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The series Soviei Studies in the-Psychology of Learning andd Teaching

) * athematics is a collection of translations from the extensive Soviet ’
g;t‘;i.t:erat.ur& of the past twenty -five years on research in the psychology
of mathematical inssruction. It also includes works on methods of
T teaching mathemdtics dixéctfy influenced by the paychological research.h po-
' Th\ series is the result of a joint effort by the Schoeol Mathematiqs ?\\\
A Study anup at Stanford University, the Department of Mathematics S
Ed&cation at the Universitf\of Georgia, and the Survey of_gwsent East .
European Mathematical Literature at the Universrty of Chicago. Selected
papers and books considered to be of value to the American mathematics
eeucetor have been translated from the Russian and appear in this
- *gseries for the first time in Erdglish. ‘ '

Research achievements in psychology in the United Statés are K
outstanding 1ndeed Educational psychology, however! occupies only a
small fractiond of the field, and until recently little attention has
been given to research in the psychology of learning and teaching
particular school subjects. -

The»situatsion has_ been quite different in the Sowet Union. In
view of the reigning social and political docgrines, several branches
of psychology that are highlymﬁeveloped in the U.S. have scarcely been
investigated in the Sovlet’ Union. On the other hénd, beceuse of the

. - .
. . - ) .

Soviet enphasis on educatien and-its function in the state, research in
PR . . »

. educational psychology has been given considerable moralf and financial
support. Consequently, ft has &ttracted many creativesand talented

scholars whose chtributions have been remarkable. \
Even prior to World War II, the’ Russians #ad nhde great strides in.
' edueational p%ycholoey _ The creation in 1943 of the Academy of Peda-
gogicel Sciences helped lo lHLLnblfy the research efforts and programs
in this fleld Since then the Academy has become the chief educationdl
research anﬂ development center for the Soviet Unlon. One of the ma?ﬁ !

aims of the Academy is to conduct research and to train research scholars

-

’ A study indicates that 37.5% .0f all materials in Soviet psychology
published in one year was devoted to educatioussnd child psychology. See \

Contemporary Soviet Psvcholoev by Josef Brozek (Chapter 7 of Pre&ent -Day

Russian Psycholony, Perganon Pteqs, 1966). ‘ ' , (Fq

;// ) o 414 - '
Q ‘ . .A\ " 5 o ‘,,X‘




» N .. : ' .
'I; general and sﬁecializeg edhcation? itxkducationnl péy@hology, and
in methods Sf teaching various school éubjgcts. | | i 8 \
The Academy of Pedagogical Sciences of. the USSR comprises ten
research institutés {r Moscow and Leningrad. Many.of the stydies:
reported in this series were éonducﬁeg at the’Academy's Institute of
General and Polytechnicalr Education, Ins ’tugé of Psychology, and
Institite of Defeétology,fthe 1ast of‘ﬂﬁ§ih is conherned with the -
" special psychology “and éducatipnal-techniques for Nﬁndicapped chi;dggg;
The Agademy of Pedagogigal Sciences has. 31 members and 64
-associate members, chosep from amopg distinguished Soviet s;holars,
écientists, and ‘educators. Its permanent staff includes méfe than
650 résehrcp associates,,who récgive advice and cooperation from an
additional 1,000 scholars and teachers. The research ipstitutes of
the Academy have avallable 100 ”E;sé" or laboratory schools and many
other schools in which Ex?eriments are conducfed. Developments in ,
foreign countr£e§ a:e'cios?ly followed by the Bureau for the Study of‘
Foreign Educational Experience and Information. : R
 The Academy ha&,igs own publishing house, which ues hundreds of
books each year.and publishée$ the collections.kzvééﬁizg>Akademii -

Pedagogicheskikh Nauk RSFSR-iPrg%eedings of the Academy of Pedagogical

Sciences pf the RSFSR], the'monthly Sovets®ava Pedagogika [Soviet:

Pedagogy}, and the bimonthly Veprosy Psikhologii [Questions of Psycholofyl]..

Siﬁce 1963, the Academy has been igsuing collection entitled Novye
Issledovaniya X_Pedagpgicheékikh Naukakh tNew Research in the Pedagogical

S;@ences} in ofder/ﬁo disseminate information on current research. .
A major differénce between the Soviet ané American conception of
educational research is that Russian psychologists often use Jualitative
rather than quant{tative méthods of research in instruBtiona; psychology
in accqrdénce with the prevailing European tradition. American readers &%

may thus find that some of -thd ;arlief Russian papers do not comply,
exaétly to b.S.ﬂstﬁhdards of design, asglysis, and reporting. By using
qualitattve methads and by wagking with small‘gréupé, however,. the Soviets
havqtbeen aple to.penegraée.into the child's t%oughts,and to Séélyze his"
mental processes. To this end they have also designed classroom tasks

and settings for research and have emphasized long-term, ggpetic‘ktudies

4 3 . 1

of learningi \
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Russian psychologists have concerned chemselves with the Jdynamics

¥

of mental activity and with the.-aim of arriving at‘Eﬁé principles.of the ‘
learning process itself. They have investigated such areas as: the
development of mental operations; the nature "and development of theught'

the formation of mathematical concepts and the relatec questions of
generalization, abstraction, and concretization;.the mental operations

of analysis and synthesis; ‘the develoément of Spatial perception; the -
relation between memory and thought; the development of logical reasoningf

the nature of mathematical 'skills; and the structure and special features ‘

mathematical abilities. )

x Ixi new approaches to ,educational research, some Russian“psychologists
have developed cybernetic and statistical models and tecﬁﬂiques, and have
made use of algorithms, mathematical logic and igformatfon sciences.,

Much attention has also been given to programmed instruction and to_an
examinatfon of its psycholegical problems and 1its applicetion for
greater individualieatiegmin learning. ‘ = Lo .

The interrelationship between instruction and child development .is
a source of sharp disagreement between the Geneva School of cholog}sts,'
led by Piaget,‘and the Soviet psycholdgists.* The Swiss pgyigilogists
ascribe limited significance to the roleucf\iEStructien in the deve;3§~
ment of a child. According to them, instruction 1is subordinate to-th
specific stages in the’ development of the child's thinking~~stages )
manifested 'at certain age levals and relatively inEé‘ﬁ;dent of the o '
) - , £

As representatives of. the materialistictevolutionigy theory,of the

- ’

conditions of,instruction.\

mind, Soviet psychologists askribe a leading roie to ihstructiom. They
Assert, that instruction broadens the botentihl of development, may
accelerﬁteAit, and may exercise influence not only upon the sequence of }
the stages of development of the child's thought but even upen the very
character of Lpéysteges. {The Russians stuel’development in the changing
conditions of/instruction, and by varying these conditicns, they demonstrate
how the nature of the child's development changes in the prbcess. As a
result, they are also investigating tests of gifte&nessaand are usingl

elaborate dynamic, rather than static, indiges.

See TLe Probleg_g£_1n§tructign ‘and Development at the 18th fnternetional
Congress gi_Psychol » by N. A. MencHinskaya and G. G. Sabuxova, Sovet,kaz_
Pedagogika, 1967, o,/l (English ¢ranslation in Soviet KEducation, July

1967, Vol. 9, No. 9.9

\ N
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' Psychological research has had a ebnsiderablef%ﬁfe o the

. recent Soviet literatnre on methods of teaching Mathemat\ics. Experi-

ments have'shown‘the student's mathematical potential to bezgreater

than had been R{eviously assumcd, Consequently, Russian psychologists

have advocate&“the necessity of vari%us changes in the content and

me ods: of mathenetieal instruction and have participated in designing

the new Soviet mathematics curriculum which has been introduced during

the l967 68 aea?emic year.
The aim of this series is to acquaint mathematics educators and

¢ L

teachers with 'directions, (deas, and accomplishments in the psychology i

~

58

of mathemat ical instruction in the Soviet Union. This series should
assist tn opening up avenues of investigation to those who are interested
in broadening the foundations of  their professiogq for it 'is generally

recognized that experiment and research are indispensable for improving

content and methods of school mathematics;

! h We hope that the volumes in this series\will be used for study,

‘- discussion, and critical analysis in courses or seminars in ‘teacher-
training programs'or in institutes fot in- serv}ce teachers aﬁ*various
levels ‘ B , ’

< At present, materials have been’pgfpared for fifteen volumes. Each

book contains one or more articles under a general heading such as The
. lLearning of Mathematica1 Conceptsy The Structure of Mathematical Abilities
and Problem Solving in Geometry» The in uction to each volume is .
intended to .provide some background and guidance to its eontent. .
Volumes I to VI were prepared jointly by the School Mathematics‘
Study Group and the Survey of Recent EKast hurOpenn Muthemutital Literature,
,\ both conducted under grants from the National Science F ndation. When -
‘ the activities of the' SLhool Maaematics Study Group ended in August, 1972,
the Department of Mathematics Education at the University of Georgla
undertook to assist in the editing of the remaining\volumes. We express

our appreciation to the Foundation and to the many people and organizations -

- who cc‘xtributed to the establishment and continuaticon of the series.
. . . ("

M .

; ' - . Jeremy Kilpatrick
' & ' Izaak Wirszup
é. Fdward G. Begle

' . James W. Wilson
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- ~ INTRODUCTION

o . ~ .

Mary G. Kantowski

_‘There has been a éecent surge of n:erest in tﬂeuabeESs ;ﬁ problem, \
sd@ving'among'%;thematics educators kn‘this country.' Such a tFend ;s‘
. L ¢ s
consistent with the emphasis on education as a process téat Bruner [3] Ql
‘ éaw emerging more than a.decadg'%go, aqd with Brownell's thesis [2] that * :1 ’

educators can ‘best guide learning if they are  familiar giih how students °
- P - 1]

. - ' ‘
think in the face of new. learning tasks. .

The problem-solving process has bgen recognized as analytic synthetin

L}

‘since the time of the early Greeks. Pappus's suggestion of making an

analytic plan to be cdrried out by a deductivl synthegis served as the

1]
v ¥ Y

inSpiration for Polya ] well—known four phases in the solution of a ‘problem,
1 l

Polya [6:75-85] speaks of decomposing a _problem into its parts and xecomr

bining these parts-into a different whole, the solution of the prcblém.

»

\. -~ * . \. f -
To this end he~éuggests'techniques that may aid the problem solver in ,

i findi relationships ambng the data, the unknown, aqg the condition of a

‘ ¢ - -

problem, thus implying a link.between the use of these techniques and the

* . N
processes involved in solving the problem.

The present volumé~differs from the others in the series in that the
entire, volume records the search for a method of problem-solvipg inétrucgion ,.
I » l * ‘ .
- based on the ahaIytic-synthetic nature of -the fﬁbbﬁem—501ving procegs. In#

’
M '

§ * ..
this work, Kagmykova traces the history of the use of the andytdc and
B . » - .
) ' 5 v
synthetic methods in her coutitry, explores ®lementary classroom situations
« ’ . * . . .

involving tEﬁEhers who had various' degrees of suEcess in problem-solving

“

instruction, makes~hypotheses regardii7>the use of certain techniques, and
.o - .. - y .

-

‘ ’ ' . ) 2
concludes with suggéstions for Vaﬁgpgftive" methods to be used in'the clas®s="

~ . . “: T *\ i) [
room. . o } /fz_

. . » ‘
-~ . ¢ -
. , % : * .
* ¢ X . * »”
. . - .
] P .
. .
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‘In Chapter I, the Overview, Kalmykova ; rbalizes the(universal complaint.
of mathematics teacheps the inability—of sthdents, ever many of high abili;y,
v 0

to solve complex, nenrouti§& pgoblems independently She propoqes the need

for a rational" methodﬁof leq—solving instruction and views this s:udy

<
N

o . : :
“as an initial attempt 0 attain fhat gdhl - .

/ The second chapter begins wi , the theoretical framework‘for-the study:

- \': - i

the Pavlovian concept “that knewledge is acquired by continual abstraction ‘.
. and éEneralization resulting from Ehe‘gnelyticisynthetic activity that is
/i ' ‘. . )
. the essente of thought. The introduction of protocels of the solutions pf

t

. ¢ [ M
4 . - . voa

verbal problems by successful and Sy unsuccessful students sets the stage .-

for the typically Soviet clinical stlidies described in the succeeding chapters.

A protocol from a strong student illgstratés.ﬁigh analytic—synthetic'activity,
v e

which is characterized b§ analyzing each new datum in rélation to the problem%s

solution, operating'with entirg complexes .rather.than with indiVigugl pieceéf:x

° of data, and carrying out syn;heses only when these syntheses bring the problem '
solver bIoagr to the unknowd. A protoool from a weak student, on the o:&er
/
hand, exhibits random maﬁipulation of datai nd. many "superfluous syntheses,'
¢ s

-

characteristice of low analytic-synthetic activity.

.

K%lﬁykove distinguishes between the enalytic-synthetic process that is z
A A +

y involved in all %eoblem solving and the analytic and synthetic methods used

4

in probiem breakdown. An extensive review of the literature of prerevolutionary

&
&

~ }/

Bs well as Soviet methodologists reveals no agreement as to the best "ratiomal' °

approach Lo!problem solving in the classroom. ~ Notable among the prerevolutionary

. wr;ﬁers are. LatyShev and Egorov who argue againeifﬁhe confining "gia;;;;;E‘\\\‘*i
// )

ysis" rougdne breakdown of problems in favor of techniqu

similar to

those suggested by Polya. Among the Sovieg writers, Skatkin agrees with
NN . .

this criticism and, moreover, views the analyfic method
« . ®

. a8
possible only

after the solution is already clear and hot as a means. gf oBtaining a solution,
) A . . ; . ' . .

a . . l‘)

L 4
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o | Chapter III includes studies involving the use of the purely mechanical

v - ~

anélYtic-me 'd of problem Bneakdown in actual classroom situatiqns. The

€

L
' -

emph351s“isf‘MﬁEhe breakdown E?sthe problem rather than on - finding .the 'so- .

A ~ - o

lutlon. Three levels of mastery are consxdered the fi%st two of ﬂhich .

» are artiﬁicial and do not, imply‘any understanding ofjthe relationship bé&~

\tween the data an§rthe unknown. In gqufal Kalmykova f€und that the ability

. : to‘master the' snaly tic' method of problem bxeakdown is a- funétion of the type

o of insﬂtuction, the amount-cf practice, and the experience of .the teacher.,
. PO o . . . ;

S "‘ Punils uho were not given regular?instru;liOn eould not ‘master the method

PR evenﬂggr simple problems The use of diagrams.and eaylier‘introduction of

¢ - ) . . . ..\,‘»

the method (in the, second rather’ thsn’in the third grade) were. conducive to

mastery. Longitudingﬁ clinical studies that followed exoerime;ts involving"-;‘

en{?re classes suppQrted the cdnclusionsk‘but the clai@‘that most pupi}§ ".

L]

PN » -
would eventually attain the level of mastery reached by the better students

seems unwarranted in light of the evidence presented. f/!t’—dxf‘

_In Chapter 1V, Kalmykova examines student perforimance on more complex
problems. ler result!kin this aspect of the study support those prerevolu—
* tionary and Soviet writers who condemned the use of classical analysis"

as an unproductive method of 1nstruct1nn for developing the ability to,

solve nonroutine problems indepettdently. In fact, in some instances, the

.

confining classical .methods had negativedeffectSVOn independent proBlem—’

~ - s *

solving ability. 4 balance between the use of analytic methods and the

. R
use of synthesis as soon as data are isolated is seen as necessarys in=

-

nstruction. © .
‘ -

problemLsolving
These results Iead quite naturally tu the heart gf thé study, the

climactic fifth chapter that contains Kalmykova's recommendations for a

productive method of Instruction. Her suggesti@ns Aare based on observations

. > .

xiii ‘
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St ~
demonstrated by a group of older studenﬁs and adults., Petrova/s elasseﬁ

e ! - e

.were chosen beeause of her hhstpry of apceess-in-training independent

)
" problem sqlvers. Her deeeptively simple techniques emphasize makix§ sure

students thoroughly,understand the prohlem,seeing‘that they carefully think
'

through the solution, ‘and allowing them time to arrive at the,solution

- .

independently. In the analysis of, the profbcols of the older subYjetts,
five "auﬁiliary methods lwera,noted and categorized,as (l) concretiza—

,F. . ' .

tion, (2) abstraction, (3) modificatidn, (42 graphieal analysis, and

u v 3f

(5? analogy.. Kalmykova proposes’ that.instruction'emphasize these auxiliary

-

techniques as well as the modeling teohniques used so extensively and

1 -

effectively by Petrova. Applying her suggested.method, Kalmykova worked

- . s
A <

with four very weak students dver a four- month,period ahd found significant

i)

improvements in their problem~solving.ability “ o T ;

L]

. -
Although Kalmykova S Suggestions for instruction closely parallef

. the heulistic methods being investf%atgg,in this ceuntry [4 S] there are
aspects of the study thaf should bEA ipqggest to: researchers ln particular,

-y O
observations of successful teaching and problem—solving behavior could/prove

to be a fruitful souree of hypotheses for studies relative to instructlonal
techniques In the classroom. a - ’ 4
I1f, for example, teachers who are,successiul in training efficientj
problem’solvers are observed td have recourse to common techniques, to
assign parallel types of prbhlems, to pace fn%truction/br toLorder prohlems
in similar waysl these common denominators might suggest dependent variables

.

to be investigated experimentally. Likewise; patterns of processes employed
y . V.

in search.of solutions by students with some expertise in problem sblving
culd ‘provide clues for modeling methods to be tested and behaviors to be

developed. Closg scrutiny of such behaviors conlli also furnish important

and needed data relating aptitudes to instructiou.
. \

* C . | I‘%f~ \ ’n {
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This volume continues ‘to emphasize the message of the Soviet tesearchers
/ ' ‘ ¥ ?

that instruction is the key to proficiency in problem solving, and that'

' L ‘e
investigating process is imperative‘for the fmprgafment of instruction; ' .
A~ - - . . . ;
4 W - L. : . \ i .ot
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g _Chagtéf I ) o ~
 ~ OVERVIEW
M /

+ We arg facing enormous tasks in making a_gradual transition from

-

'~ socialism to comfunism. Stalin has pointed out the necessity "of
achieving such a cultural growth that. every member of the society would
be ‘agsured of. thorough de ekopment of his physidhl and mentel capabili~- g
~ties'[39 68]” es one of the three. basic preconditions for thisA‘f -
transition. The l9§h-€ongress of the Communist Party submittud a "
decision on meeSures for guaranteeing a tfﬁnsition to’ compulsory ten-

year educetion and for introducing polytechnical schools. These decisions "
*of the’ party congress involve Soviet teachers in the prodigious task of |
educating the’generetion of young persons who #i11 build the communist s
society. Therefore each teacher shouid evalua‘i the effpctiveness of

-

t productive means. to

%

the methods he uses and should introduce the mo

guerentee a significant improvement in his work.
Instructors of nathematics, one of the leading school disciplines, ‘

are nerxception‘ In a mathematics course, problems are parkicularly

importent' In prohlem‘solving, mathematical concepts are formulated and

different arithmetical ‘operations are interpreted. Problems teach the

pupils to disclose the mathematical content of concrete data. Byt

 problems are especially important as a means. of developing logical

thinking end the ability to determine proportional relationships between

quantitigs and to dyaw the proper conclusions. As the studqnts solve

problems, they will be heveloping ingenuity, as well as thgﬁability to .

work independently, without*a model, but with creative initiative.

. Anel;zing students' test papers and oral answers over the last few

years has shown that our schools are improving from year to year. The

students are learning to solve the problems demanded by the curriculum

and to givé rather detailed explanations. However, when a problem's

solution deviates slightly from the ordinary, when more independent work j

" or erthive thought is required, many students, even good ones, are

inc!beble of, £inding the way to soive it and easily slip into an unpro-

ductive manipulation of the numerical data, into the method of "blind

trial and ertors" They act according to the prescription of one of Ehe

\ ’ A - 1 ¢



pupils: "When 1 csnnot arriv 'dt the answer to the problem,“ he sgid,

- "I begin to add, subt;sct, tiply, or divide the numbers untfl I obtain
the right answer." EThe nswers to the problems are- ordinsrily given in .

¢

the bdbk of the book ) g ‘e . .

”*

&4

- This easy lapsi into a sé‘lom—product e method of solution as

students' -analytic synthetic activity and’ an inability to bresk down a
. problem thoroughl}y. - . * I

¢ T e :
[

In order teach pupils to solve rather complicsted problems

IS 1

independently one must. lesd them to rstionsl methods of analysis and

. 1 syntbesis. 'Children are not taught the methods bnd techniques of X ﬂ’ :
; " thinging estively in school The methods of analysis snd synthesis
PO ;useﬁ iﬂ’fchool miss the msrk [16 ﬂ32]," Menchinskaya jrote several
0 yesrs g0 . Are thase cniticismsbstiil valid? «To what extent do the
;ng that are/use%?in school provide the

_pypils with the proper means of! anslysis an& synthesis? Where should

- s
ﬁmt ds of tesching problem sol

e look for more efgective methods of teaching analysis andjsynthesis

-

in problem solving?

This article is meant to help teachers to resolhe these questibns.y
For many years the suthor has taught the process of independent solution
" of rather complicated problems to stidents in’ different grades and to
adults, and, In“particular, taught the use of the so-cslled analytic
method of problem breakdown. The eXperience of ong of' the foremost ’
teachers in Moscow, V. D. Petrova, was studied in etsil from the stand-
point of the methods of analysis and synthesis that were used. Several
methods of analysis were also tsugbt experimentally.
Using Pavlov's reflex tbeory;“the sugbor attempted” to find the
essencg of analysis and synthesis in problem solying. Several .
productive types and methods of analysis are described, on the basis .
.of the investigations that were condycted. AAnumbeI of rational means
of teachinglanalysis and synthesis in problem %olving to students are’

-

aldo described. o .
. Much of this work is devoted to verifying experimentslly the
productivity of the so-called analytic method of problem breakdown.

It should be noted that the basic methodological literature approves of

] . A




\ . ‘ ‘ k‘ - n"
. ’ ~ ' '
‘this method“gnd recommends using it widely (cf. the methods of Chichigih

[6}, Lyapin [14], and others). However, although this method has been

knoyd for a leng: time, it has ‘not seen w{iespread use, in schools. 1Is

practice’ lagging behind the progressive‘theory Then the method of \

- analysis must be publicized and forced into pr ctice in the schools.
. A
Should the proponents of the _theory themselves (for methodological

literature should carry scieqtific theory to, the massgs) _perhaps reconsider

*

thedr pcsit}on in approving this method? .
To 'answer tﬂis quegtion, the author first turned to the methodolbg— "
ical heritage of .the past, There was no general agreement on this ﬂ.fi‘;

N problem in the\methods iitexature and eXperts ave been voicing d bt
“r

- " and proﬂestﬁ about this method both" in pre-revclutionary and in Soviet ,
o Russias ﬂgen the author turned to the exPErimentaltstudy of the use - of
N this method- 111 the schools, thus- acquiring a sufficiently detailed '
| notion of the psychology of teaching ‘the analytic method of problem .

‘ sofoing. This work will show the position this method should occupy and
where to look for new, productive means of problem breakdown. Undoubtedly« s

the stud§ of prodcctive means of analysis and‘ggﬁtﬁesis should be continued.

- L4

AN
The work 'was done in the education laboratory of the Psychology

The present work is only a beginning: .

Institute of the Academy of Pedagogical Sciences of the RSFSR, ugder the
" supervision of N. A. Menchinskaya.
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Chapter 11" v = ) 'k/-
SUBSTANTIATION OF THE PROBLEM OF ANALYSIS AND SYNTHEQ}S Lt

. ‘ N '-"""'. ‘:‘ Yoes ‘.. \1 N

%¥. A Physiological -Basis of Analysis and Synthesis Processes
'\\ .
" We ca? begin w%&h the familiar tenet in dialectical materialism
that thought is both analytic and synthetjc and that ?hé’analytﬂ. and *

synthetic pracesses are bound together inseparably. ~

Analysis and synthesis compose tlie physiolo}ical basig ¢F the
ane;ytic—synthetic meﬁtal activitieSfcarried sut by the’ cerebral Cortex.

Y t

Paviov [21)] showed~ repeatpdly” that the: cortex simultdneously and . "dl
continuously carries on both ahalytic and synthetic activity. The 2 f §
‘analytic process decomposes the ' complexities of the world" ipto’ f‘~_ _?ﬁﬂ

| "'separate parts,' to use Pavlov'% words; it isolates individual facets. ?&

of the environment#. 1In synthesis, connections between the separate .
parts thet were isolgled in the analysis and in the appropriate activity iﬂ

of the organism are ''tied together."
Pavlov points out the differences in the degrees of complexity of
the analvtie and synthetic processes. Only certain elements ‘of the
environment can be isolated and tied together with a definlte activity
of an organism, When an entire complex of stimuli influences the elements
composing £t during a rather long period of time, a connection is '
established and, later on,‘this complex of stimuli will be isolated by
the analytic process (i.e., " the elements synthesized earlier will be
isolated). As the investigations of Pavlov and his associates have
shown, a relationship between stimuli can be diSQinguished, and this
relationship can be identical even though the composition of the stimuli
might be qualitatively different (e.g., the rhythm of sounds and the |
rhythm of a light bulb s flashing might be identical). To isolate this
identical relationship and to ahstract opeself from the qualitative
difference in its elements undoubtedlg §Emands a high level of analytic-
synthetic activity. \ . ‘ |
Temporary reflex-conditioned connections aye established during the
simultaneous or sequential influence of objects of the environment on

an organism. However, many of. these connections can prove to be coinci-

dental, unrelated to reality, by an objective correlation of the objects

\\ N o
W) 5 ‘%
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Al
and phenomena of tlie environment. As Pavlov\has shown\\we myst form not
only temporary connections to obtain a'proper relationship to the exten—;
nal world but we must also be continually and rapidly correcting these ‘

connections, when they are not justified by reality, i.e., we must be

.

ready’ to revoke them. This revocation of temporary connections is kbr— o

Yy -

;ied out with the aid of inhibition that detaches whatever does not

'correspond to reality and is one basis for the highest forms of analysié

R As a result of this activity, the true relationghip of the animal to
its environment becomes more and more precise. We see that the analytic—
s?nthetic sctivitygof the cortex in animals becomes higlily complex. It°*
reaches an immeaSurably‘higher leYel i:lﬁgh,with his "e\}raordinary addﬂ.
tion" —— the kecond signal sysgtem, spe h. L. T Co .

" d'Speech )s for man jyst as real.eféonditiqned stimulus as _all the
other common ones afe for aniffals, but at,the same time.se all-embracing
that no others in animals approach it either quantitatively or_Hhalita— f}
tively. Speech, thanks to 'the entire prewvious life of an adult, is
connected to all internal and external stimuli entering into the large
cerebral hemispheres; speech signals and*replsces ail’of them, and there- ,

fore is able to evoke all of those ac ions, the rcactions of an organism,

which cause those stimuli [21:429].'

“Due tp the signalling of the first signal system in speech, as Pav-
lov has shown, a new principle of-neuralgactivity is introduced -

abstraction together with generalization of the innumerable signals of

the preceding system, in its turn again analyzing and synthesizing these
new gepneralized signals -- a principle conditioning the unlimited orienta-

tion in the'environment and creating a higher adaptation for mankind --

kpowledge. ,
The generalized and indirect knowledge of reality realized in
inalytic—synthetic activity is the essence of thought.

‘2. ihg_;ntgzreigtionship of Analysis and Synthesis in Problem Solving

Solving afithmetic problems, like any other thought ‘process, is an

analytic-synthetlic process.l The concrete subject matter of problems

>

lIt must be emphasized that when we consider thought as a complicated
analytic-synthetic process, we are using the terms 'analysis" and "synthe—
sis" in their broadest sense. They inclutde such thought forms as judg- .
ment and deduction, and such processes as comparison, generalization and
abstraction. We consider the proeesses of analysis and synthesis in
exactly the same broad sense in which Pavlov 'used them when speaking of
the analytic-—synthetic principle of brain activity.

6 21
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. is‘extremely varied, but definite mathematical‘relafionships'underlds

them, as well as known mathedatical principles that relate, the data to

one another and to'the unknawn quantity. ' ' -

The purpose of analytic—s&nthetic activity fn solving a problem
should be to gexpose its mathehatigal content as described by thg concrete

!
situacion in the hypothesis as well as to ascertain the relationéhips
_of the data to one another and’ to the unknown quantity, and, having.

‘ isalated the appropriate principles, to determine the value of the L ~
P d

L} -

7known from the known data.
. The analysis begins with the decomposition of the text of the problem
b

,into "separaté parts. Thus, individual wo;ds, numhers or elements of

the problem might be isolated (Menchinskaya called such an analysis

2 : -
elentental). Thus, in the problem: . :
{ 1 - » .
. ] .
Twenty-five birch trees were felled in the forest,’
but only 1/5 as many linden trees. How many \{rees [
~were felled altogether? o~ ;

The stuJFnc might isolate the numbers (25 and 1/5) and the words as‘many
and then start to tarry ouE~the operations on'the basis of these elements.

taken from the text. A synth 2is which was carried out on the level of

such an."elemental" analysis might frequently be mistaken or guperfluous,
or might not lead to determining the value of the unknown quantity.

So long as the unknown and the data of the problem and their
interrelationships are defined not by lsclated words but by combinations
of them (forming definite compleaes), a productive sclution of the
problem demands a synthesis on the level of "complex analysis.'" Thus,
the following complexes should be {solated in the problem stated above:
"25 birches," '"one-fifth as many lindens (as birches)," 'how many tregs
in all (birches and lindens) were felled " and then the relationships
between these complexes should be found )

If . the problem's structure is familiar to the student (that 1is, 1f
he has solved several similar problems in the past), then he will

abstract himself from the details cof the concrete situation and isolate

the appropriate relationship easily and quickly, and solving the problem

will present no particular difficylty. ' vé
The dLscriptions of analysis as "elemental," 'complex, " and .
"anticipatory' were given by Menchinskaya [17]. N
£ ’
) o
>
’ ‘)‘.
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‘ Thys, Galya K.,.a fifth—grade honors pupil, reads Problem No...4:

3 : | e T
. Fourteen m of wide lace a@d 9 m ogtnarrow lace were L -
purchased. The wide lace cosf six rubles 30 kopeks more

than the narrow lace. How much is & m of wide lace and <, s X
1 m of narrdéw lace, if 1t 1s known that 1 m of—wfde lace ‘
s eosts 20 kppeksemnre than narrow lace? \‘ )

"Aha " she says, "They paid 6 .40 rubles more for the wide lace., —
...That s for 5 m extra... and for 20 kopeks more pe; meter. So for l4 m
they would hav%paid 2.80 rubles additional for wide laee, and hepce 5 m
of narrow lace woul be 6K30 - 2.80 ...." ’

Although Galye d never solved this problem abbut lace, she had
frequently met probl that vere structuraily similar.' This familiarity
served E& a basisfor decomposing the relationships between the data and

.

"~ the .unknown that are characterf%tic of problems with this sort of
strutture, and assured a higher level of analytic-synthetic activity in
solving this problem. , .

We can see that . in percelving the problem's conditions, Galya )
separated the reletionship between the data and the unknown and determined
-a course of sblution, and then a way to find the unknown quantity was
immediately clear to her.
The relationships between_the complexes (of the 1isolated data to one
another and to the unknown) stand out immediately in the analysis. This

particular aspect of analysis can be attributed to anticipatory analysis,

provided that it is directed at the succeeding operations.

The physiological basis of the giﬁen process is the formdtion of
definite systems of teméorary associations that become increasingly fixed
by uniform repetition of the conditions, by virtue of which the appro-

priate process is brought about more easily and automatically. Thus,
to 501ve problems with a familiar structure, one reproduces assoclations
that have been formed and consolidated earlier. ' ﬁ

The analysis becomes significently more detailed in the solution of

more or less complicated problems that are new for the pupils (task-

¢

problems). Task-problems are what we call problems, both model and non-
model, whose course of solution is unknown to the pupils, and therefore
. they must find it, ¥.e., find the relationship between the unknown and

the data. ‘ . s

~
-
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o
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L "People re&uce Wvery drill, eve;y training, habit formation,
r’ orientation in the enviromment, anong natural events, either oolthe
‘ formation of new connections or to the finest analysis,” Pavlov points
\ out [21: 333]. The solution of problems nhoée structd%e is familiar
depenps mainly on the reproduction of old, well-coné"lidated agsociations.

.

The solution of task—problems presupposes the forﬁation ofxassociations

¥

. 'based on the finest analysis. a ' . N k .
., However, Sechenov says, ''Not, a, single thought passes thrqugh§thei
C mind of a man during his entire- 1ife which does not arise from elemenés
registered in his memory £33: 441- 442]." New associations can be - }
preserved only on the basis of old ones already amassed by past experiégce.'
Analysis in the solution ¢f task-problems is directed at isolating.these
old associations, these "elements registered in the memory," through which
L 2 the new ones can be established.
eIn solving problems with a familia; structure, the pupils sometimes
isolate the relationships between the &nknown and the data while reading
the problem, but in task-problems the data and the unknown appear apart
and, to find the relationsnip between them, an entire seriég‘of inter—
mediate elements must be isolated in the process of the f%nest{analysis{
which will connect the data to one another and to the unknown. A §pecial
analysis .of the unknown and the data,'end the functional relationships
between them, is then necessary.

In the analysis_gf\the unknown and the data their content is made

q,i‘more precise, the composition of the complicated data {s revealed, their
: basic properties and features are isolated, i.e., the pupils answer the
questions. "What is this?', '"What is it composed of?” "What features
does it have?" .

The analzsis of functional connections 1s directed at isolating the

principles on the basis of which the interrelationships between the data
and the unknowh might be established,” as well as at isolatingrthe very
relationship on whose basis the unknown quantity might be found.
For example, consider the following'problem: -
‘Vitya bought a notebook for 20 kopeks, 3 pencils for 30

kopeks each, and he had four pyatachki left. How much money did
Vitya have at the start?




e

'superfluous to determine the difference in the costs of pencils a d

pupils’'s

. relationships that they ¥an-have are alsomdiverse.’ Jn_the probley/given
e

L2 N
. ~ [ £ 7 * o - { \. '
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. ‘ 4
f‘irsta,tﬁt datmn sho/krld be. Subthted to Qgecial analysis. The

expl?iin that a\p at&chcﬁk is* a coin whose wa%ue is r5 knpeks
and e.pnsquentlyxy(tya{had 4 ¢ ef/S kopeﬁss each. in disclesi;vg the
composi;i of -this datug‘ the pupils‘easil determine itsanagnitnde also.3'
"A special anadysis of t:he mnknown 1s also necessary here to, *eveal .

the composition qf'the unknown. %he probIem agks‘how much moeey Vitye had r

R s ’
at g~h\5tart. L - ' -, ’

“When we§;it?" f } ) : . :
"Before A e pntchasee. . Ty . “. . "f\ R < . o»
. A, 3 R
"And what did he buy?" & IR — ) .
. * *e . / .
"Notebgoﬁs and penci}s." B A e R . .
"Did he ‘spend all his money?",";/_/- . [} ' 7 A ~
"No, he stil] had 4 pyatachki, that is, 20 fopeks.' g

0 -~
Analyzing the)isolated data and thé functional. relationships between N
them makes it possible to establish definite relationships between the
data and to synthesize them. ) A ‘ Lo

L 14

The content of the dfta can be extremely diverse, and the inter-

above, onetlcan cofpare the costs of'tﬁe'notebooks and of all the ncils?
and determinme thei difference, one can find the cost of one pencil arid
find out how much 'more expensive the notebook is; one can compare the
money spent and the money remaining. Which of these possible operatdons
must be carried out? “
The only operation, the only synthebis, that n\\hroductive is. &
one that will bring the pupil closer to finding the unknown quantity.

The pupil should choose from all poesible rqlatinnships those tb&f will

Mecorrespond to reality" ---to the situation of the problem,

A n%nblem is a question whose answer should be found by determining
definite relationships between the unknown and the data. The appropriate

relations ehouId be chosen with a view toward determining these relation-

ships (i.e., the pupil should rise to the level of anticipatory analysis).
L]

To determine hof much money Vitya had at the start, one must find out

how much money he spent and how much money he had left; it would be

notebooks. . ) //

3The‘euthor observed that without a special analysis of this da
the students opgrated with it as a known quantity, regarding 4 pyatachki
as 4 kopeks.
/j_ 10 ~
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:/; ¢ A proper choice of productive relationships is possible only on the
) basis of the analysis of all the data and the unknown. The appearance

« in the ‘solytion of "superfluous gyntheses" (a term used'by ‘the methololo-
gist Bellyustia [1]) — operations which do pot bring one closer to the
unknow4¥—involves passing to isolated analysis.of the seg‘rate elements
\?f the problem. The .pupdl isolates individual words br data and begins

, to combine them on. the basis of his past experience. without correlating

them with the other data or with the unknowna(a synthesds on the level

of an elemental analysis). : L - :

. é; It must be remembered that words are "all—embracing%stimuli. The

 « same word-in one problem might be connected with one operation, and in
another problem with its opposite. Thus, in the problem*ﬂ "Twenty fir
tr¥es grew in a- Forest plot; eight were cut down. How maﬁy remained?“ |
the words 'cut down’<and "remaihnd are connected with subtraction.

But 1inanother problem, stating that "eight fir trees were cut down, and

12 remained on the plot. How ﬁany fir trees were there?“ —- both of the

verbs are connected with addition. ) 3

y,
1f the pupil is in the habit of choosing arithmetidal Zperations -

b by depending on isolated elements in the problem s text—isolated words™
taken from the text——then, in the second problem, if he isolates the
'words 'cut down'' or "remained,'" he: will try to subtract, since “remained"
‘has been associated most frequently with subtraction in his experience.
A productive synthesis can be performed-only on the basis of a |
comprehensive analysis of the data, the unknown, and the functional
relationships between them. | '

Problem sglving fS an analytic synthetic process. Analysis and

synthesis are interdependent Investigation of independent problem

) solving showed a gradual substitution o0f these processes for each other
both in pupils and in adults. In analysis the pupils isolate sufficient
bases for the synthesis, and the synehesis is carried out immediately

- afterwards. The new datum obtained as a result of the syntheslis 1is

again subjected to analysis, and the conngction between them and the
known data, is re-established. Thus, in this activiix 5§he well-known
proposition of Engels on the indigsoluble ties between analysis and
synthesis is substantiated: “Thought consists as much in decomposing the
objects of consciousness into their elements as in unifying the elcments
which are related to one another. There is no analysis without synthesis

[8: 40]." !
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Thus, analysis in solving arithmetic problems includes, first,
decomposition of the problem into individual data and the unknown,
discovery of the content of the unknown and the data, isolation of their

, individual featureg’ and facets, isolation of principles connecting the&i

4 and iéolation of their functional relationships. Secondly, analysis is
included in the sePection of the "appropriate realities" of productive
associations that lead to the determination of the unknown quantity. Such
a selection 1s pbssible only with a thorough analysis of all the data and

- "the unknown of the problem.

= '

&
3. A Contrast of Successful and Weak Stud&nts in Problem Solving

That pupils differ in their success'in arithmetic is clearly shown

-

by the different levels of their analytic-synthetic activity in solving
tagk—problems independently. We shall compare the methods of solving
task-problems by students who were successful in arithmetic with the
methods used by weak students.

' An outstanding fourﬁh—gradg-s&udent iP th% 172nd Schood, Valya K'f}
was told to solve the iol%ow%gg problem independently:"

Two workers received the same sum of money for work

. that they had done. One was paid 20 rubles per day, and , ~ -
< the other was paid 12. Determine how many days each
- laborer worked if it is known that the second worker

put in 6 more days than the first.

3

The record of her solution follows:

Valya read the problem slowly, distinguishing clearly
by her intonation one datum from anothér. (She wag
conducting the primary analysis.) She tepeated the .

- question of the problem twice and singled it out
' particdlarly. The problem was difficult, and Valya did
not hurry. She turned ta the text and re-read it more
thoughtfiully. SN
: . ~~

"The second laborer was paid 8 rubles Iéés. But they
both received the same amount of money -- so he had to
work 6 days more.'" She isolated the essence of the
problem, thus determining the main functiongl relatton-
ship: "He was pald lessvbut worked more days. The

~ second laborer worked an extra 6 days.'" She continued,
"How much money did he earn in these 6 days? 72 rubles{..

. 72. The second laborer earned in 6 days....'" She re-

. analyzed the data she had obtajyned.




"And how did I find that out?" -Valya asked berself,
and made it more precise: "The second worker received -
' 8 rubles less Y20 - 12) and therefore worked 6 days more...
In 6 days he received 72 rubles, and in one day 8 rubles
less...72 -8 = 9 ... ddys... What kind of days are these?
Who worked during them? ... The first laborer worked 9 .
days. And the second laborer? He was paid less; in 9 ° |
days he wouldn't make 72 rubles, and he warked 6 days .
more.' Having isolated this relationship, Valya easily
. found the second unknown: "The second "laborer worked:
T 15 days."

‘ As this record shows, an extremely high level of analytic-synthetic
activity is characteristic of-Vaiya K. She operages not ‘with elements
mé;ily taken from the éext of the problem, but with entire cgmplexés.
She carries out the synthesis only when she has a sufficient basis for
it.” Each new(dgtum she'obtains is.analyzed, and its significance for -
approaching the'basic.gogl——the unknown— 1is evaluated. This procedure
for solving task-problems is typilcal of‘pﬁpils who have high grades in
afithmetic. Successful pupils show a high level of analygic-synthetic
ac;igity in proyigm lving. ,

Pupils with poo p;oblem—solving skills solve rather difficult
problems,task—pfobl s, in g different way. We shall consider a
solution b& a weak fourth-gradé student in th; 69th School, Oleg A. A
problem was given to him (Problem No. 14):

Four Eieces of material, each 50 m,in length, éere | :
brought into a shop. Twenty Suits and several overcoats

were made from the material. How many overcoats were
made if 4 m were used for\:he overcoat and 3m fora suit?

The problem was . not easy Yor Oleg (although this type of problem 1s

solved at the beginning of the third grade) . “ \

Oleg read the text of "the preblem through superficiallx,iﬁithout
' expression, and without, precise decopposition of the separate
data. Then, putting aside_the paper on which the problem
was written, he took up his pen. :

"Four m of material went into the overcoat, and 3 m into
a suit." He remembered a pair of the known data and asked,
"How many meters were used for one suit and one overcoat?
Seven," he calculated and turned to something else: "They
bought 20 suits; how many meters went into the suits? Sixty."
Then, still without having posed the questieon, he divided 60
by 4. After getting 15, he stopped.

.
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"What -did you find out?" the experimenter asked. -

"This is how many meters go into one overcpat,' Oleg
answered, without thinking (obviously, he had forgotten that

this was given in the problem) and wrote down 'm" (meters) ~
by the 15. TN \

"How many meters went into all the suits?" Oleg continued. -

15 x 3 = 45
"Explaip what you're doing," said the experimenter.

£
"Three m went into one suit, and we found out how many
went into them all ...."

There is no point in quoting the record further. The nature of the °
solution {# clear. At-the beginning Oleg isolated individual data’ and
carried ou£ operatiéns with'them, although they did not correspond to the.
other data or to the unknowﬁ (and then he ﬁerformed a éuperfluous éynthesig)l
Furthermore, he began to operate with only the numerical quantities,'
aséigning a sigiificance to them quite arbitrarily, and he did not compare .
thése quantities with each other in)actuality. Oleg mapipulated the
numerichl data, in‘fact; and used blind trial and errof.

