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PREFACE

Mathematics is such a vast and rapidly expanding field of study that there
are inevitably many important and fascinating aspects of the ;ubJect which,
though within the grasp of secondary school students, do not find a place in the
curriculum simply because of a lack of time.

Many clesses and individusl students, however, may find time to pursue
mathematical topics of special interest to them. This series of pamphlets,
whose production is sponsored by the School Mathematics Study Groupy is designed
to make materisl for such study readily sccessible in classroom quantity.

Some of the pamphlets deal with material found in the regular curriculum
but in a more extensive or intensive manner or Trom & novel point of view.
Others deal with topies not usually found at &ll in the standard curriculum.
It is hoped that these pamphlets will find use in classrooms in at least tvo
ways. Some of the pasmphiets produced could be used to extend the work done by
& class with a regular textbook but others could be used profitably when teachers
want to experiment with a treatment of a topic different from the treatment in the
regular text of the class. In all cases, the pamphlets are designed to promote
the enjoyment of studying mathematics.

Prepared under the supervision of the Panel on Supplementary Publications of the
School Mathematics Study Group:

Professor R. D. Anderson, Department of Mathematics, Louisiana State
University, Baton Rouge 3, Louisiana

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301
Dr. W. Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02160
Mr. Thomas J. Hill, Montclair State College, Upper Montclair, New Jersey

Mr., Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at
2lst, Philadelphia 36, Pennsylvania 19103

Professor Augusts Schurrer, Department of Mathematics, State College of Iowa,
Cedar Falls, Iowa

Dr., Henry W. Syer, Kent School, Kent, Connecticut
Professor Frank L, Wolf, Carleton College, Northfield, Minnesota 55057

Professor John E. Yarnelle, Department of Mathematics, Hanover Coliege,
Hanover, Indiana
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FOREWORD

This booklet introduces simple and fundamental ideas of '
mathematics. Basic properties of nodular number systems are used
to discuss axioms for all number systems and then these axioms
are investigated for some non-numerical examples, This materiasl
would be most appropriate for the junior high school level, but
could be used at higher grade levels. A separate teachers
commentary with answers is aveilable.

As background the reader needs only some facility in the
arithmetic of the positive whole numbers and zero. The most
important attitude to bdbring to the booklet is the willingness
to play with new ideas; to be open-minded about mathematics that
seems, at first, to contradict old arithmetic; and to enjoy the
learning of games with new rules.

This material was originally published as part of the texts
for Junior High School Mathematics by SMSG.
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MATHEMATICAL SYSTEMS

1. A New Kind of Addition

The sketch above represents the face of a four-minute clock. Zerc is
the starting point and, also, the end-point of & rotation of the hand.

With the model we might start at 0 and move to a certain position
(numeral) and then move on to another position Jjust like the moving hand of
a clock. For example, we may start with 0 and move % of the distance
around the face. We would stop at 2. If we follow this by a ]lI rotation
(moving like the hard of a clock), we would stop at 3. Another time sfter a
rotation of }2: from O we could follow with s %— rotation. This would
bring us to 1. The first exsmple could be written 2 + 1 gives 3 where the
2 indicates % of a rotation from O, the + means to follow this by
another rotation {like the hand of & clock), and the 1 means % rotation,
thue we &arrived at the position marked 3 (or % of a rotation from O).
The second ext: =~ .;uldbe 2 + 3 gives 1 where the 2 and + still
mean the same as in the first . mmple and the 3 means & rotation of %
A common way to write this 1s:

2+ 3#1 (mod &)
which is read:
Two plus three is congruent to one, modulo 4,

or
Two plus three is congruent to ome (mod k).
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The (mod 4) means that there are four numerals: O, 1, 2, 3 on the face

of the clock. The + sign means what we described above; this is our new

type of addition. The B between 2 + 3 and the 1 indicates that 2 + 3
and 1 are the same (that is, "equivalent") on this clock. We call this
briefly "addition (mod 4)." Of course there are other possidle notations

which could be used but this is the usual one. The expression "(mod 4)" 1is
derived from the fact that sometimes 4 1s called "the modulug" which indicates
how many single steps are taken before repeating the pattern.

Example 1: Find 3 + 3 (mod 4).

3+3®2 (mod &)

Example 2: Find (2 + 3) + 3 (mod 4.

2+ 3m1 (mod &) 1+3m0 (mod &)
(2+3) +381 +3mM0 (mod &)

The following table illustrates some of the addition facts in the
(mod 4) system.

(Mod &) 4
+ 1 2 3
0 1 2
I 3 0
— 2 1
0
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We read & table of this sort by following across horizontally from any
entry in the left column, for instance 2, to the position below some .entry
in the top rov, such as 3 (see arrows). The entry in this position in the
table is then taken as the result of combining the element in the left column
wvith the element in the top row (in that order). In the case above we write
2+ 3ml (mod &), Use the table to check that 3 + 1 ® O (mod 4).

Example 3: Complete the following number sentences to make them true
statements.,

(a) 3+L4m? (mod5)
The mod 5 system represented by the fece of a clock should have
five positions; namely, O, 1, 2, 3, and 4. If you draw this clock
you will see that 3 + 4 m2 (mod 5) since the 3 means a rotation

of % from 0. This is followed by & -g- rotation which ends at 2.

(v) 2+3m 2 (mod5)

2+3m0 (mod 5). This is a -;— rotation from 0O followed by a

% rotation which brings us to O.

(c) 4+3m? (mod6)
In the mod 6 system, the positions on the face of the clock are
marked O, 1, 2, 3, 4, and 5. If you draw this clock you will see
that 4 + 3= 1 (mod 6).

Exercises 1

1. Copy and complete the table for addition (mod 4). Use it to complete
the following number sentences:
() 1 + 3= 7 (mod &) (e¢) 2+ 237 (mod &)
(b) 3+ 3m? (mod &) (@) 2+ 3m? (mod L)

2. Make & table for addition (mod 3) and for addition (mod 5).

3. Use the tables in Problem 2 to find the answers to the following:
(2) 1 +2=m? (mod 3) (¢) 2+ 2 m? (mod 3)
(b) 3 +3m? (mod5) (d) 4+ 3m 7 (mod 5)




L. Make vhatever tables you need to complete the following number sentences.
() 5+ 3m? (mod 6) (¢) 3+6m? (mod 7)
(®) 5+ 5=? (mod 6) (d) 4+ 5m? (wod 7)

Note: Be sure to keep all the tgﬂles you have made. You will find use
for them later in this pamphlet.

5. Find a replacement for x to make each of the following number sentences
& true statement.

(8) 4+ x ®m0 (mod 5) (¢) 3+ xm2 (mod 5)
(d) x+ 1m2 (mod 3) (£) x+ w3 (mod 5)
(¢) 1 +xm2 (mod 3) (g) x+2m0 (mod 3)
(d) 2+ x®mh (mod 5) (h) 4+ xmh (mod 5)

6. You have a five-minute clock. How many complete revolutions would the
hend make if you were using it to tell when 23 minutes had passed?
Where would the hand be at the end of the 23 minute interval? (Assume
that the hand started from the O position.)

7. BSeven hours after eight o'clock is what time? What new kind of addition
did you use here?

8. Nine days after the 27th of March is what date? What new kind of
addition did you use here?

2. A New Kind of Multiplication

Before considering a new multiplication let us look at & part of a
multiplication table for the wvhole numbers. Here it is:

'

X 0 1 2 3 L 5 6

0 0 0 0 0 0 © 0

1 0 1 2 3 4 5 6

2 0 2 4 6 3 10 12

3 0 3 6 9 12 15 18

4 0 N 8 12 16 20 24

— 5 0 5 10 15 20 2% 30
6 c 6 12 18 ok 30 36




If we had this table and forgot what 5 times 6 4s equal to, we could look
in the row labeled 5 and the column labeled 6 and find the answer, 30,
in the Serow #ud 6-column. (see arrows above). Of course it is easier to
memorizge the table since we use it so frequently, but if we had not memoriged
i{t, it might be a very convenient thing to have in our pocket for easy
reference. ‘

How would you make such & table if you didn't know it already? This
would be quite easy if you could add. The first line is very easy -- you
write & row of zeros. For the second line you merely have to know how to
count. For the third line you add 2 each time; for the fourth line add
3 each time, end so forth.

