did not understand the proof. Here is his

reasonﬂnghon this theorem:

*

\ 1

.y Mr. I: What kind of "corresponding” angles are we talking
. YWwbout here? In parentheses it says "as correspond:
angles formed by the transversal of parallel lines,'
‘correspojding angles' [he emphasized the,s of this’
word ], an before this it says ''angle 3, ‘equal to
({ - angle 1 and* to angle 2," so they should have written
"As a corresponding amgle" [about angle 3] or "to .
corresponding angles” [about angles 1%Mand 2] , but ' d
it just says 'as corresponding angles."

- A

E: But do you understand the course of the proof?"

-

I: Nm,ﬁl don't. And it's hard to understand when they just .
- casuakly mentjon something about corresponding angles.
[ , .
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T \ " (One would be an exteridr angle .

. e

P In Kiselev's textbook it.ds presented thus. Co

- - .. . b

>
The experimenter felt ;ziﬁfnf. I just did not want to under-

stand the theorem, to penet into it, because of the feeling

of dissatisfaction he got from su¢h a presentation of {pis proof.
When the‘experimenter stressed that the words ' correspondingl§hgles"

with parallels" related to the pairs of angles 2 andJB and angles

" 3-and 1, _Mr. I said: "But it doesn't say anything ‘about thag here,

I Can’ t guess what's not ‘written. » Some kind of hint is ‘needed to v

explain the situation.- é S . :

(1]

‘As corresponding angles with parallel lines.’

~E: Angle 3 = angle 1. Yes? . - ' A .
i: ‘Right. .i : o ‘ - { ‘
. 4 T - SR
. Et "So, what conclusion can you-nake? ,
a7 '

, I: TIf epgle 2 is equal to angle 3 and angle 3 is equal to .
- angle-'1l, that means angle 2 is.equal to angle 1.

@

E: Well, éreatl You've understood‘it 5115 “dsn't that so?

< . . N
I: _Now: yes, but it's very vague in'this pook.
.4 K ,
In repeating_the prooﬁ of ‘this theorem, Mr.' I first pointed
out: ”Three angles are equal angle 2 to angle 3 and angle 3 to
angle—l Twp angles are’ equel nszithird, that is, they "are equal
to each other too. '’ Thus he summed up the proof, stating its o

scheme This helped him undcrstand it and reproduce precisely the

)

rest of the proof according to the textbook '

We let a group from SchoolrlB7 examine*for themsclves the.
F <7

_proaf of the theorem that two lines are parallel: if. the interior

e

angles on the same side of the transversdl add up to-2d (see Figure 3)

¥ I&@ it also bz given that angle o
4 + angle 5 = 2d. Then we ghould ' o

. ’ A
1 conclude that angle 4 = angle 6, since. . LT %71‘~
' ay 6 added to angle 5 also equals 2d. A VA
. But i ngle 4 = angle¢ 6, the line oo ~j~»~—¥~»~L{)N f? .

4 . G
.. fannof intersect since otherwise A ) _5\'? ! .
- angles 4 and 6 couid not be‘equal

and the other mld be- the interigr *: oL /
angle nonadjacent to it): [1, 43 7. ‘ N
- L4 “ . .
/" LA e Flours .3
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Tite pupils_sei&“they did not understand the proof Then the
experimenter read tzz text phrase, by phrase with the pupils. It
kmpeared tfat many €lements on which the theorem was based were not

understood by the pupils. Especially unclear foxr them was the

. statement that "the lines cannot intersect since, otherwise angles

4 and 6 cguld not be equal.” The pupils could not grasp the
‘conglomeration of caunclusions:and inferences,aand said so frankly.:
‘"What is this otherwise ?  Why couldn't. angles 4 and 6 be equall'y
they.asked." ‘ Ce NS T J

- Then the exnerimeater‘asked them to read thﬁjfgigowing.variant
of the exposition Uf the proof

-

' -Angle 4+ angle 5 = ad Let us look at angles 5'and 6.
= They: eISo add up to 2d, since they are adjacent angles.._And
* if angles.4 and 5 = 2d and angles 5 and 6 =’2d, what ‘can
' be said'of angles 4 and 67 They will be equal. Let us note
this: angle 4 = angle 6, -1f the extensions of the lines - '
were to .intersect, a triengle would be formed apd conseguently
angle 6 would be an exterior angle and anglt® 4 wQuld be an
} . interior angle. An exterior angle is.always Rreater ‘than
the interior angle nonadjacent to “it {you learned a theorem
about this). Biit we have them equal, therefore our proposition

St is wrong: the li§S§,cannot interseet, and this means that they

are parallel, . .
At first glance this explanation iégionger and more complet.

The supposition-is developed. in detail here, and there is .a conditiomal

form of propositions. This text, nevertheless, was immedidtely
undg¢fstood by theeeupils. Why is this’

In the textbook presentab On,. the material is given preeisely,
but too briefl@--so briefly that\gach phrase was a problem for the.

pupils. They were i{mmediately fac th aeveral problems, and the

[N

course of the proof was incomprehﬁ:sible.

The seeond variant of the provof, which we offereq, was not

mathematically different from the first.~JBut in it there is,. firss;

supplementary, guiding phrases of purely psycholgoicai value:

"let us loek at angles 5 and’ 6," "what can be said about anglessé
and 6," "let us note’ this," etc. Second, the phrases in it are .
elabqrated more fully, which results in the final conclusion being

easily peroeived,by the ﬁupils like an ordinary conversation.‘ In

}

addition, the fpﬂ&sqssfal idea, of the Pr05f——assumdng the contrarx-—

- -,,

is rightl¥raccented . : .

.
}
~ - i * .
'.- kY ’4 . "
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. + . .
.
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Thus in the second variant of the proof the pupils do not

"y face two or three problems, as they do in the first variant, but only
~one--to understand the idea that the extensions of the lines cannot

“intersect. This idea is easily grasped by the pupils, and the whole

proof is understandable to them. ~

- We can state other similax faets. Pupile ofteﬁ announce
their lack of understanding of an exposition in the textbgok

wherever the author makes a parenthetical reference only torthe

a ropriate section number ofrthe bobk, instead of repeating .one
of the previous statements. f; the first part of that same theorem
ﬂ( t the features of parallelism of lines the,text says, 'TJQ . angle
2 is an exterior angle eﬁb Aangle 6 is the interior angle nonadjacent
v tp angle 2; this-means that- angle 2 should be larger than angle .
6 (Section 44) [l 403 " Here the referemLe is to the théorem of-
1; the exterior angle of a triangle.,<"f;"; b . 4 . "
The' experimenter tested the knowledge of Pupil T, a sixth-
. grade girl, concerning previous material paé%ieularly this theorer.
‘ + The girl, knew it well. ﬂaving read the proof of the theorem of
' the features of parallelness of lines, the pupil sald that she did

not understand it:. Then the experimenter tequeeted her to read

oy

the ptoof'agafn. . . . : .
. ) ' : - R
., Pupil T: If the intersection is at ?, a triaqgle is
- ' ‘formed . . . . - : .

~

+E: Do you understand this? ’ \. T )

~. Pupil T: Yes . .. [reads the’ book] " dn whi

L. angle‘nonadjaeent to angle 1; tHis means thats
( , ' .  angle 2 should be }arger than angle 6." There‘e
something here I don't understand. '

- . . ¢
= ' E: What don't you understand? You know thegtheorem of the
: exterior angle of a triangle, don't you?
' * Pupil’'T: Oh ves. 1 knew,’ L dnderstand SR v 5
g ,‘ : :

" Later Pupil T read the proof to the énd and was~able taq repeat

it will full underatanding of the matter. . , Cod
e b ) ! ety ) ot

. . L
, * . + L ] - I
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Three sixth-grade girls were asked t; examine independently the
part in Kiselev's textbook concerning the theorem that each side
of a triasgle is smaller than the sum of the other two sides
(See Figure 4). In the textbook its proof is presented thus:

In triangle ABC let AC be the largest side Extending
side AB, we mark off BD = BC and draw DC. Since triangle
QBCD is isosceles, angle D = angle DCB; therefore angle D is
less than angle DCA and, therefore, in triangle ADC side’
AC is less than AD (Section 47), i.e., AC < AB + BD.
Replacing BD by BC, we get AC < AB + BC [1 Section 50].
‘
The pugils understood the beginning of the Proof (the first three
sentences)/’f§ It was clear to them that angle D = angle DCB. But
they were confounded by the sentence: 'Therefore angle D is less

than angle DCA." - o

' AP pupil K¢ Why is angle D less than angle DCA? - (f—\\\ffi\fgff

Pupil $: But don't you see? Angle DCA is big and angle
‘D, is small. '\\ : 2

Pupil P: Of course. Angle ACD is obtuse and angle D is acute.
. LY * . ‘

) » 1t is clear that the link omitted by the author--the note;&hﬁt
the greater side lies opposite the ‘greater angle, mutely mentioned

v in the book by the feference to Section 47--did nof\ﬁome to. the pupils'
mlnds, and they left the logical path\\i the proof, crossing over D

" to direct judgment'from the drawing.

'Also, the pupils were completely baffled . - ; /XXKXAT
by the words "and, ;heréfore, in triangle : fijA /4/
fﬁc side AC is less than AD." Pupil K #£aid ‘ ¢ffw - 3
this about these words: 'Why 'thergfore'? . A, C.
! If it is simply obvious that AC less than Figure 4

AD, ‘then why prove 1t?" Evidgntly the pupil understood that

a logical proof is required,fbut, in view of the break of the

logiral chain of deductlons due to the omﬁssion of one,elémed;
of the argument, the proof was unintelligible to her. Meanwhile, v
At the beginning of our ccnversation the pupils revi ed séveral

h - of the preceding theurems, includLng the theorem of the greater
side being opposite the greater angle in a trianglv to which the

textbook made reference. All the—pupils knew thisthcoremand ‘not

. o | - t\ i

Q : ' : ‘: . 3 f;f;
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only remembered its‘tékt, but;also ité\proof. At the same time ¢
none of them thought to’lgse it to prove the new theorem, so they
did not understand the latter. They were perplexed by the formula
AC <AB + BD .Also they did not:undeﬁﬁﬁﬂnd why BD was replaced by
BC. In a WOrd, the theorem was not understood at all.
» To escape from this situation the experimenter directed the pupils'
attention to the parenthetical'mention of Section 47. The girls a
read this section, said they knew it, and e of them, Pupil X,
rereading the theorem, said that now she was beginning to understand
the proof of the theorqm. ‘ ‘

It is interesting that the previously unintelligible phrase
"angle D 1s less than angle DCA" was now correctly understood by
the pupils. When the experimeeter asked them why angle D was '
less than angle DCA, Pupil K answered. "ﬁecause‘it‘is egual to
. angle BCD, and angle BCD is less than angle ACD." o
' We observed the same thing in the. experiments w;éh adult subjects--
the pupils of the resident and correspondence school. Thus, Pupil R,
speaking of the proof of this theorem, said ﬁSomething here 1is so
short that I can't grasp the main thing. Why should side’AC be less .
. than AD in triangle ADC? I don't understand anything." And she
xbegan repeatedly to reread the p;oof. Figal}y the pupi} noticed
the parenthetical reference to Section 47, looked at if, ‘reread
the theorem that-was causing her trouble, said ﬁhat now she under-
stood the proof, and pgesented it indepen?ently.' .

E: Why did you look at Section 477 You already knsg thiq
~theorem, and 1it's clear that it's mentioned her

Pupil R: T should have looked at Section 47 long ago. 1
. ~would have proved it for you immediately.

E: " But you remember this theorem, don't you? °

Pupil R: Yes, but it's not directly mentioned here, and it's y
hard to remember when you %re fbllowing an exposiqipn.
It is quite obvious that in the cases mentioned above, the
ndnunderstanding arose as a result of the absence of a‘Funnection‘by
the pupils between the separate mathematical stfatements referred to

in the textbook. Usually the pupils remembered the theofem on



o

which the proaf was based, but because of excessive brevity of

the exposition in the textbook, they did not find the link between
the new and the old material, and consequently did not grasp the
logical course of the proof of the new theorem.

It is fitting to recall the words of Pavloyv about the fact
thattbnly‘thankq tq a connection or association "a system, an
organization is formed [5'47] " The excessive brevity of the
exposition of pyoofs in Kiselev's geometry textbook hampered the
«utilization of necessary associations and added a new problem to
tfe pupils' task, that of deciphering the book's references, which
distracted them from the main problem--to follow the logical chain
¥f references and conclusions in the proof of a theorem. ( ‘
| The following facts show just how difficult Kiselev's geometry
textbook, because of its eafreme laconicism, is for the independent
comprehension of sixth grade pupils. Of the 12 pupils who independently
studied the proof of the theorems given above according to this
textbook (Sections 50, 73 and$79), only one pupil independently
uhderstood the proof of the first theorem; two, the proof of the
second theorem; and four, the p;oof of the third theorem. For all’
the other pupils the proofs\of these theorems were unintelligible
without the_experimenter’s supplementary explanations; he had g&
réconstrugt the omitted or insufficiently elucidated links of the .

t

proofs.- ' . v
Omissions'of intermedigte links in reasoning have a strongly

negative effect on the comp eﬁensioﬁ of proofs of geometric theorems,” *

primarily on the camprehéhs on of their logical structure. The

obstacles that arise here ifi connection with restoration of the

omitted arguments divert the pupils' thought from the main problem.
Pedagogycal experience constantly shows that it is easier for

the learner to solve one complex problem than several smaller

ones piled atop each other. Because their attention is distracted .

, by secondary problems, the pupils often do not grasp the main course

of the idea and 31 a result cannot understand the material explained

to them. r . ] .

L3
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" of the memory. As already noted above, in all these cases the

.did dhe pupils begin to recall earlier material. Without this,’

o

An interesting fact may be established here regarding the work

pupils had mastered the material needed for comprehension of a

new idea. ‘And still they did not understand, because they did not -
think to use earlier-learned.theoremé to prove new theorems.: '
Psychologically speaking, the memory did not supply the needed
matedal fr‘% past experience, mainly because the consciousness was .
entirely concentrated on the new material. This resulted in lack of
understanding. There ig a sﬁecial difficulty here to understanding
complex’'abstract material. There is reason for the pupils in this’
situation to say, "It'g® hard to remember whean you are following

an exposition." - Only after clearly understanding the basic problem '

they did not think of it.
From this a coaﬁ}usion suggests ‘itself: in pupil's thinking
there is a ppanacteristic tendency toward one-problemmess, toward
elueidating the basic problem with the greatest simpi%fication
of secondary problems whenever they are trying to understand new material.
Angd this is completely natural, s if the system of basic ‘
- . tted, 'any additioenal irritations

connections 1s insufficiently ela

caused by mutual induction of theﬁﬁeural processes‘begins to slow

ddn: the main wakening centers. The negative induction of the neural

processes in the cortex that then arise is the brake that hinders
the gppils' comprehenéion of comélex ("multipgoblem") material. .
. Thus, one of the most important conditions for understanding
study material is the precise isplatipn of 4ts main ldea, particularly .
the basic line of the proof® which should be examined in detail in

all its interﬁediate elements, but without distractirng particulars

and secondary problems.l . o
v / .
‘ ¢
lThe remarkable lectures by the greatest methodologists and ‘ s

mathemat icians (Professors Bogomolov, Koyalovich, Kavun, whom the
author was' personally able to hear) were distinguished, among other
reasons, by the fact that in them the listeners were constantly reminded
of even the trifles that were necessary to understand the main point.
Thanks to this, the listeners’ minds,ﬂunburdened by numerous

problems, went full speed along thé road to elucidation of the

. main problem, as‘shown by the lector. -

s v f
-
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- TQ explain abstract material such as the proof of geometric

t éSrems understandably to sixth-grade pupils means to eliminate any
vagueness in the details, leaving for solution only the one basic
problem on which the listener concentrates. This is the first
conclusion we ﬁeke as a result of an analysis of our experimental
maﬁsrial. |

. Further analysis of these materialexSEEGEa\that along with a
detailed explanation of the basic lige of proofs of geometric
theorems (especially in examining the more complex ones) the pupils
must show the scheme of the prf)of, turning their attention to the‘
basic courses of thought, that is, to the connection between the main
elements of the proof without analyzing them here in detail.

We have already cited the case of Pupil.L,who fox a long time
did not understand the proof of the theorep of the angles with

arallel sides. She understood it/ as soon as the experimenter gave

her a éeheme of the proof. We counte;ed other similar occurrences,
We cite some of them below. ;, | |

For a long time a group of ‘pupils did
not understand the theorem of the inscribed
angle (Section 124 in Kiselev's book), *

nainl% because of the great many‘data about

various angles and figures given in the fext.
Then the rgxperimenter decided to map out the Figure 5
main idea of the proof of the theorem-like ‘

this: "Angle B is twjice as small as angle AOC, the external angle,

and angle AOC is measured by arc AC. Theérefore angle B is

——

measured by half of arc AC" (see Figure 5). After this the pupils
easily'understood the proof given in Kiselev's textbook. .
Another group of pupils from School 187, during one of the
consultations held‘by the experimeeter, asked him to explain the
theerem of the relationship between arcs, chords, andithe
distances of the chords from the center. The theorem reedg:

¥

If two arcs, smaller than half a circle, are not equal,
the larger of them Is cut off by the larger chord, and of
both chords the larger one is closer‘io the center [1l:

" Section 109}.-“__\ "



-The proof was explained in class by the tgacher, but still it
. ~  remained unclear to these pupils. They understoed the first part
- 2\\‘ of the proof, but the second part seemed very cogplex and+difficult
to them. The experimenter's questions about each element of the.
proof disclosed that the pupils understood the constituent
element; but, could not unite them, - .
hIHEQdErstand, but not quife,".one girl deﬁined her underetanding.
‘ : Then the"experimenter gave this explanation:

We must prove that OL is greater
_than OF. QL is greater than OM, and
OM is greater than OF. Why? Look
at'right triangle OMF. 1In it OM
- s the hypotenuse and OF is a leg.
® The hypotenuse is always greater
~ .than a leg (Figure 6)» oo =
e , ' _ Figuré 6

-

Essentially this was almost the same as whit was said in the
textbook, rhaps merely stated more.%chemﬁtically. The pupils
ann;unceéfpiéi they now understood the proof g&#én in the textbook

and then presented it correctly /f :

This kind of schematic epe;ysis is especially valuable for
. understanding the proofs of msee complex theorems, Doihg the: . y
experimenter’'s aesignment' a grodﬁ,of eighth-grade girls first | |

became acquainted with the proof of the Pythagoéeaﬁ Theorem in -a"'

. the textbook (Section®257). The A i

pupils uﬂderstood the separate
elements ;f the reasoning given , ’
them, buﬁ the prpof as a whole

remained upclear for them~-they

L
could not summarize it. In AR -
this connection the experimenter

decided, to explain the scheme ) y

of ’the proof to them in this : 3 A

:m I e .
| way: : ' Figure 7 ‘
* , ¢ * L
Experimenter: We must understand how.the proof gs constructed. ! .
' . . 1'11 now summarize it very briefly for you, -
' = ' without even using letter designations. \Q\\;

Look, this triangle [indicaPes triangle DBC
" in the textbook] (See Rigure 7) is equal to
. half of this square [points out ‘ABDE].

-3 . * .,
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‘Pupil S3/A Why? ' \ . ) X W////
E: r S tr :
indicates ABH] isgequal to half of this rectangle
ndicates BLMH]’AKBut the triangles are equal; therefore ‘
. this square [indicates ABDE ]'is equal to this rectangie ' Y
*  [i{ndicates BLMH]. We reason the same ‘way ‘with respect - g

to the right square and rectangle. Now read the proof
of the theorem from the fextbook. '

-

.Having,read it, the pupils .said that they now understood the ™ \

roof, .
P \‘\

. E: Do I have to explain why the area of triangle DCB'is‘
equal to half the area of square ABDE? ,

Pupil K: 'No, that is clear' triangle DCB has a base that is » L
' \common to square ABDE and an altitude CN that is
i . ‘ o equal to the altitude AB.of this square. - [’
Thus the pupils completely comprehended~the proof of the theorem \\\\\. pf
immediately after the experimenter had given them a brief seheme .
of it, not even using literal desighations of the figures apd anglee.2
.. The following &éta from our experiments speak for the value of , -
this type of schematic eXposition‘of geometric theorems. We -asked ‘ ‘
10 average pupils to analyze independently the proof of the theorem
about the property of an angle bisector in a triangle [1:Séction LOQ} S
" We asked 10 others to examine the theorem about the relationships
"« between arcs, chords, and the distances® of choggs 'from- the center
[1 Settion 109} Of the 10 pupiis, only 3 could prove the first
thegrem, and only 4 could prove the second. After a schematic
ekposition of the .proef of these orems by the experimentet, the R
pupils correctly analyzed their pﬁij}z in the textbook. Now eight
pupils proved the first theofem snd all proved the Second -
At first glance,_the dat} seem to be in sharp contradition to
the earlier conclusion about 'the necessity of the detailed exposition
of geometric proofs without any omissions of their iptermediate _, .
~_,elements Really, however, there is ;o contradictioig\ detailed , . . .

. '+ proof of. g__ggtric theorems which’ supposes the fdrmation of connections o

N

A §}milar method of "schematic" exposition of the proof of
geometric theogems was apfplied by us only as one of the experimental
devices of investigation ‘and~met as a general methodical device
recotmended to the teacher. From this point of view, the' device of -
course needs a whole arra§ of modifications. ]

RS B N

ERIC UL W92

- r &
.




-

1: f, i

-

between Skparate elements of .a proof should be aeggﬁmanied Ez general-

ization gfjthe fundamental points of the Exoof,/that is, by organization
of a‘§§s m of fundamental® connections. This 1s immediately

achieve 3n.a schematic exposition of geometric proofs.
Sometimes such a schematic presentation of eometric proofs
4% should be one
of the initial ones. In particular, this_would‘be trus }n the

should be the concluding point, but more often

experimenter's explanation of the Pythagorean theorem cited above.
In a schematic exposition:of the proof of the Pythegorean'téeorem,
Pupil S raised a question at the: experimenter s first statement:
"Why?" she asked. The experimenter ansyered "Don't ask now, I'11
get to that.”" Thus he simply made the pupil cemporegily forget
about substantianing th\ individual propositions’ in order to explain
the structure of the proof as a whole. This helped the pupil

5

- understand she essence of the proof of the theorem.