This sort of solution is very clearly depicted by Nosgv [lQ]‘in'his
work Vitya Maleev in School and at Home: 3

There were 8 saws and 3 times as many axes in & store..
Half the axes and 3 saws were sold to a crew of carpenters
for 84 rubles. The remaining axes and saws were sold to
another crew of carpenters for 100 rubles. How much doas
one saw and one axe cost? -’

Vitya shortened the problem, simplifying it:

12 axes and 3 saws cost 84 yubles.
12 axes and 5 saws cost 100 rubles.
How much does one saw and one axe cost?

Vitya explained, "I could not shorten it-. any more,

and T started to think about how to solve the problem. At
_ first T thought that i1f 12 axes and 3 saws cost 84 rubles,

- then the saws and axes must be added together and 84 should

"be divided by whatever was obtained . 1 added 12 axes and 3
. saws, and got 15. Then T started to divide-84 by 15, but I

got a remainder. I understood that some sort of mistake

had occurred, amd I,began to look for another way."

"1 found one: I added 12 axes and 5 saws, got 17, and
bepan to divide 100 by 17, but again there was a remainder.
Then I added all 24 axes together and added 8 saws to them,
and also added the rubles togefﬁer and began to divide the
rubles by the saws and axes, but the division still didn't

» ! -
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' come out right. Then,I began tq subtract the saws from . °*
the axes and divide the mohey by what I obtained, but '
all the same I got nothing.. Then T tried again to add
up the saws and the axes separately, and then subtract
the axes from the money and divide what was left by.the

saws, but whatever I tried, no sense caqe of it'n..
-[19 1451." ,

-~

Every instructor knows how typical Vitya Maieev's method of solving
probleﬁs is for. pupils who are not making normal progress; The level of
analytié~synthetic activity is too low. They add up the axes and the
ruEles easily, withouf thinking of the meaning of what they obtain. Their
501u:ion-process frequently leads to a simple manipulation/of the numerical

data ‘taken from the text of the problem

“To ingtili an ability to solve problems, one must teach the- pupild ,
sto carry out the synthesls only on the basis of a thorough analysis of
éhe‘problem; one nust ﬁ}ovide them with productive means of analysis,

which ﬁhey cafh use while solving rather complicated ptoblems, task—problems,

’

“

independently. ¢

4. A Comparison of Analytic and Synthetic Methods

How can we teach pupils to analyze a problem? To resolve this

question, mathematics instructors first turn to the methodological

literature. . :

_ Ordinarily, intconsidering tLe question, €he authors of methods
handbooks describe and eompare the two methods of reviewing a problem——
the analytic andkthe s&nthétié.

Let us reé%ll the way.to break down a problem by each method. Suppose

that the following problem [25‘ 71] is given: ¥

An airplane travelled 194C km the first davy, an& travelled 340
km fuyther on the second than on the first; on the third day it ,
travelled 894 km less than on the first two days together. How far a
did theé plane travel in the 3 days? :
- Reviewing this problem by the analytic method, we start with the
question: "The question asks how many kilometers the plane flew in 3 days."
To amswer it, we must know how many kilometers the plane travelled eac

of the three days. We know that it travélled‘l940 km on the first day,

but how far it travelled on the second and third days is unknown: BN

o
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To find how many kilometers\gt travelled on the second day, we must
know how many kilometers it travelled on the first day and how many more
it travelled on the second. Both data are kﬁown. .

'To determine how many kilometers tbe airplane travelled on the third'
day, we must know how many Eiiometers it travelled on the first and !
second days4together, and how many kilometers less on the third day. We
know the latter, but not,the former.

To find the.distance it travelled on the first and second days to-
gether, we .must know how many‘kilometé}s it travelled on each day )
separately. All thé necessary data are at hand, and the breakdown is
completed. J]
With the synthetic method.of breakgzwn, we begin with the known data:
1. We know that on the first day the plane travelled 1940 km, and

340 km furfﬂer on the second. Consequently, we can find out how far the.

* plane Qent on the second day. We must add-1940 km to 340 km, to obtain

2280 km.

2. Now we know th%t on the first day the plane travelled 1940 kﬁ,
and 2280 km on the second, and therefore we can find out how far it
travelled on both days...etc., all the way up to finding the unknown.

Thus, in the synthetic method, the concrete data of the problem are
the starting point, and we ask a question about them, the answer to which
should bring us closer to finding the unknown..

In the analytic method, the unknown is the initial step in the »
discussionr. In complex problems,it‘might'not be defined directly by
combining the known data (intermediate steps would be necessary). The

solver selects data for the unkrown that are not contained directly in

the text but which he deems necessary for finding the unkn\o—%quantity.

These data are expressed in an abstract, logical form, since: heir
numerical value is’ unknown.
In the synthetic method, the breakdown of each link ends in resolving

the question and in finding a new link, and the solver relies on the

‘concrete values of the intermediate data. In the analytic breakdown, the

entire chain of the discussion should bebuilt up from abstract, logical
categories; only in the last steps do the abstract data receive numerical

values.

»
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The breakdown of a problem by the method oé'analysis is a logically
valid argument whose initial step is the final question of the problem,
the unknown, and each 1ink follows regularly from the preceding one. This
logical ordér, the strict validity of the links analysis, attract
fmethodolog{sts to this method. : cr . '

Are pupils capable of constructing such a rigorous, logiéglly valid

argument as the method of analysis proﬁose§? In what grade can this .

method be introduced? To what extent does’ﬁractice in the construction,

‘of this type of logical argument'énable the pupils to solve problems and
keep them from the superfluous, invalid operations to which they are
sometimes so susceptible? To which method —— the analytic or the synthetic

-~ and when, must priority be given?

It should be noted the}e,ié broad disagreement on these questions.

I do not propose to give a systematlc exposition of the views of all

: authors; but I shall try to outline the basic solutions to the questions

# 1in the works of pre-revolutionary and Soviet methodologists.‘

5. Views of Methodologists on Analysis and Synthesis .

in Problem Solving

,The'%rejggyglgﬁi9nary Methodologists

A description of two methods of solving problems-—from the data to
"the unknown and from the unknown to the data, without introducing thé -
terms "analytic” énd'"synthetic”——can be found in the 1896 methods text-—
book of Evtushevskii [10]. He writé;§\

At first, in an fﬁementary arithmetic course, it is both
more natural and easier to carry out the solution of a
p problem from the given numbers to the unknown, which is
clearer and more erstandable for the pupil; subsequently
it is useful to pass to the reverse solution gradually, that
isy starting from the unknown, determining its connections
with! the numbers given in the problem...The change from one
method to the otherris one of the most powerful tools in
the development ‘of the pupil's thinking and simultaneously
prepares a method, wWhich the pupil willl need later, in
composing ,fqQrmulas and equations from problems...{10: 88-89].

Evtushevskil regards as a necessary condition for transition tg
the method of analysis (to use the modern term) the student 8 acquisition
of the skill in rememberi_g_the entire content of the problem and the
presence of a precise conception of the data and their connections in
conformity with the text of the problem.

¢
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. lle demonstrates a review ofkpgg.probiem "from the unknown" (i.e., by
the method of analysis) in three oﬁerations with an extremely clear

relationship between the data. le gives the review of a more complex

problem (involving six operations) difﬁgrently. He suggests 1solating
the question of the problem and the knowﬁ data, then listing all the
intermediate data that should be found be§§ge{t?e unknown quantity can
"be determined. Listing these data will prdé@ed{in‘the game order as the
per formance of the arithmetical operations. 'fhgf\is, thé review proceeds
by the synthetic method, bt at first the entiré plan of solution is
composed, and then the approprigte arithmetical operations are carried
out. . - '
+Thus, just-as the method of synthesis is easier'épd mqfe natural for

the student, so the bregkdown of more complicated probiéps'is carried

out in the same way. But this method should be combined\ﬁith the method
of analysis, which influences theAdevelopment of logical thdught in

the pupil in a positive way. This is Evtushevskii's opinion of’Both

t

methods. ¢ ot ‘
The greatest methodologist of the 19th century, Latyshev [l3i,

emphasized that a school should not only inculcate definite habits, but

should "teach one how to think" and develop ingenuity in its pupils.

The author held a low opinion of the method of analysis. He considered -

it fossible to use analysis only after a series of exercises, especially

exercises on the selection of data for the unknown. Latyshev said:
In teaching students to determine by which numbers unknowns
of a known type can be found one can compose a plan, after the
problem's solution, beginning from the unknown and describing
by what type of data it was found... The composition of similar
plans after the golution of problems is easlly accessible to
students. And only when the pupils can compose such plans very
well and have become accustomed to determining by what data the
unknown can be found should problems even be solved, beginning with
the unknown and discussing by what data 1t can be determined...
(italics mine -- Z.X.) ...one cannot give materials for
practicing the analytic qolution of questions in the study of
arithmetic (with children); geometry supplies an abundance of
similar material, and therefore the study of geometry is very
opportune for learning the analysis of solving questious, ‘
starting from the unknown.

~
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In arithmetic problems only in isolated instances ¢
can questions which are posed from the unknown actually
help the pupil in solving the problem, and then they
ordinarily can only direct him toward explaining the content,
but cannot guide him through the entire solution [13: 132-
135].

Exercises in this method of solving problems should not
take Ei_much time..., since the time which the students spend
mastering it is not justified Ez_its usefulness to them; it is
more advantageous to spend time on other exercises which are
more closely related to the nature of the required work, to
the general direction of the course [13: 101] (italics
mine — Z. K.). | : ‘

As one of these more useful methods, Latyshev suggests introducing
an "explanatory discussion' with a ”Why?” question as a basis. "Super-
ficially," he explains, "a feature of the method is expressed in ‘the
~ establishment of the question - the students intend to treat '"Why?' in
some way or other [13: 101]." 1In concrete examples, the author shows
his recommended method of breakdown. 'Why did the second purchase cost
more, why di&'the second train catch up with the first, why did he receive
less than he assumed?" All of these 'whys'" are directed at uncovering a
basic link in the problem, at gncoveringvthe.basic princip%es l%nking the
unknown to theé data. | )

It is not the analytic method of breakdown in its "classical' form,
but a Versatile'ﬁreakdown of the problem, a disme ent of ‘its main
linkj#exposing the funqtionaI relationships ofvthe data) to one another
and to the unknown, with the aid of a 'why?" question--that is the way
which, in Latyshev's opinion, largely permits the goal of 'teaching
thinking," feaching independent solution of a problem, to be attained.

+One must teach all spudents to use msihly th9 synthetic method," .
asserts the distinguished methodologist of the late 19th and early 20th
centuries, Shokhor-Trotskii [34]. '"The syntheiic method," he explains,
"i{s in genéral somewhat easier than the analytic, since .pupils applying

the synthetic method use their common sense.and their ingenuity more

freely, starting with the given, numbers, and not with the unkqown numbers.
[34: 287]" (italics mine -- Z. K.). However, in Shokhor-Trotskii's
opinion, 'the synthetic means of solution can distract the pupils from the

necessary operations and lead them to operations which are unnecessary for

‘solving the problem. It meets the mark when the problem is not very -
complicated [34: 285]."
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The analytic method ''demands considerable mental acuity and

! considerable power over the reasoning proceeding from general consider-
ations.'" This method "leads slowly to the goal, but also never denies
L") {te help ... (it) leads more reliably to the gggl'[34 285]" (italies.
' mine —- Z. KoY.

"It is important," Shokhor~Trotskii remarks, "thlﬁ‘pupils le;;n to

solve problems independently of the rules of solution by the tiresome
analytic or by the not~al;ays—reliable synthetic methods [34: 287]." The
author recommends training the pupils at first in the solution of a
‘qgufficient number of simplified prbblems,‘i.e., problems in which the
conditions are lgid out in the order which corresponds most closely with
the sense of the problem and with the order of the required operations.
- Then.he suggests having the students change these’simplified probléms
into Unsimplified ones, in which the order of the conditionsmaoes not
correspond to the order of tHe ‘operations.
We see tH’E nélthe: the analytic nor the synthetic method of
problem-breakdown satisfies Shokhor-Trotskii. . g
In Methods of Arithmetic by Egorov [7] we'find an extensive compari—

son of th¥ methods of analysis and.synthesis. Egorov, foremost among

methodologists, clearly stated the notion that solving problems is an

analytic-synthetic process. He reggrded thé"methods of analysis and

synthesis in their pure form as methods of exposition of the way to

solve problems. ' , ‘ ‘ ’ S (
In his search for rational means for teaching problem solving, k

Egorov followed in Latyshev's footsteps. He fecommended simplifying

the data of a problem and investigating how on® of the data might be

formed with the hel% of the other data and the unknown. He consideérs

it helpful sometimes to assume that one of the intermediate unknown

quantitiessisﬁknowﬁ, for then it would be easier to determine the link

between the unknown and the data; in problems on merging, it mﬁst.be

determined why a profit or a loss was sustained, and in what way,ﬁand

so on. Egorov's instructions for rational means of fiPding solutions

to problems are also of interest today.

20
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Arzhenikov resembled Egorov in his opinions. He also believed that
guess~work and mistakes are possible in the analytic method of probfem—
breakdown as weld as in the synthetic. At thé same time, according to
him, the method of analysis is so difficult that it can have only partial
use in elementary school, where the method of gynthesis should predominate.‘

The notion of the analytic-synthetic nature of thought in problem
solving was developed further by Bellyustin [1]. He said, "Neither

isolated synthesis nor isolated analysis can be considered means of _ {

solving problems. Problems should be solved by the combined use of
analysis and synthesis" (italits mine Z. K.).

- In order to solve a problem, one must combine its data. In a more
complicated problem “superfluous syntheses" (Bellyustin's term) are
possible,'that is, combinasions of the data which do notslead to finding
the unknown. Belzgustin sayg:‘ | .

In such a case, in order to arrive at the necessary synthesis
more quickly and accurately, and, consequently to arrive at the
oblem's solution, one can utilize the reverse method of break- .

down - - analysis. Most children do an analysis of problems, .
but in an abridged way. They ordinarily carry it out silently,
to themselves, often vaguely, with jumps in their logic,
digressions and backward eps. During this time, the mind
crosses from one combinatioh of data to "another, sometimes not
.pursuing it to its end, becadge it carries out/ superfluous
synthesfs and does, finally, antire series of decompositions
of the question. All of this wprk is useful to a great extent.
...In order to impart to them the ability to do this, one must
repeat problems that have already been .solved or perform an
#dhalytic breakdown of them [1: 54-55].

According to Bellyustin, a complete analysis is rarely encountered.
He writes:

The reason consists in the difficulty and the complication
of such a breakdown. It is useful only as a new form of
logical thought and as a refresher for the synthetic method.
Itsbest place is in problems which have already been solved
synthétically. The analysis of a problem after it has already
been solved is not difficult and is accessible to children; -
it clarifies and supplements the synthesis [1: 54].

The author considers ''abridged apmlysis" more natural and easier

when a d{fficult problem is separated, not into simple ones as in
complete analysis, but into two less complex ones, which are sometimes
already familiar to the solvers. Asking analytic questions that follow

from the main question of the problem facilities finding the solution.

<
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("Why was a profit obtained?'", 'Why did one traveller overtake the
other?", etc.) If a probleg is difficult, he recommends inventing
similar problems with small numbers ("the method of induction').

Thus, although he emphasizes the analytic-synthetic chargcter
of thought in solving problems, Bellyustin regards the method of
analysis as a method of breaking down problems that have been solved,
useful ''only as a new form of logical thought and as a refresher for
the synthetic method." | .

Shpital'skii [35]. criticized the views of Egorov [7] (and at the |
same time of Bellyustin [1]). Without anying that problem solving
is an analytic-synthetic process, he still found that the "main direction
of thought uncond{tionally exists'and is for the most part neither
synthetic nor analytic. '"The strict.use of a particular method of
thought," the author emphagized, "for the very solution of the problem
is necessary for purely pedgogical goals [35: 11]."

An educational method that largely corresponds to a child's
natural course of thought would be more expedient ~— and the method of
analysis 1s such, according to Shpital'skii. Analysls should not take
.place after the solution, as Egorov asserted, for then, Shpital'ski%
believed, its value would be decreased, and the children would lose J "
interest in the problem. The analytic method should be used during ///
solution. According to Shpital'skii, findinp the missing link in the -
éhain of reasoning is espeéially difficult while solving the problem;
analysis helps to find this necessary link.

Analysis ”el}minat;s the possibility of any suess-work [35: 13],"

. Shpital'skii wrote. The analytic method makes the solution of problenms
easier, but ''this method is-by no means meant to be an automatic way to

solve problems [35: 32]." It "provides g plan, but a plan of the pracesg

of thought is: of course, juét as consistent, not only for all problems,. .

bﬁt in general for all instances of thought [35]." Without analysis,
without being separateb into simpler problems in &,definite order, a
problem cannot be solved. Shpital'skii emphasized that the teacher's
task Ls to turn his attention to‘this natural process and to order and

reinforce.
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problems’of any difficulty.

'S

In contrast to other methodologists, Shpital'skii saw the
advantage of the method of anélysis in its difficulty, since thou;%t is
deyeloped by overcoming difficulties. At the same “time, he strived, as .

far as possible, to lessen the difficulty of the analytic breakdown of
problems by intrpducing a graphic scheme, to make~;he analysis more visual,
to show it ‘*in its entirety, t& emphasize the logfcal sequence of each
link, to discipline thinking, and to provide the pupil with a method of ©
*thought that will heip him to solve other vital problems.

Shpital'skii supported his discussion of the value of the analytic”

. method by describing a small experiment in tréining twenty students in

different grades (from preparatory students to older ones, exactly which
is not stated) during two summer months he prepared them to pass the
examinations (alllof them had to be te~examined after failing). He
asse‘fed that the use of the "analytic method in connection with'the
graphic method of solving problems'" aroused the pupils' interest, forced

them to regard a problem's solution conscientiously and to follow the

, logical train of thought. The pupils‘acquired the ability to solve ’

Ern [9] gavé considerable attention to the methods of analysis
and synthesis. éomparing the methods, Frn emphasized that each places
the solver in_a posit n where he must choose from among several different
combinations. To make the selection with synthesi;, we should "anticipate"
and think about the possibility of composing successive simple problems.
And, in the analytic method of breakdown, we must anticipate, in selecting
the data for the unknown, in order to choose the necessary ones.

Choosing data presents greater difficulties, however, for the

analytic method than for the syntnetic, according to Ern.

Here one must frequently select data that are not yet -
in the problem, i.e., unknowns {n their own right; theré-
fore it is much more difficult here than in synthesis to
foresee which of the possible combinations will be the AN
most wmdvantageous in the given instance [9: 97].

Although he observed that solving problems analytically "demands
high mental development in the pupils, as well as skill in abstract
thinking, and therefore should be carried out at a higher level of
instruction [9: 102]," FErn still objected to using the synthetic method

\‘
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.alone in elementary school. .
Analysis in the sclution of arithmetic problem is the

first and simplest use of those means of thought which have

such great significancé in algebra (in composing equations)

and in geometry (in solving problems and in the proofs of

theorems). Therefore acquaintance with analysis in its )
elementary form is desirable in elementary schoel, if this :
school is to be a preparation for secondary school [9:102}.

Ern récommended starting with the breakdown of problems that have
already been solved, in teaching the analytic method.“ A problem that is
algebraic in nature, he pointed out, "cannot be solved by the ordinary

means of synthesis and analysis [9: 117]"; it demands special and quite

artificial means (the method of aSSumption is basic).

- <
Summa;z,— Pre-Revolutionary Methods Literature ‘

Thus we see that the greatest methodologists in Russia in the late
19th and the early 20th centuries agree.that the analytic method develops
logical thought in pupils, but that it is difficult. Various conclusions

can be -drawn from this. Latyshev and Shpital'skii state the most
extreme views. i
Latyshev [13] asserts that hecause the analytic method is difficult,
t‘Echool. It would not be worth the time
spent in teaching it. To teach the reaSOniﬂg involved in starting with

it is of little use in elementary

the unknown is much more natural and more productive to use geometric
material. | .
Shpital'skii [35] we recall, argues that the method of analysis is
useful because it is difficult. This method teaches one how to think,
"eliminates all guess-work," gimplifies the solution of problems. This o
is the method of -searching for solutions to problems.
‘Shokhor-Trotskii [34] introduces the notion that the analytic method

"leads more truly to the goal," although the pupils "use their commom . N

)

sense mare’freely" with the synthetic method.

Egorov [7], Bellyustin [17, and other methodologists show convincingly
the possibilities of error in both the synthetic and the analytic break—
down of problems. Indeed, both methods place the solver in a position

where he.must select one of several different combinations, and this
selection is much more difficult in a brw by the‘analytic method
eq t

(and, consequently, errors occur more fre y).
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. Solving problems is, according~fo them, a complex analytic-
syqthetic process. It ié im;ossible'to solve a problem by the method
-of analysis, which, according to them, i1s a way tQ break down probleﬁs -
that have already been solved. With this kind oﬁ_breakdown~L the pupils ! .
are trained in logically rigorous arguient, which facilitates the later *
mastery of algebra and geometry. Ern [9] points out the inapplicability
of the methods of analysis and synthesis in solving algebraié problems.
Man§ authors who are critical of thé analytic‘and synthetic methods
. intro ther, more produgtive (in their view), means for promoting
problem-solving skills. Evtushevskii [10] recommends a very precise
decomposition of the pfoﬂlem into the known data and the unknown, and
the composition of a complete plan of solutian, up to the execution of
the arithmetical operations themselves. Latyshev [13], along with §
. Egorov [7], Bellyﬁstin [1], ‘and others, suggests introduaing an "explan-

atory discussion,'

using a "Why?'\y question to Fxpose{the basic kernel of

thg problem and the basic relations betqeén the data and the unknown.

Egorov recommends simplifying difficult data ;n the problem, exposing ’
their content,algefing them, 6bserving.how the other dat; are then
changed, using a "Why?" question broadly; and so on.

These proposals for more productive means of working‘én'problems
merit attention at’ the presenﬁ iime.' We see that the pre-revélutionary
Aethods literature co;tains no unanimuus‘opidion«of the relative value
anq place of the application of the analytic and sfﬁthetic methods of
br?aking down problems. Lét us turn to the work of Soviet methodologists
and see (again only'in wts basic features) how they resdlve this importang

issue of analysis and synthesis in solving_problems.

The Soviet Methods' Literature

As wag' noted above, a Soviet school strives not only to give itg
pupils & fund of knowledge and skill; it strives primarily to develop _
well-rounded persons who will build a communist socilety. '%ri;hmetic;}

infwrmation should be imparted to pupils by methods which promote their

“'s thorough mental and moral develgpment,"” writes Pchelko li: 4]. : f-/
It 1s quite undefstandable that, with such a task, ®he analytic " .

method with its rigorous system of, a logical chain of conclusions is

partdcularly attracdtive to Soviet methodologists. 1In arithmetic teaching

25




S . N ,
_ o

manuals we, find many lines devotsg to the question of analysis and
synthesis. We shall investigate the positive and, negative fegatures that

various school systems have noted in the analytic and synthetic methods

-

of ‘problem breakdown, which are of interest to us.

Kavun and Popova [11] assert: . .
.. Whether “certain data should be combined is decided with
synthesis as well as with analysis. Howéver, thg students
determine this subconsciously, without realizing it.. With
the analytic method the process tends to be more conscious.
.the "analytic method" which takes the pupils in the
« experimental, inventive directions in problem solving -
(exactly how is net said -- Z. K.), develops their thinking--
trains them in strictly sequential thought--but due to its
abstraction and verbosity, it is very tiring and complicated
and therefoye freggenth_cannot_Eg_hsed in school and
demands special preparatory, exercises (solving problems
with missing data, ‘selecting the data for the question, ete.).

It™is noted in Methods ef Arithmetic [41], that the analytic method

is more helpful in developing the meghod of synthesis; -

The students, after askiné themselves blind questions, -
.which either encourage them slightly or do not help them at
all, can begin to carry out the most unlikely manipulations
with numbers, adding people to rubles, etc. With analysis the
pupil apprvaches the goal by a strict chain of logical ° .
conclusions, but the need for this chainds incomprehensible
‘ to him...Composing such a chain is difficult for him. If the
pupil is aware of the basic sense of a problem, he will solve
it ‘rapidly synthetically [41: 50]. -~

Because tlhle method of analysis is difficult, the editorg believe that
it should not be iatroduced until third or fourth gtsdé, and a .teacher
should not intend to deveiop problem-solving skills by this method in
the primary school. ‘ . ‘ .

~

The educational significance of the method of analysis is emphasized

ten =

by Suigirev and Chekmarev [38]. "It trains the pupil in strict sequential &
thinking [38: 49]." Acknowledgihg the difficulty of this ‘method, the

authors recommend intrdﬁucing a series of preparatory exérclses in the

segond grade so that the pupils*will be trained for full analytic break—

N
down of problems in theé fourth grade.

£
® \
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'The value"of the method of analysis is obvious to Berezanskaya
[2]: | \ e I
A ]
. There are doubtless advantages for using the analytic method

of solving problems, in which the ability of the students to

'reasomgand to attsain considerable rigor is developed, as well as

» ~ deliberation and COgsistency in drawing conclusions, in contra- .

~ distinction to the dynthetic method, where through a series of
: questions one arrives at the goal coincidentally, as it were
. [2: 245] (italics mine -- Z. K.).
. L

} At the same time she demonstrates ﬁhat mistakes are also possible
with the analytic metheod, and that this method is difficult. even for »-
fifth-graders, particularly if a problem g¢an be separatid into mgore than
three simple problems. With sufficient skill, the synthetic method often
leads to the goal more faithfully and easily. Accordin& to Berezanskaya,
various methods must be used in school: theé andalytic, the synthetic,

"and the ana;ytic«synthétic. .
We find a very detalled exposition of the peculiarities of both
methods and a detailed‘comparison of them by Chichigin [6]., He also shows
~ a preference for the_ analytic method, where the tgought process is stricter
and more consequential and guarantaes the correct method of-solving a )
complex problem [6: 292]." But this method is dlf?&cﬁlt, especially at
the start. It is difficuit to understand that one, unknewn can be
determined with the help of other unknowns (in the analysis of a comple;
problem). One must ‘teach only partial breakdown of problems by the method
of anal&sis at first. Chichigin advises using the complete analytic break-
down of quite complex problems (with 5-9 questions) in secondary schonl.
The author mentions the value of an analytic-synthetic method of
problem breakdown. But this is actually a mephan&cal combirnation of the
ordinary methods of analysis amd synthé;is Ap first the full analyalb
of the problem is carried out, and then it is synthetically broken down
and solved.
Lyapin [14] gives a similar evaluation of the methods’of analysis |
and synthesia.a’ﬁfﬁﬁiugh he recognizes the analytic-synthetic nature of

-

thought, he emphasizes’ that

The analytic method of rgnsoning trains pupils in strict
consistency of thought and promotes the development of logical
thinking more than does the synthetic; this methed should
a}ways be used whenever the instructor is not sure tFat the
plan of solution is clear to thetpupils [14: 208].
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Eolyak considers the analytic and synthetié methods of breakdown of
problems in a number of works, although his views have changed radically

since his Basic Questions in Methods of Arithmetic [28] appeared. In
this work of 1930, he asserted ‘that the method of analysis teaches the

ltechnique of solving problems and helps the work of low-achievers. At
the same timg he wrote:

, The method of analysis possesses an essential
inadequacy in spite of all its externally positive qualities,
which is that the pupils are deprived of the possibility of
thinking through the problem, since the teacher's questions N

often prevent the pupils from concentrating on the problem’ S,
o content.

. . 4

Polyak also stressed that the analytic breakdown &s time consuming.

e ! ¢

» In a 194D work [31], Polyak emphasizes the positive aspects of the -
metihod of analysis. ,This method guarantees realization of the soluti%n .
and prepares the pupil for practical iife, since in life it 1is more
frequently necessary Ko solve a problem by sslecting the data necessary
for solving it thdn to explain what problems can be solved on the basis
of the existing data. Therefore, Poljai believes that this method 6ught
to be an introduc;p:zrmethod in all grades in school. WithoutNAenying
the difficulty of analysis, Poly%F.demonstrates a method of simplifying

it in elementary school (using partial analysis,.analysis of previously
solved problems or of analogous problems, etc.). '
5 In his work of 1948 [291 Polyak speaks of the analytic—synthetic
method, and gives preferenceﬂﬁo it. This method guarantees a conscious
s0lution, as long'as the composition of a plan of solution precedes the ¥
performance of the arithmsticsr‘operations. As a matter of fact, Jjust
as With Chichigin [6}, this method (in Polyak's description) is a
combination of the analytic breakdown of a problem in.iss(”classical
form'" and th%fgﬂtceeding solution by the ordinary synthetic method.
Polyak considers it possible to introduce such’ a breakdown even in first
grade.

In his 1950 work [30Q], Polyak does not introfjjuce anything new in
resolving the question at hand. l

Thus, Polyak who began with a low opinion of the method of, analysis,
latef’spsaks of its great value and the necessity of making this method
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introductory; in his later works (1948 and 1950) he\argues that the
.analytic -synthetic method should be introductory, but retains the. form of
the analytic breakdown of problems with no change.

"The analytic~synthetic process in breaking down problems is a
method of finding a way to solve them [23: 611" — this idea is very
precisely formulaﬁed in the works of Pchelko. In his Methods of
Teaching Arithmetic in Elementary School, which went through several

‘editdons, he writes:

Analysis 1s impossible without synthesis. In fact,

. when we start with the question of the prdoblem and select
the data for it (analysis), we note these data not !
abstractly, but, starting from the text of the problem,
from numerical data and from the conkept of the problem as \
a whole (synthesis). On the other hand, when we start_the
breakdown with the numerical data and selecL the question“\
for it (synthesis) we constantly verify the advisability of
combining certain data through the main question of the
problem (analysis) *

-~

Realiéﬁng ‘that the breakdown of.a problem is always an analytic—
synthetic process, Pchelko believes that, depending on the starting-

points (the data or the unknown), either analytic or synthetic features

) can come to the fore.

Whenh a pupil beging the breakdown with the question
analytic features come to the fore...When & pupil, having
read the problem and having singled- out the question,
begins the breakdown by combining the numerical data,
constantly checking against the problem's question,
synthetic features are prevalent [23: 61-62].

v L4
It should be noted that in the first and second editions of

Methods, Pchelko included a number of critical remarks’ on the’ analytic

method: A
4 |
The synthetic method. of breakdown corresponds more
closely to the natural mode of thought in pupils who always
begin with the datd in solving problems. The analytic
method 1is more 1bqtract, more verbose, and more 3rtific1dl
The analysis of complex problems is difficult for eLementary
school pupils In Its detailed aspect [24: 90; 25: 84]. .

In the third and fourth editlons [26, 27] these remarks are removed, and
the positive aspects of the analytic method are emphasized largely. 'The

analytic method in its conventional interpretation (the method of °

~ [y
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analysis -- Z., K.) 1s always useful for developing abstract thought and

speech in pupils [23: 62]" -- this is how Pchelko answers teachers'
speech :

questions about the value of the method. . N

&

In the 1953 edition {27] he moves away from his positive opinion
of the method of analysis and to a still greater extent emphasizes the A
significance of the enalytic—synthezzé method of problem-breakdown.
Skatkin's polemic article.[Bﬁ] is somewhat related to the state-
ments introduced above. The author, referring to statements by Egorov,
Bellyustiﬁ; and others, emphasizes that the methods of.analysis and )
. synthesis "are a model of a logically rigorous exposition of a problem'se
" solution, and not a reflection of a metho;;yf finding a solution [36].

«

He does not deny the use of such a coherept exposition of a solution, but

believes that it

does have a direct relationghip to the question of the

methods pupils can use to solve a problem. In order to show a
student ‘how to solve a composite (complex) problem, one can
introduce an example of the solution of a concrete problem,
explaining how to disclose and dismember the content of the

. question of the problem and how to compare the data which are
necessary for answering the problem's question with the data
already at hand, as well as how to compare the possible
combination of tke numerical data with the requirement’
expressed in the problem's question [36: 17].

~

In order to teach pupils to solve arithmetic problems by themselves,
one must, according to%katkin, "teveal those modes of thoughﬁ which will
most hopefully lead the pupils to find the ties between the unknown and
the numerical data of the problem [36: 17]."%

The editorial sLaff of the journal, Henout denying that problem
solving is an analytic—synthetic process, nonetheless consider that the

denial of the methods of:analysls and synthesis as a means of preliminary

breakdewn of problems, which poiﬁt the way to solge\them, "weakens our

position in the fight for the correct solution of one of the main issues

1

in the methodology of sulv1ng problems [36]. Unfortunately, other

comments on Skatkin's article did not follow.

In 1949 a collection of articlee entitled Solurion of Problems -

in Elerentary School appeared, under the editorship of Pchelko. In it a
whol@ series of authors dwelt on the question of analysis and synthesis

in problem solving, and several points-of-view were expressed as a




solution to this question. Popova, in her article [32] asserts that
"reasoning based on sg&thesis is constructed without ties with the main
question, without the necessary purposefulness, and nonetheless gives -
way logically to regsoning based on analysis [32: 81]." She is aware of
the difficulty of the anmalytic method. Students frequently skip isolated
intermediate logical links in the breakdown of problems by this method.

In order to simplify the breakdown for students, Popova recommends
composing a graphic scheme of analysis. ‘

She considers the second year of instruction the best time for
starting the method of analysis. In the third grade one should introduce
complete analysis along with fartiél analysis and iﬁ the fourth grade

"quite frequent use of complete analysis, during which time it should
x//fbecome habitual [32: 8),% 1is necessary (my italics -— Z. K. ).

Noting that many teachers take a negative view of complete analysis

A/

on the grounds phat it is inmapplicable to difficult probIEms, and easier
problems can be solved without a breakdown by the method of analysis,

Popova says: "One ‘should use complete analysis both for problems of

medium difficulty and especially for easy problems, since such problems
. - in and of themselves do little to develop thought in the pupils [32: 82]".

(my italies -- Z. K.). For example, the following problem is given:

An airplane flew 260 km in the first hour, 30 km more in
the second. In the third hour it flew 250 km less than in the
p first two hours together, How many kilometers did the airplane
fly altogether?
For fourth-grade pupils this is not a difficult problem, and the way to
solve it is clear. Popova believes that for the solution of this problem
to be more useful in developing the thought of the students, one must give
a full breakdown of it by the method of analysis, composf%g a graphic
ﬁ scheme, where quantities necessary for solution but unknown are mentioned,
and the values of the known data are inserted. Popova introduceés an

analytic breakdown of the given problem and a scheme for it (Fig. 1).




The analytic breakdgwn of the problem
and the schematic diagram are much
- more difficult to comstruct than the
solution of the problem, but it is
precisely in this that Popova sees
the value of the method of
analysis [32].- ’ ~
A few model problems, according
to the author, }ield themselves
entirely to complete analysis
(problems om motion in oppositg

directions, theArule of three,
’ - etc.). "However, there are problems,"
‘Fig. 1 Popovar[32: 107] notes; “which‘gt
first glance will not yield to complete.analysis"(my italics —- Z.K;),

"

and "analysis of a special type" is needed. What is this analysis?

In problems on proportional division the analysis of the question
is prefaced by the ordinary breakdown of the problems by the method of b
analysis. It is explained' that the:question assupes two answers, and an
ordinary analysis of the problem follows. ,

In problems on finding the unknown by the difference of two quanti-

ties, and on exclusion of one of the quantities by means of subtraction,
the '"Why?" question must be asked at first (like Latyshev's recommendation)
This question helps to disclose the causal-consequential ties between the
data and tje.unknown, and the way to solve the problem then becomgs clear’.
Then an or%%breakdown of the problem by “the method of analysis is
given. "

In otbbfemsfon finding terms by a sum and a difference, a égg;t
notation of the problem is made, giving the relationship of the narts,
decomposing the question of the problem, and, when the way to solve the
problem is understood, an ordinary, ''classical" analysis of it is made.

Thus, Popova ackngwledges tha% the method of analysis in its
"classical form can be used only when the course of solution of the
problem is clear. It is inapplicable to difficult problem@ [32: 107]."°
"AnBlysis of a special type' is directed at explaining the course of |
solution of a number of model problems, and when the course of solution
has become clear, the problem is investigated by the ;rdinary method of

L

~
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analysis. The‘claséical mefﬁod of analysis is used as a special logical
exercise that complicates the process of the problem's breakdown and
thereby increases the value of the problem for developing Jogical thought.
Bochkovskaya also uses the idea that the method of analysis can be *
introduced only when the interrelationship between the unknown and the

data is clear to the solver. She wriles:
. <

The decomposition of a complex problem into simple ones
during the problem's breakdown, is an analytic- synthetic N
process. Whether analysis or synthesis will dominate in
this process is determined by the structure of the problem
and by the extent to which the pupils have mastered the
relationships between the quantities entering into the prdblem &,
[3: 74, '

Until the pupils have mastered ﬁﬁese relationships, the proBleg must be
investigated by the method of synthesis. - o, o

The use of analysis in solving problems gives the best - \
results when the pupils become familiar with it through
problems with few operations and a clear structure and
. when they clearly understand the mutual ties between the . O
o~  7unknown quant¥Tty and the numerical data [3: 65]. ' o

According to Bochkovskaya, both methods can be used at different periods
for pfoblezf-with identical structures: synthesis when the pupils are .

leatning htw to solve problems of a given structure, and analysis when

the: way to solve these problems is already familiar to the pupils.

., Bochkovskaya allots less space to the method of analysis than does
Popova. For developing logical thought, she recommends, along with the
method of analysis; a number of different exercises —— comparing problems

with different structures, describing the solution of problems by a
{

formula, and thinking up problems as examples.

Novoselov [20] comes out against the monopoly of the analytic and

- ¢

synthetic methods.

The breakdéwn of the process of problem solving shows that
it is not a strict logical progcess, as the methodologists
depict'it when speaking of the analytic and synthetic methods

K of solving problems. This breakdown shows the great signifi-
cance of memory and of knowledge of simple gproblems; more
precisely, acquaintance with a given a;pect of the relation-
ship of quantities. Tt shows that botH the question and

other problems resemble missiqgrdata [20: 197] (italics mine —
Z. K.). : .
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According to Novoselov there is no 'general” method for salving
different problems. Problems vary in their conditions and difficulty and
demand the use of different methods. The breakdown of problems by the

method of analysis ''proceeds smoothly only with a person who already knows
~ how to solve the problem.,.[20: 196]" (here he agrees with Popova and
Bochkovskaya). New problems should be presented by different methods,
to reveal the concrete situation described in the problem (an explanation
of words and expressions, a visual dem%nstration, a graphic scheme, a
sketch, etc.). The presentation, according to Novo§elov, should be short
and should give only the necessary Suppo;t for independent solution of
t the problem. ( |
Shor's and Bogolyubov's works read at t‘g Pedagogf&al Lectures are
of considerable interest. The work of Shor, relied upon by instructors
in pedagogical schools, gives no evaluation‘of the~m§thods of analeis and
synthesis. Analysis in its traditional form is inciuded as ,one of the
\ factors of the work on a problem's text, while it precedes the more
serious work on it (a short notation of the problem, a graphic break-
'\ down of 1it, etg ). At the same time, Shor proposes other quite rational
. means of working on problems (simplifying the text of a problem, solving
t by different methods, generalizing model problems, etc.).
\. Bogolyubov, in summariz&ng many years c{kuerk in schools and pedagog-
ical institutgs, describes both the analytic and synthetic methods of
solging problems In some detail. le evaluates both methods negatively, ’
sincée in his opinion, they both operate ie isolation, thus interfering
with Ehe natural triin of thought, where these processes are Inseparably ‘F
connected. The method of analysis is especially complex in thils regard,
since it\assumés operations first with a series of unkn&wn data, whereas
in using the method of synthesis, the pupils are relying on known data.
Bogolyubov'disapproves of analytic schemes, which,fin his opinion, compli-
cate rather ;héh simplify the breakdown of problems and, since'they are
80 artificiaf, ean hardly serve to dLvelop logicél thought. The author
conffrasts Lhése hethods with the analytic synthetic method of problem~

't bneakdown, where the procesges of analysis and synthesis interact:

N ’\ d

ﬁ&mmapy - SOViethiterature

‘ Thus, in resolving the qpestion of analysis and synthesis, ‘Soviet

“ methodochists acknowledge -quite properly the analytic-synthetic nature

of thought in problem solving. At the same time, Pchelko and other
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méthodologis&;indicate thay, depending on the starting-points for the

) sélution_ (from the unknown or from the data), either analysis (breakdown
by the method of analysis) or synthesis (breakdown by the metho&.of
synthesis) comes foremost, and accordingly they select the comparative
vvglue of one method or tﬁé other. There is still no unan%géty in evaluat~
ing these methods, especially analysis. Most methodalogists slention the .
value of the method of analysis. It develops logical thought, is
distinguished by ité rigor, gequentialness, movement toward a goal
(Berezanskaya [2] and others), it leads in inventive, investigative
directions (Kavun and Popova [11], it is better than the synthetiec, it
prepares one for practical life (Pchelko [22, 23, 24, 25, 26, 27],
Polyak [28, 29, 30, 31] and so forth.

At the same time, shortcomings of this method are noted in the
metPadological literature. Itfis diffiéult,‘appeqxs to be too abstract,
wearisome, art%ﬁicial (Kavun and Popova.[ll] and Pchelko [24, 25] up
to 1947), incomprehensible to the pupils, and hence the long in of
conclusions is necessgry [41]; the construction of this chain hinders

. the stadents in thinking independehtly'(Polyak [28, 31] in articles
before 1941), and so on.
Just as there is disagreement about the difficulty of this method,
there is debate about jpén to introduce it into schoolwork. HPolyak [29]
| ntroduced—if firsﬂkgfade, and that later this
method should become the leading one. Popova [32] believes that

believes that 1t can bel/i

familiarization with this ﬁethod should begin in ‘second grade so that .
complete analysis of problems can become habitual by fourth-grade.
Snigirev and Chekmarev [38]‘indicate that the method of analysis, without
a preliminary breakdown of the prﬁblem by the synthetic method, can be
used only in the fourth grade. Berezanskaya [2] considers it difficult
even for fifth-graders.

The question ab;ut when and for what type of problems analysis

should be used in its '"classical form"

is also solved in various ways.
Pchelka, Polyak, Chichigin, and others, recommend thib method for
preliminary breakdown of problems, as a method of searching for the
solution. According to Chichigin [6], it guarantees the proper course

for solving a complex problem. Pchelko [23] believes that this method

[
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should be used with uncomplicated problems | (with 3 or 4 questions),
unneduced, non-algebraic ones.4 Popova [32] believes that it is
impossible to investigate difficult problems by the méthod of analysis.
Because it mskes the process of breaking down the easier problems more
complex, the method of analysis increases the value of these problems
for developing logical thought.h According to Popova, a number of model
problems demand "analysis of a special type': the causal-consequential
ties are revealed through questions (of the '"Why?" type), the relation-
ships of the data to one another and to the unknown are disclosed, and
then, when the way to sol#e the problem has become clear, thanks to
this breakdown, the problem yields to the ordinary "classical" analysis.

Skatkin [36] in general disclaims the method of anal&sis as a
method of preliminary breakdown of problems; it could be a useful logical
exeécise after solving the problem. Novoselov [20] likewise believes
that one can give a complete breakdown of a problem by’the method of
analysis only 1f hk knows its solution and not if he is seeking it. In
searching for a solution, one does not think in the legical sequence that
Ehe methods of anéiysis and synthesis assume. Different aspects of
problems require widely varied means of breakdown, which are determined
primarily by the conditions of the specific problem.