Now, if we use the came method, we can get a multiplication table
{mod 4). First block it out, filling in the first and second rows and

columns:

(Mod L)
x 0 1 2 3
0] 0 0 0
0 1 e
—_— 0 2
0 3

We have just four blanks to fill in. To get the 2-row ({indicated by the
arrow sbove), we add twos. Thus the third entry (wnich is 2 X 2) is
2+ 2 %0 (mod k). Then our first three entries will lock like this:

2 }lo 2 o

e e 1 Gy s

To get the fourth entry, we add 2 to the third entry, Since 0 +2H?2 (mod 4),

the complete 2-row 1is now
2 lo 2 o =2

For the last row we will have %o s8dd threes. Here 3 + 3@ 2 (mod 4) and
3+ 281 (mod &), So the complete table is:

X 0 1 2 3

0 0 0 0 0

1 ¢ 1 2 3

2 0 e 0 2

3 0 3 2 1
P
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Now consider one way in which this table could be used. Suppose a lamp
has a four-way switch so that it can be turned to one of four positions:
off, low, medium, high., We might let mumbers correspond to these positions
as follows:

off low medium high
0 1 2 3

If the light were at medium and we flicked the Lwitch three times, the light
would be at the low position since 2 + 3m 1l {mod 4). Suppose the light
were off and three people flicked the switch three times each; what would be
the finai position of the light? The answer would be "low" since

3-3%1 (mod 4) and the number 1 corresponds to “"low".

Consider an ap;lication of another multiplication table. A Jug of Juice
lasts three days in the Willecox family. OCne Saturday, Mrs. Willcox bought
six jugs which the family started using on the following day. What dsy of
the week would it be necessary for her to purchase juice again? Of course it
would be possible to count on one's fingers so to speak: 3 days after
Saturday is Tuesday, 3 days after Tuesday is Friday, etc. But it is much
easier if we notice that since there are seven days in the week, this is
connected with multiplication (mod 7). We could let the number O
norrespond to Saturday since this is the day we start with and so on as

follows:

Sat. Sun. Mon. Tues. Wed. Thur. Fri.
0 1 2 3 " 5 6

Now we need to find what 6:3 is {(mod 7). We do not need the complete
multiplication table since we are trying to find a multiple of 6. So we
compute the 6-1ow in the usual way by adding sixes, using the addition
table {(mod 7) which we constructed for Problem 4 of the previous set of

exercises.
(Mod )
1 0o 1 3 5 6
o] 0 0 0 0 o) 0
6 c 6 5 I 3 2 1

£
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This means that 6+ 3 8 4 (mod 7) and since Wednesday corresponds to U4,
it follows that Mra. Willcox would next have to buy Jjuice on a Wednesday.
Actually we did not really need to construct all the 6-row.

Exercises 2

1. (a) Make a table for multiplication (mod 5).
(b) Make a table for multiplication (mod 7).
(e} Make a table for multiplication (mod 6).

Note: Keep these tables for future use.

2. Complete the following number sentences to make them true statements.
You may find the tables you constructed in Problem 1 useful.
() 3x2m? (mod 5) (d) 1+ (3 x4)m? (mod 6)
(b) 3 x4 =? (mod 6) (e} 5+ (6x5)m ? (mod 7)
(¢) 6 x4 =7 (mod 7)

3. Find a replacement for x to make each of the following number
sentenu.s & true statement: (Draw the clocks if you need them to find
the answer.)

(8) 5.10= x (md 11) (e) (3+4) + 2mx (mod &)
() 7133 x (mod 15) (@) (4-7) +11m x (mod 13)

L, (a) Find the date of 10 weeks after December fourth.
(b) In 1957, Sugust sixth was a Tuesday. What day of the week was
August sixth in 195972

5. Form a tatle of remainders after division by 5, where the entry in any
rov and column is the remainder after the product is divided by 5.
For instance, since the remainder is 1 when 2+3 4is divided by 5,
we will have 8 1 in the 2-row and 3-column (see arrows). We have
written in a few entries to show how it goes. For instance, to get the
entry in the 2-row and L-column we multiply 2 by 4 to get 8
and since the remainder wvhen 8 1is dividedby 5 is 3, we put 3 in
the 2-row and U4-column. Complete the table:

0 1 e g L
4] 0 0 0
1 ¢ 1 2 3 4
— 2 0 2 1 3
3] o 3 4
4 0 L 3
7
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€. Do you notice any relationship between the table of Problem 5 and another
you have found? Can you give 'ny reason for this? How can this be used
to make the solution of some of the problems simpler?

¥ 7. Use the multiplication table (mod 5) to find the replacement for x

to make each of the following number sentences & true statement:

(a) 3xm1l (mod 5) (d) 3x m 4 (mod 5)
(b) 3%xm 2 (mod ») (e) 3x MO (mod 5)
(¢) 3x = 3 (mod 5)

¥8., If it were (mod 6) instead of (mod 5) 1in the ; evious problem, would
you be eble to find x in each case? If not, which equivalences would

give some value of  x?

3. What is an Operation?

We are familisr with the operations of ordinary arithmetic -- addition,
multiplication, subtraction and division of numbers. In Section i, s
different operation was discussed. We made a table for the new type of
addition of the numbers O, 1, 2, 3. This operation is completely described
by the table that you made in Problem 1 of Exercises 1. That is, there are
no numbers to which the operation is applied except those indicated and the
results of the operation on all pairs of these numbers are given. The table
tells vhat numbers can be put together. For instance, the table tells us that
the number 5 cannot be combined with any number in the new type of addition
since "5" does not appear in the left column nor in the top row. It also
tells us that 2 + 3 %1 (mod L), Study the following tables:

¥ vill be used on exercises to indicate slightly greater difficulty.

o]




(a) |

+J1 2 3 & 5 (@) Ol1 2 3
112 3 & 5 1 13 1 2
213 4.5 1 2 21 2 3
3t 5 1 2 3 312 3 1
4ys 1 2 3 &
511 2 3 & 5
) +f 3 5 7 9 (e) Al1 2 3 4 5 6
3 6 8 10 12 1f1T 2 3 4 5 6
5 8 10 12 1k 2)l2 4 6 1 3 5
7110 12 14 16 313 6 2 5 1 &
9] 12 14 16 18 L4 1 5 2 6 3
50 3 1 6 L4 2
t6l6 5 4 3 2 1
(¢) DJ O 1 2 3
olo 1 2 3
12 3 & 5
2l s 5 6 7
36 7 8 9

So far the only operations we have had have been called multiplication
or addition. Here in (e¢), (d) and (e) we have different operations
and so we use different symbols: O, © , and A.

From each one of these tables we can find & certain set {(the set of
elements in the left column and top row) and we can put any two elements of
this set together to get one and only one thing. For instance, in Table (a),
the set is {1,2,3,4%,5] since these are the numbers which appear in the left
column and top row. These are the only numbers which can be put together
by Table (a). In Table {(b), the set is {3,5,7,9}. What set is given by
Table (c)? by Table (d)? by Teble (e)?

Here are some examples from £he tables:

34+ 5=13 {n Table (a),

3+ 5 =23 4in Table (b},

201=5 and 202 =6 1in Table (c). Read "2 square 1 equals 5",
1O1 =13 in Teble (d). Read "1 ecircle-dot 1 equals 3."

5A 2 =3 in Table (e). Remad "5 triangle 2 equals 3."

