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Sacmlnglsts wuh a WIdE varle:y uf subaiamWe m{ErestS
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¥

| atane lfans Hﬁwever We suspect tha tin m’sny cases 5ncml
; ‘Dgl g are unawsarcafbmh the. ﬂgﬂlﬁuam:e uf thc nmmg of events

0 that timing; Lvem hIS

|
i
f

access fo such event hlsmncs Many Df the avallablc hlSlCll‘lES
charactgnzt the careers o mdmduals there aré vhl%mnes ol
bx ths; marnages Jﬂbs, illnesses (or hgspltalnzatnnns) ‘attests and -

| ‘\=’..chVIEtmns r55|denc:5 and 5o on, SGEIGIDnglS mterested in fur-. :
mat:argamzatmns uften have au:cess o mfarmatmn on’ dates nf -

“ternal reargaplzauons mergers, starts of contracts (w;thﬂﬂmnns)
and failares,
“are dgcumams ‘yiving the dates o [ episodes of CD“EC(IVE vmlence

For those interesled in’ systemleve] pmblems there, b &

(fnr examplﬂ riots, lynghmgs insurrections), wals, changes in e

pcslmcal regimes, revitalization mnvn:mcms and s0 farth

:::::

Sacmlogists rarely make full use gf such dala Instead, we

~tion have shart.
fn:qutntly aggftgate over time, permds They may ¢ écmduct time-

lypncally analyzrs fly 3 pgrtmn of them When the, events in qucs-
i

~ series analysis &f counts- cnf&vems In successive pﬂrmds usually
~coded in terms of the severity ¢ nfevems (sce for Examplc Snyder

+ and Tilly, 1972, Shorterand Tilly, 1974, Chlmt and Ragin, 1975).
Or they may aggregale events over the ¢ t:ntlre penad Db,served and

.. analyzehe data anss-sectmnally (fnr example, see SPIIEI‘I‘HEH,

: _
‘ h.

1976). When the average duratiop. between events is fairly long ./
- (for cfample marriages, polt tical regimes), analysts communly
ﬁlmphfythe datain ;iTlG(hEr way. They take. pu:[u__res ataauu:s

nfdlscrug time p})mts and chdral:wrm: units m [erms ol lhe slate 3

ntcuplcd at each pmnt:far example each personis identificd-as

* married or not<ateach point, The series of crogs-sections are thcr‘r

- treated like panel abservations; For example, studies of 1 haritel

;nmal marﬂalﬂatua (see, [nrexamplr:,‘ﬁumpass;and Swe:tt 1972:
(lllfk and Nortan, 1971; Murgan ;nd othm 1974)

stability using data on marnal histories gammunly mvuuga[e
" changes in marital status over some fixed permd say ayear, Then
" individuals are coded as either chaiging or ‘not changing their

rations (for example smkcs, rmts) analysts ¢

—p—

[}

v and JthEVEn[S is depoted by u; latgr werefer fo°this a5 [he _}th

i

and stansul:_al ﬁmcrdures fnr analyzr

:l%blc in sncm]cngy i

"fnr amllwn

gthe galgmﬁcanrf: as. dam and prnt‘fdu
r‘E'bEllET knawn . e &

that st nnly spnrtmn gf it We have drscussed elsewherc. uma

-~ and DthErS in prcss) both thE valur: of analyzm'g tvent,'hnsmnes

~ and varjous procedures for :lmn& am,h i llym, Her \
a problem that arises in attempls to. use all mfarmalmn in ﬁvem
histories: the pmblem of cehsored abﬁcrvatmns i

A dlagrémrnanc reprgstmatmn of'a typlcal Event:h’ ury

may htlp in visualizing the problem. In Figure | the permd of *-
 observation lies between the two vertical lines extzndmg abave
and below the time axis at.0 and 7. The dates at whi 'szms ot "
curare, IndlCElEd by vertical lines abnvz the hme axis; The nrnmg
“ of the jth event is denoted by (, The time bEtween the ( = J)th

ny ‘k ‘

ipell arinterval: In our example the fourth event happensau:r T

: h,. lhtl‘ﬁfﬂl‘t itis natﬂbserved Hawever we dﬂ abscrve that nu evcnt

- acours betwecn hand 7; we dendte the length of this permd by .
“Wheneser 1 is grtalEr than zero, the recm'd Ls‘séld to be c’fnmred

. ont hg nght That is; lﬁe tnmmg of tvEﬂtE Qccurrmg af[erﬂs nm

: ~ Figure 1, A typical event histary. S
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" “Dbscrved Thus c:nsarmg 15 i!;charactcnsuc Df an observatmn |

o plan i descnbesacharactemsucnfasample o

InFiglire 1 observation bcgms at the origin of thel unit’s ¢ 1

hisml‘y Sameumcs nbs almn cgms aftg:r thc arlgm sg that

o sured ubservatmns mtcfvals) such as ‘ﬂ==ﬂﬂd 1[ 5’0 how to use
- Viliem, S ‘

 The problem of ccasgrmg is oL ew to sn;nal scientists.
Surensen (1976) has discussed it in the following contex. Suﬂpasc

.~ asurvey at aghven point in Mne collects, mfm‘matmn on the dates.
onwhichthe N individualsin the sample entered and lefta certam

 state, such as:mplgymem Toavoid recall errors, we may wantty .

. analyzc data pertaining only to EI[hCI’ a recem time permd (say
~the past 2 years) nt\t}\e current state Gccupltcl by eachhdlwdudl
Out problem is that we do not knﬂw when the current state W‘“
~end. In'a study of the detérminants cxf uncmplaymem for ex-
ample, Some individuals will be unemplﬂycd al the interview. We
termine the: mmpleled duration of the Current lsnde of
~employment,
‘Exactly the same prablfm arises with archwal da{%
 sociologist studying the failure rate of urgamzalmns faces thls _
. problem because all public documents stop al some date. In any
observed year, some organizations {ounded in a given previous
yr:arwnll “dlc and others will not. Observations cnrf the hespan
of survwmg organizations are censored.
~ Panel studies that obtain retrospective data on lhE “periods - |
-, between waves of interviews led id 10 the same problerm, In the four

large-scale income, maintenance experiments conducted in the = -

- past dccade, for-example, family head§ were interviewed sevsral

Accurdjngm Kendall and, Buckland (1971, p. 20): “A sample is saxd o
v e csnmr:d when certain values jre unknﬂwn (or dthbtratcly fbnnrcd al-
lhnubhlhﬂremwncc isknown." * *
_ Dcmugraphrrs have been especially aware of the prnbl:m chtxamplt
. seeShaps and Menken (1972, 1972h). Economists have also hfgun to addrfzss'
the issue; see, fur example, HEckman (. '

:

can dsk how Iung they haze bien unemployed, but we cannot 1‘ X B
L=

e G'Ehsuajiﬂs- ?

