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The original notivation for eleveloping this course was

to increase the tdf!cienfy of cLassrcom presentation of

mathematical concepftslrough tle use of graphic aids and

photographic projection* The basic concepts occurring in

single variable celaulus were deieloped graphically in

sequential draT4inc-s, then photographeJ in color slide trans-

parencies. In cleAsroom lecture pregcntations these slides

were used either totally or supplemented with.chalk board

as detail expansion reguired. Pesults of this innovation

have been published.

Commentaries on all (e.out 400) slides were compiled ant"'

this, with audio tapes, became the basis for another inno-

vation: this independent study cm..cse for college calculus.

Results of this are ready for publication.

All teaching !_nnovations for nese courses have been

conducted at South Dakota State University, which has very

excellent audio-visual facilities, including special class-

rooms and dial acc3,3s equipment. This has been especially

helpful in making this innovation possible.

A grant from the National Science Foundation has provided

funding for the time and materials necessary to complete this

work over the past two years.

Gorman n. Yelson
South Dakota State University
Brookings, South rakota
August, 1971
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RATIONALE FOR COLLEGE CALCULUS COURSE

Gorman R. Nelson
Mathematics Department
South Dakota State University

A 'beginning course in College Calculus should reveal a structure

in which the/student sees the specific categories of subject matter

as parts of a larger system. Such a structure is inherent in the

course but generall t is not obvious, and unless some overt motiva-

tion exists to synthesize the Table of Contents into a unified struc-

turel the student ends up with a fragmented proficiency in the course.

He may well be able to perform specific manipulative skills without

ever understand*g what larger significance it has.

Felix Klein, the German mathematician, mentions three objectives

for the math student:

1. A scientific survey of the structure.

2. Skili in handling problems.

3. An appreciati.on of the significance of mathematical

thought for a knowledge of nature and.modern culturl.

These objectives are still generally acceptable in math analysis

courses, but their relative importance will vary according to the

students area of specialization.

Course design factors must be concerned with the environment of

the learning process. I wish to consider two situations: 1. The

classroom situation with students, teacher and teaching aids. 2. A

teaching media laboratory and small unit seminars. The course design

is more critical in the second situation since it possesses less of

4
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the classroom versati4t for supplementation. Course material

designed for the second situation will be fqlly adequate for the first

but not necessarily vice versa.

Course content and organization is essentially determined by the

,nature of the course but its pedagogical appeal is limited only by

the skill and imagination of the author and teacher. The content can

be judged immediately and the pedagogical appeal can be estimated

but generally this requires testing in use.

A Table of Contents for this course requires Ay insertion of
404.-

some means for identifying the structure of the system without

diminishing the 3bjective of the Immediate task.

The appeal here is neither to the historIcal nor chronological

development of the ideas but rather to the idea of mathematics as a

tree of knowledge, which one sees as a related whole.

Since the idea of the function is basic to all concepts introduce(

in this course, such as: limit, derivative, continuity, extreme,

integral eine many others, it is natural to use this concept as the

unifying structure and wellspring of other concepts.

There is a growing opposition today to scientific education

of the individual as just a reliable component in a technological

society. In particular, eduation in mathematics must extend beyond

the boundary of proficiency in technoloay as a means to furnishing

industry with .a component in its ,stratagem.

Scientific education should involve behavioral change. How we

look at the universe says something about us. How we see the universe

and ourselves in it is enlarged by understanding the mathematical

abstractions taken from the universe. A preoccupation with technical
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proficiency diminishes this understanding ind awareness of self in

this structure. I do not imply by this that technical proficiency

is without valueI-only that understanding the abstractions must

precede it.

The mathematical concepts found in Calculus are abstractions

evolving from centuries of man's observation of the universe. These

abstractions put into mathematical thought are not easily compre-

hended from a definition. It is questioneble that an abstraction

can ever be taught explicitly but by presenting the concept in sever-

al forms the student grasps the abstraction as the common property

of several phenomena. Then a definition has meaning.

motivation for understanding math concepts should not be left

to chance but should be inherent in the mathematical environment to

which the student is exposed.

Qr.
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THE FOLLOWING INFORMATION IS GIVEN TO AID YOU IN DIRECTING YOUR

SCHEDULE TO FINISH AT THE END OF THE TERM:

Tests ire scheduled as shown for each unit. These tests

are to serve mu as a measure of your proficiency over the unit.

If your tested proficiency is not a "C./ level or better you may

take an additional test after further study,

You must attend the scheduled meeting for one hour each

week. Time and place will be determined to fit your schedule.

This period will be used for personal aid as noepled and dis-

cussion of material from the Educational Media Center. You may

spend as much time in the Center as is needed to master the

material.presented. It is important that you respond to all

programmed material pertinent to our weekly meetings.

If necessary, additional personal help will be pro.dded

to meet your special needs.

All programs in the Educational Media Center are listed

in the E.M.C. Directory.

Don't make the mistake of doing your programmed work

"tomorrow". This will inevitably lead to poor comprehension

and retention of knowledge.

If you don't understand -- ASK !:

7



UNIT
No. of
Programs

No. cf Frog.
in E. M. C.

No. of Sets
of Problems

1. Functions 12 4 4

2. Limits 20 7 6

3. Derivatives 17 6 5

4. Applications of 18 8 5

Derivatives

5. Integral 18 8 5

6. Applications of 5 3 2

Integral

Fifteen school days are allowed for each unit.

You may go faster if you wish, but a slower speed

will make it difficult to finish by the end of

the semester.
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MATH ANALYSIS I: Calculus and Analytic Geometry has more to do

with concepts as a way of thinking than a supply

of recipes to he used as the occasion demands.

These are the resources available to_you in.this course:

1. Textbook: Refer to the Reading Program at the end of FUNCTION

PROGRAM.

2. The Educatonal Media Center. Most of the ideas or concepts

will be presented here in audio and visual means. Sample

problems will be worked TrUo. You may use this facility any

time it is open.

3. This course guide will direct your work ayVcoordinate it

with the E.M.C.

4. Seminars will be held once a weeh (1 hour) to discuss any

question relative to this work.

5. Private tutorial help will be available for your special needs.

6. Work which you hand in will be corrected and returned for

your benefit.

A basis for grading will be discussed at a seminar meeting.

You can proceed at your mon pace, but you.must finish by the

end of the semester. You may attain any degree of proficiency

you choose.

9
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FUNCTION PROGRAM

The function concept is basic in all fundamental

ideas of calculus. In fact/ calculus may be considered

as a special analysis of functions. The program which

follows will guide you in becoming proficient-in the

use and understanding of the function corcept. Follow

it carefully.

You must take whatever time is necessary to meet

the implied objectives. Programs are numbered at the

left rargin. Refer to the Reading Program for reading

assignments.

PROGRAM

1.Lecture: Educational Media Center

Subject: Basic Function Concept. (;ecture)

1. Develops meaning of a function

2. Defines'functiOn.

3. shows how a function is deVeloped.

4. Algebraic and Transcendental Functions.

5. Classes of Function.

6. Range and Domain.

Objectivps for each concept are implied in the

text and lesture content and reinforced in work sheets

and pryblems.

2. Reads 'Refer to Reading Program #2 at the end of the function

Program

Jo
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3.Problem Educational Media Center
Study:

You may, if you prefer, work through the following

examples before going to the center for confirmation

of your work. Or, you may work in the center and

confirm your work after each example.

These examples and the problems which follow are

intended to help you understand and apply the function

concept.

Example 1.

Given: f(x) = x2 - 3x + /

Find: f(x + h) f(x) h 0

Function notation directs you to find f(x + h) when

the function given is

Hence,

f(x) = x2 - 3x + 1

f(x + h) = (x + h)
2 - 3(x h) + 1

Simplify and subtract f(x). You may divide by h since

h = 0 is not included in the domain.

ExaMple 2.

Find the equation of a liae passing through the

points (2,f(2)) and (5/2,f(5/2)) where f is defined by:

f(x) = 2x2 - 5x

. Use the two point form for the equation of a line.

Use function notation to find the two points. For

11
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instance, (2,f(2)) becomes (2,-2). Put your answer

in the form:

an + by + c 0

Exalple 3.

Write the equation defining a function G such that

G(A) is the surface area of a sphere, and A is the

great circle area of the sphere.

The surface area of a sphere is

A 4wr2

Example 4.

If: A agg AZ (n + 0,112 and A m x)

Express:

n+1 4. At

A11A21A10,A11 as functions of x.

4.Problems: Refer to Problem Assignment Program -- FunCtions.

If f(x) m x2 - x + 1, find:

a. f(0) b. f(-2)

d f(a) s. f(a + h)

If f(x) x2 - 5x + 6, find:

a.
f(x) f(a)

fx# ax -a

b- f(x h # 0

c. f(2h)



-10-

If

G(x) = x + 1

x 0.2

x + 1, x 0 2
H(x) =

h x = 2

Explaid carefully how the Eunctions defined by these

equations differ and how they are similar.

4. Find the zeros of the functions defined by:

a. F(x) = x2 + 2x + 1

b. f(x) = x2 + x 1

2
c. h(x) = I.

g(x) = x3

H(x) = 4 - x2

Find the slope of the line connecting the two points

(1 f(1)) and (-1,f+1)) for the function defined by:

f(x) = x2 - 3 + 1

6. An open top box is constructed from a flat sheet

8" x 4" by cutting out corners a" square. Develop

the equation defining a function of all such boxes.

What is the domain and range for this function?

If Hlx) = v2 , 1

x-i

Find 13(1), H(.1), H(.01), 1t(.00l)

As x approachep 1, what'does H(x) appear to approach?

1 3



Refer to Program 4. for problem asSignment at the end

of this Function Program.

Seminars: Every week (1 hour)

5.Read: Refer to Reading Program # 5 --Functions

6.Problem Educational Media Center: Refer to Center Directory.
Study:

Since functions are so important in this course,

anything that can be done to increase the comprehension

of the nature of functions is also important. The

graphing of function is a visual means of grasping some

of the basic qualities of functions and is the sole

reason for graphing. At this level we must resort mostly

to positioning points (ordered pairs) on the cartesian

plane and connecting these to form the grap%.

You will probably be unfamiliar with most functions

defined in the set of problems. This is part of the

exercise, to develop in yourself the ability to analyze

different functions graphically. Later in the course

we will supplement point plotting wlth additional tech-

niques in graphing.

Consider now:

Example 5.

The defining equation is

g(t) = It + 11.
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The independent variable is t* the dependent varialue'

is g(t). The most difficult part is how to handle abso-

lute value notation. We should naturally be motivated

to recall how this is defined, i.e.

+ m + 1 if t + 1 > 0,(t > -1)

It + 11 m -(t + 1) if (t 1) < 0 (t < -1)

Now try to graph this in two parts to accomodate
ft

the two i.e., t > -1 and t < -1.

Example 6.

Graph tha function defined by:

C(x) = 21c + rex

This problem like many others in this section is import-

ant not only as an exercise in graphing but as a means

of becoming familiar with a function which will be used

later. So, while doing the work, you should also observe

the nature of the function revealed by your graph. Don't

get so absorbed in the technique of graphing that you

fail to observe the nature of what you have done.

NA.

7.Problems: Graphs of Functfons. Refer to assignment Program #7

Functions.

O. Read: Refer to Reading Program # 8 -- Functions

9.Problem
Study:

Educational Media Center

Combination of Functions. This is a difficult section

and requires more than the usual amount of effort.'

I 5



Example 7.

Probably the most difficult part of this section is

that dealing with the composite function. In this

problem we are to find the composite function f 0 g

where,

2f (x) = x 1

(x) =.3x + 1

f g means to find f(g(x)). If the math notation

for function's is observed carefully, then when

f(x) = x2

f(g(x)) = (g(x))2 1

Complete the problem.

Example

The purpose of this problem is essentially to en-

able you to become familiar with the manipulation in-

volved in composite functions.

If

then

f(x) =

f(g(x)) =

and we must find g(x) such that

= x

Example 9:

The objective again is to pravide you with means

to master the manipulative technique for the composite

function.

If r(x) = x + 1/x

1
then FoP=
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Simplify this and determile the domain.

10.Problems: Combination of Functions. Refer to Assignment Program --

Functions. Hand in,-

11.Review: Repeat PROGRAM 1. Refer to Assignment Program --

;,
Functions.

12.Problems: Refer to Assignment Program -- Functions. Hand in.

4



-15-

READING PROCRAM Functiors

All reading assignments refer to your textbook,

Calculus with Analytic Geometry, Johnson and

Riokeneister, 4th Fditior..

Program 0 2. Definition and Types cf Functions. Pages 58 - 60

# 5. Graphs of Functions. Pages 63 - 66.

# 8. Combination ot Functioa3. Pages 67,68.

PROBLEM ASSIGNMFNT PROGAAT1 -- Functions

All references are to a. Textbook Johnson and

Kiokemeister, and b. your Program I'lannal.

Program 0 4. Work and hand in Problems 1 - Program Planual.

0 7. Work and hand in Problems.I. 1 - 6, II. 1.13,5,7,

9.11. Textbook, Pace 66.

#10. , :lc and hand in Problems I. 1

#12. Work and hand in Problems 1, 2

- 8. Text Page 68.

Textbook, Page 70.



The following commentary on Functions may he

used with PROGRAM 1.

Slides 1 - 20. Defining a Function

21 - 24. Implied Domain and Range

25 - 26. Famous Functions

27 - 34. Creation of a Function

35 - 47. Granhic Portrayal of Functions,

Intervals, Segments

48 - 53. Graphs of Functions

54 - 60. Constant n

61 - 62. Trig Functions

19
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LECTUTT FUNCTIOPS

We are defined by how we look at the universe.

All of calculus is based on an understanding of the

function concept. Fithout this, very little 'of what follows

will be understood.

3. The mathematical idea of a function is one of the most

fundamental concepts in theory and application of mathematics.

Since all the new mathematical concepts which occur in

calculus have their genesis in the function, it is natural to

evolve these from the nature of the function.

But first, what is the mathematical idea of a function?

4. We begin with a set of real numbers which is shown as

set A.

5. .From the elements of set A we will generate another set

of elements (y) according to some rule. Call the new set B.

Note that if we wish to speak.of one element of set A without

,identifying it we call it x. That is, we can Say the element

x which is contained in set A is either 1, 2, 3 or 4. The

same notation is used for set B. As yet we don't know what

the elements y of set B are.

20
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6. A simple rule, which is represented by the lower case fr

is chosen. The rule f is: Multiply each x in A by 2 and add

1 to form a corresponding y in B. We now have a specific

means for generating set B. From this procedure some mathe-

matical notation is* also generated to help us understand

what is going on.

The flow of action is fram set A to set B. Each element

in A is operated on according to rule f. The corr-Isponding

element in set B is identifiable by the notation used here.

For instance, in set B, the letter f followed by 1 in paren-

theses, which is read f of 1 means that rule f is to operate

on the element 1 of set A to produce the corresponding element

y in set B. f(2) means rule f operates on the number 2 of

set A to form its corresponding element y in set B. In like

manner f(3) and f(4) are elements'in B corresponding to 3 and

4 in set A.

By use of this functional notation we are able to observe

immediately the correspondence of elements between sets A

and B. That is we know I goes vith f(1), 2 with f(2) and

so forth.

Some new descriptive words are often used here to ex-

press this idea of corresponding elements. For instance, we

can say that f(1) in set B is the image of 1 in set A. This

is a pictorial way of saying if element 1 is exposed to rule

f it,reflects the image of 1 as f(1). In like manner f(2) is

the image of 2 and so on.

2 1
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Still another descriptive picture evolves from this pro-

&tee of forming set B. rie can say that 1 of set'A maps into

f(1) of set 8, 2 maps into f(2) and so on.

The distinction should be noted here that the notation

for the rule is f while the notation for each element y of

S is 1(1), f(2) or in general f(x).

These various mathematical notations are important to a

clear understanding of the literature of mathematics.

S. We simplify again by using the mathematical notation to

express the rule f. .The expression 2x + 1 says very succinct-

ly what rule f is.

9. . Henceforth we will generally use only the mathematical

form to express the rule.

Performing the operation indicated by 1(1) will produce

3. :(2) will produce 5, f(3) = 7 and f(4) = 9.

10. The elements y of B derived from the elements x and rule

f are shown here in correspondence with the elements of set

A. The rule f could be written y = 2x + 1 which as an equa-

tion then defines the y value.for a given x value. If we

wish to represent an equation in a general form, that is,

without stating the rule precisely, we say y = f(x). The

variable nature of x and y in the form of an equation is

indicated but we'are stating precisely what values x may

have here by listing them.
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11. It is possible now to form ordered pairs of numbers from

the corresponding elements of.each set. In dpng this there

is the natural tendency to put the x elem*tt first and the y.

element second as: (1,3), (2,5)317) an 4,9). The

notion of ordered pairs evolves from this.

The set f of ordered pairs is called a function. The

elements of set f are the ordered pairs. Each ordered pair

has a first and second component. The set of first components

of each ordered pair are given the name of domain. These are

1, 2, 3, and 4. The x notation which represehts each member

of this set is often given the descriptive name of "indepen-

dent variable" for the reason that the y value is determined

by the x value. The set of second components 3, 5, 7 and 9

taken from the set f is called the range. The y notation

which represents these numbers is called the dependent vari-

able since its value depends on the value of x.

