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358 tznmoal - be wTit
paris, the whole numersal mears three hurdred fifty elight.

Pacple 2i¢ not always uze this system for writing pumersls. When
srimitive pecnle keapt & recrrd of a rumber, they often did it by makizg
gcrutches in tke di=— or ¢ & store, cutting notches 1n a stick, or
tying knots in & Toge. 'ney Kepl 1racK Ol thelr shesD ¢ OUNEr AOLIMALS
by placing pebbles ii « p.ls, ~be [or each anima.. Leler they imaw
that sheep were missing if there was not one aheep for sach pebble. We
Am oAk tha seme thing vhar vs sert the untss dno- rlame alantion.
making one .ark for each vote, like this: || {+ |I| « The impcrtant
thing about *hee= ways of rc wirding numbers is that ore mark stands
for one obiect. and there are as many marks as thers are objectr. They
A1d not have any marks which stood for several things, such as our "8"
to stand for "|{j|]/1! " or tho Roman "V' to stand for "|i{{|(."”

Much leter, p-ople ..gar to use s single symbol to stand for
seversl objecta. The Egypiia..a used symbols of this kind. They had

diffevant symbols for ., 10, 100, 1300, 10,000, 100,000 and 1,000,000.
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Thney repedtec Tne Sympo. LU 80U OLLEL Luk-=: e SLueis Agmisea Lws s

e dred g

waB g:""‘, resemblipng, a eciiel 1upe, -7 the, WVrole aeven
n@2929999" . The ov-ier in wnich tie eymbols were wri'' .n Was not
imnartant  ard Mindeede cmiid he written either belc e or after thou-
sands. They could write "35" 1ither zsnnn !:\' or V';': nAan s 23417 vas
ufittani????nﬁﬁn{ or1292 {annntoriaaaa 7§ 5 - Motice that the
numerical value of en Egyptiar numeral is the sum of the numbers
reprenented by *he inaividual numera.s.
The Batylonians, who livea iong age in the part of Asia willch we

call the Middle Esst, had an interesting wav of writing numerals. They

14 their writing cn clay tab:ets with a wedge-like in: ‘rument called a
stylus. Their symbol for 1 was <y and their symbo. for 1C was 4 .
They repaated and combined theae symbols to write the numbersz up to 59.

4 ,
example, "4 VY" mean: *welve, and "4 4 "?":’ " meart forty-five.

To write pumbersz larger thun 59 thay nsad the same symbols, but the

L

poaition in which they wei» v~i ten changed their wvalue. The, —sed
the number sixty in the same way that we use ten. If ve writs 472, 1t

reans (4 x 10 x 10) + (5 x 10) + (2 x 1). When the Babylonians vrots

5
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from one t {.ur, 1t . lnen they

Foarm fdewa (ilvas thiag .
o TTmeT T -
v.. 7 =arks and wrote Tive “his wey: V.

for ten, ¥ ,; which later became X.

binad these by additi.... For cample, XVII =10 + 5 +
ATTTITT 1IN a4 B4+ 0 4 T e 1 s 1 o+ 3 = 1kR!
3, Write the following in Roman numerals:

P #a TR ~r I T EA {4 £ 9 - b}

\ay Y gy i 4 e et [ o e PR =

L. Write the follocwing

o

(e)

\r4\

#ACC

for the nmbers

uses 4 nand,

Lradiually *hev begsn to leave out some of

They put two hands together

To write othsr numbers they com-

}; + l - i3
[ =

iu ordinary Hindu-Arabic numerals:

[y
-
-

Fuch laier, the Romans began to use subtraction tc write so.e numbers,

and wrote four as IV, nine as 1Y, and forty as L.

100, D means 5C0 and M means 1000.

they wrote a bar over X, C, and M, and thsat
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LI LECIEAL WY :
Our .y of vrit’+ag numerais wss Lnve Ted in _ndia, and orogghi Lo

(1) each syrbol is the rame of = rurher;

(2) the position of a symbol in a rumeral tells the

gisra of A ovoiip; Aand

3} +there "3 s avmbal for zero, which is used to
fill plscas which would otherwiae be ampty
and night lead to misunderstanding.
¥For example, 3 ie the nur ral for a =st o turee thi=ge, 5) is th-

numeral [or 3 collections o1 ten things eah, or thivy “"irgs. 300 is

the muzeral for 3 collections of one hundred .hings -~=ach. or three hun-

‘

o LLdiigBe  Adulliwd, Gudibigbitallli, sSuollewwviwn, and Qiviaion ars
isw ly easier <o , .rferm with our system than with other systems, as
you will gee if you try to add or multiply using Egyptian, Roman, or
Babylonien numeralis.

The system we use for writing numerals is called a decimal system.
The word "decimal™ comes from a Latin word which means ten. We can
write the numeral for a~v number, however large or amall, by using Just
ten number symbols, 0. 1, 2, 3, 4, 5. 6, 7, 8, 9. This 1s possibla,

4

because the way we write numerals makes use of place value; that ‘s,
vhe position in wnicn a symbol is written, us well as ine symooi,
deteruines the number for which it stands. Tke 3 in 358 stands for

three hundreds, the 5 for 5 tens or fifty, and the 8 tor eight units. When

we co it a group of objects, we usually group them in tens. For example,
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In this plcture the dashe iine is around 1 grouj of iC ten

{goai) + (3xi;, Or ic5.

10.

lli

12,

Draw twenty-sever. x's, und draw lines arourd group = of

ten to shoWw wrat 27 meansa.

Draw a group of x's in 'hicn & L 0L itne x's are in groupsd
of 10. Write the numeral for this grcup.

Uri+a the meanine of these rumerals in the way shown for 48,

48 = (4x10) + (8x1)

-
["E
R

{e) 7S
(4) 320

Cony a 1 complete .:~ fol .win; multiplicstion table, using

Roman mueersls.

b
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Whe.. we add pumbers we make use of groups of ten also. When e
say "How much is 9 + 77", e mean "How many tens and ones?" So we do
not say, "9+7=5+11," althovgh that would be correct. We can regroup

a3 follows:

9+7 = 947 =

9+(1+6) = or (6+3)+7 =
(9+1)+6 = 6+(3+7) =

Ik

1046 = - 6RO

16 16

We say our s-stem of writing numerals has thélgggg ten.
Starting at ones' place, each place to the left is givaﬂjafvalue
10 times as large as the place before. The places from right to laft
have the values shown below. '
| 10x10x10x10x10 | 10x10x10x10 | 10x10x10 | 10x10 | 10 | 1 |
Often ve write these values more briefly by using a small numeral
to the right and above the 10. - This numeral shows how i;nr 10's re
multiplied together. 1In this way, the values of the places are written:
| 105 | 1% | 1 | 10° | 1wt | 1 |
and are read
1C to the fifth power, 10 to the fourth pcwér,flé to the third power (or
10 cubed), 10 to the second power (or 10 squared), 10 to the first power, 1.
Numerals used as the 5, 4, 3, 2, and 1 are used above are called

nexponents® and the numeral with which they are used (in this case, 10) v

.

o » 7
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is callad the bgse. The pumber represented by the entire expression,
such aa 1@5, is called s powver. 43 is a short way to write 4xix4.
14. What/is a short way to write 3x3x3x3?
15. What is the meaning of 547
16. What number is represented by 43?
17. Which r;presents the larger number: 43 or 34?
The meaning of 352 may now be written using exponents, like this:
(3x20%) + (5x10) + (2x1).
18. Write the numbers below using exponentas.
(a) 468 (b) 5324 (e) 7062  (d) 59,20
Probably the reason that we use a pumeral system with ten a3 baae
isgtbat pecple have ten fingers, and when primitive men began to count
their possessions they counted on treir fingers. This accounts for the
fact that the ten symbols, O, 1, 2, 3, 4, 5, 6, 7, 8, 9 are called
rdigits." We speak of these symbols as digits when we wish to refer
to them apart from the longer pursrals in which they are used. For
example, the "dlgits“ in 458 are 4, 5, and 8. The Celts, who lived in
Europe more than 2,000 years ago, used twenty as base, and so did the
Mayans in Central Amarieca.  Can yov think of a reason? What special
word do we scmetimes use for twenty? ng Martlians had a different number
of fingers they might usa.sama other number as the base of thelr
pumerals. Let us 3ee how systems with bases oth=r than ten work.
19. Look up the French words for "eighty" and tinety." Do
you know an English word which indicates that some people
used to count by twenties? (Think of Lincoln's Gettysburg

Address.)

[ 1
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NUMERALS IN BASE SEVEN

Suppose we have a system with seven as ase. Vhat symbols shall
vwe have? |
0, %, 2,3, 4,5, é.
There are seven digits or symbols needed for a system of rumerals to
i

the base ssven juat as t:-re were ten needed for bamas ten. Let us

group the x's below so as to write the number of x's in base seven.

We dravw a line around seven x's, and see that there is 1 group of

seven, and 3 more. There are lssevgn‘ Wa write the "seven" to show

vhat base we are using. "13,,..." means 1 group of seven and 3 ones,
We read 13 as one-three, not as thirteen, Up to 66  , you may think
seven - seven
of the nu bers in terms of weeks and days. When no base 1s written, wve
understand the numeral is written in base ten.
20. Draw x's and group them with lines to show the meaning of
() 254e0n  (B) 32gven  (€) Ogeven (@) 1235gyen
Then write each of the above in de.imal notation.
21l. KNumerals in base seven can be written out like thia:
2byqven = (2 x aaveaz) + (4 x BEiénl) + (6 x one) =
(2 x seven x seven) + (4 x seven) 4;(5 X one) = 7
How would you write this numeral in the usual decimal
notation?
Write the=e numerals with exponents in the above way:
(8) 56sqyen (b) 2Alggygy (c) 5004qyen (d) 412045yen
Then express each in decimal notation.
22. Below is the beginning of a chart of the numerals for the
9
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pumbers from O to 110 (base ten). From here on, in indicating
base ten, write it in words ("base ten") rather than as &
pumsral. Thia is necessary since 1Q means one of the base,
vhich may be 7 or any number. Finish the chart, ss you will
need it later.

10 20 30 40 50 60 70 80 90 100 10
11 21 31 41 51 61 71

12 22 32 42 52 62

13 23 33

14 24

15

16

17"

18

19

CBICVM WO

23, Copy and complete the following chart of base seven numerals, show-

ing the numerals from O__ _ to 110 .

seven seven B — , _
10 20 30 40 50 60 Note that 10__
ll 21 BEVEDN
12 42 : read one-zerc, not as
13 o
ié 55 ten and that llgeven
16 ' is read one-one, not

as eleven, etc,

Using Base Seven Mumerals
2.. When we learn to add numbers expressed in base ten we learm
100 "basic" combinations. These combinations are arranged in
the chart below. Finish the chart.
Second addend

4 5 6
L 5 6

’

o

[Ny -
#—MJhAhl

oo s

.,‘I
O oo 3~
—
k;%rw‘
N~ow

0 ~J 10 wn
‘mwawm

First
addend

O
=

5
FOSE

REEE

" RER

O~ 0w NP O]
ot

10



25.

26.

First
addend

28.

3.

32.

iI-11

Compese the part of the table you have filied in with the
part which is there now. Whet do you notice n“out the two
parts?

Firish the chart below, showing the sums in base seven.

Second addend
1 2 3 4 5

| =]

-]

o P W= O

When you add numbers expressed in base seven, how many basic
combinations are there?

Drav lines in the addition chart for base seven like the lines
in the chart for base ten. Are the two parts of the table’
alike?

Ad3 +hess pumbera ip bess ten: 25

48

As you imow, you "carry" when the sum of a column 1s ten or

i

2 tena + 5 ones
tens + 8 onmes

more, 25

%

o

7 tans + 3 onsa

tens +13 one=s
Add: 2 sevens + 4 ones
3 sevens + 5 ones

24goven
ggsavaa

li
o
|5

5 sevens + nine ones = 6 sevens + 2 ones
Is it possible to "carry" in addition in base seven just as
you do in addition in base ten? ..
In base ten, you "carry" vhen the sum of a calﬁmé is_? or more.
In base seven, you "carry" when the sum of a column is _? or

more.



33.

35.

37.

38.

39.
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Add these pumbers in base reven.

(3) ﬁzgéfaﬂ‘ (b) 6536fan (c) 32937&3 (d) 25453735 (E) Affsgvﬁn
13geven 1llgeven 25geven 1054even 6255even

For Ex. 33e, writs out ths addition to show how your answer

was obtaired. Express the numbers in Ex. 33 to base ten, and

check your nnsvers by adding in the ususl vay.

‘Subtract: 43geven Wwas your remainder 253even?

15seven

~ To subtract 43,evyen » think "/ sevans + 3 ones = 3 sevenz + ten ones

155even

1 seven + 5 ones3

2 sevena :r 5 ones

Subtract these numbers in base seven:

(a) 56g¢ven (b) 6lgaven (¢) 3dgeven (d) 456ggven
lhseven 33peven 23seven 263geven

For Ex. 36c, show how the 34,.yen 18 changed, in order i<
make it easier to subtract.
Complete the sultiplication chart wglow fur numbers in base

seven. Are two parts of this table alike?

o

1

3 4 5 6
o o o O
3 L 5 6
6 11 13 15
12 16 21 24

Lad M O
> nofn

oW W N O

Multiply these base seven nunbers.

(a) 52geven (b) 34geven (¢) 42lgeyen (d) 2lgeven
2 £ —4 12geven

Rere are some pumbera in base seven. How would you write
them in base ten?

(a) 43geven (b} 5264even (¢) 3Vbseven (d) 260geven

[
(kv

{8



43.
sodes

45.

46.

47.

II-13

o

o 319 42 mmozola in

5

Coange Lhe auwecimls i Lhe ezamples Iu
base ten, and mltiply i, in. ~heck your answers by changing

the anavera of Ex. 39 to b-~a ten.

" Explain the division of these base sever numbars. (The base

1z not writtup 4n ‘he body of the wvork.) _AShg
6)40534
23

S - even

(a) 6l42gqyen t) 6]42040ven 5
e 4.

(e) 6]435gaven 533
22

Divide 50lgeven DY 24even:

Divide 65244yen bY 5geven.
TeSTS FOR DIVISIBILITY

Took at the counting chart for number-s written in base 10.
How can you tell which numbera a.e divisible by 2? How can
you tell which are divisible by 5? By 107

Now look at the counting chart for numbers written in base

divisible by 2. Is theres an easy way to tell whether a
number is divisible by 2 from its exprensions in base seven?
From the counting chart in base seven, copy the first five
pumbers which are divisible by seven. How can you tell whether
a nusber writter in base seven is exactly divisible by seven?
(a) In the counting chart for numbers written in base ten,
look at the ones which are divisiblo by nine. What do
you notice about the sum of the digits of each numeral?
Can you guess the general rule? |
(b) Think of four numbers, larger than 100, which are divisible
by 9. Add the digiis in each numeral separately. Does
13 |
15
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51.

(e)

(d)

(a)

(b)

te)

d)

the vule ithat jou kave Juit guesssd work?

Think cf four rumbers, larger than 100, waich are not
diviaible by 9. See whather the rule you found wvorks
for those nunbers.

Can you tell how to decide whether a number ia divisible
by niac by adding the digits la its bass ten rumeral?

In the counting chart for numbers written .u tase seaven,
look at thu ones whirk are exactly ﬁiiiaiblé by air.

Add tbe digits in each numeral. Do you notice a general
rule?

Think of four numbers larger than fifty, which are
divisible by six, Write them in numerals in base seven,
then add the digits in =ach numeral separately. Does your
rule still wOra?

Do the same for four nurbers larger than Iifty, which
are pot divisible by six. Does the rule work for these
numbars?

Can you tell how to decide whether a nunber is divisible

by six by adding the digits in its base seven pumeral?

Why should the test for divisibility by nine with nuwerals to

base ten be like the test for divisibility by six with mumerzls

to bane seven?

(a)

b)

In the counting chart for base ten, choose five two-place
pumbers which are sxnctly divisivie by 3. Find the sum
of the digits for each mumbe.. Can you discover tbe
general rule?
Choose five - .abers between ten and one hundred which are
not exactly divisible by 3 and find the sum of the base

14

20
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o mmme FT7 s 12/
= ket bk P f dkg

ten digits, Doog ok Y
(¢) What seems ic “e a way to tell shether a number written

1n base ten is exactly divisible -y 3?
(d) Look a% the covnting chart for base seven and ghﬁase

five two-place-rwmbara which are diviaible by 3. Does

the method you stated for numbers written in tase ten

seen to work fo- basc seven numerals?
(e) Can you suggest another base for which this test works?

If =m0, illustrate.
Write . pumber in base ten which can be exactly divided by 4.
Write the same number in bese seven. Can it be exuctly
divided by 47
Think of a number greater than 5 vhich can be exactly divided by
5« Write the number in base seven aumerals and in base ten
rumerals, Divide by 5, writing the quotient in base seven and
also in base ten, Are the numerals the same? Do they represent

the same number?

CHANGING FROM BASE TEN TO BASE SEVEN

You have learned nhow to change a number written in base seven

numerals to base ten numerals. .t is also easy to change from base

ten to base seven. Let us see how thet is done.

In base seven, the values or the places are 1, se*:em‘l, aevenz, _

seven’,

and so on.
sevgﬁl :7té'n
. 2 _ e
seven® =49

savgnB:ESABten

15
21
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Chan £z +s khnrca seven rymarasl €.

Lxample.

Since 524 is larger than 343, [irst see hov many seven? there are.

;
343]524 The division showe irere will be a

181 1 in the seven§ poaitfon,

Now see how many 49's there are in 181.
s , . , , 2
473|181 There will be a 3 wn the seven®
34 position.

Now see how many sevens there are in 34.

s , 7 1
7134 There will be a 4 in the seven

28
"6 position and 6 in ones' place.
50 524ten
52y en = 13465even

54. Change 504cp to base seven numerals.

1x7, +Bx7) +(4xT)+(6x1)

55%. Change lgitén to base soven LUMErals.

56. Divide 1958, . by ten. What is the quotient? What is the
remainder? Divide the quotient by ten. What is the new
quotient? Continue in the same way, dividing each quotient
by 10, until you get a quotient of zero. How are the suc-
cessive remainders related to the original number? Try the
same process with 123,456,789 ... Try it with any other
mumber.

57. Divide 524y ., by seven. What 1s the quotient? What is the
remainder? Divide the quotient by seven, and continue as in
kx. 56, except that ycu divide by seven each time instead of
ten. Ccmpare the rcaainders with 5244qp written in base seven.

58. Can you give another method for changing from base ten to base

22

saven?

16




11-17

OTHER BASES

You have studied numbers written in base ten and base se.en. Now

let us try some <ther bases.

59.

60.

él.

62.

63.

65.

Pow many symbols would there be in a system of notation

in base five? bdase three? base four?

Drav sixteen x's on a paper. Draw lines around the groups

you would use for base five. Then write the numeral showing

the number of x's in base five. Be sure to write "five"

after and below the numeral to show the base.

Now draw sixteen x's again, draw lines around groups of x's,

and write the numeral in base four.

Drav sixteen x's again and show how to write che pumeral in

base three.

Make x's to show the numbers represented by

(=) Yeight (o) 23p0ur (e) 102:pree

(d) Do you have the same number of x's ir all three groups
of x'a?

(a) How many threea are there in 204, ..47

{v) FVow many sixes are there in 20g44?

(¢} Fow wmany nines are tnere in 20,4547

What is the smallest whole mumber which can be used as base

for a system of mumber notation?

Here is part of a roll of tickets. Use different bases to

record the mumber of tickets.

23

-



11-18

Tickets Base ten Base six Base four Base three

tvﬁ:: 2 2 o - .
three 3 3 )
w4 4

five ) 5 i
sx 10 } 7
- %
eig;?r ) . 77 o o
-

67 hé?gight (4 x eightg) (6 x eightl) (7 x one)

Whens we write tie meaning of a numeral in this way, we say
we are writing it in "expanded notation." )
Write the following numbers in expanded notation.
(a) 638454, (b) . 245555 (¢) 10024pree
68. How is each of these numbers written in base ten?
69, Write in expanded notation:
(E) 2341‘;\@ (b) 1D3fi"j§ (E) ‘!'lzfivg
(d) 1If these numersls tand for amounts of money, what

does each place represent?

cima) Numerals

There are two bases of special interest. Ope of these is base
twelve, which is the base of & syster called the duodecimal system.
We group many things by 12's, and call each gréup one dozen. We speak
of a dozen eggs, a dozen rolls, a dogzen pencils. yhen we have twelve

twelves we call that one gross. Schools often buy pencils by the gross.

- Y 24
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Bl

To write numbers in case twelve, you must have twelve symbols.
You can make up symbols for ten and eleven, or use "t" and "e". The
I's below are counted in base ten and in base twelve.
I I X\ r ¥ ¥ x X X X X X X X X X
1 2 3)4 5 6 7 8 9 10 11 12 13 1 15 16 Base ten
1 2 3 4 5 6 7 8 9 t e 10 11 12 13 1, Base twelve.

70. Write in expanded notatien

(a) 146, velve (B) 3t2,n1ve () 47etye1ve

Then express these numbers in base ten.
71, Many people believe that twelve is a better base for a system

than ten is. See if you can find out why they think so.

Binucy Numerals
The other base which has special importance is base two, called
the binary system. Just as we use base ten and the Babylonians used
base sixty, some modern high speed computing machines use base two,
or tke binary system.
ESuppese we use two as base, What symbola will there be? Omnly O
and 1.
72. Draw three x's, draw lines around groups of two, and write the
number of x's in base two.
73. Make a counting chart in base two, for the numbers from sero to
seventeen. Hemember the places will stand for poweis of two.
§4g Make an addition chart for base two, Howv many addition facts
are there?
75. Make a multiplication chart for base two. How many multiplica-
tion facts are there? Would they be hard to learn?

76. Below are some numbers expressed in base two. The first is

19 25




11-20
wvritten to show the meaning of the digit in each place.

Write the others in that way.

= (1 x twod) + (0 x twol) + (1 x wal) + (1)

1011
(a) 14y
(b) 1(3@0{,,“@:
(c) 10101y, ,
(d) 110004y, |

tvwo

77. Vhat number does 23 represent} 2‘2‘? 21? Write the powers

of two, up to twa'?,- in base ten.