| vu:w the dates of all i mtc:; emng ch g

GBLEM EH:ANAL‘ESIS 'af.éiéﬁuir*nisfbnnzs- ‘2137
.:§ . 2 ) L
N3

nmesaycardun_:g{he cnﬁrsg uf the -xpcnment At each inter- -
s in jobs and in marital ...
siatus were collected. At the'end of, it r.xpenment some heads -

had nDt yet changcd Jab ar mar?al status and ofhers had ' /-

:__vexpcnment Both types of observations .

af $hDuld be anc wnh mfarmauon on these
j h ,' & :

hreg pasmble appruaches to the censor-
nsnred abscrvatmns and analyze cmly -
' "{, djn*’ing the observation period; (2) treat

censored gbservatmﬁs a8 hﬂug, an event m:r:urrtd at the time n[,:=
" the last observation; ar (3) us

, Justs fun:cnsonng under lhE 'siumpunn that the same smc*haguc; |
~ model applies to all cases, whether or not abServatmns ory them -
- are ‘egnsored. A!’thaugh the second strategy may be used ine »

2 method of estimation that ad-

B

adverteﬁtly, it prabably has lew delenders. To recode censored
observations in this way is the same as recoding nonevents a3
evgnts. Ignoring censored observations is more ‘common, ¢

- pecially when caused by aftrition. (Almost all pam:l studlcs\,ﬂf

change in marital status do this. See th& dnséussmn in Haonan
and mhers 1976.) Tn this chapter we compare both [hest arbj

g trary procedures {0 -a statistically so nd -method for sever'}l

\)  ] 6 ' ,l .

i

- stochastic models We find that these arfirary procedures lead 1o~
g blBSCd estimates of parametbrs of the nfodels considered. |

Althnugh{hert is a fairly large statistical literature on the!
censnrmg problem,” this literature seems- largth@ un[a;mﬁar o
sociologists, Sgrensen (1 976)11" discussed the cen:saring problem,
ina mgmlgglcal conitext and proposed varRygs ways of dealing
with the problem in particular cireumstaices—without, how- -
ever, relerring to the statistical literature. We review his pro-
posals and place them in a. broader context. 1f particular, we
show that all but one af his proposals a& special cases j a com-
mon prncgdur¢=ma'xlmum likelihdod estimation of hazard func:
!lﬂﬂ%applléd to a model in whlch the'rate at which an event
accurs (thehazard) is a time- mdtptnd::m constant, We compare
the small-sample properties of various estimatofs for this model.

ne=

VFurinanrtpca(ablt: cvr:n)s (‘ ross and Clark's (19755 recent texi pr{”wid:s —
austful intradugtion to this liferature, For rtp:atablc: events, Cox and Lewis
(1966) are htlpful S

f ; g s,
‘ — : . T
s !l\ . ) ) .
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“* We pay special attention to the effects of the degree of censoring

" eyentand let ¢, be a random vatiable denoting the state eftered s
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gn the quality of the estimators. Then we show that the general
. approach tan be generalized 1€
* yariables on rates, with the raTRgf multple kinds o
with timé dependence of fates, These extensions require paki
 metric assumptions abiout the' nature of thé stochastic proces)

.+ oied at time £, 1f we-know T (1) for all 1, we
' 'li;‘_ﬂnd £y Ly M Si“ﬁlar\Y: ‘fwt know

RV LR
g o ol kand {, we can determine Jhe joint pr’a’zbgbil};ysdistr’ibu’;‘ian |
L in(l): : S B

g | ‘Ii,h:‘l

é

Thus we need a tractable

) N g sp o ] Voot P .

‘recerit statistical contributions on estf_w_almn rom censored data;
these estimatars are based oniweake, parametric assumptions,
but their _relatif{quaiity insmall samples is not yet known.

. GENERATING BVENTS ..
D - R
. tis useful tp distinguish two types of events: nonrepeat-

able events (such as the death of an individual) and repeatable

" events {such as outbreaks of collective violence in“a city)r The
statistical Ijterature on censoring emphasizes the first type. When

there is fojpeed to specify the joint probability: distribution ofa
Siuence o edents, i is usually farly, simple 10 model the stochastic -
© process ;EE“ET“E the event. When a unit can havevrepeated , -

©events, systematic halysis of event histories requires that one
. formulate 2 model iving the joint probability distribution for a |
.faséféﬁenfecfevgms. S [, S
. LetThea ran‘&om variable dgnaﬁﬁg the timing of the 1th

i .
¥

when the jth event occurs. Becaude events and censoring rarely
nierval of timé, we agsume that possible values
of T, belong.to a continuous interval of time, We assume, mofe- o
.. aver, that the possible Jajues o £, hﬁlan;.r_ to.& set of positive R
integera: We must specily a model {hat gives e joint probability -,

distribution of the T'sand st 4 ro

- occur at any ﬁxn‘:d}i

Pl <, T {gz,,,.,'T;,}{ L, -

- {i= ;I;Zz’=;zzw.,§u = 5M]‘ . 3
where 0 < £ < [y
" undef consideration, ' .

m variable represen

s Iyand M s thglargesli number ol eventy’

L1

r{ng the slate o6+

i

14 a B

HODELING FHE STOCRASTIC PROCESS [}

b imenp<u<n ISR TAE

‘Y This means that we do
BT ey motnent between vang { in or

*Be . of being in state k at time. . To satisHy t|¥s assumption, the

.: L b f '“) q )

o
T

basic methodological sues surrgurin
However, the procedures that e recom

€ processes (for example, a semi-Markoy pr@ée&s)
" "The formal assumptions of &

W F . i

B ) = LT
Undby the Mapkov agsymption

N [z{t[y(_[) = k| T0) E‘}L] f‘ =

 (hapman-Kolmogorav equation must ha‘ld: |

H
¥

' ? ) | , '
) = T pb )

« Loy
b P
where S u & 1 Itis also natyjakfo assu;\‘ne

P \l\O < _,;t,(U:‘l)‘

fo

<1

[

(?’) 1 fofy=t

&
i,

) #
A
FJ =
|

\

|

In Eqations (3 |
merely refifesent pointy on the time axs In the'
mjraningwe gave them in Figure | ]
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all, we can obviously infer/ 4

, model that lets us détémiqé 2).
[n this chapier we cnnsidtrﬁnlréénﬁﬂuaqs;t-im'edi%h;rgtg-s;atc_;

| Mafkovp’mcessgs asa mearg_gnf Sif{'lplifyin!g gte ’expo}itio;j of the |

the censoring problem.

ond for andlyzing event

; . | T SO T
histories can be extended t0 miodels based on oéh:.z stochastic
lor! | ’

S in A

i§ 4 time Markov process May he Spﬁﬂ‘lﬁfd as fnl!qws. L_e; /p_,;_(u, )

A note the probability thazg unit in state j at time v is.in state kat:
| o : A N o o ,

L E

<k 70) = ) = i Tl

that
.

