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FOREWCHD

The increasing contribution of mathematics to the culture of
the modern world, as well as its importance as a vital part of
scientific and n.,zmanistic education, has made it essential that
the mathematics in our schools be both well selected and well
taught.

With this in mind, the various mathematical organizations in
the United Sta:es cooperated in the formation of the School
Mathematics Study Group (SMSG). SMSG includes college and univer-
sity mathematicians, teachers of mathematics at all levels, expert
in education, and representatives of science and technology. The
general objective of SMSG is the improvement of the teaching of
mathematics in the schools of this country. The National Science
Foundation has provided substantial funds for the support of this
endeavor.

One of the prerequisites for the improvement of the teaching
of mathematics in our schools is en improved curriculum--one which
takes account of the increasing use of mathematics in science and
technology and in other areas of knowledge and at the same time
one which reflects recent advances in mathematics itself. One of
the first projects undertaken by SMSG was to enlist a group of
olitstanding mathematicians and mathematics teachers to prepare a
series of textbooks which would illustrate such an improved
curriculum.

The professional mathematicians in SMSG believe that the
mathematics presented in this text is valuable for all well-
educated citizens in our society to know and that it is important
for the precollege student to learn in preparation for advanced
work in the field. At the same time, teachers in SMSG believe
that it is presented in such a form that it can be readily grasped
by students/

In most instances the material will have a familiar note, but
the presentation and the point of view will be different. Some
material will be entirely new to the traditional curriculum. This
isas it should be, for mathematics is a living and an ever-growing
subject, and not a dead and frozen product of antiquity. This
healthy fusion of the old and the new should lead students to a
better understanding of the basic concepts and structure of
mathematics and provide a firmer foundation for understanding and
use of mathematics in a scientific society.

It is not intended that this book be regarded as the only
definitive way of presenting good mathematics to students at this
level. Instead, it should be thought of as a sample of the kind
of improved curriculum that we need and as a source of suggestions
for the authors of commercial textbooks. It is sincerely hoped
that these texts will lead the way toward inspiring a more meaning-
ful teaching of Mathematics, the Queen and Servant of the Sciences.
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As cne of its contributions to the improvement of mathematics

e schools of this couhtry, :he School atnematics Study a:-.;,

has prepared a series of sample text materials for grades

These are designed to illustrate a kind of mathe-

matics curriculum tna: we telleve a;,;_ropriate for elementary

schools.

This volume is a portion of these materials which were prepared

by a group of 30 individuals, divided almost equally between

distinguished college and university mathemab-icians and master

elementary teachers and consultants. strong effort has been

made on the part of all tc make the content of this text material

mathemically sound, appropriate and teachable. Preliminary

versions were used in numerous classrooms both to strengthen

and to modify these judgments.

The content is designed to give the pupil a much broader concept,

than nus been traditionally given at this level, of what mathe-

matics really is. There is less emphasis on rote learning and

more empnasis on the construction of models and symbolic repre-

sentation of Ideas and relationships from which pupils can draw

important mathematical generalizations.

The basic content is aimed at the development of some of the

fundamental concepts-of mathematics. These Include ideas about:

number; numer7, _on; the 7perations of aritnmetic; and intuitive

geometry. The simplest treatment of these ideas Is introduced

early. They are frequently re-examined at each succeeding level



and opportu are prev'ae ..ouz.hout the texts to explore

thPm more ant app.: them effec ively solving problems.

These basic mathematical understantngs and are con-

tinually tevelopet ant extehde throughout tne -.atnematics

curr't ldm, from grades ,,..rough 12 ant 'beyond

We firmly _eve mathematics can and should be st.dtied with

success ant enjoyment. It is our hope thit these texts may

greatly assist all pupils and teachers who use them to achieve

tnis goal, and that they may experience something of the joy of

discovery and accomplishment t:-.et can be realized through the

study of mathematics.



Chapter 1

EXPONENTS

F:RPOE OF UNTT

To extend the pupilst understanding of factoring and of

the unique factorization theorem for whole numbers

To provide expe"iences in the use of exponents to write

new names for numbers.

To strengthen pupils' understanding of place value In

the decimal system of numeration for who=- numbers.

To illustrate the advantages of the exponent form in

naming very large numbers.

To -.ntroduce the techniques for multiplication and

division of numbers expressed as powers of a common base.



MATHEMATICAL BACKGROUND

Numbers and Numerals

Confusion frequently exists regarding the terms number and

numeral. These are riot synonymous. A number is a concept, an

abstraction. A numeral is a symbol, a name for a number. A

numeration system is a numeral system (not a number system):

it Is'a system for naming numbers.

Admittedly, there are times when making the distinction

between "number" and "numeral" becomes somewhat cumbersome.

In contexts where only one numeral system is being used or where

the emphasis is on number rather than numeral, it is convenient

to make the customary identification of a number with its name.

When, however, numerals are themselves the objects of study it

Ls essential to distinguish a number fr . its names and its

names from one another. Since this chanter is concerned with a

new type of numeral, an attempt has been made tc preserve such

tst'nctions,

The Meaning of Eauality

:t is important to understand clearly the correct way in

which the equals sign ( = ) is to be used.

For exampl, when we write

4 x 3 = 24 2

we are asserting that the symbols "- x 3" and "24 2" are

each names for the same thing--the number 12. In general,

we write

A B

we to not mean that the letters or symbols "A" and "B" are

the same. They very evidently are not! What we do mean is

that the letters ".:," and "3" are being used as synonyms.

2
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That is, the equality

":

asserts precisely that the thing named by the symbol "A" is

identical with the thing named by the symbol "B". The equals

sign always should be used only in this sense.

Exponents, Bases, and Powers

There are many instances in mathematics in which we use a

certain number more than once as a factor. Examples are fovnd

in the = omputation of area of a square, A = s x s: in the ,olume

of a cube, V = e x e x e; and in the volume of a sphere,

V=
3
x7rxrxrx r.
Another illustration of the use of a number several times

as a factor is found in the designation of place value in our

numeration system. The numeral 1,48b, for example, can be

thought 3f as an abbreviation for

(1 x 1C x 10 x IC) + (4 x x 10) + (8 x 10) + b

A numeral which names a number as a product is called a

product expression. Thus 5 x 2 x 3 is a product expression

for the number with decimal numeral 30. If a product expression

shows the same factor repeated there is a simple way to

abbreviate it. For example the expression

4
3 x 3 x 3 x 3 is abbreviated 3 ,

2 x 2 x 2

and t x t

is abbreviated 2',

is abbreviated t2.

In such abbreviations the numeral naming the repeated factor is

called the base, and the raised numeral designating the number

of repetitions is called the exponent. (Note: this use of the

term "base" is related to but dill -?nt from its use in place

value numeral systems. The numeral :-,- contains the decimal

numeral 5 as baze, but it is not a "base five" numeral.

However, the form 5
3 can be directly translated Into the base

five numeral for this number, namely 1000 five.)

`r



When used as a numeral, the symbol 3
4

is read "three to

the fourth power". Since it names 81, we call the number 8l

the fourth Power of three. Similarly 23 is read "two to the

third power" or "two cubed", and t
2

is read "t to the second

power" or "t squared". We will call numerals like 34, 23, and

exoonential forms of the product expressions which they

abbreviate. We will also say that they express :lumbers as powers.

They are simple abbreviated forms of product expressions. .,,ny

expression containing product expressions which are abbreviated

to exponential forms will also be called an exponential form.

Thus

are exponential forms.

S2 , e 77 X 7 X 3

0 X

Fosi_cnal Notation in ne Decimal System of Numeration

1.7 numeration system is called the decimal system because

it uses groups of ten. The word decimal C3771S from the Latin

wort "decem" which mans "ten." The decimal system is widely

used throughout the world today.

It is probable that the reason a decimal numeral system

evolved Is that people have ten fingers. The ten symbols we

use are called digits.

The decimal system uses the idea of place value to represent

the size of a group. The size of the group represented by a

digit depends upon the place or the position of the digit in a

numeral. The digit indicates how many cf that group there are.

This clever idea of place value makes it possible to express a

number of any size by the use of only ten symbols: C, 1, 2, 3,

4, 5, C, 7, :3, and 9.

Since grouping is by tens and powers of ten in the decimal

system, its base is ten. Each successive place to the left

indicates a place value ten times as larze as that of the

preceding place. Reading from the right, the first Place

ihrd"_cates ones, the seconi place indicates tens, or ten times one



(10. x 1). The third place indicates ten times ten (10 x 10), or

one hundred. the next, ten times ten times ten (10 x 10 x 1C) or

one thousand, and so on.

decimal numeral, such as 2345, may be interpreted as an

abbreviation of a sum excression.

2345 means (2 x 100,C) (3 x 100) + (4 x 10) + (5 x 1), or

2345 means 2000 + 30C + 4C, + 5.

When we write the numeral, 2345, we are using number symbols,

the idea of place value, and base ten.

The decimal system has an advantage ovr the Roman numeral

system in that it has a symbol for zer.. The numeral C is

used to fill ;:la:les which would otherwise ty empty. Without 7-e.

use of some s'.:.ch numeral as C the situation would be more

nfusinz. For example, the numeral for one thousand seven is

10'17. Without a symbol for zero to mark the empty places, this

mig be confused with

Expanded Notation

When the meaning of a number is expressed in the form shown

low for 333, it is said to be written in expanded notation

333 = (3 x ICC) - (3 x 10) + (3 x 1)

Such an expression can be out in exponent form in the sense

that 1C, 10C, 1000, etc. can be expressed as powers c2 10.

c2) (3 x 101) + (3 x 1): or

= (3 x 102) (3 x 10) + (3 x 1).

Since 5 means 5 and 10 1
means 10, the exponent 1 is written

on for %Iniformity or for emphasis.

Products and :uotients of Numbers Written in Fxoonent Form

:hen numbers to be multiplied or divided can be expressed

as powers cf the same number, the operations may be performed by

short and convenient procedures using only exponential forms.

_43



The rules for these procedures may be discovered by pupils from

the study of several examples. The general rule for

multiplication is illustrated and stated below.

Give an exponential form for n if n = 2 3 x 2
4

n = 2
3

x 2
4

n= (2 x 2 x 2) x (2 x 2 x 2 x 2
7

n = 2

It seem_ that

n = 2 x 2
4

, then n = 2 (3
cr n =

The above example illustrates the rule that

b (b c)
Y x y

for co.- ;ing numbers b and c

71et n= yb x yc, then

n = (yxyxyx... xy)x(yxyxyx... x y)

b times c times

In the above expression: y is a factor (b c) tines. So

b c)y x y = y-(

The general rule for division is Illustrated and stated

below.

Find an exponential form for n if n = 10
5

10
2

n = 10
5

10
2

so

n x 102 - 105. But

10
3

x 10
2

= 10 5
. Therefore

,,3

6



This rule is a consequence of

(1) the relation between multiplication and division, and

(2) the rule for multiplying in exponential forms.

To say that yb+ yc = y
(b - c)

is to say that

(b - )
y x y ) =y.

We know however that

c (b - c) c + (lc - c)
y y = y = y ( m ltiplication

(b - c) rule).
Thus we know that yb + Y

The value of these rules is this: if each of two numbers is

given by an exponential form with the same base, there Is a very

simple way, Involving only addition, to name their product in

exponential form. Thus, to find the decimal numeral for 27 x 81

involves another complex procedure while an exponential form for

3 x 3 requires only the computation 3 4 = 7. Of course the

two approaches give two different numerals, namely 2,187 and

3
7

. however, there are many instances in which 3 7 is to be

preferred.



TEACHING THE UNIT

TAE MEANING CF EXPC!1ENT

Ct.jective: To help pu.pils learn to write and interpret

exponent forms.

Vocabulary: Factor, product, product expression, repeated

factor, exponent, base, power, exponent form

Teaching Procedures:

In general, the exploration for each section
of this unit is included in the pupils' book.
Only a few further suggestions are included to
this Teachers' Commentary.

While there is more than one way to teach
this unit effectively, the following procedure is
suggested as one possibility.

Much of the content, except the pages contain-
_ng Exercise Sets, will be studied using questions
which pupils can answer orally, but would have
difficulty in answering in writing. At the same
time there are many exercises included in these
sections some of which can be completed by the
pupils individually.

The Exercise Sets have been designed to be
used as independent activities. Examples are in
many cases supplied at the beginning of each set
so the pupil can complete the exercises in acceptable
fo:m. , discussion of different methods used by
pupils in solving these exercises is an excellent
procedure.

The teacher will find that there is consider-
able reading expected of pupils. It is important
that they learn to read text material with many
numerals. Hence they should be asked to read
certain sentences silently and afterwards discuss
the contents cf those pages.

8



Pupils in general learn to use exponents to
express numerals quite readily. One difficuly
they do encounter is the vocabulary. There are
many new words in this section. All pupils
have many opportunities to use and illustrate the
meaning of these words. For example on page 2 of
the pupils' book, many more examples like exercise
1 sno'uld be used. For some pupils, even the word,
factor, may be new.

Exercise 1 need not be completed as
one assignment. Farts of it may be used after
the prrequlsite concepts have been emphasized.
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Chapter 1

EXPONENTS

THE MEANING OF EXPONENT

Suppose you were asked to read a very large

number such as one that told you the distance to

a star or one that gave the weight of the earth

in pounds. These numbers and many others like

them are so very large that you would have

difficulty reading them. For example, the earth's

weight is about 13,000,000,000,000,000,000,000,000

pounds.

This is a very large number. Can you read it?

Can you think of some way in which you mig.."t tell

a friend what the weight of the earth is in

pounds?

In this chapter y will learn new ways of

reading and writing these large numbers. These

new ideas will be used often in mathematics and

science courses which you will study later.
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Product Expressions and Repeated Factors

1. The sentence 7 x 9 = 63 shows that 63 is the product

of 7 and 9. It also shows that 7 and 9 are
D

of 63. Because it names a number as a product, an

expression like 7 x 9 is called a product expression.

Give other product expressions for 63 if there are any.
x 10,3)

2. Write the decimal numeral

product expressions.

for each of the following

(a) 3 x 15 (45") rs.) 3 x 4 x 4 (48)

(t) 3 x 16 (48) (h) 2 x 3 x3 (i8)

(c) 4 x 20 (80) ( i ) 3 x2 x2 x2 x 2(4-8)

(d) 4 x 12 (it8) (j) 2 x'2 x 3 x 5 (Go)

(e) 2 x 24 (48) (k) 5 x 5 x 5 (i.2.s-)

(f) 3 x 18 5-4) (1) 3 x 7 x (/4-7)

3. How many times is the factor 2 used in the product

expression in (j) above? (;) In (i)? (-;-)

4. What factor is used more than once In example (h)? (3)

5. What number is shown as a repeated factor in example (1)?(7)
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Write one or more product expressions for each of the

following. Show at least one repeated factor in each

product

you

expression.

some of

The number of blanks will help

:hem.

Example: 16

16

= 4 x

= 2 x

1

2 x 2 x 2 !

( a ) ( LI/ x ( L9; x L)-j

1-; ) 25 = (.3-7) x

( o ) = r/ x (6), or

36 = .2_ x x , ) x

(d) 32 = (;-) x x ('y, or

32 = x ( x x x (sc

(e) 20 = x (a: 4! x

(f) 50 = x x (
!,- = x x ( 7),

(h.) 90 = ( ,2) x ( .3, x c)

(i) 75 = / x )-)

(:J) 100 = r/o; x %6j, or
loo = / _2 ) x x (O-71 x %

(,<) = }x (-2) x etict<v)

j-) X r,(/:-;

loCC

125

2 t_i

12
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Using Exponents to Write Numerals

There is a short way to write product expressions -hich

show repeated factors. This short way uses a numeral to tell

the number of times a factor is repeated. Hen: are some examples.

2
(a) 5 x 5 x 5 is shortened to 5-.

2(b) 6 x 6 is shortened to 52.

(c) 2 x 2 x 2 x 2 x 2 is shortened to 2-).

What we have is a new way to name numbers The new symbols
-2

like , o , and 25 are made up cf two numerals. The upper

numeral is called the exponent and the lower one is called the

base.

(a) read "five to the third power".

-2
is read "six to the second power".

(c) 05 is read "two to the fifth power".

The new names are called exponent forms.

(a)
-3

is the exponent form of the expression

( 3 )

5 x 5 x 5.

2
125 = 5 x 5 x = D-

(decimal) (product (exponent form
expression)

6- Is the exponent form of the expression 6 x 6.

30 = 6 x 6 = p
,2

-

(decimal) (product (exponent form)
expression)

13
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(c) 25 is the ei.ponent form of the expression

2 x 2 x 2 x 2 x 2.

32 = 2 x 2 x 2 x 2 x 2 = 25

(decimal) (product (exponent form)
expression)

A number which can be expressed in exponent form is called a

power of the number named by the base. The number 125 is called

the third power of 5. The number 3b is called the second power

of 6, and, the number 64 is called the sixth power of 2. The

third power of 4 is also b4. This is why a symbol like 5- is

read

"five to the third power".

Notice that more than one base can be used in expressing

some numbers as powers.

64 is the third power of four and also the

sixth power of 2.

4
3

.

Express each of the following in words. For , say

"seven to the third 7 ;er."

(a) 35 (t:Ct.ez..z (e) 10 6,0,c,z;egtzdaps,/

(r,,,t,-.,44,r4,,,,-,foyd.g4,) (f ) 53 (ii,L.,;6 zaz rd..Adte4ag4)

/
(c) 9-

2
(g) 12 !A,,./--e-4,--Z11-.4,.-rotl/ews

(d) 72 7; e ,acz.dvA20,-441-44? 53 ( ria.-asSgescio4
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Sometimes numbers may be written, in several exponent fols:

In what different exponent forms is lO written in Example

(a) In box below? (42 14)

3. In what different exponent forms is 1CC written in

Example (")? (101) (.2 x 5-2)

4. Tell the exponent forms to be used in the blanks in the box.

Laza. _4211r.

(a) 16 = '1 = 42

= 2 x 2x 2x 2 = 2

(b) 36 = 6 x 6 = 62

= 2 x 2 x 3 x 3 = 2- x ,3)

(o) 23 = 7 x 2 x 2 =7 x

(d) 31 = 9 x 9 92

= 3x 3x 3x 3=

(e) 100 = 10 x 10 = 102
22 52=2x 2x5" x

(f) 1 = 12 x 12 = 122

= 2 x 2x 2x 2x 3x /

x )
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Ccnplete the following sentences:

(/
(a) The numeral o

-3 has exponent (3) and base .

-The numeral o is the exponent form of the product
\

expression X i-) X fo)

,he numeral 03 is read (2/..,/..- 4 de... /d0/ti klerw-e

The number 216 is the (titip/j) power of 6.

In the expression, 3 x 104 a (

has been written in exponent form.

If n is a counting number then the number 4n has

(4-)j as a factor.

i,/3)
The numeral

I

has exponent 3 and base

The number 81 can be written in exponent form

with base 3 and exponent (7)

The third power of four- has decimal numeral (64) .

27

16
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Exercise Set 1

Copy and write the product expression for each of the

Example:

(a) 3
4

-2

forms:

7 x 7 x 7.

(Is) (e) 423

(f) 252

2. Writg, -hP .=x--,o^ert form for each of the following product

expressions:

Example: 21 x 21 x 21 = 21

x 3 x 8 x

(t) 11 x 11 x 11

(c) 3x7,x3 x3x-=,x2

(A) 17 x 77'

(e) 2x2x2x2x2x2
(f) 30 x 2C x 30

(g) 10 x 1C x 10 x

(h) 12 x 12 x 12 x 77 x 72

Express each number below as the product of a repeated factor.

Then express it in exponent form. (Hint! If you have

trouble finding a repeated factor, express the number as a

product of primes.)

Example,: 125 = 5 x 5 x 5 = 53

(a) 81 (e) 144 (t) 5 to the third power

(b) c2 x 62 (f) 64 (j) 8 to the second power

(c) 32 (g) 625
( 10 to the fourth power

,d) 343 (h) 216 (1) 2 to the fifth power

17
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PCW7-7RS CF TEN

B
I

Product Expression with
Decimal Numeral m''- sated Factors

C s.,

Exponent
Form

D

Powers
of Ten

(a) 10 None -,,ir,7 First
(b) 100 10 x 10 102

&tc4r:Pe4/

Third
(6) 1,000 10 x 10 x 10 / -1

/Ve
(a) 10,000 / / 4 y /O y /0 / /6 )

10't 94 ,,,oet)

(e) / 6 0,,, oc7C, : 10 x 10x 10 x 10 x 10 (/4 ') Fifth
(f) 1,000,000l-) (40 x /0 1 / 6 1 /0 X/6 //0,) 106 CALL.e44)

(.._('142/-7:4/

Eighth

(g) ,(/ 0, ,000/ 0 a o) 10 x 10 x 10 x 10 x 10 x 10x 10 (/e) 7J
(h) 100,000,000

f/, 6' / /0 x /0 x/c X /6 ,r/o//4//c) ( 8.-.)

Read the numerals in Column A above and supply those that
are missing.

2. In Column A each number is how many times as large as the
one named above It? (10

Tell what is missing in Columns A, 3, and D.

4 Compare the number of zeros in each numeral in Column A with
the exponent of 1C in Column C in the same row. What is
true in each comparison? (7

D. Do you see that 1 followed by six zeros can be expressed
as 10 to the sixth power?*&)It is written 10b.

To write the decimal numeral for 10 we write 1

by how many zeros? (,,g)
followed

7 Express each of the following as a power of ten.

(a) 100,000 (iO4-) (b) 100.000,000003) (c) 1,000,CCO,CC0

00'9

21

3
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Table II

,
,-,

DecLmal
Numeral

3

Product Expressions

,

Exponent Form of

=00 4 x 100 = L (10 x 10) 4 x 102

6,000 6 x 1,000= 6 x (10 x 10 x 10) 6 x 103

500 s-x /o0 . (o -y /ox.6 )
5 x lo

90,000 9 x 10,000 =(9,rio y/a ,r/6, k./6)) (5-' I jO j

Coo) 7x 1,000 = 7x (10 x 10x 10) ..1 I

67 Y "
300,000 3 x 100,000 7 /0 Y/6 x /0 X/o X/6) 63 X70 .r..)

SO 8 x 10 8 x 101

c o o, oo o) ent Y,G1t..4,at)6' Z. <-4 Y/0 Y/0,141 X/ q y/e e/o )
2 x 10

1
3 x 10-(,36) (,3 / /,?;,

27,000 27 x 1,000 =7.2 7 //o//ox/a) 27 x 103

15,000,000 15 x 1,000,000 r---s-x/ex/o.r/owelozi
/s5-- y. /6 4.

In the table above, what product expressions are given for

? x loo 4 x IC; ;0)

How is 400 expressed in exponent form? er X /0'1")

2. How is '6,000 expressed in exponent form? ( 10:)

Supply the numerals which are missing in the above table.

On Page 1, the weight of the earth was given as about

13,000,000,000,000,000,000,000,000 pounds. Express the

weight in the form used in Column C in the table.(/3 x /014)

5. Did you ever hear the name "googol" used for a number?

Googol is the name given to a number written as "1"

followed by one hundred zzros. Express this number as a

power of ten. (/O'°°)

22
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Exercise Set 2

Write each of the following in expc.-.9.nt for as a power of ten.

Example: 1,000 = 10 3

(/1)(a) 10,000 (/o4V (d) 10

(b) 100 (/ez-) (e) 10,000,000,000 ("a ,i

(c) 100,000 (/05"). (f) 1,000,000 (/e 4)

2. Write each of the following as a power of 10.

Example: 10 x 10 = 102

(a) 10 x 10 x 10 x 10

(b) 10 x 10 x 10 x 10 x 10 x 10 (./6")

(c) 10 x 10 x 10
(i6

(d) 100 x 100 x 100 (RI

(e) 10 x 1,000 //od)

(,\
1,000 x 1,000 x 1,000

(/°?1
-)

3. Find the decimal numeral for each of the following.

Example: 6 x 103 = 6,000

(a) 7 x 101/7o,0) (c) 9 x 106,/9060,coo) (e) (3 x 2) x

(b) 103 x 2( 000.) (a) io5 x 8 Gro_g000)(f) x 5) x 102i60,460.)

Write each of the following in the kind of exponent form

shown in exercise 3.

Example: 5,000 = 5 x 103

(a) 6o,000 (( / /0?) (a) 8,000, 000 (y-x fo)

(b) 200 (e) 90 x /0

(c ) 700,000
(7/ /°.r) (f) 300,000,000 (2 //cirj

23
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Exercise Set 3
, 4,

Which of the following is the lar7est number?; 3 )Which

is the smallest number?(3x4)Explain your answer .(3x3 r 3 = 8t)

(3 x4

(a) 4 (b) 43 (c) 3
4

(d) 43 (e) 34

2. 2° is a number how much larger than b2? (28)

3. The number 2
8 is how many times as large as the

number 82? (4

4. Suppose you are offered a job which would take you 5

working days to complete. The employer offers you 7/

the first day. Each day after, for four days, your

daily wages will be multiplied by 7.

(a) Make a table like the one below to show the amount

you would earn each day. Show also your daily

earnings written as a power of 7.

Day on job Earnings
each day

Earnings written as
a power of 7

First 7/
71

Second ,ey' 7z-

Third "40/,..S
.73
/

Fourth -41',/-V, 0 2 4

Fifth 4t --'1/4 b' d 7 7 .5"

(b) What will be your total earnings for the week?,,,,4.,07_,)

5. Find the decimal numeral for each of the following:

'a) 152 (c) 2 x 10 (ao)

,

(b) 3 x 41 C1?) (d) 2
3

52x (...77 )

24
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c. Yake the necessary computations. Ten mark each of the

following mathematical sentences true or false.

) 102 2 x 10 CT)

(b) 302 < 3 x 102 (ir)
y

(c) 152 > 10 52 (7)

(d) - 2 = 50 + 15 (7)

(e)
72 732 22

(7-/

(f) b4 x 2
2

= 122 (Ti)

(g) 102 - 92 = 100 - 90 /=-)

(h) + 3
3

8
3

(7)

(i) 150 - 122 < 10 (7)

(i) 9
3

700 = 29
(2'.)-

(k) 8- - 80 = 3 (F)



EXPANDED NOTATION

Object-Lye: To help pu extend their understanding of the

decimal system of numeration by writing numerals

in expanded notation using exponents.

Vocabulary: :Decimal system, digit, place value, expanded

notation

Teaching Procedures:

Most pupils have studied principles of
numeration. Here they review them using exponents.
An understanding of these properties is one of the
very important objectives of the mathematics
program.

26

3 :7
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EXPANDED NOTATION

The system we use for naming numbers is she decimal system.

In our system we group by tens. The word decimal comes from

:he Latin word "decem" which means "ten."

Just as cur written language uses an alphabet, of 26 symbols,

the decimal system uses an "alphabet" of ten symbols: C, 1,

2, 3, 4, 6, 7, 8, 9. These are used as numerals for

digits. Digits are whole numbers less than ten.

In our written language the alphabet symbols are used to

form words which are used as names. In the decimal system the

ter symbols for digits are used to form "worts" which name larger

whole numoers. These "words" are numerals :aade up cf two, three,

four, or more digit numerals.

To understand the decimal numeral system we learn how to

find the meaning of "words" like 23, 8.6, .04. Let us review

the way we think cf decimals for whole numbers.

in thenumeral 5555, each numeral 5 represents a different

value. The place in wnfch a 5 is written tells whether it

represents 5 ones, 5 ::ens, 5 hundreds or 5 thousands.

The meaning of each numeral is shown by the diagram in box A

Read the names of the places shown in box ,.

A

5 5 5 5

1

L
L 5 ones or (5 x 1)

tens or (5 x 10) or (5 x 101)

hundreds or (5 x 10 x 10) or (5 x 102)5

thousands or (5 x 10 x 10 x 10) or (5 x 103)5

2. As we go from right to left in the numeral 5555, the value

r,pr°,ent, 'y each 5 i s hnw many tlmPs the value of t'-e.

5 before it?(0) As we go from left to right the value

represented by each 5 is one-tenth the value of the 5

before Lt.

27
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3. The diagram ir. box A shows that place values are powers cf
:en. In the decimal system, we group not just by tens,
but by powers of ten. that towers of ten are shown in box A?

-2:1-46

5555 = (5 x lo x lo x 10) + (5 x 10 x 10) (5 x 10) (5 x 1)

10
3

) (5 x 13
2

) (5'x 10-) (5 x 1)
1,= 5

Box B shows the numeral 5555 written in txpanded

form or in expanded notation. The last line shows the exponent

fdrm of this expanded notation.

The numeral 2,648,315 is

read "two milllon, six hundred

forty eight thousand, three

hundred fifteen."

Each group of three-place

numerals is se7arated by a comma

to make readin_, easier. We do

not use the word "and" between

each group becau3 "and" is

reserved for use reading the

decimal point ir merals such as 123.85.

C

2, 6 1-1- 8, 3

L___ 5

10

300

8,000

40,00o

600,000

2,000,000

Stud', L'e Piagram in box C and tell the value represented

each digit in 2,648,315. (;.detcd.c!",)

28
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Now study the dLagrem in box D and tell the value

represented cy each digit numeral in 2,648,315. Give the

value in repea'led factor form and in exponent _ :M.

2 3 3 l 5

5 ones or (5 x 1)

1 ten or (1x10) or (1 x 101)

3 hundreds or (")-.10x10) or (3 x 1(J2)

thousands or (8x10x10x10) or (8 x 103
)

ten thousands or (4x10x10x10x10\ or (4 x 104)

hundred thousands or (6x10x10x10x10x10) or (6 x 105)

2 millions o: (2x10x10x10x10x10x10) or (2 x 106)

. , 4, , 2 2 ,2,648,315 = (2x10-1+(ox10 )4-(4x10 )+(0x10-)i(3x10 )+0.x101)+(5x1)

Read each of the following numerals:

(a) 317

93

(c) 1,306

(d) --f6,840

(e) 10,010

;f) 515,81:5

7. Write a decimal numeral for each of these:

(a) nine hundred three

(g) 606,606

(h) 32,976,418

(b) thirty thousand three hundred thirty (34,336_.)

(c) eight thousand eight a 7)
(d) four hundred forty five thousand four hundred forty five

29
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8. Express each of the following numerals in expanded notation.

Give both the repeated factor form and also the exponent form.

(a) 783C7rioxio)+(7,,o).,.(3x00
(7x/02) + (8x /0) +(3xJ)

(b) 3,075 pr/o.z.o./co+ Coriozgj+
rs x crt (3 x/0-1)-« (0 /02)4-

(7 r /0)4. (rx

(C) 81,040 (ex101)4-( x /01)*(0% /02)+
x...o)-1-(0x1) crt.

(Y IOXIOXI0v/0)4-(1X/Or iox/0).r.

(OK /0 r/o) 4-(4 xio) + (ox 0

Summary:

(d) 200,456 (2x/oxiox/ox/o1/0)+
(oxrcwo.r/oxfo)+ (cox iorior/o)÷(4x10 r 10) 1-
( (6 xi) t. ( /or) (0,4 404)4- (0 r/03)*
( 4X /03) +(S.-4 V°) 4-(La

(e) 73,800 (7r/oxfo,,,,cnac)4-

( 3)110 x/ox/o) + x /07/0)4. (o r/o) (ox/)
cre(-7x/o4)4- (3x/ox) +(J : /o') +(ove)4-(oxi)

(f) 5,247,600 (rx,0')+(lx/01")+

(4f /04) /03)+ (C xio2.3+ (oz./0)+(ox at.

/0,,,ox/0 .r/Or/Ox /0) t ( 9+c /0z/040x/0 ;4/0)+
( 4x10%10 x/0 %10).+ (7Y ior/Or/O) +((ma x/Ox/0)4-
(oxio)-4- (ox')

Grouping in the decimal system is 'Dy tens and powers

ten.

2. The decimal system has ten special symbols for the ten

of the system.

in the tecimal system the place 'yalues are powers of

ten arranged in increasing cider from right to left.

The place names from right to left are units ;ones),

tens, hundreds, thousands, ten thousands, hundred

thousands, millions, and so on.

30
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Exercise Set 4

The numeral, 234, has been

written in expanded notation

in three ways in the box at

the right.

234 = (2x100) (3x10) (4x1)

= (2xlax10) (31o) (4x1)

= (2x102) (3x101) (4x1)

or each of the following numerals, write the expanded

notation in the three ways shawl, Ln the example above.

(a) 675 (a) 26,405

(b) 8042 (e) 137,600

(c) 5,168 (f) 2,987,654

2. Write the decimal numeral which is expressed In expanded

notation below.

Examples: (6 x 103) (4 x 10
2

) ± (2 x 10-)

(7 x 10 x 10) (0 x 10) (8 x 1)

a) x 102) (6 x 10) -I- (5 x 1)

(b) x 102) + (7 x 10) + (8 x

(c) (3x 103) + (Ox 102) + (6 x 10) + (7 x
(d) (2 x 104) + (3 x 103) + (5 x 102) + (4 x

(e) (9 x10 x10 x10) + (3x 10 x10) + (5x 10)

(1 x

= 708

1)

10) +

+

1) =

(o x

1)

6421

1)

) (6x 10 x x10 x10) + x103) + (4x 1C x10) +(0 x10) + x 1)

(-6) (7 x 10-) + (3 x 103) + (0 x 102) + (0 x 10-) + (0 x 1)

Find the names for as many groups beyond the million

group as you can.

43
32
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Exercise Set 5

1. Name the largest and the smallest numbers which have exactly

four decimal numerals, not using any zero.(79?q) /jil

2 Use the numerals 4, 5. 6, 7, and 8 to name eight

diff-rent numbers with five-place numerals. Write the

numerals in a column in order of the size of the numbers

from smallest to largest.

3. Show that 25 and 52 do not name the same number.

Do
,2and name the same number?

5. Make the necessary computations, then mark each of the

following mathematical sentences true or false.

=82 (7.) (e) 7x 2x 2x 2> 7x 22(7j

(b) x 10 = 2400(, (f) 2 x 62 = 32 x

(c) 10 x 12 < 122(7; (g) 62 26 (7-)

(d) 103 > 5 x 10C( (h) 92 = 34 CT.)

6. Copy the following and make each one into a

true mathematical sentence. Do this by

writing one of the L.-mbols in the box in

each blank.

(al 3 x 10- (=I) 6 x 5 x 103

(b) 7 x 702 (4..) 23 x 100

32
,

c. x 3 x

33

4

Symbols

(d) (6 x 102) 52 (-=.)

(e) 102 x 72 4=-) 3 x 12

502 (z_ 92 102



PRODUCTS EXPRESSED IN EXPONENT FORM .

Objective: To help pupils understand and use the rule for

computing products using exponent forms.

Teaching Procedures:

Pupils can discover the rule for multiplying
numbers expressed in exponent form. Below is a
suggested introduction. It is written as though
the teacher were speaking to the class. Possible
pupil answers are enclosed in parentheses. Pupils
should have their books closed.

You know how to name the product of two numbers using

decimal numerals. Guess what this product is. Could you guess

the answer to this question, "Find an e. onent form for n

if 3
t
x 3

10
= n?" (Urge pupils to guess. Possible answers

io0 16
*deb's be , y 9- or even the correct answer 3 )

Give me some reasons why you think your answer Is correct.

Let us out this exercise aside and try some easier ones.

Maybe we can discover how to name the product.

The teacher may now find products such
7 0 0

as 23 x 2-, 3 x 3-1, 101 x 10- using

the procedures illustrated in the box on

^--e P21. Then pages ?21 and P22 should be

studied carefully. Then examples like
^28

x 2 = 278 can readily oe done.

3-

4 5



P21

FINDING PRODUCTS USING EXPONENT FORMS

1. Can you think of a way to find an exponent form for these

product expressions?

(a) 10
2

x 10
2

- ? ((04)

(b) 2- x 2
2

= ? (.2.5)

(c) x 1c3 = (/°8)

(d) 73 x 71 = (74)

We could solve the problems above by changing the exponent

forms to decimal numerals, then multiplying in the usual way and

then changing back to exponent form.

2
3

x 2
2
= 8 x 4

Then since

= 32.

32 = 8 x 4

= (2 x 2 x 2) x (2 x 2)

= 25

2
3
x 22 = 2 5

It will be much quicker if we can learn to name the product in

exponent form without changing to decimal numerals and back.

Finding a way to do this and learning to use it is our purpose

in this section.

2. :n the box below are examples of the multiplication of

numbers expressed in exponent forms with the same base.

Study these examples. Can you discover how the exponent

of the numeral for the product is obtained? The questions

below the box may help.

(a) 23x 2 = (2 x 2x 2) x (2 x 2x 2x 2) = 27

(1,) 3- x 33 = (3 x 3) x (3 x 3 x 3) = 35
( 102 x 10 (10 x 10) x (10 x 10 x 10 x 10) =
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3. Example (a) shows exponent forms for two numbers, 2
3

and

2', and for their product, 27 . What is true about the base

of all three forms? How can the exponent for the product be

found from the exponents for the factors?

In example (b) the base in each exponent form is 3. The

three exponents shown are 2, 3, and 5. What is the

exponent in the product?hat addition fact connects thee

exponents? (-f-.3

In example (c) the exponent a was found by counting.

What operation can be used instead of counting 2 and

then 4?

6. For the follog examples, change each exponent form to

repeated fact(' `orm. Are all the products correct? (//a)
)

(a) x 5" - (d) 102 x 102 x 102 = 10)
2 -2_

(b) x =

(c) x o- x 6' =

For ;1- foT

w'.tncu:

Exam'pla-

(a) x

(b)

(e) 83 x 02 = 85

(f) 42 x 43 = 45

(...:amples, write the number as a power

to repeated factor form.

(4 3)
= e = 2 7

A
1 0

(d) 103 x IC2 x 102(10(;'1''l /o7)

(e) 252 x 252 (25-0)., ;lc+)

(f) 1002 x 1002 ,,00(3.--)_-= Ix4)
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8. Copy and complete each of the following. Use only exponent

forms.

i

21 x 23 = i

1 _4 / ,..1--;

le- x 10 = c/L(;

ao"! l
/ x 9 = 9

6

1 7 ( F
x a' = 1 ot- i.'

- o-3 = (x 64)o , ,
(,,..724 x 2 = ',( ;

37

3 x (.5) = 33

1,1

a5 x a= ,a)
_4

(

(75:

273 x 27' _( (72, .1

19 x (/19 = 198
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FINDING A COMMON BASE

1. Write each of the following as a sower of 2.

Example: lb = 4 x 4 = (2 x 2) x (2 x 2) = 24, or

16 = 2 x 8= 2x2x4 = 2x2x2x2 = 2
4

(a) 64 (1') (b) 32 (1c (c) 128 (1)

2. Write each of the following as a power of 5.

(a) 25(C2) (b) 625 (s4) (c) 125 (Si

site each of the following as a power of 10.

(a) 100 C/02) (b) 10,00C(104) (c) 1,000 (103)

Cne way to find an exponent form for 125 x 25 is first to change

the decimal numerals 125 and 25 to exponent forms with the

same base. Here are two examples of this method.

(a) 125 x 25 = 53 x 52

= 55

(b) 49 x 343 =
2
x 7 3

. 75

This method can be used only if ',:ne factors in the product

expression are powers of the same number.

4. Express as powers of the same number and multiply using

exponent forms.

(a) 16 x 42 = (42,4',,44) (d) 81 x 33 = (34x33=
37)

(b) 73 X 49 = (4, 72, 70) (e, b4 x 32 = .2)

(c) 53 x 25 = = sr) (f) 3 x 92 = x 34-= 3S)

4S
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Exercise Set c

Write each of thse numbers

(a) 5
2

x 5
8

=(;-')

(b) 3 x
32 (3c)

(o) 9 x 92 = ( °3i
a3

(t) 105 x 105 log i

as a power.

-712 X

52 x

5" x

2. Change the n,.-lerals to exponent forms with the same base

and multiply.

Example: ""ci x 27 = -3
x = 3' .

(a) 9 x 3 = 3'. ?3) (e)

(b) x 2 = ( :3X = ;4-) (f

) 25 x 25 =(.:3-2),,r--(c:rs'=-5-1.) (z)

(a) x 9 = (9A, 7, 93)
(1.4 .2

X 3 3 C)

(h)

32 x 4 .C.7c z 2 =

64 x 16 --= (+3X 42= -/°)

1CC X 1C .COO = (/0x /C*,- /04)

1C,000 x 1C,C0C =(l04,/04-.z iog)

3. Think of letters of our alphabet as names of counting

numbers. Express each of the following as a power.

Example: a2 x a3 = a(2 3) = a5

(b)

(n)

2
z x

x

2
4 X

03 =(,2Y

2 ( (3.1)Y=
4 = 5.j-)

n3 x n
(?7 (3+4)_ 7,7)

(44-7)

x = (_ 3

=X
(17(5.4-1.) 7

-1 7. = 7.2,

uSe exponent forms to shorten the multiolioation process

as shown in the example.

Example: 300 x 4,000 = (3 x 102)

W( )\ (: IC)-5-XIC)% ' 2,.. 1 I , 4)' (...) X. , i A / 0 X , c = 1,200,000
' 3...TA cs SS 0 oc ri+1^o'-\x(4x/0')

, ( c )(a 1 5C x 7CC = =(,..-.9x (joixre)
(b) 4cc x 40'0 =

ii."' '"°''''.26c, coo ( a )

= (3 x 4) x

39

x (14 x 103)

10
2

x 1C' = 12 x 10
<5-A /e),r(G AVO)=(31b)X(/a4,00),,40X/0 u0,00

5c,C x _,OVZ1x1S:x,269,;

1,OCC x 50C =8'° Tc° Goo
x/c7,/



C.,JCTIENTS EXPRESSED IN EXPONENT FORM

Objective: To help pupils understand and use the rule for

finding the quotient when the dividend and

divisor are expressed in exponent form.

Teaching Procedure:

Suggestions for the previous section are
also appropriate for chis section. Pupils should
be able to make more intelligent guesses for

.quotients to exercises such as 2 -7 2
2

because
of their experience with multiplication.

.;s with other concepts developed in this
unit, the ideas are especially important. Skill
in using the rule is not expected from most
pupils. However, you should try to help all
pupils formulate answers to such questions as:

1. W:ly is 3
6

.4 3
2

= 3
4
?

2. Is 26 22 equal to 2
- 2

or

2
6

3 . Why is 5 5 = 1?

Y. Which is larger 46 42 or 43?

Why?

II z5. Is 5 3 equal to 78 . Why?

40

51
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';UOTIENTS EXPRESSED IN EXPONENT FORM

F!nce 216 names the number b as a quotient we

A__1 call it a quotient expression.

You have learned how to find the decimal numeral for

210 36 by the division process. Suppose 216 were written

2 ...In exponent form as 63 and 36 were written as o2. Is

there a way to divide as well as multiply using exponent forms?

Can we fill :n the blank below with an e:xponent form?

63 62 =

Here are examples showinz two ways we might answer such a

question.

First Wav

(a)

(t)

(4x4x4x4 x (4 x 4)

= (6 x x 4) 16 = (256 x 16

= 1024 4 16

2- = ((2 x 2) x (2 x 2) x (2 x 2) x 2) x 2 x 2)

= (4 x x 4 x 2) .4 8

(6" x 2) =8

= 128 8

41
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Second Way

(a) 45 = 42 = f o x 4 x 4 x 4 x 4) + 42

((4 x 4 x 4) x (4 x 4)) 4 42 = (43 x 42) 4 42

We notice that we must multiply by 42 and then divide

the result by 4
2

. But these operations undo one

another, so we do not need to do either.

(43 x 42) 4 42 = 3

45 + 42 = 43.

(b) To express 27 - 23 as a power of 2 we use

2n x 23 = 27. Since .n + 3 = 7, n = 4 and

4 4
, 3 4

2 x 2- = 27 . Sc 2' + 2 3 = (2 x 2 31 + 2 = 2 .

Since the second way is so much shorter than the first it

is the way we should use if we can understand it. Perhaps we can

see better how it works if we first write ci.lvision sentences as

mu_tiplication sentences:

(a) To find 45 42 we think ? x 42 = 45. Now we think

the ? can be 4n and write 4n x 42 = 45.

Since n + 2 = 5, n = 3 and 43 x 42 = 45. So

4' 4- 4
2 = (43 x 42) +

We now write 45 42 = 43

. a
(b) n = 2' + 23 then

n x 23 = 27..

7
Rut 2 x 2

3
= 2', so

(7 _ 1\
n =

4
= 2 '

42

'53

;,3
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1 Use :.he ideas in the above examples Ln explaining how to

fill in each blank with an exponent form.

(a)

(b)

(c)

- -3
x i =

(5.)

(f)

(g)

(h)

(t)

l

lo

106

10(2

0
x 10- =

lo
2

(/10.)

(53 x 5)

5 5 =

5 =

=
(j3_ _\3 2

x )

35 32

. _ 2

(30
104 =

( 2i

00:)= 1,2
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Exercise Oct 7

K!

,,,.

(..-_')

each quotient expression in exponent fc-vvrr.

'--' 4. 2' = 92 # 9 = (f.>(e)

, i 2 iff-T'l
r + 4- = (f) 7- 7 -

O ,3
= (g) :LC° ÷ 103 = rie

/ /\,

1C' lc
2 =A/ (h) 12

5
12

3
/

A\

2 Change the numerals to exponent forms with the same base

ant tivite.

-3 .

Example: 216 ÷ 36 = o 4- 62 = b(3 2) = 61 = b

(4 :'_1 ihz
(a) 13 : ,... =y.7. , , - _., (a) 10,000 + 1,000 =

( 81 ÷ 27 =(-54-*33= '3)(h) .,-_,, 14. 2 . r. -i , 24 4 (e)

,...;

(f) 1,000,000 4 100 =(c-_ 243 9 =(,) 4--
-=

_,/

-: -nswer the following in exponent

(-/06=/O-'..,764)
form.

z.a) 10- x 10- = (f)
92 33 (3_7)

(t)
3 152

(g) x 64 =

(0) 28 24 = (h) 16 16

x 10 = (i) 53 5 =

16 8 (j) 14 i2 = (P)

4 L:

55
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Exercise Set

Using Exponent Forms

The area a square region is 5
6

sc,:aare feet.

How lon is a side?
! ' :/

2. .:,. rectangu.,ar region has sides which are inches and
-4

Inches.

(a) Name the measure of the area of the region In -.ny

/24v
convenient way, . j

Write. the decimal numeral for c area measure.(Q5,coc,)

3. The area of the Uni'6ed States is about 3,600,000 square

miles. If our country -were a rectangular region with one

side 1,000 miles long, how long would the other side be?
(2,6 o -77tazo)

4 some very small animals which can be seen crly through a

microscope increase in number by splitting into two of the

same kind. After a certain time each of these divides into

two animals and so on. Suppose one kind of such animals

divides exactly every 10 minutes.

(a) How many animals will be produced from a single animal

In one hour? (;0-1.1 6

(b About long is required to produce 1,000 animals

from 1 animal? (fleo--.4.Ala"ai-,io
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into orbit a_und the earth a satellite must be

travelling about 18 x 103 miles an hour. In circling

the earth once the satellite goes about 27 x 10 3 miles.

How many times around the earth does the satellite go in

3 hours? \
1010

o. The nearest star is about 3,447 miles a-:ay. The

sun is about 93 x 10b miles away.

(a) Write the decimal numeral for 93 x 10°. 193 000, Q° 6,;

(b) About how many times as far away as the sun is the

nearest star? 14y X/0 el/ (070,0oc)

(c) if the distance to the sun were used as a unit,

about what would be the

(

measure of the distance to

the nearest star? ,;,,,7/;','/0.1) 71/ (376i °°° 4.")

Light travels about 186,000 miles a second.

About how many seconds does it take light to travel
(..5-boatm-3cA)

from the sun to the earth? How many minutes, to

the nearest minute?

(b) Use the answers to 7 (a) and 6 (b) to find about

how many minutes it takes light to travel from the

the nearest star to the earth. (,37X/0Ailcv a, 960/tro ALx)

(c) Find out whether this is longer or shorter than one

year. (,.ir 6-14/1/41441.41
rzAt,

6 6-6 7,Gx,u-tid -c:tc, a- re.A..)

46
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Sunolementary Exercise Set

For each whole number from 50 through 0, write the r.,,m'cr

as a product of primes, or write "prime" after the number

f it is prime. If a prime factor occurs more than once,

rewrite the product expression using exponential forms.

Here is an example: 50 = 2 x 5 x 5

= 2 x 5
2

.

2. Express each of the following numbers as a product of powers

of primes as in the example.

Example: (2
3

x 32) x (2 x 3' x 5) = x x 5.
(a) 23 > (2 x 34)= (X.3) (f) 102 x 6 x 7, (?3X3 XS-,X 7)/

, ( 4- 3 \.
(b ) D x (3 x 5 x 7 )4+:54X7) (g) 102 x 22 x 5 -,-. -2 /..57

(.
A3,

-1
(C) 32 x 48= ',.0 ...4') (h) 144 x 12.. Z 3Y .2 6)

2 1J ; -.(d) 36 x (2 x 5 )=F x.3 ^. ..), (L) The number of minutes
i c. 3\ .5- 4. \(e) 36 x 48= (.2 X 0) -n a ,'ay...r.? kf , r..,, 0.,

3. Write "yes" if the second number is a factor of the first,

Write "no" if it is not. Do not make any long computations.

(a) 2 x 3 x 5- , 22 (,14) (e) 6 x 52 , 15

(b) 22 x 3 x 53 ,

, -x (r.e)(f) b0 x 6C , 25 (D
3/

14 ("X.d.) (g) 2 x 32 x 5 x 72 , 35

irr
\ I (r)

2

(c) 2
2

x 3 x 5
3

,

(d) 2
2

x 3 x 5 3

..570 s ,21(

47= 3 1 7

Y. 1 3

4-W=.2Xd2
I

"5-6 ,23x7
(96A1P-4-;-3;

,r7= 3,09 63.,d3x,7
>(,9

itk-t;fx-c- 647::
Go,3x4.,4

67 itit;--At.c.,

47

5?
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Chapter 2

MUL^7?T'rCATTON OF RATIONAL NUMBERS

PURPOSE OF UNIT

The Purpose of this unit is to extend the concept of
rational number and operations on rational numbers, Althouh the
primary purcose of the unit is to develop Properties and tech-
niques 02 the multiolic-ation of rational numbers, opportunity is
also provided to review the idea of rational number associating
it with regions, ;-zegments, and sots of objects. Some practice
is given in addition and subtract ion of rational numbers. Fol-
lowing this review, the specific purposes are:

(1) To develop meaning for the multiplication of rational
numbers. This is done by associating the product of

two rational numbers (a) with a rectangular region,

(b) with sem.ents on the number line, and (c) with

reference to a collection of objects.

(2) To develop methods for computing the product of

rational numbers named by fractions, decimals, and

mixed forms (for example such numerals as 1.5,
1

(3) To develop ability to solve problems relating to

situations involving multiplication of rational
numbers.
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Introduction

In the study rreat..ee:raeics in the elementary school, a

child learns to use several sets 0_ The first of these

is the set of numbers, 1, 2, 3, The second

is he set of whole n=bers, 3, 1, 2, 3, mhe child

also may have learned cartain properties of whole numbers.

Durin:.: the primary and middle grades the idea of "number"

is enlarged, so that by the end of the sixth grade the child

recognizes each of the folThwing as a name for a number:

3.6, 8, 0, -5-,

6
"5"

.C1

17 traditional language, e:e might say that when chi 7.d has

combleted the first six years of school mathemat:.c.-e he knows

about "the ..nole numbers, fractfons, decimals, and .,fixed numbers."

This language is primarily numeral language Tt oosc=es the

fact that a single number can have names of i.e.ny kinds. "Frac-

tions, decimals, and mixed numbers" are kinds of numb::: names

rather than riifferent kinds of numbers. Un.,:thel- ma.a. a piece

of ribbon 1L long, or 1.5 in. long, or in. lonz makes

no differenceour ribbon is the same whateve choice of

numeral. That is, 1;--. 1.5, 2 are all names for the same

number. This hc,mber is a member of a set of numbers somet5_mes

called the non-negative numbers or the rational rumbers of

arithmetic. For cur purposes here, we shall call them the

rational numbers, realizing that they are only a subset of the

set of all rational numbers. It also should be realized that

within the se: of rational numbers is a set which corresponds to

the set of whole numbers. For example, 0, 3, 7 are all
3 7

rational number: that are also whole numbers. 77, -7, and .2

-4-^e rational eeegibers that are not ..hole numbers.

30

61



First Ideas About Rational Numbers

Children develop early ideas about rational numbers by

working with regions--rectangular regions, circular regions,

triangular regions, etc. 17 Figures A. E, and C, rectangular
regions have been used. For any type of region we must first

identify the unit region. In Figures A. B. and C, the unit
region is a square region.

In Figures A and E we see that:

(1) The unit re:don he.6 been separated into a number

of congruent regions.

(2) Same of the regions have been shaded.

(a) UsinR regions. Let us see how children use regions to

develop their first ideas of rational numbers. The child learns
1 2in simple cases to associate a number like 7 or with a

shaut2d portion of the figure. (Rational numbers can also be

associated with the unshaded portions.)

Using two or more congruent regions (Fig. C), he can sepa-

rate each into the same number of congruent parts and shad- some
of the parts. Again, he can associate a number with the resulting

shaded region.

Fig.

A
Fig.

B

wilifir..:r1 2 Fig.
C

The unit scua.,e The unit square Each unit square
is separated into is separated into is separated into
2 congruent re- 3 congruent re- 2 congruent re-_ re-
gions. 1 is gions. 2 are gions. 3 are

shaded. shaded. shaded. We have
37 of a unit square.

At this point, the child is only at the beginning of his

concept of rational numbers. However, let us note what we are
2doing when we introduce, for example 7. We separate the (unit)

region into 3 congruent parts. Then we shade 2 of these

51



parts. Similarly, in we separate each (unit) region into 2

congruent regions, and shade 3 parts. In usln,7 regions to

represent a number like, we must emphasize the fact that we

are thinking of i;).7. of a unit region, as in Fig. C.

(b) Using the number line. The steps used with regions can

be carried out on the number line. It is easy to see that this

is a very practical thing to do. If we have a ruler marked only

in inches, we cannot make certain types of useful measvrements.

We need to have points between the unit intervals, and we would

like to have numbers associated with these points.

The way we locate ne.q pofrs o.-1 the ruler parallels the

procedure we followed with regions. We -park off each unit seg-

ment into congruent parts. We count off these parts. Thus, in

order to locate the point corresponding to
2
-,- we must mark off

the unit segment in 3 congruent parts. then count off 2

of them. (rig. D) If we have separated each unit interval in

2 congruent parts and counted off 3 of them, we have located

the point which we would associate with ji. E)

2 Parts 2

3 Parts

C

G

2

2 2

Fig. D Fig. E

Once we have this construction in mind, we see that all
5 2 1 4 113such numbers as Er, -IT, 7, .7, -- can be associated with

11particular points on the number line. To locate for

example, we mark the unit segments into 8 congruent segments.

(Fig. F)

0
II Segments

.8 2

8 Parts

-
8 Parts

52



,c) Numerals for pairs of numbers. Suppose that we con-

sider a pair of :canting numbers such as 11 and o where 11

is the first number and 8 is the second number. We can mai-:e a

symbol, writing the name of the first number of the pair above
the line and that of the second below. Thus for the pair of

17
numbers, 11 and 8, our symbol would be tf=. If we had thought
of 3 as the first number of the pair and 11 as the second,

we would have said the pair 3 and 11, and the symbol would
have been 7;:-. For the numbers 3 and 4, the symbol would be

For the numbers 4 and 3, tne symbol would be 7%

With t:7e symbol described in the preceding paragraph, we
can associate a point on the number line. The second number
tells into many congruent segments to separate each unit

segment. The first number tells how many segments to count off.

We also can associate each of cur symbols with a shaded
region as in Fit. A, E, and C. The second number tells us into

how many congruent parts we must separate each unit region. The

first number tells us how many of these parts to shade.

For young children, regions are easie: to see and to work
with than segments. However, the number line has one strong

3advantage. For example, we associate a number as 77, with

exactly one point on

an unambiguous pictu-

correcponding to 4.

the number line. The number line
3 and-e for numbers like ana 7. A

is less precisely defined in that

also gives

region

regions

with the same measure need not be identical or even congruent.

In Fig. G, we can see that each shaded region is of a
3unit square. Fecognizing that both shaded regions have so

units is indeed one part of the area concept.

