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PREFACE.

This'text has beon written under the auspices of the School Mathematic&

Study Group as a means of preparing one to teach the SMSC text Nhthematics

for Junior Himh School, Volume I. It att.mçts to develop the,basic coutvIt

necessary to understand and teach the mtterial ,.overed in Volume I of the

junior high'schooliserios

Also included throuchout.this toxt are comments on suggested methods of

prosentinc this m.S51. rial to seisienth 6radors. Additional helpful hints can be

found in the SMSG Teaclicrts Commentary that accomianifA Mathematics for Junior

High School, Volumej. Thu, it would be quite henefielal for one to study ,

th1 :1; text cDneurrently with the availaifle SMSG soventh rIrede materials%
. 1

lkithouh designed cc fisnily to aeomvany the aforementioned SMSG text,

the mate/'ial, presented hreln,should adoquately prhare one to teach any of

the so-called "modern" approaches to seventh cyade mathcmatics. Alrost all

of these procrams have certain key' fatures in common, sueh as:

. (a) 'rasis O tht: t 01 1_(. of tia: fundamen'al ope.ra,ions;,

discusn'of properties and structure of the numb,...r system;

(c) attention to coneopt noh-metric as- iul us metric oometry:

(d) i-;:ploration of other sz,TistlIT numeration as a deVice for

stren6tneninr the underst:Ninv of our own decimal systom.

It has been the experiehee or teachers who have participtIted in such pro-
."'

,cyams as the SMSG ono that sevelnth coun::stor s well as teacher show

far more intLres and onthuslasm I n their studios of !thtmaL I. thn is the

ease with traditional.proiyams that prosenl, a heavy li'lflphslis on eomputational

techniques. TVs is not to imply that comp4ation is neglected in the newer

approaches; rather i :is developed wL)h careful attention puid to me.un

land understanding,.

In this text, class exercises are Interspersed throughout, with answers

given at the conolusicin of each cllapter.. Answers to the end or :thapter exer-

OI,Ses arc to te found at the end of th, oxeye:

pleted as soon tui the material irf road in order to stroncthen ideS pr.:sented

within oaeh seCtion. Furthermore, each chapter closes with an additional col-
.

lettiOn of exercises to Frovido praot.ie of key ideas.4-A series of mazter

are available for preparinc projeetuals to kVX: in conjunction with th0

&-W-cahrse btmed 01, ttqr hOok.

1
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This text wan 1,--ritten with the .thoucht thut it, would bQ used in an in-
.

,2ourse for whieh there woull' IL,Q an incti;;actor' or ionsultaht available.

however, suffi,.:ient detans have hreen vresented throuw,hout so that a'teaher

should be tofmaster the matyriai fadcdentl,y.

AlthcuKh these unitl are based on Volume'I of Mathematien for junior Hin

School, it was ne,:essary to pri.nent f;OrWe ideas that firJt appear in Volume II

in tqder to proviac F olto iture in swo areas. Thus, the sct o,k7 real

rrumler:.-; in (Itinu,n7!.d hcre althou.:,h they' arc .not'ormslly tv!ated.
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on or drawin;,.. 1.urdon;;" hut the word "horce" is not th 8.! animal, but lc ratber
s yr:114A r(.1.r anl.mal. When w writo tho symt.olL u, VI, ar ... p we arc

Titiruva1 form.; or IlalriQu tor a number Conoept. It) 1.ie Fr.( wyspoak
1,

1.:11:. "i7 and 11=1:2Z1111:.; w11.1.. :Iuu U. am .. numher.
aro) or oV no.%cst,ary and
other ;..)-.:47.i:-Lon::: this pm,..!ision ped.autit_.. A 1:.:,-.45,2i.an, when speak.
in:. to a -olle.tacuy, Ir.ay reer to a iationt1:: .roF.o it a -,11.11o.1,1:.:: tiaLic.nt

ol 1._"t",

k'Ld'. 01' niirtLer7"---:.140:;k' nunz.rul_r art.. . 3, and T1du

15Duld iiowr.ver, rr,q.5ui....nt15 hoo:-,.. to .1-1.tt. "the nu.m.-
"`r:: ; .2, tanti ;:tait,. our me;,t11.:::
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game Qonttnues inithic fashion. the game is won by the player who is alae op

. his turn to Ne number, from 1.1- ',.=; 3,
w}Ach makeF the total

uum 5u. The same number may II.: piQked many times at denirfA..

A I;amplo Gamt,

A
ehoo!.; r + U.

A t.hoo:;t,,t ; 13 chooses, 114 , ;(.)
.!1

A ! '33 chote;:, ;

A
hoo se 3 + =

A

A B .; -6 4

A eiloo:e. -;
.7 47 4. 4 .

A
I ) 4 13 11(%c: ; 7

fr.

4

11

o

(

i'a r oi'f t 71.ht., .-lanc r.:(-! r:7 and rlay tniz, camo. Can you find a i,att.rn tLat

wi I :nai le you to /11,ays win ti:is ome?

.T. tnis matnematies? we -would filv it is, for rennon'und deduct,lon,ntlwn

yCP-1. to,answi,r tLe LI: cve oui.-stion.s. Tlin came ha:- a ::.5tlir,.... that If: de!;1!a1 l

in the ,%1..annroom; it may i,e varied. .For , tnts came may't ,ft!la,-,edw:t.L

the humi-',=n-: I, , _:, ...1:, ,, I'
and winninc, :u11: ... In.. :11.: :_, 1,,,,,, (.::: G.1r,'

1;a1V vartionf.i.
.

Laztte tor,..yaml-1(s or a motnemati-nl !molcm or 1-1;!c10 whieh may

without any formal knowl6de of milt Lc mati en. it 1 r amirin,. to 11 ay

and it is 1,1):'as,uraLl.,:: to dif,.ove.r 1..:1,2 strategy of ett:t. tio.zre arc

vriatLon in whi-L tn, nuiw trate_4.:.y ir not men d,.many ntudent;.:

have an oriortunit! to
In the rt2mtilmicr of tbi intrplvition e::amine in detail sow,

problemz .41114 are 1.,pii.1.11 of tho-.;.; t;iven In enapt,; 1 o Matnmati-:;.!'or

Junior !ILL School Volume .1. Ih(Te ar,: many uct roi'lmr,; their obje.'t

to increase.intfmnt in.mat1J:AtiQt; Tney should not Ie ilowell to become

frustr4t1ng. A simple question at the r.4:ht may lead t1A-:, 1.7tudent or

class in the rlOt (iireetion.

a

st

A

,
.tit,tt,S,tg,SSZ *tt.t,t ,S.6.41*At"Pl
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1%.;110'.71nt7 rCEAT...on:r1,-

raar'77 er all !lave, thr, r.atnc:.' n ,-f1,1 or, and 7- hal

them have tn'eThata.' wel...71.4 and

a t-1,1a ulc, h.ow I'ind the 1.,eevy marile

!r yr I ,21%

H11.. :7; r, 1:0 Ott t j 1,01 Many

, 7;!:.:.-ittttt.7 to 1. JIfl bk.:,:aunQ tis(: r#:,lat ivc,Ly lurt:y cr
c'W.-1111.u't i, nvolv-d. tt,Ct

f't:Ciati ,s1) 7-...77.:11.tir I 12.1. iso' 1. :71:- nt)1yr'd r:rtt..
T!,t' !' ;.-ood t-xa.;;;; I= t.): : i :71t4:1

ftiri ly a

tai Z rt 1 1 t 1.01 't'att't

11 At;t1 t S:4 a Ttaitti 1. mar: 1,'
on, S

()Li !,,:

Ottf 1:71krt:I. lOOK rot

n't

:7nou1d r:(ra nrric.' o !s'' tttttat. tstilt:t.cr .1'.4 '7" it
placed in c!1,2h pai; (tray) of the Leam.i:alac. flv a1i d. 11 u- =..nat

.is a need to eonsIder eases,
4
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While IL not reornmendt..=.' that
the !-_;tudents work. their way case by

case u; .to tho cdse of marblvs, a row more cases may be helpful. Can

tLy heavy ;;Iarlo amoh.L. Sour marbls always be determined in 9ne

In two Having: done the problem for four marbles, the' prol-lo:71 of

five rlarble:*.. .lo dont,.

thQ ea3es with a smaller humbor of martles has served the pur,pose

tho :,rotiom formidable and :zivco succe3tiohs for doinc

the ; rot !;,-ht mart ics. Wo muot Le .:arofal., howover, that -our spe 4Rl

ca:.or do no !..15 It may a:Tear for the caaes alTcady dohe that there

is a re7.1. way to ait lu tat.. an ovnn number nf marlles and an

odd go..11-:.1.:2!:. To do pro; tom of marble::, it may ccem that

tho :ho_ild 1%. four m:7irtlos aca inst four Th 1J- wouls1

1 ':. 01 0 lOur marbles ,'ontains tn=., marl le.

elnow :.= rot I, no that t to deter-mihe

7,-ar: if, from a:liont rour

if 1.7. :=..rof.' it le- to do the ; rol le-m as ;:tated,

thih: he ". the was:" io

1 mst:"A.-: tion ' ::1:",-21; a :id odd

: fit! ;; :: !,i

1-
1.0 adi

me: , ..d a:- r.; h. a:

ru:

:%(.41 :"!: l :

lz?
!.:2Z.zyd

4. trt. :"=r amoh. 17: I

":21ri. . ilI A 'L.:L..; !,:;

I d that i
-

,11.4( 1. .
:1-tt

urotA,,.x. I., torz,t, Lot,. t..!.n2,=::. i=, rcA I:

ix:portant ror tUaat alt ttiy to prod.lco ans.wers awl qual4

'portant 1,-h;:;.:. t:.oy not 't
for-ed into :-amo mod of tipA,,Lt- a= t'w:21:"

This. 'las:-
:troiosed orL:iriany, .o,.o.torfeit.

I I

,yz
±74.7.7
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a

&now!, six coins identitJal in appearance there is one
,00in. It is kuort ti2t the oounterfeit 1; made

from impure metal and doer, not welEh tnt. samt7 as the Genuine
What is the smallest hi:J.:libel of welt:Th:1Es with a

balane which would be revai.red to locate the counterfeit
.:oin? Will the answer chanws,e with riditional revirtoents?
Are additional weiEhltit:s required to determine whether thi.
false .ein Ls too heavy 01' tue

Uhi i'rotr=m::

44444444,..,...4.1 AM. k

Ith hovo wurited ovo lems 'ma mat -1au.s ,tall tin 1.7:ursal
14%,. A sjvt,h -omios.,'d of :cc,m,.-ns.,. llhe sycz.......htt.: or

ahd IC fi,'cre without liftint: his
t.on on,t .oy..'red. Try

Anyono who has attemp:..ed onf.7 01: the :puztle:t will Ile surpris.,d to earn thut
.1.he unuer Lttanulut.: .involved matiletwiti.7s
is required. Unirsal i,:.ot.lepts,are another -(''-)od Illustretion of te ewor
and .rersati,lity

ft



AEstin, let us bein by exaMining some simple problems. Le- us see how a

student nlic!:1., :,Q eneorui:ed to make dis._-overies.

Th I I a;;Ily trad !-Ibc:ordinr, the rule;:. t1/1. i'iure

\1/4

witb;)ut 1.,:.1)1 n t1.1.. 11.tt.1%:

L-m;tLi. A trai.:1.- t.. t wi-zat

be!;:, n at A but MUSA a t B

:tiq!-nt a tht7,

Thht it t I trio:

at A?

r'4%:=1 ' .12!1 t

'Why -1_1;11 :ti .!,!-c.:su 1..ra t.'rb- L-in or

n ?

A

Is it pc-,=itie to 1 ; cIrr- Lovo1 I 1-t. mtiy ou tart

at any pointT

446,444s1=7,---

a!

IF!.4
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We woulU like to make some ieneral statements about these prclbluas, iV

poss.ftie. Tho rt1 which nays the penil.is not to ne liftc,d from ti*le paper,

tells us th a l'iture composed of two disjoint l)artsscannot k. tra.::ed success-

fully. To uhe a to:hf11,,:al word: Itny fiv,ure whLch uan traeod aucording to

,:onni---,!td. In the last four fi.ures, do the answers uonern-
.

=le.1_,end on tnt:.: huiluber 01 zeglients meeting at a I.:oint?

.rfs thu roDiuti,In nlay not dope:r.i. -cp(!n thc: t?)tra number

at n ;u:nt; xampi t n ii. 1 kc,:h7,rdin-

th tnn :ntmnr nn--mont: ht u Parit t the

t,,p,rty -id -xampl.::- ti,at a 112.i..cfc31.1 tra,!ihr

nt mt lii c:r at

r iz.

;

! t t:'" " ".t

:

.!

;

(,)44'.'

t: ''r' t th iut
: `: 1" "1. i t

7ST

t''")

1.1 nc,A tr.trii! ! tht:,

munt htnp at the ptniht.

L-t W!, :!t nu odd ;)e,:frit with

an t-Ad nunto=r t;'!at it* it :L.: hcJt 1;oint
. . ....,,..-t-',,ti A r."''it:': t'.., :1. ::' t.",t, .s.! :,.:init.. 'ELI.' t - . :: .11, ,s11::A.t:':1_'

4.1...!: tttt-tt tl.'n -itn ',, t.:ttt :ntly 't -. a t:tal..11.nt p.7.int. 'el. !:;ay !::,iy t!--at anf

:_.111117pt..:Int 1. I:: :I,..)t. . ..,,,:irit. 1..,:., ,i. :::P:.rtirly. 1:v,'Int. '.,b., :nn.:,; .7.1c.!-_-..:.:i.!.'y ti,-.;::

points ,A traft:t1,- .-tarting: point, intr71:-,liate p0int7:-, and

end pniht.. An odd 1. nt th it.rt: :: noint mu:7A

.ht i. i i ttt t to; intL4rmL1.1:,.t.L. tiFt Tu.. ;.,;1 odd

nt r-pi ;,t1! t nr_zzt

xii

sr.

`

,



In a possible tracing problm each odd point glust be a starting point or

end point. Since, according to the rules, there can be at most.one startinc

point and one end point, a fi-.,ure which has more than two 21E1 points,cannot be

traced succeocfullw.

. Is it possitLe to trace these fir,ures without liftinE your pencil and

wit-out retracinc, any segments?

'(c).

(-0). (1).

1,3ni,2urt-al pr.61.1.:, or trciri plac.rn mathomati.

The mathemtician, E;11.t:!., (1(01-1-(,) firA th systematically study

in with.th- Koentp:sbeyg brid6c problem. Euler was

a prolici=:: mathmatici4n; hi coIlectd rtrf, tiiJ o>in dited.

It e::timatc.f! that ovo r i xt .17:e voN1.::; ii I ut red-

,

many Int re:Ar. wer ... the pre.)pevtien of f.1.11rc.:7 in coae.

sphere
146

nphere witti a hipdle

For example, Euler was the firEft to t7,ive a mathematical way of differentiat-

,
-e

in6 Lvtween t-;e to tht V1O rt

Euleri n f;olvInz:. sit. this prb1(.1Ti aftd the Unicursal problem was n part,of

-the bef71nn1ng of that branch of mathematics 1-1nown as topoloEy%

Fp=, -Euler wrote many mathematicalftelks.- -t.het4i been.elaimed that untii

the recent lurry e)f :IlathematIt text

r6v1t.rion of Euleris texts.

A



Gountin6 Problems

.
In a sehool diass of -;;c:, ',upils all the pupils take either Frenen or

Gennan; 21 students arecenro.Lied in French and 17 are enrolled in German.

How many students are enrorled in both French and German?

This Is an extmple of one form of eounting problem. Let us analyze this

problem. There must be some students Arolled in both French and German, for

otherwise there wouldjtave to be 3.e. = 21 + 17 stLdents in the class. When

%,--2 add l and .1.7 we are countlng among the .1 .those students who are

takinr only French anithose who are taking both French and German. Among the

17 we again dount thos-e students who are takin.:. both French and German. The

sum, 11 + rebresents the number of those stIdents tainc: only French,

'those rtud.hts takini. only German, and twice the humI.ter of students taking

both Frenen ahd German. The numter is the 5ui,1 of tne numner of those

Frehch, German; and the number caking both French

and lierman.

+

Gc.rma : +

fiow we t.he t1h 0td. m,ist irem th:s we may

:f only l;rens.h, the nss!er only

'" "Lt e.f the ham,

ravd:

.1n 7J11 o:* 1-,,co:).-.A to

a fore.:h iant:ant iludents are ehrolled in Fren,ni,

rtudents are enrolled. !in C.,rman, end are takinc

No .0.,n-r fer,-1;..n iancna::..,s are offe:--d. it.ir

led ah,l German, .- in

r!ftb YA.:Idiihrsianl tn : in l,'reihn. and Rui:sian. Are Liny

rtudents takinc three lancuages? If so, now man7,'?

The.:AmilarIty te tw:en this. itm Ilem and the pre:!eding, ones is cleal-1. The

, larity may suL:st that we begin the 1,roblem 'a,before. If ,.,,,,, add.

4.. ,and. 85 to obtfAin 310,, we find we have aedountcd fo l. the students who

tak:ng s'aat U, a stsudwnt wno is bakinG Frenez, and,,,

Russian has been hounted in the students taki.hc ?hendh and a,saln Ln the

students taking :Thus, it Is not surprisinistnet the num,

ter total number oe tudta 22 pT.o.se we att&Ipt to reprel:,ent

if total number U.:" students in berms

!

111.1.nt- c,,r varius 1.arwuaces.



'Aus, froTTL 310 - + + 88 ,,e'muzt subtract th duplications. With

some care the student may complete the solution in this fashion.

Caution: Subtraction to elimthate the duplication may result in other .

duplications. (There are exa:!tly students taking allthree langu :s.)

In the next.eh pters we will see how, with tl:e aid of a littlqimathemat.ical

ndtation and knowledge, the reasoning needed to do this problem may be much

simplified.

Some of the many facets of mathematic have been intr dut-ed in the prob,-
..

lens we h.vve discUssed. As examples of some other aspe,...ts of mathematics to

come'e will list some problems' which you may thir, about and even solve now

tut whose solutions will be natural conseTIcnces of:the material 'to be studied'

later. Ahsweeh to these and the otheriorotlems presented in this iritroduAion

are included nt the nd or the te.xt with the chaptr exercise answers.

There are tnree houses on a street. At the curb there

are thre cutilities; watcr, eletriic, and ran. In it

joss:ble to cenneet'eaYh utility to house wi

;connections crossinc each other?

UrQ tO c weirhed Ott a bala,2 cale by coarrt-

jt :-,tandard well;hts. If you,wihh t weigh -, in

:eufvls, (vtween 1 pound and t, poundh, . tht.

,,fflient het of t..tandrd ans

rmaLP-:t borFible number el' wolz:hts
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Chapter 1

sers

Introduction

peveral questions usually arise among mathematicians, educators,,pupils

and parents atput the pedagogical soundness of the teaching of sets and set

language. Cluestioxis are raised as to why, where, When, Snd,how sets should be
..

introduced irithe seventh grade curriculum. Some argue that a separate chapter

sho!1ld irie included; some say that concepts of sets should be introduced es they

are needed; and some educators claim that sets are not needed at ell te be

"modern."

There is merit in each gf ..these viewpoints, but in tflis book we will tok.s-

the position that for the junior high school youngsters set language sho;:17d be

presented primarily es it is needed to clarify,mathTmlitical concepts. ThP

reason thet we ere including these contepts in a separate chapter in this text

is that, because of tnp limited tim- e teacher has available to spend on an

in-service program of this nature, familiarity with bet language will expedite

our presentation of other mathematical ideas appearing in later chapters. The

language of sets will giv- !s a precise we:i of talking about certain number

ideas, propr'rts of operations, end geometrical concepts.

1.1 The

We qay that e aet IS a well-defined collection objects,. What is meant

by this? Certainly we know wilat is meant by a collection:A bunch of .banones,

,a herd of elephants, a set of dishes, the things on my desk, and,so'on. When

we soy it is well-defined, we must 1;.e certain that the descripUon allows us to

-&ftermine.without ambiguityyhether or not an element telongs to the set. The

objects in a set need not be related in any way except that we treat them.as-a

single gioup. For example., the set consisting of the number 5, the-werd

"Tuesday," and the moon :Is p well-def:ned collection. However, In mathematics

we usually speak of sets with elements that have some property in common. For

example, the set of whole numbers, the set of primes, or the set of points on

_

..

,

,". 'WA*"

Ate
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There are many t.,:e of,describing a set. For example, each of the follow-

ing deseribe the same set:

The set- of 1.,ho1e number f,. batween 2 nd 12.

The set of wkole numbers from 7 hrough 11 i,clusive.
4

The numbers 7, R, , 10 and 11.

(7 8,,92-10, 11)

(8 10, 11, c) 7)

Notice the usi of braces ), with the members on-elements of the set

in_luded bet4een theme Frequ n ly, an arbitrary capital letter is usea to

name the set.

M 10, 11)

\-

The "thinrs in a set.need.not be objects YOU can teolch 'or see6. The set ,

all Beethoven swmphpnies does not ccntain anycoricrete objects. .You may

have heard some of its members, no»evez. The set of all football teams in the

United States is a 8et whose members are t:hemselves sets of alayers.

