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-/ o '_ SETS,. RELATIQNS, *AND -FUNCTE&S DR TR

“This ahapter haa baaﬁ wr'ttan 1ﬁ cansidarabla daﬁail

. Qur aaaumpﬁion baing that mos af tha atudanta uaing this .book :  ‘;11f% .
duriﬁg tha firat y;ar of tha:SMSG axperimantal prcgram will not s o
ha%a encaunterad the idaaagand the 1anguaga Qf aata béfore; With | "
a gaod foundatian in algabra, hcwavar, it ia anticipated that the 7

"chaptar can be takan rapidly " The idaaa ara 1ntuitivaly easy, ao:

' wt

- that whatavar dlf@ieultiaa are anﬁfuntarad will. pfabably arisa:‘

fram the aﬁudanta!‘unfamiliarity with the aymbeliam 'Dna Qf ‘the

' aima-a,.thia ahaptaf (and of the bcck) 1s tc davalop a. atudant'a

F

ability tc uaa tha‘languaga of mathematics and to feel raasanably'

Ta =

comfartabla whan atudying idaaa rapraaantad aymba%}cally ’Weli

;'which 1nva1va eaaantlally nathing more than algabraic manipula= S Coa

tlcna but Which ara axpraaaaa in?tha 1anguaga -of aat%& ,
, -gi! . e S . ’ 4
For taachara who wish ta atudy othar aouﬁaaa of infarmaticn e

daaling with the. mata?;al af this chaptar, we hava 1ncl§dad on
, paga ‘ of this manual a. ahart liat of useful rafarenca

| Sections lﬁS, 1-7, and 1-12 are atarred to indicate that

1

A . . . :
they deal wiﬁh optional topics. They are aptional not because B
: tha 1daaa are difficult, but becau 1< thay ‘are not eaaantiai to

tha aubaaquant davalapmant af alemantary functiona;" Thraughaut

¥

the boak wharavar an exafciaa dapanda upon any of .this aptiaﬂal;

s s‘f_i L I

matarial, ipgia starred.

- ‘ _ _ L _ S
'“Althaugh these optlonal toplecs are nat prerequisite to
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' Y .L

- the’ raat of,, the ccuraa, ‘we' baliave that th%a maﬁarial waﬁld ba ;;
a1 x

halpful backgréund infgrmatidQ\?ar atudenta planning ta cﬂntinua

£

”-hamataaa*inﬁaélla*',WTT-’rf,Pmara, tha—apaiaaal
Lo T : } ; .
iﬁ;g A matagial aantaina intaraating maﬁhematica, introducin%iaama af o

m_ <_r'

S tha 1deas Qf an. algabra‘cf aaﬁa aﬁd canaidarably axtanding tha

ranga Df prablama available for axarciaaa._ It ahpuld ba @baarvad

alaa, that atudanta wha aubaaquantly taka a aburaa in prcbability
" and atatiatical infaranaa, one. of "the paaaibili%iaa auggaatad by
tha Gammiaa“g§>far tha secand aemaatar af tha 12th grade,vwill
nead all af tha aptiaqal matarial on - aata includad in thia chap-
“tar_: For .these Paasana then, we urga taachara tc inctuda thia .
mataria; 6partiau1afly Sactiona 1-6 and 1-7) aa par§§?f theg
' '% cauraa, 1f time permita; aithar whila studying Ghapter ;;cr,afyag -
t;,'% ~ the. ragular cauraa haa ‘been ccmpletad 7 - 1\:
- ’
;f/ The’ EEELEEEEE.in thia chapggr axhiblt the wida Q%nga Gf

- .~applicatiana of the variaua cancapta diacuaaad in tha text and

: yat do nat axhau t themi Mare than anaagp problam matarial La

pravidad to meet the meeds of tha studanta. Far aoma af the

4

: axarciaaa thara will be mare than one carrect anawar or. form Gf

_ » tha answer and ‘we shall try to indicate this in the solutions for
— " : .
- the exerciaaa-given in this manual. . _ _ -

e In many of the problems, as ir\.the text, we speak of the -

_aat;af’digifa;-tha aet~af:hatpral;ﬁuaba§a,xoféigtegera,sof S
_fatianai arid of real numbara._ By i'e agtiaf digifa’aelméaq A

_anly:thi set’ {Q 1, 2, 3, M 5,_6 ?, -8, 9] _iha'aat af‘ﬁaturalv;
. numbers is the 1nfiﬂita aat [1Q§3, !}i}, Tha set of int%gef?~'

cantaina tha natural numbera aara, and the ﬁagativaa.af:thé;f

B - . & . . F- 2
: ) ¥ S

-




% | | : SN .

natufal numberﬂ ‘The rational numper are an extension of the ,

integEPs %@ include numbers Df the farm p/q, D an 1nteger and;q

a

a p351tive integeri The real numbers 1nclude the rational and

| irrational number;. .
l-1> Meaning of Set 7 —
. 3 )

The word."set" is used as a universal, collectlde noun,

* descriptive of c@IlectiQn% of things. We. use 1t begau e the word

is shbrt and easy to sgy, and 'because its meaning 1s independent

@f the CGQEext in which it ié used,i'Thusf_in orie instance we

may be taiklng ab@ut a set éftpe@pla; in another situation ab@ﬁt

a get Df po;ntq, gr a,g@t of numbers. Our attention is focusaeé
' upon get a an entity in itseif rather théﬁ upon the particular

elementﬂ éantaineﬂ in the set. On the other hand, the collective
ﬁiigouﬁ "hetrd" would;not SE;VE the purpose of a universalésyﬁcnym
becauQE; £ ‘ﬁ'ﬂofrunivérsali It implies a collectlon of cattle,
or poﬂsibly elephants, but it would hardly be a pfépeﬁ use of
“the word to talk about a thd of numbers or a hETd of pointﬁ

We do not pretend to define the term set, but use it in the

very natural, Qqﬁmonplace way that one does when talking about

the set of books in his library. We are careful, however, to
define ‘any éé{ficulér set in the Seﬁ%éithat wevééecify exactly
*which elementsﬁbeléng to 1t;

’The'hétion_af a‘colleétiaﬂ of objects i3 so intuitively:
vaigus-t@at one may well ralse the guestion as to th it-has
become 50 imgoﬁﬁént 1n'the;study of mathematics today. der-!

Simpllfied, the answer ls based on the fact that the concept of

I3

Y



S Q?[ :

L f.su | | 7
. V iv - ’ - . !7 . ’ . I » = . -
a«gft haa raa;fﬁgifying‘power and has become one Q§w$hé basic

- ¥

concapta in tarmalaf which Dthar mathematical idaaa are axplained
® .—§'-

N : .Thé m@ﬁarﬁ thaory of aata, ffam which the algabra of aeta ﬁpoint-

&

aat toeflogy, and a haat of other mathamatical aubgacta hava

-

: A -
davalapad was araaﬁsd by Georg Cantar at the end of the nine-
b
taanth canfufy ] Thla thaory was naeﬁed in order to grva a sound

s faundation er tha notioﬁ Qf 1nf1n1ty M. . .the aDnc g%;af the
L] . } ot

-are ally atadlad not as indlv;dual but as mambara Qf

};alaaaaa or aggragataa Qaﬂtain;ng3ia§1n1§aly many objects of the
aama(tyae, aﬁah aa aha ﬁotality'éf intagafa,'pf of real numbers,
" or of triaﬁglea“in!a plane. Far'ﬁhig raaaon it 1s necessary to
>ana1yaa the mathaﬁatical”infinita‘in a;praciaa wajr~ . Caﬁtbria
thaory of” sets haa met thia challanga with striking success. It
I - haa panatratad and atrangly 1nfluenced many fields of mathamatlc
and has bacama of baaic lmpartaﬁce in the study af the l@gical

and philoaaphlcal foundatiana of mathamatlaa. Tha point of .

departure 1is’the general concept of a set or aggragata; By this,
" N i F i ) - 771” - : . - . .
@a meant any collection of objects defined by some rule which &

spe ecifies exaétly which objects belong to the given collection."
Our polint of dapartura in this %axt is the ganaral concept

of a set, but we have no iﬁtantion_af teaching set theory. Ve

atudy sets for two reasons: (1) because wa want our students

to become famlliar with a language\and a mode of thinking which

= -_ . o - s

*(Courant and Rabblnaf What is Mathematics?, Oxford University
Press, New York, Lgkli pag&q TT=7T5.) )




\_ . ’ = 8 1
they will eﬂcdunter repeatéﬁly in the furth
\‘ A L
matics and (E) because the use of set” thinklng enables uS te deal
. §% -

with conventi@nal school m hematle@ in ways whldﬁ we béliEVE

-are more useful.and no more difficult to understandbihan thé'5'
; ) ¢ , } . ) o 7 :E L]
traditional treatments. For example, the definition of a '

function given in this chapter is in current use, is unambiguous,

ra

and i% not difficult to comprehend if Qne understands the

language of sets. .

1-2. "Describing a Set

Any given set-is defined, or described, by égEETfying ! ‘5]

"exac¢tly which. elements bel@ng to. it. This 1is dene eithe;

Jexplicitly by listing all thé elementﬁ of the, set or 1m”licitly
by stating some. rule or condition whigh selectg unamblguou;ly the

- elements of %he set. When deai;ng with small finite SPtg, the
ligtlnw Orstabulating of all the elements of .a get is a coﬂveﬁa

"ient and 1mmedlately apparen%away of d esc lb;ny the set MDre

'w

';commonly, hogever wevshall be dealzﬁg W1th infinite sets, e.g., -

1 Feal numberg, and in. guch cases we must use a
Y

rule to dESCTibg the set. ’Agfulé fqrsdefining a

the set of a

almost

[
T
e

t can b
i ) s 5 - 'ﬁg‘ ’
any statement, however weird, provided it meéts the one important
/ ’ . .
eondition that it must be pdssible to decide for any object

whether or not it Jatiuf es the rule.

e}

Warning! It ls posslble'to describe sets for which this

decislon is difg fgﬁiy to make. For example, it 1s easy to talk

‘\'»

about the set of. akl people in Illinofs at this moment, but can

you declde whother or not Mr. Thomas James is a member of thig

- _ )




1Y
A midch more Subtla and 1n fact,,‘ G

Contffdictéry ‘example deals with Harry, "the" barber in our t@Wn ”. ?

[
R kN - @
themselvég.'vThefquestl@n is thl%: Ais Harry a member of the set

-

who Shaves all tgase§ and only thaae in t@wn wh@ dDKﬂOt shaVE 5\

. of the peoﬁle he shaves? (Sée R. D. Luce, gtpiiegfgn Mathematlcs,'

i’Volume I, "Some Rdsic Mathéﬁatical Congepts," Séhoml Mathematics

gtudy Group, ° 1959; pages 18 15; also Couraﬁﬁ‘and Rabbln@,
’ Lo L ,‘,73“, e

i e,
#

xathemaficﬁﬁg page 87.)."

P

1-3. Notatiaﬂ

The bPaEEd [] used to enclo e.the eiemeﬁtﬁ of a set call
attention to vhe faét that we are to thiﬁk'of the collection as
a‘sing é”éntfz Ve Tﬁe_setabuilder notation {x : x .....} 1s a -
ugeful way to repregent a get which ié characterized by some. rule
;r property, n@th;ng more. In some treatmeﬁté oﬁ‘the ubject;i
vertical bar is used in place of t@e colon in the set!buildér'
anotgtion. wé*prefef théﬂcplan.fof typ@grapﬁicai:reaSOﬁsg

sting of the elements, or the rule for selecting ele-

set, ma& lead’ to other observations about the set

<lements. DBut these c@nclusians, even If valid, ag;

not necess Fllj equivalent tD the listing or the ru¥e. For

*

example:

(1Y ‘Given the set S = (1, 3, 5, 7, 9, 11}, one observes

If this is so,

Lo
o
i
o
o
(on
ol
o’
C
=
oy
o]
=
b

nts of

m

that all the ¢lem

is 13 € 3?7 Of course not, since l3 is not displayed as an

.

[N
element” of © 3.



W

_@re elememts of the set; T. This, of course, is falseé

’ 4 Lo \ . N
- = 7 N ‘ i'l
A (E) - The set’ T = [ ﬁgi,a h é* 7y _..] is the same v oo
. as the.get f1, 16 81 256 625, lEQé 2461 ,K.\]; ",.:.;.nce weiting .
I.
‘an element in twa different wayquses n@t aiter the;element
G‘Naw thlg inflnité set in ltS g%g@n&-form exhiblts & pattern for .

"=,bhe unit‘s digit of the elements -- 1t 1s either 1, 5, 6, or O.

[

JD ‘one mlght canclude that all integerg éndiﬁg in 1, 5, é, or O \ -

1

hpE

e

' N . . [

Exerclses 1-3. |

£

In all of the following answers, letters, symbols, and

names af people or ijeéts as well as their %equencefmay be

not - _

m

different without making the answers incorrect. It is
¥ 3.““-; N
necessary alwayﬁ to name a gset by means Df a capital 1etter:

Answers to Exercises 1-3 R
1. da) Vv = {a,e,i,ou} or V= {(=:=1sa vowel) '
. b) P=[235711 13,17,19) or ' \
= {p:p 1s a prime number less than 20}
For technical reasons, 1 1s not considered as a prime
number, Féﬂ'egémgii its inclusion would raise a diffi-
é@ity in the HHLQUé fiQtDPlEatiOﬂ theorem. \
é) +R = {(names of people living in your house)} . or
= {a:d4d is a person who lives in my house}
d) " T = [3;@gl5,2l] or (n:n is an odd multiple of 3 and
‘.ﬁ ¢ 21) ‘ |
) “
\ } J .
i7
s .

-



! -'; T T Y . - \
» ’ ’ " . o 4 \
o ) { ) i T SN NI -

! Toe N - {%7 26,35, 4,53,62,71,80) . or \ s

’ e ;\ {x:x is a twa digit intagaf, tha sum - cf whaaaa‘ ?ig R;;

NI diaita £s.8) . R "
. . Natag 08 1s not cgpaiderad a twa digit numbar in our
(A ayatam gp » lg i ”
:j f i-Ea\;aga?é - [a’a is a.atudaﬁt in our achaal} _ i» §?i> i
.:* . . . b)- M - [#5#- 7} . - ' - .
;}fa c) E\% [a_pxia'a person iﬂ4auricammunity wha*fagpd a ten-
. A doliar il yesterday} v L | .
d);EB ;L *b is a book in our ‘school 11brary}
;”éa; F = {f f is a rational numbar batwaan 2 and" 3} r
| ‘Hare are thfaa typa -Gﬂ‘géts which are not tabalatad . o
fa) ‘and d) Pepraaant extaﬂaiva and 1angthy 1iata whicarara |
~available am@whara as completely tabulated sets but uaually
) not ciupllaatacj o Y O _ Kﬁ ‘
7b) aad a)itgptaaantfaéamplaa of - éé wa}ch aaﬁtain an and;,é
less numbaf'éf aIamanE; and thua'éafy-llatingr . ;
¢) TEPPEQEntQ a cahditlaa fraquantly fDund in mathematics
“where avan‘thouah the daacr;ptian is claar and wall daflgad
‘{ éﬁgftl_;%éﬁﬁU;réﬂﬁa Ereat. deal of work or 1nganuity ‘to f;nd ilég
} the elements. ' : - | _ ‘:Kk N
- 3. -a) ,A = {ata 1s a positive even intagaf less than 12} Y lik
‘7 \ or "*'' even natura% number less than or equal . to IQ]T .
g | ?9; B =,{?:b is an Integer whose square 1s less than 10}
| | oo vi;.?_:,g;;:.,,;. and - 3.§ by +3) )
- _ S :
h ' c) C = [a:c iala square of 1, 2 3,4 or %} .;1?, *
: “or “"*"'' the square of an 1ntagar and 0 ¢ ¢ ¢ 26)

N

or [égza 1s an integer and 1 G*S 5)

¢ : ' . ;

- BV ( I<



C e

&t; D = {d d = E +i Bn, n. is gn integer, and 0 ¢ ngg 5}§L?' iij

= ﬁ;,‘x;.

afF%\q ~ or. f“ d is-a number Df the f@rm Bn % 1 and. n =-1,2, 3
Ei; 4,5 ‘qr 6}.ar ’?' d is a. term in an arithmetic sequEHCE/ N

A F.

.g,aiwhose first term is E ‘whose commcn difference ig- 8, and - é}}
5 whcse last term is 17) N fﬂ _ ? 1_ Ir; P |
| ,e},_ = {e:e fara pérmutatigm of the diglts 1,2, and 31_

-??“- -~ top [abé abe, isxéiggnmﬁ%ation of 1?3} s o A i

- =

GP [eﬂe 1is aﬁfhree digitnintegef formed from- the cligit.il’!i 7

I 2, and 3 with@utiﬁepetitf%n} - ' SR g

14, %};sets o ) _ v ' . _ | ¢

— — @‘\
. &
o q%\is important not to read iﬁtD the definition of" : ‘
\

A

—

Egciusicn m@re than 18 there: The definitian states that, the | if\
set A'ls included in.(is a subset Qf) ‘the et E*if;eVefy element R

of A is'an element of Bi In symbols, ACB.. Notice that the e
definitién imp@ses no restrictions on the elements of B éxcept‘

éthat they must include all the elements of AL (In this cannectign=‘ 4

vit should “be mentianed that the Symbal B oA is ‘sométimes used

i

-when we wish to say that the sett B inciudes the set A. The .gdet

B may. then be called a supersyg of A. We have not used this

.n@tagiag in t!§ text.) _ - , - A g
‘1‘ Fraom éhe definitiop it follows thét a set 1s a subset of | S A
’itselff If we write AﬁéA wé meaﬂ that every element Gi set A ﬁ-;e;asffg
ié@aé éiement of set A vaiouglg a true gtatemeﬁt.d Likewige o
"to show that the empty set is a subset of eveéy.set, we note ' ! o
that QSC’A‘couici be false only 1f the empty set & contained an "
lelement not in A. Since thg empty set=cont;iﬁs %@ élemenfs at

*

iy

LY
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* i

ﬁs‘ = \ . | ¥ LT T - - b f;f;,f" oo - - =T .
= " ' ' e N N

S; aLl thﬁs 18" ﬁnpassi%le no matteﬁ wh&§ the set A may bé,f .

A faw wards as tc why the empﬁf set i% a useful cencept may‘

.4 U@', ' *

| g‘be h%lpful WE Qbser’d‘a\ tk‘fat [7,] j.s rglatedﬁ@! tha ﬂiambc-:-r czerc:: in
the same ‘way- thét thé set [5; E} is félatéd ta twa D% [7} le

relatéﬁ%tg one. The number of é&azents in thgsemptg set is(gef@,;

L w

N0 .
But why ismsuch ar seemingly v%cucus nctign useful* It s . gimply
because we dD n@t wish QS have to tréat as a special case’ those

. sets defined in such a way that théy‘gantainfﬁa Eli%ents vFér,

L - example,rwhen studylng quadratic functi@ns we may wish to cOnfine- o
- . _ a(’ 2 s,
'jéﬁ'éur attentian to the set -of ratienal yaot% of a givéﬁ equation.