Uri It squ.

Figure G

03
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When we match numbers with points on the number Lire, we

work with segments that begin at 0. For this reasol:, '.1ough the

number line is less intuitive at early stages, it is '1 to use

it as soon as possible.

Meanila of Rational Number

The diagrams Fig. H. (a), (b), (c), show a number line on
1 2 3which we have located points corresponding to 7, etc.

and a number line on which we have located points corresponding

to 77
1 32

Er1
2, 77, 77, etc. Also shown, is a number line with ,

etc. As we look at these lines, we see that it seems very

natural to think of as be4_ng associated with the 0 point.

We are really, so to speak, counting off 0
0larly, it seems natural to locate 77- 7and

segments. Simi-

as indicated.

(0)
0 2 3 4 5

2

(b)
0 2 3 4 3 6 7 8
4 a 4 4 a 4

(c)
0

_
I 2 345 6 7 5910 11 12 13 $4 83 aesasiaIsseesesess

(d)
2 3

>

2 2 2 2

0 1 2 S 4 5 6
4 4 4 4 4 74-

0 I 2 3 4 5 6 7 e 9 10 11 1255191118 Rebate e

Now let us put our diagrams (a), (b), (c) together. In

other words, let us carry out on a single line (d) the process

for locating all the points.

When we do this, we see that 1 2 4
7, and are all

associated with the same point. In the same way, 3
and B-

are associated with the same :oint.
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Now we are ready to explain more Precisely what we mean by
fraction and by rational number. Leo us agree to call the

symbo]s we have been using fracticias. A fraction, then, is a

symbc- associated with a pair of numbers. The first number cf

the pair Ls called the numerator and the second number is called
the denominator. So far, we have used only those fractions in

which the numer7tor of the number pair is a whole number
(0, 1, 2, ... ), and the denominator is a counting number

(1, 2, 3, ... ).

Each fraction can be used to locate a Point on the number
line. To each point located by a fraction there corresponds a
rational number. Thus, a fraction names the rational number.

3For example, if we are told the fraction we can locate a10'
point that corresponds to it on the number line. 3

0
is the

1
name of the rational number assciated with this point. This

point, however, can also be located by means of other fractions,

and 97u.
eu

such as
20 ana Thus, ,- and also are names for the

rational number named by
7-(5

since they are associated with the
same point. Rational numbers, then, are named by fractions of

the type we have been discussing. To ea h point on she number

line that can be located by a fraction, there corresponds a non-
negative rational number.

A very unusual child might wonder whether every point on

the number line can be located by a fraction of the kind we have
described. We must answer "No". There are numbers-7 being
one of them and ,f2 being another--that have no fraction names
of the sort we have described. Introducing such irrational

numbers is deferred until the seventh and eighth grades.

The Whole Numbers As Rational Numbers

Our pattern for matching fractions with points on the number
0 3line can be used with these fractions: 1, 7, Ty etc.

i

i
-0--

2
7 7
2 3 4 5

3 8
3 3

0)

06



On the nu:7..ber line we see (Fig. 1
. I) that we matched 7,

2

with the same point. We note that this point is also matched

with the counting number 1. Thus, to the same Point corresponds

(1) the counting number 1

(2) the rational number named by 1
%

it seems that it would be a convenience to use the symbol 1 as
1 2still another name for the rational number named by p etc.

This would allow 2us to write 1 = for example. L the same
way, we would think of 5 as another name for the number named

5 10
by 7, etc.

We reed at this Point to be a little careful in our t'rinking.

There is nothing illogical about using any symbol we like as a

numeral. A problem does arise, however, when a Angle symbol

has two meanings, because then we are in obvious danger that

inconsistencies may result. For example, when we think of 2,

3, and 6 as counting numbers we are accustomed to writing

2 x 3 = 6. We will eventually define the product of two rational

numbers, and we would be.in serious tro-':,le if the product of the

rational numbers named by--2 and 3 were anything but the

rational number named by 6.

However. using 0, 1, 2, 3, etc., as names for rational

numbers never leads us into any inconsistency. For all the

Purposes of arithmeticthat is, for finding sums, products,

etc. , and for comparing sizes, we get names for whole numbers or

names for rational numbers. In more sophisticated mathematical

terms, we can say that the set of rational numbers contains a
0 1 2subset--those named by ec.--isomorphic to the set

0of whole numbers, that is 7-, tc. behave just like whole

numbers, 0, 1, etc.

It would be overambitious to attempt to formulate the idea

of isomorphism precisely in our teaching. :t is sufficient for

our purposes to regard 0, 1, 2, etc., as flares for rational

numbers. appropriate to note, however, in connection with

ope.-t4o= on rat4or,ls, that .::te-e the op-~at'ons are azplied
2to numbers like 1
r they lead to resul ;s already Known from

experience with whole numbers.



^_.:t4' ng Fractions That Name The Same RationaL Number

';:hen we write
1
,-, =

3
7,7, we are saying :1

72- and z: are names2 _ ,-,

for tn.:: same number."

a) Using Physical models. The truth of the sentence
3

tan be discovered by concrete experience. In Fig. 5, for

example, we have first separated our unit region into two con-
gruen7 regions. We have then separated each of these parts

further into 3 congruent regions as shown in the second drawing.

The second unit square is thus separated into 2 x 3, or 6

parts. Shading 1 part in the _first drawing is ecuivalent to

shadln.7. 7 x 3, or 3 parts in the second. We thus recognize
1 1 x 3

L,ha, 7 =

Shading anc' ;-= of a region.

Fig.J

Again, our analysis of regions follows a pattern that can

be applied on the number line. Let us consider
2

and F.

0
4

Fig. K
In lope...Ling

2
on the number line, (Fig. K) we separate the

unit interval into 2 congruent segments. In locating a, we

separate it into 8 congruent segments. We can do this by

first separating into 2 parts and then sepa-ating each of

these 2 segments into 4 segments. This process yields

(2 x 4) congruent segments. Taking 1 of 2 congruent parts

thus leads to the same -Dint as taking 4 of 8 congruent
parts:

1 1 x 4
2 2 X =4



word, when we mulSiply the numerator and dencmi-

.a = by the same counting number, we can visualize the

result usin the number line. We have subdivided bur inter-

vals into a number of congruent parts.

::_fter ma-7 such e:i.periences, children should be able to

pi,are to explain this type of relationship. For example,

X2re7icn and number line pictures for 37 = T- are shown in

C

0 2 >
5
4

0

8

Fig L

a:n part (region or interval) is subdivided into 2 con-_
3 3 x 2ruent parts; hEnce _

Usin7 numerators and denominators. In a discussion

about to fractions naming the same number, it may appear

Jtartlin,7 to emphasize multiplying numerator an,3 denominator

tne za_me counting number. TAe usually think about finding
1lest _:action name if we can. We think, then, s = 7.

_tut, course "=" roans "names the same number." Seeing
1- 7. can think, .8- = 7-, and this will be particularly easy

tn-J nams the same number" Idea has been emphasized

2 >

._r-the:- familiar Idea a'so is contained in what has been

think about df-idir.7, numerator and denominator

countin: .iumber. For example, we think:

6 o 2 3

o

z_-,ns7ate into a multiplicative statement, since

__:tisn and d'vlson are inverse operations. 6 ±-2 = 3

0;i



(c lising. factorinp.,.. The idea that multiplying the numera-

tor and de -minator o: a 2raction by a counting number gives a

new fr7:.'tion tn-t names the same number as the original fraction

is an idea very ell suited to the discussion in the unit on

actor ng 12_a a simpler name "or -7,, we write:
ID

12 % x 2 x 3 2 x 2
x 3 5

SuoPose we are thin',:lng about two fractions. How will we

decide whether or not they name the same number? There are tw.

possibilitls.
1Rule (1). It may be .;hat for such `'ractions as 7 and

-ne fraction is obtained by multiplying the numerator and denomi-

ator of .:he other by a counting number. In other words, it .aay

be that we car picture the fractions as was just tone. Since
2 x 1 2 -

1

2 x 2' 7 .r.c. 5- belong to the same ,e-- -thus name the

same number.

Rule (2. It m.,_ybe that, -e cannot use Rule 1 directly.

For exan 2
ple, and 77 cannot be compared directly by Rule 1.

that 2 1 3 1However, we an use Rul 1 to see tnat -7 = ,, and = , _nd
. . 2 -,-

, c o 2
L. this way, we see that -7 and 4= name the same number.

that f comparing -=7 and t=, we might have used

Rile 7 and 2 in a a.-ferent way. We might have recog-..1.zed

that:

or we might have

x 6 12

and

and

x
c x 2 12'

2 x 12
x 2:;-*

In the lattcr example, we have renamed 2 and =01, using frac-

tions witn de.lominato: x O. Of course, w recognize that

x 6 = x (Commutative .7-1.operty)

In our example, we see that 21 is a common denominator
2for and though it Is not the least oommun denor. _natc..

Nevertheless, one common ienominator for two fractions is a. ways

the product of the two denominators.



(d) A special test. It us now consider a special test

for two fractions that name t're same rational .number. In our

last example we used 6 x 4 as the common denominator for
2
-7

and 4. Thus we had

2
=

2 x
X C and 3 x=

o x 4

We could say: It is true that i = r, because the two resulting

numerators--2 x 6 and 3 x -- -are equal, and the denominators

are equal.

In other w 2 3oras, to test whether -7 = it is only

necessary--once vou have understood the reasoning--to test

whether 2 x 6 = 2 x 4. And this last number sentence is true!
8

I.^ the same
5 40

e way, we can test whether -2- = - by testing

whether 9 x 40 = 8 x 15. They do! When we do this, we are

thinking:

9 x 2L0
1D 1D x 4C

and
40 x 15
8 8 x 15

This is an example of wh?.t is sometimes call "cross

product rule -" It is very useful in solving proportions. (Some-

times it is stated: The product of the means equals the product

of the extremes.)

rule mo test whether two fract_ons and

name the same ..umber, we need only test whether axd = b x c.

That is,

mhis r'ie is important for later aoplications in mathematics

such as .._,::filar triangles. In advanced texts on algebra, it is

sometimes used as a way of defining rational numbers. That is

an advanced text might say: "A rational number is a set of
2 3 asymbols like (i5-, . . .) . Two symbols, E- and -,-,

a
belon7 to the same set if axd=bxc."

What we have done amounts to the same thing, but is

developed more intuitively. For teaching purposes, the "multiply

numerator and denominator by the same counting number" idea

conveyed by Rule 1 can be visualized more easily than can the

"cross orodu-t" rule.

oC,



l7t would certainly not be our intention to insist that

children learn Rules 1 and 2 formally. However, these rules

summarise an et perience that is appropriate for children. We

can form a chain of fractions that name the same number,

1 2 8
2 = 7o-

Each frac on is formed by multiplying the numerator and

denominator of the preceding one by 2. We can visualize this

as subdividing repeatedly a segment or a region. (Rule 1).

W 1 3e can form a second chain beginning with = = -4--
2 o lb

We can then understand that it is possible to pick out any

numeral from one chain and equate it with any numeral from the

other, :1-1!_ch is dust what Rule 2 says.

Yeanin:7.7 of Rational Number - Summary

Le: us summarize how far we have progressed in our devel-

opment of the rational numbers.

(1) W.7 regard a symbol like one of the following

naming a rational numser:

O

b 5

5

(2) We know how to associate each such symbol with a

point on the number line.

know that the same rational number may have many
6 3names that are fractions. 17huF-,, and 7 are fraction names

or the same

( We that when we have a rational number named by

a fraction, .;:e can multiply the numerator and denomnat.)- Cf

the frac:Ion by the same counting number to obtain a new frac-

tion name for the same rational number.

) We know that in comparinT: two !-;ional numbers it is

useful to use fraction names that have ,.;he same denominators.

We know, :co, that for any two rational numbers, we can always

find fraction names of this sort.

Thu: far have not stroFed what Is often called, in

ional langua2..e, "reducing fractions.' to "reduce" is7),-,



for example, is simply to name it with the name using the

srallest possible numbers for the numerator and the denominator.

Since 2 is a factor both of b and 8, we see that

3 x 2 3

x 2

We have applied our zeneral idea that "multiplying numerator and

denoninator by the same counting number" gives a new name for

the same number. We can call T the simplest name for the

rational number it names.

We would say that we have found, d, in -,-, the simplest name
6for the rational number named by
S.

This is more precise than

saying we have "reduced" since we have not made the rational

number named by -5- any smaller. We have used another pair of

numbers to rename it.

(6) We know, also, that 2 and name the same number.

We thus regard the set of whole numbers as a subset of the set

of rational numbers. Any number in this subset has a fraction
0 1 2name with denominator 1. (7, I, 7, etc. belong to this

subset ) 2 is a name for a rational number which is a whole

number. 0 is not a fraction name for this number, but the
2 4number has fraction names 77, 7, etc.

At this point, it seems reasonable to use "number" for

rational numbers where the meaning is clear. We may ask for

the number cf inches or measure of a stick, or the number of

hours in a school day.

(7) We can agree to .::pak of the number 4, to avoid the

of ''number named by Thus, we might say that the

is than the hlzrbe 1 (as we can verify

the number line). This -Aould be preferable to saying

fraction is greater than the fraction 4," because

wt. do not mean that one name is greater than another.

Ya should not say that :; is the denominator of the

number because the same number has other names (like

w-Lth different denominators. 3 Is rather the denominator of

wordiness

number 2

easily on

that "the

tne

62



(9) We have seen that the idea of rational number is

relevant both to regions and line segments. We will see soon

how it relates to certain problems involving sets.

Now we might introduce some decimals. The numeral, .1,

for example, is another name for
0'

:. aleHoweve can explain

P numeral like 1.7 more easily when we have ceveloped the

idea of addin7, rational numbers.

Operations on Rational Numbers

Now let us cp.lsider the operations of arithmetic

rational numbers. Fo each, cur treatment will be based on

three considerations:

(1) The idea of rational number grow,; out of ideas about

regions and the number line. Similarly, each operation an

rational numbers can be "visualized" in ters -f rei";ns or tie

number line. Indeed, this is how people original.: the

ideas of sum, product, etc. of rational numbers. `.ion

was introduced to fit a usefu:1 physical situation as a

way of supplying problems for arithmetic textbc

(2) We recall that some rational numbers a. unters.

So, we want our rules of operation to be consist oat we

already know about e:hole numbers.

(3) We must remember that the same Tatiana: has many.

names. We will want be sure that th? result c operation

on two numbers dces not depend on the special names we chiose for
, 1them. For eample, we want the sum a: 7 and 7, tile same

,
number as the sum o: 2

7.

threa, guide in defil.ing the operations

of add'io:., subtractiL,n, multiplication and division of

rational numbers.

Adlitic: and Supt:,ctian

As . :at f_ of addition, mir:ht think of a road

t: whic,n stand house, a ocol and a store as shown in Fig. Y..

, = from the .ouse the school. and mile



from the school to the store, then we can

see that the distance from the house to hocs-2 school store

the store is mile. 4

From such examples we can see the

utility of defining addition of rational nu:7::_2 by usf.ng the
2number line. To find the sum of 5 and 7,- wc would proceed as

in Fizure N.

2 4
5 4 5

4
5

2

Using a ruler. can locate the Point on the

correspondin- to the FUM Of any two ratiOnal For

e7 imple, gitn approp:2iate rulers, a child 1-)sate the point

;hat corres1'. :ds to the sum of and a child would

&....so like to know that the point for , located with a

ruler is one for which he can find a on name--a fraction

%ames a rational number. Of cou , one name for tte sum
3of and t is g,+ , but what is slngle fraction that

name) this :.umber? A2so, he is interested in knowing whether'

not the set of rational nur.bers is closed under addition,

cince he knows that :,his is true the whole numbers.

number line, it is ent that the sum of

and ie 5 . This suggests a way to find the sum of two

hur,bers that are by fr-: ions with the same

-Lenominat. For such fractions, we s: )1y add the numerators.

- 3. This efinition matches the idea of

twc line segments.

w. are not finish2d! suppose that we want to add

Arid We know that there are many other nar.:es for the num-

ter ....am:ff
2

Some are:

" 12'



Likewise, there are many names for the number named by They

include:

2 3 4

'5' 12' 17'

In order to find the sum of these two rational numbers we simply

look for a pair of names with the same denominator--that is,

with a common denominator. Havircr found them, we apply our

simple process of adding numerators.

Thus we can write a fraction name for the sum of two

rational numbers if we can write fraction names with the same

denominators for the numbers. This we can always do, for to

find the common denominator of two fractions, we need only to

find the product of their denominators.

This provides a -cod argument as to why

2 1 11
4 TT'

It is clear that
8 3

If the idea that the same12 12
11
12*

number has many names makes any sense at all, it must be true

that

2 8 3

3 ' = 72r

Suppose that in our example we had used a different common

denominator, as 24. Would we get a different result? We see

that we would not for:

2 2 x 8 16
7 3 x 24

1 = 1 x 6 6

x c 24

2 1 ")2

7 H. =2
. 22 11and 77 = 7.7%

Little needs be said here about subtraction. Using the

number line we 2e can visualize - 7 as in Figure P.

3

0- 0

2 -> n

P



2Thus we can define TT - as the number n such that
2 37 n = 77. Again, skillfully chosen names lead at once to the

solution:

8
12

+
12

n =
i1e

Properties of Addition for Rational Numbers

Our rule for adding rational numbers has some by-products

worth notinc,..

We can see, for one thing, that addition of rational num-

bers is commutative. Our number line diagram illustrates this.

In Fi 0 we see the diagram
1

for
2 1

and for 4
5

0 .

2 : 2
)±( 5 S+T

0

2

F"-7.

The commutative property also can be explained in another

way.

1 2 1 2 2 1 2 1

5 5 5 5

We know that 1 + 2 = 2 + 1, so w 1e see that 2 % 1
= In

5 5
general, to add rational numbers named by fractions with the same

denominator we si7.o1y add numerators. Adding numerators involves

adding whole numbers. We know that addition of whole numbers is

commutative. This leads us to conclude that addition of rational

numbers is also commutative.

We can use this type of discussion or the number line

diagram to see that addition of rational numbers is also asso-

ciative.

Here is another interesting property of addition of rational
. . 0 0 0numbers. We recall tnat 7, , etc. are all names for 0.

3Thus 0
0

=
0 + 3

In general we see that the sum

nf 0 and any rational number the numb.,,-



3Similarly we recall, for example, that 2 T7- and are

fraction names for 2 and 3 respectively. Thus

2 3 2 -:- 3 5 -2 ÷ = : - - -
1 1

as we would expect (and hope).

Addition of rational numbers ir not difficult to understand,

once the idea that the same rational nber has many different

fraction names has been well z:stablished. The technique of

computinj sums cf rational numbers written with fraction names

is in essence a matter of finding common denominators. This is

essentially the problem of the least common multiple and thus

is a Problem about whole numbers.

Addition of Rational Numbers Using Other Numerals

Often it is convenient to use numerals other than fractions

to find the sum of two rational numbers. Those commonly used

are mixed forms and decimals.

The first kind of numeral can be easily understood once

addition has been explained. We can see with line segments that

1
2

is a rational number, and it is also easy- to see that is

another name for this same number. Similarly, 24 = 3=J Indeed,

these ideas can be introduced before any formal mechanism for

adding two rational numbers named by fractions has been developed,
1 7because the idea that 2 + = 7 goes back to the number line

1idea of sum. To adopt the convention of writing 27 as an
1abbreviation for 2 7 is then easy, and we may use a numeral

like 2;7, as a name for a rational number. It is these we call

a numeral in mixed form.

The use of decimals is still another convention for naming

rational numbers. For example, 3.2 names a rational num -r;

other names f-r this number are

0' '
2

-10'
16 32

I
1-

320
:00'



16
'

32 320
Of these, and are fraction names while

310
1

5 10' . 100 10
and 3.= are mixed forms.

5
The methods for computing with decimals are direct outcomes

of their meaning. For example, to compute 3. 1.7, we may

proceed as follows:

=

10

7

10

11
10

Hence 3. 1.7 = 5.1.

We want the child to develop a more efficient short-cut

procedure for finding such a sum. However, the understanding

of the procedure can be carried back, as shown, to the knowledge

he already has about adding numbers with names in fraction or

mixed form.

n a simile: way, the procedures for subtracting, multi-

plying and dividing numbers named by ,..cimals can be understood

in terms cf the same operations applied to numbers named by

fractions.

Yultiplication

3y the tine the chid is ready to find the product of two

rational numbers such 2
as , and he has air._:ady had a numper

of experiences in understanding and computing products of whole

:-e has seen 3 x 2 in terms of a
O 0

rectangular array. :-e can recognize the
3

n----angonont in Fig. A show
° 3x2

ing 3

groups of objects 'th obz!ects in

each group.
Fig. Q

Ais_, ne has a x 2

in terms of -ine %,.

R) that is, as a

of 3 two-unit segments.

Furtnrmore has interpreted

2

3x 2

Fig. R



Figure F. in terms of travel along a line. ''or example, if he

rows a boat 2 miles an hour across a lake, then in 3 hours

he :,ws 6 miles.

Finally, 3 x 2 can be related to

areas as in Figure S. Thus, a child

has seen that the operation of multi- 3 1 3x2
olication can be applied to many snits unit squares

physical models. He has related

several physical si-ations to a single 2 units

numbe: operation.
Fig.S

The "Rectangular Region" 7.,lodel

Yay we remind you that the idea of multiplying 2, an 1d

was not Invented :or the purpose of writing arizhmetic books.

Instead, people found some applications in which the numbers
2 1
7.7 and , anneared and also

15 app area. For instance, in

2

3

5

Fig. 2 we see a unit r.7uare separated

into 15 congruent rectangles. The
2

I meaure of the shaded r_ _on is --,-.

I
II 12

!
square units. On the other hand, we

3

I have already used the operation of

multiplication to compute areas of

rectangles having dimensions that are

whole numbers. Hence it :-atural to

tne Product of = and "2--

3 5

Fig.T

say; Let us ca_
2 1 2

x =
D

Lo>71cally, - X = Is a meaningless symbol until we define

It could mean anything we choose. au r choice of 4_ for
D

a meaning seems, however, a useful one, and indeed it is.

vet, children need many more examples before they can see

the gene: that in multnlying rational numbers named by

fractions we multiply the numerators and multiply the denomi-

nators.

We shsuld rec=lize that al.ih:ugh the :_rmal 'ntrcduction

of is deferred until the sixth grade tha development is

nntnipated b ma earlier exneriences. .mong t'.-em are: the



identification of a fraction with a r:zion and the various steps

in finding the measure of a region.

The "Number Line" Model

The product of two whole numbers also can be visualized on

the number line. A few natural generalizations to products of

rational numbers can be made from these kinds of experiences.

For example, if we can think of 3 x 2 as illustrated by
Figure U, (a), then it is natural to identify 3 x ;- with the

situation pictured in Figure U, (b).

b

2

0 3xi

U

--> 3 x 2

Tn the same way we Car 2example, 3 x wltb

4
± 71 - 7.

P.gain, if a man walks 4 miles each hour, then (2 x 4)

miles is the distance he walks in 2 hours. (Fig. V) On-
1mo-e it is also natural to relate 7 x 4 w1th a distance he

travels- -this time with his distance in hour.

ix4 4 vt4 2x4
-->

Fig.V

Suppose, now, that a turtle travels z..-- mile in an hour.
2 D

2 hours, it travels 2 x 7,7-, or ,-, miles. We identify the
.. 1 D D

2
ofproduc,, 7 X =- with the distance it travels in 7 o., an hour.

(C.



Fig. W diagrams tne turtle's travels.

I . 2 I I

30 l3 3xf 2 ^ x I-s4 3_3-3 x
1 h:

hr 3-hr
2 hr

Fig. W

3hr 4hr

-1We 2 1locate -,- of 7 on tie number line by locating
1 J 5'

cutting the
5
-'. segment into 3 congruent segments, anL', counting

off two of them, a: i_r- 71gure X.

2Tot
0 3

congruent
segments

2
3

Fig. X

More specifically, we first cut the unit segment into 5 con-

gruent segments. Then each of these is cut into 3 congruent
segments. We thus have 3 x 5 sr ~rents. We counted 2 x 1 of

2them. We see that 7 of 7- is associated with the point
2 x 1
c x

2 1
Wnen 2We had two numbers: 7- and w we talk about j- of

7 we are explaining a situation in which we have a nair of
2 2numbers (17 and 7) associated with a (---)

-
We ha: e,.15,

in short, an oneration; it is natural to see whether it is an

operation know. We find that it is.

We already had agreed, using the rectangle model, that

2 1 2 Y 1 n_
-ft- X r- = ,-----e- = 7
,S D ..:i X , _L..)

1 ':., 1with .-, x .:4ence, we now see that wc can id,.ntiry 7 of 7,
D c D

Mo-eover, we notice that if we use the idea of travel on

t;le nl .ber line (Fig. w) it is again natural to ifentify
2 -

2 , 1- with c.:
) c D

(1



of Objeo ,"

e...._;dad- usage, of 127 of a do:.en of eggs. We

ualLs:- this the result of separating a finite set of

ets ac with the same rimber of object. and

of the subsets. The relation between this con-

:2

12-inch segment can be seen from

Fig.

such exambles with very yourr, children to

a of 4:-. gut this is a little misleading, for

t[at of 12 is again a situation involving
. 2ant ,%. ga.4.n we can verify tnat of 12

lof 12
3

X 7c).

the standpoint of defining the operation of multipli-

cr rational numbers, it would be entirely ufficient to

--- interpretation. However, ...::cause products f rational

err,. are used in many types of problon situations the child

_ _. ze that the del'initio.1 does fit the needs of

can :'sualized as:

1, e area in sq=_re inches of a re-!tangle

length 7 in. and width 1
in.

length of a line segment formec by taking 4
of a oh se7ment.

t:( number 1-_:.ne model come many proble 1 situations.
7 a car travels 1 mile per minute, it travels

miles ,minute.
2

x an be interpreted in the ways noted and
2

Finite sets. use
3

x 12 where we

numbr of eggs in of a dozen.

('2
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can also recognize that w e ha:e essentia'7y asp: .d the

distrituti-:e Property in :ritinj:

X -7- = -7-

the topic of multislication of rational

numsers o-.;,;:ht to notice that the product bf certain pairs of

rational numbers Is 1. For exam_.1e, the sroduot cf d

is 1, calp^ the recibrccal of and 4,-

h,, -.-c'broon7 of a number is the num-.

mu:,t te multiplied by to :give i as product. Every

rational number except C has exactly one recL.prooll. 'ihen the

number is named by a fr.ction, we _an easily fird the reciprocal

the .racticn upsid down". 7hus reciProo

is -,..=
In particular, the reciprocal of th._ whcle numcer 2 is

can be 7erified easily since 2 x =

0 has no rcci..rocal. Fo_ we know that the product of 0

and ever,,. ratina:: number is C t.r.re is no numt,-r we

can mu'tipi7 ty 0 to g

Division

In the rational r.-__ ber system, as in the counting numbers,

we want to use d'vison to answer questions of "what must we

multiply". in a diviELon ituation we are given one factor and

a proclu.::t. Th-...s 1s the number such that:
-

.;\

)

. In ortcr to compute -51,-
, we must solve:

where . and are counting numbers.

To acquire an understanding of the division 2_recess, chf1.-

-'rPn need many concrete experiences in its use. These exper-

ences parallel those with multiplication, since div'_sion problems

can be interpreted as problems in finuing an appropriate multi-

plier. Thus typical problem situations include: 1) findi.s.. the

wiatn of a rectangle wnen the length and area ere known;
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reciprocal. Later, introduce the ne:-..7ative numbers to

make a :17c--.em closed under subtraction. Once we have done so,

su':tractin._, a number -2n b. r.s7nced by a. d:_ the opposite.

Fractions, for a of F.ational ::umbers

s far -_: ha7e restricted 01_:T use of fraction to that of

cein.-- a symbol naminTr a of whole numbers. Let us now give

to s-M7ols like etc. in which the pairs of

numbers are rational numbers instead of whole numbe,-s.

call that we already now and 3 :4- are two names

or the came number. :hat is, _or x n =
7

x =
3

3
7

:his sugest: that we mi7ht say that the symbol w411 mean

and the symbol will mean

::hen we say, = = , we are .'fefinin,7; the meaning

those symbols which hitherto has had no meanins for us.

's ___o ,cal with defining a new symbol in any way
3

like. simply assignin7 to 6 the symbol 7

does nct bermit us to treat this new symbol immediately as if it

were a fraction of the kind with which we are familiar. For
3 2 x 3examole, altnoupsh we know that - we cannot be certain

x
2 x =

1 1 2=
o'

Tr-1, because we know 73- = 7, we
'-'cannot conclude (without argument) tat 7 7 2

oractice, chi'dren in the elementary school are unlikely

to add or to multiply many numbers named by these new fractions.
1z

Yet, exannles as will be familiar when using decimal names

fn of rational numbers. In later years, they can find

F.olutions to such examples as 14% of 120 by solving

12.5
nn 77.77.



Thus, it seems necessary to ''know" if it is bossible to mu7tiply

the numerator and denominator of
7

by IC to obtain another

name for the same number.

, let ,;.s make some observations about di7isicn. Does

m-lt,olyr] the dividend and divisor by the same number chanEe

the result? We observe

2 = 3

(6 x 2) (2 x 2) = 3 12 ÷

7 6x =) ( 2 x 74) = 3 or ÷ - 3 1 = 3.

We also need to be sure that when we mult,oly the numerator and

denominator of a fraction, as. -77. ,j same number, we

obtain a new fraction canal to -le orizinal one.

Does = ^

,
We know that 7-_ =x n -:-'7 -,-; n = 73- x =

20
77.

, .

Let us now mult_ply both numerator and denominator of the frac-

tor. j sam numb.

But
3 x 12
x J 12

, :7, , . _
.... , .... , -,,- X -7r ,7---,

j X
X 7--7

5 x 20and 7-77-T =

20

is
77-

the same as 2-2

If it Is, then 1 =
2C

9

We do know that this is true since the product of 1 and a

rational number is that same rational number.
5 5

1r

T
,-, "

G Ld .:J G -, ..hus .5'r ÷ = and --.7.7 = so, 7, J.

79 ,



Physial model: are of utmost impsrtane for de-:eloping the

con:ent of rational numbers, and of the product of two rational

numll,rs. We su--Trest a number of 1-inds of mat,:-2ia7s which

te_crier s na7e fo=d Such materia s, and others whii:h

may Le equal_ usef ul, should be used freel

7,ard's, A- on pages -- and 0- should be coded

ner foot square paper, -refer ably card-

arf,. :se a fc square of colored acetate to indicate

shaded areas so that cards may reused.

Figures 1-12 on page should be copied on card-

board by teacher.

'3) ::umber lines 0n pa,:e should be copied on a large

piece onner. ::mber lines mirh_ to grouped or used

indi7iduaily. Sug7este grou.-)s would te (1) A-E,

2) F-H, and (3) I-J.

Fraction :hart on pare c7 should be enlarged for

class use, on heavy paper.

( = , ;.odes of Pocket r'narts and cards for work in reading

writinr decimals are sugEested on rage cc.

Pictures of arrays which are used in this develooment
1 1 1 I 1 7 1 _Lto represent 2, 7-, 7-, 7, 7, 7, tt, and TE

set objects are shown on base o5 and could

oe P'n1 on heavy paper for class use.

Other devices

Flannel board and fractional parts

vr,r'-'31tck

Clock

:;:oasuring halves, etc.

Scales

uV



cubes

?lay money

?e7board

Strin,77 marked teeth colored ink or colored beads to

congruent line segments.

3,rips of gape- 'o- 'olding

Circular. undecorated paper plates - one to represent

the unit, others separate_ into congruent regions

representing halves, thirds, fourths, fifths,

sixths, eighths, and tenths.

Thermometer

Groups of concrete objects

Egg cartons

:arton dividers

Y.ater'a7 for Pupils:

-2;,ttced conies of models used b7 teacher in development

of unit, especially number lines and fraction
chart.

Activities for Pupils:

?raction ',tees~ suggested on rage 97

gic squares

Faction Games - puzzle is suggested on page 9c.
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UNIT

--',1-z7.7 a

(2)

4 4

(4) (8) ( 4)

(4)

(8)

Shallow top of square box may be used as frame. Cut out frac-

tional parts shown above in proportion to frame. Numeral below

each part indicates the number of that part to include. Let

children see in how many different ways they can cover the unit.

You might also have nuzzles for (1) halves, thirds, sixths, and

twelfths and (2) halves, fifths, and tenths.

90
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o re;4ew the meanin7 of ar_d the use of rationa

numbers.

To review the symbolism for rational numbers:

fr,,,,-t'on, decimal, and mixed form.

Yaterials: Cards A-7, nage o2 : colored acetate; number lines I

flannel board and models of unit reTions

cut into congrlient regions.

Vocabulary: Unit square region, unit line egment, conzruent

separated, measure, union, rational number, fraction,

denominator, numerator, regiL;n, line se cent.

Sungested Teaching Procedure:

Teachers should use only as much of this
section as is needed by the pupils class. 1

It is intended to brinz into focus those ideas
associated with rational numbers which are used
in the development of multiplication.

(a) Neaning of unit and Part of unit.

Have ready materials such as the Cards A
on page 82. The shading of the

diagrams below shows how one might use trans-
!
Parent materials to cover that part of the
region. Each card represents a unit region.
The purpose of this development is to help iden-
tify that rational number which indicates the
relationship between the part of the unit and
the unit. Use also paper plates and felt pieces
on flannel board to represent circular regions
and namber 1Lne I c_:-1 nag bo.

92
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Th7 class discuszLoh can be develop.,:.:
:he follo.,:in,z manner

Loot: these :aids.

square re,71cns. The dotted lines separate each region into

smaller conzruent regions. Look at Card 3. If 1 is the

measure cf the rezion represented by the card, what number is

'1the measure :f the part that is shaded? 1-;-, What par: is un-
shade -,7) What part of Card C is shadEd? (7) ;,na, cart is

urshaded

Contin-,:e these questions with the other
_rds.

Why do you say t- of Card is shaded? (The square

re.-;icn is separated into 10 congruent regions. Each of then.

is -.=.; the Whole region. Three of these regions are shaded.)

0 is the measure of the shaded part of Card F.

The measure of the region represented by Card 3 is 1.

The measure of the shaded region is 7. W.:1:: is the measure of

the u_nshaded region? (;-'

The measure of the region represented by Card D is 1.

What is the measure of the unshaded region? (6) %That is the
\measure of the shaded regions! , 2

Continue as as needed.

Line segment. You may then wish to use
paper plates or models on the flannel board co
represent other regions such as circular regions,
triangular regions, etc., before representing a
line segment on the chalkboard. Mark the seg-
ment to show five congruent parts. Let the
measure of the line segment be I. Then ask
for the measure of't'r.e union of two of the con-

gruent segments; (--) the union of four of the
1,

congruent segments. ( 5) etc.

Observe other representations of rational
numbers. You may wish to note that commonly we
use a rational number to indicate the measure of
a line segment or of a region.

Summarize these experiences by recording
the measures of the shaded regions of the cards
(or whatever materials were used). They might

1 1 2 3 3 5
e; 7; 7-7'; T; 17;

94
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Chapter 2

rn 7 e`.," 7 '77 17,7:::17;

R.:,TICNAL NITT,a'EP, )

?atonal n11-,rs may be used for the measure of a region and

for the measure of a line segment. Think of tithe;;' uses for

rational numbers. Look at the figures

;j/ //,///
///

/
///AaL////////// ////4

,"> //; ,-- /// 77,/, ./1/// '//// /////// /A/
,/ZZL2Z/,ZZ/1:;/u_.1

The shaded region is two-thirds of the square region. AE

is two-thirds of AB. 1..-;o-thirds is the measure of CD.

2Two-thirds may be represented by the numeral 7, which is

called a-fraction. The 3 below the bar indicates that both the

square region and AB have been separated into three parts of

equal measure. The number 3 is called the denominator of the

fraction.

The 2 above the bar in 4 tells the number of thirds we

are using. There are 2 thirds shaded in the square region and

2 thirds used for A.E. The number 2 is called the numerator

oi the fraction.

96

I (1



Exercise Set I

//////
H /

/////// /

//' 7/
/

; ,

'/////,/.//z1///z////

// 4 ;,//.';'/
2L///// %/4 /4/2,

///
v %;/

,
//. /-1/ //%/,;^/

//Vizi+
,V//////,:,/ / /

///////4) /// ///

Answe..r the followir_= cuestions for each region above:

:hto how many parts .L s each separated?(A,3.;(3A),(c,,' (.0,9)

many parts are shaded ? ( a), (2 Cc (2.- 3)

Tf the. :7easure of each large square region is 1, vrlte

the fraction that indic:tes the measure of the shaded

a. -Arhat do the denominators you A-rote rpreseht?

What do the numerators

For each figure

represent?

above, write the fraction that indicates

the measure. of the u_nshaded region. (A - cc. D3; 8

a. 7r/rat do the denominators you .4rote for Dcercise 3

represen,`:

uU

4:12. t. do .,he ,he numerators represent? Clt:i;' ti

o = 7 is shown in the shaded region of Figure
-

Write similar mathematical sentences for the shaded

parts of Fig.ures A, C, and D. CA ;7;1)r,
L13 s y s

B.
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5.

A

o 1 2 3 U 5 -
o 2 3 5 6 7 8 9 10
7 7 7 7 7 7 7 7 7 7

/7
a. What fraction names the measure of AB? t I/

b. What does the denomin.4tor r.present?(;4...m....,-PAt- ,1
Cc, -4..zr,-..sa.- ...-.A.,.,-4,..<13 c.a, _,,,..J. ci. ,42.._ ...j,,, _p_;,,, .:,

)
c. at does the numerator represent? (4,z,nci.siLt. i

Co-Ktr-pas....d.c21.....0--Li -,.a ....32-54,24./ 7;i3 c-c-v-a-z.d.)

d.
2

-
1 1

+ . Write a mathematical sentence for your

answer to Exercise 5a. Is more than one sentence

possible?

L
7 I C,

3- 2- .4-

1

0 2 3

a. What fraction names the measure of lie segment CD?

b. What does the denominatorrepresent? ,.,... 0/
c..-Kru.a....L--_.a..._;..,....-_,.. _;_c..4.A..),-,._,.., )

2 1 17c. 7 = 7 + . Write a mathematical sentence for your.

answer to Exercise 6a. ( --4 4- .f = 71:-), C 2-;- 4- --- = 41.-. )

1Q
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7

1 2

0 1 2 3 :., 6 7 8
,-. -7. -7.)) 3 ) 3 ) 3 ) 5

a. What is the measure of EF?( 4--)

b. What does the denominator represent?( 264,,, J 72

Cor-Pre44 -41-12p",- 4 ... -4^Lb.--44,ii. -La-ci,......,.,:,..-A.140,La )i
c. Wha.; does the numerator represent? ,!..;44,,,,a,,,git_ 0../

Cern tuaut _ARt,xx.... .-(.4--Lit
d. Write a mathematical sentence about the neasure of F.F.

(3 -'3 --",:)

8. In Figures A - E, each figure represents a region whose

measure is 1. Cozy and complete the chart.

A B

Number of congruent
1 Parts

NUMber of Parts

Shaded

Measure of Shaded

Region

2
2

(.2_
, (3) (4)-

(G) (-5. (f)

-)." ()
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9. Draw simple figures to show segments or regions whose

measures are the numbers:

10. a. What is the 2 called in these fractions:

2 2 2 2

11' 25

b. the 3, 9, 11, and 25 called in the

fractions? (c99,,,,

11. Complete the sentences below, using the Figures

Exercise 8.

.

a. The denominator of the ' 3action --, :s that

Figure 3 in Exercise 8 has teen separated 1nto

conEruent parts.

The numerator of the fraction = shows that Figure E

has / parts shaded.

The denominator of the fraction shows that

Figure A has been separated into L.)) congruent

parts.

The denominator of the fraction shows that

Figure D has been separated into CZ) congruent

parts.

Use rational numbers to answer these cues ions.

12. What part of a week is:

5 days C-f)a. day :4) c.

b. 3 days j d. days
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13. What part of one year is:

a. 9 months (4 3
c. 6 months 7C25 )

b. months (4t o-t d. 10 months
/o

14. What part of an hour is:

a. 45 minutes ('N c-t -4) c. 15 minutes L Lis:, 0-t-21-,-)

b. 30 minutes (R"' °-14) d. 10 minutes ( * .4't-i;-1

15. What part of a pound is:
. 3

a. 4 ounces (. c. 12 ounces L. 1r)

ounces cz

What part of a yard is:

(
a. foot

2 fe

17. What tart of a foot is:

a. -Tnches

,
d.. 15 ounces ; 7z-

CC. fees C '

d. feet c / --"=")

c. inches ( 4--
L C-t j

b. 8 -,nches
(

/.2.
d. 12 inches c-t. I)

18. What part of a day is:

a. hours ( 24 "-I 4-,

o. 60 minutes

19. What part of a mj1e is:

a. 2,640 feet
;to

y \
8 hours (

d. 12 hours C oz

c. 1,320 feet(..;_ro
lAc

c-t 4-)

/ G 0

d. 330 feet (-- ..°70 0-r--/c;)b. 660 f'eetcli; crt 1F)

7 0;



DIFFERENT NAMES FOR A NUMBER (RATIONAL NUMBER)

Objectives: To review the idea that the same rational number

can be named by different fractions, decimals, and
15

'

1mixed forms (e.g.
3

'

6

' 10
1.5, 1.50, 17,

4
etc. are all numerals for the same rational number.

To provide further practice in determining other

names for a number when one or more names are

already known.

Materials: Figures 1-6 page 103; dittoed copies, cne for each

upil, are useful; each figure 1-:] represents a

unit square region separated into smaller regions;

number lines A, 7=, C, D, I, and J on page 35.

Suggested Teaching Procedure:

Different fractions for the same number.

The measure of the represented by each of the six

is 1. (See figures below) What is the measure of each of the

shaded regions? (The shaded region of Figure 1 is
1v...)

1 0Write these fractions on the chalkboard. (7,
7E' 12'

Ask if six unit scuare regions are all congruent. How can

you tell? What do you notice about the shaded regions of all of

them? (They are congruent.) Dc they have the same measure?

(Yes) show in writing that these measures are the same, we

write:

6 2-
12 it

:02
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Fig. I

- -

HM :1+:+t:+ - -

Fig. 2 Fig.3

Fig. 5 Fig. 6

Are there other fractions which name this same number?

(Yes) List some. (-L-
'

-,- etc.) How many could you lis:?
10

(More than you can count.)

(Examine Fig. 1-6 again.) Which of them shows with dotted

lines a region which is of the unit square region? (Fig. 2,

and 5). What is the measure of these as shown by the dotted

lines of the paper? (;

What is true about these fractions which you have used to

name measures? (They name the same rational number.) Are there
2C 0N

other ways of naming this number? (Yes.
12E7; 75; --7

1070)* How

many fractions belong to his set? (More than you can count.)

Write other names for each of these numbers. T will be,,-in

the setz of names for you.

Set A = [=7,

Set 77 =

Set
10

= L

o lo'
2 70

SetD =

-z 1 4



did you decide what other fractions to write in Set A?

(I 1,Joked at = of FiEure 2 and folded it into smaller regions.
3 6

the req.-ions was 7as separated into then = F.

Th's can be separated asa.,-

LPt children mark models as needed to show
0ther names to be included in Set A. Set 3, etc.

7ou ..:how another way to find a fraction that names a

same rational number without using pictures? Examine the sets

on -halktoard.

Set A = 1==;

Set
r2

= 10'

lc,. 15.
' it'

I ,),

15 20 25.

10

2D'

300.

200
' 500'

20.

2500.
4000'

"

:uestion tne children about the relation
11 of fractions in each of the sets. Help to

generalize their observations as sugsested below.

10
- o ,-- in Set C and could not

fold paper or ma:.:e pictures, how could you find other names for
0the number '- could multiply both 10 and 16 by the

lc
same number.) Could this same plan be used for fractions from

the other sets? (Yes) We could multiply the numerator and

denominator of a fraction by the same number. Letts try this.

Tea:her and .-.11dren should follow a sirt,ilar
procedure until the children generalize from
exnerience that the numerator and denominator of
a fraction may be multiplied by the same number
to find a fraction which names the same number.
Then ask if any whole number can be used. Point
out that the numerator and denominator are never
multiplied by zero. Prepare number lines A-D
on Page JP. Teachers should also construct a
number line similar to the one below to show that
different fractions name the same rational num-
ber.
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DIFFERI...7.T NAMES FOR A NUMBER

Regions are measured in terms of a unit square region. We

may decide what unit square region we wish to use.

Let us use the unit square region shown in Figure 1. (We

may sometimes call it a unit square instead of a unit souare

region. You must remember, however, we mean unit scuare region.)

e- 1 Figure 2 4-1 4+e )

z/ /*/ / /2/ / //41

Figure

The shaded region of Figure 1 has the measure 1. The

shaded region of Figure 2 has the measure 2 because it can

be exactly covered by 2 unit squares. The shaded region of

Figure 'D has the measure because it is one of the two

congruent parts of a unit square.

A region may have the measure 1 and nct have the same

shape as the unit square of Figure 1. The shaded region of

Figure 4 has measure 1. The unit square is sketched in with

dotted lines to help you compare the shaded area with a unit

square.
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/77-7/, ,/.-/-77// ////,'y./////2/// /4/4/0k
et B

The unit square regions above are all the same size and

shape. The measure of each is one.

Each region is separated into smaller congruent rezions.

One-half of Region A is shaded. Two-fourths of Region 3

is shaded. 'free- sixths of Region C is shaded. The three

shaded regions are the same size and shape. Their measures are

equal.

The fractions

rational number.

. 3and , are all names for the same

1There are many other names for T. They may be found by

drawing diagrams like A, B, and C. They may also be found by

multiplying the numerator and denominator of the fraction by

the same number.

- A number has mcr3 names than you can count. Some other names

for one-half are:

7 2 6 100
7- 7 7 11) 12 200'
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Exercise Set 2

1. The shaded regions in A, B, and T suggest other names for

Write these 7names. Write five other names for 1

7-/
;.

-5,7-1)

2. The number line below suggests different names for rati.Jnal

0 , 2 . 3
numbers 7, -T."-, 7, and ,..--.

C

C

2 3 6r

2 3

6

4-a. Write the names suggested on the number line for ,
2
7.

(-L- J..,0.)

b. Write three other names for 2

o. On the number line above, other names for 7 are

suggested. Write these h,-..,mes, and three others.
3
3 ;

(±- "
4-, r 7,

There is no other name for -- shown on the number

line. Write one other name you icnow for 7=-27. (-;",)

If the number line were extended to the ooint , what

other names would you write for



3. Draw simple figures tc show

1 2 1

7; 7
2 3 2

8;7 = =

Write the fractions which rename 1 as suggested by the

shaded regions in the figures below.
(1-1

a 1(f_m-1

2

2

Gi

2

-3 7 9 77 213
o t. 7 TT 7

7

10

7

1 1 5 1 617 1 819 20 21 25 21!

-7 7 7 $" 7; 7 8 8 7

1a. Write 3 other names for 1=
2

e

1V ( c 2 iL)
b. ;qr.` te 2 other names for

c. Write four names for the number matching the point

S ic 4:0
halfway between 2 and 3. ,c,)

If the number line were extended to the point matching

write the set of fractions with denominator that

(13 /c,..

you would write below the number line. L -,

109
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2
e. If you wrote -3- on the number line in the row of

fourths, between which two fractions would it be placed?

(4-1

If you wrote a fraction for a number halfway between

and 7
what it be') /6

6. Below are sets of names for numbers.

Set A =

Set B =

,11 2 3 5 12 11
in*' 7- r l0' 10' 21'

,13 3 2 3 4 3.2. 4 _1
cs-7' -7' 7' lb"' -SD TT'

a. What fractions in Set A are other names for
("21 2 3l 11 +-) L, Jo

b. What fractions in Set B are other names for
( 3 a- 3 c- s" )

lq j 6 , Ts--)

1

2

1

3

Which of the following rational ,mlibers are the same as

whole nuMbers?

8.

9

12 L 3 71 50 2 477' 9' 12.' 10' 3' -11-

3)

1

Wrt,=, the names of whole numbers between 7 and 2 :.. 34-)

Replace n with a numeral to make the statements below true.

14 n(2,-\

(7)

b. = L."! g. 3 = (3)

,,
, -

:...

= 1 (,.) h. 1 = (()

n r/ \ 1. = ].L (,1-0)7F ( ) 4 n

2 8 24 n=

121
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10. Which number :17; greate.:?

1 (1\
a. 7 or )

D. -.- or

1
c - or

2

d. 7

e. b or
5
73-

or

( 7
1 3

3

11. ?.:ark each statement true or false.

(- 1 7 ,-_-\ 3 18.,

(ID
72 6

1 ., / 7 0

( .--N /( 1 1 (,---) 4-. 2 -8 88' D. = :,--) u- 7 T.7 Cr) i . 77. =

2 18 ,..___, 40 24 4
(7-'' c . .// 6 7. = -6--o- (7") k .7 7,-, , 75

, 1 - 2 22
(F 1.

15
7r 18') ,.... = 7-- -r-) h.

8- 38'

12. Gcmplete, using "<", or = in each blank.

(Recall that 5" means ttis greater than- and

"is less than.")

a.

2

2_.

_L/4_ 76

3 8
e. 1.7 )

6o
10

g.

h.

5 (<)

("=-)
10

2

7

13. Write fractions that make true statements.

ir s, ..-../J (2-1
.,776) . = 04) . /2,C) = (7i)

fs-)
(21 (2I--)

,..s--,/ = E-(t--) = '17 ) ,V = q 1

1

---

'7;

27 =

2. 7 =

= 12

3
-..,,- =

37.
.')

=

(1-\,
_LEL_ .

( 6...,

(7-;.--) =

\
=

r

ft< it means

;



hick of the following fractions are other names for

8 c
7.7 -7-7.7

10 0 r \

7.c.hlIch of the following fractions are not names for -2-?-7

3 24 27 6 18 ,r,

:77' F' L 3 r,

Arrange in order from least to greatest.

7 10 5 11
s- Jo\

Name the greater number of each pair. See also 12a, 12b.

5 6
a. or d.

17 327 (32_\
-77 0_ 7s.--)

2 8 /7cr }
-m-

.., ,._.,

1 15 r])
C 7- or 1 6 cr")

17 .2k nay be thought of as
5

6
as + 5 or as 7-(7.

may be thought of as

8 Ine. or
4

-ji or -7

Jor as "three s'
,

or

or 9 x 2 or as

1
/ 1 1

- c 2 2 2 ±

3.7 may be thought of as 3 0.7 or as 2.3 .4- 1.4.

Write three other names for each of these numbers:

a. b. c. 2.5

4/1"-AA1.-)



?FACTIONS AYD YIXED FOF,S

Obective: To review the dea that a rational number may be

named v y a mixed form as well as by a fraction;

that is, 21 and both name the same number.

call 24: a mixed form and we call a

fraction.)

Vocabulary: Yixed form, simplest form, simplest mixed form

Suggested Teaching Procedure:

(a) Using o vslcal models.

This is a review topic. You will find the
number line or circular regions on the flannel
board quite helpful. For example, locate point

no number line that is associated with 4. Also

see that using unit segments, of I, tna, you
1

You may wish to consider the segment of the
number line between 1 and 2. Note how you
can use fractions and then mixed forms.

If circular regions are used, then show for

example how .4- can be arranged to form two unit

can also name this

1regions and a 7 unit.

(b) Using numerals.

Name rational numbers by fractions. Plan
sequence of experiences so that pupils can
observe that all rational ..ambers greater than
one can be named using a numeral for a whole
number and a fraction. (This is what we call
a mixed form. You probably know it better by a
mixed number.)

Fraction to Mixed Form.
75.erow ;,EIFFomputation procedures may

be used to go from a fraction name to a mixed
form name.

15 12 3
e.g. -

Show that we name the 15 as a sum of the
largest multiple of equal to or less

1 15, plus that which is "left over."
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FRACTIONS AND MIXED FORMS

It is easy tc zee that 2i= and Z are names for the same

.

number. Z s fractfon name and -12 is a mfxed

= _

2
7- +

2 x
x

8

e.L

Suppose you have less fam:Illar numbers.

=

18 x 13
1 x 13

23i

239

for th::

7
Consider the number How can It be .,-7rftten I^ nixed

form? You know that 7:
87 =

17 8 -, 166 171- 16 - 158
--,--- _

0 0 6
or

8 166 4 158

,166 = 2 158=

Recall the.; a fraction is in simplest form when the numerator

and denominator have no common factor, except 1. In the simplest

mixed form for a rational number, the fraction ic. .r. simplest

form and names a number less than 1. Is either mixed form

115
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above in sLmblest To f'nt the simPlest mix 'e-i form

for -7- write the numrator, 17-, in the fo-m x

w4th r less than coeraton :10 you usr, to f'nd

= 21)

-

- 21

X C.
0

Exercise Set 3

r.
=r

Write names for these numb,--s '- the form shown. In ExercisP

be sure r < 6.

2.

3.

38 = (4

55 = (3 x n;

72 = (12 x

12L = (25 x

(13 x

13)

n) rcr, n-24)

l'(nrIci,r=5)

are these numbers in simplest mixed form. Show your work as

:he examples above Exercise Set 3.

,0 73 i ,

) 10.
87 ,,, 7 \

,.., ---_-- (-,:---

1 0 '\ 'T.-6-)

F,n(f fractlon ne.r..ez for these hIlmbers.

/67\,
13. 15. 127 ---,

5 /

5 (7r

12.

17.

6

145(o2
is':3,)

ybc,,,

5G
3 (203)

/208
\ 7



;i::0: A:7 SUF,-7'FAC7'70:; OF RA7TON7 zs

Obective:

Yaterials:

Vocabulary:

To review addition and subtraction of rational num

bers -:sing fractions, decimals a. mixed forms.

Have F'g. 7 through 12 page 85 available for use.

Fr'mc, factorization, greatest common factor.

Suggested Teachin7 Procedure:

a) Deocrbirio the union of regions bv addition.

Look at these figures which are separated into congruent
,tarts. 'Tr,at -art of each figure is shaded? of each is

3shaded.) Some of the tarts which show -, have been separated

into smaller parts.

Fig. 7 Fig. 8

Fig. 10 Fig. II Fig. I2

Have children describe the shaded part
3 1 4

of Figure 8 as 7 = 4 theE7, ,, shaded part of

Figure 9 as
3 1 8

=



(b) Adding_ rational numbers.

:e can use these figures to find the Si. 7 of two rational

-._....hers. Find these sums:

2 7

. _Ld

2

::cigu
2 1

re 7 shows that = Fizre 10 shows tnat

= Figure 1 shows that 74.7 .1fi4 = t. Figure

12 shows that 1 2
=

3
=

1

Did you need these figures to find the sum of these numbers?

(No. They were named by fractions with the same denominators.)

What procedure do you use to add two numbers with the same

denominator? (To find the numerator of the fraction name of the

sum add the numerators of the fractions. The denominator of the

fraction name of the sum is the denominator of the fractions.)

Some numbers which we wish to add are not named by fractions

-_,h the same denominator. Look at these.

1 The numbers in the exer,ises below are those
wnose sums can be read from the figures. If

11 children recognize that
8 2

or 1TE = they

snould not be discouraged by the teacher. At
the same time the teacher may point out that
these numbers are being used to find a method

li for the addition of any rational numbers.

(, 1 . 8 _ (f) 1 3,- n) " s-
1 = n

After expressing this sum of two numbers,
children may find it easier to use vertical form
to compute sum.

To add two numbers named by fIactions with different denomi-

nators, you can first name them Ly fractions with the same

4
8TEdenominator. How can ryou rename and in Exercise (e)

so they have the same denominator? (Rename 1
4.4 as IF.) What

,
is the size?

8 12m?
-. -37 = TE)

Repeat questions for Exercise (f) and
(z).

118

12:J



The renaming and addition is sometimes written like this:

lc777

....: 1 2(..7.)

.., (-) -.- _
- i 77 , e-,, -7-

3 .=.-

s_, 7

..
= --7.

. 12 ...

C

12

Write bnly what you need. Some of you may not even need

to write You may just think it.
_Lo

L- EXercise (e) and (f) the sums should be expressed in
12 3.simpler form. Give the simpler names. (lb -

12
3
-7)

These sums may also be found by use of
Figures 9, 12, and 7. The children may need

11 further review.

