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The series Soviet Studies in the Psychology gﬁjLearning,and Teaching s

\')
Mathematics is a collection of translations from the extensive Soviet

)

. T -
literature of the past twenty-five years on research in the psychology
of mathematical instruction. It also includes works on methods of
teaching mathematics directly iufluenced by the psycholégical research.

The series is the result of a joint effort by the School Mathematics ;A\\\

Study Group at Stanford University, the Department of Mathematics

Education at the UMiversity of Georgia, and the Survey of Recent East
European Mathematical Literature at the Univewsity of Chicago. . Selected
papers and books considered to be of value to the American mathematics

educator have been tr;nslated from the Russian and appear in this

3

series for the first time in,English. ’ M
Research achievements in psvchology in the United States are

cutstanding indeed Educational ps$chology, however, océupigs bniy a

small fraction of the field, and Gntil recently littlé attention has

been’ given to research in.the psychology-of learning and teaching -
v N
particular school subjects.

-
S

The sftuation has been quite different in the foviet Union. 1In

view o£ the reigning soclal and political(}pctrinesz several branches
N
of psychology that are highly developed in the U.S. have scarcely been

investigated in the Soviet Union. On the other. hand, because of the

L
Soviet emphasis on education and its function in the state,‘research in

educational psychology has been given considerable moral and financial

N

suppoxt. Consequently, it has attracted ma eqtiv and talented

schodars Qhoée contributions have been remar able.

'Evén nrin? to World War 1T, the Russians had made’ great strides Jin
qucation;l psychology. The creation in 1943 of the Acadpmy of Peda-
gogical Sciences helpéa.to intensify the research efforts and programs
in this field. Since then the Academy has become the chief educational

research and development center for the Soviet Union. One of the main

aims of the Academy 1is to conduct research and to train research scholars

*® ) ] N N

A study indicates that 37.5% of all mategxtals in Soviet psychology
published in one vear was devoted to education and child psychology. Se
Contemporary’ Soviet Psychology by Josef Brozek (Chapter 7 of Present-Day

Russian Psychology, Pergamen Press, 1966). ) . -

’
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‘in generai.and specidlized educatiop§‘in educational psychology, and
in methods .of teaching various school subjects.

The Academy of Pedagogical Sciences of the USSR comprises ten
research institutes in Moscow and Leningrad. Many of the studies
reported in this series were conducted at the Academy's Institute of
General and Polytechgical Education, Insgitute of Psyéhology, and

special psychology and educational chniques for handicapped children.

Institute of Defectology, .the last ;é/which is concerned with’t&f

* The Academy of Pedagogical Sciences has 31 members and 64
aSSociate members, chosen froolamong distinguished Soviet scholars,
scientists, and educators. Its permanent staff includés more than
650 research associates, who receive advice.and cooperation from an -
additional 1,000 scholars and teschers. The research institutes of ‘
the Academy have available 100 "base" or laboratory schools and many
other schools in which experiments are conducted. Developments in
foreign countries are closely followed by the Bureau for the Study of
Foreign Educational. EXperienae and Information. AN *

The Acsdemx’h?s its own publishing house, which issues hundreds og

books each year and publishes the collections Izvestiya Akademii
Pedagogicheskikh Nauk RSESR [Proceedings of the Aca{;my of Pedagogical

Sciences of the RSFSR], the ‘mthly Sovetskaya Pedagogika [Soviet

Pedagogy], and the bimonthly Voprosy Psikhobbgii [Questions of Psychologyi. -

Since 1963, the Academy has been issuing collection entitled Novye
Issledovaniy_>v Pedagogicheskik ' Naukékh [New Research in the Pedagogical

‘Sciences] in oyder to disseminate information on current research. o '
A majpr difference between the'Soviet and American conception of ‘

educatipnal research 1is that Russian psychologists often use qualitative

rath r than quantitative methods of research in instructional psychology,

i cordance with the prevailing Furopean tradition. American readers ‘3

may thus find that some of the earlier Russian papers do not comply :

exactly, to U.S, standards of design, anaf}sis, and reporting. By using

qualitative methods and by working with gmall groups, howeyer, the Soviets

have beer able to penéﬁrate into the child's thoughts and to analyze his

‘mental brocesse To this end they have also designed classroom tasks

and Settings for research and have emphasized long- tcrﬁs genetic studies

of learpiog. v & .
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o Russian psychologists have concerned themselves with,ﬁﬁe dynamics
of mental activity and with the aim of arriving atffﬁe principles of the
learning process itself. They have investigated such areas as: the
development of mental operations; the‘nature addfdevelépmeﬁt;bf thought;
the formation‘of mathematical concepts and the relaged questiond of/
generalization, abstraction, and concretization; the mental opeFations
of analysis and synthesis; the develdﬁment of spatial perception; the
relation between memory and thought; the development of logical reasoningi
the nature of mathematicél.skiils; and the structure and special features Vg
of mathematical abilitdes. | '

In new apprbaghes to educational research, some Russian psychologﬁ;ts
. \

T gl 33

have developed cybernetic and statistical -models and techniques, and have
made use of algorithms"ma:hematical logic and information‘sﬁiences. :
_Much'attentian has also beeq given to programdﬁd instruction and to an
examination of its psychologicél‘problems and its applicatioﬁ.for
greater {ndividualizatidn in learning. “ : )
The interrelatioaship between_instruction and ég;z;\sébglopment is
a source of sharp disagreement between the Geneva School of- psychologfsts,
/ led by Piaget, and the Sovdet psyéhclogists.*. The‘Swiss.psychplogists .
. ascribe limited significance to the role of instruction in the develop-,
ment of a child. According to them, in éruction is subordinate to the
: Z@ child's thinking--stages
manifested at certain age levelg ahd relatively indgpendent of the

specific stages in the development of t

\ conditions of instruction. . }

As representatives of the materialistic-evolut ,Q$3t theory of the
mind, Soviet psychologists ascribe a leading role to instruction. They
assert that instructian broadens the poténtial of development, may
accelerate it, and may exercise influence not only upon the sequence of
the stages of development of the child's fhought but even upoy the very
character of the stagesi The Russians study development in tge Ehangi;g
conditions of instruction, and by varying these’conditic‘ms, *gy demonstrate
how the nature of the child's development changes in the process. As a

result, they are also investigating tests of giftedness and areﬂpsing

elaborate dynamic, rather than static, inPiées.
[ 4 -
. + Y

* ‘ ‘
See' The Problem of Instruction and Development at the }SE@.Interpational_
Congress of §§vchqgggz;by N. A. Menchinskaya and G. G. Saburova, Sovetskava

‘ Pedagogi&gj_l967, No..l. (Fnglish translation in Soviet Education, July ;
1967, Vol. 9, No . 9.) .
£
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?sychological research has had‘a considerable effect on the '
recent Soviet literature orny methods of teaching' mathematics. Experi-
ments have shown the student s mathematical potential to be greater
than had been previously assumed.| Consequently, Russian psychologists
have advocated the necesgsity of variolus changes in the content and

\\\metnods of mathematlcal instruction and have par¢icipated in designing
the ney Soviet mathematics curriculum which has been introduced during
the 1967~68 academic year. o < i . -

e aim of this Series is to acquaint mathematics educators and

teachéts,with directions, ideas, and accomplishments in the psycholdgy
of mathematical instruction in the Soviet Union. This series should
assigst in opening up\avenues of investigation to those who are interested

. in’broadening the’ foundations of their profession, for it is generally
recognized that experiment and research are indispensable for improving
content and methods of school mathematics.

We hope that the-:volumes.in this series will‘be used for study,
discussion, and critical analysis in courses oxr seminars in teacgg;-
training programs or in institutes for in-service teachers at various -

t levels, _ - T o, 9 } *ﬁf;>‘b
. At present, materials have oeen prepared fbr fifteen volumes. Each
| book contains one or more articles under g general heading such as The
Learning of Mathematical Concepts, The Structure of Mathematical Abilitkes
and Problem Solving in Geometry.' The introduction to each volume is '
intended to provide some background and guidance to its content.
Volumes I to VI were prepared jointly by the School Mathematics
Study Group and the Survey of Recent East European Mathematical Literature,
both conducted under grants from the National Scienc Foundation. Wien
gﬁended in August, l972,
Aﬂk thé'Department of Mathematics %ducation at the University-of Georgia - ‘

the activities of the School Mathematics Study Grou

undertook to assist in the editing of the remaining volumes. We express
our appreciation to the Foundation and to the many people and organizatiens
who contributed to the establishment and continuation of the series.

4 < : . — . . . -
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)§ , . Jeremy Kilpatrick
' ) - Izaak Wirszup
. Edward G. .-Begle f\\\ ‘
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. , EDITORIAL NOTES

1. Bracketed nunerals {n~the text refer to the numbered '
references at)rhe end of eagh,paper. Where there are twd figures,
e.g. [5:123]; the second is a page reference. All references are

Lo Russian editions, although titles have been translated and
. \ ' '

authore names transliterated

'5 2. The transliteration scheme used is that of .the Library
of Congress, with diacritieal marks omitted, except that KO ‘and #®,

»

are rendered as "yu'-and "ya' instead of "{u" and "ia."
/ S N Numbened foptnotes are those in the original paper,

starred footnotes are used for editcrs or translator's comments.

-
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. method of analysis. The latter method is explored

4

Sandra P. Clarkson
. . P
~ The artieles in this volume are concerned ‘with the instruction
in problemlsolving of mentally retarded oupils in the auxiliary schoéls o
of the Soviet Union. Both articles in this volume describelresearch i .
problem solving and also provide concrete ‘suggestions for improving ‘h.,‘” N
instructfon. . The literature reviews contained in these articles provide

us with much information of the state of research in the Soviet Union

'on problem solving 4n mathemat;ps. The cry is made.again and again in

'the articles for specialized instruction. for students with special
» .

.}earning diéopders. : . .

-

Probiém solving, resulting in the development of the student s logical
though& is seen ad having a therapeutic as yell as a pragmatic value for i
the mentally retarded school pupil. Instruction in problem-solving_skills
occupies a great dEal of .time in.the auxiliary schools. ﬁikhal'skii,,in
the first article, identifies ‘thsee methods of instruction in problem
solving the method of analogy, or guiding a pupil's solution by giving
him easier analogous problems when he encounters difficulty solving the
main problem'“the method of many problems, “where the. pupil learns to.
‘§olve a problem by solving problems of increasing di;ficulty, and the

n the article
. There E;chéo methods of analysis: analvtic‘andlsynthetié. In the
anelytic method of analysis, the pupil decomposes a oomplex problem into
simple problems based:on what_és asked for in the problem. One asks
oneself, ''What must I know Yo solve this problem?" One then sets out to
find’the information needed‘ In the synthetic method of analysis, one
begins with the data given and asks the ques&ibn, "If I know this, what
else do I know and what can 1 find out with this informatidg?” One

proceeds in this method until the question one Jasks is the question of
] . - -

' the problems A solution to a problem.might reasonably contain-both
B & €«

types of analysis. ) -~

1}

B . P * )
Mikhal'skii gives a fairly ext:gsive review of the problem-solving
s of janalysis. On the basig of his

studies that used one or both metho

oo ~ ’ H
literature séarch, he.designed éhé I%ﬂ’;; series of imvestigations to

~ P . ,
.

xi, o *
‘e < . . . c

INTRODUCT ION o : L



, - i e ")"@n . o
o : : > - R
' determine the characteristigs of'auxiliary school puapils' problem-solving

processes. Thelm£;3§ id’Estigated vere from gra es 3,5, and 7, excellent

4 . ¥ 3
‘average, and poox PTS blem solvers were included in.the sample. N

L. . The primary goal of che inVestigater was to determiné the pupil's ,

abdlity to solve“problems without the teacher's help. There wera.four :

< . *

series of prgklems given fSeries'ﬁne contained ordinary problems. of
o .

the type used in the classroom as well as problems with, too many numbers, ..

~

too few numbers, and no numbers af all Series two contained problems
! r ‘ ' . P

fin which the pupils had to'supply missing numbers Seriesythree contained

L problems with data but no/question, the question had to bé supplied by-.
the pupil. Series four contained typical probleMs that had to be analyzed

- - -

. beford. solution.

»

L]

Mikhal'skii reportd in detail the solutions given by individual
pupils, but he reaches only asfew general conclusions THe third graders
. solved problems withoutm;egard to the guestion; it.did not influepce their
choice of operations Most-tnird graders could not identiﬁy'eithergthe '
conditions or the question ofathe problem. Fifth'graders likewisezi '
neglected to use the question\df the problem in determining theb( solu:ion ﬁf‘.
pian. However, unlike the third graders, they, did-recognize the conditions
end could state the question of,tne problem. . The results for the seventh
. érédé&s were sim%laruto those for the fifth graders. v .
. With .most of the!pupilskfthe mcthud of solution was not influenced
by thc question of the problem, but instead proceeded because of the
conditions and the numerical data. As would be expected, the seventh. y/i{
graders did better than the fifth graders, who did better than the third ‘
graders. . ‘ -~
The errors made by the pupils in uqtempting the preliminary analysis
¥

of the Conditions were analgaed and, based on this analysis, some

suggestions were made for prublem—sulving instruction. ' , &

‘This article provides some helpful-suggestions for teaching problem

solving, as well as an insight into the processes mentally r;t rded\\\\\
students use- while ﬁolving problems. /, —~—

Kuz'mitskaya, in the Qther articles of the volumg, also attempted

4

to identify the difficulties auxiliary school pupilé have in seplving

.problems and-to prescribe certwin instructional st ategie% She assumed

. w . . -
H . t
* - Xii .// ’ >y -
. * - 2y ‘
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that the cberacteristics of ‘the reproduction of a° problem depend.on the

leVelsof mpfehension of the problem. R
_Prb eqs,were presenteg‘to 20 fourth grade 'and 20 sixth grade .

P auxiliary schooI pupils. .The prablems chosen were opes they had solved
in earlier grades. The same problems were presented to normal Qecond- qﬂ,’

AN

graders in the public or mass school.: Ihe pupils were ‘asked to read

she problem ovqp several times and‘then to state the problem orally - '{‘

without reading 1it. The. reproductichs were analyzed and possible sources

" tof difficulty 1dentified. - .

N 4

. -
.
- N o .. .

'- In all ﬁhases of prcblem Yeproduction, the normal children pérformed
The -
auxiliany school pupil 8 suctess in reprpducing a prﬁblem was inversely

better than the mentally;retarded pupils-despite the 2 e difference.7

' prOportiona; to its complexity * . - N N

vl The' pppil s solution of’ the problem depended on & correct reproduc-

tion of,its_condi S and question JA further iﬁvescigation coxroborated ™.

. -
this observation. When the Feprcduction was 1ncorrect,‘the problem was

generally solved in accordance with its reproduction, producing an o
incoxrect SOlution,,often the reproduction wa§ distorted while the
solution was correct, and sometimes even with a correct re iction,
the problem was solved incorrectly. In general, howengfffizé:ore.
‘correct the reproductfon, the more correct the solution. .

Several smallﬁ( investigations are described; and Kuz'mitskaya
identifies the problem types most difficult for the auxiliary school
pupils and classifies the most'ccmmon errors.

A final section om suggestions for improving instruction in arithmetic
preblem solving is quite refreshing. Kuz 'mitskaya suggests field trips
“to the bakery, the‘dairy, and other stores to provide expcrience that
would help make arithmetic preblems less abstract to pupils. The pupils
are then given the opportumity to pretend that they‘are running a store—-
selling items, measuring, collecting money, and mahing change. Vegpal
problems are\ﬁradually introduced that make use of the child's experience.
Gradually the'mentally retarded pupil's problem-solving ability is
developed by providing concrete experiences and thgn moving to more
abstract ‘situations. )

Both articles are worthwhile for teachers as well as researchers

concerned with the education of mentally retardédd children.

“ - xiid
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‘f ‘ In preparing the comprehensively developed bﬂilders of the
‘ communist society, much attention is giveﬁ to memtal training
Among the methods of \‘mental training, ope "of theuhest is solving féei
arithmetic problems. In addition .to'its great prectical significance,
A srithmetical problem solving promotes éche de¢e19pment of the pupil's
speech and thought, attention, memory and wil ; 1t promotes a con-
scious mastery of mathematical ‘concepts: reflecting actual phenoména

of the real world. Raising the. efficacy of the schooi’s work in

L3
.

. £
the area of problem solving is one-.of the most important tasks of the ' »"
-

‘methodology of teaching arithmetic. - - ‘ L

)
~

The published work_by J. V. fStalin,ﬁ’arxism and Questions.of *

Linguistics, marking a new stage %*e‘development of.the sclences,
»
tﬂon of the direction and

allows a novel approach to the de
content of the methodology of teachihg children. Stalin s fndicatiop *
that language 1is directly connected with thought and that ”lsnguage
registers the results of mental activity, of the success of man's .

. mentalfﬁctivity, and forms them‘into words- and comhinations of words *

i
‘% 1in sentences" [5:22] is an initial proposition, presenting the require-,

ments for the type of work being considered. '

Obviously the only insufficiEncy is that the pupil copes somehow
with a specific problem in arithmetic,” with the solution of problems
‘and examples. tht he learns--the results of his understanding and

solving an assignment——should be strengthened in the child's speech

"o N r.

* ' ' *

Of the Institute of Psychology, Academy of Pedagogical Sclences of
the RSFSR. -Published in Proceedings [Izvestiya]l of the Academy of Peda-
gogical Sciences of the RSFSR, 1952, Vol. 41, pp. 13-78. Translated by

Daydd A. Henderson. .
1 \
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in the correct verbal formation of what, he has understood and done.
Work in developiné the child s Spéech and in enriching his mathe-

.,matical vocabyltary should constitute one of the major pedagogicdl goals’
in teaching prablem solving to children. This,‘ksone of the main
methods of developing the pnpil's’fhought, and therefore, one of the
methods of developing problem—solving'skills, in the broad sense gf « 7~
the word. Obviously the gdidiné\methodzhpf instruction, the méthods".‘
and types.of work on the arithmetic problem, should be those whose .
primary aim is to dgvelop the student s “thinking and those which are
the most effective or attaining this goal.' Among the problem—solving
operations, one method of instruction, as we shall see laten, is the
preliminary analysis of the conditions. The elaboration of guestioﬁs :
‘connected with methods of preliminary analysis of the conditions of
problems, applicable to the auxiliary school, is the main topic of
this article. -

- In the auxiliary school the pupils’ instruction in problem Solving
.acquires, moreover, its own special simificance. The autiliary school
is intended for mentally retarded children—-the retardation as a result
of a disease of the central nervous system. A sharp derangement of
intellectual activity——of logicaL thought-~is a characteristic feature
of most of the pupils of this school. For this reason, problem—solving
instruction is the most difficult part of teaching arithmetic in the
auxiliary school. If a teacher says that a pupil is not succeeding in
arithmetic, it.usually means that the pupll cannot solve problems. At
the same time, the eolution of arithmetic problems is recognized, in
the theory and practice of teaching, as, one of the primary WAys of pro-
- moting -the development of the pupils' logical thought. This type of ¥
work is aimed directly at minimizing the basic defect in the personality
of ther mentally retarded, and therefore, in addition to its great prac-
tical and educational significanc& it is an important correctional and
educative method. Therefore, teaching children to solve problems attracts
the attention of teaclers and defectologists:* "How can children be

taught to solve problems; to examine a problem until they come to a

[y
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/f’cenclusion?" This is a’'primary, and pbviously urgent, question, heard
>

l most frequently from mathematics educators in auxiliary schools. This
wnrk is an. attempt to help the 'teacher anmswet this question. * '
J The essential step in solving a problen~~the preliminaryfenal§sis
“of the coflditions—has been isolated here and-given the center of atten-
tion. For it is at this point of &he work on a problem that the child‘
mental activit® is disected toward the deepést comprehension of the.
conditions of the problem, toward- organizinggthe material, and toward
. ‘selecting the method of solution; he asce{tains the requirement or - <7
' questidn, of«the problem; he’ SOTS Ut knoyn data and establishes their
. connection and relationship; he chooses arithmetic operations on the
basis of the undergtood conditions. , The’ SFsult of these kinds of mental.
- activity should be the isclation,.. t he "breakdown, " the‘”decomposition
- of a complex proelem into a’ series of simple ones, that is, the thorough
preparation b{ a pupil for making n-plan and interpreting the written

solution. '

As can be seen, analysis of the conditions is the ‘basic step: (1)1t

strengthens the wea@est element in the complex problem—splving process
of the mentally retarded schdolchildren, since it is,6directed against
a mechanical, insufficieﬁtly substantiated performance of arithmetical
\operations, according to insufficiently recognized conditiong; and (2)
it promotes the pupil's mental development and, consequently, helps to ®
correct the personality of the mehtally retarded child.‘ Remembering )

this, and taking into account the practical requirements of the school,

the author has attempted to elucidate the difficulties that arise |

during the analysis and solution of complex arithmetic problems by °
auxiliary school pupils, and to note methEdologicel and pedagogical ways
to.&verc‘;ome them. .

Concerning the Methods of Teaching Problem Solving l : ‘-

In the theory and praetiee of teaching children to solve complex
. .
arithmetic problems there are various methodsl and devices used to

develop the skill of problem solving. (1) It is.possibie to teach

5.

lWe shall distinguish between the methods of teaching problem- !
'solving (the method of analogy, the method of many problems, the
method of analysis) and -the means of enalysiq (analytic and synthetic

analysis)..

3
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e children ta solve problems by guiding them along the path of solution,

i ~
4 '

using easy analogous statements and problems. When they have a diffi~

culty, the pupils are given an analogous problem that they can solve

. mentally. ‘An oxal solption ‘of an easy problem gives the key to solving

a difficult problem ,In this method, a breakdown of the .conditions of
the problems is not given beforeland (the method of analogy). (2) It
1s%also possible to teach children to solve problems through the solu—) .
tion of a great number of problems of gradually increasing difficﬁlty
(Qhe method of many probleﬁs) without resorting to‘the methods. of.
ana}ogy or analysig’ of tbe conditions. (3) It is also posaible to
teach children t& solve problems throhgh a preliminary analysis of
" the conditions of the problems (the m%thod of .analysis). .
When one of the abowe mentioned ‘methods is emphasized, a unique,
skill in problem solving is developed in the ®hildren, qualitatively
different from one developed using a differdat method.. Thus;'taught
by the method of analogy, the pupii tries t.& think ofran easy problem
analogous to thg original one that is giving him trouble, often on
the basis of externsl similar and random features (words, statements,.
situations),'without a profound understanding of the senfe of the
problem proposed to\him. He tries to recall, to reproduce in his mind

.

a known solution of an easier problem, -i4n other words, he approaches

the solution of the problem, not on the basis of a profound and. complete '

realization pf the conditions, but rather by a mechanical transfer of -
the method of solution of a known easy problem. Therefore, the §rocess
of mental reproduction plays a leading role, and narrows the possibili—
ties for creative activity. , ‘ ‘

In teaching children by the method of many problems, there is dan-
‘ger of their developing habits of solution based on mistaken ideas. We

find confirmation of this statement in the psychological investigation

. of P. A. Shevarev [41. He writes:

‘Mathematics teachers often assume that the independent
solution of many examples of a single type In succession

promotes the strengthening of the corresponding correct o f

i}
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" skill.’ But in reality something different occurs—condi- « ..
tions are created under which it is ‘extremely possible
that a mistak@n connection may arise.2, . . )
. .

Since the pupil does not dwell léng enoug@f%n the conscious mas-

S :Et gg the conditions in s01Wng a larxge number of problems, he be- ‘ -
comes habituated to an instinctive, automatized solution of problems .
) without the requisite -analysis. and understanding of the conditions. ' /
%nreover, the solution of a great fiumber of examples and problems of ;. N

© -

the same type suppresses, the active operation of the pupil's thinking.
The pd&ehological basis for such a pheﬂhmenon was diSCOvered by I P.
| Pavlov [3:348]. . . 4 ‘. T
R , ‘lQualitatively different from the preceding is the problem-solving . v

skill developed in children by instructing them in the preliminary !

..~ .analysis of the conditions of the problems.to be solved. A pupil's
7  mentaleactivity is directed here toWard e/complete, profound recogni-
tion of the conditions snd toward the ability to draw a correct iin— . ‘éf

clusion from what is understood--to note the correct method of solu- .

-tion. Such instruction makes it possible to develop problem~solving
skill in the broad sense of the word-—to master devices fot a conscious
approach to the solution of problems, devices of creative thought.

" Recommendations for a definitivh anelvsis of the mutual relstionship
between the methods of instruction is-found in the resolution of the

Central Committee of the Communist Party, ''on the Elémentary and 'sxf
Secondary School,'" which seys "f..no one method can be recognized, | )
the..basic and universal method of studies....”ﬁ% /7gh .

Actually, strict application of only one of the investigated

methods of teaching problem solving is not only inadvisable, b

impossible as well. Thus, for example, the method of a prel

the general chracteristics of a’ Specific part of the gi en conditions,\
+or recognition of the general characteristics of the operation just
performed; the second element is the orientation to th¢ performance
« of a specific kind pf operation.

3Resolution of the Central Committee of the Co
the Sovigt Union of 5 September 1931.

+
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analysis of the conditions requires the solution of a'great many prob—
lemsg, as well as the solution of problems analogous to a given problem
‘~'£hich facilitate solutien of the latter.ﬂ Also ‘one cannot imagine teach-
- Aing problem solwing treating all the enumerated methods as equivalent--
necessary and useful to an identical‘extent. Obviously, praference
should be‘shown to the most effective method, at the‘same time recog- , | ;
N nizing other methods. The selection of £he method is 'to a great extent
determined by the problems which face the school. . Y
_ /" American bourgeois investigg&crs ‘'orove" iﬁftheir works the pre—liﬁ,
- dominance of the many problem method, belittling in every way thevmethod T
of analyzing tfe conditions, they try to jpstify using the many problem
methodﬂin the American school and to hide its utilitarian nature, © ' °* “
Unlike the narrow- practicism of American investigators, who are
more concerned about developing the automatized skill of problem sol-
ving ianchoolchildren, Russian methodologists of the);rerevolutionary,
and especially the Soviet, period have as their goal the developmemt of .
the gbility to reason, to approach a solution on the basis of profoundly
. ' : recognized conditions, training-'creative ices of thought.". To
| attain these goals, the most enpedient method, as we have seen, is that
. of analyzing the conditions. And ectually, when used with others, the
method of a preliminary analysis of the 'conditions is recognlzed by
most.of‘our native authors as the fundamental, most effective method.
Thus, Qur %nssian methodology of arithmetic appeared at the very begin-
® .ng of its development at a more advanced position than eontemporary

(particularly: Americgn) reactionary methodology.

1

The Essence of the Methods of Analyzing Complex Arithmetic Problems ¢

After be&oming familiar with the conditions of the problem, the
\ pupil approaches its analysie. g}n analyzing the problem he comes\to
' undeistand the interdependencto the data; he establishes their inter-
-depahdence; he draws a conclusion on the basis of a series of factsj
he asks questions and chooses a means to answer them. Through analysis
the complex arithmetic problem is broken down into a series of simple

dnes. All this work is conducted in class under the teacher's super~

vision. \ngdually understanding the idea of the problem and the ways .

~
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;  to solve it throdgh*communication with the teacher, the children leérn‘
- to‘express what they understand; the; learn to formulate and state
their ideas. Here, by working on the child's speech, .the teacher is
.+ working dlso on the development of his thinkiﬁg. Lo ‘e
) ' An analysis‘of’ biproblem may be made. in’ two ways——synthetically ;
«  and analytically. The essence of the synthetic method of analysis of
complex arithmetf% problems4 ‘consists in extract simple problems
from a complex problem on the basis of data tskeijirom the oonditions,/
or obtained in simple probléms formulated esfiier. The question is
o selected for the data. Extraction of simple problems fom-'a complex
 one thug goes according to- a pattern'_-knowing Speqified dsta, one .
can f1nd the unknown. The composition of simple problems together
e with their possible solutions, is cantinued until ‘the last simple v
problem coincides with the question of the complex problem.

The essence of the analytic method of analysis consists in de;
combposing a compbeg problem into sinple ones, beginning not with the
data (as in synthesis) but with the question of the problem. The

:,‘ " data necessary to answer the question of the problep.are determined
in one operation. 1In this, one and sometimes two given elements are
unkngwn and are the besis for stating the question in composing the

‘ . next sinple problem. The data are selected for the question. ExtrezL

. tion of simple problems. from a compler one thus'’. -goes &ccording to a

' pattern. to find the unknown, one must’ know the specific data.. The

: composition of simple préblemsvby selecting data for the question is
continued as long as it is impossible to.solve the first simple

problem. /

f

4Note. As can be seen, thé term ' synthetic method whose essence
“consists in decomposing an integer into its parts  (a complex problem
into a, series of ~simple ones), does not correspond to the scientific
(philosophical, psychological) understanding of synthesis as a combi-
nation or summaticon of an integer from its parts. However, the compo-
sition of a simple problem by the synthetic method of analysis pri-
marily requires application gf a synthetic method of thought (the
swunification of numerical data for the composition of a simple problem).
"+ Moreover, by this method of analysis simple problems are extracted in
the order in which they will be needed to compose a pattern and con-
sequent solution. This is why such a method of analysis is called
"synthetic," Although we recognize the noncorrespondencg of the term .,
with the essence of the ‘synthetic method of amalysis, we neyertheless
\. retain 1it, so ai\jot toAPring confusion into this discussion.

7
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Each method of analysis calls more than the analogical method f
. of thought into operation. In the synthetic method of analysis, gust j

" as :Ln the analytic method’, there occurs a' complex ‘mental process,
'.which certainly includes both synthesis and analysis. o
S Engels writes: o > ‘ "ﬂ . M,ﬂ
« Thought consists as much in analyzing objects of recognition \ ‘{r’f‘
¢ into their elemempts, as infunitigg the interrelated elements. o
_\ ~  There is no synthesis without an. ysis [l 40] - . T

[

\ In Russian physiology, theawnrks of its fcunder, I. P. Pavlow,
also establish the unity of analysis and synthesis, effected by the
N large hemispheres af the cortex, a unity of" the closed and ahalyzing
- apparati Pavlqv says that’ Operanion of the large hemispheres is’ ;'-
oL reauced to $ \
- . ;;a - A $ - '
constant analysis and synthesis of the’ }}ritations coming ‘
’ from both the external surroundings (thls mainly) and
. ‘ within the organism . . . . The essence of the work of
_the cortex consists in analyzing and synthesizing the S
entering irritations [3:372]. ‘ o , N

i

"Synthesis and analysis of conditioned reflexea (associations),

(v

.writes Pavlov, "are essentiall those same fundamental processes. of
y

1

our mental activity" [32238]. . ‘ o
quever, the unity  of analysis and synthesis if the ﬂgilosophi~
cal, psychological and physiological ense of the word cannot ‘be
. ' automatically translated into methods of analyzing problems——the ‘ C L
; synthetic and the analytic methods——predetermining their correlations -
N " in the pedagogical and methodclogical format. The cont Urwrus link of - °
‘ analysis and synthesis only helps us in more thoroughly studying ‘the
’ f,‘~ methods of analygis, their peculiarities and the difficulties of each
of them. ‘ '
~ . In the theory and practice of teaching children problem solying,
1t 1s known,, for example, ghat different methods of analyzing a ﬁreb—
lem are not identically assimilated by the children; it is much: aasier
for tliem to use the synthetié method than the analytic method of
analysis. One of the reasons for the relative ease in using the: -

synthetic method 1is that pupils can deduce on the basis of’ conerete,

»
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‘contamplated\facté, and/or data of the cobditions of a'prcblee,'while
in analysis the pupils’ geasoning begins with the unknown, from the
" question of the problem, for whose answer there is always only one .
(andtgometimes not even one) datum. The child makes a seriés ofy
¢#  deductioms (especially the initial ones) without the suppert of. con-
o crefe data.. For the child it is much more difficult to:find premises.
. for deductions than to draw coﬂclusions on the basis of the facts. at
hand. Thus, the most difficult part of mental operatiou in 301vid§
i'l probléms—-finding premises, or data, for deductions—wis left for the:
child to do almost entirely In a statement of the question following
wthe analytic method of analysis. The teacher says (aeg}yzing a prob-
. lem in Mtass): -''What data must be found? What must we know to answey
the question?" (For a deduction, its pnemises——the data—must be '
‘ sought out). In the synthetic method of analysis, however, the teacher
yasks what may be learged if we know suth-and-such data (the premises |
or data are indicated .b® the teacher and a deduction must be made from
them) . ' \ '
N The '"train of thought" in the synthetic method of analysis ts
s . simpler, since here the‘;;;le problem is not being solved but .only
d part of it, and this part is oftem viewed without connecting it
with tﬁe'totSI content of the problem, In the analytic method of
‘anal§sis thé pupils must evince an ability to isclate simple problems
with a definite logical connection and interdependence. In the synthe-
‘tic method of analysis the simple problems are isolated without common
guideline%?'and the work hﬁg no integral character. 3But in the analy-
tic method the reverse: is true——all the work has a more sensible,
integral character; a chain of logical deductioﬂs is created.

) Moreovéer, the ease of the synthetic method is enhanced by the’
‘technique of solving the problem. .In the synthetic method a simple
problem can be solved immediately upon its extraction'from the complex

. one.' Solution of the problem may parallel the analysis. But in the
analytic method of analysis, one must extract all simple problems from
a ccmplex one, establish the order of their 801uticn (compose a p%an)

"and, only after this, may one approach the solution. In other words,

when differeht methods of analyzing problems are used, mental operations

-
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. . are performed whigh are somewhat different in scopé and nature, g
. fact whichd raises the questionjﬁf the iﬂierrelationship of the methpds

of analysis in teaching:children to solve problems. If must be said /

that there were”no experimental data to ana&er°thiﬁ question. Every - *

methodologist began primarily from his own pergbnal experience and that N
-

\ of his predecessors, Nevertheless, the elaboration of the methodology

‘\\ of problem snlving gdvanced -In our dissertation‘we follow the develop—-
ment of the §Qpic, beginning with the first statements concerning methods
of solving and analyzing pxoblems pade by P. S, Gur® ‘ev, V. A. Evtushevskii,

" and V. A. Latyshev;iwe examine fervent statements in favor of the analytic

. method of analysis, voiced by A. 1. Gol'denberg and E. Shpital skid;
stateménts by the outstanding merhodologist of the nineteenth and twen—
tieth’ centuries, F. I. Egorov who recognized both methods of analysis,
the griginal and unique opinion ‘of S, I. ShokBor-Trotskii, who rejected
both methods of analysis, and . the further development of the problem by
prerevolutionary methodologists V. ‘K. Bellyustin, K. P. Arzhenikov, and
"F. A. Ern. Finally, we end our survey with an analysis O ’ the positions
of contemporary authors of methodological works in arithmetic for the ele-
mentary and auxiliary schools.

In discussing the epistemology of Russian methodology of prohlem
solving, we éfart with recommendations of the founders of Marxism-
Leninism concerning the-relationship to the historical heritage of the
past. Guilding us are the historic decrees by the Central Committee of
the Communist Party of the Soviet Union concerning ideological questions
whi&h reveal the causes of errors and misinterpretations in ‘ideological
work. Holding to the principal positions'coming out of the resolutions
of the Central Committee, we have attempted to: "

, a) extract what is progressive.and valuable in *the methodological
compositions on arithmetic by Russian authors rega;ding questions of
teaching the methods of solution of complex arithmetic 'problems;

b) 1indicate the positive influences on the formation and subse-
quent development of original Russian theory and practice of teaching
the methods of solutidp of arithmetic problems. R '

In their development of questions regarding the solution of

complex arithmetic problems, Russian suthlors have formed a unique

- 10
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’ . ‘ methodological noglon whose characteristic features are. thé use of o ¥ .
simplé unaffected methods of solution, the ability te begiﬁ'the
‘solution from a clear, profound and complete undersaanding of the condi-
(i tions ef a problem; the inculcation of devices n§fcreatiVe thinking,

L

the presence of imaginativenegs and independende.

\

 As early as in the works of P. S. Gur'ev, the founder of Russﬂan

; k]

' arithmetic méthodblogy, we.find an acute censure of mechanicalﬂty amd
S banality in teaching children problgm solving, a statemenn againsf‘the
memolization of spgiial deyices and methods of solution, hgainst use;
of "particular mechanisms" in solving problems, etc. Gur'gv, opposidg
‘the mechanical habit of solwing problems, recommends” training children
' in. "reasoning ability,'" and gives in his Handbook "patterns of reason- N
ing" in problem solving. In the author's opinion, a child should not
memorize prefabricated methods of solution, but should teach his/mind R
"to test its strength from the early years." Gur'ev stresses the
~ development of creative spontaneous activity and independence in chil-
A @iren. These progressive ideas of ,his‘,. expressing the dogliétism
‘ reigning in‘tﬁe school at that time, later had a positive influence on
the development of the Russian methodology of arithmatic. Most of the
later authors, in elaborating the questions of teaching children problem ‘
.solving, concentrate on developing the children s ability to reason, -
or, as Gur'ev liked to say, "to conduct the whole solutionm by intellect." - i?
viii.ATo attain this goal,,the Russian methodologists'first posed and success- )
fully resolved a seriés of problems in seaching problenm solving, and
POiRtEd out various methodological means and devices.
V. Evtushenskii first pointed eut the essential requirement of the
problems presented to the child -~ their concrete content’ should cQrres-—
pond to real life situatiomns familiar to the chilld--and the great impor-

“tance of diversity in methods of solving problems—~the replacement of

one device by another, etc. 4
V.’ Latyshev opposed mechanicality in teaching,children problemf}
solving more substantially and more strongly than did others. He first: ! '
pointed out the most powerful way to -fight the mechanidal habit of prob—
lem solying——analysis'of the conditions{of'the problem. This 1s the
greatest achievement of Russian methodological thought. The leading

X * ' -
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" dology went, the more cl(early did th&methodological belief in the necess-—
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metho teach-ing prbblem sohring‘, which Yras- been strengthened }Ln .
Y

the Russf;n's l is thé‘ﬁ!@ﬁod Sf pfeliminary analy%is of the s s Y °-
e . € - - T
cond}tigns. .o ,ﬁr o i R ‘ ;"

After Latyshev had es;ablished and¢emghasized the importance of -

"the analysis of*the oonditionssin “developing .fjrm skill in sélving’
nlems the methodolog,ists aspirations were directed togard the’
more feilcitous use of methods of analysis,’ toward increasing their
. efficacy 7 Among “the pedagogs and methodoiogistaithere gere diverse
opinions concern}ng the -tethods of,analysis Even when t}e ﬁ@thod of ;‘
analysis was being originated the;e Wega &ollowera of the predomi—
nantly synthetic method (v. Latzfshev, K. Arzhenik.ov} nd fol?w?rs of
the predominané:ly analyt:ic meéhocQ(A. Gol denberg, E ihpital“ skii)

’  However, the farther the,gevelopmenf of problem—solving.metho-
ity of using both types-the synthetic and the analytic——prevail . The .
*equivalence'" of the e’methods was accepted by most authors. We find .
' statements to this effect in the wrigings of F. Egorov, V. Evtushenskii,’
V. Bellyustin, F. Ern, et al. Combinations of both aethods ogpanalyais were:
viewed by them as more nseful than either one alone for developing the . ;
pupils' thinkfng and ‘for developing firm skills in solving problems. . 9-
Skill in solving problems was understood by these authors as the S
inculcation of devices of creative thinking. The analytic method of
analysis was shown to be the most powerful near@ for attaining the
goal of developing thei'. mental capability of pu&s, but the signi‘fi- .
cance of the synthetic method was not diminished} Childregéshouid be
taught both.analysis and synthesis. - '

*sTn their consideration of the question, the authors of the Soviet \;
geriod carried out further development, much better than had been .
formulated by authors of the prerevolutionar& period; the leading ¢
method--the method of preliminary analysis of the conditions~—was estab-
lished to be the most expedient method of teaching problem solving, and ‘
a more felicitous correlation of the methods of analysis——synthetic and -
analytic--was established; the ways and time of using the methods of
analysis were also ascertained, increasing thelir e{xicacy in teaqhing

the children.

12 ’ .

LS
;J)'



-

-

- -
' g?% SN
- Y

-’

, attention in teaching children the preliminary,method of al

In contrast to the foreign bourgeois "theories™ of the develop-
ment of mechanical skill in solving problems, methodologists of the
Soviet period supported the idea of the development of skill in-the .

tive solution of questions, -on the basis of a profound and compIete
unjérstanding of the conditions, or as the: develohmengibf skill pn the
basis ¢f the comprehensive development of pupils mental capabilities.

‘The Soviet methodological wmotion, at the very begitning of its

development, led the relentless struggle‘bith reactionary Anglo—American ,“'”

utilitarianism, narrow practicalism,and narrow-minded attitudes. .The - T
positions of Soviet.authors perfect in princi. e, were 'he focus of ) '
conditions of/problEms, that is, in that’'method of instruc
ignored or wholly rejected f: boargeois investigators “18 considered
"extess ornamentation (Thorndike)

The preliminary analysia of the conditions is conpidered by modern

Russian methodologists the primciple step in solving probiems. It

permits\the attainment of the educative and practical go 1 of arith- ’ !