&

- »* Thus\ the set*of Patiaﬁal roots of the equati@n 33 + 4x-- 4

1s the set (-2, 2/3}- Eutfthe ‘set of. rational roots of. the
& . . . - - - : * I

’}gééuatién 3x° + bx -3 = 0 EOﬁtainE no- elements, since the roots - é*

o y #

‘ ® ‘of the given equation are irraticqgl (=2 +\/I§). He%ce,‘the set .
‘ +’of rational f@@tﬁwinsthia case 13 the empﬁ& set - x%$%§ ;
Bg defimitiOn the. statement A CiE dcgé not ex€1udé-thé ~

fp@ ibility that B C:A It bath Pelati@ns hold then the sets

A and B are equal (tney both ccntain exactly §§e>same elements)
and ‘we write A = B. " The equallty Ef two Séta may A@t be obvious
Cat first'glaﬁceg For instance, the;sét of aigits in the number
"whiéh is;thé éhm of 8 and 5 ig equal ta the set af roots Gf the
12quatien £E== hx + 3 = ‘ (The set 1n each case is {1 .},)

The‘term praper subset 1s used when we Ul@h to exclude the

aubget of a given set which is equal to the glVEE set. ‘For %

‘example the praper subsetﬂ Df”thé set [E -3] ETE'[E} {3} and

£z

-\
“\53 Alth@ugh we have nat included thé nati@n of equivalent sets

A\
\n tHe text brief mentiaﬂ of the ;ancept here may be helpful




7 ’ = - = LV 1

';  Ea;eﬂt 1f the - eleme%%a o) @né,sét cén:Eé~pﬁ£ intér ’
' ée h.the elements of the Dthef Set E?;S ;k
‘_:jAnOth?r wa{‘ﬂf saf" 315{ Z that with each ilemEﬂtiE? Dne set ?{

e We éan pair an elemént E the other'ﬁet 1) adﬁﬁ“a ‘way thaﬁ ﬂ@

ﬂ ,r =g

. ER X e IR LA : . ] Sl

_ elemght Df either set is lgft Dvgf{at the enﬁ_éf.the process

1 » CoT T B
jrlhen deallng v:lth fln;te, EE*{: “this C:Di‘fﬂépt éleadaltlp the fact

l’? ."‘ !’ }

that the elementg Gf a %iven set Qéﬁn@t be put ihto one- téian~_ji
. N =

c@frespondence.with the elements of - wany of its pr@per subsets.

o

- . H

.P--*_ i ‘ ~ .
vpraper su b ets, - ’

In'@ther{words;,a finlte set is not équivalént.to aﬁy of its -

When ‘dealing with - infinite sets, however, it is’pous,bl fo

équiﬁalént to a 'proper subsét:@f itéelii For- examﬁle,

5 * 'i

the 1ﬁfin e set of p itiv .evegn inte egers: is 2 pr@per Subs&t“@f gi
-tﬁé &nfiﬁite SeELDf sll poﬁiﬁive iﬁtégefg and=th§ t%@ ;etsvare ¢
équivaleﬁgJ Weréan show the -one-to-one ccfféspandencefbetwean .
q;_EheJélgmeﬁts of the two Sété 1iké this: ﬂ. 7 X
§ b 1 ~I - N
| 1, 2, L g o
: . - & N _
. (For further discussion of “this idea, see Courant and Robbins,
What 1s Mathematics?, pages 78-79.) -
Alth@ugh it might be convenient, we dé‘n@t have special
) yxé ls foi-disjoint sets nor for sets which "overlap." (Sets
A and B overlap 1f some but not all ﬁhe eie@emts?of A are . ®»
elements of B and viée versa.) V- |

‘With regqrd to »the notation a € A used to indicate that

¥ S ?fp

a is an element of the set A, students SDmEtlmES ténd to confuse

[y
=

e with the Inclusion.symbol C .. The latter is used fnl

5 S *




., . ¥ . .
S e & 1 o . Y N
;: betweeﬁ gets, mhereas: e is uS;d or ef%ments tgntaiﬂe in géEﬁffﬁ

7 It may be helpful to point Qut that the Greek 1etter (Epsilgn)
;ltj,} is'a gymbal for Quféle{;'?‘-ig" and, e is ‘the fi;gt letter gf the
) R T L .

N éssrjprrd elemént 7 ~ 7
' 4 ro An@ther paint of Eﬂnfu%i js'metimeé arises bétween'the
‘ {

. ahd [D] The capltal letter by 1tself is aimply a

Sym bDla .,

‘ oK

R Fr s {
. riame 301‘ a- givan set, wherea@ [D} stands. f‘gé' a set wh@se only

1 h =

element 19 the set D Alsc x and [x} may be confused - From hﬁﬂsggﬁs
page 38 of the 23rd Yearb@@k "we, quote, "Even if K has Qﬁly a

. \,
single member, ‘Say x,rit is not. at all true that A is x

5 * . . - F
” we can’ wiite A = [x}, but this 4s quitesaifferent from A = x.

)

] '7 . A

Féf;iﬁstancé; the Federation of" meén‘s-Cl%bg"*
b

\ ¥ members are clubs, not wamen,flﬁf=the‘éage,
fD; ﬁotgtci;nging hééijustthQimeﬁbersjfit can be §"meﬁﬁer of
‘ phﬁlFédefatiOﬁ!' f?éon; of the two ngeﬁ 1éaves,lana on1y¥ﬁﬁsg
i Smith is left in the Soclety, the Soclety can still beléng to B
a the Federapi@n;fstsj Smith cannot. If Mrs. Smith,‘discaujégéd,
! ; péfﬁigi‘the Soclety té‘dié, although-the Sééiety is the same as
?{ the set [ﬁréﬁ Smith} 1t may stili be true that Mrs,. Smigngetaigs
perfect health and igor;"rl |
- | .The ldeas discussed 1n the preceding two paragraphs can bé
feigfééced by céﬂsidefafion of questions like this:
ﬂaﬁ.the following statements true or=falsé?‘ //
» a), (2 < (1, 2, 3],! ' g) 2 C [l,=2§ 3}, R\\
;h* —— ;7;{:;”7 :
Twenty=-Third Yearbook, "Insights Into Modern Mathematics," ,
. o Niti@ﬂﬂ% Councll of ieﬁthrJ of Mathematics, Washington, D. C.,
N lgf’! page 38. g
o ,2;3
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T

The ‘coneept” éfga universal set enables us to restrict our-

A

Aselves fn advance ta the elements we wish to talk abcut in any

¢ .
e A s
L

particular digcgssian . Fagﬁéxample

course we are 1ikely to aay that x 2 ; 2 cannot be w;}ttEﬁ as the
pfgzuctfcf twc bin@mial factoré& This is true cnly if it 'is
_pnderstaad that we are réﬁtricting the numerical terms in the
factors to’ the univerqe of rational numbera. In the unlverse of,
real numbers‘gx2 = (x +¥f§) (x s\/§) As another example,
we may say in the same ccurse that the sum of two squares canﬁaf
be fgctqredm *Tﬁis 1g true in the universe of real numbers, but
bitl;S false if we agree to admit the complex numbers. Thus, in

the universe of complex numbers a® + be factors into (a + bi)

(a - bi). $ . . e
. T
i \ 1s
. “> (\ _ — .é
T \ Exercises 1-5.

The note under problem T is intenddd for students who have

-studled combinations. Problem 5 will give the teacher an oppor-

tunity to review the varilous extengﬁoﬁs of the number system, if
needed. P?oﬁlem 6 should be assigned with Problems 7 .and 9,
since the latter are more\Pagitﬁ understood in terms of the

specific examples in Problem 6;

i . ES
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“Answers to Exercises 5 - S o T .

0

11—
[(Insér 5 names Gf students ih ycur mé%hematics
&=

1. a) M
s - ’ : ’ : . o ¥ - #
clag%)} S - . \ . o

! L R elgl, MF; {Joe, Bill, Henfj, Méry, Jean}

is the set of all students in your mathematics class.
i‘ ' “he ; .,
or = {p:p 1s a member of jéur%mathematics_élass} v
- e

.b) = ((Insert names of 3 teachers in your school))

a 4 .a <

i1s the set of all teachers in your school, distrigt,

TR \city é, state.
2 k ylfgs o

¢) o= 11,3,57,9). ° U= (1, E,}?‘ b, 5 6,7,8 9) or U i1s

Ed

w "

the set of integers, (or rational numbers, or real *

numbers) . **%i . _ _
"4 gk o2 3 4y o = TR A
d) F = (=, 15 £ §l+ U= [Eia and¥b are digits and b # 0}

1"

‘ or U is the set of rational numbers. | ~ .
e) P=1(2;3,57,11,13,17,19}. -\
' ] R T~ .
U .is the set‘@f(ll natural numbers or 2) integers.

2. a) As an example : [QD, KH, QJD} or {King of diamonds,
Jack Qf heartg, Queen Df hearts} or any Df the 18 Dthers

;;21>\ If aces are.considered faceggards there will be 56 sets.

b) A= CAS,jAH,'AD, AC} or {Ace Dfispadesg acé§:} hearts,

Vace of dilamonds, ace Qf_ciubs} _ ™\

¢) H =.(AH, 2H, 3H, U4H, SH, 6H, TH, 8H, 9H, 10H, JH, QH, KH)

d) L = (AH, AD, 2D, EH; 3D, 3H)

a) (2,4} , (u}, [2}, 4  Four subsets.
" °b) )[E 3,4), {3y, (2, 4] (3,4}, (2}, (3}, (4}, ¥ Eight

uubseta! &

e

™ -
L
o,
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AH; ) v — = . * & A
. ; ;\ LA - + E
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Answers to Exercises l-5y(conbra) .« 1 . < L
kA gt J IR
) (1), (2), fafy. - T T

©) (1,2, (1,3), LM, (2 31, (2,41, (3, u}
. a) (1, g ,3),¢ (2,3,4], (1,3, Ny, (1,2,4)

e) [1.2,3 4} e

£) 16 (— 2 ) L

g) If a given set” contains ''n eleyeﬁts; %heﬁe are 21

: pcssible:Subsetal(iﬂeludiégithegéhpfy set aﬁ@.thé“given

. set). '

{E’ﬁ,‘ :3; ’,,\/f: ‘gsjéi\"; H 7’} ’) - .

o {,ﬁ 3 4} ! ) ¢
L &3~ 7"7' . -

“fm .- 3 4 ' ’

[E T, ﬂ}:ﬁ 7

%, 3, 3EVE

! gﬁ’_‘g

!

5. a) N

cx

g D
Il i

d) S
e) T = {\AE B EF:§;;§§}

6. No: . a,e, and f. ~ Yes: b,c,d,g, and'h

7. All ‘are yes. See exercise 6 for 1llustrations. The ¢ ¢ C
and CgﬁA and ¢ ¢ B 1s 9. The ¢ € C and c € A but ¢ ¢ B .

v is either 1 or 7.

8. ACC,
9., Yes for a,b, and d. No for c. (if shaded area 1s empty)

Thls Venn diagram may make 1t clear.




| ZF , 2
4 # - 3 S 19 s *‘
- ¥ ;‘ - ’ -ﬁ P
lf6>and 1-7. Venn Diagram? and Dperat;ong w;th aeté
_‘ TS As explained in the IntTDdUQﬁlDﬂ theae seétlcns are éptianal
since ﬁhéy c@ntaln material n@t needed in t@e ‘rest Df the c@urgé
, o e

=~

Hawever tnﬁy c@ntain 1ntereat1ng ideas whlch are m thematically

and are n@t difflault to undergtand Even if gectlanrl 7 is

'\ \Dmitteé the inclusion cf Secti@n 1- 6 Venn Dﬁ%gramg, wculd glve

L

‘students a visual way cf.légking at subsets. For example,'té show
. C,/ =

" that [3,\4j %}';é a Sub et. of [1 2 3, 4, v 6, ?}, you can us e

a Venn diagram as in Figur@,TC 1-6a, k ‘ -
A {
: | Figure TC,1-6q E

The universal set'U may be any set yéu wish, so long as it

includes the two given sets. In some cdases you can just as well

~ .
ignore the universal set in the diagram or let the larger of the
two gilven égtz be ‘the unive%%e, aé in Figure Tc;laéb.

4 * - s
- . L .
2
1
» &
or '
A 1’ ﬁ ) -7
o 6 7

Fﬁigurﬁe TCJ'{_gbﬁ
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L . C B
'In using Vénn diagrams it is wafth“ﬁoting'that~exact circulaPAgrA

L rectangular shapes are not necessary, any tlased shape being

=4

| satisfacﬂcry

&

When aperating with sets, Venn diagramgﬁgzg of'ten useful in
'painting the way to saluti&ns, but shculd not be regarded as
proafs Df relati&nships between sets. | | A

‘ The symbal f@f union 1is aften called cuﬁ; %ﬁfEiﬁféfgectiéh,

cap. - . When thinking abcut these aperations, it helps tc keep

o reminding oneself ‘that the union or the intersecti@n of twa or

-

more sets is itself a set. This is especially tfué when we are

o .
. dealing with an expressf%nilike ‘ALJ(E n G), as in Prab;em 6 of

fthe;Exé%cisaS 1-7. Here we are lqgking for. the set whose !

" elements are either in A or 1n‘bé%h B and C.

Exercises 1= 7

..é :
. ﬁf——f

' Seétians~;=6 aﬂd 1=7, Specific comments are included. w1th the

Ea

answers ta some of the*prcblems g}eage note. that Prablem 6

. 1s 1ntended f@r those students wh@ are interested in cansidering
~ some of the ideas in“the- algebra of sets. It is a fairly o
"difficult problem 1f formal proofs are re@uired B

e V %
'vanswers ta*Exercises 127_

iy il - s . . =

1. a) .B!Af- [1 2, 8 C;} e); AU ﬁ = [; 2, :3]
b) AUDN= (1,2, 3, 6 7 8 9] 1) c ﬁ ﬁ 3 ’
@) BAD=(6,7) . g @Ffm'ﬁjlzs

mm
L—

a) (20.D)t = (1,2) h) UND = {6,7;8;9)
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AU g = Al
Sugeu

f /% ”

/7o

M7/ 107000508

///////

ff'f' A

L e
L. el

L/

M///

L

Eatat w
ok



: : T g 22 s AT —
Answers to Exergises 71 T (ccnt‘d)
b os'= (0,1,4,5,6,9) A
f.‘;'sl-fr[x‘x is any 1nteger 2xcept O 1, 4 25, 6 9} :
“(él_is an iﬂfinite Set) . - T e e i
5. a) ‘If AvTB or iB‘<:‘k f  = f) Alwéys
b) only if A = $ and B = # ' fgiv'Qﬁ1yF;f g‘= A
" ¢) only if BC'A (which - hH) Only if A = £ N
| héiﬁs for B = f#) ;.‘  o - F ?
"53"§ﬁly-if AC:B; 'vik * :f : *1) Always
. e) Only if A =B ‘ J) Only if U ;.Af

In 5a, if all elements‘ﬁct In one set are in the second.set,
-4
their unicn, /ﬁn, mus t c@ntain all elements in. universe.h_-

vThis 13 obviously tfue 1f either set alcne iz the universe

’6 E Althcugh these thearems may be examined by Venn diagrams,‘

"Mr. Jones is my algebra {gacher,

‘mathematics curriculum. The differeﬁce betweEE the statement,

iiﬁ%heir proaf depémdg on a minuteiéxaminatian Df the meanings
of each’ Df the symbals.é P u and n. Essentially; all
that mcst studehts Wlll be -able to do is argue the Valiéity -
of each equatian '

1-8, Open Sentences : ‘ - O

’/‘f The idea that the faﬁi\?agﬁéquations and n@t 80 famillaf .
1nequa11t1es Df elementary alpébra can be Pegafded as Qpeﬂ
sentenceq seems, to us to be one Gf the mos% helpful ccncepts tqf'

have eval&ediffoT recent attempta to imﬁrévé the secondary school

. Py
i " and - the Dpen sentence, "He
2T A

Vis my aigebraifeacher'" ig read;ly understood and lead% ﬂatufally

3 - -

29




“Fo conaideration of the difference bétween a Statement T,

c

""2 +5> 10 " and an open, sentence such as,’"x + 5 s 10," ~T§é»ﬁ '
. symbol "x" is called a,variabie and simply repnésents any unspee-=

'*ified element cf same given aeﬁ, usualiy a set of numbers. Thé'

LS 3\

et

' wuniverse at a-time for. g, gtudenﬁs canadisccver whigh values @f-;'

X yield true statements for a given Dpen sentence
%,
of course we da nét intend to imply that y@u shauld c@nfiner

5

the prcblem of solving inequallties to the mgthad of direct suba;@m_

S@ituti@n; but we bellevglthat this is a- useful technique fDP -

 developing the notion of a variable. - Furthermore, 1t is likely:

:that=yauf studenté'havevnot Qreviously:studied fcrmal=methcﬂs f@r
solving inequalities, so that as you develop these methods the

.-use:@f;direét squtitﬁti@ﬂ as'a check will be h%lpful in buildingf
confidence iﬁ thé téchniqﬁeé.; ‘ | ‘
K In the current literature (far example, see the Réport Df
the Cemmission on Mathemat;cs referred to EafllEP)nthé idea that

a varilable 1s a placehalder ‘is used freguently.? For instan;s,
in the Dpen semtenge "X - 4 7," the variable "x?:’s tha:‘mght'af-a
as hclding a place for a numeralvwhich is the name f@r a numEET
Alth@ugh this way of 1@@king at'§ variable may be helpful at thei
start, the Smgé‘courses ﬂofﬁét'uée it.  For éné thing, a proper

) develapment of thls pcln% gf view requlrea a Pather careful -
study of the dlgtlnctlan between an Dbject aﬂd 1ta name, in
2paftlcular between a number and its name (called a ﬂumeral)
Teachers should undérgtand this distinction and m;y WIEh t@\%

refer to it bfiefly in class éisaussi@n; but it is our feel;nf

P

. , .
- v : _ g\

o
<
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'the matter ean alwgys be eettled eﬁ the epet., : | a E;"

'unspeeified element of a given eet, end (3) the given eet ie

’:‘fellewing eeetlon

e

'eentenee beeemee a true statemeg. In other words, en&ppen ‘

.set, and for thie redson epen sentences are eemetlmee,eallW

that undue etreee on thie PQiﬂt 15 n@t’needed fer underetanding é“efij

the rele of a verieble. If the eeeeeienal ﬂieeueeien erisee in

a

v>wh1eh the differenee between a number end its name 1e relevant

L

* - L E

L In eummeryg we;gelieve that the ideee te e@reee are the
fellewing (l) equationé and inequalities ere open eentencee-
centaining one or mere variablee (epen eenteneee in two verieblee

are etudied leter 1n thie eheptef), neither true nor felee aeg

_Vtheyeetand? (2) a vezleble is a eymbel used te repreeent any

the unlveree. . The fourth importent idea is dieeueeed in the

\

-

P o

_ . '
.159.. Selutien Sete of Open Senteneee

iFhe eelutien set ef an open eentenee 1e thet subset ef the

univereel eet whieh eenteine all elemente fer whieh ‘the epen

&

eentenee eeleete a eubeet of th univeree, namely the eelulien B

d

Y

i

"set selectors." . - o S

‘A lerge‘pefﬁ'ef this section is devoted tefilluetrative

-examples, einee thle 1s our firet eppertuﬁlty to eth how the ;:

lenguege of sets can be edepted to ideee of elementary algebre

Free use ie mede of the number line for. grephing ﬁﬁ» solution

eete of epen-eenteneee in one verieblef end e heve edepted

certain symbols, explained iﬁ‘the'ﬁezt; for iﬂdieeting when a

'pertleulef point repreeenﬁing a number 1e or 1e-net an element

5y
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" of the sciution set. :7;k? o f_; - B ~;ﬂg o f'g¥ 

| Cancerningdthe graph in Figure 1- Qa af,the text it would:i‘f
Eprébably have been. better ta use a dashed 1ine rather than the
;*7_ A solid 11ne, since in this example the universe is a small finite :
T Set cf.integers. A 8011d 1line tends to. imply that any pcint on
L | it represents a number in the gniversal set in Dther words, ‘that
 'the-pn;vér$e i§~the get of real number§ This is natﬁthe case* .
' ;ngtﬁis>éiampfej %ﬁd wevwculd favor madifying the graph as shown

... .. .1n .the f@ll@wing’Figure Tc, 1—93-’: A __f,/

- S . S
o . ) . = == === =—

Pigure TC, 1-9a.

[

v - P S o -
Although the primary aimvof this section 1is to dillustrate

"_ ) } R o ) _ér_ : - 7. V,';
"how the language of sets may be.used with,algebraic material, a .-

secandafy puipése'is to pravidé a rémiew Qf certaiﬁ algebraic‘
Y
-techniques and an extensicm -of the ideas to Ancrogm the scluticni

-~ of inequalities, the n@ticn of abs@lute value, and so forth Hval
1n this course the sclution of inequallties 13 belng studied f@r
the first time, 1t will be necéssary'tc extend the#set of'axiéms

' used iIn sclving.equations t@ Include operati@ns om 1nequglities.

"This was prcbably ‘done tc’some extent whéﬁ’gour students studied.

g geometry, but 1t 1s unlikely.that Qegative numbers were includedi..

For example, what conclusion is implied by.the operation of.
multiﬁiyiﬁg'each méﬁﬁer'@f x < 3 by - 2? The answer is that

Ex}ési ) - . . - - . . '

For your canveniéﬁce we state here the geheral rules used’

- f . . : = o

L

N
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inequality ie not eltered by edding the same term to er eub-f

treeting the eeme term frem botH membere, er by multiplying or
]
-

s -3
. dividing beth membere by the same positive term,e(E) If beth

membere ‘of* en~inequeiity ere’multiplied or divide' by the eeme .

| negetive term, the eenee (directien} of the ipeQ”eiity lSIF:

revereed Fer examble, -2 { 3 but if*we murtipiy beth membere';,

inequelity by - A, We obtein 8 } - l2 A mueh mere

eelving inequelitie'rr (1) The eelutien eet Df an algebraic'

;'leubtle exemple; harder than any thet appear in the text ie theiiv_

- following: In the univeree of Peei numbere ‘find , !4

3 {,;i4}! : | ‘

I3

. ey

o We wieh to clear the inequality of fraetiane 80 we multiply beth
membefe by X e_?ts Eut 1s ‘the term X =2 peeitive or negative?
By inepeetiem of the given inequality we see that. the freetien‘

LS £

3/(x - 2) mget be ﬂegetive aﬂd hencé x - E must be negative.

Thefefere, muitipiying bet@ membere by this term we obtain

=

- 3> s‘Ax + 8; (Nete the revereel of* the inequeliﬁv '

eign ). o
, , -,
Subtracting 8 (or adding - 8) gives
'A,b- ; . R . LY ) -
C o= 5}‘43'5:
* and dividing by - 4, we have’

(Why was the inequality sign revers sed again?)