Such an example is often used by the pupils themselves if they

"do not immediately succeed in understénding the proof of some

theorem. The pupils, However, who do not think to use this device ,
and at the same time who cannot go deeply enough into the material
,

so as to analyze it independently, finally become confused and falsely

convinced of their inability to solve a given problem. In such cases

the teagher should .come to the pupils assistance and, in order to

dvance independent development of ‘their thought, 'should advise '
them €0 make a scheme of the proof,. omitting details. B

0f course the nonunderstanding pupil may be . foreed to” continue

reading the material carefully, recalling what he should know, LY

examining detehis, etc. Such demands may be useful sometimes, Tl é

training the pdpils' ability to overcome diffiqulties inde#gndentlx.‘
Nevertheless, this route of intentional difficulties does not solve
the question of rational devices for explaining inc%mprehensihle ﬁ

material. Therexplenatibn, once it 1s given, ehould,alweye be under-"

standable to the pupils; otherwise it is useless.” More than.enpugh

’:difiiculties in mastering the study material always arisg, and there

is'no need to create them artificially where they can be e drély
eliminated.

~
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. Summarizing what has been "said, iq may be noted that amongﬁthe;'

factors promoting comprehension of thd study material, that is,

promoting establishment of, the connecqion among its individual -

e1Ements and isolation of the main group of them, these two sho 2
be distinguished above all: \ ’

1) a'detailed presentation of the mstexial with elimin ion
of any ‘condary difficulties, ' “

2) a brief schematic presentation af the material, permifting

-

one to view the proof of the theorem as a wholeP to understand the~
main idea in 1it, and to imagine its structure snhematically."_“é‘

It must be fememhered here that the brevify and amqunt of
detail of the presentetion can never entirely be a matter of the
purely quantitative side of the verbal ﬁormulation of the
explsnations given. The brevity w& refer to here consists not °
only in the~use of a small number of words, but is inc&uded in a
special cogstruction of the explanation of the material which
reveals its scheme and transmits the essence of the matter in.5ew
words. Detsil in the explenation does -not signify its verbosity,
but signifies a construction of the proof such that secondary
difficulties hindering perception of the main ides are
eliminated : - L .

. ’ *

Levels of Pupils’ Comprehension of Geometric Proofs

’In observing the indicated conditicms for.understanding-—a
detailed expositien of the study material and its subsequent -
schematic generalization—-the pupils as a *ule quickly grasp the
proofs of theorems prg%ented to them and correctly use them in

further study of geometry. Here, hoWever, such a level (degree

'og depth) of understanding is’ ‘not always immediately achieved,

-and not by all pupils. One msy often encounter more elementary

levels of understandiné. What are thege levels, and what
R g 2 0
are their psychological characteristics?

To answer these questions, we return to an analysis of w

concrete materials.

N
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Pupil V (a 31xth~grade girl), proving the ,theorem of angles with

CorreSponding}y parallel sides, made a.correct construction (see

Figure 2, abéve), then made a mistake. Instead of saying, ''We

formed by the transversal of parallel lineé); therefore angle 1

s equai to angle 2," she said, "Angle 2 is equal to angle 3 and

&

lg;gm what follpwed it was ascertained that this error was not a
simple slip of the tongue, but the result of the pupil's not knowing
what to equate; not understanding the logic of the~prqof; she could

A

not summarize it properly.
However, individual links in the chain of reasoning'were clear

to her. N »

Experimenter: Why is angle 2 equal to angle 3?

Pupil V: As corresponding angles formed by parallel
lines and a.secant.

E: What can be said about angles 3 and 1?
' P: They are equal. / . N

- ¥

E: Why? ‘ 4

L )

P: Also as corresponding angles. 1 ‘ SRR
E: What do we have then? '

o~

‘obtained angle 3 equal to angle 1 and angle 2 (as corresponding angles.

angle 2 is equal to angle 1, therefore angle 1 is equal to angle 2."

.P: Anglé 2'1is equal to angle 3, and angle 3 is equal to angle 1.

That means apgle 2 is eQual to angle 1. ’

Thus we see t@ﬂt the pupil's comprehension of the proof of |
the theorem existed, but it was still not profound enOugh for .
a correct presentation of it.

Further, the experimenter asked the pupil to prove'that same

theorem, herself, not for acute angles as had been,done first, but

N\ for obtuse aﬁgles, with their sidés directed to the left instead

of to the right. He}! the same method qf proof should have been
used, * The pupil however, extended the side of‘one obtuse angle
until it intersegted the side of the other angle, obtained an
aLute angle similar to the one in' the preceding theoremn, thought a
moment{ was about to tonstruct a second acute angle,vanalogoos fo

the one in the preceding drawing, but .then, understanding the
\ . : , . . .

e

-

b(
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uséléssness of such a construction, announced that she did not’ ‘*“ >
know how ‘to® prove it . It is obvious that here we have an incorrect : .
transfer of the scheme of the drawing of the first proof to the " N
. second, without taking account of the conditions of the new problem
‘ The pupil finally succeeded in proving this theorem only after tha .
eXperimenter had eyrased the unnecessary extensions of the lines S
! and directedf$€f€::iention to the similarity of the proof of this )
tieorem with both acute and obtuse angles
‘Pupil K, a sixth-grade girl, was asked
to read Section°38'in the textbook. Here
the theorems that 1) in, an ispsceles triangle
. the bisector of the vertex is both the. median

and the altitude, and 2) in an isosceles

triangle the base angles are equal, were

proveé (Figure 8)., 'As is known, both

. I“a

‘theorems are proved by folding the ;
drawing-along the bisector BD. (‘ ) , 1Figure 8 S
+  Having read the proof\\EVen.in Kiselev s text tﬁice, the pupil

when asked if she understood it gll, answered that she understOod ‘ 41

the proof byt it was not alear tm‘ﬁ%r-ﬁhy, asxaAreault of the \ . .

. equality of angles 1 and-2 (at the vertes), side AB falls onto -side _
..BC (a lateral side)’ ‘ ,~~j —‘% . et .é;)

The pupil fupther réquired &n additional explanation of why, - '

as a result. of the equality of angles 3 and 4, lBD is the perpendicular,

' that is, the altitud®. ‘After. the experimenter’ s explanations the
A pupil.announcea that she uplerstood everything in the theorem. -

* | ]
But she stil1 could not summarize its'proof. The explanation had : .. o0,
‘to be repeated hefore sﬁé could do this. B ) .
' Another girl, Pupil P also said that, she understood. all “but v

" became confused in transmitting the proof She said only £hat “AB
falls along BC and point A Coincides ‘with point C. rAnd immediately, ‘,'
without pro“fﬂnshe concluded that angle 5 was equal to angle 6 and

. BD was the alt#tude and the median. However, té the question why ~
AB fall's along BC,' she answered'correctly: "As a result of the n
| esua:§zy of angles 1 and 2 (at the’ vertex). L § alsﬁ.answered
y \corr
equality of anglesl3 and 4. ™). It can be seen from this that the

. * ’ N ] - . ' .
. . . “',\ 81 cors ' , 3

ly the question why BD, is the altitude ("As a.resultzof the




;)f : pupil, ﬁnable to transmit 4 connected proof of the thefrem, -

correctly transmitted it bg/individual parts in the form of answers
-/
to questions. : . : - |

- \? . .i
r. Pupil Sh, reading the proof of this. theoremeicould net transmit

it. When the experimenter asked her why AB falls along BC, why -

point A coincides with C, etc., she cauld not answer. Then the ) q;

Ty e experinenter read her the proof by parts. Thua the) proof was -,
.broken into a series of individual links: l) Let us8 fold the

. 2) Because angles l and 2 are eqoal AB will fall along’ N

BC. 3) Because AB and ‘BC are equal, point A will fall on point ‘

4) AD-falls along BC and matches it. §5) Angle 4 matches Y e o

angle 3. 6) Angle 5 matches.angle°§. ) 7 o .
After, the proof was decamposed like this, the pu ‘announoed

) drawing.

Jv g

What ‘she experienced SR jeccively as. understodd‘“hwas really . Yo
(objectively) r\lat:ed t to the whole prSof but only taq, indi\(id‘hal '..'-'\' .

3 parts ofﬁit, and as a resul the pupil was unable to present thel v

entire proof.sequentially as a ynit.- ™ : 1

4 I

Comprehension'of indi01du pagts of the proof. when it ‘is

impossible to present it as a whole {s one of the initial stages . o
of eomprehending the study material In this ‘case the individual . )
: ' . elements of the proof Qre perceiﬁed correctly hut still without *

' 'tn bligatory interconnection, and g§s & rasult the comprehension

. * . ‘
. that she understood it although she could not summarize it indgpendently. -

has a scrappy, frhgmentégy,character This 1s the stage of fermatiomr Y 1

offinaividual associations (or individual groups of aSsociations),
but it’ lacks their sequential eombination to forh one ‘common. - =
. chain and, moreover, a; generalization of their system.‘. . ' ‘ ©C e
But many pupils with whom we conducted the work indicated

another level of understanding. . T e , )

.
* . ‘ ~ ., @ #

#< Pupil S, having read the proof of the'theo{en of angles wi;h v
parallel sides (Sectdion 76) three times ‘and correctly reproducing . "
T\ it under guidance of the experimenter, announced "I understand it , é

" The pnpil however, was - hard pressed

all. T%entheorem 18" easy.
\ when the experimenter asked her to Prove -this theorem for

obtuse angles facing in the other direction.,'Her attention had
) s
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e : ) ' . £
" to be direfted to the fact that here the same principle of proof*

., +-as in the irst case was to be followed, after which the pupil

"correctly prpved this variant of the theorem. -. .
‘ Independent proof of the same theorem about angles‘facing
in opposite dtrecfions from the vertex (Figure 9) wae-toﬁally

impossible {or Pupil S. She hegan by extending,AB to its inter~ .

.section with DE and then began gh prove the equality of the newly
formed angle with the.)given one, but could go no further. .She
could not understand that the principle of - iroef here was the

same e first two cases with ‘the onl differencglbeing that

(Angle 3). . -
N .ft was clear from further cou&ersation that the‘pupii .

h though she repeeged all parts of the propf in proper sed&%ﬁc

/still had difficulty ascertaining its main idea: to compare‘ﬁwo

angLes with a third and if it turns out that the first~ two ’

'* angles were each equal to the thdrd, then therefore they are equal* .,

to each other. i . . ' .

o Figure 9
Pupil T read the theorem of the sum of the ngles of a triangle

' and its proef (Section 81) twice. To the exper menter s &uestion
‘ “Is the theorem&lear?" she answered yes, coredctly giving the
preof of ' the. theorem. All seemed to° £0 well‘heomplete eompre/snsion.
tHowever, the experimenter s next question, "Why is angle ‘A + angle
B + angle C equal to 2d?" -(Figure 10) confused- the pupil, she was
" silent. Finally it w;s learned t:%t the pupil did not undersgand
* that dinstead of angle A one could take angle ECD, and instead of
angle B, angle BCE gince they-were egueltto each other. And here
R appeared that the pupil having correctly stated the proefv

-according to the textbook, still did not isolate ‘the basic principle,

.

-

the main idea of the proof. - /
. ) 83 : e
L . e
/ .
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] Tts basic characteristic is the immediately sequential perception

.

e | ‘
' From this-“fellows rapid forgetting of the .proof and inabilityl
of transfer or generalization, the impossibility of constructdng )
"an analogous proof using the same idea on different material S &\
Pupil Kh, who correctly repeated 'the proof of the theorem apouz @g
i 1 riangl s -asked 5 -
an isosceles triangle, wa as‘eﬂ“fg §§g§g§»

*%She could not gggﬂﬁm;* indicated.only that the dtawing had to
be fol&ed “she <ould not answer the’ experimenter’s question, "But why

‘does AB go along BC and angle\A coincide with angle c" ‘
. ~ In all these examples wWe are dealing wi;h a special level of
understanding by which the popils, corn;ctly state the proof of
- theorems but aithout" isolating its main idea, or basic principle.
Because of such understanding the’ pupils can correctly explajn, B
for example, why one- angle is equal or not equal to another, but
they cannot reveal the logic of the' proof or answer the question
. of why the proof is;condueted in just this'way and not some other
way.. Without isolating the scheme of a geometric proof, that is,
the system of basic connections, the pupils naturally‘cannot use |
. it (tranfer it) when proving analogous theorems
Unlike the levefl of "fragmentdry” understanding describéd _ .
above, by which the pupils grasped only individudl elements of a
proof wishout sequentially linking them with each other, this level

of understanding may he called logically ungeneralized "
\

-

of tpe material given the pupils, without, however, isolation of
the logical scheme. More precisely, it is without a generalization
‘of.the system of its main links, v h

In other words, at a given level of understanding we are dealing,

not withseparate, uncoordinated associations and not with separate

groups 5Eﬂthem, but with a sequential chain" or an elementary system

. of associations for which there has been\no formation of their gengral-"
. ized ;systems. .

. In the study of geometry such logically ungeneralized under-
standing'is quite widespread-among the pupils,’and they may'sometimes
be encountered even in the best pupils if an‘assignment surpasses

their pvwer. Thus, for instance, at the end of the school year the

»
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g é&pe&imenter asked a pupil, an exceptional seventh-grade girl, to-

. . . . Ty, . . o o o § o . 3
N ~ . . . L
: ] ¢ . [ I . .
. . S . . . . . . . . .
- e . . .
. . i -
‘
o

" analyze independently one of the first theorems from the eighth~grade °
o /
. .course (on. the incommensuxability of the diagonal with the side o oot

. Ty

“

‘of a square, Sectian 149), a proof based on data known to seventh- o
grade\graduates. Having read the procf in tgs,texthook three
. times, the pupil correctly analyzed it’, accurately stating the
" whole course of reasoning. She did ﬁQt, hcwe§ér,.immediately grasp
R the main idea of the proof Supplementary leading questipns and ‘
‘: hints were needed for her to explain it. . . D7 I '
. It s an entirely different matter, regarding the deeper undefi
standing of the study material when the pupils not anly grasp all
. ‘elements of the proof in their sequentigl interconneétion, but
‘isolate the. main princtple of the proof its logical scheme. -,
wo identically successful’ groups "of pupils were asked to read
diffﬁ:‘; ‘

t variants of the prpof'of the theorem that the exteriot
( . ¢ \ \

»
angle~of a triangle is greater than each interior angle
nonadjacent to the exterior one (aé always, this was done before ’
the ‘theprem had beén explained in class). - T

The first group was to read the p{oof given in Kiselev s ' .
text. There it begins thus; T S

Let us prove that exterior angle BCD of triangle

' ¢ ARC (see Figure 11) is greater than each of the interior
angles A and B which are nonadjacent to it. Through the .
midpoint of E of side BC we produce median AE and. ¢n its
extension mark off segment EF = AE, : Point F, obviously,
will 1ie within angle BCD. We join F with C by a
‘sttaight\line .. [l.. Section 44]. _ L7

D 1 : . ‘

dark as to w why, for what Euggosé all this is done.’

these unclear'operatiens is the proof of the theorem.

- ‘ . 85
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The rest of the proof was presented asffy Kiselev's book, -

" proof but *also its logical structure; the very'idea or
. of the proof. This- helped them use the scheme of r

, . . " 1 _—_—
The” pupils read the proof of this theorem in the textbook ‘

three times and still wgre unable to analyze it\indeﬁendentlft

of fiye.pupilq; only one could correctdy reproduoe this proof, but

even she could not answer the erimenter's questions "Why did
“you draw the median? %or what purpose was triangle EFG. cons;ructed?"

. The experimenter: gave the other group of pupils of the same -
grade the following variant of the exposition of the proof of this

z

theorem: - : : , N

l‘ We must prove that the exterior angle BCD of triangle
ABC is greater than interior angles A and B. We ‘can prove
that angle BCD is greater than angle B if we can construct
angle C which would be equal to angle B and simultaneously
be only a part,of angle BCD.- For this we construct an
auxiliary triangle EFC.whose angle C equals angle B. How
can we do this? Through mid-point E of side BC we draw
median AE‘and mark off EF = AE on its extenéion. We
join F with C by a straight line . . .

Aftér reading the proof twice, the pupils correctly reproducéd
it. “YThen the experimenter made the problem more complex asiing
the)pupile to.prove tnat angle BCD is greéter than angle A. At \ ~
first% this- presented'difficulties for them. But soercely had,
the experimenter extended side BC on the draﬁ}ng when the pupils s
ahnounced that they understood, and proved the. required propositiqn
correctly, ' Here it is quite ‘clear that the pupilg understood not

only the'sequential connection between individual elements of the‘
principle

another, alterdd situation. :
It 1s charabteristic that when the experimenter asked

Mx. G of one of the’ adult schools, to analyze the-same theorem !

independentiy, only after lengthy work could he decompoge the

" logical scheme of the proof, from the textbook. In answer to the

, experimenter's question of how he analyzed it, he said: . .

IS

1 concentrated on the fact that” an angle equal to . ~
+angle B had to be constructed at C, For this we construct
triangle ECF, congruent to triangle ABE, and we prove
‘that they are congruent and therefore that angle B is
equal to angle ECF, Zngle C is a part of angle BCD. <

-
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. Then he indepeudently proved that ang%etBCD is greater‘than‘
angle A. S - . '

) The pupil's arguments prove that he penetrated the essence

' of the theorem, discovered the scheme of the proof, and understood
how it.was coustructed ﬁor the aim and’value of each operation
to be clear to him, he had to do a great dd/l'of work in deciphering

the text, .+ -~ - ] , . .

Pupil K was asked_to read this theorem in Kiselev¢s textbook: .
7 } . :
In a convex inscrihﬁd quadrangle the sum "of the
opposite angles {s equal to two right angles [1: Section 139]

‘. ]

She also read the uncomplicated proof of this theoremn. ‘The

)

pupil, however, spent a'long time analyzing this problem, not’ at
all independentPy. Judging from the.questi%ns she asked, her

thought was extremely passive,

]

Pupil I found herself in a different sitpation when' she was‘

given the same theorem, at first in the form of a problem: 'Can

-a clrcle be circumacribed about any quadrangle?” The pupil tried AN .

- this, using a compass ax}d /ruler to draw, and ennox,mlced- '%‘)‘ " |

E: But are there any quadrangifs that can be circumscribed
. by a circle? ) - ¢
I: Yes, probably. ‘ BT .

Ly 2 -
. Then the pupil drew a circle,'inscribed a quadrangle in -
it. During this process she, turned hexr attention to the fact that

the angles were inscribed and, agﬁsuch they Lre measured by the

arcs which they cut 09E Then she conaidered that opposite
eides of an inScribed quadrangle cut off ar¢s whose sum is 360°
and’ that therefore they measure 360° F2= 180°. B C

. When the pupil was then dsked to read the proof of\this R
theorem from the textbook, she immediately analyzed it without -
"difficulty. . : . * ‘ e
" Thus, inﬂboth,ppgéls there was an understanding of the proof‘\

¢  of the theoiem, but their levels of understanding were guite

& -~

'\Bifferqnt. This is shown by ¢the fact that when both pupils were
later asked to”prove'the confarge proposition ("If in a convex

quadrangle the sum of the opposite angles # equal to 2d, then
D .5
of l : : /‘ . - '(’ '

o . . 87 -
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a circle nay be .circumseribed about: it") the first pupil could
. not whereas the second proved it eorrectly ' Ny
~Pupil V, having twice read the theorem about angles with,
. parallel ‘gides, proved it and independéntly ddduced a proof for - \
- obtuse angles and for angles with sides facing in opposite directions.
[ Here completion of the different variants of the proof, the ability
\ to use its device 'in different cOnditions, speaks for the pupil s )
profound understanding of the main idea of the proof. ) /
In these last cases we: are dealing with a new, higher level .
of the pupils' understanding of geometric. proofs essentially , -
different from the SHrst two levels of understanding——fragmentary '
and logically ungeneralized——descrihed above. If at the .
first level of understanding thea pupils grasped ths separate elements

of the proof without their sequential interconnection and attained .
’

[

‘at the second level the seqliential connection of the separate

elements without decomposing the logical principle of the construction.

of the given proof then at the new, third level of understanding ;-
the pupils havé completely mastered the fundamental idea of thef ‘i

' proof they have.understood.the meaning of all the performed'operations,
and they have penetrated the essence of the material to such an” ' 3
_extent that it is now possible for them to use the logic of a /?//
given argument for the proof of other similar theorems. On this
basis the given level of understanding may be called - call
genersliged undgrstanding, which reveals the idea of the proof and

allows the u of this idea for the proof of. other theoreqﬁ
From the; physiological point of view. this highest level of
comprehension of the study material is characterized by the appearance
not only of sequential "chains bf associations,' but alsofby the
formation of a ge eralized and simultaneously sufficiently varied
+  system of them wHich may be reorganized, depending om'the concrete w
\material. In other words, it is a matter of the formation of

. ?
dynamic stereotypes of a-higher level that allow the quick igolatibn

«f the basic elements of a proof and their coirect use in solving ¢

. various geometry problems.

'] ' !

s‘\ *
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The indicated levels of ﬁhe \pupils’ ccmprehensicn of geometric
proofs is substantiated,;in the words of Pavlov, by 'ytilizgtion ’

|
of cognitions and dcquited connections. The more, knowledge the

, pupils have acquited and the woT & ﬁhis knowledge has become k

1

systematized and generalized, the more prufound is thedr understanding‘

of gepmetric maberial. The achievement of this kind of lcgically

generalized understanding of geametric proofs is one of the ‘most
important problems in teaching geometry in th¢~school.

L N
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- individual currioular topics, lectures or

3

L ‘ . . . o ) . A ] .. ,‘
~ . d - . ' . . v e
® ELEMENTS OF THE HISTORICAL APPROACH. IN TEACHING mrsm‘f;ms* _
. * ., I1..N. Shevchenko S A
- ) A . . P ‘ ) k t
v Q Introduction TN . : N

.
¥

A fruitful consideration of any question is possible only if the

‘question is stated distinctly, its l1imits a%rictly defined, eliminating

any arbitrary and vague oommentaries. We therefore attempt, first of

all,.to indix:ate just what will.be elucidated ixi"this article. We shall

§ot be speaking hege of .the value of the histofy of mathematics generally,

of its significanoe for mathema#ics itself, of its usefulness for the
saientif}c worker who/is investigating‘a prohlem, or the like. Only : _ ’. k‘

* the teaehing ‘of ‘certain materigl from the history of msthematics in

the general~education secondary school will be diacussed here. This - ,'
can be thought of-dither as a new subject included in the secondary- )
school curriculum—-which is undoubtedly impossible, since the curriculum
is already ovefburdened without it-—or as separate material interspersed -~
within the secondary-school mathemattcs course. i oo

In the last few.decades - many authors of works on the unStions o ..
‘involvedixxteaching mathematics hgve been saying that the study of |
mathematics in the schools should be accompanied‘%y‘the eomnunication
of material-on the history of’ this science., Those whg discuss this L
include educatons (in their methods manuals), mathematicians (in books -

]
on the history of mathematics), and sometime&aauthg;s of school- texts.

