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';systems.. YOu began with the counting numbers, snd probably knew aL

"UNIT 5 |
. RV, . _‘t

o

. - ) .. .- . ‘ ‘ . . -
~ . “ 3

In your study of . mathematics you hd%e used severel number ' k

L34

good deal about these numbers before younentered the first grade i&

"sohool. These numbers are so familiar thet it 1s eesy to overlook‘

‘some of the. ways 1n which the system of counting numbers differs

from other systems. Consider the tgllowing questions jg{
K

(e) Think of a pertieular counting nunber. What 184 the next

Jsmaller counting number?. the next lerger? If n represents a

counting number, whet nepresents the next smaller eounting number°

4 : ‘/ S _ . k« o
the next larger? | - A PR f

(b) ' Is thére a counting number which cannot be used as. a

'replacement for n in your enswer to question (a)? \Why? ."‘Q

(c) 1Is therezacmmllest counting number? a lergest9 Iﬂ 80,

K \ ‘n

vl

\ - L i
(d) Under whst operations is the set of eounting numbers

‘“whet are they? S B T - S

'oloxseéci‘7 not qlosed* Give 1-lustretions.

(e) “What two operatiords are defined for the eounting numhex'sq

.'Whgt two operations are defined as‘;nverses of the first two‘2 ~fl

[

(£) _How many counting numbers, are there between 8 and 117

betweer 3002 ahd 40027 between 168 and 1692 Between any two

- counting numbers is there elweys another oounting number?

2

This year you have studied a new sef of numbers the integers.
The’ éet of integers oonteins the set of eounting numbers (ealleﬁ

positive integers). The negative 1ntegers may be defined in this | |
4
rwsy. If a is a counting number, then (—e) is a number such that °

!

1
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a.+ (-a),=.o.. What integer 1s oeither-poeyxive nor negative?c
\7 L - l} L 5;1.“‘Ra'tiona1-ﬁzmbe1ns IR |
‘:‘ . The set of* 1ntegers is contained in another eet of numbers o
whidﬁ you have—studied the ‘rational. nﬁmbere. %e you know, the set

of 1nteg§}e is adequate for many purposee, such as reporting the

population of a country,;the number of dollars you.have Lor,owe);

the number of vertioes in a triangle, and so on.. The 1ntegers alone o

- are not. suitable for other purposes, particularly for use in’ the .
| '- | proce%sy of measua{;-ement If we had only the integers to ‘use for
T measuring we would ‘have to invent names for subdivﬂeions of units,

 We o ‘this to some extent, we speak either of 5 feeo 4 1nohes, or

4;15‘§§§et But we do nof uee a’ different name for a eubdivision*of

an 1no§. Instead, we us Tational numbers, and ‘speak of 7‘% inches,

, .or 5 3 1nohes. If we had only the 1ntegere, we could never speak‘/ )

Eof 3‘§ quarts, or 2 3 miles, or. 0 001 1noh ‘4 | |

‘Recall that a rational number may be defined as one whioh is
the.quotient of axwhole number and a oounting number.d Thus,
rational number may be named by the fraotion symbol g s where p end

a are integers, and q # . | -

” ) Just as there is a negative integer whith oorreeponde to ‘each
“positiVe 1nteger (or counting number), there.is'a negative rational
.'number-which oorresponde to each positive rational'number.

You have already etudied the propertles of rational numbere,
whioh may be' summarized as follows
Q

";:,f Closure' If a ‘and”’ b are rational numbers, then-a + b is,

rational number, a b is a rational number, a .- b is a rational

a -
eueoer, and 5 is a raQEonal Lnumoer if b 5-‘ 0.

. ‘ ,
Jd . . 7
. 4 -
. . .
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. CcmmutatiVity If a and b are rational numBers, then

4

i a + b =D + a, aqg e\- b = b . a.

o

;-'. . Rssociativity If a, by and ¢ are rationa& numbers, then -

. a’ m (b + e) = (a + b)\+ c, and ae (b ce) = (a . b) "c.

r s o -1,

% Identities If é is a r&tional number, then a + o = a, and

L}

vt asl=a.

Distributivity* If\a, b, and ¢ are ratienal numpers, then

*(b+ec)=a.b+a,ec. T
e
Additive inveise I¥ a 1s a. ratiénal.number,»then there is- _
a number (—a) such tpat a + Qaa) = O . :}i';' ‘*‘ . & o ifc’

. «

- Multiplicative inverse: If .a is a rational number and a # o,
then there is a number b such that'a « b =1, \Z

_ Order:- If a and b are dirferent rational numbers, then
either.a > b, or a < bk%, : j';" S,

~n

Class Discussion Exereises 5«

| i; Answer questions (a) to (d)," replacing “counting number"

by negative integer . ;~ . } i.i' : SN _
2. What set of integers has exactly the same preperties as
the. set of counting numbers? .

: 3<._ Express the follcwing numbers in the form +; 9

WsE AN 2 @ (8-7) (@ (1ed) @ 2 w0 o

(3)32_‘(’;) AT (i).:g | (.15 (6+?—5).

o4, Recall that the same rational number may be named in vari-
ous ways. Find a different name (whieh is alsc a franticn) for each

of the rational numbers in problem 3. .
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.

j5. whieh of the rational numbers in Problem 3 _are 1ntegersq'

. \P

positive 1ntegers? | | f‘.'_-f" .

‘6, How can. you tell whether two fractiens represen the eame':
ratianal numfer°- State two aifferent waye. L

7. Recall that the- simplest name for a ratiogal number Risg
the one in which p end q ~have ne common faeﬁor except Lo that'§~

] ie the simplest name fer each of the ratienal numbens 1n problem 3°
o ;
SR '8; If E.is the eimplest name‘fer e rational number which 1s

.."

also an integer, what must a be?’ .

’
9. For each of the'numbers in problem 3 tell of what two -
1ntegers the rational number is the quotient. State. your enswerv‘
using the d1v1810n sign " 4‘“{‘.ph
10;‘ ‘Is there more than &ne set of correct answers for problem 9?
11. Look at eech statement below and tell Vhich of the proper—

t s it 1llustrates. S - .

I

e' 5 3: - %.L+ 2 = %. and é 1s a rational numbe#.
{b'.' | g +0 = g
<. l*?‘(- %) =,-.%‘.' | | ‘;3
] de ( —fﬁ}?il'-'gi = +‘i%g, aﬁé f-%%Jie“a;raéfonaé number, 7

i
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~ o -12. Which of the properties S ted for the rational numbers
.:%: f_-'d°es not hold for the set of 1ntegersq Illustrate escnhprgperty
Cwhich Qoes holdis - o Nl |

RN _ _
- 13. Which of the properties do not hold for the positive inte—' ot
, .'gers?- Illustrate each property which holds. ' .
S L - :
: . T lk. Glve an illustration for‘each of the properties stated for

“the rational numbers Use some positive and some, negative numbers

in yonr illustrations.

- ’
. /

15. What is the additive inverse of = T2 Wat 1s its mnltipli~

'cative'inverse? tht is another name’ for “muktiplioative 1nverse"9

5-' Density of Rational Numbers. : ;.A «
One of the observations you have made about the intesers is -

that every integer 1s preceded by a particular integer, and is

-

P followed by a particular 1nteger. The integer which preoedes'—S is

-

-9, and the integer which follows 1005 is 1006, In other words;?if
. n ‘15 an integer, then its predecessor is (n - l), ane tts successor
s (n + 1) . ‘ N S

This means that on the’ number 1ine there are wide gaps between

the points which correspond to the integers.

L is i i 1 : 1 1 1 ' "

' -3’ =2 I 0 - 2 3 4
. Now consider the rational numbers, and the points oh th! nuMbef
L Y ‘ .

line to which they correspond : Suéh points are called rational

points. On the numiber line below are show the- rational points

- ?

which may oe represented by the fractiops with denominators 2, 3,

. Y
\l&, and. 6, S, Y L :
ST e Doy Loty 3ogbsban §aip g i e e oty Lote boane 4t 4 4
o -3 -2 - 0 1 2. "3 .8
B S Figure 5-2 4
? ¢ T Y . e \‘
& : . !.
- ;—"““—#




ﬁlék' o i' o B o -

Exercisegxﬁ-aa ‘
1. In figure 5-2, find the points which correspond to these

. | ‘@ - -
< B bers. i 6 ’ "l‘ -3, ':'2- -13 0, 1, 2, 3, ..
%m -5‘%""'?- ?"_?—fe’z.e.-e

-\‘2. ‘Find the pointe that correspond,to théée numbersg , :
\ & ' R o . B
T Ty =6, =5, b, 3, -2, =1, 0,1, 2, 3..e. .
- € & 5 & & 8.8 5 8 5 %

*

) ——r \a

7 3. Were any of the points in problems 1 and 2 the same point?
v / ) N C . . 2

If 80, which ones° ' - | - | _ o

. ' - L ' 3

ke Suppose there are already located points for the rational N\~

numbers repreaented by fractions With denominators 2, 3, 4, 5, and ke

‘-6;' You then locate points represented by fractions with.denomina
tor 7. How mahy new points (not already located) for sevenths will

; there be between the points or the integers 1 and 2? Between.the'

poﬁnts for 3 and 4? o - O | ?" .

Vo ~N - -

,.5._ Suppose that then y u locete points for fractions with

. .denominetor 8. How many neW*Qpints will there be betwoen the points -
for any two consecutive 1ntegers° | | ' |

6. Consider all ratfonam points between ) &nd 1 whioh are

named by fraoﬁions with denominators 1 to- 8 inclusive : These points e

are named below, The first row shows the fractions with denominator ~
- \c.\ .
1, the second row the fractions with denominator a, "the ﬁhtrd rowW -
— T
fractions (for new points) with dehominator 3, ‘and so” on.

v -
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h “ E * .—-«“Jq; .‘_‘ ..‘*‘
SR ' L 1585
) .0 , : = ] Y
t I - \\ S -1 : .
N . - ‘Y - - . : . e
o L - A S “d a
fn‘- . - t ‘ . ? .. .
S s 1 L 2
T .3 . K} s . i
o l i C . 3
. S N | T
. 5 7. .5 5 . 5 T
N R 2 3 u- | ; 6
R TR S | 5 - E
(a) Why is 3 amitted from the oV for thirds° : R -
- (v) Why is % amitted from the ‘row for fourths? B ,' -
. (c) Why are there more new points named in the réw for fifths .

5; . 'and in the row fcr sevenths than 1n the row for éixths?'
7.{ Tﬁe r&tional numbers named ;n problem.é are. ccmbined in” ;_{.f:

nefgow below, and listed 1n order from smallest to largest.‘  B ;‘

7,001.1 1°'1°1°2.1 3 2 3 & ;{5' 6'&\1
TETE 55738 527 27 L Iov
Explain’why the first six” fractiens should be in the order shown,,'

‘the 1ast s;x fraetions.‘ ~ " ,“ . - | -:j .

- 8. The row of fractions (&nd the set of rational points’the .
fractinns name) could be increased. by inserting next the fractions‘  ¥-_
with denom}nator 9, ‘chen the fractions with denominator‘ 10, arﬂ 80 ~

'on: "How many new points would be named by fractiqns with denamina T
,- ‘~qter ?? With denominator 107 With, denominator 1;>z o

. ) ([0 ,‘
L 9. ' WBat kind of number as, denaminagnrgaf;ms ;0 n&me the |
: ¥
,lsrgest.number of points not lready named? Why? . N
. ) . . " . N -
> ~
Co . o “ & .
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points.' Censiéer éeints fer the fractions

» “ . . . L - ' . :
= - Y . . .o : e . . - . L
- A L

We may fqllow a- different metnod for nsming end 1ocating new

1 and 7 ue assume . thet

.. a point halfway between thene pdints should cnrrespond to the ration-
o al number halfway between é and 1 thst 1s, tb their everage. Ish

¥

- ;hié assumption ressonsble° VEr tne ﬂollowing computation

e

L

. . S | R IR
1+7 e T
N T -8 N 5> v .15 15 . The average of 1 and 3 1s.
s 576*-‘5'6 5.7 * % A S
. 15 g 3 R .Q;:‘ R :
112 = | B | , §
L Are the’ dif:rerences of II’SE' %'and'é the same? That 15, 1s
the stetement TIg - e true ststement°" .
_ A o
CR ¢ " : . . . P
"] - 15 - - ‘1,-1 .-" o o
7 m - . '_. ng N g _ . Sy - - r. ','
. LIEEN 16 . -' ’ “1 ' | : ‘ | .‘ ) | T
',;alfiﬁ‘ IIE "T? II?' ITE' |
'I‘hus the point corrtespondins to ﬂi'g' would be thi same distances.‘-
from the points for % and 3¢ In other words, it would be th,e m:l.d-
point of the segment with end-points é and- % . g . " o

-; row of frscﬁions 1n problem 7 of - Exercises 5-2a,

i'

\Q_Becween - snd

s 7 8’ ‘ ] :
. . L 9

Ew finding mid—points in this manner it is possible to name a

point midwey between each pair of censecutive ‘points named 1n the

".'10 The ‘names for. some new points found ‘in this way are shown .

below, written below and between the fractions used for finding them.

Find

fractlonfnsmes the point midway between ahd ? -Ebtween g and 2
7' &' ‘

-

nsmes for some more new points in the msnner deseribed. wnat
2 35 -
?
o RO

¢’ TS

~

{



2-_
_?g

g’

3
5.
49

=3jr
wir

3 3
53

I you found all the new points in’ this row’ that could'be

33._5
72_/7

-

,_‘; S t P
| found in this way, how many would you find? You would then ‘have §

. new row of fraotions, whioh*would begin as follows-" ‘_' o - jJ:‘_
21 1 .35 113

.8 T2 T W cte:
R ‘1ﬁﬁefini€e1y. ch could find points between

)‘1,;
-‘ 'm

N e

o f*“-g' ,This*procese-oould_be_oontinoeﬁﬂf'

s

n 315 nd ] on. ) L o
8- d’lla, a S ‘ ¢ : | .
The discuesion above_suggésts an important property of the -

rational points,on the-number line.

and 8’- between é

This is the property of densitx’f

E Between any twotdlstinet rationals there is a thirﬁ rationel. This

meens thet the number of rational points on any segment is unlimited,.
“ , L
no matter how manv innts on a very small segment have been n@med,

L .

B 5 1t is poBeible to name as many more ds you pleese.’-_ . Li' e .5 E
[N _ S ‘ - « « . . ) o \ “ ) . - -
& . . ‘?

Exeroises4§-2b L J

-

- 1. Are the intesers dense? Thet/is,

integer between any two. integers?

. A
2. Is there a smallest poeitive 1nteger°
;3.

) '4.

Is there 8, smellest negative integer9

Is there a smallest positive rational

: nesetive rationel «number? L .

’.5./ Think of the pointe tor O end 155

f NEme the rationel point whioh is halfway between O and
the peiht heifﬁay between the point you named. and 0

there elways e‘third

Illustrate your angwer,

a largest?
a 1argest° , ,-'

number? a 1argest .
-

.. :
© ‘

-

on the number line.
v 3
T0O"

',[n

Name'
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. 6.‘ Ceuld you centinue to find other ratienal points in the |
ol L : . O -
o m&nner described in problem 57 ‘_ ‘ L (? *»

B 75_ Think of the segmenﬁ with end-points IﬁﬁU and jxg§;7
"JShuw a planpyou could follow to name as many pdints as you. please.

on ‘this segment. Use your plan to name at least five. peinﬂs.a'fiwwi
. | | r ,A ‘ . ..,M” g ' _.f‘ *\\‘ékfﬂé&}h\ m' £“ “" e
S B3y ﬂibratianéi Numbers'- . %i

You know ﬁhtt in mathematics a: line is ﬁhogght of a% a set of
ipoints. On the number line, many eveﬂly'spaeed poibtﬁ correépond
to the positive and negative integers. These points determine g’
3set of line segmenbg whose endapoints correspoﬂ&‘te the integers.
1 Qn any one ofathese line segments, such és the’ segment with end-
.points 3 and 4, it is g9§§23xg to name as many rationalffoints as °

BEE b &

yeu please. N K o Y
ﬁwen though the rational points areqdense, are there still
_' other points cn the ﬁumber line which can not-be n&med by ratienal
| numbers°' . L ﬁ./ Lo '
Here is a‘way to find sueh a point geometrically._’ _
a. Draw.a line_. [ and on it lay out a number line~ Call the
| ﬁaint o pcint A, and~the‘point 1 pcint Bstf - " ,
'}- ‘f_ E;i.kt B, construct a ray 'm- perpendicular to ." ‘i_‘ |
| e, On m 1ay off a line segment BC, one unit long. , | o
d. Draw segment AC. ERNE .
Ae. 'with A as center and radius AG, draw a cireulgi arc which

intersects l Call t:he point of intersection point D.




7

- %

,and a are 1ntegers and qQ {’0?

Now eonsider two questioqs*"w;:_ _ _

(1) Te what number {ir anyf doesfpoint D ccrrespond?

(2) Is this numben a rational number? L k‘ - L
- Coq§ider the firse question !'To whgt number does point D corre-  ;

R spand°“. First find ﬁhe length of AC, singe ¢ and AD have. the same
'length We shall use as unit of measure thé unit\distnnce Q‘ the
" nﬁmber lineﬁ In Figure 5-3, what kind of triangle 1s triangle ABC?\

What 13 the messure of AB? ot Be? tht property can be used to

| rind'the measure of AC?. Expl&ih the fqlloning statements. c

Ac? m BC2- 4 AB2
”'.A(‘}.sla + 12 ..

t -

-

S . e~ e
. - /' 2. ’ SR ' S f~—
| ) Ac ‘ /2 2; 8o o o ’ ; ' : '. r 5 ' SRR
. - ' .
S . -Q/z. Therefore, the point D eorresponds to the E

number 2; Isﬂf_ & ratiqpal numher? Is it the quotient of two |
1ntegers, and can 1t be represented as' a fraetion P 1n which p

-~

| To ansgwer this question, we shall foilow a line of reasoning

-wh1eh mnthematieians {ang other peeple) use very often. JWe
’-shall aasume that v/— ds a rational number, and then show th&t this
":‘Ieads us to a eonclusion uhich eould not possibly be true, and that,

'thererore, the statemeﬁt “~/~ is a rationa;,nnmber“ must certainly

-~
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B U O
‘ be felse. _ ' . .. D I
.o . . o .-
Béfore we begin we need to recall eertairr prepert:lee of numberg,
A . . . 6“-
. ‘and of‘equeres and square roots of numbers.‘ = '~f AR

1. If a 1s an 1nteger,then a® 1s an integer.

| ﬁ2§ If e = b2 then b &s the square root ef e (writtenvf“) ’
.Aial‘ An even number is en integer which hae ‘the factor 2. Any
E ;7 ‘.' even nuMber may be written 1n the form 2~n, where n 1s an ﬂ'
| integer. o e o ;.""f“"i';‘ﬁ“., ' ._}“;'-': |

ﬁ. An odd number is a number which 1s 1 sreeter than en even

B number. Any odd number may be written in the form (2 n 1),

L

where n 1s an 1nteger.

B, The square. pf an even number Le an even number.v The square “

, ‘ﬁ'  ‘.' of an edd number is an odd number._- 1

| | 6, If the square root.ei an even number is an integer, then 1t

,qr'~ )'_L is eepeven 1ntegerf' (If 1t were not. even 1t would be Odd,
'/4 | and then its squdre would be "odd. )

‘,Z. The simpleét name for a rationel number is a fraction g 4n
.which P and q are- 1ntegers, q #.0, end p\and q heve ne -

eemmen ‘factors exeept 1.

Finé’illuetretiene for theee properties, eo you ere sure thet

-

*  you.understand. them, IR I o B 2
JP'IS Not a Rﬁbionel Number*'i_ ,f._{ | ' ,
Is Q/?-'e ratienel number? Assume that. ~/_ ie a rationel nﬁggghe
&hen ~/~ = 2, where p ‘and q are 1ntegers, q # 0, and take E as.

ce— -

,‘( the eimpleet name for the number. - .rtl ~
| 02 B ]
If \/— = E then 2 = -2 - R ' . PN N :
. q s ‘ . ° ‘-"'-\. Q

__and.p2 - a'qa. ‘Sinee p énd‘q'ere'1ntegere;;eﬁen'p3 and g2 are .

« 3
.

. .
‘s N ! “ . : . N . . ‘\'(:, »“.:'-
o s . ’ . s . - Lo i

, . ‘ SN
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f“, 1ntegers._ ‘ | 'f“. : Ca
oy Stnce P2 -2 a2, th&n pe 1s an even number. PR
. so p 'ds also an even number, end may be writnen as 2‘&?.wheré i

A ¢ . : : -

‘a. is an 1nteger._ o f'. S o . Co J
‘j, Then (2.3) B 2.q2 I -
‘. aAd 2ea-2.a = 2% ) L )
o '="°end 2« 2*&2 = 2.q2 o N SN
T { ) S * B a ., > )
f*"'" and 2. a = q e This tells us thst q2 is an: even number, 50 g

A, “ 1 elsq an even number. Ang we' have_already shown that p is an
fi;r., even number. ] o N | R I

SR ‘Ihus our essumption that J 2 is a rational num‘oer with g 1ts
| simplest namé has led us to the conolusion that p and- q both have

, - . the faotor 2. This 1s impossible, since the simplest name for a

:-retionel number 1s the one in whieh o] sné q have no oommon factor
N .

, other then 1, So the statement " N/_'is a retionsl number" must be

M{ false.". | | _ )

. ‘ Explain which property Justifies eeoh statement 1n this proof
. Since the measure of segment AD in Figure 5-3 is V2, then 2
| must be the number ‘which corresponds to point D. It has been shown

» »
thst ~/—'is not/e retionsl number.. Thérefore, there is at least
{

this one point on . the number 11ne whieh corresponds to some number

.. which 18 not a rational number. In other words, even though the

. rational points are dense, the set of points on: the number line con-

taing morewnpints*than there ere retionel numbers. 3 N
“}ﬂ‘. y e‘number like 2, whioh is not a rational number, is eelleo an \

1rrations1 numben. Do you seé the word’ "ratio" An the word’"retion-

'¢el"? The prefix ™r" enanses the meening of "rstionel“ to not
| rstional. ; - B A AN

Loy TP
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o Exercises §§3 | 5
1 Construct & figure like figure 5-3, and label paint D /3",

Then use your compﬁps to lbeate the point whﬂéh eerresponﬁs tc the
'J_'number ¢ «~/_), and l&bel 16, . . _*<..-- -

-

Lay out 8. number line, using a unit of the same length as
"; the unit 1n pnoblem L. Call the- point 0 point A, and the paint e
.fpoint E. At E. canstruct a 1line segment perpendfcular to the numbér
.line &hd l unit 1n 1ength, and call 1t EF._ Draw AF What Ais the

t

- measure of segment AF° e - | ” ,
3. ' Use the drawing for problem 2, and locate on the!number line
| the points whichxcorrespond to: ~/§-and «aHJEi. Iabel the points. ,;
T 'fﬁ. Do youﬁthink~/_'1s a rational number or an 1rrational number° “
‘gvthe:‘

_Nﬁi?,{‘.

%5, Using the same method-d% in proglems 2 and 3, 1o

. point: ~/‘.- Can you werk out a way to locate the point f/,'
| '-,6; Lecate the. points whieh carreapond to these number :

v /2); (3 V)5 ( -3-v3)- | L
- T. ‘Do, you think that {2 «/ﬁ} is a rational number or an 1rra~

| tional number? ‘ . ' ‘ . |
a8, BRAINBUSTER - Prove that«/_'is an 1rrationa1 number. S

- Enumerating_the Ratienals. L o T -

dn the preceding section 1t was ﬂroved that«/-'is not a rationa;
bumber. Moreover, 1% appears that there are many other numbers, "
| such as \(_ ﬁ/_; and also T which are not gationals.’ If you
. think about the r&tionale and the irnation&ls~a bit og see that
. there are many more“ irrationals thgn rationals. For example,,"
| ,every number of tpelform 5 %/F;-wheq £ is rational, will be an irra-

f

¢t - . . . ¥
-~ SN t 3

* ¢ . . ! ' - - . o
L e N .
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. is to proceed as rollows. Write the aﬁray

. .
r

tion&l. Hence the set{ ~/‘} can be put into 1- 1 correspondenoe
with the set of rationals{é} Y%t the set fa of-} is obviously

only a. very small part of the 1rrationals'

Indeed,. we have suffered a great disillusionment - the‘&ational

,"numbero, despite being'dense on the number line, actually leavo
. empty more positions than the fill! An even worse shook to our
o 1ntu1t1on, perhaps, is to find that we oan'so easily oonstruot a :f

11ne segment whose length 1s not given by a rational number.t

&

rational number syatem and &he system of irrationals 1s that you '

B

W In fact, one of the really 1mportont distinctions between ene o

. chn show how to display or- enumerate all the rationals. Qne scnemé"

o

»

.1 2 3. zf 5 | 6 7 - . . -;r/!
1 2.3 b5 6 71 -
2 2.2 %7 fg 'E-‘j;- e : L
) S, o N . N J" %
‘3- .3-3. ?'*g 3.? . ] l.
.1 2°3 4 ° 6 7 N
. E E‘“ Il: E % E v .E('- .o . . - e ‘,~
1 2“ 3 4 5 6 7 : : :
55 55 % 35 5, ., |
B“ L 3 ) ] ‘." L ] ". [ ] [ ] h
e e I * . e ¢ . I . -

b

. -
e ' o L e , e . O o ° ‘e

Clearly ye. can £ind the positive rational g in the 4th oolumn

e

at the fifth row. In what row and what column ‘would you 1ook for

éhe ra.tional 99 For 8 7 Fora?‘
o 6 17 q

.~

»
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'-Vean eesily,be added. ' ”"-,ff, _ :“f".‘ L Q'

o 1mmediate1y that

'3 ‘ ' -

: In'order to enumerate the poeitive rgtionals in a systematic
faehien we ceuld proceed as indieated by gge snaky line, atarting
with 1 and preeeeding succeegively down through the array. ihe ‘

: negetive ratronals cen be deecribed hyuasimiier errey, and zero

. . . ) - . . .' Y A."‘,,‘ . -. | -. . . - .‘V ‘
§-l} Decimel Representatien for J2 -
Numbers like n'and ~/'E_‘cerrespond to points on the number line,

'-they Speeify 1engths ef 11ne eegments and - they eetisfy oir natural

"which when squared yields 2,. 80 thet

notion of what & number 1e. Perhaps the most unusual aspect about

V2 1s the way 1t was defined. n= ~/_-ie the pesitive number

2“20

,This differe frpm our previous WAy of defining numhere, since up

:to now weahave dealt- mainly with integere and numbers defined as

natios of 1ntegere. »
In order to help us sain a better understanding of \/E'we ehall

j look for & new way. of deecribins‘dr-in terms of mere familiar notions.'

If, for example, we could somehow expreesewfpies a deeimel this

. would nelp us to cempare it to the ratienel numbers we kncw: It ’

would aleo tell us where to place it on ﬁﬁe number line.
Let us think about the definition of the number n =2, namely |
n2 = 2 or ( ~/§)2 - 2. If we think of squaring 1 and 2 we note

¢

2 (3/5)2 cal and hence 1 < v/§ <2

| Thie telle us thet Q/_'is greeter than 1 and lese then 2, but we

\ _elready kpew ﬁhat. We might try a closer apprexﬂmation by testing .
" the squeres of 1.1, 1. a, 1.3, 1§, 1.5. & little erithmetic of |

.
'

n21 

s

el gt T e T T T e e e T T ' 2
. - ' to . ) [ T X . R L} A o S L
- . : . . . : . [ . . ¢ e - e
. ‘ ok | B T -
P . .. . 3 ‘ - - - : . . 1. . . s . PR - ) . s -
. - . - . N ‘ . . -. . . . . . R ) .
164 - - - : SR » 5-4 S
. . N . ] ) X .. . 3 - ) . . N . .
e "

¥ s
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cf this cort ftry it, 1t 1s good feﬁf§;;t soul') leads us

- .t

remﬂt Q% e AP . <<f
o Q . - 1 96 = (1 h)z < (\/“)2 < (1 5)2 ; 2 25;\ and ther Gre we
| - conclude that 1 !g < f" < 1 5 - - (\ -

. The arithmetic involves a 11tt1e more work at the h“xt stage . f
. but we see with 2 l1ttle mone computetion that '. t
- o, 9881 = (1 v,1)2 % (ofﬁ)a < (1. 42)2 = e 0164
| | .‘ - and’ therefore | |
e - Com < N/"‘ < Lk f.
S kIf we try to extend the process furﬂﬁer we . getf&t the next stage ;

[

_ | ) 1l+1u.< J_<1zu,5. h

: You ca ee‘that this process can be continued as long ‘a8 our .
.

enthusiasm lastc, and_gives a better decimal approximation at every |

-4

L stage,' If we continued to 7 pl&ce decimils -we would find | B

| l &1&2135 < ~7_-< 1. 41u2136 This is a very good approximation _
0. JZ, for (1. a142136)2 = 2.00000010642u96 | ;'ﬂ"(r - ~';5j?
| Ew the use of the defining'property, n2 = 2, then, we can find .-ﬁ‘

- decimal epproxic;tione for ~/§_ which are as accurate as we wish,

' We are led to wr;te,‘ ..A ,- -

' C e ﬁ-l&142135 ..‘ | | -} . PR ‘

where tho three dots 1ndicate that the digits continue without ter--

minating, as the process above suggests. ' |
'. Geometrically the prooedure we' have followed can he described

as follows ‘in the number 11ne. Looking first at the 1ntegers of

the numher Iine on the segment from O to 10, we saw thet ~f§jwould

be Between 1 and 2 . I g




1166' ‘.. ' l" "ﬁf i (‘ H ‘ . l L - | ek L - ‘ . | 5’“ -
. . v' . . ~° l 2. 3 ) 4 R s ﬁ_.s . 7 ‘ . 9 . n .- . . ‘e 7

| _I‘kzlarging our view ci‘ this :mtériar (by a te%fold masnification) |
we saw that f 2 is on the se@nent with end-pcints 1.4 and 1, 5 )

-

e R o . Ja‘

RN S R Al SR N | RS T
e . QM s v ... eo

'_ “and é.’sg}n .'magn_iﬂy‘ing this ,p:!.ckture,..'«/ 2 lies within tﬂe ;{iterio:? -
(1.81, 1.52) | I . .
N l Jf A 1 L l. S SR N W

140 141 L4 - L48 147 i lso S B

. ‘&

- aﬁd so on t.‘..ll the Btfx stage shows us that f li’e‘s 'between |
-1, ulnalss and 1. uiuelss o

T R M '1‘/‘2- RS SN S e
345‘2530 - ' L4142138 . o . 3“423‘0 . ; : o

‘-Thi\a p,;rocess shows us heu\tci read. off the successive digits 1n the

decimal representation for fé.? At the sa'e time 1t gives ) k”t’ay to

| der:ane the pcsition of the po:l.nt irrfﬁe\geal 11ne. ‘ . |
When we. write the number -\/2— as. 3. 1&1&2}.35 ..; it lookei suspi-

&

. gcioualy like many rational numbers we have seen, s&h as\ .

S § - 13333333 .. _%:- .1328571& er 5
we pause te ask, how(a-re they different and how can we tell a
rational frcxn an 1rr&tional number when we see only the decimal

;'representationq of the numhers? ’

Ebcereises S5-4

, Between what two .'m'cegers ax‘e the following irmtional numhers?
o ‘v'.(Wri’ﬁe :\rour answer a.s suggested ‘for problem 1. ) | o g
SRR ~/—— 2 <V 2 ] B L

Vo

| 23 |




l_- | ‘. . ) | ‘ - - -" {—'

L
-

t, «/uaao (Hint 4280 1s 42 80 1@2, §0 begrh estIm&ting by think-

-

X

(v) (1 732)2

Le) (1. 733)2 ' - | |
- (a) Pind the difference between your answers for parts (a)- and
' | | (b), find the dii‘ference between your a.nswers for pa,rts
‘> (a) ana {c). | o o ‘, |
. (e) To ‘the nearest thauSandth what is the best decimal expresav."
) whieh of the dec " ,1s suggesi:ed is the better.appreximetien of
 the following. irrational numbers? e
C T «/é-'-:' 17'.'.’3_,01' 1.7 _,
‘8-."."‘ J15: 3.87 or 3 88
9." VE&37: 25.2 orf25.3
Find, to the n arest

these ‘irrational umbers; /
VI 0 - "' 11, {/1u9

*1'3. For what number n2 is n = 107

1Yy, Far what number he.‘is n = l‘+9? |

5—5 Decimal 'Repres,entations for the Rational Numbers |
Some rationzl numbers are almost 1mmedietely ccnvert;ible ’cef :

ﬁeeima), form. . we now how ‘toywrite, by inepéction, |

1. - - 1 1 1 1 -_ | \
. 2 L .5, % m 5125) 8 "“ «125, S = .2, . = . Ok :
Y i - 2‘1 &
) /o



ot ;expansions fer rationals are either termineting (1ike 5 = .51‘0?

168- T ".' ‘ L ' B \ ' ‘ __'__A ‘.- Cow 5"5
S S 1
I§5. :.008, and‘slse - .= §/5,« ~/@ 22, zg =9, 375‘
*\Rstiensls of this form csn easily be expressed as terminating R
deeimsls... B ,"-'; L. ' ' o

.+ For other retional numbers; a decimal expression may not de so-

P ‘ '
obvious but we can slways obﬁsin it by the ususl process of divisien.

. For example | 3. ) B o .
5 e e, § :e 6666666....,
D A 1%28571%285711;2357 B
ie;‘\;075§?30769é3o7§923cﬂ;.. ‘j:‘ x

.
~ ‘ Y e P4
-t . . -

8;78571428571u2....

n
%w

The examples we heve discussed seem to suggest that the decimal
1
‘“non-terminating-but repeating (like i 3 = .3333333 vee).. What wouid
‘be a. reassnable way to 1nvestigate such a question? Since we have .
. . used the divisisn sf numerator by deneminator to sbteiﬂ e deeimal .
.representation we might studw earefully the proeess which we carry.
< out 1n sueh cases. A .
- ¥ Consider tne rational number 7/8 Ir we carry out the indicated-

L division in dec!mal form we write

6 4 .
60 . = remainder 6
o o856 ST .
' . Ko . remainder ¥
i o ,*0 . ) " L
=T ' remginder O
25 . Coe | .

»

.*.'

- 4
c.



e
A

. In dividing by 8 the only;remainders which can ocourn are 0, l) 2, ; |
3, & 5,,6 and 7, The on}& remaindere which did cecur were 6 at’ ;\\E

f(l,thie eection.

nating deeimal repreeentation° Suppoee we\%ook at. a particular .

l-certain ‘to oceur again. In. faht the procese repeets 1teelf.again .

169

S (
- the firet stage, theﬁ 4 and; finally 0. . *When the remainder 0 occurs,'

the division 1s: exact, the process terminates end the retienal num—

. ber has a ﬁerminating decimal expaﬁsien. Ybu”can easily,cheex this«f.e

fer the exampld! cf germinating deeimele given ht the beginning of -tf‘“.

‘Bat what about a rational number which doee,not have a temi- .
T

example oft. this kind, eay 2/13 4 The process of dividing.e by 13

*

-_;“praceedg like this: = ' = . _ fjp:‘u‘
o . .183846183 \ o *
o , remainder e S
v o _\Tﬁb‘ S5
N T
= . ‘ . __6'0 - L. 6 s ‘ ' | . ‘,
ST e 8o 8. , ~
78 )
~20 2 ’
. 13 .
¢ - o 7 ‘
? 152} :
[N ) { gg 5 o £ e <«
- ITo 11 N
- ete, A

‘ N : . s .
Here the possible remainders are 0, 1, 2, 3, ﬂ,‘ 0o 10, 11 12.
Naot all the remainders do appear, but 7, 5, 11, &, 3, 2 oceur first e
in this order, At the next stage in. the division the remainder 7

recccurs and the- sequence“of remainﬁens Ty 5, 11 6 8 2 is then - N

"and again withouﬁ stopping. The corresponding eequenee of digits

- T . i i

t

. ’ — . . . . ) . -
AT AR o on : ' ™
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Yo 1n}the qu;;;ent - 1538&6-- will therefore ocour periodieally 1n the
l\ﬂm.nan-terminating decimal expansion.ror 2/13. _ o
-, . { In order. to writg such a periodic deeimal coneisely and without
o ;mbiguity it 1s’ customary to write . | |
' .1538461538461538461 L., = 1‘538?6, S |
f  ( where the bar~(v1nculum) over the ﬁigit séquence 153846 inéieates |
| that this set of digits repeats indefinitely in ‘the egpansion.
,’Q7 'Eheamethod we have discussed is quite a general one and it ean
' Be aﬁplied to ‘any rationalmnumber a/v. If the indicated division f
13 pérformed then the cnly possible remainders which can occur are
0, 1, 2, 3, . 3y (b - 1) ‘We 1ook only at the stages which contr1~ e
bute to the digits following the deeimal point in the quotient. :
These stages oecur after we begin to add zeros to the dividend.-.lf,”
“ the remainder 0 occurs, the decimal expansion té&minazeﬂ at this (‘
\“f stage 1n the diviaion process and the rational number has a. termi-
.7 nating decimal ;;presentation. (the that a zero remainder may _" |
- woccur prior £0 this Stage withéut terminating the process, for {5&"_‘ 
example, in. 511/5 = 102 2.} If O does’ not-oeeur as a remainder '
T after the decimal point stage, then.after at most (b-l) steps in
the &ivision precess ofie of the passible remainers 1, 2, wee (b = 1)

. will reoccur and the dlglt sequenee will start repeating

| We see frcm this argument that a x fational number has & decimal
§Eg nsion which is either- terminating_or pﬁriodic and non~termi-

Ve L

‘nating. o f o R c | : ,
| ¢£  f,. Actually, we' may write a terminating decimal expansion like .25’

as .25000" ...ver 256 cees with - repeateﬁ zero- to provide a ’

.'.periqéiggexpangion. In faet we 5an also write .25 as periodic

- \‘l - ‘ ’. 'A ‘ .‘ “ . ‘ vl . .‘ 27‘ . . . ‘~ . t . _‘ . < |
SERICT -7 e e _ .



"'decimal in a ‘second way, namely
| “ 025 = 021‘99999 see = .249. TEY

i

N

‘.After making this simple asreement, whieh allows ué to consider a
:terminating decimal as. periedie, we can say quite eOneisely

, " Any P&tiﬁﬂal number'has.a gé;iodic non-terminat;ggldeeimal : -t
a gspresentation. | S fi- T ? r :
Exereise 5-5 L

| Find decimals for- ‘these ratianal ‘numbers. CQntinue the division ]
' until repeating begins, and write your apéwer to at least ten deci- . .

. mal plaees. o | 3 "_' A "_.-“' . F
L1 wgar jg. 3/7"‘ 3. 9/ ;/ul 5. 11/909
6. B/5% 128/125 8. 3/35 ;9( 1/82 0. 137

'_lx; (a) Hhich of the dectmals in problems 1-9 tenminates?
, (b) write ‘tn campletely factored farm the denaminators of the .'
| two rational numbers in problems 1-9 whose decimalp terma-?' |

. ,j'na ~'Wnat do’ you observe? i ¢ o

(a) Compare your decimals for problema (2) ana (8) |

. What do you observe? . Are the denaminators related in any way?*
“{p) campare yaur deeimale for problems (4) and (9) Are the 3
denominatars related in any way? ) -

R 536.‘ The.ﬂatlanal Number COrQEspending to a Pbriodie Decimal

Wb s.w how easy 1t 1s-t0 find by division the decimal expansian
or a given rational number. Ent suppcse‘ﬂff;ave ghe epposite situ-
ation, that ig, we are given a periodic decimal. Does such a deci- -
mal in faet represent a - rational nnmber? How ean we tind cut? —_—

| we ¢an see how to appraaeh this problem by considerins a simple
example._ Let us write a periodie deeimal..say .132132132?%2 see

v e e




fl?”eﬁ ! ;\ 5-6
‘ an& call 1’5 n, so that n = .132132132132 me‘ peribdie block
v of digits is 132,  If we multiply n’ by 1000 ‘this shifts the first
_'e,‘-b’loek to the 1eft of the deeima.l pomt and gives the relation
. ~ ) 2 i
1000:: - 132 132132132 e ‘

- -'¢“ o Since n = ,132132132 ...

L]

-

we qan suhtract n from each side of the flrst équation to yield

L

.7 s . 999 = 132 “so0 that e
R - o -"" .-é.%g: _or ;n éimp;eét terms, { VL
ooy, S B :
n.= 3’3‘3’ ' IR A .
L We find by this precess tha}: .132132132132 ees = 3'33' " e

~

i 'I‘he example we’ have carried out. here 111ustrates a generai }rée -
Nce&ure which mhthemticians ‘have’ dev’gloped to show t:hat verx | .

&er.’nodie non-terminating decimal represents 8 rational number. ,

\ We 8ee, therefore, that there is a one-ﬁo-one carres&ndence

-between the set of rational numbers {5} s b f ] and the sat of ;""' .' ‘;

’ periodic decimal expansions {E__LJ’_E‘.B ces Bl ® bl ba bmc]ca...cn}
where &}, ag. ooy Q}_lbg, ...ch__gg,*... age disits Q, 1, 2; eeop .
7.8, 9. . .. R
| It, would be quitze equ.tva..‘tent then for us to Me_ ‘c.he ratmri-‘-

l_ al numbers as the set of all auch periodic declmals.
'me faet thatndecimal representation for 8 raticnal mnst be
,'periodic tells us scme thing further about the decimal representa-«
tion we found earlier for tha irrational number /é' We can 'now be
sure’ th&t the daeimal representation for \/_ mst be é non-termi_
. natins,\non-periodic decimal, . :, DI ‘ ,-'

‘ ° . . . . ’ * - . ‘ .‘ / ‘
S C . . . o : : dg - [
. + ; B o . - . r ' ¢ ‘ ' .
. \ . o ] . . . L - - ' f
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";':.j"‘-S.-'G - e \ 73
whx? Fer it it were periodic or terminating it would be a ration-,

g al and this we know to be untrue. o

- _ |
Nhat rationals have terminatiag decimal expansions" Before we
leave/the subject of decimals we whnt to discuss one interesting

S fect about terminating decimals.

- -~

we saw that rationals like 2:" 0. 5"5 = 0, 2,53 = 1, 875

.

-

A‘]%g%b" .397, ,égg = 27«58 all are repre énted by tenminating
idecimals, Hew can we determine when this wizg be the ease? If we‘-
leok for inspiration at the rationals of this type which we" die-
cussed we see an obv:lous clue: the denominator seem to contain .

only powere of 10 or powers of Efer powere of 5. ' | o

(:engider any ratione.l number which has a power of 2 in the

denominator, like o .' : N

*

3 "‘“9 st 9 . 5 . 21375 |
R s 3o v 2.4
A Eg 2T "%éﬁﬁﬁl 'rﬁs%a 35
Sim&la.rly éf we have a rational with a power of 5 in.the eenomin-
~ator we can proceed as in the folleringigfample

a3 3.5 3 -32 96 o
_ - = 3 = e =T = = .OO 6.
3135 fgS.r 55 5 T10%_~ Tooooo 09

Quife generally, 1ﬂ~we have any rational number with only

/

pewers of 2 and powers of § in the deneminator, we can use the

o same technique. For example, S, S | 1
s égﬁiﬁ- (a701) 5724 - (3791)-57:2% _ (3791)-57:2%" - (3791) 5704
. o2ltrsn (2lesT) (sheaty . 10le10t ST ER T e ol
. . S . S ’- ¥ - <
..+ = a terminating decimal. - EEE , {

Y . . ‘ : X . o
~\) . *.. A} . v. . | %‘; . | “ ‘x‘ , | "/3/

} . ’ Af . | ) 2 , \ .
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In crﬁer to establish a genersl faet of thia kine aupposé we

ask éhe fnllowing question ('When is a rational nnmber n/h (P and

o q assumed to have no eomman facter) representable as N f where .

N is sn inteser? o . ,'”', T o 1Q ,
~ Suppose that this is indeed the case and that L
o f’. .E e LN1~. | |
i . !... R . J . _ IOE . K . 1:
Therpfone q . N - p-a- lﬁk R | ~

J(r ,5 _ This says that q éiviées the prnduct of ‘P fand 10k But
- k":“e agsumed that p and q, have no raetor in ccmmon.. Henee q.

. must® divide 1ok But the only possible factors of 10k - oKk

" ‘.

_are. wers’ of 2 or powers of 5 or powers of 10. | ‘ |
e Thus, we have proved that a rational number P has a termina
Vthng éecimal rapreaentation 1{ and only. ir the dennminator of r :

eansists only oﬁ powers of 2 and powers of 5. that is, r mnst be

. ‘of the form g S ;
: DY U ’
' ;T wEEn
B , g
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Exereises_ﬁgé

What rstionsl numbers hsve these deeimsl expressions. ;

,‘3{.,.055..§'5f' ‘;:_' PR S " .
. sf.”u.f].033;..." o o T

60 L1625
;?;;'QTe,r.iEB;.. | B |
. é; 'WPite the deneminster of these rstienal numbers in cempletely
S factored rerm., ) ' ', | ",f ﬂ
7 (a) 732 47/i00 15/1& 3/25 17/50 59.11/6 )
. | (b) which of ehe numbers in psrt (a) hsve decimals whieh termi-
;nateq N '_ | . o |
. 5-T. ‘Rational Points on the Number ﬂlne o -
| If we think of the rationsl numbers as specified.by ﬁeeimsl .
:representstiens, we see- immedietely how te locste and how to order
. the eorssspending peints/bn the number line. |
Consider for example the rational number 2. 395IE cese The
‘unit digit 2 tells us immedistely that the ecrrespcnding retional

‘point P 11es between the integers 2 and 3 on ﬁ%e number line.‘

LY

rcraphically then'the first rough picture is this. . ..
. P | c
\.&i 1 1 Vo A 1 1’1/4 L L
o L 2 374 5 & 8 9 ‘9 : .
| 9 . |

A more precise deseription 1s ebtsined b looking at %he first two

digits 2.3 whieh ‘tell us immédiately tHat|P lies between 2.3:and . -

2.4, on ‘the units interval from 2 to 3, then, divided inté tenths
) , ‘i . ‘ . ) ' . . | .: ‘ -. . .

32
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Fram guch a deci l representation for & rational then we

‘easily finﬁ how to 1oeate the number to any. deaired dejfae of accu~ :

“'racy on the number 1ine. ": . .

Moreover, given any “two distinct rationals in this form it is

' a simple matter to tell by inspection which is larger and which is .

,ismaller, and which precedes the othey en the number line.

If you think of locating the point % carefully on the number

?'line would yau pnefer to use 1 or .3333 ...° Ig ycu wish to eampare

O

P “_. . “ . . \ | SN -',.1-:
4 176 . _"a.' N . . E . ‘ . i ] : . ‘Z&“_ o i,‘.-- N -5—7
o ) ' . v Lot ¢
(and magnified ten times for easy comparison) we find P as 1isted
below. L S, e : i, o
: g ¢ I | S 1 e
‘ :2‘;0" | .l 2.3 2.4_2.5. R S
e If yé continue the procesa of successively refining the leca-
ﬁian of P on the number 1ine we have a nleture such as the  :~« ‘_'f‘;'
fcllowing | ‘fii
| : F. . . X . A ‘
U RN TR N ' SR N SN 1 - P~
2.0 PVl T R 3l
) e ) ) \\"‘\\ T
e | L o ~~._.P
i i i 4 i o i N T
2.30 2385 - -Azﬁo ‘
. T P :
bl { | i . i -} 1 t g
2.390 . | ,asss_“'“ i g 2.400 :
s WA V2 Y RN WM Y ORI TS S W
2.39 . 3965.- o x 2.3970
/ ~a_ ' "
/ X . e e \[\‘\ .
N VA A REUUS NN U221 NSy IR 41'* l‘--,;;) '
\ - 2.39610 - o Ha}.sssts- 7 gsssao
.Jf;"' ,‘.' o | . "

% with anether rational, which form is easier to use, - or .33333...” :
s : L. ' S h “
) < ,
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| | Exercisee;§-7 I ;
1. Arrenge eeeh group of ﬁecimale in the erder in whﬂLn the points

»

| ; to which they correspond weuld oecur en the number life. List firet
the peint farthest to the left. ';'ﬁ_ S
U (a) 1.379 1.493 1,385 '.-5.&68'._--'_ 1.372 ; o
(b) -9.426 -2.765 -2.761° -5.630 . -2.763, A
. (o) IBTS LSM6T  15463°-LASHTS .15%98 o
2, In preblem le, which. pointe lie on the’ following segments.
. (a) m e segment with endpoints 1 and 27 R
. | ‘(b) ane:seément with endppints Oand 1? .
 (c)- e segment with endpotnts .1 and .22 . |
' (d) ﬁne'segnent wltn’Enépoints:.lS and:'IS?“ .
{e) lfhe eegment with endpointe <154 and .1557 |
,:'Bg-éSuppoee you have a number line in whieh the distance- from the .
point O to the point 1 1s 10 centimeters leng. |
‘Draw a 10 centimeter segment, label the endpeints O‘end 1, end

v divide the segment 1nto tenths. Mark and label the fellowi?g
| -pointe. , o B - o |
(a) .23 () 49 (e} .80.' (@) 6 (e) .08 _.(::)- .95“

'S ’ : o ‘.“"’.' : ‘_

5-8 Definition of Irretional Numbers end pefinitien of Real ‘Numbers ,f'
| we have seen thet all retionel nembers ‘have periodic deeimal o
representations. We saw also thet N/_-is nogt ratiohal end that 1t

| ie represented by a non-periodic, non-termi ‘ting decima;. We
~ called ~/_-an 1rrationel number. t 'j - ; D )t f',
" We now use thig deeimel form to éefine the set of 1rretienel

- numbers. We define an irratienel number as any number with a non-'
o

terminating, nen-periedie deeimal pme%nmtim of the form

x-




: &1 82 cae &kc bl ba bs ces -‘

Thc—cystem ccmposed of all rational and 1rraticnal numberc we f;

call thc real numbcr _ystem.

From thiﬁ‘ﬁc see that aqx,rcal number can bc ch&racterized by

R dccimcl prccentaticn otfthc fcrm . | f', “
o + &1 8.2 8.3 \cco akc bl be ,ccn‘lv:.;t‘z‘- : S / / ‘

‘If the decimal __prescntaticn is periodic it derincs a rational numn

':c_=ber, cthcrwice the number ic an . 1rrational number,

‘ w1th everw pcint P on thc rcal numbcr linc we associate cne*
'and only one number of this- fcmm by & process of_gucccssivc lac&tion
'1n decimal intervals of decreasing lcngth. Note that any twc  ~ “.f‘: -

:”distinct points P and P will correspond to distinct decimcl repre- c‘;///{
‘ccntaticns, for 1f they occur ac\) .

o R NS
o § G
on- thc numher linc we need only subdivide the number linc hy a
‘;cufficicntly fine decimal cubdivisicn to ascurc that P, -and P2 lic

| »g'in sesments defined hy different cecipal 1nterVals..- |
Conversely, given any. decimal we have found hcm to lccate thc o
:_‘ ccrrespcnding pcint cf the real number line by considering succes- ‘
Fsive rational decimal apprcximations prcvided by the: numbcr.; -

Thus the real numbers pcssess a cnc-to-one correspcndence with

.‘th 1ntc of the real number line.

