' § ! ‘ " .‘ ‘1 | ‘ ‘c‘A ' -

cL . DOCUNENT RESUME

- ~ ¢ toe- _‘ \
ED 176 955 ’ S SE 027 92“
TITLE Experjmental Unlts tor Grades Seven and Eight.
INSTITUTION® Stanford Unlv.,-Callf. School Hathematlcs Study

, , ' Groups . - . !
SPONS AGENCY  National Sc1ence Foundation, ﬁashlngton, L.C.
PUB DATE 59 ] : '
NOTE : 297p.; Con;ains occasional Jight and krqQken type
, -EPRS. PRICE HF01/PC12 Plus- Postage.

pESCRIPTORS’ * Curriculumg; Decimal Fractions; PFracticng; *Geqiétry;, "
Grade 7; Grade 8; *Instruction; *aathemgﬁ?cal‘ '
4 Applicati&s- Hathw'ematlcs Education; Measurement;
« *Number CcOhcepts; Probability; Secondary Educatlon,

- , -*Secondary Schcol nathenatlcs, Stat:stlcs-,; .
. *Textbooks , J0d )
IDENTIFIERS . *School Hafhematlcs Study Group F‘j
ABSTRACTr - ' ' A\ S ff:a .
' This is an experimental SMSG mathematics fext for

ar etic from an algebraic viewgpoint, ¢the real number
_ pro ssing development, and metTic and non-metric relaf
geometry. Chapter topics include why study n@thematlcs‘
*- non-decimal numeration, the natural numbers and zerc, $btcring and
" pripes, divisibility, unsigned ratiomals, non-metric’ g‘bmetry,
measurement, informal geometry, approximation, the 1le “:,.statistics,
‘chance, and finit natheﬁ%tlcal systess. (HP) \ t

Junlsz hidh schéol students. Key ideas emphasized are st

ecimal and 4 ?

4 ¢

v
- fa
;
o
- . I
g ‘
. i

A * .
- ‘ -
\ f ‘
/ *
{ }
% .
2 -~
’ 0
¥ [
= w
’ ra %
' B
%
A&
.. R f .
k - ” » 1‘5
F/ [,
L - - y
. . ,
- ' |
#*********#**************t***#t#*##}#****#***************#*************
¥ Reproductions suppl{éﬁ by EDRS are the best that Cau be made L ¥
* frow the criginal docusent. & .
ﬂ********#*********t**********#*#****#***************************#*****
. ‘ . Q ; ~ hd
~ 7 ;

o . . ‘ * . ' ' '




e om M:.‘s “g'fl‘ et wx'm:‘l e

L]

USY DERPARTMENTOF HNEALTH
- EDUCATION& WELFARE
NATIONAL INSTITUTE OF
EDUCATION

ST . P Y A . , " Co THL DOCUAENT AL HEEN NERRU-
.f .- . o - - - R D R XA Y AN RESE Y ROAS
‘ ) ) . oL - : : et TP R R ONUR ONGANTZATON OR G N

# .

ATING T FPOINTS OF v b W OR O NTONS N

. LT A ) Ca . . STATED DO NOT NECESSARIL Y NE PRE o G
/(.. . ~ v N , . . R htNV\)‘$1\""\ NATIONAL INST T 0T E OF . r
@ : B : e
' - . Lo

- : . E'[)'w\_.’u“ ON PONIYON OR YO oYy 0

' MATHEMATICS IR |
IR R A o
. 'STUDY GROUP  ~  * | mkeimmas
L ) : _ ' MATERIAL HAS BEEN GRANTED BY 4.
- ’ . t A - ‘
' : . . - . - R * I‘.Q
' N~ R D .. . ‘ . 4 & i o N . —-M c',: - —
- . .. ] ; i » . P . . -
A B ‘ E _ . . ' : . -
o Y] T o e _ o o I TO THE EDUCATIONAL RESOURCES
‘ -t , S S T INFORMATION CENTER (ERIC).”
: ‘r( ) ‘ N -'{‘\ ‘f . ' ‘ “
‘ . ) ) . 'Q ‘ ‘y
* k ' . N - ' -‘ .. . . o ,

" EXPERIMENTALUNITS. '

.~ .FOR GRADES SEVEN R
. CANDEGHT - .

s L RIS .. . 0 . = RN
. . . N LI e
« . ~ . :
: . . ' : : ' S
. . . -
1 ‘. ) . N ) . . . X N «Aaﬂ" f o
. . . 2 : .
. - - ‘ .
. L ' . , - * v £
IR ¢ . - . -
: . «
LI . . .
o . b . N
£ . i
* - * .
N R . . T . im N
. ~ . , PR . ° . )
. " . co ! e
r . . - . P -~ ' .
. . \ . * y e &
‘ ¥* . Yo .
Ix
.
N - - e
[ , .
« -
. . . . . .
" . *
. - .. & R .
N ra . 4
-~ [
B « . .
. - .
- .
. .
-
. . -
e ! Y L
. - .
E ' . R '
- --- - - - a—e o 2 “ . . - !
+ ~ : . ' . ¢ . L]
- .
. .
- ¢
. -~ . , »
- \ . P
L Aoy - ¢ N N "
b » . . :
| . - 8,
N P . 1 . . PR e
- , N < . - . L A
! .

. . . ‘
‘ . - ,
, ' o .
\E o f '
i K 3 Sl * . . L
‘ [N - N

' . . . -~ T
‘J.\,\‘\%x&«,~‘ S . L s




| ' EXPERIMENTAL UNITS'
' FOR. GRADES SEVEN
AND EIGH\T
N "

.

| -Prepgrcdbyﬁw SCHOOL MATHEMATICTS STUDY GROUP AN
Under a grant from the NATIONAL SCIENQE FOUNDATION

s

-

3
‘4 .

‘\k



;

]

‘e

¢ 'f“’- &
-
T "
. ,.
] { -
-
/ ) ’ ) ‘
: ;
/ e
, k
. *

»
]

1

) - Copyright 1959 by Yale Universiux

. . ']

? - . -
¢ ¥
)
»
% -
.
\ 4 i
. ) , j
& - *
L i
\
- . ¢

. \»‘
f
. <
‘ B S
¢
L ey ’ -y
3 . - N
1 -
- ’ ‘
Y ‘-f‘f_‘ ' \
_l ’ ] ‘-
' _J}J - \
Printed in U,S.A,
, .
'-M.-’
¥ -
¢
¢
. 4 <

N\

e



e

. ®

v INIRODUCTION

)

o

-
\ . ' - . . - . '
. ’ . .

- As a part of the activity of the writing group of the
School Mathematlcs Study Group, working at Yale University
in the summer of 1958, the Committee on Grades 7 and 8

- prepared a number of units to be tdled aqut by arlarge number

of teachers 1n these grades during the academic year 1958-59,

A number of the units are on contenk which has rarely if
ever been treated in grades 7 and 8; others are based-on the
more traditional-—~ontent but developed from a new point of |

view and with new emphasis. A Teacheg's. Guide, prepared for

each ‘unlt, Iincludes a statement of the Purpose 'of the unit,
Indication of previous pupil mathematical experiences which

are assumed, teaching suggestions and background informagioﬁ‘

for the teacher. : N

. The toplcs of these unlts awe: o,
¢ 7 ‘ P .o . i
1,  An Introductory Unit on:"Why Study Mathematics? "
¢ 2. . Decimal and Non-Decimal Numeration.
" 3. The Natural Numbe®s and Zero
ﬁ._ Factoring and Primes . ' '« :
a. Divisibility (A Supplementary Unit)
5. Unsigned Rationals o o
6. Non-Metric Geometry
7 Measurement . . ' :
8. Informal Geometry I. EAngle Relationships) /
3. ".Informal Geometry II. Congruent Triangles,
\< - X A Perpendigular Bisectors,
| | Parallielograms, Theorem of
| Pythagoras)
¢ 10. Approximation ‘ (- :
11. Mathematics in Sclence -- The Lever :
- ] . i (A Supplementary Unit)
12. Statisticd - A Unit on Mathematics in the Soclal

v o Stwdles ,
13. Chance .gﬁ - L - '
14. Finite Mathematical Systems (A,Supplement%{y Unit)

\

1)
-

-t

: The ComMittee makes no recomééndations about’ which of

the two grades 7 and 8, would bPe more suitable for teaching
these units. Also, the order of tea®thing the units 1is not
of great importance, but there are some exceptlions, For -
example, it would be preferable\that Unlts 3, 3, 4, and 5 be
in sequence as numbered. Also, &t would be preferable that

\/‘

the four units on geometry (6, 7, &, and 9) be taught in’tﬁaf

order. Units 4a, 11, and 14 are labelled as, supplementary.
The Committee does not propose tHat these units be usegd with’
all students in a class,) ' S T
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Maryland units have been used with only slight modification.’

- ' - “‘ - . d ’ )
The Committee has made free use. of materials prepared
at the University of Maryland Mathematles Project (Junior
High School). 1In some cases (Units 3, 4, and 14) the

It must be undereteod that all of the units are ex-
pkoratory and that, .the Committee for Grades 7 and 8 has
made no attempt to.outline a complete mathematics sequence
for these grades nor to identify any particular topies that
must be included In the mgthematics of these grades{ Decisi- -
ons like these will be based on teaching experience with the .
new materials during the academic year 1958-59.

l

NOTE: Unit 7 *1s not indluded in this volume because of
delays in editing and pringing B

A
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. . UNIT I

"Once, on a train, 1 fe into conversation with .
P the man next to me. He asked me what kind of ,
work I do. I told him 1 was a mathematician. -He .
‘\ exclaimed 'you are!. Don't you get tired of adding '
columns of figures all day long?' I had to explain .
. to,him that adding numbers can be- done by a machine
. My}job is mainly logical reasoning

What is this mathematics that so many people are talking

about these days° Is it counting and computing? Is it measuring

and drawing9 Is it .a language that uses symbols, like a code?
No, mathematics is much more than this. Mathematics-is a way

of thinking, A wéy of reasoning ., It is a science of reasoning
_called deductive reasoning : ' v h

Let us take an. example of reasoning Suppose there are
. thirty pupils in your classroom. How can you prove that there
Tare at least two pupils whe have birthdays during the same
motith? T6 prove- this,stéteme t you don't needito know the birth-
days of the pupils in your room. Instead, you reasdbn 1like this.
‘Imagine 12 boxes, one for each month of the year. 4imagine4elso
that your teacher writes each pupil's name oh a slip of paper,
then puts each slip into the proper box according to the pupil's

~ birthday.: If nd\pox has more than one name, then there could

not. be more thanala names. 3ince there are 30 nam s then -at "

~ least cne box must contain more than one name.

This 1s what a mathematician does. He provea'statemente:
;\sing logical reasoning. thice exactly what you proved. You
proved; that if there are SQ puplls in your room then there are

at least two pupils who werq bqorn the sameémonth it is not the
A. ] 09

mathematician 8 Job to find out.ﬁ\éther there are 30 pupils in

‘your room. Thils can be found out by observation; the teacher
..can count the pupils. The mathematician s business is_ the '

“if -- then" statement. By reasoning he tries to’prove that if

*

something is true, then something else must be true. -

N~

. e
A ’ .
/ . A3
- ' ) [
.

-+ I.' WHAT IS MATHEMATICS AND WHY YOU NEED TO KNOW IT
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. ealculation

. I-2
In eqithmetio you have learned how to.prove simple state-
ments» ebout numbers. You can teéfffﬁithout seeing the bags
“of peanuts and without counting, that if you have 7 hﬁgs with
5 peanuts in each bag, then you have 35 peanuts altogether.
You can solme more difficult problems bY reasoning instead of

-

Exerelse - A

" 1. What is the least nugber of students that oould be enrolled

in a school. so that one, could be sure.there are at least
. two students with the same birthdate9
. t ‘ ) -
2. What is the largest number of students that could be enrolled
‘ in a school so that one could be sure that no two students
_have the same birthdate? 2649 | 3659 Less than 364?

. - A

3. If there are 12 movie houses in a certain town, how many -
people have to go to the show before you can be sure: that _
there will be at least two people in one show? T

‘
L}

4., If there are five movie houses in a town what is the smallest
number of people that would have to go.to the mowies before
you cart be Sure that at least two-people ' will see the same
show? .

-

h

5. What is the least number -of people that could go to the
‘movie houses so that ‘You could be4‘pre that no two ‘people
see the same show? ~
6, If 8-candy'bars are to be divided among 5 boys, how many
“boys ean receive three candy bars if each boy is to receilve
at least one bar? -

7. A 200 pound man and his two sons each weighing 100 pounds
want ~to cross-a river. If they have only one boat which
-can safely carry onlyf?OO pounds, how can they cross-the
.river9 ; - } .

8. A farmer wénts to ake a goose, & fox, and a bag of corn
across a river’  if left alome the fox will eat the goose

" @p-or the goose will eat the corn. If he has only one boat

large enough to carry him and one of the others, how does
he cross the rivkr? A

BRAINBUSTER - /
g. Three eannibels and three missionarles want to Cross a
~river.’ They must share a boat which is large enough to



I1-3 . | /
- . ’ : e . -
carry only two people. At no tiﬁe may the cannibels out—.
number the missionaries, but the missionaries may outnumber '

the cannibals. +If they work together, how can they all

S cross the river* ! . . '_\\\\J

BRAINBUSTER ' .

o

-lO Eight marbles all’have the same‘size, color, -and shape
Only one marble differs in weight Using a: balance scgle, .
can you find the heevy marble if §ou make only twe weighinge%* é}
One way to solve probleme is to try-all possible ways to
see If any of thA? works. This method, is called the- experimeotal
method. When yéu use this method you experiment like a scilentfist
.- in a laboratory In many problems such an experimental method
N worke. «Can you think of some problems that have geen solved in -
I this way? A good example 1s the story of hoW‘Edison invented ‘
. the electric lamp. Try to find out how Edison developed some -

of his inventlons, \ |
'df‘oodrse the part of mathematics which you kow best right
.now is arithmetic, .Even ln erithmetio you can obtein results
by deductive reasoning which would be hard to obtain by ordngry L
oalcqletion When Karl Friedrich Gauss was about 10 years old
: gghis teacher wanted to. kéep. the class quiet for a while. He o
'~ . told{the children to add all the numbers from 1 to 100. In |
,'about two Qinutes Gauss-was up to mischief again. The teache
asked him why he wasn't working on the problem. He replied “I*ve
done 1t already'"‘ “Impossible‘" exclaimed the teacher "n1rgs

" answered Gauss. "I wrote . f‘

easy,
‘ 1+ 2+ 3°... + 100 and then I reversed th numbers

-

100 + 99 +. 98 L4+ .1 and then'ixadded each pair ofdnumbene
101 + 10+ 101 ... + 101 _ - ¢
When I add, I get- a hundred 101L\s, which gives me R .

, L 100 - 101 = 10;100. But I used each number twice, S0 I divided —

i
. my answer by 2.'" ‘
y g oy : l—oé& = 5,050 o |
” Answer. is . < .. g ‘ ; oy
, Who was Karl Gauss? Where did he live? When did he live? What
did he do for a livingQ . ‘_ T ‘
= . -
l ﬁ i - -
L . - . . - .
i, . 9 ‘ \ ) )
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- 2. AGd 0O+ 2 ¥ 4+ 6+ 8, Can you do this—mentallyb ‘How °

" ‘BRAINBUSTER

- o | L_T
X | o T
Exercise. . v ' ‘ ' . .

1. Add all the digits from 1 to 5 (1 + 2 + iﬂ» 4 5+ 5) us:tng
Gauss! method. Try to discover the sho t" method used
by Gausxj . . :

many digits are there in our problem? What is the sum of
the first and last digit?, 8 +:0 = ? Find«the pmduct ,(

5 ° 8. Take half of this answer. 1/2 of 40 = Is
this the correct sum? _ ' o
3. Add 1 + 2+ "3 using'eanss’ short method. L .‘f

b, Add 2+ b4 6. Does the short method work"

5. Add the numbers 0+1+2+4+3...+8. Duee the short
method work? ‘

" {three dots written . . ..mean;“end se_on." a 'dot is Gsed
for each word. : )

-~

: . ™ p

6.’ Add the odd numbers.from 1 to'15. 14+ 345 ...+ 15,
20. |

8- dd the numbererl + 2 % é‘i§\_25

Q. Add the odd numbers 7 + 9 + ll eee + 17.

10 Add- the even numbers from 22 to 30. 22 +.24 + 26 e + 30.
11. Add all the,numbers from 0 to 50. O +1 + 2+ 3+ 4 .o+ 50,

l 12, 'Add all the numbers from 1 to 200. 1 + 2+ 3+ 4 ... 200,
Then add all the numbers from O to 200.. O+ 1 4 2 + 3 + & ...~

K 200. - Are.-the answers for these two problems the same? Why?
©{ Will this method work if we start with 07 If we start with
1? Will this.method work .for a number ‘series if we start at
some place othér than O or 1? Can you determine why? e
eaA mathematician reasons about all sorts of th;ngs. He
thitks about numbers and shapes. He tries to figure out . the

lifting force onan "airplane wing. .He tries to predict how many

- automobiles will be _gold next year. Evepynhere’y’u look - you

.fihd ﬁhings to wonder about. ‘If you are full of curiesity you -

L ] - . . .

- 7@ the even numbergi up to 20. Start with 0+ 2.+ 4+ 6 ... .
A

R4
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.. the laws which engineers have discovered by observation
t‘Mathematicians try to find out, by reasoning, how air will

~— .

\

. I-s5. 0 o
1) ‘ ¥
wiil enjoy being .the detective in a life long mystery story.
o The physicist and the engineer make experiments to find
" out the laws of the flow of air, *Matnematicians start from

- ) -,

**flow around .a wing of a certain shape if the airplane 15 ! t
moving with a certain speed. They try to predict the lifting
force on the wing. The- engineer then ‘makes a model airplane
and tests it in a wind tunhel. If the mathematician's predic-
tion works, then the enginegr may use 1t to design a new air-
plane. If the mathematician's prediction does not worx he will
have to change the "if" paft of his reasoniné,and try again. -
Nowadays, it takes 100, OPO héurs of paper work béfore an |
engineer can begin ehe\slanning work for designing a new air-
plane . , ) v .

¢« When Walt Disney considered setting up Disneyland he‘bad
many qﬁestions H wanted to know how big it should be, where

it should be, what a sion price should Be eharged, what - «

" speclal fabilities he should have for. the Fourth of July and
other holidays. ,He didn!t wan® to start building Disneyland
at a cost of $17,000,000 yntil he knew the answers to these
questions: No one likes to ‘tgke a chance on‘lGSing that much
‘money. Disney went to the Stanford Research Institute where'
there is a group of mathemaﬁ;q#fly trained people who are
specialists on applying mathematical reasoning to business

‘.,problems They gave him the answers he needed to start building,

Ong’‘topic of interest lo mathematicians is probability er

.. chance, Probability is important in many games sth as a

game with cards. Probability s also important in business,"*«ieri"(

in government, and in science. For example, a mathematician
uses probability to predict how many people will be killed in
automobile accidents Government experts predict how much
fgad will be produced by farmers even before the grain is

4
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planteb' A scientist will predict how many radioactive"

molesules will fall on your yard tonight. The weatherman uses
. »

probability to foreqast tomorrowt!s weather.

with griculturai experiTents scientists obtainéh hybrid cern
end rust resistant wheat,

or farming or business or government.

Most mathematicians are not mainly interested inyairplanes'

arise in these fields. They feel about their work more as a.
painter or a composer or a- poet Mathematicians find beauty =
anﬁ fasaination in the new ideas they discover. You may say‘u
¢ that mathematicians Work for the fun of it.’ But the rest of
the world pays .them to’ enjoy themselvgs because they find the
results usefuli Sometimes a mathematician works on & practical
rohplem. Often his work tujns out to-be useful.only‘after he

passed away. _ T Lo
' \

Exercise. \ ' : T

To see how probability works, imagine that you - toss two

éennies There’ are 4 possible ways that the’ coins can comes

ups

N,
v

'HY describes th

[ ———l . .

Bw using prebability

They are mostly interested
i the reasoning which is used in sclving the problems which.

-

A
A

*

First Penny .
. ) - b H H ‘ ‘T . T'- \-“/‘
" S ) ' F'x L
Second—Penny CH T ) H”- o ,

’ l

We are using H ébirepresent heads and T to represent tails
11

thdt the possib

ty of tossing 2 heads with 2 coins 1s. 1 out

of 4 or 1/4, We cannot predict what will happen any one
toss, but we can predict that if the t 0,coins arne ‘tossed ,
100,000 times then-it is likely that two heads wiil come up - .

s -

vent of 2 coins ‘coming up heads. We say then

about 1/4 of the time Yy SR ) .
l. JWhat, is the robability of drawing the ace of spades frem
~a deck of cards? * . - .
2. What is the probability pf drawing any ace- frem a full deck
of card39 ’\ / - i . .
. ‘ ' bR 5.
3.>/What is the probability of tnrpwing a die (6ne of a pair of
' dice)*and having two dots g¢ome up? . - 5
%)
- « ¢ . .
§ \:’ . o ‘ . J‘
. “} -‘\b ') \ ' s * !- ’ . |
. - { y : ' I 2‘ ‘
i - ' J oy * »
¢ - (S o '-. \h : ' £
‘f\ i . bR ¢
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\ ;-ﬂ 4. Nhat is the prcbability of thrqw}ng a pair. of ones (ane dct
. on each die) with ofie pair of dice? o

' *1:5;_ What is the probability-of having 3 heads come up if 3
‘ upennies are tdssed?

¥hy youw need ‘to know_mathematics o

‘:' "1 | You are living in a worid‘wh{éh is changing very rapidly, .
B ~ Scientists are making medical disqbveries 80 that people livé
longer. Scientists and engineers are’ finding new things to
~\\make and do eacq year. , - .
| 'v;, If you want %o know how much our world has changed, ask
your parents and grandparents what life was 11ke when t ey
.were in school, How did their way of life compare wtfﬁ?ours?.*
You will probably live'throuéh more changes and face more new
kinds of problems than either your parents or grandparents.
7. No one knows what thé;gséhanges will be, or what thinés -~
you will need to kriow when you grew up. In fact, you will
need to learn very many things which haven't as yet been dis="
covered. Therefore, you need to know,-more than anything else,
how to get new knowledge. Since any job you get will change
very rapiﬁly, _your employer will not be so much int!rested in
what you know as much as how will you know how to- find things
out. '

Y -

~ There are twe main ways of learning about the world around ~
you.  One 1is the method of observing and experimenting. . This

.is called,the inductive method. This 1is the main method used

by tﬁe'SCienfiSts ' The other 1is the method of logical reasoning.
Thip 1s the deductive method. ' |

The scientist -englineen, and mathematician use both of

N

& these methods. You will understand the world around you better
i?\gou'knoymhow to use these methods. , | ) \\
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Ycu shculd also learn gs much as possible abcut mathe~
‘matics in ether jobs because ‘an- ever- growing number of Jobs N

demand more, and more mathematicalftraining ns an example o

) take the departments of the government. o y
. o ﬁany departments of the g0 ernment use mathematics in their ,
... daily work. The gevernment d}private industry emplcy many '

-mathematicians and mathemati ally trained people in physics, .

. ”~chemistry, bilology, engineering, economics and psychelcgy

y There are now abput 7,000 professional mathematicians in the

LT United States. Thg cmputing machines now on order would

' .require mpre than twice that number of mathematicians. Even
if you don't use mathematics ycurself in whatever Job yeu get,
and there will be fewer Jobs 1like that as time goes -on, you will
‘also have to know how mathematics 'is used in every phase of
modern life in’ crder to be & good citizen, For example, mcst‘

- of the bills before Ccngress tcday invoive mathematics or
:science in some way. .

Finally when you grcw*up, you will have. mcre~leisure than

people have had before. Ycu can choose between a dull, empty
life or an exciting, full life. When you learn a way o™
creating beauty yourself and appreciating the creation of
¢nhers, you will enjcy an exciting life. By learning: mathema- .
tics, what it is and how. it wcrks, you will be prepared for a
successful and creative iife : ..

.
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" that sheep were missing if there was not cne sheep for each pebhle. 'We'
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. " HOW OTHER RRQPIES WROTE NUMERALS ~ .

P . -;\! ' o . “ o . : " ]5
red . B . ~

mt does the numeral 358 mean? “ (

'rm 3m-*3 hundreds,’ the 5mp Stm, mdtlic Smns Sonu. .

358 can also he writtm as 3 hundradl*ﬁ tqnixﬁtm ?.Arﬁing then

\1;(* C

put:, the uho].o mmra.l meaiis t.hrie hundred ﬁ.ﬁy -ight.

»

y
Peopl‘“&id mt. alvays use t.hin system for ping’mmh Hhan
prinitiw psople kept a roc&d\o_g a number, they oft.on did it by ukilg.

o lmt.cbn in thc dirt or on a stone, cutting notches in‘ a stick, or .,

o
tr.hg mots in s’ rope. ‘rhoy kept track of thnir lheop or other nninll

- 4 phci.ng pcbblu in a pile, one for neh ;ninl ht.cr thcy knew

. ) 4 . ] ) .
do much tha un-t-hi.ng when we count the votes in a chn election,”

/nkhg‘am mark for ueh voto, likot 8 441 G e Tho hport,nnt

thing about these vays of recording numbers is that e’m_ u.rk -tandu
for one objnct, and t.hcreA are as many marks uv.thu-c_ are objects. 'rhcy'
did not have u:&r marks which stood for nnrji things, méh ;i our *ge
to stand for '-HNHH " or the Roman *V* to stand for '!E \-

._.ngh later, poo}:lc began to use a ’-i'nglc syabol to s for
several objects. The Egyptiats ised sysbols of this kind. Thoy had -

\@‘\‘

differsst symbols for 1, 10, 100, 1000, 10,000, 100,000 and 1,000,000.

b
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PR 'rho'ﬁ’ syrbols are shown below: o
- . ., Kambe = Syabel - " Resembles ‘
. - ) ’ . \‘ ‘ ) _‘ o Y L.
oo b Stroke
.10 N . Heel bone
ey ' __ . N . lj
100 9 # ' Coiled rope -
; . . " .‘ ‘v ‘,g. .. ) i ~ ] ) . o
' B T f Letus flover . ° .
10,000 [ Bent reed - \ ‘
100,000 . O ' 'Burbot fish . .
1,000,000 - %‘* \ moni-md'm .

. . \ . 2

They repested the symbol to show other mumbers. Their aymbol far® 100 {
wn’ ?' rnuh’ling e cdiled ropc, &nd t.hny mte seven hmdre& n
9? 777‘?‘!" The order}in which the .symbols vere uritten vas not

| inportmt, and txmdrodn ocould heéittcn oit,her ‘before or, nrt.er t.hcu-
. 'sands. Thoy conld H‘rit. l35l c.tt.hcr asnnn ‘: or ‘:: NAA :z& ‘vas
t¢

writtmf{f???pmn! M???QIAmMOﬁMM?‘!,{: . Iot.ico | h‘

‘miulnlmomethimmmlilmme thembcra_ 2
reprglmt.od by the individual rmmrall |
' The Buh:lnnicna, ¥ho lived long ago in the pu't of Wfia which ve
v

ctll tha H.iddh East, h&d an interesting M} writing nmnls Th-y
di,dr\(thoir uriting on ch.y tabiets vith s uodgu-likc m:trmnt callcd
- stylus. 'rhoir mhol for 1 wvas v  and thtir mbalrfor J.ﬂ was .4 .
- They npn‘t.od and ca-hinod than lynboll to urit.e the numbers up to 59.
For example,’ '41’!' meant tv)ln, and '4:4 YV ® meant forty-fin.
To writc nu?hqrn larger than 59 they used the same symbols, but the
s .potition ib which they were written changed thuir\nlue. 'rhey und
‘the Dumber aixty in the sams way th.lt-. we use ten. If ve write 452, it
luu (4 x 10: 10) + (é'x 10) ¢ (2 x1). ‘When the Batylonians mtc

- 16
v 1 . ‘ )
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.

_ wr:{t.ing lu-ge numbers.

'J‘ * ' -

‘ . -4 r R . ;I-.; - ) ’ - ’ : ‘ . _ ,.
‘ N -‘- . ; N N : ~ . .
e vy 444 Ty 4 “""E} ' it meant (32 x.60°x 6@) + (52 x 60) + (16 x 1).

a

)
lsft. olpt.y spaces in their nmnerala where ve uould write sze 8. It is

' Sin(ec they hld no symbol far :er& unt..tl t.bcut 200 B. C., ttgy smthea ’.,.-

thpught. that our. wqr of dividing an hour lntq aixt,y ninut.u and a mimte -
into aixty nconda il rehtod@' to the ugy f.he Babylcmi&m used sixby in - | | ';.

_ &. How ucm.ld the Bsh:lonian nun?ral abova be. ur:ltten 1n our

*mumerals? :\.- "’ o *‘ e
2. -Since order ndé h; differéne;s in the xieq.nmg of the ;Emtinn | |
A n@erals, wha.t other wa.ys than thoae shown might they hnve . SR
Hrittm 231.1? How might th&?} bave writt.en 37? l lll,lll? |
_Iop hne oft.en sean Ronan mmeraln. This system used strokes,
uhich many hi:torh.ns bclicva were pietures of fingers, for the numbers ) )
from one tf’ four, like this- IR mf : Then t.hsy used a hnnd Y \ )
, for fin, lih thin: N\ Gradunlly the;r hegm to leave out some of( |
theae marks and wrote (five this' u}: V. 'rhay put. two hands toget.har

for th, X, which lster became x. To writ- cther mmhers they con-

 bined these w .ddnim. For example, XIVII = 10 + ERS R 1=175

CLUIII*lOO+50+10+1+1¢1+1-164
3¢ -Write the f-ollwin_g in Roman numerals:
() 51 () 75 (&) U0 (@) 512, (o) 1958 " .
 de Write the following in ordinary Hindu-Arabic numerals: ' \
(.) VII1 (b) o (e) L1 (d) McCL () DIII =
mch hter, the Rmns began to use mh&ractiort to write scme mbera, . { '

4
and wrote four as IV, nine as IX, and forty as XL. As you kncw,

means fifty, C means 100, D means 500 and M means 1000. Sometines | .

they urote a bar over X, C, and M, and that multiplied the Nl’u? g

I

-
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w 100‘04' X mu.ns 10,000, c m«ns 100 000, and Mneans l,OQO,,OOO ‘ ‘ .
o L s o
DA | 5, I.«ook {Q the Greck,_ Hshrev, and Chi,nese nmarnls. Make © 5;
R _‘, S.'.Q “ .- .
YA of thue nautiona for d:l:aphy in your classroom. :
. Ly . ' r o
IR M"f é. How uould themofBandShlve”aeon writtanbya&re@k e
child? Eow would he write ‘30 + 50? ch does this eomparc
with the usu:.l uy of aolv.‘..ng t.hcae two problm?
' | | . ! 57. Lock up Al-n:.varimi, Ger\s%n (Pope Sylvester II), Aeielhard
- . . . N : ,Q"l;
Sof Bd,h, and mtmardo of Piu (Fibomeci). (‘ ‘ : . :
. -t { - : ’ ’ .‘4
\ R ‘8a Find out where our word *digit" comes frm. . .
; S 9. ?fcae & number and write it in A8 many diffﬁrent ]d.nds
o, o.t“numerals as yeu-cm. IR "
\, et . - { . ! -‘ : .‘ A' ) Y | * t
e l‘ ! = » - .
- f‘t‘ a
iy S
3 ~ \ .
L r) :
A~ B
« . A , !
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Our uy o: writing nunenh was invented i;x Ipdh, and m-ought. to

Europq by Lr:bs. i{or this reason they &re c;llod Hindu-irahic mmerala, ’
X ' althouéh t.hu iynbo],s the- Arabs use now are different frcm oLr aymbals.

. 'rhe inportmt chmcteriatica cbout t.hlﬁ syst.m of writing merala m

~

- (1) qach symbol is the name of a mbcr;

o (2j ths positi& of & symbol in a mmer:.l t.ella the |
. size of a group; and ,

(3) ‘there is a symbol for nro, vhich is used to

- "£411 places which would otherwise be ampty P

and. might. lead tc misunderstanding. '

For ompla, 3 is the. nmrnl for . aet of three thingl. 30 in the
numra.l for‘3 cvllectionl of te.n things mch, or t.hirty things. 330 is
the mmml for 3 collections of ofe hundred things each, or three Jun-
dred things\—m
nsmly oasier to perform vith our system thban with other systems, as.

ition, mltiplin.tian, mbtraction, md divisicm are

ycm uill ‘see if you try to add or multiply using Egyptian, Romn, or
Ba.bylonian nuserals.
The system ve use: i1’m‘ writing numersls is ctllod a Qgg_j_.g; system.

The word "decinl" cmet frm a lLatin uard vhich means ten. We ca.n -

write the numrtl for any number, however large or mll, by using' Just
ten nmumber mbols, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Thia'ia'possihle,

because the uy we write’ numerals mkes Yse of place value; that ia,

A3

‘the_ peli‘t{ion in whicﬁ a gymbol ia_ written, as well as the symbol,

detemines the mhe'r‘for which it.'stands. The 3 in 358 ltandé for
“~
t.hroe Ws, the 5 for 5 tens or fifty, and the 8 for ol bt. When

)

we count & group of objects, we umlly group them in tens. For exsmple,

a
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UL Yt e
.\‘ . .-" ) ,? : :.
e R

inthcx'sbelowalineiadr:mumndngroupoftqnxs. So we say

thgnmléx':uonegrmpar‘tm,gndaixmre.‘ ' “_
XX kDK % o ' S T
LY » ‘ ' . . '

Suppose ve bad a hrge group of x's., Ve can drawn lines arourd
groups of ten unt.il fewcr than ten ;re lort.. Then we can draw ancther

O
"
'?
E

line around each group of ten t.ans_,

"‘-mx@n-@ﬁc\mx_‘,&x
T ARRARAA WA
pO VARl e R e BT e ] K [ER T 2
<X fix X[ X e M xHxX} % -
-:-"*"i""* <P xlfx ] =
5.‘ !d"."’(‘c"x‘(&,g‘(x'
ﬁkf-gg\rﬁ_ﬁg,(x1&%_ ,
:’( ’(')&Kbté?ﬂ;( ﬁ;’\’(
VAR I X/ \4 L X ) W\ o)
\_U_\.}- 4 N ™ d'_ ' g‘@x*\#\’j o

Int.his picture the duh.d lin‘e is a(rmndl group 01'10 tens or 7

1 )mndred t.here are also 2 tens, and 3. So thare u‘e lx(IOIlO) .

2310 + 3x1, or 123.
GO. Drav tvsnty-seven x’s, a.nd draw l:lma tmmd groups of
: ten to show what 27 means. ’ - '
11. Draw a group of x's in ‘which a all of the x's are in groups
| . 0f 10. Write the mumeral for this group. | ¢ o

am. -

| _12». Write the mea.ning of theae mmorala in the way sha\m for 48.
= (40) » (8s2)- |
(&) 354 ° |
~ (&) &2 h | |
(c) 709 o
(@ 320
. (e) 2000 -
13. Copy nnd complete the following multiplicati:m table, using

Roman mmsrals.
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Hhm ve add mmbers ve nke use ot groups ot ten n.lao. Uhen v

[

h) say 'H‘“’ much ifg/ 2%, we mn "BQW llm' tens and ones?" So we do
f : B0t ~aay, '9’7*5*11:' llmush that Hau,lél ve correct. We can rcgrcup S
’I as fbllous- o . | o ) e ‘ " _"“‘}-. ; ;1
L 947 = | 9= o
| | o 9+(146) = o0~ '(6+3)+7- ‘
B : (9*1.-)"6:, | - ,'60(34-7)
| 106 "
}"'. ' . 16 ‘ - : | 5"," o
.;‘ ST ;';_ 16
Ve say our mtea of writing mmemls has the M ten.

sunmg at opes! place, each phce to t.he lcft is given s va.lue
10 tina as large as the phn~hefore. The yhces_rrm right -t.o left
- bave the n;luen shown baluw.; | B -
R 10x10x10x10x10 | 10x10x20x10 | ioxloxlo | 10m0 |10 | 1 |
e Often we write these values more brieﬂs b: using a small mumeral
to the right. md above t.he 10. This: mmml ahows how mny 10'3 are
nultipliod t,ognther. In this way, t.ha values c{ the placn are written: .

N R B e R

dod are resd L

10 to the fift powqr, 10 to t.he, rourth pwer, 10 cubed, 10 aquamd //\

10 to the firnt power, 1, e o 4
lhlemls used as the 5, l., 3, 2, and 1 used fbove are c;.llad

o 'exponentl' and tha nunernl with vhich they are used (in this case, 10)

O3 - - .
. ‘31 I I



, f/uch a3 10% is called a u - 43 1s ;gm vay-to write 4xix4.
x3?

¥ |
| E 4 , o
is celled tEe basg. Tbe numben repreaented by the entire\egpression,

. N t -
14. Hhat is a shert uny'te write 3 o

. ¢ : ) )
15, What is g&e meaning of 547 R L e,

Hpet number is represented hy 43?

4.

i?. Uhich represents the larger nunher& A} er 3" ?

:.; The meaning of 352 may now be written using axponents, like this:

(3x10%) + (s5x10) + (211). S A
18. Write the zumbers below using expenents._ h
(a) 468  (b) 5324 (c) 7062  (d) 59,12’0 |
Probabdbly the‘reeeen that we e?e a numeral system with ten es bese -
is that peoele have ten fingers, and when primitive ‘pen hegan to count

their pesseésiene they enunted on their fingens. This aceeunta for the

' fact that-the ten sysbols, O, 1, 2, 3, 4, 5, 6, 7, 8, 9 are calied -

ndigits;f We speak of these'syhhola as digits vhen we wish'to‘rofef_

to them apart from the longer pumersls in which they are used; For

“example, the ¥digits® in 458 are 4, 5, and 8. The Celts, who lived in ~

Europe more- than 2,000 years ago, used twenty as base, and so did the

. Mayans in CeSal ‘Amgrica. Can you think of a reason? -What special

word 4; we sogetimes use for twenty? If Martians had a different number

of fipgers they might use some other number as the base of {heir
nunerals. Let us see)how\iystema w;tﬁ bases other ihan ten eork,
19.. Look up the French words for "eighty" and inety." Do
yeu know an English ;ord which indicates that aeﬁe people |
used to count by twenties? (Think of Linceln‘e Gettylbqu

3 i Ny
Addrees.) _ : ’

A —,
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_NUMERKLS ;n BASE SEVEN_

Suppou ve hnve a: -yst.em vit.h nve? as base. Uha.t aymtgis shall:

Hchsve? D o - " ¢

. >0.L§ 3, 4 5 60 IR

Th/re are seun digits or symbols neadad;fer 'y eystem of merala to

) -tha buap seven just as there were ten needed for base ten. Lot us O

group t.he x's below 50 as- to urite the number of x's m ’nnse seven. 3
: | A . L ff",; | |
. L X - 7
. - : A
X, | R

1

: ’ ‘
_We draw a line around seven x-'a, and see that there: ia 1 group of

"uun, and 3 ‘more. There are 13““@‘ k’c urite the "sevm" to shau

what hgae we are uung ““:" means '1 group 01’ seven and 3 ones.

_'Up to 66“'“, you may thnk (9! the pi.mbera in tem of weeks and day=s.

‘Uhen no baae is written, we understand the mmeral is urittan in base

.
ten.. L .‘_..‘;, ...\'. /

20. Draw x's and group them with lines to show thﬁuning of |, '

(&) 25,5 qn (b) 3R,000n (&) wmm (@) 123500an =
J
Then write nch of the abbva in decimal mtation. =

i

21. Rmemla in base seven can be written ou‘t like this~

-~

N
maovm = (2 x sennz) + (4 x ae\renl) + (6 x one) =
(2m7xﬂ+(4xﬂ+(6xn :“ L \

How would you write this numeral in the usual decimal

notation? - ‘ | .

Write theseq:\ umerals with exﬁonmts in/the abcve Hay F A \) .
- () 564gyen (D) —z‘usavaﬁ (c) msaven {a). mum. '

Then &xpress each in decizal notation. . '

/ 22. .Below i: the beginning of a chs.rt of the nuzerals tor t.he

- l
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. e
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_-mumbers from O to 110 (base ten) From here of, i indicating

hne\ write it in words (‘hu ten*}) rather than ab a

numrnl Thil .’m ntcnsu'y -since 10 mnp ‘am of th- base, .
which way be 7 or &ny nunbgr;& Finish the chart., as you wil -

need it later. - | |
y. 8 . R

0 m-_zo 30 40 50 €60 70.8 90 100 110_‘

12 2 32 42 52 & - )

19 ' - .
Copy and complete the following table.. Make a chart like the

H

one in Ex. 22 to show the numerals from Ogeyen t© 110geven: -

0 10 20 30 4 50 60 o ?7
.1 11 2 o N o _ '
2 12 - L . | - i
3 13 .
L) 14 | - ! : e
5 15 - _ 55 . I -
6 16 . , '
\/ N

s T

‘ Eaiex__g.mm_e
Uhen ve learn to add mmbers sxpressed in bn.se ten we learn ot

100 "basic*® cmbimtion-._ These conbingtimn are arranged in

)

the chart below. Finiah the chart.
' . Saeond addend -

©e 1 2 3 4 5 6 7 8 9
0 0 1 2 3 4 5 6 7 8 9
1 2 3 4L 5 6 7 8 9 10
2 4 5 6 7 8 9 10 1. -~/
3 : 6 7 8 9 10 11 12
4 8 § 10-11 12 13
5 10 11 12 13 14
6 12 13 14 15
7 % 15 16 SN
8 16 17 ' ‘ :
9 : B C AN -

24 .
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25. c'ggp;rle the ;:.rt of the t;?b.‘h Fou fxne/{illod in'wit..h tl;é
S part which is thers now. What-do you notice about the two .
| ,parts?‘ - T | 3 .
S 26. Finish the-chart helow, showing the sums in, base seven.: £

a Segond addend

(o f/~.1,_L.J._2_}_" 45j_?.‘/‘

‘o

2
1
Lo aR VL VS I L o

-~

27. \-‘hnn you add mmherl expressed in base seven, how mamr basie

cnlbinationa are there? .
28. Draw lines in the "adaftion c.haﬂ: for base seven like the linea

in the chart for base ten. ’Are the two par(s of the t

alike? | B I 2

. 29, Add these mmhera in base ten: 25.

As you know, Er(ou ¥ecarry® when t.he sum of a co],ump is tein or.
\ ¥
+ HOTe. 25 = 2 tens + 5 ones ) . P

48 = 4 tens + 8 cpes

!t
.,

o

ens +13 ones = 7 tens + 3 ones

ten

2 sevens + 4 oned
3 sevens + 5 ones
5

Fa | N A&d:' | ven =

| : sevens + nine omes = 6 ssvens + 2 cnes = 624 0vbn

;30. .']_:l it p:sllihle' to "carry' in sddition in base s8ven just as |
yau do in addition in base ten? ‘ I |

1. In bua ten, you "carry* when the s of a column is_? or more.

32. In hue seven, you "carry' when the sum of a calunn is _?2_ or

ROTe,

G.( , A - | -
ERIC - - ~ € ~
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w* ; | 33. Add these §umbers in hnse uven. '-., B ' -
{a) AZsevan (b) 65337011 (e) 32saven f{&) rz%eaven (e) ‘*35sevsn s’ -
o 33«&: _l,):.nﬂn ’ seven ~——seven __?_senn
¢ 3. For Ex. 33c, write ou% the addiﬁ&‘to show hou your ans\rer . \( : ’\ _
ST f
f C - was oht.n.ined. Exprus the’ mumbers in Ex. 33 to ba.se ten, and. # .
P
. ‘check -your amﬁern by adding in the usual vyay. o
35. Subtract: L3““n . Was your ranainder 253“@3
. —=seven . . )
To subtgact ﬁsem » think 'A‘ sevens #+ 3 ones = 3 sgvens + ten ones
-, 15geven - |
1 seven + 5 ones = ] ssven + SQn_g__ s
\ ’ .‘ | o ‘2 ssvens. + 5 ones
S\l}m'l-ct these mmbers in base seven: A. o 8 N
(8) 56seven (B) Clgaven (€). Jhgayen (@) ases,m ‘
even Z22seven ' ZSnven ‘ sgm I A
P 37. < For Ex. 36¢c, show how the 34,,yan 18 chnngéd, _in ordsr, to
| .. @ake it easier to subtract. .- s |
38, Cmpieﬁé the multiplication-chart below for numbers if base - L
é _ ‘ ' A ) -
-, = = Seven. Are two parts of this table alike? _
K o 1 2 3 4 5 6. - R R .
. of o o. 0 0o 0 0" 0 o '
R il o, 1- 2 3 4L 5 6
A 2 0 2 4 6 11 -13 15
B3 0 3 6 1215 21 %4
% 0 \ :
’6. . ¢t * Ve h
39, Multiply these base seven mmbera. : .
( ‘) 52“7“ (b) 3485‘311 (c ) 4215378!1 (d ) 2186"35 . (. - -
2 £, " 12g¢ven . -“‘
&0. Here are sone' pumbers in hase seven. How would you write Coe
R them in base ton? A A .
(‘) u“ym (b) 526,"7“ (c) 30‘331@;1 (d) 260837811 B *
26 - \ '

L S < . ‘
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AR Cha.ngq tha mmerals in the examples in Ex.-39 to mumerals in

base tm,' and ml’tiply‘aguin. your answers by changing |

the ansvers pf Ex. 39 to bnc ten ) \
| s Explain the division of these base seven minbers. (The base
o e s mot writtens in the body of ‘the- vork.) T‘:&nma
o - °. 6)40534even
| - {(a) 6[i2gqven (b} 6!430..,..,, | 32
C (e)” 6{435,““ | | o 22 2,
F 43, Divide 501,qyen BY 2sgven- | |
e Divide 6524gven by Sgeven.

-

’ TESTS FOR DIVISIBILITY
" 55. ‘Look at the counting cha.rt. ror'mmtiers_ written in Snas 10.
Bou can you tell which numbers are divisible by 2':‘ How can
you t.el.I which are diviaihlbphy 5? By 107 _
46, "~ Now look at the counting chart for nusbers written in base
seven, and copy the fix;st ten mb'er_d which are énetl&
diﬂrisihle by ‘2‘. Is ;t.hére an easy way to tell vhether a
pumber is divi_sihle‘ by 2 from its e::;;n-essions ‘ixi#b‘asofnven?
4’?.‘.: From the ccuntiﬁg chp.rt. in bn#e seven, copy the first five
|  pumbers which are divisi‘nie. Ky, seven. _ﬂow can you t.el;whef.her
S~ | n,mb}er‘writtm‘in base aﬂenlis ;x;ctly divisible by sgven‘?‘ |

48. (a) ‘In the counting chart for musbers written in base ten,

. A h . look at the ones vhich a.re divisible by nine. What do
\ a you ixoﬁieo about the sum of the &igit.s of esach mmeral?
Cé, s . ,

. Can ;rau guus the general ‘rule?

| (b) Think of- four numbers, - hrgur than' 100, vhich are
‘_ S | hi‘i“mﬂ 1’0' 9. .Add the disita in each nmeral. Doss

o $
A3 S 29 -




thn Q‘Ls thlt. you hn.vo just guund work? h

| b ’ : ) R
L (e) rm;:r:mrmbm mmmm,mchm&_- \
L T divisible by es ubsther the rule you :oz.md ‘works ‘ |

for thou mmbcrs, ) _ ’
(d) Can m t.all hou te dncido uhcthnr Y numbor is divisiblci " -
'+ by nine by adding tht disitlinitl base tqn nunul?
'49. (a) In the cauntlnc chnrt. for mumbers writm in base man, :
) ‘ 1ogg at the ones vhieh are mctly di\_riu;lhlp by .%x.

- Add the digits in each mumeral. Do you notice & genetal

——rule? - - S .-
| (b) Think of four mubers larger than £1fty, uhich are |
. _/‘ B ’ divisible by ux. Write them in mnls in base seven,
than add the digits in each mmeral. Does your ‘rule |
st111 work? - | | o / .

{e) Dq the same for foqr mbcr- larger than fifty, wliieh

;—l m pot divisible b: #ix. Dou thorrulq-vark for t.hnf
nt-hor:? | ot | .
‘(d‘) Can you tell ‘h-o_w‘tfs decids whether a number i" divisible
by ‘six-b: adding the. di.git- in its base nvenr nuseral?
50. Wiy should
- S bnatmbulihthn

T -

" to base nm? C -

he test for ddvisibility by nine with mmerals to

for divilibz!lity by eix \rith nu:nrall
..

51. (a) _I.n thé'cmtﬁg chart for bi.se ten, chogas fi,vq two-place -
" pusbers vhich are exmmctly divisible by 3. Find the sua

f of tho digits for sach mumber. - c& you discover the
e | - general rulc?' o | o
. \_ T . (‘b) Choose t:lu mmbcr: between ten and one hundred Hhich are
" not ezactly divilihh by 3 and £ind th’%‘tm base

o ) o
a Q o Y ‘\\ ( 1 t
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ten digits. Doss the rule still work?
(c)\eﬂhnt ssems to be a w:y to tell whother & number writtqn
- Ain base ten is exnctly divisible Yy 3? A
= ‘. o ,”‘(d) Look at the counting chart for base s;vun and ;hoose i
- o -+ five tuo-place number; which are divisihle by 3. Doea‘-.
‘ | ‘the method you statad for numhern Hritten in base ten ‘({ ;
ssem to, uork for base seven numerals? |
o (e) Can you suggest &nother base for which this test werka? \
| If so, illustrate. e T
’ ;52. Hritn & -ousber ;n base ten which can hn exgetlﬁ*divided‘hy be -
| | Write the same number in bnae seven., C&n it be_exgctly
N o atvided by 47 B -
r§ o Think of & punibex‘ whi;h-m hdtnctly. ﬁi}ri.ded by 5. " ‘:‘;;it.e
the ;umﬁcr in base seven nume;ala and in base ten nnnﬁrala.-

'a'Divide hy 5, uriting the quotient in. haae*nevan and also in

o~ ' | h;se ten. Are the numerals the sana? Do they represent the
| sane nﬁQPQr?
s ' CHANGING FROM BASE TEN TO BASE-SEVEN

. i Y ' o
You have learned how to change a number written in base seven

]

. rumerals to base ten numersls. It is also easy to change from base

12

:} - ten to base seven. Let usfsee how that is done.
| In hcse seven, thiayalues of the places are 1l, sseven*, seven E

aov%n3 and so on. , * ‘

: sevent Ten ' ‘
. seven 49ten

seven’ 343£en v | !
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A

Lx:npls: Change 524ten to base seven numerals.
-Since 524 is lnrger thnn 343, first see hou zany saven3 thsre are.

‘ ',\

/\.3;.3[5244 - | The diviéion shows there will be a | ;
181 -in the seven-~ pcsitinn.A

Now see Mow many 49'5 thnre are in 81. . ’

49[181 S There 111 e & 3 in thé seven?
Mz ; ' - ; ! to ;
- 34 ' position._ /
| ﬁeu aee how_m;ny'sevegs.the}e ars ig 34.
S Ik , | _Thero will'be & 4 in the seven’
. o8 - S
,-'gg : g ' position and 6 in onea!. place.
'_s°521.t,,,~(1x73)+(3x72)+(4x71)+(6x1) £
524ten ‘l34bseven ' . o |

540 Change 504 epn to bese seven nunlrtla,
55; ‘Ghange 145ten to babe saven nunerals.i
564’ Divide 1958ten by ten.' Vhat is the quotient’ What is t§a'f
‘_ rtnainder? Di‘ide the quotiant by ten. What is the new
SO | .‘ quotient? Continue in the igne way, dividing eaeh quotient '
S by 10, until ycu get a quoﬂient of zéro. How are the suce
| Y ceasive ramaindersrralated to the original number? Try the
S same proeess /}xﬁ 123,456 789ten Try it with any other
nunber.
57. Divide 544 en by ssven. What is the qnotient? What is the
remainder? Divide the quotient by seven, and - cont:nne as inl.
i EX. 56 axccpt thnt you divide by seven each time 1nstead off
.' - ten. Comparo the remginders with 524ten uritten in base seven. .
o ,53.— Ccn you give dﬁ;ther method fer changing fram base ten to base

. seven? xi,_ ~ 3 : )
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OTHER BASES

4
. N £
-
-
. .
. . . . .
. LR . ‘. .
« .

o . '.:qu bave studied nunbers written in base ten and- base  seven. Now
let us try sane’ other bases. | - g BN

‘ | _’ 59.- How many synhels uould there hc ir.a system of gotgtion

» -

| .in base five? buse three?, baae four? N .
* fféo..'Drnw sixteen x's on' & papar. Draw linea around the gronpa
| | ) you weuld uae for hase five. Then write-tha numeral sheuing
-;({ "". - ) tbe ruxber of x's 1n huse five. Be sure to write "fiver
R _ ..gfter and helcu the ‘pumsrsl ta shou the- bnse. .‘
‘:61.  How draw sixteen x‘a again, drawv linea around groups of x'a,
. _' 'gnd write tha nunaral in btee four. ' _ o
62. - Drav sixteen x's :gain and show how £o write‘th§ qynegé; iﬁ.
\bcsethree. . | | | o
63. Make x's to show the pumbers represented by : S
C(a) g - () gy (6) 10Zippee
© (d) Do you have the nﬁe_ﬁn;xbef of'x's in all three ————

. . T
£ - 1 - L)

of x's2 o
- N 64. (;);'Hgv many threes are thsre in 2041 ree? “ .
< "(b)’ How many sdxea are there in 203132
o (;)_'Baw‘wnny nines sre there in zgnina |
: 33. tht*ia the amxlleat whole number uhieh ean bc used as base
R .for a systam of nunber no%aticn?

s - 66. Here is part of alroll of tickets. Use different bases to

. . record the number of tickets.

'.‘ - - . - . ' ’ L 3 ,
Q -, a . ‘.‘ ‘,
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1 1 .
- \ . . ' ) -
— g 2
: - } o . i . 5
- & & - .
LR N . Coel
‘ o ¥ ‘ lo ' e
X '
. \
" N
/ . -
."- . (4:82)+(6181)*(7x1')
Uhcnne urite the - muningofanmral inthisny, ve u;r
| Ve dw \n-iting it in "expanded not&t.ian. 2 CORG
| .. ‘Write the fallowing rumbers in axpanded note/éim. ) )
EERNLY 63yine  © (B) Sy o (o) 1002¢4res - -
. >68. " Now id) sach of t.#ese nmbers writ.ten in hse ten?
69. Jrite in upanded notation: |
: [}
‘ (a) 234ﬂv, L) m3ﬂ“ o) 1.12“"
(d) If these numerals stand for adounts of mey, what
| y, ) ' . doas nch p.hce reptramt? ;
. . - . t - - - ' jRe >
- ~ There are two buses of special int One of theaa i‘)a base ‘
twélve, vhi¥h is the base of & syst.eni ‘the duodceinsl syStes. |
Nc greup umr things by 12'5, and call sach group one dosert. We speak
~ofa donn eggs, s dosen ro.us, a dosen pencils, Vbﬁm we hnve,tweive(\
: t\nl\res ve . ull f.hat one grosse. Schocl.l oft.en buy pcnciln-by the gross.
e o ,( .?. 32 R T



‘ T . ma
i Te "writc numbers in base twelve, fcu msf.'ha;\ivc .t.wai\'e mhola." Ve
You m make up :ynbols for ten and alavm, or use "t' and *e®. The ' |
Ifs(balow are. eo\mted in hu. ten and in base tulu. o
‘xxxxxxxxxxx,x'xxx
>' 1 2 3 L 5 6-_7‘8: .9‘10 11 12 13 14 15 6Buct.an {
S (;z 374 5 6 7 9 t e 10 11 12 13 1, Base tvelve
- " . \s‘rite in expanded notation : | _ |
(8) Uy pye () 3tztwc1§e (o) 4Tepugnve
oo Then express theae mmbera in bease ten. “ "
- oml “Many people belien that fmlu is a better hue for a systea
' than tem is. See’ if you can find out wlw t.hey think so.

Tha other base which has special importance §is aie f.uo, «11«1 |
thc h.'mn.ry syat.en. Just as ve use hso ten mﬁ the Bcbyloninmuud

' base sixty, scme nodgm high apaed. computing machines use base -tvo, -

or tke binary system.. - | R .

Sni:p'ei:g We usé two as ‘hn't.ht\ihn.ti mhai’a will t.hera h?? : Only 0

4 TR Drav thr;e x's, draw lines mund-groups of two, and write the
| . number of x's in base ‘tvo, N /i

73. Make a counting-chart .m.'un two, 'ftér'the nﬁmbers from sero to
. | ..mtéexi. Remexber the places will '-t.ana for povers of two.. .
74. Make an addition chart for' bau tvo. How many addition fscts |

are there? _ ‘ " |
?Sn Make a multiplicaticn chart for bese two. How nny nultiplica-‘ S
. tion facts are there? , Would they be hard to leayn? ‘
76, Below are scme numbers ‘amns'odin' base two. -The firat is /~~

-

'Fp » B Y

~ -‘

. \) o / ’ ' ". . . - .




¥ ~ ’
- vrittm to show the uming of thc digit. in- ueb phcc.
., Write the othsrs in that vay, T
) - & . mntuo = (1 x t.uo3) * (0 x twoz) + (l x twol) . (1)
- O (e) i, o
, (b) '1000pyo .
U o (é.}. l(Olbltwow L | Yo - }
C e,
7‘?.A Uhtt mmher dcu 23 ropraaent? 22? 21? writo the pwarn |
L of t.vc, up to two?, in base ten. B | |
78. What m-m: are ﬂpromtod 1n Ex. % Give. ywrm" :
. | in basde tm nohtion.
[ - 79.-"'Add thou nunbnrs which are upunhd in himrx not.atien.
A L (a) mlt.wc (b)) llﬁtm (c) -10110two (d) 1011w
P o 2Oevo 10ltwe - 1101two "Hllvo
. ‘.v.mawomossngthcmhrsinhntmmdddingin
_ + . the \m:d. m. ¢ ‘ ‘ ”
R S : ' so; Suht.r:ct- these bue two mm:er:. | )
| (0) Ulwo (0) nom () 1011gyg (d) 1100144
. ltwo = Altwo -._____motvo 1011040

83.._ choek ty c:preuin; the nunbers 1:: hua t-n and mbt.nct.‘..ng
o the usual vy, ) |

a2, Uhln pecple opoﬂtc some mm of h.tgh npeed ea.puting

- machives tho: ulun.lly express mh-r: in base two; Change

thess base ten mbcrs to base two, o

- _ (8) 35 (h) 128 () 12 (a) mo . ‘ )
o sa.yzrmnu.p-gboudmdmutchmcn, you can
| | rtpr.mt.h:n t}io mbtra on the board, ,Iuvc a bole blank
R | for 0 and put ‘in & mateb ‘Ftick for ove. Represent, tvo musbers

i t
9

. ) v .‘ - \. “._

_h' .
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mear B O

on the board, one below the other, and try adding on the

board. T -
Now you ).mm worksd with soveral different number bases.

- Do ﬁe have lpecial o.dv&nugna?

Have you ever seen & veighing nula vhich uses ucight.a for

' _ﬁ..hncu? !ou put thc thing to be ue.‘..ghnd on one aide gnd

T ({2 | - | TA |

1 gl |2 10]. f 1o 12| | 8 |
37 1 {3 1} 15 13f | ’%g
5 13| le o w| 6 1l {10 Ly
RVARED 10 v AN V1 ‘ A1

umugh night.: to hlmen it- on the cthcr :ida. » Then ymﬁ

add up the. vaight: you have used to find the weight of the

thing. X
Suppon you want & nt cf ueights which Hill -ake it.

