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. Lo e ' Chapter 6c
PROPEPTIES AND TECHNIQUES OF ADDITION AND . SUBTRACTION IT’

=

‘PUREOSE OF THE.UNIT

1. To help children understand the. techniques of adding and -
subtracting numbers whose numerals have many digits and their
dependence on the properties of our system or numé%ation, the
commutative property, and the associative property or ’

addition

2. To help children understand that. 1f they know the addition

‘_facts and the properties of addition and. subtractionh they
,may add and subtract numbers whose numerals have many

digits ~ L SR : B

3. To help children develop skill in addition and subtraction
and in che¢king. these operations' ' o

':h. - To help children rurther their problem solving ability
- through the use of mathematjecal sentences in situations'
requiring addition d subtraction ‘of numbers whose numerals .
‘ have many digits wfaz partdcular emphasis onilearning when
. ubtractio'n' 1s applicable . . ‘. S
._t : ) ; ,- . i ‘
< Chi’dren.who have, learned previously,the technique of
- addition and subtractibn thoroughly may move. through the firat
half of*this unit Very quickly. Others should move more slowly.
'However, the development of the meaning basic to the techniques .
'i1s dmportant and should not be slighted with any group. Indeed, .
.. 1t should be given emphasis. It and the dévelopment of an =~
"ability to- solve problems are the major purposes or is unit

- o
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e
MATHEMATICAL BACKGROUND L

The answer to the. question, "What is the sum of 5 ‘and 29" '
is 5+ 2, Ordinarily the question is interpreted to mean,

"What is the decimal numeral for the sum of 5 and 29” For
this question the answer is 7. Similarly, .the answer to, ”What
is added to u’ so the sum will be T?", is 7 - 4, As a decimal
numeral, 7 - 4 1ig° 3. I

The answer, 892 + 367 in response to "What. 1s the sum of
892 and- 3672" 1s correct but is ordinarily not the most -
5convenient one. The' decimal numeral 1 2259 1is the expected
response, In learning the process of addition then, a primary
obJective is to write & sum such as. 892 + 367 .in the form of
a decimal numeral ., . :

‘ If 42 and 37 are the ‘numbers added, the ‘result 1s'-7'
tens and 9 This sum can be written directly as 79, However,
Cir - 67 and 58 are the numbers and the operation is addition
the result is 11 tens and 15. This sum cannot be written.
directly as a decimzl numeral but must be thought of as li
hundred 2 tens, and 5. Then 1t is written s 125 _ _

Similarly, ‘when the operation of subtraction'is used with '\
humbers whose numerals have more.than one digit the naming of
. the number, ‘which is the sum, as a decimal numeral .often requires
. careful - ‘thinking. If h9 and 23 are the numbers . operated on,
the. unknown addend is 2° ‘tens and 6., This result may be
.written directly as - 26. If however, 32 and 17 are the
.numbers operated on, the"32 must be thought of ag 2 tens

and 12 This makes it convenlent to subtract 1 ten and- 7
The result 1l ten and 5, is now written as 15. '

Thinking of 232 as -3 tens and .2 ones or as 2 tens
‘and 12 ones has often been referred to as renaming 32",

Renaming a number" has been used widely in some of the previous’
units, It is. clear on a moment's reflection that a number can -

be : renamed in an. infinite number of ways. For example, the-
numberp 8, can be renamed as m - n whene n may represent any

. . "» Ty

. . 9}494
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", number we please and ‘m =n + 8. In this“particular unit we #

"are almost entirely concerned with a type of" renaming whicn s
oarticularly useful in addition and suotriction involving larger

-

numbers. . e : < i .

This type .of renaming is not ldentified by any word or ..
dhrase in this unit and the word rename will not be used here.

Instead, terminology such ‘as/the following is used"
. "523° may be’ thought‘b ‘as 500 + 20 % 3", or -
' "Anmother name for 5?3‘ is 500 + 20 + “3", or o i
"523 may be expressed as 500 + 20 + 3", At _the same time
the idea of different nanes for the same number is basic for
: learning the orocesses of’ addition and subtraction. ' It must be

dw

' ,omprenended ir pupils are to compute sums and unknown addends
. with understanding T ‘ L ‘ .
‘ Consider the following ‘exarple whch should make clear the
need to ledrn how to express numbers in different forms and
: should indicate:its useful application in addition,and subtrac-
tion. . S S '
Example.. Find the number that must be added to 376 so
that 523 will be the sum. If written as a mathematical sen- . g
tence it may take the form 376 + n = 523. If the pupil immedi-.”
. ately rec ognizes that 147 1is the addend that with the given’
' addend, 376, yields the sum, 523, there is little need of .
-oroceeding further. A response - to such a simple request as,
' Find the number that fust be added to . 6- so that lO will be,
tne sum, ' would doubtless be immediate from the simple recall.of
the: proper addition fact. But in the eXample under cOnsideration
the . numbers are so large that recognition will not be immediateu
" Henc e the process will go mething like this .
; First, write the’ exercise. - 523 ) ' e
. - 376 :

/

Nowcthe‘need to eXpress 523 and‘ 376 in formsvother'than as
. %;;imal numerals s apparernt. The objective 1s'to put a greater
number of ones in the ones! place in the sum than iA-the ones’




S

.
! ’

. ~
- f

place in the addend, to put more tens in the tens! place in the-

sum tham in the tens'“place in the addend, etc, . ‘,'a o e
So we may -write 523 = 300+ 20+3 ",
SR -, 376 = 300 + 70 +6 ‘ o .
as an initial step in accomolishing our purpose. e 'i
Next 523 = 500+ 10 + 13,
o 376 =360 + 70 + 6 -
and © 523 = kop + 110 +13 - \
) 376 = 300 + 70 + 6. (A
| 50 that’ 523 - 376 =100 + 40 + 7= 1u7 ' Tl
There is no need for a special term to describe this
Pprocedure to ourselves or the pupils. We avoid the need Tor a
term by saying, "We write 523 -as* 500 + 20 + 3" and write as
indicated The primary issue is recognizing the need for more
ones 4n ones! place of the sum than in the ones! place- of thel
addend, more. tens\in the tens' place of the sum than in the X .
tens!' place of the. addend etc.; @ \ -

In addition- there 1is less difficulty. Ne simply name the

addends to exhibit the number of ones, the number of tens and

- addition. : S S

SO on, Then the ones, tens, hundreds and so on -are added
For examole' 229 = 200 + bo + 9 '
' 6

. o) 6

\ L
. ° '

600 +70%6 ' S

»

»0 7 Sum = 8oo-+ 110 + 15 IR o o |
_ = (800 + 1oo) + ( 1o + 10) + 5 ' -
‘ o = 900 +20 + 5 | ,\
' ; > =5, - | S

" Here ‘the numeral 800 + 110 + 15 is expressed as the -
decimal numeral by applying properties of. our system of nummera- 2
tion and ooth the commutative ‘and associative properties for

|

.. o
' l

f

-
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e It is recognized, of course, that this eiplanation is- Long
and wordy- in written exoosition. It can, however, be made
fairly brief in presentation to .the pupil, and in his- subse-
quent execution. of it be made briefer. Details are supplied in
an attempt to explain the basis. for “borrowing“ and.’ ng"
"and an ultimate discard of tpese terms which are frequently
executedcproperly but.almost universally misunderstood o

An. important property of subtraction in the symbolism of

the ‘mathematician is: . e ot
- For a palr of whole numbers named in ﬁhe form (a +19 and
(c +4) - ‘

(”‘a +b) - (c+d) =(a - c)'; (v - d‘) -

In this unit it 1s assumed that -a + b is greater than ¢ +.d.
' _Hepe 1is an 1llustration of this pr0perty for -68 - 42, It

.shows that in writing a- subtraction in‘the vertical form the,
: [ prooerty ‘is applied au:comatically e . '
- . S ,-". o N
, .. 68 - ue = (60 +8) - (xQ ¥ 2)- 68 .
~ | ' s<ao--uo)+(8-e) T2
- : T 26 ¢
. . = 20 + 6 : Lot - 5 ) . , .
; T . ' = 260 B . E ' A L ' _. ; ) o N A
- ) . - .

3

“The relation between the illustration and the. statementgof
‘the property is seen if you think of " & replaced by 60, b
replaced by 8, c repiaced by 40 _.and -4 replaced by 2. l
o - The property is appliqable to other subtractions such. as‘
og - 49 or 352 - 187 More steps are required however. <

-~




' TEACHING THE ONIiT =~
. DIFEERENT NAMES FOR THE SAME NUMBER
S :
ObJectiQé:. (a) T6 help pupils reViewﬂfﬁe idea, of many ﬁiifefent
- names for the same"number._ B .
. (£) To help pupils'illustratg-different names for'a

number on an abacus : N

\Maggrials Needgd; An abacus with 20 beads‘on each of fou;<reds
B The figure at the right shows. one form - 1
‘ ' of-an abacus. It has rods.inserted. |, .
in the base w!th beads that may ve = |

\ Lo removed when not in use. Other forms
'ﬁ "_ of the ébaéus are_equa11j useful,

‘The rodénor the - abacus correspéhd to.

Places in a numeral. Moving from - — — &
right to left, the first roal, L _ : —/ L=
» corresponds to ones! Place, the ' - '

second to tehs'»place, etc. The.number or beads*qnlthé first'
rod is xhejnumber of ones, the number of beads on the second
rod is'tﬁé'ﬁumber of tens, etc. The numeral represented on
the abacus he is 6 “thousands, 4 h dreds, % tens, '

R

T ones or 6%47,
, Ty
Exploratiody: » . ¢ -
- » Parts of the following material -are ‘written - a

as 1f 'the teacher were talking to his class, . The
answers he wishes to elicit from pupils in-
.response to questions are included in parentheses.
Other parts of the exploratory material for this
unit are in the .form of suggestlons fo the teacher.
These are also descriptions of prOcedures that are
to be used as a vasis for discovery and explora-
tion of concepts and properties. These remarks

are written Wetween double vertical lines.

,\h P
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Some of the exploratory material is contaiﬁéd‘
the Pupilst! Book. This is the case with-the v
Irst section,” Different Names for the Same Numbeér.

‘Children should soon recognize that the phrases
Mpifferent Names for the Same Number" and "Renaming
" a.Number"™ have the same meaning. .

 The tescher may have .pupils open their books
to page 303 and answer and discuss the questions.
After this development, Exercise Set 1 may-be
completed by each pupi% individually.

: o \
; .l.
o
.
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'PROPERTIES AND TECHNIQUES OF ADDITION AND SUBTRACTION I

DIFFERENT NAMES FOR THE SAME NUMBER : - L
There are many ways of.namihg a number. The decimal

. . ' 1] :
numeral for 40 + 2 1is 42. It may also be naned in other ways.:
. ’ N - - ) . . . T B

1. Man says that all the names %éicw/aré for7:?é same number.
Do you agree? 27 - 3; 24 + 0;. 10 + 14; 25 - 1;
2 tens an¢ h; 1 'ten’and, 14, (?ﬂv)

. 2. What is ‘the: deéimal numeral for 40 + 152 State five

; other names for 40 + 15. /)(kuoaxn~f4-¢£ "1;)

‘3. (a) Is 234 = 200 + 30 +. RJ%M%c) Is 234 = 200+ 20 ??}u?*

(b). Fs 2347= 200 + 10+ 2443“(d) Is 23u 100 +_1306+ %?_

ﬁ.l You may tﬁink of 67 as 6 tens and i? ones of as ,5' tens
. fand;£i7- ones. What are other names for. 6?? | o ‘
°May we think of - 726 '

700 + 20 + 6?
. as 700 + 10 + 167 (42e).

as 600 +.120 + 62

'Different names for a number T '; - 7

are often shown on an abacus. ' 34 "as 3 tens
, o and. 4 ones -
. How is 3% named on each : o
- . ’ \
abacus at the right?

- 5.',‘Tbll’two'different'names for

each of these numbers. Show
Anaircre’

each on the abacus.(;mJZlﬁﬁ?> : —

(2) 46. (b} 97 () 263 . (—

.1 ~ 34 as 2 tens
O “and 14 onee

500
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~ Exercise Set L

e Copy the numerals 1 - 10 ‘on your paber,'. Next to each '

.write the correct answers to complete. thié- clart.

éécixqa.l Num'eral o . 'Anot’f "I'\Ia.m(.elfor tl'.1e ﬁumber

r (371) D 10417 -
2 (318) © * 1200 + 160 +18

3.3 - ' - a ", R - . &oo o ri3)

y - (78 ' | R 6 te.n.s +.18
 $'_‘ e _(por18)

6 T (553> . En | 4 hundreds + 15 tens + 8
EIE T Q¢f”+/a

8 ué (st +19) 'J

9 o /7‘»‘72 ’ ' ' . 15 | hundreds. + 23 tens + 19
10 1,506 .‘ (/¥W+ )J.ﬁa«}+6)'

For each of exercises 11 - 13 write > or < so each

~mathematical sentence will be true. In exerciﬁe 11, 1s 1000 +

300 + 60 + 16 another name for 13769 ( 594') | (
1. 1378/>) 1ooo+300+6o+16 N

12 2,8’(& LZl 1 thousand + 17-_ hundreda; + 16 ‘tens + 4 ‘ones
13.. 4,926 12)_3 thogsgndé + 18 ;xundijeds'+. llA_ tens + 6 ' ones,‘

4

16 -

so. .




REVIEW(OF‘ADDITION'_ T e

Objective: To help pupils review the techniques of addition -
© where naming the sum as a decimal numeral is a .
_ simple procedure o
Exploration |
Fere are four addition exercises on the chalkboard.
() 3 + 4 'f (¢) 300 + LoO
(b) 30+ 40 (a) 3ooo + k000 _
o . What is one numeral for the sum in each of these° (In (a)
" 1t 4s 7. In (b) 1t 18 70, which means 7 tens. In (c) it
i1s 700, which means 7 hundreds., In (d) 1t 1s 7600, which”
means . 7 thousands. ) :
“Exercises like (b), (c), and. (d) are often wr?t@en in

'column form because it 4s an easy way to group the. ones, tens,
/\hundreds, ete. ‘ -

>

(p) 30 - (c)fsoo - (d) 3000

) S #40 + 500 + 4000 -

-~
-

. How do you add 23 and 45?2 (The sum of 20 and %40 1is
] "60., The sumof 3 and 5 1s 8. . The sum of 60 ‘and 8 1s
| 68.) This 18 an easy exercise but we need to study it because
You have used some important. properties. Let us find then,
You thought of .23 and 45 in another way. What was 1it?
(We found other names for.them, 23 =20 + 3. 45 =140+ 5.)"
“You thought of 23 + 45 .as T30 + 3) + (40 + 5)2 (Yes,
.but we used the commitative property and' associative property -
- to get (20 + 40) + (3 + 5). Wny did you want this order? (So
we may get 60 + 8 .or '68.)
May we write our work like this”

23 + 45 = (20 + 3) + (40 + 5) = (20+uo) +(3+5) =60+8

-

»

68
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.

. ‘We may write our work for the pupils as . ; “
|l in the preceding statement. But the best '

|l = pupils, possibly all ‘the pupils, should be
) aware that the following steps, oér_q‘similar
é\. ones, are used ’

(2o+ 3)+ (40+ 5) (20+3) +(5+ 40)
-y Commutative Property

R R 20+ [3+(5+4o)]
B | R4 : _ Assdcliative Property

- A s 20+ [(3+5) + 40]
Associative Property

20+ [8 + 40] '
Adding 3 and 5

20+ [40+8] . : .

~ Commutative Property f

20+ %] +8

, B ; . Associative Property

. ] g . ' . . ) . - 60 + 8

' : : ' " ‘ Adding 20 and 40
68

~
n
] ] W ] " L
.

Adding 60 and 8.

. The colnmn fonn of writing the addends is helpful 1n any
exercise like this. We can write all we have said in another

“form,
23 =20 + 3
- ; 45 = 40 + 5 .
' 60"+ 8 = 68

Let us do another exercise with more addends and show’ the
-~addition on an abacus and study the properties we use.
Show the three addends for this addition:’

523
212~ :
6L ‘ N R

18 s
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What is a convenient form o . 523 = 500 20 + 3.
for writing the addends? (The e
 form shown on the right should . '
be wribten on the board:) R 364 _
To show addition on tne abacus, we may combine the beads
column by column Where shall we begin° (ﬁirst.we combine the.
counters on ‘the ones' rod: - '3 and 2 are 5, and, 5 and &4

= 200 + 10 + 2

n
.
N
L

300 + 60 + 4

]

“are 9. ) .
xt comoine the counters on the tens' rod
an n the counters on the hundreds' rod. Ask
- su ble questions §o pupils understand the
technique. The written record should be com-
Pleted: M. ' s
523 =.500 +.20 + 3
212 =200 + 10 + 2
- 364 = 300 + 60 + 4 ) )
. 1000 + 90 +9 = 1099.
) |-~ The teacher and children shouldldiscuss as s

_many exercises as-are needed to -help children
- understand that the column form of writing an
"exercise helps them think about the ones to-
gether, the tens together, etc.
The children should be encouraged to line
up the digits neatly as they write them in.
- columns. Care in writing, contribdtes to- in-
.creased skiIll and accuracy.

’. The convenience 'of -the vertical arrange--
ment should'be emphasized as means of obtaining
answers efficiently. At the same time, the most
* important objective of this unit is to help

tg?upils understand what they are. doing. -
S"dy%ng the operation. of addition carefully and showing it
-on an. abacus helps us .understand the method of- addition.

- We need to find a method of adding qu&&kly. We need ‘also
to- be sure the sums we get are correct

. ~ :
: The teacher should provide exercises for the
-children to add 4in whichk the sum in any column is
not more than 9. The pupil will add each column

- dn order from right to left and‘record the sum of -
each column as. it is added




.
e

Addition with ‘addends whose numerals have many digits is
often needed in problem solving. Find Exercise Set 2 in your _
book .on pag 305.’ ‘

(l) A salesman traveled. 453 miles in January and: 523
" miles in February. . What distance did he travel in

the two monthgss

In this example we will follow the _method which we have
used before to find the answer to the questions asked in a~
'.probkem ‘ “ B .
Read example (1) carefully. What question is asked? What
bits of information are given? Wrlte the mathematical sentence
“‘uhich describes the problem. (453 + 523 = n) 'What operation
~ should you use? (addition) Answer the question asked in the’
- problem.‘ (The salesman drove 976 miles in the two months.?)

IR Children should be encouraged to arrange .
théir work like this:. B .

J+53 + 523

: - .453_»
X R _ <~+ﬁ§§2;
. 976

"The salesman traveled 976 miles in Jan ary
: -and February. :
N "Exerclse Set 2 may be completed now b . '
each pupil individually.

I3

s

[N




" “REVIEW .OF. ADDITION |
SO B _ Exercise Set 2

N R . . : - . 2 -.
—1. A salesman traveled « l153 miles Ain: Ja.nuary and 523 ‘miles’

+ in Februa;;y What distance did he tra.vel in the two'

- months"( z 251%%#“4“4% .

2. 'lhe salesman traveled 230 miles in March, . 3&0 miles -in

R April, and 345 miles in May. How many miles did: he travel -

(230 +310 1345 =7, Qe .
w

in the three monthsg ? “5—,,“_&‘, e e 3 W

Y

3. From Ja.nuary through June the salesman traveled 2,010 miies.

- From July through December he-"traveled 1,854 miles. How
far did he travel during the year" (-’7-9/9""”"" . a&.

',4.. You found how fa.r the salesman traveled in one yea.r in '
exercise 3 mring another year he traveled L, 013 miles
What was his mileago during the two yearo?

(st +403= 2. Mo salosmanms Travild 7sv7m&aof4.zdw~)

| 5 On an automobile trip, Fred and Carol played a game by
counting station wagons and trucks they saw on bhe highway.
Fred counted 234 station wa.gon‘_s and Carol counted . 205

trucks.  How. many station’ wag gd trucks did they count-

in all? (ﬁé‘ﬂ+ao5 n.r- F/«-ul 957,dat.uw7,w
a....lM3

6. Jack and Tim have been gathering rocks for the new walk their
fa.ther is making. Ja.ck has gathered 3,72 rocks and Tim has

; gatheredﬁ 213. How many roe

= a’.lltogeither? (172+213=7, 3

g ‘have the’ two boys gathered

SaRt et
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MORE ADDITION - = . : o S
o - - . . . | - - |
ObJective'— To help children understand the technique for <
S . adding numbers whose numerals have many digits and
their dependenee on the properties of our numeration
s system, and the commutative property, and the asso-
ciative property for addition - - :

~

Materials Needed: Abacus (Place value charts may also be used )

Exploration 4 , v ) \\
. Letus find n if n =517 + 238+ 124, . .
- - Representjthe addends of this P ‘
exercise on ‘the abacus.
Write on the chalkboard:

~_'517 500 + 10 + 7

238 = 200 + 30 + 8,

124 =100 + 20 + 4 .

-

s :
‘ L ,
N X . .
Tell how each numeral we wrote. on the chalkboard is‘[-
»

represented on the abacus. S : ';:
' Now “show the addition of ones, tens,'and hundreds on- the
- abacus and on the chalkboard
500;+ 10 + ' 7,

13 . . -

b ¢ 1 - . 200 +30-+ 8
_i : " 100 + 20 + & <
- . 800 + 60 + 19
-/ T 1 E
’ . L




} | .,
. Here i a written rébord_or odr_thinking. _
e . \- . . ) 80' _*_’J 60 + 19 = . '_See-. A o . o

o s eacﬁ sum- 800°+ 60 + 197 How can yoqurits;this- s a
decimal numeral? o . o “/;////(aw

80p + 60+ (10 +9) =  below -
8@ + (60 +10) + 9 = see B "o
800, + 70 + 9 = 879 below: '

On the abacus,show how to find the ,sum as a decimal

/ numeral, SR
- /

B — - - _ L
[A ) . A : - . T BI';.". ‘ o

(Rearpange the 19 beads‘in the ones! placé into 10 gnd
9 ‘as in A. Then replace the 10 beads in the ones' place
by 1, bead in the tens' place, as shown in B.) o,a '

It is now easy to name the sum as- a decimal numeral, 879

The teacher should use other similar exer-.. L a
clses as needed to develop theé: meaning basic to :
the technique of addition. Aralysis by showing -
- the process in. writing, on an abacus, and in
a 1 discussion is helpful to the children.

Sometimes naming a sum as a decimal numeral

reqﬁire more .steps. One such example 1is S
TN 375 + 278. The teacher may wish to use the
‘ abap to show this addition. Whether or nog £,

-




_ R N s )
the abacus is used; the procedure shoujd be. 3
examined carefully: v v -

'3 -
~

’ - 500 + 140 +13 - | T | S
o] ' 500 -+ 140 ‘¥ (10 + 3). '
N .. 500 + (1ﬁp + 10) +.3 L .
500 + (100 + 50) +3 . R
(500 + 100) + 50 ++3 = 653, &

We;do not always add usiﬁg'this long methodjbpgbme'of us

"__can "think the/ answer" without any writing Let us study this

~example tog her:

375 * What 1is the sgmﬂbf the . ones? (13) Noticél _
+278 . . that we write it under the 78 1in 278. * In what

13 place 1s the 3 in 137 (Ones' place) In what

140 . place #s the 1? (Tens' place). Does 13 mean 1 ~

500" ten and 3 ones? (YeS‘)

" 653 What is the sum of ‘the tens? (1%4) “Where
shall I write 182 - (We write ‘0 in the ones! place,rh in the :
.tens? place, and - 1 in the hundreds' place.) . .

How can. we find - the sum”l (Add the rumbers 13, ‘140,
and - 500.) ‘Wnat'1s the sum?  (653) ﬁ - o .

¢ >

Thé above exploration is summarized on pages
306 and :307 of the Pupils' Book. It should be
) studied by pupils and teacher. Then, pupils may
- do Exercise iij/3 individually .
. T N -

~%

509

A
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MORE ADDITION ' e
1. ‘What number Is n 1f 323 + 345 + 214 = n? /
e o ) -y . oA
First, l‘I.)lace beads on T:he.. abgct_zs to show 400 + 20 +..3‘-
the addends so tbat each addend is 300 + 40 + 5
- . JSeparatgd. from the others. . 200+ 10 + 4
) Next, show’thg re_sult of adding t‘he ones, %00 +-' 20 + 3
- 'Show the result of addinhg the tens. 300 + 40+ 5
i ~ Show the result of adding the 200 + 10 + 4
! Ceo ' . 900 +T0 + 12
pundreds. K '
‘Now 423+31+5+211+=900+7o+12 -,
900 + 70 + 12 is thought of as 900 + 70 + (10 + 2)
90®+70+ (10+2)=900+ (70+10)+2
What 1is the decimal numera-l for 900 + 80 + 22 (78’2) :
- 2. Now try to add 3542, 124
d 418’ without the abacus. ' L .
- 342 = 300 + 40 + 2,
See -Box A, - 124 = 100 + 20 + 4
. a. What‘numbers were added 418 = 400 + 10 + 8 ,
. , o[, 800 +70 + 14 = 384
\ | first? (ﬂl— W) | ,} .
' b.  What declmal numeral is. ' o 'A
800+ 70 + 142 (“‘*)
2: t -
<
- 3 N
. \

510
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_ 3.  Fi‘nd n. *f 373 + 278 Yo“ mibm, try the method on -
' pagngoé In’ Box B, the d’ecimaI L

numeral 653 ‘was . ob‘t:ainefq a i 375 =300 +70 + 5 |

P . 278 =200 + 70 + 3
S from adding 300. -lllo, a.nc: u.} 5'00 +140 ;.13 - 653 |
. e _\ L . - -
1. Sege uimes '375 ang - 278_ ga.r'e S 75 N
e . . . . ) .‘J .
added '{ S in bOX c. ' Y, ‘ S - 273
A ) L - ——:-
' inat nuibers were added - A TV G
, C (sad8®) - i S A
- .to get- 13?7 How do you ) . 500
: Qa_ﬂumuat‘%) L P .
p_;at the - 140% -How do you : co3 .
’ga,u_soo@aw) : . o
‘get 500 How is the * . ~ . -

, (g.d.d- 500, |40, M13> al

T 633 ootained" The method of Box 'C may bhe uiore corvésient

iv

f\forfrouo ] - . : .

¢ =
- .« IExerclse Set 3
1. " Use t":'z-;-.r%.ethqd of Box B to find each sum. o :
%3 167 T 36 558 1287
29, 25k 186 645 - 3648
(1) (%20 (532) (1203) *  (%#935)
2. Use the qethod of Box C to £ind each sum. ) ‘ ’
S, 9. 897 1278 8296 6278
© 385 . . 134 14193 . 1376 - 1032
(gr14) -~ (831 (5*7/) " (%612). - (1310) 3
¢ . R ; ) ’ -
2 s \' )
. O L =




ANOTHER METHOD-FOR ADDING

-4
4

NI . Most people use a shorter method fo? adding. Many of you
.are using it already. Let us add these numbers: ?

winy 365 #¢  What 1s ‘the sum of the onés? (23) What 1is

C 298 ”the~sum_of the tens? (22) What ig,?he sum of °
152 the hundreds? (15) C -
647 We have been writing these i '2;\__
- numbers like. this: 240

Then we add them to find the sum of the addends. S .

o Xpu.can use this same method and write oniy part of the-
sum at a time and remember part of 1t® o -

This' procedure is summarized:on page 308. It
should be ,studied by the teacher and class. The
children should have exercises as needed to - .
develop the $kill required im_this type of addi- _

: tion exercise. Stress the impertance of knowing

> ‘the meaning basic to the technique of addition. .
Exercise Sets 4, 5 and 6 may be assigned for.

N : independent work at this time. Solutions, to o
.}{ problems In Exercise Set 5., stlould be recorded

‘t] in the form described on page 505- of this
‘Teachers' Commentary. . N e

.

>

<Y

512,

2
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ANOTHER METHOD FOR ADDING -

 Addition 1s an operation on two nﬁmbérs. When we operate on

4

15- and 3 and get 18, we have added. (15 + 3'= 18) Eighteen

1s called thie sum, Fifteen and 3 are called addends.

i

An addition exercise. [ * | = 329 .
is written in columns to 142 4 C i
7 - . 948
make it easy to add. T

Columns help ¢o keep the To add T think: 9 and 6

ones together, the tens are 157 and 15 'and"8 “are

.togethgr, the hundreds 23. Think of 23 as 2 tens

together, and so on. and 3’ ones. Record- '3 and.

In column addition | remember 2 tens.

thg ones are added first, 4 TWo ters and 2 tens are

the tens next, th? hundreds y tena} b tens and % tens
- v - _

- next, .and so on. - |are 8 tens; and 8 tens and

Part of the sum of * |4 tens are 12 tens. Think

_ . _ ) ,
/] the °’¥°“ column 1is of 12 tens as 1 hundred and

Sometimes remembered. It 2 tens. Record. 2 tens and’

is theq added in with the remember 1 hundred;

»tenh. One hundred and 3 hundreds
Part of the S“m.°f | - lare b hundreds, ﬁ hundreds
t
the tens column is , and . 1 hundred are 5 -

d. T |
|, sometimes remembered. Tt ._hundreds- a.nd 5 hundreds and

9 hundreds are 14 hundreds.
,Récord 14 hundreds.

B S L
‘is then added in witl; the.
~ i

hundréds.

/ BSR

) . .. - : a") o " . o S
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- Exercise Set 4 - '

. AN
_Find the sqms'for exercises 1 through 5.
1. (a) (o) (c) (d) (e). ()
43 .57 .19 76 - 68 . 53
(12 (@Y (6s) G %) (70)
2, ' 126 318 167 - 239 468 282
- (372) . (z711) (893 (282) (972 (791)
3. 563 - 635 447 563 7 -38 0 6T
18 ko6 129 | 129 257 39
(631) - (io%1) (576) - (¢92)  (295) (ks¢)
L, o1tk 88 - 489 . 179 . 266 593
138 &2@_ 272 658 698 248
(312) Xeé31) (761): ' (§37) . A9¢4) (341
5. 347 256 1591 = 1876 8976 1762 ’
- 897 1297 8643 7235 1235 » 4391
304 . 540 9275 - .854h 7142 3065
@4 ‘698 . 5873 6718 . 6473 8572

‘ @790 (25322)_ (24313) Q%3200  (I%990)
. 6. . Filnd' n for each of exercises (a) through (ad).

(a) n =697 +384(m=/o8l)  (c) n - 559 = 2476 £n:3035)
(b) n =672 + 1278 ¢n=/950) (d) 362 =n - 875 (m=1237)
i .:'.- -V ‘:;:: v #,:~

) 235, |
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Exercise Set 5 '

1. Ligt the number days in each'of the first six months
of this year. How many 'days é.re there in the first s'ix

montns of this year? (3/428+31+30f3/430 zov . Binz ‘ans
li/aﬂrm/“lfndmw affdta’g—“-’“)

/f".'

2. ~List the number of days in each of the last slx montas

of tl’ii_s year. How many. dajs are there in the last six y
nmontns of this year? (31+31430 +3/+3o4 3=, fhe are

124 a(mf»u. MMW’/’“"}“’“)

3. John '.-:e_nt to a book store, He found 5 magazines which
ne wanted. Thelir pricies_wére 75¢, ~20¢; 25¢, .55¢, ang-
95¢. He bought the three which were cheaoest HOw much '

- Cdid they cost? (207‘25 fSS,M« fb&d /oo & o

e Yoo for Ahe Thoe cheaet |

4, . . There were 135 books borrowed from the library on

* Monday, 140 books -on Tuesday, .1.68 books on Wednesdly,
17??' books on‘murgday_, ané 147 Dbooks on Friday. During

_ these fivefdays,'_how"ma'ny books were- borrowed?
C1 %4190 H“’+\r7‘(+,%‘°m%4'%¢ 7¢4
..5. _ ’._B’le 'Jack‘s.on family too]’.{ a’ trip by car from Né_w York City
' to Boston? The trip téc;;‘five hours,' This is how far\

_ o = . » .
they ‘traveled each hour: 36 . miles, ‘44 miles, 47 miles,,

51 _miles, and . 38( miles. How many miles did they travel
in the five hours? (34 + ‘l‘l + ‘1'7 + 4] + 3=V, %

M JOGMM%»&W D)

\\
-

)
o

] . 515 - | .’_ "_. ) .
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S 6, . Johnits mother bought nim a new coat, cap,. shoes, and boots.
_’Ihe cost of the coat was $18, the cap $3 the shoes "
$3, and ‘the boots $6. How much did she pay for them all? .
- (18+3+&8+L =, JMMMS%\—/&M@C/)

»
7. There are 65 761 Ingtans in Arizona, " 535 769 Indians in
* Oklahoma, and 41,901 - Indians in New Mexico. How many
: Indians 1ive in these three states° (65,7614 §3.765441, 912,
. ,{,(.u are /c/,qs/m‘,&w-a ,z@m >
8. There are . 629 boys and 587 girls in Longfellow School,
' How many children ‘attend Longfellow School? (£29+5§ 7=,
/{*‘“& one /2/6 GWA.‘, d,m—J? W) oD
9. In 1940 there were 172,172 people in Miami, Florida.
In 1950 there were 87,063 more people 1iving there-than
“in 19%0. How many .people lived in Miami in. 1950? -
'(172,172 +£7,063270, Jho 1950, 257, 23$M4M% )
lo.e During a candy sale Mary aold 232 boxes of mints. Sue
sold 472 boxes, .and Jane sold 143 boxes. Find the
total number of. boxes sold by the three girls.

(2324472 +/43 =, e Koes WM}??M o{a-é)

-

11, - rhe pupils of Oak School collected gifts for poor children
 at Ohristmae. They collected 433 books, 316 toys,

252 gamea, and 164 puzzles. How many gifts were
" collected in all7 ( Y33 +3/¢ 4 b asa+ 16y =, Zera cvere

//6524/6 co-(éoz./) : :

31

L | . o
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"Exercise Set 6 . )
v T X . - . | - - \.‘\\ .

Cgpj ‘the numerals 1 tlﬁ@ughj_ 8 on your paper. Next to
each numeral write the, wéds and 'nun_xera;l.s to complete this .

chart. . . . ,
R - S Y
" x , Nun;bers ‘Résﬁlt' Operation Maéhematical- ‘
B Operated On o  Used ?f Sentence
1. 15,289 . (204)  addition - (y5+28f=)
2. 139, 76 = 215 - addttton (I39474zm)
3.-(67% £79) ‘n . addition 674 + 879,= n .
4. TI, 56 - 127 (addition)  (7i+se :;35

- 5. 641, {379+81) () adaition (G 37942 )
6. 162, 69 _  (23))  adaition - (/62 #6%=m)

7. 345, 187 532 Gddition) (3454187 22) .

8. 647,387 - (2349 adatsien {(b97+389200)

‘,.ﬁrite‘\” -  or ';‘u So._each of exercises 9 through 15 will

be true mathematical ‘sentences.

‘9 ‘;‘.7-.2. + 499 &)773 P
" 10. 312 + 184 _{-f’ziea. - S
1. '3‘14; 4 n @ifg,' if n =177

12, hn 4156 (_#‘?;'3911,’ if n =328

13. n - 3:1 _L=_7_159,\1f n = 500

14, It‘:. n = 37'9,4 then n 4+ 172 (i) 308 + 233 7

15, If n =473, then 896 +n (Z) 674 +.595

. ,'51732“




REVIEW OF SUBTRACTION - o .

CbJec;ivé:: To help puplls review the technique offsubtraction' o
‘ in cases where obtalning the. unknown addend is a
simple procedure ’ . -

Exploration:

St Subtraction 1s an openation on 1urbe"s. When we stﬁd;ed
its g;gggév‘es, we operated. oa 1urbe"3 ilke’ 8 and 5. We
shal£>10w leirn 1 Way' to auo*»a”: numbers whose nuzerals nave~"
many ‘diglits. . " - '
‘ Here ur¥ rour mathematical sentences.

(3 5-2an  (:) 630 - 200 =n

e (6) 5C - 20 =n  (d) 00T - 2000 = n

- ﬁhat 1s the sum ln eion? “wIn (a) tt 1is —6. “In (b) it
is ©6C. In (c) it is 50C. In (d) 1t 1is  5000. ) What 1s the
known addend 1n each? Wnat 1s the unxnown addend in each? -
(In (2) tt 13 &, Ia (b) it is 4. In (c) it 4s 00. In
(¢) 1t is 8000.) -

Subtraction exercises lixe (b), (:),.znd (d) are often

\ written in column form 'us llke addition exercises. s We know
... this- 1is a good way to xeeo ti¥e ones, tens, hundreds, etc.

'in ‘the aame column, ' ' ‘
600 . (d) 6000

y () 50
' 200 - 2000

- 20

Eow -do you subtra 32 rrom 7“9

) ' 7™ (2 aubtracted from 3 18 2)
a -32 (30 aubtracted from 70 18 40)
82 (32 13 one addend the other is 142) °

¢

-1

518




- -
t

-,

 How can we shdw this on an-
abacus? (We will start with 74,

because 1t is the sum. (See I):) . R P N P
“ . '
' The known addend 1s® 32. We o ¢
separate "3 tens" and "2 ones
_ from the "7 tens" and "4 ones". A ‘, : )
_How many tens and ones are there in _ ‘ 1.
the unknown addend? (See II) (4 R f I .
* tens and 2 ones) What is the ; x
‘unknown' addend? (42) 1. * :

-

. We can show this subtraction od"the.chalkboard. - We write -
the subtraction exércise in.column form like this:: _ ' ‘

‘ TH=TO £ H
:12,= 30 + 2

1

-
- -
1 £y
34 s .
-~ .
L4
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Column subtraction, like column addition, helps us to think

of the oneés together, the tens ‘together, etc._ Here are some

.‘exercises: o w"§~‘ -, 5 R
' (a) 73k Qb) 9uoo . (e) 2680
-213 - 3300 - 1420

Tell how you would subtract in. each of these exercises by f%

-

) thinking about ones, tens, handreds, etc.

. : Exercise Set 7, may be assigned now, Pupils
_ t should solve as mahy exercises of this type as .
are needed in which no regrouping of the sum is
necessary. :
. b . ) . ' - . j
r. , ’ ¢
. .
—. < : 2
2. l o ~
. _
] . f L o
\» .
K .
'}. \ «
. ;2 ’ . _ 5 ) -
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REVIEW OF SUBTRACTION =~ - \

. Exercise Set T

. } .
George nad 52h for the answer to an exercise, It should

. have been 639. How.much too small was his answer°

" more does the large go*‘illa weign? (572~

( ¥-529 2, o 24t 2639, Ha omeww sran IS
The Z00 keeper told Jim that the big gorilla weighed 572

pounds, and " the small -one weighed 301 pounds : How much
34/_,", ’u 36”00:572

MMJMW 2I/WM )

h,.

‘In 1950, the population of a clty was p,1+78 By 1960,

*‘c had increased to 9,099 . dhat .was the increase. in -
oopulation, during the ten-year period? (9699 - 4‘/7’-’”") ov

(:/‘I‘)w:fm 96 99. z)(, WA.‘MM 3, 2:/a£«m~9

‘The Boy Scouts had a pa.per drive. Troop\ 51 collected

8, 200 pounds of paper They wanted to collect 9,600

pounds. How many mor;e pounds of paper do they need to

collect-') (7600 2200 -—M) orv i200+00 7‘00 M 5’”‘% .
acféulyoawwfw.) _ _

Subtract L o ,
665 841- -+ . 937 . - ’~269
(s13).  (20) G2y U‘) -

Find n so each mathematical gsentence will oe true.
(a) n+ 295 = 697(m=302) (c} 863 +n = 1175 Gv=3/2)
() n =1158 - 737 gn=vzl) (d) 2378 - 2163 = n (m=2s5)

& . _. . : S



Mor SUBTRACTI_'ON_, ‘ o /\
ObjectiVe: To help children understand the technique for -
v subtracting numbers whose numerals have many digits
_ T- o _and its dependence on -the-properties of our numera-
AN .tion system : o '
Materials Needed: Abacus

a\ '

Exploration'

. Pt have this oroblem which we should study together
;~“Janet read 536 pages rrom 1ibrary books in oné month and
- Emily reag 218 pages., How many more pages must Emily read
" to have réad_as many Dages as Janet?" \ : : _
- Study the problem carefully. What is the question to be
_ answeredO"What gre the bits of 1nformation in the problem<?
- Write a mathematical sentence for - . : » S
* the problem situation.- (218 + p = 536 | I I "
. or p= 536 - 218) what operation
.is needed to answer the question?
(Subtraction) write the sub-

°

traction in colum form. Show . ' éf.

this subtraction oh an abacus, 3 1 -3

(see1) . . 536 .. ST o
Show how to 218, - .o [T ‘

'express the sum and .
known addend on the chalkboard S
- _ o :a6 506 + 30 + 6

v Q{_ 200 + 10 + § -

522




Can we separate the Jmown addend from thesum on thé™ fffﬂ
) N
abacus?

(No, beeause the’ sum has too few markers in the ones! '’

place. ) Show on the abacus how we.
can regroup the sum to get, more :
ones: (Change it to 5 hundreds, -
2" tens, and -16 ones.) V

~

LI
. - . -
- . . . . .
. . .
.

) e, 1 ! ,
f 0 ¥ - . % ) :
;v . : R l
. Show this on the chalkboard. - T
| 1536 = 500 + 30 + 6 =500 + 20 +°16 :
218=aoo+10+'8'= 200 + 10 + 8 -

.

Can the known addend now be separéted from the sum.on the

. ° g . ' oL e T
(s ) s S .

. What is the other addend°
(318) S -

“Zar

. M .
RN . _5“**I¢Iv'“
. “ ,‘ »

Can we show on .the chalkboard how e subtractiom is done°
(‘Yes) Des,cribe the subtraction. (16 - 8 =g, 220 -’10 = 110

SOO --200 - 300.. The 8 is written 1n the ones place, l 1s

. w e, te ! .
- . oL : -~
P .
- GRS 7 I
FICAER . .
A . RS
AR N L .
.. e
e
. o
. h
- e :
£ o
: . v v &7 fin
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L 3
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written in the tens place, and 3 1s written in the hundreds -

place.

The other addend is 318.)

536 = 500 +. 30 # 6.= 500 + 2o + 16

' 218 = 200 +10 +8 =200 + 10 + 8 i
-‘ag.ii R 300 + 10 +. 8= 38
N HF B ’

w The‘teacner should pr vide as many exercises K
"as. are needed to develop the meaning basic to the

technique of subtraction. Th¥ steps should be
shown in writing and on.an abacus as needed.
A summary of the: above exploration is found-
In exercises 1 and” 2 of Pupils! Baok, pages
=313 and 315. It should be studied bw‘the teacher
and class together. - 2L e
Sometimes naming the unknown addend#as a

"decimal numeral is more dirficult “4n "example

and a method for completing the subtraction are
described in exercise 3, page 315. It should be
carefuIIy studied and discussed by the teacher
and :‘class. No further description is included
here.: -Speed in completing such a procedure is

‘not imnortanf and’eéxtensive drill is not recom-

mended. At the 'Sape time, the use of this method’

for selectéd - exercises now and at later times -
‘ during the year is recommended i
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S . i

b

_ﬁ» Subtraction té,an operation for finding-the unknown

addpnd if the sum and-one addend are | , 536 / sum

kndwn. . To find 536 -'218 you have 218 :addend
'leamed 'co write as. shoim in box A. »  unlmown addend |

v ’»l . e » o ...v.~,,’.'_;._v“~ . _.. ALt ] ‘ ..:._','- D - 0.
\ . ';- ' . . . . l N
. lﬁ. Could you subtract using;the . B 536 = 500 + 30 + 6
' form of - box B? Why? 218 = 200 4-_i‘10=+ 8. |

v

Now let us use - the abacus 3 .
? g Soo + 30 + 6
tO help us think a.bout e _ ‘“_ 200 + lo + 8

_this process.; Pirst we.;g

show the sum 536 on ;FF'
the abacus' e fi;
:~.: .

,l \Si

Then, We think of the
536 as S
+20+16_

500 20 + 16
<200 +10+ 8

i s l
) b
"
o .
RS
H - -
. .
Vo ..
4, 3
R I . -

. ").-'“ .
500 + 20 + 16
200 + 10 +° 8

F.N§wff§é separate the

-.markers to show the

known addend, - 218,

:%ﬁ
and the. other addend RNy e /s
iy - = B
T 'Hhat 1s the other addend’[‘;.:
. /(f, fﬁ - . T .
. A B
o | 5251 Y




2.. The wrzgten record of the above subtraction\is " ;;;
536 =500 + 30 46" ';"_.-;500 + 20 16 L

218 = 200 + 10 + & =",200 + 10 +- 8. .

. Tt 3oo + 10+ 8 =- 318 2 .\

3. Sometimes, finding the unkhown addend is mare diffieult
For example, what 15 ‘n; if 268 +n = 93@? '

Cov
800 + 120 + 12
200°% 60+ 8 %
600 + 60 + 4 = 66H

We may write;

900 # 20 4-Fe
200 + 64+ 8

932 = 900 + 30 .+ 2
268 =:200 + 60 + 8

A

' Ir

Explain how we hay think when subtracting in tnis way.
What is the otnher addend?

Now let us look for a shorter way of writing the stépS'ih a
subtraction problem. Notice how this form corresponds to the one .

above. We begin with 932 -9 "hundreds, 3 tens, 2 ones ;vﬁi‘
‘.w’i - 268 2 hpndreds, 6 tens, 8 _ones.

te
o

3

-

_We canasﬁ Bubtfact in the ones! ¢olumn 80 we regroup ..

, * Py

@ @ : » : . . » .:- : .
U ¥ R R an
MR B .

9 % 2 g9 hundreds; 2 tens, 12 ones
2 6 8 2 hundreds, 6 tens, - 8 ones.

fﬁwg cannot subtract in the tens' coiumn 8o weﬁregroup égéin

X=X sitRerouy s
?_~; . K]
. @@ TR .

T % R & hl.ﬁqdreds,~ 12 tens, “12 ones
-2 6°8. L2 hundreds, 6 tens, 8 ones .
6 6 i . . .
' . 12 A‘§<§ 4,  4 ones "6 | B
.o . 12-6=6, 6 tens ]
. . .

6, 6 hundreds

. ."*’-" ._ o ‘526

-



‘ . o - - .“x:{_;¢£
ANCTHER METHOD FOR SUBTRACTING _ g

C o

. -

[y

: There is a shorter method of subtraction®which most people
: nse.{ You can use it too. It is very much like the shoft ‘
. method'of addition. It requires you to think of the convenient
'namevfor the sum instead of writing it. Think of these exer-
cises. S 4
(a) 75 T (p) w1 . () B8 i)’
=23 ‘ -'23 - ' ?:ggff}ﬂ" e

Can 23 " 1in exercise (2)- be subtracted directly as the sum is
named? (Yes) In (b)? (No) In (c)? (Yes) ;

Let us study exercise (b). Without doing any writing, can_
you thiak of 4 tens and 1 one so that 2 tens and 3 ones
may be. su.btracted'> (Yes, I think 3 tens + 11 )’ ;

. Remember this and. subtract Describe-what you think
(11 + 3 =8. 3 tens -2 tens is 1 ten, on(Iou The result is 18 )

Tty these Just by thinxing about- the convenient name- for{g;

the sum. - _ . _ : - S

@) 43 () 75 (£) w2y (g) b2k
--28 - 36 ' _ 162' : . 248
A , ) )
Answer this qgestion for each: -How can we think of th”i
sum to subtract.the ‘known adden§§

.’_.

~p.~-.,»— (d) 43 = 30 + 13.
. (e) 75 =60+ 15. -
(£) beh = 300 + 120 4 L. ’
| (g) 42k = 300 + 110 + 1t.

. Pupils are not expected to be able to supply
- an immediate correct answer to exercises:'such as
- +(g) above.. To hélp pupils understand whgt they
are doing 18-the obﬁective of this development

-

- - . . .
| BOR: St R '
- . i . - ~ ‘ ‘

R . o - 52T - -




. .
N

If they can write and fell reasons for the
‘thinking below, the teacher should believe that - -
,they understand the' technique.. B
42y

248

i
]

4’00 +.20 + )-;

300 + 10 + 14 = 300 + 116 4 14

eoo,;-uQ + 8 = 200 + 40 + _8 2oo~4i bo+ 8

~ The teacher and cidss should read and stidy >
page 316. Exercise Sets 8 and 9 may be assigned
for pupils to complet® independently. The pupils!
work for solving the problems -in Exercise Set 9
should. be arranged as described on page 505 of
this commentary.. .
. Special attention is given in Exercise Set 10

- Yo subtractions such as 800 =-3¥2 . in which one ,

or more O's’ are in the name of ‘the sum,

c-

-~ @

',Usiﬂg Qﬂly tehs;‘hundfeds, thousands, etc. tell me different
names for: . L ‘ .
‘ . g

koo (ﬁi.hundred;jbr

1600 (1 thowsard, or 10" hundreds or 100 tens)

o

~° Here are_séhe subtractiohs._ How shéuid we think;gf the
sum *so w§ can £ind the unknown addend easily? o

(a) () Y (@

6000 " 6000 6000 16000

(a) 60oo.= 6 thousands

(b) 6000 = 5 ;hoﬁsahds-+ 10 hundreds

(c) 6oob = 59 hundreds + 10 tens |

() 6000 = 599 tens + 10 vones

vl

528 .

. .4b0 tens) ‘ ' S



’

Make a written record of subtractions (b), (c) and (d):

SR () I (e)
_éooo = 5000 + 1000 . 6000 .= 5900" + 100
2300 2006 + 300 - 2340 = 2300 + 10
o 3000 + ,’?oo = 3,700 . T+ 3600 + 60 = 3,660
(d) - . | _ -
6000 - 5990'+ 10 .
/235 = 2340 + 5

3650 + 5 = 3655 .

In order to \bbtain correct answers to(a), -
(b), (c), and (a)’ above, pupils may need to ex-
periment with different’ names for the sum. , There
are “other ways of renaming. 6000 in (d); for
. example 5 thousands + 9 hundreds + 9 .tens +
10 ones.: The name 599 tens + 10 ones is
simpler form. . '
This ‘exploration is surmarizen on pupilsa!?
page 319.° It should be studied and discussed by
the teacher and class. Exercise Sets X0 and 11
may be assigned as independent work. '
- An algorism for subtraction is given on
page 319. In the Fegrouping the pupils will soon
. learn to do all regroupihg at one step. For
. .example, - \ .

B o%@

. 3-% R
-2 6. 8
- 6 6 &
. - N
. N
. > 44
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ANOTHER METHOD FOR SUBTRACTING

Subtraction is an opération on numbers. .

When we operate on

15 ‘end 3 and get 12, "we have subtracted. 15 - 3= 12. " And,
12 1s called the unknown addend.

A subtraction exercise ' 5576°
is written in columns to make ] - 1328

subtréctiOn easy. Columns
help to keep the ones
together, the tens together,
ete. - v

In'column subtraetion the

ones are subtracted first, the

‘tens next, etc.

‘the ones place in
I will: think of 5§

5 thousands,

To subtract I think

There are not enough ones in

5, 5760
,576 as

5 hundreds,

Renaming the sum in a 6" tens, ano_ 16 ones. .
subtraction exercise may help 16 - 8 =8, 6-2 =14,
us ‘to subtract. - 5-3=2., 5-1=14. The
- nnknown addend is '4,248.
- ) Exercise Set’8
Find the unknown addend in each of 1 and 2.
. . - - .
1. (a) (v)~ (c) {d) “(e)
93 187 817 852 596 -
38 _99 748 575 378 .
(33D @) @9 @77) @ig)
2. 5634 - 2876 ..8421 3124 5672
1256 -259 5167 2674 . 1489
y32%) @617) Gasy) Gso) 71 (y1e3) - .
43 - 530 AR -
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Exercise Set 9

week a ractory assembled 2,640 trucks and 1, 582

automobilea. How ma.ny more trucks than automobiles were
assembled? (216‘/9 *1;559 =) o /’,5‘?”” 2,640, 5 _

] 0S¥ imeonL

2. In 1950 there were 3, 500 peoplﬁ in WOodside. In 1960.
there were 9,400. people in WOodside. “How many more people :

were: there in 1960- than in 1950% (9400~ 3600 =Av, o0 -
3500"”0 ?‘loo MM gyooMMﬁm /760 ,)

3. We planned a U455 mile trip. ‘The first day we traveled
266 miles. How many miles were left’ to travel"(‘/SS-?éd-oq,
ov 2b6iaw = 4SS, %,M ;M,«m,&._,_dfﬂ,ﬁ TDiavel.) :

"y, - The Missia ppi River is 2,}&8 miles long and the Ohio
River 1& mileg long How many miIe& 1onger ia the =

Mississippi River9 (93‘/9 7*" /"" 20 qi/r‘zw 2”"? e

5. what is the total leng'ch of the Mississippi and the Ohio

Rivers? (23‘/5 +7il =, %WMM 332‘7/‘4‘4@)

6. In New York City, the Empire State Building 18 1,472 feet
- high. The Chrysler Building 13 1, olt6 feet high. How
mich higher is the ‘Bupire State milding? (1472~ )o46=mv, o0

J0Y 6tz 1472, e Empocris 6«.,&4,3 ~— 424,/azf
A Ao 2 A el

e

531
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'3ch°°159 (L/35+37? A /Z(ﬂu e £ J%AMM_)

_ There were 435 children at whittier School a.nd. 379

»

children at Edison School. How many children attend both

A sign on a foot bridge 'reada "No‘c safe’for over 200

pounda " Jerry weighs 62 - pounda, Dick weighs 57 pounda,

Tom weiym 68 pounds. Can ‘che three boys safely walk

62+57 468 =m0 /Z('z Llor
ss the bridge together? ( VP s

200, %Jv;o WMWMM% p)

-Another bridge holds two tons sately. A cement truck. that .

weighs 2 ,165 pounds 1s on the bridge. FHow many more

‘pounds could aafely be on’_the bridge at the. same time°

10.

/65+/m 4,000, ov Y,000 - 2,/68 =, 835 o
,44,45 M@f,&ém%)

Susan's grandmother was born in 1908. How old will she

be on her birthday this year° /962~ / 90‘?:/"” o’v / .
1908 tow= 1962, deratmt Sedait

S.VOH/&VMM/? 2)

.



_ SUBTRACTIoﬁ'WITH ZEROS ,  _ T '._ -'4 o S .

1. fgich of these are other names for 8 OOO" CaﬂMa/Jc.)
(a), 8,000 ones -~ (a) 7,000 + 1, ooo (g) 8 thousands:

e .-(ﬂ) 8021 - 21 | . (e) 800 hundreds (h‘) 8,"000 - 0.
(c) 800 tens (f)_'lo 000 - 2, 000

2 ‘Suppoge you are to find A_r; .when .

. 8,000-1,732 = n. You can write the { |a

' example as in Box A. Finding the = 1 :.8{'300 o
- Il.,"'~ unkndwn addend 1is easy 1f you rename ‘ _' - ﬂg
-.{8 OOO a8 799 tens and. 10 ones 7
3. . (a) ”Loo:c at the example given in
~ Box B. _ | B ,
: (b) Tell how to get the u'_hlmown__ - 8000 = 7990 +-10 .
. addend, 6260 + 8. | ' 1732 = 1730 + 2
: : o _ . . 6260 + 8
(¢) What decimal numeral names ) S E
?*.- " the unknown addend? R
| TN
EL .« . . . Exercise Set: 10
) I ¢
602 : 102
536 . 85
TZ?D.{ un
3007 . - 4803
is62 - - 1297
(49s) " (3506)

53345
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Exercise Set. E
‘.J’dhnlis 52. inches tall his father 13 70 1nches tall

How many inches must John grow to be as tall as his father?'
(82422 70, 721;21’no v vand? GO JE e hon Mo Mo ay |

* At Glenn School there are. /500 boys and 375 girls. How

many more boys are. there than gir s?C5 a0~ 375’”")0"' ‘
375Fm = S60. ,Z(ma./u/asmw MM) -

Don has 1, 500 sta.mps. He pasued 323 1in his album. -

 How many are left to pu ' in the album? (/500 -323 =, oV

232340z I500 Bp—v /1739 ctﬂ"-}bc MAWM%
M&Mm ) -
Sue has $25 She- is saving to b ~a bicycle which costs

$42.  How much more money must she save" C 257‘”’(3?.2 ) o

L‘/Q‘ 25—/‘4/ J-\-IMM /7/)"‘4’\" ’A};;-'L-; . -)‘

A high school stadium has 5,200 seats." 3,482 tickets

have been sold for a game. How many tickets are left?

(5200-39822m, 00 3922 Fav = S200. ere e /'7/°G

AefR)
An elepha.nt in a zoo weighs 5,000 pounds.! A bear weighs

T pounds. How much less does the bear weigh than the

elephant" (5040-7‘/6 =, o 7‘1,6 Fav s 5,apo /Z(o,ﬂ% )
/w.ug/. L/,:zsq - ,@%MW.}

West Virginia beca.me a state in 1863 Hawa‘if became a

state in. 1960. . How many more years has West Virginia
been a state tha.n Hawai1? (/#63 fau s /?40) o 190-1P3m,

' WMVWM,&M@M 77/3,54/14,&»‘-5.“/&,,

%M.rm )

.45 sy
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RELATION OF THE‘TECHNIQUES OF'ADDITION)ﬁND SUBTRACTION '

~

ObJective- “To help children extend their understanding that
addition of a number and subtraction of that same
number undo each other, ‘

_Mﬁéefial Needed: Abacus
I.Exploration- ' SR

We learned that addition of a number and s traction of -
that same number undo each. other. Let us s.e ir we can show
this on an abacus with this example.

Add:- . : Subtract: ™ -
37 (Addend ' » 82

-

45 (Addend) - w"'>h5' (Addend)
82 (Sum)‘ ~ . CPT3T (Addend)

The ‘children will find 1t helpful to use an

« abacus to sense clearly that the. thinking asso-

- clated with "combining" and "separating" markers
1llustrates the idea of doing and undoing. On
page 536. Column I-pictures 37 + U5 = 82 ‘on the
abacus. . Column II pictures. 82 - 457= 37 on .
the abacus. .Similarly we could picture on the
abacus 45 + 37 = 82 and 82 - 37 =

Now let us ‘think about the- addition and the subtraction
without an abacus. :

a7 Subtract -
AT s R S
L -_ ) . . 3>
B 82 - : 37
\ ? - X
’ - \v ’\ .
) P Y
, S 5 .

535




, 1

. e T

37 and 45 S : e 8 tens and 2 ones

-

| . 4 ' - o I |

.7 tens and 12 ones , 7 .tens and 12 ones

"t

St
‘3

. . R B | |
o 1748 e =
8 tens and ?‘ ones - o ' 8 -tens and 2 ones

Sl . 536

[ - ) : : S L v

/ -. . i .. - "
I




et i
pes

‘ .'. . '-.. l ‘ .
Now have ‘children explain how subtraction

of a number undoes addition of that same num-

ber. They find the' sum of two addends. -, Sub--
* traction of etther addend ‘from the sum gives

~ the other addend.

Exercisé Set 12 may now be assigned .

Exercise Set 13 18 a set of mixed practice.
These should be assigned to _pupils who need such
practice._
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RELATION oﬁ THE TECHNIQUES oF ADDITION AND SUBTRACTION PR

Exencise Set 12 »_7'f”1jf§;f_f::'

N e

". COPY the chart below.

Add‘or subtractfeach exercise and

then undo each

2

"' o .I.:‘.~ ; Ih’Ido‘ .

S Adg

"5, Add

';;?"_"'.-.ii-725 |
Co T gl

um) | e
* I B . _;‘_.-.2.: \44.44‘

S £ —@?o_,

(N

1629
817

3. Subtract 5232
S 768
. @EeE)
5287

- 9388

G4 |
2653% %

SR e

‘,Llags* B

{39,520)

(Su bfm:f /aZ;

~

3 AJJ
e

4 éubfmc'f 19947:

o 92{5

7/7
12
/bﬁﬁ

:f?ﬁ:?

-

5, hUWJ'%S%' 39,520 \
(2,986 O _2£,534
B

f/oc7>
d"-_- 125

768
yyéd
5232

. I‘b‘T{ < ‘ ~
ov 528) |t

342

~

9,358

b6.'

Vexample.

(a) (573 + 128) - 128 = 573.

Show that each of these mathematical sedtences about doing

and undoing.is,true.

LI

- -

701
128
573
368 =841

Answer' 573
‘ LTO0L
(p) - (841 + 368) -

a

(c)
T (a)
(e)

(632
. (905
(384

257)

769)

+
496) +

257 =
769 = 384 -

632

905

The‘first one 1s done for you as an
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‘7. Column addition may. be checked by using the commutative o
and a/ssociative properties of addition. In‘L this example,

’ .first add.from the.top down." Then "add from the bottom '

- S . ¢
" Are the sums-the same? ﬁdd,
- Sz e s L | )
AL ;; o 32 =y s o SR . o .. ) L
' Cz’z) el DT T e

; Add and check the sums in each of the follow*ng e;cer)cises;.o ,

up '.

.

Lo 9. ’ :-'4 : lo. = I 11. ..°.=:"~"_.'\¢-“‘°
964 T .-".f-."f"-’92l>6.t T -5‘-"'~""'15363*
322 ..~ 3078 . 42630
508. . 5000 (bfza/)

62"39'» 620%43);,.

ey . o, s, e

1492 - 687, ,15618 ‘“,3561u29.
876 ... . .9fl T 20832 'f'j-_ 78503 .

i, oBE

ﬁi”}f;;138ul B g17 . elors 4 - emior

i 2086 " 932 .i4vy.“_ ‘70201° }i”f~“ 91030?3"

QO“”J @977) ‘ “(2s2207) B3,

~16.‘ BRAINTWISTER.-- 'rz'y to find the sum for exercise 8 by

. adding down the column once.

. . ) -

. D e
. Se 3
. ’ N . - ..~'
. ~. : v v
L o
« . .
.’ :
-, -

600 7eiso i seobs
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,‘:“_'j'j'.il'Ex.eréise Set 13 L i
COpy the nwnerals 1 throug’h ? on your paper. Write the
SO cQ;rect words or numerals. to’ c:omple.,e tbis cha.rt B -_ -
_ Nurr"lbers‘ “’Reswflt Operatipn  Mathemagical
°~ Operated On . ; 7 ';.‘; . Sentence
17 394, 869 : C%?Q . addition 6747&?4?:.:{*0)
2: |62, 1#7) - (579) Gabfmc'//aa) 762 -(197) = 575
-1 3.| 498, Ql?j S '---.(;_-.';-'5}:277 ~ addition @N"/W = /277)
4, (297 + 3563 495 ng’) "subtraction .6247435‘)—‘/75‘-""’)
:-.5' 2000, (156 % 354) '(/"'70)' subtractio'n (2000—(/;6’?35‘0:/;0) -
ST :
6.1 (392 + 867), 201 Qﬁﬁ) su;btraction 639::1&(7) 20/—/19)‘
! \
7. (ﬁ,’ 979) - (363 Qzﬂ/f;an) 388+ 979 = Qo)
In qxgrcises 8 to .16, what is n so each mathematical
_ sentence will be true" - ' %’&.l.". ’ -
¥.8. n=67+148 9 n=204-157 .10. n = 14000 -, 1963
« N éo://f) - ".). @;47) Q"’: 2037)
| e 4 .
n + 42 .= 89. :".12. 102 -n=3 - 13. n - 128 = 568
Qv- 47) - = 99) ' Gr=696)"
n 4992 =601 5. 601 -n =399 16. 893 -n = g56.
6«,:27?) ) . . Qm;zo:a) v . ,éy‘_,: 437)
55 L
3 % -

'I'A""lsho
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'17.  BRAINTWISTER." In each exercise- below, the: htters A,. B,
C, D a.nd E are to be replaced by one of th& digits 0, .
1, 2, 3, 4, 5, 6 7, 8 or 9. They may be replaced,by

»
different digits 1n different exercises A symbol such
.as  AB represents a 2-p1'a.ce numeral I ’. .
...- : .. ¢ i .7 ' s [ ) N . \. . ) .--.
;‘. .. “. .u-? . o 63 . - . " )47 -'.'DD. (17) . * CC e{).
' + 4 - A® QG?) T sE () ..+ _Cs)
B - ¢cc.. 4+« .80 . 60
G i (58) ¢ Gs5) ‘ .
apc'@s). By 69 BB (O 760 o
- k2 . +3cC (._s_}) - B G2 ‘- AB ¢2) + + D3 ()]
£ 153 -/ T U 79
. ' > ) .
- ; » ki . -
> . é: s
- '~’ ) . .
. < . o * .
. - A . » «
Q‘ . - ® . > a 5 -
Y
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THE LANGUAGE OF SﬁBTRACTION PROBLEMS:

ijectiveﬁ To help children'identify the language of problems
o whose: mathematical solution_may be obtained by. .

subtraction £
JExploratﬁon
' l
Cnildren should be. aware of the different :
problem situations in which subtraction may be £ -
used to find the solusion. The operation of . - )
subtraction 1s useqy to find the missing addend - 1 .

. In situations such as-fhose in which we are to:.
(1) compare two amounts; {2) find how much - |
‘more is needed; {3} find how much is left,. etc. 1

Y ~

'+ How can you tell when- you Fhould subtract to solve a
oroblem° Before you angwer we should study some problems on
. page 325 of your book : '

(1) Family A “traveled 323 miles and family B -
- traveled 289 miles on a week-end trip. wa many
! -+ .more miles did family A travel ,than family B?

(2) rFamily A ;2333139 323 miles and family B

traveled 2 miles on a week-end trip. " How far
a1d they travel together?: :

ST 13) Family A traveled 383 miles and family B
traveled 289 miles on a week-end trip. How much
v - farther would family B have to travel in order to =
.travel as far as family A2 '

(4) Pamilies A and B are “together on a trip of” 323
.miles. They have traveled 289 miles. How, many
miles do they have left'to travel° ‘

Look for the’ question asked in each problem. Then find the
1nformat;on that is given in the oroblem and write a mathematical
sentence using the’information. 5

° ‘ . ~ . . .




to travel .34 miles
to nave traveled as

far as'Family 4.

‘How are the problems similap?

problems are the same..)

are asked.)

miles left to travel.

Are tne problems the same?
are very different. ) Fow do they differ?

Let us solve each'of’these,.follOWing the metnod we nave ~
“been us1nb. ' ' i o
(1) n =323 - 289 or 289 +n =323 (2) m = 323 + 289

- 289 +.289
3& ) 612
Famil ly A traveled 34 miles The two families traveled
farther-than family .B. 612 miles.
r o
(3) 289"+ p = 323 (1) s = 323 - 289 .
. or . or- -
. p = 323 - 289 .. 269, + s = 823 R
. 323 W 323 |
=28 -
7.3k ' 34 S
Family ‘B would have . Families a and 3 have 3t

- = i

The numbers in the

( |

(No, - they
(Different'questions

Let us exqmide the work you d1d to answer the questions.

Was. tnere 2 difference in the operation used?
we added; in the others we subtracted. )

' operation to use?’
problen.)