78. What numb€rs are represerved in Ex. 767 Give your answer
in base ten notation. |

79. Add these numbers whick are expressed in binary netaticﬁ.

(8) 10lgwo (b) 1104y, (c) 1"L0gyo (d) 101lltwo
g two 101two Olltwo 111l1¢wo

C.heek'b; expressing the numbers in base ten and adding ip
the usual vay. '
80, Subtract these base two numbers.
L 9

(a) 1llgwo (b) 110¢wo (e) . 1011yyo () 11001ywo
101¢yo Altwo 100t wo 10110¢wo

81. Check by expressing the numbers in base ten and subtracting
in the uc 21 Way.

82. When people operate some kinds of high speed computing
machines they usually express numbers in base two. Change
these base ten numbers to base two,

(a) 35 (b) 128 (e) 12 (d) 100

83. If you have a peg board and some match sticks, you can

represe;t base two numbers on the board. Leave a hole blank

for O and put in a match stick for one. Represent two numbers

20
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85.

bt
el
]
M
[

on the board, one pelow the other, and try adding on " e
board.

Now you have worked with several different mumber bases.
Do same have special advartages?

Have you ever seen a weighing scale which uses weiguts for

helerses? 1 mut *he thing te he - fghed or one ~ide and
ccough weigh®z to balance it on the other side. Then ¢ °
add up the welghta you Yove used to Tind the weight of the
thing.

Z1ppose you want a set of weights which will make it

N s [ .| “ [

possibie [or you LG welglh a pacmage of L pouna, . "@maE,

3 pounds, and sc on up to 1, pounds (no fractions,. What

is the fewest number of weights you will need, and what must
their welghtas bu?

Here 18 A& Set Ol CATGB yUU CAND uUBE LU Lv & LLiGhs

o il

10 4
11 5 13
: 14 6

fet
Iho

bomi

12|
13
14

15l

1 9
l} 11
5
Hed

13

1§ I
L & |

K
Ty
b OO

-3

Tell a person to choose a n -ber between 1 and .5, and to

E ]

pick oui ihe cards contlaining iha

i

[
[u]
~

sumber and give them to Fou.
By adding the numbers at the top of the cards he gives vou,
you can tell him the numwer he chose.

See if you can figure out how the trick works. Then see -
if you can make a set of cards which you can use for numbers
from 1 to 31,

Here is a method of multiplication, different from the one
you use. | ii

21
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26 x 34 =7
Eé 34 D%Yxlﬂ rhe sommEmTe AT Yre o h S o1 U § ] ;,,f’
2 A

cros2 i .
12 68 out . sowing away any reralinfers, anc muitiply the

CTOZE

out

-
=

[}

= Laal S - -
. Then oro

O]
),
1
]
i
!
o
M

i
e
At
o

3 272 z ip *ne  ~scord couilmn which are
2 = PR 24l T
1 A apposite even nuxbers in the first eolumn, and

the oe-m4 column which are

figure out why th!

Do you have ar abacus in

pumbers expressed in base tvo.
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e b ades
We use numbers inm counting. e cmll thex netursl numbers. In Jon's

* the 3*are,

[

family there . re five cnildren., gJar T™iyg

ive *housend four hundred eightv=five penple .n trne stadium.

]
-
Iy ]
"
13
o
*
iy
oy
[

uysual svate of rumerstion, & o.er Lre oumerails 5. 12,

f che NUOGers meENLLwneL. San inyent=1 nimsrals «nes e

3

We ¥now that theres 15 the oune numver of neople and @ ses 1u bl

room. 1f there are .. cuar:

SLoonne lisg, toen thners are 50 BLATes,

= -ner has written the name

""1
i
o
g
b
(N
o)
"
8
U
E

There are 36 pupils in th

The number words, vwhich we use form a standard set which we memorize

in a certaln order, and match with any set that we wish.

v may have learned about numbers in different ways. Some of ua
may have learned number names and then how to ~cunt. We learned that

the last name we used gave us ihe nuaber of the set counted. For

P

example, here we have a collectinn T - — - ]

!
\ l
or set of m rks. We ask hovw many are ! ! /ﬁ | ! ,
|

there, Bv counting, we 7 ud _hat the 4 — : - —

Ta=t =:=a= s e = Al a =rd ch e s cmmas s =8 o e nmae Fir - —amle sim s
B Yt T e I L el I e e N e i

eleven. So we gay the number of marks jis eleven, If these are arranged

in some way o form a pattern we may -

TR |

recognize a pattern of eleven without A

H\

counting each mark. And that was 8 this easier? Do you need to count?

Q
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the way we laarnad to reclgr oz 270 dLT CeLoILT. wE 1S o

5oW DAY Were

]
L4
vy
W1
y
2
)
r

things without cowating =- umis33 they are 30 =ixel Up tret we nant

e

gea g fazmilisr nette

Others of vs sav have .IarnTt ~o7 fowrnw

counting. we wer- ol% Lhet o T .o . TLCLL0 To de T A8

boxes.

Perhaps we vondered what + we3 irhat was two but somehow we 3aw Ll
Tkings may bave many vroperties in com 'n =-- like size, col.r, shape,
sta. The same mav ha asn 4 of -ollections or  ts of things.
They bave the prupert; of contalning the sane number of meambera. Thia
nsameness” 18 called number. Any time two sats of things can be matched

1 bLlL;
G bi—ﬁﬂ-j

i} W =T o o=k L ot - me .
Lhe Lwo sels ave a " daad 43 roratliczship. Tozy th howa - br game

rumber property. We use the aarsz numeral to describ thie nu -ber

property.

5:3!7 @gﬁ'ﬂ
\_/

=1

different collections, Wwe found that we could arrange these in an

We know thet this ig not s rnicfura

i
l
of 3 balls. We call the number of this l

set "four." We learned number names for

O
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starting wi.. ., 1 and 1 more ig 2, 2 and 1 =cre 2z o 3 and 1 more 18

L. 1t wa= then that we socor learnad o gron- by tana, Liace valu~, sxd

-

i

a system oI numer:z*-ion
what would it have b= : 1148 7 w2 nAG _24TRA0 & CUDPLELESLy Ull=

ferent pama OF Aach Ruall:

We carn, -. sourse, toust the _ume- of urizs in two sets, provided

o baen Ao o~ pwe L mm el tme v/ FrRe aRdies~c o in hoth sets.
instance, two “ows and three norses make a set of five animels, Also
three c's ane two p's are . re letters,

Exsrcises = 1

1, Which cf the following are netural numbers:

(@) 1 (b) 7 (e) $3 (d) .6 (o) 20 (f) 1/3
(g) 3/ (n) 100 (1) of4

2. “asirange these nat ral numbers ip their usual order.
(a) 1, 2, 3, 6, 4, 5
(W) 1 +1.2+1.1+3,0+5,1+6.5+1, 5+3

(e} IV, V, XI, Vi, VII, VIII, X, IX

LAV}
£
“
]
[»
12
=y

F the fallewi- 7 numhers are natural numbers not between one

and ten? 2, 5, 7, 8. Not between six and el_ven? L, G, 11, 15.

I

Not between one -=d fifty? 1, 15, 25, 28, ».. MNot between one and
ten? 13, 14, 22, 78, 86,

4. Here are sets of objects arranged so that the number of objects in
the set may be recognised witbout couniing. Write the name of the

pumber of objects in e~ch sat.

ERIC 1
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a) D) . R ; ) ) — e LD

5, Hewrite Lhe FOLLU LOF  suiveoe weo o, e L. RILSE, o LIl

read without count g

6. Show a grouping of marks which could easily be read without counting
for tne following
(a) 10 (p) 12 (c) 16 (d) 25

~. Tell how many dots are in the figures without counting each dot.
, N s [Foaon] o0
D I EE———— by _J:32)- €)
o 5 o NCET 2
oo N2/

a Es

& Q = - — — -
- | =3

o o \a\f‘l

cxe people are stand ‘ng in e roor in whiech there i a set of

LLEE ) aggrgia
soond saofo

]
[4s]

chairs. You want to find ocut if more chaira are needed., Ia it
necessary to count the peopls and the chairs to find out? What
can you do to get quick._y the needad information? Do you then
know hov many people are in the room?

9. A theater owner wants to know how many people attended the show
last night. He knows the firat ticket sold was numbered 60588
and the last ticket sold was 60735. Does he need tc hire a man

26 9 2




O

ERIC

Aruitoxt provided by Eic:

ag oy oo o ir EES A e amian e

[l
E
m

* count the peco.

tra3ater for that =ncw

[
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L
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M
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A -eachsr has graded homewors a o .r.1 recordad itne g

gra.~"c .4, How can he gu <l 3 .2 te 3es 1 eacn ludent hardea

in his homedor:=?

B
e}

. Tell how mary more evmhre © -Te ¥ Sre 3a° TnAY in Lne 0l.a@T.

n

%
)
>
al
P
L
b
Ly
N
o
vy

L

"

oy

'

1
i
by
)

my
-4
s
B
y
P
L
[

3
o+
o
I
]
o+
o
‘m "
o
o
T
g
gy
o
=
1 ]

get 18 5 more tLhan the olLns2r.
when you count the number of pzople in the room, does it matter
in what order you cou:t? What must yoo be careful about in counting?

“CAmetimas wa sy tva° there are twice ag many of one kind of thing

as another. Uive sScne eXAmpies 1n Wnlchn you would KNOw Lhat uier

re twice as many ~f one kind as another without counting either

ast.

f you have ‘.o woxes of perncils and in one of thez trere ar- 5

—

pencils ani in the other ithere are Lwu penclls, how many pencils do

you have? What do you do to answer this question? If you aey you "add"

do you think, 5 + 2 or 2 + 5%
The arithmeti- “eacher read two large numbers to be added. John

did not understand what his teacher said when she read the firat number.

He wrote the second number when she read it. Then he asked her to

repeat the firat number. When she read it agaln, John wrote it on his

I°F
=i



1
¥

ol el the jecsnT OUT ST T 2 T o
game Fm a® -he cther ztudents wi. peard 5.0 .pe zietaticn tre LTl

We ss - the sum of CCLXIV and CELXC1 1s <h

C5LXIV. In the blnary system us

1101011 and 00111 1= -+ =ame £3 Tne 8L T 4 il LUIiTLL. L
thia righ?

e - s a4 e adlamantas = Tad ol alal T a -
cover & mniatake made lnm 223317107 CrauLEIE s Wia o.galn Lo T oTm

cther dire- iom.

protlem by "adding up.” «& Learned that to put 3
balls with 2 balls gave us the same pumber -f balls as “utting < balls
wvitn 3 Dails.

You have just recognized the commutative property for addition

of patural numbers. It means that the order in which we add two numbers

does not mak any 2ifference in the sum of the two numbe -s.

T PR e s
2 HUUBU w L L8 T i

4L added to 3 13 7 or 3 *+ 4

Both are other -azes {or /. We CAnL WLile

L+ 3 =3+ 4.
The statement of th’3 law in woras is quite clumsy. It .s
simpler and clearer to say this in mathsmatical language:

"If a and b are natural numbers, then a + b = b + a.

Wa have just discussed the case in which a = 4 and b

:3i

let us supposs Don's patrol gces on a trip. Twenty-nine boya

zo, mach talkirs 2 Admasq and # nanries for food.
Aa B uh o ; A ,

How many centa can be

spent for food? How do you f.nd the answer to this protlem?

This way?

or this way?l

29
x 38

O
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b A

A4

B.li's “ome ‘or z has a par . 238 boys and girls ¢ me tzo thr paTiv.
They shared the ~ost of t.e party :nu esch wvas .ske” tc pay 2% cents.
How much dic the party cost? Uo joo finc the &nswsr

This way? 58 or t .ig ., ? 29

=

x 25 x 18
Suppose we have 5 rcue ~f chairs with 3 in each row. We aecided
1. change the arrargement t¢ me~: 3 rows . chairs with 5 In eacn rov,

Do wm need more cb .ro’

b

A X X X
Z XX
T xx>»xxT .

oy

)

TR
TOK MO M
LW M

(5 x 3) (3 x 5)
The produect of two natural numbers ies the sams, whether the firat
be multiplied by the second or the seccnd be multiplied by the first.
Tkis statement is called the

ommutative property for multiplication

of pgtural pumbers. It means that it makes no difference which rumber
is the multiplier and which is the multiplicand. This statement may
seam clumsy to you. Can you astate thle property in symbols?

We can use this idea to detsct mistakes we might make in multiplying

one number by another. We found these producta.

A8 an apr’ication of the c mmutetive property, wve realisze we have made
a mistake. Find the mistake.
The idea of using letters to stand for any number whatsoever in

stating general principles of arithmetic is a very useful part of

29 .
L ]

*)
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satuematical _ang. 7t. Cpere is & Samger cneT Tre @TOET

giitip] cation 3ign may Ce zistaken Tor each oth=sT, S0 we frequently

use a dot for multiplication. For gxemole we ecan wri > "4 e 2T 0ar

", x 3", "a « b" for "a x 2."

1., the Exercises the symocl "7 is Tor exmnpie:

= = .= L 7
o * J = L A

A}

- -5 11 _ 3 _ s . : LA o . . = L. L - - = .
17 pesa? "5 4L 2 3 lpos chAa- B e yrer tel ol wrat S oymbols L

and "+ " mignt wear?

4

A B

fLY TD € L gl e e eT 1. (a® 7J: 72 + 3i equal to 31 + 727

- - = - . E

M2

(b) (b) Is 16 + 52 equal to 25 + 617

(e)

-
L ]

14 + 7 equal tu 7 + 147

35 + 64 equal to (c: Is 58 + %4 =qual to 94 + 587

]
w

64 + 357

]
]

(d) Is 215 + 482 equal to () 465 + 332 equal to

(e)

(f)

=i
[ ]

Is

475 + 381

402 + 3157
equal to

264 + 5137
equal to

183 + 5741

(£)

564 + 2337
Ia 735 + 254 equal to

537 + 4527
Is 851 + 367 equal to

158 + 7637

(g) Is (13 + 22)5g,n

(n)
(1) "1

() Is 5+ 3 <2+ 57

(o)
m
W
+
W
-

=
[ ]
R

+ 2 < 3 + 57

(k) Is 5 +4<3+57

equal

(g) 1Is 58+ 94 equal to S+

58

when these are written in the

base twelvel

Trsert a symbol which makes the

following true stctements.
(h) 7+4 4L=+7
(i) 9+6 1 +9
(J) 12+ 5

(k) 46 + 81

5+ 11
6, + 18
30

£

26



(Z s & LT L ! i o .
(m) Is 5+ 3 < > +0&” 5 £3 + 3F
(o) 1Is & + 3 < 37 5, L7 o+ 2E . o+ £}
2. Add and use the commutztive . Add and © e the -ommutative
property "o -neck all ion ~Toper y to cheeck adzitlen
465 3? *c; £ 4 - £ fg'
13967 W s e
3. (a) Is €& x 5 eg 1 tc & v soa) Is9x 7 gqugl to 7 x 9?
(b) Iz ™ x 4 cqual tc 4= 77 o' i. 43 x 56 equal ta S6 x 437
(e) Is 13 + 2, « (5 * 2} egiual (€] 45 (& + L) » (4 *+ D) equal
R R te (4 +5) « (6+ 1)
(d) Is (32 +1) - (2 + 3) equal (d) Is (9 + 2) « (7 + 8, equal
to (4+1) » (2+2)2 to (9 +6) » (5+6)2
(e) 1Is 24 x 43 equal to (e) 1Is (486) = (501) less than
42w 2.7 (501) » (4BA)?

4. Multiply and use the commta- 4. Multiply and use the commutative

tive property to chack pooperty to check mmltdnldcavion
multiplication
36 305 476 76 47502
x 57 =x 84 609 x 98 x 20057
7604, (34)g (241)¢  (1011), (AéS)

x 1008 x (7)g x (32)5 x (uq) x (37"2)4;2
Which of the following are true? Which of the following are true?
5. (a) 4 +6=6+4 5. (a) (37 xt)1p =& x37)3,

(b) 7=-2=2-7 (b) (31 -7)=(7-31)
(¢) 3x9=9x3 (¢) IV=-1=V
(d) 41 x 16 = 16 x 41 (d) 49 x 63 = 64 x 48

3l ;??
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(g) 72 %
Insert a symbol to make tre Insert & syibol o nake tre
following true fellowing true
6. f(a) 25 +17 17 + 25 S0 la) 47 o+ 182 182 + 47

(b) 26 = 4 L - 26 (b) 71 - 5¢ 56 - 71

(e) 60 2 20 20 & &0 (e} €25 & 2% 25 & 625

fa) 32 x 12 12 x 32 d, 76 x €7 67 x 76

Iw
-~
—
]
M
W
o»
W
~d
Wh
My
~J
W
"
Pl
WS

(e) 7 % 8B 84 2
Addition and subirecilon are cperatlions which t&l be perfarmed on
numbers. They are examples of bl.ary aﬁeratisﬂg, since they are performed
on a pair of numbers. What other binary operations are frequently usec

in arithmetlc?
The operatious of addition and multiplication each have the
property that the commutative vroserty hclds., Notice the similarity

between the equations

and a +*b=Db- a,
We say that these operaticns are comrutative. Tn 1ind whether suvira.=-

tion 1s commutative we must ask whether a = © = b - a 1s irue for any

rumbers & and b, Is It true for a = 5 and b = 57 1s division a com-

mutative operation? Give an example illustrating your answer.
Exerclsea = 2a

1 of the Jillowing involve commutative operations?

(a) 1 +2 (@) 4-~5

(b) 6+ 8 (e) 12 23

"‘hj

(£) 9-14

35

Bt
(%]




£  Wnich ol ‘ke following activi® 23 are commiterivel
{a) To _ut op & hat and trer = ccat
(v} To walk down the BAnaL nrHl Trosbh Lhs sLisso
‘e) To .our red paint into blus paint

(d‘x Te 1]l stm @ mroirm oar =ii o G H
; To pull mp a2 oo 2ot

(5

IR

le} 1o walk through s Jzorwev anc clcse docr.

9. What operstiops and activities can you Iist w-rich are commit.iivel
Which are not commutative? (You need not “ie* more ~kan five for
each. )

1 . Suppose W= define a new operation, symbolized by \, like this:
ﬂ--uéé";;;\a='&;

Compute 3 L and 4 \5 3. Is this operation commutative?

The Assoclative Property

How do you add 12 7 You think 2 + 3 = 5, and bring down the 1.
he]

What have you actually done? Why does it work? TYou kuow that

| 12 = 10 + 2. Your problem 12 , is (10 + 2) + 3. TYou actually found

<y
+

i

10 + (2 + 3). We know 12 + 3 = 10 + (: + 3). Let us try scue other
nuibe;:,
| What do we mean by 1 + 2 + 37 Do we mean (1 + 2) + 3, .- do we
meean 1 + (2 + 3)7 Does it mak: ary differemce? We have said tt. order
wé add two numbers doesn't make any diffevence. Now we see thet the
vay ve gréﬁp mimbers to add thom doesn't chenge the sum.

1+ (2+3) - 6

1 +

W
]

£
=

ity
ot
-
e i
]

Fs . =% . =
[ A & L

We call this idea the assnciative ric 'ty of addition for natural

ocumbers. Using both the commutati - &nd a:scciative properties cf

23
. - JY




= for anot wnything sTes SrneErE. I S T .r
fust aoout any Waly WO CoL.stoand I o " Ao
4T Al o0t 3T o to Tnind uni T T W i s oI s eib,

wher asked tc ad. -2 + L. o+ 13, Jchnm tnought

il e o= i oz, - E

myyrecalor Torr shr o Sroaaetien e

J12 0+ 14, - 18, FiLY tronght, M12 + 13 is 50,

and 3 L= 4.7 Hiz talnking ad-oht e

rSEDTESE) cy iz s 1%+ 14. How dd nill

knew thet, (12 Tao~ 1A= (12 0+ 1R) o+ 147

Tie ToLa, v o - N o, sy LD oa53ooo o LlVe

2 +17) + 14, By the assoclative

[
™,

-+
-

-
I~
R

Hl
ot
'

property of addition

The commutaiive principle means we may changs the ordasr of any two

iﬁ’-?iﬁ\efﬁ wve ava adddin~s ittt sahanoine +¥F . mm. that is & + b = b + A,
[ o =5 LT Ditis=nig FaoSan L Eo g s s H - =

The associative principle means +hat no matter how we may group numbers

k]
!

e

ez ot adding o e gl

[t

5 TrRe same, TNAat

L]
Ll

f{or purpo

I+

ig, (a + b) +c=a + (b +c).

When you multiply 2 - (3

) vou actually compigte (2 « 3) + 10. ~ou

I}

kn v 30 =3 - 10. Is 2(3 . 10)

(2 « ) - 107

The associative principie holds feor multliplication with natur..

sumbers. What do w~ mean by 2 x 5 x 47 Let's try scme ways.

I
S
-
~

hit

(2 x5) x4 40

Lo
I

2x (6 x4) =2 x 20 =140

™ .4t —F o= rs = . - ca ez o= LR =a
MLl EAVE LT S0l alswol. Ao WAy

e
[ 4]
o
L
o
"
Ll
(4]
'L
[
"
A
[}
-y
[
b o
b‘w
£
']
[l s
<

r
[

o _f 49
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vay we please without changing the product. This is cs)led the associa-

tive property of multiplication for natural numbers, thut is,

(axb)xc=ax bxc). _
‘Since additien md multiplication are associative, there is no
" possibility of confusion vhen we write 1 + 2 + 3or 1 « 2 + 3 omitting
the parentheses. This is an example of mathematical slang vhich 1is
allowed since it does not lead to any confusion.
However in 2 + 3 + 4 it does fiake a difference hov we group tle
pumbers since

20

(2 #3) « 4,=5+4
but 2+ (34)=2+12=1,

Therefore it is wrong to omit the parentheses here and "2 + 3 - 4% is E

nousense unless we make aome agreement about its meaning.

Exercises - 3
1, Show that the following are trus.
Example: (4 + 3) +2=4+ (3 +2)

7T+2=4+5

9

9

A B

(a) (4+7) ~2
(b) -8+ (6+3)

L+ (7+2) (a) (1 +5) +4=20 +(5+4)

(8+6) +3 (b) (34 +17) +29 =34+ (17 + 29)
(e) 46 + (73 + 98) = " () 436 + (476 + 1) = (436 + 476) + 1
‘ (46 +73) + 98
(d) (6x5)x9

6x(5x9) (d) 9x7) x8

9x (7x8)
(Q §§:g);m= . {e) (57 x 80) x 75 = 57 x (80 x 75)
24 x (36 x 20)
2. H-'m know that addition and multiplication of natural numbers

/
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have the ::ggei;tiva property. Let's look at subtraction. Is it
associative? If it wero for any matural numbers a; b, and c,
(a=b) -c=a-=-(b=-c). Here is an example, try it.