These, then, are the basic differences in evaluating the method of
analysis in teaching problem solving. How can we explain the existence
of these disagreements? First, there is SL scientific, eﬁperimental'
verificdtien of the psychological and educathonal value of the me}hods~
of analysis and synthesis. Most methodologists égggit that the method
of anelysis is’useful: It develops logical thought. What is the basis
for this assertion? It is actually made by pure’ logic Since the break-
“down of problems by the method of analysis:is a lugically rigorous chain
of deductions, any exercise in constructing such a chain should ac} to
develop logical thinking in studenfs Is this conclusion correct? To
what extent does constructing such a chain of deductions help one to;fﬁ
reveal the meaning of a specific problem or to find a why to solve 1t7

Is a full breakdown by the method of analysis of an unfamdiliar problem(

possible? Is exercise in analytic breakdown useful for problems that’

R ;
- . -
By algebraic problems Pchelko means problems with artificial means
of solution (equation, substitution, etc.). - }
r
o] A



that have already been solved? And, if sp, to what extent? , How does
it  influence :ﬁi ability to solve problens independently? These and a
¥ number of similar questions can be answered only by special investigations.
| Investigations of this kind have been made by the author of this
}wark over several years. JThe materials obkained provide ; basis for
drawing conclusions to these questions. A description of these invest;~

gations and their results will be given in the next section.

\
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. . Chapter III
EXPERIMENTAL INVESTIGATIONS OF THE USE OF THE
METHOD OF ANALYSIS IN SCHOOL

4

.1. The Need for Specific Instruction in Analysis

Most methodologists have no doubt about the posgﬁbility of a
"classical" analysis of a non-model problem with 2-4 questions. fne‘
great bulk of these Problems are solved in the second and third grades.
Therefore, we plannéd to carry out the investigations in these grades.

_ We also planned to observe, as the first step in the‘investigation,
how pupils.grasp the method of analysis in’'the most typical conditions
in the mass schools. Ordinarily, the schools acgquaint the pupils Qith
the method of analysis, and, more or leés frequently, they tum to =
the breakdown of problems by‘this m%Fth’ buf without working
systematically with the pupils on mastering it. .

Jo observe how the analytic method in breakdown of ‘yroblems was
mastered under these conditions, we conducted individual e¥periments
in teacher V.'sclass, grade 3C in the 47th School for Girls. The .
pupils had become familiar with the method of analysis in second grade,
.and the breakdown of probléms by this method was practiced from time
to time without any system. When the tencher corrected the mistakes the
pupils made in breaking down problems, she did not work systematically to
eliminate the ef;ors and did not exact precision in the formulations
of the breakdowns.

The absénce of sequential work'on the analytic nethod-of'breaking ‘
down problems was naturally reflected in the level of the pupils'.mastery
of this methgd. As our experiments showed, Only the very best pupils»in
the clasg began isolating the unknown and indicated the data that ’ could
help to find the unknown. For example, Problem No. 141 indicates that
the number of overcoats which were made is to be determined, and ~L

L

that one know how many meters went into one overcoat and how many, into

¢

all the overcoats. Moreover, if the method of analysis is followed,

P .

lSee p. 13.
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one should indicate which data are necessary for determining the number
of meters used for overcoats and that one needs to know this in order to
datermine hQW'many‘&eters went into one overcoat. However, these pupils,
'actually interrupting the analytic breakdown, simply indidated what must
be determined in the first question of the problem, in the second, etc.
That' is, they passed to the sysghetic method, which was more habitual

13

with them. ‘
The greater portion of the pupils in this class did not even attempt

“to give an analysis of the unknown. Average and even good pupils simply

indicated the unknown and passed on to Composing a'plan of solution. Here )

is the record of the ”gnalysis” of the ahove problem by Valya Z.:

We must find out how many overCoats were made,*qgf
‘therefore iwe must know how many meters there %ere

. altogether in the shop and how many meters were used for
the suits, and we have to know how mary meters of material
were left for the overcoats.

A}

As we can see, only the indication of the unknown remained h#te

"I

, ' N
from the method of analysds, and there follows a listing of those questions

woose solution leads to finding the upknown. This ”is o}so analysis,

of course, bu; it does not answer the demands of the analytic method, ‘the

mastery of which we were Qerifyiﬁgtin the experiment. . ' , '
Weak stugents, when asked to give a complete analysis of the problem

(they had b;zh acquainted with these terms), repeated the question and

dnumerated all the known data in the text. This is how Lena M. "analyzed" ‘\\

the same problem: ' C

"We must find out how many overcoats were made," she said.
"For this we must know bow many pileces of material there were,
how many suits were made,iand how much material went into one
suit and -into one overcoat. She overlooked one of the known
data here and simply enumerated in khe form of questions those
data which were given in the conditions.

Thus we see that pupils in a class‘where special systematic work
on the method of analysis is not done do not master the method. Only
. . external elements, and few of them, are taken from the new method —
isolated formulations in speech ("We must find out,'" '"This wé cannot
determine immediately”). Not even the best students in the c%ass could

gioﬁfﬁ-fulf breakdown of this little problem by the method of gnalyais.

[
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2. Mastery of An Analysis Method - School No. 64.

As long as we were intending to observe the mastery of the method, of

analysis by pupils in elementary school and to determime ‘the influence of"

\this method on the problem—solving ability of the pupils, we had to turn

to classes where systematic work was doge for mastering it, where the
method was considered extremely valuable. Eollowingxzhe instructions of
experts, we turned to $chool No. 64,-where the school administration
insisted that the geachers use the analytic method in breaking down
problems, regarding it as Particularly influential in developinglthe
pupils'\mathematical:thouéhtﬂ‘ Therefore ?o#i instra;tors at the school’
taught the pupils to break down prohlems by analysis. According to the
administration, this work whs pafticularly productive in teacher G.'s
class, and eo;ye cboée it for the experiments. G. acquainted-the pupids
with this method in first grade and began to teach it to her students
regularly,:especially in second grade. In the third and fourth grades,
when we conducged our investigations, analyzing a problem was a habit
for them. l Py

How did the students in this. class master this method of analysis?
As the experiments showed,-the following rather distipctive form of

. L 4
‘breakdown was quite typidal. We'ghall introduce the most typical record

of the breakdown by thqi:iiyod of analysis of Problem No. 14 by the best

pupil in the class, Sasha”B. Isolating the question of thé problem, Sasha

begins his "analysis":
‘ 1. "We cannot answer the questiorn of the problem
immediately, since we don't know how many metérs of material
remained after the suits had been made.”

2. This we cannot find out because we don't know how many .-
meters went intg all the suits.

- o

# © 3, We cannot find out how many meters went into all the
suits because we dg nmot know how much material there was
~ -alfogether. But we can find this out.
We see that Sasha indicates only one datum ag necessary for determin-

ing the unknown - the one whose value 1is determined {n the preceding

operation. For determining thé latter, Sasha indicatesa datum as

necessary whose value he determined in the solution of the second question.
X . , ;

of the problem. In the first and.seéond instathces these assertiops

-

;
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is determined by solving the first question. .

[}
I

0

correspond to reality. Both data needed to detegmine the amount of
material used for the sj#ts are contained in the ﬁroblem. However, here
also Sashaasserts: ''We cannot find out How many meters, were used for
‘all the suits because wg do not know how much material was brought. in,"
i.é.; he indicates af necessary that datum whose quAntity.is dgﬁermined
by solving the preceding (here the first) question of the problem. Other
good aﬁd average'students analyzed the broblem the same way (weak
students did the ahalysis as an g}dinary breakdown after the Lirst
question). Thus, a very distinctive way of breakiﬁg dowqgégzécomposed X
by good and average pupils in this class. At the start the "main"

. unknown 3§ Indicated in the analysis, whose value 14 determined by solving

the last question of the problem (in the given case, the fgurth). Then

"that datum i1s indicated as necessary whose value is determined by solving

the next-to-last qﬁestion (here the third), and then by sglving the one _
preceding i*T{here the second) and hence right‘up to the datum whose value (F

The assertion that it was impossible to determine the value of Eﬁe '
necessary datum was made without referring to the text of the problem. J
The pupils repeated this assertion, but when both necessary data are !

present, determining the value of the intermediate datum wasﬁéntifély

possible. N ‘ : Aszf‘#k i ¢
The pupils simply remembered the course of solution, disposed of k

. the simple problems solved in this way in the reverse order, and, combi- ‘

- ning them mechanically in this order, asserted, repeating the standard

formulation, that determining ‘the unknown of one simple problem is im-
possible without‘determining the unknown in the preceding one.

When the experimenter indicated the real poqsibility of determining \
the intermegaate data, the pupils elther repeated their original assertion
or, convinced that both required data were present, considered the analysis
complete (1.e., interrupted it at this intermediate link). >

The presence in the problem of both data necessary for determining
the na&ded unknown was connected in the“pup_lq mind% with the completion
of the "arlalysis." )
Under what educational conditions would it have been possible to

" whose sole

explain why this quite distinctive form of "analysls,
occurrence was noted with the pupils in the 47th and 19th Schools, pre—;

dominated here? .

472 ’ ¢
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" drew that type of scheme on the board and did not ask the students to

In her work the teacher G. often found "supeifluous‘syntheses”
being made {y students, syntheses not required by the course of the
problem's solution. In the analytic method~of’5reaking down problems,

the necé%si;yigg_synthesiz;gg precisely these determined data 1is based
on logic. v | ,
Accarding to G.'s assumption, the analytic method of breakdown,
unlike the synthé{fg[ﬁsafeguards the students from these groﬁndless
"superfluous syntheses.'" Becduse she valued this aspect of the amalytic
method ﬁighly, G. emphai}zed over and over during the aqflytic breakdown

the necessity of determining some particular data in order to determine

~
‘ , ¢ i
In second and third grades ''chain' problems are frequently solved in

the succeeding data.

which the datum obtained by solving the first question is immediately
used again to solve the following one, and so on (work-books forqgheée
grades abound in such problems).’ , '

Partial analysis is practiced most often in class — with an indi-

‘cation of .only one unknown datum in the conditions (this form of analysis

is recommended by the experts for the primary’grades). In partial
analysis of this type of problem, the datum obtained for the solution of
a sucéeedi;g question cannot be determined without solugion of the
preceding one. Superficially, partial analysis of such problems Btakes
on the form of problem-breakdown "from ﬁhe end," the_réverse'qf the
HSabitual method. ., Y
‘Because supergicial vieqkof aqalysis of a definite type Sf problem
was repeated so.often, the pupils singled it out as an essential feature

of an analytic breakdown.

A.graphié scheme of analysis was rarely used. Here, when the

teacher broke down a problem by the meth8d of analysis, she ordinarily

construct it. In oral bveakdoﬁh, the specific nature of the breakdown
of problems by the method of Anglysis (with an indication of both data
necessary for determining the unknown) escaped the pupils' attention.

The corrections introduced by the teacher did not attain their object
either —— there were not too many of them because, in the chain—pfoblems,
the pagtial analysis coincided superficially‘with the breakdown ''from
the end” and did not lead to a mistake. Therefore this distinctive form
of ”anglysiah was reinforced in the students in this grade, and a firm

o



corresponding stereotype was worked out.

In the fourth grade the teacher did more work on complete analysis
and introduced graphic schemes more frequently, but the established
stereotype was reconstructed only‘with difficulty, and Qhen analyzing the
problems by themsélves, even strong pupils frﬁquently reverted to the
form of breakdown which had become habitual _

3. Mastery gﬁ_ég_Analy;iS Method - School No. 653
The méthod of anglysis in ;;cond and third grades in the 653rd

School was learned under éimilar conditions. The, teacher D.,,2 trying to
teach pupils to make a well-founded review of the data for @ synthesis,
turned to partial analysis. (without a graphic scheme), just-as ?id the
{ teacher G. (in the 64th School). o~ S “
1f the values of both of the datd®necessary for determining the
intermediate unknown were contained in the text of the problem, teacher D.
explained: "This can be determined, but it must be determined in order"
~— and an indication of the next, 1#nk in the analysis followed. By this ,
the teacher wanted to emphasize the necessity of a definite .order, a
certain sequence of arithmetical operationms, QEEZed to work out a‘defigite,
rigorous, logically valid system of‘problém 5 kdown. The teécher
understood the role of training in mastery of the new system, and from
the very beginning of second grade, she did thrs type of aqf{ysis of
problems day in and day out.
| As a resulf, the students in this cliss worked %un:a very precise
and monotonous form of "analysis" of problems. We shall introduce one’
_of the records of the analytic breakdown of Problem No. 14 by a good
student in the class, garusya K.

Having read the text of the problem and thought about how to solve

it, Marusya began her '"analysis":
"®}his problem is complex, and it is impossible to answer the
' question of the problem immediately, because we do not know
how many meters of mhterial were lefit for the overcoats.

"We cannot know how many meters were left for the overcoats
because we do not know how many meters were used for 20 suits.
This we cannot determine either, since we do not know bow many
meters there were In the 48 pieces of material. (

ZHer class was recommended for study by the workers at the Institute
of Methods of Education of the Academy of Pedagogical Sciences, since
the method of analysis was widely used in this class.

s Y é/
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""We can find how many meters there were in 48 pieces. We

must multiply 25 x 48..." The repetition of the. course of the
problem's solution followed.

.

The ‘experimenter indicated that it is possible to determine the
number of meters of material used for the suits, since it is known that
3Imeters went into one suit and 20 suits were made and he asked the
pupil to .repeat the "analysis.'

Marusya again began the breakdown with the same sentences. Arriving
at the number of meters used for all the suits, she said "This we can i
find out, but then.it would not be in the right oroer, because we must
first find out how many meters are in 48 pieces...” '

We see that this breakdown is veryAsimilar to the one conducted by
Sasha B., from the 64th School. Here, too, analysis is understood as a
breakdown of the‘problem "from the e;d," as an enumeration of the data
necessary but not given in the text, in the reverse order compared with
the usual one, and included in the appropriate standard speech form.

As our observations and individual experiments h8ve shown, this
form of "analysis'" was very typical of the overwhelming majority of pupils
in this grade. *

"Thus we see that under similar educatiooal conditions the same form
of "analysis' of problems is worked oot by the students.

In spite of lengthy practice in the breakdown of problems by the
method of analysis, the pupils in the classes of both teachers, G. and D.,
did not become proficient in these methods. They mastered mainly its
.superficial side- breakdown of a problem "from the end," in reverse order
from the habitual. "As we saw, a too abstract breakdown, without relying
directly on known numerical data (students arrive at them only at the end
in an analytic breakdown), a purely verbal breakdown of‘problems by this
method is extremely difficult for puplls, and they do not master the

v

method, even after lengthy special training.

’ 4. Teaching the Method of Analysis
The difficulty of the method of analysis is acknowledged by all
experts. However, as was shown above, many believe that instructors should

search for ways of eliminating these difficulties, since, although the

-
.
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method is difficult, learning it exerts a positive influence on the B
development ©f logical thinking in the students, as well as on their

ability to solve problems. ' ‘
This assumption had to be verified. In order to avoid, as far as
possible, any negative influence on the pupils' mastery of the method

.
of analysis due to poor teaching, the second grade of the 47th School

'was chosen as a basis, since it was taught by S., a very experienced

teacher. She was recommended by the Institute for, Teacher Improvement.
as an outstanding expert in the analytic method, which she was using-
widely in her work. An Honored Teacher of the Republic, a recipient

of the Order of Lenin, a lively, c¢reative worker with 25 years'of

sexperience in education, S. approached the experimentation topic with

great interest. She wanted to elucidate the value of this methoé for
the psychology of education, to which she had devoted so much attentien
in her work. . ‘ 2

The investigation in S.'s class was carried oyt over two years.
Observations of the arithmetic lessons were made regularly ipn the class
throughout this period. In addition, a group of seven students was
selected (3 good, 2 average,and 2 poor ones), with wiom individual
experiments were carried out at regular intervals, in or@sffgﬁfﬁollow
their masterny of the analytic methed. A series of group experiments

was carried out in the class with the same godal (experiment in analyzing

.:problems). ' .

N . )
- At first we shall observe how the method of &nalysis was introduted,

and then we shall gxplain, on the basis of .the experimental ﬁéterial,
how the good, average, and poor students mastered it, gnd how the class

as a whole mastered it ' .

Mastery of the method of analysis demands that the pupils haversome

skill Iin operating with abstract concepts, §. had begun\to develgp this

skill in them in first grade. She taught them to use a type of abstract
cuncaﬁzt*i.e., price, quantity, cost, =etc. She taught them to defirde -«
the type of simple problems, a task which demands quiteva high level of
abstraction. At the beginning of the second year of étudy her pupils
could easily "tdentify ﬁlé eleven types of simple prohlems, and were able
to think up thelr own problem of any type, select a problem as an example,

andywritehi?ln as an example (formula) the sclution of a non-complex
ey

problem; could easily think up possible questions for given data.
) J
46 . .
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Thus, when the analytic method was introduced, the pupils in this class
had already developed the ability, quite well for their age, of operating
with abstract concepts. The class was distinéuished by its wonderful
discipline and its high capacity for work.
| It was'deéidedfto introduce the new method to.them at the end of the
first quarter of the academic year. In preparing for this, Ehe teacher
faced considerable difficulties. She had to_show the pupils the specific
character of this method (Ehe breakdown, starting from the unkpdwn),
contrast it to and differentiate(it from the synthetic method sf break-
- down already familiar to the pupils. But how should this be done?
) It would be impossibly complex+to give an analytit breakdown of a-:
more complicated problam whose solution would have hampered the pupils.
The method of analysis had to be shown in the breakdown of an easier ‘
problem But the .pupils could solve such a problem easily in their
heas, and they thy wolild not'understan& why such complicated reasoning
was required of them Yﬁiﬂ‘the problem was ‘actually already solved.

P. Glagolev very successfully depicted the course of such a lesson

L}

In class 'a', the teacher gave the following problem:
-~ 'From one potato-bed 11 baskets of potatoes were dug up,
and 3 fewer baskets from another. How many baskets of
- potatoes were dug up in all?' The imaginative boys and
girls guessed immediately: 1l and 8 is &9. They put up
their hands”to)answer. But the teacher said: '"Put down
. your hands! let's review the problem. Tell me, children,
can we find out immediately how many baskets of potatoes
were dug up?"” And the children, although in actuality .
they had solved the problem immediately, sald, simulating
the teacher's tone:

in his artic{e, "In the World of Nﬁmgers

'"No, we cannot find out immedfately.'" (They kney how
to answer in such instances. They were trained regiﬁarby
and systematically in the notion that they could not

solve any problem immediatgly ) o

"Why then, children, can we not find out immediately
how many baskets of potatoes were dug up?" the teacher
. continued, pedantically followlng the analytic method.

. Then many chﬁ%dren were nonplussed. | Even though they
had already solv the problem, how were they to answer

as though they had in fact not done so, and think up a
reason why they had not? . Only the most alert children,:
who understood the method of study they were using
intuitively, gugssed how to answer correctly.

A

"We cannot answer immediately because we do not know,..”

L3

etc.
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The difficu}ty so well illustrated here, an exception té.the
“clasgicai”3 analysis of the method of breakdown learned earlier, was
very successfully overcome by S. at the first lessons when the pupils
were betoming acquainted with the new method. She éskedithe children

to solve a '"guess-problem': » -

#-girl bought a pen and a pencil. How much money
did she spend? )
The pupil called on by the teacher lost her headt After a pause, she
answered: 'How can you find out? It's impossible to solvel”

A This'questipn followed naturally: "Why is‘it_impossible to solve?”
One of the pupils answered that you have to know how much honey the -
gitl had; The teacher suggested that they think up an amount by them-
selves, One girl restated the problem: "

A girl had 50 kopeks, With this money she bought
a pen and a pencil. How much money did the girl spengd?

-

Having obtained such a problem, the girl was convinced that the data
she had thought up were not appropriate to the question. "'She had 50
" kopeks and spent it all. What's there to find out?"

They were convinced that not an arbitrary, but a rigorously
defined datum was, necessary. T \ A
) The teacher made the question of the problem more exact: How much
money did the gixl spend for the pen “and the pencil?

This simplified the choice of the necessary data, and the girls
easily determined that to answer this question one must know how much
the pen and tﬂé pencil cost separately. After adding the necessary data,
they gplved the problem and then repeated in general form the data
necessiry for ﬁinding the unknown: ''We must know the price of a pen and
the ‘price of a penci¥ ‘ %

The teacher immediately Lontrasted this new form of breakdown with

- the familiar establishment of a question for the data:
A boy bought a notebook and a beok for 70 kopeks. The
book cost SO)kopeks. What cap be found out?

. /
3The hreakdown of problems by the method of analysis in its complete
form we shall call "classical' analysis, to distinguish it from others,

.
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The girls supplié¢d the question (haw much did the notebook cost?) and
solved the problem. This question Wwas repeated in its general form as

well: ) -~ . \\#

The cost of the entire purcﬂgse and the price of a
book are known. We must’ find ou? the price of a notebook.

£

The following problem, given to|the pupils, has ome datum: "A giri
bought 3 notebooks. How much money Aid she spend?"” In trying to solve
the problem, the pupils were convinceﬁ that not one, but two aéta were
required to determipe the unknown.

Then they continued to solve a series of problems with one or both
data missing. The solutionvof each problem was concluded by its break-
down in a moré general, abstract form (What must be found out? What
must be known for this?). The solution of such '"guess-preblems' was of
great interest to the pupils.‘ It demanded a greater degree of-gctive
thought from them. .Noting Fhat it was ‘impossible to answer theﬂguestion
of the problem did not coptradict the facts (as generally happens with
the analytic breakdown af easy problems -- sée above, undet Glagolev).
1he pdﬁff:#actually cou}d not answer the question of the problem without
the definite data. 1In solving different varignts of the problems, they
became convinced that gfinite rather than arbitrary data were required,
and that there should bé at least two for determining the unknown. It

was also natural that a# the star; the necessary data were named in

" their general form and fnly the% were concrete values ascertained

é

/ ¥

-

(thought up) for them.

I

The ''eclassical" analysiskof problems was contrasted with the

ordinary breakdown, the starfing points of which were the concrete data

of the problem (corresponding to, the method of synthesis).

« Furthermore, it was nécessary to fortify the pupils' aéility to
decompose problems by the method of "classical analyqis and to
acquaint them with that ‘type of bréakdown of complex problpms

"Classical" apflysis of complex problems presupposes the construc-
tion of a rather “long chain of dedpctions that connect the unknown
with the data contained in the pfdblem. The construction of such a
chain of conclusions is doubtless difficult for pupils’y as we had
previpusly been persuaded, especially in elementary school. 1In order
to help the pnpils'maintain the order in their judgments and to give
vigual support to them, many experts -(Pchelko [27], Popova [32], and

-
others) recommend constructing a graphic schemd. of analysis when using

49
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the analytic method. Both the known and the unknown data are’introduced
visually in such a scheme, as”well asStheir interrelationships.F Accord-
ing to a number of experts, ‘this type of graphic scheme can serve as a
visual support in the construction of a long chain of deductions and
can prevent missing links in the analysis. . ’
That is why we decided to introduce this scheme as a support in our
experimental studies, trying to convince the student® to use it jn their -
analytic breakdowns as well.’ (Use of thefecheme byQFhe teacher” alone,

as the experiment with the teacher G. showed, was less effective~)'

The teacher S., guided by her previous -exper eqce, only slightly

changed the scheme gixgn in the methodological handbooks. She introduced,

superficial differences in representing the known and the unknown data.
For the unknown data she sketched small squares ('juts,'" as the children

called them), and the data whose values were known from the problem she

wrote down outside the squares. Such a superficial change was to promote ,

the differentiation of these data to a still greater extent.
WAt first the children became acqueinted with the construction of
this type of scheme4 for simple problems, bgR_their attention was turned

primarily to the correctness of réasoning in the analytic breakdown of ,

problems; the scheme served as a superficial aid for such reasoning.

For thrée weeks the teacher practiced ”classical" analysis of
simple problems with the pupils and made efforts=so thac the large ~
majority of the pupils would master it. They could make a correct
analyiiyf S problem (corresponding té the demands of’the method) and :
constydCt a graphic scheme for it. A somewhat unusual-method of break~
down, demanding reverse reasoning, awakened their interest. The teacher
always emphasized the lmportance of such a breakdown. e

Finally; the teacher acquainted them with the breakdown of complex
problems by the method of analysis. “ g

-

%

l"Examples of the schemes will he given below.

L' 4
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At the start a-simple problem was analyzed: .
o L}
A pen costs 3 kopeks. How
much did Natasha pay for all

the pens?

/f“ , ? : The pupils ascerdained that to answer °

« the question one must know the price of-

one pen and the number of pens that

3 7 | ~ were bought, then they added the missing
, - . . g - data (7 pens) and, repeating the
~ Fig. 2 ' reasoning, composed the scheme of the
B Y analysis (Fig 2).

f}\ Then the teacher said: 'Lygldfa bought erasers. How much money did

she pay for them?" The children again selected the necessary data (2 S

erasers at 4 kopeks eacH) and dreJ the scheme (Fig. 3) on the basis of

the appropriate reasoning. -
After repeating the problems about o [
Natasha and Lyalya, the teacher proposeg ‘\‘\\
composing one problem from both of § : ‘
" the them, - thinking up one more question. ‘ ﬁlg. 3

"How much money did both girls séend?" asked ope of the pupils.

It was explained that this question needed those daté which entered into¢

the other two problems as'unknowns\énd which were already represented

. in the scheme as "huts" with question marks in them, then both "huts' in

the schem¢ were combined into a new "hut," drawn for the unknown of the , .

Lomplex problem; then they introduced the appropiiate operation sign.

Thus a graphic scheme of the analysis of a complax problem was
obtained (Fig. 4). Using the schege, the pupils repeated the entire
reasoning demanded by the method of analysis. Having thus solved the

I ‘ ‘problem, they put the data in the "huts,"

> K repeated the full analytic breakdown
? both . « ' .

together of the problem, and verified their

AN

-

scheme.
Natasha

Thus, S. introduced the analysis

? ? Lyalya ,f complex problems,very naturally by

showing that the unknowns of the simple
Ix7 Ax2 problems making up the complex one serve
' as necessary data for determining the

Fig. 4 unknown of this complex problem.
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Under the teacher's supervision, the conclusion was drawn that the

number of "huts® introduced for the unknown data corresponds to the

’ ~

number of questions in the solution of the problem.

In order to clarify the influence of the analytic method on the
pupils’ ability to soIVe problems, the pupils‘should have mastered this
method. Thay is why S. continued systematic work on it. 0f course,

- ' as an experienced teacher, she used other, varied means of working on
problems, using visual aids widely, and so on. 1In conformity with
the goal, however, she gave much attention to the method of analysis
in its classical form Ehropghout‘the second and third years of study.
As the experiments introduckd earlier showed, the pupils cannot master
this method, and thus we cannot verify its influence on them. -
The problems that most frequently undergo breakdown by tbe analytic
method are those which are solved either at home or in class, or problems
\ whose stqpcture §s famillar to the students; sometimes "classical"
.analysis is carried out with the teacher's help, when problems are
encountered that are new for the pnéils. Problems with 3. or 4 arithme—-
tical operations are analyzed in the third grade by the analytic method.
A graphic scheme is ordinarily constructed in the breakdoyn of more
complex problems, easler problems are analyzed orally by the students,
without a scheme, while the teacher follows attentively, insuring the
\‘ completeness and correctness of the breakdown.
It must always be emphasized to the pnpils what one must "think a
lot" 1n the breakdown of problems by the anqutic method, and that the

.

breakdown of probléms by this method Is valued more highly, being most
frequently recommended for analyzing problems independently and for
composing appropriate graphic schemes for them (as a check). All of

’ this ncreases the pupils' interest in the new method and evokes their

desjife to master. it. - o

The analytic breakdown of problems whose structure is familiar rings
all the more true at lessons where at the slightest difficulty the

tedcher and pupils always come fo the aid of the problem solver, showing
:,db him\what direction to take in the breakdown. The tlass, with the teacher's
sbill?ﬁl“Knd\systematic guidance, gradually master the new and, foy them,h

'

quite complex n%thod of breakdown. ) ; ' v

*
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the pupils accompaniéd‘the analytic breékdown of the problem WIth the

-

5. Experiments with Individual Studeats

.
Let us turn to the material of the exspriments with individuals
and observe the way in which both good and poor students learn this
difficult new method of breakdown.
%he individual experiments were conducted in the following manner.
After the arithmetic lesson ‘two probleﬁs were given to the pupils individ-
ually -- one problem with the same stguéture as was analyzed that day in
class, and the other similar. to ones analyzed in previous classes. Thus,  **
the basic mass of experimental prdbléms‘did not present any difficulrty.
These were problems whose structure was familiar. After the pupils had
become.acquainted‘yithathe text of the problem (if rdecessary, essential
ciarifiéétfbng.of {ts content were given), they were told to decompose

it by the method of analysis.for solution. Then they were asked to

solve the problem and to analyze it again. At the experimenter's rejuest,
construction of a graphic scheme. The scheme was meant, first, to mak

the apalytic breakdown easier for the pupils, and second, to giﬁ the ex-
perimenter visual evidence &f the children' s notions of the connections \
between the data. If constructing the scheme became difficult, the '

problem was analyzed without it. Assistance was given only in case of \

difficulty. Six of these experiments were carried out, with two problems" i

"in each one.

N Before proceeding to the analysis of the reSults, we shall look into

+ the task facing our pupils,in mastering the method of analysis. long

with reinforcing the sz§tems bf problem breakdown which they. had learned

earlier (the method of syntheais), the pupils also had to master Lha\new
szﬁgem of breakdown (gorrespondinp to the method of analysis), which was
often in contrast to the one they already knew.

3
The starging point for both the method of synthesis and the method

"of a lysis is the text of the problem —- the data and the unknown. In

breakdown by ¢ method of synthesis the pupils choose several data, ask
a questiqn’ out them, and then, having chosen the apprcpriate arithmeti-

cal operation, they calculate and obtain the value of a new datum. They

.

Agdin T emphasize -that here we are sgzaking not of the processes of
analysis andN\synthesis, without which no problem can be solved, but of
mastery of the method of analysis and synthesis as particular systems of
problem—breakdown.
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operate with concrete data, known quantities, and-go from them to the

unknown, and reasoning alternates with com;ntation. Only in thewfinal /.
.step.do they arrive at the unknown:. After some practice with such a «
system of breakdown, a definite system of temporary connections -and a |
‘definite dynamic stereotype is formed, and the process of breakdown becomes
much easier. ‘ L

Mhe initial link in breaking down a problem by the method of analysis
is the' unknown, for which data are selected whose vglues are not given
in the problem, and hence canlnz‘&oked at only as abstract concepts
(path, speed, etc.). ' '

+ The reasoning is construgted by a‘definite schene,\anq it is.very
detailed; all its steps are interconnected. Only at the end f'the .
reasoning does one arrive gt the data contained in the conditions and
the corresponding arithmetical Sperations.

» Mastery of. this method~of breakdown, which is new for the pupils,
assumes formation of a new system of connections and of a new dymamic
stereotype; although this new system has links in common with the‘old
one (in the breakdown of epecific problems, the ‘data in the.problem and
the unknown and their.interrelationships are common to both), they will
be differentiated by the order in which the data are combined and‘by
the scheme of reasoning. The constructiop of a graphic scheme of
'analysis was connecied with the breakdown of problems by theé method of -
analysls with pupils in this class. )

Tbe new system bf ties, corresponding to the classical method of
analysis, 1s formed by strengthening the already complicated system
of connections, having several links in.common withwit (as was shown
_above),qgnd the latter exerts a certain influenee on tbe process of |
developing the new system of conmections. Certain efforts are igquired
_ for the new system of connectiops, with the mastery of the metbod of
analysis as a basis, to be formulated and differentiated from the
previously formulated system which was based on the breakdown of problems
by the method of synt&tsls.

As the~investigation_showed, although this process has a common line
of development in both analysis and-ﬁgnthesis, the mastery of the method
of analysis by poor and good pupils does have some peculiarities. First ,
'we shall observe how poor and good students master the new method, and
then, on the basls of all the resulting experimental materiali, we shall

trace a general course in the mastery of this method and ix the formati&g\\\‘\\

~, \ 54;;5.\ '

.



i" . ) ° .. .
N
of the systen of connections underlying .
ihe Records of Weak Students ’ .

S The poorest pupil in the class (of thq teacher S.) where the experi-
'mepts were conducted,Mila R., was a’ calm, studlous, slightly sluggish,
and passive girl. - Under the guldance of her teacher, she did a grea

amount of extra‘work and managed with difficulty to get passing marks in
o " the basic 'subjects. Arithmetic problems gave her particular difficultye .
She wegt readily to the experimenter for "supplementary study."
“r -
The first series of experiments was conducted during the first week
afxer‘introducing'the method of analysis. Mila was given this probtem: ‘*?\\\
-A girl bought 3 candies at 4 kopeks each and 2 cakes
at 10 kopeks each, How much did she spend7 .
When the experimenter asked if she could detompose the prqbiem again
» ) .
as they had dope that day in class, Mila answered affirmatively and
silently began to draw a diagram (Fig. 5).
“1'11 put a minusg sign here, ¢ o
' multiply here, and’ divide here,"
she explained.
She constructed this scheme
for-the problem's breakdown. o
1t' corresponds exactly to the -
one drawn during the lesson, ) L
except that the last operation
sign was changed (obviously
) forgotten). ’
Having constructed the scheme, XA ) H
Mila turned to the problem. ''We .
do not know," she said, "how much 2
, - ,money the girl, spent. For this | :
(for the answer to the question of Fig. 5
the problem) we must multiply
3 X 4= 12, and thenklO X 2 = 20. Here we must also multiply~{} and
she rrected the oper#ion signg then completed the problem,
and, corxecting the minus to a plus to correspond to the last
operation, put the data into the scheme. Since the problem
given her was identictal in structurc to the one, done in class,
~all the data weye easily placed In the previous scheme which
she recalled, and she wad completely satisfled with her
"analysis." ' o ¢
0 "
- ~
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The second problem given to her %ad a slightly different structure.
The breakdown of such problems had been conducted earlier in class, but
not on the“day of the experiment. The problem was:

, A girl bought 4 notebooks at 20 kopeks egch and gave 3
rubles to the cashier. How much change did she recelve?

~

One datum.that is needed to determine the unknown is not given here, and

therefore the asymmetric scheme in Fig. 6 would have .to be.constructed in
anéiyzing the problem. .

Again Mila began,not with the

breakdown of the problem, but with

the scheme. ' ?

She silently drew a scheme
analogous to the preceding one, )

but simplified (without the ‘ -3
the operation signs or the ‘ . S
lines for several data

(Fige 7). The problem was
harder for her, and she
concentrated on solving it. .
She did so with some help

and then returned to the
breakdown. 'We do not know,"
she said, '"how much change

the girl received. For this

we find out how much she paid
,for all the notebooks (she
wrote down all the data). Then
we find out how much change she
received.'" She put the sign of °
operation by the third "hut' and
wrote the answer in the first
rectangle (Fig. 8).

20x4

Fig. 6

Fig. 7 > »
Thus, there was no reconstruction

of the ordinary, synthetic analysis ) A

of the prbblem. ‘The graphicg;ippﬁe‘uf
breakdown somehow seenfed~purfly ‘

external, having no influence on the 220

nature of the argument.

~e

When asked to correct the scheme,

since {t was not exact, Mila repeated 80 ‘ 3

her performance and refused to change

. . » 20 -
anything. "I can't do it," she kept x 4
FO

repeating. Fig. 8

4
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Thus) i@ the initial period of mastery of the‘method of analysis,

Mi arned that the breakdown begins by repeating the question

nd that thfs is accompanied by the construction of a graphic scheme.

1d not isolate the relationship between each element in this
scheme and the correspod&ing datum of the problem. She reproduced the
.scheme before the breakdown of the problem, which had been drawn I; class
(at first even with the signs of the oper%tions). The scheme was filled

FY
in after solving the problem. Only the first element of this scheme,

the "main hut," was filled in with an unknown according to the new method.

Furthermore, the problem was broken down and the different elements of
the scheme were filled in their ordinary order -- from the first question

to the last. 7The elements of the new breakdown we{SHZoined to the system
that had been leagned earlier, without any change in

he latter.

After six weeks Mila began to show some reconstruction of her process

of reasoning reflected in the graphic scheme of analysis she constructed.

_ For example, this is how she "analyzed" Problem No. 3:

Mother spent 50 rubles while shopping. She bought
a scarf for 20 rubles, and she bought 3 pairs of mittens
with the remaining money. How mych does 1 pair of
mittens cost?

. . Mila solved the problem first,

10 then, having repeated the question,

drew a square and wrote the unknown

which she had just found in it.

~ (Fig. 9). She said, "For this we

have to know how many scarves she

Fig. 9 bought: Three scarves (which she

writes down in the diagram). And

how much she spent for them. 30

10 , rubles' (Fig. 10).

a1

k"

"1 did it wrone,'" she noted,
3 30 replacing the data (Fig. 11). "Now
’ we must know,'' she continued, 'how
Filg. 10 much she paid for the scarf.
50 - 20." '

She turned again to the diagram.
A pause ensued-—there was no "hut”
in the diagram; both data were known.
Mila put one of the data in the

10

30 3 square and drew a new line to the
1 11 - other with a new square, where she
& ‘wrote in the known datum (Fig. 12).
{
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"And where is the 207" asked the 10
experimenter.

Mila gave up this diagram and // \\_ 3
made a4 new one (Fig. 13). ‘

30

Here we see a substantial change in

the reasoning and the construction of Fig. 12
the diagram: The diagram does.not come

first here; the 4reakdown does, qnd the

diagram is subordinate to the nature of - o} .

the breakdown and is recomstructed in

conformity with it. -

The breakdown itself is recon- //;0

structed slightly. Milg mentions not
only the unknown, but at the same time 50 - 20
selects also those data on the basis Fig. 13
of which the unknown can be determined.
Thus the entire first link of an analytic breakdown has been mastered.

- i
Furthermore, this link is joined automatically to the ordinary system of

breakdown which was mastered earlier. Mila repeated the first variant
and’ the corresponding data (in their numerical form) and tried te join
them to the diagram. |

How did subsequent mastery of the method of Analyéis proceed? Did
Mila succeed in mastering its remaining links and finally in differentiat-
ing it from the system of.breakdown she had learned previously (the methqd,
of synthesié)? As the experiments showed, this task proved to be béyond
the capacity ofhpoor pupils under this system of‘working on the new method.
Mila mastered the analysis of isolated simble‘problems that made up a
complex one (combining the unknown with the appropriate data), but was
unable to select a basis for joining these isglated links of .the analysis
into a single chain, and the links remained disconnected.

" For example, this is how she "analyzed,'' towards the end of the
fourth quarter (of the second grade), Problem No. 9.
Young, apple trees and young pear trees were planted in
a garden. The apple trees were planted In 10 rows of 5
trees eacl, and the pear trees were planted in 15 rows of

3. trees each. Which type of tree were there more of, and
how many more?
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Mila solved the problem without difficulty and started an analytic

breakdown at the teacher's suggestigh. )

"We must find out how many more trees were planted of
which kind," she started correctly, isolating the unknown.
"We must multiply 5 trees by 10, which would be 50. That's
how many apple trees there are. Then we must multiply 15
by 3. This is the number of pear trees. Then we must
subtract 45 trees from 50 trees... and hence there are 5
more apple trees.'

As we see, Mila simply :Esfiiff the course of the problem's solution.

._Qfggprthé'experimenter suggested that she break down the problem and again

' TR U

fﬁ&ﬂtﬁ&'at,the same time to construct a scheme for it,

Mila repeated the problem's question
and drew a "hut" for the unknown. She )
continued, "We need to multiply 5 trees 50
by 10... to obtain 50.". She then wrote
down these data in the diagram (Fig. 14).

Mila stopped in indecision. How should
the diagram be continued? The "main hut"
was already filled in, and the unknown was
yet to be found. ''We don't have to write

- 50 anywhere." She had found a way out
and drew a new diagram (Fig. 15).

Flg. 14

"Now, I should find out," she continued, J
"how many pear trees were planted. We
must multiply: 3 x 15 = 45 pear trees,"
and she wrote these data into &he
diagram (Fig. 16).

3

10

[Sa

"Then T &t find out how many more Fig. 15
apple treces were planted. For this I
must subtract 45 trees from 50 trees =
.

5 trees,'" and she euntered the unknown
in the top square.

"And where do you have 50 and 45 in your ///“_*f
"diagram?' asked the}experimenter.

"But we calculated them,' Mila
answered, "S5 X 10 = 50." :

(Al
f—’
[Sal

The experimenter reminded her that there
should be a place Tor every datum in the
diagram. Then Mila repeated the course
of the problem's solutipn and drew a _ Fig. 16
diagram for each simple problem. fff#/
(Fig. 17). When the experimenter asked ’
it it was possible to joln these into a
v single diagram, she said 1t was not.




5x 10 3x 15

o Fig. 17

I3 links into a single chain, Mila gave up, as_we saw, and drew a diagram
of siﬁplé problems that was completely comprehefsible to her, disposing
of them in the ordinary order to correspond to the éourse of solution.
At the end of the third grade, Mila F. remained at this level of
mastery of the method of analysis. |
We see that the "rivalry" between THe old and the new systems in
Mila ended up with a triumph over the old system; only the slightly
important links from the old system were retained (the breakdown began
with a repetition of the question of the probleﬁ, and the drawing og
the "huts' for the unknown data). The method of analysis for this
weak pupil proved so complicated that by the end of the third grade
she had not surpasséd the level of analysis of individual simple
problems composing a complex one, as descrided above, and she could
not combine the separate links of the reasoning inte a single chain.
The pa}nciple ofacombining the links of analysis into a chain was
inaccessible for another poor pupil in this class, Alla G. At the end
of the experimental period (the last quarter of the third grade), Alla
"analyzed' Problem No. 14 in the following manner. The problem says:
‘ fight pieces of material, €ach 25 meters long, were
. brought into a store. From all the material 20 suits and
several overcoats were made. How many overcoats were
made 1f 3 meters of material were used for a suit and 4
meters for an overcoat? Y e
Alla tried at first to give an analysis of the problem and then,
having gone astray, gave it up and solved the.problem. Afterwards she

returned to the breakdown:
. N

"We must find out how many overcoats they made.
We must know how many meters of material were®used
for one overcoat and how many meters were used for
all the overcoats.'" She gave a precise analysis of
the first 1link. '"For one overcoat,' she continued,
"four meters of material were used, and how much

‘ ' 60
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was used for all the overcoats is unknown. This cannot
be found immediately...We must also know how much was

~ used for the suits and how much material there was in
all, and how many pileces...."

-
Although she gave a correct analysis of the first link, Alla was

misled latiz;ﬂ%igwe see; she cauld not isolate the next link in the

analysis ang’ g énconfusgd its elements.

