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" FOREWORD
" _ 5 .
. The increasing contribution of mathematies to the culture of
the ‘modern world, as well as its importance as a vital part of

‘sclentific and humaristie educatlion, has made 1t essentlal that _-

the mathematlcs 1in our schools be both well selected and. weil

‘ 'taught _ ) -

With this in mind,’ the various mathematicaf Grganizatians in
the Unlited States cooperated in the formation ©f the Schéol ’

Mathematics Study Group (SMSG). SMSG includes college ahd uni-
versity mathematiclans, teachers of mathematlcs at all levels,

experts in education, and representatives of sclence and tech-

, nology.. The general obJective of SMSG 1s the lmprovement of the

teaching of mathematics in the schools of thls country. The"
National Science Féundatioh has provided.substagtial funds for
the support of this endeavor.

One of the prerequlsites for the Improvement of the teaching
of mathematics in our schools 1s an improved curriculum--one
which takes account of the inereasing use of mathematlecs 1n -
sclence and te’ qlogy and in other areas of knowledge and at the
same time oné which reflects recent advances 1n mathematles 1t-
self. One of the first projects undertaken by SMSG was to enlist
a group. of outstanding mathematiclans and mathematics tedchers to
prepare a series of textbooks'which would 1llustrate ‘such an 1im-
proved currlculum. s .

The professional mathematiclans in SMSG belleve that the
mathematics presented 1n thils text 1s valuable for all well-
educated cltlzens 1In our soclety to know -and that 1t 1s important
for the precollege student to learn 1in preparation for advanced.
work 1n the fileld. At the same time, teachers 1n SMSG belleve
that 1t 1= presénted 1n such a form that 1t can be readily grasped
uy students. N

In most Instances the material will have a familiar note,
but the presentatlon®and the polint of view will be different.
Some material wlil be<entirely new-to.the traditional curriculum,.

*This 1s as it should be, for mathematics 1s a living and an ever-

growlng subject, and not a dead and frozen product of antlqulty.
This healthy fuslon of the old and the new should lead studentsa
to a vetter understandlng o!f the bLiasle concepts ang structute of
mathematics and provide a firmer foundation for un

- use @f~mathema*ics in a. g:ientiiic'gaciety v

It 15 not Antended that this! book ve ﬂegardgd as the only
definftive way of presenting good mathematics® to students at thils
level .  Instead, it should be thought of as a sample of the kind
of improved currlculum that we need and as a source of suggestions

for: the authors of commerclal textiooks. It 1is sincerely hoped
that these texts will lead the way toward insplring a more mean- *
ingi'ul teaching of Mathematlcs, the fJueen and Servant of the

Sciehces.,
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. : PREFAGE .
‘ ) =
To The Student:,
i » N
PR Have you ever thought of mathematicé\f some -
thing that you could read? Or has mathematics °
.

always meant only problems for you to work? Here
is a textbook which is written for you to read.
It is not just a list of problems.

Readlné mathematics i1s not the same as read-
ing a story. You will find that you may have. to .
;?éad a paragraph several times before the meaning
becomeé clear. Sometimes you will find it neces-
sary to use paper dnd pencil to work ;ﬁémplp .
Qpcaglanally you wlll need to ask for help.

Careful reading of this textbook will help
vou understand some of the lmportant ldeas of
mathematics. You will need t5 understand these i

ideas in order to.wWork the problems,

You have a new and enriching expe ri nce

ahead of you. lake the most of 1it.
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Chapter 1

P o SETS AND THE NUMBER LINE B -
-7131, Sets. ' .

This mathematics book 1s ggigé tc;begin in a strange!wayé
We will start by thinking and tafking about collections of
objJectas. The idea of a ccllectioﬁ or Er@up'éf ﬁhingé ié a
familiar one. We are using this idea when we speak of
‘ ' a herd of cattle,
a flgck of geese,
a crowd of* people,

a swarm of bees, N
a bunch of bananas. k
Can yau glve some more Exampleﬂﬁ . - -

A Cafpeﬂtéf uses a set of tools;
A golfer plays»with a set of clubs;
' A walter drops a set of dishes! ’ i
[;hég? are other ways of talking and thiﬂking about g//
collections. Take the thlngs In your pocket . You cauld

describe this collection by maklng a 1list, such as
{pencil, dime, penny, handkerchlef, gum) .

As a further example} consider the names of all the cars in a
.cértain parking lot
(Ford, Chevrolet, Plymouth, Buick, Valiant, Lark],
or simply a collection of numbers
) (1, =2, -3, 4 5).

Az we have sald, the notilon of a calieétiOﬂ or set 1s a
_familiar one. It may come as a aurprisé t@xyau to discover that
this simple idea 1s golng to be a blg help to you in the stuéy
and understaﬁding of mathematics. To make things easy, we will
use ‘one ward in place of all the othapé like herd flock, crowd,
or bunch. ‘This word is set. N

The variaus sets mentioned above contalned suah things as
insects, anlmals, cars, people, or numbers. _As a gEneral rule
we will call the Dhjgcfﬂ in any glven set 9lements In the
mixed-up set ofk things 'In your pocket the pencil 1% an "element."
So is the dime and each of the other articles.

|
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We need Eame'definiﬁe way of showlng that wé}arsﬁdésgriblﬂg
* sets. If the "elements" can be llsted, we will write the list
and enclose it within these marks { }, called braces. It will”
then be -clear that when we read such things as :
, (2, 4, 6, 8, 10)

or ° ° (California, Ggfggadgj ConnectAcut )

) b ,
8},.

) i

or {2, '3, 5, 1,

we are talking about setg. ) )
’ﬁk » - : :j . A .

5 A

" * Check Your Readihg :

What are some other words for the word "set"?

ny

Whit do we mean by "element of a set™?
;o ’ '

Problem Set 1-la

List the elements of the set of whole numbers greater than
1 and less than 50 that gnd 1n . , \
(a) 9 o
(p) 3 ’ " : . -
(C) 0 : I ‘ . i

2. 1In problem 1, which set has the least number QfEEiEmEﬁtg?f

o

-

T3, (a) List the elements pf the set of letters of the alpha-
bet frem d to J, Includling 4 and j. -
. (b) List the set of vowels .in the name "Rhode Island."
(c) List. the set _of letters that gecur more than onee 1n
"Mississippi." L | AW
k. List the elements of the set of all commdh fractlons with

1 i

"not

dendminators 23 3, or 5 that are betweén (means _
’ including") ' ~
~(a) 0 and 1, ﬂ o

(b) 1 and 2, N - i

(c) and %. . : “~

[
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Problem Set 1-1la
\ (continued) -
*5,. List the element% of the set of all the states whose names
. beglimr with : ’ : -
) — (a)’ the letter C, " v q\
/f (b) “the 1étter N; 1 . '

- "(¢) the letter H, - ) - ,
- (d) the letter B. . . ‘ . AN

. This question comes up, "To describe a set 1s_ 1t always
‘necessary to mhke a 11st?" 'Phink it évér} Suppose the-set you °
were working with was the set of ail people 1living in your
town--or the set of all numbers from 1 to 1000. In both case’s -
making lists would be too much work and probably not worzhiit,

‘ To get around such difficulties we will agree that sets may
. also be indicated by glving a verbal description of the eleméﬂtég
® To show two methods clearly, We wlll begin with céses where both
methods :aﬁ be used. Check the following giamples'gagefully.i
See 1f you think the two methods indicate the same set.

. R » _ ) V A
T Liat: LE; _ 4,‘ FEZ'; : 8: 10] :
Verbal description: all even numbers between 1 and 11
]
, List: T {california, Colorado, Connecticut]
"”Y‘"'*””Véﬁbal'déscripti@nE"all’StaEES”iﬁ'ﬁﬁé‘ﬁg"S;’Aj'Wﬁésé””"’f‘

. . names begin 'with C

Why have two ways? As we sald before, there are times when

oneJof the ways may be ilmpossible--or nefirly so. Here are

examples .

. —

Verbal descriptlon: +the set ,of all types of 1nsects
A L3
List: (This 1s_possible, but very diffigult,)ii . .

Verbal description: the set of all odd @umbé?}
List: ™ (You could start this 1ist, but don't try to
' finish 1tt) '

O
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- " In some c;a:;é; there 1s a way to list a set even though the
Huﬁbé? ot élémentséld very lngE Suppose we Want the set of
all odd numbéfsiyhhe . gin by 1iatln§ the first ieanlements in

* the set as {1, 3, 5, 7. Then to show that we want to include.

all “tHe other odd numbérs, we write the Cmplate set as

e
o
’
i,
—
o
i
“
—

- It¥we want to show that the  sev ends at some definite place,

L
&
—~—
-
e
-
-
T
|
——t
o

Here the verbal dgscriptien 1is, "The set of all odd numbers up
"to 25 including 25." .. .

Another example might be
{5, 10, 15, 20, . . ., 50}.
Can you describe this set in words?

! We must be very caretul to see that the elements or numbers

which we ﬁélwrite show cles:

contusing tq see samthLng‘liK&

4

lnce. there would ,pe no way of telllng what the rest of* the

[y
]

numpers are ,uppuﬂ‘d to Le.

Two very 1impc ortant sets ean be described clearly in thils

Wway. One of these Is the zet

aountiing numbers

o/ -

e

L1 we take the gel ol all counting numbers anf Include with

this set the numeer O, we ol Lain Lhe sen
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This new seﬁ’we call theée set of all

whole numbers.

For convenlence we can use a caplital letter

e
any partlicular set in which we may be interested.

N (1, 20500 )

1s a way of saylng that we are uslng N as a name

all counting numbers. When we write

Lp

i

=

—

it L——1
0
) ot
o

i1

=]

-3 D
pu

e

1s, let

]
I
—
i
—
T4t

-
ol
M

Now suppose we form a new set. Lé&t t

g

‘new set be the numbers whlch we would get 10 we m

‘element 1n the set W by the number 3. Slnce 3 =

> = 6, ete., our hew set, which we can call

This newly formed set we call

the

T
L)
T

r

t oof all multiples ot 3,
mi P =

1

Ty

Thus P~ {0, 5, 10, 15, . . .]

of all™multliples ot .

[
The set or all multiples ol ¥,

we call the set ot all

By adding 1 to each element

numbers

4

as

.
Le

For example,

v

s

a name for

o
o
i

w

name B.

e elemen

]

i
i
ot

P

We can
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replace the mlsging elements. Thbs 1s the usual procedure and

does not 1mply that exactly three elements ol the zet have been

. & : - ‘3

In each of the above examples three dots have been uded to

lef't out. ! , r

bo

H W

Dl

I

~ g

3 no general ru

o make

% You may also have notlced that the description of Set T

jincluQE 5 actu
u for this. We usual%y
1

lear what the others ane supposed to be,

4
- Check Your

unting numbers,

I
it
. .
[t
i o
M
o
=
2
—
VF\
D\

e set W of whole numzczgi'?H@w does 1t differ

al- numerals while set W has only 4. There
1

nclude enough elements

What 1s a multiple of a numier? Describe the multiples of 5.
Descrive the set of even numbers. ~
S - L
How can we get the set of odd numbers from tLhe set of evdn
¢ L

PF'”lE” Set 1-1b

Descrive each of the’ Iullnwi ng sets by meanz-@f a list,
(a) All countling numbers up to.and lncluding 12
(b) _All whole ndmbers up to and ineluding 10
(¢c) All.whole numbers %reater than 10
(d) A1l multiples or 7 whleh are less than 50 i
(e) A1l maltliples of % which are less than %0
(£} All even numbers less than 14 l '
(gy ALl even numoers er than {4 -
(h} All odd numbers greater than 10
(1) A1l odd numvers than 40
(¥) All common rractlons with denominator 7 with’ vﬁITi’
less than 1 and greater than 0. ‘ ff
-

= s
;.l L)

LY

=1
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subset of the:

-~

2. " Give verbal deScriptions for the following sets.
B B * u

(a) A= {0,

(b) = [1,
(c)
(d)
(e)
ey
T (g)
(h)
(1)
(1)

(k)

fi
—
—
]

Wy O
[

Wow "

{o,
(28

B Hm @

Wl

in this way?

P

- (0, 6

S

y £33
Z =
S 2

&, 1z
y 20,

) L“: 5] N

[

)
6]
98)

at

Form a set by dlviding each element in th

\ numoers by 2. p What 1s the name of the se

Suppose we are glven two sets, A and B.

the set B 1s also an element of the set A,  we say that

Now. conslder

presldent of the

of the set 9 an element o

set §

of

the

Iy

3
!
= 1

B 13 a subset of the se

this the

i, L

£t of

the

f the

set

F?

[september, Aprll, June, November }

3

Elzenhower).

set

F.

P

Let

oft all men who have been
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tollowing ru

Every

=)

1

re

zound oo

eil

havs

Wnat 13 one subset

cun oo Lell

R P |

e

Glvaen —he 5e

ol

(w4 i

' [,

LI o iloag
[

T

any

o

Z a = or

ne zet of .all
5

1
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i

* _ P = | -
- Frovlem Set 1-1c 5 ,
. i (Qantlnuéd) o
bz[l,,_é,jg,/ﬂir-, S
E: The set or a1l even numué;s retween 1 oand 25,
F ‘Thé set ol all gul;;plis ol % which are less than 25.
G o= (1, 5, 7, ]
2.

=
-,

vour

where K has all

g

e

o
e

in T from

.
d

iy

wWnlah
Wnleh
Wnich at

Which

LWO

Glve

O

ERIC

Aruitoxt provided by Eic:

-_—
¢



addition"?
multiplication

(d) TIs the sec N of all countirg numvers "closed under

=1

It
Pud
3

evern

o
ud

. Notice that talking avout 5, D,

= 3 1

and B. -The

s
b
ot
T
2

,
e
| —
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A

lowlng sets would vou call oy

c 1
(a) A: The set or a1l gilements whlen are in toth the zet
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1-2
(b) B: The set of all elements which are in bath the set
G = {2, 5, 7, 9} and the set H = [j, 4, 8]
(e) The set of all whole numbers which are 1n the set
2 3 1,
, 35 L=
, {d) The set of all whole ;pumbers which are -in both the set
- {0, 3, 5} and the‘set {0, 2, 4, 6]}
< . _ o B
() The set of all whole numbers whic%ﬁaré greater than.6
) ' and less than 7 '
. . T .
(f) The set of all whole .numbers which are less than one
= 2. 1r you were asked to dé¥cribe all thE s5ets which are subsets
of the szet A = (1, 2}, the caryéi? answer would be
B l . - -
‘Eﬁ’&gé subsets: L i
ﬁ (Remember -the null set 1s a subset of every set)
l . - . ) ¢
. [i_) o & -
(2] g %
- {1; E] . _ . _
JNDW;dESCleE all &ubsets of the set -
, : “B = (1, 2, %}. How many are there?
*3. IQ you are really,prave, try describing all subsets for the
set ’ ® ' )
¢ = {1, 2, 3, 4}. How many are there?
Vo
*#L . Can you suggedt a short-cut for Laur}tlng the number of
aubsets of a givgn set?
1 &
s
1-2 The Number Line. . )
In your study of/arithmetlc you began by usipg-the numbers
to count. Y@ugalsoiwarked with rulers and scales , Whlch can be °
thought as linestwlth certaln polints marked on them. We will
- now make connectlion, or ass@ri;tl@T}'UEEthn numbera and pgints
P " on a line. : | v
“ ,
o First we draw a llne Egg : i
f i
< ‘i
e - F \\
s 12 ¢y e,
{ 1 é
e

O
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« v

on the left with a 0 and the one on the right wit@gé 1.

Then we choosestwo separate points on the 1¥ne and,mark theé one

_ — . "IF"”’* — +, S
7 N 0

Using the disfahéé between these two polnts as a meaaure, mark
a

off other points to the right of 1

» =

2all the same distance aparg.

0 i -\

We think of thisiprocess as continulng wlthout end even gh@ugﬁ;f
we cannot show the process beyond the edge of the page. An "dtec."
1 ) o o . . ~ :

- at the rilght of each Iine indicates thls endless process. Now

-

latel the points to the right o+ markiﬁg each point 1in’

succession wlth the next whole number.

Ll
—

[

[
O
Lo
Ju

c
3 1s the successor of E;\S 1s the successor of 7, 51 1is the
successor of 50, and so forth. What 1= tﬁg successzor of 1057
of 100,000,005? It | ay t
whole number can be fo

D =
can always add 1 fo any number: 3o every whole number
-

. = : 3 5 F
successor. Therelore, there cannot be a largest whole

i

m
jal)

hat about the set of all whole numbers? If one tri to " -

Ty

i

i

b]

the counting could n

i

L pos
come to an ehd. *
an be

s the

[l
1

I, on the other nand, the elements in any glven set
t 1

i
]

counted with the countling coming Lo an end or If the s

[l

—

£

bed
o

‘null set, we 1 1t a Inite ser. If not, as 1in the case of the

get of all whole numuers, we call 1t an
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all bountlog nam ers L oand ten willion Is not infirddfe.

Wnat

Fou Lhe o all grmalns of salt 1In

) A carpel?

, 11 mignt teotnink ol our 5erh0

omeines 0l iny Intinite sefts rom

no el an invinde
Yo rlgng
. 4 oo s, 2, !
fndiniie, Lo Uinal number would berwfltten at
) o A ting numbers from ¥V to - ; ;J
"s‘i;:x“

BT

4 5

a correspondence. The.matching of}

o

mhe elements ol another set is a

——

onowhien points are labeled with num-—
On o numees line the numper assoclated with

the polint.
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] A Check Your Reading A,
g .. (continued) ,

What iz a finitexsat?

6. What-do we mean by 'a correspondence vetween a set of polnts

and a set of numbers?

-

10, . ,
assify the f@@éing sets (finiteror Intinite):

2.

) odd numbers vetwgen 0 and 100. : ,
whole numbers. f
sguares of all géunting numbers.
cltizens of the United 3tates. )
counting riumbers less than one blllion.
counting gféétgr than one Qiﬁ;igni

E J
Starting with the line on which certaln points are labeled
with whole numbers, we can label othsr points by dividing the
n

|
|
"

lo © + © —T—
Py —A—
) —]

L I
o — { ; ,%,, — %47 }-etc.
1 2 3 f
1 2 3 4 2 s 'z
2 s 2 2 2 2 F] 2 Z
— +—ttt] L etc
0 <1 2 3
o 1 2z \3 4 s & 7 BB 9 1
3 3 I . 3 3 3 3 3 3
| | | o
— — " T+ t | f S}sfi —— etc
0 ; 1 2 3
9 1 2 3 45 6 2z 8 & 10 n 12 13
4 4 4 -4 4 4 a a4 4 “a 4 4 4 4

LI

Leake o
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tes an endless

p@ints thEtQ&F'DD”Dﬂé l+ne and we have
: [

o | TP RPN S i N SN T N S ] ot
] Tt | B FAR I T 1 T T &
) - ] 2 3
Q 2 13 - 4 s % 71
L2,z 2, 2 2 2 2 «3
¢ r 2 3 4 5 s 1 8 9 ‘o '
3 3 3 3 3 3 3 3 3 3 Sy
" O 1 2 3 4 5 6 7 B 9,10 1 12 13 1af
= 4 4 4 4 4 4 4 4 4 4 4 4 4. 4 4

[
ct
e}
L]

|

to a set off numbers., Thils 1ine 1s

) e

= AR 2o
Each ot these 13 1 travfipn, and each 1z a different name for
the same numoer. The number 3 can also be represented by
g’! f'ractlions

Some 1ractlonal torms o

3 Lo
= Tt

a tractlon a name or symbol

quotlient” 1z the word u

I
ol 2ne numueer oy another. t1e ractlion = stands Cor The
numeer 4 divided 1y tihe numess .. In all zases the number on Lhe
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sottom, often called the denominator 5°the number we are
dividing ky A *

where this I'raction

shows the quctient of two whnlv numbers 1s called a rat ia al
J .

3
|
|

S

=i}
L}
’ . 0 may be written 4
R &

P B 2 may bpe wrlitten

.. written )
- . 1

s .0 may be written

How would you ‘write B4, 7, and 4.5 as qubtien}s of whole

numoers?

The numbers whilch,-can ve written ln the way described above-
£ mb

v do not make up the complete set of Pati@nal nu éfg. There are
others which we shall meet later. We will find these whén we
Study numbers w poeints to the left of 0 on our
number -line. .

From t%ése Jdeas we an see that the set of whole numbers 1s
a subset of the set of raticgnal numbers A whole number 1s a
rational number. A fatignaignumb:j 1s not necessarily a whole
number. For example, % is a rational number, but not a whole

number .
' ASupp@se we are glven any ratliona
been talking about. By our . descriptlon we can rer
the quotlient of two whole numbers. A
locate the polnt on the number line whilch carrear
quotient. For an Edepl? take the rational numbe
iquatiént' of t@ whole numboers, we welte thlz

é.

i ’/ »
11 ; L
L } !
H /
!
/
i
1
v,
&4_. 1
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~finding such a number.

'..‘i ‘ . . j,

- . . .
1=2 . g ' ‘3" '
. : : . :
On the number fine the po*ht can be located as folloyss« ‘
B ) R 2 3 -
‘a A 8 il 12
£l YR K T3 . N
_— ,
4
A big qdestign is aaming upg when we getl the answer we
Shall have QLSGQVEPEd a very impcrtant mathematical fact. The
queatinn can be stated-as fal;aws f
L3 E ) A * (:
'591f we are given two rational numbers) can . ;

1

wesalways find a third rational. number

" between the two given cnes?" .

By means of an example we shall learn a.géhe:al method for

Suppose we start with the two numbers

1 7

i = and

: .o ) -3

Is there & rAtlonal numberf;étweéﬁ‘fheSe two?

of these numbers 1n a different way.” We see that %ihas the names
Fa P i T ~ "

(fé % fE; ete.. e

PO - <

b

Let us write each

. and = has the names ’ oy L
] . . .

ete.

daing thé name si for = and ’g farci

15 3 T 5 ;t 1s now easy to see

=

’that there 1a a number between

5 .6
iz and 13-
4

. ; 5 %
> such number la ==,

One s :h num ‘ T4 ) ' 5

Since we have a number, we also have a polnt on the number 1

The process for t'inding the number ,
-1

and locating™the .point 18 illus- 0

I

3

trated by thé plcture. .
. &

&

vt -+
R s o
mbe ole nl- 4

“
!
4]
s~
o

)
&



1‘!’2 ) . . a T . ';' : L . I

gt
o
T

an that we have rnund the new number T%’ 1gt us aak the

same question about the numbers T% and T%‘ ,Is#there;a rational

number hetween'ff and T%

Again, , : .
b e o tren o B
5 may be written as =T
Fa ; 457 ) 777' » ) 1@
and ) | v 15 may be written as Zy

Certainly —% 1ies between sg-and 3% -

This process of finding a number between numb¢rs can be
carried bdut for hny twWwo numbers no matter how close. Thus we
can loecate E third point between any two polnts. Here, then, 1s -

‘a aurprising fact.

ERIC
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There are not only a great many points between e
4 any two given points, but infinitely many. T
: et AR A

_ It should now be clear ‘that every rational.'number corres-
ponds to a point on the number line. What about asking the
guestion the other way around? Does every point on the number
line to the right of O correspond tc'a Paﬁicnal number? The

answer to this question may come as a shock. It is,

NO!

- EA
Later we shall expléin this fact to you.

Meanwh''e, we assume that every polnt to the right of O has
a coordlnate. The set of numbers consisting of O and all numbers
corresponding to points to the right of O is called ghe set of
numbers of arithmetic. In chapters 1 through 5 we shall be
concerned with this set .

Check Your Reading

e } —— — -

1. What is the meaning of the word fraction?

2. Glve some examples of ratlional numbers. Is the set of whole

-numbers a subset of the set of rational numbers? , -
- } . N f.
19 ..
) LI
L.
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fjﬁﬁégk Your Reading

~ (continued)
How can we find a rational number between the rational num-
NUNR N Y k5 . o

bers ? and 57 Between = and i7"

Is it possible to locate a polint between any twb points on a
number line?:

Does every polht on thé ‘number line have'a éoOfdiﬁatE(tﬁét 1s

‘-

g‘rétional number? .

.

E?Oblgm Set 1-2b '

|
\l'j‘
i
=
I

number line for each oﬂhthé following. Label the

el
O
P
oo

ints whose coordinates are, 0 and 1 1in such a way that there

b

-
-

e

pe 8p

w

ce on your paper to label the polnt whose coor-
e 13

s

Then label the points whose coordinates are

I R
]
o

iy

i <

I
R

VT B

i

3 D“‘
> e =
m]hmlw

PO =

».

rfLO

-

., .

(e), 0, .5, 7, 1.1, 1i57 1.8, 2.0, 2.7y 3.5, 4, 4.u.
Circle all polnts labeled 1in la, b and ¢ that have whole -

———

o

L—
Lo TV [N

o

|

-

numver coordinates.

Draw a number llne more than 6 inches long -on your® paper.
Near the left margin mark a point "0", & inches from zero
mark a point "1". Uslng your ruler mark all the polnts
between 0 and 1 whilch correspond to fracticnsswhose denomi-
nators are 2, 3, 4, 6, 8, 12, , .
(a) What is the largest ratlonal number you have fepreéented!
on the number line between O and 1? Can you suggest 4
one larger? What 1s the smallest? fCan y@ﬁ suggest @né’
i, smaller? e ’
What names do you have for the coord¥nate of the polnt

~~ midway between O and 17 - Y

-

Show haw?youii‘

=]
M

Name a ratlional number between 1~@and

could find 1t without reference to the number line.

™)

If you™¥ere to continue the process you'started, for
how.many ratlonal numbers between O and 1 would you be
able to flnd points on the number line?



1-2 R : L
o L Prablgm Set 1-2b , ‘ T
(continued) ‘ ’ " .
"y, (a) How many ratianal gg%bera are there between 2 and 5?
.: E ] # R ;
hEtweE?:ifaa and 5%611 ' A . )
(b) List twg ratianal _numbers between 2 and. 3; between-—
- '3 ’l ,':
i s R A‘a:‘
50 and 500 - A

(c) what 1s the QEEE rational number after 2°?
.5, WPite three ather‘nam5§’fcr the ccordinate of the point
assﬂeiaﬁed with %g . v
6. Write six ﬁumerals which could be. used as names for the
coordinate of the point assmciated with %
7. On the number line we see tiat seme points lie tq the right
of others,; some to the left of cthers, some between others.
How 18 the/point with coqrdinate 3,5 1acaﬁed with respect to
the polnt with. caardinate 27 Compafe 3 5 ta 2. How 1is the
“point with coordinate 1.5 located with respect to the point
with caardinate 2? Compare 1.5 to 2,
8. Classify the fallewing sets (finite or infinite): )
‘(a) All rationdl numbers between 1 and 2 whose numerators
P "~ are whole numbers and whose denamiﬂatﬁrs are whole
‘ numbers between 1-and 0.
(b) All rational numbers between 1 and .

(e) All rational numbers between 1 and 2 whose numerators

A

are between 1 and 10.

H

“ Let us return to the idea of a set of numbers aﬂd imagine a

aet on the number line. For example, each element .of the set

= 1 ?i E -E ) B . -
A = [Alj §; 3! 5} - ) .

1s a number assoclated with a péintran the number line. We call
this set of assoclated points the -graph of the set A. Let us

indicate the polnts of the graph by marking them specially with
heavy dots:

e I Lt
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‘Thus the graph of a set off numbers 1s the currespanding ‘set of
paints on the numbar line whnse coardiﬁates are the numg?ns of

- the set, and only those poipts. j -
. For the second example:let B = [Dj.%j 2, %} The graph 1s:
"the set ‘of heavy dots shown belowy e o . .
Set S S
T - -+ - — :;,} '
- oLz, 2 3 1 4 5

: 3 3 : 2 .o s

In passalhg, ‘we note that the graphe of tpé set N of counting
numbers and the set W of whole humbers are:

N B = ' - *——a—— gic
. 0 .2 3 4 5

W —a & e s e el
v - o 7 2 3 4 S

Check Your Reading

What do we mean by the graph of a set A?
2, How do we indicate points of a graph on a number llne?

[

F leem Set 1- é;

3 -

Draw the graphs of the followilng setsa: _
(a) A:_ The set of all counting numbers iéss than 5. _
(6)  B: The set of all whole numbers less than 10 which are

squares of whole numbers,

< J 1 =
(c) = (0, & 5 2,43). ‘

2. Given the sets S = (0, 3, 4, 7} and T = (0, 2, 4, 6, 8, 10)
(a) List the set K, the set of all numbers which belong to

1]

S and to T. List the set M, the set of all*numbers which.-:

belong to 3 or to T.

i

- .

-
L

-
LY
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.. (b) Draw four number” 1ines, one below the cther Gn the
*: first line show the graph of the set 5; an thg second
v the graph of T; on she third the graph of x; ‘and on .
the faurtﬁ the graph of M, et e e ST

;(é)_éﬁhat way do you see for gettiﬁg the graphs Qf K and M
., . from the graphs of S and T? »i . -
3. Gansider the sets A = {0, 5, 7, 9) and B = [1¥ 5 8, 10).
(a) Draw two number lines, bne below the other, and on
these lines put the‘gr;ths aof A and E . . !
(b), Ir set C ia”fhe set of numbers which aré elements of
- A and of B, wnat can you say about set c from looking
;‘?at the graphs of A and B? ..
(¢) wnat is the name of the set C? \

.

Summary .
\Fn this chapter we havg studiedathe fallawing impqrtaht
ideas’, terms, and definitiéna 3 o .

.1. Braces = Marks used to Eﬁclase the 115t of elements af a

B -

set, .

Eﬁr Cﬂardinsﬁe = The number asscciated with a;particular point ,

" on the number line. (
3. Correspondence - The& pairing of the Elementé of one set with
. the elements of another set.

4. Counting numbér - An element of the set: {1, £, 3, 4, 5, . . .}.

5.. Element=s the cbjeéts in a set,. -

6. Eveén n mber - An element of the set: (0, 2, 4, 6, . . :}.

7. Finite - If the elements of a Set can be counted with the
‘counting coming to an end or if the set 1s the null

coe T set, we call 1t a finite set.

8. Fraztién - A symbol which represents the quatfent of two
numbers. ; *

9. Infilnite set - When the elementa of a set can not be counted,
that 1s, with the counting coming to an end, the set 1s
sald to be infinlte. The exceptlon to this is the null
set which 1s a finite set. a

ERIC
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) 1D;fﬁInfiniﬁeiy many - An infinite set has 1nfin1tely many - ‘elements .
11. Hultiple af a nymber - A number obtained by multiplying an
T ElEméﬂt-éf tne get "of whole numbers by the given number.
12. Null set - a set ‘which has no elements. This 1s also
referred to ag ﬁng empty'aet and is denoted by @.
13. Number 11 né - a ¥ine who p@ihts have been labeled with .
: numbers 1i§ A \: o JERE f : e
. 14, o044 number = An element of the set: (1, 3, 5, 7,9, . . .}).
15. Rational number - A number whicg can be PEPPESEntEd by a :;: :

. fractlion 1ndléating the qucrient of two whole numbers,
excluding divislon by zero, is called a rational
number. (Such numbers do not make up the ccmplete set

L1‘ of rational numbers.)

16, Set - A collectlon of ijects .
Ll?. Subse%. - If every element of a S§E B is an élement af a
set A, then set B 1is a subset of set A. T
*18. Successor - ThEéSUSQEEEDP of any whole number is found by

i

adding on€é to the glven whole number.
19" Whole number'- An element of the set:{0, 1, 2, 3, 4, 5, . . :]).

i 3
I B
ﬁ Review Problem Set *
1. List the set whose elements are the whole numbers which can be
divided exactly by 3 and are less than 50. -

2. List the set of multiples of 3 which are less than 50.

3. ¢List the set of multiples of 6 which are léss than 50. ‘
" 4, Is the set of multiples of 3 a subset of the set of gultiples
of 67- Show why your answer isrcorrezt
5. Give a verbal description of the set: (1o, 12, .14, 16, . N P
6. Give a verbal description of the set'&{Tg 9, 11, . . ., 59}..
7. Describe the set whose elements are t_e numbers greater than

=

113 and less than 112. (Remember the exdplanatlion 1n prcblem
2 on page 9.) ‘
8. How many elements has each of the followlng sets?
(a) TWhe set of all whole numbers from 10 to 27, inclusive.
(b) The set of all odd numbers between 0 and 50.
(¢) The set of all multiples of

ol
.

O
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g 1 - ;‘_J
{ ‘Review Problem Set o "ﬁv3;?
) (continued) o
(d) The set of all multipleg of 3 from O to 99, inclusive.
(e) Thegset of all multiples of 10 from O Ql 000 in21u>
ki aive. P
(f) The set of all counting numbers. .
. (g) The set of all counting numbers greater than one
’ "billion.
9. G@iven the sets S 5 {5, 7, 9} and T = (0, 2, 4,6, 8, 10}.
’ (a) List K, the set of all numbers belonging to.S and to -
‘ T.. Is K &) subset of §? of T? Are S, T, K finite? )
(b) List M, the'|set of all numbers gaéh of which belongs
,. to S or to T. (Remember the explanation in problem 3
< on page 9.) | Is M a subset of S? Is T a subsét5of'ﬂ?
T Is M finite? _ o
v (c¢) Listjﬁj the |subset of M which conﬁgins ali the odd
numbers in M. Of whieh others of our sets is this
' +..a subset? . :
(d) List A, the subset of M which:contains all the elements.
’ of M whilch are multiples of 11 greater than zero. Did
»+ 7 you find that A has no elemEEta? What do we call this
i set?- i . S "
. .. (e) *Are sets A apd K the same? if?;ot how ﬂc they Eiffer?
- (f) . From your experiencg with the; last few pI‘ﬁDlETﬂE, could .
) \ you draw the c::mclusian that ubsets' of finite sets
(432} ar& also finite? . ’ . '
(E) Let D be the set of all r‘atia al; numbers from O to 10,
inclusive.. Is D a finite ‘set? fIs S-a subset of D?
. Can you conclude that some iniiﬁite sets have finite
' ~ subsets? Do you think all %ﬁf;nite sets have some
finlte subsets? Is D a subset %f D? Can an infinite
get have an infinite subset?
10. On a number ljne indicate with heavy d@ts‘the points whose
; coordinates dre o
(a) 3, 2,2, L, 2, 3L L2
"33 37 37 33 3
C
a5
. : oy
=~

O
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*12.

s Review Problem Set !
(gpqtinuéd):_ _ 7 ,

(b) rational numbers which can be wriSten as cammcn
fractions with denominator 6, beginning with:* E and
~ending with=7r List the set c of numbers wﬁieh .are
coordinates of polnts common ta both graphs. ’
Whl&h elements of set & are whole numbers? Which are
caunting numbers? Which are rational numbers?

Between which gucgessive whole numbers do. you. find %? ? Is

=ragréater than 3.1? Does the %éint with ga@r,@nate afslie
[ : . L

to the left of the point with coordinate 3.17 Bg’twe:én what
two numpers, expresset in tenths, does %grlie*\ -

for a enﬂnting number 1is natural nﬁmber. Every

2 } 18 related to a finite set'T afgﬂﬁturgl numbersa
in the fo 1lgwing way .- There :gﬂ bg found'a carrespaﬁdence X
between the '‘elements of S and the elements 6f T in which each

element of S corresponds to exactlv one element of T and

€ach’ &lement of T ‘corrdsponds to éxactly one element of S
R

Suehs a carréapoﬂﬁenc,

is calied one-to-ome. For exampie, the ~
set of all 1e%ters cf the English alphabet can be put ip

one-to-one gorrespondence with the set {1, 2, 3, . . ., EE].
We 1llustrate one such correspondencé by the palringa:- .
ac b, e, d, s 2

An, infinite set, however, cannot be put 1nto one-to-one
correspondence with a finite set. Furthermore, an infinit
set §Q has the surprlsing property that a one-tfo-one corr

pondence can be found between Q and a proper subset "of Q.

‘(A ﬁfépéf subset of § 1s not @ and 1s a subset that does not~

/. . ) .
contain all the elements of Q). How can the infinite set of
whole numbers be put Into one-to-one correspondence with
the zet of all multiples of 3 (which is a proper subset of

the set of whole numbers)? .
* e . if’,
- - 26
1_1\ J
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) Chapter 2 . ’
. A .o, S
| ©  NUMERALS, SENTENCES, AND VARIABLES ~ _ ~
’ 2-1.. N;mbera and Thelr Names. =~ o
He 411 know people who have séyéral names; - For example, 7
JDh;AJEﬁES;‘JPi may be called: ;"
ﬁjuniar“ at_hamé,‘ : )
o, "Johnny" in the classfoom, S “
, . - "Shorty! by his bgsketball coach.
: We are also aware that the name anﬁ the person are nat really
the same thing at all, e

1 = ~~You have beéa reading, writing, tgﬁhking and warking with
o s ’
numbers most of your life, Each number, too, can be given many
different names. The indicatedssum "6 +2" .and the indicated
product "4 x 2" both name the same number: the numbeér 8. Each

)

i

Gf\ihe following 1s a name for the number Ewo:

“
The ndmes of numbers are ealled numeralé\ _
" In the above list Qf=different names fcr the number two we call

\,Ehe first one a "common name." Similarly,

"8" 1is-a common .name for 6 + 2
"7" 1s a common name for 10 - 3

"B%y 1s a common name for 1% + E%‘ .
1s the

3 given 1in

A problem which occurs very often ln arithmetic

problem of finding a common name for a number which
another way For examplg, 7 ®x 23 1s found by arithmétic to be
the number 161. Thus, "101" is a common name for 7 x 23.
"152" is a common name for 72 + 80. , - )

Sometimes we use more compllicated &}nds of numerals such®as:

the indlcated sum "3 + 0",
. . the ing;;stggfpraductg "2ox 4,
‘the 1indicated différence 6 - 2",

- . . - oy 1 >
’ : the ‘indicated quotlent %% . o )
—_— :

r

ERIC

Aruitoxt provided by Eic:



‘2-1 . ' _ . - .
These s@g called numerical Ehfggés Each of these 1lnvolves nu-
meralsg along'with one or more symbols for operations. FDP
example, the phrase "2 x 4" lnvoives the numeralg "2" and "4".
and the symbol for the cpérazian of multipliggtigni

Check- Yaur Reading e
1.' What is a riumeral? ! ;1
2. What do we mean by the term "common name for a number"?
3. "o Lgmany names can & number have? : ] LI e
4. What is a numerical phrase™ Give several examples. To.
5 Glve ah-example of an indicated sum, an 1ndicated praﬂué;,

an indicated difference, and an 1ndicated quatient

. \ Oral Exercises 2-la

Gi&é(s common name fof,each of %he’fallgwing numerlical

v

phﬁaéééz .
3 - ’ [ ;32 ] i )
1. 10+2 5. 15, 10. %
2. 5 -2 6. 32 » 1. 3%
3. f*,,,;é,é 7. ’1‘% 12, 14
3-1%5 8 | L-
. b, —= 8 o+t 1 13. 3 + 5

oo
+
L H‘
=
=~
v
W

)

WL
=
e

15.

, L=

Give an lndlcated sum, an lndicated product, an 1ndiéated
difference, and an indlcated quotlent for which the

followlng ‘are common names: .
- - - e 3

1o. 12 . i = I

7. 15 ' 19, 1

Problem Set 2-la

1. Each the féil@wing numerical phrases represents a number, .

of
What 1s a common name for eagh?
15 y 2+ 3 -
(a) \7F (d) 3%+ 1% (r) X34
— £ | 2 x 6 — b e
(b) 5+ 10 (e) =—— (g) s .
, o L ;
() 7 -2 w teg
I g . .
o 7 u" 8 7 . )
%
-/
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Problem Set 2-la
(continued)

2
2. For each of the following wrlite two other numerical phrases

that représent!the same number that is represented by the

(e) . b

‘given phrase. _
(a) 8 -3
: (r) 3 -
(g). 2—5t2

(v) %
e

?/9 + 4

[d) 9 x 4 (f.

Write an 1ndicatéd product, an Indicated sum, an indlcated
quotient, and an indicated difference that represents the

+
(%) .pﬂ o

3.
number as each of the following:,
(c) T '
; o

same

(a) 10
(b)- 35 :
Let us cénsidér the expression
. )
b+ 3 x4
This ihvolves numerals and symbols for operations. It seems, .
What number does 1t
you might say that

therefore, to be a numerical phrase.
36,

3 =

65 + 3

represent? {f you look at 1t one way,
9 and 9 x 4
and that,- therefore, this numerical phrase represents 367
We know that ;

18

12

1t, the number could be-18.
N

But look at 1t another way.
and 6 + 12
teresting fer y@hr‘élass to see how many

S50, on second thou
It might be 1
interpretations you can glve for the expressilon
-2, (Theﬁé are more than two!)
confusing 1f a nimerical phrase had

There are two ways to aveid this
In any given

6 +\3 x U
It would certainly be

a

more than one meaning.
The firat 13 to adopt a rule.
expresasion where there 1s confusion as to which operatlion comes

confusion.

i
WO

o

ERIC



e

before the other, we agree to multiply and divide before adding
and subtracting. Applying this rule we see that our original

. expresslion, ) .
. -
b+ 3 x 4, )
is now a numericsl,phfasei Since multiplicatdon comes before
addition, we see that this phrase fepresenta the number 18, -

- "y XS E'bn,- . ‘
' represents the number 9.
Puuéﬁégii,’r
represents. the number 1.

. "hx3-6<+2+1"

is a numeral for the *

number 10.

A
r

In thia case, the multipli-
cation 1is déne before the
subtraction. .3 x b is 15,
Then.1l5 = 6 1s 9

~

_Here, the diviaion is done

before the subtraction.

"6+ 218 3. Them, 4 - 3 1s 1.

The multipiicgtién and
divisioﬁ are done first---

4 x 3 fs 12, 6 = 2 i3 3. The
expresslon ﬁhan reads, -
"12 - 3 + 1." Next, the
addition and subtraction are :
done---12 - 3 18 9, and

9 + 1 1is 10.

In the last example above, after the multiplication and
division were done, we were left with the expression "12 - 3 + 1."

This expression involves both addlticn and subtractlon, We then
proceeded frem left to right, ‘and thls 1s the agreement we shall

make Gancerning all such expresslons.

kind are glven below.

i_\‘ ||§95+En‘
: represents the number 6.

"7 4+ 9 - 3" 1s a
numeral for the number 13

L

VY

[
b
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Two more examples of this

The expression Involves only
add;@ion and subtraction.
Reaéing from left to right,
9 =5 1is 4, and 4 + 2 1s 6,

Performing the operatipons 1in

.order from left to right,

"7 + 9" prepresents the
number 16, and "16 - 3" is

a name for 13,



i; Why is the erﬂer of ape;atian impgrtant in the Exgmple ‘;
6 + 3 x_ 42 ) N ‘ A
2. Which do we agreé to do firat, addition and éuﬁéga;ﬁion or
multiplication and division? . -t ’
3. When we have both addition and subtraction indicated which,
éf these 1§ dote first? ) iié':\ L . : | o
Oral Exercises 2-1b
Hhat:i;sa common name for each of the follawing?‘
1. 5+3x4 6. 7 -2x3 11. %x};;é— f
2, 523-&-1&- 7. 7T+2x3 12 4;:%!%- e
3. 5-3x4 8., 7Tx2%+3 13. 5x2+ 10
b, 5x3 - 4 9. Fx M+ x 15, 5+ 5+ 10
5. 7x2 -3 0. F+ 4=k 15 6 -2+ 1
Problem Set 2-1b Ty
: Write a common naﬁé for each of -the followlng:
1, 1B+ 2+2 5. 120 - 118+ 2 . 9. 40+ 4 -1
2, 21+ 1 x % 6. 2 x % + 3. 1D,';4G -4 x1
3. 10+ 2+ 3 %013 -3 x2 ) T
b Fx ke b 8. 3+lxu '

There 1s another way to avold confusion in dealing with °
complicated expressions. This method uses some very helpful
symbols called parentheses.

The idea is simple. When we enclose a numerical phrase

such as "7 - 2" in parentheses, we mean that the phrase "(7 - 2)"

:kﬁfta be treated as a singlE numeral. ' . yf

Let us see how this Werks with our previous example: (
6+ 3 x 4, ' ‘

fel

Yo
=



Suppose that "3 x 4" 1s enclosed in parentheses. Then

"3 x 4" is to be treated as a numeral and

o+ (3 x 4)

represents the number © + 12, or 18. 1In this case, the

o / f‘"

parentheses are not really necessary because we had already
agreed that in
5+ 3 x4
multiplication 13 done first., Thls means that
"o 4+ (3 x 4)" and "o + 3 x 4"

are namesa for the same number,

Now suppose that we want to add 3 to 6 first and then
multiply 4 by this sum. What phrase can we Wwrite which would
tndicate this? "o + 3 x 4" is not correct, nor s "6 + (3 x 4)",

- Ye want "6 + 3" to be treated as a numeral. The way to do this ;"
Fag

to enclose "6 + 3" in parenthesea. Thus, "(6 + 3) x 4" 1is
theszcorrect phrase, '
is Important ©-°r you to notice that the two phrases

"o o4 «

A convenlent way to show that the numbers are not the same

x 4)" and !"(u + 3) x 4" represent two different numbers.

ls to wrlte :
(0 + 3) x & £ 0+ (3 x 4),

Here the symbol "¥! means "ls not equal to

.,_

g
[pend
5
be(]
-
o
M
ja
£
y
o
o
ot
n
-y

A numerical phrgse like b x (2

"x" ., When two numerals are plgcéﬁzﬁ>

understood. Thus,

and- (B3)(n2) = 43 = L2

Another case in whleh we need to agree on how an expreaslion
should be read Lta Lllustrated by the followlng example:

ERIC

Aruitoxt provided by Eic:



2-1

It is understood that "13 - 3" 1s a numeral even though it 1s
not enclosed h1£ﬂrenﬁheEés. Therefore, the expresslion 1s an
indicated quotlent of the numbers 5(6 - 2) and 13 - 3. It
1s a complicated name for the number 2,

»

Check Your Reading

7

—

S What do we mean when we enclose a numerlical phrase such as
: p

"5 . 3" in parentheses?

2. Do we really need parentheses to lndiecate that the multigiia
cation 1s to be done first in "6 + 3 x. 4"? ' '

3. How cduld we use parenthesés to indlcate that the addition
should be done first in "6 + 3 x 4"2

4, How can we indicate that "6 + (3 x 4)" and "(6 + 3) x 4" .

represent two different numbers?

W

How do we 1indjcate that two npnumbers are to be multliplied

without using the "times sign"?

*

Oral Exercises 2-lc ..

1. Which of the following palrs of numerals name the same

number? ’ ‘
(a) 2+ 4 x5 and 22
(b) (2 + 4) 5 and 30

n) 3 x 3

(d) 2 x5+ 1 and (2 x5) + 1

e b+ 3 x2 and (4 + 3) x2

f (3 + 2) + 5 and I F (2 +5)
£ 1% - 4 x 3 and 2

[l

(
(
(
(
(
(
(
(

J
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"Problem Set 2-1c

1. Writé a common name for each numerlcal phrase,

(a) 2 x5+ 7 o (1) 1% - 3 x 2
(b)) 2(5+7) (J) (1% - 3)2 )
Ce) (eas)e+s) () LBlis
(d) 4% + 15(2) + 5 (1) %3+ 1) -(4+12) ~ °

(e) %(5 + 7 x 3)
() 4(5) + 3

(g) 4+ (3 x5)

(h) 4+ 3x5
£
2. Place parentheses in the fallawing 80 that

(a) "2 x 3+ 1" represents 8,

(b) M2 + 4 x 3" represents 14,

~J

“(e¢) "6 x 3 - 1" represents 1
(d) "12 - 1 x 2" represents 22.

You are explalining the uég of parentheses to a friend who

I

does not know-about them, Insert parentheses in each of the
following expressions 1n such a way that the expreasi@n will

at1ll be a numeral for the same number:

X
12
+
Lt
a—
]
L—
X
o
+
4=
x
L

=
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Problem Set 2-1c .
(continued) -
(d) 3(4%+2) #3x (4+2) )
(€) 3 xak -2 # (3 xb) -2

(

3 E
(£) Hg-1) FA5xi
(g) 15 - (2 + 3 - 1) ;
(h) « #

2-2. Sentences. o

The idea of a sentence 1s familiar to us. In mathematics

§ We use sentences to make statements about numbers.
o+ 2 =28

is an example of a sentence. The symbol "=" 1is used for the
verb "1s8" or the verb phrase "is equal t0". The above sentence
says that the numeral "& + 2" and the numeral "8" represent the
same number. a

On tha Qﬁher hand, -

18 also-a statement about numbera. It 13 a sentence, It séys
that "5 +'3" andi"?" represent the same number,
Since "o + 2" and "B" do represent the same number, we say

that the sentence

= 8

M

oo+
4

is trmél‘fan the other hand, since '
2Lie=c

"5 + 3" and "7" do not

|

represent the same number, we s3ay that ;

1s a false sentence., It la, nevertheless, a sentence, -
¥ E A
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: \
" : g

You remember that the symbol "X" represents the verb phrase
"i13 not" or "is not wqual to". We cah form sentences using this

symbol. Here 1s an gxample.

7T+ 2 #

W

i

This-sentence states that the numerals "7 + 2" an
different numbers., We see that 1t is a true sentsnce. On the

"S" represent
other hand,

i

&+ 39

Y
ia a false Aentence,
The important fact about a sentence Invol .ng numerals is
that it i3 elther true or false, but not both. Some examplesa

of true sentences are:

- Lel
2+ 5=7 ’ !
5 x 3 # 10
2(% + 0) = 20 *

alse sentences are:

o
=
i
o
>
o
=
s
=
1l
iy
g
It~y
Ity

2
—
g

hJ
+

W+
~
— T T
[T
=~
LT 2

¥

Check these.
There are other symbols whleh are used iﬁ‘fpfming
mathematlecal sentences. The symbol ">" 1s read "is greater than'".

The sentence, . 5

o

"8 13 greater than 5",



2-2 - : o

5 4 & |
H &
Is this sentence true? 'The followlng is also a'sentence:
¥ R . £
4 = 10.
fs 1t a true sentence? \

To make a statement that one number 1s less than another, .

we use the symbol "<"., It 1s read "lis Tess than." Thus ‘the

sentepce, ) .

= ) 4 =« 8,

}
4

|

'

is read "4 is less than 8" IéJ;his sentence true? Try to write
a false sentence uslng the syﬁﬁgi.”z"i
It 1s'important that you remember which of the symbols "<"
jor ">" says "1s less thdn" and which one says "1is greater tﬁan"ix
s ' Can you see that every "l1s less than" statement can also '
be written as an "is greater than" statement? For example,

the true sentence

5 ¢ 7
can be written

=~
U
g

These two sentemces express Che same ldea, Can you wrlte

the sentence

5= 3
in another way.”?
¥ A
. :
w
: |
E
rl
5 37 ol
3 T )
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Check Your Readlng -

1. What do we call an expresslon llke "6 + 2
2. What verb does ‘the symbol "=" prepresent?
3. What verb phrase does the symbol "#" represent?

4% What 1s an important fact about a sentence involving

“Tm, numerals?
5. How do we read the symbol ">"? -
6. How do ﬁéfread the symbal "<"?
7. Can we :éé ">" and "<" to form mathematical sentences?
8. .HQH can you remember which of the symbols "<" or ">" says

"is less than" and which one says "is greater than"?

9. How can the sentence "5 > 3" be written in another way?

Oral Exercise 2-2 v

Whlech of the followlng sentences are true sSentences? Which are

false?