3umetlImes the symbol "c6 (sty1i7.ed Greek letter, ,Tsilon) is used to mean

"is a member'of," cr "is an clot:lent of." Thus we ean exprets the fact that the

nuMber ;c a mr.mber of M ..a.bnve

W. cman express the fact that the number 6 is nOt a ember 01 et M by

writinr

At timZ.s, we encounter a set which contains no members. Such a set is

called the "nal set" or-the "empty set," and is designated by f ) or 0.

If set B is the set of all odd whole numbers less than 1, then set B: has

members and we can write B 0. Another c::ample. of the empty set is the

set of United :.;1-,Eites cities located in the province of Manitoba, Canada.

Often it is inconvenient to list all the members of a set within braces.

The_pet of letters of the English alphabet could be shown as E

Here a pattern has been established.and the three dots mean "and go on in like

manner" to z. The set of whole numbers may be shownias W
.

The fact that no element is named after the ellipsis (...) impliez.that the

listing of elements does-not terminate but rather cntthue on in the. same

pattern without end. Stich a set is called an infinite set. A finite set lb

, a set whiqh may be counted with the countirw f.-:-.)minu to an end. Set E above

is An.exAmp e ;if,a finite see while set W Ilustrites an infinite set.



Same other examples of finite sets are:

.P = t2,4,6,8,10);

Q\--,

'the empty set, 0;

the set'of people in the United States of America.

Some Additional infinita sets are:

T
0

the multtples of ;?/7-;

the 'points on a line;

the set of prime numbt:rs.

Class Exercises

1. Tell whether or not ach of the fcllowin sets is well-defined.

* a. The set of states of the United States bordering the Pacific Ocan.

b. The set of small state..3 in the United Stati:s.

.The et of all wholo numbers which are not multiples of 3.

d. The- set of all .ho.le numbers between 0 and I.

e. The letters which are in the name of your school and not in

youg last name.

Describe each" the following sets,ih at least two othe:r ways:

a.. Ail oz:d whole numbers from 1 to 12 inclusive.

b. M

e. The set Of inteers i4reater than O.

The set of whole numbersobetween 20 and 30 and 1.7,reater th 50.

;. Tell whether or not each-of the following is true or false and explain

your reasoning.

b. (P) 0

co' [0) 0

I. .17 4 (5,6,7,8,...)

e !'

f.

".

.
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4. C3assiiy the folIonnr sets as finite or infinite.

a. Set of all WhoIc numbers which are multiples oT 3.

h. Set of all numbers _x such that m + 1 =

c. oet of E;rains of sand on the beach-of Coney Island.

Set of all positive integers smaller than 0.

e. Al: mathematics textbooko in the United States.

Let M = L5,7,...,nf1. What are the elements of thin set? (Beware.

1.2 k 1 ions Between.Sc7ts

A

Consider the set or the fIrst 1.,tters or theajphat*t, A = (a,b,c)

a3 the set ec;ntainin the letters of' the word't!ab, B = fc,a,O. Since the

ordr in wnl'!h the members .;A' a set are ii:Aed c i=lateriaI, we ,can say,that

thest twb sets are identieai or stva1.. This oan be Written us A,- B.

Oemembr " here means "names the sane thini7.

Thin?, of the :7.(=-; A ,-.
i). arci C , A -Atching

or one-to-one-,,i2122 may ie illustrated between these two L;ets a4;

A

C

A ene-tne as,:eiates eaen element ef r.et A to an

eemnt f et C ir each elez;ent of sot C tf.) an eiement f et A.

Obviow;ly, other matehin are p)s!;ibie with the sanw two set%:.

Certainly :1!t, A is N.c)t equai set C, ' C, sine they do not nal,

the rAxls i! elements. it,wever, they do have the same eardinality; that is, the

came number of members. Therefore, we sav that set A is equivalent, to

set C. The equivalence of two stta 18 frequently written as: 4441-41.C.

_Remember, two s,ets are equivalent' ir-the elements of each ,,an be put in a

one-to-one eorresponzienee.

It i-iwo:1,1 be apparent from the deelnitions'that all i',qual f7ets are

equivalent, but not all equivalent sets are equal.

If twe sets havt, no members in common, we say they are liaLL21. For
'41141L

P
.

example, cmisider sethe ts E = (6,8,12,14 and) C, r ( thf)17,9). "itote at R'
.

and S have no izommon members. Therefore, we say that li Una ..D

,. are'Als- -,
,..,....f

loint sets.

. ,

sI4



Think of the set of members of your claiv, C. The set of boys in your

class, B, is a subset of the set of members or your class. This may te

represented by drawing a sketch, often called r, "Venn" diaGram.

Students in Boys in
Your Class ',Your Class

(set C) (Set B)

To writd this relationLhip in mathematical.language we use the symbol

which may be roti "is a subset ofl or "is contained in." You can now write:

BC C.

The discram at ri ht ustvatc
that the set all red flowers [1 a t:lbset

of the set z.)r ali Let the set

of all red !2alleA and the

set o au f;nwers c ea2led F. The

relationship or f: and F ean thon

written as: PC Y.

tt kAP n,- V, nn 1ij1rini that the :;et 1 'j

,::. all 'an.1 that t.4:e tt al] tulips

to the sot

Let the set

expreosed a

all'tulips be culled T.

C: and

c F.

The above rela nnhip4may now be

What can you ca aLout tl 'eJ at7777.N.Lhi setc fi and T 7 Y(

tainly,thave to say that tulips.are red aud are thus contained in set 8.

-Ibis is why the sets R and T are shown as overpptnt ovals in the diagram.

"..4ut you. VeT slay cannot say tilpt T is tme. Why not?

40,

41.



0,

4

. .
f,

As anothe.- examplc let us and WI. the subsets of =. (1,3p) . They

wou'A he: (1), LA, ;!.7),
and the empty set, 0.

Any set ;era sulocet of itcel-, and the empty ret is consi:.cred tc be a subset

or every get. Mir ray be a litle learer'if ycu eonsider the et ;Tom,.

Di.k, Harry), where we now think of thr: ret .)f three hy Phcne name:. are

Tom, Dick, and Harry, and not the set of three vords--"Tom," "Di,A," and

We nov ack: "In how rawly ways eoald you ask none or some of the

three boys to 0 tothe ball 6ame wi:,h you?" The answer is that you Qould

ask any one o4 them, or any two of them, o: all three of thm,lor none of

them. Thu::, the ZAILets are: (Tom): (Liek), (Hurry), "(Tom,

Hurry), Har-0, (Tom, DLY., Harry.), and 0.

Wo iA4) stute't ronlit of a siptGet in mathemaLiotil a uaet a COLLO'aa:

Airo,

.1r every element ret S beloncs to a set f, then

44 cald to e a culicet of T. W,7 tt -
oontained Eh T; t!:at Ic, CC 7*

For examT
, .

suLf;et:: itcelr; namely:

SometimeL tne cimtol (": ;, noil to roTp.r.on7. a ;,Utz-Yt of" and t:.e

only to rci,rt:rent "i;:; a rrop rni:;,,t

:(t W.' T i

tit(
-cot,

ClaE;L.

C T,

h :il!) ;,:o.Ald 41 1 (11'

(1,), an(i.

Iiraw Venn diacramr illutrutinc th-

a. B iE a proper tset of A.

.and n are propm tqul,fttF ci A, und B and D are divloint.
^.

15 and C are propr sub.Itt. of A, and and C are not

.344.4.-"14 and Lo

a. Find K, the ;'.et of. all numt6r CtloncInc to totn ; and T

is K. a subc.et of C 4 of T 2 raw a Wnn diti6ram illuotratinc

this.

44
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b. Find the set of all nutnbere etwii of wij.csh Zo S or

110 T or to Loth. (We never in,.,Iude the ::ame thah

on e in a set.) In M subset of S I I. T a subset ut M

Is M

k.7 Find . the silL6tItt OC M, whieh ,:ôntal_s all the odd huzsbr

in M. 012 whit'h othf:rs of our sMbts in thir suts,bt:;..

The co] towini-- ta! tAI:n

NAmber of
Set 7ner.;. SU1

2' 0C

4". 0

/\) 1.0:1, iL,O)

how ma:1y I -t1h i'or:;1(,:i

!.. ? z.k.t:; ;%,,,tho

; f .'.::.",. ':f' t-r:

:.'z.

;:.1.1 !

:Jar u ! 1 i !.. ; t ,

Suppoce 'ther,e b0y3 4:an: !kat dQwu und ,YOL; uu t !JO,Y6 witn red. hair 4

ttand. Let thi_!= 1.e the followini,.: set:

(Siam, Toni, Cbrr).

would set Le? It wo.:Id tht

San )

4..4114Ablist i lltd the lutersetion of telt B and 4et R.

. ,two et 1h zalidler an,o!_eration on thes,e

WaRktr, .

1

, ' 4%1; -

111

au-a,mrammanacaa.a-. -a, spa.,



The intersection (symbol,r)) of two sets is the set of.all

clemellts '2ommon to caoh ef the v:iven sets.

TJet ,-ohsider two other deCined as

G -

,H

follows:

From thesC two sets anotiier set, K, may be foiiiçd ose member!, appear.in

noti, G and H:

K _

K :2ousists of t sic l-Atern that sets C land H have in common an

tnerrore the intersetion of tne two sets. This may be written as:

t', 6, 10) -

or

on H - K.

atso e used to illustrate thLs idea:

n

iii(a:at.oh the 1.hterse,-tioh oC the two sets.

flew -onsider set R (1,6j,-,;)) and set 0 . to,1,7:J,,A. Sets P

ahn y,hve ho ,nelern in -ommon thev are d:soim rc.tr.). TherAre,

or tho two hetn ih the ,_mi.ty set ahd wo write hfl i.i 0

Draw a 11,: diai.:ram 11it.ratinj. tijs

Anotner operation on sets is the =_Nombininc of two seth in siv.h a way

that ea;:n of the members o t.ne 1WW set is in at leant one or the two (Liven

sr:ts. Recall acain t:no member: oC the Land and tno red-naired boys. If all

the boys: who wre either In the band or wno had 'rod hair wem'asked to stand,

we would have the net:

(Bill, Carl, Jirs, Tom, Sam,.

This is ealled the union of these two sets..Lalm

The unioii (symbol, u ) of tvo Eets is tile set of all

eents tnat are in at least one or the L'ivn

tit= 11f,-.ctrowt_ frwe, ,-=-,,, , ti` .
."

-:4544



As.another example, oonsider again eet G (4,5; 809) and

set H The union of net. G and set H (written GU H)

would be ( whieh we shall designate as set L. Therefore,

GU L. A dia6ram such a tn followin6 may be drsingki,to illustrate

this ideal

C; U H

The snaded ref :ou how the union oz' tho two sets. (Remember, there 1.5 only

one humLEr -, one f. and on,e t, Urefore, O, and :2, are inoluded

on,..e in L.:,e union.)

all a,:ain set H and set S it,( A. Then

FA) s

Can-you Illunrate this with a Ven diat:rum?

We would ii;:e to intor,'-est a note n-re mu-:, of this shapter is

pr F.O as Lae.2?,Eround information !'or tea.hers, and that most textt)ooks

for stu'ient,!; intecrate tnese collpts, as they axe needed to develop

some mat:,-..mat:.,.al Idea. However, some 1;arts of tLis matorial may :e presented

to a --lass as a-littIe side trip. Most youroter:', 4u1oy tLis a:; somethin

different and fairly easy to cresp.

As these ideas ave iresehted many vii.uat aid: may e used. Setr of

:'ontainers) and tte use or overead pro,!eotuals adapt them-

selves readily to.thi.7 ars. Different solored 8deet:: of L.-'etate ..ut in

various shaped end pLa.ed on tl:o stai:e of the overhead 1-xojttor dt-pftt

clearly the interse,:tisn and union operations.' The student needs to be led

to die...over hove mathematics-for himself, and this tmic is one in whioh this

mazi be done quite effectivel'y.
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Clan Eyerciser,

9. Given: A = (tOreof)

B

( ,

( 9

14:lir

E td,f)

F (h,e)

of the followInc zentene.5 are true?

a) itJc. h (tj LU ;' - A

(b) EU C

A U

) A n c

nc
(.1 C ("'; (Eu Fic (En 1.-)

n (k) (Dn E)C (DuE)
(I) Dn F

10. !-01. of all nalAerr.

1.)1 J nuni

rtl.. of all odd

no (1) f,En oiu
.u 1: ( (on wn

t: -) ,.. U .:%

:. ;;; -
4. 1_ 1;!,1 nil 10%

to , ; , 'LC--

of aef:. oy Tf..,4;

Of s..;trutur 01 Llie L;;:z.je-'t 1%t;

6rf_:tlt T1,e LItwg.0 like "and" and.'"or," "IC" tifid "only'

iv," and "not" find zznth.rrtond:n,;- and

miri..mder:7tandin;:,

'.._

Lo Ac on!: to oftn

.03111,non. wordr.,, ' ± r (D. t

of ditIonary meanint. for .,7ord su?),-; ar rat:onar,..r1,1'21marina-y',



in

field, limit, term, faAor, ranee. When these wordE are used as mathematial

terms, they do not have the meaninrs eormonly ac-::ribed to them.

On the ot.ner nand, tea,..:herl: of junior hiEh shool younL-aterz need to Le

,arer'.11.1_ of fro:n their tuth-,,ntn in the wPv of veri,:al

Certainly 1.-xt:oot and tea,..hrs need to he pre.-ie in their 1ani.-ud'E6 tut

perhal:: t-y o e :.venth c.rader hen not .siffi..'iently matured to enaLie

him to mal:::=,..7,tatemnte in as pre,.ise mathematie.:al wo,Ad

0.11 of th thinL:s e art: tryinc, to train him to do! We mut -y.eop in

mind "Aru .:ommuniQatinc with our !tudent:-.:, and are-

they ...ommuni,.atinc with ea,:n othct?

mztkc,, te C. tii,! ::t1-.10,,Uff:: of to

comm:n:1,4,at nlat:,yc.1 e.::ample, En.'L:ch

of Uniyd Aat(,r" neltr ,AntU

may ht r',;tt ton WaC

or thc pref.:Ident of tne

not, "i 1-

r
r' WCIk

,

tre'

Symtoi

a trtt,t (: ) a fal!-e and

%or

1::,

:..

"is equal to"

nclt 'e:qual to"

thah"

thah ir

- >

<

C , any wholk.-

, 0 I

7-44,
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None of the examples listed above is an open seatenee. They all make

true statements about specific numbers which are described or represented by

14 numeral such as 7 or by a mataerimtieal or number phrase sach as

+ If we want to write an open numaer sentence, we need to uae an

2..Ea number .parase such as 0 + 7 or 17 -El where the symbol is

used to 1:4--1D you remember that the empty spaa,, at to be filled by some numeral
~

from a aiven jet Because symbols like 0 are awkward to typP or writeawe

frequently use letters such as a, x, or y for the same purpose. Thus, a

simple open auaaa,a- phrase may be written as n + 7 instead or El+ 7, and

an oaca number sentence as n + 7 . la% What whole number or numbers will now

make thif.1 open sentence a true sta caaat? In this ease the answer is easily

obtained ay trial: 3 + 7

;.

10, while 0 + 1 + 7 10, 2 7 / 10,

We see that c the only numuer which does the triek. It is

anly replaaaanent for n ths will maav tae santenee true.
S.

Waat whole number or numbers will make the open sentence a < 5 a true

atatement? by trial we find that 0 < 5, 1 < 5, a < L < a,' and
a

( <aa, and so on, are falsearo true z-tetement:-.; while a < a,

st tr. Ta we see tl.at from'the 1-et of whole =.:=Aers (0,1:

0:Ay momi.orf of L:et

'alat Ut tae open aen

into words ty 5Ciy1

Tae waole namaera wiji

a, -a aake tae statement tr

We ean tranalate the rPnt n e

eeraain aamLei- 7 is less :.aaci 11."

ahia a'rue ata meat of inequality are the members

Tala aat num cr: is 111.1d te truth set or

::OiUt ion set oa tae oi s aenteuea n 4 Sentences with the vera "- "

are called 2quatioaa, wh.. r aa aentanaea wlah any or the other forhs 1Lst.Pd-

z.1Low are ealled ineqaalitiaa.

'-aa ;7; in our atia aences iS te estaa-

fiaa a one-;..0-ou aorresponaanae aeawaeu hO saa e1 waale na ja,rc,

W and a aat of -artain points on a linea In 4 later

aaapt.er we will aaaociate all the poiats on a Iin witt; the s!!:t R of all

real numbera. We simply draw a alature of a line ii i arowc on aota ends.

Startina at an arbitrary point taat we label. 0, , we mark off e:ua

iatervals ahat ar it1 tb aet oa :n

-

0 2 3 4 3 6

k.e ti VS1



We call the number (!orresponding to a pok.nt the coordinate of that point. The

order of the whole numbers shows up clearly by the posi,don of the marks;

5 > 3 indicates that the coordinate of 5 is to the right of the 2oordinate

of 3.

Now a pi...7ture of a solution set using the number line ,_:ah be dr,arn.

Consider the open sentence x This open sentence )1as only the one

sblution, 5. (A solution is an element of the solution . ) Thus, the

solution set is (7). On the number line this solution can be represented as

shown be ow:

The soluti ,

I lob
0 I 21 31 41 t 61 71 113

+

is indl(iated by a solid dot.

In the exampl; that follow we shall restrt,!t c;

numbers only. The solution set of the incauallty n < 7 can then be

represented thu

,_!ussion to whole

0 I 2 3 4 5 6 7 a v 10 11 12 13

n - 4 < I

izat t1 n repr:Ltsented the hui:U)er ,., 0, tilen the

open number Ourast n would represent a neLativ 1nte07,r. Clne we have

restri.cted our disxussien o the whole numbers only, t,hese 1;umi ,rs are not

considered -as part of the solution set.

Note that on t:le n-- er l;nr- we indicate tic solution set by heavy olld

dots. The solution net or n - > ,iannot Le ..ompletely rjr sehted this

way a,,ause it ,,'on::;ists of all whole ntlruber rroater than 11. However, we

:fin represent it Ly tif:7avy dots up to the arrow end the word "irvomtlete" to
,show that all the whole nuMbers reprez:ented. Ly points-still further to the

.ziglIt are also Meiabers or the solution set.

0 1 2 3 4 9 10 II 12 13 14 15 06 17 (incomple e)

h 7

Other notations-:ar t! sometimes used to illustrate this same type of solution

et-o a numter line. Picture$ of solution aets on the number llnes are

'ealled.the .craphs of' the solution hots or truth FX-1....5 of the_respeAlve me he-

-,761,41004444entAtnees.

13'



Class Exercises

Give the solution set of each of the following sentences, u:AnE the set

of whole numbers. Then represent each :oiution set on a number line.

11. x + 7

i. < 7

13. n + t < 1

lh. 3 h _ p

l. .1:11a!ka;11. Number Senthnc.,-;

x 4

16. K +

17. 24' < 30

1. 3 - 6 < 5

T. c,raphinE of simple inequalities, ac illustl.ated, in the last section,

ic ii:ou onvenient way to rind and picture the solution set of compound

number sentences. Sucn sentences are formed by combinations of two or more

nimple sentences and the connectives "and" and It or.v Examples of such'com-

pound sentences are i:Liven below;

x > 1 and x <

x < 1 or

(c ) (x > and .:-*() or <

Recallinr t!p:: de1LnLion : Jnt,orset ou and union or sets will help us

in finding the solution sets eol. uc 2iampound sent-ncs. Example (a) will be

true when i.gpstimple sentenoeL) ar'e truu. This means that the solution set we

are 1;cekini: is the nte-1..tion of the solution et of the two simple sen-

tenous oonsidered 1;eparat1 y. The two solution ai-ain using only the

numhers, am madily fuund and graphud.

x > 1

X

0 2 3 4 5 6 7 6

mg 4 4 4 + -I -LI I

0 2 4 5 7

-
TLe soiution cp!' x on Qr

x < t0,10L11:;). We may show the :1o1ution :7-et o t ,,:asiDound st.!ntenee,

by :iet notation

3

-r1

,
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1.6 Conclusion

Ac we stat'ed earlier in this -halter, the languace and the properties of

sets will be used throuG4out this Look wnenever these enable us to oxpedite

our prt-sontation mathematical ileac 6LOWt nwnacrL., operations, and reometry.

us looi; ac,ain at one of tilt wountinc problems from the introdution

and anal;yze it usimi, set lancuacc and Venn diai.rac. Then we will leave one

for you*as an i'xercice. .s:ometimes it more important that we find ten ways

'to do one problem than to find one way to do ten pproalems!

We will illuutrate tno first ount.in pmllom oiout the ,21ast-='of

pupils, all takin:, a foroicn lancuac. Twenty-one are enrolled in French and

i-rmun. How many ôtudents arc. cnrotLed. in :oth Flaneh and German:

t. : id1 takin Fren-n F, -I

t num!, 1. of ' .2:2( .t..wo

:rem portin tne

not G

Do ou atf;re.,:e'i

Suns,:titut-,Int-' In thr tnow, P.-,vat ion wo

and.

tal.,:ne'Gorman

:otn Pr6,n'n and iman woU1:4.

mt

Li

J.4211:st one rerol...i.n

tql.'nG)

n(Yr) - 3.

crcfro tn.:2 -amLir in !l_i_on of Or

pu141..; tkth

I

--tftt

Ai.Jo
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"11

12. Find the solution set for ea.+ of t

/P

foklowing sentences using whole

numbers. Shev ea' eeh Solution on' numbemetine.