- metic instruetion, permits the promotion of ‘a thorough mastery of mathe-

matical concepts and forms, which reflect the real phenomena of the
surrounding world, and thereby halps in the development of the pupils'
dialectic thinking. The problem;solving process is regarded %v
contemporary authors as a complex analytie and synthetic process.
Synthesis and.analysissappear here as two aspects of one cognitive
process.,

From this dialectic position the authors draw the following metho-
dical conclistons: 1I. N. Kavun, N. S. Popova, E. S. Berezanskaya
recommend the analytic-synthetic device primarily, while not excluding
the individual use of both synthetip and analytic methods; N. N. Nikitin,

‘A. S. Pchelko, V. L. Emenov, V. T. Snigirev,and Ya. F. Chekmarev !

recommend the individual use of both methods. By such instructions in

problem solving the authors consYder 1t possible tp direct.their atten-
tion to making first one and then the other method (synthesis or
analysis) the major, "stronger," leading method. By this they presume

to teach the children to use bothﬂsynthetic and analytic methods of

-thinking. In connection with this approach, N. N. Nikitin, with Zhe -

13
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strongest detexmlhation of the Russilan authors, supported the use of
' both methods of ‘analysis.in the first year of studying the solution
.of complex arithmetic problems.

1In the auxiliary school the problem of mental development is‘mo;t
closely related to the problem of correcting the personality of the
child. The analysis of the conditions as the step most important for
the pupils' montal devglopmept in solving problems is recognized as
the leading method of instruction in the auxilidry school (N. F.

Kuz 'mina-Syromyatnikova) . Both methods of analysis are recommended

as necessary for use at the beginning‘whon teachiﬁg childrenAto

solve complex ariqhmetic problems; in grades 4-7 preference is'given

to the analytic method of adalysis, which is more important than the /
synthetic ‘method in the pupils' mental development.

In Table 1 one may see the firmly established methodological line
on the correlation and time of application of the methods of analysis.
Taking into account data from our investigation of the 1 terature, we
constructed an experimental study of the qu;stion, and we now begi&qthe‘”

presentation of its results. . N

14 .



coA - TABLE I° ‘
METHODS OF ANALYSIS AND THEIR USE IN INSTRUCTION

. : o Preferred Year of Imstruction
_ Method of » . for Which a Method
' , . Analysis is Recommended
huthor LA S AS R L2 73 4 |
. Evtushevskii, V. A. A,s! " s A2
Latyshev, V. A. i . S 8 S-S
Gol'denberg, A. I. A A A A A
‘/sgpital"skig;x. ‘ A A A A A
Egorov, F. I. S,A 8§+ A
. Shokhor-Trotskii,S.I. Rejeqted‘the method o% analysis
" Bellyustin, V. K. S,A - S,A S,A& S,A S,A
.Arzhenikov, K. P. - s s s § s
g En, FoA. A,S s “s,A3 A, A,S
* '+ Volkovskii, D. L. S,A | s s,A AA S,A
Kavun, I. . &Papdva, . . A-S |  A-S A-S A-S A-S
N.S. _ {
Berezan§kaygim§.”§. i' ‘ ‘ . S-A S-A S-A S-A S-A
- Emenov, V. L. = - | A,S s* S,A%° 5,A S,A
Nikitin, N. N. ' A,S : A-S A5 A5 A,S
Pehelko, A.S. . . S,A S,A® S,A S,A S,A
Polyak, G. B. S, A S,A S,A S,A S,A
mera wor U sa ] sa7sa A A
K;TQTin?—Syromyatnikova, :c s,A o S,A§ S,A A,S A,S

Key: A = analytic, S = synthetic, A-S = analytic-synthetic,
S-A = synthetic-analytic.

Notes: 1. Evtushevskii calls them "first and second devices of solution."
‘ 2. From synthesis, gradual transfer into analysis.
"3. Analysis of problems already solved by synthesis.
. 4. And preparation for anslysis.. )

3. In the beginning of the year, analysis of problems previously
solved by synthesis, at the end of the year, analysis may
not be preceded by synthesis. -

6. Partial, abbreviated analysis and‘analysis of problems
not already solved,. '

7. Analysis of problems previously solved by synthesis (before
the end of the third year of instruction). t

8. Instruction Iin solving complex problems is begun in the
second grade of the auxiliary school.

18 . ' z
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Characteristics ég_ggg Analysis and Splution of Arithmetic
Problems by Pupils of the Auxiliary School -
(Summaréqsafé of the Experimental Research) .

Methods and Results of the Experimental Research

Finding the difficulties encountered by children who have a sharp
disorder of£intellactu§l operatioqr which involve & complex mental pro-
cess such as that of the solution and analysis of a problem, demands not
so much quantitative as qualitative analysis. Children often arrive at
identical solutions (correct or incorréct)}by various routes. Accenting
the quglitative analysis, we are limited, therefore, to a relati%ely
" small sumber of pupils (26) and problems they solved (a total of 521

.solutiOna were obtained). ' :

Following one of the main didactic principles of auxiliary instruc-
tion-—the principle of the individual approach——we took children with
various symptoms for our studies: '

¢ a) children with inborn feeblemindedness——oligophrenia, the in-
complete development of psychic procegses caused by prenaﬁal brain
damage or brain damage in the very earligst stages of development;

by oligophrenic children suffering from additional brain daggge
(infection; trauma) ; .

¢) children with cases of acquired feeblemindedness (8 persons),
diagnésed as the result of sustained brain damafe (infection, trauma),
characterized by a sharp distortion of the psychic processes (predom-
Anantly intellectual processes) . '

+Individual lessons were held with pupils who 1) had just begun
systematic instruction im solving complex arithmetic problems {grade
3-b), and 2) had already é;d expérience in‘éolving complex. arithmetic
problems (grades 5-7). To facilitate greater accuracy in comparing
résslts of éolution, we took pupils from each grade whé were excellent,
average, and poor problem solvers. rTha same problems were gilven to
all the pupils in a single grade. In selecting the various \ypes of
problems.to be given each pupil, one aim was pursued--—to follow, as
completely as'poésible, the analyzing process. For this we considered
it necessary to make a prelimimary study of the elements comprising

analysié (analysis and synthesis) and the processes with which analysis ,

L]
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of a problem is most tightly linked (the proceeees of solving end
recognizing a probl%m) ) '

We made it our primary goal to ascertain how pupils are able to
solve problems without interference by the teacher. Does the pupil
understand the idea of the problem, or its differences from other

,problems? With this in mind, we composed the first series from the

following four types of problems:

¢

1. ordinary problems, of average difficulty, familiar
to the children from instruction, . CT

2. problems with insufficient numerical data,
3. problems with superfluous numerical data, and
\

4. problems without numbers. . . / “

As can be seen, along wifh ordinary problems that are solved '
daily in class (problem 1), we proposed problems of a new type (2, 3, 4).
. The idea is that in solving unstereotyped problems the essence of
the solution process and the peculiarities of the child's train of .
thought are profoundly revealed. We shall see below that the differences.

in children's solutions, which escaped us during their solution of
ordinary problems: of average difficulty, come to the surface as soomn as
the children begin solving problems with an altered form or content.
Moreover, the aggregate of problem solutions of series I serves as
supplementary m%terial for the study of the fundamental question of the
experimental investigation--the synthetic (problem 3) and the analytic
(problem 2) methods’ of analysis. | ‘

Beforé solving the problems of series I, the children were given
identical instructions to ";olve the problem aloud," but the teacher
did not repeat the request if it hindered the pupil in Solvingla problem.
The pupils' solution processes were recorded. M

Beforeuepproaching the'study of‘the very process of analyzing com~ 4
plex arithmetic problems directly, we learned how pupils do the assign-
ments which are the basis of enalysis. With a view to this we composed
two more series of assignments, IT and III.

In the second series of assignmeyts we gave questions from which

. it was necessary to select numbers and solve a problem. “An aptitude

" more necessary for the analytic method of analysis was evinced here.

In the third series of assignments we gave only conditions without

.
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- questions. The pupils waré-required to state a question fitting the
conditions and to solve the problem. Here it was possible to observe
one of the major steps of the synthetic method of analysis.

' " In the fourth series of assignments conditions’of problems ordi-

nary (curricular) in their mathematical content and form were actually
analyzed. Here it was possible to observe the entire process of
analysis directly, as well as its influence on success in solving a

problem following the analyéis.
1Y

The Solution of Qrdina_XAProbIems Familiar from Instruction Problems

with Insufficient Numerical Data, Problems with Superfluous Numerical

Data, and Problems without Numbets @

Third Grade (series I) ~~~ 4 .
The third grade pupils were given «&he following problems:

1. TForty- five Pioneers went off to.a camp along with
23 fewer Octobrists.. How many children went to
camp?

2. Someone bouéht 15 albums at 5 rubles apiece and 20
pencils. How much was the total purchase?

3. In a basket there were 75 lemons and 25 orapges. N
45 lemons were sold., How many lemons were left in

the basket? A N - )

4. Pupils were sitting at their desks. One pupil sat

at each desk. One half of the desks were not Y
occupied. How many more desks were thetre than -
pupils? ' &

+ Problem 1 was given in usual form, familiar to the children
from school instruction. Problems 2, 3, 4 were new for the children;
as a rule such problems are not solved in school. Of CHSEﬁour problems
of series I, problem 1 was most successfully solved; next came problem
3. Only the best pupils could solve problems 2 and 4.

All the children except Sveta P. and Lena K. answered problem 1
correctly., Despite the identical answer, however, explanations varied
for the correct solutions. Lesha-S., Yulya S., Nina K., and Vera K.
explaiﬁed their solutions more precisely than the others and asked more

logically appropriate questions. Yulii P. and Valya Ch. could not

explain their solutions, although they were also correct. Sveta P.

.
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- did not explain her ﬁiong solutipn. What' is the.reason for this?
. i N .
‘We can find a partial answfr to this question by analyzing the
. It appears gat the children came
el

ent routes, by.

A »
course followed by the solutio

to identital results by diffe, etrating-the idea of

*

the probiem in different wayg. The pupils who were unable to explain

q}ical4opgrations in a stereotyped pattern.

epareh schemé, taken from the solution to
problem 1, to solve all ghe problems. In other words, independently

v *¥rom the conditions of ghe problem and its question, they pgx formed

- the same operations wif numbers and took them from the 'conditions in
precisely the saﬁé orf~r: Ihéir success or‘fa!idge in the solution
depended greatly on gée extent to which the selected oréeﬁ of arith-
metical operations gétisfied the solution of'che given problem. 1In
this the pupils helfl .to the stereotyped solution so much’ that they
were unable to leaje it, even when there was no numerical data and
appropriate story the conditions for using the chosen stereotype.
Then the data were either invented or used twice, and the problem was
still solved in st conventional pattern. Such solutions were given
by Yulii P., Vaiya Ch., and Sveta P.

yglxg_gh.zjcopying the stereotyped pattern, substituted the main -

question of the problem for the first question, and the last words of
they conditions (those preceding tﬂg\question of the problem) for the’

A :
second: {
‘ Correct questions (problem 1) , Questions stated by Valya Ch.
- 1) How many Octobrists went 1) "How many children went off
' off to camp? : to camp?" [Copied from the
/
{ conditions.]
2) How many children went 2) ,”With 23 fewer Octobrists."
off to camp all together? [Copied from the conditions.]
R
o She also stated such questions in her incorrect solution to prob-

lem 3. It is characteristic here that the child's first reasoning
was more closely connected with the conditions of the problem. But

the more she struggled with the solution, the further she strayed from
4 '
: 19
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the conditions and the more fi;ply fixed she became on the course of
the chosen stereotype.. In such\q case (if the plan used by the pupil
diverges from the corréct one) tﬁe»gélution does not correspond to
the conditioms of the problem, thé'éﬁgwér obtained does not answer
the quﬁftion of the problem, and E?e?gélution is explained incorrectly.‘
Sveta P,, tﬁe poorest pupil, u§ed\§pé_%Fme‘stereotyped pattern
for the solution™of all four probleﬁq, ﬁ&pexgtubbornly and consistently
than did Yulii P, She could not expfhin ;‘§iﬁgle sol;tion correctly,
including those solution; coinciding'?ith tﬁéisﬁegeotype and, hence, .
accidentally correct (solution of phe second dﬁésfipn of problem_1
and the second question of .problem 3). Sveta P.'s stereotyped
character of the solution is obvious when the following four problems,
different in content‘ahd fogm, are compared: \¥3 -
Solution to problem 1: 1) 45 Piomeers + 23 Pioneers = 77 Pioneers
1) There were 77 Pionedrs '

2) 45 Pioneers - 23 Pioneers = 32 Pioneets
2) 32 Pioneers yoon e

.
Al

Solution to problem 2; 1) 20 pencils + 5 pencils = 25 pencils

1) 25 pencils - :
( 2) 25 pencils - 15 pencils = 10 pencils
. 2) 10 pencils

Solution to problem 3! 1) 75 lemons + 25 lemons = 95 lemons .
1) 95 lemons _
2) 75 lemons - 45 lemons = 12 lemons
2) 12 lemons @&

Solution to problem 4: 1) 12 desks + 2 desks = 14 desks

1) 14 desks ,
2) 14 desks - 4 desks = 10 desks N
! ‘ 2) 10 desks.

It is not hard to see that, despite the completely different con-
ditions, the solutions to problems 1, 2, 3 and 4 are s{?ilar and are
performed according to the following stereotyped pattern:

1) From the conditlons two numbers are taken aqd added. The
first question in all 4 problems is answered thusly, despite the‘fact
that to answer the first question of problem 1, subtraction, not addition,
is needed; for problem 2, multiplication; for problem 3, subtraction;

and for problem 4, if it were to be solved with numbers, division.
o :

N 20
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2) Then the third number, heretofore unused in the problem, is
subtracted from the result obtained in 1. If there is no third number
(proﬁaem 1 has only‘qu numbers), subtraction is performed using the
same numhérs as in the addition or an invented number is subtracted
(ﬁfdblem 4y, l

| Thus to.solve a problem according to a stereotyped pattern, the
numbers alone are taken from the conditions. Further, the solution is
carried out almost independent of the given conditions of the probplem
or of its main question. But if no numbers are given in the conditions,
the conventional solution has no relation to the proposed problem
(problem 4). ‘Of course the results of the solution ogg;ined in this
manner cannot be explained; actually the subjéct has not-stated a single
quesﬁion in the solution. . ‘ . .

Lena S., Yulya S., and Nina P. arrived at a solution by a different
route. Even the weqyest of them, Nina P., brought her solytion into
closer, and_more precise, agreement with the conditions of the problem:
She tried .to base the solution upon- the relationships of the data and
the question of the problem. In accord with her work, she recognized
more fully the conditions of the problem and made the questions mo;e
ﬁrecise: "i found ot how many... Pioneers... went off all togethgr."
She read the conditions, thought a little, then correctly explained»ihe
solution: 'How many Octobrists and Pioneers wégf~ together?"

Thus we see qualitatively different beginnin;:%Xp the pupils’

skills in solution being formed:

a) Some pupils quickly learn from instruction a dsfinite model

for the solution of all problems, changding it little to conform to the

conditions of a problemy and if they do cﬁange i, they do so on the

basis of the external, formal features of the conditions (Yulii P.,

Valya Ch., Sveta P.).

" b) On the other hand, others try to understand the conditions of

a problem and produce a solution as far as they are able. They take

fewer unsubstantiated and mifunderstood steps and perform fewer‘Opgra—

tions which they cannot explain (Yulya S., Lesha S., Nina P.). Thes;
pupils also evinced a weakness--but a different kind--in the solution.

A cémplete, profound understanding of all the conditions of a problem

was still not always accessible to them. Thé understood separate re- -

lationships were not interconnected in the general plan of the solution

ﬁo a problem. Sometimes (when sof;ing s new and difficult problem) the

o - 21
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parts of the conditions which are correctly understood are not enough

- to solve the whole problem. In such a casé the pupil carries out the

solution according'to the recognized part, without finishing it and

" without answering\ﬁhe question of the problem. Along with these

diffarepCes, there is a common feature characteriétic of all pupils,
A -
a point at which their paths of solution converge:
. a) All pupils begin the solution by using the arithmetical vpera-

tions and numerical data as a guide, and giving little attention to

© the question of the problem. Some combine the numerical data existing

in thg conditions according to a prepared stereotyped pattern, while

others, guiding themselves by numerical data andtrying to understand

the relationship between then, construct a plan of solution which is
-new and original in égch problem. In the latter case the recognition

of t%e conditions determiqes the course and3the result oF the solution.

_ b) If the pupils come to understand the conditions and the plan

of Solutfg; of the problem, it is only as a result of carrying out 1ndivicual
solut%ons of questioﬁ after question. Thus the questiom of the pfoblem

is realized post factum--after the solutions possible from the condit;onéc

have been carried out. Thus the question of the problem is stated,
depending on how it is obtained, after the pupil has blindly solved all
possible individual simple problems. :

~ There is a greater possibility in problem 1 of reaching the answer
to its question by combining numbers- according to a prepared, already-—
mastered scheme of solution, as well as by a more conscientious solution
of cohsecutive questions. This is because in the first case the ) 2
prepared, mastered solution pattern coincides with the plan of solution
of problem 1, ;hich was given in the usual form, and in the second case
both ?ossible solutions eventually lead to the answer of the question
of the p;obleﬁ. .&here are fewer such possibilities in problem 3,‘even
fewer in problem 23 and none at all in problem 4, since in %}s conditions
there are no numerical data which, on being combined, could be fitted
into a pattern or could be used to answer the questions blindly.

Primarily for this reason the problems fall into a certain sequence
@, 3, 2, 4) according to the success of the pupils' sélution plans.
‘Bothbindividual and general distinctionﬁ, particularities of solution

characteristic of all third grade pupils, give us a basis for

¢oncluding that.
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¢) Solving the given problems of series I, all the third grade
pupils followed the methods of sypthesis. The solutions to problems
3, 2 and 4 are illustrative in this respect. The solutions to problem
3 differed very liittle from each.other.: average and poor pupils made’
" all possible solutions from the existing numerical data (also utilizing
supeérfluous data) without considering the question of the problem.
Strong pupils, too, found themselves on this course at first.

Among the solutions to problem 3 there is a single original solu-
tion in which Vera K. used all numerical data, including the super-

fluous data, but obtained the right answer to the question of the

| problem; ' . NP

l). 75 fruits 4 25 fruits = 100 fruits.
How many fruits were there altogether?

* !

2) 100 fruits - 45 fiuits = 55 fruits.
How many fruits were left?

3) 55 fruits - 25 fruits = 30 lemons.
- How many lemons werg, left?

Instead of the correct and shorter method:

1) How many lemons werd\ left?

- 75 lehons —\45 lemons X 30 lemons.

But the method of synthesis,¢characteristic of most pupils, was
observed quite clearly when they were solwing problem 2, although
thé§ had not enough data to answer the question qf the problem. All
pupils approached problem 2 in the usual way, aﬁswering question after
question without considering the question of the problem. In doing so,
a) some pupils did not note and did not indicate why the solution was
impossible, and iﬁcorrectly solved the problem in two steps (Yulii P.,
Valya CH:, Nina P., Lena K); b) others (the better ones) correctly solved
one question from the data of the conditions and did not begin to solve
the problem incorrectly, but indicated why the problem was unsolvable
(Lesha S., Yulya S., Vera K.). g

Incorrect two-step solutions given by the pupils in (a) above are:
(l} addition of the number of albums to the cost of one album (solution

~of the first question), and (2) addition of.the obtained result to the

-

23



¥ .
other unused number given in the conditions--the number of pencils |

(solution of the second_quest;on). B
The pupils indicated why the problem was unsolvable in various
ways. Lesha S. and _élzg_s. themselves pointed out the reason the
problem could not be solved and found the cause in the lack of data.
They noted the pattern of the solution: they asked the first question
correctly and solved it; they stated the second questioh correctly,
but, not finding the datum peeded to answer this question, they said
the problem could not be solved.
Here is the solutign of Lesha S.. !
1) How much di\fge albums cost?
" 15 x 5 = 73 rubles
2) How much do the pencjls cost?

The problem can't be solved——there is no number
for the cost of the pencils.
. t

Yulya S. solved the problem similarly:
¢ .
1) 15 albums x 5 = 75 rubles

2) 'The problem cannot be solved because we do not

know how much a pencil costs.
»

Vera K- éointed out why the problem was unsolvable witﬁout such
an analysis'of the conditions of the problem, and for a 1bng ;ime
could not un&erst;;d that it was impossible to find the cost of the
penciis from the given conditions. She noticed the insufficient data:

"There's s

ething here 1 don't understand. It doesn't say here how

much they pald for the pgncils.'” But for a long time slje could noﬁ

understand th
M"In the f

this is exactly why the problem could not be solved.
st question we must know how much they paid for the .
pencils. We can solve it! We take 5, wéll, ma?be 15, no 20. In two -
stages... I can't solve it. 5 hultiplied by 20! No, those are albumrs.
.We could probably find'out the cost of the pencils, 'but I don't know
how., . . ." i - .

And again she tried to determine how much was paid for the pencils.
Finally she was asked "But'can you really solve this problem 1if the
cost of the pencils is not given?" She wrote: "This problem cannot
be solved; we don't know how much was paid for the pencils."

A strong .pupil, Lesha S., solved the problem with insufficient
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data differently. She independently (not without difficulty and not ‘
without trial and error, of course) established why the soluti:n was
impossible. She correctly answered the figst qdestion of the problem
(she indicated the data and the operation for it). .qung on to answer
the second question, she noticed the missing datym-.-and asked: '"How
much do pencils cost in this problem?" ! . ’
It is interesting th@t this new difficulty caused her to take
gnother tack. She analyzed the second question according to the logi-
-cal sense of the conditions: "How much do pencils cost?” Th;n she
began searching the conditions for the answer: "30 plus 20? ' Nol

20 taken 4 times? No! ‘20 taken... taken 5. times? Nol!" Having failed
to select any one of these solutions, she began looking for a different
way out: ‘Well, what is this, huh? What else is it? Where can I find
the number? Where is the number telling how much the pencils' cost?
It's not here at. all. Can you really solve it without it? Nol" She
wrote, ''The problem cannot be solved: there is 0o’ number designating
how much the pencils cost.”" - S .

The results of the solutions of problem 4 also speak for the ‘
synthetic method of solution, which is characteristié of most pupils.
Problem 4 (nﬁmberless) cannot be solved by relying on numerical data
if one has -not grasped the idea of the COnditions Oné cannot solve
question after question gradually, blindly’, and wich no consideration
for the question of the problem; .numbers cannot be manipulated. It
'i{s also impossible to use a mastered stereotype for its solution. The
proposed prqblem may be solved only by’ guess or by imagination, on ‘the
basis of the understood concept; hencg it was of almost insurmountable
difficulty for all ptpils. With some guidance from the teacher, onl
Yglya S. solved it. All the children, however, tried one qu or

another to solve the problem;Aand, in their attempt, they reveal thei;

general approach to the solution. In this.respect we can div*fe the
children into two groups:

a) Some of them did nothing understandable or recognizable. They
either correctly solved the problem (Yulya S;), gave up the solution
(all the strong pupils), or, net having given up, éried to solve it
but completed no solution (Nina P.).
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b) Others, average and weak pupils, made incorrect solutions
(Yulii P., Valya Ch., sta G., Sveta P.).
valya Ch., the poorest pupil, witﬂqut noting that there were no
data to.solve the 'problem, begaﬁ the solutich as soon* as she had read
the conditions (for ihe second time): "Add 6 fo 6! I don't understand
this problem. I don't even know wh§ I don't understand it.'" But tlris

did not stop her from continuing the solution according to the pattern

which she used to solve all the problems with data: she added two
numbers, then subtracted one of the summands from the .sum obtained.
She ascribed the question of the problem to ‘the first solution and the

. end story of the problem to the second solution:
1) ; pupilE + 6 pupils = 12 pupils
2) I2 pupils ~ & pupils = 6 pupils
1) How many times more désks are thefe than pupils?

2) One-half the desks were occupied.

A similar stereotyped solution was given by Sveta P., but with

different numbers and following her own stereotype,
1) 12 desks + 2 desks = 14 desks 1) 14 desks
2) 14 desks - 4 desks = 10 desks 2) 10 desks

Incorrect solutions by average pupiléydiffer from these two solutions.
Vova G. correctly understood one relationship which was most

clei;by shown in the conditions ("one-half the desks were occupied™).

h.
She forrectly used it with invented numbers. She thought up the \
{- ‘ , .
number 100, then subtracﬁ&d half of 1t--50.
- ~

1) 100 desks -~ 50 desks = 50 desks.

) "I know that they were sitting [pause] at half the desks." s
’ ’

But the pupil went no further than omne undexstood relationship, and her

subsequent reasoning and solution were wrong. She used the solution to

B
"

find what she herself had invented—-the number of desks: .
2) 50 desks + 50 desks = 100 desks
2) How many desks altogethér?

26
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In solving the problem Yulii P. noticed the lack of data: 'But
there aren 't any numbers here!' He tried to determine one of the,miss~
ing data--the numbBer of children. In his,atteﬁpts he returned (althbugh
he did not réalize‘it) to his stereptyped.solution of the problem in
two stages: "6l Add 4 to 16! ‘100 : 21 But we mustfknow-hod many
cttildren there were! We have to.add 9 to 21, we get 30 pupils, now
add 21 .to 30 and we have 51." According to pattgrn he did the solution:

1) 21 desks + 9 desks = 30 desks Lo
' i , 2). 21 children + 30 children = 5X children -

As we can see, one correct solution was given at first--100 # 2-—but it
‘was forgotten and was not cited as a solution; the attempt to solva the
problem by stereotype drove it away. It 1s interesting that when fhe ’
soiution had been done according to the stereotyped pattern the subject
tfied to make it agree with the conditions Pf thé.problem being solved;
since the conditions spoke about dESkﬁ; in the first solution he

corrected the yord "children" .to read ”desgs," and hé}d to this.:

Fifth Grade (series I) -

. 5
Pupils of the fifth gkade were given these four problems:

1. A young Pioneer léader had 150 rubles to buy theater tickets.
He bought 37 tickets at 2 rubles 50 kopeks each and 12
tickets at 3 rubles 50 kopeks each. How much money did the
leadér have left? '

2. Ten.boxes of apgles, each containing 32 kilograms, and 5
boxes of pears were brought into a stare. How many kilograms
of fruit were brought into the store?

3. Potatoes were being transported in trucks. The first truck
carried 3 tons, the second 5 tons, and the third carried
"half as much as in the second truck. How many tons of
potatoes were being carried in the first and second trucks
together°

§

-~

4. There are books in two bookcases, an equal number on eackxa
- shelf. In the second bookcase there are twice as many shelves,
and twice as many books on each shelf. How niiy times more
1

books are there in tk*e second bookcase than the first?
The fifth graders most successfully solved prob 1 and.then

problem 3; problems 2 and'4 were the most difficult for most of the

¥ .

5Problems for the fifth and seventh grades are more complex than the
problems given the third graders, acaording to the requirements of the
curriculum. :
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* pupils. The general features:hf solution characteristic of all the

ﬁupils, as well as the features characteristic of individusal third
graders were present in the pupils of the fifth grade as well. Among
" the latter -there were also: . : )
a) Children, who in learning technique]\master the devices for
. solving identicél problems$ no worse than otlHer childrem, but stubbornly

apply these devices to all other problems, often hot taking into account -

- the requirements of the condltions of the given problem. The devices,
both feasible end unﬁeasible, differ little from each other, and the‘
children introduce much from themselves into the problem, especially
in.solving problems that cannot be solved by ordinary methods. '

Such solution% were given by Kolya D., Tonya L., Vita K., Nina

Ch., and Nina Ts. Ip solving problems given in unusuad~form, these pupils

took more unrecognized incorrect steps (the solutions diverge from the
‘questions’ stated) than other pupils did. In observing these pupils it
may,have appeared that' they solveeprqblems with conviction, doubting

. ncthing, but in truth their sblutione wére reached by a prepared,

accustomed pattern. The pupil often cannot abandon the initially
accepted, incorrect. plan even when he himself notices the error. -Thus

Nina Ts. incorrectly .solved problem 1in two steps: !

b 1) 4 How much money did. the leader spend for 37 ticketq?
' 2.rubles 50 kopeks

x 3 rubles 50 kquks
6 rubles 250 kopeks p
8 rubles 30 kopeks '
~ 2) How much monay did he have left? : . ’
3 . ~
. 150 rubles 100 kopeks -

-~ . 8 rubles 50 kopeks
142 rubles 50 kopeks | ,
Having gotten on the right track (first question), she could not

‘continue the solution correctly, although she noticed her mistake.
Before she finished- answering the second &hestion she said, ”I didn't

" do it $ight... y%uﬂbave to subtract, but I didn't know how many tickets

thére were altegether. They should be added." But she® ‘able to

.correct the solution.

- 14 | N
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The solution by Kolya D. is characteristic of this group of chil- ¥
. dren. He thought about the conditions for a long time; reread tlem
several times, circled the letters of the gonditions with his pencil,
and finally said, "I don't underétand... L can make out. the words, but
I don't understand.” But this dods not stop him from beginning to -
solve the problem. Although he worked very slowly he did not stop "
until Yhe had gottey a solution. o '
' 2
) 1) How many 2r 50k ‘tickets did .she buy? .
, iy
2r 50k
) « » * &
) + 3r 50k
6r x
©2) How many 3r 50k tickets did she buy?
‘4/\ -
ér
+ 3r 50k .
‘ - R
9r 50k
3) How many tickets,did she buy for both 2r 50k and
3r 50k- together? o
N - . . ]
8r 50k ' ' : | : ‘A
+ 6r 50k
© 1ér ¢

4) ~ How much money did the leader have left?

o 150r
- 16 r e
134 - ¢ Answer: 134 rubles

The questions stated independently by the pupils differ in the de-
gree of their ambiguityp It is not clear what the pupil wanted to find—

‘the number of tickets or their costs. This was not clear in the solu-

-

-

tions. - )
The formulation ©f the firgt, second,and third stépé contalins an
.indicition of definite numbers of tickets, but there is not a single
number in their solutions tﬁaﬁ(is labeled "tickets." Moreover, the
y , | . o . | i
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number of tickets given in the conditions 1s not used. All solutions
are done using only the cost of the tickets and the amolint of money
which the leader has. :

W . The stated questions recall the correct piﬁn of solution. The

- first question mentions tickets priced at 2r 50k , the second mentions

tickets At a price of 3r 50k , and the third mentions "both 2r 50k

and 3r 50k together''; the fourth .question is. the question of the prob-
»

LY

lem. The answers to thes:?qpestions, however) are far from correct.

Of the four solutions to the four questions, not one was correct.

In soiving the problem the pupil tried unsuccessfully to pengtrate and
understand its conditions; he mdde an unconscious and unclear plan of
the sélgtion.

s b) Children who are trying to solve a problem by beginning with
its conditions do only what they are able to do from their understand-.
ing of the conditions. True, tha-completed solutions are sometimes not
sufficient to answer the question of the problem, but they do ndt diverge
from the concrete data of the conditions. Such solutions were given by
Tolya'A., Manya V., and Volodya M.

5 zg_z__A began the solution by determining the number pf tickets
bought. Having solved this simple.but superfluous problem, he stopped
and thought. He correctly noted the second and third questions and
solved them. But, having still not determined the total amount of

money gpent, he wanted immediately to answer the question of the prob-

lem:
1)  How much money did the stder have left? -
| J92r 50k’
+" 37r 50k
J 130r :
He noticed and corrected his error: "I didn't write that right. I

wanted to find out how much he paid for a¥l the tickgts. 1711 do the’
question over again. Although everything is correct, 1 have to subtract
in the last question instead of adding." A ) : .

Tolya A. slowly and indirectly came to the answer to the problem,
like Kolya D., Tonya L:,and Nina Ch., but took unnecessary and incorrect
s}eps toward' an indepgndent analysis of the conditions and toward the « ¢

solutfon of the problem.. verything superfluous was discarded, and
2 30
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errors were corrected independently.
He solved problem 2 similarly,,with doubts and suppositions. « He
read the conditions, began to wave his peﬁcil,and was nervous, ''But
how cad I write it here? There aren't any pears, only some kilégraﬁs. Are

there as many pears as there are apples? We can find out about the

11 t

apples...." He began to "find out about the apples," solved the first
question, wrote '2," and thought. ''We can make the same number of {
pears as apples, also 32 kg. But if they aren't made to be équal,
you can't sqlv%*}t.” He assumed that the weight of the boxes of apples
and pears was equal, and with this éssumptioﬁ he solved the problem in
three steps. | | , )

A feature common %o the fifth gra&érs as well as to the,thifd
graders was their attempt to solve the problem in the usual manner--
by synthesis. All the pupils began solving problem 2, and all solved
the first question,solvablé from the numerical data of the conditions;
but they continﬁed the impossible solution differently. Tonya L. and
Vova M. wrote the second question of the problem and solved it in-
correctly. Manya V.,/;nlya.M.,and Nina Ts., after solving the first

{ question and finding<ff{data to solve subsequent questions, gave up
the solution. )

Unlike the third graders, some of the fifth graders evinced an
ability to compose a plan of solving the problem according to the logi-
cal sense of the conditions, without support of numerical data. But
because numerical data were not given for the solutioﬁ of the second
and third questions of the plan, all pupils gave correct guestions but
incorrect solutions. (Kolya D., Vitya K., Tolya A., Vova M., and Nina
Ch.). " . ’

The synthetic method was clearly used in the fifth graders'
solutions to problems 3 and %. Without considering the question of
the problem, the chiléren worked out all possible superfluous
solutions. .

a) Tonya L., Tolya A., Nina Ch., Véva M.,and Nina Ts. stated
and solved a superfluous question, then, independent of it, they

solved the question pf the problem:

[
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)
- : 1) How many tons of potatoes were in the third truck?
*
5¢ + 2= 2t 500kg é‘
] 2) How many tonsof potatoes were in the first and
second trucks? ' . S

_ 3t +5t =8t ’
. ’ ) 5 .

~b) Kolya D. and Manya V., after solving superfluous questions,
. ¢ solved the question of the problem, incorrectly selectlng the dara
(using the results of the superfluous problems).

Kolva M. was an exception. He answered the question of the problem
directly, without any superfluous solutions: ‘'But here there are three
trucks, but it says only two. - Why doesn't it ask about the third truck?

‘ There;s apthing to solve here! Look! gﬂere s 3 tons in the first and §
. 5 tons in the second. Nothing's written abodt the third ome. It's just

a first grade problem!" ’

The simple, numberless’ problem 4 forced the children to reason, to
solve the problem without the’ opportunity tq rely on numerical data.

Only two pupils could handle this problem, Vitya K. and Tolya A., Most

of the pupils gaye up on it (Tonya L., Manya V., Nina Ts., Kolya.M.) or ’

gave incorrect solotions ‘(Kolya D., Vova M., Nina Ch.). The absence

of numbers in the conditions made it impossible to soloe: "You can't.

solve this problem... it doesn't say here how many books there are...

no numbers are given. Ihe gxoblem is awkward. No, it can't Ye solved

anyway'' (Nina Ch.). v

Incorrect solutions (Vova M., Nina Ch., Kolya D.) represent an

attempt to note the questions of the problem by arranging the parts of

. the conditions in a logical sense, disregarding the existing-data and

. the incorrect solution of the questions thus stated.
1) How many, books were on the first shelf?

2 ghelves x 2 shelves = 4 shelves

2) How many more books were there in the second
bookcase than in the first? (Kolya D.)

% .
t = metric ton (Ed.)
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Seventh Grade (series I)
The seventh gnﬁde pupils were given the following four problems

1. A ship traveled 240 kilometers in 12 hours.
In how many hours will it travel 800 kilometers?

2. The floor of a room has to be painted. The room
is'7 meters long and 3 meters high. How much
does it cost to paint the floor if 1 square meter

; of paint costs 75 kopeks?

3. A wnrker earns 18 rubles a day.
What is his monthly wage if he works 25 days a
month at 6 hours per day?

4. A kolkhoz  sowed? a‘plot with oats and two such
plots with wheat. They harvested 4 times as much
oats as they sowed and 8 times as much wheat. How
much more wheat did they harvest than oats?

Observation of the seventh graders was hindered because they began
reasoning albud~only after the plan of solution had almost been completed.
We purposely did not'interfere with the pupils' solutions, knowing that
our request to reason aloud would significaﬁtly distort tﬂ;‘natural
process of solution-—speechless analysis, a plan of internal speech—
which occurs in children of this age. ‘Theréfore the seventh graders'
reasoning does not fully reflect their train of thought during the
solution, but is moge the end result of mental activity on the
problem. Children of grades 3 and § easily and willingly solve problems
by reasoning aloud. The seventh graders preferred to dq everything .
silently and only rarely stated their thoughts (doubt, something not
understood, etc.).

' Seventh graders, like the third and fifth graders, solved problem
1 most successfully, and then problem 3; problems 2 and 4 were almost
impossible for the The attemptato arrive at a solution on the basis
of the numerical data, and not on the basis oé understanding the require-
ments of the question of the problem, was alsb a characteristic of the
seventh gréde pupils. )

This can be seen even in the solution to problem 1, and even more,
clearly in the solutiomns to problems 2, 3, and 4. Solving problem 1,
all puﬁils cérrectly answered the first question (numerically), but

they experienced difficulties, and three pupils even made errors, in

*
kolkhoz - a collective (Trans.)
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solving the second question of problem 1, applying the nemerical data
which already existed in the conditions, to.the question of the
problem (Kolya S., Tamara Sh., Katya B.).

All the pupils solved problem 2 wrong, taking the height of the
room for its width. Problem 3, solved in one step, was begun in two
steps by al}’pupiis, that is, they made a superfluous solution ("super-
fluous synthesis"). But during the soclution Nina M., Yura B. and Ira
G. realized that the problem could be solved in one step. Then they
discarded the incorrect solution they had begun and'cor:ectly answered
the question of the problem. ' o

Unlike the third and fifth gradi pupils, the seventh- graders,

using the characteristic method of syhthesls in solution, evinced:
_ ¢

a) an ability to resort to another means of solution——to note a
plan of solution following the logical content of the conditions. But
their plan of}en did not agree closely enough with the numerical data
in the conditions for the solution to be- correct.

Illustrative in this respect are the solutions to problem 4 by
Ira G. and Katya B.: )

katya's solutdon:

l)' How much oats was harvested?
4 oats x 4 = 16 oats

2) How much wheat was harvested?

8 oats x 8 = 64 wheat . . -

'§§&3 , How nuch larger was the harvest of wheat than . .
i hat of oats?

{w { ‘,64 wheat - 16 oats = 48 wheat Answer: 48 wheat

The questions of the plan were stated by the pupil on Egz‘basis
of the ideas contained in the conditions rather than from the data -
itself. But the question of the problem was somewhat changed. As can
be seen in the conditions, however, there are no numerical data to
solve the questions of the plangcomposed by the pupil. The pupil
erroneously replaced these data with the glven relationships of the
amount of grain; she did this for a purely formal reason: 4 times
more oats were harvested than were sown. From this the pupil knows

how mwch oats was harvested: '"40 x 4 = 160." As we can see, the

34 ,
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. plan composed to solve the problem agreed neither with the conditions
of the problem nor with its question.

b) They also showed that they hold less to a stereotyped pattern

in the solution; they try to understand the conditions of the problem,

and if they. cannot, they make inc%Frect solutions, which are different in

each such problem-—-they are not stereotyped, ,

Selection of Missing Numerical Data for the Londitions and the Question

r

Third Grade (series II) : .
The pupils of the third grade were given the iollowing five problems

to solve, for which it was necessary to select numerical data in aé‘%nce*

1. Books\and albums were bought.
How mdXh money was paid for the whole purchase?

R

. o : .
2. TFour books and one album were bOught. C -
How much was paid for the whole purchase? '

3. Four books, at 3 rubles each, and one album was
bought. How much’was paid for the whole purchase?
-

4. TFour books and one album were bought. Money was \””‘
given to the cashier. How much change was
received?

5, Books and #n album were bought. 50 rubles was -
given to the cashier. How much change was
received?

In the conditions of problem 1, besides the quest;on, it is indi-
cated that "books and albums were béught." As we see, in order to
answer the question the cost of the albums and of the books is needed.
The total cast.of all may be shown, but the price of oneQ:ook or AHf
one album and the number of each bought is enough to detérmine the
cost. s |

In problem 2 one numerical datum is given: "4 books and one album
were bought." .In gselecting numerical data for this problem, the person
solving it is shown the necessity of giving the price of one book

(since the quantity of books is already given), of giving the price
"of an album and of solving the problem in two operations. ]

In problem 3 two numerical data are given: "4 books at 3 rubles

each and one album were bought.'" Hawinggiven the price of the album,

a pupil was able to solve the problem in two operations.

35

b
.\'\
MJ




After solving three problems, a pupil was asked to solve two
‘others—4 and 5. The content of the first problem ("books and albums
were bought") is included in-the conditions of these two problems, and -
a supplementary condition is given ("money was given to the cashier”
1in problem 4, and '50 rubles was given to theAcashier" in prqplem 5).
Finally, a question is stated for each problem: "How much change was
received?” To solve this series problems the pupils were required

' Qixisting questions and conditions.
This type of exercise is recommended by methodologists as dkercise

- to choose numbers suitable to the

preparatory to the analytic method of analysis of complex arithmetic
problems. Let us see how our pupils handled these pasks.

- Success in solving these problems w!i in direct propartion to
the success of the pupils., Excellént pupils sgelected data and solved
most of the problems correctly. Average pupi&g{selected nimbers, but
they could not solve all problems., Poor pupils did not “select numbers
for all the problems, and they solved only two (p;oblems 1 and 2} of

* the possible 5. ' ‘ ‘

a) In selecting numerical data, the excellent pupils tried to
imagine the concrete situation, the concrete object, and, determining
its cost, tfo show it in the conditions oé the problem.