1. 4+ 8=10+5 11, 4+ 27 -2 &

2. 4+ 8B #10 + 5 12 b +2 27 =2

3. 8+ 3=10+1 13. 3+ 4571

4, 8+ 3 £ 10 + i ' 14, 7(6 + 3) £ 7 E‘b + 3

5. 44+ 8 =68+ 4 31:&5;85

O, 12 = 4+ (4 + 4) 16, 65 x 1 % 0& jg)
7 %-Eigai ! 17. (4+E)(3=1)%4+5X”§-
8 13 ¢+ 0 £ 15 + 0 18, 3(2 + 1) = 3 x 2 + 1 (

9. 13 > 11 19. 15 <15 \
10. 12 < 10 20, 13 <0 > 13

1
paond
B
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Problem Set 2-2

1. Whigh of thé following sSentences are true? Which are false?

(a) 4#+3<3+ &

: (b) 5(2+ 3)> (5+2)+ 3
(¢) 3(4 -2) £#3 x4 -2
s (4) (7 -3)7= (1 -3 + (33 - 25)
(e) 2+ 1.3 »3.3.
(f) 2+ 1.3 # 3.3
(g) 2+ 1.3 3.3
(h) lgg%%ﬁagz %? + 2
(1) lgbégi > %; + 2
(3) EE2 1240 i
" (k) igﬁ%si = %% + 2
‘ EialIﬂséfg péréﬁﬁheses in each of the followlng expresslons so
that the résultlng sentence 13 true: .
(a) 10 -7 -3 =209 (h) 3 x5+ 2 x 4 =68
(b) 3 x5+ 7 = 39 (1) 3 x5 -2 x 4 = 36
(¢) 3 x5+ 7 =22 (J) 3 x5 -2x4="7
(d) 3 x5 -4 =3 _(L{) 3 x5 -2 x4 =052
(e) 3 x5 -4 =11 (1) 12 x & -+ x9=51 /
(f) 3 x5+ 2 b= 23 *(m) 15x%§%—;{9i5
(g) 3 x5+ 2x4= 84 *(n) 12 x % - % x 9 = 18

3 Tell which of the followlng sentencesgs are true and which are
false:
(a) (3 + 7) =3+ 7(4)
(b) 4(5) + 4(8) < 4(13) s
") E(5+%,-) = 2(5) + L(%)

B
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~ Problem Set 2-2 A
) , (continued) -
/ (a) 23 - 5(2) # 30 .
(e) 52 -7+32 : N
3 (r) %% + 434 %? +o(h=3)
| (g) 5(7 + 3) > 1@(%% + 1)

T

(n) 51(%) - 12(2)
(LY 3(8+ 2) #o x5

=t
(i) o
"FG
,
L/
ra

(1) 12 +.(2 x 3) < 12 (9)
4. Write each of the following senténcéa in words. Underiiné
the verb or verb phrase in each, 1Is the sentence true?
(a) 4+ 8=10+5
(b) 5+ 7 #£6+5
(e) 13< 18 - 7 >

(d) 1+ 2 >0

2-3. A Property of the Number One.

What do you get when you multiply 5 by 1?7 You get 5,
don't you? We write #

i

/

. ~ 1 5= 5. :

X

Lad

It 1s true also that 5 x 1 = Similarly’"1 x 3" and "% x 1"
name the number %i What number 13 named by "1 x 4.28" or

" 428 % 1"?

[yl

=

You surely agree that 1f you multiply a number by 1, the
result Ls the glven number.

Let us ésﬁ 1f any other number behaves in this way. If you
multiply 5 by &, by 8, or by %, 18 the resul® 5 1in any

o. In fact, 1f you muftiply 5 by any number

=z,

of these gésea?

other than one, you do net get 5, oks as 1f we have found

] : - i B w2 b
a property which only the number 1 possesses. We call it tfié
multiplleation property of one.
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one, uslng different names for one. i

3
‘numbérs, we shall always s

2-3

Property, in the mosi famlliar sense of the word, 13 some-
thing you have, A property of one 13 something the number one
has; that 1s, a characterlsatic of the number one. A similar
usage of the word would be "sweetness 1s a property of sugar."

You have known this property of one for a long time but
pérhaés you have never thought about how useful it 1is,

All the numerals below, and many mcre, are names for the-

number 1,

L
=

.o
[Nl [%

8 -
3 g;

I

-
LN
-

"Any number may be given different names by multiplying by

¥

a1l 1k} 11
- , and as % .

may be wrltten as

o =
M
!
[P R

n - = i1 e f -
5 o' s

may also be wrltten as % x & , and as D S

‘P’:'1|‘ —
e

! ' " g it i
>\§ ) may be written as 5 X g , and as g

[l
b

q:[]\ bl
"

g may be wrltten as

In each of the exampl®s above, the fraction at the right

is ancther numeral for the number at the beginﬂlngxaf the line.
You may also have notleed that using theimultLplicatian/prmperty
of one amounts to "multiplylng numerator and denominator by
the same number,” as you may have sald in elementary school.
There 13 nothing wrong with speaking 1n this way, but you should
reallize that !t 13 the multiplicatlon property of one that

kes 1t correct; 1t ks not really "another way" at all. In
13 course, slnce we are golng to emphasize properties of
eak of the process IH terms of using

[

j
the multipllcatlion property

of one.

k3



The multiplicaﬁion property of one makes 1t: possible for

us to write a common name for %%z

12 _ 6 x 2
I8 " 6 x 3
»
6.2
=5 *3
2
;1§'3=
2
= 3. e
Wersa that ngyia a co n name for 12
-We y 1 L 3 2 4 COmmorn name 1or -fg.

The two examples below show some Gther gays in which you

can use the multlpllcaﬁian property of one’,

Example 1. Write tﬁe number % as a fraction having "18"§aa
- - -
denominator. 4 %
7 The problem can be put in the form
5,  °
I
What fractlonal numeral for "1" shall we use? “—
i ~ oIt :
since 18 = 6 x 3, % 13 the correct cholce.
‘!v =,
i —
5(3) _ 15
] ig
/ B . 1 1%n 1 Eii )
s This shows that 8 and & are names for the
same number. It 1s 1lmportant to notlce that =
. 1 1 'ij" ) 1 5" , i
in writing 18 instead of g e havg changed
the name but we have not changed the number.
] . ) R *T- ] (
Example =2 Add the fractlons T and % . f
Remember that there are at least two other wiys
to write this problem. f
: i
1
) 2 /
F he R
vJ 4 )
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One way looks llke this: ¢

s
%
) =

[ Iy

L PO

| eq
¢

N N\
k3

Another way looks 1ike ﬂﬁia: -

Jra

1
3+ T

Lo

Let's agree to use the second form here.

) (1 N

Then we can write:

wrg
+
=
i
»,
==
+
Lo

)

i

=

\T’"J‘m Co
b

I,

[

+
ol

1
[t L
=

a1 11
and T is iz
¢ Do you see ,how we have used the multiplication

. nyn
property gf one here? We chose the name %

uwSH
\\\iﬂd the name 3 for one becaule they gave us .

S50 we have shown that the sumv@f

waf no

3

he same denominator for beth fractions. ~ ;/

i

Check Your Reading

1. What do we mean by the multliplication property of one?

2. How 1s this property used to glve different names for a
j\umbef’? { !
’J 1
3. What numeral for one 1s used 1in writing +# as

W
P P

I

o

o

4. 'What names for -qne are used in writing

Tt P
g
]
[l
S
iy
e

. AV ,
fractions having "12" as denominator?
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Oral Exerclises 2-3

1. Use the multiplicatian property of one to c ange the names
of the glven numbera on the left in the way indicated

(a) Fx— = 55 D (e) Bx— -
(b) 3 x —— = o (£) Fx o
() FTx—=gqr  (8) 3Ix——=
(4) gx— = =g (h) B X o o
k.

Froblem Set 2-3

1. Use the multiplicatlon property of one to change th%’names ;
of the numbers on the left:in the way indicated. '

(a) 2 X —— = g5 (BRI
(b) gxﬁiﬁ (1) %xq;?
() 5 x— = g (8), §x — =5
@ Fx—- 5 (M) frx—- 5

2. Use the multiplication preberty of one to find a simpler
numeral for each of the fé]lawing numbers:

1.3 3.2
(a) 7+ 37 i (d) ¢+ = \¥;
v 1.3 3 1 {
(b) 3t 5 (e) g(g) AEETO)
10 , 7 557 12
() F+3g ) g+ 3
3. Show what numeral for ons 18 used 1n finding a common name
for each number below
Byamp] 15_,5,, 3
Example: kG T % %
' ! =
‘)"‘g;s_é
Ly
[
, / J o p
L
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"Problem Set 2-3
(continued) , ; =

(a) 2 ,
15 ;

(c) x4 *
i
SENCIRE -

2-4. Some Properties of Addition and Multiplication.

] Try an experlment on yourself. -Try to add the numbers
7, 2, and 4 all at the same time. What happens? You will '~
find that you always begin by adding two of the numbers firsﬁi 4
Then you will add the third number to this sum. In other words,
you may start by saylng to yourself ' )

1 e

L

7T+ 2 =9 and 9+ 4 = s
or, .you may say 2+ 4 =6 and 7+ 6 = 13,

Your experlment shcould bring out two ideas. One 13 that
addition 18 really an apéfati@n'that 13 applied to only two

numbers at a time. For thls reason we say s

5

fddition is a Blnary Opera

tion.

The other iﬁéa {3 that the twg final anavers are the same.
Both are 13. , _
Let us use parentheses to lllustrate what happened. The
first approach would look like this:
s T+ 2+ b= (7+2)+ 4

=9 + 4

THe second approach would be as follows: &

T+ 2+ 4 =74+ (2+ )

.
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Thasgéntenee'ﬁﬁlch states that the end results are'the samé_ia:
(7 + 2) + 4:= 7+ (2 + 4), ’

We see. that this sentence 1s true.

Examine the following sentences:

, (6 +5)+ 10 =/6 + (5+ 10),
‘and ‘ ) :
1, 1, s 1
(g’*‘g)* 3 E+(§+3)
These sentences have %he gsame pattern and each of them 18 true.
;i;In fact, all sentences having this pattern_sre true. We say that
this 1s a property of addition of numbers. We call it the.
assoclative property of addition.
How can we state this property in words? One way might be

to éay that Lf you add a second number to a first and then add

a third number to thelr sum, the outcome ls the same as if you
firat add the third humher to the second, and then add their sum
to the first. For example,

(3 +4) +5 =13+ (44+5),

Perhaps the best way to understand the associative property lsa

to study carefully the way 1in whlch the parentheses were placed
in the above example., Where do you think the parentheses should
" be placed in the example,
2+ 7+6=24+74+6, g

to 1llustrate the assoclative property?

s

Check Your Reading

=

1. What do we mean when we say additlon 1s a blnary operation?

lun]

What does the assollatlve property of additlon tell you

about the addltion of three numbers? .

3. How do parentheses help Iin expressing the ldea ¢f the
assoclative praperty‘@f addition?

4. What is the pattern ln the examples on pages 45 and 462

e,

I
I

O
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Oral Exercises 2-4a

Add sach of the following in two different ways, as shown by
the example. ‘

3+ 4+5 (a) (3+4)+5=74+5" )
. =12 \
(b) 3+ (4+5)=3+9 ,
= 12
1, 4+ 2+ 7 o "5, %—+%—+-1E (which is easier??
2. 6+ 5+ 3 6. %—+§-+% (which is easier?)
3. 2+94+ 4 | 7. 24+ .25% 75

oo

b, 54+ 6+ 1 % + % + %— (which 18 easier?)

1

Problem Set 2-4a

-4, Place parentheses in the following sentences so that each
becomes an example of the associative property.

(a) 4+ (2+7)=4+2+7 \
(b) (6 + 1) + g 6 + 1 + %

(¢) 3+ (4 +11) =3 + 4+ 11
(d) 5+1+%6=5+1+6
1

11 + 13 + 121 .

11
I*T

2. In each of the following use the assoclatlve property of

(e) 11 + 13 + 12

+

(1) zr3+gez

addition to show two different ways of grouping the numbers .
Choose the grouplng that you think makes an easier
computation and complete the addition. ’

() 7+ 7+ % (c) z+p+g
(b) % + % + % (d) % + % + %
-
\J\_!



Problem Set 2-4a
(continued)

. "\‘?..w

(e) 2§+ 13+ 2}

(r) 2.7+ 13.2+ .8

!

t

“ his tail is 71 millimeters: from the base of his tail to
the tip of his tail is 76 millimeters. What is the length
of the mouse from the tip of his nose to the tip of his tail?
Is he the 3same lengtﬁ from the tip of hls tall to the tip
of his nose? Why do you think :his exercise 13 included in
this book?

" There is another important property. of addition, and it can

be seen by\ using the number line to add numbers. As one example,

let us look at
) : 5+ 3,

which is a symbol for the number obtalned by adding 3 to 5. This

can be thﬁﬁght of as moving from O to 5 on the number line and
then moving from thls polnt three unlits to the right, thereby

. locating/ the polnt whose coordinate 1s 5 + 3.

L
+
W

look like on the number line?
3+ 5

wn

48
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.same number 5. .That is,-

F.

C SIS ' ' @

Degcribe this addition process. Your description should be

similar to the one above. . . R
We see by the pictures’ that these itwo additlon processes

are different. We notice, however, that they end at the same

point. That 18, "5 + 3" and "3 + 5" are different names for the

A : : ~E
. .

L]

“ % 54+ 3=345, ' v

Decide whethér the following are true sentences by using
the number line: ’

L]

6 6+ 0

+

N
P~ O

+‘

1
5 = 5*-2§

»

We see that two numbers can be added 1n either order, theé
results being the same. Thls property of additlion of numbers
1s called the commutative property of addition. Below are some
more examples that 1llustrate this property: ’

L

+ 5

[}
W

¢ 2

el

+
i [ar

3_3
tg=g8

e

4

+

104 + 2.4

1
"y

104

r

In problems of addition we often use both the ecommutative
and assoclative properties. 1In general the assoclative property
of additlon tells us, 1n effect; that an indlcated sum of three
numbers does have meaning. It may be written with parentheses

.around the flrst two numerals, or the last two numerals, to

indicate which of these two numbers are added first; or it may
be written with@ﬁt!parénthes M. All three representatlons are
names for the same number. The commutative property tells us
that the addlition of two numbers 1s performed in elther arder.

Conslder the problem:

o
L]
+
"2
+
iy
-1

(]
—
"
bad)
£
L
=
b}
ot
oh
|
o
4]
]
]
[
ol
i
3
e
o
o
g
T
L
i
L

Flrst, the assoclatlve property

glving us .



2-h .-
kext;'thé:eamiutatlve property allows 'us to interchange the
o ) . o o o | ) = 7, . .os
.. numbers 2 rand 13, glving us -
L o ) 7 L ) D)
e . o (2°+-13) + 87. . : .
* The aasaciative»pgﬁgerty then permits us to combine 13 and 87,
instead of 2 and/ 13, giving us _ .
' | 2+ (13 + 87) = 2 + (100).

3 ’ . ) 3

Check Your Reading \

1. What 15 the commutative 'property of addition?

2. Hhat is the aasacistive prapérty of addltion? . “.

3. HDH do the cammutative and assoclative properties of addition
mske some additian prablems 'easier"? .

b

Problem Set-2-

Which of the following are true statements? Which prapertj,ér
@répertiég @f addition have you used in diriving at an answer?.
1. B + 6 )
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P?hﬁlﬂm Set 2-4b
» (eﬁntinued)

gﬁ.- Perfarm each of the fallaw;ng additiana in the essieat way,

- Auaing the prﬁpgrties we have dlscussed

(a) 6+ (8 +4)

=

) Bi%e1+3a 8 @b

(@) F+% . (h) (8+7) 4+ (3+6)

. e
3 —

We have seen that addition is a binary operation and that
i1t has the aagaciative Erﬁgertx and the commutative Erggértz

Another way of saylng this 1is:

Addition.is both ASSDCIATIVE and COMMUTATIVE.

Are there similar properties of multipligatién?

consider thegindicated product
2 x 3 x 5.

Can the multiplication be done all at once?

binary operation.

Let us look agaln at our example, 2 X 3 X 5,

ing a true sentence:

Since the phrases inslde the parentheses are to be treated -
as numerals, the sSentence can be written as follows:

6 x"% =2 x 15,

"6 x 5" and "2 x 15" are both numerals for the same number.

Therefore, the sentence 1s true.

Can you determine In the same way whether or nat the follow-

ing is a true sentence:
(7 x 6) x

» —~J 51

uww
0
~J
X
o
X

oy

(2 x 3);&-{ 5= 2 X (3 x 5)7

(g) 2§,+:3§-+.6 + 7%

6
5

(c) 5;+54-Hi' !%gf‘ﬁ?S*EJ)Q(LSF.9)+1£

Try 1it!

For example,

You will
agree that multiplication can be performed with only two numbers
at a time. We see that multiplication, like additIOﬂ, iz a

Is the follow-
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- - “By this time you have probably decided that multiplication

1s assoclative, just as additlon is associative. -Perhdps the
following table will help to make this clear:

. | L B . 2

AddiEién ' Multipiicatéﬁp -

S

***** (Lxb) x2=1x (Fx2)

i

(F:x8) %90 = b x (8 x 90) |

1 ox (1% x 2%)

—
=
w
=
M 1
et
o
i
i
]

|
|

-

Check to see that eagh of the 6 Bentences in the table
la true. e\ = . : .
The number line can help uUs to decide whether or not

multiplication ls commutative, We shall use an example £S5

PR

11lustrate this. . s
gE x 2

is a symbol for the number obtalned by adding three 2%8. On the
number line thils 1ls accomplished by using the length of tﬁé 1line
from O to 2 as a measure and moving to the right from O a

distance of three such lengths. In this way we locate the point

whosze coordinate 18 3 x 2.

‘{an you guess what the plecture of
2 x3
7N will lpok 1ike?

"
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giFfam,the plstur;kﬂe see that the two multiplications on the
number lime are different, but; agaln, they end at the same point.
The coordinate of this point is 6.- Thus, ‘ﬂ

£ N a

" We also see that-

and ‘ : N
are true sentences. .
These examples illustrate the fact that multiplication is
commutative.
We seéj in summary, that additlion i1s both assoclative and
c@mmutétive and that multiplication 1s both associative’and

commutative.

: Check Your Readimg

What is meant by "multiplication 1s a binary operation."? .
What 18 the assoclatlve property of multiplication®? 4

What 18 the commutative property of multiplication?

L

Oral Exercises 2-4¢

Which of the followlng sentences are true and what propertlies
were used? '
7?{(2;(;})

7 x4 4 x

(7 x2) x5

A

~J

T+ 4 =4+ 7

Lud



oo Oral Exercises 2-4¢
B : i B (continued) " _—
S 1 1) = (u + 1)3 _ T
- 3 J3 .2 . . '
> FrIT=T*J .
6., 3+(4+5)=(3x4)35
- ™ 3+(4+1)g=\(4+1)+3‘.
8. 3+ (4+11N=51 + 4) + 3 -
9. (5 + E)(7’ ?) = (7 - )(6 + 2)
10.. (64 2)(7 -2) = (12 2)(2+6) '
1,103y ok 1y 1
11 §(*4-X %—) = (é- x !E) x §
1 .1 1 ._1 1,1
; 12 f§+ )+§—=§+(1}-?+3
\ e , .
Problem Set 2-4c
! 1 Consider various ways to do the following computatlions
mentally, and find the one that seems eagiest (1if there
1s one). Then perform the indicated operations in the.
easlest way. -
7 Example: (4 x 9) x 25 (¥ x 9) x 25
‘ (9 x 4) x 25 36 x 25
9 x (4 x 25) 7
9 x 100
00 .
Using th® method on the left; the arithmetic is easier.
(2) 4 x7x25 (§) (* x 8) x (25 x 5)
(b} = x (5 x 5) (k) (3 x L) x (7 x 25)
(e) T3 - AI o+ 27 (1) 12 x 1b
(d) 2 x 2¢ x 8¢ (m) -;-x%:-é
(e) £ x 3ux (n) 6 x 8 x 175
(f) (% x 13) x 73 (c) 1.75 x 5.5 x 8
1 Y - -
(g) #.x (1% x 15) (o) (2= 5) s 1.7
5 ,
[= ]
(L) 50 % 7 (6) %0 x=xz
(j) . l » N
54

6o
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B § , " Problem Set 2-hc
(contigued)

. 2. Which 1is easier to eampﬁté;; ;:)
' ’ 95 Cooe22 .
' X 22 . X 957 7 . Uhf

N

[0:2]
(re]

x_ 1l

=
o [

—~
How about 3.99 . | . g Blgl ? oy <;
3. What number gae‘"t" represent so that these sentences will
- - be true? L :
(a) ¢ + 3.=3+5
(b)r t + (3 + 4)

ct
X
=
14

(G) 4 VX lgg ¥
(@ (3 +1)5

(e) 3.7+ 7.3
(f) .5+ (2.4

5x ¢t

7.3+t
.6) = (2.4 +.6) + ¢t

+

(8) (7.2+5) x13=13xt

(h)
(1) (3 + 2) + 9 + U= b+t

W
I
=
]
ct
I
W

(3) 1B+t = GT%EE)EEJ + 13
(k)
(1)
(m)

) L, Are division and subtraction commutative? associative?

DO e =
oo
»
W
x
o w
g8
Mt S
o+ I
W
4
[]
[t
(%l
+
=
-
e
Wn
Lo

Glve examples to support your decislon.

W
W




.. Problem Set 2-lc \

(continued)
, # :
5. A binary operatlon on numbers is an instruction which tells

how you may obtain from two numbers given in a certain order,

. a single numbér. If the operation 1s commutative, then the
gamé number is ‘obtained regaréless of the order 1in whlch the
numbers, are given. We have already seen that the blnary
operation " + " of arithmetic 18 commutative.

" Suppose the blnary operation "@" means "add twice the
second number to the first". What single number would be
obtained .from 2 @ 3? What single number would be obtained __
from 3 ® 27 Is the operation @ commutative? <

6. Suppose the operation % means "add 1 to each of the numbers,
then multiply the resulting sums". What third number would
be obtalned from 2 X 57 What thifixnumb%r would be obtalned
from 5 X 27?7 Does the operation of "x" appear to be commu-
tative? -

*7. Recall that in testing the assoclatlive pr@pertlés of multli-
plication and addition we tried to determlne 1f sentences

"liuke ¢
(3 + 4)+ 7 =3+ (4+7)
and (3'x 4) x7=3x (4x7)

were true. When we f@und they were true, we agreed the oper-
ations "+" and "x" were assoclative. Using the definitions
given in exercise 5, let us find the number Pepresenﬁed by

(2 ®@3)@® 4 and compare it with the number represented by

2 @(3 @ b).

]
oo

2 + (2 x 3)
=8+ (2 x 4) = 16

Suggestion:

2@ 3
(c@3)® 4 =8

Now determine the number represented by 2 & (3 @ 4) by first
finding the number represented by 3 & 4 and then completing
the operation invelving thls result and the number 2. Does

"@'" appear to be assoclatlive?

50

4
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(continued) ‘ .

*8. Find the number represented by (2X 5) X 3 and also that
represented by 2 X (5 % 3), using "x" as defined 1in
Prqblem 6, Cémpare,thé results, then repeat the process

_ugigé three other numbers. From the results do you think
"y ' |

_ , o ‘

*3. Descrlbe an instruction\for operation "@®" then find the
third numb sTThed by ! 3@ 2 "and 2 @ 3. State whether
IG i g

*0. Using th ~j§fsme definition for the operation "@& " as you used

in Prob)im 9, determine whéther "@ " is assoclative.
x : _

is associaﬁiv’é? =

, a8 yofy’have deflred it, is commutative.

2-5, The Distributive Property
Below are some dots arggnged in rows and columns. This is an

~Array.

In this array, there are 3 rows and 4 columns. Thus, there are -
12 dots in all. In fact, thls array 1llustrates the basic
multiplication fact, 3 x 4 = 12,

Below 18 another array.

BRI A



2-5 : : Lo
Here there are 7 rows and 13 columns. So the total number of
‘46t 18 7 X 13. The array can be "split" into two smaller

i

, arrays, like-thisa:

s
rgwa . = ' = B . ' . . B B . = TOWS

'

, ) 10 columns : "3 columns

. In the array to the left of the dividing mark, the number ofzdots
1s 7 x 10; in the array to the right, the number of dots 1s
7 x 3. So, the total .number of dots in the original array 18’
the sum of these two numbers, (7 X 10) + (7 x 3). We have already
stated that the total number of dots is 7 x 13, Therefore,

7 x13 = (7 x 10) + (7 x 3)..

' The statement in the line above is one 11lustration of a pfoggrty

called the distributive property of multiplication over addition. -

The followlng steps may help to explaln the name.

7 =% 13

7(10 + 3)——= "10 + 3" 1s an indicated addition.
distributed

i

7(10 + 3)———> Multiplication by 7 is
A over the addition.

(7 X 10) + (7 x 3)
The distributive property of multiplication over addition
" has many uses 1n mathematlcs, as we shall see throughout this
course. It 1s helpful in doing certain kinds of computatlons
mentally. For example, L1t can bf used to change an lnhdicated
product to an indlicated sum,.
7 x 13 indlcated product (of 7 and 13)
7(10 + 3) indicated product {(of 7 and 10 + 3)

7 % 10) + (7 x 3) 1indicated sum (of 7 x 10 and 7 x 3)

—

+ 21 indicated sum (of 70 and 21)

=~
.

O
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,fhua, the product 7'Sii§¢ig equal to the s;m 70 + 21.

In this

way, it 18 easy to de§ermine that 7 X 13 = 91. -

- Below ;; gnother 41llustrat

"of multiplicatidn over addition.

pattérn as before. That is, on
product 1is expresaed ag a sum;

ton of the distributive property
You will notice the same

e of the numbers in an indicated
then the multipltcation is

distnibuted over the adﬁiticn )
ez T
5(20 ¥ 1) LRI PO ORPE SO
(5%20) 4 (5 x TRY oo
100 + 35 ,gi? 20 columns b 7 columnsa
135 lé
In this case, the Lﬁaiéaﬁed product "5(20 + 7)" was changed _to

" the indicated sum "(5 x 20) + (
all of the steps can easily be
Check over the followlng to

of multiplication over addition

drawn on the chalkboard of your

steps.)
¢ 8 x 18 = 8(10
) = (8 x
. = B0 +
Vv -

* The name "distributive pro
addition"
we shall use this abbreviatlion.
that multiplication ls

18 usually shortened

however,
carefully the followLng two _exa
distributive propérty applies

5 x 7)." Do you see dgain that

done 1n your head?

-8ee hoW the distributive pfaﬁérty
is used.  (An array might be

classroom to illustrate the

+ 8) '
10) + (8 x 8)
64 '

perty of multipliecation over
to "distributive property." and
It is important to remember,
distributed over addition.
mples. the

in the other, 1t does not.

Study
In one of them,

59

b

=



QO

ERIC

Aruitoxt provided by Eic:

4

B(3 +2) = (8 x3)+ (8x2) Here the dist,r’:i/butixie

Y daesapply.
Multiplicattion 1s distrlbuted

propep

over a?ditlan,

) - ‘/ N
3) = (88 + 2) Here the distrlbutive

[l
+
—
L
W
(%]
L
“H
—
o
+

property does not apply.
Addltlon 1s not dlstributed

over multlipllicatlion.

in thé problems that follow, you will have a chance to test
your understanding of the distributlve property by changlng
Lndicated;praducts to indlecated sums. In the table belcow are
three more examples of thls kind of change: each b3 an 1llustration

of the distributlve property.

\\ R _ _ - e —_ ) R
Indlcated FProduct

Indlicated Suﬁ‘]

3) Cu(7) + 4(3

L
—
—

+

Ioad

Check Your Readlng

1. What Is meant by the phrase "multipllcatlon ls distributlve

‘over additlon"”

2. How 1a the dlstributive properlty used to find the product
7 » 13 ment-'1ly? '

3. Glve an example whlceh shows that addition 1s not distributive

over multiplleatlon,

Cral Exerclses 2-5a

Teat the truth of these sentences and tell whlch {llustrate the

distrlbutive property.

‘i‘.ﬁ"fé(a Py - oa(n) voa(2)

[T
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* (ral Exerclses Z-%a

({continued)

6. 6+ (3 x 4) =06+ 12

7. 6(10 + 7) = 6(10) + o(7)

Which of the followlng are lndicated sums and whilch are lodlcated

products”?

8. 3(4+ 5) 11, 5w + 3)
9. 3(4) + 3(%) 12, O + (3 x 4)
10, 5(0) + 4(3) 13. (O + 3)4

Problem Set 2-5a

Complete the followlng sentences so that they express the
dlstrlbutive property
For example: 2(3+ 5) = 7

1. of(8 + b4) = 7 G, (2 B) =

2, . 9(7 + ) = ° 7 3(80 + 3) = "/
3. 0(8 4+ 9) = ° B, 4100 + 7) = °
) . ) .

o988 v 11) - 7 9 1310 ¢ 1) = 2
5. 5(B+ 4) =0 1 18(2C + 2) = 7

Which of the followlny sentences are true? Whlch are true by

the dlatrlibutlive property?

11, b (&% %) = (b d) = (b )

13. 4(51 + ‘J) = (tJ + f_})l\\

O
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-5 Problem Set 2-5a
(continued)

[N

H
o

fil
W
il

5(11 4 3) = 55 + 1

1 4)(3) + (4)(11)

~J

B(3 + 11) = (4]

18, o4 + 5) = 5(h) » 5

“how how you could use the dlstributive property to perform
= &t

thesae multiplicatlons mentally.

Example: 8(47)

]

8(40 + 2)
= B(40) + 8(2)

™
[
oe]

19.  7(33)

W
L

(
20. ©6(109) 23, 14

\%axélé 13(21) e 15(23)

S

o
L
-

bt

In the previous sectlon, »ur work wlth arrays led us to the
In w

n

orking wlth arrays, we worked only
with counting numbers. However, the dlstributlve property
applies to all of the numbers with which we have worked. For

example,

ih
.
4
o
e
—
"T’
.
-
3#:
e el
~—

= 24,

5 changed
. L)u

Y Lk
= () + u(?)

O
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Finally, here ls a table contalning two more examples of
1

changing an lndlcated product to an

. » e -
o B Indicated Product

ﬂ,l' [
ot
1]
et
—
|
P
+
J
—
PO
-

[
i
|~
ot
Sy A+
+-
(%
o
Iil
—
™
—
-
=
o
+
-
K%
—
™M
—

Check Your Readlng

E]
= ¥
1. How Ls the dlstributive property used to multiply 4 x 8%7

pofs
2

an indliecated sum.

.
F’rJFﬂj'\:H‘
i
]

2. Express the Indicated product, 4

Oral Exerclses 2-5b

Use the distributlve property to express the followlng indlecated

products as lndlcated sums.

1. 5(7 + b ol +

] ) ' Li, L’(%’T +

boean using the distributive property to change an
indlcated product to an lndicatad sum. For example,.
B{1c + 2)e= B(10) + 8(2).

Of course, L& would also be correct to wrilte

Bl10) v B(P) = B(10 + 2).

pad)

This suggests that the dlstritutlve property can be used to
"ro the other wayv,' to change an Lndleated sum to an lnd

n
above, the Lndlsated sum "B(10) + B(2)

#product. In ths ¢

waz chanprerd to the indleated prodoco "ol(lo + 2)."
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Below are some examples of the use - of the dlstributlve

property ln this way.

T

Example 1. 13(8) + 13(2) tndicated sum

[

Al

13(8 + 2) \ lndicated product

Thls example S;%Eésts agaln a way in which
¢ , ) W

the distributive property may simplify
computatlon. Instead of multiplying 8

b

y 13, then multiplylngz 2 by 13, and then
adding, one can simply multiply 10 by 13.

s
b
oy

E}

}

1

g
Y

19(7) + 19(3)
)

One way another way (uslng distributive
- property)

19(7) + 19(3)  19(7) + 19(3)

133 + 57 19(7 + 3)

190 19(10)

Example 3. (.3

Theck Your Readlng

e
i

d

o
+ 8(

j—
D
W
T
ot

e
T

latribative property to express the lndlecated sum,
Sf oy 1
)",

N

az an lndleated product.

[

Why ls 1t easler to Q@mputé 19(7) +.19(3) after an

appllecation of the dlstributive property?

O
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Expresg the fallawing indicated sums as 1indicated products,
Lo 2(3) + 2(5) 5. H(5) + K(3)

2. 18(3.2) + 18(.8) ) 7. 2(8) v &)

3 (3.1)(7) + (3.1)(3) " 8. 14(.0) + 14(.4)

b 6(19.2) + 6(.8) 9. 9(72) + 9(4)

R’ FProblem 3et 2-5c

Perform the indlcated aperatlions In the easler way. Show your

me thod.

1. 110(8) + 116(92) 10, 7(8 + %)
2 1ﬁ(% + %)‘ 11 1¢ + (8 =% 5)

4 %(%) + %(%) 12, 88(200 + 1)

5. 3(1) *+ A(3) 14 %‘D +9)

0. o2+ 3 15, 9(2) + 9(&)

7. 9(11 + 9) 16, 7(3.2) + 7(.8)

8. 100(98) + 1c0(2) - 17. 8(43) + 8(57)

9. sk 8. 73+ 15+ 7(s)

Show how you would use the distributlve property to perform

theze multlipllcations mentally. Can you finish the work mentally?

19. 8(13) 25, (79)(1001)¢ 29, (25 (1%)
20, 7(1 8) 4(‘4&) 2
- - = -2 . —_— 3
21, 12(13) 30 13(2002)
373 o F = B ;
P2, 1a(z2h) (D (e3) 3. 36(52)
23, (1?33% N T

28, (18)(12) 4n T (10
ol Hn(xl) ) 32. 101(101)

i & b
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Problem Setf 2-5c

(continued)
]

Write a common name for each of the following.

3 x (17 + 4) x %

%]

indicated products.
&= 4(7) + 12
W(7) + 4(3).

4L(7 + 3)

2(5) + 2(b) 39, 5(7) + 15

3(5) + 6 4o, W(9) + 12

14 + 21 L1, 20 + 4(8)

A

[

Wrlite a common name for
1
(

=

2 1, 2y,
+ 7)1+ (5 + 3)7.

f

(Hint: Think of =+

until you have th@&ght

as one nhumeral,

M
o e

tsn't much work.)

#4, Wrlte a common name for

(@) 2+ 58+ G2

‘L“-]‘]‘ s

1

: %41@ Fo(5 %;u

PP

pay - Tirs

O
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See the exXample below:

and don't start working

of a way of doling this exerclse which



a 1

number, multiply 1t by 3, and then add 4."\\ThL5 is

e exerclse. If you choose the number 7, to start withfssff
b=

5 the answer to the exerclse. The steps could be

N{tice that "3(7) + 4" 18 a numeral for the number 25. It 1is

the simplest numeral for 25, but 1t shows clearly
L i

of 'the exerclse. Sometlimes the form of an exercls

Important than the answer, %
Let u 1

nzlder a second examp

i)
P

number between 1 and 100, add =, and 4

“
ol

g

time the startlng number 1s to be taken from the set
&

, 3, 4, ..., 99}, If you choose the number 29

[
.
™

P i
-

teps 3

0

=
ot
=
14
s
]
i
)

g &

ols your friend John follows the inst -uctlons of

\,‘,
the exéfcizé. He does not tell you ¥
. < . .
of pturse, do not know his final answer. PRut sou do know \the
p
t

pqttefﬁ of 'his work. You might think of 1t

\ Johnt's number

Joahints nunber ¢ 5 /

John's numt

ThE
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~the varlabke may be chosen

2-6
Suppose we let the letter "n" represent John's starting number.

Then we think as follows:

re 'n" represents one number: 1t happens that you do not know

r n
which number Lt 13 exc=pt that Lt comes from the set (2, 3, 4§'W

letter "n". We could Jjust as

=
er ls used ln the way "n" was used Iln the above
1

1
1 whlech represents a definite, but

A number ble can represent ls called a value
of the vartable, The set of numbers from whleh the value of
1s called the domain of the varlable.

Thus, In the example at the beginning of this sectlon, we used

s

Wwere told that n was a counting

3, 4, ..., 99)
le had to be chosen from the
I

n to represent a number. But W

number and that {t had to be ¢t rom the set [2,

ooEw
T
pu
.l

That 18, the value of the varl

{2, 3, 4, ..., 99]. Therefore, ln this example, the set

{2, 3, %, ..., 99} !s the domain of the varlabl® n,
1

You remember that we called an expression llke "3 + 5" or

"8 - o" a numerlcal phrase. When a phrase contalns a varlable,
T

we call Lt an open n+ 7" ia an open

phrase. In the ; are some more examples of open phrases

and thelr word mean

(pen phrase 1. phrase

n + 5 a number lncreased by 5

n - 8  less than a number

a rumber

= a number divided by 12 AJ




2-6
\
Each of the four open phrases in the above table involve
the variaélé\"n," In each case, the value of the open phrase
depends on tﬁg value of n. Suppose that the value of n must

be chosen from the se (8, 12, 18}, What we are saying of course

t L

18 that the set\ (8, 12, 18
Then 1f n ts 12 (n ce
domaln), the value of "n + 5

it

i3 the domaln of n for these examples.
L

}
certalnly may be 12, since 12 1s in the
it
i

I

8 17. What are the correspondlng
il

values of "n - 8,™ "6n," and == ? The table below summarlzes

the answers to these questlons ﬁ@géthef with the same questlons

In the cases where n. ls 18 and where n ls 8.

1o : * L L l‘;
_ _ i — — N -
H R _ _ _ _ _ _ S — L

-
=l

8 a varlable a ndmeral or la 1t a number?
= i

-2~ -hoes a varlable re 1te number?
R i . . . ) . _ R o
3. In what way s a variable different from niumerals such as

it i 17"

5", ”-l's-T s and i ,iéu?
4, What i{s a varlable?

~ o ) o
5. What ls a numericay p g2? Glve an example.

oy
]
o
iy
i

6. What l1s an open phrase? Glve an example.

ble?

o

[
g

7. What do we m=an by a value of a var
8, What o
9. What let

T

apmgln of a varlable?

i

ars can we for varlables? Glve some.examples,

a7

)
i

1C What do we mean by the value of an open phr
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Oral Exercises 2-oa

Find the possible values of these @péggphFESEs ir EE? domain of
n 1is the set: (2, 5, 10}. )

1 n+ 7

2. 5(n) (thils can also be written 5n)

3 n(ll)

4, 3(n - 1)

5 g(n) -

‘ 7
. 9 - 3(n) + v(n + 1)
7. n 3(n) (this can also be wrlitten 8n - 3n) ¢
8. 7(n+ 2) + U(n)

10, 33.° ,
& ,jf}
11.
12
=
13 2)
14, Would your thinking have been changed in any of the above
exerclses If we had used a, b, %, or y, instead of n as

the varlable®?
State a mathematical phrase, using a varlable, to represent
each word phrases,
15. Two more than some number.

some number,

=
i
L
g
<
T
ja
=
in¥]
b}
o
T
o
[V}
o]
e

Y. Slx tlmes some number,.

st
-

Some number divided by 4,

—
oo

19. PFour more than twice =some number.
State a word phrase describing each gpeﬁ phrase.
20 n+ 5 25 Ja - 2
21 c -2 0. T7(n - 2)
ee Hx 27 7:= + 5
KPR ST
. S 28. (n + 5)(n - 2J

O
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L Ghe domaln ol

n 1is the zset: {2,

o

L

I0 a has trie valoo 2, L

value 3, Uind bGhie values of

{
Ll
o
o

T
b
D

[

~1

)
Uslng a varlable, writc & matis
phrase

1, Seven leoos than threo fines o

15 5ix more than one hall 20 o meabor,

16, Oriee na bt ool Lhe coun o vnnbee nngd

SNty nvas ey e dbvidesn by

17, Ge

e lavern.,

) 1 e L . P, e ey - BT 1 H : .
1ai, wx L3 Gl Blier squhd ot morame o divided b e
149 The oun o0 Gwisce o e r ana Shioao.,

20, DPier et ol a0 ot ar and Al dlviaded by cwolve.

1 \ .

o
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Problem Set Z2-bha
(continued)

Write a word phrase for each mathematical phrase.

¥

8n + 4

™2
e

g

=3

: -4

™
e

T

L)
=T b)'
f —

™2

=

Il

T

M

?)'+—Q (Hint: One way would be to state 1t

[F%
L~ |
oo

as an instruction--

take a number, subtract.....)

14

You have been lntroduced to the meaning of "variable".
d'?

You will be interested to discover

able u
=1

o

How 15 4 var

]
{0
T

‘a

that variable ¢ used not so much to find answers as to

blem3 or number relationships.

De]

discover forms of pr
Let's conslder a number game:
What number do you get If you take the number of years
n your age, multiply by 3, add 12, divide by 3, subtract

=,
=
e

P

o

? (Don't tell us your age!)

Ferhaps,you thought of the followling numbers, as the
instructlons were glven: L4, 42, 54, 18, 16, We ask you
ye

our final number and when you say 1o, we tell you that
our
.

age 1a 14, -How d'd we know?

s

wrlte your reasonlng process thls time as well as the result

ATV

Try another number, say 34, the age of your father., Let's



lyst, how do the

it
bl

Wo answers you Lo Lie numeors you

started with:

=5 theoo

nusiLes

Ve can anowor vie now glve

our attentiosn Lo Ui

! 7

<
cr

oot bels Lehy we started,  What

oL Do oyoa romember that a
ool miuabernr

aan U bloawn,

oy
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Does the final open phrase agyee with your ldea of what the farm
should Bbe?. ThiE apen phrase,_

N £
, 3n'+ 12
{ - . . . —_— - 2,

provides 'ua with any posslble answer to the problem, depending

Sn your starting number. Let us exanlne the open pgrase

it n

ggig—li'ﬁ 2 more closely. =

3n + 12 = 3n + 3(4),
and by the distributilve pr@perty‘ d
3n + 2(!) = 3(n + 4).
Therefore, ‘
- B t ) " &
3n + 12 _ 3(n + 4)
3 =
3 W

& . . i = -g * (ﬂ =+ 4)
,:,-,-,34_,,_,,..._;.,_, s, . N = n + 4

and our open phrase can be written more simply

e -3n "”,315 -3 o= (H + 13) -2 *
=1 + 2. =

}élls us. that the answer riven will always be two more than -
& this a;'ec wilth' your earller obser-

ret", Thls was the way we could tell

¥

your agec wnen you gave s your ['lnal answer.

There will bLe manj places, In this course and in’ future

mathematles where the oo Jomn .ol a b L lem 15 much more
“important than any slaple answer,
= 1
xh}i = -
3 h ? 4 *
g) =Y ,]- *
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If the domaln of the variable Ln.our problem above had been
(1, 2,23, . . ., 1,000,000}, then our form

t
juy
i
]
i
ot
L
f

 +%!§?—— -2=n+ 2" Eculd immediately prgvide us with any one

‘If the d@main had been the set T

a mlllion different anoworo.
of all whole nunbers, th

e {arm would have provided uz with
Do ynu agree that this 45 so?
= Thgrdiscuaéiﬂh above Llluztrates the gﬁeat|p@wer of methods
" based upon pattern or form.rather than on éimple arithmetic.
This appféach ls qmade posslble b§ the iIntroduction of tﬁé idea

of varlables,

A\

3

uned dmre to

oy
=]
]
il
<
ju ]
T
—
-
—
"

; or to discover forms

of probleaz or nwaber rolatlonohiipn?

yur "starting noobes" i the nunber pame of the preceding

Pa
=
[

w

0
section i %, what Lo the {lnal answer?
]

3. If the dunaln 37 the variable in the nwnber had been the

set (1, 2, 3, . .., 10}, how many different answers would the

;
. wan - 1o - T -
toprnf! m————= - ¥ - a3 2" providet

5

3 L1z doubled, which

1. I the sum o7 A

ol the ollowing wy.Ll Le a
\ ot o+ 3 or 2(t + 3)7 - *
2. taln: nunL n and the sum
copprent Dagm:
S U o I
== '?—* 1 T -+ i ‘
t =
&
-
/ . i
Al LA
7
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Problem Set 2-6b
(continued)
: 3. If one-fourth -of a certain number x 1z added to one-third
of four times the same number, which 1s the correct form:

%(x) + %(Ax) or I+ %(x)?

L, If the number of gallons of milk purchased 1s y, which is"
the correct form for the number of quart bottles that will

contaln 1t:
by or % ?

rectangle and b 13 the number of feet in the wldth of
the same rectangle, which is the correct form for the

perimeter:

a +.b or " ab?

6., Find a common name for .

(a) £¢+ 32, when C = 100

;

(v) QAEEixglj when.—h = 4, a

=

i
)
log
il
e

(c) P(1+ rt), when P -

d) EA =2 when a =
( 3

L r =1 o
LY
(e) ;ﬂwh, whim_;l = 2,

7. Wrilte the form of the answer, variatle, for this |
multiply-

W

2

serles of ilnstructiong. of a nunber, add ,

by 3, &ibtract ©, divide by 3, What 1s the final nunler?"
1ify

He form i youccag Do you end up with the original

¢ 7 o 7
. Do as Ln Problem © o Lhis sories a0 lnctructlions: Thinle of
a number, multlply by 4, add &, divide by 2, subtract &,

subtract twlee your npeipginal nuster,  hat doen the pattern

reveal?

ERIC
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Problem Set 2-6b
(continued?y)
Tell which of the followlng sentences are true if x' has the
value 7: ‘
9. X+ 2 =2+ X i

10, (x+ 3) + 1 =x+ (3+ 4)

11. x - 5=2x - 10
12, 3(x + 4) = 3x + 12

b
\F
—
k]

i
Za
—

b

[

g
M

1]

b

1

[

L - 2 Ca g
20, %(3x + T} = ax® 4 7x (Remember: x = (x)(x))

r‘E
Summary
Among the important ldeas of this chapter are the folfowingz

1. Numerals are names for numbers, as distingufshed from
numbers themselvesa, .
1. .
2. The presence of this symbol "=" between two numerals indi-

cates that the numerals represent theys same nuﬁber,

3. The symbol "#" represents the verb "is not equal to" and 1is
used to indicate that two numerals do not name the same

number. H

4. The symbol "> " represents the verb phrase "is greater than".
5. The symbol-"<" represents the verb phrase "is less than".

©. Indicated multiplication, for ex§4ﬁ1eg of 7 by 3, may
be written 7 x 3, 7(3) or (7)(3)..
i

ERIC
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7. 1In order that the meaning of the numeral shall not be 1in
doubt, we agree to give multiplication precedence over
‘addition and subtraction, unless otherwlise indicated, in
expressions ilnvolving these operatlons,

8. Parentheses may be used to enclose those parts of an
expresslon to be taken as a numeral.

9, A 'numerlcal phrase 1s any numeral given by an expression
which involves other ﬁdﬁgralsralong with the slgns for
operatlons, :

10. Numerical phrases may be, combinegq. to form numerical sentences,
which may be either true or false, but not both.

11. A property of an operation is "something which it has" or

one of 1lts chgfactéfiétics, ‘ .
12. binary operation 1s one which 1s always performed upon two
numbérs. Addition and multiplication are binary operations.
13. The assoclatlive property of addition. . . (
' Example: (2 + 3) + b =2+ (3 + 4)
=14, The commutative property of addltion. : -
Example: 2 + 3 = 3 + 2
15. The multiplicatlon property of one.
ample: 8 x 1 =8

=t
Loy
= m

he assoclative property of multiplication.
xample: (2 x 3) x 4 =2 x (3 x 4)

m'

17. The commutative property of multiplication.

3 x 2
- ,
f multiplicatlon over addition).

Example: 2 x 3

‘:BQJ 1]

18.. The distributive r@pér /(o
Example: 2(3 + 74Y = 2(3) + 2(4)

19. A varlable 1s a numeral which represents a definite,‘thaugh

unapecified, number from a Eiven éet of numbers. 7

20. A number which a glven variable can represent is called a
valug of the variable.

21. The set of values of a varlable 13 called 1ts dcmaln.

’ P _ '

Z

- W

78
P S
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3.

I

¥al

6.
7.

e

o)

19.
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'Egviﬁyrfrpblemrggﬁ
Virite flve different numerals [or the number three,

what do we mean when we refer to a "common name" of a number?
tlhat iz the order that we apgreed ué&n for carryling out opera-
tiond in problems involving\addition, subtraction, multipli-

catlion, and division?

“That is a common name for theé

numerical phrase "7 + 5 x 4"9

are true? .

Which of the followln

T3
]
T
i
it

]
i
o]
I
iyl

(a) (5 -3)X2=(5-23)2
(L) 6+ 1 x3#6+ (! x3)
((e) (5+ 1)(6 + 2)
(a) k2 = 4(2)

(e) 6 %2+ 9 x3406(2+ 4)3
(£) 83+ 1

5+ (1)

I

Which SYmMLeS ]

Wrlte the following sentences using the symbol

Rca) 5<°7 (b) x < 3 (e) M<N

I:J

What do we mean ty a bilnary operation?
Vhich ol the Zgllowling phraces are Indlcated products of
two numters? "
(a) 3 x6 {ad)
(b) 3(b +]5) (e) 3 x6x5x2
(e) 3 =6+ 3 (i)

luctrate the assoclative property

Which »0 the rallawing
ol addiftieont 1 mttliollieattn?  of nelther?

3

(@) B+ (3 + 1) = (© +3) 2

79



Review Problem Set
- (continued)

Jy o 1 3,1 . 1,
() G x3) x3=7zx3)
p 1 1,1 1:1 1
(d) (z+3)g# 7+ 3)
11. For each of the following statements tell what gumeral for

one has bteen used in changlng the name of the number. Y

(a) =33 (a)

(v) % + f% s,%% + %% (e) 5(325 2) _ ;7z;g

(&) 10 15

Wnich of the {ollowing are true sentences? Tell what

=
o

property or properties of addition and multiplication are
involved in those senterices which you consider to be correct.

(a) 2+ 3) . . u

(p) (2

(3 +2)7

+o5) v gp = oo (554 Op)
) 7 L

il

5o
i
f«u

mﬁd [

(e) 5(9
(a)
(e) 3 x &

I
Daud

—

+ I}

o

"t

g

6(7 + 2

W]
I
I
il
fos]
I
Wt
it

Co(e) 9.2

(g) 3 x

= oo
%y Ny
&

3+ x o+ 3 =3+

(h)

13.

(1)

L g L. ;. 3 . i . i
Perform the Llndicated operatlon in,the "easlést"

13(2 + 3)

/

7

(13 + 2)(13 + 3)

way.

.
4

19 + ) ) 9+ 9@ + 929)
() “Q”{(lQl) i,

1. hat iz a varlable?




O

ERIC

Aruitoxt provided by Eic:

Review Problem Set
(continued }ff
Given that the domain of x 1s the set (4, 5, 6] find the

value of each of the fqllowing open phrases, for each value

}»f X.

(a) x + 3 (@) ¥7:47
(®) T+ 1) -5 fe) EE  can you rind an
(c) {&xr 1) (x + 2) , i

Write an open phrase that gives the form of the following
number game, '
Think of a number, double 1t, add two, multiply by

Can you silmplify the forak What "trick" can you use to find

i -

L

the answer guieckl

W



O
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_ Chapter 3 . _
te OPEN SENTENCES AND TRUTH SETS f;ﬂg\

4

3-1. Open Sentences.
In chapter 2 we called expressions such as "n + 3", "¢ - 5",

They are phrases which contain varlables.

(1 sentences which contain one or more

etc., open phrases.’
In'the same way we ca

varliables

N open sentences.

Thus, the statement "n + 3 = 5" 1s an example of an open sentence.
Suppose we were asked whether the sentence "n + 3 = 5" is
true., Of course, it is impossible to decide until we know what

number the varilable n  represents. The sentence
I T . , %
He 1s President of the Unlted States.

ﬁféééﬁts the same type of difficulty. ~Agaln we cannot declde

whetier 1t 1s true until someone indicates” the person referred to

by the pronoun "he". ,

" The open sentence "n + 3 = 5" becomes a true Sentence when
n 1s 2, Therefore, we call the number 2 a truth ndmber of this

partiéulaf open sentence. Can you find other truth numbers for
this same sentence? _

If we are glven an open sentence, how can we determine a
valug of the variable which will make 1t a true sentence? Supppse

5e
for example, we consider the open sentence ’ L)

2x + 3 18

We could begin by guessing various numbers and then trying each
one of these in our, open sentence in place of the variable "x"

In this way we might hope to hit on a "truth" number. This could
be’a long pfoeeség It might also happen that we just never would

guess a right number.

reaults of our rirst guessea and used these to gulde us. Let us



3-1 .
use our example to see how the process mlght work. Our open

sentence 1s

1l
et
20

2X + 3

p—
As a first guess, we might try 6 for x. Letting x be 6, the
senternce y

2x + 3 = 18

becomes

2(5) + 3 =18

This 18 not a true sentence bécauae it says that 15 equals 18.
Since the number 15 1s less than 18, this means our guess, 6,
18 not a truth number and 1s przgably too small. ’

Suppose, then, that We try the number 8. By the same pro-

ceas we See that the =Zentence .

18

il

. 2X + 5
becomes

2(8) + 18

"l
1l

which 1s again a false sentence. It na! says 19 equals 18% which
seems f@ indicate that 8 1is too large.
It seems natural that we would now try a number between 6

and 8, possibly 7. Our sentence now becomes

18

2(7) + 3
which 1s .8till a false sentence. What number do you think we
and 872 If so, why?