(a) x > ;' .and x < 6.

() v > and x < 10.

(0) x .i; or x < %.

(d) x < ) or x > 1.2.

(e) (x > 5 and x < 1L) or x <

13. Given sct U of the whole numbers an4 cf.A. 0 of the odd whole nunbers,

ohow with a diacriun how a one-to-one corresponthinee.:may be set up tetween

the:; sets. What other observatiens Qan you nake about the matching of

11,(_. two infinite 3et.1?

-f

t.

-\
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Answers to C1aso Exercic 5

arc ,LUt , cind

1.,Ltry

4 ( , ',1i) , or ti sot of odd w1lotc

Tt,. set o!' 'ountirw numterr ark. o; 10 1.1ndttlz;o

101., or O od: 10 ,C ihi

or ti:(

0, or' t'oyz: ;' r tcti .

Truf, 114 t.; ::.t. 2 )

f.S :s ,s

= (; z.', t blr= r=

crIr in t:, rr nr, rt- 1.! r.J2

i

0:' , ":. " .1".

4..ay t. odd ;vc:4 ,

tr,e :'i rt ond I ri Nurt.11: t
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0 1 2 3 4 5 6 7

0 1 2 3 4 5 6 7

L.
0 1 2 3 4 5 6 7

... . t ) r- )

0 1 2. 3 4 5 6 7 (1
. 17 to 1

11.11
0 1 2 3 4 5 7

n'1.77:;_ 1%1,, t. t

0 1 2 3 4 5 6 7 8 (

L. , 1.0 " * i

0 1 2 3 4 5 6 7 8 9 10 4
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0 1 2 3 4. 5 6 7

0 1 2 3 4 5 6 7
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Inuroduction

Chapter 2
NUMITATION

'14014) 144U;*-' Nt-i-

ot.' numeration are invented by men to meet thoil: needs to expres

number idea. As ,2lvilization thoe needs, older numeration

systems have eit:,r expanded or civen way 'to imiiroved systtms. Staking the

nt:::tory of the earlier nystems provides bw.:kground .Cor tewnlers to tea:.:h the

sA:ru,'ture Of the de'Imal sy:tem or numeration, ..ioeien!.'; paiiilo,understandinc

tne 1es Q.0 nnmeration, and provide:: a veni,:lo l'or review that is

re;.etIL

ne WVitinr, for 'tan lumbers, in

o.x!.ohont. to wr:te nam!.-f*, aad in eawied

: nr :1:- Inal% :r.Lty 1,e,'013:',* 3

Air th!...m. Some h numier oter than ten

make:' .'omi.ar:on syztemr vitb 1,Le de-imal :!,.stem, thus

,..nlderr:tandinc
L(..:y:: and who

excrion'e "InliU:nr" a ;:y:Liter: to a banf.' o%ner t::an ten no loncer take cor

cranted n.im:s:a-,,ion. One additional !oi:'!t o1d he

T..ea undorbtahd. material et'

t-Lurd r:1,:1).21:11C LIDO lijt :== 1,1E0 in 1.(3":tint:
Ori.:CF.t

0.1 vt116:, r,:bf_10!i:-:.11 :Mu

nts hot :e to !n.:r.'hio t .Jn' or

op. marte'r In d:iTorent

1..o; bat vor t moevn matnemati,-:7, proc-ram.

1. r 1 me.ra

In arimitive o:' iu10

at in clount1ng "one deer" or "two arro.." Tneir langiAage indiate, that they

had not learned abstraet worth; for numb:r c)eoples learned to

use,numbey to 1,..eaT record. Sometimob tney tied iuot in a rope, or uocd

i'ebblez4, or mar; in ,.:t.t.-ka ro;.rcnt ni.irJer.or

,:ountod. A b0.7 rountinz- ner wnnid have ..41. or ru6n
.

make not:hen in or mark in tni-

would reire;.:ent a stule L;t:ef,--,p in on-to-oao 'orrosi.ondene

rlieep. The name kind'af record is gade w4on votez in a clai:a

. irc
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! oarly i soundL, or nânle:3, for riumbets.
nam,.: :or numt A r3 n,5,,r

"Or!Q " "two"
...) and ,'-ord .

, at npr !21:!Lerz.:

. 1
,+::: ',", '.:.

.',;. !":.

;i c. .

Z.;

;,, . ; ':` , ;': :

1'0 : a n

: 0 :2

'.' : 7. , , ' ."0.-

; ; t", I

" a C. 17 7 20 I7 I

Oft. of ri,miL,r.1.:13.s for

r.rd t,..1.1.1;71 Cy St. o. 1;::01.r ma:lends ).1ave
3 JOO

1 .9 rir, dove1,0,;:oa tra.,11:2,..2r0 u.r.

,

,:

,A.,4,,44-i------thi;41
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The basi,t EiLyptian :vlabols arc showa below:

Our NU:l1Qral 0;eot 1-:.:.-evesented

straiw or vertical staff

rop:, or

1000 lot flower

1.0,000 1,o Int ; ntlir o beat f rwer

100,000 (o.r

000 men

et

on woo or z-,oue. E';;;Ttlen an

improvement over oarlir privo 'aue in,..!ori,orated

nc deaf::

A ol Dd bo i.zf.-.ed to rcTre:1-ont, nuffibor In

Foy le, tno .r,,Trecented numer ten.

;

a ;:j.,.'en numeral . For

t.ne crou!, of 440 qp ff.oent 1.00 100 i 100' 300.

This z..yc-,t.m Ld on i.'1'0;-c ci tci!-
\

to a heelbone, ten :eell,oi,es are ezivalent to a sroll. na so on.

.trokor are c(luivalent

ta!A.
,ertain numerfalc,.

ohr li'v..,zni(-rt.ii.

.

..

.

11 .:;

. ,.

,.0.,,.co 1Y);

Numeral
lila

_

,

ni mill do iv) IP
,

lpf, tin III

* op, 9 nn lo

ipli op n HI

-ea-tAA

here it 12 pleeed.

same number, twelve

EgYPtiarls.z.;,411.$11(1_111r:,*..r_d3-s9
lk)r e?:ar-11-ae, , it ri a.nd IA I U. represent the

. This is a signifiant difference from oor numerwtion

ant: rolc'. In our numeration

'etem tfle iur1 L,'" and ":1 not tho nanle nuniher.

-,

17'1, P
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Other Ancient Systems (4' Numeration

It is likely that'repst stucl-nts et this level are familiar with the early

Boman system of numeration. If this be the then i 'ou1d he helpful to

('ompare the Boman system to both the Ecy:tian and the present deeimal system

o11 numeration. Wi!ile baced on-croupin.; by tens, Roman numeration alao incor-

porates a modified croubin c. by fives as illustrated in the table below.

Our Humeral 1 5 10 50 100 5e0 1000

Roman Numeral I V X D M

In early tir.,es the Rom:in rebooted Lvm,:els in their numerals the

Lum-,' way I.:Jaz. the Ecy-ptians had doai,' maay :iYarc hi*ore. Later, the Romann

made r:-.;i,tra,.'tion to L.hort numeral:;. that the value of

the ::Aded when a 7.:(mhol a larre-r ouantit:i It
slaed !_.o the left ih the humeral. -rive:: cymbol represeritinr, a smaller value

to !-,he L:-.rt 01' u larcer

frQM Thr.2 filtulont, ;nay he in:..ered in
own rom of ::yctem:.-., of numeration.

hu u. au

with r,)r rinj t.o rc;,recent

:n o: tv:-z.,e=7, tr.) Cor

in ad.clitic,:t ni mL;lt,III:,.ation. It i- not a irlortant

tudc!nt:: l_arn to m,nil,!ILitc nou,Th

thc !'1.7f:-t,-'m to ;,heih wIth the deal numeraijon.

Ex<.rciseb

1. How ..lid the Ecyptians re;,rnt tnh

Z..

ia) 100; 1000; 10 ? ')01 ?

Wr;to several arrancementS of tiea Ec.yi,tiaa numeral for the nunhcr

LTO 12n 71 dd

(a) row .::and nnn

) 421(0 A An ilill and (1(11/I

Can you devif;a a plan for rnu1tip1ItLoi ir E::,yptian nunerals? Try

it c)() ill times 11111

7,

1 : ',o2C,, r,1,
...
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2.2 Expanded, Notation an(i Exponents

There are many instances in matnematit:b in which we use a .:ertaidi number

more tiia on us a fac.tor. Examples are found in the ,,:omputation of the urea

ofasquare, A= sx,s; in volume ofa,.:uh::, '.!...exexe; and in the

volume ofabpherc, V XRxrxrx r.
Another illustration of the usc of a number several times us a factor is

found J.a our decimal placeyalue system of numeration. The value reprebented

by a dicit in a deyimal numeral dependl: upon the position of tht?, 4ijit in the

numeral. 1:ot., tilt, different values reprevented hy Lhi,: two diGits "L" in the

followin6 example.

(1 x l000) (s x 100) + ( Io) x 1)

(1 x 10 x i0 x 10) + (2, x 10 x io) x 10) + (2- x

Te.a.'bb are alread;; ra=illar with the use or Oak:e value in the deImal

systom an shown S.0 the tatle on the nem, paGe. However, some may not be

familiar with writinf; powers of ten in exponential form. For t!'lls reason,

an e.xplanation or exponent-E. it., ;:iven in this tion
Frequently, place values for the deimai :ystem are written more Lriefly

by uzlin the c.,;,:7onntia& form. In cenoral, thp e):bohont sbowt: now mLaAy t;mes

,the base is usod az; a rator in a Valub of the 1lLies are road as

follows:

1 nnr,

100,000

'1,2,000

1,000

l(DO

..

10

"Tpn to the nixth 1,ower"

"Ten to the rieth power"

"Ten to the fourth power"

"Ttn to th*,--thira pewee

"Ten to tht: byond power"

"Ton to tho first power"

*

i)
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4
. All thz 11411j.q% reprennntod-tove are klalled nowers.of tn. In It'

the -6 is tle exvonent and, ths 10 'is thfi- lua4.4 in. 1.0
1

the 1.

--------
lz the

exponont. :31.1-ie 10'-Nuuna1 z 10, the ,oxioneht 1 is l'rociuhti;' onitt:iri.

However4rall oth(er exponents must ne writ:.c; '.zhen expressiniz. povorz ol tzn

in exponential forz

ths 0 _is,: t::at 10 Laz heen defihe=.2

0
here s b1i eaual to one. In rrenera?_. 1,e acr.a. to define a ;, 1 for anyAN
'number a ex-:.:opt O. The convenience of thi:.; dofinition wiii eecom aprareat

later in thic

The use of exponents enables (::s to i:11orten 'the exFr,:nded form of deoimal

numerals as illutrated

, 0 ,, X 1000 ) X 100 ) ( 0 1C) + )

x 10 x .10 + (0 x 10 x 10) + (0 X 10) x 1,

x 10
1

) + > 10
0

)

The '.(a;'ioup forms of repuruhtin the numLer r003 illustrate the use

ofexanded notatjoh. W2hitin nu.mral in ex:.anded h(ftat.ou

meonini of osa,'n diu'.it in 1...n; hulral. Thu for:i! exponuh(x iz soutinlus

-

lu Py 1 rhow-h

1,
X lo-') 4 X le-,/ I (t.. x lc 1)

4 :00(1" 1'00

Not only Ire oxponents uruful ih nrnplifyin the ''writior 1.rodits; they

cruatl i:im!;1fy urtain ;2om;u-iations. of :onl:utatioh :j.11

thu ,Ialue of i Q.7':i'071(... In noto 7he relationshIL

betwut:n uxionunti: tnu .uhd thu oli.oneht rei;alt.

W;th 10

101 'A' 10 10 x (10 x 10 X 10 X 10) - 100,000 10'

10' x 10 --- (l0 X 10) x (10 x 10) --- 10,000 . 10"

'or

x 10-)-- 1 x. (lO x 10 x 10) + 1,000 - 10'
I.

(L x x ;2)

X X -

:
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,C1.114i.s Exercise.:

Write the followi, numbers in exi-anded notutton uf-iing the exponential

I orm:

four buudrod thirty-ix

rivk: t.:,0Jnd, fourhundrod nin(

thoucand,. uine hundred eiehty-oeven

five million, two hundred fifty-::ix thow:and, eight hundred ninety-

:lic !.art!: no? table.

I,

. .

i..). :ins I ii .m.,r13.1

1.)

Pt Exlre!7:lion with
Re!vated F,ICI,Of

C

Exponenti.1
Form

D

Powers
of Ten

(u) 10,-; 10 x 10 10

0 ) 10,i. 1 Fourth

1.0 x 10 x 10 x 10 x 10

(d)
,

L.:ixth

100,000,000

7.

"---

Wri.ti, in dnrd th, numrrAl ind:.-hted

(u) (== )

(L) ) x 0 )

x ( 1='-) x 1)

1,
( d x (0 x (C) x 10

The earth's weight was given us at'out 13,(J0,000,000,000,000,000,030,00Q

poundo. Expre or. the weight of the earth in c:cponential form. A pound

Is approximately equal 1,0 )ilog,ran.'s. What i. the weight of te carth

in kilo6rum:A

Dtd you ever hoar the na)r. "Loogo " uii for u number7 Gtx)ifol

narne riven to a number written ur, "1" followed iy one hundred

ExpreEb tnis nuas.cr !;vo a power of 10,

rawNemew
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+.10111111.
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:or

:Tiny cA.;r tir(!

es,

15, !2"..C
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si, n tivitles
o;' nrttl,er-at ic.7; t ut3
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e?..J:i tik,II:ItA 01 tt;,- . IL' read a.7,

,

1

All rivr.s y ,;(,)%; or

;" .13 !:,14 ould crow 12.1.v,::-

rItcurc

T1,6L-1

zind
five:: and '0 on, :-

I

; . ; n't

r,roui

Li.... ; 1-1

)

1 ' (1.
I :

)

)
)

a. 7.-- :: .

T,

iv,- iv,

-1,- I : : : :.01,,":4)' 'zj : no,. 07)

Lt

I :J..'

n :

;

1LJI.ten
s-

r r;

,

r+ ina Ira .1

J. a::* n

( x 10 )

x TI;) + x I.. ) x

ifY 4- i X 10
1

.41.4 ,

.z I ". 7 .`

)41

rentitlr,lff-r of thir if no Ter.f.:-

riume:rsl, tc,h.

1,0 11::411, rtud,:, nt
1.111;geal Ur tn t.. It is .L.111;:,40rt nt 'o ti1 to 4.,-,1.1.z 4.4_,

grpund Ly of :I...

.ten. Pitwo. ,7,:onotl-,, :::tru--t-1:r

-*

orr 1,--arned rom nt'.;,-.V.

*it .614_1i

44-I.."'
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;.

okialma. 4,11:;:ta.

Quarters, nickels, and pennies may be.9sed to illustrate examples in base

five usihE no More than three places (diEitE). 5tin,7!e 5 pennierL eq.:al

'1 nickel, and 5 nickels evh1 I quarter, irouping of t!,ecr, r.:oins lends

itself to Erouping in ba.,7.,e fivc.

Clpss, Erseu
10. ,I:JOo at thn examrre In tne

(0 How many sets GI' :ive 41s::: tire

How many sincit, xis

) E.:411.resC t7;2 (2r (-;:t

ntilW rel

11. Con1,1 thf.,

roa.: Lank, fly.. 1.7a1.

X .7'. X >. >7 7... Y. 'X .7:

:

A. .

/
in the base te,4 tvstem of numeration tte plaf.T values are power6 or

1=41-1-C;n- Ai k7,t1-,1_fire ne0Ot I f.1-\'27=t Yfl"'2-7

powers of five and fivc dtn are needed. ")

7_nnt tLt.,

.7== die .vallue in tItIn *f7.t:7; r,(1-Wt7T7 T.2n-1 1:71:11 1.1,74-4vA liffrent-

_

.
. dicil-_42 wou1d br.., needed. Thit; mk!:

,

-, ", --1,

..
,
. 4, 5, 6, -7, 6, un,j 9 w/i, 171i.lt asrirn two
s, ,

represent ten Ind eleven; To repree.ent twentK-tnree, 1.11a nui.7.41,;r of ';';f.-: ,L11
7,

_ . e. .

I,

,.."7- _

....

.

=7



NO.

F% -,r))). ) I :'tv nd.mr.,1)a.L, we would rp.:)cd to roup

,X X 2):: a

1.)-)vvn e1e, e wOuid wr;
; : . wI u I. .7J..!.')') $C.).).:' the

'

'

d

x (T X 1 ) x 1 )

) tr.; play

: :' . :. .LI i i ; i ),.1 X i '

.,. -'' 1 4 ..,'.,

I iti'.);V, :

i i.,):.1., :-.T.i );.).:).-:! :),):' oi' d ,.:. ';.1)) in ....j .'..' :': :,'....'. :::, :1, 1... 1 :_., ,; .L: rd. t.e.) dra'..,,, t.a ,:ood '..),..7.)-

pal.11.:.....(3::,

:...1c).rly

a

'

;7.7
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ta,a

'

(d) Separate the set iZ6roups of ze-ven.

There are zevenZ anCt onr-z.

(o) Soparato t!ao zet into rroups of f'ivo.

Thoro are fives an:! onez.

(f) Scparate th -et into izroupn

Ttere Pre four x fourz, fourr and ones.

Serarate tho sr.,t inZo izrou;z of tne.

Tnere are throe X threes, threes and onoz.

So.rarate 1.h zet into t:roul,s of twc..

are two > two > two X 1.',.;.(D X t".? X t0,

X

nre !''ur,h

learned ti:at n rtinular set (DI' ots)...:etz .-rouped by

revenz, or h;,, other nuMuered i,:roups tl.ri...ater than one. 'itin Moanz that

wo ehh re:Tesoat znme number difforont hnmrralr Azia,' different, bases

ta

, to aro

TO 1.L:"::

- 1. ! +
1 ve,

).
1) 14

means of ,_:,n,anded notatioh, 2onvert eak-h 4=erai .:() a Lyn

-.: four

:-even

(

d ;

M101.1
1:.WO

three

Chane-In z,! from en to Cter Basou

,

(is) 7';'d
' five

( twelve

'".

a

You havo learhod ho: to ._!hange a numeral tt- Iao z-sIR_:n to the

correSponding haze ten numerals. It is also ossiule to ;.-han:e from a uase

tan to a. base seven riumeral. Let us zee how this is done;



==1

In base seven, the values of the placessare powers of seven.

70
1,

_1
-7

7 x 7 I 4

7 x 7 x 7 314'

7 7 x 7 x 7 x 7 . 2401 1

and so On.

Suppohe thut we wish to ,.2hange from:the base ten decimal numeral 12'. to

a correspondin6 base seven numer 1. Instead Of actually grodping marks, we

first think of eroups or :powers ven. What is the larzst power of seven

which is -.'ontained in' 1 is 7) the larest? How aiout 7 049)
_1

or 7') Only ( nd 1 arc small enouRh to be contained in 1.
Hence, ( Lhe largest power of f7even inc:iuded in 12. To find how man

sevens .re -.'ontained in 1. we

The quotic-nt, 1 mean::, I::ut there is I '2.even contained in I?; the remainder

5 means that there are ones left acr. Now wr.: are able to write the base

ten numeral L a :-eveh nar,Y-ral.

--"even

Con;idcr ect. -h(2 dc isial numenal 64. to w7rite this in Las :::even, we fia.t-yt

thin of the Larce::-t ila--yr ui r.wven .ohtainqd in TLis is or

(? + C x Y) x 1).

The first division shown easbles us to replace the first blank

space with. 1. However, the remainder l still contains

the first power of seven. A second division, this time by

ILT.' 7, gives a remainder of 1. We may now comulete the

:77

(I X + (e X 7) + (1 X 1)

(1 X X -11 (1, X 1)

:77,CW2i1

1,0 =.=



ogre

Let us ,-hange the decimal-numeral 52): to a base seven numeral.

Recalling agaln.the powers of seven, we select 3!13. es th,- 1ar6est power

contained in 524. Dividilw by this power gives

a quotient of I and a remaLnder o thi. '313
X

Next, we divide this remainder by 11.1.:(2 141

remainini.7 pous:r of seven, 4). Twitinue

to divtde each new renainder hy FT7Y
Fovrs of r.v,-71.n. Now arc- fil to vrite,

in e.,:panded ior, tho sent.(:nc:

,

A (i X t'') +

;

;. "d- L.: .`'`. Q:.

:.
v '

it)t, d

) (:,.1 !)

, X (S... , )

;4 X 1)
-(.1..- X 1)

a

_Ti
,AZ

e

z-;t4

;,- ..LL-v .1%

divi5ion

four .,7,1vo t.n,r n=f--:Ots

we. may wrttQ7

'
-

t

11a

1,1 -4- L x i)

1-; ) + (I x ;1) (L x i)

311_ ;
ioar

42



- As anothtfr

113 , (1 x 64) > 16) + (0 x 42) + (1 x 1)

( x ) + ( x ) + x )

lour

To nu2r:21:7,-. to bt.t:.;::: five n',Irneralz:, ru

:

r

4

) + x

S.

:

)

;.1

'(``,.(1

( i x ) l+ :; ) f, 0 x 1 )

;

N

r

:

.; -2; 0 ?