-Opinions differ as to how this material should be commun?cated A '
course in the history of mathematics m{ght bg taught parallel.with”the

mathematics course; brief, episodic discugsions might be conducted on
uig‘gorts on historieal topies

might be arranged within the cycle of ont—of-class work, or finally,

an attempt might be made to design the entire teaching program aronij B

a historical ap roach, . - ,
Alghoﬁgﬁ?gieh has been said and yritten about this, still not ’
gnough attention is being given to the question\of the historical

-
a
4

_f ,
- %Published- in Proceedings [1zvestiya] of the Academy of .
Pedagogical Sgiences of the RSFSR, 1958, Vol. 92, PPy 1997229 ‘
Translated by Joan W. Teller, , ; ! ' .
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approach in mathematics. teaching in our schools. In most schools some

brief material en the history of mathematics is imparted only incidentally

or haphazardly. In the main, historical questions are posed at sessions

¢

sessions. The

mathematics have not'yet found a proper reflection in the school s teaching

-_
the purposé of teaching the history of mathematics is unclear.. This is

+

refore we conclude that questions on the history. of

The reasons ‘for this phenomenon consist in the following.g First,

a paramount reason. It is impessible to think that the history of

mathematics can be taught in school (in whatever form) and not to know °

why it is being‘done. It is impossible to believe that goals for
teaching the history of mathematiCS are clearé}éﬁall that it goes without

saying.

Depending on w hy- we are dofhg this are the questions

of what we.shall impart from history and how it will be done, how much

was, convinced that elemehts of the history of

. will be included, and when. We believe that if the mathematics teacher

he would find both~tha:time and the opportunity to do this.

.

{ .
The secon

school program

take.

The thi

reason the history of mathematics is not reflected in the
s that teachers do not know ‘what forms this work should
rd reason is that the history of mathematics is not Y the

L
Sbrriculuuu it is something optional and this work is not controlled. |,

The f0urth reason is that the teacher does not know enough history of

math@matics, he has not studied. it, ,and he ghas no taste*f»or this sort

of question.

the history of mathematics.4

Finally, the fifth reason’is that there are few books on

+

Should questions in the history of . mathematics be presented in

gchool or not? The basic recommendathpns on this should be found in {he

cqurses ian pedagogy. Let)us turn to them. In 4 number of books on

pedagogy, nothingvatuall‘is-said on this topic, but in the course in

" -of the mathefatics clubs and often with no relationship to the’ classroom )

-

v pedagogy edited by Gruzdev [36] these idéas are gresented:

A

-

.

~
P

-

The next requirement for curricula’issthe, introductioh
of the historical approach. A genuine scholarly knowledge of

a subject is possibde.only with the application af a historical

approach to the study of it. ' o~

Not. only does a historical % approach to the study of
phenomena deePen the understandingﬁkf them, not only does it
form.a dialecfical-materialist world view, but it heightens,
interest ‘in, sc4ence, it fosters pespect or the great men of
science, it helps one to perce ve thé!eeactionary rdla of
religion’ in its struggle against t:? vanguard of sciﬁnce and

s

. © 92 .
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‘ >
‘scientist, it helps ome to upderstand the grandeur, of the ‘ '
opportunities tha ‘a sopening up for thd applicati;n'of
, -science in the 1 d { £ Bociflism. The historical approach
"+ plays an enprmo ole :imsrily with respect to,the socio~ ' . . 7 r .
political disci 'ines., faqiliarity with social pkénomena,
in their historical devgﬁ:ggﬁnt‘ 2 etudy of the gegularity *: + -
in the develop t of s relations provides &an accurate S
concept, with & -scierntific-Ma¥xist foundation, of the futureé . SR
coursé of soci ﬁevelop&ent‘ and ih&nforces theoretically " D
“our movement forward, towards: communism. '

&

r &evoteSfa g;gﬁhn,of lines to questions of . the -,

/‘\,

“*Then 'the, aut

" historical approagh in*teaching language, physics, chemistry, biology.' s

‘_msthemat:{:c should be studied, where these questions should be placed, ™

And finallyf;eft T all this, he says: '"In thealgebra course fon

grade 10, befor introducing complex nymbers, it s desirable to. draw

the pupils' at ntion\to tﬁe i{dea of the evolution of the . concept of

L]

‘number and to : part brief historical material on this question.'* e
. Here. the fact that pedagogy reg%rds the question that interests
us as curric ar attracts sttention. But, unfortunately,‘it is not

stated in t e mathematics curricula which questione in the history of

ent they should bg' examined, or approximately how much time

the teach T should et aside for this. Recommendations on the historical "R

. : " o .
One m;sf(drew thé pupils' ‘attentlow to the great cultural
nd historfical value of mathematics, tb its role in the study of
ther subjects (physics, chemistry, geography, astronomy,
drafting, etc.), its applicstions ‘in’technology 'and in the .,
prictical’ work of building socialism, It is important that '
‘atteritign belgiven to,imparting material on the history of - ’
mathematics\!nd on the life and activity of prominent
mathematicians (Euclid, Archimedes, Descartes, Euler, Gauss,
Lobachevskii and others) [67; 9] — '

egree in piesenting historical material to pupils. L N

Neverthe ss, we should take into consideration the recommendation .

of pedagogy, where it is atated directly that tHe historical apprsach is

a curricular requirement. Therefoﬁfﬁ if there'are no questigns of

) >
P

_ .
Page not given in the original‘ (Ed.). >
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‘? history in the oﬁficisl cprriculme then app&regtly, they can be \}
~ . included by the teacher in _his working curriculum. ' .t
. The ﬁ!ﬁ‘e quotation from a.nqurae in, pedagogy does fot discuss .
.-{, cohcre&elyKSHShgh'the way in - hich,questions of histor& are presented

in mathematics lessons. The quotation states’ that_ the historicalqp

=L approach to the study‘of a_anbjeot provides a ‘genuine scholarly knowl— _

b 4
. ‘e&ge of this subject.. Perhaps this is true, but it is difficult to

¥
ex@cute this sort of reeommendation with respect to mathematics. To.

_— implement systematically a histqrical.approach in the p?ocess of the
e o stu&y of mathematics, ittis necessary th have. a, reliable textbook oﬁ
. o o this nature » At present there iSJno such texnbook i . o :

) Y - R t .-\" ) 1 - - .o ' o

. -." . :'., A ~—- e

Y
T . \ l . \- ICTI IOV
‘o T Now it interesting to- observe how the authors of some of .the works
. in mathematics methogology treat*the historical approach “' -
) ‘' In Methods of Teaching Ma;Aematics by Professor Vi M. Bradis, we ‘
’ “\ - \read. _ . ) ~x¢ﬂ : .’ .~ Y
_  Experience in teaching tells us with Eomplete definiteness
.+ , . that the quality of mastery of mathematical materialsmakes
o ’ essential gains if each new concept, each new proposit is
A introduced so that a relationship of it with things #hat are

+ already familiar tosthe pupils is apparent and sot
expediency of studying it is clear. What is the most
convincing for ﬂ‘pils is the justification of each new concept
, and proposition through considerations concerning a practical
. ~ activity that comes as close as possible to it . . . The
genetic character of presentation yilelds especia}ly good
' reSults in the lower grades, but its use should be recommended
: in work in the upper grades of school, in ever$ way possible “« ..

The genetic character’of presentation is contrasted with the
axiomatic, in which science is presented in its more complete
form. It is easiest to insure the genetic character of
presentation on the basts of the history of a given branch

_ of science, apd theE::Z?§‘thn?historical elements in matters
of teaching is of eformous vallue. It is said, not without

- reason, that a full erstanding of any theoretical question -
is attain -only when its history becomes clear. How the

. v related to the history of the guestion under gcrutiny are given
L during the lesson--directions that can be develgped in more
’ ‘ detail during sessions of the mathematics clubs. The
“ literature on the history of mathemtics is great [17:44-45].

Q “,"_‘t-‘ .;‘ | 1\09 | ) ' _ *

\

/) .,
Queations of the Historical Approach in Me;hodological Literature -

lesson wil) benefit if even brief directions on various circumstances



¢

- *+ .in gtades 5-7, the pupile should still be acquaintea with the

~the activity of the scientists listed above.

' - Lig

- y a \ . - # R
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.. .

~  In Methods of Ieeching Mathématics in the,Seven—year School, . ..

“ae N '

edited by s. E. Lyapin, it 1is stated - . o ‘.‘ : :
. Although the majority of the achievements‘by Russian /’ -
mathematiciens are inaccessible to the understanding Q{ pupils-

biographies of Russian scientists, with an’ indication of‘ the
vélue of their discoveriées for® world“science, 1In the upper ..

grades the pupils ‘should be acquainted with the works of S
_ Rupsian, mithematicians that are accessible to Ehem. o o
Tooe One,can dwell on the %ollowing Russian scientiSts L Euler

. (1707-1783), N."1. Lobachevskii #1793-1856), B. Ya.' Bynyakovskii
(1804-1889), M. V. OStrogradski,i (1801-1861) /Py L. Chebyshevo -
{182133894), A. Ay Markov (1856-1922), 'S. V. -Kgvilevskaya .
(1850~1891), As N. Keyldv (1863—-1945) [53:61]., -

The book also recommends acquainting puﬁils with the biographies
of contemtotary Russian‘mathematdcians 1. M. Vinogradov S L. Sobolev,v
Vf I. Smirnov, A N.: Kolmogoxov, P S., Aleksandtov, and others.‘ The

*

author points out literature that gives. much intéresting informatien on.,z*““bq

q

In Methods.of Algebra by ProfesSor T, I, Chistyakov it ig Ssid

*

* Since, for the pupils, instruction in‘a subject igy ’ jj
.as it were, an abbreviated relivipg Jf the history of the develop-
“ment of the respective science, which occurs under & specialist's .
guidance, then it is essential that the feader use ghe .lessons .

"chat the history of the subject's evolution provides,

‘eliminating what retarded that ©volytion, and suggesting ‘methods
that assist its understanding anga %bgress There follows the
necessity for a good~familiarity e histpry of\
mathematics and, in particulas, £ e&qhzntary elgebra {22 6]

\ In N M. Beskin's Methods of Geometry ther® is no special section / .

+

on the use of the 'historical approach in teaching mathenmtics but- the
entire .first chapter sets forth ”the evolution of views on the foundations
oi geometry." Here the possibility of tracing three periods in the
evolution of these views is discussed: the pre—Greek (empirical), the
Greek (intuitive-logical), and the . contemporary,

where geometry 1is R

presented as a logical system. In the last (fourt SeSLiOn;o{ this

chapter, thefauthor draws pedagogical conclusions conMs&ting in the

fact that:
These three periods correspoqﬁ'to those three stages through -
which every pupil passes if he gets far enough in the study of
- geometry. The first--the pre-Greek period--correspagds to geometry
instruction in the lower grades (. .elements of geometry in the lower
grades. . .enter into the arithmetic course) . The systematic course
in geometry, beginning in grade 6, correspondgeto the second--the

t
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Greek-—-stage. The third-—the contempdrary-stage is dot e
"reflected.in the secondary school. This is ehe step which is .
ascended only by thoék pupils who choose mathematics a5 their
specialty. . The appropriate questiogns in the ¥oundations
* of geometry present good material for the work of the

mathematics .cirele in the higher grades [12] .

Thus,althoughthe author does not distuss directly the historical i

- _approa in the teaching of geometry, He indicates that in the ol

proceys of instruction the historical stageﬂ‘are repeated and that the’

educator can draw some lessons from the history of science. '

In the joumal, Mathematics in the School there is an_ article .

by- A. M. Frenkel' (Anggas), "Elements of the Histor*esl Approach in
O Mathemﬁtics Teaching." 1In t is article we read: . . .

' R It is scarcely necessary to-prove again the. immense
educational value of elements pf the historical approach in
teaching any sublect in secondary school, For the Soviet’

. teacher this pasition has become an indisputable truth.
Mathematics is a science in whose.creation and development one of
the most honorable places belongs to the Russian sclentist; a
scelence which an enormous contribution was made by Soviet
mathemaficians presents broad opportumgties in this respect.

*And it is entirely proper that the introductdion of the - .

' historical element in the school mathematics course is envisaged

by the course instrucfions for the working curriculum. The

execution of this requirement is obltigatory for the Soviet

teacher. ‘ . Y,
, .

The following forms of introduction of the historical

approach in mathematics teaching can be indicated: J

1. A historical digression at the lesson, discussions
7 < from 2-3 to 8-10 minutes.
ot 2, The commupication of historical material organically
connected with individual questions of theory or
o with problems: )
3. Special lessons in the history of mathematics.
4. Mathematics<circles (a special history—of—mathematies '
"t oircle can be organized). .

.

-

N

-

5. Historico-mathematical evenings.
6. The use of a wall newspaper or the organization *
of a special mathematics newspaper.

7. Readdng in out—of-school hours.

8. Compdsitions and essays done at home by the students.
9. The making of albums and almanacs. '
0
1

. Work on collecting "folk mathematics." :
. Communicatidn by the teacher, or by a pupil who is
given advance preparation, at a class meeting.
4 12, Discussions, lectures, and talks by the teacher
or by invited.scientific workers. '
13. The viewing of special .scientific~historical films,
: slides, etc. .
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//z The iirst and basic form of .introducing the historical
P

proach to'the teaching of mathenmtics is the episodic communica-

tion of historical infarmstion. The .teaéhing of mathematics
4s of every other discipline, should be accompanied by historical

digressions, comparisons, and historical problems. This informa- -

tion, as a rule, should take up little time and should not lead
the pupils far afield from the immediate interests of the topic
", under study. Sometimes it is useful to givae thesé hisnorical
digressions in peginning the covexgge of subject matter,
sometimes to ralate to a definite question of a topic, lessonj
ven problem, and Sometimes to the conclusion of a lesson.

.Th s "infoAmation canssometimes be'limited to a few words, and
sometimes th history of a questiopn or biographi a4l information
on,a mathema cian can be elucida d in greater detaijl ‘{27]

-

-+ In the journal Mathematics and Physics in Secondary School,

there 1% an article by F. Tsigler, "Elements of the History of Mathematics

in Secondary SchooI M In it the followirdg ideas are axpreaaed*

.

The history of mathematics Jhas‘an enormous significance
in teaching mathematics in secondary school primarily because of
{ts educationfl value. The history of mathematics clarifies
~the mathematician s role and place in human practical activity, .
as a result of which our pupils are trained to approach ‘properly
.« the objects of our mathematical knowledge., But the history, of

mathematics has an even greater instructional significance.
Historical material awakens a love for and an interest in

the subjectx a striving for scientific creativity, a critical
attitude toward facts, agd thoughtfulness. Finally, the history
.of a question is ‘a key to the understanding of its logical
essence. What sometimes seems to no purpose, a superfluous ‘S
detail, acquires logical sense as soon as its historical develop~
ment has Deen made clear. Mathematical concepts that seem

fixed and paralyzed in the present, come to life in the past

and, in their historical dyn&mics, become closer to the pupils.

¢ But the question arises of how to donstruct a course in the
history of mathematics. As an independent subject? As periodic
reports on historical information? So that historical features

* penetrate the systematic presentation of}the course, forming

a single unit with it, as it were? I think that the last two
of these three possibilities can take place in teaching
mathemat ics in secondary school [74]

Y -

- The transactions of the scientific-pedagogical conference of

teachers of Leningrad, entitled The Ideological Education of Pupils in

.the Process of Instruction, carry a quite valuable work by Professor

I. Ya. Depman, '"The Historical Element in Teaching Mathematics in
Secondary School [24]) 1t is true that this work is intended for. the
teacher and is mainly devoted to clarifying how much history of
mathematics is essential for a teacher.:- Neverthelaas, S0 many
interesting and useful ideas are set forth_in Depman's work that it
4is utterly impossible to pass it by.
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ro The author says that the prerevolutionafy mathematics teacher -
7 had to- prove the significamée for him of thé history of mathematic§)
/f which the late Professor V. Vs Bobyhin,did in'his time, at the All-
,/ Russian conventions. The Soviet mathematics teacher does not have
tq ‘Prove the mecessity for knowledge of the History of mathematics'
*  We shall make twd remarks -apropos of- this.

: First, -Bobyhin, in his talk at the First All-Russian Convention of i

Mathematics Teachers, proved not that the history of mathematics is '

o cnecesshry\for the teacher,. but that it shauld be taught in the seccndary -
educational establishments. * . ‘ ) < 3 - _ -
- Second Depmam/says Miat the Sovieg teaeher does not need pronf T e
1

.‘: of the necessity of studying the history of mathematics. Alas. The
teacher, the pedagogical institutions of higher learning, and‘the state;‘
"dinstitutions, on whom the, supervision of the Bedagogical institutions
of higher learning depends, have a hundredfold need for scch proéf.

. ey |

If everyone understands the necessity‘of knowing the.history of

N mathematics then what can explain the fact that the history of mathematics

is in the background everywhere? o ) : A
Professor A. I.-Marushevich{*‘in a talk at the séssion of the ’

Academy of Pedalogical Sciences of the RSFSR in.June, 1949,jstated

the following: * B

From the course in physics or chemistry, the pupil will .
find out about the most’outstanding scientists of our and ofJ
other landg, and 'about precisely what they introduced into
science. ihe material of the course itself is such that it
is impossible not to talk about these discoverjes and

* about their authors. It is impossible to gleaﬁ\;imilar
informatidn from the mathematics course. In an‘algebra -
textbook one might regd one line in small type alout the !
Arabian scientist al-Khowarizmi and not learn thay} this is the
great Tajik mathemgtician, Mohammed, the son of Muka of

. Khwarezm. In the first part of a geometry text ‘it is

- solemnly announced in large print’ that in 1873 the ﬁhglish
mathematician Shanks found 707 decimal places for the.number 7
It might have been added that he did not succeed in \K

. carrying out even this vain enterprise properly: all the

. places beginning with the 528th are “incorrect. On the other
hand, one can read about Lobachevskii only in small print
at the end of the second part, where tfe following is said,
'.and quote! 'In the first half of the 19th century, the

o *Source not gilven in the original (Ed.).

.
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Kazan, Nikolai Ivanovich Lobachevksii, the Hungarian
mathematician Janos Bolyai,, d the German mathematigian
Kgrl-Fredrich Causs ‘expressed a bBold‘idea’. . . -Asa =

. ~;confirmation of their ‘idea /they constructed a new geometry i .

. Add so’on, in the same wve /n ‘

- Such is the level 1information on the history of
mathematics that is, copftunicated by vur school textbooks.

. _ It would be much bettgr if .this 'information were nat -

‘ : there at all. .

v In the light
- . working curricul

" A8 movement of the
it provides no l ]
- be ?hown. _‘ : o ¥ ,'

¢
, -
?

f these. requirenents, the defects in.thes’ -
' are especlally viyidly revealed.
thematical sclences is presented in it,

Py

-It i useful to acfuaint.the pupils wié; some biogrephies, of
teaching it is essential to use the’ sons that are provigded
history of a sibject's evolution (Chistyakov).

In the study of geometry the pupils should pass thfﬁcgh those
sffages that mankind has passed through (Beskin).

and instructional value (Frenkel' ) : -

£

Historical material’ awahegs a 1ove for and-a interest in the .

We can agree with these conclusions. But objection could Bg’
raised to scme points made by these authors. For example, some
authors name many different forms of introducing the historical
approach into mathematics teaching, which would create an overload.
* We believe that the historical approatch in mathematics teaching is a
_ totally new matter which has arisen in unplanted ground. Here one
eaﬁnot intimidate the teacher who has’”an abundance.of tasks already
facing him. It 1s nécgssary to involve the teacher in thiq<york

&>

persistently but deliberately.

99 . 1

Elements of the historical appfoach*have an enormous educational,

Subject, a critical attitude towards facts, and thoughtfulness (Tsigler;
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o 2. Qhéguions.gg the Historical Approach in - oy ' ‘
Works gg_the.History»gé_Mathematics o f .
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“B. Y Gnedenko in the pamphlet "Brief Diejussions on che
Origin and Deuelopment of Mathemati " says* N

I

The imterest that a teacher ‘succeeds in arousing-in tﬁ%
pupil has a well-known value for the mastery of a .subject. In .
the presentation of the pathematics. cousse in secondary ‘ » ,
school there are many means t aid In maintaining a . i

" pupil’s hei htened interest in' the subject, means that compel A
‘him to treat e®ach stage of the poyrse with unabateé, attention. ', . 7,
“'These means might be a felicigbus choice of problems, = : 0

,.or a vividly distinguikhed’ . - . ot
ance of the igformation that is

heautiiully executed sketc
applied and cognitive imp

ha

o imparted. - , . - 7

SRR " WEswish to dwell H&r on.a method that at—-\hé its objective o

) ‘at all sfages of instruction-rbrief digressions intb the history -
of science. The history of mathematics is the richest source
for these observations, digres ons, comparisons, discygsions, .
the gelection of problems for exercises and for,illus rating .