MW 5.9 Prcperties of the ﬂaal Numbern Syc%cm
| Thc real n@)ber'systcm which we—have Ecw defincé pessecscs all
'..cf the prcpertics of the raticnalc and an additional very imbortant

. We list first the prcperties which are also pcsscsced by the
. : _ Y
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- system of rationain; T
:Pragertx 1, Closure. . * | o
"a) Closure under Addition (+).‘ The res.l number gystem is closed ,' ,
4 under the bperatien of additinn, 1. e., 1f a and b are real
. numbers then & + b is’ g.real number.-;_ ‘ T ' o
' ‘} 5)f;c1osure under Subtraction ( ). The real number system is clased

'under the operation of*- subtractian, the 1nverse of additi&n

l.e,, 4f & and b are real numbers then a-b is a real nnmber. o

[ c)f'CIosure under Multiplicaticn ( ). The real number systam is '
,._closed under the operation cf mnltiplication, f.e., 1f = and' L
. b are real numbers tnen a-b 1s n Teal number. ) o

:d) closure under Divisien (&) ' The real number system is elosed
| under the operation of diviéion, the 1nverse of multiplication,
L. e., if e and b are real numbers then ash (when b ﬁ Q) 15 ..
. a real nnmber., | | L S
o The operations of add;tion, multiplication, subtraetion, and
' division en real numbers display the properties which we have
alreaﬁy observed far rnticnals. These may be summarized as follews,_-

L 4

. Property 2. Commutativi@x Cok _“'

‘a) xr & &nd b. are real numbers,tnen a + b = b+ 8.
?‘l.'b) If a and b are real numbers, then a * b = b+ a.

ogergx 3'x Assaciativi@x.- Lo S
‘a) If a, b, and ¢ are real numbers,then a + (b+c) = (a+b) + Co

-h) If a, b, and ¢ are real numbers, then (a-b) cc=a - (b-;ga.

- PrQEertx l}. Identitiea. o ‘\

. A

-a) If a is.a real number, then 8 + O =8, i.e., Zzero 1s the 1den-'

- O—-
BRY

'  \ - tity element for the”qper351on of addit;on.




| ;E;many more ‘real numbers as we wish ~In fact we easily see that:

'130-‘_  IR ]_‘f o : f:.' ,fi I .'5q9‘ 

: b) If & isa reel'nnmber,-than.e . 1‘5 2, i. e;;-one is thelidena

tity element for the operetion of multiplication.

f

"Property 5. D:Letributlvi;x. If a, b, and are réal numbers-, tneng, "

a- (b + o) = e-b + gsc.

ProEertx 6 Inverees. e

| a) If a 1sa real number, there isa real number (-e) such that

a8+ (~a) = 0,

b) If a Is a real number and a # 0o there 1s a real number b suoh

L XY

thata - b =1,

4

Pr oper_XPT, 'OraEr. The real number syetem is ordered; 1 €y 1f a

AN

‘lland ‘b -are different real numbers than either a” <b or a > b.
" Pp ogerty 8 Densitx.' The feal number system is- dense, 1, [ I B
| jbetween any two distinot reel numbers there is alwaye enother real_

"'number. Consequently, between any two real numbers we can find as

PO

al) “There 1s alwaye a rationel number)“etween any. two distinct real

numbers, no matteg how cloee. 2) There 1s elweye an 1rrational

’ number between eny two distinot reel numbers, no matter how eloee..

'“on the real number }1ne.

A .
- aystem as defined, suoh-e number is included.

“The ninth property of the system of reel numbere 1e one which'a'.
lis not shered by the retionals._,‘ B | |
jin ogertx‘g Comp;etenees. The‘real number-line system 1s oomplete,_

\‘1 e., to each point on the number line there oorreeponds a reel num-

ben.and, oonvereely, to eeoh real number there corresponds a point L

— t . o

/

. we saw that. in the eyetef\:r rationals there is no number

n = 2 whieh when squared yield 2, ,Honever;-in the real number

v L

. . . : . c X . - .
.o : . : C .
' | . ‘ 3 : ‘ ‘
o . p . L
. ' ‘ ' . . o . : . -
’ * ‘. - . . . . . ¢ r C :

W
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- It happens that the nth root of any rational number which is° .
| ‘not itself a perfect ‘nth powe an’ irrational number.‘ ‘This, mean‘s .
-',that such numhers as '\/-—n ‘/I_': ’f/—_, v % are 1rrationa1 ), )
numhers. ( f-f; means a number n. such that n"* “@15 ) T -
SR Henee, .‘m i;he system of r&tionals b{e ea.nnet hope to ex‘ex-act nth
. _roota of any numbers wh:i.ch are not perfect m;ky powers. However,
. when_we ad.jo;.n the irrationals to form the real number system ve
‘ see thaf; we. hava added all these missing nth z:*oc:r*.:éP oi‘ rational num-
b?rs. | ‘Ihus a very usei‘ul property of the real number system 13. |
| ‘Ihe real number system cmtains the nth roots, ,\/§ of ;all_‘
| pcsitive mtional numbers a/b, b #0. | R L
e This aggmes us that We can find among the rea.l nimbers such -
‘\'-.‘numbers as 35 f, 1+ f, - f 3’23,. and any other such -
 number or combinabion of rths. o S é l
| In addition to irratidnal numbers wh:lch arise from extracting“ -
' roots cf mtiona'i numbers there are many more 1rrational numbera ‘
' _'like T wh:lch called tra.ns::endental 1mtion&l numbers. When
you study legarithms m high seheel, yeu will be studying numhers
' ‘.-__wh:l.clfﬁare almoat all tmnscendental 1rrational numhers. ~If Nis
| any positive real number and X is the index of the power to which -
.10 must e raised to yleld N, or .‘. | R o |
| BT T
‘ then we ;say that X = the losarithm of N to the base 10. If N 15
" fhe power of 10, say N = 102 then clearly 10x ~102and x = 2 =

: the logarithm of 102 to the base 10, In such a case, the 1ogar1thm‘_(ﬂ
~ 13 a mt:ional number., But for most. numbers the logarithm will be a

T (tmnscendental) 1rrationa1 number. N | S SN

A , .
- . . . %
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?f The trigonometrio ratios, sine or an angle, and tangent of an -
ongle are other expressions whioh uouolly turn out to be trahsoen~ i

" dental rational numbers. These ratios are defined in Unit 6

l;'fﬁ, ,[ L Exeroiseo;iﬁ-g -

j[* 1. Whioh of the following numbers are rational ond whioh are 1rra— i
.¢‘  tional? Make two lists. | |
. . 23177T... B

mb .23123112311123,,.

o 3 . o

. L

. N , . " : . i .
e.” .783%2,, B . L

w - *
f.‘ 2
s._g_*/s—_

PN ’

h 9.3 : ,' i
1. .75000 | | ‘

58. - ” - - -

-2, Write each of the rational numbers in problem 1 as a deoimal
¥ {

3., For eooh of the 1rraqional numbers in problem one write 8 deoi-

: nnmeral and &8s & fraotion.

 mal correct to the nearest hundredth. .

4. a. Make up 3 terminating decimsls for ratfonal numbers. -
 'b., Mako;up 3 non-terminotins decimals ‘for rational numbers.

| e. . Make up 3 decimals for 1rrational numbers, ‘

‘~]' You hove learnod how'to insert other rationol numbero betweon<

two sivon rationals. Now: that you have otudggd decimal reproaento— _
tions for roal numboro. you can see how to 1nsert rotionol or

!'. - . . . . . -

39
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N irrational numbers between real numbers.‘ LObk'aaftheSQ‘deéimaisf |

for two numhers & and b. o
o A

& 4209307 ... N
b= b, esuoioomoomooo:..'.‘.' . L z |
I+ - Are these decimals for rational or irraticnal numbers" R

'f‘ | ihese numhers are quite cloee together, but any deeimal which   n“
‘ begins 4, 22... will be - greater than a and 1ess bhan be we can !
'then continue the deeimal in such a way as. te make it rational or ”‘
to make it irrational, - For example, \,225§§5 see 18 ratiqnal anﬁ
R 225622566225666... is 1rrational. e o
{;h5; a. Write & decimal for a raticnal number between 2. BSAGBEE
."'-_and23693'59‘ B
b. (write a decimal for an irrational number between the ﬂeci~ |
_'mals in part (a) . L , &', S e
6 write decimaib for (a) a rational number and (b) an 1rrat10n&1
| . nimber between .3&6019... and .342806... o
"7."wr1te decimals for (a) a ratiohal number and (b) anﬁirratipnal
o number betWeen 672'83'_ ‘es and 67.;28106006... .
,‘f’ fs-lo. Rational Approximations to Irrationals \ff
o whenever we give an irraticnal number in its decimal form, for '
. _example, an 1rrational number beginning, N -_.019234675... ) we see *
 ':: ‘ythat we autamatically define a sequence or rational numbers which
o h approximate eloser and closer to the 1rrational number N,
“’:- !l;read off such a. sequence oﬁ»rational approximatinns as,‘
~___.‘§ ‘.-f | \ : .
,}" | (. / | - &; 
‘ : - B B
\ | " 4 | . - .-,
) . | 40 t . /’ }
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sl T e

S S | |

o . '.01983f7f  | | | |

gt - .019234 T o o Jf;f
f ;;ff ; f{k; .- . L 9919%345 ;‘5,“ | N e  -‘-1 |
o 'f' S . Jgi§234675 i'if,“* R oo

| Practically speaking thia is aften how we. compute, by using a |

-‘rﬁ rational approxim&tion to the 1rrat1onsl number.' on the other hand |

. mnthématiciansgaﬁd other scientists frequently eed‘toxz;e the '_-;'”

: ',eﬁgct 1rrational numher such a@s e _Yl SR S

VI v %A _--_jfa'

L }n order to- get a f;nal exaem reéult. A

Qneation‘* What property or the real nnmber ystem isxit whicn

.«# wepplease hy a rational number? ;.l R 3' o e
o [ R . L
Geometrig* _pertigﬁ\of the . Real Line ‘,. ‘fii“j;"\;j S

| The 1-1 correapquenee between the real numbere and the points
af the real numher line gives us for the first time a: satisﬂaetery

geomatric representntion. we know now that there are no gaps ot

) missing points in the resl lzne. we can apeak ef tracing the real

n ber line continuously and. know that the segmant described at any
StnSQ_ﬁga 3 length‘which 18 measured by a real number. Thus.gn the I

 ;3 number line 1n61cated helaw quknow that !E'hag a 1ensth f‘:

e

U TR e e o eE T T
——— L “ \:_j.:- oo
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of measure f - l, the I.ensth of 53 has measure 3 J_, m:-: hé/_\
measure'u-_- 1, TE 1s measured byv-'ﬁ. |
' We can think of a point moving obntinunusly from 0 t:o 1 and

&.ssoc.taj:e with it :Ln every position a o o | S - N
e § o ] | ﬂ!.. | -a‘t". _ R
N R SO - 2
PR SRS - S S

- " real 'number. Because of thia continuaus pmperty ef our- real num- .

< Ne

ber system, we sometimes refer to it as the continuum of real -
. numbers. = . o

—‘J__ ‘f \ . . . ' .

= If we think of the geome'crie line segment t‘rom -1 to -i-l ’. | .
! including the endpointsf' t can be deseribed‘cempletely &s the set‘“tu.'

. of all real points x f£or whicn ..1 gxg i,

o \\./ - . ‘
f . . .
aﬁ'_.'_‘ ‘ o+ ;’- .
| . 5-11‘. fhtionals and Irrationals in the w«ma Araund Us o
\ | - Ne see many. examples of raticmals every day--'che prir.ze or gro—--,'

ceries, ‘che amount of a bank bala.nce, the i'at:e of pay, the amount
of ] weekly salary,\ﬁ‘f\e grade on a' tesb papgr. e .’\ o |

‘ | Although we have not consﬁ_e\red the 1z-raticnals for very long, - |
-  ‘o 1(: is easy to see many examples which 1n§o’ivé‘ irmtim&l numbers. .
o For example, conaider a circleﬁ radius one unit. ‘Wnat is its
T e h" ' Why esr gmit& of course. In i‘act, any eircle whose mdius
. L ) 1s a rational numnber has axgireumference which is 1rrat1anal. Alao, /"
the intericr of 8 ch a cirele of radius has an area which is

| .  " mea,sured bY an ir ' ticnal number (m*e) ‘:' ' - R




186 . o g‘“:f‘ : e o “»' '"ﬁ [ '5311. ~
',A-awm R D
uhere h 1s the altitude af - tne cylinder.‘ Hnre also the velume and
f area are given by irrational numbera 1f the radius r and altitude

[-.»

-, ~-

i h are given by rationals.- ~'~*v"7, 3 .." -  ;: - .:_ ";;;‘
| le-‘ Also, wa note how easy 1t 13 tc construet lengths af irrational B
measure by the followins simple successiqh of risht trlanslesu |

w v . . ' ~ SRR SR ¢
. . . . ° st . . . : ‘ . .

L
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 '¥1;; Prepare a set of 5 pumber pairs for y=- ax in’ the firat quadrant.

’ AT S SO g S o
AN '“(i{jsrmghAa TRIANGLES o
s e F C:k e | ) -"_ . L
j e, 8-l The Graph of ¥ = 2x 6F1rst Quadrant) ‘
) In Unit 2 youxlearned how te/brepgre a set of number paérs .
from—an equation, ana how“to plot the.points corresponding o the oo

number-pairs. You drew a curve canngcting the points &nd alled

'_ this curve the graph of the equation. In more advanced ma 'ematies jiﬁ

1t can be proved that the eurve Jaining the points 15 thé graph of

the equation._ This means that any number pair which satisfies the /

wfquation corresponﬁs to a. point'on the curve.. The eonverse state-:~' :

ment is alao truq.. The number pair (cnordinates) for any point on

the eurve satisfy the equation. In this discussion we are &S8ulle
s

1ng\that ths graph or y ) ax 15 a atraight 11ne.
S _.cp .
B Exerciges 6-1&

"What numhers are suitable for x? Can y be negative?

LT,

2. Plot the paints whose caorﬁinates you found 1n Problem 1.

. eurve through the paints. what kind of eurve 13 1t?

2& 15 the y-coordinate af this paint.'

¥, Choose a point S on the 11ne and ..
*“';_draw a perpendlcnlar to the.xsaxis ‘from
| -;(a) Show that oa - the x-ccaréinate -

S~ _’ e S T LA

‘ “(b) Sbow thut SA 18 the y-ccarﬁ?n&te-of S.

.JJﬂth‘
14';‘ 3.8

. "

Draw

3. 'Show that if a 1s the x—coordinate or a point on the line, then

| ..:  -Qp~'Ai7. 3

Figure 6.1

x -



slc) Show that sa-eecaa) S |
. © (d) Show ths.t:m--’i-a.f“' |
- 5; Choose another paint T on the 3raph er y - ax and draw TB
; perpen&icular tol the-. x—a\xis. | S
(a) Let the coordina%es of -7 be {x',y') Explain why y' = P.x'
(b) Show that 0B - x‘ and that. BT = y' or Ex' E .
(c)Showth&ta--L-E. o | | |
| ' Note that the coordinates of T were written as (x',y')
It is convenient at times to use the ssme 1ettqrs over again j‘ ‘g'
: and to distinguish them by a special mark. Read x' as x-prime_'
- and. y* as y-prime. The “prime“ 1s merely part the name and.

1s net an exponent. o | \

o _ Fro;n Prcblems k'and 5 we have.g -2 and%., - 2, for x m, x' o.,

'Tell whylnx—, &nd-g---iﬁ.'

ThHis states that the ratio of -two legs of the smlL right triangle o

ét 4in B‘igure 6-1 1s equal to the ratio of 'che two corresponding legs .

of the large right triangle. _ It is convenient to compare these |

"..v.sides'in the.following way: N
2T . o ‘ : ’ ' N
o % . |
_ . , ‘ %l" xt
' but we must prove that we: ‘may do this. . : e
. Ve lmow A’. - l.,, ‘» E ‘Why are'the'se names which
| ot look d:l.frerent names for
L then%.l‘-,'-x—:'-f-,‘ A
R AR the' same mtional numbers?
. E [} " 5 = 5 P9 ! ) - -
o and yrrox TRy What gzjo?erty or e_quat;ons _
| | - - 1s ueed “here? -
| *'Henee '§ ' -;-5‘, BT What property is used here‘?

: _' Ccrrx-eeponding sides, as yau hnve Ieamed, ‘are the si,des whieh ) / |
| l.x-e cpposite the angles of equsl measure in ‘the two triangles. )The -

£

. ’ : . .
- e A
X -
st -~ .
4D
.

) . . X ’ - PR
o A )
r . R A

¥
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sides of length xt and X are correspanaing sides. 'sé are. ﬁhé’sidesl~3 :
of length vyt and y. Tnansl&ted back to the triansles, this eqda- .
tion says that for these twa right triangles,‘the ratiq% of two

KPSy .

pairs of corresponding siées are equal

. * ‘
*

Exercises 6=1b "\

L BN

",;13-¥Wr1te-—-}=-x- in terms of OA, SA, OB, and TB.

2. Name the corresponding angles of triangles -OAS and DBT
'-'3.5uwQuld 1t still be true th&t the ratiel of two pairs of cor— -
‘responding -ides are equal if S and. T ‘had" been different

| ‘points on the graph of y = 2x in the first quadrant?
&.‘ Suppose thg grgph had been y = 65x or y -‘IéfKQQuld g' -&%if |
~ 7 for any pcints S &nd Ly on this ‘graph? o e
'VS.,‘The coorﬁinatcs (x',y') ef a point on y = 5% may be given 1n
R - terms or x' as (x' ?) Replace? by an~expression:for,y! which;
‘;\\ h involves = N - .' -‘, - “. LT | o
“ '6.,‘ The' y-q._oordinate of a po.‘mt gy §x may be lvei'x in terms
,; ' A 'of X as (x,?) L o -
| 6-2. A Speci&l Set of Right Triangles .
. The sides oS and OT were not 1ncluded in the diéé&ggiogwig
Section 6-1. Let us see, what we ean fingd out about - thesa.sides.
Since we know that OA

- SA
| - TB for 2 psirs of sides, it seems reason-‘
‘able to ask about the ratio of gg, the - third pair.‘- .
1+ﬁ.$ T . Altheush measurements sre only approximate, we«might try -
' measuring OT and 0S in our search for a clue concerning what |

. . seems likely to ve true.” It will ‘help” Qg 1 we draw TB in a

R '-speeial way this time R . f |
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&
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In the new- figgxe; 0A’ will be our chosen unit-of length and we

' shall make OA = AB. Incidentally, must OA have the same measure 1n;t~
. .

Qinehes on, every paper in yaur class? The actual length is not

: s‘impertant, gince We are working with ratios and we know that

ook 1
g s ; ﬂ wh;!.ch 1s 5 no matter wh&t kis; (excluding kK = Q)

.:fMeasure OoT and 0s. What do you conclude@:ﬁ, : “yt i' _ ‘T o

- Points O, S, and T dre on the’ graph of -

.1N = 2X, -Draw SKvperpendﬁéu;ar_to TB. . _ | |
Locate ~ AOAS and ASKT in this dlagram, - | S—=K
SR | - N o '.1 Figure 6.2 o

- Exercises 62 L

P (a)"*hat can you S&J ‘about AS and BT? Rre they parallel? Why?
"~ {b)" Show that if the coordinates of T are (x',y') then X' =-0B

aayteEn | |
. .(d) show that 2(0B) = 4(0A). e

. f(e) Express BT in terms of OA. ’
2. 'Consmer OA the unit of measurement and let 1t be 1.
"+ (a) wnat is.the measure of OB? | C
| ’7(5)] WEaF is the mgasyre_of SA?A -

o (c_)" ‘ihat is the méésure ‘éf'SE? | B
.3'. - (a) Whét kind of)triangle 13 AOAS™ A OBT? Why? '

| (v) Na@e.the right angle 1n.each of these triangles.':

(¢} Name the afigle which is m both triangles. :

K4




" o i DN
. to.

_.in»

(d) What do you know about the sum of the. angles of 3ny triangle?‘7

(e} 'Show that m( LOSA) = m(LO‘I‘B) .

'ﬁ&._'In what other way, using Problem 1(&) ean you show that’

- ,'m(Les,A) = m(£0TB)?. |

5;,‘(3) What can you say about AB/and SK?

(v) What can you say about AS and - BK9 )

"(c) What 'kind of figure is ABKS? e e

" {a) - Show that SK = AB. | S

":;5. -Show that SK =1, QI‘A -’_-~ \ | .

;.7. 1Show that AS n;KT. (From Problem 2, BT 1is 4 and SA is 2. )

__8;' Since you knew OA = SK AS = KT, and m(l_OAS) = m(L.SKT)

| -what can yau say about AOAS and ASK‘I‘? Can we say. corres- .

B pcnding sides and angles are eongruent? E

| 9. As a result-of Prqﬁiem.S, 0S = ST, _Tell_why;'_“

_10. From OS'= ST show that OT = E(OS)rﬁnd'thét.gg - 2.

”,_11; Write the corresponding sides af trﬁangles OTB and OSA 1nf PR

!

‘pairs. S R ' oL ““; : .
| In Exercige 10 you found without relying on measuring
that-ﬁg-z. ,, | | .

In the first figure, you made OB = 2( o) 80 gﬁ -2,
'From Problem 2 % -2, Therefore % % since each ratio
1s 2. | . | f | | :

" This statement tells us’ that in the two triangles OAS and
- 0BT, 1n?which eorresponding angles sre equal pairs of corres=
ponding sides are proportional.-

In the speeiul right triangle in Figure 6«2

(1) the ratio of the longer leg to the shorter leg in
~~
eaeh.triangle is 2

B



- . . . . . - -

. ;; (2) tha lengths of ehaﬁlegs of one tniangle are bwice

€

g tha lengths of the legs of the other triangle.

6-3.° The Gragh of y'= ax. (First Qua.dra.nt Z d 1s
a poéitive real numbe‘r’) -

- In Sections l and 2 thé niéht triangles were in a very
‘f apee1a1 set They were the right triangles formed by the graph  ;
_af y - 2x and certain perpendicular lines érawn so thaﬁ the ratio.

R of the sides - on the x-axis 1s equal to 2. - A
) What happenSsif we ehange to the graph of ¥y o= Sx? or - 2}9 or'
i #where 8 is any positive real n,mber? Tha following ques%icn§\will

'help you reach some conclusions. Look for praperties which seem to .

be independent of a partieular number for a in Y = ax. Search fer
fpatterns. In tbis diacussion we are assuming’ that the graph cf

‘ ”ly - ax 13 a str&ight line, for “a“ ‘any peaitive real number.-"

“4..1';:._T”,. R Exercises 6-3a'u -
\1. {a) Drnw the graph of y = 3x, | Q.lf co
. ,(b) Select a‘paint K draw KR

perpendicular to t e x—axis. h -

C Let OR-L | .
| ‘ . —
(c) what. 13 !CR .m term;s of OR? R %

| -Fisure b-

- Write a numenal ror KR, Write ‘the cocrdinates of K.

(d) Drgw S = a and then draw Ls perpendicular to the x-axis. '

- {e) Wt 1s Ise | B

- 0s SLo, '
(£) mt 1s the mtio of 7 of ‘RK? G

c2. (s) By me&surement find’ the approximate value °f'vx Y “i\ ,
. (v) By means or steps like those in Section 6-2 show that.gé - 3.

. '4!) ,:

-
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me KM perpendicular to SL and use’ ccngruent trian,gles as In
, .Exercises 6-2. R | o
“ 3:.. :'('a) In this set of ‘baz'iangles based on the graph y - 3x, Kwhat 18
I ;'-the ratio of the length ef the longer leg cf a triangle to S
the’ length of the shorter leg‘f I , g

f -

| ‘_'(b)',wm1: was this rat.io in the ease of the ‘criangles based\on
: Vy-a?‘~ w'";?,‘ T R
_.(‘c'.)."Are you beginning to- sge a pa.ttern? o | ,
.ﬂj(a)_Haw do the lengths of the’ legs of one triangle in Figure 6-
“ " _eompare with the lenéth's of the corresponding legs of the
o ."-other? Note that again 08 wa.s chusen to Se 2( OR) o
lé.‘(a),(}raph ya:gx;,-" L o . . |
--'.-1:('b') Explain why m( LOAR) = m( L OBT) Are tﬁes‘ef 'angle_s ‘congruent?
: (c) If OA 1s 1, what 18 RA? |
(d) If OB is’ 2,. what 1s Bm?

;(_e)_ S_tate; t_he rat;_oaof 'GR' in numerals, o 0A=AB=! - a

(-f‘) State the ratio of. %Z‘- 1n numerals.

A B %
(g) Tell why these r&tios are equal, F‘igure 6-3b

. ( h) D@es the value of these ratios depend upon the mea.sures of
'aa and QB”' wnat ratios do7 '; | IR .
5 Draw a f‘igure like Figure 6-3b, but on a larger scale

BT OR OT

. F m nd ivisi th atio — e
ind by e&surement a division, e r. 8 AR ,OA" R

- Do Q\ese ratios appear to be equal? | B
‘F5 e f V) Pmble i AR = BT 7 BT-:--OB.' ixfh‘?
| Sinc {( ;-m | m ) "R AR ¥

Now let us examine the gmph of equaticms like y * ax for

¢

a 20, Here a may he any pcsitive real number. In the sgecial
Vgraph ¥ = 2x what was g? . ¥hat was a in the case. of :i - 3x? An

/ . .
. PO

o0

o R
- v



™ ‘the case of y. -‘Zx?
. In'the figure at the right Qhe
;bay oP- rgpresents the graph_of y -vax'(
_in the first quadésnt-‘.no'not regard

-

- it as- drawn to scale.

 Pl is a point on the graph y - aX,-

P}QI 13 perpendicular to the x-axis.f'."

.'P is a point on y = ax. j : _ L
-2 - S &
P Q is perpendieular te bhe x—axis. o

Exercises 6-3b

'l

what 1s yl 1n terms of a?

1. If the coordinstes of P are (x "

1y1

Note that Yy = ax and yl = gx. since. P 1s on the graph.;

1

‘2. ‘show that J1. %af1-

L : o X W QlPi - - .
* 3., Show that the ratio of is a. - -
| Ta1 ; <

. | ' ;
e R,n_Let the ceordin&tes cf P, be (xE, ya) and show that ya sx .

2
o PoQp’
_ ”‘5.._Show that PEQE s axa and OQE x2 SO that.ugg_ a.
R 0P, Q QQ
- B measurement show that 2 appea y PoR2 2
N By u " oS ppe rs toequa T"N'fsnémi

7. Use the equation y = &x to fina.@ne-ragic of y/x. (x#o)

8. Use Pﬁobiéms;3‘ ,T;tO-show-y/k - P121 . PQp,

| a19.; Use the. arguments 1n Section 6-2 1nvolv1ng’g:Zgruent' Lo
(“%j',triangles to show thﬁt OPE ,gggg 2 Why 1s it neceasary
T 1%l

fin this proof to know that 0Q2 - a(oa ? Asaume thfj!FQg - 2(0Q1)




.10, 'In the figure &t the right, - - ¥
T8 =3 The dotted lines should
- Suggest a way you can preve cer-c

 '5,(- i tain triahgles congruent aﬁb thus~;_

s

- 0C -
show that E .3 \Tzw it, .
11, The ratio OA 13.; Show B .;
o ‘an‘.gg n.ﬁ
oC

o 'cm and OB should be divided 1m i ol FN) WAL TI

e i e N

7 parts by medsurement.:_ I ﬁo I e
:12. ‘Could ‘the methods of Exeréisesill"' é R
. and 12 be used, 1 f.g%-k,;.hem N

'k is an 1rratian&l number°

\ o-4 The SimilariéglPrope£¥y for Right Triangles

o In our.uork we have followed certain conventions an setting

' ;, up coorﬁinate axes, making the x-axis horizcntal and the y-axis | .
vertical ‘e have ehosen to rega the righﬁ §§ ‘a positive direction”“ﬂ
for the x-axis, aié upward as a P sitive direction for tQa y-axes.
The oppesite éirectiohs in each case were neéétive. These are |
merely convenient coﬁventions ané changing themzis quite possible.
Look at the coerelnatg axes beIow.‘ Note that all of them retain

‘the perpeno;cular characteristic, whieh itself 13 nct always

: abserved

SR o . | e

; L . . - . . “ ‘s

T2



s o . .- . g ’ . ' : o,

‘fgﬁcsitivé.mﬁPaint out the7f1rs£'quadﬁant'1n each'situation»hb0ve.

_ In sections 1 2, ané 3 We studied ri%?t triangles 1n a
speeial position with referanee to & pair of coordin&ﬁe axes._
: Actu&lly ‘the properties which we ohserveé 1n these special cases -

) are true for any right triangles. |
Cansider ‘the fallowing right tri&ngles.

| : A : . : .« C . : :

‘f'_“In each case we. could chocse ccardinate axes so ﬁhat A ar B Iiea .
" on the origin, so that one of the legs of ‘the triangles lies along

'thegQ

the first quadrant~. This is 111ustrateﬁ in the‘following figures

gitive xaaxis, and so th&t the interior of the triang e 1s in -

' in which the coordinate axes are represehte& by dotted lines. N

‘e

S Exercises 6-&&

'1.1 Show by using dotted lines as shewn 1n the 111ustraticn,

-fﬁossibleﬂplacement of coordinate‘axes in the follow@ng figures.<
- . . - : ! ’ . - T




. 6"“. c‘ ‘ S . “e . . - :" | "“;.(, i L ;ﬁc, 197 ,

. f A
-

Nata\Fhat after the axes Qre located the hypatenuse ef the
: right triangle is on the line ﬁhrough the origin The equ&tion.0f 4g\

. the 1ine is y = ax where hfis aJparticu&&rNQQQEtive rnal nnmber not
tﬁ;zera, for a particular line..‘ ou might find it easier to think of |
snoving-the Sriangles in the plhne, by rigid motion, so that ﬁhey .
are*in the position used In sectians 1, a, and 3 No matter which -
--_‘methd is used “all of the.arguments used 1in sectians 1, e, and 3

| ”hald for &ll right triangles of the sets described R
4
When you - move the triangle as suggested ‘here, WO right

:;triangles Por which a pair of corresponding acute angies are equal
will look like this'

v

Exercises 6 kb

. [ ‘ . . . ‘. o ‘ ' #
. : . I
. i
i
i

i. Draw the follawing pairs of triangles on 'éair:of axes in;
stsndard form as in the figure on the right-

14




If you knaw the equation of the line cn which the hypgtenuse~ |

or a triangle lies, hcw ﬁan you.use,it £o - tellethe ratia of the '

I’egs of the triangle‘? S T
3 The ratio of the sides can be estimated by measuring the
lengths of the sides., !ﬁnd the ratios given helcw-'

o A2 4g 8- PO - PR 5 R’l‘ o
r,,} . (a) and T {c) P'Q' ‘ang. ER . P'R* (e) T'S' and'ﬁ?ﬁ?:n
'..-j' ..g. *.‘" _ . .'.Q . ) i T \
'RS\ : R~ ! P ) - AC " 'BC" CoWA e R
(b) EF' and EG et (d) -—m &nd,w .. N
9 ] AI ' P ’ .

Pngpertx l If a'p&ir of correspondingvg;ute angles of - twa riggg
'_)ﬁ triangles ara,“gpal then the ratios of corregppnding sides are

¢ . W
} - B . . - . .
.. e . i . . - .
. g .‘ o ‘*' ..... , ‘. < g e, F ) ‘., L ‘-

t

o We often say that if the eorresponding angles cf two tri&ngles
are equal then the. two triangles are similar. This 1s the defini—u
tion which ve- will uee for’simil&r triangles. Froperty 1 could
be stated as. R . 7,, - ”f | ' | '

L8

Y If tuo triangleq are similar'then the ratios of corresponding o

sides ang equal. - - ° ‘;é‘

Hd

e

wo It should be

1rely elear that the deductive arguments

used do nat apply to 311 pairs of right triangles._,Exereises of

section 6-3 suggest a way in wh;ch congruent tri&nsles?méy be’uséd

Se e o : o : ~ - : - .

e , . ) i a“ . . . . .u‘
) . . ‘. - . . E - )

.
R
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‘. such that the mtio af lengths of correspcnd‘ing sides is a mtional
L number. . Actually the pmperty holds even though the ratio- is m
irmtian&l number, f ' | L

- c A

In Exercis‘és below you are asked to finﬁ the ratio at‘ t:he

1n an informal deduetive praof cf Property 1 ror two riaht triangles .

B S

lengths of the Hypatenuse of ’cwa similsr right: triangles by f«inding |
these lengths using the Theorem ot‘ Pythageras. This would provide .
. .us a. way qf verifying Property 1 rer all pairs of similar right
triangles. - However the. pyoof us.’mg t:h.ta ngethod in the geneml
case will be’ post‘poned‘#mtil you have hsei mare experience with

- numbers Iike«/ 5, 'v‘_ 3 and VQQ ‘ - -
- N
e oo Exerciaesé-’#c' L

Use the Theorem or Pyth&goms to find the miss:l,ng sides and then

[ A

' ‘-I‘ind the 3. ra‘tius of the e,érresponding sides, (of . course these
Y triangles ara no‘t dmwn tc se&le because of ‘the seveml part:s, esch
o different ) |

R 7S RB - b, BC - 3, ‘B' - ao B'C'Y- 15,
| “fe.i If AB = 12, BC = 5, A'B! = 24, BICY = 101
If AB = 15, BC = 8, A'B! = 45,-BIC' = 24,
. If AB = 8, a‘é,.A!E' = 12, BC! = g,
&'m%i-aB@-LAm'amb'-a e




| VgG-S‘ Sines enﬁ T&ngents A
I L .. . p// ’,, o ;P' : x”y' R N -
) . . i C L Rt {xe,ve) . e
. ‘ LVl R e Byadxg, v, -
Y w SR GO

e ;be figure shoits & pdbt of the grapn of y -.gx in the first
'*cuadvdnt fhy ‘are the four right\triangles shown 1n the figure
S

- °1milar triangles@ Qinoé'theSe triangles are similar, the natics

77ef correaponaing siues in any pair of them are equai. " For example,‘ " 1:§

Tﬁ"‘ tﬁ%‘- uﬁdi tﬁ;* ;.IA"' ‘;_ l‘;_'

' could ﬁrdw 1n the rigure other right triangles in positians R

"?;1ike those in the rigure, which are\similar to" the fcur trianglea. ’
" How m many uf these could e done¢ ';f," x‘_: T s |
'H?‘“. | Express the ratiles aboue in term; of the caorainates nf the
‘"'pcints ﬁ;:;Pé,_PE, and P . ..'"f[: »‘ ,” | ,34_  o .ﬁ; ". e . :n;d
| Measure L.AGP ' uh&t dces its measurement in degreea appear o
L to be? | '
‘f; Now suppese me uished ta know the .
{distance across the river shown in this::‘ff
'Fig ire. A ;nd B represent. the positions ' C ‘ — < ”
fgl'v qr two trees ‘on’ opposite banks of the riveg/f" }‘ ";.i 7'1 H; f;“f4j

—~4ﬂ~mhe lengﬁh af Ac 13 20 feet By use of an.angle.measﬁring device EE

the measurement of L.ACB has been determined as 300 ch can the  '

dis“ance AB be determined? S . . :‘.».}' f S _'if“Avvifk
5 'j One way would be‘yé drawrcarefully on a fgirly large scale a '

J13

N . . ( \ H . Lo 7 ‘

Yy )
f




- . e “ o . - . ) . . ) . . )
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B L U : 201 .
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. 3 e L S .
;'triangle similar to triangle ABC and then find the ratio of the _

"'sides Forresponding to AB anJ AC Qince the A;A,OP 1n the figure__

’“~‘a“ove has a measurement of 300, we . could. use . any one of these :

'6.

. tri&ngles. Frcm measurement or from the- graph, we found %tgg - 1,
S \ -

Qmee triangle ABC in the sketch of the river and trees is
'similar to triangle OA P,, by matching corresponding siﬁes, ve can*

SR bt aE . O

Since AC = ao AB = 40; ‘The width of the river 13 uo feet.‘;‘fj 

-383:
¥

' We have used similar triangles to make- an inéirect me&surement 3:
”:of ‘the distance across the river. IRRE '“,"*9: -." :  ,'{ N
o~ Eecause this is a us&ful and fairly cemmon application of pro-
I 'perties of similar right tpiangles, 1t héa\been fcund te he can— .
_w:venient to give special names to thé ratioa of tha sides of triangles. )
'Ji,Actually there are six ratios of correspotiding S%Fés of & triangle,

L ' 'In this section we will give our attentton ta two oft them. Thgsg »
| ‘}i ;twc ratios are ‘Uﬁ‘h and.G#_L i o | | B
o List the other four ratios of sides of the triangle 0A, P
{Dontt ferget '_ ; 1§*F'Wh1Ch is different from,EL_L ) Perhang

'~7you would prefer to list these ratias using X, yg ana OP The

“twa raﬁios ‘then become

L JCIN



S

CQnsider & coord te system for the plane, and L.AOP The
segment OA lies. on the pasitive x.axas and the segment OP lies on
the ray OP If the coerdinates at‘ P are’ {x,y) ‘them

L o AP =y .
. Let'rw 0P, “Then, . Pythasorean property o \/
T ‘Jxa + y2 w o
;e )

we shan ca.u the mtio, g, the sine of angle. AOP ana‘“ tiae ratio, °
ﬁ the tangent af angle AOP, . In a shorter way, “we sh&ll write - 1 ,w'
sin LAOP = g, . tan L AOP = % o e

These expressions are read "the sine of angle AOP equalsi¥_.,'én§ '

‘ Q

| “the tangent of sngle AOP: equals.ﬂ. K ‘_'ﬂ o i
o X )
T -&sg** The ratios qre sametimes called the trigonameﬁric ratios.

,'Lf“3§§—#é:;gonomatry" is- simply "trigon” and “metrv , and is suggested

by the phrase, the measurement of trigons {triangles) '.__.' S

‘The‘

L | Exereises 6-5 : | |
A 1. Find thwﬁme and the tangem; of t.he a.ngles, with vertex at- the
| origin, hown.in the following figures. -

i (b} - |-
N\ ) ,
] Vg |
. Y d | c |
» T e
L What is the measurement of the angle at tqe origln in (c)?
] : - . - . . 8 ‘f_ '

R S ‘
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'~*2;:_Dnaw‘ «right triengle in the appropriate peeition with reference

" toa pair of eeordinate axes, fcr which one endpelnt of the hy- f

"5_ ‘pctenuee 15 (0 o) and the other is et P: »r‘:f
(&) B (u 3) ) P (28) {e) (1, J‘)

N 'e,,wLiet the einee and tengente of angles with vertex et (e, 0) in

~u"€f‘fthe triangles you have erewﬁ in Exercise 3~‘-

"R;V_Plece the following triangles in appropriate poeitiens wiﬁh

‘freference to ceordinate axes and find, the sinee and . tengents

¥

U of beth aeute angles in each:

3

SO '55 Draw on metric coord{hete ﬁeper, ueing a protractor, the fol-

lowing &nglee, and by measurement find the sine and tengent

of eeeh : o o - i'- " ) -
: | (a) 400 (b) 700 o S
‘ ‘*In fﬁnding theee ‘ratios by measurement use ‘the beee ef the

- . N -

~triengle as lO‘centimetere. ' . |
6. “Use the values for sin 400 ten 400, 8in-709, tan 709, as needed -

r

in solving the following . %

U (a) A laddes, 15 feét long, leans against a house

as. ehewn'ih the figure, The measurement ofs

L BLH 1e 70 degrees. Find BH.

| LB
| (v) The dieteefe across a eaamp 4s to te determined RP has
' 'been found to be k2 feet. Anglé PR- has a

meeeurement\ef_ho Qegreee. Find 2N | - .

.
5



R perpendicular to OA at. A

. '*7;7

;$g§¢e1a eﬁali streem.grceeee'ﬁhe 7
path represented by RQ; 4t Is
| gifficult to determine this dis-

tance'by‘éireet'meeeufement.. Find 2 SN A
RS oL T R T P

Draw eneﬁrourth of & eircle on metric eeordinate p&per, Ietting ‘

:ithe . padius of” the - eirele be 10 centimetere. A sketch 1s given

”as a guide. Leqfkng unit of length be OA.=-1, AT 1s on a line

fTEeivalees;ofthe tangents of angles
f‘can be reed'directlﬁlfrom AR in your .

| diagram. With a pretractor draw the |

‘fangles given in Exercise 7..

" tan L AOR = AR o AR = aR, AR
n £ AL '53. —

angles orgthe Following measurements and give the velues of the

_;tangents of the; angle from the ceordinate peger.
o (a) 305' (o) 380 - (c) 500 (d%——§a° |
“In the sraph prepared for' Exereise T measure l.AOT. What is ' .

the measurement of the angle for which the. tengent 1s 2?7 Mark

‘ the 1nterseetion of the 1ine AR with the top of the ceerdinate

) chart as T,

¢
[} -

From the graph prepared for Exercise 7, find the sines ef the -

$

- {Hint: Reed*from the graph paper the lengths of segments‘

corresponding to ES for the various angles )

IV ok



o BeB. ope of a Line v " -

IP 'e refer again to gr&pba y = ax like those used 1n sectione

| @ 1, a-a, enj 6-3, we oan see a speciel applieation ef the tangent vf
__oﬁ an angie. The figure represents the grqph of y :.Exf(hut ngf _“,7
..ilencer reetricted to the first euadrant) ' E ‘
L. 55' | e.';f f fﬂ:-%}4z o ..q - (?‘é)i . N -?'ﬁ. :i .i (;.__;:,.«
0 - < R
.’ (_2 _3) ;__..‘_‘ tan LAO?‘g -‘ ‘
_ .? is called the_giggg of the line y -.gk R ) ﬁ;J'h
The.ﬂord “slepe" suygeets a measure of the steepness of the
'.line. The alape of a’ line represented by a roae up a steep hill L
*will ve lar'ger than the ‘slope of a l.’me repreeented by a road witzh Ty

only a elight riseu Do you see nhy9 :
In the figure the 11ne represented
4.sy the supperting or guy wire fer a pele,

‘has . & slep of 1, Why° o

i‘ In the figure, lines of elepee‘ﬁ; 1 a end g- are~§r&wn on
'one set of axes. You will notice that the slope of the 1ine becomes
. greater as the lines become mqre eteep. The elopes are given 1n -

“the emall encircled numehsé:. e’

.”euld it be. reasenable to N;
that gine of slepe 2 1is ewice

‘\ﬁpvsteep as the line of” elepe 1?

AT 'fhy not? L




(There,‘ are lines i‘or w\hich the slope 1s negative bu’c we shall
not conaider lines like this \in this section) - |

k h&t might be. given as “the slope\ of the x-axis? t‘.he y-.axis?

| Suppase l1ine Z passes thmugh\tﬁe origin as -showrt’ in the

: ‘f‘isure.‘ The smal.ler a.ngle f‘erme?i by . l S l ‘,\

_temine i&é caordinates approximately

"‘-and the x-axis has a measurement cf |
60 degrees._. Ibat; 1s the slape of ¢ 7
IWe could choose a point P onl de--, |

.by measupement and then compute ’chq ratio, giving the slope. Dfaw"_-

a fa}.rly iarge/figure nd try this me‘chod

¢

qmce the meai?é of the equal angles of an equilateral :
triangle is 50 deg es, we could alse fing’ the alope of [‘ny .con-

- : sidering some oi‘ 7{@ praperties of an. equilateral tr:la.ngle‘. :

A ac:a R

In the equilateral triangle ABC, AD is an altitude of the

triangle. '-By use of‘ ‘rul'er s@nd'- pro‘trac_tar, meas_uxﬁe' the sides of

'triangles BDA and CDA. ‘Do the tr.tangles appear to he 'congrue‘ﬁnt_?_

e me an equilateml triangle each side of which 1s three'..inéﬁqs‘.”

_in-length, Draw one altitude ‘of the triangle. Cut the region whicb

f';teriqr? B

T . . .
H . . . . . .
o , . . .
. ¢ . . . -
. B * PR N R '
. N - . N N ‘ ! “ e - .
. ” . - . i

¢

13 the 1ntei~ior oNhe triangle out of, paper, Fold the region ?long
the altitude. uhat appears to be true of the twa parts of thi#,in-

«-—-'— . } S

. ' * ‘. i
3

o . . T .
i . _ ) . . . ) . o
S , . , 63 : ) | C——
| : S . . . . \
L \



BHA and CDA are eangruent Both of these triangles eontain the side
.V_ BE and both are right triangles. f” ..*',,, “:f, "'ﬂ? o
‘ - m LABC) = m{- LBcA) why? o

qince the msésures of correspanding angles of the twe triangles are

: equal and since they have one side in commnn, the two trinngles are
consruent J_-, S {_‘f“-.l..J Ml.; | .- -
We@?‘clude | /BD = DC \ '
| angd BD -1, e since Bc =2.° ""'
The measurement of L DBA 1s 50 desrees.

By ‘the- thearem of Pythagoras o | (BD)a + (AD)2 - (AB)e

_ . : (1)2,_{_ (AD)2 - (2& .‘ . o EURE
' | (An)2 N o
.?= AD  wf  _: ..,',:_. . s
R c .;;f Ve e e \~.'.,.' « “L\' o

In the kigure the coardinates of A are, (1 ~/—) Why?

Rererrins to the figure abave we q&n shcw thst the triangles ‘{. ,.;4

. The slop¢ of the line on which =y lies 13\/5' This 15 also .

‘thefslcpe af 1n the figure above since BA extendeﬁ would re- -

_ ‘presgnt '”‘ . \ﬂff R " , L |
c’Find the sin 606 . - e ;
Place an eqqilateral triangle ABC on. the ceogdinate axis so.

~ \
-that 1t uill look like the figure below.
. . . 5 .
mi | : |
~ o~ .
- —1D ’
/ v A ]
§ e o ~B
- ’ % 1 .. ‘_1' o
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s

‘-.t

Find the sine and tsngent of 30 degrees. l

-

U stn'300 = 2 .o ‘tanSOQn?‘ e

&

"-§ 3 ff : .f’ Exerciqes 6»6

f.Graph the lines ¥ --% X,- x -1 x, and y = ux on the same set

‘E .

of axes. Use ﬂcur values of X for each gnaph._ Find the slopes -

" of. these lines. o ~ 3_A]_ o -v_ﬂ  .
':fFina'the slcpes*nf the lines Joining the fallowing pairs of

. points: \" - IS L _;;"';f;  
() (0,00 and (1,3) - '\(é) - (0,0) and (3,5) o
.-;(b) (o 0) and (2 3) R 1(d) 2,2) and (2 8)
Draw a rectangle with one vertex ‘ab {0, Q) and 1ts inter4or com-' .
‘,.;pletely 1n the first quaarant The lengths of the sides of the .1 " N
lzrectangle are 3 and 8. Find the slope of its’ diagon&l which j  .\;“‘

A rqad rises“lo faet everﬁa distgnce of one. m?le. dhat is the

-lies on (0 0). (There are two ansuers.) o

"~slope of the ra&d° - ﬁ*;t-.‘-~ '; o §

(e} Hovw is the ansver. to this prablem relateé to thé con- o

'p"lt .
Drav a right 1soscles triangle and detexmine the sine ané tangent

1-of angles of measurement h5 degrees.

P . - p o
(a) sin 600 (b) * tan 50

Find the ratios- s an

*clusion that a 11ne of slbope 2. is nat twice as, sﬁeep as.

.o

a line of glope 1,

'Chobse an apprapriate scale on coordinate axes 80 that yo&\can

. iCDm@&PE the graphs of y = Tx and y = 8x, How does_the: medsure

 ? of the angle determined qy these lines cempare with the measure.‘

- of the angle farme& by lines of alepg 1 and slope 29 ". T

2

p)

1
. Y ) B .
) J T B .
. . - . B . s
. .t . -



| if:f' 6;7. Reading a Table ( B
In the Exercises of the last sectfgn we round approximate

?vkiues af sines and tangents of angles by measurement ana by,

- :using ﬁo-called line values -as found from a graph Scientists -."

-use tables of values of the trigonemetric ratios computed ;c a ,..4

given umber of decimal places, acccrding ta the partieular appla-

;cation for which the valués are needed, Advanced mathematical

| mathedh give much greater accuracy far-t&ble readings than could

- be found by measurement

: On the. next-page, values of sines and tangents are gi{en .'g_
correct to faur decimal places for sines and tangenta of angles ,“

with measurement given 1n degrees, to the nearest degree. Thesea

. vill proxide & suffi«ient degree of aeeumacy ror our purpoge.

Reading the t&ble we find the following approximite ‘values

'_of some of these ratios.'

-

o
T e e e

sin aaﬂ su .37&6 _'Aryﬂlf‘ sin 576' y':8387, |
tan 22° & 40O " a tan 7308 3. #0g

Do you see how these éggues were obtsined from the tables?

B If the angle ) greatervin measurement than RS degrees!khe angle"

-/

~ the bottom of the page.. ," S o

13 giveﬁ‘in the right hand column and the tables are read from

'
- e

~—

Suppase we want to know the height of’ a flagpole, represenﬁgé g

. 1n the figure. A man whose eye level

Y
' 30 feet in a straight line perpendi-

is 6 feet above .the ground, walks o . ' a“.

.angles (a transit perhaps) and meanures the angle marked €.

cular to the base sf the flagpale and

T A .
Nith &n instrument for messuring | - c

——— . it

R

15
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| sine

‘ 00- . .OOOG :;
- L0175
- <0349

SRR (- B
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.mt‘aﬁ R f.9533

"'j‘ 70}1,“ 1219
4‘.8? ’~211392

2756

~ TRIGONOMETRIC RATIOS . .
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© 50 o872
62 . L1045

.

" 1736
T .2250 :
241G

T R
292
| A,_-.3256 L

k0
\,0353 .

%

Tangent
40000

a0l

9349

0524 T
© ,0699 - -

- 10875;““
. «1051 '
«1228 .

L3 .1‘}05 - .
.158h

P

catanS‘“*

e
-

2 ;Qgél _‘:Q
,"oghS% ‘ﬂ

Toa9397
9272
: 092Q5. Co.
; :;i9135,'

T a0k
. 18988

Tledlo

- .8829

8716

8660
€ 8572

848

. 1838 o  ‘
8290 .

L8192
+8090

T L1986
7880
ST

L7660

1T

Rt
- 7314

7193

0000 :  : «707
"gine

450
Anslt

8
[
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. . . - . . ’ X . s .

| He mcarda hie measmment as #OG What 1‘3* the‘..h'gig'hp;gg’f the flag- o
~© pole? In the figure x .;f':-f" | B -Q; Y S f‘; 5
_u"" . - - t&n 400 u ‘§§,  w: ) ]“._“..-j ..;_‘;{
 _T:F“‘:-, .'_‘” - 20 t&n 400 - AB:.g‘? é"z . 7'.'7‘ : :lfj\\\'.? 
B o o ‘. 20( 8391):3 AB. - E
| o m?@mAs“ S B
The height af the rlagpale 18 23 feet to the neagpst foot. -: .