The pupils selected numbers for the questions by imagining the
concrete situation in life: ''How many books do I get? How much does

the Young Guard cost? Well, say 20 rubles' (Vera K.; problem 5).

"There are books at 2 rubles each-and some kind of album there
fot, pictures; it costs 6 rubles' (Lesha S., problem 4). ' i?
"Don't you know how much an album costs in the store?' (Lena K.,
‘ " problem 1). .
: In this, the presented situation again is easily translated into ,
a plan of ayithmetical operations. Having thought up the numbers,
the pupil returns to the conditions of the probleﬁ and solves it
correctly.
\ b) .Average pqpils'tried to understand the sense, the content of
N3 \é ;he conditions and did not try to imagige’the concrete situatién.

* Ve

R c) Poor pupils could do neither—they could not imagine a

* golcrete situation, and_&guld not understand and use the meaning

e - 36
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contained in the proble;. They seiected the data according to

conditions they made up, which were far from the conditions of the

given problen. ) - - o
Sveta P.'s solutions are characteristic in this respect. With help

she selected numbers for problem 4 alone. She. unsucces‘%hlly tried to

select numbers for problem 5. In choasing the numbers,Ythe pupil

worked very little on th; basis of the conditions of the problem and

made incorrect deductions. Reading problem 1, she stated a question

in which data completel§ irrelevant to the problem were present: "Mama

had 34 rubles. She spent 34 rubles. How‘mucﬁ:d§é~§he have left?"

The pupil was asked to answer the question 'What was bought?" This

evoked new reasoning iﬁ her, and she thought up new conditions, but

with the old question: - -

34 books and one album for 23 rubles... not so
many books, say 24 books. Hdw much money did
she have left?

<

L

~
Here she gave the fuswer: "15 rubles..,. Can the problem be solved?"

‘She began the solution with an incorrect question:

"

1) 34 books - 24 books = 10 books
How many books did she have left?

2) 10 books + 20 books = 30 books’
For the entire purchase she paid 30 books. *

. t

&
The divergence of Ber reasoning from the conditions given is even

"more noticeable in her solution to problem 2. Having read the problem,

she began building a totally different problem instead of selecting
the missing numbers: 'Mama bought 24 apples. . . ."

Sveta was reminded that it was not necessary to think up a new
problem, but to choose numbers for this problem; but she continued what
she had begun: "Mama had 13 rubles, she bought 10 apples."

She is asked to read the question of 'the problem. She reads it.’
What does it say in the conditions about what was bought?

"Mama bought 24 materials."

She is asked to read the conditions aloud.. We repeat the question:

"Mama bought 24 books and an album for 30 rubles.”

Without indicating the price of the books, she began her incorrecc

“solution. Bbwks are, added with rubles, and books are obtained:

37
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N 1) 24 books + 30 rubles = 54 books

She explained her solution, "They paid 54 books for the album."
She considered this result the answer to the question of the problem.
‘She épproachéd the solution to problem 3 similarly. Having read
the conditions, she distorted then, naming a different datum in place
of the existing one ("4 books&"): '"Mama bought 50 books."
Experiﬁenter: Read here; ho%‘many books were bought?
She reads the cénditions aloud: 4 books and an album were bought.
Exp.: How many /poks were bought?
Pupil: 50 books and an album.
Exp.: = No, that's wrong, read the conditions again. )
Then she "corrects" herself: instead of '"Mama bought 50 books,' she
%ays "Papa bought 50 books."
| Again Sveta was asked not to make up a new problem, But to make
up numbers for this given problem. '

Exp.: What numbers are missing here?

. Pupil: .&and one album.
. / Exp.: What were they buying, according to the conditions
' . here? )
. Pupil: 4 books and 1 album. ‘ -
‘\ . ‘ Exp.: And does it say here how mucly they paid for each book?

Pupil: 4 books! .

Exp.: ' 4 books were bought, and how much did they pay for
) a book? ' N , .

TN ]

Pupil: 3 rubles each.

Exp.: / And how much was paid for the album? Is it
given in the preblem?

p Pupil: No. i .

Exp.: Think up a number for how much they paid for
- the album. )
s ~ Pupil: 3 albums. Now should I solve the problem?
P Egb.: And now do you have all the numbers? What did’ .
they buy? '

Pupil: 4 books at 3 rubles and 1 album at 3 albums!
3 albums at 3 rubles.

-
In solving problem 3 she gave ghe only correct answer to the first
> . -
question, following the ddta in the conditions, but she erred in term-

inology: 1) "4 books x 3 = 12 books. How much was paid for the books?"
- .
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The number of books obtained (12 bodggh) in the second question was
then added to the number of albums: 2) "12 books + 3 albums = 15

albums. How. many albums were left?"

[}

The solution to problem 4 also began with the reasoning ''Papa
bought 50 books...., The pupil bought 50 books and 13 albums." She
added the invented numbers and thought she had found the number of
books the pupil had bought: 1) "50 books + 13 books = 63 books.

TNS pupll bought 63 books."

R The problem ended with this -solution. After this Sveta was asked
to imagine the concréte‘situation. She was asked XE\ihe had bden in
a8 bookstore and bought anything. |

“I was. I bought some notebooks at 20 kopeks each and an album y.

3 rubles. I paid the cashier 4 rubles and got 40 kopeks in change.l

Her action is compared with 2?3 pufchase in the conditions of gg;"
given problem. The problem is elucidated: take a price, put the price -
here at which they bought books and albums above, and how many they
bought, and then solve the problem. After this she selected all the
data correctly. Nevertheless, she still could not solve the problem: .
she added the price of the books and the album and subtracted tﬂe re~
sult from the money given the cashier‘(she was doing the solution
according to her own model).

e also selectqﬁ the numerical data for problem 5 by recalling a

situation similar to that in the problem, but not gquite identical to

N
the one described in the giventgroblem;*_ v
"A teacher bought 80 books and angsgﬁum.” She writes: '"80
books." "And paid 30 rubles for the album and 5 rubles for the books."

According tg these fighres, the ﬁurchase will amount to 430 rubles. .
* T " 5 rubles x 80 = 400 rubles
. 400 rubles + 30 yubles = 430 rubles.
But‘in the conditions it says that only 50 rubles were paid. This
noncorrespondence is not noticed by the pupil. The solution greatly

diverges from the conditions:

]

1) 80 books - 50 books = 30 books The teacher gavé 30 books.
~ 2) 30 rubles + 30 rubles = 60 rubles Sh& gave 60 rubles.
' Thus the pupil did many useless solutions irrespective of the

question of the problem, and even of the conditions in general; the
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solutions per se are incorrect. She correctly solved only the first
question of problem 3, using two data given in the conditions.

What is the cause of such a great many unrecognized and unsub-
stantiated conglusions during the solution of a problem? Weakness of
memory is one reasom. Premises for forming a conclusion are not -
retained in the memory even for the time necessary to form a conclusion.
In its turn, the conclusion thus drawn is also forgotten, without having
been related tq the solution of other"qpestions. What was said is-
forgotten. What has been stated 1s repeated with difficulty and in- -
accuracy, and the meaning is gradually'distorted. For example, she .
stated the data for problem 1l: "34 books and an album were bought for
23 rubles.'" As she began writing, she forgot what she had just said
and instead of these numpers she wrote "20' books' and "24 rubles." She
‘correctly stated the first question in froblem 3: 'How much did they
pey for the books?" She began to write it down: "How much did they
\psy for... I forgot, what were they paying for?" She incorrectly
added, "for.the total purchase." )

In solving all the problems the pupil worked without interruption,
hurrying somewhat; she could not stop to concentrate on anything, and
she answered absentmindedly and irreleven:l;TN\§he answered questions
hurriedly and, as a rule, she did not think over the question, often
saying what she had been thinking before a question had been asked,
and failing‘to answer the question. Her thinking ran its course with
little influence from external considerations (questions, the conditions
of the problem).

Average (and some weak) pupils selected numbers for the conditions,
but couf& not answer the question of the problem. Moreover , ;the .
question of the problem was sometimes not even the last: question in
the solution plan. “On this basis we may assume that in selecting
numer ical data the pupils besan at some point other than the question
of the problem; when selecting the data for its conditions, they, the
pupils, relied on individual parts or words of the conditions. Having
selected numeriCaL data, the pupils tried to make Qﬁl possible
solutions from the conditions of problems thus obtained, and did not
try to answer the question of the problem (Lena K., Yulii P. and.
others) . . (o ' ‘ >
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In solving the problems of series II, the third grade pupils
showed characteristic traits which did not depend upon the pupils' -
—~ ‘ '

)

" 1) Some pupils were almost able to draw &orrect oral conclusions

sﬁécess: «
from the conditions, but on beginning the written solution, stated
questions incorrectly and gave incorrect solutions; that is, the pupils
based their written solutions not on their stated thoughts, but on the'
_stereotyped plan which they had prepared for the solution of all prob-
lems (Yulii P., Vova G); they correctly selected the nunerical datay

but they were unable to solve the problem.

- >Yulii P. read problem 1 and correctly named ths\lacking data: "Fo?
the album they paid 3 rubles, and 5 rubles more than thq%ifor the book."
From such numerical data it would have been possible.to answer the
question of problem'l (3r + 5r = 8r ; 8t + 3r = Ilr ). The pupil
tried orally,‘as soon as he had named the data, to note such a solution:
"How much money did they pay for the total purchase? We must add 5 to
5." As soon'as he began-writing the solution, however, he Jid not do
what he hdd said nor did he uge the numbers he had named}

. 1) 5 athums + 4 albumé = 9 albums
_ - ‘ .
2) 19 albums : 4 = 3 bdoks ’ ' £
/ Answer: 3 books. (problem 1)

¥

Yulii P. did the same thing in solving problems 2 and 3. In answer-

ing the question of these two problems ("How much was paid for the entire

'purchase?"), he wrote:.

1) 10 books + 4 books = 14
2) 14 books : 4 = B‘Eooks (2) albums
Answer: 3 books (2)'%1bums (problem 2)

1) 6 ruhles + 3 rubles = 9 rubles
9 rubles * 4 rubles = 3 rubles

. Answer: 3 rubles (problem.3)

In solving problem 4, the pupil iﬁmediately stated the s%hgme of
- solution he had éiven earlier, without first naming the missiﬂg data:
"Here there. are no numbers. We must add 7 to 10 books, that'lh‘be 17
boquf_ Then divide 17 by 3...."

‘-‘After this  the pupdl was asked to first select the numbers, then
solve fhe péoblem,‘whioh he did: hf s%lectedtthe cost of the books
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("12 rubles"), of the albums ("3 rubles"), and the amount of money given
‘the.cashierz(“ZS rubles™). . But he performed theﬁgolution incorrectiy,

following his prepared scheme. - ‘ . C
A . ' . oo . a
, 1) 25 rubles + 12 rubleg = 37 rubles
o . 37 rubles + 3 = 17 rubles

«

» Answer: 17 rubles

Xuiii P? algso selected the missing data to solve probiem 5, but he

- golved it incorrectif. This pupil solved all problems according to omne

stereotyped plan: he added two numbels and divided the result by.one

of the summands {problems l and 2) or by another nnmber given in the *
‘ conditions (problems 3, 4, 5). '
* Vova G. :gselected numerical data for the conditions with moré pre—
cision than Yulii P., but he too failed to solve a single problem.
Vova G solved all problems following a stereotyped plan, but differently ¢
than Yulii P.; two numbers were added (he found the value of the album
and the books). Then he again addhd the first summand to the result.
Unlike Yulii P., Vova G. carried out operations only on numbers given
in the conditions, or seleg}ed and written dowr at first _He did not

.

'V'think up other numPers during the solution. . )
2) 1In seledting numbers for the Juestions, Lesha S., Yulya S.,
and Nina P. satisfied the requirements of the conditions and questions
more.preciseiy than did the other pupils. They felt the fine distinctions
of the given, conditions more acutely and tried to use’them for the solu-
- tion. They noticed, beth the generalosimilarity of the idea and the fine
© distinctions of the problems. In solving the problems of this series,
Vera K., Yulii P., and Valya Ch. noticed the similarity:in the general

idea of the probl€§sg but did not notice their finer distinctions.
3 N . :

. Fifth Grade (sendes I1)

Y

: . The fifth gradé pupils were given the following three problems whose
solutions require numbers to be sglected first:
. 1. Oats were sent in trucks and carts to -a grain Lollecting
station by a kolkhoz. How many tons of oats altogether
- did the kolkhoz send?
i ; 2. A kolkhoz seant oats to a grain collecting station In »

. carts and in two trucks carrying 3 tong each.® How many t
A téns of oats altogether did the kolkhoz send?
' ¥
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‘3. ‘A kolkhoz sent oats to a grain collecting station

. in 8 carts and in two trucks carrying 3 tons each.
How many tons of oats altogether did the kolkhoz
send? .

As can be seen, tﬂe same questi;n is applied to all three problems.
‘'For the answer to the question in problem 1 there.are conditions
only--no numerical data: '"Dats were sent In trucks and carts to a grain
collecting spation by a kolkhozs"
In pr&ﬁlem 2, two data are introduced: "A kolkhoz sent oats to a
grain collecting station in carts and in two trucks carrying 3 tons
each." i
In problem 3 the nﬁmber of carts is further indicated: ""A kolkhoz
sent ‘oats to a grain collecting 'station in 8 carts and in two trucks
~-carrying 3 tons each." _ g -t
All fifth grade pupils selected the numerical data for the questions
~ correctly, but the problemscould still not be solved by Kolya D. (prob-
lems 2 and 3), Vitya K. (1 and 3), and Nina Ts. (2 and 3). The difference

in the pupils' completion of the assignment lies not so much in the end ]

—

results as in the ways of achieving them: the children differed in the ;
method of selec:iog of the correct numerical data’ and in their mistakes

in the solution. . }
’ All pupils handled problem 1 more succassfulli than other problems. :

- It was easier to‘éelegt numerical-data for problem 1, since its conditions |
permit a greater selection of arbitrary data; and the problam‘is solved’
more easily than the others.{ There 1s therefore no’significant differ-

ence in the pupils' solution of problem 1.

it The pupils used different methods to solve.pzoblems 2 and 3. A
t narrower sglection of data is required for problems 2 and 3, since the r
conditions somewhat limit an arbitrary choice of numbers; their solu-
tions, moreover, require a more profound understanding of the existing
* conditions than that of problem l,‘aince the supplementary numerical
" -

data have made the solution more complex.

az_IExcellent»pupils correctlw selected numerical data and solwved
the problems with the data. The children selected the data differently,
however, and went about solving the problems‘in different ways.

Tonya L. had little trouble transferring the understood solution

- .
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of problem 1 to the solutions of the subsequent problem despite the

]

diversity of the conditions:

-

60 tons + 50 tons = 80 tons (problem 1)
g , 40 tons + 50 ton¥ = 90 tons (problem 2)
60 tons + 40 toms = 100 tons .(problem 3)

Iglxg_é,’went.about selecting the numbers and solviﬁg the problems
- o very differently. He selected the numerical data in strict accordance
with the conditions, taking account of the changes of the conditions
'of each problem, and used all numerical data correctly in solving the
problem. Having correctly selected the data‘ and solved problem 1, he
chose other data for problem 2; these data were closer to the conditions
of this problem. Here hé no lchger indicated the total amount of oats
in the trucks, but used the dataegiven in the conditions. He indicated
the amount of oats in the cartg in conformity with that in the trucks
"Zt"‘in the carts and "3t in thé trucks™) and solved the problem correctly.
In solving problem 3, he again wrote down the missing data immed{i-
~ately, but now'silepgly this time. The problem seemed too easy for hima
he wanted to make it more complex by numbers: '"Can I'add another kilo-
gram?! * Well, 50 kg more-—2 t 50 kg ?'" He solved the problem correctly.
- 4in 3 stages. Thus Tolya A. did not repeat a single similar solution‘““f(~\\\
in solving the problems. He correctly used all existing data and
correctly selected the missing numbers. | ., )

b) Average pupils also approached solution of these problems in

.different ways. _ T

Vova M. outlined a plan of solution and selected the numbers at the
same time. As Fhe coéditions§of éhe problems changed, the solutions too™
Wefe'ChQnSEd%”épp%opriate data wereselected, and those data in the ‘

conditions were used correspondingly.

+

Kolya D. did not use the numerical data--the number of trucks—in
- solving problems 2 and 3,%$nd solved these problems wrong. gg_x_‘M
did not take the number of carts in proble 3 into account and- thérg—
fore also solved this‘problem incorrectly.
c) PoorApupils gave diverse solutions, Manya V. used all numerical
dgta given in the conditions and selected only the numbers which were
,ﬁeeded to solve the given problems. Vitya K. could not determine which

*
numerical data were missing in problem l-~the number of carts or .the

L ] L4 .
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- amount of cats.

'there.

data.L

He began solving problem 3 without first selecting the missing
Nina Ts. solved only .the first problem.
of nlmerical data nor the solutions. of problems 2 and 3 agreed pre-

cisely enough with the conditions. [

. From the fifth zrade pupils solutions of problems in series II

’

‘it is aevident that: = -

1) Some pupil#‘se%gcted numetfical data withﬂﬁx\undé}standing the
meaning of the conditions of the problems;
;hdividual parts of the conditions.

régain without accounting for its question,
‘solution to 1ts question blindly or 16t 1t nsolved, not even mentioning

it in the solution (Kolya D. did this).

2) ’/Other pua%%s selected the numerical data in close connection
with the conditions and the question of the problem, and even had a
plan of solution for the probleml&o—be. Vova M. outlined o8 plan of
solution at the same time he selectad numerical data; Manya V. began

to solve problem 2 immediately after solving the question of the probc

lem.

[

.

Seventh Grade (series 1I) '

The seventh grade pupils were given the following three prdblems

whose solution required that missing numbers be supplied<

1.

The samg¢” question 1s asked in each problem, but the problems differ

in their amouht of numerical data.

Shirts of one size were sewn from silk and from satin.
A meter of silk is more expensive than a meter of
satin. By how many rubles is a silk shirt more
expensive thin a satin one? .

s

Shirts of one size,were sewn from silk and from satim. .

3m of material went into each shirt. A meter of silk
is more expensive than a meter of satin. By how many
rubles 1s a silk shirt more expensive than a satin
one?

Shirts of one size were sewn from silk éhd from satin.

3m of material went into each shizxt. A meter of silk
is 40 rubles, and a meter of satin Is cheaper. B

how many rubles is a silk shirt more expensive tha
satin one?
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For problem 2 he selected a number that was given

Neither the selettion

they selected numbers for

d either approached the .

Unlike the problems given to the

Then tbgy began to solve a problem,

¢

%

\

~J



N

third- and fifth graders, all three problems of the seventh grade have
two possibilities for selecting numerical data. Here, selection of

" numbers. for the conditions without the requisite orientation toward the
question of the problem complicates Fhe conditions so much that the
solutioo of the problem becomes almost impossiﬁl&. Thus, if the num-
bers are selected acoording to the existingidgta, ghen the first con-
dition--"Shirts of one size were sewn from silk and from satin''--lacks
an indication of the number of meters of silk and satin; which is not
needed to answer the question of the problem, but, on the contrary,
would serve as the basgis of superfluous solutions which would tend to

«

distract one from the correct path. ,
Sometimes, however, the children begin selecting numbers not

from the beginning, but from the end of the conditions, often because

‘this part is more obvious for the solution——in this part the requiremenﬁlu

for arithmetical operations, for directgsolution, 1is more noticeable -
-~

than in other parts of the conditions; for example:
a) In the conditions "They brought 5t in the first truck, 3t
( in the second and in the third they brought twice as much as in the
second,'" despite the question of the problem, 'HOW many tons of ocats
did they bring in the first and second trucks?” the pupils first find
out how much oats was g‘ought in the third truck (ef. series 1);

b) In the conditions of problem 1, "Shirts of one size were

e

sewn from silk and from satin. A meter.of silk is mose\expensive —
than one of satin,' numerical data are first selected for the second
part, "A meter of silk...." Thus, having begun the selection of
numerical’data from the end of the conditions, one'ﬁay state the price
of a meter of silk and a meter of satin, and then the number of meters
‘going into-gach shirt; that is, one may seleg;_g}},défa‘needed to solve
the proposed questions irgospectiVe of the gsntxal question, beginning
not from the gquestion of the probiem but from its conditions. However,
the likelihood of such a selection is less than that described in the
first case. -

Let us ascertain‘when and how numerical data are selected for the
conditions, ifrespective of the question of the problem, and when

numerical data are selected by beginning from the question of the prob-

lem than from the conditions.
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Seventh grade pupils' solutions of problems are more individualized
than the solutions made in the tnird and fifth grades. Over the period R
of instruction the children gradually form their own panticulnr approach \\\
to solving arithmetic problems. What was observed in embryonic form -
in solutiona by pupils of lower grédes grows over years of instruction
into a firm individual quality that manifests itself in a ynique approach
to the solution of problems nnd is pecnliar and characteristic¢ of each
nupil. Nevertheless, desoite this, seventh graders have something in
common, something powgrful,‘that unites them in th§ following two

methods of solution of the problems of series ITI:

First Method , v

\ "After becoming acquainted with the conditions, the pupil does not
outline a plan of solving the problem. Numerical data are selacteé
‘(correctly or incorrectly) for the logical bits and pdeces of the con-
‘ditions {(often correctly); or for individual wofds according to a formal
feature and not dccording to content (often incorrectlyf. Next the
solution is done according to the imdividual pa;ts of the conditions, a
aJmost' unrelated to the questions. At the qnd of such a-solution, also
without any connection, the pupil states {(copies from the conditions)
the question of the problem (doing this by habit acquired over the
years of’ studying problem holving) and solves it, usually imcorrectly
(Katya B., Kolya S., Olya T.). Or, having selected data for the cdn-—
ditions, the pupil gives up on the solution altogether (Ira G.).

Sometimes there are necessary solutions among solutions of super-— 4
fluous questions, but they are usuolly lost amidst the incorre;t ones;
they are not isolated and used to solve the question of the problem

' (Ira G. oroblems 1, 2, 3). The solution of the isoln;ed}part itself
is obtained as follows: | ’ i

| " a) the question {s stated according to the sense of the part oiﬂ
the conditiong used for the solution, and numerical data are selected,
(correctly or incorrectly) for its solution;

b) or the question is stated and solved by two numbers taken at !
random from different parts of the conditions.

HEXE,é having read problem 1 once, began to whispcr something,

continually moving her pencil along the lines of text, pretendlng
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she was thinking studiously, but for a long time did not move. Finally,

she selected numbers for the first part of the conditions: "There are

10m of silk and 5m of satin. 5m more expensive than satin....’ From
this data she incorrectly determined the numerical data fox the second
half of the tonditiogs ("A meter of silk is moxe expensive than a meter
of satin'"): "10 minus 5 is 5. Sm more expensive. Having made up
only two numbers, both unnecessary for solving the problem, the pupil
began solving the problem. ) ‘

In trying to guide her to a correct selection of numbers, we asked
her what must be known.to determine how much more expensive a silk
shir; is tﬁan a satin one. Without thinking, she ;eplied, "gy 2 rubles.
10 divided by 5 is 2 rubles!" She also incorrectly answered the ques-
tien whether she had. thought up all fhe numbers necessary to know how '
much more expensive a silk shirt is than a satin one: "All. Can I
solve 1t? Should I'write down the questions?" . ,

Beginning the solution of problem 1, Katya stated various questions
(correctly following from the conditions) but not those needed to answer
the stated question of the probfeh. She copied the question of the prob-
lem as the last question. None of the three stages in the plan of selu—
tion were interrelated in either the logicei sense or in their utili-
zation of the results ofqihe solutions. Incorrect solutions were given

all three questions and differed only in the arithmetical operations

on the numbers 10 and 5:

1) How many shirts of one size did they sew? »

* 10 + 5m = 15m ' B

This question was cofrected after the solution of the problem had

been completed: ) B

| 1) How much silk and satin was there in all? N
' 10 + 5u = 15m

2) How much more expensgive is a meter of silk
than a meter of satin?

10m - 5 = 5m

)

3) How many rubles more expensive Is a silk
shirt than a sat¥n one? .

10m ¢ 5m = 2 rubles. Answer: 2 rubles.,
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For problem 2, she also selected the number of meters of silk
("20m") and satin ("15m") and immediately noted the questions for the
solution: "The first is how much silk and satin there was--20 and 15
is 35m: For each shirt we must divide 35 by 3, how many shirts they
‘sewed. Then: how much more expensive silk is than satin—20 minus 15
ié‘S. The fourth question is how much more expensive a silk shirt is
than a satin one. . , ." .

In the conditioﬁs of prbﬁlem 2 there was one datum--the amount of

material used in one shirt (3m); because of this Katya solved still

ancther superfluous question (relative to problem, 1):

2) How many shirts were sewn?
35m ¢ 3m = 11.6 shirts.

-7  This is the only featuré'distinguishing the solﬁtion of problem 1 from
" that of problem 2. '

For problem 3, in which only the price of silk was o;ltted, she
selected this datum (”3ﬁ-rublesﬂg.3ut‘even though there was then enough
data to solve thé problzm, she selected (as in the first two problems)
extra numpers: 'How much silk and satin were used? 3m + 8m."”

JFrom the data she had then, t&e pupil solged 4 superfluous ques-
tions: the firsﬁltwo as in the preceding problgms and the las; two
from a new combination of data; and what is rémarkable i{s that all four
quesﬁions were solved correétly from the given conditions. But not
one of them advanced the solution of - the question ¢6f the problem. After
solving the four superfluous questions, she wrote the question of the
problem as the fifth one and solved it incorrectly:

- Problem No. 3. .
1) Hoqimuch silk and satin was there?
4m +'%m = 12m ‘
2) How many shirts will hey sew?
12m @ 3m = 4 shirts ' . N
3) How much doegkém >f silk cost
AQ}rubleq:{¥i“ 160 ru%lejf .
'4) How much does 8m of satin cost?
30 rubles x 8 = 240 rubles
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5) How many more rubles does a silk shirt cost
than a satin one? ‘

'240 rubles - 160 =80 rubles T
Answer: 80 rubles more expensive than the
V. s satin, : :
As can ge seen, none of these questions en& solutions are reiated'
they have no general direction toward the goal of answering the question
of the problem. This is the result of a 'blind" solution with no regard
for the question of the problem. The question of the problem is given
as the last question, and is not logically connected with the existing
solutions of the four questions, For solving the fifth question—the
question of the problem—-the pupil used only the numerical data——the
results of the solution of the ﬁhird .and fourth questions-—-and they are
used according to a formal feature: from the cost of 4m of silk she
wanted to subtract the cost of B8m of satin and thus answer the question
of how much more expensive a silk shirt is than a satin o;e. But it
appeared that even.th;i could not be done, since the cost of 4m of silk

_«)_‘_f
(160 rubles) is less than the cost of 8m of satin (240 rubles). Then the

pupil simply stopped at thisfﬁrouble/sgot, saying, "You can't take 240
from 160! But what if I turnm it around: take 160 from 2607 If I

mixed up the numbers...." ‘She stopped here; she subtracted 160 from
. 240, ‘
Lo -
econd Method /

I3

After becoming acquéinted with’ the conditions, the pupil outlines
a general plan of solving the problemf then selects the- numerieal data.
In this method: a) the numerical data are selected for the questions
of thevplan outline%, and the solution is obtained w%thout performing
any superfluous solutions (Nina M., Yura B.); b) the plan of solution
is outlined (with 'some a%sistance, howeverf and stated orally, but
is not realized in'the writéen solution and does not determine the
selection of numerical data (Tamara Sh.). In cases similar to Tamara's
solution, written solutions are incorrect and are,rather,solutions of
the conditions of the problem, as described in the first way (see eoove).

For clarity let us eite the solutions given by Nina M. and Tamara

Nina M. logically outlined a plan of solving the problem and began to
'] ) -

~
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‘select numbers for the orally stated question of the plan: 'We must

a
find out how much one silk shirt costs and how much one satin shirt

'costs. This means we must divide. [Pause.] To Enow how much one

. again. The same numbers....

~these problems, how they differed: 'Are we going to solve some more?

shirt costs, we must know how much the material costs: 1m of silk
and lm of satin, and then how many meters went into making & shirt
{pause), say 3m [writes in the conditions "3m in each'].- A meter of
, .
stlk costs40 rubles, and a meter of satin, lS——no! 1 say 21‘;Z:les S/ '
[writes in conditions].” , s v ‘

»> She solved the problem easily and correctly.n 3 stages.. She N
v . )
solved problems 2 and 3 just as easily, understanding that they-were

solved ¥ike problem/1: ’"This {s the same one. You made a mistake. You /

gave me this problem before. I just have to do the same thing over

". Nina M. even unde%stood the system of v

Probably the same kind again, but here the price of satin is givegl"

Tamara Sh. selected numbers and solved problems very differently:'

 She read the conditions of problem l‘ shook her shoulders,-sat silently

£nd did not begin the solugion. She correctly answered the question

of what must be found in the problem: 'llow many rubles more expensive

is a silk shirt than a satin one? We need to knmow how much a silk -
shirt costs and... how much a satin one costs.” But she could not , .
apply or comcretize this correct general plany '. i

Thus only two pupils--Nina M. and Yura B.--independently outlined
the plaan of solution and then selected numerical data for its question,
Mos of the pupils began selecting data for the conditiomns and solving
the problem irrespective of its question; even work such as belection
of numbers for solving a stated question, which requires ;: analytic
means of analyzing problems, was done by the pupils with all possible ‘

variations’ of the synthetic method of exposition and solution of the
INGESEEN

Ed

conditions.
The first method of solution 1is closer to the synthefic method,
and the second is closer to the analytic method of decomposing and _ o

solving complex arithmetic problems. Wowever, neither was completed,

"here. The first way-—the most characteristic of the pupils——was not

" used as a rule after 'bl¥nd" solutions of individual parts of the

t

condditions, after "'superfluous synthesis,” to answer the questiom of
‘ P q

.
N
-~ -
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tpeﬁprobleQ, In.the second way the general plan of solﬁ&ion is not
realized before the end, according to the concrete conditions of the '
prnblem. | -

ff/ While we attempted to guide the pupils (which we usually did when
they were solving problem 2)¢}oward a correct plan of solution and

selection of the data by shortened analysis, they correctly stated .

~ the general plan of solPtion but followed thelr own habitual method

I~

when writing ‘the solution. In their method 6f solving individual parts

of the conditions by synthesis, they forgot about the orally composed
plan.‘ We—had more success in directing the pupils along the correct
path of solution by a prelioi&affroral solution of a simple, analogous,

concrete problem. . ’ ' ' L

s

Selection of a Qpestion for Numerical Data of the Conditions

Third Grade (serie$ III)

* The third grade pupils were given the following two conditions

(A and B) and asked to state a question corresponding to them and to
solve -the proBlem thus obtained:’

Condition A. For May Day a school bought 62m of red satin.
32m.was used for posters, 24m fo;.banners and the rest for flags.

Condition B. % birdhouses and one little t;ble were made from’
17 boards. 2 boards were used for each blrdhouse and the rest for the
table.

~

The question following immediately from condition A is, "How many .

meters of satin were used for the flags?" From conditiom B it is, ''How
many boards were used for the table?" |
Condition B is sonewhat h§rder‘to solve than A because:
1) The mathematical content of B is more complicated than that of

‘A'(the first questioo is solved by multiplication, the second by sub-

traction, while condition A requires either addition and subtraction or
only subtraction). ) )

2) The disposition of the numerical data in B is also different:
it hinders the selection of data for the solution (data for solving the
first.question are placed in two semantically distinct parts ot the
conditions).

3) The question follows more easily from A and has logical

sense: bought—-used for; (spent)--remained—how much remained.
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* In B there is no such clear sequence in the placement of the ﬁarts
of the conditions. "
Several methods may be used in stating the questions for conditions
A and B:

*

7

¥

First Method
The‘huestion for the conditions is stated in the logical sense of
the whole condition, without solving the problem from its numerical °

‘data; only then is the solution for the stages of the plan indicated

(numerical data, arithmetical operations). In this case thé solution
of the problem may be correct° but a mistake may appear when the logi—
cally correct plan of solution is not realized precisely enough in

terms of the existing concrete data of the conditions.

Second Method , | :

One may begin the solution from the existing numerical data, and,
in solving the problem, may answer the last question ending the solu-
tion. The last result may be written as the answer to- the problem.
The solution to the problem may be correct, #f the subject composes a
correct plan and the final question coincides with the,possible question
of the problem; or it may be incorrect, if the questions solved blindly

are not interrelated but instead are superfluous or incorrect.

L

Third Method | H "
The question may be é&ated with respect to a feature of the words
atnthe end 'of the conditions: "...and the rest fdér flags" (ending of
condition A) means one may ask, "How much was used for the flags?"
"...and the rest for the table" (ending of conditiort B) means, "How
much'was used for the table?" ' . "
Such a solution to the problem is often wrong.. Let us examine
how our pupils selected questions for the conditions, and how they

then solved their own problems, The third graders selected the ques-

tions and then solved the problems by various methods; the difference

~

was Wore noticeable in average and poor pupils:‘

1) Some pupils selected questions from the logical sense of the
conditions, stating in passing the solutions to the questions of "the
plan (Yuliya S.); others began the solution withoutjhaéing selected
the questions for the conditions. However, these solutions were
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accompanied by the questions, and the last question for the last solu-
tion is taken for the question of the whole conditions (Lesha S.).
In both cases, however, the questions offthe pMan and their solutions
were closely interrelated, the difference being which of them was stated
'first—-the‘question or its solution. i

. Yuliya S. and Lesha S. stated the&questions and performed the solu-
tions SimultanéouSly, without disconnecting them. Yuliya S. stated a
question and immediately corroboratéd it with 1ts solution. Lesha S. wt
.explained a solution witﬁ the correct question. 1If, however, the pupils
did not succeed in stating the correct questions of the-plan\ the solu—i
tion suffered--they then gave incorrect solutions to incorrect problems
(Nina P.). - ' |

Yuliya S., having read condition B, correctly selected the question

for it and began outlininé questions of the plan,lreeiting their

tions: "Here we need how many boards were used for the table... D

and correctly solves the first question]. In the second question we\ .

find out...take 8 from 17...how many boards were used for the table" 3 An\
A . '

[she also solves the second problem correctly].

< Nina P. tried first to outline the ques;ions'of the plan: "How

much satin they bought for flags...for posters end flage.:.how much \¥ \\
was used for... fori..?” Thus, not having explained the solution and ‘
not understanding what she leerned by this solution, she began to carry

' \lt out; then she added "62m + 32m = 95m."” She stated the wrong ¢

? ‘qpestion for t@is--nbt {he(one she had outlined first, but the last one:
"How much was used for posters?"

/ Nina P. incorrectly stated questions for conditions A and B, not
because of the solutions, but because she did not completely understihd
the general sense of the plan; she did not imagine the concrete ddta
qu relationehips given in tgk conditions. The solutions were given

" according to one pattern: the first two data from the conditions are
added, and the last datum is subtracted from this result. Furthermore,
the solutions obtained were not always explained; the questions orally
stated were not used in the written solution. '

. . 2) Other pugil§; primarily the poor ones, imﬁediately stated

questions for all the conditions of the problem according to a formal
L ]
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feature-—the words at the end of the conditionsr-or, not having stated
a question, they began manipulating the numerical data, giving.no /
attention to their own question selected for the entire problem. The
question of the problem remained unsolved (Vova P., Sveta P., Yulii P.).
_ Yulii P. began performing arithmet®cal operations on numbers with=-
‘ out being able to explain them, without even stating a question to the
Problem.' Having read the conditioms, he began solving it; 'We need
to add 3% to 24... it is 56... then take 62 fronz}ﬁi:.. - When he was
asked, 'What do you learn by subtracting 62 from 56?'" he answered,
*_ "No! I made a mistake... first you have to take 32 from 62 [to find]
how much materi?l was left.)' d ’ " ‘
" He did not write the specific question, '"How many,meterg/o%
material were left?" > He began to solve the problem following the
pattern we have seen before. ® He subtracted the second datum from the
» first, then added the last one from the numerical.data.in\the conditions
. . . /
1) 62m - 32m = 30m
T 2) 30w + 24m = S54m .
.Answer: 54m. |

to the result:

»

v
¢ He could not correctly explain his solutions. The pupil thought

into flags,' and “in the second "how much satin was- left.”

“that in the first solution he was find#hg out "that 30m of satin we%t
Thus the question was fitted to the conditions, not according to
the logical sem@ntics of the conditions and not as a result of the solu-
tion of correct questions, but by a false solution, based on a serious
misunQerstanding of the semunticq of the conditfbns, The conditiéns
styted ihat 'satin "went into'" a flag, There is a queSCion implied in the-
-~ conditions, 'How many meters of material were left?" Statemeqﬁ of the
question’ of the problem preceded a series of attempts to solve the .
conditions without a quest%gn, "We have to take .17 twice; we mubt add
4 to 17; we must-take 4 from 17," and so on. _ |
Having written the question for condition B, the pupil gave this
e _ solution.:r . o /’/

1) 17 boards - 4 boards ¢ 13 boards went into
" making the birdhouse : RN

13 boards : 2 = 12 (1)*12 boards were left. -~

Va

«  *(1) indicates’a remdinder of 1 (Ed.). .
. 55 . , \\
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'Fifth Grade (series III) 1

_i . .

- Characteristic traits of these cM ldren (Vova G., Sveta P.,

- Yuliya P.) are their insufficient undeyfstanding.of the sense of the

conditions and- the fact that they brought something from themselves

{nto the problems,wresulting in a situation different from the one

proposed in the problem. gggé_g., having stated the correct question
to thé‘cgnditiéns, gave an incorrect solution: 37 = 4= " and

explained it, disregarding the conditions. 'How much wert into makd ng
bagrds? How much Went into making a chair?, How much went into making

a fence?". Nothing 1s said in the conditions about a chair or a fence.

Sveta B., at the same time she read the problem, stated something that

was not there: "2 boards went ifto... each. board, "2 boards, "2 logs

went into each...'" while there was no mention of logs in the problem.

2

. \
The.fiftb grade pupils were given the following conditions and

asked to state the question for them and then solve the problem: '"For

‘their work on a new building the plasterexs-were paid 2,890 rubles and

the painters were paid one tenth as much as this." , ,
.The following questions may be applied to these conditions:
1. How much money’wss paid to the painters?

v +

T %~ 2. How much money was paid to the painters and the plasterers?

3. How many more rubles were paid the plasterers than the painters?

There are several approaches to fulfilling the assignment
Ca), Eithef state question 1 from the two data of the conditions,

‘'solve -it, and then? from the amount' of money paid the painters and

plasterers, state question 2 or 3; or, do not'state questions 2 and 3,

but stop with the solution of guestion 1, which is a pos%ible solution.

b) Or, without solving question 1, directly select question 2
or 3, following the logical content ‘of the conditions, write d%gn the

selecked question, and<ﬁolve the oroblem. . ‘x\

The problem -except for the novelty of 'its form——conditfqns

- e

without a question--i& not difficult

- The fifth graders' solutions of the problems differ not so much

in ﬁhe results as in the ways they are obtained. The fifth graders

» 0 fulfilled the assignment similarly to the third graders:

- a) Some pupils, réading the conditionms, “stated the appropriate

5 6 ' ) .
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question and then bégan to sblve the problem (Tolya A., Vova M.,
*Nina Ts., Vitya K.);

b;J Others, without stating‘a question for the entire condition,
began the solution (Tonya L., Kolya D.f(kolya M., Manya V.).

Of the pupils &n group a, Vitya K. was unsuccessful in correctly
stating and solving the question of the problem. He read the conditions
and noticed th{ absence of the question of the problemi "But what 1s

;the question here...? There isn't any! Oh, it must be how mugﬁxfﬁey
plastgred:.. how much the plasterers were paid for 3 rooms..ﬁl"
He stated and solved this incorrect question;féice ing the bounds

of the given conditions: v
'

1) How much did they pay the plasteferéf\ r 3 rooms?
. 2890 rubles # 3 = 963 (1) rubles '

)

When requested to state and solve another question, Vitya gave
anotger question and solvea it, now not even using the numerical data
from the conditions but makiné it up himself:  2) "How much did they
pay the painters for 1 room?" He began seeking data, wrote down “10,"
changed the question from "1 room" to "2 rooms" (obviopsly so he would
be able to divide 10 by 2), and gave this solution: "10 : 2 = 5 times:
-Answer: 5 times." He himself was amazed at his inept solution: 'What's
this? Tt comes out-5 times!". He thought a moment and agreed with him—(
self, took this solution as’cérrect, since "it doesn't come out any
more....'

All pupils in group b, who did the solution according to their
habitual synthetic method, solving question after question, completed

the assignment correctly. However, having solved the first question,

they did not continue solving the problem unless reminded of this.

Seventh Grade (series III) g . .
The seventh gra&eapﬁﬁffszere given the following conditions and

were asked to select a question and solve the problem obtained: ''Two

i
bicyclists each traveled a“distance of 52.8 km, The first was on the

road for 6 hours, and the second for 4 hours."

