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schools. The Center pursues its mission by

. @ conducting and synthesizing i1esearch to clarify the
processes of school-age chilaren's learning and

development

® cvonducting and synthesizing research to clarify effective
approaches to teaching students basic skills and concepts

® developing and demonstrating improved instructiotal strategies,
processes, and materials for students, teachers, and school .

administrators” . T

- -

® providing assistance to educators which helps transfer the
outcomes of research and development ‘to improved practice
in local schools and teacher education institutions

The Wisconsin Research and Development Center is supported
with funds from the Naticnal Institute of Education and the

University of Wisconsin.
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Abstract

_Forty-threé first grade children who had received no formal in-
struction in addition and subtraction were individually administered
20 problems that could be solved using addition or subtraction. The
problems were selected to represent the following semantic types:
joining, separating, part-part-whole, comparison, and equalizing,

Ten problems were presented physically using sets of concrete objects,

“and 10 corresponding problems were presented through verbal problem

situations. Number triples for all problems were selected so that
the sum of the two addends was between 10 and 17. For all problems
physical objects were available to aid in the solution.

Responses were coded in 'terms of appropriatenéss of strateéy,
correct or incorrect answer, type of error, mode of representation,
and solution strateqgy. For every problem but the two addition com-
parison proélems, over 70% of the.subjects chose a correct strategy.
There were very few'systematic errors. Only 15 of the 860 responses
involved the wrong choice of operation. The majority of solutions
ivolved the use of concrete objects, but a significant numbar used
Finger:, or did not usc any physical reéresentation.

For the verbal problems, children's solution processes modeled

the action or relationships described in the problems. Thus, they

ix




usied o .o 1ety of different strategics dépcndinq on the semantic struc-
ture ot the problem, Thcs? straﬁqucs are consistent with a proposed
mode I of problem structure.

For tae concrete problems, strategies were principally determined
by tuae characteristics of the scets of cubes in problems. .Thcy géneraily
oberated on the set of cubes available from the problem statement rather
than dtLvmpLiﬁq to model the action. .

Contrary ko:previous analysis of children's solution processes for
addition and subtraction problems, theéq results suggest that children
do not ernsfurm:probldms so.they can apply a single strategy. Raﬁher
they have a rich repertoire of strategies which théy apply direétly to
a problem baséd on its semantic structure. These résults also suggest
that vertal groblems may be an appropriate cuntuxt.to‘introducc'addi—

tion aud subtraction operations.

M




_Introduction

A major goal of mathematics instruction is to teach children to
apply their mathematical skills to solve problems. It is frequently
assumed that children must first master computatignal skills before
they can begin to apply them to the solution of problems. However,
although it is reasonable to assume that children will not be able to
apply formal algorithms without instruction, it has been clearly demon-
strated that children develop a variety of informal strategies for
solving mathematical proplems independent of instruztion (c.f.,
‘Ginsburg, 1977; Resnick, Note 1). 1In fact, r ay of the informal
stfatggies are more sophisticated and demonstrate more insight than
the formel procecures that are 'a part of inst;uction. This raises the
hypothésis that, rather than depending on a prior knowleage of compu-'
tational skills, simple problems may give meaning to basic mathematics
operations. To a limited degree, most initial insfruction in the four
basic operations on whole numbers is based on this hyp6thesis. Almost
all major mathematics programs initially introduce addition, subtrac-
tion, multiplication, and division through some sort.of physical or
pictorial representations. However, the range of problem types used

"
as «examples in most instructional programs is very narrow. For

example, subtraction is almost always initially represented in terms

of a scparating model in which a subset of a given set is removed;




addition and subtraction are almoét exclusivaely intﬁgduced with physi-
cal medels or pictures that directly represent joining or separating
rnanr‘Lndn with problems tha£ require children to construct re@fescn—
tatrens of the operation themselst; These instructional decisions
are based on very limited evidence regarding the appropriateness of
d;ffcruut types of problem situations as initial models for the basic

operacions,

\

N

"

this study focused on children's iqitial concepts of addition and
subtraction as shown by their ability to solvelselected'problems repre-~
senting addition and subtraction operations. | The working hypothesis
of Lhu‘?Ludy was that prior to formal instrucftion many children can

ds
Sulve o variety of different problems involving addition and subtrac-

.

tion operations.  Murthermere, they develop different strategies for
solving different probléms. By identifying the processes children use
tu sulve diéfergnt.problems, the study attempted to gain a clearer
proture of éhildrun’s initial concepts of addition and subtraction as
well as to provide some insights intq‘pheir problem-solving abilities.
il ;tudy was hot carried out in isolatiqn. Rather, it is part
ot a series of short~ and long-term investigations being carried out
Ly toe Mathematics Work Group of the wisconsianesearch and Develop-
inent Center for Individualized Schooling. This set of studies has
three major objectives:  (a) to describe the development of addition

anid subtraction concepts and skills in children and to identify how

thii development 16 related to the development. of underlying cognitive

1
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skills, (b) to idqntify changus in performance on these concepts and
skills that result from specific instruction, and (c) to ascert;in the
effects of certain teacher actions on pupil engagement and performance
on addition and subtraction concepts and skills.
The present study fits-under the first major objective. 1In des-
‘ : cribing the devulOpmént of addition ana subtsaction it is necessary’to ’ .
characterize processes and strategies children use in solving selected
p addition and subtraction problems as well as to identify the error:
that result from applying inappropriate or incorrect strategies. This .

characterization and identification was one of the’major aims of this

study.

\




Background

4

Additioq ahd subtraction problems presented to young children c¢an
be gyrouped inte two large categories.\ One category is ghe purely
mathematical presen&aéion of symbolic sentences in either hérizontal
or vertical form. The other category is nonsymbolic problems in

which the numbers are measures of entities described in the problem.

- situation. Included in this second category are the so-called "story

problems" presented in most textbooks. For the study presented in
this repoft only the latter type of problem was included. .
Twce dimensions can be identified that divide nohsymbolic addition
or subtraction problems into four distihct classes. The_first dimén-
sion is based upon whether”an éctive or static relationship between
sets or objectshis‘implied in thé probiem. Some problems ﬁay contain

an explicit reference to a completed or contemplated ‘action causing a

change in the size or position of problem entities. For example,
‘ H

"$ue had 8 apples) in a basket. Then she put 6 more apples in that
. 3
. . r i

basket., How manﬁ apples did she have altogether?" Contrasted to
such situations ére those }n which no action is implied; that is,
Lhor% s a stétié relationship. As an example, consider,‘"Therg are
7 oapples in a basket. Four are red and the rest are green. How many

of the apples arce green?"

(LN




“The second dimension involves a set inclusion or scli-subset rela-
tionship. "In certain problems two of the entities involved in the
problem are necessarily a subset of the third. In otler wbrds{ cither
the unknown quantity is made up of the two given quantities, or one of
LPn‘given quantities 1s made up of the other given quantity.and the un=~

known. For example, consider the fallowing problem: There are sevéh
childrer on the playground. Three are boys aga the rest are girls.
How many are girls? The set of boys and the set of girls are subsets
of the set of children. The élternative\is that one of the quantities
is disjointed from.ghc other two. For another»gxamplef,consider the
foilowinq problem:_ There are seven girls ;hd three boys onvthe play-
ground. How many more girLs.than“boys are:there? In this problem,
removing a. set of three girls and counting the number of girls in the
remaining set of four girls gi;es the answer. The distinction‘between
this préblom and the preceding one ié that the set:of boys is dis-

jointed from all of the sets of girls involved.
The- relationship between the action/static dimension and the set-
subset Jdimension can be represented in a two-by-two matrix (Figure 1).

A characterization and examples of the problems corresponding to the

cells of this matrix fol lows.

Joining and Scparating

Thesa fwo problem situations arise frequently in carly mathematics
Tnstruct ion because they are gemerally edsy to understand, and they

tend to bhe familiar situations for young children. Joining is the




set
, inclusion

no set
inclusion

static

joining
and
separating

part-part-whole

]

equalizing
4

w

comparison

0

Figure 1.. Types of nonsymbolic problem situations.
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provess of putting together two entities te form a single entity. The

action 1s incremental because the first set is made larger by the ad-

jowning of the sceond set.  For example:
I. Welly has 3 pennics, His father gives him 6 more pennies. a
. »
How many pennics does he have altogether? B
\
By varyving the unknown quantity it is also possible to ‘generate .

rolning ‘problems that represent the arithmetic operation of subtrac-

tion. ‘
4/

'« Wally had 3 pennies. His father gave him some more pennies.

)

J
Now he has 9 pennies. Haw many pennies.-did his father give

him?

"

separating is the process of breaking up or separating a single entity -

imto two subentities and then removindg one of those two., For separat-

ing, the action results in a decreasc in sizc of the original set.

An oeXample 153

.

3.  PFred hgd 11 candies. He gave 4 of them to Kathy. How many

candies does he have left?
-

Part-part-vhole

This 18 a stetic relationship that exists between an entity and

its two component parts. Some examples of part~-part-whole follow.

4. There arc 3 boys and’ 8 girls in the dancing class. How

many children are there altogether?

/

‘\']‘
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5. Haria has 9 toy cars. PFour are red and the rest are blue.

How many bluc cars does she have?

£ompar ison

Comparison problems invoive the static relationship of order exist-

ing between two .disjoint entities,
6. Mark'has 5 balloons. His sister cobnnie has 12 balloons.
How many more balloons does Connie have than Mark? . !
7. Joe hag 13 records. Mike has 6 more recoxds.than Joe. .. S —
How many records does Mike h: = S

Equalizigg

Equalizing problems share characteristics of”both joining/seﬁarating
and'comparison problems. There is implied actioq on a given entity bﬁt
a cémparison is“also‘involved.' Equalizing is the process of changing
éne of th entities, so that the, two are then equal on some particular

attribute. FPor cxample:

3. There.are 4iboys and 7 girlé onuﬁhe‘class basketball team.
How many more boys have to be added to the steam so there
will be the same number of boys and girls?