T 1

If we replace X &ty ?ﬁ, we find that the'sentence

gzhould try now? . Do you thlnk 1t should be a number between T

18

2x + 3
pecomes

. 2(7%) + 3 = 18

which 15 a true sentence and we have discovered a number, ??,

that makes our open sSentence true. - . 4

2. Are the followlng expresslons open sentences? Why? Are
gu¥
O

ERIC
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they true sentences? Why?
n+3e=5,
He 13 President or the United States,

Does 6 make the sentence "2x + 3 = 18" true? Does ?%?

-What kind of nNmber do we say 7% is in relation to the

sentence?

7/

Oral ExergisE% 3-1la

Which of these sentences are true 1if x 1ig ’%a?

(£) 4x + % = Tx

—
k]
b
+
[ [
[]
Mk

(b) 2x =1 () M(x ¥ 1) = x
) . 3 (h) 2x + 1 =2(x + 1)

- ———
'8 (]
h LN
V] M
Y
+ o+
R
I [}

= x + % (1) x+2=3x+2 - x

Find a truth number of each of these sentences,
(a) x+ 4 =6 (e) 3x -2 =7
(0) x+4 -4 () ax -2

(e) 2(x+2) =6 (g) 3x - 2 -
(d) 2(x+2) =7 :

Find the numbers, iT any, that make each of these open

il
ml‘

It
iz

sentences true-. .

(a) x+4=7 (e) 6=y =3 (1) sm =5

(b)- x + =7 (f) hm = 14 (1) x + 3%
7 5
= 2

I

]

Mi
W o g
e

o g

(g) “m = 18 (k) 2x +

(¢) x +
€ . (h) 5m =0 (1) 3m -

(a)

-

2
Tell if the glven value of the variable 1s a truth number
the open sentence.
(a) x+ 5=28; x 155
(b) x - % - 12; x 15 16

Fl

e

o
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Problem Set 3-la
- . (continued) ,

W

(¢) 2x = 6; xi{s 3
(@) (x+ 5)(x + 3)
(e) (x - 5)(x - 4)
12; x

+
1}
M
oy
e
T~
]
-

0; x i1s 5
1 .

(f) 33‘2; 3 S‘ | , -
(g) 2x+5=23x-7; x is 12 C : )

en sentences.
(g) HBx + 4
(n) 5% + 4 =19

2. PFind a truth number for each of these o]
(a) x +°7 =15 (a). -2(x + b) =17
(b)' x +7 = 12 (e). Ux - 7= 18

(¢) 2(x + ¥)

12

) =0 (1) 12 =2n +7

12 (f) (x - 5)(x+
‘3, Find a truth number of each of

(a) 2(n + 2) = 14 ‘g
(b) 2(n + 4) = 18 ~
(e¢) 14 =
(d) 17 - 3y.=8
(e) 3+ 2y =10
(f) 19 + 4y = 61
(g) 20 - 3y =8 (p) b4t -
(n) y + 13 )

(1) y +19

1]
&]
+
N
22
=0
oot
33
+
1
(-
-+
I
=
o

2y +

In each of the above exercises we found only one number that
made the glven sentence true. There are open sentences, however,
whleh have many truth numbers. There are alsoc open sentences for
which there are no truth numbers., Consider, for example, the
expresslon

X 03
p
As discussed in chapter 2, the symuvol "- " means ""ls greater
Sinee our sentence contains the variavle %, 1t 1s an
wWe now wish to determine those values of" x whieh

<
make the sentence true. Can you think of zome of "them?

i




o7 . ) . .

We see that the sentence 13 true when. x = 4, x.= 5,
100, and so on. 1In fact the sentence 1s true when x 1s any

b
W
£

x
number which is greater than 3.
As a further example, conslder the open sentence

2n + 1 5 7.

Is this é/true sentence when n = 5? 'In thls case we are really

asking tHe question, 1s the sentence

11 - 7

a true sentence? What can-you say about thds same open- aentence
~when n = 3? For n = 5 our .open sentence becomes A
2(3) +1>.7.
Can you see that this 1s not a true sentence? For n = 1 our open-
+ sentence becomes

2(1) +1 > 7, .

, .
which 1s also a false sentence. From this we should see that the
open sentence.2n-+ 1 . 7 1s true whenever n 1s a number greater
than” three . Another way of deseribing thls 1s to let T be the
set of all numbers greater than 3. Then we could say that our
senténge 1as true whenever n 1s an element of the =met T.

Suppose we consider the open sentence
X+ 2 =x+ 3, . ‘ ¥

Let us look for & truth number. The queation we are reall§ asking
1s, "What number plus two equals the same number plus 32" Notice
that a given varlatle appearing several times in any one_senténcé

must always represent the same number. Thus 1f X were to have

the valu§ 5, our sentenze would be p

t;
Is this a true sentence? Do you see that it is impossible to find
a value of x whlich would make our open sentence true? We see,

b :

then, that there are opén sentences which have no truth nugbers.

]

fsion

ers

LR

Can you suggest some ot

. Let us now examine the open sentence

- Go= oo+ 7.

b
..u..
]
+
!

ERIC
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What can we. say about the truth numbers fér;this sentence? Can .
you think of any values of ¢ which will make this senfence’
false? ‘

H

=

From the above examples we can see that there are varipus
types of open senterices. Some of them have one truth number.
Others have many truth numbers, and some have no truth numbers
at all. .

¥ » i : ’ 'fg"i:—"';i .
' Check Your Reading [

*,

=,
A5

1. Does an open sentence always hgve one truth number? How
many truth numbers can an open sentence have? [
[] * . = =77

2.~ How many numbers of arithmetic make the sentence 2n + 1 . 7

a true sentence? ' !

]
b
+
ol

3. How many numbers of arithmetic frake the sentence x + 2 -

a true sentence?

s

[]
o))

4. How many numbers of. arlthmetic make.the sentence x + 1

a true sentence?

3 . ¥ : o ’
| Oral Exercises 3-1b ' ‘
‘1. Which of the following open sentences are true 1f thexﬁilue
of x 15 92 ' ’ , e

(a) x = (1)
(b) x =% (1)
(c) bx # 36 (k) 3x
(d) (1) =

x
X

[]
WO

T

i1
ot

o]
' =

(e) 14 - (m)
(r)

' (n)
(g) c + 8 ‘(D) Zx < 7
(h) 3 , .

Which of the open sentences 1in Exercise 1 have no truth™ .
numger? ™ :

+
W
I

+
v
[}

I -
i
Rl
W
E I © By

2X =

ol
-
I
il
————
o T
—
i
-
il

[

™3

H

3. Which of the open 1 have exé?ﬁ%gﬁénef

truth number?

- have inTinltely .

o
i
)

4, Which of the open senfences 1n Exercl

many truth numbers? o

ERIC
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Far each of -the following é§2ﬂ EEﬂtEDEEE é'sgribe the set of

numbegg such :that each ElEmEﬂt of the set makes _the open sentence
true.  (Remember a set may be described by listing the elements

in the set.) .

1. x=5 ; : 11. b < o2x _
2. x+3>7 . ) 12, bx + 3., Ux ..
3, m=m+1 . 13.- 2 = 3a
b, 3x - 15 ‘ 14. 5(y-86) =0
5. x4 2‘2@%0 . . i Oxb=5 : .
6. 8=x+5 16. - (a+3)+2=a+ (3 +2)
7..2y =y +y 17 %fg v
8. 3k =0 #18, 3y + 2 < 17
9., x+1>x , ' E %19, 2y + 2 £y + 2 .
10. m -m =20 ) *20, 2y + 2 =y + 2
. n o .
- ngetimes a‘variable occurs in #n exg ressi@n whiech has the

form sEg This means- "s multipi;ed by 8", and is read s

"s squared". Consider the open sentence ..
o » ) -
! v 8 =9,
Thls becomes a false sentence if we let s be 5, and-it 1s
true 1f 8 1s 3, .Can you see why?
An’iﬂtéresting’thing happens when we try to find the truth
.numbers for the &allawing open sentence

x° +2 - 31 =0
in which the domaln of the variable is the set
E S =9{0, 1, 2, 3,-4) )

- 7 . 7 ) ‘
What elements of the set 3 are truth numbers for our open

sentence? If you keep working at this probfem, you may find that

more than one of these elements 1s a truth number. '

ERIC
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1.
s N N . 2n
- What doed:"s:

Whet nuﬁber;is

"What' number 1s
"xg=+ e - §i

2.
3.
.A!'

e

(]

i)

i
I

*
i

.30

[

Yhat
S “ (a)
(b)
(¢)
C @

%, 2. Jfind the values

sentences frue.

of the variable
. ]
() x° =4

(b)
- (c)

\ (a). =
(e)
(1) =% =2

O

ERIC
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What 1s a common name for

v

y Check Your Reading
(3)%2  For (4)

do we.pread 1it?

L3

mean? How

a truth number of the sentence

* :

a.truth number of the sentence

)

0"? Are there more than one?

f Oral Exercises 3-lc

na
¥

- () y

, (glf-mg

) < (hjf x
(1)

SGE

(N
i
N [

-+

n

24
3

+

3

x° + 4

8]

B r:]
(f‘) ?a;:

(g)

Let the counting number
y L2
(e) =

(n) X =
(1) x° =

3

- - PR . L iy
c@mm@ngFame For these expressions?

2
5 =

—

 the following eentences, let the domain of [the variable



2 :

< 'Problem Set 3-lc

f1nd’ the values of the vari ables which make the followirig open
sentenees true, ‘Let the domain of the variables be the set of
‘numbers af arithmetic.

1. x° =9 8. x° = x =
2. 25 = x° 9. x% = (7)2 . T
3. .25 = x° "+ 16 10, x% = (5.1)°
b, x° =341 11. %% + 6.+ 5x = 0 3%\%;;
5e#(x +1)° =4 ; 12, 0= 2x° + b - 6x° —
_ H A . * R
" 6. xX =0 N . *13, x° = %E \
2 . : 2 . 9,
= * . = —
?. X 1 1y, 3( ] 1 ?TE
= T *15. (x + 1)2 - 16 . '
" ' 9
=
3-2. Truth Sets of Open Sentehces.
) N 7. . ‘
In the preceding section we have been working with the )
problem of Iiﬁding truth numbers for Eéftaip gpen sentences. 74

Let us review qulckly some of the- examplés we used by means of

+ the fcllawing table i g
- _ = . - L ;7 K ) . B z B
T Open Sehtence _ Truth Numbers !
_ S : L ,
[ ntses 2 o L
% X >3 all numbers greater than three
X+ 2=Xx+73 no numbers at all
3 4+ec+ b= 7 all numbers "
x® 12 - 3x =0 1, 2 ,
g — : — VAR ' -

From-these cxXamp

]

les and others which we have studied we can
see that the truth numoers tor any given open sentence can be
thought of as forming a set. We call thls set the truth set of

the open sentence.

£ As you 7&mémber trom¥“chapter one, sets may "be indlcated’

either cy a %iSt*DF Ly a veruval desecriptian. You_s&auld also——
Y ) ' L s : ¥
L , - :
Q;
91
L o

ERIC
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L s

7

remember that a set with no elements 1ﬂ it 15 called the null

ot set or'

the empty set.

- The symbol fer this set i= "ﬁ" o

" In the 1aﬁguagé of sets our table would look as follow

Dpénrsentence

Truth Set

i

77ﬁ + 3

"
b

fﬂ“H\;

=3

T:
T

S S
the-set of all numbers’
greater than three.

g ]
the set of allsnumbe;;

G, 2]

It 1s Llmportant to remember that in forming the truth set

L

for = given open sentence we must -include zall of the truth num-=

;bEfs- Furthermore there,muét ke no Elémentﬁ in our set which afe
nat tpubh numters.. . . : o \

) ets

3 €

open sentences we must also

the domain of the.
variabtle is the sef
varlable may be ¢hosen.

y truth se of

pay*psrticular-attenti@n to what' we called’
recall that the domain of a

from w&¥leh the value of the

variable. You
of all

In certaln examples
will te

s1ls

NUmuers

and proclems the domain of .the variable

stated specltiically. On the other hand, when no mﬁﬁtian

maﬁe af the domain ghall assume.ln this chapter that the
he

Lo zet of all numoers Df,arithmétiﬁl’

[
be)
v

Suppose, Exémpléj

"Lgtwtha @pem‘:’f“

% and let the d®maih of x Le ‘the se

SwWhilch

Vj partt

make the

agjars

, * 1{31?

ERIC
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3-2 o . .
'set D into two subsets, the truth set T, and thé set F.

Lett's take another example. Consider the open sentence

x+ 4 =7.

L] - ° .
Nothing is said here aboud the domain of x. 1In thls case we
as®ume therefore that the domain consists of all the numbers of
arithmetic. What 1s the truth set? What is the set of numbers .
which make the sentence false?

Once again we see that thils open sentence sorts the set of
all numbers into two subsets:

T = [3) and F the set of all numbers except 3.
From these examples we see that an open sentence actually
does .act as a sorter. Just as you might sort a deck of cards .
iﬁta]ﬁwo sets, black and red, an open serntence sorts a set of
bers into two sets: one, the truth set, and another, the set

.0f all numbers in the glven domain which make the sentence false. ’
"ﬁqih !
' Check Your Reading
Y 1. If we are éoing to descrive the truth set of a sentence, what

must we be careful to G?ﬂsiiér?

2. 'What do we call-the set from which values of the variable
~may te selected? V

3 wWhat is the truth set of a sentence?
4. What is the truth set of the open sentence x > 3 if the

domaln of x is the set [0, 1, 2, 3, 4, 5})°

dentence 1s not stated -

5L IT the domain of the variacle of a
what

*11 the domaln ue

If the domain of x 1s the set (0, 1, 2) find the truth set of
. .

each of the following sen

1]
I
i
M
B
4+
i
i

1. + 2
2. >0
+

el
[l
[
O =
b
1

W oM o

3, + 3x
L, < 2 9 X+ 4= 2

ol

b
i
Dt

5. 10, 3x = 2%

& 3

ERIC
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Oral Exercises 3-2d -
geaﬁtinued)
11. x + 5 > 12 Z 16. 2(x + 4) = x + 10
' 5% + 8,= 2(2x + 5)
3% >0 :
3 < 3%
3 X > 6 -

12, x +3 >3

13.. x+5>5

14, 2x +5 =8
(o]

R e
O W o~

Problem Set 3-2a

1. For each of the open sentences determine the truth set T,
and the set F of numbers which make the sentence false,
if the domain of Eﬁgﬁwafiable 1s the set
w={0,1, 2, 3, 4, 5, 6, 7, 8}.:

(a) x+2=5 (d) x #
(b) 3n +2 =14 (e) v <

(e) x>5 (f) m +
2. Do as in Problem 1, but 1ist only th

domalin of the variable ia the set
W = [D; 1, 2, 3, 4; 5, 5; 7, 8}‘

(a) y <5 (£) om + 10 = 10

b) 2x 4+ 3 =7 « A ‘ T,

(b) 2x + 3 7 ()

1

L

5
6
1
2
e

truth zet T. The

-
kY

| ‘ +
oo

(c) x° +

(d) t =t¢

2 -7x=0 (h)
7 (1)

3. Below several domalns are degcribed. For each, consider

b
[]

+
—
4
M

open sentence x + 2 < 9 and then determlne the two sets\T

(a) (2, 3, 4, 5,6, 7, 8, 9] *(d) the set of numpef
.greater than-/

(b) ({0, 10, 20, 30, 40, 50} *(e) the set of numbers
less than 10

(¢) (3, 5,7, 9, 11} *(f) the set of numbers

greateér than B

=

AR .
1S : -
Y - ¥




Problem Set #-2a

(continue

a)

L. Pollow the same instructions as in problem 3 but 1list Gﬂlfr

QO

ERIC
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the set T.
(a) (o,

(b)
(e

[

(6, 7, 8)

(7,

¥

a =

12;
# 8;
< T

23 + 3 > 10;
2

(a)
()
(c)

- (d)

(e) x

T + %

3 4

6

m

t
(a)
(b)
(c)

(a)

Write
No elements
Exactly one

a2ll numbers

arithmetic

In the followlng exercise consider the domain R

b, 5J.

2, 3, 4)

9} .
5. \In each of the following test whether or not the giﬁen
Jnumber belongs to the truth set

5

3

T4+ 2X + 1.=_.0;

folloﬁing sentences,

=6

L 4 x
bx + 3

(a)
(v)

é‘

finite zetsz”?

Find the truth
(a)
()
(¢)

sets

+

1]

= ] e

]

+

W e =

*(E

()
(e)
(h)

(1)

. i

element
of arithmetic™

an infinite number of elements but not all numbers of

*(r)

*(d) . the set 1
- greatér than 7
the set
numbers
the set

)

of the open senternce,
2)°

(x

2

2X + 2

i+

3(x - 1)
2(x + 3)

an open. sentence whose truth set contains

Find, and list when possiple, the truth

(C§::§3 >5

(d)

0 and

of the foll
(d)

(=)

X + 4 <6

owing

*

of numbérs

of counting

==
*

of wholé numbers

F

)

b,

by 1

—
|-

yo=12;

b

2x + 5;

"

1

b

\ml

o
b1
o
L -
oy
i/

{ .

%

».  Which éf these truth sets are

i

3



' _Problem Set 3_23,2\
- (continued)

(g) (4)
(h)- (k)
(1)

i
=

L
i
i
0
b=

o
1]
=
.
1%
1]
o

b

L ]

I
=

. In our discussion of sentences in chapter 2 we used the
symbols

.

= x\; o= “

g,?g: <, >.

We must be sure that we completely understand the exact meanings

. of these symbols. Now suppose we wish to wi%te an open sentence
’ which says that a number n 18 greater than'or equal to 7. Can
you think of 4 short way of doing this? A convenlent way, and
one whiék 18 moast commonly used, 18 the followlng:
n > T,

where, as we see, the 8ymbol 1s a .combination of "=" and ">".
Likewlse, ‘the open sentence .- '
"n € 10 N

means ."n" 1is less than or equal to "10".

The truth set ég»the first sentence conslsts of the number 7 and
all numbers greater than 7. The truth set of the second sentence
conslsts of the number 10 and all numbers lesa than 10. As ’
before, we assume that the domain of the variible is the set of
all numbers of arithmetic f@f(hhich the sentence has meaning,
aince we have not Indicated otherwlise. However, 1f we chose as

the domain of x; the set of all even numbers; that:ls, if

D (O; Ex u‘: EJ; ) ‘]!-*-
then the open sentence ‘

X 10>

I

would have as its truth set

T {0, 2,-4, 6, 8, 10}.

v * i
Lo T
L

ERIC
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3.3 0 ' .

gjggﬂ;’fz-tﬁé truth set of the open sentence . , ; -

n>¥g,

if the domain of x 1is the set of all odd numbers?

Check Your Reading
1. What does the symbol ">" mean? What does "<" mean?

i ]

What does the sentenca "x < 10" say?

If the domain of x '1s the set of all even numbers, what is

ol

the truth set of the open sentence "x- ¢ 10"? -
C s

Oral Eagrcises 3-2b .

'If the domaly of x 1is the set (0, '1, 2, 3, 4, 5}, what 1s the
« truth set fa%&éach of these sentences?, ™~

1. x> 2 x £ Q. 7 1. x +

[ ™.

*

[N W
Y
=

7 : 2. x +

W
L

X

I

6
7. x
8

Y
W
]
Jors.
Jond
Lk
m‘ -
—
b
_H.
b
v
(%]

k™)

Bx + 1>

s
M

2
3
4. b d
5

A%
=1
"‘M:u
E
+
h_l
[

Lo
u_.u
=

x + bx ¢

»
[
'1‘_(\
iz
E
..iL_
%
I
.
”_.I\
N

S | Problem Set 3:2b

Find the truth sets of the followlng sentences,

+ 4
+ 4
+ 43

M
I
Lo
-
v

1. 2(x + 2)
2, 2x + 4 >

£

o
N
=~
L1
+ I

b+
b + x

[ag)

il

b + x
X

£
=
[
iy
H
li
I~ I

()
Lo
a2
A%
*
—
=
M oy
=
- I
]

L]
I
™
+
=
L% T I v T

=
[
=
+
=
I
™
"
I
ot

{ + 2

AN Lea T o)
[Xn]
Ld
B
]
W
e
v
b

6 push BX‘

W
m‘
"

.+.
L]
™y
o

3-3. Graphs of Truth Sets.

As we have sgeen 1n chapter:. 1, the graph of a set, 5, of 7
numbers 1s the set of all points on the ﬁumber line that corres-

5 pond to the numbers 1In the set.

-

i
[N

97 o

L, -




3=3 '

Thug’, the graph of the truth set of an open sentence is the
et of 3’51. of the points on the number line whose coordinates
make the open senterce true. Let us see what the graphs of a

Stew open sentences look like.' ’

Sentences Truth Set + Graph

]

x> 3 All numbers
. greater than 3 U — — -
14+x<b All numbers O 1 .2 '
t \ ' from O to 3,
~ 1neluding O,,
not including 3.

o] |
Lt
I
I

All numbers ! i ,
greater than or e ——— @ - pua— -
equal to 2. o) 1. 2 .5

7
fsy(y + 1) = 3y ’(tgggj ,( 37713
=7 . [%3 . 0 1

W
A
nd

1
N

L
+
b
1

Lk
=<
I

i Y B
Wt Wy W
rd
NS N AN

O
N

(V] N}

g

x+1=x ' )

o 1 2 3 4 5
(Graph contains no points)

You will ngtice that we indicate that a point 1s 1n the

graph 1f 1t 1s marked with a heavy dot, but is not included if
r it is ciféled, The heavy lines indicate that all th?pointa of

that portion of tée number line beélong to the graph. The arrows

indicat‘é that the heavy llne is assumed to continue without end.
! Problem Set 3-3 ! )

1 E —_—

-

""‘7,‘“ e
[

Draw the graph of the truth set of each of the f:;}lawing open
sentences: . T 1

(a) (€)
(p) (g)
(e) (h)
(d) (1)
(e) (J)

b
I
wl
-
o—
I

B -H;,"ﬁ\
+ + ¥+
o oo W
H )
= o

ol

[
v
VIS
bl
A"
W
w—
=
Mt
58 wkd 3
T, W M
LS B = %

[

3
s 4+ +
2
M
g

[

28

1.
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oblem Set 3-3
rontinued)

Determine whether the indicated set of polnts._is the graph

2.
: : &{ the truth set of the glven open sentence.
i e _ _
() 24 x =14 A~
E ' 0 1 -2 3 4 5 6 7
(b) 3x &5 . ——
' o 1 2 3 4 5 6/
(¢) 2y =7 + - —
0 2 . 4
(d) x> 1 + -——4 —
(e) %<3
3. For each of the following find an open sentence whose truth
set 1s reprel3ented by the:glven graph. )
v F 5 2 -
- t )y . o
' Example: 'J; o 4 ft——+—— The sentence whose
drﬁ/g L repre : ;
trutfl set 1s represented by thils graph is x < 2.
. (a)y { ————————— )
o 1.2 3 4 5 ’
(v) e et
. . 0 : ;
c 4+
() *
(a) :
. ! 8] 2
3-4. Compound Open Sentences and’ thelr Graphs.
In mathematics we ET& often called upon to deal with L
gxpressidns of the followlng form:
n+1=5 and n< 7 -~
Your f{lrst imgtzssigﬁ may vbe that we have written two sen-
tEﬁQES}\ But 1if you read tHe sentence from left t&%{i5ht; 1t71s
one gcompound ;&ptgnge wlth the connectlve and vetween two
clauses. We shall use the word clause to mean a sentence which
is part of a compound sentence Tn the compound sehtence above
’ we call n + 1 = 5 a clause and n ¢« 7 a clause Each clause has
its own truth set. ) )
/
¥ I e
/ Iy,
ff} , ) ‘ ,

O
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! In sectlon 2 we learned that every Qﬁéﬁ sehtence has
assoclated with 1t a truth set. How, then, shall ‘we determine
tge truth set of the éompaundisen%énce itsell? We do this oy

) first Fihding the truth sets for the indlvidual clauses on each
-élﬂe of the connecting-word "and", In our example the clause on

the left 1is ' Y : i .

. n+1-= Pi . PR -

Do youl see that its truth set is

. - L = (4)2

The truth set for the ¢1&&%e on the Pight‘is

R: ‘the set of all numbers less than 7.
For convenlence we have used the letters "L and R to
indlecate ﬁhé*tnuth sets of the left and right clauses. To deter

mine the truth set ol the Lohpound open sentence we use two

~ideas. Flrst we say that a compound sentence with the connectin
‘word "and" 1s true when the left clause 1Is true and the right .

g

clause 1is true. OEherwi;é it 1s false. F¢r example the compound

sentence : N
b+ 3 =7 and- 3 4+ 10°= 13 :
is a true sentence but ’
— S

L 4+ 3 =7 and 5 + 10 = 11

iz a false sentence. Second, we remember that the truth set for
n

n
any open gentence 1s the set of all numbers which make that par-

his we c¢an then say that
i . ) e i
the truth set of a compound sentence with

tlecular sentencd true. From

ot

connecting word "and" conslsts of all those
B numbers and only those numbers which are in = .
Sy - - 7 ) ! -
. "both of the 1ndividual truth sets.

s =

e

is

nt in the set L, and if 1t 1is also
in the set R, it then belongs to the set C, wheére we use the

[

In®™ther wm'.dS: if an eleme

letter C to represent the truth set of the compeund open sén-
tence. If an element 1§y not in both sets L and R, then 1t 1is

not in C. How, Zhéﬂ, would g@u deserlve the. set C {or the
example Which.we have been studying? Do you zsee that the oniy

El

: s
* ) % .
‘ 1c0 L '
LS x‘%%



o,

354 a | ' 4

tlement in R whleh, is also in ' 1s the numbér 4?2 It should
tfhénr bé Qigaf that . . ‘ b

s ) N . ) nr A
Y v ., e o= [4] . . AX , ‘ .
As a further example, copslder the compound open Eéﬁténgé

. i 7 t
- - . )
X x5 110 € = 0 .
} > {

! 4

For this éxample et us say that the domaln of .x 18 to be the
. . - ——
f ol

d
set o é numberg. To rind C, that 15, to find Bhé truth get
P’r}the a@mpaund sentence we {ollow the process used ah§5 53/
Sﬁemembéfljg the meaning of the symbol "}ﬁ we see hat the ;&Efﬁ
* . 7 7 B
, set for the clause bn the left 1s -
. ‘! . L - - = ~ *
’ b = [31 6;-71 7 -J 3
See ff you also agree that zﬁa truth set fDP the ciaﬁse orf the
right 1s ' e C e
R = (0,1, 2,3, 1 5, 06,7, 8}, '
What 1s the trurh sel ol the cor pﬂund sentence? Do you agree:

yuld ve C = (5, 6, 7, 8)2 This 1a the truth set. of

o
und sentence vecause these are Lhe elements that,are in-

= i

As we have polnted out belore, there are some open sentendes
which ‘have no truth numbers. Thelr truth set, In other words, 1s
the empty set,. Thlis can also happen in the case of a compound

%EENFEHCE Here 13 an example
- n+ 27 and n < b

The trUth set of the lel't olause 1s L = [5). 1Is the number 5
an elemennraf'the truth set of the clause. on the right?l Since it
is not,'we'see that the truth sef ol this compound sentence is @

f

wWhen 1s a compound sentence with connective "and" true?

-F”C' o

When s 1t talse?

3, The truth sey} ot the sentence "n + 1 = o" 15 {4), and the
« truth set or ™ r"ois all numbers lcns than' 7.

What 15 °the truth sel ot "n +1 = % and n < 7
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Exerclsges

3-ka

1

Is the sentence

sentence "8 - = 7" true?

"8'-1 =

Is the

true?

2 Is the senténce "13 - 7 = 6" true?

St 25" true? 1Is the sent
1

25" Why?

+

Tell whiech of' the

e,

]

~J

ja .
o
%

which are rfal
(a) 8 +19

. (b). 16 £ 8
;((;‘) .37+ 8

(d) 5 + 8 =
(e) 9 x (13

Let the doma : X Dbe the set

the truth :

(a)
(b)

1
8
= 45

+

3
=

1
*

[Nyl

X = and x

X = 3

Problem Set

Is the sentence

5+ 4 =9" ¢t
Ts th

ence "1% -
1

t

M

=

T

re

af whole numbers,
es?

and

compound sentences

oo
e
—~J

+
[P

I

e
ol
i

",

7+ 2 #£9 and 8 = 10
e) 7T+ 2 =9 and 8 £ 10
d 7+ 2 =9 and 8 = 10

e & o= 4ot and 3 + = 4
£ o= oy and 3 + = 4

P

Wi
A
=
-

T T e T
P o g 8 o ] 1 ]
i N I d

)

e e = B S R

[#5]

b

S|
|

-
A

=t

O
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H
i
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Why?
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Froblem 3et %-la v

(continued) ‘ .

P
oy
L
+
naf
e,
i
W
o
oR
+
2
""m
o

(1)

(%
+
Jun]
"
L
k4
Ik
5
(o)
=
i
I'”'Jﬂ 1k
P
!
1

2 Let the domain of the variable -be the zet of whole numbers.

Find the truth sets of the following compound senten

es .

Pl

L

>
< 7 - and
L]

n =

X
X

oo

4
I T T e
)
o™

oy

o

1
n+4%=6 _"and n < 2
N :

I

™

M et Mt et e T oy
I
i
i)
bu]
1L
o
1z
Ty,

We have Just studled compound sentences connected by the
0 e

word "and". There 1s anot
which we =2hall now s

1
connecting word "or". For example,

~1ls a sentence ol thls type. To determline the truth set of this
type of sentence we Legln the process as before. We must first

detef™nine the truth séts offthé individual claltises to the right

1

£ , T - e '

and left of the connecting word "or".. But here 13 the difference!
ne W

If our compound sentence has the connecting word "or", we say

that this type of open compound sentence 1s true 1if elther the

left clause)is true, or the right clause 18 true, or 1f both

i

clauges are'true. Otherwlse, 1t 18 false. For example the

compound aenftence

1s a true sentence. Also the compound sentence

ERIC
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b4+ 3 =9 or B+ 10=9

=i

tells us that

i

is a:falze sentence, Thi
the truth set of a compound sentence wlth
Ehé-caﬂneq}iﬂg word "or" ‘consists of all
th numbers whilch’ a@i in at least one of

g) the truth sets of the Indlvidual clauses.

nsider the *‘E;{ampl&
X+ 5= 7} or x > 10.
I we.examlne the Individual dlauses to determine thelr truth

seta, we see that

X+ 5 =7
has the truth set ) - ’
L= (2)

The right clause Wfs the truth set

R: the set of all numkers greater than 10.
What 1s the truth zet of thﬁféamp@uﬁq sentence? Do you see that

1t can be described as

i
C: the number 2 and all gﬁ@be&S gPeatEP than  10? /
In other words, we Include the eslements N >

elements in the set R.

Az a second example, conslder the open compound sentence
Xx>5 or x4+ 2 =10, —
Here we see that 'L "is the set of all numbers greater than. 5.\
It should also be clear that , ;@i

- R = (8.
In this case the number 8 15 already included in the tr‘uth set
of the left clause. 1In dsg?ribing sets we do not count an

element twile Theref

o)

re we can say that the truth set of the
compound sentence lg :
' C: the set of all snumbers greater than 5:
These ideas will become easler to understand as we take up
the study of graphs of the truth sets of Eamp@undf@peﬁ sentences.

sheck Your Reading

1. When 1s a compound sentence wlth the connective “or" true?

-

K8

J

When 1lg 1t fals

IF—T
m

c

=
bel
L=
“
@
.

11..

e



-y

Lhe

Which
Why?
(a)

O
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sentence

true?

sentence 3" trua?

2 = 96" vrue? Is the sentence "22 -

i

96"

Lrue? gwn A

or 22 - 10 = 12 i
16 .
or = &

s
%

e’

demain thie zelb o

Lpabh sob following

s Looor X = (r hx =
by boge = 2 () 6% <

o 2= op o1 5 bx

Lruat

ot

ES
T

i

i

q"

trus or

whole numbers,

zentence

8 or
2 or

Tt

[N

T

YWYhich

,-n
il

o

"
¥

ot

= =

1

[




Froblem 3et 3-4b

(continued) N

el
Il
pt
-
.

,
hT

or !¥{+ 1.

o
o

et
"
+
-
o

Il

L
b

]

(1) (8 - 5)(5+8) = (8+ 5)(8 - 5) or t5(5) = L
) A ((0e))(2)

2 Deserive the trutph sets of the foli@wing sentences:
) .
(a) x =5 orx>6 4) x <5 and 4x > 20
(b)) 3x <« 9 or x =73 e) Zx < 1 or 2(3x + 1)
N (e) 2x > 4 or 5x < 10 i
= - i
3. Which of the following-sentences are true when x
(a) "3x =< 2 or x+ 9= 17
(b) 5 5 and lx = 2
%
(¢) 3x - 1 =23 or 2x'» 16 ~
(d) 2x - ¢ 12 or 2(xz + 3) < 22
() 10 Ar Qx = T2,
, . _

T

Graphs of truthsets of compound open sentences prese

speclial features. For example, conslder the open sentenc

5
& N L -~
¥ o= e T X =2

The rlght and lert clauses of the sentence aqd the cor

L1

grapha of thelr trutn sebs are: . b

—
I
I
o
Y
g+
B4

—
,,
o
‘/.‘
N
L
N

O
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Remember 'hat 01 compound

o gentorneo

or equal feo 2,

rompound Sentence

= o 3
LA Nr =

b L

o1 Lhe fLruth

v : ke 7
PLoioeaws U : 0 rie L ol Lthe szentence .
it .
- el
.
2

X 1
I
_ |

oW draw Tne o

of the sentence x > 4",

+ e S = — >
0 i 2 3 5 6 7
L o Lhe we now

rompound sentence with ©
1

Loownleon

O
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g .

© i
Z;Ji = - -
1. [ow do we i
= .
3.
5 _
the truth szetz BF the following compound
]

1. = 1L .aor x> 3

¥ =3 or x.9 3 .

= i

3. X >
L, x 6

® £ 3
a, I op w o= o 7T or ® ;:-.fr’:g
7. Toooer xo= 10 9. m =15 or % =3

-

8. 7 oar ® o= 5 1. = e % £ 3

What ls tne =ruach ol an sentence such > 2
and x < 47

LU 2 ol

\
#




the numbers

graph of the

ween 2 and 4
711 othgr numvers make

truth set of

o

(N
-

-

[

éx]
byl

C ommon

-
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3. What
graph
truth

1 WLllé;hé numper © ve in the truth set of "x < 4"?  Will
the ;:,:»Dlnt labveled © we on the graph.of tHe truth set of

g
s
o
o
=
-
g
VT
Wt
"
-
o
Tt
o
o~
-
N
b

.
2
el
U
IVid
-
heh
E
g
(M
nf

- the grapl

-Draw the kraphs of

.
o
o
=
o
M\
£
T

1. x =4 and x £ o &,

o, x =4 and x > 2 7 X

—
s
=
~
[STEEN SN
L

=
M)

]

I,

o
i
[

L and x o 2 5.

g i x > M and x < D 3 and x <N
x 2 x < 2 and

]
W

nd

‘ﬁ‘“ﬂ\
B
]

=
o

(\ To zave wordsi, we
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% 7 ] -
Sk ( ) ‘ .
recall what 1s really meant py the descriptlion. In the same way

we shall find 1t converrtetit to speak of the polnt 3, or the
point %, when we mean the polnt with coordinate 3, or the polnt

- Wlth coordinate Whenever there l1s the posslbllity offconfu-

:-2 .

slion, we shall glve the complete descriptilon.

Y
In each of the following sengggaes (a) write 1its truth set (b)
¥ - ?‘E °

draw the graph of its Lgﬂfa 5%%
1 X=2o0orx <3 X < 3or x =3

1 5o
2 X =35 0r x + 2 =5 11 A 3 and x £ 4

&©
3. x=2and x +1 =4 12. x> 2 and x #2°
b,ox 4+ 1 1. x > 2 and x < 2 '
5. x =2 b, x> 2 o0r x €2
6. x + 1 15. x = 3or x <2 or x > 4
7. x> jfar X =3 16, x =3 or (x < 2 and x > U4)

4 ~ -
8. x >3 o0orx-=1 17. x < 3 and x > 2 and x < 4
9. x'<50rx>7

. B :
Summary

pers. e
F

han or 13 equal to'

"s" says "is greater than or 13 equal to"

An open sentence 1s a sentence contalning one or more J

varlables.
f;‘j )
The domaln of the varlatle Is the set of all numbers f&@m A
Lol i

1
which the value ol the varlavle may be chosen.

L

ERIC
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‘Summary A
_ (centinued) -

The tﬁu@h\sep of an open sentence contalning one variable 1s
3 A

I
numuers in the dorfain which pakes the.

ot
=
[14]
I
i
et
-~
C
[
i
“‘_..‘
”,_.J
B
i}
i

1la,

f numbers

\’U

sentence

is true
set of
the sentence -
‘The graph of & compound sentence with connective or 1s the
; 25
set of all polnts welonging to at least*®ne ol the graphs of the
two 1ndividual clauses,
The graph of a compound sentence with connective and 18 the
. set of all points which are common to both of the zraphs of the
Individual clauses
= Froblem Set
7 1. Determine whether the glven value of the varlable 1s an
element of the wi the sentence
Ly U
-

e
]
] =

pd
P
™

s
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™y

+

8]

.11

State the truth

and draw the gdph

(a)
(b)
(¢) 2x =3
“(d)
(e) 6>t + 3

(£)

ﬁg) X + 2 =

Z

54+ v

If A and B are

5.
determine which

(a)

(v)

B
D

A or
A or

O

ERIC

Aruitoxt provided by Eic:

+ B z%}

L
Review Proklem Set
(continued)

1% and ™.t W <

)
(g) =+ 2m = 5§

10 =0 or 2x - 6

or
and

() 2x < 1 and 5% >

]
b}

Fer ol each of

Leuth

the followln

W

(n)’

ot each

L

[
A%

%

ct

]
I

Ll
P

and 5 + t = 4

+  +
T oo
S
~1
\m‘
o
jo

or

L+ 3x

I Ry
pag
4

3
=

4

True

ol

cr



C

8

O
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‘or D
A and B | (

or C .°

or,§ -
and D

-——

)
) B
)

—
D T S

o

owing expreasions 1 a 1

=
"
b
o

tar

o =

which ol

ir

Determline
the varlaple

b, 10%:

= ab = ha

countling numbers, -W 13

ol

numLers

or

lowing statements are

Lt

-

(a)
C\j)
(2)

Use-tne

o
"

(
o1 -h (e

L (1

W

1

)
) »
)

is
C is

muluiplicatlon property ol one to change the names

Lhe numbe: aon the lei't in the way indlcated.

L AmMpLe:

qx_

of



. ! 4 o
- ‘Review ‘Problem Set i .
, s :(caﬁtiﬁued)
: 8
() gx—=-5 () I E

10. We have agreed oh a certaln order. Qf aperatians in problems
_which involve both addition (or subtractian) and multipli-
" catién (or division) Write a common. name for each of the

fallowiﬁg_r _ ; ,
() 16+2x3 (d) 16% 4= 2.

“fb) 16 - 4 x3 (e) ui,_gr 3
(¢) 8x3 + 2 (r) %_ :E x 7 ¥' L -

11. Use the distributive property to write the following. indicated
sums as Indlcated prpducts and indicated products)as indlcateﬁl

F .i Sums ‘%-;
¥ ey 3000 +.3) (a) 3a 4 sa
vlp)y 5(8)+3(8).  (e) 5a+5p :
P (c) (4 575)6: (1) a(6+b) "/f
1 v d : 7 B ’ £
/é . ¥ 1' ¥
A - .
..7 £ ? -
s ’ ’ o
¥
1 )év
3



;ﬁ‘ﬁ*TV : . Chapter 4 ST

T " PROPERTIES  OF OPERATIONS.* ~

sz 41, Identity Elements.

] Ea—

What.are the truth sets of these open sentences:

“ ; ' o : 5 { = 5

+
»
i

N,

+ W
o
1
o
i

2

P W AR
-+
<
(]
"o

i
+
o
Il
2
3

Did. you find! that the truth set of eaeh sentence 1s (0)? .
What values ig) n make thid sentence trues ’
. ' n+0=n 2 .
» xéan you find any value of 'n  which makes this sentence false?
.~ This sentence 1s true fér every value of n. A
Here we have an interesting pf@perty; called the addition
property of zero. We can state thls property in words like this:

JThé sum of any number and Zero
1s ‘equal to.the glven number.

We cam state 1t even more briefly as follows:

For every numbem a, a + 0O a.

When ‘we add zero to a numbe?t the result 1s always ldentlcal
with the number to which we adde =zero. Therefore, we call zero
the ’

identiﬁy element for addition.

Check Your Reading

1. For what values of n 1s the sentence "n + 0 = n" true?

State the addltion property of zero.
3. What is the ldentity element for additlon? What does this

4%

mean?
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Q] e s . e

==kl i e i R e = e—r e

& . Oral Exercises Agla sff_

Find the truth.set of each of the following open sentences g

e ‘igj Loy y=14 f;; 6. U4 + yee 5
" 3. a%0=F0 ¢ o 8. b4+0=h , "
b, 1+ x =1 : 9. alo)=0"" .. %
com - 7 ' h - .
5. 0+b=7 - .. -+ 10. a+1l-=a ) '
*" 7 In Chapter 2 we saw that 1f a number is multiplied by I,
Lo the result is equal to the given number. A
‘ ng can we te the multiplicatian prcperty Df one mgreﬁ'

bPiEfly ‘than we did terore? Ferhapg we can do this Dy ﬁsing é Y

=

variable.v For what vaiue? of a is

a(l) ugLy$ -
Ao . E c it :
_ -~ a true sentence? It '1s true fhr every value of the vafiabré a.
. Theref@re we g£an state the mg;}iplicatlan p;qufpy gifgne as
follows: T .. .
For every number a, a(l) = a. : .’

Because the result of our multiplication 1s always identical

with the number we myltiply Dyjané, we call the number one the

ldentity glgmént,Lgﬁrmg%gipllgatian;

You rememuer that the numbper Qne can be given many names.
For example, all of the i{ollowing. aré names for ohe:

.k

Lz 6 11 105
w3 B I 105 .

We will often”use names likf théé& for one.. But no matter what
e

name we -use, the number one lE;LHE identity element for multlpli-

catlon. PFor lnstance, = [ -
; ) Y
- ”n(TT) = [I| 4
i3 ust another way of sayving
”T‘(i) - I‘l”
8 .
118 o
b LEE Tl -
l;;.;g &

O
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This sentence is true

property of zero.

This

- Can you find a number m that willl make this

for everg.number m. -

property ol numbers

.

Any number tlmes zer

For every numte

is called
Here 1s how [t might bLe stated in words

- We may also state 1t like thils:

sentenge false?

the multipllcaticn

quals zero.,

[e)
T

\ Check Your Reading e
1. For what values, Qf -a 1s the Eentence a(l) = a" true?
2. iState the multipllcation prcperty cf Dne.
3.° For what values af ‘n 1s the SEﬁtEﬂQE 'n(1)== 1" true@
o . . .
4. what 1s ‘the identity element fDP multiplication? WEat does
this mean?
5. Wh_a{t: are some other names for™® 17 o
R _-;a. .' ) ] = ‘ ;. . v
Feoag e - i Lt
A Oral Exercige; M—lp Lo
Find the Eruth Eetg of the i@llawing open sentences. -
1. uxzugij 5. 2m+é:_4 9.  m ¥ =
o, 2t 6.- m(1) = m 10. m(S)
575 | ,fy | .
- 5m ¢ . \ =
L3 ===l (1)m =m 11.- 5m = 0O
b, .Bb = .8° 8. 5m = 15- ;
Look at the following sentences: ) L
» {5)0 =0
(3)0 =0
' o (0)o =0
 (m)o =70 ‘
Do i@u see that each time we multiplied a number by zero, thé-j
result was zero? Notlge especially the last sentence,
(m)o =
: B
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2 . : - Check Your Bé;g;gg’

1. For what values éfi‘m is the sgﬁgéﬁee

3, If a'= "0 opsb. = O, what-do you know aéggt

We have now studied the iallawing prapertieeg
name Gf sach one?

1. For éyery number x, X + 0 = Xx.

2. _For g%ery;ngmbéf x, x(1)

"
™

3: For

]
o]

evervlﬁugberfixiqx(Q)s

* K ¥ -
< EA

The properties -that we have studied are
look at some ‘examples that will show some of

used. b

Example 1. 'Adg the fractions £ and

e

B0 3o 3w+ 30

)

B
o

i
open
s

_|_

: 20 . 9

. : - -1 3

- 29
L

Do you sec that we could have used "48" as common
1 it
‘ = JR—

2. State the mult&pligatian property of zero,.:

'm(0) = 0" true?

"I..“H

Can you give the

7 FELs

2 ¥

i N ‘o

»
Let‘s
the\waya théy are

very .useful.

'dsnominatar” In that case we would have used g

and £ as names for 1.

wnat 1

[

Iro

L
= ;
o

£

a common name {‘or the numoer



. Ce 2,
- . : - s
i

oo We use the gg;ﬁipl;;at;pﬁ property of one and multiply

Y
L
»

o

| HE‘ =
= :I—“n =

¥
[
‘ “_.l;
«%
v W
[
PR

e E
"
g

|

ol
>
M

~

. _8
- —'1 3 2
. Colg

L

g ’ 8" {5 a common name for the number

™yny”

“ .. Yny did we mulgiply by
by’ %, which is another name for one? Do you ééebthat’

this would not have given us the common name "8"2 =
‘Example 3. VWhat 1s a’ common name for the number
- ,

i

i

I

" .. "lE\" o . 7 ”
hy 1is i5 used for one?

5 {

I

hJ

s

Jf=em
T
&

2

L
"

g‘yl’u*.
[~
pia
o

=
Thvs, a common name Por the number T

et
u"“ﬂ'
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? What if we had mpltiplied

4

3



-1 ' ' 7 ‘ ) | s

o)

_ g éheck Your Reading
1. Show égk‘the multlplicatioﬂ pﬂaperty of one is used to add "

. 3 o b o ’ .
gand g L o
can be written in,a’ simpler way by ~

oy

2. Shaw;haw the number ——

15 s
; 2 % o :
usiﬂg the multiplication prcperty of" aﬁe N <J>- e
* *‘:.— 5 L
. ;}31 Shaw how the number —%— can be written in a simplér way by

|

T using the multiplication property 0oi one. What 1s the common

dencminator? Howlié we choose the torm of the numeral for 17

J Qral Exercises b-1d o
oo . L -

Use at least one of the tollovwing p?cpé?tiés, the addition property

of zero, -the multigjication propesty of one; or the multiplication

Eﬁpper;xrai zero to do these EXEFCigESi

kY . .
1. G*ve a common name for each of the fa1law1ng and tell which
pfcpcﬁties are used . R
(a) 6 + 0 » : (e) (2.81)(1)
(0) (125)(1)% (£) o(5 + 6)
(c) (5)(0) ) 1(5.2 + 0) v
... 5 s
d =+ 0 .
(4) 3
2 Which of the fﬂlléw%ﬁg sentences are true? '
L. (3) (8)(o) =0 (e) (v)(0) =0 .
(o) (9)(0) =9 (r) (1)(0) ¢ 1 . “
() (15)(0) # O ‘ (g) (1)(9) <8
(a) (B)(0) =0 co(h) (1)) =2 "
3. Use the-multliplication property é{ one to change the names
of the)glven nuncers on the lel't in the ay indicated
oy 1 10
(a2) TN T T IE ¢ () =X =3 ¢
2 e = : gy Mo Tl
() gx—=13 (4) §x—— =35
= 100

[ -
f S—
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Oral Exercises 4-1d
. ‘ (continued) AN
x . 2 -
(6) gx—=35 (8) g5Tx— = 3(; + 1)
2 . ‘ o b : ‘
(f) $x—=5 (M) §x— = o573y
ifi' sgPI‘DblEl‘ﬂ; Set 4-1d ]

1. Write'a simpler numeral for each of the fallqwing and indicate
what property was used : '

(}') (m)( Dk o (c) n +;0

(v) (b)(1) S (d) n4x ’ , '
2. ﬁhi.eh c::f‘ the fallawing S%ﬁﬁéﬁcés are true Yor all values of
\ tfh'e variable‘? ’ ‘
@) @ sy ., - @ mso=o0 o )
(0) (1)(m) =m ef m+1=m 1
y ., 61'“ E x\ - - -Z
() 1 32(m) £ m e PereenlT
3. Use the multiplication property, of one to change the names of -
the numbers on the left in the ‘way indicated'i e
= s; ;La ) - _ e £y 3 .
" -j(a) ‘S—x -5 (d) X = = 30 e
R ME ek Yax L s
[ & * - Lo ' 2 =
@) Ex—em ”%ﬂ?
m : a . o
(Q) ;X§=§= ) %r)gxgéﬁ
- ’ W )
() 2 x,—= 2 <
'k, Use the mﬁg%tipﬁiﬁieét;gﬁ pﬁxfﬁgpefﬁ’y g_i‘;éie to complete the *
.following so that they are true sehtences . |
"}"! . 3
f 3(__ 3 _ 3 i 1, 1, v :
(@) f—)+g-g+g () ) i) sm
. B -
[ 5> .l _y_5 C e ' _
b4




1

B B

- C Problem Set A-1d
(contirued)

e N 1]
—
[

1
(6) () = L (g) —
3 . . )

(f) Eégiﬁ“éi) = a, N A
3 = e C : ' .

5. Use theeﬁg;;iplieation property of one to camgléfé the

7 following so that they are true for all values of the
- " varlables. The domaln of each varlable is the set of all

numbers except 0.

——
|
. e
]
[
i

() 3—) + g5 =55+ & SN
: 1 FR-

(0) Fel—) + 35(—) =

,ET

,\
o)
-

;MH{T kﬁkm&w
R
i}

6. Use Lhe mplfipligatian pfoperty of one to find a s mpler

numafal ior ‘each of the fallawing numbers:

.=

“(e)

o

(r)

o

Wik ofn dw
..H.

[ [V I Y| \q,m

m\l\w—ﬁlqw ml‘w—'w [
i

4 N : T .
-

7. Find the truth sets of the llowiﬂg open sentencesa:

m
R
il ¢
+
2
[
o
~J

(a)\(o)mscz B (1) f+.g:

(o) 9a = 0.

H
o

(5) %(b +3) -

et
V]

(
(
(¢) 2a =2 (
( >(a + 5) = 16

~
miw

(d) (1)m =1

' . — = =

§




i -~

"’: o

I

]

-

.
L]

You have been working with the numbers of arithmetic far
many years. !cg;bave alsg worked with certain operaticns on these
ﬁuﬁbers For example, additlon and multiplication are Qperations,
and each of thase Qperatians is performed on a Eiiﬁ of imbers .
willl praduce a third number. For éxample, if ,?nﬂand 3 ‘are .
chosen, the operatlon of additlon produces the number 10.
, 7 and 3 are numbers . L j
* 7 + 3 is a number. ("10" is another rame
. . . afar this number. )
If 3ﬁ and EE are selected the operation of additian prod “e3 the

- number - 5% . N
. 3

1
§§ and . EE Jke numbers.
EL + 2+ 1s a number. ("5%" is another
-2 L AT
. name for this number.) .

;,i * L. L i: -
In fact, no matter what pailr is chosen from the numbers\ of

ﬂ:arithmetic, you know from your earlier wark in mathematics t
thé operation of a‘?itian will produce an@ther number of arith=
metle. We can use varlables to say thils, as follows: .
If a2 and b ,[represent numbers of aritHmetic,
thén a } b 1s a number of arlthmetic.
In a similar way, the operation of multiplication produces
a number of arithmetle for any palr of numbers. For example, 1if
7 and 3 are chosen, the @éerati@n of multipllication produces
the number 21. ) '

7 and 3 are numbers.