3

L



the “fact that i a { v, then b > a, we can write |

Lf;the last rEsul .as  -!““,= BT

P

iBut there is a se9cnd ccnditicn ﬁhat must be satisfied~ WE

“stated abeve that- :he term % - 2 must be negativei This 15 the

.same as’ writing " R o - o
oL, , _ A A " o
e o x - 2« D R ’,.’_ - o

" and fraﬁ this 1t is clear that X< N Hence,_the solutian ‘set

—ee e foP thls exampge 1s defined by é% open sentenge which 1mpases

Ce béth a l@wer ,nd an upper*limit onn the Values of_x.- We write as

the fiﬁal%ghswer;ij‘ _ :' 3 e
- {x + x EAR and 5/& < X {‘%] ,
(the ﬁhat R is. a symbol for the set af real ﬁumbers )
AS an exercise for teachers we suggest the fﬁllowing )

’=pfc®1em* what is the sclutien set defined‘by the 1nequality

%

- 3/(x- 2) > - U 1in the Uﬁiverse of real numbersﬁ o .
(Answerf [x : x € R.and x < 5/4 QP X s 2).)

i
The cOﬁCépt Df absalute value “is. 1ntroduced in’ thls sectlaﬁ

(See Example 6) and 1t is used in succeading;ghapters Gf the

boak In addithﬂ to thé 1mmadiate camments, further discussiam

of ‘absolute valde will be“f@und in thi% manual under Sections

_EQE and 3 Df Chapter 2.
"If x is a real numbér;-ﬁhéTabséluﬁe vélue'@f'i, symb@lige§ »
-Ey | x | i5 defined by--'_,’- L, .

S
T

R | A x, if x 3 0,
= . o x e - -
- ~x ifxg0. -
s 7 i ’ . . - ‘ : . Rufi

kU

e
L]
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,. - ‘ - : —8 ) i "‘ A V . - - .‘ . ., . ) -
Thus, 1if xi;'u I x<4 = 4 g'Q, | x I . 05 if X = - 4 N
| x TL— - ( h) oy, in cther words the absélute value of any

numbeqpcr alg§bra;c expressiam is always either zero or a pcsi—

tive quantity.- _

-

.-]v

B The 1deas involved In the Sclutién Df cpen sentences ccn-

talning absalute values may nct come- easily, and it would be

advisable to .- begin by discussing the simplest examples,'suéh as
Cbx|.=5 |x|<§,__|x1>5,| i{a5,aﬁdscforth | The.

sclutiOﬂ set 1n_the last example 15 the empty set since | X I

=

“1is ne#er less than zera.

Ve shall consider the example I x |"¢ 5 in detall. By
\
definition, this means ﬁhat if x is zero or p@sitive, then x <« 5,
& :
‘and, ifxx 18 negative then - X { 5, fron which 1t fcllows that. .-

-

e

x > - 5, . Hence, thé‘sclution set of the’ open sentence I x| <5

B * -

1s o |
{x:x€Rand -5c¢x<5),
# ) : . .

l-,- . \_,\' ’ . g. . ) f.f-’

‘ which is the-concise way Df saying that x must;be‘greatéf than

L

-5 and less than 5, or that x may be any real number between;
- but not including - 5 or 5 - . o
) o .
. :Theiautgame of a discussion with examples like the above

- mlght well be a set Qf%generaliéatiéns'such as:.

LR
i | x| > a, then x > a or x <= a;
b | < a, thenAé'a;g X +,b § a, from which we .
”ioétaiﬁ:,ﬁié - E?i;x:£ a - b by adaing'é b to eéeh membér of;thé

inequality. e




,%:: A.'X - : E “. . 7 c - .

Loy e = : i = ) = - ) i ) LA A

R T ° further examples of Gpén Béntences gcntaining ab361ute ~'*(;

iEE§1uea f@llaw. Cansidering first an equaticn, if we are’ giyen.
. that | x - 2,|

3, tnen either X = 2 = 3 Gr - (x - 2) =3, and gfﬁ%
&ﬁénee“x = 5 er -’ 1., To verif; that [= l E}a;s the saluticn set |
A fcr the given equatian we can use éirect substitution. If x = 5,
@ thenlS-El sl

|- 12 | =1-31

N

3, as required, if * = - 1, then

3, .and Quf chec,ing is finished
The use éf the number line is helpful when ?iscussing cpen

éntencas gantaining absalute values. Referring to the equatian

| X -2 I'E 3 of, the. preceding paragraph we may think Df the

¥

: quantity | X —f, | as the distance Dn the number liﬁe between_

the p@ints whose values are x and 2. Since 1x-21 equals

.k_‘;A

‘ I 2 - x|, x may. be either tc the right or the left of . E at a
{‘ - distance of 3 units from 2 Ihis leads 1mmed;ately to the con= )
. Zlclusian that x must be 5 or - 1% 'Figure TC, 1- Qbillustrates
‘the idea.-
; it' B N
“hiels . Is ,
— T
R -t 0 1 2 - w5 _ ' N
g Figure'TG,il—éﬁ.!L‘ Graph of ‘the sclutiég set for . K
. T T x €R .and . | x -2 =3; | ) N
Iﬁequalitie' c@ntaining absclute values are-a, Little mcrex
digficult at first, but pereg;%ain the use of thesﬁ@ft'y‘:“
f;SAinstPuctive. FDP example, what is the SGlutiDﬁ set Df _
[; : X€R aEdA I x - 2 | {-3}? Intérp'eted graphically, the'
tthiﬁéQﬁality statesbthat'the.distaﬂce from x to 2, bor from -
2 to x, must be less than 3. Sincevwe have already found that
EBiq‘ o A o 3 "




913;.5;a ai{( j'7;f  <§ ’_ -ia a.A_ “1,<4

“when Eﬁé-’-éiéfaﬂcfe’waquala 3, % 1s "aithar -1 or "5, 1t f‘allcwa that .

£6r the diataﬁcé ]12 -2 |fto ve- less than 3, x muat be to the.
: < ’ ‘!?F'

right cf -1 aﬁd ta tha*l ft af 5. In Dthaf wcrda, tha aclutian:_

i?.

. set 1a = e s

'ia“R~

"[;ﬂ: and - l { x {}5}
alaa dapand upan tha twa alternative canditiana impliad by abaa-’ 
1uta value. If | x I < 3, than X - 2 may- be ait@ar paaitiva =
ar nagativa (Gr zara) _ If it is paaitiva; than X - 2 { 3,

_ wharaaa if it is nagativa, than - (x - E) < 3 or ¥ -2 } - 3.

i

Cambining thaaa twa raaulta we hava “ L ’-Q_

—_{JC—E{B,_“;' ej'

]

and by'adaasf'a.ta-eaéh

-1 { X <'5:

:ambar of this - inaquallty

- ¥

'Thia raault agfaaa with that of tha pracading paragraph

S A may be halpful to obaarva that accaaionally atudaﬁta g\%-

N

Dbtaiﬂ arronaoua Paaulta because they confuaa - (x - E) { 3 K\

with X - E <= 3; Ir you ara aareful howavgf to davalap the S

,idaa that 1 x - a | 5 b means 'that x - a may be positive DP

~nagat1va, but' that ta Write x = a_? T b is incorrect, then your

L

- sstudents aught not- té ba canfuaad by thla diatiﬂctian
Giéaaly related ta tha ﬁOtan af abaalute leuasla tha\

, fraquaﬁtly miaundaratood aaﬁvantian regafdiﬂg tha square rcot

) S

-'aymbo; v, . In fact, either one cauld ba used to dafina tha

Y,
other since the two definitions are exactly“the same. Thua, if

x 1s a real number, then\/x¢ is x when x is zero or positive

L . . L _ _ .
and - x when x 1s negative. In other words, /x¢ = | x |. 1ép




=-3ana

o= o= 3. But nete eerefully the diffefenee between

3 end\/ f; _The latter 1s the seme ss\f_7§ snd this ~€“
’_fis the 1mssinery nufber '31. R R =
A When selvigg ipequslities such as x° } 9 it is advsntsgeous
fto use ‘the fset thet = | x 1. We may then write | x. | > B '
frem whieh it feliews thet + 3 > 3 and this in turn gives X S 3 -

or x < - 3 This praetiee will help students to avoid. the rsther\\

netufsl errer of essuming thst beesuse xg 9 means thst x =1 3

-'xg > 9 ‘must’ mean that x x> 1 + 3. It might be helpful to. emphasize

“that xg_a 9 1mplies thst | 2‘1 = Bzend from thisfmé obtsin
4+

x = 3 and finslly x = +al The selution of the inequslity

x { 9 fellews the same psttern.

& R i‘g“‘

Exeﬁeisee l 9 . 3*v_ . A

* Preblem ; is designed te give students preetiee in writing

;.in set buildef notation 0pen sentenees which are expressed
verbsfly Problem 2 eentsins the resl meet ‘of this seetien and
is designed in sueh a way thst eseh psrt eentributes to undefjrr

T Cstsnding of the psrts whieh fellew._ These pfeblems teke time;

"and i% weuld be s mistske te expeet thst yeuf students esn de

N ‘f’éil of Preblem 2 1in on<

sssignment The drewing ef the grsphs A

- of the S@luti@ﬁ sets sho ld emphssise the msthemsties 1nvelvedun;

iersther tham the srt WO Preblems 3 6 are optienal sinee they

& }!

-depend upen Seetion-l 7 ‘as well ss,the present section.




Answers te Exeféises 1 9

.

TN

At

"1;;73)“[x x g‘j} U may be the set af 1) natural numbers, or
ﬁ‘mu’v“’vg)i digits, or: 3) integers, etc.A It 1s alsc pgssible

=f-'5 to incluae the uﬁiverae in the set-builder,~e.g N »'[,-AE]¥ ”fl?

R

{x:x is an 1nteger and x } 7)
2 1;%"‘
=.3} f‘,‘

‘Rc)é fxai'éAR and xig_D] IERTE ;‘ | ‘J_ T

'b) ;[1;3 £'R and x

ﬂ)‘A[x‘x € R a@d\/5'> B} or. [x.x is a natufal number and .;

,e) -[x;, lxl 5 =23}, U is.thdjset of real numbers, vsff e e
2. a) RN b — ——— e i
; - N I o 123 4 8yt

b)

c) ;qr—;

Y

01 2 3

— — s, RS

wn
m‘-
|
|
|
L
£
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©. ‘Note: g and h are the same '
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1-10. Ordered*Peire and Graphs *

@

" The eeneept of an ordefed pelr is an extfemely useful one

s

:E in, meny branches ef methematiee In eddition tD the uses in.the

@u text (Cartesfan- pro‘?ete, reletlene eﬂd functlene),'ordered peire

are ueed to repree ent negativJ numbere, Patienal n%?bere, eomplex

numbere, veetere end numerous ether mathematical ceneepte The:

&

-student should be quite femilier with the erdeﬁed pair 1dee,

theugh perhepe on an intultive leVel enly You might ‘ask a

= A AP =3 BV

endrpoint out that tnie is an oree,edfﬁeir;,with_Geerge as. the

1 e

first. component and Washington ee-the;eeeeﬁﬁl' Qf,,egein,ﬁgou_

: m}ght

" says qget the "count" is.3 and 2. Since eelle are announced .

AL

fek what an umpire means when during 'a baseball game he

befere strikes, thils constiltutes an Drdereé pair. You can
probably think of many more such examples and should use as
many as seem neéeeeefy teqcenvinee the students that thie is a

) ¥ 5
commonplace aﬂd extremely eimple 1dee

We use the werd;“megﬁer' on pegeFBE to define the e@mpe_ BTy

nente of an erdered peir-: Technieelly thiu is not goed ueage '

. but we feel theﬁ eur meening is elear eﬂd frem this peint on,.
qs’ .

¥

We have eveided the use of the idee Gf an independent and
g

5ependent varieble in our work since the use of sets in'dis- @

'hleu slng relatlons and functiene renders them gsuperfluous.

% ir ) . -

’preeidegt ef“the United Stetee,-

einee an ordered palr 1s not a pet cenei ting of 1its eemponente,r

X end y are alwaye referred td‘ee cempenente'ef erdered pairs.

I A
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‘Exerd¥ses Ta10. '

-These exercises vary in purp@se Exeféises 1 2 and 3 deal
wi;B some, aimple pf@perties of Drdered pairs, while exercises .
d

L 5 are 1argely intended as pf@blems in feaq;gggand uﬂder=

‘_standing the words we. use, to digcuss sets of ordered pairs, {

Exercises 6 to S gilve practice in finding éLements;@f the
‘ : _ v o
solution sets for open sentences in two variables and in grgphing '

the sets. ' . : R

Aqgwefs téﬂExgrcisesﬁ;;lﬁif _
L ((1,1),(1,2),(1,3),(2,1),(2,2),(£,3),(3,1),(3,2),(3,3)]
2. (x,y)v% (u,v) — x £u or y#v or b@th._-

Ik

3 andy = 2 . c) y #£2
_ L .
y - d) y # U4

UL, (2,7), (3,5), (1,8), (5,3), (6,2), (7,4), (8,6))
Ja)  ((2,7), (u,8), (5,3), (7,4)] " (Braces not essential)

3. a) x

b) x

%)

b) Three: (2 ?) (LL;“S) (5 3) . .
o) Five: (13)(5,9) ,(7;4),(8,6) S A
d) Yes (5 3) Lﬁfg | o

é)‘ Yes o

6. a) - ((0,0),(7,7)) o) ((3,2),(4,1))
). ((3,2),(%,1),(2,1)) £) ((0,0)}
) £ . | g) ((0,0),(2,1),(4,1))
a) ((3,1),(0,00) " n) ((2,1),03.2))

7-8. See next sheet for theé.answers.
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1-11. Cartesian Products . ...
‘The Cartesian product is used in this text to give a well

éefiﬁed Fniverse for_séts cf-éf&eréd pairs. In particular,

R.x R §S'ih Dne%tcaéne cérrespéﬁdence witﬁ the pgégés of the
géoméégié plane and thus serves well.fqr Ehe_réprésentatian cfi
5g1£21cn sets .of open éEﬁtenées 1n;twc“real_vgfiabl§sj As |
@éﬁtianeé in Exercise 1@;}553 coficept can bevextenéedit@varieredr

triples, artindeed, to ordered n-tuples, and appropriate-use .

"can be made of the gérr35p§nding Cgrtesian'pfadﬁets, For

instaﬁ;e, with Qrdefga triples (x,y,z), we can assoclate the
Carteslan product R x R x R with theigecmetric points in -
Euclidean 3-space. ! | ’

" In some textbooks, the words "Cartesian set" afé}uséd to
represent the Gartesiaﬁ product of a set with 1tself; R xR is
Fhus said.;o be tgé Carteslan set of R' . _Wevfﬁsl that the
npticn 1s‘n@t 1mp@rtant}en§ygh to Eying to the studgnﬁis attention
now. Another way t@épié%ure the formation of a Cartesian pf@ducti
is by means of ﬁhe “treeﬁ, as in Figure-Tc, 1-11 where wé‘form

the Cartesian product of {1,2,3) with 'itself.

- - -

‘w m — \w‘ \m —y ‘IEJJ m‘ —

-

-
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N
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‘ ‘
|
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- In a sense, the Cartesian pfadﬁct is a mathemaﬁiciah!s
canvas upon which he is able to picture relationships by

selecting various subsets upon which to focus his attention.

4
i

The exercises are straightforward and designed to famil-
larize the student with the simpler aspects of .Cartesian products,
and again, to provide practice in the reading ang writing of set

ey
symbols.

Answers to Exercises 1-11.

((1,1)) | =y

li

) One. UxU
) Four. UXx U ;d[(1:1):(132):(2:1):(232)}

¢) Nine.
)

2
n-.

Mo
™
bi]

. £7’B’9} (TQl),fTQE)!(7§3)!(7!4)
B = (1,2 3, 4 (9,1),(9,2),(9,3), (9,4,

' | (5,2))
¢) ((3,1),(3,2),(3,3),(3,4)

3. la)

N
¥

d)
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T(L,4),(3,5),(2,4),(2,5), (3,47 ,(3,5))

Bx A= ((%1),(4,2),(4,3),(51),(5,2),(5,3))

Six

A x B

,a)'

o)

c)

d)

Zero =
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4o
7. a). rin ‘
| ‘b) m or n, whicheveér is less
‘¢) Yes. Either m=1o0rn=1, the other equéls 17fA '
| di Eight. n = 1;2,3,4,6,8,12; ér‘ga- and m Ezéé .
}i;’fa) n - | :
b) ——

v nS-n n“ + n
¢) —p— *+ n=—7p—

9.:If ACU and BCU, then A X BCU x U |
10. a) ((1,1,1),(1,1,2),(1,2,1),(1,2,2),(2,1,1),(2,1,2),(2,2,1),
(2,2,2)) |
b) The vertices of a cu?e. A 1attie§niéﬁthe intérsectian
- of perpendigula% sets of equally spaced parallel 1inés_
It 1s a set of points. "
¢) None for U = (1,2}
N b ™
d 2 =16 .

1. a) ((1,2);(1,3),(2,1),(2,3),(3,1),(3,2)

’ -

13, ia) B = Eéﬂ;ﬁ ig a éigit and 6ﬂ < 25} P
= (6,12,18,24)

J A = (n:n }s a diglt and 4n < 25)

1

(4,8,12,16,20,24)
((4,6),(4,12),(4,18),(k,24),
(8,6),(8,12),(8,18),(8,24),

_ 1(12,6),(12,12),(12,18), (12,21),
N (16,6),(16,12),(16,18),(16,2H),
"gQ'? e (20,6),(20,12),(20,18),(20,24), \
" ((24,6),(24,12),(24,18), (2k,2Y4) |

P
.
\m‘

o S 7




R ; S (12,12),(12,24),

u;_
'E) 'ﬁeleted AX B = eeme as answer to a). but’ witheut
LGz, ig) and (24,24). j;- - o iin{j
") O (mae,m,en, )y SR
’ D (8,12),(8,24), | » o @a
AX AN AXBi(16,12),(16,24),
| (20,12),(20,2¥%),
N \,( 24:12);; (24,24) J

*1.12. Locus % . . o
= i _ : _ _ :
i We have eteg? ed this eeetion because we make heevy use of

the unien end intérsectlon of eelutien sets, and unien ené inter-

* l eeetien e%e themselves eptieme; tepiee. Ve feel hewever, that

1t will preve very popular with theee etudente who cover it

einee meetlef'the graphs of 1nequalitiee and abeelute velue

) reletienehipe will: be different from  those te which' they are

re’uetemed. Ty 7 ' l
: » ' g
Seme gfﬁentien must be given to the differenee between

< and gf-end eome convention adopted with reepeet to hew te

gr'eph ﬁhe I“mer The lg,ee of the dotted line to indieateé.that”"é’;‘

the ;eﬂe es

g 4 telleek for them. For instance if he has grephed
eked to graph y =" |x| + 1, the process ef

pumber of peintg, or wer'eej of making up g new -

t
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i

table ffém which to plot them, 18 a waste of timé;: Instead, he

§géuld be fequ1r »d to ask himself gust what’ —ffect the addition .
of the constant ljlwill have on the Qriginal graph and proceed
frém therei— Fuftherm@re, you shauld éxp;ain ho‘w,i having graphed
vy = |x|, he can reduce fﬁé prbb%em of graphing y < x|, y> x|,
v =3 |x{, etc., to a siﬁplé'm;ttgr'af skétéhiﬁg; aﬁdvthathhe
.caﬂu@bﬁain such graphsialmost at once; Every reasonable oppor-
tunity té obfain a graph with@ut plgttlng points should be
expl@iﬁed fgily. WE have kept the types of graph to a very
small number, so that the student cah learn to recognize familiar
HP of laborious computation.

forms and can save himself many hours

v . Exercises l-12.

‘The exercises are Simpiy t@iprovide-praétice_in graphing.
They may héwevér be extended., For 1nstange, Exercises 5, 6, and
7 suggest the idea that there are set-builders which will provide
a graphical pattern.similar to that formed by the blagk squares
én a Qheckerboaréi _%f you wish you may ask the student to find
‘them. In general, the student should be encouraged to experiment
with various Setibuilﬂérs to fiﬁd some which will give interesting

patterns.

&
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!'ls 3 \ Belatians

;%n ‘the text we c@nfine our attentian'é% numerical relati@ns

1

although you may;@ish tD intraduce the relatlcn cmhcept Wlth ‘Some

every day é;n numegical examples The hugbaﬁa wife, father—SOﬁ

employer—emplayae, or’dégtar patient rel ianshipa (tD name ‘a: few%-j“fif=f

); - LI

%Du may g@ an t£o show that these

are suiltable for the purpa>
have Eéméthing in common Wlth numerical ralat;cns, namely, the
'é asgociatian of padring of. the elements of cne set with thase Of-n .

anothefi We may look to gecmetry for other examples af relat;@nsjrf

E

The parallelism of 1ines, far instance, is a relatian, with any

E

.:o lineg in ‘the plane b51ng e1thgr fﬁ GP out of the felatiah

»The perpeﬁﬁicularity of liﬂ%s the 1nc%dence of paints on 1;neu,!