"Th@re were 8 pieces," she continued, "No, how many metérs
were used fpr the suits?...That's not known... Three meters
were used for one suit, and how many for all the suits iSs
unknowng.. For this we must know how much material there
was in gil...ﬂ'
® ‘An attempt to rely on the graphic diagram, made at the experimenter's
uggestion, did not bring success. Alla repeated th; breakdown cited
earlier and put t;gether the elements of the diagram unlystematically.
She had mastered somewhat more of the new method o% breakdown than
had Mila'F. Her-analysis of the unknown was much more detailed than
was Mila's. But, since she was unablé to isolate the principle of
combining the isolated links of the analysis, she also slipped back into
she ordinary synthetic, breakdown. N
| Thus, the investigation showed that poor pupils were unable to master
the method of gnélys}s, even over a long period, (more than a year ;and a
half), with the éﬁven me thod ofasfhdy, and hence were unable to work out
and reinforce the corfesponding system of ties, or to work out the
‘ ik 'ary‘dynémic stereotype. However,.the work on this method was not
| withgﬁt its effectsas Individual links of the new method of breakdown
were isolated and were rewoven into the orainary order, although withoq;
actually reconstructing it. b
At first the new me;hod of breakdown was connected with the presence
of the diagram (i.e., with the visudl elements), although the diagram
itséff was‘brought in from elsewhere, from other problems, as something
previously given. Moreover, the specifically verbal beginning of the
breakdown was mastered«»frgm ‘the unknown: "It is asked in the problem.
This we cannot find out immediately...For this we must know...." At first,
the naming of the unknown was directly combined with the indication of
the first quéstién of the prob}pm and the corresponding data. That is,

the ordinary order .of solution was used as soon as the unknown was indi-

cated.
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Later oﬁ, the weak pupils selected the specific character of the
analysis of the unknown--they indicated (remembering the solution)
precisely those data on whose basis the value of the unknown was determined.
They hadrlearned the first link in the analysisj most often these data
were indicated more concretely, in their numerical expression. The pupils
could glsb‘giye a proper analysis of isolated intermedidte links (isolated
simple problqms'making up the complex.one). However, they did not rise

y/

to the principle of combining these links.

Obviously another method of study and more exercises are needed if
the method of analysis is to be fully mastered by the weak students.

)
The Records of Good Students

Good pupils mastered the ''classical" method of analyéis differently.
Let Qs obseQQe how 325;3; the best pupils in the class, Lyusya G.,
learned the method. Lyusya was a 3uiet, attentive, and studious girl.
She loved arithmetic, and ordinarily recedived excellent marks ,in it.

At the start of the experiments Lyusya had already developed a
verbal beginning for heg analysis of problems. In solving Problem No.

2, she started confidently:

This we cannot fin 3t immediately,, because we do not

know how much money“she paid for all the notebooks''--she

indicated one of the data, and not the second (the amount

of money given to the cashier). 'We must /find out," she .

continued, how much money the girl pald for all the note-

books. For this we must multiply: 20 kopeks X 5 = 100

kopeks, .1 ruble." She repeated the solution of the first
E question and introduced all of these data into the

dlagram (Fig. 18).

"The problem agks how much change the girl received...

A

Then she posed a second question, recalled the
solution and wrote it down correctly, as in the preceding.
diagram, in the proper "hut" for this link; the answer
was again introduced into the uppermost box (Fig. 19).

' 200 !
/ ‘ ‘ ' “.

100 100 200 .
/.
20 x 5 /
. , 20x5  300-100
Fig. 18 Fig. 19

6 2 hay,
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Thus, Lyusya combined the PArtial analysis of the unknown (indi-
cating onily one of the two necessary data) with the ordinary breakdown
of problemsi which dictates the order for combining the elements in the

diagram.

his is particularly clear on tPé second diagram Lyusya drew.)

-The;a tic breakdown is more complicated when problems demand .

.

renonslqe ofi some data such as repaming of the data or requiring

‘____3‘$:ans€er from one system of associations to another.

A

;;usya met thig difficulty in analyzing Problem No. 3.  Solving it
L 4

f
_—-gave her no trouble. , ’ \

‘ i
Having isolated the unknown, she indicated: "In
order to answer the question, we must know how much all
the gloves cost," and she made a'partial analysds of
the first ligk and drew a new "hut." '"We know that she
* had 50 rubles and that she spent 20 rubles. How many ‘ .
rubles did she have left?" She introduced both data and
stopped in indecision. She even "built a hut" in order to
introduce "how much all the mittens cost,” and, having
sudtracted 20 rubles from 50, she found out "How many
rubles did Mother have left?"

S
"How did you find what one pair of mittens costs?"

(The experimegter came to her assistance.) :
' .

"She bought 3 pairs of mittens," Lyusya answered,
"and I want to know how much one pair of mittens costs."
*
"What operatiomdo we introduce? What data do you
take?" (Again the experimenter helped.)

"We must ¥ de 30 by 3," Lyusya remembered, but r
still could not continue the analytic breakdown.

"What is the '30'?" asked the experimenter.
L ]

"Thirty rubles Mother had left...She bought gloves
with them... 3 pairs of gloves.”" Lyusya has found the
necessary link. "30 rubles is what all the-mittens : p
cost. We must divide 30 by 3, that is 10 rubles,'" and
she introduced all of these data into the diagram. /,/“

B

We see that Lyusva obtainkd the numerical datum, 30 rubles,lwhen she
realized how many rubles Mother ‘had left, {.e., it was advanced as a
remainder of money. A number of helpful questions were required before Lyusya
could come to regard these 30 rubles as the cost of Lhrcefﬁairﬁ of,
gloves. This rethinking was carried ocut as she refreshed her memory
about the appropriate arithmetical operations (50 - 20 = 30; 30 ¢ 3 = 10).
673 =
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: Because Lyusya gave a correct partial analysis of the unknown at the
first stage, one would expect that after more.exercises she would master
analysis of the first link rather quickly--indicating both data necessary
for finding the unknown. According to the requiréméﬂ!i.of the method of
analysis, in doing so she would make note of both nece&ssary data in
abstract rather than numerical.form, on the basis f a knowledge of the
functional relationship betwen the quantitieé. She could give a correct
analysis of’?%mple problems ipcluded in a complex one. However, the
principle of joining the separate links of the analysis into a single,
logical chain was still unclear to her, and she joineg‘EHE‘suﬁfzgging
links by the customary method (from the first quedtion). TFor example,
consider Problem No. 10: ‘
There were 450 eggs in each of two boxes. A dining
hall used up these eggs in 5 days. ‘How many. eggs did

~. the dining hall use daily, if they used the same number
‘of eggs every day? ‘

-

She analyzed the problem in this way: -

‘"The problem asks how many eggs they used daily.
In order to find this out, we must find how many eggs
there are in two boxes and how many days they were
used."

)

N

Thus she gave a correct analysis of the unknown. Furthermore, instedd
of indicating the data known from the problem's text and the unknown data,
then selecting the corresponding data for the unknown, Lyusya enumerated

/

all the data contaiged in the problem:

"It is known that thege were 450 eggs in each box, . ' »
that there were two boxesy and that the eggs were used
up in 5 days. We must find out how many eggs there
were in both boxes,"” and she passed to the ordinary
course of breakdown. .

y »
When asked to repeat the breakdown, accompdnying it with a diagram,

Lyusya reproduced what she had said earlier and drew a diagram (Fig. 20).
» o . i — -

t

2 r“-
? ? )
o 1 o
* ' 450x2 ' 900+5 .
’ | Fig. 20 '
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This diagram, as we can See, corresponds completely to théACOurSe of

her reasoniné: The c0mposition of the individual simple problems that

make up the complex one 1s given,\hﬁa the dismemberment of them

éorresponds to:the_ordinary course of solutlon (from the first questibn).

‘A In the future Lyusya also isolated the principle of joining separate

Xlihks of the analysis (the data of one link whose value is not known

appears as the‘unknown in the succeeding link, and, entering simul-

taneously into both liﬁks, joins them to each other). At the end of

the experimental period, Lyusya could do a correct analytic breakdown

of a problem with four queiions if the way to solve the problem was

famili%f to her. Thiﬁ‘is w she did the breakdown of Problem No. 14

by the method of analysis: She immediately made an analysis of the figst

link (the unknown). Then she interrupted the breakdown, solved the

probleéﬁ and thgn correctly completed its breakdown by the method of

analysis. o |
Thus, when éood pupils contrast a new'system of breakdown with one

composed earlier, the new systa$‘triumphs. W\\\\
At first, as with the poér pupiLs,.Ehe more visual elements of the

new system are mastered (the standard phrases 'We must find out," "This

we cannot find out iﬁmediately,"

etc., and the presence of a diagram),
then the analysis of the first link (the unknown) while it is \
mechanically combined with succeeding links.in the ordinary order of \
bregkdown (from the first question). Finally, the principle of joining
the Minks in the analysis is singled out, and the entire breakdown is
accordingly reconstructed. The new system of breakdown 1is finally
differentiated from the one previously ledrned, and the pupil can give
a complete analytic bréakdown of a problem in four arithmetical operations.
Other good*students mastered the method of analysis analogously,
with greater or lesser difficulties. .
As the eyperiments showed, there is some differepce 1in the way that
poor and good pupils learn the method of analysis. Still, we can'noﬁe
common features in the mastery of the method-- which is new and quite
difficult for the student. ' | '
At first only a few superficial factors are isolated in the new

method -- individual standard phrases$, the beginning of the breakdown by

repeating the problem's question, the construction of a diagram with the

3
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breakdown-- grasped quite superficially, without the basic connections
between its elements. These elements of the new breakdown are mechani-
cally combined with the ordinary synthetic breakdown, without re-structur-
ing 1it. - | .
Next the pupils master the analysis of the unknown (i.e., the fir§t
Yink bf the breakdown)., At first they simply recall the last arithme£i~

cal operation by which the value of the unknown was found, and indicate

it as necessary data correSponding ﬁo the numerical quantities. Later

they begin to find the data necessa;x;fjr determining the unknown, as

tpe method of analysis proposes, without reproducing the appropriate
arithmetical operatioﬁs, on the basis of a knowledge of the functional
relationships between the data. Then this first link of the anal¥ysis

is ﬁechanically joined with the ordinary method of breakdown (first the *
first question is indicated,.theﬁ the data necessary for solving the |
problem, and so on).

zhg_griqgip}gjgj_joiningﬁthe separate links gfithe analysis (the

unknown and the appropriate data) into a single‘chain turns -out ta.ge
eﬁg most complicated. Poor pupils do not master this principle and

" remain on the level of a disconnected analysis of isolated simple

problems. Good pupils master it, and then the new system of breakdown
is finally separated from the old and begins to co-exist with it inde-
pendgntly. '

) Thus three levels Qf maétery of the method of analysis are noted:
I. isolation of some superficial elements of the new method,
annecting them mechanicall& to the old system of breakdown; >
I1I. mastery of the analysis of the first link (the unknown),
mechanically connecting it with the usual breakdown of a problem (from

the first question);
II11. the singling out of the ﬁrinciple of combining the links of
the analysis and, oﬁ the basis of this, the mastery of the method of

analysis.
e

61t should be emphasized that this is only the basic line of deve%gp—
ment in the mastery of the analytic method. Not all pupils, as we saw,
attained the third level of mastery during the experimental period. The
weaker pupils stopped at the second level of mastery.

1
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These levels of mastery of the method of analysis are also clearly
connccted to the way the diagram is constructed. At the first level
the pupils make diagrams whose elements are joined by randogrsigns, and
perhaps a number of data will not be reflected in the diagram. At the
second level the first link is clearly singled out--the unknown is j&ined
with those data needed for determining it, and thé remaining links are
available’énd are joined togéther in the order of the solution ifrdm
the first question to the last). Th% disconnected .diagrams of indivi-
dual simple problcmsthat enter into a complex one also belong to this
level of mastery. E;% }hird level is characterize@"ﬁy a correct o v
analytic diagram. ‘ ~ .

This description of the process of learning the analytic method is
given on the basis of individual experiments with a relatively small
amount of experimental mater4al. Naturally the queqtion arises of the
extent to which these features of mastery of the analytic method are
characteristic for the rest of the pupils in the class. To answer this

question, we shall turn to the results of the group.

e ,
6., Group Experiments

The group experiments were conducted in the beginning period of ¢
mastery of ﬁgsfm%;hod of analysis (in second grade) at the end of the
first and second school years (i.e., in"second and tﬁird grades). Since
we could not require second-and third~gr$ﬁe pupils to write a detalled
breakdown of problems by the method of analysis, we decided .to limit them
to the composition of diagrams of the analysis of the prpbiems.

¥ven in the individual experiments it was establiéﬁed that the
nature of the problems broken down by the method af analysxq told
particularly on thc features of the constructien of a diagram. Therefore
we thougbt it poséible to judge the level of mastery of this method
according to the nature of.the diagrams.’ ’

" Problems whose course of solution was clear to the pupils were given
to them (i.e., problems whose g}ructure was familiar). After soiving
these problems, the pupils were to gqempose a diagram of the analysis
(they had composed these schemes both in class and in doing homework).
But, unlike the qchtmes they were used to Lompo%ing the pupils were to
write~down those data which they considered necessary, near the squares
allotted in the diagram to unknown data. Such inscriptions clarified

R v
the content of theilr diagrams
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Doubtless, a group expEriment can provide only orientational «
material for understanding the learning Rrocess. However, the general
direction of this proceé% and its most characteristic features can Ss?
isolated ‘ : .

The follawing problem was given for the first time to the pupils,

who were to compos® a diagram:
- In one class the pupills satVin two rowsx_with 12 pupils
in each row, and in another they sat “Yn three rows, with
13 pupils in each. 1In which class were there more pupils,
and how many more were there? .
. <
At the start of %the group EXperimenf the pupils had analyzed a signifi-
cant number of similar problems, and the problem should not have
presented any difficulties. .
The results ghowed thé!?hot all‘ﬁhe gipil&,had mastered the method
of breakdown to the same extent.

In five papers the weakest pupils \

introduced a false solution into

!
a sdperficially correct diagram ~

Lof the analysis. See the T

diagram turned in by the pupil M. L2 A
(Fig. 21). The other pupils

performed different arithmetical '

operations; but in all five the ' ._// A\
diagrgm of the analysis was ) 12 2 13 x3
adalogous to the one that had
beep moﬁt frequently constructed Fig. 21 .
in class during the breaking down of problems One car assume that these
! pupils were dn a very elementary level of mastering the method d‘ipnalysis,
having mastered indivi ual elements of it (in particular, theapresence of
‘the diagram) without rzﬁonstruoting the process of the breakdoyn. They
s . pfoduced a directly visual form ofgthe diagram that had been impressed
upon them on the basis of the classical exercises, 'kith no connection
to the process of reasoning. A
7 In'six papers disconnected diagrams of the simple problems, that
made up the gomplex one were handed in, which indicates mastery of the,

analysis of isolated l}nks of the problem. Five papers showed complex

] . -

]

P o

. . 68 °

Q ‘ | ' 5;22




\

e @

-diagrams whose links were mechanicaliy connected in the brder of tha

problem's: solution {from the first question) It is interesting to

note the ingenuity with which the pupils reconstructed the «diagram oo
according to the ordigary course éf solution. Thﬁs, Valya §" made the \\
following diagram (Fig..22), whére alongside the unknown (5) she placéd . _ﬁ% e
. : the final question (ho@ﬂﬂany more?) and ‘
- then, correbponding to the first
-, f\/xf/fx 5 . ‘ e operation, how many studets were in ;‘
) - ’ C the first class? and, corresponding -
3x13 a i _ “to the second operation, how many ‘. s
t ‘[ . \ i. students were in.the second class? - /
2x12 : oq ‘ | Valya S. @id got find aagkplacg fﬁr IR
) the third operatiom, and she wrote
) 4?15; é2’ ) ' ;.' A ‘iny its‘result; the va%ue of tﬂe ‘ .
g . . 4 , unknown,- ig the "main hut.”

Nadya T. managed to include all three* arithmeticd operations in
. . ‘ - -
" her diagram (Fig. 23):

-

@
-

1) How many pupils in ocne class? , ?? ‘ ‘g:: 2izzs§upils in
2), How many pupils im the oéper 13 %X 3 | "
. " class? .- . ? ) ' . .- i
3) qu-ﬁany mo¥e -pupils? ' ' . . | -
'Q.All 11 papers‘were characteristic of & 24 How many pupils in.
- the- s€cond level of mastery of the i the other class?

- R . y);
-method of analysis. S . -

- The remaining 20 papers (56 J

- percent ofcghe class) gave a correct
. ‘ R

How many more pupils
diagram of analysis. The group '

‘experiment occurred at the end of the

‘Paaademic‘year tn second gyade. o ' Fig. 23 .

. R A . . - , ’ .
ﬁ?mure‘comé&%x problem’was nixt given to the pupils, who were to

. . 7 . Voo
compose a diagram of the analysis: ¢

'
2
4]

ThL diagram of the andly%is
"the px;oblqn‘g‘ih not %Yﬂl‘[ﬂLLfiL4 ‘

. * '
»~
¥ L w
-
.
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Before lunch some woodcutters cut down 39 trees,
and after lunch Yhey cut down 6 fewer trees. All the
trees were cartigd away to a farm in 8 wagons. How
many trees did:i§bh wagon hold?

)
\ An analysis of the papers showed some progress in mastering the

method of analysis. There were no diagrams characterizlng the lowest

Q level of Mastery, no superficially correct diagrams with incorrect

solutions, and no disconnected diagrams of simplg problens.
T In three ‘papers the construction of the
. .{ QLQgram was subordinate to the accustomed
order ofvbfeakdown (the synthetic), but in two
of them variants.of the diagram were given, '

which reflected somewhat of a reconstruction

_ 33 ‘ .' of this process. Thus, Nadya T. at.first :
» . : \) *

made a diagram of the analysis of the first
. simple problem (Fig. 25). This diagram was
' crossed out and another was given) where the

i, 25 I :
Fig : _ second simplg p:oblamfwae constructed on top

.of the first (Fig. 26). The third simple problem (for the unknown) was

not given in the paper, but it was included in another pgper; thag_of
Zina S., where the last simple ‘ ' '
problem was const;ucted on‘top , .: 1
of the first two. | T ] v

hé presence of crossel
outfé{agrams allows us to deduce’ . <o
the way these %ﬁpils consﬁruct'
the diagrams of analyqiq Tha Nt ;* 
dlagram itself was done in ti Cﬁ§>

ordinary order-—first the layout . _ ; +39°
) . 3:

was constructed, then the first

éiﬂﬁle problem was includeb, ‘\> } 39 4. 6! &
followed by the second and third . |
(i.e., the synthetic method).‘ : £
lowever, thése schemo; were ' Fig. 6

arfanged one above the otlfer, and thus the scheme.for the third simple
gToblém (where the unkno&%.is éetermtned) appeared’ on top, under the

' r L , .
second and the ﬁf?;?y\i:e., the reverse of the order of solutlon. e

- L
Y
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‘cated) actually increased. One may asspme that these pypils had masteted

‘the analytic breakdown of problems whose structure was_ familiar.

~h

Obviously, this arrangement, the reverse of the ordinary order of *

arranging the links 'from the end,'" was selected as a sign of the analytic

breakdown by these students, as the pupils in the 64th and 653rd Schools
characteristically did gthis was not noticed in the in&ividual experiments).
This 1is apparently an intermediate stage of mastery, between the first and
second.stages.. o - .

In five papers a correct analysis of the firat link (the unknown) was
given, but the second link8 of the analysis was nissing, and a new diagram

N Vg
was given in four of them, where all the links of "the analysis were estab- k;

“dished. These papers were charicteristic of the gefond level of mastery .

-

of the method of analysis, s ~
In 24 papers out of 31 (i.e., 65.8 percent) the correct graphic
diagram of the analysis was given. Thus, the number of pupils who

diagfammed the analysis correctly (althodgh\lhe problem wasgmgore compli—

The third and last group experiment was cgnducted at the very nd
of the academic year (in the third grade, in May). The problem, whjch

was to be diagrammed using.ahalysis, was apalogous to the one given in

the individual experiments (Probiem No. 14).

Many of the pupils managed the cguposition of this diagram' of analysis,
which was much more complicated than the preceding one had -been. Of 33
pupi}é,lo 25 immediately diagrammed tpe,analysis coH:ectly} at ‘the first
level Ak mastery. Two papers showeq_diaénzﬁs that had at first omitdhed

individual 1links of the analysis, but that then gave a correct diagram

of the analysis alongside. Three pupils ‘had the correg‘

first link (the unknown); combined wi;h the arrangement of thg
ﬁﬁe,order'of an ordinary breakdown, All tive papers indlcatp the sqcond

level of mastery. . . ¢
\ B . . ~ .
K
Let us"remember that, according to many experts, the method of
analysis is:not admitted in the breakdown of individual simple problems®
composing a complex one. - . Y,

9 . . 1 ‘ . * . iy
Two girls were sick. ‘ v ‘ ,

. A numper of puplils were dbsout in the Lhird gxadn, and a new pupil \
was not aqked to compose a diigram‘.

-
e
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In two papers a false solution was given: a link in the analysis
was thoughtlessly connected. One paper showed a diagram of only the first
simple problem, although the problem was solved correctly. These three "
papers belong to the third level of mastery. Table 1 shows the mastery

of the analytic method we have just described:

s TABLE 1
Mastery of the Method of Analysis by Pupils
in Teacher S.'s Class11
<
Group Experiment Number
Group Experiment: ‘ 1 2 3
: ]

Level of Mastery No. of % | No. of %| No.of %
f; Pupils Pupils Pupils
I. . . . . . . . . . . . . . ,20 55 24 ' 77. 25 76
) 11 31 5 15 5 15
[ ST Y 14 3 sl Y 3 9
No. of Pupils . . . . . . . . 36 32 33

: P . L N L

‘ h)

*

Thus, the group experiments sh:>§d that those features‘of mastery of
the method of analysis that were goted on the basis of our individual
experiments were also present in other students in the class. Here the \
‘same levels of mastery of the analytic method were noted,'the same
general direction for mastery of the given method. The group experiments
showed that at the end of the experimental period the great mass of pupils
had grasped the analyLiL breakdown of more or less complex problems whosc
structure was familial to them (after solving them)

. :
7. Experiments in Third Grade - School No. 19 -

The serles of experiments described above (b9‘1 the individual and
the group ones) confirms thé’opiﬂinn of most anthoiﬁ\ies that the method
of analysis is difficult fpr primary school.pupils, but that these

C————— .

‘ 11The table shows .the number of pupils appearing at the given level
of mastery at the time of the first, second, and.third group experi-
memts. . - -

é

*
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difficulties can be overgcome with approaiiate educational guidance. The

bulk of the pupils in’ the teacher S.'s class overcame the difficulties
arising during mastery éf the method of analysis towards the end of the
experimental perioé (i.e., after the second and third years of study) .
But perhaps some of these difficu}fgzz arose because the method of
analysis was intrdduced too early. Perhaps those methodologists are
right who consider it impossib®e to introduce the breakdown of problems
by the analytic method before %he third grade\\e
1

In addition, no matter how experienced th

teacher is, the pecufiarh
ities of the method he uses and the peculiarities of the given group of
children must exert an influence on the mastery of the method of analysis.

We felt the need to see how the analytic method is learned under the v
guidance of other-teaéhers, when:it is introduced in third grade.

The experimental instruction of the method of analysis, as was indi-
cated above, was conducted in two thixd grades of the 19th School for
Girls.ﬁ Both teachers in these classes were vivacious and creative, with
a great interest in anything that might help them in their work. The
teacher o} grade 3A, Miss R., was very experienced. The teacher of grade
3B, Miss K., did not have a long service record, but was well prepared
and worked successfully and in close cantact with Miss R. THese were
good teachers, of which there are many in our school;.

The analytic method of problem-breakdown, widely recommended in the
methodological haqdbooks,‘had attracwed their atfention long before, and
both teachers were willing to study the method of analysis with the
children regularly, assuming that this study would reflect auspiciously

~on the pupila' general development and on their ability togsolve problems.

Before the experimental tralming the pupiis had been taught to ask
a question about the data and to select the appropriate data for the
question, but special work on the method of analysis had not been done.

The lessons on acquainting the pupils with the classical' analysis
of simple problemé weré modelled after the first lessons in the clasé of
the teacher §. The puplls were also given a diagram of the analysgge, the
kind recommended in the methodological handbooks (bnth the known and the
unknown data arg written in ciLLILs Or sQUATES) .

1t was not possible to dwell on the analysis of simple'problems, sin

this MLght reflect nggatively on the mastery of the currictlum material.
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At the same time, it was necessary to liquidate as quickly as possible
the interval between the problems that were analyzed and those that were
solved in conformity with the curriculum for the third grade. Therefore
the breakdown of complex problems in two and then in three operations
was demonstrated rather rapidly. Work on classical analysis of problems
continued through the entire year. |

In both gredgs along with observations at lessons, both group and. .
individual experiments were done analogous to those in S.'s class

" The relatively rapid transfer to the analytic breakdown of complex’
problems doubtless created certain difficulties for the pupils. In
add}tion, it must be mentioned that these classes did not receive a large
eamount of special work on developing an ability to operate with abstract

concepts, as did S.'s classes, and this, too, was reflected in the

)

mastery of the new method

Therefore, the begin:Eng period for mastery of whe method of analysis
was probably particularly diffieult for the pupils in these classes (as
the experiments showed). The first group experiment was done four months
after the introduction of the ''classical' method of analysis;ﬂthe follow-

ing.problem with three operations, easy for third-grade pupils, was given:
) Nine bicycles and 8 sewing machines were delivered
to a country store for a sum total of 8425 rubles. How
nuch did one sewing machine cost if it is known that
one bicycle cost 625 rubles?

The students were supposed to

(i::) llow much does . diagram the‘analysis to this probleq,
| 1 machine COQL) just as in the class of the teacher S.
k \\\\ : The nature of this diagram allowed us to
judge the level of mastery of analysis. ‘
<:::> <:::> o An analysis of the pupils' work :
3435 l sho;ed that only six pupils in grade A
“(out of 40) and two in grade B (out
How mu«h do the
<i::> hicycles cost] of 39) were able to diagram the analysis
paoperly after solving the probleém. The
\ Correct diagram of the analysis is given
: . Fig. 27 ’ "in Flgure 27. :
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A‘significant number of the class A pupils (20) and quite a few
from class B (10) diagrgpmed the analysis to correspond to the course
of solution, only introducing the unknown into the foreground (in the
uppermost circle).
" In the papers (of the 30 indicated ébove)
an attempﬁ was made to arrange the known data
in the reverse order of the way they were
obtained (the opposite of the way they were
solved). As an example we introduce the work
of Zina Z. (Fig. 28).
1) "For how mich ddd they sell one
sewing machine?" She explained
o . her diagram. b

2) '"How much did the sewing machine

cost?" ~

3) "How much dk the bicycles cost?"

Fig. 28

All oflthese pupils subordinated the combination of the elements
A4
of the diagram to the ordinary order of the (s¥nthetic) breakdown, and 3
we can note a totally arbitrary co“nation «f the elements of the
i

S
diagram with the other pupiis (11 1 class A and 227£r€m class B).
Thus, Tanya S. introduced only the data known from the conditions
ingg the circles (it 1s precisely these data that pupils select first

in a breakdown). She drew this type of diagram (Fig. 29):

\ “Fig. 29

£
Valya T. also introduced the known data into the circles, but '

supplemented them with circles containing question marks (Fig. 30).
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o ‘How much do 8 machines cost?

-

Fig. 30

Asya M., apparently trying to make the diagram sYmmetrical, disposed
.of the known data on one side, and the unkhown on the other (Fig. 31).

b .
? | How much does 1 machine cost?
3
625 ? How much do 9 bicycles cost?
" 8425 ? | How much do -8 machines cost?
8
] “ l
Q
. ot . Fig. 31 .
* In all. the diagrams of this type, the fortuitousness of combining

' the data in the diagr&w is clearly manifest. All of these pupils singled

- out very little from the new method--the presence of the circles with

question marks and data was subordinate to the determined order, apparently’
B

because they did not understand that the arrangement in the diagram treflects

a definite relationship betwéen them.

.On three papers from class A and on five papers from class B only the

.
A

' 3
rudiments of the diagrams were given--one or two circles. These pupils,

*

obviously, refused to complete the problem,* considering it too difficult.
Thus, almost all the*éupila in these classes turned Qut to be bn
the first level of mastery of the method ogranalysis,.haying learned

very .little of the essential elements of ‘the new method.




At the end of the experimental period (the end of the fourth quarter
~of the third academic year), the picture was changed slightly.lzn The
a number pf'pages showing the correct diagram of the analysis "increased
siénificantly (indicating the third level of mastefy): 17 papers ffﬁm
class A agd lﬁ\from class B. 1In five ﬁapers from class A and in twdr
from class B bhe correct analysis of the: first link (the unknown) was
jb combined yith tpe arrangement of the remaining da?a corresponding to
the course of solution, i.e. it was still diffieult to isolate the
principle of combining the links of the analysis with one another, and
therefore these pupils had-attained the second level of maSteny of the
method ,0f analysis. 1In the remaining papers the combination of the daﬁa 
was elther subordinate to the ordihary method of solution, or else the
elements of the diagram were combined in an éxtremely randoff>manner. In
six §;pers, only the rudiments of the diagrams of the analfsis were-given.‘

For compariéon, the appropriate fi&ures are entered in Table 2,
’ S

Table 2
. Mastery of the Method of Analysis by Pupils
in Third Grade

— e .

_1— - .= - _L_a - -
Start of Eigeri— .End of Experi-
mental Period mental Period . Class of Teacher §.
ent | mental Ferlod | |, Class of Teacter S
No. of | No. of No. of No. of No. of
Level of Pupils | Pupils Pupils | Pupilso Pupils 4
Mastery . Class A | Class B Class A} Class B
I a 20 , 10 ‘1 6 z* 6 -
b w14 27 8 16 1 3
) ¢ '
IL ' ) "5 : 5 15
111 6 2 17 16 25 76
No. of Puypils 4p 39 41 40 33
R AR — e b e A IO T N e
- Note: Mastery level T includes a) combining the elements of the diagram

corresponding to the ordinary course of solution, and b) combln ng
totally at random with only a rudimentary- dldgr%m

\ The individual expgriants confirmed tliis general direction for the

mastpxy of the methdd of analysi%, and nothing new in principle was Intro-
»

duced.

AR

A problem in three operations was given, which was easieg than in,
the class of the teacher S. - . g '
7 L ,

. ' 77 e
—
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It is cessary to note some differeﬁce'in the mastery of the method
by the puybils in class A, where the teacher Qas more experienced, and

' ' those infclass B. Although the methods of work and the selection of
problems}in both classes were generally the same, in the class taught
by the less experienced teacher, more of the ?apers (particularly at
firét) fell into a lower level of mastery pf the new method. The
influence of the teacher's skill, her ability to make more complex
questions accessible to the pupils, both are involved here. T :

The data Erbm\hhe last group experiment in the class of the teache;

S. (in the last quarter of therthird grade) are given in Table 2, for
comparison. Even though a more complicated problem was given for
analysis in S. s class, the greater number of correct papers indicates -

"a higher 1eve& of mastery of the new method by the pupils in this class.
Only in two papers was the joining of the elements, of the-diagram \\\\\ e
subordinate to the mode of solving, and in ;nly one paper was there just
a rudimentary diagram. In S. 's class, even in the initial learning period,
there were almost no papers in which tbe elements of the cia?#/p were
joined altogether arbitrarily, by a random method/¥symmetry, etc.).

Thus, gradually introducing the ''classical' method of analysis,
beginning in second gradé(undere;s%fficiently éxperignéed,;eachegé, proves
" to be much more auspicious than introducing it in the third grade. '
.. The highest levgl of mastery was attained by the bulk of the pupils
in the class of the teacher S. and by the better pupils in classes A and
B of"the 19th School. “here . is evéryzréason to assumé that with further
work on the analytic‘ﬁethod of -breakdown of problems, most of the pupils

-+

N on @
in the 19th School could attain ghe same level as the better ones.

8. Summary .

Thus, we {nvistigagfd E}m peculiarities of mastery of the method
_of analysis under diffeérent educational conditions: )

1. In the absence of regular‘work on mastering it (the clas; of R 1 .
the teacher P., third year of sLudy) //‘g\\ ' L

2. WlﬂH systemati«,work on this method but WLthout regular use of |

dlagrams (the classes ol the teacher G. -- 3rd and 4th grades, and of
the teacher D. -- 3rd grade); .
‘ 3. Withxsysteﬁatic work on this method of ;nalysis and with the

°

use of dlagrams:

- a4 N




a) introduced in second grade;

. - el
b) _introduced Mn thi¥rd grade (phe elasses of the teacher S.,

-

and of teachers' R. and K. of the 19th School). \

-

The investigations showed that, depending on the peculiarities of
the educational process, the pupils attained different levels of mastery’
of the method of problem—breakdawn, which was new and quite complicated
for thm. In classes where analysis is studied from time to'time
but without regular spécial work on this material, the pupils retain
completely the old, habitual sy%tem of bfeakdiﬁn; only some isclated,

superficial elements of the new one become int rtwined with it ¢a few

e

standard phrases). Even the best pupils dq not attain mastery of the .
analysis of separate links (except the first) ofc°the prgblem (grade 3 B,
47th School). h : . ‘ ' \;F :
Where special exercises in the analysis of problems afe done
regularly, where gértial analysis is practiced frequently, emphasizing
the necessity of determining one datum for funding the value { the ‘
foiiowing one, where complete analysis is rarely practlced and diagramming
is not used, where students single out a superficial facét of the analytic
method of some type of problem ("chain''-problem) as essential, the.method
of analysis is approached as a "breakdown of the problem from the end."

} The correspbnding stereotype, worked out onMthe basis of Iengthy training, |,
proves exvremely'stable and yieldg to reorientiation yithﬂdifficulty ‘ Y
(tre 64th School and Lspec1ally\§§i;653;d). ‘ | -

The introduction of the comp®te analytic breakdown of pfoblems with
diagramming in third grade, when thé’curriculum material. is quite complex
and does not allow one to dwell on the analysis of simple proﬁ;ems, ‘_';'5; .

v

involves gongidgiible difficulties. &ince the initial periods—wurk on

2 K

the analysis of mple problems—-—~is” by nccesqlty too shogt, many pupils &

Y- single out only a few purely %up8rfiC1dl elements from the new method-- ( /[

J the stdndard verbal beginning, the availability of QJ$erficial graphlc
elements. Not having isolated the principle of combining these elements,

“ they join them together in a very happenstance manner (in the order of /f;
their arrangement in the problem,’and the like). With peérsistent
continuing work on analysis, the best pupils are able to analyze ‘uncomp-

licated problems by the end of the vear. The other pupils (good and

N




average), although they had mastered the analysis of separate links,

~ol

could not gfasp the principle of combining these links and most frequently
joined them on the basis pf the habitual order of breakdown (i.e., follow-
Ming the analysis of the umknown.are t?e data which correspond to the‘
first’, second, and succeeding arithmeﬂical operations).
Poar pupils turn away from analysis or reduce it to the ordinary
soluti" (léth School, grades 3A and 3B). <
t Finally, when the method of analysis is intro?uced skillfully ia\the
second grade, with lengthy practice in the analysis of less complgk
problems, the pupils master the analxtic method with difficulty, hut
more completelw, with‘a gradual increas! ingits complexity. At the
end of the third grade not only the good pupils but also the average ones
can give a correct analysis of problemsqwith t%;ee or four arithmetical
operatlons (grade 3B,.47th School) More than 75% of the pupils gave
}

this correct analysis.

At the same time, one can note a general trend in the mastery of

. -,
this new method of breakdown in all those classes where work was conducted

on the'anAlytic method of breakdown of prbblems. In general,?all the

Under inaUSpriéhs‘é

pupils pass through the/ same levels of mastery of the method of analysis.
L}
‘&yéational conditions most pupils are detained on a

lower level of mastesg, and under auspicious conditions, they attain the
‘highest level,. *

The introduction of the method in second grade, with diagrams and
with regular length training, are auspicious conditions: This is thé i\

conclusion of this part of the investigation.

e’

a

/ \ 13’1“11&; clash of the teacher §. I '
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Chapter IV’

‘_ ~~="~we EXPERIMENTAL INVESTIGATIONS OF ANALYSIS AS A

METHOD OF SEARCHING FOR A SOLUTION
] ‘ ) \
1. Difficulty as a Function of Problem Structure

It was shown above that the method of analysis is difficult for
pupils. How difficult it is depends largely on the méthematic§l
structure of the ptgblem.l 7

_ Even the analysis of simple problems, as the investigations of
Menchinskaya [15: 90} have shown, turn out differently according to the

: degreg of "difficulty, depending on the structures of the problems. In
this investigation first-grade pupils were supposed to reinstate dats
which had been left out of the problem. Reinstating the missing datum
did not cause any difficulty if the gquestion of‘the problem contained
‘an indication of the missing datud, ("How much did ghe top and'the drum °

" cost?") and of the datu? cgntained in the problem which was identical
to the missing.one (the ‘top égggg, the drum costs). | ~
The énalysis'is goie complicated where the question does not
contain an in&icaéion‘of the missing datum and the latter 1s nei identd-
cal with that contg&ned in the condifion ("There were 17 desks tn a ' '
classroom. How mény‘desks rémgained if they removed 57" }ihere EEEE 17
desks, the§ removed 5). f‘fh
Problems that demand the recreatibn of a new and still abstract
datum in order to make the solutien of RPQ problem. possible present gtill
\\greater complications for analysis. (”A boy bought a tap and a drum.
The top cost 2 rubled How much did the drum cost?") Here, in order to
recregte the missing datum, the cost of the dr®wm must be related somehow
to the cost of the top. -
* » Thus, the analysis of simple problems 1is she more complicated asighé

indic&tioq; contained in the question of the éreblqm for the necessity
Coe . A \

'

N . . . .
1One must include the features of interrelationships between quanti-
ties (the Interrelationship between numbers and the relationship of these

numbers to the unknoWn number) under mathematical structure of a problem.
»

-
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‘of finding the uﬂﬁnown data are less concrete, and aé the interrelation-
ships of “these quantities are more abé:ract. :
" If in the analysis of simple problems their structure influoences
the difficulty of the analys{s, tuen it will undoubtediy exert a still
greater igfluencé in analyzing complex problemsﬂ‘ As was shown by the
indiyiduai,experimenzs in which analysis was app¥ied to problems of*
' differeéE s%ructures, thpse problems were easiest whose question contained
a direct\indicatioh ;f both data necessaf& for determining the unknown;
both of the last- data are of the same kind and cén be determined on the
basis of Lhe‘knbwiedre of more or less habitual functional connecti ns
between the data. (We shall call them pxbblems of the first strudture.)
. Problem No. 1 is an anmple of a problem that is 'easy to“brefk down
analytic;lly. Lo o " \

-

l f

A girl bought 3 candies at 4 kopeks each and 2 “
cakes at 10 kopeks each. ‘How much money did she spend?

i.. b - -~

Its question requires determining how much money a girl spent on candy and
cakes. On the basis of this question ﬁhe pupils détermine easily that
they need to know how much she spent for the candy and how much for the
cakes (i.e., the data requirved fo; datermining the unknown Laﬁibe indi-
cated on the basis of the analysds oﬁ ;haﬁgﬁéstlon itself).

The second. dnd third linEﬁ,ﬂf“fﬁ% analysis are of the same type--

T-Bﬂ;gﬂustiﬂetermine the cost of ~the %?ndy and the cost of the cakes. 'j//

These unknown data neceqsary for finding the unknown caff be deEEES§BEd
.on the 'basis of the ordinary interrelatlonshlps of cost, price, and
quantity. The valueq of the latter two are known from the problém.

Good pupils are able to glve a correct anmalytic breakdoﬁn’of
problemS'Qith such a gtructure durihg the initial pepiod.of mastery of
the method of analysis. . _

Those problemé in’which the questidn does not indfcate the two data
necessary tor determining thé unknown, but in which one must re—establish
the course of solution of the given problem, as lbng as it cannot be

_ determined pﬁ the basis of thé most ordinary fumctional interconnections,
are more coﬁbliéated to break down analytically (these are problems of

v

e
the second structure). '

N “ )
. . . !
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Thus, in Problem No. 3 one nust find the cost of one pair of \
mittens. v ! _}/

]
'

Mama spent 50 rubles shopping.‘ She bought a scarf for
%o rubles and- 3 pairs of mittensg with the remaining money.
How much does one pair of mittenms cost?
¢ ‘ : fl .
Ih order to/select the data necessary‘for*the first link (to the unknown), -

t

we: must recall those absﬁract interrelationships which lnvolVe the

A

-unknown and from which it can be determinedx .
The price '1s determined on the basis of the ordinary connections

between " price, quantity, and cost), and it is preéisely these functional

-

ti %must be recalfed. N e

- In classes where sufficient work is'done on reinforcing knowledge °

=~

of the- functional conneations between the data, the pupils quickly

o overcome this difficulty and then give a correct analysis\of the figst .
. * * =~ y ‘ . . . “
link ‘without any particular difficulty. S ‘ ) ﬁﬂﬂvﬁ

) The,analysis of the second link presents much greater difficulty

/-; in the problems, in which the unknown cannot be determined on the bdsis'\
of these ordinary cpmbinations. For selecting the necessary date,one ,
* must turn to the specific text of the problem. : N N
o, % In ‘two-step problems (compoged of two simple problems) both data
P necessary for determining the unlnown are at hand, but they .
connected with the unknown&in a less common relatiochship. ?’ b

.

| ’ ?5 Jﬂgg} in Problem No. ,\tg% unknown of the second link 1is the Fost
- of, three pairs of miﬁtens. To find it*, one must subtract ‘the cost of .
the scarf (20 rubles) from the total sum for the entire piirchgse (SO
rubles) ghus the cost of three pairs of mittens enters in as fhe -
d%fference of the two (50 - 20 = 30~ rubles; 3 pairs of mitpens cost 30
. rubles). .The pupils should recognize that this remainder is the cost of
three pairs of mittens. , R .

Both my i{6~class observation and the exper:?énts showed, that this

re—thinking, this switching over from one sgsted of ties t another; .

prasentg great difficulties fgr pupils, even good ones. ‘

¢ If, in a problem with two arithmetical operations,the pupils can
rely on the concrete data of the problem in the analysis of thé second
link (as long as both necessary data are known), in problems with three'
or four ar{thmeticel operstions ‘both required data are,. in their turn,
unknown. In order to select the daté necessary fop determining the

' -
» ' . .
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» unknown -of t e second link, one must recall the course of sclution of

the givep problem, and thus re—estaBlish the required data.

1

. : Thus, the gnalysis of the first link of Problem No. 14 does not
_ -’ Y . cause any difficulties. The pupils easily détermine -that in order. to
e determine the ndmber of overcoats made, one must know the amount of

‘material used%in making them and the'numher of meters used in each over-

coat-~the given functional relationship is familiar to them. 'The value

of the first datum is not .contained in the problem; it must be determined.
N In the second link of the analysis the students again have to deal-

with a quént of material but here this quantity is not determined on

the basis'of the familiar functional relationship. In order, to show the
data nesessa for determining it, one must recgll the courge.of the
y problem s Bolution, those arjithmetical operations by which iggyas found,
. (aqo - 60 = 140 m), and one must ' change their abstragt significance into
nﬂmerical quantities i e., show that to determine the number of meters
of matbrial used for the overcoats, one must know the total amount of ‘
‘material (200) and the number oﬁkmeters tised to make the suits (60) \
\ As the experiments showed the pupil;\hho had already mastered
". analysis of the unknown on the basis of the ordinary combination of '
data had great difficulty with the analysié of - that type of unknown and,
' when they cama across it, slipped easily back to the ordingry course of
breakdoWh (in the order of solution).
Only towards the end o{~the third gnade could good and average pupils
(of the teamher S. from the 47th School) and the best pupils in the 19th
;' * School give a correct analysis of that typa of problem (after solving it).
e : - Thus, the less the pupil can lean on the direct, concrete data of
' i, the problem on the one hand, and on familiar common'functional relation—
' . ships between quantities on the other, the ,more complicated is the break~

down of prub}ems by the method of analysis.

a

‘ )

2. Analysis as a Method of SQathing for a Solution

-

Up to this point we have %onsidéred the learning process and the

.

degree, of tompﬂexity of analytic breakdown of problems after they have
been solved-——after the question of courses %f Solution has bee% disposed .
of and the solver can concentrate on the construttion of the breakdown ‘
itself. Fhus the analytic breakdown is,the final stage of work on a

&

problem. But is it possible to break down still unsolved problems by

T - &‘?