7 = 3 1s a number, " 1is another
numeral for it.) Tj
1 1 I =5
\ 3§- and SF are numbers. -
(5%)(%%) 1¢ a number. (W” " is another

numeral for 1it.)

we ‘Gould continue pleking pairs of numbers,”but you already
';kﬁcw that for every pailr of numbters, multiplication can be

ERIC
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:pEFfDPméd; producing anotherjgﬁmber. Usiﬁg the variéblgs a and

!g,

e “9 A 5" can be done but "3 = 7ﬂ cantt, (Do you ‘see why?) Can

42

=

b, we can say: \ ¥ 2
f " If a and b represent numbers of arithmetdc /
then ab 1s a number of arithmetic. » ' )

Thus, whenever a and bt represent two numbersj‘we have a
perfect Tight to say that, .
a +tb 1s a number and ap 15 4 pumber. .

hall .find this way éfgpa&king very useful. As another e;émplé,

suppose Xx. represents a number. Then do you see that we can say

. ) Zx 1s a' number, .and ,
%, - 3X + 5 is a number?
With subtraction the situatian changes . "The subtraction

'ié be subtradted [rom 107 So(yau see that in arlthmetie %ub—
traction sometimes can't te done. DivIsion 1s another operation
that sometimes can't be done. There 1s one number thgsi:anlt be
divided into 1. Can you remember which one? Thus with the
numbers of arithmetic the operations of addition and multiplication
carr always be done but subtraction and divislon sometimes can
not. Later on in this boék, when we go into a larger system of
numbers called "thegfea% numbers”, we will be able to do any sub-
traction in this larger system.
There are times wﬁéﬂ we work with a subset of the numbers.of

metle. For example,‘Oﬂé such subset, is the set of counting .
numbers_ ,
: i
(1,2, 3,4, 3.3

The variables a and

b . might be used to represent two members
of this set; that 1s, a and b Fepfesgﬁt ou

counting numbers.
Then a + b .represents the sum of a and b, and we know of

Rcaur se that a + b 1s a numpber of arithmetic. Is a + b also

i

a counting number? Below are {)h‘f‘éé examples:

If a 1s- 9, bL 1s &4, a+b 1is 13.
If a 1s 5, b 1is 5, a+b 1is 10
If a is 1, © 1is 186, a+ b 1s 187,



y-2 - : S
Notice éaeh time thAt the sum 18 not only a number af:afithmétié'

but 1is also a cauntz}g number--that 1s, a number from the set’

with whicn’WE'stafted, IniTaetj though we cannot show every case,

if the variables ,a and b represent aﬁyjtwo counting numbérs,

» .then a + b 1s also a countlng number. TPhHis fact 1s expressed
bf-éayihg that . L

thé counting numbers are gYosed under addition.’ .

- To get A better idea of what "dlosed under additlon" means,
i . , B .= ~ . s :
let us look at another example. Lef us_.conslder the operation of
addition together with the set jg [ﬁ ;
i . L Ry
— T
* A =104},
wﬁich 1z a subset of the numbers of arlthmetic and has only two
elements. Is set A closed under addition? In.this case, we can, _
actually 1ist all possivle sums: : ;g '(;fss
0+ 0 0+ 1 . 1+0 1+ '
® Lo , t ’ . ’ .
Each of these sums 1s a number of arithmetic of course. But 1is
each sum also a member ggfaﬁp,i (the set with which we started)?
The answer is "no", because the number 1 + 1 (or 2) 1s not in
set A. So, set A is not closed under addltion. ,
Let us conslder the operation of multiplication together
with the set \
’ A = {0, 1).
. ) _ . =
Is set A closed under multiplication? This time we 1lat all,
. &~ ; -
possible products’instead of all posslble sums:
. 0= 0 0 =1 1 =% f0 1 = 1.

All of these products are numbers of arjthmetic. But are they
all members of set A?  Simpler names [or these p?@dlgts'afe! in
order, 0, 0, 0, 1. Each of these 1s a number 1nh set A. Therefore,
set'A 1s closed under multlplication. \ ‘f

Notice that-when we speak of '"closed", we are speaking o

Ky

a%

o

]

.8et of numbers together with an operation. The three examples

Tt

above may be summarlzed in a table.

ERIC
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Gelge . SED OPERATION -
B _The set 13 closed
under addition.

{o, 1] addition The set 1s _.ndt closed
' under addition.

{o, 1] multipliéation The set is closed
\ under multiplication.

Counting numbers . addition .

For a final exaﬁple in thisYSEgtion; let us return to the
set of counting numbers. Is the set of counting .numpers closed .
‘under division? Since there 1s an infinite number ag eiéments,
we cannot list all possible quotients{; But some exaﬁples may )
glve us an 1dea as to what the .answer to thé question 1s., Lét

T I i :
. T =2 . .

The number 2 1is a counting number. -That 1s, the result of
dividing the counting number 8 by the counting number 4 1s
the counting number 2. Thils might lead somebody to say that the ,
counting numbers are closed under division. However, suppose we

select the numbers 5 and 1Q. .

—l -
e (%l

1s a number that 1segot 1n the set of counting numbers. This
means that the set ol counting numbers 18 not closed under
- division. ' ) .

Check Your Reading

[

When 1s a set closed under addition?

Is the set*of countling numbers closed under division? Why?

2
3. What is meant by "the set of numbers represented on t@é
umber Iine is closed under multiplication"?
4. State the property of ¢losure for addlition. Do the same for
multiplication. ‘ ‘

Oral Exerclses 4-2

. 1. 1Is the set &f all even numbers closed unaer wadition? Under
multiplication? . A

ERIC
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. ~ Oral Exercises 4-2 - Loy

(continued) :

2. 'Is the set of all odd numbers closed tnder addition? Under
multiplication? -

3. Is the 'set of.whole numbera closed under addition? Under

multiplicatiﬂn? . .

Isa‘the set of ratlonal numbers cloésed under additianv. Under |
multipliaatian? : - ' yooT Y !

Which of these sets are closed under division?
a) counting numbers

(b) whale numbersa greater than &4

,cg) even numbers excluding zero

(d) rational numbers excluding zero

. : Praélem Set 4-2

ﬁi For Bach of the following determine whether the. Set 1s clased
- under addlition; subtraction; multiplication; division. If yaur

A.QHQWEF/iﬂ any case is "no", give an example to support your

counting numbers ’ ’ o/
(b) whole numbers greater than 1 (
L ) ratignal numbers excluding zero ]
“E; /(d) even numbers excluding Zero oy o
©~ . (e) odd numbers ’
“+ (f) multiples of 6 excluding zero ‘
Wt (g) rational numbers that can be represented by fractions

o with denomimator 3 and numerator a counting number,
(h) rational numbers that can be represented by fractions:
with numerator 3 and denominator a countlrg number.

2@ The set A 1s Eiven as A = (0, 1)}. Use the addition and
multiplication tabléﬁ glven for A to determine whether A
- ™13 closed under t;g e operations T

4 -
{ - .
! : —

+
0
|

o~

L
0
I

— ‘O‘
ololo

X
L0
i
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: Problem Set 4-2
= - {(continued) -

-

%, (Consider the set B = [0, 1, 2}. Is thils set closed under

multiplication? Under addition? (Rem an element may

| v |
T
-~ 3
0T
3
T
[1]
L wl
e

i; multiplied vy, or added to, itse

"+ Let us thlnk of the symbol "*5 as 1indicating the operation
"take the average of the two numbers". Thus 8 *’1@ =9,
.Which of the f@ll@wing sets ol numbers are closed under the
operation ”*”?' K
(a) The set of c@ﬁnting numbers
(t) The set of odd numbers
(c) The set ol even numbe s
. (d) Tne set of rational numbers
(q) The set ot numbers of arithmetlc greater than 2
5. symbol- indicate the operatlion "take the first
i of number) Thus » /A 9 =3 and 7 A % =7

the tollowlnf® sets ol numbera are c¢lo

IIAH@
counting numbers N
whole numbers

ratlonal numbers

S

e

numbers of arlthmetic greater than 3

re multlplicatlon and addiﬁi@n_pables of a set C whose
are shown 1n Lhe Lop horizontal row and In the left

—+

einch tavle. I8 the set C closed under multlipli-

Under additlon?

2 T = o )
’ a a c d b a a a a a

[l
L
I
Lo
\:‘L‘
D
b
L]
(=2
]

\ ~ - 1 o ] -
J i a C d a d e m
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r the operftion of

pou
b
Ty

in Proulem 6 commut:

-
)

2, we discovered that addition iz commutative.

r
The following true sentences are examples of this property:

T
+
il
~1
4
LT

I
il
1
i
i

i |
I

follows:

What we are

a LGrue

For example,

oon brue coenbonos,

“m  and Yn  are number

every o oand B, we know

and n. Ferhaps the

ERIC
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aftf'ect the sum. So we can state,

s

any two numbers, the order in which



O
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F
Here are a few more exanplos

= b + oA
oo
= 2Zn -+ 3m

commutabive property of addltlon: : .

-
fec
[l
=
ol
[

: . Check Your Reading

1. State the commutative property of additlon. o

2, I m and n are numbers,

Lrus

¥Whilch ol the

.d_
+

1. 2c

Proul

i)

™

i

for 11 values ol the varlables?

{ hro+
& % = 9 .

e LItUe

AnSWer.

F.o(m o+ 2) v o= o (moe )

tor all valnes ot the varlables®



o .
3. 3(x ¢y)+ez=2 T
b, (a+b+c)+d= ’
/5 (%a + 2b) + (2m + b 2a) -
Below are ;
kO
addition and mul
Chapter 2:
[ 4
k(5) = )
conmutat prope [‘ty DL nm%q;lpllﬁatujn
3+ (24 7) = (3 + 2) &7 an amplp that illusthates the '
. /. assoclatlve property of additiom

"3(2 x b)) =.A3 x 2)4k an example that 1llus tL‘itE‘E’:\thE"
slative property of” multipliecatiyn
3
N

\
i"\

We nave g e juast one cxample Lllustrating each of these
pronerties fact, we could use any

numbers to 11w

Wle usually cbat:

Lammutat LY

2t Multlplication

\H
o
[

For evory nushoen +a  and every number
+ : "v]—(b) "; b(a)

ol Addition )
—f

; . B 5 =
a, cvery nuiber b, and . /

o
R

~Remember that '~ be  meéans e

also use L -c¢ to mean "b times o',

because there lsz a number ¢ pguch that the

-
s

ERIC

Aruitoxt provided by Eic:



u";%\ ! . ; (i'
glves bec. For the same reason ¢ 13 a factor of bg. TFor
. * example, 4 13 a factor of 12, Why? = ‘

Check Your Reading

[
La

State the commutatlve property 51 multipllcation.

tate the assoclative propertles ol additlon and multipli-

I
[0
[ ]
. 1

ion.

g

a

*

3. Show the application of the commutatlve property of multipli-
! Yz + w)", '

catlon to the numeral "(x + y

b, Why is 4 a factor of 127

Oral Exerclses 4-3

o
o

=TT Wniech of the following are true for every value of the
» varlable (or varliables)? Which of the 4 properties helped
you reach a declslon?
(a) (3) + (a) = (a) + (

(b) v (2+ %)= (c+2)+h

Lad
Ry
0

—

(¢) m(2 x3) = (mx2)x3
(d) ms = sm
(e) ms = ms
(£) %+ (v + 2) = (xy) |

(g) 5+ 8x = 8 + 5x

[n]

y + 2)x

il

(n) «(y + 2,

(1) m{n + 3 + n)m -

et et
§ I
I~ e e,
LN

(j) (2 + x) 2+ y)x
(k) m(2 + 1) = g(m + 1)
(1) (uw)z = uivgg)

‘(m) -(2a + ¢) + d = 2a(c + &)

(n) 2¢ +b=1b+ c(?)

O
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2. Use the commutatlve and * a
simpler name ror éaci i N
(a) " 7(3a) (%) (15m) .
(b) (5m)t )8
E@ 7@; ’F% ]
(¢). 5(3¢c) (1oy) ()
(a) 9(3x) . ;
(e) (3x)x f_lr)

f -
division. Is divislion comwmutatlve? Iz the sentenc
true for évery number = and every numper b? Let us try a = 6

Thiszs lead

and b = 2.

division 1s not

of numbers which make

Check Your Readlng

T

1. How do we ghow uhat dlivision 12 not commutative?

s .
1. 1Is divislon L
2) =
=) . P
Let a = 18, L = u, ¢ = 7
LA i *
- l ,
').1 1H:

O
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T S

I3 subtractlion commutntlve? Try to-wrlite an open sentence
€

e
crxpressing-thia Liden. . Can you find numbers f{or the variables

D PRy following arve true for every value of the

varlable (or variables)T

are helpful ig)ﬂ?riving at an answer?

R W

,m s (e n)> Cb + (a + c)>

fmne{zy) = {(va)e + (2mnrx)y

b
;mLol ”#?'déﬂ@téz the operatlon indlcated by
L

operation as that of {'inding




O
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w

give many more examplecs lilke- the above, ucsing any three numbers,
In general, we statce the distributive property as follows:

For ecvery number a, every number b,

and cvery nuasber o,

alb + ¢) = ab + ac.

catand wnat tnls means, VWe are

iz g true sentence no matter

s

—
-

‘

+
o

Mt
]
P
becy
._+.
e
o
o
1

nent

“true 1f - a =2, b = 3, and o = 5, In thiz instance

and abo 4+ oac = 2(3) + 2(5)
. A
= & o+ 10 .

nunber 1l

"



o
ta

I

1

2 thin centence

wt
=

by
W S
@
T
ot L

2=
B e ot b

=

iy
ot

Sk + 15 = 5(x + 3)

number

SVOry

Show that the dlictrlbutlive nroperty 1o true when

3. Doa, L, and o Lo each of the
s
: alt + ) = ab + ac P
ab koo = T(b - Q)
L] =
. i l:{!t} .
f .
i | B .

O
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digtrlitutlive proporty can

Far overy

sand every

D8 eonroe, thoe lash

Uirlte the

I
—

O
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neck Your Readlng

1. TIn what four ways may the distributive property be stdated?

g

For. what values of a 1s thL: centence true:

3. TFor what valuecs of a and x Lo thls sentence true:

In the follewlinpg phrases, use the distributive property to state

eanch sum as a product, and each product as a sum.

£

7o (1) 13. 6(a) + 6

b
—
—
+
L gy
o
[

—
D8]

s
O

o

L7m o+ L Am

ul
I8
P
+
I
!
jag)
s =
+
o
I~
[N

(a + ¢)b

o
~]
+
P
—
i
—
i
Tl e,
pa
)
—
-~
P
—
pagy

s
~
—
—
4
[
—
L
s —
- =
M
s
w
—
+
e
b
e
.
o
P

%) i7. ;(a + b)

toy

T
iz
—
i
1
o
-
kA
o~
C
—
]
o
IF'
—
‘_A
—
—
o]
ﬂd
D
“%'

. . b
Provlen Sct H-1D ‘

arc true? Which are falce?

may ke atle ot [inding a common name for

each numerlo q,i/ pnras

_F-w
-
—
i}
i
——
[§n3 :
b " i
Pt L \}_
T
o
-
A

(n) 8(20°
(b) 12(5) ‘ ( :
(¢) 3(p2) + 3(0) = (22 + ©)3

2. Wnlech of thege zontences arce true for every value of the
variablect =

(&) 4(25 + m) = 4(25) + m

b) 2(23) + 2(x) = 2(23 ¢ x)

(
(¢) 2(x + 2) = 2% + 2



Problem Set 4-ib

(continued)
(@) (3+y)5=15+y
(e) a(r - 3) = ab + 3a ’
(£) (b4 c)a=lda+ c - \\,,ga
’ ' ; \
(g) (3 + a)b = 3b+ ab
3

(h) 3a + 3t = 3(a + b)
(1) ab + cb = (a + ¢)b
3. Change the followlng 1ndicated products to indicated sums,
(a) 3(10 + 5) - ()
(b) 3(x + 2) (g)
(¢) (m+ 3)2 (h) a(b + c)
(1)
(J)

(a + p)4

=y

a(b + 2)

e

i) (x + y)m

(¢) s(" + ¢)
(e) (11 + 1)k

L, Write the following indie ated sums asz Ilndicated products,

\
3(5) + 3(7) ~
() 3(5) + 7(5) \

J) (a + 2)a

]

:-;/ (a) 2 2 (c)

“le) a(2) + a(s)

(f) c(a) + a(d) (

(5) a(d) +a(h). '

(h) £(m) + a(n)

(1) 2a + a® (Recall a2 may be wrltten (a2)(a).)
) %%k oay

(k) ke + 3c b4 f

(1) 1(wr) X '(Hint: %(1) = ig) ,/

(m) Write the Indlcated ngdml\tfai exercice (k) above -

vilth a slmpler number name.

=

141
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rivative croperty are shown by

snould e studied carefully.

number. Then

t)" involves the thre

erty we can wrlte:

Faor every numuer o

Tyonumber g,

and every numeér 6,

G g




Exam Urite 2rs + 2rt o

ol
s
D)
| [

Here are three ways to

arc

th "sxy" and "6x" ecan
wriltten a
somethling".

az one number? Why?

il

I

2. What are three ways that 2rs + 2rt may be wrltten as a
t

;
h of the Following confencos are true for cvery value of
k4

v vhriable?

O
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C3xy +

2ax +

(a)

()’

()
(d)
(e)

2. Write

"Example:

(a)

()

(c)

(d)

(e)

3. Write

(a)
(b)
(c) -

4, Write

yo#e
W

Oral Exercises U-lc

(continued)

6xz = 3x(y + 2z)

2bx = (2a + b)x

5a + 30b = (5a)(6b)

i

Problem Set U4-lc

é

" indicated sum.

"(£)
()
(h)
(1)
(1)

(6 + Bg)m

2h(k + 1)

6(2s + 3r)

(x + y)oa

?§(a + 1)

éach of the indlecated

2ax + 2ay

: Pa(x + y)
(r)
()

(h)

(1)
(J)

sums”

each of the indicated
6h + 3b
4 .
Za + 3a
5ax + 5a =
LN
each of the iﬁé{caped

=

+
T

i
~
N,
+
5
(K] (K]
e~ e~
o]
L

Virilte each of the following indicated products as an

5a(5 + a)
2m(x + éy) '
(a + m)3m
(x + y)hx
k(2x + 5)

as an indleated product.

= 2a(x) + 2a(y)

ex + ley

2ax + b5x

3ab + Qag :
as (3a)(3a).)

: 3
3% + 3x°

as an indicated product.
5ab + bac
2 2
mx~ + %
Y-Sy
18x° + 6x -
as an indicated product.

¥

(Hint: ,wrlte,gae



[

g, R \

Problem Set 4-lc _
(continued) . o

1434 

5. Indicate how the distributivé property can be used to -
(a) find the perimeter of a rectangle with a length of
7 1nches and a width of 3 inches, ] -

(b) find the amount of money collected at a game if
125 tickets were sold at one window and 375
tickets at the other window. The price per tilcket

was $1.50, :

e = — o H

" Another important use of the distributive property is shown
by the following example: : v .
write (m + 2)(m + x) as an indicated sum; using
the-distributive property.
To begin with,-we shall think of (m + 2) as a
aingle numb@. Then, first writing the distpie:
butive property as a‘pattern to follow, we have:

}iﬁ

sing the distrlbutive property agaln,
(n’

a < (b + ¢) -

P l

(m§+'E)(m + xz) = {m 4

B +

e s
)x

e (m

mJ

O

. ;

2m + E)ﬁ + (o 2)x = () (m) ¥ (2)Y(m) + (M) (x) + (E)(;)

i

=m- + 2m + mx + 2x

-

So (m+ 2)(m+ %) =m" + 2m + mx + 2x for cvery

number m and gvery number x.

Below 1s another example of this kind.

(x +a)(x +2) = (x + a)x + (x + a)2
+

)x + (a)x + (x)2 + (a)2

[l
T+ ax + 2x + 2a.,

x
x

3

50 (x + a)(x + 2) x" 4+ ax + 2x + 2a for

i

every numiber x and every numuer a. 5
: Y

O
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Aruitoxt provided by Eic:



-

Gheck Yéur Reading

How many times. do we

exampie apvove? I8

apﬁlv the distributive property 1in the
(%-+ a)

inh the Iirst app icaciﬁﬁ?

Is x +.a

" indicated sum?

Or.

application of the distributive pfaperty?

al EKEPQiEES gigi

"used as one number or two numbers i1 the second
What 1s the final

Apply the distributive property once,

"sum as a single number.

(m + n)(a +b) = (m+n)a+ (m+n)b
1. (a +c)(a + &) 6. (3a + b)(c + 4d), \
, ;e \ 7 _ , :
2. (x +a)(x + 3) 7. {(mn + x)(a + b)
3. (x+1)(a + ) 8. (av + ¢c)(b + c)
b. o (3a + 4)(a + 5) 9. (8 x)(8 + x)
5. (7T + x)(x +7)
Problem _;é_ ;g
Apply ﬁhe distributive pr@péfty as many times as necessary to
vrlte these as Indicated sums in the simplest form. Use the
other propertiles discuzged in this chapter as well vhen they
nre neaded to wrbite the gimplest [orm ol the phrase.
1. (a 4+ 1)}(a + b) a7, (20 4 8)(x + §j
.. (a4 5)(a +b) 10, (a -+ 2b)(2a + q) \_
s (x4 e)(x i) 11, ulm 4 n) \
(DA )L o oa) 1=, {x + v)(m 4 %}; “\
oo (e LY (e 1) 15, (Ur ) rs a) ¢
s (7e Y (o ad) 1 (51 L) (r+ 5a)
LU (D ) 10 (b + L) (mn 4 z)
S ) A (e ) " 1o (xzy = o)y o+ b)
.o v bhato (- (e ) - v oopx o+ Pz vwhen o
/ 5 N
Tl % i
106 =
150

O

ERIC

Aruitoxt provided by Eic:

uslng the first indicated
ExXample: ’

1

uged .as one number or two numbers



18,

139.

pr@pérties of the numbers of arithmetic.

Shéw that

x s 3 and

(25)(43)7
numbers? | :
015)(24)-

(a)
(v)

o)
(a)

(e)
()

(22{)(21)

(16)2)

(18)(§1)
(25)(32)

W06) .

Prpblem Set A4-4d
(cantinueﬂ)

(Ex + 3)(x + a)
i‘i E .

| ()

(n)

(i)

(1)
(k)
(1)

(11)(472)

(;is)(zé)
(4.5)(4.5)

2.

1.

For every number
For every number

Commutative Pfaperty

and every number

and every number b, ab is a\numberi

of -

every number

Commputative Property of

Multiplication:

and every number

Asggg;agivg'Pergrty

every number’

Assoclative Property

1 every rnumber

of Multiplication:

every number

Distributive #ifberty:

1 every number

and every number

e, a(b + c)

Ex + 33 + 2ax + 33 when

DQ ynu aee that in Problem- 7 abcgg you Peally multiplied
How could you Similagly multiply the fallcwing

(m)
(n)
(o)
(p)
(a)
(r)

The numbers af arithmetic can be added and multiplied

;prépéftiés which we shall 1ist below and always refer to aa the

b,
For every number
For every number

For every number
¢, (a +b) +c
For every number
c, (ab)e

For every number

. (45)(202)
{25)(1003)

(6.4)(408)

o753
(32)(4.8)

1s a number.

a+ (b+c).

every number



L 3 r R % 4 - .P‘ ;‘
® L]
i.
) 7 :‘7 -t . . . - ‘; fgg -
-Bi./Additian Propetty of Zero: ‘For every number a, . *
(;‘! ' S S S a+ 0=a. t
9. Multiplicgtign Fraperty of One:. For every number .a,
o , a(1) =
. 10." Multiplicatlan Property .of Zera Far every number a,
. . : . a(0) = ©A
- . B ﬁ”i
S - Review Problem Set
L , - - S : =
1. Name tne identity eéTement for addition and state i1ts addition
and multlpllcatlan pﬁapertlegl ’ !
[ 3

(\ 2. Name ‘the ;déntity element for multipii:atian, .state 1its
.

¢\, ~ mu
* for th;s numberﬁ
', ~ 3.  Write simpler numerals for the following expressions, using
the properties of one and zero. B L
. - ] i} i - B
. "(a) x:*+ O + b(1) ' R
(t) a(1) + 0(a + b) .
. F
- 3. 4 ’ ' .
- (C) g+ § ;
8
(@) —— )
§» et
. H F
. % .
(e) |—=— (;4(@)) t :
T/ < -
L, C@ﬁplete these sentences 8o that they wlll be true for all
m and- n other than O. L {
RS _ 7y M -
(a) 'gx— =g (d) §x— =153
(b) = C (o) 2 -
) w X T =13 e) 7 * T Bmn
2 R
(c) AT
s 1h&

ERIC

Aruitoxt provided by Eic:



6. Is the set of whole numbers, whose numerals have a units
digit of 0, closed under additlon? Under multiplication?

7.£ State the assoclative, commutatlve, 'and distributive

8.

=0 W
5 .
7(0C) ._
-
2(0)- =

(a)
(o)
o)
(4)

(e)

4

+

WU 2 P g

Under su;tfactién?

properties,

Which of the following sentences are true for all values of

the varlables?

I
P
i

it

Review Problem Set '
(continued)

ey 6(ge) + 6 =6

6(a
6(a

’ ()
(h)

. (1) a -

(j)f ééa

3 E

o

-+

M

+ 6) = b2

6) = 46

= a + E

#

Biee)

=

or propertles ls illustrated ty the sentence.

(a) (X‘i

(b)) x -y m=y -

y)(m’* ﬂ) = (x E

5, Find the truth sets of the fali@wipé}senﬁenégs;‘v_

4

L

For each such sentence, decide which property



- ) ] . T * . [ 3. . -
= e @ R L3 5 _ ': e
o ‘“Review Prooblem Set ' ¢
. ) (continued) - o .
. . \ - .
"9, vrite open phrases, using n ag,the variable, for the
followlng word phrases. : .
o (&) 5'more than twice a number )
.- fii,ﬁ - 1 A T§,,,,?,' T
‘L ] (b) less ;thaﬁ k] oL a nmbg ) ) o
S0 (¢c) 3.imes a pumber, less 6 ' i [

s ' (d) -a number multipléed by the sum of 5 and t¥e number 1ts efﬂ}
(e) the square of a number, increased by tuice-the number
(f) the produgt of the sum ol a number and 5 by the stm of K

ﬂ.u
I3

'ﬁhe number and ,ﬂ;:7

(&) the square of the .sum of a number and ;
(h) a number multiplied by 2 1less than the number

-~ - (%) the quotient of a number divided by 8 i
(i) 'the quotient of the sum of a numter and 6, divided by
the number . ! .

10, TFind the values of these open phrases 1 m .ls '2; n is 5,
and p 1s. 0. '

(a) mnp ) (4) p (mn” :L,:nlflf% 1:11 ) : |
. (L) !lng _ (e) ﬁ * ﬁ(?**s%ﬂ +¥ﬂD .

: ___np n-

( ) “‘(n + p) }.

11. Lhange the indlcated products- to indicated sums and the

tndicacted sums -o indicated products, using the d;striuuﬁive

property . J
, (a) 3(m + n) (1) (a + r)(4a + 1)
. (L) om +-6n x%xi (1 (2 + 3)(x + x)
- ) ‘ N,
(¢) a(t +¢) \ (k) (2 +a)s + (3 +a)y 7

(1) (x + y){(v + &)

(
(a) 7x(y + 1) gf :f (
(

() =(ax + =) ! n lex + la
(1) (a e P (: ;o+ ‘

b
)

ERIC
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13..

-

14,

"

15.
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“Indicate how "the ,distributive property can be used to find
4 - ’ . -

3.

L VV ilti‘ ! 7 P - . -JF‘
. L '{fiféeview’}rgblem Set ) ‘ , -
) 7 - Tgcntinuéd)‘ ‘ IR
(a) 23233 + 52 , " (t) rang + abey
{r) (m + n)3m E (u) 18(a + b) + 6(a +°b)

(s) (a + 3b)(a te) o (v) (x4 yIm+ (x4 y)n

a simpler name for ~: - . ;}

(3) 35x e

2. .

i

(e) 5 x

;.»Tm
A

(¢) & x-l%

'Find the truth sets of the following sentences. Draw thelr

graphs. .Determine which is a subset of-the other.’ .
x4 5 = 6" / (x = 1)E = x -\&
Find the truth sets of the following sentences. Draw their
graphs and determine which is a subset of the Oihéff%axj; .
Bx <6 - . : 5x 2 0
Find the truth sets of the followlng sentences. Draw their
graphs and determine which 1s a subset of the other. '

2 8x + 1 < 17

(]
ot
d

2Xx + 5 =

H

5 I



algebra"?,

is a language.

To see wﬁat this means,
for instance
about things

cQurse, -we wguld

&

; that 3 1is

i number.,
péople,

, 1ike 3 books, =
mot want to say that

ls a word phraze tnat Jjusit relates

of vooks.

. In the

a rd phrase that rela

Wnen we

variatle,

O

ERIC
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\
same way, n

hings, like

a
Agaln, we don't want to

say 'n EQGRE'

. A
number of do

in

Faup

We

~not so silly as 1t sgems.

Hayé you ever heard Wnybody say thaﬂghe-was going to "talk
This i

In a way, algebra

*

think first of a number. wé know,

can use this ﬂumbEP to Ealk
3 inches, anﬂ 56 on. Df .

Gooks 1s a number. It

the numuer 3 ta a cellection

We can use thls number to

bple, n ‘nches, and so on.

x5 18 a.number. It is just

1s the "number of
e

>, we often say that

ion of the variable




: t
. 5*1 ) ) -
/Looh,at the open phrase "n+ 5", We
phrase in the - language of algebra. What doe -
Bepnt?- How can we explaln
Here are some of the
'!g . -
a number the sum of a number a 5
number of students ~ number of students ifiérif
! : 1n your class more came in =
'Aﬁﬁhbér of dollars  number of dollars if yogr .
: ) “1in your allowance,- llowance 1is increased -._
T I dollars 1-
number of years . numbér of years in the
" ) in your age - age of somebody who is
) : S ’ 5 years Qlder than yau

'n + 5§

Do you see€ that the translation -of

nslation we make for, 'n"? But no matter what translatlon

tr
into words we maﬂe, n 1s a number and p + 5 is anothér.ngﬁber;

:"2x" 1s ‘another open phrase. So is "2x + 3”.;~A5r7¥

we translate "x! . we can translate toth of these phrase

are two ways:

X

‘number of' polnts numuer of | Bill number of polnts Bill
Jim made made if he made twlce made 1f he made twice )
as many as Jim igﬁ as many as Jim, and 3 ™
. more e
or
numver of points Bill
que 1 he made 3 more
: twice as many as
Jim
number o pounds numter ol pounds two
— one person can people take on an
take on un plane alrplane P they have
alrplane’ , % pounds Loo much
Can you “hink of = ditvieren. way Lo tranclate the open phrase
"ex" ani tne oven phioase Mox o+ A0 It zhould ce possliule ror
Tlass To give 9 dit't'erent t'rom

ERIC

Aruitoxt provided by Eic:
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e ead By
Check Yaur: Reading \ “

a number? . -

a number?
of "n" can be made?

of "2n + 5" can be .made?

ral Exercises 5-1 ' -

‘{ 1. Given the Gpéﬁ-phPaSES, ME o4 1M, e oo 2", "pg", "ot 4 3",
) and 5 Translatlons of the phrases can be made as soon as
{ the variable "t" has been transldted. Three élfféféﬁt
' passible tfanslaticns fGP "t" are given below. For each one

give a tranglaﬁian cf the givem open phfaaes,

o k4l t-2 2t 2¢+3 2

(ay humber of quarts of ,
' " berries tbét»ﬂan be | -~

N In the tollowlng proulems write a translation of the open
phrase. Gilve a diftferent trans latdon of the varlaple in each

prot.lem.
. . N < o
1. o+ 7/ o.odn o+ I 11. 2r - 5
2. n =79 7 2n - 12 X + 7%
- T n 5 £
3 X+ 2 8, = 132. = + 3
= N ii
. . n ot ) .
4 X - ¢ ij — 14 5+ 1
: - e -
5 2n 10 2r o+ i fi;'—QL
-2
. L l e
Sg L 2 L F s
H
( =
i

ERIC
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-2

{ s
i

o~

5-2. 'w@rd Ehpa§§§,£g Qggﬁ Phrases . -

In the last lesson, we translated open phrases into word
phrases. For instance, we translated the-open phrase "n + 5".
Before we did this, we had to translate the varlable ",

!in

We can also go the other™way. We can take a word phrase and

translate 1t into an open phfésa '
Suppose you want to talk about your & e 7 years from néw,

You might think like

ln algebra.

This is easy sinceé you know your age now.
this:

- Number of years in your age now _14
Number of years 1in your age 7 years from now ,;}7%!7;

So:you e¢an say that 1in 7 years your age will be 21.

Suppose you want-to talk about Blll's age 7 years from now.

You don't know hils age now. But you can use a variable. The

Number of years in Bill's age now
Number of years 1n Bil
Notice- that the pnrase "k + 7" means "number of years in
Bill's age 7 years trom now". Do you see that we are translating
from words to algebra?
Suppose we are asked to wrlte an open phrase which 1s a

translation of the word phrase, "Five more than a number n'.
In thinking abtout tnls expression we could say that we begin
to 1t.

W

with a number n and “then add

This suggests that we wrlte

i
ition 1s commutative, we know

Because ol tne tact tharn addi
that the phrase "% + n" 1s also a name for the same number. We
form "n + 3" for the word phrase

shall, however, 2lways use t
avove. Thus we shall translate "Elght more than the runber x"
i Ux o 8", an UTwelve moce than the numier v ooas 'y + 12",

1o sueh as "S1x less than the

Let us now =consider an expre
number n" ., In the same manner =25 2tove we may assume that we
have started with a number n  and then subtract 6 from this
numcer. Thuz our open phrase 1s

n-6

1";')

e,
-



O
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‘In this case we cannot WFité the phrase "6 - n"
for the same word phrase. Do you see why? '
Thus we must translate "Eight less than the number x" as
12",

n¥ ;

8" and "Twelve less than the number y" as

L

'y";

B

as a translation

=

¢ Here a%é some other examples:
ﬁéA LINE SEGMENT 3 -FEET LONGER THAN ANOTHER LINE SEGMENT
We know we have a line segment 3 feet longer
than another line segment. But we.don't know
the number of feet In that other segment. 3o
- let t be the number of feet in that other seg-
ment. Then the translation 1s -
t+ 3.
THE NUMBER OF CENTS IN y QUARTERS
To translate this, we can thlnk: How many
ecents (or péﬁﬂiéss in one quarter? 1in two
quarters? 1n three quarters? We have y
guarters. So the translation is
25y .
w

Below are

5 POUNDS LESS THAN TWICE THAT NUMBER OF POUNDS

What number of pounds? We don't know. 3o
let n be that number of pounds. What 1s
twice that number? That's easy., It 1s 2n.
But we don't want thils much. We want 5
pounds leas. 8o the translation’is

2n - 5,

4T

Oral E”,‘?'se

1m
| R

some word phrases that can be translated Into

open phrases. If there are any you are not sure of, 1t would be

a good ldea to wrlite them down.

1.

(4%

= o

W

number of years 1in Bill's age 7 years fr@m\ﬂaw?j7

What 1s the number of cents in t quarters? 1in n

A number 5 more than n

A number & 1less than n
5

A number -

The

(N

um of n and

'If the number of years ln Blll's age now ls k, wggt is the

daollars?

AN

~



-

. L8 : o ’ ) s _
: ® , . N

j
J

) , Oral Exerclsé@ 5 2 :
« . , (continued)?; ‘ .o
< T "The product of. 14 ° and’ x- . ' . )

E . 8. 7 dollars more than the number of dollars in the bank

\\49. 7 dollars less than the number of dollars in the bank .
3 5= — & . ; .
°* - YO. Number of years in Sam's age 4 years from now

'§ 11. Number of fé:;ﬂ*s in Jam's age % years ago . ..
T = R ' . -
"% 12. Number of years in Sam's

"« (18 now
. 13. Number of years in 3Sam's

is now.

N
Number of inches in x_ feet  (HINT:  Ho
one foot? ' In two feet? 'In three feet?)

-
P

Number of feet in y. yards

¥
—
W

16. Number of inches in t yards

17% Number of cents in k nilckels

18. Number of cents in d dimes

o 9. Number of cents 1In 2y quarters

e

20. Number of nickels in 3n dollars

Below)bff some word wyhrases, For each, choose a varlable,
tell what;the varlable represents, and then write a translation
-"of the word, phrase Into an cpen phrase.
1. 7 more than. 3 tlmes the number of doIlars Fred has
2, 7 less than 3% tlmes the number of dollars Ann has

The number of inches in the length of a re

ﬂ

angle that 1s

ol

twlce as long as it 1s wide

4. The sum of a number and twice that number !
- - [
5. The sum of a counting number and the next two counting

ERIC
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f 6. 'SThe snum obf an nonumter

i

NUTILE P TG Lo some number and Lhen

il 1 L s e

ML,

e

2o The momieor o squnare Ionshes
. g 10 inches longer tnan bt 1o wide
Lo, e roamoe e

10 insh

- 3
Yol may have clopeonl
[ AR D S TLE T oo U
ety T )
Ly Thee oo o ] {Usise
Lo Thet O e i b b s 5 )
[ ' s i Proen oo (U
L, : cin ool LY s paand and
IS S T 7 oz
L onn 1ot AT 0| RN IonrenLra-
e |0}
[ Jros [ ; oo (o= ) gquariors, and
Woniake s
vy iy \ . TN i PR I S Fa, e Lot
il ion i { i ) IR Tl aveniad bog QL
ATARAENNAS N Y
14, : : R wie ot (7))
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Qe

pleras oy

ceonrd

P

ruim:
Lhe
rec:
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2ould wri

TR oy

in Lhe

plece

oMo fa
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- i
T 0T

el DENUEns

tlon might loaok 1llke thls:

"

]

D]
o
Ca

pind
il

L
o
T e

Iy m
=

=

=

R
-
-

Ixlanlly e
A ]

ot
oo

in one
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=
=



(continued)

[,

u

I3 o
NJ
e}

,_
P
B
I

1 Sn
2 vy +
5, L o=
! t ok
1 ::
5.  2n

£, 2n

Loy N
BE
pa

Tne proulem, we acould try guessing.  For Instance, we mlight
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18 should the pumber of

that

Le:

the numbers 20 and 75,

that numbter. Then our

Using Variavle

LENGTH OF

Lrying to tind

dloeover come good ways

Lo (07 ecourse, if you

Lrutnn o

1057

these number

Dentent

dont't get

L

e, the
Welre
the truth

to do this

would 1ike

b
o

O

D
L)

i

3

)



Héy long should the short ————*VWhat 1z the truth set
De? / ‘ of "k + (k + 3) = 4y"e
: /

into an open ;

we are golng to try to do %

1o translatlng o

questlon

golng o

wee will,

than the length.

What 13 the

ot 14 sguare lnehes

!
) Ly Gy e, VEOie 0w Thitt o our fuess was
E 4
7 IS TR S AR he oroclem
o
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NUMBER OF INCHES IN LENGTH _ _ (You mike a wucss)

NUMBER OF INCHES IMN WIDTH

st 1s or what numuer (t - 10)

400, do

1o, wut we Jdo linow Lhat thelr

the opern

Tvive cowld ind the tratn G

TR N

g inhvier

than 9", How

could write

o do e

know v DL

S0 Ly ab G
roLo Lo, .
s = L

] o
Y

Your Rea dlnge

- it N A -

1 How ¢ N nan OF uning
TF o - - Tt - i,

o How do we wrlue ;LS Ly

O
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do we write

ol
jony
o
b3t

b, How do we wrlte "15 1s 6 greater than 9"9

T
T
(W]
i
1T
g
lel
[
-
—_
il
1
m
D
b
ey
o

s
b,.._l
i
[y
=
'S8
Paxd
[
El
]
=y
o+
ba
i

Il
=]
o
b

)

the number

Ea
Pal
it

(¢) what 1z the sum of the 1

e
(d) wWrite an open sentence that could pbe used to solve this

Translate the tollowing into "sentencen in . algebra

S A2 Tn 10 greater tnan 59
H Nl Ates Lian X,

1 T s

\hﬂ‘
b
"
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Ql Lhan wne sumo ool o oand
10. ls “hine Tl
11. 12 9 ; ‘.
1 by Lo
i o=
14, v ls greater 1 ae bno ol 5.

20.

Lhe num

3oy

? tlmes the

sy

Sonume e oand o9 numoer 4 tlmes 4o

(FHINT: e gure Lnst

3. 100 ls wnas proguct a numeer wnd oo 3
thnn Lhe Cleat Lioan 1o thie : oM e .

I, Yo hie poeord A o
than he {"I-oi. : r

O

ERIC

Aruitoxt provided by Eic:



'\‘,,
3.
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: 7. long Lo aut lono Ir
long and the twice as long
a5 e aow Lone s ohe ol
8.
9.
ii?
| L
10.
j’
11.

145, o : o S e npbyrbe Tr Twlas e widih, and the area

TR et Do T Soonrs Uses . Wnat o le the width of the

#
14, RN Ry : Ce e
) B RV | 1 ! :
no g | ! Pl T
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How many nickels does ne

13, It Vo % ofs|
s
19 Lnoana dimes . I he has

Ann nas 5oL, Al

21

SRR R

Lot T ncee Limes Lhe pumoer ol quarters.,

) Toe-ln G e o
P ~ seie s o 1% e ey oA O S Ry T 4* o
ooinontekels, olimes, and gquariers., 11" he
vl 1y i ieen , how

g sl 1l . yramet quarters.  He ha
SR R a L ooe ey limes . The ramd ol nickels
vil Tl number of dimes,  How
q . . PR
o vl o inches

R ST oo lengiha 1s

gnd o tnres Limes nasg

Al s

, how many

Strgelen o cn ol

oo om0l oo Dlaek ., TE

How old 1s Dick now?

Jim ian

25, Poo 1o twiee ao oold oo il I t'rom now, “he zum
e e oo will ¢ 0 oyenrn ts P11 rnow?

O
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X o 0 s 0
roomatber whint ward Lrans-
O Lhos number,
Ll

Try Lo late t Oper Senloencos Tntn Wordd Sentences.,
Several people might glve a divrersm tranzlation U'or each
sDentenan
1. A 2 -
U - )
£ S|
S n o= 1 LYy N
L n -+ L iy
i Lot “a
Fa : Lroand
/ 1 L ot
o n o+ (n v) i

Bl

+ L h0(z o+ o = 0 ) o

O
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Proklem Set

thne Usllowlng opoel

velling whao the

3. oy o+ ' ’ 3. Eoou L)
Loy ! ‘ f Fo3a b
L0y = LE)H <10, ok + 3a PR

abave, you werse Ltranslaul

senbenes,  We alrendy know that we

sonboene

[FARUEENENLEA S}

has. We can't

this’

now dollars

mary

But zat least we

an algecra problem about numoers.

" We know he might have

We know he mlght have

ol the numbers that

T woul

Put we oan use o ovarlable,

migh: bLe the numver

‘X, and make 2 Lrans.

-,

" Hew movny

The «

wlll ve one of Lhe fnumbers in Crunn



5-5 ‘ : .
~ Asfanother examplé; think of an object falling through thée
alr téz:rg‘thifgaggh. Suppose we know that durlng the .second
second 1t fal¥s 32 feét more than it did during the firsat
second, and that it falls U8 feet or less during the first two
seconds together. How far did 1t fall during the first second?
A Guess . o F
NUMBER OF FEET FALLEN DURING 1st SECOND _30
NUMBER OF FEET FALLEN DURING 2nd SECOND _30 + 32 (Why?)
’ or_ 62
How do we know our guess couldn't possibly bes right?
- Té find how far the object fell during the first tpo
Secand?" fihd the sum of 30 and 62, which 18" 92.
But 92 15 more than 48. We know that it fell 48
‘feét or less during fhe first two seconds. "30 + 62 < 48"

is not-true, oo
{ i

, gou“may want to make other guésses§'5ut we know that we can
uafﬁa variable, say y, to represent "number of feet fallen

dufigggig% First,secéﬂd“i

Using a Variable - .
D _ NUMBER OF FEET FALLEN DURING 1st SECOND _y - .
- NUMBER OF FEET FALLEN DURING 2nd SECOND _y + 32  (Why?)

i

- When we add the numbers y and y + 32, the sum musgt
be 48 ‘or less.. In other words, the sum must be less
. than or equal-to “48. So we can write the following

%

ppen sentence:

. y + (y + 32) ¢ 48, +
e’ . =

y 1ls“one &f the numbers. . In the truth’set of* this

sentence. We will not try to find the truth set at

In the laat example, do you see that aﬁée"ﬁgaiﬂ we have taken
vliect) and translated 1t to

bed]

a prpblem avout a thing (a ralling
_an algebra protlem arout numbers? s g

'Finally, here 1s Silhéfd example. %
Ann was. countlng votes Iin a school election where Joe and

Bob were running for presldent. "“3he had to leave before the
-1 ) . . ; R

L ]
“ . . i ~ \

ai - 1_?3’11”“) ) f
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‘countlng wuag ove

“ / - .
5-5 " // . "

When she left, Joe had 52 votes and Bob had

Lo votes. Late
there were 220

she learned that Boo won the eleetién and that

3 .
lotea in all. How many votes dld Joe get?

Joe got 5S¢ votes or more. He had 52  votes when Ann
' i left. He might have gotten
i more atter she leflt.
Joe got ,Q votes or less., gThere were only 220 votes.
; . ¢ " Iy Joe got 110, 1t would have
A ﬁ, ’ Leen a tie. Ir Joe got more
J ' : than 110, he would have won.

But we know he lost.

,gc . )

In tranélatiﬁg this word problem acoul votes to an algebra
provlem abau\; numbers, we can let "n" repr‘efse&"numbezﬁ of votes
“y

Joe got' ., Tﬁen,

& .
? n > 52 AND n <€ 109
n 1s éhe of the numbers in the truth set of” "m > 52 and

n < 109". It's true that there are many numbers in thls truth

set, and we;dcn't know wnich one 1@ the number of votes that Joe
got. But at least we have told, in the language of algeora, what
we ‘know apqpt the number- n. From what set of numLers must n be
chosen? wéuld 40 be a possible answer to the question? Why?

Would 10
of the varlable?

y i ' Check Your Reading .

or 77'-,T be sultable answers? VWhat 1s the domain

1. 1In the first example above, how do we know that Fred does

3

not héve 5 dollars?

B ]
2. In the thlrd example avove, could Joe have had 30 votes?
120 voteg” Could ' "

51

Could he nave /1= votes?  Whyt

Oral mxeralses: 5-90 .

In ®#ach of the !ollowlnp cnoose a variaole, Lell what 1t

represents, and then zhane an eonen sentence that would nelp solve

X s

. Jaohn nas more money thnan Tom. Tom has $50. How milch money

i =

1
pRrat
{3 %



< - Oral Exerclses 5-=5b
(continued)

does John have?

2. 300 satudenits attend Washington School. Leas than one half
live 1n the city. How many live in the city?

3. An alrplane can fly no higher than 30,000 feet above sea
level. How high is 1t, 1f 1t 1s flying now?

-4, If the altitude of Denver is 5, 280 feet above sea level and

~ the plane in exercise 3 1s clrecling the Denver airpaft what
18 the alrplane's altitude above sea level?

]

5: Blll 1s ten pounds heavier than John, Their total welght 1s
greater than 220 pognds, How heavy is John?

6. Mary has more brothers than Jane. How many%gfothers does
Mary have? ~

Problem Set 5-5b

Below are a number of ggpblemsg For each one,
sentence that would help to solve the problem. You d
to find the truth set. In each problem, be sureiﬁgftell what the

¥Ite an open
o not need
variable represents, Y
1. Tom has saved more than $200. How mu;hf;gﬁey does he have?
Fewer tHan 100 people went to Epéfpark ‘How many people
B/

2.
w o e
3.

greater than 100. What 18 tlhe number? .
k. The praduet of a number and . 7 1s greater than 45 or equal
to XKWhat is the_ humber? . : . ﬂl
T S

5. The dii'e;gﬁﬁe between’/elght times a number and three timea the
number 1s less than oy equal to ten. éhat 1s rhe number?
5 The altftude of /Denvelr, Colorado, 15 more than 5,000 :feet.

what is the altitude ax Denver?
7. The population of thé United States 1is about 180,000,000,
and thils 1is grrateﬁ(uhdn twlce the populatlon of Meéxlco. How

N p?ople 1ive "n Mexlco

ERIC
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. - Froclem Set 5-5b
(continued)

\;iii [

Blll 18 &5 years older than Norma, and the sum of their

WO

ages 1s less than 2%. How cld i1s Norma?

hours £o mow the

=

o
o
=
T
3
[an]
a
Q
! b
Ly
o
T
i
-
[N

John said, "It wil
t

1t
spend more than 4 hours on the jop if I
c

=

lawn and I can!'t

want to go swimming an he expect to spend
on the job? '

11. The National 3afety Councll says that between 250 and 300
people will be killed on
many people do they expect to ve kllled? (HINT: We can

L

the hlghways over the weekend. How

syppose they mean "no i(ewer than 250 and no more than

¢ ' 300", although this 1s not what "between' means in mathe-

matles.) -

12. A boat, golng downstream, go=s 12 mlles per hour faster
‘downstream 1is less than

than tne current. The Loat's
the current?

30 miles per hour. What is '“he speced of
*1%, On a half-hour TV snow, Lﬁé advertiser says there must bpe at
a
*1%, A square and an illateral trlangle have equal per.meters.
4 alde ot the urlangle i3 - 1Inches longer tnan a side of
Lile ree, whatt ls the lenzth of 1 olde ol the sguare? !
= = o
1 Les stiglents at school attended the
mAame dle of the game. How many ,
remalne Y
;Lijﬂ.'.'llf
In %hnisg oonpher, wo Lave soen tnat we oan 'switeh wack and
' rorch” ans o Lhe language ol alpgeura
This 1= the Imporian
sub Ject that It is. FPzopls 2arn solve many proulems.about many
difterent kinds of thlngs L7 itranclalng tnem to aig;u;a proclems
b

4

O
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(continued)
and then solving the algebra proulems.
, For example, here 1s a kind of problem that might come up
in.the study of medicine or oplology. ’
’ When a man 1s 15,000 feet in the alr, the
number of breaths he takes each minute 1is 1%
timMes the number of vreaths he takes each P
minute at sea level. A certain man is-found
- to breathe 30 times each minute at 15,000
\ feet. How many times a miﬁut3§§§25~hé breathe L

when he 1s at sea level®

To solve thls protlem, the translatlion mig
N i

o3
[
=
8
o
™
o
[

lke this:

REATHS HE TAKES EACH MINUTE AT SEA LEVEL n
THE OF

[

NUMBER OF

YMRER OF 7

=2 — —
HS HE TAKES BACH MINUTE AT 13,000 FT. 1zn(Why?)

REA

.

o

U

the prouvlem says that we know the number of breaths he
i

takes/at 15,000 feet. It is 30. So we can write the sentence:

I
kY

1, -
(lg)ﬁ = 30,
were to find the truth set ol this Séﬂtéﬁce,;we would have
an answer Lo our provlem in Liology.
We saw 1n thls chapter that we can translate both phrases
and sentences. For Iinstance, suppose that we use "t" to represent
"the number of quarts ot water a certain jar can hold". Here are
some translations.
PHRASES
(1) Nﬁﬁyepyéf iuﬂrLz neld ty a lar h@ldin%jtwlce as much_2t
(2) inbEP of quarts held ¢y = ‘ar holdipfg 3 quarts more t +3

(3) Numver of quarts held ty 2 ‘ar holding 2 quarts less

than three tlimes as much 3t - 2 !

(4) Nymoer ot quarts In the [ar 't it 1s rilled and one
guart Is vaken our t - 1
SENTENCES S
(1) "It the far 1s {11l
1

i

d and one quart 1s taken out, there
1

will we 5 quarts lett In tne lar £t - 1 = 5

O

ERIC
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(2) 1If the Jar is'half-full, there will be less than 4
~ quarts in the Jar. %t < 4 « o
(3) 1It,another jar of the same size 1s used, ,the two jars
6 quarts. _2t > 6
(4) The number of qua?is the jar\will hold is grg{ter than
or equal to 6.. t 26 - '

" together will hold more thap

After working in this cnépter, it 'is not hard Ao see why we
say that mathématics 1 a kind af language. We have now learnea
to say many things 1n this language.

Maybe you were bothered sometipes 1n this chapter because we
had proLlems that we translated but did not go on to solve. We
wlll be doing this very soon. But In order to do a better job of
1t, we need to learn about some new numbers., This is what we will
i be doing In the next chapter.