C.;

;:.



2.5 Just For F4n

1. People who work with high speed ,!Omplters sometimes find it easier to

expres numbers in the octal, or eicht, syst61T1 ratner tnan 1.j:e binaTy

system. Conversions from one :-.yf;tem o the other cantbe done very

qui-2kly. Can you discover the method used?

2. An inspetor of weights.and measures carries a set of weights which he

.uues to check the ac:curacy of scales. Various weichts are plaeed on a

sa1e to t:hek aecuracy in wei6hing any amount from 1 -to 1( ounces

6eeral checks have to be made, becaute a scale hich pe;:urately measures

ouncer may, for various reasons, be Inaccurate for welTihings,of 11

ounces and more.

Whnt is the amallent number of we14.7hts the inspector may have in

his ret, and what must tbeir o-irhts bh, to checkthe accuracy of scales

from 1 ocnce to 15 ounces'.i From 1 ounoo to ,U ounk:es?

Thls'protlem is related to the weihinE prohlem posed in the intro-

;

e uuction this book. It ir also relatd to tL binary numeration

Do you re) relatiohshii:

(a) Con,:ert th?, rnse ri.ve numeral L.. o abase ten nume.ral.

Conv-rt teh humeral .-. to ..,, numeral.

tu::py upcc! the

Inc
A

11

-

1;

=1, 11

Directions: Make a set of cards as Teli a person to think or u

number between 1 und 1 and then to toll ylo-J o,n which ::ard kor eards

it .

'You oab 'tAA hirr) the numhaF by r7ettine; the sum of thJe' first number

,n e'.'ery card nam(d.

Exanrle: The number 13 1.:'shoiwn on il.ards. A, U, owl .1). :Add

an 1.o find. the

.4%



1

A fullor diouo7lon mnd c.xtr.,nmion of thi:.1 card device may be found

on pbce A. of tAe Commentary for ',Junior High S21oo1, Volume 1,

Part 1.

und oz1 uplc:u in

fr,2 too;,,lot, A.tioh, fronl

o.f inzurnuy, 177 Q):1_1'.1!, York N.Y.

In tne martle proi,14.2m*;,od in tiw ihtroIiw'tion of thit. looh, the humber

of r.1.;,irA to loc .1 ymri f,': anlon#7 a n,,iintr ol

Co:r:!1Qt thy follinc

Numbe:: -

of lu 11 I. i" L. 1: 1 Ll . -1 -6
MarI=L:

of n L

WeichiLc.

"

.'; ; "

,:; ;;;P:r1 ; ;

.1,r; ! ;.1.

;

forM.

fn) Ifj(21..

"k.

,(1,)

fd) 1.t7;t2

21

--4.;gr.



3. In tl:e bae ;-'4iven, represent on' 1c5 than eto.h number represented in

Exercise 2.
,

. Suppoue you are paying eaell amount of money lis,ted in 1.11(: 1cft column.

Ruler., of the wame are (1) thN,s,, ou u!7,c0 only quurter, nickelr., hind

pennies for payment, and (;,) ti, , t you ii%:: 1,1112 .tp.sllt numP.I. of colus.

Complete the table.

Arnunt of
Money

li:xample:

_ .entt-.,

Number oV
quarter.,7

1

NumLer of
Nicels

C

Nitrii er of

l'ennie::

12,ase five

NuMeral

.

tve

,'. 'f.:nt,:;
,

.nt :.-

I-

1:
IS

,

%

1. ,

() Is, 1 ,,_,

}

( u )

",t:

3.

(b) "i

7

z)1. :1 ='Zzl

:. ,1 rP,1

1X

ti.ro

1. 1 1.

.d) -four
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Before wo -an c,o l'arther iuto addition in base five, we shall ,:onsider

what tI ddition alJ.:oritiim really means ih base ten. An a4;orithr:r is a way

of reordin4 the thouGht Preses In base ten addition let us talk aboow:

4

4 - 5 ens o ones

tons i 11 °nes .1 ten 4- 1 one ,

; tens i one _ ;1.

To add and ini:ra...!tial to draw end 5 i7roup

tnem In tens and ones, and tnen ;ount tn numaer o!' tens and tno n..i.mher of

ones:, OVen is wnat we really mean addition of wnoIc numbers.

avoLd ;nethod, we treak 1owa s:everai svAl

-a'ted in tn1::

101.101111111111M

M1111M1111111M111

NEE" mummies

0 0 0 0 0 .1

0=1:=E111M10 0 0 0 0 0

; .-S.rt 1 :- n.

;

s

!ti !;1;.,:

r;.,= tn:r. y Thvolv;

), :se

:,nd so n. -4,ay

wy n.. .nat.an ; wf.. only

and.

SOCP1 an; rot 1, base :nay done I:. uny

'the entries in the table of addit o. ombinations. Likewise, addition in any

ean isormd i'ivon tbi-le\VJf adtlition 1nations in tnat

9ur aiL-oriams o:.nist to eiimAnate tnis phys1.yat approayn to J:vobittla.

.:;rrornl, Ine-y an 1 addi tion 1

tlr:.nn7 every ste -p. tis:e. es

u: h,f.aoy :2:ye LaLlo of zt.dy

j11 reveal several 1-ro,re.rties liow

1 11

.431



.0131,,int Makin:' an addit:.on tat,;1 for 12ase

Ith'ro Tavd.i'LLorz tc-:: iv used in

1. :201.

'e.DU

!):1(1

t r

:. 7.: "

i C

0

"'" 10

10 11

- 11::: li :1'...

.._

1.3

**** *** **** *
. . .

L.

-*1-1=
4

**

ae,s,



3±7,1,,lt,:-",',,,

Ir.....::::;-=-, l'iiii:L\ --- -4,- ,,,:" , - : , - - , , , - - -
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r

,

s_i - fives 4 1 one

2 fives + onos

vizqi + 10 olvis

vr-";;:: 4 1 cive) + 0 osez"

- 10 + 0 oriQrs..

- I x five + 0 fivf,-;!: 4' 0 ons 100._ .

Iv'e

x + + onos

4- j. onos

+ 11 rives 4 11 ones

1 fivo x --;; 0 fivcs.

1,0, is

; , . ; r.;42,..rw_., P,ecr;')u!,,Inc in

vai :;
: :. ;

:,;ro oft11 re.::;...;rreod to ;n

tvne7o anci othor bacos it vs

to uts t

7)=4

4



Addition Taid1o,
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0
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1
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10

11

..

...

1..

11

1_

.

...,

-,..

10

..L..:

1,:,

10

11

1-;

I 0

. 1.1

1"...'

.I.
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--,

Addition Bes., Thvoe

1111 0 ' i

0

,

3

2 10

10

11

A TaM..Q!..-. of
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1
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1 ::!. ;;12n

1
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I.

Base Twelve Base Ei6ht

1;5320E
twe1ve ght

+ +
--twelve --eirht

(_)h

twelve eicht

Base Three

32002
three

1000.,
tnree

33Q°three

Addition in 'bases other than ten is included in a seventh grade mathe-

matics pr6gram because it helps to clarify addition in decimal notation while

at the came time illuctratinc certain rramber propertiec. The words-"regroup"

or "renam" are found in many ccAftmercial textbooks; they are preferred by most

elementary school teachPrs over thP tom "carry)" which they replace. An

01'" re,*roul,in,; occurs in addition with denominate nambe a. as seen

in thu ux;imptbs riven ih this section.

Class Excrcisps

1. Comilete the l'ollowihr talle showinc the bnci- ad tt ion 'a m:dna-I:dons .:"or

Addition Tubin,

2. Add the followinc, noting the base in which each is writtPn.

(a) 22,..
Live

:Live
1,4 ,fiNe

(c) 177
eicht

+

..;21

- -



,

3. Cheok eaoh addition in aercise 2 ly firct cnin he numerals to

base ten.

Add. inr1 ',ted 5nd ohe, ba,r7e five numrals.

(a)

Ada:

Lon

11
Lwo

II
t1,70 *J'TIVP

ten

20
seven

r6
seven

,.)r

seven

seven

seven

seven

heven

Explain the cohnetion het-en the addends and the onvr: for part.

.I.arn to in iul-o

onouci, te. ote tnorourniy 1./.11::L;L,111: vitt.

Suplose we pretend f')r do not know an:_-'or to

The answer ;:an :o found Ln thr,: 1:a-e ten add;tIon tat,le. The

que;'tien ,yo;i riully noed to 7.:!nswor "Wl!at added to 5, yields 9?"

,
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7,,tit i:41

it ic implied that - 5 su:Ara,:ti6n i the inverce
.T;1 5 later ::::.:ypt.er 'OL.4.,'; :12

t-;;C

cfn

iiJ

rOz r1O
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it Lonint: of za mc,thcf.!, .!:;.cc..,!,,n1.,iy

:on to F.'s

XX XXX XX
.XX X X X

XXXX

;tn=11. = l. :".1: ; 0:: ;;;;.=

ft,

1.

. r; 1.;,.

:1,25

. . . :,

;; : 1'=2, !=

:5 .1! S.

i.zt
t,110';

1

:; ; -= S=1=`=0, , r:.; z' u

f rH.V.-;:,; !-;,=3;'t.

= .. 1-zi:;

,

:on

Of thi,:j. on

7

;
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1 -=r

Just ni7 wIth addition, the i:ubtration of d,2nminate nad:erc

opportunItic for z,tudentz; to develop 11J. in ri7roup: munhers uzed in

ex'nrinc mean,,irmantn. Thin functional espc-Qt of rt.rouinc. i relatQd to

tho moa,::;uromont in Ch37ctor an zubtrat ion

wit1. dLnomin

5 m.. i02, , 7:1. _. '-, :1: . 1J,V ':. 10 lam.
,

- 2 m. 15 k.:m. mm. - '2 15 :Iii. -1 mt.:i m. 15 t..m. --: mm.

y mm.

no-1,..1nr

(H,

t

...u1trn .ti on In i.1:

urinc adition in "zni, ihrf.

(:) 101

- 1,

!,aIr ,,-or tru!. t-tatmont.

d IA 11

"uti.,



ot.1:c2:- ',nun t.

I -er-

t*..1; `.C. t ; i

tr. 7, 7: - 1.1

9

i

t..

-11 !.:.

; 1 Tz.Ji. Fi

11111.11111111
1 1,. III1

.

M
)

1

1J ..

0 - 11111
0

(1

1, ; t

' : .4 ,t _;1:0:1 ,.;

1.- L I 1.0

: I : : . :e .)

ndd. 1:e ;,1 '

-,.

;

rsh. n!7 r.wr, ol.'

du.:t. :..).....'un.: i....',.'o vit.; '....- II: -'_.n,..: ..1:...i 1 7. : 11 i 1::-C.... .j11 4...Z.1: ; 1." l'r
,C.! yi.

i

and for x 1 ;-, iliu:,..1..1-1,.:1,,f.-..;: Li :,.' 'C.Irrait'.,iti.l't. ] V ,.. ... V ::'; '. ::"*,.; :..C.,:r .-.!. :,..

1:2E1t ci %;.1-1olz-
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:-i',1110.;,'W,i.on hi ivi: ma:: Lc by tbc to

leee tcn drnefale, and 2omvarinc two produ,

a:.; In t.bc- rol]ow:

Sr.
,

A rra!!:.,'b coml .a7. ion

ro't Tn nn,; '1,imir:11 rininer, l'ordexarTle,
tcr.

n3Z4C ten, ". i !IC 1,N

LV,1'

ten numeral., 10 x 10 Is tsr.,... ctl...b;re t!!!-.! Lace nnd ',:rittr.n 100. Ur Li

.t.'ive t'.1 x IC 1: al. o (7).t' ta;-f.

100. L0C sk1, t

10 x 1( 0 , d-rIC(1. ,. tnf,- L.'-

!-tr

) )

; ;. .',11 rt ;!. ti; !i

x

, I

L.;

J-+ t s .

1 is . 1

1 ,,
1-"

x.

Co:

7

A
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to raat:i czam;-.1 in fiadini.: fLctorz in miti1.1.;:n-
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pro!:,Ie=

;

eor.rned.

uLç

:

;
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Int

Think of eomputihc 760 + with -ecimal numerals usin two forms of the

alw,orithm

Either form of the al.v.ion reeoris the' thinkin required to answer the

division 760 + 0 2 vhieh is austed ty the sahten. LO

of hartitiohin.- a set, we may oohsider

() ) a set of 7o0 60ss hat hen artitioned into

toA.F.:ets, ea.7.h wontainin ors; or

a set of -fY,0 har 1. Ifartitioto

'oht,anc. 0 ':ir' rs oah, with 'total ,')f

To u..f:e ah wIth hu.v:rals we tne

rolQ that tho 1C00

1 py at rr. in mh 11 i hs :

100(.; .
, Is;

:0

+ Sc

-flow do api.roa:,:n a as 1"

alc,o1That and 1.:ertan Izaat th .1t11%:atloh

r2:33
.,,

0

,



al tile iIt In the illustration show the

tlirit; ohs needed. Each, of course, comes from a basir.'

o:..nd tho

l'or di

2.;000

100

1.

1.00

1101
five

"

: !

w) 1- in ! o 7Kst.:w-0,d

!

It in any 1..a.%:o 1n ton

tonstrai,;1:. I nr pl

Es.1 -1

tion in that

for. "%nat.

, L!, 1.'.LL'_=' 1.0"



4111111eL4,..t,..Ittetak.'
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14. PQrform tIc indiated

(a)
112._

M=1,11C. 4,4-Ags...*At4-
W.W4-

(d) 302_ 4

in-Y1
,r)%)

live ilve 1.1.ve

.1!5. St of nultipliation .:='!..;!,nationf-, for ba0.- Forform

the in1L0a1.4ed diviai.one an(i. Lek 17,1

,a) 121,.
,.Azreo 1.hree

(0) 10010, . kree

1. tiz'f:. arry in (.;.1".a i

,:z1)

(d)

j

=

2! n, I. t (

if.: .".: :cr...

)M.zio

. .
(,:1.1710.1

:--+.--...

(1.,) -oiLht
:



5 Write a divi.,;lon zlentt.he sud,aostedby eaeh of the folIv,iihg productn:

Ba-so,

X

5 h 25

n x 10 100

X 5 - 2Z.4
seven eeveh

x n
seven

x n 100
seveh eeven seven

n indi in. E.xercie 3().

d 14ame 4:-.1 I n

(

3. T.
: final -,yr.a..c1 of an och

,

t

=1"

". 10.

'

I s.):

(a) Tt.t. zItsl'i C::1 i :Ttni.01 _:t.

Ie it tc.n dlc,1-1.e3 for letter::

4 ElUl.e:L.

tiar... ...;o1-f., ft? A
,

,
4-, 4 -

99



AN62114C,

Com4t..tte te faiowing addition and Inult41ication problem::: in

(rs, en:

)

.7
Ori411====1,..

'at

LlY1
-seven

tr:e

v

'



1

(a)

(d)

\z'

All5ww:t to Class Exerctses

4 i 0
,

I
L..

,
_.3 ,: t 7

..
0 0 1

'S
4 i.,

--'

6 7

i. i.
,
:. ,4, ), ,

,.., Q 7 to

,.. ,,.,,, , -., 6 1.1.

3 ' ,. i
,u 7 10 11 1

?.. ,
.,,,

6 7 10 II 12 n
-
, 5 u 7 10 12 1111' lh

0 t;,.,

10 11 1,:: '7 1. ',..,

x s -

x s x

I :I.!, ) )

+ 1

, s (.0 x I )

' if :0

4 .; I

7:) ( 1, x .

x .1

(u)
,4

+ 1.1.)14 0.1? .

+

( 0

6i6
,2.-10711;



st: .

(b) 101.

)

.1.GO

,

(cs) .

`)
'I

L'.":'s

r: s,

55 Cc' .0. 1 k2,` `e 10'30

)

:ss

:
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z-r-,d"* , \N-L- nrr

develol2merlt of variouv: r:ol.;i of n!,1:11.ero 0,:..-,Qrotionc thce

11. ic jLt Lmporan t!lat

t. zi!A ',f) t!'
of comu i opollation.

t o fotiT.,! nt!a1.1. vor1!)

.nnd d!...",!z.!.io!(!d

Ortivls

of

t

/:;tOre-

00:11%.-:..t
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Z t
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.

12.0 t
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...x.1, 12' 't: .i.
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=

A

hr will 1==.. familillr with the orniept of a binary operation

from their ,-\.ork. in arithmetic, altho,wn perhaph no; with th=".1 lancuapse. EaQh

0: t.he f.unliamentel opration::- of aritnr,---oddition, n4l=tra-2tion,

4nd 1,innry addition 1:.; a

Linavy op,,=:ration in t11. I ol-era2.on 4.ricno 0.m:t_Ly one no.:111=er to any two

c,2--sen 7 and 6, Y 4- 6 . 15. !:;imjiarly,

io a LInarv Vie numnero 7 and 8, we haVe

ti.,rr. :navy ir tn 041pn,=Aein-%.e -;he t::at operation are

only dn4:- J. t=,:o ei=n40nte at a. 1w: in aildition we do not add. three

4t on -(..; 4:10. of thol::: 440, to 1,.;!:lat

4 inurY

4dd tne

hould note

:_n== nui no il:zt!-0r:; in not aLle

k.o fIni a to - ir a =::flnlle nunit.,er

'Lt.) 3 - 7 do, 1."-3?.-ro.r.:, 0o4::10e2r

nr,.ary 1.nn. : \'11].

1 3r
nt),. wZI

(12L 7: !it: 1.4)

Wi ! 1,:!" 0: ...,:"1,;:;;"..1:1 ;.t : It 1.1'0-

: y 1.41: .0h;

2:. 4.1v" rov. r" .

r,

!..n* .
1:: 0:;

nrt

0: 0:1

,

'Z.,. 44 ot.4-

f0r

1;6t1.1: t!,t2'. you 11:: 0!,..424 .rc.cult iv

eit'ner

1 a 1 ! I )

-



A:J .. rt.), . L.; to r:avo

bint12-.; of .1:1:,3.keic. and iI10 ot or mr,:tv;orr.

to .ron1Q, :'-ort of

1:, of For

t 1- foa' 11.1(1:11-1.1n. of a nal.s

z_.)
ts dr; t

niin or I ,y , 01:d tt;-1 '.1r itt ro to Tnot.--.::':inc 01'

r-xr..74t

;t, y

!I.:, A.:0 ..no::1,unillt- L:. u1o1 0,

U

U1

%it 01' '..101"

t r = := ; z.1 v-:::

.;..1. ts._: .
) = .

t:: :.!,-

j 0 .

-
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'We now rave a mat..hematteal systIn conslstinc of the set M and the binor,y,

operation Note thut it really does not matter what-the operation -

means; tho operation is defined by'the tei.de and we learn about it by eom-

uarinj tke ta1 e. to di6%er tite propertieo. liere it,it .worthdIlle to let,

sloudents eamine the tabIe and attempt to diocover some properti,e'..:, on their

own. :e.lat ,-an thcy dlheover? Wo1 un you discover?
,11

?Or ono thinc, al l of tile t:ntrier3: in 1170- 01

nO n0w ey:mtal appeo. We des,,-rthis property ruyin g th,94 the oet M

io Clo!=ed tO h.-operution Tel::, is the eloSure probert.

In i-enoral;

jo caid

Cibal.y op4ration if f.or -any

elemehLf.. :,. und y, of ;7.

...4, :.. ' sy

is a:'; efemeht of 5.

-
'1_0::c.,t3 under aidition Ue,bause InC sum

1!-

ubder

,L)mp,ur your .11:".;f:.'

followibr

'2m,s; tt"

#

(s.:si ../",,

; ,(L.

yo.: Lhul th aro :1-41%e in oei ; air? Tbd...od

t l'U;2 1.0 r iair - f '
t,ic ti in, yer:ify

hat L -0:-.
t ;:

mc.11!!
ore,

. i!,:%t all lob b :

Ab-operution ,dofink-.d on p eet

:ci=ut6Uve ;I: for aby

elenebts .

. ,

TI,..1"o ifi.t.ln oLb,:,, wiu: to di:- oYer ..,,i%oter-i- oy. nht uh op-rt,it-.ob le -ommul -

2,m=3,....:.. .

.

, 4 1 , ., i.,,...... .', ,-...

,.....;_, 4^ {.: ..,,.!, .. ,,t, ....,:l...., sal i.,LI, a'... ,...: ti,Z ,... , 4'.''-: .:_i:':. ',_:::' 0= i,:-... ....,.;;...,..).1.,;3;
,

'Cr54-1: respe,.:t io dial:ma:1 lino dravn from Lb- urTr lizft to 1,!.0,?
A

27.
li'T',,Ce,=,_77.4';',49,rrle. 171 We.

,`--" _

>

rAA*.v1A..Anivr,



Or4n,

V

toLL ttLrn nn nido of to'

P,M1

El ®.--1

oil...nt:nt of tno otor niAio ,

, to tind

Ilno. that,

fron .onolnIn: two eiunontn in !:',.ffront on!. r o,rur In

roor.lorl.47,

t:1.2f;r2 oofrorldiriL7 ontrioo mvkot

nor to -on !..ro,,.'t Li

:'1.