¢
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the method of analys¥s? Can the method of analysis be a method of .

searching for the salutions? ‘ v

Let us recall that opinions also differ on this questiOn, in both
‘pre—revolutionary and Soviet literature on methods. Some authorities '
. regard the method of analyeis as a way of looking for a solution, and .
othérs .regard it as a method of breaking down problems that one alre,adya
knows ‘how to solve. . . ' ' . ‘

The experifiental data confirm the 'latter view, The investigariops
showed that good ande average pupils who had mastered the method. of
analysis of problems they had already .solved were quite caPable of coping
with the prelimimary analysis of Problems‘5f the first structyie. These
.were the problems yhose question&contained a direct indication of ‘the
negessary data, or aelse the unknowns (both the main one ahd the inter-
mediate ones) could be determined on the basis of the usual combination
$ - of data by familiar functional ties. In shorﬁ, the pupils could readily.
' use analysis for problems Whose qolutions were clear to them.

A preliminary analy51s of problems of the second strycture, whose
" course of solution was not confineq,to the ordinary cqmbinaLinn of data, .

proved impossible. Moreover, the attempt to rely on the methed of ’
anaiysis while looking for. the solution ended in failure and forced Ehg"

pupils into mechanical trial and error. ) .

‘ ‘} Thus, an average pupil in S.'s classg Zoya-KJ, was given the bredk—
down of Problem Ma. 14 by the method of analysis and correctly indicated

both data necessary for determining the,unknown. ‘Here she was guided by
r : ‘ .
* the common interrelationships of the data.

. "Ia order to detetrmine how many overc:>\s were made;" / )
she said, 'we must know how many meters went into one . .
overcoat and how many meters went into all the'ovemcoats. .
Four meters went into one, but the nhubber of deters used “
for all of them 1is unknown. * ' .

) . ' '

She LontinueJ{_ "We must find how mapy meters were used
for all the overcoats. For this we must know how many
overcoatq were made and how many meters went '{nto one over-

. coat." Zoya paused. The effoft to rely on the ordinary
combination of the data had -led her in a logical circle.
She ‘repéated the first link of the analysis,vand then- S
contended that to determime the amount of material used’
’ for the coats, it was necessary to know how many meters
were in each pilete cf.magerial‘and how many pieces there

were., - . i

] o o .

-
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fthe solution, and indicated as/l
lved 1in’ the solution of the fiyst

Here, as we see, she turned t
necessary those€ data which were in

question of thg prdblem (how many m brought into the shop).

' - "We must multiply 25:X.8," sﬁe_said, '
agé drew a diagram to co:fespond to her <£> !
reasoning (Fig. 32).

Introducing both data, she ! . .
continued: "And we still must know o ] .
how many meters were used for the . ~
~ suits. For this we must multiply .
3 meters by 20..." --Zoya has.indi-
cated the data mecessary for solving ‘
the second question of the problem. * '»\ 7 .
- Again she‘turned to the diagram and
’ - hesitated <= Where should these new

: data be ‘put?

@

FEPAE ‘ -’ Not finding a place for them fin . .
: ‘her diagram, Zoya sketched amew ' Fig. 32
"hut" at.one side (Fig. 33). Then, o
\éoaking af the diagram, she carried
ut the operation indicated in it: :
25 X, 8 = 200 mg She -wrote "200 m" (
in the appropriate box. Now, w : ..
according to the scheme, she should \@ve' . ™ - . .
divided 300 by 4. She did the division ?- ; ?
dnd wrote ‘the result in the place 'for '
the unknown (50 pieces). She wrote f

¢« "60 m," obtained from multiplying 4 3 X 20

3 X 20, in the "hut" at the side. 2 :
. o p f ’ A

. The experimenter suggested that

' she read through the problem again, 25 X 8

attentively, »She did so and again

drew a "hut" and.suggeéte@ finding F?g 33 [ '

ho®% many meters were uged for 1 suit and X

1 overcoat --— 3 m+ 4 my= 7 m,

. i.e., 1t was evident that she was using
blind trial and error. The experimenter's _ y
quéstion —+ What happened to the' 200 ‘
meters? -- helped Zoya to gain ,an ' "
understanding of the situation. }She . .
solved.the problem and then gave a-€orrect
Breakdown by the method of analysis.

I

- ] * 3 .
The efforts to give an analytic breakdown of this praoblem before

solving it proceeded analogously with a number of other pupils. Two
" of the best pupils, after having given a uorrecf ana}ysis of the first
link, hesitated, re-read the text, solved the problem in a whisper, and

. then completed 1ts breakdown with assurance. In cases where the first

[
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q ’
link of the anglysis was not constructed on the basis of the ordinary

. combination of data, these pupils gave an. analysis only after solving
the, problem. . - ‘

= ? But perhaps these pupils still -had not mastered the method of,

- analysis adequately, and therefore this type of breakdown, which was
difficult for: them, did .not simplify their search for a solution®of the .ot

. problem? What if the anelytic breakdown of the task—problems were to e
be' carried out in elass, under the teacher' s guidance7 To what extent | '
would a preltminary breakdown of =« problem by !he method of analysis,
dorfe in class under the teacher's guidance, clarify the essence of the
problem for the pupils and‘helg them to find the way'to solve it? We
Conducted a supplementary series of. experiments to answer this question.

A year after the method of analysis had been introduced (at the

end of the first quarter) in the third grade in the 47th School, the
\experiment was done in the class of. the teacher §» ' . /

The following problem was given to the-gspils in claes.

{
-

Fqrty-five workBooks were delivered to a bookstore. On
"the first ddy they sold 30 rubles' worth, and on the second e

45 rubles' worth, after whigh 20 workbooks were left. How - N
much did all the books cost? ‘ ' g
' Yy . s '

This was the first time that the- pupils had seen a problem of this sort ,
--it #as a task-problem for them. 'The~ way to so ve it was not contsined T,

in the framework of the ordinary interrelationships. It mas a problem
of the second structure.

'ﬁting it

et about

After the‘ordinary work on the text'of the problem—-r

and isolating the known data and the question—-the pupils
: -

-
<

breaking it down by‘the method of analysis.‘
The -first link-ef the analysis was consbructed on the basis o{

: familiar funttional relatﬂpnships between the data, i.e., it was recalled
easily. The price of one workbook apptared in the second link ‘as an
‘unknown This datum was determined on the basis of the same functional
relationships ‘between quantity, price,, and cost, However, neither
datum necessary for determining the price ‘of one workbook was lndicated
in the text. The {irst datum appears as a sum of money received during
the sale of the books on the first and second days (30 rubles + 45 .rubles)
and the second, the number of workaOks sold, as the difference between \

PN ) .
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1] &-' .t )
the total number of workbooks and the number pf workbooks femaining
(45 - 20 = 25). ' S
Both data should be reconsidered on the basis of the analysis of ‘
. the text of the specific problem, and this caused great difficulty for
, _ the Bupils.> : T ' S .
T . ‘ R o ’ g
. "We do not know how much one workbook gosts," said ,
~ one girl who,was called to ’the board. '"Fpr this we = '
must know how many ‘rubles were spent on the second ° .
day." (Pause,) | - . . . , i
-» . . -
"How many were sold on the second day?" was heard.
e - :
_ : 1
: "fiow many remained?" ST )
“ N . X T W
y ""One must knpw how many workboqks there were in . .o -
all and how many rubles they were sold for on the )
two days.'" _ ‘ , L LT
v We saw that the girlsisﬁggested completely.different data as necessary:
) Only one of them is actually necessary—-—that da}um,which is determined in
the first opexation while solving the problem. The analytic method of \. \ )
breakdown, obviously, does n?t eliminate mistakes or, gpessinqtj ',
) 4 - . .
] The teacber reminded them: " . . o f
"We must know the price of the workbodks; what must be -
) known for t?is?" _ . L. ¢
"The numbér of workbooks must be known.'* N ” .
~ ‘ ‘ » o
\ [ 3
1 "For how much money were they sold on the second day?" N ‘
"How much on both.dﬁysa" - . /‘
N -l . . . » . - * . 'Y
"How many workbooks were left?"
"How much money was received on both days and how N )
many workbools. were sold?"
\ . The girls had finally found the necessary data.and filled \
. in the diagram. The last 1inks 4in the diagram were filled in '
' easgly. ' A - .
: X
¢ : _* .
) ' . * -
\ >~ “on khe difficulties of reconsideration, see above, p. M.~
.7 ’ 4Recal the opposite assertion of a number of authorities -- E.
Shpital'ski and others. The experiment indidetes othef%ise. X
4 ) @ - o l . . / . ‘ . .
. . N T . . // .
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Thus, eveﬁ'he{;, in a classroom situatien, the preliminary break-
, 'down of tésk—problems by the, method of analysis is too di.fficult'jusi at
that lir\)which requires not so much recollection of the familiar relation-

ship of the quantities as an-awareness of the’ text of the giyen problem.

~ ' Only after a series pof data given at random did tke, students finally fi&B\

tihe necessary ones. v

L .

During the analysis the pupils drew the appropriate diagram on the (”
board. A repetitive analysis of this diagram cpused no difficulties ‘

(with good pupils).- The analysfs was repeated twice, and then the work

in class on the problem was discontinued. ‘

’Then seven good pupils wer?.chosen to solve this problemxindivi—
dually. 0f all the subjects, only one, Lyusya G., sclved it easily.
The solution caused some\difficxjﬂ:y for all the othe;s. The great;est
difficulty was caused by the r:zalization that the“: fubles received on
both days was the cost of 25 workbooks. 'That is, the essence of the '
problem was incomprghensible’f&‘the'pupils.

Thus, Galya zZ. found both data (75 rubles and 25 workbcoks) and

?

got lost: " . i ' . -

VAR . K

Y

.

"How much...did one worfkbook cost? All the books cost e
.75 rubles., How.much did.s,.we must find out how much one R/
workbook cost§ TFor this we must knoy how much...,"--she
attempted to remember the course of}%ﬁe analytic breakdown, '
but then réturned to the text. After re-reading the problem
once or twice, she repeated 1t, again solved the first apd
) second questions and, finally, joined .the required
correctly : S "&

1]

Galya Z. barely coped with: the difficulties that arose, &ft others,
.even superior students, would requﬁre helpful questions or # dlect
hlnt from the experimenter in orddr to find the hourse of solution. It§ “.
lshould be npted that whén difficulty arises, the pupils quite easily

t -~

synthesis: They fipﬂ the diff?renca.betwgen 45 rubles. and 30 rubles
..

or divide 45 by 15, 75 by 25, etc. .

cross over to loakin% for the right course by the-method of trial

¢
. If the analytic breakdown of a problem intraduced into the clabé
did not clarify the course of its solution even for good pupils, then ¢

r’ -
a fortiori-it would remain unclear to the weaker, s. y
Similar resul'ts were obtained when this type of"experiment wasfdone
with fourth-grade pupils in the 64th School {pupils of leacher G.). ( '
. ;- Y 4
N . ‘
IR .
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A proﬁlem was t

en .for analysis in class whose full anglytic break-

down is presentéd in the book edited.by Zaafmenskii, et. al. [4 ] o
A collective ‘farm assumed that some hay stockpiled for - %.

cattle would last for 198 days, But the hay lasted for P

217 ‘days since it was of the highest quality and they used .

‘171 kg less pé?‘day than they thought they would. How '

mu&b hay had’ been prepared ‘on the farm?

A}

This problem was doubtless very difficult for this class (the way to solve

it was not familiar to® tuem) ' , .

The teacher constructed an analytic breakdown of it in’complete.
?

aCcordance with the, form in theumthOdShandbook Difficulties .were

encquntered in the breakdown, bug\‘hey were overgome by common effort.

*

/
. The analysis was repeated twice according to the diagram sketched on the
board and,,just as in the 47th School ») NO more work wé% done on the

problem., . : ' a , *

Individual axpefimentslwithk}he ten best.students in the class
showed that the analytic breakdown done in ciass did not clarify the way
to seﬁye the problem. Not one of the ten could ;olve the problen hnassisfbﬂ.

Only the beginning of the solution was mastered thoroughly. (The analysis

- in tlass was Loncluded with these data. ) Furthermore, th& course of

eplution turned out to be different. Thus, Zhenyfdk. tried td ;egermine

how much hay was given out in one day by dividing 171 by 19 (he took the
A

‘ daily saving of hay to be the entire saying) . His result did not worry

him: "On the cellective farm they gave 9'kg £¢ hey daily to all the

*cattle"! He tried to continue the solutinn: "g X 237....

The eyperimenter jndicated the absurdity of the answer: 9 kg daily |,
for all the cattle! They.Zhenya began to carryag;t’new arithmetical

* .
’ P
. .

operations, without ewen asking'questians:

. 171 X 217 = 37007

& o T
. ) : 171 X 198 = 33758 .

A} N ‘
“ 37007 - 33758 ... : . .

that is, he began using blind trials.

3

Analogouq attempts could be noted with the other Qppils.
When difficulties were encounteyed, the pupils usually did not try
to apply the‘anelytic breakdown of the problems Only Vanya 9. made an
atigépt T ) ’ . . T : .r ’ \
) J oa ( - . .



¢ "May I ‘start with the analysis?” he asked, and, with .
permissiqn, he wrote down the question of the problem. As
data needed to determine the unknown, he Indicated those
which were necessary for the sclution and drew this.
diagram' .
* ’ 4 -

‘ . ‘How much hay did they prepare?_l

N / L * \
How much did they save How many days did they
in one day? - - save?

. N y AR .
19 . .. ., 217 ..., .. v, '

. -«

N

]

. Then he stnpped tried to remember the bregkdown done in
clasg, and refused to continue the analysis. . . '
/

Thus, fhe one attempt to be guided by‘the method of analysis when diffi- X

culties arose did:not meet with success.

. Only after the experimenter asked: Why,did they feed the ce;tle .
extra days with the old stock? How long did it take them‘té use up the
saving? .(questioﬂs leading the solvertoisolate the basic connections - N
“pefween the daca)-—did the course of solution become clear for them.5

Thus, the experiments showéd that a task—pr&blem canndt be broken

do independent;y by tle method of analysis until the way to solvq.

clear. ‘The preliminary breakdown by the method of analysis af
a problem which is new for the pupils, done iq(ciass with the teacher'€’

“help, clears up its essence only a little for~ thé‘pupils, and does not

reveal sufficiently the course of solution.é , .

Consequently, the methqé_gﬁ_gnalysis cannot Eg_g_methgg for pre-
liminary breakdown of rather complex problems, task-problems.

o 3. The Effect of Practice in Using Analysis

The jnvestigation showed that the method of analysis is undoubtedly
difficult for pupils.i For this method to be mastered by the bulk of the

pupils requires extensive, persistent, systematic work on it undgr the

o . _— N

SAs a contro®, the preliminary breakdown of these problems was .e
carrded out in the third grade of the 183rd Séhool and in.the fourth
grade of the 69%h School, but by different methods. The pupils had a. '
good upderstanddng of the essence of the problems, and even the weakest
pupils solved them ‘easily. .

y T S
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guidance ~of a: experienced teacher. The breakdown of problems by the
me!hod of analysisfdemands much time, and therefore the number of problems
- solved in class will be decreased At the same time, the method of
analysis cannot be a method of preliminary breakdpwn of rather compleﬁ
problems. Consequently, the method of analysis should be the final
stage in\working on a problem, as a method of breaking down problems that
have been solved or that are solved edsily. / .
s Let us remember that a number of experts SSkatkin [36], Popova [321,
: and others) who recognize the impossibility of preliminary breakdown by
the meﬂhod of analysis of rather difficult problems still consider the
analytic breakdown of solved problems or of easy problems extremely
useful. A thorough analysis of the textfof a problem should prevent the
pupils from superfluous syntheses and from slipping into mechanical manipu—
lation of the data while searching for a solution, as students are inclined
to do. ‘ . v

A special series of experiments was conducted to determine the

influence of lengthy practice in "classical" analysis on the ability of

A
3 Q

pupils to so&ve problems.
Rather complicated problems were given to pupils in classes where
" quite a long time was spent pn practice in the "classical" analysis of. .
problems; these problems were to be solved without help. Help was given
only in extreme circumstances, when the pupil himself could no longer
.continue the solution. For comparison, pupils were takeng@rom classes
where litfle attentioﬁ was paid to the classical method of analysis.
Only the best pupils were chosen as subjects (the’bxperiments‘were
individual), since CQEy would have mastered the method of analysis ' 4
better than the others, Fnd {t was the influence’of this mastery that was
tq be clarified. -In-the "control" classes, sla‘g only the best pupils
were choser’ (frcm seven to ten gram‘each class). The experimentf were
conducteg_during tne lasg quarter of the school year.
In tbe third grades'the'follow}ng problgy (No. 16) was assigned for
tbe experiments:;' ' /
Twenty-five members of an artel were supposed to make
1,950 vases per month according to the plan. In the first
10 days each made 3 vases daily, and in the remaining days
each made one vase more. By how many vases did the artel
overfulfill-the plan, if it is known that in the first 10

days they all made 75 vases dally, and 100 va¥es daily in,'

the rcmaining/days? N e,
. b - . ~N .

=

4
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. The problem is,a little unusual--intermediate data are included
_in it (75 vases and 100 vases), which could be obtained by.combining
- other data contained imy the problem (25'X 3; 25 X 4). Although the

pupils were only slightly familiar with problems with superfluous data,
* ‘.ye thought it possible to introduce such data as an experimental task.

By includingithem, we hoped to clarify the pupils' ability to analyze

é

*a problen®, to preserve the logic of their reaSoning without straying
R
into superfluous, unproductive arithmetical operations, with %uper%luous
. syntheses. T

- *

If a pupil is capable of analyzing the problem, he should first
explain fhe content of the data contained in it, and them, still before

w

‘solving it, should understand that 75 and 100 are derived, intermediate
.data. In addition, the problem can begsolved‘in‘two ways——by using as

~ an unknown either the data about the productivity of one worker (3 and
J

4 vases), or by using the data about, the productivity of the entire . v

artel (75 and 100 vases) bpt the second way will Qe shorter and more

L]

rational. ' (The ability to anal§*e the ¥&xt of a problem should' also -

b influence the choice of a more fational mefdns of solution.)

. 1f we dist‘kd these‘intermediaap-data (75;and 100), we obtain an
ordinary problem,. which should not give any difficulty to third—grade
pupils, especially those in the lég; quarter of the schopl year.: .

How did the independent solution of this problem proceed. in the
third gxade of the té@cher S. in the 47th School, where‘”ciﬁssichl"

Qanalysis had been studied for ahout two years? ' S ’

As an example, I shall introduce the record of the way :the_problem

was ‘solved by an excellent student, Dora K.; the’'record was‘quite

characteristic of the pupils’in this slass.’ g /

Dora: ¥. How many did they make in 10 days?
~ 3 X 10 = 30,vases. s

-

S ¢ 1In 10 days they made’ 30 va??g, § .
2. How many did each man make? L 14
" They made 1950 . e <

Fxperimentefk\/But they wére suppossd to make 1950—according .

léi\‘\& ) : i o) the plan; that was the p%ﬁn given tofthem aa
N r" ' R .', . - A / _) ',:
‘ * , » b 7 - A
- ¢ ~ . . : / . .
X . T [1 ‘ #_“ ’ 2}
~ co, s g3’ - A /‘/th ——r
-~ , -’ ) c. tJ . l " ' -
* ! A _l () )/7 . U T
(o8 ' . T $ -
EMC ¢ ‘7 s N . . “’-"“T{ . . - *
Aruron provd I - * ¢ ‘ - ! 2 : - . A I ‘
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cy e Cod e “ ' " Qh \‘% . . : ,
- Dora: + Ten days.... In the second question we can find o .

. out how many still had to be made be{ore they i

fulfilled the p?ﬁﬁ\ ® . ., : .
y . #ﬁﬁso 7§30 - 1920 vases ‘ . . ’

) 3. How mamy dfd they _grn nut’in 10 days, if they’ - A
S " overfulfilied thﬁr'r an? - Y i - '
e- . N < b . o ',

Z?‘X 10 =750 v&hes. : A

-
.
s L]

i .. 4. How many did they maRe_altogether? Ry how
many more, when cheykov rfulfilled the plan?

. . AN
ExRerimencer: Who-made 3 vases? . . A > | Y

., Dora: This was ome man who made- 3 vases....75 is alse one.,.’ YW
No, in 10 days....

.The experimenter explained that all 25 men made 75 vases in one day, -

and suggested’ she read the: problem morg attentively. Dora re-read the

- !

text and began the solution with the first question: . ,
A ' ‘
Dora: ,1. How many did they make on each of thé'remaining ' -%.
days? . ; S
. ) | : L, ‘ ,
: s 34+41s= 4 vases; 4 vases every day. ‘ ' - , .-
Exp.: This is all of theh? . Lo '
ﬁ . ‘. -
anu(mi.“rm,emhofﬂmmx .
. . X .
"2, How many did they make in 10 ﬁays? - .

’

4 X 10 = 40 vases.

i

_Exp.: TFor 10 days each of-them madde 3."(Dorg corrected:

N / - .
. , ~ 3 X 10 =* 30 vases.) -
t . ‘ . ‘
Dora: ,3. How many did they make in the remairing days
at 4 per day? But over how many days is not
known e ¢ . '_ ‘ ‘

; : B .

Exp.: .Wh?t_;s known about the _time? .

Dora: It's not stated hére. - : \\\ ) //JH-‘\“\
. ' :

Exp.: In how much time should they have fulfilled the planz—

Dora: It's not stated hete. (Began repeating'the problém.)
In a month. 4

Exp.: Which, is how many days?

“ '
&

* Dora: Thirty. .

~ . 9_[0@ } .‘ o

oy
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. The experimenter, explained that there are’ 26 working d%ys in ' .
Tl e month. . . . : S
P .. . - ¢ - & @ N .
Sy . P o - ot L o ) ’ ) “__)
‘ | _no:a—weocJe 26-10-16 days.-‘,, ST * e T
. , P Qm CoNe ' ’ - ' Lt , v
o Lo 4, v How many did. they make in the remaining days]\ o Tt
‘ 16 days..... . ; ‘ R _— . oo
o . | 4X16....no, “16 2 4. -

1 . .

There is no sens&'in ¢iting the entire record——Dora s course .of

-
A

solution is clear\ It is _the mechanical manipulstion of dsts, in which .

.- the weakness of the analysis undoubtedly shows. e ; < e .
. . J" ' This pfimarily indicateso 1y sliggt attention'to the text of" the

_ grobl After having re-reed‘the ptoblem,,Dora continued ;o operate B

. ' with the*daﬁa ‘she hsd selected on a first" reeding, yithout attempting : :
| . to verify ‘the correctness of per bperations (by re—resd{ng the probleml
and she returned to the text only after being directly instructed to by

.

- the experimenter. ' '?Q " - !

L

She showed a weakness in the enslgsis of data, in the process of

A
. which the content of the data should have been ascertained. The essentiall'

[N

features should have been’isolated to serve as a. besis for indicating
connections between them for the‘syhthesis. Doera did not e:;iye—fsolate
- precisely the data contained in the problem. She sometimes ssed words.
‘ relased to one datum, and then the significance of these data were
distorted. Thus, it is g‘ated in the problem that ' 'each made 3 vases
« daily." Dora missed this "each" and considered 3 vases as the output
of the entire artel (perhaps because the entire artel had been referred
to earlier in the problem). "In 10 days they made 30 vases," she said.
Later on, she missed the indiestion tHat "they all made 75 vases
daily' and considered the 75 vases as the output of one worker ('75 is
also one'). ' ’ '
- It is interesting to note that the datum about the working period
("per month'") was (Dot expressed numerically, and Dora did not isolate- : f
. it at the start; evwen after a re-reading she continued to assert that
nothing was known about the time. . ' . '
‘ No data were considered from the standpoint of theiw real signifi-
cance _gnd the specific quantities of the arithmetical data. In
‘#;F";;:;::ing that the entire artel (25 men) made 3 veses'in a day, Dora

’




. . . I SR fv@ e b
. was~not bothered by this low productivity, even when she knew that the e
mdnthly plan -was for 1, 950 vases (she subuf“cted the 30’ "whiqh they did N

. in 10 dgys", from 1, ,950 in order to find out "how-manydstill had. tofbe:  *

¢
<

‘made before they. fulfilled the pIBn") o RN
;.' -+ ¥he analysis of- the data assumed that these significant featurés '
) .‘“_ twill be isolated to serve as a basis fer determining relationships SO
o between the data, and thus it assues s canparison of the data.‘ Tt ww$' ;
this comparison which Dora lacked——she regarded‘the data as more ©T less
' | isolated from one another, Therefore she did ubt.noticedﬁhe derivative,
oo character of the data about the daily prodhotivity of the: entire artelr
‘{75 and 100 vases) and~she Operated 'with these d?ta alongside theSdatg, ) .
on the productivity of omne worker, without setting up conneetions between '453
‘p"them. She found the productivity of the entire artel.at the start by ' |
thisnmesnS' 4 X 16 = 65 64 X 25 = 1600 vasgs, but later, multiplying
~ 100 by 16, she failed to see the significance of these two data: "

The analysis of functional relationships was also weak here. Ih such
analysis, the relationship between: the data should be &evealsd and thogse ',
principles on the basis of which the productive syntheais can be realized
should be isolated. Frequently, Dora, having determinad the? connection .
between certain data and' having carried out an axithmetical opexation, f
did.not isolate the principle, underlying th%$operation. Therefone she
sometimes did arithmetical operations t}}?&lﬂ fnot correSpond to “the ™/
questlon she had paged, slipping easily tp g another. Héving asked

‘the question -- "How many vases did they make on the remaining days at

106 vases per day?" __ she divided 750 by 100, and then, d%viously
understanding that this operation was impossible, she tried to divide by ) ,
lO and only the experimenter s question guided her to the proper

.operation. Later she multiplied 4 by 16, then immediately changed and
wanted to divide lélby 4, The dirgétigg_of the analysisptoga;ggifdnding_

the unknown was not displayed here either. Dora had forg ftren what the
Lhée unxnown

problem asked and, having determined the output of the artel for 16 days,

considered the solution completed. ''That's all," she dnnounced t%.the
experimenter. ' R ' ’
e L ',
- 5 -

6By productive synthesis we mean the determination of those relation—
ships which bring us 1Earer to finding the unknown.

96
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Dore, who was one of the hest' pupils in gh;-class, had mastered
completely the method of “clasgical™ analysis (we had "tonfirmed this . -
in the individual experiments).' She solved apnd analyzed problems easily,
as they ‘had been .analyzed in cless. However, in sdlviﬁa problems which
were éomewhat different from.those gselected in class, as we saw, she ‘

" revealad a weaknelds of genuine anélysie of rhe text of a problem and - .
easily slipped irto the meﬁe or legs random com thation of data. ”
The peculiarities noted-in Dora K,'s independent Bolution of,task-

problems werf also present to some extent in the other pupils“in this

’ i

‘class. _ ;— ‘ : -

Here is the solution of the same problem by the best\pupil Galya’
Z. ,She elso believed the 30 (i.e., 3 X 10) and 64 (i.e., 4 X 16) vases
. were made by "them," i.e., the entire artel of 25 men. She thought that
750 vases (75 X 10) was the outout of“thé entire artel in a month, end
it did not frouble her that the same artel.made 1600 vases in 16 days —_—
she did not correlatse or mpare the concrete values of these data.

-’

. Later Galya found how many vases the artel.made in all (750 + 1600 =
2350 vases) and did not understand the period in which this was done.
Later she decided that 2350 vases was the plan which was given to the
artel and attempted to answer the question of the problem——by how many

. vases did the artel overfulfill the plan?-- by the following operation:
2350 - 94 (i.e., 30 + 64). : .

. When the experimenter asked, "What was the number required by the
plan?”\she quickly answered, 1950 vases." Consequently, she remembered
this quantity, but in the solutiom 'she had changed it into another, the
one which she obtained when the question abauyt overfulfilling the plen
was posed (this was a datum obtained in solving the preceding question, :
and Galya included i#¢ in the solution of the next question). Only with

questions from the experimenter, directed at clarifying the significance

of individual data, their content, and the pxinciples connecting them, d¢id

"Galya solve the problem.

Another pupil Ywho was making rormai progfess Tanya G., after having

determined how many vases one man made in 10 days (30),.s8till stubbornly
tried to add 30 to 75 (75 vases was the output of the entire artel in one
day), and then she thought she would be able.to find out "how many they

-

made in 10 days.” '

97

% ~

-



-

. where "classical analysis"' had occupied a %ry modest place. '

. |' . + . N
:
. . .
. . 1
I , ) ,
- - ‘ ' .g" .

y similar examples are ﬁound in® the records of the solution of -

this ‘problem by the 'other pupils in this class

But/perhaps the somewhat unusual text of the prpblem is ‘the reasogy ‘

for the vaguely realized course of solutdion that many pupiIs in this

"class toliowed. Rerhaps the problem woulafhave beea too difficult for

fhird- -grade pupils anyway. " How would iyis problem bk solved with pupils

in a different class? , . \ . "
IS . ' i

For a control and for comparison, analpgous experiments were carried

ouf’ with “third- gradetpupils in the l72nd School (téught by Miss P. ),

Y.

- As the experiments showed the poor pupils as well as the good onés
in this class coped- with the prﬁhlem., Out of 7 good pupils_ (4 with "5"
and 3 with "4" as’ grades in aréthmetic), only one attempted .to multiply
75 by 25 immediately, and &, question from the experimenter (What does 75
vases indicate?) was 1equired for her to give up the false operation,
and then her solutiou was perfectly correct. I

* Several incorrect operations were observed in ;hree\good pupils, |
but they immediately corrected themselves, indicating precisely where
they had gone astray. .

Two weaker pupils (with "3" @s grades) were enlisted for the experi-
ments in this class. They turned out to be more predisposed to a success—
ful operation. Ong of them attempted to mpltiply 100 by 25, and believed
that ‘'she had to find the productivity for- 36 (26 + 10) days, but the:
experimenter's question (What do these data indicate?) quickly led her

t#” thé correct way to solve the problem. The second made si@ilar mistakes.

The initial period of these pupils' work on the problem merits
atfgntion. All of them re-read the problem more 'than once, then repeated

it’ﬁ;der their breath, re-read the phrases about the output of one

. .
“worker in one day (3 vases) and of.all the wdrkers in one day (75 and, 100

vases) . During the solution, the experimenter asked the following
questions: "What Ls bothering ydu in thg problem?" 'What prevented you
from starting the solution?" and always recelved a clear answer.

”Here they speak of ,3 vases, and at the -end, oi 75...This 1is 75 vases
haderby all of them together, right?" sardf?alya L.

——— e —

7More details about the operation of this class will be given
below. . '

.
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"I 'wanted to multiply 3 by 25,. but then I saw that this was '
already known," answered Zhenya‘k '
‘The other pupils. gave gimilar+answers. )
« It is completely characteristic that only one of the pupils started
* sthe soldtion with an Explanation of hpow many vases were made by onpe
’wbrker “in 10 days (3 X 10)’— taking the less rational way - but ‘then
'reconsidered and solved the problem by the more econpmical means.
. However, after the solution™gll the pupils (except one) indicated this
less rational but entirelyp;:§aiblg method of solution (3 X 10 = 30;
30 X 25 = 750 vases, in place of 75 X 10) Gne good pupil took a more',
\ “original course: She fguna how’ many vases th artel had left to make

to' fulfil the.plan after the first 10 days, how many days the artel

. took to fulfill the whole plan, and then how many vases,they made in the’
- remaining days of the month. | . | ,
The datum about time ("per month"), not expressed numerically, ‘Was
t isolated by all the pupils, and before the\solutio&kthey ordfharily
.asked: "Is a month 30 days?" and some of them safd themselves: ''They
ffSuorked 26 days." ; ‘ , , ' !
The entire course of solution of this problem sthEB“thnt the pupils
had ,been taught to dnalyze the text of the problem carefully ang to be
guided by this analysid\is their aolution.‘
In order to demomstrate more clearly the difference in the‘process
‘ of independent solution of the task-problems by the pupils in both
classes, we shall introduce some quantitative data.
1t 1s very difficult to carry Out.tha procéss of solution in the
" language of numbers. What should be chosen*as indices? Two indices

1

; J
were chosen: the number of ''superfluous syntheses' and the number of

1

"mistakes in analysis.' With a thorough analysis of the data and of -

B their functional interrelationships, the solver will not éarry'aut
"superfluous syntheses'-- operations that are not required for determin-—
ing the value of the unknown. A great mapy '"superfluous synthesesﬂ\indi—
cate-a weakness in the analysis of the problem. : /

‘Qg a second, supplementary, index, the number of "mistakes in
analyais‘ was chosen. These mistakes occur as a result of a partial
composite -aflalysis. - The solver isolatea individual data from the problem,

rejecting & number of descriptive words, and thus the significance of a

datum is distorted, which entails an incorrect solution. Let us remember

99 bt
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Dora K.J;method of solutionl \She isgfated thgse data from‘the problem:
" 3 vases' and 75 vases, and opersted th them as if they signified the,{
same thing (this was "what they de"), although 3'vases is the owtput ‘of
one worker and 75 is the outpdt of all ‘25 wdrkers, . ¢
-This type of mistake a celled‘ "mistake in analysis." The greater

their number, ‘the wes) the analysis of the problem 8 text. '

., The number of "
s for a long time (grdde 3B ofe the 47th Schbol) and
VN ¥

e control class, where little attention was paid to  °

perfluous syntheses” by pupils who had* studied

f this method rsde 3B oirthe 172nd School), 13 'shown 1n Table 3.

. .
y .o .
. e f. - -

'

. . TABLE 3 . " . ' ‘. ,
[N ;
g D tribution of the Number of "Supenfluous Syntheses" in r’
AD //lndependent Solution of the Experimentel Prohlens % S ,('
RN
I“‘ *.", - *
Numtber of '"super- R . S; ' -
fiuous syntheses" ,0 1;@ 384 56 7-8 9410 11-15 16-26  Total
// : ) . 11 é .
Grades . : :'f“ ‘1' ! v, T T A
'SB of the 47th b ‘ |
School, No. of T .
Pupils: , T 2 3 1112
3B of the 172nd .
School, No. of ' .
Pupils: ° T S - - 6 .
P v - 3 ) 1. . r 2 = - LN — 4

.
.

3The number 111 shows how many "superfluous syd§%eses were made by
7 pdpils in the given class. That is, the seven students made 8, 10, 12,

. 15, 17, 23, and 26 "superfluous syrtheses," respéctively, making 111

in all » . Y .
. 4
"The indiqes for 7 good pupils in each class are included in the .,
“table. We see that of 7 pupils in the teacher S. s class, where the
';lassieal” method of analysis of proble S was studied regularly, not one

lved the problem without unproductive operations. Two pupils showed

éﬁ showed even more than 17.. Altogether, the seven pupils in thid class

; made 111 superfluous syntheses.

¢ AN

foo ' i 100

y ;_ _1\1‘1

’

n

‘a large -number of this type of synthesis (fram 7 to 10), and three pupils
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"The large hﬁmber of superfluoee syntheses 1s evidence 'teaé.these
pupils looked fgr the solutioxi,mainly by the method of mechanieal .’L‘nariipu'— '
. latiom of the numerical data, and ‘this indicates weakness.in analyzing
J the concrete text of the problem; ) e : if'd o,

’ We see something else in the control‘claée. ‘;lree ‘pupils immedietely
" solved ‘the problem correctly, and four carried ‘out oRe or two super«
fluous syntheses (bix for all four pupife) These data indicate the

ability of the teacher P's pupils to construct their solution on the , S

basis of a th@rough éhalysis of the text of. the problem. ¥ Y M T
A A The number of "mistakes in analysis' is shown in“Table 4, which e
: substantiates the same conclusion: In’the clags w?ere much attention ' ‘
.‘ .given to the method of amplysis, the pupils sho ed little gbility to 2:; .
analyze the coggrete data of the problem. They appeared much less well
prepared for indepeudent anabysis (and consequently for solving) of
_problems than the pupils {n the class where S‘very limited plaée was , y
- devotedlto this method. . ' . ) .
L o ‘N e
:-‘ P Ay o , . 2 “ TABLE 4 - “'
Distribution of the Number of-"Mistaken Analyses" in the ,
‘ Solution of the EXperimental Problem - . '
!
w T T -
\ w{f , ’ :
"Mistaken 0 1-2 34 5-7 7= Totaf .
1 1 « . .
analyses | . -~ '
. Cradell: - >
{
. ~
3B, 47th School j ) o .
» No. of pupils: : - , 1 1 - 5 44
' ' . v .
3B, 172nd School g
No, of pupils: 6 2 - - - 2

-t A
——— —— l : ! < Al
T .

3The nugter of mistaken analyses made by each of the seven students
was 2, 4, 7, 7, 8, 8, .and 8, respectively.-

A
.

The queetion arises quite naturally Will the same features of
-independent solution of task~problems ehow up with pupils in other
classes where much time Ls spent studying the "clessical" method of
analyzing problems? To clarify.this, analogous experiments were carried\
out in/}yo more schools-—the 64th and the 69th. Let us recall that the .
v i ] .
= o1 & ¢ |
Q R A ) —~
ERIC < | 115
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L
- pupils lu grade 4B of the 54th‘Schoq} (teacher G.) studied "classical"

-

analysis 'systematically; beginning with the second year of study. Grade
.&B of the 69th School (teacher E.) was thken as a‘fﬁ)ntrol no pertieu,lsr
atten;ion was paid to the "classical" method of, analysis in it.8 ' ’
| foe following problem S!as assigned .for independent solution |

~ -
One worker saved 696 rubles eVery year. His older “ N
. - brother started woril1 at the same factory after 14 months, . .
" and after 28 months he had accumulat®d ag much as hi
o4 brother had done froh the beginning. How many ruble
- did'his brother save yearly? -« [5] , o .

%! \ » . '- .
vy o 'I'his problen was'a little new ﬁo.r them% but dts. only difficulty was '
. to determine the length of-wo;k of the first worker : he‘dbrked 14 months -

»

before his brother came andIZB months uogether with’ him before their

reSpec'tive savings were equal'. An expression of thert é (yearly) is "_“

indicated in the problem, but it 1s not expressed numerically The
following question was given to the pupils to avoid misunder

Iy

the term: * "Yearly-—how #any months is that?" (The quest}6n was asked '

ebgore the -solution. )

Only the best-pupils were enlisted for the experiment, as was the

\]

3 4

case with .the preceding (again lO“pupils)
‘Let us’ select one of the records.of solution of this problem by a

pupil din grade 4B of the 64th School, Petya Z. ' s -

5 : Having I'E§d the problem, Petya begsn alertly: LD . '

t
"We eannotlégnd how much money the older brother laid
aside yearly: #or this we, tust know...how 'any more months
the older brother worked than the young...'" (the aim at an .
nalytic breakdown did not come easil . ‘
a y ﬂ‘ s y) “ / ! \
"™May I...simply solve the problem first?" Petya asked,
then, with permission, he began the solution:
1{ 28 - 14 = 14 months —-- this is the length of time the
laborer wprked.‘ T

-~

2. How many rubles did the laborer receive in 1 month?

.
i

. ! o
696, 14 = ,..(he tried to divide) : 4

It doesn't come out! And 41f [ multiply 696 X 14? (And he /
began to multiply). ) {

::l__.lr_“, ) &,‘ *

8Teacher E 1s considered a good teacher, of which there afe many
in any of our schools. _ . _
\/ 102 ‘
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) vbli'gd method of trial snd error, manigulatioa of the numerical data,

Y

[ : .
0 . \‘ -,
o ' '

- o ! - }.
. ¢ ! ‘ . A ¢ N t.
- .

Exp: .After what period of time did the 1abo£e; set asége ) T

696 rubles?. - ’1
Petya: After 14 months! 3 ‘ . e
: » A ! ' ' . \i,. ‘
Exp.: Read more carefully. Y ' St T e ey T
s - — [ . X . o
: - .’., y . . /' ! H
Petya;, (Re-~read the ?robl:?) That is yeatly., ( N> -
g ' . " *
‘Exp;: That is, after what period? . o ) K ' : r
- ) . 0N ' ‘ . )

.

Peyya: After 12 months. 696,% 12 = 58 rubles. How miech in’ | o
each Anonth—- 58 ir( 14 = ... ' ) (\)9 '

L Exﬁfi» Rea; the P{obiem e o : o | ‘J". ,“fw;"”{
. v ) N ‘ 2 . : P
xPegya: (Read and wroteg in silence) 28~+'14 = 42... - }'“?r,e". ‘ <
o . se; - 42 = ’;5 696 + 16 / )
L Exp.: And hhen? c T~ 7 : . (.
Petya: ‘What one ob;a‘ins by d‘;viding by 28.
. 4E¥p;:: No, not like tha{ ‘ o ) - | L -
Petya: (again,kn silence)- . ) a
T16 -1k = 2 69672-348...348:1; | (-

{(and he attempted to divide) It doesn't come
r;_eout!‘ Dividing by 28 will work?
. There is no sense in citing the colrg5€™0 he solution any\%onger-
it proceeds in the same way, wigh questions from the experimenter (How

many months did the first laborer work? How much money id he save in

;'this period?y re—~directing Petya's thought’ into the proper channel.

<

7

J“%this 1s a partial complex analysis). He did not single’'out the datum

~. " We had befbre us a clear model of searchingﬁgor the solution by the

which ‘doubtless shows weakness in the ana{ysis of the d%;a and of their
functiqpa;rinterrelationships b

_Patya first picked the numerical exptessions of the data (696 rubles,
14 m&nths, 28 months)’ out of the problem, ignoring the phrases describing

these data, and thus the data turned out to be inadequte for the situation

"monthly," not expressed numerically, but 696 was, to him, a sum which
the worker ''recedived" and did not save, in 14 menths.
Having isolatéd the numerical data, Petya began to manipulate them,

not isolating accuratel¥ the primciples that connect them with each other.
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L it was impossible to carry out an opers@ion (14 does not divide 696~‘*“\
evenly), Petya easily slipped inso another one (“And if we: mul:iply 696
by 147"): He subtracted 42 months from 58 rubles gnd divided 696, hy
the result. He even stopped Wsking questions about the operations he
cefried out. o - - .
The entire process of solution shbws an eitremely low lev;l of . ¢

analysis of/the concgete text of the prpblem. .

\ © Was this the only such method of,solution? Alas, no! ".True, it was r
the clearest example of looking for the soiution by the method of blind
ttial/gid ertor, but 6.pupils (out of 7 who did not.solve the $roblem .

_alone) showed analogous transitions to this method when dffficulties

grose it the solution e o ) ‘
.+ There were also mistakes in ‘the Solutions of two other pupils
» (696" ¢ 14, 58 X 14 and*aot X 42, among others), but when they obtained
a‘rzsult, they made precise exactly what they had obtained,‘:ompared it
yith the other, data and they themselves detected the mistake in their

A
operations.