-
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In each case we had a set of elements: in (a) the get is (1,2,3,4,5);
in (d) it was (1,2,3). We also had an operstion: in (a) it was +;
in (4) it vas @ . Finally we had the result of combining any two elements
by means of the operation; in (a) the results were 1, 2, 3, 4, or 5; in
(c) they were 0, 1, 2, 3, b, 5, 6, 7, 8, 9. All of these operations are
called binary operations because they are applied to two elements to get &
third. So far the elements have been mumbers but we shall see later that
they do not need to be.

The two elements which we combine may be the same and the result of the
operation may or may not be an element of the set but {t must be something
dffinite -- not one of several possible things.

You are already familier with some operations defined on the set of whole
numbers.

Any two vhole pumbers can be added. Addition of 8 and 2 gives 10.

Any two whole numbers can be multiplied. Multiplication of 8 and 2
gives 16.

Addition and multiplication are two different operations defined on the
set of whole numbers.

In discussing subtraction, for instance with whole numbers, it is
convenient to look ahead to later work in mathematics. The expression
"6 ~ 9" is not the name of anything you have used in this pamphlet. That is,
it is not now possible for us to combine & and 9 (in that order} by
subtraction and get "a definite thing" and you may wonder whether or not
subtraction of whole numbers is an operation. In fact, you may already kmow
that there is "a definite thing" (in fact, a number) which is called "§ - 9",
With this in mind, we will consider subtraction a binary operation defined
on the whole mumbers (or rational numbers, etc.), even though we are not yet
acquainted with all the results obtained from subtraction.

When an operation is described by a table, the elements of tﬁe set
are written in the same order in the top row (left to right) and in the left
column (top to bottom). Keeping the order the same will make some of our
later work easier.

10




We must also be careful about the order in which tw elements are combined.
For example,
For this reason, we must remember that when the procedure for reading a table
was explained, it was decided to write the element in the left column first
and the element in the top row second with the symbol for the operation between
them. We must examine each new operation to see if it is commitative and

assoclative,

An operation % defined on a set is called commutative if, for any
elements, a, b, of the set, a %¥b =1 % a.

An operation ¥ defined on a set is called associative if any elements,
&, b, ¢, of the set can be combined as (a % b) % ¢, and also as
a % (bx c), and the two results are the same: (a % b)x% c=2a % (b %¢c).

Exercises ;

1. Use the tables in the text to answer the following questions.

() 3+ 3 =7 1if we use Table (a).
(b) 3+ 3 =12 1f we use Table (b).
(¢) 302=12
(d) 203 =272
(e) 202=1?
(£) 1@1="7¢

(g) (203)O 3
(b) 2 @(303)
(1) (1o1yaez
(» 10002
(k) 24344
(1) (2a3)al

n

n o
L I . R

1

n

2. (a) which of the binary operations described in the tables in this

section are commutative?

(b) Is there an easy way to tell if an operation is commitative when
you examine the table for the operation? What is it?

11
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3. How can you tell if . cperation is associative by examining a table for
the operation? Do you think the operations described in the tables in
.this section are associative?

k. Are the following binary operstions commitative? Make at least & partial
tabie for each operation. Which ones do you think are sgssociative?

(a) Set: All counting numbers between 25 and 75.
Operation: Choose the smaller number.
Example: 28 combined with 36 produces 28.

(b) Set: All counting numbers between 500 and 536.
Operation: Choose the larger number, or, if the two numbers are
equal, choose either.
Example: 520 combined with 509 produces 520.

(¢c) set: The prime numbers.
Operation: Choose the larger number, or, if the two numbers are
equal, choose either.

(d) Set: All even numbers between 39 and 61.
Operation: Choose the first number.
Example: 52 combined with 46 produces 52.
46 comdbined with 52 produces UL6.

(e) Set: All counting numbers less than 50.
Operation: Multiply the first by 2 and then add the second.
Exsmple: 3 combined with 5 produces 11, since 2-3 + 5 = 11.

(f) Set: All counting numbers..
Operation: Find the greatest common factor.
Example: 12 combined with 18 produces 6.

(g) Set: all counting numbers.
Operation: Find the least common multiple.-
Example: 12 combined with 18 produces 36.

(h) Set: All counting numbers.
Operation: Raise the first number to & power whose exponent is
the second number.
Example: 5 combined with 3 produces b3.
5. Make & table for an operation that has the commutative property.
6. Make up a table for an operation that does not have the commutative

property.

12
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We have been discussing binary operations. The word "binary"
indicates that two elements are comdined to produce a result. There are
other kinds of operations. A result might be produced from a single
element, or by combining three or more elements. When we have a set
and, from any one element of the set, we can determine a definite thing,
we say there is a "unary operation' defined on the set. If we combined
three elements to produce a fourth we would call it a "ternary operation”.
One example of a ternary operation would be finding the greatest common
factor (G. C. F.) of three counting numbers: e.g. the G. C. F. of 6,

8, and 10 1is 2.

% 7. Try to show & way of describing the followlng unary operation by some
kind of & table.

3et: All the whole numbers from O to 10.
Unary Operation: Cube the number.

Example: If we perform the operation on % we get 53 = 125,
4. Closure

(a) ¥ 1 2 3 4 5 {e) OO0 1 2 3
12 3 L4 5 1 ojo.1 2 3
23 4 5 1 2 1l2 3 L 5
3ty 5 1 2 3 el 4 5 6 7
L » 1 2 3 4 316 7 8 9
Sy 2 3 4 b

(b) * 3 5 7 9 (a) @1 2 3
3 6 8 10 12 113 1 2
5 8 10 12 14 2y 1 2 3
7110 12 1k 16 312 3 1
9f 12 14 16 18

Study the Tables (a) and (b). In Tsble (a) the results of performing
the operestion are the pumbers which were combined by the operation, namely
1, 2, 3, 4, 5 over sgain., But in Table {b) the results of performing the
operation were different numbers from those combined (6, 8, 10, etc.
instead of 3, 5, 7, 9). We have seen this kind of difference before,

13
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and we have a name for it. We have said that the set of whole nunbers is
*closed under addition" because if any two whole mumbers are cazbined by

edding them, the result is a whole nunder. In the same way the set {1,2,3,4,5)
in Tedle (a) is closed under the new type of addition there since the results
of the operation are again in the same set.

However, the set of o0dd numbers is not closed under addition since the
result of adding two odd numbers is pot an odd mumber. In the same way, in
Table (b) the get (3,5,7,9) 1s not closed under the opersation of sddition
given there since thé result is not one of the set (3,5,7,9).

Example 1:

The set of whole numbers: (1,2,3,4) 1is not closed under
multiplication because 2 «3 = 6 which is not one of the set. Of course
1-2 =2 is 1in the set but for a get to be closed the result must be in
the set no matter what numbers of the set are combined.

Bample 2:

The set of all vhole numbers is closed under miltiplication because
the product of any two whole numbers is a whole number again.
Example 3:

The set of whole numbers is not closed under subtraction. For
example, consider the two whole numbers 6 and 9. There are two
different ways we can put these two numbers together using subtraction:
9-6 and 6 -9. The first numeral, “9 - 6", 1is a name for the
vhole mumber 3, but the numeral "6 - 9" {5 not the name of any whole
number. Thus, subtracting two whole numbers does not always give s
vhole number, .

Example L:

The set of counting numbers is not closed under division. It is
true that gn 8+ 2 1s a counting number, but there is mo counting
rumber -g Can you give some other illustrations of closure, that is,

sets closed under an operation and sets not closed under an operation?

14



Exasple 5:

What can we say adbout a set S of counting numbers which 1is closed
under addition and which contains the number 37 What other numbers
must it contain? Since 3 is in 8§, 3 + 3, or 6, must also be in
S. Stnce (3 +3) and 3 aremembersof S, (3+3)+3=26+3 =20
must be in S. Since (3 +3+3) and 3 arein S, (3+ 3+ 3) +3=
9+ 3 =12 must also be in 8. We can continue adding 3 to the
resulting numbers to see that 3k must de in S for any counting
number k. Thus § must contain all of the multiples of 3. What is
“. "~ gsmallest set 5 of counting numbers containing 3 and closed under
acdition? As we have seen § must contiin all multiples of 3. What
if S contains only these numbers:

8 = (3,6,9,12,...}.