Review Problem Set

\

= - _ ¥
1. tprite a translation of "t" and then translate each of the
Mlloving phrases and sentences using thé same translation

Df "t.", =y
(a). 2t .o (e) £ -1

, o
(L) t -+ 3 () st < )

L}
'LW

(¢) 3t -2 () 2t > 6

(ﬂ) L =1 - ‘ig (kl) t % 6

[

s variable in cach case. 'What does the variable reprecent

trnocash npoob
(n) tee noaber o) days inowo weeks

(L) G procast ol nuaber and twlce the numler

Cive aore Lnan theee times the number o[ students

the nuater you get when you subtract 5 from a number
. and then multlply L7 7

(Q}E ane hali the arca-o0 a rectansle that has one slde -

tee an longe az bae athor

O
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(f)

(g)

S

(1)
(1)
(k)
(1)

{m)

(o)

(p)

Review Problem Set

. (continued)

the total value of a number of nicgels and twice that
number of dimes

the total cost of a certaln number of pounds of
chocolates costing $1.40 per 1b. and of a certain
number of pounds of Jelly beans costing 30¢ per
1b., if there is one pound more of jelly beans than
of chocolates - i

1

the area of a trlangle whose altlitude 1s 3 inches

g

longer than the base

ol

the volume of a cylinder whase helght 1is 5% 1inches
greater than the radius

the result of increasing a number by E%; multiplying
the sum by 8.9, and then dividing the resulting
product by 3.4 ’ #
20% of a certaln number of gallons of s#lt solution

the age of Mary's brother four years ago if he 1s now
t&ice as old as Mary is

the total cost of a certaln number of loaves of bﬁead

at 25¢ each and a certaln number of boxes of cookles
at 32¢ each, 1f there.are two more boxes of cookles

than there are loaves of bread

the total value of a certaln number of quarters, a
certaln number of dimes, and a-certain number of
nickels, 1f there are 3 more dimes than there are
quarters and 2 less nickels than there .are qudrters
the area of a triangle whose height Is 2 1nches less

than half{ the nase - -7

]

the result of multiplying a certaln number by 7,
, and increasing the

naja

dividing the product Ly

8]

resulting quotient by twice the orlginal number

i

ot
-]
e

-



3.

ERIC

Aruitoxt provided by Eic:

Revigqw Problem Set
(continued) . ;
(q) the area of a trapezold whose altitude 1§'§ne inch
» less than the shorter of the two baseg, and whose
larger base 1s 3% lnches greater than the shorter
Lase )

¥

(r) the perimeter of a triangle whose longest side is
twlece the length of the second longest side, while
the second longest 1s twice the 1engﬁh off the shortest

Write an open sentence, using one varlable 1n each case,
which coulg be used in solving the following problems.
What does the variable represent® ’

(2) The sum of a number and three times the number 1s 45,
Find the numter.,
(b) The sum of a whole number and its successor is 45,
. What are the numbers? - , .
(¢) Jim 1is two Lnches taller than Johm. Five ﬁears ago
they were the slme height., How tall 1s John?
(d) Mary, who ls 16, lsz four years older than her sister,

How o0ld i1z her slster?

(e) ' Pilke's Peak 1s more than 17,000 [eet atove sea level.
How high i3 Plke's Peak?
(f) The sum of two consecutive odd numters {(meaning "an

odd numbter and the next larger odd number") is 75.

[
Wihat are the numbers?

(r:) A teacher says, "If I had 3 tim€s as many students In

-

my cl

=
w
iy
I

as I have, I wauldﬁgéyé at least 26 more

than I now have." How mahy students does he have in
N ,

(n) The 20" more than twlce

the The sum of

larze is the

(A=




O
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(1)

(&)

(1e)

(1)

(m)

(r)

Review Froblem Set
(continued)
One éven number is 48 greater thaL.anathEF and the
sum of the two numbLers 1is 11%gi What are the numbers?
John is 5 years older thanhis brother. Five.years
ago the sum of their ages wds 18, What will the sum
of their ages be 6 years

27 square units, A

= -, -
Two squares dlffer if area b
side of the larger (sguare I5 one unit greater than a

side of the smaller.--What is the side of each square?

Sam has 5 hours at his disposal. How far can he

rlde his blecycle into the country at & miles per

hour 1T he ls to return ty the same route_at 1é miles
per ha&r? . ' 5 -
A ree@anélé iss 7 times as long as 1t is wide. Its
perimeter 1ls¢# 150 1nches. How wide 1s the Féctaﬂéle?

Fal
i

What 1s the glven numier?

of a numter is added to 32 the result is 38%,

L P

20 1lbs, of water 1s added to a certain number of lbs,
of 107 salt solution. The resulting solution is
E%%& salt. Find the number of 1lbs. of the original
10% solutlon. o

On a 20% discount za.le a2 chalpy was sold for $29§95g
What was the pfiée tefore the discount?

at the same time., One travels

&
=
0
o
Y3
R
o
jat
i
=t
T
]
<
iT
¥
=
t
i
e
o
I

north at 02= miles per nour while the other travels
north at 33.7 miles per fHour. How many hours will

1t take thim Lo become 125= mlles apart?

John has 50 «colns wnlenh are nlekels, pennles, and
dimes, He nas {our m>re dimec than pernnies and six
more nlakels?tnan dineg. How many of each kind of

coln doesz he have?

£ ’ 181
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Review Problem Set

(contlnued)

draw their graphs.
(a)
(b) =x +
(c)
(d)
(e)
()

(g) x
(h) m -

il
]
pij
ja
o}

“n
k3
™,
-]

3x > 0O
e

—r
[
]
=
+

2 =5

[
My
1]

I
o]

‘!'j .

(1) x

L
nJ

(J) =

(k) v +

(1)

It
ﬁyﬂ

i

[N T
o

= 3‘1]% OFS

3x +

Ldown o m
Ge g Ay
™,

1
o~

. 3(% + x)

= = -

b

Write each of the Tollowing eéxpressions as an indicated

product, uslng the distritutive property.

#

1t

a(2r) + a(3a) () 2a(f) + 2x(3)
(&) 2n(55)
(h) 2ax + x

(1) 7(2) + 6(2)

(J) (a+ b)x+ (a+ by

3

a(3) + a 1+

[N,

i n@m

[N
i

x(2b) + x r b

~J

%ia{—k'%"a}i

rite each of the [ollowlng expressions

I

)
(v)
(¢)
(@) ax(z) + ax(3)
(e)

t

as an indicated sum,

()

using the

Pind
[
o
[x)
ot
]
o
i
=
ot
=
<5
il
e
v
e
P
Ly
ot
=

(a) x(3xz + 1)
2a(3a + 2)
a®(? + TL)'
(d) 1oa(a + v)

(
0 (s

whether each o the mllowing sets 1s closed under the

12cd(c + 1)

State

operatlon of addition. Give explanations or examples .%o

support your

(a)
(t)

N iy

{1, 2,

—
[
i

.
=
¢



Revliew Problem Set
(continued) pe

(e) (5,10, 15,-. . ., 30} (n) (1,3 3, 3 5 ¢ . .
() (o) _ (1) (0s5, 10}
“(g) (o0, 1) (3) (o, 10}

8. Find the value of eagh of the following open phrages ir
"m is 2, n 1s Eﬁ and p is 3.

(a). m(np) " | ()
(b) m(n + p)

® L.l (r)

- 7P R
(@) o - bn s 30 (g Zeprzlmre)

4

9. Simplify each of the following expressions. Use the

properties that make the work easiest.

) ExB@ () 258 + 2

(b) (§)(3) + (§)(§3) () (%)EFNG - % - 7)
7 A (n) 126(11! + §) - (T%(llt) + %(§)>
(¢) =1~ - ’
5 \ (1) (489 x r)(i -3
_ 1y
(a) 3(1 + ) ) -442 + LS) .
’ ) [ ~ o] J,
() @+ +F MLIERS 5

182 l N




. CHALLENGE PROBLEMS
By putting one of ‘the signs, +, ‘X, =, in each of the blanks,
and inserting parentheses to indicate gf@uping;'wofk out all
the numbers which can be obtained from: :

.8 3 -

2, and (8 + 3) x 2 = 22.

As examples, 8 - (3 x 2)
» _ ,
Look for the pattern in the following calculation:
19 x 13 = 19(10 + 3)

= 19(10) + 19(3) ' : (what propertf?
= 19(10) + (10 + 9)3 g

= 19(10) + (1@(3) + 9(3» ~ (what prop rty?)
= (ig(lD)’+ 10(3» + 9(3) (whatgpraperty?)
= (19 + 3)10 + 9(3) ‘ (whay property?)

The f{nal result may be expressed as a "rule for mgifiplylng
teens"{whole numbers from 11 through 19): Add to 4he first
number the units digit of the second, and multiply by 10; then
add to thils the product of the units digits of the two numbers.

- Use.the rule to find (a) 15 x 14, (b) 13 x 17, (e¢) 11 x 12.

In problem 2 you discovered a '"rule for multiplying teens".
Using a. and b, respectively, to stand for the units digits
sentence which expresses the 'product p in terms of a and b.
When you have written your sentence, use the distributive prop-

erty to verify the correctness of your cholce.

Here you are going to see how to test whether a whole number
1s exactly divisible by 9. Keep a record, as you go, of the
properties of addition and multiplication which are used. Try
the following: o

2357 = 2(1000) + 3(100)+ 5(10) + 7(1)
2(999 + 1) + 3(99 + 1) + 5(9 + 1) +

+ 2(1) + 3(99) + 3(1) + 5(9)

+3(99) + 5(9)) + (201) + 3
+3(11) + 5(1) 9+ (2 + 3 + 5+ 7)
3

i

i
N

fl
[N
PMA e~ o~ Y



*

Is 2357 dlvislble wy 9? Try the same procedure with 35874!
Can you formulate a general rule to tell when a whole number
is divisible by 9? '

5, WVWhen x takes as values the elements of the set (1, 2, 4],
o ox takes as values the elements of the set (2, 4, 8) and
x + 1 - the.elements of the set {2, 3, 5). Now try to answer
*the followlng: .
(a) If x Dbelongsto the set of numbers with gpapﬁ
R — %
then 2x Dbelongs to the set of numbers with graph =
R | _— i i R B | I S L i i
o 1 2
and x + 1 to the set with the graph
: 0 1 2 7 ' 1
(b) If x belongs to the set of numbers between % and 5, then
— £ =
to what set does ox belong? x + 17
(¢) 1If 2x Delongs to the set with graph .
—d —— e ; - F E— . S ——
.0 1 3 : 5
to what set does® x belong?
(@) If x belongs to the set with graph
to what set does z belong?
) .
f

6. Let us imagine the coordinates of points.on the number line to
be written ln black. Then write another set of cgordinatea in
red for the same polnts, signing red O ta the point with
black Q, red 1 to the pDint wlth black f, red 2 %0 the
point with black 3, etc. In this way each polnt now has a
black coordinate and % red one. )

(a) .What will be the red coordinates of the points whose black
coordinates are 1, E;-g, %j 10, 207

(b) What will be the black coordinates of the points whose red
coordinates are 1, 2, %, %, %, %ﬁ . o

(c) Can y@ﬁ find a polnt to the right of O " for which the red

coordinate is 3 tlmes the black? What are 1ts coordinates?
(d) Try to write an open sentence, using b and r for the
black and red coordinates, respectively, which would

enable you to find one if you knew the other.

A 18-

lf!' ’ )

R N

O
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7. We start with the number lihe and coordinates marked in black.
We begin by making black O also green O, and Black 1 also
green 1. Then we make green 2 half as far to the right from
green . 1 as the distance between green 0 and 1, then green 3 |
half as far to the right from green 2 as the distance between
green 1 and 2. We keep this up, and get something that looks
like this: . N .

GREEN @

BLAGK ~ ()

[T S

(a)i What 1s the black coordinate of the polnt with green
) coordinate 3? Does every whole number pécome the gréeni
] coordinate of a point if this process is continued? .
(b)- What green coordinate, if any, does the point-with black
coordinate 3 get? ' N
. ~ (e) Can you describe the location of thé point which you .-

would want to have green coordinate 77

8. On the number lf‘i we, can see that the'averééé of two numbers
ig assoclated with the midpoint between the two points aSsoci-
ed with the numbers. In this problem we work instead with N
thirds. . e
(a) Find the poi%ts on the number 1inef% of ‘the way from 1

2

1
to 3, 3to 5, 4 to 6, 5to 8, 1 to 8, 1 to gg E to %:

%

oy

(b) Try to wrlte an.open sentence which would enable you to

L i

find the number c which is 5 of the way from a to b,
where b 1is greatéf than a. -
(c) Can you do the same sort of thing to find the number d

which 1z

L m

of the way from a to b?

9. A man, wlth five dollars in his é@cke;; ztops at a candy stoké
on his way home.with the intention @f\takiﬁg his wife two:
pounds of candy. He finds candy by the pound bax'selling for .
$1.69, B1.95, $2 ] the

tyo one-pound boxes of candy, %

655, and B2.15, If he leaves

(a) wﬁat is the szmallest amount of change he
th

2

1]

the-greatest amount of chanpge he dculd hav

s
i

of two, boxez can he not affor
o -

149
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10.

1.

; - 2357

Is there any reason why we qanﬂat write a numeral in powers of
a number other than 10, saylﬁ? What.set of digits woulﬂ be’
required to form numerals in this "8"5%31&“§ {In the decimai
scale we need {0, 1, 2, . .7, 9}1) We wauld then write

2357y gy tO mean. ) : SR Yo
. 2(8%) +3(8%) + 5(8) + 7(1). = - L
NS : ) . RS
What number-has this as a numeral? Can you write 207 in the
ferm of a numeral in the 8 scale? . » ;
207 =.3(64) +,15 = 3(8°) + 15, e .
rd : S P P
- ' 15 = 1(8) + 7(1), . . .5 . o
) € ) - )
can you finish the work? - _ L il

If you understand the dlfference between #he sets {0}.ang - g,
then you will be able to éxplain what is wrong, with this argu-
ment: "I can prove that every- glrl has thﬂ%e da You will
agree ﬂ%ﬁt no girl has two head S; arid certaiﬂlikzvery girl has
one more head than no girl. o by glmpie addition, every girl

has three heads ." - . 7l§
A number ik usually represented by certaln speclal symbols, but.

UJ\

there is no reason why we could not use letters of the alphabet

to represent numbers. In fact, before apeclal symbols were
invented, some people, such as the early Greeks and Romans,
used letters for numbers. :

e
Consifler the followin g eode:

o 12 5 1 5 6 78 g "
a ﬁ ¢c d e [ g h 1 5

£ 1 m n o p qF r 5 t

u v-w X y z.

Vou see that ©& has the names g and q. What are the possible
nuﬂérle for 27 .
~N .
1T )



- ' I - ;
s - i ' v ‘r bl FER ;
.y S I S
g . Now iet us try- to read the mgssage ; P
Lall = . . -:_:
_ ” A 9034"= . 7ho,
Trying evéry passible numeral for] the numbérs, we have
'f‘ . 9@34 T4 )
. ’ o jadé = hece ! Y
. T . tkno is rome
v uxy YWy - ;
" By carefully choosing ﬁﬁméfalg,:werhafé the statement "jane is -
, home." - Another message'could be "june is home", or "judo is ,
; homy." Are there other -possible messages? . . -
. foa) Use the abéve code tovdegiphér the message T4 = 703674.
(b) Devise some messages of your own.. ’ -

d

.  sentences . ﬂ‘l
*(c) 3 V(l 0) +m .
& (d) h+m:m+.
(e) (ﬁ) > r(f).
©4f) B+ 5 % 5(g) . -
“(E) . 8(m) = m(8) . (Read this as !
- L times ef%ht
_;Ei Cerntaln mathgm atfcal puzzles are

B

" lems 1in wh'ich each of

the
nd

letter
nuﬁeral each”timéﬁ%t océurs;."a

other letter: ' For example,

* Us;ng the gamé cade, decide which of: the following are true

Te? -
.- i
'm equals m

éight times
ll) ¢ . -

in the form of addition prob-
puzzle represents the same

a different numeral from every

.1 ° ; KA
' } "
, AM :
+ ) !
. TO8S has several correct "solutions," that is,
" ways of sﬁb@t?tuting numerals for--letters.
which satisfy the rules just laid down amd
rake the sum correct. One such solution
is: -~ . 2
+  aar
986
! 1033.
| - ;
| -
1886 .
p i)

O
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Can you fin&’the solution for theé famous addition puzzle

2 e o
o SEND
. T ‘
MONEY? .
(It has only'one solution.) .

Y. A teacher prgpasei;thé following to hls class: "Write.a column

" of four four digit numbers. If you let me wrilte threegmoré to
exténd the cglumn to seven, I can give you the sum of all
..seven-before writingﬂdgwn the extra three:" The class gave him:

» . .
. . . = , 8432
Looe e T 2765 -
’ L S 3961 : . ,
\ s 41028 - '
' ) = ..
"The teacher gave the.sum 34025 and then put below the column
. s ; )
1567 -, /
‘ 723% ’
. . 6038
T~ o ~ . .
Was the teacher correct? The class then wrote:
- - .
) _s8025 )
- &
\ Ls5eT: ]
* 3902

Wﬁm ,
TV
T
-]
sl

e T o
?he teacher ga%e a sum 35675. With what numbersrshould.he»
Q§tend the column? Can you"ﬂiscaver the principle used?

L5, Gomplate the following mult;pllcqtian table and decide how '
many new qultlplicatlang yOu attually have to perfarm (Make
. liberal use. of the commutatlve and diqtrlbutlve prpEftlEu.)

. Hint= There ar=s less tgan 3. v

. .
. 3 C- i : ) E, 3 i . =
_.// x Y2 Jo |e | & | 3 ‘ ,
: : o | T 9
. ‘ 2 | L T olz .
2 = T 5 25
B Flie |1 8
i , 3 , 15 hE-] 2
, ] s 3 7, )
¢ —4—— - o !
g; ' .
18("} , .
F i;‘ - -

O
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What can you say about a set S of whole numters if it has

b
o

the two characteristics
(1) 2 1is an element of §
(2) whenever a number is an element of S 1ts successor

is also an element of S.

For each of the following defined operations on numbers

[

decide whether the operation is commutative. That is,

iz aeb = boa true for every a and every L&?
Give 1llustrations to suppert your decislons. .
(a) "a ob" means "2a + b" (d) "ao b" means "a + %h"

. 1
a + b )
g = (E)

(e) "aob" means "(a - a)b

(b) "aob" means "ao b" means
N "a + 1)(b+ 1)"

18. Decide which of the operations listed in problem 17 are

assoclative. 1In other words is the sentence (aob) oc =
ao(boc) a true sentence for every a, L, and c. Give

examples to illustrate your declszion in each case,
Write open sentences that would make possible the solution of
the following prollems.

19. in 5 days and another mdn

3 days, then if they worl at
+the same rate how \long would it take the two together to

- . X ! i

‘gaint the housze?

N )

. Ayt o f N (o - .
1f the [irst man 1s always -as Past as the second,

nov mucp time can Le zaved on any job by the two men working

cogether instead of the {irst man working alone?

20. There are three plpes to a storage tanlk. Vhen operating
separately one rills the tanlk in 5 hours, the second one
fills the tank in 32 hours and the third drains the tank
in 4% hours. IP all three pipes are lelt open when the

tank is empty, after how many hours will it start to_overflow?
'

. /
: S

i
- .
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{ GLOSSARY CHAPTERS 1-

W

- )

=

N
ADDITION = AﬁEinary operation which can be applled to any two

numbers .»

i

ADDITION PROPERTY OF ZERO - For every numoer a, a + 0 a.
ASSOCIATIVE PROPERTY UF ADDITICN
' numkter ©, and every number
'ASSOCIATIVE PROPERTY OF MULTIPLICHTION - For évery numoer a,
' : mber c¢, a(be) = (ab)e.

- For every number a, every
a+ (b +c¢).

¢, (a +Db) +ec

eyery number b, and every I
T

BINARY OPERATION = An operation
CLOSURE - A subset of the numbers of arithmetic has closure with

hat is applied to two numbers.

respect to a tinary operation ii the number produced Ly
applylng the operation to any two numbers of the subset 1s
also an element of that set. \ , .
' COMMUTATIVE PROPERTY OF ADDITION - For eVery number a and
every numbef 0, a +b="5b+ a. |
QQMM&TATTVE PROPERTY OF MULTIFLICATION - For every number a and
every nuﬁEEf b, ab = ba. ] )
COMPOUND SENTENCE - A sentence consisting of two clauses with a
connective. Ve are partlcularly Interested in the types
- -'usiniiﬁaﬂnectives "or" and "and".
COORDINATE - The number that 1s assoclated with a particular
polnt on the numberégiﬂe;
 COUNTING NUMBER - An element of the set (1, 2, 3, 4, 5, . . .}.
DISTRIEUTIVE PROFERTY - Kor every number a, every number D,
and every numver ¢, a(b + ¢) = ab + ac.
DOMAIN OF A VARIABLE - The set of numbers from which the value of

cimes called the
ate the empty set.
he set (0, 2, 4, 6, . . .}.

' ! re 1s & number

ju]
=
e
e
i
m
o
=
-
M
o
3
b8
O
P
R )
u.—-l-
e
e
L
v
Cu
ot
o]
[l
]
L
b=
e
il

[l
et
[
[
o)
i
i
i)
=
(]
i
o+
oy
g

FACTOR - We call © a facto
¢ such tnat the product of & and ¢ glves ©be.

FINITE SET - If the elements of- a set can be dounted with the
coun
a

g
O

T
ting cdming to an end or‘if the set 1s the null set,
we call 1t a tinlte setv.,

L

FRACTION - A symiol whlch represents the guotlent of two numbers.

ERIC
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GRAPH OF THE TRUTH SET OF AN OFEN SENTENCE -~ The set of poiﬁts
. : whose goafdinates maké the opeﬂ gsentence true.

INFINITE SET - A set whose elements .cannot be counted, that is,
with the counting doming to anfend. The exception to this.
1% the null set which 1s a finite set.

MULTIPLES OF A NUMBER - A set of numbers which incjudes numbers
ootalned, by multiplying the glven number by a whole number.

MULTIPLICATION = A binary operation which can be dpplied to any -
LtWo numbers!

MULTIPLICATION PR F

MULTIPLICATION FROFERTY OF

NULL SET - The empty

NUMERAL - A name f@'

NUMERICAI, PHRASE - A numerical phrase is‘any numeral given by -an

2

NE - For every number a, a(l) =
ER

"r]j\
H
L
=

RO - For every number a, a(0)

expression which invalveg other numerals along with signs
for operations. - - '

ODD NUMBER - An element of the set {1, 3, 5, 7, 9, . . .},
cttal :
I
F

ned by adding 1 to each element of the set of even

OFEN PHRASE - A mathematlcal phrase which contalns one or more
variacles
Iy
OPEN SENTENCE - A -mathematlcal sentence which contalns one or

PARENTHESES - ( ) - Symtols to show that the numeral inside 1s
the name f¢

= N

PROFERTY - A property oif an operatlon ls "something which 1t has

=]
or one of itz characteristics.

RATIONAL NUMBEERS - A set ot numters Including thos® which can be

represented ty a fraction indlecating a qu@tiéﬂt ol two

whole ﬁumtsfs, excludling divislion by zero.

SENTENCE - In mathematlcs we use sentences Lo make statements

—
—

-

1

spt B 1s an element' ol set A, then
A :

any whole number 1s the number that
to hhe glven whole number,

retwesn Lwo numerals indicates that -

the zame number.



The symbol "#" 1s used to indicate that two numerals
do not name the same number. i
.The symbol ">" represents the verb phrase "is greater
than" . 7 , o .
The symbol "<" represents the verb phrase "is less than".
TRUTH NUMBER - A value of the variable which will make a sentence
true. - St _,,
TRUTH SET OF AN OPEN SENTENCE -~ ﬁt of numbers whilech make the
open sentence true. - ; .
VARIABLE -~ A numeral which Pepreaéﬁts a definite, but ﬁnspecified,
number chosen from a glven set of numbers.

WHOLE NUMBER - An element of the set (0, 1, 2, 3, 4, . . .).

=
EAN
-
A
s
4
r!Lhru
—~—
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Chapter ©

. a . THE REAL NUMBERS

6-1. The Real Numbers.

LS =

M L

| . - a Integers )
~ You remember that earlier we "labeled" points on'a 1ine
with names of numbers., A better way to say thls is ta.say that
we associated numbers with the points of a line called the number
"1ine. In thls chapter, we are going to use the number line to.
introduce some new numbers. - ¥ '
TD begln with, remember that we graphed the whale numbers

on theinumbéf line, 1like-this:

- _6 - ? §7 _ ,,g z —efc, \,

The number 0 TE%ES&DCLEEEd with a point. all of the other
numbers,are assoclated with points to the right of 0. (We mean,

of course, poilnts to the right of the point assoclated with 0.)
'Maybe youihave wand%red ab@ut numbers astoclated with points to
the left of O.

Very soon wa'll see that a new kin& of number 1is needed to

solve certain problems. These new numbers will be calied
negative numbers, and we can assoclate them wlth points of the
number Line to the Left Qf‘ 0. ) ’ ,
Let's start by naticirrg the interval (or the "plece" of the
line) between 0O and 1. We will again use this interval as a .

unit of measure, but thils time points wéll be marked to the left
of 0. Uslng this lnterval as a3 unit of measure, the first

pcint lccated to the left Df. O 1s shown below:

- efc.

4

9
We label this point " "1 " and read it as’"NﬁsaTIVE CNE" .
Notice how high the "dash" in 1 1s written. /This dash s

' a slgnal to us that we are talki ng about a polnt to the leftiof

Zero.

O
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;P.rr:—a’:‘. :_ . ' i .i e
- [ ~7
o=1 . j\
e ~ The next point lo'cated is labeled "'%2 " and ‘is read “_
Z)IEG,AT]TVE ™wo". ) )
S 7§ 0O T 5 3 a4 etc, N
; ‘ ~ 7 : i
’ The next point located is labeled " 73." and ls read -
~ "NEGATIVE THREE". '
We could go on and on locating points llke this. That's -
what the "etc." means. How would you locate the point to be

labeled " ~7 "? How would you locate the po¥nt to be labeled

"o T1s "7 :
Using this way of labeling §§ints on the number line, wauld

there bga,paintiiabeled " 71,000,000 "o HDW would this "Jabel"

: be read? g ) , ‘ .
All of these '"labels" wa've been giving to Qainté‘taéthe
. left of O will be used as names of numbers - (that is, as
numerals). We'll soon see how these numbers beha;eband how
useful they can be. )
. We can now taketthe whole numbers, {0, 1, 2, 3, ...},
together with the new numbers we have named and form g set of
numngs that can be shown like this: =
g (..., "3, %2, 71, o, 1, 2, 3, ...).
This %ét is called the set of integers.
any one of the numbers in the set is called an in;ggégi
. For FXEmElé, 8 1s an integer, 43 1s an integer, and 36 on.
. (on the DthF—‘T hand, %—J is not an integer. ) . ’
In the set of i:teger: shown above, da you r mber the
meaning of the "three dots'" after : 37 They mesn,_gi course,
esx\;ghac ﬁé could g@ @n'fcfgyef i@gstlng Ilntegers to the right of
3 on the number llne. The three dots before ~3 mean.that we
) ‘czuld go on a%d on locating Integers to the left of "3 on the
. ; nurther line. )
There are zome ‘special subsets of the set of -integers that
can be shown like this: . o N
s . ,
3 1
= = 5
j .
\ '1[}»; { )
L, S
< B
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right of
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"However,

this:
I

Zero ltse
negative.
pWe c

What
coord
line?
there
What
“mahy
What
. many
Are &
negat

Is ze

QO
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What ~

S
S, A e, 1, o, 1, 2, 3, ,
— . W [ —— — -
P~ )

the
like

positive integers are assoclated with p@lﬁté to
zero. We can show the set of positive Iintegers

negatlve lntegers are assoclated wlth p@iﬁﬁs to the left
We can show the set of negative integers like this:
{-.
Sy ¢ of neghtive 1¥egers 1§ shown 1
mdny times the.set of negative inPegers ls shown like

©, T3, T2, T1i}.
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1f {3 an Integer,
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inate of a polnt to %PE left of zero on the number
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Oral Exercis es 0-la
Name filve elements of the set ol positive integers.
Naxg fivé elements of the set of negative integers.
Name five elements n tne set of whole numbers.
Name five ejlements Ln the set of counting numbers. )
Describe tha set for which @& 1is a symbol. /i:
These are all subsets of the set of intégérgf
.
h Problef Set G6-la. |
(a) List each of the follawing sets.
W, the set of whole numbers :
E; the set of ngltLVejiﬂt gers a
' L, the uet of nen-negative integérs
(Hint! ."non" means "not" so "non- -negative
nuabers" neans "numbers that are not negative.")
I;I the set of integéré~ '
N, 'the set of countirig numbers
Q, the set of’ non-poslitive integers
S, the set of-negative integers . ‘
(b) Wnich of the above sets are the same? {0 -
(c¢) Which of the above are subsets of I? of 07 8f L?
of P2 ' ’
Draw the gf’aphg of the following sets
ta) (o0, 3, 5, T2, “u).
(b) ThE;SEg of paéitfﬁe integers less than 7
(e) The set of negative integers > 5. ’
d) All integers greater than 5 buflless than 4.
e) The set of cglinting numbers less than 1.
or 1% twa points wihose are glven, ﬁg%ghgiz tos
the right of the “ther on the number line?
(ay 3, 7k (a) 2, o
(b) 5, "u. (e)o, b
(e) 2, h ) (f)* 550
| "
7
oo
- S : 196
4, Y/ L .
. - w7y



6-17 . . N
;fffg Problem Set 6-1a ’ -
Zr _ . (continued) - -
4, Translate this problem lopto a sentencekln algebra after
.- selecting a variable and telling what Lt repr s sents. Yau

need not.find the truth set of the sentence.

(a) Bill has 77 plgeons. Thip is 25 more-than twice

< 3 years ‘ago? / _ f'v . {

’ (b) The first of two tralns’ travels at a certsin rate.
second travels 1C miles per .hour more than twice
fast. Starting at the aE!é station and traveliﬁg
opposite directlions for 4 hours, ‘what are their
if they are them 340 miles apart?

(c) Find the width of a rectangle if/ its perimeter-1s
Iinches and 1ts length 15 62 1nches.

u
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.In the last section, 1t wa§ polinted out that is
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the number he had. 3 years ago. How many did he have
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 an integer. Some examples of numbers that are not integers

are %; ;, . and- 4%ik You. may remember, though, that we

called numbers such as these rational numbers. They also

associated with points of the number line. We can show th
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Yigaph of the four numbers mentioned in this paragraph 1ike this:
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of caufse, there ‘are m§ﬁ§ many other Patiaﬁslinumbers In fact,

as we saw ln Chapter'1, thére are 1ﬁfln1EP1V many of such

*

ratLanal numbers.

? All of the rstlonal numbers we haVE worked with so far

~
have been assoclated with points to the right of 0 (and then,

£

are Dther Patlansl numbprai

. To begin\wlth after graphing the negative iﬂtE’E rs, it
lseems na;ﬂra1 tD But the label " (g) with a polnt of the
number line as shown beloW: .
. » ‘
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3., Translate thls sentence and wrlte Lt as an algebralc QI
. gentence You need not flnd the answer.
What s the length of a rectangle Lf the length
So far In thls chapter we have looked at the set of

ratlional 'numbers Fvery ratlonal number 13 one of the following
a positive number, a negatlve nunber, or ze 1

e £
numbers are intepers, and zoms are not, GBVZ some examp
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care all Féﬁf{ﬂumbéFE f}t cnal numbers ?
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(d) Is C -a whole number? an inteper?

real numbers is

r
'He set of rational numbers
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3. . The number 7 13 the rat rence of a clrcle
“ to lts dlameter. (

by, the .second number'.

rele
on Ehé line, ; 'Lﬁthz:mig slipplng, one complets revolutlon, to
the right, 1t wlll stop on a pulnt. What is the coordlinate
of thls polnt? 1If rolled to the left, it will stop on-what
point? Locate these polnts, approximately, on the real
. number 1llne. - ' .
4. The flrst several dlglts of 7 are given by 3
’ Two ratlonal numbers are ~lven below whlch approximate 7.
an:i determine the
1
e 5, an open sentence
s C en not find the answer,.
r Be sure to Selec ribe what the varlable
. represents
, s {(a) Mary 15 twice as otd as her brother, and her brother ls
twice as old as thelr baby slster: the sum of thelr
— ' ages 1;[ 15 jears, How old 1s each? i
# A \ (b) Two boys rlding blcycles started from the same point
and rode 1n opposite dlrectlons faigtﬂé hD%Tﬁg They
were then Q0 miles apart., If one boy traveled=tWlce
as fast as the other, what was the speed of eazh? ,
{(c) The sum of twWe consecutive even Intepers is 85, Find
the Integers *
B
S
. - 204
a“\
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'S 1S to the right of 5" on the ndmber line. : -

This true s®Rtence reads "4 15 p.reater than 8". It means "4 ls

to the right of 4" on the number line.

&
2 15 to the right of b on the number line,
. .

No matter which way we wWant to say lt,
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1. Describe the maaning, on the number line, of "is less than
— e i

for real numbers, as we did above for

what 1z the meaning, on the number line, of
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4. (a) During a cold day the temperature rises 10 degrees

from “4. What 1s the [inal temperature?

(b) On another day Ehé_ﬁ&ﬁ?éffﬁuﬁsgflﬁﬁi 5 degrees from .
T10. How high does 1t goo

(c) Dur}ng one day the temperature rilsesz Crom 15 to 35.

How much

1

Translate the

number
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in a bowl. m;¥}

marbles is

]

known. It
three

following

-

165 would be trues: *ﬁ?
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The way in which the real numbers are ordered on the number
3

the roal numbers. It 1o sometimes called the

1. ‘What 15 the comparison property of real nuwabers?

= 1
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What was the orlginal

() The bottom of

volume of the box 1s 5 5, Find the height

of the boX. % . ’ 7 =

We have now labeled polnts on the number l1lne to the left of
gel

Jisianﬁé from O.
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Thnis was at a discount ot
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choosing

price’

are

This means that we can "puif

ted with the number

£

is ancther point at/the same

= o 3

Tince theéytwe points wiFﬁive fust located lile on o

at the

sldes of (C, .a

e
e

to say that the numterd

the opposite of Lhe other,

e

find lts oppos
Then

{ but o the

in the dlagram

.

the number 2.
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belo
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ar, riven .0 A common name wouldehe,

$ -~ 1
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-1,000,000,000Q '
(71

)
)
)
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(3 —
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ooking over your AHQH(F“'IFQm‘PT of the

o

yvou think

number,
number,

number,

number,

., Is the opposize of number,

Y Zero’y

5. Are "-9" and "T9" namez [or the same

In words |

the numeral "-(-Z)",

vou o

words, woe could read it oaz "the- oppo

one way we mizht think about 1t:
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\g=5tart with 2

L 1n t%nr Dppnglft o :ékt_;i o I 2 3
fonls ;

1d 3
tting 2 + ——

A - T
- : * @
S N\® then rind the ey -
"~ opposite of "3, - - )
: - A ? - R
P getting 2 .
: = -

3o we cah say that "the @ppDSité’Df the ofposite of 2 dg 2",

\H
V_.
it
m

Or, more briefly, we can wr

In the example

We could just as we]

o R . =~
how could' we decide upon a common name for "-(-"2)"?

-

- (

start with

™2
i
%

—opposite of 2,8

getting 2

-

can write:

ey - o

Thils snows that

=] a 5t that ; : 5
~(-y) = v, %K for any real number v.
de have already seen that this statement ls true when y represents
)

— ? and when y represents 2. Is-

true If y represents 107 1if
t

£
4 y represents 107 Is Lt true Lf y rep
We cannot use every number, but w t
number llne, you should soon ses that - :y) =y for any real.

number y.

=

State thls sentence
Y- .
Describe how we would find the commen name for -(-"2).
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Each of the numérals below 1s £he name of_ g number,
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vive numb
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Heow wide is

G,.oone will
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L Common name




L thanvtheictherﬁ  For example, using the pa

"3, we can say: s

Let's take -the opposite of each’obne of these two numbers.
osite of "3 fs 3. The apposiﬁg of %—15 -(§J Since

C.

S The number lineg belaw may hélériﬂ seeing what happened 1in
o this "experiment". SR . -

[
B V]
M
)=
‘ [ ]

¥
(@] ‘.r

ffﬂ"' Let's tfy the experiment agsin, this time. us%ﬁﬁithe numbers .
. 2 and 100. <% !
- ‘ C o, DI 2 < 100, ’ - ;

S - S Bug o -100 < =200, L s e

Let's itry one mere palr of numbers, "8 and "2. L

i - -‘8 = ©

’ ’A. M . ® { 2! 7;
& Sbue T 2 < 8. -
) , ; :
i

The examples above are speclific {1lustrations of the
following true statement: o
: . w

For any ﬂumbef a ‘and for any number b, 1f a <'b
1

i o P . ’ f‘i; n

=
b
i)
o
=y
wt
pug
]
3
i
il
o
-
o]
0w,

If you feel that you are n@tES"
%ent;ypry letting a and b be some number
‘ones we used above. Then see If the stat
want 1t to say. - ' ) ‘3

m

o14 ‘
i éiik; ,

O
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N HEPE trying to graph the truth ses of: «

¥

“/We know.that "
" draw the graph of:

Remember,

Of course,
graph of "2 < x.

1;g,SQm§;lmea the fact that if a < b,
help in finding the truth sets éf open Eéntéﬂﬂegé

<a, .43 a big
.Suppose you

then =b <

.-

-x < 2

S50, We can

(]

=X < 2" and "-2 < x" mean the same.

& ) _ ;EE{X

* =

the senténcei"ﬁé < x"
the opposite of 2 is

c&n be written "x » -2"
?E} and 1t 1s easy" ta draw the
The graph looks 1like t:his :

-

4 "3

Could you
set?

‘Here
g%e truth

-%

;vﬁi%ﬁaﬁ;y,

s
each sentence thie graph of the truth set 1s

.8how somebody why,

for example, "3 is not in the truth.

i .
& . .

1s another exa@ple,

£

Supposé you were trying to graph
set of: A ‘

e -x »7g C;;<$ _
> 75" may also be written as "75 < _x." If\75 < _x,

%

then =(—x) <

".x > 5" and "x < 5" have the same truth set.

as follows:

O i | 4] |

L f—
e 6

Lere

O
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*" . Notlue Ehéé this set of numbers does not includé,tééﬁnumbef
_any pumber gréaterﬁthan 3. Also, the set does not inclﬁ@e
-number "3 or any numper less than

2 number in this set, x must. be greater than
WE_céh sé?’;h;ffﬁhis graph 1s the graph of the truth set

iladr

Pl

O
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k x §,‘3-

3. So, If we let

"3 and less

and x =< 3.

The relationship between

‘relationship between the

The relatlgnship!ebween
relatlionship betW®en

How do we draw the graph

=a

caniwe do to make the work easier? Is "3 in th

aand b 1s

and, -b?

pf the truth set of

In each of the following pa

number;

decide which is

(a)

L

then take thne oppo

-

.

L]
-

H

X repfesent

&
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~ Problem Set -3¢ -

1. 'Writé two true serftences for the Falloﬁin pairﬁ of numbers

and their opposites, using the relatign "{"'i

aExample 2,7 ST . o
, 2<7 and -7.< -2.

(a) 3;--1_' ! z

o 3f';

(v) 1 Lg)

. 2 -
(0) 7+ (5.

(@) J7 w »

+ 2. Choose thé-—greater of each of the fal}@wing numbers and itsfrr!

e .
oppeslite . ) ’,; .
- - ! ; 1,2
(a) 7 2 (e) 17 (h) (1 -7
(b) : ( Ny e T
f =.01 = - ;1 2
(c) ;(‘5) ) -
_ _— . = L
d) . V2 g) -(2) ol 1 '
(@ &, e DG -
3. Wrlte two @pén sentenc#s- ‘foar each of the following graphs,
one lnvolving x, and the other 1nv:luln =X,
- I e i " { . I i L 5 .[
@) =70 7 2. (e) o T 2
& F :
© (D) o ————— () e L1
2 7 0 I 2 . 3 "2 | 0 !
\ (li‘.) i N ) O ke g ] (5) . 74{::;7,1,7:,., i **‘3,—
N 2 "I 0 ! 8 2 7l 0 [ 2
Ny
&g) e —— . .
2 0 I 2

\ ,
L, Gryph the tfutu sets of the [51llowing open sentencef:

1

K . oL
(¢ 2. 2.4 (Lint
\ She opps : oog
d).. =x X 3 .
\Y.
Y .
\ : g
\\7 =z
gy
N 217 =
‘.\A
%

O
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= o & . — ; ’ - ’ | V ! )
5i3 7 - T, . - . 3 .
T , { A .
: s ' . Prablem Set 6-3¢  * :
- ::j e e _.,iggntinued) 7
o C e 7
5. Descrlbé tha,aruth sgt of each open. GENtENCE ; WL
(a) x £ 3 (Rémeémber "4 ;méans "¢" or %§j!) 7 :
(b) -x # 73
(e) x i 0
‘ {(da) -x <0 .
a et(e) 20 ' S
e e x L0, »

-

Q.

problems.

o (a)

(b)

(¢) Paul has paid $10 on hils bill,
$25. What was the original amount of -the bill:
_ -
£ - . -
-1 Wnat is the "opposite of 5"? By this time, this 1s. an easy
.questisn. You know tnat the opposite of 5 1s 5.
Since we have agreed to use "-5" to mean "opposite of 3",
we can say: - L
-5 = 5.
. . :
In éther words, -# and 5 are names for the same number.
Jaybe you have noticed eady 0f course, it ls also true
that -2 and "2 7 and 7 are equal, ,,% and
‘-z(%) are equal, and 85 on.

o e - This means that we don't really have to use twosdifferent
dashes aﬂym@te.% From now on, for examnple, we can use "-3" to
mean elther "opposite of 5" or "negative 5". '

vle must be careful with the expression "-x" I x is a
. negatiVé number, then 1ts opposlite (-x}, 1is a positive number
‘Ir x 1is a-posltive number, t is a negative

numbhe -,

O
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Write open sentéﬁées that would help solve the’ followlng

'Be sure to tgll}what the variable represents.
What is his
¥y

John's ;cére,isigféaﬁer than negative 100.
score? . RN f .
- =

Ee dae;n't*have any money, but he 1s, no more than 3”@0

in debt. haw much money does he have?

if o x ls

¥

but still owes more tnan



- o i
- -4 7 . :
B4, Abgaiutg value. . = ' .
‘Think_of the numbér 5. " Its opposite is -5.
This gives us the pair of numbers °5 aﬁd_,-St R
- Which number of the pair is greater? - o .
ghiﬂk of the ﬁumber -8. 1Its Qppaslte is 8,
“PThis givea us the palr of numbers -8 and 8,
“Which number of the pair is greater? . )
Think of: the- number - %, Its opposite is %; ) ;_}‘a
This gives us the pair of numbers - %s and »%;? ’ o
Nhlch number of the pair is greater? o iiﬂ. )

[»’ =
;nE Hhen yﬁu ansﬁerea tﬁe questlcns ‘above, yau were WQrklng with
a new and useful operation Ain matMematics. Tt 1is called'?taking

%

~‘the absolute value" of a number.

. " The absalute value of amy real ﬁumbé; ééégbe _
‘Ereaterof that’ nunber ahd 1ts apgésite. The absolute vajungg
;ggg% ;s refgi . . . N ,g,,.
Thus, we could reword the questions above and ask:
- -s What 1s thglaﬁsclute value of 57 .
) What 1s -the absolute value of -8? - " . - ;e
- “ What is the absolute value of - =f
! Instead of wrnltfing "absolute value" eafdh time, we use a new
syﬁbal Far'éiamglé:v ‘¢ 1 ' ) ' o
"I5] = 5" means "absolute value of 5iis 5",
"|-8| = 8" means "#bsolute value of -8 is 8",
"lol = 0" means "absolute value of O 1§ 0", ' G
—"Inl" means "absolute value of the number\ n" <,
’ . o ) =
‘ ;Check ngrrﬁeédig*
" 1. what 1s the i'salute value of a non- LErO numbar? é
2. -What 15 the solute value Qf zero?

3.+ What daes the symbol |n| mean ?

+

3

.
-
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6-4 / ’
i %’;i . Q’Pépl Exe ¢ i es 5 6- 43 '
, 1. What 1is® %he absoluté value Df each of the follcwing numbers?

(a) -7 (¢) (6 4) (e) -(14+0)  °
{v) =(-3) ~ (a) 1_‘4@@ () =(-(<3))

) P . .
2. What 1s the absolute valuc of x 4f x 1s 3?2 If x 1s -27

3. Ifx igla non-negative real nurber,"what. kind

b, It x 1s a neg tiva real numver, what kind

=7 "5 Is |x] a non-
=

of number is |x]|?
egative number Eor every xﬁ’ ,
6", * For a negative number x, which 1s greater, x or |x|?

7. 1Is the absolyte "alﬂi of a number ever a negative number?

Siﬁfwhén is the dbsolutel value of a number not a positive number?
Using ;ngauber 1ing sometimes. helps in’ WQrking with
- absolute valfues 2ok a}/the following eaamples‘
ha (1) l#Ty— ? What-1s the distance between 0 and 4? How
Vd@fthe answers Zo thazse questlons compare? ;
¥ = L ¥ *7- T '(r:)""' T = - ’é = =
(2) |-4} ? What is the distance-between C and:-49
*How do the anawers to these quéstiaﬂs compare ?
3 T F o T T
(3) |-5]1 = 2 What is the distance betwagn C and -57 ~How- »
do the answers to these guestions compare? - i <k
‘; R =5 » i g D L -+
(%) |%|,3 ? ‘What is the distance between 0 and %ﬁ How do
Ehj)EﬂSWEFS to thess questiung compare? h
! ES
+ t—— 4——4~6~ - i t } 4 4 -+
. 2
' =

O
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6-4 o

-
Do you see that the absolute value of a number.is the.
distarice: between the number and O on the number line?: By
T Mdistance", we mean just the "number of units". Here, the Word

"distance" .has nothing to do with direction. ) L
. B E E} T LT

‘“éi If x is 7, what 18 |x]|?

it

S . If x is 12, what is |x|? . s,
If x &s 8,750, what 18 [x|?
. If x is 0, what is |x|2

In thea%ffaur examples, b | has been Eith@r a pasltive number
or zero. .\ shorter way of saylng, this 18" ‘to say that x has
been a non-negative number. Note that a non-negatlve number is
a number thak'is not negative, that &s, a number that 1is elther
positive or‘zero. In each of the examples above, 1t turned out -
X. after thinking about other rion-negative

té%bé true that |x|
numbers, you should see that wefcan say: , . ; .

Is 1t always true that |x| = x? Let's
. -

-%K ,.?
-
negative /

x| = %, if % 2.0,

g SDITIE}’

= . >

i numbers.: = . '
- -,Igfx is !5, WHat is lfl? |[x| = 5. Notfce that 5

-(-5).4a
f(*B)i

Y

Notice that 3

I
w

K o x is -3, what is |3|§ x|

If x isv_ai, what 1s |x|¢ﬂ’]x| 5 ‘Notice that
. 45 = -(=45), . { )
In these three examples, X h%ﬁéﬁeén a negative number.
Each time; |x| has been, not x, bu¥ <x. "We express this by
3 « - * E
s8aying: - :

I . . [x] .= «x, 1% < Ou

You may have notlced that an absolute value 1is always a non-'

negative number. So 1t may seem strange ever to say "|x]| -x".

}Eut.rémemberj 1f x 1s a negative number, -x 15 a posltive
jnumber. Therefore, ’ \
Ix] ==x, 1f x =0
, and [x] - = =¥, 1If x < C ,
ls Just another wap of saying that |x] 13 always a non-negative

humberi . (E
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i - N -

¥

As one more example, let's 1éak!at-ligolf
| -20] - 20.

! $ with what was sald above, since =20 < O, and

L] R o) Py R e

.,

Chéék Yggz}ﬁeadi%g :

falfaﬁing describes all nan-negatlve Aumbers?"

r

Which of the

= f

s X =20 X

4"

0 - x =0 x>0

followling épem sentences are true for

n

Which of the
numbers x°?
x < |x[. ¥

£ B

x(

whi?h you

|x| 2 o-

-Ix|

I

BESENEY

State 1n words thqse Senteﬂ&eé‘in Question 2

s

decided are true.

: *
. - > .

F

'::,,' o LA %

R : Oral ‘Exercises b-lb "

s 1. For a nefative number x, which is greater, x ot

=

Which of the followlng sentences are “true?
(=) 1-51 #12]
(f)
(g) -2 < |-3
’Xh) 2

3. State each as a simple numeral.

131 (f)

Co(a) -7l <5
. (b)ﬁdlizl < |-l . é
(e) 18l < ) \
(@) 2 < |-3]

-3€ 17

4

| -2

(a) 2] +

: (b)

ERIC
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(d)
(e)

]
I
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(h)

(1)
(J)

s
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oral Ex§P§;535 6-4b

(continued) _
. ii\‘ () (13 -2) (n) "-(1-71 -"8)
) ()2l s -3y - (o) |-5] x I-2],

() -(1-2] x 5) o
(a4 -(1-5] x |-2}) : . ‘j‘

-
3
'
oy
1
L
]
ah]

- - Problem Set 5a
1. Wwhat 1s the truth set of each open sentence?
(a) Ixl=1 () Ixl +1 © —
(6) Ixl =3 Po*s(@) 5-eb=2 )
%. Graph the truth sets of the following sentences. :
(a) Ixl <2, Te) (Ix] > e . ’
N x> -2 and x < 2 _ ) (d)si ! :

4

X £ =2 or x § 2

3. Gkaph the integers less than 5 whose absolute values are
. . . , - A , . s . ]
'(J greater than 2., Is =5 an element of this set? Is 0 an ) \

eiéﬂéht of this set? 1Is -1@ éﬂ element of this sete Is" )
4 an element of this iﬁt? e .- : -
. If R is the set of all
. . real numbers, and I the'set of all integers, write three
. " numbers which are - - ' v
(a) in P but not in T,
(b) in R but not in P,
(¢) 1in R but not in P or in I,
(d) "in P but not ip R. ’

real numbers, P the set of all positive

5. Compare the trugh sets of the two sentences.

xl = o, X1 = <3

*6, Three boys, Sam, Bcb, and Pete, were talking. Sam saild,
"Bob is older than I am." Pete said, "Bob is twide as cld

than I am.' Bob sald,

"My father is mdre than twice old as all of our ages put

v 1d wés each boy? Write the

tagether,

. Bentence whcge truth set will

&

“‘problem. It is not necessary to

ERIC
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(1) Points to the left of O on the number line are asscclated
with negative numbers. .
(2) *The real numbers are those numbers that can be assoclated

with points of the real number line. - They include rational

- , nurbers and irratlonal numbers.
% (3)7\The integers fédrm a apecial subsat Df ‘the ratlonal numbers.:

(9) Positive lntegers are 1nteggﬂ§éas§aglated with points -to=
V the right of zero. ) 7 .
(5) Negative 1ntegef§ éfe 1nteger§;assqeiated with points to
the left of zerg. : ‘
(6) The pational numbers to the right of zero are called
. s~ pPosltive: rdtlonal numbers, &

Foe
) The'%atiaral numbers to the lef$ of zero are called negati%g

(

Y

‘T
/ ratlgﬁal numbers
g

) "a 1is greater than b" and a ls to the right of b on

(

) the number line" have the same meaning for any two red
~» numbers a and b.
(3) For any twc real numbers a and b, exactly one of the
- folfowing is true: a >b, a<b, a=bDh
(10) The opposite of O is C. The opposite of any other real
number 18 the number whigh i1s at an equal distance from O
on the number line and on the opposite side of O,
(11) The opposite of the app@é- af a number 1s Just the number
itself. That 1is, -(ﬂx) »
(12) The absolute value o ‘Q is 0. The absolute value of any '
&7 other real number n 1is jnhe greateriof . n and ,-n.
N "ibsolute value of n" 1is gritten "Iﬂl"; -
(13) |n| Ls the distance between O and n on the real number
line. ﬁ
" (14 In| = n, 1If nz 0.
77 Jal = -n, If n <0C.
")
\
N
/s N\ )
_ 204 &
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Consider

: the-

Re:5ew;Problem Set

the following sets. .’
the set of all real numbers

the set of

set of

positive real numbers .
negatlve real numbers

"R: the
N: the
W: the [ whole numbers TN

the > f integers —~——-——?f

J: the set of frrational numbers )

In each of the following pairs of sets tell which s&t

subset of the other.

subset of the other.