No mention has yet been made of restrictions in either

set A or B. The !dee is now presented that whatever rule or

device is used to form the set it must contain the restriction

that the final set does not have duplication of first compo-

nents. That is, no first components can be repeated. For

instance if our first two ordered pairs had been (1 ) and

(1,5) then this set would not be called a function. The

reason for this certainly does not evelve from anything we

have done thus far. The explanation lies in reasons not yet

apparent. One immediately acceptable reason is that we want
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no ambiguity as to what value of y we have corresponding to

any value of x in the function. This does not preclude having

any duplication of x components in the crdered pairs. Addi-

tional reasons for this restriction will become apparent as

our investigation continues.

Notice that the same notation f is used to identify the

set of ordered pairs as was used to identify the rule. This

will Cause no ambiguity in understanding and is a generally

accepted notation. These two meanings are certainly not one

and the same. One cannot always tell from the rule what the

set of ordered pairs will be. But for convenience we will

accept the duplication of letter identity for both meanings.

In context this causes little or no concern.

12. For convenience we define a function as: "A set of dis-

tinct oidered pairs having no two first components the same.

Identical ordered pairs are accepted as one ordered pair.

You will notice that the elements of this set are the

ordered pairs and that the parts of the ordered pairs are

called components. The set of first components of each

ordered pair constitutes the domain and the set of all second

components constitutes the range.

13. Here are shown set fo g and h. Are they functions?

Consider set f which contains three elements of ordered pairs.

No two first components are the same, hence it is a function.

Consider set g. Here again we have the elements of



ordered pairs, bat since the first two are not distinct they

count as only one ordered pair. The two distinct ordered

pairs do not have repeated.first componentb, hence this is

also a function.

Consider set h. Again we find three elements of ordered

pairs but now we also find the first component of each ordered

pair.are the same; hence this set is not a function.

14. Consider now a new rule which we identify by the lower

case letter g. The rule is in mathematical shorthand and

explicitly states that for every x we consider we will find

the corresponding g(x) by squaring each x and subtracting 1.

However, nothing is said about what values of x should be

chosen. When a function is defined without a specified do-

main we will assume it defines the set for all real values of

domain and range so defined.

15. We define the domain here as the numbers 2, 1, 0, -1 and

-2. What are the corresponding elements g(2), g(1), g(0),

g(-1) and g(-2)?

For g(2) we square 2'and subtract 1 to get 3.

16. In like manner we get g(1) Of g(0) = -1, g(-1) 0 and

g(-2) = 3 to form the ordered pairs as shown.

This is the function g.

17. The zeros of a function are those values of the domain



for which the.corresponding value of the range is zero. We

observe here that the zeros are at 1 and 71. Algebraically

these may be found by setting g(x) m.0 and solving x2 0

for the corresponding values of x.

18. The domain is here defined explicitly as being those

values of x in the closed interval [-2,2]. Since all

possible numbers included between and including -2 and 2 are

an infinite set they cannot be enumerated. Hence the missing.

ordered pairs are indicated by three dots as shown.

19. Another means for defiWng the set of ordered pairs is

shown here. This is eead "The set of ordered pairs (x,g(x))

such that g(x) = x2 - 1 and x has all values in the closed

interval [-2,2]".

20. The number of different functions is unlimited. However,

most of the functions we work with can be classified by

obvious characteristics which they possess. Most of these

you are familiar with in varying degrees. There is no inten-

tion here to imply these are the most important classes, but

only to observe that many functions have qualities which

permit them to be classified by name. For instance, I. is

representative of linear functions.

All of these classes of functions will be examined later.

21. A function defined by an equation for which no specific

2 a
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domain and range is given has a domain implied as being those

*
real numbers x which define a real number y.

For instance, consider the equation y = x + 1. It is

apparent that eadh real number x defines a real number y.

In this case the implied domain ip all. real nuMbers. Such a

domain yields all real nuMbers as Value of y, hence the range

also contains all real numberp.

22. The implied domain of the'function defined by the equa-

tion y - ar is not quite so obvious. First, it is necessary

to know that is, by definition, always positive. That is;

AT is x if x is positive, 47 is -x if x is negative, and

zero if x iS zero. Bence the domain may be any real number

x. The range implied by this domain will be all real numbers

greater than or equal to zero.

23. The implied domain for the function defined hy

y =

differs from the previous f4action in that the radicond

(x2 - I) must be greater than or equal to zero if it is to

have a real number as its square root. For instance, if

x = 0 the radical -1 yields no real number. The condition to

be satisfied by the radicand must be

x2 - 1 > 0

x2 > 1.
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This implies x >,1 or x .- 1 as the largest domain.

For these values of x the correspt.ading y values include all

positive numbers and zero.

24. The three equations:

1 H(x) = 727-=-1 x 1

2 F(x) = x 1

x2 _ 1

3. G(x) =
21=1 x 0 1

3/2 x = 1

all define functions« Careful consideration of these equa-

tions will reveal that P(x), G(x) and H(x) hPve the same

implied domain excepting at x = 1. 0(x) and F(x) both in-

clude x = 1 in the domain but have different co:responding

values of G(1) and F(1). H(x) does not include x = 1 in its

domain. You should observe carefully that the functions, as

sets of ordered pairs, defined by these three equations are

identical except for the ordered pairs at x = 1. H has no

ordered pair at x = 1. For G the ordered pair is (1,3/2)

and for F the ordered pair is (1,2).

F(x) and G(x)-háveithe same implied domain, that is, all

real numbers. Their ranges differ only by one value.

Record and study these equations. They will be used

later in consideration of-limits.

25. . Some of the greatest scientific discoveries are couched

in the language of the function. Equation 1. defines a



function. t is the independent variable producing values of

x. Science and engineering are predominantly engrossed in

the study and investigation of functions as mathematical

models.

Equation 3. is Einstein's discovery relating energy and

mass. What a profound discovery to be expressed in such

simple mathematical language.

These are but a few of the many equations shown here

defining functions with which you are probably already

familiar.

Consider equation 5.

26. This is Newton's discovery in which he expresses force

of gravitation as a function. Assume m1 to be the mass of

the earth m
2

the mass of the moor. Then if G is constant,

and the independent variable d is given, the set of ordered

pairs (d,f) expresses the phenomena of gravitational force.

The means of communicating this law of gravitation is mathe-
,

matical. Probably one of the strangest phenomena in all of

science is the vapacity of mathematical thought to portray

aspects of nature. This is somewhat less surprising if one

considers that these abstractions were derived from observa-
,

tion of nature.

27. Title -- Elemental Creation of a Function
4

Most functions which are developed in science and engi-

neering are probably not the major scientific discoveries

Z1)



but involve more of detailed analysis. To show what sense

at function is used as a mathematical model we first take a

simple condition and show hcw a fundtion can he generated to

portray one aspect of this condition and from the defining

equation we will observe in detail how this function is used

to further comprehend the nature of the condition it devcribes.

28. First consider a sheet of material having the dimensions

shown.

29. We form a box by cutting squares from each corner as

shown here. We can intuitively discern that in some way the

box volume depends on the size of the cut-outs. It is this

condition we concern ourselves with.

30. Call the side of the cut-out squares "a". You can

observe at this stage what the dimensions of the box will be.

In terms of the given dimensions and the dimension "a what

will be the length, width and the height of this box?

31. We are to find L, W and H in terms of the given dimen-

sions. L is equal to 8 - 2a, W equals 6 - 2a and H is just a.

32. The volume of the box is length times width times height..

33. By taking this product we have

Volume 22 (8 - 2a) (6 2a)a

30
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or if the product operation is performed then

V(a) I= 48a - 28a2 + 4a3.

We now have an equation which defines a set of ordered

pairs, having an implied domain and range of all values of a

and V. However, the nature of the problem reveals that the

ordered pairs are without meaning if dimension "a" is more

than 3 and certainly iv cannot be less than zero. So, for

the condition of our concern um talp the domain as all values

in the closed interval zero three. Intuitively we observe

that the volume of the box will be zero at both of these end

pdints, but what happens to the volume for the remaining

values of "a" is defined by'the ordered pairs.

In developing this function we gave meaning to the mathe-

matical abstraction of numbers. That is, we gave a number of

length, of width and of height and another number the meaning

of volume.

34.. We observe here several sizes of a box corresponding to

different values of "a".

35. Title: A Graphic Portrayal of Functions.

Probably everyone has at some time se'en and performed

the game of connecting numbers on a paper surface with lines

and observed the emergence of some recognizable object. The

numbers alone gave little clue to their pattern but in con-

nected form meaning emerged.

In a similar manner it is possible to take a sot of

3 I



ordered pairs, wiich by themselves give little evidence of a

pattern, but revtal a meaningful pattern when connected

graphically,. The sole purpose of this game is to reveal the

structure of the function. Again, it is assumed everyone

listening to this lecture knows, to some degree, the tech-

nique of.igraphing, but its purpose and what can be read from

it might not he so obvious.

36. The Cantor-Dedekind axiom makes the deceptively simple

statement that all real numbers can be put into one-to-one

correspondence with the points on an infinite straight line.

Numbers are here given the meaning of length or distance

which they do not inherently have. This must not be inter-

preted.as meaning that the sum of an infinite number of

points equals a length but rather that segments or intervals

,-- of a line can he represented by numbers. Segments refer to

lengths or parts of a line, vihile an interval is considered

as the set of numbers included Iletween tuo numbers.

All integers, rational and irrational numbers and zero

are assumed to have an ordered position on this line.

The mathematical notation of two numbers enclosed in

brackets as shown here is called a closed interval and indi-

cates the set of numbers on the line shown in red between 0

and 2 and including 0 and 2.

39. The open interval (2,5) dpes not include the end points



but does include all points (numbers) between these two

numbers.

39. The number (1,3) 4,s called a half open or half closed

interval. The parantheses indicates 1 does not belong to

this set of points (numbers) and the bracket indicates 3 does
e

belong to the set.

40. Shown here is a segment of the infinite line. The seg-

ment is the portion from a to b. t1eare directing attention

here to the portion of the line indicated instead of a set of

numbers indicated 1-1, an interval. Direction of the line seg-

ment can be implied by aabelling the segment from a to b as

against the opposite direction from IN to a. The magnitude of

the segment is given as_b a/ and is simply the magnitude

from zero to "b" minus the magnitude from zero to "a".

41. The magnitude of the segment indicated by red dimension

lines would be h - a. Notice that e en though a'is, in this

case, a negative nuiriber the magn ude of the segment is still

h- a.

42. The segment can also be written using the notation cf

absolute values to assure the positive sense of magnitude.

43. Irrational numbers may be positioned as shown here using

the hypotenuse of a right angled triangle.

3,7
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44. The Cantor-Dedekind axiom permits locating all real

numbers in order on the horizontal 1 ne called the horizontal

coordinate axis. Only the integers are indicated, the posi-

tion of the remaining numbers are assumed.

45. .Suppose now another line is drawn, perpendicular, to the

horizontal line such that their zero positions are coincident.

This arrangement is called a cartesian or rectangular coordi-

nate system and permits a graphic portrayal of ordered pairs

of numbers.

Assume the infinite vertical coordinate axis also con-

taines all real numbers.

46. Ordered pairs of numbers are positioned on this coordi-

nate system plane in this manner: assign the value of the

first number to its appropriate position on the horizontal

coordinate axis. For instance, if the ordered pair (1,-3)

is to be positioned, the point on the horizontal axis corre-

sponding to 1 is found, and assumed carried all along the

perpendicular line shown. Then the second number (-3) is

positioned on the vertical coordinate axis and carried along

its vertical line. The point of intersection of the two

lines is given the pbsition (1,-3).

It is important to note that as a consequence of the

Cantor-Dedekind axiom this system of positioning does not

have different ordered pairs occupying the same position on

the plane. That is, there is a one-to-one correspondence
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between all order:ed pairs and the points on the infinite

plane described by this coordinate system.

Ordered pairs defined hy an equation such as:

f(x) m x2 - 4

may be positioned on the coordinate plane . Obviously, all

the ordered pairs can't be placed since f is an infinite set,

but, by placing a few points and connecting these poi:its, a

very close estimate of the set can be observed. For instance,

the set

((-5/2,21/4)(-2,0)(-4,-3)(0,-4)(l,-3)(2,0)(21/2,21/4))

is a subset of f.

47. If these are positioned on the coordinate plane and

connected as shown, a fairly good picture of the entire set

is obtained.

The second component of each ordered pair is often

called "the value of the function", or just "the function".

By looking at the graph of f we may observe:

1. Where "the value of the function' is negative

or positive,

The intercepts or zeros of the function.

Vhere the "function" is increasing as x is

increasing.

How fast it is increasing for various domain

values.

Where in the domain the "function" changes from

decreasing to increasing.
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It is probably not obvious why these observations are

important, 'but it should become so as we advance in this study.

Several functions are next exhibited which are useful in

later discussions.

48. Constant function

49.

50.

51.

52.

53. 1 X is irrational
F(x) =

0 x is rational

54. All equations so far considered have a common special

quality: from the defining equation the ordered pairs are

generated by the algebraic operations of addition, multipli-

cation, extraction of roots and raising to powers. For

instance, the equation

1. g(x) x2 - 1

is an algebraic equation because the ordered pairs are gener-

ated by the operation of multiplication (x x) and addition

3 6
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(-1). Other equations which do not have this quality are

those trigonometric, logarithmic or exponential functions

such as:

2. h(e) m sin 6

3. y = log x

4. y = ex

It is not possible to generate ordered pairs by algebraic

operations from such equations. The reason is, of wurse,

that these functions are not algebraic in origiu. For

instance, the trigonometric functions are geometric in origin

while others require operations that are neither algebraic

or nor geometric. Functions which are not algebraic are

called transcendental functions.

55. Before proceeding with generating the trig functions we

need one more number, i.e. the constant n. Again we consider

the circle with a radius of 1 unit.

56. Divided into tenths as show.

57. Take this length. Lay it along the eircuciference as

shown. Mark the initial point (1,0) and the terminal point.

58. Extend the radius measure again along the circumference

and again mark the terminal point.

59, Continue in the same way. We now have three units of

measure on the circumferenm. Continue once more.
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60. The diameter mark is crossed at .14. Hence, the total

length of the half circle measured it units of the radius is

about 3.14. This number is called n and is the ratio of

circumference of a circle to its diameter. Or, as shown

here, is the ratio of half the circumference to half the

diameter (er).

Since r may be any numbc.....- the number w is valid for any

size circle. That is, w is dimensionless.

61. The length of arc along the circumference foz this unit

circle is indicated at positions w/6, w/4, w/2, 3w/4, w, 7w/6,

3w/2 and 21T, all measured from the start position. That is,

from the start position to w/6 or ae..-oeut 1/2 the length of the

radius, w/4 is about 3/4 of the radius along the arc, etc.

These valuei are commonly used since they represent fraction-

al parts of the circle, such as w/6 is 1/6 of a semicircle

or 300.

We could use any real number to represent a position

along the circumference. Each number would represent the

measure of radii along the circumference from the start posi-

tion. A positive number is measured c.c.w. and a negative

number is measured c.w.

62. Ordered pairl may now be generated from this unit circle.

A length along the circumference is represented in units

of radius and called 8 (theta). For instance, from A to B is

a length n/4 times the length of thee radius. This length is

itm
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called IT/4 radians. At position B on the unit circle.the

value of x on the coordinate system may be determined from

the broken line drawn perpendicular to the x axis. This

value appears to be about .7. The ordered pair (w/4,.7) is

called the cosine function. In equation form this is repre-

sented by x tal cos, 8. All the ordered pairs found for 8 and

its corresponding x value constitute the cosine function.

The elements shown here are a subset.

A(0,1), B(iT/4,.7), C(iT/2,0), D(5IT/6,-.86), E(w,-1)

F(8w/6,-.5), G(3ff/2,0), H(-11148.7)

The sine function is generated in a similar manner using

the y value with each 8.

The equation representing this function is

y sinJO .s.

This is also an infinite set. The set

(A(0,0), B(1T141.7), C(IT/2,1), D(57q6,.5), E(n,0),

F(81T/6-.86), G(31T/21-l), H(-41/4,-.7)1

is a subset of the sine function.

A fairly extensive set for the sine and cosine function

are found in the set,of "trig tables"..

Prom these two functions, the remaining trig functions

can also lie generated.

.39.
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LIMIT PROGRAM

The mathematical concept of the limit of a function

proindes a valid mathematical basis for the concepts

on derivative, integral and others. Without a firm

understanding of limits, it is not possible to under-

stand basically what follows.

PROGRAM

1.Lecture: Educational Me4is Center. See the E.M.C. Directory for

Dial access and Slide location.

A slide commentary foalows the Limit Program.

2.Read: Introduction to Limits. Refer to Reading Program # 2

at the end of the Limit Program.

3.Problem Educational Media Center
Study:

Examples 1., 2., 3. See E.M.C. Directory for Dial Access

and Slide location.

Example 1.

Find:

limit x2 - 4
x4.2

Before you obseive the solution to this problem try

writing out each step giving detailed reasons explaining

what you are doing and whys then observe the solution.

10
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Example 2.

If: f(x) = x2. 2x + 3

Find:

limit f(x) f(1)
x - 1

Perform the oPerations indicated in the numerator.

Try dividing the denominator into the numerator and

then find the limit.

Example 3.

Given: The parabola y = x2

Find: The limit as x approaches 1, of the secant

3ine passing through the two points (1,1) and (x,x2).

4.Problems: Refer to Problem Assignment at end of Limit Program.