Is S closed under addition? Is the sum of any two multiples of 3 =&
multiple of 37 If k and m are counting numbers, is 3k + 3m a
multiple of 3?7 The answer is yes, of course, since, by the distributive
property of multiplication over addition,

3k + 3m = 3(k + m).

Thus, S = {3, 6, 9, 12, ...} 18 closed under addition, and is the
smallest set closed under addition, which contains 3. We call S the
set generated by 3 under addition.

Example 6:

We could ask the same questions sbout multiplication which we asked
about addition in Example 5. What is the smallest set closed undey
multipiication and containing 3?7 Such a set certainly must contain

3,
3'3:325
332 (3-3)3 =33,

4

33+3=20(3-3)-3)-3= 3",
and so on.

That {s, every number 3k, wvhere k 1s a counting number, must dbe in
the set., Is the gpet T = {3,32,33,...} closed under multiplication?

If n and m are counting numbers, is 3n. 3m 8 member of T?

15
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Write
n factors
3" = 334403,
m factors
o P e ——
3 =3°3° 4003,

n m

'

+n

-

n > 3 n+m

n
3?3030 3573 ...3=3°3°2..°3=3 .

Thus 3n ‘3m = 3n +m is a power of 3 also, so if 3n and 3m are
in T so is their product. Thus

T = (3,35,33,3%,...]

is the smallest set closed under multiplication and containing 3.
We call T the set generated by 3 under multiplication.

Following Examples 5 and 6 we say that the set generated by an
element a under an operation # 1is the set

(a, axa, (a%a)¥a, [(a%a)% a] %a, ...].

Exercises &4

Study agsin Tebles (a) - (d) in this section. Which tables determine
a set that is closed under the operation? Which tables determine a set
that is not closed under the (peration? How do you know?

Which of the sets below are closed under the corresponding operations?

(8) The set of even mumbers under addition.

(b} The set of even numbers under multiplication.

{c) The set of odd numbers under multiplication.,

(d) The set of odd numbers under addition.

(e) The set of multiples of 5 under addition.

(f) The set of multiples of 5 under subtraction.

(g§) The set (1,2,3,%) under multiplication (mod 5).

(h) The set of counting numbers less than 50 under the operation of
choosing the smaller number.

(1) The set of prime numbers under addition.

(§) The set of numbers whose numersls in base five end in "3" under
addition.

16
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3. Find the smpallest set of counting numbders.

() closed under mddition and containing 2.
(b) closed under multiplication and containing 2.

L, {a) Find the set generated by 7/ under addition.
(b) Find the set generated by 7 under multiplication.

5, lLet S5 be the set determined by Table (d) in this section.
Find the subset of S which is generated by 1 under Q@.
Find the subset of 8 which is generated by 2 under Q.
¥ 6. What subset of the set of rational numbers is generated by 37 Is this
get closed under division? (Is 3 4in the set? Is % in the set? Is
3 -;-% in the set?) Does (3 +3) 4 3 =3+ (3+3)? Is the division

operation associative?

¥ 7. If an operation defined on a set is commutative, must the set be closed

under the operation?

% 8. 'If an operation defined on & set is associative, must the set be closed
under the operation?

% 9, Make up a table for an operation defined on the set {0,43,100} so that
the set is closed under the operation. ‘

%10. Make up a table for an operation defined on the set (0,43,100} so that
the set is not closed under the operation.

5. Identity Element: Inverse of an Element

The product of any number and 1 (in either order) is the same number.
For instance
2x1 =2, 1x2=2, 156 %1 =15, 1 X 15 = 156.
For any number n in the arithmetic of rational nuﬁbers,
n:l=n and len = n,

The sum of O and any mnumber (in either order) gives that same number;
that is the sum of any number and 0 1is the number. For instance

2+0=2, 0+2=2, 4B + 0 = k68, 0 + LB = Led.

For any number n 1{n ordinary arithmetic, n+ 0 =n and O+ n = n.

17




One is the identity for multiplication in ordinary arithmetic.
Zero is the identity for addition in ordinary arithmetic.

Suppose we let ¥ stand for a dimary operation. Some possibilities
for ¥ are the folloving:

1. If ¥ means addition of rational nurbers, 0 is an identity
element because O % & = a = a¥% O for any ratiomal number, a.

2. If % means miltiplication of rational numbers, 1 is an identity
element because 1 # & ~a=a¥l forany rational number.

3. If ¥ means the . eater of two counting numbers, then 1 % 2 = 2
because 2 is greater than 1; 1 ¥ 3 =3 because 3 is greater
than 1; 1% 4 =4 since 4 is greater than 1, etc. In fact

l¥a=a=a#l
oo matter what counting number a is. So ¥ 48 the identity
for this meaning of the operation .

We could state this formally as follows: If #* stands for a binary
operation on a set of elements and if there is some element , call it e,
vhich has the property that

e¥sa=a¥e=a
for every element & of the get » then e 1is called an identity element of
the operation % .

As another example consider the following table for an operation whic’
ve might call #,

*f A B c D

A B c D A

B c D A B

c D A B c

D A B c D
18




Is there an identity element for ¢ ? Could it be A? Is A #B « By
(Regd "A sharp B equals B"). Since, from the table A B = C,
the answer to the question is "no" and we see that A cannot be the identity.
Neither can B be the identity since A@# B is not A. However, D is an
identity for @, since

AdD=D#A
B#D=D#B « B,
C#D=DsgC

D#D=D.

x
&

n
€2
-

Compare the column under D with the column under the $¢. Compare the row
to the right of D with the row to the right of the #¢. vhat do you notice?
Does this suggest a way to look for an identity element when you are given a
table for the operation?

If we have an identity element then we may also have for each given
element what is called mn inverse element. If the operation is multiplication
for rational numbers, the identity is 1 and we call tw rational numbers
e« and b inverses of each other if their product is 1, that is, if each
is the reciprocal of the other.

Suppose the operation is addition (mod 4). Here O is the identity
element and we call two numbers inverses if their sum is O, that is, if
combining the two numbers by the operation gives O. To find inverses (mod &)
for addition form the table:

(mod k)
0 is the identity +4? 0 1 2 3
2+2m0 (mod &) 0 0 1 2 3
3+ 180 (mod 4) 1 1 2 3 0
1+ 380 (mod 4) 2 2 3 0 1
3 3 0 1 2 -

Hore O 4{s its own inverse, 2 is its own inversc, and 3 and 1 are
inverses of each other.

Definition. Two elements & and b are inverses (or either one
is the inverse of the other) under & binary operation ¥ with identity
element e if a¥bs=se and b a =e,

19
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Write sgain the table for # which we had in the beginning of this

section.
* A B c D
A B C D A
B c D A B
c D A B c
D A B c D

Remember that we showed that D 4is the identity element for this table.

Can you find an element of the set ({A,B,C,D) which will make the
statement A =D true? It is C: A#C=D. A and C are inverses

of each other under #¢. Can you find any other elements with inverses under
.~

Exercises 2a
1. Study Tables (a) - {d) in Section 3.

(a) Which tables describe operations having an identity and what is the
identity?

(b) Pieck out pairs of elements which are inverses of each other under
these operations. Does each member of the set have an inverse?

2. For each of the operstions of Problem L, Exe-cises 3;
(a) Does the operation have an identity and, if so, what is 1t?

(b} Pick out pairs of elements which are inverses of each cther unde.
these operations.

(¢) For which operations does each element have an inverse?