(a) I, W

(b) N, W ; ,

(e) N, R S (h) 1,5

(d) "R*, R’ , ; (1) R, W
“(e) R, I . =) P, W

, one related to numbers

all rational numbers

counting numbers——— . B

is a
For some palrs neilther set may be a

(£) P, 8 ‘ ’

()

. 2. Give two meanings of the symbol ">
and the other related to the position of points on the
* number 1ine. '
3. Place the correct symbol (>,<, or Q) between these numbers
80’ that a true sentence results. .
\ .. s .26
2 (a) 3 ___ 5 (£) " (y) —— 78
(b) -3. 5 Ag)
(¢) -3 -5
(@) 3 ___ -5 (1)

3 N -
) &% (D F— 38

4. Hame turee numbers that are not ratfanal nunbers, Iz +/10

NERE

JIEG ¢

irrational?

i

)
M
W




O

ERIC

Aruitoxt provided by Eic:

W

[ ]
©

11.

i
"Do as in Problem.11.

“Review Problem Set

(continued) : » . ;

:

Graph. the truth sets of these sentences. : oo 5
(a) x< 5 : : (@) Ix|'>o0

(b) -x<5 (e)* Ixl <0 ,

() x| =4 (£) Ixl =0 [~

Tell what you know about the ordersof7aqy‘ﬁwa real numbers
a and b, Whatﬁgrcpérty;is involved? ' .
If x < 3, what can we state about the order of -x arid -39

Graph these sets. Y

(a) (-(3), o0, -(:
(b) The set of all positive integers less than 2

(c) The set of all counting numbers less than "2 T
(d) The set of all integers between ~4 and 2 )

(e) The set of all numbers between ~4 ‘and 2

write an open sentence for each graph. .

): Ef ’*2]

[
L)

(2) g (&) -

j - L
=21 01 2

b S = — e T O | )| ———r
(v) =2 01 2 : (),, =2 = 0 |.2

Describe 1n words the sets for which the following are
the graphs. )

]
[

¥
]
MJ
o
Y
LR

What number, édged to the same number: increased by 4%, wlll
result in a sum o§¥7;3? Write the sentenc¢e whose truth
set 1Q§ihdesgthe answer to.this problem. You need not find
the égswerg
Do as 1in Problem 11 for this problem.

If a number is increased by 776 times the number, and
iz 58, what 1z the number?

Tell what the varlable represents.

Lthe resulting sum

W T

7o, . . oo )
The product ®*of a number and the number increased by 3

ia 84, What is the number®

g
3
s



‘1Ai Do as in ﬁroblem <11, .
One book has 310 pages more than anatheri The number

of pages in the combined valumes is more than 1000 pagea

v~ -How-many -pgges are “in-each volume? = . ) T T
15 fAn alrplane flies due east at an averégé speed of 200 miles

per hour. Another plané leaves from the same searting point

one hour later. It flies in the same direction and over-

takes the first 800 miles. away. What was the average speed

of tH¥ second plane? B . -

£

-



.

the num-

n i
set of numbers--the real numbers., Your wori In adding
1

alesman In wusiness tor

|—a
i
m
it
I
ha
=
it
(s
pa
o
ag
2
i
<

twelve days. On

475, Ne 1Hnel moneys Tl

ghow neither a pro-

At the vottom of tne colunns,  The on the
lel't mlives, 1V o, Lbe prortt o loos o eazh one ol the

‘twelve da shows e aritnmetle uzed In

tive 1n others,

ol
i Tf‘;;:lﬁ
Tuesday 1 Ay
Vednesday: Trosis o o
2o (=) =
Thursday: Lous a! ]

Frlday: Loss ot i

Saturday:

i:

sunday:

b
.
&
-
I
.
e
.
i
]

;
o
b
.
o
]
[
—
I
I
—
had

Wednesday: Loas or e

Thursda; Irotte ol %x
5ok =) = 0
ERS
J
; P AL
<o
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In tnese cxamplez, we have found the sum of two positlive
. - . g i . .
numbers, the sum of Lwo negatlve numbers, and the sum of =z posli-=
tive number and a negative number. Ve have also Found a sum

involving

L
How ou complete each of =he I'o sllowing statements?

I'its
You

1n this way for a while,

atudy tnls chapter, that you will

avout profits and

1. When you added two negative numbers, was the sum a positive

or negative numoer?

0

AN
=
o
1
ju

you added two p@sitiVé numbers, was the aum %

or a negative numbe

how

atlve numver, a

m Was o a ne

numeer, how do decide whether

or a positive numbe

the answer i3 a

—

Think o

-

=
i
[
ju
[
il
6

e
D
Dl
[

numbera to anawer Lhe
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1l kExe

5285

{montimoed)

vient Lo

il e wngo or

‘s als {inanclal situation?

market prloo palned “wo points ono dnay

" 1.0 LR ne SR Vhiat wno Uihie i
PR
(d)
Vit wnn e opet galn or
= ffirst play and
, What was 'the net
" 2 '
. chinklng of the posltlive numbers

rlve numbers as losses., .

,\
e
L
+
I

i Jollowing sums,  Think

and Lhe negatlive num

O
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ach of the following what "profit” or "losa" will make-
_ ' . v

“ence true? ' N ‘ .

—
hud
—
—
I
~
R
Ik \‘

i
o
—
-

7-2. Addition and the Number Line.

let'a 'uae the number line to show the

salesman's record.

Yed, and Thurs,

I~ o VI
0 7 2 o 2

. 7+ 5 712 ( 6 t(-4)=2
' 4
. ) /
Notlee tnat in tie rirsc sxample (Mon. and Tues.) we staﬁg’

At zero, We tlrst move 7, unlts to the right. “TherrWe move 5

mors unlts Lo Lhe The i*inal poselflon on the numver,line

g shown by 2 "x" . Thlsz posltleon snows us that the result

ERIC
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, In the second example (Wed. and Thurs.) we agaln start at
tero. Filrst we move © unlts to the ~lght . Then, we mpve A

2 ] -] unl o] I N In 5 lﬂ! .,
mmita to the lett (Why do we move I unlts to the left 1

o vhie

|-%] units Lo the lei't? Remember

e, then, that to.add

& we move |6] units to the rlght.

Prl. and Sat, , Oy, and -Fon.

(-7)+4:43 0+(-3)=3

~ATorms and Ve, ) . Thurs ., and
Re!

= .

rl,

5+{(-5)=0

sooosine, sonembior that we show

by cvaving: Lo the ripht, Feom the

redd Lo

can Lo Lheat o additilon ol oa

In waiacnh

Lhie muinen

value @t Lhe numbe

summae A tnings oo remenver when showlng addi-

Jdon ol two real num. con s and Lo an the number line.

(,: ) A[F,L, [i)m

poslnive, I |

ro, move  Ja] unlts Lo tne right 11 a
t

no oantts oo

(%) From thls polint, move || unlts to the pight 1f b
lets 17 o 1z negative,

iz positive

o. I'his devermines another polnt,

o unlt
£

. on o she fume o 1line,
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B

iz the

(") The crordlnate o the "tinal
sum of
In the thled

L 13 obtalred

T
ing

it
[e]

(E‘i

hen mov
t )

i

ol

What lz the suai |l

[

2. In which dircecion do we move on 1 he oumior
the addition of 2 pos’ilve numicoy N
4 wWeo riove Orn Lng  numd line vto-indicate

LLve mame

“, What 1ls <“he number of unlvs moved when we add a numoer x 2
-4
5 What does tinal on numter line indleate?

2. A thermometer registercd 107 F at noon and dropped o ¢

tempenature at 4 p.m.?

. LY oA numLer”

oo I o thesmome

PTh

is the new ©

5. I a thermomes Coand then dero

vhal 1o she

I'lnd the

o




Qrey!l mueccizon [J- o :
\ {aonninued)
k (i (=m§) bt ’ C - ) Yoo
(k) 4 /!r) ) (‘> )‘ .
(1) G;) **_il;;D’* v=7) ) o (z:\) .,
(m) (-0 v e ey :

PG bem et =

F

+
. Find the rollowing sums.  Uoe the numeed line Lo aid you if

L=

(i) e (=0) + {-.) (1) =+ (-10)
(e) (=)
Tilric o 1t SRR imbers an "galns” oand Uloszes"  and

whilen of Lthe (allowlng sentences are true? Use 'igaiﬁ;s" or
"lesses”, or tne numier line, “o help you declde .-
~}
) (=) v o=, (g) (-1) + o0 =14+ (-6)
(L) (-0) = (L (h) o4 (=7) =7+ (-8)
= t
' ! [ - ; o <
(c) (-2) + <7 (L) () + (=4) # (-5) + 6
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Y
Problem:8et 7-"7a

‘?' ) :
=2 .
- G

(continued)

", Perform the following additions of real numters. (use the

nuﬁéér lines to help you if you need to.)
() (-5) +2 +7 (1) 7+ (- )
(6) (=5) + (-2) + (&) (7 + (-5])+
c) &+ (-2)+ 2 (h) Q;T) + QaiD + 4

5)

2 (-2 = - g
(-5) + 2 = ~(1-1] - |2])
) e =l - 1D

(=51 - 121
(;j) woee (I=o] = 12
(J=71 = 2)

If the domalin 27 the varialbLle Lz the sot o real nembters, ©ind

thie brubh ocobs o too Jollawing opoen Sonsoncos,

. . 14 1
. N 1 TR J»;J: = =
a) ELE L i (h) b - (j—{.;;) = ]_E

L) () L L) A st e (ens)

,}




ug go back to the fli'th example in the zales of ice

a
in other words, defilne additi
lre

itlon we must keep two things 1n mind.
11 posslole situatlons.
adiet any

numbers

;
We must then conslider all
Tetla rirst look
Y line we

nuamo ]

(=%) + (=5) = (-10).

e

TWO
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Mow lett's Jook an anotner type. On e dumier llpne we

found that

rel oA resull

ﬁ
U
|._|
’E
r,‘]:u
?
;.L'l
|._.|
ﬁ
L
E‘
r"l]
v:j\
D‘
r—!“
[u
‘i—"
‘J

number line

and the

wepat lve number

O
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From
o =) = 0, .

2 tnat the sum of a

posi

. Iv zan also

egqu:

For tne last Lype, she

Lroving

e

equal to the

al to the
That 1




i oa  and

Lhe
5) ancolube values
Y inlve numier a0 and nEEaLiVE
\ s Lrnen Fl
. TEETY !
;

Srmen ! : L
AR A S

I
4
1

"
e

4

i

rizinal ne

two sipnliti=

[RERY A EREEE S A SR

O
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1. How is the sum of two non-negative real numiters delined?
2. How 1is zgziium of two negative numbers delined?

5. What determlines whetner the sum ot a2 poslitive and negative

number 1s positive ar negative?

det'ine tLhe additlon

T
P
D]
il
b
o
]

L, what operatlens and numbers are
m

umpers? .

Problem Set /3%

Use the definition ol addition to add the ifollowing as in the

example. .

Example: (=5) + 5 = =(|-2] - |5])

Y. o5 e (<7) 5. (=3) + 3 ¢

Aefipition of additian t~o deside wnich of the followlng

true and whiien

i
]
]
)
I
fp—
L1
I
I
i
]
I
(]
I
I
b uh—‘
N

11, o+ (-4} = (i=3| - 160) 16, = = (’{ = =(|% - Iz%l)i

12, (=) + (f;;) = =(]=2] + |-7]) 17. (=0) + o =0

cement 1n paren-

numouer and zero

The same thing

g "ruc ror 11{ numee s o arivhmetle . Comelnling these ldeas
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1. What is .hie sum ol any real number and

2. What 1s the sum of any real numoer and L oppositer
s, State the adrltlon properiy ol zeroe lor redl numbers.’

L. Hrave Lpe addiilon property ol opposites [or real numuers.

- 0
B
3. 0
o) e
. .
£ - . =
(- vy
P Lom 3 -
Wep wont voalne o ovalues) ot tpe vasias b booeeiant o T Low=
: ST et LETVLOfRIe g . .
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s Co : Problem Set 7-3
(eontinued)

3. r+ (-4%)_= (-4§) 7. a + ﬁF; 0
4, 8 +_O = (-8) 8. a+ (-3)>0
.5 9 + !- 0 9. 3 4+b<0

(-¥5) + 0 =c

Yt et
[ ]
My
+
A
[l s~
¥

Mo

1 kY
(%]
bl

7-4.. _Properties of Addition.

Our definitiOn of’ addition was an autgrowth of the results
which were obtained ‘on the number line and the profit-lossa
example., At the same time we wanted the definitioen to be such
- that the properties which applled to numbers of arithmetic would

also hold for all real numbers including the negatives. We have
.Just seen that the addition property of zero does hold. We have
~also come up with a new property, the additien property of
opposites ¢
9 It now Aemains to determine ﬁhéthér or not the commutatlve
aqd assoclative propertles are also retailned. Let's first look at
the former. We already know that for any two numbers of arith-?

metic the sum

Is thls true for all re
definition of addition invol
Suppose we examine one case. Let a be positive and b be
negative.and assume that J|a |> |b|. By definition we know that

eal numbers? Since parts of our
ve

subtraction, we might not be sure.

a+0b=lal - |b].

¢ _What about b + a? The definition tells us to take the
‘difference of absolute Yalues. The difference of two numbers of
arithmetic 1s obtalned ny subtracting the smaller number from the

larger. Thus we see that

L4 =

b+ a la| - [b[ also,

i

If we considered allrzhe other cases which invalve negative
numbers, we could show in a siml¥ar way that the commutative

.
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property: of addition holds for each of these. Hence we can say-
that ' '

For any regl numbers, a and b, a+hb="0b+ a;e-
Through the use of the definition.and arguments like those
above, we can also show that addition of real numbers 1s asso-
ciative. This means that '

For any real numpers, a, b, ahd ¢
: (a+b)+c=2a+ (b+c).

e shall not attempt to demonstrate this property for any of the

cases lnvolving negative numbers. However, the f@llawing example

should help bring out the-point. ' ' ;
Ir = =2, B -7, (a +b)+c 1s

(=2) + (-7). This

(=) + (-1). This

6, and ¢
equal to -9. But a + (b + ¢) is°

pad

L

also equal to =9.

I
L

= Oral Exercises 7-l

1. Add a negative number tc a positive number; now add the same:
positive number- to the negative numuer. ,Did you get the
same sum?

2. What property of addition was shown in Question 1?

=

Acdd (-B) and (-4); then add 5 to the result.

Did you get the same sum i?f (a) and (b)?

O

ERIC
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What
4, State the

State the

5
[

property ol

commutative

ped

addlicion is

property of

(a)

(b) Add (-4) and 5; then add that number ‘to (=3).
)
)

illustrated nere?

addition for real numopers.

ssoclative property oi additlon for real numuvers.

“
|

&. Tell what property or propertles of addition are illustrated

by each of the followlng:

(a) (=5) + (-7) = (=7) + (-5)
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Oral Exeygiegé 74
(continued)

(e) (-8) +1 + (-7) = (<4) + (-7) +1
(f) (m+n) + q=n +'(n‘+iq)
(g) a=storwc)=(b+c)+a

(h) (x+3y)+z=(y+2z)+x

i
)
+
H)
+
o

(1) x + (a +b)

(1) (a%b)+(3+y)‘; (a +y)+ (b + x)

Problem Set 7-4

1. Find each of the followlng sums. Watech for easy graupings ;f \\
numbersthat make use of the properties of additiang_ )
(a) (=3) +7+5+3+ (-5)
(b) 14 + 6 + (=7) + b4 4+ 3
(c) 5+ (-8) + 6+ (=3) + 2
J(d) (-9) +5+ 6+
Co(e) 114 (-17) + 9+ (=3) + b
(f) e+2+ (-c)+5
(g) r+ 4 +4-r) + (-4)
(-3)

(h) r+6 + (-r) + 7

#. Which of the followlng sentences are true? VWhich are false?

(a) (-5) + (-2) = (-2) + (-5)

(o) 7.+ (-2) + (-6) =7+ (-2) + (-6))

(¢) (-6) +3 =3+ (-6)

(d) (-8) + 2= (-2) + 3

(e) (=5) + (6 + (-b)) =3+ 6+ (=1t)

(£) (-9) + ((-3) + & = ((-9) + (-3))+ (-6)
(g) (T +53)+ 4 =044+ (7 +5)

(h) (1% +5) + (-2) =14 + (3 + (=7D
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' ' - {contdnuedk , ’
- .. : 7;;,‘ N Cs < e

3, In each of the followlng find the real number (or numbers ).
- which makés the open sentence trué.
(&) (-6) + (-3) = (-38) +r v oo o
© (b)) (-5) 4y =7+ (-5) |
(c) 15+ (( -9) + 2) (15 + x) +2° .
(a) (( -2) +5)+ e = (2) + (5+ (-3) .
(e) 14S-+ x = g§!+ #%4 | ’
(£) (24 +8) + (-4) = 14 + ((-¥) + b) -
(g) a+ (-16) = (-12) + 10 + (-4) .
(h) (5+ (-5)) +m =5+ (( 5)+')
(1) (3 2 4+ (-nj) + 2.8 8+
I-4] + l=5l

i
\
~~
o

(-j) |=5| + a =
(k) b+ (=9) = |-6] + |-3| ¢

7-5. Addition Property of Equality.

"3 4 4" g the name of a number. If 8 1s added to the
number, we get a number which can be named "(3 + 4) + 8".

"g - 2".1s the name of a number. If 8 1s added to the
number, we get a number which can be named "(9 - 2) + 8",

Did you notice something strange about the pair of state-
ments above? They were really saying the same thing. In both
cases, we had the number 7, and we added 8. Of course, the
result in both cases was 15. It is true fhat we uBed different
names for the number 7 and the number 15. However, we were
talking about the same numbers, '

We can write:

I
———
W
1
i8]
Mt

N (3 + 4) =
’(3+4)+8

]
%)
]
M
Pt
..H.
®

This is an example of a property of Equality

e




<% ’(-7)+ 2 ; -5 .=
L (m s 2)d (2) = (-5) + (z2)
| (-3) + (-2) = (-8) + 3
. | . ((—3)’;,(—2))+é=(( §)+3)+2 ‘ e

’Sametiﬁgg people talk abcuﬁ jadding the same number to both .
aidés"' In the two examples abcve, we could say we aﬁded =§
to both sides" 1n the .first one, .and "added 2 to both sideg“ m
the segond one, ' " .
- "SMdes" 1s a Kind of slang Word in mathematics. In the
"(-7) + 2 = =5"; we might speak of "(-7) + 2" as being
on thegxeft side of the verb "=", and "-5" as being on ‘the Pight
side of the verb "=", | 5 .

Here 1s another example i

(3 x 2) + (-4) =

This true sentence says thdat we have two different names for the '
same number. If L4 1s added to the number, ‘the sentence then
reads:

(tB x 2) + (‘4)) + 4 =2+ b,

This 1s also a true sentence. You can see that the "left side"
and the "right side" of the sentence both show that ! has bheen
added to the number we started with.

All of these examples show a property of equallty called the

addition property of equality,

whlch can be wriltten:

For any real numbers a, b, 1 Gy ir a = b,

Of course, 1t could glso be =stated:

For any real numbers a, b, and ¢, _ il a = b,
then ¢ +a=¢ + b.
247
M N
‘:E‘ EJAL ;




ral Exerclses 7-5 ‘
L L ’ - . —_— ']
What happens when #%e add the same, number to each side of, the

34+ 219 1

true sentence "9 + (-4)

Wnat happens when we add a p@sitive number to the rfghﬁ siéev:=

only bf the sentence in question 17

~ What happens when we add a negative number to the Aeft side

only of the sentence in question 1? )

Vhich of the following 1s a statement af the addition property
of equality? C o

‘(a) For all real numbers a, b, and %, " -
if a = b, )

then ¢+ a = ¢ + b,
(b) For all real numbers” a, b, and e,
if a=b, ‘
then (a+Db)+ec=2a+ (b+ec). .

£ . . .
(¢) For all real numbers a, b, and c,
if a=b,
then a + ¢ =b + ¢.

For what values of the variables are the following sentences
true? )

(a) 3+ x=x+3
(b) (=3) + 4 + (-5) + x = (=4) + x

(¢) x+ (-8) + (=7) + (=6) = (-1%) + (;7) +x

the given number 50 that the result 1s x?

(a) x+ 5 (e) (-7) + x
(b) x+ (-6) ~ (g) (-3) + &+ x
(¢) x + (-11) " (n) x4+ 3+ (-8)
(d) x + 8 (1) (=5) + x + (=7)
(e) 9+ x (J) 12 + x + (-2k)
"y
nt
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. ' (continued)

-7. In each of the followlng sentences assumé that both "sides"
are names, Jfor the same number, Now tell what number could
E; added to bo sldes so that the new sentence will have
the variablgﬁg§:;e on ohe side. s e

E;c,amplez . , x + b =5+ (—-7—27) .-

We would say "Add (:%2 to both sides", because this

"would give us

" e b (3) =54 (2) 4 (),
| X +0=75+ (=2) + (-4) . )
+ or X =5+ (-2) + (-4). ;
Here % 1s alone on the 1éftgsidng

(a) x+3=10 (g) "16 = 16 + a

() (-%) +x =11 K . (h) 28 + a + (-12) = -7

(c) x+ (-16) =16 (1) (-6) + (=5) = x + 5

(d) x+ (-8) = -8 ~ (3) (-18) + x = 14 + (-6)
B (;) (-5) + m‘+ (-4) =12 (k) (-4) +y + (-3) = -15

(£) <18 = b+ (-3) (1) vy (5) + 5= -8

/7

Problem Set 7-5

1. Which of these sentences are true? Which are false?

(@) ((-7) + 2)+ (=2) = (-5) + (&) :
(v) ((Elh) + (535> + 3 = (( 20) + 3) + 3

_— 0T
() ((=6) + 9) + (-9) = (-6) + (-9)

(a) (.; " (Elf')) + 6= (-8) 16 -
e) ((-8) + £9 . 1@)) = (-3) + (-5)

() (( 15) + 23) + (-23) = (8 + (=15)> + (-23)

(€) ((-2%) + 75)) + 2% = 53 + oF

(h) (3.6 + 1.2) +,(-3.6) = 7.8 + (-3.6)
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- (continued) .

M

In each of the followlng sentences assume that both sides

ame number. Determine what number® we
ides so that when the sums are simplified -

are names for the
could add to both
one side consists of only the variable. N

s
g1

= 1)

(a) x + 4 =10 - &

(0)) (-6 + x +

~

=

1l
=
(8]
a

(¢) 5 +y =12+ (-2
(@) B +B84 (-7) =a+ (-2)
(e) a + (=2) + ¢=7) = (=8) + (-1)
(1) 6+ b= (-11) + (=5) ”

(g) b+ ;H (-6) = (-8) y &

’ (n) (-20) + (-10) + y = (-40)

() -Gz em=0.

(§) £+ (-8) =y
real nunber wlll make each open. sentence true?
(a) ((-5) + (-2)) + 4
() (1t *.(;3)) b3 =
() (=) = W)+ (=)
(L + (511)) + 1l =10+ 1
(32 4 2&) 4+ (-24) = a +

L
"
=
Ww
pus

(-7) + %

+ 3

o+ (=)

o

N

et
=
\J
‘h.
0
o
S
+
-
i
[
+
— 2

=0

AT
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[

truth. -num-

N bers. Iﬂ nearly all cases we found tﬁegévnﬁmbers by "guessing" . .

certa}n values and then testing to see 1f these were correct.
ou may have Handered how you could find the truth set af
an opgn sentence without guegsin; A method of Q;ing this would

. be quite helpfﬂl in the caae of more eamplicated éntences for

 which the guessing process might be very difficult’ Such a methgﬁi

N
wlll also have other advantages, as we shall saan see .

Suppcse, for example, you were asked to fin& the truth set -
for the sentence : . o S “

. o 5 _ .
Iy ’ o ' I+5?772: - ) .

From now on, unless otherwise gpecified, we will assqugin solving’
Bsentences that the domdin of the variable 15 the set of all real

numbers Tor which the sentence has méaniﬂg. It may Eé that you

can guess a number which will make this sentence true. But this
may not be eaay. What 1f there 18 no truth number? 'What if the

sentence has more than one truth number?

= =

We can use -aome of the properties we have studled to take

“care of .all of these questlions. We shall also obtain a useful

!method for finding truth sets in general.

Let's begin by supposing that there is a truth number x
which makes the sentence true. Then for this number x we would
know that the left side "x + 2" and the right side "-2" are
équal. This allows us to use the addition property of equality

(R N

and add a real number to both sides. In other words, if the

_Bentence

= =2

X +

s

18 true for a certaln number x, then

v (-F) =2+ (-3)

X +

s

W

18 also true for the same x. The number we chose to add to both

sides was (s%)j which 1s the opposite of %. Do you see the

reason ‘for this cholce?

Iy
™
Ryl
"t
e
-




Because of Ehé addibiaﬁ property of oppdsites and the addi-
,tian‘prgperty of zero our sentence may néw’bé written

. + (a%); o ’ _i)

: 1 : + (-2)

S I 5 N
- = - and ’ .§

1

M

X+0=-

Adding we get

b
I
'

o

Ml

.. ) . X = 2

W

where the last form was obtalned oy adding the réal numbers on the
right. From this we see that 1f a cértaiitnumEEP X 1s a truth
number for the original sentence, then 1t 1s also a truth number
for® the sentence ) ’

[
ot

ZKE-

Uw

Thils tells us that we don't have to guess. If the original sen-
tence has a truth number, then this truth number must be - %ig

R 1 5 -
We stlll have to filnd out whétﬁer.pr not eii is a truth number,.

W J

We can do this by substituting (E%§) in the original sentence.
When we do this, '

[
i

M

X + 2 = =2 becomes (-

s
qu\v
R
+

T

Adding real numbers on the left we get
-(=

)
which 1s a true sentence. Thus we know that E%; 13 a truth num-

e
[

v

ber. From what has gone before we also know that it is the only
possible truth number. This means that we have found the complete
truth set. It 1s

As a second example, find the truth set of

x + = -7,

Though 1t is falrly easy to guess a truth number for this
7 ] : . -
ione, we shall use the addition property once more to illuatrate
the method. You can then see whether or not your guess was

correct. 3ee 1f you can understand all of the followlng steps!

ERIC
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- . ,Assume‘thefe is a va) f .x which makes this sentence

true. Then for this particular x the sentences ,
) & / Eal

I
oy

=2 + (-%) (opposites agaln).

x + § + (-4)

\x o

-and ) . x = -6

1]
i
o

L]

+ are all true. Thus -6 1s the only possible truth number, 1f
there 1s one. Agaln we substitue, and

P

x4+ 4= -2 becomes -5 4+ U= -
which is a true sentence. Do you see, then, that (-6] 1s the

complete truth set? Is this the number you guessed to begin with?

. Example 3. Find the truth set of 4 + (-2) = x + (=5).
it

=
+
—
1
W
e
#l
B
-+
—
1
W
—

is true for some X,

then

o
+
n
+
U
1]
f;\
+
[
W F
+
LB N

or the same X.

+
N
[
=\
+
W
i
] -
.N.
Py
I
T
+
NI

(=N =N
4 s
&
+

+
N
in]
+ .
LEa W T
]
b

—
™
+
WJ

I
b

X 15 true for the same X.

Pl

\‘]
1}

Then

i

Is 7 a truth number of "4 4 (-2) x + (=5)"2
If x 1s 7, the right side of the sentence 1s the

numeral "7 + (-5)", whose common name is "2".
The left Side of the sentence 1s the numeral

"n o4 (=2)", whose common name 1s "2".

Therefore, the complete truth set of "4 + (-2) =
x + (=5)" 1s

& {71.

.
e
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"7 3 In'the. above Examplé the original sentence g i
’ . ' L 4 (i?) = X +. (EE) ‘ )

could have been written as
2 =x+ (-5)
to bégin with. If more than one number appears on any one side’
of the sentence, such numbers may be combined before the addition
property is used. This may simplify the steps involved.
Check Your Reading
) 1. What property guarantees that 1f "x + % = -2" 1is true for
_ a certailn number, then "x + % + (a%) = (-2) + (i%)" ‘is

true for the same number? . '
2. Why was (;;) chosen to add to both sldes of the sentence

[ - ;=_Ei|¢?

*5 o
3. How can we be sure than s%; 18 a truth number for
Oral Exercises 7-6

What number should be added to both sides of the sentences below
in order to obtain a simpler sentence?
1.ox+2=3 6. 2x + (-1.5) = .5

. oo 12 - o 2 o ) _ ¢
2. m+gp=3 7. v+ (-3) + (-2) =8
3. 2y + (-9) = (-5) 8. 4m+ 3 =15
b, (-3) = y+3 9. 17z + (-2) = 32 ,
5. 3z +6 =9 10. 35 = 11k + 2

. Problem Set 7-6

1. Find the truth number of each of the followlng open sentences,
If you cannot guess the truth number, use the addition

property of opposites to write a simpler sentence.

(a) x+5 = -3

(e) n+ 35 =

]
[Nl




' Prggiem‘Seﬁ 7-6
) . (continued)
()" b+t = =7
(d) (=5) + (-7) =m + 3
(e) y+8=54+3

. (£)%n + (- g5) = 1% 3

-y

(8) (.32) + (-.77) = 1.05 + w x
(h) (-5) +3x + (-8) =15 + (-20) + (1)

2. Find the truth number of each of the ?Glléwing open sentences.

-

(a) (~5) + a = (-5) + &

6+ ((-2) + (-1))
(¢) b+ (-6) in) +2) + (-6)
(@) 5+ (=4) =m + (54)

(&) (-7)+ (-5) = (-¥) + (=) +n
(r) spa (b)) =sten ]

(g) (-2.6) + ¢ (élié) + (=1.0) + 3.1

. (R) 3.5+ c= 5.0+ (-1.5) +c

]

(b) a + (-3)

3. Find the truth number for each of the followlng open sentences.
(a)
(b) 11 + 3y = 26

x + (-5) = -3

ol

(¢) 13m

e
3

W
WIjoe

i

=

(@) =z +
(e) 5% + (-11) = 14

(g) 2z + 3 =4

(h) x + (- %) = %
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7 7 Additive Inyergei

Can you complete each of the following k4 as to have a true

" Bentence? v ' - ’ . . i
o ) - » A ‘ _
E . L + (-4) =
- \M ) (-8) + 8 =
#® " a:‘ ‘ x + (ix,) - ) ‘ ‘V" i
q Can you answer th% followMng questions? -,/ ., - .. -
G What number added to" -7 glves a sum of zero?

T, ; Mhat number makes the Dpenlgentence "X + 9 = 0" true?

1

Tbeae questicﬁs were probably not very hgra We have already
learned that the sum of a number and its qppcsite is zero. :
In mathematlcs, there 1z another importan§ name we can start

using when talking about statements like 4 +ﬂ(!4) = 0",

b

% 14 called an additive. inverse - of 4, aince 4% + (-4) = 0.

4 1s called an additlve 1nverse of .U,sgince (-4) + % = 0.
. -7 1is called an additlve 1inverse of 7, since 7 + (=T) = 0.

7 %is an addlitive 1inverse of -7. Why?

Give an additive Inverse of 25. -

If we have two real numbers x and y whose sum 1s zero,
like this:

X +y =20
/ 8 the additive inverse of x
the addiﬁiqsxﬁﬂverse of y.
Oral Exerclses ij;é
1. What number added to (-5) gives the sum zero?
2. What number added to & gives the sum zerc?
3. What 1s the additive inverse of (-7)%
N, What ls the additive inverse of 107
5. 1In.the sentence % + 23 = O
) 4

O
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Oral Exerclses 7-Ta
{zontinued)
() Employ the addition property of equallty and the
_additive Inverse o rind the truth set of this sentenc
(¢) What ls the trutn set of the zentence
6. If the sum ‘ot .two numbers 15 zero, whalt can we say about the
numbers? " o

7. Glve the additlve inverse ol each of the following.

() (v) -% (k) (-8) + m

[rovclem 3et 7-Ta

A :
1. Flnd the truth z¢t ol eacn ol tne lollowlng open sentence

i)

additlon o: an

Flod wne touoh i owaeh ol Lhe “le%wlﬂg spen sentencas
() om o [
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()
(g)

Y)
(g)
(h)

a

(

(b
(c
(

d

6 +

3y +

9+ (-7)

5. Find the truth

K

x + (-6)

-4, . PFind the truth

+ 6 =

theze

Froblem Set 7a =

(continued)

A
4
S
L}
s

H
=~
3
+
0D
[
[

of the followlng open sentences.

i}
m
-t
W D
Lt
[
L
il
-y

get of each of the followlng open sentences,

sentences lnto algebra,

A fiumber added to 1ts addltlve Inverse has the sum zero.

&

aum o

i

W

f' a number and the additive lnverse of

1s

€3 a number, 1ncreased by the additlve 1inverse

the additive lnverae of the number.
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other addltlive inverse ot 1, However, you don't

Froblem 3¢t 7-T7a

(continued)

n r and negatlve % multlplied by the
sum of the same number and 3 1s equal to 9 less

than the sqguapre of the number.

a certaln number 15 the same as the sum

{(e) Pive 1
ot the number and the additlive lnverse of 5.

ntence 1n (a) true for every number?

) true for every number?

Pl

Iz the sentence in |

o
2y

inverses,
e more than

that -4

you mlght pessibly hav

one additive lnverse.

almed there

[l
o
W
i
P
pay
I
e
it
e
<
Pe]
fand
<
i
3
I
If
e
Ly

was another number, diftverent from -%, that 13 also an additlve

inverae ot ',

Could you Could you

o

K

-
ey
"t

prove to hlm than -k 13

name thils

You ocou i, ot

o

rieed €
a

L\t he

pe that “other addltive lnverse of 4" th

It 1n 1ls trus that =z ta an additcive




O

ERIC

Aruitoxt provided by Eic:

7-7
(<4) + (0 +2) = (=4) +
i g
<§=M) * i) + oz o= (=) 4+
O+ 2z = (-4) +

o=

e,

Here we have used
2}

He tvsing the Additlon
Fr Equality If you are
wo 1y we added -4 to each
g1 you can discover why
I'r
He = t Agsoclative
Praperty of lon

the Additilon

Froperty of

now why we a in the
Séé@hdaapr? only way
wa? on the

You may have that "So what?" reellng; but look at. the last
line, "z = =", It shows that the "other" additive inverse of
hoLtarned out : e not a different one at all It 1s once agaiﬂ
=4, Jo, no matler ﬁpat anybody clalms, we have proved that 4
has oné and lraddlthE inverse, namely, -4 We know, 1in
mth&r worcls, is the complete tLruth set of the sentence

addivive lhAverse

i1l thers
e "z"  and writ
4
W Gee an Lhe
Ti wromy nipe
T with the pr

s

nAn

some ol L

cnly one additlve lnverse,
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e
o
i
-
m
o
i
sy
iy
T
(=
g
m
w
g
=
m

reasons are wrlitten out there, and the reas

—

In the final 1lne, you =zee

- Tz o= =X,
This shows that i1f =z 1s an addlitive inverse of x, then z 18\
the same as, or 1s egual to, -X In other words, there 13 no %sk
\ ) 3 { . Ea ™
other addltive inverse of x, except -X. -
We can state 1t this way
addltive ’

Any real number X n:
i rse. This additilv

We have proved thls statement to be true We proved 1t to be true
by using properties that are true ror all real numbers. When?a
statement 1s proved in this way, it 1s often called a theorem
By means ol this theorem we can discover another 1lmportant
properiy Suppore we consider a sum of any two real numbers.
Call this
a + b
= HE
asoclative

and commutatlve prope

equal %o Thiz
(a4 b o]
then the cxprossion (=2) ar; additive inverse

[»18

Bul, our theooram wolls un

conclude that

S
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There 18 an interesting way to state this property. We can
say that '

the Gpp@EitE af a Eum of twa Féal ﬂumbers

= -

Check Your Reading

1. What property Jjustifies the conclusion that -x 18 an
additive inverse of x, where x 1s any real number?

2. What i% proved when we show that some other additlve 1nverse
z 1is also -x? ‘/

%. What theorem 13 establlshed b% the two previous statements?,

4, Showlng that (a +7b) + @Ea + b) equals zero eatablishes
what fact about @ea) + (-B)) *

* : Problem Setf{-7b

1. VWhat property establishes ”(? + (—“@) + {={3 + (—M?D = 0"
as a true sentence? '

[N

Use the propertles of real numbers to show that
§ + 4D + (}ﬁ) +19 equals zero.

%. Since exercises 1 and 2 establish both G(} + M)) and
5 4+ (=4 ))g what further

0

—
I
s
e T
4+
N
A
I
]
fah
L
b =
5 T
[
<y
i
V_J-
Ij
m
3
»L\'Il
b1l
o
ba]
HY
TN

b
\H
D
T
]
[
i+
Ty
i
b
s
b
o
,__J
3
[
(g
+
jup
TL
ot
]
W
+
1,
1]
=
[
b
ol
ot
=
pa
I

5. VWhat property establishes that "(-5) + GX=5§) =0" 1is a

true gentence?
sentences of exercises U, 5, and what theorem establish

7. Use =-{(a +1b) = (-a) + (-b) to write another expression for

the fallowln;
(a) -(a + 3) (d) -(x + 2y) (g) - @fa) + (;DD
(b) -(x + v) (e) “’Q‘l va) () - 9)
(¢) =(2m+ 3) (f) ign(—ﬁb
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In thils chapter,

and B

Ve also disc

Commutatlive

are,any Lwo

we

TEal numh

mave dlscussed

of

ers, thelr sum may be

ussed the following properties:

Addltlion

For any two

\ Assoclative

fIUMpers &

and ©, a +

ez
i

b + a.

Addition

0! Opposltes

For every

re

nsed

i

Lo oremember Lhnl

tn Uinding the

a, o, and

Tk
ol
+

i
w
I
o

vruth sets of certalin open

i

e ®

26
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jeview Problem Sef

[
R
g
%
it
i
[
=
by
hac
o
Y
bed
e
=
b
3
—
o
[
Pa]
.
.
.
T
e
i
—
)
w T
e
]
ot
o
™
pd
£
=
=
Disd
-
—
=
pud
T
»

Fusing the

2. In each v

definlelon oFf addition,

con/enlent method,

],
(-25) + (-6

5)

3 dlnd s cowamon nane U ocach ol tho Yollowing, ~
(1) 3+ (b= () (Lox0) 4@
(L) & - (¢ & 1) (1) = (0 v D)
(2) (= h) L 3 (i) oo+ (=0) + (-10)
(«) 2) (2) oo (=) + (A1)
() b (e ) (1) (=7) ¢ (=) 410
() o= (3 k) (5) o4 (=0) + (=8)
() (2 - ) - () d=ol o D] e (=1-61)
() 1=0] 6] e e ()
slan o0 b Collowlin, & gr Zontaences?  Which are ralse?
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Review Froblem 3Set

(continued)

5. Whileh or the tollowlng are true ior all

varlables? Which are false?

(£) (=x) + (-y) = =-(x + y)

=

each of the {ollowing t'ind tne rea

i
‘]
a
i

e

alues) of the varlable which makes th

<

26.)

values of the

. positive number

7, and z are

number value (or

glven sentence true.



(p) 5+ x + (=7) = &
(@A) 7+ 2+ (=3) =m+ 9+ (=5)

(r) (1@ + (=EQ> + b= (-10) + (5 + b)
(2) |=5] + 6] +a=0
(t) Lo+ =M+ |-3] = |-7|

7. PFind the trutn set of cacn ol the {21llowling open scntonces,

mok 7= 12 .

1.

SO A 1 A L) B

S R A ET R Y N
3 0

L |vx| R (;‘_ﬁ') + ]—J| o

(
(
(
(
(m

lame Lno

8. Tl

iy i o G

that arce Iliuctrated Ly cach cenbence,

neonerby, ore
vhebhor actyelntlve, cummibabive, additlon property »0 0O, o

KRS 05 5 N MY = T A
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Revlew Froblem Set
(continued)
(c) (7+(-7)) +6=6
(@) [-11 + [-3] + (-3) = 2
(e (-2) + (7 + (-1)) = ((-2) + 3) + {-4)
(£) (=1-51) + 6 = 6+ (-5)
(6) ((-2) + 6 )+ (-8) = (-2) + (6 + (-8))
(h) 8+ |-5] +a=]-5]+8+a
(v} |-6] + (-6) + 0 =0
; (J) a+h+ (-a) =1

btain the

L
DAl
bed
D
.
i
ot
=
< -
I
]
e
T
¥
it
=
w T
[
-
o]
el

9. Uszse the commutative and

a ;
tollowlng scwns In an esasy wa

=) +
2705
3

)

)
) (=9) + |-+ 12+ |-2] o+ 7
) =1-10] + (=15) + 15+ (=3) + (-]-€])
"itg open Sentences for the {ollowing: (Be sure to identify
the viriable,)

(1) }1m LC#PnQd that on a certain day the low tlde reglstered

4
.o eet below cea level and that it rose 5.1 feet

How far above sea level did

durlng = dl
1t rose to the high tide?

the tide

(L) Dave shot at a target and hlt 10 inches above the

center on the first chot. The second shot hit 3 inches

Lelow the [lrat chot. How far above the center was the

soecond ohot?
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Chapter 8

MULTIPLICATICON OF REsL NUMBER:Z ‘“

In the previous chapteraddition was deflned so that
r

v
eal numbers "behaves" ln the same way that additlon

il

t
the numbers of arlthmetlic behaves. That i3, 1t has the same

numbers also
arithmetlc. the followlng propertles to

be true for and e¢:

b = ba commutatlve property of multiplication

s~

= a(be) assoclatlve property of multiplleatlon

Pe]
L’
[a

n

2Kl

= e

= a multiplieation property

~

T e e,
i
oo — m

— .
~
[

multipllcation property ero

. - s .
= ab +.ac distributlive property

pes

[an]
—

o
el |

r-les to be true for real numbers:

e
1d

e would like these prog
and this will help us declde how multiplication of real numbers

shall be defined.

- - - AT . - 5
Here are some posslible producdts of real numbers:

(g)(})! (E)(Q)J (Q)(P); (‘3)(0): (3)(_E)) (_ﬁ)(’g)i

The flrst threz sxamples use only numbers that are not

(0), Lf we want the
ty of zero to be true, we must be able to
e
followlng deflinltlion:

multiplicat

—
D
Nt
t
o
b
it
g
e g
s
=
[
o
W
it
g
Tt

say "' (-3)

')
~J
e
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8-1

In fact, we make the following definition for any real

number a:

- (a)(0) =0. -
o | - (o)(a) =

o~
i

. What 18 a simpler name for the product (3)(0)°?

Give a simpler name for the,product (0)(3).

Give a simpler name for the product (-3)(0).

Give a simpler name for the product (0)(-3).

What 1s the truth set of the sentence "(a)(0) =0"7 .
What 18 the truth set of the sentence "(0)(a) = 0"?

State (in words) the definition made Ln this sectlon for

L M

o on T e

-~

the product of ‘zero and any real number,

- . Qral Exerclses 8-la

Glve the gamm@naégme for each of the following:
(@) (1) (£) (m)(0)
(b) (0)(0) L (g) (-x)(0)
(¢) (0)(-3) (h) (-5.2)(1.0)
zd) (D)(;%—%) (1) D<B+ (=1o)>,
(e) (-92.75)(0) L) (6) v 8)3

g

Which of the followlng sentences are true? Whlch are false?
(a) {0)(5) =0
(b) (5)(0) #o0 (e) (0)(-7.9) <0

(¢) (-7)(0) < 0

(2.14)(0) > © /

[l
12
—
L
~—

3



< Oral Exercises 8-la
| (caﬂtinugd)
3. Which Df-thé faliaﬁiﬁgiséﬁtences are true for every value
of the variablé?f o ) .
ia)- (o)(a) =0 :} {e) }o)i% +m) >0
(b) (-a)(0) =o0- (1) @;a) + (Eaj)(o) )
() (0)(-n) <o . (@) (%) + y)(0) #o0
'(d) iO)Gﬁ*-(EmD =0 . ’ '
. | ’ . — . 3

“one number was zero. In thils sectlon, let us look
. products kn which one mumber Ls poSitive and one
negatlve. Let us begin by looklng at the follgwing list @ff
products: L
6 In each case, 3 13 multiplied by another
(3)(1) = 3 . number. Readlng down the list, the "other
(3)(0) =0 ' |
{3)(-1) = see that the product decreases by 3 each
($)(-2) = time (6, 3, 0)? '

number" decreases by 1 each time. Do you

No simpler name has been given for *(3)(-1)
becausetwe.havé never before consaldered
such a product. But if the product 1s to
continue 1ts pattern of decreasing by 3
. each time in the 1ist, what would (3)(-1)
+be? IIn a similar way, we can declde what
(3)(-2) might be.
e

Continuing the pattern Ln the table,above, it turns out
*‘that (3)(-1) ts -3, and (ﬁ)(=2) ls -o. .nd we can give
an even more é@ﬂvinc}ng a}zumenﬁ for defining these products in
“thils way. Remember that -there are certaln propertles of ”
mgltipl{caﬁiaﬂ which we WantqZ@ hD1d for 311 real numbers. One

a
of these propertlies lg the dlstributlive property éf,mgltipllcatian

¥ a ] . .
¥ “4 ] . ) . . . t
! 2 R
s e *

ERIC
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81 | v
over addition. - See if you can follow the steps in the following
argument: g ’
) 0 = (3)(0) ‘We have already agreed that the
o ) product of zero and any real number .
: ; is zero.
0 = (3)(% + (-2» . If the f}rst sentence 1s true, so 1s
! - this one, "2 + (-2)" 1s just
\ another name .for the number O,

L]
]

(3)(2) + (3)(-2) This is what we want to be able to
say, since we want the distributive
property to hold for all real numbers.
The question 1s3: How %t we define
(3)(-2) - s0 ﬁhat%thls will be true?

)

L]
Lo
]

(6) + (3)(-2) Here we have simply used the name
"6" for the product (3)(2).

ﬁj In érder for theiiast two numerical senEEﬁéég to be true,
(3)(-2) must be a number that can be added to "6 to glve
zero. In other words,. (3)(-2) must be the additive ~
lnverse of 6. As proved in Chapter 7, a number has inj
one additive inverse: the additive lnverse of 6 13 -6,
Therefore, in order for the distributive property to hold
in the above example, (3)(-2) must be defiped to be, -6..
Notice that this agrees with the result obtalned from the
"pattern" in the llst at the beginning of this sectlon.

o - | ' ’

For any partlcular pr@dﬁgt involving a positive number: and

a negative number, we can take steps similar to those above.

1

For example, consider the product (2)(-7). The four sentences. ég

. below correspond to the four sentences above. " LT
0 = (2)(0) | S ¢
0 = (2)(7 + (-7))
0 = (2)(7) + (2)(-7) .
i 0 = 14 + (2)(-7) J ~ , .
5 3 { V
‘ e,
s Y Lo
. \ 21(; . v

O
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Thus, 1f "0 = 14 + (2)(
ined tc

-7)" 1s to be true, the product
(2)(-7) must be def o

be. -~14,
We have arrived at deflnitlons for two particular products:

(3)(-2) = -6 (2)(-7) = 14

definitions., 'Remember that we want the commutative property

of multiplication to hold for all real numbers. Therefore, we

would want the followlng deflnitlons: )
(-2)(3) = -6 (-7)(2) = -1

Following the same line of thinking thatswe followed for

(3)(-2) and (2)(-7), we could arrive at definitions for many

other partlicular products. But probably these two exanbles have
already suggesated to you common names for such products as -
. Ty, ] - .
(7)(-10), ~(-z)(42), (1)(-1), and (5)(-5).. , ,
In fact, based on our experlence in this section, you can
probably supply a word for the,blank in the following sentence:
.The product of a positive number and a.
negative number 18 a ) number,
And with thls experience, you probably feel that you know how
to multiply a positlve number by a negative number andua
negative number by a positive number. This 1s what y are
aé‘.p to do in the problems that follow. In a l3ter section,
we shall glve a‘f@rmal deflnltlon for such pf@duégé,

Check Your Reading

1. Gilve, in order, slmpler names for the following products:
(3)(2), (3)(1), (3)(0), (3)(-1), (3)(-2). o» -

"2 + (-2)" 15 a simpler name for what nupnber?

. 3. What number .ls the gddltive inverse of 6%

L]

4. What twoe propertles wWere used In arriving at the definlitlons

in this sectlion?

W

Is the product of & posltive number and a negatlve number

negative or positive? s

2 T " -



1. Gilve a common name for each of the following:

(a) 6(3) (1) (=1.5)(8)

(v)  9(0) (J) 9(-0.%)

(c) 3(v) : (k) (-1.6)(.2) .
~(da) o(8) (1) o(7.83) N
(e) 4(-5) (m) of(a)

(r) 8(-3) (n) 2(-3)
. (g) 6(-3) (0) 1(-5)

() - . (p) a(o)

b ‘ (a) (-5)(1)

-

2. Which of the following indicated operations can be
performed using only numbers of arithmetice?

(a) 6:(-7) | (c) 1-51-16l
(b) |-314(4) \ (4) (-2)-1-2]
3. (a) What is a common name for (3)(;2)?
(b) Are |3| and I;EI: numbers of arithmetic?
(c) What is a name for |[3]|°|-2]2
(d) Explaln why "-(13]-]-2])" 1s a name for (3)(-2).

4. Which of the féilawing sentences are true?
(a)] (=4)(3) = -(=141-131)  (c) (3)-i-7 = |-3]-7 .
() (1) = (sl-1-1), (@) (v (-5) (@) = ~(I-1l.121Y

s




- 81

Problem Sgﬁrﬁj;ﬁ
1. Which of the followlng sentences are true? ,
(a) (5)(4) = (20) (n) 2(-2.4) = (2.8)
(v) (5)(0) =5 (1) 8(-1.1) = (-8.8)
(¢) (0)(5) =0 (1) 1P = |
(d) 4(-4) = (16) (k) 3(-4) = (-4)+3 °
(e) 7(-8) = (-3 (1) 2(-8) = (-9) + (-7)
(£) 5(-6) = (-30) (m) 2(-7) =(=7) + (-7)
(8) 3(-§) = ()  (n) 6(-6) =0
2, Wriie 4 common name for each of the fDllQWiﬂg?
(a) (-5)((-6) + 7) - (ANG(-T5) "+ 2(-25)
(0) E((- $)6) (e) 7(=a)+ 7(2)
() 5(- 3+ (- &) (r) 286(- &)

We have not yet discussed a product 1n which both humbera
are negative. Below 13 a 1list of products; in each of these
products, the number -3 1s multiplied by another number.

(-3)(2) = -6 Reading down this 1ist, the product
(-3)(1) = -3 increases by 3 each time (-6, -3, 0).
(-3)(0) = © - No simpler name has been given for the
(-3)(-1) =/ product (-3)(-1), since we have not
(-3)(-2) = R yet discussed such pradugﬁgiﬁ;, —
-y : However, if the produc i;tg contlnue
its pattern of increasing by 3 each
time, what would (-3)(-1) be? In a .
* . ~-8imilar way, we can declde what
©(-3)(-2) might be.

275 7))
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Continulng the pattern in the 1ist above, it turns out
that (-3)(-1) 1s 3, since 3 represents an increase of 3
over the previous product of O0; also, 1t turns out that
(-3)(-2) 1is é, since b represents an increase of 3 over
! the previous product of 3. Wwe can also use propertles 3

7 -
multiplication to show that.the definition "(-3)4-2) = 6" 1s
a desirable one to make. ' :
0 = (-3)(0) The product of zero Befl any real
_ number 1s zZero.
»
v 0 = (!3)(% + (!Ei) The truth of this sentence follows
' from the truth of the first one,
since "2 + (-2)" 1is simply
: . another name for the number O,
i
0 = (-3)(2) + (-3)(-2) If the distributive property 1is
to hold (and we want it to), then
the truth of this s%atement must
\ follow.A'rom the truth of the
N~ secord statement.
0 = (-6) + (=3)(-2) Here we have Just used the name

. ":6" for the product (-3)(2),
which we agreed to in the previous

section.

"o = (-6) + (-3)(-2)" will be true only if (-3)(-2) 1s

a number that can-be added to -6 to glve zero. In other

words, (-3)(-2) must be the,additive inverse of -6. The
r

additive lnverse of -6 1s 6. Therefore, in order fo

the dlstributive property to hold in the above example,
(-3)(-2)® must be defined to be ©, This definition agrees
with the result we obtained from the "pattern" in the 1list
at the beginning of this secttlon.

27
‘  R8u
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The same kind of argument can be glven for any other
particular product lnvélvlﬂg two negative numbers. Consider,
for example, (-7)(-5).

(-7)(0) Why?

(=7)(§ + (=5)) Why ?