OtLor attempts to characterize the different clagses of addition
and subtraction problems .are generally consisgent with ghe above

analysis. Greeno and associates (Note 2) identify three distinct

schemata believed necessary and sufficient for understanding all

oy

2




problemg that are solved by a single operation of addition or subtrac—
’ tion. Tha first is called. Cause/Change and encompasses situations in -

| which gome event changes the value of a quantlty Thls.essentially o i
E_ ' corresponds to tha joining and saparatingfcategory aéscribnd above. v '%J .
E¥ ' For Greeno,;the'ﬂoining ;ituati;;\3$ one in which the direction of the -
E - - chafige causes an increase in some given quantity and separating is the mﬂﬂ;”%;;

“situation for which the directibn of change causes a decrease in a given

‘quantity. 'The.sgcond schema proposed by Greeno (Note 2) is Combination,

which dbrrespondsfdir@ctly to the part?partfwnole problem type'describéd '
‘~ennlie{. The.final schema, Comparigon, is rélated'toﬁﬁhe,description

of the same name given earlier. . S | T B

- . ¢ . \ -

. Nesher and Katriel (Note 3) haVe also carried out an analysis of
verbal p¥oblem types. They have identified tne same tnrea'basic,cate~
" gories as‘Greeno (Note 2). However, they use ﬁheiterm>Dynamic Daescrip~’

tion .for the Causa/Changé or joining/separatinq category, Static Des-

crlptiqn for the, Combination or partﬂpart-whole catégory, and the

— T
[

Eamiltar term rm_Comparison-for the third i&entlfled pfoblem type.

ww»~«AnyuciassrfrcatIon~§vgt§m*I§“§6m€WHﬁt arbltrafy, and problems

> ~

- can-<be clasggified in different ways by focusing on different dlmen51ons._

by

In a pair of studies carried out at the Wisconsin Research and DeVGIOpa-

I o
L2
. 1 - R .
gt} ) . . ey . L T ey
- o - e ¥ L e L e
e P ] BRI | SR T ey o e Tl agathl i, it
Y o S s e a i St S B ; N i i N, o

ment Center for Cognltlve Learning, Steffe (1970), who studled perform=

-

1.

- © ange on addition problems, and LeBlanc (Note 4), who investiqated %
“subtraction problems, simply differentiated between action and fo -5

A

action in Verbally stated problems. They used the texm "transformation" ?

g

3
d
\
‘ -
|
g
|
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.

to characterizeé action being carried out on the sets described in the

problem situations.

¥y . ' Equalizinq problems were first identified as a unique class -of

problems by the Developing MathematiCal-Processes (DMP) program
. e ' o ' ' ' _ .o . '
e “w  developed at the Wisconsin Research and Development Center (R%mberg

et al., 1974). 1n DMP, e§ualizing is used as the vehicle for intro-

ducing the operational symbols.for addition and subtraction and as thé’

s

initial problem’ situations for which children are asked to write

" number sentences. |
- - L e T \ S

?Q: , . . A moxe thorodgh analysis of problem types has“been feported else-

-

where {Moser, Note 5). He has identified a third dimension along which

3 "fproblems'can be categorized. This is an order dimension of either
making or being larger or smaller. Thus, the joining situation, for
example, would fall into the,making—larger category and separating would

: come under the making-smaller category. ~E§ﬁaiizing can be accomplished

'>1p by making the smallef of two ¢ mpared sets- 1arger or by making the

et e e

- , e - !

larger of two compared sots smaller. In a Similar fashion, the\dif«-

ference- between*two~oompared'Sets~can'bm—charactefize&—by either. hmm

‘-

much larqer the bigger ‘set is or by how much smaller’is the lesser ‘of

the two sets. This larger/smaller dimension does not appeax to apply,

»

!

however, to the static part-part-whole situations.

kY v

’

A number of'studies have investigated children's solutions to
. vé}bal problems. -Because the praesence of manipulative aids was a part
of the present study, several studies that relate to these aids should

be briefly mentioned. Both Steffe (1970) -and LeBlanc (Note 4) found

N i e i
P

;
E .
g .
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that the presence of’ aids, both physical and plctoraal, contributed to

§Lgn1f1cantly oetter pegformance in thu solutlon of addition and sub-
: -
traction problems.¢ In.a r@cent study carried out,wdth kindergarten

children, Ibarra and Lindvall ?Not@ 6) found that the degree of con-

¢

creteness acéompanying the presentation of verbal p;qblems signifi-

v
-

cantly Affected the proportion of students responding correctly to
v o P .

those problems. . . , .
R . n -

There is a scarcity of research or analysis dea11 g W1th the

S ;
proccssos children use to solve simp]@ verbal addition or sgbtractlon

- problems. Greeno (Note 2) has hypothe51zed that certain typgs of

4

problems are associated dlrectly Wlth addition ox subtractlon opera- v

t ‘?
» ~ b

tions. Other types of problems are transformed to one of the repre-
sentations that is directly*asSOCiated with an operation before a sdiﬁ-' :

tion is attempted. In general, the canopical forms.(prpbiems that are

naturally repr@sented;as a+ b = [:] or a - b = [:]) are dlIPCtly

translated to additlon Jor subtraction 0peratlons while noncanonicai

| 3
\

forms (e.gy: missing addend problems} are 11xst transforme& to part-

part-whole representatxonb. Greeno has lmttle empirlcal suppoxt for

this analy31s. Most research on -these typés of Jéfbal problems also

has focused on level of difficulty of different problems rather than
. )

solution processes (Neshdér & Katriel, Note 4; Steffe, 1970). Thié

. , i B » . . i
research has found that static problems are generally more difficult . :
than corresponding problems involving action. If all noncanonical - ‘ ) ?
problems must first bz repragented as part-part-whole probleﬁs, one e -

w

Al
A
3
A
.
e
4
4
i




13

. - . ‘\. o , )
.. Would hypothesize.that part-part-whcle problems would have fewer errors

v

- © “since they would require one fewer transformation. The fact that they

er

. BT : ——
are more difficult than corresponding problems involving action casts

oL A

gsome doubt on the validity of'Greeno's'analysis. In any case a-more

@drect measure of children's solution processes Seems to be needed

2} N
before:any conclusions ‘can be dravn. .

}V f 5 ‘ ] A number of studies have inves;igatéd the strategies that children
g. ¥. use to soljg“open additiqn and subtractipn §ent¢nces. ;p-a study in-

v vdlving‘third-graders,“GrbuWS'(1974) iﬁdiviéually'interviewed subjects

;’ ~ a;d coded respo;ses-and,strgtegies uSed'to solve four different types )
5“4 ' of open senﬁénces.. Aléorithmic beﬁavior, recall of baéic.facts, and

E.v iﬁ " counting were the most %requent soiﬁtién'méthdds. _ R -
§: | The largest-collection of suéh studies havenéelied'upon respggse

E | . latencies to';nfer whqt~strategy a child applies to a given type of )

é, problem. The qénerallfechnique“ihv01Vés breaking the operations down

F:. into a series of discrete stepé} in this cése countiﬁg‘by oneé. It

g‘ _ e is assumed that the tiﬁe requireé-té gglve a given problem using a -:
ggﬁf . o p§£ticular sﬁrater is a iinear function of*the"ﬁungfgofgﬁ%g? needegim~~
id} “to feach thggsolution.--By.finding fhe‘bégéhéit between response.

E . 1atenc;es for‘subjects solying a varigty of pfoblemé o% a.givéﬁ type

%_ ;‘.f - and the.regression equaﬁions of possible solution strategies, the most
'%" . - appropriate,model is inf@rieé. Fof'adaition, three ﬁasic étfategies

i ‘ . . . X

» - R
have been identified (Groen & Parkman, 1972; Suppes & Groen, 1967),

1 To calculate the answer“to 3 + 5 = 2, the most basic strategy involves:

counting to 3 and then ¢ounting on 5 more. A somewhat more sophisti -




%%ﬁ this case it would mean starting at 3 and counting on 5 more. The

‘Parkman, 1)72),

* | " . ' 4 .
cated and efficient strategy is to start gounting at the first number.

most sophisticated and efficient strategy is to start counting at the

larger of th® two numbers. Ih the above problem this would mean

: : ‘ ' . e
starting at 5 and couriting on 3 more. For sums less tha 10, this last ’ ,i

strategy provides the best model of fitst-greders' responses (Groen & - ;'%

v

As part of a similar 'nalysis of subtraction, two basic strategies _aﬁé
4

were hypothesized~(Woods, Resnick, & Groen, 1975). To solve 9 -6 = ?,1:

" children mlght count down & units from 9, or they mlght count up from 0 7T ]

6 until they reach ¢’ :d keep track of the number of units counted. - o

a

For thls partlcular problem the second strategy wouyld requlre fewer. steps,

whale the counting down strategy would g! more efficient for 8 - 2 = ?

- b

The results of this study lndlcate_that by the “second grade foursfifths o

1 L3

of the children used a choice strategy by which they choose the most

efficient of ‘the two strategies and by the fourth grade the responses

of all children best fit a model predlcted by such a strategy (Groen &

Parkman, 1972)

o e e e et o e 1 e o 4 78 g e et i

Theee data indicate that as children mature they develop more -
sophxstlcated'and eft101ent counting strategles.i Furthermore,. the
resulte of another study indicate that these strategies are develcped
tndependent of instruétion, and that the strategies that children con=
struct for themselves are frequently more sophisticéted and efficient

»

than'the ones they are taught (Groen & Resnick, 1977).

&O




There have been some studies that focused more on children 's

errors or item difficulties. Aithoug” tneir study focused on primary |

children's incorrect proggdures iﬁ golving open sentences, Lindvail
~and Ibarra (Note 8{ do réﬁort on certain errors associ;tedeith the
solution of vérbal addition and subtraction problem;ﬂwhidhvrgpresgnted
noncanonical .situations. When the perlems were oflthe ﬁiééing-addend

type, the predominant error was to.use the wrong operation and add the

two given~ﬂumbers. “When the problemé were related to an open sentence

of the form a -[:] = @ or [:]- b = ¢, the greatest tendency is to '

ot

report-one of the given numbers as the answer.