# 3. Can there be more than one identity element for a given binary operation?




Ir the operation is multiplication we call inverses multiplicative
{nverses. (The multiplicative inverse of a number is its reciprocal.)
Consider the set of counting numbers with multiplication as the operation.
What elements have multiplicative inverses? Does 5 have a multiplicative
inverse in the set of counting numbers? 1Is % a counting number? The element
5 has no multiplicative inverse in this set. Does 1 have a8 multiplicative
inverse in this set? Yes, it does, for 1«1 = 1. It is the only element of
this set which has & multiplicative inverse, and it is its own multiplicative

inverse., Of course, if we expand the set under consideration to include all

of the rationsl numbers except zero then each element has & multiplicative

inverse. The numbers in the pairs 5 nnd‘%, 1 and 1, % and'% are
multiplicstive inverses of each other. Does 0O have &8 multiplicative inverse?
Is there any number b such that O+«Db = 1%

Recall the (mod 5) multiplication.

X ) 1 2 3 4
0 o) 0 0 0 o
1 0 1 2 3 L
< 0 2 b 1 3
2 0 3 1 N 2
L 0 4 3 2 1

How would we décide what elements of the set {0,1,2,3,4] have

(multiplicative) inverses in this mathemstical system? The identity for
multiplication {mod %) is 1. We would be looking for products which are

the identity, so we should look for ones in the table. There are L4 ones in
the table. 'They tell us that 1.1 =1 (mod 5), 2-3 =1 {mod 5),

3¢ ®m1 (mod b), and L+ =1 (mod 5). (You supply the missing numbers. )
Thus the multiplicative inverse of 2 in (mod ) .is 3. What is the
multiplicative inverse of 3 in (mod 5)7 of 4%

» you see any connection between multiplicative ivverses and the property
of closure under division? Suppose you are given & set S of numbers which
is closed under multiplication and suppeose a 1s an element of S. How would
you know whether {t s possible to "divide by & in S5"? That is, when is it
rossible to divide any element of S (including a) by s and obtasin another

element of 8%

Lo
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First of all, § must contain 1, since a+ & = 1. For instance if S
wvere a set of rational numbers closed under muitiplication, and if % were

in@euﬁthn%+%-l would also have to be in the set.
Second, since 1 isin S, S must contain 1 4 & = é, no matter what

elexent of § a stands for. This means that 1f 2 1s in 8, then L must

2
also be in 8. If % is in S, then 2 must be in 8. S cannot.contain
zero since 1 + 0 has no meaning.

Third, 1f b 1is any element of - 5 and % is in S, then
1 R b
b ;sb-rl a
is an element of S. For instance, if 2 4is in § and % is in S, then
2. % = % is also in 8.

If S 4is to be closed under division it must be possible to divide any
element of S by any element of S. Thus S must contain 1, every
element of S must have a multiplicative inverse in S, and we must be able
to divide every element by every otber'element.

If the system were not commtative, b- % might not be equal to 4% *b

which means that E might mean two different things. So in this booklet we

consider division only when multiplication is commutative.

We can summarigce what we have learned: Iet S be a set of numbers
closed under multiplication where multiplication is commutstive. Then:

If S is closed under division, S contains the number 1, and
every element of § has 8 multiplicative inverse in S. (If a
is in S then % is also in 8.)

Algo, the other way around,

If S contains 1 and if every element of § has its multiplicative
inverse in S, then S5 1is closed under division.

Perhaps you can now see another reason why we call division the inverse
operation for multiplicaiion:

Dividing by a number a 1is the same as multiplying by the
multiplicative inversc of =.

22
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For instance, if § is the set of rational numbers with zero excluded,

is the multiplicative inverse (reciprocal) of 2 and hence multiplying by

= N

alvays gives the same result as dividing by 2. If § were the set of
numbers O, 1, 2, 3, 4 and multiplication were (mod 5) as in the table
above, then, since 3 is the inverse of 2, multiplying by 3 gives the
same result as dividing by 2, that is, the values of x in the two
following equivalences are the same:

1m2x (m0d5); 1l¢3mx (mod5).
In the first case x W1 4+ 2 (mod 5) and in the second x W1 -3 (mod 5).

Everything we have said about division and multiplicative inverses can
be said about subtraction and additive inverses. Here agaln we consider
subtraction only when addition is commitative in the system. Consider first
{mod 4) subtrsction. What is 3 - 1 (mod 4)? Since subtraction is the inverse
operation for addition, to find 3 - 1 (mod 4) we must find the missing
number in the sentence ? + 1 M 3 (mod 4).

+ 0 1 2 3
0 0 1 2 3
. 1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

To f£ind the answer from the Teble notice that, since the table gives sums,
the 3 will be inside the table, and sinee 1 1is the number which is added
it will appear at the top of the table. If we look down the l-column until
we find a 3, we see that it is in the 2-row. So 2 1is the number which,
when you add 1 to it, you get 3. Since the system is commtative, the
answer to 1 + 7 ®3 (mod 4) 15 also 2; that is, if we look slong the
l-row until we see a 3, 1t will be in the 2-column. If the system were
not commtative 3 - 1 would have two meanings, which would be awkward.

what is 2 - 3 (mod 4)%? What number must re add to 3 in (mod 4) to obtain
27 We see from the table that 3 + 3 M2 (mod 4), so 2 - 3 &3 (mod 4).
What is 1 - 3 (mod 4)7



Now let us ask another kind of question. Is there any number which we
can add to 2 to obtein 2 - 3 (mod 4)? Now 2 - 3 @3 (mod k) since
2m3 + 3 (wod 4). If ve look at the table we see that 2 + 1 = 3 (mod 4)
and hence

2 -3m2+1 (mod bL).

This means that if we subtract 3 from 2 we have the same result as if we
add 1 to 2. In other words, mdding 1 to 2 gives the same result as
subtracting its inverse, 3, from 2.

In the same way you should show that

1 -3=1 +1 (mod &)
3-1®3+3 (mod &).

From the first two of these examples it appears that, in (mod 4), subtracting
3 produces the same result as adding 1. Is this always true in this system?
Is 0-3mM0+1 (mod4)? Is 3 -3@3+ 1 (modk)?

What 1is the relationship between 1 and 3 in (mod 4)7 Since
1+ 30 (mod 4), and O is the identity under addition in (mod 4), what
do we say about 1 and 3?7 They are additive inverses of each other.

Perhaps you can guess 8 general principle from this example. We observe
that:

Subtracting a number produces the same result as adding the
additive inverse of the number.

This principle will be true in sny commtative system where we call an
operation "addition" mnd where the elements have inverses. Also, similar to
& property which we have observed for multiplication, we have:

A set which is closed under addition (where addition is commutative)
will be closed under subtraction if it contains O and contains
the additive inverse of each of its members.

Notice that in addition (mod n) we have our first examples of sets
which are closed under subtraction. Nowhere in our study of the counting
numbers, the whole numbers, and the rational numbers have we had additive
inverses, éxcept that in all these systems the number zero is its own additive
inverse.

In the tollowing exercises you will be given the chance to test these
general principles further.




1.

2.

Exercises 5b

(a) Use the multiplication table for (mod 6) to find, wvherever possible,
a veplacement for x to make each of the following number sentences

& true statement:

1-x m1 (mod 6) kx m 1 (mod 6)
2x m 1 (mod 6) S5x # 1 (mod 6)
3x ®1 (mod 6)

(b) Which elements of the set (0,1,2,3,4,5} have multiplicative
inverses in (mod 6)°?

Remember that division is defined as the inverse operation for
miltiplication. Thus, in the arithmetic of rational numbers, the

question "Six divided by two is what?" means, really, "Six is obtained

by multiplying two by what?" We can define division (mod n) 4int. way.

6+ Lm? (mod 5) means (4)(?) = 6 (mod 5)

Copy and complete the following table using multiplication and division
(mod %).

(Mod 5)

multiplicative b - multiplicative)
b 8 inverse of =& b+a8 inverse of a
1 2 3 1l+2m3 1-3 =3
2 2 3 2+ 28E1 2.3 =1
3 2 3 342= 3°3
2 3
3 3
k 3
1 L
2 L
3 L
4 4
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3. Here i3 a table for addition (mod 5).