(c) Subtracting. rational numbers.

Looking at Figures 7 through 12 again, can you find the

unknown addend in these subtraction examples:

3 1(h) 77 =
1

n (i) = + n (j) _ n

(From Fig. 7, = 7-. From Fig. 8, - = 4. From
_ 2

1Fig. 11, - 17 t7).

Do you reed to use the figures to find the unknown addend

of these numbers? (No. It is easy to subtract them because the

fractions have the same denominator. We subtract the numerators.)

What is the denominator of thP fraction name of the unknown num-

bers which are subtracted.)

How are these .umbers subtracted?

(k) -5- -r "_ (1) = + n (m) = + n

(They can be renamed so the fractions have the same den:minator.)
5How will you rename F and 1subtract them? (Rename 77

as F. Then _ . )
2

How will you subtract in Exercise (1)? (Rename
6 5 1N

7'

119

as -8-6.



How will you subtract in Exercise (m)? (Rename as
1 c

1 2

,-

-1-' i

7 N

and ast- as -12 - 122 ]

The form of recording your renaming and the subtraction is

sometimes written like this:

=
3 6

0 77' =
r

2 2

6 12

3

b

(d) Summary.

12

The children may need further review.
Have the children summarize the method of

adding and subtracting rational numbers:
(a) to add rational numbers name them by

fractions that have the same denominator; add
the numerators to find the numerator of the
fraction name of the sum; the denominator of the
sum is the denominator of the fractions for the
numbers added.

(b) to subtract rational numbers name them
by fractions of the same denominator; subtract
the numerators to find the numerator of the
fraction name of the unknown addend; the denomi-
nator of the unknown addend is the denominator
of the fractions for the numbers subtracted.

The review includes the addition and sub-
traction of numbers written in mixed form,

.1 24e.g., 4-7 and 4 - 23. It may be neces-

sary to use class time for review of these
processes.

120
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ADD:NG AND STIP:TRACT:NG RATIONAL NUFAEES

Recall that it is easy to add or subtrao': rational

numbers if they are named by fractions with the same denominator.

2

'=,

7

1

5

2
7

2 1

=

5
2,- 2

.;,

, 3 11 - 5 6 1
-LF O d

_ T". =
0 I.:

To add or subtract rational numbers named by fractions with the

same denominator, we add or subtract the numerators to find the

numerator of the result. The denominator of the result is the

same as the denominator of the two original fractions.

If the denominators of the two fraction names are not the

same, one or both rational numbers are renamed so the fractions

have the same denominator.

Add:

2 10
7

3 .5 15

II 4

Subtract:

1 4

5

3 6 ,4
27 ag

=

121



Exercise Set

OAT

,v4,1o!

Figure A pictures the addition fact 71 17 . 27 . 1.

What addition facts are suggested by the shaded and

unshaded regions of Figures B?, C? D? and E?

(B-1*-13-1÷1) -21'44" 1-:1) (1)-Vill= 0
2 17 17 2

b. Figure B also shows that 1 - 7 . and 1 - = 7.

What subtraction facts are suggested by the shaded and

unshaded regions

(Figure E? n

of Figure A? f2igure C? Figure D?

C _ ( _
z z)

(
4 4, 8 a/

(E- I = 2c,-)

122
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2.

T

C D

Choose one of the rectangular regions A, B, C, or D to

find the sums of the nbers in the chart below.

a.

b.

c.

d.

Numbers Rectangular Hegion Used Stun

1
72- and

3
B-

i- and i
(3)

1 1 ( 5:
7 7 (A)

(\ E> )

1
7'
,,

an d
1
-r-

( !-., ,

1...)) (i:)



3. Recall what is meant by the "pi.ime fao.;orizatic

counting number. Complete:

a.

b.

c.

d.

e.

g.

h.

j

f a

Fraction
Prime Factori-,Prime

zation of
Denominator

Factcri-
zation of
Numerator

Greatest
Common
Factor

Simplest
Form

Er
2 x 2 x 2 2 x 3 2

3

7

8
10 2 X5 (2 x2 x2) I --2 ,

.

1

(2 x ,z :c 3) ( 3 x 3) (3) (i:.)

2
E (2 x ? 2 / (2 x I)

,,_,)
i ( )

4./

77C

8 (2x2x3) (2ax2) (4) (i)

IF (Zx 2x 2x 2) (2 x 7) ( 2) (f)
8

77 (2 .f 3) 2 x 3x 3) (G) (÷)

C 2 x 3) ( 3 x 3) (3) 3
``2 I

6 ( 3 x 3) ( 2 x 3) (3) 11-)
3 /

2._-
27 (3x =ix 3) (3X3X3X 2 (ZT) (2)

Rename each pair o2 numbers below so the fractions have

he same denominator. Use sl_allest denominator

)ssible.

a. T and 7g.)6, c. 7 and --v2)--)e. and
2(3 2 31g 3 1-V1T 16)

20)E-5

1

and 3 n, 2
and 3(0 qd. and i-v1-8)75)... 7 an 5T,)--.5-)

1214



5. Express in simplest form:

73) 2\
a.

6
-.

8 (', .4(1.1)i

14 (,) 131(\_,f_3)b.
-C5V-Ti

e. h. 1.-L (ai)

(+) i (I
1. 11 (2_ -1-

-1-- '1")

6. Find the sum of each pair of numbers and express it in its

simplest form:

a. and 3 (4-) f.
3

and

b.

c.

d. 13j

and 27

and 3

and

e. 127 and

9 and

h. 77 and

2
and

,,1
and

( 3
tOTE)\

9 (i

53- 000

7. Find Express n in its simplest form.,-,

a. n = (1 L. _ (5\ h.- e. n = 1
-12 7., G J

n . 4 _ 3:.

(5 4)
; 3 ( )g ,--2-

_2 (n = 1,- - 12-5-L3-2-) i. n = 84. - -2b. n .

(276
c . n =

1
. 71 1

l.' ; 6li - n - 13 - 11(2f) j. r 10 jt
( 25--)

=
1

77. 2./

125

13b
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8. Find the numbers n, p, w, and so on. Express the numbers

in simplest form.

a. + 1 - =

1 IL

b. 7+-6-1 = p (p m'D)

c.
1

±
1
7-""'w

d. 2 - 7_1 s

-17.( 6) 7.
5-)

13

126

e . 3 - 1t m 3)

S.

g. 2637j- + 24 - 37i)

h. - 14 - = z



USING PARENTHESES

Objective: To learn how parentheses are useful in heloing us

write what we mean.

Vocabulary: Parentheses.

Suggested Teaching Procedure:

Although your pupils may be familiar with
t.le use of parentheses, these pages are fcr use
if needed at this time. Or, you may wish to
use them to re--..phasize the use of parentheses.

This lesson can be motivated by writing
several mathematical sentences on the chalkboard,
such as,

2 x 4 3 = n

8 - 5 1 = n, etc.

and ask Pupils to find n for each sentence.
(1:ope you have different answers.)

Then write again,

(2 x 4) 3 = n

- (5 4- 1) = n, etc.

and ask that they find n for each sentence.
(Now, hope there is agreement.)

Then ask what made the difference?
Emphasize the use of parentheses expressing

the name of a number using addition, subtraction,
multiplication,- division, etc. That is (3 2)

for 5, (8 x 2) for 16, etc.
Summarize this discussion by using the

exploration in pupil text before pupils do the
ExelIse Set 5.
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USING PARENTHESES

Very early in your study of mathematics you learned that

a number can have many names. 7 + 1, 2 x 4, 14 - 6, and

16 2 are all other names for 8.

Did you realize, however, that all of the different names

for a number must be names for Just that one number?

For what number is 6 + 3 x 4 another name? Is the

number 36 or 18 ?

To remove any doubt about what one number 6 + 3 x 4

names, very helpful symbols called parentheses are used.

;otice that (6 3) x 4 and 6 + (3 x 4) represent two

different numbers.

(6 + 3) x 4 . 9 x = 36

6+ (3 x 4) . 6 + 12 = 18

The use of parentheses is very helpful in writing correctly

the mathematical sentences for story problems.

Exercise Set

1. Which of the following pairs of numerals name the same

number?

b.

c.

e.

(3

(15

2 x

3

+ 2)

S)

3)

(

5

)

2

2

and

and

and

and

and

3

16

75

(2 x

(-1 -,

L-

(2

(8

- (3

+

2'

5)

4

-

5

2)

2. Place parentheses In the following so that

a. 2 x '3
\

,

2 4 x = 14

12o

c. x 3 -

d. - x 2 = 22



P5,

3. Write in numerals, using parentheses.

2 3 1
a. Subtract the sum of 27, 7, and 37 from 1013/i)

b. Divide the product of 32 and 67 by 16. 4)

c. Add 5 x 8 to the product of 4 and 7. (62)

d. Divide 2750 by 5 and multiply the result by 3.065()

Exercise Set 6

Read each problem carefully. Then write the relationships in

the problem as a mathematical sentence. Solve, and write the

answer in a complete sentence.

1. Sue and Tom are twins. Sue is 44 inches tall. Tom is

inches tall. How much taller is Tom than Sue?

(rg: 48i- Torn is 1 InCkeS +211e,y-.)

2. Mary walks of a mile to school. Jane walks of a

mile to c^h^r.l. Ho w much farther A^°"1 Mary walk than

7 3 I f II
Jane ? (u flar waiks 1-71 her.)

3. In Mrs. Hardgrovets class of the class goes home for
5

1lunch and 7 of the class eats in the cafeteria. The

other boys and girls eat bag lunches in the roc7,. that

part of the class eats in the room?

+,31- P = Fite Cid ss e431LS t.1.1 4-k
is

Y.
ttlHalets rPnesrd shop had a 7 off the original price"

sale. What part of the original price did each record

1cost; .) (i q r
S C_OF-Q") C.0 +ke al p

Peggy made a two piece playsuit for herself. The pattern

1
reauired

3 yards material for the blouse and 17 yards

for the skirt. How much material was required for the
/ v,

playsuit? (1 :z
_ pi&suli LT Cf.)
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6 . For lunch, Ted ate - of a peanut butter sandwich and

of a jam sandwich. How many sandwiches did TP(/ eat for

lunch? (1-4-1 = Teti a-Le. ickes -Pop iumcQ
2

7 1 of the student body of Oaks Junior High School attended

Ward Elementary School. of the student body attended

Morgan Elementary School. ;that part of the student body

attended elementary schools other than those mentioned?
s

8
f 5-1,-de,-}- body i.++t t-tc - sc. Leo is )

8.
1Mrs. Green used 7 of a dozen eggs In a cake and t of

a dozen eggs in a salad dressing. What part of a dozen

e s did she have left? k 7 I

I T)eggs e,i CI
7 / -(4- - (47). Mrs. a re e n r\ d 7z doZtr

9. Bob had a piece of balsa wood one foot long. He cut off

1 17two pieces 7 and foot long for the model he was

making. How many inches long was the oiece he had left?

(1._ ( i + -k) ,- v :3 0 \:, )-/ 2 ci. a piece. E ',,c_.:_, 10,,c\ lei;+.)
1

10. Janet filled 7 of her stamp book with American stamps and

2
7 of the book with stamps from other countries. What part

El

of the book was not filled?
,

1 2
ibe book w 2 o coy

11. If you attend school 9 months of the year, what part of

the year arE you not in school?

( \/o u t- doff ;roc/ C-C "1"--)

69412. Alice weighed o9-- pcunds at the end of June and 71-3-4
1founds at the end of July. She gained 7 pound in August.

How much did Alice gain in July and August together?

69 :Ct. a, z :a Pcc, S
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DECIMAL NAMES FOR RATIONAL NUMBERS

Objectives:

Materials:

To recall the decimal system of notation, including

its application in naming rational numbers.

To name measures of regions which are parts of unit

square regions, using decimals.

To find fractions and decimals which are names for

the same rational number.

Pocket chart and cards for place value, ?age bb

cards Pages 63-64; number line J, Page b6.

VocabulaYy: Decimal, place value, digit, the fraction form.

Suggested Teaching Procedure:

If necessary, review the decimal place-
lalue system of notation.

Use Cards M, N, and 0, and as: the pupils
to indicate by decimals the measures of the
shaded regions. Use Card P, and suggest that
the shaded squares can be rearranged to fill one
column tenth), with five more squares (hun-
dredths . Relate this new arrangement to the
decimal 0.15 = 0.1 + 0.05. Continue with Cards
R, S. T, U, and V.

Number line J can be used to locate points
named by decimal numerals, 0.5, 1.2, and so on.
You may wish to draw on the board a number line
with a scale of tenths labeled with decimals.
Then consider placing a point to be labeled
0.01, and label the tenths scale in hundredths,
0.10, 0.20, etc. Then locate points for
0.52, 1.38, and the like.

The number line can be of assistance to the
pupils in ordering rational numbers named by
decimals. Locating points for pairs of numbers,
0.5 and 0.14, for example, helps them to de-
cide which of the two is the greater number.

Note the use of a term which may not be
familiar--the fraction form of a decimal.

A rational number has many decimal names
and many fraction names; for example, the num-

ber 25
00

_50ber 0.25 = 1

20 4 00 = 0.250 = 0.2500,
2etc.

Tne purpose of this lesson is to develop an
easy way to find one special fraction name for a
number named by a decimal. This is done by
observing that the digits in/the decimal indicate



the numerator of a fraction whose denominator is
indicated by the place value of the last digit
on the right. Consider the decimal 1.52. The

digits are 152, so the numerator of the frac-
tion is 152. The last digit, 2, io in hun-
dredths place, so the denominator is 100. Thus

152
1.52 1:2:1 15.2 = 152. _

100' 10' 1 '

0.152 152

In each case we have found a fraction name
for the number named by the decimal, but we
cannot say we have found the fraction name,
since each number has many others. For example,

1.52 _ ig ig_
00

We call the fraction whose denominator is
Indicated by the place value of the last digit
in the decimal the fraction form of the decimal.
So the fraction 2orm of the 75Tmal 1.52 is

;LL2.
100'
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DECIMAL NAMES FOR RATIONAL NUMBERS

As you know, any rational number has man:: fraction names.

Certain numbers can also have decimal names. This Is true

provided the denominator of the fraction name is 10, cr 100,

or 1,000.

Do you recall the meaning of numerals like 23.6 Think

of the place value system of_numeration.

n *
7," = 4-) rn

cn 0 m
m
n

m m 4-) rco scvccc
c ,c

. E E

2 3 . 6

23.6 means 2 tens ones 6 tenths hundredths or

6 4

(IT)
,

23.6-L . (2 x (3 x 1

at the last two terms.

6 6o
TT -r loo 100

64
100

So you read 23.6 as "twenty-three and 2,f_xty-four hundredths".

You ca_n It 't 23,-.
100'

64
&Ince 2a L"-- 23

_LOO 10C

2300 6

100 100

_
2364
100
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Do you see that you can find a fraction name for 23.64 in

the following way?

The digits 2364 indicate the numerator.

The place value of the last digit in the decimal 23.64

indicates the denominator.

We shall call the fraction found in this way the fraction form

of the decimal.

`,Tow consider the decimal 4.206. What is the numerator of
(4:06)

its fraction form? What is the place value of the digit 6 ?
(r000) (tho tits)

What is the denominator of its fraction form? How is the
(-1 206

fraction: form for .20o written coo/

Exercise Set 7

Which of the following decimals have fraction forms with

the same numeratorqad k °L'-'6e)J Jj V

a. 0.13 f. 0.25

b. 2.5 g. 1.3

c. 7.85 h. 0.785

0.013 1. 0.025

e. 78.5 LI. 13

2. Which of the decimals in Exercise 1 all have fraction

forms with the :ame denominator? r
.
; 6 t c;

....

d 4-6 L

Are there any two of the numerals listed in Exercise

that are names for the same number? ((i10 )

4 -1
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4. Write fraction names:

a. 0.32 (loo)

b. 18.04 ( c° )/
00

c. 0-075 (75 l
1000

d. 462.5 (4 G z s)

e. 9.1 ( q )

10/
5. Write decimal names:

/ .
a.

-
( ,/- 3

10 .
b.

c.

d.

e.

132
TOT

38
1000

/

; 0.0 33)

10 ( 7

Exercise Set 8

Each of regions A, B, C, D, and E is a unit region.

U
1,1

111,

itn

II

Ill

A B C D E

1. a. Write the fraction that represents the measure of
1X, 7 rs (r) (1 V r. q)

each shaded region. (A 10 Diau \

b. Write the decimal that represents the measure of

each shaded region. 010. 3 0.7)(C a.s)y_i 0.9KE O. i)
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2. a.
8 2suggests the addition sentence

1.7-D T.
10

What addition sentences are suggested by A, B, C,

3.

S _ 0
and D ? io

7 3 I o r 5 +5= 10
10 10 10 ta 10 10 =

D -4- Lio
1

10 8 2
10 17b. E suggests the subtraction sentence

What subtraction sentences are suggested by A, B, C,
3 _7 ,0 7 5-

and D 9 A lo to 10 to to 10 io /0 to
n Q

c. Use decimals tc unite the subtraction sentence

suggested by E. Sug:ested by A, B, C, and D.

!. -0. 0.Z Lo -0.3= = ' /. 0 _ 0, 7= 0.3

F, G, and H are unit regions.

a.

b.

What

CRAMMEAl
tOP.ggfl .

rEMEMMO.C-MM
-immEMEBNEEM

Write the fraction that represents the measure

shaded region. (r
/00 / I 0 C,'

( 11\o o)
68

of each

Write the decimal that represents the measure of each

shaded regicn. 0.Z7)((3.- 0, 58) (H 0.37)

addition sentences are suggested by F, G, and

Write them a) using fractions and b) using decimals.
!00 ,-7:,;;

0.214-C.73= 1.00' 0.11 0.4t z )0.37.0.0--144)(17 73 ioo sr 4:1 ,rn 27 loo

5. Write the subtraction sentences suggested by F, G, and H.

Write them a) using fr....7.ions and b) using decimals./
(:::/fr: .1;1; t;°O yr f-0=0X1.00-0.z7 .0.73; 1.00- 0.5g --0.`f Z.; 1,00 -0.37 63)

1.36

141
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6. Describe a region you would shade tc show 0.c-7 of :h..

unit square F. (-CC f7e rd: c .2 S rx 2 17 S 4* c/ ? rc I rr 'AI 1 0 Con fi :-;.itr.4 ,':5 lOt-I

a h 2) S i'7 aie 0,te of *heb.f,)

7. Describe a region you would shade to show 0.00:, of the

unit square G. (Pec,01-,s -s/o,f//2k ." 71-4`;e "- . 54al c
.5- x.r.allci, re Ie )s.j

8. For each decimal, write the numerator of a fraction form.

a.

b.

c .

0.4 (1)
0.25 (z S)

0.01 (i)

d.

e.

4,.,

0.1

0:37

1.8

(1) g. 7.25 (725)

(31) h. 13.28 (i32.i)

( !0, i. 4 . 2 51 (4 z 5 0

0. What is the fenomina.tor of the fraction form for each

,e, ,decimal in Exercise 8 ?/. /0 o0 /006
/00 .../

I

i.

)

1 C ye-; 4. /04' /
,

.( /10. Write as decimals: \ `do

a. -1±L(f 41-
-',

d100('-1" '100 1.2-- 32) g 1700 ( o 7 f )

b. 2: (2
=U0 ( '0 5,, h 146 X57)

(

.ci ;

(z.
100 1475 (r, 05

Write as fractions:

(6)0.:D5 ccj

b. 0.8
- I 0 , .

c. col
r

3
0.3 Oj

-7

0.07

1 . 1

Find n in each sentence:

a.
..5 t\,

.
3

--. n (7 hi) c.

n(la) d.3

'10
g. 0.10 ,T-E0)

7 .87 '7

i. 0.123/'C2coo;

11
_

-2
/ 3

= u3)

1 4 ( 7 )= zo

.r,ange In order from, least to greatest:

0.52. 0.056, 1.04, 0.09, 3.68, 0.1, .00
(

C , ( 2 4 i 0,J 1. 0'4

1.37



e.

16. Add:

a. 0.5 anc.. 0.39 (0.69) e.
-,--:. 0.73 and 0.6 0.33) ....C .

c. 14. C1 and 1 .9 6 5,c, 1 g.
d. 1 and 0.1 ( I . i) J h.

--= n (:: .A)
4. , I \ 1 3 ( )

,
..

e. n - 7 - --5- V ) J. f n n
15. Find t:

a. t = 0.9 1.- 0.7(0.14, r. 16.32 - 3.79 = t(i a 5.3)
b. t = 0.72 - 0.395(0,3Z5 :; 1.2 - 0.09 = t ( ). II)

c. t . 0.8 - 0.47 (D,33) h. 5.65 - 0.3 = t ( 5. 3 5)
d. t = 0.35 - 0.2 (0, / 5) i. 9.7 - 3.67 = t (G. 03)

8.9 (i2.6 i 15 - 7.48 = t (7. 5 Z.)t = 27.53 -e. t = 27.53 -
16. Add:

a. 0.5 anc.. 0.39 (0.69) e.
-,--:. 0.73 and 0.6 0.33) ....C .

c. 14. C1 and 1 .9 6 5,c, 1 g.
d. 1 and 0.1 ( I . i) J h.

2.16 and 7.8 (q .9 0
47.1 and 9 . 2 ( , ( 7 Z )

C.07 and 4.3 (4.37)
20.1 and 0.201 (20 . 30 i)

2.16 and 7.8 (q .9 0
47.1 and 9 . 2 ( , ( 7 Z )

C.07 and 4.3 (4.37)
20.1 and 0.201 (20 . 30 i)
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EXercise Set 9

Read the following carefully. Show the reationshios in eanh

problem using a number-line diagram. Then answer the 'queir,: on

asked in the problem.

1. Jack ran the 50 yarn dash in = 7 seconds. Brian ran

the distance in 11.0 seconds. Who woL? By how many

seconds? 2 = n 2Ci" won 2,3 secone/
2. During he first six months of a year, 14.8 inches of

rain was recorded. Duni. ng the next six months,

inches fell. How much rain fell during the year

-7':1n-s1.7 t f_/7

The Empire State Building in New York City is 1250 feet

The Statue of Liberty in New York harbor is

305.5 feet high. How much higher is the Empire State

Building than the Statue of Liberty? /Z 3oS.f37 = v

The average annual rainfall of Louisiana is 57.34 inches.
_5-/-27c 91 5'. -r-C-c7L 17

The average annual rainfall for Nevada is, 8.6 iinches.

What is the difference between the ahnualrainfall averages
/ /

^4, these two stntes? 6-7- 34 57' G '111 77'1' d '14-f-c'-c'':c.
t's.--

5. The normal body temperature is 98.60. Bil is temperature

was 0.8° above

G 4-- . g
6. Jeff's garden is

normal. What was his temperature?

1 ,
30.7,- feet -ong and 177 ieet wide. How

many feet of wire will it tal:e to put a fence around it?

( 3G4
-,

304. 4- 301 + / 7 A ee A., /7 4/A-C)



Below are the lengths of four Italian ships:

Leonardo da Vinci 761.2 ft. (..!c ne.fr-cr da //,),c,
/ C.-is 7'1, c:,-: ('Cir./.: 1

Augustus 080.4 ft. i.:L,,/,',0 7e:e,c
f ii L.-

-,us ,s

Cristoforo Columba 700.0 ft. j

/
Guillio Cesare 680.8 ft. /

List the ships order, from longest "o shortest. Then

make up three problems about the lengths the shapL.

8. The highest average annual temperature for the world was

88°F. recorded in Africa. The highest average annual

temperature for the United States was 77.6°F. recorded

in Florida. What is the difference be';ween these t.::o

s,?('7- 77
/-!) F

temperature

9. Pat rode his bicycle 194 miles one day and 15.3- miles

the next day. How much farther did he ride his bicycle
z

the f_41's- Bay than the s e c o n d?
7

/9-3 = / 27 nOCIG

ral eS 74/7e 71h e 0`+' G/a7.

10. :.2- inches of rain fell on Monday, 3.0 inches on Tuesday,

and 2.4 inches-on Wednesday. How many inches of rain

fell on the tl--ee days
//?

(3 2 +3.0 +2.4= g.6 ,cAes .4

4// on 7,4es-C cle75.)
11. The British ship, Queen Elizabeth, is 1031 feet long.

Mc! Andes, another British ship, is 669.3 feet long.

How much longer is thf, Queen Elizabeth? 033!.0 -669.3=r

The 04/ee.r7 26, 7 1-77 /0,77e,-.)

12. The equatorial diameter of the world is 7,926.68 riles.

The polar diameter is 7,899.99 miles. How much greater

is the equatorial diameter than the pola,2 diame7er?

(7 ci '2G 7 S: Act s 7"-&. 7,2 iv /2/ ri//d/wer,,,- Z6.69
Ale; 4.r .70,,yer)

140

151



PRODUCTS OF ANY TWO RATIONAL N=ERS (OVERVIEW)

Overview of the Next Few Lessons.

Eefore suggesting teaching procedures for
the lesson of immediate concern, let us first
outline briefly our plan for developing an under-
st.anding of the multiplication of rational num-
ber6. Three different 'rinds of physical models
are to be used in each cC three related devel-
oTDr:.'ntal lessons. These are models of
(_,.) rectangular regions, (2) line sefients on the
number line, and (3) collections 'f groups of
objects. The developmental lessons wfil follow
that sequence. For example, we will see how we

can associate the product ; x

(1) with rectangular regions:

I
4 K

A
;::::4::40

T R
1 I I

ID' 1

x = is associated with the

shaded region.

(2) with line segments on the number line:

2 v 3
4

3

2 35 x -7 = is associted with the

measure of line segment AC.

(3) with a collectic.: of obje ts:

3
x 8 = 6 is assciated the number

of unshaded rings. Also, considering

141
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6 .

the set as a un
2 7it, x = is

associated with the number cf rings with
dots.

Associatin,7, a Product with a Rectangular

The first model used for de-eloping the
multiplication of rational numbers is the rec-
tangular region. This ci.oice is made in part
because of its similarity to the array which was
used to develop the concept of multiplication of
whole numbers. You will recall that the oroduct

x was represented by an array of 3 rows
and 4 columns.

4

3i 0 0 e 0
lee..
loco.)

3 x = 12.

In a rectangular region, the measures cf whose
sdes are whole numbers, we have :or a 3 by
region this oicture.

4

3

Separating the rectangular region into unit
square regions, we again have 3 x 4 = 12.
That is, the measure of the region is the pro-
duct of the measures of the sides.

We now assume that the same relation between
measures of sides and measure of a rectangular
region should be true when the measures of the
sides are rational numbers. Therefore, we begin
our study of multiplication of rational numbers

1
by examining a rectangular region contained in a
unit square region.

2

3
4

1
The shaded region is a -^ by -2- region. What

part of the unit square region is the shaded
region? We separate the unit square region by

drawing lines through the 7 division marks on

I
one olde an the on th-

2

142
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FECTA.:;TJLAF. HEGIONS

Objective: To review the properties of a rectangular region.

ccabulary: Simple closed curve, rectangle, square, interior,

rectangular region, right angle.

Since und.E:rstanding of the measure of a
region, and specifically, of a rectangular region
whose sides have measures which are whole numbers,
is basic to the development of multiplication of
rational numbers described in the preceding
section, the purpose of this lesson is to assure
that the pupils have these basic understandings.

First recall what is meant by (a) a simple
closed curve, (b) a simple closed curve which is
the union of line segments, (c) a simple closed
curve which is the union of four line segments,
and finally, a simple closed curve which is
the union of four line segments and which has
four right angles. Note that in the rectangle,
opposite sides are congruent. Some rectangles
have all four sides congruent, and are called
squares.

rectangles d squares

A rectangular region is the union of the
rectangle and its interior.

144
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Recall that to measure a segment, we use a
unit segment. If we choose the unit segment
show

A

unit
segmen':

Then the measure of segment AB (written
mA3) is since AB is the union of 4 seg-
ments, each congruent to the unit segment. Note
chat the measure of AB is a number.

Tr) measure a region, we use as a unit souare
rezion. If the unit souare region shown below is

1

.....

square
region

D

C

E

F

then the measure of the rectangular region CDEF
is 6, since the region CDEF can be separated
into 6 square regions, each congruent to the
unit square region.

In dealing with rectangular regions, we
choose a unit sql]Pre region whose side is a unit
segment.

unit segment

unit

square
region

When the sides of a rectangular region are
measurel using the unit segment, and the region
is measured using the related unit square region,
we note tl,lat the product of the measures of the
sides is the measure of the region.

For example, if the sides are 3 inches
and 5 inches in length, the measure of the
region, in square inches, is 15.

Care should be taken to distinguish the
measure of the rectangular region, for which a
unit square region is used, and the perimetc:r of
the rectangle, which is the sum of the lengths
of the sides, and is therefore found by using a
unit segment.

11,5156-



RECTAF, REVT7W

r,le ars. going to use recta.s-ular regions to find a way to

muatply ratal numbers. Do you remember all you learned

about recte.:Ig.L.iar r-,szions?

Do recall w'r.at a rectangle is? It is a simple closed

curve 1;he rio. of segments and has

Fres '2., C, D, an7: all represnt simple

,

Which figures are the union pf L.-gment-i?(

Which figures have four angles?

Figure D represent a recngle. Tr e union of the

rectangle and its interior is a rec-:ar,guier 1-ion.

D

Rectangle D and the shaded part make up a rectalar

region.

F4.gure E also represents a rectangie. It is also a

( z r, wen TS see ,z0.7csquare.

1,46



Do you recall what kind of region is usually used to

measure a rectangular region? It is customary to use a square

region with sides _ unit long.

Suppose Figure F is a rectangle, with sides 3 units

and 2 units in length. How do you find the measure of the

rectangular region.? ( 2 K3 = ;)

3 3

2

F F

By drawing lines, we can separate the rectangular region

into 6 congruent square regions, each having sides 1 unit

in length. These 6 square regions "cover" the rectangular

region, so the measure of region F is 6.

You see there are 2 rows of square regions, with 3 in

each row. Or there are 3 columns of square regions, with 2

in each column. So there are 2 x 3 or 3 x 2 square regions.

What is an easy way to find the measure of a rectangular

region when the measures of its sides are
/
whole numbers,?

(Alf,/k/ Aveesvre OT one s/O7e 6/ 74-e Arevsvre Off /4e orhsrerie)

147



Exercise Set 10

a. Draw a re,:,tangle in. by 3 in. (This means

in. long and 3 in. 4it.e.: (See o 7- fir
- /

Shade its interior.

Draw lines to separate the rectangular region into

unit square regions.

d. Find the measure of the rectangular region. (Z Tin)

e. What is the name of each unit square region? (!sf.rn.)

2, Suppose the :'ectan,sies A, B, and below have sides

with the mea=es slown. Find the measures of the

rectangular regions.

7
2

5

4 (q)
/

51

A

3. Suppose the measure of a rectangular region is 24.

What pairs of whole numbers could be the measures of its

sides? (5 x 1-) x x x Z40

148
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Rectangle D has sides whose measures are 7 and 3.

what is the measure of the rectangular region? (al)

D

4 3

3!

5 Figure E Is the union of two rectangular regions. Find

their measures. Find the sum of their masures.(raq-9 =21)

6. Do Exercises and 5 show that

3 x 7 = (3 x 4) (3 x 3) ? (YCs)



PRODUCTS AS YEASU-RES OF REC7;`,TGULAR

Objective: To develop an understandin: findin2: products of

rational numbers by using --.arzures of rectangular

regions.

Yaterials: Cards D, J, K, oaze

S--.7stPd "Teaching ?rocedure:

The pupils have reviewed the relation be-
twen the measures of the sides of a rect,-,ale
and the m.easure of the rectangular region, when
the measures of the sides were counting numbers.
Now propose study of a rectangle the measures
of whose sides are rational numbers.

(a) Regions les: than a unit sauare.

You know ho..4 to find the measure of a rectangular region

when the sides have measures which a.:e counting numbers. Now

suppose you have a rectangle whose sides have measures 7- and

71
17. We call this a by rectangle. To represent these

measures we must start with a unit segment. Let us show this

segment as the side of a unit square region. (Sketch A on the

board).
unit segm4int

o UNIT
SQUARE

ca
REGIONel

(

A r,IISTAGE)

i

4
1

I

1- !-
1

B ( 21 STAGE) C (VII STAGE)

4Now let us show the 7 by 7 region in the unit square region.
1

L'-
1 73, the -7 by rectangular region is shaded. What part

of the unit square region is shaded? To find out, draw lines
1 17through the 7 and division marks (C). We have now

separated the unLt square region into eight rectangular regions.

Each is congruent to the shaded region. What rational number

indicates what part of the unit square. region is shaded? What

is the measure of the shaded region?
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rl
by 7) and 7 are

associated with the sLme region.
repeat this exbloration using other pairs

of rational numbers as measures of the sides of
rectangular re7ions. Here are some suggestions.

2

r ,///////,,4

////, /l/
;/////4

"1

2

2

2

3

5
0

3

(b) Fe7ions greater than a unit scuare.

Then suggest rectangular regions whose
sides have measures which are rational numbers
greater than one. However, name the measures
by fractions rather than by mixed forms.

For example, suppose we have a rectangular

reglon whose sides are anc:
2'

Again, start

with the unit square.

The diagram of this region will be slightly different from

others we have made. How shall we separate the unit scuare

region to make the diagram? (Separate one side into three con-

gruent parts and another sit into two congruent parts.)
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1st Stage

7

!

I

I

1 1

I

H
I

i

f I

I

2nd Stage

3rd Stage

2
The region we have drawn 7pictures(2nd step) pictes a by i

What is the measure of each of the six small congruent
3

regions? () We wish to represent a by 7 region. What

-should we do to make one side have measure ' and the other 3measure

:,'Lake the region larger.) Tell me hcw. (Extend the 7 side to
2 3

make it i% Extend the 7 side to make it Now separate

the whole region into congruent regions.

The 5 3shown now (3rd stage) is 7 by 7. What is the

measure of each of the small congruent regions in the diagram.

(t) How many of them are there? (15)
5 37What is the measure of the by region? (4)

Have the class summarize their results on
the board in a table:

Measures of Sides Measure of Rectangular
Region

by -T7

1
by

2 J
(Do not simplify)

c

3by
15

etc. etc.

Work through th? Exploration with the class,
emphasizing that (a) the measures of rectangular
regions have been found by using diagrams
(Ex. 1-6); (b) the operation used to answe:y
similar questions when the measures were whole
numbers was multiplication (Ex. 7); (c) we
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PRODUCTS AS MEASURES CF RECTANGULAR REGIONS

Exploration

You know how to add and subtract rational numbers. Now we

shall :,tudy multiplication cf rational numbers.

1. Figure A shows a unit square region. Figure B shows

the same unit square region. It also shows a shaded

1rectaular legion whose sid-_,s are 7:- unit and t unit in

length.

A

You 'an separ-Ite the unit squaw_ region into rectangular

1regions which are congruent 4-o the t by 7 region, as

shown in Figure C.

How many congruent region_ are there? (G)

What frac-len names the measure of the shade

rectangular re7ion? (--j)
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1
2. Figure D shows a 1 7= by rectangular region shaded.

Figure E shows the unit souare .region separated into

congruent rectangular regions.

I
a. How many rectangular regions congruent to the 7 by

7 region arm there in the unit squara region? ic\o)

1 1 1\
b. Wart is the measure of the ;-.- 1:)- shaded region l8)

A

7 7

3 Figure F show, a shaded rectingular region by :4.

Figure G 7hows the shadeL. rectangular region and also

thc. unit square region separated into congruent rectangular

regions.

A 0(-

a. How many small rectangular regions are there in the

it square region? 02)

t. Ho. .1a.ny are there in thc- shaded region?

c. Whs.t is measure of the shaded rgich?



PT.)

3
4. ,141;gur Ees H and I show a shaded by rectangular

(12)region. What is its measure?

A H

3

_' -.are J shows a shaded rectangular region larger than

the unit square region. The unit square is shown in dark

3
lines. J is a 7 by 7 region. Figure K shows the

shaded rectangular region and the unit square region

separated into congruent rectangular regions.

4
3

j

4
3

K

a. How many small rectangular regions are there in the

unit square region?A

What fs the measure each small rectangular region

How many are there in the shaded region?(Ia

A Wr.a: is the measure of the shaded region?(



6. Complete this table about the shaded regions in Exercises

1 - 5.

Measures of Sides Measure of Region

17 by 7

by t
2 3

7

3
by 75

2 7

G

Now consider some rectangular regions the measures of

whose sides are whole numbers. Complete this table.

Measures of Sides Measure of Region Operation Used

5

by 3

by

(A14.171"//9 C 2 74 )
(/Vci/fit: //c27,9.7)

(Al, ,9//ce 6,7)

In Exercise you used multiplication to find the

measures of rectangular regions, the measure of whose

sides are whole numbers.

We will also call this operation multiplication when the

measures of the sides are rational num)ers. We will say

that

1 I
7- because

1 1
x =

o
because a

1 by
2

1D7

rec,,ion has measure t.

reEion has measure t.



P75

8. Write mathematical sentences to show the relation between

the measures of the sides and the measure of the region for
/2 2 6 4 3 _ is

the other regions in Exercise 6. cr 5 3 0

a /

The measure of a rectangular region whose sides have

measures that are rational numbers is the product of those

rational numbers.



P (6

EXercise Set 11

1. The regions below are unit square regions. The measure of

each whole region is 1.

For each shaded region, write

a) the measure of each siac.

b) the measure of the region.

c) a mathematical sentence which shows how the measures of

the sides are related to the measure of the region.

Underline the measure of eaci, shaded region.

1 1 1The sentence for A is t x -

`%%"1

-4-
I

! I

-1
I

I

A

11 I

h+
11

I

I

Jill

K



P77

2.

"z.

5.

6.

7

3.

L.

by

a)

b)

c)

Draw

drawing

What

Exercise

Draw

drawing

Exercise

Draw

drawing

What

Exercise

each figure below,

solid lines. For

the measure of each

the measure of the

the mathematical

of the measures

region. Underline
M

the unit .,are is

each she.; regf-n,

side

regi,s-

senten. which shows

of th s-1,es to the

t'ne reasure of

the region bounded

write

the relation

measure of the

shaded region.

0//'

z, ..t,
%/7>;; 2/

,/1
4../,,,..1
/77,

/%;.i%;;11

/ A
,-,,,,,,

_c/_z/..e. 4

square region,

and shading

square rc:_on.

and zhaC4ing

sentence

?

square region.

and sl-ljSfng

sen,,

?

17 7 717% ';""!

// // //

/1;/////./ v//

o
ial

4// 0 6,0 0/

by

of

by

of

by

of

/ //// /'//////;/'1/.

y,..- /- //to.), , .,V// 'A, /%.(z.

a unit

lines

mathematical

3

a unit

lines

mathmatical

5

a unit

mathematical

7

;74*--/-4

of

_ascribes the

4
Show 3 of

the region.

describes the

Show 10
of

the region.

nce describes the

this region

shaded region

this region

shaded part

this region

shaded part
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RATIONAL !..TUT.LBERS AND WHOLE NUMBERS

Objective: To consider the product of a pair of rational num-

bers which are also whole numbers, to find a clue

which might lead to a procedure for computing the

product of any two rational numbers.

Susgg::.;ted Teaching Procedure:

Work through the Exploration with the c2ass.
Use additional examples if necessary.

If the pupils make the generalization that
finding the product of the numerators and the
product of the denominators of fraction names for
2 and 3 Produces a fraction name for 6, raise
this question:

Will this relation be dif2.arent when pairs
of fractions are not names for whole numbers?
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RATIONAL NUMBERS AND WHOLE NUMBER:-;

t"-bloration

You can use what you know about multiplication of whole

numbers to study multiplicat,or. of rational numbrs. Consider

the produ,:t 2 x 2 = 6.

Here are some :.reaction names for the numbers 2. 3, and C:

= = =

=

20
_

u 12 it;

= = =

12 30 36= = = =
0

2
Since x 2 = 6, shout~ 2-= x = be another name for 6 ?

cs

2. a.

6
should x be another name for 6

(Yes)
12 u

should be another name for o ?

(Yes)

Is a 3 by 2 rectangular region.

a
1717ure B is a 4- by 7 rectangular re:ion. Should

A and B have the same measure? (K's,)

2

1

a i
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b. Region A is separated into unit square regions to

show that its measure is (3) x (0) or (6) .

C. Region B is separated into (36) congruent

rectangular regions.

d. The unit sqllare is shown with dark lines. Each smaLl

rectangular region is idiL of the unit square region.

e. From c and d , you know that the measure of
/36)

region B is .\.;

f. Does Region B show that
4
=

36
? Yes)x 7 -- es)

g. Compare your ar.swers for b and f. Are the measures
(Yes)

of regions A and B the same? Does

()3 x 2 = x ?.\,ey 5

6
3. Consider 2 = 7 and 3 =

Since 2 x 3 = 6, should 6 6
7 x be another name for 6 ?,

(Yes)
Try some operations .ith the numerators and denominators

to find a fraction name for 6.

4. Is
3 + 2
6 6 7,/\

- 6 a true statement? 0/0)

6 - 6
Is - 6 a true statement? (14)

Is 7,44 _ 6 a true statement? (4/4')

Is
S
6 x 6

6 a true statement? (5)

5. Without using a drawing, try to find the product 2 x 3 by

a different pair of fraction names for 2 and 3.

you find any operation on the numerator and

\rilnators which seemed to give a fractior name for 6 ?

164
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COKPUTINC. PRODUCTS. OF RATIONAL NUNBERS USING FRACTIONS

Objective: To develop a m,_ nod for computing the product of

any two rational numbers by finding the products

of counting numbers associated with th- fraction

names. (numerators and denominators)

Suggested Teaching Procedure:

Review the obs_rvations made about measures
1, of sides and of rectangular regions, and the
L observations made about the product of a pair of

rational numbers are also whole numbers.
Ask childre.1 if these observations suggest a way
cf findir: the product of any two rational num-

1 hers. The series of questions you ask should be
i for the purpose of mot_.vating children to arrive
1 at the generalization that the product of the
! numerators will indicate the numerator for a
fraction, that the product of the denominators
will indicate a denominator for a fraction, and

1 that this fraction indicates the unique rational
11 number that is the product of the two rational

numbers.
Continue as needed. Hone that soon chil-

_ren will say, We do not need to think of
diagrams. We can find the _umerator of a frac-
tion name for the product by multiplying the
numerators of the fractions, and the denorAnator
by multiplying the denomi_.71tcrs of the ±ractions."

Also, observe that using different names
for these rational numbers still does not change
the product. For example,

2 (3 X 6

77 X

x 4) 2L
x

0 (0 X 0) 4t)

and -7-- name the same number.

Observe that we use products of countin:
numbers which we already know.

Here are some other pairs of ra,,ional num-
bers. Suggest that the pupils find the Pr-dwt
without use of diagrams if they can. If some
need diagrams, let them use them.
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POO

COMPUTING PRODUCTS OF RATIONAL NUMBE7S USING FRACTIC,iS

Exploration

If your work for Exercise 1 in Exercise Set 11 was

correct, you wrote these mathematical sentences:

1.

1 1 1
A. 7 x = -6

H.

I.
2

3 12
K. 7x75- = 70-

4 37 x = .5-

2 370. x =
6

Loo:-. at sentence A ag:1.7.l.n. Does 1 x 1 ,71/, )

77777 s/
x x 3

In H: Does .5-- _ _ _Do.s 5775
i/

I: Does = ?6/f; M: Do.s
1 x 3

'1/es
9

0: Does
6 2 x 3

2 x 2

2. If a and 1-.) are any couhting numbers, what is the

1 1
.5-product v 7 X ? x 5 x.;

3 If and c .7e any whole numbers, and b and d are

a c c
any c,:,,inting numbers, what is 7- x ?

la c a x cl
17xd-bxdi
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Exercise Set 13

1. The table :hews some measures of rectang7u1ar regions.

Co=lete the table:

a..

b.

c.

g

h.

Measure of

One Side

Measure of

Other Side

Measure of

Rectangular Region

2
Tr.

2

O /

2 3

X20
3
c

7
:7

2 1

7 r 3)

3 2 3\

2

5
3 (

35%

0

2. Rename each of the following in mixed for or as a whole

number:
1,

a. i 3

b.
3

3. Rename each of the

1 !7\
a. 32 2_

2 (.2-:;
6T

C. 16
e.

12

2 6 Z'1

following by a fraction

,1
(2

c. z e.

.

2 (15
d /

169
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PRODT.::

01-.0.0-s: To illustrate the use of decimals to indicate

measures of the sides of a rectangle and the meas-

ure of the rectangular region.

Tc show that the measure of the region may be found

by (a) using a diagram of a unit square region,

and :b) using fraction names to compute the product

m-=sures of h°

Sug:ested Teaching Procedure:

In addition to developing the ideas pre-
sented in the Pupil Text, you may also wish to
consider the relation of the measure of the 0.7
by 0.8 region found from the diagram in the
text to th' ,-:ec:ma1 system of notation. By
rearranfLng -ha small shaded squares it can be

±re. 5o small squares will cover 5
stri)L yTenths of the unit square region) and
6 sr:.a=f squares (hundredths of the

sq'Q.-re or (0.5 + 0.06) of the unit

,roc(_..res for computing products of
7':Ln.g decimal names are devel-

o7:e..: :'ranter.

170
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The :srcduc', 0. x 0.8 _s reoresentec L.

The shaded re;-.Lsr. Is a O.

measure X 0,3.

Tne urlit square re:ich is ,eoara. 0

nEruent scuare re.71ohs. Co meEsure each small oouar,2.

rezion ls 0.01. X 8 '7

square re fors, Sc its m,:acure Is 0.07, or 0.56.

c.S = 3.56

The product of t:- :-ur.?.rat- of _ra-tio.. form-

,

'1J

-sroduct

771 0. x or

terominars ;. fraction with humeratof

ar.:1 de:Icr.:aator name: the same number as 0.56.

Exercise Se

77,o, a unit square n. S-.'parate lo J.X

IOC, con7ruent square rep.7ions. Use :his unit square rex,ion

to r. t.le :,:-' iucts below_

a. 0.2 - , , ., 0.8,.-p (c../)

b. o.6 x 0.3 (r_ [-92)

(
/',.- 17;

C. 0.9 x 0.7 ((). 6

d. 0.5 x 0.4
r

'o)0)
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F':CD"..,707.3 OF =BEF.S ?HE :=EER 1=E

use s=ents 3n the number line as a model for

m__tiplIcatio- of rational numbers.

Yater:als: ::umber nos,

Zug: es 7cachin:: Procedure:

We have developed the idea of the Product
of two rational numbers by use of rectangular
res-ions. It would be unfortunate if a child
associated the product of two. rational numbers
-itn only this P'no kind of physical model. We

t=-1 'Lo a second model, segments on the num-
ber llne. This model is very important, because
it a useful model as an aid in problem solving
and because we have already associated the
rational numbers with points on the number line.

St..._ t ty draln,.. a number line on the chalkboard. Write

the wh:le number scale above and the scale in fourths below.

2

0 2 3 5
4 4 4

8
4

- unit se:m- Ask how we can represent a

se=ent .;:hose mea...uro is (One endpoint should match 0 and

the ther a) Draw 77T. =j = (We must setarate AB into

thr=_Ie conTruo,nt sesments. C and D to do this. AC,

,:ach ha7o measure 4. Since AC has toint

0, th,-- matches 1 of 2.

;:hat =ter this 7o find cut we must separate the unit

se7meht Int: smaller c0n7ruent carts, j._;:t as we separated unit

_.mar- ':-- many -.3nould make Would ',i.oparating each

se,_7met meas'...re n to throe conEruent parts do?



Separae each segment on the nu,cer l into three

congruent segments. Each small segment is what part of the ur:t

segment? (-4,' Write the scale of twelfths.

A

0 1

I

0 I 2 3 4 5 6 7 8

4 4 4 4 4 4 4 4 4

1 1 12 :5 na 21 24
i2 12 12 12 !2 !2 12 TE TE

What number matches 0?
`12 ) 12'

What segment with endpoint r is - of AB?

.What number does ,10Nmatch? ':that is -37 o:

- =

Continue with the Exploration. Following
1-3, the results are summarized. Tnese are

compared (;17::. 4) with the products of the same
pairs of numbers found by computation. Ex. 5

2
emphasizes the observation that 5 of 7 as

interpreted with Se men, on the number line
4

yields the same result as -5- x 7 found by compu-

tation and Ex. 6 and 7 reinforce tnis idea.
In common language, we often speak about

3 2of -- of a thing. For example, we walk 7
of a distance which is known to be 7 of a

mile. From the Exploration we can note tl-at
such a situation may be properly associat-d with
the operation of multiplication of num-
bers.



PRODUCTS OF RATIONAL NUMBERS USING THE NUMBER 17NE

Ex:loratfr!-

We hP.:e used the relation bet nee the measures of the sides

and the measure of a rectangular region to ::ve a meaning to the

product of any two rational numbers.

1 2
If w= wish, we can always -;:icture 7 x as the measure of

2a 7 by -s- rectangular regLcn. There are, however, other

a c xc
,ituaticns which lead to the same rule: -a

a
= E77777.

We shall now study some of these other meanings for the

product of rational numbers.

First l t us use the number line to think about what

tl in its' 2
usually mean by '7 of 7 or of ..

1. Begin by represent

and AB.

1

7 of
"I

7. L,00k at the number line

A0 0 0B

0 2
0 0 0< 0

0
0 0 0

2 3
7 3 3 3

AB has measure .1,-.

To represent of 4, locate D to separate into

congruent segr,ents AD and DB. is
2

c2 71c. So

J.

m3,5 should be 7 o_

176



Po

a. of should be a number which matcs D. To

this number, you need a scale w-cth smaller

riIt. ",.7hat s-le?

0 2

C)

3

3 4: 3333353G
-->

Yo u see that D matches =, so the diagram shows that

7r- of. -x--=

177

1S6'



2 Ncn consider

A C D B

0 2

AB

1
.5

--_-

?

of

of

.

2
--, ?

0
= ?

a.

b.

c.

0 2
3 3 3 3

2 77.)What segment has measure 7 ?Az.-,

How Lo.you find a segment whch_f..., -',-- of
,.,

'..ilaft segment with endpoint A has
-c.

measure

Wi'lat segment with endpoint A has measure

e. To find 7- of 't, you must find a number on the

number line which mat:hes point (H

Yol, need a scale marked with a smaller unit. What

unit? Should separating each -,r seg7 ,; into 5

,

conzruent

C D
0 0 0

segments do

B

0
20 >

o
0

<

0

fa

0
10-...0...-0o

0
-- - - -. . .1.- . -

2 3 4 5 5
3 '7

.7 3 75- T. 3

0 5 10 15

15 15 :5

S
;37

'\

What number matches D?

of
2 Is

= n, what 'limber is n?

1 S



3 Now rind 7 3
of usIng ,re number line.

C) L B
O 0 0 0

0 I 2 3

O I 1. 3 4 5 e
_ 2 2 2 2 2 2

( q \
a. AB tas measure .1.1j

b. 7Tc represent if- of 7 `' , _ -- _ 4-rs separate AB into 't)»
L.

congruent segments. AB is separated into congruent

segments by points (C) , (p) , and (F) .

W 1hat segment with endpoint A hz,s ine-eure oJ.
,

?

(irt)
d. To represent - of you need (7) of these

segments. P.'F is not long enough to represent

of so draw three more segments: 177-47, 77, anri

ACDE F
O 4 c

2

ii

0

2 2
2
2

3
2

4 5
2

f7-7; 7 3e. Segment
t

-, 't; as :acasure of

To find it- of find what number matches point .

g, You need a scale smaller units. A scale of (eni)-?'HI )

will do.

ACDEBFGH
<

?_ 3

1 2 3 4 5 G

2 2 2 2 2 2 2

O 4 n es ro 24
T i o .1 3 e

2_1

h. W:-...;,t number matches H ?
(

l ..?

1. of = n. n = ?

179
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Now at your results for :1-:ercises 1 - 3.

In Exer:.1se 7ou found that
1

of =
c

2
7n Exercise 2 you found that of =

:n Exercise 3 you found that

FUse the rule F x

1 1 ( _
3 x 7

, 2 (g
b. , x7 \;s!.,

7 3
c. x 7,

(

a x c
x

7
of

to find

2=

How do your products compare with your res_lts for

-----

5. Are these reasonable statements? ;Yes,

4 2 8
the numberber line, of =

8 x 2 4 2
= x

T-7 .5-7,77 5
4 2 2

D of =_- x 7.

6. Ct the number line below, the measure of AB is

A K L

0
2

4

3
2

2 6
a 9 m >

4 5

2 7 k

I0 II ;2
4 4 4 4 4 4 4 4 4 A 4 4 4

160



"inc a semen t with eon t A whose measure is:

1
; .-,,-a. 7 -_ 7 of 7,

of 7

3 7
c. of

of 6
r:

(Yes)

7 On the n=ber 14ne below, he measure of 7=t7B is

A B N P Q 'R

0- G-
0

--;-'
I 2 3t

0
C

.1 3
0
4

0
5

0
G

-3.

2 2 2 2 2 2

a. Find a segment with endDo-`nt A whose measure is

1-:
7'v-v 7

Find a segmE:nt with endpci:It A whose measure is

1 (3_., , = \z.

Find a segment with endpoint A whose measure is

3 (PT?) 3 (2z-

Your answer tc Exeroi_a Ef should show that.
6 1

7 of =

Your answer to Exercise 7c should show that

3
31

=

3Are and

Is thl. true? of

7
;=ries for the same numbar71-''

=
2

281
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Exercise Set

Draw number lines and segments to show

a. of

b.

d.
3

of 10

of , e.
6
7- of

7

7 o_

c. Find by using

a.
1

b.
3

x

7
/

a
0

3 ; ( 2X
I 0 ;

C axc

3 ./ 3o)
C. x 10

3. From your results in Exercises 1 - 2, is it true that
(fs) (Yes) (res)

1 1 1 1 3 2 3 2 3 ,.,. 7 3
4.- ',of 7=7x7? 7 of 5 = 7 x 5 , , -- *.L

= x ?
7

Look at the number lines and segments in Exercises 4 - 7.

In the diagram below, fird a segment whose measure is:

3
a. D E/

3
D. 5x r r")

c.
14,

D E F

<

0

0 i
i 2

D a

3 4
o
4

1

4
2
4

3
4

4 5
4

6
4

7
4

6
4

9
4

10

4
11

4
12

4
:3
4

14

4
ES

4

a
It
4

182
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5. in the diagram below,

( ,- 'II

/.
...\

a. 5 \

b. 3 (G..%)

\
c. 14

.7)

G

a sezment whose measure is:

H
-5;

4 5

0 2 3 4 5 Co 7 C 9 10 11 12 13 14 15 16 17 Z: 15 20
4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

6. Find a segmc- t whose measure

a. %
/4 3J

b. (-
C,)

c. ITC )

A
49

24
4
24

8
24

Ts

12

24

6

16

24

T
20
24

6

24
24

7 Find a segment whose measure is:

7 (a. 5 K

. x4 7
7.1k- KNlj

c. 28
<I")

K L M
0

0 2 3 4 5 7 9
-->

10
7 5 5 5 5 6 5 5 5 5

0 3 L 9 12 15 1C 21 24 27 30
15 15 15 15 15 15 15 15 15

183
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Make a number line diagram to represent each problem. Then

write a mathematical sentence to represent tn_ problem and

answer the quesLion in a complete sentence.

8.
1The Scouts hiked from the school to a camp 37 miles

1
away. They stopped to rest when they had gone 7 of

the way. How far had they walked ;,:hen they stopped to

7",; /2rest? x ^ -
c// 7 e e ,/

Jane had 71 yard of ribbon for badges. She made.

badges of equal length. How long was each badge?
3

AL
,5,"C4 6c107G ',JCS /6,A-C7 /07.)

10 5 story building is :48 feet high. If the stories

are of equal height, how far above the ground is the

3 g p C // 7ceiling of the third story? (T"
2?-1.

Bill put up shelves in his room, each 2F7 feet long.

How long a board did he use for 3 shelves?
3X 4- t;Ic ,zz,/ D y iec.)

12. Sue used 3 of a piece of toweling to make a place mat.

2
If the piece was 7 yard long, how long a pie.!.- did she

use for the place mat? (.1'*. v 7-A` ?'"' /°7')
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USING YATHEY.ATICAL SENTENCES TO DESCRIBE ?ROBLE=

Ob,:ectives: To assist pupils in writing mathematical sentences

for problems requiring more than one operation for

solution.