[

/

i

e

K
A

y!

.
§

#®

P

oo

f i
giscrete-staje, cantinuous-

) de-

)
i

N
o
P

¢

not need 1o know which state is occupied
der to knovy the probability

/

|

6

o

(6)

()

througti (9), the symbols 3, v, and el
‘_n:;t of this chapter they- have
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f
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 Given these assumptions, it follows that ‘.

*!f L

[

. L
i

]

. .

LA

" T() and .wauld like to predict it. However, this prediction re.

intervals A1, This relationship (9) is useful if we do not abserve

. quiresthat we assumethat -
. ~ . # I
i =

.; gznn,pj.(t,t + ANJAL=1(l) <

for all jand &, J # k. Note that rj;(l) cannot be negativg.
o Wereler tory(t) s the rat of a change from j to & at time |,
' Others sometimes call it an instantancous ratenaletransition, a

transition intensity, or an infinitesimal generator. The rates are-

the fundamental parameters of a Markov process.

4 COMSTANT.RATE MODEL

. SDcinng\ists may be more jnicrested in mpdeling variable )

beginning with a constant-rate model. First, the simplicity of te
model makes. the main features of the general strategy easy g
comprehend. Second, Sarensen (1976) restricted his attention to

this mode] and we wish to clarily his proposals. 'J

"précess. To compare with Sgrensen’s (1977) discussion, we need -

an additionat simplification. Let ¥ (threcord the number of eventy
that gccur on or befoe £,0°< 1 < w, and let the rates that define
the Markov process be given by '

| w o ith=j41
" ' Ty = : ' .
c 10 otherwise

)

Thus transitions ¢an only occurgo'the next higher integer; that TN

i)

71} + .. NANCY BRANDON TUMA AND MICHAEL T, HANNAN

U8 Jfyime can inctease by at most.1. 1t may be proved that the Pols-

T = S 0
s . é"'- '\ ! ?u |

(11 CENSORING PROBLEM IN ANALYSIS OF EVENT HISTORIES N

i . ﬁ'fi 7‘ L Y V’H!; 7‘
¥(f)is a nondecreasing fqnctmn{af time and in any small moment

3 o model (discussed by Sprensen) resulty from these assump-
" ons. (Se¢ Breiman
- particular, efind/

1969, pp. 205-206 for a simple proof) In

%

i

1)

i e

“Furthermore, ngte that by repeatcd application of the Clraptha—~4g
Kolmogorov cquation we can compute py(!) if we know the prob
abifty of a transition between all states jand k lor very smalbtime

o eglimate

e e

T ) - L §‘

where a represents the constant rate.of octurrence, We, 'vyish to

prc%;le_m (by definition) event histories are censored: Somé units

coincides with the last event.

™ . Maximum-Likelihood Estimators

i i

of maximurn likelihood is to choose those parameter values that,
make the observations in the sample most likely.

consist of the values of 1(r) for each individual 1, RN A

& here 7.is the length.of the observatlonal perid for i, Let y, rep-
S ent the observed value of Y (r;)—that is, the number of events’
- (or i between 0 and 1, [[observations on the N units are inde:

pendent, then the likelihood function is

L0700, T = I il )

i1f]1igi is the préduct of the prabaﬁilities of the observations
" (Ju o n) 36 given by (12). Differentiating the log of (13)
with resfiect tia and setting the result equal to zero gives the

navimum-likgihood estimator (MLE) for 'the parameter of 2
Mo the b:st of our knowledge; Boag (1949)?5 the first'to have 'rcpnfifd

(he use af masimum-lkelihood estimation 1o deal with the censoring problem,

. l"i
‘ P,

a, the fate at which an event occurs, However, in-our .

[n this chapter we concentrate on maximum-likelihood es-

" (imators because they.can be obtained for most stochastic pro-.
cesses, cgh handle censoring, and usually have good propertiesin
3 large sample {for example, see Dhrymes, 1970).* The principle .

will have experienced no event by 7. Others will have had one or . - 4

| gore events, but, as shown in Figure 1, the last time segmeént is

ensqrc) because the end of the observation period rarely -
: i

- We begin with the.case in which the sample observations ,
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.. Poisgon mode| DU :
\ R T S |
ﬁzzJ|ZT ,(14—)
1=l 1=l . *

1 i

total abservation time,

| whlch 15 just the total number of’ observed events divided by the

There are twornethodolagical reasons for using data on the

timing of events rather than the total number of events, First, re.

spondentg giving retrospéctive histories _r'na'y’?accl_i_r;atéfy}'recail only -

) 3 F ) o i i
recent evenis—at the extreme, only the date of the most recenf .-
evént. Second, when several kinds of events can occur, it is'dif.

figult, if net impossible, to write probability densities Tor the nym
ber of visits to the set of tates. - !

"hen the date of each event is known; the sample-obseryg,

rans consist of both y,—the nunber of évents Within 1, e

sequerce of dates for these events (4.4, ) for eich individug| 4

. These data contain the implicit information that no event gg.

v r-Thetween, and 7, S :

2t (ty., ) denote the probability density that the y
ot vould be obserbed on the dates indicated, and |y
S =14y, 1) denote the probability of no event between |
st 1, conditional on .k (s usually called the survivor
Liovion) Then a general formulation of the likelibood of the ob-
/'se:+tlong’(not specihi 1o the constant-rate madel) is just

"1 = r /(h"i!) (;(T - [1‘ !|i1li) (IS)

R

+ weere subscripton s and y's is suppressed for clarity. Note that

. both ¢ mpleted spells and censored spells contribute to the like-
I .00d function.

s the product of the probabihiy density of the intervals between
evens:

St

where ;= = 4, (see Figure 1) Moreover, it may be shown

that lor a constant-rate model {that 15, a Poisson model) the

L i | }“l ‘ H

)= ) flug) e ) ()

P
) T T seaniee 110,
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3
i

length of time between events i exponentially distributed (sce,
for example, Breiman, 1969, pp. 37-38) afid has the:probability

density I
e Jld=ar™ w20 ,

=F

for all J. In_afddi[iah,_[he: prDEabili!y of no event between h and
s [ i

Gl =60 = e L - g\ (18)

si,bgli;ming these :fé}essiﬁns in (15):;, we obtain lht‘; llke‘}hﬁ?d

l’unctiéh for the canstant-rate model When the data consist of the ¢

dies of all eveats within the observation period:
L 5 . - !JI

EA

1 R
where 3, is equal to il the
;and otherwise s zero. Since y,

J‘Eh event occurs before 7, for individual
equals zero when the jth event for

dividual occurs ater the censoring point 7, this simplifies o

H I i 1

gt : (20)

—
Hi
—
—
‘.E”
-,
g
=

i=l _)!l

Hencelorth we use this simplification in forming estimalors. I\_ctit:

{hat y, the number of events before 7, is the sum ol the

y'=iyr . (1)
oo

The maximurn.-likelihood estimator of a obtained from (20) is

N | ‘
* D lud , )
&=2,7 Z Y/ (2
But for every individual i the sum o the lengths of completed
spells plus the length of the censored spell is just thg_mtal upscms
liantiﬁlc 7, (see Figure 1), Therelore, as before, the maximum-
ikehhood estimator of s the ratio of the total number of ob-
cerved events 1o the totdl observation time. For present purposes
ant point 1§ that for a constant-raic model the

the import
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maximum-likelihood estimator of a using;: the dates of evenys
(Equation 22) is identical to that obtained using information on
the number of events (Equation 14). Y. g

Since we refer regularly to Expression (22), we simplify
and partially alser our notation.” Let I represent the total num,

ber of events, let U denote the total length of completed spells,

;i
‘.?g"ﬁf b .