A:'fi o ;‘-'-'ﬁ ?‘A' . } Exerqiaes 6T

L TUse;thb table to £ind the following o
S (aksm0® L () tan hoo
 .g - (p)tam20® - - - '_ ! (s)«tan,50°"_ |
R : (é)tgin.ulalnlf _} _'  ,' ._ N ' (bj taanOQ  : “
y - (dysmez. (1) tan 700
L ~ (e) sin 32974 o I B (J) sin 88°-‘_
L | gﬁeuk the.propertiea of the numbers 1n ‘the sins eolumns af

N J/jable hy a studs of the\“‘bie_
‘f’\i}_f.ﬂ'atabamants? g*., | PR - -
i A, THe sirie of angles 1n the Table 1s & Ways between O and T
. f  »!B;'The sine or angles incre&see with t |
-~ between 0° and90®, . | |
_‘-v_,;cf-‘l‘he sine ar sngles less ths.n 300 n less than X 5

D. The dlfferences ‘between eonaecutive Table rnadinss varieak
throughout the Thble. | ,' | |
'E;fThe difference between the sines of two conséeutive anglesﬂ f

~JDo yeu agree with ﬁhese

‘ size or the &ngle

1s gmtezv foz'umnner eonseeut;ive thQn for large con—
secutive anglea.‘ ' .

- 3. sette prOpertias for the tsnsent eolumns whieh are sﬁmilar

AY

T R R
ER&C SR TR X, D

. . . L
PAruiitex: provided by ERiC . . P F : . - . . - ‘k'
. . . i



N ,. ‘ .4 - i - - . . A
N . P Lt . U o o oA - .
4 - . 4 . . . . L. N . . M e Vo .
- ! - . ‘ e . L f - .
" FFES o P ’ . o : ' - : LN .
s . . . . R . . oo L » . .
*. R L B LY Ces ‘u . . . ~ e . - . - .

te these siven :m Problem 2 fnr the sine eolumns.

3

\s'hy 15 there no value listed in the Table i‘cr the tan 900?

3

: 5 F.tnd the following pmduets' : | ,' e _‘ S ',. _:_ﬁi",

. ’
i

. .,‘_'.-' . (v). BC

A (e all reetangles of whieh

. () 100 sin 3= 7"‘-“A' (¢) 0. 27 sin 73°
() B1tansge . () o. 05 tan 80°, -
6 Find (8) ap '

Given the meesurement ot‘
f.ABC ee 60° and LACB ae 352

. AB= zee e ‘ s u RN

}/?roportionanty _1n Geometric Figupee

In the ﬁgures below.tbere a.re two c:ircles; two reetangles,

- r _ two triangles, and tweA other simple closed eurves. In pe.irs the o

+ 2

. two figuree of a set are said to. he eimilar‘_, They have exactly o .

B | the eeme ehepee,*but their mter.ters 46 not have the eame eize. ‘

. N »
- E“ - v'
. -
- -f N o
e -

It eppears thet elements of the i‘ollowing sets may be said
tobe eimilar" : N ‘7."
~ - __— . ”‘_ r_____-e‘-'
(a) . all cirelee ' , ‘
LB} all equilateral tria’ les

ratio of the fwo

.' | ﬁ,-' _. edJaeent sides is 3 2
7 (ad) al1 1eoscelee risht triangles, o

69

° v- ‘ - ' 1y .‘." N ‘ ) : ) Ll - :- +
o .o S TR



. ' N . - o
. \r I SN . . ] . < a ;o
. - . PR . y ' ' Y S N Do L - X N
S L Y L S . IR o o . ‘
- . & . U 2 P gl R e T - S s N
6-8& 0 o el Teahe SRR
4 U e P . % . . . . K . . N B ) . o - h . _

| Name some other examp}.es ui‘ sets nf gecmetric figures of which

-~ . -

an;y two pairs are aimilar. | _ _
Suppose we have twe triangies like those 1n the figures below.

'I‘heir angles are eongruent in pairs and ra.tios of sides “
epposite equal angles are 2 ( if the@ larger side :}.s named rirst in -

: the mtio) © We may use the notation

S o ABC &y A‘B'C

to' "match" the tria.ngles._ This. 1s ‘a correspondenee, hut m‘.‘ course .

) 1t is not a congmence (See Unit 11) since the sides of AiB'C* a.re o
-largsr ’chan the eorresponding sides of ABC Gorresponéence oi‘ this
- King is. ca.lled similarity.f In. this correspondenee |

P U faiL—*-B"‘  Ce—sor =
AB«—-—* A'B' | AC«-—-—-A'Q} S BC(—:——QM!/:« A
~ angd tha angle contained 1n ABC- with v)f g2 8 A eorresponc}s ta the
B angle centained in A'B'C' m:l&wﬁi ét A' ‘A similar correspon—-
C AR S#h
i‘dence is establisheggé&f "' of angles with vertices on B and
Bt and C 3 “:Gﬁ!fw o . o | ’, o o L B
AN e “gqr,respo nce the lengths Jof the s‘iéé& of‘ thg‘ tswb =.:.i_-’$""‘j"
v ARTELE A S
S TR sequences cn?‘pJaitive numbexﬁ in a very @pecial t
‘ « ' LIPS ' ' = )
. b'=2b o = 2 .
. | D! &2 & =2 o
. ff*l | B '; R poose ‘
", . [ *"‘%N?\WW . o . ) | ‘.
' Sequences of positive numbers related mﬁﬁiﬁs wasa‘ améﬁfx‘;ﬁﬁallegj K .



. . . e . .- . . P . ) Yy .. o . S . ‘. L
. Lo . - . - : . : Lo . Lo - . . - LT . s P
S . S E . . . . ) . - : R i E L
N‘:.n'-jzlu s - e . & e . s « . e « N L - . . . X
. Y i . . S P L e T TP el ! ’ Lo . ST E
. Lo e Lo L ) ) DCEER U R L L
) . X ) . . 3 ey e S fae PN 9 . [
. . R - N
. - S
.

". : . : . ) ‘ KA .« -
IS ¢ o *

éroporﬁiénsl._ Two sequences cf numhers which.are proporticnnl are.

o scmetimcs desisnated a8 fullowa. s -_f N ;",7 ';i _)  R
&,b,c.....e--«t a‘ b',a',oo... |
The constsnt retio, namely | SR
' at 'bl‘.- ‘f - B ,‘ o _ . '
- o a by c . eeer T R e o
- .1a csilgd the eonstant of prnpaptionality. S
D PR . . | Ny
| ' | Eiércises &-8 » | |
" 1, In which of the fallowigf sets are any pair of elementa;“ 5‘ 
‘ similar? o | . ' |
'(a)-isnsceles triangles . T | |
e . {v) segments 1,f-. S - n ;2 !":, .
| (¢) rectangles for which the mt:,o of length to Wldth 1s 7 T
TN (5) parallelogm with angles of 120" and 60° \ - L
| \> (e) cubes R ;f-. o o | .
*(f) ellipses = - o -1,’ R .
2, Is a congruency. (relation between two - cangruenﬁ triangles)
f& f ' _‘& similarity? Why? Whaﬁ 13 the ratio of correspanding sides?
“:}213.: The measure of a" side of ‘an equilateral triangle 1s b, The =
' measure offa eiée of snether equilateral triangle 1s~/§:

o (a) are the trianglea congruent9 (h) are they similar?
o, Let Py, PE, P3, and B be points on the graph of v -.ﬁx in the
| ‘first quadrant. Draw perpendiculars from th points to. the
xaakis A WL aady ';g.% o ) g W‘;ﬁﬁm‘#\w ’\‘ g_ o b
.(a) Is there a correspondence which 13 a aimilarity among |
~_pairs of these right triangles you_formed?x'
' &b§ If the inte%seo;ionfcf thé x-axis and thewperpéndieulai‘il K
.Aon‘Pl is Ai, énd~similaply Aé is_é-poinﬁ'on the x-axis -

£




ano on the perpendicular on Pg, liat eorresponding vertices"

and sides of the two triangles. R
'2}5; If a, b, ¢, ~. a' bt p' "x o L
i 'Iand if a = 2, b - 3, c = 3, af -;4  find bt aﬁézéé.' ]
L'6, Draw two. triangles gﬁrsides a, b, b, . and a‘ . . &% fcr values |

given in Prayﬁem 5. MeasUre their angles. Do the angles

_ ; %Ppear to be equal? o _'_f' L EE
- L - L T S
ot -a b e‘~s.§ 'E.'~: - et L o

e
-

| 8;' Two sequences are proportianai ‘The eénstant of prqr | }w;‘ e
partionality‘is 3. In one’ sequence the firat number is 10
“ahd e&th number: of this sequenee is 10%6 greater than the one

L which precedes 1@. Find 4 numbers of edch sequence. .
: .‘,' _ : P \ | ' R ) F;
. R 6-9. The Similarity Property for Triangles o . s

;g In earlier sections we h&ve considered only pairs of right v

u:triangles which are similar. By measuring, bg refereneé to re-

!

-lated grapha, and~oceasion&11y by 1nfcrma1 ded%ptian we have -

t

,;. fconcludeé tn&t 1f an acute angle of. one right triangle has the R

'same measure as an’gcuta angle of another right triangle, then

pairs of eopresponaa ag§§g@ of the two - right triangles are ’”',‘~;
it ‘\\'Ny D i‘f\w* ‘ ' !

o ;'kprQPQ?ﬁgﬁﬁﬁﬁﬂ’?Qﬁ“d- k .
{ﬁﬂ@ﬁf«x U he converse of this property 1s also true but no attempt has
‘been made to provide igj?rgument t support the conxerse.. It 1§ --ffi,aé
suggested as a BRAINBUQTER in this ; ction. In later work in "w:i;v@5wlf
geometry this praperty will be, prov ' o | '
:\“ - Let us now ccnsider aimilar triangles which are not neces-
i)({gsarily right trisngles. vh;q '. ;:;p> | . . |
t - | ﬁ\ | '



,'finlt on.] If corresponding anglea of two triangles have the

¢

| are proportional.f | | |
| e will mske two assumptions and use these 88 properties in ha

+

-.f aolving preblems. : ;

3Assumption 1 If two triangles are similar, then eorresponding

. sides are proportional L IR L

' 'AgsumptionA2. if a correspondence between pairs of sides or two
o triangles can be established so that eorresponéing sidesiére
"proportisnal then corres nding anslas ‘have the same measure.'
Assumptien 2 18- a converse of Assumption 1. S D
&rguments to support Assumption 1 somewhat like those used
1n developing the praperty of aimilar right triansles can be de-
'-#veloped but they ;nvolve some difficulties which might better be-
. left fcr later study of geometrw. WQrk with the exercises should
‘make these assumptions appear quite reasonable. } - S
‘?Example. Triangles ABC and A'B'C' are similar. 538‘516, AC = 5;‘
BC = 4, and A'C! = 8. Figd A'B! and B'C!, ... ) .

N A‘B' Atct -1 Afcf B
'EU | | R 1o o . o,
_ A'BY. _ 8 iR -'ch* g - I
s . EoTs e o T
A'B'. n5(§) ,. . | _fB'C' _ ‘#( ) . o e
N b - ’ '
B

B—'C'--@-orﬁg S ' ,
| 5 5 | : 5

-

{gsults‘appear to be

-

v
T4
A



- | i‘ | uf_“ Egercises 6-9_‘
L Triangles RST and R‘S'T* are similar.

rw ST r‘ = S'T‘,:s = RT, and so sn,‘_,‘ B '_ﬂ- o ..;.fe;
: “ o~
AFiﬁﬁ the lengths of the unknown sides 1 o N

(&) r = 1 s = 3/2, t -2, rv < 3{ .’ co- |

(v) r= 3, s =4, t =5 ti= 25 | |
'(c) regs t = 80, s' = 30 |

(9) rt - s' =T, £ -7, t! = 7/2

QM '\/—:S"“l t"E,SOE

2. {Assumins the three triangles are similar, find the unknown

-

sides: -

3. A triangular lot is in the shape of an isosceles triangle.
.5~The measure or the equal sides is 100 feet and the measure of .
the third side is- 50 feet, A building is to be built on the o
‘lat in a shape simil&r to the lot.- Ir the ratio ef lengths | lﬁ

of correspending sides is 1.5 to 1, fingd the measures of the e
; building.- o o )
‘4, A body of water is roughly triangular in shape as ghown N .1

B A
in the sketch. ‘Find_the-length of the road around the g

lake by drawing a\ﬁriangle'similar‘to the onE giyén‘

~and measure'ité siﬁesito'the nearest cenflmetér; Let *,
'BICv-An ynur similap triangle be 10 centimeters. The
',fpart of the road represented by BC 1s T miles long.

’ . , N . “ o
LI x"-' . -!.‘;
+ .




' ;';UL-Q gﬂ}f@g;§4gg;§
6.9
&ngle ABC 15 7Q\0 K

(The roads represented by AB and AC are d ficult to measure

The measurement of angle BGA 15 30° and

vdireetly because of the temin ) , | L i‘
5. The 1engths of the sides of triangle ABC are 5 1nehes, 6 1nches,' '
~ and 7 inches. 'The shcrtqst side of & ‘similar triangle AtBC! .

48 10 inches._ .ﬁf}'“‘_~ ; '}f a8 (- St

‘e

| j(a) Find the ratio of - the perimeters of‘the triangles.‘

~ (b) Find_the ratio of the areas of the triangles. | S
L 6. Fingd the'fétias'df the perimetprs and*\he areas of the
| tri&ngles in Problemsx(a) and l(b). - &'- . ;\
T Make a st&tement about the ratios of the perimeters of tgo :

similar tri ngles. ok ;~

‘i‘ 8. Make a statement about the raties of the areas of two o

l ,similar triangles.. (Try other ex&mples 1f no relation o
L 'appears from Problems 6 and 7o) f, ‘((. |

|  a'§. “BRAINBUSTER ~Prove that ir pairs of correspsnding sides of
o 'td% right triangles are praportional then the two triangles :

3 - L o v . -

- are simiLar. \

Ty
. i
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R R 7;1-.. Direct. Variat.ton . ]f R

mxen you were very youns, you soon 1earned that th& mre

'_f._‘ca.ncbr bars, you bousht, the mre you'had to pay.- YO“ -lmew ‘that the S
| mone friends you sha.red a- ciridy bar with, the 1esa eaeh person. nad. -

You understood this practical e.pplieation of variation vei-y c.learly,."' ‘;.: \3
e even thoush you d:ld not th.tnk ot the mathematica mvolved. o |
| Now you are readov to th:lnk ghcut varisticm .‘m a samewhafs mre I " ‘, |
| _' mature way. From the word,’ varmtionﬂrou nay expect that this . - -
. chapter ml deal with the. Neys: that quantities cha.nge, and how - "L

| certain ehangda mfluence others. ,- A

M1 arou;;d you there are quantities that change in’ a. related

. way. Have Fou éver watched the changes in. the mumerals which
‘.apmared m the windews or a8 gaspl.‘me pump as the tank or your

ra.mily automobue m heins tilled? A8 you saw the number of

. fgallens mereasing. -what was happening to the east? .

In mthematics class we say that the cost varies as the numbez-

4.or ganons. Ir the gaaoline you buy is marked to sell for 32 cents ‘
per. gallon, how can yau show how mueh 5 gallons cost? con\plete a -.
table 1ike the one below: | |
 Mumber of Gallons 1 | 2%3 4 6 7 8 9 _io 1

0031: in Dalle.rs

Obsevae the e_,

I

- tation xou earriecl Qut a.nd tem in words what -
' the coat 1s_. 1n terms £ the number of ganc*ns a.nds .32 per ge.llon." "

. L. o o
S
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Foo B L T AR A R P T S et e e ey Can i L e A

oo - - . : H ‘ : . : ~ A . .’ . ~ ‘ o .

- %0 S
’ :""A‘ ) N reisea -18 ?- { -.-jE B ~
‘.i--*erite 8 sentence 4n mathematieg} terms Ebout ﬁhe total eost N\

t cents er . gallons of gaaeline at 2 cents per gallen. A,

T In this statemsnt the ‘cost. may also be stated aa d éollars.j|"

" Write the sentence a. second way, using a dollars. ‘In the

| ~. first form, what happens to t when n 1s mnltipled by 5 ?

.ﬂ;'2; { Suppose the gasoline yau bought eose 33. 9 cents & gallon. | _

":W'. ' Write a sentenee shewing the cost, e cents of - g sallona of
. thia gesoline. What 1s trve of § when c -is doubled? -

:.‘3,' In ¢ '§7 Sn,' ¢ ‘cenrs_ip the "total cost of n egndy‘bars gﬁ
| 1 5 cents eaéh. ‘Suppose the priee cf each bar is raised'to -

_7 cents,v and wr.tte the formula for the cost or n bars at the

" higher rage. Is 1t poesible in ¢ = Sn, for n tc remain

, -unchanged as ¢ 1ncreases? ' _' :

; ;' u.f ‘If your pgce 18 nonmally abaut 2 feet, how far will you walkf,

o 1n n steps? Use 4 feet for the total afstance and writ;e

-the fonmula., If n increases, can 4 decrease at-thq,sgme ]

R 5. ?Write a formnla fo the number of inches i in r feet.
. F ‘.

As f decreases what happens to 1 7
6. 'EWrite a formnl& f r the perimeﬁer, o] -units, af afséﬁéré of
"‘side s units. p decreaaee must -8 also decrease?

LY

SRR In each exercise &bove, the equation you urote folloued a |
patteﬁn. Did you observe that in each formnla you had a numaral‘
and two leteers? The~1etters can be replaeed by appropriate
" ‘nhmera1s, but the stated number in each case sﬁays the same.

Be@ause this ﬁumber does not’ change in a speeifio rermnla, 1t 1s~

‘g‘i' . ) ) ) . . . N




R T R R 221
| '.‘eallad a constant In our atatementSTEbout direet variatien, we
shall use k ror this constant For the two variahles we shall
- use x and $ Each formnla stateé, in effect, that y‘ x
“where K is a eonstant not zero. k is called ﬁhe constant of N
i .prapnrtianality o o - e o o
|  The mathﬁmatieal sentenee v - ex staéeé thét ¥ varieé}
© dirgetly as X Other expressions used to describe this

7'relationship are "y varies as x " "y 18 groportional |
to Xx If. ¥y ,varies directly as .31€ _thgn. x'(yariea directly §  |
it Definitian. Ir two quantities x and y are eonneeted by
L - an equation v - kx where k- is a censtant'got zero, then vy
 varies direetlx a8 X' . “u: ' ,,k_ R | R
) f | | | ‘A ,"' Exergiees 7- 1b'ﬂ.’-'- »  o ' "; _
'11;. State the value af the constant,~wkl", 1n eagh of ehe :_
h  .'fequat1ons yau wrete for Exercises'T la;,_j' o .
B  f2. ’;Can you wr;te qﬁe equation“in Probiem 6,of Exercises 7—1& in
" the ford pfs = 47 Wmat restr:lction does this fer:p plaee' o
eme T
- /

s 3@ -fFind X 1f v variea direetlyvas x "y .ahd fyg‘gs- 5  when
‘ "/_ x 18 Ea L | | P R

4, 'Find k 1f ¥y variea directly as x , and y 1s -3 when
X 18 -12,




VUL PN SO U P S SR & S
w_“~éag ‘f j"" o o L
.f  j}"sumbtiméblit_is rsquirea-té-urite an & b
-;.' ‘equation from a given set of values. \  = 320‘ -2
‘ 'fFrem ths/ihrbrmation in the tahle, doea . 50 | 5 N

'1t appear that a variee dirachmy as ;   -76 . ;pT‘

| | \Whv? the eqpatian appears to y ﬁ, 100 | 10

; f“"‘relste a' and e ;',‘“. ,1}0,

- 6.  From ﬁhe ihformation 1n the table below

T e s proportional to b2 mm write-_

a0 2- 4 6 8 10

S b=l 0 12 3 b

-T. Suppose that a variea direetly as t and that ﬁhen t 15
6, a 18 240, wmeS‘tne eQ\!tion relating. 4 and € .

B '-8.-.'-'- Use the rels:hion yo- ;_,—- to supply the nms:.ng valugs in-

-equaﬁ@un £ you qan;f

R ::‘(0: ): (21 ): (5: ). 'H)‘. . . : .
9. -‘Plot the points ycu f‘ound in Problem 8 on graph paper. -;_-_
: 16.‘ Hhat seems to be true about the paints you plottea 1n -
o [Preblam 9? What kind of curve do you think the e*sve throush '
the pointa wﬁl be? Draw the graph of 'y = g?i . R
‘; 11,'-wa many pointa do. you really need 1n order to draw the saaph
of 'y = g-’i ? Usually it 16 wise to find an extra potnt.
o owny? . | o
12, In the.relation of'Problem 8, when X is doubled, is v |
| doubled? - “When x 15 halved, what happens to y ? When y
15 multiplied by 10 whét&haggens to x 7 Are your statementa
- 'i true for negative valuea of x anﬁ-\y ?
.13; In tha general equaticn, ¥y = kx whatthappens~¢o x 1f y

Co 15 halved? what hsppens to ¥y 1if, x' is tripled? . .
. , 7 SN

‘the féllowing ordered pairs (-4, ), (—3. )3 (~2, ), (-1, )" ;;.5

. .
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. wnat is the 1nteraectien set of all ‘the

hl at
~

S e

B

14

. Srowdoin G e
< . . o

‘?“ "

g P
) .

Draw the graphs of the equations below using the same set of
'n:ca: e ST - o
(a} y = x () y = &«

(©) 5 = 2x Q) v = 8x

What. point do all tha graphs in Eroblen-l# h&ve 1n con-on?

_ phs? wnat_éo.you

-oblerve abo&t\the etrgct of the change 1n‘§pe canstant upon o

Without drawing them, uhat can you say ahout the gxaphs ar

. .the graph? -
- 26!
. ¥y =100x and y =5x 2
17. ‘Give an example
1>k>0.
.18

- be advisable to adjust ‘the scalea‘hsed on. the rcferenee lines

| proportinnality is a large nunber, give anathcr example whcre

% .

direet variatien when ths constant or -

o \ .
What 1is the constant efnpraportionality 1n c = an'r ? In thg L

case or y = 100x the valuea or 'y are so Ianse that it may

*._1n order to draw the graph

1conven1ently ﬁote the
ierrect em.s alteration ‘has

5 on the appearance uf ‘the

srsph Can you understand
why 1t.1s ;mpqrtantvtoumark

the‘scales, and to observe

s00fY

- 400 = .
300 S g ;
100| S
% 312 3 & 5

‘the scales in studying a graph? Write the equation of the:

~ dotted graph,
| 100
-5
i

- One way to find it 1s.t6'use a pfoportion:



Natiee that in the pronortion fanm, x may not he zero.i
Tha rorm y = 50x where x and ¥ may be zeru is the equation
| cf ths graph | | | -
In ‘the work'you have just had with direct variation, the
f eonstant of propertion&lity*has been positive 1n\a$e¥¥-example
| The appliaations ynu are likely to meet in Junier hlgh achool will
almost certainly involve pasitiveavalues for g, , Situntionslh
exist where the cenahane cf propcrtionality 18 negatiwe and you
may meet examples as you advance in your atudy of acience. ‘What |
happens 1n y - kx when k Le negative? Whgg x. 1s mnltiplied

- by 10 18 y also. mnltiplied hy 107 When X 1nereases what can |

you say about y ? . How. 1s thie dirferent rrum the situation for
.\ L . . v .

. -+

— \

.P’-'

s

oo



".plane which travels at 200 miles an heur..

?-2 In%erse Variatien | | N
The ehild who eharee hie epple with a pleymate knowe that '
when two péaple share; ‘each gete enly half of an apple.' Those or :

| ‘hyou whe heve experimented with a lever knaw thet 1f a weight ie -

triple&, ite distance frem the rulerum must be divided by 3 to

.retein the belanee - I yeu érive 100 milee at 50 milee an hour, 3
'the trip requiree 4 timee as 1ong for ycu as it doee for the air-‘,

\

In direct veriation, ¥ o= kx (where k> 0), you observed

that if X 1ncreeseef y elso-increaeee, and 1f X decreases,

'y decreaeee : Perhape you heve*anticipated how 1nveree varietien S
‘15 defined. . You'may have realized, in the first statement above,

thet when the number of children 1nereaees, the emount of apple

‘available fcr each ene decreaeeef . The follewing exereilee will

| euggeet more exemplee of 1nveree veniatien ror you to exemine._

Exercieee 7~ aa

1. (g) The table below, as it 18 now f111ed in, shewe two ]"

'?‘\e peseible ways in which a dietence of 100 miles een o
_ be traveled CQQ; énd eomplete the‘table | , ‘ N
Ha%e (mi per hr ) 10 20 25 40 50 60 75 80 100 o '
‘Time (haurs} 4105 | B | | ‘
(b) From part (a), use r for the number of milee per hour
and t for the number of houre and write an equatienq‘ '
3 connecting r and ¢ 'éid 100 R o
.‘-;.(e) When the rate 1s doubled what 1& th effect upon tne
| time? | - |
lf (d) q.pn t 1ncreaeee ‘what heppene teﬁ r ?
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(a) Suppose yau have 2‘#0 square pajzia stonea (flagstones)
| .;;' T, Youw can arranse ‘mem in mws to fo:-m a variety of -

. '- 'v‘tengule.r rIoors fon a patio.- If N represents the -
- '.‘ v '\. nymber of stones in a mw and. 'n represents the number
. > - ‘of mws, what are the possibilities? F111 in 8 t&ble -
R i1ke’ thiefene.- R R R “’ R -
- | ’ ’f . :.- Numher Qr Stones. 240 o oo .
- A, Number of aton&s .tn‘a mw 10' 12 15 16 SQ 40 "-,
‘ ;_Number of rows " t | |
o (13) ‘Write an equa’cion cannecting h , 8§ . and 24(&\ .
o (It‘ you cannot cut- any of the st:ones, what can yeﬁ’ say ; )
. © - ebout the kind of pumbers n- and s must be?) ... ®
| ‘ 3 "(a) A seesaw uill halance if {._1 d o . .Q;e | W' o _' ] ety
e wd = YD when & weight of: | _.A ERE _~ R
L e w pmmds s d feet from the mlcrum and on the other’_'-{‘ |

S R s.’r.de 8 @eight of W pmmds 15 D feet. from t@e N R
ST, mlcyln' 54 \m;: 36, find "5 whert | W . 18 2, 9. or dr . .
P . o ‘ "‘" L

R 18 and find w wnen D 1s ,1, 6; 12\ . ~§

‘ | (b) What happens to W as‘ B 1s daubléd\? What happens S
e L to D as W 1ncreas s? f ~ Y \f ) - S
5’. N ¥ ; e LR : ' ' - r

- N
S abiChE N Write an equation connectix;g rat@ of mteresﬁ r and the.

A .nuniber of dolla.rs on depqsit p with’ a’ fix*ed 1ntere t pay- N

' [} .

'-"-‘ment of 3200 per year. What, ha.ppens o r uhen p ia

. ‘.‘ "g.qubled? If the 1nterest rate 13 doubled what caf. you say of )
| P 'f" amount'of N{ney on depogit? a3 R | T
r5 g A l-ength of. 20 inches 18 t*e q:\,vided jm;o ‘a numbep of equal gf“
) :‘m“"' | 'Q pe.rts. Wr:l.te an equation connectj.xfg the mmh‘er or parts .n o |
“ ‘. ‘_ w:.th' f.he lenith 1 of'eaclﬁz P&!‘t -~ What happegm to the f CoL
; o S v, . )
L N T AL P I
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nnger of parts 1f the length of eaeh part is 61v1ded by 3? ’

| wr;te ths equationﬁ 1n Preblems 1 (b),‘a (b), 3, k, and 5 in.
a §@1umn ane yau noticed the pattern in.these examples of
1nverse Variation? .Ia a eonatant 1nvolved? What is the mathemati—"
cal sentence which deseribes 1nverse variaticn the way y= kx

.2 ehows direct variatian?

The equatian Xy = K \‘~\_, x is a constant and not zero
states that x varxes 1nverse1y as ¥ . (or that_ y varies L

1nverse1y es x ‘). L ;' . ‘ﬁg',' . S | ,2 7'

L

'rtf\\ Defingtion. If two quantities x and y are connected by

- far, the constant qf prcportibnality, k has been a positive

the equation xy = k where X 15 a non-zero constant, then y
varies 1nveﬁte;x as x (and X ' varies 1nversly as ¥ ).

Notice that in each case of 1nverae variation described so
- number. . As 1n the ease of direct variatipn, k may be negative '
1n apeeial cases but our ‘study 1s confined to k> 0. -

\ Exergisgg I -2b v

S 1. Sta@e the g*gatanﬁ in each of the eun;icns foriPrablems

/7 .
1. (b), 2 (b), 3, 4, and 5 of Exercisea 7-2&.-_ s L

| é | State your mpression of, tha éifference betwaen cﬁrec‘& 3

2

variaﬁion and inverse variation. et .b"f,;j= f o

. 3. Find k- 1f y véries 1nverse1y as x and'if y~ 15 6

Mhen  x 1s 2. . o N
7 - . e .
&, iind’ k- if x varies 1nversehy as y and if y 1s.10
?h99  x 1s'% .1 R . L |
o e, o DR xF
. - - : {
R ¢ ¢ . > ‘. vt
-~ . .ﬁ . i . . ¢
,ﬂ /‘ . " . o A ¢
({; "‘ A : ‘ - . ‘. f‘f -



B R o2
| 59':55 - Frcm.the 1nrormation 1n the table does. it appear that a
: j varies 1nversely as - b 2 Explain your answer.
| el 101 3 8 19 M1
- P8 -2 2 6 16 3B- 82 B o
if:ﬁ. Suppose th&t a vanies inversely as b and that a and |
b “have the correspcnding v&lues shown in ‘the table below._‘

Wxg_p)an equation cqpnecting a and b . Are all the };f‘ ) ,§,

entries 1n the table needed? | ~f '
| '3] ‘.'4 | é;" 1 \ -
o | bﬁ 6 12 R - , .111 o
| 7. Study the number pairs which fcllow~_ (-2, 3) (_1, 2) .f i
(o. o) (1 2); (2, 8) (3, 18); (4 ®?). _“. o

(a) Does it appear that -y varies directly as X ?
- {b) noes 1t appear that y varies 1nverse1y'as x ?
@a) Supply the missing values 1n the table beldw where ) | ;"'1,}',

B ‘¥y - 18. ;..,,‘~‘: - .1 | o - ‘: ] .'.f* | 2; 
| jf‘«u' 3 -2 1 1 .2 3 4.5 6 .7 .8 9 18 -
| .yl L '_.‘A'-‘*- B
g f_f: | (h) Is it pessible far X -or y to be zero 1n ; ‘ff‘}.,' : ? _—
\ - 1\8 . Wiw? T '_“ |

:{' i"‘;"(b) ‘Plot on graph paper the points whose eoordinates you
' round in part (a) and draw the curve'. Ybu may wiah ta

\; :2' rind more number pairs;to enahle you tc draw the curve |
_; _A>{? ' more easimy Does your curve look like the one followif
‘if," 'f:  ing question Be? ;: Q_f' R
(d) When X "is double& 15 ¥y also doubled? See your: graph ;
' What happens to x when y 15 divided by 62 Are your |
‘Tuf;'; ~:‘ résponses true for negative values qf x and y ? g
o , ¢ | |
‘ | j L N 85 ) \ . A
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. .- ‘ + ) ' 3 S . . o x\ . B v,\‘.\*'\ ‘?\g",i\
7-2 " . . e o ,2‘29.
Some cf you may have met th.ts curve in the seventh grade
) in connection with the Jever, or balance. . The %urve, of
' 'arwhich your graph is a portion. 18 called a lwperbol&.
¥ _If. has two hranches. ‘A hyperbols shows 9 - va.riation. _
. . :
. . ) ~
) 10t
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? "'(a\) »‘In the. general equation xy =k where ® is a o
! | :const:ant not equal to Zero, may > ever e zem?
:(_b.,)." In x,y = K what. ha.ppens to 'y 1£‘ x :S.s doubled?
| - What happens to x 11‘ y ;is multiplied by 8?
' _What happens ﬁo y 1f gt is divided by 0?7’
| 1. ,‘(ia)l Qn graph paper, dr&w ‘the gra.phs of i:f =1, xy = 6
g -E ) | . T
. (b) 1In part (a) what 1s the intersectioq“’ét of - tha .
. * "-three graphs? Did :,'ou remember to use negative o
:valnes for x and ¥y when you plotted points?.
(e) What is the efféct of the eonstant pn the graph

- of xy=k ? S e

-

R

. Notice that in the discussion oi‘i direct and 3.mrerse varia-,,
. 'tien, the letters x and y may be used mtee\rchangeably In
¥, = -} R 1f k 13_ not zero, Wes sa,y. that x varies-_as y _ and_'A
| ",‘-'}’ varies as\ x . 1In =k, k tcannotltie éero and we say
that x varies inversely as y or that v, varies 1ﬁverse1y B
as x+. 1In these stateﬁents x and y are the variables.

, and X repxaesents the eonstant or fixed value appropriate to) ;
e A
. k .

Y N
| .all possible caaes S:ane for, x # 0, tne equaﬁion Xy -k |

" may be wr:l.'cten y = K 335- which says that ki va.ries dire 1y

: agthe‘reciprocal of x .. - —/7 = é -

) the particular case. In the general equation the lette

i is8 uaea rather than} a particular numeral, :Ln order "o’ :anf

fithe statement y/x " k Thére are times when this form.is N
'~‘ useful, ‘de 1n Unit 6, but I‘rom y‘ur {mrk with Zero you know v
' &Hence ycu may use th.’x.s i‘orm .




| _. X A
the value ef Zero fcr X ..

L}

Y

fonly ﬂhen“&ou éré not interested
When y/x = k 1s used, the number zero eannot be'in the demain or
the variable \ .

oo
-

The graphs of y = Kx and xy =k 1ne1ude points with o -
.negative eoordinates In many practical situaeicna these negative
_numbers do not ‘have & msible Mterpmtagion. The number Qf

“-atones 1n Probl&m 2 of Exercises 7-2& mnst be a positive whole
7\

' It is. not reasonable to apeak of a negative number of
lﬁ'sne or a negative number of rows._ In situations wpere direc- |
o 'tion is 1mportant, neéative numbers help in ehe 1nterpretation.. R g/kf :
L Negative eemperatures are temperatures helow zero, for example. J
u fThink of & physical 1nterpretatian for the equation 4 = rt whieh
;.13 aceeptable for both positive and negative values of t .

5
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| sypges of Variation

\

You are familiar with mai\w situations in whieh one quantiby

q= 3 Other ,
ﬁ” ehengee when another one does. The eoet of" fillins the gas tank
;in e car chansee when the number of gallons purehased is ehenged’
-‘(ﬁp when the priee of one gallon of gas ie ehanged) Your weight},
. edangee when your size changes. The height of 8 eegﬁain‘ﬁ%ee
ehanses ‘when the number of yeers it hae ‘been growing is ehanged
| 'The time reguired to trevel a certain dietence ehenges when the ”
‘: epeed at whieh you travel is changed The total area of e cube
: changes when the length of 2 'side of the cube 18 ehanged (Of'
couree, all the eides woq;d have to be changed so thet the figuré‘
:fremainé a cube ) The amount of destruetion ceused by e eertein
_type of bomb ehanges when the size of the bomb ie ehanged
| _. . Some of the reletionships mentioned ebove ere quite simpleu
- and have Qeen dieeussed in Sectione T-1 %nd 7-2 They can be i
described by oge of the equd‘ione y=k& or xy =k end we

have seen’ how they can be picﬁured . . f~_ /_ .j -

»

o In this eeetign, we shall eonsider eome more edelieated
‘ reletionehipe end see how. they” cen be described by equations and
‘pietured by grephe In many epplieatignﬁ, negative rumbers are -\’
not used ffor‘instenee, for _the eree:gf the surface of a eube),
d_but in somegepplicetions a negative value for x. or y ie mean-
fingful (for- instenee, for, the. temperature, or for a pereon's bank
'balende) Ve shall frequently draw the grapgg'ueing both positive
‘and negetive velues of the variables. In later wdik, you will

find thet the entire graphe ere ueed in other eonneetions. A’g .
L .
‘:(\% ) or the relationships mentioned above, many are too diffieult

Fa




A.n

@ﬁ’:? ccnstant (6/1 #555%/32) so A dces not vary dinectly as s ﬁ;::-; L

Fe

fcr us. In_fact, the cnly new ones which 1s simple enough for “SL;*M;;cs
tc ccnsider is the one connecting the area .of a cube with the | |

length on cne cide. For a cube -2 1nches on a side, each face 1s 1‘  :
' a square. What ia the area of. one face? How many faces are .
| there? What 1s the tctal apea of aIl the faces? It is’ quite E "
easy to make a S(bie of some cf the corresgonding values for the _
‘total area A sq.-in.76f the cube and the ' . s = A
ngth 3 1n.;'of one side. Some of, the o ‘f{,  6 | Lo '.f
‘vajlues are given in the table. Check these i 2 24 - ,-
values_and_find the Qchers. S ‘j‘~;;4f~ ,3'. '
- What information can we(get from this . &4 )
."shcrt‘table?.$nces A véry cifectlj‘as”*s!? S5 -

‘or inversely as s ? or 1s this relaticnship" 6, 216

. mcre complicated? Certainly the prcduct A g c 18 not a ccnatant,ﬂ'ﬁf '

sc LA dces not vary inversely as s . AJBQ’ 4/8 is nct c(‘ h_;,:~‘.

This relaticnship 1s more ccmplicateé, Lct us try to picture 1t .

b& a grﬁph and describe 1t by mcans of an eqyaticn,,as 'We have . .
for the simpler relat&cnships cf Secticn ?*1 and 742 - )
'Bhe Sl?a}s}" 15 skei:ched 25044 -:. o e . . A
atthe right. Since -A 280 BT Y .'
"7..takea cn values frem‘6 .?llﬁo - f o ‘
'~-to 216 while the values ‘giqo{' | ,ﬂ:, ;é
Tef s &0 !I‘rom Tto6, .. 50 e B
_;1t:is convenlent to use. 'f o L : o
L different scales on the - ~ : 0 ’ | RTINS :
‘SWO axes. Graphs appear fr&queatly 1n hewcpapers and other ‘ :
; PRI o ; i



B A
npublications.' Whenever you look at such 8 graph, be sure to

.nehice what se&le 1s uaed on each axis The graph on the

-~ used on bcth axes. Sketeh a portion of the curve Anﬂ see. (Use
 f1 fthe points (1 6) and (2 2#), the other values of A will be too
. large to,he shown ‘on your paper ) Can you :ind, from ‘the gr&ph
on tne previnua p;ge, the area of & cube 3. 5 1nehes on a Bide?
Can you fiad the length af one side of/a cube’ .whose area 1s

175 sq. 1n.? Did you find exact values from the graph? | |

‘ If the length of one side of the cube 1s  § 1nches, what 15

; the area, of one face? wa many faees are there? What 15 the

total area of all the faces? You sheuld ha&&‘?ound that A - 65 S

.Can you find, fram the equation, the area of a cube 3.5 1nchas ‘on

. a !‘me? Is 1t easi.er to use the equation or the graph? fan you .-

]

;,think of a,caseé when 1t wuuld be better to use the graph. and i
;‘*Q_another one'when it would. be better to use the equaticn? V,T-

§ N

Slnce A .and s are connected by the equation A = 63

. we see’ that 6 is the censtant of preportionality between the

‘corresponding values of A and . { 2 . Since there 13 a constant

2 ,,y? see that A g
2

. of proportionality between A and 8-

',prcportional te‘ 32 r A varies direetly as 8

e e ,
'
2 £

’—,previaua page wouldflook qg}te di£$erent 1f the eame scale were L

A :

Definition. If two quantitieSrgx and y are related bi an )

-
2 ’ where k. 1s a constanﬁ not zero, then sm

. varies directlx_as x2 . . T l",?*«'«‘;w T

:equation y = kx

“

' This definition 1s really not new It 15 Just a restatement,_j

1’ “gith difﬁerent symbols, of the definition of direct variation 1n

)

Section 7-1., The statement "y varies directlm.as xz v tells‘
\ i us that - y = kx2 for some censtant k . It doeg!not tell us

. \ L. . . C L . _ _
. - , P
LA . e - . . R . £ C
iV N ‘. e \ - () . Ca . .
! . ) . - - - E e 1 ) Sl e
. . k . L . X . o . - f. - t
- .."‘A . . L

*
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| the vg}g§~?f K 1;~ In some applieatians, k is a negative

235 .

number, but we shsll eonsidcr only pesitive values of k in this -

'; chapter \ -.f if"

The graph of y = 6x ' 1a'dréﬁh'be1oﬁ. For- poaitive values'

of x * we can 1nterpret y as the area 1“ squ;re ‘inches. of & ;f‘

"cube with siﬁe x 1nches For negative galues of x , the N
variables cannot be 1nterpreted 1n this way,‘but the entire graph

‘~;1s used 1n more . advanced work. o _; A -‘“-.{
. 'EOO‘y S -
’ - ¢ .
. .- 150 y

100 -

Exercises ?—Sa

1. (a) A table in thia section shows gome correspcnding Values_'
| | of the length 8 1nehes, or one si&e of a cube and 1ts |

],area A square 1nchea Ybu were asked to find the

"

L ‘ponding values in the eompleted table, Tind the quotient

- 2 | o . #

. ,,', A/Is * . : ,‘ . - ﬂ

» (D) Use the graph of ¥ = 6x° drawn in this section to
. answer the following questions* |

;(1) What 1s the drea of a. eube of side,a 1/% inches?

”'(2) What 1s the side of a oube whose area 15 75 square

.
. \
E
] 8

-

1nches? e, e

,‘values missing fram the tahle. For each pair of corres-_;f"

‘A.
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2. Let S-§e the area 4n equare oentimeters of & square with
B edges e centimeters long. R

(a) -Find an equati.on oonneoting s and e -
| i(b) Tell how 'S varies with e . -

';;.,f .(e) Plot the graph of .the equetion,you found in part (a)
o | Uae values og e from 0 to 15 and ohoose e convenient
. scale for the values of S. ‘\_‘*” T I ";>f

) ‘_(d) Fro@ the graph you drew 1n.part (o), find: -
(1) ‘The erea of a square with edges 3 cm. 1ong.
| ; : q_'(z)'""me Iength of the edges of é. squere of aree.
: ..".-6& square cenﬁimeter%# J‘ |
- (3) The area of a square w:u;n edges 5. 5 em. long
'oi"--ai(h),'The length of the eﬁges of a squere of area

o “0 8q. om. | >

| | ;(e) “From the' equation you found An part (a), find:
(i'o; -f:e (1) The area pf a aquare with-edses 3 om. long;-.
R o (2) The area of a square with edges 5 5 cm. long.

_’3.:, Ir E 18’ proportional to the square of v and - E 18 64

- when . v is 4, find:

v- (a) An equation‘oonneotioh%;z 'and;,v
(b) The value of E when % .15 6,
(e) The velue of v when E 1s-16. | )
F ,'§~ﬁ.‘;nSuppose grass seed costs 70 cents per pound, and’ one‘gound
| will sow an area of 280 sq. ft. *
(a) How many pounds of seed will be needed to sow a square

e plot 10 ft. on. a sidez:} L = ~ N d'

- ﬂ(b) Bbw mueh will.it cog@ to buy seed to sow a Squere plot
L 10 feet\on a side? SR S e



.:;‘fo\\\u T3 seconds?

S 73

_ exprezoing the relationship hetween two variables.,

‘ 'differént values in difrerent csses. It seletinea

3 S
. ane‘_ In Epis sectgpn, k will he-a poaitive eonstant and n’

: \&'g;{ﬁ)' If e eents 18 the cost of t saed xo sow & . o f
- : 3quare flot. 5 feot on a side, find an Qquaticn
'connecting - and e 'l-~ L

| (df 'wa much will 1t coat rar seed to sow _a square plob
' 65 feet on & agde? | S

sou a square plot 75 feet on a uide? |
5. A ban is dropped from the. top of a tower, .Thg-dutanee, o
i a feet, ‘which. 1t has fallen raries as the\\hnare or the tine -
t sec., that haa paased since it was dropped. S

”v. (a).-Frnn the information abdve, wha equation can yqﬁfzflll

| _write eonnectins a and E ? _ .
{b) " can you find how far the ball falls in the first

o (e) 1r you are also told that the ball falls 144 feet
o .,1n the rirst 3 seconds, what egg;ﬁgqn oan you write
R -conneetins d qnd ¢ 27 .

| _-1 (a) Uaing the equation you wrote 1p part (c), ean'you

fina nou{far the ba1l ralls 1n ‘the firpt 5 seconds?

*~ .

:- In the 1ast set “of exercises, you found several uabiong 1” 
E:rﬁ of these .
‘equat ns was qr the ronm y= kxa ) but the constant k had * |

" the relationship between ﬁ\? variables is. expreased by equation

- such 88 y = 2x3 of y= 5x4‘, etc A general equationruhiéh*

’.:_._meg.udes an of these cages 1s y = i;in » where k and n are

'each constants in any one caae, but may ehange from one case to

A

-

: | | | 6k\;d:
{e) 1Ir$is. 00 is available for aeed, can encugh be bmxght to o

Ne
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‘ -‘;uill be a eountins nnlber‘ Tha éxercineu"beldil1ilu;tritd the ?'f?){
. mﬂﬂ produced in the &raph of ‘the equation : - kzn§uhen I
f -¢_-01thsr k or _n is kcpt tha uale and ﬁhc othnr is dhgnged, IpJ-', S
_ '; ‘nnny s&tuatians in seiénee enﬁensineering, tﬂo variablcs are con= 5' o

nected by an equatien of a different type trom y'-'k:ﬂ ’ but thia

is % only: t.ype ot‘ equaticm discussed: in f.hiu uechion. T
. ) { . o 7.«‘* .;‘ . | ;
K merﬂses 1- 3 o .
P For eaeh of the equatians {a), (b). (c) below, make a table v
of oomaponding values ot‘ x l@ancl y . Use the Vﬁlﬂj—‘} k :
"‘6, ."4’ f ,",'2' (, 2)( .“ 6 le‘ x . o F C ‘- . -“‘ L L.
. '12\ . - N ,.: s e . ‘.b ¢y . 0‘_‘ . “"‘
(a) y =5 B T SR N
| (b) Y - xﬁ : ’ ' - o ;3 N 3 . ‘
v (d) canpxete the rollowing atatenent' In each of the v
EO RN equations (a), (tg‘),._ (¢) avove  y | vardes — |
.2 Make a horizonta.l seale for valuea or X" -6 ‘to Er 7

and«a verti.cal scale for values Qf y ftrom o to 80. \:ﬁae"

this one pair cf ret‘erence lines to plet all three ot’ tha

: r?latienships in Problen 1. R T

| ﬁ(é} What hsppe:%a to the gr&ph of y= lcxa 1f the va.lue of ' “,“"'

.« - Kk 1m doubled? ' o o |
‘b) What happens “to }he graph of . y = kx2 }11‘ the value of

¢

'k is. rmltipliecr by 42 o S \3 R
' (e) What general statements ca.n you make a.bout the chen§e :I.n‘ L. 3
. the graph of y = h:z caused* hy ehanging t'.he value of ‘
k ? e o SR
‘ . . ] i ’ »\‘. .
) | ‘ " - - “9'5 ’ - ) I3
: * 4 L ' L .
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Y

r TN - For éach'cr:ths'threa\sraphb -you drew'iﬁ Problem 2;}#hat
- happens bo x .tf x 1} douhled? ('i‘ry scme values,, . “

S ‘ “
) ‘”1 3\ and 2‘ rE apd h—# "3 etc')‘ 'f...-v__. ¢ % ' .
. 4 - Forp. each of the follmring relat:lonships s qake a table of
é; ,_ﬁ}{fii correspondins values or x _ ands & + Use the values e3,~

V -2';-" M"'J‘,P ?n 0: Ec’\ la ,‘2-’ e fQI' I. et L '.‘ .a"‘

V(e yex ,e [OF r—=33~"'f' L

| li_.r(h) yaa el fapyext

,, -5 Ha.ke a horizonta.l scale .for values ef X from -3 to 3
Y R an& a vertical aca:].e for values of v from 30" to 50
eow Uee th:la one pair of referancé l.'mes *to plet .a.ll four of the

. -P.

" re].ationahipsmmmemu T _

(a) What general statements ca.n you make about tpe s:hange
“in, the . graph or ¥ o= x caused by changing the walue
] o _of n?_'_ o . I

(b) Compare ‘the’ sraphs of ?roblem 4 with those o Prbblem 2.
L Wliat appears t:o produce a greater effect on the graph -

 ’_ 05 ¥ - ;8 change in k-"'-
/\ - a change 1n n? v .;. R o
TR Use the fonoumg notation- e ‘om. 1s the 1engtﬁ of one- ' °
f \ edse of a. ‘cube; P cm.“is tne perimeter of one i‘ace of the | ;- ' "

or the samg- kind ,gf 3

eube, 'S sq. .em. is the total area of a:i.l faees of tbe. \

. ,~ s : cube, v gu; cm‘.“: 1\5 the volume of‘ the eube : o \ o
“;-'-_-"‘ - {&) Find eﬁ-: eqﬁation comecting E anﬁ e, /é and ey o \_\
AR (b} Complete the fcllowing ’statements. I

. . -

(1) 3 varies PR
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) How would you describe the way V varies w:l'c.ﬂ ‘e %’ T e
( c) On one set of reference lines, plot the gra.phs of the PR
‘ " the three equations you found n part -(a). Use the S
( B - values 0, ‘1, .3, 4 for e. (Somfe of the ggrliér o
Co | graphs will help you.) ST ‘, PR ‘_. ) | : ’
AL -_(d) From the gra.phs you drew.in part (c), find - P ,

and V when e 1is a% cm., Checlc by upwg ’che equations

L you found in part (a). L e ] o Loat
(e) From ‘the graphs you drew 1n> part (c), can you guess | |
_‘: which oi‘ P, ) R and V. will be biggest and whieh will
. o ‘be smalles'c when e 1s 10 cm ? Use the equations you
@ . found. in part (a) to test your guess. e .
- . 'f. N
. . 3 vy
. . - ' .} ! , .
‘ ‘ R
‘ i . L. )
P‘ , -
¥ ~
3 . . . '
\ . V4 . ‘
Y . . )
- Y \ * ) - d
- /
‘ . /" | -~ ‘ . . |
f_/ ’ . L i
_ 97 -~ * “’ '
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SRR .} S 7~# Summary and Review T

The three kinds of variation congidered in this chapter are o
\
direct variation, inverse variation, and direct variation as the L
» . C—'\ . o
square u . . * o EE O Y . ’l -.

-
~

_11); Direct vériatioo} y o kx b - ' *4"'

(a) If two variables,’ x and ya, are related byftho A
| -}equaﬁion y = kx/g where "k 1is a oonatant not ﬂbro,,__-_-“"s

then y Yariles directix,as X .

() The number k ig° ;alled the'oonstant of.proportionality
~0(c) When k is positive, as X incréases, y ‘must f@,“

increase and as  x, deoreases, y mus; deoreaso

- j

« (d) The graph of y = kx As a.straight 1iné-through the
| " origin. - | °-" : S S
_(e) The steepness of the line is determined by k. e

(Q)s‘Invorse.variation'~‘xy =k . _
(a) If two variables,{ x and y , aro related by the
equation Xy = k , where k io a conotant (noﬁ zero)

. then y* varies ;gversolx as 'x .