To direct attention to certain Parts of mathematical

sentences and consider their relation to the problem

situation.

To emphasize the use of the number line as an aid in

mathematical sentences.

Suggested Teaching Procedure:

Have the pupils read the Exploration, Then
reread the second Problem and raise questions
about the sentences suggested, such as the fol-
lowing:

In the second sentence, (7 - 357)
1

= n,
2

-

what does the numeral (7 - 3.7) represent':

(:umber of yards left after the first costume is
made.)

2In the third sentence, 7 - (37 n,
1what does PT 27) represent? (Number of yards

used for both costumes.)
2 1In the fifth sentence, n (3-7 2E) = 7,

what does the whole left side of the equation
represent? (Sum of number of yards left and
number of yards used.)

Call attention to the use of the number line
for representing the relation between the numbers
in the problem.

Discuss the third problem in a similar man-
ner, and illustrate it by using the number line.

Propose some mathematical sentences and
ask the pupils to make up some problems they
represent.

Samples: 100 - (52 26) = n. (Joe bought eggs
costing 52 cents and bread costing
26 cents. How much change should he
get from $1.00?)

80 (n x 30) = 350. (Jane has 80
cents. If she can save 30 cents a
week, in how many weeks will she have
$3.50?

186



US NC: XATHEY.AT: S EN= S DES 0::(;LLE 2F.C.773=3.

^loraiion

Richard's new foreign oar travels 29 -_ilex on one gallon

of gas. How any miles will it travel on 7 gallons?

29 x 7 = t

203 = t

Richard's car will go 203 miles on 7 gallons of gas.

What relationship in the problem is expressed in the
/ n

mathematical sentPnc,,?
ci7_5 /

187
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2. Consider the problem: Mari- :s mother bought 7 yards of

2
material to make two costumes. She used aT yards for one

1costume and 2-- yards for the other. How many yards of

material did she have left?

To solve this problem, what auestion should you as first?

Should you ask, "How many yards did she use in all for tie

twc costumes?"

Suppose you call this number k. Does

aT 1
= k ?

What question could you answer next?

Suppose n is the number of yards left. Does 7 - k = n

Which of these mathematical sentences is a correct

representation for the problem?

7 - 2-16= n L i-onyJ

(7 - + 2S = n ("'leCr"Y)

7 - = n 6re.0 7/9

What about these sentences? Would any of them be correct

also?

(7 - 23t. = n

n + (37 + = 7 ((orr.e

1
3.7 + 7 n

Gan this problem be represented by segments on the number

line like this?()) 3a 2i
3

0 i 2 3 4 5 6 7
< . _

188



Below is a diagram of Steve2s garden. He wants to put a

wire fence around it. The wire costs 131
C

cents a foot.

What will be the cost of the wil'e?

10- ft.
4

Do you have to ,:now how much wire is needed before you can

answer the question, 'What will be the cost of the wire?"
(r es)

Let m represent the perimeter of the garden in feet.

Does (14t- x 2) + (154 x 2) = m ? s.)i
What question could you answer next?

Let n = the number of cents the wire costs.

Does 132 x m = n ? (es;

Which of the following mathematical sentences best expresses

the relationship in the problem?

-3 x [(2 107,= x (2 x 13.7)i = n

(154 x 2) x (2 x 14) = n (tak.0).7))

3
(152 :x 2) + (101 x 2)] x 13= = n

Notice symbols [] called brackets are used to group

parentheses that name only one number.

What about these sentences? Would any of them be correct

also?
(154 154 (14 14) ] x 132 = n (e0."'""71)

-3
(15=7'7 1)7) x 137t] + [(104 + 14) x 131] = n

2 ledrPcc4
(154 + 154 + 104 + 104) x 134 = n (C°K''ec-)

189



Exercise Set 16

Read the following carefully, write the relationship in each

problem as a mathematical sentence, solve, and answer the

auestion asked in the problem:

A recipe calls for -=4. cup butter. If you make only .x

/I I

of the recipe/ how much butter do you need? --1" 4 _P
n c cc/ 8 c -y .u

2. John lives 4 mile from school. Harry lives only half

that distance from school. How far from the school does

/471 / St e /..)( '

Harry live ? t z X 3

3. Kt.. Morgan bought half a cake for her family of four.

If she made all servings the same size, that part of a

cake web each person served?(Ti. Z _ w aC /0 e k-so

Exercise Set 17

1

Peter bought t pound of cheese for schoo2 lunches. The

first day he used -A.- of the amount he bought. How much

x c,s c -/.7) pot, rrol c,tecs-echeese did he use?

12. Sara is supposed to practice the piano 7 hour each day.

1She practiced only 7 of that time on Saturday. What

part of an hour did she
/
practice on Saturday?

(2,3- x g, p+""cie.-7/.0 ecl -id lir.- tidy...)
1 173. Terry ate dozen cookies after lunch. He ate t dozen

cookies after dinner. What part of a dozen cookies did he

T. C COO
eat? Ca 4- "



The di stance f-om the 1 ibrary to the city 1-'211 of

a mile. What part of a mile will you have gone if you

1
/,

walk of this distance? (,-f. "4 "'"/"/// `4`."`

/

Ned needs-a piece of canvas 4 feet long. He has one

piece 2i- feet .._;ng and another piece 3t feet long. How
/ 3 \ "fee/

much does he still need? ".

2 Cr. 71

6. One-half the pupils ',Asf a school are going to a concert.

These children will be taken in 5 buses. What part

of the pupils of the school will ride in each bus.:
r

7". "r; -0 or ,ee p 07C. s-en7a0/ eaei Ls.)

7 A gallon of cream weighs 8.4 pounds, a gallon of milk

weighs 8.6 pounds, and a gallon of water weighs 8.3

pounds. How many pounds will a gallon of cream, a gallon

of milk, and a gallon of water weigh togethe ,'? //

G-f- 2.3 =+, o-ccfr-eaA, ,an;A7 c '1)11
9 .2 0 ,c e/h/ 3 c njel_s- 740/ce 4c-

8. faro= feeds her dog 1 pounds of meat daily. She feeds

him twice a day. What part of a pound of meat does the

dog get at each meal? (ii X 7c1- = 5 / 647 edis 7"d-s
e a-4 ef sc /pee

9. The record speed for an airplane in 1960 was 1,526 miles

per hour. Tr?. record speed for an automobile was 394.19

miles per hour. How much greater was the speed recorded

for an airplane? ( 3 9rplane9 3 /7- e "rte
o/c o 4r

/>,e //3/. r. ioer d

1 110. Mary weighs 627 pounds. Her brother weighs T as much

as she weighs. What, does he weigh? (Z x 6 2 2 = n A7e,-x-;

vrO7 -?-r /70 04. )
/

11. ?orge lives 2.7 miles from school. He makes one round

trip each day. How many miles does he walk to school each

week? (z.7 x 5 =

191
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GC

1 . 312. Mrs. Marks bought a 5.7 pound roast and 7 pound of

ground meat. How much meat did she buy altogether?

.5--2". '7,-i- -.:-. et., fil,,- M2, GS 60, ,474 64? 10,4,04 o ,Z. i're.77:-,1( 1 3

13. !t'. Hayes drove 42.3 miles per hour for

How many miles did he drive? (42-5
c / Z .'S

14. Mikels garden is 15i feet by 2

( I 9
area of the garden? 1 5 "E

) 7 -1 s c Tt
4 0

15. Tim:s dog eats 4 pound of food in

3

3 hours.
Cayes

feet. What is the

the morning and

oound of food in the afternoon. How much food does

dog eat during one week? (7x (4 +.-)=

4 ILz dr_s /e7 zaett

192
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RATION=.11 N-JMEERS WITH SETS OF OEJ7CTS

Objectives: To review ways of picturing products of rational

..umbers using regions and segments.

To review use of a rational numh.',, to describe part

of a set of objects.

To give added meaning to multiplication of rational

numbers by associati. ng them with sets of objects.

To show that finding such numbersbers as of the

~umber of objects in a set of 4,
3

12,of

t of 16, etc.) is an operation which gives the

same answer as multiplication.

Materials: Collections of objects which can be separated to

sho *:! subsets; arrays suggested on page 89 number

line.

VocaDulary: Set, subset, array.

Suggested Teaching Procedure:

Recall how rectangular regions and line seg-
ments have been used to give meaning to products

3of rational numbers such as 2
77x x

3 x 4 etc. You may wish to have children illus-illus-

trate how these different physical situations
give meaning to these products, as,

(a) 4.x 4 = n

unit
3

La:a
unit region

A
S

2 4 87 x = 7

193

F

raf = 4

mAC = 1

naf = x 4

mAF = x 4

8mAF =

2 3 4
I

Li



( o )
3
x

1
= n

unit region

A
e.

0

0
-2-

3 1 37 x 7 =

se..... . .
X.5:".41 - -1

C B

4

2
2 -2-

unit region

A BD

0
I t I '

mAB = 1

=

3 1
mAD x= 7 7
mAD =

mAB = 1

mAC = 3
FT

mAD = 3 x 3
13.

mAD

Then recall how, in earlier grades, we gave
meaning to rational numbers by such models as
subsets of objects (shaded) compared with the
set of objects, as shown here:

0
3

c
0o

0 0
00
3

Men suggest that we think again of a set
of four objects. Arrange on a number line.

2
Find

1 of the objects--as we did in (7 x 4;.

4

1

2

We can write the mathematical sentence
1 4

of = 2 = 2.



Use some other similar examples, but be
certain to include one like:

What is 27 of 7 objects? What
mathematical sentence can be written
to represent this?

3XT
. . - 3

. .
4

2 Z 14
1

Of course, in application, if objects are ncc
congruent and cannot be separated into congru-
ent parts, rational numbers should not be used.
Instead, the mathematics'. sentence
p = (n x q) t r is appropriate.

(Continue with the exploration in the 7=-L.1
texL.)

followl:g development is included If
teacher wishes tb exterJ the discussion to

3finding 7 of -^ of _2. It is enrichment

material and its use is optional.
Take a collection of congruent objects

(e.g. a set of 12 objects) such that each
object can be separated into congruent parts.
Arrange in a series of arrays such as suggested
below. For each arrangement suggested questions
and comments are given.

(1) Usims a 2 6 arrav: Two problems

using a 2 by 6 array.

(a)

000
000

1Find 7 of 12 objects. Separate into

2 equivalen- .ts. We can write:
1 12

x = n,



(b) No. 1

Vo '")'orj G

000

I/

8/

0@

3
Find

1 7

Tr

of of 12 objects. First
,3

find of 12 objeccs (No. 1).

can write:
3 x 7-12 = n. Now using this

same set of objects find -1- o: the set

of 9 objects. (See No. 2). Now we
can write the complete sentence:

3 12t X (

)

x = n.

(2) Usin; a 3 array: Two suggested
problems using a 3 by array.

(a)

(b)

O 0 00
G e 00
e '/ 00

Find of 12 objects. The mathemati-
1 12cal sentence: =
2 1

x = n.

refi

O 0 00
2

IT

F-ind of -6- of 12 objects. First
2

find of 12 objects, then find
12

7-
.:,'

of 8 objects, [or ( -,- x --) objects]
o 11 2 2)See that each 7 of 8 is (7 + 7/.

2 2i.

Then, 7- of 8 is (= ± 7-) or 54-,-. The
4 ' 12

mathematical sentence:
'' 2
7- x (-5- x 7) = n.
..

196



( 3 ) Using a 1 bi 12 array. One suggested
problem using a 1 by 12 array also,
with association with number line.

(a)

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 cc
1 57Find 7 of of 12 objects. First

find of 12 objects. Then find

of this set. See that we must separate
1 object into 3 component parts.

eie e ale -0© 00

7

x
(5,7 X 12\

-..-) x

x

6c

10 10
=

Also associate thf_s with the number line.

0
q

0 0
2

0
3
._

0
4
0

0
5
_

0
6

0
7

0
8
_

0
9
_

0
10
_

0
H
_ a

t
) x 1) (i X If)

5 12dotted line shows H x separated

congruent line segments.

x 4) = 1 x
10

1 10 10
x =

7-3

We can write:



P101

RATIONAL ?UMBERS WITH SETS OF OBJECTS

You have illustrated products of rational numbers by using

rectangular regions and by using segments on the number line.

Multiplication of rational numbers can also be used to

answer some kinds of questions about sets of objects.

Exploration

A represents a set of golf 1:alls. In Picture B

this set is separated into subsets, with the same nut3er of

balls in each subset.

AA
(IZ)

1. How many balls are in the set? What rational number

represents the part of the set in each subset? -How many

balls are in each subset?(4Does the sentence, 1 of 12

balls are 2 balls, describe this situation? (Kes)

2. Draw pictures of the set of balls separated into fewer

subsets, with the same number of balls in each subset.

Can you do this in more than one way? (Avers Yarp

,

Zsv

2;
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3. Pictures C, D, E, F, G show the balls arranged in arrays.

The broken lines in each picture show the separation of the

set into subsets, with the same number of balls in each

subset.

G

Y. Write a sentence like the one in Exercise 1 which
r D

describes each picture.(.
3 off. i2 =2 G. o CZ 7 !

5. Use the pictures to find

2
a. 7 of 12 balls d.

b. of 12 balls

of 12 balls

e.
2

6
T.7

o-

of

ofc)

12

-",
C-

2

balls (

ball s

b al l s

6)

;.-;)

1 /
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6. a.
2 2 12 (f/ 1

Is of 12 the same number of ball:.! as Tx 7 ?,/esj

b. Is of 12 the .e.me number as -4 12
x ?ki(Yes)

1 1

12 (V )

c. Is of 12 the same number as x ? peg/

d. Can you use multiplication of rational -umbers to find

the number of objects in a part of a set? (lies)

7 Do your answers in Exercise 6 agree with what you found

to be true when you used segments on the number line?

8. a. Draw a picture to represent a set of 12 licorice

sticks. (""/""/")

b. You wish to divide the licorice sticks among 5 boys.

Draw rings around subsets to show the whole sticks

//)each boy will get. (00000
c. Show on your drawing how you will divide up the

remaining sticks. ( -4--4-4-- 2F.;6 647 lie/
d. Write the rational number which represents-the number

of sticks each boy get. Is your result equal to

5x
12 ( /Cs)x ?

Exercise Set 18

1. Draw pictures of golf balls. Then write the mathematical

sentences.

4
of 15 7

4 I

7a. 5 znj r7:1Z) d. 3 of 28(47 x

7
b. 3 of 2

I
rz e of 20 (4 x ?= 21

(q 30 . ,

c. 4?. of x 7= L., of 24 273= -1-i -6" 36)

200
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2. Find n:

:
7601 r

a. = x nj / I01!

D 1 5/

x1= r-i(17162)0)-(2

Q 30 (2 7 2 )

C . it X =
1

d. 3 28 (gy)
x = n o,-( 1?)

e. x = n(4°) or (20

x = n (1--) 0- (3°)
4 1

3. Compare your results in Exercises 1 and 2.

Only two-thirds of the pupils in Bedford School can be

seated in the auditorium, so only two-thirds of the classes

may zo to the assembl,. There are 33 classes. How many

classes may go2k3 x 33 za e /35-st-s

5. Jim said that -2- of his '0 tomato plants had tomatoes
10

on them. How many plants had tomatoes? How many did not?
ox40. r 36/0/,/,, /0 /7 7is-ocs)

6 The refreshment committee estimated that of the pupils

and parents would come to the class picnic. If there were

84 pupils and parents, how many people did the committee

think would come?(4 or F'!-= n. 77,:c com,..,/7zec //44. lel. C3
L.7c0/2

7 A class had a supply of 1 gross of pencils (144) when

school began. A month later they had 84 left. What

rational number tells what part of their supply they had
("7 \,

left? 7)

8 Cane had 2:: questions 1fight on a tezt with questions.

mat rational number tells what part of the test he

/24
answered correctly,

\

201
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PROPERTIES OF RATIONAL NUMBERS (OVERVIEW)

In these three sections we inquire whether
the familiar properties of the operation of
multiplication of whole numbers apply when the
factors are rational numbers, and whether the
rational numbers have any new properties Which
the whole numbers do not have.

In the first of the three sections
(Properties of Rational Numbers), the Commuta-
tive and Associative, and the Properties of
Zero and One are verified for multiplication of
rational numbers. The Distributive Property is
also verified.

One purpose of the second section (Prob-
lems about Travel) is to call attention to a
property which pupils often associate with
multiplication, but which is actually true only
when both factors are larger than 1. This has
to do with the relation of size of product to ,

size of factors. Pupils frequently generalize,
on the basis of experience with whole numbers,
that "when you multiply you get a bigger num-
ber." This tends to confuse them when they
multiply rational numbers and the generaliza-
tion does not necessarily hold.

In the third section (A New Property of
Rational Numbers), the Reciprocal Property is
developed. If the product of two =bers is
1, each number is the reciprocal of the other.
While the fraction numeral provides an easy
clue as to what the reciprocal of a given num-
ber must be, it is important to note that the
Reciprocal Property applies to the rational
number, not to the fraction numeral. For4ex-
amp e, the number named by the fraction

has as reciprocal the number named by or
75Tuu, or 0.75, etc. The Reciprocal Property

is important in itself, because it will be
used in the development of the operation of
division of rational numbers. It is also im-
portant as an instance of a property possessed
by the set of rational numbers which was not
possessed by the set of whole numbers. For
example, there is no whole number u such
that 8 x u = 1.
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PROPERTIES

Objectl:e:

Materials:

Vocabulary:

OF RATIONAL NUMBERS

To verify the Commutative, Associative. Distributive

Properties and the Properties of Zero and One for

the rational numbers.

Number line, rectangular gions.

Commutative, associative, distributive, closure,

properties of zero and one.

Suggested Teaching Procedure:.

You know several properties of multiplication of whsle num-

bers. Can you give examples of some of these properties?

(Pupils should suggest such illustrations as 3 x 4 = 4 x 3,

2'x (3 x 4) (2 x 3) x 4, 2 x 3 is a whole number, 0 x 5 = 0,

1 x 5 = 1. Also, 2 x (3 T 4) (2 x 3) (2 x 4), which relates

multiplication and addition.) What are the names of these prop-

erties? (Commutative, Associative, Closure, Zero, One, Distri-

butive.)

Do you think that multiplication of rational numbers has

the same properties? The exercises on these pages suggest ways

of finding out.

Have the pupils do the exercises in the
!I

Exploration and tell how the results suggest
that the properties do hold for rational numbers. 11

Summarize by developing a list (with
Illustrations) of the properties.
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PROPERTIRS OF RATIONAL NUMBERS

Exploration

You know several properties of the operation of

multiplication with whole numbers: Commutative, Associative,

Closure, Property of Zero, and Property of One. You also know

he Distributive Property, which relates multiplication and

addition of whole numbers.

1. Illustrate each of these properties with whole numbers.

Make diagrams (using rectangular regions or segments on

the number line) to illustrate the following products:

2. a. x

b.

3. a.

Ns
2

2 x 3
(,,,./s u G .mot

b. 3 x
2

cry)

Find the products in Exercise 2 and Exercise 3 using

a x c ( ioa
x = 2 c -777' la 26. L2 3b.S1

5
.)

2
a. Is 7 x 5--= x 4 a true statement? (,/e.-.5

.. 2
b. Is ,x3 = 3x-p-2 atrue statement? (Yes)

D D

6. 1.L,lat property for multiplication of rational numbers

suggested by Exercises 2 - 5 ?

is
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rind s and t:

2\ 2 *A
7. a. s= (-77 --.) x 5 (G 0 ,.

b. t = .4-T x (4 x g) (&)

8. a. s = (7 x 4) x i (j-2'2)
2,i-

b. t = 7 x (-i x i) (-4-9

9 a. What is true of the products s and t in

Exercise 7? ( //7.fy ,7i--c ci-,a/j

b. What is true of the products s and t L. -!n

Exercise 8? r -C.

10. What property Of multiplication of rational numbers.is

0 7, . 1.
suggested by Exercises 7 - 8? v'rs0/st,,c)

11. Find the numbers n and t by using drawings like the

ones cn Page 70 for Exercise

I7
12

/2 )
/ .5

3
a. n= 7 xvs- ± 7,

I
4

I

i ,
FIT'32-

17 17
2 7' T4 YL

I 2 2 7
2 7-- 6 24

.T i'l 3 3 G

b.
,_ ,1 2. (1 3.
,, = x 7) --i-- vf- x 7)

\

i
%. - '

z t ! "F-4+

a..c _17

12. Which of these sentences is true in Et:ercf_se 11?

n > t n = t

13. State a propIrty of rational numbers suggested by

Exercises 1, - 12. ( /

Find r and s:

14. a. x =
7 0

0
o.

5
4- 7- s0

205
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15. What property of rational

/ /
suggest? (7M4,//,/9 //ea 7; v e

16. Find r and s. &press

3 3 ( 9 3
a. r 7 x

17. 'Compare

What do you observe?

18. State a property of

Exercise

numbers does Exercise 14

Pfro4C,---/yof/ Zefr-")

your answer in simplest form.

10 (Le
x 75 3

=

each product in Exercise 16 with, the factors.

/ 0 *I C. 7(5 d k/ 1-0 c e.

rational numbers suggested by

774- ott. ?:/y 1;111/C

19. You are used to working with rati-,nal numbers that are

easy to pict,:re. Here

used rational numbers:

a.

are some for less commonly

178 31
7.177 and 75

Can you imagine a rectangular reE,ion whose sides have

these measures?

How would you find the measure of the region?(xQ

kind of number would your result be?(f2*Ii;ma0

up two other strange rational If theynumbers(.j..e's

measures of the sides of a rectangular region,

c. What

d. Make

:ere

what kind of number

be?
(,

//i/'"`""&/

would the measure of the region

What 7roperty of multiplication of rational numbers

does this suggest? 1/.:// ,0.,.0-,e; 7/".°c/uc, °
c

4'°

a - a 71/04:,5/

206
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Exercise Set 19

Copy ana complete these multiplication charts.

in simplest ro,m.

3.

I
x

' -F 2
7 7 i 7,,"

1 1 ? 2

3 8 7
zl

1

J 3 9 2 Is

.3 3 4 3
- 16 5

,
-,--
D

2

5

3
1-
,- 3

5
16

2?

x
-

, 72-
,

i

f
..._

_ ;

2:-2-: 33 34 4

2.

Express products

1 x 0
,

47 1

0 0 0

1

e
0 ( I

73.

h7e7
! 4

7 o -5 -zr-

3 1_- 9_- 3
a 16

3
+ 1

What p-Jperty (or properties) do y

each chart? 6.."''''.1-8-"'"c '5"
C

2079

ou find illustrated in

-7.L R-0 /4,

..5"..ec .



SIZE OF PRODUCTS

Objective: To call attention to the relation of size of product

to size of factors. Some products may be less than

either factor.

Nwnber line.

See also notes on Page 202
Children often recognize that finding the

distance travelled in 3 ,minutes at a given
rate per minute can be done by using the opera-
tion of multiplication, but'fail to see that the
same operation (multiplication) applies in case
the number of minutes is less than one. Hence
the first line in the table has the last entry
written "4 x 600 = 2400", rather than merely
"2400". The same form should be continued for
the other entries to emphasize that they are all
instances of multiplication.

The number line is used in the Exploration
to serve as a geometric model for the generaliza-
tions about size of products called for in
Ex. 11.

Ex. 10 reinforces the observations about
properties of rational numbers and size of pro--
duct: of rational numbers.

208.



SIZE OF PRODUCTSr.

Exoloration

A bug named Willie crawls along a crack in the floor. :-e

travels 2 feet per minute.

Suppose the crack represents a number line.

A S C D E F G

( 6 c.,,I)

How far dces Willie crawl in 3 minutes? If he starts
(c)

at A, what point does he reach in 7 minute? in 2

ice) (F)
minutes? in 2-=

".minutes? In 3 minutes? r
G)i

. ,

2

2. For each part.of Exercise 1', write a mathematical sentence

which shows the relation between the time Willie crawls,

his speed, and the distance he goes. (3x Z = G.; /x2 =z.
2A Z=4- 4ex2,5; 3,,2 =6)

. .-

Between which labeled points will Willie be when he has

3
(e-TA
,

(c (11 e)2 (g 4
crawled an- minutes? l:"± minutes? 7 minute? 5 minute?

Write a mathematical sentence for each part of Exercise 3.
, ,

2
44-

5. What operation is indicated in each mat ematical sentence

in Exercises 2 and 4? (/14//7//'ce 10 ),)

6 a. If Willie starts at A and crawls less than one

minute, on which segment must he be? (Al)

b. If Willie starts at A and crawls more than one

minute, where will he be? (4-710,71 C1 0, os Ye7 rD)

209_
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Exercise Set 20

A jet ;lane traldels 600 miles an hour. At that rate,

how far does it tr_-el in 4 hours? in 3 hours? in

1 hours? .

27 hours? in 1-,
1 u 1 hour? 7 :our?

e
hour?

1
J
-.- hour? =o

0
hour?

Record these facts in the table below.

JET PLANE

Number of Hours Number of Miles Total Number of

per Hour Miles Traveled

600 4 x 600 = 2400

3 6oc (3 x Goo = I goo)

1

2t-- 600 (2 231 x 600 ./500)

117 600 (Ii x E co = 7gD)

1 600 (I x 600 = g oo)

3
77 600

(4 600 = 450)

1

7 600 ( ix 60o . no)

i7 600 (i x 6 00 = z64)

1

10
600 NT) ,e boo - 60)

2. What operation did you use to answer each part of

Exercise 1? (A./74/0///es/4m/,)

3. Suppose the Scouts hike 3 miles an hour. At that rate,

how flr do they walk in hours? In 3 hours? Make a

table /like the one above. use the save numbers of,hour.
( f Co 4 g lz tL; 1.31; Zy3 .72; 17:0.3 = 37; 1x3<51 203,-Zv-z n'SI L;

ix3=J;*s3=1)

210
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Y. A fast, lively turtle walks 7 mile an hour. Make a table

like the one above for the turtle. What operation do you

use to find his distances?(Ld.$11 34

C

; 1

; ro SV}

Use your tables for Exercises 1, 3, and 4 to answer these

questions.

Make these sentences true by putting >. <, or = in the

blank.

Plane Scows

, x 600 (>-\,.
;:nr, x 3 >) 3-,,,,

3 x 600 ( )*) 600 3 x f`>) 3

Turtle

r,\ 1x -6 L:4-a 3

X .8- `>j Br

c. 2 x 6c0 (,>) 600 22 x 3 x ( >)

A 600 (>) 600
11 1 1 (>) 1x :1-7 X 3.

,
e. 1 x 600 600 x 3 C..-7) 3 1 x !--)

x 6cc Y-J 6oc x 3 3 x 1 (1 1
j

g . x 6 Do (-4-) 600 x 3 (_<) 3

x 600 (<) 600 X 3 ( <) 3 x g (4) ;-

1

11 46.45 x 600 (Z-) 600 - x 3 3 x

6. Look at the col ;try in Exercise 5 about the jet 'plane.

a. What factor is shown in each product exprLssion? ('4;oc)

b. in which lines of the table is the prodrec greater than

(
)sc.)

this factor? equal to this factor? less than this

factcr?Irr%
r

c. How do you explain your observation in

211
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'7
I

Look at the column in Exercise 5 about the Scouts.

a. What factor is shown in each product expression? /31

b. In which lines of the table is the product greater
c.

than this factor? equal to this factor? less than

this factor?(,;)

c. How do you explain your observation b ?(:exe_ 6c)

8. Answer the questions in Exercise 6, using th turtle

column. ( c

9. Examine your answers for Exercises 6, 7, and 8.

Fill in >, =, < to make these sentences true. Put the

same symbol in both blanks of each sentence.

a. When one factor in a product expression (>) 1, the

product 5) the other factor.

h. When one factor in a product expression .-=) 1, the

product (=,) ,the other factor.

c. When one factor in a product expression (5:) 1, the

product the other factor.

( ese 2,v5c,/e-s eer.,

0,41)

212
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A NEW PROP7R'"v OF RA7TONAL NITERS: F7C7PROCAL 7=RCP7R7Y

To develop a new pronerty of rational numbers, the

Reciprocal Property, which was not possessed by the

set of whole numbers.

Vocabuiary:

Sugzested Teaching Procedure:

See notes on page 202.
Have the pupils do the exercises in the

Exploration to discover a new property of the H

set of rational numbers, not possessed by the
se; of whole numbers.

213
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A NEW PROPERTY OF RATIONAL NUMBERS: RECIPROCAL PROPERTY

You have seen that some properties of whole numbers are

also properties of rational numbers. Do you think that rational

numbers may have some properties which whole numbers do not have?

Exploration

Find 7 in each sentence.

a. =
3

X -A-
I

c. r = x :2= (/) e. r = x (,)

7 8( 1 100
1L (1)

b. = 75. X d. r 4- x 1C(/\
10 -'} r =

2. -hat do you notice about the product in each part of

( z

Exercise I? I)

3. Write the two factors in Exercise 1-a. What do you notice

about them? ( ;74 e nt.re,a7Zof- J 714, ;.74,-t. L.0.5 o

Do you notice the same thing about the factors in

Exercise 1-b through 1-f? (Xcj

Find the rational number n which makes each sentence true.

3is called the reciprocal of 7

8is the reciprocal of

214

225
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9. what is the product when a r=ber is multiplied by its

,

reciprocal?

10. Find n in each sentence:

a. n 7 0 i(6) c. n =
7

x 0(c5) e. n = x )

b. n= x d. n = x (0) f. n= 0 x 145

11. What property of multiplication of rational numbers does

Exercise 10 illustrate ? iievy

12. If possible, find a rational number n which makes each

sentence true:

a. --xn= 0

b . n x =
,

c. n x 0 = 1 /)
lvovcfossia

d . 0 x n = 0

13. Is there a rational number which does not have a reciprocal?

ryes)
Is there more than one such rational number? (k/D

14. Can we state this property for rational numbers? For

every rational mmber if if a is not 0, and b is

/ )not 0,
a

x
b

= 1. (

/I
e%/

o a

15. Could the property in Exercise 14 be stated this ws.7-':(5)

Every rational number except 0 has a reciprocal.

16. Think of the set of whole numbers. Can you find a whole

number n such that (4(02

a. 5 x n = 1 ? b . n x 8 . 1 ?

17. Does the set of whole numbers have the reciprocal property

stated in Exercise 15? (71/0,)

215
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18. Find a rational number n such that the sentence in

Exercise 16a is true.

Exercise i6b. ;y

the same for the sentence in

19. Do you see an easy way to find the reciprocal of a rational
/

number; `in !1.t C frOL. Cr. Z. .; CA off "'de-

20. The measure of a rectangular region is 1. Find the

measure of a side, if the measure of the other side is:

a.
(

7+- 3; c. 4
11 (2._:L)

e.

b. 116 (4) d. 1 (1) f. 0.25 ((6°

If the product of two rational numbers is 1,

each number is the reciprocal of the other.

Exercise Set 21

1. Mr. Brown bought 6.1 gallons of gas on Saturday and 7.3

gallons on Sunday. How many gallons of gas did Mr. Brown

buy on the two days together?(6.) +71:0= /e, 47"'"7
/1/ 9 ailons of.f as.)

2. One jet averaged 659.49 miles per hour on its test flight.

Another jet averaged 701.1 miles per hour. How much

greater was the average soeed of the second plane?
(701. I 6 5 9. 4,1 = TA e s e Les *e 1;:erelej

3. If the average rainfall in a state is 2.7 inches per

month, what will be the total rainfall for the year?
i! x 2. 7 = c / 4," y 3 32.4 0.1 thC4

li Tru.,, 4o 4-1.,5 ,,o4----lo- 34-4ea are .cnir""---

feet and 15 feet long? (121 x13-- s- rAe eke /. 7te A^COM

is I q I r7.)

216
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1

4
5. Jim is 50-

2
inches tall. Sally is 4o inches tall.3 D /z

How much taller is Jim than Sally?(.5-°-2.---r°3-11 /""

/4;e h..s- //e
16. A recipe called for 1-4% cups oatmeal, and 17 cups flour,

1and 17 cups raisins. How many cups -.)f dry ingredients

were called for in the recipe?(474/4
C..ps 0-'4- 14,7re.<1;e44.111.)

7.
3 1Joel has planted 7 of his garden in vegetables. 7 of

this section is planted in tomatoes. What part of the

whole garden is planted in tomatoes? x Joe/
/5.45 014. ap- C/e /24,1e/ /, 740.".'Z'loeSj

8. If 1 day is T of a week, what part of the week is 12

hours? (+.4 24-c -J7 07( 2 c..e.e.)

9. Allen drinks 34 cups of milk three times a day. How

many cups of milk does he drink in one week?(3x(I-IEY7 /=k7

A / /e Aik- 3: ± a wee.,.)
330. Eddie's house i_ -ET mile from school. How far does he

walk each day if he makes two round trips? How far does,
Ea/c/. Lad /L "4, /es edzi

he walk each week?
/i.s owl. Weei)

11. For the summer, Rick and Sam cut lawns for the neighbors.

Together they charged 3 dollars an hour. They worked

3
77 hours each day. How much did they earn in one day?

in one week 0 days)? (3 x 7TL =h 7Ze7 ezevcci 234 elo112vs
3 x zi-vre477 I 16 24-s fee- 4'iCr4)

12. Bill is 27 years older than Bob. Bob is 32 years

older than Jack. How much older is Bill than Jack?
J(2S--*3"i." = n .3,7/ 0/6/e, 0.- 1- yetes /0 cult, 74-.4a./

13. The measurements cf the sides of a rectangular sheet of

metal are 17.2 inches and 9.8 inches. Itiat i2 the

area of the sheet in square inches?(/7Z x ch? =C4. 7Ac =nc
o toe .5 ce r r s S' Se sr. /IV

217
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14. California had 3.6 inches of rain in January, 5.1 inches

in February, 5.8 inches in March, and 4.4 inches in

April. The total amount for the year was 23.0 inches.

How much raln fell during the other eight. months?
(3.6 45745 7 ,:. 544z :.---"z/ 23 ----,,-, = ---,-,-", / ...:..c..40..,=4111

-)
15. Ms's. Jaclzson baked 27 dozen cookies. For lunch Helen

7 7 1ate = dozen, Janet ate --- -5dozen, Dotty ate dozen,

How many dozen cookies were

,
.,,,6 z ..44-4.-e--- ,..,...e4...e. / I

3

and Ellen ate

left. (-1" 4 -2--... 3
--77

4- 4
dozen.

-1-- -4- --27.." :::

218
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Objective: To find products of rational numbers named by

decimals by using (a) computational Procedure for

multiplyin:7 whole numbers and (b) the law of ex-

ponents for multiplication.-

Materf_al: Pocket charts and cards page

Suggested Teaching Procedure:

To this point, pupils have multiplied ra-
tional numbers named by decimals by thinking
about the numerator and denominator of the .7rac-
tion form for the decimal. In this secticn use
is made of the properties of rational numbers to
show that such products can be found by
(a) using the computational procedure for multi-
plying whole numbers, and (b) using the law of
exponents for multiplying powers of the same
base to help determine the correct place value
of the 'product.

Some pupils will probably discover the
relation which is often stated as 1 "rule" for
placing the decimal point in a product. How-
ever, it is important that the suggested vertical
form for multir.11.2ation be followed so that they
see that the relation, they have oboerved is an
outcome of the system of decimal notation rather
than a mechanical "rule".

Before teahLng this section you may find
it advisable tc review the laws of exponents
studied in Chan ter 1.

4



COMPUTING PRODUCTS OF RATIONAL NUMBERS USING DECIMALS

Exploration

(Extending Decimal Notation)

1.- You know that 45.687 means

(4 x 10) + (5 x 1) + (6 x T!'t5) 1 (8 x
)

: (7 x 45)

Suppose you see the numeral 45.6872. What number does
(Exi$

the digit 2 represent? lnat should be the place-value
(re. -/`,,s,,,,,i/75s)

name? In the decimal system of numeration, the value of

__each place is
-1±)

the value of the place on it 1.7nft.

example,,

0.1
10

1
0.01

To- x loo
1 1 1

j'°°1 15 x 100 1,000'

So the value of ;he next place is 1

10 x
1

1,000' or
1

10,000'

The digit 2 in the numeral above represents 2 x
1

10,000'

or 2 ten-thousandths

Suppose the numeral Is 45.68723. What number does the 3

represent? What should be the place-value name?
sand/71/s.)
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4. Write the decimal name for

a. 234 thousandths (0.Z34)

b. 17 ten-thousandths (0.00/7)

c. 346 hundred-thousandths (0.00346)

5. Write th-7, fraction form for

25'67)
a. C.2567 (ro, ooc

b. 0.01682 ('loo, 2
c. 32.5678 (3206-:;cf)

6. Suppose you wanted to separate a unit sauare region into

square regions to show ten-thousandths. How many congruent

segments should you make on each side of the square? (too)

Exploration

You !snow that you can multiply rational numbers with

decimal names by thinking about their fraction names. Is there

another way?

C:.,nsider the product 4.53 x 0.007

1 4 1
a. .53 = 53 x4 755. x:53

b.
7 1

0.007 = 100C
- 7 x 7-57- = 7 x

c. So,

d.

e.

4.53 x 0.007 = (1=53 x
' (7 _,..)

10

1. 453 x (-7 x 7) x
10

. 453 x (7 x 74
_0'-'

74) x
10'

= (453 x 7) x
, 1

---z----

1x 7)
10 10

22,;

2 4"
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g.

h.

. (453 x 7) x
x 1

102 x 103

= 3171 x
1

= 3171 x
100,000

3171
0.03171

100,000

(453 ror 4,13.
Explain line a and line b.CTTE 1$ "-#
7

/5 7-,ze./1,0,7
0.00,7)

/coo

2. What property of rational numbers is used in line d ? in

line e ? in line f ? assoc/s7-,,e
C. associe74,c)

3. Tkhat is done in line g /7J,1; 4ecr7 ,-ch2Nee0

What law of exponents is, used in line h ?(TO 7244°
e.5 0 RS c G/c/ 1%c e Yioon

5. How is the 100,000 obtained in line i ?(oxio:o.ro.to=/0.0

Lines f and g show that you can find the product of two

rational numbers named by decimals by a) multiplying as

though they were whole numbers and b) placing a decimal

point to indicate the correct place value.

The first step is familiar. How can you tell where the

decimal point should be? Look at line k oelow.

k. 4.53 x 0.007 =
1 1 ,

(453 x --7) x (7 x 77)
10-

. (153 x 7) x (

10-)

= 0.03171.

Do you see an easy way to tell what each exponent should be?

I: there an easy way to decide how many digits in the

product there should be to the right of the decimal point?
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6. Write these products as shown in line k.

a. 2.46 x 3.
(24G

/0 / 0 '
X(11 X - I : ( Z 4 4 X3i)K

b. 0.513 x 9.2 d.

(5-`3x,')r(92 3)'(613'9z)'()

1.68 x 0.005
\(16.1Yi..)f(5-xi,).(/6x5.)x(/

-1-1)62

6.2 x 1.049
(62

i

,) (104c X-if;,):(6Z IC4C) X (TEA)

Since you find the product by first multiplying as with

whole numbers, it is convenient to arrange your work in

vertical farm and record your thinking like this:

1 . 0 4 9 1049 x
1

6.2

2 0 9 8
6 2 9 4
6.5 0 3 8

62 x15'

65038 x

Exercise Set 23

Use the vertical form as shown to find

/

1. r = 3.25 x 0.04( C 1300) 6.

2. r = 6.17 x o.29(1.73 7

3. r = 0.048 x 1.46r0.07ocg) 8.

r = 0.96 x 7.7(7, 3 9 2)

r = 0.18 x 0.056(0.01008)

r = 3.68 x 1.42 .-s-.2.255)

4. r = 3.1 x 0.307 (0,9 5 17) 9. r = 19.03 x 8.5.:6:.75 5,

5. r = 58 x y

225
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RATIONAL NUMBERS WITH DECIMAL NAMES

Objectives: To direct attention to the fact that some, but not

all, rational numbers can be named by decimals.

To note that this fact can be explained by con-

sidering the prime factorization of 10 and powers

of 10.

Suggested Teaching Procedure:

Every ratic-al number can be named by some
fraction whose numerator and denominator are
whole numbers--in fact, by many such fractions.
At this stage we have decimal names for some, but

1not all, rational numbers. For example, 7 _ 25
100'

and therefore 0.25 is a decimal name for t.
So are 0.250 and 0.2500.

But consider the rational number whose sim-

plest name is If it s to have a decimal

name, then the decimal will have a fraction form
with denominator 10, cr 100, or 1000, or some
hig'r-ar power of 10 But is there and_ whole num-

bernforwhichthesentence 4 -true?
n 1 1or the sentence

100
or = ? You

know that there is no such whole number n. The
reason can be found by considering two familiar
facts:

1
(a) Since

3
- is the simplest name for the

number, other fraction names for the number can
be found only by multiplying the numerator and

, 17denominator o: by some counting number.

(b) The prime factorizations for power of
10 go like this:

10 = 2 x 5

100 = 2 x 2 x 5 x 5

1000 = 2x2x2x5x5x5
10000 = 2x2x2x2x5x5x5x5

We can note the relation between the
factorization of the denominator of a given
fraction and the place value of its simplest

decimal name. In
1-

'

since = 2 x 2, the power

of 10 in the denominator of the fraction form

226

23i
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of its decimal name must have a factorization
with two factors of 2, which requires that it

be 10
2

. In -
'

4- 16 = 2 x 2 x 2 x 2, so the
lo

decimal must have a place value of 1
In

10
12 = 2 x 2 x 3, and no power of 10 has the

1factor 3, so 17 has no decimal name.

You may see the expression

-u7 =

The numeral .3a-1 is not a decimal numeral, how-
.:

ever. It is a mixed form which is an abbrevia-

tion for .33 x ---
100''



RATIC:;AL NUMBERS WITH DECIMAL NAMES

You know that the decimal name for a number can be written

easily if the fraction name has denominator 10, 10
2

, 10
3

, etc.

What about numbers whose fraction names have other denominators?

Can you name the number by a fraction with denominator 10,

25or 100, or 1000? Since 4 =
1

755, and 0.25 name the same

number.

Exercise Set 24

1. If possible, for these numbers find fraction names with

whole number numerators and with denominator 10, 100,

1000, or 10,000.

,(21
a. !CC)

(;Coc)b.

C. oS

S.:5
Q COO)

1 (.2L-\\
g I Do) /J

74f)
h.

/

$
( 375
\ loco/

1 (vo7Z /0055 l/e)

YJ-1 sr ol.ad have found fraction names with whole number

::um.-,tor3 for all but three of the numbers in Exercise 3.

W.--;7 you could not find fraction names with whole

numerators for these three numbers. (Hint: Find the

im factorlzat!on of 10, 100, 1000, and 10,000. Find

the ;Y.:me fa2'.:crization of the denominators of the fractions

for the th_l'e =rib e -s . ) (e, 3 /s /*,.,07 f-we- /000., or in, 000)
3 /L. ,7g S Z4 r RO.,C, c

41.-

A,. 3 of a. ".; c )
y

'L 7. 'r S o ; o:"" C.,C7 /1.0,, o0o)
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3. Write decimal names for the other seven numbers.
(cc: 0.75 b: 0.626 d : o.E e: 0.062s, f;

In your answers for EXercise 1, which fractions have the

same denominator? (c4- 9 c/4--/ *



USING THE DISTRIBUTIVE PROPERTY

-Objective: To suggest another way to find the product of some

rational numbers by applying the distributive prop-

erty.

Materials: Rectangular regions.

Suggested Teaching Procedure:

For computing the product of two rational
numbers, both greater than 1 and one of the
numbers a whole number, an easier procedure for
computation is usually found by applying the
distributive property than by finding fraction
names for both numbers. This page is included
to suggest this possibility to the pupils.

Use the upper half of page 231 of pupil
material for class discussion. Children may
then do exercises 1, 2, and 3 on pupil page
232 independently.

230
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USING THE DISTRIBUTIVE PROPERTY

You have found products of rational numbers by using their

fraction names.

First wza 6 x
2

=
6 11 6
x = -2- =

Since 5i = 5 you could also use,the distributive property.

Second way 6 x 52 = 6 x (5 + t)

= (6 x 5) (6 x

= 30
6.

=30 +3

-6 x 1
= 33

2

You can illustrate the second way by-using rectangular

regions.

2

x 5

23

6
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Exercise Set 22

1. Find n by using the distributive property. Write each

product in simplest form.

a. n = 8 x. 24 (2 E) d. n = (2a1)

b. n = x 7 (37+) e. n =o x30 (2.o 2)

c. n 1r x (66) x g3 ( 13

2. Draw a rectangular region and separate it to illustrate one

of the products in Exercise 1. Zti f'S 1.// " #7)

3. Find the products in Exercise 1 by using a
Fx

c axc
a- b '-

Write the simplast name for each product. Which way is

easier? (a_ 22 A: 373 c: Z9{) e: 202i F: /32)



ESTIMATING PRODUCTS

Objective: To encourage children to look critically at the

size of the rational numbers on which they are

operating and estimate the result.

Material: Number line.

Vocabulary:. Estimate.

Suggested Teaching Procedure:

it

When pupils are computing with rational num-
bers they frequently fail to detect gloss errors

li in their own work because they do not think
critically about the size of the numbers involved.

d The purpose of this discussion and Exercise Set
is to direct their attention to thefacts that

(a) any rational number lies between two
consecutive whole numbers, and

(b) the product (or sum) of two rational
numbers lies between the product (or sum) of the
two lower whole numbers and the product (or sum)
of the two higher whole numbers.

You may want to use a number ilne to show

the interval in which x 1 mu:-t, lie.

10

2x8

20 25 30
C

24 x a-k

2 3,3

3X9
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ESTIMATING PRODUCTS

When you are multiplying rational numbers, it is a good

idea to estimate the product first.

Consider the product

3 1
x Si-. How large should the product be?

2":3-77 > 2 4>8
so (2,3 x > (2 x 8). The product must be greater than 16.

So
3 x

A

2 < 3

is between 16 and 27.

< 9

G D

3In the drawing, the unit square region and the 27 by..

region are in dark lines.

Name the 2 by 8 region. (A, E F C7)

Name the 3 by 9 region. (A Hj K)

2
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Exercise Set 26

Which of the answers below nay be right? Which c.:cs must

be wrong? Answer by finding two whole numbers between which

the product must be.

1. x 5; = 20129,7

41
2. 121- x = 32E-5

10

27 x 5280 = 15,840

5. ;
1,

X D-A7;

3. 57 + 247 - 6.42 i= 210
3

/ s s /; 77; 2, 4 441 U e /7y

Between two wtole numbers must each sum or product be?

3 1 (
+ 5-7)

8. 79- + 157 122 -2i)

4
9 . lOg + 12-i (22

10. + 24-1 (373-37 5)

11. 56.7 + 38.54 (ati -CIO)

12. 84 x 37 (24

13. Sts x q_ 12c)

14. E < 8.4 (4? 6 3)

15. 152 x ; 170

16. 7.28 x 0.34 (c-
17. Which can you es-Limate more closely by the method

described: the sum of two numbers or the product of the

same two numbers? C-5,)
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Exercise Set 27

Below are three unf_t squares. Each is vparated into

smaller congruent squareb, and the scrder scuLres are

had u.

v,/, e. -,;,W;
,/ //.

//, /Z%. i4
r,. ..,, ,,

///

a. Vnat is the 7._easure of a side of the unshaded square

/A I 2 .! 0..
reg:Lo.1 of each? ( z 5

b. What is the measure of the unshaded square region of

each? C =

;,!hat is the measure of the shaded region of each?
g Q. 3 n . 16")'4 25)

2. The sides of the squares in Exercise 1 are acparated

into 3 congruent parts, 4 congruent parts, and 5

congru..7,nt parts. Draw another unit square; separate its

sides into 6 congruent parts. Separate the unit square

region into smaller square regions, and shade the border

region.

Answer questions a, b, and c, from Exercise 1 2;sut
4 2 / /6 4

your unit square. (a- 6 °' 9

236

2 4 i

20 5 )
C. _--,-6-



tile floor, pictured to the

:..ade of tile of :ne

two sizes shown. The

_I tile D is I and tile E

a. What is the measure of the part of tne floor covered

with small ;Ile? cr. -2)

b. What is the measure of the part of the floor covered

with the large

What is the measure of the floor? 7)

The square pattern to the

right was made by fitting

together black and white

square tile. The pattern

has been used by artists

for many year7.

a. If the measure of the

whole region is 1, what

is the measrre of each
/ \

tile? 4 q)

/-z.F2NE
,e4 Ex

I1
e-4HE

24
b. What is the measure of the white outer 'pc_ .3r? =lCI

c. What is the measure of the white inner border ?(I'49
d. What is the measure of the black outer border? 'i61

237



Below are two arrangements of 15 squares. On the left,

they are arranged in a recta:.7.1e; on the right, they are

arranged in four squares.

a. If the measure of the rectangular region is 1, what

is the measure of each square region4:/-7,

b. If the measure of the square regfon H is 1, what
0\

is the measure of the rectangular regionTO 173--)

c. If the measure of square region G is 1, what is

the measure of the rectangular region?
/

6. Writ., each of the following in its simplest form:

4
, i

64 (72 ig. -i (ita. lc C )
d. 7 ci )

6 / ')
b. 77- E-- e. 12-§-(kzi) h.

399 (349
) 4 1000 l7,7;e)

3 / 1 37 (.37\ 224 ( 0
c. 17-6- : TT) f. i

100 l-T-O;)

238



Exercise Set 28

Supply the missing numerators:

a. 1 4- = (I)

b.

c.
5

2. Complete the chart below:

d.
lo HBO)
100 70000

e. =(,i0)

2 (g)

Rectangle Measurement of

Adjacent Sides

Perimeter Area
of

Rew,ions

A
,1 1
,i1.- ft. by 6g f,, (. 217 C19, 2

i 1 (.2
LalTs)

B 12.75 ft. by 18.18 ft. (65./07c74.) (239.7

C _,. by 3 ft. (2 =f 7c79 (o 7 x f,.;19

a. How much greater is the measure of rectangular region

A than C ?

b. How much greater is the measure of rectangular region

3 than ? 1 2 .

c. How much less is the measure of the perimeter of A
\

,
/

han C ? 2 7)

d. How much less the measure of the perimeter of C

than 3 ? (39 10)

3. Arrange from least to greatest:

3
(1 3

0.5; -7-; 7; o 5 3) 4 Z > 5-/

239



Arrange from least to greatest:

4
0.5; 0.49; 1.3; 7.09; 0.001; T15

(C 60 / 0AqiJ IC
5. Subtract:

a.

b.

5t

c.

C. 1 70c1)

e. 90-3j-

(
i"--)

f 744

g 44)

6. Find the simplest fraction name f'or:

a.
x

1 (
2 ,

)
.4.

d. 12 x 24 (4)

5.2 (3 ..L
b . 7 x e. ix 10 (tS -4:1)3 3/

C.

7 Add:

a.

b.

4

5

c.

")x ( 167-E

e. 101-=
2

47;

69



EXercise Set 2c

1. Name the following numbers by fractions:

( 7\Ia. 0.7 y7-/

j00 2: (4

c. (z

2-57775-s)

d. 3.6 (2---)

(7,1
e. 0. C72 77,7,,)

f. 1.25

2. Name the following numbers by decimals:

3.

4.

5

a. ( C. 125 ii.zs)
ro3

43 (24.3)
e.

b. 146. (0.4c1,) (0.417)
1170

Find n.

a. 7.29 + 0.7 = n(r.,- 7. q c. 0.37 + 0.8973 = nciel=1.273)

b. 32. + 2.59 = n(n,33.5) d. 5.235 + 4 + 6.25 = n
(nr--15",485)

Find n.

a. 0.90 - 0.4 = n(ri= 0. 50) c. 4.205 - 1.74.6 = n
rr.2.4634)

b. 6.7 - 4.25 = n (n. 2. 4 5) d. 47 - 0.478 = n
(n=46.sez)

a. 0.3 x 0.4 = n(1.7. 0, iz) d. 48.8 x 0.56 = n(e7=a7.3z2)

b. 7.03 x 0.9 = n(h=6.327) e. 0.94 x 6.8 = n(n=6,312)

c. 0.78 x 0.5 = n(n=0,390) f. 3.42 x 8.6 = n(h2R.412)
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Exercise Set 30

When the Smith family left on their vacation, the odometer

read 19,628.6 miles. When they returned, it read 22,405.3.

How mary miles had the Smiths traveled? (Ickeag, 6+r-z= 22406.3

7/7 c s 74":- a v e /co/ 776. 7)

2. Mrs, ,:)ought four pieces of steak weighing .7

pounds, 5 . 2 pounds, 5.3 pounds, and 3.8 pounds. At

7+C 3 - U\x 0 99- tl I/ / / adago-r)
,

, e par c C.,/ OS
per pound, how much will the four pieces cost? ,

3. Jack's mother bought his fall clothes on sale. Shoes

were marked off. A suit

1was ma A 7...3 off. A coat

as marke t off. How much

7,0 ;

money id Jack's mother
/
save'

7
C4 x 15.96)4.xl"

1,;;;ei e 76. C. c/ ,g,gi-s,)

+Lhen Mark bulled his lobster traps, he ^.&j. 9 lobsters

originally priced $7.89

originally priced $15.96

originally priced $19.98

1each weighing 17 pounds, i3 lobsters

pounds, and 8 lobsters each .7:ighing

many pounds of lobster did he pull'gx
/ec, p, /le 0/ 44 ea, m 674-

5. The Ward's house ie 42.8 feet by 68.5 feet, Their land

is 105.5 feet by 236.2 feet. How many square feet of

each weighing

1;7 pounds. How

4.)(i 3 s-i-j\i+(gX 14)

Viand do tiaey have surrounding their house?
x z36.7_;-(42.V x isr.5)-=t7. They 17z .%-e `1.? 7' 31(

sup-A-0,0/1 7',;ey;- ,sc.)
One day, Hele and Rosemary were each given a guinea pig.

Helen's guinea pig weighed 0.60 pounds and gained 0.07

pounds each day. Rosemary's guinea pig weighed 0.48

pounds, but ate more, and gained c.09 pour is each day.

Whose guinea pig was the heavier a wee' la-,e7-? How mu?h.

heavierT(0. 604-(7x 0.07)= rtz 1.09) (aqg-i-frxo.cc.,. p: p, 1, ll)
05- = r; O. 0 z) froswery; y'y Z terVrili

22

2
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7. In a swirming test, Ten stayed under water 2.3 tunes as

long as Charlie. Charlie stayed under water 19.8 seconds.

(
How long did Dan stay under water? o _ JO /7
j7ivec/ vnie, .w. 7e, 45. S cconds)

8. Races are sometimes measured in meters. A meter is

yard:. What is the difference in yards between a 50

meter race and a 100 meter race? LO°0x1.0`74)-(s0x1,0q4)=P

TA, 1,7(4.,..7.fL' sd.i. 7 yee-Zr.11

9. Paul weighs 40 pounds. Jerry weighs i. times as much

as Paul. Mike weighs 15 times as much as Jerry. How.

much do Jerry and Hike each weigh? x40 r .kiel,.7
7 v X7,5- /11:44e, 4,1 efpx /2c loowne/s)

10. Ethel likes to collect colored rocks fo77 her rock garden,

but she can carry only 18 pounds of rock in her basket.

If she puts in more, the basket will break. She puts six

colored rocks in her basket. The first weigh:. 3.4 pounds,

the next three weigh 3.1 pounds apiece, and the last two

rocks weigh 2.6 pounds apiece. Will she break her

basket? Explain. (3.4 + (3 x 3.0 -«- r = h . Ala JAe 4.'14/

no / g 4e.74 r, ',cis tveip on/7 17.9 aomds-.)

21+3



O:sapter 3

SI=E .2ND ANGLE RELATIONSHIPS OF 7";:i"NGLES

PURPOSE CF

2b provide the pupil with the opportunity to become

aware of different kinds of triangles.

2. To provide the pupil with the opportun't:: 7-A; compare

sides and angles of trianies first by tra,;ing, the

by using s=raightedge and compass.

Tc provide the pupil with opportunity to explore

the properties of different ici:.ds of triangles.

To develop the following understandings and skills:

An isosceles triangle has a-,; least two angles which

are congruent to each other. These two congruent

angles are opposite the sides are congruent

to each other.

b. Equilateral trlanles have three angles congruent

to each other. Equilateral triangles are a subset

cf isosceles triangles; since they have three

congruent angles they necessarily have two congruent

angles.

c. In scalene triangles the longest side lies opposite

the largest angle and the shortest side lies

opposite the smallst angle.