(Yes. In(2)
How did you know which

(We‘could tell from.the relationship in the

Ne can descrive an addition problem as one which gives two

.or more addends and asks us to find their sum.
" do these tnings'> ‘(Yes, it gave the addends, 323 and 289,

. Did problem (2)
It

asked how far the two fqmilies traveled altogether. )

‘ How did you know to subtract in the other problems?
could tell from the relationship in the problem.)

(We,
How.may we



L

describe a subtfaction prohlem? (we know two nﬁmbers, one is
the sum ahdnthe»othef is an addend. We are to find the unkhown:
addend.)  In problems (1), (3) and .(%), which number is the
sum and which is ‘the knowh addend? '(In problems, (1), (3), and
(4)’ the sum is 323 and 289 is a known addend.)
- e have described a subtraction problem as giving.é sum

anG known addend. We have: sald that problems - (1), (3), and
(ﬂ) nave the same sum and addend given. 1In this way the problems
ar2 211 alike even though they ask different questions.- '

The cnlldren should’make up-a few problems )
requiring subtraction. Some problems should ask’ <
that amounts be compared. Other problems should

oe pased on situations where one set is to be-
_Séparated into two subsets. .

Exercise Set 1% may be assigned now.
Pupils should use the form shown on page 505 of
this conmentiry to record their solutions.

*
‘ "."«::-“&?‘»;_ﬁ;x_ .
1
*
&
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. THE LANGUAGE OF SUBTRACTION PROELEMS
1. Fll_nily A traveled 323 miles and family B traveled
289 miles .on a weekend trip. How many'mo_rel miles aid
family A "cravel than family B?
oA ‘-,
- 2. Fhmily.;A£3traVQ1gd 323 miles and family ‘B traveled 289
‘miles on s wéekend trip. HoW far did the two families travel?

3, Family_ A traveled 323 miles and family B_ ‘cra’v_eledj
" 289 miles on a weekend trip. How much farther would
family B have to \trave,l in order to‘travél as far as ) o

family' A?

&, Fanilies A and B are together ona trip of 323 miles.
ﬂhey have traveled 289 miles.’ How‘many'mile‘s do they have -
left to travel? . '

Exercise Set 14 o . , s

. 1. A notebook costs 15¢, a péncil 27%; ‘and an eraser 5¢€.

- How much will 1t cost to buy a set of one of each? :
(/5427 45 =0, &MWQV’,&,&«?a m/c{o« o/-acl)

2. - Four children put theizj savings together to help buy a "
) R o T
. riding horse. Mary had $35, Jerry had $48- ‘Diane had -
: $123, ‘and Frank had $97 How much, money dtd the four

children have? (354484 123 +97 ;,w /24 Ko,
Aad303.>

65 \

545
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b,

A football playing field is 300 feet long and 160 feet'

wide. How far will you have walked if you walk along the
/o=
four edges of the fie€ld? (300*ﬂ%-+364+ 0=, g‘

ol 9307 f Gy Mdéw,é»gﬂr -ug,w A

John has 268 postage stamps He teceived some: for -

‘ Christmas Then he had . 323. wa many stamps did he

L

= - 2¢8=
receive for Christmas? (26f+m =323, OV 32_3 2efz40,
M’/W £s < %\— (%mﬁqh,

.5+ At Fairview, the tenperature was 58°' at noon and 23°

at midnight. How much had ‘the temperature changed?

¥ 657—23 —/{"«om‘ 23440 55, %WW :‘_sa’f)’

7"Tbm wantedlﬁb buy a radio which was priced at $72. He

‘had $56 saved. How much did he still have to save?
(86tan=22 on 1284 =00 WM/Z

o T

’

On a page in a catalog the following prices were given.,_
soft ball, $1, bat, $3; fielder's mitt, $3; catcher's
_mitt, $12; first baseman's mitt, $9; catcher's mask,
$4; and baseball uniform, $6. what will it cost |

-

Mr. Thompson to buy a ball, a bat, and three uniforms

for his sons? ( /+ 3+ 4tetl 2, Jf,wwcoof

5
théhﬁ9,229«14ndio
7.
g . A{aw"m )
8.

In one year the Acme ﬁotor Company made 969,732 o
automobiles, 95,060 = trucks, and 17,747 motor scooters.

Find the number of’ vehicles made by the Acme Motor Company '

" in that year, ( 969,732+ 95,060 + 17,747 2v. e

Qorne Hpplir @gﬁﬁaﬂg,w ], 082, s‘s?/w-l«»!é
/u~,2%¢7i;zpv ). ‘ .

[

T
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Vocabulary If-then thinking
Explonation.

L
e A

drawing valid conclusions--"If-then" think.ng

- The exploration ‘for this topic is in the
Pupila' Book, page 327. The teacher should
" . emphasize. for: pupils the importance of "if-
“then" thinking. 'The mathematician assumes
certain relationships; he states these in the
"if part" of the statement. He then draws

. valid ¢onclusions which.he includes in. the -
"then part" of the stateément.. More examples
‘of correct and incorrect "if-then" reasoning

.‘. should be provided by . the teacher and following

that,,pupils .may ‘offer® their own, - ’Both-social

* and mathematical:ggtatements should be. used,

*If a pupil Mys "If n+ 9 = 15, theﬁ-~ e

:‘5;'l5 - n =-9,".the teachér should ask, "Give K
“'me a reason for- your statement." R
L Assi ercise Set 15 for 1ndependent
T

.9 4.0 =15,"0p "If n + 9= 15, then -

‘work. . AfteWExercise Set 15 . ds completed, -

Set 16 - -mayibe - assigned., Magic. squares~of the
latter set,provide a~means of 1ntereat1ng :
practice. RTINS R

To introduce to pupils one of the proceduresAféﬁ
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. L N
. IP-THEN THINKING

1. We often use "lf-then" reasoning. . f;} example, you may
think: | i B

.

- —-'
. n:....: ;
N,

"If T run home, then I wiﬂ.l."'e.t there  quicker." or
"If it rains, then we cannot‘play baseball "

. Tell some "“if-then" statements about. youpvactivities.

f':dh our if-then statemenus we wanb the second part to be ii

B true because_of the first part o =
3. We use "if-then" thinking when we reason: , .gg'f

."If T +n = 15, then n + 73='i5" or

"1r 7 +n = 15, -then n = 8"

.t

' We would not think _ «

g
o

"IF 3+46=9, - then 3+ 6 since the !'then"
part 1s not a result Bf the “ir® part ~;=~?' ) ;_
¥e could think; * "If 3 + 6 =9, then "3"-’+' Ti=10."

Complete this statement in other ways, If 3 f 6 = 9,
" then . . Cé*?’ ’9 3f7 ../O "'&') ‘

g 0 o

.

15, ‘then:'n = 6“9(9.)
(b) "Is it ‘cr'ue that "If n - 6 =10, then. n =104 6“96%)
P - . . > . . N . ./ . ’9 j

9& .Qo"._'_

oo (a) Is 1t true that “If: o+ 6

. 5 .

548 I - ’
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Ecercisé Set 15

&

1. gdmplete these s‘catements. Use some different ways to
complete each aa 'you can. (Mwﬂw&a ) .0

(a) 1 15 9 n,' then;.g‘{d) I ll+n 25, then_...

. 'kr

(v) If-=13 +n =21, then (e) If l2+n—19, ‘chen
- (e)~ If 33=17+n, then ... (f) If n'-15_=l’1+,., then ...

- ea.ch of these s‘ca‘cements wil]\be_e__j:rue._-_.
B A. . then n _&2 17. ' B e
“le) It kb= n + 27, thgn‘i n_g_)_nu o
e '“‘ 15, a1, Wb___u" ﬁi o /,,«
(e) I A + n = LLO then n- C() 40. | o
(f) r . then n. g—— 178
f (g) prd , i""then n (=) o.
R _;‘1{“_:';).*;;@_'_‘11" 6+ 8) + n = 19, then n (<) 19

3. ERAIN'IWISTER 'Rémember: X, ¥y, and’ z-‘.r.epresent whéle
‘_numbér's.r Suppose x + ¥ = ‘
(2) Are you sure that x ¢ P and ¥y < z"cv-a g-a,uz- )
(b) Give an example for x = z. (30,4‘-" 'd‘*?'o b |
(cs ‘Give an exa.mple’ for x ¢ 2z @:"fz- M\'?<z lrrousra:
(a) . Give one example for x < z and ¥ < z. (M’JMAM?‘)
(e) Could x s 22 @o) _ ~
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T '.Ebcercise’ Sét 16°
- The arrangement of numbers in the » A B C
' Bquare at the right is called a magic ' D 4 318
Bq‘lareo T ' 9 5 "- 1
2176

L
e,

1. -'Nhat 1s the ‘sum of _the numbers 1n columnA’O‘} 1n *eolumn B2(s).
| 1n column c? (8D .

;:.Wha'c is 'che 'su!,n'_‘?f:.ﬂ_-th; npmbe,rs in row D? v.'row E?-'. r‘ow;:::?.?,Qf) o

" The 4, 5, a.nd 6 are said to be on a. diagonal. What is

o
their sum? Wwhat three other numera.ls are on a diagonal?(NQ)

Mf 1£).

#; Are “all eight sums the nme?’é The square is, uid ‘to be "mgic"

)
: -~

'begause the sums of all rows, columns, a.nd diagonals are

_ equalo |

A
...... .

5. 'bhke a new square by adding 19 to each number in ‘the above’
squa.re Hha'c is the sum of the mumbers in:’ each row?(72)

each column'ﬁ7 ea.ch diagonal”Q'z)Is the new - squar'e a magile.
squarevw sucaca )
I 2) 12¢ | 27 e _.
6. . 1Is’ the square on the righta |71 | 57 |58,] 68
,lmagic SquareW‘Wha'c 1s the sum - 60 | 66 65 - 63
of the .numbers on each row, _‘ _' | 64 _'62"" 61 | 671
"'c_.:olumn, and diagona._l?.QS‘/) - . 159 _69.' 70 | 56
- T. lhke a new squa.re by subtrac‘cing 49 from each fxumber in the
| amm in exerclae 6. 181t a mgic square? ?“ ,:T_Z:',z LALE
. : : . . AELEUR]

65 . s0 o
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AwTeaching Procedures
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Aprocedures fdr pr.,,ﬁ,
‘un*t - :

i Three Exercise Sets are included in this

 sections Set 17 1is a review: of, skills with
Braintwisters to provide ac nge for-fast:

.l “Llearners.. Set 18 ' consists oﬂ“word problems

" and braintwisters. Methodg of; solving problems
;which have been discussed earlier'should be
used.

. Exercise Set 19 has asg its specific pur-
"pose helping pupils choose. the essential informa-
tion from a paragraph and use it to answer a;
- question., Further, in certain exercises the’
mathematical sentence is given and ‘the pupil is

—to statethe—questiédn—whichis—answered-by-that-

To help pupils ré@%ew the meanings, skills and

sentence. This is the reverse of his previous
experience "in. which he 1is asked a‘:question.and

told to write the mathematical sentence describ- .

ing it. To further this objective, pupills may
be asked to make up problems requiring addition
or subtraction.
) 'All pupils need not solve every exercise er
oroblem. The large number of exercises and’
- problems permits the teacher to make assignments
_sultable to- the ability-of each pupil. At the
same time, ‘these sets are not completely a .
‘review. There are. many variations of the con- [
tent studied previously._ The teacher should
have some: class discussion of the difficult
exercises and methods for attacking them.

Notes on Braintwisters Y ot
1. Ex. 7, page 331 Pupils should try‘rEp%acing
“n by various numbers in n + n = 200 and

. 'n +n =582,

2. Ex. 10, page 331 You can find n in the
mathematical sentence n.- 376 = 89 because

376 and: 89 are addends; addition is always
possible-within the set of whole numbers. How-~
ever, for n +.376 = 89, there *s no whole

| number for n, because n = 83 - 376. Subtrac-

.tion-is not always possible within the set of
‘whole numbers. N

N

A % j |

/551 -

A
BEE O
LA
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Exercise Set 17T E
R A T N o
1. - Subtract . . . v RPN ,
Wt D 9. : _ S
‘ 84 126 336 427 1674 o
@) ev @97) @79 C*W)V
2.° Add ) | . :
Coer 134 257 ¢ 3782 Cagny
T8y 29 489 ¢ 6355 7159 . .
s ‘Qe3) -(344) Qo,;sy) @oaaa)_‘,» :
3;‘ Find n so each mathenatical sentence will be true." 7
 (a) 81-61;6=n (o) nal26—253 (e) 359 9,’1‘28: N
- b = 761+ 4 4 -8_123 £) 283 +n = 48Y)"
oy 7) 7/& 9 (a) n -Zm) .\() BER a0
7 ';4‘, -Which of ?these mathematical sentences are not true? -
‘(a) 81 +'69 = 160 A (@) 1276 - 493 = 783 (7)
o (b) 124 +.238 = 362(7)  (e). 263 = 612 - 350 (F) -
"(c) 289 +u63 = 752(7)  (£) M2 =913 < 571(E)
5. Write =,'., >,' or <_‘ so each mathema’ci’cai -sentEnc'e wlll |
' be true. . '
C (a) 825 C:) 568 + 257 (c) 742 - 367 _C_) 374
(b)) . 289 + 482 () 76_1* (4) 538 - - 239 ( L)esg
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BRAINTWISTEB What whole number, if any, can be’ used for _

. n.so each mathematical sentence Will be true'> R '

j(d) '3i2 -n

o (b) Follow the direc'tions of exercise (a) but replace 200"

-

'-(';)--,192 +n = 168C’/7m) _ (e) n = 12._ 26 ér_u 39)
| (v)- 192’”+ n
. ‘ (C) 312 k n

5

268 =76 - - (£) 12 - n_. 26 @uw) T
314 @re)  (g) 26 - 21 S0 ks 59 _
310' =2 ., (h) 21 - 26 n: @,M) / .

[l
gl

" BRADITWISTER

: (a) ’Ihe two numbers you operate on are n and n. Te

: operation you use is addition. The result is 200..
:';',_.f.What number. is n" 0"‘«*/’0 900 A /60) . ..‘0'

o' :N q

4

h_582 /Mf,w .S‘fD /yv 24/)

<
) - - R

| BRAINTWISTER What is wrohg with this prbblem'> The two

numbers you operate on are n a?d n.' The operation you

use is subtraction. The result s, 10. What numbe A
,KA«.:

(¥ 27 anntns Ky MM Av=an: /O, Wi

. BRAINTWISTER . Two numbers- operated on are "n 'and. '37'6'?-

:- The. result is 593. Wrﬁ;e two true mathematical sentences i

'k‘

T ".usingt; n, ‘,_3’7_-'6", and 593. In each mathematical sentence

mathematic‘al sentences using P f376g

T 3762 ST3 5 T 27
wi"ll be a different number. Cw 374 _.593 ,,4',_ _76;9

(w-3763%9 , = 445
36~ m f? mz EE7

ja'bw fi’?lo 37 Mum
m*'f‘7—376 S
.o " 553 P
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Exercise Set 18 '

A model plane costs $2 15, Joe had some money and then .

he emed - $1. 58 Then he had exactly enough to buy the -

- plane. How much did he have before e rning° $1.582
Amstiss = :/5 0,\, 275 - /se—m éﬁ_z.'

—(m.a«;/gg _. \‘.'l

‘The fourth grade class collected "287 more pounds of old

newspapers than the fifth grade class. The fourth grade

class collected 512 pounds. How much did the fifth
‘grade collect? (5/2-2872uv, 00t 25892572 The

Laoo collidil 226 geocriola ofﬁumnﬁ(m )

721  1is the largest 3 digit number - that can be written

using each of the digits .T» 2, and 1. Wwhat is the

o @27) .
smallest number tha‘c can be so written? Wwhat must be

added to the smaller number ‘to get the larger? (/27*""‘7’/
o 72/=127=m

-

Mary went to the store to buy one loaf of bread and one ;
dozen eggs: Bread ls‘ 29¢ ‘'a loaf and eggs 65# ‘a dozen.

Using only the above information which of these questions

(a} what 1s the cost of Mary's purchases?

can .you answer? (f\ - {q“;w Recats, j

(b) How much in all did Mary pay for bread?: (2¢¢)

'(c)> How much change d1d she ‘bring home? C::f‘""i E“‘ A o)

iyl

(d) If she gave the clerk a $5 bill how' much change

T did she receive9 [Q‘v’fnv $00, ov .{00 Y=, 4544

"j‘

554 . oy
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5. The East Schooi had a newspaper and magazine drive. 'Room
A collected 1,546 pounds Room B coJ,lected m875‘. S

oounds, a.nd Room Cc cellected 5,324 pounds. How ma.ny -;;

pounds.of paper-did these three rooms colrect in a11'>
(/596 + 2876 +53 %"—‘M e Lhorer foora M?,?q:dso«.,é)

’

BRAINTWISTEP -Use" the num'beré- 2,:3, L, 5, 6 7s 8 9

0\‘

a.nd 10 to ma.}& a magic square. Hint: the sum of each

49 247
row, column, a.nd diagonal is 18, 70 Z 2ot Z ADZ : . F
7

- . ) 3[ ¥ HBEIR

[

N

7. BRAINTWISTER. (a) -What number is n 1if
A__‘. -(6-n)+4 (6+n)-l¥<_ ‘f) x

(b) How ma.qy counting numbers are there :
"between 19& and 2759 (57 0)

. .o ' ' . s 9
8.  BRAINTWISTER. . Each mathemati¢al sentence below 1s true.

‘In véhi-ch 1s n not a whole nuniber? a) a ' " 55
- (a) n- n_=‘ n @’\{:03 : fe) (3+2)+2=n @"_.7) .
(b) 10 -n=n Gu.:f) : (d)_(3+2)+n=2(mo4‘4 .
K _ T, : . W)

o, _ “BRAINTWISTE-R.'-' nlf‘ind" n so_eecn mathematical sentence- i1s
| true. - ' o | ‘
(a) n 1is less than 2. (/W 9 0""”'”'/)

@) n 1s less than 8 and n is more than 6. (/), '7)
(c‘, n - added to 3 is less than ' 5. (/w 0 O'U/m /)

(@) n<12 a.nd n>10 (ww=1/)"
Qe) n+ k<6 (/VU—OO’V/VU-/)l

3

o

| T

(Y
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Exercise set 19 - - T

- [agg

® At Jordon - school the cafeteria served lunch to:
L 195. children on’ Monday
" | ;, 218 'childrgn on’Tuesday
ST 198 children 'on‘Wedpeédiy
. | . 203 children on Thursday 4
19% children on Friday | s
Use she above information to sqlve problems 1-8.

-
-

w many children were served lunch. during the ‘weelé?

1.
. 2177199 $203 $/94=, Teatmes 9009 Mt ctteyl .
. aw N : - »
2. .° more than 1,000 lunches were served during the

ok?- (/403—/000 =, OV 000 = J0O8 /%JMP
Wub(a«. /MaWM%ZM)

-
3. Fjpd the two days on which the most lunches’ were served.

. The total number of lunches for these two daya was how . :

o many less than 5009 (500 —Cﬂlifzos‘) =, Lo Lol ;
A ;éwa@,?q,m??‘é-c.
N 7 P ggo J fw

‘ \
g b The total rumber of lunclgb aerved 'che fﬁ'at three days -

» . of the week is how many more than the number served the

T last two days of the week'>»(075 +2)8+198) - (2034 9) =0, '
4 e Bane 219 pmmore_biwnc hoe ctrnsl L /éﬁ-::é(lr &7
' /m-\ MJ =3

N The msthemati'ca.l ,entences in Exercises 5 through ‘8 answer
“‘c questions about We numbér of lunc,es served‘> - - e
. ) f :" . -'0 .
5. 218 ‘6. #=108+198 -
%m;,w iy & B
dluu/a-\ 4",.4‘,)) o 1: %M - 3
7. (198+203). 194 = n 8.8 212 203 = n
_ S prne BL Lok, N w
a(‘.r‘,/é(, Muza;' ) 20 R‘\MM&




" o~ oo !
P335 ' | - - AN

The prices of some card games are: - 01d Mald 26,(, Hearts o
19¢, Play Your Hunch 17¢, and Rumy 2. .. . -

Which of the mathematical | (a) 100 + n = 17 + 19
- sentences in the box can be , . . (b) (19 -il 24) -« 26 =n
" used to answer exercises 9 o (e) - (21\l + 19) + 26 = n
through 112 .- R C) n - (19 + 28) =
o . T o) 100-(17+19)=n -
Y hat 1s the total cost of | () (2% + 19) -n=26 |-

' Rummy, Hea.rts, and 01d Maid? (97

o
-

10. How much cha.nge do you receive £rom $1 00 1if you buy
Play Your Hunch and Hearts? CQ} - . S

vl
- Y- >
. . 'f

-¥l. How much more will it cost to buy the 2 games Hearts and
Rumy than 1 game+gf Old ma1d? (b)) n(F)
!he mathemtical sentences in exercises 12 through 17
answer what queations about the coat or the card gamea?

12, 17 4 24 = 15.
e ,&&Imf Z Cgau MM-
| C% o 42“:{9}43 : MM‘M&%’?
13. =19 <« 1 16 - 1
Aﬂ»ﬁﬁ,%%«-‘af?} %ﬁ)
?_ 14. 21& en =17. - 17, ];);T«i n=24 . M'@d
- W»@%w{ , ¢ ek mors 4
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ENRICHMENT

prectiveﬁ To help. pupils review and extend their underStanding
‘ . of union.and intersection of sets. To help them
comprehend’the.meaningrof'an operation on numbers

Vocabulary: The words circ, bow, wob, star, beta, oick and " ’;r
. alpha were invented for use in Exercise Set 20.°
- It 1is not intended that they become part of the

pupils‘ vocabulary. °* . s

Exploration: &

The teacher should study Exércise Sets 20 , -
and 21 carefully and decide which of his pupils T
can profit from the study of this enrichment
material.

The teacher may refer to Teachers‘ Commen— .
tary, -Chapter 3 for backgrouhd and suggestions on
teaching union of sets, Exercise Set 21. .

‘Because puplls are familiar with addition
and subtractlion they often do not sense'the
significance of the statement that.they are
operations. Make-believe operations are intro-
duced in Exerclse Set 20 to help them comprehend

" what -1s meant by operation.

This set of exercises is written so that
pupils have the opportunity to discover the -
rule for the make-believe operations. Try to
make a game out of this lessor. The pupils may
be called discoverers or inventors. The Pupils!
Book may be used as a basis for the study of

. this topic or the teacher may wish to use the
,following as an introduction before turning to
the book.

T

-~

' Today we are going to do some inventing. We will invent
some make-believe operations and some symbols to indicate those
operatiOns. Pirst, name the op%rations of mathematics that you
-_know. (Addition, subtraction, mpltiplication, and division)
Write the symbol :for each of ﬁhese on the board,

' The- new m -believe operationﬁI have invented 1s Indicated
by the symbol, - . Help me invent a name for it (Pupils may
think of "boiftor "rectangle." ' Choose & strange name such as,

' rect ") . .-§£. R,

73
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"Rect" 1s an operation on two numbers. The resuli of the
B 'operatign,_recp is fouhd by this rule, "add 2 to the sum of
¥ the numbers." So 413 =9 and 10J 5 = 8. Tell me the
““result of 601 3; of 20135 of 607, ete. (11, 7, 15)
¢

Urgewpppiis to make up a symbol and a rule
_ represented -by the symbol.

This 1s another symbol to indicate an operation. (Write
~~ on the board,) Its name 15'"Nac.® It is an operation’on .
‘_ two numbers. Here are some méthematical sentences using ~:

301=3 5~ 7= 1% - ka9 =12

How many ofiyou can find 2 ~ 42 ° )
Write more statements such as 1~ 1 =
- 6 ~2 =, on'the board. Let puplls who have
e, discovered the rule supply answers. (The symbol
~ means{ "subtract 1 from the sum of the two
numbers.") After a number of pupils have dis-
covered the rule let one state it in words.
There are other examples, like. those de-
scribed above, in the pupils' book. . . '
If the teacher dec¢ides that only a few
pupils should study Exercise Set 20 they may
do so independen@ly. . . .

-

~J
T2
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> L -E'tereis'e‘- Set 20 |
¢ 4" . -: . M
_> ST Meaning of Opera'cion e :
’ o PR . .i : Z
You ha.ve been st:udying addition m& sub&'ac:cion, two of

LX

. the operatf‘ns of matmma.tics. . They.are operations on. ’cwo : _'
numbers. ' The symbols 'chat 1indicate’ these’ operations are + L
- and '-.'. Now we. are going to "qa‘ice up" éome opera.'cions;. They : '
a.re "ma.ke-believe" operations “and a.re -xot forund :uimathematics e

N

booka 'Ihey haVe been inven‘ced to see if you can discover -

[ - g‘, L
their mea.ning ' e -
- i ) \"‘ ) ’ ' " 5 o
l One make-believe operation 1&‘ nanmd circ. The Bymbo,l

T vt_;g_“'indica_te _cm 159 . 2 @ 4 is read, "'No circ

¢ four." . th&first number and then
- suliraet "he seeon from_ that sum.
C ‘2 @& =1 ) each of these.
7. (&) 3 @2 -4
e (n=17)
) 8.0 1=n @ 4=n
S y - @:’3)
2. “Another ma.ke-bel eration is.named,
_ symbol w0 mdicate boM 3. F4 18
S tour," B ;meat_m‘cgo_se'the smaller rumber iy
8 T 5 =5. PFind n - for each of the""‘
@ L ¥ !
(a) 2T 3= (e) &4 T
. \-‘;’ @=2) 'a. é‘ 1
Lk (b) 12 T 8= (d) 9 T10=n
ST v @-.P), _ , .
> I
F. .:,'-_'v. s ' : o. ‘,m,_ ,‘; :
. 73 L A
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b‘ " 'I‘he symbol to indicate

wob i_s- 1., 5 K% is ,:;ead “Three wob four." Here are

some results of : operation, wob ‘on two numbers. Try

| J' “, of wob C/Im&/vmm M,&C,&.’hw)

to find the me nd:

(a)-“s af:g..'(c)si; 8; (&) 519

o _“‘3-" , i d@" 94
w)sio?§§e@)e‘ (£) T 7=7
(k) 2 1 0O=n
. m=2)
(1) 9L 2=n
&=9)

1 e-a sign. of operation. 3 * Y tells '

/

3 a.nd by inacerta.inway..Itis

L R
; read,"Th';%g"& a’r four." Here are some results of the

T 'operation,\k tar, on two numbers._ Try to find the mea.ning .
of star' ( %JW 4&/ / ‘z ’ 2 )

s
RN : A :
- Y (a) ﬁg"‘ﬂ“—B (,c‘) 2,.*6=9 (e) 1*1=3
2 (b)) 5*6—m fw)3*7= (£) 5% ¥ =10
. . o ) w3 =
7 . Filnd n f@each of the following
P &3 : B
o (e) *“-n-‘ (1)3*6 (k) 1*0=n"
- ’@@@1-7) R _64—/0) (n=2)
(h) 8*7=n"" (J) 5%9= (1) 1*6=n

o

Je @ ,4) E co ey) /s) 4_ 6”‘:?) ,

Dot e
oo .




5.

T 3 ds=d (o) 2 Jr=3” (@7 45

. p338 t L | L B - o e .°

Another operation is calle_;_i; i'ﬁiék.-“' The symbol for pick

~is 'J. Try to find the meaning of from these examples.

C Pk pmsmine 2o dirids T4 M/)_‘Q D)

6 - )

8

'(b)r'o,J'z=1 (d)8.J6 7 () 947

Another operation is called, "alpha." 'i‘he symbol for
alpha is. L . It is an operatxlon on one mzmber. Try to

find the meaning of &£ from these examples. % Sttty K
) : D

()L 3=6 (b) £ 0=0 (c)xs 1o (a)£ 8=16

what is n in each of the following?

()& h=n (£) < 9= (&)L 1= (h) L 7 =

=9 @o-l!) b= 1) (= /9)

SUPER BRAINTWISTER Another operation is called, "beta.
The symbol to 1ndicate beta is B . Try to find the meaning

] of beta from these examples: Cﬁ“f‘: WWMW(

Al Ziwo 2.)

(2) 38 4-5 (c) 2'B'8=2 (e) 6B 1=5
() 1B2=9 (a3 7TB5=0 (f) 3B3=6"
Find ’n.fof each of the following:‘ . - .
() 2B3=n (1) 58 6=n (k) 1B 0=n
Y ecay =) 295"
(h) €8 4=n (J)"+82_ n (1) 5B 5=n

(n=0) =l T

_SUPER BPATN".IIQTER. "For which of the operations in exercises
«1-7 does the ,commutative property seem to hold? (,Zour "*"’4

@MM}

o 7T

562



P3¢ - e

_ ~ ‘Exercise Set 21
© ' UNION OF. SETS
Pretend you . ha.ve Set A and Set 'B. o 5
- call Set c the 1ntersection of set A and Set B.
call Set _D the union of Set A and set;_ B.
.- Copy and fill in this table. (You may need to draw some
plctures.) . o - ‘

Number of . . Number “of Number of - - Number of
members in ~ members in members 1n- . - members in
Set A .- 'Set B Set C - Set D

; (Intersection) . (Union)

o 7 ] s 1. o | =»

Gy 7 | o | ow o @

) 8 3 o','f_ m

o s | s a0 | e

@ » | RS (C’b_*’:.)_'f)

© » | -« | 5 |@u0

‘:3'»




".'ff, o : Chapter 7

¢ TEEHSIQUES .OF MULTIPLICATION AND DIVISION

T 1T'm._ ;,4" - e
PUBPOSE CF THE UNII . “j'};~ -

F --_° ’ :\-\,‘ . : . s _. ‘»._ . '. ‘_;,4,& -
é;", \ Ay L N . ) .
ik To-help children understand the techniques of multiplication

and-division (Throughout the" unit the process of- division W

inclu&é&kboth"division without a remainder and division with
1"“‘[a remainder) K S . ; -,
- _ o S

3 To-help'children understand that they can miltiply- and

. ;"divide large. numbers if they. know the, multiplicatidn facta
A " and the properties of multiplication and division

3. To help children dévelop skill ih multiplication and =~ -
" division amd in checking the results of these processes '
:(A high level of skill will not be expected unt11 aftef) i
. the study of - Chapter 3 4in Grade 5) p T

09
ﬁﬁfﬂ. - To help children improve their problem solving ability 2
;through the use “of mathematical sentences in situations'
'1’suggesting multiplication and division*
A ¢
* - AY
» N
r ] .
- » - Fr.
o . . ‘
. P : ?T) y °
=3 BN - )




MATHEMATICAL BACK(.}R.OUND | N\
_ In this unit we learn "how to use the properties of multi-;.
lication and division (as studied in Chapter 4) to develop o
techniques of multiplying and dividing whole numbers. S '? BN
. To do 4his we makeé use of the commutative  and associative.
properties of multiplication, the distributive property, special
properties of both 0 and 1, the decimal system :of numeration,

- and the multiplication facts for purposes of determinﬂﬁg the -
product of numbers larger than 9 and for expressing one number . o
as a multiple-of another number.,~. . _(. R :' o .': e

} | The process of multiplication. We have associated the
number a X b with an array of a '‘rows and’ b columns. With
an’array of . 3 rows and 4 columns, we' associate _the number,
3% 4 Since 3 x4 18 not a standard form for expressing a -
counting number, we.can set up a correspondence between the
elements of the’ set and the elements of standard’ sets, matching
this particular set with one. which has %he number property 12,

¢ We can then name the number of the set, either as "3 X By or
12, In 3 x b =12, we call 12 the product of |3 and ko

~ We'call 3 and 4 factors of '12. ;

| . To find the’ product of 7 and 24 we cah first express

2% as' 20 +' 4. we then think of the decimal numeral for

'7&&”24 by using the decimal numeral fon ' 7 x 20. .

(7 X 2) 'x 10, and the decimal numeralvwhich exprésses the‘same

number as does (7T.x 4). The following suggest differentﬂﬁ" -

thought patterns for finding the number n represents in.%

' sentence,. S - SR ?:

n,‘.;

. -
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: . -
? A . . . - o - M

Ve . may g@st associ?te this number with an a‘.r'ray”'-'__a__r_s in"
“*sure 1. (3 ?O) 1Lo and 7 X b = '28 R

. . -
N2 S ’
1 - R AP
. = ‘4 ’»," . LAY DR
) S e eie el ei e e e ae e e We el.4 e 4 e e e o RSN
l * . ! - i - . .
C ® e e te 4 e e e.e o % o & 6 o o .. e . .f °. o o L
. , SO . - , : t
A B R I T T S o
7 . - . . - e e K ’37» .
e o, .e « e te o e e o o e . et e . e e e . e o, o ¥e
R | EUCTEE ‘. . . . ..
T orte e 4 e e leve o o e e e e o e o o o6 oleuw-e T e-n
- . . ) . < . K}
. - - * . . . . . o -0 . - . < . - . . . . . . o. o .
i : . . N . e .
o§ M S T e T T R =

‘ - ‘ A '2).1 ) o "
.“A.v“_ . o e ",. - -‘. B -Fig"\jre 'l»\ . : . : ‘— . o ‘ - .

\
‘os
~

N T . , : \
e 20 -+ b
; X_Z ' ma:y'ftb?.t':r'itten . ‘ X7 ‘} T
Coe e .7 1%0. 4+ 28 = 168
o_r. . o - ~ .‘_‘ . | . A ' E '..or, . x
2y S S ’ 2y

Ao (7 x 20) or . (7-X2y x'10 . & 28 (7 x &)
. 28" (_7_,x.'1+-) e T 140" (7 x 20)
b 168 I 168 - |

e

. . ) _4:':“ Lo o - e u '..“ . ‘ - .
or, 1f one can remembe,r the- "2 tens-"fand add 4t to, the "1h tens",
~ N 9 . . bl s s .

then e ‘can wribe s ‘ -'*\‘."-

; N £, .
. ORI, -
.o . . . . R SN o
. @ g R T e e
7 2}‘}' . I < . . E Ll - v
. . . KA, ., . R

“ S 168 7 X b = 20 + 8‘ G PR
R 7 x-20 = 1o 14_09120+8w0= 168
,  em
.The form used is’ determined by&the levtgl of skill acshieved VIt.s'
,.uould be expected that a child learningﬂito multip‘fLy wouidsprogress,

v-'from lovter levels to higher levels Of sk%l

B ’ . ‘
2 : o -
- hd - ° . ,
" . o K
‘ | &1
o M P
e
R H
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These procedures may be used for finding products of pairs
" of larger numbers. The thought process and the record of g
B thoughts, however, become more complex.” . S R CHTRE N
| Suppose 20 .x 34 = n. This—number, expressed as" a.product
expression, can. be assbciated with an array of 20 rows and 34
_“columrs ‘or with a collection of 20 . sets of obJects where -the
number of obJects in . each set is 34 .We can express<‘2o. as‘.1 '
(2 x10) and 3. as (30 +4). | | n
L ?Then, 20 x34 20 X (30 + 4) 2o B3 (30 + 4) (2o x;o) +
(20 x'4).. To find the decimal numeral for (20 X 30)- we express
20 as ' (2'x 10) .ahd: 30 As. 3 x 10. . Then 20 x 30 = - S
(2 x 10) x (3 x 10_",

By the commutative and asSbciative pro-ii-fi
perties, we know that 2% 10 X 3 x lo 2 x 3 X lO X 10 We
 can ‘think .of - 2x3x—1o><10 as’ (2x3)x(1o><10) “We know
i‘the products associated with. the pair of "single-digit" numbers, ”iq
"2 ‘and- 3., our system of numeration,makes multiplying*by 1oo : ‘i?
°:most convenient These ideas are used, in deverbping a scheme
“for finding the decimal numeral which names the same n?mber as
- does 20 X 34 ) '“. R )
T or Suppose glven the product expression (12 X 14), we wish .
-l;ﬂy<kﬂermine the decimal numeral that names the same’ ndmber._ Let

again reprederit an. array with which this number might be * e e
¥

"'b .
& .

hateo (See Figure 2. below ) '10 < 10 100 10~x 5. :.49.
) - . g3 ’ . . e K L
. e R AT 54 <+ . .
- ‘{ . . " L3 .9 . " K2 - . * .. :
y . . ‘ ‘,
: PTa e
: SIS o
< //-lé \)'" ¢«
. . 2x107=20 oo 2x 4L 8
Figure 2" - - - . Figure'3 .
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We can separate it into several smaller arrays, and for each
arraylwe can readily use a decimal numeral EP express the number
of ejgments in that set. (See Figure 3) That is,

12 x 14

(10 + 2) x (10 + 4)

-

(lo x 10) + (10 X 4) + (2 X 10) + (2 X LL) IR

‘VWhen symbols alone are used to express our thoughts, the
may be expected to move from a procedure clgsely resemb
"to the brief algorism that many of ue know, For exémpleﬁ\
the number : n represehts in. the mathematical sentence'

Sl2-x 14 = we may write tbe fpllowing-
s e
14 . . 'This resemblés Figure 3. 14 1
x12 . Too, order can vary as x 12  .x 12 .
8 (2x¥) . displayed at,the right: 100 20
20 (2 x 10) At this stage it is not O 8 ete.
B0 10 x %) ypportant to establish 20° 100
100 (10 x 10) a particular order for ——§ 20

1§8 ' L ' 'all pupils. © 168 | 168

: a
e . I
. .

Later, 14 or 1%  and still 14 . and stil ° 14

x 12  x 12 . later x 12 later, and X 12
28 - 140 B _ 28 for some 168
140 28 - 14 o
168 168 .. - 168
el 7
T - . .
. - <

\) __;:' _4(’
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The ppocess of divisilon. In develOping'a technique Sor
dividing one'number by another, we:make use of what we might call
- a one-sided" distributive property for divisior. For example;
. to divide 165 by 15, we express 165 as a sum of mggtiples
of 15, 1:ie¥ 165 = 60 + 60 + 45. Théh £

: ‘ . . .é’. - a
(60 + 60 + 45) + 15 = (60 + 15) + (60 = 15) + ( 15). .
or, = (% + 4 + 3) 1, '
U.- 6 . ) . ‘ ‘a‘ )
Hence, _ 165 + 15 = 11, ™~ -3 C a - . )

For pairs of rumbers, where one ‘is.not a factor of the other,
) wegfind the largest multiple of one number 'hich.is less than the 55
’other.. In order to divide. 137 by 'i4 -1t 1s possible to
,express 137 as the sum of multiples Qg 14 and a final addend
less than 14. 'The usé of the distributive property is not’
appropriate since all addends are not multiples of. lh 'So,'we] ¢
Ause th following b S

Q . .
- R 137 = 70 + 56 + 11 - ;
Then, 137 = [(70 + 1%) + (56.+ 14]] x 14'+.11, .or more simply
uritten, : 1~37-_=[(54+ n) x 1% + 11 7
B v ;: ' o ' 2
Thus; when we divide 137 by 14, the quotient is 9 and the
* remainder is 1l. The largest multiple of 14 1less- than 157
1s’ (137%- 11) or 126. : :

For pairs of numbers such as these, where one 1is not a

factor of the ocher, ‘the mathematical sentence in the form of
~c +b=a or c = a X b does not apply. Instead, ‘we use the
sentence of *the form :'(a X b) + r. Of course, ne-see if r

is zero, then the second %akes a~form of the first. Observe

that  r < b. . . B o
’ , This is the basis for‘developing a computational*scheme, .9
-whereby we subtract- mulciples of ‘one number from the other in
order.to determine the largest multiple of one number that is
,»less than the other. . - : : g .
84 570 % ST
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éhere are different ways in which.the thought processes may

~be recorced. Here are, some ways that g}ll be gsed thrqughqut -
this unit. . S o / c - oL
p=8’~_!+"~ : ' ‘ .
. ='(80~_1—“—)+"~'_ o .
. = (80 +1) + (b s k) - . '
. =20 + 1 o \
= 21

:Or, using_smaller'multiples of &, eithef of the forms, A or B,

shoun below may be used. o - . ‘
. pm—— . ! ! . X .
Ao B)ee ' - UE -
- - ig | 10 {10 x &) ~ -8 | -20 (20 x &)
Conl ‘ or - & i '
-0 | 10 (ro x 4) -t (1 x %)
RS IR ‘ , 0 21
’ ) i 1 (1x4) - ' L
. = o
. o 21 \ - . . . .
) e
. .21 T S
1 21
° 10 1
’ . ) 10 . ’ - 20 Y
LY BT Y or LY BT A
o ) (10 x &) 80 (20 x-")
Lk . ’ n : . .
_— 0 (10 x 1) _ (1 x %)
< L, . o )
) o ! (1 x 1) ’ ;
€ o i ?
'. 83 ‘-a:lﬁ‘x-.
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L In developing a techrique for dividing a number c by a
number a, we can consider the separation of a set of ¢

- elements (dots, for example ) into a rows with the "same number -
of ths'in:eaoh row. “or example, in dividing 132 by 12 we
can make an array of 12 rows, beginning-as indicated.

N

[

| L |
- Then we.form. other columns of dots until the total count is 132,
The to‘**‘ﬁ;b%é% of columns is 11. We know then that '
12 x 11 %= 132, and consequently 132 = 11. Likewise, we
~eould have ifde'gp array of 12 columns instead of 12 rows.
BuT, it “a" &% desirable o confine the pupils! attention to just
as arraq in whizch “the number of rows is the number given as. the
&ntwn~factor, in this case 12. The finding cf the unknown
LGC’UP 3, accomolishes‘ 7he dividing of 132 vy 1l2.

: It wé ver {red to divide 135 by 12/ we know there
1s no wnole number for n so that 12 xn = 135. (In an array
this wbuld be shown by 12 rows of 11 ‘dots each and 3 dots

. remaining for a partial twélfth colum. ) In this case, we cannot
divide two whole numbers and get a third whole number. Since
1t 1s not always possible to find a whole number for an unknown

]
A

L ] . L] . L] ) L] L] . L] L] . L]
3

~iactor if the product and the known factor are whole numbers,
aiVision 1s not always possible witin the set of whole numbers.
Ve cannot write 139 =12 X n where n represents a whole
number. 't expressions such as "135 divided by 12" may be
‘interoreted in’ relation to the partitioning of a set of 135
ODJeCtS into the largest possible number of equivalent subsets

. S 8Y s T




with 12 .o’ojects i each ﬁsu:osetwith a remaining subset of
fewer than 12, objects. 'Thfs is described by a.ﬁathematical
'sen4Ence of the form' ~“Qﬁk . * A

T & 135 = (n.x 12) + r
o ' S
in thich n and r are whole numbers and n o 1s as large as -

oossiole and r < 12. In this example = 11 and r = 3:
| i35 2 (11 x 12) + 3 .
Since the operation of dﬁ&ision 1s mn dperation with two
. numbers (dividend and ; ﬂivisor) to yield one number (quotient)
the process of finding the two numbers n and}E r i§ not the
operation of division: r"1'1e algorism for recording one's thoughts
1n determining 1¥ -anad~ 3 *in the abové example may! be the same
" as the'algorism forydividing 132 bﬁ?'le but there is an
L]

esOential digference in recog?iﬂg the final results.

» «»
R X
. #7335 | 3 12Y132‘
) 120 | 10™ : 120 10
. . k] - _ - : . - :
¢ ’ ‘ 15 ' - 12 .
. - (4 ‘ : . T
3 1% 1 12 1
9 4 3 11 ' 11
py . < . s
3 & ) ’

Some distinction needs to be made in the language used . in
: 'd*v*ding 132 - by 12" and "dividing 135 by* 12." .
In "dividing 13°.°by 12" we shall use the following
terminology: 132 is the product of the»known:factor 12 and
an unknown factor represented by n. But in "dividing 135 'by
‘12" ‘we shall use the terminology: Finding ouotient and remain-
~der. Tt is true, of’:course, that prior to determining if there
is a'whole'number for the unknown factor, the papils‘pannot be .
aware of which of the two situations exists, i.e., whether they
',are'finding an unknown-factor'or finding a quotient and remainder.
The larger portion of the materiai in division presents the
product and unknown factor situations first and the quotients;
‘ with renainders are introduced in the last few sections.




O

ERIC

Aruitoxt provided by Eic:

'whole number n -’ we can use since

"0+ 0=n, then Oxn 0.

Te

Suppose 24 +0 = n. Then, Loy o

whole number is again zero.



',,-‘ L TEACHING TH.ELUNIT
s .
REVIEWDIG MULTIPLIQATION AND DIVISION

] . v} X : . .
Objective: 6 .help: c};d.ldren learn techniques of xmzltiplication_ '
- _ anc’i how ‘these techniques depend upon the basic

Ny propertoies o’f multiplicai:ion Lol
| »No*’leng;:k;y discuss:tbon of rrmltiplicat‘ion “

is required.. Arrays are used to help- develqp

mul‘eiplfcation 2] gorisms.’< Because of 1ts x

: - )
contintalk u¥e “and, great infportance, the dis- % &
tributive property should e reviewed.

"
Rl

r“~

'Ma'cerials- Ar;'ays . ’i' . ",':; N N . L
. - N ,-' . : M o ke
R . A . . _-' N

Vocabulary Partial ,products, vertical « N e

»~ . ‘ . R .

: ; . v ) .‘?9_* P TR o
- E:cploration- ' '; B R ol P : "4.‘; AN

Multl plicabion j.é’ aagthematical Qperatj.njx on two numbers - '5"'--""\
to obtain a third“n er . G& some products ofd pairs “of num?‘Qersh

B

you know. Do you k:now h@n to fir\cf the pro&iﬁc:c,,of a.ny ‘two* numberskiv
-

_you can think of'”‘ 'Can you g examplesﬁof numbers YQU. ..
" .don't imow how to multibly & ('I‘heée m{ﬁ.ght be such fs - 325 : 5
22k x 96, ete.) '.t s g‘“» & . i o 2 é) ' /‘

i,- " We k:now the products O ppirg of nmbérsg?ss bhan te:h Ve
riow want to learn more idbout’ fin g pro@uct b pairs b;‘ imxixbers
greater than ten.. et us "beéﬂayﬁémembering some "simple s :
products. Suppose we think Of ' ng= ¥ x 10 s the .number of ;S

elements in an array ofA‘h TOWS and l% columns. 2 c S ower
\' ey ‘ A
DAY i : .
% wé. ;g’i' L ’"-'.;7.!» g
i e ,-: = - 0 . et ,_'_w ’_'_ _'.-'.':r
f‘ A | R ’ . c;'. < _-»Q_.Q‘
~ : . § . s oo s
& Y o .
N 4 > h‘—# ﬁa e ) ) 4 L
. . ., =+ . . @ ) ?.
re 4"-} &
] d N . . s »
: . Y § .
! ¢ k] . . - D
) ey . ;
* Do, : P ‘s o
3 . ,',’-.'. - ~
QO T .
) A



/( ]
find it by
How may we separate

LI ‘we. doﬂnot know' the number n represents, we ¢
thinking of ways of- separating the array.
this array into two arra:y's‘7

. Have children suggest several possibili-~

, ities, making certain that they include two 4
by 5 -arrays. : .

&

Bfing out the idea that it is very easy
. to find the product of two numbers when one
< factor is

10 and the other is less than 10.
We can think of L x 100 as %0 (4 tens),
5 x 10 as (5 ‘tens), ete Aiso,

1ox1+=
4o ..or -4 tens, ete., - .

Do you think you know a way to find the product of two num-

bers when one is 10 and the other is greater than 10‘7 (Try
some examples; ) What is the product of 10 and 10? of 11
and - 102 etc.
Use such examples as: .
10 x.15 = 10 x (10 + 2 —
. = (10 x 10) + (10 x 5\
= 100 + 50 e T
= 150 | |
ll’xlo=lo+l)xlo\ : -
= (10 X 10).+ (1 x 10)
= 100 + 10
= 110"
. 1o.x61+=1o><(6o+1«L
. = élo x 60) + {10.x &)
= oo + 4o :

Lead children to.use 10 as a factor as &
often as possible. Work other problems as a ‘
class activity before Exercise Set 2. Exer-
clses 19 and 20 are given as a "lead in" to .
new material _ o

| | o4
A ' %ﬁ
-, s
- . * RE:
» % & ’ L

J-‘; _ fp."‘:’. \ & . f . "‘u'

. U:J : 576. %) B o
ST |
] ,.k_ - . . . . AQ .
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~ *"OPERATIONS

e

I

Q : ) 5.'. l ] . 1: . . =
Q’ Cba% | s

A .
TECHNIQUES OF MULTIPLICATION AND DIVISION '

“’

- basic operations of -arithmetic.

|- and getting one number as a result.

We think of addition, subtraction;

multiplication, and division as the four

We have‘learned'that én'operation on

numbers Is a way of thinking about .two numbers

When we think ébqut 12 and 3 and get
15, we are addigg. When Qe think about 12
and 3 and get §,vwe are subtracting. When
we think aﬁéut“l2 -and 3 and get 395, we._
aréj;;Iﬁiplying. When we think about 12 and

3 and get 4, we gre dividing.

° s g

e
"o
T

.:: - ,‘ . g, @;
_ % ~

PN

.. o
o

"'?,J‘.
A
3
beay

N .-“f"‘c,
.
.

)]
3
=




MULTIPLICATION

werexpress mult*plication like this:, :
_ g X ¥ = 36
We read the.sentence like this- L
g times_ 4L is equal te 36.
9 tiies‘ 4,{eQuals f36;

We know thaf{f ‘
9 1s e:feetor-of 36.

E_Hie a facfor of 36.
36, 1is the pgpdﬁct of 9 and .4, .

| DIVISION
We express division like this:

' §6+9'='n
N Rt T
. or
36 = 9'x n.

We read the sentence like this:
e *i»;‘ : ’ ;6 divided by ‘9 1s equal to n. '
' '36 is equal to what fihes 99 _
.36 'if equal to 9 times whatt number 2
We know, that: \ L
36 is tﬂe product of 9 and'ﬂe.'
9 is a known factor of 36. |

-~

n is an unknown factor of 36

. l\:’ .
(9)]
]
(0 ¢]
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) THE DISTRIBUTIVE PROPERTY OF MULTIPLICATION. OVER ADDITION

Methods of multiplfcation depend‘on'expre551ng-one~—_

factor as a sum and then using the diétribﬁtiye property

of multiplieation over addition.
To miltiply 48 x 6, you dan think of 48 as_ _
(40 + 8). Then we multiply each numgg;/byffhe factor 6.

" We use the distributive

4.\

erty._

6 x (hb + 8) Rename' 48 as (40.+ 8). -

= (6 x %) + (6 x 8) Distribute the 6 over
, | f (%0 + 8). E
J = 240 + 48 The pro@uct of 6 and 40
| i[‘; .;.‘ .j is 240. The prbduct of '
6 ana 8 15 48
= 288 | ‘The sum of 240 and 487
 1s 288, '

)

THE DISTRIBUTIVE PROPERTY OF DIVISION CVER ADDITION
. To divide 75 by .5, .we express 75Jva§ '(50 +25). | -

" Then we dlvide both numbers by 5.

L3

75+ 5= (5 +25) +5 Rehame 75 as (50 + 25)5_

- =(50 + 57 +‘(25 % 5)' Distribute the 5 over,
- o (50 + 25). . )
=10 +5 . Divide 50 by 5.. Divide

y | | 25 by 5. -
= iS_IQv;;" .. The sumléf. 16 and " 5
| | < ., is 15. )
st 9s ;




.;.Exercise' ‘Set 1

2 ‘Irite the numerals from l to 20 on your paper If a

g statement 13 true, write true - If a staLement is false, wrift

fal se.

I Us'i‘ng ‘che set of ﬂhole numbers, you can multiply any pair- of
Az
: numbers and aluays get a. whole: number for the.].r product LZ:.«_B

S

2. Using the set of whole numbers, you can divide ary pair o'ﬁ:‘

T numbers and always get a who-le number for’® the unKno.m .

—‘ factor. (ﬁ&) e - s ] e - . . E ﬁ
3"'-273 x 816 = Bi6 x o3 (F) 7. 6x 0-=56 (/Ju)
‘)1,,3.;.1:- %.L.g_ ) B 8.'1*9 9(1:“"")

5. ,69‘,_(. 3 2 3 4.69 (#LL) . 9. 0+6=.0 (,Zl*) |

S 6. 17 =1 +1 (,t.wz) | 10, 6x9<7_>29(224)

L i sexeyseexss (febe) T
12._'._'.'_'48 + LL (Lto ll.) + (8 - Ur) (j:‘_'_) .

.}..

., 13, (B0 +.4) x T = (20 %' 7) + - (4 xW7) {Z:w“ "

L ] e x (3 x 17) (3 xa7) x 2 (Fe) '_.}' *
T 715, 23k = (2% 30) + (2 x ko) {faler)
6. (2lx7)‘-7=(2177)x7(/ﬁ:4) N

17 (:8 % 6) + 2 48—(61-2) W,_)

18. (5 X'BO) +(5x6) =5x 35 (;C_A) > ‘iq
19. ,()L'T X 18) + (47.x 12) ‘= )F7-'x 30 (/t__l) : .

20. (12 +3) + (12 + 3) = 2&*3 (/Z;,v.) _—
» .
\ '”._. = L R |
) a4 | g
- ! A ] . . ) . . ': :"
- . 5580 '. S A - ) " ')‘..




X .', . i mercisé Sét 2. . "/ o '.’:

" Find a decimal numeral for ' n in each sentence.,

1. IQX18 ’ e - 11. 10 )47"=n. . ¢ - . vy
SRS (n /?0) : Y G2 O

2. ,¢7 X 16 = s . 12, 89x10=mT. ¢, T
. (h ‘ ) : .. ‘(h ?90) o

'ﬂ 3. 27 X 10 =n ) © 13, 54 x 10 =
. , [n z7o) | (n= sdq)

4, 10 X35 = , 4. 10 x 38 =
(n 350) T o (m= 990)

5.  10 x 107 = . 15. 10 x 125 =
' (n-/070) . . (n 2s50)

6. 12 x 10 = . 16, 314 x10.=n.
. (nalzo) . . - (,, 3,40):

T, 120 x 10 = o 17.0 412°% 10 =
7. . (na Izoa) 7 (ﬂ 4/20)

. 8. 10 X1 . 18, 8#2 x10=n .
,.9 ( /ya) N (}7??420)

L9, 30 % {So ' BRAINTWISTERS"
S ’7 ”aa) S

- : . 190 ’.: 17 x /7110- /7‘(/0*/0) ) t'
10, - 300 X 110 5 n : T S =(17x10) + (177 10) |-
- = J170%170

ﬁ . (h 30&) ' 220‘.‘ 12"'X. 0 _._;_n: Fxo -

/2x30 = Jax3x10) 12330z 122 (Jo+10440) *

v

A% L : Cg - =haxe)s§pie)sf2ze)) '
: ::’:' Lot i ":, .-(/zu)x/a o (axs) s+ )ﬁ ) .
; “ N =, 20 +130 +lza
: - d e 36Xx/0 :
oL . M "
o e ' .= Féo. , 340
t ""5 ' "_:’.' B ” N FA X .- ~
S : . '
. . . LT “:\ a." - - S
> ? Y & E ‘ _
. ot e £ . . 5 .
LS . o
) . -'5' - <o o, .':.
. b . . © .
; < "’! s
- . ] .
» .
. . .
g . . _
S -
= % . o4 { -
o
J . 9 ~ s
b ‘ 5 (é) v 2

"(,‘ . K v




-MUﬁTIPLYIﬁG-Bx MULTIPLES OF TEN I IR
B : o N
ObJeC‘GiVe- To. learn how to multiply two mimbers when one |
S 7 .. ‘numbér is a'multiple of , 10, thét:15:;'2o, 30,
T | W,EO.‘. etes.. sl T T o
: . i : : . & 7 . E Py
Vocabulary Multiples E N T L
Exploration- S ": e T

. B s . -
. . J -

_ We can aise what we know about ' 10 as a fac'tor to 1earn how
t3 ‘use 20 as a: factor., How may we. thinl‘{ of ‘the factor - 20 in :
order o ase. what we alréady Know? (20 10 + 10 or 2 X lO)

Suppose we ‘cry’ some exa.mples- : ' '

- t, s
\_ i

T ('lO"-'ié ’l‘O) o ’ Ref;eme‘ »20}' as (Io + lo)

7 'x'-2o

-

=1(7.x 10) A (7 B 1o) Dietribute;:7 over (10 + 1o)
- 0.+ 70 o ¢Mu1tiply 7 and 10."
4‘;4130'n AR l L E._Add 70 and 70.)5- a

‘ 7 X (2xlo) 3 '-“‘Rename 20 *a,s (2 X 10)

\’
X
R,
[[i

= (7% 2)3(10 . _EUse the associative proper‘cy

- 0

- ';14xlo L 'muupw 7 "and - 2 f'*;’_

= 1lg.. g.;'f*-., ' Mnltiply 14 and 10.
9 B - ‘; - b ’-'-: : ’ .

Ir we’uee t'ﬁe_second way,\ we will not have to. add large numbers.b'

s

y

oo '141* ' (9 x'2) x'lQ

IS

P S =18 x 10 : S
- T ) LA . 5 Lo :
s T
< . ) R 9() h 5
=582 o SRS !




N ¢
. . R -
L4 . - L

To use 2Q as a factor, what do we need to know? (We need to
know how to use 2 and 10 as faétérs.) Can you use these: -
same ideas ir '30,‘h0, «++ 90 are-factors? (Yes, if you know
facts for 3ts, Uis, ... 91s.) “Let's tFy one of these.

o

8 x 70

= 8.x (7 x 10) ~  Rename 70 as 7 x 10. B

= (8 x 7{ x 10 Use the assocfétivg property.'._
= 56 x 10 | maltiply 8 asd 7. - -
Zs60 . Miltiply 56 and 10.

. It will be very helpfuyl for a pupil.to
be able to write 8 x 70O = 560 withouts
having to use all of the steps shown in the
Exploration. Each pupil should know how to
use the basic properties to find such
prcducts. Tt

4 ) It -

. It may be necessary to think about. -
solving problems using multiplication before
working the problems in Exercise Set' 4.
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MULTIPLYING BY ‘MULTIPLES OF , TEN

We have learned how to-multiply two numbers when one of the
numbers is 10. ST o
» .

Now we mant to learn to multiply two numbers when one of the
' numbers is a multiple of lO. Multiples of 10 are 10, 20, 30,
4o, 50, and so on. Can you hame some other: multiples of- 10?
Suppose we find the product of 7 and 20. To multiply

7 and 20,. we gan think of 20 as (10 + lO)..'ihen,‘,

~ : .

TX20=7TX (1o + 10) Rename 20 as (10 + 10).

(7 x 10) + {7 x 10) Distribute 7 over (1o + 10).
70 + 70 = Multiply 7 ‘and 10.;

,

= 140 - ‘Add - 70 and 70.

< Too, we can think of 20 as (2 x 10). Then,

7 X 20 = 7T x (2 x lo) - - Rename 20 as (2 x'ld),

= (7 x-2) x 10 | : Use the associatitejbfoperty.
’ = 14 x 10 . Multiplyj?» and 2. -
= 140 X ' Mul.tiply" 14 'an'd-‘/lo-." ,

Is it easier to find the product of 7 ‘and 20 by the
first way or the second way°A Let us find the product of another ’
pair of numbers ysing the second way. One of—the factors is a . .
multiple of lO.A Givé?reasons for each step in "the following

example._? Co _ S e
8/x 4o =-B x (4 x 10)"
) : ' N Y= (8x %) x 10 ' T
=32 x10
i e o =320 .. . o
. ‘/',*" : T N L ,' _
-The product of 38 and 40 is 320, : ‘ Ct
. .. 8xb4o=320. . N
;. sy 3 S
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. Exeréise' Set 3 ce

Find the decimal numeral for each product’ iPh exercises 1

through “12. In exercises 1 through 4, write ’each step as

in t_he‘ ‘example. - - - "/
BRI " Example: . 7 X 30 7<X (3 x19) ..

: J 2T x3)yx10 ¢
) ‘ . o, = 2155,10;_
’ - Y
R = $x(¢x10) ' ‘ - : -
O 1. 5 x 80(: (.r&c);lo) . ] :
AR S - O R 1O . T o * o °
) = 400 ;
] 2. 70 X T(=(7210)27
( (722} x 10
. - 4 9x/P
’ : = &4 90
3!/ 50 x 8 [SXI
Lru' . . .
. :::ax ) - l T
L, 6 X 3( 6!(3:/0)) - ‘ .. ) RS
o &r3)r/o0 . ] ,
= 0
In exerclses ” through 12 - find the decimal numeral for

eacrh product without writing all the steps In exercise 5, ca.n

- you think that 7 multiplied by oy 1s 28 aljd tha.t 28

- multiplied by 1o is 2802

6.

T

8

7; x,ho' | '(2Po)' -’ 9 60 ;<'9'. (s40) ~
Sx 60 (3e) 0. 3 k600 (me) | o
6 %70 4(%0). | }. o 30 x 8 (;;';‘0),

7 x~80‘4.'(3"?—> 12, 9x % '?”[9/0)‘ )

585 ‘ : - .‘§.F‘
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:.Exercise set.f / . _:; \ .
Use mathematical sbnfencés to help Solve each.of.the '~

lo

" following'problems. - Express each answer in a complete sentehoe._

-

The beads on an abacus may be arranded so that there are_ 20°
4 7 L N R N

beads on each of U4 wirds. How ma%y beads‘are on this -
oxd=n --1&:« 20 Laa ks .,,.zé‘g.,.._/_—
¥ O 2TV

abacus? (/0x2)x4sn
_ /0% (23%)>n C ST T
4. /ox? =N - | .. . .

Some Iand wili ﬁ% divided into Y 'blocks. Lo houses will

be, built on each block. How many houses will there be on the
h= 7x4o ‘ ze ' 2 gz, 2,0 (,.,...,.‘ L/
land? - 7‘(4‘/0) . o

_Og(ax l9 : . “',- =
APxs0 = X8O

. In one section of a plane there were 20 TOWS of seats with

-5 seats in each row. ‘How many seats were there in this

\ ] ' n=20» & .uw_w /w;udw ZZ_AMZ—‘
section of the plane?g =/’? 7{21;;4u4 =

At an assembly the chairs*weré‘“"anged in 30 rows. There

A . ’
. Wwere 10 chairs in each row. 'How_gany chairs were set up

/ 2 . . : ’,
r- the assembly? N= 30xs0 .Z(... Tt Foo Aaie “j,.?,f,.
' ) =360 i ﬂn«-—%. . .

Bob)bought 3 season tickets‘to'the basketball games. Each

" ‘ticket costs $3.20. How much did Bob spend for the® ‘tickets?

LN Bl gt Mot T ot
O iles

"~ On the family room floor there were 660 tiles.

were used én the kitchen floor. “How many more tiles were

fused on the. floor of thg family room than on the floor of -
KN
the kitchen? n=*éqg-— . 304 J‘&M 36'4 ey Z.&./

-'_=347 ~~”‘/‘°’f’“%~4 :
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ULTIPLYING BY-NONSERY ONE HUNDRED - , S

Objective: .. To learn \gE¥o multiply two whole numbers when' one
' is 100 - orWemultiple of 100 ., ~ - -
Exploration: = ff. .
. . , e X : . i . ) :
We have® learnedt fo multiply two numbers when one number

is-, 10. We used thi§‘$find how to multiply, whole numbers not -
greater thar - 10 by 20, 305, 5.s5 90. Now we want to learn ‘more
about mult ng by loo a.nd multiples of 100. '

T d

100, 4ﬂx 100, 8'x100,." 100 x 6, etc.:

Review, with pupils such examples as
2
2K,

ask if they-can suggest how to find
the product of 4 and 200. ,

J+x200 4 x' (2 x 100)
) éh X 2) x 100
‘% X100

8.x (10 x 10) .
8 x 10) x 10 :
x 10 : : _
800 .“ . . . <

- Can you see a way of multiplying by 30?)\ 400, “u.., 9002
Perhaps we should use one more example. e

oo '\u W

"6 x 700 ‘= 6 x (7 x 1oo) ‘Rename 700 as (7 x 100).
_ = (6 x 7) % 100 | . Use the associ‘tive property
= 42.x 100 = Multiply 6 and 7.
= 4200 ' wggultiply 42 'and 100.
o B o :
' o : Col T . Mo
N~
: Ny
\
” 1-;1.3
rFJ s



.o One example of- the type 70 X 60 may :
be worthwhile. The multiplication of two .°
numbers, each 1éss than- 100, may lead to .
multiplication where -one of the factors is L

a’ number leSs than lO. . ’

7o-x_60 E? X 10) X (6 X 1o) P

. (7. x-lo) x.6] x 10 A33001at1ve Property

X 510 X 6}

] X 10° Assoeiative Property
B.x 10

] % 10 . commutative Property

x ¥0] x 10°

(10 x 10)‘\\
"X 1oo

Using 42 =7 x 6

) k1IJI\M.M 1] ll I

rather long development shoul

ried out -with the -pupils;
. recognize (and<wjthout,being- In'error); that
70 x 60 . bgcomes™ 42 x 100 "and full detalls

. of why it is,correct is not a major issue at - o
this stage.- PR S .. 3-

‘e Lo -

be

e . -

Children may suggest this way- g'%p , ‘
(7 x 10) x (6 x 1o) S
Z 66? lo(x 10 ) T .
T X X {20 X . ‘
A2 x 100. %P A

4200
ot -

.. .. - 70 x60

L

l[M‘MllM

T x 1o) X 60
X é 0_x 60)
X
X (6

X 6gox 1008 -
X ) » » 1

(
7
7
z
1
u OO\.

] ll ] ll /I 1

7
2
2

-~

6) x 10] x lQé#Associative\Prgperty‘

Assoclative Property.

They’ will S

P ., 0
R - .
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MULTIPLYING By MULTIg;Es OF ONE?HUNDRED [
We have learned how to multiply two whole numbers when one.

of the numbers ds 10. We have- learned how to multiply two .

whole numbers whenone is a multiple of 10, wﬂat are some .

e

4 multiples/of lO?

-

Look at this example for finding the product of 6 and.a‘

) multigle of 1o (301 C Sy
' . N ' ) ",j.‘"v‘"l - . ‘s . ’
PRy v %302 84(3.x 10) .
:. T o ) v R ‘ '/j\"., . 4_.1 _ (’6,x 3) % 10 . ‘j/‘ . ?
‘ ' © 218x10 o RN
: s : - = 180
! ’ ) )
. . s ) i : ~‘~ ' ! . o . o \
e We now‘want Yo learn to multiply two whole numbers when one -
(S 3 v.,,

5 df~the numbers is- lOO. We also want to learn how to find the

."a

_ prdduct of two numbers when one factor 1s a multiple of lOO.

What are multiples of 100'> Is 200 a multiple of 1ooéq’is
30091’15 4004#'Can you name sgme other ,multiples of lOO‘>

N ‘ . oo (" “' > ant, sao, éo0, 7, A0, 300, ,o.. Ilea .z_)
- * . ) |
| ‘ ( : . " ) ~ . | :
i . Do . A ~
M Y ~ } - e - . - _’\ . ,
» D) Y |
> » ) N ’K\ ‘ -
. ‘e . . - »
2* ’ . . )
4;' . ' ) . . .
.o et foe - D :
: 166 o .
.\ L .\ - \ . Y . . ’ . -
’ - ' . . . 589 . . . -
- .