“ and let V refer to the total length of censored spells. Then the:

expressiopin (22) canbe written:  \ | 4
. T B
a=T/{U+V) \ )
We shall refer o this as the all-event MLE.
At one point below we refer to anILE that uses only the
date of the first event in the observation period. That is, we use
only yi,and t, (which equals u,,). Then the likelihood function s

5
A | R R L

and the MLE is

X ] ¥ '
e Ll |yt 2 (= | = T/ U+ 1) 9

where 1 denotes the namber of indivitluals who have a first event,

U/, relers to the total time 10 the first observed event, and V; de.
" notes the total observation time for individuals who have no
events. The general form of the estimator is the same as in (23),
but dates of events after the first event are ignored, This is, of
course, the only possible specification when an event is nof-
repedtable. ‘ :
Two Pseudo-MLE;
e

The maximum-likelihood [ramework permits us to show
the consequences of dealing inadequately with the censoring
problem. We consider the two possibilities introduced at the out-
set, The most common proéedure 15 10 ignore censored observa.
tions. The pseudo-likelihood expression formed under thig

b ) . . f
Sybsequently capital letters usually denote sample sums rather than
random variables. .
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pmcedure is . . i
6 .

.:‘\,‘ ’ L = H H (QE:“]‘)YJI (26)

i |‘=‘| |-_}-i |

and the “pseudDaMﬂE”_ig

i =Tl ; 27)
! i ] i s LY
* The second alternative is to recode censored dhservations

{45 tha events are assumed to occur at the end of observational

perod. A procedure similar to the one prescrited above leads 102
»nseudo-MLE” with the form’ | ‘

S Y11/ R S B )

The true MLE in (23) is lower than either of these esti-

mators for any given set of data. This is secn from the ratio of the
\[LE to the pseudo-MLE. In the case of the estimator (27) that

“ignores censored observations, this ratio (/&) is U/ (U + V), the

proportion of the total observation time (U + V) spent in uncen-
qored spells (U). In the case of the estimator that recodes cen-
jored spells (28), this ratio (d/a) is T/(Y + N), the fraction of

qumber of censored spells and the longer the observation time
covered by them, the Jarger are these estimators relative to the
\ILE Since the MLE is unbiased in large samples, these arbi-
wary procedures give dpwardly biased estiimates in large sam-
ples. Furthermore, as we discuss below, the MLE s slightly

- upwardly biased in small samples. Since the ad hoc procedures

give still higher estimates, they cannot improve on the MLE even
insmall samples. We return to this issue when we discuss models
(hat incorporate causal eflects on rates.

Syrensen (1976) applidd the method of moments to several

of Feller's (1971, pp. 11-14) results on the “waiting time paradox”
(0 derive estimators for the constant-rate model. He considered
jwosituations. o

In the first case the investigator trusts only the accuracy

ipells (7 + V) that are not censored (¥). Thus the greater the

Sgrensen’s Moment Estimators

of the date of the most recent event. Sgrensen's goal was to show
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hat the parameter of the constant-rate mpdel may be
stimated using only information on censored pells.
he estimator depends on whether the origin of the
rocess 15 far (with a small probability of no event
rior to the consoring) ot near. In the former case
%mmquWmMmmmmm

. S = lEG) ?ﬁ“,
e monent estinator for ('is obtained by veplacing

(v) with V/* the ‘sample nean of the censored

pellss R
‘ oy =NV

i

here the subscript on EIstands for Sdrensen's
tirst estimator. o
In fact, this estinator can be interpreted as &
axirn likelihood estimator, In the spetial case
of the constant rate model, time is revarsible. That
s, beginning at any arbitrary thosen point, the
probability distribution of time te an event is the
cane working both forward and backward in time. So
this ‘estinator is formally equivalent to one that
follove a sample of units backward in tire from the
censoring point until each has an event. Because

the interruption is far frov the start of the process -

the probability that a unit has no event within the

ohservational period 1s essentially zero. Consequently,
there 15 no consoring problem, so the likelihcod function

(¢9j\ a5 to the original staltlng’pﬂint sero; if thay VE ng event,

THE CENSORING ?'?fLEMIN ANALYSIS’QF EVENT HIST@RIES on

! mmﬂwﬁhmewmng thtN Y+Y EmP s .

/N or Y /N, For thg Louent e déngtg tée tiean lenpth

igdred s gPEila by ¥, The Sgrensen's estimator is

ag= [ - (T/M)/E., . . ()
les estinator may also be interpreted as a Frst-event
JAME, with v the origin of the backwgrd process, In=

+ backvar
dividuals are followed backwsrd in time'until Lh&y hiave gn event

The observed mean duration ¥ reflécts these twg™ tyges of abgerva-
tions. Tor.the Yy individuals whe do n;%}have an event 1n (0, 1),

he quration is merely I ‘These observqtions contribute ¥, of to the |
) \ pean. for tpuse who have an EVCnt in (0,'1), the cnntributlan 8 v
o 1n Figure 1,

But since we are nov taking a bdckvard perspective,
the duration v ends in an event and hould be called . That is,

taking a backvard perspective, il f

o
Cpe (it Z yhu.*)/fv - (e

Then f
Vo / | ™
\ ‘ o= [l - ?}/JV =1/ )/’_Q, §36)
S assumed : ' e
ot s, 240
o R E S (1 1 E U
" Wi

yhich is identical to the first-event YLE' in (237,
Our analysis of Sorensen's estimators demonstrates that

mgximum 11k£lihuad applied anly to censated observations can be

. This result

ig /| Ii - . 1Lpéndﬁ on the indlfference af the model to time; once can work
L E-_l W (31) - either forvard or backward and obtain the same result..
and the ML is | In the second case considered by Sovensen, thE {nvestigatoy
e N s (32) needs to use all dpells during the observation period in the analy-

sis, The lopic underlying the choice between his proposed estimators
{5 less clear than in the previous case. First Sorensen conferred

and rejected the inverse of the mean 1engtp of all spells, {f + N) //?
- /(1 +V), as upwardly biased (see Equation 28). Instead he y
a={l- ﬁﬂj/yguq @) proposed that the length of all censored spells be doubled.

