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. Chapter 11 o
~+7  FACTORS AND EXPONENTS " I
ﬂﬁ‘\ - - o= ‘ V ’
- One of the most important ideas 1in the ‘structure of numbers

‘and alggbralc expressions 1s that of "factor". It 1s necessary
ﬂfcr the student to reallze that i;‘f”_ar;-1’:;01*“ has 1little meaning -
‘unless restrictions are placed upon our discussion: Basle to
our dévelapmeﬁt is the definition pfga proper factor. An
integer 1s sald to be factorable 1if
prime if it does not have a proper factor. k
It is very important to keep in mifid that these ldeas of
factors and factoring depend on the set.over which we do the
factoring. Over the set of p@sitive integers, 4 1s a faGtG&
off” 12. If we permitted all inﬁege?s, -4 and 4 would both
be factors of 12. If wggfactdr over the rational numbers, then
T ,1s a factor of 12, as well, If we factor over the real

3
numbers, any number except O 13 a factor of 12, and the

it has a proper factor. It

%]

idea has become meaningless. When we speak of factoring a
positive integer, we shall always mean over the Eet of positivé
1ﬁtegers, unless a different set 1s specifiled. .

It 1s of more than passing interest that the positive
integers can be generated by using the element 1 -and the

the set of prime rmumbers and the cperatlgn of multiplicatlagi
-~ These 1deas will be helpful when wé study polynamialé, whose
structura closely resembles that of the 1integers.

Divisibllity as & Subject 1s not % signif{éant part of this
coursé. We use 1t to develop some of the ldeas we need about
factors and prime numbers. kIt 1573 subject relatlvely easy to
understand and usually interesting to students. It 1s doybtful
that a great amouné of time %hould be.devoted to the extensive
11sts of exercises provided, or to the divisibtilit®vy 4, 7,
8, or 11. Though divisibility is used to ‘Antroduce the topic
of factoring, we socon move to the definiﬁian cf a proper %actar
in Eerms of multiplication. ’

“
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pages 455-458: 11-1
\11-1. Factors and Divisibility.
The point Df the stary of the farmer with eleven cows 1ia

12. has a gfhperty which 11 goes qat have,
other than one and 1tself. SpeciTically,

and 6 with remainder ZEro,

that the number
namely: 12 has factors

12 can be divided by 2, 4,
‘. 'Eleven cannot be divided b} these numbers with ‘remalnder zero.
The feasgn the stfanger got his ccw back was that E% +,% + %
equals —§, instead of 1. .
The fact that any pasitive inﬁEEEF has 1tself and 1 as -
1: a . 1=a. ,But some
1 and itself. We

Observe. the simi-

factors follows from the property of
positive integers have factors other: than
call’thls kind of a factor-a proper factaﬂ

' 1arity of.the factor- -proper factor reiation to the subset -proper
1s Tword peopleause to indicate the
' t

subset Telation. ’"Pr@pez
‘really Interesting cases of a particular concept.
After the definltion of proper fsct@r;'the quesglion could,
be asked, '"Does it follow from this definition that m algo
can equal neither 1 nor ‘no" if m 1s a proper factor of ‘n
we mean that there is a positive integer q(a#1, g #n) such

that mgq = n. Then another name for q 1is %i If m=1,
then q = % = % =n., This 1s a contradiction. If.m = n, then
Q=pg="5=1. This 15 a corftradletion.
Answer§ Lo Qral Exercises 1l1-1a: page 45B8:
1. Yes, since 8 x 3 = 24
No There 1s no integer q such that 5q = 24,
No. There 1s no integer q such that 9q = 24, f
{ Yes, since 24 x 1'= 24 '
No jee
) Yes, since 1 x 5 =57
= ’
2, 12, 18, 2 }
3.% (12, 24, 36, 48, ]
k. {1, 2, 3, 4, 6, 12)
) -y 1
5- [gj 3; %‘j‘nﬁ}
' e 9
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- pages hié_usga 11-1 l -

Yes Yes
Yug -~ A ,
Yes. There is a positive integer, q such zhat _p = mq:

w_m
LY
4

Lo ey

7H§Ege % = q, which means tHat % is an integer and

m(%) =ps If m i85 a proper factor of p, then sa<ia % '

‘ 9. Find the quotlent of the number and the known factor,

*

Eyg;’gg Problen get 11-1a: pages 458-459: ){f\\
) Probléms 6 thfaugh 12 are meant to relriforce the 1dea
/ that 1f, m 1s a %§ct6r of n, thenm % is a factor of: né
1. Yes, 33 %7 =91 9. l% \ )
2. Yes, 30 x 17 = 510 : , .
3. Yes, 12 x 17!’%‘204 10 %‘ *
4, Yes, .10 x 10,000 = 100,000 &
5. No. 451,821 is not a * 23
i, multiple of 6.) %12, %
6. <% 13. (1,2,3,6,9,18)
= 1 3
7. %Z 14, (2,3,6,9) .{
8 %i ’ © 15, (18,36,54, )
16. * (a) 85 =5 x 17 2 (k) 23: nro proper factors
“(by 51 = 3 x 17 ' (1), 123 =3 x 1
(c) 52 =2 x 26 . ('m)) 57 = 3 x 19
or 4 x 13 ) (n) €5 = 5 x 13
- or 2 x 2 x 13 (o) 122 =2x 61
/ (d) 29: no proper factors 5 (p) 68 = 2 x 34
(e) .93 =.3 x 31 . ‘ or W x 17
(£f) 92 =2 x 46 or 2 x 2 x 17
or k4 x 23 : (ad) 95 =5 x 19
or 2 x 2 x 23 (r) 129 = 3 x 43
(g) 37: no proper factors (s) 141 = 3 x 47
' (h) 9% = 2 x W7 (t) 101: no proper factors
(1) 55 =5 x 11 : y ‘
— (3) 61: no proper factors
' 343

Ly o .
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D

We' would expect that students know the rules of divisibility

for 2, 5, and 10, but the' teagher should make certain tqft
every studcnt does. The followlng discussion 1s for the
teacher's information. We hope that the Eeacher will not Just

7léy out the rulés but ;Fi ?:d the student tg discgvef as much

as posslble for himael
Any integer can be represented ln the farm 10t + u, wher=
£ 1is a nén= negatlve lnteger and u s an integer such that {

0 <cucg 9. FDF example,

! 36 = 3(10) + 6, .0 -
. 178 = 17(a0) + 8, |
156237 2‘15623(1D) + 7. \ . jb\
The advantage mf this form isrthat we can learn what rules of

dLvisibLlity can be based on the last digit of the numeral,

" For example, 178 = 17(10) + 8. Two is a factor of .17(10)
becauseﬂ 2 1is a factqrfﬁ‘ 10. In other words, the 17 doesn't

matter since 2 1is a factor of 10. Thus, whether or not 178
i1s divisible by * 2 depends only on the last digit, 8. Since

2 13 a factor of 8, 2 s a‘factor of 178.

Stating the prevlous argument more generally, since 2 ,1s
a factor of 10, 2 1s a factor of 10t. Thus 2 1is a factor

of .10t + u, 1if and only if 2 1s a factor of u, the last
digly. ‘ SRR
' In an analogous manner, Since 5‘ and 10 are factors of

]

1ct; each 1ls a factor of 10t + u If @nd only if each 13 a

L )
‘factor of. u. On the .other hand, 3, (4, 7, 11, and 13 are

not factors of '10t for every t. Thus rules for divis ibllity

by these numbers cannot be- baged on only the last digitfaf the
numeral. ‘ )
* Lot us examlne bhe tast two digits of any numeral. In

general we could wrlte any number (100)h + 'd where h 1is a_

non-negative integer and d 138 an integer such that 0 <d ¢ 99.

Any number which is a factor of 100 wlll be a factor of 100h.
Therefore, apny number whilch is a factor of 100 will be a ‘
factor of (100)h + d 1if and only if it is a factor of d, the
last two dlgita. Sigfice the prime factorization of 100 1is

EE : 52, any npmber madigyp of at most tdm 2's §and twg 5's

s/ ' X . “ :
( i e

¥

e

f,



Sages 460-461: 11-1 S ,

. will divide 100. Such numbers ‘are 2, 4, 10, 20, 25, 50,
and °100. -‘But 2 lé, 2@, and, ’50 -are more easlily c?eckéd
by a single or dauble application ST the 1ast diglt rules, so
this leaves 4 4and 25. Thus, a nu2§Fr 15 divisible by 4
or 25 1Lf and only 1if the number-dendted by the last two
digits in its decimal netation/is divisible by 4/or 25.
Angther interesting test 1s based on the sum of the digits
of a numeral. If the diglts of a four digiﬁ dgcimal numeral
re, a, b, ¢, d, the number is ng ) i’ . .

9993 + a .+ 99b + b+ 9 +c+ d

. 1000a + 100b + 1l0c + d

(9992 + 99b +'9c) + (a-f b+oc+d)
= (1113 + 11b +Vc)§ + (a+b+ec +d)

A decimal numeral with any number of digits %ay be treated
similarly.
Since 3 1is a factor of 9, 3 1is a factor of

(111a + 11Db +rc)9 Hence, if° 3 1s a factor of (a + b +-c + d)
1t is a factor of/ the cflginal number. *Furthermore, if 3 1s
not a “factor of f (a + b + ¢ + d), then 3 1s not a factor of

# the original humber

' WEwi:Dnclude, then, that divisibility by 3 can be tested
by determining whether 3 1s a factor of the sum of the digits
of the decimal numerdgl.

. We notice, incidentally, that 9 has a similar test for
divisibility. A’'number 1s divisible by 9 1if and only if the
sum of the dlglits of 1ts decimal humeral is divisfble by 9.

- When finding the $rime factorization of numbers in later
sectlons, ofe finds 'the prime factors in the order’ 2, '3, 5,
7, . 7The studentE§FDu1d, therefag&, know divisibllity
ru%eg for 2@ 3, and 5, at.lcast. The, rules for 5, 9,
and %5 ar?galsa helpful in other situatlions. The tests for
divisipilié} by 7 ang 11 ‘are left as starred exercises 1in
~ the studént's text. They are not Very lmportant except that -

students might find them interesting. T
: )

¢

O
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. . page 461: 11-1

. !l, { 7 ) a
One,last blt of "ammunition', for®he teacher. TeTl the

student/ %o WFLteféﬁy threa-dlzlt nudmber, say 455.; Eéﬁl hfﬁ -

to make 1t a six- ﬁlrit numtar by dppﬁﬂdlﬂg the same three diﬁits

™

The slx-digit numb« roin dup nxamplF 15 then 455,456, Tbgn_ﬁe11

'hlm tQ divide’ succ by 7, 11,  and 13. To and behold,

. T -+ " .
neo 456 te 4SO L, the §ame‘as mualtd-
ab . ta,  (456)(1001) = 456,456, The

= & . _ . . (,
.  Thus, 1001 1is divisible py 7, S
= Eif- P i £ o . : - . ) , K
11, "and 13. This ”Qhﬁiaa,numbcr” problem serves also to
émfhasize thd meaning +f variatle. If n s the number chosen
;at the start of the protlem, 11 13§ cvlident 'that, in accordance
Wwlth the definltlon of vargabla, Lt represents an unspecified
fumber from a set of numiers {in thls case the phrasing of the
problem indlcates the domaln: 999, ) Fellowing out
- the lenPtiﬂ & of thls oreblem, we have In terms of n "
3 _ ! .
E. ) - &
10T n
00l on
. 7
= 1ln = n
AﬂaWEﬁS Lo Problem Seu ;;i}m{ pages 461-464;
1. (e) divisible by 2
- b

d.sL; Ible by O opd 4
dlvisible by 2 apd
Alvisibla by 2

Alvizinle %y‘ 2, Y, and

Ty i,
bl

dlvislble by 2 ani, 7 p
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pages 461-463: 11-1

wn

*T.

G{;-

*10.

(1)

A
‘number named by the last two

"divisible by

!

L
o
=
parm
N

divisible by

(8)

(h) divisible by 2, 5, and 10
(1) divisible by 2 -
(J) divisible by 2 -

2
o
!
o
ad

dlvisible by
diyisible by

(k)

(10}

5, and 10

4

Yes, by the associntlive property 4.3
) . ]

actor o 2 + 3 . n.

L)

P

]
A

oy

[is]

~

(),

do not.

(¢), (e),

the others

(a),

a factor

The numbers 1n

is divisible by 3 and by

s

—

)

( )i ( )3

1 , ts (a),
divisible by 15: the osthers are not.

=

s

e

b

3

ot i

A pumber is divisible by 9 1f the sum
divisible by 9. ‘ e

dlvisible by #

[}
==

All the numbers are
number 1s

diglts

first ﬁwd columns,

4

it ls d

L3

A number 1s dlvisible by 12 I1f_
o
tn part (k) of p

The number
4 and by 3.

and by~ 3.
The numbers

-

(c¢), &nd

A number 1s divisible by 8 1Lf the

last 3 digits 1ls dlvisible by 8.

If the difference of the sums of
in the common name of a number 14

the number iltself 1s a multliple of 11.

s

3 )«i 7 ]

(e) are not divisible by 12.

n==6.n,

5, Lt is divisible
)
and

are

(h)

of the %igits is

tvisible by U4
rcblem 1 is
(

in parts (b),

*

number named by the



:

1-
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.- pages 463-464: 11-1 and

=

If the Jifforence botween

—
j—

:nted by

. by the last diglit and the number repra
Alplts 1a a multiple of seven, then the number itself 15 &

- ) . -, )
multiple of seven. - ’ ‘ .

The pronf of

1
follows: Let N be the
" ;
i n

more

hawnver, if sharod with itnterested students may ser

orrps

Prime Numbers ani Prime Factorizatlon.

Wo nav

i

a long ranpe objoctlve Lo

otlon., Stwdents often

be factored when ia fact =

(x - vﬁ?){§7+ 2).

which nusrbers are fartored, If wa

o]
s
U
3

u
]
C M

to be polynomials aver

10t be factored.

spell onn what Kind of factors
1

the factors of positive lnteg

e
Ao not galn anything 1f we adm
=

of posifve Integers If neg ve
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pages A464.-465: 11-2 .

A .2 - 2 -
the followlng ways: 2° . 3, (-2)7 . 3,

~The idea of what 1s needed to / generate et of numbers

is 1ntere$ting énd very basic., It also prepares the_student to

understand the famed ‘Steve of Bratosthefies which, we hope, will:

be constructed by every student as FProble :# of ﬁgidhlem

Set . 11-2a. As an optional exerclse the atudent: might be asked

to use therprime numbers 2, 3, 5, and 7 ‘and generate by

Jmulﬁiplicati@n as many integers from 2 .to 10C a= possible.

s

For example:

y = 2 x 2 10 = 2 x 5 16 =.2 x 2 x 2 x 2
' 6 =2 x3 ! 12 =2 X 2 x 18=2x3x3

822 x2x2 W=2x7 Y L20=2xZgx5

9=3x3 15 =3 x5 21 =3 x 7

The set of numbers generated lncludes all the integers from 2

to 100 that are not prime.

Answer‘a to E’f‘@blem Set 11-2a; page L5 5
1 3 and addltlon generate the set ’(3,5,9;12,...]), the set
4 all multiples of 3 greater than 0. Each element éf the
set except the first has 3 as a proper factor. -

2. The set of all posltlve integers wlth. proper factor 5
could'be generated by the number 5 and addltlon. The set

would be (10, 15, 20,...}.

of

-

i _ , ' LY

3. 7 and additlon will generate the set of all positlve .
integers wlth factor 7. The set 1s (7, 14, 21, 28, I

4,  Every student shq/ld complete thls sleveyand have it for O
reference in jb&“ ntebook. o ‘

- .

=
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The student may be interested
able to carry out the procedure for
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whleh are less ﬁran

pFuCESS

1C0 have alrea

also qétir@ that the flrst number we

t all numbers
J
for example,

!thlﬂp ri
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éro;sing ou

Make 5

45, 505,

Now 2 - 5 and 4 - 5 are alr
'as a proper factor, TFhe mu
it ha 3 as a
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multlplas of 11

211, 3-11, 4-11, 511, o

\,

Iy

P

al
R

i

S5

bl

X
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pages U466-467: 11-2

Then go through the cf@srin?=ﬁuc process @&gaim tc Zhow that the

first number crossed out would have to be 11'!11. ‘ - ]

i

We are getting at the prime factorizatlon of tntegers In
this seotion. It is essentlal that the student learn to find
.the prime factors of Integers béCEUSE we use thls idea for

ommon dernomlnator of

Pe)

feducing fLractions, jﬂndLng tht 1oW ést
fractions, and simplifylng radlcals. The Zleve of Eratosthe

gy
N
o
g
iy

provides a very natural way to obtaln prime facteors,

Problem Set 11-2b provides practice Ln finding the prime
decompositions of ingtegers. If the student can write these
without usng the method developed here, so mueh ths better.

There s no partlcular reason why he must iégin with the sméllést
.prime and then use successlvely 15?@@1 priaﬂ2, but thils procedure

udents neefl enco.ragement along these

»Ln

1s systematic and most
lines. The advantages of thé method should be omphasized, but

i

the teacher should not inslst on 1ts use. IT ;t 1ents use

exponents’ to express thelr answers, so much the “better: hut if

the students do not demand eip@ﬁents the teacher should avoid *
' ythem at this point. The long EEpTESEiDﬂS obtalned become
motivatlion for exponents in a later sectlon. .
iAssuming that practlcally all students wlll uge the syste-
matic appreoach to prime factorizatlon, be sure of the followling:
’ 1. The student should use rules of dlvisibility for at
least 2, 3, and 5 (11 Iif taught).
2. The student should know where he can stop.
Example: 2) 202 1 + 0+ 1 "1Ls not divisible by 3
101 101 1s not divisible by 5
o i .
: 0L gy
{ i
yfeter trying to divide by 7, you are thréuth since 101 s
less then 1?1;\ which 135 the first number crossed out by 11.
ine other w Ly to determline the "stopplng point”" 15 to -

observe that If fn factoring ‘n we-have tried all the prime

numbers up.to /0 then any further attempted divislons willl

result In qﬁ@tiéntg that are numbers wWe- have al

that we have "trled all possiblllt tites". Thl% 1s especlally
i s :

valuable when we are trying to dec

ERIC
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page 469: 11-2 »

Answers to Problem Set 11-2b: page 469:

1. (a)u 49 = 7 x 7 not prime v
(b) 53 prime
(¢) 37 prime

, (d) 105 =3 x 5 x 7 not prime »
(e) 111 = 3 x 37 not prime
(f) 121 = 11 x 11 nct prime ’
(g) 97 prime
(h) 10101 = 3 x 3367 not prime
(1) 9999 = 3 x 3 x 1111 not prime ‘

2 2 1s the only even prime. 7

*3. Ther= 13 no largest éﬁd prime number: that 1is,-there are
i;finitély many odd primes.” The proof credlted to Euclld
1s a simple one and the teacher should look 1t up 1f he 1is
not famlllar with L%,

4. {a) 5 x 13 = 65
(b) 3 x 17 = 51
(e) 7 %13 = 91
(A1) 2 x 3 x 13 = 78 /
(e) 2 x 3 %17 = 1c2
(f) 132 = 2 x2 x 3 x 11
(g) 5 x 29 = 145
(M) 2 X2 x2 %2 x2x2x2x2 =25
(1) 3 x3x3x3x3=23
(1) 5x5x5x5=0625
(k) 2 x2 x 2 x 2 %3 x 23 = 110%
(1) 2 x2 x 3 xo0l =732 )
(m)
(n)

i

o W

o]

A — e p—
i

O
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pages 459=473{ 11-2

Note: Rather than make these.routine multiplication :
e, )
pf@blé%%; discuss and encourage the use of properties
of addition and multiplication by which some of these

zan be done mentally.
+
- For example, (1) can be done fas
- 5 x 31(20 - 1) = 5 x (620 - 31) = 5(600 - 11)
(:, - ) . L 5
: = 3000 - 55 = 2945
The relationsHip betwsen prime factorization and divisibil-™
ity 1s of; particular importance in relation to the process of
. finding the least common multiple. There is often a bit of '
difficulty £n verbali%ing sthe requlrement that all prime factors
of the divisor "must be c@htained in the dividend at least as .
#
many times as each appears ln the divisor". It 1s hoped that
exponents can offer a partlal assisft here. \
L Y “
Answebs to Oral Exercises 11-2¢c; page 473: g \
o : i ) ’ 4
1. (a) 25 (e) ¢ 49 (1) .16 =
(b) 36 (£) 1000 (4 eu3
() 8 (g) 14k y(d) 32
(4) 27 L (n) 185 (1) e25®
, /
2. (a) 5 -/ (e) 7 (1) 7
(v) 3 (£) 11: (1) 2 C o
(c) 3 () 3 1 k) 7\ /
(d) 2 (n) = 5 (1) 3 ,
3 2 . . .
3 (a) 20 = 2.5 (f) 18 =2-3
, oo .
8 (b) 16 = 24 (g)r 144 2 37
: 2 W2
j (¢) hg = 7 . (h)y 08 =27.17.
e} ] 2.
/ L, (da) 100 = 2. 5% (1)? 50 = 2 - 5% .
A ” _ i
(e) 75=3-5". (\ 27 = 3°
4 True (d) True .
Y False ) (e) False
(c) False S (f) False <§
‘) . Ll
. -
354 {
L) - N
4L .

ERIC
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s“;; . .
Answers td' Problem Set 11-2c: pages 473-475:
4 )

]
o

1. (a) 2° (
(b) |
(e)
(d)

g

(
(

£

1%y
e e e
| ; [
4J1 [Nyl

—

P

—t

)

U, IR R
Wy
)

C

L
on
|

i

(1) a1°

[
L]
—
e
L

, R j
2. (a) 2-7° (e) 2'€ (1) 2.
, Y .3 " .
(b) 2.3 () 2-37 71 ()) 23
. . - N A i
' (¢c) 2-3:.43¢ (g) 3° (k) 2-3
' - - T - B
/d’) 2% 3.5 (n) 3.5 .11 (1) 3’
= (é) True (d) False
W b) False - (e) False
(¢) True : (f) True = fﬁ
. I ‘ - 4
b, (a) 2°..3° divides 2°.3%.11
T (b) 2:3.5 does not dlvide 55 .7 ¥
< o y X . 6 .
(c) 2 divides 2° .3
- F s ]
(d) 33a°p  does not divide 3 ab® unTess
. 2 2 ' 2.2. . 4 o
(%)i 2 . 3% iEaBb divides Q'3n5 !Taqb’
%Qf) 5% .7 does not divide o7 .3 - 7 1933¢
: \ - S
5. (a)\.32 . (1;\ 225 ~ (G)\\?BE
(b) 16 (J) 225 ) (r) \e5
(¢) 343 (k) 12 (s) 13
(d) 27 (1) 9 (t) 25
(e) 128 (m) 48 (u) 5
(r) 243 n) 1296 £, (v -5
: ¥
(g) 125 (o) 3375 o (w) 1
¢ (n) 32 (p) 3375 (x) ., 1
4 N
S
o
LA
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11-3. Factors and Sums.

cube -

| f%;;

hence "5 squared".

hence "5 cubed".

prime factorization of integers 1is
Find two factors of 72 with the

22.

. Another application of.
présented in this sectlon.
This might seem like a game to

pf@péftySEhaﬁ‘their sum 1s

the ‘student, but we have a serlous purpose. This is the kindi
toring the quadratic polynomial

hzj of thinking which is-done 1in fac

& [ I |
x + 22x + TZ2. ¢

Ferhaps QL@SSWéngwith thls material should bé&in

very simple 2X

x }
answers oraliy. . Here are some e

Proguct
3 4
8- 6
4 f 4

asy examples: '

3
‘- 4

hin]

9

and
and
and

and

amples for which the students might give

1

[ih ]

%

[l

3

3 10

m Factorg

with
the

The filrst and fourth examples

1 in this particular context.

point up the need for the factor

Answers to Problem fet 11-3; pages u78-479:

1. the example of

E
In addttion to the patrs of factors listed In
1 i

thisz .ection, the following are possibillties: g

™
Lw]
Tl

(a)
) (v)

™y
Lot

iy

=)

.

L

d
.

DI

o
i
™

~l

sum of these numbers

%
T
(!
™ "’v'
s

anl 2. The

ERIC

Aruitoxt provided by Eic:
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(a) 2 Egz 3 and A (g) 20 and 10

(b) 2 -3%, 9 ana o (h)& 15 andy 15

(c) E; g ara U . (i) MNot.posslible &J;&%a
(d) 1 7°. 49 and 3 (J) 18 and 12 p ;;eT
(2) ,9 and © / | *(k) 242 and 4

ff) 2. 7: 14 ani *(}) 1% and -12 k

ot g, 3 éi,‘, g?! ) s

(a) 48 = o2 3 o and 3 .
£
¥l
(b) &7 3 jand ¢
(e) Not possible "
(d) 34 and 2 y) )
(e) 150 = 2.3.5%, Mot possible )
(r) 2.5 and ‘s 9
(e c2 =710 <D /
(&) 5 and € - 3 /
L3 o
(h)
)
)
)

the:

The length and the width are 27 feet and 2 fect

If ®"3nd h represent the measures of the 15 énd t&ik "
=

hetght, b h = 3 and b+ h = 15  3n et e

1

‘The base and the helght are 12 lnches and 3 inches.

. - 3 =
b.a =200 and b+ a = 27, 200 = 27 3. 5°
, Tom
. .2 .
{a) 24 angd 2 (¢) There are none. oo =27+ 3 -5
o s o . .2 B2
(b) 15 anda b (d) 28 and” 25 700 = 27 - 5% .y
|
& Y
£
) 3457
3
L

2



O

ERIC

Aruitoxt provided by Eic:

L

-

seotiod lavol¥ing multiplication

feultles te the students. ’ -

n' N / o~ o ’ ey
a = é X 4 % a x .., % «
. = - — —

i
of these phrases: "Two used &s a factor
3

N2, whlch'1s cight. Two mult

means -

PP o= 4 Tomultiplied by 2

hoo - 8 nultiplled by 72
B2 = 1, multiplied by 2 three times, or

sayins  "multipli®d by Ltself" can lead to confuslon,

cnd part we want to show that rules for
fractions contalning powers can be generallzed, but
th rul The S%bdgnt should be

the basls of the definitlon. For

The student ahiould reascn, "There 1z one x  factor In the
numepator and two In.the denomlnator: this 1s

t
one *x factor in the denomlnator because el 1. There are
, - i E 3 - 3 - 55
thre® y factors tn ‘the numzrator and two y €

denominator: thls s

numerator, atnee L= = 1, Avold the use of the word cancel,

but don't treat the words ns a "dirty word" should Lt come from

a student. Just reaulre the student to explaln hls use _of the

—_—

word in terms of the theorem, == 1, {(a £ 0).
) i} : ¥

ey
il i
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page 481: 11-4_ . ' , . .

o

In “pplyin- the so-called lzws of exponents, studonts

freguently Eﬁciunlﬁ?jﬂ@f? A1ffichlsies in worklng with numgrleal -
&

,than In deallng with varlables. For example, a | N
ve.nc troytle.recopgnlzing the fact thht
Ty o B

b (ab)f

wn the other hand he
2 -3 5 22 -4

-
= A L= =
2527 = 42 ap 27037 = f

hat A Student will acecept the fact

of no«furthen slmplification and at the
I ~

L >

wlll be inclined to write 3% + 4% = 79 @onsequently

7! R o . . _ _ o _ _ _ _ e L _ . 3 -
Fat carg must be taken Lo gnsure a student's understanding of

T i
Lhé*aténichaﬂcg of. the base 1n™all manipulatian5~ﬁith exponents,

Rt
B n

)
n) True

not trus for all values It would seem unwise to

b), not true for all values raneralize at this stape

&

: from (a

¢) true for all values = a to

ales (am)ﬂ Loy M0

)

il trus for all v Get the

‘, ) N
3 ‘;“’f‘ L

ERIC
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pages 482-486:° 114 © B B

.. Answers to Problem Set 11-4: page 482:

,e:;-j=:iif-(a) 2
. x ‘(b)

- 256 . (f)‘

o W
¥

(8) "10° = 1§c;bﬁe,coo )
e () =725
;J"‘-;“”nj(d): 1y x* o

Jl(e) m (J) sl
Eux.?%;*- . (e) 35

a8

oy
I
‘N]‘
n
V-

‘ [ R Y]

2. i(a) 7
1(b)‘f3Ta, _ Co— ) 3% or 68

‘ | . (g) 3333b5 or 27 a3p?

f.(d) . %;f , : ,(h) (3xmt)? or 3 kgmgtg

(b) *Eabg ; ) 2T 3283, o ;-%
!Tq¥§35"'* : o (=) 36,4 - ‘ -
(@) 217707 | s T () 33,30

] £ o T o - ; .

.or 729 .

(c) Ta* or 2187 a

L
q;

Answars tG Dral Exercises 11 4b d‘fge 486;
a , , 2
) () () & (k)

TN 77]3 - i - 3
P ®) | (&) )

| (d) :38.2{1L ' (h) o Loy 5me
. ) et (1) 3% (m) éﬁf N

) =2
e 2am

(a) False = . (c) "True . : (e} True
(b) False (d) False CE

'-&.,,‘\m -

Oonly (c) 1s trué for all values of the variables,

[

4, Division by zero has no meaning, since 'O ‘has no reclprocal.
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- Answers to Problem Set 11-4b; pages 487-488:

, o ’ D22 ,
1. . md . 10. ;§2§EjA 19, ,:%§

2

[

"

2!'

"
o
mlH

]
-
1]
- U
—
ih
™|
ol
[
2
o

LY 1., - 0w

a3 o
5. afptcd 7 14, L2 T 23,

- 3
6. — = 15. =
Eag T : 2b

2 5 5 o )
29. (a) True (%) - %- % by the definition of an
' ' exponent

while

o
T
g M
o
=

23
- . , oE
() Not true, since §§ =

]

151 not a multiple of 27. (Notice that, 3°
{s a factor of 729 but not of 5 '

(¢) Not true, 152 1




pages WBBINGHT TITIH T L

=

o . T ) S 7 : /

"
‘\w

(d)- Trues 62 4+ 97 = 2°.32 4 32.3° .

e 2 .3%(2% 4 3) by the distributive
' i v _ property
+ LWE = E(IE + E;TE)' e Cour Do .

(e) True. 2%
2(x? + 2y°) 1s an even .nmuber, since
XE + 2y° 1s an integér ) Y

B

gnjaﬁéi‘a to Problem Set ;jg&c}!pageé 490 -491 -

= .

1i a ’ ll-

6. 27e% 7 16, - 2x2yz

10, (a?) =a° , 20. &

‘ Be sure to have students simplify fractions before substituting
numerical values, in problems 21-28.
21, -2(2)2(-2)%(3)% = - 288
22.  ((-2)(2)(-2)(3))° = 576

i
£8y]

: P

-

{E‘WJ
-




' ﬁagea 4§§§é§1: ll-k‘gnd 11-5 R ffé?
_ i &
] _ .
.4 =2ad A
Eji‘ — 1 R .
- 3b o
N~
-l be™ | _ B
E}h: B SR =
R ' T ’ B .
Ve o 1 ¢
T (TR L
s 0¥ .. .
*26, =& Since division by zgro 1s not
- - ot permltted, the- expresslcn does
L not name a number when a iz 2
" and b 18 -2,
- -t
L.=3a R
27 - - £
b e™ 3
*28 % '
¥ 5\'
hY ‘

I

11-5. Adding and Subtracting Fractigns.

=

We wish to apply the prime faet@rigéticﬁ of integers te
the problem of finding the least common multipléiof the
denominators. We do not want. blind adherence to fhe'methed
developed, hawever; but we do want tc give the student a
systematig way of approaching the problem Far example, 1t the
student were asked to add the fractions:® § E the lowest
common denominator can be qulckly determined by inspectiom, and
the student should do 1t this way. But if he 18 asked to add
75? §§ 1t may not be.easy to determine the lowest common
denomlnator by inspection. But by prime factorization

57
95

319,

5 '19;

"and the lowest common denominator 1s 5. 3 -+ 19,

« Lt 1s good techniqué, both here and in iater work em
factoring, to leave expressicns in factared form as long as
possible, for thesé factors 1ndicabe structure of the expression,
which may otherwise be obacurred In the above exampleé,gfﬁér

3

363
£ s
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% ’pages 492=4931;711-5 - . o | o 46

[

the fractions had a cémm@g denominator, -the numerators were, of
céurse, multiplied out and combined; but, as you saw, 1t was ta1~7 <=
our advantage to leave the ien@m;ngtDr’1ﬁ factored form until "
the,very end. Then we knowWw that the fracﬁién cannot be reduced
Ginless the numerator has as a factor one of the factors of the
L.C.D. -

 Answers to Oral Exercises 13-54; page, 493: ‘
\ T - = " :
. 1.. Multiples of 4: 4, 8, 12, 16, 20’
: Multiples of 5* 5, 10, 15, 20, 25
Least common multiple of 4 and 5 1s 20. »
2. Multiples of 2: 2, 4, 6, 8, 1Q.
' ) . x of 10: 10, 20, 30, %0, 50 L
Leaast common multiple of 2 and 10 41s 10, L
3. Multiples of 9: 9, 18, 27, 36, 45
’ of 12: .12, 24, 36, 48, 60
Least common multiple of 9, and 12 1s 36.

4, Multiples of 3: 3, 6, 9;.12; 15
af 5: 5, 10, 15, 20, 2

v of ‘6: 6, 12, 18, 24, 30
Least -common multiple of 3, 5, and 6- is not named.

%]

l

, 5. Multiples of 2: 2, 4, 6, 8, 10
of 7¢ T, 14, 21, 28, 35
of 12: 12, 24, 36, 48, 60
Least common multiple of 2, 7, and 12 1s not named.

i

6. Multiples of
. of j

“ef 11: 11, 22, 33, L4, 55 ,
Least  common multiple of 2, 6,.and 11 1s not named.

I Md
" 2 T

et

[

o

7. multipiés of 5: 5, 10, 15, 20, 25
“, of 10: 10, 20, 30, %0, 50
" or 15: 15, '30, 45, 60, 75

Least common multiple of 5, 10, and 15 18 not named.




. phge 493: 11-5 . .
* 8. Multiiles of a: a, 2a, 3a, 4a, 5a "
CE of 3a: 3a, 6a, 9a, 12a, 15a

Least common- multiple of a and 3a 15 ‘3a.
9. Multiples of 2a: 2a, 4a, 6a, Ba, 10a
' of Ba 3a, Sa 9a’, 12a, 15a _
" Léast commori multiple of 2a and “3a 1s 6a. ;(
10. Multiples of x°i x°, 2x2, 3x2, ux?, 5x° :
. - of Ex % Exg, 4x?r Exg 8x° . IQ;E AR
S Léast common multiple of - 12' and Exg is’ Exg.
A;\nswers to Problem Set 11-5a; page 493: B
4. ) . - s _ i!‘ ®
t'f'ig Positive multiples of - 3: (3, 6, 9, 12, 15,:-+)
Y. e 5 (5, 10, 15,:¢+)
\ ¢ "Le’ast common multiple.of 3 and- 5 \g.s 15.

2, Pgsitivehmuiﬁiples of \M: (4, 8, 12, 16, 20, 24,-++)
' 6: (6, 12, 18, 24,...}1
/ . 8: (8, 16,,24,...},
Least cch@cn multiple of 4, 6, and 8 43 24,
3. Positive multipleﬂ of, 12: (12, 24, 36, 48, 60,:++}
{ ' of 15: (15, 30, 45, 60,-++}
~ Least common multiple of 12 and 15 is 50,

4. Positive multiples.of 10: (10, 20,°3c, 4 6o,..,
. j ‘ 150,.. )
B @1»15:' (15, 30, 45, 60, , 150,...} -
. Jof 25 (25, 50, 75, 100,..., 150,...]
Least common mulﬁiple of 10, 15, and 25 \is 15@,'but'

several more multiplés of each of the numbers must be
writtﬁn before we arrive at a common multiple by this methad
Experlence with exercises of this type ghould help make the
student receptive to the suggestion of a more efficlent
method for fiﬂdiﬂg the leadt common multiple of several

numbers, ’

U

a
i
T
-
o
—




pages 493-496: 11.5

\ S S

5. Positive multiples of 2: (2, 4, 6, 8, 10,+++,1007°++):"
' ‘of 10: (10, 20, 30, 40, 50,:¢,100, <)
_ . of 25: (25, 50, 75, 100;.:} . . =
- Least common mul iﬁlé of 2, 10; and 25 1is 50, -, :
Y Y Eﬂsitive multipi Lo h=_ {h? 8, 12, 16, 20,+++, 180,.. ) ira
R of 18: (18, '36, 54,.-., 18c,-.-)
T E ' of 20: {20, 40, 60, 80,:.., 18C, -]
] Least common multiple of 4, 18, and 20 1is 180.
The comment for question U applies here also.

tesof 30: (30, 60, 90, 120, 150, 180,:.:}
, of 36: ({36, 72, 108, 1u4, 180,::-}
Least common multiple of 30 and 36 1s 180. ‘ -

, . S S

\ 8. .Multiples of 2a: (2a, Ya, 6a, 8a,~:) -
' .~ ; of B8a: (Ba, l6a, 24a,:--}
. Least common multiple of 2a and 8a 1is 8a.

9., Multiples of 2x: .  {2x, Ux, 6x,:--, 30x,v++) = . /
" of 5x: ([5x, 10x, 15x, 20x, 25x, 30x,:--]} ’
of 6x: (6x, 12x, 18x, 24x,'30x,:::J
Least common multiple of 2X, 53;;and_5x 1s 30xX..

10. ﬁultibles of 2x: ([2x, bx, 6x,+-+]
of 3y: (3y, 6y, 9y,-++) ’ 7
The least common multiple i;this case depends on what numbers
x and y represent, ' ' A

¥

Answers to Oral Exercises 11-5D; page 496: e,
. .2-3:5 B
’ 8. 3

9, 2°.7°
10, 2-:-3-5%:7
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_'_p,ases 496-500: 11-5 :

e /
~~Answers-to-Problem-Set-11~5bi page 496:
i [

2! 2 “F , "

™

3. 5%

38 -

3] ™y
[ B VI~ S V]

+3-11 -17

™Y

- 5,13

1 6
2 , 7
3. 2.3°.7 8.
b ’ | 9
5 2

2 5" 10, 2°3-x

" Answers to Oral Exercises 11-5c; pages -499-500:
. - f - e : T B

1. (a) 36 (c) 52 “(e) 120
5 (B) %0 ., (a) 88 ’ ,

(8) 30" - . (c) 28 (e) 120
(b).132° (d) 2u

ny

W

2 ;  new numerator 2 - 3.5

L]
=

new numé;atai“ -11

—£; .2°2:3:5'5,
- . i o E

answers to Problem Set 1l-5¢; page 500:

l 7

1. T : 3.0 ks
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pages 500-501: 11-5 - e
5. It is better to ;fedp::e 5%— firs,_t{
1_1.5 " S -
B5* 17 =85 &5 U £t
-] ¢ .z
= Egi ,ﬁ\

~

25 -, __ 22 : -119 -
0. FETTt T 517 T T 5 17,

ny -

;Ané;ﬁer,‘srig ProkRlem Set 11-5d; ‘gages 501-502: i

1 (a) o= BB (g) 2284 r50d 354 T8

[}

27,35 2°.5.7 ] -
_ 6x + 25 \ Ik . \
- Fpp2 () % .

3 3}( , Bix y .
©F W

* v &

72

o\ 22m k75 oiLy 967a
(a) 21> (k) L&

(e) 32le , *(1)\7@( + 175x - 44 + 42

. 1951‘1 + 7n - 6
(f) 196*’
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pages 501-502:- 11-5 . : v e O

(b) False . 5;? . . e -
« .. (g) False .

: {d) True ! : . ,

-
nJ(I =
i w
L
Mg

3. (av)

(b),

o
]

Ja,
iy

, b7 ,
égéé" 5o 15 > 27 -
o X\é

a a r‘. * 3 o 2
>f‘% . In fact, T > 57 T f::’:zr evgr:y positive
a and bJSf

|~
Ky
Mt

(d)" Both fractions name .the s;né number,
<. o . 3 : e,
< " vra(e) Nelilther is greater since (- ?E) and (- %)7 are both -/
names for (- %) . ) )
(r) X5 (-2 ositive number is always ter thai
f) 15 > (- §). ., » positive number is always greater than

a negative number.
(g)’ .499 > .49
(hl (-.0009) > (-.009) '
. (1) .900 > .09000

\\ | o L ) ) ) - =

4 . : j / .

b

g s . %
369wy

L




B a aow

and Bab could ask for 94 + 47

)

thus é% > é% (transLbi?é%§r3§EPty of order)

14 5 15
- 47y and 2= 52

\w\n [n]

(b) % < =,. since

() f5- 4 o

-+
L =
1}
=

H
B

(a) % -

d
LI

3y
LN
=
e
L T
+
el
Fa
o
1
X
L]

bt

In each of the above cases $200 plus %§ of sales 1s
better, ’ ’ ) '
. 1, 1. 3 -
200 + ﬁ(looa) < ?(1000)
]
of sales 1s better,

e
1]
]
m
L

_ ] ] /o N
ILet 3 be the sales in dpllars for which the offers
are equal. Then 8 satlsfie 200 + 15 T Y

This sentence 1s equivalent to the E%ptence

s = 800.

The offers are equal 1f his sales amount to $800.,

There 1s no algebralc approach. What wé want 1s a number
which has the largest possible proper fagtori By

inspection we decide 2 x 47 = 94 will do, because the next
larger prime 1s 53, and 2 x 53 18 too large.g Thus, John
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_ pages_504-505 i - V,

/jm;wers t,::'Be,ﬁgy Pra‘élem Set; pages 504-507: .
e ——— — i e — . . \ ;

1. g:) 2, 3, 4, 8,9, 12, 18, 24, etc.
( .

(b). 3, 3, 4, 6, 12 :
) ;('e)f’a; g - 7‘! ' - s These are namek
(’d) 2, 5, 10, 20, o, 3%, ete. the more likely

(e) 3 o . . responses. )
(f) 5, 25, 3 )

. 5 (@) 23-3%. 1

.7 . (e) 2%+ 3-719

A

2. (a) 2+ 3
(b) 2-3
(e) 3 *52* 5§
3. (a) Yes, since 9 and 4 are factors . _ .
' (b) Yes, sind® 75 1is divisible by 25 '
(¢) Yes, since 3 and 5 are factors |
(d) Yes, since 27 1s a factor of 81000 and of 729
. )

4. (‘a) by (é)
") xmd (h)
” 2 ,

(e} = (1)

y 1
@ § |
(e) 3"aTn3x _{‘
“(f) % . _ (k) .(aE)EaS or -32a°

5. (a) % . (d) Bum-lzgﬂ- 8¢ \
.i, ] .
9

() (o) Bhgy + x

., 35ax_+ 1Ubx 4 15cx
(c) 210

‘e

371 19

oJ st




pages 565 506
LA . = A
o t oy |
6. (a) True o (d). False -
(b) Palse (e) True '
Aéif) True ' . ’
. ‘ [ ettem s s e . e e L
7. The sentence in part . (b) is the gnly one uhich is true
for all values of the variablea ' s \

8. (a) (x+ y)(x - y), if the numbers are x and y
(b) % + 2xy, or %\+ 2xy, 1If the numbers are x and y

(e¢) h + 7 = 3(2n), whére n 1s the gilven number.

(d) If the first speed is n .miles per hour, then

< en = 3(n - 5). .- S |

(e) 1If . 1is the number of inches in. 1ength of the first
plece, then £ + (2.4 + 5) =

(f) If n 1is the number of pounds of solution and s 18
the number of pounds of salt, then. .10n = g.
(g) If the regular price was r dollars, then
¥ r - .10r = 35,
(h) If n 1is the number of 1ba. of candy at $2 per 1b.,
then 2(n) + 1(n + 5) = . -

(1) If t 1s the number of hours walked, then 2t + 3t = 14,
9. If the firast even integer 1is n, then the next two are
Vo -(n\+ 2) and (n + 4).
n+ (n+2) +\(n + 4) = 5920
. = ff . 3n + 6 = 5920
( oy 3n = 5914
) | n = 1971% ,
s , .
There are no three consecutive even integers whose sum 1s .
5920. The assumption that there were auch integers led to
a contradictign. - -
-
I{:«!‘




pages 506-507 . ' : _

10, If n d1s the length in feet : ' :

. p n+n+ 7% + 7%' = b7,

"
=

=

L]

2n

i; : . ‘n léf'!

The length is 16%; feet,

n
H‘
i T

L]

-~ 11. If x 1s the number of inches in the first side, -
then 2x_, 1a the number of inches In the second side and
3(2%) 1s the number of inches in the third side.

| X + 2x+ g(2%) = 87

87
87
1}
The 1éngths of the =ides 553-15%“ iﬁchéé;‘ gg;iihehes;
and 43’% inches.. |

L]

A o X + 2x + 3x

) Bx
_J - 7 x

]

=

12, (a) () (£) (4, -4)
- (b) -All numbers greater (g) # ) .
-“than 12. - 4 : o o o

b8 pa (h) x -2 -
(e) (3] B x =4 or X =0"

(d) [‘ %} * ) Cu! Q]

(e) All numbers greater (i) (-5, 2} .
- than -3 «(J) All real numbers

It
o
5
b
1
4]
I
I
[N ]

13. "(a) 32 and-~ 3 . Ad) 75 ana 8
(b) 24 ana 4 " (e) 600 and 1
(e) 60 and 10 , - (f) . Not possible

v
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page 5@7

14,

=¥

=

If _/ 1s the number of feet in the length and w 1s the

number of feet 1n the width, then

: / w =800 and ./ + w = 60.

The length and width must be 40 feet and 20 feet,
respectively.

number of units in the altitude, then

ba = 104 and b 4+ a = 21,

. The bage and altitudé are 8 and 13 units.
ﬁ

i

Suggested Tgé%,l@gms

which of the followlng are prime numbers: 2, 5, 9, 13,
Write the two smallest primes whlch are greater than

Find the prime factorization of each of these numbers.

‘exponents in the factored form.