&

See if you can’ understand _tﬁese examples,

- )
-

Example 1: - 6 x 100 = & x (10 x 10) °

S =6x10)x10

- = 60 x 10
=6OQ .

" Example 2: "+ 18 x:100°= 18 x (10 x"10)

‘ .. .180 x .
4 L4 2 \1800 . .'
" Example’'3: 6 x 300 =6 x (3.x 100)
. X o ~= (6.x:3) x 100
_ : = 18 x 100 . :
. VT =180 . - . -
. ] . L] N \
Example 4 50 X 30 =-$5-'x'1o)_ x (3 x 1og \
: ' = (5% 3)x (10 x 10
. ' = 15 '%X.160 -
o . = 1500 ° -
4 16-x 200 =16 x (2 x 100) . s
. =16 x2).x 100 :
N = 32 x 100
' L = 3209 - . T
t - 4x§000 %x(aoxloo)' ' -
. : =E;x20)xloo LT
..~ .= 80 x 100 , -
~ ol L= 8000
s =S
Ca.n you name the /product just b oold.ng a.t the two mnubez,'s
to be multip;Lie,d? Try these, " i C-
R - x 10 (em R
LR ) - ..
o 5 x 60 (308) v
H0'x 30 (ee)
: . / i
SR : . A x100 (400, . . | -
- 200% 3 (k)
R -z N | . . ! o . B
" Y 12 x %00 (e900) - AP
How many could you do? ( ' : . i S KA .
T
o Now you can use what you have 1ea.rned about multiplyins

by “I~o and  100. a.nd their multiples.

R /




[

A - Exercise -Set 5 V ’
: | . B -
., Copy and complete each of the following.
1. 7 x 10 ;“(70) .11, (3oao) = 500.x 6
2. :5.{( 500 = (3500) _ 412, (S‘Loo)' :='1%360
‘ ', R A o . . . -~. .
3.(7200) =3 x 600 - 13, 408 x 3 ={1200)

:‘.: .

. 100 x 8 = (900) 14, 7 x 500 = (3500)

*+ 4.'

[ - » ’ . 4 \' . » .
5. ‘(7L)=9XIO o .~ 15. 800.x5=(¢ooo)'

10 x 7 = (70)

A}
\O©

‘1‘6. 50 x 60 =(zaoo )
~ “ ~J“ T . : : . S . e
7..500 x 5=(@sw) .. 17. 60 x 90 = (5¥00)

[ S - : R

-~

.. 8. 600 x.3 =(7200) _ (18, 400 x 20 = (2o0s) .

9., 8 x.60 = éif_d) R T xéObQ_:‘_@?)'

_ 1@? 50,x 6 = (300) . 20. 6 x 3000, = (/4,000)

’. - \\

. ’ . 3 » t
VU - ] > t
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. Vbcabulary Vertical forn, partial produf%s

o (n

. . ~ L. Y
. . . P
. - .
. L I .

»IQOBE'ABOU‘T,MJIQ',‘{IPLYING T

v

. Objecpive:"'To learn how to multiply two numbers when one 1s

less than 10° and the other is- greater than .10,

3 .
N but less than .loo . ) .

Materials: 4 by 32 array ﬂor\demohstration purposes :

Ty
Exploration- . . ] _
. It 1s the purpose of this exploratloh to I
n est ways of developlng a computational
Scheme for multiplying. PFlrst have children
‘assoclate a product expression wlth an appro-
. priate array. This should provide the. back-
. ground helpful in learning a computational -* " || ~
i .|| procedure. .

.
We know how to find decimal numerals which name the same

number, for example as U4 x 20 and 8 x 60. Now we want to

learn how to Tind products of numbers like 4 and 32, 8 and :

56, etc. -One number will be ‘less than'.10. The other wili be

greater than 10 ‘but less than 100, S
' Suppose we find the product of " 4. and 32. We can think

- of L4-x32 as. the number .of elements in an array of how many

rowsd¥or how many columns‘;}") o N
_ Separate a & by 32 array into two arrays--
M 4x 30 and 4 x 2.” Ask children to describe
C each, Your discusslon about the arrays might
develop-as follows-

Now‘let,us see If we can write what wefve Just done. We

N want to find a way. of finding products without using "an array .

each time. : 20T -
.’ To find ' n in n'= %"x '32, we f“irst renamed 32 as 3D + 2.

Why rename 32 as 30 + 2 irstead of, say 16 + 162 (It is '

easler to find 4 x 30 -and 4 x 2 than 4 x 16.) Ve;can wrlte

_ the ma;hematical sentence as’ n = 4 x (30 + 2). Next, we used"

the distributive property ofxmultiplication. ( (4 x 30) +
(& x 2» Then, we found the products (% x 30)" and- (4 x 2).
120 4 8)" We added 120 + 8 tofind that n __;128, N

-

- PR A &1



 Whdt we have done may e summarized in this way:

" u x. 32 4 x (30 4+2) (Rename 32.) _
' (4 X 30) + (% x 2) - (Use the distributive property.)j
=120 + 8 . (masy (4 x 30) + (% x 2). )
= 128 | - - (Add 120 +.8. )’

We have been finding products using the multiplication facts
and the distributive property.‘ For each step. we. have been writing
a new mathematical sentence., ‘This _way helps us to see why our
answer is,correct Writing everything we think leaves us little
to remember. It will be - much quicker for us to find short cuts,
but they will make us remember more. One way 1s to write Our X
work like this. we will call -this a vertical form. ’

-
-

1 4

32 T
- 120 (% x30)
128

. ,- . a .
What. do we think in writing this exercise°
" Why do we write 120 and . 82 (We think of 4 x 32

4 x (30 + 2) (¥ x 30). + (4'x 2) Why 1S this- form a Shorter

- way: to write multiplication° (There are fewer symbols to write.

It makes, the addition easier. ) How is it harder? (We have to.

think,«52 30 + 2 and remember 1t. - We-have to know .
b 'x 30 = 120 without writing any steps.) I
.We_ can write 1t in this-way. o ’:,1- .

) r . . .

| 32 L 30+ 2>
Cexae o7 x b _ .
| ¢ 120 + =128

Sometimes some chilgren‘find this easier to'understand
The numbers 120 'and 8 awe called partial products 1n the .

multiplication. They must be added to get the final product, l28

4

S 4 . . e
- et



Let us try anofher example.-'S x 61 =

Ue can wilte o S o
61 or  60+17 ... or 6l
300+ 5 =305 300
. - - .I.’ . Sy . _5—
ST 305

This

, 5x 61 =5 x (60 + l) (5 x 60) :
6 as 6%1 : LT
children should make. e nename a factor . .
like 34 and 61 and use the distributive -

<

Shows that 5fx’61 = 300 + 5.

These are some of the observations

property, We regroup the factor into tens
and ones, ete.; €.g., 32 was renamed

.30++.2 and 6l wa$§ renamed 60 + 1,

“.

It may be helpful to add an ‘example in
which a different renaming is showh, e.g.

. 28 ,or‘ 25 +3 .
coaox b X 4
LT 100 ¥ 12 = 112

—

The “class might be asked what mathe-/
matical sentences this abbreviatés and why

" someone might write it (presumably bécause

he happens to© remember ‘that 4 X 25.= lOO)
The main point shodld be -the advantage of
renaming 28 as _20.+ 8° rather than

25 + 3. - (Our nur§ral system shows.the

grouping into tens\-and ones, and 1t is easy
to learn the .few simple products 4 x 20,

& x 30, “ees ete.)




_ Here is still another problem. 5 x 61. (Try several ways
- of finding the product.) > -

S 61 =7 60+1 - or 61 or 61 (Note change
' oo 8 s o = 'in ordetr.)
"x—i _Xi : _X__é - Al Z(_Eh
- 300 +5=305 300 (5x60) 5 (5x1)
L. v 5 5x1) 300 (5 x 60)
PR oz0s 305 S

For what mathematical sentences does: this stand°

5 x 61 = 5 X (60 + 1)
= (5 x 60) +.(5 x1) . N
B ) =300 +5 ' '
305

This shows that we can use either way and be-correct.
_ Can anyone think of even a shorter way? Do we have to write
theg;artial products before we write the: produd@’ What must we
think if we leave them out? Look at 61 . First_of all, I can -
‘ . gx~k : , -x_i ’
' think 5 x 1 =5. and write the "S" because the other partial
product 5 x 60 will end in" "gff. = 61 Instead of thifffng
- o . . x_i . ) .
5 X'60 = 300, I can think 5 x 60 = 30 tens. ‘30 tens plus
5 ‘ones is written 305, §°.I wr;te' oo ' -

R : e
‘ : : . -—ix.
305 o
-l .- several additional illustrations of this )
}, thought process and its Justification may be
|l desirable here. However, don't push children
to use this form at this level.
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MORE ABOUT MULTIPLYING- -
We now learn to 'inultiply two numbers like these:

4 and 32 o oL

This array helps us to think about U x 32. -
. | : » -

N . We can make smaller arrays. . ~

- ) . .

How glany rows does each have”@ How many columns, does each

' have? We write

b x 32 =4 x (30 _+,2)
= (4 x30) + {4 x2)
=120+ 8 L
) — ’
= 128 .
We can use one of these ways too. - ,
. rooL
32 o, 30+ e 32 o 32
- x4 L xs x 4
120 + 8 = 128 1204——(4 X 30)><
’ ' , 84—(4 X 2) .
- e .. 128 L 28
. ‘ . : : A g L
Can you think of another wa:f?
S
£
. - ° 596
o ,....)’L:-' .
- - .
-’/ -
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' > até;'rcise\ Set 6

¢

™ e

Find the decima.l n,umeral for each product in the following

exerclses.
. Example:
l. 3 x 32
2. 4 x 23
. .

6x}4

y x 65

4 x 82

B

S 3 x12 =
=30 + 6
= 36
= 3x(30+3)
=(sto)+[su)
= 904
= ?¢

4 r(:o*:z) '
(4110).;(#:3)
o F12

.92 ?L .
vé, X (305%)
(6 x30) 4(654)

180 424
o4

4x(4046)
($x60) 4 wx5) .
%6+ 20

262.

(LT ‘l "

4 x(gor2) - -
(% x 20) 4l¢ x2)

= 3254-9

= 3.29

111

597

e

(7Y
»

|

3 x (10 + é)_
(3 x 10) +, (3 x 2)

32

X,
IR

X
+=

SRy

X o
o

S~
.5,
o0

»
o
1

6

U

W TR
N X 5*&‘)(
ALY RN SRR LY 'S

Use two foms as in the example.

“‘

2 v -
<3 @
-?% .
éo )
36
N,
d
<

-

4

[\ 3
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. Exercise Set § (conttd) °

_ 6. 5x87 = >5;1(20,+‘7) . 87 _  ‘, |
:-hs‘;éo)}(:x'?) . )_(_2
= 400 43s . 23
=43 457
ST TX 3 2 7xs0ed) BT
(7x30) (729 x7
= 210428 ) 9.7“ '
. o TA RN T o
8. Bx3T = pefror7) . . 3T
. --_-_(9130)4-[:{‘» ) x 8 . . -
= avo+ &6 Fe. 4
| = 29¢ R <
9. 4 x 36 = #x(5046) 36 .
) : =[4130)+(s_44) % b4
= /a0 +a¥ ’ 2y
= 744 B_p_
.. o P s
‘ T 10s 8 x.89 = pafass) 89
G L =G+ () x8
. . ] . 7
24w+ 72 e
= 712 - Ir
&

O

1598
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MULTIPLYING LARGER NUMBERS »
- : - _ ’5 S 5

- = - F oy
. " Objective: To extend the ideas used to multiply a mumber witp
L '~ . ca "two~digit™ numeral by a number with a/"one digt®
’ ~ . numeral to ways which may be used to multiply numbers'
_ " with "three-digit" .and “four—digyt" numerals by a
- one-digit" numeral o

[’/’f/”/ ' First, you may-wish to. review how children

. have -learned to multiply two pumbers such as
' r 3 and T4, that is, - N
3 X T4 x (70 + 42 :

: (3 X 70) + (3. x 4)
210 + . S g
222 ) SR

CTH . |
0 {3x7) -
12 - X4 ). S
222 I3 X TE . .

Then let them see how they could use
the same procedures for numbers like 3 and .
312. . Have them suggest how they might
rename 312, Then ask how they might use
the distributive property. .

‘Note that .a good way is “300 +°10 + 2
because we know products like ) x 100 : "
. and 3 X 10. . X ,

3 x 312 = 3 x (300 + 10 + 2)
= (3 X 300) + (3 x'10) + (3 X 2) .
= 900 + 30 + L
= 936 - _‘.' N | BN

-

Then explore pOSSibde ways using the
vertical form. . _ . C




Y

Vertical Formsﬁz,

a

or

900 '~

Some children may find. the short form -

312

A

easy for them
not the best %o

%se other pains of number,

including
among’ them pairs like 301 an and -
lEll, etcw - -
2x301‘=‘x(300+342 .
=g2x3oo) 2 x1) o
4, =000 + 2 * o 2=
o= 602* :
Vertical Forms:’ : .
. 301 . er 301
o X2 \ ) -2 ‘
%00 2 x 300) : -z
2 axl © . 600
802 . {2 x 301 =, 802
: <
6 x 1211 = 6 x (1ooo + 200 + 10 + 1@
L = ég X 1300) + (6 x 200) + (6'x 10) +
X X l . PR .
= 6000 + 1200 + 6 + 6
= 7266 :
Vertical Forms:
1211 - or 1211
X 6 . L — i _6
5000 (6 x 1000) . )
12000 (6 x 20Q) 60
60 6 x 108 1200
6 (6°x1 6000
7266 X 1
600

v
"At this time, it is probably
rm for all children. ' -
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MULTIPLYING LARGER NUMBERS. - |
..."‘. ¢ : .. T N.. . o
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We know how to find the products of numbers like 3 and
What number must n’ represent

f46, -7 and 39, 6 and hs
'in each of these sentences if the sentence 1s a true statement°

S
X .
3 x¥6=n . _
) 7X39=n ) \\\;Eﬁﬁ’ B
6 x45 =n i i
The products are 273, 138 and 270. Now match the products -

and the product expressions

4

We now want tolﬁindvthe product of numbers -1ike 3 and

‘312,
'AWe_write ; . v
3 | ) 3 x 312 = 3 x (300 + io'+ 2)
{ * A N 5
= (3 X 300) + (3 X 10) + (3 x 2)
= 900 30 + 6 B
. = 936, - o
s o
vi )
1135
601
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h Y
There are several wé.y'S'_'tha.it'w{e\migh;c use the vertical form
for multiplication. Here are some of them. o |
. v . . 4 E - . ;.-
Y . . - - L » . e
Y S 300 +10+2 . . _ .

x42 /, . .. . R - .’
. v . y .

, "9'50+3J’0+6=_93'6
| x3. “‘:i T B x3 \
w0e—(3R300) .. 6 .
N oy

30 «— (3 x 10)

90
936 +— (3 x 312) - 93

.In the-_lé.st exami)i& how -did we get- -900, 30, and" 62 .

!

N A «
1 - B ’

You do not need to use all, of these ways. _Use' -thé one

that ybu 11ike best . You may even like a short form like this.

312 ,

-

P

Can you discover a way to find the product of 4 and

21022 v - ' TN

. . -’,*- ‘ ' A - -
B '@glb

M N—>
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“ 7, Exerctse Set 7 -
> ‘; - :w' - ’

u

Fig;\fhe decimal numeral - for each product in the following

'exercises - Show the partial products

‘,j/__/ ) ,\ . N .
. - . ~
1. 2x311 = . 7
- (4a32)
P ) . *
2. 2'x 434 ) .8
(9¢2)
*3, & x 322 9.
. 02“0 "
°
Y, ‘3 x 412 i'ﬁﬁ 10. .
o -€ra3e) : .
5. 3 % 210 - Co11.
. (‘30) » .
¢
6. 2x3035 EE -
(‘d‘)' : . . .o

117

B

[

7 x 5101
(3, 747)

3



pasg - ., T )

-fdm, if you can.® e
’ ’ ’ ". ‘
T
. s
) 1,555 o
1. 243 6. 800 A WSS 134
486 ‘ 4800 2L
e N
2. 210 < 7. lea 12, 612
240 N 3284 2449 -
203 8. 3020 13, 723
X3 oox3 0 X3
o7 P ogoen .( 2147
- L
b, 202 9. 3002 ) .1l 632
x4 o x4 x3
gof 12,008 1894
> . . B
5. 420 0. | '502 150 T34
9498 5oL 1448
113

Exercise Set 8
2= =

‘.

n

x3'/

30¢L9

18;_ 2332
o

L979¢

o

19, 8212

x §

32848
20. 9111
x 8

tL 72,89 ¢

BN .9 ; " ‘ ’ : . t s . . ‘
Work these’ e:_cercise_s“as in the example. Use the vertical. -,

717. 1023 -
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A.}HOH@ER;METHbD OF MULTIPLYING .
‘Qb ecti§e£
. -4 ‘ I < . & .

- 1 LJ xshpqter.way“qf_multiplyigg o

AR
s

‘heélp children _(who are ready for it) develop a;\\<s
. You'may-wish to delay this lesson. vYet, it.

\, Seems desirable to'make a conscious effort to

\express the prpduct of two numbers Such as 4

d 3% as 136 instead of first expressing it

; as the sum of two products 120 and 16, Yand -

-then expressing this sum as' 136, « However,

|l "there is nothing wrong with doing the latter if

children are not ready to try the shorter method. .

'Aggin, let us look at a problem like: 4 x 34 =n,
S ﬁbw can we find the number 'g"represents?
/ " If children do not suggégffthé.sﬁbpter form,
. / then+suggest this as another' possibility. You
e might find these ideas helpful in the develop- I
- {| ment. We can write-the steps in multiplying
i 3% by 4y in this way: ~ v
- { 51 :

- | : 5

o Suppose we see if we éah find 2 shorter method. ;
L 3h B XM 216, hink of this as 1%ten and 6 ones.

X 4 Instead of writing 16, write 6 (;n the onet's place. ;
.‘We wfﬁliremémbervthe .1 ten or wglcan write 1 ’abbvé
1 the 3 -(indicate this). L
3% You also said 4 x 30 = 120. This is‘how many tens? -
. ~X % (12) But what haven't we included yet? (The one ten =
L +) 87 from the -16). So* 12 tens and ‘1 ten 1s 713 tens

't or 130. How do you .write thé numeral for 13 tens
-7 and 6 .ones?® (136) What is the product of 4 and
342 (136) - ' ‘

K Try several other examples such as 5 x 37, _‘f.
A , 3-x 26, 6 x 45, etc. When children are not ready, .
. do not insist upon this short cut. .It mdy be that )
they wlll not be ready te—useéiy/ﬁ;til later. o
‘Even if they do seem ready for some examples, use
both the long and“short‘form§h§éde by side to show -
-.cléarly what‘is being remembeped. -

- - . s
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* A .SHORTER METHOD OF MULTIPLYI§G

In our last lesson you ‘sawv how to shorten the fonm at the

~

left'so that you could mgltiply ~512 by 3.ein'the,way shown
\ . . \ . ) . . .

'at'the-right:

312 . 312
X 3 X3
. | 6 T g36 -
3- ; oo 30 o ‘. S T . ~
- ~ 9OO 4 ) ‘ ‘ '
: .93@ | - -
'Uere you able. to tell what you had to think to use this way° )
e uant to think some moré about these shorter uays. : h_
" suppose ve need o find the product of 4 and 23.
already know how te find the product in this way: -
° 23/ \ i . . _-.. * ‘
_ - 12 S e
' | S S .80 L,
. '1b : 9éh' o, ',f:\
B . e ) -
Now let us see if we can find a shorter form for doing this
L B
23 e can think 4 X 3 Think of 12 as 1
X ten ahd 2 ones. Let us write the 2 in the<
2 one'S'plaSZ."We wiil remember the 1 ‘ten. ¢

23 * ¥ x20=80. 8 is 8 -tens. 8 tens and 1 ten

- ) . N
X 4 “are 9 tens. How can we write the numeral for 9
92 1 tens and 2 ones?
M - . : : ; ) _
vhat is the product of 4 and 23? Ve can.wrilte
4 X 25 = 92
. /zi\ , _l -{j
--' 3

606
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Here are some problems. Can you fill in the blanks?
. -t X v
S RN 82 - { .
X 3 x6
135 ~ 492 ~ )
37 T
25 : X
18 g - 664 ) -
———a .. —
S’/ N
o .X ) ¢ -
v ) . >
N A | .
. 7
, g s
’ ]
' You may wish to use this short method to do the problems |
 in Exerclse Set 9. You may wish to try several methods.
- FEEEN . - ' ) .

oy
.
‘- .
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e |- Exerclse Set 9.
A w <y L - o
Use thfﬁay you 1ike best to ﬁnd the number re‘E\resented h
by n ‘in e ch‘%i%these.: e T A L - | .
..;‘: S ) L - o_ R (
1.7 4%17 = > -'6~._"9x§6_n_-
) (n ‘9) s . h ‘6'94) .
- ‘ . : N \“ N _;;
2.0 7T x23= 7~5x52= .
: f‘ (n_/u) <. : (=26)
3. 9x62= S 8.~ 3 x 8o.=n _
‘ - (h= 5{9.) i . 0 An= ae7)
4, . 6x8 =n . 9. 6x56=
(= 49¢) o : (n= 334)
s ) LI d
5 7 x 87 = 10. 8x 78 =
) (" ‘09) . .(n-.tzsl)
Cépy and complete. (Note: Each bla;;lk must be f:épiéc;ed by one’
dgit.) ' ' ’ .
11, 45 12. 38 130 59
x5 7. - x6 X1
- 225 . . 228 - T3
4. 79 15. /8 16, 45° 17. 1.
395 ~ . ,Z 2- . . 4 Bég 6'——
' . Nora: llaf:-.&.j- - (/oo,ul 03,,..,i116.
;“ Z—-—WM. . . i "d_,’" lf“““. ‘~
. ke ‘){“t' vy
. o1z - -
' 608 -



MULTIPLYING NUMBERS LESS THAN 100 BY MULTIPLES OF 10-

" Objective: To deVelop an understanding of how to find the |

' S - product of nnmbers'like 23 and .30, 50 and 46,
ete.; that is, where ‘One number is a multiple of 1o

- p - and the other is greater than 10 but less than 7100

~

>
-

Recall “with the children how they found
the product of 23 and 3, xhat is,

. =5 ‘
, . ) X ¢
‘ R = _5% (BXB)+(3x2O)
’Some pupils still may be working\at this level.
. 23 " . : _ “23-
L X or . X
. 1 -3% 3'x20). — _%5
. 9 (3 x ... 6o
o0 Some still may_prefer to use ‘this method.
. - 3 x23 =3 %720 + 32 v z
7 : | ~ =é3x2o)+ BXB) T ]

69 -

k Ask children to suggest possible prg- *
cedures for finding 30 x 25 from what they ~
already know. For eXample, some may: suggest SRR | P
the ldea of renaming' one of the factors

- * - 8

R R '-30x23=30x(20+32 - ,r\
' ' : ' = (30 x20) + (30 x 3) LR
. We Mmow how to find these products., - éfﬁ
o 30 % 20 = 600" and 130 %.3-= 90. =

Vou may need to provide’ extra Practice in- -
finding products of two. multiples of 10 1like
20 and 30, 40 and: 30,.ete. Or, some may

'_suggest the use of the ‘vertical form. The -
discussion might go something like this .

~Since wve: can express 23 as 20 + 3,3.. : o
30 X 23 = 30 x (20 + 32 : 3 e e B -
=g30x20)+ 30x3) % B S .
‘."_ = OO+ 90 ) 30 x3) i .
:)',.4‘ . = 600 O X 20 . .. §
> B%0 Box ). | |

. 123 e




<

- form.

-

>

Still another approach is to recall how ire

“can multiply any number by 10. For example,

23 x 10 means 23 tens for which we write the
numeral 230. So, 23 X 10 = 230.

e can think of 30 X 23 as (10 x 3) x 23.

tie can first find the product of 3 and 23.
Then we can multiply that product by 10.

30 x 23 = (lox3) x 23
= 10 x g3 X 23)
= 10 x 09
- = 690 _ .
All children may not be ready to use a
‘shorter form o o
. : a3 -
) X BC, . .
. Ego ' -

In the back*round of their 1earning experiences
an- exploratvon such as this will help them to

develop a shorter procedure at a later date.

Think througn examples such.as._the follow~
ing with your class, using those procedures ‘
from above which seem ‘most appropriate for your
pupils.

34 32 18 63
X 20 , x 40 X 50 X 70

ile suggest, for example:

- Expressing 34 as (30 + 4). Then
30 + & or 34

X 20. : -7 X 20

L - . T80 goxh)
600 + €0 = 680 600 120 x 30
, o B8 20 x

Encourabe children who are readJ to find -
the product us*ng this form.

- X 20
80

- 600 o
586

Some children may want to use even the shorter
34 .
580

Tnis ﬁfuht be fostered by thinking first
2 % 3% and then multiplyinsgthat product by -
‘100

a . ' v %
3 : He g

o - :610 124

o

x 20 ~ E——

-1

e
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MULTIPLYING NUMBERS _LESS THAN 100 BY MULTIPLES 'O_F 10

e now want to .learn how to multiply numbers like \\9 and
34, 40 and 46 50 - and 23, 60" and 31.
T 1s one number of each pair a multiple of 10? Name the

",multiples of 10 in these pairs

Is. the other number 1n each pair less than 1007 ‘ \\

Let us learn a way to find the product of 20 ‘and 3.
Does 20 x 34 name the number of dots in this array? How can .

you tell?

20

“Here 1is another array Just.like the one above. Let us

separatelit into smaller arrays.

l
fe 30 e 4 —f
1r """""""""""""""""" -
B R R R SRR E S ’
o | fiiiiiiriiiiiiiiiiaiiiiiiiiiiiociis
ritatiiaatiiatiatniadiiniiis .
| iiraaiiiiiinainiinaaaii Ve asrE
< ‘
Pl \
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Does - (20 x 34)  deseribe the first array? (%)

Does (20 x 30) + (20 x ¥) deseribe the second array? (13"'>

(vr")

‘Do the twe arrays show that 20 x 34 W (20 x 30) + (20 x 4)?

-

Does this help you to find the number of dots in the big :
array? K’“r*)._ '

LA

We ‘can virite:

20 x 34 = 20 X (30 + 4)
' =_(é0x30) + (2o>'£u)
30 + - LA
L xap B % 20 _
€_>oo + 80 = 680 | _ »8o ‘ (20 x %) ‘
- - O koo | (20 x 30)

680 (0% 34) ., *

Can you i:hink of other ways of finding the produet of

__these two numbers?

612




P36L L - ’

HeS -

Exercise Set 10

Find 'che_nuniber'- n represents for each of these. - i
1. 30x30=n 13. 20x 43 =n
(n= $900) o (n= #é0)
2. 20-x 4% =n _ . L1k, - 30x33 =n
g (n=200) : | - (h=9%0)
3. 10x.80 =n ‘ e 15. 10x87 =n .
(n=900) o “{n=870)
4, 30x4%=n = : 16, 50 x32 =n
(n="1200) - . " (h= 1400)
5. 20x50=n | o 17. 50x 62 =n .
(n= 1000) e . (ﬂ:gloa}
& 60x90=n . 18, 70%85 =n
(n=s4¢00) . (n= s210)
7T: T70xT70=n . 19, 90x65=n"
B (n=4900) ' (n= §250)
8. 80x140=n  20. 80 x87=n |
~ .. (n=3200) - . o (h=49¢0) g
9. 30 X 90 = n 21. 90x38 =n ’
R (n=2700) P - | (n=3420)
ilO. 50 X70=n .’ ' 22, 70X 57 =n
(n=3500) | ‘(n=3992)
| S/ _‘ S |
11, 20x 80 =n o 23. 40.¥ 93 = n
(n=1200) - * . - (n=3722)
12. 70x8 =n o 24, 60x8 =n
(n=sé00) - . . ; ' . (n=%920
. - 4 . .

N




FINDING PRODUCTS OF ANY THO NUMBERS GREATER THAN 1o-
S (AND LESS THAN 1oo) o R

~

ObJective: To learn ways of finding productslof pairs of
B numbers like 23 and 34, 46 and 27, ' etc.,

' where both numbers are less than 100, more.
than l@, ‘but neither a multiple of 10

- Materials: A 14 by 27 . array made of sturdy material which
.can be folded - : '

. -
1 < by

Other arrays in which both the number of- rows and
. columns are represented by two-digit numerals

Y ]
RS

. _You may use arrays to good. advantage to aid
pupils in understanding the necessary steps in
-miltiplying, for example;, 14 by .27, You
might use either, or both, of the following

- methods. ‘'Observe that each method depends upon .
the distributive property. In the first "
‘method, (both forms A and B) . the distribu-
tive property 1s used once; in the second
method, it 1s used three times.

" Ve want to multiply 14 by 27..
FIRST METHOD

eeeeececeace sereeeefees i ..'. ) lu_ % 20 =280 -
: Ceeeeereea. vveneedeeeiie 1k x T =98
.lula.c:\ooc‘ cccccccccc A oacaa,aa:c 280 +.98=378

. ceeieeecens veeesscsodessssi. - There are 378
- S PSRRI 2 O RN ~ do%s in the
’ N P e afneeean total array.

Co o 00000 Mmoo oee e s eeflecscoce . - [

- - - = e . 4

20 7 .

' ééserve with the pupils’ that the number of .
‘dots 1\ the array 1s obtalned by multiplying
1% by 27. (There are 1% rows and 27 -
columns.) Hence 14 X 27 = numbe: of dots.

-~ 'y : L -
' 614§ - .
R . . 12»’ " J
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: Then separate ‘the’ array as indicated ' Thé
number of dots in one part is 14 x 20. The .-
number in the other part 1s 14 x 7. Hence,

)

1 x (2031 7)

(14 x 20) + (1% x 7
280 + 98

= 378 - . .

5
14 x 27

-

We would hope that many of the pupils can
.mltiply 14 by 20 "and 14 by 7 ‘from
what they have learned in preceding parts of
this chapter. It is important that.in finding
‘ the partial products, the puplls.recognize
they are using many of the multiplicatlon
techniques they have learned.

. %After the. array has ‘been folded, the
work should t# recorded on the chalkboard.
The pupils/should be introduced to both- of the
following ethods of writing the partial
products./-

=
=
e
n
N
(]

14 x (20 + 7)
(14 x 20) + (14 x 7)

= 280 + 98

= 378 .
27

X 14 : .

280 (T4.x 20) T

_'9_8 !14 X-7)

378 (1% x 27)




. P

. /’\'-

Consider this array for the same'Exaﬁplé;

27
¥ EE A AR YT e e )
RN SRR
10{ .5]--.-. ------- es s e ."',""1" .
o ..-:-:::.....‘._..:..‘-..-....‘.... ?14
\Q.Q ® ® 0 800 900 .o 00 *® o0 0000
y P ....'.......‘.........".{:1
‘ 10 x 27_= 270
R . ¥ x 27 = 108 |
o 14 x 27 = (10 + 4) x 27
. = (1o x27) + (¥ x27)
- ~= 270 + 108
3 =378

Again after the array has been folded,

- work should be recorded on the chalkboard., ~

(10 + 4) x 27
(10 x 27) + (4 x 27)

14 x 27

readily the first method.

s

T . . =270 + 108 _
2?!-‘ Or_chang:;g\brdei' 27
x 14 ST o x N .
270 (10x27) .. 108 (4 x 27) |
108 (4 x27) . Tyl tii270 (10 x°27) A
378 - (14, 27)  ° 7 378 (usx2r) |
There is an advantage to be gained by
‘consideration of a second method even if all
the pupils should be able to understand



SECOND METHOD

14 x 27

14 x (20 + 7).

C = (1% x 20) + (14 x 7)
- 20 ‘7 ’ ) ’
N DRSNS SN0 R
~ 10, EETTISPR T RYPETTRRE s
i RESESSSRRERRRN DRSS
I PEPT D

The pupils should be hj’iped (if necessary)

e

N to understand that
% Y
= , ‘14 x 20 = (10 + 4) X 20 + and
. 1 x 7= (1o + 4)x 7. s
Then write . ) -
Jl 1% x 27 = 14 x (20 +7) :
B L Vf" = (1% x 20) + (1% x 7) '
' = [(10 + 4) x 20] + [(10 FU) x 7]
o =[(10x2o)+(’+x2o)]+
[ox7)+ (4 x7] .
= [200 + 80] + [70 + 28]
=280 + 98 '
= 378" -
_ ) :
” " The partial products 200, 80, 70, and
: 28 should how be related to the number - of dots
. in the &4 partitions of the arraj '
‘_7: N R L4 . 27 .
C . x 14 . o ,
-28 (4 x 7)
80 (k% x 203
70 10 x7) .
200 (10 x-20)
3787 (14 x 27)

Several similar examples with which -
appropriate arrays and both methods are used
may be necessary :

: 131 _ 617"
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FINDING PRODUCTS OF NUMBERS GREATER THAN lO

(ANDLESSTHAN 100)
" We have learned to'find the product of pairs of nUmbers
We made some choices in the numbers we selected ' o . *
Ve learned to find prdducts. of pairs ef‘numbers like thee:" |
'3 and 55 - . . 8 and 16' d
.3_x45=3x(40+5) . 8x16=8x(10+6)
| = (3*x %) & (3 x5) . (8xlo)+(8x6)
. = 120 + 15 | ) ; "-v’ .= 80 + 48
135 . =1é8
2 45 ;16.
o 120 3 xuorT R (8x6) N (8xlo)
ol a5 (3x5) o '
: ..135 | L - . >
5 and 2k |
5x 24 = 5 x (20"+ 4y . \-,'.jéu_
| =(5x20)+(5x%), = x5 I
. =~1do.+ 20.° _ ' }12'0 '.'(5Vx'{t)-+ ’.(Sxaq)‘
. 120 : ,

We can use the same way for all of these examples. We can

use different ways o find the product of numbers like these.

-

618 132
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_“ ~
N

g

Ue ‘learned to find products of numbers when one of the

numoers was a mgltiple of - 10.

are multiples-of 10?
C

What,numbers 1ess than

N P

Can you find the product for each of ﬁhese pairSO'

[N e \
20 and i45. 10 and 17
’. ) ,.‘ )
45 '\\\\\ 7
X 20 x 1O
- - 37 and 20 <
20 , . 17
] or. S
- X 37 ' X .20
\/ o
. . Vhy ecan we phange_order?“’~
The products are 900, 170,°-and _T40. Did you get

them right9

- R

100

- numbers greater than 10.

" Now' we will'learn'ﬁ); to find the products of any two

will be numbers less than lOO.
L

-

-~

1.3:3.“

We will still hmake a choice.

619.

They
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Ann was cutting-a large cake
She cut 12 1long pieces (rows) of cake.
She cut each long piece into 15 pieces.

- How many pieces of cake d1d she have? e

< Is this mthematical sentence a-correct one for this problem"
_ ‘12 x1&>n - vhy?
Does this picture give us an idea of the Pake? Expiain.

.

s

’
L]
Y
-
1
12 1
7 ’
-
<3<,
d [N AT
) . -

‘Let us separate this array into smaller arrays

Y-Ihé.'ﬁl"produc't expression does each' array suggest to you" -

Find the array-each of these describes_. . . *
) RV ¥ : S ‘! ) :
. . AL : ERE o v to
S /- EE B N . t Sl . _.._“.‘.'.. .
R R S E . E 10 X35 =150 :
\ 11 ' 12 x 15 = 18& :
= od y ‘_--‘-
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There are other ways we can separate'the-arreV.--Lbok'at thisr

‘ i . - .10 B 5 .

i, o — ~ Ay
12 x (10 + 5) '  EEEEE

One. - - T "

12 x 15

='(12x10)+(12x5) - INE T S
= 120 + 60 R S M i -
= + 90 S F ' —+

D A . - X . —

- =180, - ..ot -

. .
] . R
'This vertical form helps us to’ find the product. ’i
' . . - oS- SR
15. Ay :«f"‘l K
o aue

X 12

e

< 4
4

1205+ (12 x 10)

30;- Qexs) " - | e
180 (12xa5} |

Let us see stild another way .. of éeparating the array.. Nou .

2

we can write the product in vertical‘form in this way.‘ _5a

-

10 5 @ -
~ —+ '
; "+ 1o [aldda L idol Tokaskq. |
-1oo {LO x lo) ; = S L o
- A Bl
180 (12 X 15)‘ o > ARES T LERE

.

Use the way that you like best to find the products in the

'fexercises in: Exercise Set ll (The mqre we can learn to remember,

LN

5};the less we need to write. ) A




W - 7 ExereiseFet 11 | R

Find the decimal numeral represeérting . n.

- - o ) P " . .'..H-‘ . . .

v ,.. '-.. :-:i.-:‘."‘._ :'{-.:’; _- N ’
Exa | X T8~ 1 *

e L.

(= 2%) ;{ﬁjpj};;a.:ma

.

SRRV VR . e | "8

| 31">; 66 | -
(’7 "‘“) (n- mu) RIS

3,‘ 14 x 52 = § f‘*‘

T 32x59 N
SE (n— 'm’) D in= mf)

B 15 x32=n B foo 10 S

" Rt A R R v
e ey
o P Lo ' : ., S o ‘ '

37xw LT T
(h—)??é)

29 x 54 =
(n /,s'u)
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 Sometimes properties of multiplication edn’ be used to ‘make a
short cuts in multiplfcation See if you can explain these

w

_short cuts.

S ey

13. .’;-"’-"-'720 »
x 78  short cut:  rewrite or rethink? '_‘eéf“?_"

14,

[N

33 . B | Sl egs

T X 29 short cut:  write or think as ' - 33
(30x33)-353 = 957 . . e :

T3\
N}
n

SL 7800

X 78 short cut: use short cut or think'as ' i_'@
- - (100x78) + 79 = 7278
. 7878 -

16. 480 . ) ‘-» _ : q

IX 270 shwﬁ c,ut.;. = find 87 X 48 then multiply by 100. ‘:"
' (37149) X /oo = (776X 100 "
= 177,600 .

Try to find a short cut in theSe exercises, If you.can't,

15, 1ol

2 LS
v .

4

" " do’ them in bhe usual wvay. - e L : -

. BRt4 s
. o T o4 g . ..
- AN ) Toov ¢

. L » 47 . . ) ‘:.. - : K ".i.‘. N .-;_ ) ‘_..
SA7. . 50 x50 ., 2‘?; e ‘l9§ w203 (200x32)3@3x32)

i a4so . - <. el = {doo + §¢ i~
X 49 CAvEe e x 32 S A

. 18. 30 St 20.- 500 ‘e
. x30 . . - o X Y]

x 86 2690 SR S X 680 z#gp00

Ki '.' ) . .
N . 4
R L. e - ’ .
wroa * B . TS
o ' \.,, . . -
s Sety : .
RS . B .
R, - 623 o . .
. 3 : ' " )
; s a
»
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- USING. MULTIPLICATION IN PROBLEM SOLVING B A
v . .

OhJective:” To helgfthildren further their abllity to solve .
' ' 'iAproblems througn the use of mathematical sentences'
requiring the multiplication of numbers named by

gmorithan one digit

°yr

o
N

2]

The method of problem solving . r
emphasized in Chapter 3 should be ex- .
panded and reinforced by the development
‘here.
|4 To summarize, emphasis is on the
-~ relationship in a problem. To solve

‘ ,problems, first identify the question
- that 1s to be answered. Then use the in-
formation given in the probTem to aid in
. » writing a mathematical sentence which
' expresses. the relatién between the infor-
mation and the question to be.answered.
.-When the result 1s determined, use it to
-write an answer sentence.

BT

LR e
R
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‘USING MULTIPLICATION Iﬁ?PROBLEM'SOLVING
You have solved problems befare

- Do you remember how you - solved problems9 o
- b

Let us use this problem to belp us remember]'

[
S

-

'QPrdblem-

At the circus, the children of Madison School

sat in a section of 15 rous.

. seated in each rov.

‘were seated in this s

How map%;;ﬁildren from Madison School

ection?

There -are

Eighteen children were

.

15 rows and there are

Blts of Information:

18 children in each row.

\- -~

‘Mitflematical Sentence: 15 x 18 =

' I-'Jork:'

4

270

270 children were seated in this

= S . séction.

.l"‘-. 4

“‘Ansvier Sentence:

L T
.. ",..

In solving Qroblems you need to-

Understand 4‘he question that 1s to be answered
Find the information given in the problem that will help you.

Urite a mathematical $entence that relates this information to

’

: the questign.
Find the number that is not known.
Wirite an answer to the problem question.

135

625 o
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Exercise Set 2 %

The children of‘Madison School went to the circus in 6

buses. Forty-five children rode in each bus. How many
S LX 45

children rode in the 6 buses¢ - = a7o0

>
.

There were 42l 7boys and girls enrolled in Madison School.

_ If 270 children went to the circus and the other chilQren

went to the zoo, how many children went tc the zoo?

”__T:;; 270 1t Mllhoa it K e 300,

On€ day at the zoo there were ,154 children from Madison
School and 168 children from Adams School. How many

childrep visited the zoo that day’ from: ‘the two schools°

nx 1644168 .

_32&\“ 3,? 4_11...4,..._.1/#;“ .

A crossqprd puzzle had 15 squares across and 12 sqguatres
. ,-X

"down.. How many squares were there in the puzzle°

nsxi2 4, &Nu‘anﬂ{ﬁdyvh orntaiind 120 Aguaree.

.= /80
There were 360 dots inm one part of an array and - 24 “dots

in the other part. How many dots were there in the whole

ari:-a;j? S =360 294 Zhove wma 304 Lo L A, d.n-n.a.

= 384

The score of a football gameiis' 35 to 17. How many points

does one team need to tie the score? f ~35' ’7

Mrs. Smith buys 14 gallons of milk each month. - How %mny

nh= /¢ x/72
gallons does she buy in a year? | .o

on B U Sy 11 e Blrne 4/»-44 A e igper

Fifteen uallons of . ice ¢ream were bought for the Halloweeq\

party. If one gallon ‘served 26 -cnildren, hov many

children did the 15 gallons serve? Y= gizzc

Ur%'ﬁ /QMMAMJQO CA.LL"\.

\6261‘*9 -

-
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10.

11.

12,

13,

14,

15.

. Thefe vere 12 tables in the cafetefia If 16 children

sat at._each table, how many children could be served at one

= /72

- time? res2eit /92‘44"-\6«.4/14.‘"-./.}“1‘-

36 boxes of crayons were ordered for a class. Each box-
cbnta;ned 24 crayons ' HOW-mény crayons. were there

[ A n= 36 X2 ! .‘:.l ) )
altogether? = 904 * Ko vies 864 mgems - Moo

,

In the parking lot at the b&ll park there were 24 ‘rows
with spacee"for 35 cars in each row.-. How many carslnay'-

be parked in this lot? 5; j;‘a"“' ifz Cortsinman Lo pachid

. It took 191 seconds fof the children in Lowell Schdel,to

leave the bullding during a fire drill in March. In April

the time was 1186 - seconds. How much longer did it take

the children to leave the building in March?

: f:-, re ‘wm J«M/A’w;tbﬂl—u‘—,

.Mrs. Wood made 27 jars of jJam. If each jar held 16

ounces, how many ounces did she make‘>

S= a7x7/6

-

There are; 53 boys and glrls in the morning kindergarten
ciasé and 48 in the afternoqn class. How_many children
gre in the two classes?n»

S .z’&.‘.,*__,a/',l..,.;.(,‘z,;#z..ez..-... *
Each of the 32 children in Miss Park!s class made 18
name tags for open houee. 'wa-nany name tags did the& -

make? r=23avys¢g ;ZLM.M€76MZP.

= $74

S



FINDING UNKNOWN FACTORS

_ObJective: To help.children understand the technique of division
-of large numbers when the unknoﬁn.number is a factor

~

" Quotients and remainders" and "exact _
division are often taught togethgr. The children
"divide" 17 by 5 and obtain a quotient 3

and a remainder 2. -In symbols,

v 1T = (5 x3) + 2.

If there is no remainder, ‘the division is "exact".
An ‘equivalent statement, used later in -this unit,
1s to say that exact division is the special case
of diV1sion with.remainder when the remainder is
Zero:

. . 15 =(5x%x3)+ 0.

In more complicated cases, i1t is not knouwn
whether or not a division is exact unfil the

. d_vision is performed ) ,uw . j'ff.
Quotients ‘and réemagnders 1s of ‘the greatest | R
© practical importance, b in this unit¥it’ is. - |
taught after, and not: g with, .exact division Lo,
The reasons for this Separation are as folaows :. e DT

The . treatment of arithmetic in Chapters 3,
\ and 6 is based on the concept of a mathematical
,operation The child operates on the whole
‘numbers 15 and .5 by multiplication to obtain
75 and by division to obtain 3. In both cases
a single whole number results from the operation.
Division with remainder is not an operation on
whole numbers in this sense.” The result of :
dividing 17 by 5 1is two whole numbers 3 ‘and
2, not one. (The point made here is elaborated
in the mathematical background for division with
remainder. ) .

The concept of a mathematical operation and

|| 1ts properties is an essential mathematical idea
- that the child should retafn. It is one that
will otccur repeatedly as he learns more mathe-
-maties. It is also the concept which unifies

the teaching:of the basic algorisms of addition,

subtraction, multiplication, and diVIS1on . |

""a
. ld .
- S .

628 S | L




Exploration-

Multiplication is an operation on two numbers to get a third
" number.

s

"Write some examples of mathematical sentences -
on the chalkboard which indicate multiplicafion-— ‘
.sentences such as 12'x6 =n, 13 x 16 =7, . N
145 x 26 = q, or others that children suggest,
Now write on the board such sentences as these-

3 Xn, mx15 =.165,25 xs = 450.A

" Here are‘some mathematical sentences., Do these sentences
‘also indlcate multiplication? (Yés) What are the factors in
each of these sentences?. (3 ‘and- n, m and _15,‘.25A and s)
What is the product? (12, 165, 450) ,

How do these differ from those sentences we first wrote?
(We know only ohe factor and the product in the latter. In the -
first sentences, we know both factors but do not know the product. )

What operation is used to find the: unknown factor? (Division)

Let us rewrite the last three sentences, using the division
ymbol.

. JW Urite the senternces: - N ‘ H
' 12-,3 n, 165+15= m, 450 + 25 =

Zxplore possible ways of finding the unknown factor
in these sentauces. Suzgest the multiplication
fact % x 3 =12 for the first. Note ue cannot use
the facts in this way to.find the others.

Ye want to find a way vhich we may use to find m when
m=165+15 and s vhen s = L50 + 25. Ve might try to £ind
m when m = 165 = 15 by making some guesses and testing our
‘Gueésses. Make a guess, Tesst thé'Sentence to find if m. is 10.
(15 x 10 = 1SO) Is 10 greater than or less than' m? (1o > m)
Test the sentence to find Af°m 1is 20. '(20 X 10 = 20C) Is. 20
r‘reate’ﬂ than or less tnan me (20 < m) What could be &our next
cuess? '(m is smaller than 20 and larger than 10.) we'could
test to find 1f m is 15, ‘

The children should continue tnis discussion

‘until m and s are determined. Should they

start with different guesses, follow the discuSSion
in a similar way.

143 629 . :



‘ It took us some time to guess the numbers that m and 8
represent It would be better if ve had a wa" which could be
' used: with these numbers and with larger numbers tnat didn't take
- SO much guessing. ' .
To ‘learn to difide numbers like these, let us begin w1th
some easy division exercises. Learning to do them hill help us
with more difficult division exercises.

-You may take a division sentence as :
24 + 4 = n, Observe that it indicates we- might
_have an’ array with 24 elements. We know that
it has ‘4 colums (or 4 elements in each .
,_row). . : : N
P TR PO | R sWe sometimes associate this kind of
RO 13lﬁ~vsentence, 24 '+ & = n, with missing informa- ‘
“oocothy lokion about the number of rows. Ve sometimes
5t assoelate. a Senterice like” 28 +n = 4 with
o -missing information about the number of columns. ||
You may wish:'to.. delay this idea until later a i
proceed Onlj~hith sentences of the form: .- RN |
o4 £+ 4 =n bprnx 4 = 24 In elther situa- 1.
. tion, we find the missing factor-by dividing the
ce - product by the other factor.

VL

°

Using square-shaped cards, counters;
f] rarkers, or other similar movable materlals, .
'ote'first the arrangement of 24 as 2 'tens

“~

ones. Then rearrangé to form &n array
. 4 "columns, with the number of rows to be
p determin Children should have similar ;
RS | erials for the same purpose. _ ‘ P
-a .'-?"\ ﬂb : . 4
ot :‘ . “ V.

24 L= 6.x 4 |

L = n, we can say that 6 x 4 =24
{i. Ve can also write

k yz'tr
630. 1"14 B
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*

' ‘!bu may wish to have children make .other
-arrangements suggested by each of these -
sentences.

n ' 24 ¢+ n

24 & 8 = n=28
24 + 6 =n 2b + n =6
24k %+ 3 =n 24 +n=73

Ask how we can write about this. Note. the
array of 24 elements ’

o ofe oo o
o oo oo o
o o ol o o
e ofle o o o
o oo o o
o e o o o
o oo o * o
ol o o ¢ o @
el o o o o o

‘ol o o o e @

A B C D

'We can think of the. first array ( ‘as
24 + 4 = (8 + 4) + (8 ? L)y + (8 + &)

= L + 2
o =6 . :
In B, A : . .
b + 4 = (12 + 4) + (12 = 4).
=3 + 3
B =6‘ . .
1In G, T '
oo 24 2 b = (26 +U4) + (8 + 4) . N
= Lot 2
, =6 ,
Inp - . 4
2k + 4 = (20 + 4) + (4 + 4)
=é 5 -+ 1 -

y Recall»similar work that’was ddne in. Chapter
) " Note that we ecan. think of separating 24

dots into smaller groups.a_Each groupe should be .

arranged So that there are "4 elements in edch
row. .We can think of expressing the product
using multiples of the known factor as addends.

-

~—

For example, 8, 12, -16, 20 -are multip}es of 4,

- Try other examples using the nultiplication
facts and our knowledge of 10!'s, 100%s, and
multiples of* 10!'s ..and 100's as factors.
Some examples: ' - ;

75 + 5 = (50“+ 5) + (25 ; 5)
636 +.6 = {600 + 6) + (30 + 6) + (6 ? 6)
’ = 100 = + 5
= 106 .

-(It~may‘xake several days to develop these ideas.

14 L 63

N

.i

Ca,
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FINDING UNKNOWN FACTORS

1
Try to find the unlcnown factors in these sentences. Use

-

—multiplication facts to help you.

o - (#190=360) "

<

L%n=36 )(4x9=3L)-  4xn

nx 8 =564 (pxg=0%) . nx8=5640 (;80 x.9ebio)

R . .. It )
nx7=5% (z x7=42) nx7=40 fbox7=4309)
2 xn=12 (2: -12) o 2 Xn = 1200"%-' (.-'zivi Goo=1308) -
5 xn =30 (3'.x4=.3a) 5 xn =3000 (&.*60oa3000)

%

~

What multiplication fact :did you use for éach?_

4

In what way did finding the unknowm factors in A help

>

you to find the factors in B?

v .o//ad-/cvjﬂu"‘g)

-

How can each of the senten}ges@l in A a.réd B be reuritten

.u 4an - 3oi#an
using the division symbol'> igen é¥0 29 :-m
¢1 2=n , #a20<7:=n
/2 232 n I%o0r2en L s
20 +5s, ”n Jooo=6=n

'\-i e
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Many problems are solved by dividing one number by another. ;=

B

* Here is an example. . N . S
.. Paul has~ 52 stamps. eHehcan put 4 stamps'in'one row in

;__’

“his booka wa many rows will he need if he puts all 52« stamps

a? !

. 1n his book?. L .

We want to find the‘nhmber of rows of stamps.
\. - : : . -
There are 4 -stamps in each row.

s

.,

 There are 52 stamps~iﬁ.all.

Is the mathematical sentence for this problem nxh =52,

. where n represents ‘the number of rows? ﬁ?*)

Think of an array.

| ¢
" The stamps in his book might » 5
be arranged as in the.picpure at
the right: Tpe way'fhe‘array is - ‘5
' separated .shows. that - . :
52 =30+20+ 12, : .
PR
_ B B P a ., L
- We write: ' T . : S T,
.52 +.4 = 26(+ 2b“+'12) v - . ‘.‘_ .
= (20 + %) + (20 4) + (12 )-
' =5485+3 s
=130 |
. ._;’:_-
There are 13 " rows of stamps. N
’ .

¢
14

14/ I

~ . . . 633 . . * . . . ’ ) ."‘..,




B

The stamps in his *book mighﬁ

.

; #p be grréngedqas in this |
Eipnfkure'at the right. .

_ The way thé array is separated 7 T pp——
shows that 52 = 40 + 12.?”‘ i _ | 3.

. 4 : &
. - N
P I N
AT RITY - -y
N .
N

- T T
» - ST
: ) e

52 ¥ b= (40 + 12) + 4

(50 + b) + (12 # ¥)

R 3 =10+ 3 s 3
_ | i3 s

_.The-number. 52 can be renamed so'tﬁat each addend 1s a .-

) multiple of 4. These numbers are muitipleé of ks

4, 8, 16, 20, ...

 Can you name some.otherg?

A

Try some other ways7of réné@ing- 52.

ol v
al L. .

_éu 14&11;  5“

R T
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Exercise Set pe C e s

ot . Y

. .'...Iﬁénfﬁé?ﬁéiéé-éhspmdl’:cf'c using multiples’ of the known factor as
. - o - § - -,’ o ‘ . 4 3 ’ A

 addends. -

o

n=be2 Thon I‘ =395 +3
£ (20 + 4) -v-2 o 3
L Sora)(heR) . dB00e3)+ (9053) 4 G

: ..(1'

()Y
=
n
S
r\) .
[}
~
~
bYS
"
h X
<
o
]
ofe
w
]
s )
o~
3
"
«Q
oY
~J

N
ol
]
[00]
[00]
o
=
—_
3
n
»
. ,.\2(
—
D
1
W
",
~
N
N
i
1 V]
ol
\—

o  63’_9 :

"
=

]

A

S_ A - R
A o
S

&

18, 4203

]
N
il
ko]
S
LS
~
Q
N

5. 7o s 8

20, 630 %

= (300 + GOF3) £33

ofe
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Ebcercise Set 15_ e

3

v | lWrite mathematica¥® _sentences' to?help you solve ‘the following

‘4\' .

. problems. Solve them. ®* Write an answer sentence for each problem..

s . . -
R . T :
- Lo »
A

1. At the"’:a'{ir show 40 planes flev? in %r’mation. There were

: - l @ - RO =0 n
. 10 rows. ° How many. planes were in each row° Cne o
S . -

2(»:. e A—L—WA——.-EAJ | : \2.° Do
g N ..
» 2., A class of- 36 children was divided equally into 3

committees to plan a party. How many children were on A _
each committee‘> 3_;' j"t. L{.,_."’ wn.lz. lw ...leo-...m_

/2.."’

. \
~:r'.. ’ ‘r

3. _Tné grocer put 60 carrots in bunches of 5. How many

40 =&xr
buncnes did he make? eid -ﬂ-r-w- 1-«’4 12 A....d..?/c-asﬁ

L. How many daJS are there in ™ weeks‘>

"$=7x7 é

5. Bob received an allowance Qf 50;! ~Jdimts allowance was .

Y”Zs,of How much more moneJ does Jim receive than Bob'>

Ay 75 ao,n Jos.f 2:¢ mu

}7-—2.5'

s

8. 50¢‘ ‘1s hdw many times as mu.ch money as 5;59
. J‘o () x 5
= = o &
. oo . .5-0 ¢ art-a. M-l m? ¢'
7. 80 ‘men in the marching tﬁqd were divided into 8

. X
. rows. I-Aow many. men were in eaeh row?

S j)"z:{':;io LM/{) MMLJM . ". e

8 _"A Jet plane carried ’42 passengers in one section and 102

.\, "

'passengers in a.nother section. .Hou many passengers were

_aboard ohe ;;et‘> n= 4::/"1 .Z(‘,‘ W/é‘f(fw a;de o

» . o L hEIEY j&}j .
151 oear. o L | W -
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A VAY OF DIVIDING TWO NUMBERS = . LT b

ObJjective: ‘To. develop a division algorism using as background
' the idea that .the productlmugbe expressed as multiples'
of the known _factor. . . .

. * . J
Materials: *Arrays appropriate for following discussion
- os ' C .

* © In this lesson review with the children
what they already know gbout division. Help. °
'onqp .think of a way in which they c¢an express PR
jthe*product as a sum of mltiples. of the knovn A
qfactor as they work . _— "
L
. W5 You may: wish to use arrays as you discuss |-+ .
. such sentences as 24 + 4-= n, for example.
'Ddscussion might develop 1ike this: o
. Suppose we record what happéns as we are'

A4 making an array with. 4 cards (or whatever »
“materials are being used) in one-row, “Heme 1s +
another way of recording our thoughts. ’ Ny
Suppose we arrange 4 rows of X, Form.% , '

Ve have a° 4 by ‘4 array uith & 67
. ' 16: cards. z
2" || We record that wé have made 4 rows. -4 '
; We also write that we haveiused Ly2T .
16 of the .24 cards. . . . =16 N
- (At each step note how we. record -3
" thisv). - -8 °
 We:see that we . have 8 cards left. 0
Ve make. 2 ‘more-rows of "4, « A
e write this.. Also, we write~the Form /1
- number of cards needed td make, AN
e ‘Tous of 4 ' y I
v i ' -
lie haie used»all the cards. We'see ig— 4
'+ from our recordthat‘we have 8] 2
R,.rows and 2 rows. . L 515"
_ b+ 2 = - . SN §
S * Either form. mav be used.
- . . . In dividing 24 by 4  the pupils should -
T ‘recognrze that this is equivalent, to finding ¢ | . .
tHe unkmovm factor in 4 'x n =-24; and they - .
will ¥mow that the unkmown factor.is 6 from .3
thelr knowledge of. the multiplication facts. ~ :
Hence, the rewriting of = 24 as the sum of L ) _
miltiples of % 4is not necessary to finding : BN
the factor 6. But we are preparing the way
- for the algorism for division in which th® < .
: ‘unknown factor is.not immediately avident from [|* -

: :knovledge -of the multiplication facts &

N . . ‘ - .‘
638 1:),-;‘

,..\‘




N | J

» ' ' :
- - '
'. hd * ’I‘r"y other examples,'-relating the record of - *
: * the arrangement of .an array where only the
number of rows or the number of columns 1s
e * given. oL
14 - . ) . v" .
For exgmple, for - LT '
e N T2 +n=7 - v
' elements to be placed in 4L rous,
o find the number of elements in each
’ number of columns. -¢
» < 4 = n, there may be several ways of .
. . Here are a few, using bosh, forms. ) v
’ . I. ‘ . A N - _-.
Lo call Sven ea! )
-40 ] 10 =32 8 =40 ] 10 ?
52 0 . 32
-30 | .5 =40} 10 =32 3
12 0 |- 18 3 18 -
: 1.0 3
- = A
Y 0 -TB - 1
II. . : 18
< H 18 - 3 -
“ . 5 . y 18 5 =
; 3 R:] -5
. . -+ 10 10 5
4T7Z Yyr2 4J72 -
. - =ho 4o 20 .
L 32 - R 52
7 ;=12 N =32 § . 20
20 T 0 - T32. -
, =20 . 20
. ~ 0 Y]
. i + 12
- o o ..
| R .
L :*. ’ . :
No.te how i 72 has been expressed as a- sum, ,
. .. . . ‘e | “. 3 k
c. T2+ 4 = (40 +20w 12) 4 b |
o = (32 + 40) = 4
= (40 + 32) + 4 :
N A - -0 .
e. . ‘y .
. hd N -' ] . .i *
. We are not interested yet.in a short- .
cut form. > . K -
.1 . i - | ~,‘:‘_
. 100 - 7
C e T 639 -
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. VAY OF DIVIDING TWO NUMEERS °

t

We have learnéd that we can rename the pfoduct and divide

"to find the unﬁgéwn factor.

T n=225+9
U . =180 +45)+9 -~
, = (180 + 9) + (45 + 9)
o
= 5 Fl
X e !
=25 Tui ‘
. Here is énqthér way to Show division,
Mathematical Sentence:
n =225+ 9
Form I Form II
e (25
5
" 20
9 J225 . 9 J225]
-180 <—————— (20 X 9) ————= -180 | 20
R | o us
45 +————— (5x9) ——» =45 | 5
5 0 N ol 25
X :
You may-useleither formAShown.above.v .
Now we know | ,' _ ,. L
. 25 % 9t 225 or- 225 + 9 = 25.

SR 640 .15,.3; .
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Eiércise Set lé

-

Cn=12)

L4 B
el .,
380
%(. . -
13 ;'0 . . .

Use Form I or Form II to find the unknown number in each
sentence. : ,
1. U5 33 = n , 8;' 60 = 12 =.n
n=15) (n=5)
2..7_6"-3-&:;1 ‘9. 96 +3 =n .
(n=19) , (n=32)
3. 84 +3=n © . 10. 132 +6=n
(n=22) (n=22)
§, 96-!-8:1'1.‘*_ 11, kil 52 6 =n
(n= 12) (n=T74)
5. 72 +3=n o . 12: m=207 +9 .
. (n=24 N ’ "(vh= 23)
6. §9+3=n , 13.""'.' 325 +5=p
. . (n:ﬁl3) s ,(P:' 66-)
< CT e
7'.', 84 + T =n 14, 37‘6~.;_~8 =c§§



MORE ABOUT DIVIDING TWO NUMBERS

bbjectives: To learn how to divide when products afe larger,
‘  using multiples of the known factor involving tens
and hundreds '

To learn to becone more skillful in renaming the
- product v;:Q,;_‘

Exploration:

' You nay'»ﬁsq to develop this lesson by noting
‘different ways one of tHe ‘examples has been worked
:Follow the form your c¢hildren are using

Here are some different vays we found n in - L4 & 6 = n.

'S

T4 I R T
2 ) . . 4 . 'u_.
20 T 10
50 : 70 , 60
() 6y - (v) 6 JEI% (¢) 6 )T
- 300 | 420 | 280
144 , -t . .84
o6 . 0 o ok
0 | | 0
() & JFFE ] S (e) 6T (e) 6 VT ]
: 300 50 - - %20 70. : 60 |..60
120 | -20 24 | & 60 | x0
ob o | ™ - on |
2r | » . Can |y
o L | | o | v

. ’Q ) & ar

Is_éﬁe missing factor the same in each?® (Yés, 1t is }h.)

642




How was &44 renamed in (a)9 Point out the addends as .you

.rename 4u4b .- (First we used 444 = 300 + L4%4. 'Then we used .

444 = 300 + 120 + 24.) Then what did you do? .(We divided 300
by 6, 120 by 6, and 24 by 6.) Uhat were the results?

- (The results were _50, 20, - and ,4.vahese were added to get the
‘unknown factor, T74.) - ’

How was U444 renamed in (b)? (444 = 420 + 24.) Then what

ﬂdeid you do? (We-divided 420 by 6 and 2L .by 6. ) What were
:fﬂthe J:~esul'cs‘7 (The results were 70 and 4. These were added to
'§:Set the kndwn factor, T4.) ' ’ '

How wa'““hhh srenamed in (c)? (First, - 444 = 360 + 84, then

” 4ﬂ4 360'+'60-+ 24 )" Then what did you do?.:{we divided 360
.'by 6 a 60 by 16

;;and 24 by 6.) What were the results?
(The resul%éiw’

” .' J'.
2\ i BRI ZARN

ry

Jre' 60,- l@q and i These were added to get the

.Ld.(,bor', +37) AR NN 18
K R P

Note that these ways of finding 74 are
all good. However, we will find our work
easier if we can think in the largest multiples
of the known factor in 10's or 100!'s, etc.

Work some prdblems together, such as

528 + 8 = n
81528 ] : 1oo x 8 = 800 and this is greater
- 480 | 60 than 528, S
R:E Find the products of 8 ‘and some
481 6 multiples of 10:- s ’
RS 10x 8 = 80 K
v 20 x 8 = 160
50 % 8 = 400
. 70 x 8 = 560 -
66 - Which product is best to use if
<Y we select the largest one that Ls
60 no more than 5289 (480)
. 8)528
- 480
I3
8 :
T 0 ;

You may wish to try other examples before
children do those in Exercise Set 17 inde-
'pendently. -

£ - __,15‘;"

L en3.




You have found that there a;e several ways to rename a product
" when you dg.vide Here' are some ways that you may have used to find
what number times '_6,-:.'.;-‘5'.; 444, n x 6 = 444, Using division we -

write: 4& —6 ‘-'n .Ybi;_may use either of these forms.

© o lo 4

(p) 6

ol ol 7

I“wnicqone has 444 been rena.med as . (300 + 120 + 24)‘7 (a)
'.:"ZI'nj-':iaHi'gh one has 4kl been rena.med aSv, (360 + @ + 21&3‘7'

fee- v

Inwhich one has hhy _ been rt?n-a.med as. (42\6 +: ﬁ#) 5 (c) -
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Exercise Set A7

~

11.
. 12.

..13.\

LT (g0)”

5 JE50

16.

i8.

19.

3 J29T

~(97)

_ (y5)
LTS

'(79)

9 T

17.- 6 JBF

57

7 879

(88)
8 J7oF

- (99)
9 Jool

-3

.

RERCN



USING DIVISION IN PROELEM SOLVING

" Explovation: f@" ) LT
: - Lot o
. s»Before pupils begin work on Exercisa,{ -7
s?t 18, work with them.in.a cIass discusey
-.sdon so that they haﬁe ‘opportunities ‘to ¢

‘read and understand’ problems which are
solved by dividing two numbers.

You mlght begin by having the pupils . . L
recall what they know about solving,, svord. . o
problems". Importawt ildeas to be discussed : o
are: 1. Read the problem carefully.u ,

2. Note the. question that is .asked.” 3.

-..|I Look for information.related to the- question.
|l (It. may"be:necessary to reread the problem, ) . .
4. Write-a mathematical sentence whick uses .|| . = ..-
this inférmation to .anSwer the question, * - .0, ~ -

5. Study: the mathematical sentence to de--gﬁ. -
termine’'what operation to, use, " 6. Then . ;?t
p- comoute.~ 7._ Write an answer. sentence which
- answers the question asked in the problem
After pupils have recalled the preceding
.1deas about’'problem soIving‘ write this ,  ..7 .
problem on; ‘the board S

-,'.." ) ' A i’—‘ _.H_ . :
4” A- fourth grade class,rdhich has 2¢"children, visited a

_ruseum.  Six cars uere.USEd to takélthe children there. If the
same number .of children rode in each car, how many children

. Were in eacn car? - 'f w ~;<

“What question is asked9 (How many -children were in each car.’)
What information is givén? (There are 24 children in thez
‘class: Six cars were used to take the childwen to the museum )
What mathematical sentence can you write. which.uses this-.
information to answer the question° (6xn= 24 or .24 + 6 =- n)
Find tne ansker to the question. What As your answer sentence?
(There were 4. children in each car. )’ o ,
You'found"the number of. children An each car. "We can divide
when we wanf to know how many -are in ‘each of several equal sets.
' Can you solve this problem?