=iar ! 4

v ' '

This is just the ME for first events vhen tfiere 15 no
cénsoring (Equation 25).

Near the origin of the process the relevant equation
(Sprensen's eq. 17 is,

Again Sgrensen proposed a morent estimator, replacing e
vith Po, the sample proportion with no event, and E(v) witl

the observed mean length of the censored spells. We have , o
already denoted the number of units with an event as V1. . : : /(
Let us indicate the =

= \)




,

o

Thdl 15, he pmpgscd ths estu’na

Y "
His rtascmng dtpendcdon the fact that the expeclr:d length of the

. censored spc:ll" is twice the exptcted knglh of spells ending in an
event (see Fellet, 1971). Doubling the observed ength of tEﬁSDFtd
| spells (thate if %) is intended to compensate for the difference’in

th:cxpccuzdléhr'hofccnsn@rﬁdanduncgnscrcdspclls o

Fma]]y,S c:nsen (1976) lﬂga\gu‘scd the fullnwmg estimator g

‘i'i

mhxsequatngZ o j

' thc same i 23 thc estimatay 1n (38) S¢rcnscn 5 dlscu:smn dnes not
" offer any. graunds or chaoﬁlhg betwet the eStimators in (38) and

(39) Below we invest 1gate the dlﬁerenccs between the two esn ﬁ

Cmators.
oot A Monte Carlo Study of Constant-Rate Estimators

. Though the estimators discussed above use different infor..
about eventg within a period of time, all but one (38) are
:maximumalikelihmd estimators, whigh are hsympiotically nor.
mal, unbiased, and efficient under qie general conditions, In
. other words, in large samples one cannot improve on these esti
mators. Hnwcver for small samples the MLE in (25) T knﬂwn to
be slightly upwardly biased and to have a nunﬁnrmal'sdlsl'ﬂbuﬁan
'5Banhalomew 1957, 1963, Mendenhall and Lehman, 1960).
| Below we report results of a Monte Carlo study that in.
vestigated hnﬁ;mptrtles of the various MLEs depend on sample
siae and the level of censoring. These results are useful for show-
- ing that ip small samplss the upward bias is quite small and that
lhﬁ large-samplé theary is a good dppruxlmalmﬁ or the situations
-confronted by mﬂstéqg:mloglsts [t also shows the costs of n;nurmg'
information on certain spells. Finally, it lets us contrast the ML
estimators wuh the non-ML estimator that doubles the length of
censored spells ,
Inall phases of the Monte Carlo sludy we examined sam.
 ples of sizes 25, 50, 100, 250, and 300 and arbitrarily set o ¢qual to
+ 1 per unit of time, (For convenience we assume thaf time is mea.

- )
d
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V/JV/ U/W) i T/NT - _/ (U + V) (39):
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. o
A sured inyedrs.) For each unit ina sample*iuc uged the relat mn&h;p ,
‘ I ‘JJ [ = =& b . ’ ¥ .|
; ) | In[G( u,ﬂ zln[e 1] = —au; =" -l (40) ¥
SRt o
{ simulaste u, the time between events J ~{andg J. For each unit -
§.. e drew a pseudo-random number fmma(() 1) uniform distribu- -
1 tion and called thlSG(uJ)“hEﬂ we used. (40) to calculate u, We
repeated the entire prm:ess 200 times for :a%heamplz: 5iz€.
We begin with the results for the frst-¢vent MLE (25,
' Table 1 repotts the means of the sstirates of o over-the 200 sam- A
- - ples for each sample size. If the estimalor were ‘unbiased, the mr:an
 over the 200 samiples’ would apprnxlmatﬂly equal unity, the true
value Dfd Wuhimj cefsoring and N = 25, lhslmean wa;SS}Jcr ‘-
:,.»3
fJ . TABLE| o .
! Effectif Censaring on the Behavior ol ('a Maximam.Likefihood . i
Lsumamrfura(unslam Raie Mode! T
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flect of censoring. First we chase 3
-,,’at'lhe prubabllnﬁg 10-¢vent ﬁrmr lo

[ .
" uncensbred time for a.025e Wi great¢r than 1, then the Edst Wi |

7 censored. it was less than T{JIMESUTICEF]SQFE&?[ N P
o Table ] répurts qh& means: a,r:mss ZTH) sm 5 for

vacl of cehsorjng and fﬁlcach sample snge ”l“nffe r&s)ta arg ol
nierest First, fﬂrmﬁdmm-ﬁlzcd samples. censoring had 4 ncghgl
blceﬂccl on the bias. Secong, for small sdmples ﬁs\pccnally Na
censoriag actually reduced the upward bias ihvthe estimator,
léu?t}ﬂy, as one would egtpcc[ censoring increased the fariance uf

the cstlr;amr constderkbly. A shilt from no censoring 10)20 per-
cent ceyfso ring appraimately dohblt‘g the variance; 5o did a shif
[réon 80 10 90 percent cengoring: Insofar as the mean squared er-

'T0T, lgmnccrncd thei Impact of eensoring on the variance ac[ually
swampéd its effecton bias. For the cumbmatmn of small samplts

and hlgh levels nf cfnsorm;j, \aﬁhlch nmplus few obssrvcd EVET][SP

. rather mudcat Fhese fESU][Shug;gESl lhal [ht ﬁfbtx-ﬁ nt MLE has“’ “
B 08 ;amPlf R g

ﬁfﬂnd pertrtnEs fﬂg small samples witheshight Ltnsm‘mg and for

i modtrau:ly ]drg: samples with even high degrees of tensoring.
N To this point we Have cmlyus&d(he first event for each unij
. ﬁcmllmau:lht: rate-at which an évent occurs, In many research
contexts therd e multiple events, wuhm a gwen observasiona)
_pcrmd 1 Tol mveangalc r:stn‘namrs Ihét se datd on mulnplc
RATIE wnhm the pmud wuuld ht: umty? Hﬁwmr durlng this
period some units would have more than one- event and others

none;
We Wlsh (0 unlmal three cslmalnra uflhe rate fur T cqual

scn‘s “l,u[,kward MLL w_hu_,h uses m[mmalmn unly on lhc'

r ) | ¥ L )
length of the last spgll when the pitiess 18 near the origin, Gy
$.(37); and (3) Sprensen’s non- M1, estimator that dnublf% (he

tis, s the level Ok ctnaurlng—wasDZ;O 04, andéﬂ% "y
b, usd éq expression like 40) #b calculaie fr replaced. u;) th 4