(b) The numher kK 1s the constant of proportionality between |

y and the reoiproeal of x as shown in the for@
. 1 . - o N A‘>.

q

x
(c)” When k ‘18 positive, as x . inoreases, y must,

deoroase and as X, decregsé;, y must inorease.
(a) The-gr&ph of xy = k 18 npt a straight line, but g
- special curve with two branches. The graph does not,go'
| thro\zghtheorigin T | .
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(3)

- (a) If two' variables, X and y , are related by the

' discussed in this chepter.

~(a). The graph of y = kx° 1g not a straight line. .The

..vas fidd y when x is 5. o

A 3 *
NI ST -
: b e

13

. f
\ . : L) :
) i $

Direot veriation ae the squere y = ; ?'
equetion y. = kx2 > where 'k.1s a oonstent not zero,

‘then N veriee directgx ae x2 .

o _'(b) _The, ‘number k. 18 called the constant of proportionality

oetween Yy and x2 . 3 | . o7

‘(o) When k 1is poeitive, if x 1is multiplied by 2, y is

£

multiplied by 4 and if x 1s multiplied hy 3, y ie

multipliéd by 9. ¢ .
- o

«

< origin is a point on the- graph ,

- The’ exereises below review the different types or verietiom
: LY . L . v

. Exercises*z-4 . ) K

L

If y':veriee directlj as x\' and 4f y. 1s 16 when x 1is.

.
-

/ 1.

2, find y when x is 5 ~ .

CIf ¥ varies direotly as the square of x , and’ "Af y is 16

whnn x is 2, find y when  x 1s'5. '3 ‘
The areae enclosed by two similar polygons are pﬁbportional
to the squares of any ftwo eorresponding diegonals. The
polygons below are similar and point c is 2 oentimeters'-“
from point A P point~‘G ie 3 oentimeters from point E .

x
]

- ' ’ ) \ : \

A . .

&

Ir y varies inversely as X , end.if y 1s'16 when x 18, '

EEE SRS T Sl
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’k;' : dire%tly as the pull, P pounde, which te applied to the

. I
- * .
? .. [

. s - . . e
.gpring. L o

[y

?f(e)* If a pull of 10 1ba stretches a certein spring 5 1nehes,

-

| - A%5wmat pull 18 required to streteh 1t 14 1nches?
f: ) ,_\; {b)  For the spring 1n,part {a), how far will 1t be f:,
Ca . s;retched by a pull of 14 1bg.?* e "
‘6, - The pressnre. P lbe. per 8q..1in., exerted by a eertaip
A . ameun% of nydrogen gas varies 1nversely as the volume, .~

Vv Cu. 1n .y of the container in which 1t 13 kept Y If the.

pressure ie ? lbe per sq. in when the g8as is in a gellon
Jug, what wauld be the preeeure 1f the gae wae enclosed 1n e

I “ﬁ;ﬁ:m? S T
/e« T. . As titude 1ncreaees, the temperature decreases 5. y° F .

; E
for eech 1000, feet of altitude. Is this an example, of any

of the three typee of varietien described in this chapter?
TP yeur.anewen 15 yes, tell which“kind and write the equation.‘-

S

7i‘ 8. Show that, 1n X'+ y = k ,' ¥ does not vary inversely a8 x .

Ty, ‘The plcture editor ‘of a echool yearbenk often has to change
* the meaeurements of a picture in order to ﬁlace it o a pege. J
 ;_ L Suppoee he had a phetograph é% 1nches wilde and 6% inchee high

T - )

S. The dietance; d inches, a spring is stretehed varies L e



10.

11.

12,

’ 13¢
" 'What is the constant of proportionality?

-~ 15.

‘between 1 and - w e

this oase?

‘The cost 1o cents of n two-cent stamps is siven by the |

. Y
- C . °

A 74 -

-._\n . s ‘

which he had to adjust to a spake 65-1nches wide by having 1t -

-reduced in sife. What height should the altered picture have?

This is an example of what kind of variation? f L, .:% T

In ye=k+Xx, ¥ 1noreases as x increases. “Spow that
this is not an example of direot variation. | ,
_If a phoﬁograph 85-1nches wide by 11 inches long 15 to be

¢
enlarged*to 15 1nches in length, what must the new width bé?
If A is 24 in A= 1w » what kind of variation io“indicated

4

What kind of v’hria}biom is reprejented ‘by C= d‘ ?

In V = 7 reh, suppose 13 miltiplied by 5 while h is -

| unchanged. What happens to V ? What is the constant-in o

e

equation ¢ s‘?n . Find 5 numher pairs (n, ¢) which satisfy

fh*f equation. What would the graph‘of this relation look |

 11lke?
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... l'. ) : N SR . . - T . - b ) . .‘_ .
) .8 ’I‘etr-ahedrons

‘-

i A tetmhedron has four vertices which are points 1n space. The n

(Another i‘om of'\ the

i ‘}‘ "‘fv: ’ . T s . ) * XY

i B :
/ - The points A, B, C and D are the vertices or the tetrahedron o
‘ on the left. ‘I‘h& points P, S R, and S are the vertiqes of the one

‘on the rig@ut The Tour gertices\cf a tetrahedron are not ;.n the
’same"‘plane. The word "tetrahedron" - refers either ’ca the surface ,
| “of the figure or to the " 0l1d" figure, 1. e. the figure including
. thé 1nter§.m in space.. In thiss first section the distinct.ion is ’
not important Later we shall Tse the term “solid tetrahedro:n" |
'when we mean: the surfade together with the dnterior. We can‘ na.m‘e :
a,te’crahedron by naming its vertices. We shall nor.mal;ly put
narentheses around the’ %tters like {ABCD) or (PQRS) Later we R
shall use ‘this not_hon to mean "sol.td tetrahedrd;{" | _ ‘ _
| The se%men'cs AB Be, AC D, BD, and .CD are cali‘ed the _e_d_é_
* of the te’prahedron (AECD). e sometimes will use the nntation (45)
to mean the" edge AB, - What are bhe edges of the tetrakedron (PQRS)?

‘ . .

. .
. . : .
X . . . . \ . toe R ¢
. . L X - . . I . - ’
. .
- -~ -
- | - o .
_ . , ‘ 149
S : s * . ’ . .
— . . . N .
~ A uiText pr ided by ERIC - .
O .

A geometric figure of a certain type . 18 ‘called a tetrahedron. o

4
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Any phree: vert:kces of & tetrahed"mn are /the vertices of a
triangle and l&e in. a pIane., A triangle has an 1nterior in the ;.,‘
_ plane in wgicn its vertices lié (and in whig& A4t- lies) Let us
:7-*~use (ABC) to @ean the tniangle ABC tqgetherjwith its’ interior.~ In”
' f; otﬁgr words, (ABC) 15 the union‘nf A.AEC a d 1té interior. The‘
' sets (ABC), (ABD), (ACD), and (BCD) are called ?he faces ‘of ‘the -
.’i tetrahedrqn "(ABCD) .. " What are tne facaa of ‘the ﬁetrahedron (PQRS)?
‘ You~uill be~asked td make some madels/of tetrahedrona 1n the
exereises.l The easiest type of tetrahed of Which ‘to make a
Rmodel 1s tne so-called regular tetrahedrpﬂ Iﬁs egges are all the
- \ same 1ength. {We 1ntroduce length or measurnngnt here only for: ’
f  ccnvenienee in ma ng ‘some uniform modelsh Tnis chapter,_like
Chapter 4 of Volume I, deals fundamentally with non~metric or
| “na-measurement" geometry ) Oh g piece of eardboard or stiﬁf o
‘paper construct an equilateral triangle of siﬁe 6" You can do"'

‘"this with a ruler and compass or with a._ ruler and protractor.

- — R N

Can you see how " the drawing on the left above suggeats the
;r‘ nonstruction with ruler and comnass? The arc tnrough Q and R His

*

’ i center ‘at P..*The other, arc tnrougn R nas the same radius, and

gcenter at Q. The\gegmenﬁgféﬁﬁ #ﬁ and QR have’ the _same lenéths._

~ \
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Now mark the three points that are halfwaﬁ between the varlons f.

pairs of vertlcea. Cut ont the large triangular region carefully. ‘

Carefully make three folds or creases along the segments Joining
the “halfway" points. See the figuye on the\right above., 'Use a )
ruler or qther straightedge to help you make these folds. . Your

. origiha triangular regiongpow 1ooks ‘1ike four smaller triangularl'

'regionas- Bring-the hriglnal three vertices together above the

./
L center of the middle triangle. Fasten the loodse edges together

with tape or paper and paste. You now have a model of a regular

L3

§ . B -

tetrahedron;

How do we make a. model. of a .tetrahedron which is not a regular

- \

4‘one° we can do it something like thia.. Cut any triangular region

out. of cardboar§>or heavy paper._ Use this as the base of: your
model Label its x%rtices A B, and c. Cut out another triangle e
with one of 1ts edges the same length as AB, Now, with tape,lfasten
these two triangles together along edges of equal 1ength Use S
edged(AB) for thils, for 1nstance. Two of the:vertices of the, second
triangle are now considered labeled A and B.. Label the. other vertex

. of’ the second triangle D, Cut out a third triangular region with
one edge the length of’AD and another the length of AC. Do not .

makefthe angle between these edges too large or tgo small Now,

o

with tape, fasten.these edges o% the third triangle to AD and AC s0

that the three triangles fit together in space. The mode 1 you have
constructed so ‘far will lopk something like & conical drinking cup
Af you hold the vertex A at the bottom.‘ Finally cut out a tri~
angular region which will Just fit the top; ‘fasten it to the top

and you will have your tetrahedron < / | ) ‘

L o - . ]

' . 4 ¢

L ; L B
* . . . ' ., (‘.‘ *

*F
.



'Exerciaes 8-1

-

< l. Make 2 separate cardboard or heavy.paper models of a regular

tetrahedron.‘ Make your models so that their edges are each

o

,} 3" long., Follow the instructions in the text.
‘2, Make. two models of tetrahedrons which are ‘wnot. regular.
%3, .In making the thirF face of a non-regular tetrahedron, what

~ L difficulties WO d We encounter if we made the angle DAC too
. [ '\ .

-labge or teo small? )
: L, o

| 8-2,' q';'mxplexeé

.t ' -

What is the simplest objéct or set of points you can think of”
#

ch about a single point°:-Most of you woulg agree’ that .you cculdnft.

b ’?ind anything much simpler than that. “hat would be the next‘post

simple set of pcints in space9 Scme of you probabhy'would Say "a ~-

set of two points” and thdat is a good suggestion. But any two
* different Soints in space are on exactly “one 1ine. Afso any two‘
-different points in spabe are the endpoints of exactly one segment
Thus the set of two points determines two other simple séts‘in R
space: a line.and a segment, The segment isa part of the Itne ]
whicH contains thé‘poiﬁts.a A.segmentihasAlgngth b:i doés not hgve*.
1

H . ' : ‘ Lo
"area. Ye speak of a.segment as being one-dimensional. It cdn be

: Tk

~

- * ' V'
v ‘ . il .k 0
.ok ‘ ) - . ~ a . * ‘ - =
v 1.5 , . .
. ‘ . Lo . ' . ‘. - . 'Y ‘

* - \t- . . ' ) . .‘ N
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considered-as the simplest one-dimeneional objeet in space. {4 line

-

“also might be, but in this chapter we w nt to think about the seg- |

~

'ment not the line: ) - v T

N
N

)

What is the next ‘most simple set of pointe iry spdee? The
answer we expeet ig probably clear now, and you say "a set of th;ee
points".- What do three points_in space determine? = If the three
points‘are‘allon the same'linep then we get Just a part of a line.
We are not much tetter‘off than we were w1th Just twoe points. Let :
‘us- agree, therefore, that our three pointe are n fzt to be on the same )
line. Then there is exactly one plane containing the three polnts
and there is exactly orie triangle with~the three points as vertices.
There 1s also exactly one triangular region which together with the
triadgle which bounds it, has the three pointe as verticee. This
mathematical obJect the triangle, together with its interior, . 1e ¢
what we want . to think about, It ha?ﬁarea and it is two-dimensional

It can be considered as the simplest two-dimeneional objeet in epaee.

..\\\\\\\\\ ~

Y ;

Q

) P ‘ | ‘ X
It seeme rather clear that the next mget simple setibf points

"in space would be a set of four points. If the four points were.

all in one place ﬂ%en the figure determined by the fourozointe

woulo apparently a%sd be in one plane. We: want to require that

A 1
the four pointe are not all in any one lane., This requirement
- %
aleo guarantees ue that no ‘three can bﬁfon a line., . If any three

were on & ldre then there would be a plane containing that line

o . .
< . . . o - e
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. and the ﬂourth point and the four poinxs would be in the same ‘plane. Sl
Ve huve four points in space, then, 'not all in the same plane. What ///
kindlof»oeject does this,sqggest? You are right 4f you thought of

the*tetrahednon,_ The four peints in'space'ane the vertices of

F

exactly one (solid) tetrahedron. A solid tetrahedron has volume ‘*.
and 1t"1s three-dimenslonal. It c¢an be Considered as the simplest
three- dimensional object in epaee. | |

._1';

the simplest ef 1ts kind, There are remarkable similaritles ameng \w”“

Here weahave four objects eacﬁ of which may be thought of as B

ttheee’objects. They all ought to‘have names that soungd alike and

remind us of their basic properties. We call each of Ehese a f’ .
:simglex. "How do we.tell}ﬁhem apért° We - label each with~1ts natiral
‘dimension. ‘Thus & se onsisting of a single point is calledca
AO;simElex. A segmen{};: called a l simglex. A triangle‘together e
with 1ts interior is called a 2~simglex. A solid tetraﬁedfen_ls.
~called a 3-simg§ex. I - o _" . -

Let us. make up”a tdble to help us keep these ideas in order.

L , -
A set consisting of : / determines:  / It 1s called a: "
one point | l_ g one point (itself) ' O-simplex .
, ¢ ’ \
two points - a se%ment | l-simplex,_ .
three points . a .triangle together: N p-simplex
. not’'all on ‘ with 1ts¢ interior ./, T
, -any one lifie ¢ - .
[0 ’ . et . . ' ¢ ' . . ‘
- four points ‘ & solid tetrahedron_ : 3-simplexy A
notxell on "~ {which includes . 1te - ' - :
one plane interior) ' .

f'f;/;/f any.
"1-_ v There is another way te think about the dimension of these s

- -

<
sets. ' In'this we think of the notion,of.bethEnness, f a point’

peing between two other points. . - o I
. . - ‘ N ‘ to . - “7 . ‘ D ] .

~e

. . .
e
. ) . P . '
. .
i 4 . P ‘
- ~ - . -
‘ . . * ’ &
' « s ¢

A



Let' us start with two points, ‘Consider these twd points’ and
.pll points ‘between them. Ve now have a- segment Now take tHe seg-

\.‘ - ¢

ment together with all points whioh are betﬁeen any two points of

the segment . Ué\still hava the same segment Nounew points were - .
¥ R

obtained by. "taking points between",again. The process of “taking

points between". needed. to be used Just once, Ve get_a_one-dimensional‘4

. F

4

set, a l-simplex., o L :' ' o | -

| Next ¢ consider three points ‘not all on the same line, Then let

PR us apply our process. We take these points together with all points
‘which’ are between any two of themﬁ At this stage we have a triangle .

oo but not its 1nterior.. YWie apply the process again we take the set |

- we lready have fthe trianglp) together with all points which are ‘}’ 3

‘ be:;§%n any twd‘points of this set Ue get the union,of the triangle ;

. and its interior, If we apply the process again we don't get any-'
| 'thing new,” We négd use the process Just twice. we get a two-

. -~ .
. dimensional set .a 2-simp1ex. _ . T - h e y
. - . . ) . - - - . | 1“. ‘ ¢ X ~ o
. L] 'A- . . ‘ . . LS ) ‘. ] L .
, ¢« ~ first second
~+ process process
. ’ u ‘- v 1 ) ‘.‘
.. e .
~ B ¢ -C, B o B

Next let us coﬁsider four points not all on the same plane.
We apply the procegs of "taking points bétween” and get the union
of the edges of a tetrahedronr We apply-the prooess again and getlrs
fthe‘uoigp of the faces, Ne apply 1t oncgkmégo and get the solié

'-tetréﬁedron itself.- We apply it agarn and still get Just thé~fglid

tetrahedron; Ve need use the process.Just,three times, wefget a o

.
» - . . . y
- IR ¢ .
. . . - . - C . ’ ' y, ’
. P . B '
. - . . . ' |
f . : . - T
. . . . ,
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three-dimeneionel set ‘a 3—e1mplex. ;Q?f?f 'g'-ﬁ‘ - jf;“ a;a“,_‘;le;:f
‘_ -If we -bed ust one .point, %%. &"pplication .of the proeese wowldf

etill leave us w th Juet the one point Me need app}y the PPOCess 't...

f3. zero times. We get a zero-dimensionel set & O-simplex s (?é men- ¥

tion, this case last beeause we bave to underet@né the proeeee before

.
N

.1t can make much sense.) ,

Finally,ﬁget us eoneider e 3—simplex.. Look at one of your
Wnodele.of tetrahedrene. It has Sour feces and eech fece ie a 2=
simplex. How nice' It hae six edges and eaeh edge is a l~simp1ex,‘-“-""'

It has four vertieee and each vertex is a 0_eimplex. , ' ;'?”

- : \K

. : S coe : ' ' e S o e T
| 'g"' | ;%“‘~ Exercises 82 < e .
'l;"(a)' A 2-simplex haernbw manysl-simplexes as edges”

{b) It has fow many O-simplexes as vertiees¢
»

. 2., A l-simplex has how meny O-simplexes as vertieee* N

4

3. Using models show how two 3-simplexes can have an intereection* ~-,,

f-which ;s exectly a vertex’ of each.;‘ | e;QéE | ; |

' 'Ueing'models show how two'S-simplexes_oen Heye an intersection o
whieh ie exactly an edge of eech

-

5. In this and the next problem you are asked to do a bit of

P

A\

dolering. Mark three points not all on the same line in blue.
. ;‘ CoIor red all pointe which are between any two of these, Shade
green all points which are between any two of the points already
eolored. Sbould there be any points which are not colored and

~ ' ape between two of the colored points9 Starting with the three

pointe, how many times ¢id you need to use the procese of . R
o w,' "taking points between" before you were finished° < |
N
{6, Use one of _;saer r“e of a non-regular tetraheoron. ‘

‘e

\).« A . ~A' .j‘ A ‘[‘.

.
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- Color its vegkicés blue.. COIQr red the set of 11 points each
Jd f@ff '; ~of whgphwge,beQWeen two of the verticee.( Co 1 green tﬁe set
| lu. - oft arl_peints each of which 1s between two of the. red or blue

‘/J@ v : "
‘h?.g, chlOred points., You should now have your model -colored. WH&t
?Ni.; . :;: is the set of all points which either are,colored op are be-
= e';f tween tWQ of your colored points’ | .";
. T Ty | 88, dModels of Cubee o TR

KRR Most of yOu already know that if you want to make an ordinary
box you need six rectangular faces for it. They have to fit and
;you have to put them t%gether right. There 1s a rather easy way

*

te make a model of a wcube,
: «~f._)'

o o " —
LY

f*%i

Draw six squares on heavy'baper or cardboard‘as in the
‘draﬁing_above., Cut.around the boundary of your figure and fold

"(OP crease) along ‘the dotted lines, Use cellulose tape or paste
g ' e

" to fasten it tegeéﬁer. 'If you gre going to use paste it will e .

~

PRSP '

necessary to have flaps as indicated in the drawing‘b%low. B

e~ ——

("A

f
e
i

N

Q

ﬂ‘

} e
‘.
|/

Moo won ol
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} ‘You will be asked to maké two models of a ‘cube in the .
exgreisem. — o |

Can the surface ofma cube be regarded ie the unir;7of oL |
interiors)? f-9@é%§;
Can a solid cube be regarded as the union cf 3-simp1exes (ﬁhat is

2-simplexes (that 1s, of triangles together with thet

- (of solid tptrahedrons)o The. ansyer\?? ﬁotgtofﬂthgée quéstion§ s
"yes". We shall expﬁain’ﬁhe waﬁne} ﬁﬁ&gking ebout ‘these questions. -
| I, | Eacgﬂface of a cube can be considere? to be ?he union of~twa »,‘ “
-2-simp1exes. The drawing on the left below ehows a cube with ,
- three &f 1ts faces sube\b&eed into two 2-simplexes each, The ﬂece {?*ff“
ABCQ appeers-es the union‘of (ABC) ené«(ACD)lfor example;“ The | f
other reces which are 1néiceted'as subd1vided are CDEF and ADEH.
We can think of each.of the_gther faces as the union of two -
'-E—Simplexes. Thue the surface of the cube can be thought of as f‘

o ' the ‘union of twelvd. e—simplexes.‘
. H E

L

-

with the surface %egarded as ‘the union of 2~simplexes we may.
regard the solid cube as the union of’3—simplexes (s0l1d tetra-
hedrons) as follows, lLet P be any point in ‘the 1q§erior of the
cube, For any 2—simp1ex on the surface, (AEC), for" exemple,
(Pnec) is a 3—simp1ex. In the figure on the right above, P 1s
indicated as inside the cube. The-l-simplexes}(PA),.(PB), and




L o . .
R R JA , CoL L
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R Q . Cog . .
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-,1- '(Pc}.wbuld also be inside the zube. Thus ﬁith‘tweivé é-éimﬁlekéé
?on the surface, we would h&ve twelve S-Simplexes whose union would
ve the cube. The salid cube 13 thetunion of 3—simp&exes An this

S niee way, : it- "' "" | '.-- e |

Now. te ask another question. Do you suppose that a 3-simp1ex .
iean pe regarded as the anion cfla(certain number of solid cubes?
Can we find solid c&tes that will fit togqpher to fill up a
~3~simplex° The answer to these questions 1s no. Suppcse cubese.
~coulg be flttéd together to fill up a. 3-simplex. ‘Then'ahQ-face

] of the 3-simplex would be filled up by square regions which are

' faces of the cubes._ Tpe,ﬁqdlbe regions have right-amgleswft their
4;'vertices‘ Any face of a 3-simplex 1s triangulat:J At -least tw? of
‘the angles of a triangle must_be 1ess than a right angle. There-

‘ fore the square regions caﬂébt £it. A 3—simplex eannot be a,
finite union of cubes,

R N

; *- | T‘k"' s Exercises 8—3 . o

| B Make two. model§ of - cubes out of cardtgéggior heavy paper. ;‘ 5*~“

Make them with each edge 2" long., B

S

2. Onone of your models, without adding any other vertices, draw

*

segments to express the surface of the cube as g union of |
2—simplexes. Tabel all the vertices on the model A, B c, D
E F, G, and H, Think_pf a point P in ‘the 1nterior of the
cube. Using this polnt and the vertices of the 2-simpléxes on
the surface 1ist the elght ‘3-simplekes whose undon s the

solid cube. .
- 3. On the same cube as in problem 2, mark a point 1n the center

of each face., (Each should be on one of the segmants you drew

' .
- ’
. : . . ‘ .
| : :
. ’

t
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in problém 2.) Draw segments to indicate tﬁe surfaee‘of the

{ - cube as the union of g-simplexes using as vertices the verticee‘_

of thé"ube and these six.new points you‘nsee merked. “@he

surface is now expressed as the union of ho ny 2-simp1exes?

'k, Think about a polyhedren formed by putting a S\ ere-based

pyramid on eaeh face of a eube._ The~surfaee of thie new -
polyhedron has how many triangular faces? Can yeu compare
: this new polyhedron vertex for vertex, edge for edge, and
‘ 2-simplex for 2-simp1ex with the surfece of the cube sub-

dlvided into E-Simplexes as Iin problem 39

] 7 o . '_,....“
. 8-4. Polyhedrons ‘

St A polyhedren 1s the unicn ef a finite number of Simplexes,’
It 1s Just one simplex, or maybe the union of seven eimplexes, or

maybe Of 7,000,000 simglexes. What we are saying 1s that it 1s ¢

section, we obeerved that a solid eube, for example, was the union o

of. twelve 3-simp1exes. The figures*below represent the unions of

simplexes. BT . . o

The figure,on the left repreeeﬂfe & union of & l—siﬁplex and ,
e-simplex which does not contein the l-simplex. gIt ie therefore

3

of mixed dimension. -In what rollews, we shall nct be concerned

‘the union of some certain number of eimplexes. In the previous 5"



-3 N . ~ \ * . - . i
with polyhedrons (or polyhedra) of mixed dimqnsion. We assume a
polyhedron is the unien of simplexes of the aame dimeéiion.tWé '_f

L. f_ f" .

shall speak of a 3—dimensional polyhedron as ‘one which 1s/the

’ unian cf 3—simplexeg. A endimensional polyhedron 1 cnerwhich is
the union or a-simplexas._ A l—dimensional polyhednon is one which
is- the union of l-simplexes. (Any finite set: cf points could be
-! . thought of as a O—dimensional polyhedrcn\but we worni't' be dealing

' ’., with: such here.) e o -

_ The figure on the right above represents a palyhedron which
seems to be the union of two 2-siqp1exes (triangular regions) but -
they, don't 1ntersact nicely. We prefer to tpink pf a polyhedron

) ‘as ‘the urdon of simpleigs which 1nﬁeﬁsec£ nicely as 1n-the ;1aare
'T~F  two, figurés.:-Just what do we meah-by simplexes Enterseetiné '
o nicely?’ There is an ‘easy eiﬁlénation for 1t, If two simplexes
; | of the same dimension 1ntersect nicely, then the intersection must
be a”face, or. an edge, or a vertex or each |
Let us look more closely at the union of simplexes which do
not interseet nicely.- In the figure
“on the right the 2-simplexes (DEF) *: >
and (HJK) have Just- the paint H 1n
: commﬁn. They do.not 1nterseet nieely.
While H 1s a vertex of (HJK), it 1is not
of (DEF). However, the pglxhgdron

which is the union Qf theae two 2-simplexes

'1s also the gniqh of three 2-simplexes ’
yﬁieh,do-intepsedt'nieely; namely, (DEH),A(DHF), and (HJK).




‘ ; wh1ch‘do interseeﬁ nicely. The | . 7
| \Qggyhgdron 1s the uron of the

- ~'how the same set.of points (the same

. . \ . . ‘, . | . . L . '.'
then the same set of points (the same polyhedron) is also the T
. ’ ’ g - . " ‘ r‘. ! ’ . k)
union of simplexés. which intersect nicely. Except for the exers : ..

. as hawving assoclated with it a particular set. of simplexés whichi .

Fy

4 . . . . . Y : . - o -
‘ . . E . - , : A i 5-; § A - 8_“ ) i

»

- \
P -

~ Thg figure on the left Pepresents
- the union of thg 2-simplexes'(AéCT and
(PQR). They -do not intersect hicely.' .
J - H

" ‘Theirintersection seems to be & -

quéarilgtegal tpgetﬁér with 1ts,1ntéripr;

" On the rﬁght we hhve¢1ﬁﬂicatéd - ~ Tt

.o : . 0 - “_“ B : ‘
polyhedron) can be considered to -

be & finite union of 2-simplexes

1&””hh

=i

: . | T A -
elght 2-simplexes, (ACZ), (cz¥), . | Q9 -
(P2w),” (xvz), (wxz), (B'wx),}m'), o e

‘and (YeR}s© ©

‘These examples suggest a fact :%but polyhedrons. If a poly- o
: act &t 4 -

o , : L oL L o :
.. hedron1is the union of simplgxes which intersect any way at all.

v
s
[

. cises at the end of this section, we shall always deal with unions”

" ‘of simplexes which intersect nicely. -We will regard a polyhedron -

!

intersect nicely and whose union it is. When we say the word {,"k
"polyhedron", ‘we understand the sMmplexes to be there. "; ?Q

”,

Is a solid gube & polyhédron, that' 1s, 1s it a union of
3-gimplexes? We hgve”already‘seen that 1t is, .Is'a'so%&p prféhw

a polyhedron? Is a s&lid square-based pyramid? ;Lhé ansyer to

P

all of these questipns is yes. In fatt, apy solid object eaéh of

whose fTaces is flat (that 1is, whose surface does not contain any
- . p T : b of
' : I:‘ 2 47
i [ ‘) &
: o Y C R

hd

I



" - prism. The 3-simplex (FQRz) is one of eight a-simplexes each wi
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curved portion) is %-3-dimensional polyhearon. It can bé,expressed P

. .
» . . . -
. L} *

.a8 ‘the union of 3~simp1exes.. ' . . SR

s

As examples let us look at a solid pyramid‘and a prism with a _'
‘ “

triangular bases ‘ b

o | In the figure onxthe 1eft the\solid pyramid is the uninn of
“the two 3-simplexes_jABCE) and (ACDE) . The- figure ig the middle :
'.represents a solid prism with a triangular base. The prism hag -
]three rectangular faces. Its bases are ( PQ,R) and (X!Z) In Unit |
- 9 you will See &, way of expressing a so0lid prism 11ke this ab the' _.
'union of three 3-simp1éxes.; Here .we see how.it may be expreébed "-i>
as ‘the union of eight B-simplexes. ' » \//[
We use the same device we used for the sclid eube; First.we
think abeut the surfaee as the union of E-simplexes. We &lready
have the b&ses as 2-simplexes. Then we think of each reetahgulan
;faee as the union of two a-simplexes. En the'figpre on the r;ghﬁ_,
"above the face YZRQ 1s indicated as the qdibn'of‘(yzQ) and (QRZ),
for instance. Now think about & point F in the interion of the tﬁ/ ;
. F as a vertex “and whose union 1s the solid,prism. Inlxhe_exereises
l‘you will be &skeé to name the other seven. ? C | o ~

' Y Finally, how do we express a solid prism with a non-triangular
.-base as a 3-dimansional pelyhedrcn (that is, as & union of

i ;). -
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A 3Lsimplexes With nice . iﬂéerseetions)? Ve use §"litﬁie't§1ek We
’first express the bese as & union of 2.simplexes and therefcre the
solid pﬂlsm as a unipn of triangular selid prismg.' And we. can then

T express each triangular solid priSm as ﬁhe ungpn of eight ' 

- 4\

u3-eimplexes. Ve can do this in such.a way that all the simplexes

- intersect nicely. ; MR -

- * *
. .
L3 " Y

There 1S<afforal to our story here. To do a'herder-ldoking
problem, we first tﬁy to break 1t up into a lot of easy prebleme

——— e ——— e .

L 9 .

:f_f ; { - 'L'.f - éxercises 8-

P

'i}4ﬁDraw two E-BImplexes whose intersection is one point and

(a) 1is-a vertex of each , e

Y

5(b) 1§ a vertex of one but not of the other.

. _ . »

j'éx Drgw‘tHEee 2-simplexes which_intersect nieely and Whoee union '
" ; 1s*itself a‘é-simplexg‘ (Hinﬁ" start eith e~2¢s§mplei,ae thg'.
- .  union and subdivide 18.) o ! § o
 ‘_ '3 f You are asked to draw various e-dimensienal polyhedpons each
t- 3 .as the union ef six 2—simplexes.‘ Draw one such that

‘j: (a) No'two of the 2-simplexes intersect |

,,A\ {b) There is one point common to all the E—Simplexes but

] \
no other point 1s common to any pair.

~ .

(c) The polyhedron is a square together wiﬁh its intérion.

Y’
-

eaoﬁ of which we alpeady know how to do (or at least are able to do)

B
}

&
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"‘; ;;' 2-s1mp1exes*wh¥bh interseet

"'5.7 The a-dimensional figure on the

"kﬁ‘ The. figure on thé right repnes@&ts

LY

4oe

- a pOthédron ag the union of bl '; - 7777, ';‘7”;"§ K

-

-
2~simplexes without nice ':;;fj{' g ,A ’ 4 .'Ci"- | ﬁ}
’ intersections.,.Draw a similar BRI = XA CT
‘Tigure yourself agﬁ tnen 6raw ':ij ” e &  : , ;“:'i ;
in three segmentg to make the :“ﬂ' i\)" N
polyhedron the un&on of T &

) I .s‘:ﬁ-,',_ -

, .

o nrcely.__‘;3~:; ._t 7-_ e

P

T right can bé expre%sed as a union .

_ of simplexes with nice inter-

sections in many ways.. Draw a’

‘;Q similar figure yqurself. l_-f.;:» T o R L

L (g)‘iBy dnawing segments egpress 1% -as the union of" six

o 2—simp1exes without using more werﬁicew | :
;w(ﬁj jBy adding one vertex near the middle (1n another draWing
~of the figqre), express éhe polyhedrun as the union of .

}eight 2—simplexes all having the poiﬁt in the middle
w4

_as one’ vertex..'i ,
6.. (a) List eight 2-simp1exés“whase]._
union is éhe surface 6f‘the 

'tgiangular prism on the right,

. (The-figufe 1s like that used

earlier.)a

.A(‘b) Regarding Fas a po:f.nt in the iinterior of the pQr:Lsm

" 1ist eight 3-simp1exes (each containing P) whose~3hionu‘. .
1s the solid prism. - o - .

[ 4
’
1
s
. ~a

Sy
c;-.
it 4
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8-5 One-ﬁﬁmeneional Polyhedrens

n
A l-dimensional polyhedron 1s the unlon of a certain numbér of ‘

l-simplexes (segments) A l-dimensional polyhedron may be een- .

o ta.ined in a plane og 1t may not be. Look a.t a model of a
N
= (;etrehedreﬂ .The Nion of the edges 1s a l-dimensional pelyhedron.¢.

' £
“It ie the union of s l-simplexee. It doeﬁ hot lie in a plene._
*We may thinh of the figures below as representing l-dimensienal

pglyhedrgne that do lie.in a plane (the. plane of. the page).

. - .
. .
. Pl : -
3 .4 o : . :
. L)
.

. } *

There are two typés of l-dimensicnal polyhedrons which are of

epec;al interest.- A.ppgngnaI’ﬂ”ﬁm,ie a i-dimensional polyhedron .
_ in whlch the l-simplexes can be considered te be errenged in order
ﬁ;‘es‘follows. Thete 1s a fiiet one and there'is & laet one, Eaeﬁ
dther 1—eimplex ef the pdlygenal path has one vertex 1n,gommen
with the l-eimplex :hich precedes it and one vertex in common with
the l-simplex which follows it. "Phere are no extra intersections.,
The first angd 1aet verticee (points) of the polygonal peth are
"cai;ed the endpointe.‘ . - ‘ -7 |
Neither of the l-dlmensiocnal polyhedrens in the figures above
1s'e‘polygonel path. But: eQEh contains many polygonal paths. The
uniﬁn of (AB), (BC), (CD), (DG) and (GH) is & polygonel-peth from
A to ‘H. The union of (JD) and {DE) 1s a polygdnal path from J to

/B end censists of Juet two l~simplexee.

2 I




B
.~ 'In the drawing on the right |
af a. tetrahedron, the union\of (PQ), RN
(QR), aﬁs\fﬂs) is 'a. polygonal path | | ‘J% '
from P to S (with endpoints P and S)

« . & - ‘

N
i 'I‘he l-simplex (PS) is 1tself ay . -

- .

polygonal ‘path from P to s. Cona

~

‘A'sider the l-dimensional polyhedron which
is the uqion ef the edges of thegtetna—‘

hedreh, Find thmgther .polygonal,

Apaths from P 0 S 1n 1t e afmodel‘f
f}T it hels you see 1t.)
" The union of‘two polygonal paths that have exactly their

" endpoints in common is called a simp;g clﬁseﬁ‘polygpn (1t 1s also

polygon is to say . that it is a l-dimensional polyhedron which\is
B in one plece and has the praperty that every vertex of it is ine
A exactly two l-simplexes of it o o B
- The l-dimensienal polyhedron on o A o
the right is not a simple c%osed

ﬁolygon; But it contains exactly

one simple closed polygon, namely

L]

L ‘the union of (AB), (BC), (cD),

‘and (DA). Note.that'(DA) is (AD).

N

a. simple closed -eurve), Anather way of- deseribing a. simple closed Af.



oot ) 45

ané‘(éA) Can you give at least two more aimple elosed polygons -

\
' ;:ontaining (BE) and (GA) (Use a model 1f it Helps you see J.t )

"_,-oontaining this vertex. Next_wea

|of vertices. Consider the figure
on the right._fSuppose we start at -

- some vértex. Then we_teke an edge
take the other vertex contained in
~ this edge and then.the other edge

"conteining this second,vertex. We

"and edges as 1n the figure., We .., =

#here is one very easy. relationship on any simple closed

. 264 \ ! 8-5
3 N ! . L o : -
| AP { s | Thewunfon of the edges'of‘the cube in
’ "\_-‘ -3 e .‘:" the- Graging on~the lefft 1s a l«dimensional
Bf ’?  ; E | ‘e polyhedron. It contains meny simple !
| {H . . ‘elosed polygons.- Qne 1s the uﬁion of )
/}—""-'j-f" g 1 (AB), (BE),‘(EG), and (GA). Another 1s .~
A i — 6. the union of (AB); (BC), (cD), (DE), (EG).

polygon. The number of lnsimplexes (edges) 13 equal to the numper""

&

may tiink of numbering ﬁﬁeeveftﬁees
v

*

:eontinue the proeess. We finish with the other eﬁgeswhich conteins

~our original vertex. - We start with a vertex and finish with an

edge after ﬁaaxring alternated vertiees and edges as we go along.

Thus the number of vertices is- the same'aS'the number of edges.-

§

. ‘{m\
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N : . Exercises 8% -~ = f
B P Thleigure‘on the'fight repfesengo "_. R . ~

4

l-dimensional polyhedron. How
many polygonal paths does 1t con-‘
-tain witﬁ endpoints A and.B° 'How

-

many s;mg}e closed polygons does

it conta1n° | , |

."(d) _?he union of‘the’edgés,oﬁ.o :

"5f . | T3—simplex'Csolid_tetranééron)

| oontains;nom;madﬂgsimple %‘:

o~ . ~closed polygons? .
(v). Nane tﬁem all‘ |

‘(c) Name one that is not oontained

‘ - .+in a plane, 1 ¢

(Use a model_if you wish,)

r 3'_.'7‘Leo P and Q{o: ver{',i'c'és of a cube:
"~ » which are diametrically oppOSite ‘
: ~
+
each other (lower front left and ‘

(rupper ‘back right) Name three
polygonal paths from P to Q each .

TR of whioh containsg all the vertices“
of the oube and is in the union of
- the edges. (Use a model if you wish.) -

f

. ’ ¥, Draw a l-dimensional polyhedron which is tHe union of seven.

*

l-simplexes and contains no polygonal path oonsisting -of* more‘

than two bf these simplexesm
2

5. Draw a’ simple closed polygon on the surface of onéQof ﬁBor




B . ~ S
" models of,a cube which intersects every Pace and which does

’nat contaih-any“af‘the vertices of ﬁhé cube,

 k‘f5 o f i.‘” ¥B;6.-’Two—Digensicnal'Po;&hearaqs‘;‘
: | A éediménsional'pblyhedrob ig4a'pnioﬁ affa-simpiéxeé." As in",
Tséééicﬁ 8-&,,we.wili'agrée tha€ tﬁé giéimpléxes afeftq.intérséc£'f'
. ;'nigely;L‘Thaf is, oy tw0‘éiéimp1éxés'1ﬁteréec§!.then‘thé;intgre\
l?ecﬁ}dn ié#éithgr an;eége of7b§th, é#.§<ve%téi10£€%otﬁf .?herg-éré
many 2-dimensional polyhedrons. Some are in one plane but many
_are not. in any one plafie. - The §urface of a tetrahédnoﬁ; for |
"“inﬁﬁance,'lsfhot ;n‘qny.one‘plane.‘fLet ﬁ%ffirst;con51éer‘a rew" ,
 2-61méns1ona1ﬂ?quhedroﬁs 1n‘a.plana:'.Ihféfaﬁing;z-éimﬁiéxeé in
& ?lane w§'sﬁal1 shade thelir interdors. SR |
. : Eve;ry 2~-dimensional pciyhedmh
1q'a*pla§e has a Bbundéry_inlénat »

"7p;ahq. .Thg Pqundary’is”itse}f a
.1-dimensional polyhedron, The* o ; N N
.bonnd&ry may be & simple closédfpolygoh,as n thé figuré dn‘the{gt':',

" pight. -In the figufé‘énlthg left beléwlﬁe have indicated & poly-

hedron as the union of eight 2-simplexes, (aBC) 1s_dne'of_them.

¢

The boundary is the union

‘A “\\ of _t'WON s.{mple Md polygof\xs,“
! //////,III:-- \ Y ‘ . o :
=B @ * the inner square and the

olter square. The two polygons

" L ' do not intersect, ' - ‘
, === e

—
L !

. A " «

. -

"‘ ¥ } \‘.3 ¢ ,

\ - *
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» "The‘figure'on th; ;1ght reﬁrgsents

a 2-dimensidnalpolghedfoﬂiwhich is the |

‘union of six a-simplexes.- The boundary ..‘ *
o of this polyhedron 1n the plane is the

‘union of two simple closed polygona )

in common, the ‘point- P,

'segn,jin the p

' preseed as a union of e-simplexes)

'3-dimensicnal polyhedrﬂns.

which have exactly one vertex pf eaeh

‘L Suppose a 2—dimensional polyhedron 1n the plane has a boundary ‘

whieh 15 a simple closed pclygon (and nothing else) Then~the

number of I-simplexes (eﬂges) of the boundary is. equal to thi.

numbar of O-simplexes (vertices) of the. boundary. You have already

‘.
".

10us secticn, why tnis must be true.
* There are jmany 2-d1mensional polyhedrons which are not-in any
one plane.‘ The surface of a tetrahedron is such a polyhedrnn /
The surfaee.of a eube is ‘another (1t may be considered to be ex—
Here we, have some a-dimensié

~,

polyhedrons which are themselves surfaeea or boundaries of }. ;;‘f

B

Let us consider these. two surfaces the |

surface of a tetrahedrnn an¢nthe8§urfaee of a cube,

\ - .- ‘ ’ . ‘ . é
| Ny o ©° °°
. ‘ ‘4% °° \
* ’ |- N b
A - - ° - ° ®
| — o 2
. ° .
s J S U g o
/7 o
7/ ° :
o
Lz , o L
1 * -
- ————]

4

. ' ‘ . . ) A/ , - _.
, ."“You may look at the drawings above or you mey .gook at some
: . ’ O S -/
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medele {or both), Let us count the number of vertices, the number

-of edges &ngd - the number of faces. 'But the surface of g cube cen
\...t

be.considered in at leaet twe di%?erent ways. We can think ef tbe
faces as being square regions (£€s in the middle rigure) or we may
think of each equare'face'as subdivided into two a;simplexee'(ae “
in the figufe on the right) e will .use F’for the number of - . L

- ; ¥,
tfaces, E for the number of - edges and V for the number of vertiees.v -
If you are eeunting from models - and do not observe petterne ta help
you count, it 1is usually eaeier to check things off ae you g0

- G-
~along. That 13, mark the obJeets as you count them. a

-

Let us make up a table of our results.

F . E v

Surface of | _, ? 6 ?
tetrahedron - ST | . S

Surface of cube S B 8
(square faces) | | . L .

N Surface of cube o 12 "',..:3  B

(two 2-~simplexes - ,. . | .o .
on each square face) o . . T

-

'It ieinot.eesy from gﬁst theeeﬂthree exemples to ebeerve any
nice»relatienship.Emong these numﬁers. What we are looking for is
a relationehfp whieh will be true not only for theee aaﬁimeneionel
polyhedrons but also for othere like theée. Try and see 1feyou _

¢

can guess the relationship we will be telling you about in |

; section 8-.8,

- i

\

. | o Exercises 8-6

L)

l._ ‘Make up e table as in the text ehowing F V and E fer the
2-dimensional polyhedrons mentioned there; = | ' T

"2, Drew ‘a E-dimensienal po}yhedren in the plane‘with'tﬁe ,‘:“ .

. . . , N
A : H

T - . ' , ;_)—. i/

‘ a 'I\
N *
[ ') . . v ! - .
#t . , B . “ &
N A e
. . . ‘ . - /



polyhedron the union of %en‘E—simplexés such that . ',‘ﬁ:#t.
(a) its boundary is a simple closed polygon, . |
(b) 1ts boundary 1s the union of three simple closed 0
l/f\ “- polygons having exacxly onexpoint in common,
(e) 1ts boundary is the union or two~sim$le closed
' | polygons which do not 1ntersect ‘ X | -
;.‘3 3t‘ Draw. a 2~dimensional polyhedron }ﬁ the plane with the numher
of edges 1n the boundary | ‘./3-‘ o ' S
o(a) equal to the number 5% vertices, | )
(p) one more than the/number of vertices,
_ ',(o) two more than the numher of’ vertlces. ', . ’
- 4. . Draw a a—dimensional polyhedron which is the unlon of three
_ 'e-simplexes with each-pair having exaetly an edge in oommon.‘
‘>" ~ Do you think that there exist in the plane a polyheoron which
| . 15 the union of four 2-simplexes such that each pair have-
.exaetly an edge 1in common° | . o
5; on one of your models of a cube, mark six points ‘one at the “‘
‘f- ".center of each faoe. Consider each face to be subdivided into
T four a-simplexas each having "the center point as a vertex.
| 'Count F (the number of 2—simplexes), E (the number of l-simplexes),
and V (the.numbervof O—simﬁlgxés) for this subdivision of the’

. ‘ whole surface, Keep your answere for later use., . S
S 6 Do the problem above without using a model and without doing il
-;:» ' _any actual counting. Just figure out. how many of each there

‘f{ﬁyot pé. For instance, there must be 14 .vertices, Sloriginal

R ones and 6 addéd ones. o o S ﬂ@




270 - -

.#7. Express the pblyhédrén on the right

'as‘a'unien of 2-simplexes which -

intersect nicely (in edges or o

vertices of each other).

53

~

R Q‘4, 3_7.. Threeunimensional Polyhedrons o . L

A A 3—simp1ex 1§ one 3-dimensional polyhedrcn. A sdlid;cubé ‘
- E;-another 3~dimensinnal ponhedroh. Any union of a depiai#fnnﬁpéf ‘
| of 3-simplexes is a. 3—d1mensiona1 polyhedron. We Will’sssume-agéig -
| that the simplexhs of a polyhedron 1ntersect nicely. Thaf is;;tﬁatl”
1f two 3-simplexes 1ntersect ‘the 1ntersectien is a a-dimensianal/ -
face (e-simplex) of each or an edge (l-simplex) of - egqh or a
vertex (0—simp1ex) of each. | | ‘
Any 3-dimensional polyhedron has a surface (or boundary) in .
space. This surface is 1tself a z—dimensional polyhedron. It 1s - ‘o
the union of sEveral E—simplexes (ﬁhieh intersect nicely). The
surface of the 3-dimensianal poly- - TLe . SR .
hedron represented by the drawing |
* ,on the right is something of & mess.

-It consists of the surfaces of three

ftetrahedrbns which have exactly one |
point in common, ‘

The simplest kinds of surfaces of 3—dimenaional polyhedrons ;

,e‘ﬁﬁré called si@ple surfaces. The surface of a cube and the surfaeelc

3'of-a 3-simp1ex are both simple aurfacesg There are~many ethers.

;. Any surfaee of a 3~dimensional pclyhedrcm obtained ss follows will

P . [ ]

*
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BT o o - o7y

4 " .
/o, . D

be & simple surface. Start with'a solid tetrahedron. 'Then.faeten‘

another to 1t so that the 1ntersecticn of the one you are adding
with what ‘you elready have 1s a face of the one you are &dding.

hA

- You may keep adding more solid tetrahedrons 1n any combinction or

of any size provided that each one you add in turn 1ntereects what

you elready have in a set: which 13 exactly 8 union of one, two, cr

4

three faces cf the 3-simp1ex ycu are adding, The surface of any -

. polyhedron formed 1n this way will be a simple surface. ' o o

.“

~

e

Class activitz Take five of the models df“the regular

tetrahedrpns of edges 3" that the members of the class have made.~ L
Put marke cn all fnur faces of one of these;‘ Now fnsten each cr-
the cthere in turn to one of the marked faces. \The marked one .
sﬁoul& be in the'middle and you won't see it any morei The surface
of the obJect you have represents a simple surface. You can see |
now to fastenkg few more tetrahedrons on tceﬁet more 4nd more

paculiar 1ock1ng obJecte. _Suppose it-is true that whenever you
add a solid tetrahedron the 1ntersect10n or what ycu add w1th

whdt you already have is one face, two faees or three faces of the
P

_,one ycu add._ The surface of what you get will be a simple ‘surface.

‘ One can also fasten sclid cubes together to get various
'34dimensional polyhedrons. ‘- In f&etening'solid cuhes in tu;n onto(.
“what you already have, you will always wind up with & 3-d1mensional
polyhedron which has a simple surface -provided the following |
condition 1s met. The'intersectic of each one ybu add in turn
wiﬁh ﬁh&ﬁ%ycu a;rean have mdst be eet which 15 bounded on the. =~
surfcce”cf the cube you are addins VA simple clneed polygcn. X |
For example, the 1ntersection~might be a face or thefynieQ of fwo

-y
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I3

éd;acent'faees of thé one'you“add.

- Finally we menticn an interesting property of simple surfaces.
i 8 .

Draw any simple c¢losed polygon on a simple surfaee. Then this

polygon_separates the simplg-surfaee,iﬁto exactly twd éonnected

pieces.
Class activigx 'On.the surface of one of the peculiar

3-dimensional polyhedrons (with simple surface) that you have con-
strueted above, have a student draw any simple closed polygon.
The wilder the better. It need not be in Juat one face. Then. .
have anether student start coloring somewhereion ‘the surface but
away from the polygont ‘Have him color asfmuch ag_he can without

crosaigg the.polxgpn. Then have anothér student start coloring,

with: another color at any previously uncolored pl&ee. Color as .

much as possible but do not cross the‘pplxs . ¢ When the second .

student has colored as much as pogsible, tne whole surface should
. N EF

be "cdlored, | . |

If you ‘don't follow the instructions carefully you may get
‘a polyhedron whose surface is not simple. Suppose, for 1nst&nce,
you fasten eight V&bes together aslin the drawing below, The .

polyhedron looks somgthing like a square doughnut. Note that in

ff . fittinéVEhé elighth one, the intersection of the o you are adding
- with'yhat;you'already have is the union of two faces which are’
‘ ﬂ "not adjacent. The boundary ‘(on the eighth cube) of the inter-

septien is two simple - closed polygons, not Just one as it should
be, Thers are many simple "closed polygons on this surface which

dc not separste it at all. Some of these should.be\noted 1n '

‘01885. R . | .- - - .' <
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-point.
"without croasing the polygon.

'\colored portion.

ing the polygon.

&

2.

&t the problem in another way.

.. relationship between F E, ard v,

o3

o ;j »-;;;;,2. =" ’Sf ‘ fﬁw \A-‘ .

3v/4°4/ 57/ Jw
r ‘xercises 8-7 |
Hsing a’ block of wood (with corners sawed ~off 1r possible),.

.

draw a simple olosed polygon on the surfuoe making 1t 1ntersectf
most o:,gll of the faoes of the solid.;-Start.ooloring at some j

Do not cross thevpolxson..