‘.the exposition of theb& Digregs&cms into the hist Xy of ° .
science are the more a¥fropriate as they asgist greafly in . $
improving the general cultural level of" ﬂ!ﬁ§§upils and awaken ' R
them“to a knowledge not only of what has become the oRject of ‘
historical treatises, but also of what is characterist ¢ of ‘ ‘
" modern science [33:3]. |

In the preface to G. P, Bcev's book, Discussions on the History

of Mathematics, Professor V. L. Goncharov wrote: : ’

At present it can be regarded as universally recognized o
. that the teaching of mafthematics is not at its proper level if
it is unaccompanied by the communication of hgptorical informa~
® tion that clarifies the general cultural significance of the

~ question being considered. Teaching the history of mathematics,
as such, in secondary school is, of course,-out of the ) : ;o
question, 'and therefore it remains for the teacher to use his
opportunities during teaching itself, or apart from it, to%make .
a historical ddigression. One cannot overestimate the value /
of these digressions, not only in a general<educational sense,
but as an excellent means for enYivening the instructi
and rgising the pupils' interest’as well. However, hiStorical
digriggsions present particular difficulty for the ordinary
teacher, who does not have at his disposal ap exceptional .
fund of knowledge of the history of science, culture, and .
technology; if he wishes to - give the pupils proper and accurate .
information, he inevitably has to turn to rarely accessible
and overly cumbersome sources just to read a necessary page or
to find a few necessary lines. MNoreover, teaching, as it is
currently practised, does not give enough attention to
elements ,of the historical approach in mathematics lessong and
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has not established any tradition in this matter. The yalue .
of - such a manual for the teacher is therefore cleer——awxgnual

that would, on the one hand, permit him to the necessary .
. references and would, on the other hand, s fggest the ided to hi L
¢ . of using certain features in teaching for historical &igreasiong——f' _

i . ' [35] t ". . ._.‘. LA .' 'c

_ ‘Professor G. P, Boev says,: in his’ book, Discussions on the Hiatory ' ’
AP .
of Mathematida. ? : . - . ‘

' ' The introdﬂctiun of eletlents of the history o mathematics L.
» ¢ . into the school mathematics' course can have two o Jectives: * ° . s
L. $cquainting pupils with basic facts in the history of science,: '
o a notion of whieh makes up an essential part Jf a general Eduea—.
e e tion,. and raieing the pupils 1ntenest in the turridular

material. In £he end, ‘the secondary*school graduate shquld ¢ | ) ;
. “Rave a rough conceptiqn of how. the 'sum’'of kncwledge_that is » P
called mathematics was obtained Dby mank nd, of what compelé o
AP umthem&tician to press forward, and the ¥ind of- = ™~ L, 0.

. difficulties that havé been overcome along the way. : o

¢

S v A basic difficulty in executing the historical approdch S ( _
: in mathematids teachjing is that mathematics did not develop . )
historically in the same order as t™is presented in the - - .
systematic coursg,in secondary school. The method’of imparting
historical material to the pupfls in connection with indggfaual
quesgions of the .curriculum as these questions are covered

v 7 should serve as a way out of this difficulty. Returns to the 4,
same historical epoch and dome anticipation are thus inevitable. !
. -ﬂFor<example, in seventh grade, during the study of the unit on R
\ first-degree equations, it should be mentioned that simult¥xeously ’

, with first- ~degree equatfnns there developed the theory of equationswe
of the second, then of the third and fourth, degree. Not
only ia such anticipation not dangerous, it is’useful, since
it gives the pupils a perspective for their studies. The
teacher will return to the history of equations for a Second :
time apropos of" quadratfc equations in grade 8 and apropos of
binomial equations in grade 10.

. Another difficylty in methods is the diﬁficulty pupils have

in understanding the dialectic aspect of the historical develop—

ment of science. The pupil in- grades 5-7 tends to ,conceive of .
' history in an oversimplified way, demanding explicit answers '

to such questions,as: Who was the first to solve quadratic

equations7 When was the numbern found? Taking into account

‘the psychelogical features of each age group, the teacher should

permit a certain sketchiness in' history in the lower grades and

then should gradually depart from that sketchiness and reveal

before the pupils gaze a picture of the contradictions, delusions,

and interlacings in the paths along which the development of

mathematical knowledge has proceeded. Of course, facts from ) .

the history of mathematics must be given, so far as possible,

against a background of the general characteristics of the

respective epoch*\-
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" * Finally, t re is one more serious :\Tfieulty ' A
effecting the “hilstorical approach_.in the elementary thematicsg ;
| © course. This difficulty is the nonelementary:nature of the A
. » .problems of mathematics fthat. have made up the front of its ‘ ‘_

development throughout historﬁ Notiond of the profound ) , ’
- conpection between mathematics and astronomw and, consequently, -
. ‘ of" the ﬁetelopment of spherical ‘trigonometry, of the grgat ' .
. algebraic discoveries during the Renaissance, of the 17#h century’ D
" 3‘discovery of the analysis of infinitely~small quantities as ,
-, ¢’a language of pechapics, of the op4%in of probability theory<and . "4
' its subsequént role‘éggihe naturdgl sciences, of the great 19th
) " centdry discovery--Lo dchevskian ‘geometry~-all thése should come
within fhe scope of secondary education. The teachér is obliged. . *
:«to touch upon a;; these elements.in gome place in discussions of .
. ' ‘history, but the diseu ions on these topics shoubd be of a .
: A descniptive nature and should given onIy elementany, popular '
.S f‘?ﬂﬂs{ nd ofjthe appropriate maﬂhemafical concepts L 51- .

" In the pt@face to G. Vi}eitne; s book How Modern Methematigs -7 o {

Was Born, the following is*stated: (R | ‘ '.\ -

Almost every instructor, aswwell as almost every pupil
now knows that one can fully understand science in its modern
form only when'one knows 1its history. This demand to undgr stand
v how basic scientific ideas and methods arose is felt particularly
. : keenly dunring the” ‘t3ansition to new ‘provinces of. science devoted
' ' to distinctive methods that are new to the.pupil and that "
sometimes .require strained- thinking.of him (especially at first),
How it wag possible to reach such a depth of thought? How could ' :
such complex ideas arise 300 years ago? Why and how did these ,. »
- nymeroug curves, integrals, amd differentials gppear? These
. © are questions that everyone who begins a study of higher mathematics '~
\\ inevitably asks himself. , { 2 A e

&

, But i is not only the search for answers ﬁo these questions
v that induces the pupil to turn to'a book on the "history of o
mathematics. He also hopes to understand, with its aid, ' ‘ :
’ thevtrue sense of abstract reasorfing and of formal conclusiens.
& - However, disappointment usually awaits him hereﬁl It turns out
that, to read books in the history of mathematic¥, a knowledge '
s«ﬂ.@h ¢ of mathematics itself in its contemporary form is essential, but °*
' . .these books are often so .,laden with petty factuel material of
‘ " .a chronqlogical, bibliographical, and even. simply of an
Kl ~ archival nature that it is almost 'impossible to uge them for
an * | " “clarifying the most essential, typical features of-the history
o i * of the development of basic mathematical ideas and methods [82]

I. Tropfke, in his History of Elementary Mathematics in a Systematic

‘\\;‘ Egosition -says:
N The high value of historical investiga;igps inﬂheience o

Y

. in general, and in particular the importance _ f impavting .

~historical information in teaching mathematfcs, are so universally
recognizéd that it would be quite unnecessary to enlarge on this *
in detail ... In our elementary mathematics textbooks,
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g n'unfortunater, a place is seldom provided for historical e
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material. Only a few of ghe newest_manuals follow’
Bal'tser's example which' dis wnrthy of imitation. The
author would have been sufficiently rewarded for his work: if
the abundant material he presented had introduced certain
. changes in this respect; it is for this purpose that he has most

", willingly set aside the result§™of his labor. It coulq be

- (

1]

¢

and not for the teacher in the schools.

considered :a success and theﬂ some if the numerous ) ¢
inagcurate,.but, unfortunately, too firmly rooted names
finally disappeared from teaching——for example, diophantine

equations, -Cardan's formula, ;he galden section, tha lunés: - »*

of ‘Hippocrates, Hudde's method, thq Gaugs plane, and many, others-—

/ and 1if- the latest accurate explana%ions...wculd supplant the i
inacdurate ones that are the favorites of eweryone 724 vol.

Part I, Preface] - ~ .

.ain G N. Popov s’ book, History of Matgematics EEZ],- there is
a sectjon called "The. Necessity of Studying the History of ‘Science

{
and the Use of Tﬁis Study. Here the duthor advadces a number, of
arguments in favor of the necessity of studying the histdry}of

mathematics. He expresses many interesting ideas, but “they are of

“

value for teachers who are working creatively in the realm of mhithematics,

* '

*

V. P, Sheremetevskii usegkaas an epigraph to his Essays on the

' History of Mathematics [68] , the idea of the linguist A. Schleicher,

"1f we do not know about how something was generated, we do not'underf
stand'itfﬁand a quotation from the well-known mathematics historian,
P. Tannery, "History by no means jas as its only goal the satisfaction
of vain curiosity' the study of the past should ultiqately throw
light on the future.' ’

We draw the following conclusions from our examination of
works inqéhe history of mathematics. ) .“

The interest that the teacher is able to arouse ip his pupils has
a great signif;?ance for the m}ﬁtery of a subjeet. Brief digressions

into the histofy of science bel®ng among the methods that are capable

‘of arousing interest. Historical "digressions'' are all the more .

appropriate in that they assist greatiy in raising the‘pupils'

general cultural level (Gnedenko).

Mathematics teachiag is not at its proper level if, it is not é
accompanied by the communication of historical material that will
clarify the general cultural value of the question under consideration

Sy -
(Goncharov). o . .

h
B
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¢ science only whe%'éne knows how the dain currents of scibntific

’ snd the progress in scientlific achievements in other provinces of .
. knowledge (Sheremetevskii) A ) s o

Teacfers (December 11, 1911~January 3, 1912). At the general meetfg%ﬁw?

(Q : . : \ |
- . \& “L
Elements of histo:y in- the mathematics course csn~pursde two

objectives.' sqquainting the pupiis with ba < fscts of the histogy of

science and rsising the pupils’ intérest in-the curricular material ..
. . . . > &-.

.(Boev). . o LT <. T
One can fully unqerstsnd science in its conteﬁ%%tary—form only
H C
when one knows its history (Vileitmer): - * = .

One cen‘becbme oriented among thefnumeroﬁs.ramiiications_of

thought arose: : In ‘following the history of sciencé,-it is important’
to be persuaded of the indissoluble bond between its development Y

. .

-

3. Ag_fstions of the ‘Historical Appgroach at the All—Ruseian
' ggnventions ©of Mathematics Teaehers

t

>
¥

* The question ofelementsof history {in té;ching mathematics, es\u

We mentioned above, is not new. In this century the question wasrﬁ.";
posed distinctly at the first All-Russian Convention of Msthemeti«ff¢5

of the con ention, an address was, given by Bobynin, on the topic,
"Objecting;

the Secaq~§ry—8ehopl Mathemstics Course.

Forms and Means of Introducing Historical Elements into

e

As is evident from the title, Bobynin cfearly understood how-this

‘problem must be posed; he saw that one capriot speak of the histprical

approach in mathematics teaching without dicating "objectives,"
} .
and that, after defining the objective, the forms of introducing

. historical elements in teaching should be”discussed.

What objectives does Bobynin suggest in his address? First, he
points but that in the genersl public, mathemetics is often seen as
a uselewns science, that not only persons remote from edudgfion but‘eﬁen .
educators of fame--Kapterev, for example--express the otion that "in
the school general-education course there is not suftieientrhasis for
making mathematics compulsory for everyome: it is too abstract and X
remote from life, too difficult for many.'" Finally, 3obynin points
out that even such.a person of world remoyn as L. N. Tolstoi ”regerds

the sciences, including mathematics, as endless trifling, because
— .

- ‘e [
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» thsre 1s a begimming and an end to work but there can be no- end tg
*’ltrifling" (£rom Bobynin's address. at the 12th Convention of $ussisn

F’ naturalists and physicians). . . , o .‘_,.-i .

The speaker further said that pupils often have goubts about 'the \.,’
- ‘ [
J___ usefulness of mathematics. ‘ ' ff‘ _ C w ;

*

: Among pupils the question of the usefulness of mstﬁemsti;s
, ‘arises when it arose in all tankind, that is, after the’ Vo k
. transition ftom lessons iy the practical art of calculation “Q \
. -+ - and in’'measuring elementary geometxic distance to the study i ]
S of theoreticql geometry and of the elements of theoretical : 0
’ arithmetic and algebra ... Up’until this transitibn there 5
, was no ‘room for doubt about the value or usefulness of S ¥
4. mathematics, since everyday life experience, as ,well as the R
selection of problsms, has shewn she pupils its prsetiéality. .
. After this transition, the previous clarity of the value and -
usefulness of mathematics gave place to complete vaguenessy/not
only for the secondary-school pupil but for such minds as
that of Socrates and many other philosophers as well. ' '

In their timé, teachers snd authors of textbooks hsve discussed '
the usefulness of mathematics, ‘but without enough suecess. Bobymin
' poiq‘ed out that instead of all this, “to achieve an influanqs on
rupils at least,”concrete examples borrowed from the 'History of
.  Mathematical Sciences' should be set in the direction under .considera-
tion." This, in Bobynin's opinion, is the first and the Ehief goal
of teaching the history of mathematics in,the school.

L4

‘The second goal econsists in-the fact that "in the secondary-
%hool mathemdtics course there are articles that, within the present

organization of teaching,‘not only come to the pupils with difficulty

in elementary study, but for most of them secondary schooling remains
idsuf€ficiently and superficially mastered." As ‘an example Bobynin

cites articles (for arithmetic) devoted‘to systems of numeration
(primarily the deg¢imal), their laws and applicstions, and in geometry-—
the use of the mettod of- exhausting the“aneieuts' modifications of* that
method. Deepeﬁ}ﬁé the pupils’ understauding of these subjects to a
sufficient extent is possible only by a familiarization with the history
of their development. ;o ' ‘ -

Thus principal attention should be paid, in the first of
the cited instances, to the histpry of the development of o
the systems of numeration and of their’ applications, the
chief among which are verbal and written numerations, and in the
. second inskance, to the presentation of the most characteristic
and example-laden methods of exhausting the mathematical litera-
ture of ancient Greece...

*

1
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aA‘* one -0 th{forms é usefilne which pupﬂs can '
" relicit thesintr ductiquof’ igtorical elements ints - (7,
‘mathematics teaching sed s,ghool., one Fshould po‘lnt g C s
ouf“the onds betweed the ividual pargs—of elementary, ¢ *
mathega ‘?ﬁﬁ real’ i ges produced by the personalities of

. scientists nd by historical facts, as wall as between the -

*  spiritual idéas from ‘the prodince of logic &nd philospphy .

This connectiom coois a powerfpl means+*of fortifying An ‘the .
pupIAs' memory the content of the elementary fiathematigs that B

has beenlgiught to them. . at . -

Bobynin. was' of the opinion that historical elements can be, Qh ‘
“Yintroduced ' into mathematics teaching in\geécndaty schésm in oneioig <
two ways: ‘systematic form or else in an*episoQ%c study of the’history

]

of elementary mathematics. v '?. .. i ,‘~ t T .

In the ﬁiscussions over Bobynin é)aﬁxfess,fhlrious aspetts of pﬁ b
issue he had posed wire elucidated. Among the participgnts ard

fervent adherents to the histordcal approath and spokeésmen ‘of a more~

moderate turn aof mind. In particular, the following ideas were
expressed: the history of mag.hematics cannot befregarded as a univeréal

remendy for all ills; at whét age a pupil should approach eleREnts of |

the history of mathematics must be iﬂdicate3¥~it is uséful to study
the biographies of ottstanding mathematiqﬁana, it is better to intr uceé
the.history of mathe?atics as a separate sybject and not to include .
it in the mathematics course, in order not to divide the pupils

‘attention; the essay method of acquainting pupils with the histor#

of mathematics shhuld‘he used; it)is useful to recomm%:g;i rks in
" the history of mathematics totﬂm:pupils for out=8f-cla Q\ding, LIS

some elementary and more det#iled books on the hisfory of mathematics ‘
nus§f be published ‘ T - "’// ‘

¢

More than forty years have passed since Bobynin ss at the

-first convention. During this time great social changes and ve
significant progress have taken place in péople's cansciousness. Now
it is impossible to find persons who do not believe in mathematics or
who.do not kgow about it Therefore, in the second half of the .
20th century, Bobynin'g first and strongest argument for nsing the
historical approach in school mathematics teachiné has fallen away. .
In our day,‘if an occasional pupil shows-a skeptical attitude toward

mathemgtics, the modern teacher does not ggllow the deviouéfpaths
L ‘e . Y
!
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;/éf tHe historical approach, but he cites the countlesd examples of
’the.application of mathematics in physics, chemistry,‘sstronpmy,
technology, and in all forms‘of human productive activity..

} ~
4‘ Qfestions of the Bistorical Approach in A ‘
: Mathematics Teaching,in the’ Modern Stage N - .

One of the mein reasons that elements of the history of ) \Xg
mathematics find their way into the. schoel with JBuch difficulty i&iAq
" the cireumstance that quite general, rather than concrete, arguments
are often expressed on this topic ' N <
‘. . It seems to us that theremere three groups af historical ,
questions that can f a place in the school instruction. - vﬁ

P 0
AY Histortbal information related to curricular guestions of

mathematics. The currifglum in maaiﬁmatics for secondary sthool undergoes‘

some changes almost annually, and it ‘can undergo a great oscillatiion
_over a century. But these changes™most often concern details and cannot
be §o radical as to change the aspect of school methemstics‘roetm; )
and branch. The elements of arithmetic, elementary algebre,'el ntary
*Ekometry, and trigonometry are included in the school mathematics
‘curricdlum. To this can be added the'modest materiel from analytic’
geometry and mathematical analysis, covering approximately 80-100 hours.
Historical information that is releted to these substantially settled
questions of mathematics can be taught in the school.

B. Histofical informstion related to the development of mathematics

in our count;yA The mathematical facts that can be discussed here

are related to the higher realms of mathematics and, as a rule, exceed
the bounds of the school curriculum. Here mathematical facts related
to the 19th and 20th centuries are chiefly taken into consideration.

Q. Biogrephies of prominent mathematicians. ‘

«

Let us examine each ‘of these ingtgnces.
Historical Information Related Eg_gurricular Questions of Mathematics

In the sources we examined above, the aims of introducing the

=

" historical element into school mathematics instruction are not always
distinctly indicated. Some authors do not indicate these aims at all.
‘Tropfke [72] 1s among fhem. We cannot treat his_statements with

complete confidence. He says that there is no need to demonstrate the .

L TN
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. usefulness of historical informa on in.mathematics teaéhing. On
the other hand Simon: [69],en edubator who is no less well-known
in Germany, declares that teaching the history of mathematics,in
German schools is "in the background.” Itsfeems to us that the state,
dE“affsirs‘csnnot be such that everyone understands the necessity of -

% the historical epproééh in mathematics teaching and at the same, time -

this historical approach cannot carve its way into the schools. N

S We believe tRat the main task of every author who writes on this

. topic consists in formulating the aims of introducing the historical
element into mathematics instruction. Under'these conditionsthe‘~

.teacher will find time both to acquaint himself with the history of.

mathematics and to davote attention to it ‘in mathematics lessons.
These aims are.presented to us in the following form.
. 1. The history.of mathematics should indicate the reasons why
‘- ‘the mathematical facte, concepts, and methods that are studied in school,
arogt: Mathematics develops its theses by proceeding from objective
reality, and then it cements the selected ;écts\ty means oﬁ/fogic but é)
by itself, it cannot indicate the reasons why certain constrpcts erose.
: 2'. The history of.msthemstics should indicate the goals that the
¢ ¢ creators of the mathematical science were striving for when the}
introduced a certain fact or studied 4 certain mathematical phenomenon.
‘This circuﬁstance also escapes the £ eld of vision pf.msthematics
itself and can.be reflected only in its History.

"3. When it is a matter of some mathematicsl phenomenon which
covering some time, changed, developed, pr psssed from bne form to
another, these facts can be examined only in a historicsl aspect.

| 4. The‘study of the history of mathematics has (if we may eo
‘express it) a methodological value. This idesg;:s} be understaod in

- the following manner. Let us imagine that I w to present a

« mathematical question to pupils. How can this be done? One can aven -
think of a nonelementary question, because elémentary questions are
presented in textbooks, and the way to present them is clear. Therefore

jli : let us take a question of a higher order. Suppose I wish to prove the

, transcendence of the number e. This proof is found in various books--

in particular, in Klein's book [42] where it occupies seven pages and

' 1is conducted accord&yg to Hilbert. In an encyclopedia of elementary

<
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this proof. The prgof oecurs in a little
' it occupies four and a half peges. But theé first proof of this truth

wa s given in 1873 by Hermite and occupied significantly more space.

g‘ The question arises: "What will methodology say apropos of using
one proof or another? The first proof (Hermite's) is the‘"longQSt,"

but it is also the most natural. As you read it, it is ee-if you are
‘present'in‘a‘scientist's laboratory. But such a proof, precisely by
virtue :of its volume, does not gét.into textbooks, which give preference
to short proofs. 'In textbooks, second, thiré-—in short, later——procfs

?’gited which are mnph easdier to find, as SOon as, the first proof

’

¢ 77 has been £ ound-.