.
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‘ lc}rglh of censored spf:lls’, s (38). Thg!ﬁhdings are ‘gi_vcn in

Tahlt? ' } ’ '

The. results or [hE all-event MLE were very gﬁﬂd mm:h
better than' the first-event MLE compare with Table 1), For'

e sampje size. This is rﬁnarkably good for such a small’,

~ Next consider S@rmstn ackw}ard” MLE. Béth the up-
ward bias aqd yariance"were larger;than for the allsevent MLE. -
% the hackward MLLE s natxccahly inferior to [hﬂ al@n MLE.-
lluwevzr the b'1ckwardMLF is.tll a rﬂasnnm‘@y rood &Stimator
,ndknuld be used if tilnly the starting date’ lhE last spell is
nor can be a Lurately rccfalled '

Now T cunsﬁ&r the hnn ML tsumamr that doubles the
lene thof censored spells. Tt was upwardly hiased arid had a'much
|rger bias (apprﬁxlmately 23 percent) than any mhcr estimalor

udied. Clearly it cannot be recommended.
Fmally we chose 7 equal to 5 years. We wish 10 conpare

knot

| - |nuesumamrs the MLE that uses data on all events in the lth

“yar (23) and the backward MLE that tses only the last spell i
the filth year (‘SD) The former lets us mqfimme the effects ol hav-

3

i g .n;;mplf the average bias for N = 25 was only 0.5 percent com- );
g & “parud wuhESm Bpﬁrcﬁl}{ for the first-event MLE with iht‘

= - . ;! . 3 1
.
A ! _ ‘ 21 (
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11 ' ’
mg censoring on both the left lhc nght Thc lau:g lets us
study ds, which presumes ta al units havehad at least ‘one
gvent durmg th/F obstrvatioh peridd. Givert the as;&m,ptmns of the
model and @ = 1, the probability of no event in, ?:?ycars s less
" than 01, 5o is the appropriate estimator.

) First cansjder [he Eesults or the all-event MLE for the fifth.
F_ b yﬂfr in which data were censored on both the left and right. The

o
g

ik event MLE was slightly downwardly biased by approximately

> 2 percent. For a given sample size the \mnancc was about the same”

as for the all- f:vr:nLMLE for the first year. On the ttier hand, the
cstlmamr that uses only data on the last spell during the flth year,

}l, had a fairly large, upward bias (about 11 percent) but a very

small variance, For small* §a ples (V = 25 and 50), ;hls este

mator had amallef meart sqifired error than the all-event MLE

for the ﬁ[tz/jfear With largtg sample sizes, however, it had 3

Jarger meag squared error {han the all-event MLE. Consequently

the choice between (23) and (30) is less clear tHan i the case f

data on the first year, where data are u:nsort:d on IhE right byt ' ¥

nol the left. ,

Overall the results of the Monte Carlo study indicate sev.
eral things. All maximum:likelihood estimators adjust for censor.
ing i'EdSljﬂdbly well. In fact, except for very small samples, the
quallly of these estimators appears good even with extreme levels

ol censoring. This finding s very inportant for the analysis of

data when the observational period is short relative to'the aveps
age length of time between events, which often occurs in studies
of marriage and dworce, failure of organizations, and so forth,
The quality of estimators based on lorward and backward firg
events was generally not as good as that of estimators that use al|

, events during some period. Even-first-event estimators did rep.
| sonably well, however, especially in moderaiely large samples, &
 The only non-MLL investigated, one that doubles the length of |
’ censarfdspells wal much pnmer(hamany ML L we recommeng

[ha(_ it not be used.
EXTENSIONS _Tg MORE REALISTIC MODELS

Analysis of event thistories with eslimators nh!dlntd by the
‘method ﬂf moments (Sgrensen’s dppdeLh) requires that 1 new esti-

L .
1
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\ #

mators be derived for cach data structure, Moreover, it i.?ndt, :
“dlear that this method can be readily generalized to handle mod-

¢ls in which rates vary over units and over time. The maximum.

| likelihood appmach that we recommend is easlly gcn&rahzcd We

have shown if the previous gection hat the same analytic f:‘amt

‘q work can btapphec] toavanety of datasrur: tures, ln this sc:cuon

£ ] rates depend on cxﬁgtnaus varlablt‘s (a }lowmg ﬁ)r a hetgmgen&

ous population), 12') multiple kinds-of events can occur, and {3)
rales vary over time. \ '
"~ Causal Models of Rates

Sociologists analyzing event histories want to know, how
the rate at which events occur depends on properties of units and

" yocial structure. For example, analysts studying the outbreak of

riuls in cities have ﬁ:ncused on the EHﬁElE of pﬂpulatian size gcw

.;-y(amplc_:i Splltrman, 1)71). Suppnse lhat ar t:ach unit w; nm

only know its evept history but also its level on a set of obseryable
i 3 causalvanables Y., X;, A

fequire a madtl lmkmg the o, A log -lmear mgdf;l nsj nalml :
. candidate because it constrains rates to be nonnegative:

I : B

Then we can evaluate the effects of the s on the rate in terms of
the 8's. For a sociological application of-this model, se Hannan

b+ andothers (1977).

For simplicity westoncentrate on the special case in which
({1)<ontains only a dummy variable X' vv

&= E‘D”II : (42)
-her’tXequals I 1£ the unit has praperty 4 and otherwise equals
gefd, For example A could refer to receiving an experimental
tr:,glrnem Then X = 1 for experimentals apd X' Ofor controls,

' Note that (42) can be written as
f’xq =3 : "735.% :

@ = = ll.fi,i(ﬂ'fi_)Ar

2d

()

#3)

0.

3

¥
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-for the “control " rate {that s, for X
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i

, where iy = ™ and d d, -/e' thm\ U we= & when { =

o = . $0 0y = g s the ratio 'of'the rate for those wnh

X = 110 the rate for those with X = 0-Given the relatmnshlp n

(43); in this special case it is easier (0 etimate ay and @, than
bgand b| . I !

—li‘g [U)/ U(ﬂ)+ II(U) _ Ul/[(ﬂ)

do = (1T T

(44)
)

where the superscripts 0 and | denote values for those with
A= Oand X = 1, respegtively.