4pouihlc for you to ueigh a paekagc of 1 pound 2 pounds,

3 pounds, and so on up to 15 pounds Cno ﬁmctions). . What -
1- the fc\rnt. mmbci' of weightq you, will nced, and uha‘t. mst

. thoir weights be? ’ ‘-

Here is a set of cards you can use to do a trick.

fcu 8 phrsdn.t.c choﬁse a number bntu"reen, 1 and 15, and to

piék ‘out the cards caﬁhinihg that number and give thea to you.
By adding the numbers at thé"top of the cards he gives you,

you csn tell him the number he chose.

Sn if )m can figure ocut how the jtyici ‘wcr_kl..‘ Then see
i you can make a set of cards which you can use for numbers
from 1 031. i A VA 3!"
Bern is a method of mltiplic:tion, different from thn ane

AMU‘CQ

. q_»d
M
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25 3% - Divide the numbers in the first column ty 2,

ann 12 é8 “ont thrbwing avay any ra-.indera, and mltiply the

QNSI .- } o

‘cnn & 136 out - mbsr:inthcncmdmmmbyz. 'rhancrau

: 3 272 out. ‘the mhc.rs in thn uemd calumn vhich are
e 1 ‘5'!.4,. .' , epponit.c om pumbers in the first eoltmn, ‘and
| | | add t.he mhern in the ucond column which are -
. lcf‘t. Roes this gin tho correct prcduct for B x 34? ‘rry to
ﬁgun out why this method works. (Eanaﬁbcr base &)

88, De you have an abscus in your clauroen? If not, try to borrw .

.,onefrmapriuryroou}armh\one.-Tbanmkecmetousetor T

[

nmbers cxp:mued in hlso t.\m. -

v : . : : L

N PR . . . ‘
— ‘ A ) , ) . \ B

e
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We use n x;s in eounting *h‘e ull tham natm'sl mhers. ~In ﬁﬁn's»
family there five children. Jane buys twelve oranges at the ston..
There are five t.housand fmn' hundr.d eighty-fin peoplc in t.he tuditcrim. ,

" \i“hﬂe lsarned that merals are pames of numbers. If ve are using our )
| -.u‘ml_systam of numeration, then the numeral 5, 12, 5485 are tho'na.nea‘
of the numbers Mﬁond. Man invcnted nmarnls when he recognised |
mmberaintbeworldmundhim c T
We lmov that there is the same numhar of peaple and nosu in tho C
room. If there are no mllrlowera, there is the samo nunber of boyl
and gi rls at.l.da.nea. Themm%mpillinthamandtho tucher o | "‘J
has.written the name of sach pupil on a mmall ca.rd The rumber of
- eards and the number of. pupila is the saﬁg,‘ assuming that the teacher
has no think-cuﬁa. - The number \irgrd'a,pfi\xigh we uso.form a standard
set whieh we -memorise in n‘ certain dt&er,\nn; match vith;,any det m-g o <
wfuish.-.‘# A - ’1 ' 2/.&
We may have learmed about mmbers in diffmnt ways. Scae of us .
may have 1umed number names and then how to ccunt. We lurhed that .

. 'tha last name we used gave us the number of thg group count.od. - For |

tnnpll, h-re we have & collection

‘orutofmrh.-\lesakhwmm I /| \, "

\ l

tha(‘#a By cmmting, find t.hat. the
. ‘hl*ymmwuaadinﬁhentchingproedn of a name with a mark was

eleven. So we say the number ¢f marks is eleven, It-thon are arranged

, inmmtofon;pattomnm ‘ T , ‘ S

- ﬁc‘?gﬁiu & pattern of eleven without ‘ it 1 _ . N .

R . counting each mark. And that was 2 1s thiq sasier? Do you msed %to count?

\),"‘ - ) . ' - e . \\

ERIC. 5 S 87
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#
$ the my we learned to recognise groups without counting. ﬁe-just knew
how mng were there, Mnny of us can recognise t.he nunbér of & set of
. c thinga yithout counting <= - unless they are so: mixod up that we can't
/T 8see a. fmiliar pnttern. ‘ ; o &

. £ - |
Others of us may have lsarned the Dusber of a set first vithout

r

counting. wcl were told that here is a picture of two books and of two

boxes,

o=

Pérhcps we wondered what it was that was tvo tni'semehou ve 'saw it.

| \ - Things may Bave many properties in common -~ lika sise, color, ahapc,

| . use, taste, The same may be said of collactions or sets of thinga.

. They have the property of containing the same mmbor or membsrs. This
"smx;\ess" is ulled number. An;r time two sets of things can be ma.'tchod‘

N <
~

- like this -- | \ ‘ 7 o
T 9@ @ A
= beﬂ , v & bQJU '

$wo BoxS .. wo bels

the two sets have a "ssxe as" relationship. They both have the sane

number property. We use the iaxne, numeral to describe this number

SR property.

~ We know that this is not a p‘ictuﬁ ‘ o
of 3 balls. We call the number of this, €§§§>

set *four.* We learned nusber pamss for :

Y different collections. We found that we ‘could arrangs these in an

\ IV

L2l

: . * 3 8 , e N
© ) N . 8 ot

"o

.
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m'der, sach nunher being just one more . thnn the one berore it

{f: o 0 5°i leeo | ~' 0'|l e o
1 2-1+1 ~  d-=2+1 4 =3+1

3 surtmguithl,lmdlmreisz,zandlmorsis;”,Bmdlmreia
4« It vas then thnt we soon le&rnad to group by tens, phca value, and

& s;mt}pm of numeration.

B q . What would {t have been like if ve  bad 1aarned s completely dif-
“e
ferent name for each nmber? |

~

We. can, of course, count the pumber ¢F units in two sets, provided
that there in a'tern that applies, For .in:tmcc, tuo “cows and thru &
horses mko a set of five minl.ls Also th.ra c's md two bts are ﬂn
lct.tcrp. o S Lo |

¢ - . . Exercises - 1 N ) "
1. Which of the following are natursl mumbers:

@) 1 (6 7 () 3% \@ 6 () 20 (1) V3
J® s (n) 100 (1) 8/ o )
+ 'Bearrange these naturel ~<xmnis.n in their usual order.

(a} 1, 2, 3, 6, 4 5 -

~ (b) 1*1,2+1,1+3,D+5,1+6 5+1, 5+3

(e) 1v, v, X1, VI, VII, VIII, X, IX

3. Which of the r‘plloﬂng'mbers. are not !mtml numbers between ™

one l.nd ten? 2, 5, 7, 8. between six and eleven? 4, 9, 11, 157

' betveen ome and rifty? 1, 15, 25, 28, 40. between one and ten*?.
B, u, 2, 7, %. e | .
4. Here are sats of objects armnged so that the nmber of objects in

X

the set may“be &ognind vithout counting, Write thc name of "the
mhbcrcfo(octlinuehut. . (-\ |
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5. Rowrite t.ha fnllcwing Egyptian mmerals, so thnt thny m ‘be nsil:""'

o \‘ - d Lk . Ky
mduithoutcmmting A : IR

- boepsrezolll
<b>frrfmﬂﬂﬂﬂﬂﬂﬂﬂﬂ -

6. Showa grouping ot‘ mka vhich cou.ld nsil;r be read vithout eounting
o for the folleving - ' 7 I
(a) 10 - (v) 12 0 fe) 16 -, " {d) 25

-

7. Tell how un: dots are in the figuroa withqut emmting each dot.
. ) \ o8 ¢ o >0 a8 ‘
¢) goted saeso]
v ed20so} »

‘8. Some peo Io‘nnstmdingina'm,invhich%horeinsfe\tof w

~

chiirl. You mt to find out if more’ chairs are needed. Is-it
* " Lo necessary to cmmt the peoplc and t.he chairs to find out? What

can you do to gnt quiek]a' t.ha noedod 1nfomtion? Do you then

R ‘ A

knouhwnnypooplominthnroo-? "
"9, A theater owner vants to knov how many pecple. attended ths show

last night. BQ knows tho first ticket sold wus m.bered 60588
®

mdthnhnttiehtmidmwﬁs. Douhunodtoh.i.rcnmn
, - 40
A+ T,
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’ td éount the people as they come in?’ How many people attended the
Y7 theater for that show? S - | o
iﬁl A teacher hn gndod ho-owork papers and recorded tha grades in hil
p grudobook. Buw can he quickly. chsck to see if each student handed
“o o in his mx? | f . s

3

11. Tell how nmr 2OTe s:fnbols are in one ut than in the cther. Do -

‘nmot count each set. ‘ - ; , .
" Woooo000 @ Ooooooo

| »‘ - 12« Make two sets of- diffemt rigures and group then to _show that ons
N'utnsnommnmotm-. o |
<. 13. When you count the mumbér' of people in the room, does it-matter
| in uhnt order .you count?- H‘b&t nuatayou bc eamful abmxt. in eounting?
‘1=4. Sométines we say that thore are*wice as mny of one l:.'md of’ thing
| jn nnnthar. Give mt examples in vhich you would Imw that. there
tuiea as unqr of one kind as mnthar vithout cmmting cithsr
set. = . : s |
e Tha Cmt;tivp Principle )
If you hnn two bo:n er poncill nnd in one of thcm ‘there are 5
pmcill and in the other thcn sre two pencill, how many peneill do
- -you have? tht. do You do to anwer “this question? If you say you Madd"
.doyouthink,5+20r2*5? |
The arithnetic teacher fegd mi large mubers to be added. John
" 44d 0ot understand what his teacher satd vben she read.the firat mumber.
He \rrotc the second mnbor vhen she ¥ead it.- Thes he asked hcr to - |
repeat the rirlt nmbnr. Wben she read it again, John wrote it on his

.. i . . »
e . ) : N . « 1
. . .

o«
)
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| Pﬁi;Gr beléu the second mumber. m:tﬁgd of above it. Will Jahn”fiia& the ~ N\ AN
) ‘nm suz &8s the other studantn vho hund all the cuct.gtian the first |

L tim? mmmmofccmmcmnummu&emor (
_cxmxmccm mth.bim;mtnn"rm that the sum of N

- 1101011 a.nd 100111 is the same as the sum of 100111 arid 1101011. Is -

¢ \_4 ]

this right?
' ‘Hnybe you Hcrc told in elannta.ry school thnt. a good way to dis-
cover a mistake made in nddition mblm is ta add again in the
- other direction.” If you "gdded down® then yeu night choc.k your
problem hw "ndding up.” Even before thgt we learned th;t to put 3
| Talls with 2 balls gave ;7 the same mmber of balls as pm:t.:{ng 2 y
e vitth&ll:. | S - @ |
4 | ~ You have just recognised the mu_ M for nddigigg |
e g{mm Itm:th;ttheo:ﬂ@rinwhichw;ddtvomhorl RN
. P doesn't make any difference in the mum of the two mnbers. L |
\ . "'3add.dto4u'ror4*3-—
o 4umadto3ia7or3+a=7'
. Both are other names for 7. We.can write .
Wv3s3 T el
. - L ¢ T~
. The statement of this law in words 1: quite elmsy Ii;.'il
shplcr and clearer to say this in nth-nt.inl h.ngm.ga. B - (
. 'Ifasndbmmtunl,nulbor-,thena+b=b+n.'. |
e Ve have just discussed~he case in whiche = 4amd b =3, /“'/
Or, let's suppese Dbn"s pﬁnl goes on a trip.; Tuenty-nine boys\’] |
- §9; each uking 3 dimes and 8 pcxmins for food. How mny ecnta can be

.v,*__.

o : lpcnt for food? Bou de you find the ansver to thilfp?;bl-?
‘I‘hil \n; 29 . or way
ERIC T e L /S

N
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Bill'l}houerom has o perty. 38 boys and girls calne to the pa;rﬁy. :
'rhcy shared the cost of thc pcrt.y and each was ukod to w 29 cents.
How nuch did the party cett.? Do“ you find the mswcr

‘This way 38 o | "crthiaw'\'g'
. xﬁ S - x

Suppon we’ have 5 rows of eh&irs with 3 in each row. He dccidod |
t.o :hnngc the munment to make 3 rows of chairs vith 5 in ueh Tow.

Ay \ ‘

Do we need more chnir:?

BE xXxx . . . XXXXX
. £TXX . oo . XXXXX.
XXX ' . XXXXX
. XXX A ~ : o
R ¢ . xxx ' ’ ‘
5x3) . A (3x5)

_The product of two fatural numbers is the sass, whether the first
be multiplied by the second or the second be miltiplied by the first.
. ,' This statesent is ullod the sopmutative M for M
ks | ggmm It means that it. mées no diffemco ‘which mblr
.‘m the mltiplicr md which is the nultipliund. ‘Thil statement may
Q . sean clmuy to you. Can ynu mn this vinciph in mboh? |
e can use this ides to detect mistakes we might make in mtipmng
QW mumber by(&nother. w,/ found these productas.

e |
3927 485
15635 ' 3395 .
. 1sme_ . © 4365
. 1899595 sl
- 2 1904555
As an :pplication of the cmutntin propart,y S: ve realise we have mede
, " a mistake. Find the nistake, ~ \'\[ . |
s The idea of using }.tm-- to stand for any o vhatsosver in
stating general principles of arithmetic is a very useful pert of
- ;
- 43
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' mathematical hg}xngc There is n(dnngur that the letter "x* and the
uultipliution sigu may bo nistskm for each other, so u freq;:ently

H

use a dot for mupliution. For onnpla we m write "4. 3" rar
*g x 3%, & + B for "a x b." | N N |

". In the Exercises the mbol "<t §is r«é "less t.bnn“ -For p@phns,
| 5+¢3<5+4 *

" s read ¥5 + 3 is less than 5 + 4."

Y | “ | ‘Exercises - 2
1. () Is 6+ 4 equal to 4 + 62 1. (l) Il72¢31.§qu1 to'31+72?
o (b) Is 14 + 7 equal to 7 + 147 (b)- | Is 16}_(52 equal to 25 + 612

(e) Is 35 + &4 qul to ' ‘ ‘(e) Is 58‘ . 9% equal to 94 + 58?7
| 64+ 350 L |
(4) Te15 e 462 equelte () Is 465 ¢ 332 equad to
o | w2e3152 o w564+ 2330
(o) Ijil 315 + 462 qul f.o‘ (e) ’Il 735 + 254 squal to
. o 26:.4 5137 - . - N 537 + 4527
() "1a 475 + 381 equal to’ {£) 1Is 851 + 367 equal to
—183 + 5742 a ) 158 .31
(g) Is (13 + 32)‘ oqun.l to ‘ (g) Is 58 + 94 coomutative vhen ,
(32 + 13) " " written in the base seven?

o ) Insert & symbol which makes
\ _ the following true statenants.
(h) Is5+3 <3+ 5 (B) 7+4 4+7

(1) Is5¢2% 3+ 57 © (1) 3+6 7+9

(3) Is5+3<2+5 () 12¢5 5e1

(k) Is5+4<3+5? - (k) 46+ 8 64+ 18
~ N
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111-9,
(1) 1s 5‘+ 3« 4 s52 (1) 39+ 72 '39 .72
() Is5+3<3+62 - (@) B+53 53435 .
(n) Is6+¢3<4+57 () 47+8 8l+51
| 2. Add- ~and use the cmntat.‘;vc " ‘_ _-‘2." Add and use the comtative '
"" | - ﬁmperty to chack addition . : property to chcck ad]iiti@ |
P w 465 37,461 5,769 o 465,781
SN AR Ldi R .- 42,977
B e
. 3.. (a). Is 6x 5 equal to 5 x 6? ‘3‘. (a) Is 9x7 oqu'sl to 7 x'é? .
(v) Is 7 x4 equal to 4 x T? (b)) Is43 x56°qug1 to 56:43?
(e) Is {3 +2) . (5+2) equal” (c)-'Is ((/1 (4+5) equal
. | m(5+ﬁg(3*a2'“_ : w(4+ﬂ <6+H?Q“
N (4) Is (3+1) « (2 +3) equal (@) 18 (9 +2) « (74 8) equa
. _ to (4 + i}; -(2 + 2)?‘ o to (9 +6) « (5+ 6)? "
S _(e) Is 24 x 43 equal to (o)  1Is (486) - (501)‘1033 than
Y | Bx&? 3'_17  | mm-u%n' |
-4. Muitiply a.nd uu the emtn-  dye "mltiply and use the cmuutge | |
tivc propcrty t.o e.heck e roperty to check mltipliation
multiplication o .
36 305 476 % 47503
x37 x& | & x 28 x 20057
- = ngg x<%g§s - ' ,‘?223 x(%§§3§2 x. Eéggila

mm&@hmm“um-&maammmmhnmc

5 (8) 46644 5l () BTxtip=tximg,
(b)) 7-222-7 ~~(m'ufz) (7=
(¢) 32x9=9%3 . o) Weg=v ‘
(4). 41 x 16 = 16 x 41 ! ;@)&x&*&xﬁ
x p
- {3

‘i‘ . '4? .




n1o
(o) 8rz=288 o) Mes=s3em i
2 65 -41=47-65 (£) 65 5=5 465 e ,j'
(@) mew=12:72.. (@) 1289=937 Lo
Insert a syabol to make the ~ Insert a symbol to maké the
: ~ following true o . féllowing true |
T6 (a) 25417 17425 6. (a) &7 +\f82 182 + 47
) 26-4  4-2 - (8) M6 s6-7
() 0820 220360 (). €25 825 258 €2
@) 23x12 12x32° | (a) %x67. 67x7% )
() 748 847 . (e) s SHx25

Addition and mbtnetion are mm; which m):(pertomed e%
nunberl. They are mpln of bipary apars.tiom, sinec they are performed
on a pgir of nmhers. What other binary operations are fnquently .und‘ -

in uit:ic? « . |
© The“fact that the commutative principll s t.rue for ndditim and N
mltipnution in a mm of these opmtionl. Notice the lhihrity ‘
bct.mn the eqnntims " '
| | a+b=Dbsa, . | . R
and seb=bea, | |
irc' say that these operations are cmrbatiﬁ.' To find vhether subtrac-

tion is commutative we must ask whether 8 = b=b -2 is true for m |
‘ i

* mmbers a asd b. Is it true for &= 5 nnd b= 587 Is diviaion a ccm- .

mtatiu apcntim? Givc an amplc 1llustrating your ansver. -

| ! ‘ Exsrcises - 2 \ ‘)
7.‘._ Which of t.hn following operations are commutative? %
a) 142 | @) 4-5 .
() 648 (o) 1243 | |
() 7.9 - O m 9 S



8. Which of thé{follewing activities are co-ﬁtaiiva:?
(o) To put on a hat ‘nixd then a goat
{b) fo walk down the street and eat a hot dgg
x,(c.)" To powryed paint into blue paint
(d) To -pull up@ chait and sit .on n;
(o) To walk through a doomy &nd closs the door.

9. tht opcrations and activities can you list which are commutative?
Which are not cmfutive? (You need not 1ist more then five for
each, ) | | |

10. Suppcn we define a new oporaticm, mbolitod by \/ » like this: i
g\/h=;+b+(a-h)

‘Compute 3 V 4 and 4 vV 3. Il this opcrction cﬁntativc?

How do you add 12 ? You think 2 + 3 = 5, and bu_'ingdount.hc/l.
| o |

What have you actually done? Why doeu it. vork? Yau know" t.hnt
12 = 10 + 2. Your problem 12 , is (10 + 2) + 3. You actuslly found

10 + (2 + 3). Welknow 12 + 3 =10 + (2 + 3). "Let ua’trﬁr some other

n‘mbers.r e A. ‘wp

what do wém;xh:tl €2 +32 Do we mean (1 ;2)‘ + 3, ar do ve
mean 1 ¢+ (2 + 3)? Does it make any difference? We have said the order
ve add two mmbers doesn't make any difference. Now we see that the
vay we group mabers to add then doean't chnngo the sum.

' lr@ed=tess6 .

\, (1+2)+3=3+3=6 N |
Ve call this idea the assoclative grincivle of m for natural
. _“ B numbers. Uning both the commutative and associative proportiu of

’\' . . . < 1' \

! o o -~
s7
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> adgitim zost u;:;rtbing.goqs 1n-addingvm?-bcrs.' We can mix thu‘ up in
Sust 'bout any vay we ghoose and we can atill" get the same answer.
| Maybe we don't stop td‘ think about how we m.q t.hon' up. For example,
| | Wban asked to 8dd 12 + 14 + 18, Johnthought, |
. %12 + 14 =26, lnd26+18=44. This
expression represants John's procgdmc -~
| (12 + 14) + 18, Bl thought, *12 + 18 is 30, L
g * and 30 + 14 = 44." His thisking aight be |
repreapntod by- (12 + 18) + 14.. How did Bill
‘ " mow that (12 + 12) + 18 = (12 + 18) + 141
o2 e 1:.) +18 =12 + (14 + 18) By the umhtivo
princ:lph of :dditim
12 ¢ ('14*18)'=12+(18+14) Bythncmht.ivc ._
“ |  principle of additicn
-+ (18 + ll.) = (12 + 18) * 14 By the usoehtin

principlo or addition .

o . \
The ec-mtatin principh aeans we mey ehnnge t.he order cf my two
Dunbers we are adding without chmging the sum, that is a +b=b+a.

. . _ , Y .
The aswcinti\{ve inciple means that no mitter how we may group muxbers

for m“l | ndding pl.irl of numbers, the result is the same, that

is, (a + b) +

=a + (b+e) ‘
Wher 'you mul 1p13 2 » (30) you actually computs (2 » 3) ' » }0. You
know 30 = 3 + 10, Is 2(3 » 10) = (2 » 3) . 10?7 ! |
The associative principle holds for mltiplication with nnt.unl
pumbers. Uhnt do we mean by 2 x 5 X 47 Lest's try some ways.
(2x5)x4=10 x4 =40
2x (5x4)=2x20=40

Bath (in, tho sane ansver. We may group the factors of & product any
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~ -
-

| ¥ay ve ploun ~vithout ehnnsint tha product. TKis is c;llod thamh
 tive priociple of multinlicstion for natufel mbm. that is, -

-(cxn)xcxax(bxc). -/ . "“"f/"

Since additien and Imli};fpliqtricq are associative, there is no ‘
 possihility of confusicn wbaii ve write 1 + 243 o le203 omitting

-

the p&rmﬂmnl. This is an tnqph of mth-gtiul :hng which is
‘alloved since it dou not lead to any oonruim. | _
Hmvorinzi-B~I.itdonmhndﬁrmneohwwgmuptha
nmbar-ig.nco | \
! (2*3)-4=5-4=ao
St Y 2+0el)=2en1
Ihnfmitismtouitthnpnmthounhnud'2+3 o LY 1»

ncnunn unless e nake ‘wome agrcmt nbout 4ts meaning.

_ Enrciul-j i _
R T Shwmtthofcuovmgmtmo. I o
S . Example: (4 + 3) +2=4+(3+2)
o o 7422445
A 9=
‘ . | ! B
| () hoMV2=4+(7+2) (a) (Q+5)shzals (54
(6) 8+ (6+3)=(8+6)+3 (b) (3% +17) +29= % + (17 + 29)
() 46+ (73 +98) = (c) 436 + (476 + 1) = (436 + 476) + 1
| “6+73) w08,
(d) (§x5)-x9,=6:(-5x9) (4‘). (9:7):8=9x.(718)"
(o) (% x36)x205s ,(;) (57 x 80) x 75 =57 x (80 ;is)
L 2 x (36 x 20) | '
2. Ve nov kmov that additien and miltiplieation of Baturdl sumbers

Full Tt Provided by ERIC.

| | | 1.
.[Kc, | - | "4y
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have the. u:ochti“ prcport.y. Let's look at mbt.r;ction. Is it

" associative? If it were for snx mtnnl mumbers a, b, and e, _

.'(_s-b)-csa-(h-e) Hmiamumph,tryit.

n«.(m-v)-z-m’ {7 - 2)?
Don(ls-5)-3-‘-(5"3)?
Does mmnet.{en bave the n’&cchtin’ p’roporfy?

3. 1f division wm anoci;tin, this would mean for any mtuml' |
_ mbcrs, &y b,nncic, (a.tb) fe—;l-(b{c). ‘rntt.hilvith
this example: (32 #8) $2=324 (8 2). What conclusion do
. you come tof Make up another example to. Qcm agiin that you are
' “right. | | . | _
‘ '4e Rewrite these problexms using the associative and acmuutiﬁ- proper-
ties uhui DeCessaAry to'ﬁkt' t.ho ‘Addiﬂo;: casier. Uss paﬁnt.hj_au
. to shov vhat additiols are dose first. |
| s, B
(a) ‘64-11-9_' | | (s)_m+90+,1o
L sereR” L) ebea
| (c) 63 +75+25 | (e) '28‘ +75 + 25 -
(d):26¥72+'4 ~(d)‘83'\46f17
(@) M0 +522+60 (&) 3+¢5+7+15 &
(£) 45 + 15+ 63 () 564'23}4“7-7
() 13+¢36+4 | (g) i8+16+'24’+‘2 ‘ |
5. Rewrite these using the nsaehti;c and commtative pr;portiia when -
i\.\nmuu-y io make the mltipnutim on:lor. Use parentheses to
show what mltiplic&timl m done first.
. A \\ g B
. () Bz10x2 / (a) 2x67x5
() 5x45x2 (b)) @ Lx 86 |
(c) '7‘:251:4 | (6)138::5_01-2 | ,
((d) 55::2‘:33_‘ . | .(C(l))f}xll:& - ‘ ~

¢ Y

.
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6. Is the follewing statement true? To multiply 2 by the product of

"5 and 6 ve can\multiply 6 by the product of 2 and 5. Explaii.

. 7. 1n thn following statomqnt. true? In ander tc doubles the product

. of 6 and 5, you double 6, double 5 and take the produet of the

[ ]

~ doubles. Use ‘pqmtheaes to show what is being dome, T:btpla‘.’m the
reasons for your ansver. = |
8. I&"the fenowing statement true? In order to double the sum of
6 and 5,. you double 6, ‘double 5 and take thc product of the dauhloa. :
Use parenthesea to show what is being dome. Explain the reasons |
for your mswer. o |
9. How many ways can 2 + 3'+ 4 $ 2 be interpreted by grouping the
numbers in dii‘fcm*é ms_? \ |

\ e
The Distritutive Primeiple
E:lght girls and fom.- hoy: - tuelve children nltogether - are

planning a skating party. For a merrier ‘p/t;y, each girl invites
another, girl and qch boy invitu another boy. Tht number o girls”

_ bas been doubled. The number of boys has been doubled. Hals the mumber
of children been gultiplie;i by two? by four? by twelve?

Altogether, there will be (2 « 8) girls ‘nnd'(z « 4) boys or a
total of (2 - 8) + (2 « 4) children at the party. Hhen “the party was
planned, thers m-e (8 + 4) children. The final number of children .
is tﬁc product of 2 and (8 +7). We see that -- |
(.8)+(2-4)=16+8=2
2.(844)=2.22=2 o

So, we can write | | ‘ . (._
(2.8 +(24) =2 (8+4) |

~
B
h
Doy
T
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You have been using this principle since the third grade. Taks

{
What do you actually think? You say to yourself, "3 .2 =6, 3/x1= 3,
and the product is 36." Your method is correct bec&uae
| 300 + 2) = 3:10+3-2 '
By the caﬁmnﬁgtive principle it is also true that
| 0+2)3=20+3+2+3 R ;
as we see Hhen we change the order of multiplication. ‘ |

- This idea is familiar ta us. We learned that 375 is tha sgme
x_7 _

. 4
as (7 « 5) +. (7 70) + (7 - 300). But instead of unting 375 as .
(300 + 70 + 5) let's write 375 as (145 + 230). Is (7 - 375) the same

33 7 » (145 + 230)? | / o (
Ve can write 83 as (8% 3) « 45 = (80 « 45) + (3 - 45).: This
\ 2w (agy _
nay be more familiar to some of us if vs wrote 45 and Ay ) .
|  x3 o x80.

In the more qsual form we have L5

: . , - x 83

135

260

3735

We recognize in the §roduct that 45 » 3 = 1357and 45 » 80 = 3600. -

This idng that He.have been describing links together the oper;-v
tions of multiplication and addition. Ve refin\td thia idea as the
distritutive momeM

If ve use letters to represent numbers, we can say

a(lb+c)=asb+acc or{be+e) s K=beat+tcsacz=a ~Db.+a -« ec.

£ e
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Exercises ~ 4
A | N 4 B ’
1. Carrf out instructions: ) ' \ v ’
(&) (3-9) +6 (&) -9 1 | |
(b) 3+ (9+6) () 7(3 +9) L o
(e) 5“(2{7) \f\ . (c)-(7-3)+9 | , ; -
(@) (5+2) %7 | (d) (8-6)+(3+7)
() (8+4)+ (2 - 3) () (6+5) ¢ (7+9) -
() (2+3)+(6+8  , (£) (8+7.+(9+5)
LY wGeween (8) (46 ~17) + 17
| () (4-7)+3 (B) (7+3)+(7+9)
W) (7-6)+ (7 . 9) | ) 1607 + 6)
) 7T-6+9 (1) (16« 7) + (36 + 6)

" 2. Show that the following are true

v Bomple: 3(4+3) = (34 4) + (3 - 3)
v 3‘.7‘ 124-9'
21 a2 . s .
(&) M7+ =47 (b 5)a) T+ 5)=(9.7) + (509
(b)) (3 «4)+ (; . i) = - (b)) (11 3)+ (1.4 =
3+ (4+8) . 11(3 + 4)

e} (5-2) + (5« 3)=5(2+3)(c) 12(5+6) = (12 « 5) +{(6 - 12)
@ (6+3) ¢ (6+2) =603 +2)(a) (15 +6) + (15 -.5) = 15062 51

o) (9 +8) = (7+9) +(7.8)(e) 23(2 +3) = (23 - 2) + 3 .'3)
(£) 2016 +8) = (2 - 16) + (2.8)(£) (3 - 99) + (5 = 99)' = 99(3 + 5)
(&) (36 +(4-6)=60+u)(f) 128010+ 20) b (L28 - 10 »

1 7128 - 20)

F 10) + (1000 + 20) =«

M\i | e 1000(10 + 20)

s 2 g | N

(h) 9(1 + 2) = (9’- l) + (9 « 2)(n) (1000
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(1) (0.6 +(3-10)= (1) (8+7) ¢ (87 =87 7 =
‘ 10 (6 + 3) | %8+ 8)
(3) (6 - 8) + (67 = ‘) (3) 15(3 +-3) ="3(15 _l 15
| ’ 6(8 + 7) | ’
S 3. Insert a symbol toim&ké sach a true é;nteﬁée. .
g @) 3en G- A R AR
(3 +.3) ‘
p (B) 24 5)=(24)+ (B M2+ )=(7+ )« 43
7 (-5 L
(€ (5-20+(5 3= (& ( ~2+( +5) =8 )
| 5(2+3) " |
(@23 +4) (7+3)+ @ (- ~4)= (647
| (7 3) s

=}

| ~ (&) (21 + (- )= (&) 1( )
\\~\_____; o2e3) L
o (£) BeS)+B-4)=~- (£) 85 &= )+ )
' | 35 ), | '

| 4 Using the ddstributive property reurite each\of the following:
T Baples: () 523 = (50 2) 4 (503)
~ - ) (6 4) e (64 3) =64 v 3)
(a) 4(2 +3) (&) (5-26) + (5-7)
| B) e () s
ﬁ" | I (e) (9+-8)+.9- 2735& () 7213 + 787)
.‘(f“\\\ | o (d) 6(13 + 27) N - (d) (27 - 13) + (27 - 11)
(e) (12 « 5) + (12 - 7) (e) (18 - 19) + (17 - 18)
. o o
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5. Tfy these: Using the idea of-the distridbutive property we can Hfite
36+ 42 a8 (6 +6) +(6:7) =6+ (6+7)
18+ 15as (6 3) + (5« 3) = 3(6 + 5)
C;n-you rewrite tﬁese_}n the same way?. ; >~

)

Check your work to see that you are right. . | ‘
Example: - 18 + 15 = (6 - 3) + (5 - 3) = 3(6 *fésﬁ\

L]

33 .18 + 15° 3 x 1; |
, T S
i T ~ N
A ” B :
a) (6+4) “w o (a) (8'+12) ‘
(b) (12 +9) ) (we2) “
c (e)- (10 + 15) (e (36 +18) \
@ @+ @ W18 *
o) @ o) GRessk -
(£) (21 + W) D) (564 42)
(8 (25+15) .. (8) (72+ 27) o :
(B) (3+6) L) (74 ) S -

§. 'Usipg the idea of the:distrihutive prineciple, we can write 45 ss

| ‘”(40+ 5) and 23 as (20 + 3). 'rhm; the product would be ‘ .
45 +23= (40 + 5) + (20 +3) = 40(20+s 3) + 5(20 + 3) =
‘40-20_+40-3+5-20+5-3= 800 + 120 + 100 + 15 = 1070
Check this result by nultiplié;;éon of 45 and 23. Rewrite the

- following préducts igAthé‘same way, and check the results.

A | . _ B
o | () 78 .45 , 86 . 34
(b) 13 - 76 ‘ | 53 « 19
(e) 567 ~ &, 623 . 72
- \)‘ ‘ . i ’ ’ - .
- 5y
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7. Which of the following are true?
(n).3*4-?=(3*4) « (3 +2)
® 38 U-2=014)-0-2)
() (4+6) =22 (4=2) +(6-2)
(d) (4{ 6) £2=(422)+(622)
8. 'Supposg ve introduct the new symboly"/\ " by the definition

’

a A b= b8, For example, 2A3=3%= 9

"

B 3A2=2° =8.
. ' Which of the following are® true?
| (a) 2A0 - 4) = (2A3) - (2A4) .
| (8) (3 +4)A2=(3A2) + (4A2)
' (e 2A02  3) = (2/12) + (2A13)
The Closure Property _
There is another property of natural’nume}- associated with the
idea of addition and nnltipliéatian. If we add any two patural numbers
(they may be the same number), our answer is also a natural number.
lEor example, ‘l&‘ |
4+7=11 and only 11

All are natural
5+5=10 and only 10

_ mmbers.

85 ¢+ 91 = 176 and only 176

He‘lny that the set of ﬁatural numgers is g}ggég with respect to
addition, or closed urider addition. 'That is, if we add any two natural
numbers, we shall always get one and only one natural number as their
sum.

The same thing is true for multiplication. The.product of two
natural mmbers is one and only one natural number. For example,

~ T2 x 8 =16 and only 16. It isn't ever scme other number like 38, 51,

A ‘ . ete. - P .3")‘
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The cparntions éf addition and multiplication have the property
that when either is.applied te a pair of ratural numbers, in a given
order, the result is a uniquely determined nstural oumber.

| W8 can- ng the set of natural numbers from one to Epa.%f not\
closed to additiom. (2 +}¢) is & number less than 10 but is (6 + 5)
less or equal to 10? '

1s the set of nnturll‘?umheru closed with respect to division? If-

" we find the quotient of 8 and 2 or 8 # 2, we get another natural number .,
But if we try 9 % 2, than we do not get a natural number for an answer.
We say that the set'or‘naturnl nunbers is not closed with respect to
division. Too, we cannot always subtract one natural number from
another and get a natural number. 16 - 4 = 12. 'All of these are
natural mmbers. But what about 4 -~ 157 Can our answer be a natural
number? We ;ay that this problem is impossible to solve if we mmst

have a natural number as an answver,
|
Exercises - @

1. Is the sum of iuo odd npumbers always an odd number?
Is the set of odd numbers closed under addition?

2. 1Is the sei of even numbers closed under addition?

3. Is the set of all multiples of 5 (5, 10, 15, 20, etef) closed with
respgct to addition?

4. What is true of the sets of numbers in Exercises 1, 2, and 3 under
multiplication?

5. Are thé following sets of numbers closed with respect to addit
(a) Set of natural nunbersAgreater than 507
(b} Set of natural ; bergrfrnm 100 through 9997
{e) Set of nat nunbers less than 487

(d) Set of natural numbers epding in 07

-

J}?



-

I11-22
?

+ 64 Are the sets of numb.r; in Exercise 5 ¢losed with respect to
{ multiplication?
7. Are all sets of natural nunﬁersgwhich are closed with respect to
additicn also closed with rgsert to multiplication? Why?
| ' © 8« Are any of the sets of numbers in Exercise 5 closed under éhbtrac-
tion? ‘ | | |

9. Are any of the sets of numbers in Exercise 5 closed under division?

Often we do something and then we undo it. We open the door; we t
shut it. We turn om a light; we turn it off. We put on our coats;
we take them off. We put two sets of things together into one sat;‘
‘: separite one set of things into two sets.
) We call subtraction the inverseaopofltipn to ndditiog. The inverse
" of adding 5 is subtracting 5.
What does the grocer do when youﬂbuy éanething for 31 cents, and
pay for it with a dollar bill? Does he say, "100 - 31 = 69, here is
69 cents change.*? No, he*does not Qven mention the mumber 69. He
‘counts out momey into youf band, *32, 33, 34, 35, 40, 50, one dollar.”
He finds out how much to add to 31 in order to have 100. He answers

)

/31 + 2 =100 !

the question:

Can you ﬁgpfrnc, 5 from 58 by adding?

| 23 v 1258

You might think, " 3 + 5=8, 2 + 3 = 5, and the misging mmber is 35."
You have used addition to check subtraction. Can you uass nulti;

plication to check division?

We call division the inverse'operation to multiplication. The
v :

inverse of multiplying by 5 is dividing by 5. The operation of
$3é3
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multiplying 2 by 4 gives 8: 4 x2=8., Now what cin we do to 8 with

/
4 to give us 2? We divide. To describe the operation we can write

. '}
8/4 = 2 bcenua:fé x2= 8.

<

We have used this idea, too, as a check for division. How many

23's in 8567 Study thgﬂr operations.

37 N a3
23)851 // xi%% -

161 690

161 : ~ . 851

When ve ask the quaatian, *What is %@}/dividod bj 232" we are seeki
the answer to the quegtioﬁ,'?By what nunber.mnat 23 be nultipli;d to v p
obtain 8517* 1In ihe division and the check above, u§ see that 37 il’tﬁo ‘ //
answer to Ebth\qyeations; : ‘ o /%"

If & and b stand for two natural nunbers, and & is greater than b {

there is a natutral number, such ihnt

a +x+b, . - -
| The numger, x, is the humber we find by subtracting b from a. We can ;
explain the meaning of subtraction in terms of the equation a + x = b,
In a simflar-way, if a and b stdnd for natural numbers, then there
may or may not be a q;iural number, x, such that ' \\

) a x=Db
i ) ,
S If there is such a natural number, then x is the nmumber we find -
by dividing b by a. Weasan éxplain the mesaning of division in ernq
of the equation a « x =b. If b= 15and & = 3, then in dividing 15

by 3 we are seeking a number, x, such

3x = 15

ar ]

[,

L ar e AT
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Exnrciics'p 6

1. Add the following numbers and check by the invcraé‘opcrntion:

¥ A " A . B
(a) 58 (b) 3 (a) 864  (b) 427
N\ a 2400% % 535
— (e) 86 ¢ 27 | (¢) Eight hundred and seventy-six

[

, - | " plus four. hundred Qnd ninety-
\\\\~ Yoo five is what? .
(d) One bundred and ‘six plus m(d) What is the sum of 32,098 and
eight dred and ninety- . 80,6057
seven is what? ‘..h |
(e) .Find sun Aof\798 and 508.(e) Adding 20,009 to 89;991 gives
S ' . iggt nusber? |
2. Subtradt the following and check by dattions
(a) 86 - 2409% (b) 67 - 28 (a) 916 - 805 (b) 10 - 1010
(o) 167 - 78 '€ C (e) 899100% mimus 6959
{d) If one bookcase will hold (d) A theatre sold 4789Atiekcta cae

128 books and another 109 month and €781 tickets the next
! books, how many more books month. How many more peopls

does the former hold? -, came to the theatre the second
) month then came the first month?

] (e) If one building has §b0 " (@) The popu%:tion of a town was

F

windows and another 811 19,891 peopls. Five years iater
uiﬁdows, how many more the population was~39,110 people.
windows éoel the first What was the increase of popula-
building contain? tion for the five ye;rs?‘

3. Multiply the following numbers and check by the inverse operation:

(@) 2« 241 (v) 734 - 9 (a) 213 « 23 (b) 518 . 76

v

60
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() 20 - 81 (d) 239 .37 (c) 509 - 4800%
| (d) What is 87 times itself?
(e) What is ths product of (e) If one truck will carry 2099
678 n.n& 497 . _ - boxes, how many boxes will 79
| trucks carry?
4+ Do the indicated divisions and check by multiplication:

(a) 96 () 936 (c) 168 (a) 70300%  (b) Divide 20972 by 107
3 900 > 12 13 - -
/

vy (d) 357 ’ “(e) Take 214 into 108712.

“ (d) How many racks are needed to
store 208 chairs, if sach rack
holds 16 chairs?

() At a party there were 312 (e)- A girl seout troop has 49 mexm-

piéces of candy. If there -  bers. Each member is to sell

'.v.nre 24 children at the boxes of cookies. If the troop
N--

party, how many pisces of . - has 588 boxes to sell, how many

candy could each child have?  boxes will sach ¢Mrl have to

- | ‘sell in order to sell them all?
5. Find simpler name for:
(a) 39 - (2+5) (a) 299 - (97 + 105 + 25)
(B) (9-3)+15 (b) 973 + 728 - (728 - 27)
(e) 119 - (20 - 6) - () (16x24)-19
(d) (20 +11) - (6 - 2) (d) (18 x 46) - (17 x 47) )
(¢) (5« 16) + 8007, (o) 'mi%‘a" 20100%
(£) (35 - 42) -8 (£) (%) x (22;)
(g) 9 + 201 + (128" - 239) (g) (19 - 17) « (géggég) - (35 + 37)
(h) 295@' 9600 \ (n) _Lﬁm(z_:_%l
RIC "

S | 1
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(i)‘%‘%;%.% o (1) 0+3.¢320.350 . 2

(J)?Aiﬂﬁﬁli,l (3) 35 x (12 + 7009 ]
6. Perform the following operations: \ o

(a) Add 16 and 17. From the (a) Find ¢he d_if;‘ﬁmc' h’etuean
sum subtract l% _ 47 axd 38. Div
feror;ee by 3 and then add 17.

de this dif-

(b) Subtract 24 from 89. To (b) Divide 272 by 16, multiply the
this difference add 19. quotient by 12 and subtract

| 100 from the product.

(e) Multiply 27 by 34. Divide (e¢) Multiply 12 times 13 and add
the pm&ucﬁ by 9 and then 39. Divide the lun‘ by the
add 100. | B product of 2 and 7.

{(8) Find the sum of‘\li,ﬁ,:d 9.(d) Add 26 and 42 and divide the
h'om’ it subtract 4, 6 times. sm by 17. To t.hia add 117 ‘
| | and divide this sum by 11.

(e) Take 308, divide it by 28. (e) Find the diffc?tncclﬁhtween
Maltiply the quotient by 5. 87 and 49. Multiply this dif-
Subtract 9 from the product.  ference by 10 and subtract 40.

| Divide this differsnce by 68

and then add 6.

Betweennegs
Earlier we talked about ordering natural numbers. We now locate

the sequence of mturai umbers as dots.

1 2 6 7 10
. e ? {’ i . ? 8 ? . (How far can we go?)

Now we are ready to ask some questions about numbers between numbers,

Hov many pumbers are between 1 and 7?7 What did you do to find your’

‘ ansver? let's try thaﬁlnnrcins‘ -
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Exercises - 7
- 1. Here is a row of dots running across the page. Beginning at the
left end, taking steps one after another-in succession, label each

dot with & name for a number. Stgrting; it might look like this:

*«

[ [ ] [ ] - L L] L e L] e e e [ [ ]

one two three four five
Continue labeling, as far as the edge of the page. Writing the
word ‘names makes the picture cumbersome. .If ve again use the

-usual numeration, we will have

i}
* L] e L] L] L] ) L] e L ] e * L L]

1 2 3 |
This is callsd a pumber scale. Finish labeling the dots of the
number scale. | |
(a) Write a némber scale, using the binary numeration.
(b) Write a number scale using the seven system.
In the remﬁining questions use the decimal pumeration:
(o) Whgt‘nune;:l is the label for the dot nearest the right hand
edge of the page?
(d) what huner;l is the label for the dot just to the right of
" the dot labeled '7'7
{e) What nusefal is the label for the dot just to the left of the
dot lnb‘}od£:7‘? '
(f) Between the dots labeled '6' and '8' there is only ome dot, the
j dot labeled '7', How many dots are between the dQ;I labeled
'11' and '13*?
(g) How many dots are between the dots labeled '2' and '4'?
(h) How many dots are betﬁaen the dots labeled '5; and '8'?
-We have more mumerals whichkue have not used as labels. What

mumeral should be the label for the first dot beyond the paper's

/

ﬁ‘.? ‘ PEEFE

t [y

) | | 63
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(1). What mmeral should be the 1.2:}‘fer the-second dot beyond

N . the paper's edge?
(j) If the label '21' is given to the fifth dot beyond the paper's
%,L . edge, vwhere does the label '47' appear? | |
.. 2. (a) How many dots between the dots labeled 'l' and '12'?

(b) How many dots between the dots labeled '12! .nnd 117
‘A¢) Hov many dots between the dots labeled *'51f and 15817
éi:), Hov many ﬂ&é- botween the dots labeled '27' and '3'7
‘(0) Hov many t‘tot‘s" between the dots labsled '8.°' md 153217/ |
) - (f) FHow many dots between the dots labeled '38271' and 152964 '

“:‘-

3<’ ‘At a drill all students line up in a single file and count off
| in one, t.wof\/-thrn fnh;m. | At her turn, Mary says, }Ym.'
At his *rnﬂ, Tom says, "sevantycthree.” How)n:_ny nt'udcht,a are
\\' between Mary and Tom?
.. ke In a list of town voters, -rr:npd alphh:tiul];r, MNrs. Beach is
listed as number 197 and her sistsr, Mrs. Warren, is mmber 15841.
N How many names are on the register bstween the namas of the sistera?
5. It a nu-bni scale is labeled from left té right, the dot labeled
. '8! will 1ie on the left of the dot labesled 'lO'.J S:Lnéc the number

o= il

8 is smaller than the pumber 10, we use the mmeral '8' as a label
< befors we use t.l;:mx‘hl '10', We have seen that mho}.l can be
used to say that the number 8 ia less than the number 10. .Ho have
written "8 < 107, TM.Mhr scale shovs us this sentence when it
shows that the dot labelsd '8' 1ies on the left of the dot labeled
110°. ' ’

(a) “Th. dot labeled '12' lies on the left of thwelad 117,
Does that mean that 12 < 177 |
(b) Bow do ghc dots labeled "482' and ‘516! lie?
. Py

N
' LY _“;\
' 4 R . ) I : .
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&, {e) How mnﬁy'dotl between the dots labeled '31' and '35'7
- (d) What is the label on the dot midway between '31' and '35'7
6. Ina stadium, the benches on the same level are‘lnbeléd with
nuzerals in a number scale. Don is sitting in the seat labeled

'24', and Ed is sitting in the seat labeled '37'.‘ Several very

fat people want to sit between Don and Ed: Esch one of the fat

people needs two seats. How many fat people can squeese in‘

between Dan and By |
7. There are uniform notches on a shelf. E;ch'ome holds a regulaf
sige box. An econcmy ;1£7 box needs three spaces. Notch labeled
'52' and notch labeled 'l42' are filled, but the shelf between is
empty. How many regular size boxes may be put in? Howlmnny
 ecanomy sised boxes? .' |
8. Parking ahgeca in a factory pnrking.lat are labeled like a number
scale. Two cars are parked in the spaces labeled '57' and '80°.
The spaces between are “empty. Can a flset of 12 tg‘ucka be parked
between the two cars, if one truck occupies two spaces?
9. If a and b are nwmbers, and a < b, can it be true that b < a? Is
| it pollih;o that & = b? If a, b, and ¢ are numbers, and a < Q and
. b<e, theﬁ\whtf\if the relation between a and c? State your answer
in the form: - .
Ifa<bandb<a, then ?

10. Which is larger, 3 or 77 If §ou ;dd 2 to each number how do the
results compare? Is there a general law? If a < b, ﬁhen what is
the éel&tion between & + c and b + ¢? State your answer in the form:

If a < b, then ?

11. If a, b, and ¢ are numbers, and b is between a and c, can ¢ be

betveen a and ﬁ? Is b between c and a? If b is between 8 and c,

and a is between b and d, where d is a number, what is the relation

)

among b, ¢, and 47 - \ \
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The Number One

\

Thé pumber 1 is the smallest of the natural numbers. It has several
N :

special properties which should be noticed. First, all the natural

t -

numbers may be built from 1 by addition; as we have seen: 1 +1 = 2, r
1 +2=3,1+3=4, etc. Seqond the product of any patural nmlhe; _
‘ac 1 15 that natural oumber: 1 +1=1,1<2=2,1 « 3= 3, ete.
It is thefefore aométimea called the identity element for multiplica-
tion, sinée no number is changed when you'upitipl& it by l.‘ Also if
you divide by 1, the natural number is not altered. |

As a matter of fgct, if you assume that 1 ; 1 =1, you can use the

distributive property to show that 1 times any patural number is itself. .

’ For example, suppose you wished to show that 1 « 5 = 5. Then you could

\

vrite: ' ~
1+5=1+(1+1+41+41+1)=21+1+1-1+1+1+1c1+1.1=
1+1+1+¢1+1=35 |
: _ 50 _ 158 _
Another property that the number 1 has is that 17~ =1, 17" =1,
in fact, any power of 1 is 1. Why does this follow from what we had

-

stated above? 7 - ] ' ' \Jz‘

¢ | The Number Zero

The nnmber_iero is even more special than the number 1. It can be
used to count in the sense that if you have no apples, you can expresas
that fact by saying that you have szero apples. It is very useful in our
notation fc; numbers since it serves often as n‘plaéq holder: 11 is )
quite differemt from 101 and .0035 is not .35 .

What happens when we multiply, divide, add and subtract with :cré?
First 3 « 0 = 0 since thia can be intorpret;d to §e three sorces and if

three people have no apples each, they have amongst them no Applas:
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‘ But, ? e 3 does not have a comparsble meafiing -- it mkes o senss to ”

lpqpi of "no :eta of three apples each.* But we define O « 3 to be
- t . . \ . ‘
sero since we want pultiplication to be commutative. Thus gero times

-

‘any natural number is sero. Also it is natural to define 0 * O = O. -

- ) | p
Wo might say that if we take-the set of unicerns.and the set of

D
we obtain a

|

It h also true that if the product of two whole pumbers il\:m, .

nstural nﬁlbers botchh 1 and 2, and write none of them,
set of no elements. |
opne or bot.h of them ;mst be zero. This holds aiﬁcc the product %)f two
natural nmbera is & natural number; that is, if neither of them \-vere
sero, their product could not be/

If we add zero to any natural number we gét the number agsin. if
~ you have no apples and I have three/ we have three apples between us.
Tha order in which we add them does not mtter. We could expness Ais
by: : . ' N

a + 0=0+a = a, | |
| for any natural number g. It is t:;-gn even if .a is iero. Hence a could
be any whole number. Similarly a - 0 = |

Can we divide by. sc;'o? We Qow that 6/2 is 3 because 3 «- 2= 6.
So if~3/0 is a pumber it should be one which'whep multiplied by sero
gives 3. All the numbers we have hsé so far give sero when mzltipliod %
by sero. It would be very strange to have a mmber which when we
multiply it by sero we obtain 3. Another d@‘ficuity would be that if
3/0 vers a number it would be equal to 1/0 since we could divide
rumerator and denominator by 3. Then 3/0"and 1/0 would be equal and
Yot when you mult‘iplied ths first by 0 you would get 3 and the other
by sero you would get 1. For these and other re‘a-.sona, ‘ue exclude

division by serc. \

/
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' qvCan ve divide zero by any number? What about 0/3? This is the
. * A}
number which when zultiplied by 3 gives sero. So 0/3 is zero, which

~ ' is a pumber.
. ®

"~ We have stated the propdrtiés of sero here in terms of natural

numbers. But they all‘rold for other numbgra as vall.“ :
 Exercises - 8 ' ¢

l. If the product of two whole numbers %3 zero, one of them is zero.
Is it true that/if the product of two whole numbers is 1, one of
them is 1? Is it true that if ?he product of two whole numbers
is 2, one‘of them is 27 Will the answer he "yes* for any natural -

//) number in place of 27 , ’ e

| 2. Answer the gquestion at the close of the section om the numbéf.i,

. 3. What is 3 - 3 equal to? What %8 n - n equal to?

<&+ 1f & + ¢ = a, what must thé number c be?

5. Should we consider 0/0 to bda number? Why or why not? O
7 ‘ ‘

(N
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. \ . FACTORING AND PRIMES -
' .

Do you know what the word "factor™ means? The idea is familiar

even if the word is not. We know that 5 x 2 = 10, Or we may write
this as "5 « 2 = 10." We call the 5 and 2 factors of 10; 6 and 7 are
. factors of 42, that is 6«73 42. Instead oficalling one the multi-
plicand and one the multiplier, we can give them both the sﬁmc name -~
:QESiEE' Also, 42 =2 x 3 x 7 and ue;call 2, 3, and 7 the factors of’

&  ¢42. Really, does it make any~differénge which is which? From our’

v uh&erstapding of the commutativ& propert& of multipiication of natufal
numbers Qo'knouhthat if the o:de# is changed, the product is sﬁill fhe
Same. ‘Whethsffgz-be 5 x 2 or 2 x5, the pr?duct is stilI 10.r
What are the factors of 96? Suppose we think one of the factors .
’ _is 8. 'Then 9§ divided by 8 is 12. We know that two factors of 96 are
8 and 12, for 8 x 12 = 96. Are there ﬁther factors of 967
Exercises - 1 A ‘:<
A . - , : B
.l. Factor the following: ‘ 1. Factor the following: N
) 8 () 26 (e) 40° (ay 16 (b) 28 (o) 144
& T@d)’ 54 (e) 56 (f) 72 (d) 260 (e) 100 (£) 91 \
| ey 7 - T (g) 13 |
2. ‘Using the principle that 2. Using the principle that -
ne+«l=nifnis any nuitber, nel-= naifvn is any number,
" find simpler names fo; these find simpler némes for thess
| numbers . . nunbgrs., |
EEAMEN Y R TCRRS N  (a) 8.} T
) (29-28) -5 ) 2.8 )
() %+ (56 - 55) C{e) 3+ (86 - 85)
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| | & ‘
¢ (d) 57% (75 - 74)) (@~ (% .8 x9
o 6 ‘ 9
(¢) 7 - T ‘ | i(e) 10 . (é . 3) - (8. §) .
: 1 :
(£) 7§ - 100% | (£) 8- (%65 - 75%)

3. For these use the naturs umbers from'l to 30.

" (a) Give the set of numbgrs that have the factor 1.
— .
(b) Give the set of numbers that have the factor 2.

{c) Giwe the set of numbers that do ﬁot have the fgctor 2.

(d) Give the set of numbers that may be factored {n more than one
way. Factor each number in this set as many ut;ya as you can.

(e) Cive tfxe' set of numbers that can be factored only one way.

§ .
. : Factor each nuanber in this set. What ‘can wou say about the

1%

. factors of a natural number that can only be factored one
way? ¢ ' . )
. ‘ >
We have talked about things having something in commnon. Let's

write products of factors of numbers betWeen 1 and 20. ‘Tl"xe even mmbers'@

P betwe_en 1l and 20 are in Set‘I. pe odd numbers between 1 and 20 are in
Set II.
» . ’ - e “" @
I : REE I1..
‘ Frops

1 xR =2 | LAY 1x3=8
| . /

7.

1 x5

l1 x7

I

~
1«3 «3.29 ... .
. -
. Y

e A
1x11= 1100

1x13=13

1x3x5=15
Lx8x2=16-Ar,. | 1x17=17
M9 =190 . o

.‘ o y
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Notice that these even numbers all have the factor 2 in commeon, and

none of these odd numbers has the factor 2. Do you suppose that all

. even numbers have the factor 2? Do you suppose that any odd number

has the factor 2?:

~ '

Exercizses - 2

A ' B .
1. Pick out the even numbers. l. Pick out the edﬁ nunbers,
37 64 - 31,766 ‘ 50 36,763 (101)3
56 101 420,681 « 738 829,700 (210)3
102 2568 570,000 4683 10,110 500%

2. Tell whether these numbers are odd or even.

(a) 2x5 | C(a) 3x2x6
W 3e7 C(b) 5+7 41
() 6x5x3 (e) 4x7x13
(d) 2+ 16 - (d) /128 + 36 |
(e) 7+8 (e)| 266 + 627
(£) 5 x 13 (£)\3 x3 x7
(g) 257 + 361 () 25(7 +9)
(h) &20‘+ 928 "(h) (13 + 26)26
(1) 26 ilsa x 75 (1) (13.x12) + 76
(3) 33 x40 x 77 B (§) 27 + (5 x 23)
(k) 5271 x 397 x 705 (k) 110 - 66
(1) 1729 + 5285 | (1) 1577 PG

-

3. Perform the following operatiohs:

Make a counting chart for numbers Make a counting chart for numbers

‘from 1 through 10 in base two from 1 to 10 written in base two,
numeration. Circle the numerals three, four and five. In which
_ for even numbers. How can you " system of numeration are even

771
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recognise an even pumber written numbers easily recognized? Do

in base two numerals? An odd you have any linches about even
~qumber? | - nunbers written in systems with
* laréer bases? ) |
| -

Prime Mumbers

“.(

There are some numbers which have as factors only themselves and 1.

For instance, : ‘ '
e . 2=2x%x1
- Y .
3=3x1
{
5=5x1 T .
7=7Tx1
. o
11=11x1
13=13 x 1
17=17 x 1
19°=.19 x 1

Any natural pumber which has only two factors -- itself and 1 =-

1s called a primg number.. Although 1 bhas as factors only itself and 1,

it is not considered a prime number. The numbers ligped ahove -- 2, 3,
5, 7, 11, 13, 17, and 19, are all prime numbers. MNumbers like 4, 6, 9,
12, 15, and 18, ure‘not prizme numbers. They are called ¢ omposite numbers,

for they have more- tﬁgn,gyv different factors. For example, the factors

R‘f\l‘ &’%"\‘ !

of 4 ure i, ?‘ snd o Nhat are some other prime numbers? What are

. some other composite numbers?

. Exercises % 3
1. List the numerals for all the prime bers you can think of between
1 and 100. .

2. Do you think you listed every one? You may have missed a few, or
e .
perbaps you have included the numersls of some numbers whose factq;g\\‘~
A
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@‘ffftx—%\§Zu did n§t recognize. In about 200 B. C., there lived a man
~.ealled “ratosthenes, This man invented & way to find prime numbers
scaller than some number you have in mind. In this case the prime
numbers are to bé less than 160. To use Eratosthenes' methad, we ’
proceed as follows: |
{a) Write in order the numerals for the odd natural numbers that
are.smallef than 100 beginning with 3. h
(b) Starting with "3" cross out every third numeral. Do not
cross out "3%, but start counting with 4.
(¢) Now, starting ‘uit.\:S" cross out every fifth numeral. Include
the numerals already crassed-out when you count. Some numerals \\\~N‘;

will be crossqd gut more than’once. Do 32& cross out the "5%, ;
é{\, . but start counting with 6. ,
(d) Again, gtartiné with "7%, cross out every seventh numeral. Do
not cross out the "7" tut start counting with 8.
(e) The next numeral.is rge, If is alresdy crossed out. Skip it
and go on to ".}.1"‘i | o
(f) Continue in this way until you bave crossed out all possible
numerals. The numerals left with the numeral "2" will be the
names éf the prime numbers less than 100. s
Because numerala‘ "irop out" this method is known as "the a;eve of

Eratosthenes.”