* (a) 120 (a) 630
(b) 171 (e) 3375
(c) 4

h

e

If b 1is the number of units in the base and a 1s the

39,

ggé

Use

The prime factorizatlons of numbers A, B, C, and D are

glven below.

2, 3 2 . 3 L2

A=2%3-5; B=

[

Wrilte in factored form the least common multiple of

ot

(a) numbers A and
~(b) numbers A and C

(e) numbera A, B, and C

(d) numberas B and D

30

237.5%;, ¢ =2.3.11; D=7

bo9



5; Fi;d a4 common name for each bf theae numbers}
(a) 2 | ), (n)(m")
(b) 3° : (r) (84p%c®)(4pe)
(¢) 2%.3° () |

(@ 1° ) e ®)’

6. For what values of a, b, and ¢ are each of the following
true? -
N a2yiany _ el3
(a) (3¢%)(2¢) = 6¢

(b)

7. Write a simpler expression for each of the followlng. If the.
domain of any variable must be restricted, indicate this.
Restriction?
- 2.3
(a) 22— = -
Z2a b

(e) E£X- - ) -

R

(e) e
() B _ -
(g) — _ ]
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?

Is 1t true that:

{

) 3 33 = 53? Explain why or why not?

(a) 2
. g, = =
(b) 2.3% 4+ 2.3 =2.3(3% + 2%)» Explaln.

9. Find two-numbers which have the product p and the sum s
for each of the following: Lo

£ S

o (a) 36 ; 13

o - (6) =g 96 ‘ .20 .
co(e) 78 . . 27

'10. Find a common name for each of the f@ll@wing‘expﬂgséiaﬁs

i

—y

+

(a)-.

=
o
»

Ll

.
_ir
| &=

AS
]

= ‘ﬂ

(v)

-

i
I
[
!

T}

(c)

m‘l —~
B
et
Om [a
I

ol o

(¥
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e
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(e)

(f)

200

243

1

08

. 1000

all‘values

- e

(e)
(£)
(8)
(R)

a #£o0,

no restrictio

¢

x £ 0,

o
LI

y 0

n

c:# é

PRFEE W
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True.

7]

il

as]

o

1,

)
W

3

-

True, by the distributive property

.3
37 4+
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RADICALS

Having prepared the way by factoring ihﬁgééra and studying
exponents, we proceed to a Studyvof rédiials. Prime fagtorizagién‘
and 1ts unlqueness will play an impartant role 1n the development.
Work g@n the simplification of radicals 13 based on two fundamental

) prcpertiesq for whiech simple proofs are giv&n in the text,.

The major, thrust in the chapter 18 the evolvement of a

theorem whlch enables us to recognlize that there 1s a very large

class of positive integers having square roots whlch are not ' e
rational numbers. We make an assumption that these are cégrdinatéslhf
of points on the number line and therefare'déduée the exlstence of
real numbé?g which are irrational. Thé‘concept 13 extended in-
formally to include cube roots and other n*" roots. The chap-
ter closes with a reference to an even larger class of irrational
real numbers besalides those which are 'roots'. Even though the
student may have énCDUﬂtEFEd ‘only one of these, pérhaps m , this

' may glve him a sense of the "ecomplete' real number system. '

The method of findiﬁg approximate squafe roots will be the
iteration method, sometimes called the "divide and average"
metESQ! Thils conslists of an initlal estimate in the form of a
positive‘iﬁtegéf and ita. subseéquent improvement. It 1s possible
to prove, although we do not do 1t in the text, that this-method-
‘converges ln_ghe sense that €ach new approximation is better than

the previous one.

12-1. Square Roots. .

We approach the notlon of fihdihg square roots as the l1nverse
ned initlally by

of the operation of squaring. Thls 1s accomplls
recognition of known squares or By prime factor zation. We note
that 1f a non-zero number n has a square rootl a, then it also

has a square root =-a. TD‘SEE that 10 and- -10 ‘are the only
rgat; %e need onl¥y to F?call the i@llowlﬂg If, 0 < a < b, thFﬂ
a“ ¢ b, and I a < b < O then b® ¢ a°. This same propewty
* may be reapplied in connection with cubes and ﬂth powera 1n -~

Section 12-8.

ERIC

Aruitoxt provided by Eic:



‘pages 509-513: 12-1

Answers to Oral Exézi;;;sga '1;2;;; pages 511-512
1. (a) 9 (@) 7 (g) u
(b) 16 (e) 3 (h) 49
(¢) 25 ) 5 (1) 144
2. ‘ (a) 4; -4 (d) 'E?’? = 'f;' (g) 8; =8
. ‘ o1 1. , ,
(b)) 7, -7 (e) G ‘(h) 12, =12
. - - it
(¢) 10, -10 (f) £ -2 (1) 11, -1
Answers to Ez:jrép;é,—;n gét— 12-1; pages 512-513:
1. (a) 81 (@) 196
| (b) 169 (e) 625 \
' 1 9
(c¢) [} ‘ (f) 35 )
5 2. -2 5
2., fa) & -z (d) 13, -13 f
(b) 6, -6 (e) 15, -15
A 9 9 1 1
(c) T - F (1) 7 - 17
\ . . i i
3. (a) (25, -25) S CONNE N
(b) ({18, -18) (e) (11, -11)
, 7 7 Ay ok 4
(¢) (2 = %) (r) {z -3}
b, (a) 2x3 x5 Q. ‘ (d) 2 x3 x3
2X2X3x3x5x5 2X2x3x3x3x3
(b) 2 x 2 x 3 __»(g) 2 x 11
2X2X2xX2x3x3 2 x 2 x 11 x 11
(‘x(c) 7 1is prime . (f) 3 x 13
. 7 x 7 3 X 3 x 13 x 13




(Wil
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3]
vt
b el
x
w V"v Il
X%
BRSNS
X
=~
o
(K%
X
[V W
=
el
X
"
M

e

: (¢) 2x 2 x5 x35xT7TxT () 2% 2 X 3 T x5 x 3 XT X T
2 x 4 x 7 2 X 5 3 %X 7 ﬁ\
6 If x represents the positive number, then
- .

12-2. Radlcals.

Although the radical symbol has appeared 1n prévious chapters,
we give it a more formal introduction here. Emphasis should be
placed on the fact that the radical indicates specifically the

positive square root, 1in every case eXxcept the square root of

zero, and 1s therefore completely unambiguous. The student 1s
asked to deduce the fact that an expressilon such as J=9' has no

meaning.

Anawers to Oral Exercises 12-2: page 51L: L -

1. The symbols in (a),” (ec), (d), and (f) name real -
ndﬁbers; the others do not. ' .
2 (a) 11 g (d) =
7 (o) : (e) 16 .
(¢) V-16 does not (f) . ¥~49 does not name a
. name a real number. real number.
Answers to Problem Set 12-2; pages 51 =1
- H
N v = ) 7
‘ 1, (a{ % (e¢) 5 (e) T3
. 5 - . o .
(b) = L; (d) does not name (ry o
€ : K\ a real number
, T
4
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pages 515-517: 12-2 and 12-3 L '
B ;//
2. (a) (4, -¥) L@ (a7, -17)
e (b) () | = (e) i,§= = ?E} - »
(¢) (/T%, - /TF) L) (3
3. () /BB VD (a)
ok
= 16
(b) (e)
= 3%.11
= 33 = 24
(c¢). -
)
4 N (a) 1 and 3 5 (a) 1
“ (b)) 1 and 2 - 1
(¢) 1 and 5 (e) 1
1 anmd 5 ’

12-3. Irrational Numbers.

The development in this section 1s one of major importance. A
We begin with the realization by the student that certain integers
do not have square roots which a;e themselves integers. This can
be danébeffectively by an exploitation of the uniquéness of prime
factorization. We exhlbit a necessary as well as' a sufflicient
condition for a positive integer to have an integer as 1lts square
root. The condition 1s merely that the proper prime factors come

.* in pairs. : -

This is followed by the principal theorem which states that
1f an Integer 1s to have a square root which is to be a rational
nuﬁber, then this ratfgna; number musF be an integer. We thereby

4 )

- ;qﬁ

[ N—
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pages 517-520: 12-3

pr@duce a devlide for the recognition of a large class Qf numerals,
suchr as 4?7? repreaenting numpers whichare not rational. With
éhe assumption that Such numbers are assocl lated with puiﬂtg on the
number line, we obtain a zet DI iLFiEiDﬂil 1.e. real numbers
which are not rational. '

The teacher may, wish to use construction methods wlth the
diagonal of a square and the Pythagorean Theorem to bolster the
assumptlon that such numbers as +/2 can be "located" on the
numbéf line, The extent to which thils can be done wlll depend, of
course, on the background of th® students.

A word about the proof . Should the student's diff}culty in
walkling through the steps be insurmountable, the téacher may wilsh
to skip the formal argument. HOWE?%P, in this case an effort -
should be made to insure that the student understands the full
signifiicance of the conclusion.

’ We base the argument on prime factorizatlon. Startling with

an assumptlon that % 1s a square root of

Integer n where

an
a and b are\;ntégers with no factor in imon except 1, we
ultimately show\that the denominator © must be 1. We do thils
first by showinfg that b must be a factor of (a x a). It
i@ll@wsi then;/that elther o 15 1 e 1t has at least @n?
prime factor In common wlth (a % a). The next step will probaa]y
beanjier f'or the gfudeﬁt to understand 1f the teacher pfoduéF
some numerical examples. We say, 1n effect, that any prlme factor
in (a x a) wil} also be a* factor of a. Thus, 1f b has a
prime factor in common with (a x a), then b wlll have a prime
factor In common with a. Since this contradicts the assumptlon

) in lowest terms, Wwe deduce that

v

that the rational number %

1. The initial hyp@thesis that

o dispose of the speclal case where b

b
al

a
b

1s Iin lowest tEPPS will

v

The sectlion ends with a formal introductlon to the word

irrational. We also recognlze the gymbol -./n as representing

the negatlve square root,

Answers to Oral Exerclses 12-3%a; pa&gessH13-520:
LLEACES : ! -

1. If the Integer 3 has a razLaua} équ?re Féét,‘it must be
i

an integer. But 1 1s too small since 1% =1, and 2 1s




o M

IS

W

b

too large slnce 27 =4 Theére are no Ilntegers vetween 1
and 2; hence, 5 nas no ratlonal square rdot.
L 4
f
5 does not have a.rational square root. (The reason 1is
the same as in the {irst provlem above.)
If 6 has a rational square root, it must be an integer
= - N “ - -
Since 2% « 6 and > 6, 6 has no ratlonal square root

13 has no ratlonal square root. If it _did, the square root
would have tp be an Integer and thus a factor But 13 1s
prime and has no proper factors ‘ '
5 y

g

ratlional square root, since it 1s a prime.

S5ince the prime factors do p%t come 1In pairs,

1

8 does not have any integral sguare root
not have any rational square root.

Answera pages 520-2F
) %
1. (a) If 11 has @ Ta{lonal square root, 1t must be an
1 317 a prime, its prime factors do

O

ERIC

Aruitoxt provided by Eic:

ey
—
AL

e
Pad o
—
-

as 1n 1(3))

d) no ratlonal square root <Samé reason
(e) 35 = 57 Prime factors do not oeccur In palra, Hence,
35 has no Integral square root and therefore no

¥

and hence 1t does



2, (a) 2 x 2, which 1s 4

(e) no rational square root

(r)y 2% 13, which 1s 52

]

- ! ]
2448 = 27 37,

1s only one factor 17

s a prime. Hence, 1t does

—
ity
et
WO
=
b
[

square root.

T

)

=
)
-
(@)
N
W
It
lm\

Wl

J

5
-
(c¢) no mational/ square root

A\

Answers' to Oral Exerclses 12-3b: Dpage 5£¢2:

a) 1lrrational {d) 1irrational
- (b) 1irrational © ,{e) 1irratlonal
r )

atlonal (t

=
—

irratlonal

ERIC

Aruitoxt provided by Eic:

(e) 592 = 2 x 37 - no ratlonal® square root

7 - no ratlonal square

- no ratlonal —jquare r&@t
7

es not havk a ratlonal square rootu
juare root would have to be an lnteger.

u
)The prime factors, however, do not occur 1in pailrs.
: .

17—no ratlional square root, since there

not have a F%tiOﬂal

41, Tt does not have a Pational square root.

root

(g) irrational
rational
(1) "irrational



pagesa 522-525: “12=3 and 12-=4

2., (a) V7, 2W3)  (d) (V5, -¥5)  (a) (V3, -VB)

(b) (Y3, -3 (&) (VG -vE)  (n) (3, -3)
(c) (2, -2} (£) (¥T, -Y7} (1) (VI0, - /I0)

gr Answers to P?obigm,Sgp 12-3b; pages 522-523:

[l

S 1. (a) ratlonal (d) rational  ‘a (
(b} 1irrational (e) irrational (

(c) ratiénﬁl

(a) (V5, -5} (d) g

(0) (VT7, -7} S (e) (6)

(¢) (9, =9} ¢ (£) (Y11} b

yo () (5, =51 (e) (- 11}
C (o) (V3 -2 (

) ratiocnal
) rational

o5 kY

nd

£) (1, -1)

M2

b (a) (V2, -V2) (d) (-3, /3)
N (e) (3, -V3)
(c) (7) (£) (vV3, -v3)
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12-4, Simplification of Radicals.

As a key to the simﬁfi%icatlaﬁ of radlcals we develop the
property that for any two néﬁsneéative Peal'numbérs a and b,
(V3)(/B) = /Ab. It might be well to present thé student with
a few more examples to begin with so that he may more confidently
antlcipate the result. The demonstration rests on a baslic proper-
ty of exponents and the definition of séuare root. Attention
should be called to the fact that the distributive property, since
it holda for all reng; also applies to {irrationals.
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pages 525%\27 1o

Answers to Oral Exercises 12-Ya; page 526:

.

. _\

v .
V18

5 + VB 10. V18 or (v2)(3)

WL o~
h [
1 =
R oo
+
s}

W

Answers to Problem Set 12-Ya; page 526-527:

1. (a) -6 (@) 9
(b) V30 (e) +60
(¢) 3 ' (f) 15

2. (a) VB + 4 1, (@) o
(b) 5 +/30 (e) 105
(¢) 9 . (f) VIZ or 2W/3)

3. (a) +/2x, (domain: x > 0)

(

o o

+/36a, (domain: a > 0)

)
) #16&; - (domain: y > 0)
)
)

(d

VEWEX + /B) = lix ¥ /16 .
. = ix + U (domain: x > 0)

(e) 6m, (domain: all real numbers)

(f) foE or vy, (domain: y > 0)

Lo (a) (¥) - (a) (12)
.(b) (6] (e) (9K
(c) (v6) (1) W2, -/E)




e
o

' pages 527-530: 12-k

5. (a) 1 - ;
(b) -1
(¢) 3 +2/2

(4) -\/;E + X, (da;’:ain: x >0) x+ /%X 18 also correct
¥ (e) @ -1, (domain: y > 0) y -1 1is also correct
(£) \/F + 2430 + ﬁ. (domain: a > 0, b > 0)

R a +b+ 2.ab 18 also correct
Here we convey the notion that the simplest form of a radical
1s one in which the smallest integer, and the lowest power of the
€ variable remain under the radical sign. (Once again factorization

provides the tool.)Particular notice should be made of the fact

.. that E = X 18 not a true sentence for x < 0. The student

should develop the habit of writing '\A:_E |x|. The example in
the text A/5x°y7 f fﬁ - |x|ly| - /By shows the
absolute value of y 1in the simplified verign. Again this 1a
intended to strengthen a habit pattern for writing ‘/;-a Ivl.
On the other hand an alert student may observe thaﬁ the éxpressian
f i1s defined only far non- negative values of the varilable,
Hence the sentence +/5x 1,:3 = |;x,-|y,-g/fi§ is true for all values
of y for which 'the sentence has meaning. Thus thg student
should be e‘néouraged in his susplcion that the Egcoﬁd absolute
value Eymbgl is 1n this case syperfluous. A review of the meaning

and significance of absolute value 1s recommended at this point.

Anawera to Oral Exercises 12- 4b; pages 529=530:

—_——————

1 T 4, }3; which 18 27
2 Eﬁ . . 5. 22, which is 32
3, 323, which 1s 9.J7 6. 1111




pages 536—531: 12-4
7. 1WA1 | 12. |al
- 8. 545 : 13. |m|
19: 542 o 14, 3|p]
10. 347 | 15. 4|t|
Al. 343 \ 16, tVE, t 0
~Answers to Problem.Set.12-4b;pages 530-531:
1. (a) 245 ~ (4) 5V6
(b)) uyE () 43
(c) 2V€ (f) 345

2. (a) 24/12=2.24/3 (d) 643
= 4/5 i
3.6 (o) 62
: 18 7 '
(¢) 46 : (r) 33

(b) 336

3. (a) 1s in simplest form (d) 67

(b) V126 =126 (e) 247
V266 |
(c) VZJI0 =525 (f) 10

v, (a) 2|x| B 5 (d) /7, a0
(b) 2x v/6x, x>0 -~ (e) U]a)l/Z

(c) 2x° VB (f) 4a+2a, a> o0

I

5. (a) (ev1¥, -2V18) () (443, -4/3)
(b) (92, -9Z) (e) (711, -7¥11)
() (645, -643) (r) (8

389
O




ﬁaéeg‘ 531-534: 7 12-4 and 12-5
6. (a) 5xJ/X,
(b) ,V/3x/Bx =

(d) 250yl |
(e) 14ﬁ, m;@

(¢) x*V/B3X, x>0 ) =3, x30 i

o

12!5 Simplificatinn af Radicals Invalvlng Fractions. K

. A second property of radicals, ﬁ/q;-z ;ffé ; a2 D, b >0,
- /b

pravldeg the baais for this aimplificatlcn The argument followa

Answers to Oral Exereises 12-5a; page 533:

;2
1. ? ; | 6. 5
2. %JE . 7. 242
. 12 ' .

z ~a . 8. 3

4, %ﬁ 9. V3
5@: Yy 10. %

~—

Answers to Problem Set 12-5a; pages 53U4-535;

1. (a) & (a) Flx|
(b) & (&) shyvE XA O
(c) 23 (r) =
2. (a) V3 (d) V3x|
(b) V7 (e) V5, m>0
(¢) v6 (1) =77
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pages 534-537: 12-5 - i§i5\;-*;,,

3% (a) %ﬁ’ : . (@)

e
b

‘ | L
M| LN o
on

R

"

A%

[o]

. (G)_ y T3 1s also ()

. eorrect

(-
iy
]
\.m\

v
(o]

k) . ek (e
2

=

k, (a) 2 .
(p) V5 . (e)
7‘@5 ,

{ v L ]
<o, g
|
"y <
L]

SW
wl
o
t”
L
w
"
Lo ]

() Sf&r, afo - (1)

L%y
—
M

5

[

(a) (3) i ' (d)

=

is equivalent'
o V2 x =72,
if x £ Q.
Truth set: (6}
(r) (3 +/3)

() (25)
| (&) 7=

ot

(¢) (V7

Page 535. The technique of rationalizing the denominator, or
rationallzing the numerator is introduced here. We make use of
the multiplication property of 1. We do not consider rational-
1zing the denominator as sa "ﬁust"; but rather let the cholce ?esﬁ
on the context of the prgbleﬁi For example, in some problems
invelving the distributive property it may be preferable to
rationalize the numerators

\

Answers to Oral Exercises 12-5b; page 537:

1. (a) (d) ;g
(b)

(¢)

“t o b
’
5
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oW e N @ 4=

1

7=
(®) s (e), 73 | | Z/
/35

(l)l“4;-‘é_-2ﬁ o (f) 2

[y

72 2-/2 /3

* El - B
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MASMES to Problem Set 12:5b; pages 538-539: L,
1;":”_(:) A2 (\ (4) L% B /

. \ . ‘
o L/ (ean be o) Mu . 5 _245

(») ;TTE/ (can also be (e) Xt . 2. ‘

) \%‘Hrlttgh ﬁ,/?ﬁ) ) V5 S5

2. (a) (a) -

(»)

| ‘
KI*LN 'QM'I‘m
& 2
Nl
)
B
‘ W
%
M

(e)

S Sk
Si
3

3. (a)

(v)

(e)
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pages 538-540: 12-5 and 12-6 . . A0 ia

GEo@ T () B, om0

e

0 2= . (&) = >0

Yl
N

[4%)
ol

.(e)v —2 ' (r) glfl . -t
5. (a) —fr' | (a) %%?
O R

(e¢)

v

[
>

< i ( S
12-6. BSumg and Differences of Radicals.

There rﬁay be some necesgitff for convincing the student that
. and expression such as - ~/3 + /2 cannot be further simplified. .
He should at all costs ;wcid the temptation to infer that )
V3 + J2 = /3 + 2 =45, It is concelvable that such an example
as /9 +-ﬂr#-\/ﬁ will help the argument. On the other hand,
1f no temptatlon 1s present, it may be just as well to avold the

1ssue enti’r’-?ly'.
Answers to Oral Exercises 12-6; page 5l0:

55
343
8 V5
6 V5 9. /a2, a
42 10. 4 +
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pageaiislilsihé: 12-6 . LT - <

Answers to Pz?abplgm, Set 12-6; éagea!‘5&i;:542: ¢

oY (a) TS ; (@) 6/8, apo0

T ) 348 L (e) w A
S o) WUE, a0 (1)

"
-

(a) 3 V& (@
(b)) -VZ i  (e)
U e) 3VF e BV (0

3. (8) 5/F+uvE ()
® 3\ (&) 342
(c) (EJEJE),/E; ax0 (f). V6

L. (a) 542
(v) 32
(¢) 642 + 2 -25
(d) %%sﬁf, Ad is also correct

(e) %TDJ 15 , 290 45 also correct

(£) 242

5.7 (a) lalvi6a + 24/a> = a-bE 4 2a A a0
6a /a, a >0
“wHocause of the restriction on a we do not need the
T absolute value sign. If a > 0, |al| = a.
(b) 4|x] /2
(¢) 2lt] V3
() 22A5, v 30

s
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- pages 542-543: ,12-7 Yo

-

&

- : ‘ - .
12-7. Approximate Square Reots in Decimals. g ;

The acgeptange of the fact that a numeral such as /10
_does represent a real ‘number 18 not sufficient to providé the
student with a satisfactory sanse of the relative eize of the
- number or a feeling:af‘where this_number might be located on the
..humber line with any degree of accuracy. ie therefore wi;i to

ibravide the atuéent with a basis for rarming PEEEOﬁaﬁle approxi-
mations 1n terms of decimals.- At the same time we want to avold
eamputatianal tricks or gimmicks which tend ta obscure the under-
atanding of what 13 actually taking place ,1;-§ .
Canaequgntly we have néﬁsincluded the conventlional algorithm

H

for finding aquare root. We use 1nstead a method of. iterated i
approximations. This, weifeel has the-advantage of keeping.the
student aware of the p%gcess involved, as well as éiving him a
gontinuing asgociatlon with the number line. It 1s important for\~
the EtudEﬁt to become acquainteﬂ with processes of 1teraticn,

alince they IEﬁd themselves very naturally to Famputation on
electronic computers. There is, cg course, no reason why the

teacher should not also acquaint his students with the convention-

VWe begy\n by locating the glven square root on an interval
ntegera. This 1s easy for the student to understand
since he mefely finds the integer whosge s%uafé immediately pre-
cedes and thé integer whose square immediately follows the square
of the number he 1is looklng for.

At the outset we follow this by a trial and error approach in
locating the ‘interval between the nearest tenths. Computation is

between two

more involved, but the 1idea 1s very clear. Thus, a student through
experimental multiplications can arrive at a falr approximation
in terms of one place decimals.

We also introduce the interval notatlon in terms of two
inequality symbols. This is cbnvenient, but not necessary, if
difficulties seem to be arising. fﬁ

Answers Eg Oral Exerclses 12-7a; page 543:

1. 2 and 3 3 5 and 6 5, 10 and 11
2. 3 and 4 h, B and 9 6. 7 and 8
395
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(JIA., ' \
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9 and 10 { :

',9’ and 1@ i- R '—'-—:r"? : ) .- Fy .

11 and, 12 | ;;a: o - g
5 and {6 ' ’ )

oy
Kl

H 4

 Answers to Problem §§£-;g;zé; page 544;1 |

1. (5.0, 5.1) . ¢ (5.0)° 225.00, . (5.1)% = 26.00 \!'
2. (80, 8.1)  _(8.0)% = 64.00, (8.1)2% = 65.61
(11.0, 11.1)° (11.0)2 = 121.00, - (11.1)% =123.21
. (9.2, 9.3) By wl

(3.6, 3.7) -

(4.5, 4.6).

(7.4, T5)

(9.4, 9.5)

. (7.9, 8.0) 5 o~

10. ('&-3; h.4)

o AT £ b

W oo =3

’ Noting that the same trial and error approach in terms of
hundredths would produce tedious computatlions we now introduce an
alternative technique. However, students who wish to carry out
mcrere;ténsive eémputatlohs to arrive at a better approximation
by the primitive method might be encouraged to do so. This
certainly in no way obscures the nature of the search.

‘Our fipal method is based on a rather slmple procedure., It
may, however, be necessary to lead the student through several
examples before the idea becomes completely clear. As stated
before, the proof that each successive approximation will be an
improvement over the previous one will not be given in the text.
It is on a level of sophistication beyond the scope of the ninth
grade and will be presented in the teachers! commentary only.

" However, 1t should be quite possible for the student to percelve
the plausibility of the argument, which wlll lead to 1ts acceptance
on grounds more valid than mer- dience.

¥+




' page 545 12-7 . ] ' . ,
The selection of the two' nearest .Integers 1s carried-out as
.before. This time, however, we single out the one which appears
to be cleser to our desired square root and call this our first
approximation.* 1In thls connectlon -1t should be noted that the
"ecloser" integer may have to be selected on intultive grounds,
since we do not present a formal device {gr determining this. In
!mcjst cases, however, th choice will be fairly obvious, Where
there 1is some margin of 8oubt, it would be well to select the '
15?5&? numbér It'is possible to show that a second’ approxima-

tlon will 1névitab1y improve on the firat in this case.
_ Our integer havling been selected, ye form the pfdgégteaf our
tmteger and an unknown factor .n :such that this product 1s equal
ing. JIn the glven example;

to the sguare of the number we are see
' we noted that 3.n = 10. On the aséumption that _pg = 10, we

assert that if 3 < p, then n > p, and vice versa. For |

Etudenﬁs who request a proof ‘of this assertion, and we hope there

are some, the followlng should be compfehen§ible.

10 and a {dibii

. If a‘b =
then a'b < b+ /10 .
© Thus 10 < b V10,
and J10 ¢ b '
ihé Studéntsrshould be able to supply the afgumenés for the

individual steps.

*The cholce of an integef as a iirst appfoximaticn may seem 1in-
alert studEﬂts The alm has been to keep the computaticn simple
and the arguménts uncluttered. It also seemed a logical_atajtinng
point since our development has been based on the pfimé‘facto£§§ 
zatlion of integersa. However, there 18 no objectlon whgtéver to

a student's experimenting with a "first approximation" of his

own preferenge which appears to -be more accurate than the '"closest

integer' as 1Dng as this does not cause any confusion.
g y

ERIC

Aruitoxt provided by Eic:
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ERIC

Aruitoxt provided by Eic:

s We now utilize the' fact that § < pand n > p, where

n = %% to bring home the7fact that the deaired aquare root 1Les

between our two factors, 'i.e: 3 < J/1 10 < ==. -It seems natural,
then, to take the point half'ay between these two factors as ourn -

L

*pﬂints ls determlned by computing the averagé, or arlthmetic mean‘

the two numbers )

g If we go through the process agaln using our second approxi-
mation as the new first factor, we will arrive at a better appﬁhﬁ-
imation. And so on into the night. The teacher, however, should
use d1835etion in!degiding Whether or not very much should be made
of this. Perhaps some of the better students can give it a try.

To simplify matters we have conflned our approach to the
finding of square roota of pasitlve 1ntegers, and of poaitive
1nte§ér5 which are reasonably small. Perhaps the chase should
end here. On the other hand for the better student it 18 possible
to work with the so-called standard form of a number, thus
reducing a larger problem to one involving a smaller number and
powers of ten. The followlng example 1llustrates the approach

To eatimate ~f§51666' we note that this can be wrltten as
V35 .5 /10" , A first estimate to +35.4 6. The first
estimate to /354000 = 6-10° = 600. If a second estimate to
J%ETZ turns out to be n, thén the deslired second estimate 1s
n-10° . | ’

The following 1s a proof of the assertion that our method
guarantees that a second approximation 1s better than the first,

Let m be the positive integer:whose square root we want to

approximate. Let p ©be the positive lnteger such that .

p</m<p+1

Then 0</m=-p<1.

Let us regard p as the first approximation of ./m., We form

a second approximatlon



| pgé §46= 12;;’

2 ,i 1A . . . ) ; ) }f.
‘which equals & 4 m . . -

. This number is greater than /M , since

P";""*E 3 . S -:-;pg = 2p,/m+ m : B
=p i 2p L

/ o 2 - i :

ST SV 1 ) A : .

T >0., | ; L

~=,, . T‘—— . - E + m . g
Now, what we want to show 1s that the difference 21t T _ _

~1s less than the difference ./m - p. :

In other words, we want to show that _&!

2 .
ﬁipe( J%*’m'iﬁ)}c)'

The left side of this inequality can be written

0 - L

is positive.

We geed to show that
We know that

o< /m-p<1, ) ! ;
and since -2p > 1 - '

0 < ;4§%§EE <1

Hence

1s positive. This

and the prduct

completes our proof.

LY

o Y
9




M Ld

the. relative positions of the .

The dlagram below shows

numbers p, J/m , and ——FE—

ph B

1st approximation 2nd approximation
of J/m : of Jm
It 1s noteworthy that the proof does not depend on an
assumption that p 1is the closer of the two integers. An argu-
ment entirely analogous to the above can be made for the case 1n
which the larger integer, p + 1, 18 chosen as the first approx-
" imation.

!

(£) 11

(g) 10 ‘

(h) 9 ,
(1) 6 »
(1)

1. (a)
(b)
(e)
(a)
¥e)

Q0 Wl 4N

o

g
W

(d) 7.5

(e) 2.25
1

2. (a)
(b) 5.
(e) 8.

T

(£) g or 9.1

Answers to Problem Set 12-7b; pages 5“7;548;;
S|
1. (a)» 4 . (a) 11
(b) 6 () 1
(¢) 9 (f)

L
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page 547: 1%

“Yn's lft n= %

w4 il '
YT a—TjE; 4.1

- ) o

- =15 Vi1 R 6,4 N

’ 11 + 5 o |
(d) ———Ll. = 20L Y130 % 11.4 S

(e) 22220.T . 20T Y107 % 10.35
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(e) l,:,,ﬂ:“;f 11.3 _ ;il;‘,’j’ V113 & 10.0

(£) g;gj = 7 Y3 % 6.9
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pages 5&8;549; 12-7 and 12-2
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12-8. Cube Roots and nth Roots.

This Sgati@ﬂ 1s purposefully unpretentious No work 1n cube
roots EQEEﬁEEyDnd the recognitlion stage and no thought 1s given
to a possible algorithm for finding an approximati 3. A point is
raised about there belng only one real cube root in contrast to
the square root situation. Attentlon should be called to the

fact that ./ a 1s defined for every real number a.
i th” ,,,,,,,
n

numbers, namely the set of irrationaks which are not 'roots",

uaually referred tgﬁaa transcendental numbers, should be revealed
to the student . Hia previous contact will undoubtedly be limited.
If his curlosity !s unsatisfied, mentlon might be made of trigono-

metric Funﬁti%nss logarithms, etc.

Zysq%.‘ !’



pages 550-552: 12-8

Answers to Oral Exercises 12-8a; page 550:

1. 3 6. a, no restriction on the
) domain
2. -2 a 7. 6

g
T

- 9. 6a, no restriction on the
domain

or 2
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Answers to Problem Set 12-8a; pages 550-551:

1. (a) =
(b)
(c)
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2. (a)
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(b) -a ‘ (e) lxy
(¢} -b (r) 3
3. (a) (-3) ' (@)  (§)
O (0) |
(c) #t”
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Answers to Problem Set 12-8b; page 552:

- 4
1. +-16 and V(=2)
reat of the symbols do.

V¥, integer ~-16, none

35 3rfg . -
;?rg Integer -8 integer e

]

do not represent real numbers; the

[
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42, irratlonal

-+/3, 1rrational

- /9,

Integer

integer

Summary of the Fundamental Properties of Real Numbers.
Th%s section lg deslgned to serve a dual purpese. It should
constitute a con lent review. It should also provlide the

o =34
student with some inslghts as to the nature of a mathematical

b structure. It is signilicant that we do not in a literal sense
desceribe the numbers them: 28 other than to say that they are

elements In a set. But we . completely characteri®e them by
means of operatlons, reizticns, and pfapéstles thereof . Thusg the
real number system 1s detined in an abstract way, a way which
reveals the essentlal mathema
A word, as to the comple
talklng throughout the course auvoul
that this property must be included in the fundamental list. As
indlicated In the text, the 1li1st without thils property is a char-
acterlzatlion of the rational numb&r . Because a descriptilon Of

the property requires an uﬂdEPStaﬂdlﬂg of the coricept of '"least

upper bound" 1t seemed advisable to omit disc sslon from the
summary . However, shcould the tEiChFF wi,h‘t tiafy the curiosity
of some of the interested students, it might be helpful to refer
: 3} to Studies in Mdthﬁmjfqu; Vulume III Structure of Elementary
é Algébra} 5, for a clear Expaaitiéh of this topic.
There 1iway5 an opportunlty for §oﬁé dlspute as to what
constitute f’géémgggagrppapertiéc and what ones belong
he 11 " derlverd properties. The:selection here 1s not

atrlet mathematical reasons but is to a large

T

ot convenlence and common agreement.,
‘fed that some of the better students willl be able to
tional preopertles by means of the [{irst set, a

led to a tuller reallzatlion of the deductive point

of” view,

byl

ERIC

Aruitoxt provided by Eic:



pages 554-560

Answers to Review Problem Set; pages 553-560:

1., -2 real, irrational not a real number

-7 not a real number

= not a real number = real, integer
2

3 4+ 2 real, integer real, integer

3. (&) # (4) (6]
(o) (V5 -V5) (e) ( V2, -V2)

(¢) (V%) (f) all non-negative real

numbersa

u, (a) True {d) True
(L) Falsge (e} False
(1

(¢) True Y True

O

ERIC

Aruitoxt provided by Eic:
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10.

(a) x° -
(v) y°
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He has 5§

Let x
its base,

i

Simplify.
(a) 27

(v, /=

2

et

nickels,

be the number
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(f) b

be the ﬁumber of nickels.
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2. Simplify.
(a) V15420 (d) V336

/15 2 /3 /1 .
o) ©./%/3/% f
Ye) ViS5 + V30 (£) VF(VIZ+ V2)

3. Simplify assuming that varlables represent positive numbers.

i3

T ‘ OWENENENE
X NIV AY IV P
(0) /55 va7b (e) i + ;\/?%a:

&
(c) :!iii__ ‘ (£) J2(v/2 - +A8)x

b, Simplify indicating the resirictlions on the domaln of the
vari¥bles.

(a) x/g? - (d)
(0) /x F (e) ~a
) Eh (c) V/y°
Ay

(

Dp

5. Find the truth sets of the followlng.

(a) Jiﬁ x ¥E§ (a) N A

H
4=
i

(b) 7m° - 5 = 16 (e) Uk® - 40 = 32 - 2k
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Find the truth sets of the following.

(a) V¥ = -2 (d) ¥ = -2

Ratlonalize the denominater of each and indicate
r

estrictions on the domalns of the variables.

(a) 20

Glven

v e

ial

(b)

]
o
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(e)

a

Answers to Suggested Test Items
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the

find an approximation for each.
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2. (a) 10
5

J3
5. (a) =P (a) 57

o) BuE (r) \-ix

L, (a) aa , domain: a >0 (d] %._/S“, domain: a > 0
12

(o) |x|, domain: all rea lalb +/& , domains: a, all
numbers real numbers; b,
) non-negative reals

et
.

i
et

4 (¢) T%T domain: y # 0. (I) yiﬁ; domain: y > O

(a) |

[
sl

(v) |

]
e
i b
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X !
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3
-
It
3
e

(e) [

]
il
—

- g (d) (-8)
() @ (e) (12, -12}

{¢) The non-negative real (r)y (3, =J3)
numbers )

(a) LZE , "X >0

|
[y

{ oy




(p) 9.1
(¢) 4.8

g, (a) Uu.4722
(b)  .uu72
(¢) 11.1805
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Chapter 13

POLYNOMIALS

The underlyling concept ifh this c@?ﬁter i3 the similarity :
between the behavior of polynomlals aﬁd that of the integers
themselves, Factoring of polynomials 13 featured 1n a manner
similar to that of the factoring of integers in Chapter 11.

The definition of a polynomial 1s developed gradually. The
student Wwill begin with the set of integers and one or more
variables. A polynomial over the integers 1s defined as any ex-
pression which may be formed from variables and elements of
this set by indicated operatlions of additlon, subtraction,
multiplication, or taklng opposites. The student must be
reminded that "or" is inclusive in mathematlcal usage 8o ‘that

our definitlon of polynomial means that any finite combination
of indicated addition, subtraction, multiplication, and taking
opposites which involves variables and elements of our set wlll
aduce a p@lynéﬁial, The point here ls that we shall study
-erations on eipressimns Jjust as we studied operatlons pn
wumbers earllier. 3
The question of the need in the definitlon for "taking
opposites" may be ralsed on the ground that multiplicatlén by
(-1) produces the same result. It 1s important here ti be
reminded that the term polynomial has to do with form. “\Thus
. (-1)(x) and (-x), though names for the same number for any
real value of x, are, strictly speakling, different polynomlals,
The first i?vclves multiplication of x by -1, the other ?
involves the taklng of the opposlte of x. This notion of the-
speclal significance of the form in which an expression 1ls
written may be a new concept to the student. It should be
developed wlth care.
The chapter is devoted mailnly to factoring "polynomials
over the integers" and we use the single word "polynomial” to
refer to these expressions. We would say, "polynomlals over,
‘the rational numbers," or "polynomlals over the real numbera"

{f we need to refer to these classes of expresslons.

411 ‘ , -
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page 561: 13-1

These references to,p rnomlials "ove
reals," etc. are mad: hint to the
conslderably more to lnvestigate tha
thls text.

We say that a polynomlal 1s fac
if 1t can be wrltten as 'he product
over the integers, excluding ¢ and

1

13-1. Polynomials.

r the rationals," "over the
student that theres 13
n that which 1s covered in

torable over the lntegers
of two or more polynomials

+1 as factors.

The reason polynomials are devedloped so carefully is that

we want the student to reallze that

When we wish to write a

certaln phrase in factored form, we want the factors themselves

to be expresslons of the same kind a
If we are factorlng a polynomlial ove
factors to be polynomials over the 1
factor a Eélyncmlal ovér the rationa
factoras which were polynomials over
Thus, we say that the factored form
indicated product of polynomlals of
now we are dealing wlth the algebra

of "multiplying polynomlials," meanin

8 the phrase we started with.
r the lntegers, we %aﬂt our
ntegera. If we were to

1 numbers, we would find
the rational numbers, etec.
of a polynomial i3 an

the same type. Notlce that
of polynomlals, and we speak

g of course, that the result-

Ing polynomlal names the same number as the infilcated product.

It 18 important for teacher and
that we have placed no restrictions

1when we talk about polynomlals over

tould be any real number, DF!iﬂ faect,
of the déflﬂltiéﬂ of variable could
as, for anmple, ﬁ vector or matrix
number. Later when the student solv
polynomial over the lntegers he will
permisslble for the truth set to con
Integers. Thus the sentence 2x + 7
polynomial over the integers, 2x +

truth set.

41o

=

3tudent alike to realize
on the domaln of the varlable
the integera. The varlable
by a slight extenslon
be any ”1ndetefminat such
nelther of which 1s a
23 an equatlon lnvalving a
reallze that 1t 1is
tain elements that are not
= 0, which lnvolves the
7, has (-L) as its
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Angwers

The commutative propert

the answer In part (a ) as

£

[

ora

m{m + 2) (£) 2(bv° + 2)
B(ﬁg + 2) (g) ®x(x + 3)
3y(y + @) (h) 2(22° - 5)

15, for example, to glve

s
(m + 2)m. S

al Exercises 13-1b; page 500:

1.

Answers to FProblem

The expressions in parts (&),

and

PO T v B

b

T F oy

— — e e— G T o,

-

(b), (4), (e), (n),

(1) are polynomials. The nthers are not.

polynomial 1n one varlable
polynomial with no varlable

not a polynomlal

<
W]
"y

polynomial 1ln two

—
m
Lo

1]

W
o

1
polynomial in one vari
not a polynomlal
not a polynomial
polynomial in one varlable
polynomial in two
not a polynomlal

not a polynomlal

Set 13-1b: page 5H07:

The purpose

other way to reco

[N

A few suggested cexamples
)

not expected to be the required answers: only suggest

of problems Ln thls set 1s to glve the students

gnize a polynomial.

f a polynomial in one varl
R L)
£33 a

O
nxS o+ Bx, om™ + bm + L. The:

B

¥
-

[y

o

-

ot
-

ples of polyneomlals Ln two variables are x° - m°,

) - - 7 7
2ab, m~ F Hmy + By©, x7 - x"7 -k - 1.
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pages 567-570: 13-1 and 13-2

3. Examples of polynomials iﬁ three variables are: amn,
= ~ e ] 2
3bxy + 25 2b%cd + cd®, 4a° + 8b° - 2¢° 4+ 1 4
4. (b) y + 3 .
(¢) 2(y + 3)

(a)
(e)

o

(a)
(b)
(c)
(d)

(=)

(f)

S

2(y + 3) - 9
The expresslon ls a polynomial 1n one variable,

If the varlable chosen were n, then we would have:

=1

By deflnltlon, a polynomial involves only the
indicated operations of subtraction, multiplication,
addltlon, and taking opposltes. Since we indicate
division by the opposlte of the varlable, our

deflinitlon of a polynomial. i3 not
a polynomial.
2x€ - hx, yes (d) %E + %sg no
3yS b 5y, yes (2) u” + 4u - 12, yes
2 3 L)
m~ + 5m + ¢ yes (f) x yB + xay;} yes
A 2x + 1) (d) 4z(z - 2
5(x + yv) (e) x(3x - 2)
h{2h + 1) (f) ax(x + 1)

1 deflnes what we mean by factorlng a polynomlal

{(over the lntegers). The student learns what we mean by prilme

polynomials and the term "prime factorlzation". It 1s shown

that factora

whlch are integera are left In thelr simplest form.

L1k

N £



pages 570-573: 13-2 and 13-3

For example, ©O(x + 5) 1s not written as™ 2 3(x + 5).

&

Answers to Oral Exercises 13-2; page 570:

M

1. x + Bx;f can be factored as x(1 + BX)Y since x and
1 + 3x are polynomlals gyer the integera as 1s
x + 3x°. We would not factafl X + 3x° as % (3 + 9x)
since %x' is not a pmlyngmial over the integers.

2. No. The factor 23x + 6 18 not a prime polynomial.=*

Ll
i
.
s—
kS
-+
(%)
[

Answers to Problem Set 13-2; pages 570-571:

4

1. The séntences In (a), (b), (c), (d), (&), (1),

and (J) are true for-all values of the varlables. The

o GthPFE'EFE not. !
. i,

The expresaiana in parts Aﬁg), (¢), and (d) are
» palyanLalg.' The ntnprd aré not.

Pt

3. The expresssions In ‘parts (a), (c¢), (e), and (h)
are prlma pq&ynamtals The others are not.

b, (a) 8(2r ¥ 3) (4) 9ala - 3)
(B) Qa(ag + 2a + 1) (e) Ha(v + Ox « 8z)
(c) 5(b - 7¢) () 11a°x E(:g - 3x)

13-3. Common Monomial Factorlng.

Answers to Oral Exerclises 13-3a; page 573:

A

1. (a) 3(a + b) (¢) 3x(x° + 2x + 3)
(b) 2x(x% + 2x + 4) (a) 3y(y - 2}
2 (a) 7(1 + ba ) / {c¢) (1l + imn ), 5mn
(b) Mx{(x - P), hx (4) 7rax(r - 2x), Tax
. e
L
L i,

ERIC
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pages 573-574: 13-3° and 13-%
. : ¥

3. The expressions in parts (a), (c), and (e) are
monomials. The others are not. '

Answers-to E;gggggrsét,13=3é;.page 574:

1. In parts (a), (b);} (d), (e), and (g)

2. (a) 3(x + 2) (k) /5(x2 4 2x + 4)
: (6) Be +3) (1) 2a(1+ %)
| (c) 2(a - 9) (m) 3m(2m - 3)
* (d) prime gg(n)' 2a(c + 3d + 5bd) ~ h
~ o (e) 3(ex.+ 3) : (o) prime :
ﬂf) prime e i (é) 3x(x % 4y +FE)
(8) ala+b) " (a) b(x*+ y?):
(n) ﬂEZC bd) (r) 2b(b° - 3b - 2) .
- (1) a(ag ;:a + é) (é)‘ Ja(x'+ 5y - 3a)

(§) en®(en® - 1) (t) 7bx(ab - 9c?)

o
13-4, Quadratic Polynomials.

An attempt 1s made 1in thls and the next few sections to -
present a unifled approach t@ the pratess of factaring Rather
than exhlblt a compendium of different polynomlal types eacn
with 1ts spealalized‘technlque, the dlscussion centera on the
quadratic polynomial .
Axfﬁ+ Bx + C. ' -

14

In' substance the process of factoring involves the ldentifi-
cation of two lntegers a and b in a so-called second form

M

Ax™ + ax + bx + é

distributlve property. This Lﬁ effect, exactly reverses the
multipllcatlén process developed in earller chapters.
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pages 574-576: 13-4

The lntegers a and b are determined by the conditlons
. 3

a+ b=B and ab =,AC.

tr a = 1,Ethe latter, of course, reduces to ab = C. iIn this!
way the form xg + Bx'+ C wilth leading g@efficient 1, may be
:énaldéred as a apéclal case of the general type above. For
simplicity, however, the study of this Epecial case precedes

theé more general treatment. . <

Two 1lmportant specilal rgrms, the difference of two squares
and perfect squares, are treated in sections 13-5 and 13-6,

respectlively, as special cases of the general quadratlic. As
such they are analyzed by means of the method applied in the
_prevlous sectlon. The student, however, will quickly learn,
(and should deflnitely be encaufagéd to do sa) that the
factoréd;form in ‘these cases can readily be determined by
inspection thus eliminating thé need for lntermedlate steps.