O
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Method ~ . *
Qgsks

- One of the major variables included in the study was the problem
structyre as defined by the four major classes of problems described

) . . .
earlier. Problems to be included in the study were.selected from each

of the four basic ciasses of problems.. By varying the unknown quan-

tity or the nature of the action as in the joihiqg[seyarating class,

both addition and subtraction items can be ‘represented in"'each of the.
A : ‘ .

’

four classes. For exampleﬁ consider the part-part-whole problem class,

)

If the problem were stated as;f"There are some children on the play--

- A . .

ground. Six are boys and eight are girls. How many children are

~

there altogether?", the .operation reguired to solve the probleh"wouid

‘mv! "
be the addition of 6 and 8. On the other hand, if the problem‘were

stated as "There are 14 children on the playground. Six ave boys

and the rest are girls.‘fkmzmany'girls are on the playground?", theﬂ‘
the‘oéeration of subEracting 6 from 14 would be recquired to deﬁefminé
< the solution. o s
| It was not feasiblé!to include all poséible férms of problems in
‘each class in the time available’for testing. Furthermore, some of the
forms lend themselves less well than others ;g natﬂ?al pfoblem situa-
tions{' Consequently, two diffefent problems wgfe selected from each

of the pdBt-part-whole, comparison, and equalizing classes and four

17
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-operations, two subtraction problems were selected from this flass, One

involved increasing the smallertquantity, and the other involved decreas-

kit on i el MM A A i e ¥ s L e i B R et e Tt

Y ' ’ R 2
. w’ N )

o L

rg( L2k p

e

from the joining/separating class. One addition and one subtraction

A O S SN
PP R SPETEN LIS W L oWl

problem were selected to represent the part-part-whole and comparison

\
\

i 3 & ‘ 3 " _ - ) [}
classes, Since equalizing problems most naturally represent subtraction

%

e

-

ing the greater quantity, Two distinct types of aétionéhre included in

ot

the jo%ng/separating class, jo;:i;.ningﬁ and separating. “Since these are ‘ ..
. y .

the most commonly used problems in elementary school mathematics pro-

x ¢

SR R T 4 e 3
L Vg N gati . SR e e
.- sy “?a PR e 3 %

N grams, more tﬁan two problems were ﬁgeded to adequat@ly represent this ;
| s clasé. The final déciéion was Lq‘igé;ude one joining ad%étion problem,
’ tws joingng missing-addend pxdbleﬁs, and one separating problem.l Two‘ &ig
i ~ ' missing addend p;oglems were included because two distinct ﬁorms of. "
£ < : s ,
5:; this t&pe were: identified, and it was not clear which was mosé-tépre- ;
; ¢ N .sentative.‘ | |
é ‘A second major variaplé in this study Qas the.mode of presenta-
gl‘ tion. 'We decided to empl6§ twobmodés,'cqncrete and verbal. _Th;s,,' o ; - ?
1 for each of the 10 typss of problems, a‘verbal ﬁ;gbiem and a problem’ . %
3 3 .involving actibn’og rélationshi%s betWeeanets of cubes were genérated. ‘ w%
_ ~~——Trhe VeFBal problens ate presented in Table ] and the GORGEeEs pEoblens = — ﬁ
g‘ . are iisted'in Table 2. The'qpncreég problems’ modeled the actien in B |
. . _ y ,
; . the corresponding verbal problems as’closely as possibie. Ail problems b ] }
i weréJconstéugped:to provide relatively‘sfmple\exampléskof their type - 'g” j
5 ) while contrpllinq,for factors such‘a;Asyntgx, VOchbuléry, sentence L
length, and familiarity of problem situat;ons. o T | . ”é
i
- - [
'- M | i
3 ' ‘ '\
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Table 1

Verbal Problems

l.. Joining . A

Wally had a pennies. His father gave him b more pennles.,wf*
How many pennies did Wally have altogether?

i
2.  part-part-whole

Some children weré ice-skatiﬁg a were girls and b were boys.
How many children were skating altogether? : 4

3. Comparison . ‘ .
Rulph has‘a.pieces of gum. Jeff has b more pleCeS than Ralph. VU
Ho - many pieces of gum does Jeff have? , -

v <

- : Subtraction .

4. Separating : '

.
e

‘Leroy had a pieces of canéy. He gave b pieces. to Jenny. How
many pieces of candy did he have left? - %

5. Joining - (1) " - :

.

‘Susan had a books. Her teacher gave her some more books.
Now she has .c books altogether. How many bocks did Susan's
teacher give her?. '

6. Joining (2) , o : S

H

. Kathy had 4 toys. How many more does she need to have\g.toys
altogother? -

7. Part-part-whole

- There are ¢ children on the playground. a are boys and the
- ‘ rest are glrls. How many girls are at the playground?
8. Comparison ) ‘. o

w e o-Mark won. a prizes at the fair., His sister Connie won g_ﬁrizes.
.77 How many.more prizes did Conrie win than Mark?

. (cont}nued)
. - ‘V()
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. Table 1 (continued) i
4 9, EBEqualizing (+) - ; o
{ -2 o>

;f' : Joan picked a flowers. Bill picked ¢ flowers, - What could
b Joan do so she could have'as many flowers as Bill? (Suggest,

L if necessary, that she pnck some more.) How many more would
she need to pick? , .
10.: Equali;inql(—)' “'i-, ) ' ‘ .

Fred has a marbles. Betty has ¢ marbles: What could Betty
do 8o she would have as many marbles as Pred? (Suggest,‘lf

. necessary, giving some away.) How many would she need to get
= rid of? . : ' . '
r » » 2
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Concrete Problems

Addition

) .. V. ) . o "
1. Joining "

Subject is asked to count separate sets of 'a red cubes and-

b white cubes. Cubes are ghysxcally combined and subject
ié asked how many cubes’ there are altogether.

2. Parq-partfwhole ) ' .

: - - . S, e e e e

Subject is asked to count a red cubgs-and b white ‘cubes in
a mixed set. Subject is then asked how many cubes there
are altogether. , :

3. Comparison~

Subject 1g asked to count set of a red cubes. 'Subject is
then asked to determine how many white cubes would be in a
. set which had b more white cubes than red cubes.
’ ) ] '

/' N

Subtraction

4

4, Separating

-

Subject is asked to count set of a red cubes. Subject is
then asked to determine how many cubes would be 1eft if
b cubes were removed.

5. Joining (1)

Subject is asked to count set of a white cubes. A second
set of white cubes is combined with the first to make one
set of ¢ white cubes. Subject is asked’ to determine how

many cubes were added to the first set.

. 6. Joining (2)

Subject is asked to count set of a white cubes. Subject
is then asked to determine how many white cubes must be
added to make a set of ¢ white cubes.

(continued)

2N
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Table 2 (continued)
s - - e = = - T =
7. Part-part-whole ‘ ) ’
. Subject i3 presented with sets of a white cubes and b red
cubes and is asked to count total number of cubes and ¥
number Of white cubes. Subject is then asked to determine o
( number of -red cubes. ' : ) - -
8. Comparison ¥ ’ ‘ ) )
Subject is asked to count sets: of a red cubes and ¢ white ' 3
cubes. Subject is then asked to determine how many more : B
white cubes there are than red cubes. , i
: ‘ B PR e . S 3 ) .
7 T T T e S e - e e o —— e oo s = o - ———— ‘ - A‘.
9. Equalizing (+) = \ v, ﬁ
Subject is asked to count sets of a red cubéds and c white b
cubes. Subject is asked to determine what must be “done
to the red set to make as many red cubes as white cubes.
Subject is then asked to determine how many red cubes &
. must be added to make the sets equal. t i
10, Ekqgualizing (-) . A . . ) ) >
’ bubject is asked to count sets of a red cubes and c white - : Rl %
cubes. Subject is asked to determine what must be done o ;
to the white set of make as many white cubes as red cubes. ) E
Subject is then asked to determine.how many white cubes - 4
must be removegd to make the sets equal. X
- A
"y
~
. .¥§
' . A, é "-’-%
/
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The number triples for-the problemg were se;ec;ed to cquorm to .
“the following spec%fications: (a) each oé the-addends waé greater .
& ‘than 2 and“iéggﬁthan\lp, (b) tﬁeir UM was grgatei than 10_and less
: than 16, and (¢) the abs&iute value §f the~diffgrence 5etWeen the ‘two
;;‘ . ~§ddends.was gréater than bne; These rules ¢enerated the follo&ing
i . set of ;10 triples: (3,8,11), (3,9',12) ' (4,7,11),.(4,e;,'12),"(4,9,13), |
gv | f (5}5,12), (5,3,1}), (579,14Y, (6,6,14), (6,5,15). This nuﬁﬁer‘gange.“
E . was selected because ;hebnumberé were small’eﬁsugh'so that the problens
g,?, édgld be canénien£ly modeled usiné éoncrete objects gut‘Were_lafge
E‘ énough so that is was uhlikely that.mhny children would have already
g. .l@afned the @ddiéion'or subtractionﬁcombinations. It was élso more
?. - likely‘ahat the children's ét;ategies would be obsérvable wiﬁh .,
; numbers of this size than with smali;r nﬁmbers. Doubles a;h neayr
. : B .
gﬂ , doubles were eliminated becausé it ﬁés-hypothesiged that chiidrennmay
E Qperate éifferentiy"with ﬁhose cdmbinafions.(cf. Groen & Parkmaﬁ,.i972).
§ Aithough the 10 number t:iples are as homogeneous astossisle, it )
é 18 8till conceivable thag diffarences between triples may account for
E .. variability in children‘s performance. Therefore the number tr;plés
% . ‘ We;@ equall& distributed over the set of problems so that each number
E triple was pairsd with éach problem eithef four- or fivé times. In
i . .
T * order for each tripie to be paired with.eéch problém exactiy the
é_ same .number of times, the number of subjeqts woulé have had to bhe a
E multiple of 10. Thus, each subject received each number triple
% exactly once within the set.Bf verbal brobleﬁé and once within the set

i des i pioal e 2

v s et St L S 1 Bt e i

.;JL;_; e Sci

E




e e

, of Luncrate probl na, but dLEforan subjecLb raceivedfdiﬁfor@nt com*

°binations Eor ach;&rpblem. For @ach subject, palrlnqs were mad@ 80

K]
B 2

: thaL the*vérbal proﬁlem& contained the same number combination as the
ogerSpgndxné cpncgzte prgﬁiem. Thls made the two problems as compar-ﬁ';:v ;
| able as possible, - . , | Li ‘ " ’:;€ £ja?'.ii
- In presenting:thé two addends tn the g@éitién~probiems,“We deoided?tf*En