,Campara this list with your list in question one. Were you

; W .
I SRS _1’f‘§€;§£;t° Keqp this 1ist in your notebook.
N (g);3§£} i; the numeral 2 added to the 1ist af prime numbers? Could
‘we have gotten thg *&me list by ;WIltlﬂf the numerals for gll
i “9V“Hou would we begin, then? Do you under~
;. stand_our bégingihg is juff & “3hort cut?

Q \ ' - ?'] ) v
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(h) W§a‘it necessary to continue to 31, where you would cross out™
every thirty-first numeral? At what point did you find that
f,‘yéu were not croaging out any new numerals? When you moved on
to a new step where the starting numeral had not been érossed TN
’-out, but found that every other numeral in that step had
already been crossed out, then you were finished. -
3. (a) Usiﬂg "the sieve of Eratosthenes", find the prime numbers less
than 300. | 0
(5) What numeral began the series in which the last numeral was
crossed out? (See 2h nbove.)-
(¢) How many prime numbers are less than 3007
(d) How many prime numbers are between 1 and.IOO? between 100
and 200? between 200 and 3007
(e) ‘SepArate the natural numbers between 100 and 300 taken in
- order in groups of 50, inhyhich group are the greateat.number
of primes? In which group of 50 do the number of primes
- o increase' over the previous group of 50? |

(f) How many pairs of prime numbers are there such that their dif-

ference is 2é These are called prime twins.

More about Prime Numbers S R

Let's add some prime numbers --

3 °3 7 11 11 1
2 72 2 2 2 1
8 10 12 L 16

18 and we couldikeep on writing sums of
P )

‘ prime numbers.
Are these sums always even numbers? Is this always true? Remember
if you find one example which is not true, then the generalization

cannot be made. Also, no matter how many examples we hqze, unless we

* .
have all possible examples, we do not have a proof.

- 3
. (. T
i
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Exeréises -4
1. Find these sums:
(a) thirty-one plus nineteen
(b) five plus twenty-nine
{¢) ninety-seven .plus oée hundred forty-nine
(d) two hundfed seventy-seven pius one hundred sixty-three
(e) 199 + 233
(£) 89 + 167 /
(g) Do Qll of these exaamples ask for the sum of two prime numbers?
*  (h) 1s the sum an even ntmber in each examplé? s |
2. Study these sums. Can jou make a guess about phem?
4=2+2 . 26=23+3 100 = 47 + 53
o 6=3+3 | 28 = 17 + 11 102 = 41 ¢+ 61
8=5+3 30 = 17 + 13 ‘ 194 = 43 + 61
~10=5+5 32 =19 +13 106 = 23 + 83
Q In 1742, a mathematiciar named Goldbach made a conjectura,(cr=
guess, about these evén numbers, in fact, about all even numbers,
except the nuﬁber two, in & letter he wrgte¥ Yo a fellow mathema-
tician, E:}cr. He guessed that every eveg pumher Qxcept 2, is the
sun of two prime numbers. /
(a) Take a few examples and‘test Goldbech's cénjecture. Take
some m)}mbprs between 1 and 100, others between 100 and 200,
,othars’between 200 and 300.
() Can you find one even number, other than 2 that is not the
sum of two érimo'numbers?
'(c) Can you prove 'Goldbach's conjecture'? Try.
Another Froperty of Natural Numbers
In finding factors of Aqmbers in Exercises 1, we gave pairs of

Q .-
) ~

~
-

vd
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munbers whose product wés the given number. For exauple, 12 = 3 x Z,
80 two factors are 3 and 4. Another pair is 6 and 2. But ;he factors
of 4 &re 2 and 2. So we can say that the factors of 12 which are prime
numbers are 3, 2, and 2, or 12 = 3 x 2'x 2. Remember that we-do not
consider 1 & prime number. And the factors of é are 3 and.z.‘ Sé\
\fgain, 12 =3 x2 x2 and théﬁ}actors are 3, 2, and 2. VWhat kigd\of
nunbers are 3 and 2? They have what common property? -

Let A\s study another example. If we can find factors of factors,

we will it. What are the factors of 247

=’ x 2 2% =4x6  24=8x3

2 =(3x4)x2 24='(2x2)x(213) 2= (4x2) x3
24 = (3x2x2)x 2 2,=2x2x2x3 2, = (2.x2x2)x3
% =3x2x2x2 . | %=2x2x2x3

/

What do you‘obsérve? The factors of 24 are 2, 2, 2, and 3. One set

is not in that Srder. Does thﬁt make any difference? | ) "
In finding factors of a num§f;, we will find prime numbers. Every

composite number éan be factored into primes in only one way, excepﬁ

for order. This is called the ynigue factorization property of natural

»
numbers. )
<

Exercises « 5§

1. Factor completely. (That iqtbfind the prime factors.)

A B
(a) 6 \ (a) 10
g {(b) 9 \ (b) 25
(¢) 12 \ \ (¢) 18
(d) 30 | (a) 154
() 35 (o) 43

™~
:’“\
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. J
(£) 37 o (£) 47 %
(g)_ 100 (g) 100 ‘
(R} 7% g () 315 . -
(1) 105 - (1) 231 - ‘
(1) 42 | (§) 108
— (k) 9 ‘ (k) 91
@ w0 (1) 128
(m) 300 .  (w) 729 :
(n) 72 | {n) 1000
(o) & - | (o) 5280

b J

2. Exnm{if the products in'questieh 1. 1If any products use the same
factor %Fre than once, rewrite that product, taking advantage of

“\ the exponent hotation. | ‘ |
X 3. Factor the nixmt?era listed here in as m;ny ways as. kssiblc using
only two factors each time. Becgﬁae of the commtstive property,

we shail say 3 x 5 is not different from 5 x 3.

< ,
A : ‘ B
(a) 6 | (a) 10
(b) 8 B () "16
“(e) 24 | (e} 72
(d) 100 | \ (d) 81 -
(e) 150 | » (e) 216
f 4. Study 30 = 2 x 3 x 5. How P be Why,ahoﬁld & number such as 78
~ should this set of f;ctora have more possible different
“Se grouped to show that pairs of f;cto;S'thgn 77?7 or why :
. 30 = 2 x 157 to show that should 210 have more possible '
30 = 6 x 5? | different pairs of factors than -

/ | ; 25&;/r‘\\

/ C
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5.

(a)

(b)

Iv-10

Factor 770 completely.

Gxoup.the’factors to show

-

- all the possible products -

that will equal 770.
Factor:'each of the fol-

lowing numbers completely.

_Group the factors in eachj

case to show al)} the'possible
ways the number is the pro-

duct of two natural numbers.

4,

5. (a) If & number whén factored

(b)

completely is made up of
two different prime num- _
bers, iﬂ how many different
ways may the pumber be
factored using different
pairs of fadgtors?

If a nunber vhan factored
completely is made Qp_

of three d{fferent prime
A

*

(1) 42 numbers, in how mafiy
(2) 66 . different ways miy the
(3) 78 number be factored using
(4) 12 different pairs of factors?
(5) 18 ’
(6) 48
/ B
(7) 49 / R
k4
(8) 75
(9) &
. . (e) Fi11 in this chart.
= Y
NMuxber| Complete No. of - | Different ~ | No. of Ways
' Factorisation| Complete| Ways to to Factor
Factors | Factor Using Pairs
Using Pairs
55 .
130 2x5x13 -3 1x130,2x65 4 -
10x13, 5x26
770 i ’
2310
28,014

ey
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(e) Study
114 =2 « 3 . 19
50=2-+5-+5
Why are there more possi=-
ble ways to obtain 114 as
a pfoduct of nstural num-
bers than to obtain 507 . \
Fach of the numbers has 3
factors.

6. 1f I have 112 tulip bulbs to 6.
plant and voul& like to plant"
them to make a serieg of equal
rows, what possible arrange—.

M

ments could I use?

Is there any pattern in
the number of ways such
nunbers may be factored

using pairs of fsctors?

1

If I have 1000 éhairs ﬁq set -
up in an orderly fashioé in a
large auditﬁrium,‘;nd wvant to
make a series of equal.rows,
what possible arrangemaﬁts could

\‘ .
1f I would 1like the

I ﬁaka?
number of rows to be as close
as possible to the number of
ch&ir; in each rowJLwhich pos-

sibility should 1 choose?

Greatest Common Factor (g.c.f.)

We have been looking for common properties in sets of things, that

is, we have been findihg something which each member of the set has.

In our study of even numbers we saw that each even number has a factor

of 2. 5o, we said even humbers_hgve a common factor, 2. Let's find

caamon factors for other sets of numbérs} Is there s common factor

fer 10 and 157 . .

7



“Factors of 10: 5 and 2
Factors of 15: 5 and 3
" They have a common factor, 5.
Is there & common factor for 24 and 367
Factors of 24: 2, 2, 2, 3
’Factarsyef 36: 3, 3, 2, 2
Yes; they have common factors ;f 2, 2 and 3. We can say then that their
largest factcr in common, or their greatest common factor, is 2x2x 3
orgdl.

We can use.factorisg to help us change from one name for a fraction
/

to another. For cxample, we kmow that

2=1
4 2 . \

—~

But let's use some of the things we have learned abcut greatest common

factors. We write the factors of the numq‘Ptor and denominator.

2_1-2_1.,2
L 2.2 2 2

But another name for % is 1. So we can write

V)
1

K
»
-

And we know that any number times 1 is itself. Then, % = % .

™ Study these:

(B) E:L.—lzé.l:lol E:l{ .
2% 6 -4 6 4 4 2 " 4 (g.c.f. 18 6)
(b)) 28_4-7.4.27.,.1 28 I
6 4L «9 4 9 9 3 9  (g.c.f. is 4)
(¢) 36 _3+3.2.2 3 (3-2-.2) 3 36 3
8 °7-3.22 7" B.2.20"7"%+ &°%7

(g.c.f. is 12)
2
Sometimes we find it difficult to recognize the greatest common factor

for two or more numbers, We may use prime factors, just as we did in

the last example above, to hélp us.
- ERIC ML Ry ‘
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Exercises - 6 )
1. Factor each number compietely and find the g.c.f.
(a) 35;21 and 49 ’(b) 21; 27 and 15 {e) 42, 147 and 105
(d) 60, 42 and 26 (e) 24, 60 and 84 (€) 78, 13 and 39
(g) 28, 56 and 14

‘2, Simplify, that is, carry out the indicated oper§tioné.

(a) 5.3 _ (b) 3 .5_ (¢) 8.2 _
7 < 3 T3 3.8

(d) 13 - 4 - () 2.5 .3_ (f) 2.
13 - 5 15« 3 2+ 3 . 13

(8) 2:17 -1 _(h) (5-3).6_ (4) (2-2.5).

¢ 5(2+17) ° . 7+.(3.5)" (2 2.5). 7

. ) 5. (7.3 () 215 (1) 3.5 _

(3-3.7) 11 LRl -7 13 - 2

Ix2x2x?2

(m) 2x2x7x3_ | — A\

3. Find simpler names for these numbers.

(a) 10 (0) 42 () 49 () 200 (&) 36 (f) 4

35 60 56 166 63 112
(@) 100 (n) 336 (1) 5280 (§) 56 (k) %5 (1) 877R
164 633 5760 2184 1080 20,468
}\ ‘ ggggiglés of Numbers i

In learning the multiplication facts, we learned multiples of
numbefa. For example, multiples of 4 between 1 and 40 are 4, 8, 12,
16, 20, 24, 28, 3%, and 36. A multiple of 4 is & nunber that has 4
as a factor. Study the @ultiplicat;gn table again. What are multiples
. of other numbers? What numbers are multiples for different numbers? o
‘ What numbers have the same multiplé? Do ‘you see any patterns in the

‘\\ multiples?,




1.
2.
3.
be

- 6.

:
IS

RO O

What multiplsa of 6 are less than 100?

What multiples of 14 are less than 100?
&‘X\ . * . N

What miltiples of 9 are between 250 and 3007

What multiples of 23 are between 300 and 3507

c__ 1 ‘2 3 & 5 <§\\LZ, 8 9
0 0 0.0 0, 0 © :5\ 0 0.
6 1 2 3 4 5 6 7T 8 9
0 2 &4 6 8 10 120 14 16 18
0 3 & 9 12 15 18.21 2, 27
0 4 8 12 16 20 24 28 32 36
0 5 10 15 20 25 .30 35 4O 45
0 6 12 18 24 30 36 42 L8 54
O 7 14 21 28 35 42 49 _56 63
O 8 16 24 32 40 4B 56 64 72
0 9 18/27 36 45 54 63 T2 81
/
Exercises - 7

What natural numbers less th&n 10 have multiples whose decimal

numerala\end in 0, 2, 4, 6, 8?2 g

What natural numbers less than 10 have multiples that are only

even numbera?

*
~

4

@ What naturnl numbera less than 20 have multiples whose decimal

numerals end in O or SE

What natural numbers less than ?0 have multiples whose numerals ,'
\ ) ‘\ ’

‘end ip all th

tural numbers. less than 107

What number does not have itself as a multiple?

L]

10:{ What natural number less than 20 has multiples that are only

11.

12.

13.

14.

ERC .°

odd numbers?

N

Can a natura}l number that is a composit?/,number have a prims

number as a multiple?

Write the names 9§f§;x_multiples of 12 using duodecimal numeration.

L]

WMte the names of six multiples of 6 using duodecimal numeration.

Write the names 6f aix multiples of 2 using binary notation.
. - . r

|

/

.
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v 15. Outside &hite paint comes only in gallon cans. How many cans

be bought if 35 quarts are' needed?

é

' refreshnents at a campfire, each member is to receive 3
v, ' marshmallows.: Marshmallows come in p&ckages of 16, ccstihg 13

cents a package. If 15 peeple are at the campfire how many

A0

‘ packages are neede§? N

. . - .
17. 1f auditorium:chairs come in sections ccntsin%ng 6 seats, how

(S

many sections will be needed for an sudience of 100? ‘of 1507

¥ . * \
- of 2007 .of 201? of 2027 of 2037

-

Least .Common Multiple (l.c.m.)

-

"We have learned that the greatest'common factor for two or more
. N ‘ L] .2
}_ " puabers is the largest factar common to those numbera. The gre!&est
~
common factor of b, 6 and 8, is 2. It is the Ikrgest factor that is

.~ common to each®d

. . e
. : Weiaiéo/}nbu that : C b . l. o BN
Mnlt.iplas of 4 are 4, 8’ 12, 16, 20, 24, 28, 32, 36f o, u,, Za etc.
AL _ Multiples of 6 are &, 12, 18 24, 30, 35f‘42, 483%54, 60, etc.
';ﬁ Multiples of 8 are S, lé 24, 32, 40, 48, 56~\2Rh ' 80, e c.
’ k’hat. numbers are mtlples‘ of all t.hree?:’ Which is thﬁ smallest one?

4o T We call the smallest: common mPltiple for two. or more numbers their

A

-

least common aultipls. -

‘We ﬁqke-use of thig idea in fihding 1like denaminafgfs in adding
® M K]

Qggﬁsubtractlng fractions., It is true that we can use any :common

s ot

r mifftiple. If we found the prod\@lof 4, 6, and 8, or 4 x 6 x 8 we
‘ a
< would have another mulﬁlple, 192. chevera it is easfgf to add

. _ ¢
, o fractions if we éan find the smallest comnon multiple. Féctoring

S

VU helps us in finding it.

LN N\ o ’

e

B

e
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. A : .
§ind the least comson aultiple for 4, 6 and 8.
Factors of 4: 2,.2°

Factors of 6: 2, 3

T |
Factors of 8: 2, 2, 2

The least coamon multiple for these numbers must have all the different

factors sand any one of them as many times as it is a_ﬁactas-for any one
S ) . ‘ k .

of the numbders. . s

. Least comzon muitiple (l.c.m.) for 4, 6 and 8 48 2 x 2 x 2 x 3 or

24

Study these examples:
AN ’ .
(a) 2 . 2 27 is a common multiple of 3 and of 9.
3 9 . e

N

L3-18,15.33_,,58_;
CIEE I T AT T

e JO
| Yo
+
pn

O

By finding tﬂe«least Tomnon multiple, 7

2 3 ,2._6,5._11_
3°3'§59*g=9g=1¢+

(6] 3,535,212 o :
15 18 0 12 Finding least common multiple

PRY*2 V)

< .32 ,3 10, .7 15 15

. 12" 15 18

- - 12

105 191 _,, 1l . l.c.a.:
180 T 180 1

[

'...A
N
Pt
}n [N}
o ~
13
'_J
o
H
O
(VLIS Y . §)

x 3§§ 2 x 2 or 180
§

~7
-+
+

D S Fo 2l

-

i S a}u 2

Findin
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M.t 3 x 3 x2 =18

K
A
o+

It

'—-‘

wn
o+
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@ |-

o

=1

[
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Exercises - 8 ¢

i 1. Find the multiples of the following numbers which are less than 100.
* ' -«
A - B
(@) 2, 3 and 4 ' : , (a) 2, 4.8nd 8 Vi
O ‘ ] \ ‘ . ' 8 x g ’
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(b) 3, 6 and 9 (b) 6, 7 and 8
(¢) 7, 8 and 9 A (e} 11 ungas
) (d) 13 and 3 (d) 14 and 12

'2. Find the common multiples for the numbers listed in each part of

. | _Exercise 1.

<

3. Find the least common multiple for the numbers listed in each part

; of Exercise 1', : ”‘ ' _ [ .y
4o Find th least common multiple ﬁqr:
A | B ,
() 6, 10 and 14 () 9, 15 and 21 ]
@ {b) 20, 22 and/IE‘ . | (b) 12, 14 and 16 - | ,
(e) 50,'21 anq{BO ~ (e) 13, 15 and 17 _ \\\
@ 5, 20 and 16 o (d) 20, 40 and 50
(e) 9, 36 and 18 | : (e) 26, 12 and 39
(£) 5, 6 and 7 . (f) 10, 75 and 45 .
5; (a) Find all the qdmmon , ) (ai' dhet is the’least Jelkiide o) ' ‘
mltiples of 3, 4, and 8 _J‘ multiple of 5, 4 and 167
. which are less than 7‘5; {b) ‘What is another cmn:z:onf A
.\;\~ (b) Which 1s tne,laa;t ommon i multipla of 5,-4'and 167
1 : : -'mg}tiple? ‘,} o . (és What common multiple is
' - {e) Hﬂich ;pltiple is next / . between 200- and 256?“ .
| greater than the l.c.m,é . (&)- What comﬁon,muitipie isif | '///
(d)’ Which multiﬁie is ngxt lbetueen 550 and 6007 | .
| greater thap the last one? ~ (e) ngt hunch do you bave about
(e} Do you h@ve.: hunch what ' bommon mltiples when com-
X . . the next two greaterfﬁ - ' pared with the least common
multiples will be? r  | . multiple? | |
| ) | ' | (f) What is the greatest common (
(- o ’ : mltiple of 5, 4 and 167 \
o . 9= :
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Perform the indicated operation.

6.

.~

i B 4

R m.u.&. Nlen

() &2 _1y _2
18 9%~ 5

e *,% ]

-7 1
&
10

2
4 +a-2)
10

T8 - (9

15
)

25

(3)
(k)

-t

N
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UNIT IV-A

Supplementary Tests for Divisibility and Hepeatin%&Decimals

1. Iptroduction: This monograph is for the student who has siudied
a littls about repeating decimals, cwumeration systems in different bases,
and tests for é;%is;bility (cagiing out the nines, for irfstance) and
weuld like to carry his invéstigation a little further,(f under “guidance.
The purpose of this monograph is to givse ﬁhig guidance; it' is not just
40 be read. You will get the most benefit from this material if you
will first read only up to the first.set of exercises and then without
‘reading any further do the exarcises;

. o
of what you have read, but to guide you in discovery of further important

&
They are not just applications *

an‘,interesting‘facts. Some of the exercises may suggest other quasJ
o : _

"tions to you. When this happens, sec what you can do toward answering .

4

. thew on your own. Then, after you have done all that you can do with
‘ A e : . . . N -

. that [set of:exercises, go on to the next section. There you will -find
s tae answels -to somé of your queétioqs, perhaps; apd a Jlittle more,
informution to ‘uide you tquri the next set of exercises.
The most in;er;stiﬁé And uSeful'phgse of mathematics is the dis-
covery ofﬁneg things in the subject. Not only is _thisathe mqst'

1

<~ 7 intereséing-Bart of it, but this is a way to train yourself t disccvé& '
{ ' | A ‘ .
wore and more impgrtant things as time goes on. When you learnedto =

walk, you needed a helping h&nd{ bu{>you really had not learned until
. - "\ . ~ .
you could stand alorne. Walking was not new to mankind -- lots of

. L ot
)
people had walkad b%fgre -« but it was new to you. And whethér or not

.l’

L]

you would eventually discover places in your walking which né man had
ever Secn before, was unimpoftant. It was a great thrill when you

. , 2 :
fiésg‘found that you could walk, eyen gpqugh it looked 1like a stagg;}

t \
to,other people. So, try learniné/td‘walk in apatheuwatics. And be

»

. , i (o A,
i ependent -- not acceﬂt any more help than is necessary.
: . ¢! o

Q 1 ) : . .
: Y. 2 N 8~ A L A
JAFuitext provid: c - ' -~ S\ ( [ .
. * . . - ' | - . } ) v ’ ’




2. Casting out the nines. You may know a very simple and inter-

esting way tu tell whether a nuaber is divisible by 9. 1t is based on

the fact that a number is divisible by 9 if the sum of its digits is

divisible by 9 and if'the sun of its digits ié divisible by 9, the ! !
nuwber is divisible byggh For instance, cgnsiaer the nuaber 156782.

. °
' . R
The sux of ite digita 18 1 + 5 + 6 + 7 + 8 + 2 which is 29. But 29 is

not divisible by 9 and henc; the number 156782 4s not divisible by 9.

If the second digit had been a 3 instead of 5, or if the %ast dig&t had

bsen O instead of 2, the number would have been divisible by 9 sinde

‘ the sum of the digits would have been 27 which is divisibls‘by 9. The

test is a good one because {& is easier to add the digit% %han to

' divide by 9. ﬁctually we could have been lazy and-ingtead of diV1d1ng

. 29 by 9,-use the fact again, add 2 and 9 to get 11, add the 1 and 1 to
get 2 and see that since 2 is not divisibie by 9, then the original six
digi ‘npmbenhis no{ divisible by 9.

Why 'is this true? Merely aividing the given number by 9 would have

- a
testie tht result but we would from that have no idea why it is would "%

t

g‘ , - hold for any other number. We can show what is happeqéng by writing - ,
“. " out the number 156,782 acgording to what It Jeans in téj decimal nota- ~§
. .
'S tion: ) ‘ . » ' . ) - f

1x 10° + sxlo4 ¢ 6x10° + 7x10% + 8x10 + .2 =

. 1x(99999 + 1) + 5x(9999 £ 1) 6x(399 + 1) + 7x(99 + 1) + | .
8x(9 + 1) + 2% ) T | . '

.

<simllarly for the odger expressions. Also we may rearranpv the nunbers

Now by the distriﬁz:;Ve propcrty,.Sx(Qggq + 1) 5-5x9999 + 5xl and

" in the sum Lince additzon is commutative. 3o our number 156,782 may be

written
99999) + 5 x (9999) + 6 x (999) + 7 x (99) + 8 x 9 + g
4(L+5¥6{7+8+2). N

- EAR
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Now 99999, 9999, 999, 99, 9 are all divisible by 9, the products

IV-A - 3

[y

involving these numbers are dividible by 9 und the sum of these pro-

N

ducts is divisible by 9: Hence the original number will be divisible

by 9 it (1+5+6+7+8+2) is divislble by 9. This sum is the sum of the

digits of the given number. Writing it out this way shows that FRo

matter what the given mumber ié, the same principle holds.

i \ : .
~ redult hold for s sugp of three numbers? -

Exercises

Choose four numbers and by the above method test whether or not

they ate divisible by 9. When they are not divisible by 9, com-

pare the remaiider when the sum of the digits is divided by 9 with
. (. i *
the fenagnaer when the number is divided by 9: Could yousguess

some general fact from this? If you can, test it with a few other

-~

exauples,
) “

Given two numbers. >First, add- them, divide by 9 and take the

remainder. Second, find the sum of their. remainders after each is

- i « .
divided by 9, divide the sum by 9 and take the remainder, The -

final remainders in the two casep dre thénggme.- For f{nstance, let
the numbers be 69 and 79.“Fir;t, their sum is 148 and the remsinder
;hen 148 18 divided by 9 is 4. Second, the remsinder when 69 is
divi:ied‘by 9 is 6 &I;I'd h\.‘hpn 79 is divided by 9 is 7; the sum of 6
and 7 is 13, and if 13 is divided by é, the remainder is 4. The

result 1s 4 in both cases. Why arg’the”two results the® sage nq

wmalter what numbers are used instegh iﬁ‘és and‘79?,,ﬁould 8 slmilar'

®
A - '

(Himt: write 69 a3 7 x.9 + 6)

.

If\jn the previous exercise we divided by 7 instead of 9, would the |
+ , -

renainders by the two methods be the same? Why or why not?
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Suppose in exercise 2 we considered the product of two numbers
instead of their sum, would the corresponding result hold? That

is, would the remainder when the product of 69 énd 79 1s dividéd

by 9 be the same as when the product of their remainders is divided
by 97 Why must this be true in gengral? Could they be divided by
23 instead a} 9 to give a similar result? Could-sizilar statements
be made about products of more than two numbers? - |

Use the result of the previous exércise to show that 109" has a
remainder of 1 when divided by 9.  What would its remainder be wher
it is divided by 3, by 992 .

What is the remainder when 720 is divided by 67

Yoy know that when a number is writt;n in the decimal ;otation, it
fe divisible by 2 if its last digit is divisible by 2, and divisible
by 5 if its last .digit is O or 5. Can you devise a similar test for
divisibility by 4, 8; or 252 '

In the followiné statement: firl in both '.lanks withlﬁbe sane n;mber
eg0 that the /Btatement is true: -
AAhuﬁber written in the system to the base twelve is-divisible by i

¢ o
if its last digit ‘is divisible by « If there is more

‘than one answer;.give the others, too. If the base were seven
instead of twelve, how could fhe S?;nks be filled in? (Hint: one
answer for bq;a_tgelve is 6) a V4

One could have "decimal" equivaients of nuubers in numératiéﬁ
systems to bases ather than ten, though the word "decima}ﬂ would
not be quite gpprcprzate in this connection. For instance, din the

N
numeration gystem to the base sevtn;\ﬁ(l/?)‘+ 6(1/7) would be

written .56 just as 5(1/10) + 6(1/10} would be wrii{gn .56 in the

decimal system. The nuinber .1L2857142857... is equal to l/z in the
& : o \

~ Y0

-~ tt



IV-A = 5

decimal system and hence in the system to the base seven would

VWhat

written .1 . On the other hand, .1 = (.04620462...)7 .

numberS\fould'have termjnating "decimals™ in the numeration systen

to the tase 77 What would the "decimal" equivalent of 1/5 be in the

2

'Systen to the base 7? (Hint: remember that if the only prime

factoras of & numﬁer are 2 and, 5, the decimal équivéLent of its

reciprocal terminates)

10. Use the ;esult of exercise 3 to find the Femaindgr when 9 + 16 +
23 + 30 + 37 is divided by 7. Check your result by computing the
sun and dividing by 7. o

11. Use the resuits of tbe previous exercises to show that 1020 -1 1is

v divisible by 9, 7°°° - 1 is divisible by 6.

12. Using the results af some of the previous exercises if you wah

£

fsudf{;n thP method of showinb that -a number is divisible by 9 if

R
the sum of its digits is divisible by 9.
13, See page 15.
“3. Why does casting out the nines work? First iet us review some
v ‘ . ‘ }

af 'the important results shownﬁin the exercises which you did above.

e

In exercises 2, yod showed that io'ge{ the remainiér”éf the sum of two
muubers, after division by 9, you can divide the sum of their remainders

by 9 and find its. remainder. Perhaps you did it th:; way (there is mcre

than one way to do it; yours may have been better). /Yoﬁ know in the

flrst place that any natural number may be divided by 9 to get a quotient

and remainder. For instance, if the number is 725, tpe qwot%ent is 80"

and the remainder is 5, Furthermore-?Si = 80 x‘9‘+ 5 and yo# could see

from the way this is written that 5 is thé remainder. ‘Thus, using the A

N

numbers in the exercise, yoi would write 69 = 7x9 + 6 and 79 = 8x9 + 7.

,

Then 63 + 79 = 7x 9 + 6 + 8x 9 + 7. Since the sun of’fwo numbers is

4y ‘ . L
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~—

commutative, you may reorder the terms and have 63 + 79 = 7 x 9 + 8 x 9

+ 6 + 7. Then, by the distributive property, 69 + 79 = (7+8) x 9 + 6 + 7.

. Now the remainder when 6 + § is divided by 9 is 4 and 6 + 7 can be

wrigien 1 x 9.+ L. Thus 69 + 79 = (7 + 8 + 1) x 9 + 4. So, from the
form it is written in, we see thut 4 is the resainder when theAsum is
divided by 9. It is ualso.the remsinder when the su@'éf the remain&ers,
6 + 7, is divided by 9. |
Wr ting Jt out in this fashion is more work than making the compu-
tations the short way but it does show what is going on and why similar
feqults would hold if 69 and 79 were replaced by any‘other numbers,
and, in fact, we could feplace 9 by any other number as wéll. Cne //
-~ : -

way to do -this is to use letters in place of ﬁhe numbers. This has

two advantages. In the first place it helps us be sure that we did

.not make use of the special properties of the numbers we had without

meaning to do so. Secondly, we can, after doing it for letters, see
that we way replace the letters by any numbers. So, in place of 69
we write the letter a, and inxplace~of 79, the letter b. When.we

divide the nuzber's by 9 we would have a quotient and a remainder.

- We can call the quotient the letter q and the remainder, the letter »

r. Then we would have ‘ .

r

a= (g x 9)\+ r

-

where r is zero or some natural number less than 9., We could do the '

sa.ne for the number b, but we should not let q be the quotient since ﬂ
it might be different from the quotient when g is divided by 9. We

N
here could call the quotient q' aﬁd the remainder r'. Then we wouldj‘EA\\\
have . | R : T

"b=1(q"'x9 + 1,
Then the sum of a and b will be | * .

. ’ ‘ (}‘) -
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a+b=(qx9)+r+qg'x é + 1.
We can use the cammutative property to have
a+b=(gx9)+(q"x9) +r+r'
and the distributive property to have
atb= (@ +q') x 9 +.r + .
Then if r + r' were divided by 9, we ;ould have a quotient which we

might call q" and a remainder r", Then r + r' = (g" x 9) + r" and

tH

a+b=(q+q')x9+ (q" x9) +r"

]

(G +q +q") x 9+
Now r" is zero or less than 9 #nd hence it is not only the remainder

when r + r' is divided by 9 but also the reasinder when a + b id

‘ /
divided by 9. So as far as the remainder goes, it does not matter

N
whether you add the nuabers or add the remainders und divide by 9.
The solution of exercise 4 goes the same way as that f®r exercise
2 except that we multiply the numbers. Then we would have

69x79=(7Tx9+6) x(8x9+7)

7x9x(8x9+7) +6x(8x9+7) .

| 7x9x8x9+7x9x7+ 6x.8x 9 +6x7
" " The first three products are difisiple.bw 9 apd by what we showed in
exercise 2, the remainder when 69 x 79 is divided by 9 is the same as
the remairder when 0 + 0 + 0 + 6 x 7 is divided by 9. So ir finding.
the remainder when a product is divided by 9 it makes no difference
whether we use the produet or the product of tﬂe renairders.

;f we were to write this out in letters as we did the sum, it

would.,look like this: y -~
. ﬂ»A ! .

(q x 9 + r)va(q' X9 +r')

o
i

\\= qx9xq' x9+qgx9xr'+rxq'x9+rxr

/

Agaln each of the first three products'is divisible by 9.and hence the
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rewsinder when a x b is divided by 9 is the same us when r x r' is
divided by 9. . - g -

e used the number ¢ all the way above, but the saue coriclusions
would follow just as eaplly for any nuwber in place of 9, such as 7,
23, etc. We could huve Lfsed a letter for 9 also ‘but this seémsﬁe
carrying It too far. :

There is a shorter way of writirg sowme of the thirgs we had above,
When letters ure used,'we ﬁsually prait the muitiplication sign and
write ab instead of a x b and 9q in(;kﬁbe cf 9 ¥ q. Hence the last

o . }

eqlation above could be dbbreviated to v

ab = qq'? x 9 + qr'9 + rq'9 + rr!

or ab = 9 x %q' + Yqr' + Srq' + rr'.

But this is not especially iluportant right now.

So let us summarize our results so far: The reaainder when the

sum of two numbers is divided by 9 (or any other nunber) is the same
as the remainder when the suz of -the rewainders is divided by 9 (or

the same other number). The same .rocedure holds for the prdduct in

LTS

p;ace of the sum. .

These facts may be used to give q' ite & short procf of the impor-

tant result stated 'in exercise 13. Consider again the nu@her 156,782,

!

ITh¥a is written in the usual foram;

N -

“

Now the result stated abqve for the product, the reuainder Jhen 102 is
f . H

divided by 9 is the same as when the product of the remajnders‘l x 1

| \\~\\ 1x10° « 5x10%+ 6x10° +7x10° + 8 x 10 + 2.
!

’ .
| ., is divided by 9, that is, the remainder is 1. Similarly 107 has a
remainder 1 x 1 x 1 when divided by 9 and hernce 1. So all the powers

. ¢
mf//;f ten ht?e a re%aigfer 1 when divided by 9. Thus, by the result
/

state& above for the sum, the remaindef when 156,782135¢divid§d by 9
, ' . N/ ’
. \ P P ‘ ,
;‘ i oo - 1 ¥ .
& ' Y
5 N , ,

!

an
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is the same as the remaindér'when lrx 1+ ? P if% 6 i 1+7x1+ 8

x 1 + 2 is divided by 9. This last is just the ;um of the digits.

Writing it tlis way it is easy ‘to séﬁ.that @his works for any nuzber.
Now we ' can use the result of exercise 13 fé describe a check |

called "casting out the nines" thch is not used much in these days

of coaputing machines, but whieh is still interesting. Consider téi

product 867 x 935. We indicate the follewing calculations:

. 867 sum of digits: 21 sum of digits 3
235 ‘'sun of digits: 17 sum of digits 8

A

Product 810,645 | Product: 3 x 8 = 24
Sum of digits 8+1+0+6+4+5 = 2% ) -
Sum of digits 2+ = 6 Sum of digits: 2 + 4 =6

Since the two results 6 are the same, we bave at least some check ot
‘ . 5

the accuracy of the results. )

a3

- ‘ | ) N Exercises .
d. “Try the method of checking f@r anothér product. Would it also work
. for a sun?  If so try it ;lso. |
2. %xplain why this should come out as it does.
3. If aqzéyputﬁtion checks this way, show that it still could Se'wébné.
fx . That is,-in the example given agove, whet wouid be an incorrect
prodéct that would still check? | .

- - } N : )
Given the rumnber 5-75 ¥ 3-74 + 2-_‘73 \*‘J.-72 + 47 + 3. ‘\(hat is its

Y remainder when it is divided by 7?7 Whut is its remainder wﬁen it
. } . . r .
is divided by 6? by 37 . | : g
! 54" Can you find any short-cuts in the exuaple above anslogous. to
\x\% casting out the nines? '
e '

6. In a numeratjon system to the base 7 what would be the rgsult cor-
_ respénding to that ip the decimal system which glves casting out the

nines? ( \ ‘ ‘

.”t;_

-
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The fallowing is & triek based on casting out the nlnes. Can you

seq.how it wbrks? You ask someone to pick & number -- it might de

1678.  Then you' ask him to form another number frcm t,haﬁame digits

' 7
in & different order -- he. might take 6187. Then you ask him to

‘_'subtract the smeller from the larger and give you the sunm of all

but one of the dlgits in the result. (He would have‘t509 and might

add the last three to give you‘lé) A1l of this would be done

without your seeing any of the figuri§§;; Then you uould tell ‘him
1’

that the other kigit in thﬁ result is 4. Does the trick aluays

N work? . ] )

{

' name "cgsting out the ninés# cane.

' By Jjust the same principle, in a pumber syst

. . ‘ : ' N '
One method of shortening the computation for "a test hy casting
0

out the nines, is to discard any pariisl suns which are 9 or a
multiple of 9. For instanca, in the exxmple given, we did‘not
need to add all the digits in 810,645. We cculd notlce that
=9and 4L +5=9 and hence the remainder.xhen the sum of

¥

the digits is divided hg 9 would be 0 + 6, which is 6 Areftpsre’

. Tcther plapes.in the check where work . cauld have been shortaned@ Ve

thua, in a way, throw away the nines.> It uas,fram this that thg\

_té‘thpﬁﬁase‘T

one would csst out tbs.:}xes, to the base 12 cast dqut the elevégg;
| . ' | , -

etc.

<

"4: Divisibility by ll. There isa test for divisibility by 11

which is not quite so simple as that i&r divisibility by ‘9 but is

quite easy to apply In facﬁ, there are two tests. We shall .start

you

J N ' |
on one and let you discover the other for YGurself. Suppose we .

. «wish tcltest the number 1794§.for divisibility by ll;,,Then ve‘éani

-

. o . \ « .
o ' ‘ . ‘A v : . & ".s;.
S v Ne L

at

"

L]

N



:urite it as before ,
N '1 10‘ + 7:103 + - 9 102 + 41014 5,
| The remninders when 102 and_ 104 are divided by 11 are 1. But the
'remainders when 10,103, 105 are divided py 11 are/10. Now‘lq is'e‘qu’gl,§
to 11 - 1. 10 = 10%(11 - 1), 10° = 104(11 - 1), That is enough.
o Perhapg ue; have t{o;d you tc‘nm_'ch‘ ake&dy. Itis yémr /’g.izm -’co ::E&'y
‘the ball. ' |

,- N .. - Exeréises ',
L : . " N 4 ’ . ‘
1. Without considering 10 to be’ll-1, can you from the above devise )

‘ s test for dfvisibility by 117 L ,
? ' ' ‘

2. Noticing that 10 = 11 =~1 and so forth as above, can you devise

another test for divisibility by 117 _

¢

We hope you. were able to devise the two tests.sugge;ted in the
previous exercises. For the first, we tould group the digits and write
the number 17945 as 1 x- 164 + 79 x 102 + Zgi Hence the rémainder vhen_
the number 17945 is divided hy 11 shOuld be the ssme as the remsinder
‘when 1 + 79 + 45 is divided by 11, that is 1 + 2 + 1= 4, (2 is the

e;iinder when 79 is divided by 11, etc. ) This aethod would hold for

any number. . _ “ )

»

., The secend method tequires a litfle kncwledga of negative numbers
(either revieu them or, if you have not had them, qmit this paragraph)
He could eonsider‘-l as the remainder when 10 iéfylvided by 11. Then

the original number would hgve the same remainder as the remainder when
; , :

-

1+ 7(-1)2 + 9 + 4(=1) + 5 is divided by 11, that is, when 5 -4 +9

A -7 +1 1s divided by 11, This last sué is'equal to.4 which was what

* - . .
/ : #

" we got the other way. By this tést we start at the right and alter-
. . . . v .
nately add ard subtract digits,. This is simpler than the other one.
S ) . - - ~— 7
) : . -‘. ‘ ¢

JEMC A .»’ . . '4 .
CEEE o T S

Y7
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L . Exercises

described above. Where the nnmbers are not divisible

remninders by the method given.
o “#

2. In a number system to ‘the base 7, "what number could we tes for

divisability in Qhe same Hay that we tested fbr 11 in the decimal ’

N x .. aystem? Would ?ath methods given.above work for base 7 as well?
3. To test for dlvifibility by 11 we grouped the digits in pairs.
What ‘number® or numbers could we, fist for div151bil@my by érouping
. . “the digits in triples? For example we mlght consider the number

157892. We cogld\form the sum of 157 and'892. For uhat nunbers

o
b )

would the remainders be the same?

4e Answver the questions raised in exercise 3 in a numher system to

base 7 as well as in a number, system to base 12, t

5. In the repeating decimal for 1/9 in the decimal system there is

ohe digit ins the repeating portion- in the rcpeating ﬁecimal for

1/11 in‘the‘decimal system, there are two digits in'thg repeating :

¢

portion. Is there any connection between these facts and . the

tests for- divisibility for 9 and 117 Wh&t would be the connec-
~ tion between repeating decimals and the questzons raised 1n
exercise 3 above?a

\ 6. Could ore have.g'cneqk in which 1l's were "cast dut"{ )

7. Can you find & trick for 11 similar to tﬁ&t‘in exercise 1 -sbove?
\ . N P | '

;\y/ 5. WDivisggi;th gx 7. There is not a very good test for ‘divisi-

R
v

bility by 7 in the deéfgél system. (In a numaratidn systam to whdt

a KSY‘ _ baséfﬁonld therg be a gpod test?) But it is wprth lookﬁng into since

\we can see the connection between tests for divisibilit and the

v L)
Do : .
A‘}V‘ & \ L { -t
O » . .
. : : B . R . . '
" ' ‘ N
14 + .

»
B ronal he i 27

E«l. Test several numbers for divisibility by 11 using the two methods '

N
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fepeaiing-&ecimals. Consi&er tre remaincder when tke powers of 10 are

divided by 7. We put them ih a little table: .

n 1 2 3 4 '6_7:’ ’

. ‘ N [
Remainder when 3 2 6 4 5 1 3 _
108 i3 djvided o ‘
by 7 o ' - o

-

'If you compute\\ae decimal equivalent fof 1/7 you will see that the

K]

2

the repeating decimal and the test. .

remainders are exactly the numbers in the gsecond line of the table in

the order given. Why is thfs so? This means that if we. wanted to find

tng remainder when 7984532 is divided' by 7 ve would write

7% 108 + $x 205 + 8 x 104+ 4 x 10% .+ 5 x 10°

~

+3x10+2

-

*and replace the various powers of 10 by their rgﬁainders in the table,v

-

to get

Tx1l+9x5+8x4+4xb+5x2+3x3+2

_ ‘We would have to compute tﬁis, divide by 7 and find the remainder.

That would be as mﬁgh work as div%ding by 7 in the first piace. So

this is not.a practical test but it dods show the relsitionship betwpen

>

- : . [

~

Notgce th%§ the sixth poyer of 10 has & remainder~of 1 when it is

.divided by 7. If instead of 7 some other number is taken which hss
' #
neither 2 nor 5 as a factor, 1 will be the remainder when some pouer

of 10 is_ﬁivided by that number. For instance, there is some power of

*10.which, has the remainder of 1 when it is divided by 23. - This is

very closely connected with the fact that the remainders must from a
cettain point on, repeap. Anothéf way of expressing this result 'is

that one can form a number completely of 9'5, like 99999999, which is.

divisible by 23. / C ' -

D ‘ . ¢
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{ ' Exercise - .

. ¢

'Completé the follo{&nc'tahle In doing this netice trat it ié not-

-
necessury to divide lOlO by l7’io get tre remainder when i{ is divided
by 1?. We can coupufe eacf entzy from the one above, like this: 10 .
is thi re.;ainder uhan 10 is.divided b§ 17; this ~s.tre first entry.

Then 5&vide 102 that is, 100 by 17 and see that the remainder is 15.

. But we "do not need/io divide 1000 by l?. Le/“erelv noticerthat 1000

N !
is 100 x 10 and hence tke remainder when LOOO is divided by’ 17 is the

sana\gs the remainder when lS x 10, cr 150 is divided by 17. ‘This’
redinder is 14. Iro £ind"the remainder vhen 10 is divided by, 17,
nctice that lQL is equal to lQ x 10 and hence the remainder when

\vided by 17 is the 5aze as when 14 x 10 is divided by 17, that is

Lo

. -
.y
» * . . - L
" e -
. N .
-

¢
»

*
'

5 3. 75,9 1 13 17 19 A %37 101

1 11 |1 1
w1 {3 |1 | . v1o "ooa
109 11271 15 v
10° L6 |1 | 14 -
104 1 s | 1 . L .
107 L 5( \ 1 i 6
107 1 1, s | 7’
10% 1 1 16
1047 1 1 . 2 /
lc}ll . l ' 4~l{. 3 \
1012 1 1- 13

13 . |
10 1 1 11 - -t ; P
ot Ly 1 Coog |
10 1 i l 1

-
-
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j T

&F‘md what relatmrships yo#r can between the number of d;gits in the

repeating declmals fOFgl/}, 1/7, l/0 1/11, l/lB,fetc. and the pattern. '

of the rexainders, Why does the taﬁle shcw th&t theré w11l be five

digits in the repeating portion of he ¢ deci.nal fbr 1/4_1‘7 Will there

! be scue othar fraction }/9 which will have a repeﬂting iecimal with

§
- five. g’ng‘tst in the repeatmg portion? “How would you Tind & f‘ractign

—

1/? whie¢h would hagve six digits in.the ribeaténg pgjtion? ) > f

*
¥

4

If you w;sh to explore these things further and find that )ou need ;

e

1
help, you might begin to read some- boog on the theor} of m}mbers. '

Also there is quite a little material on tests’ far‘divi sibility in

‘"Efkg,hematical Excursions® by Miss, Helen'Abf)ott Nerrill, Dovaf (1958).
. ' ! ' ¥ k

’
[

continfed from.page 5. | -
Ex. 13. Show why the remainder when the sun of the digits of e
number is divi&ed by 9 ia the same as the remainder when )

N

the number is divided by 9.

\ ‘ \

L/

-\
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THE NON-NEGATIVE RATIONAL NUMBERS

- R - LI
o=

1. Whole numbers and divisibility. You sre familiar

‘with the matural numbers 1, 25,3, 4, 5, 6, and so0 on, and

the'numbar‘ze:o.‘jTheae wélhave agreed td call the whole

‘numberé._ Lﬁte; on we shall have whet we call 'negétivs num-

/

¢ S
bera" aes well rnd find that anothar name for the whole num- .

bera isqr 'the nan-negative integera", or ”the poaitive

Tintagnra and zero* But In this unit-we shall juat use the

| 'ords 'whole numhera" to describe the aet 0,1, 2, 5 etc.

Division 1s the "inverse® of multipllcation; that is,

.6/2 =3 and 6 =2 x 3 are two ways ,of expressing the same -

relationship. Also 6/4 = 1& because 6 =fF x 14. When we
divide 6 by 2 we obtain & natural number and’ we say "G is
divisible by 2", But u@en we divide 6 by 4 we do not obtaiﬁ
-} natural number and we.say "6 is not divisible by 4" The

. term *divisidble" doeg not‘mean rely you can divide® (thigv

can uaually be done - certainly in both casSS ahove)-but it
mgana that both the divisor and quatient are natural numbers.

«Two other waya of saying "“40 ia divisible by 5" are “40 is a’

) mul:iple of 5w ‘and "5 1s a factor of 40%,

~ 2. fThe fngetionai notétion. The symhol 6/2 could hava

two meanings. It might be six halves or half of six, that ia
6 x4 or4 x6, The fact that these two are equal iz called -

- !



the. commutative property of multiplicatien. Ho-kag that aik*
3halven are 3, 'hich is’ half‘ﬁﬁ aix.~ o  '  Q_',i3¢

¢ B e dehokoded) s L~1+1 .3, “f{

'chte use the two meanings 1ntarchangeahly. '
| 1[% is th% numher sich that. if you multigly it by 4,
you obtalin L; that ia 4x(1/4).1. In & similar. way, go:(lfzo),
or (1/20)x20-1._ . : S | o
~°3/4 would be 5;(1/4) or (1/4)x3.  We ean alao aay that
,5/4 13 the number such that if you multiply it By 4, you -
_obtain 3. 8o~ . S

The quotient of any two natural numbers we.csll a

(ﬁ - rational’nnmber;“Some 8xamples are: 3/4, 7/2; 6(1;'125/789,’
'670000/3. "‘fQ' | | | |
| Exercises A - - T o
:Jl. Give examples. of the follauing kinds of numbers- |
T - (a) natural numberu N (b) whole numbers
. | | . (e) %pn-negative numbers” (d) rationd} numbersv'

2. Express the relationahipa as products-

N () (efzim (v) (21/7)s8 '
- (¢) (150/15)-%8f . (d) (29/5)=5 4/5
S« By what natursal numbers is 144 diviaihle? What numbers are

v

factors of 1447
'« 4. List 10 miltiples of 7.

- N . ¢

S, List 5 mult%ples of 13.

N

L

6. What are two of .the meanings of 3/8?
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7. 2/:5 is the number auch that ir 11: u nmltlplied by 3, 2

" is ahtained. Uae thls lang ge to deacrihe the folkgwing

numbara:‘,, " SR . o e
{a) 4/5 () ‘7/,.‘5‘ (e) 1/8 . (d) 611 " (e) 100/9
' 8, From the product: 2x3x5x17s510 we can say |
_ (=) gwﬁa'tmmbers“ are factors of 5107
e ) 510 ia,diviéible b§ What pumbers® . .
(c) 510 1s & multiple of what numberu? _ _
9, see Ezercise B, By I{xteh of the following numbers is 510
aiviaible? g R
. 4,5,8,10, 11,15, 20, 34, 51,52 -
10. Assume 8,b,c, snd d are naturaﬂ numbers, - If axbxcsd
make ds many stateménhs as yodfcan about rnctora and
multiplea igvolving 2 or more of the numbarg a,b,c, and

" 'd. Ia da multiple of axb? Ia bxc a factor of as
} i f ~ - ‘ ‘a : - :
Se -lulttglication of ratianal numberu.‘ In order to use

o’

' retional numhera we must be ahle to multiply and add thenm,
and the propertius of multiplication and addition sh\ﬁld be
'the same &s far as poulble - for the rationh‘numhera as
ror the whgle numbera. Since muftiplicatian is 8. l&tti&i
jeaaier than addition, 'e-g?all consider it first. What ahculd
be the va%ye of (1/5)(1/4)? gIt s one-third of one-fourth.

In other words we wouldesdivide something into four equal parts

and then each of these paitg Anto three equal parté. We would

A
" Ty

)
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N
have in &1l 12 °qual parts. Hencs we should defins ‘the -

" product (1/3)x(1/4),to be 1/12. S&milarlyq (1/6 )x( 1/54-1/30.’

4 'This would 5uggaat whnt the product should be for~;§§\natural ‘

\

numbers in place of § and E. *One way to express this would
) - . {

be to repiace 5.

. have”it understood that the lotters: stand for any numﬁera.”
. | . . C . . g .
Then we would have

T T (l/a)(l/b)!l/(&b)p&
where ab mesans the produég of 8 and b,

N
-

- Sugpose we have two ratidhal numbers whose numerators
a4 are not 1, such as, (3/4) x (5/7). . Then this could be written
(3/4) x (5/7) =3 x (1/4) x 5 x (1/7) by the def1n1t10ﬁ7of 8

> o rat%onal number and the apaocidtive '
v
A ‘ . . property. , - :
- * ) . ‘ ' ‘ » ’ ’ \
~ 2? B T =3 x5 x(1/4) x (1/7), by the commfitative
. ' princlple. ‘
~ J '
A Ty * 15x(1/28)% 15/23 uslng the value of the -

A
product of two(rationalfnumbers with one

o ( in esch numerator.
This would work equalr§ wefztwith any natural’ numhprs in place
ﬁ': of 3, 4, S, and 7. Expressed in letters it would be
“ | 3 {8/b)(c/d) = (mc)/(bd). . «

In words what does this mean? - F

» .

a | o e

4 by.letters instead of -other humbers and

S N

-
i -



4. .

5.

6.

number 6/1? Why? ~

—~ rational /mumbers, is the set of non-negative rationals; Y

V-5

¥

Exerciges B ' . C/ | ‘ N

Explain what 1s meant by e&oh of the. folloring' 7/12,
5/3, 10/6 14/~4. | ’

. Find the ‘values of’ each of the follaving. (5/5) x 6 - ,%
(7/4) x 4, (3b/b) x b for several whole numbers in -
‘ pl&cé of b, |

We know'tnat 6/6 = 1, 2o/2o I. Using this and assumf;g

Fhat the prcduct of any rational number and 1l- is the .

¢

(3/5) x (6/5),'(7/101;x (20/20) (11/8) x (7/7). |

rational number, find tbe value of ¢

»Compute the.products indicated in the previous exercise,

using the definition of the product of two rationsl

numbers. , ‘ \ - \ v

Can the natural number 6 be thought of as the rational
Find the producta, using the form above for tha product
of (3/4)x(5/7), and giving the reasons for each step:
 (a) (1/2)x(3/5) (b) (2/3 x(5/4) . -
(e) (5/6dx(8/9) - (&) (1/4)x(2/3)x(7/8)

Using the definition of the product of two non-negative

clgpad tithfreapect to multiplication? ) +

A}

r



o 8: Find the foliawing products: ., .y _ )
I "(a) 51(5/11) L) (2/9)ma ¥ (o) (1/5)x(i/4)x(1/5)
(a) (2/3)x(7/8) (6) (é/s)x(s/v) (£) (1/4)::{8):(5/61::(2/4)

S Suppoue two equnl ratlonal numbers have equal denominatorn.

-
-
ﬂhat can you aay about their numeratorn? Supposé the

equal rnticnal nnmhers had equal numerators, what conld

L

you say about their denominatora’

10,. State in 'ords the method of finding the product. or tto

ratianal numhers. : ) S e Y
v -" / N . . '

o’

4. ggualitx of retional numbers. We kmow that 6/2 end

12/4 are two waya of representlng the numhor 5. Are tﬁeée
- . dlfferenm ways orfsepreaenbing any rational numbpr? ‘We kHOI
| thaﬁ the answer to th , "yea" ainee, for example 1/2!2/4;
Here it is halpful te make & distinction that we made for - #
h—\tural numbera- there ia 8 dlfference ‘between a naturél
number and hhg_aymbol used to repreaent it. We usll the-
symbol, the "numeral®. Here when we . want to make a diatinc-

tion, we call the aymhol the ”fraqtiun' If wé were going

to be(very pareiculnr-wa would have 1tten in the last sec-

tion: a fraction which rypresent tho product of two. ratianal
\J

tora and 'hcae dennminator.i_ he product of the denominatora'

/ ‘of the fraations which rep esent the;given numbera.b This, 9r )

cgprie, is beifng sltogether too particular. But it 1s useful
o - | g S

. -”
L . ‘
. . . ) - . C . .
) : - ' Q - \ - <o

Y . o o _ .
' 2 . ¢ T - B
. . N
N
.
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‘

. . . | . ‘ I . ‘ ' '
_at'times to have the word "friction" for the symbol, For ;

.S..nsts.nce‘ we ‘could say that the ,two fractions l/2nnd 2/4
repreaent the same rational nymber and so we csll them eqpai\

Also wa should prob&bly spesk of the numerator and denomina-

) tor of a fraction but not ot a rational numher. But this\is.

a'ktard too, and there is not likely to be any confuaion

when we sp%ak of the numerator of a rational Rumber, 1if we

. realize that it may have several numerators and that we are

¢ .
merely referring to the way 1t is written at the time.

We saw in exercises 3 and 4 sbove that (3/5)x(6/6) is
. on the.one hand: equal to (3/5)x1 which‘sh;ulg be 3/5. On the
other hand 1f we multlply the nuﬂbera, we obtain 18/30.. So
18/30 should be equal to 3/5. ’He could ‘have used any naturar\

- number in place nf 6 and seen, for 1natance that 3/5-21/55.

In fact, no matter what natural numher k is, it would be trup
hat 3/58(5xk)/(5xk)[-ﬂe can write this more bribfly as — -
" « (5/5)-(5k/5k) -

We can multipry the .numerator and denaminator of any frac-
tinn Py’ & natural number without changing the valye of thp
raticnal number which 1t rspresenta. ‘Alao, werking froﬁ the ~
right to the left, we can divide both numerator and denomina-
tor of any fraction by the ssme natural number wlthout chang-
ing the'ratia;al number which it represents.-

HowJag we find out whether tro fractions represent ‘the :

same rational-aﬂmber? Suppose we . had 8/15 and &/10 1n which

\ . f
| ~

Y
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C s the nﬁ%erﬁtor‘of‘ane‘is‘not a8 diviécr of the numerator of the
« - - . . N
Ny ;otheb‘ Ono maphod would be to reduca ench fractlon to lowest.

terma, that is, in each fractien divide the numerator gndff
‘deggminator by any common factor. Then 6/15 = 2/5 and
] 4/10 = 2/5 show that the two given fractions represant the
same rational number, Another vay of sho'ing them equsl |
would'pe to equate sach frgction.to one uhoae,denominator is
the praduct of the given ones, That is
6/15 = 60/150 ahd 4/10 = eq/lse. ‘ e
. In the firast case we multiplied the numeratdr and depnminator
o | by 10-and in the second cagse by 15, If we do this using -

s ‘lettera it is easler tc\gggiwhat the result looks like in

o - general. *Let the, fractions be a/b and c¢/d. Then

> s/b) (ad/bd) and (e¢/d) = (ed/db). |
‘No' bd = db by the cammutative property and cb = be, Thus

"

.the frdctiona {that 1s, the rational numbers which they

¢

. {g ~
represent ) will be equal if ‘ad = bc and if ad = bo; the frac-

tions will be -equsl,

) . Exercises C o Lo
" l.. Prova in two ways that eaah of the rollowing pairs of '
_ fractions represent the same rational numbers; 6/21 and
-10/35, 9/12 and 21/28. |
. 2+ In the second method abéve we tesﬁed tﬁe équality ef the

two fractions by making the denominstors equal, Could we
./ S
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have the numerators equal 1ns§%ag?‘ If so; what wculd)‘.
/ . - | s P .
. the conclusions have been? -

-~

3. Use the conclusion ‘that a/b = c/d if sd-bc to nake th@

following as true on false VO X - :
(&) (2/5)-(20/50) (b) (1/10)=(100/1000) (o) (5/6'):.(51/51)" .

o Tla) @/ser/e) (o) (1/51)=(3/9)  (£) (1/2)x(3/4)29/24
“:“ﬁg'fﬁéhuce the follqwing‘to loiestftapﬁs: | . .
e (e) 100/300 - (v) 50/250 o (o) 8/36,
: (a) gs/ma‘ 3 (o) 121/145 o () 19"4/2056 i

5. Show that (/7 )x( 7/4)=1 and ‘that’ (9/17)x(17/9) =1.
' 6. Show that (a/b)(b/s)=1. The-fraction b/a is called the
| reciprocal of a/b. ‘_‘ - ) L coae 8
7.\ wr1te the raciprocals of the follo'ing fiumbers : |
(a) 2/3 (b)) 10/11 4c) eg/aﬁ (d) 99/100 - (e) 10
83 Which of the following are correct -and which are wrong? | ™
Give the reasons for your snswers: S s
. 3/(2.e}-1/(g;2) . T 3/(2x6)=1/(2x2) ‘
' ;f | é5/ (612 )=1/(2e4) ) - 5/ 6x12)ll/(2x4)
| Just showlng that the numbers are equal or not equal Js
" not enoubh. The proper or wrong use of the fundamentaf\
Tpropertiea of rational numbera af? natural numbers should
’ ~‘be atated.