10 = (7 = 2)?

Does (10 = 7) = 2

Does (18 - 5) = 3 =18 = (5 = 3)?
Does subtraction have the associative property?
3., 1f division vere associative, this would mean for ahy patural-

numbers, a, b, and ¢, (a ¢ b) # ¢ =a # (b # c). Test this with

32 ¢ (8 # 2). What conclusion do

this example: (32 ¢ 8) & 2
you come to? Make up another example to show again that you are
right.

4. Rewrite these problems using the associative and commtative proper-
: ties when necessary to meke the addition easier. Use parentheses
to show which additions are done first.
A B

(a) 6+1+9 (a) 72 + 90 + 10

(b) 53+7+2 (b) 50 + 36 + 20

(e) 63 + 75 + 25 (e¢) 28 + 75

*

25
(d) 26+ 72 + 4 _ (d) 83 + 46 + 17
(n) 340 + 522 + &0 () 3+5+7+15
(£) 45 + 15 + 63 (£) 56 + 23 + 44 + 77
(g) 13 + 36 + 4 (g) 18 + 16 + 24 + 2
5. Rewrite these using the associative and commtative properties when
necessary to make the multiplication easier. Use parentheses to
show which multiplications are done first.
A B
(a) 13x10x2 (a) 2x67x5
(b) 5x45x2 (b) 25 x 4 x 86
(¢) 7Tx25x 4 (¢) 38 x50 x2
(d) 50x2x33 (¢) 3x1l x4
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° 6. 1s the following statement true? To multiply 2 by the product of

5 and 6 we can multiply 6 by the product of 2 and 5. Explain.

7. 1Is the following statement true? In order to double the product
of 6 and 5, you double 6, double 5 and take th. product of the
doubles. Use parentheses to show what is beiﬁg done. Explain the
reasons for your answver.

8. 1s the following statement true? In order to double the sum of
6 and 5, you double 6, double 5 and take the sum of the doubles. Use
parentheses to show what 1s being done. Can you explain the reasons
for your ansvwer from what you have studied so far?

9. Make the symbols 2+ 3 * 4 $ 2 meaningful by grouping the numbers.

In how many different ways may this be done?

The Distributive Property

Eight girls and four boys =—- twelve children altogether -- are
planning a skating party. For a merrier party, each girl invites
another girl and each boy invites another boy. The number of girls
has been doubled. The number of boys has been doubled. Has the number
of childran been mmltiplied by two? by four? by twelve?

Altogether, there will be (2 « 8) girls and (2 + 4) boys or a
total of (2 - 8) + (2 + 4) children at the party. When the p;:¥y_uga
planned, there were (8 + 4) children. %he final number of ehildféﬁ
is the product of 2 and (8 + 4). W= :¢e that --

(2 +8) + (2-4)=26+8=24

2. (8+4)=2+12=2
So, we can write

(2-8)+(2+4)=2-(8+4)

37 43




You have been using this proper*y since the third grade. Take 12
x3

What do you actually think? You say to yourself, "3 - 2=6,3x1=3,

F
*

and the praduct is 36." Your method is correct because
3(20 + 2) = (3 + 10) + (3 * 2)
By the commutative prinecipls it is also true that
(10 +3) +(2+3)

(10+ 2)3
as we see when we change the order of multiplicatien.

This idea is familiar to us. We learned that 375 ia the same
x 7

as (7 +» 5) + (7 - 70) + (7 + 300). But instead of writing 375 as
(300 + 70 + 5) let's write 375 as (145 + 230). Is (7 « 375) the same

as 7 « (145 + 230)?

We can write 83 as (80 + 3) « 45 = (80 « 45) + (3 + 45). This

x40

may be more familiar to some of us if we wrote L5 and 45
x 3 x80.

In the more usual form we huvne
.

et E

260 _
3735
We recognige in tl: product that 45 « 3 = 135 and 45 - 80 = 3600.
This idea that we have been deseribing links together the opera-
tions of multiplicaticn and addition. We refer to thls idea as the
distributive ;

If we use lc .ters to represent numbers, we can say

rinciple of multiplication over additionm.

- a(b +c) =(a+b)+ (aec)or(b+ec) ea-(bea)t (c-a)=

(E‘b)’l‘(aic:)

7 L1
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Exercises - /4

A B
l. Find simpler names
(a) (3.9) +6 (a) (4 +9) + 16
(b) 3 - (9 +6) (b) 7(3 +9)
(¢) 5 (2+7) (c) (7-+3)+9
@ (5.2)+7 (@) (8 «6) +(3-7)
(e) (B8 +4) + (2. 3) (e) (6+5)+(7+9)
(£) (2 +3) + (6 8) (£) (8 +7) (9. 5)
(g) (3+9) - (2.3) (g) (46 =17) + 17
(h) (L4 -7)+3 (h) (7 +3)+(7.9)
(1) (7 +6) + (7 .9) (1) 16(7 + 6)
(2) 7-(6+9) (J) (16 « 7) + (16 - 6)

2. Show that the following are true

(3 ¢4) +(3+3)

Exumple: 3(4 + 3)
347 12 + 9
21 21
(@) 4(7+5)=(4+7) +(4-5)&) 97 +5)=(9+7)+(5+9)
(b) (3 «4)+(3.8)= (b) (11 +3) + (11 .4)=
3+ (4 +8) 11(3 + 4)
() (5+2)+(5.3)=5(2+3)(c) 12(5+6) = (12  5) + (6 « 12)
(d) (6 +3) + (6+2)=6(3+2)(d) (15+6)+ (15« 5) =15(6 + 5)
(¢) 7(9 +8) =(7.9) +(7-8)(e) 23(2+3)=1(23.2)+03-3)
(£) 2(16 + 8) = (2 « 16) + (2.8)(f) (3 + 99) + (5 99) = 99(3 + 5)
() (3 +6) +(4-6)=06(3+4)(g) 128(10 + 20) = (128 - 10) +
(128 . 20)
(R) 9(1 +2)=1(9 1)+ (9. 2)(h) (1000 + 10) + {1000 * 20) =
y 1000(10 + 20)
39
45
Q
ERIC

Full Tt Provided by ERIC.



111-18

(1) (B«7) +(8+7)=8(7+7)=

(1) (10 .6) +(3.10)

10 (6 + 3) 7(8 + 8)
(j) (6+8)+ (67 = (3) 15(3 + 3) = 3(15 + 15)
6(8 + 7)

3, Insert symbols to make each a true sentence,

(a) 3(4+3) (3.4)+ (a) 3(6+4)=(3- )+ )
(3 +3)

(b) 204 5) =(2-4)+ (b) 72+ )=1(7+ )+ ( +3)
(2 + 5)

(¢) (5+2)+(5 3)= (¢) ( <2)+( -5 =8 )
5(2 + 3)

(d) 73 +4) (7-3)+ @ ( +4)+( <4)= (6+7)

' (7 %)
() (-7 +(3 - )= (e) 11( y=( «2)+( *3)

7(2 + 3)
(r) 8(5 6)= ) + ( )

(£) (3+5) +(3-4)
35 )
4. Using the distributive property rawrite each of the following:
Examples: (a) 5(2 +3) =(5°2)+ (5« 3)
(b) (6 +4) + (6« 3) =6(4+3)

(a) 4(2 + 3) (a) (5« 26) + (5 +7)

(b) 7(4 + 6) (b) 8(14 + 17)

(c) (9+8)+(9"-2) (c¢) 7(213 + 787)

(@) 6(13 + 27) (@) (27 » 13) + (27 -+ 11)

(e) (12 + 5) + (12 +7) (e) (18 + 19) + (17 + 18)
" 46
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5. Try these: Using the idea of the distributive property we can write
| 361-42;;(6*6)*(6-'7);6-(6*3)n
18 + 15 a8 (6 « 3) + (5 + 3) = 3(6 + 5)
Can you revrite these in the same way?
Check your work to see that you are right.
Example: 18 + 15 = (6 + 3) + (5 « 3) = 3(6 + 5)

33 18 + 15 3x 1l
33 33
A B
(a) (6 +4) (a) (8 +12)
(b) (12 +9) (b) (14 +21)
(e) (10 + 15) () (36 +18)
(d) (24 +18) (d) (40 + 16)
(o) (28 + 32) (e) (12 + 48)
(£) (2 + 1) (£) (56 + 42)
&) (25 + 15) () (72 +27)
(b) (3 +6) (h) (7 + 63)

6. Using the idea of the distributive principle, we can write 45 as
(40 + 5) and 23 as (20 + 3). Then the product v.a.d be
45 + 23 = (40 + 5) = (20 + 3) = 40(20 + 3) + 5(20 + 3) =
(450 » 20) + (40 « 3) + (5 » 20) + (5 + 3) = 800 + 120 + 100 + 15 = 1035
Check this result by mmltiplication of 45 and 23. Rewriie the
folloving products in the same way, and check the revsults.

A B
(a) 78 « 45 86 - %
(b) 13 - 76 53 + 19
(e) 567 - & 623 « T2 -
K1
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7. Which of the followip~ are true?

(3 +4) ¢+ (3+2)
(3.+4) -0
(4 - 2) + (6
2) + (6

(a) 3+4 -2
(b) 3 (4-2)
(¢) (4+6) .2
@) (4+6) 22
8. Suppose we introduct the new symbol "A" by the definition

a/A b =1tR, For exarple, 2/\3232;9

3

2)

2)

2)

(4

3N2=2 8.

Which of the following are true?
(a) 2/ * 4) = (2A3) » (2A4)
(6) (3 « 4)A2=(3N2) + (4A2)
(e) 2/AQ2 ¢ 3) = (2A12) § (2/\3)

The Closure Property

L3

There is another property of natural numbers associated with the
jdea of addition and multiplication. If we add any two patural numbersa
(they may be the same number), our answer is also a patural number.

For exazple,
L+ T7T=11 and only 1i
All are natural
5+ 5 =10 and only 10
) numbera.
85 + 91 = 175 ard only 176

We sey tbat the set of matursl nowbers is cloged with respect to
addition, or closed under additien. That is, if we add any two natural
numbers, we shall always get ou¢ und only one natural number as their
sum.

The same thing is true for multiplication. The product of two
natural numbers is one and only one natural number. For example,

2 x 8 =16 and only 16. It isn't ever same other number like 38, 51,

ste,
' L2
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The operations of addition and multiplication.have the property
that when either is applied to a pair of natural numbers, in a given
order, the result is a uniquely determined natural pumber.

We can say the set of natural numbers from one to ten is not
closed under addition. (2 + 4) 18 a number less than 10 but is (6+ 5)
less than or equal to 107 i

Is the set of natural numbers closed with respect to division? If
we find the quotient of 8 and 2 or 8 # 2, wo get another natural number.
But if we try 9 & 2, then we do not get a natural mumber for an answer.
We say that the set of natural numbers is not closed with respect to
division. Too, we cannot always subtract one natural number from
another and get a natural number. 16 - 4 = 12. All of these are
patural pugbsrs. But what about 4 = 157 Can our answer be a natural
ﬁﬂ;bar? We say that this problem is impossible to solve if ve must

have a natural rumber as an ausver,

Exercises = 5
1, Is the sum of two odd numbers :luajg an odd mumber?
Is the set of odd pumbers closed under addition?
2. Is the set of even numbers closed under addition?
3, Is the set of all mmltiples of 5 (5, 10, 15, 20, ete.) closed with
respect to addition?
4. What is true of the sets of numbers in Exercises 1, 2, and 3 under
mmltiplication?
5, Are the following sets of numbers closed with respect to additiemn?
(a) Set of natural mmbers greater than 507
(b) Set of natural rmumbers from 100 through 9997
(e¢) Set of natural numbers less than 487
(d) Set of natural numbers ending in 07
iy 49
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6. Are the sets of numbers in Exercise 5 closed with respect to
mltiplication?

7. Are ali sets of natural numbers which are closed with respect to
addition also closed with respest to multirlication? Why?

8. Are any of the sets of numbers in Exercise 5 closed under subtrac=-
tion?

9. Are any of the sets of numbers in Exercise 5 closed under division?

Inverse Operations
Often we dc something and then we undo it. We open the door; we
shut it. We turn on a light; we turn it off. We put on our coats;
we take them off. We put two sets of things together into one sei;
we separate one set of things into two sets.
We call subtraction the inverse operation to addition. The inverse
of adding 5 is subtracting 5.
What does the grocer do when you buy something for 31 cents, and
pay for it with a dollar bill? Does he say, "100 - 31 = 69, here is
69 cents change.”? No, he duss not even meniion the number 69. He
counts out money into your bgnd; n32, 33, 34, 35, 40, 50, one dollar."”
He finds out bow much to add to 31 in ord r to have 100. He ansvers

the quesation:

i1+ 17=100

Can you subtract 23 from 58 by adding?

23 + 7 = 58

You might think, " 3 ¢+ 5=8, 2 + 3 = 5, and the missing mumber is 35."
You have used addition to check subtraction. Can you use multi-
plication to check division?
We call division the inverse operation to multiplication. The
inverse of multiplying by 5 is dividing by 5. The operation of

ik .
20
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mltiplying 2 by 4 givgs 8: 4 x2=8, Now what can we do to 8 with
4 to give us 2? We divide. T describe the operation we can write
8/4 = 2 becauss 4 x 2 = 8.
We have used this idea, too, as a check for division. How many
23's in 8517 Study these operations.
=i 23
23)851 x 27
690 161
161 690
161 851
When we ask the question, "What is 851 divided by 237" we are ggﬂking
the answer to the question, "By what number must 23 be multiplied to
obtain 8517 In the division and the check above, we see that 37 is the
answer to both questions.
If & and b stand for two patu: -l numbers, and a is smaller than b
there is a natural nmumber, x, such that i
at x = b.
The pumber, x, is the number we find by subtracting & from b, We can
explain the meaning of subtraction in terms of the equation a + x = b,
In a similar way, if a and b stand for natural numbers, then there
may or may not be n natural number, x, such that
a+*x=D
% “here im such a natural number, then x is the mmber we find
by dividing b by a. We can explain the meaning of division in terms
cf the equation a « x=b. If b =15 and a = 3, then in dividing 15
by 3 ve are seeking a number, x, such that:

3x =15

k5
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Exercisea = 6
1. Add the following numbers and check by the inverse operation:
A B

(a) 58 - (b)) 37 (a) Bé4 (b) 427

(e) 86 + 27 (¢) Eight hundred seventy-six
plus four hundred ninety-
five is what?

(d) One hundred six plus (d) What is the sum of 32,098 and

eight hundred ninety- 80,6057
seven is what?

(e) Find the sum of 798 and 508.(:) Adding 20,009 to 89,991 gives

vhat pumber?

2. Subtract the following g.nd. check by addition:

(a) 8 - 24 (b) 67 - 28 (a) 916 - 805 (b) 1110 - 1010

(e) 167 - 78 \ (¢) 8991 minus 6989

(d) If ome bookcase will hold (d) A theatre sold 4789 tickets cne
128 books and another 109 month and 6781 tickets the next ’
books, how many more books month. How many more paople
does the former hold? me to the theatre the second

month than came the first ncs’nth‘?A -~

(e) If one huilding hus 900 (e) The population of a town was o
windows and another 811 19,891 people. Five years later
windows, hov many more the population was 39,116 péaple;
windows does the first What was the increase a,i" popula-
building contain? tion for the five years?

3& Multiply the following pumbers and check by the inverse operation:
(@) ~- 241 (b) 734 9 (a) 213 .23 (b) 518+ 76

Y
-:};
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(¢) 20+ 81 (d) 239 + 37 (c) 509 + 46
| * (d) What is 87 vimes itself?
(o) ﬁhnt is the product of ‘(a) If one truck will carry 2099
678 and 497 boxes, bow meny boxes will 79
x trucks carry?
L;;%bgjtha indicated divisions and check by multiplicativn:

C(a) 9% (B 936  (c) 148 (a) U3 (b) Divide 20972 by 107
3 < i2 13 ‘

(a) 2357 (¢) Take 214 into 108712.
= | (d) How many racks are needed to
store 208 chairs, if each rack
_ holds 16 chaira?

(e) -At a party there vere 312 (e) A girl scout Fr@gp bas 49 Eﬂﬁi-
pleces of candy. If there bars. Each member is to sell
vwere 2/, children at the boxes of cookles. If the troop
party, how many plecea of bas 588 boxes to sell, hov many
candy could each Egilésg:VE? boxea Hiil each girl have to

gsell in order to sell them a&ll?
5« Find a simpler name for:
() 39-(2+5) (a) 299 - (97
(b) (9=-3)+15 (b) 973 + 728
(e) 19 - (20 - 6) () (16x24)
(@) (20 + 1) - (6 - 2) {d)° (18 x 46)
(e) (5-+16) +8 (e) 22%%%52 - 201

+*

105 + 25)
(728 - 27)

19

(17 x 47)

£} (35 - 42) - 8 £) (&25) 5 (&
(£) (35 « 42) ()(%g);%)

(g) 9+ 201 + (128 + 239)  (g) (;15 «17) + @%) - (35 + 37)

(b) 2420 . o6 (h) (204 + 21)
9% 5(2 + 3)

o oM 5y




(1)

) Mi*l

1ll=£Z0

819 i)
. 888 (1)

(1)

6, Perfora t.hl following ap-r;tianp-

(v)

- (e)

(a)

(

the sequence of natural numbers as dots.

i 2

Hov we are ready to esk some questions about pumbers between

)

From the (a)

sum subtract 12. *
(v)

Subtract 24 from 89. To

this difference add 19.
Multiply 27 by 34. Divice (c)
the product by 9 and then

ld,d 1@@! LY

Find tha =um of 9, 9 and 9.(d)

From it l‘iu'l:fl:.r;ic‘l:- 4, 6 times.

Take 308, divide 1% by 28. (e)
Maltiply the gquotient by 5.

Subtnct 9 from the product.

35 x (12 + 7)

Find the difference betweewn
47 and 38. Divide this dif-
ference by 3 and then add 17.
Divide 272 by 16, multiply the
quotient by 12 and subtract
100 from the product.

Multiply 12 time: 13 and add
319, Dividy the sem by the
product of 2 and 7.

Add 26 and 42 and divide the
sum by 17. To thia add 117
and divide this sum by 1l.
Find the difference between
87 and 49. Multiply this dif-
ference by 10 and subtract 40.
Divide this difference by 68

and then add 6.

Earlier we talked about ordering natural numbers.

3 4 5 6 7 8 9 X

We nov locate

(How far can we go?)

munbersa.

How many mbii',l_ are bttﬁun 1 and 77 VWhat did you do to find your

auswer? Let's try these exercises.

54
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i1, Hersz iz z zou ~f dpte rinmine seotnaR R rage. R=zirn? at the

o

eft epd, takirg steps on elte. anciher In succesalorn, lanel esach
dot ' th & name for a —umber. Startirg, ic night look like -his:

& = - L] L] * ® L] = = = * =

éni two thfee four iive

Coctime labeling, &. .r .

[

the edge of the page. Writing the
word names makes _he pictu-e cumbersome. If ve again uss the

ugual pumeration. w will have

This is called s wumber ~:2ls, Finish laebeling the dote of t -~
puxcer scale.

(a) Write a number scais, using the binary numeration.

(b) Write & r.mber sczle using the seven system.

In the remaining questions use the decimal numerationm:

(¢) What numeral .s the label for the dot nearest the right band

margin of the page?

= (2.0 R N | - - *
i) whal iescrTal is iho lakel for ike Aot dnat 4o the ri=ht of

the dot labeled '7°7

{e) Wnat numeral is ine imbel for Lue dot Just to the left o
dot labeled '7'?

(f) Between the dots labeled '6' and '8&' there is only ore dot, the
dot labeled '7'. How maiy dote are between the dots "abelad
'11' and '13'?

(g) How many dots are between t' s dots labeled '2' and '4'?

(h) How many dota are between the dots labeled '5' and '8'?

We have more rmumerals which wve have not used as libels. What

numeral should be Lbe label for the first dot beyond the

‘margin of the paper?




he

——
[
Y

Whet numera. shozld be +-- . 2l foo o= gmennd ool deyTmn

cne rigat hand amargin?

{3 If vhe lapel '19' is zivern 1o tus Ti n At eyond e righ
hord margin. vhore dnes tre lans 47V antes~’

(a) How many dots vetwes. '~~~ dots lubelsd 'l' ar” '12'2

(v) Hev many dots between tL: dots l-beled '12' an '1'7

(¢) How many dots betweer the dots labeled '51' and '58'?

\d) How many dots between the dots labeled '27' and '3'?

(e) How manmy aots putwewn i Guis iausied G4 awd T oaT

(£, How many dots betwesn the dots labeled '38°71' ad 15206417

At & drill all students line up in a sirgle file anc count off

in ome, two. three fashion. Ai her turn, Mary says, Balainngﬂr

At his turn, Tom seys, "seventy-three.® How many students are

between Mary and Tom?

In a 1ist of town voters, arranged alphabetically, Mrs. Beach 1is

listed as rumber 197 and her aister, Mrs. Warrep, 1s pumber 15841.

Hovw many names are on tne register belween the names of the sisters?

If a pumbe. scale is labeled from left to right, the dot labeled

'8' will 1ie on the left of the dot lahaled 'l0'. Since the number

8 is smcller than the number 10, we use the numeral '8' as a ls..1

before we use the numeral '10'. We have seen that symbols can be

used to say that the number 8 is less thar the pumbei 10. We have

written "8 < 107. The number scale shows us this sentence when if,

shows that the dot labeled '8' 1ies on the oft of the dot labeled

110,

(a) The dot labelea 'l  .ies cn the left of the dot labeled 'l7'.
Does that mean that 12 < i7/7

(b) How do the dots labeled '482' and 1516' 1ie?

50 -
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lli

(¢ How many dota Detwe- . o dzt: lattlel 12U

(W

{d) What i3 tne .abel or thre dc .idway between '317 ¢ 4 3

'24%, ar” FE4 is siviing ln une sesl laleied
fat people want to sit between Don and Ed. Each one of trhe fat
pecple needs twc seats. How ~ony fet pecple can aqueeze in
betwe=en “on and Ed?