&’congruence pr@pertles, etc., are fﬁrtﬁer examples of geometric
relations. ' : - e R AR
.Any equation In.two .variables defines a reiatioﬁ, 1.e.

solution sét.in U x U. If U is finite and contains n elements,
) E
then gheré are exactly 22 POs

-

ﬁéle sub=sets Df UxU (countiﬂg /]

and U X U) and hence 2 p@sqiEie relations in U X U. 1In the

.;:\.

event that U 1s an imfiniﬁe Set there are an iﬁfimlﬁe number

28
"‘r

e

trgf passible relations intu x U. _ ) ;?“%-
In general, any set of ordered pairs is a relatiOn, because,

~we can al&§ys obtain a Cartesian prgduct A X:-B. whef . A Sis
the set of flrst and B of seconé:é@mp@nents of the ordered paifa-éé
-The given set of ordered pairs ls-clearly-a sub-set of -~ A X -B.

a N L _ ‘ S . £ A 2F F= & E -
The reason we define a relation as a sub-3et of A X B 1s to give

some spe ifle fr rame of reference upon yhich the student may f@cusf

his :tt ntion. The sets A and B are not referred to as the -+

oy
m‘

, itsz‘;‘--i,'x‘;)l‘. .
losa
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i@main and’ Pange of the felatian in this text because we wish tD

emphagize these terms in canﬂectien with functians where they

'a:'are Gf greater importance and whefe the distinction is mare useful

Qne partiéularly important aspect . Df §his senticn i the

fact that a relatlon may be repreaented in vari@us wayﬁ. Whéther

it be specified by graph Set builder table ‘Or 11 ting, we wish
jit unﬂer@toad that we are talking aboub gnly cne thiné the set

gu;lly the eagiest way for the student tD picture a felatian,_
V'iand we have tried to EtreS@ thig "idea in the éxerci : There'-;[
are relati@na for,whigh thelapen sentence i1s the eas 1est deacrip—i
ti@g% for example, e and ¥ are incammensurable"f (i“e,, ‘the «
'ratio Df X to y is irratianal) Suah relat;ona are prgbably

{
-;_the utudéﬂt canno

?

picbuTe ‘them.. N

“tDQ diffi&ult to :;eat at the high gchaél 1eve1, hawever, Slnce“x? L

S

Thcre are tw@lcther items which migﬁﬁ prove @f 1ntere t
';Firg t, the inverse of a relation is @btained by . 1nterchaﬁgiﬁg
:ihg x' : and y‘ﬁ; in-each palr 1n ‘the felaticﬁs We have n@
 tPé1fEQ;the iﬁverse of a relation tn’ the text becauﬁe once

agaim 'the idea ig more important when applied to functlan and

we do not wish to have "to d;gtinguish‘bétween the 1deaﬁ Second,

if the students have .covered Section 1—7, it might bé painted out_

that 51nce the c@mplement Gf a gubget of U K U ,l also a, subs et'

of U x u, the_camp;emeﬁb_@f any Telation’ in U:g U is a
. Sl 5, .2

- relation 1n U x U,

of Drdered pairq which is the relati@n .- The gfaph Df ccurge, is

P



h,hythingmfffﬁﬂtm
; .

set ccntaining an- elemeﬁt whigh 1€ HDt in U X U 1s hqiia Pela‘

o ‘g - x:..’,

tian in U x U. ;{ ;5‘;~.= I ,ét’

Exarﬁi§e 2,w11l-reguiré samé explanatich“ we have tried tg

pick relatians which are fairly pbvious, since 1t 15 certainly

:5-outside the provihce Df this text éc;deVelop specific machinery

for arriving at definihg equatién52fcr thsse relations, If you

1
fihé the éxercisg ta@ hard for most studenté simply omit 1t

Exercise 3 may help the StudEﬂt to guess cértaih parts cf 2

[T F Tes

if he has nat previously fauhd the requisite equatlcn, although
in thrs small flnite UQiVEPSEj the picture is not alwéys toa'

geative.

' Exercise 4 emphasiges graphing agaih: f (e) and Ll(g) may

?

\ 1ead tc a discussian @f tﬁe graphs of factarable eauatiahs if

-g;

gato 1t

you wish thdethe ahy tim

Exerqises 5 apd "6 ask the stud%Pt to ﬁest h;s uhderstahdihg'

"Qf the ﬂeflhitians éf a relatian and -a Caftegiah prcduet while

'i\s ‘ géw

o
7 and 8 are designed to sth that the universe 1is véry 1mphrtant

in the relaticn cghcept{ ] ;étﬂ

o { .
L 3 o e . i . . . )

Answers t@ Exerclses l 13 L T .

i . & : P ,

1. fI'I!he fDlléWing 4o not: . b - because of Eerc:,-c: - because of

. ]

fractlﬁns, f = lD is not 1h set, i = fractiang,~k - negative
integars, ahd n - becauge if X is any dig;t 163 his not.

L
B o

negattvé ihteger, e - 12 is not in’ et,ahd néith?r are the

i

@
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i) ﬂ[(x,y)

S Ey) i x + 3 = y)

9 t(x,y)- xﬁﬁ
.((K;Y)é y = '

k) f(x,Y)
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aYéSéf Saa dafiﬁiﬁicn'af a Gartaaian'Pféauat .

6. No. The relatian ﬂl 4), (2,9)] whare U is tha set af

'Tha Cartaaian Prcduet A X B = [(l 4) (1 9) (2 4) (2,9)}

JHanca, tha aubaat of UxX U axhibitad as a relatian is nat

T.itaalf a Cartaaian Praduct but a aubaat af a Carteaian_f'
Product.
T y‘=5x and y %;33; o
) a - ND iv " : - :. ‘
~1-14, Funatiana S

———— e : ce .\:‘ “i ¥ N : 3\ :
'All af-tha matarial we havé'atudiad aoifaraléada up to the

*

concept of a fuﬁction._ Sinea‘ﬁha auﬁjactaté basecvefad.dufing
thia aamaater 1a that of alamantary functiona, 1t g worthwhile
apanding aama time clarlfying the cancapt ;
| You will né%ica that we hava taken twa viawpainta with
raapacp.aa gunctiona! . In one gaaa? a function ia laakaq upon-

as doing something, that is, associating with or aaaigning to

fffﬁ SJ."?"

the elements of one set thoaa of another. In the othaf uaa, a)é'“

~function 13 1ackad upon as baing aamathing,Aa set of ordered. paira:

If we taka -the ordarad pair vlewpaint thaﬂ a functiég becomes
'Xaimply a apacial kind (many to one or ona to Qna) of ralatian.i
-;Many~mathématiciaﬂa commonly think of a fgnctian in the firat o
!.aanae, and we hava placed tha majar amphaaia on thia viewpoint
of cauraa na mathematician would alwaya faal compalled to think
:in-thiaiway and in practiae aithar viawpa;nt may be adaptad in-a
givén discussgion since they caa baahcwnzz bé l@gically'aqaiva;

R
Y "3.';‘ L

N \Tl‘

-

e

e
A
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~ lent. If we are discussing functions Qf functians (ccmp@sitions)'

u

the assaciatian Dr mapping cancept seems mare ccnvenient while

) '!i

¥ﬁk¥é¥1sff =—OT ',f 55 ed-p ,,-j—‘r?i lescription— sl j‘;; ; 5.,';27 . :ﬁvl_,,’éf I 'i;f h T spres=% i':?""~""j*-?**

:gntiﬁg a'fﬁgcticn_és é?grépﬁ% 'Tﬁé7student Shéuld’beccmé-fémiiiéf:
"with both. o o o
You should béfveffgéérefultat this stage ﬁézinsist uﬁcn the
proper ﬁse‘cf fﬁﬁg}ianslvnctation:anﬁ hc%_tc reéé’it_, ;f'wé.' .
; write Lo |  ._ | o ) |
then we feaé - :'.:: o |
"The functian f which takes (or maps) X into “y."
‘-VIf we write v f(x), we réad | L o L
| "y is the value of £ at x."
 1s readq o V’ 7»1 o ,., i . | é;gf.
e ig a fuhcticn from the_réal‘numbers to the real numﬁgfs,"
., or ) | |
"f is a functi@n frDm the reals té the reals."
The student shculd nat ‘be permitted tc say'that ¥ = f(x) isga"
; functiaqf This is a common error of usage. Many mathematiciaﬁs
. sgill‘use v éif(x) elliptically, but being mathematicians, they.
.uﬁdefstaﬂd whathhey are d@ing, High schaal students,:hcwaver,
:'are apt to be Géf& ééﬁfﬁééd”ﬁ?tﬁhia and we wish to do everything
'we can to be clear about the matter. Thus, y = 3 - x 1s not a
"llneéf functiank although it may%be usgé tciééfine one over the, S
. , ‘i - : :

reals, f.e. ¥ R ,f%j: o AR , N

£ix —= 3 - x.




'assignment so that it represents a funétiOE—' For instanee, two

least Dhebseat wouid;have‘toéhe assigned to ‘each studenta etc

!.‘: é !-_ . . )
- 53

It is usefui tc visualize a functian as a machine_ (Ihe machine

5

l{'-

may Be-gepreaented as box with a hupper far input anéjh spcut_,fz

FTguPe TC 1-14 - a y

If we place something in the hopper which is nct in the dcmain,

hhwe can picture the machine jamming. (Ihis is Jhat actually

=

happens when such an evemt~oeeurs ‘in an-elctr@nie computer; iﬁ

“stops.) This is a particularly useful deviee ih handling the -

_c@mpasitiam of functicns, whieh we deal with in Chapter 3

Ih explaining the functi@n ccncept you will prsbahly wish
V4

tc make use Df a variety of téchniques. The machihe is one sftich.

T

Another approach might be 0 suggest,a fuhction from a'dcmain’
c@nsisting of the students in the class to a range e@nsisting of

the seats in the ciass and then ask for restrictions on the

different seats could nct be assigned t@ the same, student at

fOr agéih, ‘inquire int@ the ﬁassihility bf définihg a funcﬁi@n

~fromithe set of students to the set of their welghtsd. ~ Such

'examp_es are easy to devise and pr@vide a meang ‘of fccusihg

£

' attenticn on the essentiai praperties of a functicn Also 1it- is

,_Q : | o

{

60

e W L,

L



useful £or %he student to beezwere'cf the fact that the domain.

E

/o eﬁdvrerge of a funetion need?”et-bevnumerieel  Many timee it’ie

1/’_/“—
i
‘ m
B

'#'Iunctlen 1rem the reele,’eey, te e eet of
peinte in a plene er vice versa (Ghepter 5) '
o It ie .also helpful to use exemplee frem the eeieneee. Yeu

limight eek the etudente what phyeieiete mean when they eey thet

the 1ength ef a metal bar 1s-a’ fumetien ef the temperature ef the

;jber, er thet the préssure’ of a gee et a given temperature ie a

_iffunetien ef the volume it eeeupiee. Meke sure in each case that'

errawe to each element ef the range. If there 1s’ juet one e_rew
i te eech element in the renge, then the funetien 1e eeid te bex?

one-to-one and, as will be seen 1eter, has ‘an inveree

. 3
The eoneept of demein end remge should be empheeieed It

eheuld be mede clear theté;e .order to. define e funetien we muet

heve a demein (It will prove velueble to the etudente 1f from

[

e'time te time efter you have eempleted the unit you etep and as k
for the domeim and renge .of whatever funetiem you may be consid-
.Aer;ng_et theatime:) -We use the.termimelegy_'reel funeti@n' 80

‘that the domain and.range are specified as the set of real

numbers. o

¥
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1 the use Df functianal nctati@n. Mast_;~-

;amiliaf functicna, though a(e) and (f)
'The idea here 15 t@ e§clude certain

. ;)
,range.{ The questian cf hcw tc find

w@en

and to’

'  X. Exercisei}'
;,aning Df\/qqﬁ 'EXEfciséigﬁ'

here& s a "hcle in'%heﬁ




a) R ; R . C R

-
A

4 R

Al

é) Rexcépt'k - . _,ER except 1 - o S

) R.except x = 2 or - 2 B -E exc%gagi ﬁ'i f(x) { Q 4

R L

Da not discusa Lf‘bat,lengﬁh,'*

VHL L like this:

A - | v 4
I?_yau test tQ find‘va;ué$ of x. for aa— equa; ﬂé@
- B e

numbers between - f and 0, you will c:’btain imaginary

_values j , B - &




firg;  35  7(6)“§ 7_. § 7;_ x. i:.- .E)vxf(_ ) - - 1 ﬂ%

",:c)_;.f(lcc) 201 | Cq)- £(3) = u

]

s, a) r(O) =3 |

.EC)V f&a) g,a%-é:ga +;3f&

,n‘i\"‘

n,:

a) | £(4)
o) £(5) =43 (2
) fa-1) a\/ag;gf - 15 ) f(m):

- M

,1715 ‘ Graph @f a fgncticn

The graph is perhaps the clearest means Df displaying a

'functicn, qince tﬂngtDry is. all there at once. The student_céh

QbSETﬁ%&thé behavior of - f for the various particns of” the

: dcmaiﬁ, and, in most cases, ifregﬁlgriﬁies are obvious immediately.

The difficulty is, of course, that some functions cannot be

graphed, -as, for example, o ¥: : o IR



Hiii-'; o :';‘,_  i 1 1f X ratia§a1; v R i

LO if x irraticnal

é Sincé high schacl students are nat narmally expcsed to such ,:;;

‘!‘fx

'functians, hawever, this is nmt a vEry seriaus gbstacle.;
" The graph might best be fﬁtraduced‘xg uaing scme functicn
t

whase behaviar 1E nDt tac vaiéusi Ir class has ccveredgx_¥

>xSect1@n lglg (Lé?us), the students sh@uld ‘be familia *’1th the

graph of |x| + lyl = 3, as'in Figure TC 1e1§§;;: ’ mar héﬂ bé.

: _interested ;nﬁtfe graph Gf

as shown in Figure TC, ;el5b;*, ;f§ ,f‘ S )

: Y E Y o

0-3

7 ?ﬁgurefTC;F45a

=

Qr again yDu may wish ta use the *gfeatesf'iﬁtegef c@ntéined in"“
function, whlch, while. nct in the text ié eas sily explalned and 'xfx :  %%
léads to S@mE'intgregting gan;gufatlcns.f We define

. S R N '3 I

it

65 e




R as t.he function which rnaps x-:r, intcr the greatest 1nte E, :

taj.ned in X, Thus N s~

fgl) =T; f(.S/E) = 1 f"

Fig.TC1-15¢  ~ p ~ qe L

‘i ; x_ . - v &

e |
T f: X(*T)v ‘ , fxgq[x]l )

A

) S e

A Fig.TC,1-15e

§f

Fig.TC, ‘1;——15g ‘
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L(x,y) [x] is e&éﬁ.and [y} is even]

Yau may alsc find 1t helpful ta sketch on the blackbcard

some figures simila /'to thase in Figure 1-15f and haVé the

 students determine whether or not they represent functions by _ﬁ

'applying the veftical 1ine, test. Exercise 2 on page 68 is als@“_' L

§ Lad LT
a useful type Qf blackbcard exércise and y@u wiil prcbably find;.v_
it helpful tc do- one far thém as an 111ustratian befére the

students atﬁempt to d@ exercise 2 themselves C A '-jvf__{éj

o o - ) .

%'AAnswerg to- Exercises 1- 15

gu&n'd b ar*e graphs of functians

i
s

¢ and. @ fail to’meet the "vertical line test."

2afrpa e b L
' T ) VA y Y : ) B y N — 1
‘ N ,,,,I,t qﬁv SN N N f— . R S \; - F.o % J) I S _ _
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;'.léle Su.rmnar':y of Chapter T B

I

. In thie eeetien we have: presented a brief reeume ef the

Varieue eeneepte develeped in- the chepter fer review purpeeee

”-Miecellaneeue Exereieee

The prebleme centained insthie

g SR Y
fituetiene. Cer ful reedlﬁg K o




L s

B o

‘extended period of timeiiylffwéuld also be possible to use them

as review exgrcises;Qggr;tﬁg,end_@f;the cgﬁrse by ggsigﬁing one

P

prabiem eachgnight.aléngéﬁith tHe current assignmeqt. e

é; N . ? . . - ‘ \J

.

Answers to E;efégses for Chapter 1.

1. a) A

(- ggﬁtg,-_l,a,ljg,s}

-

(- 3,8 2,- 1;1,2,3)
- (0,1,4,9,19) 7
a) D =(0,1,2,3,4,5) o «
' = (- 1,1),( 1,5)5(- 1,7),(0,1),(0,5),(0,7),

O (3,1),03,5),03,7), (8,1), (4,5), (4,7))
(0,1,4,5,6,7,8,9,10,11)

b) B

o
-
Ol

i

[yl
o
=]
X
Loy,
]

1 g
Il

c) = (- 7,- 5,- 1,0,3,4,15,20,21, 28}

(j) AUB = [s"l,Q,l,B,l%,S,?]

LA (TR IR

‘lrx -

: v d
B %20 |xE?
. '{ ! ¥ “
L | X - ) X
N l 1 ; i RN - ) : ) o I p:
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Q%é):( X,y) €
|

=

5
- 5

=

- e ‘{( =

[Dj" E)]

Note:

a)

8,%0} .

S’

B = (41

,1@)(7, 2

wis + 2) = (5“-52)(‘3 - 1).

=+

)}

3

5

(13D)3(l!‘ 2)"‘; ‘(ESQ)-!'(:ES_’ E)]
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, Iﬁ drawing these gfapﬁs‘we are pl@tting points (x,y)
. £o meet the¢éaﬂditi3n3 of the pr@biemi |
9. a) p(1) =0 - .
b) a(3) = -7 |
c) a(l) |
d) p(4 +q(0)) = p(4 + 2) = 35
e) a(p(a(2))) = a(p(-4)) = q(15)
£) p(1 +p(1 + p(1))
g) - pla(x)) = b - 12x + 9x° - 1 = 3(1 - Ux + 3x°)

) a(p(x)) =5 - 3x°

i
o

+
=
I
I’i}/
il
.
=~
+
Tl
i
Py

= 43

(1 + p(1 + 0)) = p(l + 0) = 0

100y —— S

FM‘




.'Lﬁ

If you reread the definition f@r

* b B i %%
67 _ :

is exactly the same as a)

] ",AY,,’J_

. T

-

AV NI Y =0 e

:!A{ \ E_gﬁrﬂxgdigﬂx30(j

B \ TR Pe fégy) x2-y

RO Y N U (RO S NN SR S DUUNS (UO SO N

N

T Y/ EE

RSN SR S S N W PO . S T T

E | I i ‘7» _F I _ ,:E.::L‘_Lf -

B RN X

_JTLim:wﬁLw BN EEEN

IR R

A ”_f"Tw"%" T

ANB you will find it to

agree with the definition’ f@r ANB'.

shown very easily.

Of the four parts ofsthls problem, the first can be

‘The other 3 parts will be done in 3
% -
It will be advisable to use the other

different methods. -It will be adv:
: f~£
two methods with each of the 3 parts.

- d)
. e)
3%
C11.,
[
a)
k-3
i LY
!\ ‘
#
%ﬂ
N
O

AN (BUC) = AN(BUC)!

(*‘s‘
1s the same as AfTA‘

#

Several parts of Exercise 1-7-6 will be used here 1in

AN A (which has been shown in

Exercise 1s7i§f)

this proof:

Aﬂ(E'ﬁCi)

Aﬁ‘Aﬁ(Biﬁc’) (AﬁB') (Aﬁc)

(AN B). £ (Af;.x c)
A\(Eﬁc)

(A\ B)U (A\ c)

This demangtratiﬁn will QODSlgt of an examination of the

3§

conditions descrlbed on thé'left side of the equation

and tfien on the right side.
N : fha
elemeﬂts in

AN(BNC) cgnsists of those

A which Are ﬁot in b@th B and C.

£

bapply this set of c@ﬂaitiOnu to (A\\B)LJ(A\\C) we find

Y /

Ir we



the same element either in (A\B) or (A\\C) or bath o .