\& Since the "perfect square" concept 1s of major importance
ln the study of quadratlc equationa, the recognition test in
sectton 13-6 should be given speclal attention. The process
of ' campleblng the Square 1s glven an ipPérmal introduction
at this point. This will help ‘the student_prepare for the work
in Chapter 18. ‘ : '

The term perfect square" as applled here 13 restricted to
_polynomials with integral coefficlents. It may be necessary
later on to extend this notlon to lnclude such polynomials as
[ s . ’ B
x2 4 x + % or even x° + /5% + %

il

r

“However, such an extension should probably be postponed untjl
the need arises, i - '
There are easentlially two motlves behind the appr@ach to
fsct@r{ng és used in thls chapﬁer aslde from the mathematical
virﬁueérinherént in any unifying theory. They are: !
(1) The factoring process 1s exhiblted directly as &

systematic reversal of the multipliaaﬁian’pfdcess!

(2) The student is not obliged to confront a/w;de variety
of differént types with the sometimes "palnful '

. necesslty of choosing the most approprlate meﬁﬁ@d for .
417 :
v (@ . s
.LJXI



pages 577-578: 13-4
<
dealing with each separate type.

Trhe factoring of quadratic polynomials plays a prominent
role in the study of open sentences. Thus it has greater
relevance for the student of 1introductory algébra than do the
other types. '

Answers to Problem Set 13-4a; pages 577-578:

1. (a) (b2 4+ Db)+ (b+ 1)

(b) (m® + 2m) - (3m + 6)
’(G) (aE - 1%3) + (2a - 2U4)
(d) (b2 - 6b) - (4b - 24)
2. (a) (c + 3)e + (¢ + 3)5
(b) (3¢ + 4)3c+ (3c + 4)(-4)

(e) (5m - 4)7m + (5m - 4)3
(d) (2x + 1)x + (2x + 1)7
S
3. (a) (m+ 2)(m+ 3)
(b) (y + 3)(y + &) '
d.? (z - 2)(z + 3)
7 (d) (x + 5)(x - 4)
\ , \ Y
b (a) (3x + 2)(x + 3) (d) (2y - 5)(4% - 3).,
N
(?) (2r - 3)(5r + 2) (e) (2m + 1)(2m + 1)
(¢) (3q - 5)(2q + 3) (f) (3a + 4)(4a + 1)
5. (a) (x - 4)(x + b) ©(d) (a - Eb)(m2 + n)
(b) (c + d)(5 + a) (e) (x - y)(5+ i}
(¢c) (3m + 2b)(3a + 4) (f) (28 + 3)(3s N 4)
) A
>
s ' _ . s uié




pages 578-583: 13-4

Answers to Oral Exercises 13-4b; page 582:

1. (a) 2,5 - (g) 8,1
(®) -2, -5 () -8, -1
. (e) 2, 4 - (L) 1,1
(a) -2, -4 | () -1, -1
(e) -4, 2 (k) -2, 1
(£) 4, -2 (1) 2, -1
2. (a’):12+4;:+2x+8\ (g) ;2+hx+31,
(v) x2 + 8§‘+Ei*+ 8 _(n) ;2 - 6x - 2x
) (c) x2§41§2x+8 (1) xg+x+123,
. (a) ;:21-3:-,8:;8. (1) x2+31a!&x
-ie) x2 + dx - 2x - 8 (k) x° + 6x - 2x
(r) 12 - bx + 2% - 8 (1) xg»s 12x + x
Answers to Problem Set 13-4b; page 583:
1. (a) x2 + 5 + 3x + 15 (f) m° - 6m + 2m
(b) I‘E -8 + 3r - 15 (g) a° - ba - 3a
. (c) 32 +98 -8 -9 (h)b yg + by + by
(d) t2 + 3t + 2t + 6 (1) 2% - 6z - 5z
5‘ (e) W - 15; + w - 11 (J) c® + 4o - 6c
2 aﬁ2+7t+5t+g3%

2. (a) t° + 12t + 35
| (t + )t + (t + 7)5
(et 7)(t + 5)

{(b) we - 7w + 10 = we - 2w - 5w + 10

(w - 2)w + (W - 2)(-5)
(w - 2)(w - 5)

W

]

419 g




pages 583-589: 13-4

i
v (¢) (r-11)(r-2)  (g) (a+11)(a - 5)
(d) (a - 7)(a - 11) (h) (y - 4)(y - 3)
(¢) (m+ 6)(m -3) (L) (x+ 1)(x - 4)
() (z+ 7)(z - 3) (1) (b -8)(b-1)
3. (a) (y - 9)(y +.2) () (k+ 7)(k - 1)
(b) (a + 5)(a - 1) (g) (x - 16)(x + 1)
(e} (x+ 3)(x - 10) (h) (x - 2)(x - 9)
) f s e
(@) (w - 4)(w - ¥4) (1) (m - 4)(m + 4)
(e). (w - 7)(w+ 1) (1) (v +1)(6+1)
Answers to Oral Exerclses 13-Y4¢; page 58;?%‘ax\
1. (a) 3x -7 © (e) 2x° - 3x
5x xZ - 2x + 5
5 - 2x . _ 3+ 2x + 5x°
(b) 2x° - 3x - (f) x°+ 5
xg + 5 : xg -2x + 5
L x2 - 2x + 5 3x - 7
" 2x? ) 3+ 2x + ng
3+ 2x + 5x° 5 - 2x
9 - x° 9 - x?
, (e) E;E - 3x . . (&) 2x® - 3x, -3
;@ xg + 5 xg - 2Xx + 5, =2
x® - ex vy 5%, 5
Exg f ) 3+ 2x + ng, 2
L. ,
3+ Eg + 5x 5 - 2x, =2
93‘ Xﬁ&g ‘ (h) Egg -3x, 2
7 X~ + 3x ) XE + 5, 1
(d) 3x -7 xgri 2x + 5, 1
52 - Exg, ; 2 .
5-2x ¥ 3+ 2x + EXE, 5
<3+ 3;2 9 - x2, -1 .
X N 420 &3;'

<J




(a)(bv) = 24

a+ b= -11

a = .8,

(a)(b) = 24
A+ b=10
335;
(a)(b) = -24
a+ b= -23

Elaggibs

i

b =14

1

b= -3

()
(g)
(h)

(a)fb) = 24
a + b

a=-2, b=12

o
o

1
ay}

]
]
1
o
L]
L]

t

Answers to Problem Set ;gfﬂg; pages 590-591:

1.

(a) 2y°+ 7y + 3.

(v)

(c)
()
(e)
()
()

(h)-

(1)

LY

N

-~

W+ Tye 2

]

Eyg

+ 6y +y+ 3

(y + 3)(2y) + (y + 3)(1)
(y + 3)(2y + 1)

Byg +y + 6y + 2

(3y + 1)y 4 (3y + 1ié
(3y + 1)(y + 2)

(2a + 1)(2a + 1)

(n - 1)(3n - 1)

(3x - 2)(x -

1

)

(4x - 1)(2x - 3)

(h - 12)(h + 2)

(x -

LY

1)(7x + 13) .

(3 = 1)(x + 7)

(

421

(J)
(k)
(1)
(m)
(n)
(o)
(p)

l"j

(x+ 1)(5x - 7)
(2h + 1)(h - 5)
(2u - 3)(2u - 3)
(v + 9)(v+ &)
(3x + T)(2x + 3)

(7t + 2)(2¢ + 5).

(5vy - 1)(7y - 3)

=



pages 590-594: 13-4 and 13-5

(a) (Bx + 1)(x +15) (1) (4x + 1)(2x - 15)
(b) (4% - 1)(2x - 15)  (3) (x - 1)(Bx + 15)
() (2x - 1)(4x + 15) (k) (2x + 3)(4x - 5)
(@) (x+5)(8 -3) (1) (x+3)(Bx+5)
(e) (x -5)(8x-3) (m) (8x+ 1)(x -15)
(£) (Mx + 5)(2x +3) (n) (2x + 1)(4x + 15)
(8) (2x - 5)(hx + 3) (o) (x - 1)(Bx - 15)
(h) (x - 3)(Bx+5)  (p) (2x+.5)(4x + 3)

v ]

3. () (ex + 3)(ex - 3)  (f) (2y - 6)(ey + 6)
(v) (2h + 3)(2h + 3) {5) (2y + 6)(2y + 6)

(¢) (z - 5)(z + 5) (h) (x + 6)(x + 5)

(d) (v + 1)(v+1) (L) (x + #)(5x - 18)

(e) (2y - 9)(y + 4) (3) \x - 12)(5x - 6) f
13-5. Differerices of Squares. |

a° - b2 = (a + b)(a - b) may be stated in words: "the
difference of the squares of two numbers 1s equal to the product
of the sum of the numbers and the diff2rence of the numbers."
Some students may wonder about factoring expressions like
xg - 5 when they see how to factor xg - 4, The former cannot
be factored over the integers but, as we shall see in section

13-7, 1t can be factored over the reals as follows:

x2 - 5= (x+ JB)x - J5).
For thils reason the teacher should avold statements llke,
"It 18 not factorable," but Lnstead say, "It 1s not factorable
over the integers."
Similarly, xg + 9, cannot be factored over the integefs
or over the reals, but If we were fo extend our number system

te include what we call the complex numbers, we could factor
B bl

this expression
2 .
R S |

[}

x° - (!9) = (x - 31)(x + 31).

hop

£




pages 594-595: -13-_:5 , s

k
We see that both of the examples fit in wlth the form

a2 - b2 = (a + b)(a - b).

‘Answers to Oral Exercises 13-5; pages 594-595:

1. (a) (o - é)(n + 5) (r) (Ji - 1)(2x + 1)
(b) (t + 6)(t - 6) (&) (ab - 2)(ab + 2)
(¢) (7 - a)(7 + a) (h) (3z + 5)(3z - 5)
©(d) (2x - 5)(2x + 5) (1) (k4a - 2b)(4a + 2b)
(e) (m - n)(m + n) (J), (1 -2t)(1 + 2t)
2. (a) t° .1 (f) 9m® - 4
(b) x% - 36 (8) u? - v
(e) s° - 100 A (h) s%t? - °
v(d) x° - 4g (L) 1 - e
(e) 4x? - 1 (n we - Eéiai

1. (a) (n+ ¥)(n-4) () (w+1)(ws1)
(b) (x - 5)(x+5) - (g) (rs+ 2)(rs - 2)
(c) (t =9)(t + 9) “(h) (3rs - 2)(3rs + 2)
(d) (9 - £)(9 + t) (1) éiﬁ - 1)(5n + 1)
(e) (8 + 8)(8 - s) (J) (B - 7R)(% + Tk)
2. (a) n® - 16 “(r) w® - 225
(b) 2 -1 (g) X2~ 1400
(c) xg - 36 {(h) men - 1 -
(d) 82 - 100 . (1) _Amgng - x° \
(e) x2 - 49 (1) #x% -9

el



page 596; 13-5

3. (a) (x+9)x-y)  (8) 62(1-3z)

(b)) (x - 5)x + 3) () (& - 1)(2t + 5)

(e) (5y - 2)(y - 3) (1) (1 - 12¢)(1 + 12t)
. (d) 5a(a + 1) (3) 9x"+9)
(e) (m =1)(m - 1) (k) (u+ 17)(uf+ 1)

() (3ab - 5¥(3ab + 5) (1) ab(a + b)

4. (a) 396% " (g) 1596

7 S
(b) 896 (h) 2499xy
(c) 899 (1) 9999 L
(d) 2496 (3) (6)(6)(4)(11) = (36)(44)
(e) 1591 ) = 1584
(f) 391x 1 '
%\\ Hint: (17x)(23) = §(Eo'+ 3)(20 - 3).

*5. (a) (n+ 1)(n - 1)
(b) (x + 2)x
(e) (x+a+ 1)(x - a +.1)

(d) T +a)(x - a+2)

(e) Jmn
(£f) (x -y)x+y-1)
6. (a) 899 = 302 - 1
= (30 - 1)(30 + 1), not prime.
(b) 1591 = 4o® - 3% |
= (4 - 3)(4%0 + 3), not prime




pages 597-602: 13-6

Answers to Oral Exerclses 13-6; page 601: N

1. The expressions in parts (a), (e), (f), and (h)

- are perfect aquares,
b 2. (a) 9
(b) 25
(e) &
3. (a) (x+ 4)2 4 () (2y +4)% or Wy + 2)
(b) (n - 3)° (e) (4m + 1)°
(¢) (x+y)2 _ (r) (2a + b)°

Answers to Problem Set 13-6; pages 602-604: \\j

1. (a) yes (e) yes . (1) yes
(b) no (f) no (3) no
(¢c). no (g) vyes (k) yes

(d) no (h) no (1) yes ,

2. (a) x° - 8 + (16)

(b) x° + 8x + (15)

(e) n° + 2n + (1)

(d)- t% + 10t + (25)

(e) ¥ - 16y + (54)

”f)f x° + (Bx) + 16 _ or. x° + (EBI)K% 16

g) y° + (2hy) + 144 or y© 4 (-2hy) + 144

(1) u® - (10u) + 25 9or . (-1ou) + 25

t

™

[

(
(
(h) 9s° + 68 + (1)
(
(

Jj) a“ + 1l2a + (36)

(k) 4s° + gt + (t°)
. ,

(1) (x°) + bxy + 9y°

(m) 4s< + (12s) + 9 or 432 + (-128) + 9

< (n) (1§V§) + 4ov + 25




pages 602-603:
(o)
(p)

3. (a)
(v)
(c)
(a)
(e)

4, (a)
(b)
(¢)
5. (a)
(b)
(e)

(d)

(e)

13-6

4932 - (56xy) + 16y2 or 49;2 - (-56xy) +'i€y2
(v + 1)2 + (v + 1) + (4) .

(x + 6)2 (£) (6k -"1)°

(28 - 3)2 (g) 3(4t° + 12t + 9)
2(!!1E + 6m + 36) (h) a(a - b)g
3(u + 1)2 (1) 2(2t + 1)2
(v - t)2 (1) (x - 10)?
x2 ¥ 4x + 4 (d) x° - 1lbx + 4g
a® - 6a + 9 (e) x2 - 2xy + y2=
yg + 20y + 100 (f) r? + 12r + 36
(21)2 = (20 + 1)?
= 400 + 40 + 1
= bl |
(31)(41) = (%0 + 1)°
= 1600 + 80 + 1
= 1681
(19)% = (20 - 1)?
= 400 - 40 + 1
= 361 P
(39)% = (%0 - 1)°
= 1600 - 80 + 1

= 1521

(29)(29) = (30 - 1)2

H

900 - 60 + 1
841



pages 603-604: - 13-6 %} : oo
(£) (51)% = (50 + 1)2
= 2500 + 100 + 1 )
= 2601
" 9 = (50 - 1)2
7 = 2500 - 100 + 1
K = 2401 g
(h) (99)% = (100 - 1)2
S = 10,000 - 200 + 1
- 9-;801-
(1) (101)(101) = (100 + 1)2
" = 10,000 + 200 + 1
-\O,E@l )
6. (a) (v -6)(y -2)  (n) (2x+ 1)(x+2)
(b) (x+3)% " (o) B(m+ 1)(m - 1)
(¢) a(m?® + n?) (p) (2y - 1)°
() (t-3)(3t+2)  (a) a(x+ 5)2
(e) (38 + 4)(38 - 4)  (r) 3(r + 4)(r.- 4)
(£) (u+v)? (8) dx(x - 5)
‘ (8) (x+ 1)(6x - 7) (t) S(m+ 2)(m - 2)
(h) 3(y + 1)(y - 1) (u) 3a(x - 3)(x - 2)
(1) (u+ 7)(u - 2) (v) (t+ 1)(3t + 5)
(3) (v -5)° (W) x(a - b)(a + b)
(k) (1 - 3t){1 + 3t) (x) 2(k - 3)(k + 2)
(1) (s + 2)(s + 1) (y) (v - 1)(t+ 1)(t% + 1)
{\ (m) 8(y° + 1) (z) (v + 6)(5y - 12)

27 ¢
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pages 604-608: 13-7 and 13-8

Sections 13-7 and 13-8 on polynomials over the reals
and over the rationals are intended to glve the student a

‘broader logk at the subject of polynomials in general and

the faetoring of polynomlals 1n particular, These sectlpns may
be omitted witHout serlous loss of continuity if the teacher
feeis_that the mahterial may zend to confuse the lassue. Such
an omission might be serlously recommended for classes of
pérticularly slow students.

The question of whether or not a glven polynomial can be
factored 1s now seen to depend on the particular set of
coefficlents under conslideration. For example the polynomial
xE = 7 1s readlly seen to be unfactorable over the integers.
However, 1f thils same expression ia regérded as a polynomlal
over the real numbers, then the factored form 18 !

(x + ~f7)(x - qf?)

of the same type aa the expressian being factored. In this
sense an instruction which merely directs that a student
factor 32 - 7 without an gccémpaﬁying statement relative to
the coefficlent set 13 ambiguous.

Polynomials over the rationals are shown in section 13-8
to be expressiﬁle as the product of a rational number and a
polynomial over the integers. This EESEntially reduces the

" problem of factoring over the rationals to one ‘'of factoring over

the integers. For aimplicity sake this 18 the procedure
recommended for this chapter.

In subsequent work 1t wlll probably be helpful to offer
two optlions to the student in factoring an expression such ag’

2
He may wish to write
1 ' Vo ; . 1 1
Flex + 1)(2x + 1) or (x + 5)(x + g)i

For the present 1t 1s perhaps wlse to stick to the former
approach,



= ¥

pages EDQaéDQSi 13-7 and 13-8
T In“order to avoid uncertainties in the student's mind 1t
18 perhaps wise to establish a pattern of priorities in the
general ;:praach to factoring over the real numbers. The first
Eattempf: Ehguld always be to factor over the integers. If the
‘polynomial contains fractional coefflelents which are rational,
then a common monomial factor consisting of the reciprocal of
the: L.C.D. of the fractions involved should be:extracted.,
- Factors contalning irrational coefficlents might be thought of
as a kind of "last resort". It should be stressed, however,
. that the latter procedure 1s leglitimate only for polynomisdls
over the reals, and cannot be applied if the initial problem
‘18 atated in terms of rational or integral polynomials. *
. Answers to Oral Exercises 13-7: page 606 ,
1.0 (x + JDx - J7) 6. (3x - y¥/B)(3x + yJ5) -
2. (y - W i’l)(y +, /11) 7. (ax - /3)(ax + 43)
3. (3m - S)(3m o+ S5) B, (Say - bY/T)(5ay + bT)
b, (22 + 32z - V3) 9. (a7 - I(aSZ + /3)
(k7 - n)(k/T+ n) 10. (a - J)(a + J&)

1. (m+ J/5)m - J5) 6. (z - 3a)(z + 3a)
2. (¢ —-'H)(t;ylt) . 7. (k - b/T)(k + bo/7)
(2x - J/T)(2x + JT) 8. (bu + vﬁ)(ég - v./5)
(
(

P~ [

3)(2y + 3) 9.

JIab + JT) 1.

-,

(2y X/ - SENxST + SB)
5, (ab (r - ,/E‘)(r N ,/C‘)

Answers. to Qr?;al Exerclses 13-8; page ©09:

1. %(3{2 9) 6.

(% 20+ 1) 1o Ay )
1

[0

+

n

%(f - 4) 8. Lm© + 3m + 6)

+

"y

f(y fE) _ 9. 1z(4y
1
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. PE'?E;E 609-612;

Answers to, Problem Set 13-8: page 609: BN

——

1. %-(’t + 3)(1;-;3!) , . 6. %iﬁ(x%?)“

1, \2 , o 1/ oV(m o
) 2. iy +2) 7. m(mew 27)(m7 -'2) .
e i ’ : 1 02
3. §(2 + 4) o ; B g(a +Fb) ) ?i
] 1 e 1 ;
» ;ih Tﬁ(x - 2)(x + 2y~ 9.. x - 4)(x + &) ,
I T ie T liewye 4t
5. glx - 3)(x +2) 10. (5= €)(5 + ¢)
% -
. f ‘s T : =
"13-9. Tréth Sets of Pbiyngmiai,Eqﬁatiénsl K N
_When an equation is put in a form in which one side 1is a
polynomlal and‘the other side' 1s- 0, ¥we call 1t a -polynomial’
equation in standard form. The truth set of a polynomial o
Bquation can be found if we can fagtcr the polynomial and then
“make use of the property that for any real numbers a ' and "b,
ab =0 1if and only if a =0 or b = 0. . '
. N ’ Ei I ® - j
Answers to Oral Exercises 13-9; page 612: > ' '
(a) (-3,-2 . (@) (5, 2) , ~ :
| (b) (2,-4), (e) (9,-1)
. . ’

(c) (3,-3) I €S B O

. égégéisvgéjPrgblem Set 13:9; pages 513—§1ag
1. (a) (-1,-4) - (e) (-2, 7)

" Ny (2, 3) \ (£) (-5, 3)

(e) (-2,-1) = o (8) (-9,-8) ;

(d) (-1, 9) 4w

2. (a) t°+ 2t -15=10, (-5, 3) /
(b) x° + 11y + 18 = 0, (-9,-2)

(e) yg - 4y +3 =0, {1, 3)
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pages 612-613: 13-9° - S ;

(a) bS - 6b + *fo; (1, 5)

M
¢

. (e) m®-smf-66=0, . (11,-6] ;
c(£) - e® 138 -30 =0,  (15,%2)

. L -2 v -

() x° - -

5x + 6 =0, - (2, 3)

xS xP=o0, . (2,90 0 .

[» 0
+

*(ny 1

(]

;i;*(i) !1— - 9; +E‘3 =0, L [4: 5]

T~ #(k) x =0, . ‘This cannot be factored

Lot
] \m »
1]
-+
m‘
]
L

{ +
o s
L
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w
o
Il

over the Integers; we
cannot find the truth set
by present methods. ' 4

¥

3. ,(%) If a 1s the number, then 2% 1s the square of
" the number and the open santengif}é .
, :ag 7 + 6a.
a® + (_(7 + éé))
a® + (-=7)-+ (-6a)
ag -7 - 6a

a® - ba - 7

+

7 + 6a *i(:‘(? + 6a))
7'+ ba + (-7) +-(i§a)
(7 + (E?)) + (Sa + (ﬁéa)) '

0+0

Aa - 7){a+1) =0 ‘ i

I

‘a =7 or a=(-1).

. In the open sentencéa if a =7, then
A é a“ = 7E O 7+ ba
P o _ . - and . ¢
- . 49 1

7 + k42

. 49

(-1), then

4
L

W
il

22 _ e -
(-1) . 7 + 6a };a

-*énd\
L4

i
H

1]
1]

1

The truth set of the original sentence 1s
{-El; 7} N

- 431




the number of inches in the width of .
then (w + 5) 1s the number of
length of the

1is

If w 18
the fectangléi
inches in the
open sentence

rectangle -and the

84,

w(w + 5)
-12 '
the teacher should emphasize the fact

The numbers and 7 !satisfy ﬁhis sentence,

However,

’that the domaln of the varlable for a measurement

pdge 513 13
. (b)
f
= (c)
()
’ EH
N .
(e)
{s

. s ) Ly -2 -

O
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Aruitoxt provided by Eic:

of length 1s the set of positive real numbers

and (-12) 1is not wiﬁhﬁn the domain. Conséquently
.the truth set for the problem is (7]. .
The number-can be 1 or Q. .
If m 1is the larger numbér, then the smélier one
18 m.- 8. gThenl *
m(m - 8) = 84
mg - 8m - 84
(m - 14)(m t 6) = , ™~ .
1 - : B

.m = 1%’ or m= -6. Cw ‘
The larger number can be either 14 or -6. : B
The smaller number (m - 8) 1s then & or -1k,

S50 two pairs satisfy the canditiiﬁg'of the

prcblem *
(14, 6) and (-6,-14).
(5, 7} The palr (-3,-1) 18" not acgegtable if

the odd numbers are considered a subset af the
counting numbera, and thus pasLt}?e.

<24 ' / .
" The truth setlaf this Seﬁéenéeeia {12, 2}.- 1If
the 1ength 1s to be longer than the width, then
We use Dnly ("17

f =42 -
and - = 2, &
So the dimén ions are 12 ft, and 2 ft
¢ ‘ y N -

. U3z
9. )
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>ages 613-617

#(g) (a +§k)(a - 3) = agg where & 18 the number
of fleet in the length of the side of the

squgre. : ' '

(1) 12 re, (2) 16 ft.end 9 ft.

1

1

1. (a) 19 j C(e) -l

\nswers to Review Problem Set; pages 616-620:
o (b) 16 v (£) -26
() 22 | (g) o
(d) -14 P (h) 11
2. (a)  11ia ! © (8) 24
(b) 56 (n) -5a
(¢c) 3a f (1) 2¢-2p 1
(d) o0 X (J) Sn - 4m
(‘é) -3t o (k) 2x - 3y + Uz

Iy
ot

(f) -12a

3. (a) 20 (n) ©
(b) -27 = . (1) -Ba '
(c) -32 C(y) -1Bn
ld) 30 (k) 18m

(e) 30 / | (1) -3.75a

(f) 14 - (m) - b

(g) ;24 o "(n) ©

4, (a) ab + ac ’ (f) .9ac + 15bc

. (b) ~ab - ac ig") -2 = Db

{¢) -am - bm (h) -4a % 3vb - 2m+ 7 . !/:

Ny

(d) 2mn + 6mp (1) o0

(e) -6m° + 12mn (1) 8%+ 5a + 6




-
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pages 617-618 - : _ ) . :
tk) m§ m + 12 | (o) 1 o =5282 + 112

(1) a®+2a-2b . (p) 4n® - 23mn + 15n2
(m) 6a° +17a + 12 () 16m® - n2
(n) 8b° - 2b - 1 (r) ac + ad'+ be + bd

5.0 (a) & i (d) -5
(b) 5 (e) &
(c) -3 : (f) 11
6. (a) 7x -5 (f) 9x - 5y
~(p) 5y - 73 (g) 6c - 4
: "(c) 4x2 + 5% - 2 (h) 2m + 9n - 14
(d) -3n+ 3 (L) Bx - Ty - bz
(e) a+ 2b (J) 7r - 108 + 86 |
7. (a) 6(a+2b) | (M) (m+ 8)(nm - 1)
(b) 4(c) ! (n) (c - 2d)(3c - 54)
v(c) m(m + 2b ,+‘1) (o) a(2b - c¢)(b - 2¢)
(d)' (-3)(a ~2b + 4) (p) ab (m - 8)(m + 8)
(e)"ga(b +odx - 5v)  (a) 3t(2c¢ - 5d)(2¢c + 5d)
(£) (x+3)(x+7) (r) (x-8)2"
(g) (ér + 58)(3m + 7) (8) (3x + 1(1))E
(h) (aw+ b)(c - d) (t) (2x - 5a)°

(1) (3m - 4n)(5m + 7r) (u) This 1s a prime palynomial
over the rationals.

(1) (5a - v)(3c - 4a).

;{

7 ) However, over réal‘numbéfs,
(b + 5)(b+ 6) '5 - 4x° can be factored:

1) (a - 10)(a ) o :
? (a - 10)(a + 7) (/5 - 28)( /5 + 28).

4347 ’
Lij,




pages 618-620 , E/ |
8@ B T m) ez
(v) cat+ b . | (1); 4

n + 2 -
L2 ) 2
| 50 ) TeE
. (a) - Eiv . (k) 21

1
(e) - . (1)

D
(f) 3 (m) L0
(g) =— (n) -1

9. (a) (15) S (8) (F. 4
(b) (%) - (h) (o0, 5)
'(c) (19) L (1) all numbers greater than
-7.
(a) (-2} . (J) all numbers greater than
: . -1, but less than 7.
(e) (-9, 9) (k) &
(£) (- %, 1) |

10. (a) 24 feet, 16 feet
(b). Ann is 36 years old, gerfy is 12 years old.
(¢) 8- girrs, 10 boys
(@) 11, & -

(e) 7 1inches




" ‘ _ ' Suggested Test Items . .

1. Which of the followlng expressions are:
pélynémials 7 ' -
prime polynomials :

N _
perfect squares __
differences of squares __ _

Assume. 1n each case that we are consldering polynomials
over the Iinteger®. :

(a) 16m° - 1 C(£) 6x° 4y
(b) 6x° + 15y () 3a - b

. . ) 2 .
? (C) ’5?!s 10x + 25 {n) :i%s

- - i Coa -

(d) *SE%%éi‘ (1) x° - 5x + &

(e) x“+ 7x - 3x - 21 (3J) a“ + 2ab + bi

2. .Pind a prime factorization of each of the following:
(a) m° - 4m + 3 (£) ax + 7% + 32+ 21 NS

2 2 2 M

(b) 2ax” + 2ay (g) a° + 16é +
(¢) ¢® - 100 . %ﬁ) 2x° - 6x -8

(d) ax® + 7ax + 12a (1) 2y° + 3y -5 -

o

(e) 9y° - c° +(J) 3x° - 301x + 100
K ! =,
3. Pind.the truth sets of each of the\fg dowlng equations: _

(a) x° + 11x = O*ﬁ L (e) 4§2 -4 =0 .

0

. (b) x° + 8x = 20 (a) 2x° + 20x + 50

4, Write each of the following indicated pfoégﬁts as an
indicated sum. g '
(a) (5x - 4y)(5x + by) (@) (m - 4%
(b) (3a + b)2 ve) (x + JF)°
(c¢) (w+ 5)(w+2)  (f) (c+ 8)(3 -.3)

L]

&

a ‘L géLQQ

%

Fo =




ST ‘ 1
> - .
. Complete each of. the following 8o .that the resulting
‘ polynomial 1s, a perfect square.
(a) c®+12c+ () (a) yo+( )+ 49
(b) me - 10m + ( ) (e) a4 ( ) + 81b°
R . ”E 7 ) =
() () e )+ 9Py

+

-+

+‘

! (e) 4a® _ ha

-Answers to Sugggsted Test I;;Eézg .
y 1. polynomials: (a), (b), (e), (e), (f), (8), (1),
» W ' b
b yrime polynomials: (f), (g). :
perfect 'squares: (e¢), (3).
difference of squares: (a). ' &
2. (a) (m - 3)m - 1) (£) (x+ 3)(a+T7) |
(b) 2a(x® + y3) () (a + 8)°
(¢) (c + 10)(c - 10) (h) 2(x - ¥)(x
(d) a(x + 4)(x + 3) (1) (2y + 5)(y

(e) (3y + ¢)(3y - c) () (3x - 1)x - 100)

1)

1)

+‘

4

3. (a) (0,-11) | T B ¢ S

(b) (2,-10) (@) (-5)

(a) 25x° - 16y° * (d) m° - 8m+ 16
(b) .9a * 6ab + b° x(e) x4 2/2x + 2
(¢)

_tf
We + Tw + 10 (f) e & 5¢ - 24

(d) y~ + ldy + 49

5. (a) ¢ + 12¢ + 36
2 .2, ag -
(b) m® - 1om + 25 (e) "a“ + 18ab + 81b
E i -~

(c) 4a® - ha + 1 (f) 25x" - 30xy +'9y"5

/




Chapter 14 .
’ -

o v RATIONAL EXPRESSIONS )

?
Although thia chapter deala with: Ihe defiﬁ}tion of, and

operations with rational expressions, the term "rational ex-'
pPEEEiﬁn itdelf ia not lntraduced until secticn 14-5, Earlier

in the chapter; indicated quotlents of ‘polynomlals are introduced; -
and mulﬁiplication and addition of such indicated quotienta are
consig Ed in sections 14 -3 aﬁd 14, respéctively It is‘in
section 14-5 that a fcrmal definition of rational expressian 15
introduced. It 1s an exténsion of the definition of polyncmialJ

in Chapter 13, 1in that the operation of divisfTon 1is permitted,

and the palynomials are seen to coﬂstitute a subset of the set of

It is alsa gﬁiﬂtéd dut 1h section 14 5 thgﬁ any. ratiogal
expressicn, though it majsnot be the indicated quatlent of two
polynomials, can be simpllfied" to such .a form. Theréfape, since
the skills of adding and multiplying any two 1ndicated quotdents .
of polynomials have already béen developed, any two ration§1 ex-
Myesslons can be added @=‘mu1tiplied by firat changing them to
this form. Subtraction presents no speclal problém, since, by
definiﬁion, an Expressian indicating Subtra;tian may be restated
in terms of addition,' this 1s done’ in section 1l4-4. Division, -
however, does present a speclal problem, and section 14=6 1is
devoted to the long divisian process regularly pfesented in
elem&ntary algebfé. In this sectlion, the process of dividing two
polynomtals 1s compared to that of changing an "{mproper fraction"
to a "mixed number" in arithmetic; this 1s a sound pedagoglcal
device, in that new understandings and skills are. derived from
01d ones. ) ’ ® f St
.In fact, this chapter i1s motivated in part by an analogy
betwegn the integers and the palynomiafs (over the integers) and
betw en rdtional numbers and rational expfessions As one example
of the frults of this Analogy (besldes the one mentioned above),
é%ery rational number can be expressed as the indicated quotient of
twe Integers, and every rational expressi@n,can be expréssed as

the indlcated quotlept of two polynomials. . T a
( et

1

T ; ,
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The analogy can be Established in only a casual way at this
timez however,’ gince’fhe atudent- 1n this course has had no experi-
ence with phe ideéﬁqg an 1nq§terminate, which gives expressions
a 1ife of thelr own, independent of numbers. So faf as the student
7 18 concerned, expresgions are names for numbers., Both polyﬁomiaisx
and rational expressions ape subsets of the set of all numerals.
Thus: the implication in this chapter 1s that we haye an.algebra
of numerals with the same structure as the algebra of numbers.

, Even though the student's appreclation of the analogy between
numbers and expressions 18 necessarily 1imi§é§; there are certain

undérstandinga the teacdher should have in teachiﬁg thils Ehapter
The follow&ng*discusaion 1s concerned with such underatandings

- # a(b + c) = ab + ac.

We have a%wa?s understood’ a} b, @nd ¢, to be real numbers, so
that we are dealing with an EES?T%sQE about real numbers The .

s ~ )
'‘a(b + ¢)" and "ab + ac" and v

assertion 1nvolves two phrases
enggies us to replace elther phrase by the other, in any statement
about ‘real numbers, without altering the valldity of the statement,
ngevér, suppose we forget, for the -moment, tgat we are ta kiﬂg
about real numbers (as was commonly done at one time In elementary
algebra). Then the distributive property (or "law") becomes

a "rule" for transforming algebﬁaic expressions, thatiisj a rule

in the "game" of "symbol pushing". FPFrom this point of vlew, the
various fundamental pr@perties; wlth which we have been working,
constitute the complete set ofi rules of the game. Attentlon is
thus shifted from the system of real numbers to the language used
to talk zbout the real numbers. Although blind symbol pushihgrlg_

from this leﬂt of view, This 18 what“we are d@ing whenever we
discuss the form of an expression. The difference 1s that symbol /
pushing at thils level 13 not mechanical but 1s with reference tos N
an algebralc system. We shall now degcrihé more carefully this

System. . -
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eXcept Number 10--hence, thé parallel between rational expressions

. ¥ - -
In the first place, ‘we '"add" and‘"mulfiplyJ'éxpressions‘by
use of what we have called "indicated" sums and pr‘aduc%s. Thus,
if A and B are expressigﬁa then A+B and A -B. are also
EIpI‘éSEiéﬁBg We also write B provided that for eacE .per- .
mitted value of. each variable {nvolved in A ‘and B, the numerals
" "A" “and "B" name zﬂ% same number. Thls 1s acd%ually a definition
of e uality for expr ssi&p . _The numerals "Q" and "1" are
themselves expressions and serve as the addit;ﬁe and multipli&aﬂ;,'
tive identities. With these agreements, the followlng baslc
propertles cauld‘be found for expressions and have, in .fac! beeni
used many fimes in the course: o ) .
1. ;T, A *andi B/ are e;pressionéf'then A + éF is ﬁ
an expression. ' I
. 2., If A and B are‘expresaiéns,‘thén A+B=B %igg
3, If A, B,” and .C are expressions, then :'15 c
(A+B) +C=A+ (B+C). . _ ‘
4, There 1s an expression .0 "such that A + 0 =A for
‘; ‘every A. - ‘ .
5. PFor each expfassian A, there ls an expression =A
such that A + (=A) = ,
6. If A and B are expresalons, A‘B 1s anzéxprééslon
7. If A and B are expressions, AB = BA. o
8. If A, B, and C are expressions, then (AB)C = A(BC).
9. There 1s ap expression 1 such that A:1 =.A for ‘
every A. - '
10. For each expression A different from 0O, '~there 1s an -
expression % such that H.Al = 1. £ ’
11, - If + A, B, and C are exp,essi@ns, thén .
« A(B + C) = AB + AC. N
Thﬁsrwe Séé that fhé class of ratiorfal expresslons satisfies
the axioms for a fleld. The class of all polynomials (or all -
polynomials 1in onelvariable over the iﬂﬁegers) 1s a sub-system T
of the class of rational expressions and has all of these proper-
ties except Number 10. Notlce also thatfthe:ﬁatibnal numbers
satlsfy all of these properties, and the integers sétisfy all“f

and polynomials, on the onéﬁhand; with ratienal numbera and /

integers on the dther.

~— . N w e

|

.t



- = 4

g pages iSEl;éEié: 14-—1’ o ) -
- I =
e Once these general prapertiés are established, we can study
irationa; expressians and palynamials asg g;ggbraic systems in
" thelr own right 1nd$ggﬁé§ﬂtly of - their connectign With real .
numbers . out work with facto¥ing, Eimp%;ficatiéﬁ of ratiana;
Expreaaians and division of polyhomials forms a- small fragment of, °
the* study of these generalfaxstzzs, although we have not presented
it expllcitlg as such. 2ﬁis way of ;QQKLHE gt ‘the 1angua§e of *
algebra, which 1s implicit in much of what has gone befqre, will

d turn up frequently in later courses in algébra, A good student
automatically shifts to this point ngview abcut algebra as he

\ ’ matures. However, 1f thils occurs before he understands, at least
intultively, that an algebraic system 1s involved, only confusion
will result. This 1s why 1t 1is important tb go back to the real
\numbersa whenever atudents show signs of mechanical manipulation
of symbcls FDP further discussidn see’ Studiés in Mathematics,
Volume III, Sections 6-1 - 6=k, LY

141, Pciynqmials and IH?AEEPE ,

In this apéning section, an analogy is made.between the
integers and the polynomlals over the integers, Although the
_analogy 1is neceagarily flimsy at thils time, 1t 1s worth making
becMise of the use that will be made of 1t in sectlons 14-5 and
14-6. . ) * :

The analogy rests gn the fact that polynomials (over the
lﬁéegers), consldered as nugerals, have the same closure proper-

ties as the integers. - L

to take addition for example, the integers are -
v closed under addition. That is, the sum of any
L 7 two integers’ 1s an integer. (The‘whole 1dea of .
Kv ) - felosure may have tosbe reviewed at this timel)
'flbw, the indicated sum of two polynomials 1s also
a polynomia%é §ince addition 1s one of the permis-
) gible operations in generating a polynomlal. There- L
fore, the indicated- sum of two polynomial numerals
is anather p@lynamial numeral . ' In this way, it
-makes sense to thé gtudent to say that -the p@ly-:

nomials are closed under addition. (Agaln, as

o

;‘”"i . N ‘ . 7 'E l?)_:i,)‘
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pages 622 623: 14-1?

. , R .
teaahers, we must not overléak tre fact that
] ‘thEﬂ polyriomials are ccﬁﬁidered as abstract sz
/’ xpreaalons, not as numéfa}s, clqsure of palya
ncmiais under addition ks more aubstamﬁive;)ﬁ .

©“In a simllar way, it 1s established that the polynomials,
11ke thé integers, are closed under subtraction ard multiplicatian,.

~ L

L] Sl o=

but not under division:

. o~ , : ! |
i @ ' ' . - .
Answers to onal Exercises 14-1; page 622: - ' '
. L . o '_ ) .
1. A polynomial (GVEP a seit of numbers) 1s an expression which
* 1hdicAtes addition, s8ubtraction, miltiplication orataking

. oppositep of eleménts of the set of numbers'and a set of

varlablea. Any numeral for a number cf the set or any
variable 18 also a polynamial
2., Polynomials and integers share the following closure.
properties:
(a) closed under multiplication, addition and subtraction.
" (b) not closed under division. ‘“

A swars to Problem Set 1U-1; pages 622-623:

1. Th every instance the resulting exprészian i3:- a polynomlal.

) (a) . 5% - 2 E E (f) 3a® - ba + 1
(b) 5x - 11 ‘!(g) 2ax - 2x + 7a = 7T
(¢) 12a + - (h) x° + 10x + 25
2 . Py s '
d) a” -1 | im (1) o
(d) ) . ) . )
(e) 3a° +3a+1 (§) 3x7 - 3x° + 5x = 7T
o, ‘

2. () (-1

(b)" 8
(e) (- %}
!
% d
T ° lf}‘) ‘s

O
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pages 623-625: 14-1 and
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1

[

3. If the helght of the smaller triangle is h 1inches, then the
area of the triangle 1s %(M)h square inches. The arfea of

It n \I-—‘

the second triangle 1s =(4 )(—h) square 1nches. The open

sentence 1is

) ’ L()n + 3(4)(2n) = 15 :
N T
2h + 3h = 15
* 5h =15
h =73
' The helght of the smaller triangle 1s- 3 1inches; the helght
of the larger, % lnches, .
J
14-2. Quotlents of Polyno 134;

Indicated quotients of polynomlals are singled out for
discussion nere. As mentloned earllier, they will be ldentified
as, rational expresalanﬂ in a later section.

The principal purpose of this sedtlion 13 to provide the stu-
dent with morP experience in restricting the domain of a varilable--
or vgriabléSEESO that the expression in which 1t\appear$‘repfes “

ﬂsents a real number. In this case,; of course, the empyasis is‘on}
indicated gquotients of polynomials, and the restrictions are
ai%ed at avoldlng zero denominators. : -

It 18 true that the studenﬁEﬁas had such experlences before.

. However, this 1s a more concentrated attack on the problem. In
the next sections, where Indlcated quotlents of polynomials are
multipllied and added, restrictions on domalns must be kept con-
stantly in mind. It 13 hoped that thls sectlon will help the
student do this. '

- | \

b
\ Wb

26:

Answers to Oral Exercises 14-2; pages 625-6:
1. Values for which the denominator of the expression 1s zero

names a real number for all x except x = =1.

W

i

| Ll

L ,

O
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pages 625-620: 14-2 \

v

+ 1 does not include
[
. 1 1

%3, The domaln of x for the expression
ned: . that is, = +1

st

0 ©because division by zero 13 not def
is not a real number. '

no restrictions on X

Execdude 0.

no reatrictiona on m or

-

x c¢annot be negative, .
Exclude O. '

[ = TR R s -

*

W3

Exclude =

&

no restriction on sa

> ®m -

no restrictlon on X
Exclude =2

Exclude 1 and -2.

o

P
vl

no restrictions on a or on b
Exclude =%,

Exclude all numbers.leas than -1. L

All valuesz of x must be excluded because for all

S 3 &
) e

values of x the denominator is zero and the indicated
quotient does not name a real number.

(6) no restrictions on x

Answers to Problem Set 14-2; page 626:

W
=

1. no restrietion xclude - %
‘2. Exclude 1. . 10. Exclude all values. This
3, Exclude ’;5‘ . expression never names a
real number slince 1ts de-
4., Exelude =5 f{rom the

nominator 1ls always O. w
domain of b, ; .

: 11. Exclude =2 and -3.
Exclude .

W

12. no restrictlon
6. no restrictien on
~ either domain 13. Exelude 0O and -1.

!

7. Execlude O from the 14. Exclude - and 3.

domains of x and vy 15. Exclude -./2 and 2.

8. no restriction on elther

' domaln
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= 1" 1s true for all values of x except

,{ no resgrictions

i

o e

1. =

md
ur

: J Py e
=
“H.
Lo
)

.
L]
et
bt

-

a# o, apF-2 (g)%;x#@ *

L
3|

an
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Ahsw,é,fs Lo Problem Set 14-3a; ‘page 630: s

<

20 ) ~ 3
I. 55, x#0 8. 3= ., af0, ¢c#0
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pa?ea 6%1-633: 14-3 {

Answers to Problem Set 14-3b; pages

e
o
BN
[
T
M
il
)

ir.

1. 228 x40, x4 -2

g
‘é:
I
e
"
e
<y
’\n_u\ 'h
m
{:‘T
B
1
A
3,

5"*1 L x A0, x F1, X.# 2 A '\;ﬂf | .

.1

?*2 BE - L 1
13, 225 22900 230 L 440, af -k, af -5
%3” + 27a° + 60a @




) \ ero for all values of
verform the .indlcated operatipn.

{

=t
b
=B
o]
e
o
o
I
Lo
~
| i
-t
=
I
[
e} =
WH
L]
= m
T M
I
=l
g
ot
—
1T
L) —
L]
(]
w3
o

Solution set: [72]

The parts are 72 and 8.

et x be the tens' digit, Them~ 12 - x 18 the

%
—
P
=

unita diglt and the number 1s 3 : &

™

10x + (12 - x).

- }a‘;)

]

x = 3(1

Solutidn set: {3}

The number 1s 10(9) + % or 93.

Answers to Oral Exercises li-la; papge 636;
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Answera to\ Problem 3et 1lh-Y4a; pages H26-637, ' -
77 \‘,\ - T — ) - ’ . ol

i i g;a::“i.: ,! -
l'b+75/b 7Y
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pages 636-637: 1h4=U4

oy

)

10.

11.

15.