For these conditions there are two questions for*whose answer all
. the given data must Be used: ‘f
' 1. How many kilomét#rs per hour did" each bicyclist travel?
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2{ How many kilometers per hour faster did the second bicyclistv
than/the first?
o solve question 2 one must first solve two independent questions:
“How many‘kilometers-ﬁgr hour did the first bicyclist travel?
How many kilometers per hour did the second bicyclist travel?
. "~ The problem is characterized by‘thé difficulty of establishin
-the relationship between its data (distance-speed-time of trazel)-
Only Nina M. could handle this task successfully. No other pupil
" could cope with such a task, although they made various attempts to
complete it, Each pupil tried to do the task in his own unique manner;
as a'consequence there are no identical answers among the obtained
results. The solutions differ in thg questions selected for each con-
dition, andwin the methods of solution of the problems obtained. ;
- Among the questions selected by the pupils there are none alike.
The pupils selected questions such as: )
"How much earlier did the second bicyclist returé‘than the ﬁirst?".
(Kolya S.)
“How Many kildmeters did they both travel together?" (Tamara Sh.)
"How much did the first bicyclist travel?" (Katya B.)

"How many kilometers did each bicyclist travel in 1 hour?" (Nina

» .
Al

M.)
"How many kilometers did both bicyclists travel together in 1 hour?" ¢
(Nina M.) . |
"How many more kilometers in 1 hour did the second bibyélist tfavel .
than the first?" (Nina M.) '

"How much did they travel altogether?" (hours?) (Olya T.)

Iz”

“How many kilometers did each travel?" (Yura B.) - :

"In how many hours will they meet?" (Ira S.)

Such diverse questions convinced us agéin of .the exclusively
individual approach to the solution of problems, characteristic of
pupils in the seventh grade. Identical fonditions were understood
and golved differently b; each pupll. In doing this: (1) some pupils
carried all the possible solutions and made mistakes, but did not alter
the conditions or introduce something from themselves into the con-
ditions; they did not distort the original sense; (2) others, however,

with little regard for the given conditions, imagined a problem similar
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to, but not quite the same as, the given problem and solved it,
distorting its conditions. -

The pupils in group (1) (Nina M., Olya T.) carried out the solu-
tion according to the given Qonditioes, without introducing anything -
from themselves or distorting the sense. Either they understood all
the conditions and carried out all the solutiomns possiﬁle from them
(Nina M.), or they used only a part of the conditions for the solution
(Olya T.). In both cases the stated questions and solutions did mot

deviate from the given conditions. \

The' pupils in group (2) (Kolya S., Tamara Sh., Katya B., Yura. B.,
Ira S., and Ira G.), misunderstood the conditions or, having changed -
them at thelr own discretion, stated questions which deviated from the
c;nditions, and, thereﬁbre, coeld not ba anewered correctly. At the
time the pupil ‘was reading the conditions, he was trying to understand
the given problem, and he wes also answering the teacher's questions;
that is, he was solving a concrete problem. Therefore, the questions
which the pupil stated _nd solved sometimes combine two plans of solu- .
tion for two problems—ﬁihe given concrete eroblem and the problem imagined
by. the pupil. Because of this fact, the" ieestions are distinguished by .
their” extreme vagueness. In such cases the solutlons almost always
proceed independent of the questions; they digress from the stated ques-—
tions, and'usually reflect the conditions of the given problem, rather
'then the imagined one. . )

Yura B. quickly stated an incorrect question to the conditions:‘
"How many kilometers did each bicyclist travel?” He assumed that thé
bicyc;ists were traveling toward each other, He made it his aim to
find:

'

1) ¥ow many kilometers did the first bicyclist
travel in 6 hours?

. 2) How many kilometers did the secggd bicyeclist travel
in four hours?

-~

Forfsucﬁ an asgumptien, these questions cannot be answered from the
given &ata. In his solutions to the stated questions, Yura determined,
not what he had indicated In the questidﬁs, but the sneed of the first
and second bicyclists in 1 hour.

Katya B.'s solution is even more characteristic. She assumed

that the bicyclists traveled the 52.8km going toward each other, that
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each one traveled half the rou&\ (which is also not given in tHe gon-
ditions), and that each bicyclist was en route for half the time indi—
cated in the conditions. From these suppositions, but without

utilizing the relationship between the data, which is given in the

conditions, she solved four incorrect problems:
P ‘ '

1) How far did... What was the distance between
‘o the.two bicyclists?

52.8km + 2 = 26,4km
2) How long did the first bicyclist travel?

‘ hours ¢ 2s= 3 hours
3) How long did the second bicyclist travel?
4 hours + 2 = 2 holrs
4) How long did 1 bicyelist travel?
3 hours - 1 hour = 1 hour !

Answer: He traveled for 1 hour. .

As se see, Katya carried out the solution, not on the basis of
the eonditicns given her, but rather on the basis of the problem she
. had ‘made up herself, which she imagimed as she read the given conditions.
In conclusion we present an original solution of the problem by
Kolya 5. He was able to choose numerical data with only one terminology:
he stated questions either or finding the time of travel or on finding
s@e distance. Kolya could not establish the relationship between the
numerical data (route--time--speed). Judging the cime of travel; he
thought only about that; judging.the distance, #ie imagined it, too,
outside any connection with other data (time--speed). He tried to
solve the problem, stating a series of incorrect questions which diverged ~
from the stated conditions. These thoyghts and questions, stated in ,
passing about the condifions, do not correctly reflect a single relation-
ship between the data afpd the conditions: "By how many hours...in how (\\
many hours did the first bicyclist travel...how ndeh longer... I don*'t
knoﬁ, I'11 break my head over this....'"’ ' ‘

He stopped stating questions on the numerical data expressing time
(hours) and began stating questions en’the data expressing distance (the
route in kilometers), "What distance more did the second bicyclist travel
than the first... and how many more kilometers did the first bicyclist

_travel than the second...?"

. . oy
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The pupil'was asked to write the questions he had stated and to
solve tHem, "Please, you write, then they'll swear... I have to take
a look... I don't understand.” And again he gave incorrect questions:
"What distance did the bicyclists travel toward each other?" This
question is not lacking all meaning if it is assumed that the bicyclists
traveled the 52.8 km going’ toward each other; but such a supposition
deviates from the data of the conditions.

At this point Kolya S. stopped stating questions, holding to the
conditions, and began recalling a similar problem he had once solved:
"We solved a problem once... how much earlier did the second bicyclist

| return than the first? But I don't know how to solve it... take 4
houxs from 67" 5.‘ |

Finally he wrote one single incorrect and unclearly formulated

question. oo N

1) 'How much earlier did the second bicyclist
return than the first?

. 6 hours - 4 hours = 2 hours

Answer: 2 hours.

6l
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Preliminary Analysis of the Conditions, Composition of the Oral Plan,

and Written Solution of the Problem

Third Grade (series IV)

Prelimin%§;;analysis of :hg conditions by the analytic method

The third grade pupils were given a composite arithmetic problem
solvabgg in two operations (multiplicat%on and subtraction):’ "From l7m .
of cloth 4 goats and 1 smock were sewn. J3m of cloth were used for each
coat. How many meters of cloth were used for the smock?"

Eag%~pupil was asked to read the conditions of the problem aloud
, and, with the solved problem before him,}to answer the teacher's ques-—
A w\tions. The teacher's questions and the pupil's answers aimed toward

' examining the’ problem analytigally. 4 .

3 1. What was sewn from the cloth? ! v
la. And what else? (If the pupil does not give a complete
answér:) © : '
2. What must be found out in the problem?
X 3. What else was the cloth used for besides the smock? .
4. What must be known in order to determine how much )
cloth was used in one smock?
. 5. How| §nany meters of cloth were there altogether?
6. Is it known in the problem how much cloth was used in
all the cdats? : .
QL 7. How can we find out how many meters of cloth were used
in all the coat;* ‘
8. By what arithmetical operation can we find this? (What °

——

do we have to do for this?)
9, How do we find out how many meters of cloth were used for
the smock if we know how many meters of cloth were used in the coats?
After answering these questions, the pupil orally composed a plan
and began the written solution of the problem.
‘ The aim of such at individual lesson was to ascertain: a) which
‘questions‘the pupils‘find hard to answer, and why; and where and what
are the greatest diff%culties‘encountered by the children in the
analytic méthod of examining the given concrete problem; and b) how

much this analysis of the problem will help the pupil solve the problem;




'. in other words, what is the rglationship between the ability to
answer questions in analyzimg a problem, and the ability to compose a
plan ¢f solution and solve the problem independently. WeAshould
examine the litter, since in the preceding series the pupils showed a.

divergence between their oral arguments and their subsequent written

-

_ gblﬁtion of the problem. . _

‘ In order to answer the questions posed in (a) andr(b), let us ™
examine the results of the pupils' solutions. Analytié analysis of the
prpb was not made idi§¥;cally by the pupils,6 and showed a varying
influence on their subsejuent solution. There were differences between
good, average, gnd weak pupils. At the same time, there was.a‘common
factor, Gharacteristic of all pupils, in their analysis and solution

of problems:

1. A common. trait observed in all the pupils is-tﬁeir inability
to extract the'questién'of‘the problem from the conditions and state it
independently. 1In ;qading the conditions, no child could immediately
tell what was to be found in the problém. Instead of indicating the
question of the problem, they began to read the conditions, to try to
solve the problem; they repeated the isolated parts of thd conditions
which first came to\their attentiop. | ’ '
' 2. In-elucidating the questian,‘with the teacher's assistance,
all the children haq trouble taking the ne#t step in analytic analysis

they could not indicgte both data needed for the solution the ques-=

tion of the problem. Instead of the two data, the pupils:

"

a) named only one datum, and always an unknown: e must deter-

.mine how mMany meters went for the coats'; that is, they

that is, in answer to the question of what must be known order to
A

—_——
X \

6As might be expected, weak pupils, and some averags ones,

experienced the greatest difficulties in analyzing and solving problems.

It is the solutions of theée pupils which we shall principally consider
{

here.
~ '
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answer the question of the problem, the pupils indicated arithmetical
eperations on data in the conditions, either correzf ones needed to
' ‘he)solution (""We have to multiiiz 4 x 3," Lena K., Vova G.),

numbers from the conditions

o - . . i

(MT”mus ve 17 = buov. 17 = 3... 17 + 4... 17 ¢ 4," Yulii P., Nina

After analyzing the conditions, the pupils composeJ an oral plan
of solution and‘then began the written solution of the éroblem. In
composing the oral.pLen, none'of the pupils indicated tHe questions

~of the plan of solution, but stated the solution at first (arithmetical
operation and the data), and only then stated questions for the solu-
tions. Written solutions were also begun by solving questions of the
plan, and only then wds the solution somehow explained.

It 18 remarkable that the analysis of the conditions influenced
the pupils’ composition of the oral plan and solution of the problem
in d‘fferent ways. ‘

a) Yulii P. and/§xggg-§., in their analysis of the conditioms,
angwer ed questions botn correctly, and incorrectly.“ Beginning compo—;
eition of the oral plan, they forgot ano could not be guided by the
conclusions (correct in the end) which they had stated in the analysis.
In composing the axal planementally, their first, incorrect answers
were used - primarily, the later ‘answers, which they obtained with the
teacher's assf‘%ance, were. forgotten;

b) Like Yulii P. and Sveta P., Nina P.,-in analyzing the prob-
lem, first gave incorrect and then co¥rect answers. But unlike them,
"she did not reieet a single incorrect question or solution in composihg
the oral plan. She did her solution on the basis of her tofrect,-but
not immediately isolated, answers. ’ ‘o

c) Vova G. correctly answered all the teacher's questions but -
erred in compoéing the plan; he did not immedia outline the’correct
questions of the plan.i | z?%?
|

e

.
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Preliminary analysis of the conditions by the synthetic method (third
grade)

The pupiis of the third grade were given aparithmetic problem of
the same difficulty as the problem given for soluEion by the.analytic
method of preliminary analysis. "F{om 18 sheets of iron 8 pans and one

trough were made. Two sheets of iron wege used for each pan. How

‘many sheets of iron were used for the trough?"

After reading the conditions, the pupils answered the folloying
questions, which directed their thought toward the synthetic method of
analyzing the problem:

l. What was made from tle iron?

2. How many troughs were made}

3. How many pans were made? : -

4. How many sheets of iron were used for each pan?

5. What can we find out i1f it is known that 8 pans were made
and thatg? sheets of iron were used for each pan?

6. How can we learn this?

7." what do we obtain Af we multiply 8 by 27? *

S.L;yhat was made from the rest of the irom?

9. How many sheets of iron were there altogether?

10. How many sheets of iron were used for the pans?

11. What can we find out if it is known that there were 18 sheets
of iron altogether and we know how many were us;d for pans?

12, How can we learn this? ,

13. What do we find out if we subtract 16 sheets from'18 sheets? »
After synthetically‘analyzing the tonditions, the pupil composed an
oral plan and began the written solution. ’

Like the analytic analysis, the pupils synthetically analyzed the
conditions with varying degtees of success as they encountered their

own particular difficulties; the analysis had a var§;ng influence on

7.
the sulsequent written s6lution of the problem. .

§
/ In their synthetic analysis of the conditions, the pupils experi-

enced the following difficulties:

t

1) For most of the puiélg, it was difficult to respond to the
questions with the prepared answers existing in the conditions (that

is; they could not isolate, and extract from the conditions, data
i . ~

- \
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necessafy for the answer). Lena K., Sveta P., and Nina P. could not
even answer the first questioq: i;e.,"What was made from the iron?"
Vera K., Yulii P., Lesha S., Yuliya S., Nina P. and Vova G. could
not state the number of troughs made——é\datum given in the conditkons
(in answer to ‘question 2). One of the reasons'fbr.this is purely
forpal--the number of troughs ("1'") was given not as a numeral, but
as a word ("ome trowgh™.
2) For all pupils, however, the main difficulty was with question
5, in which a question is statéd'using two numerical data. Only one
pupil, Vera K., stated the question and then indicated its solution,
The majority of pupils, however, gave the solution (numerical datax
and arithmetical operatibns) without stating the question:

a\\ éarrectly: Yulii P., Valya Ch,.,, Lesha S., Yuliya S., Nina P.,

®
Vova G.

b) dincorrectly: Lena K., Sveta P. . J
No pupils who indicated a correct solufion of the first question
could explain it correctly (thé)result obtained by multiplying 2 sheets

by 8). The children first stated an incorrect questlon to the correct

solution they gave, and some of them could not correctly explain this
R =

solution (Valya €., Nina P., Lena K.——second solution).

After a synthetic anélysis of the conditions, the pupils composed
"an oral plan® and then began the written.solution of the problem.
" Identical analyses of the conditions were not given by the pupils:
1) Yulii P. answered incorrectly and with difficulty; he did not
listen to questions attentively and did not realize the logical direction
of the questions he wég asked, a realization which could have helped
him solve the problem. It was felt that he approached the solution in
his own special manner, shifting with difficulty to the teacher's ques-
tions. However, despite the incorrect oral answers given during his
analysis of the problem, he correctly solved the,probiem in writing.
.Valya Ch. answered the questions proposed aqd orally comﬁosed a
correct plan of solutionj in the written solution, however, she did
not state the first question of the plan which she gave orally; in
other words, the oral argument of both Valya Ch. and Yulii P. differed

from the written solutions.

s
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2) A different quality is observed in Lesha S.,.Yuliya S., , !
and Nina P. These children employed the orally stated ideas more \
directly in the solution. They answered the teacher®s questjions
correctly and then correctly solved the problem (Lesha S., Yuliya S);°
they erred in their argument, however, and in the solution (stating,
the question for the solutions—Nina P.). .

3) Sveta P. answered only a few questions, requiring great effort
" and the teacher's assistance. She even incorrectly selected the data
given in the condiﬁions for her answer. Incorrect results were given
‘ianpenden; of the incorxect answers made during the analysis of the

" conditions.

Fifth Grade (series IV)

¢
Preliminary analysis of the ‘conditions by the analytic method

The fifth gtade pupils were given a compound arithmetic problem
solvable in thiee operations (subtraction and two questions of .addition):
"A harvest of rye and oats was collecééd on a kolkhoz. f;gm one field

'of'rye they collected 132t 4c * and from another, 9t 2c¢ less.

124t, 7c of oats were collected from the first field, and 17t 3c more
than this from the second. How many tons of grain were harvested from
all the fields of the kolkhoz?™

There ére two ways to solve the problem. .

The first way agads wore quickly to an answer for the question of
the problem: ' ’

1) How much rye was harvested from the second field?

2)  How much oafs was harvested from the second field? _

3) How many tons of grain did the kolkhoz harvest from all
il fields? | "

The second‘way is'longer, in a plan of five questiomns, and contains
two superfluous questions (2 and 4):

1) gow much rye was*?arvested from the secqu field?

2) How much rye in all was harvested from the two fields?

3)\ How much oats was harvested from the second field? \

4) How much oats in all was harvested from the two fields? »

®
¢ = centner = 100kg (Trans.)
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5) How many tons of grain did the kolkhoz harvest from all its
fields? .
After he read the conditions, each pupil was given quesnidns from
the analytic method 6f analysis: . '
1) What must we find out in the problem?
,2) What does 'how many tons of grain in all" mean? - Is this how
manﬁltons of rye or of oats? . a I ;

3) How many fields were planted with rye?

4) wWith oats? T *

5) What{doe we have to know to determine’ how many tons of grain

ot the kolkhoz ested from all its fields? -
| 6) From which fields do we know how many tons of grain were
harvested? ' ‘ !

7) And from which fields is it not knawn how many tons of grain

- &ere harvested, a quantity which we must determine.
8) How do we,.find out how many tons of rye were harvested from
" the second field?
9) How do we find out how many tons of oats were harvested from
, the second field?
10) How do we then find out how many tons of rye and oats alto~-
gether were harvested from all the fields by thte kolkhoz?

After the analytic’analysis, the pupil is asked to compose a plan
(""Tell me how you are goiﬁg to solve this problem"), after which he
begins an independent solution of the problem.

The excellent fifth'grade pupils were rélatively more successful
in analytically analyzing the problem than were the third graders. The
poor pupils (and Kolya D., an average pupil), however, encountered the
same difficulties which had been observed in the third graders (see
above). Kolya D. could not say what was to be found out in the prob-
lem. Only at the teacher's request did he read the question ofathe
problem. When asked question 5, what must be known in ordér-to answer
‘the question of the problem, he named only one unknown datum. This.is
the cause of the error in Kolya s solution; he did not select the known
data given in the problem (the quantity of grain from the first fields)

in order to solve the third question.
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The poor pupils (Manya V., Nina Tg., Vitya K.) did not recog&ize
the question of the prgblem. When asked what must be found out in ;Eg_ -
problem, they stated the first question of the plan of solution: "How
much rye was harvested from the second field?'! Just like the third
graders, the poor fifth graders had trouble answering question 5 (what

*
must be known to answer the question of the problem?) Instead of | .

the answer--''We must know how mucg\grain the kolkhoz harvested from
each field"--the pupils stated an arithmetical-operation (addition):
"We must add..." (Vitya K.). -
"We must add... from the‘fifst and from the sec0nd" (Manya V.) .
"We must jodn oats and rye together'" (Nina Ts.).
Besides the general difficulties common to third and fifth graders,
individual fifth‘gradgrs eiebunteré&;special tfoublesl For.a long time,
* for instance, Vitya K. could not understand what was already known from
the conditions (from what fields rye was harvested)efgd what was’un-
known. Manya V.‘gave three incorrect answers to th questio;, "From how

f CoL -

-

many fields was rye harvested?"
/

T

writing. Vitya K. d@;lly'outrined three correct questfnns of the plan

" Each pupil composed hisg “own oral plan and solved the problem in-

and named the cog%ect'aﬁta for§éqiving the‘third question (the question
of the problem); but in the written solution he digd not use all the -
data‘forfsolving the third questioh, and hence did not answer the q&es—

\tion-of the problem. ﬁééié.yfa ?espite mistakes in analysis, outlined
a’ detailed and time consuming way of solving the problem in five ques-
tions, and cbtained the precise answer to the question of the problem
(sée éié%e of all the poor pupils did this) " Nina Ts., comﬁosing an
oral plan, atated necessary and unnecessary questions ar\xd final‘!]:)e-—,
came complately confused. However, as soon as she was asked, "What is
the first question?'' she étated the correct first quéétion and was

.g€£n able to further orally outligg'the plan of solution in three
stages. But she erred again in the written solutimn. She did not
indicate all data for the aolution of the third question (the question
of‘the probTem), but added only the quantity of oats and rye hxrveeted
from the secgnd fields.

Why do the poor pupils (including a good pupil, Tolya A., and an
&
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average puplil, Kelya D.), when asked to° state the question of the prob-

‘fem‘stete the first question of the plan of solution? It appearsy that
as soon-as the pupil has’read the conditions he begins the solution bf
the question—-an attempt 1s made to state the question from the gived§

data (synthesis). He states this solution as the ansver to the teacher's

questidén. Moreover, the quedtion for directing the subject's’ thinking

("What must be found out in the problem?"), when he has already found

. outs something in the ﬂroblem is percedved by him as a confirmation of

his§y@%wn. This is why the pupil’answers .without even noticing his

‘\# l \?ﬁ

WYe states the first question of the plan of solution. ,As can

. be‘eeen, the basis for this tendency is the habjkkof selving a problem

withOut the requisite understanding of the requirement of the questiou'
of the. problem, the habit of apprcaching analysis of a %roblem in the

- [}

'syhthetic manner. ‘ ' S .

Another fault cherscteristi&_of most pupils of the fifth grade,
and of all pupils_of the third grade, in answering the fundameutal

questions of 'an analytic character (our question 5), is the '"half-and-

Hhalf answer ''-—the indicatiopn of .only one datum negessary for solving

, . . .
the question of the problem and, as we have seen, ,an- unknown-datum.

What 1is the cause of this characteristic peculiarity? Besides the flaw

in instruction, in which the children ire usually not required to state

'two data, the pupils undersgand the question, ”What must be known in

order to answer the question of the problem?" as the simpler question,
"What must be found “{n the problem, which umknowns are to be deteri®ined,
in“oruer to answer'the question’ of the problem?" fherefone‘the pupils,
almosat without. noticing their érror, stgte only the unknown datum‘for'/
sglving’{he quesgions of the problem, iosing~sight of the known. data
glven in the cunditione. For this reason,*as‘we saw‘ﬁbovc, the ques—

- i . . " ! <
tion of the problem was ipcorrertly dolved by several pupils (Kolya D.,

- Vitya KD, Nina Ts.Y.

\Qhe»good and average fifth grade pupils, uplike the third grade
pupild), were able to isolate and i;ate the questions of he problenm,

Mcfreover, they show (Qualitatively increased abilities in plan{compo-

'.sitipﬁ and in problem Bolving. The puplls outlined the oral plan not
"?hy indicating the.arithmetical og§ﬂations snd the data,‘but by flirst

. g . 1Y (
stating the questlons; they rarely stated the solutiens to them: - -
f.*p \ 70 - ‘ ~
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" do you not Qnow?
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Written splu;iongiwsre also always begun with a statement of the °

‘ questions; then"¥e solutions were given. ThHE quastions of the oral .

plan and the writiten solution did not differ.

Prelimiqsry analysis- of the conditions by the synthetic method (fifth
grade)' e
¢ ‘The fifth grade pupils were given a compoéund arithmetic problem

with the same mathematieal content as - the problem given for solution

.

using preliminary analysis by the analytic method: YSome fruies and
vegetables were bought. “24r 40k were paid for pears and 4r 70k less
than this for apples. 7r 40k were,psid‘for potatoes and 1l4r 60k more
;han this for oﬁions. How much mone& was paid for the entire purchase?ﬁ

N

‘There are two ways to solvé the problem' : <
¢ The Sirst way (the shorter one) uses a plan with ﬁhree questions
l) "How much money was paid for the apples?

2) How'much”money was paid for the onions? . :

“

-”3) How much money was paid for the enti;e purchase? -

The second way is longer requ{ring the solution of these, thres
questions and two others. ' o o _
After he has read the conditions,?the pupil {is given qpestions
from the synthetic msthod of analyzing the problem. N
/!l. ‘What fruits and veggtables were bought? ‘ ‘

2. How much was paid for patstoes7 For onions? For peiﬁr?

'For apples? |, ' AT

2a. For-which items do youQEiii.how much was paid, «and for which

87 For the apples? What may

I8

3. How.much wés paid for the
be found out from these numbers?
) 4, How can you find out how much was paid for, the apples?
5. What else was bought? | R ’ L

6. How much was paid for the botatéésl For the onfons? What

ﬁay be found out from these numbers? ‘ .

7. .How can you frind out how much was pald for the onions?
8. When you have found how much was paid for the apples and

the onions, and the pmdblem-'indicates how much was paid for the pears
s . \ :

and the potagpas‘\zist will you then be'able to find out? N

4
¢
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95‘ How will you be able to find out how much was paid for the
entire purchase? - ‘ ‘ '

After the synthetic avalysis, the pupilb began oral composition
of the plan; they then solved the problem in writing.

The fifth graders handled this type of assignment with more
success than the third graders.. !
The results of the aﬁalysis and subsequent solution of the problem

are somewhat different in children of different degrees of aptitude;

. <~ ,
‘this distinction is mosk npti*eéble in children of weaker aptitude and L;

" less. noticeable in the good and average pupils.

a) All the good andizyerage pupils correctly ahswered the ques-

tions in the analysi .composed oral plans and cordectly solved the 'L

problems. Ome average pupil,.Kolya D., erred in so}ving the third .
question (in selecting the data) N . 7.

b) The poorer pupils had trduple answering,,ﬁnu gave ingorrect
answers to, several questions in the problem analysis, they could not .
orally outlipe a torrect plan, and they ;ll solved the last q?astion of
the plan incarrectly (they erred in selecting the data)

The greatest diffitulty for third “and fifth graders alike was
presented by questions 3 and 6. To anbwer both these questions it
is necassary to state and solve a qunestion using two data. Even -
though they had already answered question 3 cor;ectly, some children
(Kolya D., Vitya K., Manya V.) Had. trouble with question 6 (requiring
the same ability to.state a quedtion using two numbers) . A\

Why is thls so? Why did the children draw-a co

ct conclugion
from the exist g, data in the first case and err {n. the S\
Jt appearq that the success and cotrectness of the ¥
greatly on whether the teacher! s queqtion coincides with the pupil'
train of thought as he goes through the solutisn, Yt 1s nos hard to’
see that in the first case the pupils answeréﬁ the teacher's question’
'Lorrectly beqause it colncided with their already {ixed sblution gf

the question a coincidence which was not found in the Second qugstion

1 ' A -7 . <>

Seventh Grade (series IV), ' . " ' .

; Preliminary analysis of” thé conditions by th& dnalytic method

The seventh grade pupils were given this compound arithmetic

- d N £

. ) N "
\ S:). ‘
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problem: "A kolkhoz harvested 120 qgntﬁers of oats and 3 times as
* much rye. Three-fifths of the grain was given to the governﬁent and_
75% of the grgin remaining: in the kolkhoz was distributed to the' .
kolkhozniks. 'How many centners of grain were given to the kolkhozniks?"
We conducted an analytic analysis with the pupils after they read
'tge conditions; we asked: “ 7
1. 'What is to be found out in the problem?

2

2. Can you immediately answer the question of the problem?
3. What must we know®in order to determine how many centners
of grain were distributed to the kolkhozniks?

4, What must we know in order to determine how much grain the .
- kolkhoz harvested altogether? . ’
\ 5. How can we determine how many centners of grain the kolkhoz
'~ .gollected? '

R 67 . How caﬁ we determiné how many centners of graip the kolkhoz

gave the governmentz

7. What @ust we know in ordér to q%iermina how many centners of

gfain'remained in the kolkhoz? : . N
8. How then' can we find-out how “many centners of grain were
distributed to the kolkhozniks? ] '
After the analysis the pupil were first asked to tell how they
were going to solve the problem, :h&\were then allowed to hegin'the
solution. The seventh grade puﬁils' answers .to the gquestion (the
analysié'of the condftions), composition of the plan, and sqlution.of
the problems differed in their gyeater. individuality. Sémg pupils
r érasPed the genefal idea of the problem, outlined a general plan
from ith‘but still did not imagine that théy might use this plan and
* the existing conditions to solve the problem. They stated the plan,
but appeared\@ﬁcapable of carrying it t, ysing the existing con-
ditions of the concrgte problemf(Kng;gaggz Tamara Sh., Ira S., Yura
B.). Others outlined incorrect qudstions in a general plan, but gaye
correct solutions. '
Characteristic is the Ssolution by Ira G. The pupil's quéstions of
the plan'reflect her rather general and imprecise unde:sﬁaﬁding of
the idea of the probleﬁ. But the solutions to ‘these questions

(arithmetical operations and numerical data) are correct:

-”*
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1) How ﬁany centners of &ye were there?
120'x 3 = 360c
2) ‘How many centners of grain were given to the government?

120c + 360c = 480c

-

3) How many centners of grain remained from the government? ?
3/5 of 4§0c = 288c . T
4) How many centners of grain yere left?
480c - 28Bc = 192c ‘ B
5) How many_centﬂefs of grain were distributed to the
kolKhozniks? '

-
-

W 75% of 192c = lbbe .
Answer : l44c., ‘

Still other seventh»gradefs outlined a correct oral plan, and correctly

used it to solve the problem (Nina M.). | ‘

fPrelimlnary analysishof the conditions by the synthetic method (sevehth
- _grade) | ' .,
' The seventh grade pupils were given a problem identical in diffi- )
culty and mathematical content to the problem given for solution using
a preliminery analysis by the anélytic method: "A shoe factory made
240'pairs of‘shoes and 3 times as many slippers. Two—fiftha of all the
footwear was sent to a store ahd 25% of ‘the remainder was sent to a ‘
booth. How many pairs of footwear were seg& to the booth?”

After reading-the conditions, the pupils were given these questions .
for a synthetic analysis of the problem: ‘
" \1. How many pairs of footwear were made at the.factory?

2. How many~times more.slippers were made than shoes? _—

3. What can you learn if you are told that 240 pairs of shoes K
were made and 3 times as many eliopers were made? -

4. How can you find out how'meny pairs of slippers were made?

5. .What can you find out Lf you are told that 240 pairs of V
shoes were made, and you learn how many palrs of slippers wea%fuade?

6. 'How can you fiod out how many paifs of footwear were made

-

+ altogether? , ;

7. If you know how many‘pairs of footwear were made altogetheg,
and you know that 2/5 of these went to the stpre, what can you find oXt?

¢
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8. When it is known how many pairs of‘footwear,tnere were in all,
and how many pairs were sent to the store, what will you be able to
Y find out? B .
9. How can you find out how many pairs of footwear were left?
10. If you knew how many pairs of footwear were left after some
had been sent. te the store, and it is given in the problem that 25%
of the remaining footweer was sent to the booth, what could you then
find out? 5 ) . - |
After the analysis, the pupils were ‘asked to ‘compose an oral plan,
and then begin the writtén solution.
: The pupils' answers to the questions in the analysis and their
solutions differed greatly (and this difference depenged very little
on the aptitude of the pupils): a) some pupils carrectly answered
the questions, composed § correct plan, énd solvedﬁthe nroblem (Nina M;
Olya T., Yura B., Ita S.); ©b) others answered the individual questions
incorrectly and made various errors in thefsolution for a long time
Ira S. did not understand how to answer question 5, and qhe erred in
the written solution of questions 5 and‘é Kolya S. and Tamara Sh.
could not immediately answer questions 5 and 6 (where it waSenecessary
to state a question from the data), but, nevertheless, correctly composed
(orally) the plan of solution, although they erred in the written Solu—
tion (Kolya S. selected incorrect data for solving correct’ questions—«
thee fourth and fifth--of the plan, and Tamara Sh, did not state and
did not solve the foyrth question of the plan): Katya B. answered all
questions correctly, but shercould not orally compose a precise and
correct solution plan (atong the correct questions she gave severnl
incorrect ones), and she stated a third questipn incorrectly in the
written ‘solution; despite all this, the- solutions were correct and led

;her to the FXdLL answer to the question of the problem.

93%&.5%8_0.9 of the Analytic and _Szn,_theﬁic Methods of Analyzing Complex

Arithmetic Problems (from experimental data)

In our conclusions for edch grade (third,fifth, andsevunthl we
conéidered as f¥r as the factual material allowed, the general and ,
individual diffi!hlties cheracterietic of the pupils in employing the
analytic and synthetic methods of analysis. Now let us make a .compara-
. tive evaluation, or the basis of the data obtalned from thisosgr' s,

of the synthetic and analytic methods of analysis, using as criteria
75 3
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their comprehensibility and‘efficacy.7

From the ;esolfs obtained let us answer these interrelated, mytu-
allypcondiiioning questions:

1) 1In analyzing a concrete problem, which of the methods of
analysis was the easiest and most comprehensible for the children?

2) With which method of analysis did the children have most
success in the oral composition of a plan and the independent wrigten’
solution of the problem?

Having answered.these two questions, we can consider the most diffi—
cult question, which requires special study and profound pedagogical and
psychological analysis ) B

j 3) What is the role and significance of analysis, the influence
og’one or the othe¥ method of analysis on the subsequent process of
solving the problem? In other words, during‘ipich of the methods of
analysis--the ana¥ytic or the synthetic one--is the child's mind best

attuned to the cor¥rect way of solving a problem; with which methed

iﬂoes‘the child best grasp the logical system of Yjuestions which leads

to establishing relationships among the da'ta and to composing a plan%
= of solutiond ' ! - .
- &

The difficulty in answering the third questfonWs that the solu-
tion itself does not permit us to judge the role of analysis with -
ﬁhoroughness. There are two reasons for this: first, in this and other
series we observed a discrepancy between our pupils’ arguments.and o -
their solutions; that is, the results whig¢h the child obﬁainéé
analysis of the conditions were not always used In the solution; sécondL
since, to a certain extent thé soPution is conducted independently off_
the arguments in the analysds, the pupil can understand in the solu-
tion process something he id not understood In the énalysis It can-
not always be established whether the pupil arrived at t%e correct
solution during &he ora)l analyslis, or ‘during the written solution.: Ao |
intermediate, transitional stage 11ds somewhat in understanding Lhe‘
dependence’of the solution upon the analysis. The stage 1is Lhe cohpo—
sition of the ordi plan, after Lhe qnalyqis of the Londitions, and

/Here one must remember tha@: in the school where the material was -
gathered, the basic méthod of analysis in teﬁching children problem
solving during the first years of instructidh was the synthetic method.

: @ £ /6 ) . .
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. before the written solution of the problem.
Let us now answer the three questions posed above.
1. Which of the methods of analysis was the most comprehensible to the,
pupils in analyzing a problém? L
Among pedagogs and methodoleogists there is a rather,widespread .

opinion that the analytic method is more difficult, and is therefore ‘
recommended only in the' final years of instruction in the elementary
school. The results of series IV‘of our experiments do not uphold this
opinion. In analyzing problem conditions, for 68% of our children, if
sy*nthe.sis8 was strong, z:umlysis9 was also strong; 1if the pupil arectiy
answered questions during synthetic analysis, he answered questions
equally well during the .analytic method of analysis. The 68% was
divided in the following way: 44% had trouble with both the synthetic
" and the analytic methods of analysis; 24% correcgly answered questions
- in both types of analysis. The other 32% were pupils for whom tﬁe ana-"
lytie and synthetic methods presented varying difficulty. Of these 20%
gave more incorrect answers during the synthetic analysis than during
the analytic analysis, and 12% answered more questions incorrectly using
the synthetic. The third grade subjects gave more incorrect answers
"during the synthetic method and the fifth and seventh grade subjects
gave more incorrect answers during the analytic method. Thus, no
significant advantages in the ease and comprehensibility of either the
analytig or -the \synthetic methods of analysis were observed for our
pupils. ) ¢ ﬂ
2. After which meuggp of analysis did the pupils more successfully
compose an oral plan and give a written solution to the problem? ’

a. The pupils' compositian of the oral plan of solution after each of
the methods of analysis of the conditions. _

The quantitative.eorrelation of the qualitatively différent types
of oral plén camﬁbsitidn among the pupils changed in relation to the
methods of analysis. We saw above that, after one or the other method

"of analysis, the subjects approached composition of thesoral plan in
different ways: a) somer of tHem outlined the questioms of the plan,

b) some also showed the solutioms to the questions they’stated (that is,

hd

—
8’9With regard to the pupils' answérs to questions during the

appropriate method of analysis.

2
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.
arithmetical operations, numerical data), and some ‘composed incorrect

plans by not stating the questions, but indicating solutions only, or
. else by first stating the solutions and only then posing questions to
fit solutions. . ,
» The dependence of these qualitatively, different types of plan
compasiaion upon the method of analysis are, presented in Table 2.

' . . The ®esults shown in Table 2 indicate dhat after the analytic’
method of. dnalysis the number of cases in which the.oral plan of solu-
tion was composed by stating the questions increased (as compared to
the synthetic method) and the number of cases in which it was composed
by indicating the solutions (operations, data) decreased' this shows
the influence of thetanalytic method of analysis (which facilitates .
xhe composition of the plsn, and makes it more logicaf’than the syn-
thetic method) upon the subjects of’ the third and fifth grades. The
differepces in composing a plan s¢em ty depend l#ss mipon the different

"methéggpof analysis among the seventh grade subjects .

After using the synthetic method, not one of the third grade sub- .,
jects outlingd the plan by stating questions, while after the analytic
method, 8% first stated the questions, and half of these also. indicated
‘the solution to the qyestions. Cased of composing a plan by indicating

) solutions (and not questions) decreased to l6£ in third grdde pupil

after the analytie method of analysis (from 34.67% during the synthét ic

o

method of analysis)
‘ The fifth grade behaved similarly All subjects ‘of the fifth
grade, after the analytic method of apalysis, stated the questions of
the solutlon plan of the problem, while, after the synthetic method
7.7% had outlined a plan by indicating solutions, after which they )
stated the questions. , . 7 g‘

-

The seventh grade pupils, on the other hand, produced more correctly

¥

# composed plans ‘after the synthetic method than after the analytic method.

,b. The pupils] completion of the written solutton after ecach of the
methods of analysis. £ a

' ) After” being introduced to both the synthctic and analytic methods ’
of analysis and compositi of the oral plan, the pupils solved the
problems independently. Jt.did not observe as great an influence from

the method used in the preliminary analysis of ‘the conditions “in the '

written solution as we noticed’in the composjtion 9f the dral plan of

solution. 4 4
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TABLE 2

>

. COMPOSITION OF AN ORAL PLAN AFTER ANALYZING THE CONDITIONS

a ¢

N

»s

M

‘Method

\Qaéstions

Plan Composedv

. : Questions of tﬁhg . Plan Composed Incorrectly
. of ) . of the Plan Plan & &pféiio by
Preliminary [Grade Grade Grade | Grade Grade Grade|| Indicating " Grade Grade Grade
Analysis IIL \ VII 3L /1( VII « Questions *IIX \% VII

. \ _) | ~ ‘ ‘ e
Synthetic 0 26.9  23.1 0 0 7.7 - 57.7 \ 57.1 22.3 37.5
. - : ) ' ¢ .

Analytic 4.0 - 36.0 20,0 4.0 ° 8.0 ||~ 72.0 N 28.5 11.2 62.5

Note--Entries in the first seven columns appear to be percents of all students using a given method of

in a given grade using & given method of preliminary analysis (Ed.).

e
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For convenience of comparison we have put this in Table 3.

-~

.

S
’ -

TABLE 3

INCORRECT QUESTIth ANDP INCORRECT WRITTEN SOLUTIONS OF THE
PROBLEM AFTER ANALYSIS OF THE CONDITIONS AND COMPOSITION

OF TH? LAN
N g * ) :
Method Incorrect Questions Incorrect Solutionms
of : 2
Preliminary Grade Grade Grade |Grade Grade Grade
Analysis ITIL \Y VII I1r v VII
Synthetic 6.2 3.7, ° 8.6 21.3 18.5  17.2
Analytic 7.2 0 11.4 1.1 , 11.5  17.1
* . L ‘
&.6% of the students did not state questions.
NOTE--Entries are represented as percents of all students in a
glven grade who solved, the problem (Ed.).
&J" . N “

From Table 3 it can be seen that in fifth gride pupils, after

the analytic method of anélysis;there is a slight decrease (compared

to the synthetic method) in incorrectly stated questdions and-solutions.

In the seventh grade pupilse however, there is a slight increase in

a

mistakes. The written solutiohs of the third graders after the analytig

anglysis were almost thei same as the written solutions after synthetic

analysis{

3.. What influence does the preliminary analysis have on the process:

of the solution of the problem?

On thd basis of the data (given in answer to qﬁestioné.l and 2

Y
3

v

above) of this series, let us now discuss how the solutidn prodéss

depends upon the preliminary method ai

presented it is not hard to see some

analysis §* From what has been

ery essential facts. '

a) The composition of the oral plan is determined by thévprelim—

inary method of analysis. After he analytically aﬁ§lyzéé'the condi-

tions, the subject is more successful In outlining the solufion plan;

thiz dependence of the plan composition upon the method of analysis

“degreases gradually over the years of instruction.. Thus, in the third

grade, the number of incorrectly composed oral plans was 28.6% less

.
’
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' It folléws,ﬁromfthis that the increase of corregt reas /ing after
" the analyfié method, observed in third and fifth grgde-pupils during

. !

|
after the analytic method of énalys#s than after the synthetic method;
. in the fifth grade the decrease was 11.1%. In the seventh grade,
however, there were 23% twore cerrectly composed plans after the syhthetic

\

me;hod than after the analytic methoﬁ (see Table 2).