" But 1%. dei‘initely appears 1in the union of these two sets._
Elements nc:!t. 11‘1 the. set on the 1ef't side would either

not be in A c:r be in B and C.‘ This same c@ndition

will I‘ule it. Dut Df the right sidei-_ ‘ L ,

| a) Aﬁ(E\c) (AﬁB)\(Bnc) (AQB)\C g
iy
Ve shall use a Venn S;agram methéd to ;pr@vg tx-h;,;
- L f . 7 . “*- o N f N
?‘ R U T AR A+ SE : '“iAik :;;; e T,
.
12.
I

3 Then ( p(x,iv" ,Q(x;,y))
Fn) s@m - (0 ﬁyj (Kpp¥)s

(xlxyg) (Kggyl)] %5@ A 1s =a :

L Proper sui¥set, of this gét oy  (§‘
w : ! o, BRI
. - o fxth

7




- i " : A l’
- b) ,;v'-in the circle

| Basi{:ralziy, this give?’ a aymbc}
i ; 3 ﬁminlmmn rectangLe which . wéuikdf
(It would be the. “minimum ; %7
- | to the coordinate axe§ W
13, a) i:"I‘CJVé: " AUB; : :
i leen.‘ | =

Prccf. a

= Q

e m"qf so all’ x, (€ AUE_ by defiﬁ &1

LA

OBy the fir-s t l‘ine Simi larly,

R BT El:.x,:«fr(:'_;{)-g‘(vX)
| for x, € B. 4 t;f}c f(x) g(x)
If_r_x‘ € (x: f(x) ‘

\ Argtij since these arei‘i;‘unctians fram R t@ R for which

' no c’ijﬁlisarf Df zerc are known to exist elther f(x,)

) ., o ‘ AN T sfi .
SCONN F}L T or g(x ) 0. | ’ﬁjhe first 15 true x € A, if the

sec@nd XE} € B bﬁ"idefinitién So [x f(x) g(x) = 0}

CA U B - arfci 80 thé aquality is: established

3,
Lt
Gy
) Ry S
1 :
5 -
B B
F
H oy i

s
.
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Report of the Commission on Mathematics - Appendices, College
Entrance Examination Board, 1959, Chapters 1, 2, O. i

The Growth of Mathematical Ideas, Grades K-12, 2kth Yearbook,

NCTM, 1959, Chapters 3, 8.

Insights into Modern Mathematics, 23rd Yearbook, NCTM, 1957,

Chapter 3. ' .

Elements erﬁxderﬁ Mathematics, K. O. May, Addison-Wesley

Publishing Co., Reaéiﬁg, Mazs., 1959,

Fundamentals éf,FPESﬁ?aﬂ Mathematics, C. B. Allendoerfer and

C. 0. Oakley, McGraw-Hill Book Co., New York, 1959,

Chapters 6, 8, 9.
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Illustrative Test Questions for Chapter 1

The féliowing fwenty questions {with answers appended) have
Abeen included in crder to assist you in the preparatian of testsvg
and quizzesi The order Ef ﬁhe items is appr@ilmately the same
as the order in which the various concepts beling tested appear
in the text. This means that you gan use selected prcblems from
this list before the chapteg‘has been ccmpleted The starred
items‘ﬁeal with 1deas ca&tained in the optional material. ofy
Sections 1l-6, 7, and 12. Problem 2 is included for the benefit
. of those who stress proofs in the éourse, and 1t would not be
a fair quesﬁipn f@f-étudentg who have nét seen a proof of this
kind before. » | o/
For afébort-éuiz one or two problems, from thisglist would
be sufficient; a full period (40 to 50 miﬂutés) test might contain
anywhere from five tosten of the problems. It would be a mistake
to give'all twenty questiéns as a chapter teét unless at least

two class periods wére planned for 1it.

ey

/1. Represent the followlng sets symbolically:
N a) the érime nuﬁﬁg%s of the form Un - 1 less than 30
(taghlaté the ;hements); _
b) the roots of the equation x> +x°F2=0 (usé the
set-builder notation). ”
2. 1If A, B, and C are sets such that A = B and B = C, prove
! that A :FC

3. Given A = (1, 3} ard B = {1,-2, 3, 4}, find all possible sets

, ¢ such that ACCCB.g.
o .

T3
¥

) . --"::‘.,-':
ERIC - - T




72
Given U= (1, 2, 3, 4, 5), ., A =

tabulate e T

j‘fia) At U Bt;

“'b) A NB;-

- the set of integers

Ce) (AN B U(A1N B).

‘Graph the leuticn set of |x +. l| < 3; where the universe 18

s Ty, C
.%% . )
e

%6:‘ T A=x: 2x+ 1> 7), Be(x:x+3c 0}, and
= [g._? -2, 0, 2,4, 5},wgabulate N
‘a) At Q B g
b) (AUB).N B | .
7. Find "u‘ and v 3u§nfﬁhat (2u +'1, v -.1) = (u - 1, BV)
If U = R, sketch the graph of S = ((x, ¥) : y < x and
1<¢xc¢a)l , |
ZQSHvSketch the graph of the Cartesian product A X B, where

A= (2, 3, 4 5) and B={(y : 1c¢ ¥y < 3 and y € R}.

10.

Given' U = [17 2,.3, 4} anhd the Cartesian product U x U
: )

list tﬁe members (x, v) of U %X U such that x>y + 1.
Graph the equatian x|+ 2 |yl

Giusn U=R, A= {(x, y) : 1¢ %2 & yg!g 4}, and
B=({(x,y):-1¢ x < 3}, graph the locus of

a) A N B;

Lt

b) A U B'.

. Find a set seléctor whose set has the locus below:

. (The dotted line 1s not part of the locus ‘and the aré¢ shown

has a radius of 2.)

o

i 0

i
7
1
4
4
I
2
4



: f“g

14.  Express the following relatidns in set-bﬁiléer nat&tiam,
w frégafding,the‘ﬁniﬁefse_as the sét.cyvnaﬁural numbers less
~than 10: . ’ ’
a) (4, 2, (6, 3),(8, M); R
B) (7, 9), (8,8), (8, 9), (9 7, (9, 8), (9, 9.
15, The%fgllawiyg‘relations may Ee;exprésséd ig}tﬁe form A X B.
Find A and B. _ B
a) (1, 2), (1, 3), (3, 2), (3,3), (7, 2), (7, 3)); |
®) ((x, ¥) :y=28), U=R;, T ~
c) ((x, y) : I&? 3 and 0y < E}’,..
U ;A[(x, v) Q‘x_g 5s ¥V £ 5 arid X, 'y e R}.

16. PFor éach:@f'the following functions, specify the domain where

jo—

the range is giﬂgn and the range where the domain is given:

a) f: x —=>y=vVx-1I,yeR, y> 0 -
) fi x>y = %*%*% » X €R, x A - 1. / | BT

‘Given the function
B(3); o
'?} q) f(3/2y; - N ' B - ! i;

/ =

x —» f(x) = x“+ 2, x € R, find’

L
v




IO

d) Eléméﬁts of the domain which have 18 as an image.

-

182 lndicate which Gf§thé féll@Wiﬁg phrases apply to the graphs_

A3

bel@w ‘1 ' A

a) a relation between x ég?;ay; P Y
'b) a function that takes x into ?;
‘¢)  a function that takes y 1into x: R
| @ ., @

/.

19. Given the functlon vf: x —> f(x).

gra-hed at the right, sketch 'the

a®h of the fallcw1ng functio 'é;n

E X
a) gt X —>» -~ f £(%) 5 =
b) ihzrx - - f{(* X); ) .
¢) cheﬁ SN (|I|

-4

c;)“m:x;%wf( | | e

- S .
. 20. Graph the fDllOWLﬂF functions in the universe of feal . <

£} ?
g e . b @
numbers, ;hdiéat;nr ths domain and range orfthe apprapriafEn = o
axes: - _ - & ¥
i ' : 7 - i £ : ' Lt - 1 : p Y g » % | * | ‘_»;‘.; ';_‘,.'_,ﬁ\
a)y f: x == 1'+/%X , % >'1; ! 6 - N
! : . o P
b) -F = {(;{, vy or oy o= Lok |v - il anda - 14 < X < 2).
. ‘ ) . T . - - . E}Q
2 33&




. 1Answerg t@ Ll,usgrative Test Qﬁést;éngx o T § 

b) (x :rxi +axg*%:é =0} (The universe in this ca

- Y

“the set of complex numbers, ‘although it is not obvious

by ‘inspection. )
2, Thlg pr@blem seems 50. iﬁtulthElJ vaicug that gtudénts may

\ ) ¥ =

wanﬁer why a. prDDf ig nééded . .The point 1is that'we are uSing.f

the = gyun in a- new way; and until.the property exbibited'

in th;s .exe @f% hig been’ pP@V d we can do no moré than
- . a Y . i E

[ L

assume that 1t is. true. -5 ;
The pr@of is fa Qhaw that by definltian eVEry elément of .

’the set A 1s an element of the get C 1nd that every

element of C is an. element o' A.  Then by”défﬁnitian;‘gf 5§7

= éi
' are sets such that A = B and B =C,
E} : =7
€A 1mpliag aeB, C B
and since B = C, thepcasz implies a €C}
) [ "
theref ore, a el ;mplles aeC @ ¢
Also, since B = C, then ceC implies ¢ -
-:j':-e';; i ) ; ‘
B, then ce€B . impldes c eh;
C imbliesc~ c e h,
B : -I:’
~deflnition. 5
) \: N ’ §
L ]
. .
I

o SR



§ ﬁ (L 3); [1 2, 3} { ;3;;_'#‘]; A‘fl, 2, 3, u}
R A
F) [2 3, &, 5} e L et

5. Stnce the universe is the éet Qf integers, i%is prablem can o

'Ee daneiby trial using airect substituticn or f@rmally_-
‘by manipulatian. The Sclutian set 1s A ‘

[i : x 1s an integer and b ¢ x < 2)

-

and the graph is*g

d—eﬁ+—-;§§5-—zﬁa—-h—4a—u—iss-i-—w*-—-ﬁzsasp— —_—

-5 b ,,3 =2 -1..0 1.2 3

»E

*6., A’;z{ZL 6}, 7 [ 4] A *
a) (-2, 0'2) e
:b) f{ux Q]

u'giggggf VV‘— ;1/2 J,‘ . _ t. . | . ) . . v
8., « . . .+ . The shaded region is the

© graph of ' 8., It extends !

'ﬂ ..+ .7 indefinitely in the ' St
- negative ¥ direction.

. . _ LT : . B == - xﬂ‘.ﬁ ) ) .= )
A It does not include the

l, and -

lines y =%, X

v o=
1’;5#1‘7_,; ) . a .
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10, ((2,1), (3,10, (3,2), (1,1), (m2), (L)L L

mrae, o fp e - .
' B : ‘ ‘ ‘ : o ’ » o A ‘s t
‘ . ' L : 3 . v o~.. ‘ e
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- (x,y) ¢ X, v €R, +yE o<,

fu .
, Such as

" or-an equ;vwlemt f@rm

* l,L;!

U= R,? A= {(x ¥

‘thE required lagug LQ*PAE grich Gf

a) {(x v)s‘; j = '*{/; and }il'}

or () i x =2

’b) ‘[(}:,;%; DX o4y b 16},
= - r ' Q

-

2y and y > 2}.




#

S e e S
A= (1, 3,7}, B=z, ah
%'#:R;" = {3) R v

:D

.15{’ é)
b)

c:)

= [x :ngamiB{x

= {y = yéﬁamiD{

c .

‘46, a) wDomain ="{x : x € R and x

b)  The graph of 'f is

- From the graph we see

' thét» y=1 isinat

contained- in the range

- T @ff

- * \
L a .

for,.x gives
*i . ;

J?‘gﬁ‘w§gsee that x 1s undefined when y =-
BN n :

; fs . {DLT]SMEI’ 1 Rini;&% S r ‘
—_— L s :c L = ‘_ ’

& 17. a) :ll o
'05 5) 38 L’ i} -{:Qiﬁ;

I
u__l
b

-

‘1

) ﬁg) ;L?/’L

d)--h}—‘g

o S (2) g, b, e | | ' -
NS . e y
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L e T ,PQLYNQMIAL FUNCTIONS TR SRR <~

% nctation. Teaeherg

£§
using calculug laﬁguage

felt ﬁhat the pr-esent tr-eatment wilfﬁi@ﬁlsh the stmdenf!?wrsh a-

?%* good ihtuitive background‘ for a caur'se in c%lcuiu’ fiﬁ_’gau‘gﬁ:giviﬁg




Yo i . 1%;1 ' ' AR L A
,_; three leusong. All of the ess gntial igeag affthe chapter are. SR
1 s

H .

aevélépédear,quaafatié}functiéns:in whigp,t&é;a?-»

o \ o . J - Y R '
finear approximati ;.Gccurs in its simﬁlest pasa;ble form In;fg Ry

Sacticna

2_3 amd e_ufthese 1deas ave. appliEd ta pelyncmia;
x-. ¢ ’ig; ‘§‘_: :

!f:i}"'“"“g-.

'ghapters' ngeve;, it 1s hoped: thaﬁ t e willépe availabie

: L . “' %}";‘ ‘~'7‘-
fzg a fair number af thege pr@blemgg bécaﬁﬁé of, th%$}nﬁerest whi,““

7 they are Capablé Df arcuuiﬂg ¥n tﬁgggtudenﬁ g 71:7! ;f‘ﬁ

27;‘1 ' Cangtant Functiong and it

?ﬂ;A}i  Alth@ugh the ideas of thl Asectian ahaﬁid ve famlliar ED§ ;, ? if;
i ‘~gtudent it Lsunlikely that hé w111 have Eé%ounteiedg}hem 1n the : é%
ﬁ | ;anguage Df mapping uged in Chapter l -Thislgeégaan will,;; | N
& fafe at the Same t;me give a review Qf imp@rtant materﬁ-- and : {%17
l;f'valuabié pPaQtice ;n the use of. fUﬁCtiDhaertatlﬂn.s*%ﬁf? ;g“:aﬁ
_ . »ﬁ\ . ‘%E‘! w ’
‘ = ) e,
N v
& 8y |
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¢) Slope

Nﬁ_iSiDpe

£x) =2 T

‘ff(x)' ~2% + 13

.
It

as
-5 = 2 |

Slope

1) s SleE; =§i1_3=—2

Undefined at x = L, -

Not a funetion.

f;.;_.il\t

IHI

I
1
I~
O .
-

Q.
S

,f _-m)f&ff?,
s (8) fxeegarT (o) £(x)
(0) fixee-dx -3 (a) £(x)

}-Bx + 8

Z3% - 13

1]

6. (a) £f(3) =5 RO REIC I T
(6) £(3)=23 ' o [f o

"?;ques. The'glope of the line thrcugh P and Q is -2 and

= the Slape §§ the llne through P and s ia -2. Two
LHF'_lineg<§§;ough the same p@int having the same slcpg coincide.
]

8, a,b,c,d,g define functicﬂs. f -defines a functian If

b #0. e fails since it has more than éné value of the
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10. (a) ‘f‘v(;l) =5 _ ‘(é‘)égf'('_—j.')' _a8 or 2
\ - £(1) = <1 (1) = 16 C,r o

(@) £(3) < -Ton. 2
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- _ :(-‘e). f(x)is not. k:i_efinéd : ( £) f( 1)

—— Ao ) . 2
f = - . . 4 5 L -
. L 3 B . Lt : - e . B . b

"(é) f(ﬁl)
& f(l) =7

'fflLvt$gg Hy e

NN D A
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ILANERR NNV gyt
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\\ AN T _ ~f

~ 12, (a)- (100.1 - 10@)( 1'/' 25 25 = 114 + 25 = 26,4
| &f(m@l) ,5964 g CL | '_ '
GO .3(14) 425 = 1.2 +435 - 29. 2. £( 100.3) - 29.2 .

M () £(201.7) = B8.8 |
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£(53.3)
£(53.8) 4=
£(54 ).
- f(52;é>'
Ty L
- 2y +i8 
o+ Ty 4L
by + 16
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.10,
- 36,
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1

CX -3y 4 s

Wik o

Slope - =

Py ==X +.b
y= 3% +b

150158y,
gpesl e

1103
.33

= X
3

=D
103

or’

x

Atl;x - 33y + 103 = O

The slopes of the lines AB vand CD' are 3 and the

slopes of the lines AD and 'BC are - % .

So P(t+l, 2t4l) is

C(4,8)

: f&-l*l) = Ag(Athl)»

1(t-1)

£(t-1) . «when

= £(t-19 whgn

is a parallelograh. |
(a)

tk—efr - 1

2t & 1

1. Theht

3

=

.Gppgéitérsideaﬂafe_ﬁafallélv(havs the same slope), ABCD

i

(b)), ¢(5

L

’ll)g v.

,(D) = b

/£(8) =

I
o

£(0) =
1(8)
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éf 1inear‘appfafimatian 1n 1ts simplest passible fcrm (Qﬁly a
_single term is Gmitted tG thain the- 1inear apprcximaticn )
:{IHdEEd the most 1mpcrtant ideas are explained lh _the figst third

’ Qf the sectian whish shauld be Studied with greatgcare

_on the firgt Peading‘ In gen%ral we believe that the tfeatment

R
~
"

: AT
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As stated 1n the 1ntr@duct16n this section can ains the idea

gf

r ; -

S@me teachers may wish t@ stress Defiﬂitian 2_2 given in

i

the, fg‘:’tmte Our feeling is that ﬁt:»rmally "1t*should. be omitted

LB

-Df limits shculd be Repﬁ on an intuitive level and we, have res

.glsted the impulge ta formalize lt except in a fcatnote

The impartamt canc§pt Df linear approximati@n Sh@uld prabably

’ be illugtrated by further numerical wozki: Foﬁ example the Igv; i

meaning c;f \ - _‘ ', o

. 2x§!+h3x + 4o~ 3% + 4

- ‘
might ‘be made c;ear by uhowing that the omltted term Ex ' n-. ;:g;-
- L . % © e
be: made as *?;nall a frac ;Lc:n ‘of 3:-: a.:. DI’IE nghéu by. tal{lﬂg&
8 g
) X. | gmall et‘mugh "?, e i S Lo i: B
P t ; 7 I e = C . . . . . . PR
L B : Y S BN
Thus, z f_ i ., o B
) e . . iy X T F Ty : . . .|;§ ! F
o N BT %F S H ' -
can. be made fess ﬁhen O Qol¢.Lﬂ abgalu%e value by ch@ag;\% e
Y B ' 2?F$' BRI Coh e Y by
l;r l_gfoéao'lig v Pt TR
2 . ¥ . R ‘
v ’ '
It igﬂlmpci}ant that the gtudent understan§~tharough;y the -
P ﬁ : ' e
abualute ﬁalua éﬁﬂCtiQDS defiﬂed i% Chapter 1. Thﬁ graph in .S\ o
: . i 5, b;

) FiguraiTC“Ea w;ll help f#§§&n mlnd thé definlﬁi@ﬂ -
i'if '?' ) ?‘ . i P N iy - . s
S R . ‘:‘_: E \

b x4 i._ B £ SR
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_E; (a) 'S ;'3K7= 2

agcg+ .bx =

Slope of Secant = f(x)"ff)(a) =
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x(ax"' ) (©4(@)

: £(%) - c
x -0 - (/ X\
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£(x) X bx + ¢ near x = 0, Error = E/ =’ ax“- ; y
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Il

(a): £(X) ¥ 3x - 2 ;  Error = - 0,0018 ;/

(b) f(x)~ 1 +x ¥  Error - X2 = ;D.QQéT -

. ! B 1 a ) . / .

IR -7c)v X)-m o204 b 'Efféffg/—4xg’

- - . / . , o : [
—£{x) %' x " ;. Error £ 2% = %0.6018 :
= o - )
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‘, (a) | f f'l__:_!h);-ls‘f(hj ;
e If £06 4 6h 03 21 and ﬂ(i) }

See

| & Range f(x) a2
(b)‘ (6 - Eh)(x 11) ~+j(hL_ o
S LI 6= O3y o+ 3and f(B) Q@Q } | S;Zrci%e w7
v wﬂ&\ Range _f(. <{ 9 o e '__fér graph
R s - - ) f,_“" - N L “see. ’gf"‘

L . AW T - ! fcrgraph._ ’

€\ “Range £(x) ¢ % o R & \\
@ S (h 4 aﬂ(x - h) I I
.. If 4 "“ g‘n ~h o= _g aﬂd f& E) = ,O, } E}e{:r‘éise 1d
¢ .. Range f(x-\) ‘} 7 — % -. o for graph
- 3. For fx—«-gc +3};+4 we ggt\ A k e T
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Aﬂsl.versﬁb Exercise‘s E‘“ -

(m)ﬁf(x) \_ﬁ

st

' f(xj - vf'(h‘)r

;2‘3 =* fA - - j Es.ge ;109 "‘_Lt
“l“;ﬁh) S
éﬂx=mg+@&+bﬂx-mhﬁﬁ e

T4 (Ea}1+b)(x—h)+f(h) Y

L

v.
'V-‘

Gx) = 2ah # b

. (c:) u(x) = E( l)h. +

_ a(x LR)TH (Eah S b) R S
’:!Si_.-__aL;im s(:e) ?; a- 0+ Eah 4; b = Eah +b - h S .