5.Read: Definition of Limit of a Function. See Reading Program #5

These Theorems are frequently used in theory and

problem solving. They should be remembered:

Theorem 1. Limit mx b = ma + b
x-&-a

Theorem 2 Limit b + b
x-P-a

Theorem 3. Limit x = a
x-a

Theorem

If: f(x) = g(x) for every x in domaiA K

except at x + a within K

Then: Limit f(x) = Limit g(x)
2c-he x-bg

Record here the definition of limit given in the.text.

, 4 1



6.Problem Educational Media Center. See E.M.C. Directory for
Study:

Dial Access.

Subject: Verifying limits fram definition.

Examples 4,5.

Example 4.

Show by use of the limit definition that

limit 4x - 1 = -5

We must show that:

for f(x) = 4x - 1, L = a = -1.

Definition:

1. For every e > 0

2. There is a 6 > 0 (x -1)

Such that:

3. f(x) is in (1 - c, L + E)

4. when x is in (a - 8, a + 8)

Proof:

Prom definition 3. (f(x) = 1r - 1, L = -5, a = -1)

1. 4x - 1 is in - 5 -e 5 +

or 2. - 5 - e < 4x - 1 < - 5 el is equivalent.

Simplify 2., first add 1 to both inequalities.

3 . - 4 - < 4x < - 4 4. e

Mhen divide by 4.

- 4*

It is important here to note from step 4. that
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f(x) is in (- 5 - el - 5 + e)

when x is
4F 4

Compare this with the Limit definition steps 3. and

4. Since a = -1, we need only choose

6 < c
4

and then we have shown

1. For every e > 0

2. There is a 6 <
- 4

such that

3. f(x) is in (- 5 - e, - 5 + e)
E

4. When x is in (- 1 - -.1 + 6) - 4
x -1

This procedure is not a method for finding the

limit, only for verifying if the limit exists. The

value of the problem is in its use of the limit definition

Example 5.

Prove the limit L does not exist.

limit lx 2i = L
x + 2

f f(x) =Ix + 21
x 4- 2

a = -2

f(x) =

x + 2
x + 2

(x 4. 2)

x + 2
not defined

x > 2

< -2

x -2

Hence, for x > -2

limit K-t-a = limit
x--2+ x 2 x -2+

Why?



for x < -2

limit -(x + 2) 2: limit -1 = -1 Why?
(x 2)

Since limit f(x) # limit f(x)

limit f(x) does not exist.

7.Problems: Refer to Problem Assignment Program # 7.

8.Read: Refer to Reading Program # 8

Continuity of a Function

Give particular attention to definitions and theorems.

The idea of continuity is important as a quality of

, functions, since some concepts of calculus apply only

1. The following limit theorem should be

remembered:

If: limit f(x) = b

Then:

limit g(x) = c

1. limit (f + g) (x) = c

2. limit (fg) (x) = bc

limit a.) 00 b
g

A polynomial function is continuous at

every number.

A rational function is continuous in its

domain.

4 4
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2. This is a good time to,review that part of the

limit lecture (Program 1) in. which continuity

is discussed.

9.Problem Educational Media Center. 'bee E.M.C. Directory for Dial
Study:

Access and Slide Location.

Subject: Limit Problems.

Examples 6, 7.

Example 6.

Find:

limit (x5 + 4x2\- 2a)

Application of the limit theorem which states that

the limit of a sum of functions is the sum of the limit

lf the functions permits writing the problem

limit (x5 + 4x2) - limit 2a
x-a xa

(limit = 47)
x-o.a

Exaraple 7.

Discuss the continuity of the function defined by:

f(x) = ,Sketch the graph.

Do this in two parts:

1. For x >*0 Ix1 = x

And f(x) = 1

2. For x < 0 Ix! = -x

And f(x) = -1
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10.Problems. Refer to Problem Assignment 0 10

11. Read: One.Sided Limits. Refer to Reading Program 0 11.

12.Problem Educational Media Center. See E.M.C. Directory.
Study:.

Subject: One-sided limits.

Examples 8, 9.

Example 8. (See Example 5.)

Find the limit if it exists:

limit ix 21

x + 2

Note for x < -2 the problem is simply:

limit (-1) = -1
x--2-

Give reacons for each step.

ExaTple

limit 2x Ix -

x-1+ x 1

For x > 1 the problem is written

limit 2x (x -'1)

x.1+ (x 1)

13.Problems: Refer to Problem Assignment P ogram 0 13.

14.Read: Infinite Limits and Limits at Infinity.

Refer to Reading Program 0 14.
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15.Problem Educational Media Center. Refer to E,M.C. Directory for
Study:

Dial Access and Slide Location.

Examples 10, 11, 12.

Example 10..

Find:

x2limit i
x-6410

Write this in the form

limit (I-1-T
x-400 R2. R.

and apply appropriaie limit theorems to get:

limit 1

x-.00

x-00 i4 xco

Example 11.

Find:

limit
x

Recall that,

Hence,

and

x2 = if n x 2 < n 1

limit x2 = 0

limit [ limit 1

x-61-

limit x2 - limit 1

xl
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Example12.

Determlne the vertical and horizontal asymptotes,

and sketch,

2xF(x)
(x + 2)2

A vertical asymptote occurs at x = a

where

limit F(x) or limit F(x) equals ± co.

x-611-r x-a-

Observe:

limit 2x 2x m
limit -

x-2+ (x 4. 2)4 (x + 2)'

The horizontal asymptote will exist at y = b

where:

limit
x-co x 2 + dx + 4

2x

16.Problems: Refer to Problem Assignment # 16.

17.Read: Limit Theorems. See Reading Program # 17.

1. In addition to the limit theorem previously given,

you must know, understand and be able to apply the

following theorem on limit of composite functions:

Theorem:

Given: The composite function

f(g(x))

If: (a). limit' g(x)
x-a

(b). f is continuous at b

Then: Unlit f(g(x)) = f(b)

4 8

x-a
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2. Theorem:

If: limit f(x) b
x-be

then:

limit Vf(x) = himit f(x) 9F
x-ee x -a

if PS

18.Problem Educational Media Center. See E.M.C. Directory.
Study:

Examples 13, 14.

Example 15.

limit ni-+ 216

Write this in the form:

V(limit (y + 2))3

Example 14.

Find: limit IAT-T-ic. 2

x-0

Simplify by rationalizing to:

limit - 2) (I4 + x + 2)

x-0 x(i4-T-i + 2

19.Problems: Refer to Assignment Program # 19.

20.Review: 1. All Lab,Lectures. Use the script where it is helpful
in going over slides where more time is required.

2. All Problem Study examples.
3. Sample tests.
4. at chapter and.

4 3
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READING PROGRAM --LIMITS

PROGRAM # 2. Introduction to Limits.

Johnson & Kiokemeister, Pages 73 - 77.

5. Definition -- Limit of a Function

Johnson & Kiokemeister, Pages 78 - 83

# 8. Continuity of a Function

Johnson & Kiokemeister, Pages 85 - 87

11. One-sided Limits

Johnson & Kiokemeister, Pages 89 -91

Review the Limit Lecture, Program 1 discussing

left and right hand limits.

# 14. Infinite Limits and Limits at Infinity.

Johnson & Kiokemeister, Pages 92 - 97.

Review Limit Lecture Program # 1.

17. Limit Theorems.

Johnson & Kiokemeister, Pages 98 - 103.
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PABLEM ASSIGNMENT PROGRAM -- LIMITS

All references are to Textbook (Johnson & Kiokemeistei

unless otherwise indicated. Hand in all programmed

problems when completed.

4 4. Page 77. Problems 14, 3, 5, 7 9, 11, 13.

7. Page 84. Problems I, 1 - 12.

# 10. Page 88. Problems I, 1 - 10.

Give detailed reasons where required.

13. Page 91 ff. Problems I

41 16. Pages 97, 98. Problems I, 7, 9, 14.

#129. Page 103. Problems I, 1 - 11.

1
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tECTURE -- LIMITS

In the following discussion on limits an intuitive

development is considered first and then related to the

definition of the limit of a function. The idea of the

limit of a function has immediate importance in understand-

ing the basic concepts of Calculns which follow. You will

be confronted with some rather illusive logic. If it isn't'

clearly understood the first time through', go over it again.

The final definition of a limit must carry with it an under-

standing of how this applies to functions.

We begin first with an intuitive idea of a limit in

which only an implied function is involved. That is the

function is not at first defined by an equation and, in fact,

is not interpreted as a function. The equation is then

introduced and the limit concept is related to this.

2. We begin with the intuitive idea of a limit.

The rod at position B is three units high made as

shown by stacking three one-unit rods, two red and one blue.

The other blue rod at position A is one unit high.

Suppose, at position B, the top one-unit rod is cut in

half, the top half is removed and placed on top of the one-

unit rod at position A.

This wperation 'makes the B rod 2 1/2 units in height

and the A rod 1 1/2 units in height as shown in the next

drawing.

Z4 2
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The operation ia repeated by cutting in two the remain-

ing half-Unit blue rod at position B. The top half of this

is remcvad and again placed on the r9d at positim. A.

4. This makes the rod at position B 2 1/4 units high and

at position A the rod is 1 3/4 units high.

5. If the operation is repeated again and again then a

process is described whereby the remaining portion of blue

rod at position B, as shown, is cut in.half, and the top

half placed on the accumulated sections at position A. If

this process is continued ad infinitum, what is the smallest

rod at position B found in the process?

The situation is real, the question is valid, but no

precise number answer can be given. The best answer seems

to be: there is no smallest rod at B found in this process.

However, a precise answer can be given if the question

is changed to this:

What number L has these two qualities:

1. Every.rod found in the process at position B

is larger than lip and

2. No rod is smaller than L?

The number I. = 2 has these two qualities. Every rod is

leLger than L = 2, and no rod is smaller than L = 2.

A similar situation exists at position A, where no

largest rod is found in the precess hut where the number

L = 2 is such that:

1. Every rod found in the process a A is



smaller than II, and

2. No rod is'larger than L 2.

The limit of the process at both positions A and B is

said to be L 2 even though 2 is never found in the process.

This idea of limit can be put in a more useful form if

it is couched in a mathematical language.. To do this, same

mathematical notations are needed to encompass the ideas.

6. First, suppose the green band has the width shown.

Epsilon (e) is a number greater than zero representing the

width above L mm 2, and below L am 2. Hence, on a vertical

scale the green band is from L e to L + e.

For the value of e shown every height of rod at A and

in the continuing process will lie with L - e to L + C.

And in fact there seems to be, intuitively, some point in

the process where this is true for every e > 0 no matter

how small e becomes.

Ife.for every e > 0, there is some point in the process

such that, for every continuing step, rod heights A and

will lie within L - e to L + el then the limit of the pro-

cess is said to be L. Observe that, since e > 0 the length

L is never required in the process, but the limit is said to

be L if the described condition holds.

The same process is presented next in.a slight varia-

tion, accamodating still more mathematical notations.

7. A line F is drawn from the top of the original unit

rod at position A to the top of the original three-unit rod

5



elat position A. The positions x- are all ess than 1 and

positions x+ are all greater than 1 and represent lengths

along the base line from the zero position. The correspond-

ing rod heights Al and Bi are where the rode intersect the

line P. In this case the height of Al at x- m 1/2 is 1 1/2

and height of Bl at x+ a 3/2 is 2 1/2, and corresponds to

the first operation of removing thetop half of the top unit

rod at B and placing it on top of A. The idea of a function

is now more clearly defined by the ordered pairs, x'and

corresponding rod height.

9. The heights of h2 and B2 correspond to the x- = 3/4

and x4" 5/4 positions .3f. the base line. The ordered pairs

(3/4,A2) and (5/4,B2) are indicated in this step.

9. The height of A3 at x- and Bi at x1 are shown. As the

process continues by permitting x- and x+ to approach 1 by

an .amount half of 6 (delta), then of course the height of

A and B approaches 2. Observe that 6 represents the dis-

tance from x- to 1 or I to x+.

Again, however, there is no largest A or smallest P.

10. The green band shown here has a width L e to L e.

For the value of 6 shown every x- and e in the continuing

process will have the corresponding heights of A and B

within this green band.

In fact, if for every, e however small, there is a

5-5"
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corresponding value of 6 > 0 such that heights A and B are

withinL - e to L + e for all x-, x+ values between 1 - 6

and 1 + 6, then the limit of the process is L 2. Note

that the'limit L = 2 does not require that L is 2 be found

in the process.

Suppose in the beginning the top half of the remaining

blue section at B is discarded instead of placing ii on

top of A. Then for all values of x-, A remains 1 unit and

as x+ approaches 1, B decreases to approach 2.

In this process it is no longer possible to say that

for every e > 0 there is some point (6) in the process such

that all values of x- and x+ have corresponding values of A

and B in the green band. Hence, this process has no limit.

12. The intuitive limit L = 2 found by the process of re-

moving the top half of the top unit from B and placing it

on A is a suitable basis for the important concept of the

limit of a function as defined by an equation. The idea is

basically the same but the process is now described mathe-

matically and is much more flexible and rigorous.

First, the equation

H(x) =

defines a set of ordered pairs for all values of xo except

n m 1. If x 1 is divided into x2 - 1, then

H(x) es x + 1

and if x 1 is removed from the domain of this equation

3fi
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then the same set of ordered pairs is defined by both

equations. ror instp.nce, if x m 2, 11(2) m 3 for both

equations. Or, if x = 0, 0(0) = 1 for both equations. These

ordered pairs, (2,3) and (0,1) describe the height of the

original rods B and A at the beginning of the process. How-

ever, instead of using rod heights to describe the process

the value H(x) of the ordered pairs defined by the equation

H(x) = x
2

2-1-7.--

will convey the same idea if x is permitted to take values

of half the remaining interval to 1 fim both x- and ;f+

positions. That is, x- takes on values of 1/2, 3/4, 7/8,

15/18:etc. and x+ 3/2, 5/4 9/8, 17/16, etc. The corres-

ponding values Htx) will- then describe the process.

13. For instance, for x- = 1/2, the broken red line repre=

sents as length the value H(x) or in this case 11(1/2) and

from the defining equation 11(1/2) = 3/2 units. Likewise, the

value if x+ = 3/2 has the corresponding H(e) or 11(3/2) =

5/2 from the defining equation.

To convey the same idea of diminishing B and increasing

A, the values of x- and x+ and corresponding H(x) and H(x+)

must be chosen so x- and x approach 1 by 1/2 the remaining

interval. If this is done then the original process is

described exactly but by using a mathematical notation for

the idea. The limit of the process of increasing H(x) and

decreasing H(x) is still L m 2.

This idea is next put into better mathematical form.

5 7



First, the symbol 6 is used to provide an interval about

x litcl but not inclUding x = 1. This interval is irom

1 6 to 1 + 6 as shown here, x 0 1.

14. The symbol c provides a band width about L m 2 from

L c to Is + e. The mathematical idea of,the limit of the

function is now expressed in this form:

For the function H(x) = x2 1 th e limit L of this

function as x- and x+ approach 1 is L = 2 if:

1. For _every e > 0, however small, forming a

band width L c to L + E

15. 2. there is a corresponding 6 > 0 about 1, (not

including 1.) forming an interval of 1 - 6

to 1 + 6, such that;

16. whenever x- x
+ is in the interval, 1 - 6, 1 4- 6,

the height H(x) is in the interval 1 - e to L + e.

1 Of course, as c > 0 is chosen smaller, so must the

value of 6 be chosen smaller. For this function, that

always appears possiblecby simply choosing 6 < e.

In simplified form then: by calling x- and xi. just x,

limit H(x) L
x-1

if: for every c > 0 there is a corresponding 6 > 0

such that when x is in 1 - 6 to 1 + 6, H(x) value is between

L E to L + E.

It isn't enough to show'a corresponding 6 for the one

8



e > 0 shown here. It must be possible to show that for

every e > 0, however small, there is a corresponding 6 > 0

such that when x is 1 - 6, 1 + 6, H(x) is in L e, L + e.

As shown here, whenever x (either x- or xi') is in the

1 - 6, 1 + 6 interVal the corresponding 11(x) (vertical red

lines) terminates in the L es L + e interval.

17. The condition where rod A remains a constant height

equal to 1, and B decreases as before is described mathemati-

cally by the equation;

< x < 1) Domain
E(x) m /

+ x,(1 < x < 2) Domain

The graph of this equation looks like this x values

are measured on the base line and values of 11(x) are verti-

cal distances from this. For values of x between 0 and 1

E(x) is a constant value equal to 1.

18. limit 11(x) = 1
x-l-

The notation means the limit aa x approaches 1 from

values of x less than 1 (corresponding to x- Values) and

hence is called a left hand limit.

FGr every epsilon (e) about E(x) = 1, every x- in the

left hard interval 1 - 6 to 1 has its corresponding 11(x-)

in the interval 1 - c to 1 + e.

Also

limit H(x) = 2
x-8.1+

implies that only values of x greater than 1 are considered,

5!)
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or only x+ values, and the limit is a right hand limit,

since:

For every e there is a 8 0 such that every

+ -x Ln the interval 1 to 1 + 8 has its corresponding

H(x) in the interal (2 - c, 2 + e).