~—" b) However, the success of the written solution depends little
.

upon &hich‘one of the methods was used ta ‘make the analysis; it depends
mofe‘lgihow the analysis of the conditiohs was carried Qué' how the
children answered the stated questions. After the analytic metEEd of
analysis the number of incorrect questions decreased by 3.7% in fifth
grade pupils. In seyenth gradgmpppils, however, it decreased by "2.8%
after tH‘lgxpghetic method was used to anal?%e the Iintorrect written

<

plans; this is+in achrdance with the sﬁccess@pf EEE-Freliminary

analysis (see Table 3). / . . Lo

oral composition of the plan, ng’not realized fully in the written

.solution.. In other words, when beginning the written solution of the

problem, the children were influenced ligtle‘by their oraligeasoning.:
The results of the aforementioned qualitative analysis of the
pupils' performanée of assignments in other series helps us to explain |
this fact. 1In par@icular,,we gaw (see series II, seventh grade) that
one of the characteristic fggtqres of(the pupils' solution of a prdbfé?f
was the,iﬁsufficien: use of cogclusions drawn while mastering the cendi-

tions of the problem.  When returning  to the conditions, the pil tries

. to recall, not what he understood and indicated during the analysis,

but how he had once solved a similar, familiaf problem; the sqccess of

the solution is det&®mined more by ‘earlier mastered devices of problem

solving, sometimes simply‘by a mastered stereotyped pdtterﬁ of solution

ése?*séries F, third grade}. ,' . '

In the results of series: Il nggoted that the upper—grade pupilsiw’
al

give evidence of thef? own “indivi .approaches to the solution of

proH!ems, with all the weaknesses acquiregﬁ;ver yvears of instruction.
Hencg the analytic metﬂé%bgf analysis and the subsequent c&mposition

of the plan, as well as written solution of the problem, gives way
in \the seventh grade pupi%ﬁ-tc the habitual synthetic\?ethod of analyslis
and so}utdon. . . A
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Thus the qualitative feature of the pupils’ approach to solving//gfxﬂ

the problem explains the obseryed discrepancies between the oral

. composition ‘of the plan and its written realization. The results of

this series once again confirn;the existence of this peculiarity,
characteristic of our children's approach to the solution of problems.
The pupils'csrry.out more,correct arguments and conclusions with the
analytic-method than 'with the synthetic, but use them less in the written
solution, - This can be explained by the petuliarities of the types of
approach as yell as hy the need for switehing from oral reasoning in
.an analytic plan to the problem s wrditten solution, which is always
done according to a synthetic plsn. Obviously, the pupiismhave-in—. ‘
hufiigient-sbility'to ?ske such a transition, which demands flexibility
.and quick—witteaness. Since the transition is not reproduced By the -
pupils, it escapes the teacher's attentien while she is teaching them
to solve problems. The methods of analyzing problsms bypass this goal
Thus we see in the results of this-series 'that the snalytic method '
may be used as successfully as the synthetic method in the problem

analysis of pupils of the lower/grades. B

. , o
The seventh graders' ability to apply the analytic nethod\of R

analysis is weaker than their ability to apply the synthetic method.

‘These pupils hold more successfully and stubbornly to the‘synthetic ..
mpde qhich predominates in schoof\practice, than do pupils in the 4
lower grades, who have been less influenced by instruction._ The pupils”
of the lower grades analyze the conditions of a problem by the analytic
method just as. successfully as by the synthetic method. = ;?~:

Thus, on. the basis of the experimental data we draw this conclusion,

‘ confirming our hypothesis based on a search of the literature: the

analytic méthod af analysis should Be used in the later years of study, ’
thereby making %i.pOSSible to consolidate .the abilify to use the
.synthetic method, leading to the developmeat of less conscious solu-

‘tiors of problems by the isolation of the solutions of scparate parts
' B

.of the congitdions. N o e .

NN
~1f we consider, furthermore, that the auxilisry school pupils

more to° what they have learned (often not-conscionsly gnough) 1in
orn\of mechanicaL devices, scliemes and stereotypes of the solution*

of a problem, and that the& try to operate with them, but not with

N .

!

'
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,dznecioua reaecning according to the given conditions, then for the

ry school our,conclusion is the first step in correctinthhe
mentally retarded child s personality, problem solving can help. attain
_ this goal., : - e '

Only when both the synthetic‘and the analytic methods arefused
simultaneouely in problem—aolving instruction is .it po;§\31e to fur#her
ovércomg the insufficiency characteristic of auxiliary school chdlren's
approach to problem solvlg;i:the attempt not to reason, but just to

Aoperate, not. to’ explain or substantiate one's actions, ona's steps
-along‘tne road to solution, but too' solvg the problem'; to outline a
barren, incoherent course of solutign. How ‘can I solve it, what should
I do? Our*pupilehconcentrated primarily ansuch a guestion and wetre
little interesﬂed in the more essential questions——what had to be:
solved, and why must this ahd not that operation be used? Why must‘d
" such-and-such a question be stated, why must_this and not that operation
be selected? Why should precisely these and not those data be used? . -~
And S0 on. . ’ - : ' T ‘
Application of the analytic method of analysis from the first years
of instruction would be directed against the-main defecth the weakest

link in the development of the skill,of ﬁgﬁ?fnw problens~—against the

,.-. - 'AA’
yearning to arrive at the anSWe - “the question of the problem b; a
en,)insufficiently censiaered and unsubstantiated solution. .;%/ i
. > . A~ \( . ¢ . . ° ¢,
Some Features,gg‘Recognition, gjythe Sol&tion of Problems, \‘;::?
Ve and of th® Preliminary Analysis &f the Conditions

’ . The function of analysis 1s not limited merely to the direct break-
down of & complex argfhmetic problem into a series of simple -ones. In
our opinion this is the end result of that mental activity ‘which is
active during the analysis, before it, end after it, which negins as
-soon as the pupil has read- (or heard) the conditions oﬁuthe problem.

The analysis of the chnditione of the problem is’inseparaple, from

the peychological standpoint; {rom the process of' recognition and
solution. On‘ﬁhe contraryi the process of gnalysis'promotes recognition
of tife conditions, complete understanding, and solution. of the problems.
' Therefmre, g}fore dwelling on the feat&%%s of the analysis of
-pﬁbblems, and thoae difficulties observed in our.qupils during such

.
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analysis, let us pofnt out several features of r&cognition and of the

solution of problems;/

| _J ' [
Some Features of Problenm Recognition Characteristic of Auxiliary Schopl
¥ pupils’ '5,, P » <o ' :
-

We can point oul only certain general and individdal peculiarities
of “the pupils' recognition ofiproblems. The pupils’ recegnition of a
problem changes depending on instructional efoerience. Qualitatively;
however, tnis change is insignificant: ' -~
’ a) The third graders are best aware of the problem as conditioms - |
without a HQuestion. The question of the problem remains outside the .
i:::{ffgupil s cqgnition and does not determine or guide the solu‘ﬁonr—it does
" ' ‘not influence the selection of data or of operation (see the solutiona N
in series I). The third grade pupils,; when reqdested, could not even A .
extract the question of the problem fromsthe conditions Csee series V).
Moreover, they recognized the conditions of the problem as soﬁétﬁ&hg \
nondifferentiable, an indivisible unit:. - The children had trouble not
only in extracting the question of the prqplem, but in stating the |
separate numerical data, words, etc. Instead of the gnedreqnired datum ,
" they named it aiong with a series of associated words, and sometimes toqk
' into consideration the entire cogditions; here the recognition of the .
conditions, even withdut. a Question‘ occurs only when the problem ! .
appears in a fogn familiar to the children from school instruction.-'lf‘
gﬁg its cohtent is changed, for instance, Ey omitting the numerical data 'i- )
but leaving the story of ‘the problem and the question (serieg II), odly
. ,the strong pupils will recognize the problem. Average pupils no longer -
, will recognize the conditions as .a whole even without the question, '
_ they will underséand only geparate words, only parts 8f the conﬂitdons.
"Some poor pupils perceive the stated problem wrth its aeaning distorted

and find things in 1t that are not there, they compose & diﬁferent prob~

)

N . «

lem of their own making. .
'b) In the fifth graders the’question of . the problem also did not\
» determine the solutions. Recognition‘of separate parts of the conditions
was somewhat\better, however., The, fifth grade pupils carried out little o
Yelated solutions, using separate parts of the conditions more, freely,

. and they could already state the questﬁbn of the problem, which was

’ " ' * ) ‘ . ’ . . ' .
R C 84 1 . . o
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* cguld no immediately point out what was required to be found in the

" tesults obtained by N. A. Menchinskaya [2] in her experiments wi

. q"

" requirements of the conditions of the problem (sefies II, III)

. those of older school age (of the third, and sometimes eve

usually copied down last in tbe solution, .
) The seventh grade.rs freely produced all possible solutions of
theﬁmrete parts of noncomplex conditions (seri(es I1), blit the ques- .
tion of the problem was also often’ fnsufficiently recognized. At best
the str'ong and average pupils became aware of the cx\.iestion as a result

of tée individual solutions. Some of the weak pupils also showed

insufficient recognition of the conditions,altering the conditions at
their own desiré,. or imagining and solving a problem different from
the given ‘one (seriE III). Strong and average ‘pupils could extract

2
estion of the problem. . The poor seventh Zraders, wﬁen requested

probdem (series wy. oy '

of the mass school. The process of problem recognition in our upils,

however, is duslitatively‘different. While the pupils of the

(first grgde) operated in their solutions upon the psrtiai racted

conditiOns; and were aware of their semantic aspect, our pu ils;\even

the fifth ‘

gride), could not take into consideration the sem#htic a ect of the ' ?*

+giyen conditions . .
Quch were the general characteristics of most of the pupils., How-

evar, there were more subtle distinctions in individu 1 featurds of ) 4

' rk ot the similar—

ity .of semantically identical problems differing only in insignificsnt

recognizing the conditions. Some pupils did nor re

ways; others remarked on the general similarity .and thé finer concrete Y

\ Other pupils, in place of an unknown situation, part of a condi- '

tion, ‘or a relationship between data of a problgm, named made-up stt-

| .ri'ginal‘problem. % . \
others%stopped when they came to something the¢y did not ynderstand,

made no incorrect calculations, andtdid not

uatiohs, numerical data, etc., distorting the
istort the given conditions.ﬂ

Smine the success of the solution. We saw

PN
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understood. But as soon as the subjects began the written sdlution,

as .soon as they pondered the question of how to solne the problem; they
forgot the conditions which they understood and produced in their solu-
tions something quite different from what they had stated what they
had decided to do (series 1IV), , '

A}

Someigeatures of Problem Solving,Charactetistic‘gﬁ_Auxiliary School

-

Pupils ' ) . .
The thought process in solving problems is a complex° intellectual

process, whose nature is still not” clear even in a man whose intellectual
activity is not disturbed One can therefore imagine all 'the-complexity

and difficulty of studying the preblem—solving process in children with,

" various disturbances of psychological, mainly intellectual activity.

It 1is hardly possible to imagine two persons, even without brain damage,

who think identically when solving one and the same problem. It is all .
the more difficultrto find this gené}ality in_children who have sustained A

various types of brain damage—-yarious in time, depth, and strength.

. »~

Therefore, however hard we may try,;we can disdover only cettain general
characteristics of problem solving common to all children.

The abovementioned peCuliarity of problem‘recognition *1like that
of conditions wiohout a question, is more or less characteristic of all
pupils; the possible method of solution is cénditioned accordingly dn .
this case;fa solution on the basis of separate parts, words, and numeri—
cal data of the conditions irrespective,of the question of the problem "a
(the synthetic method). ' *

Actually we have-seen above tH§§ almost all our pupils, despite

‘the qualitatively distinct individual peculiaritlies infine sblution,

went through the solution carrying out all possible‘opéraﬁions, based

e

oﬁ the conditions of the given problem, irrespective of its\guestion.
In d01ng this, a) the third graders did not perform all the operations
and did not clearly recognize the conditions of the problen. Individual

solutions were not, linked with eacd other, théy disagreed not only with -

[ the question of the ptoblem, but with each other; b) the fifth graders

produced more possible solutions {n tevms of the existing, understood.
¢ -

conditions of the problem, but'th%y also selected them poorly for the
Y ! . '3
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answér to the question of the problem, and related them poorly to each
other; c) the seventh graders produced possible solutioms f£dm the given
conditipns of the grablem and e#ften finally came to understand the
Qroblem‘and'the answer to the question of the problem. But this occurred’

{ bonly when’tha problem was given'the ch‘%dfen in. & form familiar from o

instruction. We had only to present the children arprobfzm in a form

", mnew to them (for example, withodt giving nuterical data, as in series

. ;II),'and‘they produced all tﬁe possible (both necessary and unnecassary).

o solutions. to the question of the problem. Séﬁe‘pupils, however, in .

solving the last question, could not isolate the solutions necessary fox\

N

We cannot overlook nientioning something qualitatiQelyunew which was

it from the total number of existing ones; they became cofjjijf and did

not obggin a correct answer.

observed in the seventh graders' solutions when they were given a problem
.in a new form; i.e., the ability to compoée ; genéral plan of solution,
. to stéte the questions of the plan, beginning from the question of the .
problem. ‘ The questions of the plan, however, were dften éomposed”
without éhod%h awarenesg\if the concrete data of the'pgpposed conditions.
In épch cases we ébserved; on the one hand,han‘ébstractiqp of the analyti-
cally composed oral plan of solution from the concrete data of the condi-
tions, and the absence of direction in the written plan on the:other; )
Despite such a general path of solution, there were diverse individual
qualitative peculiarities in various childrgn. There are children, who
when working on & solution, strive to épply a particular device learned
" in instfucgﬁon, a partigular sequence of.érTEhmgfical‘operations used
with insufficfént underétanding of the meaning of tHe questién and the
meaning of the conditiops of the problem presented. In each gra&% this

&
. peculiarity appeared differently during various assignments,

o Im thelr approacli to solving problems of ya}ious types,,sumb“fhird
grade éupils'employ, almost *exclusively, a~s%§gle sterezfypbd ?a&tern
which they have mastered in Idstruction. The child's first oraknargu—
ment, made on the basis,of the understood individual parts of the sondi-

4

tions, is muclf more correct and precise &han later conclusions, espe-

cially when the child beglins thinking of the writ®en solution of the
problem, of how to solve the problem; that is, wheh he begins to recail
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- of the problem. But the composed plan is related

~ . * [} ”

and apply the mastered stereotype. Thus in these children, written
completion of the- solution to the problem deviates fzpm oral argument.
Somé fifth graders already possess a laxge store and a limited .
variety of learned‘solution stereotypes. But one of them, once sdopted
for solving a probleﬁ is used,no lesg stubbormly~ than was done by the
third grade pupils. The fifth graders could not drop an adopted plan
even when they themselves noticed that the selected plan of solution
was 1incorrect; they deliberstqiy continued along the incorrect path ?A\\\
(series I, II, III)., 1In solving a prpblem they did not comsider the-
finer requiremegts of the conditions ﬁseries I); problens<different in
form and content were solved identically tseries I). 1In solving
problems of unusual form (in which it was harder to use the stereotype),-
even greager unrecognized arrd unsubstantiated steps were taken; the Q ,'
pupil implies that he knows and understands all, and that he has litt
trouble in a solution. He does_ not ponder the correctness of his ,
solgtion, and he solves a problem "with certainty ; but.in fsct he slides
impetuously over the conditions of the problem; hurrying to effect thé
solution sccording to a prepared plan, a stereotype, he combines the

~

poSsible and the impossible in the solution.‘ .

3

Some seventh graders attempted to solve pﬁ%blems without relying

oE'e stereotype already nastered. Thif was more successfully accomplished

in oral'reasoning; the pupils could now outline a .plan of solving the
prqblem,/beginning ‘from the mesning (and not‘from the numerical data) of
the‘conditions,'and‘the‘better punils co%ld form it from the question
oo vaguely to the

. . -
concrete conditions of the problem. .The solutio (numerical data,

arithmetical operations), noweveyr, take the: wn route independent

X
- of tne,stafed (sometimes incorrecty questions. In the seventh grade

upils, in particular, there is inskilled a strong desire to get alon
pup P . 8 8

- without steréotypes in the oral solution. In the'written solution,

howevér, ''the logic of operations takes over the logic of the question."
As’we saw above, there are pupils in whom the "loéic of operatiohs"
also determine, to é large extent; the enéire course of the solution;
but such logic gives way to the "logic of .the question' under the in-
fluence of instruction more.quickly in the ¢hildren just indicated in |
groUp L. ‘ . ' \

Some third gxade pupils are no longer.characterized stubbornness

A
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in using one mastered order of srithmetical operations; the more the
child works onh the solution and anslyzes the conditions, the more v
accurately he recognizes it, he makes subsequent deductions more
correctly than otherg. What is stated orally is put in the written solu-
tion; if‘he.errs in the oral solution, he errs in the written solution;
1f he states correct ideas, he produces them in the written solution
No discrepancy between the written snzéghe oral solutions of thes%‘

\thildren was obsetrved; the pupils satisfied the finer requirements 'pf

’ the conditions more precisely (series II);, their solutions, moreover,
were closer to the concrete conditions (series I). Th gave more
correct solutions and questions and took fewer incorrec ,lunsubstsntiated
steps (series II11); they took up and completed more ofte what was within_
their capabilitiges, what they recognized. The children of this group,
however, display their own weakness in solution; the solutions they made,
which‘were within their capabilities, were often not enough to answer
.the question of “the problem (series I); individual questions were not
slways combined in a generalaplsn of the solution- (series I). AN
. The fifth grsde/pupils of this group algo evinced greater flexi-

 bility in that they imagined their solutions within tfe concrete frame-

work of the problem; they dhtisfied the conditions and requirements of
the assignments in series II and III pregisely, which the pupils Wwith
the characteristics of solution mentioned earlier could not do, Solu-

tions of the various problems wereg different, and were obtained from .

more than one "plan (series I, 11, III) 1in these pupils, we could notice\

mental operation? on the conditions——they doubted the correctness of
- ‘ their solutions, they wavered; they dried to find in the conditfons a
confirmatlon of their action (series I). Pupils of this group, in other
wqrds, are disttnguished more by a critical approach‘ and an indepen—
)dence in seeking wsys of solution.

‘ All- seventh graders tompleted solutions of which they were capable,
according to the existing conditions of the problcm' they did not alter
or rework the problém, ang they did not imtroduce ‘anything personsl
into the problem. ot ,

< Thus the pupils of identical grades dis?lsyed various weaknesses

in thelr solutions, in turn these solutions changed from year. to year
N

under the_influence of instructien. % ,
v X :

~ \ 4




-

-
-

.~ e

Difficulties Engodntered by Pupils during Preliminary Analysis gf‘the
Conditions gﬁ_tgc Problem"

. '
The main characteristics of an undérstanding of the conditions and

.the solution of problejs &hich we were able to notice in‘pupies in their

. individual pursuits we

e significantly related to the analysis of prob-
X

lehs, and therefore explain some some difficulties which the pupils

encountered when airectly analyzing problems. Of'these difficulties

we were able to observe‘the following !

a) Some had .difficulty (during the analytic method of analysis)_ t
in extfecting the question of the praoblem from the conditions in the =
form in which it is given Yall third. graders and weak fifth graders) : (%

b) Some had difficulty in stating both data necesgary to solve

- o thé question of the problem (most of the pugils of all grades) Instead .
- _of two data, the third graders and weak fifth graders stéted only one ‘
datum; . .

« ' ¢) Some had difficulty-in stating the questﬁgn—z?ax\fwo data (in

the synthefic method of analysig): .
& -
. T d) Some had difficulty in attuning themselves to, Br’ remaining

pon, the' definite track designated by the’ teacher, &5 breaking down
/i complex problem into simple problems_ (in both methods of analysis).

e - .
« )

After becoming acquaiﬂied-with the conditions, the pupil set

about solving ‘the problem in.his own way and answered the teacher's

\ -
queetione (in both analytic and synthetic metho f anglysis) with the
o, thoughts which he had while trying to solve the p}qhﬁem independently.

Althougl the pupil was able’ to give correct @nswers to our questione
- (after inforrect qnes) during anelysi: of a problem, the pupil could not
al¥ays, as he began the independent written scolution, distinguieh correct
answer; from incorrect ones; correct answers did not‘serve;\moreQVEr,,
as the*basis for a c?rrect solutlion; b
e) Some pupils did not use everything which they had obtained and
5 récognized from the analye}s in their solutions; in such ceSes the writ-

/
ten solution differed from the oral argument;” g \ ¢

-~

f) Somc had difficulty (followin% the analytic method) in changing

' over to the indcpendent written solution of the problem, since the

N ~N (
'
'

90




L4 .
. ‘ . ', .

. .
questiong of the written plan were in reverse ‘order from the questians
obtained in the“analytic method of analysis. to 1 :
,This difficulty with the analytic method is thé mainxcorrectional
y advantage, compared with the synthetic method because the necessity
of shifting from ''one's own" method to the-analytic method of decomposi~
\\{ion, and then to composing a plan of the solution (in a reverse order
to. that obtained through the anaglytic ﬁethod) is directed against_the

: baslc disorder of the-mind, the slow ptogréas of “the pupil's thinking.

r

Pedagogical and Methodological Ways of Teaching’Problem Solving
Concerning the Methods of Teaching Problem Solving - ‘

The aforé@ehtionqﬁ peculiarities of the processes of the recogni~
tion,'analysié,and solution of a problem make it possible to answer a
seqﬁes of questions connected with the methodology of teaching mentally
rﬁtarded‘children how tQ'solve complex aritémetic problems.

. ) We did not aim to select the most ratighal thethod of teaching prcblem

o solving (the method of analyzing the conditions, the method of mangkgrob—

’ lems, the method of anlegY) and we did not do’ comparative research in

this direction. There can be no universal method ¢f instruction. Never -

theless, considering the peculiaftties of broblem solution noticed in

‘our puplls, one may speak of the advantage of Bne er another method of

teaching problem solving. . , : '

We saw above that children,'through instruction, have a tendency tt
master a sipgle’ stereotype and to apply it.for solution of various prob-
lems; use of the mastered convention 'in problem solving often occurs
almost irrespective of the conditfons of thg proposed concrete prob-
lem. In such a case it ;aems that the mentally retarded chtld is not
solving the problem given him. No matter, how many pr?Blems arefgiQen
‘the child, théy are all "s®lved" by him according to one stersotype,

N in tge same way he solved the preceding problem.. At best.only numeri-
cal data from the conditlons are used in Larrylng out such a solution.
Obviously the method of" inqtruttlon involving solution of a large num-
ber of homogeneous problems cannot be recommended as the basic method
of teaching auxiliary scheol pupils.

In applying the method of, analogy, without which it is difficult

to proceed in teachipg problem solvid@, there are, however, not enough
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possibilities for overcoming meoﬁanical and unimaginative ways of solving
problémsi We saw above that pupils regalled a problem which they had
once solves not by understénding the meaning of the entire given prohlem,_
but on the basis of its individual words. This led*to their recalling a
problem which was not analogousr—a'different, almost diasimi;ar problem.
Instead of helping the ch11d>\it diverted him from the correct path of
thepsolutionaifrom his attempt to delve into the conditions of the gi§en
problem and understand them. Such mental labor--i.e., recalling or
thinking.pp an eaay problaﬁ analogous to the given one—-éaa not within .

our pupils"powerst‘ Moreover, even when the child was able to solve an

‘analogous problem,foraily, he was anable to 'solve it in writing. However,

there are no experimental data on the transfer Qf the problem-solving
skill of mentally.retarded schoolchildren; taiacquestion.has not been
studied yet: Therefore wa cannot decisivaly reject use of the method
of analogy. ™ ' ‘ - , ) )

The method of teaching thtough preliminazgy analysis of the condi-
tions of prlhlems is notable for its comparative advantages. During
the analysisiof the conditidna of a problem, the child's think{ng 1s
directed towatd a more profoumd recognition of the cenditions of a
given problem, toward deductions and solutions on the basis of what he
has understood The method _of solution here is "revdlled" during the
intellectual ac ivity of recogaizing the conditions and the questlon
of 'the problem, wather than recalling a known method of solution (the
latter occurs with the ﬁethod7of a;giogy). In aqther words, there 1s
developed the skilll of beginn;ng a solution frofh a tHorough recognition,
of the condit%o:a \'Preliminary analysis of the conditions of a proolem
is directed toward\overcoming one of the major defacts in the thinking

f the mentally rekarded child--"reproductive thoughth——and attembts to

Z&i%inate the appeafance in the solutions of mechanical and unimagi-
natﬁve methods which\arise when the ¢onditions are not quite recognized.
Undoubtedly in this, WL see a correctional advantage of analysis of the )
Londitions/over other methods of teaching mentally retarded children
problem solving. ~ "-. ) )

Thesc are the poasibllitiea of the method of Rpefzmlnary analysis
o€ the tonditions, whose realization however, dependa on many things.

Among them the most important are the use of existing methods (analytic

[ ~
4 o .
: -1‘)3j
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and synthetic) of analysis in‘thgir qprrect'relatinnship; taking into
account the peculiarities displayed by pupils in their solution of prob-
lems. - ‘

We nenticined the mutual relations?xi?s of. methodg of analysis above,
when we were comparing both methods (see conclusions for series IV) on
the basis of the experimenfal data we obtainéd Let us note here that
elementary school methodologists, sugh as N. N. Nikitin and A. S. Pchelko,

and auxiliary school methodologists such as N. F. Kuz'mina-Syromyatnikova,
I‘point out the need for using the analytic method at the same time as the '
synthetic method,'that is, in the early years of instruction. N. A,
Menchinskaya éame to a similar conclusion 1n hér.expefimentai psycho~—
(logical investigation conducted ‘in Ehe first grade of the elementary

school [2]. 4

A

Applying the Methods of Analysis

|

- Let us examine the possibilities of .using the methods of "analysis.
Work in the school on eliminating the exist¥ng flaws, the weak links in
the complex problem—solving prosess which are observed in auxiliary .
'school pupils, can be succegsfully carried on during the preliminary

’ analysis.cf the conditions. ‘ )

Above all it 18 necessary, during analysis of the cenditions of
a problem, to improve the pupils' differentiated understgnding of the
conditions, primarily the extraction from the conditions and‘recognition,
of the ques;ion of the problem. This goal of analysis should remain as
'ﬁhe children atre being taught to solve problems, since insufficient,
recognitiqn of the question of the problem‘was observedyin'chilaren of
all ades. In the later years of instryction, the pupils' attention,
duﬁigg analysis should be especialhh‘ﬁ&ected toward establishing the
interconnections between the geparate solutions and their relation-
ship to the Quegtion of the problem. To surmount this basic flaw,
Fharacteristip of all pupils, theresare obviously greater possibilities
iq the jnalytic method of analysis, which begins wign finding out and ~i

solning the question of the problem. '

The following devices can be recommended to attain this goal.
' . .




of the conditions and the question of the problem. Thik makes it

[} ' *
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_° a) The pugils retell the conditions of the problem without

numbers. (tell the "picguyre of the story"). 10 This device, verified in

-practice, facilitates recognition of the conditions of the problem,

dividing the material into logical, semantic, and numerical haterigl;

“the child's thought is directed toward the differentiated recognition

of the pa;ts of the conditions, mainly toward recognizing the meani

easier to conduct the subsequent analysis of the problem by the af’ tic
methéd; . . . ’ | o b

. B) Notation (gn'the blackboard) of the main unknown question of

. the problem in 4n abbreviat®d formulation; o, :

c) Extraction from the conditions and notation (on the blackboard)
w ~

T k)
of the unknowns (in words) and, apart from them, the known data; study

‘of numerical data (value, units, connection and relationship), and, only,

a%}er this, analysis of the conditions.
These devices greatly facilitate the analysis of the conditions and

make it more comprehensible to the pupils, .they help strengthen the weak

links in problem solving characteristic of mentally retarded schoolchildren.

Changing the very process of analysis, 1its course or sequence, can

1

fécarcely be }ustified considering the peculiarities of mentally
*

retarded children. To the. contrary, the ggalfsis gfgthe problem by a

specifio method in strict sequence is highly desirable in teaching
problem solving to auxiliary school pupils; it ?; necessary to éttéin
precision\ofsformulation and a complete statement of the pupil's
answer. . For example, the pupil must be requiréd to name both given
data needed to solve the péoblemy not }ust one of them (the children

often name an pnknown)..-This need for work on the child's oral formu-

{ation derives from the necessity of attaining the primary goal in /
solving proﬁlems—~the goal of developinggthought, which 1s directly

LY . ‘
connected with language, A . @

Here it must not be forgotten that, almhough the separation of

the ‘synthetic anpd dnalytic methods 1s conditional in terms. of psychology,

*

each of the methods has its faults and ity adeantages in terms Of =
10, ’ '
This device is widely and suceessfully used by D, V. quetkov
in the Rostromskaya Auxi}iafy/Sch*pl whose children solve problems
well., -~ Vo
. ‘ } - .
’ {r& ! ) ~
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! : oy :
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methodology. If ‘we considep, moreoverj that auxifiéry school pupils
have trouble mgét ing wth they are given in instruction and blindly
‘retain what tﬁey‘havi&learned it becomes a necessity to teach the
5 ‘-"_“

" children’ both. hethods of mslxsis as soon as possible, alternating

and transferring from/o;e.to the other. “For example, thay may sdiVe
a problem using preliminary analysis of “the conditions by one method
and then, after several days, use the other metheﬁ\of analysis.ll ‘
Ih. analyzing a problentand.trying to take account of the pupils

individual differences in fts sqution, it is necessary to Yyemember

- the insufficient flexibility of the psychic process which appears in

pupils' solutions through the ccncentration of all theiy attention and
all their mental powers on one object a) either the pupil tries to
*establish a simple, elementary relationship among the numerical data
(which he often does on the bdsis of a purely external, formal, similar
feature) and, once the simple connection is established, is unable to
proceed beyond it to an understanding of the other conditions andrsﬁ,
general plan of solution; b) or he strives to understénd noting the'
general plan of solution without - -attempting to establish a relation-~
ship between the concrete data of the conditions} the plan outlijped
appears to be too general and the possibility of solving the prdzlem
with #e existing data is not considered. '

.In a proglem,anelysis one must/sﬁriye to joiln these two mental

operations (indicated in points (a) and (b) above). After doing one °’
‘operation, the child has great diffliculty transferring to the other.

',xperefore it is not enough merely to help the pupil when he is mentallyv

struggling ®ith a difficulty (only within the limits of one 8f the
tendencies indicated in (a)(end (b)) thé hest aid for him would
obviously be to direct his Qental efforts toward another object of

'which he has not yet become aware.

N

yhen analyzing the conditions one must take Into account individual

. differences in the results of the pupils! mental activity whep they axe

solving preoblems: ’ -
a) Pupils who are able tb betfer the results of

v
o

l%This device is recommended by N. F. Kuz'mima\Syromydtnikova.

% * , N
.3
¢ i gt ‘/ Cow "
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' activity by'moving ftom stage te stage in'the solution_of a pnoblem.
,do_mot require the teacher s'undivided attention. They are more ot
' léss;‘ﬂgable of indepen ntly solving separate questiona~—sometimea_\
all of:;hem.e For them \Z initial momént of the solution is not- of .
'decisive signif'icance“ its impreoision, unsuitability, ard i‘orrect
‘first steps are corrected later.' Here the ptpils can. successfully
use, both th%?analytic and the synthetic methods of, analysis '
~h) Pupils whose solutions é¢3play ho imprqyement in reasoning
and who' cannot abandon a plan adopted at the very‘ﬁeginning, need the
el teacher s<help.- How the pupif will end a solution depends greatly on
’ how he began‘it, therefore all the teathen s attention should be cop~.
centnated here on the initial‘soluﬂion of a problem. The child s

, thought should be predented in all possible waxs from starting off on

an incorrect route in the solution. While the thild s consc¢ipusness -

is not yet, entéﬁely occupiad by/the solution of individual questions,
it is ‘necessary‘to help him understand tﬂ%*relationship of all the

conditions The fatter is most conveniently realized with the.analytic’

L > b ' N r
method of analysis ‘ : » ’

c) Pupils whose ma&tal activity gives increasingly worse results )

as they work on a problem require the teacher's exc ive attention

during the course ¢f the entire solution. Here it is highly important'

to determine H‘Enwnmnt at which, gfter a correct operation, the pugil
begins to stray from the correct path (which 'most often happens when
he .comes to a difficult place in the solution). In such cases it is
best to interrupt the solution and review the supplementary analysis

of the problem with the pupil stressing the difficult spot.

Teathing the pupils the analytic ‘and synthetic methods of. analysis
of tomplex arithmetic problems should be begun with -systematic prepara- .

;_;yrexercis 12 in eaph (especially the analytic) method of analysisg.
Here one must remember that the seguence In a system of prtparatory
. exerciseégior the analytic method designed for the auxiliary school
pupils shauld be different from that recommended for the pupils of the
mass school. For our pupils it was easier (see series LI) to select

&

¢

12Thc types of preparatory exercises have been shown by V. A.

Latyshev and, in even more detail, by F.. A. Jirn.
rd : i
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all the data for the question snd hsrder'to select the miSsing ‘

‘second‘datum, when only one datum was given. Such are: the possibilities

for,overcoming the weak links in the pupiL prpblem solviéé process.
during the 'preliminary, aﬂa}ysis of the condition34 &his type of ?ork

however, ‘must not be- considered the only kind, qompletely sufficient,

deciding all methodological questions of tEAching children problém ’ /
solving. ' " o SN
+. " Some practitioners think that, by daLly classf’rk review of work

in solving a certaim type of probIem feamiliar to,’ the children\ they can.
furthgr develop a»firm skill in prbblem solving :In fact, howewer,

with such instruction the pupils master only a specific device. for
solving one type of problep, and apply'i; later, relying little on

the, conditions of the probl\& being. solved.\ Aﬂything new in the problem

" {in form or content) leaves the childgen in a blind.alley; they disre-

gard it in the solution, a tenden\y qhsracteristic of‘pot only the ppor
puplls, but also of pupils who can solve ‘the' familiar,

\ A
t

problems. \ T . " . ' .

To attain skill in problem solving, not'only'must homogeneous,
habitual work on problems be conddcged daily, but thqre alsq must be
review of the diversity of forms of mental sctivity.which demand thé
pupils’' systematic independentg?\'lpgother words, work -on the‘arithmetic
problem in the auxilisry school.ggﬁﬂid be constructed on the principle
of more variation than is presenfly, toung in prabtice . .

There are two ways to realize the principle of variation:

1. In a 'system of problems given in instructron (diversity of
form and of mathematical content)’ .

2, In types of work on arithmetic problems. Among these, besides
the analysis of the conditions, the following are recommepded:

-a) Qomposition of two fimple problems  from numerical data--one

after the other, with subsequent composition of a third problem from the

two simple ones. For example, composition and solution of these problems:

Problem 1 - Problem 2 . Problem 3
4kg of groats at o 2kg of sugar at ' (composed from prob-
5 rubles pe? 13 rubles per " lems 1 and 2)
kilogram. kilogram.
2

b) Composition of¥two simple problems from questions and subsequent

97
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composition of a third problem from the two simple ones obtained.
For exanle, composfkion and solqtion of these problems.

. i S
"o " Probldl 1 , Pgoblem‘g’ L. Problem 3 . A
. ., How much does ohe | How much dqes one How muoh more expen- . .
book cost? noteboock cost? stve is a book -than
I~ . + 2"

* : .t . a notebook? Cr -

. , |
/ - ‘ _
¢) Selection of numbers and - a question for a situation (in one,

- two, or three questions) For example, select numberd, stete the \

question, and sd‘be the problems' R ¢ .

1. Two boys were gathering mushrooms. One boy colleqted L
more than the other,. E .

‘2. Three boys were planting trees. Sasha planted fewer than
Vanya, and Kolya planted more than Vanya.

- Composition and solution of a problem from a given arithmetic

operation and question. For example, composition and solution ot—

these problems: y -
) Problem 1 ‘w Problem 2 - Problem §: LEN
o » T A .., (on subtraction' |
A + (on addition) | (on subtrattion) +/ and addition)
.o .
How much money How much money did . How much money did
did Vasya have? Misha have? . Vasya and Misha

; o have together?
| e) Composition and solution of arithmetic problems from an assigned
arithmetical operation. For example, composjition of any problem on
addition, subtraction, multiplication, or divipion; coﬂpoiition of any
problem requiring that a number be increased, decreased, taheg sever%}

times) etc.).

f) Composition of arithmetic problems from numbers and operations. .

-

Forlexample, composition and solution of these problems:

Problem 1 Problem 2
370 - 150 = 220 160 @ 4 = 40
g) Solution of all simple problems from the conditions of a complex A

problem without a question, then with the added question. For-example,

solution of any questions:

98
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///' A hét{costs Sb rubles, a Suit is 5 ti;ggﬂgs éxpensiég, andwé -
*coat costs 800 rubles. ' . .
' After the,pupils solve all. possible questions éhey are adked.cov
sq}ve thls same problem, first with one, then with- aﬂother queétion;
3 . 1. How many times more expense is a coat than a suit?
2, How much was the entire purchase? * . -
Work of t™Ms natuyre helps the pupils to understand the relation—
ship between the solutions and the main question of the problem. g
. ' 4 h) Comﬁositibn and solution of a prgblem in a specified number

'of'gueétions. For example, compos}ﬁian ané solution of ény probl%m ‘ v

L ]
. in one, two, three, or four questions. '

i) Composition of problems from data obtained from the pupils' -

Rgactical activi_x_(measuring, weighing in class, buying and selling,

- etc.). : . . S , -
i) Comp&éifion and solution of problems on a given topic. For
example, composition of a problem on mushrooms, trees, candy, etc.
‘K) Composition and solution of any problems. . .
f’ ' “vActivities o§ this typel3 show that the pugils handle the given -
assign@gnts\with difficulty and that 4he teacher's afsistance is nec-
essarylét first;'latgF tHe pupils become increasingly better. Lesson ¢
by lesson the pupils approach the solut%on of problems, the selection
of numerical data, and the statement of the question more boldly amd
more consciously, they relate to 'their solutions more critically;
they check them., Interest is awakened in the children, flashes of inde-
pendent mental activity occur which are phenomenaobserved even when they are
solving ordinary types of problems; they come to have qdestions bout
the poés}bility and impossibility of a sdlution, of different methods
-rof suluégoﬁ, etc.
The teacher, however, must be Qbrnea against excessively increasing
the types of work in problem solving wﬁich are.offered. Experience has °
shown that it is best to do thisetype of work once a week as a special
lessoft with an obligatory connection with the cur;iculum materlal and
‘requirements, enriching instruction in solving curriculum problems in
only one way--—the method of prelfminary analysis of the condition.

131hey were conducted in the 1949-50 and 1950-51 school years by
teachers of Moscow Auxiliary School No., 11l with the author's
participation.

*
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e There can be no doubt that work in this directien, as well as ,
'fthe experimentation SY teachers, will help to increase the effectiveness

of teaclfjng children problem solving ih the environs of the auxiliary

schoolf . e '
' N P - N
’ <
' : » -
] N - - "
. - ’ . ~
/ * 4 .
. & s
o o
‘ - » &
) . g\l
1 ‘ )
Ed
REFERENCES
l. Engels, F. Anti—ﬁﬂhriqg, Gospolitizdat, 1948.. , .

2. Menchinskaya, N. A. '"Intellectual Activity in Sdlving Arithmetic {~1
< Problens," Proceedings of the APS, Vol. 3, 1946. [Reprinted

4in Volume III of this series.]

3. Pavlov, I, P. Selected Works, 1949.

* 4. Shevarev, P. A. "An Experiment in the Psychological Analysis
: of Algebraic Errors," Proceedings of the APS, Vol. 43,
1946.

5. Stalin, J:‘V. Marxism and Questions of Linguistics, Gospolitizdat,
1950.. '

N




Q ' (_,J . ,
. 5 ) BASIC DIFFICULTIES EN'JN‘I‘ERED BY AUXILIARY., .~ .
e SCHOOL PUPILS IN-SOLVING ARITHMETIC_. PROBLEMS .
7 . ‘7 S -
, . o o, o
o . M. I. Kuz'mitskaya - S Ce

o . - ; )

- . . - -

— : . S !
L . . PR ' . g

, &his investigation was based upoﬁlpedagogical practiee,fand' :

. its conclusions are directed to theﬁimprdvement of the cbn nt - and

~ s

" metMod of teaching problem solving to auxiliary school ‘s ents. L
The analysis and processing of written work in arit etic by N

auxiliary ‘school students of the Russian Federationpwas conducted by-
the Ministry of Education and the Scientifid §psearch Institute of
Defectology for use in studying the, stuiints progress over meny _‘
years. This stndy has permitted us to d velog a methed of investi—
.gating the gifficulties arising in teaching ?entally retarded chil-
dren how to s¢lve arithmetic problems. ?

* .

We set the following goals for our investigation.
1) to reveal the fundamental difficulties experienced by
auxiliary school students (in solving problems)

I

2) to reveal the causes of peculiarities in problem solvin
) ; , :

by mentally retarded schoolchiddren. -

-~ =

3) to plot the proper direction-of work improving the
¥

7
"content and method.of teaching problem solving in the auxiliary n
school, on the basis of observations, experiments, and the past

experience of the best teachers. ’ e

|
arithmetic problems encountered by mentally retarded schoolchildren;

To determine the causes of the basic difficulties in solving

we conducted two series of experiments with the children. *
. In oné series, problem solving followed\oral reproduction of the v

problem's condition. In the other series, a\problem was solyed

— T . . “ = A

Published in Proceedings [Izvestiya] of the Academy of egagogica
Sciences of the RSFSR, 1957, Vol. 88, pp. 115-158. Translated by
David A. Henderson.