8. I& the following statement true for every rational number :

. -
kS

+

. Given a raﬁipnal nuﬁber, the reciproeal of. its reciprocal

is the given number, e
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« wdger De Divigion by zer '« So far we-have specified that

. §ﬂt‘\the numberp appearing in a’ fraction'must be natural numr ’

'?bera.**Why diﬂ we fall to mention fractians 1ike 3/0? Wg)’
. keriow that 3/2 wes defined 8o that "(3/2) x 2 = 5. So 5/0
.would have to be defined if at. sll .sn tnat \3/0) x 0o = 5.

. ¥
This would seem pecullar since we kn@wd"kl}gs*é'nf xmtural num-
CRt l‘ . \" tr -
ber mnltiplied gy zero is* zero.‘ But we sﬁill mighi{pot be -
' v

disturbed S‘gf this. Suppose we carry it & little further,
mon [ (3/0) x 0] x 3 = W3 » 9., But (5/0) x (0 x3)

= (3/0) x 0 = 3. Hence the sssumption (5/0) x 0= 3 either,
'leads tc—Q = 3 or that [(5/0)x 0] x 3 is not equal to “_
(3/0) x (0 x 3) which would deny the sasociative property.

- Our only choice is then to excluﬁe zero denaminatora.

i - |
- . . ExerciSea D ‘ g |

1. anuid'oys'be anluded'ameng the rational numﬁéfs? Jhy?
If it should be inoluded what number woukﬁ“it have to be

equal to? . ‘ S

2. Use the srgument in the parsgraph above to show a contra-

&+

diction we would resch if 4/0 were dofined to be 4.
5. How many times 1s e&ch of the following contained -n l?
| () 1/2 (o) /3 7 (e) /10
(a) 1/100 - (e) 1/1000 '(f}'l/lOOOOOO
4, Does the luestion' 'Howipany zeroes are contained in 179,

have any meaning? Why? - +

[
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X1 c:ould 0/0 be admitted to the fs.mllgof rational numbers ;

without runnins 1nto trouble? Why?
L ’ : o Y
. 6. Bivisian of ratinnal numbers. WQ have seen thst 1t.

€

is easy to multiply two rational munbera. How can. we divide

‘*'them? Suppose we consider’the quotient.' CS/S) -(4/?).

B

V'There ‘are t\:o ways to find thia quotlient. In the first place

" we know that 2/5 1s that number which when multiplied by 3

Agives 2. Henoe 11‘ we are to find.the quotient. (5/5)/(4/7) we
imuat search i‘or a mxmber which when multiplied by 4/7 givea
3/5. 'In other worda, we want to start ‘with 4/7 and by mul.tl-

: plying by & properly cheaen rstional number, arrive at 3’/5,

If x atanda for the number we are, seeking, then

| (4/7)~x-§/5 L
le can first ‘multiply 4/7 by 7/4 to make the product 1. then
- by multiplying by 3/5 to obtain the product lx 3/53/6.. -
Hence the nunber we are seeking_i-e (7/4:)::(3/5 )3{1)@7. ,

We see ('5/5)-.:; (4/7)-2i/20. To .eheék, we ind
(4/7)(21/20)=84/140m3/5. 21/20 18 the numgerAlhlcﬁ'mnlti-
lied by 4/7 gives 3/5. . | u | |

We can think of the quotlent (3/5)-1(4/7) a8 & quotient .

‘of two rational numbars, or as & single fraction with the

“ rational number 3/5 as, cm numerator. gnd the rational numbar

arly

-

4/7 as the denomi.nator, jﬁg/,/
. ' o (4/7)

B
»
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Then another tay to get ths same reault is.to notice that we

“‘-caﬁ mahe the denaminatar o: the given fraction 1 by muLti-‘

o

| plying numerator and denominsﬁor by the rsc&proc@l,af 4/,

. ?-._ thﬁtlis by 7/4,%?Then we have \\$g

o (s/i}//4/7) = e£¢5) x 47/4)///14/7) 7/4) (5/5) /41///
- ‘ * = (3/8) x. (1/4) = 21/80.

| How would you formulate this tn worda? Thia shaw§ that wa ;5

ave in the rational numbers 8 system thich has one- advenﬁage ,/’

_4 .

over the natural numbers. The natural numbers are not clnaéd
1 under Qiuision, that 15, the quotient of twp natural numbers'.
"ii not always-a natural number, But the rati&nal_num ers.

aré‘clogéd under division except by zero, since the quotient o
of any twé-rational‘nﬁéﬁeréﬂia & rational numbér, . ) v

S S .Bxercises E

el

1. ﬁhat i{s 3 divided by one-half? Find the result using

~division of fractions. ~Show how the same result could

{

be obtained without dividing fractions.
2., Find the quotients: - ‘ | .

| () (3/2)3(9/4) " (b) (9/8)2(7/6) (c) (3/2)3(7/6)
(d) E/s);a (e) 32(3/4) = (t) (19/11)5(2/5)
5.  Find the i&ﬁﬁients: - . 2 s
() (3/2)3f(s/2)2(7/6)]  (v) [(3/2)2(9/8)] §(7/&L\
4. Is divislon of ratlional numbers assoclative? ) ~
'5. Find the quotient : ‘ t ,
- - (a/p)z(e/a) |
. 1 .
\ o

N *“A ’ ' ’ ‘(g i3
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| -~ - | S : v.e 13 o - ,l o
" u;ﬁ. State the. results in Exercise 5 in wards. :; ‘&;\ .
: | R . > -
N Te Addit.‘.on ef rational numbers. \‘famave -seen how’to ‘_‘, _\1& |
multiply raclennl numbers. Hdw do we add tham? If the dencm- o
" inntgrs are the same, it ia easy. For. 1ns£ance
- <,. | 5/?‘4 2/? =3 .x (1/7) . 2 x (1/7) = (5 + 2) ;%(1/7)
| A a5 x (1/7) = 5/7. g
We just assume that.the diatrihutive prope;;ywﬁgll.hold and .
. dsfine add;tiéghgccordingly. ¥e could express this Qn terms
T of letters: v | . o o
| f | a/c * b/o) - (aﬁb)/c o . {i B
| Nhen the denominators are equal we add. the numarators. |
' Suppaae we have two‘rational numbers those denominatprs . R

are-not equal, Thun we can mske the denominators equal by

\\\\\vgyltiplying numerator and dﬁnominator by appropriate natural
numbera and then &dd the numarators. " Suppose 'e.tigh to sdd - .\,

5/7 end 3/5. Then we have -7 | _
2/7 ¢ 3/5 ® 10/36 « 21/35 = (10 « 21)/35 = 31/36. 0/
We chose the 35 as the denominator since it had to be a o Aﬁf*

multiple of 7<§pd of 5 and the smallesﬁ such ‘number 1is 35.
. Suppose on the other hand, we were to add /4 and 7/10‘ Here
our denominator must.beia.multip;e of 4 and also of 10. While
40 satisfies these conditioﬁa,'zo\ia a smaller number which
 does, Thus ﬁﬁe numbers eoul@ be written .

- 3/4 * 7/10 =,15/20 « 14/20 = 29/20, | N
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“Yon may p efer to write this in uolu:qn form &a
5/4:3,5/20 T or 15(1/20)

. . - .
. ‘. hi
' . V4

~ ¢ 7/10-14 20 or d.é 1/20)
? - sze/ze

{f . At Exercisas F . |
/. 1." Find the sumss '~ . Y Yo o
(a) 7/8 + 3/8 (b) 3/5 » 6/5 (c) 7/5 . 3/16

. . {d) 7/8 & 3/5 .
() 11/12 - 3/24°

| _2.‘ ' ‘F.’md the valxie’ of the (‘ollowing* _ .

o (a) 13 (1/5 +1/8) ©(b) (5¢5) (1/5 . 1/5)

¥
. ) . IR
.t . Yoo
/R
£

-,

3. .We defined nddttion 80 that the sum ar two ragional num~

/ bera having equal dmominstora was obtss.ned by addins

-the’ numeratéra, Is the sum of tun rational. numbern hsIv-“

\* ¢

- ing equal numeratws, obtained by addin.s their denomina-:

tam- that 1;, 13 5/7 ¢+ 65/3 = 5/10¢% Givé reasm. )
4, Pind the  value of 43/15) - (2/7).
5. How rculd you s bt‘not ‘one rntioml number from another"
6. If poasible us ’ non-negative rationa,la, uubtrnct from

7/8 the ronowing~ o . .

(8)1/4 (v} 2 (o) 3/4 )(d)"-'s/ (o) 15/16
7._F1nd the value of (7/4) [(5/7); (9/8):] o
8« Find the values of 3 : '

| (a}\o/s + g/a ' (p) O/a . b/c | .@

(e) (0/3) = (7/8) . (a) (o/k) xn/b) L~

- .
| » | o % -
‘. ‘ ‘ ® ' ‘ .!\‘ 4
. p ,..( . ‘ 1

~

te) 7/8 e 9/21 Jr) V/i- 11/20

£

o

+
o
Y

B U

%
Ti.r"& _

I
L
LS
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- : 9. Find: (a/b)'gﬁ_c/d)'- - L
-~ lg, Nhy g&guld fipding tﬁé'least com&an-multlplé'of the snom=-
\:" u 1nators of - tto ﬁractions be useful in finding the sum of

two - rational numbera? N~

: l11. Is avery whols aumber a ratiodéi number9 Wh;%
.12. Two fractions O/n -and 0/b are equal when a end b ere any
"natural nu:daera since O x h = a x”’0, Also O/a is zero
since (O/a) Xas= O end Ox a = O. Show that if the
_ product of two ratianal numbers -is zero, ‘one or both

. must be zero.‘TSQf courss, you may assume that this
- |

property holds for the wholes numbers.r

L]

! 8. Summary of the J)Pciperties of the non-negative .
L - : .

rational numbers, . It‘is_probahly worth while to list the..
proﬁafélaa vhﬁch we have found so far, The'rational numbers
are rapresented by ordered pairs” of numbers tha firat of
.- which 13 8 whole number and the aecond of ~.which is & natural4
number. Ne call them 'ordered pairs" sinca the order, in
which they are gritten is” impprtant ; that is 5/; is not the
‘sarie number as 4/3, We use the ao;idps (the name f;f the -
}f slanting line) to aeparatexfhem. ﬁuﬁ we could write.3’4 or
o \ _(% or 3*4 just 'as well. - We dafined equality, sum and product
"’and they heqe the following propertiess
| . 1. (closure) The prodict and shm of any two rat lonal

i'”ﬁumbars are rational numbera.'\




‘fi « c e, (existence af identity numher for addit ion and multi~
. '- plfcat1cn) The mumber O 1& a rational number and bas the
property that O ¢« r = 1 far any ratianal numher, r;)zero is

o~ the identity number for addition. The number 1 is a ratiohal
. - [}

- v number. and has the property thst l Xr =r for sny rstional .
~ number, r; one is ‘the identity number for multiplication.
; B I8 gddition*ﬁﬁa mul¢iplication are sssecietivg.‘
4.. Addition and miltiplication are camﬁzgﬁatiya.‘
. 54 The‘dgstribut;veAproperty:holﬁé.' ’ -
6. The éu;éieﬁt of any two ﬁationai numbers is =

o rational number 1f the divisor is nut zero."ﬁ‘

] .
7. If the product of two rational numbers is zero, one.

or. both must be zero. \;;'

~¢

8:- Zero multiplled by aﬁy rational numbar 1s zero, °

- : - Btercise G : )
¢
'X Whlch of these propertieu ars also prcperties of. the set
‘f{ o - of whole nuﬁbers? C o - |  '3

RN . . . . . -
. * - .

\‘ N - ' .~ . »

. .

. 9. Ordering of ‘rational numbers. ;;t us first review

3, *

:\a few facts sbout the whole nuMbers. Wé are_famlli&r'ﬁith
' \ -

N , - ,
ﬁhﬁ nétation 7 - 5 = 2, This is juat another way of writing

7 =\§‘f Eta In words, 7 - 5 is the number which when added

to S éiyes'?. Now 5-- 7 is rot a whole number since’ there

'“is\gplrhale numbér which we can add- to 7 to get 5. Similarly,

»
. .. »
¢ . . . . PREEPS . »
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18 - 10 $s a whole numbér but 10 - 18 _isTfot.. In 8 eral, -
“ 9_ o onse natural number minus another natura number 1s '8 natural
<\nnmher/only ir the firat is graater tha the sacondb There
:’; ‘{ﬁ is s notation for this' 7 $ 5 or 18 > 10 mean&-"? is greater

_than 5" br "18 is greater than 10", ' We cauld ‘also say "5 is

‘-;" | smaller than 7% or urittan 5 < 7- or *10 13 smallér th&n 18"
written 10 < 18 ' This qauld be written 1n terma of letters

A%

as follqws: ' S ng' - P o D
'b‘- &R is =8 nafhrélnumgg; if b > a; that 1is é,<,§:

o Thesgis&ge symbols of inequality arefuaefﬁlyin deallné

with rational num‘bsrs.~ Suppose we wish to compare 1/3 and

2/7; which 15 greater? One way of doing this would be to

find their decimal equivalents- this we shall q( in tha next

section. The second way, which is probably simpler, is to

;f : replﬁcéythé pair of frﬁctionélbyﬂa pair.with the same |

| denominator Just as if we were going to add them. That is,
1/5 = 7/21 and 2,’7 = 6/21, Since 7 is greater than 6, ‘this \
shows that 1/3 is greater than 2/7, Another vay to look at
1t is to see that 1/3 - 2/7 = 1/21 which 1s the quotient cf

| two natural numbers. In general one rationsl number 1s said |

Y  to be greater than a second rational number if the first '

& : _
minus the second is the quotlent of two natural -numbers;

>

another way to say it would be: one rational number 1s

grester thsn s second if one: can add the quotient of two

-~

' riatural numbers to the sscond to get the firat.

.
. . . . .
«
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(ﬁética that we hmve u:i;?jed “the qt*mtient.'_uf two natural
numbers®, Whypdid we not just say "rationel number"™? One:
) by

reason is that zero is .a rational number and ‘if th,eié differ-
‘ence were zero they would bq equal. Also we shall later be

ratioml nmnbers and we wish to exclude

| | \\

them/ frcm our deflnit.icn. | r . . Y
=Y .
3 {

v T ‘ e Exarcises H _
' l‘. 'Asaociate '?/10 ‘using the approprlate aymbol <,= > with

oconsidering negst 1ve

]
t

each of the fol.s.owing-
- 9/10,-1/10, 1/2, :5/5 5/4 3/7 0, 21/30 /5, /6,
.'7/8 7/9 7/11 7/12 | |
‘2, If two rs’cional numbers have the same denominator., the
' larger rational numbe:q' has the lerger numerator. - If two
rational numbers have the same numemtfor shor that the}a
larger rational number has the s;pa‘iler danominator. .
3. ‘Hrite the rollowing rationsl numbers in increasing ‘order:
"' 8/s, 18/19, 3/4, 5/6, 25/27 . la o |
.+ 4, Write ali the fractions bétweéh O and 1 whose denciniriatgrs .
sre 7 ar less, in increaaing order of size,. :"*l':zere are a
number of mteresting properties of this set of numbers,
Can~you discover them? “
5, If .a, b, ¢, d are natural numbers show that (a/b)>(c/d)
1f ad>be. Show 8lso .that if ad < be thed(a/b)((c/d).

- How could this be used to shorten the compubtation above?
¥ : .

-
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né. If the diameter of a circle i§ 1, \}t is shown in séomeury
? that the numbeﬂ of unita‘in the circumferenee {3 a number’
'designated Q\TS)and whoae value to five d:ciTal places. is
3.14159. ~ The rational number moqp often used as en
‘“npproximation for this number is 22f7\_~Anather approxi-‘
- mation used by the B‘pylonians is 555/113. wnicP of
these fracticpa is the greater and which is cloder to 1 2
| 7. If a eand b are two 1ntegera, then . just one of the follow~
q{; - ing relationships holds:i a>b, & = b; 8 <b. 'Show that
| the sams statement may.ﬁe_maée whén‘a and b;&re-rsgiinal
——— .
8. (Hlard) Let r and é be two positive réﬁiogal.némbera with
rOs. Show each#of the follaiing for two péirg of “values
‘ ,'~ of r and. s. For eﬁample, use r s 1/3 and s & 2/5. ;
EE B 8, r <‘[(r . s)'/2]<s. ‘_
' | \\_ . b, l/s [(l/r . l/a)/E](l/r. d
| - C x-< R

1'7??—17'5 .
d_.'. if‘ f = a/b and 5 = c/d then r((aq-c/bod)( 8.

9. Wwhat part or parts of exercise 8 shoy, if they are true
in 5en§}al,jthat between any two rational numbéra there
1s another fational number?

% The notation in the,pantahof the exercise perhaps need

further exﬁlanst&qn. ‘We write 2 < 4 < 7 to mean "2 is less

than 4 and 4 18 less than 7" or, more briefly, "4 is between

; ‘2 snd ?jandﬂgqual to neither", The corresponding meaning

would be used for§rational nugbera.

~
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10. (Very hard} Show that the inequalitfGs of exercise 8 ~

~ hold rcr 811 positive,rat;onél ﬂumhera7&‘and 8-

-
. I
N -
-

AR

_10¥ Decimal equ&valeptSunf national numbers. We saw -

above that one way- to compare the aize ,of 1/3 and 2/7 was to ‘

eompare their decimal equivelgnta. Ta limber up our pencils

and our minda, leot un atart by finding a fow decimal

o

equivalents.

2, °

N

Exercises\I," | o -

C o

Find the decimal equivalents to ten placea of . each of the

rolléfing: 1/2, 1/3, 1/4, 1/5, 1/6 1/7, /85 1/9, 1/10,
l/ll.‘ Draw & line with these numberst?arked off on 1it.
Poin? out any petterns which you see in the decimal equiva~
lents which you have just calculated.‘ In partioular was
there any‘stage at which you could write.down jhe answer
without carrying the actunl division farther? Which of
the decimal equivalants were exact? |

First of all let_us 1ook,at these decimal expsnsions

‘which are exact, that is, which ®nd with a string of,

zeroes. We hed 1/2 = ,5, 1/4 = .25, 1/5 = .2,.1/8 -’;125;
1/10 = .1. “This Kind of decimal 1is sametimes called A |
termégating decimal since it stops. Instead of using the
dec;mal notziien wé .could hHave used fractions.. Then Ii..

would have 1/2 = 5/10, 1/4 = 25/100, 1/5 = 2/10,

178 = 125/1000, 1/1ol-dl/1o. -

e s * ' C ~
t

‘;_J‘ ‘.' ' ‘ ' oo . \‘-J.
\K_‘ v - 20. - |

o
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3. . Expreas each of the following decimglé as d quotient of

. two intqgers ‘'where the denaminator is a power of t.en, - : - ,,.
L | ~ that 1s, one of 10; mo 1000; 10000; ste: 15?@ 1. vsss =
.0012. ‘ ot ‘ | s
p t “. Do you beLiav-e that every terminating detimal can be P

. expreased s the quo(t:ient. of two integ\érs in which the , o

denominator is a pawer of ten? why? IR S | | ‘ §
.S. Express each of the following as 8 decimsl: 156,/1.000, | ,
- N ’57/10000 789/100 3589/10. Dcr you believo that any - .
quotidnt of two 1nteger| in which the denaminator 13 8
'po'er g{ ten, van be expressed 88 & terminating decimal? ¥ )
' 6. What eonnection is there between the answers for‘ﬁxercisea SR
4 and 5 above? Gollect these results into a single atate-

v . .

. ment® 1f you can, : | R A

/

r .
A

-7+ The fraction 1/8 c}ould bé written &8 a temmating dp#ﬁﬁai,'
'aa\‘wa' gaw ibévo,‘hecause 1t can .be writ;t;env ‘as 8 rractign

. whose denominator is 1000, namely, 125/1000. 1/25 could
be wnit?'n as & terminating decimel becauss it is equal
to 4/100. 1Is jthere any way that one can determine when

a. riational nun&;er has a terminatlng decimal gwithout con-— , -

/

J

verti,ng 1t. to s fraotioxi with a power of ten as dé{:minator?
We saw from exercise 7 and octher examples that 11‘ the

fract;on a/‘b ip to have a terminating decimal it must be

equal to a fraction ¢/d where d is a power of 10, Now if ' .

3
~
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“ﬁn/b is in lowest terms, it can. be equal to. ¢/d only i
. ..D. dividea d. In other words b must d.tvide 8 pale:ﬁof 10, .
- For example 8 muat divide 1000 so that l/B can ‘be . equsl ;
3‘   e ;lto 125/1000 25 must divﬁde 100 so- that 1/25 is equal to~
&/100. TS
8. If n rntional numher ia' s diviaar of a power of 10 whnt
 *' ‘fcnn you say about its prime factors? (The teac%gf should
‘?'recall to the ‘atudent what is meant by prime factors”).
9, If.s number haa no prime factors but 2 and 5, must it be

- t‘
‘a divisor of & power of ten? - Illustrate your conclusion

with aeveral axamples. o : . A |
& So_ve«can summarize‘ihgt~we have found so far by thé .
fallowing statement ¢ If-a rational numher'haé a‘terminéte

" ing decimal aquivalant and 1f the fractiongis in lowest

. ' ~terma, then the only prﬁne factors of the denumlnator can .
w\m bq_2_nndw8L Converaely, if - the dénnminator of & fraction
- | in lowest terms has no -prime Iactbrs’buﬁ 2 and b5, then 'ﬁa‘

. ) 1ts decimsl sgliivalent terminates,
‘ A : ¢

11, Repeating Decimals.. In the first exercise of the |

L

b preceding uaction we found that there were ﬁeveral frﬁctiuns
" whose decimal equivalents did not terminate: 1/3, 1/6, 1/7,
f,-“‘—ff 1/9, 1/11. These do not_tgrminate since tha.denomikaﬁors have
o factors different from 2 and 5. Next we look into these in

mnre detnil.




'_repeating decimal when from a certain point on aoma aequence

| deciﬁnl in value to the number. “For 1imstance 1/3 = .3

-1/7. For instance, ,142857 is aqual to 142 857/1 000 000 but

v-23 . - oy

' One rﬁy to write & decimal equivalent for 1/3 would be |

.33333... where the line under thes3 and the thres dots after- - .
ward indicater that n{o matter how far out.‘ one carries the | |

division thers will be just & serles (or strlng) of threes.

 31m11arly 1/11 could be written . 090909... where it ‘ts the | f"

pair of digits 09 which repaat-as fsr~as the divinian is
carried out., Alao 4/3 Qan be written 1.353... . The frac-
tion,1/7 has & repeating portion of six d‘gits' 142857... &

Such dacimnls as these are called egeatlngﬁdecimalu (some-

times, periodic decimala). That is,4a decimal is called &

of digits repenta and continues to rapeat no mntter how far

"ehe division 15 carried out. Notice that 1.333... is s repont-'

ing decimal sven though the initial digit ‘18 not 3.' Similarly, /
14.235255... is a repeating deoimal. - | o  :

These decimals which we have found for 1/3, 1/7, ote,, " e
® *

 do not give the exact value for the rractiun no-metter where.

one_ants them of £ but the rarther one goes, ‘the closer 1is the

=1/5 - 3/16 = 1{30 1/5 - 33 = 1/3 -'35/100 = 1/300, o
1/3 - 335 = 1/3 -‘555/1000 = 1/3000 and 80 on. The results

of Exercise 2 below show slmilar results ror the expansion of

this 1s not equal to 1/7 since 7 times 142,857 1a'§§§,999

e

- .

" ’ | \ ‘ f g ~
g | s
| c Ny 4o



.® 1/7000,000 which is & very small numbex, .

.5.7

4.

5.

v - 24 -

;-hzch is- just short of 1,000, 000, " Howsver 1/7 - ,142857

.-

Exercises J,,' Y

Samatimea one writos 1/5 B 33 1/3.. what'does the second

1/3 stand for? Is it the same as the first 1/3¢ Is the ,

‘feilewing trues\ 1/ --.333 1/8? Ir 8o, what does the
- second 1/3 gtnnd for here? . . - S

lhat would one have to add to 142 to-mske 1t exactly -

squal to 1/7? (ﬁhst uould one have to add to_.1428 to

make 1t exact equnl to /7?7 . A

Mult iply ench of the following by 3: .3, .33, .333,

© 3333, By how much doa? each of your results dirfer

from l? What qannection is there between\youn answena

'_here :nd exercise 10 above?

Find the decimal equivalenta far éach or the follo:ing

~ fractions. (Do not be dianouraged at uhe size of the

denominator in some cases, The process 1a shorter sume-

times ‘than for amllar denminatora ) Gnrry out ‘the

, division to the point where the decimhl eerminates or

Q:gina to repeat. : - ‘ -
(a) 3/8 (c) 15/57 “(e) 41/333 - (g) 113
‘(b):5/44' (d) 7/125  (f) 4115/33,333 (h) 1/17 .

In the- declmnl equivalenba for 1/5 1/7, 1/15 1/17 do

you see nny connection between the denom&nator and the

number or digits in the repeating. part uf the dectmnl?
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6. Do not carry out the division fnr 5/413 bub guess whether,_
or not the dagimal will terminate;pr repeat, Glve reasona

for yeur;guess. "How far migﬁt'ycu‘hsve to carry out,thé"

A ]

division to show your guess to be carrect or false?

7. How many different remainders wouYd it be possible to have

in dividing«a number by 7277 Whay would & remainder have

to be if ﬁhe~dacimal.terminatgs?f : . ’ | L

- , ~ 4 \ 4
12. Rational Numbers. Eq_;valent to Repeéfing Declmals.

It is & remarkahle fact that the deeimal equivalent of every

/ rational number ‘either terminatea orxia a regeating decimal,

You may have guessed this alrezéy. To see thy it 1is 80, con=

sinder first a few divisions, First taka 4/15 (this dzviaion

is to béfwri“ten.ous). Here the remainder after two divisions |

is the same as after three and the process just regeats 1taelf.
Consider the decimal for 2/7 (this divislon‘is to be tritten
out). He:e the first ranaindar is 4 and the remainder after

'six divisions 1is 4, which ‘means. thnt the series repaats.

Consider 5754}7 (this diviaion to be written out). The first
remainder is 6, the_aseqnd is 14, the gnird is 4 and the -

'fou?th,e.' It does not st this point begin to repeat since
‘the first 6 occurred before'zdroes‘were édjoined. But as

“ "soon 8 8 third [ ocaura as & remsinder the decimal will

1]

“begin Qo repegt.

[

Y
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Thua in finding the decimal equivalent of any rational

number either the decimal wi11 terminate or,-from a certain

_«point on one mnst continue to ndjoin zaroes to tne dividend

If, after zeroes are adjoined two remsinders are the same -
‘the decimel begins to’ repeat and oont‘nues to do- so. Why muat.
two of these remalnders be squal? The first exercise should
be & help 1n reauhlng the answor to thia question. «

In divlsion by 17, the only poasible remainders would be
.0 1,2, 3, see 15 16. I A remsinder is zero, the decimal
-wilf/terminate.‘ From that we hsve ‘shown above, thia Ioulﬁ not._

i happen if the fract;on weraq in lowast teras alnee the denomin-

_ator has fnqtors other tdan 2 and 5. If the decimal does not

,terminate there 'ould Be- only . 16 possihle remnlnders.. |
Suppose in firding the decimal equivalent of’ 1/17 the first
.aixtean remaindera vare all different (we saw ahova that this

2

was indeed the caae). Then the ‘next one 'euld‘have’to be = C

_‘rémainder that had bccufred before.. Similarly, in dividing

by 37 there ‘would be 56 passible remainders not more and 1f

, the first 56 wars all differenz tha next one would have to

~

be one 'hieh already oecurred. Actually'the first three

: ramainders 1r computing 42/37 are 5, 13, 19 and the fourth

_,\

.'ramatnder ia 5 agnin. Since tha first remainder cccurred

efter s zero was adjoined to tha 42, the decimal repeats from
the rourth remainder on, It {s 1, 135135 vee o Hence it 1is

not necessary that all the ramainders occeur before repetition.
. Lk ) ‘
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N { But we can be sure 'in evgry-haae;ﬁnat the largest possible
numher cf‘digits in the repeating part of ~repeating
decimsl is one less than the divisor, | &7f c
" This discussion ahcws that every ratlunal number h;s‘a .

| decimal equivalent Ihieh either terminatas or 18 8 repeating

: >

decimal, —ﬂ‘ - o

\.
1

So far we ‘have conaﬁderad converting rational numbars
inte their de;imal equivalents. Suppose we have a repqating."
"decimalz 1212 cee o " Can we find a rational~humhér which 1t‘
.irepresentd” Before trying this let us go back to one which -
. Yo already know snd devalop a mathcd for dealing with it so
.thnt~ta may ggply 1t to the case at hand, | :
| Cdnaider the decimals #3353 eee o Let the letter n
sthnd for thia number. Then ten times this number that is

_10n will be 3. 553 cev @ That is, we have A

,/// o e lﬂn - 3-553 see ~
= L , n:..333 ese ‘ : ‘

If we. subtract n things from-lOn things we have' 9n things,
" ~ (T™is can also be seen fram the distributive prsperty: _
lon -n= (10-1) n= on). And 333 ,.. subtracted from
3.533 ..; is 3 000 Hence we havg Sn = 3, But, using our '
notation for a rational number, we see that this megns n = 3/9

. which is Loqual to 1/3. This is & complex way of showing that
1/3 has the>decimal equivalent given abov but it 1s useful

| to look at th&s¢prooess since it 1111 app Ly far more difficult...
o dapimsla. )
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/ Now let us return to .121212 ... - .121212 ... . Try
"instead 100n ='1241212_... « Then 95n = %2.000 and n '4}2[99;
‘which raduces to 4/33.
| ; We do not attempt to give s:formél pr;or tnép"év%ry,
€ _re eat ing dechnal repreaen&s thq quotient of two inéegera,
that 1;,(3 rational' number, but working the exarcisea which - -

follow should be evidence in that direction. L _ :Z

. "Exercises-K
1. ‘Eind the rational number whose decimal:edﬁivalent is
.1212£2""""";.‘ Find ths';ationallhumber whose’
declmal equivalent is .121121121"""' o
2. Expreaa each of the following in the form a/b where &
| and b are 1ntegers' 0343454... , 1 343434... R 15 4343435... ,
S67567... ; 1,23412341254... , 5761 25123128... 0 .
st.' Csh &ou formulate any rule for determinipg what n is to
be multiplied by In desling ;;th'sueh repeatingAdeoima;a?
~ 4, Look ngain at the number of- digits in the repeating
 parts of the decimv; equivalents for 1/3 1/? l/ll
1/15; 1217; We have seen above that the number of digits
in the repsating part canﬁot be ia‘great'as the den

.“\- - ator. Can you discover any sharper réiationship?

. . ! : - ~ ’
~ B ’ * e
t ! .
Y . , C
. -

-

B



UNIT VI
| R MON-METRIC GEQKETRY
. __"s.ﬁmmmugimmors@u

Cl._\ X . -_ X : :

~ In your pt.ud: of: nrithmtie ym huc learned about prcpertiel of
nulh-r ad proplrtig of the omtim: (ud&ition, mbtmction, |

) 4" - _- : mltipliution, ditis;lon) on mnbcra.' We are now M to eennidcr T

. the 1deas af pofat, line, and space. A study of £ thass i&ul is

| ""{;c -h.n think of a line as being a repremtation of certain

’

th:lngs,mchuthaodgeerthsdnkorthcndpofcmhr. Ueuujf /7

. the term line to m nt.might line, A line will. be :Qpremtad in s )

. uxqéehinthi:my R | |
. : - ;' a— - ‘- *)_

LN -

Th-msmuaﬁhmtcmwﬂmdumanmnanm
| : u:t;mding in both dircctiom without end. Ve use not.st.ion in the nn:t
" sketch to label‘a pq.rticuh.r po:m, A, og the line. |

. ) s, . ’ E . P . — . ) ‘
2

In studying 1nes ve use the ideas of poigt and m “A sat con-

aist: of all the thing: uhich ha.va some chnnctcristic, or property,
in ecmSa For example, the pupils in this class are a set. Each
pupil is ;mbcr, cu- _],ggg_t._ of the set. The mn nunbers form a set.
Three elements of the set of ‘even nunbers ‘are 2, 16 and 38 The set
~ of even pumbers’ nnll-r than lG are 2, 4y 6, and 8. This set bas just .
o four eleaents. The perscas who bave buen president of the United States )

m aset, Thomas Jefferm is one. clumt o!‘ this ut, and E‘residcnt d
Einnhmr is mcthar anemt. 1 -et By hnve no clmnts, ?ﬂ'ﬁ thlt
mne ve un 1t m *eapty let, qr the !mn nt." Proba the

of - pupﬂs in :cur ehu vho are has pm cight years old is the upty

Q- C TP ' | ' 136
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mc ny be t.hought oﬁ‘u a set of points. "Any point on the
SN A : o .
me is an elumt of t.hi- ut.

*

Tvo (or mm) sets which hi;u $o lements are said to have an

&Mﬂ The .‘.ntmcct:m#h a.:l.ao a set. It i- tho nt of nll
u\
" elemants $.n m u'gs. The intarnctim sot or t.he ut of even mumbers

. and the set of whah mberc mhg to 9 mnu{:lq: tha mhers 2, doy 6,,

; 1
_and 8 singe t.l;en numbers are .in\m_ nts. En this roou ve have & got -

of bovs and & sot of people vho ‘_‘ msmmm mbmm
hnve;birthﬁ.yinwminthaﬂmnctm ut., Ifnobgyfﬁthn

class hn a hirt.hdq in May t.hc mtpnetim of the tus sots is the

\p

eupty set. - |

EIERG‘ISES
| 1. Write .thn tlmentl of the nt. ‘thnu lmblrl are
| ‘., The whole mben greater thln 17 and legs than 23..
b. The firnt names of Nenbers o,fyeur fnﬂly L
c. The cities ovar 100, ooa in pogﬁhtim in your -ht-.(-.j
d. Themhu-torthtclnllsuthm&maﬂd. L
6. - The names of special kinds a: qmdru.mm -
2. Write 3 clmnts of each of tho fcllwing set.n .
‘:. The odd whole mbor:. - -
“be The whole numbers divisible tw 5.
c. The sst of po.’mtl on the 1iné. belou, some of uhich are

e _ .
labeled in the figures ‘G_ﬁj'* s T 4 v

3. Give the element.s of the mteructim of the follor*s,g pairs of

, N i "
sets: o S 7o ‘
«. The whole mumbers 2 h lénnd the whols mmbers 9 through
: 2'0 < _ . 7.. ) .

'\/
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- b 'rhe digit.l in your tclephone m.bcr :nd the &d mmbcra.
G The mombers of the class and- the gS.rIl vith hlend bair.

. d. Set of podnt- oh line " ;nd set-of .pointlon line o .«

Lim Scmt.: etu: Bglf-mnu | i

When - ve rep:ggsmt a l:Lne hy \lkai. on the hhckboard or s pieco
lina_. ‘_line segment .
A. | | . ,..D‘ .-8‘

A lino nmt is determined by 2 po%nts oh the l.'ms, in this nkctch

A and B, which are canod the Qndpoints of th?/ ugunt. Iha seg-
- ’
ment, AB, is a sst ofpcint.-. Ifthhodgveatnbcekinthoughtct

a8 & line segment, m endpoints are the two comem cr ‘the book on ‘_

' ‘that edge. An odgo of d/foot ruler repremtn a une ument snd the

'-endpoi.nta are nsun:u.y nrhd 0 and 12.

Or a hu“mll diamond, we may think of home phte as a point,

first hnae as a point,. Then the pnrt. of & line from home platc

first base is & line segment of which the epdpoints are homsplate and
first bese. When this line segment is extended from first base into

the cutfield, it is’ e.ned the right-rilld foul Line. A tall which is

" hit left of it 1s "fair" and a baH. which is hit right of it ia "foul."

In hnball, the foul-line is a line segment extending from hme plate,

as ome andpeint, through firn. base into the outfiald to the btllpnrk

- fence. The point of interncti of the fo_nl-_-linc with the ballpark

lins segment (foul-line). -

* fence is the otber endpoint of th.u line segment (foul-line). First

» thought of as a point, is a member of the set of points on the

L

e



A represents home plate.
¥ reprsa"ant;s tirst base, -
B “rcpnsenta the interucticn

of the fouleline and the
" ballpark fence.

In the figuro AI-‘ and AB repremt the lino aognnts ﬁucrihed above.‘_ s
/ Inouriduofnlineueagroetkmtthereisaluays;thirdpoint‘ A f f
mmyzpointsofthe line. This third point is said to he :
' betusen the 2 pbints. In the aketeh above, F is nid to be between
A and. B« On every line n@.mt. thcre is ;lways n poinf,-,gf the aepumt
between the endpoints. Roull t.hst with mngera there is glm,ys a thizﬂ
rat..‘%ml nuber between any two g:hren rational numbers. For ennpld, e
< a ) hetweemzand ilélﬂdﬂlﬁﬁ ". - E : | ' R ‘ “‘
. " A line segacnt can aluays be gatended 4 both directions without Lo
lilit and this ext.ensian of the line ugnent is called a 11:10, or o Lo
ut.night une, as we hnve seen.” The f@n ahou t.ha line :egnent AB J
o extmdod tofemuline. A n.nd ‘B and all other point: of set AB
'+ ' are elements c_:;).he set of poi.nts on the line £.

. A .8 :
< = ‘ ‘ > _.."'t

- " In the figure below, consider the set of points on the line £~

. o , - 4
and cpe slement of the set, A. A dividesa"the lipe or set, { , into
tvo half-lipes -- the‘pam.- on the line vhich are '1-n of A in the
~~ figure, and the point.. on the line wh.ich are right of A. He say that.

* - A determines 3 sets on the line: the 2 hnlf—lines and the set which \ i
‘contains only the element A. \If we join A to cwe of the half-lines, * '
. 13 . ’ S, i ’ . . )
we call the half-line with A adjoined, s ray. ‘ _ ’
- . A‘ . “ _,. .
e. : "..ﬂ’_ o i 3 ‘ \ * “
2 ' - *  natf tine ‘ Watf {ine ’ *
. Q ‘ Y - < ’ . } I ) =~
) Y 4 r o 33
o R ‘ - - ' v | . . . . “ - - B M &



. ‘\ + | ' | ths | . . . iv
The intersectian of 2 rays on a. line detcmined by \peint on the line
is the point. iuilt because.the point is on both raya. The intersee-

o t.icn set of two hsl.f-linas on a line is the empty set. In the emple

c 'mm about the, basebell field, the segnent from homs plate to fir:t. base

AL

might be thought cf as extending Hithout limit in the dire.ctien of the
outfield. Then the lat of pointc from hmephte t.hraugh tge extendod
‘pa.rt of the lme uould be the elammts of a half-line. ' If wve j\oin the .
point repreaented by home plat.e to this set, we tnve & ray. |
“You see that ®line" as we use it in meérely the wqr in which ve ¢
. think of mn;r situatioms in the uorld ahout. us. The fineat machine |
~ can never make a line in the mt.hmtical sense, ‘nor m we put the
\mst fino/ needle point on-'a line without its t.ouching m.qy, many
) points of the line. We uy ‘that ‘the setn of pointl ch & line md the
“line itself are "mea.l‘ vays in which we cdn describe all kinda of
~ situations in our space. o
~ We asball refer to L |
(2) the sets of points on line.,?. s or the set § .
(b) the set :df.p_oidts on hxlf-linei or the set of poﬁ:t-s
onrays detornined oo 4 by A, To distinguish the two
’hllf-lin;l,or the two rays, we may refer to the half-line
from A on B, or the half-line from A on C.

\ ~ (e) the sst of points on the ﬁgpdnt AB, or the set AB.
o ¢ A . ’
«— ' . —>
: ‘ {
. ~N
. fs"}f '
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2.

3.

be

5.

6.

) St

VIe6
- Ism '. ’ - ~
Hmuthinkofmnsmetmyonrtmuam npent, what
are t.hn en&points of the. line npent? ism Main Strest is ltraight.

TUse a ruler to dm & line scment on & picce of paper. L:hel the
"~ endpoints of the np.nt A nnd B

8. - label as D a point of the set AB..«
b. label as E a poinp'af the 36t DB. -
¢. Is E a point of the set -Q? _
d. Is Ea point of the set AD? o

¥

8. h‘bel P of the sst AD _
. .

f. List the seguents in your sketch and list also each.of the
labeled points which are an any seguent. -
a. Extend a seguent 1B th:mugh B so that A 4s the endpoint
of a rqr. - ' |
b,  Label. point. C which is & point ef‘the\ray in a. _
co Inyaurmtch is © apointofar.ywith endpoint B? \; o
On a line h.bel tvo point.s A and B.
a. BName the four hllf-linel you have . sketched
b, List the diffcrent ‘sets of points you h“o illultrgted in
the sketch. | o )
c. label a point € betwesn. A and B. ‘ (‘
d. On'what half-lines is C? ’
How could you usoc.’uta the term "ray of light" with the Way wWe
are using the term my? ' v
The boundaiy line betwesn the states of rmnos.. end Wisconsin nay |
tbonght of as a line seguont. 'rhink of\ the npent as cxbnnd:l'

dn an Qltnrd direction. Describe a ray and a hnlf-line associated
vith this ut.mdod\-*nn (There are two mmrn.) :

-~



y -
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7. The ﬂlﬂﬂ ?‘Pr;',‘nta rays vith mdpoints K, L, and ;(.
- kT ™ =
s List 3 points of the ray with mp'om-.x. .
o | b. List poinu'anmhnu‘-iiﬁo determined by K.

Ce Dcmibn-tvo sets nf point.n :ln t.ht ﬁgur- or uhich M is
 the inicrnct:lon m-.. : N | o
d. Dncribe two sets of peints in m figure of whieh the
Lo amt. misthoinmactimat.‘_, ‘
A% Drav a line, nm, Andcnitnrkcpoint R.' |
Whnt is the m:rlcctim nt. of t\ht two ms detonin-d by
Eml?‘~A_" | 5y
'b. ‘What is the intersection st of ths two mu-unu d-tamn&i
) ' ‘U’Rm:§ ' \ T ."&
g. Uht'_ is the iﬂtornctim set of ome of t.hchl.u'-linu mymr |
sketch vith each of the two f.‘,.‘ .ﬁ::rm sketok? = *

\ .t lesepsledm 0 |
' ,Jmnuenq'speintlinm;lim'wnqny'snmliu |
Dﬂlpﬂiﬂte '@ b .. » " \ . s -

— 3L

) ‘rhn ﬁgun 1- an munntion er th- two mtoncu: ,
- | ‘Point J uuqnno,t o,
/} | b - Lize sl nuonpom 3. |
.o Irun.muth-nnodnommwhuphumm-tnn
_,uthllpu'k(mm&:mmnhnmw'hofumu}n
‘.-ruythtthcl.'snclihmhncplutnerth;t.hmnphtoliucnth
_ lipe, m,mnmn--mtunhn,mm@uuumm«

Lo



When ve considered the set of paintl on a lige, ray, mr-un.,
) ornpontmthougmmgintmaafmtnghtbeunodmedm
-gm in geontry All of our discnmm in thil ckpt s hncn about .
o v , pointl m a line (:Ln one dj.nmion) ucept for the pu-k illu;tm- . _
~ tion. Bou ve shall eamider the set or lines oo a point. ;:ou see that - = °
 -.’mremnnylinuunapomtjustasthmmmpointnan:line. :
Let us first think of the set of lines on a point which are allin the |

& same plane. The figure ahowa \dmt. we mean,

Perhspa this- figure nkeu you think of the apnku of & vheal ‘a duign\
in & dmrch Hindov, nr an netcpus with its Yarms® all atnight. _ .
" Like poigt and lino, & plane is a mathematician's vy of thinking
,-anut Q_‘L\'idnl' of a q.ituation uhieh wa ﬂgfdj all about us. We -q
- mm: of a table. top, the bhckboard, or a scap filn on a f.‘.ae vire
frame, as ptrt: ot plmu. The metry of the phnc is gamtry of
tva dincmionn. The points on-a phne are s nt ot pointa. ~The linea
‘ mnth:ntoflﬁneﬁ N S | ‘~“ o
AN A line divides a plane into two h-u-phnes. 1In the figure helou, .
4 point A is a point in one half-plane, and. pnint B is a point @n
' the other half-plans. Foint € is om line £, #0 it 1s not in either,
- ,ef_the half-planes. =~ : | o S §‘

S,




X

- A /B ‘\é \D‘“
‘ In the figure above we have represented a sst of lines on a
point 0, and a set of points on line { . We can see that the inter-.
section of [ and a line on '0 'is a point. For example, iinc s
.. . °i.m.cnrnet:l { on 4. We can I]f) see that any poimt on £ uﬂ%‘ f— |
point’ O determine a line on 0. For wxample, D and 0 determine
m. d. To a line on . 0 there aomlpéndiapoint 0;1 ﬁ e Toa
point on Z there corresponds a' line on O. A\x:ehticnlhip likc this
iféallod a gp_-&g-m W Do you see vhy thin is a good
term? To a point there corresponds a particular lino, l.t)d to a line
| .,there corresponds s particular point. (

EXERCISES~ S
1. Give other examples of a set of lines or a point.
‘2.' Give other examples of & plane (or parts of a plmn)..
3. Locate pdint A on a piece of pcp!r; Sketch a set of liﬂea
~on “A. | |
, - ~
4. Locate points A and B on your paper.
.  How many lines may be drawn on point A7
‘ '*"b. How many lines may be drawn on pofk/b B?
c. Draw four linel on A, md four lines on B. ' -
d. The lines on A \are a set of lines, md% have drawn four

o , | 24 . )
ERIC ;- R W I 7 | | z
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o

- 'cl-atsctthunt. un.mum:cnsmn] T

et etmamene_ 11
' . oft.hil set. o Ve . e
"'-c'.“-hmuuozmmotliu:ﬂ A uaoundmtafm_ o
' . setoflineson B! If so, bave you drewn it | _
| t. annn i which hthoo,uum B intha :,,,, - * v
_Le:theutornm:m A mdtboutotlimaon
5.; ..-I'.ouupoint;"-x;' 8, md T cntpimetpspcr. | ‘\ ' |
PSRRI # smch‘o:mnmuo:mutorum-oamhpom..
( Inclm in yam- mm th.\intuucﬁm st of uch p.ir of
m-m.. : R

s Anmiunmmmuthmmu,mmm;

“ g.mh.mmtnm.mdmm.umnmu:mmm _
‘pnirl. Ifthnpointlmhbolnd Ky L, and l(, th-tlu'ulinc

mumum.d Ki, LN, wd\ME. K, L, aod N are . |

. 'ullodthtmmgntthltﬁmh. kchil‘nm Sino.thl Ty

S ".."poim:dotlﬂin‘thltrilntl‘, ao ¥ ko

| ﬁ amoulmw tri- .

auh ML, qrnorc teiefly,

D AMKL. Hhichofthnfollovinc

ake t.r:h.n;ha? ‘ | , ¢ |

.‘g’_

O3 O N O i
:




¢ K -. | 2
e (e
.
L 7. ' Inthct.rhngh what is.
| the intqructien sot of
B am T
b.--Doss & t.rhn‘lc contain |
', X ‘anym:orhalr-ln;ur ' |
o Dnutrhnglcmcnxl o B | |
extend 4B 1n both direstiens to obtaln s um m Uht s
the mt.:uction nt. of AB and m? Vhat 1s t.ht intu'mtiob
| sat of.,;‘l‘ andthctrhngh? e .-“-f’ N
8. a. ‘Bou'lmr hnlf-l.imsm ' .
.mmmﬂm? S
R How meny raget | B
" o, On-the ray through B of | |
g vhich A is the mdpem--"
' ~there are ruprcmtcd mcrtl | ‘
f nt:otpointluwhn?d.il- o C /
-/

R + cussed them: Neme as many as

,m Oand .

mnmntth-utsofc.upomuc.  ».

-

d. Inu.to point D, diffcmttrm A ‘and B, so that it 18

@



. ““4 ‘ ' -, . a ' . ’ - . . . B ‘ . ) oo . ) . o .A ‘~.
C v,

Fe Give a dttin.itian of s quldrmtcml uhieh il siuihr to tﬁo derini- |

L 'timof&trimgloinw& e S (

! . '.F',,m'._ Ve can th;m: og a trhngl- as lying on a pl:no or dctemining a __

| plane.. c-nmmcm- that a place is d-tm-dby points? \

v s 1. Domih this tiguro 'l‘hc nf. of points on two rays i m
- - exnidpoint 1fcm.-d e gngle. m .
\ ﬁ.gun rcpruontn nn mglo. The |
- ' _ondpoint afthe rqa, A, istho‘_

A
mwmm-,mmmammmozmml...;.-:
12, Iﬂthﬂfis\n'cfer}:nrciu S,Mthraemgln. Bnnnhort.hc

nidumnbom;. P R

A

-

13. The opening bow«n the rays uhieh\jm :idn of lngh :h the
| m,umumm‘h’ annn;ngleandcﬂ.lits
-'nx'hx A lhrk a point i.n tho intorior of the l.ngh B., ‘Mark
a point which is not in the :Lntorior of, the u!gla Ce
u. Drw;moflinnonnpoint.andthmdnwmothernmnotm‘
 the point vhich dntersects all of the lines of the set. label -
points and linn in your- sketch 8o ‘that you can ducrib- the one-
' to-onc com-npondonco vhich has been nt;hulhod (!'or cxnglc,
point A night, be made to comnpand vith m. &)
| 15. Ia there a unc-to-om eemnpondoncc betwsen thq pupill and the .
- ~ .dcmi.nyourm? Wgy2 - s
16. Ducribc a anc-to-onc eomlpmdcnco hstnem the natural nunbers
_ SR _qul the om mtml nunhar-. (Por mnph,v).wz, 2--:-4, 3 «-—6
L ! ote,) o Q-, C
, B & £ Duc.riho a one-to-one comlpaudmec bet.uun the peints L, B,
R md C which dqtminc 2 trhnglc and the line upont\ of the

4

‘. (trhn'ch. cnn:oudethininmnmnomw?

. &

~ FER
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‘In nmptpcrl and ugn:inu m oftcn see graphl likc t.hen. w\

These gnphn are ecll.d curves md \m -hnll consider the nt of paint&

Borel | Fguwe Il
on & curve, In Figun I, poiﬁt-a A, h,\ ¢, D, " gnd E are points '
on the curve, or the curve is cn thess point.s.‘ or couru, botw“n any ‘
two of these points a.re m other painta. L, B, C,. D,- ué E ‘are g '
elemsnis of the set ‘of polats represented by tha curve. K, L, and |
’ Hmpointlonthocumchominnmn,n.ndt.hccmcinninv
SR ‘on the point K, L, and M. A lins (or straight linc) is a specisl
| \kindoreuru. Sinccnuill«ll:ctnichtlim;npeehlkindnf
curve, you see thc tera Mcurve® is used in. nthmtic: diff n'm
thnwitisuodinnmdqhng\np. “79:
Figube ITI nprcmta the base unu co a ball field. |
| ‘B o po:l.ntl ingide tha. curn n.do up of
. the seguents 18, BC, @, md DA
| minthe infield} If:ba.lli:
" hit into the irfield it is called &
“fair® btell., If a ball is mtmdv

3

‘then continues it could stil) ho . Figure III
callod a fair’ bsll 0 lnng as it does not g-t outside of sither of thc |
tvo rays or whinh A is the ntnncticn. (What do baseball rules - .
,\Qy about this litun.tion?) Sincc this curve clearly indicates vhnn a |
un is rm-/.nd mm it is foul, it cumm the ball £is1d (and this -

3

JRlc & o T L L | .
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txﬂqu.d as f?r nllyour imagination chooses) into an inside (fair t;r-
ritory) and an outside (foul territory). This idea df a curve which -
divides & jinﬁé into parti is a very useful an; in geomatfy and aéﬁa
ef‘ita applicatios®y | '

The curves in Figure IV, Figure V, lnd Figura V1 are called linple

¢losed curves.

Figure IV . Figure V : Figure VI
The curves in I and II are not cleasd curves. Think of all of these R

— curvos:dl plane curves 95?3@:1.3 Hhi;h lie on a p&aﬁe..'k simple
clesed curve has an outside and an inside and the curve is said to be
the boundary of the outside and inside. If point A is inside a
simple closed curve an:l‘ point B 1is cutside, :it 'ia not possible to :
pass in the plane of the curve fraq A to B without crossing the
boundary. A simple closed gurQ. divides a plgé; into 3 sets, thnA
ipside, the out;ido, and th; boundary.
In one dimension a point divides a lino into 3 parts or sets, In
.tve dimensions a simple closed curvs divide- a plane into '3 parts or

lﬂtl.’

i, : | Figure VII - Figure VIII
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Figure VII and Figui‘e VIII are closed curves but we not call

thex simple closed curves. Each of these curves ap;’?an to
. itself, | o | "

In Figure IX, R and S are |
points in the internctiég set a.f the
two curves. R and S are §oints

vhich lie on both curves. Both curves

e on R and S. T is a‘point - |

inside the simple closed curve and U " FMgure IX '

is a poin.t outside the #imple closed curve. R and S are pointl‘ on
thc boundary of the sin;ﬂo elei.od{.c‘urn. |

-

EXERCISES

lo ' | .’ . ‘ R N ’
SR A | B ¢

A and B of the set £ in the figure, may be thought of as ugs

 which can cravl only ou line £, Describe the simplest set on i
vhich wiil provide a boundhry between A and B.
2. Think of L and B ubugsvhiehmmwlmyvhmintphne
‘Dncribe the simplest set of points im the plane which will pro-
vide a boundary between A and B. _ S
3. Sketch thr3e different simple closed cyrves which are neither tri-

~ angles nor circles.

/

)l .

e What is the interassction set of the

p T Y S-curve and the line in the sketch?

5. What is the intersection set
of the triangle ABC and the

line segment DF? |




" 6.

7.

8.

9.

13,

If possible, locate point J ‘‘inside all of tho trinnglls in. thn

-\

VI-16
Exercises 6 through 11 refer to this figure.

N

M
Describe the pbaitiona of W, I,. and Y ‘in the figure.
Naze the triangles in the figure. _ ’

If possible, locate point I uhich is not inside any of thn tri- - -
angles in the f!gure | . |
If possible, locate poinfqii ' inside any two of ﬁhq triangles in

the figura | i

Ir poauihac,nlocctc point G inlidn tri;ngle NKL but not in sny

of thn othar triangloa.

figure.

If possible, make sketobes in which th; ihters’cﬁiuﬁ set of a line
and a triangle is <
(a) :thc*nnpty ’ (b) & set of cne element

(c) a set of two elements (d) a set of thres elements

-
If possible, make a sketch in which the intersection set of a.line

and a eircle is

(a) the empty set. ' "(b) & set of ome element.

(e) a set‘o; 2 elements - | (d) a set of 3 elements |
éanlidor the intersection, in all ésgel, at a line segment AB Q‘E
a circle. How many situations must you consider? If A and B |
are both outside the circle, can the circle and the segment Aﬁ
have just one peint in common? 15 ( o : v

- Lo
i *; :
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T 15, Sketch two simple closed -curves
like thesq for each part of this
‘ exnrciae.
a. Shade the iniaraectinn~of the seil inside both curves.
¢ hf Shade the intersection of the sets outside both curves.
" Ce Sh:dc the interaectioQ_of the sets outside one curve and
inside the other. ' | ; 4 v
16. ’ A L Drav a figure likeé%he one shown.
& Shn%t £hs intersection set of __-
the set of point; i;sidi the
circle nnd thn set\of pointa |
’ on the hnlf-plnnc Hhich con-
, tains A. \
. b. Shade the intersection sst of the set of points autnf@e the

circle and the set of points in“the half-plane which d“égn"not
contain A. ._\ \ |
¢« Describe in your own words the set of hointa which are not
shaded in either a. or b. ‘ : <
17. Sketch a circle and a quadrilateral for which the intersectien set
consists of | |
(n) 4 points - (b} 6 points
(e)<\$h- largest, gnlber of points possible. h
| lé. A line divides a plane into 3 parts or sets. What names would yeu
suggest for these parts? |
19. How would you define the inside and the outside of an angle? See

the definition of angle, Exercise ll; pggq&Iét

p 3 !
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Jlanes on a Line

If you draw & line on the blackboard you have a representation of

© the mathematician's idea of a li.ne-4lyin¢ o:x & planp. All pointn on the

line lie an the plane. ,AA line divides the set of points in a plane

into 3 setss the points on two h;lf-plm;n and the po-intl,cm ths line.
IfA'uinmomntham B 1is in the other, as in Figure 1,
the mt;rnctj;cn set of AB and the line is a point. What ckn you

:qrix'\ A and B are in ithe same half-plane? See Figure 2.

\C

A simple closed curve: also divides the plane on which it lies into

3As‘etfa,‘ as ws have ssen. ' o {

P
i

f

If a line lies on a plane, we can also uy' thn‘t. the plane s on
~. the line‘. “1f L’and B’ are points on a plane, then thc“p e lies
on A and B, | o .
" . Thers is a set of planes on Aj,
" a line’ This idea is represented | ) !
in Figure 3. If you fold a piece 7  e— |

of paper and think of the crease

l

f

]

!

l

- ) . !

as a line, you have a model of -7

two half-planes on & line. Could.

you make a model of two planes on ) ‘ ‘
A

a line? Do you notice that in » Figure 3

dealimg with two planes our attention has been called to geometry in

three dimensions? ' | )
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_ | | N
Figure 4 shows two planes on & line k and a sscond 1ine n which
intersects each of the planes in a point. The intersection set of two
‘ planes is a line. The intersection set 6f a plans and a line, which
does not lie on the plans, 1|(n point. .
" Lines ltke k and n in Figure 4, which have different direc-
. ;ions and of wvhich the intersection set is a null set, are called gkew
lines. Skew lines do mot lie on F—*F[\“~\,\\\\N\‘ k
the same plane. Do you see in P

- the room a pair of line segments,

which if extended would be skew
1ines?: ‘ -

EXERCISES o
1. Think of the front wall of the classroom, the ceiling, and the
side wall as represerting 3 planes.
a. Describe the intersection set of the planes represented
by the e;iling and the fromt wall.
T b. Describe the‘intersaétion set of the planes represented
by the front wall and the side wall. , ;\
‘¢, Are there points co;;an to all 3 plnﬁea? T
- 2. Think of a case where points A and B are outside a plane and
on opposite sides of a plane. ,// .
a. Describe the intersection set of line seguent AR and the
\plane.
b, If A and B are outside a plane and on the same side of
a ﬁlane, what is the intersection sst of 1line aegﬁent AB

ths plane? eyt




3.

be
5.
6.
7.

8.
.9'

10.

VIi-20

Which pairs of lines determined tu'/ the intersection sets of the SR \
ceiling, the floor, and 4 side walls appear go be skew lines?

o .
(Skew lines do not have the same direction.) |

Describs several sxamples of a set of. planes on a line.

Describe -several exsmples 61’.‘, two skew lines. H
What is the intersection set of two skew lines?

A plane divides the s’gt‘ of points in:pace, ‘int.o 3 parts. What are

they? Suggest names for the parts.