. 97,( [ A b . (V\X,,_; \ . g,
. Co ) .

g'( {ks(;;) 2 ‘2 l-h = 6.5 2h, _f JD ‘when "hz =3, £(3)=12) ) ,
-1 . . - S -
A i‘ (3;2) is%a miﬂimum since a > D ) S (e

) by e 250+
L (O,EE) is a, maximum slnge a < O, \
3 ge a

';n"

o = floh +»§Ci(j “when h = o £(0) = gz)

45_,3}14_ L;(‘E o) whenjh = 2, £(2) = 0) %' L(»

s (2, @) is ﬁglnaximum .;.im::e a <o,

‘f"’:_(ci“) s(x)]= 2(—4)11
v @3)} (-3,63) 1is

qt}E) = E(Q)h + ‘l

mh?axf&gmﬁl-ga 8m§24(—@mn ‘h
(3 -9) is.a mindmum sin

gi; 38 - 24(= O . when h -

]
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a maxi‘rnum gince a <0, v
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.
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i
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a > 0,

h+1(=01¥henh:;4 f‘(\LL) 0) -
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4?| b

e~

(-4},0) is a ml%g_mum 51:‘1:‘24@ 5 Q_ N\ ) ‘ L #
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' S equal r@@ts - The n%aximun t::r? minimum value af f(};) will |
T AT . S
"have t@i be. zerc:, since the graph of. f- will be tangent tq " ¥
_ ,,the xaaxis - In additicn the quadratic f‘c:rmula gave the »
‘ value Df the two equal r@ats as _Z— L S
. . B a , »v, .." -
v ?’ = i: E '? ha C * - 45” T La o
R But. sinc:e .‘bg - 4ac =0, f(- —) =0, ' ~
-~ 6. If “a> o0 the--graph of £(x). = a:s;g + bx + ¢ 'opens-ug-éard-_ -
\ Ngs»zj:eal I‘Oc:t‘ti.\'S . gf }
Minimum vaiue positve & ‘
A s : i ' : : # a ) ! ) |
P SR S
Twa unequal real racts T
- Minimum value 1s negative :
e . - Lo : - 4 .
;; - , * \
® ; / * ']
¢ ) , .
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%%ghaf_higher dagree.H n adg
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LTy R N TN _ . :
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~
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Now equatian (23 ia eaﬁy. ;0 pr@ve If a vy and b have

. ggﬁpagite éggns ab' Q 0 a@ﬁn(?ﬂ haids wiﬁh the < Sign oo .

— . ¥ g’ e -~ T
'Otherwlse we have ab =\/ 2‘/ 2. TR .E? ' ; '¥
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£(x) = ax®'s bx® 4 ox +

) - (ex + @) = ax® 4

L mlm|+|mm|;,;&=f_
|x Ix A ¢ lxl,. (af x #0) . ';

4|,m|+w|mf"~y fdf;j‘-';

L& Ula) + QM)wm
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S0 choosing ]x]_ Small encugh
e
o | | lal+lb|

* ’ | 118
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sufficiently Small L i .

Answers t& Exercises 2 - I,
. J(a) Slope = = 5 - 2 + 12 h°
~ (b) Slope

5.

ﬁlﬁgklﬁu
,-3 + 6}15

hg + hB

- [I -

(c) Sl@pé

= .

(d) Siope

.;i _the<§%icr E ; - ¢an be made as small as we Please bY

-As |x| apprgaches 0, ax ‘+ b apbroaches &g “since’

I(ax +9) < v] = lulfﬁugu ; .-
A 1 . N ;
If we wish | (ax + b) - b { e, ~we choose, |x]| <

al
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— _ 4;s—a—reiative—miﬁimﬂm—pﬁiﬂt (bg = 9)
_ (32; la) is a;relative maximum pciﬂt "(b

L ~- Lo e Y B
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) N
(O lé) 15 a rélative maximum péﬁnt (b = -.5)1_ R
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( ) Slape é - 12 4 Shg (= O wheﬂ h =4+ 2, cr h E).

(2, O) 1s a relative minlmumggaint (b2 = 6)
booo(ag, 32) 18 a relative maximum point., (bg = a6)
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(a) f(x) = 2x° - 6x2 4 6x - 1. At P(1,1)
oy 25_1314!/5}1 o] B

- -6 + 6h : igﬁb ;' Point DfainfléEﬂécn iffgj
= . . Q VAEA:. 3

f‘

o
W
oo
o
RN

G
Mo
w
"
]

i
2
+
W
>
ct

P(1,1)

]

I

O™

+
ha

I

o

1z A, =t . " Relative minimum

1}
o\
-
4
[

el

-

_.
—
N

—

o

{




e i L!_ ‘
S

4,

i

“s(x)
_S(x)'
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£(3) = 2r(4), / . R
¢ iiﬁEi If a linear fungciuu haso 5 glgpé ol % anfd Lhie value =3 when
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]ggraph cf f(x) i'x - Sx 3 Qx - 4 as. aither a relative?-i
‘Jmaximum a relative min;ggm, or a pgint af inflection

m-»il; _Find the paints on the graph of f(x) = Ex ‘+f5x + 1ax;§ !O‘

mWhE‘Pé—thé—ElG pe- E' 1= **** - ’ — ";;”' e qu : ."5"*"_”"x"-';"‘_'"t:::"’;'v’:f'
';*ié.ﬁﬁFind an. equaticn of the tangent tééﬁhe graph of |

- < _ -\
xf(x) = x A+ Bx - Ux - 3 at its pq%pi of. inflection |
;5%13!ﬂ If a 35 1nch piece cf wlre is cut 1nta 2 pieces tD be fcrmed

P_intc a square and an equilateral triangle what is the 7_;5 Jﬁ;

.
™,

- 'Amaximum total area of ‘these figuresﬂ
'*iﬁ;l_Express the p@lynaﬁial Exg_s 5x ¥ Bx _ ﬁﬁﬁhthe fonn:
B | ay+ a(x - 3) + ap(x - 3)% .+ 2y(x.- 3)3, | |
--fisgfoind the quadratic palynomlal whase gfaph passes thraugh the @i
v VWWWMMQ 1gin and which has a relative maximum at (2 3)
‘frlé; ‘ARXight triangle wh@se hypmtegﬁée is 5 15 rotated abcut one
‘ F'=i‘1eg to form a right circular cone. What-is the;;argest

,3vclumé;whighnthe-péne can have?

i

1: Anawers to. Illusgmative Test Questiéns EE

1. xeesf(x) E_ax + b co i : ;, ; ; L
f(?)'s oa bgé ' - : B - S
£(3) =32+ b= 20(4)  o(ha s b) =.8a + 2b -

T sEaebiBaisy, saib
f(x)ig 5 %
. e : ' q
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v 12y ,
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a+b-(23+b§ ;4

ud;-w

U oak, (824 6 - 6, tE ¥ ig) = (x, ¥)
- (x;_x-éi' N R
;and ¥ = - 6 -

&

6. a) fix—wf(x) = 3%° - 2x + 1.

aﬁ'(G,_l) “ tangent is y = -gx + 1
6.a)| |

R \ 4 , € -
\ f

e |

.'mi

. }
oy i S DU [ 1

et b) o freewf(x) = boeoxPo

“ewlele oo at (07 -B) -tangent 18y = b,

s e
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{24 .
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Cot(x).

L1870

4x? +3x - 2.

n

oy @gax ;?E:. is tangent at peint (0 -2)

i._Erfcr ;»432-'f,‘ If Err@r is te be. ieas than 0. 01

93

if(x) = 4 - Bx + gxg

§'4xg % QA91:~ L ,;Wm,;;;wi;,vm  | f*.f'V'-*””J”; 
x%< 0.0025 ~'»H . Answer, -0.05< x <0.05
le < o) G5' | ._g‘. v‘ _’,;i : V:“‘,:,Lfit _Q;E{‘>‘

jLet X = (x -H)+n R e T

and x° = (x -=h)2 + oh(% < h) + - n2

‘Then f(x) = U4 - 3(x - h)
CUp(x) = B - 3n + Ehg (4h - 3)(x - h) & "2(x - h)2

Taﬁgent at (h f(h» wiil be vy = (% - 3)(x §ih)~+ ;Ch)

o For the tahgent tc be” h@fiz@ntal'”'f""””"“'””ﬁ“'”’

bh - 3 = 0 and he= 3

ol T
%j.: . I [ ».;-

|
 Hlw

x|

= Ek + 3x - 53}

oy
e
H .
Mt
]

2k + 3(-3) - 5&?3)%w

1

3n ¥ 2(x - h)2 + Ah(x - h) + Ehg



= 2k

: 119

+ ?974'}45 .

10— £{x) LT ]

f!(x) = Bx - lgx +-9 A N
fl(x) = 0 when x° - ux + 3 5VQ ané'*x;%,l or x-s‘ég
f"(x) 6x - 12 at.1 1s negative

- " ‘at 3 1s positive

st e fere .

, , . So: ﬁ(l;f@) is a rglative maximum i

N ‘;,':A,,(gsif,, fi;}%-@int of inflecti@n

| ,: \and ,(3, 14} is(a relative miniﬁum

——— — ‘_7"1'.»17‘" . f(x) - gx - Qx + 183 _ 10 . e Coee e e =

f‘(x) Ex
When dces

F@r

. x would have to be ifaginary.

-which the

1‘f;(x)_§

For f'(;)

Point of 1

maximum an

f(X) ;ix +
3x§

v BY) ¥

- 183 + 18 ¢

o
N
n
)

f!(x) -';
6x° -
_SD
51@pe_§f;the tangehtvis 1.
3x - bx + 3 i

* Exiﬁ il

"

o; ) Eg; ,;7 -  "7

nflection = —=—
d minimum pcints,
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where x

there are
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-and }EE

;”léx + 18 = .

18x + 17 =0

are.

no points at

ce,

-1 3 /8



vwsAgg;,fL- leD.f\: IR )

X ) ‘L

£ [

'fff( 1 (- lD = (-1, 9) Slﬂpe at ( 1 9) is f!(ll) §.=7

i

¥y = ax + b thraugh ( l 9) with slage of -7 is'

L - Y: —73{ + 2

%13, ﬁfrif =t ”?~°'}'% ,§7:,;This;exampie_isg,4;7*”

2 6 Exercise 4 Ehis 13 dis- o

cussed 1n the Cammentary

- 80f—t—t——1 R If x r3presents the piece

70 L . e
_-égg\,a~f Py - o of wife to be cut and fgrméd 1n-,
33 fffyf ] ,'_{~T¢IA%Q a triangle, the area wiil be

I - A S T,

0} St - This gives a relat}v% minimum at, "

L : ]
e e Length Qf‘v wj_re g A e O e
formed into A - , -

i

14, Let x ;f(x - 3) + 3. Then
2x3f%g5£% +3x - 4 = 2(x - 3)3 4+ 13(x - 3)2 27(x - 3) 422
B 3) +413(x - 3)2 4 2(x - 3)%.

_ 22 + 27(#
f(x) = ax® i bx + ¢ . ,

et
A

©£(0) = e*= 0

f(x) ax® + bx o x,;g , ¢ R

f1(x) = 2ax + b =

=‘b = l}a

£(2) = ba - Ba- -
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Introduetlen

Thie ehepter eevere meteriei en the eelutien of pelyno-

o miel equetiene, uegelly 1eeludea in e eeuree in edveneed

L=

- notation. i

elgebre. It differe frem the conventional treetmente in-.
three reegeete. (l) It ueee eemewhet more preeiee terminea-;

1egy and a greater emeunt ef eymbeliem then is euetomery L

B

(E) on the oﬁﬁér hand the treatment ef synthetic divieion =

I

-ie more. intuitive ‘than ueuel (3) For the . eemputetien ef

irretionel reote, Newton!e methed hee ‘been ueee rather than’

-

Herner'e method. Thie metter 18 dieeueeed more fully in the

1

eemmente en ee tion 3-8,

" Bome” hieﬁerieel 1nfermetien hee been inelu&ed in~ thetf“M

texﬁ with deta}led fefereneee to generelly eeeeeeible beoke.
‘This eubjeet effere unueuel eppertunity to give the etudent

"an inte?eeting and underetendeble intreduetion to the hietery

v _ o AL ,
ef methemeﬁiee, - : : »

.

The eppendix eonteine a eeetion on- the 1mperteﬂee ef

PO

poletion fermule¢ Thi84WDrk*1S euiteble for a longer course

or fer euperior students. y

& .

-

'351-,,;Etrédu§Fi?@453d Netetien A

This eeeﬁienrgivee an overview of the hilstory ef the

'preblem‘ef.determining~the zeros efre”gi#en'pelynemiel; It

also includes an extended treatment of the use of summatilon

Al
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i

The summatian symbcl 15 used tc repfeseﬁt a p';yﬁamial,

"i of degree n in abbreviated fcrm (Sée page 149;)§
ﬁhis cénneeticn it sh@uld be nated that, strietly speaking,

.7{ fls nct‘deflned at x =.0. Since, hcwever, =1 T
= ~fo1 Rt S S 1y Tk  ;e grap ﬁ’éf X ”*cénﬁlnuaus-  :
f'f, bj suppl&iﬁg-tﬁé;paiﬁﬁ'iteg i) In this way.by taking
-‘133 =1 farAall x 1n the summaticn ngtétian far P (x),r we
Lnélﬁae the égnstant term. | - . H_:!A'iv A
The zero pglyn@mial 1s Eaid tD have no degrgg. ‘(See
page 153, ) This is canaistent with Thecrem 3-2 on page 15? ” o

Thé préblem invalveﬂ in assigning a degree ta the Eerm paly—

& 4
T .
F
]

ncmial is suggested by Exe,cise‘*é in Miscellaneau@ Exercises

1 Page 21?

B 1 . :;.
Answers to. Exegg}s§sggil Page 154
-1, 2(21;‘1)314_34!%5 7’+9+11+13 ."49 . or ~
LT i=1 - . . ! # V
7 7
= Z 21 - Z 1 - . . ) v ) .
| R =1 =1 ' | o
H ‘5' ‘=(2 44 +6+8+10+12+14) -7 = 49 O

oA

130+
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f ¢ = % xigé em z X4 + Em% e

3. L kay =kay +kay +kag +kay + kg but

kzl ka, =a; +2a, + 3a, + ha), + 535

7ﬁ % - L .i
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. ® ’ s N
£ =y, Lt ; f 3
- . e [

u?b) ' Z: ar” = a +ar + ar® +< .. 4 arh™

_ , G 3 ) = _ L == Suse . . = e, w2 i E - - 77 o
77* B - - T . - - .. T B . - " T T T T T T

4

3-2,

r Z ar- = ar +ar- + . ... +ar’ . +ar

'%';f Subtracting the first row from the seccnd we EEtiﬂiL—

=l i}-.n—gl-
I"‘" z af" -

- Y art =-a %Qé£§'
R =Y

)
=0

B - C B R :
Ar - 1) ¥ ar =a(x" - 1) I , o

i

R O A | |
-!lﬂiti@hi Subtraction, Dilisian, Multiplication and
ccmpcsitian of Functians A '

%

This sectian shcws how fuhctlens may' be combined td form

£

' new functians. The algebra of polyﬁcmgals 1s developed from

he

. the functignal pcint Qf view.

vsinee-the~dcmain*daes“ngtrincluﬂe"these points we say that a = - -

h Raticnal functi@ns are menﬁicnéd cnly b”iefly (see page

:158) because of the prDblém of. disg 9 | uity which 15 m:»t

y 3 . “a
diseussed in this text. . A ratianal f;:ctian is cantinu@us

at all points except when the den@miﬁatcr 15 zero. But

-—-pational function isvcantinuaus“ét all points of itSZQémaini'

0

[32
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L Tha aamprahenaiva traatmaat af aampaaitlan of funatlana;a
'b,!ia baalc ﬁa much af tha ramalnlng work af tha cauraa_ Thla
'dlaauaaicn éaulﬂ lagiaally ba plaaad at tha and of Ghaptar l. _

,Tha daciaien ta paatp%éa the traatmant until thia tima was a

ma;aamawhat arbitrary The taachar ahauld faal fraa te 1ntroduca Fl

-,tha\wark an aampaaltian cf fuﬁatiana at any tima follawing

fﬁahaptar l

In tha illustration andar canaidaratlcn on paga 164

(tan of paga) tha functian g of 1a nat necessarily tha

aama aa f o g. _ A S : -ﬂ, g . "
i . - v . . s X ) . : ¢ :
5
]
5.
PN
1/'""‘,—5‘\

£ L8

Figure TC3-2a. Point P4 is Gﬂ:ﬁﬁ&:gfaph of go f.
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_jthe péints P
'is the

'intersecticn D%iﬁhe graph Df g and the' line through P

e

%

‘Afgggghieal analysis of go f and X6 g will

’felarify this statement (see. Figungs\Tc3sga and b.) To

o graph the 8 o f given the grapha é}\\f and ° g we lccate

is any oint on the graph of f; g(f(x) f(x))

Eajf P4; in sequential crder where

gihtersection af“the line -y =x -and the 1ine thr@ugh

;P whi”n~1s parallel o he x-axisﬁi P (f(x), g(x)) 1s the

E

2

'ewhicﬁ,is parallel “to tﬁé y-axis, and finaily -PA(%, g(£(x)))

rh;fV:is the intersecticn Df the line threugh PB :whicﬁ is ‘parallel

O S e

.

_t@ thg x-axis and the line thrcugh P whichg%s_parallel to

theay—axis, The paint P4 1s cn the graph of g o f;
,5‘ % 0¥ : ’

-

i/
R

he éémpﬂsitian c:sf functit:ns is not- “énerally cemmus

Qé;gb;*w?@intf“Pi ;is'éﬁ*ﬁhéﬂgrapﬁ*%f“‘f”é“g;”‘*'“;*“f"‘*“”ﬁ

i L S .
o



- cher points on the curve may be similarly Dbtalnedi ; 1”,;;;'f;
A . To Eketch the graph af f 0 g wé take l(x, g(x)):” ?f

| any point on the graph of. g ‘and Buecessively locate’ thef;;;ii;

ﬁ%infs : ;;;%,e;gwi;;,>¥h ,gu--w*“i ,;;;;w’:7,;;;;l'ﬁfQ:Qg;f-
.. : . = ’ . ° - . . A_.V : r ) : h .
e _E‘E(s(:g‘;—:);,‘_s_(x));, o
R “* g ,and, P4(x, f(g(x))) e 1.-f.:-af '
1 The pain‘t i(:;, f(g(x))) 1§ on the graph Df f o g
| Figures TC3-2a and b clea‘iy show that the compaaiti@n
i Y I
Df functians 15 nat in ganera commutative since
&(£(x)) 4 f(s(x)) s
R e o
— S f
N )
Graphing funetian
| S?QAS we have seen 1n several cases, the study Df the :
- prol ‘ g ik
o of 1ts éraph._. .‘;Ez A ﬁ L | TNy

z.;ﬁ;: Ir £(- x) &= —Vf(x), the funatién is said tc be an

‘ﬁédd“ functicn and 1ts graph is symmetric w1th ‘respect t@
K the prigin. Ir f(- x) = f(x), the functicn 1s called

an “e?en“ function and its graph ﬁg symmetric with respect

' to thé £(x) axis. The grégh of a p@lyncmial functéan can-

ncttﬁegﬂymmetrie with respéct 'to the x-axis (except fcr the

.',-"F': .




‘;k iy . _ve '7 . ’ 7 . o S -

e - ng.-+ hx + 8

*

P(x) + EQ(x) = 3§ ; gxg 4x + Ex + 8 f
Pex) - Q(X) = 2282 4::2 |

+. 11x + 2

a) The additien af p@lynamials is cemmutative and as??*é

-cpmmutatlve and

Jssociative It is also distribu ve"with respect tc\

addition” Under addition and rﬁultipllcaticn the real

(cr c@mplex)%numbers Qbey these laws.

o @

The rules fcr

nwpp o e e en

k F

e adding and multiplylng pclyaniais are .such thgt

i
[

these laws gc cven;tc pelyncmial addition and multig
plicati@n‘ ;"i’;‘:‘? .
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cises 3-2¢.

2) &1 (g(~ 2)) = £(0) = - 1
= 6(T(0)) = g(- 1) = + 1
= g(8(1)) =g(3) = +5

) = (££){3) = £(8) = 1+ oy

w (% %E)a;&gtﬁé&};n; »
E é(igﬁ .,1) .. fbé [] i
- (fg)(1) | r(x v ) tis) e
t - 1. « x -1
S s
A% hx Y
x - 1 -
- L\ , l) LI T Sy 1 easd . !
~ g(ax + L) = acx 4 bLe 1+
(fg) =~ Sl.pe of (uf) = a .

& .[ eavd B
Lot - el 53
iy t L4 )
by
i i
a % ;o
\
i Lo , o !
L.
#H ‘l
)

Page 167
Lo ot
=1 - l
( “ fg i )
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6. a) (f - g)(x) = x° v
b) 4 (£« g)(x) = ™" |
The - operation is‘nétkthé Saé% as O lgperatiun;
7. a) (f - g)(x) = x2 - x - 6 o
b)) (e @) on(x)] =xt - x2.6
) (e o m(n) =52 4 2
d) (& o n)(x) = &% - 3

o) (£ on) - (g o h)l(a) ﬂ\ﬁ“ - x% o

[!