ND(& that the ESlldeEd ‘contral” rate (that is! for li 0)
s the same as before the ratioof the total number of events o the
total observation time for this group. The estimated multiphier,
the relative effect of X, is just the ratio of two terms like (44). In
fact, according to (43) the estimated rate for those with X = |
IS just ‘

‘ o dy = U TY (46)
&
> This simple extension of the constant-rate model permits

. an interesting [urther analysis of the eflects of ignoring censored

spells. Comparable to the pseudo-MLE in (27), we obtain:
&D;Tml/l i) .
&I - (T(”/U”,)/ (T(U}/[‘{w]}

)
(#)

Comparing the pscudo-M LE citimators with the all-eveny

MLE, we see that the situation is just as before. The ps&udo-l\-’lLE (

0) is upwardly biased:

ﬂ" au = [lu)/”lﬂl (4‘])
Th#scuda:i\l LE for the eflectof X, &y, 15 also biased:
o= (T(UOTO000) g

This is just the ratio of twg ratios, each being the total time to the
time spent in spells that end in an event. The greater the degree
of censoring, 'the larger the two ratios. In fact, the ratio in (50) i
a measure of the degree of censoring for the group with X = 11

2

Tt)ﬂﬁ[amanall EVEpts ML\E wcmtrcly rﬁpldntam(l‘?)) |
.. with (43) : -

LA . [ Tt
1 % . N o
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i

hat for X = 0. 10X has a positive effect on theyrati (that is
o> 1), those with X =
ween events and a smaller degres of censoring. Thus the pseude-
\[LE will overstate the causal effect of X. Similarly, when the of-
feet of X 15 negative (that s, e, < 1), the bias in & is negatiye.
Ilence the bias in & due to censoring will tend to overstate causal

ellects. 7 - o ;

In the genéral case when some or all of the causal varmblgs

are continuous, the maximum-likelihood estimator ‘does not Inwc

an explicit solution. In that case one must obtain the Ml Eslin
mates of causal effects through some iteralive pracedure. Tuma

 aod Crackford (1976) have developed a very efficient program for

ihe estimation of general causal models for rates. We reler in-
ierested readers to this document (dr a disculsion of lheiprdgra\l
and its use; see lun(al‘ﬂ(x and Hannan afd of h;rs (1977) for
substantive applications 10 censored data,

Models with Multiple Kinds of Events

The problem in most research ap‘gﬁfa(iéns Is more com-
plex than we have indicated. In particular, mulnple kinds -of
evenis may occur, We consider two examples.

Sgrensen’s (1976) wark on censoring was mativated by an
interegt in the rate, at?which people voluntarily change jobs. S0
implicitly there are_ at least two kinds of events: voluntary and
mmlumary Jnh shlf!s h hlS andlysls Sg&rcnaen (1975) lgnnrcd

slnf_ |
) Our second example concerns the problem of attrition in
panrl studies that obtain event histories between successive waves,
(sually some people interviewed in earlier waves do nat answer”
qug;unns in later waves. So, for example, in an'ilyzm;c, Tates of
change in marital status from such data, we must consider three

events: marriage, marital dissolution, and attrition from the study.

Virtually all reports from panel studies ignore those wha leave'the |

study. ‘ /

From our foregoing analysis, it should not be surprising
that excluding the observations on those with an involuntary job
it or on those whio drop from a panel study leads to biased esti
mates of the rates that are of substantive interest: the rate of &

| have a shorter expected duration be-

i
i

|

&
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3 . 1 :

" voluntary job shift and rates of change in maritalstatus. Consider
. ‘athrge state mode:l in which all N units*’bggin ’m th’t -ﬁrs't =sta'te'

- ‘lhrc: states, Fnr snmphclty we consxder Dnly the- first changc ﬂl-
‘ i‘ststr. and assume that transitiqn raes aré constants. Instead of 3
= smgle parametsr o, e ccmsnd:r m;and a whu:h denote thg rate

¥
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ignores ccrﬂ\"n obseévations. This time. we consider the conse-
Ig

quénces of ighoring cases that move to state 3 in estimating ar
:he rate af amove| rumltoZ This is g
Vl)

dn = TI/(UIZ

f

du:s the MLL in (53) Smce wc naw know that lhE lam:r has Euad

(55)'

: Cl:arly the pseudn MLE g gives higher :stlmates of lhe rate than

=

. The MLEs are |

' '*’Thc rate of leavmg state ] is | s (m; b cm)

The likelihood funr:tmn for first EVEMS with censared ob-

 vservations for this situation is

| , ‘ | o, : -:-;5 | |
(j wal [l It) an v 5
LEH'I ; 3\ (a )(“ )“,) :

it ) \dnt an

(ot au) -expl-ulen + aw)};y,and z,are (0,1) variables in-
dicating whether there was a move to state 2 (y, = 1) or state 3
(z, = 1) '( )18 the prababili'yaf not having had an Event over

| cundnmnal pmbablhty ufa mote 10 statﬁ INE chrli Smcr: tht=

rates are constants, the likelihood simplifies to

H

Y r - Lo
2 = . * f
EEH (I,!gﬁl' lgl-m-u]ul] g, Ee(nlznu)';] {l=p=1,) .
Sl S -

E‘iz ;llyéi/(ijlz‘iﬁ Us+F) 183
= 4ol Ut Dot V) ()

where U, is the total time until the first move when the change is

from 1 1o J; 115 the total number of movts from 1102 2, is the

total number of moves from 1 to 3 and ¥, is the total length of

- censored spells. (The subScnpt 1isa reminder that all N cases be.
- gininstate | by assumption.) The main pmm of (53) and (54) is
~ that estimates of balp fates depend on the sum of all time prior to -

the first event or censoring, 'im:luding the ‘observation time on

- Y .the effects of causal variables in a Poisson model, The result gen-
where f (), the probability density of a change dier by I Just N of

o

1§e wha move to what rmghl he c@nsndered the thenrctltallyk a

agam canclude lhal the pseudn MLE ylelds upwardly blaséd esu
mates of the rate, , -
This result has important implications for the causl
analysis of the rate at which a change in state occurs. We have
seen that i lgnﬂrmg censored observations gives biased estimpates of

eralizes to the multiplesstate model. The effects of any cgusal
variables that affect movement from one state to another il be
estimated poorly when observations aré excluded from the analy-
sis on the basis of the state to which theﬁmvc This is an Jnstance

¢ of the general phenomenon that selection of units in terms of

. endogenous variables biases estimates of causal effects. The strat-
gy we have pmposed avoids this pmblem '

Txme=DEpendgm Rate

So far we have assumed that rates are time. mdtpcnd:m
though possibly depending onsexogenous causal variables, This
assumption may often be inappropriate, however. For example,

" there are) ﬁ/smntal trends in rates of collective violence, organi-

ational ilure, and marital dissolution. Rates may depend on

the duration since the previous event: The rate of awoluntary job -

shilt may decline with increasing job tenure, and the rate of mari-
tal dissolution may decline with increases in the duration of the
marriage. Rates may also depend on age. For instance, organiza-

4 5 f : i
tional death rates are higher for new organizations than old or.

ganizations. And most experimental interventions trigger adjust-
ment processes that are time-dependent, .