Z.! L;.:

:,0't of wor.L1

nr rgonP1 lino

tnr(,... ,I.,...:!......!,!...-. ...!. 7, i n!,...n.-,A. ol,! rnt It.:: r!... P.A.. . on.,,, !,,,,., 3,:...!;;... 3,.:.: _ !_,.1,

, :.....:!:. -...- !.,:".. -,i,..-,_.-r-,..Itiu ., . ; r

Lo ,:o,!ri. Inc: -firr-:.,.. Witizu=, :a.-rontntro,_!:,, ' oirat I on "'":rd C!, 1: O C.::::'1
112 ono ci.lvi'ci!'n from 'r ',0 rii:;=.!. 5 !And , , 1-

On nt othi:r hand, IC rono .iivick,!:. ," 'fir ' tno ri1.1

....-4. Thnz, -L..- -'' .:...!!l,lem, o,trtv,L, -.11.41 !.c,e,ted, lE -ol,:t Linloz.'s

loreatne,o.1,r2. L.!.:ti.! o.r !00 a!:-1.eont:..nt lmaf.44 :.onc.pni th.:', oplit'L!r in wi-l= .!'

. -

the elent bm :,_ ped ror tne L Inary operations. On tho:' other hand, a
. .-

4

2 )

l'cauj..t. Of ..:louroo adaitlon otilil a inarV eral qn.,; only two.olo-

t I 1.11,7

) Si

firk2

LiT,

,,,,

-o ooe n. no,

mt ,.+'X 4 4WIZA, 4.11 ry.10,1tion

A1t rj6it"'"'I.n iio
t



t qr

.. . .

.

now let U8 evaluate an expression involvlpg three elements of set M

keeping in mind that.bperat:Ions witftinyarenthese$ are tcibe done first.

\
HAre he same th-ee elements ,re grouped in a different wv:

Not thIA the resu,lt in the,ame! in. cach case. Tnat is,

(® - Li)

Wiii thin t.$ true for all arranw.eluvitn of three elementn from net
\

N
! I 9

tlialUat!':: t:t. fOlifil ,

'1. (a) ( \ -

(b) Da. (\
You o,..ld find that, tne aunwern for C!tv:h pair of eamplen are t;:e a

and, this wili be true for any nimilar arranoament t,..ienif from nt M.

We nay tne operation anr:edative. 'ID

An op.,ratic.,n ;JefiA en nct

naid to Le E...!.;seciative if :for ny

emontn, and

)

iou nnould note thit it in _not porl,alible to tell .vhettel:.wi opration in

iootnp 'at Li rior ma One answ,te z.iatU:ity on the

bac,in or nverat i\;.:umplen onl. Au t u'llv cr mt i:.ion ?..dentont

would ha-,re to be tri:A in to ,Innou;:ntivity. On tn,- 01.twr

junt one e,,:ample.,, can 1.e found when tue property doer: not L...

tion,is not *associative.

.n.the associve vro

!1')Iiera-

Like.w,L:x. if th4 M6theMatie!al. :vctom in not closed,

rty eann9t hold.

Y7,'



Class'Exereis

Uze' the following information for txerciaas

A =

1 3 0 = ?

. 00
I,' G

L = [1,

11' in thc: to 0?

i ,21to,2d w th r

. - e ? thc.: a1i:)n G a zon1=ta One

Lind

-7

1

e?1,11,..3'17EtW',

Optsra''c.i.on t,-;) a onnatative QerutLc

t -141

1 in apd wh ar,,;

fI riLkm: , 4:;rr. \L,nd

1! ehO La lat119.1:cr. .

Set: All ev7.,.n

paation Cnoo se the

mkte:

q`odli

wnbor )Ptwr.?.r.t and 63...

st numb-cr.

uroduceoL-ombined with

ijxzd dprodi.1'

're

,

16

Z.V.1

'74TA
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4.3 Mathematieal Pystems - Additional fraerties

Ti6t us r;-:tn'rn to set M of the previous section'and Alf;cover several

additional properi,ies et' the mathematical system Aeveloped there. For con-

venience, here again is the table defining'the operation

Aoto

A

/A,

41.

1

Do.you ce-e t'lym,A 01: 1,1

arLjnuI ? In 61:r or tt,c, nuln. VOIM

here .54; 04. 1-1ayf; in addition. -'.fioail that t4ht- cum of anv--mrol. and. zoro is

ti2at 111,110A-5'.

The namher

. For an:), nuMber

1.71.Ss;:F

-

pla;.; roit%

n,*,

1 s= .n rg

the element -A plays the same role wit,,h the o?eration

n &. ."

wo :;don elf-mentc Idel)trltv rllemer,t;;.. An Eloment dot..c not than&

the identity of av element with-4hieh it is dbmbi ned. through tho operation.

^-,-

'r

, 4 ,

.

vat



In'general:

a

An element I is said to he an identity element

for the operatien *, defined on a.set S, if

*.I :,I*x-=x for Re.7,11'element x of S.

. .

Note thz,.t 0 Is the identity element for addition, and that' 1 is the-
.

. %

idelltity element for multiVlication. Is there an identity element for sub-

traetion or for division? Ex '.plain your answer.

4s another example conside: tbe following table for an opration whieh we

might eali *. First.onfirm that the operation * is a eommutative one.

* A B C

D A

E,

A B C

D A B C D

Is 7,h%sre an lktity element for * ? Could it he A ? then how

must th.,: element A I:ehave with respect to th!;. oper,tioh lir ? Is 13 * A

,.A * 13 E ? We see, from the able, that t)It! ansawer to the question is
,.,'' and A .,A'rinot be an irio ,,ity e14.ment. Neither ,a,n 13 Le an

i dent ity ..-214..smont s * if. nolt

I. lir D - plk A. A,

B D D ,

C * D * c cI

D * D

is an- identity for *

In th thbi. ompare tOlt yolumn under D with the eulliu.mh under the *. Com-

pare t..e row.to tne tle row to 'the riclIt of the * What

do .you notlee? Does this suggest a way to look for an identity element when-

T4-are wiven a .t&:Le for tte operatipOt

Whenever we have an i. dentity elementfor an 'operation, it may be that we

alim:4ave what are ctilled inverse elements. When the ope.tration is multipliea-----r
tio for real humh,7:-rs tne idntIty eltment is I: IP prwitlt of two

2. and .12,, ;,2 the multipilcative identity) 1, then we eall ea

or the numbers the E2ILLEILLILLIt i-pvqq.s'e of the.,othe.r. Thus, the multi 1 ca.--

1/4.4nyerat oi" '3 &I. 3 7 1 .Y.11 14,4 reeovli the maltili;4

ri-
,

-bf,d-fr .fter'a- zttI3

numoe

IP

.44041

a

W71'

44,

v.` 4650
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.,
. . . Suppoietlic operatiUn is addition. }fere 0 is th 'idetXity erement and

A
* : V"^- I .

..

we call twoers add4ivr inverses if.f.heliirsum is 0; that. is; '::.ornbitirriE,
i

-the two nuniw:r:-.; by 'addition Livcs 0. .F4:' E.xample thc widitive 'Inverse or

is
op osi7,,e.

4tje
. 0. Wo say additIvf.. !verso of. a number., 'is

s ;return to tno sot M IsJriId earlier in this, section.'
t AA. ou n ',not 5ct eontaj.nedjan identity el(ent ,-arpr-i- A

us see if h4a- an Inver, -with respect to +At..., oleration
i

e Axorable to deter:al:no t cyf,..L..1 we rilust .1'1,nd. some eloment 'to

witi) t,l'odilc,f, t pti.401.' We find tiii;:r to b: \'
-1

.:.:;imtiorly, the inyeirbe or \ ;11 noc
1

.

Jvrc o

in i'enorol:

1 .

1.0:4; uno It....nchtax.;;

inelatcr chaitors.
T3Ibit,r .14.31.0373,' (.31(.3113Qt1t .::33;131(.03) 1, Lc. 1. n

L

3,111;''f .'"Vol'3,31
.

t Iz)111,1 L

3_111F- '

:711:irl'' . 3 C. X a tail 1

Now let

For
'orabine

(

,

1.7Q11

the
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A siSfilar procedure is used in simplifying algebraic actions;

2x - 2(x-2)

'x b '3(x-2) ,
by yactoring

We makeThse of both of the concerits develop'ed in this section in solving
.

.

simple equations.; Below is a detailec exploration of the solutdon for the

ation (CT course, we normally do riot co through ea.th of these'

steps in this formal a manner 'Vote +Mc use of identjty e1ments and inverses

of elernnt in iis development.

2x

Thus.7 I.

Class Exercises

(The additive versc: of

the'associ Live property fox additi,n

(Here 0 is the additive identi44)

(The multiplicative inverse o! 2 is ,t)+,

15.y the .ass oative property for mult4lieatibn)

1 identitvi

.

th'aceompanyin;:, to

answer the followl.ni!. oue,..±tioas

. relative ta set K

ana Operation -givc-n in the table. 0

4

lb. 11 4

?

(d (

1:3 the .6,-?.t K closea ~with respect to the opero.sion

/at c:.ottnuithtilto tsherto.i.e4.0

r

a

1

e

:a

a

4



1.

21. Dee the sdt K contain an identity element yitrrespect to 4 ?

If so, what is it?

22% Name the inverse of eac') the elements of .set K.

4

Arittic

The n4erous properties; that we have e red thus far are all important

onet with whien seventh graders latit, become amiliar. Of course, they should

become acquainted with ths conceir n acttlal 18ngua8e, long before

they'ever chtilv the Seventh grad6.

It is frcq4entle diffi.cult to convince ,junior high school youn(i.sters of

the Imporl_kne of these concepts if they Erre explatned only in terms pr

Ordinary arithTsetic. They see little to get excited about in the fact that

,

+ 3 4 or that =, it is for this reason thattit is often

advisable to present those ideas iu uniaue settins wheft ppcsibiti.. Of course,'

=thlp depds upothe-bacround end ability of the croup in ques,tion.

One ihter mathematIcal system that junior hich school youngsters

enjoy'eploring is clock arithmetic. On our twelve-hour clock it is ,perfectly

reasonable to say tnet + (That is, seven . )urs. after o'clock

it will Le o'clock.) Now we can :-,et up %.n entire math,,,,matleal: Qvc1Jm Lased

on addition on ;she twelve-hoj'r -lock. Youngsters can 'be encouraged to com-
, .-

plete an %edition table for this syste and to explore Its properties.
.

Similar airtivities can be developed avdiand tne twenty-four hour.A.O(..k

used. in thr- n1vy Where 4- 11 ;.'0 and 3 5 " h.

Class pereises
to

Copsider Vbevelements ihVolve (1. in a twelve-hour elcock,toe

Opei:ItiOn of addltibt.

23 4 , 1) IO

.

;el"

0,
-41.

r

- ,....., 'tbes this eAtm have an 1,dentity element? -Ir so, vliat la lt? ,....:..:-F9i
,

.

2O. What is the inverse of 5 with respect to addition? Explain yola answer. 4
4,4'

=

s

, f0

a

4,

47.4
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Let us finally turn our attention to arithmetic on a clock ".:Ith fewer

positions. Connider one w th a cet synoolF: (0,1,?,31h) .

sia,11....midc a ninary op;-rat:on symbol:: y onsi4oring

e1pokw1ue ottion. TIi deti r. ot i t in vrmn of addiric or comlpininc

: ono o1ook,41:lo ';u-t. ion wj allot:!Qr vlockwIse rotation. For reas31) we

call 1.iv:-: o,l, ion kiddltion and usr tL,..: f.ymlo1, 1. ,

..t., nha ,:o?:ni.dr tht ::tar!... ,poiiit 1,0 bo 1=0.i,ioti tfAed 0.

, (T:11' ntandsra p.re.,:tai:'e,,alti,o1

syr;bot :,i, I

to pol tion ., 4om tn in po:- it iOn we Mtve more clops arrive at

:, produs.:oc

ooA.0 nave bl.:t.o :!/,r tn otlwr
,

meana tl:at we :::turt Lit 0 Lula move

Hofvor, 1.min ty of rithmotio

meti wnor- un udd1. I on u:huliy wrkten

I-etata:

4

tLic

an exampit.: of modular aFINI-

= niod. ,

"Ti:re(- !Ma!: ror 1 T-nt "o t'o, odulo

1,prd "mod" ::1.;:rndr for moduluf: or

utvlomary in Li 12voey of numi-orf: to *treat two nAmioCrE U3 eTlivU..

1,711t Ly a cixcn modulun if they iinve te same relvainders %Alen lividt,d by the

modiclu4. e:lampre (mod 5i rinut tott d cilic a remainder
\

1

'of when.divided:by flowwrr, Y.:on o thi s idei to wr

\4c. recr.L. uarZelvcs 'only Lo tho eleme.mt.s. in tle finite

set (0,1,&,i ). .Exu.mples and discussions of this application may be found
. .

In maxy junior 11.0 tkc. TLi pproach throu6h clock arithmetiz.: aL; 1,4
,

to-aart; rAlchijiscussiow" tind, or :.!ourkt, p,rovides opportunities

to eXamine ac4ain some of tpc bastc propartiec we are'developing .

-1AL. *lin tilts 'example the modulus is :5 which meana that there are nye
,

ponitionz 0:r1 syn1.K.-11 th1;1 , land

. 2 are equIvaleA:oh the clor.lk. Verify that ecv.!'n of. foi1.owinj , is correc:



In

A 2.,..cou5i 't Ion mai U 1.3o iutrodul.,ed oni the r.:,-rtbo.l.r,.

r°13t("d iN j i51J i5U5r %,.1q tO tiio opurution SSUt wc:

6d6.11.10n tL13,11..2.4 i..itnur op,.:ration ir .41.1cd mu. '1I-a-;o1.1 ;AA

ta 4m1113v X cymt.,o1 13

..1.011 on rc,p-at,sd

TnuF.,1 -

luetc.:- for

-r3dt..n 1 d L onQour d to d

,

i"f""Cfl".. .onrih.1.d

canc. -4. .

(nod

(mod !;1.

rota;:lo

r:

?1

1,he zam r:.nult

op.r31

Atd tlion add?

Try c5.h or the follovine of 40 ems:

IS

lot

, ' nsf;

tur11:nt: fir:7711

vz.:!

.'21101'''c

t):1:::'a lq:Itter'n or t:ol 1)0

e,f4re do'wben, we

a.

I.

4 1
rT'"IMSMS.
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anoner

A

of e):1,:se, we abnreviat the wer?, but it is nc,!erthcless il,Cised upon this most

imnortaL t,ronerty.

Althouch ti s 1-hlucd several edcs that indicate the

of riou popfaft. la:3 devc..lood, most :;oun;,'..sters will ;nave to

aecept. tI1 ._:111 . 0.1 I ultr: nt first. Later on thz ro rtis arf.t used

: -.,?-1 Lo ..1115:, :cry -..,1 tat otherwise would app,:ar as Ilechanica opera-
.

An ini.eri.t:';.,:ht: it...,!n that,...lan i=e de11.,ed. 1..o :'.:,:ye,1.:, L.-,re.ders is a

1...her.0.. ,.)::.i ..',t t4,2. .nl,a ..:!, int: '',,,nt:I. it ro&o. f o'..' on'.I y out- 'dt.,,:i.mcil place . i PI:us ,

;'.. :na: .!.,. . .-O....ld =.'s . ix . a: .;...: and .1.oun:1 t!!!.:.; off to ..; aret1

.,

;1., ....o.: 1 d ..!,..).1n: ii.-L.- . x .:, a .7 .) .
- is Lin G'Xwliplf:

. e.).,f;_c...lon. r'01' L-.XL,t1:1; :.=.,-(! % '1:J.' Ina::: L I no ..ai!..... to ,-:i.;-:,r..; .

,

TL.L! p pt vy 'vt:tri=JIZ

1d
1

f. 1- Lo-: *3 matIF,mbt

12;

Th-w two tn!

rD

..

2'7 . a) ..:Ay.A- thinsy.
.

:t.....---,.....--=....:A...
.

..... Do ,y0,24 think

D

-

o

C D

C D A

D A B

A B

ti. 7 t r i i Art :'.' ov,-;,r
.

,

dIctributes over

A

o ?

-A- ? Try

A

A

vind the identity elements for and , o.

4

zv:-.,mm co:npo,:.--ed of

A it A

C D

-.
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(,hau,cr aer(nlce.f.f.:

1.. Cwtplu4 *al:. addition and a muitip1iaaion tai1 ,*3 for

t,ht: :".:C°L of ,.ln't:' M of

your 1(- wit!, '!.:no.7. in t#z.

Lot A -1, 'rand. 3.)

8.40

fron 1 Io c.Lio'n of fol1ow1n

(m) (d)

a i - x f. 1 ,)

x

-a-n of zAout. 1.no o'f

-),

(L) 7C1. undor oh.ation

tnin;-7.

olom,:7nt!2 and wl.at arc- -,,no of invcr,-,

ConH.d..1-r

E
4

0;or7aTIOn:

'(i) iu ror x

x Tt a x

(a. X for all 1.,11,1ant;.; of -

+ pvcr x 7

?Or oti.h of t11--:! def.luribcd cntu and owration:_t ,..4hethr

the se't is uloaed dad L.Ld ihl. op,arationc aro contutivc or
*

-ountir.q.* t!Ian 50.

4 Cvorati= Multiply ahd tl:cn a1d

,

;

- (L!

clein

Examiae: 3 wombined produceu * 5 - 11.

.Aaa

et4=

- -rrxC:m-...k-,,i'air--140

lij-



,

4:1

7.

Set: All c:ount.inL numbers.

Operation: Raise:the first nuiliber to a power whose exl:onent is the

second number.

Example: 5 t::ombiced with 3 prodwzes

Consider a system formed as follows. Place an index card, marked az in

th:a diagram, in "standard pixlition":

A

Let us us I to man lea-,,a the ,:.:ard ih plat.:e. V means to flip the
4

:.:ti over usicsIr n3: a ve1t1 t2ai X5L

AV.
I A

means to fiip the ard unin$J a horizontal axis.

1)

4

means to rotate thk.- half:-.'ay around in the direction indiated.

Our set o',;. elhnta is 1I,1j,H.,E). The oporation will ho "ANTH"

4;1Cat::: t.o do one thinf' "wld th.'n" de another. "H AIM V" MQ;-.01::. to Vlip,

th .31rd o'zer usint: a horizonat ain, and l_heo-ftIT,-T71.T4-77Err-ata-in-uslng

a vortal gry it wich an w.:tual card. You sholad find that-.H. 1,11111V=R.

(a) Complete the followinE, tab,n.-"II.,-..ne operation ABM. Some entries

are already given for you.

=44::

4, .

r mra.rm.. ".'.

,

,
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_Examine l!he table for the operation ANTH.

(b). Is the set closed under the operaticn?

(e) Is the operation mmutative?

Do you think the operation is assOciative? Use the operation table

to cheek.sevE..ral examples..

(e)' Is there an ident-Lty element for the operation ANTH ?

(f) Does efah ,216heilt of' the set have an inverse under te operation

,ts and. C be dq'ird as 'fol

a)=1, si.ey 'the
A ,opra L)-tion ;unio,1 1Lstiloute the obeTation

fl
4

(intercecti That- is, A U (En A U B) n

1.,:dat A n (An (A n c).
1

. tv.14

-



One less

Answers to Exercises

tne sum of the tun numbers. a010-_, (a+ b) - 1.

Note: This an alSO be vritten as (a - 1) + b or a + ( 1 ).

a + 3
TV;, average oi.the two nuMbers. b

The larger of the two numbe:s if tue mumbers are different; that numbei

if they are the .z-,ame.

The' suriz of. tw

5. Tweiye mi

No;

expatuple to

t.

the first number and the second number.

,

sari of the two
.

numbers. atlb
, a + b).

.
'...'

10. Yes . 11. 'Yes

'-. ) 71.hrea

that c.ommuz,ativit;: dr)es not hold.

.2a + b.

You ncE.d find only one counter-'

Ne; Q h c whereas b

#

IL, closed, com=tative, eand asso,.'iative. (It is understod'd here that

"choo.he- smalIe'r Ilumaer" meant;-to s&e,:t ti;at ihr if both are th
Tnot 32 combined with 32 Ereduceu

Ciod atm -tive; not commuto,iYc.

YO. Yes 21.-

The inverse Qf 5 -is

oIdi

'Yt'. No.

(2) o *

Yes. Foi e2tIm1ie, B o (C

. A.

29. Th ..? identity element for

Ytss; 12

thT2 identity eliement

\lherea...

.-.-POA.A, and

A.

The Identity ...orient for o 1 B.

..47*

a

0111111=t,z.-



Chapter 5

INTRODUCING. NEW NUKBERS"

Introduction
fr!,

.
In this chapter we stall examtnal.in detail some of the different number

_system that are encountered in the seventh grade. In some reApects the
4

trhtment will be that as giaca in a seventh grade course and,in dther respects

the treatment Kill be a bit more advanced. Thoughseventh grade ma.pematies

does la6t noimally ineluTe a stady of ne,r.ative numbers we shall introduce them

in thiS chapter. nere are thle reasons for doing so. (a) The introduct3on

of aegative numbOrs is in many-respects similar to the introduction of rational

numbers and thus strejens our understandinr of this process. (b ) Negative

nuMbera are ,n)nmioniy introduaed in the eighth grade and junior high school
,.
teachers eitner teach ijhh rade or wi-h to be knowledgeable,iirthe subject

matter their students wil, learn in th- following years. (c) Sobe youngsters

will have '!1.et the netative nuMbers in eai ler grades, and we may expect to

have more auch youngsters in the future.