Clearly the ymits are not the same, since

limit H(x) = 1
x-l-

and
limit H(x) = 2
x4-1+

although the left and right hand limits exist, since

limit H(x) 0 limit H(x)
x-l- -1+

The limit H(x) does not exist.
x-1

19. For a function H(x) to have a limit at x = a

limit H(x) = limit H(x) = limit H(x)
x-a x-a- x-a.a4

20. In finding the limit of the function

H(x) . x2 .
27-17.7r-

as x approaches 1, observe that x = 1 is never used and yet

the

limit H(x) = 2
x-1

Since x = 1 is not used in describing the limit process, the

function can have any value or no value at x = 1.

For instance, the function shown here

60
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x + 1,fx 0 I
G(x) =

3/2 , Lx = 1

defines exactly all ordered pairs defined by H(x) and one

more, i.e., x = 1, G(1) = 3/2 or (1,3/2).

Returning to the original process of decreasing one rod

and increasing the other, the question is asked: What num-
,

ber L has these qualities:

1. Every rod length G(x-) is smallgr than Le

2. No rod length G(x) is larger than L?

Again, L = 2 has this quality even though G(1) = 3/2 which

does not equal L.

Also,

1. Every rod G(x) is larger than L = 2,

2. No rod G(x) is smaller than L = 2.

Since the value of the function G at x = 1 is not

essential to describing L = 2, G(I) can have any value or

no value at x = 1, and

limit G(x) = 2
xa-1

22. The mathematical description of the limit remains un-

altered. That is:

1. For pverv e > 0, however small,

2. There is a 6 > 0,

such that:

te

3. When x is in (1 - 6, 1 + 6), x 0 1

4. G(x) is in (L e, L + c).



Hence,

limit G(x)
x-1

23. Finally, suppose the function defined by

x2 - 1
H (x)

is changed by adding the ordered pair (1,2). Call this

function

F(x) x + 1.

It differs from H(x) by only the one ordered pair (1,2).

24. Again L = 2 satisfies the two conditions;

1. Every F(x) is smaller than L 2.

2. ro F(x) is larger than L = 2.

Also,

1. everv F(x+) is larger than L 2.

2. No F(x+) is smaller than L mg 2.

However, there isione unique quality about the function F(x)

and that is:

r(1) L = 2.

When this guality exists for any function, then that function

is said to be continuous at that value of x..

25. The mathematical description of the limit again remains

unaltered. That is;

I. For every e 0

2. There is a 6 0

62
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3. When x is in (1 - 8, 1 + 6) x.# 1

4 F(x) is in (L et L + e).

26. In this case:

limit F(x) = F(1)

This statement implies:

1. That the limit exists.

2. That x 1 is in the domain of F(x).

3. That the liMit L of F(x) is F(1).

When these three conditions hold, the function is continuous.

27. Note that for

41(x) = dn"

x = 1 is not in the domain. Hence, H(x) is not continuous

at x = 1.

Also,

1, xl #
G(x) =

3/2 , x = 1

and

G(1) # L

since L 2 and G(1) = 3/2.

Hence, it also is not continuous at x = 1. The idea of

function limits and the related idea of continuous functions

are important to understanding the basic calculus concepts

which follow.
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limit f(x) = 5 f(x) 2x + 1
x4.2

1. For every e n

2. There is a 6 > 0

11,

3 When x is in 2 - 6, 2 + 6,

4. f(x) is in 5 - e, 5 + c.

The limit can now be proved from the definition.

From definition part 4., f(x) is in 5 - c 5 + c, hence,

29. 1. 5 - c < f(x) < 5 + e (f(x) is in L-c, L+E)

or: since f(x) = 2x + 1

2. 5 - e < 2x 4 < 5 + e.

Solving for x;

Simplify:

5 - c - 1
2

< X <

3. 2 -c<x< 2 +

5 + - 1
2

Note here that when x is in (2 - c/2, 2 + c/2), f(x) is in

(5 - c 5 + c).

4. This is equivalent to parts 3., 4. of the

defLAition if 6 is chosen < c/2.

Hence:

1'. For every c > 0

2. Choose 6 < E/2

And
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3. When x is in 2 - 6, 2 + 6

4. f(x) w111 be in 5 - En, 5 + e/2.

30. The limit of a function also includes two somewhat

different conditions. Suppose

f(x) 1

then

limit 1

x.u0 x

depends on whether x approaches zero from positive or

negative values of x.

and

and

limit 1 =
xJ-0- x

limit 1 = 0
x-0+ x

limit
x-co

OD



-1-

DERrVATIVES

The concept of Derivative of a Function is one

of the major concepts of this course. You should

direct your efforts to mastering this idea in the

two categories of a. theory, b. technique.

It is possible to do well in part b. without actually

understanding the meaning of the derivative (part a.).

Part b. is revealed essentially in working pro-

blems. To be really proficient you must understand

the ideas behind the problems. "Getting the anuwer"

here is of secondary importance. A "correct answer"

simply suggests that your technique in following math

rules is probably correct but doesn't necessarily

imply that you understand the ideas or concepts.

PROGRAM

laiecture: Educational Media Center. See E.M.C. Directory for

Dial Access and slide location.

Subject: Derivative Concept.

Be prepared to go over all or parts of this lec-

ture more than once. Use the slide text included at

the end of this section for detail stl:dy. Take notes

on parts you can't follow and ask your instructor

-about it.

Su



2.Read: Derivative -- Definition and Tangent Lines.

Refer to Readiny Program 1 2 (Derivative)

Relate your reading to the lecture on this subject.

This isn't repetitous reading; it is supplementary.

Give special attention to the definition of the deriva-

tive and the math motation used. You must not only know

the definition -- it must be meaningful to you. Study

the method used to find the derivative of a fynction.

Write out your system for doing this.

3.rz.lblem Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and Slide location.

Your major objective here is learning the technique

of finding the derivative. This includes knowing the

correct mathematical operations to perform and how to

perform them. Of secondary importance is the technique

of finding the equation defining tangent lines.

Example 1.

Find the derivative of the function

F(x) m x-2

Finding the derivative of*functions is necessary

and in most cases a fairly simple task. These problems

are designed as exercises to help you understand how the

derivative of a function is formed from a function.

Keep in mind there are always two functions involved

in this process:

1. The given function f(x)

67



2. The derivative of the givqn function

It is the relationship between these two functions that

forms the basis for much of our future effort.

Since

f'(a) = limit f(a + h) f(a)

h-O

This must be evaluated for P(a), hence:

P'(a) = limit F(a h) F(a)

= limit
h-A-0

Ca h) -2 - a-2

Simplify this algebraically and find the limit if

it exists.

Example 2.

we are to find the equation for the tangent and

normal line to the graph of a function defined by

f(x) m x2 - 3x + 2 at (2,1(2)).

To see what you are doing'you should sketch the

function given. It helps to write this in the form

f(x) = x2 - 3x + 9/4 - 1/4

obtained by "completing the square".

Then

f(x) = (x - 3/2) 2 - 1/4

and the vertex of the parabola is at point (3/2,-1/4).

Additional points can be plotted and the point (2,f(2))

located. Now find f'(a) wtere a m 2, and proceed with
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6

the problem.

f'(a) se limit f(a + h) f(a)

11-4.0
h.

NE limit ((a+h)2 3ia+h) + 2 - (a2-3a+2))

11,-0

f'(a) 2a - 3

or

f'(2) mo 4 - 3 1

The slope of the tangent line is 1. The slope of

the normal is the negative reciprocal, or

= -1
ITTYT

Now complete the problem with the appropriate graph.

4.Problems: Refer to Assignment Program # 4. (Derivative)

5. Read: Continuity of a unction Differentiation Formulas.

Refer to Reading Program # 5.

Remember:

1. Theorem 5.5. I the function f is different-

iable at a, then f is continuous at a. (The

converse is not true.). What is the converse?

2. If limit f(x) = f(a)
x-loa

then limit f (x) = (x)

x-ke

3. The derivative of a constant is zero.

Dk mi 0

The derivative of x is 1.

Dx



The derivative of the rower function

Dxn = nx11-4

The derivative of a constant k times a function

f(x)

Dkf(x) = kDf(x)

7. The deri;Ative of the sum of two functions is

the sum of their derivatives.

F(f f) = Df + pg.

8. The derivative of the product of two fulutions

(fg)a

D(fg) = fDg = gDf

9. The derivative of the quotient of two functions

D(f ) = gDf fDg

g2
g O

6.Problem Educational Media Center. See Directory for Dial Access
Study:

and Slide location.

Examples 3, 4, 5.

DIATR21_24.

We are to differentiate

G(t) = (3t2 1)2

Write this in the form

G(t) = (3t2 + 1) (3t2 + 1)

and use the product formula. (No. 8)

Work out the details and verify your work.

Example 4.

Given: G(x) = (x2 + ;1(2)2

70



Find W(x).

It might be easier to A;ite this as

(1(x) m (x4 + 1)2

x2.

and use the product formula, and quotient formula.

Example 5.

Fine the derivative of

G(x) lx3 - 11

Since there is no formula for differentiating an absolute

value, this is first removed by u.e of the definition

for absolute values. Write the function as,

G(x) = x3 - 1 for (x
3 - 1) > 0

G(x) = -(x3 - 1) for (x 1) < 0

G(x) = 0 for x
3
- 1 = 0

The derivatiiw àf each of these can be easily found along

with the domain. Does the derivative exist at x m 1?

7.Problems: Refer to Assignment Program # 7.

Differentiate

1. f(x) = x3 + 3x3 - 6

/.1

2. Ftx) = (x2 - 2x + 1)

3. G(x) = (x 2 - 1) (x
9 + 2x + 1)

4. H(x)

7 1



8. g(X) = x-3 - 3x-2

9. F(t) t0

10. f(t) = t-1 +
t-i

8.Lecture: Educational tledia Center. See E.M.C. Directory.

9. Read:

Subject: The Chain Rule.

The Chain Rule. Refer ti) Reading Program # 9.

Remember;

1. D(f o g) (a) = Df ig(a)) Dg(a)

Dfr = r fr-1 Df (r rational)

10.Problem Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and Slide Location.

Examples 6,7.

Consider first a previous problem:

Example 6.

Given: G(t) = (3t2 + 1)2

Find: G'(t)

Use the differentiation formula

letting

nfr = rfr-1 Df

f = 3t 2 + 1 and r=2
then immediately,

or,

G'(t) = 2(3t 2 + 1) D(3t2 + 1)

G'(t) = 2(3t2 + 1)6t = 12t(3t2 + 1)
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Example 7.

Given: h(z) II/P47-1

Find: h'(z)

Recall:

Dfr = rfr-1 Df

Suppose the problem is written;

and

h(z) = (1 - z )1/2
1 z

f is given by 1
z.

You can now apply the above formula directly but

you will need the quotient formula to finish the problem.

Example 8.

Given: F(y) (y -

Find: f'(y) = 3/2(y - F(y

11.Problems: Refer to Assignment Program # 11.

12. Read: Implicit Differentiation and HiatsK_Elsiyatiml.... See

Reading Program # 12.

13.Problem Educational Media Center. See E.M.C. Directory.
Study:

Examples 9, 10.

Exarvle 9.

Given: xy 2 - y + 6x = 0

Find: Y' Use implicit differentiation.

,



Suppose xy2 - y + 6x 0 is solved for y. Then

y f(x). Actually in this case it is possible to solve

for y, using the quadratic solution;

-1 ± V1 - 4;i1-67 -1 ± 24x2Y 2x 2x

-Hence, y'= f(x) = 1 ± "1 - 24;0
2x

In many implicit functions it is not possible to

solve explicitly for y in terms of x. However, assume

it is and that

y = f(x).

Then to emphasize this, write

as

xf(x2) f(x) + 6x = 0

Now apply the Chain Rule to each term

xDf 2 (x) + f (x)Dx Df(x) + D6x = 0

or

x 2f(x) fi(x) + f2(x) 1 - f'(x) + 6 = 0

Solve for f'(x)

f'(x)(2xf(x) 1) = f
2
(x)

Singe y = f(x)

6 + f2(x)
2xf(x) - 1

6 4. y2

2xy



Example 10.

Given: x x 2y2 - y = 1 (1,1)

Find: Equation of the tangent line at the given

point to the given curve.

We must find y'(1,1) to get the slope of the

required tangent line. Then use the point slope to

find the required line.

14.Problems: Refer to Assignment Program # 14.

15. Read: Notation for Derivative. Refer to Reading Program # 15.

Remember:

1. Chain Rule in Leibnitz notation.

2. Product formula in Leibnitz notation.

3. Differential y (dy = ft(a) dx).

4. Geometric interpretation of dy, Ay.

16.Lecture: Repeat PROGRAMS 1, 4.

17.Problem Refer to Assignment Program # 17.
Review:

The purpose ir working rroblems is to ieinforce

your understanding of the concepts involved and to

provide practice in applying this knowledge. Keep in

mind these objectives as you are working the problems.

If you blindly follow a rule to "get an answer" your

proficiency is greatly diminished.
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Program # 2.

# 5.

# 9.

a

READING PROGRAM -- Derivatives.

All references are to the textbook, :qhnson and Kioke-

meister, unless otherwise noted.

Derivatives -- Definition and Tangent Lines.

Pages 106 - 111.

Continuity of a Function

Differentiation Formulas

Pages 113 - 119.

The Chain Rule

Pages 120 - 124.

#12. Implicit Differentiation and Higher Derivatives.

Pages 125 - 128.

#15. Notation for Derivatives

Pages 12? - 132.

ifj



ASSIGNMENT PROGRAM -- Derivative.

All page references are to the textbook, Johnson and

Kiokemeister, unless otherwise indicated.

Hand in all assigned problems. They will be corrected

and returned to you.

Program # 4.

# 7.

Page 112.

Problems

Problems I

1 - 10, Program anual

Page 119. I Problems 1 - 10.

Page 120 II Problems 1, 5.

#11. Page 124. I Problems 1 11, 13, 15.

#14. Page 128 I Problems 1, 3 11.

#17. Page 133. I Problems 1 10.
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Slide 1. Title The Derivative of a Function

The mathematical concept discussed here is called the deriva-

tive. And, since it is derived fun a function it is generally

referred to as the derivative of a function.

2. It is especially important that the function concept be under-

stood as a set of distinct ordered pairs having no two first compo-

nents the same.

3. All functions will having a defining equation. For instance

in the function defined by the equation

U(x) ag 3x2

ordered pairs may be derived as follows:

U(1) - 3

giving the ordered pair (1,3)

U(2) a. 12

giving the ordered pair (2,12) and so forth. Observe also the

notation:

U(z + a) 3(z + a)2

which has the ordered pair

((z + a), 3(z + a)2)

Without the defining equation of a function there is no way

to fimd the derivative of the function. This doesn't mean that if

7 s
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a function is defined by an equation that the function has a

derivative. Many functions have no derivatives.

The derivative of a function is itself a function. It is to

the relation between these two functions that we direct out atten-

tian. Most math concepts are abstractions. That is, they are

ideas Niewed apart from the concrete.

4

4. For instance, the concept or abstraction of roundness, is

inherert in these concrete examples. If the idea of roundness is

abstracted frau these items it can then be applied to any item

having this property. It is important to be able to distinguish

between the abstraction and the concrete examples. That is, we

would not say "roundness is an orange" but rather, an orange is

a concrete example of the quality oi roundness.

S. MOst math concepts are defined in mathematical notation or

theorems. However, unless one understands the idea involved first,

the definition provides little nelp. Roundness can be defined in

a mathematical sense by the function defined by x2 4 y2 4. z2 r2,

but this provides limited help in understanding the concept of

roundness unless

6. as shown here a concrete example of the graph of this function is

used with it.

The definition of the derivative f'(x) of the function f(x)

is defined by this mathematical notation

f(x+h) f(x)
f'(x) lim

h 4- 0

if the limit exists.

7 9
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This describes the concept mathematically but gives little ald

to any depth of understanding.

Several concrete situations are next presented interpreting

this definition in explicit manner.

8 Title Velocity amd the Derivative

Velocity and speed have similar meaning and will, at first, be'

used interchangeably although velocity has the quality of direction

of motion not usually assodtmd with speed.

9. Suppose a car starts in motion from the rest position shown

here.

10. It increases in speed.

11. And finally moves out of view increasing in speed as it does so.

12. Of particular interest are two qualities exhibited by the car.

1. position of the car on the road and

2. speed of the car.

These qualities are different but inseparable.

13. Suppose the car could be timed as it reached certain marks on

the road. For instance the car starts in motion at the zero mark.

14. Reaches the 36' mark 3 seconds later.

15. The 49' mark at 3 1/2 seconds from start.

16. The 64' mark at 4 seam& from start.
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17. And finally crosses the 100' mark in 5 seconds from start.

The ordered pairs of time and position faun(' fron.this are:

(0,0), (3,36), (3 1/2, 49), (4,64), (5,100) amd fonn a function

defining timA and position of the car. The first components of

these ordered pairs free the domain of the function and the second

components are the range.

18. Let t be the independent vaiiable and L(t) the dependent

variable then it might be assumed that the equation 1,(t) 4t2

having the domain (t 0, 3, 3 1/2, 4, 5) defines the function as

measured. Assume this equation is valid for all values of (t) from

zera.to 5 inclusive.

The position of the car is then described for every t in the

closed interval [0,5]. This equation is a mathematical description

of the quality of pa itim of the car at each instant but says

nothim er-licitly about the quality of speed of the car at each

instant.

whr ier the quality of speed is, this function does not

explicityly define it.