+ 0 1 2 3 L
0 0 1 2 3 L
1 1 2 3 L )
2 2 3 b 0 1
3 3 4 0 1 2
L 4 0 1 2 ‘3

Copy and complete the following table.

Lk, In the arithmetic of rational numbers which of the following sets ig

(Mog 5)

additive b + (additive )'
b a inverse of a D~a inverse of a
0 1 L O~-1mi O+L4mi
2 1 2~-1H 2+ 4=
b 1
1 2
2 2
3 2
2 k
3 L
L L

closed under division?

(a)
()
{e)
(a)

1
{lsesE)
(1,2,2%,23,...]

The non-zero counting numbers.
The rational numbers,
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5. {a)

(v)

{c)
6. {a)

(v)
(e)

Which of the following sets is closed under multiplication (mod 6)?

{0,1,2,3,4,5) (2,4) (0,1,5} (1,5} (5}

which of the seis in (a) contain a multiplicative inverse
(mod 6) for each of its elements?

Which of the sets ir {a) is closed under division (mod €)?

Which of the sets (A,B}, (c,p}, (8,c,D}, (A, D) is
closed under the operation 4 defined by the table below?

* A B c D
AJ_A A A A
B A A B B
c A B D C
D A B c D

For instance, (A,D) 1is closed under the operation because if we
pick out that part of the table we have the little table

% A D
A A A
D A D

wvhich contains only A's and D's. On the other hand the get
(A,C} 1is not closed since its little table would be

* A C
A A A
c A D

Here the table contains & D, which is not one of the set {A,C].

Is there an identity for ¥ 7 If so, what is it?

which of the sets in {(a) bhas an inverse under % for each of its
elexents?

Which of the sets in (a) 1is closed under the inverse operation

for % ? {(You might use the symbols f for this operation, so

that a-:-bu? means b % ? = a.)

PSART™
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6. What Is a Mathematical System?

The 1dea of & set has been a very convenient one in msthematics but there
is really not a great deal that can be done with just a set of elements. It
is much more interesting if something can be done with the elements (for
instance, if the elements are numbers, they can be added or multiplied), If
we have a set and an operation defined on the set, it is interesting to find
out how the operation behaves. Is it commutative? associative? Ig there
an identity element? Dbes each element have an inverse?

We have seen that different operations may "behave alike" in some ways
(both commitative, for instance). This suggests tbat we study sets with
operations defined on them to see what different possibilities there are. It
is too hard for us to list all the possibilities, but some exmmples will be
glven in this section and the next. These are examples of mathemstical

systems,

Definition. A mathematical system is 8 set of elements together with
one or more binary operations defined on the set.

The elements do not have to be numbers. They may be any objects what-
ever. Some of the examples below are concerned with letters or geometric
figures instead of numbers.

Example 1: Let's look at egg-timer arithmetic -- arithmetic (mod 3)
() There is a set of elements, the set of numbers {0,1,2).

(b) There is an operation + (mod 3), defined on the
set {0,1,2].

Mod 3
+ 1 2 0
1 2 0 1
2 0 1 2
0 1 2 0

Therefore, egg-timer arithmetic {s a mathematical system. Does this system
have any interesting properties?

(e) The operation, + (mod 3), has the commutative property.
Can you tell by the table? If so, how? We cen check some
special cases, too. 1 + 2 MO (mod 3) and 2+ 1m0 (mod 3),
50 1+ 282+ 1 (mod 3),

28
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(@) There is an identity for the operation + (mod 3)
(the numder O0).

{e) Each element of the set has an inverse for the operation +
(mod 3).

Study the following tables.

(a) | A B (e) =~ a g O N\
A A B al a O O \
B A B g|jo O N\ &
Oj 0 N & O
NN A& 0O O
() % P Q R S

‘g
2o}
1443

Exercises é

1. Which one, or ones, of the Tables (a), (b), (c) describes a mathematical

system? Show that your answer is correct.

o, Use the tables above to complete the following statements correctly.

(a) BOA=7 (g) P¥*R=271
(p) A~Q=1 (h) O~Q0Q=1?
(e) N~\=1272 (1) N\~DO=7
{(d) AOE=27" () BOB=21?
(e) Q# R =2? (k) AOCA=21¢
(f) R%# 85 =27 (1) S%8=217

3. Which one, or ones, of the binary operations O, ¥, ~ 1is commutative?

Show that your answer is correct.

4. Which one, or ones, of the binary operations O, % , ~ has an identity
element? What is it in esch case?

29




2. Use the tables above to complete the following statements correctly.

(a) P¥ (Q%R) =? : (£) R%¥(P#8) =1
(b) (P Q)% Ra«? (8) A~ {A~\) =7
{(c) P (Q%5) «2? (h) (A~A)~\ =7
() (P# Q) %8 =1 (1) (O~D)~a =2
(¢) (R%P) #8«=2? () O~{(O~A) =2

6. Does either of the operations described by Table (b) or Table (c) seem
to be assoclative? Why? How could you prove your statement? What
would another person have to do to prove you wrong?

7. (&) 1In Table (c) what set is generated by the element [J7
(t) In Teble (b) what set is generated by the element P?

8. BRAINBUSTER. For each of the following tables, tell why it does not
describe a mathematical system.

) gt 1 2 (c) *ll 2
1 1l 1l 3 1 L
2 1 i 2 3
(v) % 1 2
1 the product of the sum of
3 and 6 2 and &4
2 & number between 0
3 and 8

f. Mathematical Systems Without Numbers

In the last section there were some examples of mathematical systems
without numbers in them. Suppose we want to invent one. What do we need?

We must have a set of things. Then, we need some kind of a binary oper-
ation -- something thst can be done with any two elements of our set. We
have found that the properties of closure, commtativity, associativity, ete.
are very helpful in simplifying expressions. It would be nice to have some
of these properties.
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Iet's start wi i a card. Any rectangular shaped card will do. We will
use it to represent a closed rectangular region. Ilay the card on your desk
and label the corners as in the sketch.

Now pick the card up and write the letter A 8
“A" on the other side (the side that was
touching the desk) behind the "A" you
have already written. Be sure the two
letters "A" are back-to-back s0 they are labels for the same corner of the
card. Similarly, label the corners B, C, and D on the other side of
the card (be sure they're back-to-back with the B, ¢, end D you have
already written.)

D c

What set shall we take? Instead of numbers, let us take elements which
have something to do with the card. GStart with the card in the center of
your desk and with the long sides of the card parallel to the fromnt of your
desk. Now move the card -- pick it up, turn it over or around in any wvay --
and put it back in the center of your desk with the long sides parallel to
the front of your desk. The card looks Jjust the same as it did bérore, but
the corners may be labeled differently (a corner that started at the top may
now be at the bottom, for instance). The position of the card has been
changed, but the closed rectangular region looks as it did in the beginning.
(The "picture" stays the same. Individual points may be moved.) The elements
of ouwr set will be these changes of position. We will take all the changes
of position that make the closed rectangular region look as it did in the
beginning. (long sides parallel tn the front of the desk.) How many of these
changes are there?

We may start with the card in some position which we will call the
standard position. Suppose it looks like the figure below.

leaving the card on your desk, rotate it half way around its center. A
diagram of this change is:

A - B8] half way ) a
around
D c gives: 8 v
31
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Since the letters "A", "B", etc. are only used as a convenience to
label the different corners of the card, we will not bother to write them
upside down. The diagram below represents this change of position, and we
will call the change "R" (for rotation).

A B R: c D
Rotate the
card half

D < way around. B A

What would happen if the card were rotated one fourth of the way around?

D A
A B one fourth
of the way
around
D C ¢ B

Does the card look the same before and after the change? No, this change of
position cannot be in our set, since the two Pictures are quite different.