Make & iédel of 3 planea which lie on the same line. A -
Describet‘the faces (sides, top, and hotten) ‘f a chalk box and the

edgeé in terms of sots and mterse;:tion sets. How many of ‘theA

intersection sets are lines? How many of th‘: intersection sets

are -points? | ' ‘ | |

A ',Sh;lk box is a solid with 6 faces. The figure s‘hmu a tetrahedron,

which is a soldid of 4 faces. o , ‘ | .
Describe the faces and edges

of & tetrahedron in terms of ’ ‘
sets n;d intersection sets.

How many. of the intersection ° ”
sets are lines? Hov many are </

points? | |

\_
(3%
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In the figurc we have 4 lines

and 6 marked pointi. On each line

there are 3 of tbe points and on

uch point there are 2 of tha li.nu.
* -, 4 In prcjectiv- gecmetry this ﬁgure
- 'is called a complete quadrilateral.
Ipt us see how t.hit riguro can bo thought. of as a diagran’ for plucing

-6 paople (the. point:) on 4 comittnes (the lines) so that all’ pcraona |

tmted qxr.ct.]qr alike. "Each person is on the same number of com-

ni-ttau and po person il on the same two committees as any other

person. Let Us consider A and C. for emple. |

A axd G are both on 2 committees (and only 2). - ‘

A‘ is on one and only one é_:omitteoil with B, (, K, u.nd ‘F. i

C '1s oo one and only ome committee with B, A, E, and D.

On each .of'. A“.s comittees the;e are 2 other mesbers l-hovn.\ \

On each of é's e_ittoen.thore‘ are 2 other members shown.

An éven nore 'dmocrnfie" ccamittee diagram - Bes\ shown for 10
people and 10 cammittees. With thil diagran we can plm%e sach person
on 3 and onl,y 3 coomittees and on each comuittee there H‘ill be 3 and
only 3 of the 10 people. We might say that this represents real
democracy in committee structure. The diagram of 10 points (people)
and 1{ lines (camittees) is called tha Deau'gueu con.t‘iguration. This
is & very marhble figure agd is important in the study of project.ire

geometry. Projective geometry arose from the interest of artists in

_ Wapedtin drawing. One of these artists was Leonardo da Vinei.

The exsrcises which follow are concerned with.the Desargues con-

ﬂguntién.
.1 139
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S, EIE&?ISES
- la In the figura there are three lines on a point 0 and on each of

thﬂll lines’ is ane of ;hn vertices of the trinnglc ABC.
‘a. Copy this figureona |
| sepurntc piece of ‘paper.
b. D:gu‘b,uccond triangle
” A'B'C' %o that 1! 1s 5
on oA axt:onded, BL.
'is on. OB extended, and
C' ison OC cx{;ndod.
(1f posgible cheése‘ﬁho ‘
positions of ‘A'B‘C' B0
T that, AB extended inter-

- _ sects A'B' extended on c

. your paper.) - s - & .
: Qe thclAthi points of intcr!aétien of the lines lﬁ ollows:

\'~ ' ‘ 1in. ;n AB ;@dts'line;qn A'B! i; D“‘"
| line am AC mests line on A'C' in E

- : o line on BC mests line on 'B'C' in F. | | ’
d. bot.n.poinu Q, E, and F gppurt.oliaontheum |
‘ | ltraight linef* If not, try your draving ag;in. Draw the
o ; | - line on D, E, and F.

| 2.,lH;k. several drawiﬁgl like that ‘in Exercise 1.
3. In the completed figura in.Ex.rciae l, you will notice thnt you
o have drnwn 10 lines (cr parts of tham) and you have lahcled 10

points. Exanine yoyr nkatch to sce if on each of the 10 lines lie

A : 3 of the lnholad points and on each of the 10 points lin 3 of the
) ) i
| 10 lines you have drawn. 7= \\\% ) >
, i _ .
o . > _ ‘
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]/‘3 4 One of the remarkable asbeets of the figure is that each point and
- acc$'lino pPlay exactly the same role. For example, we may think of
. poimt A cl.thc‘"hcéinniﬁg‘ point on which 3rlinc| lie (we used 0
, for this point in Exercise 1). Then we can’ ind on the 3 lines
through A thaJverticn 01' the t.rimglu COB and EA'D. A listing

may help you see this.

‘ AN CO0B
. A EA'D
- L
- |(
. . ' ) . /
) 1ines on segments of - v lines on’ aegments of
"Asmeet in D, E, F A's meet in C,FB

Shnde the As COBand EA'B in your Denrguu Lfigure., It. is not
necessary té mark and new point ngr to extend any line to observe’
thi‘. . i . .

5. Fcllow t.hrough the ‘steps in Exercise 4, starting with point D.
k‘hlt are the vertices of the 2 triangles?. In what pointl do the
1ines on the segrents of the triangles int-rsect? Do these points

lie on a line in your figure?

*
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- Informal Geometry I

Look around you% classroom. The four walls, floor, and ceiling
are parts of different planea. Thé planes intersect in lines, and some
of the lines intersect in points. Perhaps your classroom hgﬁﬂmore than
four walls, and perhaps the ceiling is made up of parts of several
planss. The blackboard is prcbab&y in a different plane from the plane

+

of the wall. ‘ -
1. ,Find surfaces in the room and its fufniiure which are parts of dif-
" ferent planes. | ! \
2.  Find lines which are interseeti;ﬁs of planes, and points which are
intersections, of lines. ‘
3. Can you find three planes which intersect in the same line? Could
youg if your room had a revolving door?
4o What ﬁlanea can you find which do.not intersect? What lines can
you find that do not intersect? |
5. Can you find some surfaces which are curved, not plane?
6. Look out of the window and see how many parts of planes you can
" find in the roofs of houses and other buildings. How sany dif-
ferent pilanes enclose the yhole'house? Afe.any,of the sﬁrfaces
of the hou?? curved, rather than plane? |
In geometry we study the properties of sﬁace,\the relationships
between points, lines, planes, curves, surfaces, and solids, and the
sibes nnd shapes of ijects. Any fool can plainly seé that we cannot
develop space travel without knowing about space. Can you see it? Fedﬁi

people realigse that we also use geometry to work out the best way for

the Army to order shirts.
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Imagine a ngvigator on a Coast Guard vessel which receivas an
S.0.5. from a sinking ship. From tb;\infornation he receives frum the
radio aperntor he zust be sblu to mark on his chart the position of
the‘ship, and tell his captainlin which direction he should steer.
They must also know how fast they must tfavel‘in order to cover -
certaih distance before the shiﬁ"sinks. |

Some of the things you will st&dy in geometry werg‘airandy dis-

. covered by the Egyptians and Babylonians almost 4000 years ago.  The

3

Greeks, from about 600 B.C. to 200 B.C., made very important advances

in geometry. The book of Euclid (about 300 B.C.) is still the basis

» of the geometry ycu will study in sehool. Archimedes, ﬁhe greatest |

mathematician of antiquity, and\dthers, such as Pythagoras, Eudoxus,
Er;:osthenos,‘ahd Apollonius, made very 1mpo$€;ht contributions to
geometry. Aftér&a long period during which very little new knowledge
was added, gecmetry was revclutiﬁnised in the '17th century b& Pascal,
Descartes, and Fermat in France, who di9covered how to apply aigehra
to gecmetry. .The 19th century was é~g¢iden age of gaamstry'in which
completely new concepts of space were developed by Gauss and Riemann
in Germany, Bolyai in Hungary, and Lanchavsky in Russia. About thez
beginning of the 20th cﬁntury Poincare and Lebesgue in Fraﬁce'and

Hilbert in Germany intrpduced new ways tof looking at the very funda;

mentals of\\Fomet Important discoveries are being made today by

mathematicians in many parts of the world. We may mention, among

others, Bing, Moise, Busamgnn, Milnor, and ‘Nash in the United States,

Pontryagin and the two Alexandrovs in Russia, Whitehead in England,
Carf&n,,Lnray,'Serre, and Thom in France, Hopf and de Rham in Switser-
land Chern from China (now in U.S.), Yamabe from Japan (now in U.S.),

and Papakyriakopoulos from Greece (now in uv. S ).

BURCE
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There are still many_imporfdht unsolved problems in geometry.
For exampls, suppose you oave & lot of maro;es all exactly the sane
size. Hov should you pack them in a largo container in the best pos-
sible way, that is, s0 as to get as many marhles as you can into the
given volune? Nobody knou‘:for sure. We know & very good way to pack
the marbles, but no oné‘hgs ever proved that it is the best possible.
7. Find out where the word “geametry" com33~from. '
8. Look up one of the mathematicians aeptioned above, say in an .

onoyc10pedia or ﬁ_}l,éggg g{ mgghgggg_ggaxgad write a short report

on his life and at lsast one of his important discoveries.

““‘\\\ Part A. SETS OF THREE‘LINES

When a mathematician begins an investigation, he usually starts
with a very simple case. After he feels that he understands this case,
he may then proceed to more complioateé situatioos. In order to get a
feeling for spatial relstionships, let us begin by studying figures
fo;med by three linea. In these two chapters, when we speak of a line,
we always mean a“complete straight line; extended a8 far as we pleass
in both directions,

When we discuss geometrical objects such as points, lines, and
‘angies, we find it convenient to give them namnes. Of course, we could
call them "Joe" or "Wilhelmina", but we usually use just\letters fqpm
.toe alphabet, and speak of the linoo m gndwvr, or the points 4, P,
and Y.  Sometimes we use the sane letter and ;itaoh differont suoscrigts,
small numerals written below and to the right, such as "1," 1,7, ete.
The numerals hers are simply labels to distinguish different lines or
points, an&’the values of the numbers have nothing to do with the prob-,

L .
lems, -

t),\)
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1. Draw two lines, and call them 1) and 1. Do 1; and 1, intersect

in your drawing? If they do not, draw them again =o they do inter-

aect.nACal;‘theif peint of intefaaction point A, (Make the lines

long enough to make it easy to measure the angles.)
* D e
A

Y

s,

PR

2e How/g:;y angles are formed by ll and 12?
. ol o
3. Call the rays on 1; AB—» and AC — . (Recall that AB—> means

the ray with A as endpoint and containing point B.) Call the rays
on 1, AD— and AE —> Some of the pairs of angles which are

/  formed bave a common side. These are called adigcent angles. The

other two pairs dre called yertical angl#s._, g

" Each line divides the plane into two balf-planes. One of
each pair of vertical angles is the, common:part of two of these
four half-planes, and the other vertical angle is the common part

of the other two balf-planes.
' ‘ Vs
4+ Measyre the two angles of each pair of vertical angles with your

protractor, and compare the measures. What is the relation betwesn

4
these measures? ' -~

-

5. Compare your results with those obtained by your classaates. What
relation between the measures of vertical angle;.is true for each

pair?

| ‘. You have found by experiment, a certain relation to be true in a
.iérge nunber of cases. Let us see why this relation must be true in

all cases. ,

6. a. VWhat is the sum of the measures of angles DAB and BAE?

b. What is the sum of the neasures of the angles CAE and BAE?

»

L4
-t
L
St
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c. ' If the measure of angle BAE is 130 degrees, then what is the

measure of ungle DAB? \bhnt is the measure of angle CAE?

d. Lat X, ¥y, and s be the measures of angles DAB, BAE, and CAE,

2

respectively . i
State ycur ‘answers to parts (a) and (b) in the torm of equations:
X+ y= T, mry=
If b4 is knoun, how can you calculaig/x snd z? Express your answer

in the form of equat/

e. Does the relation which you found between x and 3 in part (d)

agree with the result you obtained experimentally in exercise 5

agove?

. State the result in the form of a general prineciple by completing

e

-the following sentence:

Principle l. When two lines intersect, angles in each pair
of vertical anglea fcrmed N

Lompare your stste&ent uith those of your classzates. After dis-

cussion in class, try to urite a clear and preeise statement of

the principle which all of you find satisfactory.

Draw another figure like the one you drew for exercise 1, and name
the rays in the same way. Then draw another line on 4 and call it
;3.‘ Call tﬁe other ray, on 13 ?etwgen AD — and AC —, AF— ;

1 .
Call the other Tray, between AB —» , AD — and AE —, AG—,

Tl
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8. Stdrt with angle BAD and nams successive adjacent angles in clock-

. wise order. How many of those'anglég are there 2ifoge;her?
9. How many pairs of ve}tical :ﬁglea can you find? Name each pair af{/ﬁ\\\\“\-§_

( | _ . \

vertical angles. ~ .

10. What {3 the sum of thsyeasures of six angles formed h& the rays
. | | > | ’

'11. How many angles lis on one side of 1,? What is the sum of their

- measures?

v

12. Are the ansvwers for etgrcise il true for lé?' For 13?

L

'13. Drav two lines, m) and m,, which intersect. Call the point of

intersection éoint P.
14, Draw a third line, B3, uhich intersects m; gné hz, but-not ih the
point P. Call the intersection of m; and mj point R, and the inter-

. - . - m ml‘
section of my; and m3 poimt S./ ' P~

K Ex 14— 1\7
4 |

15. What is the name of the set of points made up of seguents SP, PR,
and RS? -

16. How many angles in the figure have'S as wertex? R? P? What kinds
of angle pairs can you f£ind?

17. Draw two lines tl and t, so they do not injersect. Draw a third-
line ty which'intersecﬁs‘tl and call the poiﬁﬁ of intersection '

/ point A. Does't3 intersect tz? Ca%} their point of'intersection

point B. ‘

t,— N

18. How many pairs of vertical angles are there in your figure? How

nany pairs of adjacent anglss? : .

< r
A. . .
.

-
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iQQT'In what way are the last‘three figures you have drawn alike? In
what way are they different? Can you think df a fourth way to draw
a set of three lines? If so, draw three lines in this way.

The set of intersections of three lines in a plane may be _2;_ f

: " points, _2_ points, _? points, orj;z_ points.
21. Look around you and find illustrations of sets of three lines like
those in fhe figures you d?ew.
22. Izagine two lines in space. . Is there any possihle relatid; which
could not occur in'a plane? : | -
23.. What figures can be formed\hy the intersee£ions oé 3 planes in

space? {
/ )
Part B. TWO LINES AND A TRANSVERSAL

When a line intersects two other linqé in distinet points, i} is
called a trapsvyersal:of those lines. In the figure, ¢ intersects

lines 1) and 13, so line t is a tranaversal, t

€,

¢ oAt
2 */g Ex.3-8
l. In the figures you drew for the exercises in Part A, which ones
show trggsversals? |
2. In each figure in Part A which has a tr&hsvera&l, namé the trans-

versal and tell what lines it intersects.

3. 1In the figdre above, how many angles are formed? How nany pairs

o

of vertical angles are there? What do you know about their meaéures?"

: b
(You can say: "/ a = /_ c". This zeans the measures of the.

anglss are the same.)

, 15
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4. What pairs of adjacent angles are ther?;ix; the Tigure?
5?\ For what pairs of angles is the‘sum of their measures 180 degrees?
We give spgfi;l naues to some other kinds of angle-pairs in a
figure like thia; One kind is illustrated by angles b and f.
Not;ce that one of the rays which forus angle b is a part of a
ray. which forms’ angle f, and both angles are on the same side of the
transveiziiﬁta Angles/i}aced in this vay are callééAcorreaggnding
angles. | )
6. What pairs of corresponding angles can you find in the above figufg?

There are four pairs in all.

-
K

A o o /

How can we dxstinguiah t;e angles s, b, gs and h from an;}ka\
d, e, and f? Aﬂgles a and b are on the opposite side of 1; from'the
\lntersgetion of 1, and t. They are called g;&erior angles. Similarly,
angles g and h are exterior angles. Angles c-and d are on the, same
side of 1, as tﬁa interseétion of 15 and t. These ‘gles and e and f
a¥e called interior angles. ‘Angles d and f are interior angles with
different vertices on cpposite 31dds of the transversal t. Theytare

called alternate interior angles. | | .
o=~ i ‘

7. Name the pairs of alternate interior angles in the figure aﬁove.

There are only two pairs. - - : )
8. " Name four pairs of angles in the above figure which have squal
measures, no matter how the figure is’drawn. State the reason

Two angles whose measures add up to 180 degrees are‘éifiii/)

why they are equal in measure. ' R

.-

sﬁgélamentggx.
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1
. " naze an angle which forms with angle x a pair of
‘ a. vertical angles . |
b. corresponding angles \,‘ _
¢. alternate interior angles
d. supplementary angles
10. In this figure name:
a. four pairs of yertical angles )
b. four pairs of corresponding angles 'f
) ¢. two pairs of alternate interior'nngleé | \\

d.. eight pairs of aﬁpplenentfry angles
Noiice th carggully we defined corresponding and aiternaﬁe
 interior angles. Rsmémber that we are discussing ideal ﬁbints and )
* lines, and that the streaks of printers ink are only msant'to suggest
a mental picture which you don't actuslly see. That is why we try o
. st;te the relations in.terms whici do not refer to the drawlng. In
| mathematics we.must Bay exactly what we meén, andgmust make eﬁr defi-
nitions as clear and precise as we can.
Part C. PARALLEL LINES AND CORRESPONDING ANGLES
Imagind that you are a civil engineer who must’build roads inter-
secting a higoway. In the figure below the highway is represented by

the transversal t and the roads are represented by the lines'}l and rj.

: . « 3
Q T S

1{91
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Jou want to build the roada so that they don't intersect. Two lines
*in the same plane which do not intersect are called parallel Railroad
tracks form parallel lines. ' <

You Jﬁ%h to tell your workers what angles the roads should make"

with the highway. Make a dréwing with points A and B about l% inches
. - t
apart.
' A/a

1. Make the measure of angle a 70 degrees and that of angle b 40
Ydegreasf .Do the roads intersect? If so, on which side of t?

2. Draw another figure with the neasure of angle a 30 dégreas and
that of angle b still 40 degrees. ;.happens now?

3. Make at least ten experiments of this kind with various measures

-

- for the anéies,a and b. Record your results like fhia:‘“;;D

Measure ofn e Méasure of - Intersection of
Angle a in degrees Angle b in degrees r; and rp -
' 70 40 right of t
) 40 , left
O 40 g

Can you find a general law which fits your stervationa? Com=~
pare yoﬁg}results with those of your classmates.
4. What kind of angle pair have you been‘measgring?
5. Make some more experirnents to test the genér&l law which you dis-
covered in exercise 3. In each case fifst chcose.the meéasures of
the angies, then éredict whether r; and rp will intersect and if

so, where, and finally uske a drawing to check your prediction.

Ieo



-
¢

VIII-11

L

4 Y ‘ L
6. State your result by filling in the following sentence:

Principle g..‘hhnn a trﬁnsversal intersects two lines in
1 ‘ \

thes same plane, and ;

-
¥,

then the lines are parallel. -
Discuss your statement with your fellow .students. - Try t arrive

at a statement which is clear and precise and satisfies the class.

7. In the figure below, what angle forms with angle % a pair o dbr-)

\

\
|

responding angles? Label it angle g% If angles x and P have the | ©

!

following measures, do-1; and 12 intersect above or below t or sre\

\

they parallel? \

, ) €1~ ; -
/ o ) ~ / | ~N
| YO ‘ £

.el
///fB ‘ | '
' -

. Measure of | - Measure of Intersection of
Angle x in degrees Angle p in degrees L 11HE§d 1z
a. 120 ‘ ‘140
b 120 w0
Co 120 & ‘ 0
di k90 120 | . | \\V
8. 90 . % IR o .
. % B T - L3
B .70 0 '
h. 70 70
1. 70} ] 30 )
3. 30 30
ki 30 70
R Y 10
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° ~— :rCheck your predictions by drawing the Tigures.
' State a general princi§le for deciding, on the basis of th; measures :
A N a paiifof ocrresponding angles, whether the lines will meet on the |
- ) : same side of the transversal as this pair of angles or on the.other

side.
?finc;g;e 3. When a transversal intersects two 11233 in
the same plane and, of a pair of corresponding angles,

r the exterior angle has the larger measure, then
.;,\ Al

&

‘ If, however, ‘the interiof angle of the pair has the

larger amsasure, then

] | D N Draw the above figure so that angles 3 a¥d p are 40 degrees in.

Al

measure. Measure the distance from A to B. Now drav another
TS ‘ " s

‘transversal t; to 1; and 1; so that the measure of the angle X

distance between

s

forded by t) and 1y is 40 dpgrees. Whi

RN

9. Usiﬁgythe saze figure draw transversals ts with various values for

the measure of angle y. Makg your experiments systematically,

making the measure of angle y successively, 50 30, 40, 50, e,
- 170 degrees and measure the distance from C t§ D each time. Record

your results in a table. -
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Measure of Angle y Distance from C to’
in degre ! : D in inches

10

2

a‘ e‘ ‘ ' 170

Try various positiona for the int C for each choice of the aisei
| of angls y. Does the distance from C to D depend on the position
- of. C br onf{E;ff,gle ¥? FOr which value of the measure of angle y
is the distance from C to D the least? | »
101 Try the.agmé;eXperiméﬁt with tﬁe distance from A to B twice as -
large as in the first case. Compare'yéur two tables for the dis-

tance from C to D.

-~

11. Draw a line parallel to & given line 3o that the minimum distance

e

: between the intersections of any trapsversal with the two lines

is one inch. 9

| ¢ '
&“12. ‘@d in your classroom some parallel lines. Lay a yardstick or a.
¥ : ' '
ider across theg so as to form a transversal. Do it so that the
‘intsraéctions with the parallel lines are at a minimum distance

apart. Measure this distance in each case. .

X

Part D. PARALLEL LINES AND ALTERNATE INTERIOR ANGLES

" Yod have just found a method for decidin;’SBSQFer two iineé’inter-

§

' sact by drawing a trahsversal to the lines and measuring a pair of cor-
. p

responding :ngles.' Let us see whether you can discover a eriterion

-
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. using ';lt.emte interior angles. We_do this by applying a fa‘vorite '
. device of the %natha:‘rzatician, namely by reducing the problem to the
previous case. ' | ‘
1. Ino this figure, the ti:ans§ersal t inter‘se;:ﬁs the lines m' and Boe
Which angle for*m \ya ba ﬁair of alternate interior angles? |

b .
" Label it angle e. \

my

»

2

2. ‘Suppdée that the measure of angle b is 30 dagf;ees‘. What are the
;neasures of angles ¢, d, and a? Which of tl_'ze&"prev'-ioms three
principles applies here? ”

3, Which of these ‘forma with angle e a pair of correspanding angfes?-g..

4e 1If the measure of angla e is 20 degrees, will the lines ml and ms
int.ersect,, and if so, on which side of f? What s.bout if angle e

’ is 4O degrees in measure?

5. How can you tell, from measuring angles b and e, whether the J‘inesg,
; m) and m, intersect, and if so; on whic'h sidgﬂw Apply” the principles

~ ‘ of the previous section.t . wm «,\gﬁ@

6. State a general pr;ncipwﬁe 'by yuu can say that ml an/ﬁz are |

parall :ghm syou knov the measures of a pair of altemate interior

A8 as' a model in trying to write your: own statement

- of principle Aﬁ* Ai*tér cogparing ycg}r statezent with those of your
R S
chsmtes, discuss the matters ane should thin;-ﬁbout'wh_enjone'is_ ,'{/‘
4 . ‘\

trying to stat.e a mthemtic&l propositian.

CERIC T cad b
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* 7. Now tfy to state a principle whereby you can vell on which side of
the transversal the lnes m, and m, will maet,\ff&m knowing the

measures of a pair of alternate interior angles.

Prinetple 5.

I4

\8. You can sometizmes di¥cover where improvemants are needed in a - ‘ .
'Q' ’ s?atemént when you try to apply it to problems. Predict in:each
of the following c;aea.uhether the lines 1, and 1; will intersect k
and if so; on which side of t, and tell which principles you used, -
: 9; ‘ e
v . _ v
a. angle b = 65% . angle £ = 65°
b. angle g 2 ¢o° ' angle e B ° ' = y
" ¢. angle a‘g 50° | angle ¢ z ADQ
d. anéle h = 90° | angle ¢ = 100° *
e. angle g = 130° ' angle d E: 50°
! f. angle b= '50° | angle ¢ = 120°
‘ (
" g. angle a Z.130° ’ Ehgle d = n°
h. angle b - -40° angle d § 70°
i. angle g ‘E 60° - angle ¢ 2 s50°
\& j. angle b= 8° ‘ angle d = 80°
9. Draw figures for eagh,of these:caseg and check youf predictiqns;
o ' .«Exerciseg’ I

- .

1. Make a list of the new kinds of angle pairs you have learned about.
2. In tée figure, name tﬁé following: -

a. Two pairs of vertical angles.

. b, Two pairs of adjacent angleé.
™ . ¢. A set of three angles the sum
Q of whose measures is 180. degrees.

o 23
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5.

6.

)\"m-m

In the figure, name:

a. Tgc.pairs of vértical angles.
.b. Two pairs of adjecent angles. .
c. ;A pair of angles vhoée.sum 1§
180 degreeé. ) ; ‘_f-
d. Two pairs of éorresppndiﬁg angles.
e. ?ﬁoyp&ir§ of altefrate intericr.angles. N
"a. In thii'figure,rdraQ the lirfe 1 pérallel to R S.-
L — | ‘ | |
) o
i
15° 45
R T ‘ S o
— What must the measure of angle x be in arder that 1 be parallsl
to R'S? What principle did you use? ' ‘
b. What is the measure of angle /_z? Why?
¢. What is the sum of the measu¥e§'of the angles x, y, and £? . .
d. ‘What is the megéure of éngle yé
a. in the fiéure, what is ﬁhe sum of the missurgg of ahgle CBD -
and angle BDE?
| p L8 - S
b. What is the measure of angle n? : "
c. 1Is BC’parallel to' DE? Why?
Cut é triangle oﬁt of cﬁrdbéard, making th& sides of different
lengths. Then draw parallel lines by (1) placing one side of the
‘triangle along the edge of your pspef} (2) drawing a line along.
- N | _
T P ‘
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- anodper side of the triangle; then (3) sliding the triangle along
xfg dge of the papgr; and (4) drawing a line along the same side
of the triangle.

b. \:’hat principle is illustrated?

< Part E. TURNING A STATEMENT AROUND (Converse)

We nave seen that if certain things are true, then certain other
things are true. For example, .
l. Jf two angles are vertical angles, then thﬁ angles have the same |

measure. Suppose we mke\: new statement, by interchanging the
"if" part and the mthen® part. This is the new statement:
two angles have the "same measure, then the &nglgs are vertical
({fﬁgles. The ﬁey 5ta£§ment, obtained by interchgnging the ®if"
clause with the'"theng’clauSe, is called a éonverse of the first

-

statement. . , _ .
We have found that the first statement is trwe. Is the second
statement always true? M‘it any two angles which have the same

‘measure be vertical angles? If your answer is "No", then make a

drawing of a case in which this statement is false.
. )

Look at this statement.
2. ;g Mary and Sue are sisters, the 5 Mary and Sue have the same parents.

Is this stgtament ;rne? “,

"""”*V~V§”$ﬁﬁﬁwﬁ$ g .
e ET R §the converse of this statement, by interchanging the
Al Qv ‘““ 5 R X‘
nifﬂ cl&use and the "then" clause. | |

If Mary and ‘Sue have thﬂ gg&egparents, fnen Mary and Sue are . sisters.

U B Q
Is this statexment a¢.£¥%e? Yes, it is true.
-
‘i We can see fron thes tuo illusti?tions that, if a statezent is
L o B |

PN
)

, ()a :, }
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true,‘its converse, obtained by interchanging the "if" part and the
tren® part, aay be true or may be false.
3. If you turn a {irue statement around, will the new statement also
| be true? Look at the statepents below, and tell whether each one
is true. Then write the‘converse, and tell whether the coﬁverse
is ngcessarily~true. : | ,
a. If Rover is a, dog, thén Rover has‘four %eet. |
b. If>Blackie is a dog, then Blackie is.a‘cocker spaniel,

~

e, If g figure is a circle, then it is a closed curve.
d. If the time is 10 A. M., Mary should be innschgg;. ‘
e. 1f a figure is a closed curve éomposed of three line segments,
-then the figure is a triangle.
;. Make a table showing which of the above statements are true and '
which of the’converse are true. ] .
5. Make up fgvgitrue statement.s, then' state their converses. Make up
sore so that the new statemant is true, and some for which it is
false. .
You can see fron exercises 1-5 that when & true statement is turned

around to form a converse, the converse is sometimes true and sometimes

false.

Part F. CONVERSES OF PRINCIPLE 2 AND PRINCIPLE 4

Let us see whether the converse of Principle 2 seems to be true

or false. ,‘ f! ¢ .Y
1. Dra? a line m;. Mark a point which is not on my, and ™ 4
ccall the point A. Through A, draw a liné t, which g{ "A
intersects m; at point called B. s ' \\f k.
2. U;ing your protractor to make angles with the same \“H A g\
’ .
measure, draw & line through point 4 which is parallel mzf____"

"
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to line m;. (What two kinds of angle pairs could you use?) Call °
this line 0.
3. Now draw a second transversal intersecting m, and ms.
Call it t;. Measure a pair of correspondiné ahgléa,
along transversal i;. Are the neasurés of the cor-
respbnding angles the same?
‘A. Compare your results with those of your classmates. Do &Qur angles
. have the same measures as theirs? W%at is true in each case?

P o
~ tells the relation between corresponding angles forzed when a

-

.Sgate your cqnclusion in the i‘orm of a general principle which

transversal intersects two parallel lines. P

-

Principle 6.

-

5. 1In the figure belbw, suppose that line 1) is paraflel‘to lipe 1,.

Acgordingvto Principle 6, which pairs %? les zust have the same

/X
Ifn

measure? N

é 7{&‘ Ex.S-;
6. ‘What other angle pairs will then Rave the same meé;ure? Why?
7. If 1, is-parallel to lz‘then_angle z 2 angle w. Why?
gle w S anglé‘é. Why?
Then angl; z = angle s. Why?
What kind of angle pairsare 7#gle z ané angle s? Why?
8. Can you stats a ;eu princi§le froz “he reasoning you have done. in

Exercisé 7?

Principie 7.
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10.
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12.

13.
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- -

‘In the figure below, if line m, is parallel to line m; and a trans-

versal t intersects them, which angle-pairs have the Same measure ‘

, because of Prineiple 77

What other angle-pairs have the sane measure? Why?

m m

! X

| | h%r‘##,e/x«rxfz- | .

t ;{/‘#f%f%’f‘fffff o | | | ‘, S

In the figure, if 17 is paralle*?tpnlzland the measure of one angle

E.!: 3 - 10

is 112 degrees, as shown, what Is the measure of each of the other

-

angles? - (The arrows on ll'qnd 12‘;amind us that those are parallel

lines.)

4

In this figure, ABC {s a triangle, and DE is & line on point B.
: ¥

Also, DE is parallel to AC. How amany transversals imtersect DE

- )

and AC? C) |

4

N ,
. X/ : \ Ex. 12 -14
Make a sketch of the figé::~(do not use a protractor), but leave -

out line AB. What kind of angle pairsare angle 1 and angle 27

Make another drawing of\the‘figure, and this tigze leave out BC. °

\
What kinds of angle pairs do you see? Name the same angle pairs

in the figure with all lines left in. (Use the three letter way

. of nam%pg,&ngles.) ‘ | &

;“:“. );‘""
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17.

18.
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?
In the figure below, suppose WS is parallel to RI.I How many trans-

?

versals intersect RX and WS? Find a pair of angles which have the
EN

)

sa.ae measure. Can you find avsecgnd pair?
R h

AWA .

h)
In_this figure, 11 is parallel to 12 and t is a transversal ‘What

is the sum of the aneasures of angles a and b? Why? What' is trye

of angle b and angle ¢? Why? Then vhat is true of angle a and

angle ¢? Would the same thing be ///k '
+ e/a ¢ N

true about an &le b and angle d?

/b 7 :
) ' Ex. lo-1IT

‘
AR

- Can y&b prove that.angle a + angle ¢ E 180~degrees- by using anglé e

instead of angle b? Explain your reasoning. P -8 €,
In this figure, if 1; is parallsl to 12,Aand | ’

t is perpendicdlar to ll, what else must be _f) t C . b
trueéof 1, and t? | /

Can you give reasons for these statements about the figure? 1
a. If t is perpendicular to 1;, angle a £ 30 degrees. Why?

b. If'1; is parallel to'ly, angle b ¥ angle a. Why?

c. Then angle blg 90‘degiees. Why? B

a. Then t is perpendiculér to 12. Why? -

8

Here is a picture of two sets of railroad tracks which cross.

c d

] s/k

h ( k N L
. » Q

1‘
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X

&+ Hov many transversals do you see? Tell which iines each frans-
versal interéeéts. Uhich lines are parallel?
— ) :
b. Make a list of &ll~pairs of corresponding angles.
c. List all pairs of alternate interior angles.
d. List all pairs of vertical hngles; |
/;! ‘ | a. rList all pairs of non-adjécent angles whose measures have a
| sun of 180 degrees. o ' J
f. Suppose the measure of angle e is 152 degrees. Find the measures
of as many other angles as you can.
TRIANGLES/ ~
You have been discovering angle relations in a'figure composed of ,
three lines, two parailel‘lines and a trénsversal. Supposevthe two
lines are not gara}lel, so that each line is aﬂtransveréal intersecting
the other two lines. Hoy does such a figure look? ’ |
| The three lines inte/rs.ect‘ in three points and, as you knov, three
points {(not on the same iine) and the seggents joininé them in pairs
are a triangle. |

1. Which of the figures below are triangles? If & figure is not a

triangle, Ejll which requirement of the definition it lacks.

- a b c. ol ] i f
2. Draw a triangle which has two sides with the same messure. Such a |
triangle is called an isgscelss triangle. :

3. Draw a triangle which has three sides.with the same measure. It

is called an equilatural triangle.

..,,. :
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e Drgu a triangle with no two sides with the same measure. It is
called a scalene triang
5. Which of the triangles bslow appear to be equilateral? - Scalene?

\\ Isosceles?

Ak A A

6. Draw two equilateral trlangles, two isosceles triangles and twoi

scalene iriangles.

\

7. 'If a triangle is equilateral, #s it also an isosceles triangle? |
: |

1
I

8. If possible, draw triangleg whose ’des haye these measures :
3, 4, 5; 2, 7, 8 1, 6, 7; 1, 6, 9. Vhich of these measures are
not possible for the sides éf a triangle? Why? | | !
9.. How can you tell whether a triangle can be formed if}you know the
measures of the three line segmenté? -
. If the distance from«the point A to the point B is five inches,
and the distance from B to C is tuo'inches, what is the greatest
possible measure for the distance from A to C? What is the least
péssible me;sure for this distance? Draw figures to illustrate
both extrexe cases and several intermediate cases.
If A, B, and C are the vertices of a triangle, then the angles
ABC, BCA and CAB are called the inglJE‘of the #tangle. The tri-
angle is often called the triangle ABC.
'10. Draw a large isosceles triangle ABC, making the sides AB and BC
equal in length, but different from AC: .Qut out the triangle care-
fuliy'from paper, and then fold it so that AB lies exactly on CB.

What do you notice about the angles CAB and ACB? 1Is one 1arg§§

“"than the other or do they fit exactly, too? Try this experiment’

>~
t
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with a number of isosceles trianglea..ékmmn:e your results with
those of your clasanates.
State a general principle about the relation betweep the measures

of the anglea opposite two sides of a triangle vhich are equal in

*

length.
Principle §.\

Do at least five experiments i;ke this, éonstructing triangles with
twg!nnglag equal in'measure. Compare your results with those’of
your classmutes. |

State a general princ}p&e about the relation betue;n the lengths

of the iidea opposite two angles of a triangle which are equal in

MBASUTI'S

Principle 9.

. ( I

Drav a line ‘segment about 4 inches long, aﬁé at each end measure
an‘angle with the laﬁa measure. About 40 degreeé is a good size.
Eijend the sides of the two angles until they intersect to-form a
trisngle. Cut out the triangle and féld it so that t¥ie one ang;h
fits exactly over the angle which bas the same neasire. Dd/the'
sides fit exactly too? ~ - - A
Use the relation yoqubaerved in exercise 11 to show that if a tri-
angle has three sides equal in length, then all three angles are
eézal in measure alao;

Use the result of exercise 12 to show that if a triangle has three
angles equal in measure, then it has three sides equal in length
aldo. T

Any two equilateral triangles have the same shape, that is, one aay
be thought of as a picture of the other, but on a smaller scale.

L s

§

N
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Is the same thing true of all isosceles triangles? Draw several
isosceles triangles to illustrate your answer. |

15. In exercises 10-11 you investigated the relations when the msasures
of two sides or two angles of a triangle are ‘equal. . Now you may
explorgrthese relations in scalene triangles. Make at least ten
triangles with unequal sides and measure their angles. Record your

results in a table like this: . p

BC /_CaB AB / BCA AC /. ABC

Give the measures of the sides in inches and of the angles in

degrees.

A good scientist arranges his observations systematically. You
‘\\‘have here 6 quanti%ies‘uhieh may have various values. In order to dis-
cover the relations between them, it(is best to hold several of themx - |
fixed, vary one of the others, and measure the.rest. You w;ll probably

find it convenient to choose values for the lengths of BC and AB and

A ,
keep these the same throughout your experiment. Then choose different

values for ﬁgg length of AC. Do the lengths of the sides determine thev
‘\\\ size and shape of a triangle campletely? Then measure the angles, and

record your obgefﬁations as above, Yau{\?esults in exercises 8-9 should

glve you information wbout the possible choices for the length of AG.

h\\\\}\ ] 77
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f‘/
Notice that the column for each angle is next to that for the'opposite

‘ side. ¢ ,
" You and ydur clasamates should each choose giffeQEnt lengths for

BC and AB. Ip this way you will have plenty of experimental data for
B ’
/ . ~

caomparison.

On the basis of your observations you should arrive at certain
' - -~ /‘ .
conclusions. When one side is longer than another, how do the measures

of the opposite angles compare? I there a simple relation between the’

¥

lengths of the sides and the measures of the angles? If you double the
“length of AC, does the measure of /_ ABC change in a simple way? What

* happens if wgu double the lengths of all three sides of a tr%angle?
- %

\J
\ . (?art H. ANGLES OF A TRIANGLE

-

l. Draw a triangle ABC and cut it out of paper. Tear off the corners

#

-

C N

. < ,
at B and C and mount the wbfle figure on cardboard as shown, with -
the ,cut out corners pasted in around the vertex A. Measure the
angle DAC. Compare the result of your experiment with those of
your clasamatés. Is there s general law which fits your observa-
tions?

2. Cut a triangle ABC out of paper and mark off the midpoints D and

E of the sides AB and BC respectively. (The zfdpoint is halfway

N

v

a &
. ) I
|
|

. /-\\A
-~
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" L . .m D 5
¥ fro® one endpoint to the other, so'that AD'= DB, BE = EC.) Fold

Jegment. AD so that A lies over sq¢e'point G of tpe line
arly, fold over EC so that C lieé éver G.‘-Finaliy, fold
- { along the segment DE, Wherq does the point B fall’ Whera do the
segments DB and EB lie? What is the sum. of the measures of the
.f angles of ths triangla? :@0 this expe:iment with other paper toi-
angles. Does the lau you found in exercise l fit these observations?
State your law in the form gf a p{fpciple co?cgrn;pﬁfthe sum of the

\
\‘.\

«

measures of the»anglés of & triangle.

Principle 10
: "You have now discovered a certain law by experiment. Were these
experiments mecessary? Isthere any connection betwéen this
) principle and thq%dnes you found before? We shall now try to help
' yoﬁ discover  a proof of principle 10 from the previous ocpes. Iq

-

other ﬁorda, | ou know ghe other principles, then ngigan arrive

g . at this one by ;ogi ggasoning witbout a wingle ddltion&l experi-
‘\ | | |

ment. .- . T ‘ \\>\\ .
) 2
stead

1’ 3. -The éxperiment of exex‘cise A suggestfa one l’ine of reasoning.
gj}"f ‘_" C of tearing of f corners, simply draw g line AE so that Angle EAB §§3

the 5ame measure as angle ABC. %xtend‘the line aC. .

: E - L
: N . ' o
N R - N ‘4“ o \W*\
.;F. \\\
\é" : 3 Fumd '
oo e N N

ANCE ¢
Think of AE and®BC as. ines cut - bg\the transversal AB. égmi,kind

i

ot angle pair are apgles EAB and &BC? What conclusion can you draw

Y

fram prineiple 47 , R ‘ x

o a~ N ’
v ‘
A I ‘?'. § « ] 5‘: i?"} Pl »
'..__‘. \ ) R ’ 4
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o
Noi tbigk of AE and BC as linss cut by the-transvgrsal AC. What
kind of angle pairs"afe angies DAE and ACB? Doys eityer principle 6
or 7 app%y? What is the sup of the measures of the angles DAE, EQB,
and.B{;z_—j?htdb you conclude about the sum of the meg&urcﬁfaf the
ABC? \, . .
Instead of working with the angle DAE, we could have Eomparéé angle
ACB with angle FAC. Which principle applies in this case? Write
out the complete proof from beginning ti/ﬁnd, making any necessary
éhangeg, and giving the reason for each step of your proqf.
.Campa§e your‘proof with those of your classmates. DidAyou omit
any necessary steps? Di{d you have a convincing reason for every
steé? Was each stateneZt in 'your proof clear and precise” Was
your conclusion stated in such a way that everyone else understood
exactly what you' proved? T ‘ \ o !
Diacusa with your classmates the things which make a proof gooé.

Are there any comnon faults or mistakes which you must watch out

- for? - After the class. discussion rewrite your proof in accordance

with the- poidts brought out by you and your classmates.
7

In each of the';ollcwing ‘cases the measures ‘of sertain parﬁs ot”
the triangle ABC are given, those of the sides in inches and 3‘

those of the angles in degrees, and yau_gge gsked to predict '

]

Athe measure of some other part. In ‘each case, give your reasons

-

N R LR
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Given To Find Priﬁcipie
a. [/ ABC = 60%; / BCA = 40° [/ CAB -
b. [ ABC £ 90°, / cas B 20° /_ BCA |
c. [CAB = 20°, / BcA ¥ 30° | | Z_ asC . .
d. /Bca g 116‘,’ /_aBC % w" /_ CaB
e. [ABCZ5 A_BCA /_ caB
£. [/ ABC 2 49", £2dn.,ac %240, | £ AcB ‘
g. B2 3 in.,, BCZ 3 in., ca 23 A, [_ BCA
h. / BAC = 70°, / BCAF 70°, AB = 4 in. BC o
i. /BAC = 100°, / BcaZ 40°, a8 2 4 in.]  Ac .
asc 2 6c®, /AT ec®, ac® 3 in. AB \

Check your answers by drawing figures and measuring.
Suppose one angle of an iﬁnsceles triangle has a measure ¢f 50°
Find the measures of the other two angles of the triangle. kre

two different answers possible?

“

. N ‘ - jin}
In triangles ABC and DEF, suppose that & BAC = /_ EDF and

m - ' -
[ BCA = / EFD. What will be true about angles ABC and DEF? Why?

4 .
A . .
. . : ' . . LY
.

-

. ' ‘- - ¥
. < ) ' A ‘ ‘ -
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4 anformal Qﬁéééiil 1
/ ’Sgtament‘ % f’rinciples

~

Principle 1. When'two lines interséct, the &nglés in each pair of

vertical angles-forme ve equal measures.

-

L}

Principls 2. When &’transversal intersects two lines. in the same plane,

and a pair.of corresponding angles have the same measure, then the lines
are parglielg F

- . y ) -

Principle 3. When a traﬁsve;sal.intersects two lines in thg same plane
7pd, of a pair of corresponding angles, the exterior angle has the .

i la;gar measure, then the l%yes intersect on the same side of the trans-
;érsal as these two adgles; If, hpwé&er, the interior;hngle'of the

pair has the larger msasure, then the lines meet on the opposite side

of the transversal from this pair of angles!
Principle 4. When a transversal intersects two lines in‘tha—same
plane, and a pair of alteppate interior angles have the same measure,

thpn the linés are parallel. ‘ 7

£

-

- Principle 5. When a transversal intersects two lines in the same ¢

lane, and one of a pair.of alternate interior angles‘is smaller than
' « . q‘ - N ) . ‘ ‘
the other, then the lines jntersect on the same side of the transversal

. &8 the énaller angle. ) \

cigl § WhJE a transversal intersects two parallel lines, ‘then

. each pgir af diternate interior angles have the samé measurs.
Principle 7. Whken ;,transversal intersects a pair of p§ralkel lines,
‘the§ each pair of alternate in%;rior angles have the same meaSure. )
“,j\§15 Principle 8. If two sid;e\of a,triang;eJare equal in length,'then the
opposite angles are¥§qudi in‘maasure. )
=X ~ S R p

G . -
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Erinciple 9. If two tngles of a triangle are equal in meastére, then
the opposite sides are eqfual in length.

. AN .
Principle 10. In any triangle the sum of the measures of the angles

&
is 180 degrees.
- 3 f
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(Congruent trlangles, Perpendicular bisectors, Parallelograms,
Concurrent lines, and the Right Triangle Principle) A

CONGRUENT TRIANGLES - '
Wher, leaves afe'drifting to the ground in the fall, have

you ever tried to find two leaves from the same tree which have
' «
‘exactly the same size and sﬂ!%e? While we can $ell whether a leaf

‘hr—— . ( &
\

Y is from an oak tree or a m?gﬂé Qree‘cr some other kind of & tree,
1t 1is unusual to find two oak: leaves which seem to be eXactly the

same size and shape if we place one on top of the other to compare
them. ‘You may also have wondered why, among ﬁhe faces of &ll the

«
people whom ycu Know, or’'even among all the pecple in a great city,

you 8o seldom find two which ar;\very much alike. .
» .
The wheat fields of two farmers may be exactly" the same K3

shape and size, although they usually are net. A manufacturer of
large bolts of a certain kind employs methods of "quality control"
to-try to make‘sure that the bolts he makes will be as nearly alike

as posslble : Mathematics is used to determine whether cbgects thatA
appear to be \alike actually ar'e, and to determine the amounts and ' ; ,

¥

importance of difference in the objects. o %F

In order to study the ¢haracteristjcs of objects that are

simple eituation. It furnis out that the case of two friangles‘ef» N
, is the kéy. to the gené{g}prpblem.of determining when two objects = ~{

e . ‘ .

‘have exactly the same size and shape. .

exactly alike, we'begin, as scientists usually do, with a very

- ’ -~

¢ N
. . &
2 -
.
. . .
- . \J
. - N

These triangles appear‘ég be the same. size and shape; if we cut

ER&C one cflthe triangles def cf the paper,iand find that we can place it~




- dnother, we make eac

-IX-2

on the gther so that the three vertices and sides of one triangle

lie exactly on the three vertices and sides of the otheritrianglé, -

we say that the two triangles are congruent. Cr, if we could move

one of the triangles in its plane until it fits exactly on the

other, we would say that the triangles are congruent

Principle 1: Corresponding segments and ang;es of congruent

C\. figures have -equal measures.

If one triangle were cut out of a rubber sheet, then we

could stretch or shrink parts of 1£Aﬁniié we move it,'and thus

AA"make it. fit on the other.. In such a case we would certainly not

L

‘cail the triangles congruent. It 1is essentiai that the motion of

the triangle be rigi that no distanoﬁs between points of the
figure should change during the motion. ‘ o
We could compare solid figures in a similar way y‘making

a mold to fit one solid,:and then testing the other solid by

-~

trying the mold on it. Again, in this process we must be sure a

3%

that, when we move things around, the m?tions are rigid
his method of comparing

Now let us look more carefully at
figures, and see what 1t really md&ns 1f we understdnd how 1t

WOTrKs, we may be able to discover a method of comparison which
o

does not require a pgi.ical motion. When we fit one figure onto

o%nt of‘the first figure correspond to a

certain point of the other point for point The distance between

, any two points of the first figure is the same a8 the distance

betweencorrespondingpmints of the qther. Since we bping-‘tne
-
first figure to fit on thé other by a nigid motion during which '

no. distance 1s changed then ..the points of the originai ﬂigures
can’ be matdred with each other so that the- distance between any (‘;?
pair of points in the, first figure is the same as the distance

\between the corresponding pair of points in the other

I . ' : . . .
. . . . ' . - L
Leon 8{) < TSN ' 5
’ L ‘ * e
o, . ~ ) ' . N
- . - ) o . . . . - i



IX—S‘
For example, draw triangles A B C- and At B' C' so thgﬁ
;he‘Lengthsaf' A B and A' BY are !t inches,those of B'C and
B! C!' are 5 inches, and those of C A and C' A" are 6 inches.

.(How can you draw a triangle with sides of given length? Suppose
] |
you locate A and C 6 inches apart. Where should B be? .
A . ¥ - _ : = C
A J & inches - '

[

Forget about the length of B C for a moment and concentrate on
. .

the requirement that A B should be h ‘Inches long. Where do the
points lile whose distance from A is % inches? . Do you have any \\\

instrument for drawing the figure formed by these points? Next

4

draw the curve formed.by all points whose distance from € 1is .

5 inches. Where are thé possible positions for B? How many are «
: '
there®?) Cut out triang "ABC and see if this triangle is congru—b
“~ N J\
~ ent to A' B! C' by fAtting 1t onto ‘the latter. v

\ . 'a
b ‘.{’ow separate t triangles -again. Using’you£~ruler, mark off

on the sidét} AC points® D, E, F, G and H, so that

Ll -

- Y s & -§

A D E. F Q4 H . C

the distahces from A are 1,”72,.3, 4, and 5 inches respectively,

*

and mark ofi on the side A points “J, K, and L whosé distances

»
from A are 1, 2, and 3 inches respeztively Can you predict the
positions ;f these points when you p&ace thé triangle A B C on
¢ AT B' C' oso thét A lies on A',B on B! and C on C'? Mark off
your predictions on the triangle Al B} C' and label them D! E5'
Ff, . ..., LY. Now'cheéklyour predictions. ) | |

yMeasure the distance between the Various pairs in the firsp

figure aRd record them in a table:

Y t’ ¢ . r :
* * A . N
P
A rs 0




. A B c D L
-~
\A o) 5 6

Make a correspendihg'table for the points A', Bf, . ., ., L'.
Compare distances between corresponding ﬁo&nts. |
Pick a point M in‘the interior of the triangle A B C.
How can you brediet‘the position of the corresponding point M!
i:xfhe ethee}triangle? Are there any lineg which you can ﬁrew

and disﬁéhees which you can measure SO that you could locate U

exactly? Make your predietion and check it by placing the tr gle ~

A B C upon the triangle A' B' C'., Toes M 1lie above your pre-

diction’ | \\\\\

If we know the distance between every pair of points in a
figure,“this gives uS'complete-information about its size ahd
shape In the above example cof the triangle A B C, you can find
as many points as you please on the three sidesq/ Yeu could measure
all distanees and give a complete description of the' triangle. Is
all thie informat ion necessary? If you kﬁew the lengths of the
eides, and you locate the point D oh A C by'maERing off the

léngth of A D as 1 inch, does this‘information-determine the

B .
_distance from. B to D?°

~ Is more than one valué for this distance possible? Incident- -
ally, if D is.oe the side AC, and AD =Ml, AC = 6, ‘then whap '
ig ﬁh;/length.of.DC? How *dan you tell from the lengths oflAD DC
s  fue L

N
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C— gs : .
and AC whether D 1s on $he segment AC? Then 1s there more than
one_p&ssibility\for the length of BD?

Someéimes you may. know the s%zeg'éf certain angleé and- certain
segments. Imagine that you are at point A in the figure below, and
you are the ﬁavigator of an airplane. You receive signals from the
fadar opérators at the alrportssin Los Angeles and Honolulu which

tell'you that the measures of the angles AHL.and ALH are 20° and

30° respectlively. \ A

N 2620 mi. L

Your chart shows that the distance from Honolulu to Los Angeles
Aib 2620 miles. 1Is thio enough information for you to be able to
determine your distance from Honolulu? Make a drawing to scale
using 1/8 of an inch to represent 100 miles. How long should
HL be? . Is theré more than one possible‘length'for KH? MeaSu}e
AH, and caleulate the distance from your airplane to Hanolulu

The main problem of this unit is to find out what parts of a
figgre must be known In order to determine all the other papts. We
could also think of the problem as that of investigating what parts
of pwo figures should be measured in ordef to know whether they are
congruent. This would enable us to find oyt whether fligures are
cgngruent without actually mavingégggﬁ. We have alreddy”qbtained
'some evidence that it is hot necessary to measure all parts of a ?Jgk\\
triangle in order to determine the completejsizé and shape.

s

v P

-

2
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Before we ?ackle the general problem Sf when two f{igures are
congruent, we start, llike good ma}hematicians, with the simplest
case, namely that of two triangles. After we thoroughly understand
this case, we will be prepared to study.more complicated figures.
) A t}iahgie has six pafts -~ three sides and three angles; Wé
shall investigate whichﬁcombinaticn&of tﬂese parts are enough to
deﬁermine the rest, and so to determine the size and shape of the’ ,
the ﬁriangle.

Choose a point 4 and a ray with A as end point. Find a point

]

B on the ray whose dlistance fggm«A is 3 Jdnches. How many possible
positions are there for ‘the point B? Chéose one of the sides of
the E}ne AB and, usiﬁg a protractor, draw a ray on this side with
. /
A as endpoint which makes with AB an angle whose measure is 658°,
On this same slde of AB draw another.Paylwith B as én@point which
makes with AB an angle whose measure is 350. Do these rays.inter—
sect? 1f so, label the intersection C. Once you have chgsén the
point A and drawn the ray on which B should lie, ;é ﬁﬁere more fhan
one possible way of drawiﬁg the triangle ABC acéording ﬁo the‘abOQé
directlions? ' ‘, 6 | g
Try thls experiment again on éﬁéther éheet ofxpaperﬁ Is the
N second triangle congruent-to the fifét?_-Try‘ﬁhis for” three separate
ﬂazfangles, each time making the line segment equal in length ﬁo AB

£ and dréWing the angles with the measures and positions shoWn‘in the

figure. Cut out twg of the triangles and place them on the third

9 one. What do you concludé?

~

* : . K ‘ N
In the figure, AB is the sidge included between the angle whose

measures aLef35 dee;ees and 65 degrees. To be more brief, we say, ‘x
"two angles whose m

H

included side."”

asures are 35 degrees and 65 degrees and the

RRES

T e
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EXERCISES

o
4

1. Drsg two triangles makingténe side of each fyriangle 3 inches
long, and the angles on’ the sides with measures 40 degrees and
80 degrees. Measure the other two sides of eagh triangle and
compare the lengths. What do you ecnclude?&

2. If two angles of a triangle measure 40 degrees and 80 degrees,
what 1s the measure of the third angle? : .

3, Draw two triangles each of which'has a side .3 inches long, and
angles which measures 40 degrees, 80 degrees,and 60 degrees.

- Draw the 3 inch side between the vertices of the 40 degree and
60 degree angles. Cut out these triangles and compare them

with each other, and with the triangles you drew in exercise 1.
What do you find? - ’ |

L, Draw two triangles, each of which has angles which megsure 50
degrees, 80 degrees, and 60 degrees. In your drawing make the
side between the vertices of the 60 degree and 80 degree angles
3 inches long. Cut out the triangles and compare them with

“ - each other, and with the triangles you drew for exercises 1 and
3. What do you find? : ‘

5. Exerclses 3 and 4 should convince us that the followlng statement:
, . 1s not necessarily true two angles and one side of a triangle
. are equal in measure tokgzggxgiles and one side of another
- triangle, the triangles are cjngruent. Correct the statement so
it will be true. : : ’ f :

4

6, Each ijthe triangles below is congruent to oné of the Gthers.
Name the pairs of congruent triangles. ( e

B

5Pl
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Group the following trlangles into sets of congruent ériang;és
Can you do this without meastwing any of the sides or angles, or

/T

eﬁ

cutting out -the triangles7
a)

.‘8‘

Are the following congruent? Whyai

-~ 1 ) ¢

a) */f

4' o
.

9. Drgw a triangle wi angles whose measures are 50 600 and
' Can- you draw a larger triangle whose angles are equal
in measure to those of another triangle? Are the triangles
necessarily congruent?

10. State the principle which you have found from he above . D
exeﬁcises, whereby you can tell whether two trigngles are /
congruént by measuring in each triangle two angles and the ) :
included side. ‘

Principle 2: . - B ' - R

' EXERCleb : R =
§
1. Compare with a compass the sides of the three triﬁngles below-

What do you.coneclude? Do the threeiﬁbiangles.appear to be S

copgruent? ' ¥ ] . , ’ //



5.

- Principle

6.

-apart. With the point of the

- .and draw part of a circle .so

o - IX-9 - . X//f
Draw a triangle with sides whose lengths are 2 inches, 3 inches, ,
and 4 inches. This is rather hard to do with a ruler, but easy
if you use a compass. Follow these directions:

Draw a liné™segment 2 inches long.

Call it AB. Spread your compass
50 the polints are three inches

compass on point- A, draw part
‘of a eircle above AB. Spread
the compass so the points are

4 inches apart. Place the
point of the compass on point B,

it intersects the pagyt of a A 1Y B

circle you drew before. Call the % . |

point of intersectlon point C. Draw line-segments AC and RC.
Are the sides of the triangle ABC 2 inches, 3 inches, an

4 inches_ long? | - :

1

4 inchesylong. Cut out the sedond “%riangle and test 1t to see
ether is congruent to the triangle drew for-exercise «
2. What is your conclusion? ) ’ . i ‘
T . - , Ce
’ [
Draw. three %riangles with sides. 2 inches, 2.5 inches, and 4
inches long. Test them to séé€ whether they are congruent as

you did before. wWhat is your coneclusion? . e

Draw a siiond triangle with sides 2 inches, 3 incheé, angd

eral principle whereby you can tell whether tio

State a g
e congruent from -measuremenb@ of thelr s;des.l

triangles

!

]

P . \

Do you find\ahy congruent triangles in this figure? On what
do you base your answer? -
~— '"tf . ) ‘ | ' , P . »

- . , :

Devise a method fos constructing a triangle if.you are told ' It

the measure of 1its three sides, using the following tools: ' :
- A ruler, 3 thumb tacks, and,a plece of string. -

€~ . - »
) * R 2

} - . ' : ¢\ . ' “-':“
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Principle 2 and principle 3 state two cases in which two tri-
angles are congruent if certain fhree parts df one triangle are
equal In measure to similarly plaged§parts in another triangle.
Acomplete listing of sets .of three parts of a triangle is as

icllows" o , . ‘ '

I. 3 angles FLAS - I

11. . 3. sides ‘ D . ‘ . g

11T, . 2 ang es and the. intluded side - e , :

v. 2 sides "and the included angie- '

V. 2 angles and a side not included between the vertices
- of the ang \\R

V1. 2 sides andn angle not included betweeg e sides

-

‘In principles 2 and 3 yeu have stated methods for deciding
whether two triangles are congruent on the basis cf meesupements of
r the parts listed in III and 1I above. In exercise 9. on page "8, you

investigated whether measurements oi the parts mentioned in I+are

¢
A

' en h to enable you “to tell whether twe triangles anr congruent

» 'What was your conclusian9

L

o ) Recall_pr;gciple lO ci the previous chepter Is it necessary

* 4 b

'to measure all the three angles of a triangle in order te know their

4

sizes? Can you apply this 1dea co igﬁe V ahove? Try te use the '

.. - . . - -“
mathematician}S‘fayorite trick or reducing a problém to the previous

case. | L e ) I : )

‘ EXERCISES,
1. Conszder the set of parte listed as IV, two sides dnd. the.
‘included angle. The positions of the _parts in this set are
illustratéd in the drawirig below. Use the measures given and’
draw tbree trlengles. Then te§t the triangles;tc see whefher
- they are cengruent

ke

o C
. " If the point A, the ray AB, and the side of AB on which C lies .
’ are given, 1s it possible to draw morg thsn one triangle with '
O .Y ' ™ ’ ’ ’(“f f) ' . ' :-




‘t

Ce

5.