19. Consider the two positions (3,36) and (5,100): These are

ordered pairs from the pcsition function, but they also say somet4inig

about speed, since if the car moves from 36' to 100' in two seconds

then this implies a speed of

100 - 36
324/sec.

2

The car is in the condition of speeding up, hence it can't be

said its speed is actually 32'/sec. during this 2 second interval,

8 1
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a

but is either slower or faster than this amount and is correct at

only one instant in this interval of time. To improve the descrip-

tion a smaller interval of time could be used, say fran 3 to 3 1/2

seconds or 36' to 49'.

20. This gives

1/2
m 26'/sec.

49 36

as the speed. Again, since the car is increasing in speed over this

interval it is accurate at only one instant. The remaining time

it is either slower or faster than this amount.

Instead of taking a fixed interval suppose the interval is made

variable by letting the letter h represent a positive number. Then

fram the defining equation far position, the expression for speed /4

could be written

22. L(3+h) L(3)

(3+h) - 3
or just

L(344Q, - L(3)

The interval can now be made small by making.h small approaching zero.

23. Use the defining position equation to find L(3 + h)

24. L(3 + h) m 4(3 + h)2 m 36 + 24h + 4h2

24h +
25. Speed m

4h2
for any h.

By making h zosll the interval is made rmall until as h + 0 a

mathematical expression for speed at lne point of position is actually

found.
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26. Simplifying: by cancelling h from numerator and denominator

Speed =
24h + 4112

is 24'/sec. at t = 3

h 0 h

This is a precise mathematical representation of the quality of

speed for the car, but it is given for only one instant, (t m 3)

and says nothing about the speed at any other point.

27. Instead of making the position at 36' fixed suppose it is a

general posi#on, called L(t), then let the-other position be

L(t + h). Position L(t) occurs at t seconds and L(t + 11) occurs

at (t + h) seconds, hence

28. The expression becomes:

L(t + h), L(t)

(t + h) t

The velocity is then defined as shown. This is very general since

fran the 1,csition equation

L(t) w 4t2

L(t + h) and Lit) can be brought arbitrarily close together by

making I. as small as necessary. As h is squcezed toward zero a

mathematical expression describing the qualit- of spead is obtained

for any position in our.consideration.

29. This can be said mathematically by the expression

lim
L(t+h) L(t)

h + 0
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But now since the speed is precisely determined by the position

function its direction is also determined and therefore it is

advisable to use velocity instead of speed. The only infornation

used in findIng this expression is that given by the position function

30. Compare this with the definition of derivative f'(x) for the

function f(x)

31.

f(x+h) - f(x)

h 0

Since these two expressions are identical in form, it can be assumed

that the expression for speed, if the limit exists is actually the

derivative of the position function,

L(t) 4t2

can be called

L'(t) m 1
L(t7h) L(t)

m velocity
h 0

32. To evaluate this expression; L(t+h) - L(t), must be found from

the position function L(t) 4t2.

33.
L(t+h) - L(t)

becomes:
h 4 0 h

am 4(t+h)2 - 4t2

h -P. 0 h

This may be simplified algebraically to

Line 5

4t2 + Sth + 4h2 4t2
lim

h 4 0

8
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The first and last terms in the numerator may be cancelled. Divide

an h fram the denominator into the remaining numerator terms. Then

as h 4. 0 this expression silmlifies to L'(t) * St.

35. The two qualities of position and speed associated with the car

in motion are now precisely described mathematically by the two

functions one of which is the dertvative of the other. For any

position of the car say at t 3 and L(3) gr 36 the velocity of the

car is 24 feet per sec:ond.

This is a concrete example of the derivative of a function and

must not be construed as a definition of the deriVative. To say the

derivative is a velocity would be like saying roundness is an orange.

Velocity is an example of a derivative of a position ftnaction.

36. The idea of rate will be used in the next concrete interpreta-

tion. The dictionary definition of rate is.the amount of something

in relation to units of something else. Applied to this example

rateis the amount of change of position in relation to unit change

in time. It is from this that rate is given tic meaning of velocity.

However, rate can be applied in other ways as will be shown in the

following example.

37. THE DERIVATrVE INTERPRETED GRAPHICAUY

33. The derivative may also be interpreted graphically. In doing

this the Cantor-Dedekind axiom is used This Wan assumes.all real

numbers can be placed in one-to-one correspondence with the points

on an infinite straight line. The real nudbers are in this case

Timm the meaning of length or position on a line. Any real positive

or negative number can tnb,a . be pooitioned from zero in the apropriate



direction of the line. If two such lines are placed perpendicular

to each other a plane is determined such that any two numbers will

determine a unique position of the plane.

39. These two lines, called coordinates axes, are shown perpendicu-

lar to each other. It is assumed each line is infirite in lemth

and contains all real numbers. Each position on the black axis is

assumed to extend along an intersecting black line, and each poSition

on the red axis is assumed to extend along an intersecting red line.

The zero position is called the origin.

40. Some of the ordered pairs defined by the equation L(t) 4t2 are

given here: all ordered pairs are elements of the function set.

All first components of these elements are a set called the domain--

these are the black numbers. All second components are a set called

the range of the function--these are the red numbers.

For any ordered pair the first component is positioned along the

black axis; the second along the red axis. For instance, the

ordered pair (1,4) is positioned by the intersection of the black

and red lines at the 1, and 4 position on the axes.

It is quickly apparent thir such numbers as 64 cannot be found

on the red scale as shown.

41. Hence the scale is changed as shown here.

42. The ordered pairs are poSitioned on the cartesian plane, labelled

as (1,L(1)), (2,L(2)) etc:in which L(I) m 4 and L(2) 16.

i
4 The assumption is made that if all ordered pairs of the

defining equation were so positioned they would form the curved line
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as Shown. This line is a two space visualization of the entire set

of ordered pairs defined by L(t) 4t2 .in the domain .1.t 1.4.

It is visually disforted because the scale wes changed in one direc-

tion and not in the other. However, the relative shape of the

graph is visible.

Note the two positions (3,L(3)) and (4,L(4)).

44. L(3) and L(4) are represented by positions on the range axis

and 3 and 4 by corresponding positions on the domain axis. The

change in position from L(3) to L(4) on the range compared to the

corresponding change from 3 to 4 on the'domain is described by the

general idea of rate.

45. In this case rate as the amount of something in relation to

units of something else becomes: The amount of change of range per

unit change in domain.

For the two points considered:

46. The rate is expressed by

g4) - L(3) 64 36
Or = 28

4 - 3

Or, the amount of change in position of the range for a unit change

in domain is 28"linch.

The equation L(t) = 4t2 describes each point on the graph but

just as with the car it does not exprnss how fast the range is

changing as the domain changes.

The expression for rate shown describes this but not plecisely,

since it assumes this rate occurs over the ertire domain 3 to 4.

.87
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47. If a smaller interval is chosen such as from 3 to 3 1/2 then from

L(3) to L(3 1/2) the rate is

49 - 36
= 26"/inch

1/2

The rate of change of range compared to domain is not constant, when

compared to the rate over the previous interval.

48. For an interval change of 114 the range changes at the rate of

25"/inch, indicating again that the rate is not constant even over

the smaller previous interval.

49. Attempting to find the rate as change in range compared to a

corresponding change in domain in an interval approaching zero

requires again making the interval variable. That is, consider

(3,L(3)) and ((3 + h), L(3 h))

where h is a small positive number.

SO. The rate is expressed in line 1 as

L(3 + h) L(3)

and when the defining equation is used to simplift this it becomes

24h + 4112

as gien in line 2.

51. If h approaches zero then the rate is 25"/inch. This gives the

rate of change of range compared to the domain precisely but only

at one position where t 3 and L(3) 110 36.

bs
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52. To find this rate for any other position, assume the general

positions at P
1

and P. P
1

is positioned by the ordered pair

and P by

Ct L (t1) )

((t1 + h), L(t1 + h)).

53. The rate is then given in line 1. as

L(t1 + h) L(t1)

Ii

If h is permitted Vo approach zero this form is Again identical

to the definition of vhe derivative and on simplifying can be called

L'(t), as the derivative of L(t) or,

L'(t) = 8t

which in this case expresses the rate as change in range compared

to the change in danain at each position of domainji on the graph.

If t = 3 the range is changing at a rate 24 times the danain

change.

54. THE FUNCTION DERIVATIVE AS THE SLOPE OF A TANGENT Lra

SS. The function defined by

L(t) 0 4t2

is sham' in graphic form where each position on the graph expresses

an ordered pair of the function..

For the particular ordered +les shown the rate is given by:



56.
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L(4) - L(3)

4 - 3

and express the change in range for a corresponding change in domain.

57. A line S (called a secant lige) drawn through these points has

a slope 00, which is identical to the rate. Rate, then, as change

in range compared to change in domain is equal to the slope of the

line through the points considered.

58. Consider the secant line S and the angle 9 (theta) it makes

with the positive direction of the x axis. This is called the angle

of inclination of line S.

The tangent of 9 is also expressible in identical form to the

slope and rate.

59. Hence the rate, slope and tan 0 are all equal. If the,two

points are expressed in general form using (t,L(t)) and ((t + h),

L(t + h)) and rate is expressed as:

lim L(t+h) L(t)

h 4ietr- h

then the secant linc;Nthrough these points becomes the line tangent
\,

to the curve, having a sive equal to its tangent of inclination

which is equal to tilts derivative of the function. This is an

important relation and one which should be understood in each

meaning.

At any point (t, L(t)) In the graph of the function L(t) * 4t2

the slope of the line tangent to this curve at this point has the

seme value as the derivative L'(t) of the function.
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The temptation exists to define the Aerivative 35 being the

slope of the tangent line. This is another example of calling

roundness an orange. The derivative is defined as statement 2.

which equals all the items in statement 1.

Since W(t) = 8t the slope can be expressed at any value t.

For instance, if t m 3 W(3) = 24 and tan 0 = 24 m. In the

final examp'e, presented next, a function is generated and its

derivative is given still another meaning.

60. THE BOX Rnicnasi

61. From a sheet 6" x 8" in size a box is formed by cutting out the

corners and folding up the remaining strips to form the sides. Eadh

corner cut out is a square "a" inches on a side. This becomes the

height of the box when the box is formed.

From the dimension given the length is (8 2a), the width

is (6 - 2a) and the height of the box is "a". The volume is given

by the product of these three dimensions. When multiplied together

and simplified the volume expressed in equation form is

V(a) = 48a - 28a2 + 43

This has meaning only when "a" is greater than or equal to zero or

less than or equal to 3 since the box will exist only for these

numbers. Hence, the function damain is

0 a < 3

62. When "a" equals zero the plate is defined having a volume of

zero. This is the first ordered pair shown in the left coltril.

Boxes corrosponding to "a" m 3, 1.5 anci 3.0 are shown wdth

fi
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corresponding ordered pairs.

63. Assume the OTInder shown holds 30 cubic inches of water which

is permitted to drain into the box as it changes size for different

values of "a".

64. For "a" 1/4 inch the volume indicated is about 10.3 inches.

65. For "a" it 1/2 the volume indicated is 17.5 cubic inches.

Although "a" dottiled V(a) the voltam did not.

66. For "a" w 1 inch the volume indicated is 24 cubic inches. Again

doubling "a" did not double the volume.

67. How does the volume change as dimension "a" changes?

68. Applying the idea of rate as the amount of something in rela-

tion to units of something else the expression becomes:

69. Rate as the amount of change of volume in relation to unit

change in dimension 'A".

For instance, the change in volume if dirension "a" changes

from 1/2 to 1" is 24 17.5 or 6 1/2 cubic inches.

70. Rate can then be expressed using the function notation 1

V(1/2) and 24 V(1) as:

V(1) V(l/2)

1 - 1/2
or cubic inches per inch.

This implies that the change of volume is constant over this interval

of 1/2 inch change in dimension "a".

There is no way of knowing if this is true unless the expression
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which describes the rate is over an interval of dimension "a" so

small as to approach zero.

71. To do this, dimension "a" a 1/2 is left in the general form of

fie
vith corresponding volume V(a) as shown in red shading: If h is

a small positive number the interval frau "a" to a + h has a

corresponding volume change from 1/(a) to V(a*+. h). Change in dimen-

sion "a" of an amount h induces a corresponding change in the

volume of V(a + h) - V(a) and the rate

72. is expressed as

V(a + h) Vla?

for any interval h.

73. To make the interval small let h approach zero. The expression

then becanes

Lim V(a+h)
h 4 0 h .

whith is again the same erpression as the definition for the

derivative of a function and hence can be called V"(a). The meaning

assigned to this expression is the change ix: volume as dimension "a"

changes.

To evaluate this limit V(a + h) must be expressed from the

defining equation

V(a) 48a - 26a2 + 4a

74. In line 1. The equation is given.

In line 2. The mathematical notation for the derivative V1(a) is

given.



Line 4. expresses this as

vl(a) um V(a+h) - vro

h + (11 h) - a

75. To evaluate line 4. V(a + h) V(a) must be evaluated in terms

of the given function. First find V(a + h).

76. From line 1.

V(ath) = 48(a+h) - 28(a+h)2 + 4(a+h)3

When expanded and arranged in descending powers of h this is written

V(a+h) = 48 - 28a + 4a3 + h(48 56a + 12a2) +

h2(-28 + 12a) + 4h3

77. The terms shaded red in line S. are identically line 1. or just

V(a). Since in line 4. this amount shaded red is subtracted in the

numerator, it is then equivalent to the remainder of line S. and each

term of this remainder has h as a multiplier. Cancel this with the

h in the denominator or line 4., shaded in blue. Then, line 6.

V1(a) lim (48 - 56a + 12a2 + h(-28 + 12a) + 4h2)
h 0

78. As h 0 the terms shaded in blue approach zero and are dropped.

The remaining terms are the derivative of the function V(a). That

is in line 7.

V'(a) = 4a - Sba + 12a

This equation defines a function as a set of ordered pairs (a;V'(a)).

For every a in he domain, V'(a) expresses the rate as change in

V(a) compared to "a" at any vaiue "a".

9 4
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79. The function V'(a) is the derivative of the function V(a).

Using line 7.

V (1/2) 48 S6 1/2 + 12 (1/2)2 is 23

Hence when a ig 1/2 inch/the volume is changing at the rate of 23

cubic inches per inch.

80. The process of finding the derivative of a function is shawn

here for\lrhe function

U(x) 3x2 = x

It should be observed and recorded.



THE CP7I,7 rULP

Slide 1. The eltair 1?u2r!

Theorem: rae CbAin

If:

1. f(x) is a function of x and' x(t) is o

function of t.

2. f anc X arP differentiable functions.

Then:

D
t
f(x) = nxf(%) 11 x(t)

Or in Leil,nitz notation:

df Of dx
= clic YE

In this lecture thn iclea of com,-,osite functions is

portrayed geometrically and from this the C`ain "ule is

leduced tnv sue- functions arP differentiatoA.

A snecific function f(M r- x2 .4- 1 if; 1 rrm in grapIlic

form over a small nortkan of its domain. 11e indeneneent

variable is x.

Anothsr function is added siov/ing x(t)

x is now the deoendent variable and t is the indenerdent

variatie. The iTn1ie0 domain for x(t) = is, nf course,

t > 0. "or any such value of t, x(L) is definod, proeucinu

an ordered pair of this function. For instance, if t = A,



x(4) = 2 and the ordered pair (t,x(t)) is (4,2). If

this value oi x is then annlied. to the other function
Th

f(x) is determined or when t = 4, f(x) = 5 producing

the ordered pair (4,5). All ordered nairs Produced in

this manner define a function called a composite function.

This is portrayed hetter by tipping the graph as

shown h'ere.

5. The x coordthate axes are now juxtanosed. Pnd since

the scaIes are tho same they can be placed together.

6. The action is from t to x(t) and then frcm x(t) to

f(x) in determining ordered nairs of the composite function

f(x(t)).

7. Ia the fuLction X(t) = the value t
o

in the domain

produces the rans valae x(t0),

8. and value t produces x(t).

Apply these values x(to) and x(t) to the domain of

the function f(x) = x2 + 1 to produce the corresponding

range values f(x(t0)) and f(x(t)). As a composite function

the change in domain from to to t nroduces a change in

range from f(x(t0)) to f(x(t)). 'This mav be expressed

as a rate in quotient form.

97
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1j. The quotient

f(x(t)) f(x(t0))

t to

expresses the rate as change in domain of the function

x(t) = tri" compared to the corresponding change in range

of the function f(x) = 1- 1.

11. Multiply and divide this quotient by x(t) x(to).

Notice the different notation used for x(t) and x(to)

when these values ar c! used with Uric function f(x). The

values are the same; just the notation is altered to

accomodate the two functions.

It.is assumed that all values are well defined in

ihe quotients.

The rate is still expressed by the product quotient

over the domain from to to t.

iThe nqtantaneous rate of change requires taking

the limit by letting t approach to.

12.. This limit defines the rate as change in f compared

to t or simply the derivative of f with rPsnect to t.

Since th limit of the product of the two quotients

is the product of the limits of the two quotients, this

may be written in the form;

13. limit f(x(t)) f(x(t0))
t-b-to

t to

limit f(x(t)) f(x(t ))
limit x(t) x(to)

.

X - Xo

.9 8

t



As t avoroaches to, x approaches xo so the respective

limits become;

14. df df dx

15. The conclusion for the Chain Rule theorem is

established.

n
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"APPLICATION OF THE DERIVATIVE

PROGRAM

1.Lecture: Educational nedia Center.- See E.M.C. Directory for Dial

3.Problem
Study:

Access and Slide location.