The genéral slrategy that we have discussed can easily be
extended to incorporate specific lorms of time dependence in
rates. One-form that'we have. used involves specifying that rates

iry from ohe delimited period to andther but are time.’
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' indgp’indcntwith‘inaperiad. In our application of this form, we  §*
-restimated a rate of marital dissolution in the first 6 months of an

income maintenance experiment and another rate’for the subse.
quent 18 mcmths of data. Experimental effects were allowed 19
vary from one pcnod 10 anﬁther but other causal variables were
'cnnstramcd m have thc same cﬁ':ct in"both permds (see Tum'a

nu-;' CENSORING PROBLEM IN ANALYSIS OF *EVENT igrories 233

‘\"“, : |l is stralghtfﬁrward to recover an estimate of ) () once G(1) has
. been obtained. Tumbull (1974) has generalized the Kaplan-Meier

estimator to the case in which histaries are censoredl on both the'.
lefy.and the right. Thus the Kaplan- Meier type of estimator pro-
yides/a nonparametric alternative to the pmcedures that we dis-

cusscd tarhcr when nnnrepeatablc events pn:cﬁ\to humngenenus .

£

 dependence. For example, Tuma (1976) estimated 2 model in
which the rate of leaving a job was a quadratic function of elapsed

- time on the job. One could also use this procedure to estimate

Srensen's (1975) model in which the rate of voluntary job shiftg
. declines cxpanennally with labor markct experience (or age). Of
" course, other specifications are passible. A major advantage of the
maximum-likelihood appfoach is the €ase with which it is ex.

“ tended to a wide variety of data stfuctures and' substantive ' §.
' | " (hat events occurred on the observed dates; (2) 2) the likelihood of

- nncventsdunngthe periods between the observed events; and (3)
| the likelihood that an event happened to each individual i, given
that an event occurred and mdmdual { was still at risk of the .
 ent. If the rate is time-dependent in an unknown way, the first

€ w parts cannot be written explicily. Howevep, the third part.
the conditional

 specifications.

An analyst may expect strong time dependence erates but |

haveno a priori hypothesis about its parametric form or the time.

points at which rates might change. Then the two strategies men.  '§.

tioned above do not apply. The statistical literature offers some

nonparametric alternatives, however. These procedures ignore in.

formation on the exact tim'ing of events and instead use informa:
tion only on the ordering in time of events in the sample. This

- amounts to assuming that rates vary from period to pEFiﬂda e 3

where a period is defined in terms of successive vents in thc
samyile— _but are.constant wnhm any period,
haplan and Meier (1958) introduced this appmach They
lormed a maximum-likelihood estimator of the survivor function
(3(1). Suppose that in a sample of ¥ units j of them have a non-
repeatable event with times f,,. .. (ord‘erEd in time) and X - |
have histories censored on the nghl When the units are SUbJECt 10
the same stochastic process, elementary probability considera.
tions show that a maximum-likelihood estimator of G (1) for the
amn]yn pnsslblc dlstrlbutmns is '

A -Tlw-aw-ien o

i R
Alltrnatlvcly one can specll’y a parametnc fnrm of time X 5

This apprﬁach has recem]y been gcnerahzcd to hardle

¥ situations m which rates depr:nd on causal variables as well as
K jime Cox {197,°1975) has developed a procedure based on §

sial-likelihood fusiction. The undcrlymg idea can be sketched as

T [ollows Suppose’ that unit 1 has a rate proportional 1o )
; - M) exp (bX,), where band X, afe vectors ufparametersand vari-
"8 . ables, respectively. Suppose we again arrange data on the timing
L events according o Kaplan and Meier's procedure. Then the

(mmplcts) likelihood isa product of three parts: (1) the likelihood

can. Given the set t of units at risk (the risk set)\,
prubablhly that unit 1 had an event at time | is snmply

 “/2[% Eﬁx

LE R
uhéreR (7 is the risk set at 1, The partial likelihood is abtain;d
by multiplying tagethrr J terms like this:

H“/ZhW e

1=l LERi)

Cox has suggcstcd that (58) be treated hkc an nrdmary

| likelihood function (though it is not) for purposes of cfsuranatmn=

and testing, He showed that this leads to consistent estimates of

causal effects ([hebs) tfron (1977) pmved that, under condi-

'For aclear and dgtailed freatment, see Efqun, (1 l-J7'7), i

'!
\II!
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tions that appear qunc gcncral the partlal ‘likelihood eanmamr‘

of effects of causal variables is aiymptatzcally normal and rc‘ichca
the Cramer-Rao lower bound.

- Breslow (1974) and Mille (1976) have alsa extended the
Kaplan-Meier appraach They. have estirhaied causal effect
within (his framework by nonlinear least squares These eau
matars also appear to have goad propeties. *

The Kaplan-Meier approach has undargana aanalderabla

" development i theepast few years, and we do not yet know much

about the behavior of these estimators in practice. Miller (1976)
contrasted the results af parnal ikelihaod and nonlinear least.
squares Kaplan-Meier estimates of the death rate lollowing heart
transplants in a small sample. The two estimates gave somewhat

" different quallta[lve findings cancerning the effects of causat vari-

ables. More must be learned about the smiall- sampla behavior of -
these estimators belore choosing among them and the parametric
praccdurga we havc described. “

* SUMMARY

3

Data on event histories, which record the dates.of events, .

are likely 10 become increasingly commeon as sociologists become

. more aware of their value in studying change over time,, These

data are almost always censored; that is, they lack information

- onevents that occur before or after the period for which data are

available. Unless investigators deal with censoring in a sound
way, 'they are likelysto make erroncous inferences about the

| changa process.

We have considered several models of the dccurrence af

* events and several approaches to estimation when event histories
- are censored: We considered a constant rate (or Poisson) made]

at length because the methodological issues are more “easily
understood for this model. We also considered models in which
the rate of an event depends on exogenous variables bﬂitime and

. in which there are,multiple kinds of events. We discussed ap-
 proaches to estimation based on. maximum likelihood, pseutl-
- maximum likelihood, the method of moments, and recent work by
. statisticians on methods that make weak parametric assumptions,

CTHE caasa\ma PRDBLEM IN ANALYSIS OF EVENT Hla'ramaa @37

4 Monte Carl

i

We showed analyncally that pscudo ML approachaa o

' the caasoring problem give biased estimatesof rates and of caggal .

effects of exogenous variables on rates, We.also demonstrated that,
all but one of the moment ‘stimators of the constant-rate model .
suggested by Sprensen (1976) are ML estimators, which are
known to have excellent large-sample properties, We conducted
udy of the small-sample properties of ML esti-

mators for red event histories, Our results showed that the
various ML estimators have very good prapames in snall samples
when the degree of censoring is small or in medium. sized same
ples even when the degree of censoring is large. Saranaena non-
ML estimator had a much\arger bias than any ML estimator,
however, so we advise that it not be used. ,
An important advantage of the ML approach o the cene

soring problem i tha\ it s easily extended to.différent data struce

fures and dlﬂ'eram modela mcludmg Ihaae with mulnplc kmds of

o
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