Color as much as you ean
When you have oolored as ‘much
as' you can, start coloring with a different oolor .on some un-
Again color as much as - you oan without cross-:
Ybu should have the wholo aurfaoe oolorod~~
when you finisﬁ. B L

_Gp through the same procedure as in problem 1 but with anoﬁher .i

3-dimensional solid. Use one of your modela or another blook

of wood. Make your. simple oloseé polygon as oomplioated as :

A

-

fyou;wish. | | _ e R

8.8, dopnting“Vortioeo,(édges, and'Faoes-A“.
| " The Euier Fofmhla o 'i - _ ) o

-

In section 8—6 you werq asked to do some oounting. - We look'
A feu of you may h&ve disoovered a

Consider the tetrghedron 1n.the ’

-~

~ i 9

139
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v

cam we rind amcng the vertices, gdges,.and faees of 1it?
.‘( ‘. . . ‘ . A N ) A

VG

There are the .same nnmher of edges and faces ceming into the

point A, three of eseh

‘the same number of vertiees and edges.
.ever:_ _the vertex A at the top and the face (BCD) at the bottom.

figure below. Its surface ié‘a~sim§1e'surface.

What relationehip

One may see ‘that am the base there are
We have two objects left

cherwise ‘we have matohed all the edges with vertices-and faces.-
SOF+VeEnm 2, Now let us ask what would be the relatlonship

A one of the faces or the base wera broken up “into severnl

aqsimplexés. Suppose we had the b&se broken up 1nto three,

a-simplexes by adding‘one vertex P 1n the middle -of the hase. The ’

figure on the right above is the base with P in the middle. Our

. counting would bffthe same until we got to the base and we would

be able to match the three new l-simplexes which ccntain P with

'the three new 2-51mplexea:on the baae.
1s tbe base but we have picked up one new g§§£;k~P Thus the nump |

We have lost the face which

ber of vertiees plus the number of e-simplexes is again two more

than the number orll-simplexes.
v Next izt us leck at a ‘cube, We g;ve 8

drawing of one on the right.

r©

F+Va<E h

The cube has

' hou.mgns faces? How many edges? How many .
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}eﬁéices? Is the sum of the number‘of vertices and the number of

275 -

faces two more than the number or edges? Let us see why this must be.

(1) The number of vertices on the, ©op fage 1s the. number of‘Tg

' .edges on the top face.

L~

(2) The numher or vertices on the bottqm.face‘is!the.number'
~of edges on- the bottom faee..__K |

(3) ' The. number of vertical faces is the number of vertical

'edges. B

Y(4) " A1l the vertices and edges are now used up. All the

~ vertical faces are now used up. We,have the top and

¢ .

bottoﬁ faces left,  ~~

So F +Va=E must vel2, - " : - TN .

';Uhat would happen if each faé; were broken up 1nto tmo 2-simp1exe8?
For each face of the cube you would now have two e-simplexes, But‘ .
for each face you would have one new l-simplex lying in it. TOt;é;.g
things are not changed, Hence F + V - E is again 2.-“" o

Suppose we have any simple surface. Then do you suppose that

V+ F~E =27 In the exercises you will be agked to verify this

formula (which {s known as. the Euler Formula) in several other

examples.

Let us ‘IoW cbserve th&t tas formula does not hold in general

" for surfaces which are not simplee Consider the two examples .

!

T —



-

o

Tweuld have been counted twice.‘ So V + F 1s one lfes than E + 4 &

:.fedges and'vertices which are in the surface,. -For this figure

- Suppose we have a simple eurface and 1t is subdixidea 1nto\a numhe//ﬁ
'f.(at leaet three) of nonnoverlapping pieces., Each gf these pieees

In the figure on the left (the union of the two tetrahedrons

haviﬁg exactly the vertex A in commcn) \ + F - E = 2. Count and

\

. see, Us: me&ﬁis of two tetrahedrons if you wish V+F - E shculd

.vnuAber of vertices minus the number of edges is. 2. But-the veiiex_A '

.

.be 3, On eagh’ tetrahedron separately the numger of fades plus the "

The figure on the right above is sup osed tq represent the L.

"union cf eight solid cubes as in the last’ section. Tﬁe p@ssible |

ninth one in.the center 1is missing. Count all the saces (of cubes),
~

L

V4 F - E should be 0. (As a starter, ' ehould be 32.)
Finally we put the Euler Fornula in a more general setting.

b

is to be bounded on the surface by a simple clbged polygon. We y

think of F as the number of “thdSe-pleces. Ve require that if two .

-
L )

of these piecee intersect then the 1ntersecticn be elther one pcint S

or a,polygcnal peth : The number E is the numbep of thege intera - “;‘g;

-

sectione of pairs of pieces which are not Juet points. The numberﬂ

LEV 13 the number of points each Of which is contained in at least’
Ythree of these pieces. Then!F + V . E = 2,

Exercisds 8-8 .

'1., Take a cafdbeard mcéelyof a hon~reguler-tetrahedron.~ In each'

~ union.of three a-simniefes so formed., Give the count of the
faces, edges, and vertices of 2-simp1exes surface. How do the
faces, edgee,‘and vertices of tnie pclyhedren ccmpene with ~

N

T h ‘.‘:! :.‘ }33 o ' o

&

face add & vertex near thePnuﬂdle. ‘Consider the face as the ';f/,
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,'those of the-ployhedrbn you get by factoring four regular"

‘ £

é??y

T tetrahedrons to"the four faces of'a fifthy g - X
2. Tak; a mode 1 of a cube. Subdivide it ds fo‘llows. Add one )
vertex in the middle -0of each edga. qud one* ﬂirtex 1n the '.
| middle of each face. Join the ‘nek -vertex 1n the middle of, ;
. each face with ﬁhe eight other-verticeg now on ‘that. face, '
| You should have eight 2-simpiexes on each face.f compute F,.v,
| and E, Do~you get F +V~E= 22 . _.{f
3.}_Make an irregular subdiviaion of any simple surface 1nto a
l'number of flat pieces.: Each piece should have a simple

">~ . closed polygon as 1ts boundary. qunt‘F, V, and E for this .
:.subdiN}sion of the surface. | X |

’ .Q - .
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UNIT 9. o~ -
R "VOLuKis*xnn'snhkacﬁ AREAS

o N ' 9-1 Areas of Flane Fisures ,
:/f",' | Ih this unit we will be primarily d@ncerneé with surragf areas
' - and volumes of various fisures. As a pralimina:y we will first e
vdiscuss briefly areas or the" 1nteriers or certsin simple closed -
eurves. 'For some of you this will he & review, while for ,others
1ﬂ may be a first xntrodnction yc work with areas. . =
| . First let us loek at the familiar figure of thé réctangle and
“consider what we mean by the area of 1ts 1nterinr. We ehoose for
T the unit or area, . the region of a plane bounded hy a sqnare whose _7
edges measure 1 unit. | |

- ‘E ! . ] iy v
i 2 ‘ ' '
“"\,..‘ IUnit ' \ 4
The area of the 1nterior of this square is 1 square unit. _wé" .
may now detenmine the ‘area of thg interior of a rectansle the” ¢
maasuremants or whose lensth and width are 4 and 3 units, - aigiA
: mspeetivelys L " . , T .. _ : ‘__\ V' e A
1 T .
. . a -
o R *
sl I —A-—1r— :
S |
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 ;, : o We can determine how many of our unit squares we need to fit"

| the 1nterior of the rectangle. In this case we‘;;;>that we have

w3 rows with 4 unlts to & row or 12 such units. We say then that .

i ”the area or the interior of the rectangle is 12 of these sugare
- units. | ‘

Natice that we could have mnltiplied the number of. rows by

i the number of square- in each row or the number of linear units 1n

the 1ength by the number of linear units in the width to determine

,the number of square unlts of Area,.

"‘M‘(

-4

Thds A §;lw (where A, l and w are numbers)
In the c

f  ; \\\ e where the measuremﬁnts of the length and width
' are 8 and lg linear units respeetively ‘
- v jUnnfs.
€ —d——d —_—— e
S TON A b I P
"N l b I R l
. 1 -1 ] I P

. we ae%ithay’we caﬁid_fit‘S full square"ﬁzgfs on theliﬁtéfiof'oékf
r~the rectangle'alons the 1ensth If-we'divide our square units. in
half so as to form two rectangles -egech 1 unit in length and §-un1t
F'in width we ‘would need 8 of these rectangles to campletely £i11
| intericr of the given rectansle Here too, ‘the area is the
- er of square units that 11l ‘the interior. We see that tneg-e
B are 8 square‘nnits and 8 mnre.halves of square units, a total of .
12 square units of area! | . . _ |
¥e conclude that the area Qf the 1nterior of the rectansle is
12 square units.

- o . -

H

Once asain we notice that tpe product of the numbers of 11near

}
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'.;'ﬂ.AS-i _. e ,i L . SR 281
‘ -units in the length and width 1s 12, Sy |
o We assume that we can always find the area of the interior of -
Yoo . a rectangle by fittins square units or fractions‘of square units N
o on the 1nterior of a reetangle. ' ' . ’
‘~Proggrtx l, The number A of square units of area in the 1nteri0r
| JIQf a ﬁeetahsle 13 the product of the numbers of linear. qnitsvl and
W 1n the length and width ‘respectively. . 'l‘hus Asdw., -
" Since a square is a special kind of rectangle namely one whose
" adJacent siées are equal we have Property 2 S v
Property 2. The number of square units (A) 1h the area of the
linterior of a square whose edge is s unitsin ?ﬁggth is ihgfproéudt
) of the numbers of linear units 1n 1ts length (g) and 1ts width (s)
o ‘Thus A= -5 . 5 =g, |

N ‘As you probably know both bhe rectangle and square are e
‘,speeial kinds of parallelograms

. ‘ €
T . . .
s . . .
- . ‘. : . .
- Co
. - - .
. - e .
m . -
N - . . o - . - (%
. . - . ‘ N .
~ ‘ .
s - - . N
‘

. The rectangle is g parallelogram.whose adJjacent sides are

;;. e perpendicular The square is a reetangle whpae adjacent s;des are
) . . . '. _— ) _‘. ’ - .
_ | L 0D c - o _
‘ .« . - . . . i
_‘,,', A - . . - * '. S .
oL T, i : R N .
L Figire 1. ' N
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L B I.n order to rind the area. of a parallelogram we can . show that
:Lt nan be chansed to a. rectansle as follows: | S N ,

.~ Conisider parallelosram &,BGD Drcp a perpendicular fmm ,U,

. -'vex-tex D $o base AB. 'Label the fodt of the perpendiculer E. This |
perpendieular is an altitude to the pase B. ys:l.ns a pair ofc\
scissors cut off right triangle ADE and,place ‘it as shown in
~fisure /lb) 1t is clear that the nectangle fo;med has the same.
base and height as the origina.l parallelogram

Notice .that for a reeta.nsle the J.ength of the base and the
heisht are ‘the ‘same as the length and width. S:.me by Property 1 :
the number square units A :Ln the Mterior of the recta.ngle is

‘ lw, the nu.mb of squirg units in the #rea of ‘the mrauelosram s
bh where b and h are the numbers of units in which base b and |
altitude h respectively, | C Lo | |
M The numher A of mquare\qnits of 'area in the mf.erior |

*‘cf a parallelosram is the product 01' the numbers of linear um.ta '
.'_'bandhmthebaseandhéisht.i'l‘hus A-bh |

g Exeroise g-3a N
) ,1‘. Fmd the areas of the igteriors of eacsh of the rollewings .
| (“a)« j Rectangle ABCD, where 'E is 4 inches iong and EU is
| 12 :mehes long. -

A,_'(b') Reetansle ABCD, where = is 1/3 foot J.ong and E’ s - -

e L.

e, )

1 feot lons. . .. . AR, .
.(c) Square "ABCD whe\i‘e E is lﬁ/.‘mehes lons o v  ‘ | / .
~ (a) Squave ABCD, where'7B 45 1 1/12 feet long. | |
" e) Psrmelosram ABCD whose baae 'EE is 6 inches dong and
{ \ whose height is 12 inches. N




i P “~ ) . ,“ ’ .‘ . . _ v . ‘ .
- A£) Pamm;ogram&mp whose base 1B 1s % -foot long and

©* . vhose height is 1 foot. .

2.. Deteriine the aré%fof‘the interior of each of the following
fisures. . A . e \: . .,. ) _" ;: S i --é:'t

i

- =

*__F_A

L O Ry R

3. Find the area of the shaded portion.
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| '.Phe area of  the :Lnterior of a tmangle ee.n be determined in a
‘menner si.miler %0 that ot a pa.rallelosram. |

‘ ' v fn ure2
| m'aw a 11ne on the vertex och QI'AABG (see fg\me (Ea)
. and (2b) above) parallel to the base m Draw a line on the vertex
; ofLB parallel to ,side AC. Lahel the po:,nt o.t' mterseetinn of the
lines D We now have & pe.re.llelogrem ABD&:. The diagonal R' of o
the parallelogram a.m.ees it :I.nte twe congruent triangles ABC and
"\r | BGD wm.ch therefore have the same ex-eae.v ‘Since by Properby 3 the
| nunber of square un.tts in the are‘e of t:he j.nterier of a parallelo- A
gram is bh (R‘ and m are the base and a.ltitude respectively), |
fb anﬂ h are the numbers of lineer units 1n them and s.‘mee *t;he
-«perallelogrem is composed of the C%wo congruent trianglee ABC. and.
'BGD with. baee and he.tght equa.l to those ef.' the para.llelegram, it
féllows that the area of the intérior of the tz-iangze ABC 1s g '.
thah’of parallelogram;ABDC Thus. S ‘ “,-f'

-~

*m The number (A) of squere units of erea :m the interior |
A of e tri.ansle 15 -5 the produet of the numbers of l:Lnear units of
',meaeureinthe beeea.rzdheight Aa,ébh R

"N

o

| An eqml.laterel tr.tansle 15 a triansle s.ll of whose sides are |
.of equal meass.u-e. The number of equare units in the aree. of the
interior of this triangle is %’-bh z[ Preperty 4).” Since we will have
‘eeeesien ’se work with equneterial triangles we wiu apply |
; Property % to determine the a.ree .0of bhe Mterior or this Special .

g -
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in the fisure tri.angle ABG is an equi.lateral tx'iangle whose o

~

a:!.des are s units :t.n length. Drop a perpendicular frmn the
vertex C to side (base) B and la.hel the foot of the perpendieu-a
‘ler D.. TD is the altitude and h is units in length. It can be

o )
o shmm that 5 b;l.sects the base 1B ( vi.des 'E into two equa,l t
_segments Qf ,lensth 5) Hence by the Pythagorean pz'operty we. have. -

8% = & '_-3 (56 o

L omow m2ae? Rl

8180 h = " '\/%52.“ L *
T .'. .‘h‘. | “\/éa

-?rhe' last step in the siuplification 1s probably unfamiiter

- to :,'rou. : Such work with square roots w.tsll ‘be d:.scussed in t'.he

gt,h srade. but we w:lll assume the result here.\ir{e could cheek
that ‘/— is thek squa.re z'ost of %52 dn the ,followins way“

| (Q )(@S) | ‘(’% @ (s8) by the associatirveané

commitative laws of multiplicatsion. T



*sqﬁareroot.- . | _' (

>

(4 B) - Ll @

Now /3. v/- 13 3 because of the was in wm.ch we deﬁined .

)

e /'——_ x 4 anee (4 . ) (@ ) - 3.2

Now s:i.nce the number (a) or square un:u;s of area in the

o Mterior of a trianale is Ehh we have A = -g(s) (‘-/-g . ) . .
Pmmrgx 5. The number (a) of squax-e units of area in the

:m&ericr of an equilatera.l triangle is A = —;;s .
. You may recall that. ../_‘ 18 approximately 1.732 86 th&t

:./.g N o 433 The appmximate vs.lue of A is therefore. as follows. |

= Aw (0.433)s% / B *s"

A resular po:iygon is defined to he a polygcn whose sides are.

. equa.l .*..n ‘measure ang whose angles are eque.l :I.n measure, The a.ree.

. of a rtla.r polygon can be found as j'ollows.

Join the eent;er or the resular’ polyson to each vertex ot‘ the’

polygon. (The eenter 18 the point on the interior wh:.ch is equally

’ distant from the verticlee of the polygon) Thus if there.a.re n

o

Avertieles there will be n eonsruent triansles. iy -

.. The figure 1is an uluatration m the ease where n =6, The

area of the inter:tor of me resular polyson is the sum af the

'areas of the interiors of the n equa.‘l. triangles into which the



"'9-'-1'    S S | efr
' -regular polyson h;s been divmed All the triansles have equa.l
B bases (sidég of the regula.r polygon) a.nd all the triansles have _
L . Wequal altitudes (the center of the polyson 18 equally distant from
| ‘eacn side and this distance is the 1ensth of the alt.ttude, | ' ‘u
abhreviated a). N e '
' ~ The area of the Mterior of the Ngular pulygon of n- sidea
' 13 the sum of the areas of the mtermrs of the n oot!gruent |
triangles with base s the measure_qf( lengt-h of the side of the -
| Cgu.lar polygon,, and height a, | | '
Ts. |

A=n (gas) -ga (na)

~ ..But ns 18 the perimeter of the resular po]sgon (the swm - ot \
’_the n sides) B o R
Pro@rtx 6. The number (A) of square units of area in the ;I.nterior
" of a regular polygon is 5 the product of the numbers of linear [
| units in its perimeter and the d.tstanoe fmm the center to eaoh ('
S side A=%ap. I

- « .
% i

. - -* © Exercises 9-1b B

© -1, conmute,the ares.s of the mteriors of each of the folléwing:
(a) Triangle ABC whose base is 5 inches long ahd whose S
 * altitude is 7 inches long/
(b) Triapgle ABC whose base 1s 15 feet long' and whose

‘altitude is 30 feet long.

(¢) Equilateral tr:la.nsle ABG whosge side 15 16 feet long.
(a) . x-xytuateraa triangle ABC whose side is 8 ‘yards long.
{e) Regular hexagan ABCDEF whose eenter 15 17.3 .‘mehes from’
L the sides and vmose side 18 20 mcnes J.ons

‘< 14? S
. ¢ ¢




. . | R ,"\$.1 '

T ) Regular pentagon ABCDE whose center is 27‘3 inches from
" the sides and whose side 1s 40 inches long.

 '(§)- Regular oetason ABGDEEGB whnse center is ?2 5 feet frnm -

| |  the sides and whose side is 60 reet long. -

- (n) Regﬁlar decason ABCDEF&HIJ whose center is 30. 8 inches

from the sides and. whose Bide 1is 2@ 1nche§:ions.

~ _Consider eircle.o_in the f;§uresbe;ow.

We say that a rqgular polygan of n 'sildes is 1nscr1bed 1n a
-.circglar regien if the vertiales of the regular~p01ygen are points,‘
 _0n the circle. It 15 clear frqm the figurea above tQat the moree

sides the inscribed poiygon has the shorter will ke the .length of
_eaah side. It is also clear that as ' n gets 1arge§\and larger
it will be mnre and more difficult to distinguish between the
’,resular pclyaon and the circle. o

Ve could 88y that the area of the interior of the 1nscr1bed

| polyson is approximately equal to the area - of the 1nterior of ‘the
circle. It will aluays be less than the area of the interior of
17 the cﬁrele since there will always be points on the circle that
~ are not verticles of the inscribed regular polygon. Therefore
there is always some portion of the area of the circle uhich is
ot cantained in the 1nterior of an inscribed regular polssan.-

) ) ~
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"waevér. for largé values-§f n :tﬁe aréas‘ére ve- qlose and we.
can think of the area af %he ‘interior of the circle as the upper
“linit of that of the 1nscr1bed regular poxysons. We could say
| (Area of 1nﬁeriur of polysan) < (Area of 1nterior of circle)
\/’1‘ It should also be noted ihat. the larger we ta.ke n (the .
number of sides) the claser is the measure of the distaneewof the s
center of the inseribed polygon to a side to the radius of the |
- eircle. Likewise.the closer is the perimeter to the circumferende
. of the circle. Now we have seen that the ‘numbeg of square units
of area 1in the 1nterior of. the polygan 18 §-ap. Buﬁ\we have Justg
observed that when n gets very 1arge a gets close to r and o
| P geta close to 2 ¥ r 80 we are led to cong}ude | ) -‘ ‘
- Property 7. If r is the number of 1inear .units in the radius of
'a c¢ircle, and (A) the number of square unitsg . of area in its

'-mterior, then A = (-é-r) (2 v r) or R .

| ' Exercises 2 -i¢ | \\X
1. Compute the area of the interlor of:each of the- following

‘¢circles. The measurements 1n each case are in 1ncnes

e




4

- (a')
(b).

T (e)

~(a).
@
'(fi'

2.

3..

.,abeve tell the. efrect on the area or a eircle 1P its radius

r«-é{s'
rglo

P = 20

i
d = 20

lis dcubled.

L ﬁ:'

_Constﬁuct models }) 2, 3, k 5 (see end of unit. )
By examining the results of parts (a), (), (c) in Problem 1

N



el 291"

4. (a) BRAINBUSTER. Imasine that ‘you have inscribed a resular
) ‘, - polygon cf 20 sides in 8 circle and that- yau have divided
'; L this leygon into 26 congruent triansles by Joinins 1t5'
A ..center to each vertEx Show that these triangles can be
| rearranged into-a paralleloé;am whose~height-i§ almpst
,f o the radius of the circle and the length of whose ‘base is
R  almost one half the clrcumference of the circle o
| (b) VBRAINBUSTER Imagine that you have cireumseribed a, - 3 -
‘Tegular polygon of n sides ( n very large) about a ’
circle 9, (This means that each si&g of the regular
E pﬂlygen°dontainéiexactly one point of‘the circie
- Devélop a plausible argument to support the follcwing
 \§tatement. . ,
2Area of | {Areé of interior of -3
interior of circle < .circfficribgd polygon

2 e
R LY

AN

Tcgether with our discussion above; this would show that

éﬁrea of 1ntericr of g < fﬁbea of - } <
“circumscribed polygon 1nteri7r of circle

{Area of interior of 3
circumsgribed polygon

3
L T
- e ..
\4‘
’
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| | | 9-2A'Planee~and lines- . = - ‘-"\‘Ll\/
: _‘Befere going on, let‘us review briefly some of the'simple
. 1deas about planes and lines. -Yee'are elready eomewhat familiar
 ‘ -w;th‘perallel planee. These are planes which do not have any
% points in common, that is, whose intersection is the empty set.
“Seehfa pair of;plenee-:s suggested by ﬁhe floor end ceiling of
"yoer'classroom;'qr Ey'diffeﬁent floors of an epartmeee hoese, or
by the covers on a book when the boek is closed. Fiﬁd aﬁlleast
; five examples of pairs ofﬂfarallel planes suggested by things-in
.}.yeur classroom. | , | o
Imagine a flagpole standing ‘in the moddle of a 1evel play-
'gpound, and think of the lines on =~ Q.
‘the pleygreund,whieh run through T

. the\FaSe of the pole as éﬂzwn. | o 1 |
' What relation does there appear \f\\\\\ éfﬂff/f,) R
. to be’between the line represented - o '
by the flagpole ‘and these lines ///(ff{.f\\\\\\\;

1drawn on the playgreund° Our experience eerteinly suggests that

.. the pele is perpendicular to eaeh of these lines. In faet, if it
- were net, then by stending 1n certain positions the
’-pole would appear like this, whidh 1s not at all in

' ’” accord with our observation. We deserihe this

.relationship by saying that the pole is perpendieu-
lar to the playground In general asline which
* meets a plane in a point A is said to be Egrggndieul‘"\tg the
;gh__l;f,it is perpendicular to every l;ne ;n the plane threush_ A,
if a segment lies on a‘line;perpendieﬁlar to a plene,ewe will say
| | - - |

Iiﬁg_ - | o {_f o :\,

e




~
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-~
:that the segment is perpendicular to the plene.’ B
| | Now try the following simple D R ‘ZC
. experiment. Take a‘piéee of note-Al :‘:‘ o
book paper as shown and fold it P g
over s6 AD falls on EC. The crease }
| - yau have made is represented by the ,“A- .*5 B

‘dotted segment R. Then LAQR and L BQR.are both risht angles.
How do you know? New teke the paper

and set 1t on your desk as shew, ;n’ o
the poeition of a partly opened beek, 04
5 so-that segments AQ and m lie.on

‘the plane of The desk top' Would

'~ you esree that QR is now perpen-
R dicularrfj the deek tep? If so,
--qgtiee that you have found a line

desk.

- [

l,g. | perpendicular to a plane by making it perpendicular to Just two :
. different. lines ln the plane. This: illustrates the fOIIOWins
'_preperty of perpendiculars | ¢ ' o \

PTOpgggx"8.~ If = line is perpendicular to two distinct intersect-
.llns lines in a plane, 1t is perpendieuler to the plane. .

The riext time you help to- put up a Qhristmas tree, eheek to
see whether or not 1t 1e perpendieular to the floor by seeins if it
is perpendiculer as viewed oo two ' different points not in the '
same line from a point on the tree. If 80, it 1is perpendieular
from all points of view. This is an applieatien of Property 8.

As ‘another example,eexamine Hedel 5 gnd leok at one of the

eegments which connect a vertex of one . hexasonal end with s vertegé"

N

~—

PR 2




e | .
of the. other. xAs you see, this segment is a pert of two reetangles
 It 18'therefcre peﬁpendiculer to two eegmente in each hexagon. By
_Property 8 the segment ds therefcre perpendicular to the planes of .n A
. both heiascns. Examine -‘541 4 s.tmilarly end satisiy yourself in
tne same way that eveny eage ‘of the eelid ie perpendicular to the

. ¢ . . N . - . . . R . R N . .
. - . o0 -

. * - et .o .o . . .
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plenes cf twc of its nectangular raees. What ahcut the line where
| twc walls cf ycur cleeerocm meét? What relation dcee it have tc :
-tne planes of the cglling and floor?- i

4 J Exauine Model 7 to satisfy yourself that the result actually
applied to this also. , )(fﬂ‘fﬁ L ki" , o
v .. Now try enether experiment.' Tie one ‘end of a string to ‘some -

- convenient point Q 1n your classroom which has a elear spece
| below it. . If nothing else is available tie it to a yerdetick
| : placed over the back of 2 ccuple of chazrs, an& have scmeone hcld L
the ende 'S0 they won‘t move. " Now o Q‘ i

selectre,pcint R on the flocr;and

‘nctice how hmeh string 1t takes to -
‘join @ to R. By varying R try N |
fo find che‘POInt S on the floor — .j; 5

which.requires the leeet amount of string. When you have located
the point S , notice the positien B 4f the string. wmc rela-
tion does it seem to have tc ‘the fiocr° wOuld you agree with the
 following statement? 'y - = . .\. _ o /
égoggrtx g. The shortést segment having one end at a given point Q

outside a plane and the other on a given plane r not containing
" the pcint Q is a segmenb'perpendi4hlar to the plane r .

This shcrtest distance 1s called the distince from Q to T .

159
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Imasine now several nails in the ceilins of ycur room, to

f‘each of which is atteched a strins In each case the string is
- then attached to the nearest pcmnt of the floor as in our- experi—-

| ment abcve What do you expect abqut the lengths ef the different

Proggrtz 10. ~If two<planes .are parallel the distégﬁes frcm .

strinss? w111 they be all the sanme? This 111uStrates the fcllow-

™~

1ns fact , I - - .

F

' 'dirferent points of one plane to the other plane are all the same.

3. M&ke Models 11 and- 12,

o Pe are mtersected by a plant r
'-.’m lines Zl ' enci 12 R then [

B If twc perallel plenes P end .

by experiment Give the reasons

- dn the following procfiigfg,// ‘ . | , s :
| T L R

Tne conStent distance in Property 10’ 1e.called the distance

. between the ggrelie; glenes Actually the segments involved in

Property 10 are perpendicular to both plenes We bave -alreedy

‘;noticed this fcr the \eter&l edges cf a ri.gh‘a prism.

Exercises 9-2

i;- Give five examples cf pairs cf parallel planes with lines

perpendicular to both planee of the famlly | |
2.v Make Models 9 and 10. . T

must be garallel -to 4 5+ | . 2/7’ Pa
Explain'wh& this is true. , o l

5. We ectually could have proved
Prcperty g instead of cbserving 1t

R RT X

-




Let s ve the p’bint of r 'so that & 1 perpendie.ular to .7 .
‘Dpaw sebmenf 'ﬁﬁ \

(a) LQSR 18 a right a_ngle . ‘;Ik;v‘"’
(b)) T 1s the l'wpctenuse of a right triangle, Why? .
(c) 'Qﬁ is 1onger than '65 WW? 1

'But since R was any point of T except s, this shows that . Q8.

18 the shortes’c se?ment

6, Brainbuster. Give the f‘ollowing proof. ‘ 9
4 segment B has its ‘ends on the - .. A {
paral}el planes P; - and py . I8 T ' '  E
is fberp'éndicularlto Py » Show it ‘ | | P‘ é )
mu/st also be perpendicular go py . ] L2 ' '
[Hint: Draw a couple of p):hnes through &B. ]
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. g-3 msm Prisms N

'A We have seen thst area is & measure‘cf the regicn of s plsne

e beunded hy a simple closed curve. Vclume 1s a measure of shregien

of space. ' '
¢ Consider a rectangle in s plsne ‘whose i!ggth and- width are Z

 and w linear units respectively Imagine thst we 11f¢ this ‘
. J?ectsngle perpentieuiarly to.a parallel plsne at & distanee of h

linear units sbcve the given plane. If we Join the vertices of
- .

L
- the elevated rectangle to the correspcnding vertices of the
1!; 3 orisinal one, we have e rigkt rectangular prism, sometimes called

1 .

a rectansular selid"

-

The right rectsngular prism is a surface ccnsisting cr the
interiers of the given rectangles tcgether with the 1nteriors cf
tne rectsnsles formed by the segments jeinins correspcndins
vertices, and the segments bounding these interiors. The interiors
:‘=., are called tﬁe fsces of the prism, the bouhding segmests are its
._g§g§,~end points where two or more edges intersect are vertices.

. The interiors of the original rectangl e cslled s es, and the
other faces are called the lateral fst:U:: the prism The '
segments goining ccrrespcnding vertices of the bases are cslled
;ateral edges. ‘ 5 : R

/( o - . fﬂ}g
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' You will notiee that in a fisure of thie kind all ef the raees
ﬁeff are reetangles, 80 aetuelly any peir ef parellel faces can be eon-
sidered as the hases ef the fisure If, 1n the above fisure,-
- rectangles ABCD and EFGH are considered as the bases, then,,,.;»:
| rectangles ABFE, * BOGF): ncex, and ‘DAEH are the lsteral ;§~Q

.faces

"i segments A-ﬁ, BF,; CG:, DH ereL_\he leteral edses ’ g

- points Ay B, C, ‘D, E, F, "H are the vertiees. |
- In Model ¥ point out the faces, edges, and vertiees. How
:'3*‘many are there ol eeeﬁ? It the small sgnares in thie model - are
‘ 'taﬁen as bases, point out the laterax taees and lateral edges. |
) xt is natural to take as a ‘unit of volume the interior or 8
,unit eube, that 18 a cube each edse of whieh is one unit of 1ength *

N

/L{’”; |  J.: -‘ ;_.Q/.

Exemine Hodels 1, 2, and 3 These are models ef~the cubic
ineh, the halfl eubie 1neh, and the quarter cegic inch. For. each
linear unit of measure there is'a correspondins cubic unit of

’ ‘volume, as: the cubie reot, eubic yard. eubic eentimeter, ete.

v -

4
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‘ The“sufface aré§ of a unit cube'is the sum of the areas: of the
interiors ‘of its fi’es. Thus the surface area 1is 6 square units
._since there are. six congruent faces and the area of the lnterior
of each face ig 1 square unit Dbserve the six faces oh Model 1.
.Similarly, the surface area of any reetansular risht 5§§;;~I§“%ne-
[Sum of the aveas of the interiors of all its faces. o

N The measures of the edses 1n the three different directions '
-%are often ca¥ied the length, width, and height. In the figure

'below' [ , W, and h are the numberé of linear units of measure
" in the lensth, widtn, and heisht. respectively .

%ﬁ;ice\there are two reetanglea the areas of whose interiars

- are [w square units, two the aleas of whose interiors are wh-

, .

square units, and two the areas of whose interiors are l}z square
units. Thus: |

Y E

_Property 11. The number of square. units of-surfa%é area in the
interiors of the bases and lateral faces of a right rectangular
prism is S = 2 [w + fﬁ + wh] '

t

What is the surface area of model 4?

The measure of the volume of any region in space is the number

4

of Unit cubes (or part unit cubes) of volume neeessary to firl it.

\ St
-
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| ' The:#olume of thé:interiér'qf the'ffsh$ rectangﬁlaé pr1$m can - _}/
f bE'detefmined 19 § fashion similar to the way in'whigh we deter- |
‘mined the area of the interlor'éf a fectangle._'COnsider 2 right .
" .
and 4 linear units respectively ' +;~~;1;*

| We can ﬁake unit cubes such as figure 2b and place them in

reetansular prism whose 1ensth, width, and height measure 2, 3, e

the interior of the risht rectansular primm until we campletely
’gever the area- of the &pterior of. the base. It is clear that we
:will need 6 such cubes to cover the rectangular base . We can now ) -,{i
.  A place a second layer of € cubes on top of the first and 80 on. -
| 1€ Thus-we see’ that we willl need 4 layers with 6 cubes in each layer,-
| . or 24 such unit cubes We say that the volume of the interior of |
h¥#//the rignt rectangular prism is 24 cubic units .
. | Notice that if we take the pr%duct of the number of square
« units of ares in the interior of the base and the number of linear
units of measug; in the height we ohtain 4(2 X 3) or 24, the | -
number of cubic units of volume of the interior of the right |
rectangular prism. If we let B stand for the number cf gquare s
units of area in the interior of the base and let - h stand for |
the number of linear units 1n the height and let V stand for the
number of cubie units of volgme in the interior of the right . #
. rectangular prism’ we have.\<a V-= Bn . .
- If the length, width, and height of the right rettangular
prism has been 2, 3, and 3% linéar units, we would simply partly
F £ill the nighe\rectangﬁlangpr;sm with 3 layers of.ugit cubeé, 6
cubes to a layer. fﬁe remainins half layer can be filled'by divid-
ing 3 unit cubgﬁlinto 2 equal parts gpd placing theié-risﬁt |
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rectensular prisms uhose length, widtﬁ and height measure 1, 1,
-and %- ‘linear units respectively on top of the last layer. Ve |
*now can say that the 1nterior of the right rectansular prism is
. completely filled or. that the number of cubic units in the vofn@e
~of the interior of the right rectangular prisa 13 (6 x 3) +
(€ x'g) or 18 + 3. or 21. Notice here too if we %ake the
product’ of the number ef square units of area (B) in the interinr
" of ‘the base.and the number of lineap units (h) in the height we .
obtain ‘the sam’z\mmbex- (¥) of sublc units in the volume of the ~
..interier of', the right rectangular prism, namely, 6 X (35) or 21.
It seems clear that if there are B square units of area in
the base of a right rectangular prism and h linear units in its
height, the interior can be filled with h layers each with_jB.
unlt cubes so the total unit cubeS'used should be  Bh . ' This
| leads us to state the following property.. |
;Prbgerti lé The number (v) of cubic units -of v&iume in the
‘iin terior ef a right rectangular prism is the‘preduct of the number
(B) of square units of area in the 1nterior of the base and thg -
~ number (h) of lineer units in the height Thus,,‘ V = Bh .
Since the cube is a special kind of right rectangular prism,
namely one whose length, width, and height are all equail in length
(s unlts long) we h§ve the followi reperty
Preggrtx 13. The number of cubic units of volume V 4in the
interior of a cube whose edges are e linear units in length is

- gliven by

.



. Since the cube has 6 faces whose 1nteriors are equal in area,

| ';namely, s? square units we have. - B R
. PBroperty 14. The numbex of square units S of surface area irn the
.~ faces af a'cube is 6 52 . - o

Exercises<933a

rl.‘ Make models, using yeur own pattenns for rectansular right '

. prisms whnse measuremants in inches are as shewn You may find 1t'r

'nelpfuz to look at the pattern for Model 4. . -, .
(a) . {=1, w=2, h= 2. . e "
(p) {=2% w=2, h=2 - .

(e) L=18 w= 15, n =2 o
2. Take. copies of Models 1, 2, 3 of ﬁhe cubic ingh, cubie half
inch and eubic quarter inch and asaemble them into models like the
'three made s problem 1. Get the volumes by counting up the "
‘number of unit cubes (and parts of- tham) used For this problem .
you WIll need to_pcol your models with those of some Qr yaur class-u"
" cates. : L o ‘“"_. - ,
3. Compute'tﬁé volume of each rightiréctangulaéjpﬁism constructed
ir problem 1 usins Property 12 o '
4. . Compare your results of problems 2 and 3 .
‘5, §§lculate the surface. area ef each right rectangular prism |
'constructed in problem 1 using’ quperty il. __—
6. Construct Models 6 and 7. o
7. Construct Model . *\\
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enere; §gspt Prieme ‘.fA -

- ;.f You have already learned about right rectangular priems . Now
0 we shall - 100k at some general right priems Take models 1 thrpugh
T and examine them carerully.- They are all examplee<of right
fy:prisms How do they resemble each other? wa do they differ? i |
: Xeep them 1n mind as you read the folleuing discussion. | : : |

A_ ; Imagine two cosgruent pelygens (1.e. polygone with tne same |
f—eize and shape) so pleeed in perellel planes that whén the segments RN
8re drawn Joinins eerreSpending vertices of the polygons the
' quedrileterals formed are all rEetanglee "The figure fermed is
'ealled a right pyiem ‘The prism ceneiets of the interiors ef the 5
‘,reetenglee ‘and the interiors of the eriginel poiygons together with "E
the segments gg;ch bound these interiore As: in t e case of theﬁj*; ;I‘
right reetangular priem, the segmente are its ggsgg, and the pointe
‘A where two oﬁ more edges meet are vertices. The 1nterior3/of the _ 
original pélygens are“ealled the bases of the prism and the other
' Similerly the segmente Jeining correepend-

. 1ng vertieee ef -he two . bases ere eelled aterel egge

v A prism is 't iengular, squere, and 80 on aeeording as 1ts .
bases are trienglee, squares, and 80 forth

Referring to Section 9~ 2 yeu7will eee that for any right prism
the 1ateral edges are perpendieular te the planes of the baaes

$ o : Class Exereises.

(e) Which of the ﬁ%aels are right rectangular prisms?
(b} Which are right triangular prisms?
(d)  Wnich have hexagons ferAfaees? : [_




‘éiég'number /p( or square units in tne 1nter10r of the '~f'“>‘f

-triangular base is §»ba whare b and a are the humbgrs or
. '1inear units’ in the base and altitude of the triangxe._ (Notice |
Zﬁthat letter a has been used far the height nr the triangle'to

;avoid confusion with the height of ‘the prism itselr ) o

| ‘let hj be the’ number of linear units An tbe height of the
515, prism, Garefully fill your unit cube with salt -and pour tha

;contents into niodel 6. Continue this procedure until the madel 1s

“'completely filled with salt. Keep ccun% af‘the numher of eubic

i units of\salt poured This is the numheraof cuhic units of volumef_f'

=Y |
for the mmdel.

Noﬁ lbt us calculate the numher of squarg units of area in ,

the base offM63ﬁ1 6. fNotice from the pattern for Moael 6 that tne,.

~“~hase 18 the. intert“? of.a righﬁ triangle so it will}be easy to.
' find ‘the area" Call this number of square units B . What do you

~get for B- ? - Find the product of B and the number h of lingér”‘

_units’ 1n the height of the madel How does this agree with the ‘
volume you Just obtained° o o . o , ‘
‘ Do £he same for‘Modelé 4, 5, and‘? In the case of Madel 5
the base 18 a regular hexagon with each side 1 inch loﬁg A y
| N
P v fﬁ(),' -
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~ Npegular haxagcﬁlap made up of six equilateral triangles as shown'

- - .

‘80 the area. af the iﬁtarior of the hexagcqimay be found from the

ares of the interior ef an eqnilateral triangle discuased abeve«L
'Similarly, the base of Model T 18 formed from the interiors or two

 'equilateral triangles as shown, o its area is easixy fcund 'In .‘_

|  each of these caseﬁ how does the calculated product Bh compare -

 With the volume as. found by pouring salt? Do you find them\apprgx-f 'g}

imately equal* (Keep the'figures on these volumes for future

T referenee }

Even ir you haverdone your work carefully there probably wilr'”

be some,slight discrepancy between the meaéyred volume and the

' computed product. ‘This experimental work\leada us to state the

fbllowing property T T

'Pragegtg 13. ‘;wspneral the volume (V) of the interior. of a right

prism with polygcnal hases iz the produet Qf the number of sqnare

‘units (B) 1n ‘the interior of the base and the number of linear

units (h) in the height. o
,~~*i_“,- .. . Thus . .v',= Bh. - \

A \

-‘We should expeet the!e results 1if we recall how we griginally

' defined volume. We could have placed layers of cubic inches and

fraetions of cubic ‘inches on top of each other until the intericrs

of the various right prisms were eampletely filled The numherhof__.

AT 15 2

,}' . . . , v
- . . . . .. .




"eub}e'units in éhe‘veluﬁeehcﬁld;then-belfhe prcduet of the i

-\:number B of eubie units in edch layer and the number' n ;ef

layers. : . | | | N
Risht Circular Qg;}nders r:‘rfi - ~

Consider a rectangli in a plan'e (Figure 3s8) - .

...; N-'\‘s . - . . . | -
o *
Ao b Rp N

L Imagine that we 1ift this reetangle out of the plane and place it
': perpendicular to the plane ~ Now imagine that we “bené“ it 1n a;_
. circular fashion till the eﬁges AD and. BC ceincide and the
| basee of this figure are eircles as shewn in, Figure‘Sb The

\
figure we have deseribed 1s a right circular eylinder‘ - Its

-slateral surface has the same measure as the interior of the
o -originel rectangle. -Its bases are ‘the interiors. of circles whose
I eireumferences are the lergth of the original rectang{ié The

v height of the cylinder is the height of the orisinal rectangle

A B Class Exercise

| Carefully £111 medel 8 with eubic 1nehes of salt until it is
completely filled‘up. Be sure to keep a count of the total ﬂvéher
,cf cubic 1nchés of salt j you needed Now calculate the area of the
interior of the.base or the eylihder. | For this netice the radius
- in. the pattern of Model 8 -@E}tiply this number by the number of
linear units in the height of the cylinder. Compare the_preduct
N gw;tn the nugper of eubic,inehea_of salt used te_g;lluphe‘eylihder. N
o s . - . IR o o

G

. T T . ' ¢
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| N Even 1f you, heve Been careful in your w‘rk there will be seme
_Jslisht discrepancy between the two results but the exﬁeriment

‘leads us to state the follewing prepertx

Prqgerﬁxflé. The ‘pumber V- éf cubic
L interior of & risht eireular cylinder 1s

e preduct of the number

ef square unite (B) in the interior of the ircular base and the
. number of linear units (h) in the height. T‘us V = 7ron .

We could have antieipateﬁ this result if’ er eall how we
eriginelly defined volume We ceuld have plaee jky%rs of cubic
inches and fraetiens of cubie inches on top of eac ether until

_‘the'interier of the-eylinder was eempletely:filled The number
(V) of subie 1nehes would then be the volume of the interior of
'the eylinder ' | ( . L

As in the case of the prism 1t seems clear thet v should be
the preduct of the numher ef eubes B 1n each 1¢yer and the number
h of leyers | ‘ | o

| The follewing prOperty(tjleting te the total surfeee area may
be verified by loeking at the three pieees of which the surface
consists. o . Y

13

'Prepepgyle If r and h are the numbers of linear units in E
tﬁe radius of the base and the heighfio} a right circular cone o

 and S the numbex‘ of square units in the total area, ths
‘ 5 = 27rh + 2wt or 2rr(r + h) )

- Actually, orrh 1s ‘the area ef ‘the leteral surface. Why? 'Also~

- 2%r 13 the area or the cireular beses

-
a

-
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(b)

(a)

(e)

(£)

e Ai o fperimeters equal the @1rcumferences of the circle°
i 2& (a)

find them equal? = ' | -

»1nto the ctner A
iFind the perimeters of’ the bages of these models.,

Exerciaes 3-31: o o ‘ |

- Refer to - patterns for Models 4, 5, 7 8 and find\the | -f.‘
| perimeters of the bases In the case of Mbdel 4 con-
'sider the small séﬁares as bases SN = ,~'_'

Are these perimeters all equal to each other?
You have already“found the velumes of these four mpdels
Refer.to your previous work and wrigg the,results.here.

‘Are the vclumes equal? L _"' o -,

L 4

AList thetgpdels in order of their volumes from -
smallest to largest ) -

*

On the basis of your-experieﬁce 1n;th1s problém, what o

' conjeéturé would'yoﬁ make aﬁcut'the area of tﬁevinterieq d

of a circle aS‘compared'ﬁith those of polYS¢n§'thSé

When you found the vclumas of Models 4 and 6 di& you

Cheelg ps,rt (a) by filling ofe NFith salt and pouring 11:

Are the perimeters eqnal | | e . .

-

e
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;,N B o 9-4 General Priems S - ”
RN | You ‘have alreaéy learned about right priems ‘ﬁew we look at‘
| some more general figures. Take Models 6, 11, and 12~«§nd examine
"them cerefully.' As you know Model 6 13 a right prism, actually a
.-:tr.tangular one. In what ways do. Models 11 and 12 differ from -
‘, ‘lo,Model 62 Now examine Model 7 which 1s a right prism and the |
related Medels Q and 10 Hew do Megels 9 and 10 differ :nem _

. Model. 7? | ’:._H,: L ’j' S _ 41 | B
o _ A1l of these models repreeent figures eailed pnieme i Keep |
- them in mind as you rdad the following defmiticnsf |

| f Imagine two congrqpnt polygons (i e. pelygens with the same
o .s;ze egd«shape) se placed 1n parallel planes that when the seg- |

'ments are drawn Joining corresponding vertiees ef the pelygons
_vthe quadrilaterals formed are all pgrallelegrams The figure
j ‘fermed 15 then ealled a‘ggég_ The prism censists of ﬁhe 1nter10ns s

;_.'eiof these parallelograms and the interiors of the original pelygens

‘ together wi’ch the segments- whieh bound these 1r‘:‘teriore 1 .
- -;f_ . As 1n the ease of right prisms these 1nteriers are called |
o /faces ef the prism, the segments are its edges, and the po%nts

o .
where two or more edges meet areépvertices. The interior of the v

Qpcriginal polygons are called the baees of the prism and the other
faces its. lateral faces Similarly the segments joining corres—

pending‘veptices of the twe bages are called lateral edges. ",

A
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CUBI0 L e A lege e
o For'eiample, 1n thelnscempanying figure | : ‘;_f
Tf\;-the bases are the interiors of triangles- L Ea
. ABC'and A'BIC, the lateral faces are’ A
'interiors of the parallelograms A;BB'A' ' o
__CBB!C!, cu*c', and the lateral edges 7
~ are segments AA', ¥B!, and TO!. | !
_A i' " As you know*ir the. par.allelosrams determinin.g the m?:al
faces are il rectang;es, as in Models 5°‘and 6, the rigures are
right pri&ms | Other prisms like Models 11 and 12 are often
called oblique prisms because their lateral edges are not perpen-
‘ .dicular to the planes of the bases. Thiy seem to lean to one
side. S B
) in Mbdels 6 and ll point out the h&ses, lateral faces and
lateral edges . Q I | b _ ) | ‘,;‘ _fr
" Now do the same for Models 7 and 9. In these last cases did
| you have any difficulty 1dent1:y1ng.the bases? How did you deci&e? o
The difficulty herg illustrates an -interesting property of Models ‘/;;.
4 7, 9, 1Q, In these models all races are parallelo rams o R m«la

(!w, . ‘{ g‘\.
TR

(recall that a rﬁctangle is a spec;al geggfof a p&rallelogram )
. iaiﬁ
1te faces «may be considered the

i'bases and the otggr-t “”ff ;Nthen the lateral faces. Such

‘“_g>«t

; ught of as prisms in three ways. BécéuseA"

o

[

‘;nurgelves now abouf finding the volumes ‘of the
o : b ‘*vﬁﬁwv‘ .

. . o ‘ k B

Dt “_-A‘,’..; K T
] . A R & .) \. ;§‘ . ;- . .
. KPR
<« 1 . -
- - i
. . ,
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.
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'?lf' .intericrs of oblique prigms. It isn't so eesy as for the right . °
 prisms to imagine filling up.the interior with cubes end)perts of N =
. cubes cf volume. With the lateral edges nct perpendicular to the '(f
basesq the cubical blccks dcn't fit nearly without a 1ot cf mesey Lo
patch-wcrk ~ Of course we can take our cubic inch mcdel as a.
. container and see how many cuble: inches of salt,lt tekes to fill
"each of our models. Irt fact there 1s an interesting project which
you may like to. carry out, but whet we wculd really 11&9 is some
‘way ef finding the vdlume from measurement of the figure as we giag ;
for the right prisme - . ' ; c . . 'i
v In the prccees of mcving the cerds around for any particular
.pack two thinge are unchanged ’Gne is the eize and ehape of the
icards, the other is the thickness of the pack. " Thus all the dif—-"
‘ferent prisms which arise have congruent: beees end also have equal
ldietances between the planes of the two beees To descrlbe this
we introduce the term altitude Any segment perpendicufir to the >
‘planes cf the bases of a prism and having cne end on eech is :
{_ called an- altitude ef the prism From the lest secticn ‘we' know f
i that all these altitudes have the eeme length - The length of.an
'altitude is called the height of the priem Thus all the different

_prisme.erieing from. the same pack of carde have ccngruent bases

and equal heights

Ncw in pushing the cards around we heyg cleerly not ¢ e
""\i\' W% ‘r\\ Ul .
the emeunt of cardboerd present Iﬁlfﬁ then. tempting to conc'ude |

N .

that ell the different priems we get from the same stack of cards
pave\the same volumee. However, let us be a little critical.  If

. e .
P

PR
’




i< a1t or not enough, .or did 1t seem to be

. . N . “ : . )
~ . R : . L ® e w W LT e e o - .-
. ,

-4
TUUme ‘ﬁz | | - 9
L owe iméginé~thé cards rrectly maée, o o

,then in their original vertical posi—

. tion they would fit together perfectly o /;z/
' like this 1llustration.

Y

. . ‘ E -
- But as soon as we push them out of — e
. f _ ) &

. 1line the edges of the. carda no longer | = ’

fit smoothly b%ﬁ 1ook like the second illustration instead Yoﬁ
can easily feel the effEct by running your fingernail over the
1é§ges, and it can ‘be apparent to the eye also if the stack of
cards gets’ far out of the vertical. Still the 1rregularit1es'
| seem-to ba rather small, especiallysif we imaéine we have very
fthin cards, perhaps made of tissue paper. o ‘ -,
| At least we. seem to have basis for making the- following eon—
Jecture (Conjecture 1s a big word for what we hope 18 an 1nte}li—
gent guess) Conjecture If two prisms have congruent bases and
.-A;equal heights, phey have equal volumes o S - 'tﬁ
. Te test this conJecture look at Models 6 11, and 12. .Db A
they .appear to shave congruent bases? (Try putting the bases
against each other to see.) Do ‘they have equal heights? For this 3
1t may help tc stand them on their bases and lay a’'ruler across
.their upper basessto see if 1% seems leveI\ Do you, agree that

these models h&veiilt”“'ént basés and equal heights? Now fill

\’1?\ \!v&

E;_:Madgleﬁﬁﬁ&%ﬁ§salt an& pour into Model 11 d you have too jsmch
s ;Jzi riéht¢ (This sounds
like the three. bears ) Do your r sults on this exXperiment confinp .
~the conjecture above? B

P Lo

Carry out the same experiment 1th‘M¢dels T, 9, and 10.