There are uniferm notches on s shelf, Each one holds a regular
size box. An mconcay 8lz» box nesds three spaces. Notch labeled
162¢ and notch Jabelsd '142' are tilled, but the shelf between i
empty. How many regular size boxes may be put in? How many

[ [ e,
L A LA AL Sdash F o Ao R L]

Parking spaces in a fectory park.ng 1ot are labeled like a number
scale., Two cars are parked in the spacse labeled '57' and '80',
The spaces betwsen are empty. Can a fleet of 12 trucks be parked
betwsen the two cars, if one truck occuplies twu spaces?

If a and b are numbers, and a < b, can it be true that b < a? Isa

b? 1f a, b, and ¢ are numbers, and a < b and

it possible that a
b < ¢, then what 18 the relation petween a and c¢? State your answer
in the form:
Ifa<band b < ¢, th a2 ?
Which is larger, 3 or 77 If you acd 2 to each number how do the
results compare? Is there a general law? If a < b, tker what is
the relation between 2 + ¢ .nd b + ¢7 State ¥y _nawer in the form:
1) a = b, then ?
If a, b, and ¢ are numbers, and b i3 bet.teen a ard ¢ can c be
belween & aud LT Us L LoLwool L« ald ol 1L U 46 ~elweeh a ald C,
and a is betwveen b and d_ where d is a number, what is the relation

among b, ¢, and d7 . a7
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The number 1 is the smallest of the
special properties which snould be noticed. Fiursi, aill ine neturs
3 1

numbers mey be ouilt from 1 by edaitior; as we Lave seen: . + L = c,

1+2=3,1+3=4, etc. Second the product of any patural number

i:ligii)l’Biggétc-

and 1 is that natural pumber: 1 * 1
It is therefore sometimes calied the identity elemert for muitipliica-

tion, since no number is charnged whep you muitiply it b; 1. Also iF
, E v By 7

'R}

L

+ 1 =1, you ean use the

% ]

As a zmatter of fact, 1f you aseume that
distributive property tc show that 1 times any ns.ural pumber 18 itself.
For example, suppose you wished to show that 1 + 5 = 5. Then you could

write:

1]

e5=1s+(1+1+1+1+1) =(1+1)+(1- i) +(1-1) + {1+ 1)+

1
(1.1

Mt

=1+1+.+1+1=5

50 = 1, 128 = 3,

Another property that the number 1 has is that 1
in fact, any power of i is 1. Wny does this follow from what we had

stated above?

Tha Nimhar Yaro

' he numbex sero is even more special than the number 1. It can be

that fact by saying that you have zero apples. It is very useful in our
notation for numbers since it sarves often as a place holder: 11 is
quite different from 101 and .0035 is not .37 .

What happens when we multiply, diviue, add and subtract with sero?
First 3 » O = O since this can bc interpreted to be three seroes and if

three people have no apples each, they have amongst them no apples.
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And O * 3 haB & cOm .aocle meaning. oW SEDY ¢ Zp.s6 Are LIEre irn o ogats of

w

- s = LA =- B - . - = - B =
Liree applies eacl | Lo L.s iz .2 Co- = L me wolld o wte LoBsllliasd o =louwly

g b

other result sioee we =arn- uzltipil-a~icsn t. e comoutative, Thus zero times
any natural number is zero. Also it is natural to define O - U = 0.

We might say that if we take the set of unicc.ns and the set of

patural numbera between 1 and 2, : .d write none of them, we obtain a

set of no elements.

It is alsn true that if the product of twc whoie numbers is sero,

ame AT hetk Af trem cnnd v osee=r . ThRis Relde sdeep the pradust of tuo

that is, if naither of them vers

(]

patural numbers is8 a natural nuzZer;
Zero, thelr rroduct czo.ld not oe zZeru.

If we add zero to any natura: number we et the number again. If
vou have no apples and 1 have three, we have three apples betwszen us.

The order in which we ad: tnem dces not matter. We could express .nis

a +0="+37=a,

for any natural number a. It is true ever if a is zero. Hence a cculd
be any whols number. Similarly a = U = a.

Can we divide zero by any number? What about 0/37 Tkis is the number
which when multiplied by 3 gives z.. 0. 50 0/3 is zero, which 18 a number.

Can we divide by zero? We know that 6/2 is 3 because 3 « 2 = 6, So if
3/0 is a number it should be one which -*ren multiplied by zero gives
3« All the numbers we have had su far ..e¢ zero when multiplied by zero.
It would be very strange to bhave a number such that when we multiply it by
zero we obtain 3. Another difficulty would e that 1if 3/@ were a number it
would be equal to lfD since we co' 'd divide numerator and denominator by 3.

Then 2/0 an? 1/0 wnld he ennel an? ya+ whas yan mulédniiad +he firat by 0O
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you would get 3 and the oTazer Dy £LetC 70U JoUAn LRl oo e -

otber reas.as, » eéxclude aivisiln Ty =oTI.

We have stated the properties of zearo here in terms

bers. But they all hold for other numbers ag well.

Exercises - &
If tbe product of two whole nv—hers is zero, one of them is zero. Is it
true that if the product of two whole numbers is 1, one of tl:m 18 17
Is it trues that if the product of two whole numbers is 2, one of them 1is
27 Will the answer be "yes' for any natural number ir place oI =¥
What is the eim lest¢ uame for the number , - 37 for a - 3%
If a 4 ¢ = a, what must c -e?

= 1a

= = I . NS L e
DAL WE LIS LAEE ¢ 0 s ond e s s

T F L S fandd weE?
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we may write rnis as "% . o = 0. Ne rtaLl o the & oand « Tactors

multiplier, we can glve

50, g = X5 v and we
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sifieee A
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moiK. any 417-
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that 1f the opder 1z changed. the product 1la stlll ths same,
Whetner 1t he 5 ¥ » or . x 5, the product is still 1C.

What are the factors of 9€? Suppose we thinic one of the

ot
o
£
o

factors is 8. Tren 96 diviced by & is 12. We know tha

il

factors of 96 are 8 =2nd lg, for 8 x 12 g6. Are tnerz other
9

factors of

n
T
]
I
o

=y

(a) 5 (e) oo |
(g) 7 (g) 13
2. Using the princlple that 2. Using the prineciple that n . 1

n ., l=n1illf n ias any = n if n 18 any number, find

™~

number, find aimpler nam-s simpler ranez for these numbers.

X

for these numbers.
(a) 3(5 - 1) : (a) & .
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(g) 257 + 2061 (g) 257 + 9)
(h) 620 + 928 (h) (13 + 29)e6
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19
Any natural number which has only two different factors --
itgelf and 1 == 13 called a prime nuuoer. Although 1 has as

factors only itself and 1, 1t 1s not a prime number. The numbers

o

iisted avove == 2, 3, o, 7, 11, 1., 17, and 19, are all nrime

numbers. Numbers 1like L, 6, 9, i, 15, and 18, are not prime

more

[

numbers. They are called compuslie LuibelS, for they hav

are 1,

-y
=

than two different factors. For example, the factors o]
2, and % What are some other orime numbers? What are some other

composite numbers?
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£

ist the numerals for all the prime numbers 2w 2z, Snlis

P
i

f petwee:. 1. and 1GC.

o
el
T

i

Lo you think yor liaste” =very o - Yo may aave mlassc o
few, or perhaps vo. rfave ifnciuded the numerals of some

numbters whose factor. ou did not recognize. In about 200

07

B. C., ther: 1l1lved a mar called

(]
o
=
e
pu]
£
g
Y
il
H

invented a way to flnd nrime ambers smaller than

lesg “nan LJU. PO UBC nTALOST S Loomt e LU, wWe proceed as

folliouws:

(a) Write in ordsr the numerals for the odd natural numbers
Fhat ame amalian tkorn 100 Resinnine wifth 3.

(b) Starting witn "32" cross out every third numeral. Do
not cross out "3", but start counting with . Thus: 5,
7, 4, etc.

(¢) Now, starting witn "5" cross out every fifth numeral.
Include the numerals already crossed out when you count,
Some numerals will be crossed cut more than once. Do
not cross out the "5", but start counting with 7.

(d) Again, starting with "7", cross out every seven*n

numeral. Do not crosz out the "7" but start counting

with 9.

(e) The next numeral is "a", Tt 4a already crossed out.

Skip 1t and go on to "11".
(f) Continue in this way until you have crossed out all

possible numerals. The nurzrals left, with the numeral

59 ) )



1=

i e [ PER— o L E5 JEY o B S - E RS, P T~ G == [,
2 wll. be Tne namez 2L W% rins NURDESE LoTo LliEn
¥

100,

Compare tnis iist wilth jour 1ist in questicn

! one. Wers you 1009 cor—ect? Keep this 1iast in your

(g) Why 'z the numeral ¢ added tou the llst of prime numcers?

¢-1d4 we nave gotizn the sams list by wrlting the num-

o amis 1A we esin.,

erals fur ali vis

£he:n. Do vou Ldcrztan: our begioning is Just a short

cutc”

(h) Was 1t nccessary .0 contlnue to 31, wi=re you would
cross out every thirty-first numeral? At +hat polnt
did you find that you were not crossing out any new
numerals? When you moved on to a new step where the
starting numeral had not been erc--~=d out, but found
that every othcer numeral in “hat 3ten hnd already besn

crossed out, then you were finished,

3. (a) Using "the sleve of Sratosthenes", find the prime rmmbers

(b) What numeral began the serles in which the last numeral

was crossed ouc? (See 2n =zbove,)

)
Ly

How many prime numbers are less than 3007

How many prime numbers are between 1 and 1007 Dbetween

—
jo 7
L

and =u0?% Dbetwesrn 20u and 3007

ot
[

0

L

eparate the natural numbers .2tween 1 and 300 taken

(e)
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sums of prime vamooIn.

slwesg coen cumre 3?0 Iz this alwe; s trae?

“nct b lzo, 2 matirr RmOow man, «xXamples

fave all cossiblc examples, we do not have a

I._M
oy
[
o
C
ot
a3
i
Lo
m
o
=
=
i

]

o

ninety-seven plus one hundred forty-nine

o

venty=seven plus one nundred sixty-tnree

T

199 + 233
67

=

89

—— ——
-y

)

oL
L S — S ™
ﬁ
= ]
o] .
o
©
o
s
3
T
jol
S
i

Do all o©

b=ty

] )

these —xamplos ask for trn: sum of two prime

numosers?
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all 2ven rumbers et L two, in 2 latter he wrog
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(a) Take a few <x ples and test Go.dbacn's conjecture.
Take some rumbers b twe'n 1 ard 100, others between
100 and 200, otn=srs between 200 anc 300C.

(b) Can you find onsz even numbder. other than 2 that 1s not

o~

the sum of itwo prime num.ers?

=7 (¢) Can you crov: 'Goldbach's congecture'? Try.
anotner Property of Natural Numbers
In finding factors of numbers in fxercises 1, we gave palrs
af mumb ame whose Anaduct was the gfven numoer. For example.

2 - 3 X ﬁ, so two factcrs are 3-and . Another palr 1s 6 and 2.

R

. Co ey
But tho factors of ¢ arwe 2 and 2. rowe can say Lhao Lhe

of 12 which are prime numbers are 3, 2, and ¢, or 1z = 3 x 2 X 2.

Remember tnat we do not couns.der 1 a prime number. And tne

% 2 and the

e
li
il
o
g

factors or 6 are 3 arni £. 5¢

o

valn, 12

ractors are 3, e, and «. Wnai klad of numbers are 3 and 27 They

Jdeve what oo™ property?
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Let's study another example. If we can find factors or
factors, we will do it. What are the factors of 247

24 = 12 x 2 2 = 4 x 6 24 8 x 3

24 = (3 x =) X 2 2 = (2 X 2) X (2%x 3) 2= (1xg)x3

2 = (Hmx 2x2)x2 28 =2x2x2Xx3 20 = (2 x 2x2) x 3

2l = 3 x 2x 2x2 2h =2x2x2x3
what Ao yuu observe? The prime factors of 24 are 2, 2, 2, and 3.
.ne set is not in that order. Does that make any difference?

I finding factors of a number, we will find prime numbers.
w1 composite number can be factored into primes 1n only one

o

way, except for order, This 1is called the unlque factorization

p.ouperty of natural numbers.

txerclses - 5
1. FPactor completely. (That 1s, find the i~~ime factors.) Express
each number s the product of 1ts prime factors.
A B
{a, © (a) 10
\vr (b) 2t
fe) 12 (¢) 18
(1) 20 (a) 15k
(e} 35 ‘ (e) 15
(£) 37 (r) a7
(g) 100 (g) 100
(h) Tn (nh) 315
(1) 105 (1) 231
(§) b2 (§) 108
(k) 79 (k) 9l

63
69
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(1) 385
(m) 300
(n) 72

(o) o4

(1) 128
(m} 729
(1) 1000

(o) 528C

Examine the producfs in question 1. If any produc.: use the

same factor more than once, rewrlte that product, taking

advantage of the exponent notatlon.

Factor the humbers listec here in as many ways as possible

using only two factors each time.

property, we shall say 3 X 5 1s not Aiffernet from = X 3.

A
(a) 6
(b) 8
(c) 2n

(d) 100

- (e) 150

Study 30 = 2 x 3 X 5. How

"should this set of factors

be grouped to show that 30 =
2 x 15?7 to show that 30 =

6 x 57

(a) Factor 770 completely.
Group the factors to show
all the possible products

that will equal 770.

B

(a) 10

(v) 16

(e; T2

(a) 81

(e) 216

4, Why shoulo a numbcr
such as 78 hive more
rossible different pairs
of factors than 77% or
why should 2106 have more
possible different palrs
of factors than 2547

5. (a) If a number 1s the

product of two dif-

ferer.t prime numbers,

in how many different
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(b) faetcr each of the fol- ways may the number
lowing numbers completely. be factored using
- Group the factors 1n each different palrs of
case to show aitl the pus- facroea?
siﬁlé ways the number 1s (b) If a number 1s the
the product of two natural product of three dif-
numbers. ferent prime numbers,
(1) b2 in how many different
(2) 66 ways may the number
(3) 78 be factored using
(v) 12 different pairs of
(5) 18 factors?
(6) u8
(7) Lha
(8) 75
(©) o6k
(¢) Fill in this chart.

Number| Complete No. of | Different No. of Ways
Factorisation| Complete| Ways to to Factor

Factory | Factor Using Pairs
_ : i Using Pairs

—-
130 2x5x13 3 1x130,2x65 4
10x13, 5x26
770

2310

2801 1

Is there any pattern
in the number of ways

such numbers may be




o
ﬁ
—
%]

(e¢) Study ‘ factored using pailrs
11y =2 . 3 . 19 of factora?
50 =2 . 5.5
Why are there more poseai-
ble ways to obtain 114 as a
product or natural numbers
than to obtain 50?7 Each
of the numbers has 3 fac-
tors.

6. If I have 112 tullp bulbs to 6. If I have 1000 chairs to
plant and would like to plant set up 1in an orderly
tnem to make a serlies of equal fashion in a large audi-
rows, what possible arrangc- torium, and want to make
ments could I use? a serles of equal rows,

what possible arrangements
could I make? If I

would lilke the number of
rows to be as close as
possiole Lo the number

of chailrs in each row,
which possibility should

I choose?

Greatest Common Factor (g.c.f.)

We have been looking for common properties in sets of things,
that is, we have been flnding gomething which each member cf the

set has. In our study of even numbers we saw that each even

72
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number has a factor of 2. S0, we sald even rumbers have a common
factor, 2. Let's finc commcn factors for other sets of numbers.
Is there a common factor for 10 and 157
Factors of 10: & and 2
Factors of 15: 5 and 3
They have a common factor, 5.
Is there a common factor for 24 and 367
Sxpress 24 as a product of 1its prime factors. 24 =2 x 2 xXx 2 X 3
Express 36 as a product of its prime factors. 36 = 2 x 2 X 3 X 3
Yes, they have common factors of 2, 2 and 3. We can say then that

their largest factor inpcommon, or thelr greatest common fictor,

1s 2 x 2 x 3 or 12.

We can use factoring to help us change from one name for a

"l

i

fractlon to another. or example, we know that

b

tasll AV X Bo

g

T i1t let!s use some of in

things we have learned about greatest

common factors. We write the factors of the numerator and de-

nominator.

2

.2

o

WIL::I ‘l e
Pt 0

[N

E=g B%
fl
| .
i
It

But another nam. for 1s 1. S0 we can welte

g -1

h 2 .
And we know that any number times 1 is 1itself. Then,

VA R

W

Py =
-

=

Study these:
., 18 6 . 2
2h 6 ., 4

3_, 3 18 _
! TR

[oa e
=g V%]

(g.c.f. is 6)



(b) 28 _ 4 7T % T -1,
36 L, g I 9
(c) Sis =3 .3 .2 .2 - 3 .
8 7 .3.2.2 7 (3.2.2)

(g.c.f. is 12)
Sometimes we find 1t difficult to recognize the greatest common
factor for two or more numbers. We may use prime factors, Just as

—-we did 1n the last example above, to help us.

Exerclses - 6

1. Factor each number completely and find the g.c. f.
(a) 35, 21 and 49 (b) 21, 27 and 15 (¢) 42, 127 and 105
(¢) 60, L2 and 66 (e) 24, 6C and 84 (r) 78, 13 and 39

(g) 28, 56 and 1

2. Simplify, that 1s, carry out the indicated operations.
(a) 5.3 (b) 3.5 (c) 8.2
7 . 3 7 . 3 3 . B
(a} 13 . 4 (e) 2.5 .3 (f) 2.5 . 3
I3 . 5 11 . 5. 3 2 . 2 13
(g) (2 L 17) . (h) (5 .3) .6 (1) (2 , 2 .5) .3
5. (2 . 17) 7T . (3 . 5) 12 . 2 .5, -1
() 5.(3 .7 . 3) (k) 2_. 15 (1) 3.5
—(_3 » =2 s () = ;-J- !7 ‘— égiiii ;
(m) 2x2x7x3 a
TXx 2 X 2% 2 e
3. PFind simpler names for these numbers.
(a) 10 (b) 42 (c) 29 (d) 00 (e) 36 (f} 8
i’ 0 =%

Lt 6 53 T TI2
(g) 100 (h) 336 (1) 5280 (4) 1156 (k)
o8

5280 1 onh
©33 7 60 ZIFT 1550
(1) 8172
20, 568
74

&
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Multiples of Nurvers

In learning the multiplication facts, we learned multlr.cs
of numbers. For example, multiples of 4 between 1 and 40 are 4,
8, 12, 16, 20, 24, 28, 32, and 36. A multiple of 4 1s a number
that has 4 as a factor. Study the multiplication table agaln.
Wnat are multlples of other numbers? What numbers are multiples
for different numbers? Wha% numbeis have the same multiple? Do

you see any patternsg in the multipies?

~J
e
N0

x]. O LA 2 2 4

18
27
3¢

I O O

54
63

L st ]

in

81

DOD00000 00
H
(e}
k“
X
Q
P
wh
W)
(w]
ol
n
| TP e B ) PO
Fﬂi 0 V’Eﬁg I8 ] ﬂf e O 1D
B
™

OO~ IR B M D
WSO DD =D Wm Pl B e D

1. What multiples of 6 are le3s than 100°?

¢. What multiplsrs of 1% are less than 1007

3. What multipl-es of 9 cie botyeen 250 angd 300°

b, v.at multiples of 23 are between 300 and 3507

5. For what natural numbers less ¢iian 10 de 211 multiples have
decimal numersls which.end in 0, 2, L, 6, 8?

th. For s -+ ﬁaﬁﬁral numbers less than 1C are multlples even
nunbers?

7. Por what natural numbers less than 20 do all multiples have
decimal numerals which end in O or £?

8, For what natural numbers less than 20 can we find nine

€9
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multiples whose decimal numerals end in 1, 2, 3, 4, 5, 6,
7, 8, 9 respectively? '

9. What number does not have itself as a multiple?

10. What natural number less than. 20 has multiples that are only
odd numbera?

11. Can a natural number that is a ccmpoéite number have a prime
number as a multiple?

2. Write the names of six multiples of 12 using duodecimal

numeration.

13. Write the n;mes of six multiples of 7 using duodecimal
numeration.

1k, Write the names of six multiples of 2 using binary notation,

15. Outside white paint comes only in gallonicans. How many cans
must be bought if 35 guarts are needed?

16. For refreshments at a campfire, each member 1s to receive 3
marshmallows. Marshmallows come 1n packages of 16, costing
13 cents a package. If 15 pecple are at the campfire, how
many packages are needed?

17. If auditorium chairs come in sectloas containing 6 seats,
how many sections will be needed for an audience of 100? of

1502 of 200? of 201? of 202? of 203?

Least Common Multiple (1l.c.m.)
we have learned that the greatest common factor for two or
more numbers is the largest factor common to those numbers. The
greatest common factor of 4, 6 and 8, 1s 2. It is the largest

factor that 1is common to each.

70 76
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We also know that: . :
Multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32, 26, 40, uh, 48, etec,
Multiples of 6 are 6, 12, 18, 24, 30, 36, 42, 48, 54, 60, ete.
Multiples of 8 are 8, 16, 24, 32, 40, 48, 56, 6", 72, 80, etc.
What numbers are multiples of all three? Which 1s the smallest
one? We call the amallest common multiple for two or mors

numbers their least common mvlitiple,

We make use of thils idea 1n finding like denominators in
adding and subtracting fractlions. It 1s true that we can use any
common multiple. If we found the product of 4, 6, and 8, or
4 x 6 x 8, we would have another multiple, 192. However, 1t 1s
easler to add fractions if we can find the smalleat common
multiple. Factoring helps us in finding 1t.

Find the least common multiple of %, 6 and 8.

»

[ [ kW]

b oo 2
6 =

4V

X
8=2x2x2
The least common multiple of these numbers must have all the d4if-
ferent prime factors. Each of these prime factors will appear as
many times as it occurs 1n the number where it appears most fre-
quently.