* .Thus, from a pedagogical point of view the first proof is more
valuable, but it does not get into an official textbook, which ‘is always
bountd by the number of hours allocated for the topic in the curriculum.
Thws, in answering the; question posed above on how to present a new
" topic with methodologi al expediency, we should say. it ought to be

. learned from history t is necessary to see how this topic wa$ -
elaborated by'pioneélggin it, what way they used to reach definitive -
~results. 0f course, this path is thorny and not the shortest, but
it is the most natural and the most instructive. The school, as
- a rule, is not in a condition to follow such a neth, but iggcan’
venture, in certain especiaily impo&tant instances,  to use this method.
Ve deliberately took as an example a question that goes beyond
® the limits of the school cugriﬁ\}um, and we did not use any theorem
‘ from the elementary course in geometry. It would have been hard for
us to pursue these arguments wifh respect to the theorem on the sum
of tne squares of the diagonals of a parallelogr%ﬁ for example? betause
+ the elementary geometry studied in secondary school was created g{l
at once, so0 to Speek by the genius of Euclidesat least, that is the
impression one gets).
Thus, the everyday presentation of minor mathematical theorems can
be carried out in the textbook, using the second, thir&, perhaps even
the tenth proofs, but in presenting major ?uestions, large—scaie problems,

A

RV

*Source not given in the originmal (Ed.).
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‘ _‘it'is useful to. turn to :ﬁa history of mathematics. There.we sometimes
. meet unrigorous and insufficiently polished arguments, which are: . .
instructive in many respects,.hoﬁéver,' They show how searches for the - ‘
truth proceed, not éloﬁg“anyeven road, but. on the contrsr?,:through ffel :
tortuous paths; -and that even a genius does not creste'instantaﬂeously,
and that the truths that are now common property evoked doubts,
| hestistion, and distrust in their day. . " B
5. The history of mathematics is.part of the history of culture,
and in this sense the study of it has the same object as the study of 4
the history ofieulture. 2 That 1is, it acquaints a person with the ¥EE;8.
of the cultural life of mankind and it shows the stages to which oeople
hsve’risen.siowly, over a milleunium, before they reached their present
condition. . i . ' ' |
The elements of the historical approach in mathematics teaching
are essential primarily for mathematics itself. But, in addition, they
‘are essential for widening our pupil's horizon, for rsising his cultural N
level. When examinad from this aspedt, the "elements of the historical
spproschf constitute'psrt of the history of culture and therefore cannot
be presented in isolation from that history. But, *for the mathematics
teacher to be able to present the history of !ﬁlture easily and .
freely, he should be trained in this himself. He should be trained in
this by the particulsr.style of;work of the pedagogical institutes.
This style, by the way, shoul&“ exclude 'issy, supe_rfic'ial reading of
random, cheap, empty books. On the contrary, from the first year to the
,last it should be characterized by a study, against a background of the
history of culture, of the monuments of world literature, architecture,
. . sculpture, painting, music, technology, ett. An educator thus trained -
» will be able not only to teach mathematics but t‘o,\show the pupils its
general cultural significance as well. ‘
At the.same time, we should make one stipulation. A matheﬁstics
teacher who 1s already established must not be treated too unmercifﬁlly.
One must take into account the indisputable fact thst the pursuit of
the msthematical scilences over many years leaves‘s definite mark on
e a person—-—he has, we might say, worked out a psrticulsr,style,of behavior -

and thought. We might describe this style'as deductive. In inviting

L3




four mathematician to switch over to’the historical,"we‘neverthelese‘
compel‘him to rénounce the stylé of work he is used to. ,‘ -
Y The fact is that the method of presenting facts, like the one used
in history, often scares away our mathematics teacher, who is trained
in Euclid. In mathematics he is accustomed to.the logical method, and
in history (even if it is history of mathematics) he should use the

historical method. ]
The historical method 1is characterized by a study of events in a

-

definite sequence, and-thereforeachronology acquires comsiderable

‘significance here. The historical method links each event with'a »

definite place (localization), and therefore it is impossiblé to study .

the history of mathematics without a gebgraphical map and.without J,ﬂﬂ,

» 1imparting the geographical information to which a given mathematical '
* phenomenon is related. « ’ L ‘\
‘Certain persons:inevitahly participate in the historical process.
AccordMigly, the study of the history of mathematics presupposes a
familiarity with the biographies of some historical personalities. The
historical'methoi can be characterized as inductive, since history has
as its subject the study and description of facts that took place at
a definite timeiand in a definite place. All this 1is, to a certain-
- extent!, alien to the mathematician, who resorts mainly to the method ]
of deduction in his wprk. Nevertheless these quite necessary aims, which .
L we haye formulated above,‘should be fulfilled becduse only under these ‘
conditions do we extend the content of the information.that constitutes
the subject,of mdthematics. . ,

The presentation of historical information cannot”be.diverted'from"
the study of mathematics itself it is set forth either before the study’
of a definite topic, or afterwards, but not separately from it, In
the sehool there is no subject ealled history of mathematics, but there
are individual historical discussions, lasting from 5 to 30 minutes.

We think that a real history of-mathematics might be teaght in the
school, but:this is a iuxury that no curriculum could bear.

Consequently, it 1s a question of organically blending mathematics
and its history Apparently, it should proeeed.in this wday: the teacher
presents some pieces of information, and then explains how they arosg.

It is clear that this cannot be done in every lesson. If the pupils
» : . :
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are spending a number of lessons’ studying ¢perations on algebraic ;

‘We have already said that historical information can even be impa ted

fractions, or the solution of first-~degree equations, or opetations on H

, 1.
radicals, the historical information is not imparted in every less n, .$.§Q;
but - once after a number of lessons, when generalizing or reviawi .

e e

before studying a definite topic. ! . o !

3

i
- . b
Hietorical Information Related to Extracurricular Questions of Mathematics ?
y it

It 1is no secret to anyone that the mathematics created in hoary ° '/ :

1)

antiquity is what is studied in school. This is clear. - If is trPe ?}j,%
with respect to arithmetic and geometry: As for algebra, we'enCQMnter ;
facts of a later origin. However, these facts almost never go beyond. ﬂ
the 17th century. We must rememher thatfthe limitation of mathematics !
to such remote information is utterly insufficient for a seéondary—

o

school mathematics education. At present the person who completes ° o O
secondary school canmot manage without the concept of a function, | ﬂ‘ii
without a knowledge of the elements of analytic geometry, or the ideas of i}'
the analysis of infinitely small quantities. We do not doubt ' _;a”
that in the next few years the mathematics of the l7th'century will
penetrate the secondary school, but matters will not go farther than

this date. The mathematics of the 19th centruy cannot be studied in  * >
school: there 1is not tiie for it, and now it is becoming a specialty, .;=
not a subject for general education. " .

b

However, teachers often tell the children in school about the ¥
achievements of mathematics in the 19th and even in the 20th centuries.
How do they do it? What do thay‘relate it to? ‘ ' ?!r
~ The historical information iqparted by a teacher in connection with,
say, the study of equations of higher degrees or of logarithmg, should
‘1lluminate these questions from a historical, rather than iqiggical,
point of view. In connection with this the names of Abel, Galois,
Napier, Burgi, Stifel, and others will appear. But to introduce ény
20th century mathematician in this way is rather difficult for the
simplé reason that he has not studied the questionsAof school mathematics.. .
Here we must find a different way. /Qn finishing secondary school,
the. pupil should be familiar with the progress in science, technology,
and the arts in the country of which he is a citizen. The mathematics

teacher cannot accomplish this task alone; all the sbecialists, working

»
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 in secondaqyschool4-physieists, chemists, historians,‘bidlogists;.
geogréphers, etc.--should solve it through combined efforts. They
should sliot among. themselves tne informstion on theahistory of
culture in our "land and should teach it to the chil en.
" How and when can this be done? S ot
'ﬁe feel that it would be possible, for example, beginning wf?h‘
grade 7, to arrange annually, over four years, two discussions on
' qusstions in the history of culture and mathematdics in our land. e
Material for these discussions can be found in Gnedenko's book, Essays ’

on the History of Mathematics in Russia [34]. One can use the other

boaks (they are rsre, to be sure) that are cited in the sccompanying
1ist of literature. '
But in conducting these lectufe—discussisns it is not ensugh to
read one or two books on the history of mathematics. The‘leéturer
shou}d first describe the epoch, preparing‘ths background out of which
certain mathematical facts arose. He must thus become acquainted
with the historical and socioeconomic literature. '
But a basic difficulty is not how to find literature on a given
Question but how to present nonelementsry things in a'popﬂlsr_form

1

a teacher wished to tell his pupils about M. V. Ostrogradskii, it would °

f (Y .
to the pupils. et us restrict ourselves to just-one example. If

be senseless to say that he.was concerned with' the calculus of variationms,
but it could be said that he worked in e province of algebra and
the theory of -numbers.«walt should be pointed out that Ostrogradskii was
not studying the algebra thjt is learned in school, nor the arithmetic
that is set forth in a standard textbook but was concerned- with higher
. branches of both disciplines. It becomes clear that arithmetic as a
. science dées not terminate in sixth grade, nor 1s algebra terminated
in tenth grade of secondary school :
Biographies of Prominent Mathematicians

[
In presenting individual facts from the history of mathematics,

| one must, of course, give various names (Fuclid, Archimedes, Heron,
‘ Newton, Lobachevskii, Descartes, Nsbier, and others). 1In mentioning ! .
these names, the birth- and death-dates and nationality are cited. In

a few cases two or three more sentences are added about the work of the

given mathematician, about his place of residence, or about his

L WL _
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x’fﬁthematical'interests. All. of this is the sort of information that
. almost never stickgfin pupils memqgiesf But in many schools {(mainly
'Aﬁf\ during extracurricular time) more extenSive biographical information
'l} is given to the pupils. An acquaintaﬁce«with such informatioﬁ\ehows that
C it usyally does not go beyond the bounié\of\biographical particulars.\
This means that not only are the dates of\birth and death given, but
the educational institutions from which a m&{heﬂatician graduated, L -
the institutions in which he served, and the Yearq‘in which his most ’
important works came out are indicated. \_'nﬁ

No special goal is set for imparting this inﬁarmation, and since
there is no goal, there 1is no clarity with respect to what to consider .
important and what to consider not worth mentioning in S'person's
. biography. . | ;yf{-"

What considerations should guide the educatcr in tﬁe study of
biography? The mentors of the rising generation haye alwayg used tﬁe
biographies of great persons:for educational purposes., For this, brilliant,
prominent, extraordinary--rather than ordinary--personalities have been

' chosen. This is understandable. The school, in training the rising_A
generation, should confront the pupil with great.tasks and high goals; 
. should form social ideals, for only under these conditions will it ‘
fulfill its purpose. , ’ A

The school in our time places before its pupils the ideal of a .fvf\ﬁ'
thoroughly educated, trained person of high moral character, an active -
builder of communist society. On account of this, it ig\xdvisable

~to show that at different times and in different countries, personalities
appeareﬁ who stood head and shoulders above their'enviﬁonment, who B
sometimes perfor dAdEEdS that were incomprehensible to their contemporaries
and who were eval ated only many years later, aftgr their death, persons
who lived in the name of science, sometimes renouncing private life,
money, glory, every external advantaga, and working all their lives in
the name of the welfare of mankind. ) ‘ i

' Clearly, the biographies we are speaking of should be detailed: _ -
'This means not.-one or two pages, but at least a booklet of 3-5 printer's
sheets. How and when can they be studied and how much Liography can
be given to our pupil? We feel that it is not within his powers to

study more than two biographies a year. When there are a few copies

~
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. of a biography, they can be given to the pupils for preliminary reading

-

at home, then a separate hour can be set aside for collective examina-
~ tdon of ahat has been read. If there is a single copy of a biography, -
it can be narrated either by the teacher himself or by a pupil who is
good at épeakingV(after suitable preparation). It would be good if
all the pupils would start a notebook on each biographyﬂan would fill
it up with their extracts. e

One. cannot read in earpest the biography of a greatlmaﬁ at the so-

called mathematical evenngs, whére theatrical'pfoductions are arranged,
various tricks are sh?wn, and even dances are organized. At these

evenings there is no room for serious, sincere, and reflective work.

5. Historical Information of a Curricular Nature

——— -

In composing this séction, we uséd G. P, Boev's book, Discussions

on the History of Mathematics [15).

We have already said that at present it would be premature to
require the teacher to construct mathematics teaching on historical
bases. Such a requirement wculdAbe beyond his strength. But one
cannot relinquish the elements of the historical approach in(teacﬁing.
We should move forward wi;h each year. What this means waé'discﬁssed , -
above. Let us briefly'repeaé our ideas: it means that a.ftaff'of
teachers who know the history of mathematics well@shﬁﬁI&ybe trained in
the‘pedagogical institutes, more books on the history of mathematics
should be issued for teachers and pupils, and historical information should
be instilled in mathematics textbooks and in methodological literature.
But at the same time, withOu; waiting for the results of these meésurés,
one shoul@ introduce elemengg of the historical approach into mathematics
teaching in small doses, from time to time.
We indicate below just what materials should be imparted, and
when 1t shépld be imparted, to pupils in the study of mathematics:
We assume that some s}mple mater%gl from the history of culture, in
_a form accessible to children, is imparted in the first four grades. . -
Not 'wishing to encumber our exposition, we shall not touch on this
information, and we therefore begin with what it would be useful to

present in secondary and upper grades.
>
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Let us cite a mndgl list of historical discussions.

B3

¢

Co "Arithmetic
1. The decinal system of enumeration. .
% - 2. Prime numbers. | ' '

3. Decimal fractions. °

RN

_ Algebr '
1. Historical introdyctiop to algebra.

2.. Negative numbers.

j 3. First-degree equations. ‘ ’ .
4. Equations of second and higher degrees. )
- 5. Logarithms. |
. 6. Functions and graphs.
' - 7. Development of studies of number
. - ‘ . . )
¥ " Geometry

1. HBdstoriéal introduction to geometry.

2., Trisection of an angle.

3. Pythagoras and his time. ‘
4. Squaring the circle. ' |

5. Euclid's fifthfpostuiate.

6. Duplication of a cube.

7. Conic sections.A '

8. Euclid's Elements. The foundations/g;\éeometry and
other ways in which geometry developed after Euclid, -

A TN
T
e

‘Trigonometry

i

1. Historical introduction to trigonometry.
v + 2. Develgpment of modern trigonometry.

On the following pages we shall give explanations for each

topic. ‘ o , |




. N N N - . ‘ ‘
) : . ! ’ * A " .

A

. Topic: The decimal system of numeration.
\

Time of presentation: In grade 5, afteg a review of the decimal system

of enumeration. . ' ' .

Literature: IQ, 10, 83]. . | o

.

Content of topic: Roman numerals. Slavic nimerals. ‘Vagious systems
of enumeration. Evolution of numerals. Auxiliary means of
calculation (abacus). Large numbers with the Greek mathematician
(Archimedes) and in 0ld Russia. The role of the Hindus.in
creating the decimgl system. The penetration.of Hindu numerals

&Qto Russia. N
7

. Topic* Prime numbers. . s
-
Time of presentation.\.In grade 5,,during the study of the divisibility

< of numbers. " / /, .

Literature: [23, 34].

Content of topic: Mathematicians were occupied with the stqu of primes .
in ancient times. First, it was interesting and of course
important to solve the queston of whether it is possible, by
gradually going'over the set of hatural numbers, to reach the

: only certain composites occur.

Euclid studied this question (300 B. C.) and established that

R khe number of primes is infinite., | ‘ :

\ "Aftef Euclid, the mathematiclan -and geographer Eratosthenes

‘g;éetest prime number, after whi

(275-194 B. C.) studied the question of the search for primes.
He set himself the task of singling out the primes from the set
of natural numbers. His method consists in first all numbers
divisible by 2, except 2 - X being cut off from the set of.
natural numbers from 2 to a, then all numbers divisibla by 3,
except 3 - x, then all numbers divisible by 5, by 7, by 11, etc:

(Eratosthenes' sieve). >
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» Topic: Decimal fractioms. -

The French mathematician, Pierre Fermat, proposed that the
formula a .= 22 +1 should yield the prime numbers. This hypothesie
was refuted by L. Euler, who proved that when n = 5, the formula
yields a number divisible by 641.

In the 19th century the question of the nature of tne

“distribution of primes was studied by many mathematicians, but

P. L. Chebyshev (1821-1894) achieved especially significant results
in this area. '

i o “

Time of presentation: After covering ordinary fractions, and before

[T

the study of decimals. A

. Literature: [15, 21, 23, 72]. (J

Content of topic: ‘Basic attention 4n this discussion should be devoted

t\\\~*élfzf’

/

to showing that decipal fractions were a true blessing for mankind,
because they made calculations easier. o -

In the study of a course in decimals, the
‘teacher's chief goal should be for the pupils to
arrive gonsciously at the inevitable conclusion *
that decimals are much easier than ordinary
fractions in the method of their notation and
for performing operations with them. ‘In this
respect decimal fractions have had no luck in
school: pupils are firmly convinced that ordinary
fractions are much 'better' and easier than
decimals--this antipathy to decimals then remains
the whole 1ife long. For example, the English
writer Jgrome K. Jerome writes, in his Diary of a
Pilgrimage: 'From Ghent we left for Bruges, where
I found pleasure in throwing a stone at a statue
of Simog, Stevn, who tormented me a great deal in , .
school, as he/}nvented decimal fractions [28].

In presenting this question, the Uzbek mathematician and v

. astronomer, al-Kashi (15th century), Christoff Rudolff von Jauer

(léthtcentury),:and the Flemish (Belgian) enéineer, Simon Stey{n
(1548-1620) are mentioned. ’

148



.Topic: , Historical introduction to algebra. . '

'Y _
. L] ) f
Time of presentation: In grade 6, before the study of algebra.

Literature: [21, 47, 68, 73, 82, 83]. -

-

" Content of topic: For every beginner in the study of algebrk, the
quéétion naturally arises of what algebra is and of what he will
: be learning in this science. | -
The school algebpé course 1is priﬁarily a continuation of
arithmetic, ~'This means the following: in arithmetic, integers
and fractions and operations with them have already been‘studied.i
Still other, kinds of aumbers will be studied in algebraj after
intege®s apd fractions, first, negative numbers will be studied,
then othef kinds of numbers. As in arithmetic, we shall study
operations on these new numbers: at first the same four operations
. examined in arithmetic-—addition, subtraction, multiplicatfon, and
division--then still other operations. .
Here is the sense in which school algebra is a continuation
of arithmetic—-it studies numbers and open&&igns with them. )
' Equations are the next and at the same “¢ime the central
question of algebra. Elementary notions of them can be g%ven'
to the pupils by showing equations of the type x + 10 = 15, |
h f which are familiar to them from arithmetic. Historical material
on equatioas will be gi%en later,‘after familiarization with them.
Here one should touch on the matter of letter designatiom.
the modern letter notation wasg the result of a long historical
development. Three stages can be tracedf a) rhetorical algebra,
b) .syncopated, and c) symbolic.
In presenting the topic, Diophantus, Mohammed ibn Musa®
. al-Khowarizmi, Luca Pacioli, Cardan, Stifel, Vieta, Girard, |

< Descartes, and Wallis can be named among the scientists.

N\
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Topicﬁ Negative'numbers.

Time of presentation: 1In grade 6, during the‘study of negative numbers.

Literature: [21, 48]. ‘ | | .

Content of topic: The gradoal’penetratiog oonsthematios by negative -’ N
B numbers. The attitude of the Greek mathematicians toward them. .
The role of the Hindus. The views of Homammed ibn Musa al~Khowarizmi;

Negative numbers among the algebraists of the 16thocenturyi

Luca Pacioli, Tartaglia. 'Stifel's establishment of the "rule of

'signs." Vieta's attitude Eoward ndgative numbers. The significance
- of the work of R. Descartes for consolidating negative numbers in

mathematics. Girard's geometric interpretation of the negative

roots of an equation.

T'vTopic: First-degree equatioms.

Time of presentstion. After composing first—degree equations, before

passing on to systems of equations.

'

Literature: [15, 23, 47, 68]. : ‘ >

v

Content of topic: Problems that lead to firspédegree equations were
| known to the Egyptians. In the "Rhind Paoyrus," written approximately
1700 years B. C. by Ahmes, there is a section devoted to the -
"calculation of piles." Methods of solving these problems.
Problems on equations in a second-century collection, known under
the title of the Palatine Apologia. Diophantus' "Arithmetica" f N

as a significant step forward in the ‘province of solution of '
equations. The appearance around 820 of a treatise on’ "algebra" by
Muhammed ibo Musa al-Khowarizmi and the features of that treatise.

Omar Khayyam and his algebraic works. Features of Leonardo ‘ I

Fibgnacciﬂs work, Liber Abaci (1202).
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 Topic: Equations of second and higher degrees. ~

A

Time of presentation: In grades 8-10 in connection with the study of

the appropriate sections of the curriculum. \ ’

Literature: [15, 21, 68, 73, 74, 83, 88]l.
. . N

antent~of topie:~ Information on equations above the first-degree,
u? to the time of Diophantus. The quadratic equations of -
Diophantus. The quadratic equations ofs Muahmmedyibn Musa
alwmmi. The role of Omar Khayyam. Subsequent developmerit
of the%theory of solving quadratic equations (Stifel Vieta).

Solving equations of the third and fourth degree (Ferro, Tartaglia, ,\;

‘Cardan, and' Ferrari). Subsequent developmant of the' theory of ) *\Qﬂ?

solving equations of higher degree (Gauss, Ruffini, Abel, Galois)

Ve
Al ' A3

Topic: Logarithms. ‘ . .
?

Time of presentation: In grade 9 during the study of logarithms.
Literature: [l] | | - -
Content of topic. The first attempts at simplifying calculations with
the aid of the compositicn of progressions in the 16th century (Stifel)
+ The tables of Burgi and Kepler. The invention of logarithms by

Napier. Napler's methed of calculating}tahlee. Briggs and his
work in simplifying the system of logarithms. The latest tables
of loéarithms with a various number of decimal places. The

calculation of logarithms with the aid of a logarithmic series. .

EEEEN
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,Topic. Fanctions and graphs. >

Time of presentation: The pupils should be familiarized with the
proposed material during their entire stay in school. . .

Literature: -[41,(35, 81]. e

L
Content of topic: . In the exposition of this topic it is useful to
' dwell on the various forms of functional'telationhhip. It is

',important to note the idea of the graphic representation of functions. i

- Among the scientists, one can name: Galileo, Newton, Leibniz,
-, Fermat, Descartes, Euler, Lobachevskii _and, depending on

. ¢ircumstances, some 19th century mathematicians.

o
L]

4
‘ & . ) - LIS
Topic: Development of studies of numbegy

Time of presentation: In grade,lﬂ,,in.connection.with"the review of

. algebra. - " | " S

‘'Literature: [48, 81, 84,

-

A - / ‘
Content of‘toﬁic* During their stay in school the pupils hdve already

, . become acquainted with natural, fractiongi negative, and irrational
l numbers. Now, when the level of their mathematical development
. has attained its highest peak, a survey can be made of concepts
"familiar to them, but so to speak, from a higher point of view.
This will be the laet*historical discussion in algebra, and in it
the instruttor can allow'himselt to make broaderageneralizations,
withoPt feefing that the pupils will not understand him. In
presenting the que:tion of complex numbers, the teacher can
derive supplementary information from Simon's book [69] in
Chapter V, "The Didactics of Arithmetic and Algebra," the section

on 'The History of Complex Numbers."

-
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Topic: ‘Historicaf’introduc:iqn to geometry.

‘Time of presentation: Grade 6, befora the study of the geometry course. -
. . : . )

. Litetaturg:' [15, 46]. ‘ _ o M

N Content of topic: Geometry in Ancient Egypt . ‘The practical nature of .

~ Egyptian geometry. The role of geometry in land-surveying and in

' the construction of various buildingss‘ The nature of Egyptian
bégonians. Its origin‘in

%ractical activity. Geometric design. Divisjon of a circle

mathematics. The %eometry of the Ba

into 6 equal parts and determining the side of a regular inscribed ®
hexagon. [The first Greek geometers--Thales and Pythagoras. *The
possible, influence of Egyptian and Babylonian geometers on them.

- . B . P
r - .

Topic: Triséction of an angle. v .

Time of presentation: In grade 7 (at the end of the course). S ’

* -

RS Literature: L49,'68, 73].