27573{367 X #£0 )
60x
25 F o=
Lar F_'L*: Y?D

30y .
2n + om 1 £0, n#oO0
6m n

'
2a k 2a -3 a - b
v T L B W)
(a-0)" 2% (a.p)° a-Pla-b
=} - 3
- — 2a — 4+ =3a + Jg
(a - b) (a - b)
- =3+ 3b a%ﬁﬁ
(a - b)°
__’___;_7;'733 X £ .0
25% "

tgt:+a::+abrs af£0, b0, c#O

abe

hJn
=
b
13
]
e
-
3
RN
™
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N pages 637-640: 14-l
16. x £ -5.
17. X A -y
18. , |
19. -
L]
20. i ] p
.
. . ..
; . X o .
Answers to Problem Set 14-4b; phges 638-640:
’ l; , x #, Q; x # _1 &
2 1lx+:§£§i XA O, xf -2
X + 2X Y,
2 2; oy o
3, 24283 540, agfh -
a“(a - 4)
4 _.T?,Ef,c;;——* 2.+ 6 oo, of-2
_ &= - - ’ *
6 jéf 5D b £ 1
7(b - 1)°
,yg + 8y - 18 : ) p, % 4 o3 .
=y T — L] - Dj I Y : =
(R (T IS y# y
\ -
1 ’ "
. 8 X ii: ¥ X # lx X % -1
\Y
d 4

{ 450 ,
: 11, \



’

pageg 640: 1L-Yy

8 . .
9. (y + 4)(y:?€) y ¥ ?é =u, v £ 2

. w7 %"f? YT sT 0 MmFA =5, m £ b,

12, ke, a\;‘b .

xX+8]x - 1J(x - 57’

2 , i .
14, 2x° - Tx + 24 _ X%—B,ﬁx#'i; x £ 5
’ §

. N
’ ve - Sv/i 4

16.

—x 4 >
17 = :’{j-ig — 3y ¢ I%Elg X;é

T b=

1 19x + 1
18. 93 -

WF O="3)(v = 5) 1{ v £ -k, v #£ 3,



k]

pakes 640-642: 14-L "and 14-5 ° '

g 7a + 4 ’ . :

- ‘219-5 (a +-1)(a — 1) ¥ a ?é =1, a # 1
20. 1z s 55;5; , zZ #£5, z £ -5 )

Bz -5z £5) . £ :

N\

N _ . o ¥

Note: The anawers above have numerator and denominator in ,

factored form. This is not a requirement for a simplified

form. For example g——ﬁéiéﬁ=f w@u}d be a perfectly
yvo + 2y - 8

dcceptable iormxfgr the anawer to problem 9 above.

. .

14-5, Ratianal Expressioﬁs and Ratigﬁal Numbers

I’ section 14-1, "1it was p@g%géd out that -the integers and

ivisién

A

the palynamials (over the integérs) are both closed under addil-
tion, subtraction, and multiplicatidn, but not under Z
Thus, &n analogy was established at that time,

Iﬁ this sec¢tion, the analogy 1s extended. 1If the operation
of division 1les introduced in the sét of Integers, the set of
zbrifatiéﬂal numbers 1s generated. As the student ﬁas Segn earller,
every ratibnal number can be expressed as the indicated quotient

of two integerg.. . .

'-Since E§m§¥hiﬂg ha'beéﬁ&made\ii the analogy between the
polynomials aﬁd the integers, and since the ggotlent of two
inteéers represents a rational number, 1t seems natural to use
the word "rational" in connectlon with.the indicated quotient. of
two polynomials. -This is indeed what 1s done. The indicated-
quotients of polyncmials whig? have been the é‘bject of the past
three  sectlions are called Patignal expresslons.

In fact, ﬁhis can be glven asjthe definition of a rational
expression. However, the following definition 1s glven in the
‘student's texth ,

=
W
]

[ -
—
C.
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A rational expregsion > which indicates
-at most the operatlons of addition,

multlplication,

subtﬁscti

division, amd taklng opposite

This definition has at least two advantage

It pafillels the definition givan fop pﬁlynamlal in

It makes 1t easy to 1dentify rational expressions which
are not 1n the form of the indicated quotient of two

_polynomials,

!

A
P

p—

™
|

Although a ratian 11 not have to appear as

the indicated quEtipnt of two polyno

VEF'EhE iﬂtegers,

13 usually congldered

preferred form rational expresslan

Simplification of a

lonal expression to a quotient of two

polynomials eonstitutes a major part of the problem set for thi;
sectlon. ’

minswers Lo Qral EXEPcis

?

™

W

ERIC

Aruitoxt provided by Eic:

of po 1ynam1als 1s a subset of the set of .
ratlonal expressions aﬂy polynamial is a rational expression.
. o .

An example is
Any expression which involves the operations with radicals,
&bsolute values or division by the zero expression 13 not a
. L] - ) ! — 5
“watlonal expression,

An example 1is

o]

us comment3a apply,

An example

pél nomial and rational expression
ional expression only
p@lyﬁﬁm{él and rational expression

Neither - 1t 1s a sentence.



T
I
[
T
ok
W
1
—
]
-
"

A
(e) Neither - the %Enominaﬁaf is the zero expreasien which

excludes the expression {rom the set Gi rational

expressions. ' f
(f) ratienal®expression only T

g NE LIS = < L i ¢ Aled sguar T

( NPiHlE‘I‘ S 1t nvolve AT j.“jl()‘x tEd q 3 ()()t

ll) IJEl t-llEI - fll LJIOLJ 1 it 1s dIlGElLE‘I name I.OI a IIUHIDFI'
(

whilch can be expressed by a polynomlal. Here we are

vtalki@ﬂ not gbout numbers but about forms of expression
Thils expreszlon dnvﬂ not ha the form of a polynomial,

(1) Neither - the DpPPatiGn of taking the absolute value 13

‘not among those

expressions.

(J) Neither - it is a sentenp Ny ™~

(k) rational expresslon o ‘

(1) polynomial and ratiopdl exg slon

{m) Nelther - even though it is another name for O and
"O'" 1s a polynomlal, this form is not that.of a
polynomial. = /

(n) rational expression only . \ o

(o) rational expreszsi : tilon

on Gﬁly - Even though simplifica
would result In a polynomial, the form would be

divrferent, and so would ke the domaln of the varlable.
B H

Answers EE Protlem Set 1h4-3; ’ ages AhH-G0F;

1. (a) polynomial and rational expresslion in 2 varlables
(b), polynomial and rational expres ssion in 1 varlable
(é)g pleﬂDmia1 and rational expresadon in 1 variable
(d) ratlional expresilon in 2 wvarlables

e (e) rational expression in 1 vafiablg i
() polynomial and ratlonal expression S
(g) polynomidl and rational expression in 1 varlable
(h) none of these
(1) none of these - sentence In one variable
(1) polynomlal and rational FXQPE%Sng&
(k) polynomial and ratlonal expression in 3 variables
(1) polynomial and rational expression 1n 3 varlables
\ o

lég

O
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polynomdal and ratlona
rational expression in

s

none of these

F
nane of thkse - sent

m

=1

Pati@nal expres }@n in

answers 3Pe‘pussible

an exapple

an example 13 =—

an example 1s

1]

. \
. ; AN

- [

1 expression -

w

5 wvariables
ce 1n one variaﬁlg

1 varlablé
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pages €O7-6hy:  1h-0
s . g :
1u4=6, DiVidiﬂg FPolynoml 15 A ; i
\ 2

With the establishment of a link vetween the intégers and

the polynomials and between Fatiana% numbers and ratibrial expres-

sioqsz an expression. ’
- — i
» -
~ ,..~cdan be compared te an éxgrgssicﬂ suth as
( 168 *
y . S

The second case represents what many students may call an\

) ”impPDpPF ?;awtian --one in which the numerator 1s not smaller \
. than thé’d?ﬂﬂminafnf 7
sgé ' In the course of thils section, the student will come to see

7 et case above is "improper' 1n the sense that the
degree of the numerator ls not less thanvthé>§ggfee of the
denominator., . ’ F :

\ Thus, both kindg ol expresslons are gimplified by the same
“process--long divislon.

The sectlon beglns with an explanatlon of long divislon as
repeated subtraction, since this process 1s one oFtén poorly
UﬂdEthDDﬁé!y studenta. Then the procesa 13 ex nded to apply
to the division of one polynomial by anotkez. i;

The fundamental ldea of the section may ve represented Ly
thé followlng property of the system of polynomials:

Let N and D be polynomials with D different
. from the zerc polynomial. Then there exist poly-

nomlals § and R with R of lower degree than
D =uch that N = QE + R.

This property 1s

anialogous to the fgg?awing property of the

system of Integers: - 6‘ -
- Let n and 4 be poslitlve Integers with d .

[aid

different rrom 0. Then there exlst non-negatlve
integers g and ¢ with r less than d such

that n = ad + .
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page 650: 1i-6"
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’ Answefg to Qf;}rgggré;5§§414gég;“page 650:

1. Several ways are' possible, Buch as 1 + %% , 2+ % , etc,

- S n o_ r . 1%2 3

In the form gasae+tg 0gr<a, T_-3+f
N , .
2

)42 7 The dividend is 12,

(1)
()
(nh)
oo(1) -
i ()

2

£ -

]

o
1}
LI et
e

fo I R TS 4 T o
woon
[ ~

T
L%l
]

o R

I

w [

= 2(9) + 0

1. 229 =17(13)8 . 7 s,
_T7g§; 13 + 1%

2. 486 =13(21) + 37 -, 6. 41 =4(10)+1 . o
=2 = 21 + - '

=2 +

P 1
whﬂ o
Olo

B
|=
i
g
+
|H

i . 16" 10
- 131(1) + 61 ST

22
. 192 4R 61 ‘. . 22 . 2
AR EE e

et

O

n
N

u7(i6) + 16, 7 8.

£
-~
Loy)
[
"

= 3(15) + 0
0

;§+ﬁ

‘K—JfI = o=
(51 (SIRR VI

Y

— = 16 + %%

9. If h  iE~the number of hours he walked, then 4h was the
number of miles he walked. - His rate yas %% or 4 miles

per hour.

bs7] £ry

o ry_J
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pa's_és:’ 651-655: 14-6 | .

fld; If x 1s ‘the number of quarters in“each plle; then '
29.75 = 3(.25)x + 2(.25) '
.75x% '

A
E

29.25

25
Y '
29;25(§)/s*
X =39

X

The truth set 18- (39), There were 39 quarters in each:
pile. — E |

~ Answers to Oral Exercises 1hé§é; pages 651-655;
1. (a) 2 , (@) .o
(o) 3 : L (e) -2 -
(e) 1 - (£) 1
2. (a) 8x - (d) 3a
(b) 5x (e) =7
(c) 2a | () 3m?

(a) V—EXE (£) —233 - 3x

i

(b) -y° + 4y’+ 2 ()Y -3y° -y B
(e¢) Ux + 2 (h) 3x + 7 : rxf;
(d) 14x - 2 : (1) o
(e) 7x + 5 (3) -F°+x-4%

pages 655-656:

Answers to Problem Set 14-6b;

1. (a). Exg - 7x -"10 = (5% + 3)(x = 2) + (=4)
7 dividend quotient divisor remainder

2

(b) %2 + 2x° - x + 10 - x +23)(x+3) + 4
dividend quotient divisor remainder

(x

(e) x§;+.éxg + 2x - 1 = (xE + X + 1)(x + 1) + (-2)

o o dividend _ quotient divisbr remainder

1458
15




pages 655-658: 14-6

. 3 hw 7
3 1;,—,2; +2x+1 .2 _ . 2
(a) = =T =X - X+l ey

™

]
'

= dividend: x° - ExE;+ 2x + 1° qugiient: X -x+1
divisor: x -1 - remainder: 2

- R -
y X+ x4+ 3x - 5 2 - .. . -
(p) : i R s
aiyigarz x + 2 " remainder: -3

\e, 1

*

10x - 3
s

By 2

/' dividend: 3x° - 1
divisor: x - 4 - remainder: 5

=3 quotient: 3x 4+ 2

3. (a) x2 7 x° () X x’+:1:»;5
Vo) wd s (e 3§f*“14x -7 A
(e) -5x 3 -Tx + 14 (n) sxf i -31 4+ 2x + 4
(4) 212‘? o 2? (1) 3% ox? - 10x 4 . )

(e) g;gg; -6x* - 3x7 - ox? (1) 2x° ; “7xt 4+ 8x° - 3%°2

Answers to Oral Exercises 1lU-6c; page 658: [

1. 4 1s a factor of n if r 18 zero in the senterce
n ) r
g=atg-

2. (a) x 3 1s a factor since the remainder 18 zero.

(b) x + 3 1s not a factor.since the remainder is one, not

HI

zero. .
(¢) x =1 18 a factor since the remainder is zero.

(d) 14x - 2 1s a factor since the remainder 1s zero.

(e) 2x - 3 18 not a factor. The remainder is 2, not zero,.
(f) X° - 2x -1 1g = factor since the remainder 1s zero.

e

-
&
E\




page

e
3

]

8:658-659: 14

L

-6

+ .

Answer® to lfgpbleﬁi' Set ;uiée;'g pages 658-659:

e
X

&£ x + 2 since (x + 2)(x + 3) = x° + 5% + 6

11.
lgi
13.

*1h,

a8,

xg +. X +1

et

BT ol e

2 = - 36
2x° + 10x + 60 + ;E:ig F

= Exg # EIB + BIE

X + 1

Jjggx-l since U4x® - Ux + 1 =

1

"
”
I

[

[ [V

’ééx--:i)YE; -



paged 660-662 - - -~ .

2B

Answers to Review g%abiéﬁ,get{ pages 65Q=5542

i. © All are rational except in. (1), (J), (k), andgﬂr),
All are palyﬂamialé-giceptwin (h), (1), (1), k), (1),
(m), (n), (o)y and (p). ‘ ' .
The expressions in (b), (q), and (r) are polynomials -
in one variable. N
" The expressions in (a), (b), (c);ss(d), and. (q) are
" polynomials over the integers. ; )
. The expressions in (a), (b), -(c), (d), (&), (r); &)y
‘QE!: .. and. (q) are polynomials ¢ver the ratlonals.
Iﬁe expressions in (a);;t(b); (’3)1 (d), (e), (f), (E)j
(q), amd (r) are polynomials over the reals. 4
2. (a) 3J2 | (£) 642 + 6V/3
() 547 T (e =23
oy T 2 : L
(&) == . (n) V3 a® TR
| x

=

E o
(4). 2V3 - 4 (1) |
(e) lal o oz

3. (8) Bﬁ*‘g ) (d) 5+E‘\/F§=!
(b) 2/3 +1 _ (e) -3
(¢) /3~ 647
b, {a) 3a(l + 2b) . (h) (x+y)(x -y - &)
(b)  (x + y)(¥) (1) 3a°v3(ab® - 2 & 4ap)
(e) 3x(m = 4+ by) *(4) (3a - 2)(2a - 5) -
(d) (x - 6)(x - 5) *(k) 132 - 2)(2a + 5)
(e) (x - 24)(x + 2) (1) 3(4x - 5a)(bx + 5a) . -
(f) prime (m) 2(% - 9)(4a +9)
(8) (a-b)a+b-% *n) (m+n-a)(m+n+a) ,

5. (a) é%% (e) Bguifigffgjé

e

7. (p). gf*éﬁgi v (r) 22
Yoo .
R \F; 7 . ) ,
(ﬂ) 1 A 4 2b - ([,.

3x

L] .
0+ 0le 2m- m 4+ 12
(é) 15b - ] la ‘ (h) 45 m 12

3
175a“b - m® - 4

]
-2x° +

-2x° 4+ B8x
' Tx-3)(x+3) (%-1)

S




§ ‘pages 662-66

6.
N

(b)

(e)

(a)

(e)

7. (a)
| (v)

(©)
(a)
(e}

()

(£}
(g)
()

whiech is

b

3x.

+

W

2% .
A2
h,

W0

2x +
(55) (1)
the set of all numbers (J)
greater théﬁ (é'gﬂ‘ (k)
' (1)
*(n)
*(n)
*(0o)

\

» 'fle

;- rational
iz rational
13 rational

rational

L I . X
+ 3 and

x

[*gsig) o R

[5:;1] _

['7; 2]
(0, § -
ES; 33]
the sét of all gumbgfs equal

to or greater than 8; or
equal to or lees than 2

3

Since the remainder poly- 7
nomlsal is,ﬁct Zero, X = s
is not a factor of B
Exg + x = 20.

[

\

[k
>+
T
—~—

is

P
-



page 664 -

: G50 : o .
11. If the number is* x, then the sentence is x? =0l 4 6x. —
0
0

x° - 6x =91 =0
(x + 7)(x

The truth set is (-7, 13). The number can be: -7 “or it
. ‘E!Jé.

13) =

-

! can be 13. i
L?¥‘ Ir thétsgal;ggfinﬁeger 1s "x, then the next successive
”agintegér iéf X + 1. Thelr reciprocals are %! and ‘xfifi“"

respectively. The sentence is

54 i
+
"
+ -
- |
I
e

56(x + 1) + 56(R = 15(%) (x + 1)
15x° L 97x - 56 = 0 x S
0

.r

—— i . 5

,ihe;tfgth set 1s (?} Slnce the domaln permits omly 1ﬁﬁégers—;‘

‘The first integer 1s 7 and the, second is 8.

If the length of the shorter 1&5213 x feet,
- then the longer leg has Iengfh. 2X 4 2 feet,
The Pythagorean relation applies, resulting
) in the sentence
2x+2 - . ]
- x° + (2x + 2)E
532 + 8x - 155
(5% + 33)(x = 5)

132,

0

0

%

‘The truth set 1s {5] since negative vaTues mugt be excludéé

+

~from the damain, The legs are 5 feet and 12 feet long.
14, 1If the passenger train travels at r miles per hour, then
the Jet travels at 10r 'miles per hour. The sentence is
10r = 120 + 8r.
€0

) I
Since the truth set is (60}, the rate of the passenger
train 1s 60 miles Qéf hour and the rate of the jet is
600 miles per hour. )
b o 'y
w120 .

s

™




pagé 664

15. If n 1s the number of paunﬁs,with nut centers, then

% - n 1s the number of paundé‘ﬁith cream centggsl

The value of the nut centers 1s n(1.40) dollars and of
the>gréams (%0 - n)(1.00) ‘dollars. ~The value of the"
mixture 1s 40(1.10) dollars, so our sentence is

.n(1.4%}\ + (40 - n)(1.00) = 40(1.10). e
; : ' A4on = 4 a
n =10

The truth set is (10}. Thus there should be 10 ﬁaunda
 of nut centers and’ 30 péunds of creams.' |} o
C ¢ A '

16. If the faatef’traiﬁ travels at the rate of x miles per
hour, Eﬁén the slower traln travels at the rate of %ﬁ )
miles per hour:. The distances traveled by thé tfa;ns are

- x(E%)‘ miles and (%1)(3%}' miles, respectively. The

AT

sentence 1s » i;‘

E.

X
I

= 16}2!(%%) »
30,

The truth set.is, (30}. The faster train 1s going at an
average ratef@f 30 mileS’pér hour,. the slower at an

M'm
"

eE

average:rate of 20 wmlles per hour.
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L S_Egest :d Test ;,::
Clasaify the failowing numbers by wrlting the 1etteq which
identifies the number in the spaces prgvided. Some ‘humbers

«m

may fall into more than one glasgéflcatign,
32 15 . .3
(a) JE5-12 ¢ b (e)» -6+ 5 - f%h-i e S

=

2
3’,

w—
Le3
e
Sl o
]
N
It
—
=y
L
(%] I\H\
w

((p) VA 2 >
(c) -gh " (e) */; # _

~(h) " V11 -2

3 _
positive integers - o
integers A . _
ratiéﬁal numbers I S .
real numbers | ———— o
none of the ‘d@bove E,iff¥’:’i, — I
- . v . .

If a ratlonal exppession 1s not a palynomial how doés it

differ from a polyrfomial? ' . .

- % .
Glassify the following expressions by writing the letter '
which identifles the expression 1in the spaces provided. ‘Some

expressions. may fall into more than one classification,
. \»l 7 E

(a) ' (x - N(x+2) . (e) QEE,+1'

. ) 1 3
(¢) vx+1 (g) x4 1] !

(d) é%ﬁ+ %
<6 ,

polynomlals over the lntegers

polynomials over the ratlonal!numbers _ -
polynomlials over the real numbers ; R

rational expressions___ I

none of the above __



&

;4. State the go’nditia’né unider whieh the expresslons .
j}*_l)(;@& 3) an}’ x +1 name the same number.
. . . s ‘ . 4 } < ,
5% Explain what 1s méaht by "simplifying" a rational exp':‘esalaﬂé
6. iSimplify; (in each case 1ndicate the domain of the ;(ar‘iable )
() 5 - =2 (F) Xxl _ _1 -
= 2 R
X + 2 » x24 x ¢ X - 1
3a° | a° - 4 22 _a a® _ 30 . -
() - g At B B e
T ‘53 A a - 1 }a _5— +E _
z -3 z + T -
O (n) g2y . IR
z by
(@) g o
* (‘“\ x* - bx -5 x4+ x
_2 a9 = 1 + i
() a® + 1la - 26 \ (1) X
¢ 2 _\ 2

v. Determine polynomials- q and 'r (with r of lower degree
than x + 1)' such tha\ )

Exge L{x+l-; (x +1)q + r. ¥

8. Determine poiync}mials' g and r-)(w;th r of lower degree.
than the diviaaf) auch that

- Z)x 73( - )+ T
(a) 2 xot g Lo
L“ i *
X =1 _ o
(v) x = 1 9% 3T 1
(c) EAL =g+ 5
+ X + 6

5

A 4 ',
9. Is x + 2 a facjor of x~ + 2% axg+5x+14§ !
Tha? 1s, can ajpolynomial q be found so that

5 b,
L X7+ 2% —-x, + Bx + 1Hf i . . e
S S : q, with. r" 0?)

o wes 134 : ¢

[
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10," Find the truth set of each of the fgfg;wigg sentences.,

(a) (5x=2)(2x +7) =0 (4 f%** 3 =2
(b) 3x° +11x + 6 = 0 LT xR |

L

y - X
3 ‘ (&) gHT+x5T*"

(c) #+7%

= - e
- 1

(]

Solve each of the following prablgmiz
' kN

-(a) ‘Two trains 400 feet apaf@iareiappraaehing each other

~.—-on the same track: One is traveling ‘70 feet per
- second and the‘éﬁgéf is going 90 feet per second.
After“hiow'much time will the trains collide? '

(b)gjgssénqcl‘dance camm;ttéé has an assortment of c?ndy bars

' ;.igd'beisald at 10¢ each and twice as many cups of

/fsaft drink to be sold at 15¢ .each. The, total i ncome

- from the affair, including $177 for tilckets, was

$313 _ after selling out all refreshments. How many jj‘

(¢) If the committee in part (b) made a profit of 60%
of cost, what was their profit for the evening and how
much did the dance cost?

E

Answers Egr§ggggst§§ Test Items

1. positive integers (c), (d), (g), (h)
integers (a), (¢), (d), (¢), (f), (g), (h) - = ©od
rational numbers (a), (c), (d), (e), (f), (&),«(n)
real numbers (a), (b), (c), (d), (e), (f), (&), (h)
none of the above (i) ' f5é=f’ .

"2. If a rational expression i1s not a polynomial expression,
then 1t involves an indicated divisignﬁ

\\ N O &

r"s

467




e

3. polynomials over the ;kiegers (a)

bz (x + 3)

polynomials over the rational, numbers (a), (b)-
polynomials over the real numbers (a), (b)), (e)
_rationsl exprensions (a), (b), (a), (e), (i)
" "ngﬁé'ﬁaf_the above (c), (g) .
, .
and x + 1 name the same number if x 1is

X+ 3
different from

3. “ - ~

=

5...."Simplifying! a ratlonal expression means (:vrit;gs_iibs_m,wm
rational expression as an indicated quotient of two poly-
nomlials which do not have common factors.

6. (a) x4+ 7 (domain: x # -2)
(b) &2 | (domain: a 42, a o)

, (domain: jz #0) - .

, (domain: x £0, x £ -1, x #£5)

‘a () 22313 ' (domain: a £ 3, a#2) __
(f) —=—=—-, (domain: x £ 1, x £ 0)
- x

(g) é%i , (domain: a # 1, af -1, a#hih)

“(h) i{ (doméin:. b £71, b#O0)

(1) %,'(dcmaih: X £0, x#-1)

-
+
—
o~
™
£
]
1
ot
+
~]
—

I
o
+
™ A




qg) r = 0; therefore, x + 2 13 a factor of

— x- + 234 - xE + 5x + 14

11. (a) Each train will travel t seconds beforpe the collision.
The sentence 18 70t + 90t 4o0. ‘ .
160t koo
t =3
The truth set is (2). The trains will colllde after
2% seconds.

(p) If n 1is the number of candy bars sold and 2n 1s the
number of cups of g6Ft drink sold, the sale of the candy
bars amounted to .10n dollars and the sale of the
cups of soft drink amounted to .15(2n) dollars. The
income from the refreshments was “$136. So the sentence
is L ;

- il?n + .30n = 136,

. " Li4n = 136

C 340

The truth set is {340}. Therefore, 340 candy bars

't were sold and 680 cups of soft drink were sold.

S




(c)

sentence 1s n + .6 n

= "‘— “i N ‘ ,, 4
The dance cost n dg}larsg Thercommittee made:a profit

of .60n. Total income from the affair was $313. The

313
313
n = 195.625
The truth set i1s (195.625).. Therefore, the profit:was.
$117.33 and the cost was $195.62 ,

1.6n

L ]

¥

136

o™

hro
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Aruitoxt provided by Eic:

e _ ' Chapter 15

ETS OF OPEN SENTENCES

TRUTH

L

. In this chapter we take a more careful look at the process of
finding the truth set of a sentence. By developing a theory of
eguivalent equatlions and>5quivalent inéquéliﬁiés, we are able to
determine when a new sentence has the same truth set as the
original sentence without having to check in the original sentence.

. Speclal attention is focused on the domaln of the variable
as détérmineé by the form of the original sentence under consider-
ation. We reestablish the conventlion that unless otherwilse
indicated the domain of the variable for each sentence will be
the set of all real numbers for which that sentence has meaning.

Alertness should be developed for the possibllity of a zero
denominator for certaln real valueg of the varlable.

Background material on open=senﬁéncés and equilvalent
sentences will be found in.Studles in Mathematlcs, Volume III,
Sections 6.8 - 6.16,

1531. Equivalent Open Sentences.

‘.t THe important concept being emphasized here i3 an under-
Qténding of why sentences are equivalenﬁ. If your students have
any trouble with the technique of decliding igii to do to a
sentence to obtaln a simpler sentence, you may want to polnt out
how an indlcated addition can be "undone" by adding the oppoaite
‘(as in adding (-y - 7) 1in the second example) and an indlcated
multiplication can be "undone" by multiplying by the reclprocal
(as in multiplying by % in the first example).

The number Zzero pléys a prominent role throughout the
chapter. At the outset the student should be fully awafe that
zero has no reciprocal, hence multiplication by zero is not a
reveralble step.

)
S
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Aruitoxt provided by Eic:

pages 668-669: 15-1

Answers to Oral Exeprclses 15-la; page 668: ' ;

1.

Answers to Problem Set 15-la;

(a) adding -6

(a)
(b)
(c)
(d)

adding 10

multliplylng by

adding -

]

i

(f) multiplying by

i =

JAg) adding (x + 6)

(h) multiplying by 10

u”_ﬂl e

oo LS

(1) multiplyiﬁg by -

adding (=y - 7) (J) adding -w

(H}-
(1}
{2}
(3)

pages 668-§70:

i)

A

1.

i

W]

(
(b
(c)
(d)

)
)
(a)

(b)

&

(2} ; (2]
(-2) ; (38
(61 ; (6}
(3} 5 (W)

it
il
=

T,

3x -

4=

o
it
-
I

e
ot
+
\ﬂ

]
[N

\1\
fas
+
\J
1
O

]

4

"

Yes, they are equivalent.
No, they are not equivalent.

Yes, they are equivalent,.

.No, they are not equivalent.

add B to each sidé¥to obtain
3% = 20
add (-8) to each alde to obtain

3x - H =12

multiply both sides by % to obtaln

multiply both sides by % to obtaln
add (-2t) to each aide to obtain
7t + 7 =0 )
add 2t to each alide to oétain




-
W
I
=

page 669:

(d) 7x - 2 = 3x + 5 add (=3x) to each side to obtailn

. x - 2 =5

3x to each side to obtain

(o

bx - 2 =5 add

&
¥ Jx - 2 =53x + 5

B

(e) 3 +5 =3t + 5 add (=5) to each side and then
. multiply by = to obtaln 2 = 2t

ol
4+
¥z
[
"o
ot
+
W1

o (f) Zh-1=n multiply each side by % to obtain
i ' 3h - 4 = Ln

ach side by % to obtaln

P -1 =

() % + % = % - % multiply each alde bjrgmpa obtain

s
i
—

kK +2 =2

k+2 =2k -1 multiply eagh silde by % to obtain
} 1

“(h) 3x° = 27 multiply each side by % to obtaln
3 - . .
- XL = g i

X =9 mu
3x° = 27

tlply each slde by 3 to obtaln

M =

(1) 1% + n = 25 + 3n add (-13 - n) to ‘each slde to
obtain 1 = 12 + 2n
add (13 + n) to each side to

obtaln " + n = 25 4 3n

ot
1]
u__li
X
+
[N
o

%, Where the sentences are eqgulvalent, only one of the glven.
solutions 1s necessary. Both are included slnce one could

start with elther sentence.

(a) 2X = ;[E’ x =6
(F)ex = 3(12) (2)x = (2)6
' ox = 12

It
i

x =6 . 2x =

They are equivalent.

W7

ERIC

Aruitoxt provided by Eic:



(b) 12 + 3r. = 5n °f l2 =2n |
! 12 + 3n + (=3n) = 5n + (-%n) 12 + (3n) = 2n + (3n)
12 = 2n 12 + 2n,= 5n
They are equivalent? ‘
(e) 5y - 4 =3y + 8
5y = b+ (3y + 4) =3y + 8+ (-3y + 1)
' 2y = 12 :
1. - o
(Fey = 3(12)
y =6
# y = 6
(2)y-="(2)6
2y = 12 -
-] 1 R
j 2y + (3y -.4) =12 + (3y - 4)
! By = b =3y + 8
They are equivalent.
(d) 73 = 53 = 12 3 =6
28 = 12 - (2)s = (2)6
(Ly2s = 1(12) 28 =12
s =6
‘They are equivalent.
(e) 3X + 9 = 2x = 7x - 12 .. } * % =X
3 + 9 = 2x + (12 - x) = 7x - 12 +‘}12 = x)
.21 = 6x°
- 1~
(F)e1 = (g)6x
v
R

They are not equilvalent since the truth set of the
first sentence 1s {%} while the truth set of the second
sentence 1s [%]. B '

b7k

. R v l Li“"
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Aruitoxt provided by Eic:

-

sentence

2x“. 4+ 4 =10
= 10
ox~ = 6

=]
=

. .

(F)ex® = (3)6

X = 37'

They are not .equivalent. 2 .18 a

sentence

)

th . /(a)

\(b)
(c)
(d)

Wl

2

2x% 4+ 4 =10,

equivalent (e)

equivalent = (f)

equlivalent (g)

equivaléﬂ% (h)

(2}
(2)
{-1)
(1}

(o)

(6}

§

.£equivalent
equivalent
equivalent

equivalent

truth number of the

x© = but it 1s not a truth number éf;the

Note: (g) :ma§ be

questioned by the

out operations on the
~second sentence does

not appear to produce

the first sentence.

Remind him that

(-1)0 =-(-1)(2x - x°)

does produce
2

0= x - 2X.

o/
{15]

(e)
(h)  (15)
(1) ()
()
(1)
(1)

0T

{9)
(-3}
1). (80}

Page 670. ‘Here we warn the student ?f the hazards of mgltipilJ*

catlon by an expressalon containing the variable. In the {irst-

example the multipller has a zero denominator when x = 3, and 1n

the second the multipller becomes zero for

the truth

s altered.

wrsd

W

0. 1In both .cases

]
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equlvalgnce. The {1

invelving the "loas" of

The general purpose of this section

student agalnst the type of manipulation

e}

a truth value.~

]

1s to cautlon the

which falls to preserve

st example 1llubtfadkes a more serlous danger

In most éituations-ihe

student can redeem the sltuation by checkling, but in this case

the missing element may be gone forever.

solving such problems ls glven latepr.

An

swers to Oral Exerclses 15-1b; pape 573: '

1.

o

They are equivalent, because the second sentence can be
s

obtalned from the firstiby multiplyil
Since” "multiplying each sjde by 3" i
it guarantees that the rew séntence

first.

3l = 11

1awer 'yes

i
o

One could also z

Dl
T
P

truth sets of the two sentenc a
are 1lmportant but In thils chapter we

firsat.

They are not equlvalent. The truth
=l

while the truth set for x° = Ex 1=

sentence can be obftalned {rom the 1

sldes of the f{first by but thnis

3

A "safe" method for

heg each slde
s a reversiblé step,
ls equlvalent to the

on the basis that the

the same, Both reasons

x =3 1s ({3}

The zecond

zet for

(0, 3.
rst by multiplylng both '
Stép‘daés not guaraﬁé&g

X
equivalence unless x 1s a non-zZero real number (that 1s,

zero excluded from the domaln). 3Sin
1

equlvalence

3 not guaran

the truth zets.

They are equlvalent, £
flrst by multiplylng both,slde
They are equlvalent.
They are not equivalent. sec
from the flirst by multliplylng both s

not a real numbgr for gvery x,

guaranteed. The truth sets are (0,

ce X ¢an be zero in

teed. Thus we look at

i

nd can be aobtalned from the

real numbér'(%),

obtalned

1 1ls

équivaleﬁce 1s n

1} and [1}. .
L



*pages 673;675: 15-1

6. They are not equivalent; the truth set for t =1 1is- (1])°
while the truth set for t© =t 1s {o, 1}. -

7. They are not equlvalent; the truth set for m" =m 1s
{0, 1) while the truth set for m =1 1s ({1},

. - Aoy i K
8. They are not equivaleht; thé)truth set, for
5(y - 1) =y(y -1) 1s (5, 1) but the truth set for
5=y 1s (5].
9. They are not equivalent; the truth set for E =m 1lsa
but the truth set for 6(m - 1) = m(m - 1) 1s (6, 1}.

s

(6]

10. They are not équivalent; the truth set for x(x + 1) 0

18 {0, -1) but the truth set for x + 1 = D(%) 1g, (-1].

-~
LT

£ -
Anawers to Problem Set 15-1b; pages © 3-675:

1. (L) The phrase is zero, (11) The phrase is not a real
. ’ number,
V' (a) if x 1is 3 never
(b) 1f y 1is (-4) ‘never
(¢) never ) 1t
Yo(a) 'never if h 1is
(e) 1f> x 1s O ' _ never ) ,
(f) 1f t 1s 3 '
(g) never 1f t 18 (-1) or O .
(h) never 4 1f x 1s 1 or (-1)

oo

v]
[
-,
Tl

never

2. ;\ﬁﬁ) (zero) (11) (not a real number) ‘(i11i) (a non-zero
‘ | real number)
4 no

(a) 1fy -
() 1if x
(¢) no ’ no . yes
(d) 1if x 1is

~(e) no if y is

(s (f) no _ no yes

(g) 1if x 18 1, 2, or 3 no no

-
[o:]

1 T
)
]

g G i no . no

ped
o
‘B<
o
o

i
ju]
I

ERIC

Aruitoxt provided by Eic:



pages 674-675: 15-1

3.

ERIC

Aruitoxt provided by Eic:

(a)
(b)
(c)

(d)

(e)

(f)

(a)

(p)

(¢)

N 48
[ . B
- =

2x + 3 = x + 5 The sentences are equivalent since

X + 3 18 a real number for every X.

12 4x The sentences are equivalent since

B

4 13 a real number.

The sentences are equivalent since

™
)

1
o

[/
Ry

+
W]

y =2 18 a real number fgr\gvery Y.

The sentences are not equivaient‘

£
[]
£

since the truth set of x =1 18
(1) while the truth set of x2 = x-
18 {0, 1}. This "happened" because
we multiplled each side by an
eipressié% that 1s not a non-zZero
real number for every value of the
varlable.
W - 3w =0 The sentences arg not equlvalent

since the truth set of w = 0 1s
{0} and the truth set of we - 3w=0

o 1s {3, 0}.+ We multiplied by (w - 3)

‘ which i1s not a non-zero real number

for every value of the variable.

The sentences are not équivalent

e
"“ﬂ*\ M

+

Lo
k]

[}
W
-

slnce the truth set of x = 10 1s
[%D] but the truth set of
%;'* 3x = 5% 1is [é; 10}. Wes
multlplied by an expression which
13 not 2 non-zero real number for
every value of x.

F 3
This might not yield an equivalent sentence. x - 1 ~

13 not a non-zero real number for all values of x.
We must multiply by a non-zero real number to guarantee
equlvalent sentences.

Thls always ylelds an eq 'alent ‘sentence, édding any

n
real number produces equ. .jent dentences,

?his mi%ht not yleld an equivalent sentence. X 138 nost

a non-zers number for all values of x.

\ o ) 478
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Aruitoxt provided by Eic:

S

pages 679-677: 15-1

(d) This might not yield an equivalent sentence. 5=

I
y¥]
e
e
P

s not a real number for all values

(e) " This might not yleld an equlvalent sentence. - 1s not®

>

:" _ - S -
a real number for all values of x.

&7

(f) This might not yleld an equlvalent sentence.

e
[l
b
o
iz
ot

. a real number/for all values of Xx.

(a) (3]

(b) (0, 2]}

(¢) (0, 3) (h
(d)

(e)

W

(0, 4)
(5) O

We now glve maré careful conslderatlion to the questlon o

=

the

b

domain of the variable. The student may need some reinforcement

eg

at thils point on the concept of certaln values of the variable
being excluded by the form.of the sentence. For example, any et
value of x for which a denomlnator becomes zero must be
excluded. If we raé%rict the.domain throughout a problem, and
multiply only by gquantities which are defined and are non-zero
f@f every value of the variable in this restrlcted domain, we
: It must

always be borne in mind that In this process any new sentence

can be sure of @btainfﬁg an equivalent sentence.

must be thought of as having the same domain for the variables

as the original sentence. For thls reason the student 1s

urged to accompany his final statement with a statement about
the domaln,

In the example glven, the accompanylng statement about the
domaln might have seemed superflucus 1ln the flrst two cases,
since the truth sets of the 'final sentence did not contaln

luded values of the variable,

However in the last case, W

m

saw that the expldclt
definition of domain was of major importance. It was only
through this that we could conclude that our solutlon was the

empty set,

2
]
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pages 677-68G:

Notice: the truth set of
- the sentence, K
The teacher may want

"x =

(Domain:

Xx =k 13 [k], but. the truth set of
x A k)" 18 o

to .point out that a statement about

the domain, whether ex;l;fit or implled i3 to be construed as

easentlal to the full meaning of the sentence.

Thus, truth

sets are determined in part by domains.

Answers to

)

page 679:

2

(a)
(b)"
(c)

#
# 0

all real numbersa

1. X

m

(2) .Multiplylng each

from the domain,
number and hence

(b) Multiplylng each

R
" (c))
o (EJ

Multiplying each

Adding (-2x - 5)

Answers to

»

for we have multiplied b_y‘)\%

preservéd by adding a real

q?!QxCl'?'-l; ?(—Ei

all real numbers
x£1, x # 2

side by x. Since zero is excluded

we have multipllied by a non-zero real
equlvalence 18 preserved,

slde by Equivalence 13 preserved
non-zero real number.

side by (x - 2). Equlvalence is

preserved by multiplying by a non-zero real number,

to each slde. Equivalence 1is
h

=

number.

iy

m;

o]

1. (a)_ X = 2
. (b) = -1 )

-

(c)

real numbers

[ih]

5

t A

0
C,

O

ERIC

Aruitoxt provided by Eic:

]

-1

real number

L 1 B O 9
— o —
i

——

a

for all values of x.
Yy #3
k £ 0,

m ¥ O,

1

k # 1
m ¥ -5

-
o !



pages 680-682:  15-1

3. (a) Multlply each side by (5 + m) which 1is a non-zero real
number for all valuyes of the variable in the domain.

(b) Multlply each side by (v - 1)(y - 2) which is a ~
non-zero real number since y ¥ 1, y # 2.
(¢) Multiply each side by |x| which is a non-zero real

. numgsﬂaginée x #£0.°

(d) Using the multiplicatlon property of one:

~ i‘g)(f51=3)’= 1 (domain x # 2, x # 3)

|
|
|
|
]
i

— = ]

The secénd sentence, thus, 13 equivalent- to §%e first
. since x # 2,,x # 3. ’

boo(a) () (d)
(b) (3) (e)
) (¢) (-2 . (r)

5. (a) (4} (4) (5)
(p) # 7 (e) (8] o

. /

= £

o 3 B 3 I
Page 5“53 £ 7 7 7
Attentlon - here ls called to the fact that some ratlonal

expresasions such as .!2?l§§§ are defined for all values of x
' x0 + 1
even though the varlable appears In the denomlinatcr. In the

second example the way 13 prepared for use of an L.C.D. 1in
solving equations involving fractions.

Usually in order to simplify a fractional equation weg
multiply by an expreasfon that 1s a product of factors of the
denominators in the equation. This expression may not be a.
norrezero real number and we have been warned that this may not

glve aﬁ%eguivalegt equatlon., We find, however, that we can

ERIC

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

/
({

avold trouble if we are careful to exclude’?f@m the domain of

the varlable the valueS\which make the multiplier zero; so wWe

must be careful to exclude valua; of the variable which make

requlre that x ¥ 0 and x ¥ 1.

?ny one of the denominators zero. Thus in T 71

Answers to Oral Exerclses 15-1d; page

Domain
Domain

T
[

Domain

S

. Domailn

-

Domaln

W
) (1w
_— e e~

o
e Oy
oot
“H, “H
I
s
oot

Domain

o}
L}
o
=

Domain

i
ct

bomain

iy
()
3

Domain

2D T =

Domain

AN VA N AN N Nt

[ R T R R S V- S,

'S
Ll
b2

1]

[
pomt
b
-
"

1 1

we

Answers to Problem Set 15-1d; pages\H83-684:

, \

1. (a) o0, (- = (d)
(b) no ?ésﬁrlcziansj (60} (e)
Lde) o/ (o) TS
(a) o, {&)
(b) 0, (&) | (e)

(e¢) ©,. (-2} (r)

\I:’y::h

L
—
e
"

i
——
I
ot

3. (a) no restrictlons, (3] (e)
} (f)
B EERENEY | (8)

'

(d) no restrictlidns, {2)

P~

(p) 1 and 3,7 |

0 and 3, (5)

0 and 1, &

L=

no restrictions, -

}
N
all real numbers except O
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Aruitoxt provided by Eic:

. (a) -1 and 0,  (-7) (e) -1, ¢

/

r (b) -2 agd 1, * (-1} (r) 5, #

(¢) nc restrictions, {= §] (g) no restrictions, #&

(d) no restrictions, {3}

15-2, Equations Involving Factored Expressions. | .

The keys to thls sectlon are the two statements relatlve
to the number zero. These establlish ™% ind of reverslbllity in
the reasoning processa. We can say ' '

1) I x -3 =0orx+ 2 = 0, then (x -3)(x + 2)

2) If (x - 3)(x+2) =0, thenx =3 =0o0rx + 2 = 0.

)

This enables us to conclude that the sentence 1in factored
form, (x - 3)(x + 2) = 0, 1s equivalent to the compound
sentence x - 3 =0 or x + 2 = 0. A review of truth sets of

\\&\éampeﬁnd sentences 1s in order here.

Aa 1in previous situations, the assoclatlve law gives us the
right to extend a bilnary principle to an expression invelving
more than ﬁwq‘facﬁarsé The teacher, however, may not wish to
make too much of this, slnce most students will prabasly make
the extensglon intultlvely. '
| g

to Oral Exerclses 15-2a; pages 685-686;

firat and third are true when x = -3,

The second and third are true when x = 4,

2. For (x + 3)(x - 4) = 0 to be true 1t 1s required that
x+ 3=0 ofF x - 4=0. If x 1is 5, thls condition
© . 1s not satisfled, sv (x + 3)(x - 4) = 0 must be false,

3. (-3); (%)

S
NS
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J

1i

A°

s

(a)
(b)
(c)

. '(a)

(b)
(c)

(a)
(v)

(e)

(a)

(p)
(c)
(a)
(b)

(c)

[3; ’l}
(6)

f%x 61]
()

{0, 1]

[D; -1, l}
(o, %x - %}
[E; El}
{11, =11}

Domain:
Domain:

Domain:

(ﬁ) [1: ‘l}
(é) (O} '3]
(r) (1}

(d) ;‘%; E§]
(e) (% -1, 1]

(0) (3 1)

(d) {1; ﬁlg
(E) [l; -1,
(r)y ¢

e
L}

&
~
A
-



7. Let x represent the integer we are seeking.
The open sentence for this problem 1is

bl
[

% (domain: all,integers except zero)

Egés
0 =x -4
0= (x - 2)(x + 2)

[2; ‘E] i
The integers are 2 arfd -2.

8. If n represents the integer, the open sentence we write is’
i o .1 10 o . e )

n o+ o= = (domain: all integers except zero)

Eng + 3 = 10n

3n° - 10n + 3 = 0

(3n - 1)§n's 3) = 0 (domain:. all integers except zero)
Truth set: (3} Note: % 1s not in the domain.
The integer 1z 3.

9. (a) If q represents the rate of the current in miles per
hour, 15+ q 13 the rate 1in mliles per hour of the
boat golng downstream and 15 - g 1s the rate in
miles per hour of the boat golng upatream,

The open sentence 1s e »l §gﬁﬁ
120 _ _ 60
. 15+q 15 - q
(b) The domain i3 the Sétzﬁfgall non-negatlive real numbers

except 15,
(¢) (5]

The rate of the current 1s 5 mlles per hour.