245



aterials Needed:

Teacher: Chalkboard and chalk, strips and fasteners,

chalkboard compass or string compass, scissors

?unil: Tracing paper, paper and pencil, strips and

fasteners, compass and straightedge, scissors

Vocabulary: Relatons (in the title of this section), and

scalene

Tn these activities, children will be comparing
sides, angles, and triangles by using tracings. The
construction work will need to be done carefully so
that the models will be as nearly congruent as is
possible.

You ma-;r want to introduce this work by recalling
with the children that they have just learned about
many things in geometry such as congruent segments,
angles and triangles, how to compare the size of
angles, and how to use the compass and straightedge.

The children will now be working with special
kinds of triangles. The isosceles and equilateral
triangles have been previously introduced.

246
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OVERVIEW

This unit, like the two geometry units pl'ece, it in

Grade "V, Congruence of Common Geometric Figures and Measurement

of AnEles, is designed to provide the pupil with the opportunity

to study different kinds of triangles and the interrelations of

their sides and angles. The pupil first makes comparisons by the

use of tracings. He then proceeds to make these comparisons by

carefully constructing geometric figures using straightedge and

compass. Since he has learned about congruent segments, congruent

angles and congruent triangles and how to compare the sizes of

angles, he is ready tc explore .roperties of different kinds of

triangles. He learns the following facts:

1. In an isosceles triangle at least two angles are

congruent to each other.

2. In an equilateral triangle all three angles are

congruent to each other.

3. In a scalene triangle, no two a.--.gles are congruent

to each other.

The facts listed ES 1, 2, and 3 may be summarized in

the following chart.

Triangles

Scalene Isosceles
(No two angles (at least two angles congruent)
congruent)

(Exactly two Equilateral
angles congruent) (al ree ang es

are congruent to
each other)

4. The largest angle of a scalene triangle lies opposite

the longest side and -,mallest angle lies opposite the

shortest side.

247
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5. This chart may be helpful. If triangles are classified

as to relative lengths of sides this classification shows the

relationship.

Triangles

Scalene Isosceles
(No ltIFTEraes (At least two congruent sides)
congruent)

(Exactly two E ilateral
congruent sides) (al rejgraes

are congruent to
each other)

On basis of lengths of sides, triangles are either scalene

or isosceles. If they are isosceles they may be equilateral also

The pupil next explores the sum of the measures of two

angles which have a common vertex, a common ray and interiors

which do not intersect.

A

He proceeds rapidly to extznd the situation to more than two

angles and further, to the case where one ray of the first

angle and one ray of the last angle lie on a line.

R
A 0.

M

MR and MT lie on RT and mLIMQ + MLQMP + miyMR = 180,
in degrees.

This understanding is the basis of activities involving folding

and tearing models of triangles and their interiors. It leads

to the observation that the sum of the measures (in degrees) of

the three ^P tr4-ngle 4Z 18C. Mcocuramonts made on

physical models are, at best, approximations, limited by the

248
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precision of the scale of the measuring instrument, by the

thickness of the pencil point, by the eyesight of the observer,

etc. In view of these facts we dc not expect the pupil to find

that the sum of the measures of the three angles of the par-

ticular model of the triangle he 45-using is exactly 180. The

-variation in auras found does not change the mathematical fact.

ITLIs is just another illustration of the difference between a

provable mathematical fact -Ind observations made on representa-

tions of mat'-:ematical figures.

Some opportunity for deductive thinking (argument based on

agreements and pre-established facts) is provided for the more

astute pupil. Braintwister exercises may lead the pupil to

recognize that we can find the sum of the measures of the angles

of a polygon knowing the sum of the measures of the three angles

of a triangle. We may draw selected lines connecting the

vertices of a polygon, thus creating triangles. Exercises set

up in the childrenis book then lead to the statement that the

sum of the measures (in degrees) of the angles of a polygon is

(n - 2) 180 where

n is the number of sides of the polygon

n - 2 is the number of triangles we formed

180 is the sum of the measures (in degrees) of
the angles of each triangle formed.

It is not expected that this formula will be presented to the

pupil but some may perceive :.his intuitively.

Triangles of special Interest are characterized by the

sizes of their angles. These include the equilateral triangle,

each of whose angles has a size .f 600; tre 45°, 45° and 90°

triangle; and the 30°, 60°, 90` triangle. While it is tl-ue

that two triangles are congruent if they have congruent corre-

sponding sides, it is not necessariLy true that two triangles a-e

congruent if they have congruent correponding angles. Such

triangles have the same shape but not necessarily the same size;

they are said to be similar.

249



, ) c r 0 0 - . . c r 0 : 1 0»- 0.'0 CD 0'( 0 1' I, ( t 'fi z
O 0 co ;_l )3 0 ',4 X (D :1" 0 11 SI, X 1- 0 0 .5 0. fl, i--
I-, 0 (U 1-4 '0 '0 CD I, cr I , 0.4 10 -: 0 0.1 (DPI 0
I-"CS ,f I-' fl) ct 1-, 0 0,10 ,S P) CD ,--, CD (;,) cr I-' CD 0
O ,S I-4 i --' :1 :3' 0 C) 0 0 0 (1 ..4 )' CD '0
:-; 0 0 Dt (I) (n a) FS ct :_y c) 0, 0)C.t 1 , t-S -3 s. P c, )s i -, 0 1-3

O I- 0 -t 'F.) ;:ti
)--' I -' C.- (D s.: ct 0. 1--, C) 0 CD ( cr CD 0 I.' 'CS Co

o, fr, ',3 I' 1.' Cl) ct- S CI - i-, 11 ct (D :i (D . ct
0 c., CD >4 ' S :5 (Cl(1) ,-S ct- (U F-' rl, 0 c. r, 1-- 0

0 ,..)' '.J I- 0 :I :._)- P. 0, 0 I-, :3 ', , 11 :: k' 0) 'ci 0) ct :, 0 k
ID ('' C-1 0 FS 0 :1 a) :1 w 0) (.3 i-,.:3 :1 F -' :5 `----1 0 'IS

I-4 F-' OF OF 0 '- OF (D .1 CD I--,0,) 0
0 0 CD CD ct ,-.) ) cr CD 0 .,c, --: 0 t-, )-s L. , t 0t-1, 01' 01-'

S: !4 0 ID :-: 0 P 0 (f) 0 :-1 `S co gi w ',3' CO 0 11
1, Cl) '..." 1-"C -1 Cn I- ;-_1 1 CD cr 0 Pi'l 0 ID Cl) cr 0 0 (n (n (1)

0 (-: , HU (2, () 1 "Ci cl En ct ;3. () /-' (-.) ct F-, w ct C) ct
0) F.) 0 CD 0 1 (U F-' p, C) Fs (D 0 I-, I, 0 C) 0 (U 1-,
0' , ,) Fs w w ti I , (-1) fl) fl) ),7) (-D -s On CD 0 0 0 0 cr , ) 1,-, 0
C-' I (U F -4 G"' (D :-... ct :1 F-'' 0 :5 .G :I - 0 CD ;5

?\,..
(...'

L...".

fu
U 1
C

a)

0,
(T,

<"-'.

0
I- "
0
'0
lj
CD

0 ct 0 cr :5 0 I-, 0'4 0
)-,1-,q2.1 co c(- CD ,-.1 1--1 I-' :1 '0 0 0, -.--'s I-, CD CD 0 1-1 :1 0
0 C) 73 'I 0 0 0) 0

0 ' FS :i" (1) 0 0) w
F-' t.-xj F-' F-' CD ct CD

0 0 0 ct p) )--] Cl) CQ 0 :--; 11) Pi .0 Pi 'CJ cc PI FS
ct w 0) 0 cr. FS V- ct ct (-D 01 1-, 0 cc- f:-.. c-I- -s (U (5 1,-,. '0

-' 0 I- CD ::1 H 11 11 (I- a) P t, ct- I-, 'i -.) (U (U

, , ,-S cr ,-t- SI) CI, CD 0 I-, )--, 5- ;--.- N ,--S H 0 0 fl) (0 rn :3 (1,1
,, 0 (0 i-, :D 0 (., 0) fl) u 1 0 .0 P) P) :1 0 0 0 Crl 0
cr 0 a) Jo '0 0 c( :1 (5) :_i ct S-: I-' ct (xi 0) 0E-'J
1.1) CD cr 0 I-, (I, IS el a) I---' cr. 1--'0 H
1-,. 1-1 ,3G,1 )----, 0 :-S 0 H. 1,-, to 0 :-, ct 11 0 0 (D a) v

:5 1-1 '-i 0 0 (U 01 0. X (5) CD P) P) 1-3 Pi I- I-, 0) z- __,1

cr (D Cl) i s co CD 0 On cs 0 H. 1- I- I -' ct I-' CD ._

1-- 0, 0 ) ct G - 1 : : 1 FS 611 <'. $Q 0. (T., N :1' 0, 0) 1-3 1 =. , ,

I-.) :1 :.)-' a) '0 ct C) i-, 0) a, F-' a) Fs ',1 1-3 a) )-s (ii 0 Fs 1,.., -,
O ct 0 w w 0) i---, P 0 :1 cf) (1) 0 P) lag 11 CD X ct 1 iD
'i rt 0 11 1,-, ctiyi `.1 Cl) Cl) (D,

,5) cr CD P)I-4 Q0 ,-S(11 0-
(.5)

ct- ((.1.

cr :3(-1; I-, Oct
(1CD

11', Q QU) ct co i I-Il Cl) :1 :1 I-' 0 '': C-: 3' :,
::3' n) 'i C'S 0:1 0 1- 0 F-- 0 u;

C:j0'1(.5 :1 cc-11- 0) pc-ii k.I-1-'11-3 c_r F.ti (D ,) , t Hp.; 1-0-, ....,S 1.09 (DO (..11

C .-t- 0 1-, .1,- :3' S.:

..-H0 :iv co 0, CD . 0 ct-'0 )3 a) :1 )-3 Cl) co ct Cl) 0 >4 ,
CD )- I. 14 I , (D
0) 1--, Cl' ,. ct- 0 1_, H. 1--, )---,

.?, 0'13_j (1.:3: 0 ()i:'01_, ip

C) 1 . 0 .0 ct I )S -: 0") 0 ct 0) 0)
:-) ct 0 ,-,.) ct 1--, 0) Cl) --1 r, Cu ti
(-1) CD Co C), 1-4 ;J 0) al 1-' CO CD I- II) ,_,,
's X n Cl) CI) 0 cr. (Cl 0

.'i,-t 1((:). l'i- ../...cr ,-; :I a) CD

ct I 14 I-, CO ( / , i_,
O 0') ..i ,

.



p137

Chapter 3

SIDE AND ANGLE R7LATIONSHIPS OF 1.iIANGLES

7SOSCELES TFIANGLES

Exploration

What do we call a triangle has at least two congruent

sides? You have seen many of these triangles and no doubt are

able tc give them their correct n:_me--iscscel.es triangles.

Fake a model of a t :angle using the s*rilos and fastener's.

For two sides, choosr, two strips cf the same length, the

longest ones you have. For the third side, Jhoose a

str-lp altot half as long as the others you used.

Recall that a triangle with at least two conguent sides is

called An Isosceles triangle.

2. _-7)raw an isosceles triangle in which the congruent sides

are two inches ] ong and the th 'd side is three

inches long. Do yc need to use your c:ompas7?

of these are Isosceles triangles? (7--sigad 4,42,40,.F)

How did -,-ou decide? cLe.t,...c..vAL2:4&A.42..e;

D
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Use yc.:r compass and straightedge to copy taxis figure.

Tn the figure, place

tL-! letters B and C

at he intersection of

the arc and rays. What

seL-ments are congruent?

(.i.75=' -?c) Does this

figure suggest a method

for making an isosceles

triangle?

Exercise Set 1

6e the method of ExplorLtion

ixercise - to draw an isosceles

tr_angle, starting with a

figure like this. How many

triangles could you draw"
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2.
A B

Draw a line segment congruent to AB. Name your line

segment, CT. How many isosceles triangles can you make

or. CD if it is not one of the congruent sides? (0.4-/mizoya.2.

y Draw several of them. Must all these

triangles lie on the came side of T5 ? (g,te)

j. Can you see any examples of isosceles triangles in our

room? Could you, by drawing one line on the door, show an

Isosceles I.riangle? Dc you see any other ways of making

isosceles triar.gles in our room by drawing just one line?

A

Make BA = EC.

As you go home tonight lock cl_sely at things around you to

see If you can find any examples of isosceles triangles.

vcu may find soma good examples in your nein-nbcrhood, at

tie dinner table, or even in your car. Most magazines have

some good 7,Lctcares of isoscel,,s trTangles ln them, too.
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BRAINTWISTERS

5. Draw two line segments of different lengths. Name one of

them EP and the other one CH. Now draw an isosceles

triangle with two sides congruent to 27 and the third

side congruent to al. Is it easier if you draw the

third side first? (/42.e..) Did you have any trouble drawing

the isosceles triangle? (34%,Eged42,

5. See if you can stump your teacher. Ask her to work

problem 5 after you have marked r and "Tg for her.

3e sure to choose lengths so that she cannot draw the

isosceles triangle. How did you do this? Chteuto...,7:,

IF 7'

25,
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ANGLES OF AN ISOSCELES TRIANGLE

Dcploration

You have done many things with isosceles triangles.

Let's look at them even more closely.

1. Draw an isosceles triangle with the congruent sides

6 inches long. Make the third side any length you

choose. Do you have to be careful

of the length you choose?

(/-41-) Could you choose 12

inches for the length of the third side? (rise) Why?
(Au=a4c 6.i>neizz.4,6-ase/u4-/-ameZ /2

ZeAci,72:0e /m2,4t 4,A4a470)

Could you choose a length greater than 12 inches

for the length of the third side? Why? (i.e4azza2

..cvax .14e-///z.424a/lx4,4:7.44ziie zive ..a;a42- 444--

,A14124- 2i7.emr- f/witie ,azig

2. Cut out your isosceles triangle with its interior.

Label the vertices so that ,t.B =4: BC. Now fold it

through point B so that side fo' fits on side BA.

3 . These skec'..es show what you did.

Fc:d Here

Whre dicl vertex C fail? 6n,,,rdeAtele/1) Is Lc

con7ruent to LA? () If you made the isosceles

triangle carefully, L.0 should fit exactly over

A so that tC LA-

- (_J



4. Construct a triangle DEF with 17 7.T. Trace

DEF on a sheet of thin paper and label the vertices.

Turn the sheet over and place

vertex D c. F,

vertex E on E,

vertex F on D.

Is 4 DEF =4. FED?

congruent? (22 )

If so, which angles are

5. We call LD the angle oppos'_te since FE joins

points on the sides of LD. In a SiMi:_7 manner,

we call LE the angle c,...osit arc. LF the

angle opposite !.

6. In isosceles p DEF, which c, ;ruent sides?

4:4a-,1) Are the congru opposite the

congruent sides?

Can you finish this sentenct

It seems to be true that if sides of a triangle

are congruent, the. the angles

Summary

In each isosceles triangle with which you worked you

[ouna leas' two congruent angles. Every isosceles triangl,::

has t t',;c congruent sides and at least two congruent

and th- congruent angles are opposite the conga cent

sides.
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Exercise Set 2

In this drawing, AM "1-7E

and 77 -=--ffr. What kind

of triangles are zIABC

and z% ADC?

Which angle has the greatr.

measure, Z:7.L.0 or LDAC?
(2jA.c..)

Is LDAC = LECA?

e. How many triangles can

find in this drawing?.
.RL'C GA:sc

yam

If AB CB, PT ; 715,

ard AE .1 (-E., what I:ind of

triangles are the
)

B

If LACE "=',JAE and ::,3A

are all four angles con .cent?
.146a-- 7;:rdt 4 I42
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3. This drawing shows the location

of mom's house, Bob's house and

their school. Bob and Tom

live the same distance from

school. ';:hy is the angle at

mom's house congruent to the

Tom's

House

T

Bob's

House

_Schoo]
one at Bob's hous,,?(71:-4'

ex Age-is Za4c.c4- att, 7616041:ZZG -Zee. eerilpa.

Suggestion: If Bob's house is directly north of the

school and Tom's house is directly west of the school,

what do you lc-low about Z.TSB.(Z7-313

In pABC, P,B CB. Choose any way you want to show

that LBAC = Z3CA.

-7 Gr
--y

/4F-)
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EQUILATERAL TRIANGLES

Exploration

A triangle which has three sides congruent to each other

is called an equilateral triangle.

Make an equilateral triangle by using strips. Choose any

strips you want, but you must be careful about one thing.

What is its

Exercise Set 3

1. Which of these are pictures of equilateral triangles'?
aGfrer)

2. Draw an equilateral triangle using yc.:.r compass and

straigtedge. Use the length of A as the length cf a

side. A ®a

3. Draw three equilateral triangles. Make the first one with

sides 4 inches in length, the second with sides

Inches in length, and the third with sides 37 inches in

length.

259
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Figure ABCD is a square.

What do you know about the

sides of a square?
atd- 60,'Cr,"4.41.)

Name the congruent segments.
(.#8;es cz),.DA)

Trace figure ABCD on your

paper.

A

Draw an equ:aateral triangle, using AB as one side.

Draw the triangle so that lAs interior lies in the

exterior of ABCD.

Draw equilateral triangles on BC, 715, and AT so

that the interior of each triangle lies in the exterior

of ABCD. //

, 4 - 672 5G .'_--- CD ""..--0.4

Is the triangle with side 0 congruent to any of the

other triangles you have just marked? 4/.r.a.,6.i.ar...et/ta
fAA-aj

26C
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5. How man: equilateral triangles

can you draw which have a vertex

at poin'J A and another vertex

) _
at point 3? Jaw them.

5. How many ocuilateral triangles with a side 2 inches long

car you draw which will have one vertex at point B?

) How many Isosceles triangles can you

dr'aw ,:hich will have a vertex at point A and a vertex _It

PC ifl t -^? .21C,,."7"111
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ANGLES OF AN EQUILATERAL TRIhNGLE

Exploration

You know that an equilateral triangle has three congruent

sides. Is there anything else that you think might be true

about it? (:/!..g-.3-,t-.L.4-aa-t-r--/-,-----<=-Ze-tAgLA-7-.j

Draw an e7,uilatera_ triangle which has a side

inches long. Name it A ABC, putting the letters on

the interior like this:

What must be true about 7.71,

17, and 77.? (Ari ;1141Z sfiR, giA4)

\

2. Since AB 3C, what can you say about "LA and LC?

Since BC 77 what can 7o1.1 say about LA and LE?

(L4 )

Now what can you say about LA, Z73, and LC?

(ZA0ZAZA=ALci 44)

3. cut cat triangle AEC with its interior. Fold it

through point B so that EC falls o.. A. Does

/C fit exactly on LA? Now on up the

figure and fold it through point C so that 77 falls

on 77. Does LE fit exactly on ZA?( z4!) Open the

figure and fold it through A, so Z falls on 77.

Does L.0 fit exactly on Layec-c.-}

262
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Lxercise Set 4

1. Use your strips to make an equilateral triangle. Make

another equilateral triangle that is congruent to the first

one. Label the first triangle GEI and the second JKL.

Can you place PJKI. exactly on4GH.T. so that vertex

falls on vertex G, K falls on H, and L falls on

Are trier ,. other ways In which,PTKI, will fit

exactly on, that is, be conga" t,nt to GHI?

zIKL (3/1e4; G I., K HZ., F A 44

Draw an equilateral triangle wit:_ a side whose length is

3,
J-77 inches. Are all three angles congruent?

3. Draw an equilateral triargle with a side whose length is

2i.- inches. Are the three angles congruent?
'4L-,6441(

:hen you i your equilateral triangle, in the

Exploraticn, folds made lines on it as in the drawing.

Notice that have named the folds

Thme all of the different

triangles you can find in the

figure. Name each triangle

Al?, BD; and
B

CE.

only once. Can you f: 16

,=-- I

,..\

triangles? A D
\ C

(,.ABC .n, A-oz., .6.c az, z_. A.Pc,, p -z-7 P6, 4,c ee, e., c z-.4, .-. 46 .D9
(...

l
: " z 6 c ,n, C. (.. 7: ,e,. ,:3: : LS, 0: ; 5, GEAR , ,:, G s . C Ge .. -4 a 5)

2-33
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BRAINTWISTER

5. Draw an equilateral triangle ABC with a side of

length 3 inches. Draw another equilateral triangle

DEF with a side 4 Inches long 7nd another

eq.lile.*:eral triangle with a side 5 Inches long. Are

thesethreetrianglescongr /
re thc angles

in all three equilateral triangles congruent?

ERAINTYMTER

6. 12 you drew an equilateral triangle with side:

inches long, would the angles be congruent to those of

an equilateral triangle with sides 4 inches long?

Wcild you expect this?

BRAINTWISTER

7. Can you draw an equilateral triangle with its angles

uor3ruent to these three angles?
aos. ,2;14-,fr& eurx,L,4,3--ct



Exercise Set

. the triangles below into four sets:

Zet - '''riangles with exactly two congruer. sites
lG WRA, G X YZf

Set B - "-angles with three congruent sf_des
</XL)

Sit C - - triangles not in Set A or Set
x,=,/e/, G, NP, L q v

Set 2 - A triansies with at east twc conzrunt sides
(1e.Z 0- A ScZ 3)

R C, /, // \
//

/

tr-le triangles in Set P or in Set B az (idec.e_o_e&.)

triangles.

_ the t-Tangles in Set B are (lal.../,'-44:44.4 triangles.

.he triangles Ln Set A are (141-,m-uu144...)

3- What can you say about the i.riangles _n Set C?

oe,:e.42.e 4>A0

265
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4. Divide th- triangles above into four new sets.

Set E - Trf.angles with exactly two congruent angles.(sh-..,1444)

(If you need to, trace the angles on

paper to help you decide. )

Set F - Triangles with three congruent angles .(Sgt/c= Se2

Set G - T'riangles with no two angle:, congruent.p.1-0.4ae:C)

Set H - Triangles with at least two angles congruent.
(Sgt/i--= ../et,O)

5. Lock at the eight sets you have listed. Which sets have

exactly the same members? (az 224-read.p...9i4. .6 /,,..E4e-z4e..4)

Which sets in Exercise 1 are subsets of other sets?
(Sat 4 z.;:t ,ift.e D. S'zi. B .a..-ezzo-Jce e Sat P.

.Get .e4-z4 -Ge.drae ita.4
6. What is the ...n.:ersectic.. of Sets A ane .c/SzigoLf461-/Z,zaKti)

What is the intersection of Sets G and 3 ?(2ite z/r54-4.&)

What is the union of Sets H and C?{4x,:iti,4weA,G,41/,,eiciia,z1MNR

xyz)

266
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n

: that ln a '.71-ianle the C. oppostP to

sIdes are also consruen-:. at d Lnk abc

anj;les len,!:th?

. -, :0 aces must be consruent?

an7Le is 0-)L'c51,.;c

=7,

/
What sie Is opposite ST? c// Iv)

3y tracing on thin paper compare /..R wit:

Which angle has the greater measure? (,6)

Which side Ls opposite the greater angle, RS or ST?

267
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In triangle MPK _oose a pair of sides hich are

not co ent. (is-2P 6-,=-41--

Tell ....hich angle is opposite ea,::-. of the sides you

ir/ k,-..,...r., A--)..).-z-,0-Cc_. /-2P. 2----/s1""*" 16"7""a- P/1 Ichose.

LP..._:.,....
44.".......:,_&. s /".7. ./

Compa_'e the sizes of the angles.
LM 24-- f)

._range y c answers for -eroises 6, 7, 8 like

;his:

Lo:.er PA' 1 Shorter side: (//./ir j

Angle opposite longer side: (//k-- )

Phgle opposite shorter side: (2.f)
/,

Larger angle::..4...1-e--L/11 Smaller angle:

10. Is the ar7er angle opposite the _ginger side or the

sh:r;er side? (0(7a,,4.e...L. 27;gt
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A

Are ar.:7 two sides of z.:J3C ccr.gr

th s :_nd of t-lng7 cal ea'?

12. Arranse -Lhe sides in ^der of length. . name the

_nsie opposite each side.
/

Longest side: kG ) Cio,posite

Next Longest side:

(

,

A ) 0.77./cs-ite angle: - 2

7 -

Shortest tide: OPoc_,site e.r (2:4 )

13. Compare the sizes of and

Largest size

Next 7 arses.

S77.allest

do you notice about your ansers to ....ercises

12 and !3??

v
z°

CC_

4.."C7-2J-4.74. 7- -

269
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YEASUI=.1 Al'.7GLES CF A 7.7FIAh'n=

Objective: deveicr, the folThwng understandings and skills.

the point of the protractor must be placed

on the vertex of the angle

the zero ray of the protractor may be placed on

ray of thc, ang7

the sides of the triangle on which the rays

the angle lie may have to be e::tended

Y.aterials Y.eeded:

- Qtra4ghtEdge, chalkboard protractor

aofi - Straightedge, protractor

7ccabl;a-y: new words in this section

C

22 check the measure of /A, the pupil places the
zero ray cf the ryrotractor on M At this time it
is well to stress the point that V must be on the
vertex of the angle being measured as--5.7575-ve, so
771T..7-Tshe error picturea below does not occur.

271

(The V of
the protractor
is not on the
vertex of
angle A, the
angle being
measured.)



ANG--7S OF A GLE

--",:p7orat.lon

e learned how to measure an angle with your

crotra?tor measure angles whf.eh arc determined

a.`uppose wish to measure the angles of 7 PCP.

e w.L._1 you place the Point V of your protractor

to measure LiQpF.,?

If you place the point V of your protractor on P,

along which ray of Z).' may the zero ray of your

protractor be placed? (rizzoteAtz.,',e/.142.1e;Aefeiktete../iltaiG
7c,--'aced .4.&7v recn. P4)

2. If you place the zero ray along IT, which side of

L? should you extend, if necessary? (//:,)

A plcture of the Protractor place to measure LP

would look lf..7e this:

What is the measure (f.n decrees) of LP? (mr-Z,0.--4-o)

272

2LIZ



P159

3. Now place the protractor so the poLnt V :r your

protractor is on 7 and the zero ray is -n

This Is a picture of the protractor in this

position.

c.o o

o

0

0.,,
00 d-P

0, 09/ 0" \ ,;:,0

°c1 C o s 07.1C? o'- \0c- 0,
/

To find the measure of LP, ;:hould you look at QF, or

PF.?(-it Jo you get the same reading on protractor

for the m/P as before? (,7 LP=

Cr. which vertex of4f2PGR must we place point of the

protractor to measure L.?0..R? 6&44-ss4Q 'Along which side:. of

IPU may the zero ray of the protractor be placed.90,-QIC)

Do you get the same measure of /Q. both times?



?Ice

Yeasure z.p. by placing the zero ray of the protractor

along one of the rays of the anzl,e. F,ebeat by using the

other ray of the angle. Are the t o measures the same?
,77 of

Summary

To measure an angle of a triangle, the point V cf the

protractor must be placed on the vertex of the anzl. The

zro ray may be placed along either ay of the angle. -The

si_es of the triarn-le cn which the rays of the anTles lie may

e to De extended.
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use your protractor co measure 3 angles of each triangle.

Check your measure (in degrees) Ln each case by placing the

zero ray of t:-.e protractor along the other rs of the angle.

m,L7

Li
=

°

7 / .6 .

mLY =,(7,1/ /
l \

i \
/ \/ \

L.2 -,'0.' /

B

2c5

M



S1.57,. OF YEASFES OF ANGLES OF A 7F,TP.N=

Objectave: 7o develop the following understandings and skills:

The sum of the measures in dorees, of the three

angles of a triangle is loG.

s's of the measures, in degrees, of the angles

of a -uadrilateral is 2 x 180.

3. The sum of the measures, in aegrees. of the ales

r polygon cf. sides is (n - 2) x -c0.

!;:aterials Needed:

Teacher - Stralht:dge, chalkboard protractor, 2

dem:,nstration models of triangles and their

inter :L rs, flannel board

Pupil - S:raghtedge, compass, ruler, scissors

Vocabulary: No new words in this section

Octons--intrcuced in the fifth grade chapter,
Measurement of Angles.

This exploratio... lends itself well to teacher
demonstration. The two exp -iments which lead to the
oJnclusion that the sum of -ne measures (in degrees)
of the angles of ^ triangle is leo, both depend upon
the understanding devf.oped in the section Sum of the
Measures of P-igles. experiment involving gtearrEg
TFFE7nngul;tr region a: placing t.-ie angles so that
their interiors (if all points in their interiors ar.:
considered) fill the half plane is efficiently done
usinz a flannel board.

Exercise Se; 8 puts to use the conclusion
reach2d in the Exploration and prudes arithmetic
aplioation in the first exercise. Exercises are
developmental. and intended to give the pupil an
cpportunity to do some very simple deduction in
establishing that the sari. -f the measures of the
four angles of a quadrilateral is twice that of a
triangle, 360. The answers to exercises 6-9 are
intended to be reached by deduction (be2ause the
pupil knows the sum of the measures ^f the angles of
a triangle) and not oy actual measure. There should
be class_ discussions following the completion of the
axe-"clsaF.
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CF OF A 7=G17

Exsicratf-n

2.

2
V

are en a line, th2n, in de;rses,

.T.L.DAC ± r.L3L.".; = /so , and, in octons (see Grade 5 text,

Chapter 6), z;LDAC m4:BAC = 8

Check with your protractor.

4

If is a st-r,a. lire, L,nen in degrees

m2.TPS mLSF7 7.LRFQ = /(.77.=, and in Octons

m/RPQ =

Check with your protractor.

277



?1 63

JC _s a straight lire, for three angles is

the si of the measures degre.:s) exactly 180? Check

with your prctractor. (2cG,Z.;04r4Zez-cE)

z

your 1.:rctraotor to see if the foilo,;:ing statement

seems reasonable.

:712syx 7.Z=; =

278
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7.:ra a t71,,nzl., whose _:ides wiLl have measures, 'n

and -it out w'th ts ntercr. Hold

If_ke this:

:.:ack. the 7.Ldso_Int of 7.7 and the midooLnt of 17.

A.

^

thro':.;,-h he 77.1d1Jeints; sho'_:ld fa:: on

Then fold so that falls on polrt E.

The: 'lnally, A falls on B.

Complete the mathematical sentence

r r y / A ± mZB ra,/C =

279
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Cu cut any tr:L2n;-'e Its L-Ite-tor. Late, each angle

the trLangle. Tea:- the ncuel 1:11e thLs. (Keep all the

parts)

?lace the models of LC and L.D sc that LC and Z.D

have a -mmon .certex, _nd a common side.

P

Then place LE so ',:hat LD and LE have the same

vertex, ?, and a common s-ide.

',,:hat do you observe?

Complete the sentence

mLC m/D mZE = ,/a4)

280
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n Exercise f,

a a IS

snree anEles - a sriar.,7,1e. 7n each case 'ha7

...:ere she tee a=les of

ana

' she of :he a=rees

_s thethe sum of the meas-,;res of the three

files of G. GHT ? (/86}1

protractor to find the measures of the ansies

mt:T. =

Add the measres 7f your sum is not 180, can you

account for t^' s? 7.7241-=?e

-e7g,zz t;r, cete-e,--e7/

AL 4-7144,7 a ez,174 -E4- Ara.
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0)

d)

g)

n each trian.7,1e

:-.01se Set

the sizes certa-in ,,,ngles are

sbon. Find :be size ,f each angle ';:hose vertex is named

a letter. Si s marked h are congruent segments.

e)

297'2

282
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L
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2. What is the measure (in

degrees ) of LDAC?

A

45°'
What is m/CA3? (45)

What is m/DAB?(90)

Is mLDAC + ro,/CAB = m/DAB?64u)

What is the measure of L3CA5)

What is mLACD?

What is mLBCD?(90.'

Is mBCA m/ACD = ..../BCD?(rsz)

What is /D? (94

B

What is m/3? (90)

Complete the sentence:

Tr/DAB m/B + mL3CD m/D = (36o)

3. What is the su'71 of the

measures of the three angles

of p ABC? (i80) What is the sum

of the measures of the three

angles of A ADC? (i80)

2

Complete the sentence:

m/DAB m/B :./BCD m/D =(360)

What is the sum of the measures of the 4

quadrilateral ABCD? (360)

283
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41°

6.

7.

A

mat the s_m of the

measures sf angles of

is the sun of

',he measures of the angles of

he measures of the angles cf

4..aIF?/iT.-at is the sum cf

quadrilateral CEFC?6364)

LB _i /a,

How do you knr,w?

130° ,# AL .rre.a4zetZzA.C4, i;7C. .4/4VARGL,

2',.4- _a/ c 360 .

1 4.sze. ?..ce-4xcaz. ,o ff 9/4,7an. '

6 °
4.47-ft, .14 dwridad, zwo

7/ze .2.suLazz4,1ge.-

Ozie2,717.& 4:4. /60)

ERAINTWISTERS

Complete the mathematical sentence:

mLBAE mLB mLBCD m/CDE

mLE = 6r31-6)

Hint: How many triangles

284

2:)4

have been made to fit in the

interior of the figure ABCDE?4

What is the sum of the measures

of the angles of the figure

ABCDEF? (7.2o)



What is the sum of the measures of the angles of a polygon

of sides? (400 900)

9 -
What is the sum of the measures of the angles of a polygon

of 202 sides? (36,000 . V*eix ..e2.d 202 h-d- -40 (202-2)180'3464

10. Name some numbers which are the sum of the measures (in

degrees ) of the angles of a polygon.(24t4r.e.e44.ze.fili,Wl. )

Name the sic smallest such numbers .86,360, 540,720, 90 ar.Z

Draw a polygon with more ,h2.2-: sides. Mark a point in

its interior. Name the point, C. Draw line segments

from C to each vertex of the polygon. 7n the interior

of the polygon draw a sma.=.1 circle using 3 as a center.

From your drawing tell why ;he sum of the measures (in

degrees ) of the angles of a polygon is (n - 2) x 180

n x 180 - 3 60 . (7AL .4/./..zz zr.704, lez& fifz

.77ura-c-eirAt; .4PiAz. -al' C. 7/2e.

..eizAcz e 360. cze G 44etz.&
/1/.4:v7r-de... .4e.z-e5--442-de 3601.40,,,, it x /80 )

12. Could the sum of the measures (in degrees ) of the angles

of a polygon be 250? Why? (j2,,,,c.e.i.zzc -7'-'(>?-t-2.)-r/630)

13. Could the sum of the measures (in degrees) of the angles

of a polygon be 160? Why? (h,e, 4,aezzebtia..

.let-1/4 70.441-flavr-- -/-4, At -le:24-Z 490, -el-, 44:-/.:ze_ /60 -7-`-(x.-2)X/80)f
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AS17FLES OF ..!J:GIES OF SPFIZIAL

'You ha-:e studied angle relationships in some spea

triangles.

Use y:1-..r compass to draw an isosceles triangle,

the len:zth of each of the congruent sides the same

as the length of How many such triangles can

7,44c,P7

A 0
g

::easure the angles. ";:hat seems to be true about the

angles of an isosceles triangle?

7/14.44#4 xte bade o 42,F146 oar zolz,44t d ,&441. 71Wwe 4%/C. Aelme. 4,(A/4/A6 . 2t Ana'
Az:eveorA4L. 4206 .4ewdm zcai. 24 .4.94x06 .Je,

zarruatize,AiWil. 4e. p AfefA, AB. Ae. 2MA,a4a2142
4/xf/e4.. zotrlzhe -eSe .agyrat

2. Did each one of your classmates find that the congruent

angles of his isosceles triangle had the same measure?

If the answer is "no," can you think of the reasons

for this?r
,Lf-ocA, "Lefgaa4

ea4,4- xactd.AL.4 z1.4,4-gr

287
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That did yoll ,earn about the angles of an equilateral

triangle? How should their measures compare?. Use

your compass to draw an equilateral triangle. anoose

any convenient length as the lengfh cf a side.

Y:easure the angles. How do the 7easures compare?

How many different equilateral triangles were made in

answer to question 3? -146w did the measures of the

angles of your triangle compare with the measures of

the angles of the triangles of your classmates?

(Ad ref/4dzek Avid/art/Jae fifat ..anzt

e=eiloarj6sidik 14;6214- .-14/>4406 60 #2, file- .414(4 4'
4c4 4,Iffk ,i4414 Au -)

2.ti

288
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5. What numher is the measure, in degreea-,--cfeN:ery'angle

of an equilateral triangle? Using only compass and

straightedge, dra.; an are whose measure in degrees

is r'! - dray'. a^ ,-7uilatera7 triangle?

D4.d look like this?

Was it .necessary to draw CB to complete the triangle

in order to an angle whose measure is 60?

Check your co;Istruction-with your protractor.
c-73_4 ipmfra-lt .16U0'."-le(- "`""

gaek "rat.scr.., _di) 0 )

Summary

Angles opposite congruent sides of all isosceles triangle

have the same measure.

Sixty is the measure (in degrees) of each angle of any

equilateral-triangle.

289

29 -.
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-1.:::,:ercise Set, 9

PQR is isosceles with CP ;= R.

Use your protractor to find

m/P. What dc you expect

for she T: /F.? Check your

answer by using. the protractor

: 7,2 )

2. A triangle whoee angles have meaLc,:res (in degrees) of 45,

45. and 90 is of special interest because tore are so

many examples of it in your surroundings. What examples of

right angles can you see in your classroom? Be ready to

show how to complete a

one segment.

D

-0
5 °, 9C- triangle by 7T1-awing

290

BUJ

In pCDE, 7 =-77. Which

angles have the same measure?

Use your protractor to find

the following measures.

mZI) = ,O)

InLc = ('AV

r,1ZE =
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K

LNEL is an isosceles

triangle. MK KL. Find

mLK = (90'

mLm

m/L =

How do these measures compare with those of Exercise 3?

Are CD E andC.
Ca. /v7 it" L.4"-

Have you seen other examples of triangles which were not

congruent/ and whose angles have..the same measure?Pilp
a"cr- e4,744,'"7

7e77 whether this statement is true or false: Two

triangles may have three pairs of corresponding angles

with the same measures and still not be congruent.

Ho many triangles are

there in this figure?(3)

One of them is an

equilateral triangle.

-Which one?(.0.ABG) Name 3

an _es whose measure is

.5,c/2,55,

291
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7 zN FGH is an equilateral triangle,

and EH is drawn so that Z.147-7F

Ls a right angle. Look at,FEH.

For which angles do you know the

measures?

_tPEGH. List the measures of the 3 angles of

p (,v7 G = G S rn //6,E/{.,_ 7o; a.o 2_614-Z dc.)

Are all triangles whose angles have measu-es of 3n, 60,

and .90, congruent? (-16.07)

triangle ',:hose angl_:s have measures of 60, nn,-;

Is anoth c._7fan:le of special arou,n^

Be ready tc how draw a

t: :nzie by dl-awin= one se;s.ment.

Ccm-lte th state:nent:

(a) The measure (in degrees) of any angle of an equilateral

triangle is (6o)

(b) Two triangles of special interest have angle measures

(in degrees) of , f5 g 90 and so , 60 , 9C .



Suggested Test Items

Write A, B, or in the space provided to show the

triangle, or triangles, for which the sentence is trio,

Isosceles Equilateral (and Isosceles)

A -3 (a) The triangle has at least two sies which are

congruent to each

The triangle has no congrsent angles.

3 triangle has three congruent angles.

A 5 (d) The triangle has at least two angles which are

congruent to each other.

(e) The triangle has three sides which are

congruent to each other.

(f) The triangle has no congruent sides.

A. (g) The triangle has exactly two sides which are

congruent to each other.

(h) The triangle has exactly two angles which are

congruent - each other.



2. p ABC is an equilateral

triangle. If LA and LD are

both the same size, how do you

expect LC to compare in size

with LD? Tell what facts you

learned to make you think your

answer is correct. LC -11-- L D

29
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6. a) 30 x 478 = y (14,340)

b) 256 x 100 x 2 = y (51,200)

c) (40 x 98-) 1- (6 x 984) = y (45,264)

d) (7,000 x 875) + (200 x 875) + (5 x 875) = Y (6,304,375)

e) 106 x 470 = y (49,620)

f) (300 x 9,150) + (80 x 9,150) = y (3,477,000)

g) 400 x (600 + 52) = y (260,800)

n) 209 x 639 = y (133,551)

a) (2,200 99) 11 = y (209)

59,350 y = 17 (4,080)

c) 3,332 4- = y (68)

d) 4,984 56 = y (89)

e) 331,705 y = 407 (815)

f) (217,200
+ 33,304) 724 = y

g) 50,52 = 683 = y (74)

5-,6,984 642 = y (852)

8. a) 8:--- - 7.0 (21) e) 1137 = i (14)

(15
72 = 6

)
f) ii- = ,- (6)

, \ `, v 12
..., -:,--

.1.

= --- (12) g) -.
J

(48)
e ...0

755
(8) h) 2= (22)d) 2

C 5

.
x y = 72 (8) e) 43 x : . 512 (8)

b) Y + 72 52 (13) f) 43 = y
±

24 (27)

c) 81 4- 32 = y (9)
52

(100)

d) 60 = y + 62 42 tr,)uf h) =L, x 4 _ LL., (10)
101 y 10'"

296
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10 a) 4 - (9)

b) (56,100 4.187) + (15,718 187) y (38'+)

c) 58 x 2 x 273 = y (31,668)

14 3
d) x y

(7)

4)

10 10 10

e)
,37.c

f) 10 x 7.936 = y (79.36)

g) 875 + 37=, + 92i -

hj 617 = (161); -3

11 a)
7

-34

-
9 = Y (3? or

(1i)

(2172)

b) 16.58 8.28 787.54 .56 (812.96)

c) 10 x 29.2 = y (292)

d) _ 1 = Y (47)

e) 5 x j
7.

f) 3 x a x 2,575 = y (25,875)

595,161 = y = 603 (987)

h) 12 (3)

1) 32 x 22 = y (2[ or

Braihtwist,ers

1. What for consecutive odd numbers, when added toi;etner,

will 60? (17, 19, 21, 23)

2. can you find any two prlme numbers less than 100 whose

Is odd number? (2 and 3 are the only pair.)
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Review

SET I

Part A

1. Express in exponent

2
a) x

_

form.

6
2 e) io 8 = 2

4 + 2
3= 2

1

b) 16 x 2 = 24 x21= 25 f) 100 x 1,000 = 102x 103= 105

73 72
=

71
g) 4 x 32 = 22 x 25 = 27

52 ,3_i_ 52 51 n) 81 ÷ 3 = 3
4.
+ 3

1
= 3

3

2. Find the number that n reoresents. The first one is

done for you.

a) G

b )
Jo

c
3 30

---
n c0

n = 10

n = 12

n = 6

n 16
d)

=0

e)
12 n
7:75

3 18

'1 5 r.

n =

n =

n = 30

3. Arrange according to value, putting the smallest first.

Example a is done for you.

a) , 1 d) 4,4)
:4)

13.0

(117,727.,

2 2 2 ,2 2 2 c.) 3 1 7 ( 7 3 1)
7- 5 , 7' 10 ' ' 30 '75 ' 10 ' 3'

298

3
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n_

4 What exponent does n stand for in j 9? You know that

x 3 = 9. _hen
_2
J = 9 and n = 2. Copy tne problems

and flnt n for each.

_n
a) 2- = 8 ,n = 3 f) 6 = 625 n = ,

b) 6" - 216 , n = 3 g)
3n

- Ol , n = Lt

n
c) 3 = 243 n = h) 4n - 6, , n = 3

, ,
4= 1,024 i) o

h
, n = 5 . 1,296 , n =

,
e) 7n = 3,3 .: = 3 ,) 10- = 100,000 , n - 5

5. Place arentheses in the following to make the sante-Ices

true. Example: + 1 - (3 13) + 4 = 4

a) ' + 1 x 3 = 9 e) 6- 2-2: + 11 .,---

(3 4- 1) x = 9
3 3 3

1 2
(6 - 2L) + 1=

3 3 3

b) 14 - 2 + 5 = 7 f)
.2;

x
- 7

,^4- - 2 = 2=
.-r 1

- (2 + 5) = 7
0 o

,3 :,..

-71 X ,cf - 2= = 24_
t

c) 'x5-- 2 = 25
4 x (5 2) = 26

d) 17 x - Sc
(17 4 3) x 4 = oC

s)

13 - 9:27 +

13 (97 + 2t-)

o. Est1mate the two who13 numbers the sum or product must he

between. ;..n example is done for you.

Example: 2= + ;3.7- 5 and 7

a)

b)

c)

,7
6.,=, +
2

3.25

X

2 6
7

,., 15 and 17 e) 8.9 x 7.50 56. ant (2
...0

f)
...:

x 2.4 6 ant 12
--

124 i_ . , ,__-0 27 and 29

,7

3 and 5 23= x 0 and 24

(1; .Lc
h) 171 and 179

2 ;
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7. In eacn polygon 'below the sizes of some of the angles are

shown. Write the measure of each angle whose vertex is

hamed by a letter. Tell what each polygon would be called.

Sides marked are congruent. Example a is done for-you.

9 0°

19 0°
if

m 90
Rectangle

e)

90°

m =9C
Square

T

90°

E - 0 mL.0 = 903
Rectangle

Trlar.1e (Scalene)

0-mplete the char: below.

120°

/70°

f)

80°

= 90
Zuadrilateral

/90°

80°

80°

m LO = 110

quadrilateral

1G

Name of Star
pproximate distance
in miles, using
exponent form

Approximate distance
in miles, without
using exponent form

Procyon

Beteigeu.:e

Regulus

Altair

Veta

L;:na Centa ri

Rigel

6265 x 10

18 x 10
1t

=,1 x 10
13

65,000,000,000,000

1,800,000,000,000,000

10,000,000,000,000

110,000,000,000,000

160, 000, 000, 000, coo

1 3
11 X lo-

16 x 10
13

22 x x 1010

32 x 10-

1,080,coo,000,coo

3,200,000,000,000,000

Joc
3 i
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Part 3

Write a mathematical sentence (or two sentences if necessary)

and solve. Write an answer sentence.

7

1. If Y.rs. Jones cut t of a pie into three equal pieces,

_ .L

each piece is what part of the whole pie? a , a -
o

Each piece of pie is 4-- of the whole pie.
o

.t. Jim has a triangle design on his garage door. The triangle

has one side 8 inches long and the other two sides each

_noes long. The angle opposite the t inch side is

800. What is the sum of the measures of the other two

angles? 80 + n = 180 or 180 80 - n , n = 100
The sum of the measures of the other angles is 100.

Ruth lives mile from the library. Linda lives twice as
0

far from the library as Ruth does. ow far does Linda live

10 2 1
from the library? x 2 = , a = or 17 or 1
Linda lives 1-7:- miles from the library.

The length of the playground at the Fine Grove School is

15C ft. The width of this playground is 60 ft. The

playground at the Recreation Center has same area as the

playground at the school. The width of the Centerts

playground is 90 ft. What must be the length of the

la-ground at the Center? 60 x 150 = n , n 90 = y
y = 100 , 60 x 150 = y x 90 The playground must nave the
ler.6.th of 100 ft.

5. Mrs. Brown bought 14 yards of cloth to make curtains. She

used 3 of the material for the kitchen and bedrooms. How

, 1
much material is 7_eft? =-x 1 = r r .L0.7 , 1,

n = 34-. Mrs. Brown has 34- yards of material left.
c



o. .1., recipe for dessert for six persons calls for =-3- cup

of sugar. How much sugar will be needed to make the

dessert for three persons? -5- = r

cup of sugar will te neeaed.
a

T. In 1950 the population of India was estimated to be

5 x 2 3 x IC7 . Express this as a base ten numeral.
x a x 10,000,000 - p , p ,00,000,000 The populatior

would be 400,000,000 people.

c. , planet mo-:es around the sun. W'rlPr. ; is closest, it is

miles from tne sun. When it is farthest, it

t:.e sun. What is its average

distance from tne sun? Write tne average in exponent form.
,90,000,000) 2 30,000,000 Its average

distance .s PC, million miles or o x 107.

Jack's sister scnool has an average of hours of

home w:rk eacn school nignt. How many nours will she spend

__
on home work each schocl.wes x 2 - n

2

_Jack's sister spends _2 ..ours each on home wtrk.

Er-intw'sttors

"C7ock

Is IC -O--) always equal to 1

If it is 10 a.m. now, what time will be o nours

ater?

In co,,nting hours what happens on an ordinary clock after

tne no.._ hand sets to 12 ? -

The answers to problems in Example are correct only

for "clock ari hmetic".

.-1 (2) (e9 (3) "6-- 6 = 2 (,) i- (= 6

7.;se "cl_or: arithmetic" to write the sum Tor these.

(2) 10+ 7= 5 (3) =10 (14) 5

Can you find products in "clock arithmetic"?
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Review

SET II

Part A

1. Tell which property is illustrated by each of these

mathematical sentences. Write the first letter of each

word that names the property. For example, write A P M

for associative property of multiplication.

a) (a + b) + c - a + (b r c) A P A

b) c+d-d+ c C P A

c) a x (d x c) + (a x d) x c A P M

d)
a

x = x
a C P Moda b

e) (a + b) x c (a x c) + o x c) D P M

f) axb-axio Nona

s) (b + c) + a (b + (c + a) 7 P D

h) a x c x a

1)
a a

a
(1 x x - x (i x e)

P M

None _

P M

2 Write the repeated factor form and the numeral for each of

following. Example a is done for you.

a) 2 2 x 2 x 2 x 2 16

3)

c)

8)

- , X X

2
6 x 6

e)

)

s)

lo
6
= loxioxlox10xlox10

1,000000
S' = 6 x 8 x 8= 512

5 "= 5 x 5 x 5 x 5= 625
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J. ..nswer yes or no to each of the following questions.

70
?Does 2:15 -!-- 2.3 + y Vt 1

22
io 77 Yes

4
b) Does 4

2 x 35 ?.2 x 3.5 - Yes
102

x 6
c) Does , 0.56 ? No

-V

t) Does 0:0
x 8

3: - Yes
1,000 ?

r4 8 12
e) Does C-1- , 7 , 73.. , .4 Yes

±
f) Does 77- b ? No

Yes
21 x 7 3 7 9

.&) Does - 7-77 -

Does TxLxJ_ -ix 2 x7 .

_1.) Does -z x 20,4
-2 .L2

?

j Does = x x 1 ?

No

No

Yes

Write the following as decimals, fractions, and fractions

ith de:-Dm1natcr in exponent form. Example a is done

for you.

a) Two and four tenths (2.4
24 24
10

Twenty-four nundredths (0.24
2410- 24
7573

°6

/

10
00
,

f,
0) Three and six hunt:edth 0s .06 100, ' 7 I

t) Four and thirty hundredths ( 4.30,
430

lo
430

505016

)

e)

10-
16,,,

Five and sixteen thousandths (5.0-o. 1000 ' ln
324%

J

f) Three hundred twenty-four hundredths (3.24,
324-'Trz

10

g) One hundred sixty-four tenths (16.4,
164 164
10 ' ,0391

70 .12:
h) Th-r'ty-nine and seventy hundredths (39.70 ,

100 '

Two thousand four and one tenth (2004.1,
200410 1

'

200'



5. In each_triangle below the sizes of some of the angles are

shown. Write the measure of each angle whose vertex is

named by a letter. Tell what each triangle would be called.

Sides market are congruent.

C

ML5=5-5
Scc.ier,e,

I r

5 0 C. + \

170°

sc:,ce\ es
(Q3

Example a Is done for you.

A

\

41

\100°
A.1-LA =D

ScsceeS

50P

"""' L

sosctlts

6. Some countries use the metric system to measure length. It

is a decimal system as shown below.

10 millimeters (mm)

10 centimeters

10 decimeters

1000 meters

F11 in the blanks.

a) 1 mm --
1 cm

b) 1 mm . .01 dm

c) 1 mm - .001m

centimeter (cm)

1 decimeter (dm)

1 meter (m)

1 kilometer (km)

d) 1 m - 1000 mm

e) 1 m - 100 cm



astronomer was try_ :g to _in t now many miles it is from

the eartn to the centel af the moon. This

was matnematical sentence, 10-) x t x 10') n

How miles Is it? (2-0,000 miles)

Tne mass lot weisht) of the eartn is 6,000 million million

million tans. Usins exponent f:,1717: this cotld be written

What number toes re resent? (n - 21)

Same ,Lcientists say the earth is about five billion years old.

tne awe of tne eartn fctr different ways.
:;,000,000,000 x occ,ono ocC - 5 x 10 x 1C x 10 x 10 x
10 X 10 X 10 X IC X 10 - D X 17% )

:;rite a matherr,atical sentence (ar two sentences necessary)

ant salve. an answer sentence.

cent a piece of wire to form a trianle. He fatnd

the size of one angle to be 90 and the size of another

anle to be .;00. What wil: be the size of the third angle?

100 - (C.) .30) n , n = , 90 30 = 120, 180 - 120 = n

30 The size of the tnird angle will te o0c.

Ja.7.es can ran one-fourth m_ile in 2i- minutes. At this speed

now long will it take to run one mile? 4 x 2"= = = 9
James can run one mile in 9 minutes.

J. Eddie rode nis bicycle 3.J miles in fifteen minutes. nt

this-speed now far does Eddie travel in one hour? 4 x 3.7= r

14.o Eddie travels 14.8 miles in one hour.

An airplane is traveling at 2' x D
_2 moles an hour. Expre_J

this as a case ten numeral. 16 x 25 = s s = 400

The plane is traveling at 400 miles an hour.
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? 1 b

tr:es a standa: measre is one mete_

meter eq. __s y;.rts. How _any yarcs more tnan

100 mete_ race? (1.07,;0 x 100) - 100
x 100 = , n - 00 y y

race Ls -ds 2unzer tr..='n a 100 yard _ac

Can
2
z-__ n .7:eat. The first day ne ate

-_ tne :neat: ow ..oJc.. meat ^ n- ,==t?

4---x= -s,s- -E- ...a.. =te ::--- bon" o' 7,:ntn meat.
2 - ,-

sical tone m=--,c1,= ty .]..trations. ,:inen struck, strIng

';...trates 2DO3 times a second. String C ..brates _L7T

as 7.ucn as _ n.: E. HOW many :_:..es a second w-111 string u

c
tr.at? 2-.--)c :.". -

D.,
, ,

2 _ 2

1 :rates t::T.as per second.

Secuence-- -re ect the game is to discover

tne rule and tc wrIte too terms of a sequence. The teacher

:Lctates the first t.'::Thee n.,Lmters of the sequence to the

first player of each team. The first player writes them

tna:. nlo ::.fter a tr:ef

a:: d:bco.:er: Lne = of tne oaq-Jence,

Lath pLayer, ,

term seclence. The : _ay continues the teacher

calls time. The winning team is the one with the longest

correct sequence.

_his game c-- be adapted for many 1,:inds of :interesting

practice.
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Review

,:rrange in the order of size from least to greatest.

1.40)

t) 0.35 , 0.07 0.10 (0.07, 0.10, 0.65, c.5)

, 1.32 r, 7 ( 7 ^ 1.32, 1.&5)

Write the pair of fractions in each of the following.

The first one is worked far oa.

2 2
1 c J J

0

5/

-; -v
6 2

)j

d) L-2 (f5.. 20)

' 9 ' ic ' 36 9 77,-)

el 1-1
21 (11 33)
t ' 12 \4 ' 72/

1°
IT ' ' 721

Find the n_zmter t;:at the letter represents. Express answers

la simplest form.

-

c) G x = =
24

J) x 0.6 - r 2.16

2

-7

F.Ln

C

e) 2.61 x 0.1 = p c = 1.967

7, 7-.
-I n - = n = ..-,-",-

IC)

16.3 x 0.09 - o b = 1.467

h) 6 x 5= c = 31. 7

the number that a represents. ?ell whether it is a

prime or a composite n=ber.

,-.3 -

Examples: 2 .:.- a , a - 9 composite; 2
3
- - a , n = 7 prime

a) 92 - a n = 6C composite e) 6 -4 n a = 37 prime

c) 2' - n = 31 prime f) 52- n- 24 composite

,_:) JJ 7- 1 a n _ 2z opmp- -'- 73J-,-- -'- ;) n , 341-composite

d)
2

, = a n - 17 prime h) 45- 7 n n =1023 composite
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5. Express eacn of these numbers as a -ouct of prim.,s.