“' Write 1t onithe board. . i.;;'.‘ .|l;




. At?the museum the ‘24 children were put intoFgroups of 8.

' How many groups ‘of children were there?’

Vhat question is asked? (How many . groups of children vere

, “—thereo) 2

e

I 4

.- o7 || use division algor!sms.

What information did you. find to help éhswer this question°
(There. are 2l chiidren. _The ch11£§éﬁ'£;; put into groups of 8.
‘What mathematical sentence can you write which uses this ﬂ:-”
1nformation to an3wer the question° (8'x n= 24 or 24 + 8.
Find the answer to the . question. Uhat is1xour answer sentence,
(There were- 3; groups of children.) - B :
You foupd that there were 3 - groups of;children. Each'Of”r :
‘the groups_had the same- number of children in it We can dlvide
when we- want to know how many groups of the same size there are.
what are the two kinds of problems in vhich we can divide9 .
8 equar -

number in each group and we want to’ knonlhow many are 1n each’
nset.. 25 We can divide 1if ve lmov hot: many ‘are in each set and

e want to lmow how many sets there are.) . = -

. In the precedin oroblems, the childrep could
- use multipllcation facts to get: the answer..- Now
~use.the follotviing examples in unieh cnlidren can

RIS

Kow let's.tr- an exanple in which ue work nitn larger SRS

‘numbers., j( o - o &

° X > . .

o
* " o

. . PR ) .
LII ,~Write-this problem-on the board.

&d Rangers ;n a pary counted 420 'deer. They-need:to'feed'

the deer during the uinter. The rYangers decided to put the

deer into 35 grouos wich an equal number 1n each oup Howui

manJ deer vere in each.~roup° ' )

f. N Follow tne same procedure as vas done yiith ’ T
the other examples. o o : - .

LI

2



ﬂﬁsING DIVISION IN PROBLEM SoLvING

‘,,;*‘\.

. - : Q{: t r.'A'.‘ N .
'I'here are 108 fruit trees 1n an. orch & There are 9 . ’
A& i%L

) A
rows of trees with the’ same number of trees each‘row - How

‘can you find the number of trees in each roﬁf

The information in\QEe)problem is: i:;“ f~”A ?f?;'>"f.
There are 108 trees. - BRERP

There~are 9 rows A - . PN, S

-
S-S

r: v, Each row has the Same number‘of trees R i '

oo s . s -

v The;questipn vie wanb to answer is:. . = -
' -1How.mhny treesfare'there in each row? .

: &
‘¥

——————fxﬂ%us—form—a—mathemattcai—sentence—fo_snow how the bits of

p

information in the problem are related Let n " represent ‘the

number»of trees in each TOW. ' . _ B o T
9 X n = 108, '_éf? n=108.+ 9,

In the mathematical sentence) 108 is the product, 9 is

the known factor, and n 1s the unknown factor. We can find n

\ y dividing 108 by 9. Your answer should be 12 .so that
9 x 12 108,

-~

- We now write,an answer sentence:

There are 12  trées in each row.

-
I

In this problem about the trees, there are 108 trees in
the set The Set of 108 trees 13 diviaed 1nto 19. sets with

'the same - number in each group ’ You found the number of trees

in each of the -9 sets.' This-number was 12. You used

r'division to find the number of‘trees in each set.’ s
5 ;
... 648

MY
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Now let us think of another proolem Suppose there are 822
'_dogs in a laroe ‘dog’ show.: An official tells us that there are
S .cocker spaniels, poodles, collies, Irish setters, boxers, and
German shepherds ‘Also, he tells us that in each breeo there is the
0\ -
same nunber of dogs. How many dogs of each breed are in t e shou9

- Fhe 1nformation in- the problem is:

.There aren.822 ‘dogs\in thejshow.

‘el
K There are 6 ~breeds of dogs in the show. - - N
‘.. ' Each: breed has the same number of dogs. L
SR The question we want to answer is:

: Hou many dogs are there of each breed° N o _
—m_a_mathematinal_senteme._i.ez__n_peppese;mge__
f number ofreach.breed of dog. 6 X'n = 822. or. n =v82é + 6. .
. In the >matr§"é‘r'dat1ca1 sentgnce, 822 is the product, 6' 1s t'he "
Rnovmn factor, and n is the unknown fact:r : We can find ‘n’ by

dividing 822 by 6. ve show the division in- either one of, these

ways. »«{ .fp 137
L . : - ,T N .
.30 4 o
190 . .. ) “ . . . ’ .
--R S 222
v . -180 - . 180} 30
T Cow T »
ol . "0 - ol37

The answer sentence is There_are 137 - dogsAof each breed
";in the sh oY T h ; 3'( v
In this problem about dogs, there are 822xdogs in the'set.
ITTHere are 6 sets with the'same number in'each group; Ue found -
.tne numbernofidogs in each set by dividing . 822o by 6. '
lgg 6rg <. o o
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.Exercise Set 18 . I

Write mathemat:Lcal sentences to help you solve the ‘

-‘-following problems Solve_-them, Write an’ answer sentence for o
- o . . e . &
each- problem, S o _ S e e T

e . - - . : : .- ’ B

. i S
L’ ) < o

1

S T The Jackson family 1s planning a 510 mile trip. sIf th’ey-°

_have’ 5" days to travel , about how many mlles must they

‘ s SXN=SIg L Yook W
..travel. each day‘> n o3 ,uéj
e L e, n 5/0—5'

RS vSeven ,Jets left the airpori; one day _ Each had l28 '_ ’ B

\" e

passengers aboﬂ How many people Teft the airport by "

. 7:/22
et tha‘c day e | 996 janaple ,(.#22. .._,7...143
Lo “__n £9e 47 2 ,L-}

B . ST, - - . ..

. 3. In Cub Scouts, John made a collection of 144 small shells

He ‘put the same nutiber in each of- 6 boxes. * Tow many did

~he put 1n each oox‘> "= :41 % f‘j 2_214\4.‘&,&,_ f"‘“ - .G

-ruwéh __‘

Cok Fran collected 126 leaves for a project in school She
mounted them on 9¢ largeu posters , How many leaves dﬂ_d

ok _'_Z e

- el /1 -
~ she mount on-each po;ster? nx g 6 ;""‘

\ °< .
.%i‘ h = [lf(‘ ¥

Qr-

5 'There are 189 BRoy Scouts :Ln 9 troops. If each troop

has the same number°of members, how many boys are 113 eache

: : nx?-—/!?
- troop?  ae ‘- 3/-L-<: 2/,40-34 “‘“('t"f
) 189:9= 1
. n= 2t

6. Peggy's ‘mother baked 186 cookies for a picnic

S
3

b She p?dlge,dr |

‘the same number 1n each -of- & Three boxes Howmany did sh,e

Cnazzsee. ¢ Ay 42 eoskic i
pack 1n each box?u jget3z=n C. 7 i Vi _.'.' l
A= 2 .. T N b .‘: A - . 13.‘ :.‘-‘;1

e By ge s
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10.

11.

C 12,

Dick-and Tom offered to xfi_al{e tickets f_or the puppet sn_ov_.-:.
They made 139 tickets on Tuesday, 125 on Wednesday, and -

127 on Thdrsday How many:tickets didthe boys make
n= 139+ 125'+127

n= 37‘,? o .Z(:,Zo.f ‘m«& 3?/w

together?

: : ® . ‘ '
N T . S . !

. £ . B .
The restaurant hé.d 2 dining rooms. One held <220 Dpeople, -

the other had room for 175 . people How many: 'more people .

- could eat in one dining room tha.n in the other?

V1= 2206 —175 dehm%m%

h= 45 o ZL
If 27 wvisitors are taken through a state'_' capitol building

in one grOup', ‘how many visitors '_a"re taker'z"-'throogh 1n 13

groups? n= J/3x27 JSIM"""‘ M Mﬂe‘fﬂ%

n= 351

If one case of canned'sou.p weighs 24 -pounds-, how much

will 48 cases weligh?

n\z‘/xsl-_? 4[6‘44-04/ / ‘ g(.,.,.._y( /51)°““"‘"

" h= s

A committee of T pupils collected 455 rocks ':hile
horking on a class project If each pupil collected
the same number of rocks, how many rocks did each pupil
£ind? F“,i:*::. AJM%_—J(&'M.

Sz 4557

S= 65
There.are 9 boys in our Cub Scout den. | The boys'
collected 477 toys during their yearly toy drive.

If each boy-°collected the same number of toys, how

- many toys did each boy collect? . .
xT= 7% - )
i bl by M) 55 Zogeo. |
t=4772+% ! P : .

t =z &3

- lea 651
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- BECOMING/MORE SKILLFUL IN DIVIDING RUMBERS

N o . — L '. .. o K} .

Objective: To provide more practice in division and at .thes.
- same time learn how to divide when prdducts are

. larger and the unknown factor is larger than 100

B : . ¢ : i

Exploration: S I ' 5 -
_ e . . T

'B"‘ //’fllyou may choose to breale the exploration 1

of techniques of multiplication and. division .

at some convenient poing and revlew or develop
- some geometric ldeas. This will give the L
children time to absorb the properties and ° - '

techniques ‘which have beer developed ' :

Bk The aim of this unit 1is to* help the thld
' learn the diva§ion techniqghie which requirés a
renaming of. the product as a sum ard dividing .

.“each -addend of the sum'to find the missing '
factor.

h
The children should !mprove thgir effi-'
ciency ¥ renaming a product as a sum for .
dividing; but at this stage they should.not
all be expected to achlieve the same level of

Jl skill. Here are examples-of what can be

expected,. perhaps in order of preference

: o . 89 . :
' - 89 g - . * 89

§g : - IT y 10 9
o 8 10 . 60
.80 70 - 60 © 20
W358 41355 4)356 47358
320 e . 280 ~ 2o 80
RE o+ 20
i - <7 76 3%
: B 38

. 28

¢ ".  The following 1s suggested as a gulde to
the discuksion in learning how to divide when
the’producai are larger than 100 times the
4M . qpknown'fa Lor Show work on the chalkboard.

. . ) .. co-

% . Q

R

;'. e 186




» - .o
® mat 15 the first step in dividing 72 .by be (wé- rename -
o 472 :%a sum so we can divide each addend by the known fac;or Y
} (vIe lnqow % x 100 % 400. The first addend of the name for 472
400, ) wWhyedid we choose 400 ~ instead of a smaller addend? -
A(‘Ie chose}' l+OO because it is the smallest multiple of 100 that

. 1s4p0. more “than 472 ) The two addends used in renaming 1—?2 are

and 72, _ _ ¢ .
s 100s Ll e
o ‘i el » < _)1-72— .
ot 400 - hoo| 100 ¢
72 ) . o '_:'_ 72 ; - o

IS the division complete" (No, we have divided only Loo b"
L, ye have 72 to be divided by 4 ) How can the ~.72 be™
' zenamed as a Sum? (It can be renamed as 40 + 32, 36 + 36,
. 28 4 b, ete. ) M1 of these could be psed. ‘Which of these names
is best to use'> (Lo + 32) Must I rename 72 3t alio - (No, not
1wl know T2 + 4 =18.) Divide each by %. (40 = 4 = _
52 ‘-;324 = 8) Show this div'fsion’on the chalkboard, and show the

missing addend-m - _ -_:g ¢ . .
128 * { 5
" . ~
: : 8e ) ,
] 4‘ . T ~ 4
. oot 1o 7 . .
& 3 : lpo ‘ o, N "
. 6; 3 L 51172 or .t o
i = 1 U 1 .
_} L. é ) ﬁ 00 ° .
* L0 - Je
o r 4o ' . 10 .
L # 32 A . ' ®
e . ' : : _ .
- RN 22 ¢ . 22 i 8 ' '
’ : 54 0 : 2 : 118 "
o . » 4 '1 & J 7 ’ 'Y )

, Hqw -was -*%2 named? (400 + 4%+ 32). (Point ou@these addends
in the work on the chalkboard. . Point but where “boo + l& 1s
. written point out wheres, bo-+ 4 and 32 & L i?e wr!!tten . *

.Point. out wherg. l+72 + b is written ) L o 8-
L 3 . N - . .

4 : ® ¥ H $
T N

‘;3‘_ . , 653 f ‘ 4 - Q




Let us solve another example together.

| , 3 )87 .

- -Will the missing factor be at least 100? '(Yes,23 X 100 ='300.)
Will the misSing factor be at least 200? (Yes. 3 x 200 ;’600.)'
Will it be at least °300? (No. 3 x 300 = 900: 300 .is too |
large.) Ve shall use 600 as one addend in renaminé} 867 as a
sum. -What is the other addend? (267, since 837.= 600 + 267.)

... 200 | : .
| > JB8T - N 3gmT] . e
l‘:‘ ; . - -__.. 600 d . ’ \’; o .t T 600 ’ 200 ’ A - * —
iy - ) 267 B H P - 267 _ T N

VWhich addend 1s St to be divided by 3? (267) "Can we re;ame
267 as a sum of addends so that one addend 1s a multiple of e .
and also a multiple of 39' What are some numbers that are muItiples.
of 3% (Some of these are 30, 60, 90, . ) What is the largest .
.one of these that is less than 267 (240) ‘We can use 2ko as )
one of these that 1s less than v267° §(240) we can use 240 as’
one of the addends in renaming 267 Isfthe other addend - 279

~ (Yes) Can'we divide 27 by 3% (Yes) Have we renamed 867 as
600 + 240 + 277  (Yes) s ‘ '

Now we can show the steps in the div: ion process in either

of these two ways )
Form I 289 K

.9
80 . o : :
3 JB6T | ' 3 Y867 |

60 R 600 | 200

267 . | - 267
T oug - . S 210 | 8o

L e e 27 | .
| 27! 9
o| 289

, . 8674+ 3 = 289

. Does this mek
‘and see if the
muzltiplying.

that 289 x 3 = 8677 (Yes) ~Multiply 289 by 3
poduct is 867. We can always check our work by *

’ . 654 1r=

,’ . . % . . »

..(.’l




Let us study these examples to decide on a way ‘to begin a
»division example. ' : : : :

(a) 5 JI520° | (b)._-8)'§?'8'5 | (c')_u)-m'zr

Can you tell by studying these examples how many digits are

‘in the numeral which names the unknown factor? How many digits .
w111 there be in the result of exercise (a)‘7 (Three, because

5 x 100 < 1620, but 5°x 1000 > 1620; so the unknown factor will
be greater than 100 and less than 1000.)- ‘How many digits will
there be in'the result.of exercise (b)? (jbur, because

8 X 1000 < 9820, but 8 X 10,000 > 9280, so the unknown factor
w11l be greater than 1000 and less ‘than . 10,000.) How many =
- digits.will there be in the result of exercise (¢c)? (Three, '
‘bedause . 4 x 100 < 3124 and 4 x 1000 > 3124; so the unknown
factor will be greater than 100 and iess ‘than 1000. ) ,
' Knowing how many digits there are in the numeral which names
the unknown factor can help ug in beginning a division exeréise.

In (a) you know the unknown factor must be between 100 and lOOO.
. What multiples of 100 can you multiply by 5° and get a numbér

- no more than 16202 (100, 200, 300) We can use this to begin.:

P

r

300 |
5 JI520 or 5 JIEZO

1500 k 1500 | 300

.120° 120

} g,have the pupils tell: how t% complete "
dividirg 1620 by 5. ’ DRy .
oy : o
i _ Then lead them by similar questions “to- - "
’ . determine the largest multiple off 1000
they can.multipl and get -a number
I no more than 92@in (b) and, the largest I
- multiplé of = 10 ey can multiplﬁ by
RE and get a number~no more than 312 in (c)

"

g'w

f“
!"IJ

. - 655

:-(
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- BECOMING MORE SKILIFUL IN.DIViDING'NUMBERS
The fourth grade class had 1720 "inches of string. They

wanted to cut it into pieces, each. N -inches long. How many

pieces will they have'
'M_a,_thematical sente‘nce: 1720 +'8 =n ' or 'n x 8 =1720

"We can work this problgm in seyeral ways. Here are three ways.

‘ f ke »3“ S . = 7

*Form I:. :
2y =5 (B) 218 (e
s T s 215 .
. 60 o w0 T 5
o 100 - 100 . 10
50 . 100 T 200
8 JI?28 - . 8 JIT20 . - 8)IT -
. 1320 0 o '929’ 120
< 520 L ~1éo 4o
.1:80._ | 8 4o
Lo r L ’4OA : _‘?. 0
_4_0 A '”«!‘_ % = - "' .
o ST
o . " as ." |

" Is (c) the shortest-one of fhe 3 x-:ays‘?'

.

e : . @
There fare 245 pleces of string:
. ” 3 . . T ) \
. ’ - - 11._;;
o . i
L ese TV




.; “gﬁ 4% the shortest of the three.ways? . ©

R TR S
L % 2 R .
B -

- .

R




P390 . L

'Pind ‘the missing factor.

PR

5250 sm=7

1. 340 + 4=
. ’.d . -.f' A (M =‘750)

(n ?6‘)
2. 567-;-_9'=n, LT g @ ‘328G+9u £ -
SRRPRIBEINEIE I 8 e

7 aiiem=6 &SR . 17 sererim |
B < (m 179) i el L . (= 223)
: '-“ . ‘ w r,} | . o ..,_ .
420 + 4= T ey 18.. 3768 + ¥ =t
i (P—?/O") .:3 3 S (s 942)

£9%. 369'+3=n‘- o ©19. BB +6

5
h
¥
&

PN
o
~

(r'
[
®
\—

167 2o +b=nm . 20,9659 +9=s

a7z
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Exercise_Setng;.ﬂj R

e -

"Write-mathematical‘sentencesito help,you solve. the following

problems. Solve them. . Write an answer sentence for each problem.
: . M, - . .

1. -If a plane'travels‘ 1675 miles in 5 hours, about how far

does 1t travel in one hour°‘

-/676'-—€ J‘Lfl‘-‘ Myzs'm"z-',tmauj«-ﬂ.

n= 335

2. How many doughnuts are there in 17 dozen?
=717%x]2

D at Uit R0k gl L 17

For the school carnival the mothers put 600 pieces of

AV

homemade-cand" into bags; They put 5 , pleces of candy in
each bag. How many bags did they pack9

::I”:: s .22’.,....2., ,,_.‘_A,[/;a,@—r#““"‘}
L, T20 1ce,oream bars were bought by the Dad's Club to‘treat'_
| thexéhiléien of:Baker'School There were 669 children
present that dayi' How many extra bars were thereo

h=220-4.49 2!_ S5/ ahlm tin crma 4.

hz &
57 A notochcle traveled 294 miles on 6 gallons of gas.

How far did it travel.on one gallon?

o= 23454 l&w‘,zl-g4’¢é¢w37/‘~'a‘mw’% f}“" |

h37
6. A market put 1744 onions into bunches of "8 -onfons

each, How many bunches were there° s

- 429
j—_lz—];; ZL;&?‘M:/!M{M -

N

'7.’ A grocer ordered 726 thtles of soft drinks. They were
delivered in’ cartons, that held (six bottles each. How

many cartons were delivered°

t=720+ ‘4 .‘Z'{‘WM‘—"J/Z/G‘*Z;-/A%M

¢z fal

1 /J659




FINDING;QUOTIENTS AND REMATKDERS

Objective: To help child:r'en understa.nd the technique of division
© with remalnders and the mathematical sentence which
descrloes this division process a = (bx g) + r
or a=(qx)+r where a 1is the given product,
b 1is the known factor, g 1s the unknown factor, r.
-1s the remainder, and r is less than b

"\ - - -

The operation of division is defined as -
finding an unknown factor n -in a multiplica-
' -t tion: (5 xn =540, n,=%9 +5). A division
’ tl like 39 + 5 is impossiblé'within ‘the set of .

’ " whole numbers. Nevertheless, in many situa-
tions it is useful to find: a) the largest
number smaller than 39 with |5 as a factor
(35), Db) .the corresponding uniovm factor (7)
and c) the difference vetueen 39 and -a)-(4).

. A1l of this information can be Snoun in the
o sentence 39 = (7 X 5) +oh

‘As soon. as the idea of rational numbers
is developed, there is no need to distinguish
'"division" from “finding quotients and re- -

'mainde“s For 39 + 5 = %;L and* the content
of 39 = (7 x5)+ 4 can e Shovm by the .
fraction- 753_Jhioh is another name for '%%¢ﬁ

ERRC R
T

s

- At present, we are using just thé whole |
numbers. Consequently, a difficulty arises '
in the development of division with remainder. —
The“¢children know that a mathematical opera= o
tion on whole numbers starts with a palr of - S
|| whole numbers and results in a third whole
I number, (10 + 5 = 15, lo - 5=5, '
10 x5 =50, 10 + 5 = 2). Therefore, it . -
will not do to say that the mathematical b
sentence, (7 x5) +4% or
"39 = (5 % q) + r, represents an operation
on the pair of numbers 39 and ~ 5, .for it
‘results in two numbers, 7 and 4, and not
in one. Consequently, it will be advisable .
to encourage the expression, "Finding :
-l Quotients and Remainders" for situations in
-, wnich div1sion 1s not possible in the set of
" whole numbers. In this manner, the child.
will still associate "finding an unknown .
factor" with the division op e,tion. "Finding
quotients and remainders" will¥be associated
with situations as "195 divided by - 12" im-

_\‘6601/4f

% '!ik"
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S e S
BN . ’ S, oo > v -

: ftju which we mst £ind numbers for. q and r |
e .in the mathematical sentence

S L}B‘- (q x 12) £.r. -
In summary, given any two whole numbers,
- for" example 96 and. 6, if. there is-a whole | -
|f number - n ,such that 6'%n = 96 we ca&;k‘96 S
o the product,” 6" the known fastor, - .
" - ¢ |l the unknown factor.- The-unknowh factor n "
- - 18 found by dividing 96 by .6, :and we write
It n=96+ 6. - This is.the operation of*~ L
division. ', e . . T ‘
- . %ﬁs"" - - LT ) ' )
L NOW if, for example, ‘we consider the | -
.~ " |j. number - 96 and'. 6, there is no wholé number -
w+ I'n sueh that '6 xn = 96, but thexge-is always' o
| @ -whole number q .and a.whole n er r, ot
| (¢ < 6&, 80 that : : :

\

‘ S (q X 6) +r
' where r < 6. -Firding the mumbers- q and-
r is "finding quotient q and remainder
Clearly, 'q 1s .16 and r 1s -2 and

o - 8 = (16 x 6) + 2.
. . § = A XDY

- S
. .

[y ) -
’ . . - . R . N

Ekbloration-, - . ' .

Wé have. thought about many division problems, and we know
many\situations which require division.v Here is one for you to’
solve'- "Seventeen boys want to have a. relay race with five boys-?
on a team They line up. in rows, five boys in each row. How
' many ‘teans will there e ' "

- ) Te e

Figuré 16, - B

} Explain your drawing. (There a
“with 2 boys left out of the race’,
- (15) How many .teams will’ race? ”(3 e
Is your drawing an array?, .(No) Why noi:'> {(An array mist.
have the same number of elements in each row. There are only 2
dots in the last row. ). ' ’ - o

3 teams‘of 5. boys each
_ How many boys will race?

1

. R
)47?7-' . , .
10’() .: " o . .
C - -

Ta, .
I .



Can you seeagao arrays in your drawing? f(i see_one 3 by
5 array. We-could describe the .other part'as:a 1 by. 2 array.)
What' does each of these arrays representfin the - problem° (The
5 by '5 array represents the -15 boys who will race.' The 1.
"by 2 array represents the 2 boys who will not race. )

Write a mathematical.sentence which shows what we have found *
..[l7 (3 x5)+ (1 x QX] Each number in this sentence is i
,fimportant,. Tell what each number means in the problem. (17 1s -
‘the number of boys. The boys can form 3 teams of 5 eachgwith
2. boys not-in the race.) =~ . . S

‘What numbers were: -given in‘the problem‘7 (17 and 5 wﬂ§§;
numbers were missing in the problem? (3 and 2) . . - >*z-

. Ve may- solve problems like this by drawing a picture, )
'separating it -into arrays. The result may be described by a
~ mathematical sentence. The result may be used to answer the

question in the problem. . f: _ : R e

~ - P e

L\

the following may be used~

1f another detailed example is needed, " I

. " .Let us solve this problem together ‘“22 boys want to play y
'regulation'basebail’ How many teams can be organized Land how
many boys will be. substitutes°"

- )
-~ °

v

. Is this an array‘7 (No, 1t is two arrays.); Explain the *
. drawing. ‘(There are 2 feams of . 9 players and 4 substitutes )

~How many boys make up’ the 2. ‘c'.eams'7 (18) o ‘f'ﬂ . .
Expl_;n the use of each array. (Thé 2. w9 array

_hrepresentsc@‘ R boys who wiil be substitutes ) %'.‘ p'_,‘ _
2 fimathematical sentence which shows how. the 22 Dboys -
‘are’ org.;fﬁﬁefi~[22.= (2 x'9) + ¥ ] The smaller array will
"always have ef%her\“ ',row or_.l~ column We do not need to
write 1 x 4. >%§ﬁ. ' o ' )

iKY

A U S S
. . - . k - 662 o , .
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Answer ‘the questionﬂéin the problem. zThere cap'bei 2 \' -
" teams hith 4 substitu€a§zr o - "ﬁ
What: numbers were given in. the problem? (22 and. 9)??What
. _numbers- vere: missing in the problem‘2 (2 andz Lg
Consider this probiem: If the school custodian put 50 -
_’_chairs into rows of 4- chairs each how. many rows could he make°
' Without drawfn*-a picture, can you write a mathematical
sentence which shows now tne custodian could arrange the 50,
-chairs into rows of 4 chairs each? [50 (12.x &) + 2] ' How;,
' would the chairs be arranged‘> '(The chairs would be’ arranged in-
12 rows of 4 chalrs each with & 2 chairs unused ) Write'
'sentences showing several way% to arrange the 50 chairs.

I

Some . possible suggestions' 1 -’,' o
(a) 50=(10%x5)+0. (d) 750 = (T x7)+1
(b)r5°=('9>< 5)+5 . (&) '50°=" (11'x 1¥)+6"
(c) = (8 x 6) (f) 50=(25x2)+

Each of these sentences showis three things. What are theyV
(Each sentence shows the number of. ‘rows that could be made, the -
: 'numoer of chairs in a row, and the number of chairs unused

i+ . " Develop a procedure for" finding q-.and ¥ | -
- i using the same process 4s for. finding the missing .
.t or unknown factor- Lo - . _ . *

e FOrm L % o ﬂ..' . ME . “ o
SR | 10 . - v, a s e oL T
“v : . I .. - A} :‘;. S )'I' ) - ) ' o o e

T, ‘ . B . " URC Lo
T - o . . . . ° . R r .t A |
'. g N -t . . ol T . . “
N

um\agﬁ

1

. S Identify q and hel and write the mathematical Rs e
- sentence L , o N | I
0T B0 = (12x'+) g e |lf T
. :jSimilar 111lustrations’ may be given for 3 chairs. 2
- in a row, etc. Note that r is always less than N

- " the divisor, (Unles$S we know that two numbers: . § * .
are a factor of a third,. it 1o improber to te R
: such sentences as .12 + 5 = n ‘unless we want. .to T e
v - |l'note that' there is no‘solution if n ‘is tO'V4 N | R )
S ’represeﬁt a: whole number’) ‘ iy e e o e

=

Us'e .other illustrations in this exploration:w': B

IR \663

' . (N \ ]




r;'

FINDING QUOTIENTS A.ND REMAII\DERS- S
We can use the division proeess to solve problems like this E

3

'<f" ?here are 306 people at the exhibit There are to be 4

tours. How many peonle should go in each tour to have aoout the"

- P . N s

same.number of. people ‘in each groupOA,f‘*- LT L .

N
AT
2 .

_Mathematical sentence 906 (4 % n) Freo.  :3 SR

\.:,;--*\ . . ..'l . s i RS -.- .t
. _ » A . :
.- You may use either'form. 5 o
. . . ,‘ e -t .'. B .
P . _.. 4 '."-‘_
' Form Io . ._‘_ o
3 g R I 5 TOL T HR

“% 280 . T0

S (Exmy 2. e

Each group should haveAJ76gt§eopie._.There!are a2 :people‘?'?ﬁg

° RS

»to:jbin'one or“two of the:grouﬁs.‘f
. In a mathematical sentence like c ;ﬁ".,”hf-.“' e
R -,306 (76 x,u')-gg_ie_',«

Weysaj'that: .ﬁ;.u . B e ;1j._ e
: % AT '306 1s l.;:he."di\ffidend..-‘_,_ o ._ .

o : %Gf.isfthe‘qnotienf.
E;‘_”7“-j3‘,f_’- 4jfis'the divisor.
o A | 'é-';e”the remainder.€if.'_ . h: i \f 3

Tee TN o B . . °
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‘Exercise Set 21
32 21

-
T

A

: ’ : ' 4 .
Find the numbers ¢ and r must represent to_make-each -sentence -

true.
1. 6% = (q x 9)'+ r - T. \4.2‘1 = (‘q._x 3) +r
£32 = (20 x 9) + 2_ | 420 = (140x3) 0 b
. , ' o . . ' .q'-'. ’:{0" .
2. W6=(ax3)+r , 8. [(q x %)+ r=3320 °
456 = (1£2x3)+ 0 - - (930x4) 40 = 3320
) - . - N
3. 1576=(ax5) +r - 9. 299 =(gx7)+r . -
L '1576=(_&;><.5)+L T j_'99‘.:(42x7)4;~5‘
. - o :!‘z . Lo | .
o, '1242II= (@ x8) +r | 10:° 151 = (g x 4) + 1 .
1242 = (55 x 8) + 2 '. 151z (3724) 43
s ’ . ' h '
5. 93 =(axT)+r _ 11, 5é5.=‘(qfx 8) +r ’
g I#3=0342Drs5 - Sasiisxe) #5°
6. ,lélo = (a x 6) + r . - “12, 3:73 = (q x.'5)'-i-<r
| 12D = Rorxe) 4 4 -7 .' - 373 = (74 x5) +3
665 |
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o
Write mathemat al sentences to help you solve the: following

s et ¥

problems. . Solve them. Write - an answer sentence for each problem

e . -
w4 - RS
N . S5
2. s S -

. \
1. 29 boys want’ to organize .teams ®f" 5 boys fo?a relay raceq

How many teams can be organized? How many boys will not race?
29= (gx6)+r J.L..u..,l“s'/'&--q...,,.l y
._29-(5'!517“1" l}J.Y-uddmojM .

2.~ If the school custodian put 80 chalrs:into rows of 10

chairs each, how ma.ny rows could he make? Would there be any s
. . 30-{,«:/0)-/4‘ WA Z:! o 2k ‘?M
: chairs not used g0 = (2x1D+0 ) éﬂ /- 'L o~ -

L4 v
'

3. . Longfellow School bought 25 new bounce balls Each‘ of -‘6
classrooms are to share the balls equally. Any that are left .

will be kept for next year. How.many balls will eagh room

oo 25T T Ay Ld reas ~ritD gt it bes LML,
BV, -@,fu)u ,,M.,_Jui “hopt S u.,a‘w.
o T

AL "Polka for Three“ is a dance done in groups of - 3 How many

- 'groups can be made in a class of 3,2 children" How many

children w#ll not dance? -
: 32 (fx3j+f‘ /DWCMA"—""«ucﬁ-‘— M_.

- 5. Mary is asking 30 girls to her party How many tables

mist she have if she serves 4 *at a 'cable"' "How many girls

‘ t;ill(havg to sit on the sofa to eat" - » -
-‘v x4 +r"m..3,..._.jl....¢' 7 Lbla.
éx‘l‘)*l : 2%szdﬁ\#“%—i ‘&j

6. 27l reservations were ‘made for a ]o.lncheOn How many tables
would have to’ be sSet if 4 people Were +to.be sea.ted at each

~ table?

2-?/:(gx;/-)+r.~' 4;2&1&.,,4/1-4.2" .ZA(-,.J/,Z‘UM
:_271;((.'755‘)43‘.* m A /M ,,2/3, '

.-




.REVIEWING AND EXT%NDING ' | vl

.ObjectIVET“"TE”hEIp;bhildren'furthéf;their—ability,to solfér\
' pfoﬁlems through the use of mathematical sehtences
4 .. A . ’ . .
The method of probiem solving emphasized ]
" in Chapter 3 and reemphasized in this unit -
should be expanded- and reinforced by, the ex-
pleration which follows. . ’

. The chlldren should he encouraged to use |
good ‘judgment as they use-the results obtained
from the use of the division process,to answer-:
tH@‘Question in §he problem. o e

R - . -

.
‘

. M -
- P

- Exploration: - S
Yqﬂ/havglalready solved soné’pfoblems which required the
.division precess., We shall ptudy others with large ngmbers and_

consider how we can become better at problem solving. .
There are somgefroblems in your book which we shall study.

They are in Exercisel Set 23. v T - :
R | . B .
L 3 B -) ) . . <
1. A'baker is o pack 1250 cupcakes for a school = =

T Pilenic.. He will put 8. in each box._ How many
. _bokés shall he order? ' ' '
) . - : : - . 7

.
\ 4

2. Each of _ 15 - Glrl Scouts sold .- 24 boxes of
‘ cookies. . How many boxes were sold?

%.-,-' ) P L }

Lo 3.& Six sﬁeets of*colored paper are neededr for
vy = DR : . : :

a booklet. How many hooklets can be made from
. 506 sheets -of- colored papér?' oL e

.




4,  The Parent Teacher Associatiﬁn of a school had
324 mémbers last year and 296 members this
,fgfyear How many more memberships are needed td!i

® reach last year's record‘>

Read Problem (1). What information is given in the problem?
(Tbeme'are 1250 cupcakes bo’be packed 8 to a box.) Write .
th@é}as a mathematical sentence - (1250 = g x 8.) Will there be
z:zgt’nema.j.nder‘> (We cannot tell ) How do you show this in'the
sé%tence° [1250 (q x 8) + r| Does the sentence tell yoﬁ
whag operatlon to use to find q? .(Yes, we should divide 1250
Write the matrematical sertence on your paper Then, divide
“to find q Answer the question asked in the problem. (He'will
. need 156 boxes to pack all of-the cupcakes except 2 and one

box.for the 2 cupcakes-. . He will need 157 boxes.)

v

_The work of tbe children may follow
either form.

JJJ,"-‘- - ‘_' ’ ' '

. e -Zié ° .. ) I
- C_. - ‘... '. -
- . > 50 . SN -
- { « 100 - ? - p o . R - ‘
.’ ‘8 )I’B'o' : &g« 8 JIZRO) .
. 80C - 8oXx{ 100
EEO * ' %0 , .
400 S Yoo | 50 )
T30 B & D01 .
38 R -1

""7? B T2 IBb,

1250 = (156 x 8) + 2 '
. ' - ) ’ ."’
The baker should order 157 boxes.

.

- - . The children should also solve problems
s 1 (2); (3), and (¥) a8 .a group or individually.-
"Il the following explor&tion should be made
after the chlldren have oompleted the first
,four exercises of Exercise 23




Apaper‘. )

[}

Let us write on the chalkboard the four mathematical

sentences you used in the’ problem§ 80 WWY study them. 3;
N < .

@) 1250 <f(gx8) & r S (8) Tm=15 x 24

(3) 500=-(qx6)+71 - (%) 296+ n = 3ok
o . . vr ! ‘ .
IR £ iy L ]
" ) »o o ] »
Each of the sentences you have writtdn is of a different
kind. How did you know what sentencey to w%ite? .(Answers will
. . R ) . LY [ 4
vary. ) R . Rt '

. o -
» :>‘. .

Why did you write 1250 = (q x 8) + r for the relationghip‘

" in problem-(1)? (The baker had packed 1250 cupcakes in gq

. boxes with 8 to a box. .The P wa9 *added to take cgre of any
extra cupcakes )y e - Ty e ‘ .

W”ny did youewrite m : 15 x 24 i‘oq’r tl% relationship in
problem (2)0 (There were @5 . ,&irls who sold 24 boxes each.

W th&ught of a J15 by 24 array. ) L

. why dig you writee 50@-— (q‘fx 6) + in problem (3)?
(The 500 sheets ot paper were made into qQ’ booklets of 6
sheets The r V%as ad‘ded_ <o take care of any extra sheets of

.

-

q- . . ‘ . i .
®hy did you write 296 + n = 324 for problem (4)2 (The v
words in the groblem told us that 296 members and some new :
mentbers qr-e the same as 324 ) = ' B
. L
. You have solved four problems by finding the answers to the

.question asked in the problem What operation did ydu use to

division. - . o et

solve these proolems'> (We used addition‘in One, multiplication
in one, and division in two. ) How did you know what oper’ation
to use'> (The mathematical sentence told us. ) - v

- Look at your work for the two problems in which you used

-



14 . ®y

- . . -
EREE ~ . .

7 “
(1) 21250 = (@ x 8) +'r SR (3)'
. Sy
._lis' .
58 . < -
100 . | -
8 JTZZG © or s)rzsb'
450 *
‘ 50 BT
.- I
g';ff'?.

.0
s ol
-

-1250 P2 (8 x 156) + 2

" The ba.ker should order 157'

boxes. s . af ._r‘ .
not"appeat in. your w°rk'. “@Jf not'> (The missihg f‘a’ﬁtor 1s’ '

. 156 with a remaimder of €. ue -i‘ou?ld that Zthets would ogr - 2 «p . '_

cupcakes§- Jeft over unless” uea;gs 3.nother bé}'{,} You neeck uO B

~use good Judgment in answeriﬁg e{;ﬁ ns *m‘ problems like ’or\-is ki

. B . el
. '.',-“__ 4 g . j . ,\ . ? . g ,,' /:. . _,_‘ A ..r
*.The 83 ; ou useii %s"an a.nsuer.in oroolem ( b5 th~

> the division wori¥ did.- yhy did, _{0}1 ignore the “remd mndeérs "-;_, : _j»'“;

v ‘,,;'- g A 5.?

.' (Since it tai_ 3. 6 sheets for &g héooldey, onlt:
8 oooklets could be. made "' The’ @ gheets of .7
-paper left over vere not ;nouo'b for anoth&' bookle‘c ).

1

1
. )
-~

You uwere told by the Droolem hov '60 use the re«main;}gr‘- -In:‘«?..
sol ving Droolems it is a gooa plan to let ‘che words of. RS

problem guide your work: g . ',"; PRRTRAN "“
) o SR i
&
I B -
‘ 670 -
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]Ebcercise ‘Set 25 )
~ . I : ‘ .'\ :
. A baker is to paclc 1250L cupcages for ;al scnool picnic He

will put .8 -in. each box. . How man,g boxes will he. order" "

. | IZS‘D_
.o (scx2)s 2 Do ¥

Sl
man_/ boxes vere so1 a? -

o :; ;—:.‘-W . .‘Z,(, ,&Jw,ago ,Zqéu g/boLw

;:3.,“ "~ Six sheets of colored pa.per are nEede,d i‘o‘r 2 booklet }gow

SE shee@;s of coloned paper‘>
;..an:z yt-.«l..i'j"“ "

:'many oooldets can be made‘f,‘,rom

Sorsgae)yr ey i 55

..:é'oo—(KJ;!.)J-Z . v K

~ - -

nemberships are needed to r.eac,n last y&'s&? @rdO -

L

& &

’ 232
,_.29‘*’, 324 ‘R § amat 7-«-....4-.;-..,«

. n= 28
5. ‘In a_ sc:rsooJi 1ibrary there were

T'= 23 x35

23

m“s

50 (ny)'/'r ' ZAMM $7M

2. - Each of 15 Girl Scouts'sold 24 bo.xes of’ cookies 7 Hou .

.\’
<.

‘. :

“-\

. f‘w "- .‘ )
l;'. The Parent Teacner Association &;‘ a sch&% had 324 members

*

_last :year a.nd 296 members thJ.s yeg-. , How y n_ore W :

.

-

sets qé‘ gaders ft‘hf;p)

: ‘;ere 35 books in each set.\ . gHoy mang &5 ie th’ere 1n
&,

. c the 23 sets? 4. goo .zl.u e 2,

. . -~ . g:.\ L .
. . ,ﬁ. ;

- -

'S ’
.

B, Bill plarite;l 12 rows of tomatoes

in each rov. How many plants did -Bi’!il set out?’

+ ineaeh rou, |
n e Bbacted 0o plo .

7. The.chil dren S6f Miller School are raising money

television set which costs $350

$l79 How much-more moneJ do they need'f

'3“‘.: 179 :L(.MM“J /77 M“

= /7

185
—

o 671

L,

-
~

They @av

Tﬁe‘fve?re; 15 pqsants

‘v

.collectee
. »

-

et
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8. Nanc'y_ is makingsome decor@ati’ons for a party. She needs

360 white beads," 720 red beads, 180 green beads, and
i yellow beads. Ho'z many beads does she need altogether? .
= 340 +. 710 + /yowﬂs‘ *

,,\,30, ?’A««Am.,é., /305-1.“4,/ .

‘9. If a jet:travel,s Lo8 mles an hour, ho': far will it travel
. in 5 .h‘ours?"; v ‘

h}: S x 408 M?JM _2‘04,54'-‘;2“1—;6’,&'—-4‘.,
..o hzaere. n ¢ o
10.  There were 385 tickets to e put-/in bundles of 8. Hou

many bundles will there 5e‘> Will any tickets be left?
325=(gx0) 40 Yol Lo 4o Lo la, o/ZJ‘zMz/
352 (wene) | Zh? oty

11. On a readin'- test, Mary read 281' words in 3 minutes_.

About howr ma}\< words_did, she read in one minute? : .

A94= (;x3)
194 = (?4‘3)+2 Ma-}MJ'l‘t“’—' 74 &J?{M M

12, A farmer paclced 360 boxes of apples for shmpin Eaeh

-

box weighed .*rD pounds. what ‘was the welgnt of all the
- s
boxes? .= 360 x#S. e Lot ,..2,{../ A M
: ; . 28
h= /6,200 : /6, 4 :

13. 573 scouts yho attended the Jamboree slept in tents which

bad .oeds. Hou many tents would ~573 scouts need?

£73 = Zk*l)-!‘\‘"' .lla-gw-ﬂ'//'\ﬂ-ﬂ’[ /¢¢/tz-.

£73 _(/43*4)+/

1k, '_"630 dancers attended the Folk Dance Festival Into how

many groups of 8 could they be divided for square

~  dancing? o
4302(3;"9J+P M&Wﬁz 7‘?5@%‘/&[4,-4——?.. .
430:(7319)4'61 1)0‘74“[( MM@

B
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L c '~ Exercise Set?" L

Find _i:he numbers q and r must represent to make* each sentence

true. ST g
- ‘ _ . w ) - .
1L .994“= (g x 8)"_.+ r 1. 290 =-(q x 9) + r
CL 994 =Yas)+ X 290 ={32x9) +2
2.0 889 = (g x¥7)+r L. 12, 5308 =(gx7)+r
- '_9(_7 :.(/1"7x~7“)‘+7.-0- : _ 530 =(75947)+2
. 3. 290 = (q x 9) +r . 13, THig = (q'x 8) >+'r
T 290=(3249)42 7449 =(93/28) 41
.LLV, 493 = (g x5)+r - 14, 3636 = (q x8)+r
| 493 = (9928 +3 Ce 3636 = (s 4ad) +4
5.0 389 = (@X4)+r 15." 2390 = (q x 6) + r
o 3er=(97am) 41 2390 = B92xL) 4 2
6. . 534 = (gx5)+r | 16, _1255 = (ax5) +r
JIE =(oixs) 14 | s = (2472840
’ - ] ) 0. L | LY w ’ *_ , "i."..
7. 9Bk =(gx4¥)+r P17.-72770% (@ x 3) + ¢
- 954 = (2392x4) f@ _ . . 2'%?; é'z,; x';)* r
8. ’;88 —(axefiz UL 18 W77 = (4 xe9) +.T -
' se8 = (98xL) 40" s 8772 (63 x%) +0 .-
9. 6769 = (ax9)+r . 19. 6792 = (q xT7) €
%9 =752 x9)+] €792 =(9720x7)+2% -
) ) ’. I}( - A . . ‘ . . ' ..' .
0. 3626 = (gsx 4) +r g. . 20. 493 = (g x 3) + ro-
3e2b=(Folx )42 T el ieaD) )
‘ 3 ;"': .'j_ 5 ; 4 - '
g
8673
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- Practice Exercises ~ -
2 - ,-,’-(‘:1‘\ :I b

_ I. Place the parentheses correctly to make these true
mathe'matical sentences. "":"‘."5" Lo

;Ex'ample: 24+6-5_25, (24+6)-5_25 B

8 [(éx9+¢ s8]

"'a,) 6 X9+ 4

b) 27+ 1344 =10 [(27+/3) #2007

' C) _>_9 x6+ 4= 90 N [9 x(éf-é/) 90]
. '4) Tx8+8=112 ﬁx@,«g)- //z]
L e) T+ 63+9-=14 - [7H463 = 9=14]

_ I:) 5 x %0 .'+ ‘8 = 208 [75)(_%.0)4-9,:,208]
.g) 7 x 9 k- 3. [7x(7—4é=35]
‘h) 35-7+4=7 [65-24=7]

i) B+7:5-20  fWBighsop]

§) sh+T9 +6=12 [g¢;ﬁ+é':/2]

< II.7 write the number that A represents

a) n =+ &= 276 - (== = /(04
b) 693 - ms Bu5 {/m 2#8)
) 2hinxtiw 7 (mz32)
~a) 859 = 384 + n . (- #75) |
e) n=8x317 : (/n/ ,35’35)
o £ 3@en-am8  (Lu:y358) _
) T8 - =3 (uogsg)
h) 511+7=n (~:73)
1) T8 +n-or . (~i99)

’ j) 457 + 1066 « 5461 = o (w-‘éﬁ?%).

el U ' '674 alde




" P3gy

Add: i

. III. o
‘ 25 496 - 589 32
' 38 Y ¢ 9 ;200
‘46 582 899 893y .
.59 785 © 8938 P32
(l6g) .. 691 275 - 3709"
 (Zoo7) (/0 710) ( /2 ?07)
. Subtract: . . .
7010 - 8300 S s _610 " 9001 °
6258 - 7519 - 352 - 3729
(752) . (781) (25%) (5372) .
matlply: .0 T
358 -868 . 69 i 98-
e 4 38 8 -
(2506) - . (¢, ?4/#) (z-az,e) (7722)
" Divide | x

e

Fmé’i’) |

(g

| 6)(3%% )

Iv. In the chart beléw writg a mathematical senteﬁée then .
T solve 1it. - : o | /
Q- Nmnbér-rair . Opéi-atioq Sentence Result .
25, 4o addition 25 + 40 = { NER
a) 34, 26 multiplication -354\’,26 P _—5'73#-
b) 7, 49 subt'l'act"iqr;. ?/7_4?:/“) T P68
¢) 972,.6° ~ division 972 2 b o - /62
d) 845, 766. |  adaition P57 766 m o 2407
e) 896, 47 ’ multipiication 577@(9/7 > ‘/’;/:'5/2//2
= |£) 3442, 2461 SUbtTaction | 3uls—2dpsen s 951,
g) 828, 9 division. 92§ .y ;
h)" 9, 8289  mULt1plication |5, gs09 = -7 cor|
L 1) - 23334, 6666 addition | 23334}24“: m-‘30,0,:¢0-
‘\bl” 1J) 768, 8 division 768 § s | niiog
: -

e




F400 - ‘__. ' . ¥
V. By regrouping, find the unknown -addend. Lo R

‘Example: 462 .= 400 + 60 + 2 = 400 +.50 + 127 LT

' _-1§7=1oo+50+7—1oo+5o+7 '

‘ 300 + O+ 5 = 305"

< a

A a) 386 .394* SO+ = 340*70*/6 c) .393. . 340;94 ;3 340,‘ go</3
' -219 2004 1009 R00410F T RD16 o« 0+ .?aal- VA
. /ws‘ép»‘ 7 = /‘7 .- . ) o . /M*‘ 70,‘_ 7 /77-

b) 633 éaaé.?ma.?—xv*/jo#.? d) 761" 7w+6o+/'7aa¢5b+// c
563 360 +4043 320+ 60 +3 257 2045047 20045057
s 7”"'4 70 . " «3’004 o4z s0¥

. -
~ . ’ N

T

‘VI'._ »Solve tne following _ .
' a) 8; %27 = n (Wz.z%') ). 12-6;3 3= 13 | (o 2 z/,a)
" b) ns 5= - 405 (ou 2025) g) 600 °-.n = 5 (,,V:,J,z)

¢) 9'x 847 ='n (m 7/423)11) 876 + 889 ~n ('/,., /745)

,i;) 352 +n = 900 (/;v ,/419)1) ‘726 "'~-8.: n (- 94/,,4)

e) 27+5+ 8 = n(,,,,_.;o) 3) 9000 - 3402 = n (,,',",:5;59;7)_

TVII."‘.Solvé:' S ,-: A T
s a) n+9-= (/,,, 97) f) 6 >< 7008 (,,,_ 4/391/7)

| '5). 89 + 95 + 96 - n(m—,?fa)g) 18+ 5=n" (s:.2/n5) »?-
o) é_ng% (,,,V_y;a) h) 65 +51+ 51 + 70+ 33 Z.0a

Cd) BTLF9=a (hiamsh) n+T= 96, (mzéra)
_’ Je) -“'6040 -n = 2159(,,—35:9,)” 422 + 6.; n (/.,/ 7a/oz)

1

Y

-y

VIII . Solve the following _ : S N :
n (o 4’7/»/) £) 68 + 807 + 739 = n (;;,-;;422)

) 393 + 8 -

'L.b) 67.% 36 -n (m« .sz) g). n +279 = 871 (s s%2)
e) Bk 48 4. g+ 85, = n h) sk - 498 (,,,, s4l)

- d) 29+~n:86 (AL 57) 1) 547-9 ' (,,,,,ij.}

. e).' 8 X 1321 = m (,,.:;(4549)J) n+s= 5030 (,;.,:,zj/_‘;o)

o
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o ..F ’ N ’ . v -
. } .. . . . . W o R, £
‘ 4.6: e ' _— N ’ . ’ . o
R ’ S o ‘“ ; r"

E( Solvec . o | ' _. .. e o .
‘ oo r . : S
a) 63 ' 80 S [””"té’a-;é) S ,, ‘
'b.).'_’-1+0 + 23, + 16 . (/,,_ 77)_ R
e) ns b=l | (ov—/7é) |

@) 9T n 2000 s gmr) ot
h e)' 57+ 30 + 91 N "n” - ("":/7F) oo R » 7
B SN
L @amain (e a) |

~ n) 357 + 249 + 610 + 8.= (w— /.z,sz) o E
o 1) 338 +5=n (

{'.Bra‘intw:istiers- - e _. o o

"w

eraz) N
fa /»/)

1}
e

3) 201 + &

- ;i: 'Here 1is an 1maginary operatieri called Meut". The symbol for_'.

.c.ut' 1‘3’ A . Try_to find t;he meaning . of A from these examples

a) 8AY - . '_.c)“ 10 A5 = e) 2[{«2:01.%'?

b) OA3 =2 di% AB =4 )y gA1-2

'wbatvis n. %h of the nﬁv&/WM
ing? ok wj!p’wﬂ

g) 354\7‘.-n Gwsﬁi) 63A7 D fz8) k) 36@\6__;
h) 32A8— ij’).&) 56A28'n(wé)l) 49‘\(7‘?‘3

'?__2. Another ,1mag!nary operati_on 1s ,called "ler _ The symbol .for
) ler, 1$ f Try to fin& 'cq\ae meaning of I from these examples.'
- a) :.6'*!3"2..?.«? 2 p) 10027 - .e) 51

' | » 817 - £} 7 1=
: ( 3 P R . 3 ;a ! 3 .

What is n 1n each of the following" z,%c, W combery )V
_ g) 25 f 22 : n(,,v—.z) 1) 152 j 151 'n(/t» o)k) 13 I(B_—é)ry ._
~.-'-__"-;,h). 17 f 5= n(,,.,—//) ,%) ?2 f 1= n(,,,, 70) 1) 27 %7/»9.;».

It
w

1}
- U]

«ly :

A . O A
oL - £

o . ' & P é’ - B R £
. e e . R - ° - B
LT - . [N oL . ’ .
: :’3 ~ . Ea D Vi 4
Ve ’ * RS
R . > L.
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- N Review
| SET I- ,
) '.'Paz_'t"-A - ~ "-
1 Use == ’, ’) , or (, to make these true, sta‘cemen’cs.,‘ 5 | "
Example: if n + 2 =17, then ‘'n K_) T . | A
" a) Ir 27 _-_n =9, then (_) 3 ;o S
- B) If n 4,217, then- :E/lr ”“‘ AT
e c) If nx’ 15 = = 85, then n(_Z_ 1::.-'. “ ' ‘ | 3
’gi)t % 5 - 50, thEn n(_) o,_"' R | _ |
) :I-f '__1_2'_8+.n‘=,.32 ) i n(__ I S
) 'I.f'__nx33'—"13'2',then n(_{_)33 -
S)- | Ir n = 7_ 4 ,‘ ‘then CL) RS )
‘h) If 1407 ¥ n < 2989, then n(&) 1407 R
o i) If »11&3 (2 X 71) + n, then n (< '\', ‘. ‘!,'-: : :L.
“.73) I n- 6357 = 653 ~then o fz) 63v7 ‘ T
2 " Write a m.;thematical sentence tcw undo the following o o T
'..7‘_"‘Examp1>e 7T+2= n,(7+2)-2 ', R

31+ 4=mn ((?/*9’) 4= xm)r) =+ 8

n ((f%-:éx 7 ,.,)

" b) 12 x 6= n((zxé) 6=2)g) 125 - 25 - n(/ z:—zf}zf:ov)
- ’_c) : 15 + 3= n([/_{,._a)x.?'w)h) 3 x 3 n ({fx3) 3 - /n/)
a) 433 4+ 172 n((4/23+/72)ﬂz%l) 427 - 7' n(/@’.ﬂ.ﬁ%’?' 'm/)
e) 72 - 13 = n({722-/3 /3:m)3) 3592 -1 '
BRI ([ ) }* m') Z&s'?z—/?iz);/ﬁz—w) %
3. For each multiplication fact write two division facte. _ e
" Examplé: 2x6_12 12—6 2,12—2 6. :
Cd) ExT- k2 /,.;z.g_g) £) Ex6-48 (4;_4 f .
' e 7))
wb)-?xé 56(%_?; .s)7xf& ﬂ;’,/, -
;o ¢) 8x9=72 (72i9:9) n), 9'x5 = W (g Eig)T
©a) Sx 82k (Fazg) 1) b x8- 332*_4 ") T
R N asé ol a7

6_7 | o
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"4, Write the corrett words or numerals to cc;mp'lete this chart.

Number Pair | Result | Operation Result Operation

a) 40, 25 . ‘65' -1 Addition ‘ ' 15 Subtrac‘ti_o'n
b) 72, 8 | - 9 | Lixeimr | 576 | Jpulbedeadin |
c) 96,8 2 | suptrdetion .| 12" | Lhralondh

a) 84, 23 | 1932 . | Mulbeleadey | /07 Addition
e) 369, 9 | 3718 | Qddilon - | # Division

£) 80, 12 | 42 | addition 42 | subtraction

g) 45;5 | 225 | judllabicatar| 9 | Adideiow
In) 9,9 | .8 N lbtgetioy | PO multiplication

{red, blue, v.lhite, green, purple}

5. BUE- , ‘ . purp: S .
SaEer 1 ¢
o o~
i E= [green, purple]

-
What operation could you use to i‘:Lnd the. number of
/
members in Set B"/ Name the members of Set B. (/'ud, léw)
P

A
N

6. AUG=[2", ;._5,,5,3,74 I
A_nG’= {5 , . "7} “ { '.,‘ | .
L G [5 ) 65 T} .' . e "

Could you use, subtraction to find the number of members

in ‘Set A? /Wleleme the members of Set A. (,Z 3, 6/56 7)

JToc-(2, 46,8
To-01,3,5,7,9
>/ .Name the members of the SetCUO (/,23-;/_;,4 99)
| What operation Aould .you yse to find the number- of
" members in “C.U'OO 2 (W) _ .




~

phOy - o .

8.

’

%

10.

“a) 53+ 22+ n

e) 798+ 9 +.n = 1504 (7 = 497)

'1)’16'+n+66='96‘ (w, /5/) /
_43) n+669+352=i‘021" (Wy'o)
;k) 88+7+n;1

~

E4 ° i *

Draw a polygon that is the union of

-:a) .2 " 1line segments MM

b)

line segmenﬁs - A _ ‘ - 3

2

3
c") 4  line segments - : _‘
d) 6 1ine segments 7O "
‘e) 10 line segments % a : |

- . . J

How many vertices has each polygon in Problém 8 7.
mone 4 e o, b piv .

8

A}

Find the number th#t 'n ' represents in each of tﬁes.e..v
Example a is done for you.: . .

89, 53 + 22 £ 75,89 - 75 -

b) 24+j30+n 79" (v = 25) |
¢} 43+ n+ 25 =87 (o =29)
d) n+9+3o+27 152 (/zfzzfé) -

£) 59+ 497 + n+ T = 1069 (7o = 506) .-  ,-"
g) 3% +n+11-=68 -: (/n/ ,83) e .
h) 275+ 596 + f = 1726 . (i 574/57

N (W— »

680"
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11. Match each of the Ideas in Column I wi‘ch a Model from

s

Column II . : S -
_— . \ ' . . L]
Column I = J ~ Column II
) Idea : S Model
1) Point  (2) _a) My path when 1 walk all the
2) Line /segment (}) ; way around the ‘blotk and

i return to my starting point‘j,
3) Line (&) » .

%) Ray (A
5) ‘ Plane (g)
'6) simple Closed Curve(2)
'72’ Polygon (’ﬂ)
)] Girele - () |
,1’ -9) Plane region (d)_. '

b) A stretehed Plece of string
¢) The rim of a drinking glass
d) A football field |
°e) The tip of a compass

f) The edges of a piece of :
. floor tile , :

g) The surface of .a calm lake

s SRS whose .sho}"es canr'xot be seen .
oo L o -h)" -The light from a distant star
| ' : ,i) A straight{ narrow road with
' ) . no ends in sight,
. . i i . B > : / . -
Part B : _ - S T {

-

Write a mathematical sentence (or two sentences if necessary)

ffor ‘each problem and solve.‘ Write an’ amswer 8sentence.

PR . —

1. The Polk Street bus malres three round trips every hour. How,

many\ minutes should one round trip take? (ﬁx I ;:/ :zo'
s ) *
@,,,a M @M /ﬁéfz a?dmuo&)) .

. 2. The school cafeberia .charges-, 25 cents for lunch . How mueh
money will a ‘student need~ for lunches all week? (25*’5‘»5

a. WMM /25’%@ MW@)’/z; '

N

-
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3. Eddie bought 6 tennis balls for $3.18. How much did one

ball cost? fj/f 24 =m o éxzrv_j/,f P 53

‘4, A dairy cow requires three acres of -grazing land. How much ,

land is needed for 175. daﬁry cows° (/75’x3 =/ L= .5.2.4" :_,,'
;5:?;r'42644uz/'€7/ Qe Aec: .

5. Maryts .baby sister drinks 8 . ounces of . milk siic tinies a2
' day . How much milk will the baby drink in one week?-

,(f ; 'w —p px = s P .336 o
il 320l e e il st

6. he class in Room 15 invited their parents to a puppet show.

There’wére only for:ty-five chairs, in the room and 72 -‘

N parents came. How many parents had to stand? /7-2 D
"'49’?”:5 7.2 m/;7a7( ctenlsr A 2 o Fnd) .

7. One scout troup delivers 364 hand bills, a.not‘her troop has

37 Jdess to deliver; ‘How many hand bi"l&s db both troops. - .

deliver° (56¥-37:0 f:327 3’2743&% =L .gy_.{aés,l-37)
236 =L [_ é?/ B2 s

Group Activities

L

., *

I ., &

.
,Multiplication QJiz W - o N . s ‘

. -

Child (leader or quzz master) stands in front of the class

v
-

) and says, "T am wink*ng of tweo factors whose product is 1;2 "

N -l
kY

Then he calls on class mem‘bers A : /
. o . _

Child in class group caled on ask's‘, Y'Are you thinking of
6 and 7 " , EEA ~ '

- . - . . DR— , N )
. ,V\The leader replies yes or no as the case'may be. A record .

is kept on the board of ail combinations of numbers correctly

- given for review later. o oo - e

If the leader paSses,’a -wrong combination het'x'x_:ustg"sit j'do'vm
_and a.-.new lea‘d_er "i‘s'achosen'../' C g S _ o

N\




, B '.Review
SET 1T

.
-t

l ?‘sing the symbols ) <, o = complete these to-make

. &ﬁme sentences. ot .' f .

S .
| ’;% wr (&) 319.x.3 L) w7 (L) doxs
b) 83x7_(_<l?3.x8 - e) a8 (L) e x 1k
.‘_3') 57;‘6 - 9_‘:(‘il.3‘2.-'x':1‘2_é - | h}) (7X,8) x2.(;=_)_(i2>x 9)3‘+ 4
d) 914 - 326 (>) B2x25 - 1) 25x25 (>) 30x20
¢) 34 x"ia (=) 799 - 153 U L3) (Bosu)x (=' K x 44

A

_2. Tell whether each of the following is true or false

..‘a) 6+3 3+ 6 (7— o r) (16 2)x2 16 + (2x2{f-’)
) 12 842 + 2 (F) 3 g) 7 x-6 < 156 - 112 (-
©) 36+ 7<35+8(F) .  n). 29 - 84 4x T (T)

d) 16+ 124+ 9=52-15 (7:) 1) 4x6>2>x11x1{T)
e) 3 x a 1sa1ways>3x2():‘),j)— 6x5x2;!30+30{F')

’ ’ N . ﬁ'.

) 3 Tell’ wl'mt operption_is uged and find .

) ‘
) - . - . . . ~
. . . b . . v,

Example: 7 x r = 42 , division , r= 6 . oo
a) 23 =14+ I'(A«M/U 9)e) r-23-= 46 (ﬁ’%&;"wy
B) 7= 5 %9 (omabtipliealimnss)) 24 % r = 220 diviege)
o) 27 + 14 = r(addiion A-g/)g) 56+ 7 =8 (Agiaiom)
- a) 164 r% S{me)/g)h) r= %2 _;lé’m-)

L A
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b)
c)

’ . .
- LS . . : A
. .t fe . R

Write each division sentence as a multiplication sentenc,e.

Find the aumber n represents. . R

Example.~64-—2—n 2xn-64,n-—32

a)

d)

e)
£)

- 8)

h)

Complete these to make then tr_ue sentepc-es using words fro .

832 &4 =n- (X(X/w ‘832 '-205’}

,_273& 3=n .(3X@':,873 v = 9/)

568:8=n (§Xm =588 - 7/)-’ ,
5207 = 7 = n (7x/n/ =Hzd7. ez GOI) .4"‘“.'
(5,(/;1, 355 ez 7/) ‘

355.+5'= n-

‘502;7=n (7147/ 60,8 /n/-(?é)
664 28=n  (§xrn = G# vz §3)
1,_11‘73~-~ (3xm, N 3\79\

‘this set of words: divisiori\j," :operat-ion,' m 'ytiplioat‘ion,' P

addends, subtraction, 'factor,' aﬂdi' " {

a?
o) -
c)
d)
e)
£)

s)

;.

we operate on two factors’ and ‘get aW) BT
The operation of (QM”_’) undoes subtr&otion. e

We operate on two(Mand get a sum..

The operation of -subtraction undoescm,
T% I‘ind an unknown : adde'nd we useém,,))

We usé divislon to find ‘an unknown@éc&zl
The. operation ‘ol{w‘éag produces a sum. - -

@M@)}on numbers is a way of thinking about

Ewo numbers and getting one ,and dnly one numberz.

petation of (utbphedhs)

Sy d9g ol
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- 6 COmplete these to ms.ke them true sentences fFind' the _oroducta
&nmpleais done foryou - .
4.8)'5xl4 (5xlo)+(5x,4) 0. -
+ b) §x18= (6x() + (6 x 8). f-/a'?).“ k
@) 9x32= (9x(3_))+ ((i)xa) (=.288)
a) 7x25-= (7 x(,i)) + 17 x 20) (;‘/75)_

. e) 5 x 82 = (5% ‘80) +-(5 x(é)) (:'4/0) -

L f) 25 x 6= (20%.6) + (5.x(2) (= /50)

.f ' g)’ 100 x 2l @Qé)'xéb) + (Q@)x 1). ("2/00)
4'h) 32x4 (l6x4)+wx4) ( /,25’) /

- s

(771 2000 x 13- (1000 >(_2) + (QQQ)X 2) (- /3600)

W

, 7 wﬁitg each of the following using symbols ,
¢, Example: The~number 8 increased by ¥y, 8 +‘x'- )
. a) The sum ot y and 6 (y*-é) - SR
. __;b)‘ -'rhe number y added to, 6 (é*?') ~ i
c‘) The number. y increased by six {7,:5)
' d)  8ix more than the number ¥ (7 +&) . u
Find the number represented by each of the above if y 7

//3)

'8".’ Write each addition sentence s a subtraction sentence

~

.4.“1“ .

'“Find what number n represents o _;'5

.

o 'a) 40 +n= 68 (éé’ 4@-@, m—za’)e) n + 69'= 534 ({35/%?-:;
L _.b) 36 + 1= 39 (37-54-,” ~:3)f) ¥52+n 931(@;_4%-7
¢) ®+ 54 % ( G54 zme 4&3&)8) 384 +n 731(7.7/-3351—«)

| 4) 102+ n - 256@54-/% —m;,) h) 465+ n < 534(535‘-4«;

’67
1/99., S

j', - D ® }" ..-685

]

Pd
.
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9. Match each Word in Column 1 with a picture or.a meaning in .

o .

’ -

Column I, - , o - TR
- Column I , ‘ . -.  Column II
1) vertex (7) . : a) the ung.on of a simple closed
' 2) "trian'gle. (‘Z) - . o curve and its interior
3) }ntersection (g) 'l_.-b'),' A —

%) radius } /f) _c)'.. ) -I ' - o ‘.
8)’ quadrilateral (,4) . ”

_ . : d) - the study o,f.‘ space and location
6) plane regio'n .(@,4’{)
7) circle (/) o
& 8) ltrj.angular region 0,) "f'). ) ) @

/\9) ray- (j)‘ I o 3 N EPREEE

g) the short way to rame a line

e) the set of pcints that 1is {‘he
triangle_and i‘cs interior

L ~h) the polygon that is the union
L , .~ of three line segments

.
ot - ' . ‘. - . *
~ ¥ o * * T ’. s e
. . - . - . “
3 : 1) -
N .
ot

v tha‘c are not on the same 11ne

| (

‘Part B "
Sy

- ¥

'—Hrite a mathematical sentence (or two sentences -Af necessary) for .