° to present the shqller addend first, A child who realizes that counting

on from one of the given numberss 1is more efficient than always beglnnlnq

\) -

T " a counting sequence with "one, two, three, . . .," would probably have

N the tendency to count on from the first number presented . The mdre . o =
SOphlStlcated chlld would realize further that counting would be more
o T efficient if begun with the larger of "the two given numbers. If the : J:’ Ty

‘ largex addend was presented first, it would be next to 1m90591ble to

N

detérmxng if the child had chosen to count on from the 1axger number . - :;"'

Y . ! \, . & [ . ) - A
rom the first number. - * -

or s%mply

Another “tonsideration in number presentation is which number
, . s o

.

should be the unknown in a aubtraction problem. The data of Woods et al.

(1975) indicate that although the probleis 8 - 2 = [:rand 8 = 6 = Ej]orig& : : ?

L

. . ferent methods of solution. 1If thls conclusion is correct, choosmng
the larger of the two addends as the unknown would tend to bias

i

1

j

3

E

i

i

'

E‘

;

E 1nate from th@ same number trlple they may generate signlficantly dlf-
?

)

4

i A s .

1 ~ regponses in favor of a separating or counting back strategy whereas
:p .

|

chousing the smaller number would create a bias in favor of a counting
 up stratagy. Since the dilemma is unavoidable, we decided that it was >
‘ * " » ‘ 1
more important to be c¢nsisten%’betw@en problems so that only the

[

. ‘ N I3
~\ o




structuce of the.pioplem variéﬁ. Consgqﬁaaily the larger’ addend was
. Lo fs@lactedeor the unknown in all: subtraction problems,

: ‘;‘j\;; : i » . L.

>

»

¢ §,mb1"ects_

+

The subjects for the studyfconéiéted.og the 43 children in the two

first-grade classes of a parochial school that draws students from a
v predominantly middle class area of Madison, Wisconsin.  Mathematics

. ingtruction in both classes consisted of topics l5;through 22 of the

- .
[0
2

,Déveloﬁing Mathematical Pro?eéées (DMP) program (Romberg,‘HArvey, Moser,
e & Montgomery, 1974). At the time of testing in early February, only

R &
. L4

" two arithmetic topics had béeﬂ'cqyerea, Writing Numbers and Comparison -
" P b R . B . . . o
Sentences. The ;topic of Comparison Sentences introduces the notion of,

‘s mathematical sentence, though at this point it- only deals with repre- .

i

- ‘senting a static relatioh (aéuality)»between two*ﬁugperé, The other

s aix topics déalt with measurement andﬁéeometry. Th&s, aﬂ the time the;k
‘children were tested, no formal instfugtion in symbolic fepresensation:
of additién and subtra¢pion7had:been~qiven. "0n'the otﬁer hand,vseveral
'lessons had‘been presented iﬁvolving ﬁgining, sepérating, part-part-
wﬂo;e and comparison prgelems. }In-those_ihgtanceéy modeling with ob-

Jects'to determine ﬁhafsolu;ions had been éﬁggésted;

Elocedurés
This study rclied upon individual interviews with children to

- idantify the processes they were using to solve each of the problems,

Glnsburg (1976) hag made a strong case that this type of clinical

\ . N
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technique is the most, appropri&}e for asse&alng children 'S mathematlcal

behavior. Each problam was individually admlnistered to" each subgect

’

by one of two axperxmanters._

For the concrete pgoblems the appropriate sets wete constructed by

“

the experimenter péing red~and white ﬁnifix cubes. Subjects were in-

LS }
‘)

structed to count the elements in each set. I subjects made a countiﬁg»

' error, tﬁ%y were instructed to check their result.. After subjects had

determined the number of elements in the sets, the actlon or relatLOn-

<

. 4§h1p spggiﬁlﬂd_by_th&_prohlem_waswdescrlbedAby.the_expexamenter1 and g

D f‘ athe subjects were asked to SOlVe the problem. Extra -cubes were avail-

able if subjects needed them to solve the problem.

4
Y-

'The verbal problems were read to the subjects by the experlmenter‘:

Problems were reredd as oft@n as n@cesqary*so that ability to remember

e

., ’numbers or relatlonships in the problems was not a factor. A éet of

e cubes 1dentical £o -those used in the concrete problems was avallable*

gt

’to the subjects. They were encouraggd to solve the problem without

the cubes but were told to use the cubeé if thoy needed them or were -

i P v

not sure of their answer. There was not strong pr@ssure either ‘to use -~

L ]
the cubes or to solve the probldms W1uhout them, but if subjects were

-— - ---floundering they were reminded that they could use cubes to, find the

answer,

If a solution process that a subject used was obvicdg' the experi~ -

menter doded the response and went on to the next problem. If how a

sub)ect had found an answer was not immediately visible, the subject

33
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— . was asked to describe holv th@ answer was found‘ The experimenter con- e

tinued qu&stloning until the subgect's strategy was apparent or lt was

e Holeax that no axplanation-was ﬁorthooming.. The testing :equired two
5 ,¢ sess;ons that lasted 18 to 20 mxnutez each, Half the subjects re-

» b mu

- ceived the 10 concrete problems in the first ses 51on aﬁ@ the 10 verbal v

. . -problems inlthe‘sacbnd segsion, For~the other half thmé oxder of ad-"

fministraﬁion‘was reversed, Subjects were randomly assigned to &hese

' : . ' J

- administration conditions. In most cases, the two sessions ‘were

'separatéd by’ at least one day. For some subjects, the two sessions

" @

feow] occurred on consecutive days. No subject received both $essions on the
v ’ . ’ T v : o
¥ Co same day-f. E : - ' . - o
- i . o ' o T , o |
o - » The order of the tasks within the-concrete and verbal groups was

- PR Sy K

randomized for each subjebt{“‘ThuSEfégggﬁ;ubject received a different

: » sequence of problems, but each subject received the concreée problems in

3 . - L . L.

Eﬂ' the same order the verbal probleéms were presented.
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. . Resylts
~. e

' ‘ . o h 2 . ~ I.

i +During the individual int;e,r&ews , the interviewers focused on “

; four ‘major categories of respgﬁses': (a) the mode of representation 2 !
. used by thé child in generating a solution; (b) the strategy used to -

' ,' -3 LT . L : . . ‘ ) o

: generate the' solution; (c) whether the solution was cofrect or not; .

f - - ' T o C - . oL
& v . )

et 3 *" and (d) when appropriate, the type of érror made..” Each of these

. categories will be discusséd in the first part of this -section. -

S Mode of Representation 4 - b - ' S " A
: B S == 0 3 ) ] . '.
u In the interview setting, sets of cubes were always present. Since ,
3 - . T . £ )
. paper and pencil were not available, symbolic or pictorial re;PreS%tiOH,?;' N

¢ . . ¢ . "
were not possible. Two basic modes of physical representation were used

“t
Y

by the children, cubes and fingets. .,
. (C) Cubes = Although no-ccdin'{} éifféréntiation was made, _

thete were two major ways'in which cubes could be used.
* First, the cubes were set out to represent the actual

F R t « ' . ) .
sets in the problem situatipn, For example, if the

-

problem dealt with a situation such as, "Wally has 3

-

.pennies and his father'gives hini( 6 more penniés,. How
: , N - ‘
many pennies does he have altogether?" a child was . ’

B B R R S
¢ ¢
’

;' likely to set out 3 Unifix cubes to stand for the 3

E ' pennies, then '6 more cubes to stand for the 6 additional .
E,

L |

) 2935




4 . 'f o pennies. Actions performed on the cubes were presumably ;;
. v ) ‘ the child's 1nterpretat;o; and rbpresentaéloﬁ of the - J:%
- . ‘action or relationships bgtweén the sets dbscribed in fzi
- : _ ¢ ot E ! ‘
ff-fé ' ) . the "p‘;oblem. The second use of cubes®occurred B v ’
f‘ » ) Qheﬁ the @ﬁild initiéted'ﬁ counting sequen@é Séginﬁing
] \. . ; with _.som'e ,nux:nber word %her tban ."one . " ".Suefl:;‘a
| éo&ﬁEiﬁé sequence réquifeS-kéeping track of the number .

.% 0 i bf,countiﬁg words in’the s@quence. ‘Fer example, if a - - f;

fi R‘ 3 ‘ _ | child begins a forw;rds sequence at Meight" and counts ‘ ;
i ——«~«~——-L~—-~~~“~~ﬂ—on to J;Q;;é;;h," a set%of 5 cubes'@ightgge sgt ou; : ki
i} S _; . 70ne by one. Those 5 cubes do nét representja.set of 5 . %2
;. I _ | . objects as éiv?n in the;original'btgblém situation, »ﬂﬁi
3' " \ bu€ rather éouﬁters to keép track oé the number of words ‘ ;;
j;_ & in the sequence "nine, ten, eieven,“twelve, tﬁirteen." {i
;3 (F) Fingers - Finge;s are.used to represent sets éiven ’ ;
; "% in the problem situation or és awifacking device !