Example: 13 - 2 x 2 x 2 x 2

a) 125 - 5 x 5 x 5 f) 3:: - 2 x 2 x

-
)

-= x 3 x 3

x x

I

j X

32 = 2 x 2 x 2 x 2 x 2

2x2x2x2x3
2 x 2 x 3 3,x3x3x3x3

Which of the above numbers could be written in exponent

form as a power of two? Example: 13 - 2.. Write them
(32 - 20)

Which could be writter in exponent form as a power of three?

Write them. (61 = 3 2-

o. ., ten foot latter is leaning against a wall. The top of the

ladder is feet from the ground. The bottom of the ladder

is 5 `',,et from the wal. What kind of triangle does this

suggest? (Scalene) Where will the largest angle of that

tangle to located: where the ladder t-aches the wall or

grona, or where ground ant wall touch? (When, the ;round
and wal7 touch)

Part S

Write a mathematical sentence (or two sentences if necessary)

and solve. Write an answer sentence.

Jill is cutting out a pattern. One piece has the snape of

an equilateral triangle. One side of the triangle is 34

inches long. How many incnes will Jill cut when she cuts

out the triangle? 34 x 3 = n , 34 34 34 = n, n = 102
Jill will cut 102 inches.
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2 There were 36 on'ldren in Miss Heyleros class in January.

Three-fourr-_, of the class had perfect attendance. How

many children had perfect attendance? 3 x 36 = a , a = 27
27 children had perfect attendance.

3. A snail crawls 4 of an inch in one m-!nute and = of an

inch the next minute. now far does he crawl in the two

5

1
mi es? -÷ n , n , n - or 2r5- The snail

24
crawls 2t- t.- incnes in two mi-utes.

an caught a lake trout tnat weighs 27t pounds. How many

ounces does the trout weigh? 16 x 22 - w , 16 x = w,

00
w = or w = 40 The trout weighs 40 ounces.

2

An astronaut is traveling around the earth at 5
2

x 10
3

miles an hour. He travels 75,0C miles each orbit. How

long will it take him to make one orbit?
25 x 1,000 x y - 75,000 or 75,000 ÷(25 x 1,000) = y y = 3
One orbit will'take 3 hours.

o. David;s father weighs 196.5 pounds. Davidis weight is
17

of his fathers weight. What is Davidls weight? w = 65.5

196.5 x
3

w Davidrs weight is 65.5 pounds.

7. A dress pattern calls for 4 yards of material. Mother

wishes to make dresses for Mary, Jan, and Denise. How

much material does she need? 3 x 3-3 - m m = 11-1
4 '

3x -mm- Mother needs 114 yards of material.
4

3raintwister

The following statements are true. What number base other

than ten is used in each?

a) I am. 13, years old. In three years I will be a

teen ager. (Base seven)

t) There are 100, inches in one

c) My birthday is'in October, the

310
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Chapter

7=07=7-NG mlm TY77G7,RS

PURPOSE OF UN7'7'

The ourpose of this unit is to extend the concept of number.

The concept which the children now have is based on experiences

with th-e kinds of number: counting numbers, whole numbers, and

fractional numbe-s. 7n this unit a fourth useful kind of number,

the integers, are Introduced.

-n,o, specific purposes are:

1. introduce the meaning of integers

To introduce a symbolism for integers

3. To introduce the operations of addition and subtraction

with integers by use of diagrams

To guide children in the use of integers and the

realization of their importance

This unit is intended to provide an introduction to integers.

The purpose is one of meaninR and awareness rather than the

development of skill. It is recommended that the teacher not drill

for mastery of addition and subtraction Jf integers. This skill

will be developed in later units.
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:e:ers are a kin: num:er to the

fractono..7

thes c: numl:ers arose historically out of a

ora:tc= :he integers arose from situations where counting

71^ meaourn,-: unit: was with respect to a fixed reference

the direction counting or measuring was impor-

nt. Exam:; :es o: 2:tuations are measuring temperatu:re in

:egrees, in On talks about a temperature of 30

7...ereesabc ,4-c-es below zero, an altitude of 300

feet sea or 300 feet below sea level.

The integers will he denote: ty

reat: "ne7at_.:o two, "negative one," "zero, "Positive one,"
"1- !

. superscripts
11 I

and

at,on of the to the reference number 0.

's wr't'.n a s,,P,,rs^,--st. 7n the Pupils' Book no dis-

tln2tion be made between integer as a number and integer as a

T'airs of inte7ers ouch as and 1, or and 2 are

tc cc "oopos'tPs." Thus 2 is the opposite of 2, and ±2

is the o7.posite of -2. Zero is co:Isidered to be its own opposite.

'nteL:e-s, one could speak of a temperature of '32

pco--.-e 22) degrees which we agree to mean 32 degrees above

zero or an altitude of 300 (negative 300) feet, which we agree

means 30C feet below sea level.
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I:eometrf.. rr.7-cs.?.nt

soa:ed f..ots _17

dot then sel:cted oomewhere near t and

labeled C. 7-e -1st-. 7:
-2, ... az far as con..-ehten,, ani. the dot:

left labeled slmilarly

ceC.-are I:, shown

The -pro-

4 2

F17-..:re 2

+ + 3 +5 ,

FIrnzre is a dia7ram of relations bct::een lnteT7ers. 2he

ec..ially spaced, labeled dots are the most important feature thc

This is thought of not only as a number line, but also as

a guide to the eye in moving- from dot to dot. The equal spacing

of the dots is important in this and similar diagrams later in the

unit, because the addition and subtraction of integers will be

presented Rraphically.

Figure 2 mal(es ft apparent that the positi':e inte,:ers may be

thought of as extendinc :Indefinitely to the rlEht of 0, and the

negative integers indefinitely to the left of C. ?airs of

opposite Integers such as 4 and are represented by pairs of

dots spaced symmerically to the rl.r4ht and left of 0.

The order of the The 4nep,.,=,rs shown In Figure 2 0-e-

sent themseires to .ne eye in a natural order from left to

We say: 5 Is greater than 2, because we must add toto 4-2

to get +5. This is the same explanation we used with whole numbers

to determine if one is larger than the other. That is, a > b if
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some number c, greater than zro can be added to b sc that

a = b c. 2 is greater than because .43 must be

added to to get 2. 3 is greater tha.. 10, because

must be added tc 10 to get 3, or in mathematical

symbols, > 2, 2 > > 10. We may also say '2 is

less than 5, -4 is less than 2, -.,:riting 12 <

< 2. Note that In '5 > and 3 > 10, a

positive integer was added to the smaller number to indicate that

the other number was the larger of the two numbers. We have

azreed that positive integers will be shown to the right of zero

on the number line and negative integers to the left of zero, and

;hat going from left to right is going in a positive direction,

while going from right to left is going in a negative direction.

We can say, then, :hat any integer represented by a dot on the

nu ber line is greater than any integer represented by a dot

on the number line if this second dot Lies to the left of the

first dot.

Cou: with inteT7ers. Starting with any integer, fo, exam-

,a. ones, 2, 2, , 5, ... or

backward by ones, 2, '1, C, 1, 2, ... as far as we please. We

can alit forward or backward by other numbers, e.g., by

thrT!eo: ... or 2, -7

Addition of whole numbers can be described as repeated

counting. Addition of integers may be similarly described. The

only difference is that we may have to count backward (to the

left) as well as forward (to the right). For example, the

addition +5 2 = '-3 may be thought of as "Count forward five

from C and then count backward two from positive five to posi-

tive three"; the addition 5 ± '2 = -3 may be thought of as

"Count backward five from 0 and then count forward two from

negative five to negative three." 5 2 would mean, "Count

backward 5 from zero and then count backward two from negative

5 to negative This method of approaching the operation of

addition has some advantages, but it is not emphasized in this

unit because it has the disadvantage that little know-37.E. of

the ^ngr.tion of addition is impart:j.. by it.
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Fetresentation of integers by arrows. integer such as

may be represented by drawing an arrow five spaces long

parallel to the number 7,ne. In Figure 3, three such arrows are

shown. We agree that arrows for positive numbers shall 77...nt tc

the right and arrows for negative numbers shall point tc the left.

he arrows all point to the right because '5 is positive. Each

arrow is p2aced so that it begins at one dot and ends at another

dot on he number line. It may be started at any point that is

convenient. arrow is identified by writing the name of the

integer which represents directly above it as in Figure

.5

+5

<6 0 0

a, -5 4 3 2 -I 0 +; +2+3 +4+5 +6+7

rA-

Figure illustrates the arrows used in graphical repres,n-

tation cf integers and the names used to describe the arrows.

Ta.11--Tha

h ad v41

Integer represented
row.

Ana

ur

The number of spaces between the head and the tail of the

arrow is called the measure of the arrow. In this unit it is a

whole number. This conforms with what children already know

about measurement; that is, that a measure is a whole num. r.

The measure of the arrcws in Figures 3 and is 5 (a whole

number).

215

0 2



Tn Figure 5, arrows rep_senting 5 and 2 are shown.

Note that they all point to the left. The measure of the 5

arrow is 5. The measure of the 2 arrow is 2.

In all graphical representations, positive is thought of as

"to the right" and negative as "to the left."

-5

-5

4 4 + G
-5 4 -3 -2 - 0 +I +2+3 +4 +5 +6 47

Figure

Renaming. Considerable use has been made previously of

renaming a number. For example, the whole number three 17.:y be

renamed 2 + 1 or - 1 and the fraction - may be renamed
1 1

+ 4- or - In these names the sYmbols " + " and " -4 o

denote the operations of addition and subtraction. Observe that

2 + 1 and 21 - 1 do not denote the performance of these opera-

tions on 2 and 1 or 4 and 1, but the result of performing

the operations; "2 + 1" and " 4 - 1" are simply other names

for the whole number 3. This fact expressed by the mathe-

matical sentences 2 + 1 = 3 and 4 - 1 = 3.

In this unit, the symbols " + " and " have other uses

beside denoting operations on integers. When " + " is used as a

superscrl.pt, as in " it is a part of the name of the number

"positive two." It does not denote a addition. As a superscript,

it serves to distinguish the integer positive two, +2, from the
2

whole number 2 and the fraction r. It also distinguishes posi-

tive two from Its opposite, "negative two." Similar remarks apply

to the symbol " - " when used as a superscript.

The operations of addition and subtration of integers are

denoted by the same symbols " + " and - " as the like-named

operations on whole numbers or fractions. The operations have

very much the same properties. For example, addition of whole

numbers and addition of fractions are both associative and commu-

tative operations. Addition of integers is also an associative
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and commutative operation.

The associative property for addition of integers will not

be developed in this unit, but extensive use will be m. -le of the

commutative property.

Renaming integers is conveniently done oy using the arrow

representation on the number line and renaming either from the

figure or by counting. This is illustrated on pages 351, 52, and

of the Teachers' Commentary.

The :':at,' emi.tical sentences used to describe a renaming are

sim;.lar to those used to describe renaming whole numbers or frac-

tions . For example, the 5 may be renamed '4 ± ±1 or

+ 2 or '7 - We,shall see that '5 also renames

÷7 + -2 and .LL + 1. Observe that the expression

denotes the result of operating with addition on. the

integers 2. It does not denote e performance of the

operation.

7 and th

To termform the nddit'on or to add 7 and

tne integer 2 in as 'simple

the Perfo.rmlance Of

is to rename

a way as possible. To indicate

the operation, one writes 7 2 = s.. Here s

I:, called the sum of

for T . :.-hen it L.!

and represents the simplest name

found that the sum is
-

the addition

has been performed. If the sum fs unknown, _t is called an unknown

sum. The addition has b.,:en indicated, but not performed.

Tt 477.nta7 the sum s is found,. s may be found

informal 2y by :::ounting ba:k two from '7 or s may be found

the method presented in the following section.

cou14. also be found by a l"_table computation with the whole num

ber 7 and 2 which the pupils wi11 learn in later mathematics

courE

._.fever method is e-zployed, r--,ult is the same: the

integer denoted by s ih t':-_e 7sbhematical sentence below is
. _

rename,
.

....
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7.,:raphid diti intc7erz. procedure of L-raphical

pn and using arrows and the nu.7.1cer line diagram

Is chc)ser: In th- unit as best fitted tc teach the meanin of the

a,id-ition and subtraction as aPplied to integers.

crc-:e3s of :,:raphica7 addit4.cn. -`s e=2.a'ned y the 1077 oving

a7d-ams.

Fgdres thrcd:h rate a variety of sLmoe add' ton

sentencs.

+3

-30

+4 (second>

rst addend)

s5 0 f;) --,rr-0--4+i+--tH4-4-4sH-0je-a-
7 -6* 3 -2 i 0 +1 + ,2 +3 +4 +5 +6 +7

- 3; s = 1!

,ure c

-2 Cadtz.-nd)

-3 (addend

-7 -6 -5 -4 -3 -2 -1 0 +2 +3 +4 +5 +5 +7

2 = s; s = 5

(sum) )

(addend) 4. 6

1,_ (addend)

-7 -6 -5 4 -3 -2 -1 0 +I +2+3 +4 +5 +6 +7

+,-= S S = :)

-ure-

318

end)



4---I (addend)
(addend )'6

-7 6 -5 4 -3 -2 -I 0 +I '2'3 +4 +5 +6 +7

= s; S =

FiguDe 9

Certain general features of the process of graphical addition

presented here should be noted.

(1) In an ac.ition b + c = s where b and c denote

integers and s the unknown sum, the arrow for the

first addend b is always drain first. Its tail

is directly above zerc It is drawn just above the

number line. It is drawn to the right if b is a

positive integer and to the left if b is a negative

integer.

(2) The arrow for the second aadend c is drawn next,

dust above the arrow that represents the first

addend. Its tai= starts directly above the head of

the arrow for b and its direction depends on

whether the integer c is positive or negative. If

c is a positive integer, its direction is to the

right. If c is a negative integer, its direction

is to the left.

(3 )
The dotted arrow giving the unknown sum s is then

drawn just above the arrow which represents the

second addend. Its tail is always directly above

the G dot. Its head is directly above the head

of the second arrow. The sum s is the integer

directly below its head.



°co sites. The fact that the sum of two opposite inte-

per always zero may be shown by graphical addition. Figur2s 10

and indicate th.- o-nocdure. Jo arrow fo- the sum can be dra,:rn

In :hese eases.

5 !addend)

+5 (ad4hd)

-7 -6 -3 -2 -! +2 +3 +4 +5 +6 +7

tra-2.t-L,Thn

3 -

.:7171.:re 1C

+4 (addend)

-4 (addend)

-65 4 -3 2-1 0 +! +2+3 +4 +5+6+7

C

Flgare 11

:,,fore the ope_ ati0.. o f subtraction

set of 'nte=s I: meannz and vocabulary of

toe of ad::Ltion and subtraction of whole numbers should

See Chapters 3 and 6 of Grade Foil_ No special lam-

--7:-age for subtraction of integers is needed. It is the same as the

lanuae the subtraction of whole numbers as summarized in the

followng paragraphs.

mathema:f_i:al sentence Ind-.:_cah: addition as

0a:172f:

arc called "addt,n:!o:' or known
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..rap_ _cal subtraction. Figure 12 is another graphical repre-

sentation of an addition sentence. Ficure 13 illustrates the

naming of the unknown addend m in the sentences '7 - 2 m or

= m. Fi7ure 12 is included here for ourpose of comparison

with Figure 12. s (unknown sum)

'4 (known addend)

.3 (kncwn addend)

4# + 4 4 b 4 4 4' 4 4'
-7 -6 -5 4 -3 -2 0 +2 +3 +4 +5 +6 +7

s

::cite the similarity the location of the arrow for the sum,

and the arrows for the first and second addends. ,ote also that in

7i7ure 12 the unknown ,,um is skethe'd'as a "dotted" arrow and n

the unkno...-n addend is sketched as a "dotted" arrow. A

dotted arrow will always 4.7 (known sum)

m (unknown addend)

Ykno

represent the unknown

integer.

orocure for draw'ng the arrow diagram of th.,1 ritence

3f Figure 1- is:

Draw the -5 arrow for the known addend just above

the number line with its tall directly above C.

Y-=') craw arrow for the sum at the top as in

arrow diagrams for addition. This arrow has its

ta41 directly above C and is drawn to ;he righ;

ause is a positive integer.



(3) Draw a dotted arrow from a point directly above

the head of the +3 arrow to a point directly

below the head of the +7 arrow. The "dotted"

arrow represents the unknown addend. Thus m = +4.

Figures 14 and 15 also illustrate the subtraction of integers.

In each case the construction procedure follows the pattern used

for the construction of Figure 13. Other arrow diagrams appear

with their explanations on pages 373-376 of thiE Teacherst Commen-

tary.
4

-3 (sum)

4-- m (addend)

+5 ( addend)

-7 6 -5 -4 -3 -2-1 0 +I +2 +3 +4 +5 +6 +7

77.

Figure 14

= rn; rn =

+5 (sum

4_Iljaddend)

+7 (addend)

+ + # # 4 #
-7 -6-5 4 -3 -2-1 0 +1 +2+3 +4 +5 +6+7

=

Subtraction of integers can be easily illustrated with arrow

diagrams as was done above. Pupils are already familiar with the

language of subtraction using whole numbers; that is, "In a sub-

traction problem, I am trying to find the unknown addend."

Children should identify the addends and the sums in many mathe-

matical sentences involving integers before drawing arrow pictures

of then. It might be most helpful t: have children rewrite sub-

traction sentences as addition sentences; e.g. 3 - '6 = m or

3 = m '6 cr m +6 = 3. This need not be done, of course,
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especially if children are very adept at recognizing the addends

and the sum in a subtraction sentence which contains integers.

Relations between addition and subtraction. Subtraction of

an integer is used as undoing the addition of that integer, just

as subtraction of a whole number undoes the addition of that whole

number. This is important because it shows that the operation of

subtraction may be dispensed with in working with integers; every

subtraction may be replaced by finding an unknown addend in an

addition sentence. For example, the subtraction sentence

75 - '7 = m is replaced by 5 = m '7 in which 5 is the

sum, '7 the known addend, and m the unknown addend.

Other symbols for positive integers. In later work in mathe-

matics, when meaning has been developed, the symbols +1, +2, +3,

... which denote positive integers are usually written without

superscripts thus:

" 1 " for " +1"

whole number three

1, 2, 3, ... . This substitution of the symbol

" 2 " for " +2," etc. does not mean that the

and the positive integer +3 are the same

number. Later in his study of mathematics the pupil may find that

the counting numbers and positive numbers are used interchangeably

although they are different numbers. The following three para-

graphs show why this may be done but it is not intended that this

be presented to the pupils at this time.

Let us establish a one-to-one correspondence between the

counting numbers and the positive integers. This is done by

simply saying that 1 and 1 correspond to each other, 2 and

+2 correspond to each other, etc. If the sets of counting num-

bers and positive integers are sets A and B respectively, the

one-to-one correspondence may be indicated this way:

: 11'Y

B = -4-2, '3, ..., -a,

Now we consider sums and products of two numbers in set A

and the corresponding numbers in set B. The sum of any two num-

bers in set A is a number in set A and the sum of any two

numbers in set B is a number in set B. If we find the su-n of



any two numbers of set A and the sum of the two corresponding

numbers of set B then the sums will be corresponding numbers in

sets A and B. For example 44E----a, 54---4i-5, 4 5 = 9,

4-h 4-,
= 9 and 9 and

+
9 are corresponding numbers in sets

A and B respectively. Similarly if we find the product of any

two numbers of set A and the product of the two corresponding

numbers of set B, then the products will be corresponding num-

bers in sets A and B. For example a x 9 36 and
+, + 4_

4 x 9 = '36 and 36 and +36 are corresponding numbers in

sets A and B respectively.

The preceding paragraph may be summarized by saying the sets

A and B are isomorphic, or they are abstractly identical, and

the numbers in the two sets may be used interchangeably. Con-

sequently the positive integers may be used for all purposes for

which the counting numbers are used. As numbers, they are

different from the ccunting numbers, but they are operated on and

ordered in precisely the same way.

If the pupils are to realize fully that the integers are

new numbe-7 (i.e., new in the sense that they are introduced after

the counting numbers) it is necessary that the superscript " + "

in the -;yrilbol_ for a positive integer be retained. If it is not

retained 171.: numbers 2 and willwill likely be identified with

each otter without any justification. Consequently it is recom-

mended the -1:?,Brscript be used throughout this unit.



TEACHING TIE UNIT

INTRODUCTION TO INTEGERS

Objective: To introduce the meaning of and symbolism for

integers, a new kind of number

To introduce the arr-ow "---->" or as

a means of diagraming an integer on a number line

Number lines made on paper with dots labeled with

integers for teachers to fold to show oppositeness

of pairs of integers

Dittoed copies of number lines for children

(See suggestion on page 355)

Number lines made on cardboard to use on the chalk

tray or bulletin board as a time-saver. These

may be made in sections and fastened together with

masking tape for ease in folding for storage

ocabulary: integer; " " read "positive five;' it -2 "

read "negati-:e to"; arrow diagram; measure of

arrow; direction of arrow; pair of opposites;

head of arrow; tail of =ow; reference dot

Suggested Teaching Procedu:,:

The method suggested fo2 teaching is that of
discovery.

The integers should be introduced in a class
discussion, followed by having the chil_l_ren read the
material written for them on pa7es 193 and 19L in
their books and doing Exercise Set 1. This Exercise
Set should then be discussed in class after which
children may read paTre 197 .Ln their books and com-
nlete Exercise Set 2 indesendently.



Present a line on which dots are located at
equal intervals as shown in Figure 16. Arrows
are used r...t the end of the line to sho-,; that it
extends in both directions without ending.

_;_ire 16

The dots on the line should then be numtered

as the teach-- says, "We are goini: to put some

c-mcols for :new numbers on this line." The zero

should te located first, then pairs of dots so the

children will understand ;he r...lationship of the

numbers of a pair. Locate the pair +1 and 1

next, then +2 and 2, etc. After zero and

several pairs are located, call them integers and

read " +2 " as "positive two," " as" as

"negative two," etc. See Figure 17.

44 4 -4 41.
-5 4 -3 -2 I 0 +I +2 +3 +4 +5

7,7 -r,r, 7 .77

The similarity of this number line to other
scales should te discussed. These scales and
others should be drawn and the method of indica-
tin.j: direction from a reference dot made clear:

(a) Thermometer: Scale drawn with languace
"below zero" and "abo7e zero" indicated
with " " and " -"

(b) Scores: Some games result in scores
that are "'n the hole" or "out of the
hole." Scores "in the hole" are repre-
sented with negative integers while
scores "out of the hole" are represented
with positive integers.

327
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(c) Altitude above and below sea level.
Altitudes above sea level are repre-
sented with positive integers and below
sea level with negative integers.

It te trO;h:: that aLl
of these lines have dots indicated at equal inter-
vals, have a definite reference dot, have dots
marked in pairs on each side of the reference dot,
and have pairs of dots marked to indicate opposite-
ness. It should also be clear that by agreement
either direction may be positive if the opposite
direction is neative.

Connect the pairs of number symbols as shown

In Figure 18. Discuss the fact that integers

appear in pairs and that the members of the pair

number dote the same distance from zero. 1 is
_

paired with 1, 3 with +3, and zero with

itself.

Igpure 73

Emphasize the oppositeness of the members of

each pair of integers. Show this oppositeness ty

folding a number line at zero so that 1 falls

on etc. Discuss symmetry of dots to the

right and left of zero, that is the opposite

of that 3 is t peosite of 8, etc.

that zero is its own opposite.

Discuss with the pupils the order relations of

the Integers. You wi_i recognize that it is not

possible to define "greater than" and "less than"

3 2



in terms of addition at this time since the pupils

have not yet studied addition of integers. After

addition has been studied you can show a > b if

there is some positive integer c so that

a = b + c. For example
+
2 > 3 since

+2 = -3 4- +5; -6 > -lc since -6 = -10 4- +4;

0 > 3 since 0 = 3 '3. But for the present,

the meaning of "greater than" and "less than" for

integers will need to be made clear intuitively

by use of the number line for integers. The dis-

cussion with the pupils night go somewhat as

suggested in the next paragraphs. In the pre-

sentation use the number line- which shows the

integers.

Is the whole number 5 greater than the whole number 2?

(ves. The pupils may say this is true because they must add to

2 in order to get 5 or they may say it is true because 5

is to the right of 2 on the number line.)

Does the greater one of any two whole numbers always label

a point farther to right than the other one of the whole

numbers? (Yes.)

Are all the other whole numbers greater than the whole

number C? (yes. I > 2 > C, etc.)

We want to be able to tell when one integer is greater than

another integer. What would be an easy way to do this? (The

integer that is father to the right on the number line is greater

than the other.)

We can write ^c > .1, '4 > , and so on. Also

we can write +1 < 2, 3 < +5 < o.

Now think of two of the negative integers, for example 3

and n. Which one is farther to the right? (3) Then we will

say that 3 is the greater and write 3 >

Which of the two integers and 1 is the greater? (-1

is greater than IL since 1 is to the right of -14-.) We can

write or> IL or <



The order relations between two negative

integers may be harder for the pupils to accept

than the order relations between the positive

integers. It may be helpful to lead to this

by first talking to them abcut the order relations

between the positive Integers and negative

integers. The thermometer scale and games

which score "in the hole'' and "out of the hole"

may help. Try such questions as: (1) Is ft

warmer when the temperature is 2 degrees

above zero than when it is 3 degrees below

zero?, and (2) Is a score of "10 out of the

hole" better than a score of "10 in the hole"?.

Then from these order relations proceed to those

betwee: two negative integers.

Try such questions as: (i) Is it warmer

when the temperature is 5 degrees below zero

than when it is 9 degrees below zero?.

(2) Is a score of "10 in the hole" better

than a score of "20 in the hole"?.

The correct answers to these questions

should help the 7-2.1::1s recognize that the

greater of two :.egative numbers is represented

by a dot farther to the right (or farther up

on the thermometer scale if this is represented

on a vertical line).

Pupils may use ''count forward" or "count

to the right" interchangeably. Also, "count

backward" and "count to the left" will have the

same meaning. The following discussion ques-

tions should assist in clarifying order rela-

tions of the integers.
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Suggestions to stimulate discussion:

(1) .Thy is the " symbol needed as a part of " -5 "?

(To distinguish " 5 " from " 5 " and to locate a

particular dot on our number line)

(2) Are the integers to the right of zero greater or less

than zero? (greater) Why?

(3) Are the integers to the right of " +7 " greater or less

than " -77 "? (Greater)

(4) Are the integers to the left of zero greater or less than

zero? (Less) To the left of " 3 "? (Less)

(5) Are the integers to the right of any integer greater

than or less than n? (Greaer)

(6) Are the integers to the left of any integer zreater

or less than n? (Less)

(\

(8'

How many integers are to the right of zero? to the left

of zero? (Yore than you can count)

How many integers are to the left of positive four? to

the right of positive five? (Yore than you can count)

(9) Count forws...-d five spaces from " 3 "; from " -2 ";

from " 0 "; etc. Count backward ten spaces from
+2 t2from ._ ; etc.

(10) Count forward from zero. Count backward from zero.

(11) Write the integers in set notation.

(..., 3, -2, 1, C, 1, 2, )
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P193

Chapter 4

INTRODUCING THE INTEGERS

A NEW KIND OF NUMBER

14 110 &Gelb -a--- a

7 6 5 4 3 2 I 0 -4-( -3 +4 ÷5 +6 +7

This is a number line. It has a point labeled 0 just

like the number line you saw in Chapter 2. But the other

points on this one have new labels. These labels are the

names of some new numbers we are going tc study.

Find the dot numbered O. As your eye moves to the right,

the dots are labeled
+
1,

+
2,

+_
), . As your eye r_oves to

the left from zero, the dots are numbered 1, 2, 3, ---

The dots on the line represent numbers that are called integers.

The set of integers is

2, 3, ) .

ne integer +2 is read "positive two." The integer

7 !, is read "negative seven." 7:--se 0 is read "zero." It

is neither positive nor negative.

Integers on the line can be thought of in pairs. o Is

paired with 6; 1 is paired with '10 17 pa_red with

10; and zero is paired with itself.

12;

,

These pairs are called opposites. +12 is the opposite of

is the opposite of 4;

and zero is Its own opposite.

332
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1

INTEGERS AND A NUMBER LINE

7 -6 -5 -4 -3 -2 -I

4

A part of a number line is shown aboe. It may be extenued

and numbered with integers as far as you ish. Try to Imagine hc,w

many integers there are.

Look at the dot labeled +5. Positive five is greater than

+
4, or or 73, or 8. In fact, poitive five is greater

than any integer which labels any dot to the left of the dot

labeled by +5. The mathematical sentences ... +5 > +4; +5 > +3;

... '5 > 0; > 1; 1-5 > -4; ... are ways of writing this.

Look.again at the dot labeled +5. Positive five is to the

left of and less than or
+
7, or

+
127. In fact, p.Dsitive

five is less than any integer to its right. The-mathematical

, .
sentences

+.,
<

+
c; '5 < '7; ... T5 < '1Q; . 5 < '12!;

are ways of writing this fact.

An integer represented la a dot on the number line is greater

than any integer represented :2z a dot to its left; an intFger

represented i a dot is less than any integer represented by a do`

to its right on the number line.
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Exerci:e Set

craw 2 number 7ine like the one bel7w an beneath it write the

integers that are missng.

-6 -3
0

0

. o

On a number line like the one below, locate and write each of

these integers:

labels.
4

2, below the dot which it

(-4) ("0 0 (+2) (+5)

3 Match each set with its best description:

a.

c.

{l, 2, 2, 4, 3 60 Whole numbers

= (... 3, 2, 1, C. mil, ...1(C)Fractional numbers

7 9... 8, ... 3, ...1 (6 Integers

T = {C, 1, 2, 3, (a)Counting numbers

C-opy and complete the foflowing sentences by writing the

correct symbol in the blank space,
r 9 9 ,r r

+
:79 (7) +1421

b. -12 () g. +89 (c) +95

c -8 (<) +6 h. -2( (=-) -26

d. +I (?') -19 3 () 5

e. -.16 ;7-) -3% j. 0 ,!-> -7

Name the integer that is

a. greater than -l2 (IF) d. 5 1 ss than -2. (7)

b. 7 less than C. (-7) e. 6 o greater than 0.0'40

-....,,,a+-,- ,-;.-,a..., ±i (1-)..0 2 less than +9. ( !)

33b
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Arrange the members of the followin7 sets in the order they

would appear on a n=ter line from leact :0 greatest:

,+. -.
0-6, 0,±L4)

7 6,--gC / -i +02:7 V

Y. = ( :, 7'
7) c I -;2t), 7, -/' -.3, '5-2)

_, _

--' = ['I:3, - ,

-,-/ -t-r - \

-,q21,-//-.5,

7 = ( 24, '-:
-4-

i, i_2, .-r; ,*;+s-c4-14

Compare the n=bers a, 0, c, e, and d

which are pictured on the number line below. Copy and fill in

the mathematical sentences. Use the symbcls 11>Y" "<y" or "-."

a -4 d e

a. e (7) 0(.) a

e. d (-) b h. c(.) b

-1! (2) a 4-. +3(>)

3 Name the integers which are

a. greater than 2 and less than

(-4.-7 6 -9)
b. less than 7 and greater than 10.

c. greater than 72 and less than -67)

"0)d. less than 11 and greater than C3:2,f ,

greater than and less than.

Describe these sets of integers as was done in exercise 3 a-e.

-a)

d. f-10) (c/i-24:2-±""t-P-2--4-
-If

A2-042.1 A-4^-41."-



7F:s OPPOSITES

Expressions like "five deP.,rees below zerp, 1:-.,::dred feet

abc. sea two points the hole, yards loss"

ar,: -cry co=sn 7a=.1ace. Wc cxrress

these Ideas:

degrees below zs..c

F'v=. Po-.:e sea

Two points in the hole

Th_ ...e. yard LOSS

* 0 o off. o 1 0
-5 -4 -3 2 -1 0 "I '2

500

points

yards

Look at the diagram above. Each integer is one of a pair.

the zero

fern a pair. Their dots are the same distance from

+.. is the opposite of 4; 4 is the opposite of

Zero is its own opposite.

Every inteer has an opposite.
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7. Write numerals for:

a. negative two thousand twe-,wo.
_ _

positive five hundred fifty.

c. negative sixty-one.

a. positive eighty-nine.

e negative one thousand one.

positive ten thousand four hundred ninety. '/"7/&.=,z-?e,.)

8. Write words for:

a. 3 L, r .

,/

-"-,,pr, 7.....
,.(..,y..o

f4.4.....2 7.2,)
.J. -.,.2, . ,,,"...c.J......-e_.-

a. 6,c6o. -4-4-7 2!7;--5--,-------------e-
'40`e,'-tc')

d- +910.
'.;

9. 7.,That integers are represented by the points labeled by

letters on these number lines?

(a) 4

-20 0 +io +15

(-1) (t.20)

(b) 40.0 0 0 0 0

e 10 0

(-50)
(7p (* (41"°)

(c ) e4, --
h m 0 + 200 n p

'4-00) f

_/

('W) ',Lao)

(d) C'"
e_-

X 0 YE) -r 8 Z(170)
(1')
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10. Write these sers of integers.

a. gres, ter than and less than

b . le s s than and greater than -6

o g:eater than 1-5 and less than -5

(0.0

less than 0 and greater than 0 (2 1)

11. Wr` te these numerals.

n.egative three hundred fifty-four (7554i)

t . negative six thousand eight ooe
.2:3 000)

, ;,ositive twenty three thousand
(--,-

d. positive :''crty seven thousand two hundred ('-`1-7, 20°)

e. negative eight hundred four (-30`14-)

''., . negative five thour:and nine C- 5, oc c?)

;:z .1- c 2 c)
g. positive two thousand twent: ,

,2,
h. negative twenty-five

(---

'-')

12. Write words for

b.

d- +606

e. +41; ( -(it°

c.

(

h . 2,300 (-7.4.,,

rte)

e)

,'-'el-'''
-4-

±- t;a-,,-.....--,L,

--ZL 7.!-Z-:.;_a-,- :tu4

V
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ARROW DIAGRAMS

Sugzested mea-^'-- :

raw a n=ber line with dots labeled with

integers on the chalkboard or place one previously

prepared of tasboard on the chalktray so that

wrIting may be done above it. The later srzges.-

7Lon is a real time-save-.

1-12.:e a child bes-in at T2 on the number line,

count 3 spaces to the right, and tell the number

that la'-)els the dot where he stops. Repea, begin-

ning at other labeled dots and counting to the

right and to the left, At what dot will

you be if you start at 2 and count to the left

s....aces?

The children should make arrows above the

cumber line to record these counts. The arrows

:egf,n at the first dot counted and stop at the

last dot ocunted. The heads of the arrows show

the direction 07' the count. See Figure 19. Arrow

a in Figure 19 shows the result of beginning at

and counting 3 spaces to the right on the

number line. Arrow b shows the result of begin-

n' r,7 at and counting 6 spaces to the left.

4
ti

a

-4 -3 -2 -I 0 +I +2+3 +4 +5 +6 +7

el (1...:*r'4:1 l a

j



After many number lines and arrows have been

drawn, discuss the need for a way of naming the

arrows so the children can speak of them and a

listener can unerstand the properttes of the

arrows without actually seeing them. The ques-

tion, "How can arrow a be desc2ibed?" should

be answered, "It can be described cy the direc-

tion of counting and the .number of spaces counted."

Tell the class that counting from left to

right is considered a positive direction and is

indicated by a "; counting from right to left

is considered a negative direction and is indica-

ted by a

Have the childn ind:i.oate both the direction

of counting and the number of spaces counted on

the arrows they have just drawn on the board. See

Figure 20.

6

3

3
a

+4

-5 -74 -3 -2 -I 0 +I +2'3 +4 +5 +6 +7

Figure 20

The number of spaces counted is the measure

of the arrow. In Figure 20, the arrow repre-

senting +6 has a measure of 6 (a whole number),

and the arrow representing 3 has a measure of

3. Remember that the' measure is a whole number.

The concept of measure is developed further in

the next unit.

Pupil pages 201 and 202 are a summary of the

material above. Exercise Sets 3 and 4 can now

be done independently by the pupils.
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ARROW DIAGRAMS

Diagrams may be used to show the result of counting You can

count forward or backward. An arrow can show many things about

counting. The arrow in the diagram below shows:

(1) lernere you begin to count

(2) The number of spaces you count

In what direction you count

(4) Where you stop,

4

4 0 0 7.

-7 -6 -5 -4 -3 -2 -I 0 +I +2 +3 +4 +5 +6 +7

In the diagram above, we began at the zero dot and counted 4

in a positive direction to the
+4 dot. 4 is called the measure

of the arrow. The arrow is named -4 to show the direction of

count and the measure. The shows direction, t shows the

measure. The tail of the arrow is at zero; the head of the arrow

is at +4.
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The diagram below shows some other arrows. Name the with

integers.
4. r_o 44,

;L.
/

-`
L

ti

* 0 0 0 e

7 -6 -4 -9 -1 n
T,

4- 2 +3 +4 +6 +7

We have agreed that counting in a positive direction mea:-

counting to the right from a reference dot on the number line.

This may be shoAn by an arrow diagram and labeled with the

symbol n n. mea that you start at a reference dot and

count six spaces to the right. The measure of the arrow is 6.

Counting in a negative direction means counting to the left

a reference dot on the number line. The symbol " " on an

arrow diagram shows this; -6 means that you count six

spaces to the left from a reference dot on the number line. The

measure of the arrow is 6.

The figure below shows two arrows with the same measure. One

indicates a count in the negative direction: the vt-ner a count in

the positive dii'ection.

4

+6

0

O. 0
7 -6 -4 -2 -1 0 +I +2 +3 +4 +5 +6 +7

343
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Exercise Set 3

Look at the arrows on the number line below.

(Eg.42. f.a.,,,xers..zw,t4, 3

b. How are different? (.16 4t't 11-151"-11.63

a. How are they alike?

a b d

0 O * *
7 6 5 4 3 2 1 0 +1 +2 +3-4-4 +5 +6 +7

2. Draw a number line. Label it with integers. Draw five

arrows that begin at these dots: 3, 3.

1

+4

+4 +4

5')

+4 +4
to

O.-0 -
41-; -6 -1; -4 "3 -2 -I 0 +I +2 +3

-6
+4 +5 +6 +7

3. Look at the arrows on the number line below.

a. How are they alike?(1 44 -61-' '3t62-`-`"1- 4)d
b. How are they different? '74-19L

b...ime id,4,( 06-1-1-eitLii..44,14i,,Lit-e.4146.44

a

-7 6 5 4 3 2

Draw a number line.

I 0 +1 2 3 4+4
4" a. +6 +7

Label it with integers. Draw four

arrows that begin at these dots: 3, +3, +6. 1.

3

-3 4

"7 -6 -5 -4 -3 -2 "I 0 +I +9.. +3 +4 +5 +6 +7

5. Write the number name for each arrow below.

4 c
(-6)

b ( -2) c d ()

*
7 a 5 4 3 2

n +1 +9 +3 +4 + +7
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6. Draw a number line. Label spec{ al points with integers. Draw

the arrows described below and laI;e1 them.

a. Begin at

b. Begin at

c. Begin at

d. Begin at

0 and end at 4.

+5 and end at
+7

d 44-
C and end at -2 4Sa it4\

0+4
lo-4-4.11.1

-7 -6 -5 -1$ -3 -2 -I 0 +1 +2 +3 t4 ''5 +6 +7

)
2 and end at 6.

7. Writ:: the number name for each a: row below.

4
a (-22.-)

b (-2) d (5)

c +4L.}p.

-7 -6 -5 -3 -2 "I 0 +I 2
+5 +6 +7

8. Draw a number line. Label special points with in Draw

the arrows described below and label them.

Begin at andand end at -7.

Begin at 2 and end at

c. Begin at +6 and end at

d. Begin at
+
3 and end at

+4.

+ 4_2L:L
7.

-7 -6 -.5 -4 -3 -2 0 41 +2 +3 +4 +5'6

Cr4

b +6 0,

9. Which arrow has the greater measure?

a. -2 to +6 +2 to

b. to to +1 or to to -1

C. 0 to or to 0 s-

-o -3)

d.
+
5 to -3 or 3 to -5

4- 2.c.

e. -4 to -8 or +6
/

+9

345
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Review

Exercise Set 1;

At what integer c_ the number line will

a. begin at 0 and count to the right

-begin at c and count to the

begin at o and count 9 to the

Ct begin at 0 and count 5

P begJ.r. at
r6

and count

begin at T3 and count 2

g. begin at andand count

you stop, If you

left?
-

right? (+3)

(-5)

('+

(o)

to the left?

to the left?

to the right?

to the right?

2. Draw al-rows to represent each answe.

with an integer.

in exerc;tce 1. Label

3. Copy and ,ri'e the 7,pposite for each intege_below. Underline

;he greater integer in each

a. 7 )

b. 0 (0)

c.

d. -21

4. Write In words the names of the

b. Ja.

(..P44:174;1414
714/v4S2.)

5. Label the arrows below using

(4)

-5)

4

/-/\
e t6

s°)

f. ;

following integers.

, +.
4,

c

d (3)

4
7 6 5 c. 3 2 0 +!

346
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6. Some of these mcthematical sentences are

Mark them T if true and F if fr.lse.

true and some false

a. +1/ > -99 (.-r)
e. c > 0 (F)

b. 17 > 99 (-7-) f . 1 > 6 (Y)

< -5 (F) C. (1-)

,4
,2 +5

(T) Ti (r )

Choose the largest intec-er from each

a. P = (-29, +31, -50, -1)

b. T = (+5, +1, 2, 1, 5)

c. W = (+23, 41, 30, 29, +20)

d. F = (0, 3, 7, 2, 61

e. G = )

aA4,7toe4-.1 tsff4_g

(-50)

(-5-)

(-4q)

(- 7)

(--7)

( ;1q)

(0)

Choose the smallest integer from each set in Exercise 7.

9. ".::,-J1d the arrow drawn for each of the following be named by a

oositive or ne,ative integer?

a. from -3 to 7 *a,,:;.,) c. fro..i -5 to -1 ( -'-)

/ )

from to !
i

d. 1-om
, -4 to 0 (fr.-;`)

10. Mame these sets of num--ers. The letter us-d for each sot

should help 7ou remember the name of the set.

-

1 4 i7
R

2

'2, ...1 (Ljtr....)
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11. Draw a picture diagram like the one below on your oaper.

Label the sets given in exercise 10.

12. Write these Lubsets of the set of integers.

a. Integers which are positie .1)

b. Integers which are negive

c. Int:7ers which are neither positive ncr negative(i°)
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ADDITION OF INTEGERS

Ob.:ective: To use arrow diagrams as an aid in renaming integers

like -r5 -72; 3 -7; -5 -"2;

To use mathematical se.ltences to rename integers

To add integers with the aid of an arrow diagram

Demonstration number lines; (The teacher will find

it most helpful to prepare sheets of number lines for

the children from a ditto carbon to save time. See

page 355.)

Vocabulary: Rename integers

Suggested reaching 'rocedure:

The material in the I:athematical Background,
sages 312-325 is useful in this section. The

teacher may find it helpful to reread these pages.

Have the children do Exercise Set 5, page 206,

as an exploratory lesson.

F] ace figures 21a, 22a, and 24a, PaE)-

1 557, on the chalkboard prior to class.

=cu have drawn arrow diagrams for a:ercise Set 5. In each of

the exercises you drew three arrows. The second one began where

the first one stopped.

Help me describe the diagrams .

In exercise I you drew a -1-3 arrow and then began where it

stopped and drew a -75 arrow. What was the next thing you were

asked to dr)? (Draw an arrow from the tail of the arrow to the

head of the ±5 arrow.)

hat can we name the '=_soted arrow? -I

'That doe,: the dotted arrow represent? (The measure and

dire, tion of the other two arrows together.)

F.eceat with exercise 2.
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Exercise Set 5 (Exploratory)

1. Draw a number line. Label it with integers from 8 to +8.

a. Begin at zero and count 3 spaces to the right on the

number line. Draw an arrow above the number line to

show this count. Label it 3.

Begin at a point directly above the head of the 3

arrow and count 5 more spaces to the right. Draw

another arrow to show this count. Label it 5. your

diagram should look like this:

-10 -9 -8 -7 -6 -5 -4 -3 2 -1 0 "1 "2 '4 "5 "6 "7 '8 '9 "10

c. Put a finger on zero where you started counting to make

the
+
3 arrow. Put your pencil on the dot where the

+
5

arrow ends. What integer does this dot represent?
41)
Above

the
+
5 arrow draw a "dotted" :crow, with its tail above

the zero, and its head directly above the point where you

stopped counting, +8. Label the "dotted" arm with an

integer. Your diagram should look like this:

e2

4 o o
1 0 "I "2 "3 44 "5 "6 "7 "8

5
t

a. Change e::ercise i by beginning at zero and counting 3 to

the left then 7 to the right. .?how bot7-1 of these

counts with erro-0;,:.
v4

.74
0-7 -6 -5 -4 -3 -2 -1 0 *I *2 3 *4 +5 +6 +7

b. Draw a "dotted" :.c-row which begins at zero and ends at ,

the dot where the counting stops. Label t:le "dotted"

arrow with an integer.

350



4° 4 4 4- -4-4-F°
-7 6 -5 4 -3 -2 -1 0 +1 +2+3 +4 +5 +6 +7

4-
figure 21a

4+ T + .4 f
-7 -6 -5 4 -3 -2 -1 0'I +2+3 +4 +5 4.6 +7

Figure 22a

7 6 -5 4 -3 -2 -1 0 +1 +2
Figure 23a

-7 6 -5 4 -3 -2 -1 0 +1 +2

Figure 214a

+3 +4 +5 +6 +7

+3 +4 +5 +6 +7

Refer to Figures 21a, 22a, 23a, and 24a on
the chalkboard. The discussion should follow the
plan below for each of the figures one at a time.
(Figure 21a is used as an examole):

(1) Name t're arrow which begins at zero. ( .3) Where does

the arrow end? ( 3)

(2) Name the arrow which begins at F4) Where does the

arrow end? F7)

Draw one arrow with dotted lines to show the measure and

dir7;ction of both the arrows together. (See Figure 21b)
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What do we name this arrow? CI) We call +7 the sum

of
+
3 and ++. It shows the measure and the direction

of the arrow sum. +7

+3

4
-p

C

7 6 5 4 3 2 I 0 +I +2 +3 +4 +5 4 6 +7

Figure 21b

A similar discussion of Figures 22a, 23a, and
2.,a should result in Figure 22d appearing as 22t,
Figure 23a as 23b, and Figure 24a as 24'3.

5

41--
3

4 2

-7 -6 -5 -4 -3 -I C,

Figure

p4 +5 +6 +7

-4

co.

-7 6 -5 -'-'t 3 2 -I '3 >4 +5 +6 +7

Figur_ 3"D

-5

'2

-7 o 5 4 3 2 I 0 +I +2+3 +4 +5 +6 +7

Figure 24b
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Review and extend the f.7
following discussion about
and 24b. Direct the discus.-
tions and su:gestions (Fi;.
example):

aeveioped by the
'es 21b, 22b, 231),

i wLth these ques-
215 s used as an

(1) In each of the diagrams, 7;_. first drew two arrows.

Name them for Figure 21b. :3 and +4)

(2) You showed +3 and drawing arrows. Then

you drew one "dotted" a_:roF. which. showed the sum of

the two arrows. Name arrow. ±-

(3) You have shown the sum tne 1:40 integers in two ways

with arrows: first, dn.wing two -_-rows, the second

one beginning at the point ,:here first arrow stopped;

and then by drawing one which represents

the sum o: tne two ar7c mathematical sen-
_,_

tenze to .chow this . (3 + The first arrow

you drew represents the adden ) . The second arrow

you drew represents t:.a. j4. The dotted arrow

represents the sum.

The mathematics' enc,o which th^ children
should write ea. the figures are these:

Figure '3 4- +4 = +7

Figure 13.b: -2 3 = 5

Figure 23b: "6 a =

F4r-re 24t: +2 + 5 = 3

Have the 'ren find several ways of

renaming '6. They should draw two arrows, the

first be--_nning at ..ro and the second starting

at the point were a first arrow ends and end-

ing at 6. The thIrd arrow, which represents

the sum, can then be drawn. This should be a

dotted arrow (tending from zero to the point at

which the second arrow stooped. By studying the

arrow diagram, the pupil can write the mathemati-

cal sentence showIng the reraring. See Figures

25, 26, and 27.

353



Children should understand that each of the

first two arrows they draw represents an addend

and that the dotted arrow represents the sum,

which was unknown. Label the arrows as appro-

priate, with the words "addend" or "sum." Note

that the dotted arrow represents an unknown

integer, the sum.

(sum21 +6

(addend) +8

4-2 (addend)

-7 6 -5 4 -3 -2 -I 0 +I +2 +3 +4 +5 +6 +7

"6 = -2 '8

Figure 25

(addend) +4

(addend) +2

-7 -6 -5 4 -3 -2 -I 0 +I +2 +3 +4 +5 +6 +7

o = 2 4

26

4- I (addend)-
(addend)+7

-7 -6 -5 4 -3 -2 -I 0 + I +2 +3 +4 +5 +6 +7

Figure 27

J 3 -2



The children should now read the material in
their books on "Renaming,Integers," page 209 and
do the exercises of Set c which they need.

This model sheet may be dittoed by the
teacher for the pupils to use in doing the

E.:ercise Sets. One number line is not labeled
so that different scales In be written in

and used.

-3 -2 0 l Y2

0

0 C

'6
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RENAMING INTEGERS

Arrow diagrams may be used to rename integers. The diagram

below renames ±3 + -5 as 2. This may be shown by the

mathematical sentence .) 4- 5 = -2.

4

-7 -6 -5 -4

2 sum

4addend -9

addend +3

2 0
+2

-0- -0-4)--0--e.
+ 4 + + 5 ± 7

The diagram is made by following these steps:

(1) Begin at a point directly above zero and draw a solid

arrow for the first addend (+3). Draw to the right

fol positive.

(2) Begin at a point directly above the head of the arrow

for the first addend and draw a solid arrow for the

second addend (5). Draw to the left for negative.

(3) Above this arrow draw a "dotted" arrow from directly

above zero to the head of the arrow for the second

addend. This arrow (-2) renames

the sum of +3 and -5.

1-3 + 5. It is

Follow this plan: (1) draw the arrow for the first given

addend directly above the number line; its tail should be at 0;

(2) draw the arrow for the second addend above the first =ow,

starting at the point where the first arrows head ends; and

(3) draw he "dotted" arrow representing the sum above these two

arrow. This dotted arrow begins direct_, above zero and ends

at the head of the second Tf followed, we

will better understand our diagra7s
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Exercise Set

1 Study the arrow dlagrans below. 7:11-t,:: mathe7atical

sentence for each:

a <

SUM4!..

addend

O

)

addend

6 5 -4 -3 -2 -I 0 +i
+ 4- + 5 +6

sum

addend 1;3

addend

4 - 0 a 0 0 0 0 a

J 4 1-3 '4 1-5
+6

4-

4
addend

addend

47-

2

SUM

7d f -7 =

'2

addend

+5

addend

< a a a a a

-6 -5 -3 -2 H 0 +2
$

r

Draw a n=ter line and use arrows to Illustrate each of these

35 Y-

a.
7 = -7

7athe: t!_cal sentences.



a.

Answers for

exert se 2, Exercise Set 6
(surn)__ +6

(addend.
(addend)'3

5 -5 4 -3 -2 -1 0 +1 +2 +3 +4 +5 +6

0.

c.

d.

3 Isum)
(addend)

-2 (addend)

* 49it
6 -5

2

40

4 -3 2 -1 0 +1

-6 'sum"
(addend)

+2 +3 +4 +5'6

-4 (sum)

-6 4 -3 -2 -1 0 1

_csum
-7

+2 +3 44 +5

(addend)

+6

( addend) +4

6 -5 4 -3 2 0 41 +2 '3 +A 45 +6

(suml +4
(addend

-5 (addend)
-4.

e.
6 -5 4 3 -2 -I 0 +1 *2 +3 +4 +5 4C

(addend) +3
-6 (addend)

-

-6 -5 -4 -3 2 1 0 + 1 +2 43 +4 45 +6

358
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3. Rename each inter in Column A by matching it with another

name in Column B. You might be able to do this without

drawing arrow diagrams. Look at the f_rst sum in Column B.

It 4s +13 + 2. Can you "imagine" a number line whicl1 has

the arrows 4-13 and on on it? The +13 arro would

begin directly above zero and have its head directly above

4'13. The 2 arrow would begin directly above the head of

the
+
13 arrow and would be drawn 2 spaces to the left.

Its heat would be directly above +11. Sc the arrow for

the sum would begin at zero and have its head directly above

_4_ -
'11. Thus, 1-13 + 2 = anC

A

a.

0

a.

is the answer.

(4 (+13 -2)

(e) (-20 + 4)
et) (+9 ± +8)
ti (-5 +2)

a*-
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5. Complete these mathematical sentences.

a. +8

b. (-0

c.
+20

d. +1

15
15

-15

-15

e.

f.

g.

h.

-2

(-1)

+ (2_1,

+ +i5

+ +3

+ (-3).

='6

. -1.6

-
+,
o

= +6

(''i

4.

.o

6. Use an integer from Column B to rename

Column A.

A

(e,.)a. 5 + 4

b.
+5 -4

(a-)

4 ( ;)

-

a, b, c, and d in

B

9

+1

-1

7.

8.

Mark true or false.

2 is another name for:

a. 4-5 + 3 ''F)

b. 7 + 5 (F)
c. -8 + +6 :F-)

d.
+
2 + 0 (-)

e. 0 -2 (T)

+4 may be renamed, for example,

+3

+1

is another name for:

a. C + +3 (r)

b. +9 + 12 (F)

c. 4 + +7 (7)

d. -7 + +4 ( F)

e. 0 + 3 (F)

+ +3 or 1 + +5.

Rename each of the following integers in two different ways:
;An:a

a. 3, e. '5

b. 4 f. +18

+1
g. 100

d. 0 h. ''OC

?, 6
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9. BRATNTWISTER: °Rename each of the following numbers with a

rr,=eral.

-r -5 - L'O

(v. -1
+

L

-7 ±

G. +12'3 (-1)

e. 8+8± -5 D

. +45 + -46 -r +1 Co)

g. 2 ± 2 ± 2 ± 2 (

h. +5 C )



Suggested Teaching Procedure (Continued after children have

colnpleted Exercise Set 6)

:N:ake sure that the children have an -nder-

standing of the adLition of integers and can find
- 2sums like 3

and 3 drawing arrows on a number line

and then writing mathematcal sentences like

5 -3 = i; etc. Then you are

ready to tell the children that what they ha:- been

doing is adding integers and have discovered how

to do so themselves.

The children should now read

(-17t1s," and "Using the Number Line."

These nay be followed by Excrcise Set 7.

Exercise Set 3 is an exploratory exercise for

.- -7 - r-
-

children discover that when opposites are

added, the sum is zero. in-c, exploration should be

fo77owed by "Opposites," page ==a and Exercise Set

9, :age 221.

Ex.,--cise Set 10 is an exploratory exercise

_o_ discover that in the addtlon

of integers, the order of addends may be changed

with no change in the sum. The exploration sho',:ld

be followed by "Craer tf Addends," page 22L: and

7xe-c4se Set 11, page 225.

It may be desirable to integrate the explora-

tion of "Opposites" and "Order of Addends" into

one development.
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RENAMING SI:XS

When Is renamed from a diagram, when 3

I s rename:', 2 from a diagram, and when 2 ÷ 3 is -,-named -5

-Dm a di.agram, you are finding sums. The sum of 5 2 is

r
= 2; -=nd 2 3 = 5.

:t lc not always necessary oc draw a diagram. Some of you

can look at a number line and Lma7lne the arrowr, without m,:-7.ing

them. Try this.

Find t.:e sum tn :?.ntence: 4 - -2 = s. Look at the

n"m'TPr Tne _Lra-fings, please: :Imagine the 4 arrow,

tl,en the 2 is the name of the arrow for the sum?

It may to ::c .(rd-ows with your eyes or a finger.

--O. 1.--0-0000
-2

-T) 3
-2 0 +2 5 6 7

The operation we use when we think of two integers like -4

and andand get 3 Is 'called addition. :t may be possible for

you to ,c-Id two :.r.tezers wi;;hout arrow diagrams

looking at a numbor 7"'V It to these:

wiDhout even

-r5; -3 +2;



USING Thz Nu Er? LINE

The integers and arrow diagrams may be used to solve problems.