The development or the real'number system t..!eat' we are about to trace in

this and"the next four chantrS is a remarkable achievement of the human mind.

These ahapters will Ikesent the result Of over fonr thoutandyeara of human

thouv,nt. In our modern age 4.4here are many ways 'which this development may.

be carrid out. 'oic shall begin yith the counting nuMhers.

5.1 The Countin- NuMbers and the Whole: Numbers

Althou01

,frighten els-, for we are very familiar with tliem. At this particular time let

-
1

us accept.the counting nupbers and some of their apoperties and build on them.

The.-properties:of the'counting numbers we wish to buildaan in the beginning

.:ountinv. numbers are exceedingly abatraat, they do not

567,_.4grot. periles of binary operations. The binary operafions, aAdition and,

v441u1t plfcation, of the counting nuMbers were introduced.by man to ehatle_him

40,6:114ake greater use of the aounting nuMbers Thene binary operations turn out

to hale some very useful properties. Both addltiOn and multipliaation are

3, binary operations walcn are closed, commutative, and assoclativc. That tt:ere-

ara',two 1'Ta4ry operatiOes which-have tbes5 three pvoperti,es is it4elf uceful

104Alogn:_atipe,,-144,1444447w,l.ty, -414 P4t.sez..v.,02: 71.0 o'lch;',14rf'rell:s-Ca

that I e e

:s197#-E_,_

1

A
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I.

What do We mean when we say a property holds? For example, let us loc4i

at multiplication. What do we mean whsn we say multiplication is commutative?

Atertainly no one has verified,all the possibletproducts; it is,,most unlikely

that the produ'Lt

76859L 9573 x 8978696 71357463957362

ever been computed and equally as unlikely that the product

6)69fo57463957362 x t.J068591,832973

has been computed. lievertheIess, we assert with complete confidence thal- the

roducts.are the rame. We fearlessiy make this assertion beeause we- may derive

it from our 'definition of multiplication. In the abitract sytem..s: of Chapter 4.

we de.,Lded that an operation is cern:dative by examining a table. The table

serves as the definition of the.operation; it tells you hOw to okerate on

of the uments of the system to produce a resulting element. From tha table,

which is the definition-of the operation, we derive the proPerties of the

operation. Thus, n Chapter a system was shown to bP eoMmutative,by examin-

table.

For the c ountin numbers there, are-toZ many elements to fi-nibit a multi-

plication table. To invest,Iate the properties 'of ::lultiplication we must go

back to a definitin. Multinlictation of coustin numbers is best defined in

terms sets. thouh sometimces.it is done as repeated addition. To show that

multiplication of counting nu..oters is eumnutati, we 6o back,to t e definition

and derive, loLjeallyj that the property i,olds. 13uch a development of the.

eceuntint nurburs may be Pound in many sources.

The countin )umber 1 has a property shared b no other countlnL. number.-

With resiAcet -bo multipID:ation we nave

where a y*prese! - any tountinp., number. In Chapter 14 we learned to call an

element with this property an identity element. atlIc4' 1 is an id:mtity

olement witb respect to multiplication, it is called a multiplicative identit

toL77,72
...

Class Exerci es

Me know that 2 t er name for 1 -f- 1 thif;' fa-ct and a- pr

of the operations on the counting numbers to snow that

4

-4,

`,....7.0.1.
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4

,The distributiVe law tells us 3(5 + 6) = 3 6. Why ' is it 'true

that 30 6.+A ,-- a

What propertfes of:the

5) 9

* 5 3 6 4- 3 8 ?

counting numb rs are used to show V-at 5. (6 c

/4. Using the properties 'of the counting nu.Abers, show that

(3 + (5 +.6) = (05- 4- 4) + + 3.

5. Among the e,!ounting numbprs'an.pdditive identity woutd be a cpOunting

nomber x with the property that

for any ,.sountinG number a. Do the eountin iwber3 an addltive

Hentity2
4 .1111

The properties we hEi've referred to above are propers of two very

special binary operations, addition and multiplication. The countint; nambers

have other properties that., are equally anteaestinl, and at lt,:ast as bacic.

Amon Vlese is the prop rty of order. Givei two counti, numbers, we stv

that they are equal-or that one is tfreater tart ano'Aer cor WQ may-

use the munber line to r ;17esent the order that eists amonc the ..:ountinc

numbers.

44 4

loursel the icka of order for countinc, nunbero c:xist!: inlependently

of their number line representation. For e:.ample, if set A 'is a proper sub-

set of the fi_nite set. B. (AC E, Lere

in set A is less than the number of elements
B`

TAN,,

tilen th, number of elements

n set E.

4

,1-zlgtali 'children learn this relation p long before they /earn t use either
.

.

tie,Por 1;ine- 4 c:ilild Xr1014.5,-04t flim 0;(;'1.-m or eimAy am

44-tifo-Atrttg--te'ftrrelte-'krttvstgermramlvrYe trIt'zifte 'tylnlY01-s-trffthe-z---'"'-----.---artt.-.7.-
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0
When we adjoin to-the set of counting numbers the number 0, we call: the

_

1 . ' . 1_

eoliection thus obtained the tet c!' wole numbers. The '.:hoie numnerg; share

with the counting numbers may arithmAical properties. For the whole number;

-....._

there aretwo binary operations; andltion and mW.ti!*ation, that Ore 1!/10Sed,

commutatIjVe and assoiative. MQ dittributive law holds, *connecting ite two
i

opCratio,ils. The rdjunctlon of the number 0 provides an adde'ideptity
i . 6

to the zet. T'nus; with resrect to addition we have
4I.

0

,41ere a rt.:.prosent2 ay 1.'ountini; number.

*

5.2 ?csitive Rational Numbyrb

Wiic th,,; volPtin numbers have many deirahlie fcaturiss; they alco suffer

from numerous serioun deficiencies. Tore are marv elementary Questions that

we would like to-tuswert quQstis that may be acked,ith ount1n4.numerc,

thit ..annot be answered wit:1 ,:ountin nu.m':.:ers. Two boyc wish to re

equally five ploues of uandy; how mlany lie-os shold ::ach receivel

Gar,olinc: ,.(1-1t,:= a .T:alIon; (D,W ,aholine may t_o pnreha;:cd .S; .00 ?

i2 able to walli ten tiles in fo'ur hours; how ar he waU; iu ono hour?

Those auect.:ons an,.1 many others, sl-c rcacoua:ly ones tnal, to answer.

Howevur,,we have learned to :0 outside 1A! 2ystM of ountihi:' humbers to find

the 01 we'r2.,',4ot of us have loyAed to.do ',his in a pie fashion. We

learn about two equal. ;a:rtn of a cai:c.t., two partu of au aN.le, and co
1

onl.'eventually n1n to the.co4colA of the number wo ur The same

A 1 1
pro;:ess loade, us to .-cael,ts for and 1,ind otie2r unit frationc.

J-

iu this ,haptt,r w wih,to iYlve a systematL: iutr04u...tion to rational

n;,=ners. To this end we ahstraet from th, yroblems :.tLeiwh lehd to ratfonal
A

numbers their i,:ommon feature. Toue.h rational humi ers ',1-ICM to have evolved

in many d1verze,vays0.there 1;3' a hommon feature. Indeed all pot:l.tivc xatIonal

f=_-!---
nunbers are-soluttbns of equatlont' ,..tated'in terms of counting number$.-

.----

,
equations. %

v
_

.

/7-

- 10

are stated '1.!ith counting num:bers. Hovever; the Etolutions-to the.equationt

;.4-7!,7*-qaven ibwe are'nOt- evantint-,r, nunbers. sqlations 01' the2e, svitAt,ions rbro-.

-Alde thc acswe.r to t,e ttg="_I,- )k-^i"-r -"- ,

. .

Wttfar"9.1.terrttilre1WI"ttfer'etittetilnriff.SPV/e0i±7

"r

.11rot--- *,-..='n"..101.'
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\ if we

the-- *Jaion

\
'

restrict Oursc!.vt.; to eouhting numbers, 1.e would have io say that

of ee.ei of th eql'atIons, 5, 3Q 200,. 81-1 x =1.0

is the empty set- Of oourse, w may write eqaations that have nondtrtpty solu-

tilcip'sets in
a

.err,.s of c0unti,n6 numbers.

4
Our state of mind at this t4oint_may be nompared to u carpenter who has a

mod4

rule Illarked ih inehes without further subdivinons.- He is uble to 'work,a lions

.

I

. as the r1Qasurements he needa are .:. 1.1 inches. Since most lumber does,lot
.-

measure 4 'whole number f h...hes he''s soon apt to run into trouble. Our
#

carnter may we.1 do what many small children and some adults doi

Invenarkincs. To transfer measurements, a child will ii:nore the markinc

between the ',z4 markin4:s on his ruler and Inaie a pencil mark. Pteal carpenters

with real rules will al!.o invent markings. Listen ctrefully .to ,:ood carpen-
A

'tars t'alkitic and you will hear such tnis at "a rat ::cven and ti.ree

Their rules are not adequatc for their needs, and :4;:y lireen!, new quantiti,s4

'.perhaps

. There um many ways

not very preei,.1.2t sufficient ror their needs.

and levels.tnrour.h ratonal numners may ne intro-,

duced; throat*

some tets and

eporience, as nildren learn them, or touh ordered pairs, us

mdnt mathemati,!ians do them. We wAl trike a middle courne that

ties initith seventn 6rade SMO.;
.

We'will "Invent" numbe'rn to serve Us hotter ln certain real life rA.tWi-

1
..:i

6
. tions. Th.p. 'on.pts oy .1

....._-
t, :, 1 1 . # and so ort7.-un: introduced phyal-'ally

.6. a

usZnc candy bars, eakc-s, pies, 0.asses of milk, and the like. A ,candy bar
. i

,it inth 1 n,,o.eur.1 .,ieoen -:ohvs the idea or - to a -n; Id.- To us the
. .

. .1 .

equation ,..,: . 1 will. ,.-arry the L:ame coneept or

A ple,is ,.'ut into iwitc :24uul pieces, one or whicn is then Ctitti. HOW muh

it, remains: Acain to us, the concept is

However
P

the snild needs the

tof As the child ileftelope.,

--zior a .ftuniber with the propeity that !4

ars=aolution to the equation hx - 3.

o

probably clear throuc.h the equation,

vhjcit:al exum C'4 tO strencthen the ,:on-,

we 1401n14 out to him that 4 ln thc rzame

. = 3. .in otherwords, it 1'
....,

7, the

77 lc u name for the

It is the solution to the equation. la

the. property that

Actually, we invent mentally a class of numbers that are solutions of

tititat44 toTm

a a b hounting numbers).

AL,

A 4 a
a

.1,a06 " ..,e#45e#5,

y



Once t is is assimilated, traetts, rational taimberst. and their rela-

tionship to each other lose their mystery.

We have mentally iniented nuMb,rs that are solutions cIT equatione or tnIa

special form: To con'Vaue our diaLLsalon it will-certairrly be eonvenierirt to

call them the positive. rationall

of eruations and can be named,
1

solution of 2x . 1 is naMed - -

have.names for thedkoumbers. CollectIvoly we

numbers. The individual numbers are solUtions

. from the epations. The number that is a

!et Is the solutlOn of 31iY,

that is a solution of bx

The number

tbe number

narl:ed
b

conk:ept of

is named and in general,

.and b countine numbers, is

In each case 'we introdue a symbolic name, a fraction, for the

a rational number.

Clacs a:!is,2s

6. each equation, f,-I'VQ 1.,Le '

unole numbe=.

7. writt.. an Qquatl_on for

."4

(a) 7

_u-c.ion in tc 4 nn r , With a -and b

(d)

10x

solution. .

Let us pause to on tn1::.; Introd,J.:tion to positiv rational numbers.

.The hi learns aboat ratiorial numbers t1ixou'6i; pLys1:10, experieles. Most

1:,extc build upon th;7e experieru:es. tosh that p rational nulaier t.he

tion of an,e4uation. me, a th1l1 will agree that
*

4 3. We have adbpted, a differont view.

and Introduced the solution. 'The otad result of the two methods All be the

has the p varty that

We started with the equaVlon

same.

have invent...d.conle nuinber. and given them names. So far they nave

only one attribute; they miTi be used, with evnting numbers to make tre sell*

We wish t,,t3. t)le vositive rationa1 nuabart and Uze to TOrtkpu.,--Ot

algebral,, Llysten.. Thks will he done in ChkFter 6 wEere 'two ro, ,operaionq

100401142373=1,1.--3-3,-r- rv. 4;-7



a

wi Th
will !e intrellIced On V o: positive rational numbers. Thomh we wish.

to eive ar. abstract development el' rational nambe'rs, we &hal1ot ignore our

previous, less forwal, knowledge. hather we shall use this knowledee to

puggest the direction of our abstractapproach.

,

Elaivalenz Fraf!tions
*

Sorn a. of the problems4Lnat concern us here should definitely not be made,

41(
'the concern of junlbr high ccilool students. Statements that these ttudents

0,ac=pt without 'iczitatioh wil- examined in detail here.
.

The development ks

;Iven for iht U,uherleto help shed light on,the itructure of the ratlonal
r
number t=.vste:l.

From prevoious,experience wdth datdonal miMberp, everyone accepts the
.

statement*that and name the sam,-:: rational number. ,Let Us see how

this conclusion ma.,i be reached wit:I:out zzuttin a cakc. ,117tia, four parts. From

1our notatiqa, 7 nam,a L:olution of t(::7 evt.-0:Ion

whi1 a olution of the equation

-
To avoid pr6:!a :.:Inctho matter; wf:, wt-d 3.11 on equation und .

the other, t.1ius In no '.,,ay imIlyini.7. 1.1:-, ,..,...,o nolutionc arc neetsarily ti,c name.

The equation. ..x - 1 hasOa selul:ion whi..!!: w:J i!ave namd tiAlt I-, :4 1

and .1 are two avaqs for the zame number nn4 we write
-, ,

..

1
'ince : .--- and l name the canIcs, nuMb(r, tne ;-rodut..tc

I
c, ,

" I will also name the same nher:

1-PtiU4ants will

.2 lA 2 - 1 =, 2.

readily accept that:thiS

I .
AT:

1,

ItiNTre- irrtht- ft:1,1114)f ify

4 =MOW

1) and

I.

4

7'.

'111.

,2., ... ,

1.,....- .,'''''',.-'......,.%",',.41.7,-...,-W.11,,,:%.'tk,',' .s,*74,7*F"..,..!:!Wk., ..!, =-,,..'.!.../...W,k,c,V,I.1.±1.4.ei,,_,,,0!Itr I I

-



6462:46,66'"

4s.

err--
e.X.f11111,1Q 4 i Ilw.ut.c!r3 L:11C1

ar,4 , 3, re s Ively 3C,

-.--4'.;-.:ror---=:.--t----A-tlAttur) at- ttl-ont=t4

Thus, 1ti on,Audcd that. tho solution of

siz also Inc solution of

or ti..rt,t t 1171. Urib r a's

o r ru11; .Locik at t "%1

!Ito th rror

'trtadv0.11..t.,Otiy

:to l'or

-pau t. ar:ait 0!!.

s

1:7

6 4.6

o iY1,32c4t. I
7.

-A- do tole u

1.o aoiXt,

for ou l'atiortal
ek-4 -

Or.11,1L!.. for !,ac

two tc-, Lc..d v.

i,'tnri ,

'L

r
".

s t S' .'"Lt

utLP Ll Cr' ,!..S :a:ne

!'t :t A

'1.r

! 40; .f}t t. -d

, , *

r.CriTtle

t tr- e.)1

d " :t
t 2' Sc'n't 3trolt-nt8

L

31TIQ ttv."-o::11Tk: iü Ist : ,

tin.: 1;0i 01. c,a -."_ of tneand rterv, nuna t:t1:

roiiowi c.(11,..10.1.-4.orul tire* qutal. :

'.st,-.'o2st

L'e.:,y

_tator ..i-v-1=:,,,

of
are soi:tt::>41i,:

Let us nm1,404. VIr?t,

4

'



sirce) 41..

t

nd- cre rTh o'n io u-ive uois fermi ty to
I. .

, hand
no-.4 -tt!,? I:as:tors SI

and vz ti
=o we st,e

,

and 7* The 61)1:- hand s

11%

*..43"EA:1S ".

:

11:

Wu izavsiinr: LLu oqu

= at =

iiow ;nay we de

and iience should
37rnbols nan?

SSY :o onal numLe.r if it

; r?

11;i: r Loti5 .hurnbfr?

ie),'

*.q..r1-.

;.w0 1-cc,.;f7;1 als

oç

t equat,:i,ont not i.dent r.on t wo !Iarned

r:;:tiona ntincwIn:, arz-,4 not eautal ,

.44444 4



Notiric that in eaz:11 ease the aQtual test of equality is made Sy eomparing

equations. The teaher should und.eit'stand that this 4eve1opment is riven here

to o ize the ir.lortance of the equation approach to defininr rational

nuMI:rz. On tin: other hand, It 4.: a a-ent ;:rom 1,hc: above e:amr, tnai, tne.a'
tozt of 1 ity for 4 , rational n ;Sers I- and - k:an Le made simply1 t.' ....

compari , produts ad and' be for equai!ty since Inse are!' the yroduets

V:at al:,;=ear on the ri6ht side of the equations. Herv:e, it is more. c0M011 for ,

ti-ie junior hi;.n school student to f2ompare rational_ numbers uin the followfnE
)

definitIon:

z:rmbols 7, and

number ix rind only

11al r0::.

ad -

ratiOnal

rr snonld 1..!J:. comparison iotween tni.s dinion and

ous one as i
underanAint:

since ea..:h is

tea-nint:, C ational and -oportions In the ,?unior
)1

Symbol!: ruzn e 7 , .11.anc, rational
_

i:.:euati t form is.F.-t- a ...1.irt a and

.numpers. S;rmIols in the f,-)r,b ',=*" that

arc ....ounti,nE

st ovi0i(nIt of

quant],s are ..allcd rra,stit conehiel:t termi-

a ;:trIll .ns

t::: fra-tion both

tivi' rational

lz.lme rational Lorssr

names. I:tious Lt tC,c-

Noss tnat lancet:rt.

nas devcio..ed iiJ ,no

nqmp-r ni Is nam;-.! :y =

rational s_zmter. 0:'
.)

positive ratio4al sioan nutJkl.rc LaveMa

'

and nu:niers

9f the

is a

names are iI2 :Lions.,

:

SI

,
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Class i'Ixercises

Note: Exerolses 9 throuch 1,2 are an essential iart of the development of

this se:.:tion.

( P ) 1 J *

Lk

=4

and namp the same rational nuMbor?

and name tho same rational number7
.1.!..

W"t2 41,0,1 ,._ -OU - ,U. we conclude from this -tatement that

7 and. T.7- nano the same number?
2

,

a
10. IC ad ... b, o, d eountini:, numbers !nEly eonlude.that

and same number?
4

, 11. Do

5 4

and name .:.ne same water?

11
dorinition to ::;now that 7 and -- name th-o ame, rational

numbi=-=r. The equation for--47 ma:, be written as 11 11 1.

tx)ct, f,:cr,;ation -;11o.,,t that -7 and := ::amo

wilua;1=,: 1%:;1:-noott,t161-: of c. thc . nula.,::r line.

Can (Tvc,ry a:- a

1;i1.,:,? uLaally folic

There are otber ways

7 tni!:-, fieAre:

,
Wq,

X %

t:

,o Uhe.F.ountinc, nuAL:erLi on a 'line as in
,

1. 7

'1



It is-,Ilear that every countinE number may be represented as a point of the

line in this pattern. Nevertheless, we normally reject this representation..

It is rejeoted as it does not eontain the information oi.1 order indiepted by

tha horninl representation. The eoeht of order also e;act,Hi for the rational

nwabers and we would like to indl,.iate this with a number lise repren(;ntation
4.!7

of rational numbers. Order is a k.nr anteut of retional nuilibers of whiah wa

avi.k,inv..c ideas. Let oh maRe the intuitive ideas rained Trta experience,

pretse.
.. )

1-), .
. )..

.1.1:.. ilui5rt - and * are solutions WI. 1,,,he i-q.luatioh,,, ....), .. . and
1:

i

,
.

.?', . 'i respe,,tivaIy. w1! see that and * arj ndt7fevai (meanirw thev
n . .

are not names for -Lilo %-,amo number; cin the equatins

and

5.

are not itichtis'ai.
1

is a solution of

,.
, A .

) -,
Of 7a.): -

..,... .

and of , a

holution of and of ea: we have and 5 -* "j a

'heasonihr

and

atid

micht say eiht times throe-fourths is mere than

ohi---haf, and ti:5", CI,a1.(','r than ene-h'àlf.

Let ds Look. at ahothar hum!ors and ,-77 art solutions
.4-

11
aquatioh:'. - 1.) and. !"(',:

De)1,.i.to r.ra0i0n0 23
7

L(
raMc: n"rT 1.nr. enuat]ons

L.

,

)-(

at'; ar,, .:V:=L -,1:::. :,,I!,.::. .H.,)' :: !/"- ";J:..)1 . '-i1,-,r'-i'z),1\''

'1.idt1 :.ut =4 J 7=-7 . 1,'Ilrthor, -sin..e ,-,, -0 tim,--s ,:* is i-ceater than
2,5 li I.;

17 /
we reanoh rituitively that is r,.roate than

,1!...1 timef.3 --
-7- .