‘Coﬁrent of topic: The prcblem of dividing an angle <into 3 eqﬁal-parts'
with the aid of a ébmpass and straightedge is reléted.to’a number
of famous geometric problems of antiquity. Attempts ér'solving‘

ithis problem date from the oldest times. The Pythagoreans knew
a particular aase of this problem--the divisian of a right angle
into three equal parts. Hippias of Elis gpparently was one of .
the first ﬁathematigians to. study the solution to tﬁis problem. -
According to the evidence of Proclus, he found a particular Curve
(the quadratrix), with the help of which the problem could not
be solved. ' The same Proclus _8ays that Nicomedes divided an angle
into three equal parts with the aid of the conchoid. Pappus of
Alexandria points out two more solutionsﬁzg-rﬁis problem. In
modern times, Descartes studied the trisection of an angle. : v
Besideé Descartes, the solution to the problem was studied by
Newton, Clairaut,.Schgil. ‘




Topic: Pythagoras and his time,

. Time of presentation: In gra&e 8, “during the study of the metric

correlations in a triangle and a circle.

-

-

Literature: [15, 21, 68, 73].
Th% characteristics of the epoch can be found in history
courses. An exposition of Pythagprean teaching can be found in

-detailed courses in the history of philosophy.

Content of topic: Historico-biographical data on Pythagoras. Partiﬁulers
of the Pythagorean brotherhood. The ?&thagoreans' work in geometry.®
" Their arithmetical works. Their discoveries concerning physics
(laws of the vibration of strings) and astronomy (the daily o

. revolution of the earth).

Topic: Squaring the circle.

-

Time of preéﬁntation: In grade 9, duriﬂg the study of the area of a

circle. ] . 4
. b d ‘ . .
Literature: [15, 493 64, 73]. .
Content of topi“ This problem is related to the famous problems of -
antiquity. On Plutarch's evidence, even Anaxagoras studied the,

<
solution of this problem. The same problem interested Hippocrates

of Chios. Antiphon's attempts. The use of thé quadratices .of
Dinostratus and Nicomédes;. Solution of the problém by Archimedes.
The words of the Hindus. ' Later authors who studied the solution
of the problem: Leonardo Fibonacci, Adriaen Metius, Ludolf van

Ceulen, Huygens. The work of Lengendre and Lindemann.
i

1g4
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- properties. The subsequent application of conic sectionps: the .

~ S -~

Topic: Euclid(s fifth postulate. . " : _ ,
. * ' ' ‘
Time of presentation: In grade 9, before beginning solid geometry.

Literature: [88].

N

_Content of topic: The Greeks' postulate of parallel lines. “Proclus'

. information about. the attempts at proof. The Arébs' postulate-
of'parallel lines in the Renaissance and in the 17th cengufy
(Clavius, Borelli, wallis) Forerunners of non—Euclidean geometry.
Saccheri, Lambert, D'Alembert, De Morgan, Laplace, Legendre, Bclyai.

The creation of non-Euclidean geometry. N.' I. Lobachevskii. ,

Topic: Duplication of a cube.

'

.

Time of presentation: . In grade 10, during the study of the volumes -
of‘polyhedra.

Literature: (49, 68, 73].

»

_CaﬁtEnt of topic: The problem of-duplicating a cube (or the Delian Problem)

belongs among the famous geometric problems of antiquity Hypotheses'
concerning the origin of this problem.i First attemps at solution

by Hippocrates. Solution of the problem by Archytas of Tarentum.

The method proposed by Menaechmus..’ Among the ancient mathema$%pians,
Apollonius and Diocles studied the Solution of this problem, and

among later ones--Vieta, Descartes, Newton, and others.

LY

Ca
b

Topici Conic sections.

Time of presentation: In grade 10, 'during the study of solid geometry.

Literature: [68, .73, .81, 82].

. . . }
Content of topic: The theory of conic sections prior to Apodlonius. The

conic sections of Apollonius. Properties of the conie sections

discovered by Apollonius. Focal properties of conic sections. Pola®

trajectory of a projectile, orbits of planets, and others.
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.- Topic: Euclid's "Elements." The foundations of geometry and other
o ways in which geometry developed after Euclid,

' Time of presedtation: The final discussion in grade LO. R &
Literature:  [25, 88]. K

Content of' topic: The discussion 1;\Eﬁe final one. Three questions
can be touched oﬁ in it, First, the pupils can become familiar
(quite briefly, of course) with the éontent of Euclid's

. . "Elements."l Second,.if tﬁg pupils' mathematical preparation
‘permits, they can become familiar (quite briefly) with modern
constructions according to Hilbert,l Third, to give the pupils
an opportunity to feel the perspectives of the subsequent develop~
ment of goemetry, they -can be given a few words on the history of

the development of projective or desgriptive geometry,
N -

L] . l‘

Topic: Historical introduction to‘trigonometry.'

Time of presentation:

In grade 9, before the study of the systematic

[

course in trigénoﬁetry.
Literature: [21, 73,‘74].

Content of topic: Table of the chords of Hipparchus. The connection
between astronomy and trigonometry. The tables of Ptolemy.
The words of the Hindus in trigonometry.? The works of the

-

Central Asian scientists (Abu'l-Wefa).




Topic: Development of modern trigonometry.
Time of presentation: At the end of the first gquarter of grade 10.
- Literature: [15, 21, 73, 74, 81].

‘ o~ , _
~ Content of topic: Some trigonometric, facts were established in -

o
e E

antiquity. As*waé indicated abgve, ;he first tables of chords

were composed by Hipparchus in the second’centéay B. C. Trigonometry
takes on a more modern form almost 15 centuries 1atef. First,

the merits of Johann Muller (1436-1476), born in Konigsberg and
known under the pseudonym of Regiomontanus, should be mentioned

here. The Englishman, Bradwardine, can be named among his

. predecessors. Vieta (17th century) deduced a series of formulas

in trigonometry. Besides the persons mentioned, many prominent
mathematicians worked in the field of tfigonomé;ry: Napien,‘

i Pothenot, and Euler. “The German mathematician Mollweide, whose
name 1is comnected with formulas that are familiar to the pupils,
can also be cited. Furthermore, J. Bernoulli, De Moivre, énd '

_ Lambert contributed to the, progress of trigonometry. Euler can bgﬂ

. regarded as the founder,of thefmodern teachings on trigonometric

€

formulas.

127




6. Historical Material of an Extracurricular Nature

We have observed that the historical information that belongs
to the curricular material is presented together with this material.
Historical information related to mathematics which does not enter
into the school curriculum has other goals and cannot be presented
in the scheme in.which curricular, questions are considered.

The information we are discussing in this section can be coneidered‘
in comnection with familiarizing pupils with the history of culture
in our land. In order to impart to the.pupils so;e information-on the
history of mathematics in our country; the teacher should not only
read some books on the history of mathematics in Russia’ but should

become acquainted, first and foremost, with civic history and the

| history of culture. This, of course, involves an expenditure of extra
time, the selection of literature, and the mastering of a method of
historical exposition that is unusual for a mathematician..s

We have said.that discussions on the history of culture in our
land-shoul# be held in school not oftener than rough;y twice a year,
according to a definite, previously gutlineduplan. It\is not hard to
make such a plan, if one sticks to the division into periods which
has taken éhape in history. , The circumstande that the first discﬁssions
on the hfstory of culture will be held in fifth grade, and the last in

tenth, is most important, pedagogically. Consequently, there should
be an enormous difference Sﬁgng these disaussions.' in fifth grada

the children have a quite limited stock of historical informntion, aﬂ
poor vocab ary, and weak skills in thinkinglqgically Therefore ithe
information c” above should be given to them in a maximally _
intel;igibie form The teacher has to do a great deal of work in
order to bring.material from 8 book closer to the, understanding of fifth
graders. 1In the upper grades, the teacher should gradually make his
discussions more complex, approaching a lecture style in grade 10,
although in fifth grade an unbroken discussion covering 40-50 minutee

would be tiresome. > '§%
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7. The Studﬁjgi_Biographies

It was stated earlier that the study offbiographies has an
instructional value. The work.of stydyingvbiographies, we feel,
should be divided among the school teachers according to their specialtids.

Which biographies - -do we recommend for study? It is difficult
to answer this question for a number $¥ reasons. In particular, our
recommendation might be impracticahle if the biography section of a
school's library is verﬁ poorly represented. Then the reacher must use
the biographies which he has near at hand. ° |

In section 5 we recommended familiarizing pupils with Ene scientists
of various epochs.' This is useful -in that pupils who become acquainte
with a person's biography obtain information about the epoch in which
that person lived and worked It should be made a rule that a“person s
'biography cannot be divorced from historical and geograrhical condftions.

Without trying to impose our views on the teacher, we shall citex.\
a sample list of names whose blographies might be dwelt upon in school." N

*Euclid (300 B, C.) Biographical information about him is extremely \§¢'

re

T

scanty, but we give this name because an entire epoch is connected e

with it. Some information on Euclid can be found in courses in the
history of mathematics and the history of culture. Vygodskii [85] provides
some biographical information in his article on Euclid's Elements.
In the sresentation of this topic particular attention should be paid
to the characteristics of the epoch-—-the flowering of the sciences in-
Alexandria in the epoch of the Ptolemiles (the library, the museum,_~
and academy of Alexandria), .

Archimedes (287-212 B. C.) Eucii%@and Archimedes were close to(
each other in date. In discussing Archimedes, we wish to stress the
'difference between these great mathematicians of sntiquity. Euclid was,

‘or technological work (speaking in modern language) attracted him {to

so to speak, a theoretician in science. As for Archimedes, engini;ring
a significant extent, There is literature about Archimedes. Besides
biographical information in books on the history of mathematics,
individual works can be cited [31, 38]. ‘

Ptolemy (87-168). Very little is known about his life. In
presenting this topic, attention should be paid to the characterfistics

of the epoch and a survey of the works of Ptolemy. His main works:
[
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! the Almagest (the Arabic distortion of the author's original title), qhe‘
Planetary Hypothesis, and the Risings of the Stars, Reference Tables.#

One can read about him in books on the history of mathematics, for
example, Fatstsari [26], Tseiten [73], Sheremetevskii‘[é&]"'énd others.
According to the evidence of Proclus Ptolemy made an‘ﬁttempt to prove
"Euclid's fifth postulate. Ptolemy's geocentric system lasted up to
Copernicus.

Brahmagupta (598-660). We are naﬁlng Brahmagupta ‘because we
feel that‘a_discussion.about the nature and acheivements of Indjen

" mathemstics can be developed aiound this name. The names Aryabhata
and Bhaskara can be mentioned in this discussion. One can read.about
Indian mathematics in Tseiten s book [73]. M‘h material on the geometry
of the Hindus can be found in Schall's history of geometry.

Mohammed ibn Musa girKhowarizmi (820). Biographical infofﬁation

~about him is.ex remely scanty. ‘But it is very de¥irable to dwell on
his activity, sznce the very term "algebra" originates in his wnrksv
Literature can pe cited: [23, 26, 47, 68, 73] and Essays in the History
of Mathematics by Popov [61]. Mohammed's personality should be shown
againht a historical background. The rple of‘the Arabic language should (;/

be pointed out. o S ‘ ¥
. Nasir ed-din (1200~1274)ﬁ An astronomer and geometer, he directed _

. the observatory in Maraga and wrote in Arabic. In presenting thi§
Qs topic, a number of mathematicians of different nationalities, who
also wrote in Arabic; can be named. fn the shistorical '‘scheme, the
Arabs’ role in spreading and commentiﬁg upon Greek authors should be i’
discussed. The works of Nasir ed-din embrace almost all branches of *
human knowiedge. The translated Euclid, accompanying the translation

; with cémmentaries, and Archimedes into Arabic. There is an article by
v B. A, Rozenfel d in Historico-Mathematical Researchy issue IV,

}f, - : Leonardo ff;onacci (13th century) and Luca Pacioli (1445- 1514)

-~w*~———We-ﬁame~£ege%hef-fhese—m&them&%ieians --who-are -separated-by more than °

sl

“two centuries. They are little known to the general public, but they
hav a great significance in the history of mathematics. We dare

' séy that, by not{teferring to them, we would permit a gap of almost

0 ~ N - “‘
. ' e ‘ .
*No source given in the original (Ed.).
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400 _years in the history of mathematics: One can read about
™  Leonardo Fibonacci (Pisano) in Tseiten's book [73]. There is much,
information on Luca Pacioli in volume I of History of Scientific

Literature in Modern Languages [60]

.' Isaac Newton (1643-1727) The literature on Newton is;gnbstantial.
0f the old editions we can cite the..Pavlenkov biography and these books:
Vavilov, Isaac Newton [80]; Maraskuev, Newton, His Life and Works [54],
and Kudryavtoev, Issac Newton. For the 300th Anniversary gghNewton's
Birth. A Collection for the Tercentenary of his Birth [45]. An
indéx to the literature can be found in A. P. Yushkevich, Soviet

Anniversary Literature on Newton [90].

.Gaspard Monge (1746-1818). 1In connection with the bicentennial
of his birth, the USSR Academy of Sciences issued a collection of
articles [70]. 1In addition, Starosel!skaya~Ni§itina's book can be

cited, Essays on the History of Science and Technolqu in the Period
of the French Bouigeuthevolution, 1789-1794 [71].
Gaspard Monge was #ne of the men who introduced the metric system

and was a member of the commission of five, which was formed by the
Ngtional Convention in 1790. )

- Leontii Filippovich Magnitskii (1669-1739). Biographical informatio
about Magnitskii is extremely scanty. On account of this it is '

useful to acquaint pupils with his "Arithmetic.” Since this*book -is

" a bibliographical rarity, Baranov's book, 'The Arithmetic of Magnitskii [7],
which is an exact reproduction of the original can be used. This book -
was published in 1914. Only a small part of Magnitskii's arithmetic, )
up to the division of whole numbeta, appeded in Baranov's book, but

an introduction in the book presents biographical information on

,  Magnitskil, In addition, we can cite Galanin [ 30]and Section 4 of
Gnedenko's book.[Bé]; In the.elaboration of this topic, the epoch
of reform under Peter I should be pointed out.
. Leonard Euler (1707-1783). .Biographical information on Euler can
be found in Gnedenko's book [34]. In the old edition of Pavlenkov

there is 8 biography of Euler. The . following spurces can be cited:
Krylov, Leonard Euler [44]and Lu;in, "Euler" [52].

Nikolai Ivano;ich Lobachevskii (1793-1856). From the literature
on Lgbachevskii wéashould first cite Materials for the Biogxaphy of




N. I. Lobachevskii. 1In general, there is rich literature both on

. Lobachevskii and on the non-Euclidean geometry ‘he created [3 37,

39, 40] A series of books was issued for the centennial of the
diScovery of nop-Euclidean geometry [65: Vol. 2, 3 41, ‘
Pafnutii L'vovich Chebyshev (182ﬁ—1894) is the most prominent
mathematician of the 19th century,. the closest to us in time. “One
.. can read about him in Prudnikov's book 63], in Molodshii's article
. [58], or Ginzburg's article [32]. There is a biography of Chebyshev
in the first edition of his works. '

8. The History of Mathematics in Extracurricular Lessons

In extracurriculer'lessons there are more opportunities to study -
the'higtory of mathematics than in class. But extracurricular work,

> A
for all of its positive qualities, is fraught with one danger, which

* is that 1t is possible unwittingly to overburden the pupils with

numerous variants of this work and of preparation for it. There is a
'denffr that extracurrmcular work could turn into an end in itself _

and ‘could eclipse (at least, in the student ] budgeting of his time)
the.class work. h ‘

The .class work should teke first. place both in the amount of time
exS\nded and in proportion. A segfndary, and ‘thus quite modest place
should be given to extracurricular work, and %his work should by

" no means burden the pupil, nor should it deme‘iya considerable
expenditure of time from him. \These can be rather rare lessons,

" short in’'duration, Apparently, these assignments should be in the form
.'- .
+« In the programs for these classes, published in 1235 by the

of mathematics club classes.

Administration of Elementary and Secondary Schools of the People s

Commissariat of Education of the RSFSR, it is pointed out that

"mathematics clubs can be of two kinds: 1) clubs of a mass nature,_

the tasks of which are to raise the mathematical culture apd

interest in mathematics emong the pupils, to cause individual pupils'

inclinations for the mathematical disciplines to be manifested, or to

replenish and extend the pupils® knowledg§ in the elementary mathematics
. course, and’ 2) clubs for a limited number of pupils, the task of “which

A
-

’
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is to aid in the gcquisition of more e_xtensfve knowledge on
individual topics by more gifted pupils or by those who have spec%al
interests in mathematics and technology.
In their lessons in the mathematics club, the pupils acquire:
a) knowledge in those branches of mathematics that do not

enter into the secondary school curriculum and cannot be studied with

» the methods of elementary mathematics; ,
bii skill in reading independently a mathematics book of varying
difficulty on the varying level of their mathematical development;

c) skill in choosing, ebstrecting, and,Systematizing_mathematical
material; . |

vd) skill in preseeting their ideas coherently on qeestione of
mathematics, in lecture-form--written or oral {in circles for the upper
grades); ’

e) skill in applying mathematical knowledge in practical life.

k place in the mathematics club can always,be granted to the
history of mathematics and the study of biographies; The history of
mathematics is useful because it does not divert the puﬁils' thought
from hathematics. In it the same equations, radicals, functions, -
logarithms, areas, constructions, and pfobiems are discussed with

. which the pupil'has becomevfamfiiar during his class lessons. When
he meets material that has been covered, this time in a historical
scheme, the pupil reviews and reinforces that material.

Thus,  lessons in the history o@:mathematics can take a high-priority
in the programs of the mathematics clubs, % h cannot be said of other
topics in the prédgram for e%trac&rricular‘lessans. For example, it
is clear on many counts that dramatizations of sham—matheﬁatical topics
are arr@nged in the schools. In & great many schools, pupils perform
on stage ''the afitﬁmetic lesson' from Fonvizin's comedy Nedorosl'

(The Young Hopeful), and this dramatization "is certain to be connected
with the mathematical evenings. But what relationshlp to mathematics
does this scene have? What is instructive about it, from a mathematical
point of view? If the pupils wish ta have amusement or to show off
their acting skill,. they can either play Nedorosl' entire on the school
stage or sklect certain acts from it, but to put forward the afore-

. mentioned "lesson" as a mathematical number for a school evening is’

intolerable. :
- 133
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*

- We wanted to show by this example that exceptiona] scrupulousness
" 1s needed in the choice of the questions that would be desirable and
useful for presenting to children during extracurricular lessons.
Taking local conditions into account, the teacher should decide/
the question of the form of the historigal lassong (:a Story by the :
Ee;acher, ‘lectures by the students, readings_ aloud, and so forth). |
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o ovmccﬁmc STUDENTS' ERRORS IN THE INDEPENDENT

SOLUTION OF ARITHMETIC PROBL§§§

0. T. Bochkovskaya¥*

Common mistakes made by students in solving certain categories
‘of problems have been mentioned in print.many times. These nistakes
persist in the solving of simple problems of the second level of
-difficulty -~ to which we shall for the time being relegate problems

- connected with the concepts of difference and ratio -- and in problems

of the third level of diffiCulty -~ by which we shall mean problems

in findinglunknown‘components of the ari;pmeticai opefafions '

and problems whoechentent corresponds to the content of second-

leve; problems, but whose relationships are not expressed in direct

form. Students make a significant‘eumber of errors doing complex s
problems whose component elements are the simple problems mentinned', ‘

. 'above. | | ‘ .
' The causes of theee mistakes have been established. To solve

a problem, one mustéundersiand the diverse relationships and de-
pendencies that eomprise the substance of it. That is, analytic-
.synthetic mentai activity takes place in problem solving. Under-
development of this activity, brought about by the system under I
which problems are worked out, causes students ‘to make mietekes o
- when they are solving problems by themselves. A fallacious system
for worKing on problems is to use analysis and synthesis separately
and to underestimate the importance of encouraging the students'
‘intellectual activeness and independence. | ‘

“  Raising the level of students' skills and eliminatingltheir
mistakes in solwing problems on their own is possible under a system '
that is free of the defects mentioned. 'This syefem must satisfy
several conditionsfd{ ‘

*0f the Leningrad Municipal Institute for Teacher Improveﬁent;

Published in Reports [ﬁpklady] of the Academy of Pedagogical Sciences
of the RSFSR, 1960, Vol. I, pp. T 23- -26. Translated by Linda Norwoad
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- Fmrst Condition .

‘ An expedient order of introducing problems is needed. This
order should take into consideration the difficulties determineg‘
by the mathematical content and structure of the problem, and use
data from psychology to ‘mark. the wvay to overcome the difficulties
srising in mastering problem solving. Furthermore, the broad gap
‘'between the intY¥oduction of certain kinds of problems needs to be
eligpinated. | o :

From this standpoint, there. 1s mo justification for putting
certain kinds of simple problems off to the second and even the third
year of instruction, The calculatdon methods used in first grade
in studying the operations give the pupils their first notion of
finding both an unknown addend ("How much must be added to 7 to get
© 107") and an unknown subtrahend '

Even dividing objects into equal groups (by content) is crucially
.important to perceiving correctly the‘first division into ‘equal partg,
Any prefsehooler can divide.objects into equal groups without trou?i:j
whereas dividing objects into'equal pafts requires mastery of the .
division technidue. In order to divide a certain number of objects
into, say, three equal parts, it 1is necessary to take 4 group 'of
three objects each time and distribute them one at a time. 1f,
however, each object is taken one at a time from the whole group
of objects to be distributed, a mistake is ﬁnevitable because one
does not always renember in which "'small greup' to ‘put the, object.

And the second stage of division into equal parts under the heading
of ''verbal operations" is difficult without recourse %o equal groups,
of which the dividend is composed. ’

Our observations indicate that it 1is expedient to use division‘
of objecté into equal groups to orepare for division intq equal
parts, postponing the solition of divisioneby—content problems
insofar as it consists of two logical links. This sequence eliminages .
the gap between the two kinds of division and brecludes the difficulties
in mastering division by content that are continually obsegved in ,
schools from the moment dévision by content is put off until second

grade.

L A
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Eliminating the wide'gap in familiarization with problems whose
ebn;ent‘is a single concept with different unknowns or differently
expressed relationships helps children to form precise ideas of the _
meaning of a-problem and of an arithmetical‘operation, end helpe .

‘them to sutrmount the mistakes mentioned above.