(-7)(5) + (-7)(-5) We want to be able to make this
 Statement so that a certaln
property will hold. What property
is 1t?

0

0

O
f

®

=35 + (-7)(-5) |

Thus, 1f "O = -35 + (-7)(-5)" 1s to, be true, the product
(-7)(-5) must be defined to be the additive inverse of

-35. That 1s, we must make the definition: "(-7)(-5) = 35",
since 35 1s the only additlve inverse of -35. =~

0

We have now arrived at the following two particular
definitions: . [
(-3)(-2) = 6 - (-7)(-5) = 35
Followiné the same line of reasoning that we followed for these
two definltlons, we could define the product of any two negative
numbers. But these two examples may already have suggested Ea!

you common names for such pr@duiﬁsias the f@ilewing:fg
(-2)(-8),  (=5)(-5),  (-8)(-%),  (-1)(-1).

In fact, based on our experlence 1in this sectlon, you can
probably supply-a werd for the blank in the-following sentence:

The product of a negative number and another

negatlve number 1s a _ ___ number.

Probahly, then, you can find a simpler name for the product of
any two particular negative numbers. In the next sectign,im%
shall make a formal definition for such products.

)
—1
~1

28]
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v
' Check Your Readirg
1. Glve, in order, simpler naae®B for the following p:;aduct?
(-3)(2), (-3)(1), (-3)(0), (-3)(-1), (-3)(-2). '
2. Give a simpler name for the product (27)(-5).
3. What two propertles werf used Iin wrriving at the definltions
in this section? ’
4, 1Is the produ-t of two negative numbers a positive number or
a negative number? ) 3
?
Oral Exercises 8-lc
1 Glve a common name g@r each of the followlng.
(a) (6)(5) . (h)  (-1)(7)
* (&) (-1)(3) (1) (-1)(-1)
; () (=3)(#) (j) (-1)(0)
() (-3)(-1) (k) (=3)(b) i '
() (3)() o (1) (-7)(-b) T
L (e) (0)(6) () (=4)(2)(0)
(=) (@)(0) - () (0)(-1)(-5)
2 (2) Vhat ls.a common name for (=2)(-3)?
(v) Are |-2| and |-3| numbers of arithmetic?
(¢) Wnat is a namc for |-2|-|-3]|% .
(d) Explain why |-3d-]-3] is a name for (-2)(-3).
5. Ahlch of the followlng are true? Which are false?
(2) (=)(3) = 1=41-15] .
(v) (=1.2)(-..) = |-v.2]-]-.5]
(2) (5 (=) (1) = [=2l-|-¢]
(@) (150 ¢ (=) (o) = =(o-1=1) )
(e) (=D(F =« (-F) = (-2)() (-3)(- &)
(£) (=9)((=)(2)) = ((=5)(-=1))(2)
278




8-1

Problem Set 8-lc

. 1. Give the common name far‘eaéh of the f@llo%ing; ‘
(a) 5(8) Q ) (B9
(b) 6(-4) k) (),
| | Y
(¢) 7(0) (1) (-6)(-.%
(a) 8(-5) . (m) (-12)(-\z
(e} (-6)(4) (n) (-9)(-0)"°
(£) )3 (0)" (v )= 2
(g) (-3)(-3) (p) (-.5)(-8)
(h) (-5)(0) (@) (-.7)(-5) |
(1) (-2)(-7) ; (r) (-.6)(-.3)

’ (s) (-®)(-.2)

2. Which of the following sentences are true? Which are false?
(a) 5(10) =50 sy (1) (-1)@) =D
(p) (6)(0) =6 (k) (-0)(-5) = _
(¢) 1(-5) =5 (1) (-8)(-7) = 56
(d) 3(-4) = -12 Com) 3= D) = (- 1)
(e) (8)(0) =0 ..  (n) (-23)(-2)
(£) {-9)(0) =0 . i (o) (- %)(! %
(g) "(-2)(-3) = 6 , (p) (-1.5)(-3
(h) (=5)(-%4) = -20 (a) (=.6)(-.%
(L) (-1)(-10) = 10 . (r)  (=%)(-3) = (-4) + (-3)

i
VM\

3. Find the truth set of each of the following.
() m = -12
(b) -8x = 2k
(¢) x(x + 3) = =2, if the domaln of x is the set of
i » integers. (There are two truth numbers.)
(a) Ixl < |-3]-1-2| |
(e) 3lxl < ((-3)(-2)) Ix]

279
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8-1

irgbiem cet B-lc
' (continued)

Find two integers whose product 1s 5, 1f one integer 1s
L  more than the other. ’
Find a common name for each of the following.

(a) 2-]-5] e) |15]-18|

(e
(b) 3|4 (£) ©0-]-9]
(c) Isl-1-41 . (g) |-1f-1-7}
(d) [-3]-1-2] (h) o4 o

Which of the following sentences are true?
(a) 2-]4] = 2.4 \\j

(c). (-5)(6)
(@) l2|-16] =
e) |-5]-4 = -20
r) |-2]-]-6] = -(2:6)
) (8)(3) = |
) (1)(-4) = =(I71-1-41)
1) o(-5) = 05|
) (=5)(-5) = |-51"1-5]
() (-4)(-6) = ~(1-n1-1-61)
(1) (-3.5)(2) = -(1-3.51"121)
(M) (- @)= =) = ~(1- Fle1- 3nl)
(n) uf-1-3] =1
(o) |-6]-1-5] = 20 + 10 -
() 1-51+1%] = (-25) + 5 ™~ G
(a) 131-]-8] |

h

n 1]
I i
N oW
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Problem Set 8-1c
(continued)

[—3: ;Ej ’1; D: 1; 2; 3}-

7. Gilven thes set §

(a) Find the set of all possible products of palirs of
elements of the set S.

(b) 1Is the set S closed under the operation of
multiplication?

(c) 1Is the set of all of the integers closed under the
opzration of multiplication? Can you think of two
L@er‘s whose product 18 not an integer? u

8. Given the set R = [-=2, -1, - %; 0}.

(a) Find the set of all possible pfcduets'@f paira of
elements of the set R.
(b) 1Is the set R closed under the operation of
multiplication?
p ,
(c) 1Is the set of all of the negative real numbers closed
under the operation of multiplication? Can you think

of two negative numbers whose product i3 a negative
number?

) i " 3 - 1 . ]
9. Glven the set A = (é-ks . 8 ‘E;j -1, - %; o, %: 1, %; = s -}-

(a) Find the set of all possible products of pairs of .»

elements of the set A.

(b) 1Is the set A closed under the operation of
multiplication?

From the work in previous sections, you know how to
multiply two real numbers, That is, given any two real numbers,
you can find thelr product. There are several possible cases?

One gnumber may be posltive and one number negative.

Both numbers may be positive.
Both numbers may be negative.

281
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lead dlrectly to the definltlon.

- R -

821; i% v
Cne of the numbers fay be zero.

Both of the numbers may be zero.

Just as we did with Eddl\:l@ﬂ, ‘we shall def‘iﬁe multiplication

of real numbers.
particular products,
prapég¥ies,af multipllcatlcn---somethling that just
!Wé must be sure, of course, that our
definition Lnelud®s all possible cases.

All of this may secund purzling,

would never do.

gsltive numbers. In this case, it 1ls also true that
) ' ab = |al-]|b]
For example,

% (10)(2) = liicl-fef.

ab = lal-|b]

T8 () = 8], ' Remember that |O] 1s
(e)-2) = let-1-21.
(c)ye) = lelilel

alate

STL IR

This wlll not maxe us aﬂy better at finding
but 1t will enable us to prove certaln

"knowing how"

but a few examples wlll

(-3)(-5) = 15. We have already agreed to this:
we know "how" to multiply two
negative numbers. L
«d
Is true that This is true, because both %
)\‘ | -3} ] -5] expresslons name the number k5.
Is- it true that
(=4)(-10) = |-4]-]-10]"
Suppose that the variables a and b represent any Ztwo
negative numbers. Then do you see that
ab = |a|:|b| ?
Now suppose that the variables a gnd b reprecent any two

(or Lf a 2and b are hoth zero),

0.

¢



found some in which the product is the same as the product of
the absolute values. This 1s true if toth numbers are positive:
it 1= true if both numbers are negative; and 1t 1s true Iif one
or both of the numbers are zero. Is it always true?
T LEEAPE look at some different examples.
(3)(=5) = -15. In this case, one number 1s -
positive and one number 1is.

negative.’

Is 1t true that This s not true, s}ﬁce one
(3)(-5) = |3]-|-5]° expression names the
and the other names the number

15,

number =15

Is 1t true that, This is true, because each of

(3)(-5)

-(131-1-5])? the expressions 1s a numeral for
-15.

In this case, then, the product is not the same as the
product of the absolute values. However, 1t 1s the same as
the . opposite of the product of absolute values. A little
thinking should convince you that, if the variables a and b

- represent real numbers, one number positive and one number

negative,fthEﬁ

“ab = -(la]-Ib]).
For example,

(4)(=7). = -(1#]-1-7])

(-3)(9) = -(1-3i-19])

i
And now a deflnltion of multipllcation of real numbers may

be stated as follows:
If a and b represent two real numbers,

~(lal~Iv]) .

one posltlve and one negative ab =
and in all other caszes, ab = |a}-]|b] .

/

r

Ll
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ék‘: Notlce that the definition enablés us to restate the

- . product of any two real numbers 1in term® of numbers of

) arithmetic and their opposites, since |a| and |b| and
|a]jb| are numbers of arithmetlc, for any real numbers a and b,

) This will enable us to establish prapertiéé of multiplication
of real numbers.
ilso notice that the definition assures us that any twWo

real numbers may Ee riultiplied. 'Eﬁery posaible case 1s )
included in the definition.

Check Your Reading

In dlacussing the product of two real numbers,gane

—

“ possibllity is that both numbers are positive. What other

possibllities are there?

M2

Is |n| a numbter of arlthmetic, for any real number n?
3. When ls it true that ab = |al|b]?

4, When is it true that ab = -(lal-]bl)

' Qral Exerclses 8:-1

|

Use the definltion of:multiplication of real numbers to express
the followlng products In terms of numbers of arithmetlc. .
Example: (-2)(3) = =(l2]-13]) ‘

(2)(-5) 11.

T el [ ™ —
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R © . Problem Set 821d e
1. Copy each of the following and complete with either:’ ,/fS?Fé

"lal-|ol" or | ".(lal‘|b|)" ‘whicHever wjll result’in a -}

. 1 EP@E*EEQFEﬁééf - '
{ (ﬁ If a <0 and b < 0, gthg;n ab
" (b) If a<o0andb >C, then ab
’(c)‘ Ifr-a > 0 and-b < 0, then ab = o : 5
‘ b
b
f

W

-(d). If a >0 and b > 0, then ab
(e) If a = 0 and b = 0, then ab’
(f) If a =0 and b ¥ 0, then ab

2; ‘Determine a gémmgn name for ;ach of the failawing;
| Example. (-2)(8)(- ) = 8. .
(a) (5)(-3)(-3) ,
(b) (5)(-3)(-3)(-1) ~ L _
(o) H5)(-3)(-3)(-1)(-1) - | o
L (d) (-10)(-10) S Sty
T (e). (-10)(-10)(-10) e - N
) (410)(-10)(-10)(-10) | S T <T'
. (8) (-10)(-10)(-10)(:10)(-10) o |
) oeend - S
(1), (24)(- 3) S
(3) (-28)€-3)
(k) (1.8)(-2.3)
(1) (-1.8)72.3)
(m) (-1)(-1.8)(2.3)(-1) |
*(n) " (/2)(VR) - ot o,
*(0) (VR)VR) ‘ f |

U

Lo




- 8-2 T .
. - = - S . L
- N . : - . B ! N //
- 8-2. Pybperties o ;ﬂ,g;;';plicaﬁicﬁr ‘:‘h)' : T

L k;Ggihavesdiscussgd prcpertfas many times. gand wéxhaVE éeeﬁ{
; that prcperties Df nﬁmbars are 1mpar;ant in 1earning how numbe?s
':behav%;i Now uhat we have. defined multiplicatibﬁ Df resl
- numbe%ar we must be- sure that the pr@pertLes Df multipliaatian

;: thgt we listed for ﬁhe numb&rs -of arignmetic are)true fGF the’

'.'Eg . “

. entire set, of real numbers. .

Let-us first CDﬂgldér the multlplicatian p?aperty Ef Dne
£

1 -

Is 1t trup that a1 = a, for any PESl number a@
We "already Kﬂaw that a1 =a if a 1s ‘a pcsitive number

or zera,kéince Sugh ﬁumeFS are huﬁbers of aplthmetiﬁ' iYau Q;y

‘be wllling tg belleve ‘that 1t 13, trme if +a -is a- negative

number Eut 1t cgn actually be Eraved to be tfu&,fjuat from «-

our dpfinitiaﬁ Gfﬁmultiplicatiﬂn . -

< For exgﬂ?la .suppose we want o prove that (—9)(1) =

* In téﬁngraduct (~4¥(1), -one of the ﬁumbers $55m51five

) ‘is‘negative. - If you will refer to the

i
_fsni one of Eﬁe numbs
definition -In the'?ﬂevinua aectiﬂﬁ ynu will see that we ‘made

the following agreements Lf a ‘and E)gfe two numper%, one /"

positive and, one “~pation, Lrnon

. : i N .
; at ~(lal-{v])

(-4)(1) = ] 4f-11l)

S ;((4)‘(1)) -
. ) E(u)
N = _y ’
' Tﬁﬁ%; we have proved that (-4)(1) = -4, ,
cr CQUTEE, we have worked with Jugt one gﬁft*ﬂUlETs {

praduﬂ% ' (:4)(g)i But we can prove that for any negative

¥

—t

number a, (a)(1) = a.

Since a 1 negéELV@ and 1 1s

(]

positive, by the definltion

i of multipiteation, B (a)(1) = -(|al|1])
. = lal-1)

. = -(lal)
o 2 ! £
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’ :
o . \ .
. However,-since a 13 negative, la] = -a. ‘
w A = -;_ A 7 . ) Si;;
: L. socalal = -(-e) A
ﬁ . . ' = 3. ’ e

Therefcre, (E)(l)

Thus, ffam the’ definitign Df multiplicatian accepted In
the previous sectlon, we have proved that, 1f a 1s a negative
‘numbey', it mist be true that (a)(1) a. Do you see nowWw what
was meanp»when it was said that the. definition makes 1t pcssible

to prove pﬂapefties » " - ) - -
ot Sinte we alfeady knew that (a)(l) aif a 1s a positive

number, or if a,Ls Zero, we can now say:

= [

- . . For any fealfﬁﬁébéfra,
(a)(1) =

: Fallawing arE some_ other pr@perties which are tPUE fcr

é‘ i Wi

the entire set of real numbefs Eazh one of these pr@perties

could be proved from our;definitian of rultiplication, jugt

as we proved the multiﬁlication property of one, Howevef, the
proofs are long ln most cases; sc wé just list ,the propertiems

with some examples. L, . . . "
£l>£ :gcﬁéutativg Property of Multiplication - : X
‘For/any real numkers & and/ t, ab = ba. *
i;/%ny real number 1n;/ E, a a o
/ ?xamplesi & - Co
o)) =) (5)
S (0)(88) = (86)(S)
B O (=T)(=5) = (=9)(-T)
*zcggﬁivé Property of Multiplicatian
. For any redl’'numbers a, b, and ;,,'(ab)c = a(be)
Examples: » ) ) . . .
‘ (Y@ (-1) = @) () (-1)
; (1) (-3)) (-2) = (1) ((-3){-2)) -
((-2)(=3))(-5) = (-2) ((=2)(-5))

O

ERIC
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[

Distﬁibutivg‘gygperﬁy

For any real numbers a, b, and ¢, a(b { ¢) = ab + ac.
Exémples:

Sé-FCGD
5((-2) + (-3))
(-5)((-2) + (-3))

5(2) + 5(-3)
5(52) + 5(!3) 4
(-5)(-2) + (-5)(-3)

i W

-

\\‘ﬁécall that there 1s another form of the distributive

/ Dproperty:
(b-+ ¢c)a = ba + ca.

Examples:
(5 + (sﬂb (-4)
(-5)(=7) + (-2)(-7)
(3)(-8) + (3)(5)

(3)(~k) + (-4)(-4)
[(-5) + (-2))(-7)

EG=8)+ @

Check Your Reading

13

e

aii@

""\

What 1s the truth set of "(a)(1)

what name is given to the property expressed by "(a)(1l) = a"?

"(5)(-4) = .(-4)(5)" is a specific illustration of what
property of the®real numbers? '

s £
v (3)(2)) (-4) = (3)(2)(-4) " s a specific

illustration of what property of the real numbers?

-

For any real numbers a, b, and ¢, "a(b + c) = ab + ac" 1s
a true sentence. What 1is the name of the property exXpressed
by this sentence?

" Name the four properties of real numbers established in

Fhis section.



oral Exgrcigés 8=2a

71_ Give a common name for each of the followling.
(a) (3)(2) . (1) (-3)(2)(1)(0)
(b) (1)(-5) (k) (1.5)(-2)(1)
(@) (1(2) () (- )(- 8)
C(a) (1)(-loy . (m) (7.8)(-4.5)(1)(0)
(e) (~9)(1) K (n) (-b)(1)(3)
(o) (~)1)  (&T HEW Tw)
(&) (3)(1)(6) (e) (- 5)(5+ ¥)
(h) (5)(-3)(1) (@) ((-8) + (-10)%
(1) (=6)(1)(-) ORI EIRNEH I

Problem fet 8-2a \

1!k Téll what property or .properties (associative or commutative
éﬁﬁpe}ty of myltiplication, dist%ibutiwe property, multi-
plication property cf one, or multiplication property of .
zero) aAare illqstrated in each of tﬁg follewing true
sentences, '

(a) (2)(3) = (3)(2) |

() (~2)(5) = (5)(-2) : -

(e) ((=0())(=3) = (=) ((5)(-3))

(a) ((;3)(3))(52) E_:EB)((FE)(aD , for all numbers a

(e) (a)(3) = (1)(a)(3), for all numbers a 7

(£) (=2)(a)(1) = (-2

(g) (=u)(®)(1) = (-1

(h) (f)(eb)(o)a: (f 7

(1) (=3)(0)(1) = (-3)(1)(0)

(1) 2(3+ (1) £1(2)(3) + (2)(-7)

il

4), for all numbers a

(b), for all numbers

)(-b)(2), for all numters b

"y




Problem Set 8-2a
(continued)
) (=3)((-1) + 2) = (-1)(-3) + 2(-3) |
(1) (;5)<a + (sb)) = (a + (sb))(=5), for all numbers a and b
2. Find a common name for each of the following by using the

propertlies of multip%ication,

(a) (- £)(-4) m)  (-3) +@)°
) HEes) W e
(c) (- %)(_4)(%(1) (o) (3)(;2i1)(Q)(7‘3)(1)
L N () (-4)(w,)(1)(2e)(0
(@) (- P (e (-1)(0) (1) (2e)(0)
| L (@) o+ (-2)y
(e) (- g)(aB)(s?) (r) (53)((i7) + u)
(£)  (4)(-6)(1)(£) (2) 3((-6) + (-3))

(g) 1-3](-2) () :
: - (t) (-8 + (- 9)- 3

(h) |-311-2](-6) , )

(1) N u -9.25 6.5)(0

(1) (-3)-2](¥) () ((-9.25) + 6.5)(0)
(v) (-5)x + 3x

(1) (-2)2(3)
(k) (ﬂ)(;)’g"
(1) (1-3])°

(w) 7a + (-2)a

3. WVrlte each of the following indicated products as an

indicated sum.

(a) 2(3+ (-2)) (8) 5((-6)a + (-2))

(5) (=3)((-4) + (-6)) () (-6)(10x + (-3))

() () + (-5) (1) (6a + (-2)) (1)

(@) (W((-5) + (-100) () ((-8) + (-2))(-7) j
(e) (1)(0 + (1)) (ic) ((1;;) + (-1.1))6m

(£) (1) + 1) 1) (-5 + @) (- Brex)

- 290 .




N '
Problem Set 8-2a
(continued)

é; Write thg following indicated sums asézndiéated products.
(a) 2(5) + 2(k) ' (r) (x)(=9) + (-6)(x)

) (3T (-3)(3) (g) (1)(k) + (2)(6)

() (#)(-8) + 1(-9) (h)  (2){-3) + (1)(9)

(@) (-7)(-5) + (-7)(-4) +#1) (-2)(a) + (-2)(b) /

(e) (-8)y + (5)y (30 (3)(a) + (¥)(y)

What 1ls the product of 5 and =17 It is easy to see that
the product is -5. Ve could saygthat when 5 15 multiplied by

-1, the product 1s the opposite of 5.

Check the [ollowing true sentences:

. | (-7 = -1 5 g
(-1)(3) -
C o (11)(-8)

(-1)(-2) = (
! that in each of these cédses, a number was multiplied
by ; the product surned out to be the opposite of that number.
In the last sentence, f@rxexample; -2 was multiplied by -1;
the product, 2, ls the opposite of -=2. "
From these examples, you mlght guess that if a£::;§al

[] i
oo
%)

Ii
[N

1
—
- o]
ot
Lo e
o
e

number is multioclied by -1, the product is the opposite of
that number. We can use the distributive property to prove that

%

this 1s really the case.

[

=4, N : -
) , " ™

Thls means that we must show that (-1)a.ls the opposite of’

We are trylnr to prove that (-1)a

a, that ls, that (-1)a is the number which, when added to a, .

For any real number a, ~

To prove: a + (-1)a = C.
g

[
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8-2 ’ ' ' 1
. » o .
a+ (-1)a = 1(a) + (-1)a Here we have used "1(a)" for "a".
- We have the rlght to do this,
* because of the multiplication
. property of 1. )
= 1+ (-1) a Here the distributilve praperty -
has been used.
¢ = (0)a # 1+ (-1) is the same as 0, since
the sum of a number and 1ts
opposite 1s zero. -
' =0 We have agreed that the product of
any number and zero ls zero.
~ We have now shown that, for any real number a, 1if (-1)k
i i§r§§ded to a, the sum 1s zero. In other words, (-1)a is the
" 4ddifive inverse of a, or -a. More briefly, we can say:
For any real number a, - . &
ER i L, = ]
“l-1)d = -a.
\ For any numbers a aAd b, a + b is a number. From the proof
_ above, we can 'say
ol (-1)(a + b) = =(a +"%).

But since the.distributive property holds for all real numbers,
we also know that ’

(-1)(a + b) = (-1)a + (-1)b

(-a) + (-b).

"

This préves that, for any numberssa and b,

(-a) + (-Db). | N

Do you see that this 1s the same result we @bkaiﬂed in sectlon

-(a + bi

7?7 In words, We can s

7~ a3
sum of the opposites. Below 1s an example 1n wnlcn this fact
is applled.

&

Write an expféssian for the opposlite of xi»

“(-x +2) = -(-x) + =(2) .
= x + (-2). 7
T
Y o " 292 !
o
. <90

O

ERIC

Aruitoxt provided by Eic:



82 - -

The fact. that (-1)a = - ny real number a, can be
used to prove other useful properti l
(-a)(b). ‘

[
]
]
L]
=y
o
e
m o
N

s, Consider the product

-

(-1)a) (0) - o
(-1)(ab) f ‘

-

- (aw)

W

= -ab. ) -

Therefore, fég,§ﬁzrrgai number a and any rga;;ngmber b,
(-a)(p)
. Next, consider the product (-a)(-b). : :
“(-a)(-0) = ((-1)9 ((-1)y) -

(-1)(-1)(a)(b) ('

SRR SN o U

Therefore, for any ggai numbew a and any real number b,
(-a)(-b) = ab. . - .
Below are !ome exampleslin which the above propertles are

-aab., & .

~
0 -

4

appllied. ' )
Example 1. (y)(-x) = -xy. -

il

o
Hy;

™Y

(-4y)(-y)

Example 3. G{i + y@ G(X + yD = (x ; ;)2

Eiam le

Checlk Your Reading

-

What 1s the product of 5 and -17

What s the product of -2 and -1? ‘ \\EL
For any real number a, what 1s the product of a and -1
(-a) 4 (-b). How

Pl O]

.{ For any real numbers a and b, -(a +7b)
may thi
What 1is

property be stated 1n worda?

)

o

he opposite of the number -x + 27
~ -

cgmplete each~of the following sentences.

6! For any real numbers a. and b, (-a)(b) =
For any real numbers x and y, (y)(-x) =

For any real numbers a and b, (-a)(-b) =
) 1
For any real number y, (=4y)(-y) =.

1
.

O~

™
e
Ll

A{ IQ; égg);,
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g ) ’ Dr'a’{ Exercises 8-2b

Gilve a common name for. esﬁh of the fellawlng o

™ ( 1)(2) B 11 (x4 y)
2, (-1)(-3) ~ T 120 Mx - y)
. ‘3. (-1)a o 13, (x)(-y)
3 b, (-1)(-a) o 1 | (-x)(y) -
| 5. -(x +5) S 15, (-x)(-y) e
6. -(ex+5) .16 (-D)(x+ )
7. -k -v) a7, (-1)(x - y)
8./ {-x -5)% T 18, a(-1)
9. ,(% + 2) ; 19. (-1)x + x .
“(-1)(a + 2) ‘ 20, Qg + (egf)(se)
\ | Problem Set Sféaf” ’lf |
< 1.+ sta®™ the opposite of each of the following numbers "l thout
" Just placing an "opposite" sign in front of the number.
Check your results by adding each of the glven numbers and -
1ts opposite.
(a) -m .(f) E(Bm + (54))
(b)- -m +. b (g) -(-1)(5x + —)
(o) -ex+ (-3) o (n) -8x% 4 (-16x)
(4) sy + 7x . (3) 3y% + (~7y)
() -y (=x) = . () E(E(zyl 1))
2. Give a common name for each of the following.
| (a) -(-8y) | (g) -(5+ (-4))x
(v) -(m+ 2) - ! Qﬂ) .—(Ay + (*TYn
() (<) (5%) B () (-ap) (k)
o) (0(-Gw) (§)  (-m)4-3a)
| (e) (-1)(m+ (-3)) (k) (¥)(-4y)
(r) (1) (-2m)(-nx)

(-1)(x + 2) + (-1)(=(x + 2))

r‘qu

fg(-
_J




8-3 . e

Problem Set 8-2b
(continued)

34 Find the trﬁth set Gf;;;ch of the following séntences.
4, @) e g) &2 () v Dy e
() 5+ (-(3y + 1) (d) am+ 2+ ((3m +2)) =0
. 4, The cppésite of the sum of two. numbers is 17. One of the

numbers is 5 more than the ather What are the nlimbers?

1l
'|‘
LN

5.1 A matheﬁiand her daughter wenﬁ shoppling. TH% mother spent
"$5 more than three ‘times ad much as the daughter Together
they spent $49. How much did‘ each gpend?

6. One number ‘is three times the :oppo site of the other. ?heif .
sum is -86. What are the numbers? .

8-3. -Uging (the Mul%’iplicati(n Erap’{tief

Now that we know how to multij'y any two Feal numbers and we

have some important properties of meltiplication, we can work

HPa .

with many kinds of open pﬁrases in alge x

T

=

Exam Elg,i, Use the distributive p

¢ (-6)(2 + (X)) = (-6)(2) + (-6)(-x)
. = =12 + 6x™ .
' Do you see why (-5)(:;8 is the same a% 6x7?
It could be written out this way: 2
- o (—é\x-x) = (-6)((-1)(x)) 4
= ((-6)(-1)) (x)
: = (6)(x)




<
* Use the dlstributive property* ta\writé Xy + %
- ‘. ’ ~ as a product. S ) )
’ EY % R ’ - ) r
- oxy + x = x(y+ 1)
Do you see that the aagﬁﬁibutive pﬁépertyj
tells us this sentence 1s true for any -~
real num ‘ers x and y? / . 1
We have writtén xy + % as the pradugt
x(y + 1), which may be thought of as the
product-of the number x and the number
(y + 1). Egj i
Use the distributive property to "simplily" the
’ open phrase "sx.+ (-2)x' ;
- 4 =
5x + (-2)x = (5 + (- 2))
‘ = (B)K . ¢
orr 3x%. You will probatly agree
- , ‘that the @peﬂ phrase
' "3x" seems "simpler"
- than "5x + (-2)x". .
-~ In Example 3; the distributive property was used to write
i "ox + (-2)x" as "3x". ,
In an expression like "sx + (-2)x", "5x" and "(-2)x" are
called t%@ms of the phrdse. When we simplify "5x + (-2)x" to -
"3x", we often say that we are collecting terms.
Below you wlll find some other examples of simplifying by
. . ’ 7 i
5 = = ﬁi ) b g
: o )
- Simplify "(-%)n +=20n", .

il

(-4)n + 20n = ((én) n EO)ﬂ

-4 ;
3 .
= lEJD i
*
Simpliry "Bx r-By"
- Do you sce th the termu in this phrase cannot
) Le Ve can say that the phrase
"8 + 2y" 15 already in slmplest {orm,
- J = ) ) B ) =
{ ' |
] I
¥ 7 =
v
1 = &
- ' 790 )
s ) . . %
o
£ Fx ..

ERIC
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Simplify "10x + (-2)y + 7x + 1hy".

(Using the assoclative and -commutative P

propertlies, we can rearrdnge the terms,
like this:

i
a

. e 10x + Tx + (-2)y + lhy.
. Then, dslng the distributive property, we have

-

. (W Tx + {(-2) + 18y, "or
. . - 17x + 12y, - . : )
cample Simplify "4r +/(-2)z + (-7)r + 82". .=

ES
e

—
]

4

- Check Your Reading
1. Glve a simpler expression for "(-5)
2. Sapply an appreprlaté word for each of the blanks in the
follewing sentence: ;

"xy + x" ls an lndicated ~; the distributive

=}
property may be used to write it as an indlcated _
) -
3. How.many "terms" are therd in the expresston '56x + (-2)x"?

o I ‘
4, If the "termsiare collected" in "Sxi+ (-2)x" by dpplying

the distributlve property, the result is __ .-

5. Which of the followlng two expressions tan be simplified
by use of the distributive property: (-4)n + 20n, )
Bx + 3y. 7 )

: . : ural Exercices 8-3a ‘ e

1 Use the distelbutive propaersy to periorm the indicated .

mualtiplicationg.

ERIC
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¥
iral Exercises 8-3a . l

(continued)

2, Usze the distritutlve property to wrlte the tollowing

indicated sums as indicated products.

Froblem Dot H-3a

1. Use the disztributive property, as in Exanple 1, to multiply

2, Use the dlotributive properiy to write the I
indlecated sums as..!ndicated products as 1n Example 2.
fa + 2L (1) 2m 4+ (=M)n  Hint: (-%)n m
' : e written ad
2)(-2)n.

~e

ba + 9b
ox + (-12y)
(-1om) + {(-15n)

)
(n)
(2)
-n) (p) &tn + (-15b)
7 ( ) - .
()
()

can Lo

(1) me o+ o ) L‘f . wribten (n)(m)

O

ERIC
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2t 4+ (=8)w o+ 3

ox 4+ (=7)x + (=)

Hint: wrlt
distributiv

the result.

¢, and d ,

r + ad,

and apply t

again to g

[

he
£

a. may be wrltten as (1)a.)

in-

(-a) may be wrltten as (-1l)a.)



the result of Problem lsgho

5. Use change cach inddgated sum
to an indléated produc) and cach 1nﬂiEatcd'pPadu§§ to an
indicated sum. — ~

o (a) (2k)(a + m+ 5) (a)

) , ; L R “

/ (o) (=G)(a + (=b) (éf)) (c¢) i

(¢) (-3)x + (-7Th + 10x ' (1)
L

o,
pags

(2

) 3x o+ (=7)x
b)
)

-
#

I

(
(

The sum of three

=]
=]

E=sau wants to
P

=1z

Is

sentence to answer

already

allow us to simplify
other wayé to simpllf

For gxample, c¢onslder

(3%)(2x)

O

ERIC
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Find the truthféét'af

15m + (=11 = 5

Gr o+ (=2)z +

cut a
>'ich that the per

and the number o©

thil

y. phrase

each oi the following sentences

I

P (=3)x = (r 5] + (-8)) = 18

consecutive odd Integers ls 153

-

wood 1s

1 and the

1secutive

]
s
i

5 posslble?

thls questio

leation
ar

There e

= 1

- & ass rty tells ug
: we wa

any
m

oW oor el
I oz
w

—

D

o o ot

lvle}
T

I
e

t X

/fhe

“the

commutative property

e glves us
right to change the

order of

the numbers.
‘J( 7 g‘

iy
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= (3-2)-(x-x) The assoclative property allows
= us to gr@up,thé'numbpfs Iin this __

‘way.
- A .
= OX Here Wwe have Just used the common
name "o for "3-2" and the simpler
. name "x“" for "x.x". ;

A1l of the steps above are important,. because they show
how the prapertieJ of muttiplication all@w us to make the
gimplificatianf It is not necessary to write all the steps

ﬂ\

each time, however, It ls possible to do most of the work in

your head and just write:

(3x)(2x) = O6x°
Here are two other examples )
Simplity "(3xy) (=7ay)"
) (3xy) (~7ay) = 3=y (-7)-a-y

/_w‘
{13 i
I TLult -
it "
— o
L—_ ]
et -~
e it
LS
T2 >

vy

et

e

b2

Checlk Your HReading

1. Wha% prnn&rty‘%r properties are used In multiplying (2x) (3x%)?
2, Can‘you write "3:2-a:a" in a Shirtéﬁ‘fllm?
A ’

N ;

!



Oral Exercises 8-3b

1. Simplify each of the folloWwing phrases: - .
2) (2)(em) (
b) (-3)(kxy) (
) 3x (g (
(6) (-ea) (

(-2)(-kst) ' (m
() (-Ty (
(-5a)(-30) (
(-1)(m) (

Protlem get 8-3b

e mead
= 1. Simplify each of the {ollowing phrases ac in Examples 1 and 2.

(a) (2a)(ham) (1) (-3mn) (-7amn)
(e)  (-ty)(3y) I (i) (abe)(abxy)
(¢) (3v)(-2ab)

~lea) (-64)

o2y, 3.2
707) (= %)

2. Find the truth set of eacn of the [ollowling.
(a) 2(3z + (-7x)) = @
(b) (=9$i§k-2mfr 7) + (-ha) = -1

A,

(e) lx+ 3 = -7 .
(d) & = €;§)<3x + (xgx
F }(—; (w
) é | )
Y 3o




How we

camp lﬁcatcd
!

S the alstritutive property to work with more

T
Ly Lhe digtrit.

—
T
by
—
R
]
4
I
—
.
—
—

LV

fﬁ%

( J
(;3) ' 15, (;L.Jm)<(=3)ab + 341)
: ,

A dometimes the dqistribubtive property 1z uced more than oncc

in working with a bhrase, ey are two oexamples,

Example L Ny

Ilotritutive
Sproporty

RAREEE SG R SSD A Ly bhe o
-d T

O
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7
- a® (-7)a + 3a + (-21)

(a + (%7))(3 + 3) = (1 + (*’k’)>a + (1 + (- ))3

- 2% 4+ (=M)a + (-21)

Provlem Set 8-3d -
Use the dlstributive proberty as)Ln Examples 1 and 2 abtove to
cimplify the [ollowing phrases. .
(a + 3¥ta + 2) N R
a + (=S)><a + (=’3)> 22, | 5
a+ (-5))(a + (-3)) 23.

L+ 4+ 6) ol

i

=
+

bt |
=3 =3 =3 be)
- b +

=
b
=
o
—— N
=
i
i
—
J
L

B!
T,
b ot =
-+ +
w— D w—
e
T,
X
—_
i
(-
o
Nt
M,
R S s s 5
. £ Lol oy B 1) i
o~ e~ e T
]
o
=
P
Lu
_H..
—
I
oy
N

x + 3)(x v ) 30, f? ! Ea)(% + (=BED
13, (x + 3)(% v (=jD 33, (3a + 7)(45 r (=BD
14, - (k + 7)&1{* (=D)> 3 (_E’m + (——3)) (m'+ (-4))

15, (k+ (-7) (kv 9) 35, (2m + n)(2m + n)

—i
~]
s 4;w
+
—
I
—
Rt
—
ol
+
e tl“
e {
o
T

o
L
T,
]
-
—~ e
I 1
Lt W
. R
T
A
+
—
I
-
R
W
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B-4, Multipllcative Inverse.

Datermine & Q@mﬁgﬁ\namé for each of the followlng products:

1 ’ L1 1 -
i 0] e = =
b 4 I 2 {; 9 i * - ? E]

i

Iin Eéch&lgsej a common name for the pruq?ct ts "1." In other

words, ln each case we have two numbers one .
'~ Find a truth number for each of
iaéﬂtéﬁéés
LY ¢
lha = 1, of =1, Hu) =1, faZI X N
In determ nin;(a truth number of each of Lh; above sentences,
ou are agaln determining a palr of numbers™whose prouues 18
one \ ® | ) b
In all of the examples above, only positive numbers were s
usad Now conaider the following product
1
,, == ) ;
Do you see that here agaln we have fwo numbers whose product. is A
one? Det lne a truth number of each of the f@%:iwiﬂg d
sentences ) H ¢ i
o (-2)n - 1, (- Lyg =1 "
. - 5

of arithmetlc,

real numbers,

palr Lz one
that follow
aﬁ\ sgg _
o 3 S-=4a =

i / J |

i , / ] ‘ R . .
1. Flnd a dommon name for each of the lowling J

/- L

. g



* Oral Exercises 8-la

~ (continued)

() -4 (&)
(a) - o) §
(e) %%\E—“”/ (1) ‘
(5) (g6
)

2. Give the truth zet ol each o the lollowlng sgntences.

h
|
—r
=
i
I.—l

POt
A .

- (77 ’
Y 1 .
(d) b =1 i) |
_ TL 1A B } = .
SR AN () € '
. 3 . / \“:«J L :\ L /
- G S .

o, ) : ' {
T

. \ e
e have been "palring off

numbers whose product is dne.

i

"or example,

was palred with 2, because (%)(E) = 1.

n|

v
L
I b
o3
g
‘ﬂ‘
.o
=
Lo
¥l
I
P
~
—
I
A7
I
[

-2 wyas paired with - =,

ERIC
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{ﬂ' b i (
B
) ™ ’ -
Notlce that a posltive number 1s paired wi;h a posltive
number, and a negative number 1s palred wkth a negative number.

Why 13 1t impodgible to

find a palr of numbers,

one posltive

and the other negatlve, whose product ls one?
ilthough 1t 12 not indlcated 1n the diagram above, there
are two numbers each of which 1s palred with itself. Do you

Know which numbers these are?

Also notice that ¢ 1s not paired Wi%§;§ﬁ ymber at all.
with another number ¥ that the product

)
]

1lring the number 0O
o

%§ “Tﬁ\ﬁhé game as finding a truth num?ér of this open
seritence (®)x = 1. What property tells us that thls sentehce
has no truth number, and that O cannot be paired with any number.
S0 that the product 1s one?

L

td describe a palr

L

he name mult;g}jcatjyg,Lﬂvgrsg 13 use

1

‘Mf

pa
=y
o Y
=
3
o

nbers whose product 1is

A
If ¢ and d are real pumbers such that cd = 1, '
t ultiplicatlve Inverse of ¢,

§

Led multiplicative inverse of 4.

-

It §§3 polinted ou t garller that 0° has no multipllecative

Inverse. ®From your knowledge of arithmetic, Lt probably seems

FESSDﬂablg to you that every other number bdésides 0 does

have a multipiicatlvF inverse. We now state this as a formal
prap&rty . . -
[ Fof every real number ¢ different fr@m;g;

thpﬂg is

Furthermar , no number has more than one multipllcative

Y

inversei 50 We can say that the multip}lcative inverse 1s

T

L

unlque, that 13, every number except O has one and only one
multiplicativeginverse. This gives us the rlght to speak of

:
the multipll;atl e .lnverse of a number.

ERIC
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The multiplicative inverse of -2 15 - . \

The multiplicative 1nveIse of - % is -2 \
’ What 1s the multlplicative inverse of -57
7 The multiplicatlve inverse of %_is % . o

What s the multiplicative ihverse of 42 .

§? What number has no multipllcative iﬂVE;SE? ;;,—
We have seen the word "{nverse" earlier, when we discussed‘

dddithE inverses. ‘The%e is a close lat!

inverse and mul ipllﬁtive ?&'er‘sa

A

=

W Jm

0 is the lidentity element of

number :, c +(D = .
d is the"@gﬁdi&m 1

1 is the ld?hti

£
number cé Q('
d is the multipl

As we pr@ﬁed earlier, the additive inverse of a number
i{s unlgue. That is, every number has one and on¥y one
additive 1inverse, and that Ilnverse is the opposite of

the number.

In thié section, we have -agreed that the multiplicative
inverse of a number 1s also unique. That 1s4 every
number except zero -has one and only ,one multiplicative
“Thverse. For 'the time beiﬁgj you must rely on your
knowledge of arlthmetic ED determine this multiplicative

inverse in each case. -

+

Check Your Reading

. ‘sg;: -
What ia the product of 2 and %; . ] ™
WHat is the multipllcatlve inverse of 2°? .
What 13 the multiplicative lnverse of %I

In this section, the phrase "multiplicative inverse" was

defined. When i1s a number d sald to be thé multipligative

inverse of a ﬂumber c?

e

'
Daiad

DI
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=
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) s
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% -
Does
Does
Does every number have an addltivgﬁinvsrggs
What 1s the ldentity element of multiplication?
What 1s the identity éﬁémegt of addltion?

N,

R
Qral Exarc

e ]
Whé@i&ﬁfthé multlplicative

L e

lses 8-4b
inverse of

W

What is the muitiplic ative Inverse of (=1)°7
miulglipllcative Ilnveyse of =zero? -

multiplic stiva inverse?

("

Is the multipllcative invérse of a posltive real number
alwgysaa positive real number? e
L % I e
Is the addltlve inverse of a positive réalznumber'aiwaks a
positive real number? \
There aré two elements each uf which 1s 1ts own
multiplicatlve inverse,. Which elements are these?
. ) g
What 148 the addlitive lnverse of a7
iy H‘ !
What 1s the additive inverse of (-a)?
' o : :
Does every real number have a multiplicative inverse% an
additive inverse? -/
How can you tell that one numb€r§i5 the multiplicative
inverse of another? B
1
1
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o ~ Protlem Sct 8-4b 4
(continued) -

ind the truth-met of ea@hZ;f the following open sentences.

fahs
e

—
J
g
[
—
ot
—
—
Lo
—
|
i
—
—
=3
—
—
L
—
—
£
~—
1
—t

- [ _ _ 3
= -
=

Lpli(d&lwﬁ

I
tde name of a number. TIf the number Lf

w ritten

new number whose name may be

)
)

(é)" = the number. If the number is

v

name of a

a new number whose name may be wrltten

- - - L. o 5 _ 3 .
| caBes, we were really doing the same thlng., We

the We multiplied 12

\a

g} EWD names for numbsr 12,

by 2. Do, of course times we obtalned names for the

In wther

‘bath

number 24, <

since Ls true,

wardsz
(2)(0) « (1)(h)

then (2) 1L)(=)) = (;3)(&4)(33:) ls true.

of the multlplication property of equallty.

other examplas.

Tl

then (



q

(6)(-4) 1s true,
o - %—) (5)(4» is true.

Since [’ A ,-3)(8)

. 1: - - —)(j (-a)8)

S 5 . N e,
f .
N . The multiplieatign property of equality may be erttéﬂ like
thia: - S A
»' 7 _For reai numbeza 2, E! and ¢, ir a =.b,
S ,;H . " then ac = be.
" “0f course, 11: may also- be written: 7 A
For real numbers a, b, and ¢, 1f a =b,
o N .. then ca = ¢b.
sk e L . ¥
; Do you remember that we also have an additian property of

4 €quallity? HowTrs. 1t sta*l;ed" We found i1t“useful in finding
truth sets of oge% sentenees The mulﬁiplication praperty of

equality iarugeful 1n this way, too.

Example: an tHe tr‘!uth get of - /
™ S ¢ X .
A f"ﬁ“g SSx =100
;ﬁ S
If there is an I* sucb that ) s
\a‘, i e ‘ )
s 7 '—acslﬁ -is true, ,
. then the same ., x makes _
FEEN ® B . :' 3 !
[ A (=J%)(52x) = (- %)(1@) Here we have used
) g& ’ 6 aﬁd ﬂ\‘ . ,the multiplication
. 1d
- , propekty of equality
Y.
((1=4( @» (- o) "
. and” o
x = =5 ‘true also. .
. * i,
. ji Check Your Reading .

1¢7EIS¥£E)(6) the same number as (4)(3)§ N
2. If each of these préducts, (2)(6) and (4)(3), is muléigiied

‘ by 2, what 18 true about the results? ' !
3. What property 1s illustrated in Question 27

311

315




fell how you would use the multiplicative inverse

Oral Exercises 8-5

=

and thedmilti-

plicatfon property of equality to write a simplEF:SEntencé to

help find the truth set of each of the following.

find the ﬁfuth set,

L

[}
=

2m

Bn , -

A
=
fo
oon
]
o

-
I
L
et
o
1
et
W

You need not

o wn
-
]
TRt
L
o
W
et
WO
-
1
—
]
Ny L
L
[l
i
e

=~
—
L
(]
—
[
]
—
i
- ‘m
LN
o]
]
"—J

]
=t
-
oo
i
=
v}

Problem Set 8-5

Use the multiplicative inverse and the multiplication property
of équality to find the truth set of each of the following open

‘'sentences.

-
I
[
e
Bl
I

= yv]
I
W
1}
I .
b
W
.
=
ad
=
o

W —
L
I
e |
"o
0
Lo
=
Nyl

-,

i
e
L
o

[

w
[
o

L
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Ko
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i
i

L
=
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=

[
o
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W
N
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1
1
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—

I




8-6 : - ' , -

8-6. Salutigna ‘of Open Sentencés . \
Pind-the téuth set of 1;

LT & i e

efferhapsgyﬁu caula do thig by gueasing Haﬁever, we shall soon

cult So let's try finding the truth set ln anﬂther way.
“The phrﬁsé sclve the open sentence" 1s aftejigaed Instead of
"find the truth ?et of. the open sentence'. Herd, then, 1s how we

would solve the open Sentence “2x + 5 = 27",
If there is an x that makes ]

2%+ 5= 2 trueL!!
then the same- x makes R
s \ ©F Here we have used jthe
A o v 1 E s _ L (& addition prupe¥iy of
Y N {E; +5) + (=5) = 27 + (-5) . equalit We-added
‘ and : L (-5). ?Qf course, we
. T - © could say that (-5)
. e N\ _ o g was addeé? to both
2+ ((5) + (+5)) = 27+ (-5) was ad
and . .
2x = 22 true, also.
Now 1f there is an( X that makes
2x = 22 true,

then the same x makes '
' ' Here we have used the

Lrogy - d¢- . multiplication pro-
.'§(EI) E{EE) . . perty of equality.

and : We multiplied by 5

1 . v _ Liams We could say that we .

(E“E)(x) = é(gg) = mul%iplied chth sides"
- . by £ .
and Vs

) X =11 +true, also

gl



It 1s very easy to seeg that théknumber 11 makes "x = lﬂ% true.

We could now check to see if the.number 11 makes the original
sentence, "2x + 5 = 2f" true alsd. Actually, however, provided
es in arithmetic, it 1s not necessary -to,

t‘:

we have made no mistak

do thla. Let'd see why. . B
R We have just shown that if there is a number x that makés

'"Ex + 5= 27" true, then 1t also makes each of the fDlleing

sentences true: S . vo- , LR

E oy " A :;',“ . v :U-’,;:
(2x + 5) + (-5) =-27 + (=5) addition property of equality

+ ((5) + (-5))

2%

CC L Hex)
(3-2)(x)

« . ==

27 +;(;§3:’fassaeiative property of additlon

o2 ud

%(EE} © multiplication.property of

1 __equality -
§(EE) associative property of multipli-
= cation

b

However, we could just as easily "go the other way". ‘That
1s, we could start with the sentence "x = 11". If there is an

x that makes "x = 11" true, then it also makes each of thé
N -

< followlng sentences true., o

2(x) = 2(11) multiplication property of
¢ : . equality :
2x 2

[N ]

22 + 5 - addition propefty of equality

[and

+ 5

-+

1n

=27 1

In other words, any x that makes "2x + 5 = 27" true also
“makes "x = 11" true; and any "x that makes "x = 11" true alsa
makes "2x + 5 = 27" true. The two sentences have the same truth
set. Since the truth set of "t = 11" is easy to see, we can.find
1t instead of the truth set of "2x + 5 = 27", o
Two open sentences with the same truth set are called
PN

e

hY

equivalent sentences.




6 - = ’ LT : - -k ' - i i

N m

In the example, "2x +.5 =27" . and " x ==11" are equivaleat
sentences. They have the same truth set. .Since (11] is the truth
set of "x = 13"; 1t 1s also the truth set of "2x + 5 = . 27",

It 1s eaSy’tQ form equivaient senterces. If. the same real e
number is added to both sides of* an open sentencé, or if both e
sides are multiplied by the same real number except zerp, the .
reauiﬁ is an open sentence” equivalent to the origlnal one. B
Here is another example. Solve
- 3x + 7T =x fﬁlE. a
T 3 AT =%+ 15 ‘ T T
is equivalent to _ .
e A W tag\ L ¢ ey - addition pr ert T
(33 + 7) ’F;(!T) = (x + 15) +(‘7) Equalitf.)yép y o .
and . (WE added ( 7))
3::+((7)+(7))zx+((15)+(7‘)) .
and o . _ﬂ=;£ ] ' L.
3x = x + 8, . : o
Thls is equi ivalent to N ) . ’
3x 4 (=x) = x + 8 + (=x) addition property of
- ’ equality
and We added x))
1€ _ ¥
2x = 8,

af
***** ‘multiplication property

1
’(23“1) = ‘!(8) of equality .
e 2 _ (We multiplied by = i )

x = U,

Thus, we have é 1ist of equivalent sentefices. They all have the

same truth set. It 1s easy to see that the truth set of "x = 4"

is (4}. If we have not made a mistake in arithmetic somewhere

down the line, t4) is also the truth set of "3x + 7 = x + 15",

Being Euman, we do sometimes make mistakes in arithmetic. So 1t s
is still a good 1dea to check to see if (4] is the truth set of

the original sentence. We'll leave this for you .to do.

5 ,3 1 )




e

Here 18 a final example. Solve

7+ 3x + (-5) 4 9x = 37 + 5x. ,

1 p§$35§e i1f you ecan givé’;nérréasbn for each of the followihg steps. -

&F

+ 5x

it
T
3

7+ 3x + (-5) + 9%

. - J12x + 2 = 37 + 5x

C1ex o ((2) + (-2)) e (e + ()

I
L%
ol

ERIC
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' ﬁ'. . | X'=5

to get an equivalent sen

e e e SR - 35A,54‘iﬁm,r127;i;,,f~4
oL b : . = =, * C ’

o 12x + (-5x) = 35 + ((5x) + (=53<)) .
' 7% = 35

22(35) z

—~J =
q
5
b
]

>
H

H

™

: ¢ ' ,
Therefore, '"x = 5" and "7 + 3x + (-5) + 9x,= 37 + 5x" are equiva-

.*1ent'sént2ﬁces; ? ey have the same truth set. {5} is the truth

set of "x = 5", ‘We sometimes say that 5 1s a solution of the

~sentence "x = 5".°

As a gué}d against ml takes in arit metic, let us check to
see 1f 5 ig a solution of "7 + 3x + (35) + 9% "37 + 5x",

If .x 1= _5, then the 1eft phrase 1s 7 +.3(5) + (=5) + 9(5),
whieh 1s a name ‘for 62. If x 1is 5, the right phrase 1s
37 + 5(5), also a name for 62. We have thus shown that 1f x

‘is 5, then 7 + 3x + (-5)-+ 9x s‘B? + 5x ls a true sentence.
f From these examples, you see that solving a =nce 1s

B

something llke a game. The rules of the gamé ar: jur the pro-
perﬁiés!af real numbers. Fre usually try to.use ti. .ropertles
1ten

as 1n "x = 5" and "x = 11" and "x o= 4" 7

ce in which the vgriableLétands "alone"

P
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6 7 3 .
, Probleme Set 8-6
Find the truth set of each & the followlng open seitences by
writing in each of the Problems 1 - 4 a series ijsenténces’

.equivalent to the or‘iginal sentence. 5Show.that your solution

1s correct by r‘ecanstructing the original gEﬂtEﬂ\eE by Pévepsg,ng

the steps you took, in golvj.xjg the sentence. - RS
1. 5%+ (-ix) = 7, *' : 3. Bp 4 (-2r) + b = 16
sg_Ei Eé'ﬁiBS ‘516!; 2 b, 17 +,(-5) = tm
L ﬁ‘ind the-truth set of each of the following open sentences.._

Check to see if each ‘eTement in the truth set you obtaln does
make the ‘original sentence a true sentence. ’

5. 19 + (-4) = (-3m) + 5n j

6. 3+ (-6) +2m = 9

7. 2m +.5m + 16 = (-5) ' ot -
8. (-hd) + (-Bp) + (-10) = 13

9. a+ (-6a) <7+ (-22)

10. 12n + (-27) = 5n +a~" )
+ (-14) = 6 + (@0b e

ERIC
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8-7. Products and the Number Zero.