’ each problem and solve. Write an answer sentence. =, .° Lt

Y x P5°2C o
much does he pay for two dozen. sof‘cballs‘? 5x.?¢ VR

C=2040 0,k 2. Mﬁa%ﬂ%ﬂ/ W/

- 2. How many ice cream cups can be béught for 90" cents if _each
. . gup costs 6- cents? (9" (G z v ov G X 20 o = s

' WWA /»»;J?é;ﬁw % e«-&‘z)

1"~. Coach Lang paid 85 cents each for schoo'l s}%gzﬁans‘.:f How -

686 2ug

P2
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3. : There were 28 sixth grade girls, 32 fifth grade girls

and 30 fourth grade girls at Lincoln School.. How many
girls were in the three grades" (27*3'2 +30 =2 vz %0

&ZZ%&r4%¢Mb’9b2?oaéﬂ. ,4561&412?&z¢4x2) i
4, For his model plane collection, Mark pays 31. 29 for one - .
! model $g,25 for another and $1.46 for another What
s L.

" is the total cost oftemode 8? //'37"»2/3{*/%5 e .
C“é00)77 M’fdd%%m—%&z) N

5. Jn ;he problem above, Mark had 'saved - $3. 29 and borrowed

~ .
' the remainder from his father oW much,gid he borrow9 .
Kf ~3.29 r me LT/ WW 1227)

Barbara can swim 120 yards in. 5 minutes How far can

.she swim in- 20 minutes'>((/'?0 5’)/-20 T e S20 5/—/,- )
Fx 20 - WW(Z&*!)X/Z& v OV RO 5 ,t ,&X/-@-m/ /n/—%fa
Creer 2evir S50 < 20, >
7. . A sign in the bakery reads, cookies - 30 cents a~dozen,

' donuts - 60 cents a dozen,'chocolate cakes - .80 C°nts '_

-each, How much does ‘1t cost for,two dozen cookies and 2
K C?x’52ﬂ+ib AV MU 2XFO: C{/ C=¢o ék?#&b ,4ma
cake?

: Mw'w % i %v% &,éahze«méiw)

8. In the problem above £ind the cost of two doéén cookies,
" twd dozen donu and a. cake. {"215”)"(2 Xéd/)"yﬂ 20 =60

: e ol cnlo. . X) A
-+ Individual ProJects R o .

-

v .

Make up some operations and their symbols. ~“Work at least
8 problems with each of your make-believe operations Then

put some examples on the board to see if your class&can
r . . o
_discover their meanings. , e

T2, Arithmetic is only one kind of mathematics There are at

least 79 other kinds. Name five or more other kinds of

fmathematics ‘Make a chart ﬁor your classroom of the kinds
. ' ‘ : . . ) 3 .
b you can find. . . e
o wiydl oo
. 1 687

[
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. ' o - _Review _ - k2

SET III- Z. . .

_1.b In the chart below_, ‘tell which property is 111ustrated by |
~the number senté’nce ‘!} the 1eft , Write the first letter of

: each word that names the property 1nstead ofv writing the .
words. For exampie Jurite A P.A for Associative P«roperty

.of Addition AN
] ~
. Number Sentence . _ - Property’ ’
‘a) 320x7'- (300x'()+ (;Ox?) (DPM)

b) 643 x 29 = 29°x 643 < Acpm)

c) 87+7=(280+7)+(T£17) | (pem)

) 381+ (546 + 9) =-(3BL+ 546)+9 | (apa)

e) 250 +'5 = (200 % 5) + (50-5) " {pep)
£) 37 + 504 = 37+ 504 . (wone) .
g). 46 x 6 = (40 x 6) + (6 x 6) (ﬁP.M)
~|h) (235(7)x'18.=23_x'-(7x18) 'fAPM)'
. 2 F111 1n the symbol = or ;! which makes ea\c‘h of the
~ following a true sentence, A T -
Example: 324 + ¥15. £ 748 ) s S
a) 46+18(=) 64 - £) _53’4.-’2,73'@2'71_ R |
.b)’. 303 + 235 (=) 538 - g) 56+ 19 + 53(z) 148 . <.
- ) 456 - 121 () 337  n) 9M1 - 327 (&) 624
- va) 87ew ke (=) W31 1) 897 + 638 (21535 - -
e'). 538.- 382 (=) 156 - J) 1962 - 1549 (£) 313
o072 -
_ 4
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3. APlace parentheses in these sentences to make them tru't;::. o
,Example 4x2-1;%+, bx (2-1) =4 -
a) 23+2%5 [lemmans =]
' v) wiexs-a [(r#=2k3:2/7 .
. Ac)"30-7+3;!20 ' [( ._7),.3'3;20]
£ 4) 6x2-5=7 [(6x2-5=7].
e) 5+3x5720 . [(5’+3)X5¢20]
) 6+2 xls,!lai : [(é,«.,ax;‘)’ ¢/z]
g) 16-'4.2x4_-,!'2 [(/é-z X &£ #Z ;2_7
h) 135 +5+ 3 =30 [(/35——,5)+3 =30] -
1) 232 x 6 - 5= 232 [232 y(é-j)- 232]
JA) "123x3-3=0 [123x(3- 3) of

s, - o
4. 'Write each of these sentences using numerals and the symbols

it

-

for "less than® and greater thah™,

~

a) Three 1s lese. than five (3<5)
b) Fifty-eight ; greater than thirty (55> 30)

) 'Eighteen is less thap nineteen (/8’< /?) ,
d) Four hundred five is. greater than five (4-‘05‘) 5)
e) Three tens are greater than twenty (j’a} ZO)

'f) One-thousand twelve 18 lesF than’ two’ thousand ( /0/2< ,&wj
g) SeventyAs greater than sixty-two ( 70> é,a)
h.) N%hun:ired ten is less than ten hundred ( 7/0{ /ooa)
i) Three hundred thousand 'is greater thamr three thousand

: "‘-J) Forty-six .is greater than twenty..six (;"2012)53000)

g
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‘ SIn the following exercises use w'hat you know about- .
'multiplying by 10 and’ 100 %o get-the answers. . .’ RO
Example: ¥ x 364 =/1,456 , so 40 x 364 - 1i 560 "
a)‘80xll7 9360 800x117=§é éoons
b) 5 x 766°= 3,830 4 sol 50 x 766 = g:zz,zQQZ
c) 9x36=-324, so 900 x 36 (32,@)

d) 30 x 592 = 17,760 , so 300 % 592 QZZQQQ e .

-_e) 8‘_xl25 1000,so %Oxlaﬁ}ggm °.
2,961 , so 30.x 987 ?é/o)"" S

. 1) 3 x 987
' g) 12x91=1,092, s0 120 x 91 (_._féal -

oo

1i 12 13 14 15 16 1718 19 20 é1 22 23 2525 26 27 .-+

o
4

-—»

Using the. number line- above find how many whole number; are -

- ’ 3
between chese rmmbers ,

a),'}3 and 17. (3) - e) 27 epd 23 (:3’) e
) -.'b) 12 and 13 (o) £) 21 and 20 N (0) -If

" e) 19 end 11, ‘(7) A g) 115 ;e.nd ',17 (/) N .!

D (5] w o s (5)

7. Co‘py .and complete these ,sentences L :  ‘ .
‘a) A ray has fm ) endpoint(s) . .l_:. L
b) A triangle is “the :union of(ﬂh‘:! line segment(s)
c) .A line has [4252 éndpoint(s) , S ,
d)’ Space is the;set of {QQQ -point(s) ' | .. - ‘
— e_'). - 1ine segment has /ZZ@} endpoint(s) R ,_. _~ '

- f£) A radius is a; line segment with jng “endpoint(s).
on the circle.. . I v

g) A quadrilateral is the union of. (@Z _ life segment(s)

204' ST FC

690 - .'_ . g . . .' )
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" 8. Match each word or symbol in Column I with a picture in -

_ Column II o E . | o -
| . Cglmn I . Column II ,
1)';5 (Q) .‘ 2 cx)'.G . - b) / ‘ -
2) [cn"r:l () . Fo F
3) triansle (a) | A R
voam . () e c/ o <
5) ?zsm, (c9 - 0" — A R
6)" triangular. region (5{\ . / ¢
7w B S
8) circle [,ﬂ) . ' e
9) quadrilatersl(e) - 8 |
Part B < & v

 Write a mathematical sentence (or two. sentences if necessary)

for each probl and solve. Write an swer sentence,

1.  The Clark family traveled 387 mileé ,1n 9. hours How many
miles did they average each hour? ( 3€7:9:m o= 4‘3

W‘{GM}M %W)

2. During Public Schools Week, 1,162 peoplé visited Pine Grove
‘School, 1,219 visited Sleepy Hollow School, and 1,_094

- visited Inland Vailey School. Hov many people 'v‘isit"ed the

three schools? (//6,2+ 7279 +/07¢ o v s 3ETE
s%u/ seses 3‘%7.5'#&%& M,ﬂb 3 AM)

3. /Dean and Ga‘l have stamp collections. Dean ‘has 364 stampa.
He needs 37 more to have as many stamps as ‘Gall, How many

Ezs does Ga;{lﬁhave? (3é43~/—3 7’ S —‘4/0/
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4, 'l‘he thirty-four children in Room 7 were making bird pictures
The bulletin board would hold 4. dozen pictures. ‘How ‘many

2

hildr 1d need\t 2 2 d-34m
E/;/ ’zn(;o(uz) _nee < o make tw pi tures? (4/«\’/.2 .45 25 % |

-z A Jet liner averages "449” miles an hour between Los Angelesl :

and St. Louis The trip takes four hours.  How many air

miles is it between the two cities" Wf*’é/ 4{ d =/776
Yo 1,796 e crmibbar foloeins Bl Lrw Giia?)

6. How. much more do I pay for two shirts- that@ost $2.15 each

than for.one shirt that.costs $3.29? (Z/JXZ-,Z' Pt {/30'
H30-32Fm, 2v=/0/ 4V (2X21I5)-5.29 7o ‘9/4? »

2, 0//;—;:&402 2
.7. e price o potatoes is § pounds for~ 29. cents. What is
the cost of twenty pounds/of potatoes? (20 5-f A= ‘;’/ Ty
#x2% =C (20- s)x29:ie Cz//6 i B
vsz) - S '

Group Ac.tivity Lo o , _ C
'VTns'mc,ﬁn | A\S‘,jf 5f:. ; B T
‘ o The obJects of .the game are speed and accuracy in addition. -
‘ This is a racing game. Each child d.raws intersecting 1ine |
. ' segments as shown. The sum is announced by the teacher
_ The children put single digit addends in squares so that _

v-

each row gives the sum. I 6

Example: Sum is 13. 4
. o . . . 3

MFSESY

R4

Flon|w|w

. Individual Project
4 ’
‘Use only polygons to make an interesting drawing. See how

. many polygons your classmates can identify.




-’ : ._ : Chapter 8

‘REcomnox OF cormon GEOMETRIC FIGURES
o . o
PURPOSE OF U_NIT S -

ML
<

~After a short review of triangles and Quadrilaterals,

the pupil is introdueed_tp several ways of comparing line
segments and the idea of congruence. ' Now he has an
Ibpportunity to develop an understanding of isosceles and’
equilateral triangles and to develop a notion of a right
.-angle. _Angles are comparoq with a constructed model of a
‘right angle to determine ‘Z they are '1arger than," -
"smaller than,™ or “the same as" the model of the right

angle. The unit 1nc1udes a diecuasion of rectantlea and!.

squares. = - .

The work is planned to develop the child's ability
to recognize certain common geometric figures and to
obsegve their distinguishing characteristics.. The 1dea.
'of aqarticular set of points called a §im jimple closed
surface is developed This is done in a way similar to
-that in whieh simple closed curve was developed in: the
unit, Sets of Points. - :

The simple closed eurfaeeq\etudied are the prism,

cube, pyramid, cylinder, cone, and sphere. Parts of these'.

surfaces are identified with points, lines, and plane
figures previously studied.



A
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/' ‘ ' MA MATICAL 'BACKGROUND ..~ .

.’ o R N 7 . v
] . i . ‘ }

Ld

Congruent Line Segment s _ v

" When-we write h; 2 + 2, We mean that 4 and - 2 + 2 arg
two names for the s number; en ve write 2B =.TD, .we.mean
that BB and TD are two nam or the same line segment that ;:
is,. the two segmentg’ are, the same of points. *If " KE and aﬁ

have the, same length but are not the same set of’ points, we

carnot’ say they are equal and we use the word ¢ ongruent to

.describe the relationship. s _ o ' .
' The work on congruent 1ine segments is needed for.a descrip- 1-

tion of isoscefes and equilateral triangles in this chapter. A

triangle with at least two sides congruent to each other is called

an isosceles triangle. A triangle which has fhree sides ¢ onggg

to each other 1s called an ggilateral triangle. L e

[ »

EE E! e.®
‘A right angle 1s an angle which has a measure, in degrees,

of .90. ‘§Ince the puplls have not had this concept, they will be
taught to recognize a right angle through-using models. Many -
models are available such as the "corner" of a plece of tablet
paper, the "corner™ of a book, etc. Pupils may’ construct thelr
own right angle models by folding a sheet of paper twice as is
shown in the text. : s

A An angle which is not a right angle\may be compared with a ’
right angle. The right angle model ¢ e placed over any model
which suggests an angle so that a situation similar to one of the
" two in F:gure .I occurs. - - '




pr' Suppose that the angle to be compared is ZBAC and ZBAD _
isTthe right 3ngle In Case I, AC is between 2D and AB and
we say ZBAC is smaller than a right angle. In Case II, ¥l is
between AB and AC and we say ZBAC is larger than' a right .

' ~angle} " L . :

: Although the words rectangle and rectangular were used
earlier, it is in this unit that the meanings are given precisely
A quadrilateraI, the angles of which represent right angles, is
called a rectangle [bne sees at once why we speak of a rec-- (
tangulay prlsm (see Figure 7 ‘and the paragraph on prisms) Any
palir ‘of edges of—the- rectangular prism with a,common endpoint
suggests a right angle and each face is a rectangle and its _
interiorj A-rectangle in which all sides are congruent to. ‘one
another is called a square. Some of the surfaces of which paper
models will be constructed have faces with edges forming squares
To determine whether or not obJects represent rectangles and
squares, we use a right angle model and methods for comparing
segments j,., . i °

e

Simple Closed Surface'. h

>

: 1: The points A, B, and C (which are ‘not on the same line). .
in Figure 2 determine & plane '

4 . . [
« .- v ) -

Figure 2 - o E;
In fact, any three points not on. the same line determine a -
plane, and there 1is only~one plane that passes through these-

three points. A I R : ,
- 3 - RUs - <

695




\Triangles were discussed in the chapter cn Sets of Point/. The

Now draw line segments connecting points A. B," and ¢ .as

e

&3

. ?igure 3 .
of points in a plane. This ‘set of. points is called a triangle.

1s shown in’ Figure 3= The union of AB, BC, and. AC is a set 7

b}

union of triangle ABC and its interior is called a plane region

and in tals case specificallj a triangular‘region.“ .
fow let us add to our figure the point D which is not in

_tne plane formed o points A, B, . and .GC. Suppose BD,, AD, '

‘and DC are drawn as shown in Figure 4 to form new ‘triangles.

Q

.

’Figure y -

ABD, ADC, !and BDC. &riangle ‘ABD and.its interior form a
triangular region (shaded in Flgure 4), triangle ADC and its
inter*or also form a triangular region, as does triangle BDC

.and 1its interior. gether with the triangular region. ABC, we

now have. four triangular reglons, no "two of which lie. in the

same plane. The union of these triangular regions is an,example
" of a simple closed surface. In this case, the simple closed

.surface is called a ng " There are many different kinds of
pyramids. ‘See page 699 for Lhe background regarding pyramids.
A simple closed surface ‘divides space into three sets of

<pointg: the set of points interiof to the simple closed surface,
'the set of points of the simple closed surface, and the set of

P nts exterior to the simple closed surface. One must pass

through the simple closed surface to get from an interior point
to an exterior point '

%5 210

-



. -7

In a plane, we called the union of a simple closed curve ‘and

points in 1ts interior ‘a plane re on. In a similar manner, we
will call'the union of“a simple ‘¢cloged surface and poirnts in lts' '
.interior a solid region v

AN

‘ Ehis unit-is cqpcerned with the recognition of several
'simple closed surfacbs A.so, some additional simple closed
curves such as _the square and the rectangle are'introduced _
) ”These are recognized as the union ‘of Some of the edges of a_';?
simple closed surface ‘ ‘
o

Prism -. o , - 4 o o ‘
The first simple closed surface to be discussed is a prism,

W ch we will define as follows Consider a polygon. ILet a line
m not in the plane of. the polygon intersect the polygon Think

. i * . . 2

{- . ,‘m . B S

‘—‘p’oh'/gon

v . Figure 5 4 ]
-‘/4?7all lines such as liné p (see Figure 5) which are parallel
line m and intersect the polygon. The union of these lines
is. the surface shown in in Figure 6a. The surface extends'indefi-'
nitely up and down. TYNow let the surface be cut by two parallel
- Planes. The two "cuts" are polygons The portion between the two
. paratlel planes together with the portion of the planes (you might
call them the top and the bottom, or better, the bases) which are
interior to the "ecuts" form.a simple closed surface. _ It is called
a grisg Observe that a prism, as ve are using the term, is’
hollow. . C g
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1
Cutting ! -
.' Plane: Base : o
: . — \
t .. l
S
N
! \\
PR Bose
. A ——
‘Right Prism Prism not a
Lo . Right Prism
. Figure 6a ' Figure' 6b - Flgure 6c .
- |
| Each of the plane regions is called a face ofkthe prism. - .

» + The two faces formed by.the parallel planes are called the bases
and ‘the other faces are called lateral faces. (The word "lateral" ‘i
is not used in the pdpil text. ) The intersection of two adJacent
faces of a prism is a’'line segment, called an edge. The irter-
fsection qf lateral faces are c¢alled lateral edgés. Here the use
~of - -the word edgg 1s’ Suggested by the meaning of the word as itlis
commonly used._. ch endpoint of &n edge is called a vertex. The
plural’ of vertex is vertices. - '
- If the polygon outlining the base 1s a triangle, the prism
is called a triangular prism.- A prism is called a quadrangular
aprism if the polygon is a quadrilateral, and a pentagonal prism
if t¥e polygon is a pentagon.” The special.quadrangular prism in
which the quadrilateral is a rectangle is Called® a rectangglar a
: prism. A special rectangulariprism in which all edges are con-
lgruent to each other.'is called-a cube. The only prisms the pup 1s
’are expected to identify in this chapter are the rectangular prism
(including-the cube) and the triangular prism. See Figure 7.

s -

i
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| v ’
1 ) - - g ’ ] ,
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P
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~

- Friangular . S Recton'gylor
Prisrn . Quadrangular .} . Prism - " Cube
: T . Prism pigure 7. -
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- of orism called a righ prism in which- the laterai edges are

All of the prisms in Figure 7 are examples of\a special type

Deroendicular to the base A1l prisms in the pupil text are right
prisms and the terminology "right prism" is not introduced. A

-orism which is not a right prism is shOWn in Flgure 6c.

A

N

| Pyramid . - S

In defining € oyramd, we will proceed sorewhat as we. did

" for the orisY This time think of a point P nct in me plane -
g0

of the ooly and all +1lires that intersect'the polygon and~pass

'through the point P. The point P 1is called the vertex. The

union of‘these lines is-a surface’ ‘such as is shown in Figure 8a.

! Fi/Vertex .

Lateral
Surface

’

. Base
. : ‘ - & © Pyramid
. - Pyramidal Surface With \ .
Pyramidal Surface . -Cutting Plane . § o
Figure 8a © Figure 8b " Flgure 8

This surface- consists of two parts separated by the vertex. '
Each of these. parts is called a nappe {Flgure 8a). cut one nappe

- by a plane in such a way - that the intersection is a polygon .

'(Figure 8b). This polygon and i1ts interior is called the base.

The union of the base, the vertex, and the portion of the nappe

‘"between" the vertex and the base is a simple closed surface '

called a pPyramid (Figure 8c) Observe that a pyramid, as we are

" using the term, is hollow The triangular regions are called

lateral faces. In the pupilts book, the lateral faces.are Just' +

~cdlled faces. - . ;

" As wlth the prism, a pyr d is classified as triangular,
quadrangular, pentagonal , ete. » facoo rding to whether the polygon
outlining the base 1s a triangle, quadrilateral, pentagon, ete.
See M gure 9 on the fol owing page. .- _ o

698447 )

-



Triangular -~ ~ - ‘- .™, Square

- Pyramid - - . s s Pyramid
(AlsS called a tetrahedron) '
. B . ‘Figure 9 —
' gxlinder

‘A cylinder s defined in a manner similar to the way-we
{defined a prism. In tact, in a very general sense, a prism is
" Jjust a special case of a cylinder._'Does'this surprise you? This
time, rather than starting with a polygon, let us start with any ,
-_simple closéd curve (1t could be a polygon, of course) _
' We will proceed exactly as we did in defining the prism.
Let a line ‘m -not in the plane of the simple closed curve Iinter-
sect the curve. Think of all lines which are parallel to-1line m
and intersect the curve.. The union of these lines ‘is a surface.
Now let the surface be cut by two parallel planes._ The inter-
'section . of the ‘surface with\either of these two.: parallel planes
1s a simple closed curve. Iach of these curves, together with
. its interior,)is called a base.. 'The union of the two bases and
the portion of the surface between the two bases ls a simple

N -

.closed surface called a zlinder. Figure 10 shows’ some examples A
‘of cylinders. : : ' '

—

“~

g
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J5 SR T
. ; N “Right . Circular Cylinder
] : L Clircular which is not a
0T ' . Cylinder right cylinder
%igure_lba .. Flgure 10b Flgure 10c Figure 10d -~ .

o

Figure 10c is a special. type of cylinder in which the simple

- closed curve 1s a circle and is called a circular ¢ _ylinder.
- As with the prism, we will consider only.right cylinders ‘where— - -
line m 1is perpendicula§ to the base.

~ -
«

Cone - o LT

If inc ‘the definition of a pyramid, we replace the word
*vpolygcn oy "simple closed curve" we obtain a cone. Thus, in a
very general sense, a pyramid is a special type of cone
. If the simple closed curve is a circle, we get a.circulgr
,ggge; A cone. has a base, a lateral surface, and a vertex. The

o : l_\ ﬁight Circular -~ - Cireular cone..
one . . Cone . . " not a right cone
Qk S Figure lla _ Flgure 11b  Figure 1le
r -~

lateral surface is not called a face, since it i1s not a plane
region See Figure 11b. '

- '-b - .’ . ' " .
- S 215 e o
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;3§Ehere T \\<\" R : ' - ' . o

N -

We have defined\a circle as a set of points in a plane such
that every point of th set 1s the same distance from a’ pgint in
.a plane called the center. The definition of a sphere is-the
. same as the definition of circle except that the phrase "1n a
' plane" is omitted. For exémple, a sphere of radius 4 .inches
consists of all points in space 4 inches from.a fixed‘poinﬁ,

The fixed point is called the center of the sphere. The center

1s‘n’ot'a' point"of “the spherg Any oint in space svhose distance
from the center is less than 4 in hes is in ghe/interior of

this sphere

Any point in space. whose distance from %he center’B

"is more than 4 inches 1s in the exterior of this" sphere.

The surface of’é globe is an example of a sphere. The

Lt ae

- N s

5oL

' that compose the sphere{ Observe that a sphere, as we are using—
"the term, is hollow. .  * : -



. . REVIEW OF TRIANGLE AND QUADRILATERAL -
. ObJectiye: To review ynderstandings -of tﬁg'pfﬁbérties:of the .~
: trigngle and the quadrilateral.developed in' a previous
unit,® ' ' ' -

: ) o
e / .oa
Materials needed: Chalkboard, chalk, paper, pencil, stralghtedge, .
- ," - pegboard, pegs, crayon, string

Lbcabulary:' éideé}.vertex,.vertices, triahgléaﬁquadrilateral_'.

Sﬁggested~Teéchfdg Procedure:f

;. The teacher may want to use pegs and a peg-
board in this:review seetion. Pegs can be placed
at selected points of a.pegboard. These points °
nay represent the vertices.of elther triangles or

. . quadrilaterals. Vertices may be joined by string
T, - .|| or rubber bands. ‘Thé idea of sides and vertices

can be easily.ﬁeveloped.‘ Puplls mignt then open
‘thelr books and quickly work: through, with the ' -
teacher, the Thinking Together exercises.. They - " {].-- .
will do the On Your Own exercises independentlz,y_' o
" . In connectlon with the last three Daragraphs | -
‘on page 418 of the pupil text, the following dis- *
cussion mignt -be helpful. Draw on the board a - '
figure simflar to the one below and say, -t -

Let s examine one of these'anéles,Jsay /DAB. The sides 7D,
and- A8 are Segmentq and not the entire ré?SWBEfEEe anglé; +/DAB
- is shoun in heavjuliﬁes belotr. This shows that the anéles of the
polyzon "ABCD ' are not a part of the quadrilaterél. - ’

1

D

It may be necessary to show, in a similar
way, that /ABC, /BCD, and /CDA are not a
part of the quadriTaterals . .

A discussion to demonstrate this_same.idea
vWas doné with a triangle in Sets of Points, so
children might not have any difficulty with

. this idea. : :

L) .
&

217
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REVIEW OF ‘TRIANGLE AND QUADRILATERAL. | BT X

A

| 2)

R W

b)

wrhat is a polygon which 1is the union of four line,

' segnents called'> (MW) . oo R -

\

N Chapte'r 8 -. ot ~ N
> . .- N R S

- RECOGNITION OF COMMON GEOMETRIC FIGURES

Ry

e e Tl?inking Together‘? -
What na.me is given to a polngn which is the
' union of th;ee line segments" (M)
' A
The three ‘line segment& are. ~called. the sides
of the- triangle. L
& e |
| . & B I

What is the common endpoiht of any -two sides of L

a i:ri.a'.hgie,'c'alle.d? [l— /V"'T‘/'> -

' What.are tﬁe'endpoints' of the line Segrner;ts of -

te

a triangle called? [,vu:z'au) '
) . g I ) L .

s
»

- How many sides and vertices does a triangle L

» ) s . . L H g

. —e

™ 1
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We call the four line segments of the quadrilateral the .
sides of the Quadrilateral Below is a drawing of a quadrilateral
'uith sides KB, EC, TD, and EK _ L

s.zecall_tha,t__qu_—sugges%s—four— In—‘c he—f.rgux. e

shown above four.angles are formed “They are - ADAB, AABC, e
ZBCD, and ZCDA.' There are some points of these angles
that are not points of the. quadrila‘l:eral because angles are

made up of rays. vf” s
' o ’ L ': S :' ’ e \
e vert R ; 5
The vertex of one of the argi®§s called a vertex of the y
quadrilateral. A . o

>:Dhe vertices of these four angles are called ‘the vertices_

»
2 c

a:of the quadrilateral IR ol ’
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e ' . Exercise Set 1

1. a) Four p'oin.ts are marked';below.' Prace these points on a-

sheet of paper a.nd !label them as shown.

oF
Ee 3 )
G
- ‘He
.. b) .‘. Draw ﬁ’ FG-’., a’-ﬁ, -I{—E- ~ M o, /
R . - . . . .

2. On the sheet of paper on which you drew the figure for

_éxé—r'c"i'_se 1 wrlte answers to the f01101v1ng- questions:;

. L . ) N . \ )
-a) Do these segments form a quadrilateral? (?}««)
o . s o . o CT;_»”G .
b)  Name fhé sides of this quadrilateral.sZ Zi’ £% o ”—E’)

c'.:-) ' Name a vertex of the quadrilateral /&W-—nﬂ»\m} ._J#)
‘ FG

-d) . Namez the vertlces of this quadrilateral (&,F 5 ,q)

oy -

e) Color the interior of the quadrilateral.

oo (L&r Ay enTirior, X, ,..d'e,.L,-zF._,L‘LZ.p

' 3. G0 bacl_c to exercise 1. Trace the 4 points again on a e

sneet of paper é.nd label them- as shovmn.
a) Draw EG, FH, EH, and FG.

- RIS ‘these Segments form a QUadr}Iateralg‘rLI?fhyo (JL; 4,.....1'

1.0
. of . )
. . ) ) . .

S o706 | \ o
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4, - a) Four points are marked below. Trace these points _on'_a
sheet of paper and label- them as shown.
i

UL R
b) "m‘-a& T, W, X aa R

5. On the sheet of paper on which you d.rew the figure for

s exercise 4, write answers to the following questions.

L ‘a) ‘Is your-figure a union ‘of four 1ine segments? : (‘2“') .

. b) Do X and R 1ie on the sa.m line'v(r,du,i%"* '

L]

o e) Is your figure a qua.drila.ter.av.lS Why or why not‘? L
7 d) -Is your figure a polygon" { ‘3*«)

- e) Wha.‘t is a nagne for your figure? (17«12-)
} . e

6\ ,'Mark three points (not all on the same 1ine) on.your
o _;ﬁ .
.paper. ‘Label them. P, Q, and R. Dra.w g, Q'R', and’
. ‘ -

LY

a) Is your figure a polygon‘? ('é,u.a)

g

b) 1Is. your figure the union 6f three line segments" (bn—)

¢) What is a name for your figure? (Z«.,&) L
, d) What is a.__triangle? (a qﬂLo(a aa_....\ ZLu

AR
-

LX4
h
)
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COMPARING LINE SEGMENTS

[

. ObJective. To develop methods of comparing line segments and to

develop the*notion of congruence.

f -
Materials: String, compass, straightedge, pegboard, pegs, paper,
o pencil, chalkboard, chalk . '

'Vocabulary: - Comgruent

Suggested Teaching Procedure: : e

- i ,

: Review the instructions for using a compass as
taught in the lesson on circles in Chapter 5, Sets
of Points.

-7 T In mdking: comparisons of line sbgments, a com-
pass, where it can be used, is probably the best
device. 1In other cases, a plece of string may be
the only feasible instrument of comparison. Super-
imposed tracing .1s a third method. :

These .three methods.all involve the use of
models-> AS you read the pupilts book you will find

- - that the use of models in comparing line -segments

|1 is carefully described. A tracing and a piece of

~ _ string obviously are models. It is not.s0 apprarent

|} that we are using a model when we use a compass,

~ -||  because only the endpoints are indicated.

% If two models of llne segments can be matched

"endpoint for endpoint with each other, we say they '
are cong;gent or ve say shat one segment 1s
congruen the other. : ‘

To begin the discussion, ask-the childr@ﬁ“@g
compare by eye alone two segments "represented by
objects in the room. They should check this .
{| comparison by making a comparison . using a.plece | N
. Al of string. Ask the children if the comparison '
-~ made by using their eyes is as accurate as the

: comparison made by using a plece of string. Next
shov the children two different Rieces of chalk -
and ask them how they can accurately compare the
two.s A child might answer that he can either use
a string or place the two pieces of chalk next

-to each other to maked4 comparison. It is pos-
‘sible that a child might suggest the use of a
- eompass to compare the two segments represented
by drawings. At this time allow the child time
to experiment and to demonstrate his ideas to
others. ' The teacher 'should gulde him by sug- .
stions, directions, or demonstration so -that he S
achieves success in his endeavor. :
The Pupil Book 1s in sufficient detail to be
followed

. 222
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cor ARING LINE SEGHENTS . : -

Thinking Together

1) ‘Henry-says he thinks the line segment represented by the edge

v

of his desk 1s longer than the line segment represented by the

: botton edge of the door. Bill thinks differentl" Ther havef

onlv a long piede of strirg How can they find out which

sezment is longer? . ' _ ) oot

2) Bill says, "T can take this long pilece of string and holds
it at one corner of your desk.‘ Then we can extend the. string

along the edze to the other corner. Let us hold thls string_

' 50 .that it represents the edge of the desk.v

"Henry, rou hold your end of the string at ene corner of

L -
the bottom edge of the door. I place the string along the edge

. leading to the other corner. Suppooe the strin~ does not reach

the40ther corner. Then the segment represented bthhe bottom
edge of the door is longer than that:represented by:the edge'
ofRYOur desk.; If the string goes'beyond the other corner, then
the edge of the door is shorter than the edge—of the desh., If
the'string matches exactly the bottom edge of thne doo"'from
corner to corner, the line segments represented are congruent
Bill says the line segment represented oy "the edoe which
runs from the top to the bottom of the door is longer than e

the line segment connectiné the corner of his desk to the

. ey )
teacher's desk. How can Bill_decide which 1s longer?

You can always compare line segments which are represented -
by obJects if you have a- piece of string tnat is lonc enougn.

Y

" Another way to compare linzzzig?ents is to.use a compass.



r o ) i

If you had only a)compass and you wished to decide which

of the represented line segments below is the longer,‘how vould

El

byou do it9

3) 'Follow the directions and you will*learn how a compass may
be used to c\mpare the line segments represented above. ;On'
a separate sheet of paper trace the ahove figure '

"a) TD 1s part of CB. Extend gl

| to the\edge of thelsheet of
paper. o '
b) Set the metal tip of the .

comoass on A and the pencil '

tip of the compass on < B.
c) Without changingAthe‘setting o “ C.
of your coﬁpass,_place the metal tip at C as if you
: ‘were going_to.dran:the circle with centerlat cC.
‘d) ' Drawv just enough'of the circie to intersect Eﬁi
e) | Label the intef*section .T. I T 1s between © ‘and
: D;J - BB 1is shorter than Eﬁ If D 1is between :
C : \T,. then AB 1is longer than- CD. Ir the point .
offintersection is * D, then A is cong ent to CD .
" (or EB and (ﬁ' are congruent segments)

224
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6) .

c) Name the longest. ( £F)

Iionger? - Use your compass to compare A_.B' and CD..

1 4

a) COmpare the segments with a piece of string.
b) -Which way of comparing do. you think 1is better here°

| A - o (Gepas)
Trdce the three line segmehts, Compare their lengths.

2 .
Use a compass.
.

a) Name the shortest line segment. (CD)

;D)» Name the next shortest. (?95)

~Look at AB and TD below. Which appears to be

.

Which is longer? (ViZhr, Hoysre trgmaZ)
S 4

1y % 2z B/
- ‘ BN
c -~ N\ D ’
N - /
oo
. \\ | s
225 |
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.7) ~ Compare AB and CTD.
Which is .longer‘> |

Exercises 6 and 7 shows us that sometimes we mst
use an__ihe'tru_ment to compare seg;neri_ts,. We cannot -trust our

‘eyes alone.’

~ 8) / The line segments represented below are céngruent
o a)  Show. that they are congruent by using your
I compass . _
’ b) Place a sgheet of thin paper" over AB' end :
‘trace it. ' . __ T
' c.)  Move ’the tr’aci_né’ so that the dot marked® A

covers point C. Can you make.the dot marked

B cover D? The tracing of KB matches the .

.drawing of CD exactly, endpoint for endpoint.

~ .. Of cturse, we have not actually moved ZE. .
Ve h'aire moved a .drawing of it.'

9) Ir gomeone asked you to compare segments, which

- . method would syou use'> (XL-» ;-—a-/w l:-f‘.n.-;



ISOSCELES AND EQUILATERAL TRIANGLES

_ObJective: - To develop an understanding of properties of isosceles

. and equilateral triangles. J
. *a) An equilateral triangle has three. sides
. R congruent to one another. ..

b) An isosceles triangle has at least. two
sides congruent to each other

»

‘Materials: Compass, Straightedge, string, paper, pencil, chalk
- N and chalkboard wire or stick representations of
-~ iSoSCeleS and equilateral triangles, models (paper)

_of prigms and pyramids for display.

¥

=Vocabulary: Isoscelaso equilateral

b
Suggested Teaching Procedure: o S

Prior to the lesson, the teacher should con~-
Struct an equilateral triangle ‘and an isosceles
tridngle out of wire or sticks. - -

- The procedure for const"uct&ng isosceles and
~equilateral triangles on paper with compass and
Stralghtedge 1s given below. -
1) Construction of an isoSceles triangle
' a) - Draw a cirgle with center at A

B -

- b) Draw tWwo radii of the cirble S
- « (not on' the same 1ine). o
¢) Label the ‘endpoints.of these radii, R

_ 'which are also points, of the :
; - circle, B and c
~ © d) - Draw «ﬁa. ‘ ' '
< . A ACB is an isosceles triangle

and ‘AB are congruent.




R Y

o - T |
2) cConstruction of an equilateral triangle-
. with a chosen.line segment AB as one
side. '
a) Draw-a circle with center at A
- and radius AB: - : .-

b) *Without changing the opening of the -
- compass, draw a circle with center -
“point at B. ‘ -

¢) Iabel one of the points where the .-
- . two circles intersect, C. '
d) Draw ‘AC and EC. R
e) A ABC  1is an equilateral triangle..
f) ®B, BC, and are congruent. -

.
« .

. ‘The_children will find it interesting to make
a bulletin board display of geometric forms found
in nature. They may bring to clkass leaves, -

‘-

shells, arrow.heads; and pictures of insects,
animals, snowflakes, crystals, volcanoes. The
.children should classify and:label .thése repre- .

sentations of geometric forms. .-

. . " Prior to, Exercise Set 2 you will need’to
show the children how to construct an isosceles
»triangle and an equilateral triangle, using only
, a compass and a straightedge. Ce _ .

L

-
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ISOSCELES AND EQUILATERAL‘EBIANGLES

o

Thinking Together

- A triangle which has at least two sides congruent to each
- other is called an isosceles triangle.

A triangle which has three sldes congruent to each other

is called an guilate triangle

- 'l. Which of the triangles below is an isosceles
triangle‘> Which 1s, equilateral" ( 347«“ /)

Figure 1 - T ) Figure 2u . ‘fé,r'

~

PR T .
L. Are there any isOSceles triangles suggested by

. ) :'the edges of the models in your classroom° L
‘ 3. Are: there any equilateral triangles suggested

by the edges of the same models‘> [JJ“_.,.J[A,....L—,..%‘»-‘-D

~

k> .Name-some things on which- you sée isosceles-

triangles represented. A

' Name some things on which you see equilateral

4%

triangles represented o .' B RS
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Exercise Set 2 £33

P

Draw an 1sosceles tria.ngle'using only

Y
‘a compass, pencil, and a straightedge.
_ This picture may help you follow the et

_ direcﬁions ‘of your teacher. o

5. b) Is E;.ép@aént j:d m(z;u-) | :

-

. . »
- :
- -
ST
. .
. ‘-l
’, .
v
) ¢ 4
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2.. a)  Drawan equilat@r;ai triangl‘e using only a
ﬁ__’_.'_ compass, pencil » and a straightedge This .
pict‘ure may help you follow the directions .

of your teacher

i
N
i
. “
T °
v
e G
.
xS )
Al . ‘
o . e
. . K-
PR §
d
< -

3. Draw ', n isosceles triangle which is not also
‘an i equ.{lateral triangle. Make_.one of its
- 8ides congruent ‘cb EE o .k e T

7.
- ~
e,
. '-v. ;’

4, Draw an. equilateral “criangle Make each of 1ts

sides: éongruent to TE of exercise 3

- .
L ‘g <«
R

~ . . -

ST o




RIGMANGILFS‘ ‘ b "‘ _"'. L '- . ' " . ~ . 'J
ObJective._ To aevelop the concept of a right angle, and then Qg,s
L to compare angles with a constructed model of a '
e Tfj right angle._
:MztcflélQQ : Paper, pencil;-chalk, chalkboard, models (paper)
SRR ,'7'1 of prisms and,pyramids for display 'ﬁf‘ e

'vmbwila'rv:--;-'mm@sles s '
] T . R

AN -

,: The presentation 1n the Pupil TExt is
1n sufficient detail to be followed.
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RIGHT. ANGLES s
,I. ; .,' "'._.__'_'b.. .f'..-'. A'.. ) E ‘ . ) . s "_
g 8 ’gTbinging’Together '
L e have. leérned that an.angle is the union of two rays

which are not on the same line, The two, rays must have a common

endpoint. By folding paper“wefare going to represent an angle
" which 1s called a rigg 5 T

Fold a-sheet of paper' It is not necessary to have the
edges.even. The- crease represents a line segment xNow fold
the paper aéain so that the edges of the first crease line up

' exactly. The 1ntersection of. the two ereases 1s the vertex of
'{an angle. The creases represent.part of the rays of anﬁangle.

~ Show tnese rays. The angle that\ls represented 18 called a |
right angle. ' o

>
iy

A o o : o '_. . Righf Angle

Does this page itself suggest a modelﬂof a right angle?

-.- . (ﬁ#t‘Qde») e
Name some other models of right angles in your classroom.j
. ,3 .

v
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We shall .use the right-angie model to draﬁ-a right angle -
haVing a chosen ray as one of its rays Let*the ray representedv
- below be the'chosen ray. Draw a ray'like this on a sheet of.

paper.

.

]

1. a) . Label the endpoint of the ray as

b) Place the folded paper model of the right
X angle s0 that the vertex is at A’ “and
| one of the creases lies along the-ray.

“+ c) ﬁTrace alohg the other crease from the vertex.

. . L.
» ._.

2. There are twb possible right angles which can, be .
represenﬁed on the paper if the 1nstructions above :

are followed. Draw both ‘of these. ' xﬂ;”ﬁ

We shall u¥e our model to compare angles with a right angle.
Suppose we wish to compare ZBAC, represented in Figure 1, with
a right ang}e Qﬁ another sheet ofspaper copy ZBAC Then draw .

the rightranglé‘ ZBAD uith AR one of its rays. Draw"it so:;

>

that D is”oh the same side of AB as C. Notice that AC
- falls between AB and AD. We shall’ say, therefore,” that

e
[EAC is smalfer than éBAD-- So ZBACe-is smaller than a right

angle. = . A - S iif.- |
D S .

———————_——’._




PU3O" Lo e

[N

Suppose instead of the picture of the prev*ous
‘ figurer we have the picture below. Here AD' is

" bebieen - AC 1and _AB«__SO vwe ‘say that'

Xt . . . .. ._'.a

 /BAC _1s greater than a right angle.

A
40
C I
1 N l
I
. ! :
.. l
- —
. |
A Pigure 2 . B
5.
. " i ol . .
Of course, 1f C 1is od 4D, then /BAC 1is
a right angle. . ' '
\ el
. ~

721
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Thinking Together -

FIGURE |

FIGURE 3

FIGURE 2

? .

>

‘FIGURE €

FIGURE 4

Vlsu'as 5 ' .

FIGURE 7

«*
1. In this picture seven‘angles are repreéented Look at '
L] o

each angle carefuily. Without using a right angle model >

name those angles which you think are right angles.
(4-0-‘»- —""“0"'""‘3 "';.«1—-:4 3‘-0-]!«14 {a‘ﬁa,#a-*& )

2. Without using a right angle model, name those angles which_
' seem to be greatér than a right angle. [@M 1]43...-. /,2,‘7)

3'. _ Without using a right angle model, name . those angles which\
seém to be smaller than a right angle. (zz....%:""?«‘- 4 s 4)

4, Now check the figures with a folded pa}?\er model of a right

angle to see 1if your answers aruorrect

5. Are your answers in Exercise 4 the Same as yowr answers
in Exercises 1 - 3°? (l-«-'n *-"*”M-'))
j ‘ .

236 . -
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10.

. You see how an angle may.be compared with a right angle if

the angle has been represented 'by a drawing.- Shppdse an

. ‘ / _ . o
-obJjéct suggests an angle. How would you cdﬁpare this angle .

with a rivht angle° Find some object in your classroom
which suggests an angle and compare it wlth your model of
a right angle.’

o

Are the angles represented by the edges of your desk right

angles° (35*4&%%) . o | o _ .

a) Do.the hands of a clock ever suggest right angles?.[éﬁg>

b) "~ Name a time when'tﬁe"suggest an angle less than a
. rigl"t anﬂ'le (1« “re """‘j f‘-ﬁt—u MMM— ;
R ,._jm )

c) »Iame a time when they suggest an angle greater than a

rizht angle (1&-«‘« MM“J“-’

*

Sue wants to know if the‘angle the hands of the cloclk

sugzest wnen~the time is 12:10 1is larger or smaller

.

. Than a right angle She has a tracing of a right angle

on thin paper._ How might'she'use_this tracing to decilde
whether or not -the angle is larger or smaller than a

S .
riznt angle? -~ ‘ -

Zame sowe otﬁer oo'ects hhich sugpest rlbht angles. ,
”“'}L?“Jﬂ”‘“ﬂ'?“—“v%;a.{*ﬂ‘—%-)

-



RECTANGLES ANDiSQUARES : i , | .

Cbjective:  To develop an understanding of properties of i
'~ “rectanzles and squares. a quadrilateral which has.

four- rigqf angles 1s called a rectan3 le, a rectangle.

which has all its sides congruent to one another is
called a square. - '

Materials:" Paper, pencil, chalk, chalkboard, compass,- string, -

' *  straightedge, models (paper) of p rramids and prisms

for display. - _ o - SN
. . o

Vocabulary ' rectangle,7square

~ Sugz ested Teaching Procedure-

]
W The oresentation in the’ Pupil Book is in-
sufficient detall to be followed. ' . Z
Answer to Braintwister on Page J+35 of Pupil Text.
: Drav a square using only the folded paper
model of a right angle, a cqmpass, and a pencil.
With a rignht angle model we- can represent a
square. - . S
i A _:-,,
<y
-, *
L R - B
& ag Choose a point and label it A. ' S
b With the right angle model made of folded ) .
© - . paper, draw a right angle with vertex A.
¢) Draw a circle with center at point A and
. radius any convenient length.
d) . Label.as B and C the two points of
intersection of the circle and rays of the
" right angle. .
e) Draw.-a right angle. with vertex at B,
_having BA as a ray, as in the picture.
f) Draw a right angle with vertex at' C,
having C as a ray, as in the plcture.
g) The right angles with vertices C and B
. have rays which intersect in point A -‘and S
. another'point. Label this point D. '
h) Compare ‘the angle /BDC with your right- - .
-angle model." It i1s a right angle. = ;
‘ The rectangle with vertices A, B, C, D e
1s'a square. Testing wifth a compass will show L
.. that the sides are congruent. . =

' PRCY B ,_ﬁ ) . P

- 724238




P433 .-
RECTANGLES AND SQUARES
4 L Thinking Together . .

If eachof the four angles of a quadrilateral is a right v
angle, ‘we say that the quadrd.lateral 18 a rectan gle. ) -

7o, Ca.n you/ﬁ.nd edges of your -book which represent
a recta.ngle’&?"Check fwith your right angle model.

‘. i
]

2.. Do the edges of this sheet of paper represent a
.recta.nglelftf'Check with your right angle model
. A .d .
3. Can you find a‘ny models in your classroom which

represent a rec"a.ngle"ba»éheck with your right

angle model. \ )

-

b Name some obJects at your home which suggest

rectangles. ( M‘—*f‘—"— ‘0‘40'“ wwo
t 81 4;:*2{-;4-*-.¢43J"j}“1;/w

° -~

5.  How could you draw a rectangle using your rlgl:zt Q
a.ngle model? /4'«-»' u.ﬂ,,_,..}> '

'3
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Exercise Set 4

AN

-1, -a) 1Is the quadrilateral represented below with vertices

o _A, B, C, a.nd D a recta.ngle" ?‘I}se your model of

R arightangle

| B ‘ : . ‘ 1€
. RN |
Al £ I
5 _'eéng;-u_en_'c to BC? (%)
I 'ATB'. eo:ngru'ent to: .-DC" (‘a"') '.,..
BC congruent to Tx‘ﬁ" (‘3“')
e) "Is. BC .cengruenta'.to TD? (7"> . -

2. Uhich of these statements is trmie?

y'i

a) _ A recta.ngle has two pairs of congruent s:i‘de&“ [ iﬁa}

_.)-.

,,\

:.".b)' All four sides of - every recta.ngle are »_congruen.t [ .'

_:‘1'3.' . Make a copy of AD of exercise 1. Us:Lne’Iﬁ as one "

. . . . . L . ‘9 Ty K
side, see if you can draw another rectangle which looks .

. different from rectangle ABCD of-exercise i.

726"
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KR a TR .- Thinking Togethen : N

A rectangle with all its sides congruent to, one another :
is called a gg‘
- 1. Beloy is a representation of g square. Check !

he angles with Jour right angle model and .

2, . ,
) the 5ides with your compass, //
, ; P
J o
I -
i A}
: 2) A
b) Are all the angles right angles'> /7“9
R 2. T~rame Some‘objedts in your classroom which_sﬁggest'
Squares. { o of Mok, focrs SarplbfZ0. )
3. Name Some objects in vour home which suggest sguares.
ok, ;s'every;sqﬁarg~a'fectangle? (jAQD ’ ?
. L . ) '
5. a) Is every rectangle a square?(?Z)
, . b) Are’some rectangles also squares? (ya)
. . e :1;"
BRAI'NTT:II_STER | s

Drau a square usiqg only the folded paper model of ‘a right
angle 8: '»coﬂp3.35-' E‘md a pencil (,4&4_ TC, f‘?A R4 /NAJA )
2 41 . .




SURFACES

Objective: Récognition of some common surfaces ' } s ~
Materials: Paper,. pencil, compass, chalk, chalkboard Geometric
o models of a rectangular, square, and. triangular prism;
circular eylinder; non-circular cylinder;'sphere, cone; -
square, - rectangular, and triAingular pyramid; square.
.Objects that have these geometric_shapes, such as ‘
cereal boxes, cylindrical ice cream cartons, non—circu—
. lar cylindrical tooth brush containers, drum,. drinking
. " . glass, funnel, blocks of wood or plastic boxes in the
- Torm of a rectangular prism, and plastic, wood or:
- ' /7 paper ‘models. : v

k]

Vocabulary Interior, square prism, rectangular prism, triangular
Q* - prism, cylinder, circulaz-;ylinder, cone, face, edge,
rectangular pyramid, *square pyramid, sphere.

Suggested Teaching Procedure £

Q

One way to ‘establish the background for. the

| 1deas that will be developed in this lesson: Prior

. to the lesson (this could mean just before the -
children go home the preceding day or jat the end of
the prewious day!s lesson) take about fifteen :

“minutes to show geometric models and the photographs '

_ of a rectangilar and triangular prism, cylinder,
cone, square pyramid; triangular pyramid, and rec-
tangular pyramid. The children will be able, to name

" -some’ of these geometric forms.

.f' Direct the discussion and supply the correct
names which will appear below the photographs in the’
text. Then ask the children. to bring to school the

~|} following day objects that .resemble these moadels .

Il shown. The geometric forms listed in the materidls . o
section should be suggested to the children. (The

* teacher should have a supply of these models.)

As the lesson 1s presented, each child
should have an object which has the geometrl
shape being discussed so that he can follow the
‘discussfon and indicate the various parts of ¢t
objects .as they are explalned. The terms employed
here will be used in a descriptive serise and not in
a preclse way. -

'~ Throughout thils section, it must be understood

.that the models we are using are' just representa- S 1
tions of sets of points in space. v

5 ) . “
» .
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A discussion of the prism is given in

" the mathematical background section of this

unlt, - ., <L ,

. Perhaps the most. difficult thing for _
the chlldren to understand is that.:a prism
18 Just the surface’'of the figure:" " That is,
a.prism is "holIow™. It is compoged of a -
finite number of ‘portions of plam€s. We will
consider the points that are "inside" of the

prism in the unit on Volume in grade six, e

- A prism can have any polygonal region
for_ s base but its other faces must be’
rectangular regions. The. . two bases must, of

- course, be parallel and congruent. The

bases are also faces.  If the polygon out-
lining the base is a rectangle, the prism 1is
& rectangular prism. If the '‘polygon is a
triangle, the prism is a triangular prism;

~1if 1t is a hexagon, it is a hexagonal
- prism, ete. . :

Directions for making paper models of a-
square, rectangular, and triangular prism
are giwven on the following pages. Every
chlld should have some sort of a set of
models for reference. Pupils may want to
Bring models from home rather than ng -
paper models, Paper models are not v ]
sturdy. It is realized that the construction
of paper models is time consuming. .It may

" well bec.that the-teacherawill'want the chil- -

dren to do most of this_work outside of class .
time. If the patterns for the models are ©
duplicated and then pasted on heavier paper,

.8uch as construction paper, a stronger model -

can be made. - —
The' developmént for the prism-as con-. -
tained in the Pupil Book is in sufficient
detall to follow. The use of large models” by
the teacher will help develop the under-
standings of this section. . .

-

243
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PRISM - cdnstruction of a square prism-'“ S ’ ’
-1. Draw a reetangle ABCD as shown.

2. Draw, as shoim, three other rectangles congruent to-
* . rectangle ABCD with tabs, as_shown.
+ 3. Dray the two squares along AB and TC with tabs, as shown.

L, cutaround the boundary of the figure and fold along the

, .. dashed line -Segmerits.

H P
i

6.
T

.. Use 8cotch tape or paste to bpld, ‘the, model together The_.i
~ tabs will help give rigidity ‘to the fhodel. You may t-to'w. -
. trim them  some 1f you use scotch . tape. e

The bases of this rectangular prism are squares, hence the
name =--:sguare prism.,

This; picture has been reduced photographically.. The originéi

had %hé" length of EB as lg ‘and that of'BC as 4", This made‘a.
l“ll 1!! )_l_u ' p . T L
13" x 1y

}'fi'square.prism.nvég'f.{ 1
a !
Te O o I
ﬂ-. e .. \ . l
,A: ) \;J .
i L~
- - —1
| - ' .
| [
l I
I |
[ |
l |
. I l
l [
| |
| v s
7 S
| 1
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|
a8 l
- |
|
|
° | . i
E : .
[ . -
. |
| I . A
1 §
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PRISM ~ Constructior of a rectangular prism- \ L -'
. Dhaw a rectangle ABCD as shown. . ) )

1 P ;
2. Draw. restangles BEFC, AGHD, EJKF ABML, and DCPN, with" ‘eabs,
. as shown:.
-.3. Be sure tha,t ABCD “EJKF; AGHD EEFC ABML DCPN.
4, cut around-the boundary of the fign'e and fold. alon,g the
dashed line segments.
5. TUse scotch ‘tape orpaste to hold ‘the model together.
. U tabs will help strengthen the model ' You may want /t/o trim
- them some.if- you use sgotch tape. - -

6. ""The bases of thls rectangular prism are rectangular regiOns :
'T. This picture has been reducedﬁg_hotogr_ﬁ%hically. The-. omﬁinal
‘model had the lengths of BD CP, and EE as 1

2", l", 2 1", and 4", resl‘)ectively.»-. B,

- Tab

_Tab




© T . ] C \‘ .
v:PRISM - construction of a triangular prisms -, . '17g2ﬂ'a-t~'

aw & rectangle ABCD as shown.” -

. Draw.two other. recta.ngles congruent to rec‘ca.ngle ABCD with

" tab, 2s shown, _

. Draw two equilateral tria.ngles with tabs_, as shown : :

Cut around .theé- boundary of the figure and. fold along the,
dashed line segments. - - . This -pieture.has been re--

. ‘Use s¢otch tape or duced photographiecally. .
paste to hold- the 'The original model had
model together. N\ . the Jdength.of A0 - -

6. The bases of this "\ ‘and IC as 5".

- pPish are. trian- Lo ad . 2" respec-

- gulay veglons, L e tively. .

N

Ut =L

The -faces are 75 \,\ o
: recta,ngular /- .
- regj. -7 : ) .
Sl - . 7’ . ' 22,
2 . Sl P— Y
‘ . . R . ._. TA - Y Ac . _ u: - ‘ .',l
. ’ . 1 o A o
v v . . -
. L . A 2 - O . oy
- : ol Ao
p : l ’ N i
N 3
S0 .
; I [ |
v l . I
| N 1o
8 1 , . I
! o M S IR
o S SN R
! - s
I v, R . .
| " B ' . et L
I " ; RCE
_ | \ : A
: N . ' " . « . : e
. S : L
l ) ‘~ he '. ' .
1 . I ~
N i . "L '
-4 Zl - - ~ l:
. ) 1
: - LR | . 1
R -t \ | .
‘ I R b3 I .
. 1 . e
- T 1D o
e —e N e o . - R
. . . \ 3
.. - : < "‘
. ‘;‘:
. .-
. ” ‘® l"}.
' S
-




<

».gzramid Hﬁ:-;f -

y A discussion of the pyramlid- is given in
the mathematical background sectlon of this
unit :

Many children will already have a:

.general idea of pyramid. The mathematical’

“notion of‘pyramid will need to be develel-

oped. R . ' *

! @ y
The pyramfd is "hollow" - we think
only of the faceés and not,;he points which -
are on 1ts "inside." A pyramid’ecan have any -
polygonal reglon’' fo¥r its base., Its other
faces are always triangular regions. The

' pyramid is named by the shape.of its base.

Thus, we have square pyramlds, .rectangular
pyramids,,triangular pyramids, hexagonal
pyramids, and so on.

: Patterns for ‘making a square pyramid
and a rectangular pyramid are given on the
following pages. A pattern for a specilal
:kind of pyramid a tetrahedron, is also
given. .

o)

[

.
o 2

2 . 733, -
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' PYRAMID - Construction of'a square pyramid. <« =~ =+ .
. ' o - e . .
. . c o - ”» .

—y e —— e e e e —— — e

. k3 : . .

Draw a §quare ABDE as shown.

Draw the arcs with tenters at A and B and radius
AB. Label the intersection shovn &s C. ‘
Draw dashed line segments AC and BC to form "dashed" equi-~

“lateral triangle ABC. Draw tabs as shown.

Repeat®step 3 to obtain "dashed" equilateral triangle EDF

_ with tabs, as shown. -
" Draw the equilateral trianglefshown en ED and. XE.

Cut around the boundary and fold along,: the dashed line
segments. ’
Fasten with' sl:otch tape or paste. The 'cabs will help. in D

. putting the model together. Yow may want to trim some of .

" - them if you use scotch tape.

This pileture has been redyced ho'cographically.. The-ori'gi-
nal model had the ;Leng’chs of ABas 2n, - ‘

ot o - . LA T .«’ :

X - v . o | .

“ oy o 23 )
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. 4. Repeat the progess of c

_ 6. Fasten with scotch ‘a

* PYRAMID s Construction of a réctangular pyramid-

1. Draw"dashed™ rectangle ABDE as shown.
2. Draw the ‘ares with centers at A  and B and radius KE
Label the intersection shown as . C.
3. Draw AC and dashed.line segment BC to form isosceles
triangle  ABC. Draw ‘tab, as shown. : .
7. This piecture has
been reduced
photographically.
The original -
model had the
length of B, ED, 5,
and BF as 24, 3"
'approximately

2%“, and approxi- -

mately 27", re-
_spectively. ’

step 3 to form trian
regions and tabs on
DE, and EE, as shown.

5. ’Cut around the
"bpundary and fold .
along thg dashed 1ine
segments.,

tape or paste. ‘;
tabs will help in
putting the model
together. .

.A"n _




' concept of a cylinder. Probably thelr idea

‘however, that-a cylinder has ‘M"poth ends

."cylinder is a rectangular region when 1t is-
stralghtened out and placed in one plane,

*obtain the rectangular region. If the cut

‘resulting figure will be a parallelogram.

CYLINDER S

A discussion of the cylinder is given
in thé mathematical background of this unit.

Some children may already have some

is of a special kind of cylinder, the circu-
lar cylinder. -Cylinders can have bases that
are not circular regions. For example, some
oll tanks for .homes, gasoline tanks for cars,
and toothbrush containers are models of
cylinders but are not models of circular~
cylinders.

-

Children can find many models of circu~
lar cylinders such as frozen Juice cans,
baby food cans, fruit and vegetable cans,
and oatmeal boxes. It must be remembered,

covered.” ‘A cylinder has two bases which
are congruent and parallel, . and a
cylindrical surface.

Patterns for making a cylinder and a
circular cylinder are given on the follow~
ing pages.

The demonstration In-Exerclise 1 of.
Thinking Together will help children get a

clearer ideaof a cylinder. An ocatmeal
box would be a good model to use. To get
Just the idea that the curved surface of a

cut the wrgpper off any cylindrical can.
Be sure to make your cut perpendicular to
the top and bottom .edge of the wrapper to

18 not perpendicular, the oytline of the

736



’ , s s
. LS

CYLINDER - Construction of a circular cylinder .

;. Draw rectangle ABCD. 2. Draw two congruent cireles with
radius as shown. .In order to make the model easier to construct,
these circles can be tangent 4, 'Fold into the form of
to rectangle ABCD. - o .7 .a ‘eircular cylinder.

2. Cut amound the boundary - . Use scotch tape or"paste
of the figure. Do not. ‘to fasten the model to-
separate the circles ) gether. Place BC on
from the rectangle. AD first. "“Fasten
‘This will make ' the bases last.

it easier to Do not fold
* construct the the tab at EC..
"model., ILap it ove?
2D and paste
or fasten
with tape..
A B

- qoy

e — - . — —— f— S > Sime S W S

D= g
5. This picture has
been reduced
photographi- -

" cally. The
original model
had bases.of B
radius 1" with -
the ;lengths of
AD and as
4" ‘and approxi-

; mately 6%",
‘respectively.
. P
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;F'CYLINDER - Construction of a cylinder
.- b1 Draw rectangle ABCD and tab, &s

. .. shown.
‘+2.:Draw the bases with tabs, as shown

',§l3 Cut around the-boundary of the
“figure. Do not separate the bases -

: from the rectangle.

i!?} Fold B over and fasten the

tab with scotch tape or paste. Do
not fold this tab. .
5. Fasten the bases by folding at the,

with tape or paste.
6. Our model is a cylinder which. 1s
: not . a circular cyiinder.
1'7. This picture has been reduced

: photographically. The original
model had each half circle with

a radius of one-half inch and _
‘with the lengths of 7D, EF, A,
and AB as 4", 2" 1"  and

approximately TE', respectively.

dashed line segments and securing v

I T U —

|
I
|
}
1
':Tab J .
| .
1
i
[}
1
i
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A'discussion of the cone is given-in the
mathematical background section of this unit.

* Construct a model of a cone as as shown on
the following page. It is.not necessary to use
only a semicircular region for the curved

' subface of the cone. Any part of -a circle and
1ts interior could be used. The.larger the
part used, the shorter will be the resulting
cone. The semicircular region is a handy part
to use and makes a "good" model, so that is the
pattern given here.

o After Exercise 3 in Thinking Together (in
the section-on the cone) has been completed,
then disassemble the cone. ‘Remove the circular
part first, leaving dn exposed circular edge..
The model now, resembles an ice cream cone with-

5 };;pgt,th¢,1ce cream. Next cut the remaining
2 }i,..surface along a line segment from the circular \

o

. }-.ed8e "td the vertex. Lay this part flat against

~ the chalkboard. It should look like a piece of
pie which suggests part of the union of a

e
G

circle and its interior. Ask the children #hat: 3 t

this looks 1ike. Then reconstruct the cone.:.y .

ra

A cone may be thought of in another way.. . ||

Start with a circle and its interior. Choose a

point directly over the center of the circle

not in the plane containing the circle.  This

point will be the vertex of the cone. * Think. of
11 line segments with one ’endpoint, the vertex -

and the other endpoint on the circle. The union |

Al

.of all these segments and the circle with its

interior i1s the cone. The ripbons from a May-
pole suggest the segments from the vertex to the
circular edge. . : :

* In Exercise U4, to emphasize the fact.that
the intersection described is a triangle, the
teacher should hold the model of a cone at the
‘tip and at the center of the circle so that .
the line segment joining the tip and the center
of the circle 1is horizontal. Took at the
shadow produced when a light-is held directly -
over the figure. The outline ,of the shadow
will represent a.triangle. If the model is
held so that the line segment . is vertical, the
shadow will represent a circle and its in--
terior. Name obJects which suggest cones or
parts of cones, . .

-

. ’ 739
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fJQOEEfﬁ“¥1 COnstruction of a cone
' U

! 2

oy
P

1 ' o ' o ///
\\//
se’'a compass to draw a circle with a radius as "shown in the_

diagram. Draw tabs as shown.
” Cut -around the boundary of this figure. 'The eireular region

B

- will be the base of the cone.

A‘USe a compass to draw a semicircle with a radius as s shown in

~in the diagram C 1s the center of the circle. AB is a

.- dlameter. ~Draw the tab as shown.

... Cut around this figure.

. :Fasten AC to BC with scotch tape or paste so tha% i

“ falls on -EC.

-6, Fasten the base to this model by folding the tabs and using
iv;;fscotch tepe or paste.




’“-ﬂathat one end is at the center of the sphere and

SPHERE

+ . A discussion of. the, sphere ié glve
mathematical background section of this.
© . The mathematical’ idea of-a sphere will be
rather difficult for some children to’ grasp)
Certainly iIf we should begin our study o here
by -saying, "A sphere 1s the set of all the points
in space -that are thHe same, distance fyom a- K
chosen point called thevcenter" some.children
.would be quite confused!;- ¥Yet uhis—és/the idea. we
‘want children to have at" the eqd‘of this’ brief
-section on the sphere.-

This lesson might be started by identifying

In %ﬁé

EmpHEsize ‘that the model of.the sphere 1s just

its interior.
P Exercise 1 in Thinking Together could be :
" performed with this, rubber ball and a flashlight-
ob SOme other souree of light, For Exercises 2
- and 3, actually cut the hollow. ball.into two *
‘congruent sections to show that'the edges: repre-
sent a circle. - (Some teachers- ‘have used a.globe ',
that can be ‘separated into' two sections- to show
this.) Children might indicate where: they think
the center. of the sphere would be, A stick or
piece of wire could be used to help develop the-
"idea. of sphere. This stick could be held 80’

the other end moved about one of the half=
spheres to show that- the end moved about is

- always touching the "coveringl . of the ball.
The sketch indicates how this might:be done.

- Exercise 6 should help ' :
develop this idea, too.
It might prove helpful
tosuse .an orange for a .

- model of :a sphere.. "I, .-
The inside of the :
orange is not part

~ of the sphere. By"
cutting -the orange; . - ' '
as we suggested for the rubber ball, and then

- removing the fruit, the same concepts coufdépe
developed.

A small plece of clay or styrofoam ceqld be '
used to represent a center of a sphere. M
tooohpicks could be stuck in it-at random. The
other ends of the toothpicks would then represent
points of a .sphere. Children could see that the
ends of the toothpicks do descrihe a.sphere.
4 Exercises 7, 8, and 9 .askithe pupil to
- verbalize his idea of .a sphere. Some children .

a hollow rubber ball as a model of a sphere. -4

‘the "covering” of the ball. and does not include 71

may/have difficulty doing ‘this. >




o

Patterns for the construction of models of
a tube and tetrahedron are given to develop the
. ideas given An the exercises. Haye several of
: ’ thege paper. mpdels or other geometric models-"
aval ablé’ Tor explor&tcry use, -~

NS
" (‘..’

% 1
T,
s,
F

L 'Kv

Construction of a cube.'