15,
485
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pages 687-689: 15-2

10. (a) If b representd the circumference in feet of the
back wheel, b - 3 1s the clrcumference in feet of
- the front wheel, then the Dggggsenﬁence is
= SQ = Q _
b - 3 b -
(b) The domain 1s the set of all positive real numbers
- greater timan 3.

(c) (9]

The circumference of the back wheel is 9 Afeet and
the circumference of the front wheel is 6 feet.

e

Page 688. ‘%\

on sentences which wlll not necessarily yleld equivalent
}sentengeai A common temptatien is to eliminate a factor which
Wwe see in every term by multiplying by its reciprocal. As
polnted out before, 1f the rediprocal is not a real number—if
its‘denGminanr is zero for some X, -= this may cause trouble.
We repeat an eariie;?exampie showing this, and follow with
‘an alternative procedure involving addition, which does greserve
equivalence, This 13 a g@gd'time to point up again the fact
that addition of a gquantity which may become zero for some
value of the yarlable is perfectly safe, whITe multiplication
i1s not. Onde agaln the equivalence of a sentence in factored
form:with a compound sentence involving the connective "or"
1s 1llustrated.

Answers to Oral Exerclses 15-2b; page 589:

1. x° = x =0

ik



pages 689-690: 15-2

6. z(z - 1) -2(z -1) =0,

Y {z -2z -1) =0 |
are each equivalent to the - ) e
.glven sentence. R

7. (£ -3)(t+1)=0

8. (t+2-2)(t+2)=o0,
t(t+2)=0 s
are each equivalent to the glven sentence.

9. (x-3)(1 -x)=0

10. (1 ,
(1 -y - 5)2
(-y - 4)(1 -y) =0 g
are each equivalent to the given sentence.

[]
“
L
.
— w

Answers to Problem Set 15-2b; éagea SBQGSQD:
1. (a) (o, 3) (@) (o, -9}

(b) (o, -5) (e) (2, 1)
(c) (0, ¥) . (f) (5, -1)

M

(a) (0,4) (a) (5, 1)

() (0, 5) () (o, )
() (£) (0, %)

3. (a)" (o,

——
=
e
Py =
—

. I

?! = _3_’

3

(@) EL}:J or (

() (o,

(o)
b (a) : @ (3w
(b) (-2, -1) (&) (2)

(c) (o, 3) () (o, -3, %)

(e) (2]
(r) (

[ea—

—

i

L]

o own
Mot

p—
mof =
3

=
e
Nt
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'hp!gaa 6p0-692: 15-2 and 15-3 ; A
‘fi '

5. If d represents the number, then the:open sentence
== : " : :

~1is 4% = 44,

N

: a° - 4d =0 |
. . d(d - 4) = 0 ‘ . - j
(0’4] - .
The numbers are -0 and 4.

6. If ¢ represents the integer, ¢ + 1 1s its successor
and 6(c +1) 1s six times its successor, then the
open sentence 1s '

cfe +1) = 6(c + 1)
c(e + 1) = 6(c + 1)(domain, all positive integers)
cgsf;‘icsSa@*
(c = 6)(e +1) =0
{(6,) Note: -1 is not in the domain of the
The integer is 6, variable.

The successor 1s 7.

i

Squaring.

Basic to the disucssion of solving sentences by squaring
1s the notion that implication in this case 1s a "one way street.'
Ve can confldently assert that If a = b, then 1t must follow
that ag = bg. The reverse, however, 1is definitely not true. We
cannot say that ir ag = bg, then a must be equal to b. It is
easy to furnish a counter example such as

(-3)% = (3)% but -3 A 3.

y

It is apparent that squaring both sides of an equation
usually doesz not yleld an equivalent equation. However, in solv-
ing certain equations involving square roots or absolute values
1t may be necessary or dealrable to square both sldes. We do so,
truth set for the new eqon. We must therefore teat the
membera of this truth set to find which ones really make the
original equation true, '

481 ;i
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v " Y A . v
pages 693 694 15-3 . v- R ij o
_! The pgint is d;§elaped that ‘the nevw truth sets,will always
contain the elements of the- truth set ol the ar;ginal sentence. _
~fhat 1is,. nothing will be lost'in the process, but so-called ‘extra
edéments may have been added as a result of the sguaring pfocess
- These are gc@etimeg referred to as "extraneous roots,"
gswﬁa to Oral Exercises 15-3; page 694: ’
W i 6. (49)
2. (1) o 7. (6)
. (5 8. ()
b, (20) 9. () L
5. *[5@]\ L . (g
Answers to Pfgﬁ;ém Set 15-3; pages 694-695:
1. (a) (9] S (a) (W) ’ ;
(b) ~ (8) (e) (2]
(¢) (1} ' (f) ¢
2. (a) (4] (@) ¢
(b) (5]} (e) (1)
(¢) (f5) C () (83)
3. (a) (9} (a) (1)
(v) (0,-1} ‘ ©o(e) (-1,5)
(c) (0} (£) (1,-7)
4, (a) {%] i (a) &
(p) (3, =3)] (e)
(c) (1) () g

With regard to this set of problems 1t should be pointed
ocout to the student that chéckling his answers 18 absoclutely
neceasary. It 1s more than juat a Safeguagd agalnst

arlthmetical error.



" page 695: 15-3 and 15-4 Y

: - 5,
~ 4 o, i

5 T

f £ * *
5.. If :x represents i@s nimberjpthen the open sentence 18

";/1'3 x - 12 . .
/ Square both sides., o T
o 7 1;3{?—241+14u ’

0 = x° - 25% + 144 : .

w

t

0 = (x/- 16)(x - 9). Truth’set of new sentenee: iié, 9}
Check: 16 = 16'-12; JI# 9 - 12 |
The truth set of the ar;ginal aedﬁencef (16)
i& “ The number -is 16, . i | )
6. If m represents the number, thenxthé apén sentence 18
m+ |mf = 8. *
fml

. m° = 64 - 16m + m

]
Lo -4]
]
3

- 16m =

1]
on
e

m= 4 Truth set of this sentence: [(4)
Check in the original sentence: & + |4| = 8,
Hence the truth set is (4}.
The number 1s 4,
7. If d represents a number, then the open sentence 1s

a+ |aj

Q : L ]
fal = -d
all non-poaltive real numbers

The number is any negative number or zero.

15-4. Equivalent Inequalitles.

'This aectlon hlghlights the simlilarity between the notiloen
of equivalence with respect to equations and equivalence with
respect to inequalities. In thils connection a review of the
propertles gf order in Chapter 9 i3 éipéd?%nti Special

1

49@
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Sttentian shauld be rgauaed on the fact that multiplication by
a negative réal number reverses the order of the inequality

_ 'Students may experlence SDmE diff%culty at firat in
daaiiﬂg with the axmbala <, > +# £ . It should be carefully
e;plained bhat tggre re—~twWwo ways to indicate a reversal of ordgr
mple, if we start with g

For ex'

' L

?g x < 3 -~ : “;

and wve want to multiply b’thﬁ
new sentence as -

)

sides by -2, we can write the

(-2)(3) < -2x / L

o
e |
o
[

"

" . -Ex >(-2)(3)

In the first way, the two members of the Eentence are inter—
changed with the order symbol remaining fixed. In the other
- Wdy, the members were left fixed and the symbol changed. It
may be well to let the student select whichever method comes
most naturally to him,

e

Answers to Oral Exercises 15-4; page 59%;

1. (a) A1l real mumbers greater than 5

(b) All real numbers less than 4

(¢) A1l real numbers greater than or equal to -10
(d) All real numbers less than or eéual to -6
(e) A1l real numbers greater than 6

(f) A1l real numégfg less than or equal to
() A1l real numbers less than 3 '

(h) A1l real numbers greater than 4

(TY 411 real numbers greater than or equal to #
(J) All real numbers greater than -7

=~

Answers to Problem Set 15-4; pages 6399-700:

‘1. (a) x <27
' 211 real numbers less than 27

() t =31 \
all real numbéfs?gfeatef than 31

491 l S}'!
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 pides 699-700:

z

-~ (v)

(c)

(d)
(e)
(£)
(a)
(b)
(<)
(a)
(e)
(f)
(a)
(b)
(e)
(a)
(e)
(r)

a)

e
- E

15-4

y< -9
all real numbers

11 < x

all real numbers

2

oM
W

real:-numbers

§
real numbers

b
v

all
all real mu’ﬁbers
all
all

real rumbers
reay numbers

al;‘real ngmbegsj

all -peal” nnmﬁé"s
a%ﬂbrﬁal numbers

all real numbers’

o<m<9

all, numbers lezs
¢

all real numbers
0<x< 3

all real numbers

all real numbers
real numbers

real numbers

]
)
-

negative real

g

greater than

greaEEf than -

: 4 ¢
‘less than -9
greater than 11 -~
greater than 2 '* ?
- - .
greater th%n 3
greater than 2
less than 2
less than (-2)
greater than (-7)
: s .

greater than %
less than (-9)

less than {12

‘than (-6)

greater than -1

=

ny &

greater than
le

ss than 8

mafn

i
numbers greater than -2

o
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" pages 701-702 ; L R ]

Cge oo 7T ,{f e L
Answers to Review Problem Set; pages 70T-703: -

:»F -iﬁ

1. (1) | ©o18.  [-1})
2. {y} ; - 19.° all real numbers less
3. (3 . ~than £
4, (3) ; o 200 (-2) s
) con . o 3 5,
sotha o am
5. [4;91 | 22. [‘3]
7. (6,-6} 23, all real numbers
8. .(-48) . 24, all real numbers greater
9, (0,1} : than -2 E -
- 7 E - i P
0. (3,-2) 25: [-8,-3).
11. All real numbers greater 20 (8} |
27- [D; g] V %

than 2 -
28. all real numbers greater

o 1 .
12, (5] than 12 ‘

/ 13. All real numbers greater 29. (3, -3}
- thaﬁ% ' 30.  [=4)
14, (-3) S . g
15, (35) 32. all non-positive real
16, ¢

1?i [!B

numbers
} : 33. all real numbers s except (-1)
34, (1}

the denominator,

[ 4]

35. If x ©repre
. X =7
then =

[
T
o
LM ot

4

{21)
The numerator Is 14. The denominaton 1s 21.

36, If q represents the average rate 1n mlles per hour
; o thaen 120 200
he rat tri then — = ———,
on the first P, a 3+ 10

{30}
The average rate was 30 miles per hour.




-
. pages ?G2;7d3

' 37. If T arepresents the numﬁer,
s - S - =
‘then — E(P + 3).

N © (-18) ‘
oo The nymbexr is -18. )

38, If c \represents the integer,
tnen s = 2

/
(9} 7 : ’ ]
Y the integer is 9 ’
3§i; If x 1s the number T hours each- boy works ,
j X, X _ - ~ !
then = + 5= 1, /
10y
[ﬁé}
i1t will take the boys 7— haurg to do the Job.
40, If s represents the number;

3 -
then sT5 5
(-

\Fu

)

Tne number is (-f).

\mPﬂ

=
[

If y reprcsents the number,
: 3
then Z - %% = -1,
v
["':3;_')!‘]
The number is (-3) or (-4).
ha, Ir ¢ fepr’;ént the number of students in each row,
= 90,
{15 } +(Sinze t > 0)
There are 6 rows, (3ince (t - 9) represents the

e
s
[
=
o+
—
it
!
(%]
R
!
l,£|

number ol rows,)

4z, If 4 réprsSénta the number,
then 2 + |d] > 6,
a3

The number is any real number greater than 3.
x

gy

164




page 703

by, If h represer?tg the number,

4

495

then % = o, )
(6, -6} E
T™e number 1is -6,
.Ll‘sil i 1 — ———
. -2 0 4
46 = — —+ —
-5 0
g?l S * .- -
-3, 0
48, + + - * B
| -2 0 3
b9, —— == - -
® D ls
50. N L -
. -2 0
51 re— - —— -
=5 0
1¢,



Suggested Test Items S
, _ - .
1. When solvirg equations, which of the following steps will

/giways preserve equivalence?-
‘(a) add 6 to each side; domailn, all real numbexs
- (b)  multiply each side by. x; domain, all real’niﬁb&:ﬂk
(c) multiply each side by w—=—y; domain, x # 1 o
() add % to each side; domain, x # O :
(e) add -2x + 5 to each side§;aama;n, x#£0
(f) square both sides; domain, all real numbers
(g) multiply each side by x - '3; domain, all real numbers
(n) . multiply each side by fi—g domain, x ¥ 2
2. For each of the expressions, give thé restrictions on the
domain such that each expression will be a real number for .
every value of x 1in the domain. &

(a) 1.,
(E) ?(X - 3)

’ x - 3
() =TI =2
(e) x - 3 (f) (x - 2)(x + 1)

A
3, Glve the restrictions on the domain such that each expression
will be a non-zero real number for every value of y in the

domain.

(a) (@) (y - 3)

y:% ]
1 vy =3
®) ym=17 ) T2
(¢c) y-3 (£) (v -2)(y +1)

496




R
. ' -
4. Por each palr of sentences, determine whether the two
sentences are equivalent and give a reason for your
conclusion.

»(a)_’33+5=8!‘ xz.’g
T & =0, x=o2-

(e) ,le +1=14 x*-9=0

]
Liv]

w
il
L]

(g) x(x - 3) + 3(x - 3) =
3) - 3(x - 3) =
(1) x®=9, .x=3

1]
O
™
"
]
L]
]
O

w—
a3
"

-
"

[
I
Lol
-
E
[
w\
1}
Lo




- y

o) 2ELy A

(@) =5—==+ XX+ 1) x+1
(e) = + -}% = - }gl
7 .




Answers tu Sugpested Test Items

a) .pregerves equivalence
gﬁ% (b) does not always preserve equlvalence since x could
' be O

(o) preserves equivalence since ;E%ET is a real number
for every x 1in the domaln
preserves equivalence °©

(e) preserves equivalence even if the domain 1is

qﬁrestficted

o~
oy

does not always preserve equilvalence

doesa not always preserve equlvalence

L]
i

Y e et

Wt

does not always preserve equivalence sin
7

zero for x =0

x £ 1 f

2. (a) 7 7 > |
{(b) x#0 and x ¥ 1 \ -
(¢) no restrictions )
(d) fio restrictions ’ -
() x#£1 and x # 2
(f) no restrlctions

i
A
s

fad
et

and y #

D

o R

e e T e e
ra S P
N P
R
S U Ry
L Lt

e 1 and y £ 2 and y ¥ 3
f) v #2 and y # -1

4, Giving a rea

a
the other using

S
(a) Equlvalent

the flrst by adding -6 to both sides, then
multliplyling both sldes by = .

o

st LJ
b9

ERIC

Aruitoxt provided by Eic:



b

ruth set of

(b) Egulvalent because the

-

the truth set oi x = 2

(¢) Equlvalent because the truth get for each is (-3, 3}.

) x

(d) Not equivalent since the truth set of - — =
1s ¢ and the truth set of x = ¢ 1

!
—
A1
[ I
s
M

=]

(¢) ©=Zguilvalent since the second can be obtained from the
irst by multiplylng both sldec by % - 2 which 15 a

% In the donailn,

() squivalent, second can be obtalned from the first

by mulilplyd

zach slde by x which 1s a non-zero

real number (domalin, x # 0).

() ot egulvalont, The truth zet of the first szentence
1o [=3,5), the second (3},

(h) =guivalent. The truth set of each 1s (3).

(L) ilot equivalent oince the truth

15;
cet ol ffhne rirst is
ol Lo [3] .

{z, =3} and ol tne sz

. (l) 'L]} /

than =5

(¢) {1,114
S0 R (i1)

.o () (&) . , (a)

1

(b) (7

(L) all numbers oroeater () [,Tg -4

— .. P
Lnan «/

A,

O

ERIC
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Answers toc Challenge Froblems

If the number

~

[

then,

If & and ¢
divisible by
a multiple o

f
prime to each o

If c = E‘jj T

If ¢

i
™
el

Ir ¢

il
—d
(Mol
-

N
ki
),

It 18 thus appar

number,

Hence,

>

Lo

20,

nt that

be

can

and 2

chosen so

and

ancl

is s

+ 260e¢ = 10,000

W0
T
fad
T

fi

10,000

1000¢

and the number of cowsa 13

-1

il
i
=
b
]
[

o
1]
&
il
]
12

i}
I
¥
W
I

and a8 = 4o - 78

and 14 steers,

}

I

75,00,

2
are relatively

1
-t
™

original equation instead for c,

moke diffloult ~han the other apﬁr@ach.

S0

aa to make

1000 - 25s
Though this can be Jdone, 1t 1s plainly



page 7Ch4

{(a) While the small hand travels over a number of minute

(%)

markings, x, the 13;;2 hand travels over 12x of
these units. Iincé’ th& hour hand 1s at 3JI-o'clock

v

position, i1t has a 15-unit "head start" over the -
minute hand at the time 3:00, Thus

e

12x = x + 15 <
1lx = 15,
_ 1
U1
. ) o . 15 .
Thus, the truth set of the equation is [TTJ and -
the time Whaﬁ the hands are together 1s 16{%
‘minutes after 3 o'clock.
xé‘
(b) In'part (a) both hands came to the same minute
 d¥vision: in part (b) the minute hard is to come
to a readlng 30 unlts ahead of the hour hand.
=
Hence, an equatlon for part (b) 1is
12x = (x + 15) + 30.
This equatlon is satlafled if ¥ = 4%%
And the hands willl be opposlte each other at HQ%T
minutesz after 3 o'clock. )
3., If the wldth of the ztrip 13 w feet, then the number of

n the length of the rug 13 20 - 2w, and the number
of feet in the width of the rug is 14 - 2w. Hence, two

rea of the rug are avallable, and appear as

(20 - 20)(14 - 2#) = (24)(9), 0 < w < 7
280 - 58w + W = 216
Hw? - obw + o4 =0
w? - 17w + 10 =0

’LT‘

o

2
s
.,
o
L

ERIC
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page TOU

1 {i the

domaln -of
The width

The flrst

[l

rational since

6, If the

£t + u,

=
g

Multiplying both

zero)

[ e S e |
T T I

[l

only truth number, since 10 13 not in the

the varlable
of the strip 18 1 foot.

,_%

number of unitﬁ in the 1Fﬂ2th of the smaller e

1s the number of units in the longer leg.

relatlonshlip,

Pythagorean

? [ r*fg = 1
T+ (2% ¢ 2)° = 135, 0 < x <« 13
4x° + Bx + 4 = 169

three

L

-1

and

are lrrational,

V.10

two-dlglt number i3

10t + u,

4 o4

{ -

of

-
13 not in the domain =
the variable)

The fourth number 1s

(-1)(.4) =

Lt

the sum of 1ts di

Lts

t + u (whlieh ia certalnly not

Lt + 4u + 3

10t + u =
Lt - 3u = 3
2t - u =1

posl

ltive

1,

e

t =1, then u =1, and the number 1s 11;
= 2, then u = 3, and the number 13 23;
= 3, then u =5, -.and the number ls 35;
= 4 then uw = 7, and the number 13 47:

= 5, then

and

the

number

e

v}

the snolutions are 11, 27, 35, 5, 57,

.
e



f pages, 704-705

8. (a) The possLble;integral factorizations would be

(x + 1)(x + 12)
L. (x+2)(x+ 8)
1: (x + 3)(x + &) ' . | .

80 the possible values of k are 13, 8, 7

(b) Since k must be the product of two numbers whose sum
a » the posaibilities are 1 x 5
\ 2 x 4

) 3 x/Bi

Thus, k may be 5, 8, or 9.

L ] =N , . .

Jc) In order for x“ - 6.3 x + k to be a perfect square
we must have

K.

(&)

=

Y L)

Hence k must be 27,

9. (n + 3)2 - ﬁE - «n + 3) - ﬂ) Gn + 3) + n)
= 3(2n + 3)

b

. 2

¢80 (n+ 3)" - n“ 1s divisible by 3 for all integers n,

M

10 ;3 - 2x277, ) _
X - ? xi =§5x§ + éxq -3

~ x! - 3x’
’ - EKB + nxa - 3

il
o
%
-+
o
=
L

Therefore,

and x - 3 1s not a factor.

The degree of r 13 less than 3,

1. (a)

(b) The degree of q 13 97. %%z .

S04

lli.‘
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page 705
§
12. Any value of x could be used. For example, 1f x =0, *
a we obtaln 1 =2 + (-1) + r and hence, r = 3. A better
value 18 x.= 1 since 1n thls case

e 1t v 1 =203 412 41t v (2

i
=
Mt
]
-y

-2 4-0+r

L
1l

3=r
The idea is that wlith this value of x the first term
on the right hand alde of the equatlon 13 automatically
zero regardless of what the number. 2(x3 ﬁg;% + X+ 1)

1s. (See the next problem.)

13. n this problem we do not know g and 1t would be a great
- _deal of trouble to find 1t. However, the cholce of 1 for
ﬁbé value of X glves

5. 1100 , 5. 417 _

[ ond

=q(l -1)+ r

I

Q-0+ r

1

g ]

r

14. If d 1s the distance in mlles one way (d >0) and the
rate 1s r miles per hour, the time one way is % hours.

On the return, 1f the rate 1a q mlles per hour, the time
ﬁ}E % hours. The total distance, 2d miles, divided by

1

thel total time, + % hours, glves the average speed

for the entire trip.

Note: d#£0, r 0, q#?0

i
L
1
A
4

r )

o

o ;
The average speed 13 Eiég?rmlléa per hour.

+

ERIC
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15 Theorem If a and b are distinct positlve real
. numbe then
a+ b ~
5 = ./ab.
Proof: If a + b -2 ./3b = 0, Y
then a+b-2./ab+ 2.@b >0 + 2.&aD
(addition property of order)
or a+ b > 2./ab,
: a+ b

o
m

ET1C

]

, S—=— > ./ab (multiplicatlon property of order)

3

herefore. we have only to prove that,

M

a+ b -2./430 =0,
Observe that
a+b-2.apg=a-2/a Jb+ b
- (g7 - JB)E
Since a # b, /& ¥ /b and thus, /3 - /b ¥ 0.
Ince the aquare of any non-zero real number 18 posaltive,

i
it follows that a + b .- 2./ab > 0.

16, x =1

(XE - 1)(3{2 + 1) =0

This sentence 1s equlvalent to the compound sentence

2 2

0] or *x + 1 =0

x =1

"
o

™,
et
1]
-
[
o)
R
f
p—
™
—
-

The truth set of x= -

d
[gh]

The truth aset of x~ + 1 = 0 13 empty.

Hence the truth set of x =1 13 {-1, 1}.

5006

)
- i a.

O

ERIC
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page 706

-
-l

ng - n + 41 will produce a prime number for every n 1In
the set (0, 1, 2,:+-40). It fails to give a prime for

n
3
leaving #41° which can be factored 41 x 41,

41 'since then the sum of the last two terms ls zero,

Of course 1, 5, or 400 examples do not make a proof
and we cannot assume the truth of the next or some other
example. This is a common error in reasoning and 1ls fre-

quently the basis of common superstitlons.

Proof: Given: a =>b, a >0, and b >0
Elther ./a < /b, J/a

Assume /& < /b .
2 2

Then a=< b . If x <y then X < ¥

3
B
B

Thizs contradicts the assumption that a = b.

Assume , /& = /D .

Then a="=b. =F

But this also contradicta the assumptlion that
a > b,

Thusa J& > J/b.

. AN X L

If the rat welghs x \grams at the beginning of the
[y

experiment, 1t will weigh -%x grams after the rich diet
and %(ﬁx) at the end of the experiment.  Thus, the
s . ) 15> 1 . N e o
difference 13 TEX -]§ = - X grams. The result 1s
that the rat loses gz x grams of hls welght.

If x 1a the number of quarts of white paint, then 3x
i3 the number of quarts of grey palnt. We wrlte the
following open sentence.

X+ 3x 7 -4 '

Gx = 4. 7

-
1o

. x =7 3x = 21
Thus the man bought 1 gallnn and 3 quarts of white and

5 gallons and 1 quart of grey.

07

lif

S



pages 706-7G7

a
X
L] ?H——
2l. £X = g

y

The sides are 10 unita, and 15 units.

22. If the length of the bin 1s x feet, then the width is
12-x feet and 70 = x(12-x)2.
The length of the bin 1a 7 feet and the width 18 5 feet.

23. The square i3 6 feet on a silde and the reétangle 1s 12

feet long and 3 feet wlde.

24. Agsume that (x + m)(x + n) = x° + px + q.

]
3
=3
H
A
e
o]
ju s
3
+
ja
il
”D

Then,

-

25 X + px + 36 18 a perfect square for p = 12 or p = -12,
¢
12 13 the smallest value |p| can have {F

x~ + px + 36 to be factorable. Values Df\\p for which

by

KE + px + 64 1s factorable are obtalned as fallcwsz
, Note that p = m + n where mn = éé ?
m-n | m+ n
26 .1 65
22 . 2 34 ,
24- 22 2 o
2?2’ 16
Positive values of p are 16, 20, 34, 65 and negative
values are -16, -20, -34, -65. The perfect squares are
508 . !
' |

ERIC
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pages 707-708

glven by p =1 or p = -16. Note that 16 1s the
smallest valu- pl can hdve.
The student should be able to generallze the results

in the two examples and guess that ©2n ls the smalles
positive value of p for which xé + px + ng 1a factorable
and that thls gives the perfect square, (x + n)gg
The largest value of p for whlch xg + px + n° 1is
factorable 138 n2 + 1, 1n which case
X2 + px + ng = (x + 1)(x + ﬂg),

26. If k quarts of weed klller are used, then 40-k quarts of

water are used.

Kk _ 3
30 - k17 s

There should be 6 quarts of weed-klller.
g\ /
27. (a) (t + 1)(t° -t + 1)

(b) (s + E)(EE 28 + &)

(c) {(3x + 1)(9x2 - 3% + 1)

28, (a) (t - 1)(t% + t + 1) ‘
(b) (s - E)(SE + 23 + 4)

(¢) (2x - 1)(“xg + 2x + 1)

509

O
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P

et

pu

Daad

1

TRUTH SETS AND GR.APHS CF SENTENCES IN TWO VARIABLES

In thls chapt

of the filrst degr

a systematic

FU
i

In two varlable

3

"

study 13 made of open senten

The truth sets of such

sentences are exhlblted as ordered palrs of real numbers,
al

attentlon belng ca
many elements. To
involved, the graphs of the Etruth
the establishment of a cne-to-one
of real numbers and poilnts in ths

The fact that the graph of a
1ine 1s developed intultlv
amples make plausible the

=ntence 1s of the form Ax + By

L
"D

numbers with A and B

16-1. Open “entences in Two Variabl

d in the understanding

led to the fact that these sets have Infinitely
al

of the relatlionships
sets are lntroduced, based on

correspondence batween palrs

lon that 1f an open
¢ =0, where A, B, and C
not both za-2, then 1ts graph

made that evzary lilne 1ln a

of this type.

Zmphasls 18 placed on the ordered palr of real numbers as
t

the EhSFSCEEFLSElC element of the

=quation in two varlab

avotlded use of the traidltional term,
coenecrallzad

to avold conflict wlth ths mors

functicn, or llnear transformatlion, wnicn
2 E

of two

encounter later on. For a space

appear ln the form

x! = ax + by! y? = X

truth values for a sinila équﬁﬁlnn;

number palrs wlll help adjust them to thls new *i=a.

l=s. It should he

the first degree

truth se&t of

Foly wlthout the constant

Practios In determining

Censtrpc-

valuable practice,

L



QO

ERIC

Aruitoxt provided by Eic:

pages 713-714: 16-1

AHSWFFS Ly Oral Exerclises 16-la; paggg 713_714:

sentence x + 2y = 5 true.
(8, 3), (1, 3), (0, 5), (2, %), (7, 1) all make the
sentence x + 2y = 5 f?ﬁse,

2. "(5, 1)" 1s an abbreviation for "x is 5 and y 1is 1."
"(-2, 7)" s an abbreviation for "x is -2 and y is 7."

3. "(a, b)" 1s an abbreviation for "x 1s a and y 18 b.,"
Two numerals are required to name one element of this set.
Here a and b are any real numbers.

b, x ‘

5. The truth set of a zentence ln two variables contains
infinitely many elements,

6. One

7. Two

8. One has no trouble declding which is the value of x or
the value of y. The numeral on the left always represents
the value of x, and the numeral on the right always
represents the valus of vy, ‘

9. (-3,8), (-1,06), (0, 5), (1, 4), (6, -1), (7, -2)

10. Infinltely many

answers to Problem Set 16-la; pages 714-715

1. The ordered pairs in f(a), (b), (d4), (f), (h), and (1)
satlafy the sentence; the others do not.

2. (a) (5,1) () (3, 3)
(b) (B, 0) (g) (20, -14)
(¢) (0, 6) (h) (-9, 15)
(d) (‘1! 7) (i) (‘j: 12)
(e) (-2, 8) (1) (-7, 13)

i
512
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Fam
]
e
Mw
=
o
el
i~ e~ —

=
4
e
]

>

o

—
=
M
—_
- ot
]
O = O =

! (i—) ‘(C‘g =
(J) (1; 1); (3! = %5’);)’\“! - ;:;,

Many other answers.are possible.

i
—
=

Therdomain of x 13 the set of Integers from 1 to 9
9

=

W
—

; %
W M —

and the domaln of y the s=t of integers from 0O to

where x represents the tens' diglt and y the ones!

Page 715. Thes y-form 1s prgégﬂted here wlith two motives. I

£
18 a convenlent form for the’'calculatlon of truth elements, and
it polnts out certailn }glaﬁiaﬁahlps between the varlables,
leading to the concept of slope and y-Intercept. Care should
be taken 1in dlscussing the form y = ax + b to guarantee that

the student comprehends the distinctlon between the varlables



pagea 715-717: 16-1
x and vy, and the‘"spécified" numbers a -and b. We have

# avolded in this instance the somewhat ambiguous term "constant"
on the ground that it raisées questlions as to the nature of a
variable. Though the y- féfm is used predominantly 1in the

) ehaptér, 1t muat be kept 1n mind that the'form 4x + By + C = 0

with. A and - B not both: zera, 1s more general slncé it -includes
the type x = k, which cannot be converted to the y-form.

Answers to Problem Set 16-1b; pages 717-718:

1.,‘ (a) v = -X + 7 .
* s 0 .8 8 :
(b) y =--3x 3% 12 ' -
(E; 5): (O, 12):_ (‘lj 15)
(¢) y=3x-2 ' | |
(2, 4), (0, -2§, (-1, -5) . h
(d) v = -x+ é
=7 (2 “’g)! (Ds -é) ( ) ?) ‘_ . !
(e) v = f,%x + 8 ‘ 7 :
, )00, 8), (-1, 18)

(f) y=-6x -4

s

(2, -16), (0, -4), (-1, 2) )
(g) v = %}t + %
(2,-2), (0, 3), (-1, §)
{h) vy = -2x + % . : ;
j (2,- 9, (0, 3, (-1, 3D) o
| (1) y=tx-g .
(2, 39, (0, -8), (-1,-3) |
() vy fp |
(2,-18), (0, 1), (-1, 3)

4 514,
’ P




page 718: 16-1

X + & .
'3)1 (2{ 2): (31 —l)
x -7 _
, =), (5, -2), (7, 0)
-3 + 2 |

(0, 2), (2; -4), (-1, 5).
(d) y=11x + 5 \
(e) y= - %-x + % ’

0, . (1, 5, (¢ -
(£f) y = 2x - % S ) v

, (1: = %)x (O: = %): (%x = ’é)

(g) = %ﬁ -4

(S;’ '2): (1S.i O)r (u‘: ‘3)

[

')
-

——

o

Mt
oG e

R

- 1]

C(E)

L o

(h) V==§x+§
-4)

(1)
LW

(k)

(1) v - | i
o : (2, £5)

(m) >

, él)r (2—3 = ’g’)x (_li 2) t



page 718: 16-1 and 16-2

<

() v-%-%
(0, - 3, (3, ), (6, )

: ('p)yg;%gc+%
(Q) Yy = f%fi‘ %% 5;
(r) y=23x-6
g é),;(Q, lg)! (5’ 21) | _

LB, (2 -9, (2, D
(t) Yy = 5x - 21 .
N (Q: '21); (1; Elé); (4, l)

(Many other answers are possible for the ordered pairs,)

[

y
(
(8) y == %x + —~
(
y

3. x4+ y =15 7
[ '—§)§ (§! 6)5 (83 7): (7: 8)]
69V 78, 87, 96 are the numbers.

. »/

>~ 16-2. Graphs of Ordered Pairs of Real Numbers.

Correspondence between palrs of real numbers and peints in
the plane, the foundatlion stone of analytlc geamétfy, is
presented in a natural way wlthout elaboration. It is felt that
a student readlly grasps this notlon intultively, and with a
modest amount of practice can learn to plot pointh with con-
4fidéncé. The word éagrdie§ﬁe has already been:éstablishédein
the student'!s vocabulary. It i3 hoped that "abscissa" and
"ordinate” will cause 1ittle additional trouble. E

s




pages 718-724: 16.2

Answers to Problem Set 16-2a; page 722:

1, and 2.

1 ol 1] | [es] |
—4E68)] a4l _4(64)
.34103) )
- : - g — — I
1 . _ \
#0) | | L6 _l50x
6543200 | 23456
i 7é _ - :
1 1 I 4:-3)
P _af604) | ] | L0 | | 6:4)
) _ Eg;s) 51— 1
1 (=4.-[s) i _Jla:6)

Answers to Problem Set 16-2b; pages 723-724:

1. E: (5, 2) H: (-5, -5)

F: (-4, &) ' P: (4, -5)

6: (-7, 2) Q: (7, -3) .
2. (a) (3, 1) (e). (

(3, 1) 1, -6)
(b) (;43 =E,) ‘ (d) (‘3; 5) =

3. (a) (5, -2) (d) (-1, -3)

(v) (0, 3) (e) (5, 0)

(c) (3, 6) , (r) (o, -12)

The fact that points 1in quadrants II and TIT have negative
absclssas and that péints in quadrants III and IV have negative
ordindtes 8should be established firmly and early. This will
hélp to EVD%d conslderable diffieculty in later work, -

517 [
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Aruitoxt provided by Eic:

pages 72& 727 16-2 and 16-3

/
Answe g_,gg!:gaﬁ Exercises 16-2¢; pages 725-726 '
. 1. negative; positive '
2. nggative;~negative
3. (-1, -6); (2, -3)
4. negative; positive
5. negative; negative
6. II, ITI; III, v .
7. I; III
8. II .
9. IV v - :

Answers to Problem Set 16-2¢c; page 726:
1., (1, 4), (6, 2), (7, 3)

2. (-2, 3), (-5, 7) \
3. (!g; !1); (igj i?); (‘7; '3)

Qi (4: El); (41 —9): (3: *7)
The ordered pair (0, 0) 1s in no quadrant.

16-3. The Graph of g S§g§ence in Two Variables.
Througﬁ examples we 1infer that there 1s a close Qoﬁnectioﬁ
between the set of polnts whose cé@rdinates satisfy an equation
of the first degree Iin two variables and a line in the plane.
This inference 13 based on an observation of the way in which
points, though plotted more or less at random, appear to "line
up" in a definite pattern.
An intuitive notion of the meaning of the word "1ine" 1is
rellied on here,. If the student has had 1little or no gpntact
with geametry, we’ éhcald not venture far beyand theggéicept of
the edge of a ruler, Hawever; an eff@rt should be made to
Strengthen'thg ﬁatiégvof a 1line as an infinite set of points, .
The basic aSsumptlon that the graph of an equation of the
type. under discussion 1s 1in fact a line enables the student to
construct a graph by means of a straightedge and two predetermined
points. Auxiiiéry points are recommended as a "check". ?



‘out the exlstence of two analogous concepts. The first, a

- geometric one, asserts that for any two glven distinct polnts

11 the plane there 13 one and only one line which contains

: b@thr@f them. The companion assertion in algebra states that

. for'any two different pairs of real numbers there 1s one and
only one equation of the flrst degree In two varlables which

has both of these elements f; its truth set. 1In thls connection
we conslder two equlvalent first degree equatlions as being

essegilally the same equation,

One might go a step farther and avold the possible
confusion generated by the concept of equivalence. The
asgertlion could be phrased as foil@ws;l "For any two different
palrs of real numbers there 1s one and only one equation of the
form y = ax + b, ior % = k, which has these elements in 1lts
truth set." This anchors the coefflclents. Whereas the form
Ax + By + C =0 allows them to be any three numbers proportional
to the orliginal A, B, and C. \

The Er@@f of the gbove assertion 1s glven below.

Let, (x,, yj) and  (x,, yg) by any two different palirs
of real numbers. :

If %, = x,, both palrs of ﬂU@@gfs satiéfy the sentence
3 Assume now that (xl, yl)

ih

5 c X Kk
and (x,, y,) also satisfy a sentence of thé form y = ax + b.

Then )
¥q = 8% + b and Yo = axy + b, since x1 = XE‘

i

But thls would mean that vy = yé
a

, which 15 contrary to our
hypothesls that the two number palrs are different. Hence in

the case for which x; = x,, the sentence X = X 1s the only
sentence of flrst degree sat3sfled by bothnumber pairs.

Now consider the case where x; # x,. Certailnly no
gentence of the form x = k will be satisfled by both number
palrs. Assume that there 1s a sentence of the form y = ax + b

which 1is satisfled by (x., and by (x,, y,). Then the

)
followlng two sentences ars true.

= ax, + b

ERIC

Aruitoxt provided by Eic:
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. S
From this it follows that
Yy = ¥y = alx; - x,)
Y+ =¥y
and that a = %
: B

o,
Y1.°.%

ﬁxg

[}

X

Consequently b L 1
1
This means that if there 18 a sentence in y-form satisfied by
both number pairs, then this sentence 1a
Yy -y ¥ - Yok
o ReRahyy - a2

*1 - % *1

[}

The only question that remains is: do both number pairs really
satisfy thlis equation? It ean be easlly verified that they do.

Answers to Oral Exercises 16-3a; péies 732-733: I

1. (a) 4; o; -2
(b) -7; -1
(e) ©0; -4 3
» (d) 4; 8; 10
(e) -1; 0; -2 X
2. (a)  yes (d) yes
(b) no (e) no
(c) yes (f) yes

Answers to Problem Set 16-3a; page 733: ;

1. (a) for example (3, 1), (1, -1) p

n
]
l'e)




pages 733-734:  16-3

(v)
Y
e ;4 — = 4 “

— i 3 —— = — - - 777' (53)

— oL

— 14— (3,1~ ’ \

3 -2 -1o] 12 3 4 5
—}— -1 U -——

|
]
I

]
[

|
1

|

]
Lo
|
|

(c) yes | )
(d) yes :

(e) vyes ) _ t. P
(f) yes : . ~

The graph of a second degree equation 1s taken up in detéil
in a later chapter. The topic is touched on only superficially
here to point up the fact that the line graph 1s characteristic
of a first degree equation only. In this candecticn it should
be noted that even a, first degree gguation in two variables
will have a line as 1ts graph if and only if the domain of both
variables is the set of all real numbers. If, on the other hand,
the domain of the variables’of such an equation is restricted
to the integers, then the graph will be a s8et of discrete .
points. There are, however, no graphs of this latter type in

: | \

the present chapter.



page 735: 16-3

.
T

Answers to Problem Set 16-3b; page 735:

(a) (3, 3), (4, 2), (2, 4) (b) (1, 5), (2, 3), (3, 1)
y ‘ y v

o

M oW

. &
P W B

|

\

() (0, 3), (2, 2), (4, 1) * (@) (3, 2), (4 3), (1, 0)

y y
51— — 54+— o B e
41— 4 1

- 3 -
2l — 2
I - I =
___ H — — — x
0 i 2 3 4 5 0 2 3 4 5
/
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4
X

(h)

g

y

(3: 3): (1: l): (’2: ’E)

i 44— —
,3 N
— 2 — =
_ 14—




page 735: 16-3

W (G, @, (0,3 () (3,9, (0,5, B2
Y Y

2 - (57 = — - —_
— 3 — _ 5

/ LN
— ot 4 <

—t — — 3 = — =

|
-
|~

(m)y (1, 3), (2, 4), (-1, 1) (n) (0, 0), (1, -3), (=}, 3)

|
Ju

|

|

—*/\N’I i
|

[»]
¥
L]
N
I

A

|

|
)
|
[
|
[
g™
|
]

1
P
I
\

[
1
i
|
|
\
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page 735t 16-3 %

2. (a) (1, 2), (0, ¥), (2, 0) ~
O .
YooK
1 1. &

(b)

—_— B . _ .
{el— IS S .
B 41— BN S -

1 i
The points do not lie on a 1line.
(e¢) Yes.

L%l
X
Wn

ll‘}'J



pages 735-739: 16-3

4. (a) (0, 6) (1, 1) (1, -1) (4, 2), (4, -2)

(v)

~ y

N 577777

— Iy P SN SN S A S X
2 i

. I A

-4 -2 2 1 4 |6 8 |
E _ _ — _

The polnts do not 1lie on a line,

(c) Yes,

Page 736. -

Here the student 1s introduced to what may seem at first to
be a Qonﬁradictian, namely that equatlons guch as X = -5, or
equations such as y = 2, can be interprefed as équaﬁians-in
‘two varlables. This idea, which 1s fortiflied by the use of a
zero coeffleclent, wlll be of conslderable lmportance in the
study of systems of equatlons in Chapter 17.

Anawers to Oral Exercises 1€

-3¢; apagé 739: -

Uum

1. (a) the set of polnts whose absclssas are 3, that 1s, the
line parallel to the y-axls and 3 unlta to the right
of the y-axls . . '

(b) the 1ine parallel to the y-axis and four units to the
left of the yaaxis '

(c) theyllne parallel to the x-axis and five units above
the x-axis =4 '

506 11




page 739: 1%-3

=

(d) the line parallel to the x-axis and two urilts below
the x-axls

{(E) the line parallel to the y-axis and three units to the

" left of the y-axis i
(f) the 1ine parallel to the y-axls and seven units to the
» right of the y-axis - .

(g) the line parallel to the x-axls and three unlts above
the x-axils

(h) the 1fne parallel to the x-axis and three urnits below -
the x-axls . |

(1) the y-axis ; . -

(3) the x-axis -

8 to Problem Set 16-3c; pages 739-740:




—L 1 .-
=2
4 7
. = _

(f)

(1)

00 o

1

L |

£n
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: . L
_pages 739:740:, 16-3

=

-

i\f‘h £ [ 2 S
% q, / R
=i - | — —

- —n | - —
AFL 1o
121N _
— 4 —
’-
) Y
_ VY - -

o

n
N

&
o

[T
Do

-

All the graphs pass

the point

, (0, 2). -
All the equations have a

constant ‘term 2 .,

K | s

A1l the gfaphé pass through the’
None of the equatlons

origin,

contaln a éanstant §éfm!

[

.
(Y]

S

#

——

through

LY
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pages T40-742: 16-4 | o
i . o N ) 5 ;‘

16;’45 ;nterﬂeﬁtﬁ and glﬁgpig? .. ' ‘:5;

Once aéair*x a héavy efhphasis 13 placed’ on the y"t‘ofm of an
equatian '
the definition of b::t.h slape and y- 1ntercépt are based on this
particular forih. Thus the Pquaﬁian k has as 1ts graph.a-
“ine for which the slcope 18 not defined as ‘a real ngzber, nar

daes the graph qf such a ‘line have a y-intercept.

X =

‘_kPZijSéWEf'S g:fal Exercises 16 }aﬁ page T42.. - [
1 (o, 2) . 9. ¢y=x-12 (0, -12)
| 2..(0,-5) 0. y=2x-3 (0, %
30 Yo, 12) ~ ALy = x+2 0 (0, 2)
© b (0,0-7F) e y= o2 (0, 02)
. 5. y/é x+ 2 (0,2) M.y =22 (0, -2)
, - '.5. y/é -2x + 7 (0,7) 14, V.= - %g + 2 (0, 2).
< NN 9. - __2 .5 b
Ty = -ty o0 15 y=-3xt+ 3 (D; g)%
/ "8, y=-6x+ .16 (0, .16) .
. , o : *
'\Ag%wers to Problem Set.16-4a; pages T42-743: .
1. vy = 2% + 5 2. = 3x géf '
‘ Y y l
éi(o*s)’_ T2 0 3
- —i—4 R _ -1 / R
—+3 {1,3— ——t=-2]— —t
i - é :
m 2 ‘#7 (1,-3)—
- - \* ; — "%/ LA
v 2 0 AN ;'*3(. 2 B
| - , —7ﬁgf> —
2 1 SR
‘ -
2 gr )
530
A
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Answers to Oral Exercises 16-4b; page

1. (g{

é‘
2. .{a)

(v)

? (D; E%
(Q; *S) = =
(0, 2)

[
ba
+ .
™ !

]
™

+
™Y

(0, -2)
(¢,
(63 *2)

‘all

- are parallel to each.

have graphs which

- o¢ther

(¢)
(d)

none

co_ 1 -
y=Exe25

2y

%yl

R

(K%

(af

(b)

(;)

(d)

T4y .

()

are

7
-e)t ‘
-2) s

(0.,
(o,
(0, S
all have graphs which

parallel to each

‘other .

&

_ none

(0,
(0, -
g o
(Dj = E)

none have graphs: which
are parallel to each
qther =

no two graphs are
parallel to each other

none
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. Answers to Problem Set-16-Ub; page 745:

=

I. v=3x 4+ 2 - . d ;2-.
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Aruitoxt provided by Eic:

F}

‘pages T45-TB: 16-4 . _
, N . '

‘Eﬁf We have essentially a chcicetbeﬁQEEﬁ two pbssible
definltions of the slope of a 1line: the coefficlent of x 1in
-Ehé y-form of the equatlon; the ratlo of the vertical: ghange Ea?
the horizontal change from one point to another on the (ngn—’ !
vertical) line. In a course in analytic geometry in which a .
line 1s given a geometric mééﬂEﬁg, the second of these would

be taken-as a def}pitian and the flrst proved as a theorem.

Here we have cgnéldered a 1liné“more in the light of the truth
set'of a glven equation. Hence 1t 1s natural to take the first
48 a definition and develop 1ts connection with the secdond. In
this way we avaidvscmé of the complications which arise under

the ratio definiticn with respect to the distinction between a
line and a 1ine segment.- The theorem which establishes the

cmnnecticn between these two ccncepts of slope 1s stated but v
not proved since the proof involves the solution of a system “
of* two equations in two variables. However, the teacher may - -
wish étlthis time to disgussrtpe general nature of¥*the proof iﬁ
informal terms. It can be developed fairly simply as folTows.