Are there other changes of position of the closed rectangular region
which make it look the way it did in the beginning? Yes, we can f1ip the
card over in tw different ways as shown by the diagrams below:

vertical axis.

He
D c
Flip the card
over, using a
horigontal axis. A B
|
A ! B Vi B A
: Flip the card
i
I over, using a
D ! C C D
i

Now you know why you had to label both sides of the card so carefully,
Remember, the card only represents a geometric figure for us. Turning over a
card makes it different -- you see the other side; but turning over the

closed rectangular region would not make it different (of course, some of the

individual points would be in different positions, but the whole geometric

32
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figure would look just the same).

There is one mare change of position which we must consider. It is the
change which leaves the card alone (or puts each individual point bdback in
place). Let us call it "I".

A 8 I: A B
Leave the card
) c in place. D Cc

Nov we have our set of elements; it is (I, V, H, R}, Let us summarize
wvhat they are for easy reference:

A B Element I: A 8
ieave the card

D c in place. D c
i

A J‘“ B Elemgnt Vs 8 A
, Flip the card
: over using

D ; c a vertical axis. c o

A a Element H: D c
Flip the card

over using s
horicontel axis.

e - - — -

Element R:
A B Rotate the card D A
halfwvay around in
c the direction C B
indicated,

Recall the definition of a mathematical system. There were two
requisenents:

{a) A set of elements.

(b) One or more binary operstions defined on the set of elements.
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Our set (I,V,H,R) satisfies the first condition. Now we need to satisfy
the second condition; we need an operation. What operation shall we use?
How can we "combine any two elements of our set" to get a "definite thing"?
If the set is to be closed under the operation, the “definite thing" which is
the result of the operation should be one of the elements again.

Here is a way of combining any two elements of our set. We will do one
of the changes AND THEN do the other one. We vill use the symbol "ANTH" for
this operation (perhaps you can think of a better one). Thus "H ANTH V"
means flip the card over, using a horirontal axis, and then £1ip the card
over, using s vertical axis. Start with the card in the standard position
and do these changes to it. What is the final position of the card? Is
the result of these two changes
the same as the change R? ANTH I v H R
What does "V ANTH H" mean?
Try it with your card. Now we
can fill in the table for our v
operation. Some of the entries H H R
are given in the table at the R
right.

Exercises 1

1. Check the entries that are given in the table above and find the others.
Use your card.

2. TFrom your table for the operation ANTH, or by actually moving & card,
fill in each of the blanks to make the equations correct.

(8) R ANTH H = ? (f) R ANTE (H ANTH V) = %
(b) R ANTH ? = H (g) (R ANTH H) ANTH ? = V
(e) 7 ANTH R« H (h) (R ANTH ?) ANTH V = H
(@) ? ANTH H « R (£) (7 ANTH H) ANTH V = R

(e) (R ANTH H) ANTH V = ¢
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3. Examine the table for the operstion ANTH.
(a) Is the set closed under the oper tion?
(o} Is the operation commtative?

(e) Do you think the operation is associative? Use the operation
table to check several examples.

(d) Is there an identity element for the operation ANTH?

(e) Does each element of the set have an inverse under the operation
ANTH?

L. Here is anotlier system of changes.
Cut a triangular card with two
equel sides. Iabel the corners
as in the sketch (both sides,
back-to-back). The set for the
system will consist of two changes.
The first change, called I, will
be: Leave the card in place. The
second change, called F, will be:
Flip the card over, using the
vertical axis. F ANTH I will
mean: Flip the card over, using

the vertical axis, and then leave the card in place, How will the card
look -- as if it has been left in place, I, or as if the change F
had been done? What does I ANTH F mean? Does F ANTH I =F or
does F ANTH I = I%

(a) Complete the table below:

ANTIH I I F

1

F

() 1Is the set closed under this operation?

(¢) 1Is the operation commitative?

(d) Is the operation associstive? Are you sure?

(e) Is there an identity for the operation?

(f) Does each element of the set have an inverse under the operstion?
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5.

* 6,

Make a triangulsr card with three equal sides and label the cormers as
in the sketch (both sides, back-to-back). The set for this system will
be made up of these six changes.

"~
"

Leave the card in place.

.

Rotate the card clockwise
of the way around.

Rotate the card clockwise
of the way around.

wins g2 w)r o
L1

3

Flip the card over, using a

vertical axis.

U: Flip the card over, using an :
axis through the lower right vertex.

V: Flip the card over, using a&n
axis through the lower left vertex.

Three of these will be rotations
sbout the center (leave in place

—-"--'-'-,Y\'-- —— -

and two others). The other three -
will be flips about the axes.

(Caution: the axes are stationary; they do not rotate with the card.
for example, the vertical axis remains vertical -- 1t would g0 through m
different corner of the card after rotating the card one third of the
way around its center.) Make a table for these changes. Examine the
table. Is this operation commutative? 1Is there an identity change?
Does each change have an inverse?

Iry making a table of changes for & square card. There are eight changes
(that is, eight elements). What are they? Is there an identity element?
Is the operation ANTH commutative?
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8. The Counting Numbers and the Whole Numbers

The mathematical systems that we have studied so far in this booklet are
composed of a set and one operation. Examples are modular sddition or
multipiication and the changes of a rectangular or triangular card. A
mathemetical system given by a set and two operations would appesr to be more
complicated than these examples. However, as you may have guessed, ordinary
arithmetic is also a mathematical system and we know that we can do more than
Oone operation using the same set of numbers -- for examples, we can add and
multiply.

To be definite, let us choose the set of rational numbers. This set
together with the two operations of addition and multiplication forms a
mathematical system.

Are there properties of this system which are entirely different from
those we have considered in systems with only one operation? Yes, you are
familiar with the fact that 2. (3 + 5) = (2+3) + (2+5). This is an
illustration of the distributive property. More precisely, it illustrates
that muitiplication distributes over addition. The distributive property is
also of interest in other mathematical systems.

Definition. Suppose we have a set and two binary operations,
# and o, defined on the set. The operation 4 distributes

over the operation o 1if
a% (boc)=1(a%b)o (ane)

for any elemente a, b, c, of the set. (And we can perform sll
these operations.)

In a mathematical system with two operations, there are the properties
which we previously discussed for each of these operations separately. The
only property which is concerned with both operations together is the
distributive property.
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Exercises 8

1. Consider the set of counting pnumbers.

(a) 1Is the set closed under sddition? under multiplication? Explain.

(b) Do the commutative and associative properties hold for addition?
for multiplication? Give an example of each.

(¢) What is the identity element for sddition? for multiplication?

(d) Is the set of counting mumbers closed under subtraction? under
division? Explain.

The answers to (a), (b), and (c) tell us some of the properties of
the mathematical system composed of the set of counting numbers and the
operations of addition and multiplication.

Answer the questions of Problem 1 (a), (b), (c) for the set of whole
numbers. Are your answvers the same as for the counting numbers?

(a) For the system of whole numbers, write three mumber sentences
1lluastrating that miltiplication distributes over addition.

(b) Does addition distribute over multiplication? Try some examples.

The two tables below describe a mathematical system composed of the set
{A,B,C,D] and the two operations % and o.

«§ A B ¢ o ol 2 B3 ¢ o1
AL A A A a A} A B ¢ D
B} A B A B B} B B »p »p
cl A A ¢ ¢ cl ¢ p ¢ b
p{ A B ¢ D p] D »p »p D

(a) Do you think % distributes over o? Try several examples.

(b) Do you think o distributes over ¥ 7 Try several examples.
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5.

Answer these questions for each of the following systems. Is the set
closed under the operation? Is the opexjntion cormutative? associative?
Is there an identity? What elements have inverses?

(a) The system whose set is the set of odd numbers and whose operation
is multiplication.

(b) The system whose set is made up of zero and the multiples of 3
and vhose operation is multiplication.

(¢) The system whose set is made up of zero and the multiples of 3
and whose operation is addition.