é_ to remémber‘thefnumbers in-a countinéiéequence.',
E | A number of children did nbdt use” any observable physical erresentatlonﬁ: .
E to help solve a problem.} They.elther tried to flgure out the problemf .
gv in their h@ads»or did not understand the problem sufflc;ently to know R
Ev | v how to r@preaent it physlcally. Such cblldren were coded as: : }i
% | {N) No physical representat;pn - There;waé no observable use of ?
% ) h cubes or fingers. .é
E - Resultg;for addition‘and subtraction. The actual probl@ms presented ( ?
é to the subjects were listed in Tables 1 and 2 presentaed earjter. The ?
: 30 ;
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’

swamary of results for Both the ver®Mand concrete preséntations of

. ; . ,‘ . ) I

o eddition problems is given in Table 3. ' o .
- ) Results %Sr the joinlng and part-part-whole problems reveal almost |

. | R o

ldentlcal patterns of behavxor. On the other hend, the results from the =

t : i

%,

- two eomparlson problems show that these problems were seen*as dlfferent. o

¥

ﬁf; SR Many subjects simply gave one of the numbers in the problemJﬁs the answef

"

B

and consequently had no need to represent the descrlbea relatlonshlp v _'w'
\ .o ’ < ! i N , ¢ '
between setsi; o '

«

_The resul JL_thc.snbtractmn_problem&ar-e—presente&«m—!rable—4~.—~-
" y

In general, most children used cubes to represent the problem set. This

1; tendency»was'sllghtly hlgher, in .the concrete problem presentations, A .
larger:number of studénts used cubes for the t&b equalizing problems and -
. ) } o : Y ' ‘

for the comparison problem than for the other. four problems.* A possible

' .reason for this difference is that neltner of the two sets descrlbed in

b

the problems is a subset of the other.' It.is dlfflcult to represent

(3

both sets using fingers or to keép track of operations on both sets

-

- - without some-form of concrete representation.

The part-part-whole problem in the concrete presentation deserves

mention. This problem . 3 constructed falthfully according to the
_ structure of the verbal counterpart. Consequently, it was trivial for" "
most children, who gimply counted the set of red cubes presented

Since, the problem gave no insight into children s problem~solving

strategles, it wag dropped from analyeis..

i

Correct vs.'incorrect, and types of errors. One of the primary

R S S SIS S S Ss
- P

objectives of the study was to identify how snccessful children are




L Table 3 -
S ’ . .

. ' - | Mode of Representation for Addition Problems

.
o . - o i Zoiic e i Y
B . i .

. - . * 3 M ’ 4
L e ~bal ' Concrete :
Problem ' vex“a*. ‘:nm et., e
: : : presentation . » presentation

a2 | \
,. . S

N ' . N . -
g y | c F N e F N

0 . ~
f”,“ o e ) A
b ‘ : v

Jéining . 23 7 13 \ - 33 1 9

* Part-part-whole . 24 6 13 - 32 4 7

e

Comparison 17 3 23 . 19 2 22

’ H . N
. . .
b ORI it e i e

.
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Table 4

Mode of Representation for Subtraction Problems

a

[

problem _ | Verbal _ »  Concrete

Pxoblems ’ - . Problems

‘2;
Cc F N C F \
.l [} %7 -
_ . . v o
\ Separating * 25 5 13 . 31 L~

Joining 1 277 3 - 13 31 0

Joining 2 275 11 a 28 2

Part-part-whole.. . . 26 4 . 13 . _ Dropped from -
- ‘ analysis . ‘
" Comparison I 2 10 ” 3 0 9 3

Equalizing + 32 1 10 - 31 2 10

Equalizing -~ * 32 3 g o 35 ' 0 8 ' )

§
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"'”"éb?fépriSEéJgEr&£é§§iQEE_ﬁééawaﬂd Qﬁétﬁéf:%ﬁé>strdﬁé@y_fésulted in a

.

.at\s©lvinéydifferent types of addition and subtraction problems prior

s

td formal instruction in these operations.s gg-other words, one purppsé,%,

of this study was td:determine whether children can iﬁdependently

)

generate solutions to certain’hdditionafnd'subtragtion problems and
to identify which types of problems are most difficudt for them,
This information should provide a basis for deciding wgich'types;of

problems>children readily understand as inifial models of addition aﬁd'
subtractdion. '

Reésponses were:coded correct or incorrect depending upon ‘whethér an

Q

« correct answer.' An appropriate strategy is a strategy whiqh would ‘_

bproduce a correct answer if properly applied and féllowed thréugtho its ‘
logical conclusion. For many of thé'broblemsi more than one stfhtegy
could be used to produce a coxregtwansw;r; The following codi§g s}s;em
was émplOyed to record,th%s category: | |

(V) validity - A valid or appropriate strategy was used.

(A) Answer - The correct answer was found.

Y, %

It is possible to record a child as havihg achieved a correct answer

without recording the use of a corfect strategy. In those instances,

the interviewer was simplyf unable to determine which strategy a child

4

used.

'l
For both addition and subtraction problems two types of errdrs were

~

identified.

(CE) The child used a correct strategy but miscounted or

o : -

perhaps used a wréng-number, forgetting one of the original

numbers presented in the problem. In either casa, a

\¢-




wrong-anéwer would be gencrated. If a child happened.

to miscount twice and have the two errors_cancel each - B

other'out, arriving qﬁ a correct numgrical answer, an
error was still recorded under this category.

(G) ineﬁ number - A child responds that the answer is one
of the two numbers given in the original pfoblem.

(0} Wrong Bperation - A child dsgs an addition straéZQy or

| the given answer strongly indicaces that an addition
process or basic fact was used.

(E) This category includes use of other incorrect or in-
appropriate strategies, an'ﬁnidentifiable étrategy with'
an incorrect answer,'ah incorrect ;uess, or, failure to

geﬁerate an answer of any kind.

The\results for the addition pgoblems are presented in Table 5.

Overall, subjects were extremely successful in solving both the
joining and part-part-whole addition problems. For each problem more
than 88% of'the subjecté used a correct strategy_kV), and over 80%
found the c9rrect answer (A). The dompa}isog\?roblems tufned out to be
much more difflcult. ‘In the verbgl comparison\problem, 23 subjects
gave one of the given numbers'as tL‘ir_response:‘ They did not seem to
be able to understand "Jeff had 5 more pieces of gum than Ralph" and
1nterbreted it as "Jeff had 5 pieces of gum," Children could deal with
the "more than" relation in tﬂe subtraction compar}son problem and the
two;gquélizing proplems. It may be that for childrenvof tﬁis age

"more" implies a compafison of two sets, anq they cannot understand it

1

1 o
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Table 5

Correct and Incorrect Procedures and Error Types for Addition Problems : E
' 4 . 4
Verbal : Concrete ENCI
Problem - . : ' , Problems Problems ‘
Correct Error Correct Error
\ A CE G O E V. A CE 6 0 FE
Joining . 41 34 7 1 1 0 43 40 30,0 o . "{
Part-part-whole 38 37 1 'L 1 3 41 37 4 0 0 2 :
Comparison 12 10 2 23 3 5 21 20 1 3 4 15 E
N
\ o
e, ‘
: "
4[3 ’
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than solved the verbal problem. Furthermore only 3 subjects gave one
of the,give@ numbets as their response to the concrete problems as - . ;f
oppqsed.to 23 for the verbal problem. The subtraction results are s = g;
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in terms of incrementing a given set, as in the addition comparison:

2

@xample.‘

3
Wt

PR S

i

.
The patterns of responses were almost identical for the joining and

Part-part-whole problems. In contrast the two comparison problems were ~ -

not so similar. Ten more subjects eorrectly solved the concrete prqoblems

presented in Table 6,

.

On the whole, children were not quite as successful with the '
subtraction problems as they were with the addition problems. However,

over’three-fourths of the subjects used the correct strategy, and well

i e R, 5 S i S R e T

over half the responses were correct for every item, .
<

Except for the joining'l problem, children were about as successful

T MU PRV Pt TN

in generating a corrept*strategy for verbal problems as they were for the’
corresponding,concrete problems. There were slightly more counting'errors
in iérbal problems, but this is to be expected. The verbal‘problems

offered more opportunity to make a counting error since subjects had to

»

construct bot% initial sets used to generate a solution. In the concrete
\ , | o ‘
problem, on the other hand, certain sets were given as part of the

i e T B p e e o Biivmaia i

’ ]

problem and subjeéts were corrected if they made an initial error in
counting them, \\

Contrary to the findings of previous research with older childrén,
very few children used the wrong operation. The most common error

was to respond one of the given numbers but there were at most 6 out

"

4

?
*J




I

. - Table 6

Correct and Incorrect Procedures and Error Types for Subtraction Problems

\ Verbal ; D " Concrete ,
_Problem S Problems , Problems
Corgéét #7_ Erroré | Correct Errors,
V- A CE G 0 E Vv A CE G O &
Separating 3 31 8 1 o0 3 42 4 2 0 0 1
i > : "y -
~ Joinirg 1 M2 7 1 s 4 4 3 3 2 0.0
Joining 2 ° 36 31 5 1 1 5 33 31 2 1 . 0.9
| Part-éart—whole 33 | 20 13 . 6 01 4 Dropped froq analysis
.Comparison 35’ 29 \6 3 0 5 39 .32. ; 30 jJi
Bqualizing + & 39 30 9 0 0 4 35 28 7 1 0 7
Equalizing - 390 020 10 0 o0 4 38 34 4 1 o° 4
E
|
I

3
r
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<
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‘of 43 instances of this error for any problem.

1
3

. . M

.

5 s ' )
The second major objectiveﬂof_ggﬁéégagxkxss to characterize the ‘

- ’

prooesses or strategles that children use to solve different problems

and identify the factors that Jeadqgﬁ: e selection of different

’
‘

strategies. One hypothesis is that children'develop single strategies

+

for addition and. subtraction and use them in all appropriete problems.

-

3

. )
Por example, a child might use a separating strategy to solve all

' subtraction problems. A competlng hypothesis is that chlldren s - !

strategles matéh a problem s structire and model the lmplled actions

or relatlonships in the prnblem. leferent strategles imply different

v

conceptlons of addition and subtractlon, and 1dent1fy1ng the prosfsses

that children usé to solve different problems should prov1de gome 1n-

_-sxght\ento their understanding of addltlon and subtractlon operations.