' The?thearem states tha% if ~ (¢, d) and (e, f) are th%xgﬂgf;
coordinates of any two points on a line with ¢ ¥ e, then.the
ratlo g<f>§r 1s equal to the coefflcient .a 1in the y-form of

thefcﬂfféspénﬂing equation. -,
Froof: . :
' Since the number pairs (c, d) and (e, f) satisfy the

sentence y = ax + b, it follows that . (
d =ac+ b <:¥ T~
) 7 .
and ¥ f = aew% b
Hence d - f = ac - gae = alc - e), f}am yhiEh the concluslon

d_fgzj E* = = T I i 2 O £
c - o - @ f@llowg. In presepting this pﬁgéf to
the student 1t should be emphasized that the_aperatianscwere

leglitimate only bécause of the hyp@th ses .+ (1) that-ﬁhe points
were elements in the truth set of the équatian; and, (2) that

-~ e # 0. The student should be cautioned.against an
éSSumptién that one may "subtract" open sentences whethemy true
or false.  In the above proof,. the sides of each of thé




749-750: 16-4

pages

e

>

1

respective equations have already been estabiighed as names for ’

the same number before the subtractlon process.

The

coefficient

definitidén also encompasses 1n an ungomplicated wéy the notion

of a zero slope or a negatlve slope, as well as the nacian!that’,

slope 18 not defined for vertical llnes.

1

Answers to Oral Exerc

ises

'
1. (a) slope:

3
T
y-intercept:

17

v y!fhtEFQEQE;

2. (a), (), (e)
(b), (e)

slope:-

. \ 7
;s;//f(b) slope: -3 .
. ; y-intercept:
- (c)

(0,
(0,

(0,

AéEWEf; to Problem 3et 16-ke;

2

<1, (a) 2

slope:.
y-intercept:
(b) slope:

S

(c)

(o,.

(0,

41—
3 — —

N

1)

D
P

-4c; -page 749: :

2
pe: - =
=intercept:
0
y-intercept:

=

(d)

iU

a

L

(e)

slope:

slope: not

y-intercept:

749-750:
] 1

(d)y slope: - 3
y-intercept:

-3

y—intércept:

(e)

slope:

(£) not

alope:.
y-intercept:

s 1
(b) vy = - &x

(0, 0)
ok
(a, 5)

defined

none &

(D: %)ﬁ

(Q. 2)
défiﬁé?

nong’

(g
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( Answeréita Oral Exercises l@—&d page 755:

1 (a) R O
(1 (e)

5
0
C (e | _ () s

H L

2. (a) increases s (a)

) (b) decreases (e)
(¢). 1increases ' (1)

[
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* 4
Angwers to Problem Set 16-4d; pages 755-7567

1. (a) -2 (a) 3
- () % o _(;) 0
B - (e)- % ) " ' (f){ not def‘inédé

*

2., (a)* .. * - (b) , 2
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' pages 755-757: 16-4 and 165 * SR
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L i ) . ’

(c) \7 2% +°3 {

(d) y = 3% : ’

() y=-2x+ 3 ‘

(£) vy - %x + 1 . . )

.

16-5. Graphs of Se tences Involving an Order Relation.

The approach 1in this sactiasséf hased on an assumptian,
made without formal proof, that a linead}vides the plane int@
two half planes, thereby ecreating three mutually exclusive and
311 lnclusive subsets of the set of all points in the pl%ne,
namely the set of points on one side of the line, the set of
points on the other side, and the set of points on the line
Ltself.- The -ma jor asséftian; made plausible by examples, 1s
that the graph of an inequality afkthe first degree in two
variables consists of all the points on one side of a lihe whose

Hw__i

equation 18 formed by Ehéﬁ?in? the order symbol to "=", The_ii

teacher may ‘wish_ to. support this:assertion with- mare‘axamples“°”"””’”

than are given in-thé text. It may also help to have the
Student pyactice Séij}ting two polnts, one on.one gide of the



Yne, andfone on the other. Tﬁen show that one of these satis-
"fles the inequality, while the other does not. °

' The.machinery for constructing Such.a graph consists
essentlally in deteﬁﬂlt}}ng on which stde of the ¥ine ;_aﬁaeig!;nenf
of the truth set lles, and then _iﬁdixcat,ng' this pargiﬁulargvhalf
plane as the graph. It is 1mpaftap@ th}t the student:recaénize
the distinction between the relaj;/j:an "<" and "<", thb latter
requiring that the line be included in the graph. The student.
should avoid an inference that the symbol ">" 1s assoclated
with points "above" the line while the sym@lf "g" 15 assoclated
with polrits "below" the 1line: - '

= » . B : -3
Answers .to Problem Set 16-5; pages 761-762:

1. (a) (b).
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(o)

(a)
(v)

(a) -
(e)
(£)

(a)
(o)
(c)
(d)

(e)

(£)

"e)
(h)

(b)

(d)

a(m + n)
6(m + n)
14a(a + 3)
6c(3 + 2d).
3(3 - 2a)
ab(6a + b)
an

3m -
I(x =

3)

m(20)

a(l + a+ a)

b(y" + vy - 1)

27(1‘ = t)

5(ky - 3x - 2)
(1)

()

(2}

(-20]}

(e} (-1}

(£)
(g)

(h)

(1)

%

4y

{-14} ’
(3]
(18}
(28}

aest of real numbers

greater than 2

(1)
(m)
(n)

(o)

T e~ 1
A R

<

—
T
i
o

than £
et of
than

set of

than

et
than
(1,3)

() \(3,7)

i
a4 <

4

—
]

e % B R
LT Pt S

12

!

3

( )
(x )
(b + 3)
) 2
) 1
)

ff real numbers

numbers

real
-6

real numbers

numbers greater
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(t) (0,3)

(u) (4, =h)

(v) (3,-3)

Let n —be the first integer. The next

integer 15 n + 1.
n+ (n+ 1) = 63

]
12
[

2n =

on = 90
[’];153

Hence, the truth set la
The two numbers are 15
f George it a yearas o

vears old,
a+ (a+ 5) = 37’

il

Hence, the truth cet 1o

Georpe o 1o and James

. (15]).

and 75,

(16).

is

(58]

21.

LB
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(d) Let w be the length in f
» the lot: Then, 120 -.w 13 the length in feet of an
adJacent side.

S w(120. - w) = 2700 " ain: -w,< 60
- conventh | the widsh
"thay the length
120

it

20w - w- = 2700

o W < 120 - W,

(%0

=
I
—
T
iz
E
+
M2
=l
&S
Il
bl

=
I
WA
o
—
T
=
1
Lad
[
Ly
1}
i

w - 9 = 0 or W - 30 =0 ‘

]
[
Lo
2

o
3
ot
=
&

E

i

A

w = 90 or W

Hence, the truth set is (3c}. .
The width is 30Tt.; the -denkth is 120 - 30j0r 90 ft.
B

i

(&) Let a be the altltude in‘inch.;

(
P 8a

T
b
i
4
cf
i
i)
ot
e
e
ol
o]
I
=
il

il

red
-
W

mwwu.
K]
-

il
e
ja

“

8 = == -

-

ry
™

Henee, the truth set 1is
The altltude 1s ff&iﬂéhesi
(f) Let n be the first number. Then, the next two

conbecutive numbers are n + 1 and n.+ 2.

1l
it
b
oie]

n+t (n+r 1)+ (n+2)

t » n=23% | A &

Hence, the truth set ia {35},

ol
o
+
L
Il
=
O]
ael

The numbers are 35, 36, 37.
b33

Li -
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»(g) Let x be an odd number, Then, the rHext conse c1tive

odd number 15 X + 2.

x4 (x4 2

) Hence, the truth et of all intégéra which
‘are less than 54 and greater than 48%;
- The yx,b re could be 53 and §5, o Land 53, or
) - hg gng 51, i\) ’ _ y
B *(h). Let =& ven ‘integer. Then, s + 2 Is the next
- conzecutiv \

But =5 1o not an even integer.
n

r
integer 5 3uch

ES_S,;%'V—— -
_ 5 \ | :
N A B =
S N Y A O -
- . — M- S R l ) P
L B X
- -5 -3 - i,,\ 5
. I 1 _ _
) HEEEA
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» What 1s the value of D

(o)
Lok

25

~J
I

7

(1) (4

o~
I
Mt
oo
i
1% FiN ]
-
.
i
Lo
L
bl

y=intercept: (0, =5)

’ (b) =slope: -2 7 (e

y-intercept: (0, 1)

(¢) sclope: -7 ()

y-intercept: (0, 5)

Suggested Test Ite

e
i
)
+

S5lope: 2

y-intercept:

slope: O

y-intercept:

onsider the equatlon 2z - 5y - 1

e e |

a—

this equation?

g

L e e
} Ve
s Vo Mo

line and with the y-irtercept

Draw the graph of the equation,

(a) VWrite the equatlon in thé y-form,

What is the y-intercept of this line?

(0, 1)?

(o,

=3 bﬂj

(o,

(0,

W
e

b) - What 1is the slope of the line which is the graph of

What i1s an equatlon of the line parak¥lel to the given

5 I - R
What 1is the value of a such {hat Yhe llne wlth equatilon

3x + 2y - 6 =0

the 1line with equation

W
ey
pag?

r’”u:
fman

pe

contains the pdint
such that the péint

2x - by = 37

(a,3)?

(2,-3) 42 on
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f the lines whose equatlion 1s:

i
[
ja
i
b
ey
AT
L]
o)
o]
oo
T
[

W

Given the eguatlon x° - 1 -y - ¢ and tﬁérDFdéFEi palrs
(0,2), (-3,8), (1,1), (-2,4), (o0,-1), (0,1), (-2,3),
which of the glven crdered pairs are elements

set of the gilven equation?

Give a reason why or why not the équa%t@n in Problem 5 has
a graph which ig a line,. 7

Draw the graph of each of the following wlth reference to

a different 3et of axes.

(a) 2x +y + 2 =0 (f) y ~x>0

. 3 N

(b) vy =35x -2 () x -2y >2

(3) 2x -1 =0 (h) x+2=y or x=y
(d) 3x + 2y <9 (1) =2y + 3

(e) 2y + 3 =0 (J) x+2=y and x =y

Draw a llne such that the ordinate of eatch pelnt on the line
18 twice the opposite of the absclssa, What 1s the equation
of this line?

From one point to another on a line the horlzontal change -
1s -3 units and the vertlcal change is 6 unita. What

13 the slope of the line?

If the line described in Problem .9 contains the: point
(0, - %), what 1s an equation of the line? ,

Is the point (3,10) on the line

(2,7) and (0,3)? Glve a reason f

ﬂ

ontalning the points
r

our answver.

Dad
b

If the ordered pair (a,2) 13 in the truth set of the

i
sentence 2x + y > 4, 1s (a + 1,2) also in the truth set?
Glve reasons for your answer
=,
N A

<
vy )
~ 1.,
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,-1), (-2,3)

—
-
b
—
]
i
-
Do
-
—
P
-

{ & The graph of x - 1 - y =5 15 not a line since only a
5 first degree equation In two variables has‘’a graph which
j a line. -
i
‘ i |
- ¥
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' 548 [
bl

O

ERIC

Aruitoxt provided by Eic:



\\«\;

X
w

[

0

0

i

FXK

q
v

X
e

. &Q«“ _.
AOOOREXK
o
0 %
MRRKOKR
R ,,:3*‘%%,
GO




. Slr,y
A
. | _|,,,,f/
™
ur i /,,; - o
*‘, £ j Z -
K §\\ % j
m \\ 1o ar =
w, S - ,Q &_ ) \\% N © ﬁ
x Lﬁ,,s _ N 1
. | \ | ,
L'}
ag




A - *_ Yertical change * of
.o 9. slope = norizontal change ’Li ’

. - v
c§ i 1 o
= .2 - = 3 N
1 »-y B =X 2 _ ’ . . ‘
11. The slope of the line contalning the polnts (2,7) and -~
(0,3) 1s 2. The y-lntercept 1is (0,3). Therefore the
i equaﬁ&an of the line is- s
. A\
ﬁ‘y = 2% + 3 | ’
The polnt (3,107 tis not Dﬁrthé 11ine since
‘ 10 # 2(3) + %
12. Since (a,2) 13 in the truth set we know that
. \
‘ Igs 2(a + 1)+ 2 greater than U2 ) ‘
2(a + 1) + 2=2a + 2+ 2, by the digfributive property,
& ) B
- 22+ 2+ 2> 2a + 2, by the additlon property of order,
' sinee 2 > 0. .
&
Therefore 2a + 2 + 2 > 4, by the transitive property of
. arder,
7? (a + 1,2) 1s in the truth set of 2x + vy o> 4,
b h :
% il,;, 7 t
Pl +30 -
|
B
i;‘ ' h)
~ 1y
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/ * § Chapter 1% -
' o ) SYSTEMSrOF OPEN SENTENCES *

, / .
n this chapter the student¥ extend their ideas about sen=

\

‘ , y . )
tences, truth sets and graphs ;g=study dbmp@und first degree senz
no

- tences In two variables., The 5t common sentence of thls type

-~

18 the conjunction s ‘
Ax + By + C =0 and Dx + Ey + F = O,
rises in many contexts where two varilables have two condi-

r
tions. placed on them simultanecusly., Such a conJjunction 1s

called a 3tem of equations and 1is usually written
) - _ ax + By +¢C =0
. . . -
- Dx + Ey + F = 0O,
ge tne truth set of a conjunctlon 1s the set of elements for

1
ces are true simultaneously, such a system is
ultaneous system".
oblem of détermiﬁiﬂg the truth set of a compound sen=

tence 1rj two varlables 1s agaln one of finding an equlvalént com=

qgtgnce whose truth set 1s obvious. Hege we are alded by
intuitive geometry of lines. Two distinct lines either intersect
ly one polnt or they are parallel. If the lines given
qﬁdtian. of the system intersect, -then that polnt of

intersection has coordlnates sat 14fying the equations of the
system. This ordered pair 13 the one and only element in the”
truth set of the system, and this point 1s the graph of the sya-
tem. Thus, 1n the case of one solution the problem of finding
m e of finding pairs of equatlions of lines

EQUinlHDt systems 1s on
“through thig polnt of 1nte

gection, The most simple equatlons of
se¢ Eraphs are a horizontal and a ver-

r
two auch lines are those who
n rgectlon. All methcds of

W
tical line through the poln

r3
.solving systems of first degree equatlons are actually procedures

for finding these two llnes, .
. . .
In the first two sectlons of this chapter w

e

conglder a sys-= -
tem of equations with exactly one solutlon and show how to.gen=
erate from these equations any othsr first degree équatlon also

ERIC
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) ) § l
having this solution., Thus, 1f the system
. * L{AX +By +C =0

! .. Px + By + F = 0 . Y

has exactly one solutlon, say (f,s), then for any
! b g, o, the equation

! . ' ;Za(Ax + By # C)'*"fb(Dx + Ey + F) =

is also satisfied.by {r,s). 'Through examplés fnd discussion,
bn the student should learn to select the multlpl
e

80 that elthken the :péfficient}@f x or.of

ers®a and b

1s O 1in the neé

‘equation. Thus, with two proper cholces ‘of . a and ﬁg we obtaln

an equivalent system_.of the form

.4 - ) i: V,X = n i
K - y = K ] e
whose truth set is ((h,k)}. |
- i . L . . o7 . &
It should be emphasized that the above analysls dépended.on
the fact that the system has exactly one solutlon, thus guarantee

i

:
£

ing thatethe corresponding lines intersect in exactly one polnt.

In the cases for which the lines are pa?allei (including the GES%}
of colnciding lines), 1t 1s necessary to glve an algebralc devel-

opment of gquivalenj]sentéﬁées, one which does nét_depénd an:i
{ntultive geometric ideas, The fact 1s established 1ln this qﬁé—
tilen that any system -

»

g
5

+ By +C =0
+ By + F = 0

)
B

is éguivaleﬁt to
[a(ax + By +C) + b(Dx + By +P) = 0O
' \»Dx + By + 1

and to . [ @' -
Ax + By +C =20
# a(Ax + By + C) + b(Dx + Ey + F) = 0O

et
)
iz

for any a # o, b # o. This fact is "proved" for a speclal
aystem. Since the proof® for the general case would bé so similar
in every detall It 1s ot included, ,The above "theorem" 1s used
in Seotlions 3,4, and 5 tﬁiiflvc systems of equatlons,

.,

i
g R

O
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A studanﬁ may need nelp in. aeeing that ifr there 1is a number
% A o such that o ¢
D = kA, E = kB, F = kC,

et L

then §hé multipliers a. and b méy be so chosen that the sys-

tem - ! S " A f“ﬁ:i,! ,

. Ax + By +, C=20
0 = e e s Dx -+ Ry =+ Bom O oo o
Eqﬁivaisnt to . _
e N AX, i By +C = 0 and fo 0O =0
' - 0m=0 Dx + Ey '+ F = O,

whieh have a camman‘tfuth gset whase graph 1s a line. In this
case, "Ax t By + C = o" hanﬁ' "Dy 4 Ey +F = 0" are equivalent
“and theif graphs cuiﬂciﬁe. o

If thereW®ts a number k # o suchfthat_,

', D= kA, E = kB, but- F £ kC,
- Lo !s T -" v‘;

then the aystemv L :
7 {?k +By +C =

\DX+4+ Ey + F =
£ .

N
Lo w]

has no sa}utiggi The grépha of * "Ax # By + C = 0" and
. "Dx + Ey + F = 0" are pgrailel=iiﬁes. ' ’
. Throughout this development 1t is welﬁ to insert an éceaﬁ
‘ sieﬁaiieﬁmpbund sentence with the connective "or", Such ex- »
amplgg should®tremind studénts of fhe fundamental difference be-
r tween ccnjunctions and disjunctigns and emphssize the importance
of correct connectives. The gfaph of "2x -y + 3 = 0 and ~
'x 4+ 2y +1 = 0" 1s one point, whereas the graph of
"2x =y + 3 =0 por x < 2y 1 = 0" 1s the set of all the_
points on the two lines, 1Ih this connection, emphasize ﬁhé
‘difference between the statement "the graphs of the equations _.
nr!the system", ﬁhiéh refers. to a pair of graphs, and the state~
men§> "the graph of the system” , which refers to either one point,
_ one line, or the nuﬁi set, oo




O
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T17-1, Systems of Equations.

pages 767-712: 17-1 and 17-2

-

The word system-ls used as a Synanym'fér’ggn unet:

is, tﬁsiédicate a compound sentence with connective and. This 1s

.a good time to,review the conditlons for a true compound sentence.

A or B"' 1s false 1f A, B are both

false sentence@;faﬁhérﬁise it 1s true. .
"o and B" 1s true if A, . B are both ' '
true sentences; otherwise it 1s false, E
Thus, the truth set of a system of sentences 1s the set of ele=
ments each af which makes every séntence true.

Answers to Problem Set 17-1; pages 769-7701

1., The glven ordered palr satisfles the System in each part
except. (a), (d), and (e). '

2. (9,1) 1s an element of the truth set of the compound sen-

‘ tence in every part except (a).

3. Answers wlll vary.

4, Answers.will vary.

5., Answers will var&;

- 4

2
~Ji
]
(™

iraph

]

of Systems of Equations.

It should not be difficult to convinc students that al-
th@ugﬁ the graphs of the equations of a system allow us to make
an estimate of the truth set of the system, we must not accept
this estimate as the :

e truth element until 1t 1s shown to satisfy
beth equatlons. This sort of discussion should then motlvate tﬁe

. development of the following sections, in which.p}acedures are
n

egtabiished for golvin

g systems by finding eguivalent systems.
The situation is anal 0 that of the beginning of the -

ruessed and then

i
T
]

£
course when truth numbers of zentences wer
=]

i

later, the guesswork was eliminated by consldering the

hers is a sharp difference between the "graphs of the sen=
,

[

o

t

-

1a T

m
[

tences In a system” and "the graph of the system"., Th

M

2
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" pages 773;77522 17-2

the graph of a conjunction, and in the case of a system of first’

degree equations with one solution, it is a single )p/csyﬁt.

as Ee
=

15- ;_Angi;,eiifg,tg Efég;e;négﬂi; 17-2; ﬁageé 7‘773='775:- |
co1 e (5,61 o

(8) ((=2, = £). e e
(d) ((0,0)) : ’ Coe
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' e

|
I
P =g '
|
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(c) | (a)

(1,0) ) L\

{{ion i
{(3,1)}
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Pages “T75-T78:

&

1

1

TeglJand ~17-3

Splving Systems

3. (a). - S
—7f — —"y
6 “<gAf —
- _ L I SN N S
S 3 — — —_
— 2 e
41—t - \ .
ol A 3456 <
. VAT
S N 'Y 7. N 2
. 7/

%

=F

of Equatiggs.

In this section we develop the idea of
" There is one hurdle here for the students;

wt

equlvalent systems,
if this hurdle-is

passed, the succeeding develmmeEQJshauld run smoothly’ VIt is

this: Hgiven any two first degree equatlons,

Ax + By #C =0

and Dx + Ey + F = 0, which represent intersecting lines, we may

choose any two non-zero real numbers a and b and be certain

that the generated equation -

v ‘ a(Ax + By +C)-+ b(Dx +iEy + F) = O
’ . &

. represents a line and, in fact, a 1line corttaining the point of

intersection of the original lines.

Furthermore, every line

"through this point Q? intersection (other than the original

1ines) can be obtalned by certain cholices of a
verification of this fact follows in
_that a number palr
(s;t)

the polnt
,etnt

!

a@d b. The
part from the observation
an equation if and only if

(s,t) satisfies
1s on the graph of the equation.
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* >, ' Answers to Problem Set 17-3a; pages 778-779:

2ot 1. (a) yes L (e) ;yes ;

Q(b) “yes AL R € ) yes

A vea .. 0 o . (g) yes -
o0t () yes oL (h) "yes = ‘(

Z7. " Answers will vary

3, (2x ’;'y+5)+(3*y‘é2) =0 .
- . o i= O,f

A U SR j_ ‘v(, 3 ,:,,,:,,; N 3,3 +, 3 )
e A . o 3% = -3 sf

L)

e 4 . » x = =1-. g .

(Ex -y + 5‘} + (2)(x +y =2) =
T (2K =y 405) 4 (=2x - 2y + 4)
P - =y &9
: Lo LT By = -9

" e .y =3,

]
e BN T <3

Ff Answers to Oral Exercises 17-3b; pagé\$53=
1 (a=-6, b=2;a=-9,0b=3; etc,, are

-2 ~also Cfoécté)
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page 78M4: 'i%—a -

Answ

x = 18
y = =4

Truth set o

ers to Problem Set 17-3b
of

::,i .

; page T84 v
the system: ((18,-4))

1Y
t et —
s} - =
: Iz[ = ——=1.
; 1 == - L —~ —
,.'% E . - k;i~ - = N
f't — ‘ — = — —
! 'F'} L _
7 +.-
- " & _
& — . — -
P
— 5 _ = ?; _ —
4 - (= _ @
- n
i T 1 _ 4 1 B
2 - 3 - —
1 - _

=z -10] 1.2 3.408 8 7 8 910 U 1243 1435 16 1
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page 784: 17-3
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=TT
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N 25
L = i ) .
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The graph of the system-1s the point
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pages -784-7687a 17-3
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I\
1
o

(8, -2))

AR
1
Ll I N

{(7,9)]
((-5,-%)}
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Answers to Problem Set 17-3c; page 787:

(e) 2% -3y - 4 s,:i)i'

(a) {3 M 7

h By = 4 = D -
(ij' Ty =14 =0 o

) {2x -3y =4 =0
Ab) ,7x - 35 = 0

Ar——

. o
Y
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e
+

]
O

(v) Lt 570
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Answers will vary.
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page 790: 17-3 R e
Answers to Problem Set 17-3d; page 790: e
' 1. X--y=1=20 )
L * x + y = 5 = 0-: j R
. '{(x sy~ 1) 4i{x +y -5) =0 - !
i 7 7 = . x +y - 5{ ‘E D /
L ef2x -6 =0 | o »
LITlxty -5=0 : o TN
;- ' x =3 ' T o
e x+y=-5=0 ’

If there i1s a solution, 1t must be of the form (3,b), and
b must satlsfy the -following aguivalent sentégies:

3+b-5=0-

b -2=0
b = 2

(3,2) g;&the solution of the ‘system.
' ¢ above form is an idealigg%ign of the complete set
~of s 1n,solving the system. ' bf‘cirrse,:it 1s hoped and
>‘des(id-tﬁat students will quickly jer
ateps by choosing the multipliers and forming new “sentencds-
in one step, as well as maki\g the "substitutipn" to obtain
gg, the ideargf

n to‘omit some of the

® .in one step. No matter how short the proce

ieqbivaléﬂt systems should remailn,

e ke )

TR TR % AV
P
W pr— gr———y, p—
e~ —
i ] [
[ T -
. \
h—_.l
"
!

o0~
L
L]
1

Lo Y]
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»
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— e,
Lo |
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~ o~

(a) one T v #
{b) 1ﬁfinﬁtely many / . o

-
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pages 790-792: 17-14

o 4

17-4, )Systems of Equations with Many Solutions. .

The students should Ee reminded that a compound sentence with

“‘connective and (that 1s, a system of sentences) 1s true when both

gentences are true; otherwlse 1t 1s false, Thus, 1in the system

) . Ax + By +C =0 -

- . 0=0, s
"0 = 0" 1s true, and, therefore the system ﬂ_rtrue for all num-
ber pairs making "Ax + By + C = 0" true,

=

Thils situation will occur when the system

{Ax + E} +C =20
£

— Dx + Ey +F =0

is Dﬁe for whiech.we can find a nDnszefc number k such that
A = kD, B EfRE,' and C = kF;; and the system'iz equivalent to

Ax + By + C = 0O 4
(Ax + By + C) - k(Dx + Ey + F) =
Ax + By +C 0

0 0

In other words, in ghis case the individual sentences 1n the
system are equlvalent (one having been-obtained from the other
by multiplylrg by a non-zero real number). Thus, the graph of

such a system 1is the one line repres ented by the two equations.
Answers to Problem Set 17-4; pages 79%f79“

=1, (a) -
Y ki
I I I ’
~al IRNEE
) ENNEREEE “
_ E | I R S RN S
e Av;iﬁ~£§,,‘;,i,;
) I N O
:‘;Prﬁ} 7; 73 “‘i §§"; L \ .
[ R .
\\\ .
s ﬁ\x )
f;/ <) .



page 792: 17-4 ~<

L (0) yes - } -
"4x + 6y™- 20 = 0" can be obtailned by multiplying each

7 side of "2x + 3y - 10.= 0" by - 2, a non-zero real num-

~ ber, ' ' o '

(¢) The thuth sets and. graphé of the truth sets of equiva-

. lent"sje:xtances are the same,

) = = i: ff
_ L~ _
s_;i"
e — X
3210123468
® LT
_(b) yes
N "3x - 6y + 15 = 0" can be obtained by miltiplying each
“%side of "x =2y 4+ 5 = 0" by 3, a non-zero real number,
’ (d) fx ~2y +5=0 : SR
, 0 =0 '

o
| !
N
H |
o
N
I

|
—
|
|

¥
AN . \

32 -1g 12 3 45

— f;gﬁ — -
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pages 792-794: 17-4 ‘ - i - .y

=

(b) yes " : . v
yes o -
W1ox - by = O" can be obtained by multiplying beth
sides of "3x -y = 0" by 4, a non-zero real humber .,

é

e i i e o e B TR e o ST —2 T EETIR RS A e

ey —yes .

(d) 1infinitely many : - , L. i

no(a) | e

S
[~
]

15 | .
_ mHvi |
(b) no
¥ { no L
(e¢) no
. (d) one p
5. (a) Please see the first paragraph on page 555.
(b) They are the same graph.
6, All Systeﬁsg except the one in part (¢), have infinitely
\ many solutions,
- \ [3x -5y +.4 =0 .
7. (a) A7 O=0 \
' x =3y -1=0
/;“:{b) ( 0 i»D'r/ N
) (g) It 1s not possible., ~
() 2x +y -6 =0 and 0 =0




“pages 794-795: 17-5

17-5. Systems with Na Salutiaﬂr

Again, the definition of a conjunction of sentences tells us
B that the system

Ax + By +C = 0O
L -5 = 0
" 18 false for every number pair, because "-5 = 0" 1s,false,
. Such a situation occurs when the system
” : ~

R ‘ {iAx +By +C = 0

Dx + By + F =0
1s one for which there 1s a non-zero real number k such that
A =kD, B = kE, and C # kF, and the system 1s equivalent to

{ +By+C-D
(Ax+By+C)sl{(Dx+Ey+F)

“N {Ax+By+C-D

o C = kF

Clearly, the second sentence is false and the system has an empty
. truth set. FT» cases in which B £ O and E ¥ O 1it°may be’
inatructive for the class to put the sentences of such a system
.in y-form

. i A ¢ °
‘ SR E A s -
~. D _F
—— . y ﬁx E 7
and note that a'% = = % and = % £ - %- This 1mplies that the

lines have the same slope (are para 111lel) and different ylintefé
cepts (do not colncide).

I
LI
».

st

N
g
g
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pages 795-796: 17-5 )

Answers to Problem Set 17-5; pages 795-797:

y

Lol (@) SR

\i
|
f"

|
1
'

1

N
L
—— n
hoth & UL\ [ }:g\ - ﬂﬂ 5o P

(b) The graphs aré parallel lines.

(¢) The sentences are not equivilent.
The coefflclients of x and the coefficlients of y are
the same 1in the twa'equatigﬁs, but the constant terms
are different.

B

N e
LN ,
SEEER SR

*quivalent.

)
I
K
-
i
=)
ot
g

(b) The sentences are

¢l

The coefficlenta o x and the coefflecients of y 1in

n
the two equatlons are the same,; but the constant terms

are different.
5607
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page 796:

(e)

LT

lx +
| =x
Ix +
L

17-

E

oy =6 =0 , '
Jx +y =6) + (})(x +y §_2)

X
—0

y -6 =0 7 ,

~y+E+x+y=-2=20

y -6 o . -
4 =0

‘ (d) The truth set 1s the empty set.

3. (a)

(d)

ERIC

Aruitoxt provided by Eic:

2x
-2

{1m
|
|

I
.

x
- A9
S N S SN NG -3 D VY
b A&
e 16 F—oY\¢

sentences are not equivalent. The coefflclents of
x and y 1n the second sentence are each twice
corresponding ccefficient in the second sentence,
constant terms are not feiated in this way.

+y -1=20
Y(ex +y = 1) + (1)(4x +2y = 5) =0

il

Fis

1 0
+ +
+y -1=20
3 0



pages 796-79T7: 17-5

»
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L - “”g“ - 5 -

. 5%4 : B o )
(b) The seritences are not equivalent. The coefficients of
x ,and y are not related in eny %Eecial way.
(¢) This cannot bé done, No cholce of a and b . in the
gentence "a(2x -y - 4) +b(x +y - 6) = 0" will re= .
sult in & sentence in which the coefficlents of x and -

y are both zero.
(a) Thepe 1s one element.

5. There is a number 'k £ o such that 1f you multiply the
coefficients of x and y 1n one sentence by k,:you get
the coefficient of x and y 1n the other sentence. The
constant terms are nat so related.

The graphs of the 1ndividual sentences are parallel lines,.

&

6. (a) 1infinitely m%ﬁy
(b) none /f
(¢) one -
(d) none
(e) n@ge

(f) none

Jggf infinitely many
e

(h) none

w
i

|
\J
"
C
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pages 797-799: 17=5 and 17-6

- %
{ + Sy - 5=0 F
, 2% = by 4 10 ¢ 2x 4" hy + 3 =0
{K + 2y - 5=0
oL 13 =0 . !
(b) Mo such system can be determined, 2 ’
) ((‘:) {Qj{—; ¥y = 3 ?O o :
U=3)(2x v - 3) 4 (1)(6x + 3y - 5) = 0O
2L+ y = 3 =0 _
-bx = 3y 4 9 4 6x 4+ 3y - 5 =0
{EK F Yy o= 3 =0
b = 0
' \
17-6. Another Method for Solving Systems, , v

This sectlon differs from the chapter as a whole in that all
other Epﬁtimns are treated from t?e pDintTDf view of Equivalent

SyStFmE " The PQEiVSlPﬂLE appr@awh i3 desirable for a number of

esl
Feasonsj; It 1s easlly ex%ended to linear systems consisting of
any number @f sentences, It 1s the basis for the "addition-
subtraction" method, 1@n§ a standard technique 1in elementary
alngra té%ta It is qtren?fhPﬂPd by, and in turn strengthens,
the PDHPEpt of equlvalent Sentgnreg, developed earlier in this
text, . ]
Nevertheless, thel's stitution" method, also a famlliar
feature of most Eexts, ia very efficlent 1n many cases and 1s

useful enough 1in later work to warrant some attention; and this

“sectlon 1s devoted to an explanation of it. If, for any reason,

it should seem desirable to omit this section, no$§nés of con-
tinulty would result, A

The text 1s careful to work with numbers in developing the
substitution method, Thus, in Example 2, for instance, the prob-
lem- -30lving process beglns by stating ﬁhat 1f . and b are num-

bers such that (a,b) 1s a solution of the”aystem

b -7" and "a +2b - 4 = 0" nust be true sentences

then "2a
From the firat of these, the name "2a + 7" 1s derived for the
number h, and this name 1s 1n turn substituted for "b" 1in ‘the

=¥
second sentence,
570
5
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A

= -

" pages 799-805: 17-6 and 17-7 » ‘ ¢

%

'ihis‘difféfs from pfésentati@ns tha't siﬁply substitute,
"ox + 7" for "y", without the introductlien of the "(a,b)"
notation. There 1s of course nothlng wrong with this, but 1t
needs to' bé accompanied by an awarepess that, in makling such a
substitution, one 1s working with a (x,y). It is not
true that, for any (x,¥) Satisfying the seg@ﬂd’sentenqej it 1

particular

[

true that y = 2x + 7. -To the beginning student, however, this
distinctlion in the uge of x and y 1s llkely to be uncléar.
The "(a,b)" notation emphasizes that we are working with a,
pargicuiar pair of ngmbérsg - . ’ £

In the examples of the-text, the process In each case begins
with the statement "If (a,b) 1s a solution..." . Thus; as a
final step, 1t 13 necessary to check 1n each sentence of the éyss
tem, since there may be no solution at all. Otherwls !
not shown that there fz a solution; we have simply shown that 1if
there 13 a Salgtian,;we kriow what it is. However, 1f in the
atudy of sectlions 17-% and 17-5, the class has established a wéy

ments "There is exactly one solution" and "If there is a sol-

ution, 1t 1s (-1,1), for instance, certalnly imply that (=1,1)

18 the solution., Even so, checking may be desirable as a guard

agalnst arithmetic errors.

Answers,to Problem Set 17-u; pages 801-802:

=
.

{(1,1)} ' b ((=2,-5))
. ((1,3)) , 7. ((10,6)}

((15,-1)) - 8. ((1

T

(]

4 ((6,-4)) 9. ((2,3)] i
5. ((5,6)) ,_ 10, ((0,1))

1. The larger number 1s. -8 and the smaller number ls ~-15.

2. The larger number 1s 23 and the smaller number 15 7.
. ) et
3. The boy has § dimes and 4 qguarters.

[T \ i,

=
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)’Tv. )
.

7. Each man is paid $10 per day and each boy is pald $6

pages 805-810: 17-7 and 17-8 v .

- L ¥

‘4, The number of filve dollar bills 1is 40, i

5. Thg number 1is 3u. o

Lt

The man .bought 10 pounds of 35-cent u€% and 20 pounds
of 50=-cent nuts. ) _ ] i

oy

o
L
[l
=

Aay. .
1

unds of.seed worth $1.05 per pound and 150 pounds

X
2w
e

. ED
58€

>4 worth 85 cents per pound '

[

Invested $5,200 at 5% and $4,800 at 6 %

4O
ot
I

10. ‘At the point whose coordinates are (3,1).

Lt

X,
- v *

-

R

¥ -
]

17-8. Systems of Inequalities. '

As before, the definiticn of a c@nJUﬂcti@ﬁ will be the key

]

ldea here. A number palr satisfies a system of sentences 1if and

[

only if 1t satisfies both sentences. Thus, a polnt 1s in the
graph of a system of inequalities if and only if 1ts coordinates
satisfy both lnequalities, ’

Answers to Problem Set
1. ‘ - -
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page 810:
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page B810:
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set

solution s

The graph of the
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R

the set of all number pairs wher
more than - % timés the abscls
% =
o ¥
- ._‘;‘f‘ - 4 ¥
o JE -
~
hs

%. (a) (d) (e)
(x =2y + 3)(2x +y - 8) =0 means
X =2y +3=0 or'2x +y -8 =0 .
3<x <7 means 3 < x and x < 7.
2. (a) 3(2) = (3) =6 -3 = Since the two clauses of
- - . - the compound sentence
2 = + = 2 =° = < -
e 3(3) 7 B 2+ 7 0 are not equlvalent,
R there 13 at most one nunr
) ber pailr that is the sol=
. utlon of the systenm.
Hence the truth set is
((2,3)}.
* (b) (‘513) = ,
7
(¢) a =1, b= -3, Thete are other possibilities such,as
' ., a =2, Db = -, . i
=
(d) a = -3, b =1, There are other possibilities.
T
i\ (e) -3a + 7b =0 15 true for a =7 and b = 3.. There
% are other possibilities. 7
, 3. j(a) {4}
(b) all numbers greater than -36. ’
B <109, .
(e) [I§§J L ! %
\ N -
(“j) [‘ég Ts T} 4
(E‘) [_’g: _3]
/



¥ e , - 1)
b (a ——t—t——t 1 1T T
(a) Ot 23 45 . (1) IR L
' 5 -5-4 -
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Q) R —— RSN

} -%8 -32 -28 -24 -20 -18 12 -B -4 0

=
i}i
{ S S B P
—

|
.
.

(e) : 7:,: T |
432 o2 ‘There 15 no
common pelnt.

e

x+y-220

7 _ . 1 - ] %he*twa
/ 4o S T T lines
( N | | coinclde,
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pages 812-813

6, To every number Q%lf there corresponds exactly one polnt in
e 7 7 tne point
thve plane and to every point in the plane there corresponds

exactly one number pair for a gilven set of axes in the plane.
7. (a) &g}gﬁ

Truth set-area between

}dﬁes Including solid

gﬁ lines, ’ : '

-

ot

8. (a) -2x° o (r) 1
(b) third degree ' (g) ©
() 1 P

== (h) yes
(d) (1) “vyes
(e)

(b) -1 (

(¢) third quadrant

=~
ol

)
—

second quadrant

,ﬁ:
ey
=y,

A
AR




page5f813ﬁgl“x

10.

11.

s}
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Aruitoxt provided by Eic:

: N\ ]

(£) 1 o
(g)
(n)

+
(1) ta” +

N 52 2 b
a) 2 -75-3 or
) =7a + 1fb

(c) &

Let x Sfepfesént the number of days of slow growth and

y represent the number of days of fast growth. Then

6

[

I
—
l“-r"‘ ""J-I
L
W
1 L
- o
[
Mgl
]
l‘u'r{
Z
o

160
from populatlon A

There were snalls from population B
1f the migrants were a
gample from each populatlon.

If ¥ 13 the number of grams in the fresh
the number of grams of dry welght,
then A <

[t ~d =1
Xf d = é? f ‘ °

(f -d - 100) + (d - =

N i
v’
et
]
i

&
254 e
S2f = 100

3
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page 814
.14, If f 4s the average welght of ,4he females in micrograms
s _ m 1is the average welght of the males 1n micrograms

. i b 3 )

then + 2f = 10(720)
2f = 940 + 980

. L x{ + 2f

7200) - (2f - 1920) = O
8m = 7200 - 1920 = 5280
m = 660

The average welght of the 8 males is 660 micrograms
each, '
I

L]

Sugéested Test Items

1l. 1Is e§ch of the fDllDwing cDmpDund sentences a system of
gentences?
(a) x +y = -2 and 2k - y =8
. (b) 2x +6y +3 =0"of x -y =28
(¢) x =3 and y = -5
(d) 3x +y !
(e) 4x +y
(f) 3x +2y +1 =0 and 6bx + 4 -9 =0
2, For which of the six sentences in problem 1 1s (3,-5) an
element of the truth set? '

3. (8) Draw the graphs of the 1nd1v1dual sentences of the

73x +y +3 =0
X =2y +1 =20
(b) Draw the graph of the truth set of the system in 3(a).
(¢) Explain why the graphs in (a) and (b) differ.

»system

ot

4k, Draw the graphs of the 1ndividual séntences of each of the
slx compound Sentenceﬁ in problem 1.
5. Draw the graph of the truth set of each of the compound sen=-

tences 1in problem 1.

f“v,,b:p
W

P =
hos Jﬁ




10.

11,

:

Is the truth set of the system

g gcﬂtained in

[
-
1
ik
<
[
Mot
-~
L |

the truth set of any of the foflowing sentences? If so, 1n
which? v

(a)rah(x -2y + 3) + 7(3x
(b) =3(x =2y - 3) + 1(3x
(¢) a(x -2y - 3) + b(3x

are non-zZero real numbérig

Find thé truth set of each of the fcllowing by determining an
equlvalént,system;in which one of the sentences contains only
the variable x, and the other sentence only the variable

y; or, if this 1is not possible, find the truth set by deter-
mining an equivalent system in which one of the sentences is
O =0 or a false sentence, such as 4 = 0,

X+y~-T7T=20 ; y =2x - 3
() {$1y27128 (d) 1{19!37-11
, X -~y =5 : (L .2 —
(b) {3x+3y-10 * §y 2=0
, c 1
o 2x =3 =Ty (E) s =y+3ED
() {1@: -"35y = 15 3

Can two integers be found whose differenc e 1s 13 and the
sum of whose successors is 287 Explain,

How many pounds each of 95=-cent and 90-cent coffee must be
mixed to obtain a mixture of 90 pounds to be sold for 92

Y

cents per pound?
A man made two investments, the first at 4% dnd the second
at 6% . He recelved a yearly income from them of $400,
If the total -investment was $8,000, how much did he 1invest
at each rate?

At a service statlon Jack bought ten gallons of gas and a

" quart of oil, spending a total of $3.75. Jim bought elght

12,

gallons of gas and two quarts of oll, and he spent $3.54.
What was the cost per gallon of gasoline and the cost per
quart of o117 ) '

The digits of an integer between O and 100 have the sum
12, and the tens digit is 3 more than twlce the units
digit, What is the integer?
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‘Draw the graph of each ar the lelowing sya&ems

(a).,-x +y =5 and x { 2

r oy [x
ey {3 ; |
Consider the séntence "2x -y > 3", The humbéf‘pair (2,3)
‘does not satisfy the sentence, and (3, -1) does satisfy
the sentence. Which of the fnllnwing is true,.and why?
(a) (2,3) and (3,-1) are on the same side of the line
"2x -y = 3",
The point (3,-1) 1s on the line "2x -y = 3", .
(e¢). (2,3) and (3,-1) are on opposite sides of the lime-._
"21 - y = 3“; :

+ M

I
E A -
B M

oS Il

Answers ta Suggested Teat Items

(b) 1s not a system of sentences, since 1t is a compound
" "

sentence formed with "or", Each of the others is a system
of sentences,

(3,-5) 1s 4n the truth set of each of (b), (c), and (d).

(a) . (b) .
A y ] - Ly __
1 - - " »
g ) L= _ 27 B .
_ \ !
_ i X T
] ;s 7'@ 727 — (-1,0)0 é,
P V]
\

(c) Thése graphs differ because in (a) the required graph
is made up of points whose coordinates satisfy one or
both of the sentences comprising the compound sentence,
whereas in (b) only number pairs satisfying both sen-
tences are In the truth set, so the graph is the point
(-1,0).

.
A
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(e)

- \illﬂ\ T

g‘

g;ng

/|
f

The graph consists of all points

whose coordinates satlisfy -at least
one of the sentences of the compo

sentence,

und

{y )
yA
_ { (a) \ -
o | ' 2\
1 , e S
e : T\ — [°°
Ij _ V 1 — =
1|0 2 X .
§ - \ ] %
_ (3FF) \[
[ S S Y o b-
The graph consists of all points
with abscissa leas than 4 which
satisfy the sentence 3x + y = 4,
() y
\ RN +—
12 \\ i EREENE ,
Ly AL _ ! 17T - x
o[z "X 0 2 . .
T - =T s RN
PR s >
- The truth set :3 the empty set,

-
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. .+6. Yes. The tryth set of the syptem 13 contained in sentences
(b) and (c). . f ‘ :

¥

ISRV A Ak S :
SEEE v 1(x +y -7y +1(x ~y =5) =0
» x+y=7"4+ x-y-5=0 . |
! : 2x - 12 = 0 : /.

y
-,
% ™
+ +
“
[] [}
QN3
] o+
L D
mr‘j'fi
Cw ®
+
W o«
o
)
[
o

)

e BPg 2o —~
5) + 1(2x + 3y - 10)
3x -3y -15+2x + 3y =10=0
£ 5« =25 =0 ) g“
- x =5
2(x -y - 5) +71(23 + 3y =10) =0
-2x + 2y +10 + 2x + 3y =10 =0
5y = 0
y=20
{((5,0)}
() {%gxrs?BgyTL 15
. =5(2x - 3 - 7y) + 1(10x - 35y - 15} =0 ,
-10x + 15 + 35y + 10x =- 35y - 15

]
Lo ]

1]
's)

- i _

0 0

[}

Therefore the two sentences of the system are
equivalent, and any number palr satis"ving one
of the sentences satisfies the other. The sol-=
ution set 1s infinite. :

g
[
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-
s
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; st (a) ,_77y !21; 3 5 : . . Lo 'K:‘ -
S 10x -y =11 -~ - ) e

A © 1(y - 2x + 3) + 1(10x
' Yy -2+ 3+ 0x
: - : 8x - 8
£ 7 . . ka1
. 5(y #%2x +.3) ¥ 1(10x - ¥
5y -.10x + 15 $710x - y - ]
SRR by + 450 .
s >
((1, -1)}

b
I
e
[
=
= =
a1
]
o

moon
Ll o
]
L] <
[] 1 ]
A e
e [
~ .
g ou W
= o [}

¥
o
M
+
1]
—
]
ﬁyd
‘ -+
o
-+
Lad
Mo
| ]
(o]

Therefore the truth set of the system is @ ,

8. If the greater integer 1s x and the lesser integer y, then
x -y.=13 /
{x+1)+(y + 1) 28 .
) x<§ y 13
x +y = 26
1(x -y -13) +1(x +y
X =y -13+x+y
2x - 39-3

x éfig% But the domain of x 1s
- the set of integers.