. ‘ : ! hy
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b

, (Fcr'this experiment treet'the emal; parellelogram'es-the baees

T~ | |
ince otherwise you do not get congruent bases.) Does the result

onfirm the conjecture°

Since the conjecture ‘seems to be borne out in practice, we
+*

will 1ist it now es a property T o | R

Property 18. +If two prisms have congruent baees end equal heights,

they have equal volumes.

; "From Property 18 the volume of any prism is the same ae that

of a right prism whoee base is congruent to the g}ven one and |

heving‘the same-height ‘But since by Property 15 we know how to

‘find the volume on\fhe right prism, we obtain at once the follew—_e

-~ 3

'ing Property

‘;Progertx 19. The number of cublc units of volume 1n ‘the interior.

of any prism is ebtained from the formula '
- I Vemn

o

‘where B 1s the number of square units of area in 1ts base and -

h the‘ﬂumber of linear units 1n 4ts height.

4n the area of. the. base is therefore ‘ <

For exa}nple, ‘he base of Model 11 is a right' triehgle with
legs having lengths approximately 2 inches and EE inches Check

these measurements on your model. The number B of equare 1nches

~deneh =9

i

so the area of the base is gvsq in. Why? ‘You should find the

;:“;#ﬂgpﬁbin;\(ﬂ§$efhis is not the same as the 1ength of the N

.f?'iié§dge which is about 43-1n Thus h = 4 A
( )4 =9
77 % S

(‘&t'
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Exercises 9-4

| I.  Check the'accﬁrédy of the lasﬁ caicﬁlation'by tékiﬁé;your
cubic inch measure, Moéel 1 and see if 9 fillings of 1t will Just |
£111 Model 11. = L T~
2. Make ﬁedels 13 and‘w | |
3, Make Medels 15, 16 and 17 -
, §, Is a lateral edge ef a right prism an ‘altitude of the‘prism* -
5. omdd~a 1ate®g& of an oblique prism an altitude of the

: prism? ~Why? . | | |
) 6.;. In finding the. volume of an oblique prism a student accidently
| used the length of a lateral edge in plaee of the height of the
prism. If he made no other errors, was his answer too large or

 too small°
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9?5 Pyramids |

Examine carefully the five Models 13, 1%, 15, 16, and 17. ¢
i These are‘éxamples of what are called pyramids. What common i

property do you observe of these five Models?

A pyramiﬁ is a figure -obtalned by Jjoining the vertices of a
polygcn ta a' point not in the plane of the polygon, thus formins
triangles The pyramid consists of the interiors of. these |

R

triangles, the interior of the original polygon, and the segments

/
which baund these interiors. The interiors are called faces of

A the pyramid the segments its egges, and the points where two or

more edges intersect’ vertices | The interior of ‘the original

polygan #s qalled the base of-tpe pyramid and the other facqs its

. N\ : ;
- ' ) ’ i

Jlateral faces. The point to which the vertices éf ﬁheépolygon ére‘
’ g‘

joined we shall call the apex of the pyramid. {(Many books eall
- C . N - ,
thiS'the vertex of the pyramid, but we have chosen the term apex

9 since we ‘also call the corners of the polygon vertices ) :The

| edgea .meeting at the apex are called lateral edges. For example,‘

in the figure the base 1s the interiorA
: 4 ‘ o
- of quadrilateral ABCD, the ldtéral 'faces
are the interiors of triangles ABQ, BCQ,

CDQ, and DAQ the lateral edges are
1‘@ B, w, TG, and the apex is Q..

Point out the baseé, laterél faces, lateral edges, and apex 

‘on each’of the Models. l4 and 16..

Notice that in Models 13 15, and 16 the bases are squares,-

vso theseare called square pyramids. Similarly Model 14 is a

‘ hexagonal pyramid. What kind of pyramid is Mcdel 17°

h (_\\ : *f

S b

<

)



.,
:"Althéugh'there pﬁobably:w~s no argument adbout the answer tb

thc last question, there. migh“ be disagreement over identifying

the base All the faces are triangles, so hcw do we distinguish J

 'which one is thc base The answer of course is that we ean't -‘, - 7F'

"Any gne of the four faces. can te conqidcred as the baSe, so this

figure can be looked at as,a trianguiar pypamia in*fcur different

ways. '(Cémpafé the case.of tne papallelepiped-which‘COuld be cen-

'sidéi«ed a prism it threc ways.) Recause 1t has fj‘u'st four ;‘éceq

' this figurc is generally cal]éd‘é tetrahedron {The tetr comes - -
) . *

. from. the Greck wofd fbr four. ) A tetrahedron with its interior

}iq somutimeu called a 3 dimensionai simplex which was discussed in

- detail iﬁ dnit &.

' Nowu 1ooh azain at the iive pyramid models. - In each éase .
vimugiﬂe the segnert.dpaxn from the. apex perpendicular £0 the g.
- plane of'the-base This segment 1s’called the altitude and the

‘lCﬂfth of the altitude 1s the hei&_@ of the prism Compare the
;heights of Modeig 13, 14, lb, and 16. Laying a ruler across them
'may hélp in estimating height° ~ Do you find the moﬁels have equal
:1heights?. Model 17 has foup hcights, dependiﬂg which face is taken
as.base Take the smalleqt triangle as base and compare the height
wlth that of the other medels. Po ali five of these models seem‘£9
"haxe the_Same height?

It is not aiways easy'§€>imagihe Just where the foot of the
aititude will be for a pyramid In one of the medels the altitude ;/f’”
coineides with one,;of the lateral edges, so the foot of the alti—

'tude is at a vertex I the base. Find the model and the edge. . In
another modei the fook -of the altitude 1is entirely outside the

-

!

170
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'(}__.;; .

_ base. Which medei? For the other t#ree he foot of the altitude
is somewhere in the base. i . S | |

Ky
‘The mcst symmetrical pyramids are callednregular pyramids.

Ta be regular, a pyramid wust meet %wo conditions First its
base must be the interior of a regular polygon (A regular
polyron 1s one whose sideSfHEVE"equ§Ijiengths and whose angles
hévé_equal meééureélf which of our models meet this fibsﬁ condi-
tion? SécdndJ thé foot of the altitude must be at the center of
this reﬁular polypdh: “Which of thewmodéls~appear to be fegular

poly?ons°} . o - : . .
(—\ It 1s ‘shown in the Problems below that the second condition
is rg%lly the same as saying that the 1ateral edges all have equal

len&thst-a ﬁact mucp easler te reﬂogniae by looking at‘the model.

e Exercises 9 _5

1. Look at the figure ‘which is Supposed
to show a regular pentagonal pjramid with
apex A §Wd altitude AQ Sinee- Q is the

center of the pentagon it has the same
| |

distance from S\ and from T . Suppose

: AO is -4 inches long and QT - and §§
. are each 3 inchés long.
(a) How can yoq find the -lengths of ﬂ7§ and AT ? '
(b) ‘What are these lengths? | . |
”11(c)' Do \AS and AT _have_equal lengths? ‘ ,
(da)  1Is triangle AST isosceles? |
(e) Can the peasoping be used to show that all five of tﬁé lateral

_edges have the same length? -

“‘”Y' . ) ‘ : - -t .

o ' \ 1%
ST _ . 3
RS , .



2. (a) Doesthe-reasooigg in. the*iaetfproblem depehd onAthe j:
-'fect that the bese is a pentagon or would it work for any
regoler polygon?? I.' . R -
(bj Does the reasoning depend on the particular numerical
lengths given, or‘would it apply to- any 1engthe°_ -
(e). Complete the following statement:

,:-1f o If a pyramid ieﬁregolar_then itsw;?__,- o are all u  

‘eequale
3. Look again at the figure of Problem 1, with the base a
regular pentagon but this time suppose we - know thgt the leteral
edges all have the same lengths but do not know where the foot Q
of the altitude 1s looated To be definite, euppoee theéheight of
the prism (i.e. length of AQ} is 12 inohes, and- that eaoh of the
lateral edges i and b ‘are 13 1nohee Iong - |
Ia) How«can you find the 1engthe of }53 and QT 2 |
. (p) What are these lengths? | _‘ o ) |
,._ (e) " Are they quel? T 'j‘%,fj L o o {l; )
~{qd) Can thie reasoning be ueed to show that the distances j'? 3 |
from Q to all five veprtices of the polygon are equal9
L (e) . Does this show Q ie the oenter of the reguler polygon°
| f(f) ;ﬁ the pyramid a regular. pyramid° " | ]
';/4, . (a) Does the reasoning of the Problem above depend on the "] N
| particular measurementg‘and the fact the base is a |
pentagon? o .
{(b) Irf not, complete the following statement:

I1f, in a pyramid with the 1nterior of a regular polygon.

as bvase, the ' ___are all equal in
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e length, then. the pyramid is

_‘5; . Canstruct a model ef a tetrahedron in which all four faces
-are equilateral triangles - Such a figure is called a regglar-
'tetrahedron. ' .

6.  How many altitudes does a regular tetrahedrnn have?
| ?:%' ?he base of a regular pentagonal
,pyramid is a regular pentagon, 16 1n :/
' on a side. .If the 1ateral égges o’ ~.ﬁ )

' the pyramid are each 17 1n ’ find the

{
lateral area ef the prism, that is the

ésu .
sum of the areas of all five lateral faces. Hint - Draw segment AN -
; frcm Apex A tc a\mK\Point‘rf a side of the pentago,.

' altitude of this triangular. face and ts called the slant height of

/o

3

the regular pyramid
'8" A regular square pyramid has a base which is the 1nterior of a '
- square 10 inches on a side Its slant height (see problem’ above)' |
1s 12 inches IS . . ' -
(a) Find its total ares (sum of afea§ Qf.1aﬁerai faces and .
. o . the ‘base). :_ o L &* |

S (b) Find the lengths of the lateral edges. | -

i

% -
9. The base of a square pyramid is the interior of a square

10 feet on a side The altitude of the pyramid is 12 feet.
(a) .FPind the total area. | | |

() Find the lengths of the

o I'steral edges. Hint: How
far is itS};Sﬁ”“ Q. to M2

Use this to find the ;ant e

B

" height.

This is the



| g-6 Volumes of Pyrakids |
Caq we do a.nythins now abcut find.‘mg volumes of the interiors -
~of pyramids°. , , , » .
| In the section on prisms we found 1t us ful tﬁ”cOneider : e
models made up of stacke of oards Perhaps‘ ou . anﬁ your clase-‘ N
mateS*would like té make a similar model for’a pyramid. If so,
"get some heavy‘c;rdboard (sueh as grocery cartons) and make a
- series of squaree to pile on each other As a suggeetion make
}the oottom one 6 inches on a side, the next one 5% in a side:>etc , 
going down by grinch ‘each ti;e Theoretically you will have 48
squares, but aetual%#nyou will have to omit the very top ones. ae'-
'fthey~get too small to work with. However, you should be able to
: go up at least to the 1 1nch by inch square. To avoid paviﬁg the
squares fall apart when you move them, make a hole in the center
of each one and run a cord through t n, preferably an elastic
f"cord to hold them firmly together B i ' |
| If you want a Iarger mogel, etart witn:a ‘quare one foot on a |

B sidsr This will take twice as many layers and e

 'cardboard A deluxe model might be made by c 'ting thesquafee
outvpf a~6 inch masonite or something eimilar in your ‘wood shop
_The larger model would take a little aver 32 square feet of |
material, the smaller a little more than 4 square feet. |
| Sucl{ a model should oonvincingly remind “you of a sqoare
pyra;id though of course there are irregularities at the edges as
1n the case of the prism. By shoving the squares around you can

make this model assume approximate shapes of all kinds of square

\,py‘adids. When the squaree are piled up with the‘penter holes




06 . . : J,' R »;\\_‘ --351 :
”_vertically aheve each other it eppeers as & regular pyremid,like 2
our Model 13. By pushing it to one side you move the apex so it is
,‘.no longer above the eenter ef the basey‘ Yeu can very prebably push
-4t far eneugn ELE the apex is over a corner of the base as in" eur N
| Medel 15, and peeeibly even 1n§e the position 6f Model 16 where the

L .

In all this meving around we- elearly have not changed the base

perpendicular frem the apex is outside the base

-.-: of the pyramid or 1ts height, which is efter all just the tbieknees
‘.of our stack of squarese Moreover, we have not chgnged the amount
of cardboard. in-the-piIe - It looks like a good guess then that any
two pyéemide with congruent basei\and equal heights heve equal
velume ' |
Let us try- this eut on . Models’ 13, 15, and 16 which clearly
_‘have eengruent square bases and Wﬁ'ge\heights are the same ae we.
saw earlier. Fi11 Medel 13 with salt and try emptying it into 15 e
and then into %6 " Do your results confirm the guess abeve? E
On tbe paeis of this experiment and'the ev;deneexof our card-

. Ve
* . . ~—

board model we ﬁrite the follewing.preperty'

Preperty 20' If two ~pyramids have uﬂnqruent bases aed equal heigits 
they have equal volumes. ‘_ .
 To find what the actual volume of a pyramid is however, we
must eventually compare 1t with seme figure whose volume we. Know,

N As an experiment take Model 13, the regular square pyramid and = -
‘Model 4, the_rect%ngul right prism. - How, do the bases ef these '

" two models cempere (ifa§§

»Model 4)? How do péeié heights compare? Do you agree they(have"'

take the small square as the base for

:congruenu baees and equal heights? The interior of Model 4 iB

< .
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clearly larger than the 1nterier of Msdel 13, but how’ mpch lsrger?
Fill Model 13 with salt and pour it, into\Model 4. *Keep on doing
ﬁhis ﬁstil Ms&el 4 313 ruli' According to ) ur results the |
1nterior of Model 4 1s hsw many times that of Model 132 |

'ﬂ Repeat the expertmeEE_ETEE?ﬁodel 14 and Modei 5. Did ysu get _ 

. the ‘same multiple in this case? Mske a third trial with Model T

o and—Model 6. On the basis of_&hese experiments do you agree with e

-

‘the fellowing property? -\\é\ e | o .

Prcperty;21 ~ The volume of yramid is one third that of a prism,t. ’f€f

. « whose base is cqngruent to the base sf the prism and whese height
-", is the same as that sf the pﬁism |

¢

) Since by,Propenty 19 we know how to find the volume sﬂ\a
prism this 1eads at aonce tc a rule fcr finding the volumé sf ahy
pyramid o C | "‘f. CT e

-

" wheré B Sﬁands'for the'numbef~sf square units”of'ares in the

| base and h ‘the numbeerf linesr units in the height.

Property 22. | The number v of cubic units of volume in)s pyramid |
is given by the fsrmula |

LN
]

¢ ; | o : Exercises 9-6 ' S A L

v

’1. Model 13 has a square base of yg inches on 2 side and a height
Cof 4 inches. - Check these measuremenzs with your model. Then find

the volume of the 1ntenior of Model 13. ‘
2. Check the ‘result of the last problem by tsking Model lqknd

| finding how- many times it must be emptied into Model 13 to £i11 1i¢t.
g 3. Model 17 hss a base which 1s a right triangle Measure the' ;,
legs aq fmd its area.g Since the height of the prism is 4 .mches,

» 4
- o - -
. e

17y ‘
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. find, the volume of 1ts 1nterior Do you get the same result as for -

800

f?& MakeModellB e ? Ly

“Probl-u 127 “

. . . .. .
. . . ¢

"1nd the vclume of Model 14 Notice the base is a. regular

hexagon whose sides are each 1 inch How will you find the .area

X - o .-
of the' inter%pr of this hexagbﬁ* -‘.-_: : \\,(' oo '

Py

R 5,3 Make a rough check of the results of Problem 4 by using

_Model 1 to 5ee ho% many cuble inches Model 14 really holds._ This
will not cpme out exactly but you should be able to get the volume

- within half a cubic inch ,"‘,7 . | o ~

ki . \

ot

’_6..y A pyramid has a-height of 12 feet and a volume ‘of 324 cu, ft

Whét is the area of its base?- If it is a square pyramid,fwhat i!

' fne length of ‘each side of the base? R }nf"

- A
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9-7 Cones “ . : o B

Anycne whc ‘has eaten an ice cream cone - has at least a rcugh
idea of the figure called a ccne, cr mcre strictly a right’ circular :

ccne. 1% a circle be drawn as shcwn belcw, with center c, and let

e

V. be a pcint not in the plane cf the c;rcre 80 that segment'"ﬁ is

perpendicular to this plane.

.;Draw all«the segments from V' to the‘pcintS-cf the‘circle" The
unicn of all these segments, together with the interior cf the

-_ circle, fcrms a right cireular cone. The intericr cf the circle.

i'is called the base of the ccne, and'thé union cf thé segments is:

. _1t§ Iateral surface .The point -V is calleﬁ the vertex of the

"cone In the description right circular cone‘%he word circular

1nd1cates tciﬁjthe base is the interior of‘c circle and the word“

isht means that 'VE is perpendicular/ the p}ane of the circle. .

.-‘.

Here we ccnsiécr only right circular cones and when phe wcrd ccne ~
. e “ . \ -cA

':'13 used 1t wi 1 ean this type . ‘;‘g oo ‘ |
| Segment VE is galled the aiitude of the eqne ,- and the | |
'i EEngth Sf this‘pegment is the heig t of the ccne If SQ is a
goint of the cirple, what kind cf triangle is VCQ 2. wnyc If you
" know the Eheignt of the cone ‘and the radius of its base can you
" find the length of Vﬁ 2 H\aw? If R is \another point of the
'circlk‘ do '"Q .and Vﬁ, have the same length9 This constagt L\\~

<




. ‘ L e "
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e e s
| -:distance.from vertex V to the.different points of the circle is ?

called the slant height of ‘the eene.;' o . | .o,

Ir ‘h 1is “the number- of linear units in the height of the

¢
0

. coﬁe, ¥ the number of linear units in the radius, and s the

| number of linear unite in the slant height, write én equation o .7$:5
| connecting 'h, -r, endi~s . I yQu know any two.of}theee nembers : |
' can you findf the third one from this equation? { Y
. . As an example, sueéose | - | ) 3
: the radius of the base of a !
_cone 1is 10 in. a ‘3 the height ’
is‘24 in. What is the slant
- '_ height of the cene°
~ pid you £ind the slant. hetght 3
| to be’ %6 in. ? & | | _ e | \
| - Exaniine Model. 18. Point out the baee, the vertex, and the,"
: lateral sﬂrfaTb | Approximately what '4s the slant height? De’ybu‘-:
find it 1S .about #B-inches? DO'yeu find the rgdiue a 11ttle 1ess
AR then an. Anch?. Writfng these as deeimale and reunding ‘o one '4 : _
\*; ‘ decimal place, we may. take the slant height as 4,1 inch£XK @ the“;

| radius as 0.9 inches., What {s -thé height of the model? ..~

A
A o

How can we find the VQlume of a cone? - Suppose we use the
method used on pyramids and ce@pare a cone'with a cylinder h "in 
| the seme height and same sized base. Také Models 18 and 8. Com:’*
;7 ; . pare thei? bases. . Are the. eircles the s\\\\sizeQ 'Do the teg :
. meﬂels appear to have equal heighté° How did you‘test this? ‘J-
. Now fill Model 18 with salt and empty it into Model 8. Cone

tinue till Model 8 13 full On the basis of this’ experiment, the

KN ) . H a : [ ] .
. . . sﬁ
t . - f N
. o, .

. . . .
- . . H . . ) .
. : ‘g .
- . ] . © . . .. . ( . . -
N ) ] X . - ) N . » ~ -
4 . 4 .. .

o T T Cooy
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volume ‘of Model 8 1s v@w many times that of Model 18? This illus—

". trates the fellowing property

Property 23. The volume of the inﬁericr of a éone is one third

.that of a cylinder of the same hgight and whose.base has the same

radius.

Since we_kave aiready learned to find the volume of a cylinder,
k .

| this leads at once to a rule for finding the volume of a cone.

»

Property 24, If r is the number of linear units in the radius of

éhe base of 'a cone and h the number of 1ineaf units in the
height the number- V . of cubic‘units in. the vo ume of its interior
iis given by the formula

.a- ) - ¢ ’ . —3 2 . AA * ‘v" . .-n
‘ ‘ DERES Lk NN R
Since wre is actually the number of square units B of}apea‘
| in thé base, ‘the fcrmula could be written as

R "\ ’ ‘ ) ) . s . . - ‘

) ‘\‘. ; . : . V g Bh. ) | Y
‘ . ' ., .
. Comparing this wi&h Property 22 showé that we have the same rule T e

-for finding the, vofame of & cone as for a pyramid.

. " As an example refer back to the c?ne mentioned above where the

E radjus of the base was 10 inches and the height 24 inches. Then
f
‘r = 10, h = 24, so ‘by the’ formula ibove ~ 7
R . v-gw(mﬁeu 800 _-""~‘g

1’and the voxﬁhe 1is 8oow cu. in. or. abc‘t 2512 cu.,in

ii | "‘1 ,,15 E Y | Ezefcises Q-7
L .

-

*Iateral Aréa of a.Cone ',\» a |
% 1 see how tq findsthe lateral area of a cone, look at- Model

18. If we take it apart again;\the lateggl surface goes back‘into'- ,

& sector of a. circle as shown in\the pattern ‘for the model,
P rs _ - R S .
. ‘{\ ' ‘ i ’..\ _‘ o ' " -v, - "! et A -

g ~ ? .




oy , - R g S |
R S R ?‘ T o
. . ) ; . B . . - + o N \ . «:

B S~ A
(Notice 'a sector of 8 eirele is bounded by two radii and a part of -
ﬁhe cirele ) That 15 the modél which looks l;ke this - | .

T -~ o
flattens but into a sector of a cirele that looks like this.

N \ . \ ‘
i
Y
. .
". v . - ﬂ‘ °
: P \ .
- : .
o . . s ‘ o
.. - ) e . «
. ' \ . G
’ . R ¢ “ - *
. ) ;
’ -

- The lgteral area’ of ‘the cone has the same ‘heas L
- the shaded part we trying to. find  The, tndA*o 68 m;¥£ed\\q;‘2i,
in the figure/came f%éi the ,same point of the model. The rest of.iﬁ
g the large circle is ahowntin dotted limes to help follow the =
Y reaaoning o . ' )é;‘ |

SR | ‘ - - ol e
_Ta;. t Iﬁt a be the number of éggts in the slant eight of ‘the- = \ _EJ}
"‘°i~cone and r be the’ number of units in the radius of its base Dd}

the markihgs on the figure abqve on the two segments and jhe are ';S;_ 

"shbﬂ the correct number or un}eb in their lengths? Why? N
ﬂ ?";-1__ {'. ) éh . &..: _’:  j‘ﬂ? R ' | - o
o e o . - . . o . o e ‘ ,

- \.
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Now in 8. sector of a circle, h as we have above, the anea

.13 propcrtional to the arc For example, if the arc between the

. two points marked Q. 18 one. quarter of the cirecle, then. the
"shaded area 13 one quarter of theyinteriar of the circle. But the N

circumrerence of the circle 1s avs and its area is v52 If L

-

e
stands for the number of square units . the shaded area we {ind,
,«therefore, | - -
B : o ' 2rr L
s ) - = .
. ' ( . : - ﬁs _ 'N'SE _
" How do yoﬁfsolve tne_equation for%‘L ?  What value dq you'find for

: This reasaning Justifies the fcllowing conclusion. | ,
_Progertx 25 If the slant height of a right circular cone is 8§
uniﬁs and the radius of its base r units, the’ number L_ of_ |
_ square units inixts iatera1 area is given.byfghe formula:

i

L N #rs .

As n.example refer again to the cone where . the radius of the base
- ‘,¢is 1 ‘inches ;ong and the'height 24 1inches. You recall we. foqu

'ﬁ*'jthe slant height 1s ‘26 inches. In this probleﬁ'we have, therefere o
r = 10*; 8 = 26 , 8o | Ty

- ﬁ"v _ ' .," L=1T1026=260'ﬂ'?;‘8164 ‘-_l,.

fﬁf' and the lateral area is about 816.3 square inches T .;Qt: e
fj ff . _<\ l. . Exerq;ges 911 o : oy

;‘l If T stands* for the number of squane units in»the total area -
';fof the cone (cqunting the base) write a formnla for T 1n terms

or r 7g§:d£s




. 2._ The slant height of a ecne is 12 ft and the radius q; its
base 3. ft. Find its lateral ares and its total area L
-3. A cone has a height ogggéﬂft and its slant height 1s lsfft .

- Find the radius, the lagfral area, the total area, ané the volume,‘ 
4, - The radius of the base of a cgne 1is 2 ft. long and the valume o

1 of its interior is 4 T cubic 1nche:\ +Find its height, slant height,t

- and lateral area. )

5. Construct Mbdels 19&, 19b and l9c | Acﬁually‘lga and 19b are.
identical except for the lettering and can bg cut out at the ‘same -

"~ time. Be sure to put the letters cn however as we will need them

to identify the different vertices thice.that the letters do not
refer to particular angles but identify a partieular vertex after '

~
the mcdel 13 assembled. -
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- | . .
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* g- 8 Disection of a Prism
| Acebrding to our, experimsnts with pwramids, the volume of the
interior of a pyramid is one third thst of a prism having the ssms.
height ‘as the pyramid and hsving a bsse which is congruent to the ‘
‘ hase of tne pypsmid ‘ It 1s natural to ssk whether we could gee
‘fo-‘ this by putting together three identical pyramids to form the
s prism Unfortunately, a 1ittle experimentation seems to show this
is not possiple However, we can get a kind of substitute, as we |
shall see., S S S | | | |
Examine hfodels 198, 19b, and 29¢. ‘-'I‘hey'sresll tetrahedrons
e cr triangular prisms ‘ Finst compsre Models 19a snd 19b , How-does

. \

. fsce ABC of Model 19& compsre with faoe SRQ of Model 19b? How

1 Y
do their heights compare if we consider these fsces as bases?

-t

Al

(Actuslly these questions -are a- 1itt1e ridioulous since we have T
alresdy noticed the patterns are identioal for the two models 80

all their measurements must agree ) In any case the two tetra- "‘
hedrons ABGQ snd- QRSC , that is Models 19& and 19b'have interiors
. witg equsl volumes | ' | ' - ',
*c: - . Now compsre'ﬂodels 19a and 19c ‘This‘tioe:the sodels - ‘At“
definitely do not 1ook slike , However, compsre face iABQ of _'

Model IQs with fsce BCR oi‘ 1904 Q: you find them congment?
-PIsse the models on the deskAwith these fsces in contact with the :‘

top of the desk._ Notice thst in these positions you csn push the

,.?‘ models together B0 that the tWO faces marked 'BOQ coincide. What‘
L '
;.-+f <can you say of the heights of these two models when plsced in this :

_\@

.....

: " . P . v N . .
- - i . P N R ' ' & (\}n‘ i Lt o Nt
A : K ’ ( . ') .' - .’ J v : :
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fﬂ., Y\‘t -can you say ebout the volumes of their interiers° What

*

9_8\ S 1 o

331

-
-

\Property are you using?

- You sheuld have concluded that the three Models 193, 19b 195

J'have interiorS\with eénal volumes. Now put the three models

‘tegether so that faces BCQ of Models 19a and 19c coincide and so’

that face QRC of 1gb and 19¢ coincide. ‘What 1s the reeulting
“figure? Is/it a triangular priem°~ -‘ - : ‘r S

\~ These\three models with equal velumee can - thus be assembled

to form a prism whose base is thé/sawe as the face ABC of Medel

193, and whese height is the. same as that of 19a | This shOWS'again ’
'the result stated in Property 21. A‘tually the work is Judg the

Lprocess -of disecting a prism into tetrahedrona ‘which yeu diecussed

Co 1n Unit 8 except thag here we have been particularly interested in

_ hedron. o | | | ‘ - ST

ithe volumes of the pleces, Co . ' ' |

[

ir we imagine Model 19a as originally given, we can ﬁh;nk of

‘Medele 1%b and 19c as two more tetrahedrone which have been invent-;‘

ed having the same Velume as »9a and 8o that they can be combined

: with 19a to preduce a prism of the same - ‘base and height. In this

| particular case the base of 19a’ is an equilateral triangle, and

rone of the lateral edges is perpendicular to.the plane of the base

| Ceuld this still have, bZEh done 1f ABCQ were any triangular

prism¢ The answer 1s actually yes.' In tné Exereise 9-8wyou are.‘?

asked to preduee the other two medels for a more general tetra~.

-« . .

h’.

NG

¢



N Ed Lo L - - L L Y T
. ‘ » ke s . . ) . .
D 7 . ' - P J

\-, . . ’ o . CoN . Coae
e _ . Exeféz\es g-8. . -

3RAIN3gsTER Construct the model for which the pattern is given

»

: belcw.. Letter the vertices as- shown and think of 1t as a
y triangular pyramid with base the interior éf triangle ABC
' Design and construct models of two other tetrahedra having

; el l".: \ -

the same volume ‘as this given.one and Which, combined with

it prodnce a prism having the séme base and height




Model I - Cubic Inch a9 “
2 — f)
- ) *
' \ - ’ - A - ' . . . - | o
Model 2 - Hs.lf‘_-cgbic. Inch (no{ half inch cube)
¥ N _ . v
, . Model 3 - Quarter Cublc Inch (not quarter inch cube)
R . o (f\. : 7 ) .
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¢ N
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- Model 4 - Rectangular Right Prism
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Model 6 - Right Triangular Prism,
(Ease is: Interiar of a Right Triangle)

N -
Make an extra ecpy af the triangle to usae for the other base, but
use only one tab so the~¢op can - be opened . -
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Model 7 - Right Prism fabus & '
ght sm with Rhombus as Base . .
'(also? Parallelopiped) | - )
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- ST, .
-t Mofiel 8 .- Right~Circular Cylinder
_It will be eas&er to draw the circular bases

L] [ ’J

th your ‘own compass'

_ using the radius of the circle below rather han trying to trace

the circle 'as shown. . Make two copies of the circle fe¥“the two

- bases.

!

Attach the lower base firmly (with scotch tape) but attach

the tap base anly at one point so it can be readily opened

i -

o

~qol
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" Model § - Oblique Prism with Rhoibus as Base * & | e
’ (Also Parallelepiped) . - ' S |
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Model 10
~ —‘\

- Oblique Brism with Rhombus as Base

s

+ (also Parallelepiped)
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. Medel 11 - Oblique Triangular Prism
(Base is’ ngerior of a Right Triangle)
Mage an extra copy of the triangle to use. for’ the other base but
use on;y one tab in attaching‘;t,‘sc the top can be opened‘if '

£

desired. B .
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:Modgl-le —_Oblique Triangular Prism | |
- (Base 1s the Interior of a Right Triangle) - :

Make an extra copy of the. triangle to use for the other: base, but -
*use only.ene tab in attaching 1t so the top can be opened 1f

desired

4




Model 13 - Regular square,mamid S e
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i Model. 14 - Regular Hexagonal Pyramdd = .~ ° . S

.
LS

. ' UL \’[‘ A
U , . . . . L - B

- v
R .
. o .
.
‘ ~ .
‘ L)
\
+
‘ s - . a \ ) .
) 4 - . .
£l ——— &
- & ~ .
—~ ' & .a
* Vo (\ - ‘ ‘
4 . "
-
* "
) ' /I '
. Al
< P * ~ .
¢ - - s
— ,
.
[
N

| : | -- _ 2_\ : . . ‘,
EMC L . ' v : /Y)

Aruitoxt provided by Eic:

e $



_JMpdel’ 15° - Square Pyramid , -
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Model 16 - Square Pyramid’'
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Aruitoxt provided by Eic:
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Model 17 - Triangular Pyramid (T

13

*

etrahedron)
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Model 18 - Right 'éircular Cone -~ .. L ' - ‘
Jt will be better to dsaw. these circle's with your own compass .
L using the radil of the circles drawn rather than tr:ying to trace
l«t{hem. The;radius of the small c.ircle is supposed to ‘be the sa.xne" |
‘asinModels o e
LY ..{'
e
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. ." The remaining segments not labe;ed for length are ‘the same

length as the segments in Mndels 1931and 1%b- Joining the same end

points. That is, segment‘ﬁ@ here has the same length as segment
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| -Summary of Properties fprfUnitﬂQ |

. - B : s .

’Prbpérﬁy_l' Thé humber A of square units ‘of ares in thc

© interior cf a rectangle 1s the product of the numbers of line§r
/ units. { and. w: in the length and wiath respectively
- Thus A = [w o | |

X

' .Property 2. The, number of square units K‘ in the areé'of the '

intericr of a square whose edge is s units in lengthxis the .

product of the numbers of 1inear units 1n its length(s) and its
width(s). Thus A= 5.8 = 8% , f‘.‘:
Property 3. The number A cf square umits&cf the intericr of a

parallelogram is the product of the numbers of linear units - b‘>and'_
h in’ the base and height.  Thus- X =bh . S

Y
Prqpergyfk " The ndmber A of square units of area in the interilor

.of a triangle is § the pvpduct of thifnumbers of linear units of

[

easure in the base and height A= §hh

- Property 5. Thc number A cf square units of area in the .

_interior of an equilateral triangle is: A==y4; {

S Prcperty 6 The number A of . 'square units of areah>h\§hg

'- intericr cf a.regUIar pclygon is‘l the product of the numbers of -

linegr units in Jlts perimetcr and the distance frpm the center.to \\

T

" each side. |
Prcperty 7. If r is-the’number of linear.units in the radius of

& circle and A the nufiber of square units of area “in its
intericr then A = (Er)(awr) or
) 'A = WP2 .

Prdperty 8.. If a L&nc is perpendicular to two distinct inter-

: aecting l!hes in a plane, it is perpendicular tc ‘the plane.-

—
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‘e

- -

-
-

Prepertyjs The shortest segment having one epd et e‘given

~eonta1n1ng the point Q 1s a segﬂent perpendicular

.interior of a.right re

.point Q outside a plene and the other Qn a givenfplane r ‘not

to the et

¢
N

plane ro. | , ' o 2
Property 10. If twe planes are parallel the distencee ROm

different points of Qne plane to the oﬁger plane ere all the same.

’Progerty 11. The numbers of square units ggisurface ares in the

[

prism is §-=2 [lw + h + wh]. »

Property 12 The nur

r (Y) of cubic units of volume in the | ‘f_
zular prism 18 the product of the ~
number (B) of squdre unlts of" area’'in the interior of the base

and the nﬁmber ( ) of linear units in the height Thus V = Bh;

“Property 13 The number of cublc units of volume V in the

interior of a_ cube whbse edgee are s ,linearhunits in length is-

2 3'

. given by V8 -8=38

Property 14. The nuﬂber of squere units 'S “of surface area in

4

the faces of § cube 18" 65° | | | | | .(j\'

Property 15*? In general the volume (v) of the interior of a right

“units (h) in the hggght -/ﬁ%us V=5 - ¥

‘units (B) 1n the interior of the, base and the number of linear

*

| &

”Property 16. The number- V of cubic units of volume in the‘

1nterior of & right circular cylinder is the product of the number.

of square units (B) in the interior of th? circuler base and the
humber of linear- units (h) 1n the height ?hus.‘v;= 7reh .

~ - _ » A ‘

h

o T ~ SN -‘: . 7 353"

A .

'interiors of the bases and laterel faces of a right rectangular - ,

,

i

A . .

lprism with polygonal bases is the'product af the number of square



ash . N BT R
Prgperty 17. If v ‘and h aré the numbers of linear units in
the radius of the base and the height of ‘a right circular CQne L\§

\,and S the number of sQuare unité in the total anea, then

'8 = 27rh + exre

tor Err(r+h) o - R > -

j_,Prqperty 18 If two prisms have ccngruent bases dnd equal

. ‘ .

N heigh%s they have equal volumes. - s

'Property 12 The numher of cubic ynits of volume in the interior

of .any prism is obtained from the formula, V.=3Bh . -

~ . -

. Proggrty 20. If two pyramids have congrueht bases and equal
heights they have equél volumes,

1

Froperty 21 ~ The volume of a pyramid 1s one- third that of a

\ -

~prism whose base i§ congruent to the hase of' the prism and whose
- height is the same as thet of the prism. | |
PrOpertx 22. % The numbed V of cubic units of volume in a pyramid

is g}ven by the fdrmula, = 1/3 Bh where B stands for the

N number of. §quare units of. are& 1n the base and h,,ths-number of

.

linear units in the height
Proggrty 23. The volume of the interior of a cone is ane third

that of a cylinder of the same height and whose base has the same
“ . > L]

radius. ~

Property 24. If r 1g,the number of linear units in the radius

{
of the base of a. cone and h the number of lin%?r units in the

"height, the number V of cubic units in the volume of its interior

2

is given by the formula, v = 1/3rr h. Since 7T 1s actually |

the number of square units B of area in the base, the formula ‘

3

eould be gritten as. V= 1/3Bh
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3tsquare uniis 1n 1ts lateral area
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\Progertyﬂ*iltrxf the 8

lspt height of. a right circu&ar cope 4s 8
units and the radius of 1ts base r units, t /pﬁmber L of -

is glven by the formula, . ‘IM

. C - ‘ - ‘ LT
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R o "x'lozl : Greatest Possible Error ' b
’ o ”hen yeu/ﬁse numhers te eeunt separate obJeets you nee@ only )

o,
)\
RS

\ had then ehanged toa ruler with the inehes divided into sixteenths,‘

- of eoanting numbers. when you eount the number of people in a

counting nnmbers. In cennting we set up & one-to-one correse T
° - <« .

pendenee between the ebjects counteé and‘the members of the set

\

4

Q.‘
elassroem you know the result will ve & counting nunber;, there

1 Y ‘
.E\erlo.é. If there_.

f\ere a great many peeple oY 1f you are met sure you have counted

mey be eXdetly 11, but there cennot be 11

cerrectly, you may" sey there are "sbout 300", rounding the number -

te the nearest hundred
When you measure something, the situation is eifferent. when

you have meesured the length of a line segment with a ruler divided

)

into quarter-inehes, the end ‘of the segment probab1§ fell beiifen
twe querter—inch marks, anﬁ yeu had to Judge whieh mark appeared
closery, Even if the end seemed te fall almest exaetly on a querter—

inech ‘mark, if yeq had lceked at 1t threugh a msgnifying glsss you

- you might have decided that the end of the segment was nearer to
{

- one ef the new sixteenth-inch marks than to'a quarter—ineh mark,
*
"In. any eiscgpsion of measurement we assume proper use of

=

instruments.v Impreper use of instruments can eccur through
igncrenee, or cerelessness. These mistakes can be corrected by
learning how the instrument WOrks sne by careful inspection during

L}

-/

weule‘prebably have found that there wes a difference.' And 1if you f

-
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.the measurement process. Scienégses and mathemaéicians agree that

- 358

\

measurement eannoe be eonsidered exact,. but only approximate. The
-

1mportant thing to ynew ia just how inexact a measurement is, and

C . to state clearly how" exact it 1s. e . _,;'.j_ b L
< o e : - R 2§
- A o 2 B . 3_ 5, L
v . kJ e | 8 —_— - 'tx 4
| e G J
\ -

~ Look at the line above, which shows & scale divided into ohe<{'
en

 inch’units., The eero'peint 1s labeled "A", and point B is betwe
the 2~inch mark and the’ 3—inch mark... Since B is clearly closer to
the two-ineh mark e may say that the measurement of segment AB:

is 2 inches. However, any point whieh is more than l% 1nches
N .

“from A and: less than 23 inches from A“would be the erdpoint of a

2

'segm whese,length, to the nearest inch, is aleg 2 inchee. The'

mark belo the*line shows the space within which the endpoint of a,

line segm' t Exinches long (to the nearest inch) might fall Qpe
. length o}
2 1nches, or, alme t é inch mqre'thfm 2 inches; We therefore say
| tbat, "when a line segment 1s measured te the nearest whele ‘inch
‘the ”greatest poSsible error is.% ineh. Thie does not mean that’
'you have made a mistake (or that you have not)s It simply means
‘ that if you measure properly to the nearest whole inch, any
meEEErement more than l% inchés and less than‘zé inches will be
correctly’reported in the same way, as 2 inches. Consequently
fsueh.meaeuremente are somEtimes’staeed as 2 if% inches. (The
'sgmeel WEn {s read "piue;er minus",) The greateést possible error

of this meagure is 5 dInch. Wnen we state a measurement as 2

O

egment might actually be almest_é inch,less than -
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- 1nches in this unit we mean 2+-l 4nchesz‘2"0 5 inches. In the
| 3 o

A - everyday world ,this*is often net the eéQE)stherefore in industrial

f- . and scientifié work the greatest possible .error should be speci-

| fically st&ted for example & measurement etould be: given as

AT‘Ej:O.OS_ipches or 2;:0.005 inches, never'simply'ese_inches.1
| often in bﬁsiness and iﬁdustry the’term:toyereﬁce it~ugéé{

. Tolemme:meahs the greatest error which is allowed, The-tolerance
might be eet by the perscn who 1s purchasing a certein manuf&ctured
preduct or by the operetioe of a machine. For‘instance, -an autc-
mobile manufacturer might specify that the cylinders of. aﬁvengine
shculd have a diameter of 5 inches with a tolerance ef ene-.
,thousandth of an inech. This means the diameter nnot,vary mqre‘
-_t?x‘an‘o.om ﬁu\ch' from 5 1nc‘h’es_; the dimension m 'd be given'as

| 51+'0 001 1hchee On the other hand, a producer ef water pumps .
might demand a tolerance different frcm 0 001 inch, 'Laws often

_“ specify tolerance for 1nstruments in commercial use 1ike’ seales ‘i\<\;.,

. for weighing. Sceles are allowed tc vary within certain limits._' R

Court cases. are sometimes decided on the basis of tclerances'

allowed in the calibration of police car speedemeters, ' : v

~ " ‘ - Exercises 10-1

t

" 1.7 Draw & Iine and merk on 1t a scale ‘with div)\iens Of'E inch.
: Mark the zero peint C. Place a point between l# and iE

" but closer to lg, and call the point D. How long is CD to

‘ - the neerest-§ inch? | ' | . |

2. Between what two pointS'cn the scale must D lie if the measure- -

~ment, to the nearest-z inch is to be L§ inch? How .far from

m
.lg is each of .these pcints?

i

o : " . ‘\ 25‘1‘




. 360

A AN

. 7,{ » T e ! _ﬁ\ e . -
,  Why may this measurement of CD be'stated "l%'* ln 9

'The measure ‘of a line segment was stated as 2%6-+ .

'm0 10-1
K
(a) .The measurement of a line segment was stated to be l%-
. o
4 inches. This segment must have been measured to the

neerest - . g .of an ineh

v} The endpcint of the segment must ‘have ﬂallen Between:

1 and 1__, -, .7

b

‘(e) The messhrement‘might’be stated CY- PN L—+ : incﬁes‘

PD

'(d) *The “greatest possible errer" in the" measurement of this

segment ‘1s : - B

*

(a) Between wh:;fmerks on-the scale must-the end of this ' y
fsegment 186? ‘ o
(b) What is.the greatest possible error? Co <

BN L b : : . o
If a measurement 1s'stated‘to be.%.6 inch, this means that the.

| measurement was made to the nearest _  of an inch, and the .

t . ¢

unit is '; o inch

-

»

'When yeu measure to the nearest i incn}_wﬁat‘isjﬁhe "greatest” .-

,possible error"? (7 2 .

-

A meter stick is divided into centimeters and tenths of a centi-

- meter., A line. segmint was measured with sugh a scale, ang

¥

stated to be 3%- centimeters. - : o

(a)_‘What wag the unit of measurement°

{b) State the measure 35%_* | .

(c) What was the greatest possibleferrer? Y

i i . - . . - ,
Sclentists sometimes measure to the nearest-iéa of a -
centimeter. | - - ‘

The "greatest possible error' in a measurement 1is. always what

J ' ' S
fractional part of the unit useg? . - ' o

2;’.‘3 | . T

.r‘

.DL
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. " 10=2. Precision and Significant Digits

Consider the two easurements, 108 inches and 12% inches. Aa
/

:‘commonly.used these measunements de‘not indicate what unit of

-

measurement was used ' Suppose that the unit fer the Tirst measure-

: w\ ,
" ment ish% inch, and’ the unit for ‘the second measurement is-% tnch.

ﬁi Then -we say that the first measurement is more g cise than the
'Lsecond, or has greater Erecision thice also that the greatest
_:_possible error cf the first measurement is.% of s-ineh or-E.inch
-f§<;-Tne greatest pcssible error is less for the first. measﬁrement than
. for the secend measurement : Hence the more precise of two measure-
' hents is:’ e one made with thesémaller unit and for which the:
. greatest ssible error is therefore the smaller.' ' |
it is ery important that measurements be stated SO as to

. \ .
‘show.correctly how. precise they are. In this unit we adcpt the .

t’ . -convention that the dencminator of the fractional part of . .a

measurement indicates the unit of measurement which was - used If

Ia line segment is measured to the nearest.% ineh, and the measure-

ment is Bg inches, ye snall hot change the fraction to-% for that

A‘would make 1t appear that the unit was-% ificH, rather than é indh;,

"If a line segment 1is measured to tne nearest.i inch, and the .

' measurement 4s closer te 3 inches than to Bg-or 3H inches, we
" shall state 1t to be 3% 5 80 that it 1s clear that the unit used
is-% inch. ‘ < .
Usuallyrscientific measurements are«expﬁéésed in decimal“
form. For instance, it 1is kncwn that one meterm(a unit in the

metric system of measures) ‘1s abcut 38.37 inchesx This means that.

a meter is closer to 39 37 inches than 1t 1s to 39.38 inches or,
39.36 inches. In cther werds, one meter lies’ betwe\n 39 375

\ -
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inches and 39 —36?\ }n’ches.. , . -

F

Y

The: measure of 39 87 includes T signiﬁicant digits. ‘They

t
{
significant in that they tell us the precision off our me&surement

Tne place value of the last signific&nt digit to the right indicﬁt
tne precision, in this case’one hundredth<of an inch,

All non—zero digits aré sié;ifieant. A zero may or may not
be significant $Zeros are signific&nt when they-are‘between
non-zero, digits as 1in numerals like eoof (u-signirieant digits),

80,062 (5 significadz digits), and 3. 08 (3 significant digits)
Zeros are not significdnt in numerals such as 0. 008 and 0,026 ve-

| esuse the zeros are used only to fix tne decimql point.
| IT we were told thet some;hing is 73, OOO feet long, it is nbt
ciear whether«er not the zeros at the end are significant and
.actually indicate the precision. There is doubt about the pre-

* ¢ision of sucn“a‘meesurement. 'Tne‘unit of’ measurement may have
been L 000 feet 100 feet, 10 feet, or 1 foot, in & case like
this, a zero is sometimes underlined to show how precise the !

rfhegsurement is.z For example,\73 000 (3. significe*t digits) means
that ‘the measurement is precise to the nearest 100 ﬁeet 73,000
(&‘significant digits) means that the measurement is’ precise £o
‘the nearest 10 feet, "and 73, OOO (5 significant digits) means that

L

' the'measurement is_precise to the nearest foot. - If no zero is
underlined we understand that the megsurement wag “made to the
nearest 1000 feet. If a meesurement i stated as 5. 6h0 feet wek
understand, without underlining the zZero; that it is significant
and that the unit is one thonsandth of a foot{(for otherwise the

zerc would not be written at all,



not, the number should have been written as'4.8 8 X 108

- N ) .
. \ r - . - . P

10-2 T . S 363 -
. . ' . .‘ ) . B -

. When a number 1s ‘writter in scientific notation, ‘all of the .

\b [ .

digits in bhe first facts; are significant ‘For example, the e

A

measurement 2, 99776 R 101O cn/sec, for the velccity of light

hss 6 significanﬁ di&%&ég&nnesmeasurement 2.57 x lO -9 em for the
radius of the hydrcgen etsm, has 3 significant digits, the
measurement fcr the national debt in 1957: 2 8 x 1011 dcl;srs,

"has 2 significant digits.’ 4 800 X 108 hes u significant digits.

" In the last case, the two final zeros are significant Were they

4

*

Exercises 10-2 o sl
' -~ R L L : J‘;
1. Suppose you measured & line %o the nearest hundredth of an .

"inch. Which of thesehnumbers-states tne'measunement best?'i‘

3.2 inches 3.20 inches = 3 200 1nches.

2. Suppose ycu measured to the nearest. tenth cf an incp
o Which of these numbers shculd you use to state the resultO

3 ‘o~
L, 1nches o h 0 incnes . 4,00 1nches
~ % '

3. Tell which mesmrement in each pair has the greater precision.

(a) 5.2 feet, " 2 1/4 feet | S
(b) o. gé feet, 23,5 feet \
(¢) o. 235 indhes, 0.146 inches lf |

4. wWhat is your age to the nearest year, that is, whigiis your
nearest. birthday -~ tenth, eleventh twelfth....,.*’

T —————

| Aﬁt of you who say "13" must be between : angd
ye rs olg. . ‘
5.. (s) For sach measurement belcw tell the ‘place’ vslue of the é

last significant digit.

-~

(¥) Tell the greatest possible error of the measurementws,

-
- - ) i -

- i 2 o
T L2y
o T



" (a) s527007'teet.  (b) 5270 reet  (e) 52700 feet
" (a) 527 reet - (e). 0.5270 feet - (f) 527.0 feet
',‘6; (a) Whieh of the Weasurements in Problem 5 is the most precise?
| (b) Which 1s tne least precise? | o
| (c) ‘Do any two measurements have the same precision? .
: _' ?;: Show by unﬁerlining a-zero the precision of the follcwing
- measuremepts L L S B
(ail‘&gOOfeet.meaeureé to the nearest foot’,
“(b) 23,000 mliles, measured to the nearest hundred miles,
fe) 48,000 Oée'peqpie, reported fo the'nearest ten-thonsand. L
o8, mell the number of significant d;gits in each measurement: |
(a) 520 feet (b) 3e146 in, (e) . 0.002 1n.' (5§&303
(e) 25;800 ft. (f£) O. 0015 in. (g) 38’90'ft. (n) o. 6603 in,

:7ﬁfir9Q How - many significant-digits are in each of the follcwing

(a) 700 x. 1g5 . (e) 670 x 107
C(v) w700 x 1% . - ‘(e) 4.7000 x 10 | <
le) W7 x 1015 s .o (p) 28x19 ‘§§g=
| 2 : _ | _ L,
1043. Relative Error; Ancuracy and Percent of Error o ﬁ;i

_ While two measuremenps mny be made with the same precision
(that 1is, with the same unit) and thereﬂere with the same greatest
poas%b%e‘error, this error is more 1mportant in somefcases then |
in others. An error of 1/2 ineh in measuring your height would

r

"f .your rose would bé misleading We can get a measure of the im- - N

f{ = - not he very mieleading, but ah error of l/é inch in measuring

o pcrtanee of the greatest possible errer by eomparing it with the' ¢

meaaurement. CQnsider these measurements and their greatest h

A\

possible errors: R T | N ..