B. Glveu 3 real fuuncticus [ . ;;u-i(x), g .on - oK) aund
h + x =u(a) , we wish to show that
(i B) v h = (L o L) (e « 1.y

(40 1o woswnod ULOL ughval thal L, o, ana L TN
discussed for all x 1n thelr uomwmon domuin )
By definition : (£ - g)(x) ~ £(x) - g(x)

(0 w) oonb ) (A

(L) (e 0)

-t \ } :
['\‘*'{‘ VoA ' ') (e (")) v ot
' (1 : (t 0 h,
§
ity (Y ' . 1) ( = - . owd
(" f é\)\‘ { e ' i
S T P S e (o \
Lt o 1) t L {1 ) (" )
4 - = s ki e, w5 QWO i
{ " - t i
[ =Y A . LA %

Iy« X = UA
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[f o (e %xﬁé](x)'%éé(bx +cx) + 1 = abx +

é + 1 -

\'m‘
b

[(f o ).+ (£ o h))(x) = [a(bx) + 1] + [a(cx) + 1]

= abx + acx + 2

® 3-3. Evalx;aﬁt;cgnéofr‘“ ?-(Ei),,?{t X = c.
Synthetlc division 1s presented as ali applleatlon ot
the dlstributive principle whicn is efficlent aund easiiy

Justified. The process here developed 18 ‘used 1n computlug

with machines since the only operations requirea are succes.

# slve wmultlplicallenus and additlons ralthey Lhau ralslng to

beewaa O

Loi b LEL \ggﬁtiuug £ e ard o) i il e b a0
eﬁgangd s sl ANLAHL;;A;. 4 L i Llae Losiu
) o | I T vy v
wlwa 1 [ Y] L L b _ \ i [ ]} o
G b { Lo Gt i (1 oo i cony e ) )
semalade. 8 o0 b Ll o N i
v legl e A B, . (., 1 . [ S .y f /
\ i) [ S N T I [ | P . \ s (I
g( } a R SO b, daad o It (Y ) . LI SO
A}
Ly Ly (¢ L)
I3
. a !
i [ [} {
3 i 4 [ L e
how L ) v
|
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!y

£(x) = £(n) + (x - h)a(h) + (x - h)%Q(x).

Hence b, = f(h) and b, = Q(h). By continulng thls process

we obtaln

f(x) = £(h) + (x - h)Q(h) + (x - h)g%(h) + (x - kx)de«aﬁ(i)
and so un. ‘The requlred bg is glven LY ég(h)' The cuel
ficlents f(h), @(h), Ql(h)t .- (that uis, Lo bys Pose )
may be Lound guichly by sucvesslve Synlholle Jiviellaws I?lg

shorter meth.ed 1ls nLoew al wulr dlapoaal The tgachel way wilal

Lu daevelop Lhile 8luplllled prveedure awo an allortial ive wellivu

For exampl., to expand £(a) = xé - ;Lg t 4X + 2 1o puwers
oL A2 Woe wvia 1o
! : L
2 e 4
I 1 g 6 I,
2 2
l l o )
i 35 )
1 )
1
i 1 1 i
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3-4. Remainder and Factor Theorems %
&

In this section the remainder and factor theorems are
developed as an outgrowth of the process of synthetic divi-

sion. The remainder theorem 1s applled as a testing device.

Answers to Exerclses 3-4.

1. 6x° - 5x7 = 17x + © has (x - 2) as a laclor aud

(}'L - %) or (3;{. = l) 48 o [asl.oy

and ox° - i?iﬁ v 3(4x - 12 has (a 3) a8 a Laclotr
2 2 +1 -5 +2
2 -3 1l o | -2 '
: § , 3 o
2 1 " 6 I(ﬁ,) - da t s L
2 [ ) = 9] (n oL ) T )
2 3 2 V) 1 .
< - 2 |2 j e
3 . 1 4 N} 57
§§ 1 ( 2z 60 3 )
) - iﬁ' S
1 o 13 | 20 2 !
1 Y St S 1 \ A ‘
1 b él O el
1 t 3 o 4 1
1 t e .3 v e
1 v i ol v 3
i i 2 i
— { b i

I
~—
ing

)

s

T
Iz

I



1 +3 -12 -K

146 +6 9| 3 (3-6) -K=9

r(y) -~ (o 413 I SV I S o

;“5: 4er0s ol g\i;_}'nggu.}glz{ aud Hovte ol bFolynovwlal Eguatlous

Zeros of a function are looked upon as sclutions of the

cuatlon L(n) -, w c‘:LLLLc.Lu;;LSly aw Lhe irel wowpollenl we
the widesod palr  (a, ;(;;))\\ whele [(a) - U Lu sUcecedlng

sectLlon8 the dilscusslon is in terms of ze.o. ot functions as)’

roots of f(x) = 0.

RoBMe . = v ke s 2 -

i 3 g A . £ z

[ Q) P(«E[ [ - 3 = -

} \ ' v '
) e t
=1 ] Y
i v L L i
sy, L& 1 y L i o i { - 1 \

F X3 SN surthiermn .o LI win) 9 Vs




o
L —
i
i
=
-]
]

B) 2 <4 3 v 2.1 4 229
: " 3=0. Ratlonal Zeros
r«*‘g‘ The student should be ®ncouraged to make intelligent
“*’*r—% gues8ses al the zeive ol a L'\AL;\;LLL;A}/; AL Lhils Llme Lie wlissdd

'

A

N

refercnces llsled LU Lie wluse I8 i gy ot bad o
- o LIS

s -

£ iy

vide a suwurce ol wmatceilal (ur oludenbs of va.lous ;abjailty'ﬂ

" .levels.

_ Afiove e L. Baw. 3.t : *
K R 1 *
Lw T rle oa) ko= 2, A = 3
& B =
RS i
o . EJ) " <, nooo— é
%
X s ’
. IR 3
. b A = - £ Ao =
o ) SN
A
Somedeie gy o
" N
v. ':\.',‘ -
LA Ty ‘
it =
Sy ’
\‘\ ﬁ;'& 7
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L
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]
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i)
o
ol
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]
L

b) x =1, X = 2, x =3 and X =0
4, a) x=-2, x=-1, and x =1
"b) x=2-2, x=-1, x=0 and x =1

b) x = - 2, X = 0, X = 1 and A = g
o
. 1
O. ﬂ) H e= - la n = = caaaad A = 1
2
. 1
b) £ - - 1, A - O, A 5 Ll A !
2
(. X = = 2, X = - 1, A = 2 and A = 3
e} ”n t =, A = e (EEK i
=3 A= 03, ~ + Y
A0 A a= 3, X — e, a =
1 - <
i n = W= n 4n i
1 ;{ 3 1 44
1\5‘5 Qti‘;\,.fill!l;;;}uL Lo L [ ' i I
If Ny o <. u N N T 4) Y
& = =4 k 1 él 3 o
:3 ll.:. Loy owa v £§£§ .

the olatcwznl Ao thila

Duwiu O a gfaphde.d nles

wl [PIRP  § \AALL}/ Lica us boowe i | R -, { I . L o vt
vty Jualllle.tllo A O U SN [N U N O Poooboe [
Lol o Lontlo cus In o, A RV ek

O
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- An intelligent guess at the zero of a polynomial and ap;
plication of the Location Theorem will enable the student to
cal¢ulate the zero to any requlred degree of accuracy. How-

ever, the procedure may lead Lo lecalous, lnvelved compputatio..

Answers Lo Excrcises J-( ’ Fage 199
+

1. a) x= 1 95

Eﬂ A = . ]

c) x - wludle ooiw

%
i
-
i

a) a - le.

L(A) M L\E_) [ A(J ) - [ L\l é‘) Y N

L1 )
Ao~ 4 L,*

4 4) 1 N
(3] L “ 4 i
o) 1
)
‘ i
L) )
&) -



6. P(x) = x3 - 22 + 3x - k.

W

a) PO) = -k and P(1) =2 -k

; For. - k and 2 - k tquéfdiigerent in sign, we
| T TS g
0 ¢k ¢.2, since, if k ¢ 0, both

2-k>»0. If ky»2, both -k ¢O

mugt have
- k >0 and
and 2% k < 0. Another way to see this'ls to graph

2 - k. When both Yo and Y,

Yo = = k and yl =
are posltive or both negative we cannot use that
value of K. But when one y valuec 1 abuve Llhe

k-axls and the other 18 belouw, we have a posslible

k-value.




é;é;f NgwtggésVMethpd ‘

The ije%fifa-af'séétigns 3-0 througlh 3-8 18 to develop
theorefical aﬂdigfaﬁ§133l methods for rindihg zeros Qf:fuugtiﬁnﬁ.
It 1is p@ssible;ﬁéiubtaln an approximation to the zero(s) ot a
funftién for iﬂSpéétiDn of the graph. Hoprner's method 1s

¢ sometimes us%d:ﬁa’dé%grm;ua zer@@béf a pulynomial tou any deslved
- degree g;‘. ié&;\i;agy_ However 1l Etl"-li.; Lext NchQ;A'i;; me tliod Nas Lee,,
seiected for several reasons: .
};ig It 1llustrates au éyngu?L;HU b the 8lOPe Lunc Ui,
- dlécuéﬁﬁd 1ln GPQPEE$¥E.f

E

F '
= | S O S = t]’l':; éd\/(;l;,s. o VoA, o do bl

Lifm e gt LOLow

wh e ..,aa;A';:fl,tiii a. well aa

3.4 [t usuali, oOvelge. (v Lhie o ol

[ A R ol

Lhe deglree L avear.oy ls Jdow led WI\;. ca b é\p;nll\.gl Ls,
[ Y S B L U T T 4. o Lt O T T
i n! IOYEN Y G B BCT Vi o N T T | l
|73 PRVRVIGEE I O Lol L
g 1 I { e \ '
[ s i I i 1 i . 1 | [ )
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"lalooU Lhoe 4 1o - I L.
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Che oo . U b
whe, o ., . . Lo \ . Lot '
‘ ’
Llie: . [ 1 |
O
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Figure 1C 3-8a,' Using “Straight line Anterpolation to locate
Llie 2 uuwl o
S O SR T T T TP . I L ¥ T Y S T TA F IOV Y INU YU - B (P T VR CUY IV U S AU S S
L,_;L,‘uzvé:k_.;;é% 18 ol ¢ oup. ard aae Lo libos o L;.‘_ ‘é]- did oy
large 14 the e 0 wonGdve aoWhuard doo e 1o ier
‘ 10 Jllustrate the pf@ggdﬁra e b Q\I;alg.l Lioo taborpal
.'x}‘ ®
Lo, Lppdvnlmwale Lhiao cey . Qi[ Thie s Lo
I A3 éi o 2 an”
TSN P .t TR R | I l!) (W y H .
Livw cha Les & Mlaverla, e awd 1 350
1L Aoo- : Lhieg valus ol | T SO B i 1?
e O S 3\{\;1.;@1.;1; ls L/ e o L.
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A porbl
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b‘l;‘\u

Cooblie graph of x

.+ dn the interval - 2







3 Thus ’

. ;!A

;ta cbtain qE

~ 3 %/3 4 % O 97 oxr- qg % 0. lO and our aecgnd straign; 1jne

R -’--,35 +0, 1= 3. 6 to the nearest Qne—tenth e :'_
[ - ~ N Be " 3}' o~ .

L :._WT o L e e ’
W Figure TC 3-8c., A portion of the graph of x—=2" - 2x§1—32%+'12xg;1

v 1r the “nterval 3.5 < x < 3.6.

(! -
et

Irk a favorablé sttuatton with-éfgé@d first approximation

@

Newt@n 8, pracess warks for palynamials and for other cantiﬁucua‘
>'s?*%.ifunqtion§.' Under certain circumstanqgs the method may faii to

T ;- . X . ) ) Cp




s N :  !;% e G o L | .
4 . ) . : ‘ B ) ' _‘ v ﬁ:_‘ .'v Lo .; . R ) ‘,? . N .u,
;éonyerge,"F@?:examplé;'if“théstani' £ at (%,

& B *pd : N 7,'}_-!7

' ~i)_)ghmee4;§__th‘_ SOEEE ELTE

-

’E’ P(x )) mgeta the ﬁsaxis at ;_ g
v : L

< — : - | o . %
“'xFigure TC BLéE §uccessive appraximatians by’ﬁéwtgn s methad :

fluctuate back and forth betwee X
w W “

*
\IHII
et
W
2
el
]
&

£
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 a pcint cf‘inflectian between xl and xg ; Sugcessive appraxlmaticn57 f

'f_by Newtcn's methad may actually get warse.; This 15 111ustrated

. %:"1n Figure TC 3*82..- =-;'
€ _ 3 L
M | : : | f(x):
- E [
5.y N
el -
AR
B
N v, '
o
b -

L) a [E
o el

§E ; : Vrﬁ" F1gufe TC 3 Be. Successive approximations by Newtah s }i A

CTme ooal
P A method~m§y aztually-get worse.,

% \
.

Here again i§ Eheuld Jpe natea that ‘the curve has a pmint

Dﬁ,inflectiaﬁkin the 1nterval [xl, xgj In such a case straight

inefinterpolabi@n may be uged to givg a %aﬁisfactary first

ki : L

appr@ximation tg “the root r.., o ; Lo
] = . - 5 . i :

F@r further discussicn of the erréf%invélved the teacher may .

B

refer to Gecrgg B. Thé@as, Elements af‘Calgg;ys and Analytical ' : .

-

_;‘@E% Geametrv Addigcn=Wesley Publishinw Co.,  Inc, 1959; pages 165-171:
L R . = : )

- "
' i . a: ¥

i : E : S ’




- Pages 204-205 . -
: _f' (x) . Aia-;
'I‘he first chcice Df X _sﬁcu_lci E

DR 1

prabably be xl = 1, 5 ( L

\

,%5?§.+ 1.5 = 0833 +. 1 5 = 1, 4157

X3 E §334 + 1 415’7 1 4142 whj.c‘.h cheeks with table‘

" value Gf \/? 1 lllll

E x< + X - 4 =0 _' L '-; by f‘é-rﬁml_a:' S — ‘
% 1, 552 S kl{? éﬂ ; fi? .‘1 f§%3123 3”1;5615 -
- - R |

. ,;‘. _ i

-1 -~ JIT _ -1 -1, ;23 e

#@ ',-2:552;H;;5i2mQW?§WE.:m,@i;iif=‘ —p = -2 w6$5 :

!
-;P

et Ex®odexel o
- 0 {f(0083)=“o04f L
| £(0,084) :'E;DQT# e

x*DDBB o ,A N farf(x)

k. 2.1 is'much 'Gfl‘?-s‘?’f' to the Sécaht intefsecticn.
b ’ " ”-‘ A . 4y . _

[ %

R R ET
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N In thie eeetien the treetment ef eeree ef pelynemiele ie
‘Qextenﬂed te the eeee where the eeeffieiente ef the pelynemiele<
rzﬁere eemplex numbere (whieh may be reel) *;Qe fundamental theefemif

o of elgebra (thet every elgebreie equetien wheee eeeffieien%% ere .

=-Eeemplex numbere hee e eelutien whieh 1s. a eemplex number)

;infermelly develeped illuetreted end dieeueeed

S 7',““ " 'The set ef zeros of P Y ‘the. eelutieneeetﬁfa.*‘
;P(x) 0. If we set Pﬁ(x-) o, the solution eet“ie o
[rl, rg, 'f;: TEJ Where‘k if the multiplicity of eaeh zZero

is 1, and k < n if the multiplicity ef any zere (thet ie;_ef f

iii_i_ii_any_eii_is_greater—then Ao —F :
' | N | The egreement te ceunt the reete of P (x) =0 (er the eeree
_lfef P (x)) in the ‘manner eteted in the text 1s purely a metter ef
- eenvenienee; It eneblee ue to eey eimply thet eny equetien ef
degree' n hee n reete. Strietly epeeking we meen thet P (x)
A:l:mey be written as the produet of n linear factors (net all of
B yhieh need be different) From the - peint of view of eet theery,_
;the solution set for P_ (x) % 0 may very well eenteiﬁ leee then 'n. ,ff
*elemente This notation eheuld cause no eenfueien einee the sum

of the multiplieitiee.of ‘the zeros ef P 18 fn

) . F ) ‘
- . DI
i

o SRR
PR G I _
iy -
Y e
e B
A
&
@ oy
) L;r;s.f . ﬁ’j * =
8 @ F&
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,Answers fc Exerclses 3-93 2\

E ;ﬂ:faééé'ég§-éié;v"”
[x - (2+;)][3s(2—1)][x;l][xs(a-zi)]ix—(3+21)]
L@ (x Ce hx + 5)(x - 1)(x

S "

- 6x + 13)  _;;i}I,?};‘_v N
- 1@3 + 423'5" - 823{ .|. 65)(3‘5 - l)
5 "

Tmox

- 113 + EEK - l24x e l47x - 65. : ,'~1:_!~:_ﬁ-_ = :
The ccefficient of 34 ig sll.

The sum cf the sercs is.
2 + 1) . (2 - 1) + 1+ (3 - 21) + (3 +. 21) which is- alsa -1,
iThe canstant term 15 ~65., The prcduet=af the Z%fﬁs 15
1'1)(2 - 1)(1)(3 - 21)(3 +: 21) which 15 65.
_ .;15 the negative cf*the |
2. a)

canstant term.
K= (2 + 31) ‘ é 2 ;-Bi.§i5af 1”'V
b)) [x- (24 3110 (2. 31)]
| ;lxgé“_ 4x 13, e

The praduct

[(3’52)3;31j[(xgg) + 3i]! ;’wz o

-jb).

1 {double root) x

.y o

+31, x = =31,

L
<
W



k& *'&iwﬁmmrmnﬂm

”t;;prgafg may e shawn. Gnly cne is glven heré. ‘

"aT'a mcae;, twa

lfféiven* P(a + b Vﬁj O = a and b are ratianal numbers,A
W . Proof v_Let ‘)S(;:) = (a + b \/2’)][:; - (a . fg)]
| o L(x—ahb\/zn(x;a)ﬂ‘/g]

e (x - a)ai ng

H\ .

. The cbefficients of s(x) are raticna;- If P(x) 1s dividédé
by S(x) we get a quotient Q(x) and a remainder R(x) =

:{hx f k P'stibly cf degree- 1 (but no greater) where h,,; Ei? -

?fand all caefficients Df Q are raticnal Thus,s_

R x) S(f‘) Q(I) + h;c

-This is an idsgtity in.x.  Ey Y t”a, 85, P(: |
Zand frcm S(x) above S(a + b\/ﬁ) "0, S0 we get. o “fﬂf}?}7

0= c + ha + hb\/§ ke C e

‘ fIf hb pﬁ? is n@t Zero we. g;t -J‘ifi“ B Tt
= -ha -k . - R AR
VE'=,=3-5555 where h, a, k and b are rational,: |

] ST 3 =
2 N 3 . . .
) : o : [ |

 which 1s i@fscssible. .

]

. So hb /2" = 0, and sinc;'e b # 0, hﬁmust equal zero and

8

and as a c@nsequence k must equal zero. Therefore .

5(x)- (Q(x). S
byZ) = 0, it foliows that R

P(x)

Siﬂcé_S(a

P(a - b /2




- (3 +2 v@’)ux (3 -2 \/é‘)l - x° - 64l
b\/ﬁ, the precf given 1n answer tc Exercise 4 with 7

tituted for /& will be carrect; ;f7 R
"a + bw/E there ls no camparable thearem ainee
at 13 ratianal and there 15 na canjugate surd If

wikE that in Exercis ,43 1s attempted 1t breaks

o)1 -because at the step . ;‘ _ i
¥;;s sub tituted fgr E b h sides aré ratienal and
_ ;s" ‘ %- S : _ :
vgént‘ ’ T o

X = -2,
R 4th degree 00t
d) xé + 2x§ +‘334‘+ &E% Foe 33 P ,Déuble roots: .
' . . s X = Pl, ;
@th degree -~ .6 rooys 1, X = -1.
Sth degreel—; 6Mpoots

ERIC

Aruitoxt provided by Eic:



: ‘,'-15'37,; S
3

7:fa)g-2xf;fi'é O has & rnet not an 1nteger. J

b)) % ,?2§§§ 2= 0 has roots which are néﬂ raﬁ;éhaig{,Af'

é)}» D has imaSLnary ;cct§2 R ;i’ o :ﬁ
e d) has a real rcot.tl_ |  ' ' 'Eg - _‘: 5
‘izﬂg?vThe EtUdEﬁts migﬁt state ﬁﬁat the Fundamental Thecrem QQ‘,.
-: A;gebra wculd require a camplex Eera far equaticns likg f_
o 6 )

X + l = 0 and ;x *+.1 = G_; if the; tudéhts have uaed

:iDe*Maivre's Thecrem ta fiﬁd rcots Df camplex numbera, they ,3v

“ fm1ght paint Qut that ragts af csmplex numbens a;e_ggmplg’;f1;W 

fnumhers.a As a matter Df faet camplex pawera cf cemplexa

EX

";‘numbérs and ccmplex TGﬂtS af ccmplex numbers 1éad to ;':__ r

"-nathing mcre camplicated than ecmglex numbers. QSEE Fehr

|

”Seccndary Mathematlcs )

=i

Answers tc Miscellanecus Exbrciséa Gf Chapterjé ;fPages 217—232‘;[7

—

; I, The better atudent should- recagnige the quantity in

parentheses as a .zero of the general quadrat135

f xsﬁ 3322 + bx ¥ ¢y’ ThETEfGI}e}_\WhEn u_sed in’ plaeé C)f x0T

we shauld get zZero,



ff(n) éf#ng;

,*qi Z 41 = ng.(mel)2 '

: 1@63‘3
Loy o1
151
100

1=1

+.(n<1)] ‘[_k_#@fi‘) _-:(li.—fi) 1

= (100)?(101)?