101




.
. , 3 .
I ., .
B

- ‘ P ’ . . ' ' » .
\ ‘ . : - “l i . [TV
without a préliminary statement of the conditions.? lnbthese ewperi—

T ments the children.solved all the basic kinds of simplé ﬁfoblems. At

“

;;i) the same time, in ordet to study the‘ppculiarities of thgi;’use of M
’ nomenclature, certain ﬁ;oblemé requiring severdl operations. were employed.

Schoolchildren from ail.of the éuxiliar§ school graggé participated: .

in expetiments’' to determine their characteristic~ﬁays of solving sigple

. ’problems. In our stugdy on thehraproduction‘of problems we tested étu—

. dents mainly from the uppetr classes. To gain a deeper insight igto the

L3 '

\ peculiarities of the perceptual activities of the auxiliary scﬁaol~_§

students, we alsa conducted experdmental studies’ with students from R

‘the mass school. . . c { . "

o

.

.
‘\All the experimental ‘material underwent quantitative and qualitatives

o 3examfnation and was compa:ed with what we observed in the lessons, as
\wéll as with the teach@rs‘ sxstemaéfc evaluation of the children's know—- ¢ .

ladge. In tﬁe.concluding chapter, which ,contains séve}al proposals for |

improving the methods of work in problem solling in the auxiliary school,

’
we summarized the experience of some of our best teachers: such experi-

A eﬁ‘ce confirmed the basic" conclusions oWspecial imrestigation. .

.

i ) The Reproduction of Simple Arithmetic Problems
hl_Mentaily Retarded Pupils ;

\

Study of the **production of the conditions of a groblem # order to

learn the characteristic way in in whith the pupils comprehend the E;pblpm.

We know from pedagogical and psychological investigations thqt
& . features of students' thinking are revealed’in theirfsolution of(arith—
metic problems. Investigations into the methods used by mormal chil-
erﬁ,to solve problems have enriched our knowledge of ﬁhe psychology
of the children's thought processes, and have cont%ibute& to the im-
,‘ provément‘bf methods of teaching. arithmetic. .
Observat ion&: of mentally/zetczrd{,d schoolchildrepn engaged in
,pighlem solving "show that they are unable to formulate their ideas "in

L 4
, detail, and that their statements sometimes lack enough consistency to

lead to a solution; thercfore, a'study of thelr reasoning does not
always reveal the course of a problem's solution. The thought processes
of menfﬁlly retarded children.solving problems are therefore usually

judged b) the nature of the mistakes that arise in the course of their

102
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splutidn, as well as by the solution itself. . | “ y
There is, however, one other method for determining how mentally

retarded children comprehend the contentsfof a problem. We refer to

the- study of the charaeteristic features of the students'*;epro— A

duction of the condi%dons of a problem.‘ We proceed from the assump—

‘\
tion that the character of the'teproduction of the material reflects

the level of coﬂ%rehension eof that material. Inngtigations by Soviet N

:psychdiogists devoted to the problem of reprodue ion showed that< N
R ‘

. correct reproduction depends greatlz upoty’ cgpprehunsion of the ‘material «

>

It was also sHown that reprqducﬁion depends updn the nature.of the

,1nater§al offered the chiLdren, upon the conditions under which the - ‘i

- * .w
material was-memorized, and upon the goal towaxds which memorization
and reproduction are directed. Tﬁe data used by Soviet psychology*
provides a basis for utili%ing the characteristics of the students'

reproduction of the condiffons of a problem, in order to study their

_comprehension of its contents. : . ’ -~

- W conducted individual experiments with 20 fourth grade ard with
20 si)fh gragle students in the. auxiliary school«, for comparison, we
conducted analogous experfments with 20 second grade students in the
eléhentary school. .The problems posed were selected to correspond g -
to the curriculum for the first grade in the mass school, which = =,
corresponds to the curriculum’for the third grade in the auxiliary .
schobl Problens were offered to thL'ehildren from sections of the
curriculum that had already been studied. By the time the exp;'eri.mentsz,s
ware conducted, the children had, in tﬁeif‘lessons, already solved

problems which were more complicated in strqhture; thus, the problems

‘which we offered should not have presented any special difficulties

for these schoolchildren.

Each pupil was‘given a card on which the text of the proplem was
printed and which the children read over two or three times. After
this the pupil orally reproduced the conditions of the problem. We
wrote down their reproduction Qerbatim; the material gathered was then
processed correspondingly.

After the first experiments it became clear that the pupils from
the auxiliary school experience great difficulties in repeating the

conditions of a problem. Before analyzing the causes Bf this difficulty,

\ N 103
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let xs examine‘the ways in which the reproduction of}eome other swrt !

of oral material , ' ' . \ ]

The reprodpction of a pFoblem—-i.e., repeating its conditions~—

differs, for example, from recounting a literary, historical or geo~‘

»
4

graphical text. When reproducing such texts one is mot forbiddih to -

«  recount it in ond's own wofds; indeed, one is encouraged to do so.

'

-
-

« In reproduaing such -tgxts anrsalter on or eveff a violation of N

séguence is sometimes permissible, so long as th# sequence of events,

-
-, ?

etc., does not suffer as a reSUlt.

(-9 .

K dther démgnds must be met in reproducing the conditions of 8,
problem. The text of a problém is generally not very lengthy. The-
studénts hust closely approximate the text; only insignificant varfa-
tions in their reproddction of the contents of the problem are per=
missible,;;nd a completely accurate reprod tion of’ numbers and of the
question in the problem is required. The reproduction of a problem, .

. however, cannot be identified with learning prose or poetry by heart,.
since in\that case it 1s mandatory that the text be reproduced liter-
ally. Fdrthermore, the memorization of poetry 1s facilitated by the

‘presence of rhyme and rhymed verse, which do not exist in the tekt of
a problem.

Retufning to the topic of correct reproduction of the conditions
of a problem, we should note that-foﬂ this purpose it is,necessary to
carry out a specific logical analysis of the text, having as i4s aim,iﬁf
a full detérmination of all of its parts; since, in reproduting a prob- .
_lem, all of its contents must b given, preserving without‘fail.the

relatioﬁship among the contents. The significance of these features

& 1n the reproduction of oral material has been noted in a/;j;}es of

" psychological iovestigetions.‘ "A precise understanding o the internal
g_ relationships among the parts of a text is essential, so that these
parts de~not stand out 1in the student's mind as separate units, but
as unified members of an interconnected whole" [21: 75}.
These statements are particularly significant in connection with .
the reproduction of a problem, since perfect memorization and repbe

duction of the problem aré impossible without comprehending each of

1ts links and-actually showing thg’relationships between these links,

S
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Psychological investigstions show tﬁat in the process of repro—
duction, essential changes are introduced fnto the matérial which has
already been perceived.‘ "When we mentally reproduce something, we'not
so much recall it as deduce it from our previous experience' {11'148]

It can be supposed that mentally retarded childr&n will mgke more
significant alterations in material they have perceived than will nor-
mal children, and that these a&teratiqns will have a somewhat different
character. Mentally retarded children do indeed have difficulty in
reproducing previous acquired knowledge, as well as in ascertaining the
. relationships between sentences and groups of sengences ip a text.»
These peculiarities in the way auxiliary school children reproduc€ -an .
" oral té%t clearly show that the difficulties thex experience in egtab-
lishing the relationship betyeen parts of the text lead to' distortion
and cause them to substitute other relationships for the original re-
lationships. These peculiarities in the memory of mentally retarded
children should be apparent in their reprodpction of the conditions of
a problem too. . - ' '/\;'

N,
The formation and preservation of the new temporary relationships

which are the physiologic;l bases of memory are closely related to the
characteristics of the highest nervous activities in man (strength,
even temper, and flexibility in the processes of stimulation and
inhibition), : .
In the investigations of N. 1. Krasnogorskii and his coworkers
ertain facts are revealed concerning the highest nervous activities
of mentally retarded children. In normal children conditiored reactions
are the most delicate-and Specifie of all reactions. Their high speci-
ficity, quick formation,and slow disintegration, their stability with
time--such ‘are the characteristic traits of conditioned reflexes. On
the other hand, imbeciles and debilitated children have difficulty
forming conditioned reflexes [8]. '
Parallel to ''sequential stimulation,'' Krasnogorskii examines

1t

“sequential inhibitation. He notes that these mechanisms appear to

be more complex, and arise 'later, than those mechanisms whose ac‘ivities

are not connected with the signal system set aside at the time. Normally

they are alfready formed by the age of,three, whereas In cases of

105 ) '
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irregular development, they are formed only with“extreme diffisulty.
Thus, the "traces" of past e;ﬁérienceﬁin apxiliary schodl students do
not.- bear the same characteristics as the "traces" in mass school ‘stu-.

J

- - »
dents . ' - - y ¢ B

-

The statement of i. P. Pavlov about the‘}e}atioqship-between memori~ -
zation and understanding has great eiéeiiicanCe as a revelation of the
physiological'bases of memory: "When a new rele;ionship {s formed, that
is, what‘wq'callf’associétian"ﬂ it is, without a dqubt, knowledge about
definite relétion&bips in the exfernal world; when it is employed'the
next time ‘it is called _uederetanding —-i.e., the use of the knpwledge
3 that has been acquired about relagionships. This\ié uﬁderstanding"'

[13:579]. The physiological mechanism of comprehension is regaréed

.heré as the ability, to maké.uee of previously‘acquired relationships,
the ability to put them imnto practice. This statement implies that

Coqprehen%lorrests upon retaining traces; it is detrimental in thisg

case for previously acquired temporary relationships not%to be ‘retained
;\ " and consolidated, to be changed or eresed. These statements by Pavlov

N\
. . are essential in determining the characteristic way in which auxiliary

» school students reproduce the tonditions of a problem.

The parts of a problem always have a definite interrelatianship.
Whethe? this relationepip is manifest depends upon the process of
interpreting’ the problem. Unless -the problem is properly understood,
as we will show below, the cond&;ions of the problem camnnot be fully
reproduced Lemprehension of the problem therefore, appkars to be an
essential requirement in reproduCipg the prdblem correctly. Errors
made by mentally retarded schoolchildren {n repeating the text of the
problem are usually the symptoms of difficulties in interpreéting and
‘comprehending'the problem. We beljeve that an an?lysis of ;:j\;EYMi ..
which mentally retarded schoolchildren reproduce the text of problems .
may also ascertain the causes of the diff fculties they encounter in
solving arithmetic problems.

A child's work in orally formulating a problem begins when he

becomes acquainted with I1t. An arithmetic problem can be presented

[N

in many ways; usually, the teacher reads the problem aloud,‘or the
pupil himsel! reads the problem. S8metimes the contents of the problem

are illustrated by visual material as well; this {s not our consideration
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here, The questions that comcern us are related to the inferpretation s,

of a problem read by the pupil independently. Prectiéing"teaehers

repeatedly observe that auxiliary school studentsﬁreeci;to tﬂeir first

*

sencounter with problems in a rery distiEEfive yay and mhat they have
great difficulty. in interprgxing a problem., § \ / )
These difficulties may result from the students' insufficieﬁt .
scquaintanée with the ohdects or situatidns referred to in tﬁe pqoblem, 4{
from their inability to picture the situation on the basis of an Erel
reading of ;he text; they may be caused by the students lack of Qnder-
standing of the relationship between the parts of the problem, tha% is,
by their inability to interpret the structure of the problem. In repro-
ducing a problem the student should visualize the situetien set qu}h ‘ '
*- in the problem. In other words, the reproduction of the problem is made
on the basis of what has been recreated in the imagination. On ‘the a
basis of the description given in the problem one.must imagine the
situation which reflecQs the, conditions of the problem This situation
@ should include both the basic facts of the problem, and!élso the alter-
ations that will be brought- ebout according to the conditibns of the
proﬁiem. . .
-Consequently, it is necessary to picture the outcome of the events
as predetermined by the contents of the question. Take, for example,
- the problem, "There were previously so many. books standing on the shelf, @?
+ Then such-and—Séch a quantity of books were taken away. How many books
remain on the shelf?" It is a serious assignment for mentally retarded
sehoolchildren to ﬁicture the outcome of these events. It is not enough
that ‘the auxiliary school student .perceive rhe,conditions of a problem
by reading or hearing it; in order for him to understand it, it is also
necessary that the images he visualizes will so embody the material
of the problem that they will ensure its reproduction.
Such a re-creation by the imagination is possible onlv when there
is a normal interegtion of both signal systems; this is precisely what
"investigators show to be the disturbance in auxiliary school students.
That 1s why their words and expressions are often not related to sub-~
stantive objects. Although they may be used in speech, they are
reall§ incorrectly understood (in too broad or narrow a sense).‘ The |
disturbance in the intereetion of the two signal systems in auxiliary

school students is the source of many of their difficulties in solving

9
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/\o(\aracteristics of ghe reproductimn‘f%the conditions of sig‘le problems 4
d b

L T \ . . .
) :‘ ) - B ‘a ‘ .'- ‘ I “ [ 3 ﬁ . _ ' ' "{f; ; . 7 2 -
. eri c pr.oblems It i3 gecebssary to\tcke this igto ccnﬁidexetioﬁ .
B .
when affalyzts the*repro!"ﬁibn “af problemd. s T
\l - el - « : \ A S :

upils of grades 4 and 6 im the auxiliary}schoql - e _ ,

n crdar‘to discover thé causes'thst hamper nentally retarded
- .‘\mol ildren k solving problems, Wwe analyzed thelr vep’ oductibns
nditions'ef the preblems. A series of erithmetic problems

innétructural camplexity:hut heving one operatiog/was
presen d to the dhildren. Theseiproblems hadoz%Zn sgljed g; the ‘pupils -~
fie mass school by the end ofﬂ&heinfkirst year‘of schooling, while
in the-auxiliary school they hadaﬁcen solved in the nd andA&nd grades., N
The numericad data in thesenﬁf ems could be handled by eecond year

ool

students in the auxiltary s - N ‘
We attegpted to ascertain the &difficulties experienced by mentafly .
retarded schoolchildﬁgn Ln reproducing different types of simple ‘prob-
lems. Two problems\in addition and two in subtraction were presented
to them. Below ard thg textg of the problems:, ‘

, 1. In one cage there are 17 rabbits, and in another, yé rabbﬂts.‘
Altogether, W many rabbits are in the two cages? (There are 21 '
elements in the problem ) . ‘ S : %'

2. There were 19 plain pencils, and 6 more, colored than plain
pencils. ” How many colored pencils were there? éThcje are 18 elements‘

in the problem.)

-

-
e

. 3. There were g5 notebooks in the cupboar H 13 notebooks were

distributed to the students. How menx.notebooks remained in the cup-—

anrd?, (There are 21 elements in the problem.) h '“

“i 4. A pupil spent 15 kopeks; he had 20 kopeks left. How much ' ™~

money had the pupil previously? (There are 17 elements in the problem.)
The difference between the number of elements in the conditio®s

of the problem ig not great. There are between 17 and 21 elements in

the texts of -the four problems. The students were quite famlliar with
! :

-

lEach word and each number' is taken as a single element. * Co

*
black-lead (Ed.) - .
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the objects introduced in the problems. ) .
B The situations in the problems, that is, the relhtioﬁbﬁips ingo
which the objects entered as @ result of the conditions, were not the
‘ same. On the basis of the features of tgase.relétionships, the above
problems can be divided into two groups, in ;cconddhcéfw;th the vary-
ing copmplexity of’ their texﬁs.' In.probleﬁs 1 and 3 the relationships ’
_between the components of the problem are given openly 4n the conditiohé“‘
.. themselves. In problems 2 and 4 the intérnal relationshipe between the - "
, components of the problem are introduced indirectly. N .
' The prcblems in the first group (problems 1 and 3) are character-
ized by the fact that the "unknown" is closely related to the "given
data,' and thgfquestENP agked is frankly’joined to it. _ In tiie second .
group of problemif(problam%‘gband 4) the "unknown" and the “given data'
are not connected by such-dirECt, clear relationships. 1Indeed, although
| the purchase made by the pupil is mentioned in the text of problem 4,
it is necessary, in solving the problem, to find out wha the éituation
+ was before this purchase--that 1is, how much money the pu?il had before - !
he made the purchase. It is known from the“conditions‘of-problem 2 |
that there were colored pencils, but thé question Iin the problem demands
that the quantity of coloféd peneils be determined by their relation-
¢ ships to the black}ﬁencils. It is apparent that the relatia;ship between
the "given'" and the "unknown' in problemé 2 and 4 is @ifferent than in
problems 1 and 3; conggquently, it is more difficult to solve them thanj

)

to solve those problems where the "unknown' follows directly from the

"given." . .
The two~groups of problems indicated(ébove were presented to 20 |
fourth grade and 20 éixth grade auxi{iary school pupils. The method used
in our inyestigation was similar to usual teaching conditions. Although
the problems corresponded to the third grade curriculum in the auxiliary
-school, their solution gave rise Eo serious difficulties not only for
. the fourth grade pupils, but forn-the sixth grade pupilé as well. Ehis
forced us to pay special attention to the solution of problems by the
sixth grade pupils.
Let us ‘first examine how individual schoolchildren accomplished

the reproduction of those four problems., »
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First we will look into .the reproduction of the two problems

(1 and 3) in which the conditions provided a direct relationship

between the "given' and the "unknown' (the first group of.problemip.

These ‘problems were solved by two pupils from the fourth grade *in |

. . the auxiliary school, Grisha K. and Kolya V. ’

\ Grisha K. reproduced the problems of the first group in the
following way: ‘"In.ope cage there are 17, and in another, 3. There
will be 30 " &Problem 1§‘ Thus, the conditions of the problem were
not fully reproduced: the nomenelatuye and the question were absent.
The reproduction of the conditions and the solution are not separate ’

. from one another. The meaning of the problem, however, was caught
rightly; the solution was also correct. ' : /

Problem 3 -.'""There were 25 notebooks in the cupboard. Thir teen

notebooks were distributed. How many notebooks remained?'" - the pupil
- reproduced it‘correctly and éﬁgﬁngliwed it correctly as.well. ‘ .

Let us examine the pecu}iaritiee of\reproducin%fshe secono %§Fup v .
of problems. | : .
Problem 2 was reproduted thus: 'There were 30 plain pencils and
10 fewer colored ones. How many colored pencils were there?" The
structure of the problem was given, but the numbers and the relation—
ship between its‘compcnents were incorrectly reproduced. The problem
indicated that there were moge colored pencils than plain ones. (The
reproduction said that there were.fewer. The problem had the numbers
"19" and "6," while in the reproduction the numbers '20" and "10" were
named. Having read problem 4, the pupil was sifen& for a few minutes,
* and then refused to reproduce it. -
Kolya V., a student in the same schoo}~end grade, reproduced the
problems presented to him in the following way: "In ong cage there
. were 13 rabbits: in another, 17 rabbits. How many rabbits were there
in all?" (Problem 1). Heregthe numbers were given in his conditions,-

-

although the concrete words "{n two cages' were lacking in his questlong
~ -  but the meaning of the prleem was correctly given, )
In reproducing problem 3-- "There were 25,notebooks in the cupboard;
13 were returned. How many were left?'"—- the pupil substituted one word.l

instead of "distributed,”he saild "returned.' The very precise words Y
‘\
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"in the cupboard' were lackihg in the question, but the meaning of
the problem as, a whole was feproduced correctly.
In reproducing problem 2-~ "There were 16 plain ones and 6 fewer = 7/
colored ones. How many @ere there in all?"féthe pupilwomitteq the
names of the objécts and altered the relationship,betweéﬁ the éoldred
and the plaih pencils, changing the first number as well. <‘The ques: .
tion in the problem relaling to the quantity of col&réd pencils was
réplace& by the more general question, "How many were there in all?"
‘ Problem 4 was reproduced thus: "The pupil bought a pencil for
15 kopelts, gnd he had 30 kopéks left." The pupil repeated only the
{//beginning of the pfoblem correctly; he altered the second number given
in the conditions, and he did not reproducé the question in the prob-
" <lem at all. ‘ | v
In examining the reproduction of the conditioms of all the prob-
" lems, it can be noted that not only the two pupils mentioned, but also
¥ the remaining sixth grade students, often omit the pre;:isgz conditions
| vgoverning the operation and that they often drép_the names of the objects
when reproduging érdﬁlems. Often the numerical data of the problem is .
not retained.. Sometimes the relatiansﬁips betwéén the numbers age _( .
changed by mistake; for example, instedd of "more" the children said
"fewer." The quesfion is either completely omitted, giving way to a
spontaneous solution, or 1t is alte;ed. In cases where the questio; *
was altered, the speci}ic question asked in the problem becomes the
extremely general question, "How many were there in all?" which is
not found in the given p}' lem. ®
In a general survey.of the reproduction bf al qf the problems,
the children's answers can”be grguped In this way: 1
1. A reproduction which is fundamentally correct and su%fiq?ently,
complete: th; structure of thg problem is retained and the nu?ber are

et

correctly reproduced, although the question sometimes contains an -

inslgnificant error. Tleye are partlal changes which do not essentially
affect the problem. LT

2. A reproductipn in which the structure of the problem is -
fundamentally retained, although individial words and their sequence are

altered, and &pe numbers are incorrectly reproduced. : . <
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3. A reproduction which contains the individiuml components of
the conditions of the problem, but does not’retain the structure of
the problem as. a whole or the numbers.

’ ‘_}v 1 L r
. 4. * Refusal -reproduce the problem: I f rget; T cannot repeat

" '

. - ,

The results of the analysis of twenty sixth grade students’

'reprdduc%}ons of the problems are. presented in Table 1 (the numbers

indicate the number of pupils wlo reproduced the problems in one form

or'anotirr).

TABLE 1 ~. N
- FORMS .OF REPRODUCTIONS OF PROBLEMS :
, " Correct Structure of Parts of
Problem Repro- Problem Retained, Problem
Group  Number duction  but Altered Retained Refusal
‘ ’ Syt
I 1 2 6 10 2
- 3 2 12 ' ' & 2
I 2 0 6 14 0
4 0 2 14 4

¢

It is apparent from the table that only problems No. 1 and‘No. 3
were correctly reproduced, although in an exggsggly limited number of
cases. None of the students were able to reproduce problems No. 2 and
No. 4 correctly. The differences which we attributed to the reﬁro—
duction of problems in group I and, group II are thus confirmed.

It can be surmised‘that the problems dn group 1 turned out to be

easy to memorize because the relationships between the parts of each

problem were reflected in the structure of the problems, in the way
. L N

in which.their conditions were fbrmulated, and in the terms used.

In memorizing the problems in Group II the ghildren themselves
should have established the relationships between the compdnents of
the problem, since they had not received them’in a ready form (problems
that had an "indirect form'" were introduced in this group). Conse-
quently, despite tﬁe fact tHat these problems were solvable by-one’

operation, they were more complex and less comprehendible, because of
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the peculiarities of their oral formulation. Tnis explains why the
problems in group I were reoroduced more accurately.

In addition, it indicates that when the internal relationships
between the components of a pgoble& are not openly displayed, repro-—
duction of the problem is hampered. It is' imperative that the students
comprehend these relationships in order to remember and to reprodduce
the conditions sf the problem.

"We know from investigations of mentally retarded schoolchildren
‘that they reproduice these texts better when the relationships between
conSecutive events are set forth using corresponding terms,’ for example,
withjﬁhe help of causal connectione [22]. If the text 4F the problems
has no such connecting terms, then this probably also*® hampers, repro-»
duction. . '

Furthermore Jt 1is appﬁrent from Table I that the students had the
least trouble reproducing problem 3, in which it was necessary to find
a remainder; 14 students reproduced its-structure and conténts funda-
mentally correctly, while in the remaining cases the numerical data
were altered. FEight students reproduced problem 1 satisfactorily.
Problem 4 was the most difficult to reproduce——lS students oid this
unsatisfactorily. Fourteen students reproduced problem 2 unsatis-
fact#ly.‘ ’

If we combime problems 1 and 3 into one group we can see that
the mentally retérdedﬁschoolchildren in the sixth grade reproduced
even these simple t&pes of problems satisfactorily in only 55%
of the casesj The more compliegted problems, 2 and 4, could be repro-
" duced satisfactorily in only 20% of the cases. *

Naturally, the fourth grade students made an even ooorer showing
when they reproduced the problems. Thus, the simpler\;roblems, 1 and
3, were reproduced satisfactorily in only 35% of the cases, and prob-
lems 2 and 4, 1in only 10% of the cases. ‘

Thus, the investigation showed that the rg¢production of simple
problems containing almost the same quantity of elements varied, even
when performed by the same auxilia}y school students. The reproduction
depended upon the type of problem, that isy upon the character of the
relationships contained in it. As is apparent from the.data we have

introduced, half the students reproduced the texts of problems 1 and

3 somewhat accurately. The auxiliary -chool students reproduced
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problems 2 and 4 considéfebly less accurateiy, although some students

attempted to retell them using even more words than were used in the

text. These attempts, hoﬁever, did not lead to a correct recroduction
¢ of the text; on the contrary, we cbserveﬂ a complete distortion of the
| meaﬁing of .the prablem in a series of cases.

Having established the fact that reproduction of -simple problems

varied considerably, it was important to examice what was retained

-

and exactly what was dropped or altered in the reproduction of che
different types of simple problems. )
The students, in most of the cases, reproduced the beginning of
problems 1 and 3 correctly, the first number given in the conditions
. of the problem was also rememberef’correctly In cases of incomplete
reproduction the second part of the conditions was dropped most often
and’ the question in the problem was somewhat distorted. In the repro-~
duction of these problems we did not encounter any rearrangement or
. substitution.of words which would have grossly distorted their meaning.
Problem 3 reflected a set of circumstances customary in schools;
notebouks kept in a cupboard are distributed, some belng left in the
cupboard. The words of the text and the way in which they are combined
directly reflected the situation. This problem was reproduced more *
accurately than tﬁe others. Problem 1, whose question concerns the
number of rabbits left in two cages, was, reproduced significantly less
accurately (here it was necessary to carry out the addition mentally,
since the problem does not mention all of the rabbits being together"gi
in one cage). The question, '"How many are there in all?" used in this i
problem was generalized; *t was not as closely related to the contents
of the problem as in problem 3, '"How many remained?" 1ich concerned
notebooks which actually remained in the cupboard. Eﬁsgefore, problem
1 was reproduced. less accurately than problem 3, and the question in
the problem was often dropped.
A somewhat more complex relationship between the text and the
reality being reflected was set forth in problems 2 and 4.
-We have already noted that the number of words in the conditions
of ail of the problems differs little.

Let us recall the contents of problem 2. Tt referred to both

plain and colored pencils. 1In the conditions the quantity of plain

.

n ll&

19,
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pencils was indicated, while the quantity of ;oiored pencils was to
belaetermined from gheir'relationship to the plain pencils; this relation-
ship was given in the text of the problem in ghe form of a number which
contrasted the quantities of colored and plafg pencils. There was no

direct information in the problem about colored pencils.

The character of the reproduction of this problem is Gxi
we see from ﬁhe difference in the reproduction of the two parts: \the
given data about the plain pencils was usmally reproduced with co péra—
tive accuracy; the informatioﬁ regarding the colored pencils was poorly
reproduced--the correct data gften replaced by indefin%;e words, or
by blanks left in the conditions of the problem. Let ué introduce a

few examples of such reproduction.

Olya E.: "There were 19‘plain pencils, and how many other
pencils were there?" )

Manya 0.: ''There were 19 plain pencils by 6 times less. How
many pencils were there?"

Senya B.: '""There are 19 plain pencils in one, and there are
6 fewer colored ones. llow many pencils were there?"

Katya E.: "There were 18 plain pencils and 10 colored ones.
How many colored pencils were there?"

In reproducing this problem, pupils usually retained the first
group of data; the second group of data was entiéely lost or - distorted.
The question was reprodﬁcedAcorrectly in rare cases; of the four repro-
ductions giveh above, it was retained in one case; in the remaining
cases the question was changed and\lost its specific character,‘ In
these cases the quesflon asked was not about colored pencils, as the
problem requires, but about pencils in general. The relatiounships
between the plain and colored pencils were not logical; even the colored
pencils themselves were dropped from the problem. TIf the children* )
comprehended these relationbhips to some degree, the objects (the colored
pencils) were left in the conditions of the prablemf’féj
. Let us examine another case of rep&odgctionji J
Koly4 I.: "How many pencils lay... 17 pencils and fewer." Tgf{

e

child named the objects--pencils--and formulated the question.of,

problem in concrete form: "How many pencils lay?'  The reprodu
of the question, in the very beginning of the problem, and late¥, of

only certain of the problem's data, and, in particular, of theerm
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" show that the child did not perceive the concrete relation-

"fewer,

ships ineluded in the probla& and therefore could not reproduce it.
Another case: "There'were 19 plain pencils by 6 times less."

Here the first Component of the" onditions of the problem was retained;

the second was distorted, incomplete and lacking in content. In addition,

' the~§choolboy reproduced certain exﬁtessions characteristic of arithme-

tic problems. But in this case they a§§ “free" from definite content,

and lacking in meaning. ‘ LN ~ ,
The relationships present #n problep‘é are distortéd even more

than those examined above in problem 2 althOugh at the same time,

individual terms, and sometimes even whele parts of the text, are retained.

. The quesLion of the problem suffers even greater damage than in the re-

maining.cases. Let us introduce a few examples:%¢& ' _
Misha Z.: "A boy bought a pencil for 15 kopeks, - He spent

20 kopeks. How much did he have left? Take ”
15 from 20." : ’ X \ ‘ ’

Katya B.: "A boy'had 15 pencils. The pupil had 17 péncils.‘ )
How many kopeks did the pupil have left?".
(Answer: 15)." v .

. In reproducing this problem the same persons and objects afe men-
tioned as in the conditions but the person's action upon the objects
is not retained. This leads us to the conclusion that the relationships
in the conditions of the problem are often misunderstood by the school~
children, and,thus, are not fully reproduced or are reproduced incorrectiy.‘
‘Certain expressions, however, which are characteristic of arithmetic
problems or which are used to communioate their specific relationships,
are incloded in the problem when it is réproduced, although they have 1
ne organic re}ationship to the problem. By retaining arithmetical .
terminology the‘pupil sees a well known way out of the difficulties which
Jhave arisen.
This singular discrepancy between the mathematical expressions and
the objects contained in an arlthmetic problem is characteristic of the~
auxiliary school students' reproduction of the conditions of a problem,
In many of the examples the emasculated verbal shellsrare retained in
the reproduction while the objects contained in the problem are lost.
n these cases certain arithmetical terms are often replaced by others,

which often have §ﬁ‘opposite meaning; for example, {in the repetition



-

of the text of the problem, the word "more' is replaced by the word
"legs," and so forth. ¥ '

The question in the problem ;nderwent thﬁ\fsst significant change
when problem 2 was reproduced. It was most often substituted by another,
" more general, question. | .

Thus, for example, in problem 2, instead of posing the question:
"How many colored pencils were there?"‘ the pupil asked: ''How many
pencils were there in all?" In problem No. 4 instead of the question:
"How much money did the pupil have to begin with?'" the pupil “posed the
‘question: "How much money was left?" In this casé‘&be question was
simplified. ‘

The character of the change made in the question is important in
understanding how the children go about éolving the problem, sincé the
question in the problem suggesté the @hoice of the operation used.

Obviously, in the second group, special difficulties in the repro-
duction df,thg'question arise in connection with the problem's struc-—
ture, and, in particular, with the reiationship-of the question to they
conditions. That 1s, the structure of the problems, the peculiarities
of their verbal formulation, and their text appear to be the primary
source of difficulties in understanding and reproducing them. :

We have suggested that reproducing the prqE}ems will hamper men-
tally retarded schoolchildren in their oral formdiﬁﬁion of the text of
the problems, but that they will be able to remembe{ the objects in
the problems, since the problems always contain very familiar objects
and since they are required to reproduce only one operation with these .
objects. ' |

The results of thé investigation showed, hgwever, that the defects
in reproduction included not only inferior oral formulation of the prob-
lems, but also loss of the ob}ects contained in the problems. This
hampered the selection of the necessary arithmetical operation.

in reproducing the problems the pup;ls restated individual words
and their combinations, but(neither communicated the true relationships
contained in the problem nor expressed them in meaningful, grammatically
formulated chains of words. It was not the peculiarities of the words
and the terms themselves that hampered reproductién——the pupils remem-—
bered them and used them. “The fact is that these terms were not alwayé

used appropriately. The reproduction of the question distinctly revealed
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thig tendency, through the generality of the questions. "How much
will it be?", "How much was bbtained?f was often substituted for
‘the specific queéﬁion in the problem. Questions which were general
and non-specialized clearly predominated over more specialized ques-—
tions. ‘ . .
’ Consequently, the more complicated the indirect relatignships
between the "givént and the "unknown" in the conditions of the probleﬁ,
_the more difficult it is for the students to reproduce the problem. The
children more easily reproduce problems in which the "given' and the
"unknown' are directly connected with the conditions of the problem than

those in which this connection is not direct. It is important to note,
however, that menLaLly/retarded children reproduced even the simplest
problems poorly.ﬁ-This fact demands a special explanation.

In general, the conditions of a simple one 0pera€¥on problem are
~ formed in the following way: first, certain dgta regarding objects
are conﬁgyed, for example: "12 notebooks lay in the cupboard," or )
"There were 9 rabbits in the cage." Quantities which must be retained .
are included in this part of the problem. Next new da&a appear in the S
conditions which, although they refer to the same objects, now begin
to bear certain relationships to the previously named data. For example-*
12 notebooks lay in the-cupboard (1), 6 of them were distributed to the
children (I1); in one cage there were 8 rabbits (I), in another, 3
rabbitb (11). The children should understand these relationships.

The study of auxiliary school students' reproductions of the
simplest problems has shown that they have difficulty establishing
these rélationshipS. Consequently, it is necessary to teach them to
establish these relationships using visually presented material so that
they will achieve clear oral formulations of the conditions. )

Only i{* they practice at length, using the visual material to
establish such a connection between the components of Lhe problem, will
they be able to orally reproduce the conditions of the proglems. In
using visual educational material, the ‘children must learn te designate
their operations with the material verbally; il.e., it is imperative
that théy achieve a unity of activity between bothsignal systems

(visual and verbal); only then will the words be associated with their

concrete substance [18].

»
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One of the causes of the students' inability to reproduce the
texts of problems is the overly rapid changeovér from work with visual
-material in auxiliary schools, to the éolution of orally formulated
problems.. Such a rapid changeover is not justified when instructing
mentally retarded children; it further'disconnects the activity of
the two signal systems.

The auxiliary school students experienced special difficulties in
reproducing the last part of the problem—the question.

The formulation of the question qualifies the relationships in
the text.- The question expresses in concrete form the changes which
tak® plate in a concrete situation described in the conditions of a
problem. It is the question of the problem which suffers particular
_damage Lhen it {s reproduced by mentally retarded childrgen.

Our attentiLn is drawn to the cirgumstancé that, when incorrectiy
reproduced, the question léses iﬁs specific quality, and is reduced to
the extremely general question of the type, "How much was 1e7'"

.... Iﬁ is necessary to notesthat during the reproduction of problems -
the actual substantive content is lost. Only the remainder of the
verbal formula and the ind i@ual words are retained, which shows the

dissociation of the activitie mentally retarded scheolchildren's

signal systems. \

The students’ inability to ¢ mmunicate what has happened to the

objects, what was done with them, what changes tqok place invelving them,

as $iell as their retention of emasculated verbal formulas, are undoubtedly

¢

symptoms of "verbalism" in the instruction of mentally retarded school-

children. = Instructors must struggle with these "verbalisms"™in teaching

mentally retarded children.

Characteristics of the reproduction of conditions of simple arithmetic

problems by second grade students in the mass school..

"We compared the data concerning auxiliary school students with
the reéults of the reproduction and solutton of arithmetic problems by
students in the mass school. To thsz end we conducted corresponding
studies with 60 second grade students. The results of their reproduc-
tion of the problems are presented in Table 2 (the numbers indicate 2
how many pupils reproduced problems in one .form or another).

<
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. TABLE II.
HOW THE PROBLEMS WERE REPRODUCED

E T .
[ Problem's.
‘ Structure
! Correct Retained with Pargs of Refusal
E - Problem | Repro- Certain Ele- Problem to Repro-
’ iGroup Number duction ments Distorted Retained duce
t
. 1 24 ‘ 36 0 ‘ 0
s 3 2 4 730 6 0
' il . .
1I 2 42 12 6 )
4 . 18 v 18 18 6
L -

*

A :
Note: Values here are the number of students reproducing problems
in each manner.

l

It is apparenttfrom the table that reproducing problems 1, 2 and
3 s not‘difficglt for the majority of the studen;s; only the repro-
- duction of problem 4 presented certain difficulties for them.
It is usefui to examine the mistakes made by the mass school stu— .
dents in ;eproducing th;se problems. The mistakes in reproducing prob-
- lems 1 and 3 mosk often consisted of changes in numbers. These changes
‘occurred because the reproduction of the problem is so closely related
. to its solution that the'numbers given in the conditions were replace&:
instead of 25 noteﬁooks, 19 notebooks were designated; .Jdnstead of 13
rabbits, iSlnabbits. the structure of the problém'was retained in the
reproduction. )
In their repetition of the text the children replaced certain*
* " words of the problem with their own words, although they did not dés—
/ td;t its essenﬁ}al arithmetical meaning; for example: '"Twenty-five
notebooks lay in"the cupboard. They took 13 potegoaks (in the text:
They gave them out to the pupils ); How many notebooks remained?" or,
"There were 25 notebooks id the cupboard. Thirteen notebooks were )
" distributed. How many reﬁained in the cupboard?!' .We also observed
how the pupils reproduced "in their own words' thg text of problem 2,

for example: 'There were 19 plain pencils, and 6 %Qre varicolored

-
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than plain ones. How many varicolored pencils were there?" The proSL‘
lem was comunicated correctly, but thé!pencils were called vgzi—'
colored rather than colored. . ' .
Converting a given problem into andther type of.problem is encoun-
‘tered only as an exception among the mass school pupiis. For example,
in one case a student altered the problem-so'hs to change its arithme-
tical meaning; having said that there were so many more colored than
plain pencils, he formulated the question of the problem thus: "How
~\\\\\ many fewer colored pencils than plain pencils were there?"
"> In the reproduction of problem 4 we observed that there were
. chéﬁggs in the form of "ad 1ibs." Thus, one pupil who rarely
divergéd from the original in his reproduction said, "The boy bought
5 notebooks £br 17 kopeks each. He had 20 kopeks left. How much
money had he had?" Despite such distortion of the conditions of the
problem he nevertheless reproduced its structure and question (spent
. the money, had mbmey left, had how much monay), | -
Sometimes the students forgot the second half of the preoblem,
but remembered the question. In several cases in which the children
clearly understood the problem but hurried in solving it, we observed
that they abbreviated the text in reproducing it. TFor example, the
problem may have been reproduced thus, "The boy spent 15 kopeks.
Twenty kopeks'were left. How much had he had?" “Such an abbreviation
of the problem is not‘only related to, but is probably because of,
complete understanding of the problem.
In reproducing a problem the students in the mass 5chool usually
~remembered‘khe problem; almost always the question was corréctly
reﬁroduced. The children failed to reproduce the question only in
those few cases in which the solution of the problem followed directly
from_the.reproduction of its conditions; for example, 'The bupil
bought a pencil for 15 kopeks and he had 20 kopeks left. Fi{:een
added to 20 would be 35 kopeks." or, "There were 25 notebooks in the
cupboard; 13 notebooks were distributed. Thirteen taken from 25

would be 12." Such cases in which the question %%&absent were also

noted by N. A. Menchinskaya [10].
N .
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Thus, the reproductipn of all four problems by the second grade
students in the mass school did not involve great difficulties. It

must be pointed out, "in comparing fourth graders of the auxiliary

e

school with second graders of the mass school that the latter repro-
duced all types of problems better.