1

‘s

1.,

¥ 4

; ing the parts in case VI°

Princlple 4-"

NPy

IX- 11 '

'sides and angles having the abcve measures°

~1,’
. .

feCcnsider the.se: of parts listed as, V, twc angles and a side‘ .
aWhich is not included between Ehe vertices of the a gles.:

. angles of ancther triangle, what will be. true abcut he' third‘5‘
;angle9- Lcck at the- triangles»belcw.
. . C*. .

3.
Let us:see,hcw many

. ~After you. lccate :
- the points A and B- 3,inches apartb then you still have to fin

Now ccnsider'Case VI. Draw a‘tr angle ﬂBC SO« tHat AB =
inches, angle A = 30, and BC %.2 inches.
- possible shapes can such a triangle have?

cowlll o

the point C. Chogse the side of the line AB where yo

q_want
the triangle to lie.

‘Where do all the peints C-lie whose ™
distqnce 1is 2 inches from B? Draw the figure fgrmed by this
set of points.. Now drdw angle |A making it 30 How many

positjons are possible for T infthis halfplane9 What are’ theg
pcssi le lengths for the side AC? B '

S,
&‘ L.
! '

Can\you dec;de/whether twc triangles are congruent by measu

r[‘ 2 .‘A’ ! :‘ ‘ N
On the basis cf’ycur experiments in exercise 1y staﬁe' B FEE
Lprinciple wWhereby you can decide whetheér two triangles ar
congruent by measuring the parts given in case IV

1 ~ )
. i oo . N N
| -~ ) - « N J, L“’
- ) . Ly
L - . .
\ P -

*

e .

O T o
Fa LmmT et
e Ve -

L

-

btate your conclusions about ‘the set of parts listed in V
and the set of parts listed in VI.

R
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~'EXERCISES.J
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5
2

-

For each.cf the triangles below, descrjbe the set of parts

-whose measures aré marked, You may use ﬁhe descfipgions -
listed on page 10. It D

§

-
- . »
T g o

€.

. -

b



Al vl Name any'two of thé triangle$ above~uhich are: congruent, and SRR
PR tell which principl@ applies._ s e J'Ah,‘-¢4ﬁ
: B SR N P_ERPEN_DICUL&H BISECTORS' i T TR
a ¢ - . 4 > ‘
: ‘ ? ] e v .
- . : - : 5 ) K
S L A g{"g'. i . |
. a - . . . B _- 6‘ LI | *

'Gfi

The telephcne pole tn the figure is suppcrted by twc wiras, S .
., each of which is fastened to the ground at.a point & feet i . . . |
Lo from the base of the pole. The Telephone Company Knows thatj t
. ~ these guy wires will he dbout equal in length. How do they B

. know this?~- . o s

N T S
T S

. . B
} ‘L '-" .
N
- . ;
, v % B,
-,~ - .
. ' P "' ¢
- . B
. v "
Y i
——— __‘ - .. C .
L - ¢

\ 7

The company has set up tﬁe pole-
so ‘it 1is perpendicular to the |
ground. - How largg. are angles
and B‘) . ‘ - - ‘ ' "; ¢ C
. ~ - Lot

" In the two triangles the»lines

representeéd by the sides ofthe :'r‘

‘,;pole are equal in ‘length. ',*;,.

-The sides of the triangles along - e
the 'line representing the ground -

. are each 6 feet: leng.‘ bR

N S What can ycu conolude from statéhents A B, and C? Which S
- ‘. principle app}ies? o

‘“2; r§xercise 1,-'supp se the company attaéhes two more guy
' s to the pole in the same way as in exercise 1, ‘What'
\Will be’ true about the,lquths ‘of these guy\wiree°. Why?
e e b fe RS S s e e
Q : e : . ) Rt L Dol R s

CERIC e PR 15}5"['-;““*';‘. I T
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) B $
: i - . N, . ‘~v
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‘. N - - " L ,‘ ‘ L4 N - - - ot ~
) . e '~.7 S S U
- e e ] - : - . : el

- ! . . - IX-la . . : .,»r' /\P\P ) * 14

«: In the rigure tpe ine 1 1s . o 0 T 7 LN

' perpendicular to segment, AB., = 7 s LN
A "The yntersection.of the sets - - = _ BN
- S points, AB and:)}, 4s the .~ 7 . - N Q
e - pcﬁnt 0,édnd the measures of . A - Q9l., T R
k "+ A0 and OB :are the same. So g S ! U
‘line 1 1s. cal ed the perpendiculag S X T S
.+ biseciQr of AB) ' Where does the . . .. - - |C7 ol o

b f.‘-,word biseeterh7ome from° AN L B 2 A

!

b ‘ ' B T

~ we eaQ show that if P 1s any elemenv of"the set 1 .then’ the

1epgtn of PA ie equal to the length of PB In order to- show ‘~*.}'  s
. this ccmsmer the }triangle POA and triangle POB. a
o v EEY SR ’? |
s e
«Angle AOP T 90 degrees
" Angle BOP T 90  degrees. ‘" . . 0.

So.e o oP

. ’ " ‘.‘..

| o | | |
’ ) .. . - ‘ 2 ’ B . ot . K = ' : - . . . . o ' ’ .“. ' "« . ,‘°. .
7 . Teréfdre tlangle ACP' i's congruemt to triangle BQP, and PA-Z'PB.

- o o { ) . ' . . - ‘ - LA . : - v .
¥ . . . . S i ) . .
. A N 5 : CE s < N
N . L . o+ Co . « . . - . . . B . [y

. . ¢ LS . Lo L . . .
: N ) ;o ) <

R T R EXERCISES Lo oy Lt
N L R T
B - .In the argument above, why.does AO e OB? L ,,"{ ot
- .b. Why does angle AOP T angle BOP? . - "jr’ R
~ "¢c.. Wwhy 1s trianglé AQP congruent to triangle BOP?
- d. 'th, then,,ie PA 2 pR?. L ,

o ,7",-" —~ \' 7 a b
Lo .. ' Select a nt element ef the set 1 and call it P
-5f - - Would theé ar t. above be. changed in anx‘way? S
"1*-§. Consider the | f-planes determined by the 1line on. segment -
. /KB,. If P is- located on 1 in-.the other half-plene»thdn the

L ,-'~f;. one- ehown in the figure will you need to change the argumeqt? N
N v 1n any way? Make a drawing to illustrate your answere., e

ST _4:,!Draw a line segment With ruler and protreater draw the ERE o
I }_-_4 perpendieular hiiig?ar_ai‘_thew segment. . . ... - S
',5; a. Draw a line segment, and call it PR. - - S
-+ b. "Use ruler &nd protractor .to draw the perpendicular -
.. 'bisector of PR., Call the perpendilc ar’biseetor 1l and
its 1ntersqetien with PR poinp Ao e

S -~ .
oGy Select an element of l, and call 1t B. . e R

. ot . K ! . T . .

E . L [ X i b s . : R . K . : ,
) } [ . N . .

. AN . » ‘y ' o < ' T

' + ! N L] . . N ‘ . . . .
R . . . . . . . . . . ! (} “y . Y . { . »
' : . . C . . PRI | N [} Q . . «
B . . [} . Y . . . - P ‘ :
. . . . . . . . IS R ) .
' . ) . X . . -
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Principle 53 '_ B

8f*~Draw a line segment, and call it RS.

| . 'b. Use your .ruler to find the m}dpoint of RS

the segment AB with a ruler.

and draw 1 a line 1 along the éréase.
Qf. 1 with AB the peinx O, and choose any other point P on 1

~ the

~ do you know about. the measures of these angles?.
. sum of their measures?
' these angles must-be without measuring them? -

- points R and S

~Call the.,gpoint A.

. : T g : .

.id Measure theadistance from B tQ F and from\B to R ’;ﬁfﬂ
.e. What do you find is true°,

as before? l_<, .
- ~

'Mark two points A and BSon a sheet of tracing paper and draw:-7
'Fold over the paper 'so that B _"

falls on A and the segment AB is folded over itself,.and
flatten the paper so .that a crease is- formed. Open it up

Is- your conclusion thefsameff:.'

Call the- interséctien‘

T . * - : ¢ o . . ‘ : .
. B L S

- .- ' ¢ ' . ,rs
‘ .a . - -“ . )
A - 0 - B
) - Q‘ . & -

,ince when the paper is fo‘ded, the segment BO 1ies over "
segment AO, what is true about the measures of these
segments? Since the~angle BOP- lies over the angle AOP,kwhat

"can you tell what the measures of °
Draw. the seg-
ments PA and PB.* If you fold the paper along 1l; where will
PB-lie? How are ‘the 1engths of PA and PB related9 T

State a. principla-about the distances frem any point on the i
_perpendicular bisegtor of a line segment ta. the endpoints
- of the segment. ‘ . . .

.
: &
-

i

Then uge a compass to

locate a point not on RS which is the same istance frcm |

(Your drawing should look like the f&gure )
. _ .\_. A .

Call the

( midpoint B, -Then draw AB. '
¢, Does segment AB seem tobe perpendicular td segment RS?
d. Draw the 1line on AB and Eall it 1. Draw segments AR and
& AS : - . o .‘: o
In your figure for exerciSe l, A f o S
o ) . : L _ -.. ' . .
MR B AS. Why? - - | o |
G BR & BS. Why? | s
. L s e i <
; m el ‘ : . _ . R
-l ’ :QB 3ABQ ‘mwkj;‘- I3

o - :3_ .;l.

‘What is the'

- .
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'-':Sc triangle ABR is congruent to triangle'ABb | Why5 Then how -
-large are angle ABR and: angle ABS? What is the sum of these -
angles? “Does this shcw that 1 is the perpendicular bisectcr oo

L& dfRS? |

;? -“;gloif;RepEat exercise 8 locating a pcint A-in the cther half—plane
Coas ‘determined by the line of RS, .Dcee this change the: argumept
' 7ta'. '.in any wayq ‘.'} r. “J‘ . _‘- . Loy,

L 1iL etate a: principle whereby you can tell whether a pcint lies
. bn the gerpendicula bisector of .a line eegment by measuring
Cits distances from he endpcints.‘a * . .«

Principle 6 SRS e o

. ’ ' . e ' -

12. Compare the sﬂatements in exercises 7 and ll ab we. What
is the difference between them? Is one a conve e of the

. ‘;, . ¢ her?' _— . | - . . Arl» e‘ ‘.73 . j
T | S B -T.'-.\S\'f
; ‘;qj:;Z can use principle 6. to guide us in: oL IR .

T construction of a perpendicular bisectcr
-_‘with ruler and ccmpass..

-

. . -' - e oo ' . ~ EY
12, a. Dnaw a line segment ‘and call.it DC . o ' L
- b.’ Use compadses to locate a point E ghe - R
, ‘same distance from C and D. i’ . - o
c. Use compasses to lecate a second point -0 o 0
- . the same distance. frcm Cand D, iIn . -~ -,
S+ the other half-pl e determined by ' ‘
o the line on CD. -
_ du Draw the.line on E ‘and F.. Cali it l
- Must E lie on the perpendicular bidector . L : o
SR . of CD? Must F lie on the perpendicular f : Y
. . ' bisector of CD? - Why? 1Is re any line on E- and F, : SRR
y - except 1? " Then is 1 the perpendicular bisector of CD9 o

-

—

o PARALLELOGRAMS
| We call a figure with 3 pcints Joined by 3. 1ine eegments a f'fJ
Q - .
tri gle (Do you knew what the prefix 4 means9 Think cf the

¥

WQrds ‘like “triple ,v"trio , "tricycle"; etc Does this suggest the”

»

'-,meanins“of the-word triansle°) We call a figure with & sides a. g
- rilateral If R, S T, and V are’ distinct pointef then thé figure fcrm-f‘-

ed by the iﬁg;ents RS ST TV, and VR is a quadrilateral, endjde cften
called the quadrilateral RSTV These 4 segments are its sides, and R,

R L. e
- v'§.S, T and v areAcalled its vertices. The angles VRS, RST, STV, S

‘;-:',;f end TVR (also called angles R, $,.T, and V’ dre the angles of-

B ."‘H‘.‘.—..,-. l@. . .- . . ’r)S * .

i.-

« .



| - ¢ |
«
| ¢  the quda?ilateral"' E a .
- V.é‘&‘. ‘. ‘.‘ .
o ‘{r : .
't* o Since we-have just made a nether thorough study ‘of triangles,

‘we are ready to attack problems about more complicated figures, end i<
the next step ;s, of course, the study of quadrilaterals. -Certain.
'_Speeial kinds of quadrilaterals are important enough to‘ be worth |

‘;'more detailed study.‘( | _ _ !
| ( ) | A quadrilateral in which the pairs of opposite siaes are |
. .'-‘parallel is called 3 grallelogram. This figure KLMN. is a -
'”~;f‘.parellelogrmn.(.1‘,'1 '  < *\K‘;-.- .
| ;-""The line se\gments,‘m and LM, o
\’T;.;_" iare called the diagonals of the N— 1
R | 'parallelogram.' The diagonails shown in the next figure.
b By using the éongruer_l,t triangles . * L = L ,
, \'jwe can rather eaeily show that h ‘ "
wa If a quadrirater 1s a-. .N" — _\ -*'. '. >/ o
- parallelogram, then ‘the opposite si;les have equal measures. o
: bl If a quadrilatereins a parallelogram, the diagonafs bisect
'leeeh other, | | - . o
L ‘ ' You could draw oarallelograms End measure their sides and B ;}.;L
| \!.die.gonele and hence conelude by experiment that these statements " -'.3"'
o are pmbably true.h/ o o ,, B
] . ~_ }g, o ” '_f‘ C3
5 -‘ 1 9 " . . :
- BN ’f,,“:,; ) .




Ix;17 S - -

In the experimental method hqyever, we shall always have seme
\" l

J uncertainty because the measurements are never exact, only apprexi- |
;; mate, and because we can at most test these statements in a large

| number of cases, so that we eould net be su}e that they are

A\ \

always o
true. lLet us,try tauapply the_deductive method instead,,

: Y
- ) . . .

.k-‘f' | . . EXERCISES® .. - .0t

i l;:»Whicthf these*figures?are quadrilaterals?;'
' b)

' e T N Y sl
2. Which of the figures-in exercise 1 appear to be parallelogramsq

. ‘a;r'Draw two parallelograms of different sizes and by measurement
.+~ -see if the stateément- (a) page 16 appears te be true»

.. 4, Construct a parallelogramAABCD and cut-it out. " Cut the‘- -
. - parallelogram along the diagonal AC. Are the trdangles you
- obtained congruent? Check by fitting one onto: thé other, What
sides and angles of the parallelogram have\equal measureﬂ

5, . Let us try'to help you diﬁtover for yourself whx statement (a)

s - is true. If you answer the. follewﬁng.questions, refarring to
: . the parallelogram below, you may : SR

_ - ' i o L7 ‘j‘ -
‘ // ~ ) ‘ »
o"" o < - ’ .
- be able to:deduce the statement from the principles you al-“‘

N - ready know., . "

: . . 'a. Which principles state that under eertain circumstanees

‘a s ‘fwo segments are equal in length& o T
\) . "‘ E . ) . . - . . u . L .




} b.l Do . any. of them apply 1mmediately to ‘the above figure¢

6.

. . . ".A -
11 N 3 ‘ : ’ : ’ o ’ ’ ’ \“
. "In the fqllow&ng reasoning, tell why the statéﬁent in each
. step is true. - : e C .
- a. BC is. parﬁllel to DE .\ L ' - )
- . T b. & T EBD= 4 BDB Ca . S o '
e c. EB.is- parﬁllel to. CD:, L a (ff '
R B "d‘-~‘LG CDB = <« EBD | , oy o g_,\k-- t
» ‘ : ee \BD= BD. - . ' .
- 4“". Themtriangle BCD is congruent te ‘the triangle DEB = \'”
T ?.“\Drgw twe parallelograms ofﬂdifferent sizeé“and by making _
(, : ,.meaeureﬁents, see if the statement b on page 16 appears to . ..x.
* be true. ‘ ‘ ‘ . | ‘ﬂ SN
8. Show,why the“statement b. 6n page 16 is true. Give your L
) reasons carefully. In tRe figure.you might show that tri- :
angles AMB and CMD are congruent. If you think of alternate ~ Y
N .interior angles you can find angles with equal measures. Also
« ; statement a- on page lﬁ)mey assist you-in supporting this state-
S ment . o PR
“' ¥ \'. - k :l.
£ ¥ : : _
e R L _ | e ' T o L? —
, 9. Draw a quadrilateral ABCD in which AB'= DC and BC.=;AD, . °
: " - Measure the angles and apply one Qf the principlesééf.the : , |
)+ previous chapter How aré .the opposite sides related? ~What R
special kind of guadrilateral is ABCD?—=Repeat this. experiment.
several times. -State a general principle whioh fits the,re-
;'5" sults of. your experiment ) | R ' |
7 S . : , . _ SRV . .
’ | -~ . ' ’ "P‘ * —

~ If nbt, can you draw a segment . in such a way that one of
- these principies might apply? - Think of the preceding
. exercige. -

" ¢.. what kind of lines ‘are HIand JK? HK-and IJ? How 18 the

' line you have ust drawn: related to these lines? Are there
any angles whi h must have equal‘measures because of this?

~d. - Cah'you apply-any of the prirnciples of this chapter in . \,e
order to show that certain triepgles are congruentﬂ ‘ :_-\%j<,
‘The figure ECDE below 15 a parallelogram R




0.

- 11,

12,

15,7, |
- , Statements about- properties. of the rectangles which appear to .
be true. See if you can then find reasons why your statements,“

.\1.3'_'_".

‘In the figure below = R R

t

r

. m " - | | :
a8 b and BC & AD]  Prove that BC is parallel o AD by 3
( {a identifying céngruent “triangles; = X

b) telling whv they..are-congruent; _ = o R
¢) showing what. angle ‘have -equal measures ae a reeelt-
of Lhe congruence, and

1(d) indlcating why this enables us to conclude that the

opposite sides of the quadrilateral aré parallel, . . =
Does your result agree with_the principle whicn,yeu discovered

- experimentally i exercise 97

Make a statement by interchanging the 1f~then parts of

'fstatement () page 16, . o

iCheek wnether eg\not the statement yeu have made in exercise
11 is probably true by drawing several quadrilaterals in which .
- 'the if-part eof that statement 1s true and measuring ether :

' parts, . : :

A square is a Special cind of a parallelcgram The measures
of all sides of a Sguareare equal and-all anglee have a

measure of 9¢ degrees. Show whether or not the 'statement is .

true: The diaeenals of a sguare are perpendicular to. each

*other‘JCen you use .rinciple ¥ T e

A rectangle is a sbecial kind o parallelegram,dn whidh the
angles are right angles. Show whether'or not the following. ®
_-statement 1s true im a rectangle in' which adjacent sides are .
" not equal: The. diagonels oﬂ a rectangle are perpendicular :

to each ether. ' o .

Draw about six rectanglee of different shapes and wrdte

L mm'mmeornettmm. ' L | | e

-'CONGURRENT LINES
Three or more- lines on a’ peint ere sa%d to be cencurrent :
—~—— ‘_.

lines. The* figure shows three concurrent lines en the peint K.

o .
-

i



L3 HUNERSS
S

(1

,.""f A number ef sets of concurrenp lin are asseciated with a triangle.

[} - . r

For example, the perpendicular bisectors cf the ‘sides- of a. triangle‘
are concurrent " Let us consider why this 1is true .‘i ‘:;*‘e
-In the figure, O is the point of interseeﬁion of the per- o

pendicular bisector pf BC and the perpendicular pisecter of AC.

3!3
-5
R

4

Since O is on the perpendicular bisector of BC, OB
bmece O is on the perpendicular bisecﬁpr of AC, OA g‘OCr‘ ] .
We cenqlude that OB o QA. We,have shown thet if QB = OA,‘then 0 -

4

bieecter of AB lies onepoint C whieh 15 the intersectien of the other

tﬁf\perpendicular bisecters. The three perpendicular bisectors

Y - ‘. [}
. 4 .

are concurrent.

;. EXERCISES*®.

1. Draw the’fol;ewipgghi -
: . : : ~ ' ¢
. a - 3 concurrent lines L .
‘ 4 concurrent lines ° SR s
5 concurrent lines . ci,_ : ST S

j

2. ~Draw three éoncurrent rays sueh‘that the endpoint of- the rey&N/”

.‘,x is the enly element in the intersection set of the three rays.

3 How many angles. ege formed by the ‘Tays in exercise 29

R

4. W ¢h of the fellowing appear to he, cencurrent lines or rays ‘
n each figure consider all lines shcwn.,- PR .

L

IX-20 '.,f R T

is on the perpendieugéixpésecter of RB‘Z Therefore the perpendicuLar ‘

p&’i )

s



- i f“. . o . .-.'. ! N . . '.‘.-- ';— . S
Use a. ruler and pretraetor to draw a triangle With sides
lengths & %nches and 5 Inches, and the included angles of ' . . . .

- measure 007 - Draw the, perpendicular bisectors olfethe 3 siges, -~ =~ -~ ¢
i« of the triangle. Do the perpendicular bisecters appear to . -
. »be eonourrent— - , ) S :J~\\,w R
SRR - SR
776, Repeat ekercise 5 with threevtriangles of -different sizes .
| ~".and shapes. You might use a“right trianglé, an-equilat al o
<. 4 trianglé, and a triangle with one angle greater than 90 v
. . - 'grees in measure. In each, construct the pergendicular bi- ' T
. -secter of each’side. - S . L S
‘7..eUse ruler and cempass to censtruct other triangles as in e

‘exercises 5 and 6 and the perpend;cular piseetors of their
sides. :

.\
Y

8.-Ina triangle RST; thée side ST is said to' be oppesite vertex e
R. If the. perpendicular line from'R to ST. intersects ST or ST ~ s

extended in point V, the segment RV is ealled,the altitude o~ . - .

the triangle ST frem the peint R. v N a0

‘\se ruler and protracter | L L

77T "to' draw a triangle of sidesCef j
© x  .length 3%inches and 4 inches; and e ,
- . included angle of.-measure 60.dégrees. L. L
- Draw the three altitudes of the triangle. - -

o
- N . ~ Lo . . : . . C . -
.. ) - : b . . .o,

, . Y L&_ 5 T e ,\fv S
-19.J.What a1d you discover about the altitudes in the triangle B
. whigh you drew.in ekercise 8? Draw two other triangles and .
the altitudes of the triangles to see if what seemed to ‘be ~;
true in exercise 8. holds for.your other triangles

-

o

&

| COMEARI_SON OF SQUARES /
R T PUE S -'w‘_ LT _‘;_ Figure 1 represeﬁts a square —
o 391 _‘l-'3=12, ‘3339 ' . ' : S
; - ST N S . _eaeh side of which measures T

- units. The square Has been di-
4-?%*16 3412 . T '{i. viSed into h parts which incluﬁe

~. - - . . S LR

P SR S f"(a) a square wiyn agea measure

e Y e

Y

)" T Y e (b) a square with area measure
% oot L 1 l
. (3) (3) AN

{e ) ~TWo rectangles with area

. ‘.__.i5 y - '." :3g'“_~ R T 4neasare (4) (3) =12,

. . . - . ¢ . . . . . “ . A S
e . ‘a,‘ . - ' ;;c'-\ 5. o ,."*‘_ e z /f .




el
|
B Sy
tj that _ ) T
(i) the measures. of AF BG, CH
. ;“, | ‘and.if:are & units
"...' (11) the measures of FB, GC, HD, . '«
. U P |
S ¢ and EA are 3 units SR S &
E (iii) the four triangles ane congruent L _‘5:4
" . right triangles, singe each of them f> FigurE'EV G
- . o o SN
R : has two sides which measures 4 units and 3 units, and the
’ R .’meluded angle fpr eaeh 15 a right angle, or an angle of .
Ny _ |
jvmeasure 90 degrees.. . ) -

- L EXERCISES R
ERRRSE I Draw a- figure likéﬂaigure 1 using inehes for the units o
- : length, in your drawing. °* ,

- (a) What is the area of the square you have drawn°

. +(b) What are the areas of the two smaller squares in. the
: large square that you have drawn?
{c) What are the areas of the rectangles you have drewn°
E "2, Draw a figure 11ké Figure 2 using inches for the units of
. length in your figure. Lahel tne points in your figure like
those in- Figure 2. . ‘ | o -
) ,fﬁl. 3w Give the steps in the argument to shcw that triangles AEF and
LR \\\BFG in figure 2 are congruent | oo
ST &, VIf the s%atemﬁnt {111) a’nout fig‘ure 2 above’ is true, then
. EFETes GH'—HE, Why‘? AR o
- | LR e
: & \,‘.'l y . «
) | . . 9 _sA .
{ - . U ey I'J Y ‘
1 S , |
é,; "‘:" ! )jx |
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L
2

-

‘ T BN e I -
R N LT e T e BRI P IC PP :
‘; A 'l' _.b“ ‘ "./,i\_':’ 2 \"‘ u. . ’ . IX 23 ) .' L ; « -q,“.“‘.,"::‘;' "‘
Copy the followipg‘snd com let& eadh statement R
“In figure 2 (or exercise 2), %’ V'=-.w- 2 sinde griangler' ,
R - and ' -are-cofigruent,  The sum of
. the measures of &£+ v, 4;'x, and & EAF 4s. . degrees. .
The sum:of the measures of <« vand < x'is 7 . . _ degrees."'

‘The sum of the measureg of w& 2z and- <« x, and "&£ W is __ .
degrees. SiMce £ ve= < .2, the sum of the measured of A.Z_and

L]

£ X is " degrees. So- the measure of - w is

degreées. .7 T T T - . . T S

. 645

. io.-.would"tne same reasoning work if the sidgs of the triangle

7'Why are these congruent triangles° o

_ Plsce the smallest square that you out out in exercise 7 aloﬁg
. AE {your—éxer¢ise 2)-and the larger squdre along AF as shown .- . -

a‘"

Y
Usin results of. exercises 4 ane 5, what kind of a quadrilateral
1s EFGH?(What are the measures ofli?gles FGH, GHE ‘and HEFQ)
{1 :
.Cut- the square you drew in exércise 1 out of the paper. Then cut
each of- the two rectangles into two equal triangles.. Can- you
fit these triangles on top of the triangles drawn in exercise 22

: .
.~

‘ A3
‘We have seen in exercise T téat the sum of the measures.of

- the areas. of the two rectangles’'in figure 1 or exercise 1 are _ff'
+ equal to the sum of "’ the measureg of the arez of the four right .

'-triangles in ‘figure 2 or exergise 2. _ What can you conclude

- about -the. sum of the measures of. the areas of the two squares

‘in figure 1 (exercise 1) and thé measure of the area of the

. quadrilateral 'EFGH in figure 2 (exercise 2)? Remember that

the two large squares are congruent and the. measures of their '

o areas is 49,, o e Q

4

in the figure. Make a statement about the squdires of the lengths

~of the two sHorter sides of the triangle AFE and the square of -
.the length of - the side F, using your conclusion in exercise 8.7

.

. : ‘ . M
AEF had some other lengths? Suppose AE ~ 5 inches and AF

| 12 1 hes.: Nhat is ‘the 1ength of EF?' o /' : ,
\.‘ / . -

“iIn a right triangle the ide opposite the right angle 1is”

. P |
@lled the hypotenuee. Since the?reaeoning?in the above exercises -

. A.!



‘-th& following general principle*iﬁ'

8 + -
7 . g T
A ; PO ‘ P ; .‘: _«_'\..
) <-;,, 1‘_h IX-Q%. _ = >
T . . .A . . , . -

: appliea\to qny right triangle (see exercise 10), we. cen state ,‘;

e R i Sl

Principl T3 In a right triangle the square of the length of
‘%’- . the hypotenuse 1is equai t8 (the sum of the~ squares . o
- of the lengths of the other tWOo sides_ e T '\\A f"
. ) i . - 3o « ¥, i .“
-47 For exampye, 1n the above exercises the’ lengﬁhsmof'AE ahd AF v h
) el N R t\m“m,ﬁ <
"are 3 and & iﬁghes;respecﬁivef"' <;f c*is ﬁh’ 1eng£h of EF, then ”_J
, - ' *
L ] Yi , ‘ ‘ . . .
‘ T kﬂqc --3 +42_9+16 5 . “‘, o .

\ .

agives 25, so that cfmust equal 5. M“asure EF and check thisv‘

Therefore ¢ must be a numbeWch, when maltipli&d by dtseley )y oy

<k
‘ prediction. e o ,j,;-p, ..“, - ‘ ]f;i _ AT
. An the right triangle below, c. is«the length
_‘.t!.;-. - B ‘ / - - L ~
*‘ . , . -
- 1
PR a
v . .
o g’f»ﬁ .
ﬂdfltﬁethPoﬁenusQ and a and b.are the lengths of the othel two
sides. TS L B
. , N |
'In ‘'each line of the follQWing table‘two of the three sides .
of a rigbt triangle are given,.and you are to find the length : w,f;
of the third side.' .;' - “ C '  :_‘ _ Al
~In- each caﬁe, consider c the_hypnhenusa ;mma_ii‘i e
. - : 1., ;
- - ‘ . : .\"‘
| ‘S&;? |
N P ‘ «
- N



wnt

‘. : \"“ ‘- | Lt . [ “ - . . -' N . - - ) v ‘r -

'Qq, o : _ L . I v o _( Qe :
. " . ) . o : A . R s . )
pr TN P |

S

]

.{When you have filled in the empty spaces in this table, you will

:"fa list of right triangles whose sides are natural numbers.' -

eeem_;Un;versity Library

]
o4

Such a ligt has been found on ‘a Babylonian cuneiform tablet

: dating from between 1600 and 1900 B. .C., and now. in the Columbia

-

have kriown -

principle -?;
- ‘) ‘ '

».were given, it 1ndieates that almost 4000 years age some pegple

were werking ‘on mathemagics fer the sheer fun of it

) evidence that the Babylonians had any idea Qf what is meant by a

-
e . T xe

¥ -y

L W

This shows thet 4'he ancient Babylonians—musb s

ey |

Ql i‘- .

':You may find’ a table of squares useful in solving these problems.

have

Since nc prectical applicatiensA :

There is no |

K4



S _ffj .f~;:(a§l, xf..yo_ Ix- 26 f..:;?{‘jfl*-e;‘;

. logical proof, and it 1s believed that they may have fouﬁa the
‘omethbd for constrpcting this.List by observaﬁien and experim nt :

L iwl Much later the Griek matheﬂhtieian Pythagoras\(whe@ avd Wherel;\'
;‘;I?f'fdid.he 11ve?) diseovered a proos. of this principle “Rlutgreh v

R - ,(what is he?;amous forq) gells the story that Pytheg:j§§ Wwas eo? )

‘thrilled byt discovery that "he offered a splendid eacrifzugya' .

T e
of oxen ;“ S .\,. o

The coﬁferse of this princlple is also Pue- e .

\k' _.“

.

| Principle 8 If the square ofrthe length qf one side of a triangle
, ‘is .equal to the sum of the sqdares of the lengthsof

"e::" 'f. the Sther two sides, then the ﬁriangle is.a right
Sl triangle, R Yo |
-".. .,..“”\." | . .lto l\‘ " | v ‘ | .". ‘-l ' . | ’ -
I | EXERCLSES o | P
e - J | .
1. it has been said tHat Pythagoras noticed the right triangle

property by looking at a mosalc like the following

;7Copy ‘the mosaie design .

. and mark with colored -

. /- pencil a triangle whioh .

) Shows'the'right triangte

</ property. As 'a guide a - NS ' A L

- .. triangle and the square O KK  Wa Wiy o SR L e
on one side of it have. g > .

\_;been marked in the figure, S '’ WA S IR
' - ) BN o . . ’ . "‘ = N 7 ) ) A |

T 2. hs an argument- to- support the rigft triangle principle, exercise
5 _;’ 1 takes oare only of a special case.. What 1s the special case?

- 3,-_bhow for the following numbers that the squere of the first
S o s tne sum of the squares of the others in each set of 3:% e
% 5, - Ca e éb 13, 5, 12 .~
25, 7, eu 2o (a)e o, 16,12 ¢ --\\_:‘,m

_;wﬂ.' Draw or eonetruct triangles,with the sides. of lengths given L
: in the parts of (a) and (b)‘of exercise 3. Use your pro- .
o -“;_._ mractor to show that these triangle$ are right triangles.

'7$.\f5, Draw right triangles the lengths of- whose shorter sides are-7 '
e (a) 1 and 2 | (b) % ana 5 N - and 3, .

”>
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. . . - - - L Lo . N R .
R . i o . ‘,/l ) Vg f 3 e - - ¥ N ~ : ¥
¢ SN . K N . . . . . o -
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Vi . N . R ) . . . . S . . . o
' " S . [ " R : - ; N . L - 3 i
PR s . ! T )
- . .
- \
- . 5 .o

Th LT Measure with a ruler to the nesrest one-tenth of a centime er, T

. . A possible, the lengths qf ﬁhe ‘hypotenuses of these &riandles. -
AT ‘«, {If you do not have a ruler marked- in centimeters, measure t et
e the.nearest ;/8 inch. ) S :‘-~u‘ S Ry .}.*925~
S -36. Use the rignﬁ triangle principle ﬁﬁrfind the sqyares Qf the e
- 1en3ths of the hypoténuses of the ¢trifngles in exergise 5 |
RS and check whether prineéple 6 is true in- these eases.' -

‘7; ;n using unsigned numbers, we' say that square root of 25
. 4s 5 and the gquare root of 1618 4. We would say that’
" | square’root of 5 is a number such that its square is 5.. We
“know. that there 1s norfraction or whole numher of which phis .
is true. We can,’ however, find g numben fer which this is sﬁ
"true. -The. approximate values of square roots ofv seme of the
whole numbers are /given in a table of square roots) Use'a
‘table of ‘square roots to rind approximate values of the squsre
-roots of tbe following~‘
oo (@) 5 o (k) SR - (e) 13
‘.8. Compare e results in exercises 5 and 7.~ Explain using the
- property of right triangles why we might expect the result of
_exercises 5 (a) and.? is} to be aboyt the same, D& the same -
fer the parts (b) and of exerciSes 5 and ? NG

: \9, Use*the preperty of right triangles to-rind the lengths of
/.- . the hypotenuses - of right triangles with sides given of the
following lengths: ‘

a) sides of length 3 units; ‘and 5 units - |
- The square of the length‘of the hypoﬁénuse is

PR L +5 -34

The 1ength of the hypotenuse is the square root of 3& Frbm-’
the ‘table. we find that this is 5. 8l correct to ‘the' nearest

one~ten
~{v) xs (c) m and 11 e (d) 1 and’ 3,

' - Dpaw . a squsre whose sides are of length 1 unit What is the
; length of the diagonal? ChecR\by measurenent, Now draw a. -
-+ right triangle with the sides 1 unit long; What 1s t‘he length_,
o - qf the hypotenuse? - ~a~dﬂ’ A o »
. *11,  Now draw a right triangle of sides square‘rebt'ef~2" and-l'ﬁnit';

'in length'as shown in the figure
In the figure - ®

L4

the length of AB is‘ .
G ~ the. squgre. reet of 2, e
—- " What is the length'of . . -

LT the hygotenuse of this .
R new tr angle? 3 '




| B~ . “ _’ S
- I's : ] S S S . ‘
" e T R
° e 3 IX 28 A S v'..#,T%ﬂ‘ )
: *12 Contigze what you have started i exercise 11 'agd obtain o
. »line stgments Qf the following ‘lengBhs, using your unit: o 0 s
(). square roat of 3 . i (b); square root of L w -
’-(c) square reqt of 5 (d) sqpare raet of 6 el
'ﬁ:¥qu drawing should then lock like a spiral'curve ,:;;3361 i;‘f‘:k
- o S‘I‘ATEMENT {)F PRINCIPLES BRI |
e o - } _ .. _
- Principle 1l:. Ccrresponding segments and corresponding (ngles of
. ¢ congruent figures. haVe equal mgasurés L ‘
.1?rinciple'2:“'1f two angles and the included side of one triangle B
R - -are equal-in measure, ‘respectively,. wo angles: .
-and’ the in¢luded side of another triagéi e, then the'
- tﬁiangles are congruent. ‘f-k , % o |
»Pfincigleﬂ3:”,lf fne three sides of qne triangla ére equal in . .
A T . measure, respectively, to the thrée sides of another .
_ ‘ triangle, .then the triangles areﬁaﬂpgruent '
Principle 4: . If two sides and the included angle of one tria‘mle |
TS are. equal in measure, respectiv 1y,-to" two sides gnd :
.+ the, included angle of another triangle, ‘then. the Eri- .
_ - angles are congruent _ : _ .
- o ¥« o :
Principle 5: ‘If the point P is-on the perpendicular‘bisector of -
_ | — . the line segment AB, then the distance from P to the SR
L _ end*paints A and B‘are equal o ;_/_ : :
 principle 6: If the distances from the point P to the points. Aand
S " B are equdl, then P.is on the perpendicular bisector T
. T ﬁiof the line segment AB. . - +. T
T o Brinciple 7: ;In a r;ght triangle the square of the Lengph of the e
-7 - T a7 hypotenuge 'ig equal to the sum of the squares’ of the
e ;1engthsi§§ the ather two sides, 7? .
- Ppinciple §: 1If the Qquare B the- length of one’ side of a trlangﬁe
I R is equal te the sum of the squares of the lengths of
: SRR ;th% other .sides, thenfehe triangle. 1g a right tr;angle;( |
“ o e — IS A S = _*_‘A.‘_.v , . Con O
o 3 ’ "i‘\.'\i - L .
| ‘3' ’ ‘
S - ) e ?’-"ﬁl g |
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‘f ruler divided.into quarter-inches ‘the end of the segment

S EFEEEE ] AT . ‘ . ., “ .
o N ’;'”ﬁ*'uqaaugeﬁ%nt dnd_Approximation o ‘ : .
N ‘-"’;“"..;‘" o L e ':,[ = . I’ ‘ ! P A' .- A .. .‘ : , ) .ﬁ.‘ . n . ' .-
LT E ﬁé R a . ST Lo R Y

When you" use ndmbars to ‘count. sﬁp&n&te objects yog,néed'

dnly wnele numbera :hich‘nre the. same a8 what dgsijmaticians

‘veall the natursl numherd or the posltive integersg When you

count the number df people tn a rdom you know the result.will
be an 1nteger~ there lill be: exactly 11' nct 11 1/4 or 10 1/2.
If thore are. a great many people, or you are nct sure you have
countad carrectly, you may say there ara “about 550-” rqund- o
ing the number to the nearest hundred. SR - _fhf&

Whﬂn you measure aamethlng the*situ&ﬁion ia different. _}i‘"'

B

when you have m@aaured thd.langth of a line ségment Iith a } o

probably fell between two quérter-inch marka,'and you had to 7
Judge to thxph mark 1t ras closer.A Even though the end seamed
to fsll nlmoat exactly on -2 quarter-ineh mark if you had |
1ooked at 1t thnough a magnifying.gldds‘you would probably ,
bave round thnt thera wa% 8 difference. And. if you had then :
?hanged to 8" rﬁier with the 1nches divided into. sixteentha, f' (fs
451 mdght have decided that the and of the segment vas nearer
ﬁo ode nf the aixteenth~inch marks than td tha quarter-inch .

mhrk. ?urthermore a8 you know, ddﬁteen two points on & o |
line ther iu alwdya A third point.' So- acientists dnd mathe-
mﬁticiana.agroe thnt measuramant of this ‘sort cdnnpt be . con- o B
1 Ny .
,!‘_ . o L
¥ RN E{{g
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e aidered dxact but only approxlmate~ and that tbe meartant
- 'thing 15 @o knpw just haw 1nexact a maasurament 1% and to
E atate it au that .other peaple will alse knav fmm }ha way 1t j
&.‘.  '13 stated how exact it ia.~n{ '-1j'f; 1_ o ;,‘_ .-, *; . ‘.M
"F;{';.; ' .Leok at bhe line balow which’ ahn's a scala divided
i __lntc ana-inch unita. Tha 0 paint 13 labeled "A', and point
T;B 1s between tharzflnch mark and the 3 1nch mark; since B ;
»;18 cl&arly cloaeg to thﬂ tvo-inch mark -te-say that aegmant f\ J 'A(ff
| AB 1s 2 1nches.e The fact thst we. state thé mnasurement »‘ | o
~ ¢f',;;"2 1nches" 1mplies that AB was measured to ‘the nearest 1nch.._f
- .'However, any po_.nt which ia more thtan 1 l/Ef;.nchezs frm; Q ]
- ;,;'ﬂ and leaa than 2 1/2 inches fram A would be the endpoint ar & .i'"
-”f\ segment which to tbe nearest inch s also 2 inchea. The -
 "'mark below thq line shows the sp&ca withiq rhich the endpoint i
i{f’,  f fof a line segment a.inches long (to the nearast 1nch) might | )
3 ;fall.' Such a segment - migh“ {»'aatually he almost 1/2 1nch _.(';
less’ than 2 or almost 1/2 ineh(more than 2 1nchea.- wa there- ..
-'fore say that when a line segment 13 meanured to the naarest'_‘
“fvwhole 1nch the groatest poaaible errer“ is 1/2 inch. This
‘dnas not mean that you have made a miatake (or that you have
..Lnnt). It simply means that if you.measura correctly to ths -
2 v”neareat whole inch, any meaeurémant more than l 1/2 inches .
| e-and 168§ than 2 1/2 inchas vill be reported in the same way,‘f
‘ﬂk{~w inches.A consaquantly sunhkmnannramants are samatimsa o fr-;¥4&%4

-




N ) L4 e .
;({«._._. SRR T ;‘f» Xl
_‘atntod gg 1/2.‘ (The aymbol e J;—e?adﬂ plua ogQiinus.F)_ T
&gﬁﬂrﬁ ‘. flff‘ . .ﬁ.ﬁ-~_ , :;  ) ij_-g, 0 , .
' | hw_,- R Co ?xerciaea L _;f‘f“
'«l;},tnrnw 8 ltne ané markron it a scale witb divlsions of 1/4 ) ”
o ‘inch. Kark tha zero point C placq P poinx between 1(2/4 ‘_;~; N
' .5'and 1 5/4 =but closer to l 3/4, and call the point D,'-a. B .
. - How long is CD, but to the nearest 1/4 1nch’ o | L '
: é;;*setwaen what ‘two. pointa on the scalé must D lie i the ;:“ . i
';'meaauremant to the neareat 1f4 inch,’ ‘18 to be 1 3/47 I \
) . How rar from 1 5/4 is each of theae pointa” : FRS
| - When you mnasure to the nearest 1/4 1nch what is the- o
. _wﬂf Sroaf9at posa&ble er;ur*“ v‘x E'f' | ;'Jf .
| -;.‘__._._wny may this meaam'ement or ) be statad ™1 :5/4 : l/B?" |
- fv;f' é{' The maaauraqent of a lina segment was ststed to be | g
f., ‘i"‘ L 1 1/8 1nches.. Thia aegment muat hnve baen mensured to
;;,’ fﬁ . tha. neareat o : .of an 1neb. ,,:pm' _ | v'ff ‘ S
'; ;i | b}  The endpoint or tha segment must hav: fallen batreen r~.f '. ;
o .  éq The grsatest poasible error" in the measurament of | ' o
: a "';thia aagment is ;___;.“,' “  }  }. R : UQ_ )
& o ghe‘mganurament mightabs statad aa 1 1/8 é_;;;;  ;$;”
) ;56(& The mnaauramenx or a line aegment was atatad aa 2 5/16
: 1/:52.\ What 13 the range within\ -mch the end of thia N
R "'7.“ | aegmant mast e . To IR
¢ . \ . | | ‘ !K‘ M
S G . N
= P C2iy
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e \(gen a8 nne aegmont 13 mea&ured to. the ﬂearest mch we
- #
say the unit uaed ls l ;anh. w'hen 11: is meamrad to

I - i‘: ) . ] o . \ : - Q-t e b o
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| the neareat 1/2 incp, we say the unit is’ '1/2 mcl?. Ig
" a msasuramant: 18 stated tp be 5/&.6 inch this means the
measuramant wna urde to the nearest "'"'"F' of ap 1nch \ B
| £o the unit ia ______ inch. . o L
4_.8.,' ‘l‘he greateat poaaible error® mm; measurement 1u aluys_i A *
that fractinnal part oi‘ the unit- uaad? | ] ;
"9. -0ften an inch acale .‘:.s divided 1nto tantha od‘ ,p.n inch. e T
\ " A llne: aegment was maaured with auch 8 acala and atated ' :
. - 0 be 3 '?/10 mchea._ }that waa t:he unit af meaaurament"L ' . .
| ‘What was 'cha greateat poaaible error’ Statg the_: ‘nv:puurq-__ I
ment 57/10" — - T | | |
10. Hachiniata aomatima m&easure to thg nem{eat 1/100 oi‘ n{_' _
mch. Ihat; n the 3reateat possib;e error }{auch a! '
- meaatn'eraent? S '_s' o | | - =
e R
. conaider tho two measurementa, 10 1/8 inohea and 12 1/2" -
inchea.- mt unit'. was- uaed for each measurement? wh.at; ia the
greateat. poasible error o.r each meaaurement’ | Since the unit
~_\for the iray meaaurement is’ 1/8 inob. a.nd the unit Lor the _
uocmd musuremant. ia 1/2 ineh we say that the firat/ measure- o g ‘i
| o &
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- “g?eCinioﬁ. Notice'alao“ﬁhnt’tha greataat pasaible etrur of 7

bls error 15 therefore the amallar.

‘the firat“anaaurament is l/2‘of 1/8 or- 1/16 inch, and for the:'f‘ff -
second meaaur;Ebnt ir 1/2 of 1/2 1nch, or. l/ﬁ §ndh., The .
firat meaauremont has a smallgr possible errpr than,the

aacond. Sn the more preciae of two mnaaunementa is the one

mnde vith the amnller ’pit and for vhich the groa‘est poasi- - L

.«

It 1s vary 1mportant thut measuramanta be stated s0. as
to show correctly ‘how_ pracise they are.. Ir you'hnve)maasurad |
line aegment to the naarest l/sfinch and. the maaaurqgent I-’.v{ -?;i'
1: 2 é?a inches you should nut changf thu fractinn to 5/4,‘ ju P
fqr thnt -ould make it appear that the unit was 1/4 1nch, ;

‘3;_ ruther ‘than 1/8 inuh. i xou measured to the nnarest 1/% o

1nch and the measurement ras cluaer to 5 inchea than to
2 5/4 or 3 1/4 inchea.you ahould state ss to be 3 0/4, so
thab other people -111 knou that the unit uaed‘ias 1/4 inch..

R -

o ;-_u';v" ‘,~,: : Exarcises' -

1. Suppoae yéu meaaured a lIhe to the nearest hundredth of L‘7,71 .

. an 1nch. Whiqh of these numhéra vould stste the meaaura- ‘

L

ment bnat? o ,' . | .

3.2 inches  3.20 inches . 3. 200 inches ‘

. 2. ,Suppuae you measured to the nearest tenth of an 1nc?

Ihieh of th@ge numbers should you use to state the result? ~

e 1nchea 774,00 inches . 4,00 inchaa «



told that uamething is 57800 feet long, it is

Lo > . - QER; | ii;
B 3. Fof ech of the maaaurementa belou‘fhllftha unit of "f R
_?“ . Aoaaurament ‘and tha graataat potaible error. Than tall )

o .,xhioh maaauremdnt 1n esch pair has tha greater preciaion; ',f\; i
' 8. 5 : faet, ,'iu f1/4 Toeot : e _,‘-fﬁ.;:‘rif-'
’ _ b. 68 feet, 28,5 raet o fj':‘ﬁ? '~-ff.§u
. (o 23 inch53{; 146 inohos BT '.{ o,
 4;  What 1s your age to the naareat year, that is, what ia .=f¥!f B
L _your neares¥ birthday - tenth,\aleventh twelfth,...? :
AL of you who say "13" must be between _,__and _ T
~ years old. -'j .:_ﬁ“ - “'.- rl‘ f '?;; -' u.;}-j;l e
5. What is your age to the nearest 1/2 yoar? All of you who -’
| -aay ‘12 1/2' muab have blrbhdays betwsen the montha nf |
Usually scientific maaaunemants are expreaaed in decima '  'i*" 
-;_'J,_ rorm‘ For 1nstanee, 1t 15 knawn that ons. metor (a unit in?/} .‘F.' . .
~ the metric ayatem of meaaures) is about 39.37 1nchna. This a ;’lﬁé f
-means that = metar is cloaer to 59.57 1nchsg than it.iu to "j
39.38 1nchaa or 39,36 1nches.f In other worda, one mater 11&3 f S

b between 59.375 lnchaa and.sg 365 rhches, : '_‘;- : 7-‘11  3 

 ‘§) ; In tha cass. abova ons can tell from ﬁhe way the numbar \\"  ‘

| 13 trittan hor preciae 1t is aupposed to be. But 1f we were )

not clear f'
o .

uhether tha zeroes at the end are - Juat to keap,the dacimal

gw?~m~_wplaoe¢1harelit»belongsrorwsorlndicata-thc precinion.;
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i .;,'reet.‘ Vnrious therpretatiens might be.. (L) th;\lgngth 1afL

f‘VVXOO faetn Ifa me%puremant
o mutand, !ithout underlining the zaro, that the unit 1 one-

‘cloaer to 37800 than to 57900 or svvoo, (2) the Ibngth is
closer to. svsoo than 37610 or 5?990~ or (3) the Length 1& s;
1.uclaaer to’ 5%800 th&n 37801 or 3?999.* In a case lika this, ;.

. .'.,» . . O - : ". . .
o x.'z’.---l »\
.o '.' s : ' ’ ' : c N
.unlt of meaauremant may‘haye been 1 root Lokyeat, or 100 ~

‘-—..

we rrequently underllne a zero to shov hq- precise the
€ - f

f~ .measurement ia.- Far example, 57800 means that the. mgaaura- A"ﬁ

‘ fment is precise tc the nearest 10 feat while 57800 meana it

-«

v

was made £o uhsrnearest foot.; 1 neithar z6vo is wnderlined;,

we understihd that the maas  ement was mada to the nearest |

3 sta@a‘&‘ as 5.640 i‘eat we und j e

N O

'_thousandth of a foct for otherwise the zero would not be '
v;:"written afali, b \;;; ,‘;xf“.‘g'j{-f ERNEN
B B Fcr each meaaurement below tell ihat unit of\me%purnment |

| uas used and the greateat paasible arror. ,x ~V.~ .
< ‘N¥ ﬁ‘a;” se7o0’rt.  h. semQfe. Lo 52700 ft.‘ 
d. 5B, v*it.-; : ,e,',.savo . . | f‘- 527,0 ft.v_'

”7.'7Which of the maasurements 1n \. 6 ia most precisa“

: ”Whicn 18 lpast precise* Do any tro meaaurements have the  ;

-
[

;'aame preci&ion°‘;‘f“' .' j~;' _;.'Jr{q

‘ l8.'uShow by underlining a zero thﬁ precision of tnjp;olloling

-

,;meaau;ements. a~‘.:  i‘ - e

) . '
e ﬁ.* 4200 ft., msasured to the nesrest)zoct. P S

‘ | R
" . * (. .‘-’" ;;
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. L .
B ‘J fo~8' :T:f'F .
""; | .b; 23000 m*lea, me&aurad to tha nearest hundrod milﬁs.'
L e 48,000,000 people,.reported to the na&reat ten-
' | | thousand. o L , ,'
g , TR

N ':j T  §31ﬁtive Er?ﬁ?i

L While t:u msaaurements may be made tith the aame prenl
ciaiun (that 1;, with th@ same unit) and their grea%apt posai—

| blﬁ arror 13 therefaore the same this errar 18 more lmportanh

in aome caaes than in athers. An error Qf 1/2 1nch in maasur-”“*

1ng ycur neight would not be very mialaading, but an error of
1/2 Lneh 1n meaaurinb your nose i’ﬁld be misleading ‘We can

4_ get a~menaure of the lmportance of the possible error vy cmn~ :

paring 1t 'ith the measurement., conaider these mnasuramenta
- &nd thui:r possible errars: 4 111. *.5inae - |
'&,*%gy  {gsmm:&my“
."~Since thase mdhaurements are both made to tha neareat 1nch

the greatest poasibla error-in each casq is .5 inch. But .5

is [ much 1srgor frnctian;of 4 than 1t is of 58. If wo d;vide(

~—

;'1,~. tne poaaible error by exnh of the measuramenta we gat theae
~—— 58 © B0 © -0086. or .86%

We ses tnat in the rirat case the posaihls arror 13 12 5p of

| thaJnegauremant _and_in.tha_aecond tha_pcaaible arror iaAlesa

tmm 1% of the meaiauremant.
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- L x‘-é'-‘r'« . .
The per cent uf thﬂ graateat possible error 18’ of the 1'7.“ L;f . ;é
 'meaaurament 1s called the ggr cant’ of error or relative error . o
.“ﬂui the measunament.. ~5ﬂi_ S i _‘ﬁ~i,'§ T | ST
.'fg "1l State the greatest poasible error for each of these -
| _ measurements. o - o _ '"'__ . ,,. o -
" a.- -52-rt~.. BB 4~£ n, - c 2560 mi,  d. 360’:'1:'.”.-_" o
7. 03 in, f. 006 o6, _’. g. 54,000 mi. h.- 54 ooo mi.
2.? Find the per éent of error, or relative error, of each }
& measurement 1n Exercfbe le ‘.f - . 41~ | ",f'_7ff j_c“ Lt e
‘ ‘;5 Find the,rreatest poasible errar and the reLative error
| for .each’ of the fcllowing measurements. " :h3f-. . SRR -’Q
| a0 9.3 ft. . b. L0953 ft§  ¢. 930 ft. - d. 95 ,Goo .
'.4g ﬁhat do you observe about yoﬁr answers fcr ﬂxercise 5? | “ .”' X ;f
»t Can you explsin‘why the relative errars,,or per canta of _' ~_K |
o | error, should be the sane for ali cf these mﬂasuraments° -
| Significant-nigité (Acquracy)4 . T -._"._v/f
o " o . ~ | SRR - g |
: Look again at Exercise 3 abOVB.‘ Nntice that in Part a, R
9.3 feet, the unft“of dbaﬂurament 1s .1 foot, 8o, the measure-f'
‘ment might e written as follmrs- 9.3 £, =93 x L1 fro T
~In 3 v, 40953 e, = 95 x ,001 n:.‘ o T ). -  | \S
- In 3 c, 930 ft. . «-.-.9:5 x 10 :t,.‘_ o | ..,-« o | |
T IE ® d gs,qc)c},fﬁi,*‘:’.sa' x 1000 e, o F o “*
S . C ’
x v
“\ 230( ;N
RPN Yo AR SR
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mha units are dirferent, but 1n each caae ‘the. number of

X - 10

unfts is 93.; We c&ll the 9 and ) in 93 siggificant digits.

e ¥

| ,ﬁIn meaauremants,(the figures in the: nqm ala which 1ndicate

~ the number of~§:its in the measurament are - sigpificant‘digité t
E __‘;r: Lo Exercise - -’-" l  T
.1.11Wr*te each maasurament below to ahow the unit of measure :
and the. number 01 units.* Then write uhﬁ significant |
: :digits. T RO
. 8, 520 ft. ubg 52.45111. ‘ C. 0002 in& . d. 404a. 5 fto )

0. 25,800 £o. £ ‘.0015 n,  g. 38,90 re.¥ n. L0605 in. -
2+ Find the relative error for the folloving measﬁre@enta. |
ey 26,5 ftL f“_‘_;i b, .263 ft. o e 2650 fE.
4. 51,000 mi. . e.. 5.1 ft. o £o 051 1n..

-~

.  3}1 What 13 tbe precision of each measuremant in‘Exercise l

_.and 2°

‘ ) . B : .l ‘. e .,
‘ . N . -“‘ h
. U /

The per cant of error or a measurement, or 1ts ralative

ra

.error, shuws its accuracx. Ths smaller the per cent of error,
the 5reater is the acauracx of the measurement.

4. Wnich ef the msasurements in Exercise 2 have the same

PR

. accuracy° which have the same significant digits?
:5.{§How man; significant digits are. theru in each or these'

. ‘meaaurementa?

“a. 52,1 in, b, 52,10 in. ¢! 3.68 in.  d. 368,0 in, -
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. 6. Flnd zhe-relative?errorfof‘each'gf the mesgurements in . "
.“~..."' o E . : o \ . - . . '- ‘
Exercise S. S T | 'ﬂ g [‘ . )
‘% X .
7. From your anawers for Exerciae 5 and 6 can you see any |
| ’}aticn betvean the number of significant digits Ln a"'  '@‘;j o
? 1measurement and. 139 relative e ror° o ‘  |
7f ’8; Without &omputinb,:can you tel whiqh of the measurements
below has tha graateat accuracy° uniéh is‘the least' A
o - accurate“ Y A
. 25061'“' . «043 in, 7812 in,. .2 in, ~
o . S e e *J, L
s T ,;';.Adding and Subtragt;dg geasunagents LT
o RS - | A L o
- . Since measurements ara\hever exact the answara to any
questiona thich depend on those meaaurements are alsp approx- ”“f  ‘.j\
T mete. For 1natance, aupposa you maasured the lenbth of 8
o roun by making two marks elong & wall, cq}l tham A ‘and B |
‘s’ff‘. §,, then measured the diatanee from the corner te A, from A ‘to ?;
| . B and then fram B to the other corner.- Meaauremnnts which :

are uo  be added should all be made with the same precision. ,‘
uppose 9‘ the nearast rnurth of ag £hch the measurements fﬂf.;-A{

'ff | %:_‘ vere. 72 l/é 1nches, 40 2/4 inches, 22 3/4 1nchas. You would

' add thei? nmounts to get lqs 2/4 anhes. Qf course the dia—

tances misht have baen ahorter in each case. They could have

L e
| bgen almost as amail 88 32 1/8;\&0 s/a and 22 5/8 in which (R -
B qass the diﬂtanca would have been almost 88 smsll as 155 L/B L
. ¢ l . . i 5 ' , K “;
3 [} | 4 : A .
> ) ‘
Al . ' P Lo "
\ ¢ . . e
« ¢ “‘." d ‘\ ‘ o . ‘¢ "
%‘ ,‘ N %\3"‘: 5‘) yf"/ ss
;-' % . "‘\\ D




X - 12
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L

inchea which ia three-eighth of &n inoh leas ‘than 155 2/4.
Alaa, each distanze might have been- 1onber by qurly one— ‘ll
'eignth of an }nch in unich case the total length might- have
.f been almost three—eights of .an ineh longer than 155 2/4._ The
aérror of a- sum could be the sum of ths possible errora, hut
”.usnally the errora will tota cartain extent cancel each other
7ane measurement being too lbng ahd another too short._

‘7-(f, sll f?de tith the same prscision, has the aama precision as

'.@\d.

*tha measurements which were added. That is; if ail the measure—.