Least common multiple (l.c.m.) for 4, 6 and 8 1s 2 X 2 X 2 X
g or 24,

Study these examples:

(a)

+ 5 27 1s a common multiple of 3 and of 9.

ol

+ . = + = 1+

2
3
2
3

Eium

33 =
27

45
2l

3
3

WOho
ol
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By finding the least common multlple,
.3+5=6+5=11=1+ 2

3 3 3 %5 73 )

Tg IE Finding the least common multiple

T ' ™ T I

36 + 50 + 105 = 191 = 1 + 11

T80 Tt I80 7180 T80

. 2 - 2
(e) 79 79
1
e3

tmun tmuz e

= Tﬂg Finéing

6
= Sié

= 24
lh%g = 15 + Té or 15Té

W
i
1
| oo cuovoin

[ (V]
N~ i
il

[

b PO L0

o

Exerclises - 8

1. Find the multiples of the following numbers which are less

than 100.
A B

(a) 2, 3 and & (~) 2, 4 and 8
(b) 3, 6 and 9 (vr) 6, 7 and 8
(¢) 7, 8B and S (¢) 11 and 5
(d) 13 and 3 (d) 1k and 1

2. PFind the common multiples of the numbers listed in each part
of Problem 1.

3. Find the least common multiple of the numbel's listed in each
part of Problem 1.

4, Pind the least common multiple of:

(a) 6, 10 and 1&

=
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(a) 6, 10 and 14 (a) 9, 15 and 21

(b) 20, 22 and 12 (b) 12, 14 and 16
(e) 70, 21 and 30 (e) 13, 15 and 17
(d) 5% 20 and 16 (G) &0, 40 and 50
(e) 9, 36 and 18 (e) 2¢€, 12 and 39
(£) 5, 6 and 7 (f) 10, 75 and 45
Find all the common (a) What 1s the least
multiples of 3, &4, common multiple of 5,
and 8 which are less L and 167
than 75. (b) What is.anothér common
(b) Which 1s the least multiple of 5, 4 and 167 .
common multiple? (e) What cemﬁon multiple 1s
(¢) Which multiple is between 200 and 2507
next greater than the (d) What commo:. multiple is

l.c.m.? between 550 and 6007

(d)

(e)

Wheih multiple 1is
next greater than the
last one?

Do you have a hunch

What hinch 4o you have
about common multiples
when compared with the

least common multiple?

what the next two great-. (f) What 1s the greatest

 er multiples wlll be? common multiple of 5, 4
and 167
6. Perform the indicated operation.

=+

) 3
20 TR

3 o) -

(a) %4—% (a)

=+

(b)

=

3
Py




1LV=gW

\ (c}%-é \u)_ggﬂr%ﬂ-%
1

3 (d)
T6 20
(e) Eg*a_rg (e) (

]
y - 4 - 11
st 2 (f)—% (13 3%)
() &

50
(h) Tg- 6%

3 (1) 13 + (37 - 19)
20 22 T 33
BT (D R+ B -

irl—l) (k) (T_%-k%)—(%*_f%)

@)

(k)
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UNIT IV-A

8 littlé about repeating decimala, numeration systems in different bases,
and tests for divasibility (casting out the nines. for instance) =nd
would like to carry his investigation a little further, under guidance.
The purpose of this monograph is to give this guidance; it is not Just
to be read. You will get the most benefit from this material if you
will first read only up to the firsi set of exercises and then without '
reading any further do the exercizes. They are not just applications

of wbat you have read, but to guide you in discovery of fu;;hér;impartant
and interesting facts. Some of the exerclses may suggest other ques-
tions to you. When this happens, sec what you can do toward answering.
them on your own. Then, after you have done all that you can do with
that set of exercises, go on to the next section. There you will find
the answers to soze of your questions, perhaps, and a little more
information to guide you toward the next set of exercises.

The most interesting and useful phase of mathematics is the dis.
sovery of new things in the subject. Not only is this the most
interesting part of it, but this is a way to train yourself to discover
more and more important things as time goes on. When you learned to
walk, you neecded a helping hand, but you really had not learned until
you c¢ould stand alone. Walking was' not new to mankind -- lots of
people had walked before -- but it was new to you. And whether or not
ever seen beférg, was unimportant. It was a great thrill when you
first found that you could walk, even though it looked like a stagger

/ to other people. So, try learning to walk in mathemaliecs. And be
in. - endent - do not gééépt*any mor : help than is necessary.. ¢

Q . 7—581 . i "‘l
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2. Casting ég; toe nincs. You may know a very simple and inter-
gsting wvay to tell whether a number ° div.sible by 9{ It is based on
the fact that a number ;s divisible by J if the sua cf\its digits 1is
divisible by 9 and if the sum of its digits is divisible by 9, the
puzber 13 divisible by 9. For instance, consider the nuaber 156782,
The sum of its digits i3 1 + 5 + 6 + 7 ¢ 8 + 2 which is 29. But 29 is
not divisiéla by 9 and hence the number 156782 is rot divisible by 9.
if the second digit had been a 3 instead of 5, or if the last digit hed
been O instead of 2, the number would have been divisible by 9 since
the sum of the digi*s would have been 27 which is divisible by 9. Th=
test is a good onme because it is easier to add the digits thar to
divide by 9. Actually we could have been 1azy;and instead of dividing
29 by 9, use the fact again, add 2 and 9 to gét ll,sadd the 1 and 1 to
get 2 and see that since 2 is not divisiblg’ﬁg 9, “hen the original six
digit number is uot divisible by 9. |

Why is this true? Merely dividing the glven nusber by 9 would have
tested the resull but iraﬁ that we would bé;é no idea why it would
hold for any other number. We'can show what is happening by writing
out the number 156,782 according to what it ueans in the decimal nota-

tior:

34 0%« 8x10 ¢+ 2

1]

1 % 10° + 5x10% + 6x10
1x(99999 + 1) + 5x(9999 + 1) + €x(999 + 1) + 7x(99 + 1) +
~8x(9 + 1) + 2.

Now by the distributive roperty, 5x(9999 + 1) = 5x9999 + 5x1 and

in the sum since sddition is comautative. 3¢ our number 156,782 may te
wrltten Y
1 x (99999) + 5 x (9999) + £ x (%99) + 7 -+ (9 + 8 x 9+
(1+5+6+7+8+2).

R L B




3995 57 %9, 97 % Lo 1. P T, -
Low 99999, ¥, FYY, S .. L% Lo Ly T oo
InvoLsi thosz numoors are il e T S o=ms tRe sun o Y &s5s LD

duct:=

by 9 if (1+5+6+7+8+2)

digits of the giver muz

P - N

matter w . - Jiven rumber i = sanme princ

P
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aump-ra And

L
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pare the remainder wher ‘he sum of the

the resainder when tie pumber is divized by

i - = Ea = L === PR
Higlge weii=rA L 1 A L Cae e N LA il
&

F.rst, add them, divide

Second,

divided by 9, divide the sum by 9 and take the remzinder.

the numbers be ©9 and 79.

when 148 is divided by 9 is 4. 3Second, the
divided by 9 is 6 and when 79 1

(o]
(]

H

[

the

i3

ivided

a0
~# =¥

case Why are the two

(]

nunbers :

[

for a sum of three nusbers?

If in the previous exercise we

recainders by the two methods be the same?

O

ERIC

Aruitoxt provided by Eic:

emainders in the two cases are the same,

First, their sum

g divided by

re used ipatead of €9 and 797

divided by 7 instead

43

of

ST

the

Q

by 9 and take the

fipd the aum of their remainders after each i3

The

For instance, let
is 148 and the remainder
cemainder hen 69 is
9 is 7; the sum of 5

remainder is 4. The

resultes

world the

Vhy or

P
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Aruitoxt provided by Eic:

is, .~ 1 the rezainder whon .he piodust of @ an 7% is diviced
by 9 be the same ar v =n tue product < inelr rensinders is divided
by 97 Would this be true in gereral? Coula %ney oe divided by

Could silx.isr statements

23 instead of ¢ to give a similar resul®

be wmade about rroducis of more

Us~ .he rzo3urt of Lue previcus

~am-inder of 1 when divide?® ©y 5, Wr.* wouid ites reasinder be wher

=

it ig 1ivide vy 37 By 937

I

wvhat is tne reaai. der wnen 777 is divided by &2
You knos tha'l w.2n a oumber i3 writ en in the decimal notaticn, it
is divisible by 2 if its la.® 4iglt is divisivle oy £, and civisible

by & if its last digit iz Dor £. Can you devize a aimilar *=»st for
divisibility by 4, 2, or 257

In the following stateaent, fill in voth Janks with the same numbe~
su that the statement Is true:

L I o= + L~ B
[ELEY e T

A PuaDer writ z= +m tha T ooem twualye 48 Adviaihle b}f

_if ite last digit is divislble by ____ . If ‘*“ere is more
than one answsl, give L= ulle 3, LoG. T ikc tacec wers oewven
instead of twelve, how 11d the blanks be filled in? {iint: one
answer for base twelve is &)

One could have son ‘thing like "decimal" equivalents of numbers in
numeration systems to bases other than ten. For instarnce, in the
numeraticn system to the pase sev 1, cthe sepilimal equiv- "ent of
5(1/7) + 6(1/7)° would be written .56 Just as the deciual equi-
valent of 5(1/10) + 6(1/10)€ would be writter .56 in the decimal

system, The number .1L2877142857... is equal t- 1/7 in the

78 8.4
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de~imal syster ena in Lne syster oo seait e
writter (1 . On the Lo U TS 0

numpers would nave *erminating © oticals ir the rumera-icn systen

to the base 77 +#hat would t-~ septizal equivalent of 1/5 be in the

1J. Jse the resuiti o. exsr.isze . 10 _he rems.nder when 9 o+ 1€

. , 20 -
11, ‘ise ithe res.iits ol ¢ “ravisus exercises to spow that _277 = 1 is
s s = - F.,l',ﬁ-i}
divisibie by 9, 7 -~ 1 is divisicle by 6.

b
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2
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l\A
L
2
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ome

L]

asting out the nines Jork? First lev us reviev

nportant results shown in the exercises which you d'd above.

In exerciges 2, you showed th. to get the remainder of the sum of two

mumbers, after division by 9, you can divide the sum of thelr remaiuncers

by 9 and find its reasinder -rhaps you did it this way (there 1s :icre

than one way to do ‘t; vours av have beea better). You know in the

first place that any natural mmbper may be divided by 9 to get a quoiient

&a.l rexainder. For instanc. 1f tnuc number 13 725, the guotient 13 80

~J

2!

W
1
g‘
b
T
+
W
g
[+ "
vy
el
=
(]
g
[
[+ 1
W
0
1 ]

and the remainde. is 5. Furtharmor~
from the way this is written that £ 1is the remainder. Thus, using the
nunbers in the exercise, you would write 69 = 73 + 6 and 79 = 8x9 + 7.

Then 69 + 79 =7x 9 + 6 + 3 x 9 + 7. Since the sum of two numbers is

O

FRIC | o

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

’
= vou mEY oL = S ) i -

+ & + 7, Tharn, oy ihe L A T

N-. tha regzinder when £ o+ 7 13 73 e sr oo+ opsr e

writt x % + 4, Thus 6% + 77 = (7 « 2+ T+ 20, ~or LE

form it is writtern 11, we Zs2 "0 4 L8t sr WD sum i

divided by @. It is ai.7 tre W sia of he
&€ - 7, is Qiviceld "y .
JT Lins 2t oat m otnie fesh o on IS a0re Lo LGAT TAK
tut uns the shert way tut 1 Goes ig going or an  why simi

resul. would hold if £% ars 7% were replaced by any other numbers,

and, ir fact, we could replex-e " DY

way © > do thi L

iy
e
i

O
.E“”
L
1l

two advantages. In tuz [:rsi plack S nmlp o Ls L suile we il
no*t make use of the specis’ ,roperties ¢© the nusbers v« had withei®

-

zeaning to do so. Cecondly, we can, =fter woing it for letters, sees

.

that we zmay replace the letters by any numbers. S0, in plare of €%

!

we write the letier a, and in plece of 79, the lstter b. hen

¥

+ Q we wanld have a nuotient z.d a remainder.

ZETO Or 20m;e r-.-urcl pumboer lecs inhnan Y e goniad do ona

¥
v
]
ke
1
.
ot
L]
[

saie for the number b, wut we sk ild not let q be the quotiesnt s.nce

it might be different fru. the quot.ent when a diviled by 9. ke

-
o

here could call +re quot:nt q' and the reaainder r'. Then we would
have
= (

‘I‘;) 3 rIi

L

Then the sum of a and b will bhe

lar
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g+t = 2% 9+ '35 9 s+ =7
and the dis.ritutive pr perty %o have
A+ o=ig +vq'y x -0 i,
Then if r + r' were di- ded by 2, we woul!l have a quotient whicr we
pight el ;’ her. T + . ’:,'_ﬁ X 9) + " 5rd
a (g x 3) + "
=f{qg+q'* 57, x93 +1r".

wheli. T + r! .8 aiv.:ed by 9 ut ulsc the reasinder vitna + b is

divide. by 9. 0 as Jar as the remeinder goes, it does not matter
whether yjou ais Lhe ruibars adl La2 TeRLLInIors und 2ivide o7 .
The solution of exer-ise 4 go=s the same way as that fr xercise

2 except that we multiply the numbers. Then we would have

69 x /9= (7T x9 +6) x{8x93+7
=7x9x(8x9+7)+6x(8x9+7)
=7x9x83x9+7x9x7+€6€x8x9+6x7

The first three preducts are Jivis. _: by 9 and by wha: we showwd 0

2 the remsinder vhen 69 ¥ 79 iz divided by ” 13 the ~ame as

x

ayarcic

*he remairder when O + 0 + 0 + 6 x 7 is divided by “. 5o in finding

roduet is Aiviued by 9 it ako. no differsuace

0=

1ne remainder when a
whether we 3¢ the product or the product of the remairders.

If we we e to write this ocut in l¢ -rs as we did the sum, ‘'t
would look like this:

(@x9+r)x(qg"x9 +r')

axb

gx9xq' x9+qx9xr'+rxqg'x9+rxr'

Again each of the rirsi three products is divisible by 9 and hence the

81 87
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"
I
.
]
i

remairder vhen a v bode Afwides ot e toe oy L A S
div#ied oy S.
A

= uged thRe rustrner $ oall thee wal o svowWe, L Tne E
would follicw [ist o us= fLroanT LD i osomoe of G, such ag U,
23, eto.  we coull fave st Lo o dor oala. owutoinin osoesns llge
carrying it tevo far.

ThHere L0 s ShHOTTEr wol o1 WIITL Tk
U sy leten 1o yued, e US the

te ab inatrad of = ¥ boand 99 in clace [ 9 ¥ q. Hipce the last

g afove oo 2 oworEvia e
at = 't 7 courth o ERE o
" at, = Va L :'f_‘: I s ot
Lo hic o TE Tut 2LnS8CLLLi) INTUE B

These facts mey .~ used to give q.ite e shert proof of the impor=

tant weauli stated in exeicice 13. Consider agsin the numter 156,78z,

£ . . . -
,J{,k‘;:ﬂfvé*,;‘-—.-;'f <i'?:{;x\2*§_v1f__\¥?

-
= N A : = A =

4
% it

N~w the result stated aucve for the prusuct, the reus.rd = when 102 is
divided by 9 is the same as when the proiuel ol the rewal ders 1 w1
18 atvided by 9, that is, the remsincer is l. Simiiarly 107 has a

re ~inder 1 x 1 x 1 when divided by 9 and herce 1. 5o all the powers
of ten have a remaincer 1 when divided by 9. Taus, by the result

.tited above for +he sum, the remainder when 156,782 is divided by 9

82 8
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ia the zame =23 thr r

New we car use Jhe reso <7 axersise 13 Lo ceseriie a chedkd

of computing machines, bit whiel s

produet 867 x 334, Ve indire.e he

8 3
5 7

Product 509,778 Froduct:
sum ol di,.ne 4 4. ¢ 4 o<, - T o

Sup of digiws I v 9 = 1. Sum of digits: 2 + L = &
Sum of digiis 1 v . =

0

h
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1. Try the - -tped of checking “or another product. would it also work
for 4 =.a? If so t1v it also.

2. Fxplein why this should come out as it dees.

(1]

18

l

.. I a computzti checks 'Liz way, show th:t it still could be wrong.
That s, in tie exauple given alcve, whet would be an incorrect

product that would atill check?

3
3. 177 + 47 + 3. Vhat is its

he Siven ths rumber 5477 + 3.7% + 2.7
wmind r when it is divided by 7?7 Whet is its remainder when it
is divide® by 67 by 37
5. Can you find =ny chert-cuts in the exmsple above analogouc tc
casting out the ninsc
. In a numeration syste.. tc the base 7 whet weculd be the result cc -
responding to that in t! e decimal system which gives casting out the

ines?

o
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1678, Then yuu asc r° . fors anither miacer Urom the . mf digits
in # different order -- he aight tuxe 6127. Then you ask L.m to
ar - nn give vou tre sua of all
but one o. the digi-z in the result. (e would .ave 4509 and might

4 three to give you 14). AlL ¢” % 3 would be done

b

[
)

add tre

without your seeing any of “he figuring. Ther you would tell nim

thet the other digit im the result is 4. Doe:

[ 15
s
o
i
e
n..aim
(%
b
e
b._m
L
]
s
L

work?

Une metrod o Snor:ening Lhe ocoputation fovoa test IF gzsting
out the nines, is to discard apny partial suas which are G or a
. 74%-14 =€ O Tom iretance  n tha evample piven, we did no*
need to add all the digits in 210,645. We could notice that
8+ '= ard 4 + 5 =9 and hence the remainder when the sum o
the digits 1s divided by ¢ would be O + 6, which is 6. Are thkere
other places in the check where work could have been shortened? Ve
thus, in a way, throw awsy ti> nines. 1t was from this that the
name "casting out - he nines" cane.

By just t~ same principle, in a pumber system to the base 7

one would esst out the aixes, to the base 12 cast out the elevens,

ty by 11. There is a te t for divisibility by 11

which is nc . juite so simple as that for divisibility by 9 bul 1a
quite easy .o apply. In fact, there are two tests. We shall start
you op one and let you discover the other fer y.urself. OSuppose we

4i: o test tne number 7945 for divisibility by 11. Then we can

8L "
8¢



write it &c befeors

The r=maincsers Wwhan 172° and 0% ar

remaiace=s Wher 10,1707, 107 are iivided by L. ar: 17, Loe 10 ds sl

okl
]
"
iy
o

to 11 - 1. 107 = 107(11 - 1). 107

1
ot
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o
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Perhaps w+ nave told you toco muc.. &

the ail.

Tysrrices

1. With-ut consider’=g 10 to oe 1-1, can yc¢ from the abova davise

T

a test for divisibilii_ by 117

- ,

Ind

. Noticing tha* 10 = (1 = L and so forth as above, car vou devise

another teat fo~ divizibility by 157

We hope you were at’e to devise the =~ tests suggested in the
prev.ous exercises. For the first, we could group the digits and write
the rumber 17945 as 1 x 10% + 79 x ng + 45, Yence the remainder when
the mumber 17945 12 civided by 11 should be the same as the remainder

the

when 1 + 79 + 45 is s vided oy 11, that is 1 + 2 + 1 = 4. (23

I

remainder when 79 is divided by 11, etc.) This azethod would hold for
any number.

The second methoed requires a little knowledge of nsgative numbers
(either rev’ . them or, i° you have not had them, omit t..is paragraph).
We could consider -1 as the rems:.ier wher 10 1s divided oy 11. Then
the original number * .1d have the same remainder as th? remainder when
1 +7(=1)2 + 9+ 4(=1) + 5 1s divided b 17, that is, when § - 4 + 9
- 7~ 1 1is dividea by 11, This 'ast sum is equal to 4 which was what
we got the other way. By this test we start at the : _;ht and alter-

pately add and subtract digits. This ia simpler thar the other «ne.

85 91 ®»
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Lo
1

Test severa. : .:6& Sor o alvisivillo, oy L. JFing ne Lws nsihod

o

deascribed atove. an€re TLE [LLUSIA &EIT . Civlslule  Landotns

remainders by t - =tnod givsn
2. Tn a rumber sys i 1. the base 7, wrat rum-er o ©oc tes Tor

divis ¥ ir :he same wav that we tested fer 11 in .he decimal

systen? -ouid both methods given above work for base 7 as well?

3, To tes. for divisibility by 11 we groused thre digits in pairs.

=

What puuber or numbers ec.l’ we test for divisitility by grouping

s omm i - Cmm amapr e s - s T

e S R S BT
LT tapga s ok e s : oI A, rergtder tre mumT ¢

4

b ]
N
3
A
4]
-+
.l
T
L
=
1
i
10
o
i
el
]
2
ny
0
M
.
"y
-
3
;)
B
g
[
o
it
s
L]

JenT
would tre remain‘ers os th~ saxne?
L. Answer th~ questions raised in exercise 3 .a a nuseral system to
bese 7 £8 well as 17 a numeral system to base 12.

5. In the r peat’ng decimas for 1/9 ir. the decimal system there is
one dipit in the repeatirg portion; in the repeating 'ecimal for
1/11 in .re decimal system, there are twc uigits in the ropeating
portion. I theru any copnection be =n these facts and the
tests for divisibility fror G and 11. What woulil be the connec=
tion between repeatin; decimals and the questions raised in
exercise 3 abovel

6, Could one have a check in wh..n 11's were "cast cut"?