26) = 0
26 = 0

o+ +

Thus, fbere 1s no integer x whlch meets the conditions of
g the problem,
9. If it i3 to contaln x pounds of 95-cent coffee and vy
pounds of QO-cent coffee, then
X +y =90 N
95x + 90y = (92)(90)
((3c,54) )
Therefore 36 pounds of \g5-cent coffee and 54 pounds
% of 90-=cent coffee should be used.

EHO
589 o,
e

e

<)
id

("




11.

£ s,

-

If m dollars was invested at 4% -and n dollars at 6%,
m +:' = 8,660 :
.Obm + B6n_= 400
o { (4000, “4000)}.
‘Thus, $4,000 was.invested at each rate. - ;

*

If gasolime costs g cents per g?llén and oll costs 4

.. cents per quart, BT A E - ?

Lo .l {;Qg+q=375t
{(33, 45)) ° -

Gasoline costs 33 cents a gallon, and oil costs. 45 cents
a quart, .

If u 1s the unigs digit and t 1s the tens digit of the

4 Wa

'f Pt

integer, ';E.henz

o {t +u =12 | N
r 1t 7

The truth get 1s the 'set of The truth set 1s camprist;a
number pairs which are 1n the of the number pairs corre-
truth set of x +y =5 and sponding to points 1in the

which have absclssa leas doubly #haded reglon.

than 2. ’

=



(&)

i Thé truth set is £, |

14, The graph of a-first degree  1nequality in" two varlables 1is
the mset of all polnts on one side of the line of the corre
sponding equality. - Thus, (¢) is the only correct response.

El
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Chapter 18 .
QUADRATIC' POLYNOMIALS
Quadratic’polynomials were first studied in Chapter 13,
Now that:coordinate aystems have been introduced ( Chapter 16),
it is“possible to get a deeper insight into the quadratic

,ipalynemials in x, . 2
' XC + Bx + C, A # O,
>b§»gansi§ering the 'graphs of the corresponding sentences,
Sy o mPamacC, AFO. -/

In this chapter we use ﬁhé graphsnjf quadratiec polynomlals

to motivate the develapment of’ the standard form of a quadratic

polynomi®1 in x. 'To do this we fizﬁ‘l:/ study. graphs of "ax°"
er) Then we note how the

by

(where a 18 any non-zero real number

2n "SIE 11

graph of "a(x - h) 1s obtained from the graph of
horizontal translation or "movement" in the plane. Finally,
the graph of "a(x - h)E + k" 1s obtailned firom the graph of
"a(x - h)gii
polynomial "Axg + Bx + C", A # 0, can be written in the
standard formy "a(x - h)2 + k", a # 0, and since the graph of
"a(x - h)g + k" can be obtalned by movements of the graph of

2", we conclude that the shape of-the graph 1s determined by
the number a and 1ts position (axis, vertex) By the numbers
h, k. 7 :
The graph of ""ax® 4 Bx + C" intersects the x-axis at
points whose abscissas satisfy the quadratic equation

by a vertical movement. ?husg gince any quadratle

Ax™ + Bx 4+ C = 0,

Here the interesting by-play between quadratic polynomial
and corresponding quadratic eguation should be poilnted-out.
Because of the shape of the graph (parabola) of the quadratic
polynomlal, 1t 1s suspected that there are none, one, or at most
two polnts at which 1its gfaphiiﬂtersacts the x-axis,.

' The Qafﬁégponding quadratic equation, whose solutions are
“the abscissas of the points on the x- axig, can be solved in

complete generality by using the standard form of the gquadratic

Ly ~
<50



.are egu;vaienti Thus, there are no solutions if B

2 _ yac 1s
2

negative, one solution if B“ - 4AC = 0, and two solutions
1r B? - UAC 1s positive. In no case are there more than two
solutions. As a consequence we can prove that our presumption
about the graph of the quadratic polynomial was correct: 1t °
intersects the x-axis in, at most, two points. '

,Tﬁé second of the two equivaléntrsenténées above 1s often
called the quadratic "formula".' In our terminology it is a
sentence equivalent to the gquadratic equation from which the
truth numbers are easlly read. The quadratlic formula 1s not
devélcped in the .text because as a mechanical device for
grinding out solutions 1t leaves much to be desired. It is much
more important that‘the student should learn to write’

"A%2 | Bx 4+ C" 1in the standard form "a(x - h)2 + k" and

" solve the resulting equation by factoring. In this way he is

constantly aware of the shape and position of the graph and at
the same time aware of the posslbllity of factoring over the
reals (if and only if is negative or zero).

W=

18-1. gGraphs of Quadratic Polynomials.

A quadratic polynomial in x 1is defined as a polynomial
whilch can be simplified to the form AX® 4 Bx + C, where A,
B,. and C are any real numbers, with the important 'restriction
that A be different from zero. Oral Exercises 18-la are
designed to give the student a chance to test his ablllty to
recognlze a guadratic polynomial. The following points are
brought out 1in these exerclses: '

Although A cannot be zero, elther. B
or C or both may be zero,



pngea 815 Sli 18-1
: {
The cgefficfents A, B, and C may be
/- any real numbers (A ¥ 0); they are not
restricted to integers. : '
An expression such as (x + 1)?
(Problem 13) 1is a quadratic polynomial
sifice 1t can be expressed in the form
Ax® +'Bx + C. (This will come up again
later when standard form 1s studled.)

Answers to Oral Exercises 18-1a; page 816:

no

.

9. yes; .-1,1, 8
10. no
%j- 11. no
N2 12, vyes;
13. yes;
14, yes;
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Answers to Problem Set:18-1b; page 818:

1. araph of polynomial 2x° y

x,y) T YT

(

(-2

(1 E)
(Dx Q) -
(1, 2) 17T
(2, 8)

— M2

[
P

=

LA
[_:("4‘1 A »—J o

“-.J
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= i o 3

. page 818:  18-1
age 010 ‘
.2, Oraph of polynomial =2x° *

(I, X)L
(*2; 1‘!8)
. (51; ‘E) .
' N T P
(1, -2) !
(2, 48) ~

3. Graph of polynomial x* - 2

(x, ¥):
(EBJ 7)
(EEJ E)
(51; ‘1)
(D: EE)
(1, -1)
(2, 2)
(3, 7)

- ]
4, Sraph of polynomlal x° + x

(x, ¥):
(-3, 6)

ey

| — o

| et

) — M

(*25 E)

(‘1; D)

(0, 0)

(1, 2)

(2, 6)

——
|

(3, 12)

e

— M

™
L.

o
v




) PITGEE
5. Gr of polynomial x° 4 x + 1 TR
¥ : , BV
/%, y): o o ‘ IR J1: |

(-2, 3) RN

oo

(& 1) o 1
(0, 1) ; T

B | T
- i (E; 7)‘ E . 1T .
' (3, 1®) -

M L |

'
i

. |
[y
{ d
s

'6. Graph of polynomial - %? 4+ X ' -

(%, Y)?i; , ;
(-3, - 3) , T N
CEE, —4%) Rl 1
(-1, - 3

(D: Q) - 3 N / .
(1, ) & : 11 1T
(2, 0) T T T T

. 3. I
. (3; = §)
*
=
7. . Graph of polynomial x~ - 4x ¢ U4
|
(X; }')E / . .
(’1; 9) . i hY - =

(0, 4) i 1
(1, 1) - - ~ ) - ) )
(2, 0) TTTT U ]
(3, 1) ' INEEN \L
T, b)) . ~
(5, 9)

| [
i

l
— T
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o o
he rorm ax”, {(a # 0) recelve

La
ped

=y
b

next two sections, the graph of

? will b drawn by reference to the

I

of this torm.  In deseribing the effect

of the graph, students may come
L \%

up wilth cuch oxpr slong as Malking- the value of a smaller

spreads the graph out more.’

- Nobe that thne sraph
¥
o . [3= . H (AN
ortoin: M word E
sectlon.

A

l. Fach oriloabte of vie graph ol

the corvrospondlins ording

t

ERIC

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

page- 820: 18-1

o
Each value of %x“ 13 half the

Therefore, each ordinate of the graph of

corresponding ordinate of the mraph of

value of X
is half the

corresp

value of 1.2
P ,
117;{‘“ or

ru“}

i
[
P
o
2
s
o
]
L3
,_"-
ot

(K™

the graph of
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[and

Answers to

I~

I
)
Hil
3

Each value of

value of ax”
5

-ax” 1z the

the praph of

F o

. A
If a 1a 10, Che graph of ax" 1z less spread out than

o

e

the graph of x~. If a s .1
[}

I

, the graph of ax 1ls
. ) . . 2
Spread out more than the graph of x°

‘roblem Set 18-1d; page 822:

Lan

1.

i e
fo!

VT T
v

o8l
[t s
I

1

P %(;{ i 3);—:’”

=

P
4

3 —t— i X the pgraph of "y = =" three
' , unlbs ko the left.
l :

ERIC

Aruitoxt provided by Eic:




2. (a) The wraph of "y = 3(x + )7"  can be obbalned Ly

moving the graph of y = 3x Nounlts to the left.

obtalned by

moving

o 4 unlts to the rlsht,

. (c) The

' movling the

(d) The graph
moving the

(e) The graph of. "y = -2(x - 3)°" can be obtalned by

to the right.
can be obtalned by

1 unlt to the left.

= (') The graph of "y = -

moving the graph of

() The mraph of "y

.0 moving the

*(h). The
)

moving bhe vo= 5% r 1% unilts

to

can bo obtained

]
=
Lo

If n = 0,

as the sraph of 7=

: If h < 0, the can be obtalned

by movins

wny  |h] oand k| and-"R)

no trouble

Lri the summary in this

arlses In saying "move k& unlto upwifd”i ks 0,

confualon resulbts. For would not

ample, 10 ¥«

want to say  "move o5 unlts dovmward'.  The absolute

value obviabaon thils lboviealtr, A aimllar
o

to h.

ERIC

Aruitoxt provided by Eic:



left and up'

) right and down
(c) 1left right and up
(d) right

(e) 1left and down

w—,

o

p——

e

e/
W N~
eI

3
O

no movement

Answers to Problem Set 18-le; pages B826-827: DL;
1. The graph of "y = x° - 2" can be obtained by maving the

=3
H
1

graph of vV = X 2 wunlts downward.

The graph of "y = x” 4+ 2" can be obtained by moving the

graph of "y = x7" 2 unlts upward.

—

|

|

|

|

|
-,
T
£

LM
I
KN

ERIC

Aruitoxt provided by Eic:



page 826: 18-1

b , ,
2. The graph of "y = 2(x - 2)° + 3" can be obtained by-

. = -
moving the graph of "y = 2(x - 2)°" 3 units upward.

\
o0

-~
|
|

PN I

‘ i

I
M Gl
et
iy

moving the graph of y =
and 3 unitz upward.

3. The graph of "y = 2(x - E)E + 3" can be obtained by
2x"" 2 units to the right

€
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_ VL
Ve L
\ et ——v=
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—
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n

2
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o

= can be obtained by

o =
=n

the graph of "y = x 1 wunilt to the left and

"

I, The praph of "y = (% 1)£‘ﬁ
mo

unit downward.

|

!

|
et

| TV \ A 1/ — —*y?(,xfl)z-aL

5. The graph of "y = -2(x + 5)° + 3" can be obtalned by
unit to the left and

moving the graph of "y = -

g 3 units upward.
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pages 826-827: 18-1

6. ¢ (a) The graph of "y = 3(x = 7)7 + %" .can be

3

obtained by moving the graph of "y = 3x"" 7

units to the right and = unilt upward.

3(x - %)‘: + 7" can be
= 2
the graph of 'y = 3x™"

3

i

(b) The graph of "y =

unit

1) b

obtalned by moving

to the right and 7 units upward.

, =] g
‘(¢) The graph of "y = 2x° %” can be obtained by moving
",

the graph of Yy = 2% 1its upward.
(d) The graph of "y = 2(x + %) can be obtailned by

. moving the graph of "y = 2x\' 2 units to the left.

G

(e) The graph of "y = -(x + 3) 4" san be obtained

) 2 " ~ . _
by moving the graph of "y = -x" 3 unilts to the left
and 4 unlta downward.

(f) The graph of "y = x” 4+ 14" can be obtalned by moving

X I
the graph of "y = x™"; 14 unlts upward.
5 (g) The graph of "y = 5x° + 14" can be obtalned by

moving the graph of 'y = 5x 1% units upward.
= £ N

(h) The graph of "y = 5(x = 2)° 4+ 14" can be obtalned by
" moving the graph of "y = 5x°" 2 units to the right
and 1% units upward,

can be obtained
8 unlts to the

(1) The graph of "y = -8(x - 8)7 <
by moving the graph of y =

‘right and & units downward.

*(J) The graph of "y = ¥(3 - x)° - 6" can be obtalned by B

M2

moving the graph of "y = 4x"" 3 unilts to the right
)

. . i , .2,
and 6 wunits downward. "(3 - x)° = (x = 3)°" 1s

true for all valuesa of x.
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(d) v =

I
—
5
| T
! W
—

(e) v = (x=-57-5
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Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

]

2. coordinates of vertex
Lor

Coordilnates

o

axiz: x

Equation of

axils:

(a1
0y
D]
D)
=
o
[,
—
wt
Ry
Ly
e
L
fe)
I,

hoa]

Coordinatez

Eruation of

b
iz

Fquation aof

i
poad
i
T

Standard Forma.

The ctandared

15 dizecussed carefully oz

form 1s detoermlined, the sraph of the polynom
< )

tained from the graph of

up In JSeetlon 13-3,

form

1

of vertex: (

= 0

x =

aormadratle po

Lo

ax’”

e
i
g
T
P
™2
[giad

e
~

reasong,

Secondly,

leads to a procedure for solving: any quadra

the

ot

the

h)® + k.
sgtandarc



1. (3x - 2)° + 5. 1s -not in stand
2

o
form, a(x - h)~ + k, the coe
parenthetical phrase 1tself 1=

(i

The distributive property must

=

a coelfficlent of one for x

completed.

ApSwers to Problem Set 18-2a; pages

=

1)a (a) x° - 6x 4
(b)
(¢)

X

I
W
1
o
™
-

[ =~
land

Cae - ———,

I

]

[
-
T

1

[[aad
[
o
I
=

[i%]

(a) (x -+ 5

I

]
R
-]

ja

) (
(b) (% 3) | (
(¢) (x - 8) - 68 (1
(a) (x - 8)° - 6 “(
(e) (% :f (
(£) (% + 2

T

—t
b e
[N —
1
Wiz
|
*

nof
N
o
—
=

[N
+

Lk
-
"]
e
— e e
T
+
ISR
~
——
i

(x -
(b) (x -
‘, () (x

I

1

raf s =

+

u, (a) The graph of "y = x° - 2x

moving the graph of
and 4 units upward.

(b) The graph of "y = x7 - x -
moving the graph of "y = x

and ﬁé units upward.

.4;,'-5 7
%54; - /

ERIC

Aruitoxt provided by Eic:

ard form. In the standard

u

=

fficient of x within the

one.

be applied in order to get

Then the square must be <

P oy P13

in standard form
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L
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% + 5" can be obtained by b

= x=" 1 1nit to the right

3x 4 1" ecan be obtalned by

%" 2 units®o the left



page 832: 18-

it

(d) The graph of "y = (x 1 5)(x - 5)" can be obtained

. o ~ . ) . )
(e) The graph o 7 = 3x° - 2x" can be obtained by

i

, , . B, N ,
moving the giaph of "y = 3x°" x unit to the right

y

and %s unit dowmward.

(f) The zraph of "y = €x° . x - 15" can be obtained by

moving the gra;’ of 'y = 6x

(

1

bt

m

" = unit to the

[
"

)

- . 36 .
riznt and %ﬁ% units dowvnward

. S A - s
5. (a) "y = x4 €x'4 5" 1in standard form:

1

rd form:

(b) "y = xz \ 6x + 9" 1n standa

M

-
el
il
—
=
ot

£

The sraph intercects the @-axis at the point (-3

3, 0).

ERIC

Aruitoxt provided by Eic:

unlts downward.

sects the x-axis at the points (-1, 0)



O

ERIC

Aruitoxt provided by Eic:

(e) -"y = x% 4 6x 4 13" in standard form:
vo= (xo+ 3)7 0k

6 -5 -4 -3 -2 - 0 T2
P |

A !

The grapn does not Intercect the x-axiz.

SES o -

The approximate nature of determining truth seta from a
graph may not be appiggiatéd by ctudents unless zome time 1o
glven to caszses in Which tne truth numbers are not integral
and hence are not likely to be read exactly from a graph.

mizht be given to graphling ap

Therefore, gome clazs time

11

open sentence such as "y =

- 1", which intersects

the x-axis at polints whose absciszas are 1 and - %.



pages 833-83/4: 18-2

Answers to Problem Set 18-2b; 5 e
. = :
1. "y = x7 - d4x - 21" 1in ———1 ~+—t—1f—1

standard form:

The absclszas of the polnts

at which the graph inter- - -

3ects the x-axis are -3 N _ _
and 7. T T 1

The truth set of ne
=3 .
"X = bx - 21 = 0" is — i —1—

-
|

|

|

(=3. 7). & ——

N AR

in standard form:

=, (}Z = 3)2 )

T
'-4:
il
e
s
[/
i
2
+
2
T

[Nl

>
I

N

e 'W% 34 6 7
|

The absclssa of the polnt at which the graph intersect
the x-axis 15 5. '

The truth set of "x° - 1ox + 25 = 0" 1s ([5].




. =} o o
3. "y o= x4 2" 1s In standard form,

ul.
F

m

43210 I 2 3 4

i

The graph does not 1intersect the x-axis.
: ;2 . ; . . .
The truth set of "x" 4+ 2 = 0" 1is the empty set.

b, The truth pumbers of "Ax® + Bx : C = 0" are absclgsas of
the points where the graph_of- "y = A + Bx + C" inter-
sects the x-axis. If ”ﬁx” Bt + C = 0" has more than
‘two truth numbers then the Frapgkaf "y = AT 4 Bx + "
must interaﬁct the x-axisz at more than two polnts. But
oum notion about the dhapﬁ nf a baramola tells us that there
are at most two points uf intLrgﬁLtlUﬂ with the x-axls.
Herice, 1t 13 re agonqblp to expect that thzre are at most

tWo truth numbers for the equation.

=

The graph of "y = Ax" 4 Bx 4 ¢" intersects tle x-axls
at exactly one polint. We sometlimes

W“

=ay, 1m this case,
that the graph touches (ig'tahg: to) the x-axls at this
point. ‘

L"l!

F’rj

6. The

m
\m

\H‘

ph of "y = Ax" 4 Bx + C" does not intersect the
x-axis at any p@iﬂt The graph 1s entlrely above or

entirely below :he x-axls

ERIC

Aruitoxt provided by Eic:
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pages 834-837: 18-3 - . ) -
18-3, Quadratic Equations. | '
In Example 1 of Section 18-3, the student may need some

help in making “the step from the sentence
¢ (x - 3)2 - (5)% = 0

to the sentence

&

| (x =3 = 5)(x -3+5)=

From his work in Chapter 13, he knows ‘that the sentence
N2 2 ,

(n)¢ - (5)° = (n - 5)(n + 5)

18 true for any real number n. If "x - 3" 1s used as a name

for the number n, the sentence

a (x - 3)2 « (5)% = (x = 3 -5)(x - 3+5)
results, and this is what®ls involved 1n the step mentioned. in .
Example 1. ‘ - - y '

. Similar gtaps occur in the other éxamples And in the
problems following this sectlon, the Etudéﬂt is given an '
oppartunity ta write factora of expressicns such as

x - 3)° - (5)°. .

Answers to Problem Set 18-3a; pages 837-838:

1. (a) tx-1)% -t = (x -1+ 2)(x=-1-2)
‘ , = (x + 1)(x - 3)

(b) (x+2)° =9 = (x+2+3)(x+2-13) -
= (x + 5)(x - 1) L

(¢) (x - Q)EFE 1= (x=2n+ )(x ~2-1)

’ = (x - 1)(x - 3) ’

) @ (x4 22 -1 =fx 3o (x4 2 -.1) ¢ w

= (x4 (x4 B) )

(e) (x - 1)(x fﬁé)

(£) (x -
(g) (x +
(h) (x -

oy (S W TON ] | o VI

N RN T - R
(GRS FE = R =
, ‘ ) 4 P
-t , Ei;ﬂg




2. (a) (-3, 1) o
(b) (~(2 +V2), -(2 -V2)) | .
. (cj {-(3 +ﬂfE5,ﬁl(3 ;SFE)]
(d) (=(3 + 243), . =(3 - 24/3))
) (e)  (~(5 +V19), ~(5 -V19))

A£)  (=(3 A[B), =(3 -V5)) . )

() # ', v |

(n) (6, -A6)

(1) #° g
O o

) -3 v .

(1) 3, 3
\h? Let w be the width of the rectangle 1in feet, Then, the
length is w + 6 feet., The area of the rectangle is
36 square feet,.
w(w + 6) = 36; Domain: w > 0
W4 bW - 36=0 )
(W + 3)2 - b5 =
(w+ 3 - 34/E3(w + 3+ 3¥8) =0
Y w+ 3= Bﬁfgga 0 or w4+ 3 + BWf_

-3+ 3V5 or w= -3 - 345
are all equlvalent,
Hence, the truth set is x

(-3 + 345). -

- Bﬁ/§3 is a negative number and 1is noﬁ;in the démaiﬁ

w

-
I

Ll
]

of -w. The positive number leads to the fcllowing\salutian: -

width: -3 + 3V5 rt.
* length: 3 + 3V5 rt.

‘ <




ShwE. T

page 838: - 18-3

Tl Iet: n be the larger number, The other number 1is
Thelr product 1s 100,
n(n - 5) = 100

n® - B5n % 100 = O

i
H
o]
i
o
-+
f ‘U'u o]
]

or n = —.

are all equlvalent.
Hence, the truth set 1s

{5 -g«/i_?r 5+'5*‘\/§}

One number 13 =———=—=L 3and the other 1s

S

one number : and the other is

5. Lei..§ he

(W]
-
ﬁ
©
It

.3

-
1
k%3
I
S S
] 4 i
]
O
o
i
b
I
M
<\;| ©
L
1]
Lo

or X = 2 A3
4 L
are all equilvalent,

Hence, the truth set is (2 4AJ§1 2 =ﬂ/§3.

The number 1s 2 wﬂfgx or 2 A3,

e
il
[
4

A

n

W



page 838: 18-3

Si

Let x be the numbers
X + % = -4 i Domain: x # O
x° 41 = hx

xﬁg’+4:{+12(_3

]
=
il
o

(IE+41'+4)+1
(x+2) =0
(x + 2 ‘\/—)(x+2+'\/_=)
x+2-M320 or wfagé

X = -2 +;\/§_ or X =

are all equivalent.

[]
[o]

ﬂ

]
1
M

Herice, the truth set is (-2 +:\/— -2 ;\/gj s
The number 1s -2 +‘\/e or -2 V3, 7

It n be the number.
1404 n° = 11

2

n + 14n - 11 0

n
O -

(ﬁ2%14n+49)511=49—
(ﬁ+7‘)2550=
(n+ 7 ,E"‘\/F)(n+_7+ "'Vlé) =0

n + - 2415 = 0O or ﬁ+7+2*\!’15=@
n= -7+ 24 15 or n = -7 - 2415

are all equlvalént, 3
Hence, the truth set is [-7 + 2 15, =7 = 2"\/15}i
The number 1s ':{ + 2V15 or =7 = E‘-"\/li

Let Z be the length in feet and ./ - 3 be the width
in feet. :

é’( [ LBEFL Domain: éf; > 3
/2 - B,Z - i%1 o '
(/2 -3 +3% - -0

(/- 3)2 1.0



ﬁgge 838: 18-3

are a;i equivalent,

Hence, the truth set 1s [é;],
The length is [ “feet, .

]

\s

1

]

{

KQ. Iet n be the number., Then, = 18 its reciprocal.
n+5=0 Domainy¥” n ¥ O e

n +1=0 , P

are all equivalent, However, n® 4 1 cannatgbe_f
factored over the real numbers, and the truth
set of the equatlon is @. Therefqre, there

18 no number n such that n + = =

*10; Let n be the width of the original sheet in 1nches. Then,
the length of the original sheet 1s n + 8 inches. The’
length of the base Gf'fbe box 18 (n + 8) - 4 1nches, the
width of the base 1s n - 4 inches, and the height of the
box 1s 2 1inches.

. }Gﬂ + 8) - 4)(n -
(n + 4)(n - ¥)(2) =
iEnE - 32
ng - 14k

4=
L

Domain: n > 4

I}
(%] .
WM
T —
i}
M
W
Loy

256

0

(n + 12)(n «42),= 0" 7
) 5*"3 /
n+1l1l2s=0 gor n=-12=0 " (
n= =12 or n =12 ’ Domain: n > 4
are all equivalent,
Hence, the fruth set is (12].
- The dimenslons of the original sheet are 12" by 20".

JUmm——
e
=
-~




“ pages 838-839: 18-3 ..  a

I

411% Let the height of the window be . )
of the rope 1s x + 8 feet.

4 x2 + (28)2 = (x + 8)2 ‘
_ x® 4 784 = x© 4 16x + 64
, 16x = 720

are all equivalent,

Hence, the truth set 18 (45},
Thé® window 1s 45 feet above the ground.
B Y

#*12. Let r be John's average speed to Chicago. Then, his
average speed on the return trip was r - 6,

336 = ;E%EE + 1 Domain: ' r > 6

(rv= 48)(r + 42) = ©
, »~
r-4=0 or r+l42-=0

r = 48 or r = -42 Domain; r > 6

N
1l

are all equlvalent. P

Hence, the truth set is (48],
Johnts average speed to Chicago was 48 mph. -
Hls average speed on the return trip was 42 mph.

Answers to Review Problem Set; Rages 83g=8h1:

et
I
My~

1. (a) By movingaéhe graph of v = =x units downward.

units to the

b
m3

(b) , By moving the graph of
Llight.

(c) By moving the graph of 'y «“" 7 units to the

left.

I
‘D‘J:!# -

% unit upward.

M
Lo =
“

- (d) By moving the graph of 'y




pages 839-840

(e)
()
(8)

(h)

(b)
(c)
(d)
(e)
(1)
(g)
(h)

By moving
right and
By moving
lefit and
By moving
left and

By moving
right and

o
——
e
s
[
ro
P
uv]
!
ot
jui]
i
3+

2(x - P

iiy

1]
B
M

+

the graph of "y

the graph of

8 wunits upward.

i

Yy

10 units yward,

the graph of

L

v

2.5 units downward.

the graph of "Q = %ﬁ

t unlts upward.

73

X =

a

H a

o ]

] 1]
[ S = I I
fo o e B e

o
]

h

]
]
4%}

6" in standard

2“

i [ ] I

] My AN ]
T e - Lk
e -

W

-

unitzs to

units to

the

the

unit to the

units to

M W i1
| ]

© W~
MG

T
]
H\
Lou

e

]
\O;

[y

the



/s
() "y = x2 4 12x 4 32" 4n standard form:
_ e £\ 2
y=(x+6)°-14

\L 1

(¢) "y =x2 - 6x + 9" in standard form: |
y = (x - 3)°




page 8.0

(a) "y = X2+ x + 1"" in standard form:
i ) :
y = (x4 %) + %

VL

72 3 4

¥
-~
ﬂ‘
.
pof
L
Lo

b, (a) (-3, 2) T (e) (3]
(b) (-4, -8) (a) ¢
N 5. (a) (2, W) (&) (2 -V3, 2 443)
(b) (3, 7} (r) (-1, -6)
(¢) (-2, 1.V2) (8) 2 ,
(a) (- %a %] (h) the set of all real
’ numbers
6. (a) Coorjﬁnates of vertei: (é, 2)
Equafion of axla: x =0
(b) Coordinates of vertex: (0, -7)
Equaticn of axis: x = O
(¢) Coordinates of vertexé (4%, 0)
Equatiqﬁ of axis: x = 4
(d) Coordinates of verfex: (-7, 0)
=7

Equation of axld: x
f vardd A te : - 1
(e) Coordinates of vertex: (7, - 5)
3 Equation of axis: x =7

™~ (£)

Coordinates of vertex: (
Equatlon of axis: x = -2




pages 840-841
(g) Coordinates of vertex: (2, -4)
Equatlon of axis: x = 2
(h), Coordinates of vertex: (-5, 10)
Equation of axis: X = -5

g 7. (a) a line (f) a parabola
(b) a parabola (g) a line
(e) a line (h) a parabola
(d) a parabola (1) a 1ine
(e) a pair of lines (3) a 1line
_ The sentencgs (k) a line
) ' : (1) a point
0 (m) a pair of lines

N

8. Let n be the smaller number. The other number 1s n + 7.

=

(n+7)gzg

n2+14n+14

ngeilm

(n® - 14n + 49) - 49 =0
(n-7)°- 98

—
s

[
-3

+
~J
)
=

u ‘
\,]

I

—-J

N
~—

I

L@

¢

are all equivalent. B
Hence, the truth set 1s (7 - 742, 7 + A2} .
One number is 7 - 7242 and the other 1s 14 - 742

or
one number 1s 7 + 7&/5‘ and the other is 14 4 7ﬂ/§i.

‘9. Let s ©be the smaller number. The other number 13 s + 7.

s° = 2(s + 7)g
{f sg = 232 + 283 4+ 98




page 841

10,

*11.

E’"‘n

™ = ox -

e

(ag + 288 + 196) + §8 - 196 = 0

[}

(s + 14)% - 98 = o ?

(s + 14 - 7«/55(5 + 14 + TA/§3 =0

s+ 14 -74/2 =0 or s + 14 + 742

g8 =14 + 7A/2° or 8 = -14 - 7A/2
are all equivalent, -

Hence, the truth set is (-14 + 74/2, -14 - 742},
One number 1s -14 + 7A/2Z and the other 1s -7 + 7472

Il
o

\\\ or
A

one number. iagp-14 - 74/2 and the other 1s -7 - T./2.

Let w .be the width of the rectangle in feet. Then the
length 1is U7 - w feet,

w(l47 - w) = 496 Domain: W < %1 . If the
’ length 1s greater than

U7w = We = g6 - ] - N
the width, w < 47 - w.

we - bw + 496 = 0 :

(w2 - 7w + 2202) | ug6 - 282 - o i
(w- 42 285 _ ' D
O S VIR A I

(w - é?) =0 ' or (w -

-w = 31 or W= 16 Domain: w < §1¥a
are all equivalent,

]
O

45

L

) =0 ’

%

Hence, the truth set is (16).
The width is 16 feet and the length is 47 - 16 or 31°
feet.

Let one number be x and the other g9 - x. Thelr product
will be the ordinate of the vertex of the graph of x(9 - x)
gince the vertex is the h?ghesﬁ point on this‘graph.

X" in standard form is "y = =(x = 2)2 + %}"g
The vertex of the graph of "y = -(x - %)2 + %%" has coor-
dinates ,(%, %;). The product x(9 - x) has the largest
value, jij when x 1= %. Each of the two numbers

1s <

N
™

'
P S
R R



.12,

4,

page 841 B . .

The vertex of the graph of "¢ = n%— 12n 4+ 175" i%‘theé
minimum point on the graph. Therefbre, the ordinate of the
vertex is the smallest value of the cost per boat,

" n? - 12n + 175" 1in standard form 1is -

"¢ = (n - 5)2 + 139", The coordinates of the vertex

arg (6, 139). The cost per boat ‘Wilkxbe the . smalTest
when he manufactures 6 boats each day.

o)
]

m )

‘ »

Suggested Test Items
Draw t&- graph of 'y = x°.
(a) Explain how the graph of "y

from the graph of "y = e

_xen _.can be obtalned

(b) Explain how the graph of "y = x° - 4" can be obtained-
from the graph ‘Df‘}jy = x°", .

]

(c¢) Explain how the grdph of "y = (x = 2)2" can be ob-
: _2n

the\ graph of- "y = x

o

(a) Does the\ graph of the polynomial have a highest p@int§

this point.
(b) 1In how many polnts ddes the graph intersect the x-axis?
(¢) Vv.ilte the equation of the axis of the graph (parabola).
Y

\Which of the followlng polynomials are 1n standard form?

4 ,LE =] u_“ e '§‘\ ; Ty g
(a) %% + 2x + 1= L Px - 1)7 4 3
e (3{ - 5 )E

(b) 3x° 4 5

I

(e¢) 2(x -1)"+3 (£) (x - 3)(x - 2)

) 4
]

Obtaln the atandardi form of the polynomial 2x° + 4x + 8.

Show each step of the process and indicate what propertiles

you have used.



-

LY

‘Solve each of the following equations.

(a) 25(x + 3)2 - b =0

(b) 3x° 4 6x -2 =0

Writeiin atandard form the polynomial whose graph can be

=bbtaine§;fram'the graph of y = bx® by the following

- movements.

(a) 2 units upward

(b) 1 wunit to the left

(e) 3 wunits to the right and 4 uni®™s downward .
How must the graph of ¥ aExE be moved to obtaln the
graph of each of the following®

2(x - 3)°

(a) vy
_(b) y

-2(x + 1)g + 3

=
ex~ contains

Find the value of ¢ il the graph of ¥y
the point (-2, -12).

Find the value (or values) of k such that the graph of
vy = 3(x + 1) + k satisfies the following conditions.

(a) intersects the x-axls 1n exactly one point

(b) does not intersédet the xmaxis at all
f
¥

Answers to Suggested Test Items

"



»
(a) Each ordinate of the graph of "y = exgﬁ is the
- appasite of the garrespanding ordinate of the graph
I “Y x ".V
¢ (b). The graph of "y = x; - 4" can be obtained by moving
. the graph of "y = x"" 4 unita downward. "
(c) The graph of "y = (x - E)E" can be obtalned by
moving -the graph of "y = X2 2 units to the
pight. '
2. (a) The graph of the polynomial 2(x - 3)2 +.4 has no
) highest point. It does have a lowest point. The
coordinates of this point are (3, 4). Y
(b) The graph does not intersect the x-axis.
) (C) x = 3.

3. The polynomials in (b), (c),. and (e).

ne

E(xgagx) + 8 The distributive

. property lz yg

E(x +2x + 1) + 8 = 22 The addition p

. of zero 1s

2(x A 1)2 + 6 = - completing
: : square,

h. gExE + bx + 8

[

i

50 (a) (-, -3

i =3 -/ lé =3 + /15
(v) (2535, =2 gVI

—43{'2+2=
b(x 4+ 1)
W(x - 3)% -Tn

6. (a) vy
(b) vy

(c)/¥

Y

M

il

]

i1

- 7.» (a) The graph of y = _2x
thé:rigﬁﬁﬁgo obtain the graph of 'y = ~2(x - 3)°".

=
=

" must be moved 3 Lmitq to

al‘

(b) The graph of "y = -2x°" must be moved 1 wunit to the
' left and 3. unit, upward to obtaln the graph of

"'xy = HE(;\{ + 1) 4+ 3"

8 ¢ = -3 .
9 (a) k=0
(b) lkmgp O :

N
[ -
LT
.
-t




- Chapter 19 . -
. FUNCTIONS i
19-1. The Function Idea. <. o

Thié-thaptér dealsﬁhiﬁh;oﬁe,af the m@sﬁ important and ‘most
baslc ideas in mathematics--the 1dea of a functfon, The teacher
can f;pd additional discussion of this concept .in Studies 1n
"Mathematics, Voluge III, pages 6.17-6.25. )

- In the past it has been customary to postpone a carefu}
Etudy of” fuﬂcgiana to a much more advanced mathematical setting.
§ecauée of thig the subject 1s ﬂurrounded by an aura of diffi-
culty which 1s completely undeserved. The 1dea is simple and,
as will become evident as we pf@;ééd is invglvedvlmplicitly in

L

V'aurtmagt clementary considerations. In thf% féspegt the func=
» tibh céncépt is in the same éatégb?y as the set concept.
h . The point of departure 1s an initlal set, which we have
called D; in antlecipation of the notion of d@maln. From the '[
beginning we wlslr to establish in the student's mind that a
function embraces three aspects, that 1s, two sets and alfuie -
of assnclation. 1In effect, however, the second set, or range, )
is caméletely predetermined by the rule and the domain.
Throughout, the studept should be made aware of the great
variety of ways in which arfuﬂction*may be described. He should
ist the impulse to infer that function is just another name
for, eq de fon,

‘

A L

Answers to Oral, Exercises 19- la, pages 8M§ 8h6:

R U R D6 (3,5 7) ’
2. (2,5, 9) 7. (1, 0, 9] :
3.0 (o6, 9) B, (7) )
b, [L, 8, 13) £ 9 (2, 3, 4)
5. (b, 7, 1&g 10. . (i, 8, 27)
.
| /-
J 200
T, 627 ¢ ’
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LA
sunting number acsoclatbe, one

tne number's

ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

speaking, a definition of

-student will ‘meet mor

T : L . . 1
pagés 848-850: 19-1 ‘ ' - \

. (d) Domain: the set of real numbers

. Rangé the set of féal numbe s {
—3; L“Q; 93 l,_L' ;) i 7 b A
= B i
N T T A T A B I
_ LY L
1 r \l. - E
,, sl b - Ny
- — I L
2 lil/Lle 3 | X i
-, , ERE ;
: ¥ s Yl } ;
. | _
. -
: L e aee o \ , , ,
(e) Domala: cthe set of rsal .unbers wnich are greateér -
tha.. -, and less than -1
6 \ - . . '
_ Range: the set of real numbers which are greater
: than -3 and less than 1 A
/ G;: -2; §;; - %; np number, 2 is not ‘in the d@ﬁain
©{£) Domain: the set of negative real ﬂumbers ' .
~ Range: the set of real numbers which are less than -1
-17; =-27; no number, O is not in the damaj?F%ﬁ '
.:Pages 819-850.. . .. - . L1 e e

n'which we have given 1s, strictly

o

The definition of functic
rea

o]
1 function since we have restricPed

] »"[}1

the damain and range to real numbers, j In later courses, the

general fypeu of functi@ns tn whieh the

m

-domain and Faﬁgé can be sets other than 'sets Df real ﬂuﬁbéfu.

Such a funutian might, fo mple, thave sets of painté in the -«

r exa
plane as its domain of defir nition. Ag an illustraﬁi@ﬁ; assocliate”

sa x of the’ »

!0—“'
]
L

with each point (x, y) @f the plane the abs

point. In this case the domaln is the set of all point{ 3f the
planeféﬁd the range 1s the set of all,r*“l numbers, If we, ’
4
) L. '
629" ’
<0
R
= - s ¥ P



assoclate W1th each polnt (x,!y) of The plane the.point  (-x, y)
+ the result is a function with Both domain and range equal to the

.In the discussion atout fjhéti@ﬂg; it is impapﬁénﬁ'ta em=
phaslze at every opportunlty the follewing poiht

, ; _ .
(1) .To each number in the donaln of definition, the function
In other words we do not

and only ons nquE

asslgns one
have "multiple-valueg" 7
n be aszzipgned to ma@y i1ifferent’e nts of the* domaln.

the same num-

[

[l

wh
i

e

ln the range

i
O -

cijdtion hap-

the assocciation as béing Lrom they domain to ta‘
a that we are

in which the
first and the assigned

algebralc expressions.

utely vital as far
they become of
ficultiég which:
) aced t&scanfu—
: rtant to make
polnts from his-very
]
1
favar by many mathematlcian 1 this text
the i of azanclotio of the function ton-
- e Uomany 1 However, the dis-
- . chban Lo=1b zhould giv:'thg gtudgnt -/
- n rnative definitlions he may encounédr

i % ) -
T
ey e '
i Py £
s ﬂﬁ'
=F
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* Answers to Oral Exercises 19-1b; page 851:
-1, pomain: (1, 2, 3) i |
Range: (5, 10, 15} ;
2. (2, 3,5); (4, 9, 25)
3. (4, 9,16, 25); (2, 3, 4, 5)
v, (8,9, 10, 11, 12); (62, 65, 70, 71) o
: 5. Domdin: the set of ail real numbers ]
‘ Range: the set of all real numbers
46, (1,72, 3, 4); (2, 4, 6, 8)
7. - {0, 1, 2}; {0, 3, 6] 7
'8, (2, VB, 3B); (7,42 - 1,4 §fg'- 1)
:  9., Domain: the set of real numbers
Range:  the set of real numbers

10. (10, 11, 12, 13, 14, ... 98, 99) RN
(2, 2, 3, 4, ... 18) ‘ '

Answers to Problem Set 19-1b; pages 852-853:

1. (a) (1, 2,3, 4,5, ...); (o, 1,

(b) Domain: the set of positive real numbers

The rule of this function 1s described by %(n +2) .
(c) (1! E; 3; == = 3 1‘2}
(28, 30, 31)
(d) Domain: [the set of real numbers
- Range: the set of real numbers y

Every re¥T number 1s twice some real number.’

Range: the set of real numbers wijich are greater



19i1 : . ! . .
A, 1 3 1
‘E; ’gx 'Ir; ig.!
(2, 3, 4)

2230 (£) (1,2,3,4,5,6,7,8,9,10)

" {2,3,5,7,11,13,17,49,23,29)

(b)

[1; E.- 3,

(0, 1}

cae 12)

(1)

b
()

i ‘m ‘
Ll

| wn

e
™
.
o

15

(11)

3x

Domain: the counting numbersa .
multiples of 3

Raﬁge:

the positive

(1)

™

6

[ LI
e

e 1

11

s v

12 | 13

(11)

Domain:

Range:

X +5

¥

the first nine counting numbers

the set of integers which are greater than

5 and less

than

15

(¢) (1) x [1l2]3[¥[s]6]7
. C|ex +2 |5 |8 Jufaw|a7]eo]e3)

(11)

(dj (1) T x 23 ]u] ..

Domaln:
Range:

3x + 2

the first:seven counting numbers

{5, 8, 11, 14, 17, 20,

23}

—
o | 3

5

(11) =x + 1

Domain:
Rarnge:

the positive integers
the set of positlve integers which are

greater than

i
AR )
]

1

[
-
o

=



‘pages 852-853: 19-1 T .
B k " Si
2(e) (1) x |1 ]|2(.3]|4 . .
NEIREI I :
N k
(11) -x -
Domain: the positive integers J L
Range: 1$tté negative integers -
(f) (1} x | 1] %% |16 25 [36 | ...
o Vx| 1| 2| 3| 4| 5 |6 T
(11) Jx v
‘ngain- the set of integers -which afe,séuaféﬁ of
- positive” integers : ‘

the p@sitiyé-integers .

5

_g';

o

9

5

?

_3;

| M ‘

2, 3, 5 7,1

Note that these are prime numbers.

1, 2, 2, 2, 3

. Yes .

(a) x #£3
(b) x2>1

(e) x A0

(d)  all x

1

9

(e)

()

the get D<;§éi real r -
numbers wh¥Te’absolute

- value 1is greater than or
equal-to 1 .

x #2 and x £ -2 _
' -

The sets in parts (a), (b), (d), andi(f) define functions.

™

P’
[,
[



-. gpages 853-856: 19-2 - " e ’ 1

o
N

19-2. The Funatian Nﬁtatian! .

The. funcﬁian notation muat be handled with gfeat care, In
the beginning one should do a great many examples and exerclses of
. the typk, "What 1s the value of £ at 2?" or "What number -
is EPrEgEﬁted by f(2)?" Check the students on this at evef&
oppbrtunity.. It 1s essential for everyone to understand that the
symbol "f", when used for a functian, stands for the éomplete -
) funetion and not Just for the rule or some 8peclal way of gegrg*
_ séhting the function. Notice that we have avoided using the
misleading expression "the function f(x)" -as a subst{tute for
the correct expression "the function f". In other words, f(x)
is a.number which 1is the value of f at x, not the functioi
1tself. .
‘ . If two variables x and y are related by the ‘sentence
y = f£(x), :fhEFE f 1s a given function, then x 1is sometimes
called the independept variable and y the dependent variable
‘In the relation. This terminology, whicdh 1s used. by many, has
been avolded here aince 1t 1s so easlly abused. It leads to

expressions such as "y ¢1s a function of x" which tend to
) A\

Qbscuré the functlon concept.
Students may experilence same difficulty at first with func-
tions def‘ined in several parta. -Attention should be called to the »«
=~ -fact that-the rule- -may -differ- ‘;'epending— o whiceh partyof- thé--- - —
- domaln the value of the varlable 1s chosen from, but that the =
function 1s to be thought of as a single entlty;
It 13 well to accustom students to the shértened fQ?m of
description, as thils 1s in very general use. r
- Again we adopt a convemtlon similar to that in the study of
open sentences, If an open phrase 1s used to describe a function
and no megtion i3 made of a particular écmgin, théqiwé assume the
implied domain to be the set of all real numbers for which the *

:

phrase, or expresaion, has meaning. Sy
19
A S 63 ! !
-~ C s, 14
";’,’;,J
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-pages B856-858: 19-2

o .. | A_ , : E; S ) .

~When a restricted domain 18 specified, the student should
be alert to the fact that a function will have no Meaning at a
point outside the-Uommdn, even through it may be possible to
compute a value. Ror example, if the functjion f .1s defined’ for
positive integers only then f£(.5) and f(%) and f(-6) have
no meaning. : A ‘ w .