Their approach to the'solution was close to the one characteristic‘
of the pupils in the control class—{4B, 69th‘School). For 4hem, -more
lengthv and more careful work on the text of the problem was characteristic.
They read it several times,-and in difficulty returned by themselves to a
repeated reading. When they received a new datum as a result of an
{arithmetical operation, tney made itd signi%icance precise, and compared

it with whalt had already been obtained, which allowed them to detect

more easily the mistakes they, had sometimes made. Fven in error, they

did not transfer to the level Qf simple manipulation of the numerical

data. ‘ !

| I introduce a segment fron the ﬁecord of the.soluticn of the‘p:gblem

by Vanya D., for whom the problem was more difficult than for the rest.
He did not isolate the word 'vearly'" as a datum and decided that 696
rubles was accumulated in 14 months. He explained how many rubles the
lgborer saved in one month and, after‘making an error, divided 696 by
14 and then multiplied the result by @8 (i.e., he did not understand the
period of time the younger’ brother worked). . ¢

Exp.: After how many months dié&d orker save 696 rubles?
T

%Vanya: After 14 months. . v
£ .

. Exp.: ‘Read i1’
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» Vanya (reaﬁs): Ahl Yearlyl 12 months, and he worked 14 months.

. Exp.: How long did this laborer‘ﬁork? &h . !
. - i
Vanya: ...l%, ...no, 12 and 14 moﬂths.
Exp.:< And how\iqng d;d his blder brother, work?

ﬂanya j(teading the’ entire problem) .28 months, and t:hen 14
and 28 months -- 42 months.,

' 42 + 12 agd that many times aé 696 rubles,..,ﬁ;:’hetter
‘ to do it 696 : lg = 58, and then 58 X 42 = 2436....
‘ R ) . :
ﬁ kyd he continued to solve it correctly to the end.
’ At first we see gross mistakes with this pupil, showing. ae i;- ;g
sufficient analysis of the prpblem, as a result of which "superfluous
syntheses'* appeared in his solution. But -here_ there is o mechanical
masfpulation of numbers: Tpe arithmetical aperations he performed
proceed’ from his understanding of the data., If 6?6 rubles was regarded
as a_sum accumulated over 14 months, he correctly turned to division to
find out the mgnthly saving. He wanted to divide 4é\by 12, in order
then, to determine the sum accumuldted by the laborer{after 24 months,
T%is is a mistaken operation, but only because 42 1s not divisible by
12, and Van¥!<§%mself easily found a different course of solution.

fn order tdﬁcompare more easily the results of independent salution.

i

of the problem by pupils in the class with the '''classical" analysis and in

the control class, where not much attention was given to the ''classical”
analysis, as we did last time, we turn to quentitative data—to the/
number of "syperfluous syntheses' and "mistaken analyses'' made by the
subjects in both classes (see Table 5). We gsee that although the
difference between the classes is not as marked as it was with the 47th
and 127th Schools, the nature of the correspondiﬁg data is exactly ‘the
same. 1 .
In the class with the 'classical' analysis, half the examinees (5 -
out of 10) made more than 8 superfluous syntheses while searching for a
Selution. In all, in this class, there were almost twice as mahy
unproductive superflusus syntheses and "mistaken analyses" as in the
conttol c%ﬁgs. Thus, the experiments did not confirm the opinio; of ’
many experts that lengthy prectice on classical” aq@lysiﬁ will have a
good influence on problem solving.

) rl
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- ., %  _TABLE S .
s
. 4 Number of "Superfluous Syntheses' and "Mistaken Analyses ¢
. in Independent Solution of Problems ! :T ’
(10 pupils)tested in each class) & " o
2 > N . ‘
f —— % —
)‘ * Fe é * )
No. of Superfluous syntheses No. of Mistaken' analyses

v

v . ——

Grades 0 1-2 3-4 5-6 7-8 9-10 11-16 Tagal 0 1-2 3-4 5-6 7-8_ Total \

.

’ ’ H

4B 64th’ v . ’ T oo ‘.

School 1 1 1 1% 1 2 3 768 1 102.2 4 , 45 ¥
- 7 ‘

4B 69th v ' . .

School 1 3 1 3 2 - _ 40° 1 4 4 TT"- U 23

4
.
.

8The number of "superfluous syntheses'" for each student in the

respective classes were: v o -
64th school: 0, 1, &, 5, B, 10, 10, 11, 16 C,
B 69th Schoel: 0, 1, 2, 2, 4, 5, 6, 6, 7, 7 ¥

Thus giving totals of 76 "superfluous syntheses'" in the first and 40 in
the second. ' f

' t
4
Contrary to expectations, the students in those classes where much
time was spent on clasgical analysis showed less ability to analyze the
text of a problem and in general to be guided by analysis while looking
ﬁig a solution of a somewhat complicated (for them) problem, during an

independent solution. A slight ‘trend to analyze the concrete condition

was very characteristic for them. . Having isolated the numerical data

from the problem, they rushed to begin operating with these data, carrying

" out many unproductive, superfluous operations, which"shows that they are

poorly oriented toward salving the basic question of a problem -~ finding

~ . .
»

the unknown.

THe “classical' method of analysis does not teach the productive

"gnalysis of the text of the problem-—such is the slightly paradoxical

" conclusion to be drawn from the data. 3

Long practice in "classical' analysis turns out to have a negative
g P .

influence on the pupils' ability to solve problems.
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"4, Len Effects 2@_?rsctice‘in Usin. elxsis ‘ JL -‘

; How is, le j work~ on’ the "clxhsidhl"bmethod of analysis %f (/ e
problems reflected in Sgg‘puails. la worf% Wheg,difficulties are \ i‘ ‘f
mgt, is there the'same eage. in ﬁansition tos ma.ui ulation of the - o
'numericsl data as appeared in elemehtcryﬂschool pupils who stydied the . ,
‘method of analysis for a-long time? R g A i i

[ - N .

In order "to clarify this, ekperiments were done-with pupifs in the
*sixth gride of the QQQh School, former pupils of¥the teacher S. (gfade Q§
4B, For three yegrs (grades 24, inclusive);fs had taﬁéht these :f1‘ S
pupils to ‘break 'down probiems by the "classicil” methnd af apalysisw\ -t
"During final exams in fourthégrsge, accordfhg; orts by the principal

- of the lower foxms of the school and by the &yihodogﬂéist from . :Ee ' ;f{ N
Institute for Teacher Imgrovement, her pupils pleased “the omlookers . by
their ability to carry out "classicslu-analysis of the problems assigned

]
Al ' L
\hem . « \ . ~ ! [N \ N ‘

-

Parallel ‘with this class, gﬁsde 4C fpr four years (in primary schqol)

e mathoy of agalysiss, .
\
Thus, at the promoéion into the fifth gdﬁde we had two classes (B dﬁ& °

had been in the hands of Zéquit§ eXperienced teacher, who did not, however,

devote much attention to

g Cc); in\one an experienced teacher h&d spent much time teaching the .

""classical" method of aralysis of problems, snd in the other the pupils . ‘t
“had little practice in the breakdown of problems by this method.. Teagher .
- T. taught both of these classes in middle school; she did pot usually wuse

the method of '"classical' analysis.,k Well orgsnized3~ind ious, having .,
mastered the primary school currjculum thoroughly, class B (S. s pupPls)

was considered the best of the fifth, then of the sixth grades Howewqf

in. solviny mére complex problems, where data were to be regarded in a .
slightly new w2§1 where "gumption' was needed, as the teacher said, the
advantage was with the other cless (C). The teacher noted with surprise

that working on mathematics with class B was more difficult for her than
éith the parallel class, althougk:its pupils knew the rules more soundly,
calculated more quickly, and solved model'problems with considerable

‘9
ease. ‘ re

'
9The instructors in other disciplines considered class B ff be

better.
A
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:/F Ag indicated, the experimentS\were carried out when the pupils were
-’in the sixth grade. Ten of the best pupils in mathematics were taken from

L each class. They were asked to solve a series of arithmetio problems

?

RIC | * .~ 122

without assistance {on the order‘of an individual experigent) The
problems we*ﬁ taken from a fourth- grade workbook, 0 but ones were chosen
that could present a certain difficulty for, these pupils, 4 .e., they .
were task—problems for them d

‘Since all the experimental problem§ (there were four) were solved
Yn basically the same way, we can use as an example the solution of

" Problem No. 12:

_ - - . | .
noe Two laborers earned the same amount of money. " One,
* recaedved 20 rubles per day,- and the Jther 12 rubles per-

day. How many dajs did each laborer work if.{t is Enown . PR
* tha®” the second laborer worked 6 days longer than t ,

first? ~ | Qb - p
The basic difficulty in solving this problem is in determining
that the daily difference in wage (8 rubles) will be covered by the money
earngd by the second lsiprer in 6 work—days (i.e., 12 X 6 = 72 erles,
72 : 8 = 9 days). For the majority of pupils in both classes, determin-
‘;ng this relationmship was not very easy--many ‘had ta search actively

foy a way to solve this problem : W .

_As an exémple we shall take the record of solution by Galya L. -
 (a pupil in grade 6B, which had extensive practice in “classical"

analysis): a " (
4 :
Having read the text, Galya immediately statted {
* solving the problem: L .
. A

—

1. How much more did the second laborer earn in 1 day?

20 - 12 = 8 rubles.s
i 2. How much money did each laborer garBAin.all?
| 8 X 6 = 48 rubles.

5. How many days did the first laborer oork?
48 : 12 = 4 days.

4. How many days did the second laborer work?

P 4 . . . 48 = 20

lOThe numerical values of the data were somewhat simplified.
A} .
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~ The second laborer, 8 rubles more and € days more w... 48.
...We found out how much each laborer earned, the same amount
of money, 48 rubles...I can't say, but I understand...after 6
days...--48, after one day--8..

Eﬁp‘: Why should the second worker have worked & extra
days? -

N -

mGalya:x He earned less...6 days extra. The other, 6 days
earlier than he did...48 rubles....
\ . .

Exp.: How many extra days did he work?
Galya: Six. '
Exp.: And how much did he earn per day?

Galya: Twelve rubles...The first received more, but worked -
less... They started out the same...

Exp.: The first finished his work, and the second worked
6 days more, in order to receive the same amount...

Galya: 20 X 6 =.120 rubles. i N " “/;'
\._“
12 X 6 = 72 rubles. .. /
If the fifst worker worked 6 days more, he would
o have received 120 rubles, and the second -- 72...,

Exp.: The second worked & extra days and earned 12 rubles
each day, and earned 72 rubles in all on these 6
days. Why did he have to earn these extra 72 rubles?

Galya: And how much would the first have had to work for
this money? .

72 @ 20. .

Exp.: Why? He didn't have to work thégé days.../ The second
wanted to get the same 'amount as the firstl, He worked
together with the first for one day Eﬂd\zﬁceived 8
rubles less, another day——again he receivked 8 rubles
less. )

Galya: And he was supposed to work 6 days in all. It comes
out that he worked 6 Says.

-

Exp.: No, he worked 6 days more ‘than the first, How much
money did he earn on these 6 days? ’ {

Galya: 48 rubles. \
Exp.: 12 rubles per day; in 6 days 72 rubles.

» Galya: Ahat...72 rubles...72 ¢ 8 = 9 days. I understood that
" he earned 8 rubles per day.

109 \

\_ . 1 nf?‘\?



Let us raview the record of the fcregding golution. First it

» must be noted that th®re was little attention to the text of the problem
itself. Having read through the problem,'Galya'rgshed to carry out the
arithmetical operations, without turning;tg the ‘text of- the preblem unless
prompted by the experimenter, and without atte@pting‘to éerify'whether '
her reasoning corresponded with, the data obtained:' . !

. . / The .wesakness ;—\the analysis of the datavand the functidnal,
connections between thef shows up clearly in‘the method of looking for a
sclution. The first question she asked was solved correctly.. But then
the djfference of 8 rubles which ;he had just found entered.in as the .
comﬁ(iie wage of each worker. This re-thinking occurred, probably, under

the gnflﬁence of the problem's indication that the laborers received the

same sum of money. Only this '"same-ness'' was isolated, since the indi-
cation relating to these data was ignored, and it was joined arbftrarily
to other data ('"equally--8 rubles each; equally--48 rubles eagh...').

Thelgiféerence in the ldngth of time worked (one worked 6 dayg moée than

the o!ﬁgr) she regayded hs the time the work took. Thus, particular

complex analysis was ch acteristic Qf Galya. -
Even after answering correctly the question of why the, second

worker had to work an extra 6 days, Galya could not usecthe experimenter's

‘direct hint--"6 extra days at 12 rubles per day'; ‘obviously, it did not

evoke productive connections dn her mind. The pupil finds the suﬁ

received in 6 days by each laborer, then tries to divide 72 (12 X 6) by

20, and so forth, i.e., she carries out a series of arithmetical operations,

not realizing and not isolatf%gﬁ:hose principles uhdeflying the operations.

She looks for support 15 the ndme;ical value of the data tﬁamselges, and
not in the isolation of the essential meaning of these data or in compars=
ing them to determime the relationships between them.

. If we compare Galya L.'s eolution of the problem with the solution
described above by the primary school pupils in those classes where much

- time was spent on "classicgl' analysis, we can notlce much in common. We

see the same inattention to the breakdown of the concrete problem, the

same weakmess of genuine analysis. As a result-- a partial isoiation of

the data not adequate. for the conditions (a partial complex analyslis), a

tendency'to combine them on the basis of superficial, sometimes arbitrary,

significations, an attempt to cross OVer to mechanical manipulation of

the numerical values of .the data when d1fficulty arises (i.e., a synthesis

110 .
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on theg}evel of an elemental analysis) _

Galya L.'s solution of the problem was very characteristic of other

pupils in this class as wel&. For all of them a rapid synthesis on the r
. . .

level of a lower form of analysls was characteristic: Partial complex

analysis,;and under difficulties, elemental analysis as well.,

In the parallel class the pupils showed more ability to analyze the
concrete text of theproblem, ‘and thus far fewer '"mistaken analyses" were
found, as well as fewer unpryductive operaggons. :

In order to represent more clearly the difference between the grade
"where a good portion of the time was spent’on the analytic method (grade
6B) and the grade where a modest place was deyoted to it (grade 6C), we.
turn to Table 6:* In it the number of pupils committing a certain number
of superfluous operations and '"mistaken analysesj'ih their solution of
Problem No. 12 is shown. ‘ |

. TABLE 6
‘Number of "Superfluous Syntheses'y and "Mistaken Analyses"
€n the Solution of Problem No. 12 by Pupils In"

Middle School .
.

“Superfluous syptheses" ' "Mistaken angiyses"

Grades 0 1-2 3-4° 5-6 7-§ Total O 1-2 3-4 5-6 Total

6B ... 2 3 1 2 ) 342y 3

[a%
=
=
o

- _
6C ... 1 7 2 - ~ 15% 5 5 - - 6

" 8The number of "superfluoue syntheses'" by each respective pupil was:

Grade 6B: 0, 0, 1, 1, 1, 4, 5, 6, 8, 8
Grade 6c: 0, 1, l 1,1, 1,1, 2, 3, 4

Thus giving totals of 34 and 15 ”superfluous syntheses"

-

We’ see that In the class which paid much attentfon to '"classical"
analysis.(6B), there wera three times as many "mistaken analyses" as in
‘the control class (6C), and more than twicé/;s many superf{luous syntheses,
" while 4 of the 10 pupils did 5-8 of these 5uperf1uous operations (which
show efforts to find a solution by mechatical manipulation of the numerical
data).

w
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Thus, the negative influence of the "classical method" of analysis
on the pupils ability to solve tssk—problems, where a less ordinary
- combination of the data is required, turns out to be very persistent

, and appears ‘even a year and a half sfter they have ceased studying it.

5. The Effects of Analysis in Solving_Geometrz»Problems

Does this negative influence spread to the\mastery of other mathe-
matical disciplines~-inparticular, to the solution of geometric problems?
Solving geonerric problems demands great ability to snglyze the, text of ,

“the problem Seversl authors of methods handbooks, as was noted above,
assume that practice in "classical" analysis of arithmetic pro lems
should have a good effect on the mastery\of geometry.

In order to clarify the effect of "elaksical" anél&sis'on'the--
solution of geometxy problems, a new ‘series of individual experiments
was carried out. The pubils of grades 6B and 6C (the 10 best mathe-
matics,pupils in 'each grade) were given four geometry problems for
independent solution, corresponding to the level of their knowledge. 11

Let us "take as an example the record of the solution of the follow-

ing problem by one,of the pupils in grade é% Valya C.:
An isosceles triangle ABC ) ri;nw;’
is given. The' side AB is-extended
upwards, and an arbitrary point D

on it is joined wigh the point C.
The perimeter of *the triangle ADC

L

ey i{s 55 cm, and the perimeter of
the ‘triangle DBC is 45 cm. Find
AC. , .

M Al

.Figure 34 was attached to the
text. Valya C., having read the
problem, wrote down the basic
data: P (perimeter) ADC = 55 cmj
P DBC = 45 cm; AC = 7 and started
the solution immediately:
55 - 45 = 10.... - " Fig. 34

There was a long pause. The experimenter asked what
this 10 cm signifies Another pause...Finally, Valys
answered: ‘'This is the perimeter of. ADC...No, it! s AB +

'AL...,and BD + DC = 45 cm,vsince 55 - 10 = 45 cm. »

[

llThe texts'of the problems were approved by the teachersof these

grades.
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She looked at the sketch for a long time and covered the
triangle BCD with her hand. There was another pause....

The experimenter suggested reading through the problem

again.

pause.

Exp.:

Valya:

¢ Exp.:

Valya wrote:

- Exp.:
V;lya:
Exp.:
Vaiya:
Exp.:
Valya:

Exp.:

Valya:
Exp.:
'Vaiya:
Exp.:
¥ Valya:
Exp.:

Valya:

.. Valya read it and exclaimed: "It turns out that we
. have to find AC, and I thought.it was AB!...55... 45.,.
BD + DC + BC = 45 ... AB + AC = 10,.." There was another

Are you sure of that?
Yes...

Write.down what the perimeters consist of.

AD + SC.+ AC = 55 cm. !

BD + BC + DC = 45vcm. :

Now compare them.

DC is the same in both of them.

What other conclusion can you draw? K\\

BD + BCg.. mo, no. BC = 10.
Why?

This I ... AB + AC = 10.

No. Compare the perimeters. DC is the same in both

triangles, and now compare the remaining eledents.
AD = BD and BC.

Why?

Bééause AD is the side.

Think carefully!-

Because AD 1s the base.

Compare AB and BC, and look at the problem.

Ahag AD = BD + BC, i.e. BD + AB.:@SO, AC = lO Cht &

The problem was finally solved.
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What 1is gﬁaracteristic of this course of solutisn? First, the
" hesitation to study the text of the problem merits attention. Having
read the p;oblem, Valya immediately isolated the numegical data and
begins to operate with them. Actually o&ly one operation is possible . *
heref 55 - 45 = 10, since the length of a side is required, and the sum
of the\perimeters does mot yfeld anything here. Valya carried out the
subtraction, and obtains the difference of 10 cfi. However, what do the
data obtained signify? Valya tried to see thgfanéwer to this question
directly in the figure. She carried svervthe arithmeticsl oﬁération
dons above to the figure: Mentally tsking away DBC, she got the answer 10 cm
-- this is the perimeter of the triangle ADC. .
Later she corrected herself -— 10 cm is AB + AC, now taking away
the line BC with-the triangle ﬁDC. ‘Then Valya covered the triangle BDC
with her hand, since the line BD appears covered, and again asserted that
AB + AC = 10 cm. Having included the side BD in one triangle, she could
not include it in the other, andléould not switch over from one system of
.connections to snother.12 e
Valya was completely sure of her conclusions, drawn from direct
visual observation. Thus, along with the weakness of the verbal—lagical
analysis, an overestimation of the visual image also occurred here.
Valya sometimes did not compase the data she had obtained with each
other or with the problem and therefore she assertad that the perimeter
of the triangle ADC was equal to 10 cm,.glthough in the text it is stated
that it equals 55 em. It did not both;:%k '
BD + DC (45.cm) 1is 4 1/2 tir{i

(10°cm).

er that the sum of the sides
A .
es greater than the sum of the sides AB + AC

“Valya was not always aware of the law on whose basis she drew a
- conclusiod. TFor example, she asserted that BC equals ;O cm, and when
asked why she thought so, she said, "This I-" and wiﬁhdrew the conclusion.
In drawing the correct conclusion that AD = BD + BC, Valya based it on the
fact that AD is Ehe side or the base. Only with the help of the experi-
menter did she substantiate her conclusion correctly.
Thus, in solving geometry problems Valya C. showed the same weakness

in analysis of the data and their functional interconnections as was

characteristic of her solution of arithmetic problams.

- | p
lzThe difficulty of this transition was also noted during the
so&ftion of arithmetic problems.
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"BD + DC = 10 cm'...Further on, she turned tha'figure so that the line DC

‘.\ I»‘ R . o
We find analogous peculiarities, sometimes even more ?learly

.expressed, with the other pupils in this. class. Galya L. {(whose solution

of an arithm tic problem was introduced abdq%), in finding the difference

between the perimetgrs of the tri gles (10,@m) "began to fit the quantity '
obtained to different‘%ombinafions of the datg \"AB + BC = 10 cm... No,

turned out on the bottom and asserted: ''The triéngle BDC is isasceles,

" BD and BC are equal, then AB is equal to BD, each 10 Sm w20 cm... 55 - 20 =

35 cm," and again she changed the’position of the skétch;‘trying to find
the method of solution in it. g . B

Vera P. found that AADC is isosceles, because ”I:\s dra@n'like that."
Zina §. also drew the same conclusion while looking at the gkétch; When

the -experimenter demanded another basis, Zina answered: "Aﬁgg DC, since

-

we extended AB with a straighf line from the vertex B to the pbint D,
and only one straight line may be drawn between two points,' whick in no
way substantiates her conclusion. -

This overevaluation of the visual image, in direct conjunctibn ;iﬁh
weak verbal-logical analysis, 1is very characteristic of pupils in this -
class, even good ones.

In gradeléb the pupils alSO'made mistaken réasanings, relying on
an insufficient analysis, and sometimes looked for the answer in the
direct visual image, in the figure. However, there were considerably
fewer of these attempts than in class B.

Tos show more graphically the difference between these classes, I
introduce Table 7, which gives the number of mistaken deductions as a

result of weakness of the amalytic process.

L]

- | B

Models of this typg of reasoning were introduced above, in

13

" the breakdown of the record of solving the geometry problem by pupils

in class B.

115 :

I29 .



B LI ' - I3
TABLE 7 .
The Number of False Conclusions Made by Pupils in
o
Solving the Geometry Problem
(Teﬂ’students were taken from each class)
¢ Number of False
Conclusions 0 1-2 34 5-6 7-8 Total number
Grade:
BB . 3 3 3 . . 3 3 3 . L - 14 4 - 2 368
GC . . . . . . . . . . . 5 4 l -~ - loa
%The number of félse conclusions made by the respective pupils in
.‘\ each class was

Class 6B:-1, 1, 2, 2, 3, 3, 4, 4, 8,\8 ~
Class 6C: 0, 0, 0, 0, O, 1, 2, 2, 2, 3

We gee that in class C 4 pupils solved the problem completely
correctly, and the remaihing 6 pqpils'made only 10 félse conflusions in
all. 1In class B (where ‘he pupils had studied "classical" analysis in |
the past), all 10 of thejbest pupils, in solving the experimental problem,
made quite a few false cqnclusions while looking for a lution, 3 1/2
times more so than in clé s C, énd not a single one of tﬂe pupils was
able to solve the problem correctly at once.

The significantly greater number of false conclusions in the pupils
in class B shows a lower leveldof analytic¥éynthetic activity than in
the pupils in the parallel élass. Since the same té;cher had taught them
their middlelschqol mathematics, this difference can be explained only
by their habits of analysis of the concrete text of a problem which they
had acquired in the primary grades. .

As we see, this series of experiments also supports the earlie;
conclusion that lengthy practicefin the breakdown of problems By'the -

method of analysis exerts a negative influence on the ability tg solve

. more or, less complex problems unassisted.
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Th%s, the investigatian showed that:
1) 'The ‘"classical" method of analysis cannot be a methéé of looking
for a way to solve a task-problem.,

‘E 2) Lengtky practice in the breakdown of problems by the method of ,
n.lassical" analysis of problems that habe:élready been solved or of . '
easy problems, while it uses up much time and energy, exerts a pegativg
influence on the elaboration of an ability to analyze the concrete text
of a problem thoroughly,and holds the pupils back on . a lower level of .,
.analysis (partial complex analyqis and elemental analysis), the influence

is also adverse for_ the solution of geometry problems. %$ )
’

6. ggg‘Need for 'a Balance of Analysis and Synthesis

- What can account for the fact that lengthy practice in ;he‘breakdown
of problems actually holds back the pupils on lower leéels of’analysis,
that it actual%y influences very ne%ativély their ability to solv:‘more
or less complex problems independently? The basic reason is thaF this
method is very artificial, and that it contradicts the ,natural mode of
thought in solving problems (as many methodologists have so rightyy
pointed out). The thought process in solving problems is analytic- - '
synthetic., In it, analysis is closely intertwined Qith, and inseparable‘
from, synthesis. Synthesis is carried out as soon as the bases for it
are isolated in the process of analysis.t.The proélem thus is 'simplified
(as long as the number of simple problems entering- into the complex one
is decreased), and this further simplifies the'subseduent analysis of
thg problem; analysis and synthesis always support one another. g

) The classical” method of analysis assumes that the processes of
analysis are isolated from the processes of syntheqis. The solver is
supposed to carry out a complete analysis at the start guided by the
unknown, find a%l gpe necessary data for determining the.unknown, and
only then turn to synthesis. _Such 4n artificial isolation of the
processes ol analysis from t;use of synthesis cannot be fruitful, .

Various concrete situations are described in problems, but under-
lying them are certain relatlonships, known mathematical laws., Finding
the way to sof&e a problem means discovering these laws and determining
the relat}onships getween the unknown and the data.

Both the unknown and the data can be related to other data in

‘various ways, and the unknown might be determined through a combination

of diiferent data. From all of these possible combinations of different
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functional relationships, the pupils should choose precisely those
which "will correspond to reality" (Pavloy) —the text of the given
problem—-and those which will sefve as a basis for determining thq'
value of the unknown. e | ‘

The solver can make this selection correctly only 1f he is guigded
not only by the analysis of the unknown, but also by the gnalysis of
each of the data contained in the condition. The analysis of the
unknown cannet be divorced from the analysis of the concrete data and
the functional interconnections. . T -

The traditional method of analysis, in transferring the center
of gravity to amalysis of the unknown, seﬁarateé the analysis of the
unknown from the analysis of the data and distracts the attention from

'the analysis of the concrete data of the problem. The entire process -

of reasoning proposed b}_the method of analysis is constructed not on
'operating with the concrete data of the problem, but on data abstracted
by choice and still unkn;wn in the problem, ﬁrecisely those whose combi-
nation d!!.t give, in the opinién of the solver, the value of the unkﬁown.
Only in the final steps of the reascning does the solver arrive at the,
known data. Naturally, the lengthy practice in the traditional analytic

breakdown of problems develops skill constructing ‘reasoning in iso~

lation from the specific problem, whicN leads to an underevaluation of

analysis of the text of the problem. He cé érise the numerous mistakes
caused by a weakness of analysis of the data and of their functional
interr;latibnships. ‘ )

On the basis of the analysls of the unknown and of the concrete data
of the problem, the solver should set up the.possible relationships
between them and choose the productive ones from among them, the ones
which will lead to finding the value of the unknown. While solving
problems that are new for him, task-problems, a person is not in a posi-
tion to see_im&ediately the entire course of solution. As numerous
psychological investigations have shown, a method of sglving a problem
is sought while constructing and verifying Xordiﬁarily by”mental experi~
ments) different hypotheses (propositions). The solver, guided by the
analysis of the unknown and of thf data, plans the method of solving the
problem in his head and begins -to carry it out. 1f he fails, he
analyzes the mistakes, clarifies why the chosen method did not lead to

the goal, and attempts to correct it, or else takes a different way.

%
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Sofietimes he temporarily reconstructs i&e problem, discards some datum,
simplifying the deéermination of the necessary relationships between the
data and the unknown.14 The cre;tive work of thought. appears in. this
construction and choice of possible courses of solution. Only while
solving problenms whose structure is familiar does the solver not make a
choice, determining in his memory thgmnecessary relationships between
the unknown and the data. Creativeithought is minimized here.

The analytic method of bréaking down problems excludes the factor
of choice, presuming that the solver will immediately determine the
necessary relationships and choose the data necessary for determining
the unknown. Such a method of breakdown isjpossible only with problems
whose structure is familiar and whose solution is made according to a
pattern. Problems which reduire that tha,data'correspnnd inza‘slightly
different way cannot be dismembered by the method of analysis before
being solved (as confirmed by the ‘experiments).

The method of analysis does not teach the pupils to evaluate their
propositighg ¢ritically, and this undoubtedly has a negative effect on
the nature of independent problem solving (shey ‘do not analyze their
reasqning or their mistakes).

The method of %palysis does not teach means which should simplify
the analysis of the problem when difficulty arises. The pupils who ‘
have difficulty in their s&lution and do not know methods for overcoming
Ait, as we saw, often turn to uﬂproductive mechanical manipulation of
“the numerical data of the problem _

Lengthy E_gggigg_%p .cla§§£&g} analysis, wasting time and effort,

(and thps decreasing th& number of preplems solved), has a poor effect on

the pupils' ability to solve problems and therefore should not have an
Y any

.

place in school.

This does not mean that the "classical method of analysis in
generaﬁ should be removed from school practice. Both the observations
in the school and the data of the experiments showed that the method of
analysis can be productive where and when the knowledge of the functional
relationships between the data needs }einforcement. For example, the
pupils should learn that to determine speed one must know distance and
timé, and that if we know the speed, and the distance covered, we can

, laﬂn helpful methods of analysis, see the next chapter.,



. . ¥
determine over what period of time a trip took placd. Without a sound

knowledge of such functional ties between the dat’®, the solution of,gg;e
complex problems becomes impossible. e

In éolving more complex problems it is sometimes useful to turn to
the partial agalytic breakdown and remember what kind of comﬁinacions of
the data might be used to determine the unknown, and further, to return
to searching for the meehod of solution by different methods. This is
precisely how many adults behave while solving problems; this is also the
way teachers act when they are dismembering the course of solution of a
new problem with the children. ‘

With the older groups (grades 4 - 6) it ié.worthwhile for the
teacher to acquéint the pupils with the breakdown of one or two problems
S& the method o{,ana}ysis in order to show maré clearly the logical
necessity of the operations ﬁhey}have performed in the solution, without
requiring this type of breakdown from the ‘pupils themselves.

However, the teacher should give primary attention to developing .
in the pupils the ability to analyze the concrete text of problems and
té arming them with helpful methods which might simplify independent’
soiution ofArather difficult problems.

a~

o
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Chapter v
PRODUCTIVE METHODS OF ANALYSIS AND SYNTHESIS

. -

1. Introduction

The terms 'analysis" (as a thought process) #nd "method of analysis,'”
"synthesis" and "method of synthesis' have converged in the methodological
literature; they are frequently used as synonyms; a discusé&on of the pro-
cesses of analysis and synthesis frequently changes into a discussion of
the methods of analysis and synthesis. Speaking of the difficulties, and
sometimes of ‘the inaccessibility of analysis for pupils, as opposed to.the
accessibility of synihesis (meaning the methods), the methodologists to
some e’ent force teachers to underestimate the processes of amalysis. On
the other hand, in quite justifiably emphasizing the value of analysis
for solving problems, individual methodologists, as was indicated above,
have exaggerated the role of the method of éﬁglysis in teaching problem
solving. Qur investigations have shown that this method cannot ahd should
not occupy an important place in school. >

Does an underestimation of the processes of analysis then arisé?

Of course not. We have frequently emphasized that there is no sypthesigl
without analysis, The method of synthesis is not overestimated either,
Although we have not done any special investigation of the value of the
method of synthesis for the‘psychology of education, we are inclined to
believe that this method should not be the leading one in school either,
since it assumes some isolation of the processes of analysis and synthesis.
Any isolation of the processes of aralysis from those of synthesis is
doomed to failure. Nowadays, we speak more and more of the analytic-

synthetic method. ' .Y

\

r

The s%lutidh of even the most elementary problem assumes separation
of its text into. individual complexes and isclation of the relationships
connecting the unknown with the data, i.&., an analysis. The results
of the investigation of the peculiarities of problem solving by low
achiever%{finEFoéuced at the beginning of this volume, show that a basic
cause of their mistakes was their low level of analysis. A partial com-
plex analysis or even an elemental analysis was typical for them. Conse-

quently, to teach pupils to solve problems, one must teach them proper
e 121
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means of analysis and the correct combination of'analysis with synthesis.
, One can find a number, of productiv; methods of teaching problem solving
described in the methodological literature.l ;
The best teachers in our schools use the methodofogical heritage,

- rewvorking it creati&ely and developing it further. Study of tngfexperience
of&;he foremost teachers should, in turn, significantly enrich the
psy hology of education and methods. I also turned to this fruitful source,
in studying the most productive methods of tgafhing ana}jysis and synthesis

in solvin lems, I have made only a few steps in this direction.

2, Observations of V. D. Petrova's Class

) /V The pupils of V. D. Petrova (172nd School, fourth grade) attracted:
o my attention. They showed (in individual experimonts) an ekcellent
ability to solve problems without assistance. The model for independent ¢
golution of problems that were quite complex for.fourth grade was a pupil
in this class, Valya K., who was mentdoned in the first section of' this
. work. Her solution was detailed and well substantiated.. Valya's style
of problem breakdown was characttrlstic of both good pupils and average:
pupils in this class. When difficulty arose, Vfﬂ) Petrova's pupils
returned to the text of the problem, reread it, and looked through the
‘solution they had done. They corrected ‘most of the errors they made by

solution they were ysing or to replace it by a new one. They could

themselves. They w;fe'ablg, in case of failure, to change the method of
outling a different plan of solution for a single problem. All of this
shows a high level of development of the analytlc—synthetic activity for
the given gréde. 1t should be noted that y. D. Petrova's papils did not
lower their level of achievement, as so often happens. Of the 36 pupils
(all were paqsed) in the first quarter of the fifth grade, 11 received
excellent marks in all their subjects, 18 pupils hag 4's and 5's; and 7
had 4's and, 3' p. The mathematics instructor in the middle school mentioned
the ability of V. D. Petrova's pupils to analyze the text of problems thaé}
were new for them. . /
R Undoubtedly, the ability of thLQL pupils to solve prob s 1s deter-
” mined by their entire system of working However, it is al?certain

that their success in solvingiproblemsllargely depends on the correct

1A description and an evaluation of them can be found in the work of
Menchinskaya [18]. . “




-
-

means of analysis that they used. T@ese proper methods of working on
problems@and analyses of them is frequently instilled from the very
beginning of instruction.
I-observed V. D. Petrova systematically while she was teaching
. ’problem solving during 1952-1953 in t?é first grade. 'Ip this section
* (to. conform with the principal topic) shall dweli-on the method she
used in teaching first-grade pupil§ the methods'oflanalysis‘and synthesis

[}

aln solving problems.

-

-

Emphasis on Reading the Problem

-

The work on the analysis of a problem beginsywith,reading it properly,

. with intonational expregsion, and in this proce s the first primary sepa~A'
{f:ion of the unknown and
the individual data. V. D+ Petrova devotes much attention to this —

]
ration of the text occurs,;as well as the iso

she teacheg her pupils how to read problems.

From the beginning the teacber continually emphasizes that each wowd

in the probrlem, regardless of how small it is, has its importance. If
_ one changes "tiny little words",~— "in" and "on'" —- the entire sense of

the problem is changed. These small but very important words must be.
emphasized by intonation. V. D. Petrova oakes the pupils vary their 't
intonation when they see punctuation marks (pauseg), to aid in breaking
down the problem into its component parts. She requites special expressive
emphasis of the,problem's,questioo.' All of-these demands are mastered by

the pupils, and they begin to demand it of themselves and of their class-

’
*

© mates. A pupil read a problem

"Ten aspen... legs were put'into a stove and—”

She put in a pause which destroyed the logic, and the teacher
immediately called her attention to this: ''Where is the'
comma?' she asked.

"After the word 'stove,'" anfwered the girl.

"Then a voice pause should be there also," the teacher
reminded her and demdnded another . teading with the correct
intonation .

‘ AN
The girl read: ''Ten aspen logs were put into a stove,

* and six fewer birch Lo\ﬁ were put in than aspen. How many
logs wefe put into the 'stove in all?" .

The teacher asked the class what other mistakes this
v girl had made in reading.

»
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The pupils notfged: x

"She read the word "than' poorly.'™

L 3

"She did not emphasize the word ‘fewer.'"

v " .'She Eid not emphasize the numbqr..." T
h The problem was read again, in an attempt to meet all of the teacher's
B . démands. The monotony of this repeated reading did not deaden the girls'
_attentlon, because they were on the alert to notice if the reader made o

any mistakes and were to correct anyginaccuracies. )
The teacher emphasized that the solution itself largely depends on ’

a correct reading of the problem: 'Valya, here, read the troblem poorly

and cannot explain its solution; and Katya was mistaken because she missed

this important little word "than' when she read thg' problem At home, " '

she explained. The pupils developed a genuine respect for this stage o

of the work oﬂ a problem. Gradually they formed a saund habit of reading

the text of a problem with the correct intonation, and the teacher devoted

[

. less and less attentien to this stage. g -
Emphasis on a Breakdown of the Jext of a Problem ._ : ’ .

Although the individhal data and the unknown are isolated while
reading the problem, the teacher did not limit her class to this. 1In th
initial period of teaching the séparation of the text of the problem int:Q&\ \
individual data and the unknown, she singled this out as one s;ﬁge in

-

the work on problems. Having read the problem, the pupils were to
enumerate each of the data and isolaté‘!he unknown in particular. Here

is how this breakdown of the above problem was done by ome of the pupils,
Kaé&a S.:¥ ' |

a
v

— W “ . *
“It 14 known,' she says, ''that they put 10 aspen logs
into the stove. It is also known that six fewer birch

logs were 'put in than the number of aspen logs, but it
is unknown how many logs were put into the stove in all."

' Here the text of the prableﬂmh*g;been repea;ed in a slightly differ-— ‘
eét\?brm, and one datum was distinguished from another very precisely--
this is one thing that musg be taught. ,The investigatioh of the pecullari-
ties of problem solving by young pupils has shown that, 1f they are onl;
able to‘reproduce the text of g problem verbatim, they'sogétimes

separate it into its'componenﬁs incorrectly, isolating partial complexes

whose operations lead to wmistakes (this typerf mistake was described above).

1
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At the end of the second quarter al%dzhe pupils in this class,

. even thefﬁeak.ones, could break down the problem in this manner,:and in
the future the teacher became more and mere inclined to skip this stage,
(8 . .

returning to it qaly in more difficult cases. . ) '5& o
Having separated the text of the problem, the pupils started a

more detailed aalysis of each datum and the unknown.

. 'What” kind of logs were put in the stove?" s
the teacher asked.

- * ( \
. "Birch and aspen.'

" "How many aspen logs were put in?"

- "Teﬂ. I'| ) , . . : (/
4 .

A

. N , . ) 3
. + "Read again what it says ‘about the birch logs." .
. / -
"8ix fewer birch logs were put in than aspen
logs."” R ’
2 ""Fewexr than what?" ' -
. e " _
"Than aspen logs." . : _ d

(\" .
&

"And how many aspen logs?'
"Ten." P . -
"What is asked in the problem?"

LS "How many logs in all were put in."

"In all——thig 1s, consequently, what kind of logs?"

. "Aspeé and birch." .

After this type of breakdown the way to solve the problem wili be-
come clear.

If unfamiliar words are found in a pro}Lau, Ehg’teacher reveals their
megning in detail, so that the pupils can imagine very clearly the articles
referred to in the problem. A
ahcehthe numbei of pine trees that wére sawed up§£§:; boards was

mentioned in a probl&m. In repeating the problem, one girl used the word

&
"logs" in place of '"boards."

The teacher then explained the difference
between the cencepts. She cut up a stick into a Mboard" and a "log" and t

"discussed the uses of boards and logs.
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With this tfﬁe of work, the problem evoked a more vivid, clear
concept in the students and became’part of life for them. Thus the
solution was simplified for them, and they could verify their results
more realistically. This is very important now, as our schools are

resolving the issues of polytechnization.

¢

Emphasis on Differentiation of Concepts 4

. The teacher always dwelt particularly on similar concepts which
should be differentiated from one another. The confusion of concepts
sometimes hinders the conscious solution of the problem (for example,
a problem about 5-kopek pieces and 3-kopek pieces 1£ the workbook).

The analysis of concepts that express a %uantitative relationship

between objects (fewer than..., so many times bigger than, etc.) wasa.

guided by a great deal of systematic work by the ‘teacher on these
concepts. (I do not have the opportunity to explain this in more
detail here.)

The teacher elaborates proper concepts about quantitative relation-
ships between objects by visual material. In the analysis of problems
she observe; whether the pupils understand the meanings of all these

"small, but important, words,' so that they can imagine clearly*the
relationships described by the problem, and ‘she turns to visual ‘aids
when difficulties arise.

Emphasis on Substantiation

In solving problems, V. D. Fetrova demands a substantiation of the
method of solving of a problem from the text. She demands that the
pupils point out the part of the text that deeermined,the operation
performed by the puﬁil. Thus, in solving the above problem about the
aspen and the birch 13gs, the pupi}s asked,.''How many birch logs were
brought?'" To answer it they propased subtracting six logs from 10 logs.
The teacher requested rereading the part of the problem that stated that
subtraction sheuld be carried out (''six logs fewer'"). Through thisy
txpg¢a§¢work the pﬁpils became accustomed to conducting the solution on
éhé baeis of an analysis of the text, thus controlling their choice of
operation. :

The analysis ls subordinate not only to the data contained in the

a prb%lem but also to the intermediate data obtained during the solution.
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In doing the appropriate arithmetical 6peration, the pupils indicate
+ precisely what kind of data they obtained and connect these data with
. those contained in the problem. ‘ ° i;
"Now we know," a pupil said, in solving the problem about the légs,
"that they put 4 birch logs into the stove. We also know, that they put
in 10 aspen logs...Now we can find out:?fl” He continued with the state-

ment and resolution of the next question.

Emphasis on the Question of a Problem

V. D. Petrova devoted much attention to 'work on the question of a

problem," on the unknown. The pupils isolated and separated the unknown

. data. 'The teacher‘emphasized that determining the value of the unknown
and ansyering the question of the problem are the goais of the solution
and that there should be no superfluous operationSv;all operations should
serve the one Basic goal of determining the ‘unknown.

When theys found the value of the unknown, the girls explained: '"We
have solved the problem because‘we have answered its question. 1In the
question the followindg is asked: How many logs in 911 were‘put into the
;tove? We found out that 14 logs were put into the stove."

. "Katya here,'" said the teacher, 'solved this problem in ong operation:
 She sub}racted 6 logs fr;m 10 logs. Did she complete'ghe prob}em?"

"No, Katya did not read the question of the problem. She didn't
answer it," the children Qﬁelained. |

This kind of work establishad the purpose of looking for the unknown
in the solution and prevents superfluous syntheses.