(d) The system whose set is made up of the rational numbers between
0 and 1 (not including O and 1) and whose operation is
multiplication.

(e) The system whose set is made up of the even numbers and whose
operation is addition. (Zero is an even number.)

(£) The system whose set is made up of the rational pumbers betyeen
O and 1 and whose operation is addition.

(a) In what ways are the systems of 5(b) and 5(c) the same?

(b) 1In what ways are the systems of 5(a) and 5(b) differenmt?

¥ 7. Make up & mathematical system of your own that is composed of & set

% 8.

and two operations defined on the set. Make at least partial tables
for the operations in your system. List the properties of your system.

Here is & mathematical system composed of 8 set and two operstions
defined on that set.

Set: All counting mumbers
Operstion % ¢ Find the greatest common factor.
Operation o: Find the least common multiple.

(a) Does the operation % seem to distribute over the operation o?
Try several examples.

(b) Does the operstion o seem to distribute over the operation ¥ %
Try several examples.
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S. Modular Arithmetic

In section 1 we studied a new addition done by rotating the hand of s
clock. Using s four-minute clock, we said that 2 + 3 =1 (mod 4). The tables
which we made described the mathematical system (mod 4). In Section 1 we
studied & new multiplication using the same clock.

Modular systems are the result of classifying whole numbers in a certain
vay. For example, we could classify whole numbers as even or odd. In this
case, the even numbers: 0, 2, 4, 6, ... are put in the same family and the
family is named by its smallest member: O. Thus the class of all even
nugbers is O (mod 2). Starting from 1, the odd numbers: 1, 3, 5, 7, ...
are put in the same family which we call 1 (mod 2). For the odds and evens,
we then have two classes, O {mod 2) and 1 (mod 2). The number 5 belongs
to the class 1 (mod 2), B8 belongs to the class 0 (mod 2).

If we put every fourth whole number in the same class, we have the
(mod &) system. Here is a sketch of some of the numbers belonging to the
class O {mod 4).

TN

Every fourth whole number starting with 0O belongs to the same class.
Thus, numbers which are multiples of 4 ©belong to the class 0O (mod 4).

Here is a sketch showing some of the numbers which belong to the class
1 {mod 4).

Every fourth whole number stsrting with 1 belongs to the same class,
that {8, 1 (mod 4). Thus the numbers which are 1 plus a multiple of &
belong to this class.

The two sketches below show respectively some of the numbers which belong
to the class O (mod 5) and the class : (mod ).

8;&11;%1.Alfrf’\ollxn%;l;il?oj;ll

The numbers belonging to the class O (mod %) are multiples of 5.
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The numbers belonging to the class 3 (mod &) are 3 plus multiples of
5.

Our first problems in a modular system used the operation of addition.
When we changed the operation to multiplication, we got a different mathe-

oetical system. With both coperations, modular arithmetic is more like
ordinary arithmetic than it was with Just one operation.

For each of the modular systems we can state the number of elements in
the set. For instance, there are four elements if it is (mod 4), seven
elements if it is (wod 7), and so forth. Such a set is called a finite set
and the system is called a finite system. The modular systems and the systems
of Section 7 are finite systems. On the other hand, the set of rationsml
numbers considered in Section 8 is so large that it contains more elements
than any number you could name. Such & set is called an infinite set and

the system is called an infinite system.

Exercises 2

1. Write the multiplication table (mod 8) and recsll or write again the
multiplication table (mod 5) which you found in Exercises 2.

2. Answer each of the following questions about the mathematical systems
cf muitiplication {(mod 5) and (mod 8).

(a) Is the set closed under the operation?

(v) Is the operation commutative?

{c) Do you think the operation is a&ssocistive?
(d) what is the identity element?

(e) Which elements have inverses and what sre the pairs of inverse

elements?

(£} Is it tzue that if a product is zero at least one of the factors is

zerof

3. Complete each of the following number sentences to make it & true statement.

(a) 2x 4 7?7 (mod %) (e) 5251 (mod ?)
(b) k x {®7 (mod 5) (@) 2°mo0 (mod 7"
I
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* 8,

Find the products.

(a)
(b)
(e)
(a)

2x3m7 (mod &) (e) 43 m 7 (mod 5)
2x3m? (mod 6) (£) 6°®m 7 (mod 5)
SX8=m7 (mod 7) *(g) 620 g 7 (mod 5)

IXLEX6m? (mod 9)

Find the sums,

(a)
(v)

(a)
(b)
(e)
(d)

Find

(a)
(b)
(e)
(&)

1+3=m? (mod 5) (e) 2+ 4 =7 (mod 5)
b+ 3?2 (mod 5) (d) 4+ L4 =7 (mod 5)

Find the values of 3(2 + 1) (mod 5) and (3-2) + (3-1) (mod 5).
Find the values of 4(3 + 1) (med 5) asnd (4:3) + (4.1) (mod 5).
Find the values of (3 2) + (3°+4) (mod 5) and 3(2 + &) (mod 5).

In the examples of this problem is miltiplication distributive over
addition?

Find the values of 3 + (2°1) {(mod 5) and {3+ 2) (3 + 1) (md 5).
Find the values of 4 + (3 :1) (mod 5) and (4 + 3) «(4 + 1) (mod 5).
Find the values of (3 +2) +(3 + &) (mod 5) and 3 + (2+ L) (mod 5).

In the examples of this problem is addition distributive over
miltiplication?

Remember that division is defined after we know about multiplication.
Thus, in ordinary arithmetic, the question "Six divided by 2 1is
what?" means, really "Six is obtained by muitiplying 2 by what?"
An operation that begine with one of the members and the "answer"

to another binary operation and asks for the other number, is

called an inverse operation. Division is the inverse of the
multiplication operation.

the quotients.

2+ 3m? (mod 8) (e) 0+2=m? (mod 5)

6+ 2=7 (mod 8) (f) O+ 4 mw? (mod 5)

O4+# 2% 7 (mod 8) (g) 7+ 3 m? (mod 10)

34 4m? (mod 5) %(h) 7+6=m? (mod 3)
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9. Find the following; remember that subtraction is the inverse operation

of addition.
(a) 7 - 3 (mod 8) (¢) 3 -4 (mod 8)
(®) 3~ 4 (mod 5) % (d) 4 - 9 (mod 12)

10. Make a table for subtraction (mod 5). Is the set closed under the
operation?

11. Find a replacement for x which will make each of the following number
sentences a true statement. Explain.

(a) 2x m1 (mod 5) () 3x ® 0 (mod 6)
(v) 3x m1 (mod &) (¢) x- xm1l (mod 8)
(c) 3x =m0 (mod 5) (£)  Ltx w4 (mod 8)

12. In Problem 11 (d) and (f), find at least one other replacement for x
which makes the number sentence a true statement.

10, Summary and Review

A binary operation defined on a set is a rule of combination by means
of wuich any two elements of the set may be combined to determine one
definite thing.

A mathematical system is a set together with one or more binary operations
defined on that set.

A set is closed under a binary operation if every two elements of the
set can be combined by the operation and the result is always an element of
the set.

An identity element for a binary operation defined on & set is &n element
of the set which does not change any element with which it is coribined.

Two elements are inverses of eich other under a certsain b aary operation
if the result of this operation on the two elements is an identity element
for that operation.

A binary operation is commutative if, for any two elements, the same
result is obtained by combining them first in one order, and then in the

other,
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A binary operation # is mssociative if, for any three elements, the
result of combining the first with the combination of the second and third is
the same as the result of combining the combination of the first and second
with the third.

a %(b¥c)=(s%Dd)#c.
The binary operation # distributes over the binary operation o provided
a¥(boc)=(a%b)o (axc)
for all elements a, b, c.
A set S is generated by an element b under the operation ¥ if

S=(b, (b%¥Db), (b%bd)%¥ b, [{b¥Dd)%d]l%XD ...}

by