1(

.
We see from these last two examples tell-It the,xational numher ..-- and.

n
a

,=.1.
,

-,

ean be ordered by aom hparinrIe hroduuts ad. ana '---t .,-.-,_

Thin reasoainc ti.di us to a formal idefiA111,10h.

riA

and
S.

aouhtih6 hditfn( rh.
"

i;reater than d.

-.

--rh

ads ..') nay

,f-348
,

.11

.1!

1.4

=

')

. .1 I:.
-,,)-)a.

..
. SSSS

........

,
a

- . _ i .
.. - . .. .

,.

-41. IdtgleIIttleia.". '.irp.rwsr ,1!,
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The. readcr.may complain tha't the definition is 'difficult to remember.
Some practice with it will help and one may always return to the test for
equality and ,rcason a43we di1 above..

Class ExereLses

Vote: ixrsc 15 and 16 are an e.,ssential part of the development of

I'S. Insert in the box thr, crcr

(b)

*Tnse,rt In the Lox the

(0

sl

A (

>, or , to make true statement's.
1.01 ,-

1-1*-:7
,..:,

10001 n

to 4ake true statements.

15. .r.r=t, .;01!1';".: rtzo,,--t.;!Tzt,:

;,:nd = fr-t4
d

V

:h thut < Lc.t

0

a?.
t.z

115

.0

13 arid 16 partially show that the order relation of the
ratidnal aula,ers-'daes not depend on the particdlar fractional representation.

F4t4,

that dei'inition of order has 1.,een Introdu,Jed we may- systematically make
corresi.,ond to ornt::- ni..tr:ber J. an examble let

*'94.0f4W15-41T.OT V cint 4aorresponding'o It is,readily ahovn that
f n * ' 1.1k, taz.,

a
1.3) 't twe the :1Jo1nts wnose coordinates are 1.2 and 3. dct. point

AS:

14,...: . 3... ^,S110.tazia.r. Wer.Stb.100A41.744-4.4re, 4,ic......,1;111,, ,,:"Iiiat.-4,,,-.:44;:to-,:,...:,,,,,32,...1.4g.0....01... ..-, ....,.:_.............-14..i1141.
'''----4-7.= ".. - - ' , -_,1,.

, . z.... , ...

: .

'4 .., measure on a I.Lne. (See Chapter_ 1,-:-. )_. -

,,.. ,. :.\: .........-.,-..-,:-...-::....-,-4:_ .,..i .-,
,..,_..-

.
licy,...-N,.-..-":.. '. 7, : " \-: . s..... ..' 'INI,Es-..-.-'...-T17:.....z..-:...,:....'......- 2:.::,....'....;.- .7...:: \..-.1-_:'In.:.....':-4';i4-.-i. -.-- .-....t.teRi..

... . .
... t

... 1, . ----:-'7,-A

4.0.4,40 pkor 11



a.

4
3

iLl

Here the visual representationsof the positive rational numbers on the number
1

line indicates the,relative magnitude of the rational numbers. Each. r unit

corresonds to the same distance.

:lore customary approach to the ordering of the rational numb rs and to

the number line begins with the number line itself. For example, the line

tetween and I is divided into four parts OC equal length. The end points

1
of the.parts are

1
labelled , , , and, 1. Also, the Same segment is

2
divided into five parts of equal length with end points labelled 7 7 5

, and L. By inspection; we determine that .7 is reater than This
654-

precedre becomes unmantweable for sueh fractions and . Thus,
431,1:

we are forced to use the pore sophisticated approach of.our definigon. For

children, the eometric or v ical introduQton is reommehded, quickly

followed by the algebraic approach.

a

Class Exercises

17. Ben: 11.3 a possible corresponden of rational nuMbers and points on a

line. Criticize thic; erreponden.

A 1- I I 1 1 Ill*
1 1 1 1 I 2 3 1 15

16 a 4 3 2
4. .

, A
545 :UhOle Numbers and Aational Numbers

We have confined ourstlives to equations of the form. bx = a (a,
counting num1;ers). bet Us extend our horizona and examine equation:4'ot' the

form 'bx = a where we re-w let a and b te wholr, numbers. Thour,:h we now

-

Eave chan6ed the set41 ni7:of odr di'scuss' on to Include zero, tun remains

familiar. 'All the equations involving'countin6 numbers are still -with us.

.41177.4,.i4hareeareA,40werl'.-0Ome.now.eq44tOna4, 501.1v..eXams Of. 0,',5,e are:
,

..
^ '111111rtI.I.-....4.,....111,Eler.,..±31!IRITIM.P.ft*I7IIIIIIVIV.I.O

^

:74=



O O

Oy , 17 Ox

31: 0 0

Let Lis IOOk'41t 80NP of thesf= exami:lesi recallinc that 1,he product of 0 .
4.1

and any humber i 0. Thic latter feet mal:es us rule out equations of 1.-he

'form' 0.Y 1:7; ox , 5; 0'x . a whre a / 0. The re'ader should become

inlIgnant at the suq:estion that we rule oat the equation Oix . 5 and should

demand that more new numbers be invented co as to solve equations cif this form. ,

Indeed, it would be possible to make up such new el4ments; however, what'

are the 'consequchk...es? We would, ofleourse, have to'cive up the result that

the Frodut pf 0 and an;. numbor is 0. We ould have to ;:,:ive up the dis-

triubivc J uw '4hibh c.:ould no lonLTor hold. The ztrf..n:turo of arithmetic

Would ollnisc Thc tLain ia not wortl: what wouleee lest and co we do not.

aliow t.;nch wo now bx,Aud thb nosibllity

- a wnerb 0, w=: re in ess..inue 6ayini!_ that the xirrespiindin4 syMSol

a
na;. ho m0ani,n,.

rAiuLionr, 0_

and b;; is.,0

Co: 0 do nav produ-t

m,ay :-.-,uhtltuto any number for IA) obtain a

true statbst. j.nt tn0 0ouation , 0 :lobs not define azy untouc- numbe.r
0

and so t,nb;;C vquations arb alL;o rui.2d out. Thuci, t!,c ,orrpondihe, synli,ol. 7

also nes no Ineahnc. Idd, tet last twO ult,; feo. u!.: to tilt' !-tatement:

Wo Lunnot 1IvId0

Finally, ther0 t2ouationn of th rom 5v, 0

- 0, (n a ,:ountin.: nunLer). ,Thcse oquation:' ha-v,.. 41P t,!, a solution.' . . .

Wit!J our orii:inal notation for Zra,li.onb, -40 dbnotb tnb colutirn o.i:

0 0
with -r anj th( :7,o1.ion oi: z,:-: - 0, wl- .

L. a

Class Exarrlsos

0

tbe Winition to show that tile frationr, and name tha. same

rational wraber and that t:Ai,A.3 nu.nt,r,:;.w.:,t be identified wit:: 0.

19. If the produbt t'wo hwri:nrs. 0 in multii,lieation !), must oh:.

ftitztors e ?e:roi! Ant-1.vr qui4Ptlan ror

mod

-"Mr=i5MMISIgLW-

,a. -;,ar

A

TZ.t

1473`;TZ
-,`"Arige

.."

-tn,

,



5.6 The IntoKers

In Section of thls ohavt,er wo pbserv tnat the eountinc numbers do not

provide a system rich enouh Lc) eontain solutions to equations sueh as -ix .

Th 1 1.ro? e( the 'el oftwi t,;i to i :W numbers, the pos

ration1,1 n111!:bers. Tr we return &*ain t.c4,the eountinc numbers, we find another

elass qu-ctioas stated in terms of the eountinis numbers that eannot be

answered wi'Ln nountlIr: ne:-:nors or with poci:tive rational =hers The qiles-

tistans or equations whieh were, used to intilnne the raticInal ngmbers were mul-

tiplIeative in ei,atun now, we, looR at these whieh ure .additive.

Here are som,,, duestions:

'(a) jenn lo r.,:,W yr7'ers old. Eow otd /11 Le he 16 years fro:, w7

) had 5 BeaLlt: re .ordn.

!io'd Inantio ,'eesrds doos shr, now h:Nve?

.

for her 'birthday.

Smith hns isoolks. or tradin stami-s. Lne wishes to ebtain a

three L,t re.2qair..,s 7 !'ot):-.: of stamps. Eow many

tnork- tscnis den Vh-n. SmIAL neod?

csJtutLon reqirc-- that tne Presid(nt of the Onited Ututes 5c.

e-16 rmny w_Lia

to Lt

1Y.e tthowen: to ,;,i) ahd ) elhed z, 1.LQ t operaton. of
4

addL'.,Lon the i= ( ) 'n(6) .7..y also Lo el nrasod

fir; ion 1 a.611%-!::s :

:-wn

t-,1; . . `:.!,! ons

'-0:)pen nhni,H...t6e)

!!nd . i- ].
-Now'

'-"Theze are tnii equal:10:1r.; wo want :so. 1.V.c4:1, Howt--\ser., wo nave I arieci a systemati 7

attaLtk on s,,At-1.: i.-IN012_1.cfrz sulAraetIon ate1Y f I)aek ipon
0
by soLvinr

- ,

,

r -
r....=4:4 -= .44,7

.11:` land- - x-

arc otntr '7,-4011 1:y Le .1.1.2ea. in. -L frti:aewor?.. of couri"tiniI

*

-



;'"'

EV

(e)

- (1)

4P.

What in the solution Get of ) + x

=,,That is the solution set, of 5 + -

1 c. c.fie ourselves to tiie ;houni,inc numilerr?, we would have to anst..er that

tA solution sets of (e) and (0 are the etnpty 2 et. T:.ut is4 there is no

countiw nu,nhor that may adAed to ts to prodve the sun 4, nor is.. th'erc

Irumber that may be added to to produce the sum

that 0 is not a eoutine, number.) 2

Thin preoentS u most unsatisfatory, situatitcf: 20me equations like

have nonempty solution st,:ts t,hile others like + x 4 'have

emp',4 solution sets within tie:. framework Apuntine numbern. Iel. we

frequently 'want !'iolutioas to prohl,..s that ta?e the, Vem of auestion (e).

.

(0) 44ry haiJ rt, Itnsr -'ai) tolerate only 4 of

W:,a1 yulnLr de to ::lakc- tho situation tolerutleTtht.n!.

drastle solution would iv tho Y'athdr destroy ) re:.'ords.

wa,i' told to a rch't :rn

Lhe licht. h uh ov,richt wc.ftt, LO

tzst,n, yt 'c .L. th, i'ourth 1:(h1.?

:,

*,!*s'' n . A 1 0:A.:Cs

ss.'s I -

:4-fort 0 Csi.:112.s ; : 1,0 4:17

.%! I . d ::, s, r.

I 1 ::.3 ts;!,

I
:s =3, 1,

J1 .. one ota,sr

I
a

-r 3 f-3.

juo.t. Tsci t pf.',

..141.d.

altitude aLove tInd below sea leVel, and dist ance. het ur 1!!!:piy sa;,, that

1711.W,./.0z0.-isM- 4,..1.TP4z pscatloa tht: 1.1.1v1 bci PJam,:sd end wc, wLh 1,4)
ikr-+

-13', Ti ; T.Vy V r :*

tostommtocc:;%,,, s

1

113

-



I.

It l mon, 1-oliv,liiint and uL orr. ukoefu1 to make woe of 'the liindu-Arablo
taLuxl=ra.L;. In ord-v to bc) at0e to diffo.vonti.ate point5

to t;:o 6 and thoce to tl.o lofts of. 0

donote otU1. on Lho

-;i f:.

Frc'quontly oii to 1.1.i-ht of 0 on the 1i,n *nened.

"-tt' tO ir 1,1;e2 mton between pnd thP 'ones on

0. Fol.. -1 1:unloo * to t2:e Ioft'of 0

+1, Oht-,;]1]t re*d

c4oh hnd '!,o*itvo 00v", 1,toop Cf f L,nd 11 ao sULt '

Way 'tn). n=t,',%r ,:nil( 1 uhd -1 nchne

lioto ty 11 10iJ!tori joint -opt,oi;ite to

no ntur.= or

;.

Li I 3.; . z

00 )-1

..r rz2t 1," d -1;

:2
SA

.low IV wcztinterprot "- i);vanin,$, Lso i,,t)hot. to

-17etform 4=iitIonr-" 01' otner f;..":=8ment,

0

I law
4

-1 4

iguro stove 112=aat t ,V.,141titn tAzing bevenf Cr Ikr.d-'9,1;t

t

4:4:4

,5 Lind -and

'1147 7- '.. .....:7C-7.7=77 .7 77'..7
.

_

-



Class 1.1:,:er:Ltisk2s

20. Use line secmests to perform the followinr additionc:

(a) 3 4- .

(v) ...
With iht,,:ritation of eomi.,:hi.hc wo'ho%; h1.-v.c, a plvf:1,.:al

method to :,:quation of the forlr. t;, a owt L numi,,ers.
4

This is compal-abi to ti,c, aid ,sod tc frtionr.

p. am to 4.. a al =b... ad aka. . 4. alp am a. I

In oLL.,,u

41119.6

-
1

.111. .1. WWI 4M. aB 'ma ii4 ww. dm al! I

0

In ttis2:aao, ,de :mist may

,

t-Wa="*.

.11411/1110111.0

k.'.--.

.::. k s

41
:-...rri.:Q:-.4.:... .1-.:."?..., .-, :..: :.:::. ,..7F:.1.',/4.-..,---i-'.:',.:: '

a



Cleis xvrr

Uae th- Invthod of.' the ahove vxampi es to sOlve the equations':

( !_1 ) , ... 11 (d)

(e)

-
\ /

a

:Tom the elaos Q.xereloes that solutionsto equations of the fop

e anti 1 a)uatine, <b14 yositivel zcro, and. ricative.

The uollti,ori or 0_1 vAuti ons to equationo of this fonn is the set, of

::101z1Ier or the of!:
a

of int.ccern sometimes represented In t:.le followihw form:

* * ) ).1

1..Lat '%11 f-ok,4 A.,ora:31cAA:: :

the of 0ount1 hi: nu.annefl;, (1

thY 0

of
-

. , -

:,,

Thy 1-xt, 1A1--Arun.:,' I u dc-r ol' tnt.' inteljers.

o-at, ther, 0 tn!:- 1 and -all tio.: Ont:

to > and 1 > Tile _Latter

!sitIKThf: ::!"!?1, iL '!-oint

nve,:i 1 ve-r On of

t:it: notion or ord.,.-r Ou'n't

*

Inrt In the

-1; 0 14

"=

"1.01',Ov = ?, or < to make trur t-.1.0tJement*:

.

(e) 6 4 Cl 4'

(:*)

1

kr, ; .1 Uri -.

A

.;

V

/war .egr o INWWWW WWWWWIWWWW 01WWWWWwwwwi w
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Exercis:r,s

ich 171Wm thc nn rational rlulliber .

wha trapropf:: 07. Imbroner 'fraction?

DosT7,-, ntl; so:Wt.! n 7- name: a solutiob

4:#

),
-.... . . .

...b,.. -- nam7.. , ...a=c7 ral!or 1 Ir.tmt.,r. F.,20'.,, t!li'Al. and
..-0

otm1 nur.r.

:nay :no

a 2(..,untinc nw::%,cr that mas 1.;sc7r1 nt,o,c

On:it:7r -1,:,7,7:7 .C,o;Lle

rat

in-

1.o;:;.nnl!lc t:

11. rnt:o!'ia! _

11 IF iL
00

aro

inl.:,e(ers aro oflpc,ait,1::.;

(b) it; en inter!,-.

()," Th ;? stci ho1e nuthbers Includes only the positive integers.

fl

( ) E-1,ocry can

r01111 B *4-

Ian he. eger

6S tl:Ie o1ution of n equation in the

and, ii numt.,ers.
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* ,

.7...

(b)

o. ,(a) ycs

(e) .12x = 5 - (d) loOx 90

no

_ .

($ . Yes. The nuMber named 1,)y r is a solution Of _:',:.. aw, ---
) 100

name for the solution Or the quation 100x = ;0. To appy the test we

oompare the equations

and

ink

100 ').>: 1- 1.00

100x =
tt

'ons multLpflorr 100, for tho firct.oual.ion, and 5, for tno

,,hocen so tnat tLos.lef't-hand slUen of loth .,ect eouatIono

are onunl. Thus, to decjde lr the t.1..* equatiohc are c.ame,

only comaro tne t-wo
a

etswor also follo,,:c :from the statment:

snly if' ad , and. d unequal !...o sore. (See answar to w:,:eroise :10

need

a
10. Ye s. numer named a :.-olut:on of tho . and

-

o
thc narle for olutIon ef t.h equal:.on

test .om;.are tho equatiohc

and

To .;::,1;37

rnc, d for the equtitjel!'! ti W.; for the k-qi.U.%

tion, 'were ohosen so that the tv.1,i, left sides of 'both test equations are

oqual. TniJs, to d,.hide f ane two equationh need only

ral.are rir:nt s ari Lind -7, name sarrel:

numi,er.

This question (.:annot be baldly answered yes of no. The symbol is a

- tame for a solution of -the equation 1 x 4;. The t-vation 1 ..x.=

also has.a ,:ounting number as a s)lution; namely, x We ajree that

these two symbols shoult4 name the.same number,. 0::r intuitive notion of

frw_!.ti.A f;rp-rointc,s th.n or a 'zould. be I: 1,1es.

'

"t7ATA.4

. . .

,'"Ue10- .1 A 19.,111d1-111;



/ '11
t 12. es.' The equations for - anci 7.- are

'

respectively, 0 . 1 and
.

, -;j3x , 11. To perform the test of the definition we examine the equations,...,.

#

A- like a segment corresponding to

gorrespondIng to

3 . 33x .1 . 33

3 k33 3 11.

t;

Since 33 = 3 11 we see that the kquation 3 33x . 1 31 may te.
. . f .

obtained from 11 '-- 3x . 11 1 (Imultiply by 3). The test of the:
. .

11
definition requires that we multiply the equation for t-- , 33x -.. 11,

ii
also by 3. Thus, by noting these facts. Aim can assure itrselves that the

tnt is satisfied; and save some mu1t1p1i,2ations'.

(a) > ,(b) > (a)

11-. (a) <- (b) < (c) < .(d) <

(e) (f) (E,)

15. This mp,, be readil seen using

1 ;

the tent of the definition.

ak
The equation bkx ak hus tne solution x -
"Th bk

4

a
The jwtior nt.s thc solution x -

Mu ti:Ilyinc tne firfst

-

Multiplyinr the :0ond 17-,y t,k ivos
bkbx - bka.

a

lq,,,know from the ve information that ef < de. It follows that

I. de h wnieh prev.en the ausen,i6n.

iy. To natisfy our physieal intuition re6ardinr, rational nuMbers, we would

18. We return_to tnb equat1o71s-
A

2-0 Taspectively we 61Ittain

to be twice as long as a set:pent

.11m mai tpiyrrry -7- and

2 cix ;1 0 0.

0
tvo-equatioqs - and name the same Tational

come:tow

=5"

tva

f'41.

::,+:

'01111,:ts1;40,t:9.,. - . .,-,-t-

with - and. -.- .

-tN.1.- -4444--wa-tthlt,:v-- '-,-7,-'-",31,6,2e,.1-Z.7..Tatt,ViiniSMIC,a0111,
1.: -X.ne.V.iat...-C-3,i-21...-.3.-:.i.n:.:.± r.:=ZAIV.% '' ..,ii,-,iler... ..--:.....-.. ' :.''.i.:T-' 4a........' .*-......' .....1.,-,,,,L,;1..3-...-4- ..i.,..ii,4::.-
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Yes for mod 5. No ror mod 4 since in-additioaftd having at leapt one

factor 0 to Eivo a 0 roduct- we -also have

21.

.

t a (0

(b)

:7- ( o d

(d)

(0

41.1111%.

(f)

'.11.

. - 1 : N.°7 .

.*-



Chapter 6 ,

'BINARY OPERATIONS ,

Introduction

In Chapter ) tlie rational numbers w!..a'e introduced ind accommodated on the

number line. In this ,:.hapter'tinary operations will be defined on the rational

numbert and the proportles of these binary operatLonf will be investigated.

Mien we formUIate the definition of these binary opeNtions we 'will want the

arlthrwti,: of rational nuMbers to reflect our past experiences. For example,

1 1
should be I. J11 ,an idealized form 7our operienf:e dictates ti;Ea. 7

1
a pie plus 1J ;-le is a nie. This is, of (!ourse, idc.l'Ailized; it is extremely

diffi :ult 'to p.it two halves of a .:nerry ic 4--v:other to hale -!hole pie. We

snail also clurf:eives motivated by wnat we ecard as desirale features of

a number system.

In the laot ohapter we l'ooked fIvst at tho postive rationals zs tc rict-

of all solutions to equationn in tne form bx , a where a ahd. b ore

countinv, numbers,. 14.1 then introdueed zero us a rational number by eonsiderW

all solutions to Lhe ouation bx - C where b is a 2c,,untint,:, hum'ser. Last,

We tooi the oposies of all tne positive rational.h to form the neative

rationals. Ther;e thre set, the positive rational:.., the neCat;Ve rationals,

and zero to2tr fprm tLe:::et or rational number. Thoucting numbers, the

wholf: numbers, and th,:' intocers are all eontained in tn,- Set of rational num-

bers and henee el.c:t is a of the set of .ratiohal numbers.