ES

4

Answers to Oral Exercises 19-2; page 857:

1. 6, -4, 0, 1, 2a, 4a
The answer each time is 3. E

o B = .
_;a: 3, g;,g * AN . ’ (]
No, they are not the same function since thelr domains are
different. Two functions are the same if and only Af they
have the same rule and the same domain. 5

5. Yes, f and 6 g are the same funection. Thg\chaige of
" letter for the number in the domain 1is arbitrary.

Answers to Problem Set 19-2; pages 858-859:
3 i L]

Q?:

The domain is the set of all real humbers.,

. 2 —%,La+1

2. (a) 3 - (g) -1
(b) -1 ‘ (n) 2

[yl
1

() o (1)
(a)
(e)
()

. 1
o i

()
~ ' (k)

]
-

™y MI\I»—‘“
1
B P

LI

oo

i,
[
W




© pages 858-859: 19-2 and 19-3 A

3. (a) the set of real numbers - ‘ (ry

‘ —~ "\ (b) the set of non-negative regl numbers (g) -
1 (e) 3 ' : (n) 1
"(a) 3 I S (1) 25
(e) o | ?

<4, (a) .x + 1 .
]

() (1, 2,3, 4 ...) SN

[

- -

(e} -1 ‘and % are not elements of the domain of g and
hencel g(-1) and g(%) are meaninglesse”
. (d) No, since the domains are different I
) .
5. It 1s the same function, ., - B
¥
.

6. (a) p-%=a () 13)
n set: (6] :
- O N
o (b) all real numbers . (e x<O
greater- than ' 4 .
(c) (5) ,, | () xX 2

4
(b) R-= [g: 3; 4; 51 E]

o _,:..(;,),_,,*f;(;),: 2, . £(4). =5, f(6) 1s not definag, . -£{2). = =3,..

g £(3) +1.=5 . -

(d) f(x) =x +71, swhere x 13 an integer such that

19-3, G;gphs of Functilons.

The graph of a function glves us é. quick way to pictur'"e
certain properties of the function. In moat cases we are ’
primarily interested in the "shape" of the graph rather than in
'the precise lgcation of individual points, although there may be
certaln key polnts which need to be lacatéé carefully and doubt

6

T

A;’:Jg'.!. !




' pages 859-861% 19-3 ° n ¥
v
.?abaut the shape of a portlon og'theagfaph can frequéntly be \
" 'resolved by .locating a few Jjudiclously chosen points. Other
k;négégi infarmagiah can also be helpful %n détéfmiﬁ£ﬁ§ the
iEEﬁE?al shape of a graph.’ Fgr example, without locating any
points whatsoever, we know thdt the graph of ¥y ="3x% + 1 must
be abovg the line y'% 1 since 73xg gfd? for all x. Also,
since D,iia < b :implies O < a° < b°, we know that’ the graph/
of ¥ SXE + 1 rises to the right. It must be impressed on §K
"the student that the objective 1in drawing anéraph is not ko |
locate a lot of.points but rather.to discover the shapetg% the
graph by dny methods which can be applied. The location of -
certain-caréfu};y,gh@sen,pgintaﬁéf the é?aph‘is one of the 3
. . K

¥

methods.

%
-

: The graphs of the function £, defined by:
- Qi s £{x) é=2x;— 1, 0gx<g?2 T
. and the function F defined by:

. F(x) =2x -1, -2<x<2° = (

are different zince the first graph 1s the 1

line segment Joining the points (0, -1) and
- (2, 3) -with the first point included and the

second. excluded, and the second graph is the

o 1::ljnéigengE;MJQiaggg_thE_P91ﬁﬁ5 (-2, =5) and

(2, 3) with both endéggints excluded.

As indicated in tﬁe text this may well be the first tiﬁé
that the students have encountered a graph of a line in=ghe plane
with end points determined by a specified domain. 1In previous
graphs of senténcea in two variables emphasis has been placed on
the infinite extent‘of\guch graphs. Hence attention must be
called to this new idea. Open circles and blackened dots will
be familiar from graphs on the real number line.

13
LU‘
]
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Answers to Problem Set 1923a;

li

(a)

pages 86&-862;
0 (v)

\N m
00— "7y
\

i

]
—

"%i!
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/1 _ _ 4 _
T i 1 i
(e) | f} . (a) )
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page 862: 19-3

(c)

[

_ 50— e
— g} ,‘éﬁf
| * T/ =
, - - N ] B
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-2 . 4
— 3 L .
,4 _ _

~ad
Frelfy




page 862: 19-3

(f)

|
] |
——n
!
}

i
-
iy
~—

\than -3 and lesz than 2

Range: the set of real numbers greater than or

(b) Domain: the set of real numbers greater than or
to O and less than or equal to g2

Range: the set of real numbers greater than or

to -% and less than or equal to -1

sater than -3 and

equal to or less than 10 44—

t of real numbers greater

L

(d) Domain: the ae e
to -1 and equal to or less than P2

set of real nuifibers greater than or

b

Range: the =
2 .- ’ 2
to % and less than or equal to . 1% .

ERIC
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Domaln: the set of real numbers equal to or rreater
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page 862: 19-3

(e)

(a)

(b)

(£)

D@main;{

Range:

o
Domain:

Domain:
Range:

:ngain:

Range:
Domaln:
Range:

Domain:

Range:

Domain:

Range:

the set of real nuTFEPS greater than or equal
to. -3 and‘less thah or equai %% 3 S
the set of real numbers:gfeatef5tﬁan or equal
to zero and less than or equal to 3 =~

the set of real numbers greater than or equal
to -3 and less than 3
the-set of real numbers greater than or equal

to zero and lesa than or equal to 3

tHe set of real numbers greater than -3 and”
less than 3 \
the set of real numbers greater than or‘équal
to O and less than 9 .
[’35 _g; _13 Dj 1; g; 3}
(o, 1, 4, 9} 7~ |
the set of real numbers greater than -2 and
less than or equal to 1

B ] g =
the set of real numbers greater than or equal
to =1 and 1€3s than 3 - '
(1, 4, 9, 16)
{ E,! E 4}

LJ

the set of all real numbers less than or equal
to® 2 or greater than 4 o
the set’'of all real numbers equal ta gor
greater than O and equal tb or 1eanZh¥;% 4

A

the set of all real numbera greater than or
equal ﬁé_ -5 ~and less than 1, greater thah
1 and less than or equal to 2

the set of all real numbers greater than or
equal to -1 and lesas than 1, greater than
1 and less than or egqual to 4

T =

fﬁ

{



' pages 83268611{' 19-3 - .

)

. Pages 862-863,

In definlng a functlon stress was pladed on the ass

to each element in the ‘domain of ex cactly one number., Thus

prevliously stated, we exclude d@uule and multliple valued

tlons which at one time were Lnglpded

- determininp whether or not a

one ordlnate for each absclscs

1n Lhe general

of fuﬁéti@ns. The*gravh provides 3”LFFy convenlent means
ey

sectlion by any vertlcal line In more than one polint as a

s : § . * . - . e
screening out associatlons which are not funciions.

~ 1, The figures in (a), (e), (h), and (1)

are graphz of functlons,

s
ignment
5, as

category

of

can apply the test. of inter-

way of

\J

() Each element la the domaln haz been asslgned two

different numbers,

(e) The element 1 in the deomain has

than one number.

(d) Some ele ments in the domain have

different numbers,
o (f) Some elements 1n the}d@main have
) A e J It
3 N diffazent numbers,

(g) Some elements 1n the domain have

than one number,

i& «-Seme elements sthes domain have
different numﬁ?f .
(k) Some elements in the domain have
than one number,
(1) Some =lements In Lhe domaln have
different numbers, ’
i
- i ,
. SEEN
643

ERIC
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been assigned more

been assigned

been assigned

two

1 two

more
two .
R

more .~

two
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page 867

(f)

(a)
(b)
(c)
(d)
(e)
(1)
(a)

opposlte of the corresponding ordi

(5)

the zet of real
the zet of real
(-3); 3; Dj (‘1
(2, -2)

(-a, -b)

Each ordinate of the graph of

(jf lly = Xg"
1]

The graph of

the graph of

numbers -

numbera

1Y
21— —
T _ 1

. ; (‘ - _
. e _ L ) X
\x‘»ﬁLﬁ' 34 I Q 7%7 B _ ]
- $— - :177%7

- -12

75), (=v2), (-x)
(1; ’1)3 (?: ’2): (33 ’3): (q! ’4)1 (5;

y

v

H

I

1
2

L ]
£

N

=X

{

:
oo

=

g 1s not the
same function

as f.

is the’

Raté of the graph

i j; - ’
'can&%e obtadrned by moving .

‘unlts upward.

o+

o



ERIC

Aruitoxt provided by Eic:

each

number 1n

real nuabors groeator

than or egual to 3

SSince 4 is not In

underined, : -

T B
3, -2} A J

A . L . .

apen
- 1)

danain.

genbence have been

which 13 a

Mor==

L

I ;

The domaln of

real

(1)

numbera.

poslitive real
number a

v
b )

real mimber a

To each pos
%(af+ 2). ’

number



(b) The domédy of derinition 1s the set of all positive
) real numbters, - ‘
(1)  positive tn- r

14 teger .n

—~ nth prime ?’3 5

“
i |
[y
[
bt
Tl
=t
““I
¢
fi)

Tl

(Li) No tunection i% known whose domaln of definition
~ 1is the positive integers, whose range 1s a ket of

Pl L .
rimes, and whozse rule 1s an alpgebralc expression,
P - EE D

(c) Ddmain is the set of all positive integera less
equal to the number of dollars which y@u?’pas%ess
(1)  number of ® . 7 B o
daliaiz o2 "3 |...] 20 |...] 100

invested ) -

Interest
at Q%%

):4
FD

(11) Ir 'x 1is the number of dollars invested, "
aszoclate 0.00x. B

(d) Domain 1s the sef o¥ all positive real’ nymbers.

) 11011z o .
(1) N r Ve ‘ 2
Tl E , 2 or | om
L \
rnce 1s TX.

(11) If x 15 the 4laméter, the clrcumfere

- € mlles per hour,

\] averas ‘ - ; ) i
% i : S0 -

o ‘
y - - = '
f s Truth get: [47)
: ’ i -—

The averare speed waz 43 mll4s per hour golng and 42 i

e - '
miles per hour returning.
4 ;
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10. If x 1is the number, '

[
=

Y by 10 - ?x. Hehce the
hY

-

pages 869-870

Truth set: (P + Qﬁ, 2 = 37, /

The numﬁe;;is either 2 + /3 or 2 - /3. ’

Notice that 1f the périmega? ol a ctangle 1s eqlal to
10 ft. then the, lensth of arside must be less than 5

ity

t.

(a) The domain of definltion here 15 the segt of all positive

o
ae

L\':\

*U

it

ess, * (Some might ‘'want té think of borrowing as

evative investment, 1n which case the domain woulW

\"(

include negatlve intepers dependinE on yuur credit )

w

{b) Since the area of a triangle 4& equal to one- half the
= 12

base

([
=
o
ot
ja g
[l
b
e
pu

or  a

times the altitudg?[ we must have %xa

caze the base can have any 1%§gth

whatsoever except O. Therefore the domain is(the set

« Yof all positive real numbers.

= '

(¢) The bottom of t;;‘hax .

'y x ) — 4 i

\"’u«

has dimenslonz &8 -

i"D

volume 13 glven by

(8 - })(w - 2%)x e ;ﬁ,;_====' :

or

(s - %) (5 - %), | S SS——

Obviously the square
which 15 removed must have 1ts side lesg than 4,

20

that © <« x < i, Tn other words the domaln of defini-

tion iz the zel of all real numbers between O and

RO

4.

integers between 0 and the number of dollars which you

‘0w

s
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page 870 S -( )

= Ir x ¥ 0, then [x] = -x, so that X = 1.

It x >» 0, then |x| = -x, 8o that

Therelore

-
and hence, k and g arelthe same functions. *

T30 (a)c#lD) o3 (1) BE) =-27 (o) m-d) --

D

Ta o]

e
s

(d) -H(-2) = >='3 (e) H(-1)+1=1 (I) H(3) 1s not defined’
k?i (2) n(a) =a -1, «Icra‘=1 <a <3,

(n) CH(L - 1) = £ -t

L= I =2 28 -

so that H(t/ - 1) iy defined (i.e. t - 1 1z in the
domain of ‘ief’inj_tiaﬂ of “H.) »
= i

(1) H(L) -1 =.t° =2, Tfor -3 ¢t < 3.

" 3 i - . S

/s

£,h 8]




page 871

3

()

(d)

< |
11

Uix)

;¥

3

]
b

i




' % - s
PEEEBTl , ) \( ) )
(£) SuIEN B S RS
* ; - E iy
! ] = Y=H(z) >
- ) 10,1) Gt —
7 e e
32 (-l (o 2] J? z
b 177777 )
i e — 0~ (O 1
_ B S N N 1% B
- 3 IEENEENEREE
15. “(a) Domain: all s such that =1 <s
ﬁange: -all y such that % <y <

l 6ji

17. To each

number

O

ERIC
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Domain:
Range:
Domain:
Range:
Domain:
Range?
Domain:
‘Range: .

am

uch that
‘such that 0 <

ot
[
< A

e X

D]

such that =3

such that 0 <
=2
.

such that
Y

y ~ such that

1)

in (&) -

e

VAL VaN

=

I
IN woA W s W A,

t
Y

non-zero real numbers

L

#

w

| ]

= M L~

i 755, — Z 7“':' )"' i — ;; 7,77
N e [T

(TI,*I]) -

number x such that -2 X

s

+ 1.

=X

I

1

W
-
b

b

< b

asslgn the

\%'

A

4
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| page 872 7

21, .

S

e

This 1is not the graph of a funct¥on.

(a)

~ (v)

(e) -

R Lda,2) -+

el B () 11T

IR 1~ 3 N L
NG ‘ r
ki T (4:2)

2 i 2

The graph 1s a horizontal 1ine, ¥y B.

The - grs;,p-h' is‘the x-axis, i _
Since. the points (-3, D) (1, 2) " are on the
graph, we musat have - : }/ o

- . ; )
;’- ‘ 0 (iB) +B _ ’ )
2' 1+E“

i " ] , .
Tpi-s 1s gsystem r::f' equafions in the unknowns A and B.

I

F«J!I L

Theaaaluﬁian is Af , and B The problem can.

',Elsa be asolved by obtaining the equaticn of the line

F oA .

determined by ‘the points' (-3, 0), (1, 2) and then

wriging it in the y-form,

The domain of definifion 1s the set of all real numbers
x such that -3 {x < 1.
1
3

A-(-1) +B . x
A-3 + B

it

Salvingxy_fdf A and B, wer\prtain z;%- and B :%
Again, we could obtain A and B by writing the »
equation of the line determined by the points al ,1)
(3, 3) 4in the y-form. Note that the function 1n (e)
1s different from that in (c). S

1

[
e
|: A
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. pages 872-873

j(f) The slope 1is % and the y-intercept is (0, 5

(g) The domaln of definition is the set
- -such that -1 < x < 3.

23. The €quation of the line L 1s
¥y =2, x =<5, and when y = -2,

of all real x

+

2y + 1 = 0, WVhen

%
x 3. Therefore

. ixi

h(i);—’%it =5 "5{ {3; - -

%

24, The expressions in (a) and (e) are the only ones that
define a function whose graph-is a lilne, '

£(1x])

£(-x%). -

2

T(x )

26. (a) The graph of g 1s obtalned by rotating the graph
" of f one-half revolution about the x-axis.

(a) ~ (e)

25. (a) &(x) = -£(x) (a) &(x)
() 8(x) (e) &(x)
(¢) &(x) = 157 (£) &(x)-

!

)
%

o

¥

Iy T 4ON 7 ) =7lr~ AT -
) 7 +1% - ' 1z :

-
(e) The graph of g 18 obtained by rotating the graph
of' £ one-half revolution about the y-axis.
27. The graph of the equation (y - F(x» (y - G(xj)z 0 1is
the set of all points which are on elther the graph of
F or the graph of G. '

654, 4 -
Sl
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{a)

28,

(c)

(b)

T

/

\
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. (d) 3x(x - 3) = 3x° - 9x = Y ‘j

= -

n
Ly
%

|
X
4

S

Mo
[}
g

e
M,
I
R
—
b
1
w
Mt
(%]
%‘
\
- M

-

(e) The graph of (d) can be obtained by moving the graph
of (a) 5. unitg to the right aud %L unlts dawn
29. (a) y = -x° (¢) y= (x+ E)*

(b)) y=x"43 (@) y=(x -1)2

L
1]

0. (a) o ) T v T

C1+x21—

Py I, e
|
|
1

f
6x
|
-
-
1
P
|
I

Ys
/‘/
|
of —mw
.
e
|
I

T T

The gﬁaéh is the two points
(1,7 %) anda (3, 4).

S
656
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(d) We recall here that y =+x° = 6]x| + 5 implies: }2

o ,

[

. xg - 6x + 5, x
Y7 -
- 0.

zlil (&, N (b) .

]
+
o
"
+
W
b
™,
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Truth set conszists of all
(x, y) whlch satisfy the )

17
open sentence 2x -y -5 :lg;
: %;




'JE(BX - 6y + 5) = 0 reprg€ents any

) (B, )

_ 2 : W - -
\ o
iy = : = —
: - a
. -

Truth set is« g,

" The lismes are parallel.
If the graph of Ax + Byi+ C'=0 15 to é@ntain thejafiging
then C must be equal to zero. Since a(5x - 7y = 3) +
( %ﬁine_paasing through
the Intersection of the lines whose equatiaﬂs are °
x =;fy = 3 =0 and 3x - 6y + 5 =0, we must choose
A and L, not both =Q, so thatyf -3a + 5b = 0. Onec—
obvlioug. cholce 1s a = 5 and b = 3.-: Therefore, ;:r
Céﬂ?Guﬁﬂ.EEhtEﬁEE now becomes ‘

5(5x = 7y = 3) + 3(3x - 6y + 5) = 04

. Therefore, 3i4x - 53y =0 1s the required equation,

;(a)l (7, -2)) (£) ((0, 0)
' ol 1y,
: ) (8) (3, 7))
(c) (i, T e
@ g 7 (1) (6, 1)) h
(e) (3, -¥)) (J) ¢

4

s
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page 875 - N
;339 If the numbers are x ‘and ¥, then
Jx +y =56
x -y=18

Mruth sets  ((37, 19)) ‘ .

_ e

he numbers are 37..and. 19. , : e

f

¥ e Al |
i -This problem.carf also be solved by using only one variable
~ "ds followst

If x 1s‘the larger numbéf, then the smaller number
i - iz - 56 = x, and -

. ' x = (56 - x) = 18

The truth set %f this sentence 1is {37},

Hence the numbers are 37 and .19.

35¢ If Sally is x years old and Joe 1s y years_old, then .,
[ . . o, 5
x +'y.= 30 , ‘x +y = 3Q
OR ‘ -

n

[

LA y-x=4

X -3y
Notice that we do not know which 1s the c;derg s0 the
problem can be answered in two.ways. Notice also that
the information "In five years" is irrelevant since thHe

difference in their ages 1s the same now as it 1s at'any
time: ’ |

- Truth set: ((17, 13)) or - ({3, 17))}
Sally is 17 ,years old and Joe is 13 or
Joe 1s 17 years old and Sally is 1

]
i

':Thés problem'aanAbe get up 1ln four different ways using

T8 . .
one variable:

/ ) ,
t Sally n years old . J8ally n years old
Joe 30-n years old " |Joe (n+4) or (n-4) years old

Joe n Yyearsg old j@e n yearé}@ld C,
Sally 30-n years old Ssally (n+4) or (n-14) years old
1 .

Y es9 S e
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36, 1If he uses a pounds of almonds and ¢ pounds of cashews,
" then -

a + c = 200
1.50a + 1,20¢ = 1.32(200)
Truth set: [(80, 120)) -

- He''spould use 80 pounds of almonds and 120 pounds of:?

cashews,
7 737. If the tens! dlgit s t -and the unlts! diglt is. u, then

10t + u) +u o= N T

5 Truth zsel: 3 T

[

r

ot
¥
L

L
[

Thg numhg- is 3?, t

w
L]
Q
p—
=
o}
=
%

Usiﬁg one variable, the problem can be worked a

th
T

t
& uﬁi%

b

T i

il

=
L

o

ns! digle,. then

i

-
v
T
wt
—
[
P

+ ' digle, and ) ! -

£

T

=

(10t +

t+ 1)+ 2t+ 1 = 3t + 35,
* !
) . ot f . =1 .
38, From a prlac iple in physles we know that the lever shown

T odpelow - 7 ; \

e YA

c - d

balancas .10 ox = dy where <« and d measure the dis-

¥
tances from the fulcrum, or point D?fbdlaﬁct and x and,

- : y measiro the weirhts of the oblects oh the lever,
=% «t, . IL Hugh ls h

Fred 15" f {eet from the point of balance, then

trom the paint of talance and
B i RV

&

60

ERIC

Aruitoxt provided by Eic:
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-3

ruth set%v £(4; 5))

is 5 feet, Fred is. 4 feet;%?cm the point of balance. -~
r ) . R

39. ir

| fa<w b = Eoé ‘ ”
y o - 7 58”= 6b

Truth set: [(114! 95))

. ¢ - . . . .
e boy welghs a poundas and the other boy weighs b

One boy weighs 114 poundsg the other 05 pounds.
40. . If the speed of the current 1s ¢ m.p.h, and the speed
~ of the boat in still water is m.p.h., then

o

12

K | ~ 3+ e
6(b - c)’
Truth set: ((5, 3)) ; o

12

B

-.The apeed of fhe current 1s\ 3 m, p.h.-and the speed of the
boat. fh stfl11 water’jg 5 m.p. h ‘ {

This problem 1s not easily done with one variable. T

® "

41, © If apples cost a cents per pound, and bananas cost b
cents pér‘pound, then : .

’ ) 3a + 4p.= 1@8& o )
l ‘ .. \sa + 3b = 1023
o Truth set: ((12, 18))

Apples are 12 cents per pound and bananas are 18 cents
per pound.
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pages 875-876 R . e
42. If A walks at a miles per hour, and
, N N
) B walks at b mlles-per hour, then
in ©0 houfs, 5

R

b1

walks o0a miles and
walks ©60b miles; A

in ° 5 hours, A walks 5a .miles and o4 o=
v ' B awalksi '5b milesy t .

T

]

50a

60b + 30 -
5a + 5b = 30 !
The truth set: (1%%§ %%)] S

A walks at 3%— “miles per %mour, ) Wy

i

B walks at 2¢ miles per.hour,

%; i3, If there are x quarts of the 90% solution agb y

7 quarth of the 75% ’salution,‘tiﬁen there are .90x quarts
of dlcohol in the 90% solukion and .75y quarts of
alcghol in the 75% sﬁalutiaég Furthermore, there are

o2 . et ot _

- 657 (Eo)ggquarts of alcohol in fthe mixed solution.-

- .90x + .75y = .78(20) =~ —_—
’ X J\y = 20
«  Truth set: ((%,16)] ' y

' He_should use U4 quarts of the Q0% solution.

Wi, If. the average speed of car A isﬂ)é‘ miles per hour
and the average speed of car B 1s b miles per hour,
then

300
a b
1300 _ 240
a b
Truth set: {(60,50)) -
A's average speed was 60 m.p.h. and

VT

+
Ui

"
B's average spéed\was 50 m.p.h.

y tleKets gold at/ 75 “cepts.

1 and 25% + 75y = 10875.

It

45, Supposi there were | x tickets sold at Ei,ccents, and;
7 . :
Dpen sentence:” “x + y

)

. ® ) ; ) .
Hence, there were 249 pupils and
: A

L

Truth- set: ((2bo,62
\; 62 adult ifckefs sold.
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'Apage 876

Open sentence:

~Truth set:= ((4, 3)) o o

If,there are x girls, then Elsie has x'- 1

Hence, there must.be. x - 1 boys. 3imilarly if there

are y boys, then Jimmie has y - 1 brothers and

2(y - 1) sisters.

x =1=y and 2(y - 1) = x.

Hence, there are 4 girls and 3 boys
‘ 5 P
A =

Suppose there were x thrce centrstamps‘pur:hased,

-

y four cent stamps. L -

Opén sentence: x + y = 3§éi and 3% + U4y = 1267.
f=l B

3 .
Truth set: ((141, 211)} .,
Hence, Ehéiéfwegg T4l three cent and
stamps p}rghasedi
Suppose there were x one dollar bills and y five
dollar bills. '

Open- sentehce: x + y = 154 and x + 5y = 465,

Truth set: [(75%, 77%)}

He has not counted correctly, sinc2 the number of bills

must be an integer. o

If tne number of feet in the width 1s X
of Teet in the perimeter is
In the

Lhg6

- &

-
I

—~3
1

et
I

g
W)
o
I
po

: L]
I
=
;IZI\
+
Js
§
4
58
]
It
P [}

LT
B
1
J‘h

o »l/
I

]

Came )
bY
4
m_jwﬂ\ ::‘
+4
' \I'“U‘H, [r_‘“‘
—
—
B
I

H,
N
R
e
I
]
=
W
I
= s
[l
I ]
Il
RN
]
i

sistere.

and the number
94, . then the number of feet

The number of squarc feet in

%

-

£

r. -

)



' pages 876-877
o If we require that the widts x 1s less than the length,
%1 . " then we get T )
- x = 16, b7 - x = 31,

b,

The dimenslons are 16 feet and 31 feet,
& .50, If the shédt of mete
J ?' inches long.

18 x inches wide, 1t 15 x + 8

E U - . ~ )

The box 1s
x - 4 1inches

wide, | w- |
x+8 -U inches , R — I

long, and 2 ° — e
inches deep. _ i :

=

. x = =12 or X =

- are all equivglent. Hence the trugh
is (12). - i13wnot in the domain of

it of the sentence

The sheet of metal i1s 12 1inches wide and 20 inches long.
: : [

If one leg 1z y feet long, the other leg 1s vy % 1 feet

Ty
o
»

long, and the hypotenuse*fs y + 8 feet long.

= ]
yoo+ py - 1)° = (v + 8)° Domain: y > 0O

The®lengths of the sides ot vhe triangle are 20 feet,

21 feet, and 29 feet.

664




52, If the window is- h feet above the ground, the %gpe 18"
R X - _ e
- h +8 feet long. ' o

;E? + 282 = (h + 8)2 Domain: h > O.
| nuth set: (45] : . .
_ Truth set: {45) L O
The window 1s 45 feet a¥ove *

. the ground.

53. If a leg of the triangle 1s x feet long.
%2 )+ x2 2132 Domain: x > O

Truth set: féﬁggj 7; o o

Each leg 1s ésgé units long. ’ ~

" 54, If the diagonal is gd 1inches long, a side is 4 - 2 1inches

long. % ) )
(a4 - g)g + (d - g)g = d° Domain: d > O’

d /  Truth set:, (¥ + 2./2)

The diagonal 13 4 + 2-4/2 inches long.

I’
5,1
%))

If the sheet is t feet long, the width is t - 3 feet.

t(t - 3) = 463 Domain: t >0
~

L Truth set:

[oir]

Lo - The sheet i3 8% feet long.
56, If oné of the nump;rs 1s n, the other iz 9 - n, iénd
~ thelr pﬁéductgaaf!n(g —~n).

) n(9'- n) = 9n - n®
- 2 o 81
= -(f! = 4n + T) + o

[}

-(n - S})E’ N 81

5» . . . . = T T

i
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J‘< AN n
—~y -
-

. 59?

. The numﬁérs are '%% and g

The vertex of the parabola 1s (g; %%) and 1t opens
downward. Hgnge,\the value of n which makes n(9 - n)
largest is gg Lt

The numbers are g and gg
¥ . = 72 ..
n- = 10n + 175" !

(n® - 10n + 25) + 150

., e

b 4

1]

\ (n - 5)2 + 150

It

_The vertex of the parabola is at (5, 150),

He should manufacture 5 boats a day; this will result 4n
a minimum cos® of $150 per boat.. ’

If n 1s oné of thé numbers, 9 - n 1s the other number,

n® - (9 - n)?

]

25
Truth set: (%%]
28 : .

If n 1s the number i
14n + n° = 11,

Truth set: (-7 + 215, -7 - 2./15) /
The number is (-7 +2/18) or (-7 -2 Jié), Ly

Suggested Test Items R

The function f assigns to each positive 1nteger x, the
number 2%, ~

(a) What is the domain of f?

(b) What 1is the range ag £9

(c) What rlumbers are représgpfgé by the following symbolsg
£(3); f(100), r£(-1), f(xi, -f(2), 3:r(4), (1) £

(a) Draw the graph of the function f for x ¢ 6,



-

(e) For what x 1a it true that 4 < r(x) < 82 -/

(f) If g 1s a function defined by g(t) = 2t for sa%@
domain, under what condiltions 1s g the same functiag

‘as 7 . <

2, Examine the followirg graphs:

S

R
(a) Which of the above figufes‘is not the graph of a function? -
(b) Tell how you decide whether a graph 1s not the graph of
a functlon.
3, (a) Draw a graph of the function h defined by
) -X =3 £ x <0
h(x) =
2x 0<x<g3
(b) What is the domain of h?
(c) What is the range of h?
§, State the domaln of definition and the range of each of the
functiona described by:
(a) F(x) = |x|
(b) h(t) = k&

(¢) H(x) =%

667 "




Y

5. I 1s a function wnhich assoclates with each positive integer

the remalinder arter tividing the integer by 3.

What is the domain of P2

What ts  f(5), ®(3), ¥©(1), 7r(0)?

£

)

b) What 1is the range of F?
)
)

Graph the runction for the positive intégera less

than 7.

(e) Deacribe the set of positive integers a auch that
r(a) = 0.

Qf’pazitive Intepera b such that

() Describe the aset
£(3b + 1) = t(1).
6. @ Is a number 1n the domain or a function H. What

aymbol represeals the number H asslipns to  ¢?

1. Whilch ol the following derines a funetion and which does not?

Glve a reason tfor your angwer, '
Ww (a) The set ((3 1), (2, 2), (1, 1), (3, 2)}
| (b) The sentence: cor: ponidling to each real number x
there 1z a real number vy such that y? = %,
’ §
Y
1
() - Tha praph S o
u + Fomef—y H + =X
Q |2 <)
z T '
i ~v
(1) The ses (1, 1), (2, 1), (3, 1), (4, 1))

(¢) The sentoree: ¥ - x° = 0O {or all real numbers, x.

(&81a!

O

ERIC

Aruitoxt provided by Eic:
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(f)

»

0

The table — —
score | 100 -95 | o4 86 | 88 -80179-70

which ] - _ .

assalgns to Grace Lk

each =acore

a grade

Answers to Suggested Test Items

ii ;fa)

the get of po=ltive integers

(b)® the set of positiye even integers

(¢)

()

i

ffé) = 6, £(100) = 200, f(s1) 1g meaningless si
-1 13 not 1rr the domain of f, r(x) = 2x, —g{?)':-EQ;
3-£(4) = 24, (1) +1 =3 - \ L

3

.l

"
o
\

I
I

[nin]
[
|

o~
|

Y
I
|

[
\
|
‘\
|
|

M
I
\

3

O
ro
T
1%
wn
im

The domain of g must be the same as the domaln of f,

that 1la, the zet of poaltive integersa,



and D
Ed

™3

-
o

S
o

the lntersectlon of the graph and any ¥ertical line

)

more fthan one polint, then the graph 1s not the graph

O
o

a function.

b
[P
L

(b) the set of real numbers x such that =3

[FASEVAN
o !
J
D

(c), the set ot real numbers y such that o

4. (a) nDomain: the real numbers

Ranre: the set of non-negative reals

; (b) Domain: ‘the set of non-negative real numbers

Ranire: the non=nepatlve reals

-
el
et
el
=
&
-
v
-+
L
o
o

aet of real numbers except Q\ 7
Lo 4

Range: the reals except zero 3

5, (a) the set of positive integers

)

(b) the integers 0, 1, 2

5) = 2, F(3) = 0, F(1) =1, F(0)- is mééninglgssi
) i E

ERIC

Aruitoxt provided by Eic:
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(4)

(c)

(d)
(e)

(£)

The set of positive multiples of 3

The set of positive integers

This set doeks not define a function.since 1t asslpgns

ernce does nobt define a function since 1t

e
WO nunbers to each nunber 1n the domailn

This graph does not represent a function singéﬁthere

13 a verftleal line which wlll intersect the graph in

more than one polnt, [or example, the vertlecal llne

each number in the domiln the number 1 1s assigned.
<] .

The zentence deflnes a function, =lnce one number 1s
t

-0 each nunber in the domailn.

The sentence defines a function, since one number 1s
=

sgssipned to each number in the domaln.
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'
_Answers to Challenge Problems; pages .878-885:
1. Each point 1s moved to a point, with t\;.g, same ordinate, 'but
%
whosge absciaaa is the DprSiﬁE of the abaclasa of the =«
original point. A
* (a)-. (2, 1) goes to (-2, 1) (b) (-g, 1) goes to ( 2, 1)
:= ( 2,=1) goes to (-2,-1) (-2,-1) goes'to ( 2,-1) -
@,%§ 2) goes to ( %, 2 ( %; 2) goes to G-%j 2)
" (-1,-1) goes to ( 1,-1) ( 1,-1) goes to (!1,515 ’
(.3, 0) goes to (=3, 0) (-3, 0) goes to ( 3, 0)
(-5, 0) goes” to*( 5, O) ( 5, 0) goes to (-5, 0)
“ (0, 2) goes to (0,2) /  (0,2) goes to (0, 2)-
( 0,-2) goes to ( 0,-2)° ( 0,-2) goes to {-0,-2)
(¢) ( c,-d) goes to (-c,-d)
' AN " O R . 3
(d) (-c, d) goes to (. c, d) 7 ?IF(O,E
(e) (ec, d) goes tc:: ( e, 4d) (;é;s%‘ : A }%‘2)
(f) The points on the 1T &hﬁg 1 - 1
y-axls go to themselves. ,,W€£JLE§7 ] Ei) 1 _
17 ECQFf 1 NEor
e (506 L Jeen] . 11 [A50 |
' 2 ) T 12V
s"r L
- Figure for Problem 1,
2. (a) (1, 1) goes to ( 3, 1) y u
(-1, 1) goes to ( 1, 1) - ) T
(-2, 2) goes to ( 0, 2 HEEE 7 j j
( 0,-3) goes to ( 2,-3) ™ _L§£2;%Fia-¢lg I i}

( 3, 0) goes to ( 5, 0)" =30 rs(;!ri =QIID—Q§L) :
- _ - e 5;2 X
(b) (-1, 1) goes to ( 1, 1) 0,0 ([Q (5,0

-3, 1) ¢ to (-1, 1 —t— ,
3 oo (1) A HAH
(=, E’) goea to, (-2, E‘) : 0, ,EJT 11
(=2,-3) goes to ( 0,-3) 7 ' T .
. (1, 0) goes to ( 3, 0O) Figure for Problem 2.
7 5
. \
672 Y.
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(=¢ - 2, d) goes to (-c, d)

&

=

P

D

——

i

N.,;‘
-

=

)

]

] i
|

- — g —
-

/H‘IN
(%] ‘ru
Z
[
— P
=

o]

t

I
—*4_-_

!

I

|

o
J |
] ]
i
-
=
R
I

H“

]
I>

| =

—
i

]

t*‘:
]

o
‘w\

=

£

673

-



5.

© pages B879-880 W T T

-

f

¢ Each polnt of the plane 13 moved to ‘a polnt having the same
absclssa as before, and the ordinate G% the new point 1s
the oppaslte of the ordinate of the original point. This
amounts to raﬁating the polnta of the plane o§eshalf revolu-

tion about the x-axis.

&

(a) ( 2, 1) goes to ( 2,-1) (b) ( 2,-1) goes to ( 2,
( 2,-1) goes to ( 2, 1) ( 2, 1) goes to ( 2,-1)
(s%; 2) goes to (e%,aé) (g%u~9) goes to gs%; 2)
(-2,-3) goes to (-2, 3) (-2, 3) goes to (-2,-3)
( 3, 0) goes to ( 3, 0) ( 3, 0) goes to ( 3, 0)
(-5, 0) goes to (-5, 0) (-5, 0) goes to (-5, 0)
( 0, 5) goes to ( 0,-5) ( 0,~5) goes to ( 0, 5)°
( 0,-5) goes to ( 0, 5) ( 0, 5) goes to ( 0,-5)
(¢) ( a,-b) goes to ( a, b)
o , o LIy _
(d) (-a, b) goes to (-a,-b) . L ¥0,5) -
(e) ( a,-b) goes to ( a, b) 1 mE \ T
(f) A1l points on the - _ JlEs.2)] 1\ o
%x-axla go to themselves, 7(,352(?)7 D X @ o) x
v
- ) |
- BER'E
e 1/
T o8 ]

Figure for Problem 5.

The polnts of the plane move up two units and to the left

three unlts.

(a) ( 1, 1) goes to (-2, 3) (b) ( 4,-1) goes to (1, 1)
(-1,-1) goes to (=4, 1) ' (2,-3) goes to (-1,-1)
(- ?, 2) goes to (-5, ) ( 1, 0) goes to (22, 2)
( 0,-3) goes to (-3,-1) 3,-5) goes to ( 0,-3)
( 3, 0) goes to ( 0, 2) L?é,ﬁéi goes to ( 3, 0)
|
ﬁcx\\ j
\ o 67
‘j-s’;s
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(¢) (a, b =) goes to (a - 3,
(d) (-a + 3, -b —.2) goes to (

(e) No point goes to itgelf

‘(£f) Moving (a, b) to
s8liding the polint

(a, b -

b)

-a,

g)'

i

-b)

has the effect of

down two units.

SA 1L
;.{! b é‘:‘ (E:D)

iSH

x
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) NN (AE)

|

103,-5)

2 Figure® for Problem 6

7. If y =0, I|x]|

5, which means that X c¢can be 5 or -5,

Similarly, (0,5) and (0,-5) satlsfy the sentence.
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The rrapn shown 13 the raph brr y 1 |
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-X =y =5, ani -5

-
e
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i
—_
|

ary 1in these

It was nece
to limit the values of x ,
a0 that only the indlecated Fipure {or Problem 7

the lines would g

£y

8, (a) The glven sentence 1s

equivalent to the follow-

ing rour-part compound

sefitenc

ANANNAN NN NN

P T B T W s s T

with Aotterd Fipure for Problem 8(a)

note that:

Tines where "x + y = 5

A7E
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(b)

and
and
and

So the area below each of the lines where "x -y = 54

and "-x -y = 5" is shaded.

e
il
—
—
]
hurly
-t
gy
i

Therefore the ‘graph of |x| + |y] > 5 1is

plane outside the graph of |x| + |y| = 5.

In the szame line of reasoning

|x| + |yl ¢ 5 implies that: Yyl
: ) F 1

e
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5.

[l

IxI'+ |yl
Verifly on the number
line that "|y[ < K"

13 equivalent to "y < k and -y < kK", whereas

=
i
=
P
o
I
]
]
e
o
[
m
5‘
12
—
(o
L

1A 1 i1

"ly] > K" 13 equivalent to "y > k or -y > k

The graph 1s the same %
as that flor {E),aexcept _ i y
that the lires are
to 1ndicate that tHe 7 AT ARSS

gﬁﬁbh of .
i

I

< a1
Ix] + |yl =5 - 71710, 1 27T

is included, as well _ = — . L R -

£

as the graph of

Ix| + |yl < 5. |
L T

| v
+,

. Flgure for Problem 8(c)
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The four open sentences N

i i . “ 4‘ y |
whose raphs form the same 7L I T N IV I i

figure are:

x -y =3, andi x » 3 : — o

B

+
It

L

and x =
%
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and x
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Flgure for Problem 10,

“11. or -1, The slope of the line

The slope

o the 1lihe sontalning (3,

Sirmce -1  and x{*: iﬁj’ are names 'Or glie same number,

« = -1, providedl =z # -3.

Then y -2 = (-1)(x + 3), by multiplying both sides by

"(x + 3)", with“the restriction that x # -3. Then

/ , 3
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¢ names for the same numberp

aud@ the y-intercept

(L)  The

and the y_§ﬁtefgépt
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5 ||y = - 2w 4+ ’6||.
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The vertlical

the equation
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Je(h) Two expressions for the slope are

-

2 1
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and 15 x £ 4,
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(EE-E?I‘E for Problem 13(a)

(b) o

1t the varlabile 2 15
the
ke < 0,

valuesn 1 k.» O

then
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4, (a) %?; where “w > 0
(b) This is inverse

}ivariatiéﬁ? and the

conatant of vari-
atlion 1s 25,

Polnts

used include:

o
i
£l

WA

Figure for Problem 14
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18,

19,

We know that the product of tWo positive or negative real
XN\ = X+%; 1t follows that x

is a product of two positive numbers if x > 0, or of two
2

numbers 1s posltlve., Silnce 2

negative numbers if x < 0; that 1s, x° > 0 for any real
number x # 0. We know further that if ab = 0, where a
and b are real numbers, then, at least one of them 1s zero,
Since xg = X:x = 0, 1t f@llé%é that Xx = 0. GOHVEPSElY,

1f x = 0, then xg = x+*x = 0*0 = 0, Since points with
posltive ordinates are above the x-axis, it follows that
the graph of. y_: x° has positive ordinates for all x # O
and a single point (0, 0), for x = O, lies on the x-axis.
If (a, b) 1is a point on the graph, then b = e 1s true.
Since b = (Ea)g ag, it follows that the open sentence

is also true for the ordered pair (-a, b); in other words,

(=a, b) 4is also on the graph.

If x 1is positive, multiplicatlion of the members of

"x ¢ 1" by x yilelds xivi x. If, for the same value of
: and the

=

%X, the ordinate of y = x is denoted by ¥y
ordinate of y = x by Yoo then for 0 <z < 1 we have
¥y < Vs In other wardz,ﬁthe graph of y = xg lies below
the graph of y = x.

‘Here, we obtaln x < x° and Yo < yy. Hence, for

(V]

X > 1, the graph of y = x~ 1lles above the line y = x.



page 883 L.

20.

Eli

N
i

3

Ead )

Multiplication of the mgmbérs of "a < b"by a and b
ylelds ‘a? < ab and ab ¢ b° s fespectlvely. Hence, by the
transitive progerty of order we abtain a < bg If we
denote vy, = ag and Vp = bg, then by the above property
for b > a we.obtain Yy > ya .forgall b>a>0, Hence
it follows that the graph of y = x continues to rise as

we move from O to the right.

i
The. horizontal line y = a where a > 0 (since the géaph
of y = xg is above the x-axls, a cannot be negative)
and the graph of y = xg have equal crdinates at the points
of intersection, Therefore, x° = 8. < ’

: x? - a = (x - V&)(x + ¥3), x° 0 has the

truth set ( &, -y&) for a # 0 and the truth set -{o} ,
for a = 0. It follows that there can be at most. two paints

a

L
o
jo
2]
m
o
]
W
I

of intersection,

Since the slope of a line contalning the points (a, b)

"and (¢, d4) 1s $=L (¢ £ a), we obtain easily for the

c - a’
o , 2 - 8% - 0
points (O¥ 0) and (a, a“) the slope “5—73 = a. Hence,

we conclude that the slope of the line containing (O, 0)
and (a, a ) approaches 0 as ‘a épproach 0. But a
line passing through (O, 0) with a slope.close to zero
apparently approaches the x-axls, which ﬁauches the para-
bola at (0, é)i If we note that the segment of the line
between (0, 0) and (a, ag), for a .cleose to 0, nearly
colncides with the arc of the parébola, it 1s plausible that
the graph must be flat near the origin.
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Ax® + Bx + C

where

(a)

(v)

a

(]

A,

a(x - h;

= 3,
imp

axg } 2ahx

If a= A,
to "-2Ah

and

2ah = B, and ah + k

*

|
%

R =]

o

- = 2
.2 , B . B -
A(K_ +-=A-'}§ + -Z:§) + C' -

2 . s . N . .

E)— 4AC= ) o

Alx + =K/

a(x - b)E + X

, B .  MAC - B® 1
h=-7p kK=—"—713 —
+k = ax®

2ahx ¥ (ah?+ k)}= 3;2 - TX +-§

-2ah = -7, ah® + K = 5, then 7

lies that -2(3)h = -7; 1. h =
h = % implies that (3)( )E + k

qum
it
0 qwﬂ

- 7x + 5 = 3(x - %)E + %%;
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+
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+
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+ (ah® + k) = Ax® + Bx + C, for every real
1 olel:

-

C.
then the sentence "-2ah = B" 1s equival

, , B ..

. 1 N = . _

= B, that 1s; h 3K

'ah® + k = C" 1s equivalent to

. B _hac - B°
A v S Y S

]
T
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jucy
o
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-
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Also, 1f a = A ar
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25. (a) From the fact that S /
~ ) a(x. - b)* + k= Gx - h)E k) ajfo »
1t follows that 1t is factorable if %3 0.
* (b) .If‘ g - spe " where p é’%, m and n dre integers,

then ‘a(x - h)g4-k a (x - h) 2 a(x h-p)(x-h+p)

—§ n(x - h) - ‘)<;(x h) + m) wkere m, ﬁ, h are

integers with a possible exception of thé constant

=

factor =. If n =.1, that i3, p an integer, then
b n .

& 1is a%pa an integer. Hence, 1if !,%

is a perfect
n

square afKEn integer, the above polynomilal is
factorable over the 1ntegers ,

() 1t <o, £=0, or X5 0 the truth set or
%a(x = h)E + k contains two, one, or no real numbers,
respectively. T
26. (a) The domaln of definition of @Q 1s the set of all real

numbers x such that -1 < x <0 or 0<x <2, 1l.e,
all numbers between -1 and 2, except 0 and
ineluding -1 and 2.

$$ﬁfgiﬁe range of Q consists of the number -1 along with
all x such that 0 < x < 2.

{e) a(-1) = -1, a(-3) = -1, Q(0) 1s not defined,

Ex

Q#) =%, a3) =2, Q(r) 1s not defined.

(d) R 1s the same function as Q.

o
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The preliminary edition off this(VDlume was prepared .at a writing
session held at the Stanford University during the summer of 1960,
Revisions were prepared at Yale University in the summer éf 1961; taking
intﬁracc@unt the classroom expefienge with the preliminary ‘edition. during
the gcademic year 1960-61. This edition was prepared at Stanford .-
University in the symmer of 1962, again teking into account the classroom
experience with the Yale edition during the academic yeer. 1951 62
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