However, not only the auxiliary school students but also the
mass school students had difficulty with the problem*having the most
complex structure (No. 4). .
B We can conclude, in comparing the two groups of children, that
the mass school students have less difficulty in reproducing the prob;-
lems in which the "unknown' and the 'given' are directly related, that ‘
"is, In which fhe internal relationshdips are less complex. "Moreover,
the mass gchobl students Bbdlved difficult problems nore adcurately than
did the auxiliary school students. ;

Conc}usions. 1, The rep;oduction of the text of 4 arithmetic

problem appears to be a complex thought process which depends upon
‘comprehension of the situation described in the conditions of the
problem, and the relationships between its components; The depth and
character of the understanding of the problem éfg manifested in the
quality of the reproduction. ]
2. The recollection and reproduétion of the problem demand the
correct use of previously acquired knowledge, which is the basis for
attaining new knowledge. In order for a problem to be reproduced
successfully, the knowledge that has been acquired previously must be
rmly retained in the memory; and sufficiently differentiated systems\
r new knowledge, formped in the process of mastering specific types ’
of problems, must be developed. | -
3. Simple arithmetic problems (problems having one operation)
which differ in logical structure are not reproduced equally well‘by
auxiliary school students even when they contain an equal number of
words. This investigation showed that when problems have different
verbal formulas they create Gﬁidentical'eonditions for understanding
their situation, the relationship between the components of their

conditions, and their question. R

4. Success in reproducing and recollecting a problem depends
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upon undersﬁanding the ;elationship between the data of the problem
.and comprehending the relationship between the Ygiven" and the "unknown."
Problems in which the "given' and the "unknownV data are directly”
related enable one to visualize che_situation,easily_and directly, and
are, therefore, satisfactorily reproduced by the auxiiiary échool stu-
dents (such a problem is 3, which involves finding a remainder, and
problem 1, which involves finding the sum). The simple rélationship
between the "given'" and the "unknown" {n the text of the problem is
eamepresented by visual images familiar to the students, since
such imageq have been consolidated by their paqt experience. Such
,‘ texts provide the most favorable conditions for the understandihg of

problems and for their rigofous reproduction. ,

5. Problems in which the relationships betweeﬁ the "given'" afd
the "unknown'" are not, by wofds or their vombination, ‘directly expressed
in concrete form create less favorable conditions'for reproducing prob-
lems. \

But, éfnqe,these problems demand "ind{rect'" comprehension of the
text and, by the same token, contribute gb the development of the
children's thinking, spec#l attention should be given to exercises in
solving such problems. ‘

‘ 6. Not all parts. of the text of a problem are reproduced with
equal success. Those parts which describe a present situation (tﬁere
“was‘so much)care usually reproduced better than those parts in which

changes in the present gituation are involved. Numerical data are also
;eproduced inaccurately, égpeciall§ when they involve changes in the .,
present situation. Specific arithmetical terms are usually retained in
the reproductio%lof th; text of a problem. However, they are frequently
subject to d&stoftion (in%tead of "greater,'s the word ""fewer" is used;

the phrase of "so much more'" 1is reproduced as "by so much more,"

etc.).
Notably, the arithmetical terms that become part of the feproduct{}n
e not always related to the text of thg problem; sometimes they are

, not even related to tklme numb%rs which are referred tin the conditions
of the problem (for example: "There were 16 pencils 8 the box...

fewer pencils... How many‘ﬁenei&é are there in all?"). It must be noted

that the arithméticql terms élay the role of directors, guiding the
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COmérehension=0f the prébiém;'they are unique,‘no matter how they are
interp;eted. The problem may.say that the pupil spent a certain quan-
tity of money and that he had so much iéft, the initial sum remaining
to be determined. Directing their attention to the arithmetical terms

"spent" and "had left" and their customar\ combination, the students

| reproduce this probie@ as though it were’independent of.its context.
"They treat it as a problem involving finding uhe‘remainder, and solve -

it by the operation of sﬁbtraction, without taking the remaining con-
ditions into consideration. )

-7 Tﬁé problem's question is frequently omitted; it 1is tfa;;-
formed from a specific into an extremely general, non-specific ques—
tion which diffgrs in content from the text of the problem. The {more

*difficult the si;uation in the problem is to undersiand, the more the
mentally retarded children will distort the wording of the question.

8. The peculiar ‘discrepancy between the arithmetical t rminology
,an¢ the text appears to be thessource of difficulties in regroducing
and solving problems in arithmetic. As @ consequence, thefe also
appears to be a great deal of discrepancy between the oral formulation
-of the problem and its subjective content ('verbalism" in the wording).

9." 1 ;eproducing a prcoblem éheigpildren frequently‘“aiter” it
from oneytype to another. This phenomenon, ‘which 1s indicative of the
Ainsuffitiency of lastiﬁg.knowledée and of the insufficient differentia-
tion‘in mentall& retarded échoolchildren, should attract the serious
attention pf methodologiéta At the same time, it is not enough to ‘
take them into account, since.as yet few pedagogical measures have been
devised to counteract such 3 phenomenon. ’ - "

. ,10. OQur investigations permit us to sonclude that singré'E' ve
dqaliperceptiqp of the conditions of a problem (reading by the ‘teacher
or by a pupil) frequently leads to dnsatigfactory reproduction pf the
.problem even by sixth grade auxiliary school studénts; reproduction of
the problem by f;urth grade students appears even less satisfactory
‘ a special method should be

: AN
devised for working on the assimllation and reproduction of the

under these conditiond. "~Consequently,

gonditions‘oﬁ'gxproblem.

- o8 t
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) sﬁﬁtakes Made by Auxiliary School Students
in Solving Simple Arithmetic Problems

The effect which reproducing the conditions of a problem has upon

N & solution. : . ’

. In the preceding chapter werexaminee the common features of repro- -
ducing pro¥lems, and the dependence of the reproduction upon the struc-
ture-of the problem. Let us now examine how the correct reproduction

) of a problem affects itssolut;on, whén such a solution directly follows

. the reproduction. ‘This solutiq§‘£§ based upon the students' remegbering

. the conditions of the problem, since they did not have the text before T,
them while they were in the process of solving it. ® In Table 3 the

. correlation between the reproduction and‘eplution of a problem by
sixthlgrade students 1s represented. The 1éft column of the table '
represents data pertinent to reproduction, whereby the fundamental o
conditions of the problem are retained. The right column has data |
connected with the correct solution to the prqbleme {the numbers indi-
cate the percentaée of students who correctly reproduced or solved a
problem). . -

On the basis of the ddta we may conclude that if the pupils’ repe—‘
tition of the text of the problem ®as fundamentally correct, the choice
of the operation was also correct in most cases, and the problem was
usually spkxﬁgﬁggr;ectly.k This conclusion pertains only to tPeAprob—
lems given to the children--~and we do net extend it.

To cQrroborate the idea that, in the fourth and sixth grades in
the auxiliary school, the solution to.problems is dependent upon ‘their
reproduction, we also conducted a special investigation which corro-

borated the facts we obtained earl4er (Table 4).

L ]




- TABLE 3 ~
' \ REPRODUCTIONS AND CORRECT SOLUTIONS .
Group Problem Number Reproduction Correct Solution
$
1* 1 40 50 ¢,
. - 3 . 70 50
, I 2 30 30 '
. 4 s 10 30
Note:. Numbers are percents of all students in each group.
»3.4 b ; : ) . “3
- ! Y -
’ .
TABLE 4 ‘
REPRODUCTIONS AND CORRECT SOLUTIONS BY GRADE LEVEL
' Grade & Grade 6
I ~ T .
Correct Correct Correct Correct
Probplem | Repro- Solu~ Repro- Solu~-
© Group Number duction .tion duction tion
1 1 40 30 _ 60 40
3 60 60 100 100 5
II 2 20 10 : 20 40 -
4 , 0 0 ’ 0 0
Note: Numbers are given as percents of all students In each group
for each grade level.
The table clearly shows that the solutlon to a problem depends -upon
4 its reproduction, although there may be certain deviations. It may be

observed that the sixth grade students ofte%hsolved problem 2 while
familiarizing themselves with its text. This apparently explains the

predominance of correct solutions over correct reproductions in that

Verade. ) o
® ‘ : . .
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We also observed Iin the investigation that the solution to ‘a
problem depended upon the éﬁaracter of the recollection of its text.

1. 1In problems 1 and 3, if the first part of the conditions was
reproduced without the second part or the question, the problem was
not splved:

2. When the repetition of the conditions of the p

often correct. This can be explained by the fact that the questiaﬁ
was'"inferred" by tﬂe students, for example: "I /one cage there were
17, and in another, 13; there will®be 30."" ,

Consequently, in order to solve a problem correctly, the children
must recognize the presence of at leadt two quantities in ghe problem,
and understand the réiationsﬁips that exist betweén tbem. We can guess

hat whemever the "unknown'' is closely connected with the "given" data
of & problem the solution can:be’implemented correctly, even without
reproducing the question.

3. When the question was reproduced incorrectly, and the condi~
tions satisfactorily, the solution was sometimes correct. Let us take
. as an example the reproduction of problem 2 by sixti\ grade pupil N. S.:
""In one there were 19 black pencils, and there were 6 fewer colored
pencils. ‘How many pencils were there in all?" The solution, which
immediately followed the reproduction, was essentially correct and
answered the question, "How many colored pencils were there?" ("6
taken from 19 is 13 colqgeed pgncilsﬁ). Thus, the solution copresponded
to the requirement of the problem, and was not related to the character
of the reproduction of the question, |

In reproducing problem 3 the pupil K. M, reproduced ghe question,
"How many notébooks'were in the cupboard in all?" instead of the ques—
tion, '"How many notebooks zemained in the cupboard?' However, he .
solved the problem éuffectly. Consequently,Athe relationship between
the conditions of the problem and the actual gquestion was understood,
and thus led to the solution of the problem. When reproduced, the !
questién did not have the function‘of guiding the solution. 'There is
a certain d}screpancy between the reproduction of, and the solution

to a problem, ofie which apparently reflects the discrepancy between

recollection and reproduction.
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4. When the conditions of a problem were distorted the solution
proceeded otherwise. An Incorrect solution was usually related to the
character of the distortion. The following reproduction of}ﬁhe text
of the problem made by the pupil XK. may serve as an example: ''There
were 19 plain pencils, by & Eimes more. How many pengils were ther@!ﬁ
The’ problem was solved by mulgiblyiqg 19 x 6. Consequently, whenever
there are definite arithmetical relationships in the distorted repro-
duction of the conditions of problems, the students solve the problem
in correspondence with the conditions they have reproduced. In terms
of these conditions, their solution is correct; ih,relation to the
. proposed problem the solution is erroneous. ‘

5. Finally, there were cases in whichy although the problem was

" reproduced correctly, its solution‘was wrong. This hsﬁally occurred

in the solution to problem 4. One,may believe that in these cases N
the ghildren misunderstood it: %hey simpl;fied, as we described aboYe;
the contents of the problem, attributed the wrong‘meaning to its
separate pafts, and actea in correspondence with -their understanding.

Thus, the coérespondenéeﬂpetween the ‘peculiarities of the repro-
duction of a problem and the character of its solution ié a highly
complex one. We have shown only a few of the-relationships which arise
‘between the reproduction of a problem and its solution.' The data obtained
allow us to draw certain conclusions.

1. 1In those cases in which the conditions of a proﬁlem were repro-
duced erroneously, it was usually solved in accordance with the repro-
duction. , !

2. In several cases the reproductfon of the conditions of a prob-
lem was Incomplete or distorted, but its solution was correct. It can
be suéposed that there was a discrepancy between the,subjective content
of the problem in its printed form and the oralvformulation of this
subjective conteht../

3. VFinally, even when the reproduction was satisfactory, the solu-
tion to the problem was sometimes incorrect. The cause of the erroneous
- solution Lo~a problem may be a misunderstanding of the question of the
problem, which is often, due to certain characteristics, wrongly identi-
fied with another question, similarly formulated, but not identical.to

it. This error in comprehension is important. We shall analyze this

later. ' ¢
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1§5§cr another depends to a certain degree upon the peculiarities of the

-

Despite all Ebe complexity of the relatiomships which exist be-
tween the reproduﬁﬁion'of the problem and its solution, the material
which we have obtained indicates that the application of one solution

reproduction of the problem as a whole, and of its separate parts.

We have examined only the peculiarities of the first reprbduction‘
of a problem, which: in most cases, turned out to be far from complete.
From the experience of the best teachers, we know that if children are
systematically taught to state the problem correctly, the quality of
the reproduction is improved and, in additidn, the quality of the
correct solutions is raised.‘ .

| It is particularly important to note the complications which the
sixth grade students introduced in their reproduction and solution of
simple problems. These can be explained by the fact that the auxiliary
school students begin to solve problems involving several operations
in the higher grades, and solve few problems involving one operation.
The new method of solving problems, which .is being developed while
solving problems involving two or three operations, is consolidated
by daily exercises. Since it is not sufficiently differentiated from
the old method of solving simple problems anOIVing one operaﬁion,
the pupil applies it to the solution of all simple problems, In such
cases a problem involving one operation is solved as thougﬂ it were
a problem involving two operations; something resembling the phenomenon
which Pavlov called '"generalization by virtue of insufficient differenti-~
.ation‘*of similar stimuli" takes place.

This explanation of the situation ig confirmed by the way in which
fourth grade pupils, who have already solved problems having two opera-
tions, solve problems. Since their ability to solve these problems
was Aot yet ‘sign¥icantly consolidated, it had a reorgahizing influence
on the previousl§ attained methods. In the period preceding the experi-
ment the pupils solved many problems involving one operation, and
relatively few problems involving two operations. Therefare, they did
not "convert' the simple problems into complex problems containiﬁé -
two operations, as did the sixth grade pupils.

¢

Moreover,’we observed that the problems which the fourth grade
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pupils reproduced and solved were influenced by the problems which
they had solved earlier in the sgme lesson. This influence was mani-
fested, by the similarities of the problems. Thus, one pupil Tepro-
duced problem 1 in the following way: "There were 17 rabbits in one
cage, and 13 rabbits in another. How many Qere there in all?" This
reproduction corresponded to the original., But he altered proBlem 2
by likening it to the first 5;oblem: "There were 19 pencils in one
box and 13 pencils in the second." The same thing happened with prob-
lem 3: "There were 17 notebooks in one cupboard; in the ether, 13

notebooks."

Thus, the second and third problems were likened to the
first problem and were solved by addition. .

These facts h%ye already been noted in literature on the subject,
but her& they once more show that in mentally retarded children prev-
fously attained knowledge is insufficiently differentiated ‘and 1is
difficult to consolidate. This may explain the students' occasional
desire to reread the text of the problem seveyal ‘times before repro-
ducing it. ‘-, |

The second grade studentg in the mass school relate the repro-
duction of -a problem to its solution more closely than do mentally "
retarded Lhildren When they reproduce a problem perfectly it was
usually accompanied by a gorréct solution (Table 5). The table shows
that the correct repro uciion of problems usually correSponded with a

correct solution. Consequently, perfect reproduction of the text of

a problem is very important to its comprehension and solution.

Qf’f TABLE 5 . . : K
.

w2 CORRECT REPRODUCTION AND CORRECT SOLUTION \’
:'\. ﬁ . . .
ST TToTITIIL T T T - = " —
Group Problem Number Correct Reproduction Correct
Solution.
I 1 80 ' 90
3 50 30

11 2 0 80
4 6 60

Note: Values are the number of students.

-
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It has been deterﬁined that the oral reproduction of a problem
often an insufficient basis for building comprehension of even the
simplest arithmetic proélems by auxiliary school students. To this '
end other methods and systems ate necessary; these still need to be

developed.

Characteristics of the Joluton of simple problems by third and
fourth grade auxiliary scﬁﬁﬂf students,

Above we examined the typical errors which arise in solving arith-
metic problems. To uncover the causes ®f the errors and to show how
these errors depended upon the character of the problem's structure,
special experiments were conducted. 3 . K B

Obsarvations of the solution of arithmetic problems in school
and data about the level of the students' knowledge, showed the most Ve

_characteristic and constant errors involved tHe choice of operations W
and the nomenclature. In order to define the conditions under Which 3
errors in choosing operations arise, we' observed the course of the
solution of a series.of selected problems.

A. S, thelko believes that the fundamental prerequisiteé of .iiﬁ)

successful solution to all arithmetic problems are evolved in children ~ :

during instruction. in solving simple problems--i.e., problems involving f%‘ﬁ
R - ) N
one operation [14]. In fact, when a pupil is solving such problems, B

he first discbvers what the problem represents and what its elements
‘are (conditions, numerical data, question). When solving simple p;ob—
lems, the children learn to understand the relationship between quanti-
ties and to apply the arithmetica; operations correctly. The simple.“ . ./
problems provide a preliminary acquaintance with the a ithmetical
Operagions and develop a lasting ability to understand|these opérations. ~
Although uniform in the number of their operations, these.problems differ
{n their arithmetical and logical structure, and,consequently, they also
vary in the difficulty of their solution.
Simple p:gblems can be classified according to the type of arith-
metical operation used: thus, four basic groups of problems arise,
those involving addition, subtraction, multiplication, and division.
However, methodologists ére not satisfied with the isolation &f these
basic groups; they have developed narrower classifications of simple

problems. Several such classifications have been suggested.
[V .
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G. B. Polyak'§istinguislies 15 types, of problems [15], A. 'S, Pchelko
divides all simple problems into 12 types [14], and L. N. Skatkin divides
them into 24 types'[lﬁl.

In our investigétiong we utilized the classifications that many
methodologists (N. N. Nikitin and others [%2]) have applied. This
classification was suggested as a basis for the program for arithmetic
in the auxiliary school. According to such a classification simple prob-
lems fall into 11 types, groupez'in relation to the arithmetical opera-
tion and its use: ) .
| addition,- 2 types of problems;

‘subtraction - 3 types of problems;
L - ' multiplication - 2‘typ!§ of problems;
division -~ 4 types of problems.

All eleven types are included in the arithmetic program for the
mass and auxiliary schools. In the auxiliary school they are studied
from the first through the fifth grades‘[B], and in the mass school,
from the first'through the third grades [2]. ‘ |

Experimental studies were conducted. with 182 students from the &
third, fourth, f£ifth, sixth,and sevengh.grades in two auxiliary schoois
in Moscow and the Moscow area. Similar studies were conducted with
147 students from thé second grades of two mass schools.

, All the students were given identical probleﬁs to solve. The
choice and system og the arrangement of the probléms corresponded to

the system for arranging them in the programs ofvthe mass and auxiliary
"schools. The students were given only those types of problems whicﬂqr
they had studied in school. Operations involving computation presented
no difficulties for the students, since the problems requ}red operations
within the limits of one hundred only.

Tﬁ;\third and fourth gradé students in the auxiliary school and
the second grade students in the mass school were given only four types
of sipple problems; the auxiliary school students In the higher grades

solved all types of problems. We present .the texts of these eleven

>

problems. ‘
‘ff K 1, (Finding the sum). In one cage there were 6 rabbits,
L and in anothgr, 4 rabbits. Altogether, how many
rabbits were there in the two cages?
o 132
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2. (Finding the remainder).» There were 6 notebooks in the
cupboard‘-and 5 notebooks were passed out. How many
notebooks remained? ) .

-

3. (Addition of the type "so many more'). Fifteen apples
were in the basket, and“there were 10 more pears than
apples. How many pears are in the basket?

* 4. (Subtraction of the type 'so many fewer®). There were
" 17 plain pencils, and 6 fewer colored pencilg} How
many colored pencils were there? A

5. (Division into parts). 'Twelve notebooks were divided
among 6 pupils equally. How many notebooks did each
pupil receive? .

"6. (Reduction by a multiple). A ruler costs 32 kopeks,

while a pencil is 1/4 as much. How much does a pencil
» ' cosc? !

7.‘ (Finding the produet). Five chandeliers were hanging
in the hall. There were 3 light bulbs in each
chandelier. Altogether, how many light bulbs were
hanging in the hall?

8. (Division into subgroups). Thirty-five tomatoes were

planted, with 7 tomatoes in a row. How many rows
were obtéined? ~

9. (Increasing by a multiple). Petya caughf 4 fish, while
Vanya caught 3 times as many. How many fish did Vanya
. catch? .

10,. (Comparison by determining the difference). An automobile
‘factory used to produce 50 cars a day, but now it produces
75. How many more cars has the factory begun to produce
daily? !

, 11. (Comparison by determining the ratio). One pupil has 24
J& notebooks, while another has 6 notebooks. How many times-
as many notebooks as the second pupil does the first pupil’
have?

The experimental Iesgons were conducted in the third quarter
under ordinary classroom conditions. The problems were printed on
separate sheets of paper which were given to each pupil.

In the lower grades the teacher first read the conditions of the
problem aloud, and then the children received the sheets of paper with
the problem and read them to themselves. In the upper grades the pu-
pils read each problem to themselves. The students did not copy down
the conditions‘of the problem, and the time for solving the prbblem was
not limited. : RN
The thigd and fourth zrade pupils in the auxiliary!ééhoal solved

’\,,
2 A
.
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four types.of sidple problems (problems 1-4). It must be said that

by the time the experiments were -being conducted the students in these

grades were already solving uncomplicated probléms'ihvalving two opera-

L3
tions.,
. @

The solutions to the problems were considered to be correct only

‘when the correct operatiop’was chosen and the calculation was correct.

'In Table 6 the results of the solutions to each problem are presented.

.

TABLE 6
PERCENT OF SﬁyDENTS WHO SOLVED THE PROBLEM CORRECTLY

—~— S

Type of Problem | Problem Problen Problem -
School Grade 1 2 3 4

1

# Mass school 11 97.0 96.0 91.0 93.0
Auxiliary school 111 33.0 . 31.5 30.5 29.0
Auxiliary school JRY 52.0 51.0 46.0 43.0

, 'y
- It is apparent from the table that considerably fewer auxiliary

.school pupils solved the problémsﬁcorrectly than did the mass school
, \W pupils. Thus, tﬁé percentage of the “second grade mass school pupils'
correct solutions to the four probléwms varied between 91% and 97%; the
" third gréde auxiliary school pupils' Aprrect solutions varied between

29% and 33%, while the fourth grade pupils' scores varied between 43

“and 52%., .
The table shows that the abllity of the auxiliary school pupils
PR to solve problems grows with the extent of tlteir education. Thus, in

the third grade there were 31% correct solutions, while in the fourth
grade the quantity of correct solutions rose to 49%. Since the per-
centage of correct solutions in the second grade of the mass school

is 94%, it is easy to see that the proportion of gorrect solutfons.

of the four proﬁlemg in the third grade at the auxi}iary school is
one-third that of the second grade at the mass school, and in the fourth

gfade, almost half. y

- N -~
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We hgge analyzed the studepts',éfrors in solving the fdur prob-
lems into the %s.uo_wing groups: ‘

1. Errors in calculation

2. Errors in applying operationms

a. Incorrect choice of operations
b. Applying too many operatioms
c. Arithmetical manipulations with the numbers. ‘
‘A few words must be said about the second group of errors. All
\Bf the subgroups were selected by teachers, and are reflected in pedagog-
ical literature. We nevertheless wanted to illuminate our understand-
ing of these errors, and to define‘their contents mcfe precisely. 1In
the, first subgroup we referred to cases in which the wrong arithmetical
operation was used, due to the influence of a similar problem. This
influence arose because the given problem was mistaken for another prob-
lem superficially similér to it." Comprehension of the new problem
depended upon the similarity in the verbal exﬁression of the two prob-
lemsé—ize., the newly solved problem and the previously solved omne.
An analysis of the children's work shows that erronaous Solutionsi
- usually occur whenever the conditions of the Eﬁoposed problem ‘are taken
to be the conditions of another typg'of problem.

In the secdnd subgroup we referred to erroneous arithmetical opera-
tio&a'which do not stem from the incorrect interpretation of the prdb-
lem, but are caused'by the direct ig?iuence of the preceding problem.

We gﬁfer here to those cases{in whicb ad?%tien is applied instead of
subtraction because, having solved thgq first problem’ by addition, the
mentally retarded child solved the gggie subsequent éroblems according

to this pattern. ’ ’

} We preéent'the following table illustrating the characteristic ¢ (/#f
errors made by the students in the mass and auxiliary schools (Table

7). In éxamining the table one should remember that the errors were

made in only 6% of the cases by the second grade students in the mass
school, but in 697% of the cases by third grade students and in 497 of

the cases by fourth grade students in the auxiliary school. The .
errors of a given ty;; made by students in a given class are expressed

as a percent of the total number of errors made by those students.
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TABLE 7\ ’

ERRORS IN SOLUTIONS

Errors in Applying
the Operation *
Errors Incongruous | Incorrect | Too ‘many
Type in Choice of Choice of | Opera-
of Calcu- Numbers and | Operations|{ tions
School Grade| lation Operations Total
Mass , | . ’
school I1 0 ' 2 38 60 100
Auxil- "
iary ! .
* , ~school 111 5° 25 49 21 100
IV 3 20 35 42 100

Note: Numbers are percents of all errors committed.
. <
The second grade students in the nasg school made no errors in
calculati{{\at all.  Cases in which the wrong operation was chosen were
red

encounte rather often (38%), but errors involving the application

of too many operations were predominant (602)} The latter is explained
by the fa;t that while the experiments were being conducted the chil-
dren were dolng many exercises in problem solving inGolving two
operations.

It is evident from th& table that, eveﬁ for auxiliary school pup-
ils, &rors in calculation are~rare. ’ﬁore characteristic of the phird
grade auxiliary school students. are errors involving the in;orrect
choicelAE operations, that is, incorrect identification of the type
of problem being solved, in which the pupil mistakes it for a similar
probleﬁ. Analogously the au;iliary school pupils very often (12 times
aé}cften as the mass school students) replaced the solution to the’
problem by arithmetical manipulations with numbers. This was probably
a consequence of their low level of conprehension of the probiem. Since

the third grade had not yet done problems involving two operations %
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. often enoughuto gain confidence in theif ability to -solve them, cases
igvolving too many operations were rare. The fourth grade studénts
mistook a simp%gtiroblgm for another type of problem somewhat less
frequently than did the third grade students. They les; frequently
solved all the proglems according to one pattern. The number of times
they solved a simple problem as though it %nvolved two operations,
however; was twice that of the third grade pupils. In the fourth grade,
_problems involving two operations occupy more time than they do in the
third grade; this circumstance engenders errors involving the appli-
catibn'of too many operations. ‘
" The distinguishipg features in the way auxiliary schoai students
solve problems are even more sharply revealed ?z the‘pg‘centage of pupils
ho solve all the proposed problems: 80% of the second grade pupils
in the.mass school solved all of them, compared with 6% of the third
graders and 252 of the fourth graders in the auxiliary school.

This fact testifies to thé serious diaérepancieg between the
programmed requirements~and the factual knowiedge of tge a;xiliary school
_étudents. In the second grade of the mass school 807% Sﬁ the students
answered the questions correctly (it must be noted that we worked in
a mass school with many:poor sf?éents). . ' _

One might ask Hoy much "differentiated and lasting knowledge'
fourth grade auxiliary school students can possess if only 25% of the
students can solve four types of simple problems correctly. Neverthe-
‘ less, the auxiliary school curriculum stipulates that the children
should solve complex problems involving two operations begimning with

the second grade, -and begin, in the fourth grade, comﬁlex problems

involving three operations.

Characteristics of the method auxiliary school students in the upper

grades use in solving simple problems.

In the auxiliary school the proceqs of acquainting the” étudents ’
with simple problems ends with the fifth grade. -According to the
;existing program, the students in that grade should be ableito solve
simple problems involving comparison by determining the dif&erence,
comparisop by determining the ratio, division into subgrcups;&and
cpmputigg time. In addition, they should be able to solve various
‘ 137
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complex prablems involving two or th&ee operagtions. To‘solve these
problems conscienticusly the students should master the lasting .and
differentiated skills needed to solve eimple prdﬁ&ems. ?o what exteqt7&
is this achieved in practice? \ ) ..

All eleven types of simple problem§ whose texts were intradueed
above were presented to the pupils in the fifth through seventh grades
at the auxiliary@school.

Seventyseight thifd'grede students in two Moscow mass ;chools and .
133 fifth s si;th , dnd seventh grade pupils in two Mcscow.auxiliary

)

schools participateé in the work. ] / .
The majority of the third .grade pﬁpils in the mass school solved’
all eleven types‘of simgle‘problems correctly. 0f the whole numbe r
of student's only 14% committed errors in sdlving them. ° Consequeftly,
the level of the knowledge and ability of the third grade students in
 the mass ‘school corresponded in géneral to the requirements set forth
in the prOgram The situation was quite the contrary when these prob-

lens were solved by the upper gra@ﬁ students in the auxiliary school,
(Table 8).

\ - L ' -

b © “TABLE 8 : .
.PERCENT OI«@EN’IS WHO SOLVE,D ALL TYPES OF SIMPLE
/ PROBLEMS CORRECTLY

o

i__.._i_i_i";:;;;"‘" .
‘ Type of School - Grade . Percent of‘StuQents .
Mass school - I1I 86
. Auxiliary échq?l . \Y . f 18
: _ & :
® Auxiliagy School , VI 25
Kuxiliary Schoolf.’ VII “ 48
[ DPAUS E e

_ Note: Percentdges of the total number of students in a given grade.

~
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It i} evident from the table that the fifth grade students in the
auxiliary school solved~the‘problems poorly: “. y 18% of the pupils
were able to solve the proposed problems correctly. However, 86X of the
third grade pupils in the mass school solved these problems. The num-
ber of seventh g;ade pupils in the auxiliary school who were able to cope
with the problems s¥three times that of the fifth grade. However,
at the end of the coursé, only half the students had solved the proposed
prqblems, and¥;here were twice as many of them as there were third
graders at the mass school.
We analyzed the errors made in solving the eleven types of simple
problems. We conducted our analysis of the errors committed by the
upper grade students in solving the simple problems using the same method
employed in our analysis of the errors made by the lower grades. ;
The reSulfs of processing the collected material are reflected in
Table 9 (the proportion of the various errors experienced by each
group is reflected in the percentage of the entire number of errors
.eomm%tted by the students in a g;yén grade) . :
By comparing the data contained in Table 9 with the‘dats presented
in Table 7, we canﬂsee the difference between the solutions to simple '

-

.problems” by the upper and lower grades.

In the upper grades the manipulation of digits, which composed
25% of the errors of the third grade students and 20% of the errors |
of the fourth gradé sSudents in the auxiliary school, did not occur., P
The attempts to use too many operations disappeared: this provides an
opportunity to compare the way the pupils'in the upper gfsdes distin-
guished the various types of problems, to the way in which the lower
grades Lompered them. There were refusals to ‘solve problems, a
fact whiC1 testifies to the growth of the children's critical attitude
toward activities Involving thought.

The fundamental caﬁegory of errors made by pupils in all grades
of the auxiliary school involved the incorrect4choice of operations.

The same 1s true for thiid grade pupils In the mass.school.
«

-




N | ‘ TABLE 9

ERRORS IN SOLUTION ‘
: . Errors in Applying the Operation
’ : %x - - : *
' ' Refusal Errors | Manipu-
) to Solve | in lation Incorrect Too many | ,
Type of | the Calcu-_| of ‘| Choice of Opera-
School | Problems | lation | Numbers | Operatioms | tions Total -
Mass [ N
School .
Grade .
111 0 0 0 1p0 0 100
: ' .
Atix1l- ‘
iary
'School .
' Grade ' C oy s
v 8 0 0 92 0 1 100
Auxil- : . * ]
lary ' . | 1
School -
Crade . :
vl - 23 ' 7 "0 70 . 0 100
‘ -t . :
- Auxile )
: - lary . : —
~ . School ‘ NS o : ~\<f’“\\\
Grade \ . o . .
VII 0 0 0 92 8 =17 100
1 ,.{

Note: Numbersarg in percents of all errors conmitted #n each schocl
and. grade level.

Let us explain the character of the most widespread errors, and ~
determine which problems, under what conditions, engendered the erroneous
choice of operations. In most cases. the errors afdse in solving the
following problems: . = )

1. The problém inféOmparison by determining the difference: #a
"An automobile factory usedﬂﬁp produce 50 cars a day, but now it pTO
duces 75. How many more cars has the factory begun to produce datly?" -
In the erroneous solution to this problem, instead of the required
subtraction, thé opegﬁtion of addition was usually pérformed; this is

a typical error. This solution accounted for 80% of the errors committed.
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* In the remaining 202 of the cases the problem was erroneously solved
‘by multipli ation. The root of this error is con|.nled by the external
similarity between the wording of this problem ‘and problems involving
addition This similarity to problems involving additfon, apart from
everything else, is amplified by the pregefce in the text of the term
"more." The same problem is sometimes even taken to resemble problems
solved by multiplication. This occurs less often, however, apparently
because the differgnce'between tﬁe numbers in the proposed problem is

not sufficiently great to allow for a solution by multiplication.
2. Another problem whose solution gave rise to many errors,
even in the upper grades, is-the problem ifvolving diyision into sub-
groups: "Thirty—five tomatoes were g;antegf with 7 tomatoes in a
roﬁ. How many rows were obtained?" A t&ﬁical error made in solving

* this problem was the use of multiplication instead of division. The

conditions of the problem beer a strong resemblance to those in a prob-
lem involving multiplication,\pgimarily because of the werding: '"So

many tematoes, eo many in each row"; besides, there is a great‘differense
between the two quantities (35 and 7), and this 1s a characteristic\of
multiplication problems. Thus, this problem is erroneously understood

to be a multiplication problem of the type: - "?ﬁirty—five tomatoes

were planted in each row. THere were 7 rows. How many tomatoes were
planted?" v

3. The most difficult problem for the children involved compari-
son by determining the ratio: 'One pupil has 24 notebooks, while
another has 6 notebopks. How many times as many notebooks as the
second pupil does the first pupil have?" The errors committed in
solving this ;;oblem were more diverse than those in the above cases;
48% of the erroneous solutions were caused by use of addition, 41% of
the errors involved the use of multiplication and 13% of the errors
came about.through the mistaken application of subtraction.

Once again the basis of these er;ors appeared to be a certain
similarity between the problem being solv;d and other types of lproblens,
along with the students’ inaeility to differentiate them. It is
interesting that the proposed problem was taken to resemble three
different tyaﬁs of prbblems, although the typical errors appeared only
in applying multiplication and addition.
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The extent to which ‘ !

the correct interpretation iggcent‘

and splution of simple 90 '

problems depends upon the 80 | \\\

type of probleﬁ is shown 70r

by the graph (Figure 1). 60}

The eleven types of prob- 50¢

lems are numbered alongv : :8;

the horizontal line (the 20
~ order corresponds to the lGF

aumbering of the probléﬁs 0 1 2 3 4 5 67 8 9 1011

as indicated on pp. 132-133 . :

The percentages of correct Problem Numbgr

éolutions to these problems by Figure 1. Percent of Correct Solutions
_students in grades 5 through ’ of Simple Problems. ‘

7 are indicated along the vertical ’ .

line in Figure 1. -

All the simple problems were not solved equally well by the stu-
dents iﬁ the upper grades at the aﬁxiliary school. At the same time
certain problems abpeared to be simpler for them than we expected (for
example, the problems involving division into perts). On the other
hand, other problems required more attention and more careful working
methods. ' | S '

We believe that a more careful'énalysis of prbblem solving permits'
us to divide the problems into groups according to their complexity .
(Table 10). '

3

The first*group includes problems in-whicﬁ the operation reduired

to solve the problem is indicated directly in the eOnditions of the

problem by means of the terms added, subtracted, divided. 1In. other
words, this group: is made'up‘of the sc-called direct operation problem§
which, as we kmow, are the simplest for the children.

In the second group are problems whose wording describing the
relatiopsh?ps between the numbers must be interpreted and expressed
érithmetically before the problem can be sol%ed correctly. To choose
the operations one must’ understand terms like "so many more" and

"so many fewer." .
[
2



The third group of simple problems is the most difficult for
- mentally retarded students. These problems involve the most complex | )
relationships4~comparisgn by determining the difference, comparison by \\\
determining the ratio between two quantities, and diyision into sub-
groups. The solution of these problems is especially important in
the development of the students' thinking. These problems were not
mastered sétisfactorily. They are difficult; ;nd not oniy is insuffi- -
*ecient timg spent on solving them in school, but also no method of .

teaching them has been worked out.

B TABLE 10
b PERCENT OF CORRECT SOLUTIONS FOR EACH PROBLEM TYPE
%z of Cor—-| - % of Cor- L A"}% of Cor-
rect Solud ‘ rect Solu- rect Solu-
Group I tions Group II tions Group III tions
1, Find- 84 1. Increas- 9 73 1. Division 53
ing the " {ing by sev- into sub- .
sum eral units . groups
2. Find- 82 2. Multdpli- 71 2. Compari- 42
ing the . cation by ' ‘| soh by, deter-
remaindel + | several , mining the !
units difference
3. Divi- 81 4 3. Find- . 64 3. Compari- 31
sion into ing the B son by deter-
parts product mining the . !
ratio .
4. Reduc- 64
; ' tion by a
multiple -
: .
5. Increas— |- 61
4 ing by a
multiple
e e - e R S — L. ,»ﬂ_.__.*,_________';_._,..
Average 86 66 o 42
Percent ,
of ¢!
Correct Q
Solutions
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These were the data we obtained by studying the auxiliary school
students' solutions to the eleven problems newly presented. From our
point of view they are especially significant for the development of a
method for teaching arithmetic.

.We.wére %lso especially interested in how the auxiliary school
students in the upper grades solved the problems which some authors
(Skatkin, Nikitin) call indirect problems, and other authors (Menchin~
skaya) call inverse problems. . '

To verify the role of the problem's structure in the solution
process, we conducted supplementary experiments with the sixth grade
in the auxiliary school. Two simple problems involving addition were

presented to the children, one directly, the other indiréétly.

First Problem Second Proble"
Misha had 30 kopeks; Mama gave Petya spent 20 kopeks and
‘him 20 kopeks. How much money had 30 left. How guueh money
did Mish$ then have? ‘ did Petya start out with?

Twelve of 13 pupils solved the first problem correctly. The
second problem was solved by 4 of the 13 pupils. The remaining pupils
'solved the problems incorrectly: six children wefge influenced by the
terms spent and had left and used subtraction (30 kopeks - 20 kopeks=

10 kopeks); three pupils transformed it into a problem involving two
operations. | "

Teachers must pay special attention to teaching the solution of
“indirect" problems in the auxiliary school.
' After completing the analysis in order to verify the data obtained,
we again conducted analogous exercises with 138 fifth , sixth, and
seventh grade students in three Mo;cow éuxiilary schools., They were
given only seven problems from the eleven, beginning with the fifth
problem (see pp. 132-133), One should note that the exercises in .
“arithmetic in these schools were conducted by experienced teachers. 27

The results of the solutions: of the proposed problems are repre-
gented in the graph (Figure 2). '

In this connection the similarity in the configuration of the
curves draws our attention. The highest points are observed in the
solutions to problems 5 and 9; these problems are conéistently the *

most successfully solved® Finally, we must not fail to note that the
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‘ “100

point corresponding to the lasty 90 | .

the eleventh, problem, occupies 80 ¢ NG

the 1owest position; i.e., its ‘ 70¢ \\
solutfon appears to be the most :8 ' :K; ) »
difficult. - . Lo 40 1

- A qualitative analysis of 30 §

the errors confirmed previously | 20

obtained rasults; the incorrect lg * -
use of operat}ons‘ predominated, - 5 6 7 8 91011

because .the children 'mistook the
by / ~ Problem Number

proposed problems for another
Figure 2. Percent of Correct Solutions

to them. 1 . ‘of Proposed Probiems. -

type of problem more familiar

’ Thus, the solutions to various types of problemé involving one
operation present different degfees’of difficulty for mentally;;etarded
" -
students; the degree of difficulty depends upon the problem's type of

structure.

*

‘The number ‘of cof}ect solutions is increased in the fifth and
sixth gr%des, but this increase occurs because the problems are more
simple. The gbility to solve probiems, whichﬁrequffes thé:perception
.of the relationships between the numbersﬂ remaing entirely unsatis-—
hfactory. The most difficult problems are those; involving comparison
rby determining the difference and comparison by determining the ratio.
The most widespread errors in the solutions to these problems involve
the incorrect choice of operation. An analysis of these errors shows
that in most cases the students failed to recognize the problém. - Re=,
lying on nonessentilal external signs and taking them oﬁt of context,
the children in¢orrectly determined what sort of problems they were,
and thus solved theh unsatisfactorily by applying Qperations corres—
ponding to different types of problema.

- These errors, which persist until the upper grades, testify to
the great difficulty experienced by auxiliary school pupils in conso-
lidating a cleaxﬁy differentiated and tenacious system of elementary
arithmetical knowledge. /ﬁn |
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Errors made by auxiliary school students in writing the nomenclature

when solving problems.

An anglysis of the typical errors made by auxiliary -school students
in solving problems would be incomplete 1f we did not illuminate the
errors they make 5; writing nomenclature. These errors are very_ common,
and they accompany correct solutions as well as erroneous solutions.

In mentally retarded schoolchildren, correct understanding of the
subjective content of a problem is directly related to writing the
nomenclature. in the process of solving the problem. The correct desig-
nation of the nomenclature in solving arithmetic probleﬁs indicates the
pupil's conscious cogsideration of the conditions of the problem, and
of the arithmetical operation he choéses. Thus, many elementary schoo}
methodologists have, for a long.time, justifiébly emphasized the signi-
ficance“of writing the nomenclature ig'performing arithmetical opera-
tions. "The ‘descriptive notatiom of &he solution of a preblem serves

as a fulcrum for the wark of the pupil's imagination and memory, and

‘(Exkghe‘same token faeci}itates his thinking...." "When solving a prob-

lem- in elementary school, the written opération must incfude the name
of the units both in the given data and in the result; exceptions, of
course, are the multiplier in multiplication, the divisor in division

into a given number of parts, and the quotient in division into sub-

~

'zgroups" [6]. ' /

{ ’ ' .
Other methodologi%ts'emphasize that, by writing the nomenclature,

the children's thinking/Eecomes directed into the proper channel "The

statement of the nomenﬁkature gives @hc notation of the problem a more

descriptive character; witheut the nomenclature the notation appears
to be abstragt and 9n1y faintly reveals the charactef-of the students'
thinking. Writing the nomenclature disciplines the students' thinking
and induces the pdpil t& look more deeply Into the components of the
ardithmetic problem* [14]. N similar thought 1is expressed by.A L.
Volodina, a teacher: "The statement of the nomenclature indicates the
conscious attitude of the pupil toward his. wurk and gives us the oppor-—
tunity to control this conscious activity" [20].