7. Can you find a trick

. similar to that in exercise 1 above?

oy
-

or

5. Divisibility by

I~3
(o]

here 18 not a very good test for divisi=-
bility by 7 in ti decimal syst.n. (In a numera.ion system 5 what
base would there be a good test?) But . is worth looking ‘nto since

we can see the conneciion .ctween tests for divisibility and the

. 86
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el o= 1
repesting Gecimals. CLonzi.cr - T oainTers wcern Cne oooers T cre
divided py 7. e n FoemoTron it otmroms

: I A
Rera’ ~der b s - ¢, =
vide:

If you compute the deziasl eg.ivalert _.v 1/7 wou will see that the
remzinders are exactly %tz numbers in the aecond line ¢f the tablz in
rhe order p_ven, Wny tris so? s eens that if we wanted to find
the remasinder wren 7724530 L. Livil.. T by Tow 0 Tl wWrite

7 x 9x 105 « 2 x10% s 4 x P x 1

+ 3 x 0o+ 2
and replace tr> voric mowers LU 10 om tboir remusinleres in the anle
to pgetl

7 L+ 9x 2+ " x4 vhxb+5x2+3 45 +2

g woul- have di-cde by 7 and find tre remairder,

That would L as much work as dividi-- " 7 in tke first plsce. ">

this is not a practical test bu it does show the relationship between

A -
= = L

[

d*vided by 7. I instead of 7 some other number ir taken .i1ich has
o ither 2 nor 7 as a [faclor, 1 will be the rewsainds  when some power
of 10 1s divided by that numb:r. For instance, th-re is core pover of
10 .dch has the remainder of 1 wien it is divided by 23. 1This is
very closely connected with the fact that the remainders must froa a
certuin point on, repeat. An.ther way of expressing thi~ result is
tka' one can form a number comple:zly of 9's, like 99999999, whirh is

divisible by 23.
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1, Whole nuabers srnd _.visib.ll.7. You e Camiliew
with the natural numbersz ., 2, 3, 4, 5, &, and 80 on, and

ne rnumber zerc ~ age we nave :zzrcestl to call the whole

numbers. Later on we ~0all nave wnat cell "negutive num-

[¥]

bers” as well and rir. %iat another pame for tae whole num-
vers 1s: "the ron-nezutive in agera™ or "the poaltlve

integers and zer<", Rut In this unit we s5.all Just use the

words "whole numiars” to descr.ps tne

i 0, 1, 2, 5, etc.

iy

Divi lon ia ths "inverse" of uultiplicatlon; that 1s,
6/2 = 3 a 1 6 = 2 x 7 ar’ two wigs ol 9Xprassing tus same
relagionatip. Also 6/4 : lf because 6 ¥ 4 x 4. When we

@+
L. B = s - R I T U S o e s o _ , _ ' _
Givica © Uy o, wo oBhnin o moitural numher end wa any "5 1a

divisible by 2", But when we divide 6 by 4 we do not obtaln
a ratural numper and we say "6 is not divisible by 4". Tho
torm "divisihle™ does not mean merely "you can dlvide” {this
can usually be dcas - certelnly in both ceses above; but 1t
means that both the divisor and quotlsnt are natural numberse.
Two other ways of saying " iU 1s divisible by 5" are "40 18 &

multiple of 5" and "5 1s & factor of 0",

2. Ma frackional notation. Tt symbol 6/2 could have

two meanirne . It might e six halves oo ha.f ol glx, that is

)
¢
(o
H

e
o
W

&_ ha fect that these two are egusl 1s called

I
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the gemmutativa property of multiplicatlon. We see{;bat alx
halves .are 3, which 1s half of 8lx,

(2 + 2+ +2 ek +3)=14+1+1z3.

i

o we use the two meanings interchengeably.

1/4 is the number such that 1f you multiply it by %;
you obtain 1§ that 1s 4x(1/4)=l. In a simllar way, éOx(lfgé)
or (1/20)x20=l. |

3/4 wauld.ba 3x(1/4) or (1/4)x3. We cen also say that
' 3/4 is the number such that if you multiply it by 4, you
“obtaln 3.

'The quotient of any two whole numbers we call a rational
number whenever the quotient has meaning. Some examples are:

3/4, 7/2, 6/1, 125/189, 670000/3.

. Exerclses A M
1. Give examples af the f@Llawihg kinda of numbers: -
(a) natural numbers (b) whole numbérs
(¢) non-negative numbers (a) raticﬁal numbers ...
2. Expreas the relatiaﬁébipa ag products:
(a) (8/2)=4 (b) (21/7)=3
(¢) (150/15)=10 " (4) (29/5)=5 4/5
3. By what natural numbers is 144 divisible? What numbers are
factora of 1447 ”
-4, List 10 multiples of 7.
5, List 5 multiples of 13.

6. What are two of the meaninga of 3/8?
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'". 2/3 is the number such ihat if 1t 1s multiplled by 3, 2
is gbtained. Use this language %o deécriba the followlng
numbers | |
(a) 4/5 () 72/3 . (c¢) 1/5 (d) 8/11 (e) 100/9
8. Using the;fact that: 213x5x1?:51@, answer the following:
(a) what numbers are factors of 510%
(b) 510 is divisible by what numbers?
(c) 510 1e a multiple of what numberas?
9, See Exercise B. By whleh of the following numbers 1s 510
. dilvisible?
4, 6, 8, 10, 11, 15, 20, 34, 51, 52
10, Assume a,b,c, and d are natursl numbaﬁs; If axbxcsd,
mak; as many statements as you can about factors and
multiples involving 2 or more of the numbers é,b,ci‘and

d. Is d a multiple of axb? Is bxc a factor of 47

VS, Multiplication of rational numbers. In order to use
ratlonal numbers we must be able to multiply and add them, and we
-should like the propertles of multiplication and addltlon to be
the same as far as possible for the rational numbers as
for the whole numbers, Since multiplication 1s a llttle
eésiaq than addition, we shall conslder lt flrst. What should
be the value of (1/3)(1/4)? It is one-third of one-fourth.

In other words we would divide something into four equal’ parts

and then each of these parss into three equal parts. We would

f"\“ .
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have in all 12 equal partas. Hence wéashould,dafine the

Tz

product (1/3)x(1/4) to be 1/12. Simllarly, (1/6)x(1/5)=1/30,

This would suggest what the product should be for aﬁy natural

numberé in .place of 3 and 4. One way to express this would

be to replace 3 and 4 by lettere instead of other numbers and

have it understood that the letters stand for any numbers.

Then we would have

(1/a)(1/0)=1/(ab),

where ab means the product of a and b,

Suppose we have two ratlonal numbers whose numerators

are not 1, such

(3/4) x (8/7)

0

as (3/4) x (5/7). Then this

3 x (1/4) x 5 x (1/7) by the
rational number é;g the
property.

3 x 5 x(1/4) x {1/7), by the

princlple.

could be written
defiﬁiticnggf a

aasocliative

computative

N

15x(1/28)= 15/28, using the value of the

product of two ratlonal

in each numerator.

numbers with one -

!

Would this work egqually well with any natural numbers 1n place.

of ‘3, 4, 5, and T?

(a/b)(c/a) = (ac)/(ba)?

' In words what does tﬁis mean?

Yy

Expressed in letters would 1t be
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Exerclaes B .
1. Explain what 1s meant by each Df ‘the following: 7/12,
5/3, 10/6, 14/24. ;
o, Calculate each of the following products: (5/3) x 6,
(T/4) = 4, (Bb/ﬁ) x b for several natural numbers in

place of b.
3. We know that 6/6 = 1, 20/20 = 1. Using this and agsuming
| thég'fha praduct of any rational number and 1 1s the
rational number, find the value Df‘
(3/5) x (6/6), (7/10) x (20/20), (LL/8) x (/7).

4, Compute the pfcducts indicatad in the prevlous exarcisg,;
numbors,

5, Can the natural number 6 be thought of as the ratian&lN
number 6/1? Why?

6. Galchlatglthe products, using the method of the pfecgéing
page chAthe product of (3/4)x(5/7), and glving the reasons
for each step: ’ " | |

(a)d(i/z)x(a/g) , (b) (2/3)x(3/4)
(¢) (5/6)%(8/9) (d) (1/%)x(2/3)x(7/8)

g 7. Using the definition of the product of two non-negative
rational ﬁumbérs? is thé;set of non-negative rationals
~ ~ closed with respect to multiplication?

ok Iyy
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8. Find the féligwingfpreducts: ‘
(a) 6x(3/11) (b) (2/9)x4 (c) (1/3)x(1/4)x(1/5)
() (2/3)x(7/8) (&) (7/5)x(5/T) (£) (1/4)x(8)x(5/6)x(9/4)
f 9;’TSuppgaa two equal fatidnal numbers have aéual denominators,
¢ What,éan you say toout their numerators? Suppose the
equal rational numbers had equal numerators, what could
you aay about their éanomiﬂatgrs?
10. State in words the method of finding the product of two

rational numbdrs,

I, Equality of ratlonal numbérsia How do we know thét 6/2
and 12/! are two ways of representing the same’nuﬁﬁer? Are
there different ways of representing any rational ‘number? We
know that the answer to thls 1ls "ves" since, for example 1/2=
2/l. Here it is helpful to make a distinction that we made for
natural numbers: there 1s a difference between a natural
number and Ehs symbol used tc represent 1lt, We call the
symbol, the "numeral®., Here when we wént to make a distinc-

tion, we call the symbol the "fraction". If we were going

a

"to be very particular we would have written in the last sec-
tion: a fraction which represents the product of two rational

numbars

18 one whose numerator 1s the product of the numera-

tors and’'whose denomlnator is the product of the denomina%nrs
of the fractions which represent the given numbers. This, of
course, ia,being'altogather“taaiparticul&r. But it 1s useful

¥

O §5101
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at times=té haveé the word “ffact%Pﬁ“ for the symbol, . For in-
stance, we could say that the two fractlons 1/2.and 2/4 represent
theﬁégﬁe ratianal-nﬁmbef and so .we call them equal. Also we
shcui%‘probably gpeak of the numerat@r and denominator of a
fractlon. but not of a!fatianal number., But thls 1s aﬁkward, %@@,
and there is not likely to be any confusion when' we speak of the -
numerator of a fational number, if we reallze that 1t may have
several numerators and that we are merely feferring to the way 1t
1s wrltten at the time,
" We saw 1ln exercises 2 and Y4 above that (3/5)x(6/6) 1s on the
one hand equal to (3/5)xl which should be 3/5. On the other
hand, if we multiply the numbers, we obtaln 18/30. So 18/30
should be equal to 3/5. We could have used any natural number
in place of 6 and we could have seen, for instance, that
3/5 = 21/35.

In fact, no matter what natural number k is, 1t would be
true that B/EE(BIR)/(EIK)g We can write this more ovriefly as

| (3/5)=(3k/5k).
'Q?e can multiply the numerator and denominatoer of any fraction.by
a natural number without ch 1ging the value of the rational
number which i1t represenfts. Is this still true if k 18 any
fatignal number? Also, working frcm tlie' right to the left, we
. ean divide both numerator and denominator of any fraction by the
same natural number without changing the rztlonal number which it
represents, y
How do we find out whether two fractions represent the

game rational number? Suppose we had 5/15 and 4/10, in which

96
102
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the numerator of one 18 n.i a divisor of-the numerator of the
other. One method would be tc reduce each fractlon to 1owést
'terms, that 1s, In each fractlon difide the numeratcr and denom-
inator by any common fact tor. Then the statements that 6/15—2/5
and 4/10-: 2/5 show that the two .glven fractions represent the
game ratlional number, Anather way of, showing them equal would
"be to equate each fraction to one whose denominator 1s the
product of the given ones. That 1s
6/15 60/150 and 4/i0 = 60/150.
In the first case we multiplled the numerator and denominator
by 10 and in the second case by 15, If we do this using
letters it is easlier to gee what th- result looks like 1n
general. Let the fractlona be a/tr and ¢/d., Then
(a/b) = (ad/bd), and (c/d) = (cb/db).
Now bd = dﬁ? by the comrutative property and cb =, bc. =Thus if
the fractions (that 1s, the rational numbers which they’
represent) are equal, then ad = be, Also 1f ad = bc, the

fractlons will be equal.

Exerclses C
1. trove in twec ways that eéch of the following palrs of
frections vepresent the same rational numbers: 6/21 and

10/35, 9/12 and 21/28.
Tn the second method above wé tested the equallty of the

™

two fractlons by making the denominators equal. Could we
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have the numerators equal insteed? If so, what would

'tha cancluaiana have been?

Use the conclusion that a/% = é/d when ad=bc to declde

whether the following sentences are true or false:
(a) (2/3)s(20/30) (b) (1/1@):(l0@/1@@0) (¢) (5/6)= (51/51) |
(a) (%[5)=;?/ag ~ (e) (17/51)=(3/9) (f) (1/g)x(5/4)=9/24

Reduce the following to lowest torma:

(&) 100/500 (b) 50/250 ' (c) 8/36
(d) 96/108 (o) 121/143 | (f) 1924/2036

Show that (4/7)x(7/4)=1 and that (9/17)x(17/9) =1.

Show that (a/b)(b/a)=1 if a and b are natural numbers.” The
fréctian b/a 1s called the reciprocal of a/b.

Write the reciprocals éf the following numbers:

(a) 3/5 (b) 10/11 (c¢) 29/3 (d) 99/100 (9) 10

Which of the following “sentences are true and which are

false? Glve the reasons for your answers:

‘ ;/;2*5)21/(2;2) | 3/(2x6)=1/(2x2)
3/(6¢12)=2l/(2+4) 3/(6x12)s1/(2x4)

Just showing that the numbers are equal or not equal is

not _enough. Tﬁe proper or wrong use of the -fundamental
prapertiesxaf ratianal numbars and netural numbers should
be stated.

Is the following statement true for every rational number:
Given a r: ;lonal ﬁugber, thé reélprccal of 1ts ?eziprécal

is’ the glven number,
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5, Divisian by zero. So far both the numbers appearing in

the fractiena censidered have been naturgl numbers. - Why did we
fail to mention fractions like 3/0? We know that 3/2 was
defined so that (3/2) x 2 = 3, So 3/0 would have to be defilned, .
1f at all, so that (3/0) x O = 3. This would seem peculiar
since we know that'any natural number multiplied by zero 1s
zero. But we still might not be distgrbed by thils. Sug?ose we -
carry it a little further. Then.[(3/0) x 0] x 3 =3 x3 = 9.
But (3/0) x (0 x 3) = (3/0) x 0 = 3. Hence the assumption

(3/@) x O = 3 elther leads to 9 = 3 or'that [(3/0) x 0] x 3 1s
not equal to (3/0) x (0 x 3) which would deny the assoclative
property. Our only cholce then 1is to exclude zero denominators.

Exerclses D
1. Should 0/3 be included among the- ratianal numbers? Why?
If it should be lncluded, what number would it have to be"
equal to? 7
o. Use the argument in the paragraph above to show a céntra—
dlctlon we would reach if 4/0 weré defined to be k.
3. The number 1 is what multiple of each of the following?
(a) 1/2 (v) 1/3 (¢) 1/10
(d) 1/100 (e) 1/1000 (r) 1/100@00@
-4, Does the éuesticn: "Phe number 1 is what multiple of zero?"

have any meaning? Why?
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5. Cguld 0/0"be admitted to the family of rational numbers wilth-
without running into trouble? Whyv o

L

.6, ' Division of rational numbers. We have seen that 1t 1s.
easy ‘to multiply two rational numbers, How can we divide them?
Suppose' we consider the quotient: (3/5)+=(4 /7). . There are tWo -

ways to find thls quatieﬁt: In the first place, we know that

2/3 18 that number which whenlﬁﬁltiplied by 3 gilves 2. Hence 1f

we are to find the quotient (3/5)/(4/7) we must search for a

number which, when multiplied by /7 glves 3/5. In other wafds,

we .want to start with 4/7 and by multiplying by-a properly

chosen rational number, arrive at 3/5. If x stands for the

number we are seeking, then

If we multiply each of these two equal numbers by 7/4, the recilp-
rocal of 4/7, and use the relation that (7/4)(4/7)=1, we obtain:
x=(7/4)+(3/5). Hence the number we are seeking 1s (7/4)(3/5)=

21/20.

We see (3/5)< (4/7)s21/20, To check, we find

(4/7)(21/20)=84/140=3/5. 21/20 1s the number which multi--

lied by 4/7 gives 3/5. .
| We can think of the quotient (3/5)+{4/7) as a quotient
of two ratlonal numbers, or as & singla fractlion with the

rational humbar 3/5 as the numaratgr and the ratianal number

4/7 as the danaminatar, . (3/5 ’
: : (4/7) 7 e

100

[6)()' |
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Than an@ther way to get the aame raault 1a to nctice that we
can, make the. daﬂﬁminatar Df tho glven fraction 1 by multi-
plying numerator snd denominator by the reciprocal of 4/7,
+ gt 1), by, 7/4—'»Tﬁen we have | :
T (5/i}/{4/7) = (3/5) x (7/4{/f/?4/73(7/4) = <§/5J X (7/41///;
L = (3/6) x,(7/4) » 21/20. “ |
- ‘f 4Hcf would you formulate this in words? This shows that we have
3 in the ratienal numbers a system which has one advantage over the
natural numbers. ' The natural numbers are gbt closed under divi-
;sigﬁ, that 1s, the qﬁatieﬁt of two natural nuﬁberaais not always
- a natufal number But the rational numbers are elaaed under
divisign except by zero, since the quotlent of any two ratlonal

rumbers 18 a rational number, except when the divisor 1s zero,

Exercises E

[

, © What 1s the quotient of 3 divided by one-half? Find the re-
sult using divislon of fractlons. Show how the same resuit
could be obtained withaﬁt dividing fractions,

2. TFind the quotients of:

(a) (3/2)3(9/4) (b) (9/4)2(7/6) (¢) (3/2)2(7/6)

VoN () (5/6)22 (e) 3§(é/4) (£) (10/11)2(2/5)

3, TFind the quotlents of: .
o (a) (3/2)2 Es/43§(7/5)j (b) [}3/2);(9/4)] (7/6)
4, 1Is division of rational numbers assoclative? A
5., Find the quotlent:
(6/p)2(c/d)

101




\

vV - 13 °~
6. State the results in Exerclsec 5 in words.

7. Addition of rational numbers. We have seen how to

| ’ /r
multiply rational ntmbera. How do we add them? If the denom-.

inators are the same, 1t 1s casy. For instance |

3/T + 2/T = :‘snxk(lﬂ) + 2 X (1/7) = (3 + 2) x (1/7)
= 5% (1/7) = 5/T

We just assume that the dlstributive property willl hold aud
define additlon accordingly. We could express thié in terms
of letters:
a/c + b/e = (a+b)/c.
. When the denominators are equal we add the numerators, retaln-
ing the common denaminatcr | i
Suppose we have two rational numbers whos« denominat@rs
are not equal. Then we can make the denominators equal by
multiplylng numerator and denominator by appropriate natural
numbers and then add the numerators. Suppose we wish to add
2/7 and B/Eg Then we have
2/T + 3/5 = 1@/35 + 21/35 = (10 + 21)/35 = 31/35
We chose the 35 as the denominator since it had to be a multiple
of 7 and 5 and the smallest such number is 35, Why 1s this the
smallest number? Suppose on the other hand we were to add 3/4
- and 7/105 Here our den@m;natcr must be a multiple of U4 and also
of 10. While 40 satisflies these conditions, 20 is a smaller
number which does. Thus the numbers could be ﬁritten

3/4 + 7/10 = 15/20 + 14/2@ = 29/20.
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You may prersr*ta‘writs this in column form as

- 3/4=15/20 or 16(1/20)
.« 7/10m14/20 or +14(1/20) . .
T 5511/807=29/20 ﬁ

4 Exerclses F L s
:l; Find the sums: | :
(a) 7/8 + 3/8 (b) 3/5 + 6/5  (c) 7/8 + 3/16

(a) 7/8 « 3/5 (e) 7/8 ¢ 9/21  (£) 7/8 « 11/20
er (g) 11/12 + 3/24 -

2. Find the value of the following:
. :, (8) 1 § (1/3 + 1/5) (b) (3e5) & (1/3 « 1/5)

gﬁé defined addition so that the ﬁumerator\éf the sum cf two

i

rational numbers having equal dencminﬁtcra was obtalned by
adding the numeraﬁfrs, the common dennminatar belng retained

Is the sum of two rational- ﬂumbers having equal nume abgrs

ithe fractian whose numerator 15 the c?mmcn numeratcr and whose
denominator 1s the sum of. the denamiﬁatars, that is, 15
i 5/T + 5/3 = 5/10? Give reasons, o
4., Find the value of (5/15) - (2/7). ,
5. How weuid you subtract one ratianal number from anather?
6. If pcaaib;é using non-negative rgt;ana;s, ‘subtract from
“7/8 the following: . .
(@) 1/4 ()2 (c) 3/4a (d)8/9 (e) 13/16
7. Find the value of ° (7/4) [(6/7) . (S/E)j
8. Find the values of s ’ |
(a) 0/3 ¢+ 7/8 - ~® (b) 0/a + bBjC"
g (e) (0/3) x (7/8) (@) (0/%) x (a/b)
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9. Find: (a/b) + (c/d)

10, Why shauld fiﬁding the least common multiple Qf“tha denom-
inators, of two fractlons be useful in finding the sum of |
two ratignal numbhers?

-11; Ig every whole number a ratiagal numbér? why?

12, Two fraetians'@/a and ‘0/b arevaqual when a an& b are any
naturél‘numgars since O x b = a x O, Also O/a 1s zero
since (0/a) x a = 0'and O x a = O, Show that 1f the
muat be zero. (ﬁa y@u already know that this property
thds for the whole numbersﬂ)

property holds for the whale numbars )

8. Summary of the properties of the non-negative

razlonal numbers. It is probably worth while to llst the

prcpertiea which we have found so far., The rational numbersa
are rapréaanted by "orderad palra“ of numbers the firast of
~which 18 a whole number and the second of which ‘18 . 8 natural
vﬁﬂmbar. We call thém "ordered pairs" since the order in
which they are written is impertant- that 1s 3/4 1s not the
same number as. 4/3. We use the solidus (the name for the
. slanting line) to separate them. Eut we could write 3, 4 or
% or 3#4 just as well. We defined equality, sum and prcdugt
*and thay have the following prapartiea-
1. (clagure) The product and sum Df any tworrational

numbers are ratlonal numbers.

3
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2. (exiétence of identity number fér addition and multl-
: plicatign); The ﬁumbar O 1s a ratian&l number and has the '
prcperty that Osrm=r far any rational number, r; zeralis
the identity number for addition. The number 1 is a rational
number and has the property that 1 xr =pr for aﬁy rational
number, r; one 18 thé iéenﬁ}ty fumber for multipii@aﬁian!
;5. ddit ion and multiplicatlon are assqciaﬁive,

4. Addition and multiplicatic:, are commutative,

5. fThe distributive property holds. '
6. The quctieht of any two rational numbers 1s a
rational number if the divigor is not zero. ¢ “
£

‘7, If the product of two rational numbers 1s zero, one
or both must be zero. .