-

Second Condition .
| The arrangement and order of problem work should utilize the
opportunity of spurring the mind to action. This opportunity snonld

be utilized to effect the second condition of a rational system of

‘problem solving, which consists of systematically developing the
students mental analytic-synthetic activity and furthering thedir
independent gearch for problem ‘solutions. T \

In this plan, the first addition problens (finding the sum of"

.two numbers), where the children’s pre-school, experience has paved
the way for Ehoasing opefations,‘serve as a basis for understending »
problems in which a number i$ increased by several units. Addition |
problems (findingfi*éum)“ané subtraction problems (finding a remainder)
are the basis for understending probléme in which one must find the
unknown components of these operations. Problems that include the

. . .
concept of a diiference'and ratio (increasing and decreasing numbers

by several units and increasing and decreasing them several times,

where the connection 1g expressed directly) precede and are compared
with the same problems, Sut with the relationship expreseed‘indirectly.
Simple problems of all categories form the basis for the corresponding
complex ones and must-preeede then. Probleme with fewer operetions |
prepare the students for solving problems with more-operations- .
problems with small numbers prepare them for problems using units of
measure; problems with a directly worded relation prepare ‘them for
problems with a more difficult wording. "

To develop the students' mental activity, the teacher's considered
use of visual alds and questions 1s extremely important. Thus, in
disclosing the concept of differenne, one must not be limited to the

visual perception of two groups of objects differing in number. Such

-

a comparison, though ensuring a correct answer . ‘ SRR
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does not lead to an understanding of the particular features of this
problem group ‘and does not guarantee that the choice of the numerical
data for doing the arithmetical operation will be correct. Com~
prehension cai be ensured only by actual doing, when the pupil takes
-a portion of the-objecta away from the total number {for example, ,'
three Baucers from five).

In'developing proper co'nc_eptions of how quantities are related E
and how the elements of a problem are commected, it 1s no less
important to prevent mistaken connections and generalizations, as "
well as_to remove any possibility of extending relationships that
are meaningful only for a limited number of problems to 8 larger
group of problems, This. cbuld be said of the verbal stereotype that

is used in analyzing problems: 'To find. out...we need to know..,.,"

‘%hich causes difficulty in applying the analysis method to solving

problems in which a relatiomship is exp;essed in a complicatedbway.
-~
Formation of this stereotype can be prevented by a series of
exercises consisting of systematically varied questions gbout the .

same data, as well as different data with the same question. Such

 exercises promote flexible and mobile comprehension of ‘relationships

and lead to a formulation uniting the three factorg used in solving

problems;{ the question, the number data, and the arithmetical

operatio
"To answer the problem's question, knowing such-and-such, add or
subtract, etc.”" or "Knowing such-and-sucli, we can obtain the answer

to the problem's uestion by addition... ." Such a statement
q

"precludes sepatation of analysis from‘synthesis and still removes

the qbstacles that usually arise when one attempts to use analysis

separately from sygthesis to solve problems composed of simple

problems of the third level of difficulty. Furthermore, when
analysis and synthesis are no longer used separately, the habit
of‘selecting arithmetical operations on thefbasis of the entire-
condition of the problem is developed.

‘ Third Condition . .

Of no less importance in a system of teaching problem solving,

is the development of self-reliance of the students in the .problem-
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’_ solving process. Observance 6f the first two conditions without

the third is no guarantee that problem-solving skill will be developed.
Spirited actinity by ever¥y pypil, which is expressed initially.by
his industriously imitating the teacher and which gradually becomes
creative self—relience 4s d&n indispensable condition for a. system '
- of problem work, the aim of which is to improve the quality of
problemﬂsolving skills and to root out the mistakesbstudents ma%f
when they solve problems by themselves.

In the elementary grades, the pupils develop activeness and )
selffrelience as a result of the alternation of work with the class
as e:éhole - led'oy the teacher -~ with individual work by every
pupil. Knowing that they will‘have to do subsequent assignments by
themselves mobilize the children s attention when the material: is
first explained.' Appropriate-visual ailis and the questions the

-

teacher asks while supervising#the childrén focus their attention ,

wh

on the essence and particular features of new problem forms, of
1
,f)—(‘ . - ) ! i
themselves. They will be encouraged to greater activeness and self-

the children eventually hecome’ aware when' they do the operatioms,

reliance if each age group is given forns of studying the text of
a problem that it can understand. *Initjally, these forms are ex~
- pressgd in the selectipn of individual counting-kits and number-
boxes corresponding to the condition/of the problem, pictures or
written numerical data later, they/consist in composing schematic
notations of the condition, in drswings, in graphically isolating
‘words that express the special features of the problem, and last,
in independently selecting numbér data for problems and in making
up problems. K .

" The students can be made- to become more active and self—reliant |
when solving a problem if they are taught forms of prannming a solution
and the habit of thinking through thelentire solution of the problem ‘
beforehand. These forms willvbe varied gradually in proportion to
the pupils' skill and kpowledge. At first, thinking out the solution
is accompanied by putting aside aq{thmetiosl operation signs or
by writing them with an.oral explanation following ' Later it is
expressed by using -- besides the operation signs ~— other numerical
data in the problem, then by ordinary questioning, and finally by

devising a numerical formula for the solution.
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Development of the stﬁdegts' self-reliance requires fuling out
o any chance to copy a problem's solutiom from the blackboard; even
- 1f it has already been solved coliectively in verbal form. But
an opportunity to check one's solution with the one done on the board
is an essential aspect of learning how to solve problems. The r
solution of the problem can be written on‘the board and the posgibility
of itq being copied can be.prevented'by'using a screeg or mo&sblj/ﬁiackk - -
" board panels to cover up the solution —- which is dons on the board * . **"X/
while the class is writing -,hntil it ngtiﬁe to check. When comparing '
one's work with that on the blackboard, the abilit to notice a -
‘diécrepancf and to establish the ngture of the misfik

-

e is of no
smdll importance in‘eliminating errors.

Thus, errors madé'by students in‘solving arithmgetic problems by
themselves"can be overcome by a system of problem work. Under this
systan: théﬁpurpdsé of‘the‘content of the problems, their order, ., . -
"u and the mgnhod in which they are done is for the students to discover |
the manifold connections and relationships that make up the problem .
and po develop self-reliance. and active minds., Thus, they are armed
with techniques for tackling problems and with the aﬁility to apply

‘these techniques when actually solving and composing problems.

.
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STIMULATING STUDENT ACTIVITY IN THE STUDY OF FUNCTIONAL RELATIONSHIPS | .
- o Yu. I. Goldberg* ' ‘ '

Aoég;ding to academic tfsﬂition, when functdons and graphs are

being studied, the development of ndlmbers is not touched upon. That .

is, the'study of functions is‘isolated from the study of numbers.

‘This investigation had the following purposes: to. study the effect
. . ‘ J
on the students' intellectual activity of including within the study

of functional rela%ionships matters related to the development of the

number concept, and to study how interweaving number concepts into

the study of functional relationships affects the mastery of knowledge Lm.‘

‘of,functions'andlnumbers. To effect these purposes, a teaching experiment 3 -

“”%as organized in Moscow secondary schools No. 585 and No. 187. The

investigation was carried out in the scientific-eduﬁation31‘lsboratoryu
of the Lenin MSPI under Professor I. T. Ogorodnikov; "

The students discovsred the properties of the function y = kx by
giviﬂgdthe teacher answers. to such questions as these. .. .

l) Are the values of the function positive

or negative when the values of the argument \
are positive? Why? When the values of the
argument are negative? Why? '

“’ 2) What numbers--whole numbers or fractions--
' express the values of function that correspond
to.whole number values of the argument? Why?
To fractional values of the argument? Why? o o

3) How does the function vary when the argument
is increased? Why? When the argument is decreased?
Why?. .,

¥
4) How do the absolute values of the function
, .vary when the absolute values of the argument
are increased? Why? When the absplute values .
of the argument are decreased? Why?

-

AR
i

*0f the V. I. Lenin Moscow State Pedagogical Institute. Published
in Reports (Doklady) of the Academy of Pedagagical Sciences of
the RSFSR, 1962, Vol. 4, pp. 23-26. “Translated by Linda Norwood.
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* 5) Which are greater, the absolute values of the .
: argument or the absolute values of the corresponding
, functions? Why? Can they be equal? Why? .

6) Are positive values of the argument greater or smaller
~ than the corresponding values of the function? Why?

Are negat{ve values of, the argument greater or smaller?

Why? Is the zero value of the argument greater or

smgller?. Why? -

7) How does the function vary when the absolute values
of the argument atre increased indefinitely? Decreased o
o indefinitely?

*

-

:the function can only be fractions.

Results of the experiment '“ te ‘ .
After studying the function y = 3x, two eighth-grade classes studied
the function y = ~-2.5x. -In answering the above questions, many studénts |

incorrectly stated ‘that when the argument is a fraction, the values for

A large part of both classes had prohlems telling how the function

y = ~2,5x varies when the argument is increased.(or decreased). Even

after seﬁeral particular values of~the argumént were taken and the
corresponding functien values obtained, many students answered
uncertainly and clung to the positive argument, ”If the argumentiis

positive," declared Student V, "then it increases, but since »the function

“here 1is negative, the function decreases. Here that long-standing

misconception, so difficult to root out, was being expressed: No matter

.
- what and no matter where it-occursg, students identify a plus sign with

an increase and a minus sign with a decrease. This was exemplified in
the answers Student L and Student T gave at the next lesson, when,tﬁey
said that whenvthe absolute value of the argument is increased, the
absolute value of the corresponding function does not: change, since
both are positive. Students N and G thought that the absolute values
of a function are obtained by multiplying the absolute values of the
corresponding argument values by -2.5. They were corrected by students
L and N. When studént N studied the Same funetion y/~ 2.5x, she com-

pletely disagreed that multiplying the absolute valmes of the argument

by.2.5 increases them, but when Student G explained it again, N agreed.

I3
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" Only individual cases of students' not, knowing and not under-
standing elementary ideas concerning number and fumctional | |
relationship have been cited here. There were A;ny ofathesa "
instances at the beginning'of the inVestigation; they were

encountered at every step. As the teaching experiment progressed

. however, there were fewer and fewer instances, the students felt

corresponded to positive values of the argument. Students A and T

more sure of themselveé in matters of functional relationship,
after having spent time and energy (though mot a great deal), han
under the usual approach to these topigs. ° : AN

In the homework, they were to answer the first three quest:ions

in regard to the function y = -4x, A check of her homework revealed '

that Student,P did not"know that negative {ralues of the function

incorrectly declared that when the values of the aggument are
fractions, the function can’have only fractional values. For the
same function, Student L said, "When the argument increases, thq-
function decreases, since the.product of a negative |

number and .a positive one‘is always negative, and a negative number
. . <

“is less than a positive." Here a good pupil failed to understand

the idea of a function or the idea of a relation; she did not
. VoA

understand that when values of the argument vary, the corresponding
values of the function change -- regardless of whether they are .
positive or negative ’ '

QdEstions 1- 7 which were examined in this invest#gation,~

-fq;ce the students to actively Eo rehend the meaning of other

mathematical ideas and facts and to penetrate.their essence, as
well as to study number evolution thoroughly. Student R brought

up nothing about the argument s fractional values but talked only
about . the integral ones. Apparently, what was being expressed is
the preva‘iing tendency of students to deal only with whole numbers
as far as possible. Functional relationship is not fully under=-

stood. Without any explanation the student wrote "When the argument
‘
i ¢

- 1s negative, the function increases; and when it is positive, the '

function decreases.' No reasons were given why the absolute

~,values of the function would vincrease or decrease when the absolute
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values of the argument vary, and it is not values that were!
- discussed, but 3 value, It is not clear how the functipn can -
increase or decrease when the argument has one and the same l
valueg The pupil did not understand the notion of correspondence;
he _did not understand that the values of tHe function under

consideration could vary only with: different argument values, that

only definite function values can correspond to values of the argument.

If ‘matters.of number development are raised, thg*stunents are
able to consider matters of functional correspondence effectively

‘add actively, and positive résults may be arrived at with both

topics. . . : T "

. Besides the functions y = 3x, v = ~4x, and y = ~-2.5x,, the /f
functions y = x and y = -2/3x were considered in the exper imental
work with the students. S
.

Analysis of the results of the experiment y

- In the control classes, the majority of the students did not f
have a proper idea of the ebsolute value of a nuﬁber; in the
experimental classes, the students had mastered the concept of .
absoiute yelue 'An overwhelming majority in the control classes
tended to allow the azgument (the function) either positive or
‘negative values only, in the experimental classesy the student8°
considered all pessible numerical values of the argument (funetion)

Almast all stq@ents in the control classes, even though they
would sometimes discuss certain properties of certain numbers
”correctlgk talked‘about them when theie was no need,”sithout any
connection with’those properties of the function being ,studied that
they were trying to ‘substantiate. Such instanceés occurred rarelg;
in the experimental classes where they were observed only in a
few students. 4 . ‘

Most students in the control classes who managed to perceive
certain property of aefunction cortectly either completely failed
to explain iﬁgby the number properties that conditioned this-
property, or explained it incorrectlyg In the experimentSl classes,

such instances were very rare toward the end of the work. .



F *

Many students in the control classes

In the other two

of positive and negative numhers incorrectly
¢‘ classes such cases were not ohserved. A &
. Mdny atudents in the control groups failed to see the' numer ical
_ valugs of a function, did not understand that both the function and
'the argument~take numerical values. In the experimental classes . fﬁ 1
such cases OCCurred only at the beginning of the year. « e
A decrease in anything at all was immediately associated with
negativednumbers and an increase with positive numbers only ' ‘ .
during the first half of the year in the experimental classes;’
in’ the control classes, on the other hand, such occurrences were P
obgerved quite frequently even toward the end of the year. :
L In the control classes, ‘even at the end of the year, . .
" , many students in their reasoning immediately connected multiplication
by a fraction with a decrease in the ‘multiplicand; this had
stopped by the end of the year in’ the experimental classes.
‘Almost all students in-the control classesfactualiy did not
understand the idea of a functional Cerespondence discussing o P
the value of a- function ‘or the value of the argument instead of the
,set of their values, and they.did not understand —- even in the - -
elementary cases discussed -- how the values of the function vary |
- depending on the change in the values of the argument. The
idea of even the simplest functional relationship - direct
-proportionality ~- remained something indefinite for them;.althbugh_v
the classes did almost all the exercises in the standard problem-book
"and textbook that beionged to the section on functicnal relatignsnip,
, with hoth teacher and pupils giving them serious attention. In
the experimental classes, when functional relationship was being
studied, attention was dirgcted to the nature of the numerical ¢i€?
values of the variables, to g%e fact tﬁht certain properties of
. the argument and function are conditioned by the properties of
the numbhers that are in the range of the funct ion under discussi;n .
Therefore the érrors mentioned“were not observed here in the =~ . \\}

students' comprehension of functional rélationship.
. 9 ' . . ‘

P ,
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‘z Most students in the control classes did not know the limits
to which the argument ‘and functidn can vary; the students in the
experimentél classes knew them for ‘the basic functions.

Most students JAin the control classes tended to ascribe only
natgral.values zowthe argument (functien), a smaller numbér
mentioned negative values, and an even smaller number had in mind
any valuesﬁfor the'afgument and function. These defects were

bserved in the experimental‘clesses for a long time, but then the
students began to discuss all possible values of the argument and

‘ functi

The epntroI classes uiéslly.did not upderstand how to discover
whether a function increased (or decreased) when the argument
incressed (or decreased). The students in the other tﬁo classes
handled this with‘esse.‘ | .‘ ' |

The entire eourse‘of the ;eaching experiment, the teacher's.

- detailed gecord wlth notes on all the lessons conduc‘:ted', the
substance and results of the checked and. analyzed homework, class

work, and test papers ‘all permit the following conclusions

ta be made: - ' ' J
1, . The active study of. functionms, with snalysis of the
development of the number concept, is fully possible

for all eighth-grade students.
: 2. The workﬂls.intereséiﬁg for the.studeﬂts; provoking
them to ask many serious questions, and the children

work actively.

3. The work does not demand additional expenditure of -
school time compared to the traditional, isolated |
treatment of functions and numbers in secondary .
school; the interweaving of both subjects has a
positive effect on the way students learn.

. g, The control work for compﬁring the two experimental -
o ‘ ~ classes with ntrol classes, proves that when
. the topics of humbers and functions are treated - s
in isolation in the traditional manner, students
demonstrate many grevioeus defects in their knowledge

~ . of both numbers and functions, while this was true
only in, isolated cases in the experimental classes.

Thds, under the method of studying functional relationship

genefally in use, the students learn the‘meaningﬂand properties of

»
4 ~
‘
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the students is stimulated, and ﬁe nature of functional‘relation-—

ships, as well as the basic properties of numbers, is clarified.
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PSYCHOLOGICAL GROUNDS FOR EXTENSIVE USE OF
UNSOLVABLE PROBLEMS
Ya. I. Grudenov* |
The authors of several methodological works ([2: 72-3;
3: 14 ] and others) have come out in favor of using mathematical
problems that have no solution. There is a very smdll number of ‘
such problems in Abugova's workbook [1] and in several other work-
books. Nevertheless, the fact that these problems are not" contained
in most workbooks evidently indicates that their guthors either
ascribe no special attention to them or view them negatively.
In this article we cogsider three ;roblems: 1) proof 'of the
expediency‘of using unsolvnble problems, 2) the technical aspect
of organizing the solution of such problems, and 3) the most
expedient form in which to put these problems into workbooks.
The following statement of psychological Principle I appears

in Shevarev [4]' If some repeated features of problems solved in

the efucation Process are such that cognitionl of them is not, in

- a2 given situation, a necessary condition for the ccmpletion'of

correct operations, then the degree of the cognition of such features .

1is more or less reduced.

Beginning with this principle, one may deductively prove the
expediency of using. unsolvable proolems extensiﬁely in mathematical
instruction., Say that the pﬁpi*s solve n_homogeneous problems while
studying gsome mathéematical topio. Let.us denote the processes

of the sotutions of these problems schematically:

1

A B-"é‘Mli A2

B = M3 S AB > M3 v AB DN,

*0f the Kursk Pedagogical Institute. Published in "New
Research 1in the Pedagogical Sciences, II,' Proceedings [Izvestiya]
of the Academy of Pedagogical Sciences,:?QG&, Vol. 133, pp. 108-112.
Translated by David A. Henderson.

lThe word cognition is used here as a generic term embracing
sensation, perception, conception, and thought.;
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where B is the common feature of these problems, whose cognition
is not a mnecessary condition for com;}etion of correct operations,
Ak is the set of all the other features of one of these problems,‘

and M 2, seey M are varipus operations in the solutions Under

theselconditions, according to Principle I, there can arise in: many
pupils an erroneous generalized association, whose first element
contains cognition of features Al, AZ’ cewy A but not of feature B.
The root of the problem is that in the solution of homogeneous
problems only of the type AkB the erior of this association is not
discovered, since regardless of whether the pupil recognizes _
feature B or remains completely unaware of it, he w 11 obtain the
same result——AkB - Mk Therefore the pupil is opty apparently
successful; the teacher may not even know that’ many pupils who
solve the problem of the type AkB-correctly are not fully cognizant
of the conditions. That is, they are unaware of feature B.
- 1f pupils who make this erroneous association are given three
different problems of the type Akg, Ak’ and Agi , where B is a
‘ feature oppostite B but externally similar, it is very probable
tha£ they will solve these orobléms in the same way: AkB - Mk’
~—> Mk and ARB - Mk In the last two instances the answer
will be wrong. Thus the incorrectness of the association is revealed.
1f, from the beginning of the study of a given topic, the pupils
are given problems of the type A (problems with insufficient data)
and ékg (problems with a contrddictory condition or of opposite
nature) together with problems of the type AkB then those pupils
“'who make the incorrect association will make the mistakes
AkB - M, and A, - M Such mistakes will indicate to the teacher
that the pupils are not aware of feature B. Analysis of the mistakes
permits an erroneous association to be corrocted in the pupils
before it can be reinforced.
1t follows, therefore, that the negative influence described
by psychological Principle 1 is most simply and expediently
eliminated by introducing unsolvabie problems and problems with
superfluous, insufficient, and contradictory data into the system of
. exercises. '

To confirm this statement, we cite some examples.
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‘ All problems that are usually sqlvéd in teaching the feature

of the congryency of triangles having two corresponding sidesA

and the angle between them equal'hgve a constant factor: equal angles
in the triangles are enclosed.between equal corresponding sides.

As long as only such problems are solved, a pupil can correctly - -
solve any one of them——even if he is not cognizant of this.feature.
Th}s means that, according to Principle I, the pupi%s' recognition
of this feature is narrowed. This was confirmed by our observations
in several sixth grades in which the pupils learned fairly well

how to solve problems on proof according to prepared drawings of

all the feaﬁures of congrueﬁt triangles. In two of these classes,
where unsolvable problems had not been used previously, not a
singlé pupil was aware of the fact that in an ordinary problem on
proof with é prepared drawing, the equal‘g;éles of twoltriangles
were not contained between equal corresponding siHes, although
everyone formulated the apprgpriate theorem correctly. in the classes
in which the pupils had previously encountered unsolvable problems,
.only a few of the better pupils noticed that the proposed problem
had no solution. After several such problems had been solved

4in these classes, most pupils immediately noticed whether equal
angles were contained between correspondingly equal sides of given
triangles. ’ ;'

All problems usually solved in the study of ‘the theorem

about the property of‘the angle bisector at the vertex of an *
isoceles triangle have a constant factor: it is always a matter

<

lof only ‘the bisector of the angle at the vertex of an isosceles

trigngle. As long as only such problems are used, cognition of

.

this feature has no influence on the result of the solution;

ﬁencé, according to Principle I, many pupils cease to recognize this
feature when solving problems. Our®* investigations in several clas;es
confirmed that if pupils are given a prepared drawing with the
unsolvable problem in which one must.calcqlate the segments iAto
which the side of an isosceles triangle is cut by the bisector

of a base angle,\given that the sides are 6 cm each, almost all
pupils will “answer ''into equal segments of 3 cm ca®." The

solution of such problems has the result that most pupils begin

toturn thelr attention to this feature.
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. What is techniecally involved in organizing the work with, unsolvable
problems? .
| The pupil. himself should discover that a problem cannot. be
solved and why it cannot be solved. In such cases it is established
how the conditiop must be changed so the problem will have a .
solution. Théﬁiﬂpil corrects the condition of the problem and

solves it'ﬁ

The entire essence of such problems lies in the fact that the

pupils are not told beforehand about the coOntradictory or inoomplete

condition. Wf a pupil does not turn his attention to the essential
ata, he "solves" the problem and falls into the trap. - _

When such problems are solved’systemetieally, the pupils become
morg careful and try to read ;he_eonditon of a probleﬁ mare attentively
and thoughtfully. But if some pupil hurries and, withogz thinking
out the condition of an unsolvable problem, "solves " .it, this
will evoke laughéer from the class. Better than any comment by
the teacler, this laughter will force the pupil to be more careful
and attentive. Both he and the other pupils will now better remember
the essential feature that made the problem unsolvable. )

Unsolvable problems add interest and enliven the classwork, .
but only when at;§east some of the pupils have mastered this fact
(the absence of alsolution). The pupils who are first to discover
the error in the condition of a problem usually wait with baited
b~ to see how their friends will ‘react to the problem. And
as 'soon as some "foo\"'begins to "solve" the problem, there is a
burst of.laughter in the class and a foresthof hands goes up.
Everyone hurries to tell what he hasvguessed and his method of
changing the condition of the problem.