V. D. Petrova teaches the pupils to ask'tge§selves questions for
different known data ("What can we find out if we know...') to select
data for the question ("What must we know in order to determine...").
Sometimes she asks if they can immediately, with one operation, find tﬁe
answer to the problem's question,tand has them explain why this is
impossible. Thus, she includes elements of the method of analysis, but
still does not teach the pupils to conduct the "classical' analysis of
problems on their own. ’

She also teaches them differegf formulations of questions referring

to a single operation. If one reads: 'A boy had 2Qgnotebooks and gave

half of - them to his sister," the following questions could be posed:
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1) How many books did he hane left? or: 2) To what is half the books
equal? 3) How many notebooks did he give his sister? Theanswer to

these questions, as the pupils explain, is found dn one_operation:

20 } 2. This type of;york makes the pupi}e' thought more flexible; the
‘transition from one system of connectlons to another will not be so
difficult for them (recall the difficulty iyusya G. had in solving Problem
No. 3). .'

Emphasis on Analysis of Errors ‘ ,‘:>
- I §

V. D. Petrova also trains the puEils to asilyze their mistakes, show-

ing that thé basic source of the mistake is a superficial analysis of the

. text. TFor example, they had the problem:

A Twenty birch trees were planted in a park, then 10 more
poplars than birches, and as many linden trees as poplars’
and birches put together were planted. How many linden
trees were planted?
Valya S. found how many lindens were planted by adding 20 and 10.
The teacher, in reviewing the solution, asked the girls to indicate
where Valya had gone wrong, and what part of the problem she had ignored
\Lz. ("10 more poplars than birches'). .
Nina K. solved a problem about nickels. To answer a question about

the number of pennies in a nickel, she wrote the operation thus:

; 3 N. X‘S P

The teacher again demanded that the pupils show why Nina was wrong,
what rule she had forgotten. The teacher requires independence in her
pupils{ problem solving and does not consider homework done unless the
%:1irl shows the sheet of scratchbpaper on which she solved the problem.
The teacher told the girls how this pupil solved the problem, and then
they all singled out .the errors she made and -told why the problem was not
solved. ‘ ) ’
o The pupife were gradually trained in controlling the operations they
used and in correcting their mf%takes; ehis training, as we saw, is

-

reflected in their ability to solve problems.

e

EmphasiS»on Developing. Language Powers - ! .-9

e

"A person thinks with words. ''Naked thoughts, free from linguistic
material, free from linguistic 'natural material,' do not exist [40: 391,"

says J. V. Stalin. Developing the pupils' speech also involves developing
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logical thought and increasing the level of their analytic-synthetic
activity,

V. D. Petrova worked very hard to develop the speech powers of
hex pﬁpils. She broadened their active vocabulary, including wérds to
signify abstract concepts (weight, quantity, etc.). She constantly |
required detailed, precise answers, Qithout extra words, to her questions.
By the first half of the Year her first-graders could, without the
tegcher's helping questions, transmit the content of a problem and explain

‘

how to solve it.

An Individual Experiment

| At the end of the year an individual experiment with 15 pupils.was
conducted (5 having 5's, 3 having 4's, and 5 having 3's in arithmetic).
The following prodlem was given for independent solution:

Forty meters of satin were brought into a store. Half
the material was sold on the first day, and 7 meters less,
was sold on the second day than on the first. How many
meters of satin were sold on the second day?

Of the 15 pupils, only one required some help from the experimenter;
the rest solved the problem all by themgelves, giving a detailed explana-
tion of the course of solution. As an example of éuéh a solution and the
explanation of this problem, I introduce the recomd of Zhenya S. (she
had a "4" in arithmetic). After repeating the text of the problem, Zhenya

began its breakdown: ‘

"We know that 40 meters of material were brought into « ‘
the storeg.and we know that half of the material was sold on
the first#@g§§§§ut it is unknown how many mefers were #old i
on the secon y. This we shall have to find out. In order’ '
to find aquf how many meters were sold on the first day,.we
must divide: b 40 m : 2 = 20 m. Twenty m of material were sold _~
on the first day. ’

""Now we know that 20 meters were sold in one day, and
that 7 m less were sold on the second day, but it is unknown
how many meters were sold on the second day.

- "In order to find out how many heters of material were
sold on the second .day, we must subtract: 20m ~ 7 m = 13 m,
Thirteen meters of material were sold on the second day."
| Such a detailed, well-founded solutfon was very typical of the pupils
!

i V. D. Petrova's class.

o

-
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’ The initial knowledge of Epnctional relationships between data
.was given by V. D. Petrova'in.first grade during the solution of simple
problems. Later, in grades 3 and 4, she‘broadened the scope of the
| co%necﬁions to be learned and achieved a sound mastery of them. She ™
worked hard to decrease the time spent in translating the concrete
data of the problem into more abstract mWthematical concepts.

Thus, in solving quitg a'complex pro?lem inﬁélving finding the
difference in gasoline consumption of two different automobiles, the
fourth grade pupils indicated that they must explain which of the auto-
mobiles consumed more gaséline and by what amount. y

"What shall we do?" asked the teacher. | o 4

'"We should comparé the amount of gasoline used by the automobiles.

In order to do this, we must subtract the amount of gasoline céﬁSumed by
one automobile from the amount of gasoline consumed by the other, andC'
thus find the difference between them." ‘ AM“&ﬂ\

"The difference of what?" The teacher demanded precision.

'""We shall find the diffé;ence in gasoline consumption,' a girl

- -~

answered. ’

Thus, the entire course of the solution was traced in an ;ﬁﬁtract

formulation. L

Emphasis on Alternative Solution

V. D. Petrova ordinarily considgrs and evaluates, from the point of
* wview of their productiveness, various possible solut;ons of a single
problem and the solution of problems without using ﬁumbars or numerical
formulas. ]

These meaps -of training instill in pupils the ability to plan diff?r—
ent courses of solution of a problem and the ability to choose the most
rational of them. This was very clearly shown in the solution of Problem
16 by fourth-grade pppils in the 172nd School. The giris planned two
or three possible ways to solve iﬁ‘and indlcated the best one. All of
this shows a high level of analytic-synthetic actiyity.

Her fuccess in her work was determined, as I have already indicated,
by her entire approach, not just in arithmetic lessons. The ability to
think logigally, to reason, to express thoughts precisely and accurately,
all of this she taught the pupils in all the lessons. The methods used
by this teadher are described in tﬁe methodological literature. The

definite, strictly-thought-out system of using them was. valuable in her
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work, and as a result, this method was mastered not only by the best
“pupils, but by the weaker ones as well, and these Secame means of ’
creative thinking for them. As was indicated above, the fourth-grade
pupils of V. D. Petrova, made very few errors in gnalysis when.they
solved a difficult problem on their own, and when diffiﬁulties arose they
turned to a repeated analyéis of the text, analyzed their reaSOniné \and
mistakes. All of this shows the productiveness of the system described :

here.

3. An Experiment with Auxiliéry'Methods ) ’

N “ Above, as one of the examples, an experiment was described in ﬁhich
‘the teacher was training her pupils in elementar means o ,sanalysis and
synthesis in problem solving. However, these elémentary means could not
alwayé guarantee finding a way to solve more complicated task-problems,
the splution of which 1s a process of creative thinkiné; When difficul-
ties arise, the solver will search creatively for some auxiliary means
that will simplify finding the course of solutiogg The kqowledgé of
this type of methé&d can doubtless be very useful.

For the purpose of finding the auxiliary methods that simplify
analytic-synthetic activity in solving problems,,we investligated the
proc;:s of independent solution of arithmetic problems by adults. Ninth-
and 10th-grade pupils-with exceilent grades, college students, mathe- ——

- matics instructors, and a number of scientists wer;-cged'as subjects (30
%a in all); each of them solved 10 problems, and 300 solutions wére
ccllected.2 Quite complex problems were giver to them, many of which
caused difficulties in solution. To ;vercome these difficulties, the
solvers ordinarily introduced a number of device$ which made 1t easier
for them to find the relationships between the unknown and the data. The
following aids were the most widely used: concretization, abstraction,

modification, grgphic analysis, analogy, and analytic ’questioﬁs.3 e

Lt~

Concretization -

- The method '‘of toncretization is used when the solver introduces

[ , . N

t
b ’ ~4

"~~‘2For a more detailed description of the rdsults of this investigation,
see ﬁroceedings [Izvestiya] of the Acadq_z of Pedagogical Sciences of
the RSFSR, {ssuéel. - T

3Thesé"ﬁeans presuppose a very complex analytic-synthetdc activity.
However, they are primarily directed at exposing the content of the
complex data, at isolating the relationships hetween them, i.e., at an
analysis. Therefore we conventionally call these means'methods of analysis."
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. into the problem a series of cQncrete detgils, which make the situation
' outlined in the problem mére comprehensible and therefore simplify the

.

"determination of the relationships between the unknown and the data. ¥
Many turned to this method, fgr example, while solving Problem No. 1 (the-

.

statement of which is‘quite abstract):

-
~ h A ) "
1260 rubles profit was received for goods sold. - If . X
- . 4800 rubles more had been paid for the goods than was

paid the first time, and if they had been sold for
twice the price, then the profit would have been the same.
What were the buying and selling prices of the goods?

, Many subjects made the problem concPete in this way: '"This store
sells something from its stock to a buyer. There is a resale. The store
itselg paid 4806~rublé; morg the second .time." ‘ -

- The abstrvact formulation} of the problem has become more concrete
‘(here: the store, its stock, and the buyer), helping many to separate
the progesses'of buying and selling, and to-realize the profits as the
differences between the buying prig¢e and the selliné price. :

' Howeﬁer, the investigation showed that noé'evegy concretization was
useful. One person who solved t s‘problem clearly imagihed,the merchant ‘
measuring off materiél for a buyer, and these life-like pictures, by his
own‘admiSSion, led him astray from the solution. ' oy

"In order to make the situation of the, problem more life-like, one
must almost feel it," said one of the solvers, quite accurately conveying.
the attempt to rely on a visgal aid (on the first signals 3t reality).

But this visual aid should not be too burdened with details detracting -
from the basic goal--the relationship between quantities. As was shown,

the most generalized schematic forms are the best support. ’

Abstraction %

In conjunction with making the problem concrete, or frequently L

. after it, the solvers turn to the method of'abstractiqu They discard &;Jiq
all the details and strive to express t situation in the most abstract
concepts, thanks to which the functionayeties between the data stand out

and their mathematical relationship 1s exposed.

- "More wgs paid, t@ey were sold fof mbre, and the profit was the

same'--this is how ope of the solvers conveyed the content of the nroblem

indicated above. Consequently, its formulation reflects the basic mathe-

matiqii relationshiﬁ;on which the problem is constructed. Such an

' \
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abstract formulation simplifted disclosing tﬁe appropriate mathematical
laws on the basis of which the value of the 9nknown can be found. In
@+ th&€given problem, on the basis of such a formulation, it was easier for
the solver to draw the conclusion that the profit therefore remained (‘
unchanged, that the higher the price they asked, the more they had paid
for the goods (i.e., 4800 rubles), aqd by thatlvery means he was able -
td find the key to the solution. The method of abstraction assumes,
apparently, guidance by the most general associations of the second

signal system.

-

An intermediate position between these two methods is occupied by

Schematic Notation

the method of a schematic notation of the problem. The adult solver

ordinarily turns to notation when the problem has many data and it is
difficulc to understand immediately the connection between them.
* Thus, for the following problemj
t
425 rubles were paid for 40 m of fabric of the best

variety, and for 30 m of the second best. If 30 m of the .

finst had been bought, along with 40 m of the second, then -

thé cost of all the fabric would have been 415 rubles. How

much does 1 m of the best fabric cost, and 1 m of the second
- best?"

o~

Most \Plvers’8§de a notation, ‘grouping the data {n/the following way:

. . 40 m. 130 m. -- 425 rubles .
- 30 m. 40 m. — 415 rubles \

N 5 g

10" 10" 10 "
Or: | 2 ,
L. 40 30
(425 R.) (415 R.)

N | 30 40 . | N

« Here all details are discarded, and only the numerical data are

singled out. This makes this method similar to the meghod of abstractﬁbn.T'
However, the grouping of these data is presented visuai)y. fhé solver

- looks for guidance in this visual grouping to determime the interrelation-
o .

ships between the data; in this way the schematic notation of the problem

L

approaches the method of' concretization. -

\

A}
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Graphic Analysi
PRI Y818 ¢ /

*

A similar intermediate position is also occupied by the method of
- “graphic analysis of the problem.” Using conventional shapes having no
:gggctiVe simila fy to the specific content of the situgtioq, the solver’
strives to repres t’the relatiodship between the unknéwn and the data, .
and thus to simplify finding the necesséry relationships.
> ¢ Thus, G. could not find the way to solve the problem indicated
above (No. 1) about profits. Then he represented by one rectangle (1)
the old.éest of the goods, by a second (2) the sale, where the 1260
rubles of profiit are noted; tien he wrote down a rectangle for ''the new
purchase” (3), and the new sale was given as the sum of the first two
(4). The fqQllowing diagram was obtained (Fig. 35):

No. 3 V//J 4800 No. & 7// 1260 +% 1260

J

Fig. 35 ©
,-“/

Looking at his diagram, G. made the necessary conclusion: '"Aha!

* If we add 1260, then they are the same. The old price plus 1260 is equal
to 4800. 4800 minus 1260, this 1is lﬁi‘old‘price, and they made the sale
for 4800 rubles.” PEE '

Such a visual separation of the data siégsifies comparison of them

\

and of the isolated parts, and therefore simplifies finding the’laws
connecting the data. '
. very effectively'changed the method of graphic analysis in

Telation to the following problem:

“ .

A boy had a few kopeks. When someone gave him 14
more kopeks, he took all of the money to buy 4 pencils,
paying for each of them twice what he had at the start.
How much did the boy have before he received the 14
kopeks? -
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He drew a circle—this represented
_ the sum of money spent for the pencils.
"The boy bought 4 pencils—1/4 of the

circle for each péncil," he noted. 'His

po| b+

own money sufficed for 1/2 a pencil, which

\ 14_\<
ig 1/8 of the total sum. .For the remaining

7/8 he was given 14 kopeks." Guided by
his diagram, N. easily found the required

relationship. (Fourteen kopeks is 7/8 Fig. 36
of the cost of the pencils.) ‘ ‘
The relatiogship between the data and the graphic diagram is repre-

sented visually; at the same time the diagram itself, along with its
artg/ has an abstract, generalized signlficance. Thus, in the diagram’

*

L

the use of yisual aids interacts yith the abstract éompcnenss of our
thought (the interaction of the signals of the first and the second
signal systems). | .

In the nethod described above, the solver actively intervened in
the situation, introducing some details or else discarding something
contained in the problem. The problem is alte;ed even more when the

method of variation is used.

Variation | . ' ‘%

The method of variation actually represents a mental'experiment,

in which the solver wejects a datum temporarily or arbitrarily changes
- its numerical value so that later, on the basis of log he might explain
the consequences of this transformation, what happened whe this datum
was isolated from the rest. By this change it 1is easier for\him to see
the role of this sgtum and of the rules which cognect this datum with
the others and with the unknown, i.e., it is easier to determine the
course of the.problem's solution.

It was prec{éely this méthod which was used by the subject P. in
solving Problem No. 1. P. determined that the price doubled and was
more than 4800 rubles. However, he was-gst able to cross over from this

© position to the concrete arithmetical operation for determining the )
unknown. Then he introduced .the following agsumption: ”Supgose they
had not increased the price by twice the amount. Then,” he concluded, .
"they wouid have suffered a loss. What would thils loss have been? ‘Tt

would %e 4800 - 1260 = 3540. Howewer, they did not suffer a loss," and

. @
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P. aéain compared his conclusioh with the situation in the problem. 'They
made a, profit. Consequently, doubling the price covered the loss by 3540."
Then the answer and thigghoice of operation'wés clear to him: 3540 + 12607
! this is the sum for which the goods were bought. s
Here the éolGer has temporarily discarded ome of the data. In solving
“another:problem, a conditional change of value of one of the data proved
effective. For example, this method was used successfully by the student

- Yu. 1n solving the following problem:

-

A collective farmer's wife had money for buying ribbon. s
It turned out that if she bought ribbon for 3 rubles 42 kopeks
per meter, she would not be able to pay for 2 meters, but if

. she bought ribbon at 2 rubles 85 kopeks, she would have enough-

‘money left to buy another.2 meters. How much ribbon d\? she
- buy .and at what price did she propose to buy 1it? \\\‘
- ]

' « Yu. determined the cost of 2 m of the cheaper (5 rubles 70 kopeks)
and the more expensive ribbon (6 rubles 84 kopeks) and the difference
in price between' one meter of the more expensive and one meter of the
cheaper ribbon. Having domne this, Yu. was not able to undersﬁ;nd the
ties between the data.» "Here d4¥¥ three data, Is it possible to join
+hem? Of what are they composed?'" ‘+e asked himself and turnes to the
method of variation. Ye imagined that che price of 1 m of the cheaper
ribbon was increased. / \ ‘

"With a gradua}¥ increéée in the price," he reasoned, "the farmer's
- wife would spend all her money and 6 rub%Fs 84 kopeks beyond that. But
if the cheaper one is bought, then 5 ruBfles 70 kopeks would remain The
price of 1 m went up and up, and there was not enough money. If it went’
down, money would be left over.' We must add them: 6 rubles 84 kopeks
and 5 rubles 70 kopeks, ard they are composed of these 57 kopeks,' and

Sor

: . 4
Yu. dr®w the correct conclusion about the connections between the data.

It should be noted that the methods of variation taken from the
solution of the model problems are very widely used.by'adults in solving

the most varied problems.

Aaalogz

Whetl serious difficultiés arise, the solvers sometimes use the|method

v

of analogy. They compése a problem analogous to tﬁe;one they are sdlving,
) a ' , \ &

AThefghbjeqt expressed himself in very compressed, abbreviated
formulations: The difference in cost was formed thanks to the difference
in prices - 1 m - 57 kopeks ('They are composed of these 57 kopeks,').

2 : 13618{} / ®




Q i . v .
-

o J .
+

Y but with small data® and with an unknown whose value they can calculate

in advance. The small size of the'data and the kdown value of the . '

« unknown make it conmsiderably easier to compare them and disclose those .
« !;é

r?}ationships that connect them to each other. " The relationship determined ;‘

A Y .
~in the new problem is then transferred to the iq}tial problem.

v Thus, G. forgot the usual means of solving Problem No. 6:

A train includes‘fwo—, three-, and four—axled cars, and
_ the number 6f three-and four-axled cars is the same. There
are 36 cars in all, and 111 axles. Determine the number of

each type. . B . :
. Then he took these arbitrgry data: g / .

"Suppose there were 3 wagong with 4 axles each: that's 12
"“axles. And 5 cars with 2 axles each — 10 axles; these 8
’ cars would have 22 axles.'

G. had not only the initfal data, but the interm e
data and the,pnknown'as well. - It was necessary only.to
find the relationships of these data. And G. looked for
the necessary relationship by comparing the numerical values
of the data: 22 ¢ 3; 22 & 4; 22 ¢ 7., ."
He rejected all of these variants quickly; the presence of
the value of the unknown simplified the checking significantly.” | .
"It's not divisible. bjjhave to'multiply,”" G. decided, and -

| continued his trials.
"1f they were all&}ﬁﬁi—axled, there would be 32 axleg

(4 X 8); if they weré all two-axled, there would be 16

axles: 32 - 16 = 16. Here we have to determine the . )
difference and #ivide."” G. has found the proper course . R
of solution and he transferred it to thg’originql problem.

>
- ! -

As the investigations éhowed, the method of analogy can be produc-—
tivevonly when the solver has sufficiently‘analyzed the data contained
in the problem. Otherwiseesthe problem he comstructs will not be -

.analog&ué to the:original one, therefore will not lead to the necessary

* e
" course of solution. ¥ ; . ‘e

*In the solution process adults ordinarily ask themselves analytic
queStions which direct their thought to the analysis of‘ghe content
of the data and the functional ties between them. Why did the profit
remain the same although the priée of the goods changed? Why was the
second purchase more expensive than thg.first? What is tha content of

these data? Are they the same? These and similar questjons help the

Te
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solver to isolate the basic relationship in the problem, its kernel,
and help him to concentrate ‘ precisely this basic thing.

‘ These are the most widely used methods which make it easier.foy
‘adults to'find the way to solve quite complex task~problems.

4, 'Developing Auxiliary Methods

The question justifiably arises of the source of these methods.
‘They are -undoubtedly worked out graduglly, in solving problems and

especially in academic study. ) . ‘:-Kﬂﬁfi

The auxiliary methods described here are not,.essentially, new ones

to teachers of mathematics. Teachers are'aCQuainted with these methods

.

and use them to some extent in their work. The schematic notation of

the problem is quite widely known in school, but usually the teacher
himself does 1it. B | #
In trying‘to make a difficult problem more comprehensible, the teacher .

.makes 1ts situation‘concrete, sometimes proposes an analogous pfoblem,
but with small numbers and with a more transparent relationship between
the data (the method of analogy). Many teachers ask analytic questions
during the breakdown, to guide the pupils' thinking in the necessary:
direction. Of ten, especially for certain groups of problems (e.g., those
on motion), they draw a diagram (the method of graphic analysis). An
entire group of problems is actually solved by the method of variation
(problems on substitution, equalization, supposition).

However, the number of problems for whicﬂ these methods is.usei is
too ,small, and the main thing is that teachers who use the methods
themselves ordinarily do not intend to teach the pupils to use them
independently and to introduce them in problem solving when difficulties

arise. Only rargly does the literature on methods ifdicate the necessity

of teaching the pupils some method of other (if s0, it is often the ;;kiﬁﬁgikg

An

method of schematic diagrams of the problem and graphic analysis)q~

Our investigation of independent solutiom of- task—problems'by third-
and fourth-grade pupils has shown that, although the teachers do hot .
ordinarily Leach these helpful methods of analysis, the pupils can B
master them on their own and use them when difficulty arises;ghowever,
only the best pupils attain this level. .

;The weaker pupils, as the experiments have shown, are not in a position
to single out and master these methods. As was shown above, they ordi-

narily revert to simple manipulation of the numerical data when diffi-

culties arise.
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Since the weaker pupills do not master the helpful methods of analysis,
we shall ohserve how the better pupils master them. We made an experi-
mental ‘study of the independent solution of rather difficult problems by
excellent ﬁhifd-, fourth~, and sixth-grade pupils. Twenty pupils were
taken from each grade (from differght~teachers, three or four of the ‘best
pupils from each class). A

‘As the investigations showed, even good pupils do not isolate the
~auxiliary methods of analysis at the first stage of learning, when they
-are still inexperienced in solving probleméﬁ Third—-graders show no effort
| to change the method of solution, even when the chosen course turns out
to be inexpedient. If they fail, they either reject gompletely any
further search for a course of wwolution, or else they Proceed to mani-
pulation of the problem's numerical data without any correlation with
their objeétive significance. The solution itself proceeds by separating
individual parts of the problem, and these parts, on account of the weak
lanalysis, are not always adequate to the situation Fgr example, Kolya
S. solved Problem No. 12:

One worker saved 696.rub1es every year. fiis older brother
started work at the same factory after 14 months, and after

28 months he had accumulated as much as his brother had done
from the beginning. How many r d his brother sa¥e

yearly? _ {

After asking himself how many rubles the younger brother
saved menthly, Kolya tried to divide 696 by 14 (and not by .
12 monthe), i.e., he regarded the 696 rubles as the amount '
saved by the laborer in 14 months.

. A

Witen the teacher indicated the mistake, Kolya corrected
it. He found-the sum saved by the Younger brother in 14
months (812 rubles), and wanted to determine the older
brother's monthly saving by dividing this sum by 28 months.
Again the experimenter had to point out the mista&e. ’

Then Kolya announced: "I can 't do it,'and waited for

help from the' experimenter. Ag3 b

It>shou1d be nqted that for most third-graders, suggestions made by
a direct hint from the experimenter to use one of the auxiliary methods
that their teachers had used in class to explain difficult problems
Jwefe unproductive. ) ‘

For example, the method of schematic notation of the problem would

be most effective in helpimg to solve Problem No. 16:

£ Y
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A store was supposed to receive 115 kg of boiled butter
at 18 rubles per kg, and 135 kg of cream butter, at a total 1
cost of 4770 rubkes. But only 75 kg of boiled butter were
delivered, and all the remaining money was used to buy cream -
butter. How midch cream butter did they buy?

Noticing that Vitya B.*Wwas making the‘solution of the pfoblem more
difficult than necessary, the experimenter suggested that he write down
" the problem in abbreviated form, as his teacher had dome. Vitya did so
but left out isolated words and introducéd abbreviations, without trying
to systematize the data sqyehow. Volodya T., under similar conditiomns,

did it in a more orderly f§shion: ’

{

115 kg bld. but., 75 k§ bld. but., at 18 R *
4770 R , , ' ‘
) 135 kg of cream but. 0

However, these diagrams helped neither Vitya B. nor Volodya T. Then the

experimenter suggested the following\qfagram: s ¢

115 kg bld. but. at 18 R. & 135 crm. but. —— 4770 R.
75 kg bld. but. at 18 R. & * 7 * —— 4770 R.

This diagram simplified the course of solution considerablx\fof each of
them. ‘ : N «
“ Analogous facts are also noted with regpect to the %§e of visual

diagrams. A visual diagram can be very productive for Problem No. 20: ‘

1560 rubles was “deposited in each of two departments of
- a savings bank. A certain sum of money was taken from one
of the departments, and from the second as much was taken
as remained in the first. How much money remained in
both departments of the bank?

' . ,
A basic diffieulty of this problem for young pupils is that there

1s only one numerical datum present. ''This problem is- impossible to
solve. There are ne numbers here,' third-graders often announcé after
they have read the problem.

"

Translating the problem into a

I §§j§22 a 1560 visual scheme ordinarily serves as a good
support for obtaining the required con-

111 b 522?22256:;§; " 1560 clusion from the problem. Here is the
2 The

form for such a diagram (Fig. 37).

Fig. 37 sums of money removed (or, more
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precisely,~ZEl relationship between them) are made concrete im the |
diagram, and one can easily sge that the sum of the remainders is equal
to 1560 rubles. | | |

When a‘éroub of third-graders had difficulty solving this problem,
the experimenter suggested sketching a dlagram for it. He gave a series
of specific hints: "y |

1) "First sketch two separate boxes where the money is.

'2) Mark off the amount (arbitrary) taken from the first box.

3) Read what 1s said about the second box in the problem and mark
off the part taken frop the second bax on the diagram.4

‘ The pupils carried out the first two instructions without an§ diffi-

" *

culty but‘stoppedlin indecision §5 the third.
“"What is this? I don't see how to show 1t. The same amount as
remained in the firét,“ Volodya N. kept repeating and, finally, marked
off the same portion of the second "box" as of the first: dnly the
teacher's direct hint led him out of the difficulty.  The pupilg were

not able to translate the .abstract "the same amount as remained in the

first department of the bank" into visual form. Obviously the mastery

of these quite complex methods of visual aids (graphic analysis, diagrams)
demands a higher level of analytic-synthetic activity than the pupils

had. |

However, the method of concretization turns out to be more accessible

and effective for third-graders. Kolya §. arrived at this method by‘

himself by accident.

When the experimenter suggested sketching two boxes for the
money, he drew rectangles and wrote the appropriate sum in
each. Later it was suggested that he mark off how much money
was taken from them. He crossed out the last three digits from

© the sum 1,560, i.e., 560 rubles, and subtracted this sum from
the second, noting that there was a remainder of 560 rubles.
Then Mue added the remainders and thus found the unknown.

“But if you take a different sum?' the experimenter asked.

Kolya took 300 rubles and after he had carried‘out the
appropriate operations, obtained the same answers

“"And 1f you take a different sum again?" the experimenter
continued. Kolya again carried out the subtraction and,
finally, arrived at thé generalized conclusion: "It doesn't
matter what you subtract; there will always be 1,560 rubles."
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Tﬁe method of concratization was productive here. Obviously, numbers
are pf more help to third-graders than a very conyentional visual diagram.

\A refusal to searxch actigely for a method of solution, the transition
when difficulty arises to manfpulation of the numerical data without
reference to their real, qgjgirive significance the inability:to use the
indicated auxiliary methods--all of these were chargcteristic for 16 of
the 20 excellent third-graders we investigated. -

Four of the good pupils shewedAa slightly different approach to
searching for a mathod of solving éhe problems. , When one method falled
bfor them, they were induced to try other‘methods ef solution known tdd
-them, and this effort.prbceeded on the basis of features isolated in the
process of analysis, and came from problems known to them. For example,
Lenya F. solved Problem No. 13: ' ?

1280 rubles were paid.for a child's overcoat and suit. An
ovetcoat costs 60 rubles, and a suit is 20 rubles cheaper. How
many overcoats and SuiEE&GETa\Rﬁhght if there were 7 more suits
than overcoats? ' , s :

Lenya correctly determined the cost of one overcoat and
one suit (100 rubles) and then tried to divide the cost -of
the entire purchase by it (1280 * 100). The iﬂ%ossibility of
this operation forced him to turn to the.prdblem s text.

- ’
"1 made a mistake...Here it says 7 more'--he indicated, quite.
- correctly® : . . NN

"Seven more..." he repeatéd, and asked: '"How many pleces
were there?" :

T
.

., Thus, the isolation of the datum "7 more" gives a false basis for

the use of \the method of solution by sum and multiple relationship.

He carried out the problem breakdown (7 + 1 = 8 parts:
1280 ¢ 8% 160 coats) and transformed the problem
accordingly—— "160 coats and 7 times as many suits.’ . 8
After the experimenter's indication (M7 more™), Lenya
added 7 to 160, but, reallzing that the answer was
wrong, turned again: to the text. He correctly
determined the cost of the 7 "exfra' suits. Finding
how many rubles were pald for the entire purchase if .
the same number of suits were bought as overcoats (1000
rubles), he then tried to solve this problem as problems
in proportional division are ordinarily solved (they, were
solving this type of problem at that time in class). He
divided 100 in hal d tried to divide 500 iy 40 and 60.

s

With some help from the experimenter, Lenya @hanged the
method of solution somewhat and determined the value of
£he unknown.

»
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Three other third-graders searched for the solution of new problems
in an analogous ‘manner. The question naturally arises how the method of
solution described above should be assessed. Even,Lenya used a wmedel
method without buffiCLent basis for it, without a thorough analysis of
the data, sometimes with only an arbitrary similarity between some
isolated elements of the problem. . In older .pupils we undoubtedlx could
not evaluate positively such a method of solutiop.y With third-graders
it must be regarded in a different manner. For the bulk of the pupﬁls
in this grade, a rejection of active searching for the sclution was
cha;acteristic when the first method they had chosen did not lead to
the éoal When difficulties arose, they sought for support in the
numerical values of the problem, not in the problem's content.

All of Fggse pupils (and only the best were. chosen) were able to

solve model problems corresponding to the curriculum requirements for .

the third grade.’ However, their use of one method prectuded the possi-

bility of other methods. A definite stagnation of, possible systems of !

assoclatipons corresponding to each type of problém was characteristic of

them—-if one syst.e

of associations had just ‘been introduceq‘into the

operation, this prec ud d the possibility of actualizing aenother system,

whep the stimulus (the Sifuation of the problem) remained the same.

A small group of, four third-graders showed greater flexibility.
Under similar conditions, they were able to crosk-over from one system
of associlations to another, although it was perhaps invalid, wifh only
one element in common. = |

This freer use of model methods assumes a higher degree of

abstraction, greater generality, and i%olatioﬂfé?\EZem as methods of ~

solution, which~creates the prerequisites for mo¢\§ ing the model means
of solution to correspond with the situation, and this is one of the
means of solving task-problems. ‘
In fourth grade the number of problems solved is enlarged, the
number of. model methods: known to the pupils is broadened, and 4ee students'
experience {s enriched. Likewise,“there are fewer good students who, like
the bulk of the third-graders, will turn away from introducing new
methods when difficulty arises and seek support for the solution in the

absolute value of the numbers (large or small numbers, whether they

divide each other evenly, etc.). " There turned out to be only 9 of these,
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out of 20 examinees, i.e., 45%. ‘

The pgrceht of the pugils who begg& trying habitual methods when
difficulty arose increased somewhatfa(25%—5"pupils). It should be
noted that some of these pupils accompanied the use of familiar model
methods bv a more detailed.disgussion, on the basis of thch they some-—
times modifidd the method themselves and found the way to solve the
problem. Thus, Valya X. tried to solve Problem No. 13 (see above) in
the same way as problems on proportional division vert ordinarily solved
(1000 : 2; 500 : 40; 500 : 60). The impossibility of dividing told her
of the ipcorrectness of the course she ﬁad chosen. Then she looked over

her solution again. .
§
.
= "'We know," she said, '"that 7 overcoats cost 280 rubles.
All the overcoats cost 500 rubles...No...1000 rubles is the
, ‘cost of all the overcoats and the suits. They are now in g
equal number, but they cost different amounts." [Valya found ‘
the mistake in her previous reasoning.] ''So, fewer overcoats.
siiould be obtained, since they are more expensive than the ™
suits. They a1l together cost 1000 rubes, and their
quantity is the same. How much {oes one overcoat and one
suit cost together?--100" rubles. How many pairs are there?"

« Trom thissaccount we see that Valya found the mistake in her previous
reéagoning and .changed to another method of solutionﬁappropriate to the

problgm.5 ' /

It should be noted that problems similar, to this one had not been
solved in class before the experiment. Valya herself introduced a methed
similar to the model one and modifiedf{t to correspond with the given

problem; ‘thus she %howed a high lewel of analytic-synthetic activify.

In comparison to these third zréders, a group of fourth grade puplls
isplated some new individual auxiliary methods of analysis and turned to

them when difficulgies arose in the solution.

Sasha D. chose a visual diagram as an auxiliary method.

. He constructed such a diagram for any kind of difficulties

“arising in his problems. Here he had .read Problem No. 20,

and, having isolated the one datum contained in it, drew a
sketch (Fig. 38). ’

. J

-

?Valya K., along with two other fourth-graders who were equipped N
with the ability to change the chosen method of solution on the basis
of reasoning, were pupils of V. D. Fetrova, 172nd School.
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« ., 1560

Fig. 38

Sasha connected the 1560 with both '"departments." Having,
missed the little word "each,' Sasha considered 1560 to be
the total sum of money put in both departmental boxes. Re-,

‘reading the problem, Sasha now isolated those parts which
refer to the sums of money removed. He was acquainted with
the use of the letter "x' from the solution of examples; "'x"

'
signifies, as he knew, a x.unknown quantity, and he noted
it in his sketch:

*

' 1560
Fig. 39

_a*“)—‘_ﬂ
Here both x's refer to a sum that had been removed (he
'did not differentiate them). "1560 rubles each" Sasha
singled this out while continuing- the analysis. "I thought

it was in both!" He discovered his mistake and introduced
the appropriate change in his sketch:

1560 ., | S , 1560
- F;@.'ao

‘He reread the problem in silence. There was a long pause..
"Note the precise sum of money removed,' suggested the exppri-
menter. Sasha immediately tqgpk this hint, noted the correct
sum rémodeddfrom the fixst and second boxes:

v - “
»* ; -
¥ *

. ! . LN
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_ 1560
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He «<hen coneieered th% skech for a long time. ™ :
"What is being asked in the problé&?" the exper:lenter
reminded him. Sasha read and again considered the sketch
and, finally, gave the correct answer: ''They tock out an
entire department...1560 rubles was taken out of both

boxes, and 1560 rubles remained."
]

We see that Sasha returned to the sketch himself, he made .rapid
of a little help from the teacher, and, guided by the sketch, found he
correct method of solution. We remember tpatﬁa numbe¥ o good third-
grade pupils could nOﬁQHQS very detailed help from the experimenter and
could not make produttive use of this methoJ' ) .
Although the use of the diagram was productive for Sasha in that
problem, in both of the otler problems that caused him difficulty (he
solved tws of the five assigned problems very easily) ,*the diagram diq
not prgpel him onto the correct course of solution. He modified his ‘ )
diagram, trying to translate the problem's situation more precrsely *
into it, but did not try turning to another method‘ more det help
from the experiiZnter proved necessary. ' ai&gdp ‘
ﬁﬂen asked who had taught him to make the diagrams? Sasha answered:
Pur teacher sketches like that in class." Indeed, the teacher of this !
class used this 3ethod‘extensively, and of the four subjects from this
_class, two singled opt this met@od, and it became a method of independent
thinking for them. . | ' ..

A fourth-grade pupil of the 172nd 'School (in V. D. Petrova s class)
als°'5lngéﬁ§/DUt her teacher s favcrite method as an auxiliary method--

this was eging analytic questions. Thus, for Problem No. 12, Galya g.
asked the %ollowing question‘at the start of the search for the course
of solution: "Why did'the laborers recelve the same sum of monef%” Later
she tried to explain why a difference of 48 rubies was obtained and,
finally, she asked the germane question, concentrating on the basic
%kgglationship of the Bata: '"Why did the’second laborer have to earn
another 72 rubled?” Asking these questions made it easier to Qetermine
the unknown, making the search for a course of solution more preciee.
Wherever analytic questioﬁs ‘did not simplifYy the search for finding a
method of eolutron, (alya trigd out known methods. ' .
A fourth pupil (Kolya S.¥ used the diagram as his chief auxiliary

aid (in solving five problems, he turned to this method four times).
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Finally, we noticed one or two other methods a;pggside a chief
auxiliary flethod in two pupils in the fourtﬁ grade (also V. D. Petrova's).
The primary méthod used by both girls turned out .to be one their teache;

‘\T;ftﬁn used, the posing of analytic questions. But along with this method,
both gin{;/turned to the method of concretization, and even to the more
,complex method of variation (more cofiplex since it presupposes a
thorough unders anding of functional relationship). This can be illus-

trated by the approacgh of Ga;yé K. to solving Problem No. lé&.

A first woman put 8 logs into the common'firgalace; a
second put in 13, and a third, not having any logs, gave
the first two women a ruble. How should the first two
}ﬁomen divide the ruble? yf/y '
, ;f‘ .

In addition to asking analytié questions, she turned to the method

pf concretization. Finding “the difference between the number of logs

put on thg fire by the first and second women, she askgd this qhestion:‘
"Why do we @ieed this datum? Why did I find it? Ong woman put in 5 logs
‘. more than the other. And if she had given'these five logs to-.thg other
‘ woman? Then 5 logs'wauld have cost 1 ruble 50 kopeks." When she
subg;EZted, she became convinced of the unproductivity %f the é%osenJ
“ datum (she did not discove;mthe way to determine the neccssary connections)
and sought another course of qclution.q This method turnad out. to be
pa ticularly productive in solving Eroblem No. 20. . By gsubtacting
arbitrarily cihosen data, Galya found the unknown easily ("It will always

. be 1560 rubles," she said).

A}

Sonya K., in addition to asking analytig quéstiqns, turned o
diagrams of the probieﬁ (e:g.,'Prdblem No. 14):; we afso noted an attempt
at using the method of variation. 1In %olviﬁg Problem No. 12, she
arbitrarily changed the number of days after which the laborers fulfilled
the givén amount of work. ''If both laborers worked the same number of

days, then the first would have earned 72 rubles mqpe in the six days...

The qthex -earned 72 rubles in 6 ddys and 8 rubles more in one more day."

Prcm here she proceeded to determine the desired connections [72 ¢ 8 =9
(days)]. She also turned to variation in solving Problem No. 14, but she
did not lead her supposition to its coanclusion and turned.to a different

, method instead. }f

-
Singling out the method of variation assumes that one 1is abstracting

\

not only from the features of solving isolated conerete problems, but

-~
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also from the features of solving concrete model problems——the most general
feature of the entire group of model problems is dismembered (equalizing,
. exclusion, change, etc.)—-the proposed change of the value of one pf the
given conditions exXposes the functional ties between the data and
the unknown. If this‘method is singled out, it turns out to be productive
for many problemg.  Using this method shows a high degree of abstract
—. . thought. In the fourth grade we see this process dnly in embryo. For
older pupils and adults the‘nethod of variation is one Sf the §oremost‘
auxiliary methods of analysis:
Thus, in the fourth gP¥atde, the number of good pupils who introduce
different model methods when difficulty arises increasegkiﬁhpils appear
}\ who have selected one or two auxiliary methods of analysis and who use
‘them widely. ]
| The experience of the pupils is increased still more during the 5th
and 6th years of stuﬁy; According to the eurriculum,the pupils should
master the solution of problems of gll types and-be able to solve quite
cgpplex aritnmetic problems. Precisely those more complex problems which
\ are solved by’ introducing not one but a whole series of model methods
eompose the greaE bulk, of problems solved in the fifth,and especiallx in
the sixth, grade. Corresponding to this, the teacher should also intro~
»duce an entire series of model methods-while explaining these mo;e complex
\\Froblems' All of this serves as a basis for the pupils to seleet from a
greater varxety of both model me®hods and auxiliary'tmthods of analysis.
Among the. good pupils in 'sixth grade we can notice a very small
group (4 in 20 -- 20%) 'who, in searching for a eiiugggafto task4problems,
depend on model methods, hardly using auxiliary methods of analysis at
all. Here also, howevéry one can note an essential difference in their
,solutions, as compared with fourth~grade pupils. Due to.the increased
experience of Lheqe pupils, the number of model methods introduced fos
solving difficult problems Increased. Thus, fourth—grade pupils used
one or two model methods for solving Proklem No. 12 and sixth-grade
pupils used three or four. Their reasoning becomes more d&tailed.
"~ However, most characteristic of good sixth—grade‘;upils is the
singling out and the wide use, along with trials of model methods, of ap

entire series of auxiliary methods of analysis. This can n; observed in

»
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16 of the 20 pupils who took part.in the experiment. Six of them showed
a tendency to prefer using chiefly one or two methods, buf.this did not
preclude the possibility of their introducing otﬂ%r methods.

Thus, when Victor T. came across a difficulty, he turned first to a
diagram or a drawing; the method of concretization was particularly
éharacteristic of Edika G., who also used a detailed discuésion, ordinarily
leading to finding the cburse of solution; and so on. The remainder (10
pupiis——SOZ) used different model methods widely as a trial, as Qell as a

'number of auxiliary methods, crossing over from one to the other easily,
.-

until they found what was most productive in solving the problem. for

2 \
determining the connectiohs between the unknown and the data.

Here is the record%ef solution of Problem No. 4 by Valerii A.:

Fourteen m of wide braid and 9 m of narrow braid were
bought. Six rubles 30 kopeks more was paid for the wide .
braid than for the narrow. What is the price of 1 m of
wide braid and of 1 m of -narrgw braid, 1f it is known that
1 m of wide braid is 20 kopeks more experisive than 1 m

“ of narrow? :
This problem turned out to be quite difficult for him,

~» and therefore he did not find ‘a way to solve it quickly.
While reading through the problem,. he immediately determined
the basic method of solving it: '"It will be necessary to make

" the quantities equal," he said, but used this method incorreetly S

at first. Having singled out the difference in price of one
meter, he then figured out the difference of 14 meters and
subtracted it from 6 rubles 30 kopeks. laving obtained 3 rubles
50 kopeks, Valerii realized that this datum is the cost of

equal quantities of braid, i.e., corresponding to the pethod
.chosen by him at the.start -+ "3 rubles 50 kopé&s would be the
fcost . if the quantitips were equ§l,” he said (although actually
making the prices equal, and not the number.of meters). Then

he made the concept of "equal quantity' more concrete: ''Nine \
m of wide braid and 9 m of narrow,' lie continued, "and the

wide braid is 20 kopeks more expensive than 9 m of the narrow."
This repetitiou$ isolation of 20 kopeks in the néighborhoog of .
9 m evoked a new synthesis: 9 m-- 1 ruble 80 kopeks. "For 9
meters ghere .is 1 ruble and 80 kopeks difference, and 1 have

3 ruble® 50 kopeks in all," and thus he compared both data.