Refer to Reading Program 02(Application of the Derivative)

P

Educational Nedia Center. See E.M.C. Directory for Dial

Access and Slide locatipn.

Examples 1, 2.

Example 1.

Verify Rolle's Theorem by finding the values of

x for which F(x) and F'(x) vanish..

F(x) = 3x - x3

Recall Rolle's Theorem:

If: F(x) = F(b) = 0 F(x) is continuous

Then: for some xo such that a < xo < b

F'(x0) =

Find those values of a and b such that F(a) = P(b)

Then find x
o

such that F'(x
o

) = 0.

This problem simply verifies Polle's theorem.
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Example 2.

Verify that the ?lean Value Theorem holds, or give a

reason why it does not, far:

g (x)
- 1 a = 1, = 3

Note that the hypothes.ks for the Mean Value Theorem is

satisfied. That is, g(x) is continuous in (1,3], and

1g'(x) = -
2
exists in (1,3)- hence the theorem does apply.

x

So

g(h) - g(a)
= g'(x ) a < xo < b

b es. a

Yva can now find x
o

to verify the theorem.

4.Problema: Refer to Assignment Program # 4.

5.Lecture: Educational Media Center. See E.M.C. Directory for Dial

Access and Slide location.

Sui-ject: Extrema of a Function.

6.Read: Application of the Derivative. See Reading program f 6.

7.Problem Educational Media Center. See E.TI.C. Directory for Dial
Study:

Access and Slide location.

Examples 3, 4, 5.

Example 3.

In what interval (domain) is this function strictly

increasing and strictly decreasing?

G(x) m 4 - 4x - x2
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Find

G'(x) = -4 - 2x

Where G'(x) > 0, the function G(x) is increasing. Also,

where G'(x) < 0 the function G(x) is decreasing.

Example 4.

Find the extrema of

g(x) I= 4 - X2

and sketch the graph.

Find the critical points c from g(x) = 0. Then g(c)

is the extremum. Determine whera the function is in-

creasing, where it is decreasing and the zeros of the

function. This will aid in graphing.

Example 5.

Find the extrema and graph:

G(x) = 2x 3 - 3x2

G'(x) = 6x 2 - 6x

Critical poks, C1

are the' extrema.

8.Problems: Refer to Assignment Program A 8.

C
2

= 1. n(c
1

) and G(C
2

)

9.Lecture: Educational Media Center. See E.M.C. Directory for Dial

Access and Slide location.

Subjectt Concaviti7 of a Function and Second Deri-

vative Test.

c92
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10.Read: Refer to Reading Program # 10.

11.Problem
Study:

Educational Nedia Center. See E.M.C.Directory for Dial

Access and Slide location.

Examples 6, 7, 8.

Example 6.

Find the extrema of the function using the second

derivative test:

F(x) = x3 4. 4x2"- 3x - 9

First find F'(x) and the critical points. Then find F"(x)

and test the critical points. Compute the extrema from

F(x).

Example 7.

Find the extrema of

F(x) = x six 4--1

Use whatever test is most convenient.

Example 8.

Find the points of inflection of

and sketch the graph showing tangent lines at the point

of inflection.

12.Problems: Refer to Assignment Program # 12.

/02/1



13.Read:
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Refer to Reading Program 13.

14.Prcblem. Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and slide location.

:s

Examples 9/ 10.

Example 9.

An open box is made from a sheet of metal 10" x 14"

by cutting out corners and folding up the sides to form

the box. What size box will have the largest volume?

Example 10.

What point on the graph of y2 =-4x is nearest the

point (s.1)?

15.Problems: Refer to Assignment Program 15.

16.Reaa: Refer to Reading Program e 16

17.Problem Educational Media Center. See E.,1.C. Directory for Dial
Study:

Access and Slide location.

Example 11.

The position function of a point moving on a straight

line is given by:

s(t) = t3 - 3t2 24t.

Describe the motion of the point.

18.Problems: Refer to Assignment Program ft 18.

/03
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READING PROGRAM -- A laic/Mica of the

DerivatiVe.

All page numbers refer to the textbook, Johnson and

Kiokemeister, unless otherwise noted.

Program # 2. Extrema of a Function. Pages 136 - 141*.

# 6. nonoton:c Functions, Extrema and First Derivative

Test. Pages 142 - 150;

#10. Concavity and Second Derivative Test. Pages 151-156.

#13. Applications on the Theory of Extrema. Pages 158-164.

#16. Velocity and Acceleration. Pages 162 - 172

04
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AM:MIME/1T PROGRAM -- ?pplications of the

Derivative.

All page numbers refer to the textbook, Johnson and

Kiokemeister.

PROGRAM # 4.. Page 141. I Problems 13 - 20.

# 8. Page 150. I Problems 1, 7, 8, 11, 12, 17, 24, 29.

#12, Pages 156, 157. I Problems 3,6,11,14,20, 26.

#15. Pages 164, 165. I Problems 1,5,8,11,12.

#18. Page 172. I Problems 1,5,8,10.



Slide 1.

THE tqwq VALUE TnEcrE"

One of the apnlications of the derivative of a

function is its use in deriving a very imoortant theorem

called The "ean Value Theorem. This le.iture develors

the essential Nmkground in the form of three theorems

and then uses this to establish The Tlean value Theorem.

The "ean value Theorem

If- 1. f is a continuous function in a closed

interval px,11

2. f' is defined in the open interval (a,b)

Then: there exists a number xo in (ait,) such that

f(a)
- a f'(x0)

It isn't possible at this time to explain why

ti,is theorem is important hut as the calculus is developer'

the repeated application of this theorem testify

to its usefulness.

3. The form If....Then.... will e used to simplify

the presentation of ,,,hat is assumed as hypothesis or

rremise and vilat conclusion may Yie derived from this.

the rremise is precisely stated. No more nor less

than what is needed to deduce the conclusion is asiumed.

Consider not' The Fxtreme Value '"-eorem.

16,3
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If: a function f is continuous on a closed interval fb]

Then: the function f has

1. !% minimum value called small m on (71,11

2. A maximum value called capital M on [a,h]

The minimum and maximum valueq refer, of course, to

the second component of the ordered pair definee by the

equation. That is, for some value of x (call it xi),

which is the first ccmnonent, the corresponding second

component is the' smallest (m) or largest (") in the

interval considered. The ordered nairs are (x
lf
m) and

(x
2
,M). /In effort should always he made to think in

terms of ordered pairs Olen considering functions.

The imnortance of the hynothesis is shown for

the function f(x) = xf.deftned, not on a closed interval

as required hypothesis, hut on the half open interval

l< x< 2:Vaking it imnossihle to tell what the largest
.

or maximum value 41 is. If it is.n't clear why no largest

value is so determined, trv finding it. The minimum

value is otvious, m equals 1.

4. A second case is considered in which the *function

is defined by

f(x) = 1

The graph indicates an asymptote at x= 1; hence no

maximum value is obtairahle in the closed interval

[0,2] since the function is not continuous.
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5. In case three the function is continuous on the

closed interval [aril . The values for small and capital

M are shown.

6. In the second background theorem tT,o more premises

are added to the hypothesis. Tle retain the first yrcmise:

If? 1. The function f is continuous on the in-

terval capital I. (Notice the notation

f c C which literally means f is contair-

ed in the set of continuous functions.)

(And add:) 2. f' exists in interval I

J. f(x0) is a minimum or maximum in I.

. Then)

V(x ) = 0.

The function f is sketched in red. 11,e interval

is also indicated, along vith teo values in I called

x at vhich the smallest and largest second components

occur. Suppose f(x0) is a minimum,

8. Then in the nroof, for a suitably smell value of

h f(x + h) f(x ) or f(x + h) f(x ) 5. 0 for any h.

h must not he so large it exceeds the domain specified,

for h > 0

f(x
0

h f(x )
> 0

The dótted line indicates the value of x0 + h and

107
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also the vertical height f(xc; + H.

9. If h < 0 then the luotient is reversed in sign

giving,

f(x0 + h) f(x0)

The left dotted line indicates (xo + h) for h < 0

and the vertical height is f(x0 + h).

10. Consider what happens if h is made small approaching

zero.

This is equivalent to taking the limit as shown.

By hypothesis the limit does exist and is f"(x0). pence

as h 0 the two inequalities must become equal but

'only point at which they can be equal is zero.

11. Hence, if a function is continuous and its derivativf

exists in some interval I awl if f1(x0) is a maxinium or

minimum in I, then f'(,(0) = 0.

12. The third background theorem is called Polle's

theorem. The hypothesis is in three parts:

If: 1. P. function f is ,continuous in a closed

interval [a/b)

2. f'(x) is defined in the open interval (alb)

3. f(a) = f(h) = 0,
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nen: f'(x0) = 0 forat least one xo in the open

intervalo(a,b).

The filst two parts of this hypothesis are the same

as for the previous theorem. ?Mina the third part

permits us to deduce the conclusion.

13. If f(a) = f(h) = 0 for a continuous function then'

one of these conditimis must always be lareqent.

Case 1. The function can be a straight line from

a to b as shown.

Case 2. It can be partially positive and Partially

negative.

Case 3. Or all positive or all negative.

14. Note that Rolle's theorem includes the hypothesis

for the two previous theorems. Pence, in each case these

theorems can he apnlied:

Case 1. Since f(x) = 0 for evnry x then f'(x) = 0

for all x in (a,11).

Case 2. f(x) is positive someplace between a and b.

Then by Vie extreme value theorem a maximum

value: call it x
ot

exists and by the second

theorem f7(x0) = 0 since xo is an interior

point.

Case 3. The save reasoning applies wbere the func-

ion value becomes negative, excepting now

the minimum value is f(x0) and f'(x0) = 0.

It is possible there may be several such values xo.

109



These will be called critical points.

In establishing Rolle's cheorem the three cases

were possible because of the third premise:

f(a) m f(b) = 0.

The Mean Value Theorem mav now be deduced from

Rolle's theorem.

15. Title; The 1ean Value Theorem

16. The function f is continuous in the closed interval

[a,13] and the derivative exists in the open interval

(a,b).

17. The secant line (green) drawn through the two

points (alf(a)) and (,f(h)) has a slope given hy,

f(b)slo th
-

f(a)
a

This is the form for the slope of a line through two

points

18. Another line L parallel to this is moved outward...

19. Further

20. Until it is jtist tangent to the given secant line.

Assume the x value of the tangent line is xo. Then the

slope of the tangent line is f'(x0) and is equal to the

slope of the secant line, hence,



f I (x ) (I ) f (a)
o b - a

whi h is to be proved.

21. In order to prove this, the function f is recon-

structed to comply with the premise of Rolle's theorem

requiring f(a) = f(b) = 0.

First f(x) is lowered for each x in [a,b] an

amount f(a) to pr;duce the dotted curve f(x) f(a).

The slope m2 is the same as the secant line and has the

equation,

22. y = m
2
(x - a)

valid for every x in [a,b] . Vext, the dotted curve is

lowered at each x in the domain an amount equal to the

y value of the green dotted line at that point. Then,

23. the solid red curve is formed, defined by f(x) -f(a) -y(x)

as a result of these operations.

24. Call this function capital

F(x) = f(x) f(a) f()) f(a) (x - a)
h - a

where the last term y(x) has been renlaced by'its equal

m2(x - a) qpd m2 is the slope of the secant line. The

values,T(a) and F(b) must he found.

25. This function cavital F(x) satisfies the vremise of

Rolle's theorem. That is, F(a) = n and F(h) = 0.
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26. The derivative oi the function capital F(x) is

found to be simply:

f(b) f(a)
f'(x) b - a

27. By Rolle's theorem this must equal zero for some x,

call it xo, in the interval (ado).

Bence,

f(b) f(a)fl(x0) =

whi01 was to be proved.

JP

28. The Mean Nialue Theorem



Sl.ide 29. Extrema of a Func4on.

The concept of function has been involved in every

basic mathematical idea discussed so far. The concept of

the derivative of a'function was again a function,related

to its primitive through the oneration of differentiation.

Since most of the action in science is involved with

functions it isn't surprising that effort is made to ex-
%

rse the characteristics of various functions. It is not

generally obvious why certain qualities such as extrema

of functions are important, but it should become so as

applications reveal this.

30. Consider the function defined by the equation given

at the top of ihe slide; that is;

f(x) = x3 - 5x2 6x.

In column 1. at the extreme left, values of x are given

between x = 0 and x = 3. In the second column the

corresponding values of f(x) Ire shown. For instance,

when x = 0, f0c) = 0. When x = .2, f(.2) = 1. When

x = .4, f(.4) = 1.664. Note that f(x) is increasing in

value untiI x equals q Then for further increases in

the value of x, the value of f(x) decreases to -0.448 at

x = 2.8. And finally f(x) again increases to zero.

31. Using these ordered pairs of the domain and range

the graph of this function is constructed as shown here,

revealing the characteristics of the function graphically.

For instance, the zeros of the function at x = 0, 2, and

3 are shown. It can be observed that the values of the



funct4on are positive between x = 0 and x = 2 and negative

between x = 2 and x = 3.

A function may also have the quality of increasing

or decreasing in a given domain.

32. Observe the domain values a, b and c as shown in

red on the x axis. Also the x values xl and x2. Notice

that x2 is greater than xl.

The function f is said to be increasing from x = A

to B, if for every xl, x2 in this domain,

f(x
2

) > f(x
1
) when x

2
x
1
and strictly in-

-
creasing if:

f(x2) > f(x1) when x2 > xl.

Also the function f is decreasing from x = b to c

if for every xl and x2 in this domain, f(x2) < fqx1)

strictly decreasing if

f(x2) < f(x1) when x2 > xl

If the function is increasing or decreasing it is

said to be monotonic, or if the function is strictly

increasing or strictly decreasing then the function is

strictly monotonic. This function appears to be strictly

monotonic.

The derivative of a function is useful in establish-

ing the domain'where a function is increasing or.

decreasing.

For instance, for the interval [x2 the mean

value theorem Is

1 4



f (x
2

f (x )

x2 - f'(d) < d < x2

33. If: f'(d) 0, and x x
2 I

Then both numerator and denominator of this quotient

must be greater than zero. That is, 1(x2) f(x1) must

be positive, since x
2

- x
1

is positive, hence;

f(x ) > f(x1)
2

which is the condition for a strictly increasing function.

Also,

If: f'(d) < 0 and x2 > xl or x2 - xl > 0

Then? The denominator is positive so the numerator

must be negative, implying that

f(x
2

) < f(x1)

which is the condition for a strictly decreasing function.

You may therefore use the derivative in this manner

to predict where a function is increasing and where it is

decreasing-.- That is, values of the domain which make the

derivative f'(x) positive are thnse values of the domain

where the function f(x) is increasing, and domain values

where f'(x) is uegative nro those values where f(x) is

decreasing.

34. In the second line, for the function f(x), the

derivative f'(x) is given as

fi(x) = 3x2 lnx 6.

For the same domain values given in column 1. the

115
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values of f'(x) are given in column 3. Note when x = 0

f'(0) 6, and when x s .2, f'(.2) = 4.12. When x = .4,

f'(.4) = 2.48. When x = .6, f'(.6) = 1.08 and then when

x = .8 the sign changes and f'(.8) = -.08. The derivative

of a function may he interpreted as the slope of the tan-

gent line to f(x) at x. Giving 1'00 this meaning,

several values of x and f'(x) are next shown as tangent

lines.

35. For x = .4 fq:4)= 2.48. The black line shown

tangent to the red curve has the slope m = 2.48 = tan a

where ct is the angle of inclination, or the angle this

line makes with the positive direction of the x axis

(about 66°). Of most importance is the positive quality

ot f'(.4) indicating an increasing function.

36. x = .6, f1(16) = 1.08. The slope is still posi-

tive (about 450).

At x = .8 f1(.8) = -.08.. The slope is now negative,

indicating - decreasing function

38. At x = 1.0 f'(1) = -1.

39. At x m 1.2 f'(1.2) = -1.68.

40. A composite f-.1 these values xnughly traces the curve

and reveals another characteristic of functions. That is,

,e

1 16



-13-

where its maximum value is located. Since the maximum

Value must occur where f(x) changes frnm increasing to

decreasing, it must be where the slope f'(x) changes from

positive to negative. Hence, the maximum value of f(x)

occurs at f'(x) = 0; which is some value!' of x between

.6 and x = .8. An obvious motivation is to find

those values of

Or,

f'(x) in 0.

3x
2

10x + 6

41. Solving!

3x2 - 10x + 6 = 0.

x = C1 = .784 and C2 = 2.55.

These arc called critical values and are the x values

where the horizontal slope occurs. And where a horiz..mtal

slope occurs, a maximum value of the function c'ecurs, or

possibly a minimum value as shown at C2.

These maximum td minimum values of the functinn are

called relative extrema since they occur in the restricted

domain, [0,3].

42. If the graph were not shnwn it would still be possible

to distinguish which value of C produces the relative

maximum and which produces the relative minimum; by

aserving that for the relative maximum the slope is posi-

tive for x less than C1 and negative for x greater than Cl.



Hence f(C1) is a relative maximur.

The relstive minimum occurs at C
2
wiiere the slope

changes from negative for x less than C2 to positive for

x gceater than C2.