:menta aad%g are preoiae to. the nearest tenth of an inch théir..
 ‘sum (or difference) 15 also’ preciae to the nﬁarest tenth of ‘
'7]*a§Vincn. : ; A..v f.' | | :" _ _
Sometimcs measuramanta to be added or aubtracted have
J'not baen made w;th the same precision. One may have been f
f made to the nearest inch another to ‘the nearest fourth~inch,
B ;and so on. In that case, their sum/(cr dirference) is only
- ”;Fas precis; as the least precise of the measuremanta. 'For
;example, 5 5/8 in. +21/4 1n.'¢ 3 1/2 in*’givea s spm of
[,-'11 L/S 1n. But since the least precise measurement was mada
“with'a unLt of 1/2 inch the sum 13 precise only to the
;neareat half«inch. The. sum - shogld pherefqra;be-rounded ﬁo:"‘

-E\_.\e.‘ :‘ X,
o 11 0/2 inches¢ ‘

«;f‘ In baneral thererore, the aum af several measuraments, i'.'-“

,,,,,,



B AT LT
v’ STy Exencisea i fﬂl .", | "'2.‘_ v
wit&~4hat predision ‘should ‘the suns’ of these measures-;'
 %6.¢1van9 SR ”. | »‘f;\~ " 'p; o
;ﬁ‘;: 1.5 1/ 1n. * Q,l/e in, +'3.0/2 i, Lo
- w2 31/4Mn .6 1/2 0. 3. . |
5 - 421@.05Cﬁ3m o u,‘ *¢' "ﬁ;.;;
' . s 43.5 in. » 36, 0 in, + 49, 8 in.;-; f ; 4‘: L
~ s, .00 1. s 2.1 in, ¢ 6135, - |
L | =,5fé;v 2 3/4 1n. + 1 5/15 in. .3 5/8 1n. : | |
. L o |
o T App?éximatb;neganrgmenh of\sméé1‘f B
~ o

You know. that the area of a rectangle is found by‘multi—

‘;plving the numbsr of .units in the len&th by the_number of the ,

SR aame units in the width.‘ Suppose that the dimensions of &
\“'  rectqng1e are 3 1/4 1nehea~&nd l /4 inches. ;uinc;\the ) | |
x;// ,- 'measuring was done to the neareat 1/4 of an ineh, the measnre- .
- ments can bé stated ag 3 1/4 @ 1/8 and l 5/4 1/8. This
‘means that the length might be almost aa small as 3 1/8 inches.\;
,and‘the width almost aa small as. 1 5/8 inches. or the length ‘

Cm——

 might be almost ' 3/8 1nchea and the width almost 1 7/8 inches, .

o Loeg 3 the drawinb to aee what this meana.' The outside-linas

show han the rectangle weuld look 1: the dimensions were as -

) "large &s possible.; The inner lines show hoy

““the 1en&th and. width were as small as pes ible‘ “And the o

\.‘ . ] . ) . ) . . . ‘5"'5& . N . |
o . <, ‘ . o~
N o . : S
I .
. ’L Q “n o - (
. 5 . - xl .
r . . .. -
~ N
s 4 ’
$ . | R I ’ -
‘ r ;’j"
; 224 .
a

1t would look/if -

"



E'aﬁaded part showa the difference between-tbe largest ppaaible

‘;_:area ang'tha amallest poaaible area uith the givan measuraments.

o find the' smallest posaible ares, and 3 5/3 x 1, '7/8 to find
‘;the area ir, 1t ia as large as possible.‘ ’; fT”-  'ff__‘ﬁAj:v:

'  of more than 1 square inch in tba two possibla areaa.

f'larger or smeller thsn thia number of aquare 1nchea, it would

‘]not be correct to give the result 1n thia 'ny, rhich meana "'

SN PO TTITID DSOS D AT
- Y K//if{/ff?fffjff/f[[f LER N
. . .» ..\‘ \ o ‘_.‘-b . : ‘.\..' :j;‘ ¢ i .
Ce ( \._ ..~ ‘ . o . - L ‘// . . ) ) - : ‘
- . N 1 . :;“':j ‘ ., c
A )

Tc figure out thﬂse areaa, ‘we mnltiply 3 1/8 x 1 S/B to

.’51/81 15/“35_;15 325 55/s4~
g - -“3?-._ | ,

3 3/8 x 1 'z/a =27 x 15 3 40'5“- = 6"21‘/6_4 .

. ‘ ‘ 8 8 64 . L R 3 . - | ‘, . ‘; . ‘_”. - _' | .
Thaae reaults show that there seema to bexa d;rferance - ;;;
o & I

If we find th‘ “rﬁﬂ by using ths‘mgasured length and SR

tidth 'e find that

31/4 x,13/4 =\{13x7 91 511/.
4 4 Ta'.i'é ‘

~<'-

'ﬁowevar, ainqo re hava sean that.the ares might e ei

o thst the ares has baan found to. the nesrest 16th of & aquare

R e

inch, Tha arpn cosld be aa much as 41/64 aquare 1nchea

v . e ) S
) e’ -
- o ' )
H . A e v
a ’ r -
« . . Lo \
. ‘ = -
LA D)
ok . .- : * N N
‘s ) ' N > . .
b R »



€

T greater or 69/64 squara 1nches less than 5 ll/lb. Since both o

{

_ numbers without cambining. (We are using the distributive

x 15'

41/64 snd 39/64 sre. about 40/64 which is 5/8 we could

@xpress the area as 5 11/16 '5/8 square inchea. One gqu
: uay cf expresains the rssult tc 1ndicate the accuracy would

be £o rrite 5 1/2 square 1nches aince the ares _cannot be less,

.

than 5 and not much mora than 6.v

| '. 7 SN [1j Exereisa R f' -

“ wide. ,Hake 8 drawing of the rectangle. Show on the- |
.drawing that the length 13 2 1/2 1/4 and the width

1 1/2 4 1/4. Than find the largest are pqssible‘and théf »,

"_g:smallsst area possible, and find the d: feréﬁce,_OQf'

:uncertgiq part. ?hen find ;ne;area with theFméasuréd..

" dimensiona, &nd £ind the result to the nearest 1/2 square -

_'_'inch.' 'f

a

We can see a littla better what 15 happening in ganeral
4

we do the problem above aomevhat difrerently.f Ve noticed
that the dimenaions of - the rectangle might be as big aa

(3 1/4 ’ 1/8) and (1 3/4 3 1/8). Suppose we muztiply theae

e

- property). mhen;we would have o _‘f  e

1. Suppoae a- rectangle is 2.1/2 inehes long and 1 1/2 ‘inches

‘.



R -(s 1/4\«1/8)(1 5/4*1/8)= 3 1/401/8)(1 /4) o(s 1/4«-1/8)(1/8) .
o =(s 1/4;:1 3/4)+(1/8:xl 5/4)45 1/4x1/s)+(1/8x1/83 '
. 1 -(3 1/4x1 5/4). 1/8::1 5/4).(1/8:;3 1./4)..(1/83:1/8)

T w(3 1/4x1 3/4)+(1/8)(1 3/as5 1/4)+ (1/8x1/8)

\v .

. h - !
The f;rst product igjjuat the praguct cf Lhe approximate

"mnaauramenta.« “The sacond product is the amcunt of pnaaible

[

error multiplied by tne sum or tha approximate mqaeurements."\
The laat product is very an&ll. Hence thseerror in-the nu&bar"
| k cf aquara unita of the computed sred is just about the product?}f”"
R of the possible error m the linear units multiplied b)h\e

sum cr the spproximnte lenbths,‘ To chack thia against owr
 previous camputation notice that (1/8)(1 5{4 . 5 1/4)
(1/8)(20/4) - 5/8. | |
we noticed 1n the example which we just finished thht

: the error in - the number of square units er the computed area o

\

‘is Juat abcgt the . 8ame au the praduct of the possible error o
| - in the linear unita (assumi.ng the linear measurements are of
22/2_(;‘_9gapame preeiaion) multiplied hy the 8um of the appro*}mate
o "langtha. One can aee that this iould be true ror any numbers"

4'iby~saeing how the above example worka. 3 slightly better way

| of aaelng this 1s to uae lettera in place of the numbera. We .
_' ;eou1d una thﬁ letter a in placa or 5 1/4 and the letter b in' f
v plnce of 1 5/4. Then the maasured length of the rectangle“;

,woula be & mche’a and the width woum e b mcnea.' THe com~

f‘_‘-““”pui.p qraa would‘be the product of a7and b which 1s’ uaually

" written nb., Then ir the possible error 1: 1/8 the dimen«

7

" et

3 st

R

&
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& ¢ . ' -

v

. .o



b o A e

.

';Af-*f, ‘rea could be as large &a — : ) | |
L. (ael/B) (b 1/8) *ab e (1/8)b s q(l/s) + (1/8) 118).;“~ R

il/8i'ahd15'; 1/8); &hep'ﬁpq B

i

alona could be as large as (a

'A1\T Since é nnd b are. numbera, a(l/8) is equnl to (l/B)a. Tnen,'-
A L
- .

S ‘.. uafng the diatributive property, we have . Lo
{a ¢ l/B)(h - 1/8) - ab N (1/8)(& * b) - (1/8)(1/3). . ’
The product ab 15 Juat the product of the apprnximate maasure-'~__ ;

'ﬂl ments. Tha next praduct (l/B)(a « ) s the amount of poaai—_.‘

uplo error in the llnear meaaurementa multiplied hy the'iﬂﬂfif_‘.f
the approximnta meaauremants. The product (1/8)(1/8) 1s very

“, amnll. Thus we have the - same general cpnclusion that we' had
barore. Furthermore we could geplace a-and b by-any other'-

nneaau‘fmanta and the genaral result would ba the sama. « ?i\ : ki:'ﬂz

. ‘ R Exerciaeu 3’., ; '.t -Lli.f A ." f;;7
v“ i;f If inatead or c;;;ldering how large the dimensions of | i o
e the rectangle in the nbove axample eould be, we conaidared 5_3 “
' how amn they could be that ;a (3 1/4 - 1/8) gnd . , ‘: ; %;%5
(1 5/4 - 1/8), find the product as we did above and'draw fi\ o
| 'aimilar concluaiona. - o ’ | :
' 2_.;3uppoae tha lnngtha of the sidaa of a rectangle ara |
| ‘menaurad to be 46.2 and - 25.4 innhaa proeise to the nearaat |
. '*tenth* thnélia that. the greatqnt poasible error Ss .Oa.-j '--;’ B

~ Avout. how lnrge is' the possible error in the arés found ¢

— e e _

by multiplying the measuremonta or ‘the aides? ‘.Qy~4_ -  _f 7

* oo - ‘\‘ .
¢ . . . . kY ..
¢ - . . o A
~ N ’ N . R :
\ . . ' e . . . .
- P . e .
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BRI I 5,",8uppoaa tho 1angtha ox" ‘ahe aides or a rootansle are ‘
- L menanrad to thn neareat tentb o.t‘ an 1nch and that Mch ‘
~ langth ia 1aaa thnn 100 inchea. By how much may the ' Lot

\__,_\ S tFue. vall of tho areéa di.t‘fer~ rrom the cfmputﬂd value?
S ',"4 ._ -gIr"o . ¥'a ropraunt two mnaurementa given l‘ith 'y
'..__.gruteat paaaibla error of .1 vhat is t;he poaaible
error o.t‘ t.he product'. or c. sn:ld*’ ' f L o “,", L
. S;I.Anawer tho previous’ quastinn ir the graatgat poaaible
error ia .Ol instoad 01' ole : |
- | ‘.

: l

~

| 3 < R Signiflcant Digits m a Product'.f* - | _
You have aeen that when an ar,ea ia comput:ed by multi« o

‘ - plyins c\ro 11near meuauremem;s vhich have _the same’ preciaion, -
5 " you can fipd out about urhat. the greatest posaibla ares 15. o
/ - Sciantiats make use of aigniric&nt digi’u tp decide how auch - _

g productn ahould be stated. e ST T S T
.. { . . ‘ ‘ . l g ‘

oo Suppoae a rectanglo haa the di:mnaiona 5 4 mcbea and
_ .86 muhea. ~You know that these masurement,s nre raally 5 4

n ‘tn. £ .05 in.'and 3,86 in. £ .005 in. So the 4 in 3.4 and

the 6 in 2.86 are both appl‘nximat:a, not- mct. _ The multi. .

‘ plicatinn of the tvo dimensiona 1a ahorn below 1n two wnys. ’_ | |

T ,2.86 T ;7° 2.86 f * o _f‘:‘”‘ PR

R I T T O

- ,gsg-'.=,_;-gsa T
' 9.7 2 4 972 S or 9.7

X B . S
S . ) '

. - : . . A T i . . . . R
: c t -~ \\ ‘ . : ~ T ' v.\“.' A
. "




‘figurea are not exact.. man dbta are. & in, the producta .

E _figures vi@. alao be appraximate.__

L as ia the. 1nst figure 1n any meaaurement. o

. a8 the linear measurement (3.4) vith the amaller number or
iy .sisnificant digit:

| .significant digit;a as there are in the- orlginal masurement

'gIn.the work on‘the left the product 9.72¢ s&ggeata that tnqrﬂ\k )
- pracision of the area i.a t:o the nearost ona-thousandth of a8,
aqusre mch.- But aince the original meaauremma on: thich : A‘g-'. o )
 the area ia- baaed were preciae cmly to tha. nearest tent and T
nfhundradth of an 1nqg, such precision 1n atstins~the ares ia ol
I o
- ‘not juatii‘ied. s S - -‘/ B

"In.the work on the right a dct ( ) 1s placed above the ‘ .

‘-‘e in 2. 86 and above the 4 in 3, 4 to Femind us- that thaaa o

above . the figurea obtained from tha 6 apd the 4, since theae
We ~can sae, then, that in -
‘tne final‘product the figures 7, 2 snd. 4 are not. exact eicnar.

e product 1s therefora stateu as 9 ’7. 'me 7. 13 approxlmate,

.
Notice that 9.’? haa the same numher of" signiricnnt d.igita

‘In general, acientiata state the rasult

obtsined by multiplying two measurexnents usin,g as many ‘ . " e

ifh the amaller number or significant digits.

£

"' EXBI‘ULBBS S P | o | < | ‘. "

| 1.  In t;he muitiplication balow dota are placed over ‘the

$ .

j digita rhich are npproximate in the factars. Copy the
| ; L ) L
P N s
' | B | \
| . | . v \\‘ i
L ( 230 . v
. N :



2.

work and put dota ovor the rigurah in tha producte which
will alao bs appruximate. o B

e

‘ : \;'4.“. - ’ . ?:" \
x - 20

o T '” 1<;J f1

482 o, 514
IR St
' 903 . . 06‘\
-1 4 4 6‘ | |
4338

.06 8 b,

en

4 7

A
4 7 &

3084
2 L3 |
_.a 196

448 2 e :"'{f R

Round each prcduct in Exorcise l to the adme number of ‘f

 ia1gnirioant digita as there aro'in‘the factor ‘with thn
| ':‘amnller number of nisnirlcant digita. I ;  13 - ‘_-_f:"'
- .5.. ’

The numerala in the multiplications below represent

 number of 1nches. o - '(-j‘ B ;  e

D

d.

. ,“ . “.
. ‘°.
Lo .

fo

4 96 x 5 1 o

280 x 6.035° R _‘ S

4600 x°3.8 B
5425 x 790 N B

Hov mnny aignificagp digita sre thare in each rZQtor? a

How mang aignificnqp digits ahould each‘product have? |

lultipl} the numbera, and Irite ench product with the~

correct number of aignificnnt dig}ta. S

.

e © e - IS S
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,1§_ ;g;gﬂllg;_ §§g§n_,gg ﬁAThEMgTIC§ A_ woax IN SCIENCE ~ = .,
Have you ever played on a seesaw? L 7 s o ‘;”' |
If y' waight is 100 pounds and your partner.gn the other- -.-}A

side . of thre seesaw welgha 85 pounds, where does he have to ait L

so that the two sides will Just balance° Will ‘he be ¢loser to ;t '_'.tf~

| tha center or farther away from it than you? How far? .

| " The aeeaaw is a form of simple machlne that ‘iz used a |

4great deal by scientists. ItS;elongs to the family of machlnas‘

F‘called 'levara, Scient'ists have investlgated how it works, |

“how to. balance welghts on it, and they have expressed their

. findings 1n a mathematlcal formula. Levers- are used in very R,

'wﬁﬁy ways. | . L T SEVAR : . -»¢fwj o

-~ Today ‘you wlll be the solentlst._ You wmll set up the

o equlpmant make the observations dlacover the rule or . law o 1 

a‘ft makes certain observations in the laboratory, studles them

‘and"Btate 1t in’ mathematzcal faornf. ’u e T IR
| " The followlng experiment is one. example: of how a scientist o

7;mathemat1ca11y and _draws conc1u31ons from them, states the<éon-g'

‘(f,clusxons«by heans of a matheratical formula, ‘makes predlctlons

~-and then goes‘back to the laboratory to test whether the formula  «”

L works in any‘slmllar 31tuatlon.

' ExERDENT . - R

e ;
<

- . - Y.
. . h

To begln to study this scientlfic*seesaw, your equlﬁment .
Will look somethlng like thls‘ e R |

-




£ i L u-e2 , ;
| Materials'ﬁ' . - B PP
. © A meter stick or yardstlck o o - 'a; .
B  String and 2 pans or bags to hold tna weights 4 | e
-~ & set of'metric weights. (If a set of wei§hts is not S
R e available, a batch of pennxes can be used | |
SRR Suspend-tha bar by tyinc a string somewhere near tha T
ﬁﬂ“middle. oo REEIR
N o ‘2. Place one weight on one“side of'tha fulcrum and another .
P ‘“weight on the,other side, and try to make the lever balance, -
?;_ - Try some other welghts and maka them balance. Do you flnd that . e
§;g \ you have to change the distance according to the size of the DR £
T Nata._ Scientists do not usually make their dlacoveries '

'“1 K ‘;w;th haphazard trlals as you, have Just been doing, but only  _
: after they have set up a very carefully planned egperiment.- |
L Let us 'set up a plan and see. what we can discover about -
o the lever with the aid of mathematics. DRI '\\i\'

R 3.{a). Hang a. weight of 10 grams. (or lO pannies if you
da not.hava metric weights? at a distance of 12 centimeters:
frem tha fulcrum, and balance it with a 10 gram weight an the o
‘other side. Observe the distance of this sgcond weight when.lnh"aa" :

‘. bhe leven ia in balance and record the distance in a table,
. colukn_iél, similar to the one below. ' o R . L .
o a) (b (o) () o) (g} & .
. ' “ w =10 10 ,'10*.‘10 10 10 10 B DR
cd=12 12 12 1212 12 12 .. 7 (4 3
" Note.' w and d represent the'weight and distance respectively
1- ori one. side of the. fulcquJ and D _nha_naighn and_diahggga.f _
o, Lo the othar side’ of the fu%\Fum '. e N ’fl.
. P e .' - § . : ‘ .- . . ‘
’ . .'.'. : 2:}? X Y
. ¥ ”"'(; ) . B ‘ -
\ . 31‘,‘.‘ )" «‘ A -




o

1“ o Ngm . from the fulcrum” 16 Ir
[5'v-‘A f;Bm the fulcrum, find wha wei

P v ‘
~ . i ‘

;‘--(’f L. Now, as indicated in Table II let weight W “be 16

Sk oy B) Ty > <X Wy
\. ) \Y 4 e ‘*‘n‘ »‘x”‘\g ¥
.-, i . .
t. -~ '
. - A -
N ¢ ‘ n C - 3
. ] . B
. . . .
. oy - . * - )
: * o V
g ] N
. ) . . ‘ -
. .

‘(b) Now double the weight of W

qﬁd find where it must be placed to balance waight W.
the distance- in your tablq under '20 - column (b ).
(¢} Make welght W only half as large as. it was 1n ‘the
rirst case (make it 5 grams), adjust ‘the balance and read the
‘Jrite it in the table, column (c)

distance from the fulcrum
under LIR “,' -

(make it 20 grams) B Liﬁ

. .
" T . . Coel
- : —
- - . PR
tu

Lo Syt L
RS TP A R T : R T RS = « 2
PR Tihd el LD T IR SRl SR MR

v

Write. - .

t'

‘ “(d) Notice that - in tQJge first three trials, weight W
‘ and its distanca from the fulcrum remained the same, and chang;!

columns’ (d), (e}, (f), and (g). "II. f

I

and £111° in your Table'II.4‘,
TABLE II

~grams and - its distance from the fulcrum 6 emi
weight W 'will have to be to’balance at § ecm. on the other "uf~v
-, 8ide of the fulcrum. What weight wﬂii balance the lever ko
several othsr distances |
willsjust balance the laver, .

S were made 4n weight W\‘ Make at least three or faur other
| changea and write the results in your. ;able as in Table I,

- o T

Find how hggvy o

- 0 ":. l
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- i
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P
Yy
b
*

. . o
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. v - . , A
1 . L . . . . Y

f:" Tables III and IV and fill in similar tables af your own.v_‘

e e R ﬁABLL I11

\Y\ R fzod,‘bQ-‘ 0. e

e - L R ' . Ce

I

"200 20 °20 20 20 20 20 .

g . T 15 15 15 150 15 15 15 L )
\ ’. o . B ."lTABLE -IV_H R
.. ow 18 18 187 18 18 18. 1§ :
S SRRV - d_fi 5‘4'f5 ’.15,7 5 55 5 S _g‘
R ;-.‘ | D“;” , __?5 ‘ 1 ‘. ‘-‘ 10 15 yls
- A~],%'._' Let us now study the teples to see if there seems tc be. ff
T - any law which ekpfessea alL\relationships and whieh could be -

expreqsed mathematically.» If there is such a law we could -,”'\"
use it to rredict where . to place any weight to balance any : o
- other weight e » . Cot

o

v Exercises

': ‘&{}«- 1. (a) rrom Table I what do you notice between the placament
Y - 3 equal weights on two sides of a*fulcrum? :

(b )‘ If only weight W is doublgd how does its distance
o frnm the (ulcrum change? |

A_§"~7.';<‘ (-) If wemght W is made half as much how does its ';

R . distance from the fulcrum change° _"' B
/ - <y

(d) “State a rile that seems to hold concarning w, d

. and D? v B : ,

o2, ‘Use the laws that you feund i Exercise 1 to predict the
-, correct measures in theudssing parts of this table.,* /

R ot

- B
i RETHS & 08

.'15.' Try other weights and distances as. suggested in f”;;<;,5lfg?



S o Efcxtr.,',’.‘Z"‘<i

“you the general idea.

A“Exercises L o

"1@‘ (a) Use graph paper and begin with two perpendicular'

TABU&V

3 4 .5 3 5 %4 8 .7 5.5 50 50 500 5000

207 290 7 LS "? 0 & .2 5g'jf5“55'j 5

-
\

:3;_.Go Fack to gour equipment and check youﬁ*resul;s in,several

fof ‘the above exercises to see’ if there is a balance.w

n A Graph of the Experlment . '.  . -5:-: .
. In order'to study a set of observatxons from an experiment,

“1fscientlsts often nake a graph or. drawing of them on a set: of :"
,.axes. ‘ i R '

'; If yeu have not drawn suéh graphs pﬁftfollewing?wi*} give

. - 3

S

. lines called axes, The intersection of the axes is
';named point 0. {See attached graph.) e

5 ,:S(bi,éOne axis'is named W aﬂd the other D and we wfil

. - locate the points corresponding to pairs of weigpts
'+ and distances in your Table I.%

B . §" In Table I, the first weight was lO and the dlstance -

12. Locate 10 on the. W axis. Follow the vertical
| line through - 10 -to the, point where it meets the '
- horizontal line through 12 on the D axis. Thia N
_point is called (10, 12) ‘ _

;Similarly from Table I, when W 20 and ‘D = 6
locate - 26 on the W axis. - ~Follow the vertical A
' 1line through 20 to the point where it meets the horizo) tal
' .%ine ESrough 6 on the. D - axis, Thia point is called
{20, R - | , -

. Locate the othepr p oin\;ffrom your Table I. These . .
- are (lO 12) (20 i6) {5, 24), (8, 15) etc. ' O ‘F} A

"5f;**~;”ii;4“ﬁraW‘a smocth freehand “curve through the points you R

- have locate%) This curve gives you the general picture
of" the rel iﬂn between the weights and the distances._u
A DAl

25 35 12 45 21 15 23 110 ? 14 10 °100.100 1000 ¢

., . '.;f-
. o
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. } o
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.
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. -
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3\' e . If any noint seems to lie. rather far from a smooth . f
.o ¢ - lcurve through the otherrpeints, check your computation :
, | for that one: Maybe you've made a mistake in arithmetic. S
L ?fz, By axaminins the sraphn find answgrs to these questions' R \7“'13"i§

_ (a) What happens to the dlstance as the weight increases° - | |
L (b) Nhat hanpens to. the weight as the dlg\hnoe igcreasesv_ L

':éé, Now ‘that you have a graph of the relatyén between weight v N_é;a\;’
- and distance, you capn do what a scientist does - you can = .

predict the value of the distance for any weight which .{
'will keep the balance.- . - _ _ »
. . In order to find the Salue of W when D is 24 locate ’ -
.. 24 on‘the D. axis and follow the horizontal line throug
N 2h until it meets the curve. Read the value on the W -
e “.scale directly beneaththis point., ‘You should have 5..77
- (The dotted line and arrows on the. graph may help you.) ° .
o | ‘Find the valueS\of W from the graph ‘//¥~;_ ;.3('f4 ,:~“ ¢ |
0 da) b= 30,.}g(b);- D=15 ") D=9 | L
7o ~‘h, Tall~ ether or not each of the fol;pwing points is on the
¢ (@) W 0 (b) ‘w - 5:.;';, le)Twezo .
. D -‘25 D=5 s D=5 ‘

L 5.» Fill.in the following table by selecting a- value of W oé'. A
7 .-+ the graph and’ following the perpendicular through that -, .+

o mT=point-to the curve, thus locating the corresponding value-

. . of D on the curve. I ,

"71f\‘.w 6.7 ]‘83~Sk 16, ';17f 21 23 25 .7}731' a

then D 20 7= ? . B
N | ' ) ‘ S
"~ Note; Vathematicians call the curve that ‘you: have drawn B
- . & hxng_pglg It is a very interesting and useful curve. o
"':f“"“"é - - :1 - ‘wt B ".-'_.”_“‘.‘._'"7"_"[_",':.' _ i T ' T : - ‘ : . T . T §‘i‘—‘—’
( ’ ¥ ) - ‘ Q;“. L \ﬂ (V.
- h ’ 'b
( oo 2:}’? . < , . -——F“—-.-- .
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| Several forma of the lever are illustrated by the e X: :
following: oot ~g é ‘::fl\"v e

. Pictures or --f$eesaw e . o B VR -
. crowbar et SR U Lo : .
| Sketches °fj (nuteracker o T N
S . (tongs' | S
I (Archlmedes liftlngthe earth with lgng lever. S

,lever and a glace to rest it, he could lift the\énrth Explaf>
. -\

:cf years unt;l an alert scientist carefnlly set up an experi-'
ment in a mamner similar to the one you have- done and ‘made (‘_.

Archimedes ‘once sald that if he could have a long enough P

Many scientlfic facts were - undlscovered for thousands

discmneries on the basis.of observations. - / g \i |

"ff'falling obje! ts 4nd see what he discovered._ L
\\ {b) From time immemorial 'people watched eclipses ‘of, the
sun and moon and saw the round shadow of the earth but-did not -
 discover that the earth was round. Eratodﬁhenes, if230 B. C., L
~.computed the distance around. the world by his obgervations of =
_the sun in.two locations in Egypt yet seventeen hundred years
later when Columbus started on hlS Journey, many people still :
believed the worid was flat. - |

(a) For thousandﬁ'of years, people assumed that if a

_-heavy object and a light object were dropped at the same tmme,
| the_heav;er one would;fall much faster than a light one.’

- Look uj the tory of Galdleo and his experiment with

Look up in a history of‘mathematics book or in an encyélq-7

;'_~pedia the story of Eratosthenes and this experiment._

{c) -People’ ‘had watched pendulums swing for many centurles o '[i

'lbefore Galileo did s-ome measuring and calculating and discovered Ve
i the law which gives t he relation between the length of the “{ |

pendulum “and ‘the ‘time of 1ts sw:i.ng;\\s IR
Look up tbis experlment in a- hi tory-bf‘mathematics book. L

o



~n

-

Not.ice that. @11 such experiments are baaed 'on many careful
measurements and obaervationa 1n order to discover t.he scientific
law, and thgy the law is stated in mathematical terms. ‘Thus |

we see ‘the dependgnce of scciance.on.mathematics,. o

-

Fay
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Whan you studied the Constitution of the United States, duuyn

4
N
T e

- o

.-..{... ‘- - . . .
. Uncle sax asa’ sutimcm_,_‘ e

-

notice t.hnt nuu of the mtiou mod a good dul of uth-nntica
-  cu.m thm out? !‘cr instaucc, nqticc th-u aoctiou in Art:tcle /I

- Sec. 2.

-

APPOrtiom-.nt. Repreunutivu ;nd direct taxes :

shall be apportioned...according to their respective .

" . numbers.
,,cnry...torn of ten years. ‘- ,

- To lay. uzd colloct. t.ms, .dut‘.iu, ilpoat.s,

R

-

‘_.luch as thue:

- '_--To borrov nnnoy an the’ cre"ait of t.h. United Sutu.
Hhm you unine A
) '"mtnmucs needed to car:y thcm Qut. .you uiu prababh raise qu&itim- |

The actua] enumeration shall be m;de...umn'
'rh- Comgreuahsllhnepower: - _'-i"":'

excises, to pay the debts and provide for the

- common defense md goneul \mltm of. i.he Unitod g
,Sutu. & , _

abave pminims ‘h spcculate a.bout the

f

Gn) Bou does Uncle Su go about Qmmting 1‘7'0 nillion poople? :
- How dou bj -sort. nll t.hst int‘omation?

Whnt use. would ha mkc of aomputing mehinu?

Bnruu do bitwun conmu? A_
f the Unit&d Sutn are cmmtod aver;r

-

Hh;t doeu thc Co ny
m.:‘-thq.ci'

t.qn ynra, md tha imomtinn is u“d to decidn en the -

'nunher or ripruentntives in Qngren fm each diatrict ’

boen collcct.od?

How dcu Uncle’ Sam utimte the govmmnt ‘expense rnr any

:"yurmdhovdouhohmwhoumcht.omlhct intu:u?

o _Hou dou he deeidmuhnther to Tower tuu or not? chc

“

‘ .

'whntotheruaoambcmdnofthoinfom on. t.hnthu ‘...

'pcuplo think thn if tnna m lmtend, the govemmt will ,
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not. collcct nnmghmq‘t.o m.t.hia:urnupmu; othm
think thl.t. if tma»m 1ovcrcd, plo vill hug aare gooda,v-s.}- | R *\
.‘mondncmunt Hhoiaright? S\u:hqunt..’wt'nlem:n:o't.»‘j - |
be decided w peraoul opinim ar w experiment -m. a
'trhloranaarthcothurphnnight muua.grut. lm to
-.'thggonrnunt. §o the cnu uho docidﬁ nust at.udy thn
C lutittics lnd base thnir decisionl s thex. |
.Hov does unclo Sm docidc vht. dnt.iu to #hnrgo o foni@ N
 tmportar’ If duties are Lov, il peoplo by foreign products .
' rat.her tha.n mrican-nde onu? Ir duties are higﬁ hcv will |

P

tBat affect Amsrican industriés like & clothing indust.ry
| o .uhich um.f;etunxﬁ it.l products out of inportod mtu:hl,
‘ . | O or a \ntch nnmbl.y 1,ndultry Uhich ulu foreign-mda warn -
T -.‘-;fqrutchu? R TR
o (c) -And hov does Uncle Sam dcciac uhnt 1ntorut to Pay on t.ha o
mmmron mtu, oo U, S covmtnondaz If I
)2 pays a high Tate or intmat o0 his bondo, which of course |
\m a very utu invutunt, vill poaplc invut. thoir &q in e
bnnn, real nute, mini.ng empnniu, atc., ﬁ’ they pny thc |
L - sans nte of intcrut? uill mch cmpnniu hl‘\fQ to puy 8. ‘
o v._,:ﬁ s '. j‘hig‘n‘r rate of mt.erest. thm anle Sm in ordor to get people | |
@ (\ to meo_&.,ia tm’ ‘f‘_ N DE
e All uuch quutioua are muo.rad onJJ cttor a v-ry careful stw of

thc data or atatistic- that hnm been collocted. . H;turally ve will‘ not‘ |
» ‘be able to umm- tha nbcn queationa in this unit, hzt. ve uill be ahlo : -
O te, lt.m a f-w ideas about stntd.at.ic:.' In Wtha word 'statmi«' } ’
o PR TS dnriud mu the vord ".ltnto","fbr govn-mnt- nm nwm hAd to RIS -

N ) - ) . ) 3 . : . [
; : P .
o

f§ : N R 240 '




L ‘~hcp wry carerul recordl and collac.t. mnmy data in ordcr to be able to~ |

L

. mtim aa.-

& .{b) The tnul mtioml incomo?

- 'mt on tqreign tm‘c He savw ‘t.hat. auch figuru would ba :lnportant far :

AL a3

2 mka wise glecisions about. queatiamyauch as thqsu t.hat were mggeated. RS o f'

-.The method of dmwing concluaiona or m)dng daciaiona on, the baaia or

érm st.udy, aortin.g, a.nd hmd.ling of statiat.ica requlre mthemtiul |
'akilla, and the mndment.ﬂs can ba studied in junior high achools.‘ 3

wnples of. data is called "st.;tist.icgl mtemnce.' e e

Gan you list aome msons uhv Uncle Sun ueds to have such in.far-'

"(a) A"The ‘number cf m who will mch tha age of 18 next year-z . B
. \(c} Thﬂ mr Qf mlemploygd people? &_. - »

. (d) The ai)pa of th; labaor force? L " SR . k .

*

(o) ’Tha nuiber of people vho vill be 65 next Yyear and colleet .
'A«A'As°°i‘ls°°“r1t¥mentl? - o o
(f) The IEDunt of . guoline usod in a yﬁ? ,., 

I.iqt other infarmatian uhich ycu can think of which might bo no . S =

thc fodcrtl gcvcrnment.

 The fcdoral govcrnmant has aluys neaded to collnct utatiatics of |
~ many kinds. Evan hufor- t.he rirat cmaus vas t;ken in- 1790, _ A |
B Almndar Haeilton sta.rtud collecting mtistic: for tho Tm:ury Dopart-

the devcloping of néw industriu in t.h.ia count.ry and fnr nxpansion of
forcign tradc. In t.he third cmnua (1810) Thana Jeffarson ‘ordered 'm

* [ . ' . n .. : . .' . ) /
. R . L . R A ) . } . B
Lt . . , T A

— 'tccmt of tho1enm murncturing alhbnshmnta and mnnfscturara. oo _p__*_

A lilt of the agencips vhich collect mtist.ics for Ud Sam il :
N |



S 13-::.:\1 _codu_uuuoh: Office of Stati

s “Gminl«hxrpou smmm lg-ncin

XII-4

a0
'(Mruuotthl'

' Statistical Branches of’ Agricult.ml mkeung Sarvice '

-«

(Dopwtaontaf‘.grimlture) S AU

Bureau of Ltbar St.atiatica

(Dtpu'tmt of L.bor) i o - & |

BureauoftheCansus R
' (Deparuontefcmrce) ‘ Sooh .

© Naticmal Office of Vital Statisties -
 (Departasnt of Hult.h, Educnt:l.on, Halfm)

o 3.. Anal,ytic and Ruurch Agencies

' Council of Bcanmie Advisers (Encutive Drtf ice ot tha Pruident)

7 Divinim of Agricult.ural Eocmmics (n.putmnt of Agricultur-)
I'Ofricc of Bnainoas Econanica (De t uf Cmerce) ’
. *".Division of Hemreh and St.u.tiatics (Fodml Reame Syst.en)
_Production Eccnomics Reaearch m-anch (n.p.rmm o: Agriculture)
Bulinm and- anma Services Adn. ( mrt.mt o.f. Canmorco)
o Burnu of Foreign Cmrco (Departunt of Cmmree)

Bureau of Mines (Dep-.rtunt of Intu-ior)

J.. Other Administr;tive, B,agulqtory, and Dofme“;mbin

Qffice of n.fm Mcbiliu@ (Exocutivc Office of the Pruidcnt)
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. S StudyOfDlu by aw_Tlhl!‘nd 'a-v(‘..rgph- ) -

l
L

4.
a So xgny decisiona cf Unclu S;m depend on tha numher of peopla in

tha caunt:y‘that we ahnuld rirst exnn@na ths papulation in varioua

e . Table1

: Population Facts about tha Gnited Statea
- t
Population in Incraaae‘

.~ MllMoss o+ .+ Increase.

Per cent cf

1830
1m0
#1850

1860 .
Cum
1890

90

1910

11920

19300 -
o

1810
e

17.1

 3_1'.;_¢ )
298
EXE
7.0
" %20,
s
 122.8 B
250.7

-

5.3
7.2
- N 9.6
T 12.9

2

_1.9._

'i3§9 oy 'r:7" o
1.4 i '
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| ,thc questiona ;m Eurcises 1 through 8. o S
x1iy

3.

,6;A

L, T & o s - - - il
; : : -~ .
d : ( 3 SRS '
. 2 - . ‘ Rl B o ‘
b . ) s A . . . ) . AR
) . . / ' ‘ 8 . “ * ‘ c BN N
. « . - A [ : ‘
+ ! . , - S o - : ’ . '
. oo E . ' - e i :
‘ - o i . -
. - . . . " .
. I o .- o~ : : . - ‘ e oo
. « . . - \
e PR ses ' : y
. . ,
. . . '-r -

A cmrul st.udy of anch a sutistical uhle uill hslp you to :.nswu'_ -

. . . ‘-. : L .
A LN e

. Do you ue any goneml trends in tho t;hla?

Do m particular figures aeem out of lino? Wt;y do they seem ao? .
“In,,yhich decade vas the. parcmt of incroue the highegt? F}'om
"“your st.udy of hiatory do, grou k.nou the mson"

| o In uhich dccado ma the per cthf incmse ‘t.he lowaat? Can youi'

-xpmn it ty any mnm of trat period that you am;. studied? -'

,In uhich dpcadn did the aecoad lowest per cmt. oi‘ incrma occur? .

IW?

«

'Hhon ‘iu ‘the "Irish Fmine"? ‘How did that a.i‘fect. t.he popuhtion

ot the Tnited States? S

 in Exerciae 7
9.

- muer t.ha rollnwing quoqtiona. " ._
(t): Uhnt genenl t.re.nd doea the s'uph mw,, -

, Uhat ms the incma in. pcpuhtima rm _'; A

the end of‘ uch decadc as given in the t&ble.

Y otanger /’- |

- T ’ . Ao ;

- < /‘ . ~
- -

-~

(a) 1300 to 1850? (b) 1350 to 1900? (c) 1900 t.o 1950?

‘ Hbat. uu %ha per cent ai‘ ;pcmse in esch of thc pox-ioda nanticmod

T : LERY

COnstruct : !n'om lino grnph of)& populati

S e t s

page 5. ‘Then

R '(b)‘ _.'In uhich 50-:;,;1- por*od d.id th& population ow the fasteat?,\”
R |

———— e

1r tha populatian incmun at t.he ‘same’ rnte,fron 1950 to
. "1960 as in the gevious docsdn (1: the gmph clinba

- straight 1ine fm 1940 to 1960) vhat wll. be tho po tiqn

AR

(d) ‘Hlv does Unclt Sun nced t.o knov, at 1kat npproximtely, how

"‘m; penple t.hera will be in tha U. S. naxt yoar? I;z 1960?

“i
- .‘ ] . X i
e o ‘ ¢ . v ) e .

of the U, S, he gt ©

\
N -
* .
A
.
[N
|
.
-
. .
e
o -
!
.:\.
N
\
- _<‘.‘.
S '
' .
ot
: Cou
B . +
t. ‘.
«‘. ‘ ‘.
Y.
R
; -t .
. “y
-
. -
v‘.
> /
o 9
[ ' ~
N
M ' .
R « ‘. ..
. M
, 3
)
T .
L )
A Y
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rnccnt yurt. -

. " Table II

... T imo-1g0 v 151.924

R " N 1831 - 1&0';,.‘ i - 599.125 |

qsz.l - 1?50_" S 1,me,es

T e -meo . ;2,598';214 ¥

T e 1870,'-‘:-.‘_"‘_-_'.} 2,314,824
««-, 187 - 180 ."2,812,191
ST el N sasas
Lo T ieeasos .o _,3.68'7,564
. 1901 -1910*' o 8.795.336
. - 1920,.. ."533,5@11
3 ;' . B ’ 3 1921 - 1930 \- 1.,107,209
BTN U2 191.9 R
, .' 1941.. 1950

. -

i
BT I
L] N\
-

|

A

&

i

[ .
YL:.A.
|

t

Uu 'rcble II to D or the foilouing

b T

l. Do you au lny ;

o y‘

‘ Im;grntim Facts about ‘the ,United St.nton
| Period . nmh.ror Imigranta ~ . nmiom‘“

528,431 "3
7 1,035, B

‘Q!arciua '

.fogg.trondaincaminmra? ‘ R
‘ ‘...,2. Hhich tuuru aun out oi‘ line in theu trend:. ) uhy' S

. [} .
e . .

SRR N ‘rhn folloﬂing tcble nhows thq,\inigmtion to t,hia country in :

R

§ .

U X

T e e
. . . ,. L .

)
‘.‘1
»
-3}

o L ' ‘ ‘.. -
J - S - h o . !' ...c' - | . |
. . ;..." o ‘_'¢.; .

) S e .".‘ . ,'
- o e
K} St .

R Exmine this t.able nlong with the onie on popuhtion and’ see if

"thm are uw tiniluithn

..2.. 1r you hnvc not dcme Exnrciu 9’ page 6 prgm . broken m, /

PR ;..\'g\..« -y . - - -..‘ .-u\ -

to 1950 ('l'lhh I)

zrnph lhowﬁ.ng tha incruso in poplﬂ.ation in cach deca.de rron 1790 “;

. [ PV U,



T8, N
e " '_‘5- on tho same pnge, drn a brokm unc grlph lhowing imipatiop by ' -
-A | " dlol.du n'on tho ahovo t.sble. Sl .
T e For wh:teh p.md. m t.he inc:;nso ixfimigmt;lan‘ulno a pqriod or R
. ‘_WI in popuht.ion? _“ o f‘
: \ 7., Vhat vas thngononl trend in muuuon L L
\‘ ..-'_',‘(-) mlmwmw mr R - -
; ), Fro' 189Q o 19001 Why? © | '
-'(c)) n-q. 1900 to 1920? mm
| . __"(d) . l%Otol%Oz ‘Hh:?" | o
- ( '. ‘:8;"-- In how my perioda vas thers an incmao in i-igration? In hmi ‘f"‘\ |
‘ uxv pcriods was t.hm ., doorgau? | ‘/ . v _ f N : % .. C
- ' 9. Q,_ Thora \éu nou'quot.l h\fa- i:r 1923. H}w did thﬁy :rrcct. i-ism | f o }
| m -;Ducribc tim trend m :mimtion i n ccntinnoa 4 the sans vay
. . as in t.hs last’ 20 ynra. Cm you aake nn apprn:dmta prodictim
| forthoporiodl9§0—60? nowuueuhgum.&nw:wmu <_
K ‘ ,-,'mch mnbn-- s order to gmlp got 8 corroct natimtc of popuhticn?“: ,;'
'rh- Al‘itl!ntic Mn.n

o _ you lt.udiod the tablea, you comtruetod guphn far 8 cloao.r st.udy,

!ou hn.ve now en.nned lou of the mtiltiCI collocted by’ Uncla Sn,

o ’you sav hnu some prodictions lisht. be made on thn hnin or your atudy.

Statintica m he studiod in mnt.hor uy, thst. is by using ntha- .

: "pictm-e of & sot. of dau.

‘j«_'nue- ta a grum- mmt in. studying m sots of data.

It 1is dirf:lcult s and @mm nnnecuu:w, to hn a clur mtal

It 1- mpm to try to ducriba ‘the most .'

< w

\munt ruturu by Lov mmbern. ' The most- uum mnhara ar m. R -

k:lndmthamg:_m(matmsunndmph thew), the
lodi;n,thonodt mmgg,andthouomw

243
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-

!gu h;ve p:‘obnbly :.vergged aever;l mariqal grades in m clnu:
by a.dding thea and. di\riding w u:. Bumber of gudu., 'm- is'a nsnm

,/'_‘;_kindofnertgcmdis ca.llod tmm;gmor the pean. \Je

.

N un :Lt to atudy 'Y ut of atntint.ica calloct.-d by tha radn}],..gcvmmt

;-..'mgmcntym ' .
o *» '

| Table IIr - - o
o )l\mho.rofﬂmnployod}’armint.h-ﬁ. S. T
L {(a) . ( - (b)) - T - {e) .
Year . Number-of ®° Nuaber of ‘Number of -
- ' " . Thousands - Hundred . . - Millions
1932, w00 . o= - 12

tCo19% . 11,349 ARt oo

LT 9% 9,039\~\ B
o018 - 10,30 104 . 10
T 7" 8,1,20," |

(o]

1942 - 2,660

-

1946° | - 2,20

R X s

BN T 7 S S

- a9 o nem o 1.
T

| 195 - | 2,834 | 2 ﬂ o |

One of the first and casiost facts to "i‘in.d ix:zm of data is

8
. em = 7 L
21

wWoOWw RN W N N T\ oo

t{he m or the dﬁfference petue'en th.e'.highes{ Iowest nunbers.
In the prcv;_ious table, we see that the. ;ange (ig numbers of millions)s.
. is 12 -1nrll. g "- N . ’. ' o

To rind an arithmti:[ur&gt or, m, find the total ot t.ho set _/

'of mmberl md divide by the’number of iteams:

. *
&




. : .-n,. tqtal or t.hn mhbora m ooh-n (c) is 69. T
.l w . . | o N
L ﬂa nmber or it.m is 13. - v-'j ; ‘ |

. .;' N m?rlitm % a_= 5.3 {to t.hs ne,u-ut. t.-nt.h)

'flﬁi«mtmmdmsmtmyouthnmnberrnranycnoyur, )

; ""but ;Lft.hc unnplmmt vere 5.3 nillim each year for 13 :ara, "the o
1ftota1wuldbol3:§.3millimor69:ﬂlima.* I | X
Did any pnrticuhr yur hno thn ‘u.umg'" mnbar or unuployed |
Avemgoa are often ullod 'mauru of cuﬁ.r&l tnndcncy‘
Dcyounevw?_' . . - - I T
\i Findthnmofthofoncving uteftnt scores: PRI |
's's 78, 92; 85, 83, 90, 88, 85, 86, 91 L“ T

2. Frau Tahle III ﬁnﬂ thc ucm of the nmber of muployod porlons,
~in mnber of*thmnnds, column (a) from 1932 through 19!.9.
.an Table III find ths mean of thc pumber of unnplcyod porsam,
.'u: mber of thounndl, cclunn (:) frgm 1942 through 1956.
Ak« The following tcnpnr:turn were the noon mdms for a veek..

Find the mean naon tcnpmture for the waek'
520, 4’8",65‘62 67" 7, 56“ I

T Bou does th. amognt of unuploymt&ffoet |
(s) the mmber cr nutmhil& thst are lold? f

"(b) thc nmmt of memplmmt co-ponutian to b paid?

<t

| (c) the ummt. of food and clothing that 1s baught? |

' ‘.
X
- | ' .
;f)"-",.
. ~-20 |
' w - : 1 4
« - . - L] . 'S



\ Coxmen o
; Theded'isna.ndthc)iode-

/ .
In a set of dnﬁbyrit ia often useful to know. uhat would be the

‘o

. middle number if they wcrs-:rranggd from am:iieat to largest. ‘In-such“
c&se, half of the numbars would be Iarger and half would be smnller
tb&n the middle nuaber. \.@'ch is galled the median.

For an example, st us examine the heigh) of pupils in @ eemin .

oo claas of 13 pupilsf‘ L »-, ' Lo o 19f‘*A

CPupil Ine'hea in Hedght ’

. . ) y
1 o
62
51
61
54
59
61 ’ ‘
60 . . |
65 | S |
2 ~
53 -

To find the pupil in the group, so that hnlf the group is taller }

B

Cﬁﬁgmmﬂmm#wmw

- BN

"and bhalf the greup ia shortar, picture the pupils arrnnged in order
of height. Jhd mntsurements, arranga& in order, would be:
51, 52, 53, 53, 54, 57, 59, 60, 61, 61, 61, €2, 65 B A\
By counting from the left or right, the middle of the set of 13
;t’.ems would be the Tth one. 1In this case, n is 59, 80 we say that. - ,
‘the median of this set of _numbers is 59. | " o { ; " a ‘(:W;/
If the largest nunber in thia,aet.of f;gﬁreﬁ ha§pen§& to be 70 |
instead of 65, would that affect the medinn? th? : : |
If the 1owest numbers were 41 and 4@ inatend of 51 and 52, wculd.

mhat change the madian?
T , .
Let us compnre the mean or arithhetic gverage of this set of

figures vith the median. The sum of ths numbers 18 749.

N e
L. .
1
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- .

2% = 57.6 . Thus ths ‘m_ia 57.6 « Bow ‘édus_tﬁis compare with the

'hcdi‘m?_;'

N

-~ If the hrgelt number in thia set ot ﬁ.guna were 80 inttead of 65,'

¢

would that nffcct the nun? H!ur?

- .Natice that a_ven_thaugh the median and mean are called “averages",

they may mot be the same number. ' You will find that eack’is useful

for ﬁb.rt:ic, ar kinds of cases.

“ . o ‘ | | ~ Exercises
1. Find the mcdim and the mean of’ this set of scores on an u-it;matie
test. 83, 81~ ‘76 9%, 87, 7, 90, 88, 73, 95, 6’7, 86, 8’7489, 93
J Make a t;hle fcr t.he heights and weights of the pupils in your

v(a)'& the average height (mean)

cmas. C&leuhte

“(b) . the median,heighth <
(c;) the average weight (mean) | | : 3
(d) the median veight i -
_ 3. Find? the median 4tempen.:"ature of the data in Exercise {, page 10. g
P ‘ Grmi;}ins Data T A' L

If 3eu were listing heights of a very large group of pupils, you
would not be ahle to 1ist each: one separately. You’might group the
figures in some such way as this: o

Height in inches Number of pupils

4 46 =~ 49 14
/ 50 - 52 33
53 = 55 . 57
56 - 59 . 42
St 80 - 63 Y
; 64 - 67 I V-

R Y .

. ‘ L ‘; ;‘



! . . . . :
o B
R -3
. 0 : v (
| In order to find the middle pupil find the totsl number and
divide by 2. u.+33+57+42+17+12-—175«12 8‘7% So the
middle persan will be the 88th ons, counting from the top or ':><:>t.t.<'.\m.T
If we count down from t.hc top, 14 + 33 =47, Ve need 4l more to reach
88, Counting down 41 ma;'e in the group of 57 trings us to ‘the lower
part of that group. Since the 88th person isithin that group, we say
that the median haight of the whole group ‘of pupils is between 53 and -
55 inches. S;nce the 88 persqx_z comes rather low. in,that group as we
count down, we say t.ﬁnt ‘the xnadian_ height is likely to be néarer 55
than 53. - - b
| Let's éhgek our work and count ixf) from the bottom to ‘the SSth
person. 12 + 17 = 29, 42 more makes 71. So the 88th per“scm' is not
in the lowest three ‘groﬁps.' He need '17 mre than 71 to mske g8,
we count 17 more and that takea us into the group of 57 as we found

A

vhen ve counted down from the top. Again you find the 88th person in
!

the group of 57 whose height is betueen 53 and 55, Thus the median

height of the group is between 53 and 55 1nches. o | |
An important set of information which Uncle Sam needs each year

1\5 the data on incomes, since oyer 50% of the national income comes

from indiWdual income tax. |

Following are the data for a recent year.

I‘.



~ Table IV S L
. Tocoms . Fuber of Fanilies
| | - | . (Thousands)
o Mnn&!r g0 \ L 3221
. 1000 ;13099 o - ;  6,022
2000 - 3000 o 'JL7,164!
3000 -'4°0ﬁ‘ R T | L 8,192
S T
. 550
6000 ~ GI e 533
C 700 - 10,000 . 2 3,3%
10,000 - 15,000 ., 1,89
15,000 = 20,000 s
20,000 - 25,000 . ‘,__274
25,000 - 50,000 %
Over 50,000 s 95 |
| In a set of stﬁtist.:l’es,_ the value that occyrs meaté oﬁen i; &llpd
~ the L.-\. | | \.j.r T )

H}i\ch income wvas sarned by more paople than any ot.her? In othar
\ . .
words, which is the mode of this set of figurj?
You can find the mean of such a set of figures if you can find the

taotal munt earned in each bracket. But do you know how much each of

the 95,000 people earned in the “over 50,.000" hﬂcketf Migh;, some have

cnnned $500,0007? Or $1,000,000? Or more? It is not possible to find
the mean of this set of fi s since we do not know how large/the‘
incmea are in the last gx‘oup. Such a set of figures is called “open-
amad. . M . | ) .. ’ .

It is pbasj_.ble, however, to find the med!an‘, or the salary b&;aéket

af‘the middle family. Ther;..ie wili know fhat half of the families

| -urned more than this m&mt and hnlﬂ)umad'leés.

{
bR
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" First find the total number of fnmilies and divide by two to

find the middle number. Then count down fram the top figure or up

_ from the bottom figure, as tgugﬁg on page 13, until you ra;ch that

~ nimber. - ! - \\ - -~

1.

2.

3.

5.
6.

8r°“P J !

&
- _ Exerciéea _
Make a bar grﬁph of the data in Table IV.
How c&n you identify the mode on the graph? .
Estimate, if possible, the median salary by examining the graph

carefully.

.Find the mode in the/fcllowing 1list of teat scores:. (Do not

x‘
¢

{

85, 79, 82, 93, 85 78, 82, 91, 85, 74, 93, 86, 90, 85, 78, 81,

85, 86, 94, 85,/8L, 68, 83, 91, 82
Find the. median score in the data, Exercisa be

{

Find the median ny grouping the following data on temperatures:

-

{use intervilaAof 5, like 70-74, 75-79, and. so on.) ,_"\
62°, ™%, 73°, 91°, 68°, &4°, 75°, 6°, &°, TP, 68°, 54°, 68°,
720, 710, 86°, &°, %°, 55° 729, 500, 639 710



~

’ nx-m ' )
: ' "‘. “ : Table V ‘
Dl Patents Issued,. 19&ﬁ~ 1955
:\ f’\ Period ,» - Total - Number of Total aince 1900 -
| o S (J,; | E 'rhagund- (Thousands)
L e uem s ol
| 11906 - 1910 17-5,618" | 176 324
1911 - 1915 194,387 194 | - ’.513 |
6 - 1920 < 207,108 207 \ | 725
Aﬁ_- 1925 A7 28 %3
1926 - 1930 -234,357 235 Cums
- 1931 - 1935 256,219 256 L o
193 - 190 29,54 230 e
194 - m&;_ - 413:,\.575 185 T 1849 /\ |
D ame -9 163,02 a6 012 - .
Y1951 - 1955 209,215 209 221

. 7,.‘-' Drav s vertiegl hn.r gmph of the nmnber of thouamds ‘of pntents
issued by five year perioda ainca 1900 (Table V). o |
& Drava braken line graph showing the total number of pa.tenf.s. by
o tive yea.r perioda since 1900. | - |
1 9¢ Do you see any trends ix(: the gmpha of Exercises 7 and 8? ‘What

e
~are they? P _ ‘ A
L | — _‘ﬂ' ' \
{ ' 4

&

Tho")!em (or Average) Deviation - S
Ancther useml method of studying 2 set of nunbers is to find the

1y

devntims or difference of each _nugber from the mean,

Ccmsider the nt of numbers: 1, 2, 5, 5, 6, 7, 9. R

‘. Themen=le24545464729_ 35
L - 7 . 7

-~

The deviations_(differences) from the mu.n are:
5-1,5-2, sf- 5, etc., or 4, 3, 0,0, 1, 2, 4.

P X} . N
\‘l‘ : § 2';6
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N
The average of these diviations is:

+ Let us leefhaw the above measure hclps‘to thrnw light'oﬁAa set of data.
; K The total receipts of the federal government in the years 1946 <

1955 ware as follova-

. : B &
: Year | Billions Deviations |
[N . . ‘from Mean '
| 1946 - ¥4 - 11.5
1947 ' 45 | om0
1948 46 L= 945
1949 . 43 Co=12.5
195'0 41 - 1405
1952 A 68 ¢+ 13.5
1953 N + 18.5
1954 13 + 18.5
1955 69 B VA
) 255 126

< The arithmetic mdgn of these receipts is the total, 555, divided

v

by 10, or 55 5. | <
. The second column shows the differeneq\\of each year's regeipts
from tbe mean, 55¢5. The -~ 11, 5,me§ns that 44 is 11.5 __;g! the mean,
for insgmca, and + 14.5 ﬁe&ns that 69 is '14‘. 5__5 the mean, Have
'you seen minus signs used in a similar way to those in this table for

o

tempernture? Any other place?
o ' Exercises
.l."In which jear was the deviﬁtion from the mean the greateat? Can
you think of reasons for this? )
2. In which year was the deviation fr%m the mean the least?
3. Find the average devi&tien‘by finding tﬁb total of the deviations

 and divitwg by 10. The signs before the numbers are disregarded

25




A'\\ | | ‘ | . | . ‘
since we want to know the gise of thc'devintioni, no matter which
difectiqn they are ffom the asan.

&e Find, to the nétrelg tenth, the mean and average deviation of the

fdlléwing tent acorea- . , A : . '
85, 82, 88, 76 90, S&, 80, 82, 8&, 83 | ',
\ Se Find the mean and average deviation of the test scores (same test, -

but in anothcr‘clgss) | |
%, 84, 68, Th, 98, M0, 9%, &, 76,96
6. (a) Compare the ﬁé&ns of Exercises 4 and 5.
~(b) Compare the aver#ge deviations of Exercises 4 and 5e¢
(c) What information does the avernge deviation tell aboiit the

'data which eanrot be feund hy jnst using tha.mean? .

)
) €
A X . T e -
| > | |
o . . . N ' .
. . P ¢

' ’ I
. . - . : ’
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% Summary Exércisea '_ . s \ \
Table VI
Grosu Debt-of the United States for the Years 1861 to 1955
(Five-ysar Parioda) A 0
o (a) (b) (e | .
!ear: Millions % ’
1861 - 65" 2,67 3
2866 - . 2,436 2
1871 - 75 - 2,156 2 ‘:
1876 - 80 2,091 2 ¢
1881~ 85 1M 2
1886 = 90 1,122 1 . ' \
1-891‘ 95 1,097 1 .
1896 - 1900 1,263 1 ‘
© 1o1-05 1,132 1
1906 - 10 1,47 1 "
1911 - 15 bt .1 :
1906 - 200 %29 | %
1921 - 25 ° 20,516 | Q )
| _1é26 - 3q 16,18? | 16
, - 35 - 28,701 .29 ; ‘
1936 - 40 42,968 . 3
1941 - 45 258,682 259 S e -
1946 - 50 257,357 257 .. D h
1951 - 55 274,37% 2% - *

1. (a) Vhat is the mode of the set of figures in colunn (c), Table VI?
. A

In other words, which gross debt sppnrs most often? ‘

(v) an this number tell you very much about the total debt"

_Picture of the United States Treasury since 18617

(4N}
-t
-
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.

5e /Eﬁlai.n the hrgc deviations both
. 6.