3
" 1,  Draw six squares (at least LM %A on
' - heavy paper or tagboard as shown in the
figure above. )
2. -Cut around the boundary of~the—figur“ —
© and fold along ‘the ‘dotted lines.. . N :

: 3. Use scoteh tape or paste to fasten ‘the
" model together. The tabs will help give
stréngth to the model

4.  The model of a cube has six faces, eight °
vertices, and twelve edges.

3




-

-t

Coy

L

s

Draw four equilateral triangles W ith the

~gi:zen segment_at least 4" lo as___.
,'shown in the figure

Refer to Page 7lh'
for construcﬁion of an equilateral tri-
angle.

.. gut. around tHe boundary of .the figzi% :

and fold along the dotted lines.

_ Use scotch tape or paste to §%§teﬁithe'

model . together. The tabs wi' help make'

the model more rigid

" The model of a tetrahedron has four faces,_

four vertices, and six edges.

Ned
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- SURFACES - -

. ‘ ~f
We are going to look at some obJects. The surfaces of

these objects represent sets of points in space. These sets

' have names which you will find belqﬁ%the pictures of the-

obJects - "_\ R
I . L
s
3 . o : RN e :

*, The obJjects are called models because they represent sets
of points. Parts of the" surface of some of these obJects remind _

}Aus of parts of planes because they are flat L
: -

2 ”

K’closer look at these flat parts shows that one suggests
a triangular region (5 triangle and its interior) {Another
’flat part of a model sdggests the union of a quadrilateral and
S its interior. still others remind us of circular regions

(circles and their interiors)

LA ¢

® Not all parts of‘the'surfaces are flat. For example, the
. _
sphere, the cylinder, and the cone have parts of surfaces which

are not flat. e R

L
oo ot

. T45

. Yase.




-
L%
. .
e .
13 R -
’:
: N s
» i
Ry
o/ .
4 ! .
.. -
.
N <
. .
Y
»
>
" .
’
.- R
’ 1

. T Rectangular Prism.

L ne 259

¢

O

ERIC

Aruitoxt provided by Eic:



5, . .:l . o e »‘ . ,. ;‘ _‘ - 4 : ) : e . -.‘.
. . N . P » . .. S '] : S,
. :" ° o o .,3 ‘ . : . ) :
Rectangular Prism . N R : ) I
: A Trinking Together I £
N Let us look closely at this model q;f' a recta.ngular prism

L9

Any one of the flat pa.rts of ‘the surface suggests a quadriIateral
and its 1nterior. The set’ of’ po:[nts on the flat part is called

e

> a face. The union of all the faces is called a rectan&lar

prism. A rectangular prism consists of the entire surface of -

- the ‘model. but not the inside of the model. . - <~

» . N .
A R * . L4 . . .
R . . . . ite .
N . . - . . R . . LA .
' -

1.- - Look at_a'. face. _' 3 /

'a_)l .Trace with your finger the edge of as o

AN

,face. The edges represent 'the sides \;A '

of what figure‘> (}M »A »

. g
b) . Show with your finger the vertices of .
L the rectangle. F U

) Mark with you.r pencil th,ree points 1n
2 the interior of the rectangle. LT

L (‘ ’{- v o : | _ﬁ\"",‘.. : :li.',: e . . ._'a:_-.
How many faces does thee ’rectangular prism haveO(f)4 v
:.
’ ‘Ihe edges of . the modeil. represent :fine segmentsv. R

-4_4Thé‘se line segments are.zthe intersep;‘;ion of'v'*?b";.w

i dif‘ferent faces and are',

rec tangular prism, r

a



3. a)  Trace an edge with~your finger.
b) .Show two faces whose intersection is
this edge. a

'Count tne number of edges of the

238y
Q
g

-rectangular prism. How many are there'> (/2)

L

The cormners of the mcd e1 represent points. Each such
point is called a Vvertex of the prism, it is also ‘a vertex of
each of the three quadri.laterals which come together at the
corner. .The plural of the word "vertex" 1s "vertices s SO We

can speak of one vertex and several vertices.

’

4, - a) ' Mark aVertex of the rectangtliar prism

‘on your model with a pencil

-

b) What three quadrilaterals have this .

point as a vert_ex?

¢) How many vertices does the rectangular

prism have? (9)

5. Name some other objects which represent a.'

rectangular prismf (M lql, {M-zm »""‘, M)

[y

6. If a wooden block were hollow, would it still

represent a rectangular prism?/’l}w A—Aj QA JLAA“'

ﬂu‘;«lé,sfmuzl Nt-r.Lrju-.‘.. :ZL,M.‘..A-#

A«ﬁwn zkzz‘;L‘.LJLt;/xﬁr‘“‘, .ifaéu'xdfua41L‘L}““~z.
eeilH Lok )
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Exercise Set 2 = .
o, §
- “ R Y
Cw ’ ! . ? ¢ L. ’
. P . : .

o 1. Complet.:'e' the following Sentences, using a *

> : separat.e sheet of paper‘.

¥ - f

7

T

- i “s

Ai‘. .‘

a) A r'ec"tangul-ar prism has _al faces. .

I3 ~

-

: Eaeh /,face represents ‘a rectangular

region. =~ " - .

'.

- ' .

S A
b) The '_recta.ng}ilar prism has ,Z.-.&-

.. edges and i ' vertices:

s t . h

A

:

“
L J
. 4 . i
& / - R
- .'
L]
3
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- - .J f
A -

749, e



3
¢ Triangular Pr
S "’

[

\'_‘9'

™

18m
)

Y

6

tend



‘1?443 o |
Triangular Prism

- Thinking Together

‘The model we will study next represents a triangular prism.

As in the rectangular priSm, the flat parts of the model will =,

: represent plane regions which“are called facﬁ. The triangular

prism is the u.nion of “the faces. (Notice that a triangular i

prism, as we have defined it, 1is "hollow" )' _ﬁ o

1. ‘:Are.all the faces _of— “the triangularlprism the
ungon .of.rectang'ular regions6 (7"‘) .

2. Indicate a face which does not represent a

rectang,ular region, [ﬂ,...jz 1"‘-7-’**14‘-‘*)
3.° What does this face represerrt° (din...g& A—Joot“—\t«)

We call avface which represehts a triangle and

. | its interior a triangula:r:, face or _a,triangular
- -~.\region. “" o - L .
L, How many triangular faces are there?® (Z’”) .

5. 'How many rectangular faces are there? (754"“)

The triangular prism also has line segments whioh are the
intersections of two faces and are called edges. The endpoints

L
~of, the edges are calle d vertices of the prism. .-They. are

v

represented by the cormers of the model.

6. Howv many edges doe‘s a triangular prism haveo [‘M)

v

Te How many vertices does a trrangular prism have"'(.a«.,c).

8. Name some obJects which represent a tr.iangular prism.
Cpog- 2, fRlid pagser)
. = 264
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i:xercise Set 3
: — = )
) v
- <
- C » : . . € e

- . .
-+

1. Logk at your .mod-el and write én a separate piece

of paper the words that complete the following . -

- sentences, - - . . o
. " C | T 4 v » ‘
a) A triangular prism has & “triangular
‘faces,
< -
b) A triangilar prism has . faces.,
L4 .
L c) A triangular prism has . 9 edges.,
« - d) =& triangular'gp'rism has .6 vertices,
' . - ga'g D .
. o T S
sy .‘":l ¢ '
g ;
lw:‘ "

752




. ¢
. .
P ’.l
‘ »
-
N -:-
*
! &
& . .
ey L
RS ? -
-
?
. o
Pyramid
- . .
® o
& .

(L




-

s .' - '-'77_'-- RO Tninking _Tog‘e.th&‘ -,

. E ) ,~ - . . . P ._‘ " . e - ;‘ .
, Look at: the .modeJ. of the py'ramid pictured on page 2;)46. .

‘ It 1s made up of flat parts; onl J.ike ;hose ﬁf a 1prism. These

- .'sugi__st parts of planes, anﬂ é.s ‘in the case of the" prism, they

.- Wil¥ be called faces., The Byrlmid is: the union of these faces. ) '.

' .(Ivotice that a pyramid as, we have define,d it "is "hollow" )
: Faces next to each other intersect in al line segment which has
E endpoints called vertices. N E T S "

. - . T
L. . . .

K}

S l{~ ~a) How many triangular faces does this
. g | .- pyramid/haveb (4‘)

. - ""b) Are there anyei‘ace‘ on this pyra.mid which

*
")
e) Vnger on a vertea._ Whi?is the .
L ' : #on or toree Taces... 5 Y
v . IR .+ M
5 2001
I S »:1174* 0 o
‘gmo) . How ﬁan edges does thé,s py_
| h?} Tra#fe yith
& .
: R intersect at a vertex.‘r\ :
e o ‘
Pl e : g

s oo 0® 2, Mame some objects which suzges! 'a pyramid, -

. » -, . .
- - .
[ . -
“ -
. ;- Yo,
B - e. 'l . <,
L. : f
.
. t P ore ‘ [ A
. . "{ 'y - g
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Cylinder, =~ * - SR

. R ) . .A s — . s . | o -

: Tilinking .’.rogether T

>

. Let us- look at ‘the model of the cylinder which you have
: brought to class. B “

1. a) Are all parts of the surface of .ther.,

;' model flat? (») "

oo b) What do the flat parts represen‘c‘>
s : (awé.../d‘.g-%,u—d-« A“ “-‘-"“L""‘a‘“‘l

" ¢) Are the circular regions the same size? (3“4)

ﬁ{emove the top and bottom of a . _
‘box iwﬂuch is the model of a S ~

'cylinder. Make one stréight
cu‘b as shown in\"che picture.
' Spread out the part Just cut

so that it lies ilat on the e

desk.
2 a) - What geometrie figure 1is represented? {/42‘:,4) '
b) Does this suggest how you might ccnstrtict ]
1 L a mo'del of a cylinder‘> h
O c) . Put the parts of the box together again - °

'so that 1t is a model of a cylinder.

. . -
3. .Name some objects uhich represent cylinders or

parts of cylinders. /clu... Z.J.I <t e.wc... hl




© . . - T . . ' . - -

4, . Not all cyl nders are like the oatmeal boxes or the

e cans that you brought Your models are examples of a .

: special kind of cylinder called a circular cylinder.

g . .7 _ . o <

- ,.' Circular cylindere.have circular'regions,for~beses.
Imny ¢ylinders do ot ‘have circular regions for bases{
Look at this pictu e og{

a cylinder. Its bases

' T ‘are no; edrcular

regions.

P
© Take a can which is a.

model of*accircular~

-

cYlinder. Take out -

both bases. Press -

itidown lihe_thisj r;'"' b
"Think of bases that . -

are oval regions
being put on the can. .
- Now we have. a model of a cylinder which is n&% a .

circular cylinder.

Try to find a model of a cylinder which is .not . .-f
"acircular- cylinder. Somepimes toothbrushes
u come‘in this kind of container. ‘Would part*of ;
// o » the front or the back fork of a bicycle be an
" example of a cylinder‘>

- . .

.y

' 758 2’0‘
Ty .




a

| .
- |
» | ‘
Y
Y.
-
- 3
| - ,
.
- .
™~ .
| -
.

.
U
R |
.
. N |
S . - | ‘.
. , |
. . i | |
) : .Cone . w
. i .‘ | |
Ll R . | u
‘ .
; ~
. S ‘
L i | )
. / 2 Y i . .
Al o
l . °
.




-

P453
Cone - | R 5

- : Thinking'Together
1 We can ,see from the photographs that the model of a. oone

Coy R . -

1s different from that of a‘eylinder. R
a . . - :
L Describve ways in which the model of the cone

—

.-differs from that of the ¢ylinder. S " ~

‘

- 2. a) - What geometric figure does the-flat part L i“
Q . = - suggest‘)((&«-«.&.ra"‘rﬁ) »
'Ab)_VIPlace the model’ of the cone so that the .

_flat part is on a sheet of. paper and trace
- around the edgé Uhat is represented9 644“*6J
',j3, >that is represented by the tip of a model of*
[ . € {QM)

a cone? . The point represented by the tip is

'called/the vertex of the cone.'

4, »Suppose the model of a cone f1s : 7y
. : cut in half so that the cut
. passes through the vertex. and

o divides the circular region

'hinto parts of equal size. :)

Uhat will the cut edge representg The cut edge;is_

f{ . shown as the heavy line segments in this drawing..:
o o .
S S.f';Name other obJects which suggest cones or parts of cones.*

x,\S, Is a_cone hollou" [';u, 4o M/L.,L#_.ij .

2

L0

761
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Tinkdng Togesser <
. The surface .of 2 -‘b,all- 6:5‘.a globe -_i:s._a xpodel .'of-. a sph'ére. ,_

-

1. Look at the shadow of af balI On the sidewalk vhen

cay

_.the sun is direc‘cly overhead, or look at the shadou

. ,made by a. ball with a light directly over 1.1

o A
- .Ihat does the edge of the shadow look like‘> (‘1 “""4) e

. 2 Cu a"model of a sphere into two pieces of equal

Uhat geometrical figure ‘do the edges of each half - co

:surface so that the cut edge is’ against the flat ’

N . surface. Trade around this edge S o ., S :.':,‘

Uhat does the drawing represent" (’4 “""6)
. N ©- .x:- B ~.¢,

:?4."[Do you think that all the points of the half ff
-sphere are the same distance Trom the center of

g the circle that is represented by the~ edge"(%) ‘ »
.‘ - - ) ’é ' e . 4 o __.4' u‘ o
5. . Does ‘chis sﬁggest that theré is a point inside T

_ the sphere that ue might c_all the center" (7?“-)

.

. . . . - . E '
& - - . - o . : . } \, N




. ‘ - v
6. Think of a tetherball. When the rope is tightly

¢

stretched the ball is always the same distance

'from the point where the rope fé attached

As the ball méves around
into different positions,
do you think the point '
where the rope is

attached to the: ballf '

-

goes through points

W

on a spnere" [tr‘)w . ] 1

% 7. How would you describe a sphere?

8. Would the descrdption,of_the sphere as "the set
" of .all points in space that are the same. distance -
from a chosen point called thebcenter" be a good

description? (‘1ﬁv) .

> .

9.  How does'this description differ from that of a circle?

.

—roT Is“a;sphere*hollow?hffﬁ;;)~——_:f.r-~

.
-

[y

>
(IS
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CBAST T L el
 EDGES AND:FACES_ T T -
, . N Thin}tﬁ;ng Together
. . ¥ % . e’ 5
T - -
l.., Do any edges of ‘a triangular prism form a *EF <,
rectangle‘;%heck with your right angle model
. B ® . T a
2. Do a.ny edges 6f a pyramid form a recta.ngle‘"( -:-/3
Check with your right a.ngle model '
‘ . N ! ~ ™ . 4
3. . How many faces of the recta.ngxlar pt-iSm have ' '
edges which, form a rectangle° (5) ) - ' s. .
‘ S -~ T "
"?? ' % o ' .
r 4, How ma.ny faces of the tria.ngular prism have
edges which form a recta.ng":-e‘? (3) Y )
. 5. ,How many faces of ‘the pyra.mﬁ have edges which 11
i & ' form 5 rectangle" (”“—) > R
‘6. “Look at~_the models of'a rectangular pr:LsTm;,' a .
" triangular prisin, -and a pyramid. COpy the
followinrr tablé on a sheet of. paper a.nd" fill &
in the blank spaces ) .
_ °o " Number Numbeyr Number | Number -of faces
- _ of “of of .| plus number of
R Faces | Vertices | Edges ° vertices minus
Ce _ . . number of edges
Rectangular prism & 9 /2 R
Triangular prism 51 I A o A S 2
Pyramid ° 5 s 2
¥
765 %
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a7 - . ~ " et .
=_a) Add the number of faces and the number of.
* _ vertices of the rectangular prism. Subtract
the number of edges from;fhis sum. Uhat is.

your answer? ( 2 )

' en e -

[ ] . B
b) Do the same for the. triangular prism and the
pyramid. What is youn answer in each case?(2)’

« ¢) Look at other geometric figures made up of
portions of planes;T 'Is the number of faces =’
S . plus the number of vertices minus the

number of edges the sa.me for these geometrlc

figures ? ( 73"') N

d) Do you think you will always get the same

ans_wer if'you add the number of faces and ~

.

( ‘the number of vertices, then subtract the

-~ .- . -~

number of edges of any geémetric figure

B

which 1s the union of parts of planes? ['3"-)

o o -

e) Write a mathematical sentence for your

_ answer.of 6d. /W,..’JJ .ﬂf‘LJJl(
F+V -E-= 2,-41-:4./: VO—JEMM’LJ“

Ll LT ey

rt



", e | - Chapter-9

. LINEAR MEASUREMENT °

PURPOSE OF UNIT _ _ _ -

- The purpose of the unit is to introduce the -

pupil to the concept of 1ength and to the technique
of linear measurement

Our study of linear measurement may be divided
into four major stages which parzllel the historiecal
development- -

. o |
1. Intuitive awareness of difference in

size '

2 fé; Chcice of an arbitrary unit, understanding
: that ‘the unit mist be of the same nature

';_- as the thing to be measured -~ a line

. J . 0£:§§g?ent to measure a line segment -

P

« 3. Selectivn of standard units for purposes
' of ccmmunipation - g

vising a suitable Scale for convenience
in measuring o i

®

S

oo
~J
L0
v
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. .

1. . . f'V

‘?ATHEMATICAL BACKGROUND

o S
Long before the. Lf' comes to school he has experience with
the notion of measure. His father is taller than he is; his ~
sister is younger’ than he is, he gained three pounds since’ his '
last medical check-up, the new house 1s bigger than the old
house. By the time the child had come to this unit towards
the end of the fourth grade, he understands and makes such
statements as, "My .Dad is ﬂ&, feet two," "The milkman- leaves
three quarts of milk fori everv day " "It takés me .15
minutes to go to. ¥chool . "_ ‘'He knows that theré'are many different
kinds of “measures: time, weight liquid, !ﬁinearh and.he applies
the appropriate units . It is the purpose of the present Unit
not only to expand the'child's k%?w edge of Iinear measure, but
also to deepen Hais !ntuitive understanding. ’ N «
ItMs of integest t‘g note that irn the development of the
hidea of‘peasurement for*the puoil, we are actually following
the historical development of this concept « The counting of
disﬁrete, separate objects’ (like the number of sheep in a herd)
-was‘not‘a teciinique applicable to measuring a continuous curve
(lgke a side of a wheat field) At first the notion of size
-waSjrealized intuitively. One boundary was longer than another;

one piece of land was larger than another. nater when fields

bowder more closely on each other, more refined measures Were -

_ ssary vYhen a unit of measure (e. g- that part of *a rope: '
between two knots) was agreed upon, it was possible to designate

a plece of property as having a length of "50 units of rope" - -
and having a width of "30 ‘units of rope.™ With the increase
in*ravel and communication, it became obvious that . "50 units
- of. rope"-did‘not represent the same length‘to people not
familiar with the unit. The need for a standard unit was
‘"realized. Once a standard unit was accepted, a scale, for
greater convenience in measuring, was devised.



7 -

'that can be’ counted and comparisoﬁs !
like line segments, that are continuou
not directly applicible. '
of objects when coig
‘or of eggs, or. of—ef
‘There 1s a clarity o£§f:'
‘"You have a larger; Be#3
I counted 148, records';‘ :
in mine." ' e

_ ystem.b'gleapiy, then, ccuﬁting points is not a~feésib1e pro-

cedure for- comparing the™ sifes cf two 11ne segmed%s.- ;i 'i;;
. Hdheverf,we can always conce%g? Qf comnaring two line i&j '_.{
segments, for e;ample,.AB and E’} .g¢45?~3,:¢ 7
7‘. " - A'B" ~ 3 ',.'" } ‘ .,

Le @ -~ ey

_Jﬁsize by,:aying off AB along tf? in.such—a.wgy,ﬁhaﬁitﬁg'
oA, aﬁ* c coincide L

~d

In- the example illustrated above, 1t turgé out ﬁn

between C. an& D. When this happens,;ye say that v
shorter than "CD or th\at BB 1s of ssgller length thah'g o=k
For.some line seghents,’ AB .and 6% HLE might happen that B
coincides with . D, in‘which case we" would.gay tha.t A 18 of
the same length as TD. (Recall that in this . cagﬁ algp éaJ
that Z5 and CD are. congruent) or 1t might happen"that D

O
‘LN

1'759 .
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fa.ils oetween A a'nd B, in .Jhicn case we'" would say that "'E
*s oné tr*a.n CD or -that AB As- of (‘reater length than —ﬁ )
,.'hen, as,,.\ n tne iqustratiops on Da e 769, the line segments,

AB and _’ , card be convenientIJ dravn on a sneet o- paper, this

h connar}son can bé carnied out,. anpro,cinately, by making a tracing N
of * AB and placing it on- top of uhe draz ing of —5 But even oo
i1f the line se'é;r:g ts, BB fand T3, wer'e mucn too. TQng or much \
too. mcrescénical],, short too be ‘drawn satisfacthiTJ QE’ a sheet’ ‘ "j
of paner atqall, Vg wowc sti1~1 conceive cf‘_ AB \end g as "
oeinv sncn tha t"‘exactly one Qf the foT lowinv tnree’ m@

nts lS

: 'true - &, -,-_._' _‘ BT S8 g .o # ' oo “ r_‘*_‘ S
‘ . C (1‘ REB. is shorter than\ CD. . .\“_' -43'."‘-,_..,'-..;_ S
.. .‘~ ' (2) ~ %8 is. of the *same &enbtﬂ as é—ﬁ" " &"\ ,
.‘-1 N K ()).’ E iﬁ longer tba‘n CD b ;_ :..;;_ ‘ _’~

'Recall (fron anéter,yfiv,e) that fn nathenatics we thilgk of‘ A

the endpoiirts® Kgané*“- of any; given line s/&kment AB: as" beinc
“exact loca.tions‘%n‘. snac:egie_lthough tnese endnoints can he' renr'ie-_‘y-‘
. sented only qpnro:@1 r@te'l T, by _chalked b‘r oégclled aots, etc.'»«f-.
' tae same way .‘e think the dhe segmertt AB, as having -z )
_certain exact len th a ;ouE,h tigs 1enf‘tn can be dete-rmined only "o
armroximatel by aeasuriﬁg a chalk or penci1 drawinvg‘i'epresenting "s

'AB. R . ‘. (' . f} s g : L3
. & - y wree oS = -

B ° - B b . . } L 5, " L EPEPEE N

) o e @ e

o L4

LR

o -3t BT R
' F o % g W/Ieasurerients ar ,‘, N ' _—
. .' . . -y
: . . ! N
Let us describe-t rocess of mea@urener‘t more clos.ely. s

‘The first step i's{tq choose a _ldrie wgmer\t,. RS, ato Serve -aswa;”

L

+r

S

unit, . This r"eans t%‘t ne & ct S". and agree. to C§ {31der its
length to e desc;vibed% !&;!asured exagtld bJ,~tne nunber 1..
o EE length 1 unit L0 ¢ ,c;:; T
o . . = <, ) . . . . .
] o .ﬁS;’;: § D) .'.‘o.)r" S S "
Now we can conceive oi a li e se§hent CD, such t the} unit "R .-
can be laid off exactlj uwig along CD,@ su5gested 'in "he ‘
»

Dicthre se"0w. - . :
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We say that CD has length exactly 2 units, although CD can
be represented only approximately by a drawing In the same way ~
« We can concei‘p of line segments of. length exactly 3 units, or
‘exactly 4 unpits, or exactly any larger number of: units, although
such lIne segments éan be drawn only approximately. In fact, if
_a line segment is very long -~ Say.a million inches long ‘-~ we °
wouldn't want ‘to try to draw it even approximately but we can
still think about such a line segment. - . B
& .We can also conceive of a line segnent,< BB, such that the
unit RS will not "fit into" XE a whole number of times at all,
Tn the picture below we have shown a line segment iR,

e Unit Unit - Unit " Unit

A~ ‘.' . : fV7 ..

_ : o . B P

such that starting at A the unit can be laid off 3 times
along: AB witﬁout Quite reaching B, though if we vere to lay -
off the unit L times we would arrive at a- point P which s
well ‘beyond B. What can we say about the length of AB° Well,
vwe can surely say that B has length greater than 3 units and
less than L ynits. In this particular case, we can also
estimate visually that the. length ‘of EB 1s nearer to '3 units
than to U4 unlts, so we can say that to the' nearest unit AB
has length 3 units. This is the best we can do without consid-
ering fractional parts of units, or else shifting to a smaller
unit., - ' ' : ) .

Let us emphasize one thing about terminology. 1In a Phrase
like "length 3 units" we refer to the number 3- as the .
"measure 3." The point here 1s simply to have a way of ”eferr*ng
to the numbers involved so that we can add them, etc. Remember ‘
that we have learned how to apply arithmetic operations like

«addition only to numbers. We don't add yards any more than we . @
acdd apples. If we have 3 apples and 2 apples, we have’ 53; '_-'_

I3

apples_altogether, because - . .
] R N . o . o
- 34+ 2 = 5 Vﬁ
Likewise if we have 3 yards of ribbon and 2° more yards of
ribbon, we have 5 yards of ribbon altogether, again because -
LI 3 t 2= 5

‘Y - 4.- .-.‘ “ 28’2 . 77‘ & . o :’. BN
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Standargﬁnits"and-Systems‘.of ,Measures DI

>
~
[N

The acceptance of a standard unit for purposes of communica—
tion is soon followed by -an appreciation of the convenience of
'having a variety of standard units.ﬁ An inch is a suitable
standard unit for measuring. the edge. oﬁ a, ‘Sheet of paper'*but
'hardly satisfactory for finding the length of the school. _corridor.
“Wnite. a'yard is a satisfacoory standard for, measuring the school ‘o

corridor, it hould not be a sensible unit for- finding the distance.u

between Chicago and Philadelphia. '~ . . : .

' The’ standard units of linear measure ineh, foot, yard and .
mile, wnich we treat in this chapter, are units in the Britisn—,'
'Americar System of Measures. In the eighteenth century in France,
~a group of scientists developed the system of measures which,is
known as. the Metric System. ' i ‘

There are. two. things to be noted in advance about the. brief o
.discussion of the metric system which follows First, only metric
units of lenvth are discussed,here. To be sure;_there are also
metric units of volume,gweight, etc.,‘but-there»is no need .to :
introduce- them at this point. Second the discussion- below 1s
iatended as background informagion for the teacher on;y, It is
nelther expected nor desired that this material ui 1 be taught gn
this form to pupils. . The only material on the metric system in~
tended for pupils is thg% which spec*fically appears in the
pupil's edition-of the dﬂ!t C L. >

In the ‘metric system the §§sic unit: of. length is the meter,
vdicn is approxinately 5 Tnches or a. little more than 1
yjro -Thus 4n the Olympid Games, where the metric system 'is used,
;wé have, the 100 " meter dgsh which i? Just a little longer than -~
‘the 100 vard dash.

The principal advantage of thevmetric -system over the
British-American Sy scem lies in the fact that the-metric system
has been desivned for ease of conversion between the various
imetric Bhits using the decimal svstem of numeration. The metric-
unit'vhich Is Just one tenth.of a meter is called the decimeter.-

Thus "%, . R B : "
. v - l-decimettr = .1 meters,
o 10 decimeters = 1 meter. ,

S 72 283 o




oy : . ) S A - . .

— DR

The metric unit which is Just one hundredth of a meter (and' ", \\
hence one tenth of a decimeter) is cal led the centimeter. Thus .
.-,', : s !‘ . .
- - l cehtimeter' = .01 meters,
"_ lOO centimeters é 1 meter. v'
. 5 -
The metric unit uhich is Just one ﬁhousandth.of a meter (and
hence one tenth of a centimeter) is called “the mil]_.‘ . Thus
- . O e ’ Y

1 millimeter j= .001 meters,» | -
: looo millimeters 1 meter. 3

To see how easily conversions are made ‘between. these units,
consider a length of 3.729 ‘meters. To convert this to
decimeters we need 8*15 multiply by lo, because lo decimeters =
1 meter. Therefore,_since 3.729 X 10 = 37. 29, we see that

_ , T
' S 3. 729 meters 37 29 decimeters.

To convert 3.729 meters to centimeters, ve need only multiply
by 100, because "100 centimeters = l.meter._ Therefore, since
3.729 X 100-= 372.9, we see that ' Lo '

C 3 729 meters 372 9 centimeters.
Finally, to convert 3.729 meters to millimeters, we. ‘need only
multiply by 1000, .begause 1000 millimetfrs = 1 meter.

Therefore, since 3. 729 x looQ = 3729,. we see -that

, _ 3.,29 meters 3729 millimeters. Lo
Also sipgce = = . ' - _ C T
) A - 3 729'= 3 + 7 + .02 + .09, ‘

e
-

‘we can” think of 3.729 meters, as belng the sum of 3  meters,
T decimeters, 2 centimeters, and 9 millimeters This brings
out the connectioh between the metric units ‘and the place values
og the decimal- system of numeration. . : o

We have. already\hoted ‘that in the metric system the meter is
the unit which corresponds approximately’to the ; ard in the
;British-American system. The metric: unit which nost closely :
corresponds to the inch is the centimeter.' Since 1 meter is, L
approximately 39.3 inches, and singe 1’ .centimeter =",01 meter,
we see that ‘1 centimeter is approximately 39. 3 X .01 1inches =,
or- .39 inches. This is nearly .4 inches or$a llttle less
, o ¥s ‘ _ : .

. . | ‘ 3 SN e

.




.than half an‘inch Below is illustrated for comoarison a scale
of inches and a scale of centimeters. '

Inches - K B S

| [ 2 3 4 5. 6
- T —3 P m— T — T T 3 T — T T
o 1.2 3 4w S°6 7 +8 9 10 .12 13 14 ‘15
Centimeters ° | -

So far we have sald nothing about metric units- 1aréér than
the meter. The most useful of these is. the kilometer,.uhich is
defined to be 1000 -meters. - The.kilometer Is the metric unit
‘which most - -closely corresponds to the British-American mile. 1t
turns out that one kilometer 1s a little more than six tenths of
a mile: . ~” » oo

o -

1 kilometer = 6'miles (approximately)

Since %he .metric sttem is the Off101al System of measures,

for nany courtries and is used by scientists all’ over <he Lorld o

pupils should oecone acquainted witn this system of measures. At

the fourth grade level, the pupil 1s- introduced to the centimeter
Only . . .- 7 . ‘/ .

Ve have treated the inch foot, yard and mile as "standard"

units for linear measure, in contrast to units of arbitrary size
wn-ch may-be used- when communication 15 not important Actually,
tne one standard unit for linear measure 1is- ‘the meter, ‘and the
correcc sizes of such other units as the centimeter, inch,- -foot,
and yard are specified with reference to the meter.. Various
methods for-maintaining a model of the-standard meter have been
used by the Bureau of standards. For many years the model was a

platinum,bar, kept under carefully controlled atmospheric condi-

tions. The meter 1S now defined as having length which is
i,650; 763 73 timeés the wave length of orange light from krypton-
86.- This standard for the meter is preferred because it can be

reproduced in any good scientific laboratory and provides a more -

precise mooel than ‘the platinum bar.

O
i
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Scales and Precision

Once a unit is aggsed upon, the creation of a scale greatly
'simplifies measurement A scale can be made with a non-standard -
'unit or with a standard unit. When we use a standarad unit segment
to mark off a scale on a straightedge, we are making a ruler. If
wWe use the inch as the unit in making a ruler,_we have a measuring~
,'device which is designed to give us’ readings ta. the nearest inch.

' Because a line segment is continuous, any measurement oi its o
tlength made with & ruler, is, at best, approximate. when a seg- A
ment is to be measured a scale based on the unit approprkgte to
. the purpose’ of the measurement is- selected The unit is the seg-' L
h ment with~ endpoints at two consecutive scale divisions of the C =
ruler. The scale is placed on the segment with the. zero-point 5
of -the scale n one endpoint of the segment ”he number which .
corresponds to the div1s*on point of the scéale nearest the other :
endpoint of the segment is the measure of the segment. Thus,-
’ every measurement is~made to ‘the nearést unit . If the dneh is

the unlt of measure for our ruler, then we. have a situation in

wnich two line segments, clearly not ‘the same length do have

the same measure, to the nearest inch S

. e, . o - > .

sptr

The measure, in incnes, of AB to the nearest inch Is 2: We'
write this, m EB = 2. The measure, in inches, of TD to the :
.nearest inch is also 2 mCD = 2. . & . o n:‘ R
We may make a more precise .measurement if we use a smaller
unit segment., It should be clear that if the unit is changed s
the scalefchanges. Thus, if we declde to use the centimeterlgs

" our unit, ‘the scaie appears thus: = L S ‘f{f-

%,

-m BB (in centimeters)
'm D - (in centimeters)

I
.
A
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Now the measures ‘indicate. that there is a difference;in the
lengths of the two segments. = .- ‘ -/‘ e

Sometimes it 1s more convenient to record a length of 31
inches as. 2 feet T inches. Whenever a length is recorded
uusing more ‘than. one unit, it 18 understood that the nrecision of
<~ the measure is indicated by the smallest unit named " A length
" of the’ m@asure is indicated by the smallest unﬁt named. A length
of 4 yd 1. 2 ft 3 in. is- precise to the nearest inch. "It
is closer to 4& yd.5 2 ft. 3 in. than 1t is to either 4 yd;'
.2.ft. 2:ip, or k- yd., 2 f£6. Y in. A length'of - 4 yd.
"2 ft, is interpreted to mean a length closer to 4 yd 2 ft.
‘than to ! yd. 1 £t or % yd. '3 ft. ! However, 1f this '
-segment were measured to the nearest inch we would have to indi-
' cate this by 4 yd 2 'ft. C in. or & yd. 2 f¢t, (to the
- nearest inch) : ﬂhe difference in the precision of these measure-
ments.1s. marked. Yhen. tne measurement is‘made to the nearest
foot, the interval within which the length may vary is one foot
when the: measurement 15 made to the nearest.inch, the 1nterval

_within which the- length may vary 1s’ one inch '; ."?. -
An application of linear measure is the calculation 6f the
; perimeter of a polygon. As an introduction to” perimeter, the

.

pupil'shougpabe'made a:are of the fact that length is axproperty
of a curve, which is unchanged if a representatign of the curve.
1s moved r‘figgit benu and’ changéd in shape. Thus a. wire,'
? ,represeﬁéition~of any curve(may be straightened out t0nrepresent
; «xa line: segment and its lengtn may &hen be measured with a ruler
‘ ’ .The preSencation in,this dnit stregses the concept of perimeter
,¢~,of a polygon as the lenvth of the polngn. “If the. length& of
- the sides oifa oolygon are kno‘wn, Ve may find the perimeter v .o
readily by adding the " measures of the segments, prov1ded the Co f:”
s e unit ;Eipsed. The plausibility of . this procedure arises ﬂff&:
from‘the definition of perimeter as a length and the nature of.
length as unchanging when the curve is*reéhéped .:g j‘ Xl Ty
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The unit for measuring'must be of the same nature as the thing
_ tq bé measured a line segment as a unit for measuring line
‘segments, an angle as a ‘unit for measuring angles, ete. For
. convenienpe in communication, standard uni%s (footg meter, ¢
degree, square foot square meter, ete ) are used v

' The measure.ér ‘a geometric object’ (line segment angle, plane
~reglon, solid regfon) in terms of a un 1g, the pumber (not.

~ ‘neceéssarily’ a whole number) of times the-umit will fit into the
" object. Y St :

Y.
<

bb_j'

-

'~”Measurements yield underestimates -and overestimates of measures ﬂl

- "i4in terms ‘of whole numbers of units. In the case of line segments

. and angles. they also yield approximations to the nearest whole :
" number of units.\_ : ;

D s . - . . ) e 9, . Lo -"-t
% . o - i . . . L e - . o
. PR . . R

ES

Segments: and’revions can Jbe thought of as mathematical models of C
- physical obJects Physical terms are used .to describe the . : . ' &
--physical -objects. and the physical terms: ave also used-in.discus-
sing mathematical models. This is acceptable’ provided the.‘

< correct mathematica’-interoretation of the physical terms is 'f s
understood L e . o _— :

- o . e : . . . SIS A'j

A curce_in space‘mayfhave'length,“:.: ao o ~4_é;’

. . . ’ A B . o 3 e e
& ) o Y
) A Lo . . -

Some measures ©of a ”igure may be calculated from ogher measures '

4 oi_that figure. - - . K - S - _ K . f

(/J. - .\, . . AP - __4' . g ..v!
: Disjoint segments Zseveral separate pieces) may also have the R

L orooerty of length ) _ o ) I ;5f:':'
¢ ) N y ‘ - e N ;. ' . - ) - ‘ PR ” R .
) T R kd o .
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LENGTH

=

A line segment 1s a set of points consisting of two different
points A ~and B and all points-‘between ‘& and B on the
lire containing A and B. Sometimes we say "segment" when it
is clear that,we meéan "line segment".

2

We use a_ _line segment as. a unit for measuring line segigéts.
LAY

We use the word "meter" to name the segment which is accepted as
the standard unit_for linear measurement. We use "inch," "foot,"
and "yard" to name certain other units which are defined with

- relation to the standard unit.

PN

*

The measure of a line segment in terms of a unit is tre number
(not necessarily a whole number) of times the unit will fit into
. the line segment. " The unlt segments may have common endpoints
but must not overlap. .

In measuring a line segment, als the unit becomes smaller, the '

" interval within arhich the approximate length may vary, decreases
in size. The precision of a measwfement depends .upon the size. of °
thls interval. The smaller the unit, the smaller the "interval

and the more precise the measurement. : .

» R e . . -

The length of a line segment in terms of a unit consists of (1)
the measure of this segment in terms ‘of this unit together with
(2) the unit used. Example: The length of this segment is 5 .
inches; its measure (in.inches) ig the number 5.

-t & .

—

v
[I—y

3

Many of the familiar curves in a plane or in space also have *
~length. We can bend a wire to the, shape of the cutve "and then

straightén the wire to represent a segment. .

We can calculate the perimeter of a triangle or other polygon.

If the measures of the sIdes of a triangle (where the unit of

measurement 1s the inch) are 4, 5, and 6fl then the perimeter
+

of the triangle is measured by the number 5+ 6 or 15.
~We say that the perimeteg of the triangle is 15 Anches.

A flgure conslisting of several segments that. do not touch may

- have length. The measure of the figure in terms of a given unit
is the sum of the measures .of the separate segments in terms of
that unit. . . ) o ’

p—— - = — — 3
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TEACHING THE UNIT

Each sectlion of this S divided
into activities of an explorato
Exercises. 1In most sectigns; a generaliza-
tion will: be reached. wi_ the completion of -
the activities. Howevegr, in some cases,
demonstrations ‘or adgition teacher-di- .
rected activities y be necessary in order:
to reach ‘the desi génenalization.

- . The pupil should work independently on -
" the Exereises. Since the Exerclses serve .

it 1s su ested that cl4ss discussion of.‘the

AExercises follbw their completion by~the

pils’

: You may want to have the pupils study
mething on the history of measure. There

] //ane several goqdﬂreference books and com= ’,A
r/ m

ercial charts sﬂitable for such work.

779
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COMPARING SIZES = * =
. ./’ . -

e
. P

“.,;Objective: To devZ}op ‘the following understandings
' ' -4nd skills: :

T

v

: 1, The size of a collectlon of separate
J _ (discrete) objects can be’ ‘found by
e . counting the objects.

2. The size of a continuous obJect, such:
as a line segment, can not be found
by counting only.

-

3. The si2es of two collections of discrete
obJects may be compared without counting,
by a "matching" process

. - o 4.' The sizes of two line segments may be . .
' . . . compared by laying a copy of one on
DR - the other.

y

' ;' 5. A model of a curve may be "straightened"
' . without chamging 1its length '

‘6.--. A compass is a useful device for .,
comparing sizes of segments.

- : . s A

Materials heeded: T
y o
Teacher Collections of small objects such as
Jacks, marbl > Pencils, erdsers, books,
- string, chalkboard compass, stralghtedge
Pupils: String, cpmpass, crayons,

Vocabulary: . L'ine sgﬁnent,icurve_

291
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T Questions About Size

This exploration serves as an introduction
’to the comparison of,sizes. ,

COmoaring Sizes Without Counting _y/f "

After ‘the. pupils complete the first-fowr
exploratery exercises on page 461-2 in the pupils
. Dook, activities-similar to ‘the one beélow should
- help glve .them more insight on comparing sizes

without counting. Pupils sheuid .draw representa~
. tioris on thelr papers and materh--objects by - )
draviing a line to match one member- of a set with
-one. member of "the other set. They should be led:
to ‘the gerrerailization that one set’ 1s larger

than .the other set if, after matching, it then °
‘has unmatched members. .

-~

. Below is an- egg box and a set of . eggs. ' The
line matches one egg with one place in the box.
R€present th'e box and the eg@s on your paper. -
Mateh eazh egg with a place,in the box, if
possible, o . ®

" Are tqere'any spaces without eggs?.
Are there any eggs without spapes°
.Zbicn set.ls 1arger° ‘

Using a Compass to- Compaﬂe segments

* The use of the compass to ‘compare ségments
is revieved in the Exploration of the section

cn Using a Compass fto lMeasure Line Segments.
¥ — = - I — B -

-
-~ L
~
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’ .le 7 cnapter 9. ,
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.- . LINEAR MEASUREMENT

|

BOMPARING SIZBS., - - . ¢ - IR

t
A .

$aicstions About Size .

"1 © " Exploratioh ' .
A - i _ .

- - \

. How_manyf of the questions you ask and other people A_ask,‘
.,;begih_, "How fnmch?" . "How many?®  "How far;?‘" ;. .

L

- ¢ We say: '"How many pupils are there in your class?"

{"How long 1s'-the hall outsid¢ your crassroom?" .

o ../ "How far 18 it to New Yorke"

Tb answer these questions, we use _numbezl'é.v‘
' There are 32 pupils in the. cl’ase_; .

.' - ;’ ) . : N . . "’ -
' The hall is ~320 feet long.
: E .‘ ) ,-- . « '
It 1s - 750 miles to New York. - .

- Answers ‘co. some of these questions can be found by _coiinting.
dther answers can hot be foundf Just by counting. Why'é ( ecaer.
: . . . Y R . -

293
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Which of theSefcan be found just by .counting? (’) 3,6, 2)

1. - The size of your class

2. The height of the tallest boy in your class

3. -The'gize of your famlly
4, The size of your classroom
5. The length of a bodk she}f'

6. The size of a rock ¢ollection

-

.. T. ~"The giZe of the smallest rock in the collection

P

8. The population of your tewn .- ,
: _you ' P . o

9. How hard the Wwind is blowing - v .

N—r

e

10. The size of:.a bicycle'wheel'

’ - - ’ C . e e

Think of a rock. collection. . Uhat can you tell about‘the
. 1.' .
rOck'collection.by counting? Is there something you cannot
.tell about the size of the rock collection by.counting9 ' .

o~
~

/_.. . AN -

You can tell %he size of a rock collection'byfcounting;f
' because each rock is. a separate thing. »A rock may be large

. or small but it is one rock

t . . - ~ . - ) -

You cannot tell the size of any sinfle rock by Just counting.
"It is one mck but it may, be large or small.

783
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-, COMPARTNG SIZES WITHPUT CODNTING - -

,_ | ~ Explovation ' - S
o GO ol | A A ‘

OIO e

Db
o~ O 0o AAAA
“"_fO O oo ‘(‘ ARYAN /A

l><\

. ’ ‘
. ! .
\‘ ; Without counting, how ‘can you ) P
tell which ‘set has more members? -
. ~ X o .(4"1: 2 x.‘,- J
. ‘ . ) . ; ~ ‘ . | . . R . : ) ; »
- v \ o ° N » - ) ' . ) . ' .. .- ) . “E"\’_. .

1. A scout brings a "bag of candy bars to a den meetitng
' Wha.t is an easy way: 'co tell, without count.ing, whetha-
‘there are more scouts or more candy bars° (B ,-.JA.“:/

) \N%L’J

- -In a school storeroom there 18 a supply of desks a.nd

"a supply of cha.irs How can you tell which supp&l.y l'
1s larger? (/"JN .._,L..-.,.Z[AJM )




“‘ with the’ seating capacity" (A{u Jﬂ' M asiZ, ae

) : . N -|‘

4, - How can you tell whether there are more hot dogs or

| more buns'f(%/““u f‘j‘““d} ‘ZJL‘L) ““Zl*“)

S BT
- You can compare the sizes of single/ ob,jects whose size

_can'not be found by Just counting Ny
L e S 1 (\ 3

5. Here are pictures of two pleces of rope.

t

= : 4 . a .
P‘. ’ s ’)
e Whieh.rope do you think is longer, A or 'B?
If you had the ropes instead of the pictures,
- . DT e
¢ .. . how eould you tell which is 'longerZ

Q

To compare curves 1like those in tﬁe pictu'res, ‘lay a -
string along each curve. " Then straighten out the gtrings.
.What geometric figures do the stretched-out strings represent?




©PUE3 B -
» ‘ - . . a
. _ ' . l
. _ W

e . : ' :
6. Suppose you wish to compare BB and TD.

. e, - .

Y
[y
-

-
o~y

&b prove to someone that Eﬁ is longer than KE »stretch.
a string on KE With your fingers, hold the points of
: the string that fall on A and B. Move the string and
place 1t on TO with one endpoint on ¢. Is the other
endpoint’on D? Since it is betiween ¢ and D, 55 is
longer than KE How 1s}comparing segments, to see which
°is the longer, something like matching groups of separate ’

obJects to compare’ the sizes'of the groups without

.eoun n') .L\.M““""“"W sw%"“‘?
tine [M..J,_,_.,._z..z;jzx%,_h.z.d._’)

¢

’

71 There are many things Which are enough like our idea of
, @ line segment so that we gan think of them as line

s

segments; for’example,_

Ca ! ' ..

. 3 —, . .‘
P a stretched string, ) N
some pencil marks on paper, °

- the edge of a table, )

'a pencil

, .
.. : v

- . - >
Name several other things which we might think of as\

‘line segments.
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.

< - . ' )
8. Remember_that between any two points-in space there is .
Just one &;ne segment. If we have any two obJjects which
. ‘we think of as points, -we can also thinx of them as
endpoints of a 1line segment. This is what we mean when
. /o
s$ S T -~ .
‘the distance between the two tips of a -compass,

v

' ' ve say:’

the distance between the earth and a star,-

\

{ the distance from home plate to second base,

the height at which an’ airplane flies

o ’ . *

-~ hame several other ways we think of line segments by K
thinking of obJects as their endpoints.

9. The way you,go to school is probabiy not much like a.
/’
line segment. A picture of Yt might look like this: -

e

»

‘We can still talk abodt ,the distance you travel in going
N

to school. Your path can be thought of as a curve, but

\\ not as a line segment * What does aistance or length

. . 1 .
mean‘for curves? Wé .think of the curve as represented
_ by a piece of wire or string. , Then we imagine .

~

straightening oﬁt the wire_or]string to represent a line
segment. '

- T87 ¢
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Exercise Set i - “"
Use strings to compare the line’ saegme‘ntS* and ot}‘{er curves.
Copy each sentence below the figures and write "longer or |

shorter in the space

S . G S
' o " . N &-’
A\ i -
> B i C D
t .
‘ - s (ebZ) than OD. )
o~
" R .
a . M . . 4
S ———————
s T W
. ~
, K. A ..
o’ ' .

~ : L . oot

Curire A 1s (AL'-Z:) thar; cﬁrve B. .

SR 293

788
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Aruitoxt provided by Eic:

1
-
o
’
)
—
«
‘.
o
—

3 .
. , , t, ~
. N -
. . .. -
B L . -\ .
! . . - ‘
E - -
. . . .
. L4 . ~
- i e
- - + ! .
{ [ 4
. N
e . K
d . » s
- v .
- . .
°
'
.

c , ..
.v"'- - T ' J..:'._ P . ' : SN
Curve (C 1is %ﬁ) than curve D.
N . ~ ‘ \' -
3

Y3

-

curve 2 13, (LE) " than curve .
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‘USING A COMPASS TO COMPARE SEGMENTS | :
Ny S E : o
- N ’ * Exploration ' '~\\

Is A5 lohger than OD?

I

Recall how you have used a compass to compare segments.

Place the points of your compass on C and D.

c : D

Without changing your coqpass, place the sharP peint on A..

"8
Draw a small part of .a circle which intersects TB.
Label the intersection E. ' - .

A B

. | » |
"E 1s between A .and B, so AB 1s longer than IE. .
AE has the same iength as CD, ‘so 1B 15. longer than "85, -




P468 ° . =

Exercise Set 2
[ _
Trace the followlng figures on your paper.

. Use your coﬁpass or string to help you compare segments.

Copy and answer the question for each exercise.

Color the unmatcheq part of the longer segment.

Vhich is longer, DE or E& (573

,30,2._..79.1 . | ‘
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o

‘ties suggested in the Exploration, givejthe
pupils other experiences in measuring ob Jec

(a) The uni

.)
ot

) e o S

Measuring a Segment
) ~ N ‘.4
. You may .wish to use some measuring .. .
instrument other than the pencil or hand-f . .
spans. Toothpicks, chalkboard erasers, d; -
any other set of objects all of the samej !
length. would do. In addition to the actfvi-

segments. . Use as measuring instruments such .||’
things as these: a piece of string with .two.
¥nots about ten inches apart; a pupil's fodt;
a walking step; the edge of a sheet of paper.
You may wish to engage in more activities’| '
similar to the one given in the Explofétidn
on Measuring to the Nearest Unit of the |

in the classroom using non-standard unit Jé

- pupll text before asslgning Ixercise Set 5.

of measure for a line segment
1s 2 ilne segment. e

Discuss the :3sults obtained to emphasize:

-

T

(b) The measure is a number (e.g., .the
measure of CD . may be 7); Lo

(c) The length of a segment includes both

the measure and the unit of measure.
(e.g., 3 inches, 7 - feet, etc.)’

(d) 1If,a segment is measured with different

units, the larger unit of measure is

" associated with the smaller measure.
For example, the measure of the desk
edge in pencil units will be larger’
than its measure in hand-span units,

*if the hand-span is longer than the
pencil.

(e) The measuring instrument must be used

~"  with care, so that successlve unit L
segments intersect in thelr endpoints, ,
and only in their endpoints (i.e., ’

w ~ they have one and only one point in

common. .




" Measuring a Segment . . o j//
' ' ) | Ekploration .
You know that you cannot tell the size of a’ segment by'Just
ylooking at it and counting. “You, can tell—how long it is by

. comparing it with some other segmenb

—

' How can you tell how long

your desk is? (
J,ém.zaﬁ.f’f 7

What geometric figure does _ : o
the edge of your desk l 7y

' represent? (A/Lt»“r"j) l“ : “ ‘ l ,

1. Take your pencil

. B
Lay it along the edge of your desk, with one end on the’ corner

' Put your finger on the desk at the other end -of the pencil
.. Lay the pencil down agalh from that point
How many péncils long is the edge of your desk?’ ZZLQuNanﬂanﬁD
Give your answer to~the nearest whole number, L
2. People often use their hands to tell how long a- segment is
Spread your right hand 8o the fingers are as far apart as
possible. Place your right hand with your-thumb on the left
_ corner of your desk ‘See how many. hand~-spans long your» 7
desk 18, (foemns withumny) |
The segment represented by your pencll or your hand-span
.is called’ your unit of measure.

The number of pencil-lengths orvhandespans itifook to coyer
the edge of your desk is fne measure_of'your desk,_ A measure of‘
your desk may be T;-' _ | _

TO name a length, we use bothithe measure’ and the unit of

measure, ‘A length of your desk may be 5 hand~-spans.

g 0‘19_3 |
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) ' - Exercise Set 3
N : R \.‘
Copy and complete each of the sentenc,es.

A%,

1. Ou.ngamily drinks 3 qu.arts of milk each day.

" a. .The unit of measure is _ (f»-c»j) e
b, The measure is _ , - (3) - .
c. The amount of milk is . (.ZM) T

2. My dog weighs 18 pounds. o
a. The unit cf.r_neasure is - (j-..«.,.l)
'b. .The measure is (12) - 2

c. Its weigh?is - (/g ,-....J.,) N

3 My desk is . 9 chalk-pieces long. '
a. Its length 1s - écw jﬂ-u.a-t.) o i

b. Its measure is : iy (7) S '.,

c. The unit of measure 1is { J.ﬂf—u«- ) .

In Exercises ll 9 use ‘che words 1ength measure,.or

unit,,of measure, so that each sentence will ma.ke sense. o

¥, It takes 6 chalk-pieces to eqvez" the _ed'.ge o.i‘(_nw;desk.

‘ItS- : (M) o is 6,

5. My desk is 4 pencilslongv_. . -
Its (42{) = “s 4 pencils.
| 6 _ My desk i_s 4 hand-spans long. A
The (.«..j fsnenrs) 1s the’ hand-span

7. ‘The (omitamme. ) in hand-spans is 5.

8.g. The (1.««.7‘ dn—-‘mn-) I used is a segment _represented
by oné -pencil, o - o

9. The edge of my desk has a W) of 4 pencils.. :&-

o 794 .300
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P4 Yy
USING A" COMPASS TO MEASURE LINE SEGMENTS
E:'cpioration__
. Ve want to.find’ the measure of E.'B

We use our compass to help us .

.

measure a line segment o/

C‘L - : . - ~ . .- : - . : ‘a .
Our unit of measure Is AB. = - , )
.Here 1s KE T s n »
_] < LA B
. \ .
W‘e 1ay off the unit IE -on 515 R _ ' L
We lay off B -on —15 three times. o
We label the intersections E and F. | | ‘
See the picture kelow. o« . . )
c ; 'E. 'F . -

'We say ‘the measure of 5 is- 3.
We write: m CD.= 3.

- What 1s the measure of CE? (»\ Ce =/)~
What 1s the measure of TF> ([ CF =3)
What 1s the .measure of ED? (mED=2)

()
<>
)

- 795
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. ’
. Exercise Set 4 . o L
, . ' . . .
“Copy each of the,segments in exercise 1 and 2.
'Find thé measure of each_segment, a . S
. .r- . i . —_ . _ gﬁ-. -
;R Unit S ) .. . . .
m'}@':\(l)
»
2. ‘ ,
KE—gmt T
HF s

o E " | o I' .om ﬁ§ ='1f*)

S

3. Tell the measures of the segments in the figure.

4
>
w4
o4
(o

L}

M-
-

m AE = (4):i /m.Kﬁ = (30 _
m BE = ;fé? i_ o m CF =._L§l_. ; T
m BF = (*wa'- . 'n T

= (5)-'
> 4, Write the ngﬁe of any segment which has the measure given.
Use .the t.and figure for Exercise 3.

m AL =2 ' 0 m =
m

BD’ . . md—
MCE 2 . . T MD‘E-/
mDFE=2 ‘ . - .M'E’il

196 307
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. MEASURING TO THE NEAREST UNIT AR -
'_Explora_.‘cion
We want to find the measure of ZW. S S (
z IR - W
) _
We use AE as the unit of ineasure.‘ *
Y] . ;
\.
‘This picture shows how we can f£ind the measure ‘pf‘ ZW, .
using ‘AB  as unit, .
‘r" ~l4
— ] | S G | I
z. ! 1 E-w NS ]
dr |

‘ Ho._wmany times can you léy- off the ukni‘iz on ZW? )
mTE 4, Is m7ZW larger than 4‘>yoWhy‘>[ £ o Mak=

= 2 and W)
- m2ZF =5, Is m Zw smaller than 5‘> Why? (l-—-:-_j ‘“"l‘t‘*
The measure of W 1s ‘bhetween 4 and 5 unitsx .
. Since W 1is nearer to E than F, We say -
mZW =154 to the nearest unit, P -

308
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4 C X .'Exefcise Set 5° - o '

Trace the figures in each of the following exercises.

Find the measures of the segments to,the'neaﬁest.unit.

A , —3- - T

‘The length of AB 1is greater than ( ) units tut

less than L3) units. :
!2) (to the nearest unit) N

/' S .
- o

{ ~
C : ' : D ‘Unit

'.The length of CD 1is greater than f units but .
less than g ) units. L
m B = ! (to the nearest unit)

e =% Tm

The length of qgh - 1s greater than { units but
less than (3) 1ts.
. ), (to tge neareSt-unit).

8 305
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. " ° . . ’
On m draw a segment whose length is the length of

"< ‘the curve ABCD. )

R
i

Now find the measure of curve ABCD. Use WY as unit.

-3

W*‘T‘Y-A-f |

\!v_ " Thé 1ength of curve A:BCD is greater than (4) units
but less than {5) units.- _ , : . .

£
. X

m>ABCD = H‘) (to the nearest unit) .

N e
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|+ USING STANDARD UNITS OF LENGTH

_-ongotlyof To develop the following understandlggs

4
and skills: -

| | . 1 Units of.measuré of standard size .came -
: into use for purposes of communication.
Thein size is fixed by law.

hd . B Y

2. Many ‘units of measure which are now of
”standard size dgweloped from non-
standard units.,

3, Two unit segments;of standard_size _ |

‘ are the inch in'the British-American _ \V‘rf
System, and the centimeter in the
Metric System. |

Materials Needed: . . L _ fﬂ

'S . ’\,'L__‘:'_\i._. , . _.
}' . . Teacher: Chalkboard compass, straightedge

5’4-

Pupils: Compass, scissors, straightedge

>

‘Vocabulary: inch, centimeter

- 800
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Children may be interested in ‘the ways

in which the local governiient controls the -

measuring instruments used by merchants.

For interesting reading on- the- development'~

of measurement, see »

Hogben, Lancelot Thomas, Wonderful
. World of Mathematics, 1955 {Garden
-~ City)’ﬁShbleday.- :

Newman, James R., ed., World of :
Mathematics, 1956 Simo and Schuster.

Interesting re orts on topics relating
to measurement may be made by pupils, using
encyclopedias and other reference sources.

o

2

Fbllowing the section on Using .Standard

. Units of Length in. the pupil!s book, amr oral .
exercise In which the pupils supply the name

of a standard unit which would Tmake
. séntences sensible would be -in order. The

following sentences are samples of such an
exercise.. . ,

ql‘he school” nurse says I welgh

.inl
M:Vmother buys 3 /?‘l»» M,ﬂ}u—t)

:or milk a day.

" This was a warm day The thermometer
read 80 - .

-

My father stopped at a filling;station. ‘
L5ty

and bought lo ) - of gas.

n We drove to a town 80 C»uﬁb) away
to see my aunt. It took us 2 & ) to
. get there, . - '

In the pupilts: bocks, the compass _
marks. do not show on the segmenfs repre-
sented in Exercises 1-8 in Exercise'set 6.

-
Lt N-

In this section the pupils make and use
an inch and a centimeter scale.

1t

312
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. USING STANDARD UNIT's_ OF LENGTH . | IS
o ';E‘X‘Plorat.i'on‘- o A i
Suppose a’ team of boys from your school were ‘going to
_play a game of baseball with a «team from- another schooi— Ef
‘the other team brought a baseball so 1arg° and heavy you
" could hard_ly 1ift 1%, what woulé you say‘? ' You would probably
say, "We will not play with that baseball. It is »notf the
standard size and weight." What_does that mean? Can you

"'find out’ the standard size of a bgseball?

-+ " You have been using units of mﬂeafsure'which were 'not
> of ‘standard" size. ~Now we shall use standard“ﬁnits, which
. are used by a great 'xﬁany ‘people' and which always mean the
‘same amount. ' The ‘size of: a'standard unit is set by law.l
Your encyclopedia contains 1nfo"mation about the National .
Bureau of" Standards in Washingtonz; D. C.

-

a ~ In which o# the following sentences are standard units
used? (3) o , o
1. *He is as strongasanox. | .' - ’ _'
2. Put in a pinch of salt. (] o |
3.  We get % pint of milk for ilwgzr;ch. o

4, The corn is knée high.,

54 I'used to live a day!s _journey from here.’

' You are familiar with many standard units. Name some K

. of, theseunits. (f«-J }«:’ ‘rﬂl 11)

802
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?rimitive people ,had -little need for ‘st%:)dard uni-ts
If the- cavemarf likéd the size of . his ne;.ghbor's spear, he.
| could borrow the spear and qopy 1ts length Or, he could
think, "When ﬁhe spea:r is held with one énd on the ground .

the other en reaches )ny shoulder. me Then, he could make ‘a

spear with that same length E
Many of the standard units which we use came frcm units
which were not standard These were used by people long ago.

Ma.ny of them came. from using parts of the body .

An'inc‘hcamé from the use of a part of
a finger as a unit of Jlength. Cé.h&rou -
find a part of your finger which is
- about aﬁinch long’> ‘ .

» a _ J

A foot came from the iength of a
.Aper‘sonls foot."-, Is yourvfoot shorter

or longer than a foot ruler?. -

2

A yard was at one time thought of as
'the distance from the tip of a person's
; 'nose to “the tip of his middle finger, -
when his arm was held straigh,t out
fron{ the shouJ.der. Is the distance

from your nose to the tip of your :

. o finger as’ 10ng &s a yardstick‘> NV -
.\ 314 P
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3

N o < ‘-

- Here is a model of a standard unit..

>

o . . - o ’
You have often used this unit. .
A B :
-Inch -
_It'is the inch. |
~Name some objects you measure in inches.
. Here is a model of another: standard unit. .
This unit may be new’toégou.'.
| PR B »
R s .. ,° _
- et - .
f ¢ » /
- ;a '
Id a ’

) If you lived 1n France, or in many other countries,~

you would use this unit segment instead of the 1nch

Scientists in all countries use this unit.

,«
£

. L] B
ca B .
. - .
e LAF AN
\ .

| ew-

804
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BExercise Set 6 - _

‘Trace each figure in exercises 1-8 on your paper. Use

£

yoxir compass or string to find the measures of the segmentsv.
.Copy and complete the statement for each eiercise.

“For exercises 1-4, wuse, AB as thé ' A B

unit éegment. Give your answer to the

pearés_t ‘inch.,

1.

F

mT5= (2) » in inches - mEF = (3) , in inches.

b e

,‘"-j: . . B . . M
m GE = 13) in inches nti= B) » in inches
el

316 gos B
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For exercises 5-8, use RS. as the

unit segment. . R—_58

Give your answer to the nearest centimeter.

5. . . 6.
L ' M :
. | _ _ lo
mm = (4) » - Amm= ‘5) »
in éentimeters. : : in ¢entimeters.
7. . 8.
T
W
Q
m PQ = __(‘) s e amW=(2),
 1n centimeters, ' 1n cenfimeters. .

806 317
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9. Make two coples of FK.
_Find the measure of TK

\. LN
" 4n 1inches. ———
Then fifd its meas e in '
I' . < centimeters. ?uTt'i'mm
) N - K
. ) ' 3
. m¥E (in inches) = (3)- .
| m ¥ (in centimeters) = (§)
10. Draw DE. : —
(Dat : + E)

{
’ - by ) R :
On DE draw a segment whose measure, in 1nghes, is 3.

Label it TFH..

o~

: -
Draw PS.

. . ’ ! ) hd i.
P ' —

-— z . X v/
fee .

» draw a segment whose measure in centimeters

m FH (1n inches) = _3 |
!/ mZW (in cen'-ti;ineters) =_3 -
Is "TH congruent to ZW? [%) o

318w

abel 1t ZW. S



. SCALES OF MEASURE = .

'ObJective: 'To develop the- following understandings
’ and skills-

l,‘ A linear scale is a device for convenience
’ in measuring segments. e K .

2. A linear scale is constructed by
' laying off unit segments consecutively
on a ray. Ehdpoints-of consecutive
~ segments (called scale division points) .
are assigned consecutive whole numbers,
"with o assigned to the endpoint of. .
the ray. ‘

3. A compass and linear scale may be used
to measure a given segment.. '

4, ‘When a linear scale is used to measure
a segment, the measure is determined °
| , by the number assigned to the scale
0 — - division point nearest the endpoint of
_J ” " the segment.

Materials Needed:

Teacher: Straightedge, chalkboard compass
Pupils: - Compass«

V@&ﬂuﬁﬂ&ﬂmlmwrmﬂ%-F (ray r),
inch scale, scale division.

a8 319
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-'scu.zs OF MEASURE

' Making Ineh and Centime‘ter Scales - ~

‘a scale.

N
—_ _ - Exploration ' _
When you are measuring segments, it_is‘eonvenientfto have
Fbllow these directions to make an inch scale on ray r.
(sometimes We name a ray by a single letter as . )

f —— M

Inch

' |

"Write zero belew the.endpeint of ';: Then use your compéss

- to copy the 1nch unit segment, beginning at 0., stel'the
-other endpoﬁnt 1. A - )
. e r
5 T — >
. 2. ICopy the 1nch unit segment again, beginning at 1. tabel
_the other endpoint 2. .
\. o A_ : - - B r
3.  Continue copying the u}ut \Segnent until yow have copled 1t -
| ifive times. ‘Label the endpoints of he unit segments.
‘write "Inch® below 0.
" Does your drailng now look like this one?
. .; ) — 5 - e Y .3 T -
o : - 3 b 5
Save your scale.
N | B 1 'OCO - .



.',,v : ) ~‘: ‘- e | . ( ) .

R Trace_vray 8... On ray 8 make a centimeter scale. .
' ‘ “ ) A . ._—_. . 'b.

Centimeter

+ 5. What i1s. the la.rgest number on your centimeter scale? (IJ.N'I)
What is the largest number on your inch scale? (5')
Does yo_ur centimeter scale look like this one?

. S . 8

© 1 2.3 & 5 6 7 8 9 /10 11 12 13 1%
contimtor Co ' \ . SO
o ‘A“'Save your centimeter scale, too.
. .

6. You can use your scales to find the measure of a segment
" in inches and, in eentimeters._ : :
- Copy and find the measure of XW, 4in inches.

K— —— W

~ Place your ccmpass with the points on K and W. -
*-_without cha.nging ‘your compass, place the sharp point on the
Azero-point of the inch scale and the penc’il point on the
- ray. What point ontthe scale is nearest the pencil point?@)
what 1s its number7(3)What is the measure of ¥ 1in inches(g)

T.. Pind the measure of KW in centimeters .Q.')Use ypw compass

'~ and scale.

810 A
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E:ercise Set: 7

Using your 1nch scale and your centimeter sca.le, find the ‘

measures of these segments.

Find the.measures in inches and in centimeters.

1.

ni_m (in igches)” = _[#)
/ . ‘ m AB (in ce'ntimeters)e'= {9

322 _

| ‘ mCP (in inches)’ = ! 3! "
o m CD (in centimeters) = _(9) .
3.
. + B
Y < I ']

' . .LF‘ :
R y ‘

. m EF . (in inches)- = (l)
< , .' . m EF‘ ;(‘1n centimeters) = (3)

. . : f" Vs
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In these figures, the endpoints of one segnent are named o ‘
‘Find the measure of ‘the segment, n centimeters. .

v
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USING LINEAR SCALES OF MEASURE

P .
; ObJectiVe- To develop the following understandings and
skills: o R ST TN
o . ) . . /‘
- -1, A Stralghtedge marked with a linear scale based
' "on a unit segment of standard size 1s a ruler.
2. To measure a segment with a ruler, place the
. _ " ruler along the'segment with one scale division
' . point of the ruler on one endpoint of the L
N ¥ segment. '
oo 3. If the’ O-point of the scale 1s on one endpoint

’ I (\fl - of the segment, the measure .of the segment is
‘ the number of the secale division point nearest
the other endpoint. TP the 0-point 1is not_
) used, the measure is the difference between
 the numbers at the endpoints of the. segment.
Note that sometimes we place a ruler in
- different ways because the end .of the ruler
| L is worn away.