In the subsections thqt follow,_results are presented for the

additdon Lasks and for several categories of subtract;on tasks. Following

the two-by-two matrix presenhted earlier, several dlfferent categorles of

varbal problems were identlfled. From among these, three separate types

4

<

of subtraction problems emerge, each hav1ng a distinct semantic structure,

These three types will be diseqssed separately.

. »
Addition gtrategies. The three basic counting mddels identified by
Groen and Parkman (1972) were also found in this study. 8everal strategies

that ware not based on counting wgre also identified.
4
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(Ca) CQuntigé all -« The’ counting all strategy can be carried ¢

af

%

out using cubes or finger& as models or by counting

mentally. If‘cubes are used, both sets are :eprqsented{\

*and then the union,of the two setsais fecoﬁnted'begfnning

with "dnef. If counting- is done mentaliy o;with fingérsa

the coun;ing sequence begins with "one"-and end; with the s

4 number represent:ng the total of ;he two. given quantltles.'

(CF) Counting on from firsr number -~ In tHhis strategy, the

¢

counting sequence beglns either with the first (smallerl.

© [

glven number in the préblem or the $uccessor of that, number.

“

Counting may be done mantally, or by using cubes or angers .

L]
‘v

}: & - as models. - . - i

i

E’ . . ry . - ° N
F" o (CL) Counting on from larger numher - This is similar to the

E previous strategy except that the counting sequence begins *
E . .

I

|

i B with the larger (second) given number or with the successor

W

; of that number. _ ' ‘ _ LT
. . . * . . . E
é ; (KF) Known fact - The child gives an answer with the justification
3 ' ’
[

. . . that it was the result of knowing some basic addition fact.

.

(H) Heuristic - Heuristic strategies are-employed to generate

. ' ,sélutionslfrom a small set of known basic facts. These -

—
v,
»

strategies usually are based on doubles or numbers whose

g
ke
=
v
N
b
I
»§
j_-:
‘j
i

sum is 10. For example, to solve a problem representing

o i S ke

6 +.8 = ?'a subject responds that 6 + 6 = 12 and 6 + 8

iz just 2 more than 12. 1In another example invdélving

RN I

4 +7 = ? a subject raesponds that 4 + 6 = 10 and

B B e I

T
N
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4 + 7 is just 1 more than 10. | R

::- ’ L. ) N L. ' ' - ;0
(U)  Uncodable - A correct answer is provided but the interviewer ,-'* n
e Co . is unable to determine what strategy a child is employing.

|
The strategy. results for the six addition tasks are”pmesénted in

* ]

-

Table 7.

v

The datd clearly indicate that the cﬁ@ldpeq treated the joining

:ané part-part-whole Qroblems in esgentially ﬁhe'same manner.  The

, faqt thatnjoining prbblems have an action componént as opposed to the l
‘gétéﬁic conditicn of the part—partfwhole pfobléms does noﬁ»appgar té
fﬁake any differencé, at least in the_WQy that qhildrén éttempp fo solve -
them; fhen these data are gonsidefed ﬁégether with.the gorrect vs,

incorrect- data from Table 5 .it agpéars that- the two addition pgoblems--
joining: and part-part~whole~-presehted no difficulties for the subjects

of this study. On the other hand, the comparison problems we?e extremély

13

difficult. ° "

Although the data in Table 7-do.£oé presené the»informatiog directly,
_&n aﬁalysis was mada to determine if a partiéﬁlar étrategy was linked.to
a particular-type of representaé!on modality. Rgsuits showed that differ- ,
ent strategies did tend to bs paired with different modes of representa-

4

tion.

Almost all students who used cubes used a counting all strategy

-(CA). For example, to solve the ﬁrqblem that represents 3 + 8 = [:] Yy

-

j’« . | subjecpé would génerally construct a set of 3 cubes, then a set of 8

3 cubes, and then eount. the number of cubes ifi the union of the two sets. ) *
-~ \- * -

They did not aven take advahtage of the fact that they had already
@unted both the met of 3 and the set of & and did not fheed to recount

i

)

[

2

r g '

4 f
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Table 7

Strategies Employed- for Addition Problems

Stratééy
Problém o CA CF CL H KF U

o,
o

w <

Verbal Problems
Joining 21 4 4 5 1 & .
Pagt-pagégwholeu 4422\ .3 9 2 1 1 o

Comparison ’ 7 1 1 2 0 1 o .qnyﬁ,
- . ' ' . u‘
Concrete Problems p

VA

Joiming 26 L 7 5. 2

&N

part-part-whole . 26 2 9 3 1’

DN (e
I

Comparison - ) 6 4 6 3 .0

a _

:
[y
A
I
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~them., - In fact, in counting the unioh of the two sets, many subjects
were very careful to ooﬁnt one set first and then the other. If a
.2 o -

subject constructed both sets\buf did not recount them both, the

/

 response was cc¢ =d as the appfopriate cognﬁiﬁg on strategy. There

\

were only 4 such responses in all 3 verbal problems for a total of

14 in the 3 concrete broblems.

‘Counting on from the first number given in the problem «CF) and

. Lgp
» counting on from the larger numbér” (CL) were the dominant counting

~

Strategies for subjects who used fingers (F) or no physfcal model (N).

Only th¥ee subjects who used fingers in any of the six problems used

a counting all (CA) strategy, and only one who “used no model gave a

.

' counting all explanationi, This is not especially surprising since the

[y 7/ / N ¢

couﬁ;ing all process is rather difficult to keep either in onie's head
" or on:fingers. Furthermore, it is not unreasonable that the ability

to deal with numbers without concrete referents is related to the

.
N
- .

ability to use the more abstract counting on strategies.
In addition to the three counting strategies, a heuristic strategy

(H) was employed by a few children to generate so;utionsqﬁ;omua small

set of known basic facts. Heuristic strategies always involved nd
- C e
physical modeling.

\

Several subjects&knew the addition fact recquired to solve the
given problem (KF) and there were a fé; responses that were ;ncodable
(U). A response was‘uncodable only if a subject got a correct response
but the expgr;menter was unablé to determine the strategy. The un- .

codable category assumes that the subject used an appropriate strategy

but was unable to explain the process.




Four basic subtraction responsés were identified.

Sﬁbtxect;pg stzategies.

They take on a different, fotm dependihg upon the_representetion modei chosen,

For concrete repres:;tations they are: | |

(8) Sepqtating - Thé child models the larger given set and then’
takes away or ceparates, ene at e‘time,\a numbef of cubes

~

equal to the giV¢n number in the problem, -COuhtihg the set
of remainlng cubes ylelds the answer.
{ST) Separatlng to - After’ the larger set is modeled, the child
. | removes cubes one ‘at a time until the remainder is equal to
~ A )
. _the secopd given number of the problem. Counting the number
. - of cubes removed glVes th%‘Pnswer.' . :

(AO)" Adding on - The Chlld sets out a number of cubes equal to . | T

the smaller glven number (an addend). The child then adds *

] ~ .

cubes to that set one at a time until the new collection = -
is equal to the 1arqet given number. Counting the number
of cubes added on giggs the answer.

(M) Matching i’@he'child puts out two sets of cubes,'eecﬁ set

standing for one of the given numbers. The sets are then

matched one-to-one. Counting the uematched eubes gives -
the answer,
Three more abstract counting strategies were also observed. These
are the analogues to the first thrae concrete strategies listed above.

(CB) Counting back - A child initiates a backwards counting

sequence beginning with the. given larger number. The back-




wards counting sequence contains as many counting number

words as the giveﬁ-smaller ngmﬁer} The last number uttéré;'
in the counting sequence is the answer. ,This is the ;ountfhg
analogue to the separatlng (S) strategy.f
(Cé) Countlng back to - A Chlld 1n1t1ates a backwards couﬁflng
sequénce beginning with the' larger given number. The
sequencelepds with the smaller number. By keeping track
-of the nu@ber:of cbgnting words uttered iﬁ this sequenée,
either mentally 6r by using fingers or cubes, the child . o .
determines the énswer to be the number of counting WQrdé' | _ \
uséd in the sequence. This is tﬁé couhﬁiﬁg'analogu; to the | ' \
”séparating to (ST) strategy. . | L
I (CU) Counting up from &maller - A child 1n1t1ate§ a forward |
countinq sequence beginning wzth the smaller given number.
The sequence ends with the 1arger glven number. ‘hgaln( by
keeping track of the number of countiné words utééred in | 2
the sequénce, g?e child determines the answer. This is
. the counting an;aiogue to the g‘ddin‘g on (Aé) strategy. ) ﬁ ‘ : *
The .known fact (KF), héuristic (H), and uncodgble-(u) categories |
follow ﬁhe same rules as tpe corrqsponding addition categories. , = %
Certain of the strategies naturally model the action described ‘
;in Specifié problefms. The’separating problem is mést.cleaxly modeled

by the separating (S) strategy or the related counting (CB) strategy.

On the other hand, the implied joining action of the joining (missing

A




5

LY

T T ST e e ST T
o A

subtrading equalizing problemg the implied-action involves removing

A -

addend) problems is most closely modeled by the addipg on (AO) and .4

counting up (CU) sirateqies. Comparison problems, on the oth& hand,

" deal with relationships between sets rather than action. In this case

]

the matching girategy (M) appears to provide .the best todel.

For the part-part-whole and equalizing probléms the situationc is

t 4

more'ambiguous._ In the part-part-whole problems there is'no implied

action 80 neicher the separating or adding on strategies seem more

t _.".‘. N

appropriate. But since one of the given gquantities is a subset of the

other, there are no two distinct sets that can be put into one-to-one
o o h
correspondence.