3 5O TR

‘. y

{a) Find the mdinm of the set of figures in column (e) which

.\‘»

il give you the nadim nl.timl debt from 1861 to- 1955. \  

This means that you will need to find the middle ﬁg\u-e
bet.wan l and 2%. 1In ordar to do- this, liat the numbora

- from cclunn (e) in order, and find the niddle cne an-the .

list tw counting up from tha bott.m or dam h‘m the tcp.

(b) Dees the median tell you mch about the total debt over \
; ‘ _ ) ‘

, t.hia period cf yoara?

Do you see th‘;:t. it is necessary to find the’ m in order
to taks into conaidnr:tion the very hrge numbers in the
tabh?

Find the mean of the set of susbera in colunn (c) to thc nemst

whola nmber. !

-

Find the deviation: from the mean md t.hen the gverg&e devintion

to the nmeat whole nunber.

The fellowing infom'tion is an %ihries:

"35 000, $6s500s $5 000

(a)
&

(c)-
(d)‘-

{A_é)‘
{£)

-

above the‘m. “.

Find the mean of the data.

How many salariss are above the mean?

- How many salaries are below the neqiz?

Does the mean a_em:n tp(b.e a fair vay to dé:cribe the "airemge'
of this data? N
Find the median of the set of data. \

Does the medisn seem to be a fair vay to describe the "average®.

of this data?

N .

2(}‘0 , :‘ ' - ;.‘
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. 7: Repeat the parts of ‘E.xerci’ae.é using the following data on.
| tanperatures. -‘ . _ :
47 68°, 58°, 80°, t.2° ¢3° 6s°~, 74° 1.3° A6° :.8", 76° 48°

A}

. 0 . ‘ ( NN
' - From the illustrations given,'you have studied how Uncle Sem nesds
A mnthamatica to cellect and. study statistics. |
o !ou have seen how mathematics is- used to 1nterpret these atatia;ics
d\
| » and hslp the governnent in makig) decisions ;hat affect you and me and _
" every citisen. ﬁ‘ : 3 R .-S
- ‘The nexpftﬁﬁ’7that'ybﬁ see a. get of figures in the nqwapaper;h'
' 1ook them over carefully, try to recognise trands, and consider whether
o ’ f ~decisions based on theg, nnd affecting you, vill be made. - ' } .
o ! . .
& .
s ¥ .ﬁ.« R e
e ) e ‘
) 4
. ¢ ) - m .t \‘
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‘foreqnster cannot saﬁ for sure whnt‘tomorﬁow's weather will ,"

‘April 1l to April 11 and, also tﬁp g@ﬂﬁ%l westher‘

‘Date Forecast,

P¥IT XIIT

CHANCE

Recently the piocnic of the amplcyees of a weather burenu '

o,

was ¢alled of f ‘on account of rnin. Even an expert ueather

If ypﬁ plah’h picnic you may first read‘the we&§ber
report for the day of the pienic. 'This report may resd

"Probable showers™ or "Clear and warm." 'Scmetimes"ﬁhe

i

‘weatharman is correct and sametimes he is wroqg His fore~

cast is &n example of hils best avallable estimate of what

;will happen. His. forecast 1s & "Chance, Statement" H “him--

: )
self, . .does not know with complete certainty whether 1t 1s truew

or false, In this unit we shall study soma ideas«about chances ¥

'atntements lika, "The Yankeses will prebaﬂly win,V or "Thare'

1s & 50-50,chance that a ‘hesd will show Lf 2 penny is tossed

 and allwed to fall freely. C W e

%
i ) RS

The tahle below shows 8 number of, wéath “_fﬂrécﬁétﬁ“ffoﬁ

\

n,/$Actual wasther Truth Value af the Forecaat

e

pd®

N S IO R
- 2uRTLIS _sho¥ers st \JFalse | S L
- IR LAY Cloudy True‘

\i . . . . ) : - B ‘ _ .
. p] C '



Date Forecast - . Actusl weather Truth Value of the Forecast
4, Clear . Clear : True : i | ;/
... 5. Scattered . Warm and sunny Palse o
AR -showers . . o -
G. Spatteréd .- ucattered ‘ | True
showers ~ showers ,
, - 7. Windy and . ‘Overcast and True
B . eloudy _ windy ¢
| 8. Thunder- . Thgndershowcrs' True .
showers | ‘ ' ‘ =
9. Clear Cloudy and rain False

e . crab e A

\ L

Lo .. XIII -2

‘10, - Clear | Clear True
| Eéch forecastlis an example of'é,"statement“i A state-~ .

‘ment 1s & colleeticn of words or symbols which we can say is
/ - .

. either true or false (but naturally not both) In;the casa“_

< of the first forecast the statement was: found to be true
’_after dbaervin& the weather. Also (ebservatlona SAOHAﬁh?t ‘
atatements S5, 4, 6, 7, 8 and 10 were true., %However, state-
, ments 2, 5§, and 9 proved,false.since‘the obsqfved wééﬁher was |
‘iﬁQﬁ..ﬂ"dirfqranx;fromrthe‘fqrecnét.waereaftar we shall'write.nﬁrue“
/s "T" and "falag“\as npw The‘T's'and.F’s are called "Truﬁh
. values of the*séatemént,“ | |
i Iﬂ/ad§ﬁtiqn to theaéfsymbols 1ﬁyis useful in déaling

f}; with chance statements to have a numbar which mensures the "

N

chance‘thnh & stntement is trua., The weather man was ﬁonzﬂgg ﬁﬁk

7 out of.lO,times. Writtan as & ratio tﬁis 157§5.j Ehis %ﬁ

—

. '{!
RN

i

s\,i N

»' \ (' ner
.

-

!
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. . N t
is used.as the best estimate which we can make from the given

t“infermation of the measure of the chance that the next

weetherqforecaet will be true.
'In this case, since we had such g small number of fore-
. : )

casth, 1t would not be falr to say that the weatherman will
' be‘cofrect-%ﬁ of the tlme‘in future forecasts. To make such
8 cenelueion requires an understanding of much more methe—

natiegrthat we/can study inﬂthis unit It does, hewever

give ue some eiue ‘88 to the chance that the weatherman may

be norrect

. L.
-~ « - - -

.. When]&e-find the measure of the chance that statements
will be true, we shall say, that ee‘are estimating the true |
measure from ‘the best. informatien we have, This might be

cakrted estimeting the true value of the chance statement.,

\

Vritten as affermula’this is:

A\l

The measure of the ehnnce that =& statement is true =

3 LY

The number of. times the" statement s T .
The tetal number ol times the statement 1s T or‘F

I B ~

or | J |
C = g, wnere T means the number bf times the atagﬁb
- ment 1is true, S meann the sum of the numbsr of T's and F's,

and C 1s the measu;&g
eiw eﬁﬁmﬁ

AR v
) ST

oyt TR Exercises

‘}f;me*cnance.

W
f.j ?é'

4
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-

reen whenever I am arriving at the\intérseCticn?.

a., Why 1s this a "statement"?

b. Below is a tableﬁdf the sctual ceibr‘when I was

arriving at the intersectlon. Copy the table and in ‘the

column at the_?ight; wri§e~whether.tha statement above 1s

T or F. You may yse "T" for true and "F" for false if you

like,
The light
1. Green
2. Ked.
3. Amber
‘*4, - Green
5.  Red .
6. Amber
T Rad‘
8. Greeﬁ
9. Green
1Q. . Amber
11. Ked

Tabre

 .Truth value of the Statement

A}
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c. Virite a number or measurs for the chance that the
'C: .statement 1s cérrect;
.2+ Change the statement in Ex, 1 to read “Red" LhStead of

"Green®, Uée the same observations ags in~g§rt b and £ind a

" nuniber ‘or nieasure for the chance that the new statement is

correct, - $' | ? 1 A o o
3. Given: 3 red marbles and 2'wh1te‘marbles are in a box.
You are to take out of the box, ﬁithﬁut looking inside it,
two.marblas. AWhat is the chang that bofh marbleg wlll be
red? (Séﬁet%mes we merely ﬁay‘i;hat‘is the chance?" when we
mean "What ié the num er which measdéestthe chance that the -
‘;statement 14 true?") |
AIﬁlthia problem the chance statement is: In aAdréwing,
two red'qarﬁles will be drawnffrom a_ﬁox contain%ngﬂs red .
and 2 white marbles. . | o
' w?f " fhe following table lists the possible péirs which may
| pe ?{Erﬁ. We assume that each red marbie helk the same
1ikelihood of being drewn, Let's tall Ehk.%hree~red marbles
Ky, Hp, and Rz and simllarly the white marbles shall be
called Wy, ahdAWQ. Complete the table of truth values and

find the number for the chance that the statement is corredt.

Mark as T those draws which conslst of 2 red marbles,

‘“5;aws ' C e Truth Valiue
2, Rl K ’

¢ .
, - .
+ . . . . h -
* ‘ . ' -~ .
. / . R
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Draws ) " ruth Value/

3. Ry W, ‘
4, Ky Wy

5. Ko wi
6.  Lo Wo
7. R Ky | | A
8. Ry Wy B S .
8. HKg ‘Wg h | : “

Y100 W Wp A L ‘\

4., Two black marbles and one white marble are in a box.
*You sre to take out, witgout looking inside the box, two

marbles. What is the chance that one maiule 1s black éﬁ&"\
the other is white? o 4 |
Suggestions- Make a table as in Ex. {f List éll |
o possible pairs and find the truth v*i\e of each pair. Xouf

shqpld have three pairs.

black?
6. Three hats ere in a dark closet. Two be%yﬁé to you and
the other to your friend. Being & pclite parson when your

friend is ready to leave with Yyou, you reach in the closet

gets-his own hat? .
7. A committee of two is selected from a group of 4 people.

You are one of the 4. 1f thé'persén selecting the committes

e

o | - 207

5, in E;. 4, what is the chance that both marbles drawn are .

and drsw any t 0 hats. *hat is the chance that each of you
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has‘nq favorites énd, therefore, selects without a plan, what
- 1g the chanca'thaﬁ:you wili be on the cemmittée?

&, In Ex. 7; your favorite friend is also one of the 4
psocple. “Vhat is the chance that both you and 3our friend

-

will be selected?

-

| Modals for. Lhance Statements
You may have noticed two kinds of problems in tﬁé set
of éxeraises above, One kind uses observa§ions to determine
whe€EZr a statement Iis T or F. (Exs 1, 2, and’ the exampla
page 1l). prever, in ‘the marble problems and- the hat prohlem‘
experimental observatlions were not used. All passible events
were listed snd thé-méaguré;cf chahce was based upon these
possibiliﬁies.‘.fhus,’intthése cases & "model was ﬁade to
. represent thefpfdﬁiém. It is also necessa;y to ‘point out
‘that each event in a modal, say the 10 pairs in Ex. 3, hﬁﬁ//_
the same chanbte of occurrinb. - In.the case of Ex. 3, each
pair nas s %ﬁ chancelof occurring. .
In the exercises above finding an qsﬁimation,ar measure
of the.chance that'e ststement 1s true was s matﬁer of |
. counting. First we were ta1king about a statement and,/
.secondly, we were able to count_ail possibla‘(or available )
T's and F's. Although more advé%ﬁgd mathematical'prdcesses‘
have been sé% up to find measureg. of chance'where'coﬁnting'is

4

impossible, counting iz\essential in many situations.

|
. ) !
P
S - .
. “ M

263
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An easy type of model to tslkabout”zg tossing a penny
t _
or pennies. A penny has a head gnd a tsil\(let*s gssume here
3 that the coin i:nnct stand on e%ge if—&t}is tossed and allowed

to fall freely ‘R & flat surface). Also, in all problems

ok 3 about coins, we assume that the coin is balanced (honest).

-WG then expect heads to apﬁear about as many times as talls

if the coln is tossed & gfeat number of tﬁmes¢..

Example 1: Find the measure of ths chence that theistétementsf

“If two pennies are toss;d,‘exactly‘one héad'éhéﬁs,? is true,
Solution- - e e I . L s

'a. Make 8 table showing all possible events.

’ R .- penny ~ 2nd penny Truth value |
| | | Hdad T . Head =~ - ~F
 Head Tatl o
j - . Tell -+ Head .. . ; | T
Tgil  Tail N 7 ‘
‘Néte~ zi this model,’each event (each.possible result o

of the tossinb cf two &bins ), one of which is, for ex&mple

a8 head and 'a tall, has the sane chance of occurrinP; ‘that 1s,

1
. z.‘

b, There are éﬁposgibls-ways the pennies may fall. In

! : ) - .
thie table above the t&uth,vslues of each event has been o
writtén.
. If both pennies are heads, the stateient above is Fg 1f

the first penny is a head and the second is a tail, the above

-

- statement is T; and so on,

-

=67

B
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c. Count the number of times the sthtement 1s'true. 

~

This,numbé: isrthe nunerator of measure of ¢hance; The sum
of the number of~®'s snd F's is the_deﬁﬁminatqr.
The chance,that exactly one head will shoﬁvif tio coins

are tossed is % or L or ¢ = % in this case.

z
Example 2: Find the measure of the chance that the statement,

"If thrge penniés are tossed, exactly two heads show," is

: j

true.

Solution: o ’A —
':a, Make s table of all possible ways the 3 coins;&ay .
fall and after eaéh event write T if the ovent makes the ,3
statement true and F if the évant makes-tha~statement.falsq.

1st peﬁny 2nd penny 3rd penny,> - Truth vaiue-~
T ' . Head o Head - . Head - | F;
Head - R 'éesd o a1l _.'.' T x
Head 'Tail - Head o E
‘Head '\4Ta%§ o rgil . .
Tall - Head Head” .
o~ | T
Tail - Head + - Tail .
Tall . Tail - . Head
Tall Tall - ‘Tail

(Complete the table)
‘b. Count the T's for the numerator and both the T's
and the I''s for the denominator., Then, 1l 3 pennies are

tossed the‘ihande that exactly two heads show is % or ¢ T %

?
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. . o Exerclses
For eadh exercise finﬁ the measufé of the chance

~statement, /fW\

\\ S ,I; two pennies are tossed, exactly two headé show,
2. if tw; éoins are tossed at teast one head shows.
S. Iﬁ‘twc coins are tossed,_ex&ctly,cne tail';hows._f'
4. If three coins are tossed, exactly one héédrshowﬁ;
5. If three coins are tossed ‘\kactly th e-headé sﬂcw.
6. If three coin are toased, at least one head. showé
© 7. In example 1; the table shows four events. \f
‘é.f Fand - thﬁ"#ghsure of the chance statement for\each
. event“'_g\f"' \ o |
b. Find the sum of the four neasures of - chance.‘j/
8., Do the same for example 2.' . ‘
\‘,J}a If four coins are tossed, what is tha%chance of exactly
3 heads showing? Of exactiy 1 tail showing? oOf exactly two
heads showing? Of exsctly four heads showing?
10%, Three cards are‘numbered like the-ones beloit{
- ] ] [e |

Without looking at thé numbers you are to draw any two

a

cards., What 1s the chance that!the sum of the two numbers

3 ) Y
) \

. is odd? |
11#, You are to be placed in a line with two girls (or boys),
one of whﬁm~18‘your favorite. What chance is there that you

will stand next to your favorita” In such a problem we

W
~1
P 5




o o . . |
XIII - 1 - S ~

 assume tbat you are not'pgéced according to any plan (includ-

ing vaur own) - If you crowd@ in next tp yotr favorite, chance

would rot play a role.

Decisions—énd Chance'

guppose a nerson must meke a chaice betwaen two possi—

L3

-

bilities, S“suld he just chose one by gueasing or is therse
a betté?‘Ethod for him to try* A person may mske 2 wiser )
 dacis1on by observing and comparing statements about the
chance of the two evénté in questioh.'ﬁ |

Example: Which ofﬁ?he two fellowing statenents is ‘more
likely to be true* : - |

A. If 3 pennieS'areAtnssed, exsctly two heads appear.\
OO\ . R . o _ .
B. .If 2 pennles are tossed, exasctly one head appears.

°olution- - A

il  ' | f

2ot~ cof s

“he measure of the ch&nce af A

The measure of the chance or B = L

Condgusion: since L is greater than Q, statemen
¥ ' : , 2 * : 8
more likely to be true. .

In order to solva 8 problem of this kind find for each
statement thﬂ mcasure of the chance that it will ba true

and select &he statement corresponding to the larger measure.,

N - Exercises

For each exercise find & measure of the chance statement

for each event and choose, if possible, the évent most likely

to happen,
‘ ]

re
~,
" JI"‘}'

Y

N
/
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1; Stapément A: If three céina_are.tdssed, exactlf 2 taiis
rshnw;' | ! i . _
Statement B: If two colns are tossed, exactly 1 head
shows ., o | | |
2. A: if'ﬁ_coins are tossed}‘at least 2 heads show,
B .If-2 coins are tosagd' exactly 1 tail shows.
3. A: If 4 coins afe‘toésed- exactly 3 heﬁds show.3
B: if‘%wﬁoins.are_toésed; exactly 2 heads show. ’
'4, A _it rains on Friday the 13th, | |
B: The sun shines on Friday the.lﬁth.
The followlng table shows the waather on 20 Friday the

13ths, From the table decide which is more. likaly to hsppen

- N
PR , over & 5reat number of Friday, the 13thts,
Truth Value of N oruth Value cf g
Statement A - Statement B
1. Heavy rain | - '
g 2.7 Light rain
Se Sunny'
4, Usually sunny,
~ no ralin. .
. S ~.
\ 5. Sunny
6. Scattered .
showers - t <
7.’ Showers 4 .
8. Sunny
e
-, 9, Sunny %
¢ N
- *
| N | ; -
N _2;.}
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L Truth Value of . \Truth Value of
- Statement A - tatement B
10. }Sunny | | _( ‘ | \Qi\
‘:"1;. Cloudy, no réih
12; ?grtly clohdxﬁ

13. Cloudy with -
o some showers : & .

14. Showeré : B "/ B
- 158, Sunny
16, Sunny -

17, Hot and sunny

) 18, Sunny e’
- 15. Cloudy and ' . S
. some showers S ' ’ IR .
\\ i20. Sgnﬁy _ f . | o ,.‘. -
I - »'Eﬁperimenta . |
‘~l.' a} If one pgnn&ﬁis tossed what is ﬁhe_ghanca that a
5 * head Shows?‘ 5 | e o |
: b.'%%dw'msny headéxydu;§-you eﬁpect’ﬁgget[if th§ penhy
' {5 tossed Spftiées? ) o
c. ¢ Toss & penny 50 times And cﬁhp&re the observed k .
results with the measure found in part b. Yqﬁ are ' X
‘ extﬁemely 1ﬁcky if they agree-exsctly.
L. ‘Kaaﬁ a record (as in the Example on\pége 1) of weather
forgcastaﬂof.a mg:ging papgr éhd‘an evening paper, Pind S

-
.

chsn:j,%tatemantsfor each paper and cmnparé thelr measures.-

-




' medel" " thd possible events.

Tteseed° .‘
- 1s thers that exactly 5 heads will shew 1f“;n eoine are

6. 8. Merk off on heevg cerdbeerd'berallel l;pes,

;. o _}. ‘ | - ;v' ‘ﬁg
‘ XIII - 14 - | k

+

$. In Bx, 4, page 5, the chanee was estimated by meking a

t“‘ ‘\eelutien of this preblem eould ‘be epereaehed by

' edrryinb on an experiment. For example, repee; the drawing
'Hof a peir 50 ti@pe (after each drewing replece the 2 marblee
. thet yeu have drewn) Eech draw then mekes tne statement T.

: '
-er F. Apply our metﬁ%d for e&leulating 8 measure of & chanee

etatement% ) - -

Qempere this measure teffée measure eéf;ined from tQ&\

model It is not wery likely that the fwo measures eeeh

found 8 aifferent way, will be exactly alike, - In a further

.study of chence you will etudy ‘more about how close you eould

9

expeet the two meesures to be. L | : Yy

S

4, Set up an exper_ment to nnewer the questien- Vhat change

is there that, @xactly two heede will show 1f" three cqéne ere'ﬁ i

Y - .

-

.5. Set up &n experimlnt to answer the questighr What ehanee

~ I

'

tossed” "'f ? ) .-r” | L. Tﬁ\\g 'i“_.7 T ‘
: I : ‘ : S
éwe'

4~

inches apart, . -‘-; BT ;'~,.'-_ i
: * (. .
. bm Make ten sticke from woode\‘metchee (er tooth picks)

1 inch.long. N | "“?m_';

*‘7*%5 Hold the teﬂ“eticks ebeut 8 or ) inches ebeve the

!
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~d. Count the number of sticks which Leuch er=eross a

~

L
line of the eardboard ) |
e. Repeat the experiment 50 timee ‘each bime eounting

and recefﬁinb the number of sticke whieh touch r eropss-
\ A .

~ ‘ '

& line, | .
f. Find the average number of stieks that toueh or
4e.- ‘eross & line out of the lO that are unopped.
7. You are to decide whether or not eOmmercial feréilizer
helps seeds germinat; and grow rapidly. | | L
Set up the fellowin& experiment to help you make a -

decisien-' Bring’ two boxes about a foot square and 6 inches

deep. P}ll sach with soﬁh from the same - area. With the\help -

of your, seience teacher make sure that the moisture in the .

two boxes ef soil 13 about qual.. mhen add eemmereial
4

efertilizer .to ons of the bexes. Meke a grisbéath strings} R

like the sketch below for eaeh box. .

«

o — : C T .
; B e — . . . are 1l Inch.apart. .
! _ - ) \ ’ e '\‘ . A _S ) ~
- > ‘ ‘ o B :. -~f. v
At each intersection, plant corn eeeds. There will be
4 A
300 seeds planted.in ‘each box. Add the same amount of water - ¢

to each box and plaee both boxes in the ‘88me part of the

-~

. of water to be added The seede should aXl be plentedmphe

. ) . ' ' - R

:'\ T™wo sets of 10 sbrings,
The eprings'ef each set

'room. Cansult‘yeur acience teacher in regerd to the amountf
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same depth in the soll,. ,
\ &. Doclide how you would use chence to Hﬂ!p decide

whether or nct fertilizer helped the aeeds germinabe.

N

L -f' b. Decide how you would further yeur experiment t B
‘ S decide wbether or net the plente grew more. repidly unde:\éne

‘conditions of ccmmerciel fertilizetien* _ i | 2“ \\\
{' _:8. Soma memhere cf the claee may carry on the experiment ‘ \\\(

described in Ex 7 but first they -should test the’ soll te \\

,,\. |

determine the best kind and amcunt of ferciliger to uee.

The science teacher &ey be able to help with this, the ceunty

agent may have sol teetinb kits to lend, sell, or 51@} awey, .

or finelly, there may be & neerby soil teeting etatien tc \\g ;
' which a semple may be taken. | T ~ . |

0. Repeetxthe tyge of experiment described in Ex./7 but put ;‘:'

fertilizer in bcth boxeg. - However, add twice as much in one

w ." - and decide if the extre far ilizer prcduced better resulta, ‘ S R
. . " .ai\




UNIT XIV

MATHEMATICAL SYSTEMS : ‘ ' ‘

’A&_gg thmetd

-1 e2=73
2+3=1

s

2+§=0,

Here are some new number flé:tl. ' ‘Do‘they seem & little strange to
you? We -might, ull this 'elock arithmetic." We have used a four-mut.e

clock -~ cne which might be used to time ronnda and intermissionl ina -

’ 5‘7158 match. - | |
| ' Let's oo heu this kind of nrittnetie works. -If ths hind is nf. 1
NS : ninutc, ahd maves for 2 ninutos, then it is at 3. We can write 1 + 2 3.
It ﬁt is at.z and moves. for 2 minutes- then 1t is at o. We write ¥
:‘ S o2s2s0.f If it 1s at 2 And moves for 3 ninutes, then it stops gt 1. e

L3
4 : . -

.,chritc?.#B-“—l. '\.A o - L o _ - ' Y

We can ukeg an addition}u}xlt for ﬁh;a ‘lyétam of arithmetic thuas
’}- & y. | . + oi 2;} o p
, ] . 0 \0 l 2 ‘.3 ‘ e | . E ) . K

11 2 3 0© S C
' 2 2 3’ 0 l . ’

. . )03 3 001 2 - Ly |
We read: tables of this sort by followié across horilontally frow _‘ | //—,\

N sn;r mtrﬂn thc lo{t colmm, say 2, to .the position below aome entry -
in tho top rovr say 3. The entry in this ponition*in the uhle(s) 13
thon ukon as the rea}t af combining the elnmant in the t.op row uit.h

tbo slement, origimlly pichd out in the‘left. h.nnd colunm. In g.ha case” -

LC

‘ a.bove ve writc 2+3=1. .Check thnt 3+l= O.in this table. et

B Stndying our table, is 1 +' 2= 2 : 12 1.‘% + 3 3 +27 Whit dous thia

luggilt to us about thﬁ\l kind of arithw,etic? . .
. “'& ’ N . - - , # , : T ' .

) ) o . o , .
e' .“‘, - ‘

A
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Is (1 +2)+ 3= 1 +(2 + 3)?

"s

IsIs (1+2)=(1+1)+22 - - o -
Check some other mpln. What doas thig nuggest to’ us? L,
: M pL0 . o | |

Let's ctnpare\\;hin new arithmetic with ordim.ry uithnetic. | '

1. mt are the funbers of the ordinnr:,r arithmetic? Of this new® "

| nrithnctie? | . o o | \':
2. Does additidn h:v§ the ccﬁutativc prémy'in this new arithuetic? o~/
) ‘. 3. Does addition have the associative propei'ty in tf;il new Arit.h:ut.ic? &:\ ‘
4. \Il there an idcntit.y alment (an elexent vhich vhen coxbined with 3

any other clement prcduccs the 'othpr!' eleaent itself ~Il the r-lul‘t.) .

L3

for addition in thiu new arit.hnetic?

We call this new kind of aritlnetie 'modulgr ‘arithnmetic®, and the

pumber 4 is called the modulus. We say 'this system is arithnetic mod- 4-/\

The arithmetio.\of the threc-ninute egg timr ia arithmotic m 3. Ve -

v f _
b , ~ can- writ.c an nddition table for mod 3, nod mod 8 -- We- can hnr;\u {
N \ o
B mny modular aritlmetica as ve have mtunl punbers. - t T
L . \

- f‘l:a’rcisn -1

1. Make an .g,dditicn uhle 3¢ mod 3, mod ' 5, md 6, and npd 8. What. .
el "" '/, are the mmbers for each? | ; ¢ \ A
| 2. B’sing the mod 5 sddition table, ﬁﬁ sizpler hames for: : “
‘ 1+ 2 2=4 4 T (B+4) -3
o 3-1 40 AR (2-3) -3 -
R (3+2) +4 -4 =
. ‘- + + ’ - +
. 3 - s ‘ ~ b 4
L+ 1 oo 32 | 3+(3-1) (
e Y3 (B e (2-1) - (4- 3
L A3 1)+ (2 ) | S B
. . o~ \ B . :
4 - (2~ 3) oo
| ‘ o B
AR U 27
h s =4 - . 9 ‘




3. You have only a fiﬂg;migpte clock. How many'times_uould'the hand

Can you figure oug.E; easy way to work pr.blmns like this

L uitbout counting on the clock? Try 1t.

.

‘s addition, multipiication, subtraction, and divisioh. In the p eceding

’

m;mm?

N

- xerciaes-ve did a different kind of operstion.

* ' the new nddition. This oper;\}on is defined by the table, because it

tellt ua ubat we get when we put two numbers together.

lowing tables.

We made a table for

() #} 1 2 -3 4L 5 (o) | 3 5 7
2112 8. 46 5 1 3] 6 8 10
0°3 4. 5.1 2. 5{+8.10 12
3] 4 5 1 2 3 70 10 12 L4

T4l 51 2 3 4 9 12 14 16
511 2 3 45 D

() #[ 12 3 4 5 6 7 8 9 10,

11 2 3.4 5 6 7 8 9 10 1 12
2 3 ¢4 5 6 7 8°9 30 11 12 1
3l 4 5. 6 7 8 9 10 11 12 1 2

T4 5 6 7 8 9 10 11 12 1. 2 3
50 6 7 8 9 10 11712 1 2 .3 4.
6/ 7 89 10 11 12 1 2 3 4 5
77 8 9,10 11 12 1,2 3" 4 5, 6
8 9 10%7{ 12, 17 2.3 "4 5 6. 7
'9/10 1112 1 2 3 4 5.6 7 8
10,21 12 1 2 3. 4 5 6 7 8 9
11 12 1 3 .4 ,5.6 7.8 ¢ 10

12| 1 2-&475 6 7 8 9 10 1N

: (d)[g 0, 1-2 3 (o) 8] 1- 3 3
. 0 -08 T 23 oW1 2 1 2.

S L 1.3 45 2l 1. 2 3
2’ 2. 5% 6 1T 3102 3 1.¢
3 377-.8 9 f
' St -<3§fc) (

w0 X SR y
TR '

mok Ko

go around if you were using it to tell you when 23 minutes had
passed? Where would the hand be at the end of the 23 minute

interval? If you continue then for 15 minutes where is the hand?

He are familiar with the oporationn of ordinary arithmetic -

. Study the fol-

'Sﬁgmqumbuué
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: order. For cxnmplc,

. R

~

- to get qQne and only one thing. For exnnple,

2+2= 4 in both t;hlss (a) and (e) ‘ | ‘.ﬂ-ﬁ
ngl smzﬂz-emume(d)
‘ Py*Py=Pg 10I1=3 e as

=

When we have & uny of putting two things of & given set together

- to get a third, we say ve ‘have a binarx gggggﬁégg Fur inltnnce,
8 and 2 vhen added gives us 10,

8 and 2 when miltYplied gives i.m 16. .

g and 2 when ':umptified' givea us 18. ~When 6 and-A'kra

e 'sumptified we get 16. 5 :nd 1 Hhan :umptifiod give us -

L. Were. gny of the tahles a ':umptificatien' t:hla?

-

This doean't mean thnt we can alwnys put things tcgether in any
e v |

2 /7L =5, mtlﬂz-m | 3

. For this reasan, we mnat first remamher that when.we explainod how ,

to paad a table we dccided to uritc tho nlamant in the left hnnd column
kfirst nnd the elanent in the topmrow second with the opcratian'l symhol
betwten them. We must then remcmber to oxnminc cach‘nau opcration to

ses if it is. cannutative gnd naaociltive.

Exercisdh - 2

X

~ Use the tables of operation on page 3 to answer these questions..
,' A B |

<).(a) Lj +3= 2 if we use tnblt.(n) f{a) 12 + 12 = -
_ ‘(ﬁ) “3;+‘5 ? if We use; table (b) (b)’ 10+6= . .
o), 3[72 o .‘1nf3§1=ajf{“ T

Ce-. t
N :

. . - . - .
S . 98
% L e ¥ IS
1) . 5
N N L - - " .
' ” -~ . ‘. . B ! cl

We ses that theae tables shou us a uay tb put tuo things togethor .

™

o
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1
¥
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o
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4 2 ¢
f
’ \)‘ < ';
- ERICHx= *
A uiText pr ided by ERIC |

2.

L ) ]
xmves |
'fd)v~-2°'2'= D (d) l£73 7 o
(o) '1%9 1= I ‘ (e) N 5:7 1 Z:7 2=
'(f)ll+1£=_ o | ) 20363~

Which ef the.binsry operatiens described in the tahles on page 3

are ea-nutgtivu? alsocigtivc? Is thare “an eany uuy to tell if an

' opcrttien is cemlututive when you oxnnina . tnhle of operations?

3.

Vhat fa b2 0

Are the folloving binary operations comnnxative? asaeciativc?

(n) Set: All natural nuubers less than 50. N
Operation. Tvice the fir:t gddnd to the aecond..

E;;mple~ 3 ccnbined Hith 5 producea n (2 x- 3 + 5 = ll)

- (b) Sett m mtunl rmnbers betwcen 25 and 75.

'Oporaticn~ The firlt or ldsser numbnr. :
Exnnplo
_asagc_ tod Hith thgm by this operation ia 28. .,

#

' If the two numbersrare 28 and 36, the third nunhcr'

.

(e)” S¢t~ ' naturn; numpbers hatkenn 500 and.536.

«
i~

tspperatian- The second or graatar number.

T'.- Exnnplo- If tﬁe two numbers are 520 and 509, the tbind number

) . iﬂ 5200 / . . ,. . ‘ , ,, ‘ Ry
'/(d).-Set- Thc prime ﬁumbera _— .~-. SR
operatmn- The hr’gar nimber, - Q ¥ p

- M

'} by this bingry aperation s 12.

4‘_4" ' | . N
(e) Set: ALl natural numbers. L

‘AOpqraticn-‘ Loist Ccmnon Hultiplg. | ; - T

E::mplc- If. the numbefs grs 4,and 6, the third number determined

+

(f) Set. All natuxnl numhers.  jfif-3{fH' 'iéft

g

”‘. Operatian- Grggtcat Common antor. :

-

(g) Sct: All naturnl nunbers..x '”.;; o
. PP @ TS L ..' Yy
o w e .
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Operation: | ‘G:‘iv,cn two mtt-xral-‘nunhers, » and n, the result of

- | - . the -opei'a{.ian is a®, | | - o
) (h) S:t}g/'rho prime’numher:.' | SR o T -
, ‘Operstion: The h.rLernumber..',v . “ ‘ o
| ‘ (1) Sets. G:llon cms-of- paint in diff;iﬁent celc'vrs.'l
o a-‘KOP'erati?n. Hixingpgint.x . o
‘ .4.'..' "Mikc-':up“ & ‘tdhl'."e for an operat,ion th-.t h;s ths co-mt-ntive propprty.
' 5. )hkc up & uble i‘or -dn opention which does not. hnre the mtatiu | o
Moreg___glom_x;g T .“M‘:J
. We glrn&y lave an acquaintanee uith the idu of elosure. What do N -
you. remember from that m..f introdnetibn? | |
Ho recall that a set is cloud \mdqr an epomtion if we can nluq': )
i do tha}ppontion on a.ﬁy twe nubarl of th‘ nt. and get a third Lmbar  " ) \
ubich is a meaber of the same set. The two meubers e start with may "\f
T  be the, same one. For c@p&-, . o o o T,
| (1) Ve 'oburyad t&t fhe l;t of even mmbcrs is‘clo\nd" |
v under nld'dit.ioxiv. This means that if we :dd any two even
) ' nunber&, we get a third even mber. . : B : o
. ‘ 2+5.;-1.~ (Ve uaed t.he mammber.) . c T . {{
, v | ."h f . ..f~\14.*‘6=20 v « , ,‘ :
;*_I\ | , T R /‘ , I
| (2) h‘.e o‘bservgd that the set of odd- fumbers is not closed | .
) runder additidn. This means that if we add two odd numbers
ve do not gtt a third odd n:;nber. Fox: gnmple, 3+5= 8. o
b Is thia & cass where one emple is Qné{zg‘h to l.bOH‘ that ,.& ’
-ﬂome does not. hold? We can ;ctunlly give more emples. ‘ v ,.
/ . The mm of two ada muabers is alvays outside tjhe set of odd - ?‘ :
B _ ,nnnbers. ‘ - . ' '



(3) We observed that the set of matural mmbers is not
cl\oud‘under subtraction, that is, take a pair of'nmbe'rsf_,"

- 6and 9, and subtract. 6 - 9 -+ but no mﬁml number bas
L \.- - . ) . .

~ | the name, "6 - 9." Yet, we can subtract 6 from 9 to give | -,
| " us the mhcr, 9 - 6. The standard symbol for this mmber
'a S - : )
i‘ .3.

(4) Ve obsarved that the set of natural mm’-s is not -
closed ypder di)riaion. It is true &gﬂ‘. g ia t mtml
mumber, but t.here 1n no mtunl number, 2  What’are some

, cth‘ uat.ntioms of clomre, that is, latl closad
R /

) : /e ‘ ) .
o ~ under oponticm and seff'ﬁ‘t closed under an ppcntion? —
l B .

[ 3

nnrcina-:s' ‘ B O
i, Study agnin the tables on paga 3. Uhich sets are elcsed under the e
o opcr;tion? Which sets are not clo:ed under the operation? How do |
yuu knov? | ) |
- 2. ‘Which of ‘the systems dcscriﬁad :beloﬁ _;re‘cloud?_
| (a) . The set of evén humbers under addition.

(b) Th(c set of even numbers under multiplication.

. {e) .Thc.nt. of edd numbers under multiplication. - : Q-
‘(d) The'set of odd pumbers under addition. = . F
(e) The sat of miltiples of 5 under addition. SR N

(£) The set 'of-'mltijiln of 5 ﬁnder mbtfacti‘on. _ \
“("E) ' The _“t.'lozf even numbers ug in telling tine nnder clod: uddition. “\,
(h) The set of odd mhers used in telling time under clock &ddition

‘Q(i) The set of mmbera mod ‘7 under mhtrgction.

T

»

(3) The set of mtq;'al nuabers lcu than 5& under he operation o

_where tha third mbcr is the mner of the two mbera. o .

S | 284 3
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(k) The set of prime numbers under addition. o

(1) The set of numbers whose numerals in base 4 end in 'Q! or '2!
' under addition. E
fn)' Tha set of nuabers whose nuneraln in base 5 end in '3' under

'lddition.

. -

Identities
-—q—-m

-

In‘our stud&lof the number one in ordinary arithmetic, we oﬁaerved

that any nunber multiplied by 1 gave that nnmbe:, that is, the
product of nny numher and 1 is the number, like . .
2 x1=2 3x l-= 3 156 x 1 = 156 %;x 1 =.§_ or, for

" any number in ordinary arithmg§35h€4L<;iE::;:, e .
# ’

~ In our stndy of the number gero, we observed tbat the sun of 0
and any number in ordinnry arithmetic gave the number, tnat ia,

2+0=2 3+ O =3 468 + 0 = 468 % + 0 = g-er for any number in

ordinary nrithictic, n+0-=

v -

One is the idemtity for mnltiplicatinn in ordinary aritkmetic.

., gero is the identity for addition in ordinary arithmetie.
/
tht is the identity for the arithmetic of the A-minuto cloék?

for our ordinary clock? | (“’ PN
A . Y. N . -.
What tables of operaﬁiin in Exercises 1 have identities? What is
A C . r
the identity for each?
erses

call tham additive inverses of eachxqfher. For e » in the table

~

e+l 01 2 3 5513 the idantity. T
C 0o 1 2 3 - | |
1] 1.2 3.0 ° 2+2=0
2,2 33 0 1 3+1=0
, 303 0 1 2 (14330

)
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" These pairs of numbera, 2 and 2, 3 and 1, 1 and 3, are said to be-
, inversu: of each other. Each‘element of the get has an inverse. The
inverse of O is 0, the inverse of 1 is 3, phe inverse of 2 is 2, and
~ : /\\ -

- the inverse of 3 is 1. - . ‘ X - ¢
| N
Exarcises - 4 ’ N

1. Study tables on page 3ﬂ&i& ”
| (a) Which tahles have an fdentity and what is the identity? '
(b) Pick out inverses in thesg tables. Does each member of
‘the set have an inverse? ‘ oo |
} -~
§ggg Algebraic Systems = = - *
We have an t}gebraic system when the followiég statements are true:

1. There is a set of things ~- these things need not be numnbers.

2. Theég are one or more operations.

-

TR 3.‘ There are some properties concerning the dperatlons and the .ets
of things -- such as the cdmmutative,property, the éggbciative
property, closure, identiﬁ;§s, ipyerses.

i L

- Lat’s look at egg-timer arithmetic -- arithmetic mod 3.

0
(g} It has a set of things. These are nﬁ$b§rs - 0, 1,12.
) (b)i It bas khe o?eration, oo ‘ Y
P R - (c) The operation of‘f has tﬁgcoqputative properiy.‘ Can \}f
L y&u tell by the tahle? I¥f sc, how? We cam make some. '
R checks too, 1 + 2 = Oand2+l-—0,sol+2=2+l.~

(d), There is an id?ntity for the operation, + (the number 0).
gr~‘f/§r EVgry ﬁgmber of the set has an inverse for the ‘operation +.

e T . o 285|
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M"xét s without Numbers '~ = ¥
Ve m:y bave ;lgcbraie syatens without musbers in theam. Suppose ]
we invent ane. What de we noed? | | |
We must have a set of things. Ths; we need some kind of opcrntion -
- scmething we can do uitg two of ’che things te gnt a third And there
must be prophrties cnncerning the opcratian nnd the things in the set.
Let's atart Hith a,past card - raally sny rectangulnr ahaped ca:d(

: vill do. Inatud of a set of nunbers . we ﬁill have g set of chn.ngu of .
position. We will tsk/ o t.hose ch.n.nges '\chieh make the cardilook o
like it did in' the heginning (except th&t the marks on the <corners mny | \\
be moved’ around) How many of these. changna aru t : _

We oAy start uith it in soae. poaitﬁpn v ehsva c@ll the §

original position. Ve will say it looks thia:‘ . .

~

T 1A | : B} - o , 2

~

. . « : . .
o ) A ' .
g . . ~

Letters in the corners of the card will help us see the different , | : ﬂ;> 

. : w 2
qbnpgas. Qgg( ;w-poaitiog mey be like this. The change of position - |

__¥as turning the card from its original position on its horisontal axis.

| PR . £ Horizohtil“d&ié

A.second change of position ié this: { . -
: - | ¥ o :
. {Turn the card from its original |B . Al ,J AN
* position on its vertical axis.) - - SRS K
* l /

Vertical axis

There 1is 8 third chnnge -- we'may turn the card from its briginal

position haltway a&yund its center., It looka like this-‘ ' -
—— b

‘
-

T 237., | )



2 ’ . ' >
a .'\ 9‘
¢ D}
. D ' . / . -~ - «
. L J - ‘ ‘ , - - , ‘ I
. Lnot,har ehangePis to luve he card a.lone. . )‘
A
Here are th /o/fﬁur changes of po , 1
. A B D A c D| - .
1. ‘ A
D ) I T ey D B Al
I H Y - R

We can pow maks up our mthmtical st.em. The set of things in -A

our system is the set of changgs I, H, V, and R. We will need an opera- ’
L S ‘ ' o
tion. Let's make up one --_it is *. N . ' s .
H * V neans to first do change H |D . € ' -
s . ,

N ’. % - . | ‘; ! ) B
Than do change V" c D : y

This finai.poaition is the 1B Als .
- " _nmqh;ngeaech;ngnli.'So,*_.\'H*V?R \. \

What shell we call this operation?

' _Complete this tahle:  *| I R . g |
. ’ N \).. "0 I I H .-_.1 . '
S B __ —_ ' 7 (
| 'o N ) ] .Y - H ¥ . ‘R
. . '_\‘ ' ‘ 7 'R _ - I - o, .
¥ _\. ‘ . . : B

1s, thiymlly-, an operation? What propertiss exist between the gbsration’
L i St '

- and set of things? . ;. - | o LT .

- Exe.rc\;ses-,5 T . ' P ' N

l. Exsmine the table of operations for the chkngea- of the Tectangle,
- (a) Is the set closed to this eperation? |

O " (b) Is the cpa}'atioh cmutative';i S .z -. h ,7:\ {. , 5
(-?)\ Is the uperation asseciative? B e | - \’\ )
. - o | L |
/‘ T =(d}/_Is( there an identity for the operntion? \ g e ; . | |
- o - " . . ) e : E |
e . “ . s _. " | . )

- -,
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2, Here is another system‘of changes. Take a triangle
with two equal sides. Label the corners"A",'fB“,"
-c-\, so it will laok like this;

The aet for the system will consist of tyo changesw
The first change, called I, will ibe "leave alone®.

'The second chmga‘caned M, will be "flip the

triangle around its vertical axis.”

M°I will mean flip the triangle about the vertical axis and then:

leave the triangle alone. " How will the triangle look -~ like it was

left alome, I, or like the change M was done ) | ‘," ' ' -

-

@ The op.}ation, called I% is: First‘dé » and then do .
.- f

Always start the operation with the trianéle in’ this poaitian. ' .
/B

. ’ . .
. ! .
L .. N L
. i
t.‘
AN S .

Does'HOI H.or ddea'HoI 17

(s) Complete the table below: < - » .
_ : 1 | ‘ )
- §‘. H.
| (b) Is the set closed for this operation? - 8

(¢) Is the operaflon cémmutative? associative?
(@) Is there an identity fo} the operation?

(e) Does. each member of the set Pave an inverse for the operatian?

\ L

H

3. Make a Eri:ngle with three equnl sides, Label its corners ngAN, mpw

mCH, 1ike this:
> - X

The set for this system will

be made of six bqtggas. Thrgg#pf thess will be flips about the '

. axes, and three will be‘turning the triangle around its center. .

¥
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;Make a table for theae chinges.‘ Examine the table. -Is this

operation commutative? Is there an identity change? Does each

—

<

chnnge have an inverase?

T ke Try making a tabls of changes for a square. ¥
' it
There are eight changes. What are they? Is there an identity ‘

J L . b

4 -

é\\- ;s i qhange? Is the operation thmutnti#e?
| &his is the table of chan es of a triangle ith two equal sides.
g X

Fill in thias- tahle of operation for additicn o

mndulns two. x/ +f 0 1 N

KA . /
N - . . 0 . . ™

- Suppose & 'O"ia-put.in plnée of every"I" in the table 0; ;ymmetry,'~
and a "1¢ iﬁéput in place of every "m" and a " ¥ is put';h'place;
of the '0' ‘Hhat uould the resulting table be? _
ff( " The tvo tahles use different nymbolau,hut have the aane pattery,

§§’  We may then expect thnm hoth to have the 23me prupertien.

%i 6. Anothcr ma%hanntical system which does not use numhegs is the'

4

systen of changing tires on a trieyelé. Suppose tires on'a
tricycl are labeled 1i¥® this: = A0
B¢  oC

-

By sui;ching two tires we could get ' o
: A /;a @/ EO\
. C0<— B A B8  Yoa

) v By svitching all throe tires wve could get.

: N p .
) BO .
N . N * or \\
vﬁVi S Cifi:j:;zfgg
‘ '% - ~ The set is mnda af tire switches, not tires. .
o ~J o ‘ \;
;. %I) What will tha opprttiqp be ? _
L A
f » e 3 "
. R 245
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L (b) Give a name to each of }he five switches above. Let “I" be
the "identity switch®, that is the switch which iﬁakéa'-no
ahlnge" at all. .‘Htke : t;ple for the ‘syétam of switching

. tires on a tricyclﬂ. )

) .
f .

{c) Does this tabl- have t.he same p\t_‘tern as t.he table of changes
v for a t.riangle with three Qq\ml ai.den? SN
(d) Has the operatia; for changes of the triamgle commutative?
(e) 1s the_op&r&tiqn 0,4' tire uvitching commutative? Qheck and .
see. | ‘ o |
73 There are three pictures on t{he. wall, ife ean laav'e then sloms,
. - switch two, or-sg:_l#éh'nll‘ three in ﬁrious ways., See ifymf can

mh a syntau and a table for lvitching pictufes. Remember to .

| , . have a ayst.-m you geed a set of things, nhd an operntion. t , ‘
. " o : : :
D properties do you. find in this syston? NS ~‘ |
' x

Algetraic -yatm may be defined without sven hsvinb .a geometric |

’ A‘mdtl. ‘This can be; done by merely giving ‘the set of elmnts .and the
result of combining any two of them. Each of the folloving three tables °
. d;ﬂﬁel‘m aige&‘#ib_syatem; S o ‘ _ | N “ |
| " (a) ; g : S (3b} K ;poh P, P, P |
B oylr W |  Ry| Py Py By P
N S 51 Py P, Py Bg :
- ‘ ’ ’ P,/ Py B, P, Py
I o Pal By To P3 Py F
_‘ (c}N'AEjX\S/‘i .
,- AlA X Vo
(D3 X VA )
‘, , X K AT . (
C v A DX
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B}

1. Use fhese tables to complete #he follgwing statements correctly..

N l

(a) Vo R'= <°)’{P1*P = () :\zrut:l-

(b) Amx; ! (£) 92*P3= ) trus
() Vs | (/g) P0~P2; ; ;(k)“’Rn’R::
'.(Wd) ‘wa? ‘:s’(n) COnvx="" ‘(1) P * Py =

2. Hhich Qne, _or ones, of uhe blnary oper&tians v, *,~ has an identity
- element? Hhat is it in/ each cade? . S ,

-~
Hhich one, or onas, of the operations L * ~ is cammntative?

]

Prove your g}atemant,; ;'. o “ - I
Use the tables to !caﬁpute" the foilowing [ASsume that parentheses,.
(), mean that the qu&ntity enclosed by them ias to be cemputed first

]
ad then treated as. F singla element]

R Uo*%r

(b) (P *%Pp) * Pz @ Av(ANTD . L
\ - ; N

(¢) *(Pl*P)—. <h}'(A~A)~2

(@) (pg * py) ¥ Pp=____ (1) (VA O)vA=

(&) (P * By) TP3}=;m (3) VA (CrevA) =

Does eithzr table (b) or table (c) seem to represent an aSSOCiativ§[

operation? Uhy? How c?uld you prove your statumant? Hhst would ancther
‘ =

NN ‘!

person hava to do to prgye you wrong? {
+ f

xg ems of gat Numbers and Whale Numbers

Y TN -

The natural numbers fonm an algehraic system under both she Opéra-

4

tions of additions and mgltipli¢ation. What are some .of their properties?

\d/
The nnturnl numbers have gn 1dcntity elcment wi&_,respact to multiplica-
£
ticn. Hhat is 1t? Do thqy have an identity element vitf/ﬁaspcct to

addition? T . s ;o

-
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If we take the _system of natural numbers and bqpﬁgora element,

}thc number zero, we get a new and different mathematical system called -jﬁn
. : . o/ : ' '

the system of whole numbers. Which of the properties’ listed for the -

nntural nunbers are also possessed by the 'whole numbers¢ po the whole

numbers have any &dditional properties?
#
. ‘ : ¢ -
S _,-f\ : . En?&iﬂﬁs - 7 : \

g . ! &
1. List the propertiea of .thess matheﬁatical systems. "How are they

"the same? In Hhat'unya are they different?

. \ '
(a) The lystam of naturaI nuinbers aﬂd addition andvmultiplicaticn.

(b) The system of whole numhers under addition and multiplication.

(¢c) The system whose set is the set of odd numbers and uhoéa

! operation is multiplication. . ' ’ 5i

Pe
I (d). The system whose set is the set made'up of gero and tgpl e
multiples of 3, and uhose*operation is multlplicationi N
(o) The ayatem«uhose set is the set made up of :e;o and &he'
\\-nmdtiples of 3, and whose operation is addition. N j-’ L
l_(f) The system whose set is the even numbers‘and uhase 0peration

o
1: addition.

& (g) The systea uhose aet is the frgctions. betweem O and 1 and

. ‘whose aperation iss multiplication. ‘
b &
(h) The .same set as in (g) jyaer the oparation of addition.
*,
2. Make up an algebraic systam (a cambination of a set .and an operation)
LS

.of your own. Make at leaat a partial table for your;system. (Could
you make canplete tables g\g the oparations in Exercise 7 as we
couldﬁfor those iq Exercize 67 Why?) List the properties of your
system. ) ) - .
L

-
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More about Modular Arithmetic | X nL8

'We have seen modular arithmetSc for addition, If we put in multi- |
.plication e will get & different mathematical syé;em."W;th both

operatioqs,_ﬁodular arithmetic will be more like ordinary arithmetic.

7 ) Complete ﬂhe ﬁﬁltig;ication tables for | ' v (\
- . - : - b : . .
mod 5 and " mod 8 .- . .
x| o 1 2 3 4} X} 0 1 2 3 4 5 6° 7 -
¥ ° ’ , “
0]l 00 0.0 0 O of o 6 o0 o0 0 0o 0 O
1] 0 . 172 3. 4 10 1 2 '5 L 5 6 7 N
: 2l 02 "4 1 2 ) 20 0 2 4 0 2 4 6 .
3 0 3 1 - - 3l 0 3 6 1 - - - - .
Moo 4 - - - A B e N
. 500 05 - - - - - -
. 8l 06 ~ - = - -
‘. - - e

 List ﬁhe pro?ertiqs. (cqmmutativé; assoclative, closure, identity,
invefée). Does theﬁﬁistributive érbpertgﬂkor mulpiplieatioﬁ over.
. o [ additicn hold? Is it ;ru; ihat if a product is zero at léast.one'"
_'_ , of the‘factors ianSro‘in madES? inlgo&'S?
‘ Modular arithme;iés.?ay be thought'of‘as maﬁhemi§ic§l systams

- with two operstions. Just &8 we can solve érdblems using ordinary

) érithmetic, we can solve problems using medular arithmetic. ' /A
_‘, . . ) ‘ | —_ . s -
Exercises - 8 - _ ' »
“« 7 4 B
Lf, F;nd{{he %Em o?: | 2 ) . }
(a) 1 and 5 mod 8 .‘ (a)-B&miEPNiS
. ' (b) 4 and 3 mod 8 o . (b) 6 Qn@ 5 mod & | | o
"(¢) 4 and 4 mod 8 " (¢) 7 and 7 mod 8
(d) 4 and 5mod 8 (d) 0 and 2 mod 8
B {e) QO and 6.med 8 - () 7,3, 5 arll 1 mo%‘S' K
A£) 6.525 7o 8 o (£) 6, 7, 7and 5 nod 8 N
‘ ) . " g '?}11 |




—. | .\ L/ilv-ls | o I " s
(8) 3 Slan&:é mod 8’ ‘. {g) 5.and 4 mod 7 l o
(b)) 7, 6and 4med 8o - () 6, 3, 5 and 5 mod 7 ' ‘;,‘
(1) 3, 7.and 6 zod g - (1) 10,".'\3, 6 mod 12
() 4amd2mds (912, 3,9, 25 15
e (k) 7 and 2 mod 8 S A'-('k) 't.h.e first-fot;r even numbers B
W 7and2med 9 | “" mod 12 (0, 2, 4 and’6) T
(m)} 7 and 2 p;od 0. ‘}‘ (1) the first tﬁrée prime numbers o
®) "t.l:xe first t_.f:rea eve_n- ~ | m9§1 9 ‘ | | o
- /numbers, mod 9 (0, 2 and' (d) the multiples of three that are -
‘ f ‘_ *) ‘ a | | between O and 145 in aritfxmétic \t
' (c\) the multiples of\.’tm;ee m§d 15 |
- that are ft:;t;;;en S\Aan& | (n) the gregtest eazz;mom factor of \ .

10 in arsihmetic mod 12

. . “6’. ) . ,
2. "Fi_r;‘d the products: | o -
.{8) 3 x5 mod 8 (a) 2 x 7 mod 8 R
(b) 2x3mdsc«{ o (b) 5x3med8
(c)_.213mbd4\ . ~(c) 5x320d9 |
(d) 2x 3 mod 5 , {d) 5x3md 10 .
(¢) 2 %3 mod 6 (e) 12 x 14 mod 18 - N
. . y & .
C(£) 5x8mod 7 T () 62 mod @
(&) Fmas, = - () 10° mod 12 v
(h) Rmd8 - " (B) 7T ¥x7mdo B
‘t*(i) 6 x 4 mod- 5 i T 1) 8x2x(5+4) mpd 11
A R . o . ‘-;t | . , ‘ \
(3) 3x4x6med d (3) (3 +4)x(9-5)x(5-2)nod 12 ¢ _
\‘\ - ) ~'3 N L '
- (k) 4.3md’5\-\ o (k) 5° mod 9 | .

.

-

—~

. ()

\

N .‘,.4"

" commdn factor of 6 and 9 in

295

Ly 6 and 8, and the greatest

| &x\ﬁ'bmetic mod 12" —‘
the-mmhers less thanm 10 1in |

arithmetic mod 13.
, C |



32 Find the quatients <t

] ' ‘\ -

Remember that division is always defined after we kn0\~about oulti-

S -’plica_tion.- Thus," in ordinary arithﬁxetic the ;qﬁés_t:':qn "six divided

. . - -~ Y } ‘ -~ .- L i
: by 2 is what?" means, really, "six ?L.omwd by miltiplying 2 by
IR o what?" An operation which begins with one cof the nunbets and the

’ .
v “answer" to another bimry oEeration and asks fcr the- other number

is called an inverse’ ogeraticm. Division ig” the inverse operation

..
N L}

Sep . ) .

o \d‘," . RN v
h .
' -

o of nmltiplication. o o . ¥
L @=FEmas Y (a) Faas
* . ' | 6 ‘ | '
RS %mod“s s, (b) Zheds L
y “ (e) gmod 8 , e) %-mod g, . “
: v ¢ : . N, . o
(@) 2 mod 5 . (@) moas
(e) 9— mod 5Q b . (e) %méd 5
(£) 'S mod s | "(£) Zmod 10 C
: ‘ o 3 o ~~
- o 4. Compute: Remember, subtraction is the inverse operation to addition. ‘
. ¢ . \ v . ' ]
* (&) 7-3md8 . .(a)7-5mods
. (6) 3-7md8 ™ (b) 5-7mod 8
" § (e) 9=-2 z0d 10 (e) 10 = 3 mod IY\
- _' . | - o
" (@) 2 -9 mod 10 , {d) 3 - l\O mod 11 .
_(e) 3 - 4mod § () 2 - 5mod 6
o (£) 3 - 4mod 5" (f) 2 - 5wed 10
(g) 2-5mod 9 () 2 - 6mod 12
~ % (h)" 3 -6md9 (h) 3 - 7mod 12
. * ‘ -
e " 4) 4 - 7mod 9 (1) 4 - 8 mod 12 o
. ' () 4-8md 9 (3) 4 - 9mod 12
* (k) , Does (4-7)=(1-4) in. . (k) For what modulus does 1 = 3 = 5?
. ’ . arithmeti%‘;nod 82 (1) For what modulus does 5 - 9 = 107
— . (1) Does (6-2)=(3-9) in . S 4 ’ '
tr . arithmetic mod 107 5.




5.

6.

(e} Fill in the chart with names of natural nu&bers,liss than 110.

-

Maber [ 1 2 9§ . BRI
{Square Roqis .
.of the 1 2 3
Number . ". . . £ )
. s ;
. 2.“) v

Jn

L Py : L v
f IV-20- . .
PR t = | - ’ . ! \ ™
J J 2 . — & ) '\ S ) "f\ T ‘
- Study this medulqsw' ithmetic table: | :
R0 1 2 3 4 5
0j-0t ¢ 0 0 0 O g
2) 0O & 4 0 24
3y 3 0 3 p 3
] 0 4 2 0 4 2
50 5 4 3271 i
| ~ ' | | . R
(a) What is 5x 5 mod 67 In this pfoduct the factors ‘were the. sane.
When a Qroduct has two identlcal factors we call one of them
- the square root of the prodﬂct. 5 is the square roqt of 1l in
arithmetic mod 6. Are any other examples like this listed in
the table? y |
(b) Does 1 have-anyfaquare roots other ﬁhan 59~
(¢) Does every number have two different square roots?
- (d) Does any numbe} have just one square root?
(e) Does any number have no square roots at all? ~
. - '
(£) Fill in this chart: =, ' ‘
Number | Square Roots of the Number .
0. ) : : : ’
A 1 —— - ~ A
. 2 . - : - ‘
3 i " M
4 i
'y .
—2 L - = t
Consider the system of patural numbers. ~ 5.
(a) Can'you find a number that has a square root? What is it?’
3 B
(b) Does more than one number have a square root?
. A
(c) Does ever} number have a squarg root? Prove'it. o 4
(“ . 4
i .
(d) Does any-natural number have more than one square root” ‘ '?

N o
. -“"\