"What's the matter2! (He was bothered by the small ygum -- 3
rubles 50 kopekx, which even he realized as the cost of 9w
of both kindgVof braid). "1 made the quantities equal,” he

continued, Mand now I must make the costs equal. Then one can
equate the prices ahd divide by the meters.'” He noted again in
generalized form the future development of ﬁhe course he had

+  chosen, but he did not discover his mistakei #3.50 - 1.80 =
1 ruble 70 kopeks.s "I equated the cost...9 m of one and 9 m
of the other-- 1 ruble 70 kopeks." Now it was obvious that the
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‘He explained: "There were 14 m and 9 m, and 20 kopeks extra."

SR

[ -

data obtained did not correspond (18 m of b:aid cogts 1 ruble

70 kopeks), and Valerii turned to the problsm's' text. Re-

reading it, he exclaimed: "jha! The thing is that the problem * /
says it costs this much more and not just this much, as I had

thought!' The mistake was found, but the course of solution -

was still not clear. Valerii silently ‘began to draw, represent-

ing visually the differences.in the number %f.meters (Fig. 42). S

He repeated, "And there are still 6 rubles 30 kopeks. No, 3
rubles 50 kopeks." He has conveyed the problem in a more
abstract form, isolating its basis and introdpcing the datum
obtained earlier. "There are always ZO‘kOpeks extra, and this
.increases to 3 rubles 50 kopeks'~-he has determined the functional
relationship, although he recognized the 3 rubles 50 kopeks

incorrectly here (and ‘therefore the connection itself is false).
He represents visudlly th qituation which he extracted and .

introduces precision into his awing (Fig. 43) . e // .
“. . < ’ 0
~ ‘ g L
/ . ‘ - . P
Fig. 42 Lnl Fig. 43
The narrow rectangles here signify the repeated Pextras" of .
20 kopeks each. “

-
"I don't understand," said Valerii, "why 1t increabed bydp )
3 rubles 50 kopeks for 9 meters? In 9 m they (i.e., the ‘extras'
of 20 kopeks) should‘only be 1 ruble 80 kopeks.' By asking
an analytic questien precisely, Valerii determined the erroneous-
ness of his reasoning.-

"If a& the start..." (He seeks a newtcourée) ”fk these 20 . / ;
kopeks are equated, only 5 m remain." And he finally isolates : ’ .
a very important, datum, but is still unable” to use 1it.

7
~ "Six rubles and 30 kopeks more, and not the cost of all the i
braid, 3 rubles kopeks does not correspbnd to these 20
kopeks...." Noi/seeing the procedure, Valerii turms to the method
of analogy: "T have to take an easier example of a similar
problem," he said. '"Ten apples of the best and 10 apples of the
second quality. The Tormer are 20 kopeks more expensive. If
we took 9 portions and another 9 poftions, increased
by 20 - 9 # 3,50 - 9 x 20'"--he crosses over from the analogy to
.the original problem, while he tries %o introduce the method
of portions (accoxding to the type of problem on sum and multiple

~5glationship), but disregards it, not seeing a way out, and re- =

reads the text. 'What did 1 equate?') he asks himself an

. 150 ) ‘
: hN

. \l{,‘qﬁ —



- . -

i . : e .

analytic question. "I equated the quallyfes. There were 14 m
of the wide, and now we can consider eve{ything to be narrow,
and hence 23 m of the narrow." He has prpduced an auxiliary ‘
,synthesis and, finally, found the right gourse: -"Five m difference.
Nint m cost more thap the 14 by 3 Yubles 50 kopeks. Anhd that's
£11," he apnounced inpily, without even carrying out the subse—
~ quent calculations -- the rest of the procedure is clear. : f

" The record introduced here (and it is characteristic of the other

*

subjects in this category) testifies to a high level of analytic—synthetic
activity®in solvimg arithmetic problems. The method of equating chosen

by Valerii on the basis of the solution is very generalized (equating

in- géneral, arbitrary data). This high level of generality allows it

N to be used more widely (he attEmpted to equate at'first the quantity, .
then the cost, etc, Yo X S S .
He had selected a whole series of auxiliary mtthods alonglugth
‘ the trials of thg model methods. He turned to the auxiliary methods
when difficulties arose. In soiving tha given problem, Valerii introduced
the methoda of concretization, abstraction, anajogy, diagrams, and others,
as we saw. The use of a’method helped Valerii to make his analysis more
thorough and precise, to discover mistakes and thereby to come closer to
‘finding the unknown. Both the model and the auxiliary methods became
methods of creative thought for him. Active enlistment of trials of
mooel methods as well as of auxiliary methods of analysis in seeking a
solution, and ease in transferring from one method to another can be
,observed in all of the pupils in this catepory.
‘To see more clearly the basic trend in isolating the methods of
'analysis by the pupils, see Table 8. In it we have shown the distribution
’ of~gooo third-, fourth-, and sixth-grade pupils6 (the ones useg in the
experiments) accordlhg to groups, depending on the methods of analysis

-

they chose,

- o -

.. We see\Xhat a very "small ‘number of‘third grade pupils turned to the
trial of model methods when difficulty arise. In fourth grade the best

pupils used isolated auxiliZ®ry methods along with the .model methoas. The

- 4

-

, 6

Thc fifth-grade pupils occupied an {ntermediate position between
the fourth- and sixth-grades. [ noticed nothing basically new in the
éicords of their solutions. Thereforc I do not introduce their ddta.
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. éreat bulk of the good sixth-grade| pupils actively used an entire series

of auxiliary methods when difficuity arose.
o,

- : TABLE 8
Use of Methods of Analysis by Pupils of Grades 3-6

Grade * - 3 4, 6
L ‘ No. of No. of | No.” of
evet : pupils | % puplils| % pupils %

I. Do not déé either
trial of model methods

or auxiliary methods .6 80 , 9 45 - _—
. II. Search for the

solution by trial of } .

model means : 4 120 5 25 4 20

III. Use chiefly
auxiliary &nethods . - - 4 20 6 30,

IV. Use a number of
auxiliary methods
along with trials
of model methods . | - - 2 10 77 10 50

The comparison of the records of solution of arithmetic sum-

problems bv excellent:students from six grades and bv adults has shown. that

there are no essential differences. This might be because the direction

of further development does not proceea towards improving arithmetic

methods of solviné problﬁms, but towards the mastery of new algebraic

methods of solving them.® These methods require a highgr level,of.

analytic-synthetic activity and are much more rational. It 1is natural

that once having mastered them, older pupils and especially adults will

use these methods in solving proble‘s; Requiring that a problem be

solved by arithmetic meuhadshgaasé:ﬁdifficulty for many of them. Thus,

in sixth grade (at éhe ﬁument of completion of the arithmetic curticulum),
the mastery of arithmetic means eof solving problems (and, consequently,

of Enalyzing them) attains its highest level.

Thus, the iﬁveétigation showed that. the isolation of auxiliary‘means
of analysis and the transformation of these into means of creative thought

R

isra complicated analytic-synthetic process.
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stdges of learning, when the pupils are still
olving problems, even good pupils will not single out

auxiliary methods of analysis: They cannot use them even with a
direc;\afhixipaé the teacher (or the experimenter). With few exceptions,
they do not turn to the trial of mogil methods when seeking a solution.
The use of one method for a given problem precludes the possibility of
using another method, which 1s evidence of a sigﬁificant stagnation

in forming systems of connections. ' *

With the broadening of the pupils' experience, they begin to intro-
duge various model methods of solving problems at the start on the basis
of coincidental, sometimes inessential, elements of simllarity between the
froblem being solved and the corresponding model.

- In the future this trial of model methods in conjunction with a
higher level of analysis leads to the modification of the most suitable
" model method corresponding to the situation of a specific problem. At
this level the model method itself is included in a more abstract form,
which is a result of the high degree of abstraction from the specific
features of the original problem. The pupils develop a quite mobile,
dynamic s&stem of connections (corréspoﬂ&ing to the idolated methods of
solution), and inter-system comnections arise between them, guaranteeing
‘the possibility of transferring from one systam to another.

. Auxiliary methods of analysis are enumerated and mastered, along
with the isolation of the model methods. At first these are isolated
.methods; later they are an entire serles of methods used widely in
seeking a course of solution.

In solving a group of model problems (equatiens, transformations,
etc.)é?good'gepils single out their common elements—arbitrary (in the
order of a proposition) changes of the data contained in the problem.
Abstracting themselves from ether model features of the solution of these
problems, they use this general sign extracted by them as'the basis of
an auxiliary method of variation. Other methods (graphic analysis, etc.)
are chosen by the pupils from the methods the teacher has used in the

breakdown of difficult problems.
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5. Developing Auxiliary Methods with Weaker Students

Independent isolation and mastery of auxiliary means of analysis
in classes where it is not especially taught turns out to be beyond the
powers of the éest pupils. The weaker pupils even in the higher graﬂes
(6-7), as the investigation showed, were not in a position to isolate
and master these methods by themselves;in the best conditions they used
the trial of different model methods.(without modifying them) .

Can weaker pupils master the methods of analysis if the teacher
especially trains them? What difficulties arise then? How is the mastery
of these methodd reflected in the independent solution of problems?

I conducted a training experiment with a small group of pupils, to
invéstigate this area somewhat. The three poorest pupils (2's in mathe-
matics) in grade 4B of the 64th School in Moscow were chosen for the
experimental study. Sixty lessons were conducted with them, from October
through March. In-the second quarter they received passing marks, and
.they passed their examinations well.

One of them, Zhora, was a quite diligent, quiet, but slow boy.

, Although he did not show any great interest in mathematics, he could study 7
it for a long period. ‘To'understand a new problem, he needed an extremely
detailed explanation, along with, an orderly transition from the’visual
;ituation (sometimes even with the elements of dramatiggtion)to the
generality. He‘frequently Epded simply to remember theICOurse of
solution of problems, and he often recalled the solution of similar
problems.

The oﬁher two pupils, Felix and Tolya, had much in common: They
were quite quick—wittéd, esﬁecially Tolya; they were proud, lively,
easily excitable, with a very .unstable attention span. When they had a
personal irterest, they learned Ehe material comparatively easily, and

- searched for the course of Solution"themselves,Tnm;they were very much
given to rapid, superficial conclusiops. As soon as the personal interest
declined, serious difficulties arose in the solution, and they put aside
the work easily, or else they began to solve by manipulating the numeri-
cal data, adjusting the solution to fit the answer (if it was known). The
basic reason {or their poor progress, obviously, was thelr very unstable

N 7
attention and intellectual. passivity.

-

70n this type of poor progress in pupils, sce the article by Slavina
[371.
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To avoid this passivity and to force them to work harder, we had
to introduce some elements of ‘play in gﬁe first lessons. Each pupill
acquired a form (a "table,'" as they called it). An answer to a question
or the solution of an explanation of the method of solving a problem
was evaluated with marks; each of them entered tyese marks in the "table"
and added them at the end of the lessons; good answers ingreased the
number 6f marks, and baq ones were subtracted. By the sum of the marks
it was possible to judge who had done the best during the lesson.

‘ This system of marking, by introducing competition, forced the pupils
to work more actfvely and at the same time not to answer hastily with
ill-considered answers; the boys began .to work more attentively.

) Gradually an interest in the subject itself was awakened'iﬁ\fhem, as
well as an interest in solving rather complex problems, and the necessity
for the '"tables' disappeared.

The first lessons showed that all of these pupils!were on the level
of a seldom-productive "elemental'' analysis. They isolated first the
numerical quantities from the text of a problem and combined them, guided
primarily by the comparison of their abselute values (their multiples,
etc.)aﬁd secondarily by the presence in the text of isolated words which,
in their experience, were closely coqnected with definite arithmetical
operations., For example, the selection of the word ”mbre” always evoked
an attempt to carry out addition or multiplication; if both numbers
were large, the pupils ordimarily chose addition; if one was small,
multiplication was usually chosen. The selection of the word '"'less,'
by the same token, led to the choice of either subtraction or division.
It is interesting to note that wherever there was some conflict between
‘the numerical data and the verbal components of the problém, the first
always won out. Thus, the numerical data 25 and 5 wer isolated, as
well as the words ''greater than.' The number 25 was easily and usually
divisible by 5,‘§nd the words ''greater than' required mul%iplication~-
'so all three boys chose division. Here, obviously, the habitual, well-
established combination of numerical data was active, and the more
secure stereotype went into operatlon.

of
In solving problems these pupils tried not so much to understand the

ya .
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essence, of the operations as to memorize their sequence..‘"I under-
stood," Tolya gonsoled himself somehow at one of the first lessons.
"First you subtract, then divide and multiply."”

| Arithmetic problems were examples to them, where one hgd to carry
out certain arithmetical operations with numbers. They did not try to
.imagine the real, vital significance of the data in the problem. In
considering a préblem, they could easily assert an airplane’s speed
as 8 km/hr., and a train's speed as 9 km/hr., and the like. Nevertheless,
in a conversation not connected with solving problems, the boys could
name the characteristic speeds of these vehicles. In choosing data for
problems they composed, they simply did not think about.their real
significance; they chose numberswith which it would be easy to operate
when carrying out the arithmetical operations (division, multiplicatign,f

[

etc.) - .
Mastering the purely superficial aspect of the solution fairly

easily, the boys, especially Tolya and Felix, learned how to solve one
type of problem rather quickly. But what vague conceptions were some-

times covered by these supérficially correct solutions!
For example, at one of the first lessons the following problem was
assigned:

From two communities situated 84 kilometers apart, a
_horseman and a pedestgpian were sent out in the same direction.
- How much later did the horseman overtake the pedestrian, if
the pedestrian travels at 6 km/hr. and the horseman at 13
‘km/hr.?

I This type of problem was being solved at that time in class, and

1e boys quite adeptly carried out the appropriate operations:
4 .

1) 13 -6 = 7 km.

2) 84 ¢+ 7 = 12 hours.

-~

A\\\\io clarify to what extent they had realized the course of the
roblem’s soluLion they were required to draw the distance between the
cities and note the paths oﬁtjmzhorseman and the pedestrian (diagrams

N
had already been used in connection with solving problems of motion).

-

o . 156 '

Q. . 1 /()

5
A




Tolya did the problem in the following manner (Fig. 44). 1In
. Spite of the teacher's direct instructions, both the pedestrian and
the horseman (judging from the drawing) left from the same point,
and the sense of ‘the problem was distorted.
Felix omitted. t.he distance hagwaen the pedestrian and the horse-
man, and it was t&small and did not correspcnd to the distance of
84 km which hg,indicated (Fig. 45),

¢
»

- : 84 km

A 4 B
' *
&
_— 13 km horseman
w\ DU 6 km pedesgtrian
t - * . ° .
Fig. 44 »
. Horseman ‘Pedestrian
# - : -
~ —>
\\\\ ‘g-g -
k \\s‘ _____ _..-“ ' =
h}' 84 -
. . 4
-y R Fig 45

Zhora, intraducing a line, marked off 13 km on one end and 6 km
on the other (hardly any shorter) (Fig. 46)

S ~ 13 km 6 km
, N \

| ~—> B

- . Fig. 46 '
"And where is the 84 km? Mark it off," the experimenter requested,
and Zhora added it (Fig. 47).

.

A —=——=> 3
13 km 84 km 6 km
Fig. 47
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All three dréwings show very clearly that in solving the problem the
pupils did not imagine the real situation described in it, and they
carried out only the familiar order of the arithmetical operationms.

The choice of the arithmetical operations, as was noted above, is
sometimes determined by the nature of the numerical data. Thus, after

solving a series of analoguu§ problems, the following. was assigned
One meter of satiny;osts 5 rubles, and 5 meters of sa in'

cost as much as 4 meters of linen. How much does 1 m of.

linen cost?

Logically, the solution should be carried out by the following
operations:

1Y 5 X5 = 25 rubles .
» 2) 25 rub., * 4 '

But 25 "is not divisible' easily by 4 (one ruble must be, expressed
in termé of kopeks). From the s;andﬁ%int of ease of pefforming the
‘arithmetical operations, these data are more easily combined in this way:
5X'4 1 5 g ;

. and the latter prevailed; all three, in spite of the logic of the solutionm,

combined the data in just this way. The "hypnosis" of the numerical data

proved stronger than comggzzgense. ‘ _
All three pupils did t realize the real significance of the

. question of the problem, did not consider the preblem itself as a question
whose answer might be .obtained on the basis-of ﬂie data contained in it, *
The ceurse of»solut{on of the problem was largely dependent on the nature
of the preceding problems. Varying the question of the problem did not
cause a corresponding change in the arithmetical operation ih'them. 1f

. theynchose addition in the preceding problem to answer the question, "How
many were there in all.h..” in the next problem they would also ‘add,
although the problgm might require finding how much greater a certain
~datum was than aAZLer (i.e., a certain stagnation occurred, a striving
for a pattern).

For the quustion yHow far did the train travel?" Tolya thought up

the following "problem”: A train covered 240 km in 6 hours," including
in the "problem” precisely what it should have asked. A

For the question "What is the airplane's speed?"” Zhora thought u
pial p

this “'problem”: "The airplane oovered 32 km in 4 hours (!)., 1Its speed
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is 8 km." Here too, as we see, the unknown 1s included in the text of
the problem; it is knownm. |
v This sluggishness and striving for a pattern are easily combined

with an'ease » transférring the method of solgtion from one type of

problem tp anot
similarity"ip :

@\ on the basis of random, sometimes solitary signs of
"tuations of the problemb. The presence in a problem
of a multipl% compafIBon (so many times bigger than...) for examfle, is
a basis fo; transferring the solved problem to problems on "portions."
,. The nature of the preceding problem has an eSpeciglly great\influence
J here. The pup{ls solved this problem on sum and difference:

There were 300 books in 3 boxes. In the second box there were

- 40, and 20 books more fin the third than in the first. How many
books are there in each box?"

-

Then the following problem was assigned:

.

There were 420 books on 3"shelves. On the first there were
100 books, and 50 more on the second than on the first. How
many bigkﬁ were there on the third shelf?"

s
All three of theﬁisolved it in this way:

1) 100 + .50 = 150 books.
2) 420 - 150 = 270 books.
3) 270 ;-3 ... etc., N\

i.e., as the preceding problem on sum and difference had been solved.

[

A low level of afalytic-synthetic activity, in combination with a
certain sluggishnes; and striving for a pattern (which is determined by
the presence of inflexible systems of connections), seen in the pupils.
chosen for the experiment, is very typical for pupils who are progressing
slowly in arithmetic, and therefore it was described here in some detgil.

Much painstaking work was required to teach thg pupils to make an_

attentive breakdown of problems and to sanalyze them productively. f

First it was necessary to shew them the function of the question
of a problem, to show the relatlonship of the nature «f combining the
data from theN\final question, and to dissuade the pupils from "superfluous
synthesis,' unwarranted by the situatipn of the problem. A very positiﬁe
role was played by trick problems in this. The following proKiem, for

| -

3 SMenchinskaya [15] noted similar examples with first-graders.

=
i
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example, was assigned:
Three bicyclists covered 30 km in 3 hours. How long
would it take ome bicyclist to cover the same distance?

Zhora immediately divided 30 by 3, and Tolya star™gto multiply
3() bg 3.- Only Felix at first was silent, then smiled amd did nothing,
ekplaining to his classmates what their mistake was.

Such»trick problems, offered along with regular ones, forced the ,
pupils to rema%g on guard (they did not want to be caught'in a ridiculous
situation), and showed them that there is a definite relationship between
the data and the question of a prpblem. Problems with insufficient and
superfluous data forced them to turn their attention'to the ‘analysis of
the data, their evalduation, and the choice of the necessary data to !
correspond with the final question. ‘

In order to emphasize the importance of the question still mo:e\ - B
(1t v the question, the unknown, which determines the direction of the
gnalysis), muc& attention was given to the choice of different questions
for the same problem (the me'thod of varying th& question). The pupils
were convincad that a, change in the final qus&tion also involves a change,
in the nature o? the arithmetical operation;jwith a change of the unknown
some datum mfght be Superfluous,‘and some necessary data might not be .
sufficient. The pupils themselves composéd problems to go with a questiom, /\
o they chose a ques;%og to go with data, and then, changing the question,
introduced the appropriagquﬁmgge in.the problem.

A probleﬁ now appeared to the pupils to be a sinéle whole, all parts‘
of which have a special significance and are tied to each other by a
principle. They became convinced that manipu;ation of isolated data,

- taken at random from the problem, does not lead to.,the desired goal. They
began to be trained to evaluate the data and their possible combinatiOns'
from the standpoint of thelir sigq}ficence for finding the unknown. '

A method of schematic notatior of the problem; to simplify its ~
analysis, was demonstrated to ghe pupils. This method is useful where
the text of the problem is cumbersome, ‘where itiis difficult to arrive at
the relationships between the data. A standard form for wr iting down the

problem was not given. The pupils were asdked to finé_the most reasonable



9

one themselves for the given problem. Thus, the following problem9

@

was’ given: -

\ -
12,000 cubic meters of firewood were brought in:

4000 cubic meters of it were birch, and 2000\ cubic meters more

were aspen, and the'rest were spruce. After some time,.

3000 cubic meters of-the aspen logs had been sold, and

2500 cubic meters of the spruce. How many cubic meters

of each type of firewood Femained? &\Ch

With the teacher's help, the following Lar; was made:

Firewood Brought in Sold Remained

_ Birch ¢ o . . 'c e . 4000 Cubic M ? ' ?

4 - A -
Aspen . . . . . . . | birch 4+ 2000 | 3,000 cubf< m. 2
\\ g cubic m.
- SPrUCE 4o + o o . ? 2500 cubic m. ?
Total . . 12,000 cubic “7? ?
o m.

~ L4
»

This chart helped them to compafe thé»known and the unknown data more
easily and dimplified finding the course of the solution. .

Sometimes this type of diagram was supplemented (at the teacher's
suggestion) with a sketch. For exe‘ampl‘e% in the problem:

It is known that the area of Lake Baikal is 34,000
square kilometers ‘and the area of the Aral Sea 1is
30,000 square km gigger than Lake Baikal, and that
the area of the Caspian Sea is 335,000 square km bigger -
than the areas of Lake Baikal and the Aral Sea together.
What is the area of the Caspian Sea?

The pupils made the fqllowing diagram:
~ .

pij I Area of Lake Ba¥kal -~ 34,000 square km
. ! o
11 "' of the Aral Sea --~ area of Lake Baikal +
i 30,000 sq. km. -
III " of the Caspian Sea — area of Lake Balikal +

area of the Aral Sea +
335,000 square km.

\ What is the area of the Caspian Sea?

9The problem was taken from the standard textbooks and problem
books of Ya. F. Chekmarev and others.

]
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However, this is cumbersome and does not give 'a clear representation Q§f

the relationship of the quantities. Another sketch was made (Fig. 48)'“

I. Area of B. /f[éjj;i2;}/ : '
)
, Avea of B

II. Aﬁea of Ar. “/l/§Z§i;§;/<f 30,000 sq. km
: Sea ‘ Ny y -
Area of B Area of Ar. S.

III. Area of C. Sea. fﬁ;{;ﬁ%ﬁ%ﬁi;?q 30,000 ?é- km 335,000 sq. km

AP — T T
Fig. 48

_dn construétingthis tvpe o scheme th§ pupils carried out the necessary

anaiysis, and the method of solution became clear to them. -
The pupils very quickly recognized the value of the sketch, and
they began to turn to it themselves when difficulties arose. ”If you
write it down better‘\f%en At's easier' is the conclusion which,Eelix
drew, and he himself 'sought a more expressive diagram.
At first the following problem was di#ficult for him: ‘
A store was supposed to receive 115 kg of boiled butter
at 18 rubles per kg and 135 kg of cream butter, the total -
coming to 4770 rubles. But only 75 kg of boiled butter

was delivered, and all the remaining money was spent to buy
the cream butter. How much cream butter did they buy?

At first he wrote down the conditions thus:
5 3

115 kg of boiled butter at
18 rubles per kg

435 kg of cream butter - 4770 rubles
& .

’

75 kg of boiled butter

This notation did not satisfy hili and he himself attempted to
improve it, without any coaxing from the side:
1 kg at 18 rub--115 kg of bld but. 75 kg
\ 135 kg of cream butter ) ;} 4770 rubles
Th;n, with. the teacher's help, the diagram was made precise:
115 kg of bld butter at 18 rubles 75 kg
135 kg of cream butter at ? ? } 4770 rubles.
For finding a method of solving less complex problems, this type of

visual analysis is sometimes sufficient (with the help of diagrams and
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sketches).

~

In more compléx problems, when it was difficult for the pupils to

the data, they had to turn to a mqu\?ore detailed visual-schematic

analysis of the problem.

'separéte the relationship basic to the solution between the unknown and

I introduce an example of the analysis of this tvpe in the soilution

of the following problem:

NG

Two bags of potatoes were boughtg In the firsf,there were
30 kg more than in the second. Forty-two kg were'taﬁen from
the first, and 10 kg from the second. In which bag were there

«

more potatoes, and g pruch more?

At first the condit

‘bag 1-- 30 kg more 42 kg
bag 2— " 10 kg

In which bag were there more potatoes a

Then it was depicted schematically:

ns were written ;ike this:

- 4
nd how much more?
,"\
.-

bag 1 30
bag 2
Fig. 49 )
Then they introduced the second part of %he problem into the
scheme: : : -
bag 1 oy 30 -y 42
bag 2, W10
n Fig.’SO \

However, the pupiis could not relate th
the basis of these diagrams. Tt was necessa

articulation. At the teacher's instructions

e unknown to the data on
Yy to turn to a more detailed-

, the pupils returned to the

original data, and, noticing the 10 kg removed from the second bag,

carried out an auxiliary synthesis, elucldating what difference there was

then between the bagsy:
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) bag 1 [; ?05 30 |-42 o
\ . * 3 r .
v : -
‘ t
bag 2 ¢ . » .
2 ’

Fig. 51
Then they turned t& the 42 kg removed from the first bag. What

was it composed of? They considered thid sketch: ’ ‘ .
: : ~
T
4 bag 1 - 2110} 30
5 P '
. \ .  —— | ’ ‘-‘_—‘gf(r
Co . bag 2 o) o
— t ‘
. N
Fiﬁ: 52 - -

13

v Ip considering theisketch, the pupils determined that the numerical
datum 42 kg includes these superfluous 30 kg, and 10 kg morp, and 2 ' .
kg more. Only after allsthg indicated portions had been no:-_id on the
sketch did the pupils who were considering it £ind the necessary relatioh- -
ship between the unknown and the data and determine the value of the,
unknown Fd . .A 3

Work was begun to make the analysis of the data and the functional
ties between them more thorough

The significance >f each concept in the text of a problem was r
explained in detail, and visual material was introduced wherever necessary“
Much atgention was given to words expressing the relationship between the
data (so much bigger than, so many times smaller than..., many similar ‘

ones) . 10+ Afte® solving a problem coﬁfaining, say, the words "so much

’ bigger than...," t@e upils substituted the words ''so many tides smal
than" and explained how this substitutlon was reflected in the method of
solution. This type of pre&ifce taught them to treat each Word in a
proble?fﬁarefully -

* Much attcntion.wae devoted to the elaboration of tjii proper conceptions

and the reinforcement of the knowledge of the functional relationships

between sthe data.: We shall show how this work was conducted by

1 € : . .
0More details on work with words in solving problems can be seen

in the article by Bogolyubow [4].
o . .
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an example of solving a problem on motion. .
A simple problem on motion was chosen: ;
. . ’ h H
A train traveled 100 km at a speed of 25 km/hr. -
How long did it ‘take to cover this distance? .
y The pupils wrote down the data: oA ’
; Distance -- 100 km. . e ' |
’ ' ' B . _ 2 ¥
> 25 km/hg . . .
) T . )
what the distance, speed, and time were (some .
}
explanation of these concepts had been given earlier), kLbbegan to Cos
compose a table wherge the known quantities were marked by a plus sign,
- and the unknown ones - by'a question mark. In this problem the d*stsnce
and speed were known, and this was noted’ in the table: = -
. Distance + ' . s" Y
. : LY .
ar ,. ‘Speecj‘ ' + ¢ ‘
" Time ‘ r? ) RN ) .
. We then explained possible varilants of this probfem, and we. intro-
duced the appropriate signs into the table: _— s -
L) ’ ~ .
., - I I1 . I -
o Distance’ + B o ? )
‘ - : '
. Speed ¢ . + ? +
. "Time . . .2 o+ .
D - * o - .
- ' The other types o6f problems were thounht up by the pupils them-

" selves, and then they were asked -to read through a number. of problems on
P Nmotidh in%the workbook ardd to group them aeeoriing to Lhe ‘table. "This

type of exercise is useful not ,only for reinforcing the knowledge of the

»

'piven functional relagibnship but alsa %or bnogﬁening the conteft gnd
. sLOpg,of the pﬁgﬁl& mathegatical qoncepts. In making ths grouping of

the problems, the pupils should subordlnate a narrowbr v1sudl concept

hours, andy sometimes days are. referred to.

”known and the . known dats in the Ldble, should place Lhtse:\diﬂferent

)

N to a wider,. psneric one. Thus, in Lhe varéous problems, second&iiminutes

The pupils, in notlng the {

~

“concepts under the generic concept of time
- .

. - . . «
re . .
.t . . v .
. . . * :




After a sufficieﬁh number of exercises, a generalized conclusion
can be drawn about hewgto find the time when one knows the distance
a the speed, aboutagiiermining the distance by the time and the speed,
‘about.what.data‘are necessary fqr‘determining the speed, etc. That is;
§ rhe kgowledge\og‘functionel ties is reinforced. ) N
) How ong datum.changes with respect to ehanges in another 1is also
clarified. To do this we leave one of the data unchanged and, giving an
arbiltrary value to anbther datum, determine how this increase or decrease
is reflected in a third datum. . -For example, we give a train a constant
speed of 20 km/hr and explain what distance it covers at this speed in

6, 7, 8, etc., hoursy We introduce the appropriate data into the table:

Speed . Time: 5 hours® 6 hours 7 hours " 10 hours

. 2Q'km/hr. ™ Distance: 100 km. 120 km. 140 ka. * 200 ka. -

3

»

We conclude that with an imcrease of the time in motion, the
distance covered also. incregses, and that this is a. direct relationship.l%
/ . "And what will happen with the time if we ‘effange the Speed but the -
) distance stays unaltered?" We pose the question and begin to seek an
dnswer to it, This is an inveree relationship, and it is much more diffi-
‘ cult for the pupils, therefore we are guigpd by an auxiliary sketch while

compesing the table

et

Dis‘tange—;}OO_kmr T '

; / ~ Train | - Alrplane Bicycle
+  Speed . e < . '
. , ~ : 300 - {010
(kan/hr) 30 3050 100 , {50 . 3 ‘ .
“ Time ’ ) :)
Co 15 ) 2 30
N (hrS-) 10 - 3 . ! i
_ Speed 150 km/hr. : . ,
) ‘ : N : x 300 fkn
. o —~ X e !
* 1 hr. . l.h® _
_ Speed 100 km/hr.
A x X —_—— - = ‘_-— — e - —— X me——— a— waae w0 e e e —— - — —— N Y .
B 1 T YR % 300 km
o : - Speed 300 km/hr.
. g.J_i e e ii e o e X 300 ki
. : 1, hr. ) : :
i . . Lt.(..n \
. . ' r | 3 ' .
- : . T , - , .
ll&he @ncepts of direct and invers& relationship@ 1 have alreudy !
: intrﬁuced and consolidated. = ; - .
- ‘ . lg)b ‘ ‘ ' - . N !

s < o .
| " . , IR PIERN
' -1&5]) B N ! ' :




-

Again the generalized conclusion of the inverse relationship is *
drewn here.
Passing on to more complex problems (on meeting), we constructed
the work according to the same plan: We explained that here, in contrast
to the other previous problems, two speeds are given, corresponding to
the two moving objects; the distance traveled by each objact separately
can also be determined. Again we explainythe possiblelvariants of the
problem; we may think them up or select them from the workbook.
The same type of work was dohe on another type of*quantitiesﬂthaff
| ‘were functionally interrelated. Thig work created a basis for the use of
"% the methods of variation, so widely used by adults. - R
Analytic questions were us@d extensively in tﬁe analysis of problems,

« . . . $ .
explaining the basic interrelationships

o calling the pupils' attention
between the data, to exposing the basic link of \be problem. Thys, the
*  question, "Why can the express train catch yp- with the passepger train

v

N which left earlier?'" directed the pupils attention to the difference o,

in the speeds of both trains and simplified findingf a way to solve the: \
,problem. With this type of question the pupils were taught to isolate )

the main part of the problem, it§ "kernel." .
1 have made only the first stepd in training pupils to use

auxiliary methods witich simplify seeking fpr a method of solution of ore

complex ta&k—proble s.  The results show the possibility, in principle,

of reaching a level where not only the best but' even the fweaker pupils

can master thebe methods with special training.\\However, we attained ‘\'

this only under the conditiond. of the experiment, with individual train-

ing. : , -

Can this type of method be taught in the ordinary’ Londltlonb LA class?

To efliy this pO%%lblllLy, expe:imentgl instruction in one of the auxiliary
1
methods under claesroom conditions was done by the teacher A, E._Kozlova

. . ) ¢
- (132nd School in Muscow) . . o

As an prerimental method we chose .the méthod of asking the analytioc

“question "'Why?" recommended by the pre-revolutionary methodologist Latyshev.
¥4
A. E. Kozlova (teaching second and third gradeg) asked this question every

time a problem's structure permitted it, and turned the ‘children's gttention

to the fact that this question made it easier to understand the problem. 3\
sy .- K .. .
e , ,

v
-

ZHer work has been publi shed {n Reoads to Inproven Progress in Mqthe—
maticy (see [4]).
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Later, in third grade, the teacher asked the pupils to ask a "Why?"
question themselves when they had isolated appropriate data. The answer
to this question helped the pupils to disclose the relationship between
the unknown and the data. Such work was done regularly.’ .
To what extent did thé pupils master this method? . Were they able
to ask this question independently? Does tﬁis simplify the search for
a metho? of solution? A controlled experiment ‘was conducted at 4he end
of the year to answer these questions. The pupils were given a problem
on exclusion of one of the quantities, whose method of solution was
not familiar to them, as a trial experiment showed.’ .Ttis problem was
asked individually of seven pupils in the class., Five of them, having
asked the question, “Why was more pald for the second purchase?', could
then find the correct method of solution, using this questiod. The
other two, having asked the question, could not. For éhem this method
had still not become a method of creative thought. We can still maintain
that kozlova's exper iment showed the pQQQibility in principle’ of teaching,
under classroom condi%ions* methods whicﬁ'simplify finding a method of
solution of more éoméiex task-problems. . '

» In the investigation, only somg of the possible ways of teaching
methods of WOrk}ng oﬁ problems have been'noted. Undoybtedly, there are
oéher, perhaps more productive,methods being used in Eﬁk work of the best
teachers. We must disclose these metho&é\i?nd teach how to use and popu-
larize them.

With respéct to each method inves;ﬁgated, it {s necessary to

determine at what age level (in.what ggsde) and with respect to which

gropmp ol problems the method can be u}svd, and how to teach the n;et}lmd 50
that it will become an independent method of thought for the pupils’

It would‘be particularly desirable for the teachers themselves‘to
study the investigation of the problems indicated here. Combining the
researchers and the teachers into one body makes‘the work more productive,
answer iny the inquiries of practice indirectly. . . -

The Author hopes that her research will help teaa}.rs’to regar#
their methods of- teaching problem solving critically agi\tu address them-

selves td sceking the most productive methods of breaking down’ problems.

168

-

1go



10.

11.

12.

13.

14.

15.

Engels, F. Anti-During, Ogiz, 1948,

¢

\ v )
—

+ REFERENCES

LY

¥

Bellyustin, V. K. Methods of Arithmet{c, 4th ed., Moscow,
1908.

<

Berezanskaya, E. §. Methodssf Arithmetic, Uchpedgiz,
1947. i :

Bochkovskaya, O. T. 'Problem-Solving as a Mdanas of Developing
Logical Thought," In A. S, Pchelko, (Ed.) Solving
Arithmetic Problems in Elementary School, Moscow,
Uchpedgiz, 1949

. Bogolyubov, A. N. j'Work with Words in the Solution of Arithmetic

Problems in/Elementary School,' in N. A. Menchinskaya and
V. I. Zykofa, (Eds.) Roads to Improved Progress in
Mathematics, Publishing House of the' Academy of Pedagog—
cal Sciences of the RSFSR, l95§

Chekmarev, Ya. F. Handbook for Teachers in Eleméntary School.

Chichigin, V. G. Methods of Arithmetic, Uchpedgiz, 1949,

Egorov, F. I, Methods of Arithmetic, 1893.

L3

-

Erﬁ, F. A. Essays on Arithmetic Methods, Riga, 1912.

Evtushevskii, V. A. Methods of Arithmetic, 18%2.

Kavun, I. N. ,‘and Popova, N. §. Methods ofﬂTeachinngrithmetic in
the Elementary School, Moscow-Leningrad, Uchpedgiz, 1936.

Kozlov¥a, A. E. "One Method of Analyzing the Condltion ofera Problem,"
in N. A. Menchinskaya and V. I. Zukova, (Eds.) Roads to
Improved Progress in Mathematics, Publishing House of the

Acddemy of Pedagogical Sciences of the RSFSR, 1955, pp. 75-82.

Latyshev, V. A. A Handbook for Arithmetic Instruction, Moscow,,
1896. »

Lyapin, S. E., (Ed.) Methods of Teaching Mathematics (An Aid for

Teacher's Institutes), Uchpedgiz, 1952. »

MenChi&éiig;’ N. A. "A Psychologicdal Analysis ‘of the Sdlution of
' Ar etdc Problems of Different Structures,' §9ngg
Education, 1941, No. 7-8, pp. 90-95. . .

169



16. Menchinskaya, N. A. 'Intellectual Activity in Solving Arithmetic

T Problems," Proceedings [Izvestiya] of the Academy of Pedagog-
ical Sciences of the RSFSR, 1946, Vol. 3, pp. 99 134,

17. Menchinskaya, N. A. "The Psychology of Arithmetic Instruction,”
, unpublished doctoral dissertation, 1953:N
etic Instryction,

18. \h%mhinskaya, N. A. The Psychology of Aritth
‘ Uchpedgiz, «1955.

19. Nosov, N. "Vitya Maleev in School and at Home,'" New World,
1951, No. 6.

20. Novoselov, F. P, ™ethods and Means of Solving Simple and
Composite Problems in the Primary Grades," In A. S. Pchelko,
(Ed.) Solving Arithmetic Problems in Elementary»School
Moscow, Uchpedgiz, 1949.

S

21. Pavlov, 1. P. Collected Works, Mgtcow-Leningrad, Publishing
House of the Academy of Sciences of the USSR; 1951.
| \ -
22, Pchelko, A. . '"Answers to Readers' Letters," Elementary School,
1951, No. 1, pp. 16-17. :

\

23, Pchelko, A. S. "Answers to Readers' Letters,'" Elementary School,
1951, No. 4, pp. 61-62.

. 24. Pechelko, A. S. Methods of Tgachiqg_Axithmetic in Elemenary School,

Uchpedgiz, 1945

25. Pchelko, A. S. .Methods of Arithmetic for Elementary Schoal, an‘
ed., Uchpedgiz, 1947.

26, Pchelko, A. S. Methods of Teaching Arithmetic in Elementa;y School,
3rd ed., Uchpedgiz, 71949,

« 27. Pchelko, A. S, Wethods of Teaching Arithmetic-in Flementary &chool
4th ed., Uthedgiz, 1953. :

28. Polyak, G. B. Basic Questions in Methods of Arithmetic, 1930.
Basic stlons 1l MeLhods N

29. Polyak, G. B. Calculation and Solution of Problems in First Grade///

Moscow ~Leningrad, Publishing House of the Acadgmy of
Peda5dgical Sciences of the RSFSR, 1948.

30. Polyak, G. B. Instruction in Problem Solving in the Flementary

School, Moscow, Uchpedgiz, 1950,

. 31. Polyak, G. B., LOn ‘the Solution of Lomplgx Problems,' Elementary
Schooal, 19 0, No. 10.

. \ ’ ' ‘

L/0




> o
32. Popova, N. S. '"Methods of Logical Work on Arithmetic Problems

in Elementary School," in A. S, Pchelko, (Ed.) Solving

Arithmetic Problems in Elementagx_School Moscow, Uchpedgiz,
1949,

33, Sechenov, I, M. Seletted Works in Philosophy and Psychology,
" Ogiz, 1947. '

34, Shokhor-Trotskii, S. I. Methods of Arithmetic for Teachers of
v Elemghitary and Secondary School, 1916.

35. Shpital'skii, E. The Instructive Significance of Arithmetic
Problems in Connection with the Analytic Method and the

Graphic M hod of'Soizigg Them, Moscow, 1904.

-~

36. Skatkin, L. N. "}-‘snal.ysis and Synthesis in Solving Arithmetic
Problems,' Elementary School, 1947, Ne. 1. 7

37. Slq?ina, L. S. ”Psycholog%_él Conditions for Increased Success s

: " in One Pupil of a Group of Unpromoted First—Graders, '
Proceedings [Izvgstiyas of the Academy of Pedagogical

Sciences "of She ﬁSFSR 1951, Vel. 36.

38. Snigirev, V., T., and Chekmarev, Ya., F., Methods of Arithmetic,
' Uchpedgiz, 1940. ’
K

39. Stalin, J. V. Economic Problems of Socialish in the USSR,

Gospolitizdat, 1952 -
40. Stalin, J. V. Marxism and Prob‘& in Linguistics,
Gospolitizdat, 1952.

41. \Enamenskii, M. A., Kartsev, G. A., Stal'kov, G. A., and Emenov, V. L.,
(Eds.) Methods of Arithmetic, Ushpedgiz, 1940.

-..b- .

e
A A
' L .
. < .
‘ -
" 0
~ 4
( /
( ‘
¥
L 17
I J
3 v f ,
- ! 95
€ \ - ' B »
. ™




- “SOVIET STUDIES
, . INTHE
PSYCHOLOGY OF LEARNING
. AND -
TEACHING MATHEMATICS

LY
£
.
A » -
3
. ]
Volumg¢ L The Learning of Mathematical Concepts
Volume 1.+ The Structure of Mathematical Abilities
» Volume 11, Probhm Solving in Arithmetic and Algebra” .
» ST ‘
Volume 1V. Problexg Solving in Geometry
Volume V. The Development of Spatial Abilities
" Volume V1. Instruction in Problem Solving l
:;f\/olumc Vi Children's Capacity for Learning Mathematics \
Volume VIIL Methods of Teaching Mathematics ' :
’ Volume IX. Problemt Solving Processes of Mentally Retarded Children
Volume X, \lk’ac/zing Muathematics to Mentally Retarded Children
Volume X1 Analvsis and Synthesis as Problem Solving Methods
Volume X11. Problems of Instruction
’ ' Volume X1, Analyses of Reasoning Processes
.. . Volume X1V, Teaching Arithmetic in the Elementary School
T,
i . 4
. "
A q
-
Published by the School Mathgmatics Study Group, Stanford University, and avail-
able from A C. Vroman, Inc., 2085 t. Foothli Blvd., Pasadena, California 91109’
< - . ’
A7 -
A '