Fox the equalizing. problems the situatibn'is revetsed., Since the

he t
1] )

equalizing problems involve both a comparison and some‘implied'éqtion,

two different strategies might be seen as appropriate. The addition -

\ . .

equalizing’ problems involve a comparison of two dquantities and a deci-

H

sion of how much should be joined to the smaller quantity to make them

equivalent. fhus, both the matching (M) or the adding on (AO) and

counting up from smalier (CU) strategies might be appropriate. For the

A\

elements from the larger set until the two sets are equivalent. ' This

A )

actioﬁ seems to be best modeled by the separating to (ST) and counting

back to (CT) strafaqies while the matching strategy'(M) is again

\

appropriate for tﬂe comparison aspect of the problem.

\

Verbal problgms. For vefbal problems,.problnm structure d&es
appear to be the major deterﬁinant\of golution strategy (Table 8)}‘ '
For the éeparating problem almost thred times as many subjects use a
sdparaﬁinq (8) or counting back (CB) strafegy as used all the other

strategifs combined.

o 52
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Table 8
Strategies for Verbal Subtraction Problems

N

t

Strategy
S ST AO M CB CP CU H KF ‘U

Problem

P ' Separating 19 0 o 4 ¥

Joining 1 - 4 0 15 2 1 0 2 3 o0 2

Joining 2 4 1 14 5 0 0o 8 '3 0 1
' ‘Pa.rt-pé\ri.-whole -9 0 10 4 3 "0 3 o 2 2
Compar ison 8 1 2 17 0 0 3 3 1 gﬁ’ .

~O
»
P

Equalizing + .9 2 5 15 0 1- 1 5

Equalizing - 14 4 o 13 1 3 2 2 0 o0




(3 ¢y < ~

For the two joining problems, the pattern of responses was almost

ldentical. For each problem the adding'on (AO) or counting up (cu)
. 8trategies were uggd almost twice as ofteﬁ és all tﬁe other strategies
éombined.' With the comparison p%oblem, matching (M) was the dominant
‘stratagy. | : ‘ s ‘
. ' The ambiguity of the part-part-wholé problem is reflectcd in thé ’
chlldren s striategies which were about evenly lelded between separatlng
(8) and qddiné on (AO). Support"forfour analysis of the equalizing
'pr%blem ig less strong, but it is generall} consisten£ with.fhe proposeé'
model. Matching was a dominant strategy for béth equaiizing probléms,
but iﬁ both case? separéting was'uéed more frequentl?qthan.the hypothe-
tsized separéting.to or adding on skrategy. However, a“comparison of
the two equalizing problems reveals that adding on (AO and‘CU) was dsed'
.more froquently than separatx"d to (ST and CcT) for the addition problem
(six cases and three cases reSpectlvel§) while the reverse was.true

for the subtraction problem (two and ‘seven cases respectively),

, ConcreteAbroblems; For the concrete problems, the prob}em struc-

.ture-analysis doecs not predict performance nearly as well (Table 9).

% | For four of the six problems, separating (S) was tﬁé principle strategy o sﬁ;

} N ) and for another separating (8) and scparating to (ST) were_emplqyed : . 3

é 5 wiﬁh almqst equal frequency. The o;iy problem fdr which separating | ’
was not.the dom;nant strategy was the second joining pggblem. One ex- ' :
_pranatién for this pattern of fesponses is that_st;ategies.were

determined by the characteristics of the set of cubes subjects had

availaple when they began to solve the problem. This is clearly illus-

, o '5‘4
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Table 9
Strategies for Concrete Subtraction Problems Ty
. ‘ ‘.\ - n -4
! -, Strdtegy ° :
Problem S ST A0 M CB CTsq CU H- KF U
Separating 30 1 0 0 7 o o 1 1 2
Joining 1 23 6 0 0 3 0 0 5 1 3
Joining 2 7* 0 16 O 0 JG"”//&w’ 2. 1 3’
Comparison 23 4 05 0 0 2 4 1 .0
Equalizing + 18 3 4 2 2. 0 2 .2 1 1
bgualizing -~ 15 15 0] 2 1 1 o~ 1 2 1
. . » ) ‘
*Includes 5 responses that subjects started to add ‘on and then
switched to separating strategy. d
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trated by the contrast between the strategies used to solve the two

™

joiningy problems. Although they both esqribé~essentially the same

action, they provide subjects with very different starting points. ,

For example, consider the problem 1l - 3 =+?., "In the first case the

experimenter shows a subject a set of 3 cubes, hdds some more cubes,

-

and a.ks the subject to determine how many cubes were added. In the

second cxample, a subject is given a set of 3 cubes and asked how many

more are needed to have 1l cubgf altogether. The ke& difference

between the two probIems is that in the fi}st Casé the subject hagl

11 cubes to start with and can find the'answer by ®imply removingw3’
cubes. . In the.second case they must first construct the set of 1l cubes
which is casiest to do'by.simplyﬂadding_pn éo the seﬁ_of 3. Fof every
pro!lem by the one joining problenm, subﬁects had the larger set avail-

able and consecjuently relied primarily on a separating strategy.

Although problem structure was not the primary determinant of

‘ ’

subjects' solution strategy it did appear to have some effect. The

. s o .

vnly use aof the matching strategy (M) occurred with the comparison prob-
lem and one equalizing problem, which is consistent with the analysis
of problem structure. Comparing the two equalizing problems reveals
that sixn zubjects used an adding on strategy (AO and CU) for the addi-
tion problem while none used it for the subtraction problem. On the
vther hand, lé subjects used the separating to stratedy (ST. and CT)

e .
with the subtraction problem while only 3 used it for the addition

jroblem.  Both of these results are consistent with ‘the analysis ofs

the two equalizing problems,

ot e o e e B e e g bt = e mrae ‘ o bR <l o 4 A s
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One of the more interesting differences between the set of con-

cretéJproblems andﬁthe set of verbal problems involves the use of the .

-~

matching stratcgy. The matéhinq strategy was used for every verbal

“

problem at least tWice and was a primary strategy for the’comparison

problem and the two equ?lizing problemé. In the concrete set,'however,

it was only used on thfee problems for a total of nine times. It is '
, ; . -

not surprising that the matching strétegy was not used fof the‘joining

or separatiné problems, where it wéuld have been necessary to construct

the second set. But for the comparison and equalizihg prbblems both

sets were already constructed. It is rot clear why children would go

1
~

to the trouble of constructing two sets to useia matching strategy in
tﬁe verbql case and not use a matching strategy in the concrete case,
when the seté are already cons;ructed. The matching strategy is
-actually more efficient for concrete problems than for ve;bal problems. -

The most prevalent strategy overall was~c1ear1Y’theAseparating (s)
strategy. Althoughxthe use of this strategy was not as overwhelming
for verbal problems as concrete probleﬁs, it was still the most
commonly used strateqgy. It was the only strééegy that was frequently °
used in contexts that were inconsistunt with the analysis of problem
structurF. The choice of numbers in the subtraction problems (11 -~ 3 = ?
rathgr than 11 - 8 = ?) may have created some bias in favor of separat-
ing and cuunting back strategies, which may in part account for the
popularity of the separating strategy. But no subjects indiéated that
number size influenced their choice of strategy. On the whole there

v

1s no basis for concluding that the choice of numbers had any influence

on children's strategies. However, this is one limitation of this

P ‘A
NI
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study, and addiﬁional research would be required to demonstrate conclu-
sively ;hat'relativeAnumber size had no effect. |

On’ the whole children were not qﬂite as successful with. the sub-
Lraction problem;‘gs they were with.the addition problems. But over

(' -
three-fourths of the subjects used the correct strategy, and well over

nalf the responses werc correct for every item. Furthe;more, no one
problem stood out asg significantly more,diffiéult than the others.
Contrary to thelfindipgs of previous researchvwith older child{én,
very few children uged the wrong opefation. The most common error

was to respond one of the given numgeré but this'accounted for at most

i
/

[ . .
“Six responses for any given problem.

!

(3
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Patterns of Children's Responses

)

i

This section focuses on the responses of individual children or
groups of children over sets of rélated problems. Our'objectiye is to

attempt to identify groups of children who apply similar strategies

N - 3 . ) i N
over several problems and to characterize their pattern of responses.

Thé‘differehtbcombinatiods of feéponses for the joining and part-"

S

pért-whole addition problems are summarized in Table 10, Twenty-six

subjects usediihe same strategy for both verbal problems and 25 used

the® same strategy for both cpnbreté probléms. Thus, althoﬁgh the two

problems have very similar patterns of responses (Tables 3, 5, and 7))

just over half/the subjects used the same strategy for both problems.

It is a bit more difficult to identify general strategies for

-

solving the subtraction problems because there are more problems and

. . . 7 .
more possible strategies for each. Most of the subjects' general

strateéies were defindd in temms of the strategies used on individual
A \ :

~

problems. Foxr example, a subject would be classified as using a

general separating strategy if the subject used -this strategy on most

problems, regardless of their structure.

A second major type of

general strategy appeared to be based on problem structure. A subject

was classified as using a problem structure strategy if the strategies

predicted by our logical analysis of the problem structure were gener-

ally used in that subject's solutions, Our decision rule was to
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Table 10

Responses for Joining and Part-part-whole Addition Problems

Verbal

\ ;.Response combihations _ Concrete
x\ L 7 1

‘Both counting all 17 20
Both counting on 6 3
Both)heuristic - 3 2
Couhting all-counting on -4 8
_Heﬂristic-counting on 3 4 .
Heufistic-counting all 0 2
S .
Other ' 10 4

€1)
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classify a subject as using\a particular strategy if the subject used’ S e
theﬂstrathylforvfive of the spvén verbal problems or used it for four
problems and used a number fact, heuristic, or. uncodable strategy for
the others. For the concrete problems the”deqision rule was four out

i
: . o

of six, with the part-part-whole problem again excluded from the : S
. ! : . 3

4

1

analysis, ' .