43. This is compiled into the first derivative test for

relative extrema of a function:

1. Solve f'(x) a 0 for critical values C.

2. If for: x < C f'(x) > 0

x C f'(x) < n

3. Then:

or:

f(C) is a relative maximum.

If for: x < C f'(x) < 0

x > C f'(x) > 0

5. Then: f(C) is a relative minimum.

In the examples given in the lab. program special

cases of this test will be shown.

41. Concavity of a Function

Thc term, concavity of a function, refers to the

pictorial inage of tt,e graph as curving aownwards or

curving upward. This idea is useful in probing the nature

of a function f(x) in much the same manner as the deriva-

tiveli(x) was useful in the investigation of extrema of

a function.

45. Consider again the function defined by



f(x) w3 - 5x
2

+ 6x

and Lts first and second derivatives

f'(x) = 3x2 10x + 6

and, f"(x) = 6x - 10.

In column 1 values of the domain are givefi with the

corresponding values of #.function, f(x)r given in
40fr

column 2, and the corresponding values of the function

f'(x) given in column 3, and the corresponding values

of the function f"(x) given in column 4.

46. In column 31 where the derivative f'(x) is positive

such as 6,4.12, 2.48, 1.08 the function f(x) (column 2)

is increasing as x increases as shown by the red arrow

pointing upward. Where the derivative is negative in

column 3 the function is decreasing as shown in column 2

by the arrlw pointing dow.lward. Where f'(x) is again

positiVe f(x) is increasing.

The values of the function r(x), given in column 3,

have their corresponding derivative values given in

coluran 4. For instance, when x = 0, f'(0) = 6 and

f"(0) = -10. Since a negative derivative implies

decreasing function it is assumed that where column 4 is

negative, f'(x) in column 3 is decreasing.

47. Where column 4 is negative the blue arrow 1 indicates

a decreasing function f'(x), and where column 4 is positive

the blue arrow 2 indicates an increasing function f'(x).

1 1 9



48. This information is shown here graphically. The

values of x and f(x) may be read from the graph. The

corresponding first and second derivatives are given in

red and blue respectively.

Beginning with x = .2 the first derivative value is

4.12 and the second derivative value is -8.8. For x = 4,

the values become 2.48 and -7.6. Note that the slope of

the tangent lines is decreasing, that is, it is getting

less steep as indicated by observation. This is consis-

tent with-the negative second derivative. That is, the

the negative second derivative means the first derivative

is a decreasing function.

The condition of decreasing qlope holds until abor

x = 1.6. The blue second derivateve values are negative

as shown throu out this interval. The nature of the

decreasing slop,c produces tho concave downward quality

of the graph lnd is detected by the negative second de-

rivative. Thet is, wherever the sceend derivativ value

is negative the graph will he curving downward, or will

be concave downward.

Between x = 1.6 and 1.8 the second derivative vnlues

(blue) change from negativd to positive indicating now

that the values of the slop e. of the tangents are increasing

as shown. That is, at x = 1.8, the first derivative value

(in red) is -2.28, and increases to -2.0 for x = 2.0 and

to,-1.48 at x = 2.2, etcb This is consistent with the

.positive value of-the second derivative (blue) in this

12o
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47-

x interval. The nature of the increasing slopes here

produces.the concave upward quality of the graph and may

be detected by the positive values of the second derivative

An important point (ordered pair) is where the graph

changes from concave upward to concave downward. This is

at the point where f(x) is neither positive nor negative,

but where f"(3) = 0, or in this F = 6x - 10, or x = 1 2/3.

This value of x is given the descriptive term, "point of

inflection". It is found by equating the second deriva-
.

tive to zero and solving for x. This point is useful in

graphing, but of greater importance is the detection of

concavity by use of the second derivative.

For instance, at the critical point found by solving

f'(x) = 0, or x = .784 the second derivative value is

negative indicating a concave downward nature of the

graph. But this implies that the graph is below the

tangent line at this point, and hence at this critical

point a maximum extremum is indicated.

At the other critical point, x = 2.55, the second

derivative (blue values) is positive, which indicates the

concave upward nature of the graph, implying all the

graph is above the tangent line to the curve at this

critical point. Bence, a minimum extremum is indicated.

This is compiled into a statement called:

The Second Derivative Test for Extrema of a Function.
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50. If c is a critical number for the function f and fi

is defined in some intervill about c, then:

1. f(c) is a relative maximum if f"(.) < 0.

2. f(c) is a relative minimum if f"(c) > 0.

Analytic proof of this theorem is n)t difficult and

will establish the intuitive approach taken.

51. First, consider the analytic detection of concavity

of a function at any value of x = a by use of the second

derivative of the function.

The function f(x) is revealed graphically hy the red

curve. The point "a" in the domain at ahout 1.2 on the

x axis locates the point (a,i(a) on th,7 gr4ph.

The black line T drawn tangent to the curve at this

point reveals the nature of the concavity. If the graph

f(x) is below the tangent line T the graph is said to

concave downward. If the graph were above this tangent

line it would be concave upward.

52. Analytically this can be determined by observing the
,f

directed distance called 1,(x) and shown as a blue dimen-

sion If the value (length) T(x) were known then, if

T(x) were subtracted from-f(x), the value 1,(x) would be

defined. That is:

53. 14(x) = f(x) T(x).



This is defined for every x considered in the neigh-

borhood of "a". L(x) is zero at "a", but if L(x) is

negative then this implies that f(x) is below T(x) for

every x in the neighborhood about a and hence means the

curve is concave downward.

54. f(x) is known and T(x) can be found by using the

po'int (a,f(a)) and the line slope equal to r(a). Mime,

for the pangent line, T(x) f(a) = f'(a)(x - a) defines

every point on this line for every x considered. Simpli-

-fying:

1. T(x) = f(a) + f'(a) (x - a).

Then:

I1x) = f(x) f(a) f'(a)(x - a_.

Apply the pean'value theorem to the first two termw-on_thk

right side of 3. That is,

55. 2. f(x) f(a) = f'(b)(x - a) (where "b" lies

between x and a).

Hence: %

3*. L(x) = f'(b)(x - a) - f'(a)(x a).

or 4. L(x) = (C(b) f' (a) (x -.).

Now, since detection Of concavity is to be by use of

tne second derivative, suppose

56. f"(x) < 0 in the domain under consideration.

Then this means that for x < a f'(x) > f'(a) since the



negative derivative of a function means the functi%.

decreasing, for every x in thc domain considered. As the

domain increases the derivative value decreases. This is

true for any x < a, so, if b is in this domain then for

b < a f'(b) >

Also for x > a since f(x) < 0 then f'(x) < f'(a).

And if x = b is in this domain, then f'(b) fl(a). Apply

this to

57. 5. L(x) = Cfr(b) f'(a))(x - a)

If: x < a, or (x - a) < 0 and, rib) > f'(a)

or f'(b) f'(a) > 0

Then: L(x) is negative.

If: x > a, or Cx - a) > 0 and f'(b) < f'(a)

or f'(b) f'(a) <

and

14(x) is again negative.

This essentially establishes the second derivative

test for extrema since if "a" is a critical point "c",

then the same results follow and concavity downward at a

critical point implies a maximum extremum.

In exactly the same manner the concave upward case

can be verified.
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ANTIDERIVATIVE

PROGRAM

PROGRAM

1.Lecture: Educational Media Center. See E.M.C. Directory for Dial

Access and Slide location.

Subject: Develops the recovery of the position function

from the velocity function and relates this to the anti-

derivative as the area function.

2.Read: Refer to Reading Program # 2. (Antiderivative)

3.Problem Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and Slide Location.

Example 1.

Given the velocity function of a moving object

V(t) = lt
2

Estimate the distance the object travels in three

seconds by using 1/2 second subintervals and assume the

maximum velocity in each subinterval.



0.21IM

Example 2.

Given the same 'Zunction defining velocity: estimate

the distance using 1/2 second subintervals but estimaLe

distance in each subinterval by usi4 the minimum

velocity in each subinterval.

Example 3.

Given the function defiliod by

f(x) =

Compute I (P) and C (P) for the regular partition of

[1/2,2] into 6 subintervals.
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4.Problems: Refer.to Assignment'Program # 4.

5.Read: Refer to Reading Program f 5.

6.Problem Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and Slide Location.
. I

Subject: Sigma Notation

Example 4.

Prove by the Mathematical Induction Theorem that:

.2 1ntn + 1) (2n .1-'1)

i=1 6



4:21:ample S.

Evaluate:

b)
2il

7.Lecture: Educational Media Center. See E.,q.C. Directory for Dial

Access and Slide location.

Subject: Theory of the Integral.

8.Read: Refer to Reading Program # 8.

9.Problem Educational Media Center. See Directory for Dial Access
Study:

and Slide Location.

Example 6..

Find the area of the region bounded by the graph of

f(x) = x2 and the lines x = 1, x = 3, 7 = 0.



Example 7.

Evaluate :

Exasole 8.

Evaluate

Example 9 .

z + 1) 2 dz

Evaluate: f x2 dx
s 7
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10..Problems: Refer to Assignment Program # 10.

11.Read: Refer to Reading Program # 11.

12.Problem Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and Slide Location.

Example 10.

Evaluate: f2 (x3 + x2) dx
0

Example 11.

Evaluate: 1)2 dx
0



Example 12.

Evaluate: fl x(147 1, dx

13.Problems: Refer to Assignment Program # 13.

14.Read: Refer to Reading Program # 14.

15.Problem Educational Media Center. See E.M.C. Directory for Dial
Study:

Access and Slide Location.

The following equation evolved from the lecture on

"Theory of the Integral" and the Fundamental Theorem of

Calculus.

limit E c(xI)Ax 10; fb
HAW i=1 4 i a G (x)d* G(b) G(a)

In the limit of the sum Ax
i
has a precise meaning

necessary to comprehension of Chisum. However, in the

integral dx has no meanirg. It i simply vestigial of

dx.

Finding antiderivatives has been a matter of recall-

ing what derivative produCed the function. For instance,

1 31
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since,

Dx2 = 2x

obtained from the derivative formula

Dxn m nxami

The reverse process of finding the antiderivative

(1)
fxn

seems reasonable. That is,

fx4 m x5
5

Suppose, however, that

(2) D Fr is,considered, then

(3) D Fr = r Fr-1 F = rpr-1- F'

by the chain rule for derivatives. Also since

(4) f D Fr = Fr = fr Fr'l F'

it iS clear that any expression that is of the form

(5) r Fr-1 Ft

must have the antiderivative Fr.

Example 13.

Suppose we wish to find

f2 (1 + x3)11 x2 dx

Recall first that dx has no particular meaning and

consider the problem jast

f2 (1 + 2x3)1/2 x2

From (4) assume F = 1 + 2x3

then F' = 6x2

r -1-1/2 and r=3/2

132



then if
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1 (1 + 2x3)1/2 X2 dx

is wiitten

1 2

"6-
f2 2. (1 + 2x3)156x2
o 2

Note that L . 6 and 2 . 3 has in no way changed the
6 3 2

identity of the problem. However, the problem is now

exactly of the form

fz

and hence equals

r Fr -1 F'

Prl: = (1 + 2x3)3/21 = (1 + 2 23)3/2 - 1

Probably you will find this form Preferable to that

given in the text; which can then be mastered after this

method is understood.

Example 14.

Evaluate the integral:

f -1
1 dx

-3 (4x-1)'
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Example 15.

Evaluate

p 12(1 - 1)1/4 fix
1 x x

Ej_cansi le 16.

Evaluate
t 2

f T1-77}77fury 2 dt



16.Prcblems: Refer to Assignment Program # 16.

17.Problem Educational Media Center: See Directory for Dial Access
Study:

and Slide Location.

Example 17.

Sketch the graph of f and g in the given interval

on the same coordinate system.

f(t) = (1 - t) g(x) = fX (1 t) dt

Example 18..

Evaluate:

0 x(x2 a2)n dx

1 3,5

0
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Find the limit if it exists.

limit It 1
t-asno x2

dx

18.Problems: Refer to Assignment,Program 0 18.

.17



PROGRAM # 2.

# 5.

# 8.

-137

READING PROGRAM -- Antiderivative

All page numbers refer to the textbook, Johnson and

Riokemeister, unless otherwise indicated.

Completeness Property - Intermediate Value Theorem.

Pages 185 - 194

Sigma Notation. Pages 195 - 197

Upper and Lower Integrals, Integrals, Fundamental

.Theorem cs, Calculus. Pages 198 - 213 .

#11. Integration Formulas. Pages 214 - 216

#14. Change of Variable -- Integration. Pages 217 - 219

Compare this method to the method given in Program

# 15.

117
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ASSIGNMENT PROGRAM -- Antiderivative

PROGRAM # 4.

All page numbers refer to the textbook, Johnson and

Kiokemeister, unless otherwise indicated.

Page 194. I Problems 1,

Page 204. I Problems 1, 3, 5,

#10. Page 213. I Problems 1 - 12.

#13. Page 216. .1 Problems 1 - 10.

#16. Page 219. I Problems 1 - 16.

#18. Page 222. I Problems 3,5,8,11,13,14,19,21,22.

138
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Slide I. Title The Integral Concept (Antiderivative)
--Gorman R. Nelson

All basic mathematioal ideas contained in Calculus are

related in a precise and natural way. For instance/ from

the concept of a function the idea of the derivative evolved

and from this, motivation developed for the limit concept

of a function.

It would be difficult, if not impossible, to understand

these concepts as isolated ideas, since the natural relation

between them is essential to comprehension.

Another basic idea in this relation is called the anti-

derivative of a function. This is first examined intuitively

and finally in a more mathematically vigorous manner.

The derivative concept was developed as a mathematical

description of the quality of velocity when only the quality

of position was known. In this slide a car was assumed to

have a position defined Ly the oquation

L(t) 4t
2

From this function anothcr function was derived describing,

the velocity at any time t. The derived equation

L'(t) = St

coLformed precisely to the definition of a derivative and

hence was called thc derivative of the position function.

The mathematical process of differentiation was developed

as the

limit f(x h) f(x)
h .4 0

and shown to have meaning as the rate of chalige of f com-

pared to X.
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3. The velocity function evolved naturally from the posi-

tion function. Suppose as shown here the velocity function

:1-14'(t)

is known. Can the p sition function be retreived naturally

from this?

Since di ance is the product of velocity and time,

then the distance from the zero position defines position

at time t. Since the car is increasing in velocity it is

assumed that velocity can only be approximated for any in-

tervaa of time. It also seems natural that the smaller the

interval of time conssidered the closer the approximation

becomes. For.instance, if the car starts as shown at zero

position then 1 second later its velocity as L'(1) feet per

second. If this value is assumed for the entire interval

then the distance in the first second is L'(1).1 feet. Of

course this is an aPproximation since the velocity is not

constant in this time interval, and thc.; maximum velocity

was chosen to compute the distr,nce.

4. In the interval of time from 1 to 2 seconds suppose the

velocity is assumed constant at L'(2) feet per second, then

the distance in this interval is L'(2) 1 feet.

5. In the time interval from 2 to 3 seconds the distance

is approximated by taking the verocit at 3 seconds or

L'(3).feet per second. The distance is then L'(3) 1 feet.

Estimating the distance traveled throughout all five time

intervals and adding these gives an approximation to the

140



distance traveled and the position L(t) from the zero

position.

Hence L(t) is approximated

L(t) L'(1)el + W(2)1.1 + M(3)81 + L'(4)-1 + L'(5)1

6. EvallAting each product and adding gives the distance

from zero to be 120 feet. This is'a rather poor approxima-

tion to the known 100 feet, and obviously occurs because the

velocity is not constant in each interval and the maximum

value in each interval was chosen to compute the distance.

It seems natural to suppose that a better approximation can

be made by taking smaller intervals.

7. The intervals of time are here shortened to ½ second

and the distance is approximated by the sum

L(t) = L'(5)1 L'(1)*1/2 + L (3/2)1/2 + L'(2).1/2 + L'(5/2)*1/2

L'(3).1/2 + L'(7/2)-1/2 + + L'(9/2)1/2 + L'(5)..1/2

Again the maximum velocity is chosen in each interval in

computing distance.

An important transition in meaning of these terms can

be made here by observing that each term is a product of

L'(t) and a constant. For instance, consider the term

L'(5/2).1/2

8. Assume this is the graph of L'(t) = 8t. The value of

L'(5/2) is then the length'of the dotted line from the base

line at 5/2 o the graph, and has the vAlue determined by

t.

1 4 1
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W(5/2) = 8 5/2. This is multiplied by which is the

distance between intervali. It is apparent that this term

which expresses distance as velocity multiplied by time can

also be interpreted as area. And so it is with every term

in this sum.

9. The first term L'(1/2).1/2 becomes area Al, the second

term M(1).1/2 becomes A
2

and so on to Alo which is W(5)141.

Evaluating all terms gives the sum 2 + 4 + etc. to + 20.

This sum is 110 feet --again an overestimate to the correct

value of 100 feet but better then the first approximation

of 120. However, this approximation now has a double mean-

ing. It can also be interpreted as the red area.

10. Suppose the subintervals of time are constructed

mathematically by dividing the entire interval of time into

n equal parts. That is, subtract from the time at the

finish of the runt, the time at start and divide by the

number of subintervqls desired. If a is the time at start

and b the time at finish, then
Ola

b a

is the time in each of n subintervals. Or if each division

line defining the subintervals is marke0 as to for the

beginning and then tl, t2, t,, etc. up to the final time

t then the length of time for each subinterval

tn - to

of for any specific subinterval ti t
i-1 *

1 4 2
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The subintervals of time are all equal and are deter-

mined by the integer n. For instance, if n = 5, then the

first case of 1 second subintervals is given. If n = 10,

then the second approximation of 1/2 second subintervals is

given. The subintervals of time depend on the values of

n, a and b.