8, Zero multiplied by any rational number 1s zero,

Exerclase G
Wnicb of these prapertiea are alse praperties of the set

of wbale nuﬁbérs*

9. Q?dgringﬁqff;gticggxfﬁﬁmps?s. Let us first review

a few facts about the whole numbera.- Vie are familiar with
the notation 7 - 5 = 2, This 1s just anather way of writiné
7 =5+ 2, Inwords, 7 -5 ia§;hainumbar which, when added
to 5 gives 7. Now 5 - 7 is not a whole %uﬁbsr:s%nee_tnére

) o f .
is no whole number which we can add to 7 to get 5. Similarly,
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-,ancthar way to say ‘it would pe: one rational number 1s&

vV - 17

18 - 10 is a whole nﬁﬁber but 10 - 18 is not. In general,
one natural number minus snother matural number is a naturail
number only if the first 1s greater than the second. There
1s a notation for thla: 7 > 5 or 18 > iD means "7 is greater
than S" or “18 1s greater than 10". We could also say "5 1is
smaller than 7," written 5 < 7; or "10 is smaller than 18,"
written 10 < 18. This could bé written in terms of letters
ss follows:.

b - a is & hatural number if b > a, that 1ls a < b,

' These same symbols of inequality sre useful in dealing
with rational nurbers., Suppose we wish to compare 1/§ and
S/?? which is grester? One way of dﬁing this would be to
find thelr declmal aquivalenta, this we shall do in the next
section, The second way, which ls probably simplar, is to
replace the pailr of fractians by & pair with ‘the same
denominator just as 17 we were golng to add them. That is, ;
1/3 = 7/21 and 2/7 = -, 21, Since 7 1s greater than 6, this
shows that 1/3 is greatar than 2/7. Ancther way to look gﬁ
At 1s t.o gee that 1/3 - 2/7 = 1/21 which is tna quatient of

two ﬂatural numbera; In general , one rati@nal numbar 1a sald

“to be graater than a second ratlional number if the flrat

minus the aacand 1s the quotlent of two natural numbers ;

. greater than a second if one can add the quotlent of two

natural numbers to the second to get the firat.
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Notice that we have used "the quotient of two natural

nunbers"., Why did we not just say "ratiohal number"? One

reason i1s that zero is a rational number and if thelr differ-.

. ence were zero, they would be equal. Also we shall later be

considering negative rational numbers, and we wish t@|axc}udé

them from our ﬁafiniticn_

2.

Exercises H

Assaeiatg‘W/lO; using the appropriaste aymbél <,z,> wlth

. each of nhs-fal;awlng- ’ .*§

9/10, 1/10, 1/2 3/5 3/4 5/7 0, 21/30, 7/5, 7/5

7/8, 1/9, 7/11 7/12

If two rational numbers have the same denominator, the
larger rational number haé the iérger-ﬂumaratgr. If two
raticnai numbers have the ssﬁé»nu@erétcr show that the
larger rational ﬂumber haa the smallar denominator,

Wrilte the fDllDWiﬂg raticnsl numbars 1n 1ncraasing order:

! 8/9, 15/19 3/4, 5/€, 25/27

Write all the fracticns between 0 and 1 whose dencminstnrs

are 7 or less, in ﬁncreaslng=@rdar of slze. There are a

number of interesting propertles Dfrthis set @f_ﬂumbéré_
Can you discover them?" ' | -
if a, b, ¢, d are natural numbers show that (a/b)>(é/d)’
ir Eié>bs_' Show also that if adFibc'ﬁnén ka/ﬁ){(c/d)i .

How cqulélthis be used to shcrten§§h5=camput§tion above?
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6. If the diameter of a circle 1s 1, it 1s shown in geometry
* that 4he numbAar of units in the circumference 1s a number
" designated by w and whose value to five decimal places is
3;14;59. The rational number most often used as an
appraxiﬁaﬁign for this number 25222/5; Another approxi-
7'méﬁieﬂ used by thé Babylmﬁlgné 1s 355/113. Wihich of
théne fractiens is tha greater and which 1s closer ta me
7. If a and b are two whole numbers, then just one of the fallcwé
ing relatiansnips holds: a)>b, a = D, a<{b. Show that
the same statement may be made when a and b are rational
nuﬁberé. 7 P
*8, (Hard) Let r and s be two positive rational numbers with
r ¢ 8, Show each of the followling for two palrs of values

of r and s, For example, use r = 1/3 and 8 = 2/5;

\
4

a, r < [(r + s)/E]ia, \
b. l/s-i[(l/’:’- . 1/5)/2]{1/r.
-G-\ : £ 8.

8 ' A

. - — ’ " _ _ \\\‘
d. if r=ga/band 8 = c/d, then rai(a+§}f{£ﬁd) < 8.
9_ What part or parts of exarcisa 8 hﬁﬁ; if they are trué

1n general thgt batwean anY two raticnul numbers there

" 1s anatnar ratignal number?

« ' The notation in the parts of the exerclse parhaﬁs need
furthar explanatien. We write 2 < 4 < 7 ta mean “2 13 less
than 4 End 4 1s less than 7" or, more brisfly, "4 1s batwean
2 and 7 and equal. to naithér" The correspond:. - meaning

would be used for ratlonal numbers.
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_1@;' (Very hard) Shaw that the inequalities éfaezergise 8 hold
" for all positive Tatiémal numbers T and s, Begin by lettingé
r = a/b, 8 = ¢/d, where a, b, ¢, d are natural ﬁumbéfs.

.10, Decimal equivalents of rational pumbers, We saW above -

£

that one way to compare the size of 1/3 and 2/7 was toO compare
their_déciﬁal equivalenﬁs! To limber'up our pencills and our

minds, let us start by finding a few decimal equilvalents.

Exerclses I

-

1. Find the daclmal equivalents to ten placea of each of the
fall&wing; 1/2, 1/3, 1/4,_l/5, 1/6, 1/7, ;,a 1/9, 1/10,
1/11.

XE, Point out any pﬂ*tarna which you see in thﬁ decimal aquiva-;
lants which you have just calculated. In particular was
there aﬂy stage at which you could wrlte- dewn the aﬁaﬁer
without carrying the actual division farther? Which of
the daeimal,eguivalents were exact? '

. Pirst of all let us look at thesafﬂeeimalleipanalgna
ihiGh are exact, that 1s, which end with a string of
éeraesf' We hed 1/2 = ,5, ‘1/4 = .25, 1/6 = .2, 1/8 = .125,

v-l/lD = gla--Thiswkind of decimal 1s sometimes callad a

v terminating decimal since 1t stops. Instead of using thai
decimal natéticn we could have used ,f‘:’r-aciﬁi:fiefmis.l.'= Then we
would have 1/2 = 5/10, 1/4 = 25/100, 1/5 = 2/10,

1/8 = 125/1000, 1/10 = 1/10. |
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3, Express each of the following decimals as a quétiént of
two whole numbers where the,deﬂ@mingtcﬁ 1s s power of ten,
that 1s, one of 10; 100; 1C00; 10000; etc: 15.78, 1,7893,

,.DDlg.

4, Do you belleve that every termibating decimal can be
expresses as the quotient of two whole numbers in which the
denominator 1s a power of ten? Wﬁf*f

5. Express each of the fallﬁwing as a decimal: 156/1000,
57/10@@@ 789/100, 5589/10. Do you believe that any .
quotient of two whole numbers in which the denominator 1s a

| power of ten, cap be expressod as avtérmlnating decimal?
WEy? : |

6. what ccnﬁectian 1s there bebtwssn the anawers for exerclae
4 and -5 above? (iolleci thess resulits into a single state-
ment 4f you can. | ! : - B

7. The fraction 1/8 could be written as = tarminating declmal
as we saw abovo, bs'u%aa it can be ﬁritten as a fraction

?ﬁhaﬁé dsnominator ig 1000, namaly, 125/1000., 1/25 could :
bba written as a érminating decimal because 1t is equal
to 4/100. Is there any way that one can determine whan
a ?aﬁianal nurber has a terminating decimal withnut con=
varting 1t to a fraotion with 8 pcwar of ten as denominator?
We saw from exerclse 7 and gtner examples tnat Af the

. fraction a/b ie to have a tsrm*nating decimal it must be

equal to e fraatlan,c/d where d is a power of 10. - Now if

3




) vV - 22 A
: _a/b ts in lowest terms, it can be equal’ to ¢/d only if
b divides d. In other words b must divide n nower of 10,
For example, 8 must dlvide 1000 so that 1/8 ca e equal
to 125/100@ 25 must divide 100 so that 1/25 is equal to
4/10D-

8. If a.natural number ~is a iivisé? of a power of ;wahat
can you say about its;prime factors? (The taach5ffshéuld,
recall to theastudaﬁt what 1s meant by "prime factors" ).

9, If a numbgr has no prime factors but 2 or E.cr Eéth, must
it be a divisor of a power of ten? TIllustrate your con-

bc1u§icﬁ wiph several examples. |

So we can summarize what we have found so far by the
following statement: If a ratlional ﬁﬁmber has a terminat-
ing deélmal equi%alent and if the fraction is in:lcweat

_terms, then the only prime factors Df the denominator can

rbe 2 or 5 or both., Conversely, if the dencminatar of a

fractlan in lowest terms has no prime factcrs but 2 or 5

or b@th, then its decimal equivalent teriminates.

11. Repeating Decimals. . In the firat exerclse of the

preceding section we found that'there were several fractions
whose decimal équivalants did not terminate: 1/3, 1/6, 1/7,
1/9, 1/11. These do not terminate since the denominators have

factors different from 2 and 5. Next we look into these in

more detall. . - -
. ;
N - 11 . i _
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" One way te}writa-a decimal eguivalant for'l/E"wéuld be
,33333... where the line under the 3 and the three dots
afterward indicate that no matter how far out one carries
the divislon there will be Just g sequence of threes. -
Similarly 1/11 could be writtan .090909.. . where it 1is the
pair of digits 09 which repeat as far as tha division 1s
carried out. Also 4/3 can be written 1. 355... . The frac-
tion 1/7 has a repeating portion of six diglts: .142 857... .

Such decimals as these are called ggpegting decimals (sobme-

times, perlodic decimels). That 1s, a decimal 1s called a

répeating decimal when from a certaln polnt on some gequence

of digits repeats and contlnues to repeat no matter how far

the division 1s carried out. Notlce that 1.335... 18 & repeat-

ing daeiﬁél even though the initial diglt 1s not 3. Similerly,

14.235235... 1s & repeating decimal. §
These decimals which we have found for 1/3, 1/7 atc,,

do not give the exact value for the fractlion no matter where

one cuts them of f but the farther one ggeg; the closer 1s the

decimal in value to the number, - For instangefl/s - 3

.= 1/3 - 3/10 ] 1/30 1/3 - .33 = 1/3 = 33/100 & L 1/300,

1/3 - 333 » 1/3 - 333/1000 = 1/3000 and so on. The results

of Exarcise 2 below show similar results ;or the expansion of

1/7. For Lnetance,‘.142857 1s equal to 142,857/1,000,000 but

‘this.is not equal to 1/7 since 7 times 142,887 ls 999,999
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which is Just short of 1,000,000. However 1/7 - .142857

® 1/7000,000 which is a very small number,

: Exerclses J
711.!.Saﬁétimas one writes 1/3 = .33 1/5; Vhat does the second
1[3 stand for? Is 1t the same as the first 1/37 1Is the.
following true: 1/3 = .EES_i/E?, If so, what does the:
second 1/3 stand for here? |
T 2. What would one have to add to .142 to make it exactly
. equal to 1/72" What would one hava to add to .1428 to
~ make 1t exaetly‘aqualtté 1/7?

3. Multiply sach of the following by 3: .3, .33, 333,
+3333., By how mnich does each of your results differ
-frcm:l? ‘What connection lslthére between your enswers
here and exercise 1 above? | .

‘4, Find the decimal equivalents for each of the following
‘fractions. (Do not be discouraged at the size of the
denominator in some cases. The pPDQéSS for some larée de-
n@minatcrs is shorter than for smaller ones. ) Garr'y out the
division to tbe point where the decimal terminates or |
begins to repeat,

(e) 3/8 . (é) 15/37 (e) 41/333 - - (g) 1/13
(b) 5/44 (d) 7/125 (f) 41l5/3§ 353 (h) 1/17 .
. 5. 1In the decimal equivalanﬁs for 1/5, 1/7, 1/13, 1/17 do
| you see any connectlion batwaan the denominator and the

nuriber of digita in the repeating part .of the declmal?

113
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6., Do not carry out the division for 5/413-but guess whether
or not the declmal wi.l terminate or repeat. Glve reasons
for your guess. How far might you have to carry out the
divlalon to show your guess to be correct or false?

7. How many different remainders would 1t be possible to have
in dividing a number by 727? What would a remainder have

to be if the decimal terminates?

12, Rational Nunbers Equivalent to Repesting Decimals.

It 1s a raﬁarkable fact that the dec.mal equivalent of svéryi
_ratianal number either terminates or 1s a repséﬁiﬂg decimal,
You may have guessed this already. To see why it 1s so, con-
slder first a few divisions. First take 4/15 (this division
is to be written out), Here the remainder after twc‘divisigns
1s the same'as-aftar three and the pfaeass Just repeats itself,
Conslder the decimal for 2/7 (thls division 1is to be written
out). Here the first remainder 1s 6 and the remainder after
glx more divisiaﬁs-ig 6, which meaﬁs that the series Trepeats.
Consider 575/17 (this divislaﬁ to be writﬁen\gut)g Ths.f;rgt-
| rEmaindef!ia 6, the second is 14, the taird 1s % and the -
fcurthgéi' It does nat at thils pcinﬁ'begin‘ta feéeat-siﬁce

the first 6 occurred before zeros were ad joined. ﬁut as

soon as & third 6 occurs as a remalnder the decimal will
Eagin to repeat. . As a matter of fact, the remainder 14 is
ﬁhe first'cne to occur agailn and the decimal will stard to

repeat at this point. X

S | | us 12



Thus in finding the decimal eqﬁi@elent'ef any rational number .
eithe?fthe decimal wiil terminate or, from a cefteiﬁ‘peint enl
one must ceﬁtinue to adjoin zeros to the dilvidend. If, after
zeros are edjeined .two remainders are the same the decimal
begine to repeat end centinuee to do so. Why must twe of these

__remeindefe be equal? The 1eeﬁ two exercises in Exercisee J
gsheuld be a help in reaching. the enewer to this queetien
3 In division by 17, the Gnly possible remainders would be
0, 1, 2,‘3, .o+ 5 15, 16, If a remalnder 1s zero, the decimal
wiil terminate. From what we:heve shown ebovej'thie would not
happen 1f the fraction were in 1eweet tefme'eince the denemiﬂe-’
tor has factors other than 2 and 5. If the decimal does_not
tefmieate, there weeld be oﬁly 16 possible remeindere Suppose -
-in finding the decimal equivalent of 1/17 the firet sixteen
remainders were all diffefent (we saw above that this was indeed
the case). Then the next one would have to be a remainder that
had occurred before. Similerly, in dividing ﬁyeSTEtﬁere wculdﬂ |
be nct more than 36 possible remeindere and 1f the first ‘36 were
all different, the next one would have to be one whieh had
1e1reedy occurred. Actually the first three remainders in com-
puting 42/37 are 5, 13, 19, and the fourth remainder 1s 5 agaln.
Since the first remeinder occurred Just befere a zero was edjained

- to the 42, the decimal repeats from the fourth remeinder on..
It 4s 1.135135 ... . Hence 1t is not necessary that all the

remainders occur before repetition, But we can be sure in
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f‘ev%ry case that the largest possible number of diglits in the
;repeating part-af aﬁy feggaﬁing decim§1 is one less thaﬁ the
divisor. '
| This digcuasian showsa that every ratlanal number has a
ﬂgabdmallaguivalan; which elther tarminatas or iawa,fepaating
" aécimal,. /

So far we ‘have eanaﬁdered converting rational numbers
into ‘thelr dagimal equivalents. Suppose we have & repeaﬁing
declmal: .1212 ..o o Can we find a rational number which it
represents? Before trging this 1at us go back tu one which :

'Awe alraady know and develop a method for deaLinﬁ with it so
. that we may apply it to the case at hand, -
N Gansider the decimel: 333 ... . Lot the letter n.
stand for this number. Then ten times this number, that 1s
10n ;Ell be 3,333 .os o That iéi we have |
| 10n = 3.333 ...
» ‘n = ,SS§ cee
If we subtract n %hiﬂgs fram 10n things we have 9n tﬁlngs:
(This can ﬁlsD be seen from the digtributiva pPDPEPtY‘
10n = n= (10 -1)n = 9n). ‘And .333 e aubtracted frcm
3,333 ... 13 3,000 ‘Hence we havo 9n = 3. But, using; our
notat ion for a ratlonal number, we gee that this means n = 3/9
‘which 1s equal to 1/3. This is g complex way of ahowing that.
1/3 has . the- decimal equivalent givan above but 1t 1s useful
to 1ack &t this proceag slnce it will apply far mcra diffiault

dacimals;w

L]
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_Now let us return to, .121212 ... . Try instead 100n =
12, 1212,.ji'. Then 99n = 12,000 and n = 12/99 which reduces to
4 /33,
We do. nﬂt attempt tc give a formal prgof that every fepéét,

ing decimal represents the quotient Qf two natural numbers,
_that 18, a rational rumber, but working the exercises which

follow should be évilﬁnéé in that directlon,

Exercises K
. Find the rational number whcse decimal equivalent is

-

121212 ... . Find the rational number whose decimal
equivalent 1s 121121121 ... . - ¢ &
2. Express each of the following in the form a/b where a and
b are integers: .343434 ... , 1.343434 ... , 13.434343 ...,
567567 ... , 1.23412341234 ... , 5761.23123123 ... . "
3. Can you formulate any rule for determining what n ls tg
" be multiplied by in dealing with such fepeating decimals?
bk, Look again at the number of digits in the repeating
.parts of the<decimal equivalents for-1/3, 1/7, 1/11,
1/13, 1/17. We have seen above that the number of digits
1n the repeating part cannot be as great as the denaminatar

Can you discover any sharter relatlonshlp?

¢
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UNIT XIV

. © MATHEMATICAL SYSTEMS
V A New Arithmetic -
1+2=3
2+3=1
2+2=0

- Here .are aome® nawrnuiber facts. Do they seem a littlg strangs to
you? ﬁa might call this "clock aritimetic." "We have used a four-minute
clock == §ne vhich might bz used to time rounds and intermissions in a
boxing mﬁtcbi ; | |

Let's mee how this kind of arithmetic works. If the hand is at 1
minute, and.mpvas for 2 minutes, then it.ia at 3. We can write 1 + 2 = 3.
1f iﬁ*ia_at 2 and moves for 2 minutes then it is at 0. We write |
2 +!2‘= 0. if it is at 2 and moves for 3 minutes, then'it stops at 1.
Ve Urita 2 + 3= |

We can make an additlan table for this system of arithmatic thus-

o

+ 2.3
hd
ojo 1 2 3
' 1/]1 2 3 0
212 3 01
313 01 2

‘We read tgbiés of this sort by following aérﬁss horigontally fréﬁ
any entry in %ha left column, say 2, to the position below some. eﬁtry
in the top row, say 3. The entry in this pasitian in the table(s) 18
- then taken as the reéult'ﬂf cambining thg element in the top row Hith
the element originally picked out in the left hand column. In the case

0 in this table.

‘above we Hfitg‘ 2 +3 =1, Check that 3 + 1

Studyingmﬂ'tgble, 48l +2=2+17 152+3=3*2? What does this
suggest to us ahaut this kind of arithmetic? : , o
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Is (1+2)+3=1+(2+ 3)?
Isl+ (1L+2)=(L+1)+2?
Check Eémaraiher examples, What does this suggest to us?
Let's compare this new arithmetic with ordinary arithmetic.

1. What are the numbers of the ordinary arithmetic? Of this new

arithmetic?
2. Does additior havg/gizgcammutativs property in this neﬁfafithmatiz?
3. Does addition ha;; the assoclative pf@perfy in this new arithmetic?
4o Is there an identity element (an element which when combined with
any other element produces the Watha;“ element itgaifras the result) -
fﬁr;édditian in this new afithmetie?

Ve call this nev kind of arithmetic Mmodular erithmetic", and the
ﬁﬁmber_Auis called the modulus. We say this system is arithmetic mod 4.
The arithmetic of the three-minute egg timer is érithmstie mod 3. We
eéﬁnﬁrite an addition table for mod 3, mod 5, mod g ~- ve céﬁ‘h&#@ as

many modular arithimetics as we have natural numbers.

, _Exgrgises -1 _

1. Make én addition table for mod 3, mod 5, mod 6, ;nd mod 8. What
are the numbers for each? Save for use in Exercises 8. |

- 2. Using the mod 5 additlon table, find simpler names faf;

142 2 -4 (3+4)-3
3-1 C 4+ 0 (2-3)-3
(3 +2) + 4 -4 s
3+(2+4) 3+(3-1) :
(4-2) +3 (3+2) +(2-1) = (4= 3)

o
]

: +
N W

(3-1) +(2+4)

+
M P

4 - (2 =3)
3-2 o 19
| 125




S XIV-3

3. You have only a five-minute clock. How many full turns wculéaéﬁgx-
hand make if you were using it to tell you when 23 minutes had
" passed? Where would the hand be at the énd of the 23 minute
interval? If you continue then for 15 minutes where is the hand?
Can you figure out an easy way to work problems like this

without counting on the eclock? Try it.

| What is an Operation?
" We are familiar witb the operations of ordlpary arithmetic -=
" addition, multiplication, subtraction, and division. In the preceding
ezercisas-ué did a different kind of operation. ‘We made a table for
the nayradditiang This operation is defined by the table, because i;
tells us what we ge£1when we put two numbers together. Study the fol-
lowing tables.

la) 7\9

10 12 ‘“
12 14
1, 16
16 18

—
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We see that these tables show us a way to put two things together
to get one and only, one thing.. For example,
2 +2 = 4 in both tables (a) and (c)

o 2/71=5and2// 2=6in table (d)

When we have a way of putting two things of a given éat-tagethar
to get a third, we say we have a binary operation. For instance, .
8 and 2 when added gives us 10. |
& and 2 when multiplied gives s 16. -
g and 2 when “zumptifieé“ gives us 18, When 6 and 4 are
zumptified we get 16.° 5 and 1 when_;ﬂmptified givaiﬁs-
11. Were any of the tables a "zumptification" table?
Alﬁis‘déesﬂ‘t:mean'that we can always put things_taggther in any
order. TFor examiple, | |
2/ h=5,mt1/]2=4

For this reason, we must remember first that when we egplained how

to read a table we decided to write the element in the left hand column
first and the element in the top-row second with the operation's symbol
between them. We must then remember tc,a:aminaisgehrnev operation to

gsee if 1t is commutatlve and EEEDEiﬂtiVée s :

Exercisea - 2
-.13 Use the tablsé of éperatiaﬁ on ?aée 3 to anawer these questionsa.
A : B
(8) 3 +3 =7 if we use table ka) (a) 12 +12=
(b) 3 +3 =17 4if we use table (b)) (b) 10 + 6 =
() 3/7 2= R (c) 301=

121

b,
(!
~7
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..x(a)é-ez | (@ 1/73=
(e) 101= o : (e) L/71/[7 2=
(£) 11 +12= | () 20303=
. 2. Which of the binary operations describsd in the tahles on page 3
are commutative? assoclative? Is there an easy way io tell if an
operation is commutative when you eiamina a table of operations?
What is 1t? |
3. A}a the following b;ngrﬁ operations commutative? assoclative?
(a) Sgtz. All natural numbers less than 50.
Operation: Twlce thalfirst added to the second.
Example: 3 combined with 5 produces 11 (2 x 3 + 5 = 11)
(v)  Set: All natural numbers between 25 and 75.
Operatian:. Choose the lesser number. -
Example: If the two numbers are 28 and 36, the third number .-
.associated with them by this operation is 28.
(¢) Set: All Eaturﬁl numbers between 500 énd 536.
Operation: Choose the greater number. .
Example: If the two numbers ara‘EED and 509, the third number
is 520. |
(d) Set: The prime numbers
Operation: The larger number.
(e) Set:- All patural numbers.
" Operation: Least Common Multiple.
Example: If the numbers are 4 and 6, the third number determined
by this binary operation is 12, | s
(£f) Set: All natural numbers. |
Dpérati@ﬂzl Greatest Common Faétari

(g) Set: All natural numbers .
122
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Operations Gi%en-tﬁa'nétéral nunbers, m and n, the result of
thé operation is m®.