) f.m i
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§ in, * 0. 5'1n~- o 58 in., £ 0.5 in,

o o Sinee these measurements ere both made te the nearest inch, “the

grestest possible error in each case is 0.5 1nch If! “we divide

~ the greatest pessible error by each ef the measurements we get

L
| "&'5 Eg., 0. 125 L TR . li
R —gg 'Bgﬁ 10.0086 ‘ -

The quetients 0.125 and 0. 0086 are called relative errors.

these results:

The relative error. of a messurement is defined es the quotient of "

" - -
| the greetest pcssible error by the measured value. !
| Relative error»‘g ?E Agreatest:ppssible error . e
‘ i - - measured value
Percent of errcr 1s the relative error expressed as a percent _/

In the above two exémples the percent of errer is 12.5% end -
b . ” | NI
086‘5’9 . ,‘ B o . L ‘

£

N

The measurement with a relative error of O. 0086 (0. 86%9 is more

2.

securate than the measurement with ‘a relative srror of 0.125- (12, 5%@
: By definition a measurement witﬁ & smaller relative error 1s said
~
R to be more accurate thsn one with a lsrgeﬂ reletive error,

The terms accuraex and precision are used in 1ndustrial and

scientific work in a speeial teehnicel sense even theugh they are

2 wiin,

- often used loesely snd as synonyms in everyday conversation., Pre~ . !

. e 5
i * '

eision 1s the length of the unit of measurement whiqh is twice

the greatest pPossible -error while accurscy is the relative, error,

For example, 12 5 pounds ang: 360 T. poends are equally precise, thet

———)

is,,precise to th&’nesrest . 1 of a pound (greatest possible error

~in eeeh case is-O.DS peund). The»two measurements do not poggess
Lo . "‘ ] . "
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| ghe  same aceeeacy. The secend meaéurement 1s' more accurate. You

.'shauld verify thew;ast statement by compﬂting the reletive\errors ‘

in each case ‘and comparing them. . ’; o |
An astronomer, for example, making almeagﬂ;ementof.the die-l

'tence»to a galaxy may have an errer of a trillien miles

f.~(l 000, 000, 000,000. miles) yet be’ f&r marelnceurate then a machin{;t

, >
: measuring the diameter of a steel pin to the neareet 0,001 inch

Again, a measure indicated as 3. 5 1néh and ancther as_ 3 5.
feet are equally accurgpe but the first meesure is more precise.

: Show this‘ I A EE

Eierciees 10-3 . .

- L. :
- v \

In all computation express your answer 3o that it<1nc1ude8ftwo

_significant digits.,‘

. S

_1. Stete the sreatest possible error for, eaeh of these measurements.‘

(a) 52 ft. - (h) ‘4,1 4n, - (e) 2580 mby. (a) 360 £t.
{e). 7.03 1n. (f) .o.oosrft. (g) 54,000 mi, * (h) su,qu,mi.
. . 2. Find the relative error of each meesﬁﬁement in Problem,i;‘r
"3. Find the greatest poseible error and %né percent;of.error'ror
each of the following measurements. ‘f ' : - .
Ka) 9.3 ft.  (b)¥ 0.093 £5.. () 930 rt., (4) 93,000 ft,
What do you ebserve about your answers for Problem 3? Can you

.<explain why the percents of erron shpuld be the same for all .

of tnese measurements?

‘_A5. Find the precision of ﬁhe follawing meesurements.

(a) "26.3 ft. , (b) 0.263 £, (c) 2630 ft,
(8) 51,000 mi, . (e} 5.1 ft, -j' (f)‘ 0.0Slfin.
2.1 v

“¢



6,

~ (b) “&.62 1n.,s 3,041 1n., 3 1n., 82, u 1n., ‘0. 3762 in, |

*11,

12,

- ‘,13.‘ :
{a) 463,000,000 (r) q.oqconoo_

: measurements?

-

illgrg" - __  | “f» o i . ‘.i o : o oL , 36?'

How ‘many significagt digits are there in each of these
(a) 52.1 1n. (b) 52 10 in, (c) 3.68 1in,. (d) 368.0 1in,

Find Pﬁé relative error of each of the measurements in .

fPrcblem 6,

rom- your answers for Problems 6 ang- 7, nnn ycu see any - | g,f

l&ticn between the number of significant digits 1n a,measure-

ment and its relative error° ‘What 1s theé reiatian between the
!t

number of significdnt digits in a measuremen& and its accuraey?

without eomputing, can you teif:wnicn of the measurements‘

" below. has the greatest accuracy? Which is the least accurate°

- - -

23.6 n.’ © 0,043 in.  78l2 4n, — 0.2 in.'_

‘Arrdnge the following measurements in the order of their o

;.
precision (frum least to greatest) - o
(a) 365?‘“"..2?'6 in., aag in.,. 62 62 1n., 22% in,

Arrange the following measunements in order of their necuracy " L
'~(f;om leaii to greatest) - : . - :‘ ~i'f
' 6 rt. iE: _.§ ft. )f 3.2 1n, { ii0.0Q5 in.), 7.2 miles (£0.05 mile),
,.3§ in. (“+ in.}, 3 yd 4 in, ( i-E in.) - f«' L \
\CQunt the number of significant digita.in each of the fcllowing. !_r”
(a ) 43, 26 S . (e) o.6010 - (1) 76,000
'(b) u,607?") 3 (£) 0.0030 'i ,,;'1l--(J) 43,000
‘(¢) 32008 - (g) 14,0030 | (k). 0.036
- (@) o©.0062 o (m) o, 0362k ) ' (1) 200.00004 - -
.Express the following in scientific notation. .S : : « )

f Slea
o
3 _




368 SR SR T 10k
- (b) .327‘:0.03 T ‘ . (8) [ 6 8 x 105 ) )
¢ (c) o.oo0m62 T (n) 0.8"x 10‘7 | -
(@) 32004 - (1) 72 billton ., o
B ‘, . ' . . S & -
(e) 2 | | | T

"-1h.-?Bx inspection arrange thg fo;lowing, by letter, in order,of |
'ltheir magnitude} ﬂrom least to greatest |

(a) 3.6 x 105 . H-i- o (f)  4.1 x 106
. (1w .3a5_15108 o e) 13! 527 x 102 - |
; ,(1"f‘ (e} k. x 106 - -1f7f ©o-(h) 3.55 x 108 B _:.' : i§_
(a)- '3.527 X 108' o "‘ -(3)”*3 4 x-1o-7 . -

. (e) 3.5x 10'12 () +3.39 x 10*8
fg'iS; BRAINBUSTER.- A master m&ch;nist measures a 32 inch piston
head to the nearest 0 0001 1nehfwhilg an astronemer measures
| - by the parallax, the éistance to Canis Mador (the star Sirius),7
*; - i,;-as correet to°the nearest 10, 000, oco miles. ‘The distance to |
| r Sirius 13 8. 6 light years (1 1ight year" 6 x 1012 miles)

KWhich measurement is mcre accurate? f; L S
» B | Lo o
10-# . Adding and Subtracting Measuréments
. Since measﬁ%ements aré never exact the answers to any |
‘. questions which depend on those measurements are glse approximate.
,»Fnr instance, suppase you measured the length of a rocm by making
:two mnrks on a wall whieh you called A and B, and then measuring
: 13the distsnces £1om the corner to A, rrom(\JFc‘B and from B to the
. ‘-other cqrnerg Measuremenfgrgaéh as these which are to be\\dded
llshould all Ee %nde with the same preciaion. 6uppose, ‘to the

 nesrest fourth of an inch, the measurements were 72¢ 1nches, hQE

inches, 22% 1nohes.. Yeu would addjthese amounts to get 13§n ;nches.

.
. 3 o
B ) - Y B ) ) ] . - :,
RICY . R : | . ;-
R i i L o I . ! Lo : . .
K . . s . . . . - . 3 . R )

C o

.. ) f : ' - -~
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RS} cdhrse, the-distences might have been shorter in each case. They”

eould have been almoet as. emall as 728 heg ,- and 225 in whieh case o

- the deetanee would- heve been elmost as’ sm&ll as 135§ 1nehee, which

i

1s %hree—eighths of an inch less than 135E Alse, each distance .

might heve been longer by nearly eneaeighth of ‘an 1neh, in which
case the total 1ength might have been almoet ehree-eighths of an

”1nch lenger than 135- The greatest peesible error of a sum is |

-_the sum of the greatest possible errors. : If we were adding measuree_""

Lol 2035 L

of 37.6, 3.5,.&nde178.6, the greatest possible error of the sum

would be O.iS. The result of thie additien could be ehowh ae'. .
. ~ : " . : o ¢ AN

Cemputetion involving measurements is very 1mportent 1n todny's [_‘

7world Meny rules have been lald down giving the eceupacy-or pre--
" cision of the results obtajned from computation with approximate

measurements, , Too mgay rules, heweVer, might creatd epnfueion-and

would never replace basic knowledge of eppregim&te data. If the °

’meaﬁing of greatest peseible error and of reletive'érror 1s under-

»
stood, the accuracy er-preeieion of the result of cemputation with

approximete data can usuelly be found by epplying eemmon sense end )

'Judgment chmon sense would tell us that with ¥:} 1arge number of

~measurements the errors will to a certain extent, eaneel each other.‘

- The generel principle 1e thet the sum or difference of mea sure- 1575

.mente cannot be more precise than the least precise element in-

volved. Therefore to adgd or subtract numbers arising froﬁ

;approximetiens, firet round each number to the unit of the leaet

precise,number and then perform the opereti

. )- As we have seen, the greatest possible érror of 'a sum (or

difference) of several measurements is the suﬁhor the'gﬁeatest

@*
Dl
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posqible errors of the measurements nvolved, (To estimate the

ccount the way the errors : B

1
€

| Egcted error of a sum,,taking into
'_would cften cance; each=9ther, we nee

to use some ideas of A
,prdb&b.‘:}i_ty.) R | ‘

N .

. Exercises 1044

‘ Xa) 15% ih., 6i in.;ISg in.
v (b)) 3 5 _
(e} 4.2 in., ~5.03 in.

- (4) 42.5 in., 36;0'1n;é k9.8'in.

(e) 0.00% in., 2.1 1n., . 6. 135 in, i
ey 2-&- m;, 1--5 in., 3‘g 1n., .
‘ 2. ‘Agd the following measures: 5

(a)y %2.36, 578.1; T73.b, 3?}285,__,.62_

()" 85.42, “7.301, 16.015, 364 o - - f i

() 9.36, 0.3%5, 1713.06, 35.27 o

13, Subtract the following_measures f ' ; ? ' -
| (a) 7.3 - 6.28 V
AN (b) 735 - 0.73 *

{e) 5430 - &7 o L | : .//a

V.
10-5.' Nultiplying and Dividing M asurements

You know that the area of a rectangle is8 found by‘multiplving
the numbef of units in the length by the numbTr of““the. same unlts

in the width- Suppose that the dimensions ofa rectanvle are

-
\ o .
3E inches and” 13 inches. qince the measurinb was done to the : : ‘
- nearest % ineh, the measurements cdm bE\state as 32 + 3 and

8




10-5, " e e
"lé + é. This means that the length might be almost as small as

tSé inches and the width almost as small as 15 1nches. The length

V'might be almost 32 inches and the width aimost 11 inchesi
7 L .

. . : . - v . P ] i ; -
Look at the drawing to."see what this means. The outside lines

show how the rectangle woul@ look if the dimensions were as 1arge
aSapossible. The 1nner lines show how it would look ifr the length
_and width were as small as possible.!.The shaded part shows the
difference between the largest possible area and the smallest
‘ ,possible area with the given measurements.
| To find these areas, we mhitiply 3— X lg to find the smallest

possible area, and 3; X lg

G P E-geg 0
vagug - 85 e

These results show that there is a differeﬁg:~of more than 1

to find the largest possible area ,

,sqggre inch in the-two possible abeas. L - 3 : : )

¢

: If we £ind the area by using the stated length and width, we

' 5
£ir s .
; \ 3& X IE X %




However, eince we have seen that the area might ‘be either larger or

. emaller tHan this number of square inches, it would not be ‘correct

to hive the result in this'way, which means (by “our agreement) that
the area has beeﬁ"?ound to the nearest 16th of a squ&rexinch The .

area could be as much as.%% square inches greater or-gg‘squaﬂé
11

inches lese then 5—¢. ‘Thus, it could be given as 5lé +'&} Square

o

inchee. S S e

o The statement of a rule. for multiplication of approximete

ol

L data in frectional form would be difficult However,-when-data

are eqpressed in decimal form, a rough guide can be employed for

w
finding a satisfactory product _ The product of two numbers arising

| from approximation has as many significant digits as there are in

the f'actor with the fewer significant digits. For-example: The

erea of the rectangle 10.4 em. oy 4,7 em, would be stated as
&9fsq. cm, .
: ‘ lQ.h' oy
k4, 3

316
;'ES_SS

The area is h9 sq.cm f

If one of the two factors contains more significant digits
then the other, round’ off the factor which has more significant
digits so that 1t contains only one more eignificent digit than the
other factor. ; L - “z- |

If we wish to find the clrcumference of a circle with the
diaggger equal to 5.1 we use t‘m 3 lk as in the above rnle.

Di€ision ie de}ined by means of multiplication. Theré!ﬁre it

1s reasonable to follow the' procedures used for multiplication in

‘doing divieione involvi\gjepproximate,data.,

”»
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When & multiplication or division, involves an exact numbier as
:2 in the fEﬁmule for the circumference of a -eircle (C = 2yr),
ﬂ%he‘&pproximete ber always, ﬁes ﬁhe.smaller number of significent '
%iéits.' Ve ignore the exact number in determining the aignificant

digits in the answer.-“ T
Exercises 10-5. '

; l.-'Suppese a rectangle is 2% inches, leng and ll inchee wide. Make

& drawing or the rectengle,‘ Shew on the drewing that the - o
" length is 2% + % and ‘the widsh 1% + %; Then find the
:ﬂ‘  'largest area possible and the smallest area pessible, and find

the difference, or uncertein )parb._ Then f:lnd the area with the

“‘measured dimensien, gndpfind the result to the nearest é squere

: * . inch. , - | ) : _:i_ . | B @\‘ ‘
2, Multiply the following approximate gumbers: - PR
" (a) 4.1x:36.9 B | | A

- (bY 3.6 x 4673 _ i‘_:; v )

(¢) 3.76.% (2.9 x 10“) |

3. Divide the following apprcxim&te numbers: o , o f;f
 (a) 3.632 & .83 R LI ‘
(b) 0.0003%4 + 0.000301 . Y | Q

~ (¢) (3. x1% + 8006 N
'4; Find. the ares of a reetnngular field whieh is 835.5 rods long |
 and 305 rede wide. R | | -
é. Thefeireumrerence of & eire;e is stateg\cﬁé'wd in whieh d <
is the diameter of the’circle. If‘r 13 given as 3,141593, |
find the circumferences of the fellowing‘cirelee whose;diameters;

- .\7 .
Con 2.8

- - - - .
. .
- . - .
L ' ' . .
. ’ " i . .
C - . - T . ! h
’ . ) ’ . . ' i
o .
s
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~ ave:

-

(a) a5tn.

g (b) T 46,36 f o - &‘ .’ Gy o
(@ 6m1es> A L
6. A méchine stamps. aut parts each weighing 625 lb ‘How much -
o weight 18 there to 75 of these parts° o T
?;‘AAssuming that water weighs 62 5 1b. per cu. ft., what is the 

volume of 15,510 1bs° | o

 (v)
. Givent m(LA) - 22° . Given: m(L§) -;‘73°
© .. sih 220 = O, 37&6 _' ., .tan 73° = 3 2709
'« ABa=34t 0.5 £t. NST=571°5ft

rd

Find: BC T Find m{
| ‘There'ire many‘rcugh ruleé for computing wiﬁh approximaﬁe
data but thay have to be used with a great deal of common sense.
_ "They dontt wark in all cases. ' The modern high speed eomputing '
| s«smnehina which adds or mnltip;ies thousands of numbers per second
has to have special- les applied to the data which are red to.

'them. Errars involved in rounding numbers add up or disanpear 1n

& very unpredictable fashion 1n these devices.” As a matter of
L fact “error theory" as spplied Q\\\omputers is an aetive field

o of resaarch today for msthematicinna.

2Ly,

Y
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PERMW&ATIONS‘AND~comsINnTIONSQ
- o 11el l.. The Psscal Triangle ,; : . & .
. 3
Five girls form a club Their names are A11§e, Betty, Carol,

f

: Doris, ang: Ellen, sometimes we shall csll them byxtheir 1n1tials
_ *“-'A, B ¢, D, E. " The first order of business 1n the cluh 1s to :
t J ohoose a rerreshment committee. It 1s sgreed thst the committee |
. should hsve three members, - How many possibilities -for the memher—l
ship on ‘the committee do you believe there are?

 One- possibility woule be a oommittee oonsisting of Betty, o
Carol eno Ellenm, We might abbreviate this possible eommittee by

the symbol { B,C,E}). = . o

Com
. -

/ vClass’Diseussion Exeroises 11-15

*

1; Another possible membership list is Alice, Doris, Ellen, Write

- ) . o - R
~the abbFEViaéhqtf;::ZI foyxr this case.- . .
"2. ‘Give the regular 8 of the girls in‘the'committee { B,E,A ).

< Does the committee {(B,E,A } have ‘the - same members as the

£

comnittee (2,4, By - . -

S

4, ‘Give two other symbols, eaeh of which names the committee
| mentioned in Question 3.

-~

5. Make a list of all the possible committees.
" 6. How many committees are in your list?

7.‘ Of how many of these" committees 1s Doris a member?" Y
. . 8. Compare the number of committees of whieh Betty 1s a member .‘N\
~ and the number of those which ineludg Doris. -\‘

R

9;"(Answer this Question without doing any more counting, ) HOW

= -‘ ","‘ | | ‘)?O “
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uFeany of the committees do noﬁ‘include Alice? .

'10. What is the ratio of the humber of committees including Ellen

i to the number of possible committeeS? (Didhyeu answer this
< 'question without further counting?) - ‘
" vfii;j How meny committees have beth Alice and Cerol as members?
We may easily anewer this last queetien witheut looking at
‘*our 11st of all the possible committeee. We observe that
© since a committee {A,C,7) has two membere*epecified, then
'-there is only cne vecency to-be f1lled, How many poesible
cheices erg ‘there for third member? Thus three of the ten '
possible committees include both. Carol'and Alice.-

12, What is the ratio ef the number of poesible committeee
including both Betty and Ellen Xo the number of eommittees
including Betty?

Whenever three-sirls are chosen for a speeial purpose, such

- as membership on a committee, then the remaining two girls have
h ajso been choeen‘-g ehoeen, in the sense that_they will not serve
on this particular committee. In‘eeher words, the selection of a
‘-'eommittee, in effect, separates the club nembere'into.twolgroups;,
~ One method for selecting the membership of a committee is‘tdf\

E}Qfdecide which girls will not;serve; For.exemple,.if 1t 1s decided
that a committee should not include Carol and Doris, then we know

that the committee is {A,B E}

*

| 13g’nName the committee determined by the condition that Alice end
o Ellen have been chosen to be not members.-
1%, Which two girls are picked as not being in (E,B, 0} 2

The selectidn of a committee of three girle &lso means-a




Tk
: -

e -

.cﬁo;ce‘oﬁ'another committee with two memoers, namely”the‘other‘tmo
: of'the'five cly ginls. For example,‘the selection of ({E,B,C]
determines the wo-member commlgtee {A,D]}. -
15; Since there are ten possible committees with three merbers
o- | 'f each, how many possible committees with two members each are
o there? L o . T : 'f\\
16. _Since six of the possible three-girl committees include Betty,

how many’ of the possible two—girl committees exclude Betty?

£

., 17. How many of 1 e possible two-girl ccmmittees include Carol°
18. Find the ans‘er to Question 17, using the method. of filling |
| the vacancy in fc, ?}

{

: ‘ ‘Exercises 11-1a

1.~ From the club {A,B, C D E], one possible committee with&four

. members is’ (A, E,D,E}. _ ‘ .
(§2f Make a’list;of all the possible committees; each. with -
four meméers. e .-" !‘ | |
?Jfa55% - {b) How many girls in the elub are excluded from a committee“'
- “with four. members° | ; _
.*{c) wWhat relationship 1s thefe'betweeﬁ the. nﬁmber of poSSible
scommittees with four members esch snd the number of possi-
. ble committees with one girl each? o .
f(d) ‘Make a list o§¢a11 the possible committees with one girl

h ' B - each,

i ~ (e) How.many committees are there with all five giris as

members? |
2. A club has four members whom we may call K,L M,N. |
ro (a) 'How msnyécommittees in this club have four)membersz
. o o | lifk", ‘ | .

-




() How;oeny possible committees with one membed each are

Yoo there¢ T e L ’

¢ e N
. -

N . - M| E]

f't(c): Nsme each of the one-member committees.

{e) Use perts (c) and (d) to meke a list of the possible

¢¥?f

- day;

.' Le us mske a table showing the number 0

'e-(éi Té each one-member committee there corresponds, in a

-

“nstural-woy, a committee with three,members. What ie

'.-that naturel way° o e - B

—

committees with three members eaoh.“

T(f)T.Meke a Iist of the possible committees with “two members

AT
‘.,“'._ 3&" AY.-

| Q,each'. L 3 R ‘w‘\e\ o BRI \a_
A

(a) Make a 1list of all the possible committees, and note how

many committees there are of each size, in a club with

3 A T
- o€ .

three members.

"(b) Do the same Ioo &a.club with two membérs.

| (c) Do the same for e/club with Just one memher._ .
cA fsmily would enJoy ¢ach of four vaceticnprots. It‘is
" gecided to choose two of the’ four and ‘spend part of the

‘vacation time at eech 6f the-two. How many possible choices '

are there‘for the p&ir ‘of vacation places? I T e

'The refrigeretor holds two cartons of ice creem. The:oairy

' has five: flavors, snd the family always likes to buy two

, nt. flavors. How many times can the family gc to the

7

diff
and bring home a different pair of :?avors?

with -8, given number of membersqﬂrom a club with a given number of

. memhers. This toble will summerize severel of the results we have

' obtoineo\gn prohleme. ‘Ina club w;th five members, there are 5

possible commitgges

,378“N:’ g : P : - t.f ,7, R | oy

. s
" 1}
.o
B \
L ]

?



| ;Peseible comeittees'with one eemhee,' 10 eommitteee with two memef¥\\§
. bers,5~10 with three, 5 with four, 1 with five. The eelectien
- w ‘or a eemmiﬁtee whieh 1ne1udee all five elub members éeometimes -
. peferred to as the “coxmnittee ef the whele“) means that there are &
vlzerc cluE members not serving. Thus we may balance our teble by
seying thet here 1s . 1 poesible cemmittee with. zero members. (You
;may wish to eompere this agreement with'the remark bhet there ie
Just ene empty set ) a g ' “f
- If we errange our date accerding te increesing size of
committees, we heve '

-

¥ 5 10 10 5. 1 ,

3’:.‘( Th de six numbers tell us. hﬂ& many peeeible‘eommittees‘of verioue
| 3 ‘sizes can be ehesen frém a elub ‘membership- efafive | .
f‘e _' The';;me type of data, for a elub membership'ef four, is the
;“following f“ - o "“‘*"7" [-\\e" — o

| 1% 67 n o1 L :
. . Be eure thet yeu underetand the eignifieance er!eaeh of these.
fiye entries. ' N - ;-1-'f L " . S T 5f,e"

- . Ty
Clese Discussion Exercises ll-lb

. In particular, what ‘does the last 1 in the data '1,4,8, k 1

does the :t‘irst 1° mean? -

. ® ;3. Whet is the cerreeponding'ﬂata for. q;elub membership of three°,

# - How' can you 1nterpret the data

o “ .‘,-'-? ‘- R , - - - 'l‘ 2 1? '
5 3 Whet dat& ef this type do we have for a elub with only one
J

SR

e member?
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Let us collect tagether intc a table the data fnr the vard s
SiZES of club. Each row of ‘the table shows the infcrmation for a

#

. certain size of club, ‘.. ‘.t-; | .
S oo 1 .!1;‘ : L
A '
' -'/ 1 2 1l
‘ 1 - 3. 3.1 .
o 1 % -6 & 1 S
1. 05 10 w0 5 1 . -

B Let us examine sgain the entry 1n the table telling how many

gossibc7 committees of three girls eaqh can be n&ped from the cluh ',:

(2.5,

Doris, Ellen. In qhe table the«gg;my 18 which. or the '10's? .'“'

¥

,D E} whase m.empers1 \gylar names are Alice, Betty, C&rol

' A committee of three may incluﬁe Ellen or 1t may nct ' We wLKI\
e study these two cases 1n ‘more ﬁetail . , “f
-6.f.How many possible committees with three members 1nclude Ellen?

f

: T A committea 1ncluding Ellen is of the type [ E,?,”} \How many

-
)

% vaegncies.appear? From how many girls can tnese vac&ncies be L

. ‘ f£illed? .‘“ | - “' o ¥ Co .r' < . -

“i ‘ 8;" In view of . Ques‘tion T, compare the dnswer to Cuestion 6 with . |

- | the num@gr ef cammittees with two membgrs fram a club of faur 1: a

_members. SN '# ‘

. 9. ‘How many possible cemmittees with three members exclude Ellenﬁ R
'.iO. ;é committee excluding Ellen is of the type { 2,727} where no

'{-3.“; ‘ nldnk may be’ filleé with E. How many vdeangies appga;? From.

f  | ~ how many girls éan thesefvacaneies e glleé?‘ \

‘ ;11;  In view oeruesticn_lO,.the answer tﬁgg;estién 9 is the sgme'éé | ‘;
. the number ‘of coﬁmiﬁf@es\with - | _ihowfmany?)‘members

. . R ) _ t . ~
SO | o, , 1 o
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. - |
' ‘;. o R - ‘ W . R\
. froma clbof ' (how'mcng?) members. .
’ By :ncircling we show in the table below the three entries we
'EEVE'been studyiné "“.‘; e ":, - ) -
| o ~ 1 1 oo
- ' 71 2 + 1 |
1 -
' 1 ¢y 1
1 5 |

The. entry 10 1is the sum of the twc numbers, 6 and 4,
nearest 1t on the preceding line.

i)

:? i( . L N Exercises 14-1b .

*1. Cheeck that (exeept for the entries 1) every entry in the table
"\4\~~' is the sun of the two numbers nearest it on the preceding line.

c2,- Explain why the entry 6 1in the rourth line eught to be the

© . sum of the two numbers, 3 and 3 above 1t, . .
3. Explain why the third | entry in the third nne (‘bhe right-hand |
| .3) ought to be ﬁhe sum. of the numbers, 2 and 1 above it.

. The table we have been studying is a part of the array kﬁbwn
as the Pascal triangle. ‘(The French mathematician Pascal, seven- 
‘teenth century, contributed to geometry and the theory of
‘probabilityx) -The table would resemble even more an equilateral
triangle if we supplied a. Wertex at the top; éhis 1s sometimes done,
but we shall not be concerned. with it In our version of thke
Pascal triengle,’the first, second third fourth fifth rows show

'the numbers of pcssihle committees from a club of cne, two, three,

: ~ four, five membere respectively. What- do you expect for a club ,




. . L3 .
¢ .

[~qith six membere? The Paeeal triansle hae a eixth row, which we

"'.have net yet found.

'.\“: . o Glaee Bieeueeien Exereisee 11—1e

"1,f'What eheuld be the lert-hand entry in the sixth row? |
_ﬁ‘ 2% "From a club with eix memhere, how many poesible eemmxﬁtee .

A"ngQ- Complete the sixth row, - . “. e T ;‘;,

1. A clib has six memeers, Aliee, Betty, Garol, Donris, Ellen,

a

; with one member eech are there?:

'3, Is the second entry (frem the left) in the sixth row the - sum

Jef the two numbers nearest it in the fifth rew?

: "‘j ‘f .:'e Exercisee 1l-1le - //x o L,

(a) -Some of the poeeible committees with twe members ere |

O (a, B}, {A cl, (c B}, Make a liet cf all, f’ifteen of

theee eommitteee. (Write yeur 148t dewn the page, using
| ’ rifteen rows.,) . | | g
(b) Make a 1ist of &1l the poesible eommitteee with rour -
‘1membere. De thie on the right-hand side of your answer
1 %o rart (a) -8 eifically, for each cemmittee 1n the. list
for part (a), beside it write the committee whoee four

. ~_/
membere are exeluded from the committee with two girls.

S Ae An exemple, one line en your answer eheet will ber

 ‘_§ J~_ members eech, dees the number of thes

| {A e, 5, D,E, F] |
(e) After you have. written your list of igfmitteee with-feur

agree with ‘the numher ebtained rrem the rifth oW or the -

S - o L o

f " . P ‘ B
. B . . . . R . . - .

o3& n _ 2 S A

‘ o R ‘ - Lo e - ./‘\\- SR
e . L . ) . . . - . - . A

: . . 8 o .

:

possible committeee
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- Pescal triangle? (Héw ie.this nember‘obﬁained from‘ﬁhe
o fifth row?) S - U T R O
';.(d) Make a complete list of qll possible committees w%@h }
o L three membere each. S
f‘li - ‘(e) Dees the-number of-cemmittees listed‘in part'(d) agree'
, } ? ' ',thn the number obtained from the fiftﬁ*row of the
- - Paecel triansle? | _
2,\ Find the seventh row of the Paecal t?iangle. | |
3. Find the eighth row of the Pascal triangle. o - S
. &.’fWhat are the first two entriee (on the left) 1n the twenty-

sevem:h row of. the Paseal triangle‘?

'.third row of the Pascal triangle? | | A
_What are the last tﬁo entries (en the right) in the fifty- _‘

X

In the £ rst row of the Pascal triangle the sum of the numbers‘n
. 1s 1+ 1

2. The sum of the numbers in the eecond row 1e
T~ ) _

1424 1 -1, o A R

(a)

f(g).

(a)

.l](ei

()

. - and fifth rows.
b)Y

“ ) . . “ . vl . )
e - 2339

Fine.the“sum offthg n@mbers ineeaeh-of the{ﬁﬁlra, fourth, -
e -

For each of these sums, £ind its cempletetectqrizetien

(as a‘preduct of primes). | | |

'DO-yeu see any pattern in these euccessive'eume° How

is each of these sums rQ%eted to the Rreceding one? | -

Can you pre redict .the sum of the numbers in the sixth raw?

Check your predictien by ading the numbere in the gixth _

~ row and comparing the sum with the predicted sum, (Ih

* case they do not-agree, what,shou;d you;de?)y /'5\;/(€‘\\\‘

Use the pattern to predict the sum of the numbers in the

*

v



T ¢ g
seventh rew;fané”then7uheck by adding the numbers.

»

‘(g)_'what do you believe is the sum of the nnmbers in the
-twelfth row of the, Paseal triangle? S

e
¢

- (n) -How many entries are there in the two hundredth row of -
the Pascal triangle? What is the Sum of/ 11 these numbers°
Let us now studx the third entry from the left in each row ;

:f'af the Pascsl tri&ngle. or ccurse the first row does ‘not have a

o R
' third entry. From then on, we have the numhers 1, 3 6,10 15,21
‘Do you see any pattern-in this list of numhers? *, L SN

T

As you read this ragraph ‘keep. track of the mentioned num. o

-~

,;bers from the Pnscal tridngle,. The entry 3 1n the st ‘
:1 3,6, 10 15, **+ may be coﬁgz;r;éd the. sum of 2 and l from the
“second row of the table. The ext entry 6 ‘4n the 1ist is the
| "sum of two numbers from the }hird row, namely '3 (telling which
’ row) and 3 (the‘ﬁreeeding entry in. the list under study) Since' |
6-3+3 a.nd since 3a2+1~rweobservetmt6-3+2+l.-
| The fourth entry 10. 1n our 1ist is, frcm the table, the sum of
4 and 6; and 6 .- 3+ 2 + 1 thus’)o -4+ 3 + 2+ 1, cnecx-ghat -
the next entry in our list is 5 + 4 + 3+ 2+ 1 Explain‘why 15,13

. the third entry in. the sixth oW of the Plsnal triangle, should be

 the same as 5+ ¥ 4 3+ 2+ 1. Explatn the number 21 ‘as the

third enﬁr&jin'thé éeventh‘row. '

‘
Class Discussion Exercises 1l-1d
;. In which row is tgs number S+ 8+ 7+ 6+ 5 + h + 3 + 2+ 1
_ the third entry? , . : .
- 2. Give a name for the third entry in the sixteenth row,
':.3._’Give'3fname :pr the next to the next to the {;st Eﬁtry in

.

L 23
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Sy : L ,-e I -
"~ . the ninetieth oW, | ’
| Lv‘k. A sum such as 15 + 1% 4+ 13+ “f + 3 + 2 + 1 is ,the same as:
1+ 2 $34 4 13 + 14 + 15 Twice this sun is o j@\

| 16 + 1€ + 26+ 4 16 + 16 + 16, Why° Vo ;o |
. ‘ 5;..How many 16's are indicated in the laet Qnestion? What 1s
o A'their sum? - “\, RS T s
6;' What is a simple name for the number 15 + lh—# e + 2 + 12,
7.'IWhat is‘the best name fer the number in Qnestien 29 : |

|}

Exercises ll—ld o !f

*';‘1._ How many possible committees with two members eaeh can be
'ehesen from'a club with 30 ‘members? |
2. lLet n be a counting number greater than 2, Then in the
nth. Tow of the Pascai triangle the third entry is the sum
'Jt_of all the smaller eoueéing numbers, namely the suﬁ of n - 1
ne-2, and’ so forth as far as 2 and finally 1. In symbols
" this sum s (n - 1) + (n - 2) + (n - 3) 4+ "ty 3 t\? + 1,

. r(a) How meny numbere are added together?

v." " (b)Y The sum can alsc be expressed by 1 +
\\‘ | (finish the expressiFn by filling ‘the blank, in aecerdance -
with the illustrative example).

- v(c)e Twice the sum 13z n +
. -'1 ju:(finish the expressionj

(d) Hey many numbers are edded in part (0)9 a
(e} wnat is their sum? ‘ | |

»

() What 1s a S:EFIE name for the third entry in the nth

row of the eal triangle”

-

'3, (Fifteen points lle in a plene‘ No three of-the eeines,lie on ~

240
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one llne. How many lines ar§<determ1ned by these points?
"*h (a} What is the greatest commnn factor of the entries :
| (exeluding the .1's at the ends) 1n the geventh\r?w of
the Fascal trianglq? ;\}’:- L -_._
__(b) ' Same: question, for the: ‘£ifth roW. . f'~r3“7‘_:
(¢) same question, for the third row. | |
”,(d) \What principle. do you believe 1s 1llustrated in’ the
| preceding parts of this problem?
. (e) Can you test your belief 1n later rows of the Pnscal S
o triangle? How? 'l‘f < o !
(f) Perhaps_your Rfirst guess eoncerning the principle is ;\%
verified by further testing. If this occurs in your case,‘1
_ ‘can you modify your belier and find the correct prineiple?
-f5;.mhe dots in the follawing designs are arranged in equilateral
L triangular fashion.' . , |
. :(a) fHow»many dots are there in esch design sheun? : o
‘f ‘.\' (ﬁ), How. are the numhers in the answer to‘part (s) relate Zté f“x
- the Pascal. triangle? | T

(e} If more designs of the same type and of suceessively .

larger: size . ‘wn, how many dots would be in the SRS
K 'eightieth diagram? ] | | |
v {a) How many dots in the.thousandth diagram?

,‘(e) In what sport 18 the fourth diagrgm used?

-.jfr
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112, Permutations’
Suppose ‘that. the club wheee five members are Alice, Betty,

Cerol Dorie, and Ellen eneoeee antexecutive committee to conduct

the

bueinees. The executive cemmittee hes three meﬁbers and 13 '

ccmposed of Betty, Dorie, and Ellen. Theee three girls, in;e

| meeting of the eommittee, decide thet.they shonld esstgn respenei-e? o
| bilities. One sheuld be chairman, enpther be seeretery, end the
'third be treasuger for-the elub. Tn hew many ways do you believe -
 thes |

1.

. the other girls be given jobs? . -

e jebs can. be given to. the three~girls°'

.o Cless Discﬁeeien Exereiees'il-ze' B

If Doris is .chosen chairman, in how many- differenb weys can

the other twe jobs be distributeé between Betty end Ellen’

“girl would have, z'\ S . , 'g z *1

'iiIf Ellen 13 chosem chairmen, in hew many different weys can

4

o - o
How many . different weys can the three offices be essigned to

“the three girls if Betty is chairman°

the three girls?

ﬁow‘meny\different'ways,cen ﬁhe three effiees be_assiéﬁed to

Exercises 11-23

A club has eight members whose’ initials are A B,C D,E F,G,

An exégﬁtive committee {A F H } eeperates its jabs emong its
members. One possible way, 18f | |

-*Chairmen A, Secretery H, C Treasurer F.

St
. <
f ' . ~

. .

-

, V‘List each of these ways in deteil, by ‘t:elling which Job each

. (e) Meke a list of -all possible weys of essigning theee three
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T 11—2

vjobs to the three membere of the committee 80 thet gath
. person has a job. '

(bY How ‘many ways are’ there? | | | |
(c) Does the ractorization 3.2 give a clue concerning thg\‘L.

2,

| -.why of -the answer to part . (p)?

;The exeeutive committee of a. lerge club 15 iA M T,YL,

oommittee deeides to eesign jobe to its memhere, the offices

are. president seoretery, treaeurer, sergeant-et-erms

(n) Explain why the fagtor 4 appears in part. Qg)

(e) If M 1is sergeent-at-erms, how meny jobs and how menx_‘
people ere not yet metched? _ _ _
{p) iy M 1s sergeant-et—erms, in how many weye can the
other jobe be eesignedQ\ oy |
(c) If Y 1s eergeent-at-erms, 1n how meny ways can the
other jobs be assigned?: o N
(d) 1n how meny weye can the officeegfhe ehpsen i T 1s :
sergeant-et-ame? o A

(e) How many poseible choices are there for the se'

) ams? ‘ J )
(f) ‘How many possible ehoieee are there for giving each
committee member one Job? .

(g) Compqre the enewer to pert (r) uith four times the
answer to Problem 1 (b) | > N

'(1): In view of Problem 1 (e), does the feetorizetion Be3-2

give a olue to the why. of the answer to Proble‘E (£)?
Three boye, Ron, Sem, Ted, will pertioipete, one- after enother
1n a cgnteet. - '
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ff(l)l.bﬁe-DOssible order of perrarmahce"ig‘is“folloys;7

" '(e)

(v)

first Scng second Rnn, third Ted. Mgke & list of a;l;the |
pcssible orders of performance..L | '
wa many 1tems are 1n yJEQ list? . o ‘ .. e

(c) One way to make the list requested in part (a) is to fix

m

mashed potatoes, rreneh fried pctatoes, whieh do they like -

attention on\fhe positions and tabulate’ how the beys;ggg_;
be fitted in. Such a table might begin:
| First o _S_e_:_x_e_ng " Third
) ~ Sam  Ron . Ted. -
at' " sam “‘c, Ted "-. Ron , . -
H - (ang so on) R |
c&n you finish the table to show all passibilities°
~Another way is to fix attenticn;on the beys and tabulate

Yhich pesition will bgaassigned to each bey. Such a

table might begin' e e
.-‘first-,? third' "‘"second_“ S v
second_  third +  first f{ o .f'-';f;

) (and S0 on)
‘How. would you finish. this tah1e° . .
If you make such a 1list as 1s suggested 1n parts (a) or
(c) or (4d), do you understand why‘the answer ta part (b)“

1s the same.as 3.2?2 ¢ S

‘Many people are asked in a poll to e/y&egs their préferences .
v A\"\ .
coneerning pctatoes among the alternatives of baked potato,”

.best uhich next best which Ieast How many different

)
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L

' orderinge of preference ere possible? |
. 5 Four different presente are given to four ehildren. In how ~
| ‘meny different ways cen tne gifts be dieénibutee among tne
“children? : |
‘:;6.; A etenogrnpher has four envelopes addressed to Adems, Brown, -
CIerk,.Devis«respeetivels. She hae four letters written to |
;\theee'four men. She puts one letter in eaeh envelope. In now |
.'meny ways oen ehe do this so. that one or‘more letters are |
placed in the wrong envelopes? . .~$' ‘_ S -
TnZ. Five horsee are to be eesigned positions at\the post in a’ raee.
.. In how many ways is 1t poseible to dietribute the horses among
~ the first, eeoond ﬁhire fourth fifth- positions?
8. A salesman works five deys during the week., He hee customers
in five citiee. He spends one day eaeh week in each cityew

Sinee‘he does not enJoy routine in hie treveling, he likes to

‘ ;How many weeks ean he'work without being obliged to repeat any
day-city matching in his travels? |
| The matehing of - three girls in a club with three offices can
be done in any of 6 weye. fmhe\natching of four letters with four 
envelopes can-be done in any of 24 ways. The. assignment of*
first, eecond,‘thiro, fourth, fiftn"positions at the post to five
 racers een-be‘done in any of - 120 ways?kiin'eeeh of these cases
we have a set of’objects (set‘of three girls,’ or set of five
raeers), we ean arrange the members of tne set An an Qrdered

fashion (chairman, treasurer, secretery or firstg/seeondf_thiro, &

fourth, fifth). We inquire in how_many ways the'arranging can be

E LN

245
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“match the weekdaye with the cities in as many ways as possible.'xv
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A\
! Cy

ch can be counted arnangement

y be called a E__m

of the set. ‘In several recent prcb ms we have heen asking how

~done. Whenever we have a set w
' S

| 'or its members in a certain order

. many permutations a’certain set has, \ |
In the previous Exercises you stud d seyerar'sets with threg
 members and found that each of them has permutaticns Each of.
the sets with four. members which ycu studie has . 24 permntations.
| For five members the number of permutations is 120,

I f
In the case of three memhers, you discavered that the number

of permutations, six, has the factorization 5 = 3° 2./ For four .
members, we were 1nterested in the factorizatian 24 = 43¢ 2.
'Far five membgns, we observed that 120 = 5° 4 30 2. Now 32, which
‘_ is the same as 3 2‘1 /{h the praduct cr all counting numbers as
‘far as ‘ 3. ‘I‘he number 2&[ which 3.3 4o 3° 2*1, 1s the: product of
all counting numbers as far as b, | _' | |
‘_. This type cprrodnct oeeurs so frequently in mathematicﬁighd% -
.‘a special description for it is ccnvenient. If k is a counting
number, ‘the produet of all the ecuntins numbers p to and including

'k, is called the factorial of’ k. This product (4in the United =

.States) 1s commonly represented by the symbol .let (prcnounced,
_ “ k factorial“) S K \ B |
| "As an example, 53 .1s thelﬁroduct of the'cou¥ting gumbers.as_i‘
far as (5; ‘that 1is, 5!°.1s the product of 1,2, 3\\!&' " and 55 or
5! = 1°2°3°4°5 = 120, As another example, 7! = 1+2¢3+4+5+6 7= 5040,

Check for yourself that 8' = h0320 We agree that_l! - 1,

Class Discussion §§ercises 11-2

f-l. Ohserve that 5"- (1'2‘3'4) S ExpresS«S' in terms of 41,



| d. Show how 4 io'relatéo'to B o B

s 3,» How isj'S{ﬁ related to 7’9 :e 3 o e -
. ¥ How is k36} related to #35‘? c'l’fo S ';j .;‘}A{T$\\; v

v - - . . v . ‘e . i - . .
- .o s : . . P A . . ) o
g S e L ey -
. . » ! . ' « . ‘ ) * . . .
- L L‘ ‘, “ .

5. Howcis' 8#29 related to 8&28? How 1s snggs related  to T
- !.) - . - . 0( | A ‘ . | .‘ ‘ .“ - } . ..
? S*EQs' . & T

BRI CHow 15 K41 related to k? How is - (k+ 1)1 rela:?e\gb- kL2
TWe have seen that for cerbein sets with'a few elemen s, thHe. .7
'~.'number or permutations of a set uith k- members 13 Kl Can you

‘.use‘the ‘same type-of approach angd convince yourself of $he e .-'1‘5' ~

'*ffAf°11°w1ns°' S e | L
‘ ' Property 1. If k is a counting number,; hen ‘the number or
i wpermutations of any eet with k members is k | -"fﬁ
e Exercises llng ‘ ' o N
 1, Use the fgctorial notation to write 1.2 3. ; -.1. B C
‘..?A Find,the qﬂcc;ent of la' by 13t (without performing any Jh "o;\"
e multiplications) -1;.k; : ,-‘ o o .v] | : 'g_ o
ikk.ghShow, without perfcrming any multiplications, that 6'%-15 the. ‘
~k>product of 6 Sy and h.. '__ | -'-. 7 : s o . .
5. The factorigl Qf 10 1s the product of 10 and 5 and .
fanother faci;:?‘\ﬁixe a new name for this' third factor. " L X \
-._'6; Show that 62’ is the same as - 62~61 605.' ) w.' | g ;;.‘
~ T How many different batting orders are possible for a ‘baseball “
~f4f.-,;;team of ninefglayers? ﬁ,;%j“3 '
g‘Bl\ In a racing boat there are 8 seats, one behind another. In
| j»how many ways.can the 8 members of a university erew take | ‘
.. these seats?~ . . | | |




9;; ch many permutations are there cf the letters cf the wcrd S~
| ;v"scholar“¢-- D s - _
;IIQ. It one 09 the¥players on. a baseball team always pitches, in

how many ways can the playere be distributed ammng tne playing -;

-Pcsi{"'iaia? 30

| ;_' If yeu wish to say a sundae at a certain dairy, you may choese
flaVors of~ ice cream andiselect the sadce. We may abbreviate the
| flavors by c, S, V (chccelate,,stnawberry, vanilla) and the |
toppings by M, N (marshmallew, nyt). Awmarshmallcw sundae on |
chocolate ice. cream may be describeé by the. pair (C M) '[Kl .

)

"_f. 1,-that kind/gf sundae is described byfthe pair (V N) - ‘w7‘

2. Make a list of all the possible Satrs.

-
.

3. :Hew maﬂy pairg are there? ;-¢_~ |
'h;c-ch\many choices a here fer the Iert member of a pair?
' 5. How many cheices are there for the right member of & pair?"“ |
6. What 1s the re ienship among the answers to Questions 3,4 5? |
‘7."If there were f ve flavors ef ice cream instead of three, how - -
many kinds of sundaes would be possible? | .
8 If there were feur flavers cf 1ce cream and three kinss of
E‘syrup, how many kinds of sundaes weuld be possrble? '
Suppose there ag:\feur packeges in a grab—bag, we may call

| them. A, B C D. Yoy 'are to cheese one, give it to your friend

X .
chooee'ancther, keep it for yourself What pcssibilities are there?

"We may  us the pair (A C) to represent the possibility that

; paekage A - 1is chcsen>fer your friend aed package C. fcr you.

',QThe symhcl (C A) indicates that your friend is given C and .

Q ‘ S : . . . ‘ (:(‘)
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'?;,' you keep A. s .
‘:91 What does the~symbol (D A) mean? o -
10. :Explain why (B,D) ‘and (D,B) are different in meaning
'vl;ll.' Why dogs the symhel (C c) have no meaning at ail in this'
| ";?discussion? ' A ; ;’fnr
;512. *Mau§ a list of all the- pogsible pairs.‘

13. How many pairs are there? - o o f | - IRl
. lﬁ. How many choiees are there for the left memher of & pair?.
1' -15;1,How'many choices are there for\the right member of a pair° |

16, If the Ieft member of a pair 4s knawn, ‘how many chaices are
.' | there for the right member of the pair? o
17, Does the answer to Question 16 depend on which paekage 1s

| rébresented by the left’ member of the pa1r° : !

18, What is the relationship anong the answers tc Questions 13,
w16 SR T |
‘-;9;. Is the relationship among the _answers to Quesﬁions 13, lk 16
S.oa mnch simpler one th&n any relationship among the answers to

Questiens 13, lh 157 o

o Our last two 111ustrations provide examples cf Prcperty 2,

" which we will soon state., In. both 1llustrations we faund that. the
tot&l number of* pairs can be computed &8 a prcduet.' When there
‘are many pairs, this method of finding how many is often better
_thﬁp-counting the pairs individually. In eaczrialustratio?, oné
| factor of the product is the number of possib lef't members ‘n |

" the various pairs, The other factor tells the n&mber of pairs
f which have a given left member. . _ |
In general, if the ?Amber ef possible left membeﬁs is’ r and

-

L . . * w
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. \.;'1f e;ch of theae oceurs in s paifs, ﬁhenlthe totﬁi number of

| ptirs is {r S. In the exanmple: coneerning sundaes, r = .3 and

's - 2,“ and the number of kinds of’ sundaes 1s M8 = 3‘2 = 6, In

| the grab-bag example, - h and 8 = 3, and the number ef pairs .'f4. 

[

'15 h 3 - 12. We now state aur result In words,

Prcpﬁrty 2, Suppose that: in a set of p&irs each possible ‘T*

 ;'_f‘1eft member appears in the same number of pairs as every other - |
| left member. Then the total numbér of pairs is the produet of the" )

number of . passible left members and the number of pairs which have .
a Siven left member. L  -;;. o | .« ‘

T - o - Exercisas ll—Bc
* T N

;&,' A boy- has seven: shirts &nd four pairs of trousers.. How many -.
o R

H ‘ ‘
s  different costumes does he have?

2. A haseball team has five piﬁchers and three catchers.‘ Hoﬁﬁk )
| many batteries (censisting of a %}teher ang’ a.catcher).are- |
 possible? s ) A |
,i3.-;If the first twg call letters of a television statian must be a
‘ KT, how many éifferent calls of four letters arsrpossible9

L, A disc jockey has 50 reca s in his gollecticn. He Wants

to‘make a program of two different songs., How many possible

¢

-

programs ére;therg? . {

S.i A sigﬁalma has s lags. The emblems on the various flag
are a stripe, a dot a triangle, a rectangle, a bar and a’,
circle. By showing two- differentvflags,'one afgpr the other,
the signalman can sena a signal Howfmany'differgnt signals

_rare possibleQ

-
M
-t
s —
e
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‘We often extend Property 2 to tripleg. ' A set of five flags

o AR o R |
,_  ? },‘- _— '1.7?“ . i:J.‘. 1152

\

consider the set o;\nine numbers -1 2,3,h 5,6, 7,8 9.

(a) How many (orﬁered) pairs ‘of d&rferent*numbers chasen |

. from this set are there° R o ._:' N

(b) Héw many (ardered) pairs of nnmhers chasen fram this
set have the property th&t the mambera of the pair
differ by two or mnre? “ ‘~*'; | |

(c) Haw.many (andered) pairs of these numbers h&ve the ‘
property that the right member of the,pair 13 less than
the left. member? | '

- rtf(d) Ansuer-each of the parts (a), (b). (c) 1n the case

where thé\given set of numbers includas all the whole

numhezg\\rom 0 ta 27 1nc1usive.

1

one each of the colors, black, green, reé, white, . yellew, we

the symhols B,G, R, w Y. Three flags.are to be hxssted, one

:-l&bove another, on’ the B&me mast. Eaeh arrangement is a signal to

*ha distant obser;;r. The tripla (G, Y ,B} - mesnh}that the green

| 7-:1flag is at the top of the pole, the yellow flag in the middle, and

"‘the

1.

2.

‘Explain the distinetion amnng the tripies (B,W,R), ‘(g,w;s),
and (W,R,B). | o | | |
- How many choices (from the five initial letters répresenting
| flags) are there for the left member of a triple?