The statements of the methodologists in the mass school are also
important for dezeloping methods of teaching arithmetic in the auxil-

iary school. Indeed, in order to do an arithmetic problem, the pupils
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must. picture, in concrete form, the objects upon which one or another
operation is being performed, using definite quantities stated in the
conditions of the problem. '

Knowledge of the object mentioned in the conditionshof the problem
is directly connected with its name; knowledge of the quangities, with
their names. Uuderstendingtthe conditions of the problem iiiﬁlosely re-

t

'\he lané—/

uage. Children should know the names of the objects and the quantities

®
lated to understanding coherent speech, thgt is, knowledge o

wentioned in the problem and should understand_ the significance of the
arithmetical terms signifying the opErations‘t be performed in the
problem. They should fully understand how words-agree, and what governs
them; they should understand the meaning‘of combinations of words in

the sentences constituting the conditions of e problems, and finally,r
they ehould know the interrogative‘form of sentences in order to under-
stand tHe question in the problem. C *

Children become acquainted with the contents of problems by read—

ing them. The texts of arithmetic problems, by virtue of their com-

“pression, are difficult to understand. One must be able .to read the
text fluently and intelligentl& in order to understand the problem.f
Schoolchildren in the elementary grades at the auxiliary school are ‘'
often poo:iy prepared for this task.

For a puoil to understaud the text of a p;oblem;‘the words and
sentences must seem a part of reality, and must summon ite reflection
to hig mind. Only under tnese circumstances is it possible to choose
.xhe//?;ht arithmetical opdration for the required problem. Formu-

lacion of the nomencleture, which tells whether or not the contents
of the problem have been understood, presents no difficuf%iee for
students under“these circumstances. ‘

It 1is customariliy the procedure in arithmetic to distinguish two
types of nomenclature: ~nomenclature involving operations with so«‘
called concrete or objective numbers and nomenclature of\numbers which
are obtained by measurement, called denominate numbers.

‘We consider the mistakes which the auxiliary school stuuents qgke
in formulating the nomenclature while solving problems with concrete

(objective) numbers ta~be the first stage of work with them. This

stage in teaching the formulation of nomenclature appears to be

147

1 &1




+

necessary for a mastery of the abjlity to work with cohcrete numbers.
-

Acquainting the students with the simplest measurements and enabling
theﬁ to form the necessary skills in that sphere appear to be the .
most important problems in teaching arithmetic at the auxiliary school
so that students will be prepared to do practical work. But, as we
know, operations involving-concrete numberé, especially composite nﬁm-
bers, are extremely Fifficult for auxiliary school students, therefore,
some teachers decline this work and do not equlp the students with the
measuring skills which are so necessary ‘o a person at each step of his
prﬁctie%} activities. Examining this question as alﬁhole, we note that
proper study of the nomenclgtdre of concrete numbers would certainly
have prepared the studenfgf%j6:se the system of nomenclature,and, by
the same token, would have facilitated their achievement of skills in
measufiﬁg. |

. The correct formulation of nomenclature ireproblem solving is not’

given the necessary attention; some auxiliary school teachers are quite

satisfied with the solution to a problem if the nomenclature is missing,

" as long as the operation is correctly performed.

We must note that there is no one set of procedures for teaching
children to writg nomenclature. Certain eleméntary mistakes in writing
nomenclature arise just because of this lack of an established method
of teaching such notatioﬂ or as a result of improper tralning. Teachers
and methodologists do not agtee on this question of method.

_ Some teachers do not instruct the children to write the nomencla—
ture, their pupils Wwrite down the solution without the nomenclature.
The students hear from other teachers that it 1is necessary only to put
down the nomenclature in thd results. We even came acfosS a case where
all the students in one class diligently copied out the nomenclature
separat%ly from the numbers, on another line.

Thus, for examp]‘, in the notebook of one pupil in that class we

e

saw this notation for the solution to the Qfoblem, 5 pencils lay on ,
the table, and 2 more pencils were lald there. How many pencils were
there altogether?" ]
' S+ 2 =7
v

. pencil + pencil = pencils.

An analysis of the pupils' written work showed that the teachers
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often permit them to drop the nomenclature in solving problems;‘this

appears to{ﬁe one of the causestfor the children's forgetting the
concept of the objective contents of the problem.

During the first stages of instruction, when the child does not
yetﬁdistingui;h the numbers from the concrete totality of the objects,
he operates not with ngmbers, but with objects. Certain elements of

‘abstraction and generalization are involved in the transition from

operating with objects to counting on fingers. In the'process of be-
coming acquainted with numbegs, the child, on the one hand, abstracts

| himself from the objécts and .furns to.abstract Calculatioﬁ, and, on

the other hand, begins fo relate numbers to the specific objective

"totality. This occurs during the period when the child is studying

problem solving. Under an improper method this instruction becomes
a mere illustration of one or another arithmetical operation. The child
attempts to :ompute as’ quickly as possible the total data given in the
conditions of the problem. “If he does this correctly he receives the
teacher's approval. The entire actiyity-of the students when they
solve a problem in this manner amounts to performing operations with
numbers. The process of solving arithmetic problems in such g8ses is
replaced by solving examples. 1In this conmection the ob}ective content
of the problems disappears from the child's mind. -

Lack of attention to the notation of the nomenclature in solving
arithmetic problems stems‘froq the tendency of many auxiliary school
teachers to reduce all instruction in arithmetic to calculation.

In our anaiysis of the children's work we established that the

quantity of errors in the use of nomenclature fluctuated between 15%

in some problems, and 80% in others,‘which indicates the relationship
between these errors and the type of problem.

In problems ihvolviqg the application of the operations of addition
and subtraction, one may note three types of errors:

1. The nomenclature 18 not written éompletely; these errors are
encountered very frequently X _ o P )

2, The nomenclature is written for only one component of the
problem (in the first term or in the minuend), for example: "2 dresses +

5= 7" "8 apples — 2 = 6"'; these mistakes are not Ancountered

»
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frequently; . -

3. The nomenclature is written only in the result—in the sum or
the difference, for example: "2 + 5 Jf7 (dredses);" "8 - 2 = 6 (apples);"
similar notatians of the nomenclature appear to be very widespread.

We must distinguish in particular those cases in which the students,

in writing the results of the soldtion to problems involving addition,
had to substitute the specific nomenclature with the generic, for example,
when it is necessary to add a quantity of girls and a quantity of boys .
in order to find out how many- children there are in the class, or to
add apples and pears and determine the amount of fruit. Pr@liminary
work in which the students are taught the transition from specific to

_generic concepts is meaningful in that it explains these dif

cases to the students. In order to avold errors, special exertises are

necessary whereby the children gain the ability to 'generalize, o bring

. clature correctly.
There is another kind of difficulty which arises in the formula-

tion of nomenclature fQr the solution of problems in multiplication\and

-

[>]

division. The children very often commit errors in multiplication whith
indicate how complex the process of solving the problem is for them and \
" . what great demands it makes upon the child's thinking Thus, the ﬂggb— \\
lem, "One pen costs 3 kopeks; how much will 3 pens cost?'" 1is solved o
in the following way: '3 kopeks x 3 pens = 9 kopeks'; answer: "3
pens cost 9 kopeks. "It is apparent that the child retained the sbjec-—
o _tive contents, of the proFlem, he computed both the kopeks and the pens.
However, he did not achieve the necessary level of generalization; the
child did not understand the loglcal meaning of the operation of multi-
e . plication which does not permit . kopeks to be.multiplitd by pens; grere—
fore, his notatlon appears to be erroneous. This shme type of dlfficulty
1ﬁslencountered in writing the nomenclature in division into parts. Jor
example, this problem was given: "2 dresses took 10 meters of material.
How much material does one dress take?" . A typicalncrror.is observed
in the notation, "10 meters @ 2 dresses = 5 meters'; answer: ''One

dress took 5 meters of smaterial:"

¢ It ig clear Lhdt these difficultits are intreased in cases where
it is necessary Lo apply two operdtions--(ivislon and multiplication.
- 150 ‘ ‘
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To study more deeply the nature of the difficulties involved in stating

the nomenclature,.we conducted a special investigation of therprocesy

of solviﬁg problems involving two operations.

six grades in five Moscow auxiliary schools particépated in the‘experi—,

ments.

As a means of comparison,

A

, second grade pupils in the mass school.

Ninety-six pupils‘from

. .
There were no failing students in these classes.

these same problems were solved by 86

[y

They were given problems solv-

able by finding the unit measure; these problemgarequired multiplication

“and division.

the éorkshop out of 80 meters of material.

did 50 of the&e dresses’, take?"

Here is one of the problems:

¥

"20 dresses were sewn in

How many meters of material

Below 1s a table representing data on the nunbere of maﬁs and

auxiliary school students (in percentages of the total number) who

refused to solve this problem, committed various eﬁ;ﬁfgff_
™3

¢ or who solved the problem.correctly (Tiiig’ITTT

—

RN

ﬁ_§§f>%?g it,

211 /
ERROAK/§¥ MASS AND AUXILIARY SLHOOL PUPILS
R Errors in Selution
v ) —_ T - -
' ‘Refusal Incorrect Errors Frrors .
to Choice of in®Cal- in Nom— Correct
Grades Solve=~ Operation culation enclature |  Solution
—— f_. e ———————————— o
Grade 1I N
in the )
Mass p
School _Q) 0 2 34 64
& ¢ »
Gragg v -
in the ‘ )
Auxil- * /
iary | ‘ :
. School 6 24 10 56+ 4
< -
e - e e VIR QU
*
. Errors in stating the nomenclature were also present in the

first and second group “of

« Note: Entries are percentages of the total number of students
in each category. -
-
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It is apparent-from the table . at the pupils"refusals and their
incorrect choice df operations were \present only in the work of the
auxiliary éehool students. But errdrs in nomencleture were extremely
- * widespread forrgtudents in both schools’. If we take into account the

" fact that errors in nomenclature accompanied the errors in choosing
o the' operation and.in calculatfons, we see that such ertrors are '

encbuntered ln 90% of the auxiliary sahool‘stndents whOse work we have
) ‘fnalyzed Thie'ie almost tﬁree times the number of ma&s school pupils
' who committed these errors.' Let us examine typicgl errors in stating
tbe,nomenclature. There were frequent errors in the solution to the
rirét question of the:problem, which reflected weakness in the ability\
of mentally retarded pupils to generalize, but which.shdyed at the same
time that they upderstood the concrete coétents of the problem correctky.

N
These ‘cases were charactefistieally written thus: "80 meters : 20

» *dressed = 4 meters.'

There are definite relationships in the problem
between the objects in the operation‘(meters of material and dresses)
) ,,and the quantities of tﬁese objectq._ In solving the first problem the
children expreqsed the relationships between the quantities: correctly
The relationships between the objects were represented truly, but were
not generalized. This is a sort'of 'intelligent" error which shows.that
[ ‘in solving the problem the pupil is not carrying out division into parts
independent of what’ these parts are made of--dresses or pleces of |
mdterial ctc. R .
To teach children not to use the nomenclature when working with
division inteo parts, it is necessary to- ‘show them that, in practice,
the material should first.be*diyided into parts, and @nly.then can it
i " be used in the preparation of dresses. DNot only is it necessary to
demonstrate thls several times,.but it is alsd necessary to give each
pup}l the.opporturﬂtz to carry‘out division Iinto parts usinéééarious
objects. It is especlally necesgary to show the ohildren that these
various parts of the material can be used in different ways (to sew a
dress, a robe, a skirt), but that in order to do this it is first
necessary to divide the material into‘parts. In other words, Lhe
netessity'of generalization in‘e glven case must be~taught specifically.
The origin of another group of errors “In which one of the objects

ppears from the written nomenclature appears to be more complex.

.
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. of the operation. The problem, which requires division into parts

The operation 1s porformed correctly, but all of the numbers have

identical nomenclature, for exafiple: '80 meters : 20 meters = 4 heters.'
&, .

This notation is evidence of a certain distortion of the contents of

the problem, since the connection between the number and the definite

object characterized by that number is severed, and dnly the relation

between the given numbers remains. A formulation wherein all the

numbergy have identical nomenclature just as they do ip addition and
subtraction, shows that the complex rélationships in the probleq have
been simplified and transformed into more elementary ones. It should
be considered that due to the loss of one of the objects in the condi-

tions of the problem the orientators, for the\sclution of the second

~question in the problem are weakened. Thisltype of error borders

closely on the type in which the skcond ‘object (in this case, the

material) disoppéérs, thus simplifying the problem sharply, although
the division into parts, regquired by the conditions of the problem, is
reMained; e.g., "80 dresses : 20 = 4 dresses." |
In these cases, which account for 30% of all errors, it is\oistinctly
apparent that the relationships come under various classifications-—-
relationships between'the objects (nomencloture),'relationships between
the objects and their quantity, and, finally, relationshios among the
quantities. (the numbers)——and’thié disturbance of the relationship be-
tween.the object and the quantit; leads to the disturbance of the
relationship between the objects, that 1is, to ohe digéurbénce of the
relationships among all of the classifications. A problem involving
two operations is, in fact, transformed into a less complex problem
involving one operation, wherein only the correct relatdonships between
the numbers are retained. These sorts of errors in solving problems
have been desecribed in patients having brain-danagek[l].
There is another type'gf error whereby the nomeholqture 1s re~
talned in the dig&sa;_aad‘giz dividend, but is missing in the quotient,

for example: '80 meters : 20 metcra = 4," Here simplification of
P

the relationships betweeu the ObJELLb accOmpanies changing the character

-

and the determination of what these parts are quantttatively, 1s trans-
formed inoo‘a problem in division into subgroups, which leads the p%fil

away from the given conditionseand hampérs further solution.

v
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wally, where the nomenclature is missing in the divisor and the

, but appears in the quotient ”80.5 20 = 4 meters,'" a complex
probl¢gm is turned into an example; the students' attention is dir;cted‘
d the arithmetical operation as in solving an example, while the
nomenclature is used only in the final answer as an illustration. '
The errors encountered in the performance of the second operation

b in the problem, that idg, in multiplifation, are analogous and similar

to the errors in division described above. *

Our examination of all the errors in the notation of the nomen-—
clature allows us to group them into two general categories. First
there are the errors caused by the difficulty of abstracting from a _
concrete situation. This concerns the statement of the nomenclature in

" the multiplier and the divisor (in division into parts). In utilizing
concrete nomegglaturé’in division or multjplication the transition from
concrete material to certain generalizations appears to be complex. The

- presence of these errors should be considered a manifestation that is A
fully- anticipated, since the procedural means used at present do not
ensure to 8 sufficient degree the formulation of that type of generali-
zation, -

In other words, there are cases in which the erroneous notatlon of
-the nomenclature testifies to the "loss of the concrete contents ofyithe
preblem. This is a double error. In the first place, this is a cése
in which the problem is transformed into an example, whereby the nomen-
clature is included only in the result of the operation. In the second
place, these are cases in which, in performing the operations of divi-

sion or multiplication, the nomenclature is placed as though 1t were

A

In addition or subtradtion. In these cases' the choice of the operation
appears to be correct, and the correct relaﬁionships between the numbers
are retained, but the relationships between the quantities and the objects
are distorted; this is evident in cases In which the notation of the
nomenclature is clearly nonsensical, forsexample: "4 dresses x 50 dresses
= 200 dresses." Here thére is a peculiar disasscciation of the quanti-

-«
tative notations trom the designated objects to which these quantities

}
are related. This disassocliation {s a signal that the oblective con-

tents of the problem are either misunderstood or lost.
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Thus, an analysis of thgﬁgrrors made in stating tle nomenclature
showéd that the numbers in wérd‘problems are often perceived by auxil-
iary school students as though they were significant apart from the
objects; that 1is, the numbers are not related to the objects they deter-
mine. A mentally retarded séhoolchild's interpretation of, a problem is
often limited'only by his definition of the relation between the numbers
as given in its conditions. = The students do not always succeed in
peqetrating the present and past relations between the objects which
compose the real contents of the problem. Because of such a compre-
hension eof the problem the children, naturally, either'drog the nomen-
clature or distribute it incorrectly. .

The nomenc;ature for the quantity obtained as a result of solving
an arithmetic problem gan be correctly determined when the actual
objective contents of the problem are understood. It is important that
the teacher ynderstand that in solving a problem the choice of operation
may be brought about even without the student's comprehending the real
contents of the prohlem; the correctness of the choice of operation is
not always a sign of éﬁe correct interpretation of the problem. The
correct formulation of the nomenclature serves as a more convincing
argument here. |

It follows from what has been said that the lack of a suitable
method for teaching formulation of nomenclature aggravates the situation
even when the numerical data and the objective contents of the problem
Aérc not disassoclated, as we observed to be the case when the auxiliary
school students were in fhe;initial sﬁages of problem solving.

Conclusions. 1. After four or five years of instruction in the
auxiliary schools, the students have usually mastered firm skills in
performing operations in calculating within the limits of one hundred and
even of one thousand. Nevertheless, they do not solve satisfactorily the
typas of problems that are indicated in the‘brdgram for the third,
fourth and fifth grades. Most puplls in the sixth and seventh grades
continue to solve these problems unsatistactorily.

2. By reproducing the complex relationships in the conditions
of the problem, the interpretation and solution of the problem are
manifested. When the second grade mass school children have correctly
reproduced a problem, their solution is usually correct; after an.

.
incorrect reproduction of the problem there is very scldom a correct
155
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soldtion. Such a connection between the reproduction and solution of

problems, although observed ig\mast cases, does not appear to be always

true for mentally retaédedﬁchildren, who sometimes, notyithstanding an

incomplete and distorted reproduction of a problem, solved it correctly

and, conversely, a correct reproduction notwithstanding, sometimes

solved it incorrectly. .
3.)‘Even yhen the problem is reproduced correctly it does not

always follow that the relationships-contained in it have been under-

stood. The cases 1n which this occurs are characterized by a peculiar

disassociation of the words from their Concrete contents. The emascu-

lation of the verbal reproduction of the problem is shown by the fact

that "1t not only fails to guide the solution, but, apparently, also

fails to give rise to the images behind these words. Mentally retarded

children sometimes memorize a short text verbatim without sufficiently

understanding it. This appears to be a symptom of the insufficient-

unity of thought and speech, a disassociation of the activities of the

two 31gnal systems. '

This is evidenced by‘those cases in wihtich the problem is reproduced
fragmentarily, incompletely, even erroneously, but nevertheless solved
correctly. In these cases, valid operations are accompanied by quite
unsatlsfactory wording.

4. Whenever one type of problem is changed into another type in
the reproduction, the problem is usually soiyed as thouéh it were of
the type indicated in the reproduction. The fact that the problem was
changed is evidence of insufficient differentigtion of the system for
-learning in mentally retarded schoolchildren. This sh;ws that they
perceive the terms and expressions contained in the conditions of the
problem in an extremely general, diffuse form. Consequently, mentally .
retarded children express the situation in the problem incorrectly.

5. Changing a problem from one type into angtﬁer type occurs not k\\
only when a problem has been reproduced and subsequently solved, but
also when the solution took place without a prelimlinary reproduction.

Such a change 1s caused by the special "gulding" role played by the
terms expressing specific arithmetical relationships in thHe text of
the problem.

Again, thls testifies to the complexity of the interaction of the
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. Signal syszgaz\}n<oligophrenigs.

6. Thepeculiarities in the way auxiliary school students learn
the language are revealed by the exaggerated fole which they give to
-arithmetical terms and expressions, and their mistaken interpretation
of these terms and expressions. These peculiarities,consist not only
in an oversimplified interpretation of the terms, comparing them to each.
other because of a certain external resemblance, but also in an insuffi-
cient understanding of their relationship to the other words in the
sentepce.

7. The peculiarities in the way mentally retarded children learn
the language are even more distinctly revealed when they solve.siﬁple
problems given in an indirect fgorm (in other words, problems-in which
the operation 1s reversed). Psychological reéearch shows that tﬁe
texts of such problemg are difficuizrzo understand not only for auxil- |
iary school students but for normal schoai;hildren as well [11]. The
difficulties experienéed by auxiliary school students in solving in-
direct problems are magnified by their misinterpretation of arithmeti-
cal expressions and terms. 1t is particularly easy for them to lose
the ’bjecﬁive contents in such problems, so that the solution is
diregcted along an erroneous path.

8. The predomiﬁant error in solﬁing simple problems appears to be
choosing the wrong operation. We must note that this error 1is not -
due solely to the reasons we indicated in the previous paragraphs, but
also to the conditlions under which the solution takes place, in parti-
cular, to the character of the proﬁlem solved immediately befcrg the
new one. Mentally retarded children display a tendency to liken pfoposed
problems to what, in their experience with problem solving, is the
"freshest'" in their memory. ,

9. ‘Certain errors in solving one or another simple problem were
peculiar to that type of probYem. The number of erroneous solutioms,
and the character of the errors, permitted us to divide the eleven
problems presented to the children into three groups, in accordance
with the deéree of difficulty they posed for the students.

Probl;ms with direct operations enter into the first group with
the simplest problems—-the addition of two qudﬁtities, finding tﬁe

remainder, and division into parts. In the second group we add problems
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in which terms like ''so many more, fewer" enter into the conditions,

problems in increasing and decweasing "by so maﬁy times,"

and problems
in finding the product. The children make more mistakes in solving
these problems than they do in solving those belonging to the first
group. Ang. finally, Fhegmast difficult problems, involving compari-
son by determining the difference and the ratio and problems in
div1s§on into subgroups, constituted the third group.

lD. ~An analysis of the errors made by mentally retarded children
in writing nomenclature in the solution of problems bnowed Lh;t they
often perceived the numbers in the text'of the problems out of the

w\ ‘context of the objects to which the numbers refer. Mentaliy retarded
schoolchildren often fail to grasp the entire system of relationships
* within a préblem and are limited to dsolating thek?elatidns betyeen
the numbers. Since they do not grasp the relatiqﬁs between the objects
and the relations between the numbers and the objetts, the children
either drodp the nomenclature or place it incorrectly. The arrangement
of the nomenclature serves as a conviqcing proof of the character of
% the auxiliary sc?ool students'. comprehension of tle problem.

"11. Errors in the notation of nomenclature in problem solving can
be caused, !in the figét place, by dif%iculty in abstracting from the ‘
grAphic sitgation contained iu the problcm, and, in the second place,
by the students' changing the objective contents of the problem and
disassociating these contents. ° ]

Q* 12. The errors that rise through changing the objective contents

‘ of‘the problem\or disassociating "them. show that the students' compre- 4

hension of the real contents of the problem is -insufficient, although®
their &Foice of the operatfon in the soihtion may be essentially correct.
In teaching children how to solve arithmeticﬁproblemé it is necessary
to pay serious attention to stating the nomenclature correctly, and t
present a single system of requiremeg&i for the way that ‘it should be
written, since using thé nomenclature helps the children to retain the
objective contents oe the problem in their minds.

13. The characteristic way in which auxiliary school students
solve arithmetic problems te;tifies to the profoundly unique quality of
their perceptual activities in comparison with students In the mass

school.

\




There 1s an urgent need for the éuxiliary school teachers to
subtly and precisely consider these peculiarities in developing methods
of pedagogical influence upon mentally retarded children. This is of
prim;ry concern in the teaching program. There can be no doubt that in
this way a significant increase in the level of the auxiliary school

students’' knowledge and in their skills will be achieved. '

Some Proposals for Improving Instruction -~

in Arithmetic Problem Solving in the

Auxiliary School

Having investigated the characteristics of the way auxiliary school
students reproduce and solve arithmetic problems, we are convinced that
the levél of their knowledge and ability in this sphere is insufficient,
but that the possibilities fop!developing their knowleage and ab&lities
have not only not beén exhausted, but to a significant degree have not
even been utilized. .

The successes énd failures in the schoolchildren's mastery of the
fundamentals of the sciences are always tied to the~condrete organization
of the pedagogical work, which provides the conditions for the achieQe— :
ment of the childf%?%s mental development. As we observed over a period
of several years how mentally retarded schoolchildren master arithmeti-
cal knowiedge, we became convinced that wé should not consider the .
characteristics’ of thelir perceptual-éctivities unchangeable; these =
peculiarities are closely related to a definite system of teaching the
children, and depend upon the character of that system.

Improvement in the curriculum, the textbooks, and the method of
;eaching in the auxliliary school does not, of course, completely remove
all the peculiarities in the thinking of mentally tetardea children,
which are due to brain defects, but it does give the children a chance
to attain the ability to solve the practical.problems of life more
successfully. The search for a right way to teach mentag!f retarded ‘
children .becomds more successful the more, we know about the character-
istics of the way they attain knowledge. o

The chief distingulshing feature of the way mentally retarded
children interpret and solve arithmetic problems is the pecgliar "
disassociatioff of the worhing from its concrete contents, and, by the

i
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same token, the neglect of the objective contents of the problem. 'We
note that in these children the second signal system is isolated
from the first. Thus, in teaching the children how to selve arithmetic

>

pPro , it is necessary that they gerceive the correct correspondence

ﬁbetwee eir practical 'experience and the verbal expression of this

r
experienoe A@“ N

The materials in our investigation and the experi%nce of our best
neachexs allow us to make several proposals for a methdd of teaching
problem solving in arithmetic in the auxiliary school.k Above all, we
must ,see that the students' practical experience in calculation and
measurement 1s enriched. It was noted in a series of investigations
that schoolchildren of age 8 or 9, upon entering the first grade in
the auxiliary school, do not have the necessary practical experieﬁce
and do pot possess the knowledge which normal preschooclers already have
at the age of 4 or 5 years [19].

"The auxiliary school arithmetic syllabus and a series of methodo—
Iégical aids [7] recemmend preparatory studies in the first grade
which shouiﬁ;enrich the children's spatial and quantitative concepts
ahd should prepare the children to understand arithmetic probiems [91.

In studying pedagogical experience we succeeded in establishing
that the best teachers attempt to pass on to the students their own
practical experi;;ce; such experience should be consolidated and
generalized.‘p using arithmetical terms and expressions in speaking to
them. They direct the child to analyze the reality surrounding him.
To give the children knowledge about large and small, narrow and wide,
high and low%and so forth, good teachers help them to see these
properties in the objects around them. Operating with didad;ic mater-—
fal can only complete the child's perceptual activity and ensure
generalization and consolidation.of his knowledge in dealing with real
objects. Only after sufficiently acquainting tﬂe children with real
objects do experienced teachers turn to working with didactic material
and cénsalidating the children's knowledge by using plctures.

It 1s well known that dentally retarded ehildren have difficulty

" in applying kﬁowledge obtained under particular conditions when solving

practical problems. Pedagogical experience tells us that 1f didactic

material is used chiefly in teaching these childreﬁ, they will not always
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be able to transfer the knowledge and skills they have acquired to an
objective situation. The principle of the visual methods in instruc-
tion will be formally observed, but its result will be insignificant.
Didactic material must be regarded as an auxiligfy method which is signi—
ficant only when the children already have a definite, sufficiently high
level of oriemntation in the surrounding‘reality; it helps give the chil-
dren an ability to abstract from concrete reality and to generalize about
this remlity. If the child's prégtical experience is sufficiently rich,
working with didactic material elevates the child to a new, higﬁer level:
if the children's practical experience is lacking, working‘with didactic
material does not replace ity and is therefore useless. ,
Before teaching mentally retarded children to solve problems it is
necessary to help them build and comprehend everyday experience in
that sphere of reality and existence in which calculation and measurement
are used the most.. When he comes to the auxiliary school, the pupil has

a vaguggconception of where milk, sugar, meat,and bread are sold; he

.does not know what methods are used to measure these products in selling

them, "although he may have been in a store and seen this process many
\
times;-'ﬁe usually does npt know the monetary symbols, and does not

understand the very process of buying éhd selling. y

The students must be given a systematic education in order for them
to deyelop more precise, systematic concepts in this sphere, to enrich
their knowledge and vocabulary, and to become acquainted with the terms--
this develops their thinking and speech. Acquainting the children with
this sphere of 1life through pictures aad books has Héen'shown by ped§~
gogical experience to be ineffective.

The best teaéhers of mentally retarded pupils prefer to extend the
children's experiencg by giviﬁg them a practical acquaintance with the
surrounding reality.' Under these conditiong the words, terms, and expres-
sjons are closely relatedpto the objective world. )

To illustrate thesénstatements,let us~dq§§ribe a‘series of pedagog-

ical methods used by teachers: ‘

1. excursions accompanied by demonstration and practical execution
of the actions and operations,connected with the purchase of products,

2. organization of tﬁrd;ama "to the store" in class and after

, e
school.
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To acquaint the children with what is sold in one store or another,
severaf excursions must be made. One excursion was organized around a
special assignment--to see what kinds of stores, booths,and stalls there

‘are on tliis street~—-''Here 1is a bakery.\ What do they sell insideé"; ""Here
is a dairy store. What do they deal with?"; "And what is sold in a
pQﬁrmacy?" A

The following 'series of excursions to a store were made with the
aim of observing‘the process of buying and selling. The children dis—-
covered that there are plece goods and goods that are measured or
weighed. EKere with the help of the teacher, they bought something, and
a}so became acquainted with the corresponding terms. Thus, the children
became acqua}nted with 'various stores. They discovered what is measured
in méb?rs, liters, what is weighed in kilogréms, and so forth.

e When-second graders visit stores, they must learn that it is possi~
ble to'count‘objects by twos, fivés,andvtens, and that certain goods 5
are sold in packs (matches, cigarettes), doxes (candy, pastry), on f
spools, in balfs, in skgins, packages, etc. The resulits of.each excur—i
sion were discussed and consolidated in special lesson-games (the 1
game /'in the bakery," "at the dairy store," "at the pharmacy," and so |
forth), in which coins are used freely-—first one kopek, then ﬁwo and ‘E
three kopeksf: Fach pupii glued together a box for himself to be used y
as a coin box and kept his colns thexe. | \

A strict system and progression should be observgd in conducting
these lessons. Tt is impossible to convey a great quantity of new infor-
mation to the children at once on a single excursion; it is necessary to
secure a certain amount of information, and the corresponding terms, on
each excursion. The lesson-dramatizations which we mentioned above

(for example, the game, 'to the store') have a special significance.

Each such lesson should have a definite goal, fod example,_ to give the
children in the third grade information about the relationship between
the quantity of goods and the amount of money necessary to pﬁrcﬁase them.
The children should apply this_ information indeéendently in their prac

tical activity, for example, 4n buying lunch in the school cafeteria.

Measuring is a necessary part of the work in teaching elementary arith-

metic in the auxiliary school. "It is an essential stage in the studies

which prepare mentally retardgd children for solving arithmetic problems.
’ £
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According to the contemporary methods for teaching arithmetic, questions
involving instruction in measurement are introduced rather late, namely,
in the section on the study ¢of metric measure and of compound concrete
numbers. In accordance with the program for arithmetié in the auxil-’
iary school, the children in the second grade are acquainted with neas-—
ures only in the measuring of segments and liquids, and in the third
grade, using the measures indicgted, they are given practice in measure-~
ment. We are convinced that children should learn to measure in the
first grade when tgey_are first introduced to numbers. They should
acquire skill in heasuring long before they become acquainted with the
Ametr*c system of measure. (

The mentally retarded child, during his initial instructiom in
.calculatian, forms the concept that a quantity i8 an aggregate of objecEs.
This concept is created as a result of enumergting groups of objects,
but‘i; can also be created as a result of measuring. This is one of
the most impor%ant sources for the formation of number concepté, as
the foremost prerevolutionary methodologists (Gur'ev [5]4, Galanin [4],
and others) pointed ou£ repeatedly. A ‘

.'Pedagogical exﬁetience shows that if, during the very first stages
of instruction, the child, in practice, carries out measurements using
conventional, everyday units of measurement (a spoon of sugar, fwo spdong
gf sugar, three glasses of tea, two bowls of soup, one lump of sugar,
two steps, and so fo:th);\he will also, in this way, obtain a concept
of number. Children can measuré liquids in glasses, or‘éour tars of
sand into a pail in ordér to strew it on the garden path afterwards;
in lessons involving manual work they cam measure the length of ribbons,
s%ﬁfng, and so forth, using colored rulers having a def{inite léngth.

In this way the child forms an elementary concept of how many .times
the ruler 1s laid down according to the length of the tape, and so
forth. | #f—Q/

Measurement in the firgt stages of instruction 1is usually performed
with coqyentional units: steps, rope, rulers, pieces of paper having
a spécific length, glasses, jars, etc. At first'the childrcn learn to
do manual work with a "measuring technique'; ea.g., they weave mats ggt
of colored paper, thereby gaining a sound knowledge of the significance

of the terms "long--short" and learning to measure b plaéing short
i & y
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‘strips of one -color onto long strips of another color. A great many - '
such lessons involving work with strips must be conducted. in order fo
consolidate skills in measuring. These skills can also be consolidated
in lessons involving manual work wherein the length of strips of paper,
the lerigth of laces and ribbons, pieces of material, plasticine, etc.,
"are ‘,measured .
' Such a series of lessons in the first grade in Arithdetic and
manipulative work should be omganically conﬁ&gted with lessons in
the study of numbers and with lessons in impfqving skills in calcg}ating.
The fgnd&men al xeason for such lassons 1is tﬁai mentally retarﬁedvchil—
dren obtain’ owledge of aritﬁmetic on thg basis of practical activity, °
implemented not only by hearing and sight, but also by touch and muscu-
lar sensations. When the children possess a knbwledge of elementary
arithmetic based on practical activity, it is quoubtedly easier for
othem to approach the solution of problems. '

‘The methods we have set forth are direcééd toward giving the pupil
an opportunity to accumulate practical experience to use in future
problem solving. - '

The teacher should pay special attention to extending the children's
practical experience, so that they may comprehend the functional rela-
tions which form part gf the conditions of the’ problem (time and dis—
tance}'épeed and time, and so forth). In this connection it is impor-
tant to note that the teacher should, gp the process of teaching, uti-
lize the children's practical eéperien&g, not only in the initial, but
also in tpc subsequent stages in which the students learn to thoughtfully
examine the conditions of a éroblem. ’

Many psychological inéestigationa and methoddlogies emphasize the
meaning of womparison organized and conducted in different ways as a- .
means which contribytes to a bétter'mastery of the material in a parti-
cular educational discipline. We believe that, even in the initial ,
process.of comprehendiné-various arithmetical relations, it is useful
to take advantage of comparis$n; e.g., '"There were somg candieé on the.
table. I put another piece of candy on the table. YWere there more or
fewer candies then?'"; '"Mama went to the store and bought some bread.

Did she have more or less money afterwards?' ;

; ""Vasya bought one pilece

of candy, and Misha, [ive pieces of the same type of candy. Who pald

more money?" : '

164 : -
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These problems give the studente\gractice in ascertaining vatious
' mathematical relationi. Although ‘such*an analysis of the canditiegf of &
. the problem -appears to be generalized, it nevertheless serves as a step-
. ping stone to a higher level of analysis. In solving probleés in adéi~
tion and bubtraction, the, children should always focus their attention
'on the fact that?in addition the number obtained becomes greater and
conversely, that in subtraction ke number obtained will be less than
the first number. Many exercises shoufg also be done to consolidate the -
concept of "as many as.'" The pupil should name the quantities which
are greater than and less than the given quantity.

All these enercises should be performed on concrete material under
the conditions of a well-defined activity. This can be effected in
handicraft lessins, in wh‘ph thergpare various Segmehts of”ribbon,'

v braid, and paper. The students can perform the measurements with the
segments, aithough they do not know the conventiona] measures. 'FExper—
&of one or another -

ience has shownsthat comprehension of the essential

arithmetical operation is most effectively achieved by the independent

-

activities of the child. Experienced teachers understand that if two .

piles of books or nﬁkebooks are lying on the table and the pupil is
‘given the aesignment, "Add one pile to the other,'" "Pile the books

together," "Shift all the books together from the table to.the cupboard,"

tt

"Add oné.pile Of notebooks to the other and give them to ge," or "Bring

\ the chalrs from the other room and put them all together," while
. 1 _
erforming the practical operations he is learning to add at the*same
LErrorming prac operations 15 10
time. These are practical problems to illustrate the Operation of

I -
subtrac®ion: certain obgects‘must be taken away, removed, cut off,
4
‘ot carried away from the total quantity of objects.

4

After the children learn to follow such instructions it is poqsi—
ble to combine theseki:erations with calculation. For example, before

ling the groups toge her, the child should count the number of books
. A

in the first pile and in the seccond. These pracigjcal operations should
prepare the children to picture in reality the conditions of the prob-

&emb, and to become accustomed to taking into account the sequehce of

the changes in the quantities Contained in the problem. . ot
¢ ,

The teacher's serious attitude to such exercises helps the chil-

- -

& . .
adren acoumylate the necgssary cxperience with practical operations and

r
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wording. They will use thie .experience as a basis in the future, for
;~solving word problems, and for qituatiéns in which they have to‘
imagine a eltuetion on the basis of the. conditionb of the probLem. Thus'
befare passing on to the solution of arithmetic problems in a text \\
"is necessary"to conduct a great deal of preparatory work in develop ng,
and enriching the children s concepts and imaginations. . '
- *  We believe that at this. stage, when the etudents are- doing exer—
* . ‘cisee‘in solving,problems with real objecte, it is already necessary

ach them to- verbalize the operation they‘heve performed. The

'ﬁmgxixnﬂd say,- for example "I piled the books together," "I ° .

gethered the notebooks to ether,” "I added," "I’ took away,
g ¥

"and 50

. forth In the next stage of the exexcises théxbrverbalizations should

‘be related to the other pupils: Petxa pjled the bgoks together,”

1t

B . Vasya addedﬁx., "Lenywa carried away, took away...;' nd so forth.

* Then the pupils should be taugﬁt“to compose several consistent related
s
eentenceq describing’ the operationg they.are performing, for gxample.

:”Lenye put two notehooks on the table. FEtyd put down,fivé more end‘
piled theg together.'" These verbalizations ﬁbould accompany the |
operation or should ﬁoLlow its performanae
¢ The verbalizaLi%p of the operations helpe the child geﬂcralize and

copsolidate the@zin his mind. The anithmetical ldnguage mastered.by
the ﬁhi}d;pleys a'decisive role in the developmént of his arithmetic

. “ thought, and in the traﬁsi&ion from visual conceptions of quantities.

to'geneta}izg numerical concepts. Spccial work must be conducthan

Jorder to teach 'the student to verbelizc the opcratlonq which they have

. performed. Such exerciges serve ds a pood preparatlon for understand=

)

@ g word problems and have great impgrtance for developing the correct -
interaction between 'the two signal systems in mentally retarded

. - . . - N
students. oo N . = '
~ ' . . ¢ . ' . ‘ - ' :

i \ ngudying thelegisfing practice of arithmetic instruction in the
v(\\ -’ . A .

”
»

auxiliary school, we ngted the extraordinarvy ‘speed with which the ~
tez>b9r5 shift the students from solvipg problems Tnvdgving_roal objects to

go lving verbally formulated problems. This unwarranted speed leads to

the gventuallty that the student§ do not see either the congrete contents
. ° ) . ’ o . - ' * . :
+, or the-essence of the mathematical expressions fn the probloem. {

To prepﬂgﬁ_the mentally ;e%é&dé&-chiId {pr&ﬁolviﬂﬁ arithmetic prob-
: ‘ , - -r

¥

'Lamd, to prevent his-disassociating the words from the objective contents,
- ‘ » - N -
. .

. ' v
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it is necessary &§ enrich and generalize his practical experience, to
_ systematize and_verbalize it, and not to give the child .word problems
too quigkly. Md ver, the pupils should, whenever necessary, return
to actual operatiens with real objects. ‘ ' ‘
Oun\material permits one more conclusion of serious pedagogical
signiﬂlcance, it is necessary to consolidete carefully the ability to
"solve problems of a particular type. Pavlov s experience in the
_glifferentiation. .of conveational faotors ehows that the frequent repet-
ition of one or another conventional factor does not make it a more
specialieed stimulus,. Specialization is achieved by contrasting it
with closely related factors. Our observations of the reproduction
and solution oi simple problems showed that the frequent repetition of
word problems of a certain type, having similar components and similar
\ wordings, really did not.specialize the‘recognition of this type of ’
problem and its correct solution. It can be supposed that in these
cases the- comparison of one type of problem with anotherswould have .
furthered the’ pupils' formation of the abiliey“to distinguish and

.

recognize them correctly. .
An examination of the methodological literatdre dealing with

problem solving, an analysis of’ the auxiliary school students achieve-

ment level, and speciel’experimental investigations devoted Yo 'the -
) det etion of characteristic ways ‘that they reproduce and solve prob-

lems, have'snown that one of the main sources.of'unsatisfactory'tesults

in teaching'mentally ret arded hildren to solve problems is that spec-

"{al teachin& fethods are altothher inadequately evolved and utilized .

tonsideting the profound uniqueneqq=0€§the mentally rétarded child's

t

cognitive actlvities

i
N

The material which we have collected dealing with the level of the .’
‘auxiliary school students' knowledge in arithmetic, the data about their
reptoduction and solution of problems, and also an analysis of the ]
experdience of the best teachers testifies te the neccseity of giving
serious attention to the imprchment of the cu:ricflum and textbooks,
and to the perfection of the mcthodo}ogy for teaching problem’ holving

- in, the auxillary school.. The data we obtained indicates the necessity

~ of long-term instruct Yon preparatory to solving problems.

A

In LomgiTThg\iixtbodks, the inclusipn of each type of simple prob-
1em as&ﬁd of thL ch ldren should be justified, anﬁ serious atttntion

a‘ ’ oled ’
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should be given to the order in which such problems are orgamized.

Methods of teaching the solution of each type of simple problem must

be evolved. Special attention should be devoted to the transition from

solving one type of problem to solving &nother t&pe of problem with a

view to ensuring that the pupils will recognize and solve them correctly.
Methodological devices of education shoulgd be specialized, in

order to better take %nta‘éccoﬁnt the uﬁiqdeness of the menﬁally

;etarded scheoolchild.
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