Set: The primé.numberéi

Dpsratiogz The larger number.

Set: Gallon cans of paint in different colors.

Operation: Mixing paint.

Make up a table for an operation that has the commutative property.

. Make up a table for an operation which does not have the commutative

property.

More about Closure

He already have an aequaintance with the idea of clesure. What do

you remember fram that briaf introduction?”

We recall th&t a set 1s closed under an gperatian if we can alwnys

de that apergtian on any two members of the get and get a unique third

number which is a member of the same set. The tvo members we start

_ with may be the same one, For example,

(1) We observed that the set of even numbers is closed
under addition. This means that if ve add any two even .

numbers, we get a third even number.

2+2=14 (We used the same number.)

1, + 6=20-

44 + 86 = 130
(2) We observed that the set Qféadd nuﬁbers is not closed -
under addition. This megﬁs that if we add two odd ﬁumhers
we do not get a third odd number. For example, 3 + 5 = ég-
Is this a case where one example is enough to shov that

closure does not hold? We can actually give more examples,

The sum of two odd numbers is always outside the set ai odd
numbers. ’
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(3) Hé observed thét the set of natural numbers is not
) closed undéf subtraction, that is, take a pair of number:,
| 6 and 9, and subtract. 6 - 9 -~ bul mo netural number hae
the name, "6 - 9." Yet, we can pubtract 6 from 9 to give
ua the number, 9 - 6. The standard symbol for this number
is 3%, _
(4) We observed that ﬁhe set of natural numters is not
)closed under division. It is true that § 1s a natural
numbar, but there is no natural number, 2 What are some
cthar illustratians uf closure, that 1is, sets cloaed
" under an aperatian and sets not closed under an operation?
o S E:éreisgs -3
_Stuﬂy'agﬁin the tebles on page 3. Which sets are closed undér the
aggrati@n? Which setsa aré not closed under the operation? How do
yau’knau?
Which of the systems described below are clasé&?
(g) The aet of even numbers under addition.
(b)  The gset of even nuﬁbers under multiplication.
 (e) The sat‘gf odd gumbers under multiplication. | ) a L

(d) fThe set of odd numﬁara;ugﬁar addition.
(e) The sst of miltiples of 5 under addition.
{f) The éat qi miltiplesa of 5 ugdar subtraction.
(g). The set of even numbers used in telling time under clock additian.
(h) The set of odd numbers used in telling time under clock addition.
(1) The set of numbers mod 7 under subtraction. X
(J) The set of patural numbers less than 50 under the operation
Hhergrfhg third rumber 13 the smaller of the two .numbers.
12k .
130
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(k) The a2t of prime numbers under addition.

(1) The set of nﬁmbgrs vhose numerals in base 4 end in '0' or '2!
under addition. |

(m) The set of numbers whose numerals in base 5 ond in '3' under

addition.

Identities (or Identity Elements)

In onr study of the number one in ordinary arithmetic, we observed
that any number miltiplied by 1 gave that same number, that is, the
7 \i product of any number and 1 is the number, like, |

‘2x1=2 3x1=3 15 x1=156 -% x 1-=

o -

or, for
any ﬁumber in ordipary arithmetic, n « 1 = n.
In our study of the nuﬁbe: zerd; we observed that the sum of O
and any number in ordinary arithmetic gave the number, that. is,

468 % +0 = % é% for any number in

2+40=2 3+40=3 468+0
ordinary arithmetic, n + 0 = n. . 7
One is the identity for multiplication in ordinary arithmetic.
Zero is the identity for addition in ordinary arithmetiei‘f% *
What is the identity for the arithmetic of the 4-minute clock?
for our ordinary clock? |

What tables of operation in Exercises 1 have identities? What is

the identity for each?

Inverses
If we add two things and get the identity for addition, then we
call thém'additive inverses of Eéch'ather; For example, in the table

| 0 is the identity..

+*

O s b =1

L8

w N = ofo:
H oW NN

0
= 0
0

Hwn

o+

fod = b
H]

"

Yo B O

=
sk

L
[y
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These pairs of numbers, 2 and 2, 3 and 1, 1 and 3, are said to be
inverses of each other. Each element of the set has an inverse. The.
inverse of 0O is 0, the inverse of 1 is 3, the inverse of 2 is 2, and

the inverse of 3 1s 1.

Exerclses - 4

-

Study tables on page 3.
(a) Which tables have an identity and vhat is the identity?
() Pick out inverses in these tables. Does each member of

the set have an inverse?

‘Some Algebraic Systems

We have an algebraic system when the following statements are true:
1. There is a set of things -- these things need not be numbers.
2. There is one or more operations. - |
3. There are some properties concerning the operations and the uets
of things - such as the commutative property, the assgeiative
properiy, closure, identities, iaverses.

1
Let's loot at egg-imer arithmetic =-- arithmetic mod 3.

= ol
O W O

(a) It has a set of things. These are numbers -- o, i, 2.

(b) It has the operation, +.

(¢) The operation of + hagkths commutative property. Can
you tell by the tavle? If%sc, how? We can make some
checks to0. 1+2=0and 2 +1=0, 801 +2=2+1,

(d) There iw an identity for the operation, + (the number 0).

3 (a) Every member of the set has an inverse for the operation +.
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Algebraic
We nmay ﬁavanglgebraic ayataﬁs without numbers in them. Suppose
we invent one. What do ve need? |
We muét have aAsgt of things. Then, we need some kind of operation --
something we can do with two of the things to get a third. And there
must be Frapérties concerning the operation and the things iﬂ’tﬁe set.

Let's start with a post éard -- really any rectangular shaped eard

will do. TInstead of a set of numbers we will have a set of change. of

paaitianiﬁ We will take only those changes which make the card lcok
1ike it did in the beginning (except that the marks on the corners may
ba»mavgﬂ‘afeund).' How many of these changes are there?

We may start with it in some position vhisﬁlwe will call the

original position. 'We will say it looka like this:

=

' B Horizontal axis

#

=

" A second change of position is this:

(Turn the card from its original |B

position on its vertical axis.)

o v o s

, _D
Vertical axis

There is a third change -- we may turn the card from its original -
position halfway around its center. It looks like this: '

3

S K £



XIv-11

TG
=

B A

Another change is to leave the card as it 1s.

[ Here are the four changes of position:

D .G lA__. B IC__ ) Q‘ iB .
I . H v R

We can now make up our mathematical system. Ihe set of things in
our system is the set of changes I, H, V, and R. We will need an opera-

tion. ‘Let's make up one =- it 1s *.

H * V means first do change H D cl.

Then, do change V. . R mm—
This final pgsitién is the B ;

Ea;gfehéﬁge as change R. Therevure, H* V =R

!Hhatféball we call this operation?

|

Complete this table:

o ] |2

I Y

wo et

.m«dﬂﬁ#4\#
Hml‘ l Wm

Is this really an operation? What properties exist between thé operation

and set of things?

Exercises - 5
. 1. Examine the table of operations for the changes of the rectangle.
(a) 1Is the set closed to this operation?
(b) Ia_tﬁa_aﬁeratiag commtative?
(e) Is the operation ~esociative?
id) Is theré an idéntitj for the operation?
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2. Here is anot“er system of changes. Take a triangle
vith twe equal sides, Label the corners "A", "B",
mCh, so it will look like this:

The set for the asystem will consist of two changes.

The- first change, called I, will be "leave alone".

The second change, called M, will be "flip the

triangle around its vertical axis.” A : ¢

M°I will mean flip the triangle about the vertical axis and then
leave the triangle alone. How will the triangle look -- as if it
had been left alone, I, or as if the change M had been made?

The operation, called 1°M is: First do ______, éﬂd thendo _____ .

Alvays start the operation with the triangle in this position.

Does MPI = M or does MPI = 17
}

(a) Complete the table below:

°f, 1 M

I
M

r(b) Is the set closed for this operation?

(c¢) 1Is the operation commutative? associative?

(d) Ts there an identity for the operation?

(e) Does each ﬁembef of the set have an inverse for the operation?
3. Make a tfignglﬁgvith three eqﬁ;l sides. Label its corners nAR, WRR,

uch, like this: : % The set for this gyst§m>ﬁil1

(N

be made of six ehgnégsif;TE;gg of these will be flips about the
axés, and three will be turning the triangle around its ggnter-

A

= L .w lEg J 7

=k 3+
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Make a table for these changes. Examine the table. Is this
operation cagmutatifa? Is there an identity change? Does each
change have én inverse?

Try making a table of changes for a square.

There are eight changes. What are they? Is there an identity l
change? Is the operation commutative?

Thia is the table of changes of a triangle with two equal gida%

Fill in thia table of operation for addition

Suppose a "0" is put in place on eveéy " in thgﬁtable of changes,
and a "1" is put in place of every "M" and & "+"vis put in place of
the "O", What waulé:the resulting table be?
Tha two tables use different symbols, but have tha same pattern.-
We.may then expect them both to have tﬁe same properties.
koother matheg;tica% system which does not use numbers is the
system af changing tires on a tricycle. Suppose tires on a
tricycle are 1abeied like this: A0
Bﬁ- 6C
By suitching two tires we could get
A0 ;f;?° , co
, or . or e k\‘
C0<——>0B A0 bC ~ BO 0A
L4
By suitching all thrce tires se‘\buld get
A v |
i _’}M or / \

The set ia made of tire gwitches, not tires.

2

(a) What will the operation “be?

g.

3 §1 : . 130 15?6



XIV-14

‘ (§§{ Gi%p'a}ﬂamé té ea;p of the five switches ab@va; Let "I" be
the "identity suitch", that is the pultch which makes no
chgngeJat all. Make a table for tha*ayétém ofgswitchingi

.tires on a trieyela. _ |
(é;:) Does this table have the same pattern as the table of cha._'ﬂggs
for a triaﬁgie with three equal sideg? , E
(d) Hhs the gpgraticn for changes of the triangle commutative?
(e) Is ths aperatian of tire guitching cammutative? Check and
see. '
_ = : -
7. There are three pictures on the wall. We can leave them alone,
auiteh two, or switch all three -in variaua ways. See if you can:
make & system and a table for switching pictures. Remembef to "

have a system you need a set of things, and an operation. What

=5

*1da.yau find in ibis:systam?

; Algebraic sygtama may ba dafined uithaﬂt even having a gsametric
Eﬂdel, This can be done.by me gly giving the set of elements and the
B reﬁglt afreagbiniﬁg any two of them. Each of the following three tables

~defines an algebraic system.

L m) xRy B 7,

) o Pé V%g Péﬁ P Py

g Pi| Py’ P, B By

R Ry Py Py By

- Pyl P By Py By

: ° ) NI A I XV
- Al A T3 X V'
O3 X VA
X| X v Al
SVIV A '
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E:efciseé =6
) ‘ - P

1. Use thesgAiablesitg complete the following statements correctly.
a) Wrh= BOR/AE () VD=

(b)) AnvXK= () Pa* Py (§) www=

. (C) VN\/: (E) PQ * Pg

(@) RTW= (n) D~ X

(k) Rfﬁz—

| (1) ;PB * Py =
2. Which one, or ones, of the binary operations m, *,~ has an identity
element? What is it in each case?

~3. Which one, .or ones, of the operations , %, v is commtative?

Prove your statement. | “

;4; Use the tables to "compute" the following [Assume thét;parenthgsas,
(), mesan that the quantity ‘enclosed by«them is to be computed first .
and then treated as a single element}:

(£) Pp* (Pp*P3)=____

(&) AN (A =

(h) (A~A) VXK=

(1) (V~O~vA=

) WV (@ONA) = N\

(a) P * (P * Pp)
' (b) (pg*P) %Py
(¢) Pg * (Py * Pj)
(@) (Po * Py) *'Py

(e) (P, % Bg) * Py

1 1] noon

—————
——
————
i ——

ble (b) or table (c) seem to represent an associative

Does either
operation? WHy? How could you prove your statement? What would another

person have to do to prove you wrong?

Systems of Natural Numbers and Whole Bumbers

The patural numbefs form an algebraic system under both the opera-
tiéns of sadition and multiplication. What are some of thelr graﬁerties?
_The natural numbers have én jdentity element with réspse£ to multiplica~
tion. What is it? Do the?:have an idaﬁtity elgmeﬁt uith raspaet.tab
addition? C i y
: 13
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If we tgke the system af natural numbers and anebmera element, -
the n;mger sero, ve get a new and diffarEﬂt mathematical syatem called
the systen of whole nmumbers. Hhieh of the properties listed for tha
‘patural numbers are also ﬁgssgssad by the whole numbers? Do the whole

ﬁumﬁefggha?a-any additional properties? L e

Exerciéea ;_7
1., List the properties of these mathematical systems. How are they
the same? In what ways are they different? | “
(&) The system of natural numbers and addition and multiplication.
«(b) The system of whole numbers under addition and multiplication.
(c) vThs syatenm whose set is éha set of odd numbers:and ghage~
operation is muitiplieatién.
(d) The system whose set is the set made up of gero and the
mltiples of 3, and whose operation is multiplication.
(e) The system whose set is the set made up of gero and the
‘mltiples of 3, and whose operation is addi};ién-
(£) The system whose set is the even numbers and whoee ape;atién_
is additiﬁna |
(g) The system whose set is the fractions between O and 1 and
whose operation is multiplicationm. : | , ‘\VL
(h). The same set as in (g) under the aparatign of addition. Rﬂ\
2. .Hakséup an algabraie system (a cambinatian of a agt and an peration)
of your own. Make atgleast a partial table for your system. (Gauld
you make complete tables for the operationa in Eiarcisa 7 as we

could for those in Exercise 6? Why?) Liat the properties of your

ﬂj‘ﬁéﬁa:
133
"'- [ [3!9 : o ;“ |
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More about Modular Arithmetic

We have seen m@dﬁlar,ariihmatig for addition. If we put in multi-
plication we will'get a different mathématieal'systém; With both
operations, modular arithmetic will be more like ordinary arithmetic.

Complete the multipliegtiaﬁ tables fér

mod 5 ) and - - mod 2
x| o 1 2 3 4 ~xl .0 1 2 3 4 5 6 7
ol. o o -0 0 © “ol’ o o o o0 0 0 O
1l o 1 2 3 4 1l 0 1 2 3 4 5 6 7
2l o 2 4 1 3 2l 0 2 4 6 0 2 4 6
3 o 3 1 - - 3l o 3 6 1 - - - =
4 0 4- = = = L 0 4 - = = = = =
5] 0 5 - - = - = -
6l 0 6 = = = =
2l 0 - . e - = - -

List the properties. (commutative, assaciativs, closure, identity,
inverse). Does.the distributive préparty for multiplizaticﬁ over
additien hold? 1Is i£ true that if a pra&ucﬁ is zero at least one
of the factors is zero in mod 57 in mod 87 "

Hadular arithmetics may be thought of as mathematical systems
_vith two apérgtiﬂns. Just as we can salve problens using ordinary

arithmetic, we can solve problems using modular arithmetic.

Exarcises - g )
A - B
'1. Find the sum of:

(é)x 1 and 5 mod 8 . (a) 3 and 2 mod 8

(b) 54 and 3 mod 8 _ | b(bs 6 and 5 mod 8

(¢) 4 and 4 mod .8 | (¢) 7 and 7 mod 8

(d) 4 and 5mod 8 - ' (d) 0 and 2 mod 8

(e) O and 6 mod 8 “ _ " (e) 7, 3, 5 and 1 mod S
(£) 6 and 7 mod 8 (£) 6, 7,7and5maas.

S

o B | o) . | 134 Ry ' '/
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(g) 3, 5 and 2 mod 8 - o (g) 5 and 4 mod 7
(h) 7, 6 and 4 mod 8 (h) 6, 3, 5and 5 mod 7
(1) _3, 7 and 6 mod 8 £ (1) 10, 8, 6 mod 12 | |
(§) 4 and 2 mod 5 (1) 12, 3, 9, 2 mod 15
(k) 7 and 2 mod 8 (k) the first fﬂur»é%én numbers -
(1) 7 and 2 mod 9 | mod 12 (0, 2, 4 and 6) |
'fm) 7 and 2 mod 10 (1) the first three prime numbers
(n) the first three esven iad 9 '_ »
!numbegs, mod 9 (0, 2 and (m) the iultiplés of three that are _!
4) i between O and 14 in arithmetic
(o) the multiples of three mcd-lS '
that are between 5 and (n) thé éreatgsé common factor of
10 in arithmetic mod 12 4, 6 and 8, and the greatest
| esﬁman taztor of 6 and 9 in .
arithmetic mod 12
(o) the numbers less thgﬁ 16 in
arithmetic mod 13.
2. Find the products: | |
(a) 3 x5 med 8 - (a) 2 x 7mod 8
(v) "2 x.3 mod 8 o (b) 5 x 3 mod 8
(e) 2x 3 mod 4 (¢) 5x3med9
(d) 2x3med 5 | (@) 5 x 3.mod 10

(e) 2 x 3 mod 6 (e) 12 x 14 med 18
: 4

(f) 5x8mod 7 (£) 6° mod 8

() 3*'mod 5 | (g) 10% mod 12 -

(h) 72 mod 8 (h) 7x6x7mod9

(1) 6 x 4 mod 5 (1) 8 x2x (5+4) mod 11

() 3x4x6md?9 (3) .(3‘*4)1(9-5)_:&(5?2)1@@12
(k) 47 mod 5 (k) 5med 9 |

Q ; : AR | ae
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3. Find the quatients*

‘Rammbar that division is always defined after we know about multia
plication. Thus, in ordinary arlthmetic the question "six div;ded
by 2 is what?" means, really, "six is obtained by multiplying 2 by
. what?" An ageratian which_bégins with one of the numhers,and the
/ ﬁénSWEr“ to another b;nafy operation and_asks'far the other number -
is called an igyerse operation. Division is the inverse apé%atian
of mltiplieatiain;
(a) % mod 8 o (a) % mod 8
(b) %msd 8 (b) %m@d 8
L (e) Smoas | () & mod s
(d) %méd 5 (@) %mad 5
. (e) mod 5. @) 2 nod 5 i
(f) % mcd 8 : (£) % mod 10 1

L+ Compute: Remember, subtraction is the inverse operation to aaditicn.

(a). 7 - 3 mod 8 (a) 7 - 5mod 8
(b) 3.- 7 mod 8 (b) .5 =7 mod 8
(¢) 9 -2 mod io : (¢) 10 - 3 med 11
(d) 2 - 9 mod 10 p (a) 3 - 10 mod 11 3
(e) 3!4-@;&}5 N b(e') 2 - 5 mod 6
(£) 3 - 4 mod 8 (£f) 2 -5 mod 10
| (g) 2-5mod9 - (g) 2=6mod 12
(h)’j-émc;d‘? (h) 3—'?5.11::(:1‘12 : : o
,V(i)' 4-Tmod9 (1) 4 - 8mod 12
(3) 4-8mod9 ’ (;Ji) 4 -9mod 12 |
‘(k) Does (4—#):(1—4) in (k) For what'madulus'daégélv— 3= 57
arithmét;e mod 8?7 (1) For what modulus d§33‘5 -9 = 10?7
: 4

(1) Does (6=2)=(3=9) 4n

arithmetic mod 107 ¥, l :
136 12
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Study this modular arithmetic table:

xl o0 1 2 3 4 5
o,b. o 0 0 0 -0 O
‘1] 0 1 2 3 4 5
20 2 4 0 2 4
"3 o 3 0 3 0 3
4 0 4 2 0 4 2
5] 0 5 4 3,2 1
(a) What is 5 x 5 mod 6? In this product the factors were the same.

When a praduct has two identical factars we call one of them

the gguare root of the product. 5 ia the square root of 1 in

6.

(o)

arithmetic mod 6. Are any other ezamplgé like this listed in
the table? : e

Daea 1 have any square roots other than 5?2

(e) sDﬂes every number have two different square raota?

(d) Does any number have just one square root?

(e) Does any number have no square roots at all? .
(f) Fill in this chart: | |

Number | Square Roots of the Number
0 ] _ -
;lé”. 77 S P ————— =" -
2 — . _ h
74 - — - = - — —
4 — —

Consider the system of natural numbers.

(a)
(v)
(c)
(a)

| (e)

Can you find a number that has a square root? What is it?

Does more than one. number have a square root?

-Does every number have a square root? Prove it.

Does any natural number have more than one square root?

Fill in the chart with names of natural numbers less than‘l10.

Number | 1 4 9

: Squars Roota ,
of the | 1 2 3
| Number