N

black flag is- the lowest

o -class Biacussién‘Exercises 11-28

ifk"

How many choices are there for the middle mamber of a tr1p1e°
If -the lett member 1is known,-how many\choices are tpere for
e e 25
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the middle member of the triple’ e
5.- Use Property e to find ‘how many choices there are for the
top EE r. of positions on the flagpole._"_ _ |
| 6. ‘How | many choices are there for the, right member of the triple? :
T. If the first two members of a triple are known, how many - ,F} o
| ,;Johoiees are there for the right member of the ‘triple? '
8.( Does the answer to Question 7 depend upon whlch two fl&g are
: representeo-by the first two members of the triple? .
9.- Can you use Property e again to find how many poséible triples '
o there are? | L
10. How many different signals oan be sent by hoisting three flags :
--‘ as described° P | R | |

*\*/foe example we have Just studied 111ustrates the notion of .
'the number of permntations of a set of ﬂ objects takgn 3\\Q§~E_x
_time. Let 'n and f be counting numbers ‘such that r<n. If a
set of‘b obJeots 1is given, a selection of r of the o Jects _

together with an arrangement of those r objeots in an ordered

. fashion 1is called a‘gormutation of the n o_Jects taken r atjg f "
""time. . L ' |
- The steps in the last illustrétion serve as a model for, us‘
in developing a formula for the humber of permutations of n
obJects taken r at a time. As you study the next two peragrapha,_
'.keep in mind the answer to: Question 9 in the last illustration.,
The answer 1s the same as S-u 3; the first factor is five,vfive
1s the number of -objects (flags), each succeeding factor is one.
less than the factor before, the number of. faotors is three, three

18 the number of objeots taken ( number of flags in a triple). Now

)




" turn to the general situation in which we' arrange r objee&s'
chosen from n objects altogether. f‘ ’ ‘ ' o ‘é;
~ ‘There are n possible choices for the first position in t o
-lordering For each such choice there rems:n n - 1 cbjects not l_.'-h<f“
'  yet seleeted, aag consequently there are, at this stage, n - 1_'
. possible choices, for the second position in the ordering | |
xr@Acccrding,tq Property 2, the number of choices for the first two
 ”pos1t1ons together is j\ﬂg . 1). For each of these, there are
na-2 possibilities for the third fposition. According to .
‘_Property 2, there are n(n - 1) (n - 2) possihilities for the e e
first three Pasiticns together. — IR ‘
~ We continue in this rasmoﬁ until- the final st&ge. At-that . v
stage, rw 1 chects have been selected (WhyQ), ne-r+1 ob}ecﬁs.(;‘ -
remain nat yet selected (Why?) Ehe number of permutations of
n obJects taken r at a time .1s n(n - l)(n - 2)"'(n - D+ 1)
As an 111ustration, 1n the diseussion of the’ flag triples,
n = 5 and o= 3, eonsequently NeP+1la= 5 - 3 4+ 1m 3 and
|  i(n - I)(n - 2)"'(n - r+ 1) = 5.4, 3 - 60. |
P ' Note that the symbol n(n ~ 1)(n - 2)"'(n -7 + 1) o=
\‘presents_the product of all the counping numbe:s between n - r 4+ 1 .
“and n- inclusively. Thus when n=5 and n=-r+. 1= S,iithe
factors of the product are all the ¢ounting'num%érs:petwéeﬁ 3
indg’s incluéiVe; that is, the factors are 3,h;5. | |
~ The number df ﬁérmutations of a set of n objécts taken r
- at & time is frequently indicated by the symbol P ,r‘} Usiqg o

this notation, we have Just found that P5 3 = 60, Check for
S . ’ . ) ‘
-7 yourself that Ps 2" 30‘---
y ol 3 . |

’ -. .. 1 2“) !‘}‘ . * . ’ . ‘ " [y
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Exercises 11-2d ,n' i | o

1. Find Py o o
2% Write the symbel<far the number of permutations of 27 cbjects
| taken 19 at a time, | . .
-3, Vrite the number 920 6 1n—expandeé form (but do not multiply)
4, Write the new symhol which represents the prcduet -
43 heu5eU6NTUE kY, T e
5; (&) Write the number Pla’S"in expdndéd~fbrnt(hut'dn non'
- maltiply). | o |
12,3 ;
" (but do not multiply) . }g‘

(b) Write the product of P - and 9!y 1n"exp&ndnn form
(é)‘ What convenient name :do we h&ve for the preduct in
. part (b)? o S
" '~ (d)' In part (b), how can the numbers 12 &nd 3 be combined
| N to yield 92 ‘ S L
'(e)’ Express P12,3 an #ne-quotient or two nnmbers, e&nhn_

. ‘ Py

-

‘of which is a factorial,

‘- 6. (a) Write the numben Poo.y 1N expanded form (but do not
multiply). | - N

(b) Write the product Of\,PQO,A ‘and 16! 1n‘expanded form
‘ (but de not mnltiply) |
(e) What convenient name do we have for the product in
; rpaft (b)? s 5
~ (d) In p;rt (b), how_;§s>the numbers, 20 and 4 be combined'
o to yleld 167 | |
(e) Express P20 4 ‘as the quotient of twb nnmbern,f:;ch ef

'unien is 8 f&ctorial. o

R N
S
oo

p



- "hoo " 1122
P2 (a) wm,te the mmber P, » 8 a product. | |
R (b) Uae the elues in Prcblema S(d) and 6(6) and select a

. certain faetorial.‘ )
(¢) What is the product or. . ‘and the numbér"yéd‘chOSe
¢'1n'part (b)?'ﬁzise tng.clﬁes in Problems 5(@) and 6(c),
SR -&ifngeessér&;) | | | |
U (a) :Exprgss Py, ' 83 a quotient of ;po'humbera;\eaéh of
S which is a factorial. | | | .
8.. (a) A man has a combimtion lock with 50 numbers on ‘the
o | "disl.‘ He has forgatten the combination but he remembers
i _that the first ﬂum 1s toward ‘the Tight and that three
difrerent numhérs (in a partieular order) are required
'tc open the’ ¥éek How many pcssible trials may be
' o necessary §§ open the lock? _" | |
' (b). A man has h eomhination lock with 50 numbers on the-',/
| dial. - He has forgotten everything about the combination |
;exeept that there are thrgix?umbers (in order) required
- How many possible;trials,may be.necessary to open the
| lock? | | | | "
‘9, A telephone @ial has a finser'hole for each of the ten digits.
{a), How many telephone numbers, each with ‘five digits, are
possible? = S o |
‘.(b)'vHow many telephcne numbers, each with five digits;but
with no digit repeated are possible? o
16, Five players on a fobtball squad can play either left end or |
right end.— In how many ways may ﬁﬁe goaéh ;hoose.thé two end%§
IR for-tpq_ggening'l;neup? ' D | -
T . : v
. 255 |
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7.

*1l. . Suppose we want to send nessages ina code.  We use'certain ' .

N

L~
! -

- symbols, say n of them. (The symbols might be letters or
| flags or sounds or designs or any other type of symbol.)

-\ Each message 13 composed of four dirferent symbols, arranged
>
/> in order. "The numher of possible messages nhich we may wish

to send 1s 1600, What 1s the smallest number that % 0 can

I B

.be 1in Qrder to meet th¢ requirements°

/// o
- 11-3. combinations .
4

Whenever we have beenvﬁsing the word "permutatian“, we have

been cpncerned not iny with the elements, but also with the

arrangement or the ordering of the - elements.‘ At the beginning of

: this unit ‘we discussed cammittees in a elub Ina committee such

| as we ‘studied, tng members are not arranged cr ordered 1n any

.

' mangbr. The choosing of a eommittee from a club is an illustration-

|

N
of a comhination. A eombinaticn of a certain\set of n ob;;cts

taken r at aitime is a selection ef r members frnm the set with

no réxard to ordering the ehosen members. We are here letting n '
be a counting number and r be' a whale numher no greater than- n.‘
The nunber qf comb1n§tions ?f Y set of n objects taken r at a .

time is often nepfesentqgfby the symbel (ﬁ)‘. In-this 1t you may
read this symbol by saying: "the number of qpmbinaticns of ‘n |

things r at a- time“* sometimes we may pronounee it simply "n, r"'
K

in a -later unit yqu may fing another way in which the symbol canobe ,/

read B
The entrigs in the Pascal triangle are values of (2),
For exnmple, from the fifth row of the pnscal triangle we find

(reading from the left) that

256
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"j ko2 L L 113
w-- Q)= Qe (0, smasoon
You will want to note that the new symhol we have 1ntroduced

1r_ "
can be easily;distinguished from a fractianal symbol, betause the

new symbel has no bar. between the two numhers.,,~

* - .
X
ggprciSQs 11-3a S

oy 1.0 Write the special symbol for each of the follouing

) L

-~

(g) the nuﬁber of combinations of 12 chjects taken 7 at a
time, | o .\ . :__ - \ . |
(b) the nnmher of permutations of 12 - objects taken ~7 -at a

. " {e) the nﬁmberVOf'cdmbih&tibnsqof. m ﬁh;ngsftgken. 3 ata

. ;‘ Y time’ L _ ( _ _
~ (d) the number of eombinations of n+ 2 objects taken k
, _; - .'at a, time, L o | | |

2 Read each cf the following symbols: (g) 3 ;g k;

3 . " Use the Paseal triangle to find each of the following: 
; . .
;o |
- M \‘,
; \
;
‘\.._-
257 ’




g, '(a)-'Suppoae thet a and b lre twe eounting numbere and 1et “”3
B _a be the aum a+ b. Does ‘Problem 3 give you a clue ‘

_concerning an iNDOrtant re&gtionehip between (5) "and .

8y e . e SR T
. B B B
(b)) If 8o, what 1s the.relatienehip° B
() Can you use’ some ideas 1H'Seetien 1 to eonvinee yeurself
~1.chat this reletienship is true in every case?

.\(f 5.'l(e) :Find each: (u) _;(2), | _( )5 } pﬁx 7).‘, : I;;_ |

-

ﬁ;/g‘ - (b) wnat generel notien do these examples 111uetrete? -
N} (a)'.Find each: ‘(g); A(g);g-} (249 A

I  f(5) 'what general netion do theee examples 111uetrete?
e Te ~Shew th&t if. . n is a eounting number diffegﬁnt frem one,,

then (g) 5*3%:-51- .. .

Aff~A '; Suppeee~that a elub or seven members pieks three offieere. |
| w1th the ‘ald é&\§he Pnseel triangle, we learned that the number.or
theee poeeible exeeutive committees is 35. Thie numher 35 ‘we L
© may now call .(g) . By Praperg§ 1 we learned thet the threengfieee‘
; may hﬂ mntehed with the three offieers in 6 ways. This number 6
e observed 15 3!. We may apply Preperty 2 and f;nd that 35 6
18 the number of possible orrieer assignments. This fiifber -35¢ 6‘\

&~
| On the ether hand we may apply Property 2 (extended) to find .
;f' that the number of cheieee ef three memberq, arranged by ofrice,
frcm the club of seven members is 7.6 .5, namely 210, This
numicr 210 ;e. 7‘3.

Beth vieupoints yield the seme eount, of course, we see that

EKC ¥ e . :. T‘ e R ‘

VA FullToxt Provided by ERIC



(g) (_}331 P ‘3 . The eeme type of argument shows that, for any

N

imo eeun‘ﬁing numbexgs r and n, if-. r < n, then

‘; 'f_; ‘_qlrngy  E?ér (_) (rt) :
'i:coheeﬁuent;e;.~ L f '.
R (r, o

| Since Pn r" n(n - 1)“"(:1 - r+ 1), we cbtain

(r)' n{n - l)(n - 2)“'(:1 -1+ l)

r!

- (In this fractien, the number of factore in the numeretor is
&he eeme ae the number of fa.ctors in t.he denomineter. |

s .« 7 ' Exercises 11-35'

-‘/ 1'. Ten men are qualified te mn a meehine thet requiree three

! .

operetere at a fﬂ.)m! Hew m&ny different crews of three are

Sy .

\poesible" T _ _
_' 2. A diec Jeckey hae a set of 15 rrecords. Eech night he eelecte
5 records to meke a progmm. How many nights can he do ’chie
‘withgut repesting any progran? - Disregqrd the order in which

the .‘mdividuel recerds oecur within a’ progmm (You do not

need to perform amr mltipliéetions, but mey leeve yeur answer |

I I

in whatever symbols you think are convenient ) &

.- Eight pointe are given in epece, and. no four of them lie in the ‘

same plene. (Remember thg.t any three of them determine a plane. )
Heu many different plenes are determined by the eight pointe? o
4, Ona eertem railway. there are 12 stations. How many different
_mnds- er tickete should be printec_i_to provide tie‘kets etween |

N

34 .




Corma

‘f“\& .T_‘.' any two staticns, ,
| (&) 1in case the same ticket is good in either direction;

~

20\
/
i
k

| (b) in case. different tickets are needed for each directicn?
s, A man has 81x bills, one each of the amounts ‘81, #5, S0,
| 5“2 ' 350 : ‘100 How many different’ sums of. -money may be
" found by using one or more of these six bills together? | o
6. A mstaumnt has prepared 4 kinds of meat, $ kinds of s |
L salag, and 5 kinds of vegetable. A platter eonsists of a . ;_‘
meat, a salad eandxgnvegetable. How many different kinds of
| platters are possible? .o L < .
T There are eigh§ teams in a baseball league. During the seascn  ”
| .each team plays every other team five times. ‘How msny games | A
R ‘are: played in the league altogether during .one seaaon?‘;”‘~ | : 'f
‘] . é; Nine bcys and eight girls attend‘a party. Each dance theré '_Mg‘
| Ny | ‘xpa eight couples on the floor and one boy sitting out, each Q?”*
- . - .. dance lasts five minutes. Suppcse t 't the party eantinues
. unt. 1 every pcsgible matching’ o the boy and girls in a dance
,"has aceurred How %any hours has the par,y laéted°
'9;‘-E1ther one .or two of a string of eight Ciristmas tree lights
| wired 1n series are burned out Suppose you have two good
bulbs and suppose you try, first one gt a time, ﬁhen twc at
a time, to locate the burned out bulb (or bulbs). How many |
( trials might it be necessary for you to make in order to find
the buls (or bulbs) that need replacement°
lq, ‘A girl has faur skiiis, six blouses, and Q?ree pairs of shoe .
. How mnny weeks can pass while she wears a diffarent costume

T

every day° o o ‘ .




L . ) : 11-3
In the game of bridge, a hand consists of 13 eards from the

playing«deek of 5 cards. The number. of possible bridge

- hands 1s 635,01 559,600, = Write this number, using a -

special symbol you have studied in this unit

A sa&esman has customers in eight cities away from home. He

‘ -‘n«

12..
;; wishes to plan a travel route whieh. will take him to each of
; t the eight cities 1n.turn«and afterwards back to his home, . How
P many possible rqutes are there?’ T
e, Use Problem 7(d) frongxerszes 11q2d and show that
. e (n)- . f nl e " e 0
- ‘I‘ | ri inv_ r)‘l ‘ _'&é
. <N T ‘ .
T . v
' ) . ’ )
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PROB AB I L.I'TY
je-1. Chence Events

This unit will deal with chence events, that is, evente which
mey egcur when experiments are performed whoee outeomee are. uncer-
tain For: example, a weatherman makes a forecast of the future

L weather, but he cannot influence the ferces of nature. His fore-ﬁ'

~

‘ cast, “Rain" is mere aecurately a probgbility etatement; "T¢ will
probably rain." Similarly, You may predict tl?at "The Pink Shirts
will win the pennant," but what you mean to sdy is "It 1s likely
‘that theePink sm;-ts Wwill win the pennant. " 'An honest gambler may

- krow the’ "odds", and wse this knowledge to win, but he canno% '

, resert to magic trieks by influencing the outcome and remain

honest. L . o v B |

| o

’ 4 Some examples of- games of chance’ will be used to help you
understand what probahility means., Such games give ue exce;lent
mathematical models for use in studyl he l@gg of prebability

The examples are not used witﬂvthe ;ggfﬁ&hat gamhring is to be

'eneouraged Rather, th_¢.g

el e AR t
‘ tting up nqukt requirements, m.ilitary

id etudy, insurenee~compan1es use it in

R RS (
““%e«tebles, weather fereeasting was men-
o e ,Hymwi
" tioned earlier; and there are other uses. tad*hufjpewqwﬁeigentign._

L=k

e . ' ' . . s . ' ’
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In Section l .we shall study some ideas abeut'statements'invo}v- o

‘ ing chance events, like “The Green Sox will win,’ or'“Saedlot will
win the race," or "If T toss a coin and allow it to fall freely, ‘it
will show heads - A statement 1s a'colleetion of words . or symbols 1

"~ which 1s gither ‘true or false, (but naturally net both. ) If a state-
ment which predicts a future event turns sut "to be correct, we will '

+ call it'a "true statement." When it does not turh out to be cor- -
¢, rect, we will call 1t/at"f&lseAstatement." In this section we will
concern ourselves with the "measure of chance" that a statement pre-
dieting a future event is true. This measure of chance is also™
called the probabllity of the statement. ,
- The measure of chance,-er bfobability, is sometimes easier to
iunderstapd if we use a mathematical model where we can count the -
poseible outcomes.. For example, the game ,of tossing a coin, com-

- mdnly. called "heads or tails" can be used as a model. If we toss a
coin and elldw it to™fall freely, ‘elther a head will ehow or a tail_
‘will show. ‘We assume the coin is not weighted Such a perfectly
balanced cein 1s sometimes called an "hongst cein

Consider the statement,. " f .
"If we toss a coin and allow it to fall. freely it will Show /(
heads.
" The ‘table below shows the number of possible outcomes:
‘v ..’ - Possible Outcomes  Truth Valué of the Statement
S ( Heads . T .
R . Tails P

"If the euteome is heads, then the statement 1s true, and we have

indicated this By writing "T"-in the truth value column. On the

]ﬁger hand, if the outcome 1is tails, then the statement is false,
its truth value 1s represented by ‘the initial letter "F". +

o - The table abeve is called a "truth table A truth tablﬁggmgeq\ _

~  statement 1ists all the possible outcomea of thé experimént referréd *“”

to by the statement. Since o * coin is baianced, we believe that,

in this situaﬁlgn, the ehanceugf the statement being true 1is one out

of two. - '

~
ro
_——
~
ot .
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In probability it 1si25erui_touse'a number to indicate the
meagure of chance that a statement 1s true. . The measure of chance
‘for the:above statement is written as \%~.

If an event is governed by- chance, then it has a certalin
.probabilify of happening. This probabilisy will be a number between
- 0 .and 1. If we’ use the letter ﬁA" to represent thejevent of the
'T? coin showing heads, then we can call . 5- the ppobability of” the

' . event A . This is the same as saying that the measupe of chance -
that the above statement is true is 15 We can,represent the

probability of the event A ‘as ; P
N . : , . -

~

.. If we use the latter "B' to represent the event of the goin.
',showiné tails; we are concerned with, ‘the probability of ‘B . Ve
| can represent ‘this .with the symbol. P B} Thus, ‘
P(B) = T

o . .§. ' ‘ : o

- It is important that you understand that in the above ease :

‘ (A) = P(B) . That is, each event 1s equally. likely to occur. Any
two statements whieh predict events tbat are equally likely have, the
same probability. . ' \ 3

B Suppose y6éu have tossed an honest coin five times and 4t shows
heads each time. What is the prob&hility that the coin will shoW

" talls on the next tGss? Sote peeple believe that the odds will
* change, that the forees of "luck" will act to forge the coin o
show tails until a balanoe of sorts is restored between the showing

‘of heads and tails. uot so! The probability that the coin will

 show heads remains §-pfor each toss. In probability we do-not say .
that if the coin showsmg {;_‘on the "first toss it must ‘show tails

on the secon@§§e&s \”ﬁﬁnfggﬁbt‘predict whether the coin will show
.., .heads off ta*i‘ls ’ | | _

513ﬂ7)Q *  Suppose you use two pennies t 1s the measure of chance
ythat the statement “If two coins are tpssed, one head and one tail L

will show" 1is true?. That 15, what is fne probability that the event o

of ome head and one tail showing will odcur. The table below shows

‘that there are four likely outecomes: | -

/"- : . . ' ) | ‘k .
. o ; . - : ' 3

‘ Q ' 2()"-‘:\ .




. . "¢ . . L -
- - . .
. . Coa N
-~ ‘ . . . B . «
r T ’ - .
. [ : . .
- .

%10 - N . , : ,
o | | ~ "x"' indicates that the event has
, ssible Qutcomes - eeeurred}\" " that it did not. .
First YCoin Second Coin - | L | | o
. _ ' Heads o
o ., - H@sdﬁ " ~Tails X
o Tails - .Heads | X
' Tails ‘Tails . o
-~ Note that there are: two. outcomes showing one head and one teil."_The-

probebility thet the event will occur is %& or §- If we use the

Jletter "E" to represent the event, we may. write. the fellowing
{‘) S o P(E) 5 o, |
what is the probability that exectly two heads will show 1f two
eoins are tossed. Check the truth table above. Of the four out-
comes, how many ways are théﬁg for this event to occur? If we use
the letter "G" to represent the event, we.may write the probabil-
ity of the event G_ as .

-

P(G)

~ Note that in this exemple events - E . and G are not equally likely.

- Their probabilities are different. =~ . .~ | |
. When we find the.probability of an ‘event -we shell say that we .
"'are estimating the probability from tbe bestx infermation we have.

We may eummarize our results by a formula: , o :
o @ - R
Where P represents the probability that an event E will oceur
t 1s the number of ways in which ' E can occur,
"1s the total number of possible outtomes. <
Thus this is a counting procedure. Later you will léarn that
" more advanced mathematical processes have been set up to find prob~
~ability where counting is impossible. ‘However, counting 1s essen-
tial in many,si uay q§$ .uemr,*f~ L

v
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_ - Exercise 12-1

1. Two black marbles and one white marble are in a box. You are
to take out, without looking inside the box, two marbies. Find
the probability of the event that when, without looking, two
marbles are taken out of the box, one marble is black and the
other is white. .
| Suggestion. Complete the table below. List all possible-
outcomes. Indicate whic¢h outcome shows the event occurring
with an "X" and those not od¢curring with an "O"

.7‘,‘

Possible/eutcomes . QOccurrence of the Event
'Bl~32 | 0 |
. . : : P =9
_ Bl W | ? P ?
?2 9 - T ?

2. Using the data in problem 1, find P for the event that if two
marbles are taken ‘out of the box, both marbles will ‘be black.

.3. If three honest coins are tossed, what is the chance that three
heads will show? (Sometimes we say "What is the chance?" when
we mean “What is the measure of chance that the statement 1s

_ true?") Make a table showing all possible outeomes )

: % 4. Using data in problem 3, find P . for the event that if three
honest coins ‘are tossed exactly one tail and two heads will
show. (Note that ‘the number of events that can oceur in this
¢ase 1is different from the number of events occurring in
Problem 3.) ’

5. Three hats are in g ‘dark closet Two belohg to you and the .
other to your friend Being a polite person, when your friend
" is ready to leave with you, you reach in the closet and draw =
any two hats. _What 1s the probability that you will pick the
two wanted hats? .- ]
©. A full deck of playing cards contains 52 cards. There are four
different suits, or groups, o? cards: . hearts and dlamonds are
~ colored red, spades and clubs are colored black. Each suit
contains 13 cards, one-~fourth of the total number of cards.
Each suit éontains cards numbered from one to ten inclusively /
. 4 and each suit also contains a Jack a queen, and a king |

gfi@ | o { -, _
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| Find P for the event that if a8 ¢ard is drawn from a full deck : f"'
of playing cards, 1t will be a spade. ,
7. The cards marked as "ones" are called "aces." Whaﬁ i8 the
: chance of -pleking an ace from a full deck of cards? | ,
8. Find P for the following event; if a card is drawn from a
| deck it will be the ace of spades. :
g. (a) If a Joker (extra card)-is placed in a full deck of playing |
eards, what is the nce of drawing a queen from the deck - ?

"in a single draw? ' : /j
(b) Why are the measures of chance for problem 7. and 9(a)
. - different? , A
10. Suppose a box contains 48 marblé%Q -Eight of the marbles are.
" black and forpy1&q the'marbles are.white. : \ B
| (a) " How many marbles are thers altogetggr? < : g S
o (p) How many white marbleﬁ are there? ' :

(e) Find P for the event that if a marble is picked at ran- |
dom (without looking in the box), it will be white.
Reduce the- fraction to lowest terms.
-11. In problem 10, what 1s the chance that the first marble pickedv_
will be black? “ \
12. Using the ‘data for pfoblem 1, considerlthe event‘"If without
' lookfng, two marbles are taken out of the box, both marbles
will be white.
(aY¥ 1Is the Gutcome 1th this case possible°
(b) What measure of chance can we assign to such an outcome?
13. Using the date in problem 3, find P for each of the follow-
ing:’ - ‘ , . o
(a} If three honest coins are‘tossed,'three heads will show.
(b) If three honest coins are tossed, three tails will show,
»~ {e¢) If three honest colns are tossed, two heads and one tail

_ will show. B
{d) If three honest coins are tossed, two tails and one head
will show. y ] ;

) Does P = O for any of the above? l
(f) Does P =1 for any of the above?

fd
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'*16. '
. -heads each time.

: . S S ‘ 413

(g) Find the sum of the probabilities for (a) through (d)
| above. You should get "1" . Why? o
Suppose you have five cards, the ten, jack, queen, king, and
ace of hearts " As you draw a card from the group you lay it
aside. You do not replace the cards after each draw.
(a) What is the chance .that the first card you darw 4s the
ace? . y

(b) Assume.you draw the jack on the first draw. What is the

chance that the second card you draw is the ace?’

(¢) Are your answers for (a) and {b) the same? . Why? _

d) After drawing thg Jack, assume the second card you draw
-1s the ten. What is the chance that the third card you
draw is the ece? : i

(e) What is happening to the measure of chance as the number
- of ecards decreases? : .

"He has a' 50 - 50 chance" of winning. the election xkn"

(a) What 1is the probability that he will win? |

(p) Suppose a measure of. chance is less than -§ What does
this meen 4in terms of the outcome’of an event? Is the
outcome very likely or-not very likely to occur? "

Suppose you have tossed an honest coin nine times and it- shows

(a) Conslider the above as one event. Is'fhis'event likely to
octur? Explain your answer. | T

(b) What is the probability that the coiln will show tails on

the tenth toss? . ‘ | |
(c) Does the outcome of the first 9 tosses have any affect on
" the tenth toss?

l) » oy



ST . - ‘
e 12-2. Probability for Models .
" In the previous exercise you determined tje measure of chance,
which we call robability, by listing all possible cutcomes, as in
a tiruth table. This is easy when there are qnly one or two coins,
but as the number of coins increases, it is difficult to remember
- -all the‘péssibilities or to avoild listing'somg possibilities twice.
Let us see ;f'we can discover 'an easy,,éccuréte way to make these
listings. | ‘ |
' The table for two .coins shows this pattern ( "H" represents
~heads and "T" represents tails.) .
s Possible Outcomes
First Coin Second Coin
* H

: H
. H T
| 7T . H
o T - T - ’ . .
,Nste that the first column 1is grouped by twos; HH , TT . The
‘second column is grouped alternately,, H, T, H,.T . Compare. the
pattern in the table for two coins with the pattern 1n the table
 for three coins shown below: -
A\ Possible Outcomes

I

First Cfin Second Coin Third Coin
- H ; H H
H ‘ H T
H <o T l“‘ H
H T S T
T H H
ST ; H r
T | T S
T - T , T |
Note how each column 1is grouped: the first by fours; the second by
twos; the third alternately. !

How many possibilities are there in the table for twe ecvins‘P
Note, therg_are four. How many possibilities are there in the table
for three coins? There are eight. Can you find a relation between.
« the number of sides (two) of the coin, and the number df possible

S

-
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_outcomes? With two coins each having tonsldes there are four
possible outcomes. With three colns each having two s8ides there _
are eight possible outcomes. _Can you predict the number of possi-
ble cutcomes with_four coins? ) o

. If we use the number of sides, 2 , as the base, and the numbep
qf coins, 2 or 3 and so on, as the exponent, we can determine the
number of possible outcomes without 1listihg them in table form. We
need only determine the number represented in ‘exponential notation.
- If. we use two coins there will be '

¥ .
22 or. # pdssible eutcomes - ]

If we use three coine there will be

23 or 8 ‘possible outcomes.

We can express this result as a formula - /

T = gf - . o y

Where T 1s the total number of‘possibilities,
S is the number of sides of the coin or object used -
' (a cube or same other object-with more than
/ | wo fFces may also bédﬂgggfj
- | n 1is the'total number of coins or objects~used
' Having determined the total number of possible outcomes, it 1is
‘then easy to set up the table. - Recall the patterns in the table
for two coins and the tsﬁle for three coins. If we use 4 coins,
how many outcomes must be 11isted in a*table° By using the fqrmuie
T = S® where S=2 and n =4 , we fingd '
T =2 |
- . T=2.2.2.2
| ) T=l@'_ | ) ,
'There are 16 possible outcomes with four coins. What will the
pattern be for the first column? The secdWd column? The third
column? The fourth column? '

In making truth tables, such as those in seg¥ion 1 and those )
described above, experimental observations were not used. Rather,ﬁ
all possible outcomes of events were listed, as in the cases of
tossing two or three coins. The probability is based on the out-
comes listed in the table, or model as it is sometimes called. TIn
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| ‘the tables- previously discussed we assume that each separate possi-
billty, or outcome, has the same chance of oceurring - We. say that
" each outéome 1is | equally 1ikely to occur. o .
Sometimes we find it necessary to make observations and list
_ the possible outcomes. That is, we try to find the probability
"that an event will occur when we cannot list_all'possible outcomes.
For exémple;rthe table below shows a-smail number of weather fore-
pasts, only ﬁhose from April 1 to April 10. The actual . weathsr is

- also shown.” e - . | /* ';
3 . .\ o Table . R i
. o N - | -\\"x“ indicetes the event did’
- Date Forecast ~ Actual weather oceur, "[" that 1% did not
1. Rain Rain o X %
2.- Light showers ‘Sunny o} \_.
3 Clougy - Cloudy X \
: N | o :
L _Clegr Clear “ ' X \
5 Scattered Warm and sunny 0
~showers ’ ;/
6 Scattered Scattered X o )
} stwers ' - showers , , -
7. “Wihdy and Overcast and B X
cloudy . wingdy R N
8. Thunder- . . Thundershowers o X _
‘showers . e | .-
‘9. Clear Cloudy and rain. 0
10, Clear - Clear ' X

Observe that forecasts 1, 3, 4, 6, 7, 8, and 10 were correct.
We have dbserved ten outcomes. The event of a correct forecast hag

, occurred seven times. Based on this information, the probability
' that future forecasts will be true is Za This number is the ”
best estimate that we can make from the given infromation. In this"

- case, since we have observed such a small number of outcomes, it
would not be correct to say that our estimate of P 1s very acou-
| rate. A great mavy mQre cases should be used 1f we expect po,make

- good estimate of P . *the ‘that the table above ‘is stmilar to
(Eables used in section 1, but in thé ahpve table we listed only ten
utcomes, not all passible outcomes.

-

e
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A physicist cannot trace the motion of a single molecule of
- oxygen in a reom, but he can estimate the probability that an

“oxygen molecule will hit one of the walls in a room in ;Fe next

'second To make such oonolueions.requires an understand of much
“* more mathematics than we can sQndy in this unit. | |

While probability has many uses in games such as those men-
tioned in section 1, the theory of probability is 1mportant
whenever we deal with mase events as the one mentioned in the
previous paragraph. Moet events are compound events that are made
up of many single events:

1. The occurrende of 300 traffic deaths in the U. S. in \;,

' one day is a mass event. | ’

2. The ocourrence of 20 absences in your school on ‘Monday-

is a mass event. This is made up of ‘many simple events
such as: Terry came to sohool, Susan came to ‘school,
"Mark stayed home, and so on for all the students in the
school. . . . ' \

.Section 1. dealt with Some sifple events governed by chance.

‘We assigned measures of chance, which we called probabilities, for
| ;the outcomes of these events. The numbers 'F'used to repgesent
‘vgi- "P"  were numbers like one-half, one-third, one fourth, and so on..
5VWhen we used a. table to conclude that E(A) -;§ s, We were writing

an "estimate" of the probability. However, if we actus
‘honest penny once, we cannot predict whether 1t will &how hea s or
.tails. But if we toss an honest penny a million t Jes, then 1t is
almost certain that the/fumber of heads will be between 490,000 and
510,000. The ratio of heade that show to the number of tails that

f“  show “!11 be almost oertainly between ‘3% and —%5 We cannot
~ 4in this unit study ‘all the mathematics required to make suoh con-
clusions. We can get a clue, however, of how to find the probabil~
ity that an event will occur from, the information listed in a table.

Exercise 12-2
1. A truth table shows all the possible outcomes for tossing 5
coins.* Without listing them, determine the: number of possible
outcomes

-~
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A:regular tetrahedron is a solid having four faces.  The

letters A, B, C, and D are printed on the faces. |

(a) If a regular tetrahedron is rolled, how many possible
ways are there for it to” stop? (Note that in this case
we will consider the side on which the obJject rests as en
outcome. That is, the face that 1s the base may be

. .  marked A, B, C, or D.) . S
"(b) How many outcomes are there if two- such tetrahedrons are
| rolled? ' -
(c) How many outcomes are there if three such tetrahedrons
rere rolled? . ' ' - ’

(d) Find the measure of chance for the following statement.
"If the tetrahedron is rolled 1t will stop on side A. "

‘The letters A, B, C, D, E -and F are printed on the side of a

cube.

(a) If one cube is rolled how many possible outcomes are
there? (We will consider the side facing up as the out—‘.
come in this case.)

(b) If two cubes are rolled at the gg;; ¥1me, how many out-
' comes are there? | L
(c) What is the chance that B will show if-one cube is
rolled? |

(d). What is the chance that two E' will show 1f two cubes

are rolled at the same time?

(a) How manyolikely events are possible if a regular octahe-
ﬂ dron (an eight sided solid) is rolled? .
(b) How many outéomeS'are'bossible if two regular octahedrons

are rolled simultaneously (at the same time) ‘
Consider the- following events:
A. It rains on Friday, the 13%h.
B. ' The sun shines on Friday, the 13th.
The following table shows. the weather on 20 Friday, ‘the 13ths.
Using the information ‘listed in the table, find P for the
events A and B. Based on the information in the table,
which is more likely to occur over a great number of Friday,
the 13ths, & or B ? The first part is completed. Complete

“

‘the table.
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“Weather on 20 Frid&y,’ | "X" indicates the event did occur.

the 13ths . | "Y' indicates the event did not.
| A \ B
1. Heavy rain X - 0
2. Light rain X 0
3. Sunny , : , 0 X
4, . Usually sunny, R ' N <
' no rain . . ‘ ? 7
5. Sunny | | ? ?
6. Scattered showers \‘ 92 ?
. 7. Showers ., - - | \\\\ ? ?
8." Sunny L 2 )
9. Sunny - . ? 9
'10. Sunny _ Lo 2
11. Cloudywy no rain : ? 7 ‘
{} 12. Partly clcuéy ‘ ? ?
. 13. ' Cloudy with sqme showers 9 ? -
\\ . 14, Showers ' ? ? _
15. Sunny | "9 9
6. sunny . ‘Y, T ? " ?
17. Hot and sunny ) "o _ ?
18. Sunny ? ) 2
19. *Cloudy and some showers ;. ? 2.
20, Surihy | 2 K

(Note:. 1t is possible ‘that’ neither event occurred. )

6. There are 35.pieces of brf%k of which 5 are gold. What is the
‘chances that if you pick a brick at random you will pick a gold
one? (At random means "without lqoking".)

7. (&) 1If one penny 1s tossed what is the chance that a head \
| ~ shows? ' : <
(b) How many heads would you expect to get if the penny 1is
tossed 50 times? 1Y

8. An urn contains 5 white balls, 3 black balls, and 2 gray balls.
| (An urn is s contalner like a jar or bowl. ) .

(8) What is the chance that you will plek a white ball 1n one
draw? . :

Assﬁllng ygu pick a white ball the first time and did not

L | { 277 | a ,
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replace it, what is the chance that. you will pick a bLack'_
ball the seccnd time? Coe . : :
ng ycu pick a whiﬁe ball the first time and a blaék

‘cnance that you Will plck a'gray. ball the third time?

;Q(a) -What is the chance cf picking the 9 cf spadés frpm a deck’

oA

5 15,

“white side down? ) S : :
Suppose you have six 1ettera tc be deiivered 1n different — (N

N

of . cards? o .
(b) What Ls the chanoe that scme 9 will be picked from a deck
scf cards9 ™ “f»ﬁ 3 :

Suppcee on’'a reguiar dcdecahedrcn, a 801id having twelve plane
faces, 5 faces are colored white and T faces colored blacke

If you toss it, what ‘is the chance that it will stop. With‘a
: ' i

parts of’ ‘town. Twc boys offer to deliver them._ In hcw many |
different ways can you distribute the. 1etters to the boys°

Three cards are numbered 11ke +the' ones belcw R ' o
o | ;\.. ' : ' i

13].0Ls 6] - 7

'W1Ehcct'ﬂccfjng at the numbers .you are tc draw any twc cards,

What 1s the hance«that the sum of the two n ‘ugrers is cdd° . ;_g

N\

You are to be placed 1n-a line with twc girl or chs), cne
of whom 1is ycur favorite. What is the pro ability that you

» will stand: next tc ycur favcrite? 'In sucﬁ\a pro%&em we assume

that you are ‘not placed acccrding to. any pl (inclu ing ycur

cwn) If you crowd’ infnext to ycur favorite, chance would nct.\ -

play a role. . ' .- . - , \
_ If there #re 255 white maréles and 500 black marbles, what, 1s

the chance of picking a black marble cn,the first draw?

Whgn six coins are tceséd what is the chance that cne an8

coone shopld turﬁ'up'a‘head?

i -
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12-3. Mutually Exclusive‘EVents
In mathematics we are always looking for general principles-
wnioh describe a certain Situation. In this seotion ‘and the next
we will identify two of the most important general principles of

probabilit? T . :
. .Considgr the following problem:
F + A dial and a pointer like the one illustrated will be uged for
.the problem The pointer spins and .
we can, tell whether it stops at 1,
2 '3 or 4. What is the proWability
that the pointer wilil gtop at an
~even number?

There. are four possible out~
comes. The pointer can stop at 1,

. 2,3 or'4 The event in question

oceurs if it stops at 2 or 4, that is, the event oceurs in two. out
of the four possible outcomes. Thus the probability of the hand T

stopping at an even number is'% .

1, This event is a cpmbination of two: other events Let A be |

S the.event of the pointer stopping at 2, and B be the event of the

‘.pointer stapping at 4. If we use the eymbol "A or B" to stand
for the event, ‘either event A. or event B -occurs, Shen "A or B"
is- the event. of the pointer stopping at an even number. We have

. found that | : \
- . P(aor B) =% oy |
.o v \oh o ’ /
Could we fingd this probability by conﬁiderinv events A and R
B individually? We' know that . ~ S 3o s
. ‘ 1 . s . .
| ‘ P(A) = 1 (Why?) .
. . . o and | o ) s - E ‘- . S
" . 4 | ‘ N : ‘ | l\\x} . N - _ l&
T : ‘ B(B) = (Why?). : |
If we add § and T the result is' % . How can we obtain

P(A or B) from 'P(A) and P(B) 7

‘ A ' :')‘ l - 1l l <

S S - S SR ,

) X - )

‘\ - . v y '..:. P(A Q%?B) = P(A) _{;5 P(B) - \ A \_\

\‘ o 2 . U , A |
- J -~ * . ' . )
{ p < >‘ . . . !
\ . v * " 2 ?5}' .

ym
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Thus P(A or B or C) = 1/7 + 1[7+ 1/7 o 3/7 o "}['1
. ' , ‘ (-
‘ Exercises 12 3 . : . ]_ o
T l,v Mutually exclusive events then are events which cannot happan

<

stop at an even number?

422

Mafy times (as in the above case) we can add probabllities of

stop at one or, the other. Events A and B could not both Qccur
at once. This' 1is one of the conditions that must be met befone we
- «an &dd probabilities. Two events which ¢annot- occur. at onte are
-called mutpelly exclusive events. S ~ V

Pragé}tx If A and B are two mutually exclusive evenus,

Cghen S . SR

P(A or B) = P(A) + P(B) S \
This proposition holds also when'we have 3 or more mutually

exclusive events ' . T, ' \
v

- Example: Use the definition to answer the following : \

-
AES
"

The seven numbers are !

The hand spins freely.. What is the probability that 1t will |

;Theré are 3 single events: A, stdﬁs at 2;, ’B,‘stops at 4;

C, stops at 6. The event whose probability'wé‘seeg is 4 or B
or C Events A, B and C are mutually exclusi&e, Since‘ﬁhﬁff"'

hahd\can stop dt only one of the npmbers as the result of one spin
Therefore, ¥

. P(A). = /7 (ury?) . Aso P(B) = 1/7 -and’ ‘R(C) = 1/7 *

at the same time. If one event happens, the other cannot.. With
this in mind,. which of the following events are mntually exclusive.
(a) The event ef throwing a head or a tail on.a singlg toss
of & coin X |

P(A-or*B or 'C) = P(A) + P(B) + P c) o -w B

' {ndividual events to find the probability of another event. \Notice'
‘that in the. case abovg, the pointer could not stop at 2 ang 4?at
" the same time (as a result of one spin). For one spin it had to

™,
o

o : d B
W : equally spaced. . ¥\<
: L - o Ty s
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:-(a)‘~In a bag there are 8 white

« 2 e

(b)‘ The event of your mother makiné breakfast or. your going
) to school. ' ' : :

"(c) The event of'throwing a head or of roiling a2 3 on a dle.

(d) The event of rolling a 8ix sr a three on a cube with
faces numbered 1. to 6. ' :

(e) The eventN\of driving the car or going to the store.

{f) The event of foing upstairs or going downstairs.

(g) The even{-¢f drawing an ace or a Jack from a deck of -
cards on & single draw. S -

(h). The event of running or sitting ' . |

(1) The event of talking to your teacher or of talking to
your mother. . :

.'(J) The event of stopping the oar and of starting the car.
- Use the formuia to solve the following problem.

. ) -
‘ The fhumbers are
- équally spaced y
around the dial.

What is ﬂhe probability that the spinning hand will stop at
~an odd number°

: . 2'1s a.éemi -cireie
1, 3 and 4 are qually spaced
Cy

Use e formula to solve the. problem
Wha is the probability thgt the spinning pointer will stop

S ‘at an evgn number? - )
y,

(2) What 1g ) probability of obtaining a 6 or a 1 on one
:f-4roll of a.cube with. numbered faces? .
(b) " ‘What 1s the probability of not getting a 6 or a 1 on‘one
roll of & cube, withfhumber d faces? C ‘
1@13 and two red bails.
m%‘afc is the’probaﬁiliniof not'picking: a red ball in .one

g
P .

° BT - . ' ’ v e

’ T N - - L
- . : - 3 . . . - -~ w
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draw? | o |

6.  {a) What is the sum of the probabilities in Problem 4 (a)
and (b)? Can you interpret this as the probgblility of a

certain .event‘? e : .

(b) What is the sum of* the probabilitles in Proﬁlem 5 (a) and

(b)° Cén you interpret this as the probability of a cer-
tain evenga ' o | . | .
(c) Could you use the infermation which you ha e obt%}ned in
N parts (a) and (b) to solve Probelm 4(b) fromthe results
in Problem 4{a) and to solve Problem S(b) froh the re-
i . sults in Problem 5(a)° Lo
7. Let A e any event. ILet B be the event "A does not
-oeeur"‘f'wfiﬁe an equation which relates P{A) and P(B).
8. A bag eentains 3 white balls and 2 red balls. S
, - a) What 1s the probability .of drawing @ :;:eeg ball on-the
' first draw9 _‘ T o ,
(e) Seppese a white ball ie drawn on’ the firstgattempt angy
| not put back in’ the bag ‘What 1is the probability of now.
e - . drawing a red ball en the next’ draw? ot
Note: This 1s an example of Sampling without replacements -
;‘After the first event happened, in this case a_ white ball- was
wdrewn, it was net replaced _ o s

'
; . ' 12-¥ Independent Events ,

\ In the preceding discd%sien a formula was used to find proba-
bilities when ghe evente were mutually exclusive. This 1is one way
to de such a problem. We will riow study a fermula for p bability

' when one event has no effect upon another evept that is the. two\\

t
events are indgpendené of each other,

/\> R ) ) ' * “ - . o '
. ‘ : ¢
3 ‘ : . ‘
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Consider the tossing of a coin and the spinning of a pointer
of & dial with 1, 2, 3 and 4, equally spaced. If the coin is
tosséd no matter what side of the coin appears up, this outcome

has no effect upon the outcome of the spinning pointer. This is
an example of 1ndependenc§.§ If we let A be the event of a head

coming up when the coin is tossed and B be the event of the
pointer stopping at 4, then A and B are independent events,

v

& we¥wish to find the prdg;;;lity of a head appearing and the
pointer stopping at 4 we are looking for the probability - that both
events wiflNoceur. If we let "A and B' stand for the event "both
§ and B pccur” then we are looking for - P(A apd B). |

‘ By 1sting all_possibllities we obtain the following:
EH ‘1 H-2,H-3, H-4, T -1, T-2,T-.3, P-4} .,
pThe desired event is (H - 4} , one of eigh:possible outcomes.

Thus, - ®(A and B) %— .

\ ©

. We can also solve the problem by finding P(A) and also
P(B) L : |

P(8) =4, 2(m) - ¢ /
Notice that £ x § = § which 1s the probability that &8 found ror s
event (A ahd B) . In practice'it is generally easier to use a
formula for this type of probability problem. . o
Property. If event A and event B are ﬁwo independen§
events, ; o ‘ | T e . .
~ then - P(A and B) = P(A) - P(B)
N -Example: You are taking a test of multiple choice questions
| where there are 5 choices of answers’ for each questions You have .
answered ‘@11, the quégti ns ‘execept Questions 7 and 9 which are
troublésome By eliminadtion, you know that the_correct answer for
‘7 s one.of 2 selectians, and the correet answer for ¢ is one of 3
selections You decide to guess‘_ Find; the . probability Qf getting

7 and G correct é

A
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Iet"A be tne event that you ‘choose the correct answer for_' |
Question 7, and B be the event that you cnoose the.correct. answer
for Question 9. Events A and B are independent. Why?) We are
'asking for - P(A and B) . ‘By.the property we'know that
| P(A and B) = P(A) p(B) .

We also know that P(A) =n§‘, :(Wny? What does it mean to guess“?)

.élso‘ P(B) --%a. Thereforeﬂ o T | —
| P(AandB)=§ -3 z. - N
| The probability of getting both Queetione 7 and 9 correct by guess-
work 1is 6 : . .

_ tlfxerciSes 12-4 |
1. You toss a ooin twice in succession." ILet A be the event of
' heads coming up on the first tess of the coin. Let B be the
event of heqde EQming up on the second toss.
(a) Are events A and E independent? Explain
- (p) Use the appropriate property to £ind the' probability that
. the coin will come wp heads on both tosses., : <
2. (a) Can you state a property like the one in this section
which holds for 3 independent events?  Can you state.a |
I property wnich_ﬁolds fpr'foqrfindependentfeven?g2' For any
number of-independent events? S o Y
(b)' Find the probability of. heads ooming:up.eachgof?nine_suc-_
. \' cessive tosses of a coin. ' : ‘ '

Which-of the foliowing pairs of events are independent? -

(a) 'Pieking a black ball in two draws| from a bag contairning -
blaok and whlle palls if you do not replace- the first ball
drawn : ‘ :

(b) Pleking d black ball in two draws from & bag containing

.. black and white balls if you repla e the first ball drawn

(c)y’Going to school and becoming a lawyer, :

(a) Throwing a.3 on a cube with numbered. faces and tossing a

)
L]

"+ head on a coin. | . .o . )
N (e)i'The event of a day. being sunny and the evenp of 1t being ?

- eloudy\ o : o IR - ‘Ak;

L e
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4,  Your basket-ball team is to play team A and team B on two
" ' successive dates. It 1s estimated that*the probability of
winning over A 1s 1/2 and over B 18 2/5.
(a) ‘What 1is the probability of your team winning both games?.
(b) If your team won the first game, what i1s the prcbability
of winning the eeccnd? ' '

5. , | :
the four the six -
gsectlions sections
are equal. are equal.

| Dial A : Dial B

(a) Both pointers are made to spin. Assuming both are honest, .
' what 1s the probability that botlk will stop on red?
(b) What is the probability that both will stop on green?
(¢) What 1s the probability thdt A stops on white and B’
stops on blue? o
6. If you have a cube with numbered faces and a deck of cards
what 1is thecprobability of throwing a four and drawing a sgece?
T, If you have ‘a bag of 5 black balls and 4 white balls, what is
. the chance of drawing 2 white, ‘balls from the bag 1f ore, 18
% drawn%d then réplaced?
8. In pProblem - ‘T, what is the chance of drawing two white balls if.
‘ the first one: is not replaced? :
- 9. Ifa committee of 3 1s to be chosen from a class of 20 children
and each child is as 1ikely to . be ipcsen as any other child,
what is the chance of you and ycur two best friends to be

chcsen? ’ S o, ‘ v
.. 10. A certain prcblem is ‘to be solved. The chance that one man
R ' :will solve the problem is 2/3, The chance that another man

‘%111 solve the problem is 5/12. What is the chance that the
problem not be solved when, bcth men -are independently wcrking
. of 1t? What 1s the chance that it will be solved*

*1W% When six coins are tcssed, what is. the chance that at léast orie
| coin will turn up a head? ‘ | . :

-
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12. BRAINBUSTER

‘ Ten slips of paper numbered 1. bo 10 are put in a hat and tho-

' roughly mixed. Two slips of paper are drawn by a bl;ndfolded_

:  persQn. What iéithe probabllity '

v (a) That the numbers arz both even? . |

(b) That the sum of the two numbers is even?

(e) That the sum of the two numbers is divisible by 37

(a) That the sﬁm of the two numbers 1s less than’ 20?
. . '(é)- That the sum of the twofnumbers is more than 207 4 °
- 13. BRAINBUSTER : - : . (

| . From a deck of playing cards, five cards are drawn. What is

‘the probability that ot
{a). four of the cards are aces” ' .
(b) the hand contains an ace, a king, a queen, a Jack and a
" ten? | y
14, BRAINBUSTER .} - \

(a) A penny, a'hickle; a dime and a‘quarter'are thrown and

exactly two come up heads. What_is.the probabili that . -

t ) . one of those coming up a head is the dime? b
(b) -If the same four coins Are thrown and exactly three comef
: up heads, whatvis the probability that one - of the threeis
the dime? . U S
15. BRAINBUSTER I YA _ |
Five different coins are thrown (a half doller in ‘addition to™
ﬁhose above). What is the’ probability of each of the Tollow-

yl

ing? o . . f _
(a) 1If eiactry.three_come.up heads one is a dime and.énéfis.a |
| aquarter. o | .

, (b) 1If exactly two come up heads gne 1% a dime. S

) ~ (c) That exactly two come up heads and'bqg of these 1s the

© dime. L . \ .", i_ -
(d) That exactly three come up Heads and two of thesé are &
- dime and a quarter. oy oo - . '
16. BRAINBUSTER . | S LS

f; o <There ‘are ten sticks Cne is an inch 1ong, one is 2 inches
long and SO on up to +ten inches’ long A persop pickg up three
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of these sticks without looking. What is thé probability that
he dan form a triangle with them? '
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