The diagram below was drawn by a girl tc show where a new friend

lived. This is the way she explained It:

The line below represents my street and is marked

off in blocks. : live at the named zeio. My friend

lives on the same street three blocks east; of me. The

arrow shows This. A new girl has moved in fcur

blocks east of my riend. The 4 arro shows this.

The '7 arro'A shows that the new girl lives 7 blocks

east of me.

sum

addend +4

+ -
addend o

6 5 4 3 2 0 +1 +2 +7

The diagram above shows the three arrows. The "dotted" arrow

shows the sum of the other two arrows. Living seven blocks to the

east is the same as living three blocks to the east and then four

blocks east. This is the mean: of the mathematical

sentence which chows addition:

=

+4 =
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1

-20

--.'
1

20 O

6'55

9.50

o'40

4,30

e-r25

5

0.10

4-r5

0 c

D

7-10

!-15

20

The char.e of tempera:-_-- as shcwt by a

t:-.-,mamc,ter may be illustrat v arrow

Look at the the_mometer scale

-,,rtioal number lin...,

labeled with s.

Ihere is a-. diagra7 at o.

the thermometer shows a :Lse of

200 '±^) a hao a fall

f 75° (-15). Me 7,::JuiO. t of these two

char-es is sho:4n in diagram by a 'dotted

arrow D ). Thr.: mathematical sehonoc

which sh0wF.' this

7he orrc' r3iagra71 at thc

therrhme.':r scale sh:_.w7, a fall of

in temoerat-:..i and anohe-r. fall

Tho "dr_ttr_2 arrow showF. the t.:7a1

chango in temperature. Thi -. m-,thematica

sentence which shows th is 15 20 = -35,

Draw a the.-.1...om-ter cale; sket.h in

arrows to show 7110 changes. Draw

arrow to show the total change sown by t::e

two arrows.
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Exercise Set 7

Wre a mathemat4al ece howi:';7 additf.on for each diagram

SU.7.1- -
addend

-2 C.) H -2 4. ."-4 +5 +6

addend

4---0- -0- 0 --0 -0- 4-
60 50 -40 30 20 IC 0 +1C +2( L40 +.5n 60 '70

suit

addend

adden.7

3530 25 20H5 -10 -3 0 +5 +10 +15 "7:)+25 1-Y, '35

500 400 -300 -200 !CO

SUM

4

add.:: J.

addend

0

iO( 1-200 -r3C0 4 ...JO +500



Solve these problems by drawing diagrams if necessary, like those

on page Write a mathematical sentence, using integers, for

each problem.

5. Charles and John are playing a game. The boy with the

greater total score for two games is the winner. Charles has

2 scores. One of them is 5. The other Is '3 in the

hole.'' John has 2 scores. One of them i.s 3. The other

is "4 in the hole."

P. What is Charles' total score? 2)

b. What is John;s total score? Cl --

c. Which boy is the winner?

v. _44c vc=pc..-auul.-c lit a mounLain cabin was 15 degrees above

zero. During the night the -;amperature fell 20 degrees.

What was the temperature then? (÷/5-r--;20=.7-1,2-(:=5,

4.111.g.'42-tuAL. 5- "44-"'" -""j- jj?"4°")
A scientist invented a "subcopter." (A helicopter which car

also go beneath the surface of the water like a submarine.)

The "subcopter" was 30 feet above the water. It dived 40

feet. How far below the surface of the water was it then?
(1-301.-.9O .-_- 4,, -/o /c) Aze

8. Three girls were playing a game. They played it twice. The

girl with the smallest total score was the winner. Jane's

scores were in the :role" and "8 in the hole." Sandy's

scores were "6 in the hole" and 4. Helen's scores were

"9 in the hole" and 2.

a. What was Jane's total score? ( "/5-4.---z--")
,.--/3

c. lihat was Helen's total score? ( c''

(''27t t LIC.:_1,,,,-:::))
b. What was Sandy's total score?

d. Who was the winner? GC"cod rt.41--

e. Which girl was second? c,./.14-6-44-, -<-&-gr-zi ...4.0---ez.,,,)

367
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Exercis- Set

Draw an arrow diagram to help rename

2. Draw an arrow diagram tc help rename

+5

Draw an arrow diagram to help rename '12 rt 12.

/
4 -12

+12

-1 0 +1 +2 +3 +5 +6 +7 +8 '9 +10 +1! +12

4. What arrow did you draw for the sum in exercise 1? Exercise

2? Exercise 3?

How are the answers to exercises 1, 2, and 3 similar?

What do we call pairs of integers like 5 and J. and

-4 and ?

Choose another pair of opposites and draw an arrow diagram to

find its sum. al4,--we't4)-wi2 ;'""f"

8 is the sum in exerci7e 7 the sam: as :hose in exercises 1,

2, and 3?

9 What it the sum when opposites are added?

10. Write a sentence in woress about adding opposites.

368



F;20

CDP0S7717',

You were asked to rename -5 +

In Exerc-ise Set 3.

The diazrarn you drew to rename -4 H- was like 71-1. one

below. The others were similar.

addend 4
*

4 addend

7 6
+7

No arrow was =rawn for the new name of '4. You would be

drawing an arrow from zero to zero. Counting 4 backward and

forward undo each other.

found: -4 + = 0; =0; and -r-1 + 12 = C.

and 4 are opposites; -5 and 7 are oppcsftas;

and 12 are opposltes. We can sa-:

When opoosites are added, the sum Is zero.

369 3
(L;



Exercise Set 9

Whfch of the nurber pairs below are oppc.IItes?

a. 3,
+,

e

J.- -4, r--/

i7 J

c. 7, 2 S.

d. 2, 2 h.

8,

+'3,

C

2. Fill the blanks so the sentences are t:ue.

a. 0

7 +C`72=

C = -5

d. -o) -9 =

e. 0 = 0 +

-r5 6') = 0

3. Which of the followfng are hares for zero?

a. +8 + '8 e 9 + +2

b. -6 + 16 + +16

c. -3 + +3 g. -7 + -7

h.
+
5 +

-
5

Tell whether each of the,s° is a true r tl,ematcal sentence.

Write "Yes" or "No."

a. (+2 + +4) + (-3 + 3) = 0 (P.)
U

-3)
i

b. (+5 + (-5 + '3) =0 (:',-',)

,

c. (-7 + +6) (+6 + -7) = o -,!.)

(8 + -6' + (+4 -2) = 0 Y 71,z)

e. (-3 + +4) + (-4 +
+-.
d) = 0

1, (+9 + -12) + (-2 + -1) = 0 (726)

g. (+254- +5) + (18 + -13) = 0 (7°1)44;'

h. (-17 + +3) + (2 + X15) = 0 (7424-'\)

373
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5. statemo:Its a's tr-:_e about 09

a. 7: is neither positive nor negative.

b. is equal to opposite.

c. It is less than an negative integer.

d. It is the sum of integer and its oppoetej-7-)

e. It is less than any positive integer. (TJ

6. Jse °-Dositl ez or .negativem to com::lete tLese

sente:.:es.

If an integer is greater t:lan its opposite, the Integer

is a integer.

,,. If an integer is less than its c: :site, the integer is a

c. When you add two negative integers, t.e sum is a

/ ier se integer.

d. When you add two -positive integers, the sum is a

!,,
/,,...0:1_, integer.

e. When you add a negative integer and a positive integer,

the sum is a (-11.e.a.;11,) integer if the dot labeled

by the positive integer is farther away from 0 than

the dot labe1J-1 by the negave integer.

When you add a positive integer and a negative integer,

the s,4r is a ) integer if the dot labeled

by the negative integer is farther away from 3 than

dot labeled by the positive integer.

371
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Exercise Set 10

ow the additfcn addends on a number by

0

d^-w'n- arrow arars.

+ -2

S.

5 43 2 : C

-4
2

6 5 4 3 2 1 0

Loo: at your diagrams for exercise 1. Answer these questions.

a. What 4s the first oair of addends-7

b What Ls the second oar of adden-Y:

c. now are the two oars of addend: al4ke'2

d. How are the two Pairs of addends different?
7--

a What do you notice about the new names you found for the

two Da=. rs,)
a.tiv j

. Renam,,F.. 3 by drawin- arrow diagrams.

Answer exerc:LE,3 2 through 2e for these pairs of addends.

4- 4

.` 6 -5 4 32 -I 0
t!- '3 ;

+3

I 0 +I +2

'3 4 = -/



CF AT7Vr'3

in Se; 10 ,7cu c---re diagrams to rename 4- 2 and

an7. renam,:-

something -..er:" Interestinc.

You foond

The dia=ams below are similar to pnes :Toll drew. They snow

the renamfng of 7 anc.

4--

7 addend

4-

-
adaahc--------

0

addend

5

- 42 4 *
0

0 0 e--->
2 0 -f-2 7 4 5

These diagrams show that

inte3er,

You found 2 and

-4 4-3 and each names i.

iur work shows that:

and

each names

the order of adding two inteerc may

changed :.lth no change In the

Addition Ls comm.tative -!.n the set of

:.1te7c-Lrs.

373 3S
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Exercise Se: 11

1. .F_12. tr.e tla--;s so the sentences are

a. 7 -r3 = -7 e. + 5 + -51

b. +14 + -r8 + "14 f. + -18 = -18 +

c. -6 g. -6 -/7 = -!7 + -6

3. -r29 = -12 + 29 h. /e = + -16

2. Complete these mathematical sentences. The ordr of adding

two addends may be changed without changing the sum.

a. 7 + 4 = 47" -1"7 e.

b. = -12 + 6

= -26 + -7

-t?

o +
.

=

19 =

2 Jomplet

a.

the

-6

matb.eratfLcal :3entences with " " <," or "

) -4 - i/N +
P 7 + 2

3 -6 (e.'.J 2- 7 --
+6 + +3 (>) -3 -6 g. 2 7 2

2 -7 -

-6 + +2 is written in each blanyc below, will the

sentence true or false?

a. > -8 + '8 (F) C. < -4 + -2 (F)

< 0
+.- + 6 (F)

c 6 + j g 17)

C. 2[F7) < 7 -9 (F)



Wri te the set whosP merCners ^e:

a. the integers > and <

b. the negative integers > -5.

the integers > C.s.

d. the integers between 2 and

e. the poJltive integers <

'

6. Add the following. Use arrow diagrams only when necessary.

a. o

b. 7 +

c. -723 +

G. =

..,

e 3 '11 - Lt?/

3 r-

7. In each pair of statements; only one is
correct statement.

a. 4-78 > 93;
5 778 > '93

b. 15 > 2; 15 < 2

_
-r11.25 < 2b; -125 <c.

d. 1 : +589

.e 2 < -35;

---

45 > 0; > 0

true. :rite the

,

-58'9

.0)
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8. An airplane pilot SaK that the temperature outsic3.e his

plane was 23 degrees below zero. A little later, as he

was approaching a landing field, he saw that the outside

temperature was 1=0 degrees higher. What was the
, \

temperature outside the plane then? (..0
-c----,4A-0----LAc-- /

9. The teaoher p_aces tne erIzi of a pointer 3r1 a number line in

a sixth grade room. She he moves it along the number linc.

If it was placed at a point labeled +8 and moved 9 spaces

to the left, at .Ghat int did lt stop? El'gi"-`?

10. -these are the scores of three girls cn a game.

Betty "6 'n holP."

!able "9 in the hole."

Ruth 38 in the hole."

Cr'. the next game, each girl make a score o2 12 Points.

What is girlts score t,h7h?

378
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7

sum) 4.,

:den

0 +; +2 +3 +4 +5 +.3 +7

S )

-=-

a

+3 addend)

*--- 6 6

-7 -E -5 -4 -3 -2 -1 0 +1 +2 *3 +4 5 +E. +7

=

F-17_,u.re 20a

3 ,no'.m addend)

7 6 5 4 3 2 1 0 41 +2 +3 +4 +5 +: +7

171,:ure 21a

A dtsc'.:.ssion of each of the four fares
jshould center around questions and su:gestions

H like those wh-lch follow for Fiume 28a.

(1) '::-hat j.nte7,ers are represented by arrows'? ra and '1)

(2) In the sentence, Th _. _ .-: what do these arrows
..

repreent? (The .: arc; represents the sum and the

1 arroI: represents the 1,row-



uoes n reoresco.. In the :en-,:e "The u.r.7non

addend)

7.o7e71:or'_n7 thr-, dia7r=s for re-na:tf_no 7;:C addends as a

21=2h _n 7,7h,2 arro for It

a ':lotto" tn:

=ow. e: '1ure 2-7,b. The arrow for the unknown addend

sho'..Ld be drawn from the head of the known addend arrow

to the head of the sun arrow.

asos :no arrow you .t.ctone::: far tno .,:_n:-:nown addend

be:7:Ln and end': (:t bo7lnz at and ends at

Zabel It b dIre2tIon and meazure.

In sentence,

=

FL7=-2 23a becomes Fi7ure 2Sb as the child-

dna : in the arrow for the unkno:.n addend.

the flo.al form of 71:ure boo. The children should

the simIlarIty of the dlarams for find-Ing

the son In 11 -- -72 = a and the unknown addend in

n = .
Helo children see that the arrow for

the known addend Is drawn first and then the arrow

Is drawn for the sum. In a = 3, the known

addend Is 3 so Its arrow Is drawn first. The

arrow for the sum, 3, ls drawn next. The arrow

for the unknown addend is drawn last--just as the

arrow for the unknown sum was drawn last. This is

a dotted arrow and represents an unknown integer.

the dotted arrow always represents an un-

known Integer. +3 (sum)

irk-swn addend

(known :addend)

-7 -6' -5 4 -3 -2 -1 0 *1 *2 *3 *4- +5 *6 +7

Irmre 25b
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INTRODUCTION TO UNKNOWN ADDENDS

Diagrams may be used to rename a sum when one addend is

unknown. If the sum 1S 7 and one addend fs! 2, the

mathematical sentence is = 2 a or 2 a = The

diagram below renames as 2 and the number represented by

the "dotted arrow.

SUM

c unIcnown addend_,.

2 known addend

7 6 5 4 3 2 2 +3 +4

The arrow for the known addond, 2, is drawn directly

above the number line. It is a solid line because it is a known

addend. Notice that the arrow representing the sum, '7, is

the top arrow. It is a solid line because it is a known sum.

The arrow representing the unknown addend is drawn as a

"dotted" line between the other two arrows. must be drawn so

that the sum of it and the arrow representing the known addend is

the sum arrow, 1.

The arrow for the unknown addend is drawn from the head of

the arrow representing the known addend to the head of the arrow

representing the sum. In this sentence the arrow represents
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2. What integer in Column A may be used to complete each sentence

in Column .7.2,?

A B

-

a. 9 a. 0= ic

1- (-n
b -:-.7.: ...,...: + i " -

0.
...' .

1 c + ') =
. ,

. ,

a. (

,-;
., ,z,,i + -,-,,

= +,

+ '
e.

- e. n 7- ',......, ) =

f
+,......., ±,,,/"...,_'\

f 2
, +71:

3. Complete the follong sentences.

+7 = = -6
a.

d. 4- =

ZD

h. /) 9 = -2

4. Rename the integers below by completing the mathematical

sentences.

a. 3 + + = .-:-C e.

(`. - +
'

,t + -
11-, _ r

- JU 12

f \ .

7 5 -,. ,,.------= , g . 7--- -A ._. -1
C .

2z -,- 7

14_ --

l ± C ) /' = 9'
-_,_ (-5-) --1

d. h.



92=1

5. Diagram each of these mathematical sentences tc find the

n known addend.

a. 4- m =

b. n 1

c.

= 0

a. S =

2 4- p =
_
9

(+,

6. Cclumn A represents temperatures at 5:00 a.=, Column

represents temperatures at ]-:00 t.m. ne total change

in temperature between 6:00 a.m. and 1::00 P.m. ITsean

integer to indicate the amount and direction of change.

Monday

Tuesday

Wednesday

T. Below is a list of cities and the location of each. We think

of directions north of the equator as positive.

Hilo 20° north

Rio de Janeiro 23 sou ;;h

San Francisco 38° north

Lima 72° south

a. San Francisco is (6/) degrees north of Rio de Janeiro.

b. Lima is (32) degrees south of Hilo.

c. Rio de Janeiro is degrees south of Hilo.

d. Lima is (CC) degrees south of San Francisco.



S1.10:ested

A,Ther 77x.,rc..'se Set 1E has teen finished and

those exerctses disc.. :.ssed which need to :e dis-

cssJ-d, a s=ary of t,he

unknown addend is recorlmended. for

t'r,se tw-) 7ent,-nces

on the chalkboard: +5

How have been .:entences

la:ra7. 7:- on

a nu:7.1:er Ine)

the sentence

te:17

the sentence':

7,h2

= 75,

arc

what e:_.,oration is indica-

n ca77ed In

are you as::cd to in the sentence? (2he s*...77.)

'L) centence. ;Zoe re 2:7 -;.'hat inte:r?r

does na7:T

(

raddend) *5

-5 (addend)

-6 -5 4 -3 -2 -I C +I +2+3 +4 +5 *6

= n

(Y) Zou have ren(.::led as You have ba,n add'nc

1o*,,: have a7so teen f'ndinF; n is senterees

r = c'.id you find the inteE;er n7

(
with arrows on a nu.77.br line)



(6) In the sentence "5 + n = -2, give the names for +5,

for n. and for 2 in the sentence. (-5 and n

are addends. '5 is the known addend and n is the

unknown addend. 2 is the aum.)

(7 What are you asked to find in the sentence? (The un-

known addend)

(8) Diagram the sentence. (See Figure 33) What integer

does n name? ( T)

<_-2 (sun)

-7 (addend)

(addend) '5

-6 -5 4 -3 -2 -1 0 +I ÷2 '3 '4 *5 #6

7i:ure 22

(9) is the su7, rena7.ed by the dia7,7"a7.'; "7)

(10) Ey renarcln7 the su7, you found the unknown addend. What

operation Lc used to f4nd an unknown addend? (Subtrac-

lon;

'rite addt'on centence

'Lion sentence. (n 2 -

n = as as a subtrac-

The teacher should remember that the aim of
this unit is to develop vocabulary and meaning
for addition and subtraction -f integers by the
use of diagrams. Mastery is rot expected or
desired at this time. Each child should be able
to add and subtract integers using an arrow dia-
gram. Some children will be able to add and
subtract integers without a number line; however,
do not recuire this of all etudents.

The children should now read "Finding an Un-
known Addend", page 212, and do Exercise Set 13,
page 2:3.
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FINDING AN UNKNOWN ADDEND

The process of finding an unknown addend in a sentence like

5 + n = 7 is subtra.:tion.

The diagram on page 225 renamed 7 as -2 + + 9. It ..lelped

you find an unknown ac end Which is the result when you subtract

2 from
+
7.

The sentence n + diagramed below and the steps

outlined.

3

7 6 5 4 3 2 1

A soli d arrow for tl-.e know- addend, +7, is drawn .

(2) A solid arrow for the sur, 3, is drawn.

3) A "dotted" arrow for the url:/znown addend, n, Is drawl:

from the head of the 7 rrow to the head of the 4-2

arrow.

(4) The "dotted" arrow is named 4.

The subtraction of integers may be shown by drawing arri,:4

diagrams. To show subtraction by the use of arrow di Trams,

must find an arrow to represent an unkno::r,

,
tJ<t4
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Exercise Set :3

1. F.lhd the unkno-n addends. Yjoe an arro dfa,s.

a. u + (4'7) = +3 e.

b. (÷3) -10 = -7
+
12 = -5

C. +1f., -(4-s) +34 -7 (473)*:-- ÷6

d. l2 (-1) = h. ('5) + -15 = -10

2. Use arrow diagrams to find each unknown addend below.

a.

b. (+5) - 7 = -2

C.

a. 1+5) =

3. Diagram on a number line

g.

(....f1) -2 =

--(-7C)=

42)=

(7) = -4

Two trains started from the same sttion 10.,:t traveled in

opposite directions Trai:-. A traveled north at the rate

of 46 miles per hoL,u. Train 3 traveled south at the

53 ner How far north of .rain

woulf train A be at the end of the first hour?

(7 J,e_99

b. In a game, Janes score was and r',:ary,s score was "23

in the hole." How many points was Jane ahead of Mary?
7? e-/

Z.'



The "Short Cut" Method For Subtracting Integers

Suggested Teaching Procedure:

The children should now be able to recog-

nize a short cut for finding an unknown addend,

i.e., for a subtraction. Some of them may have

i

made the observations to which you should now

I direct their attention. It will be important

to observe again that subtraction is finding an

unknown addend and that, for example D - j = n

has the same meaning as '5 = n -3.

In finding the integer represented by in D - 3 n

we are finding the unknown addend in 5 = n 3. We now how

to make the arrow diagram.

4 -3

4.5

7s the arrow that reoresents the unkno-,7n addend drawn .trom

a point just above the head of the arrow representing the known

addend,)

To where is 1..t drawn? cTo a point directly below the head

of the arrow representing the sam )

Which one of the symbols " " and " " can we use to

denote the direction in -hich it drnwn?

What is the measure cf the length cf the arrow which repre-

sents the unknown addend (S)

The number gi-,-es us measure of the arrow. The

denotes the direction in w:lich it is drawn.:1
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Some pupils will quickly understand that

they need not "count"_,to get the answer. They

will in the example '7 + n = think some-

thing like this, "To go from 7 to -6, I

go from -7 to 0. This is _7 spades to the

left. Then I go from 0 to 6. This is six
spaces to the left. I have gone 7 + 6 or

13 spices to tie left so my answer is 13."

For 5 = 3, a pupil might think, "I
go from '5 to m3. This is 5 - 3 or 2

spaces to the left. So my answer is 2." Our
goal at this stage is not to have all the pupils
thinking in a rather sophisticated manner,but
certainly any such observations by the pupils
should be encouraged.
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The " Short - Cut" Method For Subtracting Integers

Exercise Set 14

1. One addend in each of the following is represented by n.

What integer does n represent in each?

/ N

a. +2 n = +6 (.4'4) f. +7 + n = -2 (-4)

b. 0 + n = +5 (+C') g. +5 + n 2 C-7)

c. 2 n = ÷z C''E) h. +3 + n = -2 (75)

n = +6 (+ /o) i. +1 + n = 2 (3)

e. -6 + n = +6 (4-12) j 1 + n = -2 (-/)

2. What addend is represented by in each sentence?

a. n + -5 = 10 (-5-) n + +1 = 10 (+11)

b . n + 3 = 1C (7 e . n + +3 . 10 (-/3)

i _o
(-7'5)c. n ± -1 = -10 L ') f. n + +5 = -10

3. Find the unknown addend.

+112 = + 8.n + 4 (;
b. 7 = 3 + n (j4)

c. -8 = n ± +6 (-i4)

A,.

e.

.
1..

+9

14

-2

+. 2 + n

= n + 2

- -1 + n

7(+)

(16)

(--f

That integer must be added to each of the following to

obtain a sum of 6?

a. +3
+9 (-3)

+co, (+-/

e. 9

c. 0 -J
+5 (+3)



P235

5. Write a true mathematical sentence using addition and these

integers:

a.

b.

-6,

5,

+8,

3,

+111

-8

Answer: +8 = 6 +14

-4, +2, -6

d. +6, +3, +9
-t-

e. -6, +3, -9

f. -6, '3, +9 3 = 6)

393
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WRITING SUBTRACTION SENTENCES

Subtraction is the operation of finding an unknown addend.

Sentences like these have unknown addends.

n+ -5 =

2 + n = 5

= n

+12 + n

To find n, the known addend is subtracted from the sum.

To find n in n + -5 = +8, -5 is subtracted from 8.

To show this in a mathematical sentence you may write

n = o -

2+ n= 5 may be written az n= 5 - 2

+ 6 = n +
+
2 may be written as n = +6 - +2

+8 = -12 + n may be written as n = +8 - -12



P237

Exercise Set 15

1. Write the following subtraction sentences as addition

sentences.

a.

b.

c.

d.

e.

-
9

7

27

35

=s

-.
1-
12 = i

=ac

r25 = t

- +21 = h

(

-5 =

( +27

1.3)

+'11)

-.6 -(7)

h.

i.

j

-18 - -13 = g
Cfg

`35 =
(*I -4.+4-35).

'45 - -17 = a
(-t-Lf.5-= a t -17)

-45 - +8 = d

-12 - '16 = e
t'10

2. Rewrite the following subtractio7 sentences as addition

sentences. (

a. -4 - -2 g
(_

47-

b. 7 - -5

c. -3 - -7 = r
c,r

d. +2 - -8 =

_ _ 1

7= 3)

L gt)

3. Choose an integer frcm Set A to

each of these.

a. - c +2 /.crlj

,

b -6 - a = 2
g

L. i

+,. (+0, \)

c _Lc - n _,-

---, (--.2.0.)

d.
+
12 - d = ,_,

/-,
..-.. -9 ,.. -je. 10 - y

f. = '14

I'vccx-e5

e. 6 - 13 = c
.-.: -6)

f. .7 _ .9 = a

g

=
+12 - +5 = t

h. -? - =\15

(-"? S

use as an unknown addend in



P238

Rewrite as addition sentences. Then

a. -17 - +5 n

(-17 =

b.
+
10 - 2 =

C:

-3 - +8 = a
(-3

d. +2 - -6 = c

c.

5. Copy and complete the

find the unknown addend.

e. '3 h
+-+3 =1'0

7 - -32 = e
e+ -32 ,f:'-f-25-)

= r

h. - -16 = s

-t- -14, s

following sentences by writing the

correct sign of operation.

a. 5 (-.- -7 = 2 e. -1 (4-) +6 = +5

b.
+
1 (+) -1 - 0 f. +18 (-) -3 = +21

c. +13 (-) 10 = +23 g. -2 (-) -14 +2

d. 9 (+) 7 = 2 h. +26 (-) +11 = +15

6. Mark true or false.

a. 2 + -3 = 3 + 2 (7-) e. - 12 = -12 - +3
(P)

b. +6 -4 - -4 +6 (r) f. '3 =
_,_ _
'3 - 2
(F)

C. 5 - 3 = -3 - -5 (F) g.
+lo + -18 = -18 + +16

(7-)
+ +

d. .
_
7 -5 5 = 5 - L') h. 9 = 9 - 3.4
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C) 0 1 , c1- 1-j C'
c t C) 0 cr c t' r.:

0 ,..,,

0.. . 0 0 (..) i...,,'i ( , :1 ., 0 :i
0 ,-;
C) I-2 ,- Cl)

ct- ',..1 :i CI P 0
P. c t. 3-.: 0 P,
o C) 0 (t- 1) 0
:3 C ) I - 1 )

0 _'. 0 c t-
0 '3 0 1 .,, 1 , c t-

1-3' Ca () 0 13

11) 1 0 : I
! -' : 3 o

ct I ., cr cr- Ca

Ca CD 0 CO

p C't cr-
is 0 c t-
j -j 13 0
0 0 CD -4.,

::,
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REVIEW

Exercise Set 16

1. Add these integers. Try to add them without the use of

arrow diagrams.

a.

b.

c.

+
7

-6

+10

+
+
3

+ +9

+ 5

(mild)

C' 3)

d.

e.

f.

4

-14

-9

+4

+ +6

+ -19

(0)

(3)

(-3)

2. Try to find the unknown addend without the use of arrow

diagrams.

a. -7 - -3 4) d. 12 - +5 (-/7)

b. +6 - +8 :2) e. +18 - -2 ('-'26')

c. +6 - + (-5) +5 - -5 (1-/°)

3. Perform these operations. Try to perform them without arrow

diagrams.

a. +3 + -6

b.
+5 -

-7

= 3)

ct. -8 4- +13 L---7

11 + 4 C= -45)

e. -4 - -3 (=

. +8 - +10 C= -2)

4. BRAINTWISini. Perform the following without the use of arrow

diagrams.

a. -625 - 5 (=-C-5°/

+, 7= +°?2,
b. 999 -

c. -455 -55
-5/0;

-21,376 (= 6)

d. 2,300 + 4,60)

e. -7,225 +125 (---;-7,/°)
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. On any number line, how many units apart are:

a. the 9 dot and the 4 dot? (F)

b. the 6 dot an: the +3 dot? (9)

c. the 10 dot and the +10 dot? (20)

i. John has a score of 8 points ("8 points in the hole") in

a game. How many points would he need to earn to get

to a score of +5 points ("5 points out of the hole")?

We can think of this in this way: "What integer must be

added to 8 to get a sum of +5?"

8 + n =

n =
+
13

He would need to earn +13 points.

a. How many points would he need to earn to get to a score

of +8?
/+/,,

'.. /

b. of +10?
(q- IQ)

0? ,.

C . of +2?
(+,0 )

, /

+0\
d. of 0?

(
01

7. The lowest temperature ever recorded 1.. United States was

70° below zero at Rogerts Pass, Montana. The highest

temperature ever recorded in the United States was 134° at

Death Valley, California. How many degrees higher was the

temperature recorded at Death Valley than the temperature

recorded at Rogerts Pass? = '244-",tf24-124412-

4--Ixe=

8. Mt. Everest is 29,028 feet above sea level. The Dead Sea

is 1,280 feet below sea level. How much higher is Mt.

Everest than the Dead Sea? (4--29,c:8---7;80 = 3 6 2 1 2 j d "'"d-
cow S 0 , 30 g led CLe.e.

399
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9. Complete the addition chart below. Add to each integer

given in the left column the integer given in the top row.

Use arrow diagrams if you need them.

21,DDITION CHART

Addend

Addend

+ -4

1

1 0

I

++1
2

_.+,

+4 0 +! -2 ' 3 is 6 7 +3

+3
4t- -5 ' 6 ' 7

+2 -2 -r ,, -11. a -t- .,-,i_ +5
+1 -1

O +a
*. tli- 5-

o -1 0, r1 +:2. 3 +.414"

1 3 o 1. 2 3

-2 4, -5 3 -1 0
+,2.

3 1
-1

4 -s c

10. EGamine the chart and list as many relationships as you can.

71,427

cz.t.a 41."-r'e '

A...6-u,- -C.c.,

ti) -Lift ;

0-. .Cc.,
ZiGue,

aj.i.-ottL w ; c>.Ca 4-
W60.. -.:kert

5 .11 -r- -3 a ,aides
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17. Complete the subtraction chart by f'lling in Ihe unknown

addends. Subtract from each integer given in the left

column (t)-.e sum column), the integer given in the top row

(the known addend row).

There are three ways to find Integers to comp:ate this chart.

Suppose you are subtracting 7: from D. You could write

5 - 3 = n. You can write this as F-1 ayidilon sentence

5 = n
-
3.

A. Then use the addition chart.

C.

is the sum and -3 Is

one addend. Find in in the left column of the chart.

5 is in the row to the right Qv The integer in

the top row In this cc]umn is -2. So 2 is the

number that is represented by n. 2 belongs In the

subtraction chart in the row to the right of 5 and in

the col= headed by 3.

You can use the counting method to find an unknown addend.

You would count from the known addend ( to the sum

(5). This count would be to the left for 2 spaces,

so n is 2.

You can draw an arrow diagram to find the unknown addend.

You would draw the arrow for the known addend (3) and

for the sum (5). The arrow for the unknown addend

would start at andand have its head at 5. The

arrow would be la:::ele-1 2.



Known Addend

Sum -z.., 0
±3 +4

T4,, +6 ~S 4-4+
f3 +2

"L_Z 1 c 1

+2
(.,,..

+5 mac... .....
i ti 1 -.2

-I- 4.14. 3 o 1 -;
l . -2 -3

0 -z_:_ ÷ 3 2 -1 i c -1 -.2 -3 -4,,

-2. -q- 3 -7,z, 1 0 1 i_ ---2_ 1 -3 -* 5

2 __ 0 -1 -2.
t

-3 1 -z+ -5"

-3 t o -1 i -2 -3
..,

4:- 5 -G, -7

-4 0 ! --2 I --,, I -q- -5-
I

-7 F

2. ExPrine the chart and list some relationships you noticed

as you made the chart.

When two whole numbers are added, the order of

Ithe addends may be changed without changing the sum.

13. That property of addition is stated above''(

14. Select at least five pairs of -hole numbers. Add them to

illustrate this property.

15. Select some pairs of integers and add them. Decide if this

property also applies to the addition of integers. (-"d`6')

16. If this property of addition of whole numbers also applies to
tea& kx4r,"de* 4'4

integers, write the statement of the property on your paper.

L'-02

4 1



the ca':

Acea .L.ater.f.

-3 )

2. ,

+2

+6

'2 azicLA-4--(-1. )

5. , )
10

6. ( -8 )

7. ( 0 ) +8 -8 (a -P;1,-*

8. (--,/,!, )
i

9. ( -6- )
-:-...

( -12

10. ±...
2, ( --'? -6 1 ,

11. ( -`. :5) 12 +3
i

1

12. 11

13. (+310)
+24 ,

+12
I

1

S

()
14. +18 -2 1

,(-22)

15. ( 0 ) -1:
!

Th

4



The followln7 exercise:: aro Ln::1-..:.ded for ;he

teaoher to 1..zo or as su.77c..st-Lons for

test Ltenls.

770 =S73

o-

<

2 W-'tP Ln wc-As:

a.

>

C <

> 56 (r)

Draw a n=ter Looate the me7-.ers of Set A on

43 +4
7 '07 L70 )

Let Set C represent the zet of intezers. rte 3 subsets of

Set C so that the union of these 2 s,,.lbsets will include

r,24.-t ,,-, y .,,-..t,.:4---
every integer. L.,4111.... /.e.-.1 ez.......c..-t-.

Cd-r-r-e 0."-C-- 7C-4--v--

-.7.

. Wr _to e integer that is

a. less than zero.(-3)
-...,-,n opposite of Y2. (-2)

7.ore than -S. (--.4` e. le:s than 15. (,"5)

7.,
5 mor than (_:ji mcre than -4. (4-5)

6 Co7.: and wrf_te the c0000Lte of each f_ntezer below. Underline

the s.-,,ater of oaoh

a, -7 /*7)
()

(0



How 7:any Integers are there'7

. Choose an 'nt.7.r 'r-
_

a.
/

=

P.

,L = '

= Kai

16 = (d)

Comole,. each .xer.s-cn

a. 2c celow zero (-2) degres

b. 5,2F,C ('1528o)feet

c. $200 ---"-- (-2a0) dollars

c. north of the ec-,:atcr *38) eCrees

e. a gain of

10. Cc7c-°tP:

(460i pounds

a. If an integer ,greater than its oppos th.

If an integer is the se=e as its oppos4te, th.

s

.;"

negative '^t.7._ 's than any

positive intes.er.



2hoce thr. ccrnet hzw.'r:

nnothar hnme

Ls ar.07,her fol": is a_lother name for:

o
,

-A- te the dould be the sum of:

(a) 2 ne7ative Integers (a) 2 positive integers

(b) a negative n=ber
and zero

a positive integer
and zero

;(2) a pair of opposites (c) 2 negative integers
_)

(d) 2 positive :-,.tege-s (d) a pair of opposites

ser:tence is diagramed?

4: -3 -2 -! 0 +I *2 +3 +4 +5

a. = C.

=
(



13. !ark true or false:

±..
a. ± = -

=

14. Add:

a.

+7 =

15. Subtract:

41= /Q.//

a. -

b. - = (,-s)

16. Complete:

-:,;:,,

a. -7

b. -4 - -2

=

=

-2 -

2 4,-

±

+5 (=-)

-12= (0)

= (-6)

=

-.:-1(-±v2) ,

e. --: +9 ± (*6)
-i-.(0) ,- - -17 = 6 ± (-8)

-r4
C _ -9 = -9 + (25) :7. L. ±

7 7
+ ()- ''

(*/0)

17. Complete the table co chat a + b

a

(4-

o 8
i

(5) (To)
1 (--;"3)

(4-/c2) (-8)

407

)1
(17)1 (q3)



18. Complete :he table so that a -1

(, 5) i ,(7-10'; (2

79. Nark

(71
/

true or false:

a. Addition is always possible ,.it .._n the set '

integers.

b. Subtraction is ____ways possible within the set of

integers.

,/ j

c. Addition is always possible within the set of

negative Integers.

-1 d. Subtraction Is always possible within the set of

positive Integers.

e. Subtraction always possible within the set of

negative integers.

(r) f. The o' a pair of opposites is zero.

(F) g. The sum of any integer and C is zero.



?URPOSE CF UN:7

2ha,:ter 5

The pupllls expel-lence In 7athe7.a:-.:Ics has :-e.lope.t

understantLn; of cc-I-sta.::: sets of ..members anc! operatIons

them. He has also been introduced basic concepts about

space and certain sets of points in space. The association

of ideas about space with ideas about numbers has been limited

to the number line and to use of numbers as measures c

segments, angles, and regions.

This unit presents the idea that the location cf sets

of points in a plane can be described by the use of reference

lines and numbers which are called coordinate systems. The

particular coordinate system emphasized is the rectangular

coordinate system, in which Points are located with reference

to two per-pendicular lines.

MATHEMATICAL BACKGROUND

The idea of relating concepts of number and concepts of

space is one which developed late in the histcry of

mathematics. In fact, not until the work of Rene Descartes

(1637) was the idea developed in a substantial fashion.

Because of Descartes! contribution, the system of coordinates

studied in this unit is sometimes called the Cartesian

System.

The system is based on a one-to-cne correspondence between

a set of numbers and the set of Points on a line. To set up

a correspondence, we choose any point A on a line and agree

to let it correspond to the number C. We choose any other

point B on the line and assign to It the number +1. Using

AS as unit, other points are located to correspond to the

4,numbers '2, 3, +, and so on. In the opposite direction

from A, points are located to correspond to 1, 2, 3, and

so on, so that the points corresponding to a number and its

opposite are the same distance from the C-point, A.

4L,



-.umtor w icn corresi_onts to a

n_moer is t tne 2._ _hate tne

on tnc u:....ce:. he -....:n oorrespcnds to a

tne umber.

:n tnls unit, t..e n mters used as ._rites are tne

lntesers. However, t:.er te ,se, as coordinates

.Ln more at.'an.:ed For exam;le, ,...ere is a ;oint on tne

line correspondins to each ;ositi;e and nesari:.: atio:lal number.

;,-isc :here are stili other points on tne lih, correspond_ :p to

numbers called irratonal oom:ers whl cannot be expressed as

rational nu.mters.

The process of sra;n l a se: numters consists

_.,cat_ .G on a .umber line the : _..ts which correspond to those

numbers. Consider the set of Intesers:

To sra.;-,.. this set, a cnsen as a ....saber line, the

,,pint scrrespondins to 0 and are=,re selected and labeled,

and a scale is mar-,:et. 3ff. t=r,:er tot is then placed

tne n,_mter line at each wnicn corresponds to a number

the set. Tne three nea.:Ier acts are the s2aph of this set.

Tne se,sments cennectins these dots (except for tneir endpoints)

5

are no: ;art the zrapn. This Is troc- because a_.. points of

tne sesments, tner tnan the three market by dots, correspond to

numbers whicn are members the set to se srapLed.

By co,rtinates, many seometric ',luestions may be

answered ty tne m_ nods of arithmetic. For example, suppose

we wisn to find tne lehsth :he ses.ment whose endpoints are

G, wIto coordinate 3, and C, witn coordinate +2 so the

number lne anoo-.e. 7f we so.btract the coordinate of one

point from the coorainat,, tne other point:, we obtain an

answer wnicn tells us toe number inits and direction from



the first poin bezond Zinc- , ,
e ,:now ',hat '.., nits 0.os direct_

'--- In a similar 7anner, snco

oflint 'r-,..ction fro-

Tr. either ca apar t

_ength Tif

This system mal-:es possible to -cr_be sets Into

on a line by inz occ_iinates. For example, can steak

of the oes-ment whose endpoints ha 7.-e the coo_ Inates 6 and

whose ondocint has coordinate 2 and which

contains the i..7 whose coordinate is However, this

system does not ma,:e it pcs--'e -0 describe

whose points ar.: not a_ the s7,me su.ch as a zriansle.

dc this, coo way of asinz numbers c describe the location

any ane is recn:Ired.

A secor. number line is therofc:--e introduced which

Intersects he first at the point corresponding to C. In

the coordinate system oresented in this unit, the second

number 's _pen _lar to the first. The same point

corresponds to on both number lines, and the distance

between the potato corresponding to 0 and i is the same

on both -Ines. now call each number line an axis. It is

con-ientional to draw the first =ter line in a horizontal

position. It Is called the x-axis. ?dints correspondinj

pcsiti7e numbers are to the rls-ht of the 0-point. The

second number 'ine, to a vertic1 position, o:.lied the

;y -axis. Points above the C-point correspond to positive

nambers. " ----e.7--nts toThe point of

o on tot:: axes) islied

To identify a boint A in toe plane, e assi8-n It

two coordinates, de _..et as follows: Fr7m A. lines

are drawn :'en.._ _bar the x-axis and the y-ax's .



Suppose the perpendicular to the x-axis intersects the x-axis

at the poin This number Is the first

r

coordinate, or x-coordinate, of
T
point A. Suppose the per-

pendicular tc the y-axis intersects the :-axis at the point

corresponding to -r2. This number is the second coordina-:e,

or y-coordinate. of point A. The location of A is thus

described by the pair of numbers, 3 and -r2. We use a

standard mathematical notation for the two coordinates by

writing them within parentheses, with the x-coordinate always

written first. The coordinates of point A are (3,

Since the order is importantthe point wI-,h coordinates

'2) is not the same as the point with coordinates

3)--these pairs of numbers are called ordered Pairs.

The fact that (3, '2) is the only ordered Pair which

can identify tne point A with reference-to these axes and the

given unit is assured by these facts: fri.m A there is only

one line perPendicular to the x-axis; this line intersects

the x-axis In exactly one point; and the point of intersection

corresponds to exactly one number on the x-axis, 3. Similarly,

there is only one possible y-coordinate for A.

Suppose now we to graph the point P which

corresponds to the ordered pair -5). The two cobl7dinat;:s

uniql,:ely determine the point P for the following reasons:

At the point cc7=esponding to on the x-axis, there is,

in the plane, only one 7,r. e perpendiclar to the x-axis.

Similarly, only one line in the plan::: is perpendicular to the

y-axis at the pont on the y-axis .;:hich corresponds to 5.

Tnese two lines intersect in only one point, the Point P, and

Its coordinates are (-%, -5).

412
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+2

I 01 +! -2-3 45
1 i
2 I

;

4I
0 (4,-3)

The method discussed earlier for finding the distance

between two points of a number line 7 be used to find the

distance beeween two points on any line parallel to the

x-axis or parallel to the y-axis. Consider the points

A(3, 2) and E(÷3, Since these two points have the

same x-coordinate, A= is pa-271g,7 to the y-axis and 3

units to the right of it. Thus AB has the same length as

the segment on the y-axis whose endpoints have coordinates

+ L: and 2, and this lenEth, as we have seen, ,:an be frur-d

by finding the differenc7: of these y-coordinates. Since

- 2 = +6, point E is 6 units above A Likewise,

-2 - .12 = 6, so A is 6 units below B. Thus the

length of AB is 6 units.

+Y4 B (+3,÷4)

+2

3 2 I 0 +3 +4 Ic

2 I - A r+3,-2)
3

tl



It is interesting to explore the effect on a polygnn of

adding an integer n to the x-coordinate of each vertex,

leaving the y- coordinate unchanged. We find that this

operation "moves" the polygon n .units to the right if n

is positive and r. units tc the left if n I. negative, but

the new polygon congruent to the original one. In a similar

manner, if an integer m is added to the y-coordinate of each

vertex, the polygon is moved upward by m units if m is

positive and downward by m units if m is negative.

It is also interesting to explore the effect of multiplying

both coordinates of each vertex of a polygon by the same

number. We find that the polygon whose vertices have the new

set of coordinates will have the same shape, but not the same

size, as the Original polygon. (The polygons are said tO be

similar.)

Coordinates may also be employed in the study of

reflections. The concept of congruent figures is a familiar

one, 'as is the info:-11 test for congruence by placing a

tracing of one figure on the other, to see whether each point

of one falls on a point of the other. In similar fashion,

one figure is the "reflection" of ,-other if they are so

.:.aced in the plane that by "folding.' along a line in the

plane the congruence of one figure to the other can be

demonstrated. One figure is thus seen to be the "mirror image"

of the other. The particular lines of "reflection" emphasized

In this unit are the coordinate If figure A is a

reflection figure 3 with respec to the y-axis, then

for every point of A there will be a point of 3 With the

same y-coordinate but with the x-coordinate replaced by its

opposite; and likewise for every point of = there will be

a corresponding point of A. If figure A is the reflection

of figure respect to the x-axis, then for every

of A there will be a point of 3 with the same

x-coordinate br,:t witr the y-coordinate replaced by its opposite.



In sor:le cases half of a figure is the reflection of t:te

other half with respect to some Line. Figures of this type

are said to be symmetric and the line is the _Line of

symmetry f axis of symmetry. This means that a symmetric fiz.ure

Ls a very specia_ toe of a refiectiontnat reflection in which

the line of reflection j es "right through tne middle" of the

Polygon ;,BCD is a symmetric

figure. Tne reflection of 77,

AD, and D in are 7.7,

BC, and CF, respectvely.

P,
!F.

Also, tne reflections of 77, SU,
t

and CF 'n a are BA, AD,

and DF, respectively. The line

of refeoton, s also.

called :he line (or axis) of

symmetry of the symmetric figure

A ordinate system different from the system of rectangular

coordinates discussed abJ.:e is tne system of polar ordinates.

In this system, a horizontal ray OX extending to the right of

the endpoint C is used for reference. The two :lumbers used

to describe tne positioh of a poiht in the plane are the measure

of a segment and the measure of an angle. The endpoint of the

ray, 0, is called the pole. In the s<etch below, the position of

point P nay be described by stating the measure of angle PDX

and the measure of

It is understood that -_ne measure angle is to be made

"co-,:nter:;:.ockwise"--tnat is, OF Is in the direction fro:.. OX

wnicn is the .;;;:S.L.:, fr.:m t:.at s_ig,:ested by tne movement of tne

c



hands of a clock. It is clear that if OP has a length of

6 units and roL?OX In degrees is point P is uniquely

determined.

The polar coordinate system is not discussed in this unit,

but one of toe methods for locating a point discussed informally

in the first section makes use of the idea of this coordinate

system.

OVERVIEW OF THE UNIT

Toe first section of the unit presents the problem of

finding a way to iaentify a point in a plane. Three methods

are discussed informally. One of these depends upon the ideas

of a rectangular coordinate system (toe one we will use), and

another of a polar coordinate system, although these terms are

not used. The third Liepends upon toe fact, familiar to the

pup-1, that any triangle w:lose sides are segments with three

given lengths is congruent to any other triangle whose sides

have the same lengths.

Coordinate systems are then introduced, first on a line

and then in a plane. The coordinate of a ooint on a line

defined as toe number which corresponds to it, and the ,;rah

of a number as the bolnt which corresponds to it. A method

for finding the length of a se cot by means of coordinates

is developed. The use of two perpendicular number lines and

an ordered pair of numbers to describe the position of a

point in the plane is explained, and practice is provided in

finding coordinates of Points and graphing ordered pairs. In

some exercises, segme-its connecting pairs of points to form

polygons are used, and the effect of changing coordinates on

the size and shape and position of the polygon is explored.

The final sections deal with the use of coordinates in

studying toe reflection of a set of points in the x-axis and

in the y-axis, nd with toe concett of symmetric figures.

7



TEACHING THE UNIT

In this unit each section is divided into two parts- -

Exploration and Exercises. The Exploration is intended to be

a teacher-directed class activity. During the exploration

period the pupils should participate fully. In most cases

the pupils' books will be closed. However, for some sections

the teacher may want the pupils to work through the Exploration

item by item with their books open. After the understanding

is developed, or the skill is learned, or the generalization

Is realized, the pupils may open their books.

The Exploration is included in the pupil book and serves

as a printed record of the activity in which the class has

participated. The teacher should tec:!.de the extent to which

the Exploration should be repeated with the books open. In

most cases, the pupils will glance quickly over the printed

Exploration and then proceed to the Exercises. However, if

the pupils have had trouble with the section, the teacher

may prefer to have the pupils read the Exploration in detail

to reinforce the ideas that have been developed. This may

be done as a group activity or an individual activity.

Independent work by the pupils should be done on the

Exercises. The Exercises will help provide further under-

standing or will provide for drill and retention of material.

The Exercises also develop concepts and therefore should be

used as a 'oasis for class discussion after puplis have had

opportuni Ind'vidual study.

4 2



DESCRIBING LOCATIONS

Objective: To introduce the general problem of describing a

location and to develop the notion that there are

several ways of describing a location.

Vocabulary:

Materials Needed:

Teacher: chalkboard compass, blackboard protractor,

straightedge.

Pupil: pencil, paper, protractor, compass, straig.-.tedge.

Teaching Procedure:

Follow the E..p1,;ration ih the pupil text.

aive the children opportunity to "discover " and

to discuss.

Essentially tnere are three methods presented

for locating a point. The methods are by using
rectangular coordinates, polar coordinates, and

triangulation.

Encourage the pupils o proceed step by

step along with th..: tion in order that
they may understand a..d "get the f,.:el" of

what Is be done. So_icit ideas from the
chilfen about other ways of locating a point.

It is often helpful for the pupils to see

a :. example of each method of locating a point
tefore tney try to d3 it. ?lace a dot as a
representatlon of a point on the chalkboard
and find its location using the three methods
-,roposed in the exploration.



Martha's method illustrates the use of
rectangular coordinates--the method used in
tnis unit. A sketch might _Look _Ike thiS:

After gaining this first understanding
relative to locating a point of a plane the
children should be prepared to work the exer-
cises and arrive at the desired conclusions.
Two other methods are presented for the purpose
of contrast; however, after the exploration
only "Martha's method" will be used.

Jane's metncd is one of triangulation. The
point of Intersection of the circles drawn from
each corner would mark the location of the point.

There would, of course,
A bb

o be another point of
' Intersection of these two

circles, but this point
would not be cn the desk.of

Joe's method illustrates the use of polar
coordinates. This system of locating positions
Is commonly used in piloting, for example.
A sketch of Joe's method might be:

4Q0

40e

,L.

There is another ray that
makes an angle whose
measure in degrees is ,O
but it would be in the
other half plane, as shown
ty the dotted line in the
sketch.
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DESCRIBING LOCATIONS

Chapter o

COORDINATES

Exploration

I

1. Huw many points are there in a plane?A Is each point

di2ferent from every other point? How can we :'Ind a way

to identify a particular point?

2. Think of the top of your desk as a part of a plane. Place

a small object to represent one point on your desk top.

How could you describe its location?(----!--r 3,

s. '7ed said, "The point is r inches from the lower left-hand

corner of my desk." Does this give you enough Information?

How many points are

()

inches from the corner of the desk.)

Martia tiT didn't measure from tne corner.

is incnes from the lef'hand edge and

the low 7 edge." IS Y.artna:s informatio:

Yiy point

Inches from

enoun to locate
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5. Jane said, "I can use Tedts information and some more

information to describe a point. My point is ( inches

from the lower left-hand corner and 19 inches from the

lower ri_ t-nand corner." Dos ),his give you enough

information?4)

How many points are 7 inches from the lower left-

hand corner. How many points are 19 inches from the

)
lower right-hand corner?' How many points of tree desk top

are at the correct distance from both corners? a'-",r4
..-1 5 V,

-

6. Joe said, "I can use Tedts information and some different

information. My point is 7 inches from the lower left-

hand corner. It is on a ray that makes a 400 angle

with the ray from the corner on the lower edge of my desk."

How many such rays are there?- Joecs method work?fte-4-)

(./ yo')

7. Are there at least three ways of describing the location

of a point on the top of the desk?' an you think of

others?

4')
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Exercise Set 1

Suppose a rectangular region 6 inches long and 4

inches wide represents a picture, ar a point C is a

particular point of the picture.

Use your ruler and protractor to draw a rectangular region

to represent the picture. Label it as shown below.

TR is 6 inches in length. AD is 11 inches in length.

0 ti

2. Suppose C is 5 inches from A and inches from B.

a) Use your compass.to locate C. is C exactly one
I

point of the picture? ,t"4-4.-)

b) What property of trian-les is _,71ustrated?(4,---<71.

3 ----L._ )

c) What information was used to locate C? What :axed
CA-J-5;

points were used? How far apart are these fixed

points? ( ,7S 5L. 5C- "Ld 3i 4
: c. T. C .

425;4.,
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3. a) Make another copy of the rectangular region.

--*
Draw AC so that the union of AG7 and

is an angle of 37°

.
b) On AC locate point C to make AC 5 inches lone.

c) Is C exactly one point of the picture?4".)

d) What information was used to locate C?(V4/' ilynC 4'7)
°-

e) What fixed point and line were used? (fio.. if A--) 48)

Your drawing should look about like this:

L. C.71:y the rectangular region again.

a) Locate a point E on AB so that AZ is 4 inches

long.

b) Draw a ray. Put its endpoint at E. Make it so that

it and EA form a right angle.

c) Locate a point F on 0 so that AF is 3 in_hes

long.

d) Draw in the rectangular region a ray with endpoint F

perpendicular to FA.

e) Does the intersection of tie rays you have drawn locate

exactly one point C?

43 ;



3,,

Ans...:,?.-^s: Exercise Set 1

Exercises 1-2-J--

6"

A

4 3
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f) What information was used to locate C? (.34

g) What fixed lines were used?OG
(4'4) , L CFA Z CEA.)

5. Look at Exercise 2 in this Exercise Set. Is the method

used in it the same as the method used by Jane in

)Exercise 4 of the 1;:xploration? ,

6. Look at Exercises 3 and 4 in this Exercise Set.

a) Which of these exercises uses the same method that Joe

used in Exercise 6 of the Exploration? 1&./)

b) Which of these exercises uses the same method that

Martha used in Exercise 4 of the Exploration? (C0=4)

L25



4)
C:

0
0,

((S

o

C 1
0

,- I
4-43 cn

0 4-) .1)

0 Cll

,.) ,-1 05 1)
0 4-3 .C: 4 ' 0 ,-1

0 I 0 4) 0 r-I 4)
1.1 U) A ; In (t) -, c_1 a) (1) 0, 0

: 43 0 ..- I S3 0 S 3 V) U) :: U\ (.0
1'3 0 0 n 1 .C1 0 (1) -1 (li I., -i -I -I- (1)

(I) ., I P. S, CI (11 .C1 4-3 CI) r-i (n 1-, -0 :- i () C; 5.:

13 /3 (1) (1) a) (3) '.--/ ;,_: ,C: C), .51 ,-I 41 C.)/ ..- 1 cd -
,d t4 0 .C; :-, '0 S, 0 >,1 0 S: 0 0 0 113 4.