=

‘Over half of the subjects could be identified as using a particu-

[y

lar general strategy (Table 11). . The results are consistent with e
results for individual problems. The moét‘frequéntly used general

strategy for verbal problems was problem structure and fop'concrete

B TR O T oo T o

1

problems it was separating.,
In the analysis of individual subtrqctibn problems several ) ) 4
problems showed similar solution patferns (Tables 4, 6, and 8). The 2
“two jéining missing addend problems (prbbiems 5 aqd 6) had almost - E
'identical'patterns of response., However, an analysis of individual
subjects' responses reveals that although the overall pattern of
‘ responges was similar,~subject$ were not consistent in responding
to the two préblems. Only 13 éubjects used the same bt:ategy for

-

problems 5 and 6, The two equalizin@ problems and ﬁhe comparison

problem had similar patterns of response. For these 3 problems,
13 subjects used the same strategy on all 3 problems and an addi~
tional 18 used the same strategy on 2 out of 3 problems.

The use of the tore sophisticated strategies is also of interest.

Almost a third of the subjects used a heuristic strategy at izast




Table 11 ‘ .
. Classification of Subjects' General
. o .
Subtraction Strategies
.General strategy Verbal - ~ Concrete .
Single stratagy | . r C k 2
Separating v 3 13 ' -
Matching - 4 v 0
Heuristic ' 2 ‘ 3° .
Structure of problem 14 6 :
Consistent error 3 ’ 3 '
Unclassifiable - 178 18
. gl
%Includes eight subjpcts who used only two strategies, N
- four of whom used A0 and S. :
Wi
Q " . '
v e
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once, and almost three-fourths used at least one of the more advanced
. "

@trategies (heurisfic, counting up, or counting back).,
.;&v ) - \ o

An analysis was done of the number of errors associated with. :

] + 3

various .strategies. The errors were fairly evenly divided over all , . o t

LR ) H
strategies. The number of errors for each strategy was roughly pro-
hZ 8 A 4 -

» . .
portional to.the number of timesg the strategy was selected. Thus,

there is no evidence that any strategy is more reliable than any
other. #

To check for any effect of the order in which problems were adminis-

tered, the strategies of the g;oup of subjects who received the verbal ,f
problems first were compared to the strategies of éhe group‘réceiving . ' i
concrete problems first. For the most parg-the patterns of responsesl
were virtuairy'identical. But for the two verbal joiﬂing missing-
addend problems and the verbal=paft-part-whole subtraction there wae
a consistent. difference. For each of these three\probléms, aimost
~twice as many of the concrete-first subjects as verbal~first used éubes,
used an add-on s}rategy and calculéted the answer. It is to be ex- .
pected that some problems.would show marked differences simply by
chance. But these three problems also tended to generate similar S
patterns of solution (see Tables 4,,6, and 8), being the only verbal

/ iy

problems for which add-on was the primary strategy. Tt is difficult

to cxplaih why differences should only occur for this cluster of three

problems,




Conclusioans

A striking result of this study is the high level of success of j

first~graae children in solving verbal problems. 6nly rulir subjects

~

used an incorrect strategy £0% more than half of the verbal problems, . !
.

and over. two-thirds used a correot strategy for 8 of the 10 problems..
Chiidren were ﬁot only shcceééfui in iﬁtgrpreting action or:relation-.'
. - _ ‘
‘Shipslimplied in problems. They were also able to use\gifferent models : %
of addition*and sub;ractipn when qonvenient and demonstrated somé under-
standing of the inverse relationship between\addition and subtrac}ion.
The'first—grade children in this study gaQe very little evidence
of the types of systematic errors reported in previous studies. Very
few used the wrong operation in theif solutions. Siﬁce this error has "
been 6bserved primarily with older children who haQe already’eXpef-
iencéd formal instruction i; addition and subtraction, it may be a
» result of learning symbolic representations. In typical dlassréom
procedure, aéditioﬁ and subtraétion are introduced in terms of joining
or separating sets using either p;pturés or concfetg objects. Then )
qchildren are drilled on‘ébstract problems with number sentences.
* When they finally get to verbal prpblems, their response is, "Is this

a plus or a takeaway?" In this format the operations are initially

learned outside the context of verbal problems. When verbal problems

g
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‘are introduced latex, ‘children are simply toHd that addition and sub-
* ~e . . ..‘ t ‘ . I
. tractior. can be used to, solve these problems, but they have no basis :

for usiig their natural intuition to relate the problem structure to

the operations they have learned. In other words,’ their natural ana-

. lytic problem soiving skills are‘bypassed, ard they too often resort

\

to superficial problem characteristics to identify .the correct opera- /

tion. This may result not only in a limited understandin, of addition

‘

and subtraction but also in a decline in general pfoblem~$olwing abil-

v

ity. ' ) .
The results ¥ this study suggest a somewhat different picture of |-

. v i
¢hildren's processes for solving addition and subtraction problems thanm

-~ ' :

nas been proposed in other analyszs., Greeno (Note 2)'hyp6theéizcs that

7 / '

/

vvhildrcn'a55uciato solgtion,stratcgies directly with thh‘scmgntic con% *
tent of problems rather tﬁan constructing scts of simultanepus equa- '
tions bqéed on syntactic information within the prbblem. Greeno's ’
analvsis s consjstent'with the results of this study. Howéver, Gre@no
also hypothesizes that some problems are associated directly with anf
operation while others are first transformed toxdiffercng structuresd.
Specifically, joining missing addend problems and certain comparisoﬁ
problems are first transformed té'part~partmwhole nroblems.

The results of this study suggest a different hypothesis.,  The
tremendous variability between childrern as woll as the variety of

i rovesses observed suggest that before formal instruction, young

L]
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children do,not transform problems anto a single type and apply a single ’ .

. . @ .

strategy.. The" results 1nd1cate that chlldren have a r1ch repert01re : v”"“
of eﬁrategies avaiTable#and that they make use?of many of these to -
solve various problems. It is, stlll/not clearywhat~priggers the use. ,
’ 't
of a particular strategy, but'it seems plausible‘that children solve
each problem typ& directly, rather rhan collapsingithaa and applyiog‘
a single strategy consistently.
The picture painted by this description lsnouite dlfferent from
that proposed by Greeno. In Greeno's éescription,;the llhitiﬁgrfactor
is the number of different solution strategies children have available.
Since empirfcal data show that children‘can.solve a'variety of proﬂlem
types\it-was assumed~rhat they must traasform them'in order to success-
rolly apply the few strategies whioh they have.in theiJ repertoires.
The results presented here suggest that even prlor to instruction
most children poséess numerous different strategies and select from
amonqhthum a\method appropriate to solve eaoh problem type directlyf
No traneformations are needed. Iq"fact, it may be\the transformation l

process itself which is the limiting factor as children begin instruc-

tion.

Arithmetic instruction frequently illuetrates a particular opera=
tion like subtraction wié% several problem types (e.g., separating,
part—part~whole, comparison) Although our flndlngs show many children
can solve each type of problem using an appropriate strategy (e 9.,

separating, add on, matching), they may have trouble transforming




ew

(Groen & Parkman; 1972; Groen- & Regniif, 1977), and although there was

" one, seemed to have a greater influence in determining children's

62 ) ' . ‘ »

+

these problems and understanding that a single strategy could be dbpfo-

\ ’ . » :
priate for all of theém, This'conjecture is supported by the small
' : ~

- : '
number of children in this study who used a sinyle strategy cons;s;eﬁtly

'

across problem types, andﬁﬁyfthe\wéll documented difficulties which

children experiente with missing addend problems in most curriculum
. i Lo

a
K

programs.

The results of this study also deviate to some degree from the re-

sults of earlier latency studies of children's solution of number sen- :
tences (Groen & Parkman, 1972} Groen & Resnick, 1977; Woods, Resnick, & :
Groen, 1975) ., Specificaily our %tudy'found less frequent use of

. .

counting on strategieé for addition ‘problems than in earlier studies R

t

no direct test of the effect of number size, other factors than this

en's e

choice between adding on or couﬁting back strategies: This study

also identified two‘strétegies, matching and‘heuristic, that were not \\‘ *
evén considered in the earlier studies.

To some extent these discrepancies may result .from differences
in the age of subjeéts and in gharaéteristiés of the problems. Cer- - !
tainly it is necessary to be very careful in making comparisons betweén
the solution of verbal problems and the solution of number sentences.

Two factors that may contribute to the differences in performance are ‘

the different number domains and the availability of cubes. The

- larger numbers in this study perhaps make counting on or choice strat-

R
'

’

edics less likely. The availability of cubes clearly seems to promote

5,
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a. counting all rather than a counting on strategy. This is illus-’
"_trated by the fact that those who used the cubes almost always used a
counting all strategy while those using fingers or no action"generally
used a counting on strateoy. To some extent this may result from the

¢ A
fact that the more capable children, those most able to use more

’ N \

sophisticated counting on strategiesh tended to be tbe ones who did
not use cubes. But the cubes did appear to encourage children to model
the complete problem. )

. One of the mpst”fundameotal differences bethen this study and
the earlier studies is in the experimental paradigm: clinical inter«

view as opposed to matching response latencies to predicted regression

equatlons. The responje/laaency paradlgm assumes that chlldren con-

%, «
't

sistently apply a well defined strategy to their’ solutlon problems.
The results of this"study indicate that this assumptién is at least
SUspect, and the results of response latency studies should be sub-
jected to further validation. It also appears that one should be
very careful in generaliziog the results of any research of this type
beyond the domain of problems included in the specific study. |
‘The results of this study tend to support the Hypothesis that
verbal problems may be the most appropriate context in whlch to intro-
duce addition and subtraction operations. Clearly, verbal problems
jare-a viable alternative to traditional approaches since children are
able to interpret and solve them prior to formal instruction. Verbal

problems also provide different interpretations of addition and sub-

traction, interpretations that are important for children to under~

-
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stand, ‘Perhaps by basing our introduction of operationhs on verbal prob-

lems and jntegrating verbal problems throughout the mathematics curricu-

lum rather than using them only as an application of previously taught

.

!

algorithms, we can allow children to develop their natural ability to

analyze problem structure and to develop a broader concept of basic opera-

tione, -~

,
I3

.
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