> 13 25,502,500,

= 102,010,000

.
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34(3) =X sséxa (x - 3)E -vl@

”f”%Fsr rssl vsluss ef x, (x*' 3)E can nsvsr bs nsgstivs.» This'“
‘_s?mssns P(x) hss a minimum vslus of (x _a 3)g can havs )
[,agﬁy pgsitivs vslue, 80 P(x) wlll hsvs ths rsngs P(x); 1—14

.vAnsthsr wsxs is ts_l;tsin ths serss fsr B'(x) Thsy ars G,'J”

t

(ngsﬁ,_\/g ZEPG,f%

rns cut ts Ee s rslstigs msximum_ N

1 _“ :' this graph will 1ssk
,': *6, v Thssrsm ,
N o :
' ’by k. EithsrfP

oth, we get k + k = 2k'=ik

sIf sns, ws gst k + 1 k’ 3._H \ - _
Thsre 18 ns real vslus Df £ whish satisfies béth of ﬂhsss i

K S

7squstisns . This csmﬁinss with the rssult in ths tsxt to ' A

shsw why ths ssrs pslynsmisl dsss nat hsvs a dsgrss | féﬁx

sssignsd to 1t

CEe “'Ti'"s)f Eithsr rm or rm whishsvsr is 1srgest will be the * .

B .. ' v

P ::?‘ - maximum degree-

cem ,ﬂvb)‘nEithsrwrrnwor:5sm ‘whichever is tggylsrgsst will-be—ths;g‘¥j

SR ﬂ'm+sm_f .
| 8. The degree sf R(x) Wéﬁlé be n'="m,
9. a) P(0) =::‘1¢ T |
b)) B(1) = 3
¢) B(2) = b5,

L6




e o 2D ENERE R U gl R T ey T
‘ '“gkc)fQE(1§+-i) =,-6 ~ 8L, AR A :';§=} T --,% T' f.‘n-

.=f;3§j tP(l =1) = —2 + 41*-.?J .-;-f:;' ;-1 ;i!f “ﬁﬁlfg ;': | J;*;f
'Eé),;P(al + 1) i_—6 + B4, ,gww, ;f;,f TWW:ﬁ,i':Wa;;,,”{f,ifm3:ff;ﬁ),

ﬁié. Students assigned this pfcblem should be warnéd nat to .. le  _1f
"éxpegt a unique PDlyﬂGmial.;' ' C o T

2y a3 Vo
P (39 : ,® + alx e agx + aa |

i

|
o -
. ;

'P(O) = aQ

]
1
-~

P(l)»é ao + al + ag + ag

="=11,

» P( 1.‘E = ae" al + ag - aa |
_Adding the 1ast two, we get 2ay+ “but
“fo‘afaﬁ 80, ag = =3,

Subtracting in the above two, givgé us

‘,‘b{ Pg(ﬁ) ="-5 - 81X - 3x€ + (3 - al)x .

Drxgs5 - (3 - aa)x - BKE + a3x3.

, ﬁaJV P(E) : = 1Dal’ or 23 + - lDaE .

AT
Wy
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b)x + a (b

,ari@F

;f b)x - x(a

i
[ e}
~—~ .
I
\IF

- bi b)(x - [a + b}x + ab)]
=[(a - b)(x - a)(x - )]

]
~ -
I

'_3,!31- '_ ax '—bi'f. —E.b abg

I ks SN

'Sinée7-Pu(a) = 0by hypcthesis, By (x) is exactly divi: b

' b). [z3__ (a.+ b’+_c)xv +'(be=+-a¢:+,uii,\:

[Fmaﬂx-m&-cn ;(g:Q% ;ﬂf

- 4" ,-el V 2 - - :
T xL»— x(b +. c) +, bc.A_,;

EEy f(i:—¥a) o f | | ) ;Ei,t_ﬁ__,
Po(x) = (F= a) ax). |
If now x. =b, - | :”_- o R
| P (b) (b - a) a(b) which 1is egual to o; o
Since b % a, b - a } Q theref@re' Q(b) must eqUal zerc;wwWMTt
If Q%b) = Q it 15 divisible by (x - b) wlﬁhcut a
remainder or

Q(x) = (x - b)s R(x) and 80,

P (x) = (x =a)s (x - b) R(x)-



v; (aJh=~a~—-—aﬁ—=-cgwhich-maans hﬂ;;;'

15 divisibie by (x - a) If7‘ﬁ is gvép!¥3;;

P (x)

193” -l - K2
(1) (—E)ce) K =, 216

el E su.x +54

hL‘T: 3(2)

TD prcve- P(I) ‘ (x - a) (I - b); ‘a_ A ?‘-; b ili leave a
Yoo b

[P(a) - P(b)l

f'nemainder~af

'ii,:;;?k¥)“¥ K¥ ;ié)ﬂx -.b 5Q(x) + ué *, %"

3? ua + v

o ub’ +uv,?ﬁ; iy
/. oy

o
A
o
o
'
+o
P
o
o

L= : _ yab .+ av

sy e 0 uab 4+ by

,é;aP(b}

w 8 - b !.r . S0 2 o . =
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ation in which an apparent siﬁpliiica\.m@n &
e difficult. Thus, when b = !a; ‘the
0 bec@mésaﬁéégingiess and the method

down (there being only one equation &
on of u and v). We shall proceed |

A

- a)Ql(z) + P(a) and
:;)QE(;;) + Ql(a). Gombluliy Lheos ,
- a)f W (x) 0 (X u) g ta) 1 F(a),

nglud%L’ J QPR L U D 1\,%1&;\) i 1:(::4) ...\4{(74
1oy Lelium L Pea) asiad v we Ll woe

Lot Noutlng Lhiat

) Eg‘iz B We zech 1.
X - 3

Loy a) (SR | L L I Y AP S O
i

Eul thls vae ol owis Lo Lo P (;)

T clhiat 0 gil( )
ey [y = 13 i (;) ] t( ) 4&'\ i




& .
Since- ag

1
o\
L]

Eal +‘4ag

‘3ay + 98,

" P‘E F
a LB
— ay + a, +
7 % .‘6??'-;;:
. L R
. . e s cag
1™ ) =
@ - ¥
vy
- y p
And L"%(X) = 0 4+ 29x 244
] . ¥ e . ™
23. &) P(x) - (x . 2)°.-
=& 3

®1

F 24a, = -2k e W

s . 160

]
I
O

+ 833 = -€

ﬁ%ETaB %ﬂ;éb - i ‘
j . e j i
ag =6 ... . W g

i 3 o
6a

]
1
=
Qo

3 -

(™
m\
11
Ko
o]

a, - et
a, = 2
2 5
a - |
u £l

3

TA .

Zeros are aly. x — ¢ (Double plea b)) ;ﬁg,

A by
y=intercept 1is b, ®

&

Helalblve ALA;L;‘;LITLL.UH 1w

No pouluts of 1nf ..U,

& l;“l gEela lgﬁ"éc, Fia)
. N Lk
L) P(x)H (2 - x)°.
( Ll wB ale al A (1.
&:
yﬂlul;;f‘Cc,‘\L’S 1a A ]

7 ¢ No relative mil linun

\gg €oint of Inflection 18

| S T

4

N

at (z2,u).

-

E ]
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| aw
S
¥
,1#.{ =
14
g
o [
&
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d)
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& o ) T e
© Fig
P(x) = (- 2) A
- é
Zeros are-at x = 2 (4 roots). .
F v - e g N R w o - 1 Lies
B a, 77 L4 _ * ]
y-intercept 1is 16. ,
& . g
A relative minimum occurs at (2,0).
¥ : =
No polnt of inflection,
. _ & . . B o ¢l
For large. |x[, P(x) behaves like x .
P(x) = (x =)%(x + 2).. .
f N
Zeros are at x = -2 and-x = 1 (double 1uutl).
be .
ey -intergepl 1is e,
A 1rclatlve mﬁlrxiuu%u weours al (1,0)
A relatlve maxilinum cccurs at ( 1, 4)
point vl Infilectitn 1o ol (v, ).
RBo %] mets large :E"gﬂ) Lehaves line o
P) e 1) ke e)f
I G e dT al s (-JU;A- i vy N & . \ Wle
, 4 root)
iF
o luvurcopt s !
helaftlve wlnlu. T L )
. N - ‘L
o 1
A I}ﬁlgl I miwaAall, 0 wangU, L L, (,:% %-f)
L'wWO ,E’g‘%lglq el lhiﬁs 1., - 4L = | } i
X, _ t?
B s
®- 1 3. o
& N i
, : §
Aa Ih' pel o l%ﬁt i@; f(fkgﬁs Love 1
r 3 . + o4 7
P(n) A o N (- f)( I
;gl SV TR & x,Tz &, X
Ak
I N B i AL 5;_,&;. ' ; - é
' i }
{ 1 --f-,l Y PO ‘d} 1 = -;
’ & o 3
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i

A point of inflection oceurs at (2,0).

As . |x| gets large , P(x) behaves like x°,
*24,  a) f(x) = x|x]. b) fx) = x° |x]..
N )Y : : i!y _
N . _ X
2%, a) A (s 4 ) - o
o :&J t 3;57": Lo
(JS g-)(i} i g)‘ﬂ,-:i cLannd n APE:a\ (\l%s’\,sﬂhl

Lot D) )8 ) A ) e 3)

S N T
:3:1;_1 o £ = 1 & S, a v N
26 A~ 018 -
2 L(}{) — ’ sas
L'(}Z) = Loy
.3 -
e ol a Qoty 4 ¢ !

| 5
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*28, a) No'walue of k since cubic polynomials will always
ha%% at least one real root. (Imaginary roots must
. occur in pairs,) o
b) For k > =k or k < =5.
¢) For -5< k ¢ -4 45 we show below.

First find P!'(x) = 6x° - 18x + 12. P'(x) = 0 1if

]
1

x =1orx=2, P(l);5+kaﬁalé(:%)‘;u+k,

(L,P(1))1s a minimum, (2,P(2)) 1Is a maxlmum,

/
o)
*“\\
P(z)
/
A . 8 ) N '
!
i ' bssd i ' Fra s I | . b
ool g b o se L T SR ] h,u“l.g_ir “f,ai P PR oL
4’.4) —- d
lg) i
) . .
L) A '
“) i
A
L) ¥
=) i
,ji‘l l) " [ Y S '




32 -

33.

34,
- 35.

*30.

: a)‘ P(2 - 1)

“b) - P(2 % 1) +Q(3 + 1)
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The conjugate of a function is the function of the conjugate.

3+ U1, :
(3 - 41)(2 - 1)

]

2 - 111,

¢) JP(2+1) - Q(3+1)=(3+ 41)(2 - 1) = 10 + 51

If complex coefficients are permitted: (a) 3; (b) 3;

(c) 3.

If doefficients must be reals (a) 4; (b) 95 (c) 4.

a) ;j - éﬁa polyx - 14, he

L) 33—. 33% 1 ;r& 13,

Tw Loiwm o EflyLleul Haviag 2 o . Y
A ( Lfé 3y =G Nouwe oo by L T -

v oerDielenin o,

4
A b‘/‘g .j i i i 1
A o 2K 3
i i
H 2 o
Fil = E
LQ
1 \
I g 1 ! “
L¢ i L 1n . a i
) g
V3 U VR U . . y
Ql’fljr;_ I owand ¥ Qv Adlvl oL [ ‘tf or
. q _
5 - 1 5\![. /; t \fi'} l’ﬁ 1 i ;’ ] 3 i s e
g . L
/ﬁ;_, 2 . 9 ot . ’ [ ' A
Liyy s [ QN |



@ ! 1.65 ’ ‘
S 37, a) (2 e
IR 2t 22 (3)2 4 ...
N gn = ( \/§)E LR
. ! The evgn numbered ﬁermé of each binc:mial eé:'pansién : (}
) ) 7 add out l sa all irr%.ti@nala are, elimihatéd ) _.
h b) In this ex‘pemsltm the rati@nal terms add up tD zera ‘
and the eratianal; are left & ‘ |
.. 38. Ths four térms of tl}e sﬂeql:ence can be shown: (by successive
dlfferemces)to be of the form n° 4 1, The polynomial of
least degr‘ee 1s e ﬁ% Aoy polynomial which will have
term which di! 'Q\'ars fi‘.%’1"@ n=1,2,23, or 4, w;llg when 3f j
added to ﬁg a:;glml 1mited Humber of pé&ly;xgmialﬁa,*;',P\W
Fou é;;anig & ’ T ‘;
ne . C e gf(h ) (s ‘.,’_f%s;,s) wtiipd e, |
E A and b mbes o o E@l}fuumlgiq | s N ¥
& 9. 1u.a, b, e z&éﬁs of ;@ + 7327 + 5, Lin‘g a pD_lya ; ‘
v - ‘llﬁﬂ;iaé wlth V Fy | o ‘W ‘
? 1-’(;;..) ha%ing zcios g < Bt o, - X z
. b i
*‘é;; ._;ud we haow be o g}
) ) 4 Tipee)©
iy -a)
AS 1IN i e JY, a —é S L L U RS
in <3 (A" ' Cost) e Lhe G
L A.;\A;Lik.iiﬂ;si bofa o lolant o L LN 50
-7 , . Loy -




e
i ’ 66 L2
. y
Ay 4R > 4

¢ TP

uaing 8 to elimiri% i :ractlcns, Awe get:

3:533 4 3% - 1 4 1bx° - 28x

4-.4(3_};
+14+)+0

1y be used when every zero undergoes

&
-
=
et
th,‘,t}"
o
H% 4
2
oot E H
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Illustrative Test Questions for Chapter 3

2 25 :
*1. Evaluate ¥ k(k+l) - ¥ k(k-1),

2., Giyen éhe functions fi:x —=x-2, g:xmi-xa - 2x° + 3x -1,

and hz'x%i-x)" - 33 + 2x

2 . 3x 4+ 1, find k(x) such that

4

[(feg) + (f+h)] : x—w k(x).

3. Given fix—3x + 1 and g:x —=x° - 2, find (f o g) - (g o f).
Q; Glverd fix —~ «f(x) = 2x + 1 and gix ~ g(x) = x° - 1.
Find the sclution set or the equatlon (go 1)(x) - o.
D. Glven Len  =3K 4+ 5 and  gin = 2a 1 b, Llud Lhie valuae ot In
Lo wihaiuhy (L o 5)(3:) s u [)(;&)
Go b B(a) o kT 0 6&T b lak 4 10, Lluu (1) iq—) . wna L)

LT Whiclhh oef L Luldllowliy ate Lavboad o

) 50 37
[, 3 i A

4 A da 1 4
w) oA ) !
L) (s 1)
«) a0 9
\A) (J\, o).
Wl s ba) ;
J o) wi L1 “- e .

é' Lne | aal.

b) the y axals,

) Viee b
d) Lhe 1lae y f
) 11 ik N

1o Flod ol cwe ou
i




13.

14,

10
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Find the root of Xx° - 3x + 1 = O between O and 1 coirgct

to 2 decimal places. - :

- Using «Newton's method, compute the real zero of  x° +-5x-- 1

correct to 3 decimal places.

'If P(x) and Q(x) are polynomials with real cofficients,

1 ~1and Q(3 - 1) =2 -~ 1, evaluate

such that P(2 + 31)

[p(2 - 31))(Q(3 4 1)),

Given the equation (Ktl)(ifﬁ)é(ﬁtd) - (ard)(m12)(3a19),
tabulate the roots and thelr multiplicities.

Form an equatlon ol mlonlmun degres Davlog Lhe o oole o <
3 1 1 and such Liatl Lhe coucillclanito aie

a) Coumplex

b) real.
b‘lLuA (,iu\,:é‘sl;als\ RUEEY B 5 -STH s P R T P ' . § [
[9 U RRVER S SRR | Lx&‘g n 1

Flad Ll = [ X . i © g

] =4 .
Y cal 7 I B u.
Py oabi ;iualf ) RP FNTYS I I DANY: [
[P VO SO Y TS | ti. 101 5 Lot \fij [T B . i -,5

4
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'Test Questions for Chapter 3.

Answers péﬂIllugtrQ'

25 , 5 I 25 )
oo %1, % k(ke1) - 5 T k(k-1) $ [k(k€l) = k(k-1)7]
k=1 k=1 g k=1 -

[

M
i

-

2

o

I
I t~hon

2 2. 2
U [kK® + k = k° 4+ k] = 2k = 2 Y k..
1- : k=1 - k= :
%&%

-
1]

I
I thon

- If students kriow the sum of an A.P., then 1t is easler to

" find' the answer, but in any case:
E%ﬁg . : :
Ha 25
2 Y k = 650,
k=1
lEg Since (f-g) t (£-h) = f*(é t h) we get

£

(& - ;)L(ﬁg eaS 4 3a 1) (Aq et 3x 0 1))

(s - E)[KQJ oA ;ﬁg

5 4

e

h(ﬁ) - A

S O T N R R N ¥ P B

[ 4

da . i [ A I ¥ i H ] A . A [N 1

(L ) (a) 3(. o

(e o )(xn) c(35 1+ H) 1 Kk

B = Y R A | i VL . oy
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P(x) = 33._ 6xeg+ 11x + lQl
1 -6 +11 + 10
125 4+ 6|+16f 1
1 =% + 3|+16 2
1 ; 3 % 2 |+ 16 3

P(1) = 16
P(2) = 16
P(3) - 16 o

# . ' e
It should be obvious that the size of the exponents make

values of 2

and -2 1mposslible. E(zﬁ

)73

will contaln

over 21 digits, whille ;4(:@)56 will eontain ovnly 17

dilgits, so the rirst Lerm Ve When vppuslic A sleon will e

1000 tilmes as large.
But & - 1 Lo % . 1 GLateago

(X - 1) and (X

a) (- %,U) and (2,v) wslnce

),
L"') "(f!/i) Llllee
; 3
4) (" B 0 P ; Bllice
= o
Caaldy g0 bbb L [
1 (9 ;‘, [
1 1 b P .
1 & -z =1 0
=
1 3 ! )
18 o Lia b AL QL- A

-lAAﬂL usjl.gl

Llag: L,\,liyh...u,ld.l [

,l,) alea fat;L.u'Q

T

Z K-

FENT O - -1

1
dn o= LN P 4 =
2

i
A -
=

]



e can

L 10, x>+ ux*' - 26¢3 = w2x® 4 7x + 6 S
3y A+ b - 26 42 v 7 46 - o

=19 =61 A5k~ 48| 1 x

=27 -15 +22 16| -1 x

- 22 4+ 2% + 3 0] -2 ¢«

- 1 - 1 0. 3¢ ‘
3

X% 4 6x - 3 = 3(;&:3 + 2% + 1) = 0 when

b

e R

. - - J
Zero8 airc X » -2, X = 3, A - o s V2 d a 12,
1l P(x) = x°  8x + 1 - 0 Since P(U) -« 1 and v (4) - 1

Pr(x) = 3a° .y Take =x

A Aiﬁl t N L. g;;,,

2
< Pr(x) -2.2

%

s , ;é;&'%;;,!‘ i L3 B Led b i IR Ll

1o E(}L} . ﬂ:; T .. L .sl§ |\\x' ": . (
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?

(x+1)(x+2)(3x+5), then

BT
A

n. If (‘3:+1) (x\a’)%(ma)
E;*§$5;§f' (x+1)(x+2)[(x+2)(x+3) ] (3x + 5)] =0

g 7(x+i)(x+2)[x B 6 x - 5] u e
- (x+1)(x+2)(x + 2x + 1) . 'b»i,' 'l Y
(x+l) (x+2) =0, ‘ | | ; o

Eli

So x = -2 anéﬁa triple root. x

3. (S+1)xg»s»4x + 12 + 41,

15, &) (x-2)(x#2)(x - 3 - 1) = x |
. b) (xﬁé)(x+3)(x 3. 1)(x - 3 « l).: (xi - 4)(3% - 6x + lé)

= Iq - 513 +iéxg +.24x - LO.

L]

1

16, 2 0O (25=1) 3
2 -2 I . 3 -1t 1 -1
2x> + (2 - 1)x 4+ 3 = (;fl)(axé ~2x b b - 1) 11,

Qu@t%ﬁggris ex® -~ 2x o4 4 1,

REmalhdﬁl ia -1 + 1.

) ®1/. Qn%i Puslllve £OULL e b léawiwd ad e Lggallve oy
I these Wlll also be 10 vne ,olution aéf.
) 'y s gglutxgujﬁél
0 0 L {1,-1,9, s},
1 s U Slu b -
1 1 - ) ) ,
18 | (2 +\/3) )z vy 3, ol :
[(x - @+ 1D x 2= - 1] 5w
R
ﬂ“ dﬁj 1 Eh}ié fea
©

e

P i
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