S1 0 S: S1 Ill LO a) (1) S3 1-1 (1 i CI 010 4) 0 .0
I : 0 4--1 td a) .04 44 4-, 4. 0 4-4 .cl c» cd ;4 0

'0 o ;5 0,4-) 44-4 4-4 ', a) 1,4 (1) 4-) 4-, (1) r, .4.4 a) a)
(4 , 4., U) 0 C; .--4 F4 .c: 141'cl cd a) sl ,-4 0 513 S4

0 r -1 r--i CZ ., 5 0 r: P4 cd 4-) 4 -3 C: 0 4 ) r; 0
0 cd 0 4-1 ,-i 0 co C) (1) 0 ,-I 4-: '4) 0 5-) U)

4) Ci (1) 0 :": cd (1) U) ..": 0 .C1 '0 al .C: '4 (li 1: .-1

5. 1 0.) C: 0/ 1-3 , --i I ) (1) 0 4) ,--, S. 1) I-) , S, a) , 1

r, , 0 a) C: 0 ' -I W ri 0 4 I S. I-) 0 (1) * I :, r-I
Cr)

() N (), a) 13 5:3 1, S, 41 S-1: (1) r -1 0 0 4-1 0 1 1.3 :: :- ,C) 0 5.-N `)/14-1

.r( cd 530 (n 51) (I) 0 1-i I: 0 - -i -1 ((j 0 0 c: (n A ; (-1 ,4111

0) S, 04 0 `.-) S 4 0 41 0 01) .4 I .(-: cd 0, U) ),
4 , 0 a) Ei : -1) .c: U) U) C: u) .c-: n,' c: ,.) 4) cd 0
0, c-4 .c: c: , i 4-4 4-) ':1 .T1 '0 ( 1 ) .1-"I ...... 4-) 0, t , i ) .(: f, 0 J-: 'r ) i

a) a) 0 a) 0 U) c), 0 .--4 .)441 4) .c_, 4 0 C. 11 5',O 0, 0 c: (5)

C) .0 ., I .0 5.-: 4- )1) cd

C F4 ..): c) 4-4 o 4-) cd '0 a) C) c.) n.1 _c_: .0 a) 4-4 ( U) 1

0 : - i 0, C . 0 q / C .- I (I) .- i C C) 0 4-) I-) 0 ., t C./ cd (1)

C) C. rd C, .---1 S, :1 () (1.) C, ,..> 0 c . cd r- 1 ri Cl) ,1, 53 n

( -, :-:. 31 a) 0 .c: 0, a) 4) Ri '0 51) ,---5 /50 E-_: ' r 0 c: (,) ,r(\

ELI (1) (II t- ,0 a) 0 4-, r: a) 4) S-4 (1) r-1 f:: Cl N as 0 4-, ...: 0 rd

',4 ,c: , i :!: 0, Ri ,c; a) s. ,--1 :3 c) cd 1 43 ai CO cl 0 S: 0
t-i 4_, , 4 n a) 1> ai 4 ) 0 5: 0 ;:_i -41 c.) ,1 0 :-: 41) u) o ;4
4-1 0 a) 1.0 a) a) .c. a) U) 0 r. !CI C)/ rr 11) (1) Cti .1) E: I -) _c: - -1

0, 4 , 'Ll ; , C: o , (.: 4 1 r- I a) 4_) cd I -) . . J-: c) (li Ili : ) U) kl; I ,

,14 () .(: n.1 0 -I E-1 0 ((j C: 43 (4 Ci, S-4 cd 04-4 4, .c: cd .:: .4 i

r 4 C1, i : 1 ) 4 ) 4--4 0 , i -r-i 0 cd 0 r, j; .---i c. 0 I ) (1) 0 U.

1 L 4 0 0 I , c ; S-, ;1 : 5 - , 0 P4 0.) 0,r-4 4-4 Ili 0 tO :: 0
-1.) 1, S, Ti t':,1 a) 0 S4 0 4) C: 0 C, 0..:: 04'c) 0 .) -) ,4-4 :-1 u) c; 0,

a, I . . S . - , s f-4 . c : 0 ,, a) , i cd c.) o 43, 4 'q ;-4 - '0 0 13 "5::
Cf) "0 0 (31 :3 ..0 .4) :' 0 r-I rd LO , -1 (r1 0 f. 'A 0 0 S:
'11 '7,1 0 f4 '0 fi c.1.) C: 4,-4 'ci rI n s:: i: 0 0 c 0 0 , ',no -,, u; -c!

E 0 c: 0 I) a) 4 4 : : 5 '3,4 0 ( 1 / .a) 0, : ./-1 ..-1 C) (I) 0 0 0, rl f : 0 <-5: (IS

E-5 (13 (n C.) C: I). c-4 0 s-; 0 .c: .c: 4, i 4) ..-1 I: 0, 0
'4
Hn
ir_:00
C_)

H
V-i

0
.--:-'1
_)
c)
0")
.:-)
C)

1:.,
SI
«1
r-1
:1

X-)
cd
o
0

En
r -1

(L-
;I
a)
4-,
(0
:-E

0
;-1

ri,

U)
5::

4- 4

.r.
0
0
0)

E 1

a) ;, ..Y -4-4 0 r, , cd 4-) Cl rd r: '. 1 S.

''..) (1' 4-3 a) cd 0 :- rd 0 0 "-i w 5,3 a)
.c; ,c; a) .c: a) 0 a) 42) , i (o -I c-t 0) 0 -I (1) a) .c: U)

5-) L-1 C, 1) r-1 1) SI I) 4-' 0 0 U) 0, o E. (4-1 1) ,1 U)



P250

COORDINATES ON A LINE

Exploration

The methods you have considered for locating appoint in

a plane. all involved using:

a) at least one fixed point and at least one line from

which measurements were made;- and

b) at least two measurements of segments or angles.

1, Think of a situation in which you are given a fixed

point A on AB. Can you describe the position of another

10-r)
point C by just one measurement? Whereust C lie if this

7 -1 V. ..,14..; ,)is possible?

Look at the num-oer ray below.

A
4 4 J i Tr

0 1 2 3 4 5 6 7 8 a 10 11 12

If you know the distance of C from A is 6 units and 1:hat
(

C is on AB, do you know exactly where C is?

3. Now look at the number line below.

a) What kind of numbers are shown on this number line?

A

-2 -1 0 2
+
5 +6-6 -5 -4

b) If you know the distance cf a point C from -., and that

is crl AB, how many different points could be named C?
1;2.6 76' AtZ. -1--fi :71

c) What must you know beside the distance In order to locate

exactly one point C /9)



?

'That kind of -mt.-s, -,.'77 It--)t' th. '-'f-Pot'n and

distance of a point from "'.-,: , ,,,-.0-------, ::.--,r; ----:-3-,--4---= -----:,-,-.

A number that ls both distance and c4irect cn of a

point on a line from the C-poInt is called the ccordi:.ate of

:7.e point.

On the number line belt c, what :e coordinate Ci

-5 5, 2

That ccint has tne coordinate

coordin te

ooin has

When you mark on a number the pc-,:s wnech ha'. -e a

certain set of numbers as coordinates we say ycu are drawing

a graph of the set of numbers.

Below is show: the ,:raph cf a set of integers. The three

heavy dots are the graph of the se:

different kind of graph .1

5

51. Is this a

those yol: have seer befo.re?\

-2 0



ana

down) lines are ,,se d. set of

integ-:rs is graphe^ this

-Taw a vertLcal 7 _In:: a.

.7n°:' :. this set of integers:

w::at Ls :he coordinate of

-0-

A

0
4

I

t half-way between

-2.

the n=tel- line bel:, Is :he coordinate an

:3

C. nu7.te: .3hc tho :-.00rdinate of a point half-
,

:ay between C and between -7. and F?

these ates 'ntoers? ./-=6

Many pc -t have as coordinate: numbers which are not

integers. 7n this unit, however, we shall -se points whose

coordinates are integers.
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--..xercise Set 2

Draw number lines showing the ihtegers from Th-Lc and

graph these sets. Use some horizontal and some vertical number
t

.-/--Z .....-4.

ines.
".e.:,--e,

'---- --- f.- ''''
--"I ' -I- d-,--.,' -4-4---c- ---*----1.----2,- LI /

- , 9, 6, -1, 0, +8 t,,, -!! ; "7 -c.-L -3- 'y

2. [The positive integers less than di
0 A

0
o

z. [Thc:, negative l-teers greater thE'n 1

.1 -"S 0

(The integers less than 3 and greater than
<-; - -

_ .

-r

[The positive integers less than
++, which are divisible

cy 5, and their cpposites)
-1-0 -.5- c

,s- */0

o. (The integers less than +2 and isreater than -.7 71
...*,

.k..,,
--' 0 -.5- '/O

1. (mhe integer which ls 'greater than -2 and tne

integer whicn is less than

0 4/,

List or describe the sets of integers whose graphs are shown

below.

8.

10.-4

-3. t3-2

3 -2

E 3,

2

1
2)

÷
4,

I _

+ 1

+7'
6

+6

3

:31

5
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DORDINATES IN A F,AS7-7

Exploraticn

Look at the number line and the points F and ',;'4 below.

F

Since q is on the number line we can state its position

by c:ami:. Los coc.rdinate, 7. On the other hand, since P

is not on ^is nu.mcer line, we cannot state its position by

namins its coordinate. It seems to be directly above -1 on

the lin,F;' 'nut need a way to tell how far above the line it is.

We can find a way to do this by using a second number

line which is perpendicular to the first number line and has

-1-1

tne same zero point. T

1

2

-3
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We see '.ow tha7;

vertical 7i..mber

the two numte:s,

Is st.irectly to the left of 2 on the

can describe its position v

Is there any point except P

which is exact1T, cn the horizontal number line and

also exactly ':.ne left of' 1-2 on the vertical nu.r.ber llne?(74,)

What is mean-: by -:actly above" and "exactly to the

left f'

4,, ,',,, 7_,,,_ ....., - 4-
2..,.1.2.-.!7.;2a.,,., ..-.,en

,z.2:1.
......_t_st..7+=/...,--%*

The position o;'' ? can thus be described nct by one

number, c'...t by , of numbers, (1, +21. The numbers

ncesz

anO are called coordinates of the point P.

Tne f'irst nu:Iber *,elis the number exactly below it (.n

this example) on i.ne norizon',a1 number line. The second number

tell: tne number exactly to the right (in this example) of P

or the ';ertical number lire. The order in which the numbers

name:. Is important, so (1 2) ds called an ordered. pair.
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Let us tnink more precisely about finding t:.e ::umbers

which describe the position of a point. Look at poLnt

marked below.

3
+
2

+
3 +4

-11-

A line segment from R is drawn perpendicular to the

horizontal number line. It intersects the number line at -4

A line segment from R is drawn perpendicular to the

vertical number line. It intersects the number line at 3.

The location of R is described by tne ordered number pair

(-cr, j).
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We can use perpendicular lines tc find tne position of

a point.

Consider the point -.1hich is desoribe-' by the

ordered pair F2, -1). Look at the trawng

-4
es

Since the first number is

19.

the point for 2 on

the horizontal number Ithe. A line segment perpendicular to

the number line is .4_1:.=.wn at this point.

Find the point 1 cn the vertical number line.

A line segment perpendicular to the number line is

drawn at this

4
(



The two perpenticiar line segmer:ts Intersect at the point

labeled

thA, order,. d pair

is the ocint t'osition Is described by

Its first coordinate Ls

Its second coordinate is

Do the ordered pairs (+2, 1) and -2) describe

t-- d' `'`event ocints in the plane?

Briefly, we can think:

me locate the point -7f), start at (0, 0)

count units to the left and then 3 units down.

! N 4\

To locate 2), count un:Lt to the ? and

then 2 units

(;)

To locate +2, ), count '7 units to the 9

and then unit ?

To assist in describing accurately the position of points

It is customary to use graph paper. On graph paper sets of

perpendicular lines are printed forming segments of equal

length. Any pair of perpe..dicular lines may be chosen as the

number lines.

of .4
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The ordered pair (-5, -3) is graphed bow and the point

it identifies is labeled A. Notice the ordered pair is written

in parentheses beside the point.

1. Write the ordered pairs which are the coordinates of

points B, C, D, E, F, and G.
5 (+!,, *2)

E (49,°) ,this: A(5, 3)

Write yc:. f' answer like
CC '2,450 i".3.-3)
F(D, -7) r.

J

C

+9

+8
+7
+6
+5

+4
4-

+2

+.
B

9 8 7 6 5 4 3 2 1 0
-1

+1+2+3 +4+5 +6+7+8+9 x
cm-

2
A(-5,-3) 3 f

D

5
6
7 F

8
9
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Lse a sheet of graph paper with lines one-half inch apart.

Choose two perpendicular lines-lc,- number lines and.draw

heavy lines on them to show the lines you have chosen.

Label the number lines from 6 to -6.

Graph the ordered pairs. Label each with its letter and its

coordinates.

H(+5, -4)

J(-6, -3)

K(o, +6)

c)

R(-2, +5)

3)

When number lines are used in this way, we call each

number line an axis. The horizontal number line is called the

x-axis and the vertical number line is called the y-axis_

The point of intersection of the x-axis and the y - -axis is

called the origin.

(

i 44)T

RN ,

,

4-4-444,t

P7 : 2 , 1

*; 4-4 ,73)

1

44c

3.1

z
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When you draw graphs you should always label the _:es

("axes" Is the plurn: of 2-,:'s) certain way as shown below.

I

Origin
Horizont71

-4 -3 -2 -L ° 7I +2 +.3 +4 +5

-2

-3

-4

Verticai Axis

Write "x'' and "y" near the arrows on the rays of the axes

which show the positive integers.

Label the 0-point and several :.,ants on each axis.

When yo',: graph an ordered pair, label the point with the

ordered pair.

Label the x-axis and the y-axis on your graph paper for

Exercise 2.
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Exercise Fet 3

1 Wr:le as ordered pairs the coordinates of the

labeled points.

44.

1,-3:8) -1-7
1-6

5

J ( 0,t4)
+3

+2

C (-5,0)

'A(+4,+3)

F

_ 8 7 6 _5 4 3 2 i 0 Ti +2 +3 -'4+5 '7 -8 +9

(3:3)
-3
-4 B

a Gr4,E)

2. Graph the following ordered pairs. Use graph paper and

Label the x-axis and the y-axis. Label each point.

(

c(--6, 5) Fr-5, 0)

3. Can 3 . write an ordered pair of numbers 1:ci tell the

locaion of your town on the earth's surface? What

would. you use for number lines?

4 1:--4.,



Answers: Exercise Set 3

A (-7, +3)

Exercise 2

Y

+10 D (0;10)

+9

-8 1
+7

+4

+2
+

B (+4,+9)

F 0)

-7 -6 -5 -4 3 -2 -I 0

2

3
4

5

6
7

E (-5,-8) -8

-"1 "2 '3 '4 '5 "6'7

(+6. +5)



P267

Exploration

(X-Coordinates and Y-Coordinates)

You have been using two perpendicular number lines with

the s-me zel-o point. We called these number lines the x-axis

and the y-axis. These lines help you identify the point in

plane which is the graph of an o-dered pair of numbers.

We say "ordered pair" because the order in which the two

numbers are named is important. The point named by the pair

(3, +6) is a different point from the one named by the

pair (4-6, -3),

The first numcer in an ordered pair, which tells how

far the point is to the right or left of the y-axis, is

called the x-coordinate. The r...::ber which tells the distance

the poin- =hove or below the x-axis is called the

y-coordinate.

1. a) Nara the x-coordinate of each p int zrappld in
g(60)

Exercise 1 of rxercise Set 3.
5e4 F('?) X(0)
cC G (1/ (-2)n

2P C9

b) Name the y-ccordinate of each of these pOints.
) E s". (t"0

I
5( F(7) (-7)
C(0) Ci (5-)

(4i-/)

H(5 )



P264

2. Write as an ordered pair the coordinates

x-coordinate is y-coordinate Is

3: y-coordinate is 10, x-coordinate is

L. x-coordinate is

x- coordinate is

El x-coordinate is

y-coordinate is

x- coordinate is

3. Graph the points whose x-

rcise 2.

ordered pair.

y-coordinate is

y-coordinate is

y-coordinate is

x-coordinate is

y-coordinate is

these points:

3 . 6 (-3,1°)

C(0, +4)

o. D

(*?,*1)

(:`4 -1°)

C7 (-7, ''3.)

and y-coordinates are given

Label each with its letter name and Its

C3.710)

G +3)

D(5,0)

-7 -6 -5 -4 -3 -2 -I 3
+4 +5 +0

-I !

2

-4

-7

o:
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Exercise Set 4

1. a) Graph the points whose coordinates are given below.

Label each point witn its letter name and its ordered

7-C r---ax- 7)
pair.

A: ( +7)

B: (4, 0)

C: (+2; 0)

b) Draw and AC. The union of AB, BC, and AC is

a triangle. What kind of triangle is it? (-4-....-14')

_) The base of (L4-0-c--4-4-.-) triangle ABC is on the

axis.

2. a) Graph these points. Label each point with its letter

name and 1:.'s ordered pair.

D: x-coordinate 3, y-coordinate
+7

E: x-coordinate 1 y-coordinate )

F: x-coordinate '5, y-coordinate -1

4_

G: x-coordinate 3, y-coordinate '5

uK7J

h) Draw 77% 77% FG, m Which of these names describe

the figure D177?G? , 3, '5 7)

1) Simple closed curve 5) Square

2) Polygon b)- Isosceles triangle

3) Quadrilateral 7) Rectangle

Square region 8) Union of four angles

c) Draw IT and 77. What are the coordinates of their

-

intersection?



Answers: Exercise Set 11

Exercises 1-2

Yt

LL7
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3. a) Write three different ordered pain,: in which the second

Jo ,s,t (+3 a) ("4 0) at
number Is O. '

b) Graph these ordered pairs.

c) Where do the three points lie? (11-.-7-&;,11

d) Write three different ordered pair.; in chis'.h 'he first

numb^r is 0. ( z-e& 'Cc' --"A-)

e) Graph these ordered pairs using the same axes yoti used

for b.

Where do these points

4. a) Any point whose x-coordinate is 0 lies on the ?

b) Any point whose y-coordinate is 0 lies on the x ?

a) What are thc coordinates - t.71, Intersec.ion of the

x-axis and the /-axis? ("

b) What .3pecial name giver t nt of intersection

of the x-a:ds and y-axis?
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side of the right angle. For example, in CGB
if Z.G is the right angle, side GC or side
GB may be considered as the base. The area is
in square units. Some of the children may want
to do other exercises similar to this to see
that it is possible to find the area of almost
any polygonal region by dissecting it into
rectangular and right triangular regions.
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USING COORDINATES TO FIND MEASURES OF SEGMENTS

Explora:ion

1. a) Write 5 ordered pairs which have the same x-coordinate

(do not use 0) and different y-co oprdinates.
A U3,44) , 3('3,43) , C(#3, ) e3, 1),Xj

.b) Graph the points for the ordered pairs. 46.2)

c) Are all five points on the same line? (zP-&-)

2. a) Writ,- 5 ordered pairs which have different

x-coordinate and the same y-coordinates
((dodo not use 0).

447.1,-- 4,4- /4 , 8 , CL`1,1s),

b) Graph the points for the ordered pairs. (°-.--7--/"-e46-')

c) Are all fiVe points on the same line? (ze.-)

3. What do you 'notice about the lines suggested in 1 c)

1/Z zG - at
2 c) ? -

4. a) Graph the points R(2, +7) and S(-2, +3) (l;.-ry-.7-1
Vrt/......e 452./

b) What is the measure of TC§ in unit segments? (41

c) Could you find the measure of rf, without counting

unit segments, by using the y-coordinates? (7?..L;t7-34/1
`"--"4

5. a) Graph the points A(-3, -5) and BC-, 5) )

b) Subtract -3 from - -

c) Subtract fromfrom -3. -3 -

'7 4 7 )

Does your answer tc either, b: or c) tell you the

length of -Z.?
Z2 n8.

4



Ex. b y
+6
+5

+4
+3

+2
+I

Answers: Exploraticn

Exercises lb-2a-4a-5a

A (+3,46)

B ',4-3,+3)

Ex.

E(-I +5)
6:4-475)

-3 -2 -I 0 +I +2 3 +4+5 A(-3,1-5) C(+1,+5)
+4

D(+8,+5)
C(+3, -I)-2 +3

-3 +2

4 D (+3.-4) +1

5 E (+3-5) -.c-4-3-2 -I 0 I 2+3 +4 +5 +6 +7+8 +9 x
-i

Ex.4o-5a

R(-2;-7)

S(-2,43)0

y4

+7

+5
+5

+4
+3

+1

-4-3-2 -I 01 +I +2+3 +4+5

-2
-3
-4

. -5
M-3;-5) -6

-2

5 2

r' .
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6. a) Consider the points C(4-105, 1-5b) and D( -105, +69).

Without graphing C and D, can you find the length
ETD

45. / - 4//

of m - are )

b) What *he '°ngth of ns if R has coordinates

(-3, 579) and S has coordinates (3, .L:68)?,
; -442-7r27.)

4-0-0 z4.

7. From your observations in Exercises 1-6, complete this

sentence:

Tc find an integer which tells the measure, in units,

of the segment between two points:

a) if the x-coordinates are the same-.41-)one (1)

coordinate from the other.
)

b) if the y-coordinates are the same or=
r_,

coordinate from the other.
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Exercise Set

1. Here are names of points and the coordinates cf each:

-7)

3;2, 3)

-7)

D( 2, -7)

3)

F(-8, -1)

a) ist the pairs of nqints with the same x-coordinate.

't
2 ( 4 3) .,- c (- ; `7) ; AC'S. 7, '---' 5 N; #3) .7

Tpen find t' e lenh of the segment Joining each pair
ACCC-/e; ; A6 = ID"'"-4 )

Find the air p of :points with the sarke y-coordinate.
' A( s7, -7 ) f ,2 , -7 ) ; A-(4.r,-, 7) o 0';,-7 ) ; C (-..7.1 0 N , -7) ; a 2, 031E Ci", q
-Then f_nd the length of the segment jdining eafh pair.
( AFE = 7 ,..--4 , A c= 3 A......:t C D' ie A.......t , el = 7 ,,,...t

c) Check your answers by graphing the ordered pairs and

courting unit segments. (114.2.77C./1...1A.
4.5:s-,)

2. Graph this set of ordered pairs of integers and label

the points of the graph. A(+2, +9), B(+2, 2),

, -2), D(+7, +9)1
4 SW-)

b) craw

What kind of quadrilateral is ABCD? I

Find the lengths of AB and BC. (72ontt count

3c = )
subtract coordinar.es. "

d) What is .he area cf region ABCD?



Ex. 1c

Answers: Exercise Set 5

Exercises lc-22-3a-31)

E (+5,4'3)

X

_9 -E3-7 -6-5 -4-3-2 -1? 1-1-2+3+41-5,+6+7+8

F(-8,-1) -2
-3

D(+277) A(+5;-7)

-5
-e

C( -2y 7) -7

Exercise 2

+9 A(+'2+,9) D(+7;4.9)

+9

'7
+9
+5

+4

-F3

+2
+1

+1+/-43 +4+5 4- 6 + +8

B(42-,2) 07.'7;2)

X

55

Exercise 3

Ftit8) Y E(+5;q3)
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3. a) Graph these points E(+5, +8), F(1, 4-8), G(11
4-6-3-)

b) Draw 7, FG, EG. What segments are the base and

A FG?
( t..__041 =G 7.1.

Eheight of

Find the area

a) Writ& on your

(0,4, F

4 SP1"../2 C)

paper the coordinats
R(-5.,+4)

e
z

4
f t

of A EFG.

point in the figure below.

a

!, 4 A i= 3

of each labeled

T4, 14, -.2)

I

1

1

I-

I

1--4-
1 1

t-
, 1 AWL\

,

[if'2hunumoMalla
iniliall II

IV MEM
i

1

L 1 ,,



a set of four ,=-OLed polnts trie

5
:ame

2) a set of two labelej. pcfnts w

y-coord_nate.

the same

) two sets of two lateled points with the

7 ; \

same x-coordinute
.11

Find the lengths of these line segments: .71J,

Rz _3 A----Z
7--

- = . 4-
7p, WT,

,57 ! Id

=
P r = /

a) Name two triangles and a rectangle in tne
z? = ;2 4:7 --X

an find one area of each
./..=4

e) What is the area of the region bounded by

quadrilateral ?ST ??
"e_L-Lt-41

4 6:



5. a) Write th' coortnates poi:: in th,-

fla7ure.

A

1

I 1

1

. .

+

1 ,

g " -7 -6 q 3 2 . J,.
+.0, -4-. 1 '.

_

i

1

' I
1

1 ,

i
i

I

I

1 1

b) ABCD is a

W..at, set of three points have the same x-coordinate?

Can you. find another set?

What three labeled points have the same y-coordinate?

Can you find another set? ''3A/ R.Jr= ; G , C

e) Find the lengths of base and altitude of each sight

t 'Jangle vertices.
i4E-_D u

fTE
,777. = 9 C z

-.-

(There are four. )

=
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e) 717:1 - now has ni.s 7.= carry

The rat:-..esnL,:,s are all s'ank fIrst (after

each ilayer has ?lac: Sa. ber ns; loses

the ;are. If all tat:Ieshl,-;s both s._des are sank,

t : :e: the ,-;ame Is a tLe.
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1 11
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CHANGING :,OCRDI.ATE3

S

How man::: se;maLs ar

2. tne _rteret

Gran ,rtered oalr

Draw

and

and R as ends

E;:erise and

mark ant Labe.: _ S.

and draw RT.

Look _Ike?

ano _abP

o. of raeret pars :.ave ..raphed :

\ -/1"
'), and T(4-5, 4-2)).

Form a new set of ordered paLrs by chahging the coordinates

of tnese pairs as follows: Add to each x-coordinate and,

add C each y-coordinate.

oi,rrespondln.:.new points, A, E, C, D, and E.

and Idal The se: 7...dered pairs you found

In Exercise o a draw the semenl;s AC, CE, and ED.

What does tnls new f'lure look like?

How is new flre :-flated to the old

-71
4 \



E. 3 

: 

-6 
-5 
_4 S 

(+2,44) 

-6 -5 -2 ": G 

-2 

(+4, +4) 

-4 

+1 +7 +3 +5 +5 +7 

I 'r2 + "5 '6 + +9110+1;+;2";3+14 



oj

)

Ser

ana labe_ thLs set
+

.;

polf.,dh is ^

S : 5-
j

a) Forrn :-.ew c orce:-.eu paIrs

it- s:corO.L::ate

y-.:Jord.Lhate t:le. se;

t) F.....: t:...s set
-.-: --,

WD r , ....r., 77-7 rif ea :. ..?
.7.,,...

Is E.FGH congr.,_;er.t to :::_BC:-.)?

the :.e-fi act

relate.s t:.; the olt
,4

this se-._ f order__ pairs. Labe_ the polht-s.

3(+7 ÷1,;, C(1, +4), D(4-3, C}
r "71 Cs

a.+; , BC, 7:75 Wh,.: letter does the

"...hese sements look » e? )

e

C

from ,-ach



Cr)
4

. 00
+

-41-,

)

(

(f) It)
4 -1

to

(J, to tt to \
4- - -1- + +

_

N) EV I

4 4- -47

tr)

'It

In
1

til CA 1`- CO

1 I I I I I
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a) Form a 7.ew se of ordered pairs [E, F, j from

the old se-.; of Exercise a as fo'lows: Aca to

t x-coordinate and subtract 6 the y-coordinate.

Gr this pet red pa!rs. :raw EG, ?G art GH.
/ /24-ey4. Z )

s.-ape eac Dositioh of this figl.:re conga:

; ;

with the one for Exercise J?l-4,-4

Soppose yo ,tented to "-o:e" the figure of Exercise .3

five units to the Left. What change would you make In
,

c_prd'nateso - 0-

What the ocordlnates cold "move" the figure

70/4$1

Battleship Game 2: The _.._es of this game are the same

as those for Battleship Game I see end of Exercise

F,t 5) except that Rule d r..placed by:

d4-) (l) Th.,: first ?layer calls cot something like "2

exactly tc left of (+1, +3)". there

is a point (battleship) marked with the

f- ,
coordinates ; J) then the marking is

erase:: battleship sunk).

the first ?layer said "2 units exactly to the

+,) )" then the marking at (÷J, +.3)

wua_c De erased.

,J) If t e first Player said no units exactly below

( J), ,,nen the marking at 0) would be

crased.



Se7,

Exerclses

(+I 4;4)
4.3 \
.+2

DCF3, 0)

432 -1_0i +I +2+3 +4

-3 I

Y 4
1

+4 1

tz
+I ..(0;FI)

i x-,,
,-'-2-1 OTT "2-'3 44-1'5+6+7 .,

A

N
-2 1 G (÷4-,-2)
-- ;

4
3

1-(+6;6)



tne sa: exa

( _ J tnen tn mar,:::n; at

erased.

(.3) If nere Is ho ;_olnt 7.erked tne co_rdinates

descrIted tnen 1:ne has nIs

tr.s. Exporati cu rana,t

ordered palrs ant :Irew se,;me:.ts fsrmed tne te7

"A". Draw so m.= _.,.:er capitl letter or a sheet c= race

paper. Write on a separae sheet - :ordinates of the

endpolnts of tne sezments tnat form the figure. Hand tne

lnstr-.:ctLons (tut riot t::e grapn) to some ..ther student.

See If he :an follow ..he Lnstruns to obtain the same

-etter you have :7re7;n
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GRAPHS OF SPECIAL SETS

Exploration

Suppose we have just the set (+1, +2, +3, +4, +5). You

wish to write the set of all the ordered pairs of numbers

such that both numbers are in this set.

1. Follow a system so you do not omit any pairs.

First list in the first row all pairs which have
+1.

as

first number. Then list in a second row all which have

+
2 as first number; and so on.

Arrange your pairs in a chart as shown below. 64,4L 4&.47-C-47.2)

(+1, +1) (+1, +2) (41, ?) (+1, ?) (+1,

(+2, 4-1) (+2, ?) ( ?, ?) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ) ( ( ) ( )

2) a) Does the chart contain all ordered pairs with both

numbers in the set (+1, +2, +3, +4, 4-5)?(Ip-4-)

b) Where in the chart are all the pairs with I.?
(4(..4;444.) (2%

second number? /With +2 as second number? With. +4

as the first number?

471
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Answers: Exploration and Exercise Set 7

Exercises 35-4b-51D-6a-6b..

Exercise 1

-6 -5 4 -3 -2 -1 0

-2
-3
-4
-5

Exercise 1

+1 +2 +3 +4 +5 +6

CI , +0 (+I , f2) (til f3) (+ , +4) (+1, +5)

( 2 , 1) 2) ( 2 3) (+2, +4) (+2 75)

(f-3, 1) (*3, '2) (413 , '-. (+3 ,+4) (+3, 415)

(tel-, 'I) (+4. , +2) (+4 ,'f 3) (+4, +4) (÷4- , +5)

(+5, + I) (f5 +2) (+5 1 +3) (1-5 , +4) (1-5. J '13)

472
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3, a) Find in the chart the ordered pairs rn which the x-

coordinate and y-coordinate are the same. List the pairs.
[COO , (#3, +3),(+.914),C..5,i's.,)]

b) Graph these ordered pairs. (1. re- 47;9

4: a) Find in the chart the ordered pairs in which the second

number is greater than the first number. List them.

L ( 2 ( # ( , 0'2 +3), C12 ), ( ,fs), (f3, tid)( ;#6),(ftisS

b) Graph these ordered pairs, using a red crayon. Use the

same axes you used for Exercise 3b. (/t. TC-472)

5 . a) Find in the chart and list the ordered pairs in which

the second number is smaller than the first.

Rtr,44),(!)",'3),M#.2),N".',),(/4/3)(t,t,'2),c+f-'/),

b) Graph these ordered pairs on the same arls you used for

Exercise 3b, using a green crayon. (jA4 7-C-42.1)

6. a) Find all the points whose y-coordinate is +5.

in black the line segment through these points.

Draw

b) Do the same for the points whose x-coordinate is +5.

(1._ - 4 72)

(-3,-3) (-2 , 3) ( 0, 3) U 1 , 3) ( +2, 3) ( 'A.3, 3)

(-3, -z (-z, -2) (-1,-4 (0,-2) ( /, -2) (A2,-4 (i3, -2)

(3, / (-2,- /) (-1,-1) (0,-0 (4 i , -1) ( '42, -/) (1 3 / i)
(-3, 0) (-2,0) (-1,0) (0,0) (41,0) (.12, 0) (43,0)
(3, 4i) (-2, 4/) (-i, 4i) (0, lid ( 4/, 0 (4z, 40 (41, f /)

( -3, f 2) (-2, ''.2) (-1,44 (0, f2) 14 /, 42) (42, 44 (43, *2)

(-3, 43) (-2,1'3) (/, °-7) (o, f3) (4 /, A3.) (f2, li3) (f3)43)

473
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Answers: Exercise Set I

Exercises 2-3-4-5-Braintwister 1

Ex. 2-3-4-5 Y

+4
+3
+2

ti
-4 -3 -2 -1 0

*10
+9

1-8

+7

+6

+4
+3
+2

+1

C"43

eP

e
e$>

*P oe
..-

0\4

ea

+I +2+3+4+5 %,
el

-2

-3
-4

.t_

"0
Sod

F(+6,+10)

C(+375)

A(+1,11) 8(+5,+1)

-4-3-2 -1 +1 +2 +3 +4 +5 +6 +7 +8 +9 +10
'X,

Er10;2)

-2
-3
-4

474
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Exercise Set 7

Use the numbers in this set: (-3, -2 0, +1, +3).

1. Make a chart of all ordered pairs of numbers with both

numbers in the set above. How many should there be? (49)

2. List the set of ordered pairs in the chart in which the

two coordinates' are the same. Graph this set in red.g-TC 47

I(-3, -3) ,-a), (0,-1), (0,0 (sl, 4 I) (#2, 4,2) Qs, 43A1

3. List the set of ordered pairs in which the second number is

2 greater than the first. (There should be five such pairs.)

,(c),t2) f3)]

Graph this set in green on the axes you peed for Exercise 2.

Te#74-)

4. List the set of ordered pairs in which the second number is

3 less than the first. (There should be four such pairs.)

E(0,-3),(4,,-2)i('',2,-0 0)]

Graph this set in blue on the same axes. (1.-7-e-4 ?4")

5. List the set of ordered pairs in which the second number is

the'opposite of the first. (There should be
(7)? pairs.)

1(3,43) , (-2,2)k/, +/),(0,0),C41,-/),(*2,-.),(4-.7,-3)1]

Graph this set in black on the same axes.(Lcrc 41.-14)

6. Does the set of red points suggest a line?(Ithe green

pointsclihe blue points? the blacle:Lr-)

475
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BRAINTWISTERS

1. Graph 'the set of ordered pairs (A(+1,.. +1) B(4., +1) C(+3, +5)]

Draw 13L K. Form new ordered pairs by doubling

each number. Graph the ordered pairs and call the points

D, E, and F. Draw TE, M7, FM. Is AABC congruent

to .A DEF/141es it have the same shap?Are corresponding

angles congruent (Yr' rr,, TC 4 7Y-

2. Draw some other figure whose vertices have positive

integers as coordinates. Find the coordinates of each

vertex. Multiply each coordinate by 3 and draw the

corresponding new figure. Are the figures the same sh:n

3. Write a sentence that tells what you have observed from

Exercises 1 and 2. 6214.:,-.

476

4U".(3



'VII. REFLECTIONS

Objective:' To develop,an understanding. of geometric reflections.

Vocabulary: reflection, reflection in a vertical axis,

reflection in a horizontal axis, reflection in a

line

Materials: graph paper, pencil, straightedge, squared chalkboard

Teaching Procedure:

Use the chalkboard graph for the set. of 3

ordered pairs given in Exercise 1 of Exploration.
Follow the procedure as outlined in the pupil
text.. This will show a reflection of ze figure
In the vertical axis. The triangle DEP should
be drawn on the chalkboard prior to the beginning
of this Exploration.

A different figure than that given in the
Exploration may be used. After this introduction
ask the pupils to follow the Exploration in the
pupils text. A small group that is having
difficulty would profit by additional help from
the teacher.

If the entire group finds this section
difficult, then as a class, work out several
examples similar to that of the Exploration.

The mathematical idea of reflection in a
vertical axis is given at the end of Exer-c-rs75 1.
The meaning of reflection in a horizontal axis
is brought out by Exercise-7. 'Exercise 1 ar-
'Exercise 2 are designed to help children'under-
,stand the mathematics at work in reflections.

Exercise 2 of Braintwister gives many
ordered pairs. If the pairs are graphed
correctly and the segments drawn as indicated,
the figure will rou hl resemble an Indian.
Children might en oy ma ing similar exercises
for their classmates to graph.

477
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REFLECTIONS

Exploration

You already know at least one meaning for "reflection."

We think of a mirror or a pool of clear water as giving a
vi.

reflection. Let us see what reflections are in geometry.

1. a) Graph this set of ordered pairs:

(A(4-2, 4.7), B(4-9, 4.5), CO, 4.4))

Draw segments MN, Mr, and W. The union of these

segments is a 761":14 )

Does your triangle ABC look like triangle OC AoBlow?
o.._4(.)

This drawing shows also triangle DFE which is a

reflection of triangl ABC. Do you see w it ise

t r,:,.j.... rp..1
called a reflection? c A; 2:4 .44.0.4. 74**,..

,4.Nd7 ""''''' 4- 'I" l'"''.14C,,,,...' 7

_--I-NI N11111
MESEPIIII1W1 NI 9.111,...._

El 1, twill
E

+1,

-2 f +1 43 +1, +5 +Cl 47 1 +5-J -6 -7 -6 -5 -4 -3

-3

-41-

..,
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Copy the table below and write the coordinates of

points--D, E, and F. Fill in the distance of each

`point from the y-axis also.

Point Coordinates of Distance of point
point from y-axis

A (+2, +7) ? (_,,,--1)

D (-2 ,#7) T (a .......t)

B (+9, +5) ? (9.i.:-.4)

F ( -9, 45: ) ? (9----t )

C (+3, +4) ? 65......"...L)

E (3, ) ? (3 -..."-s-i)

,

What do you observe about the coordinates of points

A and D? (-'2/4 J... ,e;UL

d) What do you observe about the distances from A to

the y-axis and from D to the y-axis? (4.4..

e) Are the observations you made for the points
11A

and

D similar for B and F? °
Ur
fon C and

f) Mark and label points D, F, and E on your graph.

Draw triangle DFE,

g) Fold your paper along the y-axis and hold your paper up

(2H
to the light. Does A fall on D? Does B fall on

.&s) <r)F. C on E?

h) Is AABC '74ADFE? ("611-1)

479 ,
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4

Point D is a reflection of point A in the y-axis.

Point F is a refleCtion of point B in,th' y-axii.

Point E is.a reflection of point C in the y-axis:

7

ADA is a reflection of .Q ABC in the vertical axis.

Note that we get a reflection of a point in the vertical, axis

when the first coordinate of the,point is replaced by its

opposite;-and second coordinates remain the same.

A figure is a reflection of another in the vertical axis

if corresponding points are the' same distance from the vertical

axis but in opposite directions from it.
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2. How can we get a.reflection of AABC in the horizontal

.axis? In the drawing below, does triangle LKJ look like

a reflection of:.triangle ABC in the horizontal axis? (7-4,-.)

+7

46

45

+3

+.2

+I

9 -8 -7 -6 -5-4-3-2 -LO
1-

4+1

-2
-3
-4
-5
-6

-7
-8

A

4243 +4 +5464748 4,9

a) Copy the table below and fill in the missing facts.

Point Coordinates Distance from
of point x-axis

A

L

B

K.

(+2, +7) ?

( +2, 7) ?

(-.1.9) +5) ?

(+9, 7') .

(+3, +3)

(+3, -3)

481 ,

491

(3.44Lt)

(3 )
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b) What do you observe about the coordinates of

(1) A and L Y- . A..:

(2) B
K

( 3 ) C and J ? %_ 3 .4,-2
X-4. 41Lj

c) What do you observeabout the distance of:

(1) A and L from e x-axis? (7-"---4)

(2) B and K from the x-axis? i.'-4.)

(3) C....and J from the x-axis? .(3.."-")

d) How do these observations compare with those you made
-a - e..../P14;At. "PA Ik 1

feom the table in .Exercise
)

e) Along.which axis would you fold this drawing so that

A, B, and C would fall on the'corresponding points

K, and J? (.3.61^1....;744

f)" When the second coordinate of each point is replaced

by its opposite and the first coordinaX

axis.

te remains the

()
same, we get a reflection in the

A figure is a reflection of another figure in the horizontal

axis if corresponding points are the same distance from the

horizontal axis, but in opposite directions from '`1

3. a) Graph this set of ordered pairs:

A(5: 2) D(9, 10) o(-7, 6)

B(1, 4) E(9, 4) H(7,
L

10)

,J 5,,,v1 ,..-Z ilt-
0(-1, -10) F(-9, -6) -rc 4.93.)

Draw 31i, Mr, Zr15, -75E, 7, * 1TR.

This figure lOoks like.a drawing of a 7. (7")

484 9 2_
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b) Graph the reflection of point A in the y-axis.

The reflection of A in the y-,Axis should have the

same Ncoordinate as A. Its '.( 14Icoordinate

should be the opposite of Ps.

Point A and its reflection

the same distance from the

c) Graph the reflections in the

in the y-axis should be

axi AL, 12

44...
A-"Ial"-4 )

y-axis of the other labeled .

points. Draw segments to get the reflection of the

figure.

d) Do your figures look like the ones in the graph below?()
Label the points of your reflection figure as shown.

14""

y

5

483

4 3
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e) Name pairs'of points so that one point is the

reflection of theipther, Tell how far each point is
5 k

from the y-axis.
; G 7a ""Z.44,d7;

f) Find a point on If halfway between A and E.

Call it W. What are the coordinates of W? 7,

Find a point on JK halfway between J and K. Call

it N. What are the coordinates of N?

Is N the reflection of W? ro you think all points

of one figure are the reflections of corresponding

points of the other? (?..")

g) Along what line can you fold your graph so that

points of the reflection, fall on corresponding points

of the figure? (41.- tr°1"-)

This is an example of reflection in a line. The line

of reflection in this case is the y-axis.

h) Draw the reflection of polygon ABCDE in the

horizontal axis. (A1.--TC. .418,57)

(1) is this an example of reflection in a line? If so

what line? (76-14~)

(2) Does the line of reflection always have to be

the x-axis or the y-axis? (20

484
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Answers : Explc ation

Exercise 3h
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Exercise Set 8

1. a) (1) Graph this set of ordered pairs. Label each point

with its letter and coordinates. (,LTC 487)

(A( +6, +4), B(+8, +2), c(+6, +1) )

(2) Draw A!, AZ`.

(3) Is your figure a triangle?(11.649

b) Graph the reflection in the vertical axis of AOC.

Label each vertex of this second triangle with its

coordinates. (14-7-1C$97)

c) Graph the reflection in the horizontal axis of Ague.

Label each vertex of this third triangle with its

coordinates. (,11...TC 41,7).

2. The line of reflection

in this drawing is the

-axis.

\ \

y

3. The line of reflection in this drawing is the ?(*)-axis.

486

4



(-8;2)

Answers: Exercise Set 8

Exercises 1ada,c-4a,b

(-01).0--10 -8 -6 4

A(+6;14)

-2 0

2

4

-6

B (+8 t2)

C(+6;1)

+ 2 +4 +6 +8 +10 x
40.

(+671)

(+6,-4)

(+8;2)

-10 -8 -6 4 -2 -0
F (-772)

GI-675)

-2
Er3T3)

-4

-6

-8

487

+2 +4 +6 +8 +10
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4. a) Graph this, set of ordered pairs: (1. 7.11 44?)

( p(4, 7), E(3, 3), F(7, 2), G(6, 5)}

Draw II% rtr, U6.

b) Graph the reflection of quadrilateral DEFG in the

horizontal axis and label each vertex of this new

quadrilateral with its coordinates. (1...7-C41,7)

5. a) Draw the triangle whose vertices are points with

coordinates A (+4, -3), B(-3, -2), C (-2, -10) (LTC 4f1)

b) Graph its reflection in the horizontal axis, Label each

vertex of the new triangle with its coordinates. What

is the line of reflection? (Z-°1")

c) Graph the reflection of the triangle in Exercise 5a

in the y-axis.-

BRAINTWISTERS

1. a) Graph this set of ordered pairs. Label each point as

you graph it.

A(+8, -2) G(+3, -6) m(+6, -4) v( 18, "3)

B(+16, "10) H(+1, -6) p(+8, -8) w(+13, -7,

13) J(+1, -5) R(+16, -1) x(+14, -8)

D(+2, ?-13)

EC-3, 9)

K(+5, -5). S(+10, -4) Y(+20, -5)

L(+7, 5) T(+11, 5) Z(+17, 11)

F(+2, -9)
(sg,e y-r/ A TC 41 2?

b) Draw Ai, c) Draw 17, d) Draw itr, e) Draw 117,

!Fa, vu,

and M.

TW, UP% /31, 1K, VW, RY,

0, and M, IL TT, and

n. and IT% BY.

488

496'



Answers: Exercise Set 8

Exercises 5a-5b-Braintwister 2

cir2;'-lo) Y

Ar3 2)

-4 -2

13(14,-3)

C(-2,-

489

49s
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This is a dr wing of Chief Pointed Head. Draw his

reflection in the vertical axis. (.1"- 7C' 41°4-)

2. The reflection of the letter A in the vertical axis is

also a letter. A, but the reflection of the letter A in

the horizontal axis is not.

AY A
y

A

Can you think of any other capital letters which would be

the same as their reflections in the vertical axes? The
.;21.46.; 0,7; U, V ,1.1,X; Y ,Z

horizontal axes? both axes Aiwi;21,114.:.: 1,C, 0,E, H, 1, k °Jot'
4:44? 6.14Le ,/ AT, 4 X

As2.74":--0.
3. See the chart for Exploration Problem number 1 on page 280 in

your text. Can you find an illustration of reflection of

a set of points in a line which is not the x-axis and not

the y-axis. If so write the coordingtes,of a point and the
fe4, #4-.1(tb",+#); (*s.+ a..( Of; f3),. (fr., PR.); (4J (44, 4%).1

coordinates of its reflection./) What do you observe? Test

your observation on three other points.(2.16:41.4;14i1,4

4. Battleship Game # 3: The rules of this game are the same as

those for Battleship Game # 1 (Bee end of Exercise Set 5)

except that Rule d) is replaced by:

d)** (1) The first player calls out something like "reflection

of (+1, +3) in:the x:-axis". If there is a point

(battleship) marked with coordinates (+1, -3) then

the marking there is erased (battleship sund. If

there is also a point marked at (+1, +3) it is'erased
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(two battleships sunk at one firing!) If there

is no point marked at (+1, -3) (even though there

4- + %

might be one at /
1, 3)) then no markings are

erased and the opponent then has his turn.

(2) If the first player calls out something like

"reflection of ( +1, +3) in the y-axis" then the

marking at (-1, +3) is erased. If there is also

a point marked at (+1, +3), then that marking is

also erased. If there is no point marked at

(-1, +3), then no markings are erased and the

opponent has his turn.

5. Make up some rules for a harder Battleship game which

illustrates the ideas of this chapter. Hint: sec if

you can use symmetry ideas to sink 3 or even 4 ships

at once.

492
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VIII. SYMMETRIC FIGURES

Objective: To develop an understanding of symmetric figures.

To reinforce the ideas relating to reflection

through the study of symmetry.

Materials: graph paper, squared chalkboard, scissors, pencil,

straightedge, compass

Vocabulary: symmetric figure, line symmetry, line of symmetry,

axis of symmetry

Teaching' Procedure:

The Exploration and set of Exercises contained
in this section are in sufficient detail in the
Pupil Text to follow. Worthwhile review in
graphing points of ordered pairs, review in
constructing reflections, and stimulating
challenge to the quick, able pupil are given in
this section. Do not expect complete mastery
by all pupils in the short time allotted for this
section. Encourage each pupil to proceed as far
as he can.

In the Exploration for this section, 1)

is'a very good activity which can be very easily
combined with work in art. Some figures which
can be made in this manner are valentines, snow-
flakes, Christmas trees and many others.

After all have had a chance to study the
materials, discussion should center around the
problems which pupils find puzzling or difficult.
Encourage pupils to'ask-each other questions about
the material. This crystallizes the ideas for
those asking the question and is. very meaningful
for the pupils answering the question.

It is interesting to note the many examples
of symmetry that one sees each day. Many of these
are not just one figu're, as for example a fireplace
and mantle.

1493
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SYMMETRIC FIGURES

Exploration

1. Fold a piece of paper and crease the fold. Mark a poin;

A and a point B on the crease.

Start at A and draw a curve which does not, intersect

itself and ends at B.

Use scissors to cut along the

curve. Be sure to cut

through both parts 'of the

sheet of paper. Unfold the

part of the paper you cut

.out.

Crease

B

The curve is a symmetric figure. The union of the curve

and its interipr is alsb a symMetric figure. Either set

of points furnishes an example of line symmetry because

when the paper is folded along the line suggested by the

crease one part of the figUre fits exactly on the other.

The line represented by the crease is the line of symmetry

or axis of symmetry.

.2. George has a "crewcut": Is this picture of his head
t')

a symmetric figure? If so, lay your ruler along the

axis of symmetry.

5 0494
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3. Chief Pointed Head made an arrowhead.

It looked like this:

Is it symmetric? If so, what is

the axis of symmetry?

4. Trace these symmetric figures on.a sheet of paper. Then

use your ruler to draw the axis of symmetry on each of

your tracings. C-L .

b

5. Must An axis of symmetry necessarily be either horizontal

or vertical? (g.)

495
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6. Use your compass and straightedge to construct an

. equilateral triangle. Let the length of each side: be

three inches.
e':

Cut out the triangular regioh'.

a) Can you fold the'paper to show an,axis of symmetry?4")

Can you show another, axis of symmetry. How many axes

a symmetry are therOPLL.4"1/44,4,---"-t--A-.-Z

b) Can a figure have more than one axis of symmetry'AriLt

it have more than one? E4)

1

7. Trace this drawing of a 1A6' 8
I

...

rectang.l.e.
. i'

.%
;

a) Is it a symmetr'ic figure? ('r) -- -----1-- --:-

I

If so, draw as many axes i

': D 1

1

of symmetry as you can. -. 1

b) How.many axes of symmetry doei a rectangle have? (°)

c) How many axes of symmetry does a square- have? (//,....-r)
,

8. Construc a circle with a radius of two inches. Cut out
fa,

the circular. region.

a) How many axes of symmetry do you think a circle has?
et,..a ) e

b) What is the intersection of all the axes ofsymmetry of a

Circle? (A"..Z/4tie.;-4%)

,Are there examples of symmetric figures in your ciassroom?

If so, describe the axis of symmetry for each figure.

( )

496
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As you go home this afternoon look for examples of

symmetric figures. Notice where the axis of symmetry is.

You will find many examples. Look about your home for

symmetric figures. Be especially alert at the dinner table

in finding symmetric figures.

Exercise Set 9

1. This is a drawing of a

front of a wide bus. Is

it a symmetric figure?

2. Which of these drawings seem to be symmetric figuresAc,d,e)

a b

An insect might look like this.. Does

it appear to be a symmetric figure?(/r)
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4.

Polygon

ABCD is a

square. Triangle

ADE is an

equilateral

triangle.

Trace this figure on your paper.

a) Name three symmetric figures.

(444- NICB, EA.! ), A8CDE)

b) Draw all of the axes of symmetry for square ABCD.

44.

c) Draw all of the axes of symmetry for equilateral

ADE 2.2t) 17fL,J 0-LA . 4.2triangle

d) Is there an axis of symmetry for polygon ABCDE441;110,

e) Look carefully at your drawing and the axes of c,judetry

you have drawn. If you consider these axes as well

as the original figure, do there appear to be even

more symmetric figures04d)
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5. Which of these are true, statements?

a) Axes of symmetry do not need to be vertical or

horizontal.

b) A symmetric figure must have two axes of symmetry. (ALL)

c) A figure symmetric if half of it is a reflection of

the other half. (;47`'A)

d) An isosceles triangle is an example of a symmetric

figure. (/4-4)

6. Print the capital letters of the alphabet. Which are

examples.of symmetric figures?

4- C, D. E, H,1, o X K ,



IX. SYMMETRX AND REFLECTION

Objective:. To develop the understanding that the axis of

Symmetry can also be the line of reflection; to

Live further practice in graphing ordered pairs.

Materials: graph paper, pencil, squared chalkboard, straightedge

Vocabulary: No new words are used

Teaching Procedures:

The development in the Pupil Text is in
sufficient detail to be used.

Braintwister 2 is quite long but should
prove a challenge to some children. The pupil
will be successful only if he follows the
directions carefully.

500
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SYMMETRY AND REFLECTION

Exploration

Is an axis of symmetry the same thing as a line of

reflection? Think about this question as you work out these

exercises.

1. a) Graph this set of ordered pairs.

A(10, +6) D(1, +4) G(11, +4).

E(-2, +6) E(-3, -4) H(8, +4)

0(4, +4) F(9, 4)

Draw AS, ru, GR,. and rx .

Does your drawing look like the one below? (St*-).

+3

+2

+1

A

-9 -8-7 4 -5 -4 -3 -1 0

2

3

iK
-5

(aiLl Pr :to
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b) Is' polygon ABCDEPOH a symMetric figure?(2mw)

Use your straightedge to draw the axis of symmetry.

c) Suppose you folded your paper on the axis of symmetry.

On what points would these points fall?

A on. ?(6) H on ?(C.) a on F on W
d) Call the point where the axis of symmetry intersects'

Ilk point J. What are the coordinates of. J? 't)

ltr)
e) Do A, B, and J have the same y-coordinate? How

4-
long is ITN (4 How) long is 37.14)

Are A and B the same distance from the axis of

symmetry? (le-)

f) Call the intersection of the axis of symmetry with 17,

point K. Are F and E the same distance from JK?
(Y4)

g) Are H ancl. C the same distance from JK?

Are D and 0 the same distance from 47? (r)

h) What are the coordinates of the point of intersection

of the x-axis with 701? with Dt? 'with JK?`
L o' l

Do these three points determine congruent segments on

the x-axis? 44-)

Since corresponding points of the curve are the same

distance from JK, one part of the curve is the reflection of

the other. JK is the line of reflection.

5 0
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Curve JBCDEK is the reflection of curve JAHGFK.

Curve- JAHGFK is the reflection of curve JBCDEK.

The axis of symmttry, JK, is also the line of reflection.

2. a) Choose a point R in'the interior of polygon ABCDEFGH

whose coordinates are integers. (Do not choose a point

on the axis of symmetry.) What are the coordinates of

the point you chose? (41---

b) Find the point which is the reflection of R in the

axis of symmetry,' JK. Call it S. What are the

coordinates of S?6/4.1.".'"1"."Zie'-jila'Ala"
- d/ R. )

c) Find the point which is the reflection of R in the

x-axis. Call it T. What are its coordinates?

(ac. - ÷-ai
d) Find the point W which is the, reflection of R in

the y-axis. What are the coordinates of w?

503
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Exercise Set 10

1. Trace this square on paper, and cut out the square and its

region., How many axes of symmetry does it have? (A.-Jr)
1

I ,

I/
- _\-vc - --

/-1

2. a) Graph this set of ordered pairs. (14.

A(+3, +3), B(+3, 3), C( -3, 3), D( -3, +3).

Draw X!, 17, LT, and 151.

What kind of quadrilateral is polygon ABCD? (4,44.),

The square ABCD has how many axes of symmetryJefame them.

(R. ; DB, A ac-14.:., IA
89What point is a reflection of A in the x-axis,.( in

the y-axis
cD) (c)

In BD? k I

What point is the reflection of B in the x-axis?(#)

in the y-axisV1 In ACP)In BD 113)

504
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Answers: Exercise" Set a0

Exercise 2 - Braintwister 1

Ex.2, P-305 y

+4

D(3;5)

-4

C(3;3)

- -
*2 E

F
-2 0 +2
0 -2

A(+3 ;3)

+4 x

5e3-;
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a) Graph the set: R(4-2, 3), s(+4, 6), T(+7,

Draw triangle RST. (4L.A. TC -5-°6-)

.b) Draw the reflection of triangle RST in the y-axis.

Call the reflection triangle. XYZ.

c) Is the union of triangle RST and triangle XYZ a

symmetric set of pointsreif so, what is the axis of

symmetry? (11.-4""')

BRAINTWISTERS

1. a) Look at your drawing for Exercise 2, Set 10. Graph the

point (+1, and label it E. ( ,LLTC 6-406-)

What point is the reflection of E in the x-axis? in

the y-axis? in AC
4-0

(ca this reflection point F)?

in lit (call this reflection point G)?

c) What-do you notice about the coordinates of these

reflection points.

2. a) Graph this set of ordered pairs: (IA 7-(1=50?)

A(0,

B(+4,

C( +3,

+9)

+9)

"Flo)

DkO,

E(+3,

F(0,

%+
10)

+1)

4-1)

Draw AP, 71% 7r, FE, /57.

506
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Answer: Braintwister 2

D C

49 A

11:37
to-
h.t.r

44
43

R

TEiv
m iK

IL
P

S

+1

F
E

*I 4.2 13 +4+5 IC
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b) Graph these points using the same axes.

G(+2, +3) L(+1, +5)

H(+2, +2) M(0,

.go; +2) f'5)

K(+1, +6)

Draw 'UR, FO', -a.

Draw ET4 14 Mg, . rr.

/L. TC P7)

c) Graph-this set of ordered pairs using the same axes.

R(-1-, +8)
T( +1, +7) (1- /7 c 6-47)

s(+2, +8) v(+2, +7)

Draw Tit, 7.7, VT, and TR.

d) Draw the reflection of the figure you'how have in the

vertical axis. 7 C go 7)

e) You have a picture of Dandy Dan. Is it an example

of a symmetric figure?

I
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