With the starting time at zero, a = 0. If b is assumed

to be the finish time then each subinterval becomes just .

The progressive values of time on the base are from

to which is the starting time, to the first time,interval

2bwhich is t
1
or then t2 or --it etc. Each subinterval of

time is the same but the time increases by this amount across

nbthe base, up to the final time nt or tn.

On this base the sum of products is constructed in which

each term is a product of velocity and time but represented

by an area. The interval from t
9

to t
10

is - and the area

Alo as one of the terms is

T flOb b
it W

12. The sum of all terms bPcomes:

b b b b .b nb .bL(b) 2b
L'(-3-) +.004.n n n n n n n F

The form of this sum is now examined for increasingly

large values of n.

b b13. 1. L(t) (5) LI(2b).b +w.f. LI(nb).b
n F n

Note: If n = 5 and b 5

14:3
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L(5) W(1)1 + L'(2)*1 +

which was the first estimate found, -120

If n = 10 and b = 5

L(5)= W(1/2)45 W(1)1/2 4-.8+ W(5).1/2

which was the second estimate found = 110.

Suppose the sum is simplified by replacing the functinn

'notation lat by the given function. That is L'(t) = et. Then

2. L (b) an 9 (12) b 9(2b)12. 9(3b).b .v112,1)
n n n n n n n n

or

b214. 3. L(b) = 9 [1 + 2 + 3 ++ n]

The sum of the first n integers is

15. 4. 1 + 2 + 3 + 4 4. . + n = 1/2(n) (n + 1)

Hence,

5. L(b) z e4 .41(.1
2 + n) = 4b2 + 4k

From this it is immediately apparent that the limit of this

expression as n becomes infinite reduces the term to

zero. That is, as the size of the subintervals become

smaller the sum of the product!', approaches just 41,4 as

given in line 6.

Since b is any arbitrary time t this equation can then

be written

L(t) = 4t2

For b = t = 5 this is

L(5) = 4.52 =, 100

which is the exadt distance or position which the ear was

14 4



known to have. But in addition to this recovery, the

transition to a geometric interpretation in complete.

16. That is, the position function

L(t) = 4t2

recovered by the process of taking the sum of the products

as the number of such products increases to infinity can

be identified with the area shown here shedr4 in red. This

area may also be computed rather easily by the triangle

formula.

A = If base altitude = kb h

where h is found to be L1(b) = 8b, hence,

A = kb 8b = 4b2

17. The process involved in retrieving the position function

from the velocity function suggests a means for reversing

the process of differentiation indicated by

D L(t) = L'(t).

The notation uscd for the reverse process is an elong-.

ated f as shown in line 2. This is read "the antideriva-

tive of L'(t) = L(t)". The operation is called antidiffer-

entiation, or integration and the function obtained from the

process is called the antiderivative.

In many cases the antiderivative of elementary fuhctions

is quite obvious.

Por instance, if f'(x) = 2x

then rx) = x2 + c (c a constant)

since the derivative gives ft(x)
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1$. The antiderivative of a function as related to the area

bounded by the graph of the function and the axis of its

independent variable is examined now for several functions

and in greater detail. First consider the function

f'(x) = kx

19. The area.shaded in blue is a triangle and has the area

of h the base times the altitude. For the dimension shown

this is just

A(x) = kx2

20. That is: k the base x times the altitude kx = hx2

In line 1. the derivative of the area function is equal

to the function f'(x), hence in line 2. this is expressed

in mathematical notation as the antiderivative of f'(x)

from 0 to x equals f(x), by use of the symbol I. This is

read as "the antiderivative of P(x) evaluated from 0 to x

is f(x).''

21. Suppose

g(x) = 1/3 x2

has the graph shown.

22. Then the antiderivative of g(x) should be the arca

function A(x), or using mathematical notation

fg(x) = A(x)

1 4



Finding A(x) for this area has complications not fcund

in the previous example whore A(x) had the elemental fon!

of a triangle. However, the process of finding the area

suggested in the beginning by taking rectangles of variable

width can be tried.

23. Suppose the estimate is made first using heights af

rectangles which are maximum in any interval as shown here,

having n e'qual divisions.

24. The function domain which is the base of the area is

given by b-a or since a = 0, just 1,6 This divided by the

number of intervals roviecs n subintervals having bases,

all equal, of b
n

25. The value of x at each division point along the x axis

is given in terms of b and n. The first division is 1n2.

the second is
,

2h the third is Da etc. up to the last.which
711-

nbis or just b. The area, of the rectangle shaded blue is

is given by taking the height which is

height m g(4 )

times width m !I

or,

m 1/3 /222J2

The first and all following rectangles are fcrmed from

1 4 7



the prcluct of width (-4 and the maximum height in the in-
n

-

terval ds given by the function

.

A
2 Fl 1- n'

b 1 .13bi2
3

etc.

1:2 1 011312

"r1 n 1.

Each product is of the form g(xi)(xi xl 1)

Note also that in each product the common factors are

1 b and (2)2
F n

.

These can be removed from each term leaving only the squared

integers from 1 to n.

27. At the bottom of the slide this is given as a sum of

all A's from 1 to n or

E A. = 1(1)3( 2 + 2
2
+ 3 2 + ...92 n2)

1 3 n

where each A is a product of a value of the function and a

small interval of the domain.

28. In line 1. the sigma notation is used to indicate the

sum of the first n rectangles of area A. The symbol E is

the Greek letter sigma and means in mathematical use the

summation of A
i

for all values of i from I to n. as shown.

In line 2. the notation implies thb sum of the first i
2
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ewe.

integers where i has values from 1 to n,

2 2 2
E = 12 + 2 + 3 2 + 4 (n-1) 2 + n2

29. By using the Theorem on Mathematical Inauction this

sum can be shown to equal

1 n (n+1) (2n+1)

as given in line 3. This-isn't obvious but time won't be

talien here to establish this equality. This will be prOved

in a later nroblem.

30. Recall that the sum of the rectangles was found to be

1
(
b

)
3 1E A = - e(n+1)(2a+1)

idl i I n

Replacing the sum of the first n integers squared by its

equal, line 4./ provides the sum of the Oreas of the roc-
/

tangles. Or

n
1 b 1

E Ai . le 7 (-) n(n+1)(2n+1)
n Ti=1

31. This can be simplified by cancellation of the n's.

Then as the number of rectangles is greatly increased, that

is, as n m. This dan be written; shown in line 5. as,

'n
1 3 3 I

Limit Ai = limit Teo (2 + 3 + E2)
i=4 n-m

or, using more explicit notation
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1 3 1Limit E ,g(x )(x.-x1
n.

) mg limit Tmb3 (2 + -2)n 1 1--bce n

32. As n becomes infinite the terms and 1 approach zero

leaving the sum

1 3

This is presumed to be the area under the curve.

That is

or

1 3A(b)

1A(x) = .§x3

33. The area A(x) shaded blue is x3 as shown in line 1.

Note that again the derivative of bounded area is precisely

g(x), or as shown in line 3..

The antiderivative of g(x) from 0 to b, is equal to

A(b).

34. In every case considered so far the maximum value of

e function was used in estimating the intervals of dis-

tance or area. What effect is produced by using the

minimum values of the function in each sul'intorval in re-

trieving its antiderivative?

Consider the graph of the function G(x) as shown,

having vertical boundaries at x = a and x = b.

35. The base of the area from a to b is partitioned into

n equal parts. Each division line is identificd by x with

a subscript as shown, such as xo

1 5 0

etc.
1
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36. Vertical lines erected on this base form the sides of

the sUb areas.

37. The dot shaded sub areas are shown in which each is the

product of a subinterval of the base such as x4 - x3 or in

general (xi_1 0, xi) and the maximum value of the functibn

in this subinterval. Since the function is monotone in-

creasing this is always the right side of the subinterval.

The area of the second rectangle is G(x2) (x2 - xi) etc.

The sum of all such areas is given in the form

S m E G(x.)(x
u iml 1 i

Notice again the form of the product of each sub lrea.

This is called the upper sum, Su since it is an upper

bound of the area under the curve.

38. In similar manner the blue shaded areas are shown here

in which each sub arca is the product of the minimum value

of G(x) in each subinterval, and the subinterval. The

second rectangle, here would have an area G(x1) (x2 - x1).

The sum of all such areas is

m t G(x4 ) (X. -1)
i=1 A..-1 1

called a lower sum since the estimated area is a lower

bound of the actual area under the curve.

39. By super-imposing SL on Su the difference may be observ-

ed as the clear dotted area. What happens to this differ-

1,31
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ence as the subintervals are increased in number is of

immediate concern.

The subintervals (x.-- x1_1) are all equal and common

to the corresponding Products so these are replaced by the

4* simpler notation

Ax = (xi - xi_1)

40. S
u

and S
L are shown with this notation in line 1.

Su - SL the clear dotted shaded area is just

E [G(x.) G(xi_1)] Axi
iml

as given in line 2.

41. In line 3. an interesting consequence of taking the

sum is observed.

E [G(xi)-G(xi_1)] = [G(x1)-G(x0)] + [C(x2)-G(x1)] +
i=1

[G(x
3

) G(x2)3 [G(xn_1) G(xn)]

Notice that each value of G
if excepting the first and last,

has a positive and negative term and so vanish. That is,

Lamm G(x) in the first term, S(x1) in the second is sub-

tracted. In fact, all terms vanish except G(x) and -G(x0).

Hence in line 4

Su SL = [G(xn) ((x0)] Ax

and since each subinterval

n

this can be written in line 5 as,

Su - SL = (C(b) G(a)] (b a)

132
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Remember this expression for the difference, Su -'SL

and;

42. observe on this Arawing that G(b) - G(a) is the height of

the dot shaded column and the base is sirply b a As

n becomes infinite the base goes to' zero and the difference

S S vanishes.u L

It appears that the same area is found whether Su or

SL is used in the process. Also the same form of products

was used as in all previous cases.

43. Suppose the same interval (alb) is use4Aut the parti-

tion is not required to form equal subintervals. That is,

(x1 - x0) need not equal (x2 - xl) etc. The partitioning

points are still called xo, xl, x2, xi_1, Each

subinterVal is given the notation Axi, where the subscript

identifies its position in (alb]. That is, Ax1 = x1-x0

Ax x x etc.
2 2 1,

Using this and previous notilition Su may be given in

mathematical notation using the same form of a sum of pro-

ducts of a function and a subinterval of its domain.

S E G(x ) Axi
u

44. and in like manner

= F . 1) .1- Ax1
L i=1

G(x

153
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45. In forming each sum Su and SL the maximum,or minimum

value of the function is used respectively.

Suppose any other value of x in each subinterval is

chosen to form the sums of products. That is, in the first

sub area suppose any other value of x = Ci is chosen instead

of x0 or xI to form the sub area. Then if this is done for

each sub area, since G(xi.1) < G(0.) < G(x) it may be

deduced that

46. s < s < sL E u

Retain this for future use and return to the difference

areas as shown here in cleardot shading.

Su - SL E EG(xi) ?(xi..1)] Axi
iml

The largest of these subintervals Axi is called the.

"norm" for this partition. It appears to be the first sub-

interval xi - xo = Ax/. If this value is substituted for

each Axi then

48. in line 3.

S SL < E (G(xi) G(xi..1)] IIAxillu -1=1

The inequality exists because the norm is larger or equal

to every other Axi. The notation used to identify the norm

are double parallel bars.

The summation of

Ti

E (G(x ) Gix
i-1)1
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y be telescoped to

G(x) - G(x0)

or, 431 line 4.

49. Su SL W()) G(a)) IlAxil

If the norm is chosen so

11"11 < aTsrE.77TE)

then

< e for every and

hence

Su sc SL

Since S < Sr < SL u

Su m SL m SE m S.

then

And if this limit exists for any partitioning then,

limit E G(Ei) Axi = S f
b G(x) dx

IlAx11-'0 i=1 a

Observe the form of the sum of the products, that is,

Gai) times Axi

The Fundamental Theorem of Calculus may be deduced

from this statement. Ap efforts so far have been directed

to evaluating sums such'as:

G() Axi
iml

Such sums when they exist were recognized as the anti-

derivative of S and could geometrically be identified with

the area bounded by the function graph, the vertical lines
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on the base and the axis of the independent variable.

Finding this area proves to be rather formidable for all

but the most elementary functions. The Process of finding

antiderivative is called antidifferentiation and is repre-

sented by

fbG (x) dx
a .

50. The Fundamental Theorem of Calculus

. 51. Evaluation of such sums is greatly simplified by use

of the

Fundamental Theorem of Calculus.

Observe in line 1. the telescoping sum

E (Gx, Gx
i-1i=1 1

= n(b) - C(a)

Refer to slide 41. for explanation of this if it is

not recalled.

In line 2. the important Mean Value Theorem is applied

to each of the subintervals implied in line 1. That is,

in line 1. suppose i = 20 then G(x2) G(x1) implies an

interval x
2

- x
1

and so on for all the sums consi,dered.

In each of these subintervals (x
i

x. ) the mean
1-1

value theorem gives line 2. That is,

G(xi)

Xi "" Xi.1 (xi-1 ' ' xi)

uttetel(x...xi.4)isgiveritherlatationmc.then this

is written in line 3. as
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G(xi) - G'(i) Axi

52. Equation 4 is recalled from slide 49. For some value

of the norm 11Ax11 > 0, this can be written as given in

line 5. where,

1 E Gap Axi e G1(x) dx1 < c

for all 5 < II Ax II

This says simply that the difference between the left

side of equation 4. and the right side differs by an 'mount

less than c for some norm II Ax II. And for every c > 0

there is a norm for hich this difference holds.

Two substitutions are now made for E Axi in

replaced by

G (x. ) G
i-1)

or
3.

c-
n n
E W( E ) Ax'. = E IG(x ) - G(x

i-1
)]

i i=1 ii=1

which is then replaced by its equal from line 1. to give in

line 6.

53. iG(b) G(a)3 - G' (x) dxI < c

Since this inequality is true for all c as deduced from

line 4. it may be deduced finally that

54. .rb G (x) dx ant G(h) G(a)
a

This equation implies the Fundamental Theorem of Calcu-

lus and permits an easy evaluation Of the definite integral

.when the antiderivative of the function is known,
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G (x) dx

should serve as a reminder of the form of the products

which produces this sum. Otherwise the expression dx has

no significant meaning.

This theorem must be known for future use.

I .58



The process, in summary, evolved in rather precise

steps These should be carefully observed.
ISI

1. The idea began with a function

L'(t) = St

The prime was retained only to suggest that this was

a derivative of some function. In this case representing

velocity of a car.

2. 'The given function L(t) was obtained by differen-

tiation. S.,me process, called antidifferenWtion, was

needed to reverse the process and obtained the position

function L(t).

3. This suggested a division of the total time of

travel in subintervals. Note; the subdivision occurs on

the domain of the function. In these subintervals, distance

was computed as the product of the function defining velo-

city. and the subintervals under consideration. The total

distance was approximated by adding these ploducts.

4. Increasing the number of subintervals improved

the approximation: hence, finally, by taking the

Lim E L'(ti) (ti
n-00 iml

the function L(t) was recovered.

5. This process was called antidifferentiation and

represented by the symbol given in slide 17.

The ideas involved in this process are considered in

greater detail in what follow7.
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PROGRAZI APPLICATIOrS OF THE INTEGRAL

PROGRAII

1.Read Areas. See Reading Program # 1. Porrication of":the

Integral.

2.Problem Educational Pledia Center. See E.M.C. Directory for Dial
Study:

Access and Slide location.

Example 1.

Find the area of the region bounded by the curves

y = x 3 y = Of X 12 lf X = 3

Example 2.

Find the area bounded by

y = 67-4- 4, y = 0, x = 0

160
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EEtaimplea.

Find the area bound by

y2 = 4x, x m

3.Problems: See Assignment Program 0 3.

4.Read: See Reading Program 0 4.

5.Problem Educational :iedia Center. See E.1".C. Directory for Dial
Study:

Access and Slide Location.

Example 4,

Find the volume btained by rotating the region about

the x axis.

= Oi MP. 2

Example 5.

Find the volume obtained by rotating

y m x = lf x = 31 y = 0

16I
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6.Problems: See Assignment Program A 6.

7.Read: See Reading Program 0 7.

8.Problem Educational redia Center. See E.F.C. Directory for Dial
Study:

Access and Slide Location.

Example 6.

Find the work done in stretching a spring from its

natural length of 12" to 18" if 4 pounds of force is

needed to stretch it 1".

9.Problems: See Assignment Program 4 9.

1 6 2
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READING P -Intecrral.

Program # 1. Areas. Pages 246 - 253.

# 4. Volume. Pages 253.- 259.

f' 7. Work. Pages 260 - 265.

ASSIGNMENT PROGRAM -- Application of the Inte9ral.

Program 0 3. Page 252. I Problems: 1, 2, 3, 7, 9.
0 6. Page 258. I Problems! 1, 3, 4, 9.

# 9. Pr.ge 264. I Problems: 1 - 6

411 page numbqrs in the Reading Program and the

Assignment Program refer to the textbook, JohnSon

and Riokemeister.
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