The effect of using an unsolvable problem is sharply eurtailed
when the teacher does not preserve an imperturbable, impassive
appearance and smiles or asks @ careless question hinting that the
problem is unsolvable. Theh the pupils have no need to be careful
and attentive, for there is nothing for them to goess.

Such problems mist, of course, be solved with a teacher's
supervision so that any incorrect solution will be discovered

and analyzed immediately and ‘will not pass unnoticed by the pupils.



~In the 1960~63 school‘years many teachers (about two hundred) ' s
of Kalinin Oblast used the System'of Exercises in.GeometrzAfor the

Fourth Grade, composed by the author of this article and printed by .

the local Teacher Improvement Institute. In this system of exercises . v;égﬂ T

_ there are a great many unsolvable problems. Almost all teachers

who returned the questionnaires noted that the pupils showed inereased .A¥%3}?¢ﬁ{
interdst in the unsolvable problems, as a result of which these pUpilsf“"“‘” .
’ .became more attentive and careful. ' : 7 | i

In the 1962~63 school year eight teachers from Kalinin (in
19 sixth_and seventh grades) worked on the project of‘a geometry
textbook and workbook (written by the author of the present article)
containing unsolvahle problems. Observations in these classes
confirmed that unsolvable problems add interest to the classwork
ALl eight teachers participating in the experiment noted that
extensive use of unsolvable problems resulted in the pupils solving
problems more thougntfully, their critically approaching the
conditions of problems, tﬁeir learning to get out of difficult
situations independently, etc. |

Let us consider an illustration. In an eighth grade the pupils
solve orally problems wr{tten on -the blackboard: ‘

1. Calculate the side of a square 1f its area is

578.2 sq. cm. ‘

. 2. The area of a rectangle with equa% adjacent sides R

is 28.34 sq. cm.” Calculate its sides. . . \\‘;
3. Calculate the side of a rectangle if its area , :

is 435 sq. m.
. " In solving the second problem some of the pupils, of
course, did not recognize the essential part '"equal ' ,
-adjacent sides." But they obtained the correct result : -
(which, unfortumately, occurs quite often). They solve
the third problem. A minute's pause. Almost everyone
who did not examine the condition of the problem was trying
to find V435. One hand goes up, then another, then
a third. Some pupils look at the condition again, glance
" at the imperturbable teacher, look at each other, and" ,
indecisively lower their hands. All the better pupils : .
feel some misunderstanding intuitively. The poor :
and average pupils do not notice this, and the number
of raised hands increases. One girl raises E!% hand, thgn
lowers it. The pupil called to the blackboard says,
"The side of the rectangle is 20.86." Immediate R _
laughter. Everyone instantly grasps the difference /
between the segond and third problems. A forest of
hands goes up.
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Ae:ﬁentioﬁed at the beginning of this arficle, Abugova's
Workbook™ 1 <contains several problems (numbers 278, 317, 498, 503,
and others} that the authors probably present as.unsolvable

prbbl he texts of all these problen% however, are accompanied

b§”§ues£io uch as: What condition do you have to supplement Voo
o1 N

condition? What data in the condition of the problem is superfluous?

?“ Isn.t there some contradiction in the - p:gblem ]
in sq}ving such preblems the pupils no longer need be attentive and
-~ careful; there 1s nothing for them to guess aﬁ. On‘the other hand,
if the unsolvable problems are not accompanied by any hints or
) ‘answefs, the erroneousness or incompleteness of the conditions of
. l“‘individual prob%ems may be passed by unnoticed by the pupils. The
experiment described above showed that it is profitable to follow ‘
. up eachvunso}vable prdblem in a workbook (with one or two intervening~
problems) withvproblems'or questions ghat return the pupils’' attention
to the unsolvable problem.

/" No. 385. - In triangle AEK,Z A = 62°, L E = 75°,
LK = 53°. Calculate the external angles of the
triangld. \ o f

No. 386 (or (387). Eliminate the error in problem 385
and solve it.. Can the amount of Data given in the
problem be reduced?

~ ' L , 13
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PSYCHOLOGICAL CHARACTERISTICS. OF -PUP‘ILS' _ ,
ASSIMILATION OF THE CONCEPDN OF A FUNCTION

AN

I. A. Marnyanskii®

v Mathematics methodology'hes given much attention to problems in

learning one of the centrel concepts of the school algebra courge ~— .

"the concept of a function. Yet, this concept remains the Achilles'

heel of mathematics instruction One reason for the failure of the

current methodology of the study of this concept is that the psychology
.- of pupils mastery of this complex concept has been poerly studied. True,
" in our educational psychology ‘there are several investigations [3, 5]
‘of the pupil\\ mastery of functional relatiomnship, but these investiga-
tions deal only with the introduction to the concept of function.

Methoaology of the experiment

. &To determine the psychological difficulties involved in secondary
school pupils mastery of the concept of function, the author (with the
cooperation of teachers and students at the pedagogicel institute)
conducted experiments (1958-1962) in the schools of Rovno. The experiments

. were predominantly'explofstory and were conducted in the form of
written questions and discussions. _Ihg_experiments encompassed 132
pupils of grades 8-10 in five schools. e
Although the written guestioning (in addition to the control work,
the pupils were asked to answer one or two questions, explaining the
'motives for their answers.in deteil) was ineffective (usually the
;171 answers were too brief and the pupil's train of thought could not be .
established), it did show what points in‘tge concept of function are
incorrectly or impreciseiy mastered. This made it possible for us to
choose questions for the discussions. . .
The'discuésions'were held with éroups of from three to eight pupils,
mostly above-average. On the day before the discussion the teacher

-‘ told.selected pupils of the topic to be discussed, so they could -

1

*0f the Rowvno Pedagogical. Institute. Published in New Research
in the Pedagogical Sciences, 1965, Vol 1V, pp. 79-86.  Translated by
David\A Henderson. . -~ . ‘
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ﬁrepare for it. Before the discussion the pupils were told that,
although their answers would be recorded, they could safely say any-
thing they thought about the questions, since any errors in their
answers would not affect the evaluation of their achievement in school.

l Experience showed that without this information an upper-grade
pupil.who was doubtfulaﬂou; the correctness of an idea would often
answer very briefly or remain silent altogether. "

' Each pupil was given one or two questions, and, when he was .
ready to answer, the discussion was begun. The other pupils were
also invited to take part, and thus we could determine all the pupils'

- ‘opinions on questions given to each of them.

The discussioh ended with an explanation of the correct answers<
and with control questions for establishing whether the pupils under-
stood the nature of their mistakes. | .

Results of the egperiment » ‘ ' o

One of the first tasks of the experiment was to check whether'\
the pupils had a clear awareness [4:45] of the concepts on which the
condﬁti of function is based. Such concepts include the variable
guantitz, the set, and the functional relationship. ‘ '

Almost &1l :pupils understood the meaning of the concept of a

variable quantity and gave examples of variables from geometry and

physicsz But,~as we learned during the discussions, the pupils could
not explain precisely what 35 megnt by éiquantity in general. This
is not merely a matter of their inability to describe the concept of
.quangity,correctly (the indiviéual answers were close to the truth:
"Quantity is what is measured,! "Quantity is that which is large or
smallJ), but of the tendehcy toward an improper expansion of the scope
of this concept when concrete examples are considered: '"Animosity can
be‘a quantity since it can be great or small,” "Studiousness is also a
qnnntity -- it can be measured by desire,” "Responsibility should be
\considered a quantity, since it is greater and lesser."

The éubjecgs' understanding of the concept of a set was imprecise.
Of.the 46 pupils questioned, only three gave a positive answer to the

question, "Can a set contain only one number?" Other pupils stated that




"a set means very many,' or "a set is an aggregate, and an aggregate
« means several.'
Ancther error often repeated by the pupils during the discussions.

was a misconception of the prOperties of infinite sets. In particular,

they did not imagine the existence of infinite numher sets not containing
the smallest number.’ Thus, many pupils steted unhesitatingly that in |
the set of all rational numbers there is the smallest number, since .
"the very first number should be there.'" They were cften unable to
’o distinguish the finite and the infinite set. a ?' 5
Thus, one of th:giinph-grade pupils, answering the question of the ¥
finiteness or infinitness of the set of all apples on the Earth, said:
"The set of all apples on all the trees of the Earth is infinite, since

~while we are counting, new ones will groh."

And one tenth—greder
stated, "There is no infiniteness in itself; it is like an abstract
“number.! Several tenth-graders gave the number T as an example of an

infinite number set. ‘ s

-

In the pupils' understaneing of the cencept of functional relation-
\ ship ﬁwo‘tendencies were pbsetved: unsubstantiated restriction of the
scope of this concept (when relationship is taken to mean only several
~simple kinds of relationships, and only che causal connection in
examples with concrete content from everyday‘life) or,extreme expansion
of its scope (when quantities are considered functionally dependent even
when their connection is undefined i.e., when there is no directed one-
to-one relationship between their values).
These tendencies may be illustrated by three responses to the
questions whether there i{s a functional relationship between the amount
. of rainfall andcrop size: 1) there is no relationship; since with an
. increase in the ampunt of rainfall, the crop also increases at first,
but when there is too much rain the crop.begins to decreasey 2) there ,
is a relationship, because in a drought the crop is bad, that-is, low"
rainfall causes a poor Ccrop, 3% there is a relationship because the
crophis connected somehow with the amount of rainfall. .
The subjects' vague awareness o} the concepts examined above led,
of course, to errors when they were solving the problem of the presence
or absence of a function in a specific case. - Thus, the subjects ‘often

regarded as functions things that were not quantities at all ("A pupil s

[} d T '
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success 18 a function of his attentiveness," "The quality of work is ¥ 4
a function of the mood of the worker"), or qid not congider quantities
functions if the set of the!r values contained only oné number ("The
sum of the functions x2 and 2 - x will not be a function, since it

is equal to 2, and 2 is a constant"), or they disregarded the require—
< ment that there be a ope to—one correspondence between the values of
quantities ("The crop is 'a function of,&he area seeded, since the crop
depends on the area of the field, on how the™and is worked, and on the
*//amount of rainfall'). ' .

The experiment showed that in moat pupils minds the "strongest"
features of the function ware not theome—to-onecotrespondence between
@he values of two quantities, but the changeability of the quantities’
and the presence of a general or a causa%\connection between them. For

" example, the subjectsitepeatedfgimade statements like: '"'The height of
a dan is a function of his age only,up to age 25; after that his_ ‘
height stays the same, and there is no function because a function
cannot stand still when its argument changes," "A function cannot ‘
assume identical values, since each value 6f the argument corresponds
to a apecific valué of the function, i,e., another value,” "{here is
functional :elationship between' the time 4n motion of an auto that
makes a stop along the- way and the route it travelled if the auto
makes only short stopg -- then the route is almost constantly changing."’
It is clear from ‘the last Argument that several pupils are beginning
to understand intuitively the baselesshess of their requirement of v
unconditional change. Here 1s one more interesting example, which
shows that in the pupils opinion there should be at least some visible
evidence of the change: "a function\taking only one value dan exist,

O u "

) but then it must be written' y=x.

It is common knowledge that in solving problema with aoncrete content
from everyday life, the sub}&ct may make secondary. associations that

.‘hinder tfie actualization of his conceptfons [ 6 ]. Hence‘ besides
practical problems from everyday life, the pupils were given problems

ain which the functional relationship appeared in a pure form. But
. even here the number of incorrect ansgwers was significant. ) i

Thus, more thgn half ﬁhe pupils ‘questioned either did not answer

Or gave a negative aaswer to,this question: If a’ quantity x'takes only
@ : . "
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integral positive values, and quantity y is equal to one when the 4}
value of X is even, and equal to zero when the value of x is odd, is
y a function of x? Pupils answering this question negatively (they . ‘?
censtituted more than a third of those questioned) indicated that "hete .

'y can remain unchanged while x changes, but a function must change‘when )

{ts argument Lchanges." K - ' v e

' rﬁ -

"Finally, let us note the following circumstance which is

o amazing at fixst glance The experiment showed "that the general

ce

e
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conceptio e, A funetion ia tenth graders, who know. a’ large number -

S :
s almost the same as that of eighth graders, who have . . -

v G

just begqn stu-ying elementary functions. °

Analysis of the results 'i o . P . ‘Aﬁk o “ L~

o ‘Let us now try to give a-general picture.of the psychological L ‘.
difficulties in mast@ry of the’ concept -0f a function and asceitain the CR
‘causes of individual miaconcegtions \f ' o,

Teachers shd methodologista often try to explain the pupils' poer .

-

mastery of the conceptiof a’functien by asserting that’ the concept is
too abstract and hence difficult for the’ pupila'to undenstand But

-

such an explanation is not convincing. First, ﬁhe more abstract is

. not always more difficult psychologically . For example, the concepts o

"kinsman"‘and ”polyhedron are no less incomprehensible to the pupil -
_than the concepts "grandnephew' and "truncated icosahedral pyramid.'™ o
Second in the' achagl mathematics course there are concepts (e.g., the
concept of ‘the complea nuibbex) no less abstract than the concept of a
functidh, but which’ the pupils master better than’ the concept of a function.

.

The' main difficulty 4in mastering the concépt of a functien is that

. thfs contept exceeds the bounds of what is ordinaty for the pupil, that P

“it does not remind the pupil.of any familiar concepts (unlike complex

numbers, similar inqmany ways to rea} numbegg with which the’pupil is
qu!te familigg) )
Up uniil the study of thé concept of a function, the pupil’ thinka

* ~

mainly 1o terms of individual images and isvnot used to thinking in
4 terms of groups of objects.: Practitall ‘he remains trained in operitions

‘.rwith constéhts. Actually, the introduction of functional relationship

\

0 in school almost ‘wholly consists of fapiliarizing pupila'with facts
-such as tite change f the sium when theXe 18°a changa,in an addend, the

. -
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- values of the sum) Pupils in general attribute no special importance

] .
)
-

change in the size éf'a fraetion when the numerator or denominator is
changed the’ dependence of the value of an algebraic expression on the
number value of th;§3etters entering into the expression ‘and so on.
Here the main attributes of. functional relationship -- the concepts of
the set and the one- to-One relationship between elements of two sets -
remain hiﬁden. Indeed, the pupil is in no position to reinterpret
independently, for example, the fact of the relationship of the sum to

" the addend, when he 'sees an example of*the .one-to-gne relationship of
numbers of two sete (the set of values of the addend and’ the set of

2
-~

to a statement of the type, 'If we~change the addend,.then the’ sum is
chanpged. ". Many#b £ ¥ihe pupils (as questioning of several fifth—graders
showed) either ‘do not know why they are told euch facts, or perceive such
a statement qe one of the eautions against changing the addend arbitrarily,
since‘this can lead to an incorrect result. .

This is why the pupil, when becoming familiar with the variable

quantity before he studies the’ concept of a £unction, perqeives the .

_rule, an infinite set) concealed behind: it Under these conditions the
definition of the functign. given in contemporan§ school textboﬁks is
entirely. justified This definitiop Speaks of two variables, and not

. of two sets- and their eOrrelations. It is easier for the pupil to imagine
the connection between twd single objects (variable quentities) than ’

between two sets. However, such a definition can serve - only as a rough

basis for forming the concept of a- function per se in the pupil. The -t

next step shoul% be for the pupil to interpret the fact that the-

¥

definition of function ded%s with the’ corretation . of two sets consisting

. of values of quantities discussged earlier in this definition.‘ But the

pupil is not prepared for this by the introduction preeticed at present.,
. For proper mastery of ‘a concept (especiallx a complex one),

being familiar with a large number of obiects encompassed by this = 7

» concept 1is not at all sufficidnt. 1In developing a precise notion of ' .

.

a new concept it is {nportant to compare it with other eoncepts somehow

(gimila; but not identical to,the given one. Indeed, eyen' concepts l1ike,
gerpendicular," 9polynomfal," and "cone'' are easily mastered by the
pupil owing not only to their! simplicity aﬂh,&he large number of "_.‘.

» . N LS Pl
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"variable as a unique object, is nnaware of 'the set of numbers (as a -
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.examples considered, but also the the pupils' familiarity with objectks
1like "incline,'" "monomial," "pyramid." ﬁencég\for the best assimilation
of the concept of a function, the pupil should have an opportunity to
compare the function with Qther objects that are not coneepts but whose
peculiarities remind one ;% functions. Buf there are no such objects
(theymay be called "pseudofunctions”) in the schdol mgthematics course,
‘and their construction and inclusion in the school textbooks is
evidently considered.useless by methodqlegists and”teachefs. }et us_
remark .that it was pseudofunctions that epabled us not only to rev&al
‘& number of misconceptions in th&,pup_ils, but also to explain the

meaning of the subjects"errars to the subjects themselves.

-

Sources of the pupils errdfk

.Y . The pupils' vague awareness of the concept of magnitude, or
" quantity, is explained primari}y by the textéﬁLk s failure tdpdescribe t
this concept “precisely and by itsg free use of the term mggnitude " -

("comparison of angles by magnitude," ”tbe magnitude of j?actions, ‘
"the absolute magnitude of a number"). M@reover’ the .examination ofJ

' examples of péeudomagqitudes_is not practiced in the school, althoug
it essentially helps (as our ekperiment showed > delimitation of all
“essential peculiarities of this éghcept (the magnitude must somehow

A

-be measured and éxpressed by a number)® - -

-

*

The puplls \refusal to regard a one-element set ig a "legal”
examplé of a set, as well as their idemtification of the ‘concept of
dependency with the concept of causal eonnection is explained mainry N

by a certain influence from the everyday meaning of the term

"A set'is
very many," ”%alary depends on responsibiiity ) on the mastery o ‘
'\ the concept [1]. ' . o ‘ o
The pupils' confusion 4n qﬁestibns‘dealing with infinite sets has-
several causes. Poorly infermed in these quesgtions, the pupll}s autpematical ’
dscribe Lo such sets properties, known from experieﬁée, of finite
o sets ("A set has to, have the first number”) Such logical analogy’ is net‘
- difficult to explain psychologically. we observe here one of the J
phenomEna of tﬁat common peculiarity ot thnght - the %nclination toward
. the etereotype. A striking phenomenon of this ;nclination in the® study

of theifpnc%ton is the pupils' frqqutntly observed ¢onfusion when
B ’ . . ' ) ' " . .
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symbols with which they are accustomed to designsting~the argument
ano the function are replaced by new letters. In this connection let
us.noge that a particular phenomenon of that same peculiarity of
thought is that when solving geometry problems the pupils "follow .
the drawing.' Therefore, we cannot agree with P, Ya. Gal'perin and As
'N. F. Talyzina when they say that this ''is explained not by the )
peculﬁsrities of children's thinking, but by the peculiarities of the
metho&ology oé’instruction [2:347. 1t would be more correct to say --
‘without disputing the tendencies to follow the drawing -- that the
effectiveness of opposing the negative influence of this peculiarity .
depends on the methodology‘of instruction. | : . ‘
. It is also not hard to explain pupils' arguments of this type:
"There is no infinity as such," or "The set of all apples on Earth is
infinite." " These arguments show th&t the pupils imagide infinity
onlyées potential infinity. This is explained not only by the fact,
that potential infinity is in essence\\loser to the very familiar
concept of the finite than to the concept of actual infinity, it also
results from the pupils conception of the variable ‘as somethiﬂg .
gra&hally running through an unlinited number of values. For this
reason,;pupils‘ ansyersvoften show no actualization of knowledge of ‘)
“familiar examples' of actual infinity (the set of all\points of a
- segment, tne set of all rational nunbe‘., etc. ) ‘As for including 1 in
" infinite sets, here the need to use.an infinite number of decimal places
for writing this .number is associated with the process of changing
- a variable quantity, and the latter with the infinite set. -
That ‘many pupils consiler unconditional variability of a-Yuriction |
i;s most important property (as we “established- above) may be explained
in two ways. Firség in the textbook the concepts of variable and
conétant are presented only as opposites, and the variable iSrcalled
a function, Second, the introduction to functions, focusing its attention
on giving pupils_an idea of what a vériable is, creates a unique
"variable hypnosis." S ‘
. As we have observed, tenth-graders’ general 1dea f the function
. is not, much more precise than that of eighth—graders. This paradox -
occurs because, after ‘having formaliy studied the definitioén- of a

function, the pupils do not use it in practice. They have no need‘to
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resort to this dcfinit{ong'either ohen seﬁfing functiogilfron among
examples of all possible functional and nonfunctional r&lationships
between objects (not‘a singlc\subjecc could cite an example of a relation_
ship that resembled a functional relations but was pot), or later,
when trying to convince themselves that each of the concrete functions
studied was indeed a function,

The present investigation allows several conclusions concerning
methodological order to be e: \\s .

1. The introduction tg functional relationship in the school

should include familiarizfhg the pupils with the concepts of the number
set and the correlation cween the numbers of two sets.

2. There is a need to develop a system of exercises to help pupils
recognize typical inessential f?atﬁres (e.g., the variability of the
values of a function) and generalize the essential features of a
function, (single—value&'part of a functton or a one-to-one relationship).
It 1s important that the. pupil himself be able to cite an#oXample of

a function having some peculiarity, including functiorns having a
."pathologicél" property; like remaining constant over some interval,

or constancy in general, which would helb to transfer the pupil's
attention from variability to the single—valued unchanging correlation.'

3. To form a precise idea of the concept of function in the upper-
grade pupils, it is necessary to explain to them the meaning of the

term ''variable' as the general designation for numbers of . some set.
” . . -

1
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