_ Materials Needed: ‘ ' T )
Teachers: - Stralghtedge, compass o
© Pupils: Straightedge, compass, cardboard ruler

L. . : a

Vocabulary: Ruler.7

‘ Ybu may wish to- suggest that, for
careful measurement, it is helpful to use
a compass and ruler, in the same way as
‘the compassand linear scale ‘were used in
.the previous section. REN ~

 The Inch Scale and the Centimeter Scale

. In the previous exploration a scale ~
and a compass were used, This explora- ‘
tion introduces the use of the scale alone.
Many children wlll be- familiar with the.
inch scale but they probably have had
little opportunity to work, with the centi-
meter scales -

'_:} p _i ' | . '- :j | _ j H-lv t

324

. -
N




“THE INCH SGALE AND mcm‘rrimm SCALE
- N . . .o : .

. .

_ E:cploration

- You' have made aﬁ inch scale and a centimeter scale..

You have ‘used these scales to find measures of line segments.
You have fougd measures of line segments in other ways, too.
Now we will use only the scalés of measure.

v We find, the length of 1E.
’ J .

i 9

1. We can piade our scale along TB 1ike this: a

2. Here is another wa.y of placing our seale., e

1,««&- Lo .
m w@.}i ‘&1 p]ﬁ‘thﬂler in this way? (;a,_ u—ﬂﬁ / =

o,

d A W o]
inch . o . o '
~

. 3. Are there other ways to Place the ruler to find the’

_.length of T\E?(qu AL ,J&«,Ad a; "“3"“3 ‘«4»‘*4;*1)

The length“o-f A8 is 3 inches.

‘We write ‘mﬁ{?}- U oL

' We read: The measure of AB 1s 3.

e Ad\g.a...

"t
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A N . . -'Q‘ . ! . - -
When you used the scale to find the measure of X85 you used it

as a ruler. ‘A ruler is a stra_.ightedge with -a scale on it.

4, Which of these drawings slﬁws the correct way to pla.ce a

"muler to measure & segment"" Why"(.ZLﬁZl. a-,-no(nuu(

L. ] - ‘ . ? B A‘ A’ B
o Al
, inch " .
s
.
“5.  Find the length of OB, to the nearest inch. -
c z © ' p. g
T hF v .
o 1 2 . 3 1 5|
inch SR
',*Place the sca1é5-a_3~9l)ﬂs '6'15 as in the picture.-:-';j' "

}
_'-What point on the scale is bel-ow c? (0)

_j‘Point D lies- betWeen wh&.,two points on the scale? (Z«J'I»)_

s ::_._‘.'.f.‘ I ) closer to 3 or~ 4 on thé scale? (4) ST
R ‘®

“hat 18 the length of Eb‘ to the nearest inch‘> [44~«L)

,Give two other ways to use the scale to measure '615

(/A"-/J“L-'C«z.l.&uc) | |

c XK.
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6.  Here are pictures of some line segments.
 Find the length of each segment to the nearest inch.
Then, find the.length of each segment to 'the_ﬂnéarest
centimeter. - T

o ‘Tfle g:bbreviatibn for "centimeter" is "em."

IR L , e e _ _
. Write your answers for each as has been done in.the first
one.
¢ | -
a) — = 2
’ ':¢"_;" . " .. s
-"_.f I;ength'of T 1is 2- in., to the nearest in. = - ".T
“' " _Lengﬁh‘ of € 1is 7 em., to the nearest cm.
S ’i'f‘(*/_Fé-_/*:’f#?c‘*"rj*J)
. N LY EF 3 can AR T e )
RCENR = :
M - : .

b

< |
X
(3L
by

1 I
£

. -
' : Cie#
' f 7. Draw a segment 8 ecm.. in léngth. : . f'_-‘-—"’
' - ‘ ’ ) > . - . + -
. e ,'..f’A N . . — .-',.

8. DraW a segment 2 j. in lepgth.

I

RrE

\\/ _ | 816 - Uy o :

T
REC S N
RN,




’ Eb:e.rcise Set 8

_l. Find ’l;_he length, to the nearest inch, of one of your pencils.'

2l Find the length of the same pencil in dentimeters. .
R - (l-um—-—-llm)

" "_3_,::'4, What 13 'the »J,ength of AB, in inches"U N‘Plat is its length
S "in centimeterw[’z““) IR P .

]

: Cos . N - ‘- . ' ) _: . -. - (/p*‘,)
R 2 515 is : 14 inches long. What 1s its length incentimeters? ’ .
5. | Draw a segment that has a length of 5 inches. ' S

'L 6. -Draw-a segment - whose measure, in Inches, is 4. ,
y S ‘ o [y .
L N ' R ‘ ' '

,&.7." Draw.d segment whose measure, in centimeters, is 1o0.

‘Draw a segment. that has a length of "14- cén‘timet‘é}} T

P s _ Y
e - - g v T L
. . . ;
;',,‘ . . - ] N -

9. Copy ‘che sentence and write the words inches or:,

e in the bla.nks so as to ma.ke the sentenee:"'

“a

A segment which is 5 (4—«1..) in length is longer
than a segment which is .5 (%) i!‘& leng‘t:h. -




N

X oo - '3 W
. ﬁ' o . s i .
gm STANDAE?D.}II\.II'RS : L oy /2 |

ObJective_g;To ﬁevelop the following understandings

. '.:and skills- <L -‘ .
i;In the British-American System for linear.
measurement 1 foot is equivalent to .12 .
~1nches,’ 1l yard is equivalent to 3 feet
and . 1 mile is: equivalent to. 5280 feet.
“'Lqu convenience, lengths may‘be expressed
in’ more’ than one" unit, e. g._12 feet
3 inches.__"' R B
3.7 The scale used for measuring 'a segment is
shown by ‘the smallest unit named in the
length
Y, To finditﬁe combined length of two segments,
or to find how much longer one segment is |
than another, measures which relate to the
o . same unit of measure may be’ addeddor mr
Y subtracted .
 Materials Neéde&; . o e b
Teacher: Foot ruler, yardstick e .
Pupils: Cardboard ruler, foot ruler A
. . ' . .- ‘l -
Y 4 N
Nt A LR
a - S 3
:’fl' You will ‘need to plan the activities.. . ,%
‘..of this section carefully. Individual R
or group work at the chalkboard may. be ' RS

effective. You may prefersto let groups
work together on large pleces of wrapping o
‘paper. 'Each child. should participate and || ~i
actually perform the measurement. . -

[ 4

(A
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OTHER STANDARD UNITS Ca,
. E:Jtplération ‘v e

The inch unit and the centimeter. unit are too small to be -

- .used feor measuring long distances.' As you know, larger units

are used for this purpose. ' Three which you know are na.med the

o ._'

" foot (ft. ), the ya.rd (ya. ), and the mile (mi )""f,f'

R

Recall what you know -about these unit’ segments. o

1. Draw a segment 1 foot long. Draw a ségment_ '1_._ yard long.

o

2. Draw other segments 2 ft., Bft,and 4 ft. long.

like this: T ' : s

- Length in feet  Length in inches |

1 ft. ~(/2) inches o
2 ft?_'_‘ : ‘ (2_4)_ inches
5 rtes - (3¢)  inches

y gt - _[(42) 1inches

Which of these segments was-one yard in length? (?/il.r.u“)

4. Dpraw a line segment 18 1inches long. Name it B, .

Mark a point C on AB so tha‘c .AC
Howlongis E’E” {/%) o

' The length of EB 1s 1 ft. (&) in.

Ty e - i . ’ Q_'
35" - SRR

. . } ! c. ..‘.‘\ ) . . .
3+~ Measure each of the segments in“inches. List your; results

’



5 - Dr‘aw-a- 1ine—segment 29 1in. long. Name it . AR.. )
| Find a point C on’ AB so that AC -i_ ~1 ft. long. .
Then find a point D on CB so that CD 1s 1 ft. long.
How long is —5‘7( #"‘ 2 . )
How long 15 DBe (&) ,
B 1s _2 ft. .5 in. long.
i .

6. Draw segmerts wlth these lengths in inches.
Then tell the length 1n feet and inches. °*

Segment Length in. i’nches - Length in feet and inches

EF 15 1n. - (1 A 3.4.)
-- GH S 20 in. - (/ﬁf,.,.)
LR - {
T 27 in. (2 L3 %
f AE -~ 30111. . . Zlﬁ‘“‘")
i 361in. - - (3 o)
\

7.' on % mark off BB whose length 1s ‘1" foot. Then mark

off BC whose length is 3 inches so that " ¢ 1s not on_
(1#3+)
EB. What is the length of AC in feet and inches? What

e
is the length of AC in incfues" (/"'" C o 48 dod 2t o

As ) *

8. On k mark off RS whose length is -2 feet. Then mark

' off ST whose length is 7 li'nches, se that T 1s not
on RS. What is the 1ength of RT in feet 'a.nd. inche/sz?ﬁ'u')
What is the léngth of ®F 1in inches?(3/<)

331
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7

.9. . Draw segments of the lengths given. Thén tell the ‘l.en'gth

in another way. - -
Segment Length in feet and inches _ Length in inches
~ B . 2 ft. 1 in. g - _(25<))
(020 (/é‘i‘ 9 .L.) , ‘21 in.
EF 1 ft. 7 in. o el
GH - ' (2 /7 2u)) ’ 32 in.
BRAINTWISTERS

1. _Amile is a distance of - 5,280 feet. About how many
steps would - you take to. wa.lk a mile'> (um""‘”""“‘} )

[

2. If a car is traveling 60 -miles an hour, how far will
1t travel in one minute'? (/ "“"l') : C *
How long does 1t take you to wa.lk a mile"(-z‘a‘—“-m""”"""})

. ~
=4

3. Supbose someone ran a mile in 238 seconds. How many
‘minutes and seconds did he take? (3/-«—-1'. ‘—Jf""‘“"‘é)

| _\

~.

4.  Suppose the four men in a mile relay‘event._ra.n' their
"quarter" mile in the times of 46 seconds, 47 seconds,

" 47 seconds, and 45 s,econds What' was the time for the
relay team to run the mj_lgO(/.ﬂS’Auo—uL o .3,-4-..1. ..JJA«.».()

- 332
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‘b)) &4
‘c) 1
. d). 1
‘i .'"'e.)v' 1
£) 28

~ Look at

a) 10

Exercise Set 9

_if segments have’ these lengths, which 1s longer?

inches or 1 foot o (

S

'feet or 1 yard
inch or 1 centimeter

foot or 10 centimeters’

30
Iy

ft. 7 4in. or 2 ft.

inches or 2 feet (22<.)

each segment and its-measure, then write the unit.
Segment ILength

B BB 3 ()

()
’
Q

o osfe)

AH o

Complete:. -

Length in feet and inches  -Length in inches
. ¢3 ft. 1 .4n. - (37
(2 7 02 30-in.
1 ft. 10 in.7 (2240

Q# g.L.) o 44 in,




~

Bhoh . -

| L, WI'ite the name of the unit which‘makes the sentefice .

. reasonable. Use centimeters, inches, feet, zards, or miles.

A

a) The seat of the teacher's chair is .16 ( ) above

‘ the floor. . , \4“
' b) Helen is 1h the fourth grade, Her ﬁeighjc 1s e©
130 (celi2) SR
¢) The la.ke is 4 (»-«L) 1ong. - R -
d)"Theheightofatallmanis 2 Cf—fé/).i .o
le) s crayon is about 10 (c‘...j:....l:.) long,
- I.f') | It is 2 (M_.L) _from. Bob's house to the park.

" 5. ‘If segments héve these 1_eng'ths, zvﬁi'él’i is longer?

' HoW much longers | E _ o
‘ : '\‘;»7 s "¢, .. VWhich, is How much
¥ “_*:'- .;.1 TR ._M._,_—'.,.--,Longer? - “Benger?
1nfches or . 1 foot iz -(»234;)- (1)
:'vinc,hes or 2 feet f»? #) (4. )
J«L‘f'eetor l yard .d( &2 ! é_/'z
1 ft. 8 in. or 16 in, (/ﬁyh.) (har
e) 1 yd. 4 in, or 42 in, (#2.) .' (2 £.)
.f) 1 yd.; 2 ~ft.. or 7 ft. (74) .(z.ﬁ.} .
g) 1 mileor 3,195 feet [1md)  (r9548)

6. You know that 1. 'mile_. is 5,?80 feet, How many-#-y‘aifds/\ N

1S thato (/,’720 ,,J\,) _

7. A Boy Scout can walk a mile in 12 minutes if he .uses

the Boy Scout pace. How many miles can he go in one

hour? [5”“4’)

334
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 COMBINING LENGTHS
"Learning to combine Lengths
. Exploration
1. The teacher made a reco%d of the,:.-
heights of.children ;n his
‘fourth grade class.

The children ‘knew that he meant Bill's

e

Pupil | Height. |
Bil1l | .4 ft. 8
Betty 4 £t. -2

. Jim 5.1t
_Helen 4 ft 6=

height was L feet.

"and 8. inches. Betty's height was - 4 feet and 2 1nches.b

Jim's height was 5 feet and 0 inches How many feet and

inches is Helen!s height‘> (4 ﬁ /')

We often use more ‘than one unit to tell siZes.

wa would you use more than one unit to measure the

dOOI' in your classroom? (u.«u_ MA—JM.A.J)

2. Now we will learn how to combine lengths,

Sue, Patty, and Janet-are decorating a room for a party.

They plan to put érepe paper around the windows

The girls had strips of paper with these lengths-

Sue . 6 ft? 3 in. |

P_a'cty' 4 ft. 5 1n.
Janet 3 ft. 2 in.

a) If they put thelr strips of paper

wouldileok like this: & .
| .- | : - - " e R ‘l‘g‘ﬁ‘\( | o
Sue's . Patty'B ¥ ~Janet!s.
6 £t. 3 in. . L £t. 5 in.

o

3 ft, 2 in.




To find the length of the combined strips, we g all

measures 8o that we use only one unit the inch. |

| .- How many inches of paper did~Sue'have° (:1525J~
How many inches of paper did” Patty have? (&3 4-)
How many inches of paper atd Janet have? (394.)

'Now we can add the measures- 75 + 53 + 38 = 166

The length of the paper was 166 inches.
Express this length in feet and inches. (/374%/0”“ )

D) . We can show the combined strips by another Sketeh 1like this:

. -

6ft - 3m . 4f S 3R 2

'."'.

c)’ JNow let us think about the combined strips in a different :
order. We can show our thinking by this sketch-

with the same unit
. 6 ft.

6+4+3 =13 - 4 £,

| o 2 fE.

o 13 el

Ueually we write: ) ;
: ‘ 6 £t. 3 1in, |

- , Y £t. 51n.  The glrls have 113 £e)

“3<ft. 2 in. 10 in. of crepe paper.

[ : [

13 ft. 10 in.
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.3.‘

which strip of paper is longer?
" Pattyls : . Janet!s
| 4 £t 5'1n. . 3£t 2inl
~a)’ The length of Patty!s paper& in inches‘ © .53 in, -
The length of Janet's paper, in inches 38 in.
The lengths are in the same unit.
We subtraet the measures: 55 - 38 =n- . -53
4 =28

15

A .

| '-'Patty's strip rs’ 15 inches 1onger:than Janet's.

How many feet and 1nches is thi éijzf-3‘;')

We can work. the problem another way.

We subtract the measures which go with the same unit.
. Y 3

b-3=1 hft, S5in. ‘5-2=3

3 ft. 2 Ain.

186 - 3 1tn, "

v o . ) [} o ) R o
The work is usually written like this:
S S S . i
° . lr I‘to~ 5 in' . .
a 3 £g, 2 m. oL
o _ i . —
S 1 ft. 3 in. : a

 The length of Patt&'sbpaper is 1 ﬁ?ﬁ. 3 in. more.

than the lehgth of Janet!s papér. . -

.: 826337 v .  _‘ ~5ﬂ .‘_ R
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y, Martin, Charles, a.nd Johh had a - — —
. Martin |18 yd. 2 rt,
contest to see who could throw

_ ,éhar}es 16 yd. 1 ft.
a football the farthes-‘c. See . :
. > c . . . d 17,yd. 2 ft._ | -

" the record of thefr distances.

-

a) How mueh 'fé.fther did Martin throw than Chérleso (JJ ’/})'
b)~ Ho{v- mucH farther did Maftih throw than John? (7 ydt 0;#)
c) How many fee-t did Charles throw the Jballe (49ﬂ )
d) - How far was the football thrown in three tries‘>(0/ ‘7‘( #
| ~Can we ad.d the three measures? A T G2 2#
o ;we' can add only the -m;easures which have th_é ‘same untt, .

P

18

2
16 4 1
17 2
’ Qa ’ i v 51 ‘_ . 5 ...
o 7 4 -
. The fdo_i:ball"was thrown 51 ud . 5 # by
‘ the boys. " | o
5 ft = _ /  yd. 3 ft.
' 51 yd.

1 .-yd., 2 f¢t.

52 yd. 2 rt,
51 yd. 5 ft. 1s the same measure .as" 52 yd. . N
3 rt,
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Exercise Set 10

K Y
’ R .

1.. Dick has ‘two pencils. One pencil 1is 7 1inches lyong and
one 1s 6 inches long. When put end to end his two

pencils show a segment which measures ( [1 ft. | /’2 in.
2. Jane has a piece of ribbon 2 ft. 8 in. 1in length;

“ar

Sarats ribbon is 3 ft. O in. long.

a) How ‘much shorter is Jane's ribbon than Sara*s? [//2‘/1-»)
b) The two ribbons, when put end to end, make a piece

b ft. & in. long.

3. Add -these measures. (Write the lengths in the answers in "
‘ ‘ . . , .
two ways, as shown in exercise a).

a) 6yd. 2ft. - d) 11 yd. 2 ft.
. 7 yd. 1 ft. | 37 yd. 1 gt
9 yd. 2 ft. . . 9 yd. 2 rt.

22 yd. 5 ft. = 23 yd. 2 ft. (&7 4k Jﬂ‘ s9gd- 1#)

¢
b) 23 ft. § in. B ~.e) 24 ft. 2 in.
35 £t. 2 in. « 7 75 %, 6 in.
46 £t..10 in. . : ~ _67 £t. 6 in.

(104% gq4.=lafﬁg‘_‘:";. (/“ﬂ' '/:4'.‘...“';”7#2?)

lc_) 38 yd. -2A ft;‘ o _".__-;-_'5 . f) . ) ) 8 ih.' |  .
23 yd. 2 ft. o d; 5 in. - |
“s 66 yd. 2ft ’ oy in;- .
(12794 & = 1294d. o#) o <——/7‘;’ J#{“)
828 333"
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2]. Subtract these measures. ?
a) s yd. 2 gt T e) 33 yd..2 .

Yo 2yd 1 st 8 yd. 2 rt. '
) REE ORI (26 L. 0,4:‘) T

P STEE an. T a) gbte gane oL

2y

’;"-" 18f£t. 8in. . - ggg, Lu.n.
(/6’# 3"-) . ()7,#5'~)

5. Here are the names a.nd heights (‘in inches) of 30 pupils

“of .one classrbem. B : . : ' " , '
RN conmmig’ 5 . L,
Mary Jeannie | Royce |  Tom. - .
| 56 st | s | e | s fwa
= Denise [* Pawl | Jack | Phylits Helen |
’ ' 53 61 63 |- 52 | 52 Tzl -
ROWS | Fran | Fred | MeFtha | Walter Viola
55 59 © 5k S8 | .T60 jasd).
‘B111 - Glen Lenore- a‘ary.;g,c.;‘,.,'Boyd '
. 52 . 52 61 - 56 65 fage)
. Sarah.- Greg | Valaree ° Jake. | gerry | = ™
52 | 52 B | 56 | B pe
Edna | Will | James Hill | Jo - |—
. 52 54 52 | 65 w64 fagd)
- (320) (33 )’ (3#¢4)  « (35’3) (3579)

.

" a) Which row of pupils has the- greatest total height(a"(m]
' 51
ol ~)

 b)  Wnien column of pupils has the greatést total height }

How much is this( greatest total height° (129 o+ '2'4“

KO How much 1s this: greatest total height° (3“‘-" o 2’/7/‘*-)

[ there one pupil wl;Q Mitting both ‘1n the row and
1’1 the column of greatest tqtal height°(‘3'*zrho° (7/“4)
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1] T
S

Which.column of pupils has the least total
“height? (! ¢'&—-t) ;

. 'J

.o ) ‘e e, -
. L . - . .
BY WA ) s !
. : Sy S o {
. : . . N

o

b. Which row of pupils has the least total _
! height" (l ,n,...r) ¢ . : | B ‘

R . 2B
K X A .' "_-, y .',". [

<

~

c. IB there one pupil who 15 sitting both in the - '
B rdh and in the colum of 1east total height°(ﬁr*)
’ mgo" }»L) o : .
) - /--.,;v‘:’:
\ ) =

L 830




PERIMETER . - 5qx-, | ;,5 R
.ObJectiye:_ To dévelop the following understandings and .

) .l.3~ A simple closed curve may’ be measured by '_' N
L f"*_fff "straightening" a wire model ‘of the curve -,
' Ji 7 and finding‘the length of the model.

- _ 2. A simple closed curve which is the union of
Cow g line “Segments is a polygon. . ';,)

: -i§n43- The perimeter of a polygon is the4lepgth of
:g{_iy .u;.‘the polygon. .. ’, o S IR ,

? e .-,

The perimeter of a polygon may. bé" computed‘by
"ﬁ adding the measures of the: :s1des,. if the .
. T measures ‘aré expressed in terms of the’ same
- linear units.: o -

————

Materials Needed-

Teacher-' Wire, straightedge, scissors R
Pupils; Plece of wire 15 - inches long, ruler,_;_.';.

oo another piece of wire about 20 inchesi*ﬂ7’“.
. long, scissors j L -_‘g;-g S

o

. Vocabulary: Renimesggfa_;;;:; :

S -, In this section, pupils will measure~ . A
T . a slmple closed wire by bending a wire to oo L
' ¥ the shape of a curve, straightening the™ .. ||. e
“wire,. ‘then measuring the wire.to find the | TR
.length of the curve.. Perimeter is defined' . .
.as the.Iength of’a- -polygon.- The Explora~ - || -
tions'and Exercises .which folibw shoutd I -
lead to generalizations about computing o
perimeter._. . _ . . . . Sl

S
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PERIMETER ., S . By :
Tengths of Simple Closed Curves
¢ . . 5 ’ i L ' 4

Exploration | L uv ;
1. Ta.ke a piece of wire, 15 1inches long. =
Bend it to make a s:k‘.mple closed curve, like: this:
1° : L
» s‘-a ¢
0,0, ~
P ] ¢
. / . L}
S
3 i
5 - i :
Whdt is the length of the wire when it is bent in the
42 " shape of this curve? (/5"*'.) . |
N ’ ' . .‘.)‘
Do I :.-" -

2. St"_r_aig;\}:en out the wire, and bend it to. form a. different

closed curve.,

any

b 'What is the length of the new curve? (/é‘»«-. )

'What happens to the length of the:wire when you change

the shape of the simple closed curve? (ﬂaﬁ—gu'/ﬁ M)

- -




R4

- PS03

“e . - . .
- . . . PY
. -~

3.

- .-
’ N .
. « . .
. - h

Straighten out your wire.

’O v i y . . . ?‘— iy - )

. Is the length of ‘the curve below, greater or .1less than

'15 inches"" (%«u—ﬁ\ /6'4-~ )

Can you' use it to find the. length of the curve &'awn below?

"Hoi«: mueh less than 15 ‘Inches? (4—40-'7‘3 *-*A-)

Did you use’ your ruler to measure the length of the

wire that rema.ined af'cer yoy bent the piece of wire

to, £1t the curve _above? (71}%) e

.- - *



Take another piece of wire whose length you do not know.

Bend it to fit the curve below.

\

If there 1s W1re left over, bend it back and out of the

€

way. - o , \

L .
A

. Can you think- of some way of using the wire outline to

find the length of the curve? (M ot ﬂ«*—w&"“’[z“‘

If you straightenvthe wire out, will ‘phe length of the

 part of the wire that ocutlined the curve change° ( 74)

»

hd . . b
.

Straighten out the wire.

Mesasure 1t with ruler.

‘Vhat is the l°ength of the curve? ..(4-4»-7‘ /2*"‘-“'{“’>



\ P505
Exercise Set 11
Use pieces of wire and a ruler tb'find.thé~lengths_of the curves.

1"

PN ]

(ahot 10ids)
Rezpenmer that this simple closed curve 1_s' called a .
polygon because it is the union of line segments. -
348

.835 .
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'3. Take a plece of wire.  Bend 1it, using the whole piece of

: 1re, so that you make an equilateral triangle

.¥hat 15 the length of the triangle? [.L?‘ >4 M..,,Z.,z( “

4,  Bend a piece of wire so that, sing the whole piece of wire,

-

you have a polygon with four sides of the .Same length._

Find the length of the polygon [ ZL ,LJZ/ 3/ %/»%NM

5. Use ‘the same piece of wire as in ‘exercise & and make a
different polygon with four sides of the same length,
wiéhout straightening'tne wire, do you know ‘the 1engcn{' _
of ‘chis polygon? (.W,u JfLM ..,,2’,-'« A» Lz 4_)' -

6. Find a model of a circle in your. home.

Use a plece of wire or a plece of string to help you
find the length of the circle

Did you need a ruler? (jf~)

€
7. Cut a model of a triangle with its 1nterior from a piece /

Can ¥y uffind the 1ength of the triangle? [3"d
D1d Y0u=use a plece of wire? (gra—u~nc)

Could you have found the length of the triangle using
the ruler-only? (§r¢g§ o . _"

o

S
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 PERTMETERS OF POLYGONS

- 'Exploration

Joan wished to buy some lace edging to trim a scarf -
The scarf was " 40 inches 1ong and 14 inches wide.

How much edging does Joan need‘7
: >

‘The number sentence Which tells us the measure of the, length of

-the edging Joan needs to trim all four edges of the scarf is-

"+o+1u+270+11+=108

'The length of the edging that Joan st buy is. LOSI-inches.

How many yards of edging -does she need9 (;3 3Aal4/)

The perimeter of the rectangle in this example 18 108

: inches k:
:Ybn have found .the length of meny‘simple closed curves.
When the curve 1s a polygon whose sides are line segments,
- we call the length of the polygonfits perimeter. '
,'4 The perimeter gives & number and a unit of measure.

343

. 837 L
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2.. - The Jones family decided to decorate the front of ‘cheir

home for the ChriStmas season. '

J’ohnny wanted to Put a string of colored lights on the house
along the triangle ABC Mary wa.nted to put a s'cring of -
colored 1ights around the doorway. _
Mr. Jones. said he-Woul'd buy lights for the ‘door or the rooI:'
He would. nOt ‘buy lights for both. - Also, he would decorate

+ the one which required the shorter string of lights.

do \
» v s
o2 o
A . .
ST |7t R
.= _ 3t ' o R >
Johnny measured the .3 sldes of the triangle. S

' ‘Mary"measured the- 4 sides of the recta.ngle around the door. -

LI

Each reported that the sum of the measures of ‘the sides

of the figure he measured was 20,

- -

'_:Johnny_said: . "6+6+8=2.Q"_

Mary sai.d: 3 +7+3+ 7 20" o .‘

wnat other fact did Mr. ‘Jones need to lmow before he could ma,ke

~a decision about which part of the ‘house to decora‘ce” (144--7’-/

Did the Jones fa-mily decora‘ce the door or the roof’> [2{, A,.:-)




. 'Exercise Set 12.

‘."_-}'.1'-.43' Joe made a cardboard model of a

_‘chalkbox. He w;tshed to tape the _ = _
edges._of the bottom of the box ) . J__’_irL_ -
i with scotch tape. How much : : ,Q,"?" <\ '
scotch tape did he need? (204-.) A_ .' ’4’ ©
‘ (There is no overlap at ' '-n
the corriers..). |
‘,_ Do the edges of. the bottom mke a rectangle? (‘3"‘-)
‘.,fmd you f:;‘t | the sum of the meafSures of the sides of the "~

rectanglé, or did you find the perime‘l:er of the rectangle? - .-

A poe)

2. The police department of a town 1s painting 2 thin black

k o border arou.nd 'che edge of the STOP _signs, How ma.ny
- inches’of border nnzst be painted on each sign? ( 5’0/—» )
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3. Use your ruler to find, to the nearest inch; the measure you
need to find the perimeter of each polygon.'

| : = . C . i
The perimeter '
" of figure XBQD

is ,;1942 :

\

The perimetdﬁ 5””,

{ ~'?_;D:ﬁ_;~ﬂic of figure ABCDEF .

| R e //0.«..) .

The perimeter
93% .
- of the star -
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fmpING P';aglrms, y o ’ S - e |
| | Exploration ,.'- - _f RN
;”;éere is a plan for the floor of a rectangu7ar room. .
What is the’perimeter o{uohe edge of the floor° ” ..
| | 1240 3in
- . ' - \ ) ) ﬁ 2 )
S ezl o rn i,

1eft. 3|n

.';"l" ."-'.'.." :'l ) . ‘ rl/\l "- . '_ : . -
l2ﬂ', 3m B 7“2 in. - 2 ﬁ,‘3in. _ » -”t’; 21!_’!:5 e

RN

'"fcut the wire inko - eight ‘pleces.

-together again, ‘a8 shown ;n this picture. [‘ .
_ffﬂ," . f’ 1 i ; . LT e 1
\ T ’ Q2 ft, . - ‘ T ft, . lz ft. . 7t 3%

AR : . o - inininin

,fHEE{the.length changed?(?L) '
.We add the measures which have the same unit.

38

10.

124+ 7+12+ 7

RUEEITErS

The 1ength, or the perimeter, of the rectangle is 38 ft._ lol.in.

Remember we add’the measures. We do not add the units. We add

only those measures ‘that were made using ‘the same unit.

. . ;
. . . . ] . R
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. : Exeroise Set 52 ‘

1. Find the perimeter of a corner pPlece of land in the shape of -’
a triangle ir the leng'bhs of its sides are 50 feet. 1& ,‘
inches, 80 feet 7 -inches; and 50 feet 4 1nches. |

., (/i/f?‘ I, or u . ;/J' J/—s) e »

2. 4 yardstick is 1 inch wide.. Find the perimeter of the

face of the yardstick that shows ‘bh.e scale. Give your

s (2yd2"
answer in yar _s and ‘inches. Give your) answer a$ ain in
feet and ;inches. (éﬁ .7.4.\ ) , . :

3. Find the -pérg.meter of the polygon pictﬁred beﬂéw:

-

S.in.
16in.

T2H#.0in. -+

y

o

LAWY

a) Can your answer be written using. !mly one u.nit° /}u)
Urite your answer in 1nches onlér n feet only (/o/f)

b) Can your answer be written using yards only and what

-

. we have learned -so far? (%) o T .

) | ’ . 8Lp- 5‘3 N

L | . -
k ] . .
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L, . In France, % Al ’d.iamond__is a_‘Square,' each of who’se .
sides 15 éw-ff'__ fers . 1oz

h of the shortest path he cah take, “if he

¢ (//a,a..z:. ‘qa,._) .
-tod’ches ea.ch ‘ba,seion h}.s way. back to home place‘7 You will - .

D Uhat is the T

\)

* need to know tnatu 100 . cen‘cimeters equals l meter.

5. ‘Which curve is- longer‘> JHow much longer" /‘3‘l 3# /*

- \I1yd 4in.

2 ft. |
. 0_
BNy =
BRAINWISTERS S
6. A man wants to put a fence all around his land. ~ He knows ;s

thab ‘che boundary of his’ la.nd can be’ thou[ght of as a square. -

He measures»one side and finds that it is between 125 a.nd—

2126 = S04

126 feet long._ How much ferzcing should ﬁ B_W ‘)
7. T In’ Jim's house a piece of glass in a window was broken His

- e e -

father measured the frame where ‘che glass went. He found

that 1t was a rectangle with 1’4 inch and ob inch sides, to
.athe neares" ‘inch. He bought a new pilece of glass 1’+ inches

wide a.nd 24 inches long. _ When he went to, put it in ‘che

frame he found that it was too long to fit.” can you give a

pessible reason? (.ZL %.“ e LT 24‘._,4., }....)LZ/L

Aﬁ‘a&‘-"\ o o AL_#‘
Z‘f“z’z’.",a-“> R Y g el Hhopee
~ | c35 __843

N oS



e Chapter 10 s
4 CONCEPT OF RATIONAL NUMBERS L

PURPOSE OF mm‘ |
Children can be expected to have. some concept of rational
numbers, Undoubtedly, they and many teachers have. called .
numbers, ‘such as = %, T 3, §- g, and so on, fractions ,;if
or fractional numbers. In’ this chapter and In the work that
'follows, wWe will call this Set of numbers indicated by pairs,
of whole numbers (where the second of each pair is not- zero)
- the *ational numbers. Really, we will be concerned with only
a subset of the rational numbers--a set which sometimes is- .V "
referred to as the. rational numbers of arithmetic.. This,kindiﬁg;}l

of number is suggested by measurement — “f{_'fgf,ﬁfi’d-y
= ERRIRENE

ore specifically, the purpose of this chapter is to 'jjl R
continue with the development of the concept of rational . ﬁf;fi%”
numbers in Such a way as._- : B

1. to emphasize the common’ aspects of situations o
'“involving measurement, - noting that partitioning"-a 1,\;ff
‘uﬁit segments“and regions into congruent parts e

and sets of obJects into equlvalent.: subsets
.provide appropriate model;-&m-p?tional numbers

2. to develop a way of _naming rational numbers i "*"

. using symbols called fractions and mixed forms f},,.w4

Ty o (The later consists of a whole number numeral -

' and-a fraction. For ‘exgmple, %2 ang 2§ are
_ mixed forms. 'we have, in the Past, called these
'"mixed numbers™. Anotrer- numeral, decimal, will

' ‘be used 1in the next grade. ) |

. 3. - to- help children learn that different numerals
7 may indicate the same rational number. S

4, to help children learn that ‘the set of whole
- numbers is a subset of the rational numbers




. A Note to'Teachers T
Terminology used in this chapter and in the chaptersaon~w-l
rational numbers ‘thi t follow in ‘the’ SMSG Mathematics, For the

‘Elementary School will associate %he following ideas with w8

thése words: . . _‘”;ui'_ B

B - o
[

" 1..,. rational number - an infinite set of ordered pairs
. of whole numbers where the second member of the
© palr is not zero. '

'iAny member of a specific set of ordered pairs may. :
be used to indicate that~specific ratiosal number. X

2. fraction ~a symbol which names ‘a rational ‘number.
C lEO
d

St 5’ 5, ,. are fractions. . The set of .

= o™y s 1 : S T
. ,fractions»{ _f% ..;} napes the same
R R SR e

-rational number. we. can write 5= E 8” etc..

| Each fractiOn issdetermined by an ordered pair
- of numbers The first number of the pair is
called the numerator and 1s the number -Of . con-
, ' -gruent parts with which one is: concerned The
*,TIE - df?second number of the. pair, called the denominator,:
"‘;'v : .leis the number of: congruent parts into. which a -
. :.;_,',unit (region, segment)sis partitioned M

oy

3?3;.7{decimal - symbol which can name a rational numher

15

whéﬁ ‘the second member of ‘the pair 18, 10 . or a "$.7;’;1
, * poked of 10, - that 1s' 300 or .10%, 1ooo,;i g
L L ope 103, ete. THE" -second’ member, or the-denoﬁi— e

' nator, can be denotedéby place value.~?u

: lgi:{ mixed form - a symbol which %35 & com@;ga
o '1ﬂ.a numeral for a wﬁole number’%hd a: frac

'”“no ‘doubt know it as*a "mi;ed number"
course, numbqrs cannot be\ﬁﬁxed




- MATHEMATICAL BACKGROUND

‘Introduction o - ,"v R .
In the study of mathematics in the elementary school, a..
,child learns to use several sets of numaers The first of these
is. the set of' counting numbers, 1, 2,_3, 4,‘... . . The second
is the set of whole numbers, ‘0,“l, 2, 3, % ... . ‘The child
~ also may have learned certain properties of uhole numbers.
During the primary and middle grades the idea of "number”
is enlarged, so that by the end of the sixth grade the child
recognizes each of the following as a name for a numberﬁ

. _B"_Vb

-
,

3 % 3.6, 25 8 o g- 3 -0

. In traditional 1anguage, we might say that when the child has
'completed the first 8ix years of school mathematics he knows
about "the whole numbers, fractions, decimals, and mixed numbers."
This language is primarily numeral language. It obscures the
fact that a single number can have names of many kinds. "Frac-

. tions, deéimals,‘and mixed numbers” are kinds of number names
rather than different kinds ‘of numbers Hhether we make a ‘plece
of ribbon lg in. long, or 1. 5" 4in. long, or §' in. long makes
no difference--our ribbon is the same whatever our choice of

“numeral. " That is, lg, 1. 5, §' are all names for the same
number. This number is a member of a set of numbers sometimes
'called the non-negative numbers or the rational numbers of
arithmetic. For our purposes here, we shall call them the
rational numbers, realizing that they are only a subset of the
set .of all rational numbers. It also should_be}realized phat
within’the set of rational numbers 1is a setbwhich corresponds: to

. the set of whole numbers. For example, 0, 3, 7 are all
rational numbers that are also whole numbers. ny ﬁ- and .2'
are rational numbers.that are not whdle numbers.

()
JU.
u\}

0 .
-

~
L4
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First Ideas About Rational Numbers B &,

g Children develop early ideas wout rational numbers by
. working “with regions--reo’tangular regions,’circula-r regions,
, triangular regio_ns, etc. - In Figures A, B, and G, rectangulan
regions have beeh used. Eor any type’ of region we must first
" identify tje unit region. In Figures A, B, and " C, the unit ~ o

s - *

region 1s a sguare region ‘
In Figures A -and B ‘we see that-
‘ (1) The’ unit region has been separated into a number

. .

of congruent -re’gions. —.'_
(2) Some.of the regions have Eeenshaded. : -
. D 'y . .
N (a) Using regions. ILet us see how children use regions.to
‘develop their first .ideas of rational numbers. The child learns

inxsimpl'e cases to associate a number like % or ~-§ : with a'

shaded portion of the figure. (Rational numbers: can also ‘be
associated with the Thshaded portions ) e ‘ ,
‘Usipg two or more congruent regions (Fig C), he ca.n sepa-
rate each into the same number of" congruent parts an& shade some ¢
of the parts. Again, he can associate a number with the resulting
'shaded.region._ : _ . '

]

Fig. . Fiq? *Fig. :
A B L c
The unit square -  The unit square Each unit square |
is separated into is separated into = 1is separated into
- 2 congruent re- "3 congruent re-: . 2 congruent re-
glons. 1 1is g‘ions 2 are . gions. 3 are

~ shaded. o shaded. 4 - shaded. We have’
' ' - - % of a unit square.

At this point, the child is only at the beginning of his
concept of rational numbers However, let us note what we are
doing when we 1ntroduce, for example %- We separate the (u;xit).- '
region Into 3 congruent parts . Then we shade 2 of these




parts. Similarly, in é-, we separate each (unit) region into "2
- congruent regions, and shade 3 part‘s In using regions to
represent a number like é” -we-must ‘emphasize the fact that we
are thinking of é- of a unit region, as in Fig C.

.

-

(v) Using the number line. The steps used with regions can

. 'be carried. outeon the number line. < Tt 1s easy td see that this

ds a 'very practical thing to do.” If we have a ruler marked only
in inches, we cannot,make cerfain types of useful measurements
We need to have points between the unit- intervals, and we would
‘1ike to have numbers associated with these points. *

N The way we locate new. points on the ruler parallels the _
procedure - we followed with regions We mark off each unit seg-

. ment into congruent parts. We count off these parts. = Thus, in

i

order to 1ocate the point corresponding to 3-, we must mark off -
the unit segznent in 3 congruent parts. We then count off 2
of them. (Fig. D) JIf we have separated each unit interval in
2 congruént parts and counted off 3 of them, we have located
the point which we would associate with 3. (Flg. E) |

r

[

. . . .
| ’ \’ . : : ) )

2 Parts 2 . . : ‘ IS
¢—Art 1 ®. 2.0 T B e
——o——o . - > o —e— . —————————>
\ . - ) ) . . _% -,)32_ v

3 Ports - o o * N
. § . .
Fig. D Fig.
' : .- L .o

Once we have th.is construction in mind we see that all

,such nunﬁers ,,a.s , g % -3-, -g-, -‘%- can be associated with
p&rticular points om the number 1irfe. To locate -8-,§£or
. example, we Qar}c the unit seﬁ'ents into *8. ‘congruent Segments.
(Fig. F) . " . s
g . X 0‘ v ] 4
Y . Il Segments . Tou ‘ e .
Q _A__ | By . 2 BRI
r ‘ ] | F‘ 3 - . 4
- — Ao —— T .
8 Ports o j 8 Parts )
- « Fig.-F 2 ' .
r)..'i‘ .
» X * J23J



(¢) Numerals for pairs of numbers .” Suppose that we con-
sider a pair of counting numbers such as 11 and 8 where .11
is the first number and 8 is the second numbef; We can make a -
Symbol, writing the name ?f=?he first number of the pair above
the line and that of the seecond below. Thus for the pair of.
numbers, 11° and 8, our symbol’would be %%. If we haC’ thought
of 8 as the first number of the.pair and 11 as the second,
we would have said the pair B and 71I, and the symbol would
_gave>been f%. For the nUmbefs' 3 and ‘4, the symboi would be
'EnA For the mimbers % and 3, tne Symel would be: = SRR
With the symbol descr;bed in the preceding paragraph, we
rcan assoclate a point on the number line. The second number
tells into how many congruent segments to Separate each unit
segment. -The first'numper tells how mény‘segments to count off.
~ We also can associate each of oSr symbols with a shaded
'region'as‘in Fig. A, B, and C. 'The second number tells us into
how many congruent parts we must;separate each unit region. The
first number télls us how many of these parts to shade. .
- For young children, reglions are easier to see and to work
with than segme‘ts. However, the number. 1ine has one strong
advantage. For example, we assoclate a ngmber as -%l_with .f
exactly one point on the aumber line. The number line also gives
B an'unambiguous plcture for numbers like %~ and %.' A region
'.corresponding to % is less precisely defined in that regions
with the same measure need not be identical or even congruent
- In Fig. G, we can see that each shaded region is E of a
unit square. Recognizing that. both shaded regions have E sq.

units is indeed one part of the area concept

j&]

 Unit square
Figure G-

DU Caso . 960




When we. match numbers with points on the number line, we
work with segments that begin-at 0. For this reason, though the
number line is less intuitive. at early stages 1% is well to use

1t as soon as possible. : '

Mea.ning of Rational anber :

-
- .

The qiagrams Fig. H, (a),_(b), (¢), show a number 1ine on

;'Which we have located points corresponding to — 5, 23 ete.
and a number 1ine on: which we have located points corresponding
1 2

to 5 E’ E” ete. Also shown, is a number line with 8-, B
etec. AS we look at these lines we see that 1% seems very

-natural to think of § as belng associagted with the 0" point.
We are really, so to speak, counting off = 0 segments. Simi-

larly, it seems natural to locate’ %n and g- as indicated.

S —— e————> (@)
D N R 1
2 z T S z 3
i : (b)
L 2 4. 6 T s
Hy 4 T . .3'- T ¥ 3 £y
——t o —> . (€)
g 1 23 3.2 ¢ 1 8 9 0l 238588
s 8 8 g 3 ¢ % &4 38 % ¢ B3 s 3 "
-//-val——ﬂ—a.\y—r—‘wgw«_,ws—_,a (d)
3 z z . : 2 .
] 1 2 3 . 8 «
4 4 . . 4 . )
12 a s 7 8 u 2
AR EEEEEEEEEE
[
‘%% FigureH
6 - T At

.y

Nqﬁ let us put dﬁr diagrams (a), (b), (c) together. In '
other s, let us carry eut on a single line (d) the process
for lod@king all the points : : :

e"ﬁ‘hen we do this, we see that. ‘§” ﬁy and g- are all -
aSSOCigﬁed with the same point. ' In the same way, %- and : g

are associated with the ‘same ‘point.

85135‘ |
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v Now we are - ready to explain more precisely what we mean by
fraction and by rational number. Let us agree to call the
symbols Wwe have been using fractions., A fraction, .then, is a _
Symbol associated with .a pair of numbers. ' The first number of
the pair is called the numerator and the second number is called
the denominator. So far, we have used only those fractions in
which the numerator of the number_pair is a whole number
(o, 1, 2, ... ), and the denominator is a counting number
(X, 2, 3, ... ). : ' .
_ Each fraction can ‘be used to 1ocate a point on the number
Line, To each point located by a fraction there corresponds a
‘rationgl number. Thus,“a fraction names the rational number.
For example, ir ‘we are toid the fraction -5, we can locate a
point ¢that corresponds to it on the number 1ine. .f%? is the
name of the rational number ass0c1ated with this poilht. This
point however, can also be 1ocated by means of other fractions,
Such as é% ahd é% Thus, gi and f% also are names for the
rational number named by 75 ‘since they are associated with the
'Same Point. Rational numbers, then, are named by fractions of
the type We have been diScuSsing To each point on the number
1ine that can be located by a fraction, there corresponds a non;
negative rat onal number. o
- A very unusual child might wonder whether evegz point on
the number 1line can be located by a fraction of the kind we have
§§8cribed. We must arswer "No". There are numbers--m being .
‘one of them and /2  being another--that have no fraction names
';ggfjtne‘sort.we‘have described, Introducing such irrational
numpers is deferred until the seventh and eighth grades.

[ 3

The whole Numbers As Rational -Numbers

» ’34.

Our pattern for matching fractions With points on the .number

llne can be used with these fractions: '%, %- %, %3 etc.
B _ . | o :
e ) : M “ Al
7 -'T T T '
LK S SN N B B
[ ] .
‘ s .3 5 3
¢ - FiS-I

.8§ . 38?7
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©+ . .. On the nuznber line we see (Fig I) that we matched i, 2-,
3- with ‘the’ sarne point. ‘ We note that this point is also matched
With the counting number 1 Thus, to the same point corresponds
(I) the coun‘cing number 1 -
o , (2) -the rétipnali number named by T ._ L
. It seem‘s that 1t wéuJ,d 'Be ac&r;ven!ence to use. the’ symbol l as :
B ﬁll a.nother nanm for ﬁhe rauional mnnber named by l" é-, etc
. s would allow us to Writé 1= é-,vfor exa.mpl-e In the same
way, we would think of 5 as another name for the number named

",'by %, T’ etc.. '.:"",_ . B ) ;
v - We need ‘at: this ;point t be a 1itt@ careful in our thinking
"~"I‘here is: nothing *illogical about’ using any symbol we like as a-
] “numeral.c -A problem __o_g_s~ apise, however, when' a- single symbol
has- two mean:l.ngs because then we'are in- obvious danger that
‘.inconsistencies may res’alt . For example when wer think of 2
3, and 6 - as co unting . n\:mbers we are accustomed to writing
-2 x 3 = 6 s Wil eventgally define the- product of two rational.
'numbers, and u ol b" in serious trouble if the‘ " \o'd’-uct oi/"tl'x.e‘.;;
ra,tional numb.i__ ?

e 3 1, 2, 3,_ .e_tjc.:,.'as.nam‘é' fon;rat_iona..lf;",&
numbers 'nev 3 g into a.n}}inconsistency . For; all the . _
oses e is, for. findi?‘sums, products, ,',: ".z-;;;‘ :
ete., and bifo - 5, NTYL "'; sizes, Wwe get name g for whole numbers or

 nagjes % unbers. In more -s,_;o__ athe -

Feam L

of @e nmnber?, that 1s % %,"et.c'.'”. '
numbers,y 0, e, R \
P It would pe overambitious to
of @somorph&sm Precisely in our ; '@ ._
'-our purposes ,to. regazﬁ‘ 0 1,.2, e ~G\,/as names for rational \ "
‘ .-" numbers "It is appropriate to noteL~r owever, in. connection with
operations on rationals, that where ‘the operations are. applied _
“ to numbers’ 11ke I’ they Qead to results already known from
experience with Whole -111mbers . : I

“~.
. e

P v




and % are names .

-

The ‘truth of the ‘.sentence

5 = ' can‘ discovered by - concrete experilence. In Fig. J, for

"ve rirst separated our unit region into two con-

‘ _ We have then separated each of these parts

- .- further J.riso 3 »congrugﬁ egions as shown 1iri .the second’ drawing'.*
" The- sec%d %.t fsquare i h.us separated into 2 X 3, or 6

parts. _g-“f’l t-in the first drawing is' equivalent to
sh'ad T 5. 07 ,ﬁparts in the second We thus recog_nize
.that é- ‘3. v-*gg S S
s {;:;:;'.:‘i‘f". . > %" and % of a region.' . _ - )
4 .o . o he Dy I 3 . .
. RS I LR o : ’ '
E. . .
R [
. i .
" vl 2 S . .w'"- - qu J
TN o our analysis of regions follows a pattern thaE can .
be _ Let usTconsider % and g. %%
{—g}?@ < S . o S
3 IE > ——B——P—p—— - >
IR &
' - s Fig. K : »
. In Locating ? on the nulnber line, (Fig. K) we separate the
_ ﬁnterval into ;2" congruent Segments. In locating 8'; we
3 sepa¥ate- 1t into . 8. congruent segments. We can do this by
first separating :Lnto ‘2 parts and then separating each of
’”"%these 2 segments into 4 segments. This process ylelds
(2 % LL) congruent °segments Taking’ 1 of 2 congruent parts
' thus leads -to .the same point as taking L of 8 congmpent
parts: . |
] o 2’§x11_ _ e
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In other words, ‘when we multiply the numerator and denomi- .
nator of. ~§ by the’ same counting number, We can visualize the
result using the number line we have subdivided our § inter-‘

.-vals into a number of congruent parts e -

After many such experiences, children should be able to
make a picture to explain this type of relationship For example,
_region and- number 1ine pictures for. 3

Fig L.

E“'? are shown in -

v

e

(o]
b —

i
n

Pl

A

oy gEEEREEE Fig. L o

. Each ﬂ' part (region or interval) is- subdivided into 2 - con-

gruent parts; hence %-_ %—E—%.

" (b) Using numerators and denominators' In a discussion
s about two fractions naming the same number, it may aSpear N
startling to emphasize multiplxigs numerator and denominator
by the same counting number. We usually think about finding
’the simplest fraction name it we ‘can.. We think, then, g l. o
But of course "=" means names the same number." Seeing
§ g; we can think, g é, and this will ve particularly easy
ir ‘the "names ‘the same number“ idea has been emphasized
adequately
Another familiar idea also is contained in what has been
.»said. We often think about dividing numerator and denominator'
‘by the same counting number. For example, we think -
| >, 6 6= 3 .
' . 8= Fis=7 | : A
This is easy ‘to translate into a multiplicative statement -sindé%"
multiplication and division are inverse operations 6+-2=3 B
‘means 3 x 2 =6, '

3835
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. (c)’ Using factoring. The idea that multiplying the rumera-
tor and- denominator of a fraction by a counting- .number gives a
. new fraction that names the same number as the original fraction
is an idea very well sulted to the discussion in the unit on
_factoring To find a simpler name for —5, we write

12 2.% 2 X 3 2 x 2 4
IZT"5x3 75 °F
L Suppose we are.thinking about -two fractions How will we
" decide whether or not they name the same number? ,Tnere}are two
' possibilities.  * L
v, “Rule (I). It may be that for such fractions as % and. %,
one fraction is obtained by multiplying the numerator and denomi-
',nator of the other by a counting number. In other words, it may
. . be that we can picture the fractions as was Just -done. Since
f%-_ %‘é‘%ih,%' and 2- " belong to the same’ set-—thus name the _
same number. ‘ - ' : Y
" Rule (2). It may be that, we cannot use Rule’ l directly.
For example, K and :% cannot be compargd directly by R?le 1.
HoweVer, we' can use Rule l to see that T=5 and- 6 59 and
in: this way, we seé that- E and '6 name the same number
) ﬂﬁzyotice that in comparing %- and '6’ we might have used
Rule 1 and 2 in a diffepent way 4we.might have recognized
that: : ' ’

2 _-2.x 3 6 . T T @3 3x2_ 6 .
. E" Tx3T12 . and %%'_ bx2 I

or we might haye said

2 _2x6_12 . 3 3xh 12l

T=Tx6=3E o, e 3=a—x—f=§1:~
. In the latter example, we have renamed K and E? using frac-
' Sl.tions ‘with denominator 4 x 6. Of course, we recognize thatv
4 x 6 =6 x 4 (Commutative Propertx) o
' In our example, we see that 24>~ 1s a common denominator
for E and . '6’ though it . is ,not the least common denominator

Nevertheless,\one common denominaftor for two fractions is always

the producteof the two denominators. o :

& -~
7 -
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. ‘(dQ A'special test - Let us now consider a,special test
for two fractions that name the same rational number. In our
last ample ‘we' used 6 x L -as tne comnon denominator for 'r_

aﬁd”dﬁun Thus we had 7*“mq; . s o
.._ : 32 o x 6 “‘ . - and . ;» o 3'~ 3 x 1 | | - »
LI VTS T Xu§_.f T ,“_‘ 6:7,6;X 5 ' ‘-
We could say: “‘t 1s true thaﬁ' r 6’ because the two resulting
numerators--2 x: and 3 % +--are equal, and the denominators o
5 are equal : - T ' ) L : .
2 _ 3 s T

ﬁﬁﬁg In other words, to. test whether T = g5 1t is on13 j‘.. :
ecessary--once you have understood ‘the’ reasoning--to test '
whether 2 %6 ="3x4 and ‘this last number sentence Iis- true'

e . 9 3
; In the same way, we can test whether f%: pire) - by testimg et

:whether 9.x 40 =25x 15. They do! When ﬂe‘do this,ﬂwe are o
. '. R oou ’ Z'L v 15
%’ :3) YI and L TEIoXI5 .
. This *s an example of what is’ sometimes called "cross E y:
» product rule". It is very “useful in solving proportions (Some-
“ > times it is. stated: The product of the means equals the produgt
of ‘the extremes.) . .. ~ . - = - S

Lo The Tule states: To fest whether two fractions %' and %

-

"y .

&

That iS, ) . ' C ) - i

" name: “the- same namber, we need 0nly uest whether a x d = b, X c

This rule is important for later applicatigps in mathematics‘
such as similar triangles In advanced texts~on algebra, 1t is

-sometimes used as a way of defin

rational- numbers.' That is,
an advanced text might say: "A ratjbnai number is a set.of

3 & Y : L3 c
symbols 1ike.* {5 t: 5 B s {l.. Two s Abols,; 5_3and7 3.
beloné to the same set If a x'd =\ x c¢.” ~i el

Wnat we have done amownts to the ‘seme thing, but 1is,
developed more intuitively. For teaching purooses, the "multiply i
vnumerator and denOminator by the same counting number" idea
conveyed by Rule’ 1 can be’ visualized more easily than can the
"cross oroduct" rule - T - };”.

e .
b

)

e »)
AN
\)




It would certainly not be our intention to insist that '
__children learn Rules 1° and 2 formally. However, these rules
"summarize an experience that is appropriate for children. _Wef;fﬁ"

caniform a chain of fractions that,name-the'same humber,

; ]
L
Lk

R

f,-1'_..2'_._1+_-8'_,
BET=g=TE T coec 0 oy

)

i Each fraction is formed by multiplying the numerator and t
denominator of the preceding one .by 2. We can visualize this 3
as subdividing repeatedly a segment or a region. (Rule 1).'

”we .can form a second chain’ beginning with 5' %;_ f%
We can ‘then understand that it is possible to -pick out any
_numeral from one chain and equate- it with any numeral from theg
other, which is Just what Rule . 2 says.: .

' Meaning of Rational Number - Summary

. Let us summarize how far we have'progressed in. our devel— -
opment of the rational numbers. ) - : . .

; e (1) We regard a symbol like - -one of the following as

= n‘naming a rational number . P

o S

A 5 6,
‘8’: 5 f) % 6 3’: prgd 1 ’ g
(2) We know how to- associate each such symbol with a :"
point on'the, number line. 5?. =”fé

(3)° Ve know that the ‘Same rational number may have many ’
names that are fractions Thus, % and gr are fraction names’ )
for the same number : o

(4) We know that when we have a rationa?ﬂl
‘a fraction,'we can -multiply -the. numerator and de@ominator of -
the fraction by the same counting number to;xbézr fagnew-frac-:
tion namé for the. same rational number, -, % 4

(5) We know that in comparing two rational numbers it is
'useful to use fraction names that have the same denominators. _
; We know, too, that for dny € rational numbers, we can alwayfg
£ind fraction names of this sort. ' , : o Q;i"

‘ Thus .far we have’ not stressed what is. often called in

traditional language:- reducing fractions/:/md/igéguce 83-~*

Ve—a



foxggkxample, is simply to name it with the -name using the :
sm%gest possible numbers for 'ahe numerator and. the denominator.- 2
Since 2 s a factor both of ' 6 . and‘”’8 ‘we' see that N
o w8 laxe 3 W
L, BT FREsE e T T
We have applied our general 1dea that "nmltip’i'ying numerator and
denominator by the same counting nmber" gives a new -name for '
“the same number "We can call 71' the s iirgles name for the
rational number it names. S ; 3 . LT
‘ He would say that’ we. have fou161d in -4-, the simplest name
' for the fational Jhumber- named by B This 1s’ ‘more precise than .
saying we have "reduced" .8" since ‘Wwe have not made the rational
) number named by g "any smaller We. have used.~ another pair of
n*umbers to rename’ it. .. T, - S
’ (6) We know, also, that 2 and’ :f- name the same number.
We thus regdrd the ‘set’ of. whole numbers as a subset of -the set
og‘rational numbers. Any .number in this subset rhgs a fraction
name with denominator ‘1. (l,a 1, i, ete. belong» to this
2 is a‘name for a ;'ational number which is_a\whole .
_S’ not a fraction name for ‘this number, but the e
number has fraetion nameSa — Z’ ete, ) .
~At th’is point‘ it seems reasonable to .use number for
rational numpers where the meani.ng is clear Wé may ask’ for
" the’ number of inches or measure of a stick or the number of

- L
* .

hours in a school day. n .-7~ S U B R
(7) We can agree to speualfeof the number 3-, to avoid- the
wordiness of - 'nmnberﬁnanﬁd by 3-:" “Thus," y:e might say ‘that the
number -3- is greater than the’ %wnber;-'l (asrcwe can verify o
easily"ah the number . line} 'I‘ﬁis wouId be prefemble to saying
'_" that "the fractioh %,‘ is- gr%ter,,than the f.ractio L bﬁuse -

" we do ‘not - mean that one fname is greater «than amther ' ,
(8) We should not say that 3. ;,s‘athe den&ninator of the :

* _number- 3-, because. the same nun&r has other names ‘(like -6)

with different denominators 3 is rather the denominat‘or of
the fraction 3- R S -

s L IR O S Y
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(9) We have seen’ that the idea of raticnal number is
relevant both- to. regions and line segments.; We wiIi,see soon

.'h ow it relates uO certain problems involving sets.;‘tf;

. Now: we. might introduce .some decimals.ﬂ The numeral,-f.l,

- for example, is another name for .TU : However, we can explain o
‘a numeral. like 1.7 . more easily when we have developed the SR

) Py
idea of adding rational numbers. e .
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MATERIALS

It is important that extergive use. be made of mater;als in
developing understanding. of the rational numbers. Some
materlals which have been found useful are,suggested on the
next few pages. These may be supplemented by-other availlable
materials. o v ' - o

-

Teachers will fing copies of these car

VL‘ »
square cardboard’ “for teacher models and sm Fo ,each
— "~ c¢hlld useful throughout the chapter. Colore ate m€§ be

sused to indicate shaded .areas on teacher models Colored oaper ‘e
. parts might be used by children to desivnate a specific number
- of parts of a region :
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) dodels of circular regions can be ¢opled on 'cﬁrdboa.rd,
rconstruction paper, or undecorated paper pla es.
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- used with them to 1ndicat‘é“"‘f:§-, %—,.: %, etc.,.of a set of objects.
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IDEA. OF“-RATI,ONAL NUMBERS .

‘2

. Ooj,eci_?ive. To provide experiences that suggest rationaj.
S : , numbers without using any fraction symbols
w .7 for ,the. numbers; by N

) RN * '\- N
. . e
> ’ N .o
.

-

B ." . " ",_a) oarti“tioning regions andi1line ‘segments into
e e T congrue.nt parts and sets ‘Bf oaépts into Ny
y o equivaler;rt subsets, and % _ _}.‘ o
bs) naming the numbei\ of congmen‘t oarts into
« " <e,Wnlch a urii € ‘region or segnent has be‘en __ﬂ“ﬁf&
' T ’ oaﬁitioned apd th° number of Darts to. ,be L
LRI < 3 A e
S . . ussd . . ; -'.‘IJ'.,' i ..;_.. . . \, .":' ot .l
TR, . A . i . r_.“ : \ »'-». Rl
, .d:,_ {:.g’ " .'_‘;‘_ , ,‘f'-‘.‘- _... ,:(v. N a Ny L mj

Mascer%als- suggestions for materials t#‘be_use&""

’ - ,; in thi urit 33 cEyeT X A »,_-:jf
; . ; . _‘r o m’ - -_,:“: “ f B . ‘ :
o in, thes‘e;:girst experienoes » whisc,h .ma.,r be r‘eview,

= )
TE oA .vo‘r'-k will be limited to thoseispbuations mvx
4 L Whieh the rmmber %%art‘s Iden’c’i}fied does* not @

. RN ‘the number congru:eﬂt ‘parts Anto. '@hich
. - .
\: tg%unisfhas been oartitioned i e., é’l =<l
o . _ ™ P
Teaching Suggestiong:: 'e;g . A'f B e e
[ 5 ’@ . j‘ o o ;_, '-'h - e
f' h@:éh?'the idea ‘g€ rational n\g bers . .. -
(chiddre ve probably called’' them fract éons)
is not new %o chillren in foirth grade, we“weuld .
‘like %o- first conéern ourselves with Xdeas . S
rather syxrfool In these -first experiences ¢
a.n effont Has bee de to develogie igea that |}
(1) specdy a unit (regionyg ent, set)
(2) partgti Y or separat@sike unit into.con- -
gruent or eqyfvalentparts, (3) .name the number
of Parts With which Wy gae concernegi We have
deliberately refrained g ing; the notation

-1
[ vl 'E) %, ete.- (m%an u?% the ivords one-
fourth, one-half etc.‘ ’3 <.




Getting ready for this lesson. Prepare a set

- of materlals so that children may have several
models of rectangular regions, and circular:
regions. An. example of such a sheet, that
might be prepared and ‘duplicated, is shown
“below. VYou may select your own models. Each
cnild can cut out his own models and place them
in an envelope until ready for use. (Maybe a
homework assignment) Or, you may have such
materials already avallable for each child.

These do not represent-actual size. Make each
a convenient size that can be used easily by
children.

7 5%
B

.ﬁﬁ

@

= : 1 3

r " C s

Felt pieces on’flanﬁeL board méy be' used by
. teacher~in working with class.

o

3

. e 375 L, -
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Do simi

- PO
o N

~

At be@ning of class have each child put the
parts toge on his desk (see illustration

below). Also give him a ¢olored card or sheet
of paper. This is only for contrast so that '
he «can place the reglon to be discussed upor

the mat for. identification._

v

®®@

HENEE

N ' Colored Sheet ,

rs

First 1dentify the regions and note into how

many parts each has been partitioned. Thén -

ask each child to place on the mat a region

which has been separated into three con-

gruent parts. Ask him to identify 1 of

these p%rts, of them, 3 of them, etec.
ar actlvities sfor other regions.

Then use line segments and sets of objects,
as

A% —— - >— ‘B‘
‘o 08 3'La;nd . L
Y ﬁﬁ? PA 2 00

.. dee|oo

~ (NOTE: T§§se do not ;epresent actual size .

to be useq;) =y

Then, use paper discs where part of the con-
gruent regions of each unit are one color and
the others another color, or materials on the
flannel board.  If nothing else, ‘make
drawings on the chalkboard and shade some of

- tHe regions,®as shown on the follow1n~ page.




NN

N

i

///////////////

A

”heq, make a chart as the following to record
the information.: Note that you use a pair of
numbers in each instance.

Figure Numper of,Congruent Number'df

Parts in Unit | Parts Shaded

A .3

E

Himjog|aQl| w

B I AVAN Ko o] lAV)
Villumluw] =] ]

v

For the last experience, have children find

regions (rectangular and circular) separated
into 4 congruent parts. Ask if anyone can
suggest other ways of separ®ting them into 4

»

econgruent regions. You mlght have some ‘models’

avawlable for those who wish to try this on
thelr own and report their findings to the.
.lass.- Some of their findings might be

)

how ‘use the material in pupil text and
Exercise Set l

-
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P515. - . . Chapter - 10 o

S * CONCEPT OF RATTONAL NUMBERS

IDEA OF RATIONAL NUMBERS -  ."%

| e Exploration |

Look éf each of the figuresboﬁ this.bage. »

‘-?or eggp.figﬁre, choosé.a baif of nuﬁbersbatothe righﬁ which can
' bé'used to -talk about ﬁhé.number of parts. that are shaded and the

numbér of cdngruent parts into which each uni: ;égion; unit

_ segment, or set has been'separatedi v
Palrs of Numbers
a. 1 "and 4%
b. 3. and &
. , c. 3.and 5
B d. 1. and 2
e. 5 and 8
. f. 1 and 3
¢ . 2. and .3
h. 2 énd 2
i. 6 _ anda 8
_J. 2 and 5
D @
0 E é%? ‘é%?
- 3 2 0|
o - 1 i
o LH T I <:> C:j
‘iere you able to find a pair of nu@peggiforbeach? Did you find
these - M@; B@}-&a; ﬂdfﬁﬁf; F-g; G-¢; . H-h; and
I-b% o 381 -

871 -
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| | Exerc1§e'Set'£b

"1. = Copy the tablé and complete-it,.using the figures 4,
B, €, D, E, and F.» * .

&7 | Flgure | Parts - Congruent
- _ Shaded '| Parts In | _
- ' “Unit. L Fo

Hiw|gj|Qlw| e :

e R

D
//
F

382
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. . . , ! . B L a- . : . .
. - . - .',"j':"'.,‘. )

2. Write on'?oun paper the lettegg“f%omilA"°fo G. .
-t /
- After each, write Yes if the figure has been

partitioned into’ congruent regiohs. Write No ir
the figure’ has not been pd%fifioned intogpongruent'

. reglons.’ e
T LR . - - R . 7.

e




psi8. . e
3. 'Whét; pair of numbers ca;n.)be used to talk about.the 'shaAd.gd'@.' :
~ réglon in each figuré? Remember we will let the fivst -

. number of l,the ApAair: tell how many pax;ts aré ‘s'h:é‘ded, _ 'w,e:' o

-

, » will -let the second number of the pair tell intp iLow many .
S . 9 T - B /, — - . .