In numln tnQse numbers w reed to identify s,Tmbols suoi. as L with a

6
eountinc numbr and fruotions with a rational numi er. Thouvh tne

Jo'

synbols und - nave diffrent cpnolories, we a.zree that tney name the

same number. T::e words -14015 and "hoveau" havo different origins but they

name the',.gam animal. -A person v:ho speaks ,iDti; EnOish and F'renen would use

.'0.the words Interehangaably dependini Ipon the situation. 1,41:n We deTI':Ii!: binary

,

.:JOIALOr the rational numbers we shall want the definitions made:4n such
. ..-...

way that they agree with the known definitions for t,he counting numbers.

ii.,--- The-point of view of the last chaptt;r will also be used in this chapter. ,

,

lk nave been assuming that we arf.a.inven,inv .tational nunbOrs. We have a

!!!Tte'rtfli'i*ount of intuition to vi6e as and to suegest the final_ Tom of our

anVention. Our knowledge of rational nuMbers la t'*a' *ral-rd13 3., t, II. .343311,- -

usktp:=1-tt-tt,

I

oi equations. To procteed, then, we will take extensive use oe,

AmoutLeaPhia.poizt,of.-1/441sAWaexeat-rrQm,tbAllYAA-441.--,:,.,:.2a13

.;;,9s example, ifi Mathematics -for nool, Vol. 1, it is
+14.4mettiTemmmmmeimm4,-----

-
*1?e.... I i 1.0 - XIAINIZIPA 3431#33331,13,



a .1

assumed that ther-arc 'rational numbers,'that binary operations are defined

on them, and that thee binary operations hvc eortaintoforties..' In this

to:xt, for teaners, we nrefor to show tnat it not neessary to make these

ussumption sinee can be Enown to fol'Atw direly from

of tne opratios.

Addithc:n

t us 1,ocin with an introduction of a binary opcration, addition. We

sturt with f..-om(- ilp,ifit-ya::;ob to ,llustratc- th tbod we :411 UZ.e.
, 1

" A , to l'ind u rut,10hal n=bor t(.1,!!c: :ullod t.L- sum

moth,ate tbit: ram w return to our r:-::unini of . WQ think.
1

ur solutioh cf tne (AlnuLion :,x - 1 ; that ha th roperty

tnn, Tno symLo1u 1 and _ .i- tbo sumL: .-o4htihi;

numher. As we wish to dofin,: '1 4- a'

r:tei.lr,,,o1. Ono way to do is t-u oirh-

- .

- Tnun, !t
,

Lo t 2- 4 , tr 101'

Lb;r -ountinc n\kmors I ubn I. I:: Y#:1-, WY do Nol, nave a
/

rs:',*.td t: 1. 1 r. dirtr;: !,01tht, wokasi be

Le tai::

the otont

if tflo distributive law i. to hold and
, 7 + -" lc to :Ann': a meuninC, ',./e must :

1
agree that 7, 4- 7 iti the name of a sautIon of the equation. ,..,

....7..--. '..4 .

-7..,

But l'sfe Know that the evat19n :-7' = 4 hwo' y :-... -r... as a solution. Renee, wa
1 1 , . .-

e
te .

iihat. - .1 7 ,,I: 7 :lam- 1.-ze ;.1a.laz liz_4.,r . 1.11!: t- - .

4'or tne namier one, we define tile odm

Let u o through this.in,another siMple ease. The-rational nuinber
14k
--- 14 To.1m4tion ,e4mAut1 ol) 3x 11 or itTlivalently,

mot...."ate meanitr-- oi - - proroed :03r.

..

C!

WV" WiiiV111.8111Prt.,". ,wri.rdme



row-

r-

us that 3 1. To relate
3 ,

or

1

3
and 7 We write t:e true statement

1
This tells us that if a distributive law hads we want to e:all - a

1 1 .

3 3

polution of the equation 3z . 2. That is, the sum r + - snould be called

c

7
as We know 1-7 is'a name for thp solution of ':,,z ..,- 1.

..,

The two examples ah6ve indicate the procedure that shall be.used to.define

addition of rational numbe7rs. Clearly, they were verY specialized examples.and

examples for ,,hieh the decisions could easily have been made from physical

rnodels. Now l.-1_, us look at somethinv whin 'is less obvious physically. .To
.:'

5defino the n ,,f --. anu i+ we may bein as before. The number :77 is a
;-:

5')
1

, a , 3 -:. t-.-solution of ,:).; nad , solution of 'A- that Ts-
:.,

2
3

,, tv
and S. . 4 :,- ';',. To combine

.,*7
ed we mayn try the above method; eombine,

e.
;-:

.3

the two equations:

- + + 7

This time, !owever, ther;:= is a diffqreclee. il;ven wltn the use the distribu-
,

tive law we are unable to group toether and. .

What to do? The first step may be to abk wi:y the proodure failed. To

answer this questi we must bc.-lear on what the brooedure ro :;rom

.1 1 1,
the statement j 7-- -4- to the

b

use of distributivity. In r,enerall the dizAributive propert ;#. ib btatt,d ar

ub + 4,1('Q +

1
The e..xpression - tailor-made to unt u dists!butiv

a "OMM(.)!1 fa-tor (multipLier).property as we hay:, Tf,in is, of Qotirv,

reason for the dlffik.ulty with

74-

.1.

no comMOn faaorl

ShOuld this technique be abahdOned? T. questioh,is important and

At'tiserves some serious thought before an answer is given ()he line of thought

E.
:miht lead. ub ba.?.. to tt-A;! pn.--i,eedinL1-, ehapter nnd ,!te intro6ution ratIonal

li-:-
----, .

:---numbets and, fractions. On several occasions'wo wisi4=d to =.0mpare ntanters ,

im'Alammed by fractions. This was done in suoh a way that tile new equation3 haA.
s,,

=-4 Ants

" r

"' nr.",

* .:artr-14,

.#

wItwmuommmo'Peeloavvoimmmiliminwmif.



. 1 a Natt..ata- I in leatata0, S ram wso rr rvar , M11i

14

Aftk'r ui r,=fluution ict us ruturn td our probiem, and se,,-.7 tn'is train

1...;:vajlt- ha5 frw.,tion t!.:. nol:..14,..1d?i ;', co

j M,C0 t
-'qua ion ere 0..n..z

:t

)

';.,-1';. ,

, , 01'

,

4..

r.

:.ru.uta:d In

Tz., re- re*idnal

rLor aru thd L:dlutit.ns of 'I.:la:, ccto o and aty I to;t'.'t ively *

th,is i* meant * = a und d =
d

ivalently we havf:

d.(s ) a. au b(d

"0:1_ '"0"!" 1 '1;1

(1: "bd 1=

3

ag,

...



Uemn tne distfilativefTroprty gives

a e,
7 ad 4 1.C.\

ir tno 4,:ration of addftion is to 'be etended in a natural way to
CratIonal wld w:Int to soy that r Is solution of the equa-

,

'Lien

(d)z ad 4

TLit wodJd 1,na tO or luie ti:at

as.
=.and

;

t!.t.f san

a
Ou tt:fning naa 1."d us to u ;lausildo nIfmnint: for 7 4 3 . We, nav,- not

off;-fred & iro...;r rathe.l. an :-xtnded develop:nent to :%ctivate a definition.

Havinc arrivA at .2an no,2 win t!:(i., slate eleaM, and 1:egin with

>the folicMla.:

tf.fini'tion: The !:;(1.m of any 1 o 'ai ional nuni-r::

aij .4

is
,

and
6

a t,',) a rultrtiv ;-:=11.Q dt2f1::it,Lun.

uui for 'vtr:AssIty. vcry

holed to ,o.rev'tn' t!,4!", 1!' 11.;t=3:al nuntt2r in t wor

zan and In:V., %I., wta; ot daliherat denit:n.,A to us diffiult

as porritl,. w.FA a ntviv-.; tLf.: meanIn

or rational nu::!Ler and a desirf: t reate 1,inary operations whieh have prop-

ertif::n foa,d unts:'ul 11,,iioN and mu17:i or

wnoic it rymins, of .on.t-sf=, to tf,flt 1,!;in inay opi,ration

tio duf-L La'.=e tnt'n prov.,rt!es, as -ommutati-.'ity end

associativity. la neyt se:,tion we snaii atud,y tne properties.

Miany texta Ln.q.uding Mathemat't.cs for Junior HI'M 4hpol, Vol. 1, ::lug6est

*V-5.16hirt-ifta add and 44 bv finding a common denop4nator. That is). one would

write:

4. .e
!!, 4

1 :4- + 15)

a

4501.4;4,-4..--flavfasofff
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aw

The treament in thit text appears to be creatIrrerent. However, the
,

dlferonce it more 5 philosophical difference tnan a )1echanioa1 difference. r,
::, will be :eol-1 tnat the mconanics of the two methods are really the name. Ti

C_....:treatment in this text n55 be:n different to emnnasIte to the tea:i-ner that

addition Of rational numbern may ae motivated and finally accomplished without

multiplyin6 fractiont. The di5oustion eS addition has tepended upon the whole

numbers. That in, we nave made addition of rationals relato to addition and
*

multiplication of whole numbern.

To See the similarity of tne t'wo methods, lot us re'iow tne metnod of

this tol.e,t. To collc.:t, toLcitnor ..=- and 4)-

; z;r1z.1

1

ahd.

rt?L1.1-.ti.vely' This civs us

-) - ond

7.

The ,..q.nath in of tne form ":": . w,1 , han a ::olution named

'Y 7--.7 7-7-7 - t. n equw.ion 0:' nhe form
- o

,.
o whL,n haf. a 1.0n hame 't

,

Wt. t.tt 1,!:e namo :oth mothodn. Ohly ts.jle

cf:ncrally introdui-

ryutont tnHt, uLi1. oi. sliects s:mplor than nadition end that

multjrlieation may te uoo, in the -0mputation or sums. nOtu, owvr, tHat

both treatmontn ose hrepemlo:; olt,hor to motivate the discussion or to

Out the .-0MhUta'tiOn.

mr,

:ito lin: definition'of thc- nu::: of twO n.cin.:ern to rind thF,

It t

'From the definition ye

A 5

f75 ±v'S lS .

which may be writ-).;,e'n ds

The fraotion. :lames a rational nutl=er ,:i!!!:, has man,y names.
.

tLili-ztAge It

--.

; .,ygp ttq fin.. :,t7.:.Implest14

F.

7.

a



C1a5o Exerelau

1. Uvle the do'firition to find thc ktm;3:

t.
,4

(.0

j

' q.'1.efor.:1 of te ariwurn to (u) (d on,l,roblum I will not be the

came as -..ne ',torn o!' the Ilnlms,ottaind tnipte.xt. Art? the:nlielves

dIfferont

3.

1,

.i.:,Cir1;tion to find I.
Dpec tnr- answer 'to paft (a) acmO :..in tni- 't4,-t -',..at

*
anh --I

are: :'ra.:1:toaall. n 7.,!o for

1

) Ure to find uni,

(t) .;1;Qr 1-o part

are f1Onal narles fnr and

6. ;.":e2

10

,

unu

add:I.:on on 1.!.- le.4.ntro-

dudc<1. una def:hed. lo t!1.5T

it tne ti,n on tn.. wnul,
'ad 4

We repeat that tn,.! 7,- and d, / 0, iL-,derined to !_:u
t^

a
,of - and = is Lh!. +

a, t, and d no,a-rn nd

a
T a .7A.:_; an uqual..Ton / 0,

a -

i.441.4:t4 r,leanz + - is 't.ha nam-a of a rational numuEir. Wu aavf:; pro..i.O. that tn!!:
4b d

'`.7.-t*r.«nttry-ttrpeparti-on 1-n-trn-dul7p-a In Innt
A

tOral illAritbi7rg IF a ratiOnal:

What elze c:-.an we sav about 41:,ic binary oprationl L(.'t 1/41o.mpare

9
-170

By the del,oitIon of addition, .

+
i! 10

_ 4 41 ...I0LItion. Qt. 'the eq.1.4-1:t1Q11 " . i 0:v ----= 3 10 + 4 1:,.. ;ys tt4e. lit1,7:tn:is -

_ .
_ , :

' ,t + .1.0 :- ... .._, _ ...
.

.--,...,.

C.)

In

a

7

10 4 . 7

5 I)
VTIP,M,...1
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ut- lw1/410t1L,I. T. t n adctitiv(, have

examl.,:;c2d. 4, but it ic
t 0 pat,',./22r1 thc with uny rtiCeL

ft:u1r1 ra-vcd i tsVnt,n.ti z.1:1

rat L7..,:'Lsi :,:;,:4*t21.

0,

wt..! 0. 2201.1 d

tt:22 :21:r.lati021
i 1 1.:

; 1-1

,fiv,.1,1.;h 1; trid

i rc thzat

,
: , t.1: L:hu

and

2' . 622 ,; -2;:(2';fl

:! --.' ::
":"

: - by' . :t:

..

1.

.t22.: -r,

: , 1, . 1 ; *: 2:. 2,-", '1.:2

. 1,

2-: :2;

ttt.

...2.,
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; : 2'. '22-J t;1:

2.: 2..

,
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ratk..-
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Clazn EYCI7c1SQL

vArirvs,r,m7.

Unto the definition to perform tho additions in )1, and (d).

( r )

)

0 ;,

(e) 101

-1
7 'is 101

(e) i;(;:ttlaro 1:1:e an3w,,t.nrt., to (a)

k.

enr,'..ter to :(a) 1,0 011.

t to ( ') to i .:.

to (0) aro P.).

in fr,v.tional form.

fra,,Lional form.

. . . . .

.

Put -- o1' adaititn. Do
o .

.o.t-Ittt,'tott6tnc
rational

ynur

.
- z?,* ';i:p,t3

a

:ft:3

In= urn?

rctanonaLic. That oi t_trat.ion add.:stion t.t.x.aytly

,:.... our rezit' LvilL. W.; it 'lia :A.:. ..1,L:; 1, Na to vit2,:: 2.',,,a-4,1on,:.:1 naml-srs and ,

. -=

T op;zration: on tt,m Et's... *L: ,,,flotl Trtin in partit.tuial4Iy tvutz; for adlon.
:

,

,
Thetjudieions ur:t',: of ct:tuation.t.o -..tau clite1 m(.1.tn u, unLz, lAyt.,,,,....J. T1,c: :nop'r- .t-,

....
,.

.,

tif:. of airdition,and or 0 t.;oulti, be ctrd. '.T2t.,.-,- notin Tau.,
....,

.

OL .:_W..:1A.1.....,A. L,...: ',.w:::',. .=:"; for 1.1,:- :-at-:.:i'. .:.-m== r 'In :.!ttot, at I,- -...t.to : -,1!

,
at -,:..,,1; r',Di.. hot..-,..-vor, i'.uc.-

'. . dit',ntunci,on, tliat !, und :::' t.1:1!. tvo natnet': for tite zant: ninz:',o.'r.

'....... ,
.

.

.



A teadlor who Lb -::onfidont workilw rational nwribers wi11 be able to

inttill this donfidence to the elasz. Operatin6 on the rational rAumbers is not

difficult. isd'i been teen, it del,..ends only on a i7,00d wor:Ung knovledge of

the wi,olu nambors. Cia;z..o Eks be nsod to diseouraee one pre,:al,--nt

fai,e narticularlY 3f illl:strnte,1 w3th Lair dollarn.

Stddontt encrally ro6ard multiplidation of-rational nulnbers 'as

thairaddition. There are probalAy do-v'ert41 rea:.:ohn for th.;,s. To beein wit ,

additiQn it ihtrold,:t.--d t4roucK the use of multiplication. :2,27;.;ond1y, as

od\students.to be efficient hnd .usethe iowest com7

mon doomtila_!tor adhin;!... freui,h"-iiy mark ron s5.mrly because

it is not redded. To iilustrotr: this, takc. the problem of pdtting

775 . We metivat?d

equat,on aPd ;,. 7Ly and

:h ..nnc Thb conK.h

coefi'.j..unt la.,... aiso have o'btai-ned u

eo=on .;oe.i.31-,.:lint of it.0 ecuationd by and 0, res-

poo.i.,I.vil,-;.,H,o C _ 3'3, and jpv _ or ,

nd ,y) ,5`1. .,1:r ?;
hat ; not

.1.

:.cttor o et

Corr an to S

o: ih tho clemohtary ;:radeb

f i , 32.-1.. ,

:ft;

1:1(.-;ar,:i:h" 01' i'2,:t

Will ;

shodid tnnt rational nuti.

add eh 0f re, -1:: ir "1 Wi h ;_.0

introdu cc a ...:c..;:.on-(1 Iinary operatiorf. nihraijeg.. of addlion auc moiivated

Ino-rou&,'ia pronerLZ; and ,C1:90rat.i.on,... 0 j -- -coJ.a flUfltts. Tne binary

...,

'-.-...

-.'"--1111. !: 11 , -=' k-

te-t ur.: loo:,,.'f:rti. i-;.1. an -:-...ariLpi. The ra't-1.0nai nualfskr 4. is t'nesblot.Ion
. ., ,i

,

4,--7

- -: ...,,, ,1,-,,...,,, _Lx 3 ; 1, 4 -. 4. .a.......zo, 7 .1., ,w,',-1--,?.=.1.;.,....1.c...c... ;.),_. ,....nr":
es f +, t ea i , 4 1 , 1

,,. .

, 1.X<Ddl..b,:t . '; ' l'. -- : 3.* ::. - '.7 U111,; , 4 -.2- art: Other ntot,t. i'or 7; and.
:

. ,
.,

311---,-;'-- ,

,^-
,

,
tt-

0



ver,='."

thPy, too, hnve a vell determine& prothct. Thus, it is meaningful to -.iritc7

(4 1) ;, :.--_ 3

hemember we are merely exploring, not provin6, and so may use a bit sleight

of hand to rewrLtc this equaticfn ar

(Here we hava ,rcioeeded a2 if it i nefu1 to U7C- al5sociativity end com-

mutativity for the operati:)n of mu1t4Ileation with rational humben.)

ThCdioplayed. eeut.Lon above 1oissu6,:est to us t'hat

tne oolutlon oi
5)z ..-.,

should be

TIAC o1 a: thir fnuation is na:n...-!! :,-oaconsijio to,

SO.y

Irodu.: of

d

LWO rLlional hurbrs

.' t,:t

a;:iroa,..:h to the

of rntL,Dhl atroa..1, ju to

th, ei:co

.4;11 1..!44 I ,-4:1

Wh.aiso proi,..1..7.1-..,s that wouid and :n...atiO.i-

,.ati.ah to posof....7o. %hoot.- oierat:ohs te) ur. ht what

seem 1:,a be TQ:asoft4o1,) .1de,ti of additian aird mItiplibatioh, we then 2:1Ow that

th
.

i)EsOT:.elltie,s hold. it'ner treatments take the' pmpertle-s for ,ksra-lited: and,

show that the'doni.nitbns civen must be 1:4 d 'iuitio.ns used. The tvt reou.Xt
. .

s

IS, of ,::oursej 1,11 swe opeation.
.

. - -4..-.

Tne Ait n11Trren,..2ea in Oltroduoinp-ratLonal hu;i11,hr aro hot az: in-1par-

., ,,,...1.2..,....t...,.., 1 ...,.44-v --'t ,-,, 1,1,,,,, 11,,,,,1 ,. +,.....-..-, ,14,1 ,,,, 1., , ,st, .14k '44' ' ''' '", 11 ._
a

I -4 ".. ' , 1, ,. .,. --

similarity. -- tflerthau i.,reseh:. 4,:it:-.ar.LtL.,_e OI rat,ona.,...,-.a.h
. .

..,...

1.aw of n re Wrilit Wt-.= P.V.A.St -...1 UI.t.Lt11-11,-Jv 0",'--- f-At,,---,_-1-- c1,-'%77--t-I a:, ,-
----

.ilevelopiWilt.,..-0-17,-mtin, :eta:it-hi:is-

, ' .: ,' , ,- _

,
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. . era,

, e .

sometimet.t.ask quo'.-tions about mathematics that seem nalve are really pene-

1Nr
& e ad +no decided 1 + 1 2 ?," or "Who deeided that

7 These and othe-r geestions have ansIders whg.n mathmatie3 is develeped rather

than 41.e1y presented as a feet.

-;`

Class Sxereise
9

Use the dofinitic of multiplieation to find the brod'.1t Dnes

the answer aroe with 1 fraetconel tlaRICS

for n nd ?

10. Usu tho de&'1n1Lion to find the prc;duct

10
aad

numters?

6.4 ?ITO ) of i4uik.

I

14es

ere fraonal naes'for co,!4ntin

uld 'rtal:!ont.1,1.,_;1;!11,01 Ltr,

us wtql as udel:.tien. Tt;at is, wola=1 tnat m.;L,13 ii
tion -1ort,-;--7','ommutativ,.., and we 111:o i.o

that .1,.; au .1,tyntia. -t une: tht
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(a) 0

(b) 0, 1, or 2. Evenness cannot to recognized by the last digit in

base three.

0 or (t). 0 00 1
I.

It lc not posib1e under tiie ionditions statd,- since N T = i 1r.ip1ies

T - zero and E H = E 10.np1ies ii - zero. Both ':.annot to zero, under

the onditions statcd.
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