* e cor varts the unit vesdon e 1 e e el
T ngruent’ parts the unit region has. been partitiored. TR
o] o . .. .. } ) ] . . /. . - S N

N\

c. .

RO

| =

. :_ ' .:‘”,"// - ,‘ _ a0 | .
Did you find any figures that had not been.partitiaped frrto " —-
' ‘congruent regionsgw*wmcr';} ones were they?s (’FTJ) P

P
-"-: )

‘




A NEW KIND OF NUMBER

4
~

ObJective. To learn to'use a fraction as a symbol for
naming the rational-number; and

To, help children see that the: numerals used
in a fraction.symbol are associated with the
) “numbers that . o

(1) 1dentify the number ‘of congruent parts
into which a unit reglon has been
# partitioned, ‘and

(2) ‘the number of parts with which one is
concerned )

Teaching Suggestions ’h

Recall whole number representations. One &~
can recall the experlences in wHECh we had .
collectlons of discrete objects amd how these
sets of objects suggested to us tﬂe whole
‘number.

» . ‘ »

Review ideas in the last lesson$®,Then
recall the eXperlences In the precedi lesson
by asking what number 1s suggested by models

+'in the Exploration. You may also use some of
the models 1n exercises.

Then ask if these are different ideas
than models which suggest whole numbers, N

. ', Rational numbers. Note that these are a
S new kInd of number and that we call them'
ratiOnal numbers.

% s Names for rationdl numbers are fractions.
Tell how we use the pakrs ol numbers from the

. previous lesson to write the name of'a
rational number. Note tha}{ we call these
names, fractions. \ . v

-

Then you may wish to use the materials in
the pupll text as well as previous activities
in which you go one step farther: to name the
number suggested by the shaded region, the 2
region not shaded, etc. :

Now use materials in pupil text fgr
A New Kind of Number. %

REL
A4

875
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A NEW KIND OF. NUMBER

~ . ’ B L]
K .
. : . [
3 . . ’ A

Exploration * . |
' When a region‘is.paréiticned into congruent parts and some-
of these parts are shaded,'ae use a new.kind of number to

describe what we See. These new numbers are called rational

3."

numbers. %,‘ %, and g are rational numbers. They_are ‘read, .

ﬁone-half," "one-fourth;"ggnd1chree-eightﬁs."

Each of these figures

at the right suggests the : l - I- _

same rational number: The

\

rational number is one-’ ' ‘ . .
fourth. The symbol, %-, 2 D D D
. M . L. : B
B N ‘] N

which names the'rational

number one-fourth 1s called a fraction.' Fractions are written .
, - - . ————————— . s - * . ) .
using two numerals. - The two numerals are separated by a

horizontal bar.

. ."' @A E . ':~' ) ) ) )
For\example: ‘The ‘numerals gre 1 and &,

L
‘

The numeral above the bar tells’
fhe numberqu congruent-parts
‘of equivalent subsets described
The nuinber 1is called the

s ’ ' _ erator. . . ‘
o ' ’ Téi numeral below the bar teLJs
| | 49///////////’the number of congruent parts
‘ ' . . ¢ into which the set of objects,

K 1 L Y yn .t region, or unit segment has -

been partitioned. The number
.1s called the denominator.

. . ‘.
. . b . 7 -,
< .
' - . +
' » . . e )
) ) . ' . .
. . [ 3 . .

&,f‘ . 876 \:;ng; .

B o . o
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\

-What rational number 1s suggested by Qach'off%hese figures below?

Wt e

~

' . - . ‘ . ‘/’. ) N
What rational number does each of these' figures suggest? . }
-
L} // )

‘Flgure A suggests tﬁe'rétional'number, %, read three-fourths.

" Plgure B suggests the rationai number, . read two-thirds.

2
3"’
Figure C suggests the rational number, %, read two halves.

: _ A v . S - PR :
. ” .. . . o - :“:.“ .
Figure D also suggests the rational “humber, %;

877
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éach figure, write a_fraction which names the rational .

. ) .
er suggested by the shaded reglon. -

]

) .
e|lo o
o|o o
elo ©
ejo o
A (L) .
(2 * C_ (éﬂ
~ } s . : .
| N @ O OO0 O0.
P ———+ 4 Pr———— fV::__--__. Cj/C) C) o ()"‘
o ! T -~ 2
’ | e skttt
’ . ' ' . . ‘
2.. Write as fractlons: ¢ 3 SR
o . - ) L
a) one-half 2 _ d) one-eighth Z
b) one-third'-»l‘ Loe)’ One-siXthi : ’; CL
- — . —fJL——
¢)- one-tenth . 7 " f) one-fourth ﬁg
\- \‘ , - 1‘
. <y
.l
N F 388
v .
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3. copx‘the unit square in Figure H ét least six times

(Make more coples 1f-you want them ) “In how many ways

o
<.

can you separateDthe unit square to show: '

.1 (/dmae’*'”itﬁ”‘"{y
. x¥? g? o |

-

4,  copy and shade the part which is described by the fraction

? 2\ [[eoco
1) @
! , | Jolo}

. below each figure,

R »
(S E 000
j'+-'*-+- o
i 000
IERE —
a c D E
1 1 1 L}
-4 8 . 3

o
o
D

879
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L / o ’ .
5.  Copy and complete this chart.

. L . ’ - 1
Fraction | Number of Congruent- Nuﬂber of' Congruent
_ | . pParts in Unit - [Parts counted
B i Ir N ' 4- . N J ’
. 1. ' ? N
3 a0 L ’
1 . B B 7
10 /0 . N ‘
. - ] B :r_
1 ‘ . ot .
B & ~ - : } .
N .
3 3 . /

o
50.
S~

. 6. On your paper, make 6 copies of ‘the unit®region shown
below. Make the unit reglions qhe same size. Then show
‘a picture that suggests each of the rational numbers named

in exercise,S. , ('4~«v“* “"l(""*\ )

- 880 0 b

o
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*\@cercise Set 3
+ ' A ’ I ' “
1. Use these figu,res to complete the cha*rt below.
: "A has’ been done for you.
— o o) conmrare NN
Flgure Number: ofg Congruent Number of Rational
: Parts j_p Figure Shaded Parts |/ Num er -
. i Suggested by
i Shaded Part
[ ) ) I
{ \ .3 «.\'
A Ia 3 ; T
) #j v g - .2
. _ 2.
B__ ;\3 2 3
'b K a : . % i |
c . Q !l X
. I AR | . &
P' - . f ‘ {l "0 ' 6, ~ X _;- '
3 7 y - 5 -
5 ‘. 3 > |
g - . . ) s 7 . b2
F ~ /LO ' M 7 ZEN
b .
- v ke > 391 "
. ? N o "
LA ' o
' 3 881 : N



L .

- P, ﬁsing figures: A, B, C, - D, 'E, and F of exeréise 1';.

write the name of the rational number suggested by the

, ‘unshaded part of each figure. ' .- .
o B- f CE- 7% . .
a7 e~ + - v ,
- - )
.\ . D_ s -

Set ,c_:={|,2,4,§,e,lo,lz',|4}

“ Fig. C

"

‘;a) Figure A has ‘been’ separatedt*into "2
congruent régigns. / region has been . o
_—_ ‘shaded. The shaded regig'x.is begt dgscribeq

. by the rational number named by the fraction

av 7 o ‘-L
o ) . ' !
g P
£ R
b) -Points M, N, and O separate’ X¥ into- - ' ‘.
PR [ 4 congruent segments. m XM = "Li . o
c) Set €- has ¢ members. ./  member.
A — -7
‘ o names an odd number. . Thls member 18 ’Lg ot

4 4. . -, :
> of all the members of Set C. . i
L . N\

St s WP
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y,

5.

Study your answers. to exercises 1, 2, and 3.

Copy and then write "above" or "below" in each blank, -~

a) The numeral M" .the bar na'fmes the numher of

— ot congruent parts into which the unit has been

-

‘separated “« IR . .

.
-’ .

\h)" The numeral A«L\" the bar names the number of '

Qongruent parts which are deScribed . o L .

-

Ann watched '3 television programs.: Each was %— of an

. hour’ long:

"
¥

:‘_a.) ' How long did hnn watch television? /;4&*‘>

6.

. fracti‘énal part of the perimeter is the "roof"

b) How rmuch 1onger would 'she need to watch. TV to make
her total time 1 hour‘> ("Ljur)

..5_

’ »

A figufe like the one pictured below was made by faying
toothpicks, each the same size, end-to- end What ’

@
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RATIONAL NUMBERS GREATER THAN ONE

Objective: To .assoclate rational'nuhbers withpoints on
the pumber line and to extend these numbers
beyond those suggested by the unilt segments
and congruent parts of fhe unit segment; and

)

. _ To learn to'identify‘the'rationalhnumbers
' suggested by diagrams when more than one unit
N\ .
region is used. !

Materials: Prepare for each.child a dittoed sheet of
_number-1lines. One should be marked in unit
.. segments. One line’eath then for % untts,

) ) ~% units, %» units, '% ult ts, ,%J,units,

o £ units, {5 units, and g units.® (This is

'for-thé"purpoée 6f helping children name‘the -
number associated with the points which will
© partition.the unit segment fnto the given
'congrgent pgrts as indicat d. %

¢ . Teaching Suggestlons: : , ‘
4 ..\ » . ! ) . - » . ,
Recald with the children tiat we have
learnedto recognize what rational numbers.
are suggested by unit parts of regions, line
segments and unit sets of ‘objects. '

-Recafi‘that.we have known hegw to as-
sociate points®on the number line with the
< || whole numbers. Then draw a line on the

chalkboard and perhaps locate a point with
which '3 can-.be associated. Let the class
. suggest the numbers for the other points.

. A J s . > . T

3

»
A
[
\
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. . £y . ‘ 4 ’
Then with . ,sets of number llnes suggested in
Materials,”rir§t’haxe them associate rational
numbers with the points 'in the 1line marked in

unlt segments, then with the line in half-urnit
Segments, etc., as ‘

—a

[ - l ] ‘ T
R T 2
Q. 3 4
_Ag— 2 ‘ l % -2 2 .
o I 2 "4 -5 6 1 8.
. 4 4 4 _ 4 3 a3 3 4 3

.Count. Ry .%'s Vegiﬁning from %, by 2-

foﬁrths ﬂeginning with one-fourth, etc. Count
not -only forward but backward. -

Then ask them to find one and one-half
unit, on the number .line (expect them to select -
the one-half unit 1ling to be used.) Ask what
fraction names the number. Do many other simi-
lar activities, that is, find the rational number

named by the fraction Y] using the one-eighth
unit number line, etec. )

© Then ksing eithe materials on the flannél
- board or drawing on the chalkboard, ask them to
name the rational number associated with each,
as . : . '
unit regilon

\

. 7 4 il I
. C 3 o
(Note. If it wquld seem convenient and also-

. helpTul to name a rational number using the
. smixed form at this time, do’ . ,'Note with your

pupils that wé can name a number as % in fwo

ways--e;ther using ‘the fraction or naming the
number ‘'of unit segments .and the parts of unit

segments, as 1; and, %. Also, you may wish to
- show how we can write 1 ang\ % in a’ shorter
way, that is, 1%. We are not interested in

changing from fractions to mixed forms or vice
versa, uding -only symbels. All of this should
be done using the number line, or other models
as rectangular and circular regions. You may

want to use some materials that come later
in this chapter here. They are included in the
section, "A New Kind of Name." = ~

| 335

, 88




) - : ‘ . . ER N
L - . . » . L ﬁ )
. ER <

Cpser o et Co T e
¢ 0 . R L , P o
RATIONAL Numams‘ GREATER THAN ONE _
‘\. ) ‘. . ‘ 4 ‘. . ‘ ) . |. " : .
( o o Explorat_ion‘ A o ‘

In the'picture below, ‘.;he_line Segment AB 1s 1  unit

~ long. S T

e | L

| \“F-'u l"" *,B-!.» |
c.__l.; S } o

.____—l R | o

L o oo "

; .lv|0* ' _' — : —*:J |

[ . . »- vL‘ ._ . ,‘.l JL

1. (a) oOn the number. 11ne' the unit Segment is separable -

1nto 8 . congruent segments '

¢ v s
f . -

i (b) Use a fraction._ ,Each sma]:l segmen’c is t - of
' the unit segment. \ A / S o “

A Sy T ‘ Cor
(¢) The measure of 1B is 1'. © They measureJ B is

2

. also "‘gp ‘ . (use a fraction ) X
o _(d)-.v' Is g “.’:he"“)meésur\e_ of line sggmen‘g AB"“#") ,,.
s (e). Is % .'ch;measure ot li‘.‘e. segment  CD? f(%) -
i (f) IS g the _mepéure'O'f _1ir:§ éegmén‘o M&:‘)
.(g‘.)) I8 % .the'meaéﬁ#e o"f 'i‘ine' fsé‘.gmer';t; ,'Gﬁ? /13,‘.)
‘ | (h): Is % the measung of '11;1; segmgnt'-’_\r."f? ("y‘-)
(L ) " Is % tﬁ: me.ééure'of lir;e s'e_.'g{pen.t KL?. ('yt) '
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2. Eaeh unit segment of the number 1ine below has ‘been

separated into 3 congruent segments.. Kﬁ 1s the same
‘length as the unit Segment. .

A R 8, ¢ D -
Q . I 2 -3
-—e - - - .- *- - . . -

A Use this number line to answer the questions.
(a) - What fraction names -the measure of KR? (3)

(b) Whatf‘raction names the measure of KE" E"’ D7

3. Bill has g photograph album Each page is separated iato .

|
congruent- parts. Qn each page he can place % pietures.

;"\,‘
~-Page | C Page 2
If Bill ’pastes 5. pictures in his album, he will cover ) _
-4- of one page and. 7&" of another page. What rational ‘ _' i
number describes the number of , pages c_gvered? ("’“"J"“ N)
Fractions like §, ¢, %, 5 3 %, ey ""*%‘,w%aten us.
that the measure of a segment or a region 18 less than 1 n.'.‘
Fractions like 8’" »'Q" g-, T g, -2- tell us that the
) ‘ : T '
. measure 'of a segment or region ‘is exactly 1,
_ Fractions 1ike , -181-, %, g-, g, % g tell” us® that.
/

the measure of a segrnent or region 1is greater than, ‘1
¢ . S

L - '.',.’ . “' .
397

887
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Exercise Set 4
1. Copy the unit segments below. The dots separate each unit

'segment into smgller, congruent segménts.' Label éach dot

correctly. , <l ‘

~° o o | ‘":‘ S o l. o

o 1 2 {i) &)
o q 4 .4 S\ NS

0 d . - , » -"'- : o 1

EIE R )

-5 5 S S/ 5 S

O 90

N
@13

T RS

Q- ’ . . \\'
Each ‘'of tHe figures below represents:h unit region or unit :

.segmsnt

L{2.‘b Study these-diagrams. Tﬂen aﬁSWer the qﬁestiqns on the |

"f next page. L

%Iéhé&&
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b)

- Iﬁh(%af' IE#Q%)“'“ R

°

How many‘thirds are‘there in 42 (3)

How many thirds are there in B? (29 { *

. . . . N J -
 How many thirds are .shown in A and B together? (4)

what rational fraction is suggestéd by .the shaded

- ) ) . (4
region of A and B together?' 3)
. LN

1

What rational number is suggested by the unshaded
regon of A and B together" (3)

What rational number 1is suggested by the shaded region
- S ¢) (%) (*)
1in Cc in - D? in

.

‘What rational number 1is suggested by the. unshaded

o -‘-J,\. A (1
region in cJ’ in ! )1n E°{) |
' ‘ K S
What rational number best descfibes the shaded regions
. in C, D, and E« altogether? Ef)

o,
1 4

‘What rational number best describes the unshaded

regions;ih C, D} and 'E altogetﬁen?‘cg)

' ! ).‘, .
What rational number is suggested by the shaded region .

) -
of F and G together?\y ‘ ‘ '

(TP
v

What rational number is suggested by the Unshaded

~ 2
. reglon of F and @G, together? (2)'

N

. In Flgure H, what,ratignsi humber 1s the measure of

4

399
889 "
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3. For each -fiéure , write the’frac’tion that names the rational

number suggested by the shaded part.

~ | unit | unit

Clunit | um? o
M 7.
l umt .
I
T
i
FIGC | FIGD_(,;I;)- | .
I Using these number.libnes, complete"the sentences' beiow_.
A] o - - 2 3 4
-—o- * * — * - —— -5 .
0 i 2 3 4 5. 6 r . 8
2 2 .2 2 . 2 . 2 2 2 2
_ o . -~
a¢g - : .- 3 . 3 . .
z 2z ! 2 2 23 3 33 4
a) 1 one and 1 half = 3 or S
_ _ ‘ , "
b) 4 —._g_ , ~ -
¢) 3 ones and 1 hali; = 1 or J'Lg .
'd) 2 ones and l half = —“-25- or. 2 ';{
e) 2=1_one and .1 E[_
£y 2= —g; | I
g 5= _I_ ..l
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5. Copy the line 8egment shown below on your paper...

(]

A D L FY -
<A ©® 8. @& (F) o
. . " . | _‘3 ) i
IB 18 a unit segment e L
a) . Mark a point D so tha‘c AD 1is % nnit ‘long. ‘  -

~b) Mark a point E so tha‘c E 1is % units 1ong.

)’ \Mark a. point F 80 tha‘c "F is units long., |

. 6. _Copy the line segment below. Notice each unit segment has .

been separated into 3 congruent segments. N »
X W o® Yy om -
o] . N 2 - -
f‘+ — - - $ -—————————— - &P
Using a certain unit, the measure of XY¥ is. %
~ Mark new points U, UV, .and W so that K 4,
: : Toe : . ,
a) Y0 1s 1 .unit long.
. - 2 . ‘ ’ . '. . - ‘ -
b.) XV 1is g unit ;ong. o
c) W is g- units long. | _
) \ . . : ' o : ‘ e ,,,”/T

hd ¢ v - . T TR »JA..,.A -

- T - Mark is 4 feet tall Wwhat. number gives his height 1n
','yards? (M"w/d“ W) ' -

8. _Ellen watched 5 telq’vision programs . Hov/many hours
. did she watch TV if each Program was:

( " Aa) '1;- of an hour long?(m"L‘“"JNML«F)
" b) -]2'- ofanhour long? (laL-«_o—J Jo-r) '
¢ A N 891 401 ) )
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- DIFFERENT NAMES FOR THE'. SA_MVE‘;'RATIONAL NUMBER

iObJéEtive ‘To help children see that the same ratipnal

: o ... number has many names; and ‘ '
1 . N \ ‘

: ., . "To help children 1earn/a way to' recognize the

- simplest name. : '

Materials: A'fraction chart; and]or circular regithi{ .

A

I

',; : showing the unit, %'s, %Js,_ %Js,. %as;'s_

- geveral number lines, a‘: K B
one for the "family of »%'s, %PS, %JS, f%‘éi"
one for the "family of. 3's, £'s, fy's;" and

o ‘one for the “"family of ‘--%’*s, -é-'s, and Iz-lc-)»fs."

Teaching Suggestions

Using.the fraction chart have children
find those par of reglons which show the s%?e

N part of the uni? For ‘examplé, g, ﬂ” %, IE"
L 2, and I56 all show the same part of the unit ||’
1| reglon... - - 1 '
Explore others, as K“ %, 3. ete.
) Note wilth them that :‘these show the same art
y We express this idea by saying g K B ete.

We can glve a set of fractions which would do

: . the same thing. ‘Write the fractions and’then

' K ' ,,include others which might be members of the .
' set, although you do not have nmdels for them.

- Now use the’ number lines. However, in- ~
stead of writing the fractions below for eaéh -
‘line, write each set of fractlons, letting
them be gbsoclated with the points of the same_

. 1line, that 1s, as indicated above.

ettt

9 . 1 .

l.b . . | l

9. 0 2 et (he, Falf .
| 2 a | g ; f%'s)




Observe thpt “the same point has
several fractions below 1t. We may write
these as sets of fractions as - -

B b gt

Again, you nfmy wish to ask if anyone. could
glve anothér fraction that would be a

memben, 6f the set. If there 1is hesitatidn,

you might suggest that one ‘number of the
pair is8 20 and write 20 below the bar.

Ask them what would go above. Or you could

give a first number of the pair and ask
that they give the other. .

"You also might ask if anyone hag an
idea of how they could keep on finding
other fractions. v

Continue with the others where you
- note that -there are several names for the
same number.' :

Make a speclal observation of those
which are names for the, whole numbers.»

Raise the question. If we have
several names, how do we choose ‘the one .
that we should use? Note.that the one
where palr of numbers 1s leagt is often
called the basic fraction. That 1s,

% would be our choice from the set

' Now use materials in the pupil text. -,

893

.




~ P533.

DIFFERENT NAMES FOR 'HE SAME NUMBER

>

_ thinking of one-half.

In A, what fraction names the~measure of the

In

. .In
In.

" In

In_

.25 % H’h ™ EP and 5 are all ways of

v,

T ~ Exploration

v
\

"The plctures of unit regions below suggest some ways of

B,

c,

D,
-
F,

) 72 707
”/f/ (27724772
77

what fraction names the meaaure of the
what fhaction names “the melasure of the
what fraction names the-meaaureiof ‘the
whatbfraction names the measure oT.the

what fraction namés the measure of the

6 5

\\lrational number g
" \We can write;: g % 8

What are some other fractions that name this same number°

We say that g 18 the simplest‘name, or simplf
this rational number. Can you tell why? (/ :

3

.

8o4] 64

shaded fegioné,_(%)
shaded region?'éf)
shaded regidn°i(3)\
shaded'region° ,g)I
shaded'ragion?(%)

shaded region? & ™
N , 10

naming the

-

‘ﬁ)

7} I,l//f/



3

P34 3 - | ) .

0o - 5 I
—tl—e - > - - --- ® » . -
2 1 2. 3
3 3 c 3 . 3
9 . L 2 '3 4 S [ ¥
‘6 6 .. 6 6. . 6 . 6 6
0 1°2'3 4 5 6 1 8 9 10U 12
2 12 12 12 12 12 12 12 12 12 12 12 ﬂl?’

2.  Make true statements by writing a fraction in each blank..

. ) ’
Use the number line above to help you. "’
- ' E -
a %= /2
10 5
b. =3 -
' 4
ci %-= % =__72
,.d. ')é,f % = yES “/‘/
: 2 L 12 ' | |
e. l=_3  =_"¢ = _ 12 ‘
v | .
0 . L
-_————o o >——o- g - - J—v-
; Q I8 2
2 2 . 2.
0. y 2 3 4 )
5 % 5 5. 5 8
.- 0L 2 3 4 5 6 7 8 9 0
~ 106 10 16-'10 T 10 6 © 1 T 10

AY
-

4 .

‘3. Use the number line above to help you wrilte the missing

numerator or denominator. -
- -

1_n ([n=s). . 4 _ n
- B Z 1—(-)- ( ' )*’.I ')' Ce 5 - m
R ' 2 . 1 “‘ . . _ lo s nalo
b ey () o4 1=3F= (5]
L N iad . ‘/r

B s




. The rational; number
" Thé rational number
' The rational number

The rational number

. P535 . '- .' g " ,,. \ | . ,‘. -

4, - Using one number line, we can show many different names

' for a rational number.

0 1
iy L . 4 <> — A. o . L e e —ln

0 ' B

1 d :
o v 2 '~ 3,
2 2 2 - ,\ .2 A

0 1] 2 3 4 5 6 -

$ 4 4 & & 3 4

Q I 2 3 4 56 7 8 9 I0U.I2

8 8 88 88 8 8 8 8 8 8 8

*Wle see that some fractions are names for the Same rational numbe]

\
'What other fractions are names for the rational number %- ( %

*) ’/
What other fraction is a name for the rational. number b'll' (:‘)

. What other frac.tion 1s a name for the rational number- % ?(-ﬁ-) o

,can you find other fractions that name y{aﬁie rational nq}nber

‘on this line?('g' AI )

One rational number may be named by many fractions v

may be named, by: [71" 8’ é- 2'4"., .. ]
‘may be nafned by: [3-, 'lEt" -g, I?’ S I
may be ngmed by: .‘.[5-, 1'6’ 1-5{ 2%, - .'.»]
{ may ‘oe name\d’ by‘:' '[1%,“42%', %, -4%, ]

Can you think of other fractions wih would name each of these

.

51“‘ U

. : : /o
.numbers above" (5.25 /.r ar, g0 ‘t'>

Many fractions can. be used to name the same w&ole nu?b_ers'.,

For example, 1 ma'y be indicated by

~

g-, 'g-, #-, g, '-g-, and 8o ’on.

Can you name three_;, otter fractions that belong to this s‘et')

8% 406
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L . . Exercise Set 5
Copy each of these ‘f"igures.j
i. . ‘

Color 121- of this figure. -

' T 1s another name for: J‘g'

5
2, , | .
Color. g of this figure..
- -g— '4s another name for ’lee_ .
. P ., ' . ) o ‘ ? )
3. | e o
« | L e
. : Colpr B of this f.ig_ure.
% _:__L % 1s another name for - ﬁ .
I

% of»this figgpre.

another nane fg!r /.

N R,
o

: ’E‘} of this figure.

-@nother name for T
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Using this chart, write as many names as you can for

. ;//irg//l1 - )
*
o b (3 E 4L L) 0+ ()
v) § (%, %) | o L (3 %)
| ), & (3, %) 0 g & %)

L]
7. " urite at least three other fractlong which name each of

‘the following rational numbers. . If you can write more than

*  three, do so. | o e a
, . -\
) F AL L o 3 (85 )
: |2 : | | .ulb - ’
0 s (kA A) 9 5 (e k)
- | T4 %

<@Vﬁ£“t~me) ’4' J.%)m. ‘
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L o o N
8._ The diagrams below suggest three othep names for 3
are they” (4 7. % " ,a . ‘ o
5 .
v ’ L
A B - | ,
4, 0 o ‘ | foot - {
12 12 12 12 12 IZ. 2 12 12 12" 12 12 | N
c ' a
" 9.. 'Draw 5 boxes like the ones’ below Separate each box
to show. the mathematical sentence written below, ' ;rhe-
first one is done for you. . h
,l .
I B X ‘
: | : ‘
T .
|
-l B -
1_2 4_1 . 12
2 4 8 2 ' 4 -8
P b ’ ;,... hadi
N (% e
; '§_—_ 3 - 2=1
8 4 . 6.7 3 .
L 899409 ;.

What
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Cbmpléte
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| 4_m, .,_9 4_8 ,,T 4T
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oy
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|
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e
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+
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|
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e

|

I
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|
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|
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'I‘he unit square shown on the preceding page has been

separat%into 100 . congruent square regions. °

a)',' |

n

b)

- part of the unit square region‘7 (/a

i

B *‘@g

"
€

.’J

' J “
Ea.ch small square region\‘is what part of the unit

square region? ( /oo)

g

_ Each small square region is what part of 1 I.'rov)or

[

. . . 7] . ;
1 ‘column of square regions? (To') «

Each Tow, or each column of square regions is. what

4 040
16 = 160

S [ ' ' T s

=1_O—O-‘. ! - RRTRN PR

0 .

\

:, _
How many small s@uare}(‘grions should. you color if y
are, to color 1%5 of the. unit square region? (47)

(g3
1-% ?

1voo";(‘°°). :1  W

e

l_g. s 1o e
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" P5H1 5 y ,
" Puzzle. In how many different ways can you cover the unit ‘
. square using the ‘fractional pleces shown? Each
‘plece may be used more than once. You may wish
'to trace, c_ht-out, and mp.ke se'vera_l colp:!.es of eéch -
"model re’gic;‘n before you work your puzzle. |
.
7, Unit .
Square
s
\ j r
i
v "
|
2
, :

.9_02
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‘Here .are gffew So1utions to the‘puzzlg on page 5#1% Hdw many

f

.

' more did you discover?

_ — — K .
e |l || __ e //IE_IE /.
-1 00 -1 — —| e . \\
—1® —l® ] —l N “ ,
llllll = - S " J
et T ] bL__= o _ _ ] —1¢ Y} —io
. —100 -l .\\_//
i ) - Y T ) . \
—ies IO O O SN
_ I+ _ —ic0 7/ | N
e T T I
; —i© - ‘
-l -] < rl..||||_&l ||||| v \\.\.
lllllllll J "I'llll'lL e e — — —— — —— —— I—a \ )
: 7
- =¥ =i / =l
— — T T [T ) \%ﬁlJﬂi
—i<t - . -
i<t It VRN
I—z s s s e — . — — — — — e . ———— —— — — — c— \\ “ //
- \
_A —it ) nLG_ -0 N
—{® —|® . \\.
= = = - 7
- - Jd L ___ RageT Y 7
N N .2 . T |_8 E \ ’
-l , :
b — -_— — L S S —— I S S —— \A I,._4
- VAN
_ I | 7 N
-l -~ e ‘
, —le- / >
. 7 \
: " —

413
903




ORDERING THE RATIONAL NUMEERS

1l | I | |

Objedtive; To help thldren learn that if they know one

: ' rational number they cannot name the next one;

To order a givenvéet of ratibnal numbers from
least to greatest and from greatest to least;

and 0
[ 4 ) N

To express a "less thgn"'and‘“greatef than"
_relationship between two rational numbers. .

Materials: Those which have been used in previous =
lessons. ‘ I

- Teaching Suggestions:

Background for this lesson should have
grown out of the preceding lessons. Chil- ;
dren already are probably aware-that -~ . .
% > %, ete. Uging'tﬁe number line or con- 1
.gruent parts of a glven region, ask some
questions which would lead them to order a
given set of rational numbers from least to -

greatest. - )
Fbr,_example; -given the set -%, a-, %, the
ordered set would be %, %, _%. ‘Ask them -

' to give the next whole number after 5;
after 123, etc.: ‘
. Follow this by asking them to give the
 next rational number after %. Should "they

glve %, then ask them if, say %, is =
. between 7 and 'g. The series of questions

you ask here should focus on the idea that
; ‘given-one rational number, the:next
S rational number cannot be ‘given.

LIS

14

1
.904

.
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 ORDERING THE RATIONAL NUMBERS

3

“Exploration.

0. o 2
o~ - - - - >
.0 1 2 3 4

2 2 2 2 2

9 1 2 3 4 5 6 ' 1 8
4 4 -4 4 4 4. a2 4 K
"9 L 2 3 456 789 10U 213141516

8 8 8 8 8 8 8 8 8 8' 88 8 8 8 8 8

o

Look at the number line.r

'Is % to the right of 1 'f’ Isd 9(7*\
Is %. to the right of % 43'15 % N % éb#*\‘
s g- o the righ)t of L 2> aabe
Is 0 %o the left of %r M o ¢ } ol

18 F t0 the deft of 3 A 24 g-?&?) -.

Is g £o the Yeft of g?(?.) Is §< g 24

)

It is easy to see that F’ % F’ and g are ordered from
ledst to greatesf.

"Are 3 5 g g and ? ordered from the least to greatest?Qf‘)

It would be easier to decide if we used other fractions for
a_‘ these numbers ., '

Using other names for these same ndmbers,_we can write them as

4 10 16 -
'8"' » '8': and B

Now we see the numbers are named in order from least to greatest.
As you move to the right along a number line, the rational numbers '

become greater. As you move to the left, they ‘become less,

® . ’ . B ’

T = - H 415

o5 . ”.‘ C




PS4

906

e

. J\ v .
Exercise Set 6
1. UBe this chart and the symbols > and < to complete the
sentences below, |
1 l
2 2 ]
- ) ~ ' -
4q 4 4 q
1 1 1 LA A N | 1
1 8| 8| 8 8 8 | 8| 8 8
nanEaaannEnEnnnn
{16J6|16|16[16]|16|16[16|16|16]|16 |16 61161616
v -1 1 3 1
a) 'x _>_ T c) ' g _.>__ T e) ¢ %
\ . [& . * . '
1 1 1 2
b)‘.-g_i_n' d) 2_2_% £): % T
2. Write the correct answer., The fraction chart above may be
us'ed,rif needed., . | .
. . o
a) Which number is less: -187- or (f,—)
. , [ .‘ ] : . s ‘
'*+ + . Which is farther to the left on the number line? {‘;T')
. o ( - o ‘ /o |
b)/ Whith number is less: . lg- ' or;,.‘ "“) :
'Whic_n is far‘{:her to the left on the number line‘> (’)
ST : , ¢
¢) Which number 1is less: 17 or -g (’5)
. - * [~ )
Which is fagther. to the 'le_ft on the number line? (Lpéj
'd)  Which number is less: lul- g- ? (;f‘l')
z ’ U % . ) (i)
s Which is farther to the left on the number.line? \3



[N
Pt

P545

Arran'gé m‘emb,ers of ‘each ’sét in order from least to greatest.

Make diagrams-if you need them. ~
vl 2 B 23} @siss)
2 : B={1F1(-; %.‘,-2.-, g, }u]‘} ‘%/.%f.z,-}‘

i
\‘;

b
Sy

Associate a rational number with points a, b, c, 'ti,z, e, £y

and g in _the'diagraﬁ below.

oL B ' —
-é-"i% é e b ¢ d e ‘
. b i

2= £ S e= £ g= &

b= 4oy a= 1 £ =2 ‘ ‘

6.

List in O‘I;der‘ the numbers used in counting by two-thirds

2 ( t.f £ o 1 '
from T 3, A 3,3.3). S |

.

List in order the numbers used in counting by three-halves

from % to 9. (— —- ;a;if,—f

Write two other names for each of the followiﬁg. numbers’, .

) ,112 _4..3.) | o) _14:0_ , —3?"—)
CANCS) e s Y
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8. copy and complete by writing the symbol > or < 1in

each box,

e b <} 9 12 %
b 3 > % o r> 3
c) '1%-&1\_ | f)-]é-_é_%-

4,

9. Rearrange these numbers in order from leagt“to greatest,

A A T C )
Comeh L L LY (i 44

9 23 kY (4438

V3 b B E (EEZ9

10. Afrange in order the numbers in each set below. hegin

with the greatest.

CA.= {%-, ~%-, %‘-} {%, %, ;‘L}
\B‘= {':[li': %} |

Q
"
)
i
W o~

11. - Arrange these numbers from least to”gréatesf.

1 1 ‘1 1 1 1 (J_ L L )

2” 'ro"_ 'E’ 8’ 3’ '6' ' 70 , 2. \4 312-
908

o P




Exercise Set 7

P54T. R

%///_

‘ w] ol e Jlo
8l
Qi
&jo.
: Sl
T ol
LI
o
af ¢l @l Do
_ - o o
o~ Sl .
m|co

l ,8_4,.
1 .

in each blank to

O
. ~F —~

or =,
g)
h) =

mia ol Yo
=jo
wie 9o

?

The number line above will help

.‘ <.

oo

Supplementary Exercilses

D

Ml
mi<¢ Ol
njo

™o
—|¢ N

make a true sentence.
2
2

1
2
2
a
4
8
Copy and write

you.
a)

- Of oinv Ol¢  Oj
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v

2. Which fraction of each pair below will be farther to the

right on the number line?

D Rl ) o ¥as &
Sw Bed @ 0 Rebp )

Gie¥ B o iei @

o Red @ ow et (H

3. Rearrange each set. Put members in order from least to
. ;»' . )

greatest. 4 |
- B2 g (ALY
\ _» N .g

1 1)
{'I]_': 2': 3': 8‘}

4., Copy and fill in each blank with the symbol >, <, or
’ - - - . ' /

a) %._33;_% . e) 1.< 2
o2z} n =%
¢) ,%j_ji_ 1 1 g)” 2;_;2;_% 
a) g _2 % M < F

“5; " ‘Look at exerclse 4. Which fraction in eéEh paif labels a -
B - : e o .

poins;farther to. the right on the riumber 1line?

( C. et 2 ,..2'

N U -4“--‘)-4 o
910420

,



AkNEw KIND-OF NAME -~ T N

Objective: To show that the mixed form is convenient to- use
.'"X"" L when the rational number ‘18" greater than l. ?;
'Materials- The number..line and congruent regions. ) j;f«'

-

"Teaching Suggestions-‘

Go back to review the lesson in which we - .
- considered rational numbers greater than one, L
noting how we used a fraction to name a B | R
rational number greater than 1. - A : T

Then make some statements like, these%
Tom rode his bicycle % miles.
Maryt!s mother used 7; ples for her guests at dinner. .

I would like someone to get a piece of string fof‘me b
"which 1s 5 yards long.

¢

‘Get chlldrents reactions to suchstate- e
“ments. Ask what might be a more convenient
way to make these statements. That is, 1f

s '%g, and ; could be:expressed as a

. number of whole units and parts of unitsr

Here children suggest

/" Tom rode his bicycle 1?' miles, - o
Maryis mother used 16 ples- for her_f[
dinner guests. :

I would like Someone to get a piece'of
string for me which is yards lohg.

THen ask: If we Know. the. fraction for a .
rational, number,” how can we express 1t uSing .
whole units and parts of unlts? ' .

lé-, l-g-, etc., are what we call mixed forms. _
‘Then ask, "If Tom rode his bicycle % miles,,

did he ridé as far as one mile? than one I
mile? - As far as two miles°" etc. s a piece e

|l of string % yards long-as. long as-one. yard° ~”' o

Longer ‘than one. yard? As. long as two yards?"
.. || ete., This will help children recognize: the .
. " rela%ionship between,rational numbers named by R

fractions and whole numbers :

-t
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.* A NEW KIND OF NAME

o These -pictu'res' help us think about the number's‘, % and - }113; .

Unit | | % -

N op /R

Unit

Unit e S
o1 L 11 L oy .
%=2- and ST e 4ar.1d,_ TF‘.and %-

v

i

%:#ﬁl one and .1  half’ =1 one and '} ' one

“/ or, e o ;z_and' 3. fourths ‘

£ 2 ones and” ..

he (U
n

S
o4

- T Lo 3 fourths .

i

or,,. ..

o ' “ | .. | ’4 %=’ 2% s

"'.;;"Ai‘iq'chen',_’y-‘za&_p_'f.‘.na,ming;j-% is l%-‘

- . . S
S, o L A
s -

&
“‘A;ji_bther' way of naming },;]-‘- is 2%- AR
f',.wé';"__.‘cgil _1%-: and - 2%- mixeﬁ forms.

REEY 4

. : , - - . 'A'
RIENI I ‘
. » . 4221
| 1 SR ALy 4
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. . /" Rational numbers name(d by friactions like . {130 ST Y and
% ‘tell us that the measure of a reglon, ‘Segment, or set 1s less

: ' . . . . . v . Lot
- ' . ' . . . - [ L o )
. . e ‘, N c . .
' , Lo : i

- -

L . . 'I f.'. . oy . \' .- [
. Rational numbers named by fractions like ‘-g-, g:' %‘:' and -

% teil us t}iat-the measure of a region, segme'nt; or ;iet_ is

i

equal to 1, -~ ' - - R
e K . ) ) ‘ . . o
. o

.o . ! :1

"_Ratiovnal' numbers named"vtjy_ fractions.like z-, %, i -.r;d‘l % Vot
tell us\b that the measure of a region,.segment, or set is g.féa'ter
than 1. *° T \ Fo | B '

; ‘ . ’ IR . _.'i'_.‘ﬂ,.,'-

‘ R AN

pr e N T .

“ -Other names for 1 afe. T 7w and s o :
’ . C ) "1‘.,{;'. Lo~

. Since- this 1s true, %, %, and g may be renamed 1%-,

' 1%-,, 1%-,_ and l‘§-. are read, "one and three"-'fourth_s L g;l

"one and one-half," and "one and..:aﬁw'gf-thirdé','.' Fractions
. PR ‘ . ‘
written in this way are said to'be in mixed.form.

7 < S

-
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Exercise Set 8 - - S

Copy and finish the number line below. Then uSé it to

'a true sentence. ,":' SN

~ S W
. :

.
ulcwo._

LY

_._Uil_-.‘ “. '
onn”
il g —
wlde
wilon
wim

o
UViE A
n n
‘; Viu
) IQ-
\)ll-'

o’
o
O
[oS
[+ ]
iz

[N

o

Y

fwo\
!

)
Nag®

- j

(- (e

. from_least to greatest. Use diagrams 1f you need them.ﬁff'

“ (h'{.aJv, ,'4; | }>

Rl ,_.}g’\' j» 2 5) 3} o
! ‘ (Bf“" 2,3, 3,8, 43)

Peter has l} blocks t'gwalk to school. Each block is nlﬁ

mile long. How many'miles does. he have to walk to sehool°
. _ . . ; V) )
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S, A pound of butter 1ls usually divided into four bars of the - .
same size, Viclq found T bars of butter in her

h refrigera'tor. ' How many pounds of butter were in the .

e B ,7 . -1 . . s ' , ‘-
) refr.igerator? . 7.7y 7“‘“”“’) . .
f. *n' o : s . €
Can you do these without any“help'% Try some of them.

‘.
e

[ SN

each of'these numbers. .
* L
od) ' g- = 432

e) 2‘52-\= 25

£y &= .23

;-,"Which is greater? Write the hame- of the g‘reater number in

each pgir. You. may use a numbe.'c\ line to help you decide.
2y Soe iy ) 0 o Saal @
by 2 er g (23) . ,f)' 52 or 3 (38)
%%oag () e e B (43

6 or -231- (&) . ) 12 or & 1)

“ . - ’ n

;_«'\;*_‘)ﬂ

7. Copy-and complete. Use.diagrams-if you need thefrf." o

R ) BT S

LIS U I
S EL A L i

. .', 3 "u 5

‘8, Between what two whole numbers on the number line would the,

following fractions be? . ' s R
1 i : ol - '

a) s B) e o) oA 65

(sahe)  drads)  (qedm) o Cpldn)

5325



Exercise Set 9 - i

., .

A ¢

N o ‘ WY

‘ ,-. o M o

Va0 _ 2
“— — >

rof
"&F‘
o o
fK?&

‘A

wolo -

of=
W
wWw|r
ol
who
wlontro

O'
n

o]
Hr
H
He
e
+=\n
inw
»
oo

: 1
¢ - i a
o 1 2 . 6 17 8 10 1 12
F ©® .% 5. % © % T B ©
=0 U 1 R
“0 1 2 3 .4 5 6 8 9 1o 11 12 13 14 15 16
BBBB-BBB%‘BB'B"B'.'B'T'B"BE'T
S L N
1. Use't,e number lines above. Copy the following mathématical.
R ",__._-‘,
sentences ~ Write the symbol > of < in each blank to
make the sentence true : '
a)s . e)
o b) £)




2. . Stgrtihg'at'zéro:Fiisfbin order the numbers used in .
. R e "T\ ‘ ,3__"  .‘,'-. . fv..' . -'5:"@",.’ . r ) . y \ . .
- af’ gounting by ‘dnéhalf to ; ( T, 2 i;.) R

-

. ¢) counting by three-eighths to 2 (;’3';‘-;’ '*,'3_)
R . - . ‘ 1 ' X : N

- ot

~

L]

3. [ Write 2 other names for each of the following.

t ' 2: - 4
.. a) %— = Tf 3 Fd

P 1B E ey Hew)

C) 171-= ;2, ."z_‘o.. : , ‘ '
/0
. .

N

L, Tiyég_each rational number'in Column 1 withia fraction

that names the same number from Column 2.

Column 1 column 2 o

.

-
N
-5
e o MR H{R Hov Hoo

LD
~J

(e}
N
[
-
-
ad
e’
(Y
-

917
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. USING RATIONAL NUMBERS . = e
| - * o
R Objectives: To recall that sets of obJects and their
’ equivalent subsets have been used to suggest
rational numbers, and

To }Earn how we can use a rational number to -
express a relationship between ‘the number of
- - members in a set and ‘the number of members
in a subset. . ' = )
Materials: Collections of, objects that can be arranged
.~ into sets and subsets. .

’ e

.- Teaching Sgggestions:: .

Use Some sets of objects. Designate a
particular subset within a sebt. Ask what
rational number this suggests. '

\

For example,

§ -

Then tell how wevcan use the rational number
.to speak about: the number of members of the
set and the number. of members in a subset

Again illustrate: .
' We can say:
' 3 objects are % of 9 objects. .
.4 objects are’ %4_(01* ) of 8 obJects. _

4 - objects are yx (or 3) of. 12 obJects, ete.

Yse the materials in the pupil texﬁ.

428

)

LY
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0

USING RATIONAL NUMBERS ;
R Expfslnéionr
Below are pictures of sets of 12 objects.

_Dotted lines sepabate the picture
of Set A into- 2 subsets.

| — .How'mahy quects are there in 1 .
| subset? «(‘)_, 4
.How.hany objects are thére in .2>
subsets? (ll) A
= | Is % of 12 objects equal to
6 objects? (ty") u
Set A ~ Is 3 of 12 objects equal to
12 objects? (o)
. Set B has been separé@éd into 4
subsets. | v -
_I’” H i . How man& objects are infeac@f‘:ﬂ k
J L subset? (3) T
| =A ‘ { %- of 12 = 3 STy
| I ' = ' :
| - ! 2 12 b ,
I 1 FUTT ==
| A A of 12 = 9
(L L L] e 2
. g of 12 = /..
S‘?t B e L
- s 3 oof 12 = 2 or 122(ys) .




x

Dot’ded lines separate Set ¢ into

3. subsets.
s ‘ R
What 1is % of 122 (#)

What is % of 127 (/2)

. . ~ .Set D has’been separatedzinto

é”" subsets.

of 12,

=
]

of 12.

———t——+——-
Ol 01t 014 Ol O O~

—————] 8 =% of 12;
. 10 = of 12..- ‘?
12 = £ of 12, ;
Set" 12
o |

e ‘ a7 Eaéh.spbset in E shows

o]
Y
-
o
"
*

of .12 C=

oy | &

of l1l2 =

of 12 = yi '

o

920
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Exercise Set 10 Tt

R4

1. A, B, C, and D az;g upit square regions. . Copy ther"n' on' E

your paper. Separate each one: into four equal regions.

a) Color i%f of A red.

b) Coler % of"B';hlue; T SN
c) (_‘:ollor-%-», of ¢ g'reen', |
d) . Color %- Jof D green. '

K

e) -ﬁ- is another name: for’ (f) .

) Write the, fraction that best describes the uncolored

c. ¥
regions of each unit square region above (4 2 J~£
- .
A B c D
.0 1
Points B and C separate the unit line segment AD ) )
into 3 congruent segments . - ﬂ ’ S

a'). m I§=(3L) " .l "c) m ( ' b vfﬁ
85) nE =(3) . % ) B
R LT

921
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: .
%, . . ,
Exercise Set 11
l Look at,the picture of a set of objects below.
‘, . o> o ;0 0
' o .0 0o o +
; o 0 0 0
o 0o o0 o
It has been partitioned into 4 subsets.
The same number of objects 1is in each subset.
CWhat 1s [ of 162 (4) what 1s ¢ of 167 (12)
what 1s. £ of 167 (#) What 1is ;‘;- o 167 (14)
2.' . Here is another plcture of a set of objects. It has . been -
) partiquioned dAnto five subsets.- The same nﬁr’nber‘of obJect_é
is ) Iig‘xj‘f?gch subset, - — | :
- 01 01 01 61 .0f
o v F :
0,0, 0.,0,0
o, I R
04y 0, 0,01 0
T N !
Ot 01 00, O
. . 1 1 - 1 i
{ . ’ . . . ) )
What1s g of 207 (4, . o
. what is:,% of 207 (#)
= Wnat'is g or 207 (12) b
"-'\ ’ .- - - - ., '6' “ .l‘la ! - ’
What is % of 207 ) o .
5 .t : . Lo | :'
) What is g “of 209_\(‘,14;2 S,
-» : i Y . {
» nu"“‘\
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3. Complete the followlng. Use sets of objects if you need them.

"‘a); % of 6 nis (22 . e) % of 6 is, f#Q
'  b) I.gr of U4 1s (2) _ ) % of 8 1s (4)
e) E” of 8 1is. f-a) | ) " g) % of 9 1s (4)
a) g of 10 15 (&) h) % of 10 1s.” (4)
b, Jane bOught-sixudoughnuts. She éte % of them. 'ﬁow'many

f' . doughnuts did Jane eat? How many doughnuts did Jane have

| left? (%dlwdu"éw%)

/5. Bill had twenty marbles. He lostb_%. of them.- HOW‘many
.“marble did B111 lose° How. any did he.zigz left?

M

6. Alice had 36 Jacks. She traded % of them to Mary.

How many Jacks did Alice trade? How many Jacks did Alice

. have left?, M—:—- Z-Jv/?;kj*;é Polary ...,/,(.,[17,1%?‘)

-

L o

7. On the way from. the store, Bob drggped a dozen eggs. He
100W the carton. He found 7 of the eggs broken.
2 .
How many eggs are there in ‘a dozeg How many . eggs were

broken? How many eggs were no’c broken? [J""'“"‘“"" 7 3%

fl':"'B,RAINTWI'STEB el . SN
S ! o

~ John gave Bi11 sixteen jelly beans. This was % ‘of the’
number John had. How many did ‘John have at the beginning?

((y-4 432 M 4.,.__.,.)
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‘ Exercise Set ,12

1. There were 20 -problems on an arithmetic test John worked, '

all but 7 of them. How many problems did John finishol/)
2. -31— of a string of . 12 Christmas tree lights had burned out.

How many‘ lights had to be replaced? 94)

3. At a sale, books.that had been 50¢ were selling for é—

of the regular price. What was thre sale price° (.Mé)

4
‘s
L4 ¥

4. A box which had contained. 24 candy _bars -was_ two-thirds

full. How-mjny candy bars were in.the box? (M’)

5. A footbdll game is played in } 'quarters. It takes -1 hour
of actual playing time to play a game. How many minutes of

actual playlng time are .gone at the end of the- third quarter‘>:
‘(45—/ML3 - .

6. There were 6 boys and 3 girls on a softball team. What
part ‘of the team was boys? {?6‘0"_%} ) N ‘

.
'

i

7. - The year is separated into f'pur s\easons of' equal length

FWhat part of the year is each season? (‘L)
. %

~

8. . Mary has a‘collection of 15 dolls. % of them represent

_children from other countries. How many of the dolls

. represent children,from other countrles;?*(/o)( .

-

9. 3im was making a model of a plane. He needed a single pilece
of wood %— of a f'oot long.. He had a pi)ece of wood 8
3
inches long. Could he use this piece’S Why? (J-LM“'U ¥

( . 43




Précpice Exercises

Place parentheses correctly to make each of thg~rolibﬁ&ng

a truejstatemént. Example -a, is shown.

a) (6+ 4) x 3= 30

b)

(8.x3) +5< 64 gk
) (643)%6>2h  m)
ay 2 x (5 + 4) = 18 n)
&) 4 x (16+ 4) >68 o)
£) 9+ (623 =11 p)
g) 8x (5+3)44 .  q)
n) (6 +3) x4=8 )
.1)(w}6)+§#2/ 8)
D En s>

Mixed Addition and Subtraction

" a)

327 + 54 = 381 _ k)
b) 457 +‘é;8 = 675 1)
c) 384 + 291 = 675 m)
d) 384 - 156 = 228 n)
e) 995 - 768 = 227 0)
£) 870 - 418 . 452 D)
'g) 2384 - 1963 = k21 a)
‘h) 1066 - 883 = 183 : r)
‘i) 984 + 168 = 1152 8)
j) 700 - 362 =338 t)
435

11(25 + 5) +i8 = 13

(27 +3)E6=5

t)

19 + (8 + 2) > 14
45+ (5 + 4);( 13

28 - (7 x 3) < 63 ghe
(46 + 8) = 9=6 o
28 + (21 + DT i
17 - (4.x 9< 39
(49 5 7) + 6 = 13

1478 + 2388 = 3866
'MOQ +‘583 + 324 = 1307
1637 - 537 = 1100

709 - 368 = 341

37 +.31 + 36 = 104

801 - 513 = 288
745 - 508 = 237
678 + 254 = 932
2900 - 1256 = 1644

598 + 303 + 81 =982

: o 4. \\\;\
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3. Write the number n represents '\ '

Lt ia) | 29456437 = '='122 k). n = 737 x 8 #25n = 5896

") .7oo - 347 = n ‘;n = 353 1). n+ 304+ 488 1640 = 848

e) 43 x 6 3 -.-,., n= 258" 'm)," 4767 nx7 "v}‘;,-:';,"p‘ = 681 -
. d) 587-n=2369 =28 n) 719 -n = 285 n = 434
e) T+ 9‘*+n= 237 n =66 o) &789 +n= 12497 *n = 3708
. £) nx:6= 3708 n=.618 p) 707 x 6 =nov oo =4242
s) .48+ 0 79 234 n = 10_7_;v'q) -8789 - n 5081‘ .n' = 3708
U h) f'ﬂn = 127 X5. " n.,=635 :":r"') :489_,4, 403 +950=n n = '_i842’,
. 1) 746 - n = 413 n=33,a ) nx9=787  n=873
) 624 + n = 1141 n =517 t')t“-n - 658 =758 .n = 1416,

Y

-
e

T *y T ?- o
.v . {

b Addition Subtraction 'Multiplicatio‘n, and Division_.\_.:;w
| a) 1414 - 671 : 743‘ RO k)_. 278 + 32 + 49 = 3_59-’.
e’ D) 2157 + 879 = 3036 © ;7 1) 378+ 663 AL
o) wesu=37 . C Tm) 439x5 - 2195
a) §67 x 6 2202 n) 679 - 327 = 352
e) 459 ~9=5 o) 136 = 4 = 34
£)- 309 + 487+ 648 =ﬁ 1444 p) . 810 + 652 + 934 = 2396
g) 475 - 367 = 108 g% q) 333 x 7=2331 - o
- h) 280 = 7= 40 o r) 652 -.\’584 = 68
1) 396 x 7 = 2272 ons) Wb E6=Th T
§) 1209 - 688'= 521 t) 876 x 4 = 3504 RonEe

. o
b
i 3
’ T .
Gl Te ] . o S
R = . . B Tk - L Lo . .




"5, Write the number n represénts.

o
e
o_t:uo
o

59

a) § of i2=h n=6

[}
o]

Yo L
. .t

.00
q

[}
o]

i"',
atw u14=-5.&1.i?1 T o
o) )
Lo} Lo}

1
1. ) :
3

f.iLé"r 1B=n m=3 1)

' Bxample. L

o

. gf-ﬁo .
8=n
‘10 = n

‘ 16 i-.n .

15 = n

.1.6-11

s#62 400+6o+2-4oo+50+12-;_

300+00+ 5

& a) 669':;-" | - e) 638"

\ sy - IOO * 50 + 7 = 100 + 50 +J ;.

b) 633 _r) 853,_7.:,;2"_”&,*

63 . wesl

10 o s

& c) 386‘

i 1@__ R T

e o mg@
. -usz ,.l.:,?‘_"".' . . ' h . ;2_51
453 ' e 504
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Write the numeral fo‘x' each blank that makes a true sentence

)
. '¢’)‘

T2+8.9
789 x 5 =
12545 -
864 x 6=
: i-i;oé -'-‘--"uf'.“‘
: 90k %, 'Z' -
82k b a
496 X6 - 
1) 65k w3 =
‘__,730""‘}?' 9 =

. ° s : : [ .. o
e AN R
. v B iy N

313“945

'*'102 3

6570 .

~

e ",'t-{-i_,Example ‘a 13 sﬁom
: ‘.-’f"-f;?"';'a)\x (4 = 2). x 9 m 18
(7 X 9) = 29 - 34;'

"'2.1.-_x_ 6) - 65 -1

S "(6 X 8) _239 .i 9 I..‘;:‘ o
"(""5)+6.30 o
(68 - g2 TER
o 32
(127 5) x 9 wph
_.(8+20) - 14. 14

5188 .

206 o
2976 . "
::}2:18 ;

Hultiplication and Division

)

L2 Lfie v ‘
. 257 x 4 =-1028 :
24883 8 =311 -

i

- 3lg x 8 - ‘25'52:2’ -

'580—5- 115

509 x 7 = 5663

789 T 3 = 263 .4

156 X 9 = 1‘{04

21T+ T - 33,

697 X 3 = 2091

N

q':
a g

.{ .

.‘-." [

AR N

! e
..
LR I
A

e x 4) + 8 = TR
"(6 X 6) - 15 = 21}:,
5 (7%°8) + 16412
(8 x'5) ~12 =28 ¢
(7 X 9)+ 132 'Y '15 i
.-,-.;_;.(5, X 1) - 1u 21 2

e,

(%9} + 76 ue

L) (T X 6).+ 13 - 55
8), (6% 6) - Tom 29
t=) (7 x59)+2

»72

b
[t

e

b
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| " Review
. *SET I e

| Part ATs S .
Using the gymbol ), = i - QT 4 make ‘each aof the following

[ IS
. [N

© e true sentence , . \\:

e B '.3- foot g 12 1nches f) 12 inches . 2 'IT yard . \
LT '
. 5); 24 inches _ 2. 2- yard ” _g) 2‘ quart - g, 2 pints ‘,
) 1 pint 1- ' p" quart‘ h) 15 minutes = - %‘-hour:'

f', Id)% hour __ = _ 30 m{g}.tftes | 1) y feet g 12- yards
@’ 3; ’ " ::
T e) ’3- yard _ = 2 feet.: f) 9 inches‘.-. g -a-yard
2. Arrange in order of size from smallest to‘largegt‘. . ’
oo . .Y, . g
2 1 6' 4 8 - 1 2 4 6 8y
a) 3,3,3,3+3 F.3:3,3,73
1 1 1 1 1 1 1 1 11 .
) 5,3, 725, F (g,7,'5,§,§)
C) %9%9%9%9“.%' %9%9%9%9%)
1 3 2 41 sl 2 1.3 by
E:T»8.T, 8 F.8:2+%7)
4 ~ 2 / | ooy
'5‘9%9%’9'5’9% (%9%9%95:%)_
"~ f) 1ft., 61in., -Er % fr. (-,lr ft, 6 iny. -Eft., 1. f‘c) -
g) 45 min., z-hr., 60 min., -Eer. (F b, Ehr, lég mg,)' s
h} 1 ton, 1\°1n,., 51b., 1oz.  (loz., #1b.,.11b.; 1 tcn)_

w1) 1 st., 1 qt., 1 cup, 1 gal., , (1 cup, 1 pt., ,1" t., 1 gal):
2 1- 1, e
J.) ,%‘in.,,g 1n.,% in., g in. (§ in., %—m,{, gviqq’., gin)

L

.4 5 -
N R '929 . -
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(The named points .4, B} o )
what: A1s the greatest number of line segMbnts that can have
endpdints in Set N ? (One) ‘
Name the segment( ). (RE) o N' . ' e

i, LThe named points’ C D EJ . » /‘

'What is the greatest number of 1in® segments that can have'

4 endpoints in Set M ? (Three) . . .
S _:.. . N
Name the segpent (). (TD, DE,” &) , ’ <
L] ‘b ) »-. ) ‘ f -‘ L ‘ -
- : ®
5. [The named pd&nts G, F, H, ]ﬂ

'What is the greatest number of lige. ségments that caﬂ'.ﬁve
: endpoints ih Set R ? (Six)

. ® . Name Ere segment(s).. (GF, GH, GI oT, T, FI) B B

6. Draw two line segments to ‘nake

three quadrilaterals and five new

o triangles out of A XYZ :
(ATVY,ATSY ANVSY, ZSXYW, & ZYW, - XTVZ LoXTSW, clwsvz)
[ Draw two line segments to make . :B

-two‘new triangles and three

quadrilaterals out of A ABC: .
(ADBF, /A BGH, 1 DFCA, £=1 AGHC, =1 DGHF) .
8. %< 58 means 4 As less than 5 and 5 ‘is less thar18

) (J1~.

F Write~these sentences,the shorter way. L
f_a) 32 34 Jnd 3 ko (32K 3L‘< 40) (Answers wil),
b)‘-ﬁ-(% and~e%-<%-r ,T§<%<'%), vary)
c) 112 < 115 and 115< 117 (112 < 115< 117)‘
s 9 < $ana 3¢ @<i<hH - -
N 2 ‘

3

930




10.

"'a)/'A,mpdel'that has 3 rectangular regions and 21_ !

11.

-

PSET | S

Eind the number that n represents in the- following

a) W<n<16 (n=15) ) $<n<g (n=gorp)

b 1<ncd =2 o) 9<n<R (-Yorsd

c) 786 n T8 (n=187) £) H<n< 1} (n=-Far1)
. ‘ " (Answers will vary)\\ RS
What is 1t? L

triangular regions for faces. (triangular prism)

b)v“A model that has four triangular regions for faces.
ST * (pyramid),
c) A model that has six rectangular regions for faces
- . _ (rectangular prism)
d) A model that has one rectangular region and. two circular
- regions for facesu, (cylindér) ; _ -

i
o

e) A model whose edges form right angles only.
‘ (rectangular prism)’

f) A model that has:a circular Kegion and a half circular

~ region for faces. (cone)

These statements'are comparing the length of line segments.

'Vrcomplete these to make them true statements

Examples a and b are done for you.

a) .4,§t. 1s'.2 .times as long as 2 ft, ‘
v . l . . »,"
b) 2 ft. is _2_ as long as 4 ft.
. ¢) 91in, is _3_times as long as 3 in,. :
N ’ 1 . . ) .-’<
~d) 31n. is _3_as long as 9 in.. ’
e) 12 yd 18 2 times as loqg'as 6.yd.. - '
= : ,
- 1
f. 6yd. is 2 as long as 12 yd.

o 1 o :
15 min. is 3 as long as 45 min..
3

h.: ﬁS min. is times as long as 15 min. .

- . ; 44y - | . y _i,.

931
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12. Match the Standard Unit of Measure from Column I with the

Item you would use it to measure from Column II.

Column I . Column II
a) cup C | _J - ZLength of your pencil

b)) feet ., | £  Bottle of milk "

" c¢) seconds i Distance between cities
d) hours | T i;_g__ Length of a football field
e) days | Ve ‘ Timing a running race
f) quart . e h Time at recess = ‘
ig) yards ; | e Time until a birthday
h) minutes ‘ T d Time for sleeping
1) miles b Height of a tree
J) inches . a Sugar for a recipe

13. Write 4 different fraction names for each of the points
' o labeled on this number lihe;

o - A B C D . 1
a X2 4 8. gl2 3 4. ¢ %23 4
rEmE PIe P R CPEESE
D %, -g-, g, 1= ) (AnSwers will vary)' '

14, . Find the perimeter of the following:

&om
\

L2

' a) A polygon with sides whose measures are 16, 28, and .
. 3214n inches(Perimeter 76 in ) _
b) An equilateral triangle with the measure of one of its
' sides 14 in feet.(Perimeter 42 ft.)
¢c) A polygon with 6 congruent sides, the.measure of one
’ side is 35 in centimeters. (peéﬁmeteé 210 centimeters)

d) ‘A square, one side of which has {ne measure of 7 in mgters.
. ' (Perimeter 28 meters)
e) A polygon with .2 sides whose measures have the sum

of 8 yards and 3 side‘ whose measures have the sum

of ' 15 in yards. (Perimeter 23 yakds)
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Part B ' \
Write a mathematical sentence (or two?sentences if necessary)

{

;for éach problem and solve. Write an answer sentence.
. . l ) . . ‘ "‘ "
1. The Davis family uses 8 eggs for breakfast. What part of.

1

a dozen eggs is lef‘t‘7 (12 -8=t, t==54, 4 ﬁf =n,
n = _7 or 3 -They have —Q?of a dozen eges left /)

2. iEddie earns -+ 75 cents on Moggay, 50 cents on Wednesday, g :

-

and 75»cents_on Friday owing lawns. How ‘much will he earn

in six weeks? (75 + 50 + ¥5) X 6 = n or 75 %. 50 + 75 =c
c =200, 200 x 6 = n n=y1200 Eddie will earn.$12.0Q)

\:. The school bus runs 7 mi ol on a gallon of" ‘gasoline. Each
week the bds goes an averag of 882 miles. How much gasoline
will the bus use in four. week ? (882 + 7).x 4= n, or

. 882 +7 = g = 126 x 4 = = 504% The bus will use 504
gallons of gasoline ) ‘ ;

4, Wendy called the feed store to rder feed for .a month for
her horse. She bought 5 bales 6T~hax\g§\§£;za\a bale and
100 1b. of oats at $5.30. How much will this month's feed

bill be? (5 x 175) + 530 =nor5x175=h, h + 530 =
n = 1405. This month!s feed bill will be $14.05

5. Tom hit a softpall 135 ft. Randy hit the ball o5 e >

farther than Tom. How far did Randy hit the ball‘7 (l35+ 25 =
'n = 160 Randy.hit the ball 160 feet.

6ﬂ It is 347 air miles from San Francisco to Los Angeles, 1240

alir miles on to Dallas, %43 air miles from Dallas to New
Orleans, then 669 alr miles on to Miami wa many air miles
is it, by this route, from San Francisco to Miami?

(347 + 1240 + 443 + 669 = 2699 It is 2699 air miles
from San Francisco to Miami )

)

S - 933 . g*\g\xr_ N
> o _ ‘ 3 .
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7., The nurse found Janice to be &4 ft 4 in tall, Linda
"4 £t. 11 in. tall, and Maria 4 ft 9 in tall. How much

taller than Janice is Linda? (4 f 11 in - 4 ft."4 in. = n
n = in. Linda 18 7 inches tal’ er _than Janice. ) _

8. 1In the standing. board-Jump Pat's best jump was 5 f : 3 in.
‘while Roy's best jump was 6 ft 2 in. Roy's Jump was how -

_ ‘much better than Pat!s? (6 ft. 2 in. - 5 ft. 3 in=n
" n =11 in. Roy's Jump wag 11 inches better than Pat's.)

é.“ For his birthday Tom received a new baseball bat’ thaf is
© 24 inches loﬁg. The bat!s length is’ what part of a yard? o
(%-g-- n na. 3- The bat is 3- yard long:).”
10. Joe delivers 56 papers each day. How many pape;s does he’

'v* deliver in 28 days? (56 x 28 = £ =" 1,568 Joe
" delivers 1,568 papers in 28 days.) A

ot s .. K
by : £

11. Susan buys 2 -dozen cookies for 30 cents a dozén and’a-

cake for éo' cents. How. much does she pay the clerk? :
(30 x2=a or 304 30 = a=60 60+80=c c= 146
Susan pays the.clerk ,$1.40.) -

Braintwisters .

e
>

1. You have a 30, inch board that you have to cut in 5

pieces, each 6 inches lodg. It takes five mihutesqto i }f.
' make each cut. How many minutes will it take you to icut
the five pleces? (4 x 5 = 20)

-

‘2. An ihchworm was climbing a tree 5 ft high. He climbed o
" three 1nches every day and slipped back two. inches eveﬁy‘

night. How many days will it take‘ﬁim to reach the top’
(5 x12) - 2 = =58 58 days) \

?i'

444

'[ S . g3k
, e o
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