-, B
. ;
= @ * :
4oLt . - =
ESY - \ = . . z
i i :
o
N

What is a common name for each of the followlng products:

(1)(0),  (0)(-3),  (0)

(0),  ($)N0) 2

A . I / A
Each of these products 1s afpa?ticuiaf 1l1lustration of the .

multiplication property of zero---For

x(o) (D)x = 0. k. .

Because of the mu tiplicatian pro

vr ‘' following statements can be made about a product xy of real

-/ pumbers x and y: " -
If x = 0, Eﬁen Xy = This

(0)y

8 " If y = 0, then xy = O. This

i X(D)

or if y is zera, then we can draw a ap

) product xy---namely, the product xy. 13
However, if it 18 known that the

can any concluslion be drawn c@nce:ming

Suppife Xy = O. - )

o Also suppose x # 0. P
Let ¢ be the muiltiplicéative . Since %¥ # 0, x has a '
inverse of x. . multiplicative inverse *
i If xy = 0 Mulg{ipliecatlion: pf@perty
then Q(ij = ¢(0) of dqual%ty
; (ex)y =0 A ' ;
) - " (1)y = 0~ x "1" may be used for "ex,"
3 " : - begause the product of any
number ahd 1ts multipli-
cative 1lnverse 1s one.
y = C. '
! Thus,gif xy = 0, and x ¥ 0, then y = 0. 1In the same way, it can
) be shdwn that if xy = 0 and y ¥ €, then x = 0, Therefore, we
can Rake the following statement:
If xy = O; then x =0 or =

ERIC

Aruitoxt provided by Eic:

any number X, .
perty of zero, the

1s true; since b

= 0 for any number y i
is true, since S

0 for any number x.

nclusion c?ngerﬁing tﬁe

zero. )
product xy 1s zero, theh,

the, numbers x-'and y3
’ p

(



\ LS
8-7 " , o
It 18, of course, cléaf that both x and y may be 0. 4
The following 1list of examples 1llustrate an important
use of the statement above.
. T . i?
Example 1. TFind the truth set of (7)(x) = o"
_If x = O, the sentence reads “T? ) = 0", which .~
is true, Is there any other numter that will make
. 5;=;the sentence true? # , .
The truth set iz {0]. ’ '
Example 2. Find the truth set of "(y)(8) = 0",
fi : If y = 0, the sentence reads "(0)(8) = 0", which
R is true. Is there any other number that will make ~
the sente nce true? ‘ S
{ The truth set is (o). 4 : [
%, V & = 5

Find the truth set of "8{(x » (=3)) = 0",

Notlce that, on thé#LEft!side, we nave the product of
= By - B R T o . B i'f,
Jthe 1 nunter 6 and the nunber x + (-3). The.product

will ‘be zerd L ELLhEF of these numbers is Zero - 8,

of ca;rse, cannat be zero. HDWEVEI, ir x 3,0 g

Ve e+ (- 3)) is the number zero; and the sentemce readd

"8(3 - ( 3))

O", which is true. Is there any other
make the zentence true? '

(3). % |

5)(x + 2) = 0",
zide, we have the D’jductraf the numters
(x + 2). Ir x is (- 5) the sentence
(~3) = 0", which is true. If x. 1s (-2),
(3)(0) = 9", wnleh is true.

2 )

e
o
v

i
-
g

219 v
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" Check Your Readin

1. Stat§ the multiplication property of zero.

2. If x =0, whaticéﬁclusian cgn be drawn concerning the
“product xy? "% ' A
If y = 0., what conclusion.can be drawn concerning the
product xy? T :

.  If xy = 0 and x # O, what conclusion can be drawn? .-
If xy = 0 and y # O, what conclusion can,be drawn?

If xy = 0, what conclusion can be drawn? ~ ' i

What is the truth set ofs "(x + 5)(x + 2) = 0"?

OV =

]

~J

) oA _ ‘—\3

= Oral'Exerg;ses 8-7

. Wnhlch of the following sentences are trjie?
, . (a) 7@) =0 (e)y (%—)(off
'  (v) fLi)'(G) - (£); M- £)(0)
) (cﬁ,;/(g)(;s%) (g) (2.5)(0)

fi
]
un
o

‘ I
w3

il
L]

(@) (0)(0) =0 Q) (6.325)(0) = 0
2. Find the truth sets of thé sentenceé: ’
| (a) 7y =0 (@) Z6(y + 3) =0 -
(p) -im =0 () (m+ 1)(m+2) =0
© e =0 ) e e - o
E;Qplgm Set 8-7 ’
1. Find the truth sct of %agh of the following open sentences.
. (a) (5)(r) =0 (£) (-1.34)(b) = 0

() (-T)(a) =0 ()

() (§)m) =

(a) (r)(- %) - I
, = ?

(e) (3.2){c

¥

L
Oy
!
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3z

A

Problem Set 8-7 g

i ' (continued)

Find the truth set of each of the followlng open sentences.

(a) (x+(h),=

) 5(x + (-3) =

(L) =E‘(a + (- 7)) 0

(a) 5(m + 2) =

(e) 8(b + 6) = 0

(f) -6(a + 1) = 0O-

() (n+5) =0 g

. Find the tr'utll ?ét: C.lf eacH o

(a) (x + 5)(};*-? 3) =0
(v) (m+g)(m+6):D

(e) =(a- + (-—-5)) (a + 6) =
(@) (b + 10‘)(b + (-5)) =
() (n+ (-3)) (ar+ (-5)
(£) (n+ 9)(:‘1 + (Eg)) =0
(g) (a+ E) a + (- ’g))
(m“@+<_axm+F
(1) (o + (- D)o+ ) =
(1) (a\irsi)(a-ka,la)

e

'ﬂ i
\/

I

(k) (e +'—\5 la)(g + (-3. la))
(1:) <¥ E+'(—' 75))(3/‘ + (=2.25

. (m), n(n + g

? =
(ﬁ_) afa + (-3)) -0
' N

(o) bk + 3

(h) -2(n+ .8) =
(1) =1(m + (_1)) -
() -9(o + (- )) -0
(k) 7§+ a) |

. =

(1) {% + (-a))eé

(m) ——(1:+m)-=(3
(n)’ (§1+(P)) = 0

f the following.

.(,g
D -
"
0 /
=0 : .
25)) =0
"
. L M 5
Ljig} >




8-7 . .

. * L Prdbiem-Sé&¥8-7 !
E S (continued)y
*(s) (w+ 6)(2w + 5) = O
#(t) " (m+ GMzn+ 1) = 0 o

{7 *(u) (1,5n‘+ (’5))(51'1 + (!E)) = o
o e -?V *(v) (%a + (;1))(’%a + %)

~* v (w) (%m + 1)(%:11 +2)

1}
Lo

=

(o]

L, Translate the following 1nts open sentences and fg;ﬂ“bhﬁifh“ﬁm—«
truth sets.: ¢ T

{a) HMr, Jéhgéaﬂ bought 30 feet of wire and later bought
55 more feet of the same kind of wire at the same
price pe# foot. He found thaf he paid $4.20 more than
- © hls neigﬁbog pald for 25 feet of the same kind of
wire at ﬁhé same price per fé@t. What was_the cost

per foot off the wire? )

e .
(b) Four times an integer 1s ten more than twlce the

: o - successor of that ilnteger. What is the integer?

‘(c) 8In a stock car race, one driver, starting with the

first group of cars drove for 5 hoyrs at a certailn
speed and was then 120 miles from §Ee finish llne.
Another driver, who set out with a later heat; had - .-
traveled at the same rate as the first driver for 3
hoyrs and was @250 miles from the finish. How fast

M

were these men driving? Draw”a dlagram to hglp you

write the open sentence, o : ,

~(d) The perimeter of a triangle 1s 44 inches. IThe second=-

the third side, and the first slde 1s filve iifhes
of the
three sides of this trlangle. - '

longer than the third slide. Find the lengths

(e} Tf ar integer and 1ts sucressor are added, the result

1s one more than twlce that integer. What 1s tHe-- .

s oF 5 e 0
g Lntegers

ERIC
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- 8-7 ’ ‘ ,
) "t ¢ . Problem Set 8-7 i
(continued) -~ - =
(f) In a farmer's yard were some pigs and chickenéj and

no other creatures except the farmer himself. There

were, in fact, slxteen more chickens than plgs.

Obsérving thik fact,* and further observing ﬁh;t there o %

Wwere 74 feet in the yard, not Eauntlng hts Dwn,‘the

farmer exclaimed happily "to himself--for he was g

mathemat{clan as well as a farmer, and was given to

talking.&p himself--"Now I can tell how many of ehech -.

kind of creature theée are in my vard." How many .
xﬁé{e there? (Hint: Pigsbhave 4 feet, chickens

f(g) st the target shooting booth at-a fair, Montmorency

- was pald 10¢ for each time he hit the target, and was

- 'charged 5¢ each time he missed. IT he lost §5¢ at the
booth and made ten more misses than hits, how many
hits did he make? ' '

B

Summary .
2 have dlscussed multiplication of real

£
I

In this chapter,
‘numbers. The product of two real numbers a and b may be
written in any of the fDIlDWLng ways:
ab, (a){b), a‘b . .
Wé stated a definition for the product of any two real numbers.
This déf‘initir:m assures us that the- Dr@duct of any two real

numbers s alga a PFEI ﬂumeI
~Here are some prqp&j;{es of -multiplication:

4

)

L

;oD One

1a)1) = a.

ol dero

T2)7{0) = o.

<o ﬂmwtatlvc Fr:i?ﬁty af "Multipll
Fo nher : and L,_;

ERIC
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Assoclative Property of Multiplication )
For any real numbers a, b, and c, (ab)c = a(bc).

Disﬁributive Property

. For any real numbers

) ¥ .
Multiplication Property of Equality

For real numbers a, b, and ¢, if a = b, then ac =

L2 ) .

For

a, b, and ¢, a(b +'¢c) = ab + ac.

be.

=a. - 4

any real number "a, (-1)a
?qr any real numbérs a. and b, (-a)b = -ab

~ . : ' and (-a)(-b) =

For any real numbers a and b, -(a+ b) =

ot

ab.
(-a) + (-b).

If xy =1, x is called the multiplicative inverse of y,
The number O

and y i3 called thegemultiplicative inverse of X,
has no mulﬁipligatﬁﬁe_inverse. Every real number except O
has one and oMly one multiplicative inverse. )

~ Tw> open sgﬁteﬁcésjthat'have the same truth set aré'caiiéd

‘equivalent sentences.

then =zxy
then Xy -

LT
‘N
i N
(] 1]
lolN o]
L3

then X =0 or y = 0.

Review Problem Set

Find a common name for each of the followlng sums.

(a) (d)
(e)
(£)

(b)
(c)

7 + (-10)
12 + 12
(-10) + (-15)

2., Find a common name

. (a)
(v)

\ (c) -

(a)
(e)
(£)

(2) (4)
(2)(-8)
(-6)(-5)
(=4) (6m)
(-Bm)(-32a)
(-2m) (2.5m)

for edch of the following products.

6 + (-16)
a + (-a)
(-2a) + 2a




Review Problem Set

S

(continued)

(g) (-§m)(-37)
(n) (1)) (< F)
(1) (-3)(-4a)(2b)
(9)  (-2m)(12)(3)
(k) (8a)(75)(- 3a)
(1) (19m)(-1.75n)(-2.25a)(0)
(m) (2x)(-ba)(-6am)(- £)
3. Use the distributive property to changeithe form of each of
the following.
(a) 2(a + 2b)
(o) u((-e) + bd)
() -6((-7c) + 6d) |
(a) "8a((-4m) + (-3n))
(e) (-7a) ((~30) + (-he))
(£ (<ha) ((<ha) + (30))
(g) '(-1)((-3a) + 6v)

(n) (a)(4m + (-2n))

(1) ’(gb)'((sgc) + (-3::1))
(§)  (-m)((-5m) + 1on))
(k). (-2¢) ((-5¢) + (-104))
(1) ?(—Em) + 8b) (-3D)
(m) (42 + (-he)) (-a)

(n) (a + 3)(a + 4)

(o) (a + (63))(3 + 1)
(p) (m + 6)(m + (-6))

() (v + (-2) (v_+ (-9))
(r) (v R+

(a) (2 + (-5)) (2 + 5)

(6) (w+ (- 3) (w+ (- )

b




Review Problem Het >

(continued)

(u) (a -
(v) (v
(w) (-2y,
*(x) ((-3y) + 4)(2y +i(§3)z + 4)

“(v) {(-2m) + (-1) ((-¥)m + (-n) + 1)

4. Use the distributive property to collect terms in each of the

4

following.

(a) 3x + 10x

(b) (-9)a + (-¥)a

(e¢) 11k + (-2)k .

(d) (-27)b + 30b

() 17n + (-16)n
(f) x + 8x A

(g)” (-15)a + a

(h) go + g

(1) 5p + 4p + 8p

(3) 7x + (-10)x + 3x

(k) 12a + 5¢ + (-2)c

(1) Ba + 4b + ¢

(m) 9p + 4q + (-3)p + 7a

(n) 6p + (-Ur) + (-8p) '+ (-2r)

(o) 3a + (-9b) + 5a + (-8a)

(p) (-5m) + (-Gc¢) + (3m) + (6c) + (2m)

(&) r + 2t + (-v) + 58

(8) (-Pm+dn+ (-gm+3n+a
14

(t) 3fa + 4b + da + (-4)p

EP LS
S




Review Problem Set
(continued)

5. Use the multiplication property of one to simplify each of

F

the following.
i 3 L )
(a) E+§ , (d)

+§ | (e)

T

- (b)

o [

‘c)

k%%*ﬁﬁJ bﬂm%ﬂWU‘ Lﬂm%ﬂ%m

+% (£)

T {

6. Use the di;tributive préperty'ta write the £ollowing !

indicated sums as indfcated products. ’ o
(a) .3a + 3b (g) 2bx +Z4by

(b) (-5)c + (-5)d (h) bL4am + 6an

(¢) 10m + 5n (1) (-6)bx + (-9)bw
(a) | (-10a) + (-150) (3) Fat + ot

(e) mn + nay (k) (- v+ (- e

(f) -mx + omy (1) 2.5m + 5.0n

7. Which of the followlng are true? Which are false?

(a) (2)(5 + 3) = (5 + 3)(2)
(b) (-1)(2) =2
Y () (-1)(-3) = 3
(d) (-1)(0)(-4) = &
(e) (-2.7) -1)(3.95)(0) = ©.05




]

Review Pr. lem Zet
(continued)
8. Which of the ?Dliéwing sentences are true for all valyes of
) the varlables? ' 7 ) i' :f '
(a) a(} + (ch = (?:g) + b)a
(b) 2a + (=5) + 3¢ - {-B) + 3c + 2a
(¢) 5m+ (-5)n = 5(m + n)
(d) (=1)(c) = ¢
(e) (b)(-1)(0) =0 )
(r) (-m)(-1) =m
() (0)(m) =m ‘
(h)" (3.25)(-1)(-t) = 3.25¢, /
(1) “4cim< o ! 7
(1) a(-1) #1
(k) 2a + (-%a) # 2a
(1) 1tm + (-12n) = E(gm v (ééﬁD
9. Which sentences are true for the élvenfvaiue zf the .
variable?
(a) 2m = -10; m =5
(b) 3m =.1; m=0Q i o .
(c) #a=3; a=9 / /
=~
(d) %ﬁ =0; a=0 -
2 - 3
/ N (’3) -7 = 1; a== )

I
-

Cfi;u \
Ii
=t
i
]

vu—]u‘

(1)

ERIC
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10.

(g)
¢ (h)

(1)
(1)
(k)
(1)
(m)
Find
(a)
(b)
(c)
(d)
(e)
(£)
(g)

(n)

(1)
(1)

(k)

(1)
(m)
(n)
(o)
(p)
(a)
(r)
(s)

(1)
- (u)

(v)

3
5

. Review Problem Set -

(-2);
(=6); m

2a + U = a = (-1)

%ﬁ + 6

- gm o+ (-3)

(-22)(-3) #6; a =

i

il
[T

[

i
=

“2(-2.4m) > (-9.6); m =

x1 <05 x = -2
fm| + (-2) =0; m=-2

the truth set of each of
6x 4+ 9x = 30

12y + (-5y) = 35«

(-3)a + (-7)y=2=%0

X + 5x = 3+ 6x

3y + 8y = £99

-15z + 12z = 24

1dx + (-14)x = 15—
(-3)a + 3a = O

13k + (-14)k + 9k =
X + 2X + 3x = L2

i
2

a +2a =3
(-8)y + 9y 2 5
7a + (3)a < 10
[£] + 3]x| <0
-Im] + 2|m| >
by + 3 = 3y +
12x + (-6) =
8x + (-3)x +
6z + 9 + (-4)z =
12n + 5n + (=4) =
15 = 6x + (-8) + 17x

x 4
2 =7x+ 8

18 + 2z

= (<4); m = (-

an + (-

(continued)

the following senfegnces.

5+ 5 + (-2)

(Collect terms first.)

4y + on

5y + 8 =Ty + 3 + (=2y) + 5

335



W

(
(x

(%

(
- * (-3

) .
)
)
)

-

1. Write

[

i

;)gfy +3) =0 . 7
ch ol the following, then Cind

open sentenceg o

the tPﬁth sef.

3 (a)

O

ERIC
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7. Vhat ia

a number 1z 4

farmer had hlc
the

hauled fto an elevator in two
,i . - . - =
capaclity, which ecarrlied a full

wilith

ruclks,

load cach trip.

One other made

cach truck hold?

[ =

How much ,raln i
i

How many bushels dld each truck haul

algogether?

triansle Is

a

rirning on

. for New York.

i freoirht traln

deuble

tracie,

and travelesd at

I ;




=‘>Eéview Froblem Set

(continued) . o

(1) CHow long will it talke the passenger traln to
“owertale the frelght? .
‘ (Hint: IT ¢t 8y the number of hours
that the passenger train ran before over-
taking the frelght train, then (t + 1)
is the time that the frelght train ran
before 1t was overtaken by the pagsenger
traln.)

—

(E) At what time did the passenger traln overtake
the frelght? '
(3) How far were they from Washington when the

i
L

passenger train overtoolk the frelght?

g (f) The length of a rectangular flower bed is. 8 Ffeet more
than twlce the width. Its perimeter is 196 feet.
What are lts dimenslona? ‘

12. Draw thé graphs of the truth sets of the {ollowing sentences.
(a) x|
(b) vyl <o

T

—
o]
—
B
"
2
]
g
-
o
e,
",
I
pod

=
[
1.0
5
o
%
s,
+
=
i
-
-

(a) x +
(e) x<3 and x > 0O

(£ x #5

ol
Tl
—

O
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Chapter 9

7 ¢ ~ )
- PROPERTIES OF ORDER

r 9 .

9-1. The QOrder Relati

a
I
i
)
.t
1
-
=

umbers,

0
B3Uppose you were asked to name the letters of the alphabet,
v

T
-
L

Would you be apt to say, ; ¥, 05 a, t, k, ete."?

™

In 2ll probablility you would begin, "a,

This ls very unlikely.

y 1
b, ¢, d, e, f, g, ete." Zo would everybody else,

DX
—

There must be a reason forp this. [t 13 because you arégin
the hablit af uéing what we call an order relation. Whenever you
lon :a word ln the dictionary, or a topic 1n the index of a

az thils one, you will be taking advantage of an order
relation; tnat 1s, alphabetical order. The concept of order
chufs-iﬁ a variety of ultuatlona. For example a baéeball team

haz a certaln batting order. Can you think of other instances?

g
p—
-
IT
A
Lo
T,
L]
Dyl
[

Az you have ; theridea of order plays an

important part In the study of numbersz. You will remember the

type of sentence which we wrote, for example, as

< 77 .

Here the symbol <", meaning "is less than", shows a relation
between - and 7. We call a relation of thls type an order iy

relation,

atlon of order was extended frdm the

=l
numbers of arithmetic to the real numbers, whlch include the

£
negative nusbers as well asz the positive numbers and zero, - This

was done by using the number /line., We agreed that:
"1z leus than" for real numbers meaMs

"is to the left of'" on the real number line.

T

I
-




iine wWewsce that -2 is-1ess

etg, It chould be clear that

all!

numboer ab

Write down any Jed

negatlive number, Or 4 mber 1n the rorm ol & 1t
Without' =g what your number 15, azk a

Call your number 4, and your frienc

‘ you

Write any real number.

number b, Now look at Bothn numbers, Then state which

T

rallovwin 1 a tru

T

ntenaa:

L o
’I “w l\m"'».
Lol

o
M
g

You nave undoubtedly tourd that

tpue, and that the other two sentences are

k)

Tfyfthé £

toy i ah

and any

Spue and e oRner

Topalied Lhe
.
poon o of
3
-
\
EREE '
- .=
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We shall

coger another

1 1
glven any three different r
1t is known that

i

betwoon  a o ansd

Let us examine the number line.

=,

/ing illustration

represents Lhe two condlition:s

‘_
Tt
re
fel
fit
i
|
2

o7 a property of the

order relation "in less than. N It 1o ealled Lhe

Ve onn reotoate
el
then |
[

Jhlch conneectn

ERIC
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But what about the relation between

line tells=s

Now let's

opposlte o

[y
¥inally, consider -7 and

)

7

and

=

than'?

certalnly clear that

us that

take opposites.

£ is =0,

< b

[

T
]
~
L
[
1
ol

The opposite of =1 1s

%

Illustrated

s i i
are agpy real numoer:s

< D, fhen -b £ -3,

What meaning on tne

%

number ling 1o

The number

1 Th}i
The order relatlon between theac—~two 18

should now



What is the order of a and b 1If 1t is false that
l|a g b”?

™y

If the order of a and b 1s given by a < ., What
1

]

the %rdef of -a and -b?
\ ‘

2. If -3<c and c < d, what s the ordér of -3 and d?

3.0 If x + (-2

)
of x + (-2) and x r 27

4, If y ¢ (-3)<.0 and 0O < y + 1, then what Ls the order of
(

5. If m+ (-1)< 5, what is the order of =(m + (-1j>_ and

o,

3 o. If t +r (-3)< &, what i3 the order of 3 + (-t) and -6%

=t
: ’Pelstlﬁnsth between m and 5°% N
8, If b< -1 what ls the order of b and ™§?
= If//A > a, what s tke gpder of -a Eﬂd' éﬁn
¢ > 0, wWhat is the order of ( and =-c?

-

St Problem et 9-1

1. In each of the follawiryr destermline Eﬁé Qrdéﬂ relation

betwesn the two numbers.
&

& (a) -5, =2 (4) 75 3124

-

N
{(¢) a, b Lf a 1is poslitive
L

; 3

() - =, -
27 T
o and b .5 negatlive

b _'(u P
L2y

(¢} -5, w0l (f)—x, x + 1 fog all real”

numbers x g /J

T
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Froblem ZSet 3-1
] g (continued) .
2. In each cf theﬁiaglawing determine the order of the twc
numbers. )
(a) -a, -2 Lf 2 <a

/ (b) b, 2 1f 2 <a and a <b

1, x°7 )LF 1 <x and x <X

3. 1In each of the following determine the order relatlon
n the two numbers.

(a) x + (-1),¢3 1f -3 <1+ (-x)

(p) ©, =z 1if O <y and y <=z

4 () 2, m if it ls false that 'm < 2"

. (e) -2
. (r) tf a=o=b -
!
( i

9-2. Addltion Property of Order

a1 definlte connectlon

[

ust seen that there 1

i

lation and the operatlon of takling opposlites.
We now wlsh to study the connection betwekn order and the
operation of additien’ ‘

As before tt will be_hedpful to use the number line.

3 -2 - 0 | 2 3 a5 & 7
(1+(-3) (5+=3) (1+2) = (5+2)

i i - 4 - & . —
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SUppose

X : oo R . . 2 .
To veglin, conzlider the numberz 1 and &5, 0On the numben

fohould also be clear that

What about the relation between 1 + (-3) and 5 + (-3)7
The number line t&lls us that

()< (o )

In both cacey the numbers remaln the

o

"\1

=l

‘:3‘

tan
Suppose we had chosen two other numbers .to bégl wit}

than 1 =snd 5, say -2 and U, such that the first

number 13 2L1LL lezs than tne socond, i.e,

What 1 we now add =+ {2 cach number? We
4

since the number line tells uc that

These examples llustrate what we eall the

addition .nror of orde

Trls proparty otaten that
it a, b,,and ¢ are real numbers and
Soa < b, then (a4 e) < (b4 oe).
It is dnter

nroperty and tne

P oy

ape relatoed as tollowus
3

P

N b i (S I -

rather




9-2

We would like to find out the relation between (a + ¢) and
(b + d). This can be done in the following way. By the addition
property we know that since '

. ¥ h;;a < b, then (a + ¢) < (b+c).

. In the same way we know that since d
¢ < d, then (¢ + b) < (a + b)
' By the commutative property this last inequality can be written
as ] ' o
’ (b+c) < (b+d)w
- :TEETEere singe we know that
(a5 c) < (b + c) and (b +.¢) < (b + Q)
the transitive pfggérﬁy tells us that 7
‘ ‘}591 (a + ¢) < (b + 4d).
. N .
Check Your Reading
L. Staﬁé the addition property of order.
P o, 1s the statement "If a < b, then a + ¢ < b +¢c" true

when ¢ = 0?7 Wny? If c 1s negative 1s the statement
stlll true? .

If a 1s =3 and b 1s 1, state an order relatlonship

(%]
[

involving a and b, If s 2, state an order
(

c

relationship involving (a + ¢) and (b + c¢).

4, If a<b and c¢ < d, what is the order of 'a + ¢ and
q + d?

Oral Exercises 9-2a ;

Which of the following statements are true?

[~

(a) If m<n, then m+ 2<n+ 2.
(b) If -2< 5, then -2+ n <5+ n,

ERIC
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9.2

(c)
(a)

(e)

1)
tf’(g)
 (n)

" (q)

Oral Exercises 9-2a 1
(continued)
If -5 ¢ a, then a > -5,

If a<b and c¢ ¢ d, then a < 4,

\

If a and b are different numbers, then exactly

one of the following 1s true: a <b or b < a.

If"m<n and p <.m, then p < n.

If -a < b, then -b < a.

If -a+ 5>b+ 5, then -b > a,

If m E -n, then -m < n,

the transitive property? Gilve an example.

Does the relatlon indicated by the symbol

the transitive property? Givgiaﬁ example.

Does the relation indicated by the symbol
the transitive property? Give an example.

to support your answer,

i

have
n} n have

L have

Restate the comparison pr@perty so that 1t descrilbes

the relationshlp of twc different numbers.

In each of the following indicate which gymbol,

11

">,
mark,
. (a)
(v)
(e)
(d)
(e)
()
(&)

should be put In the place occupied Ly the

)

o that the recultinz statement is tiFé.
37 -5

=
"y

m<nand n ? %, then m < %.

If -3 £ a, then 2 7 -a,

=

iz
A
L

ll<ii i@f’

guestion

i



.Oral Exercises 9-2a -
(continued) ’

(h) If x +5<2, then x+ 5+ (-5) ? 2+ (-5}.
(1) If 5+m?3m, then 54 m+ (-m) < 3m+ (-m).
“(J) If (-ay &b+ 5 and ‘¢ < (-a), then c + (-5) 7 o,

. . Problem Sét 9-2a

1. ~\rite each of the followlng statements with either "»" or

"¢" replacing the question mark so that the resulting

statement lz true.

L (a) 1If (-5) ? a, then 5 > (-a). !
& , o
(b) 1f

b <4, then b+ 57 4 4+ 5,

=
[

b+ 5¢< (-7), then b+ 5+ (-5) ? (!7)’+ (-5).

=
L

(¢)
(d)
(e)
(£)

b <3, then - (b+ 2) 2 - (3+ 2). -

=
(]

a<b and b<ec, then a+.227c.

=l
y

b+ 5¢ (-7), then b 2 (-12). (see part ()

—
-

-
(z) If a< -3 and 0 < b, then a+ 27 b,
(n) If a=Db, then a+ ¢ ? b,
(1) 1If 3 ¢ x, and if 3 4+ m'=x, then 0 ? m.
(j)) x?2a if x<b and b < a.
2 Which of the following sentences are true? Which are false?
(Higt: the addition pronerty of order, if wisely used may
help.) 5
(a)
(n)
(c)
()
8
) . 342

oo
L N
-




-Problem Set 9-2a o )
(continued) - s

C (e) 34 (-12) + b7 < W7 + (-18) 4 97 -
= (£) 18 + (;432) 4 (-79) € 2hw (-32) 4 (-79) . T
(e) . 2573) + lg +.(-382) < 1g + (- 114) + (- 383) -

‘ ’e%:') (-3)(5)+(5){(-§)+(5) e
(1) (53)+(2)(—3){(04)+§ ‘
() @D 25 (-3 +e2 | -

= . — —

— l - o -

We can use the addition ﬁf@pérty of order in problems
" involving truth sets for oéén sentences, For example suppose
we were asked to find the truth set of the sentence
_ . & '
- X + 5 ¢ 8,
If there is*a real number x for which our sentence is true,
then for this x the following sentence 1s also true:
x+ 5+ (-5) <8 + (-5).

sentence

]

‘This follows from the additlon property of order. This

can be written

-
At
L

The truth set for the sentence "x < 3" can be described quite
easily. It is the set of all real numbers less than 3. .

¢

We have shown that any number x which makes the sentence

"x + 5 ¢.8"- true also makes the sentence '"x ¢ 3" true. Now

we must check to see that any real number X which makes

"y ¢ 3" true also makes the sehtence "x + 5 £ 8" true. Once “\
agaln We can use the addition property. 1If there 1s a.real

number - x for which

then ror thls x 4+ 5 e;i‘+ 5

or n+ 5 ¢ 8,

ERIC
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A , A C .
The M'check" which we used for the problem 1s not
. sthlctly necessavy. 1In Chapter' 8 1t was stated that if a rdal

numper 1z added to both

f ’

sides of an open sentence, where the

open senﬁehceiﬁxpfezéés equal’.ty, then the resulting open

sentence will be eguival

it can be shoyn that th

and-

are equivalent., As you recall, this means thdt they have the

same truth Sét;\ Therefore,*1f we can determine the truth set of
sure that thls 15 also the truth

"x ¢ 3", we can be

x4 5¢8".
><sh O
Can you see that the truth set of

iz the same as ‘the truth set of

What iz thisz truth set?
ple, let us find the truth set of the

As

senten

[
Le]

(=]

If there 13 a real number x for whitch this i3 true, then we
)

can add (-9

5x + 9 4+ (-9) < 4x + 3 + (

By addlitlon wWe get

If we now add (-4x)

[¥x]
10
o
s}
it
-
fud
=1
0T
b
m
3

=]

x4+ H 8

X+ 7 < 177

O 4+ 9 £ ldx 4+-3,

to both slides and obtaln

5% 0+ O € hx ¢ (-5).
to both sldes the

nt to the first one.~ In the same way
true for open sentences which

2
Thus, the two sentences

set of



k.

i .o E L

*%rhe*laat'aentenée is §ngvaient t@gour(first-one since we added

\; the real numbers (-4x) and (-9) to both sides. .
J ) ) : . .
Thuzs the trgth'set of _ » A N

1

T X< (-6) .

‘ * -
1s the same as the truth set of W -

=

. ' ) 5% + 9 < 4x + 3, ’

. Ly .
This 13 the set of all real numbers less than -6, Draw-its

graph.

e o PR : -

Check Your Reading

[TV

1.. What number could we "add to both sides of the sentence™
X + 5 ¢ 8 to help us find the truth set of the sentence?
What 1s the truth set of the senterice?

2. Are the sentences "x < 3" and "x + 5 < 8" the same
gentence? VAre they equivalént sentences? What do we mean,
by equivalent sentences?  How can we tell if two sentences
are equivallent? l

3., When fiﬁding the truth set of the sentence 5X + 9 < 4x + 3,
why do we add (-4x) to both sides of the sentence? Why
do we add (-9) to both sides of the sentence? What
praperties are we using when we do thls?! What 1s a Simﬁler

name for GEx + (-4£D ? “What property do we use to obtain it?

4, How would you draw the graph of the truth set of the sentence
"6x + 9 < 4x + 3"

Oral Exercises 9-2b

1. Do you agree wWith the following statements?
(a) 1If we are finding the truth set of .3x + 11 < 12,
a simpler sentence is iormed Lf we add (-3x) -to

both sides,

O

ERIC
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Gral'E_;ei‘ciaés ‘Qigb - T -,
S o (continued)

=t ) o f - I ] ~
: (b) A goodiway to begin to find the truth set of the,
' ’ - sentence (-5) + 3x + 4 ¢ 2x-+ 8 would be to
. - . wrlte the equjivalent sentence

- . ) o -’ . . -
5+ (-5) + 3x + j?éb{éé) <2x + 8+ 54+ (-4).
ca (e) - & hglgful step ®n finding the truth setigf.the]
N ’ v’sEHténge 3x ¢« 2% ¥§9 would be if add (-2x)
to both sides. : '

‘2. For each of the‘féllowjng sentences use the addition property

of order to obtain an equivalent sentence having the variable;;7

or a product contalning the variable, alone on one slide: )
(a) 3+ x < (=4) + 2 . ;

g (b) 2n + (-8) < (*27)

(¢) (-8) + 12 ¢ (-3n) + 1 - ’ ‘

]
»

(@) 7% (3) +2<¢5+ ex
() .84 1k + (-5) <3y + (-3 +y

For each of the following sentences the simplest Eqﬁivalent. .

L

sentence would be one wnlch would have the varilable alcne
.on one side and a speciiiecd number on the other side. Tell

how you would use the additlon nroperty of order to achleve

(a)
(b) "My + (-4) < 2+ 3y + (-3)
(e) (-¥n) + 1% < 7 + (=3n) 4+ (-=7)

B B i 1 .
() %+ x<ips (%) -
(e) -t 3.2y + (=.8) < (-.4) 4 .7 + 2.2y
\

?UN :j 4)
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Problem Set 9-2b

1. Find the truth set af each of théﬂfclléwiﬁg sentences.
(a) {=5) + x+ b4 <7 i
(b) 3x<2x+2 ' X o o
(d) 2y4+2<3y+2 ° ’ .. .

(e) 2+ (-35) < x+ (-7) |
- (f) 3 4+ 2% ¢ 3x . ‘ ' : ; < 4
() 3x + (-4) + 3 < (-8).+ 2¢ + % '

’ (h)?§+ Xg(i

L i
o
H—
I
&

1

e (1) 3y + l_—312§333+ (f——f-%‘) _ : /o N

() (=8) £ 7 <5+ (-3) =

(k) (-x) + & < ( : : 7

(1) (-5) + (%) <5+ |5l

(m) (-2) + 2k
(n) x4+ F3l» D) +
(o) 5z + 2= 2x + (-7) ‘
(p) (=7%) + [-5] = iz + (-6)
(@) (-8) « (-2x) + (-7) < (-3x) +
(r) ﬁ—; y+2¢g é‘é 2+ 7 '
(6)  (-5%) + (=) = (-Bx) + (-16)

(¢} |-5lz + 2.5 g|-7.5] + 4=

Nl

-~
—

he gruphs o toe truth sets ol varts  (a), (d), (g),

(p), (r) ib trovlem 1.

(V]
— 1
R

]
L ]

Tl
gl
=]
x
&
<
"




9-2, 4 w . . A o .
- . “Problem Set 9-2b  *
. { (corftinued) 7
3.4 Which af ﬁhe fol awing statements afe,tru§?4=whlch are
: false?\ - -, , .
. | (a) Iff b< O, then 3+ b < b.
(p) It b ¢ 0O, then 3+ b 3.4 , A
- . .
(¢c) If bgO, then 3+ b+ (-4) ¢ 3+ (=4)., K\ :
5 ’ ; '
- 4, Three more than five tlmes a number is greater ﬁhan seven p
increased by four® times the fumber, What set @f ntmbers
. will make this sentence true? : . C)
. R I -
5. « student has. test grades z: 82 and 91. What must he
score on a third test to hdve an average higher than g
— _\ v
There ls a strong connection between the relation "is less
than" and the idea of equallty. Thls connectlon can be seen 1if
we conslder a few examples. Conslder the number 2 and-‘the
number 7. It is clear that
27,
. since the number 2 1s located to the left of the number 7

on the number 1llne. PBut suppose you were asked to glve another

reason why 1t 1s clear that 2 1s less than 7 wlthout using
say the followlng: The number 2

ot

the number line. We migh
1s less than 7 JDbecause there 18 a number which we have to add

to 2 (in order to get 7. FEv idently the number ls 5, slnce

o

2#557! /
Notice that the number &, whlch we addedt, 15 a positive number
Thus, we see that there is a close connectlon between the

sentence

27
and the sentsnce
' 2+ 5 =7
’ 340

&
L
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N j ~ = - . ) =
Both ¢f these sentences bring out the order relatlon betwean 2
and J. Let us consider some examples glven by the following

ta . g .
‘ Sentence invglviﬂg’"{" Sentence involving "="
= T 2<6 : . 2w 4 =6
= - (2) < 6 ok (-2) + 8=26
T (a10) < (-3) Y (-10) + 7 = (-3)
%!{ by % + 3% = 4

The sentences on the left have been changed to the sentéﬁges on
‘the right by adding a positive number ‘to the left side in every
case. In other wgrds if we have a sentence 1nva1v1ng the order
"{a leas than", thén there seems to be a pogitive number which
1f-added to the Teft side makes this into a sentence involving
fgqgals"
¥ The two Einds of sentences whilch we have been considering
w_n
symbol 1s called an equation. Sentences with the symbols "<'
or ">" are.;éiléd ipequaiitie;, "Thus "2 < 6" 1s an example
of an inequallity. The sentence "2 i 4 = 6" 1is an equatlon.
The examples also show that & certain type of edquation

involving addition impllies an order reélation. For instance,
when we examine the true sentence 2 + 4 = &6, we cén see thzt
a posltive number, U4, has besr added tc 2 to make the sum,
6, so we know that 2 1s less than ©. This connection
between the two types of sentences can be stated as a property.
To show the connection completely the statement goes two ways.
(1) If a real number a 3 less than a real number b,

then there 15 a ¢ such that

(2) If a + ¢ = b, where a, b, and ¢ are real
rumbers and ¢ 18 pogitlve
thed ’
a < b
T4
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Lgék tack at the examplas in o
¢+ with the
equatlion onth
on the right amd "connects" 1

Vﬁ(d) 2o+ 1l = 7 (r)

- =T

table! Statement (1) beglns
inequality on the left and' "connects" 1t to the

} -right. (2) begins with the equaticn
to the inequality on the left.

Statement

chedic Ydur 2eading

"2 ¢ 7" expres

nt
.. What is a sentence involvi
rd

ses the order
n "M whic

whiech of the

or "e > 0",

a < b,
D",

= b" expresces the order
; _

following is correct: "e ¢ 0", "¢ =

he following

a posltive number to dhne side

(e) .99 <
(£) -.399
(g) x < x 2

= 2 (h) x +

[
"
b

order ralation corresznonding the

~tate the
fallow'ng statements o eguality,
(a) x4+ &% =0 (e) m=3+n

(£) (;

() x+2=y4+ 5

sl
+
I
Lt
pa
4
Lad
i
K
_H_
nJ

Froblem

actermine thelr order find a

the

of numbern, and

riumbier which wnen added to the amallér glves
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* Problem Set 9-2c¢ 7 )
i - (continued)- '

(¢) -g"ané % | - (£) =%§ and -%5

nd % (g) 1.47 and -0.21 s

——
o
Lo
"I

[ L
o

s
s

(e) =§;§»and -345 {h) ?—f)(?) and (%)@,g) y

ks
2, Whiech of the followling statements are true? Which are fs;geﬂ

-

(a) If & + 1 b, fheﬂ a<b . —

(p) If a =+ (-1) =b, then a < b

(c) 1f (a+c) + 2 sv(b +¢c), then a+c<b+e
(d) 1t (a +c) + (-2) = (b + ¢), then b+cca+e

(e) If a < -2, then thete is a positive number d such
that -2 = a + 4d

[
[

(£) If -2 < a, then thife a positive number d such
. that a = (-2) + 4,

- (g)
< (n)

f+d

i

f b¢0O, then 34+ b <b ' s
<

f b

=

0, then 3+ b <3

b and C < ¢, then

1]

3. . pronf of the statement "If a + ¢
a< b" 1s given below.
Gilve the mlsslng reasons.
Assume : 0« ¢
then a+ 0<g a+c why ?
why ?

[#]

then ac<¢ a +

o

and ac< why ?

9-3. Multiplication Property of Order.

We have seen that whenever a number a 1ls less than a

_ngbéf b, then .

no matter what the number ¢ 13. That is, Lt makes no 4

e
i

fer-

ence whether ¢ 135 positlve, negative, or zZero.
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o

i

+
- ' ‘Naw we ask the following questlaﬁ. Suppose once agaln that

a < b.

When we>multiply both of these numbers by a real number 1s the
order of the resulting numbers the same as for the original
Lgirill the produet c¢a be always less than

P

numbers. That is,’
the product c¢b regardless of what the number ¢ 1s? ;

To begin, let's consider an example, léttiﬁg a =5 andy
b = 8. It is certainly true that, : . ;

5 < 8. 7
Suppose we multiély‘both sides by 2. is the following sentence
true? ’
2(5) < 2(8)
The answer is easy, since we know that 10 is leés than 16,
However suppose we mulblply by (-2). What about the following

£

sentence?
(-2)(5) < -2(8)

A glance at the number. line

Y I i i i e . " N S S | M 3 §
¥ T T T 4 T T T L. R L T LI B Y L — T

(-2)(8)=-16 =2)(5)=-10 ' 0

shows us that (-2)(8) 1is less than (-2)(5), and our sentence
above is false. Suppose we try another experiment, this time
beginning with twg negative numbers, say -7 and -2. We see

that =7 € -2, 1If we multiply both sides by a positive number, .
say 3, what happens? Is the following sentence true? /

3(-7) < 3 (-2)

O
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Check the nufber line to see .if (-21) < (-6).
. multiply by  (-3). What is the relation~between
o ‘\/', = [ 7 -
& (—3{5—7) and (-3)(-2)2
In Chapter 8 -we learned that the producﬁ on the left is positilve
angd the product orr -the :%ght is positive, It should be clear
that the sentence - g

1

B} L - -y

- 21 ¢ 6 f . :

is a false sentence, and that the sentence. 3
¥ _— L . ¢ = ";f*

6 ¢ 21 i1s true.

The prévigus'exaﬁples seem to point to the fact that thé%é
.a multiplication property of order, but that it differs in}

e
]

one major respect from the addition property. Let us look at '
another example that may help us to state this property. Try
this! Take (-5) and (6). 1It's clear that -(-5) ¢ 6. Now - -
multiply both numbers by 4. Then check the relation between
4%45) and 4(6)

Next multiply (-5) and 6 by (-4) and check the relation
between ’ -

(-4)(-5) - and (-4)(6).

(
By now you will be getting an idea as to how the mu;g;p;;qgtibn

property of order seems to work.  Actually the property can be

7777 V'

stated as follows: /E&

For any real numbers a and 5;
such that : ‘a ¢ b,

Le]
w
e
o
[
oy

‘¢ 1s“a positive number,

<
but b <

2]
g
ik}
-
"

¢ 1s a negative number.

=5
. We observe that multiplication by a negative number reverses

the order whereas multiplication by a positive number keeps

the order the same.

' v ) ;ifé(;
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Your ldeas about thls property have been gained by working
with examples and using the number line. It ls Interesting to
see that we can show thils property in a more general way. We
use, lnatead, tWwo other propertles whlch we have already studled
in £Rls chapter. Flrst we begin with two real numbers a and
b =zudh that n 4

a < b,

LS N ‘;
Now remember the property which "connects" the order "is

[
i

]
]

than" to enquals”. We sdy that 1f
a < b,
then there Is a positlve number, call 1t p, such that

a+p =D,

sl

Now suppose we multiply both sides of this equation -by

posltive number, for example

whinrh becomes Z2a + 3p = 3b. What property is used here?

The second part of the same "connecting property”" then tells us

v 3a + 3p = 3b and 3p Ls positive

We ¥now that dp  1s positive, because p and 3 are both

]

postoive,  Therefore wo know that Ha < 2b,  The number 3 wa:s

chosen for convenlenoe, It could have been any pusltlve number,

How suppose we multiply by a neratlve number, for examp.s =5,

+ -

Liplleatlon ¢lves un

(-2 )(a) arl (-5)(b) .

Ther



O
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[

Coat hatreenn Lo bae orsder opelatlo

Annos i Leo? e loasned Lhinl orodar o e oudramd,

i H
H Lo o ling i

Ty multinlicot on o

to anothar auestan,

LN

3 (a)(a) « (a)(b) ant (a)(v) < (v)(k) then
(a)(2) « (b))

negative,

apllentlon properuy.

vownern e Lake

Mindnm Lhe ansvor

Supnane



Thus 1f

number a

ab <

Likewlse multiplication of both

negatlive number b glves us

3

=
=

BT < ab and ak -

results together

Lhese

Putting

Div

operty that

Je Bzee that

both

hoth

< b, and Lf ¢ 18 negative,

F

5 the negatlve

h“

by the

ab.

D
o

]

™%
%]

then b

E

nd b are positive,-

=

]

1 and b are negative.

g
-
i
o]

[

O
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10.

™

o~
o ®

\ —
I

o~ e~
[y [l
L

o~ — e~
L b o,

—
T

Oral Exercises

(]
]
fra

Sd

\
a< 5, what 1s the order of 2a and 107

i)

-3 ¢ b, what 1s the order of ;igb and 59
0« p, }Whai is the order of 0 and -p?
m < n, what 1s the order of 3m and 3
-5 ¢ q, Qhat is the order of 10 and -2q9°7

1 + (-x) < 3, what 1s the order of x + (-1) and -

5
[ (\

]

!
|
o
W]
+
—
I
or
M
-

a+ (-b) ¢ -5, what is the order of -3

rder of 5a + 5b and 257

il
s
o
Y
b
-
E
jo )
v
ot
i
P}
ot
pu
i
i

-=a» 2. what ls the order of a and -4?7g

<
[

If xe -4, what La the DFdEF#Df 15 and -3x7

what 1s the order of a and -17

i
-y
T
,
I
(i

If O« 7, wnat in the order of -2 and = + (-2}7

. 1
, what la the order of x and -¢
: 2

Tf v + % - 1, what !5 the order of ¥y and =72

VL -

-
o
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Problem Zet 9-3a
{continued)

]
3., (a) If =x =3, what s
(b) If -2z = 6, what 1is I
=37
(c) If 3x <« x + 2, what is the

(d) If 2y ¢ 2, what 1is

(e) If m° >¢6, what 13 the orde
(f) If =3 <t and t <O, what 1s
=
. and t°? .
4 (a) If x >%, what ls the order
{b) If x <% and % iz positiv
a
" and 257

(4) If - > -5 and =z iz negatlve,

(2) If a <5 and b <7,
1

() 1f lal > |5,

the crder

what 1s

thet relaticn

what s the order of

o

e multiplication nroperty of ordsasr 1is
truth sets for certain types of open sentenc
Dy = 8,

ff thers 13 a real

]

true, then for this ¥ we have:

o
e
e

——

)

I~

(2x)

2 v

U —
en]
S
o
2
—
LT
L

o
«
N

number  x ffor which

thie

the relationship be

hip

el
o
Ly

L]

£
m + 1
e grder
% and

Z arnd

the order

tween x  and
tween 2z and
and 27
1'}
and 17

what ls the order of

of a + b

) =

~ and |bl*®
useful in flndling
&5, such as

abinye

bl

gsentence 1
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s the truth set of "x ¢ 4"? It is the se
1s ¢

he same as the truth set of

has tHe>2ame truth

which L=z the same as

* -5 40X [
Noes  "-%5 ¢ x" have the same truth set as "-2x ¢ 10"? We
say then that "-2x « 10" and "-% ¢ x" are equivalent

arn:i tnls

arri this carn be simpllfled Lo .

a5t sentencse s oegquivalent to the first

bel as Sllﬁ@%:b?ﬁirléSﬁ
’

Jo you afree that thls
t

1
arce Y Tar Lruth o set oo ne

2 LW i



e
I
L

Check Your Keading

1. By what number would we multiply both sides of "Zx < 8"
to obtaln 2 simpler equivalent open sentence?

- - 11 s S ]
ces ~=% ¢ 1C

]
i

2, Are.the sentel and "x > -5" equivalent

bl

open sentences? Why?

Cra: Exerclises 9-30

In order to filnd the truth sct of each of the {ollowlng

sentences we need a simpler equivalent sentence. By what
b would you multlply In =ach case to obtaln this simpler

I
i
i
T

—
o
-
—
™%
e
™,
Fad u "2
“

)
L

""‘-.

-

[

s

i

m"«
L]

. o~ .- \ 1 .
b, =12 < bx 16, (-2) + ¢ <3+ 3x

entences. Try

1
i
[

il

1. Find Eaé truth set of sach of the follawlng

some @fﬂthé numbers in the set to zsee If They make the

and (1)

O
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ngrFinﬂ the truth sets ol whe follio
(a) x4 5¢2
(o) (-3x) + (-3) <3
(c) (-17) + 12 < 2x + &

Problems

find ouc

wo e
T
]
ot
b
ju
[p]
i

to

.

it
it

the pro

=
i
ot

Pl

in

e

thern Joe and Moe

salenman aooub

a

Tho

and Koo

Jo

haw much

R ThH e imes A

Ll

7ot L

noepoanad

ahb

a new typé
sulecman re

had

number

e,

write

out the

buy a

ol led,

o
apread

=4
When th

1, 1 Siad tihpee an u a
re-y 1 owould have less bthan 46 more
wany o tudonts gddoes he have in his
ciann?
. BLlD i S R o an tase oosum of thelr
P i L- R . 7 oal Homn?

O
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the follud nm vDrapertien

In thi=s el

nter wo huva

‘nvolvinz the ord.r ra

R
Laan .

The Comparison Property

al numbor b oone and

cal numbeat

For any r

only one ol tho follow!

2. The
¢ a, b, and o are any three real numbers and if

F L e . i o
a1, , and o arce any real numbers and
real number b,
¢ ouch that
g I -
ang o Aro
wove, Loen

DL aumbinr,

e s Lo et ¢ = i

SRS 1R

Ly

O
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Lk

Iy
+
[

1

[ i =
e [ b
D] iy
s -
- w——,
I
—
Mt
!l

=l
fk‘*]
-
T
’
Ped D34 "k
[N

s
Ity

< oa, -

i 3 < 5, uhor

It o iz o posd

numbee,

i

the brutn

then

T
Lhen

b

“Wtﬁ

& Far}
< .

4o,

+ e,

Lhore

are

c, then

Eruo?

a

then

then

a positive number d s

numbe e

-

Which are fals

u

sueh

Conumper a.,

¥
o
X
e
g
[
o
Ll
0

lawing nentences,

)

‘
'

-,

(1)

andd

that

Pad

o]

=y

b



12 nsquare Inches amd one zide

les: tnan 5 rches, find out what you can aboui

cauaro inenens and one oldo o nas

4.7l

find out what you can

&.

7. Taci; of the {alloding o

j or an }Ddléat%ﬂ nreoraet,

Smplify chese cxpecasicons using the Alstrlbotive property.

e

DA
—
s
n
v
.
b |
=
—
o,
+
—
1
—
-
—

O
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9. wo cars stamt from the same polnt at the same timz and
travel in the same directicon a
45 miles ner hour respectively.
they bz 3% mlles apart?

1¢. Henry and Charles were opposing candidates ln a class

electlon. Henry rece

iv
and 5lo members of the class voted. How ma

11. « mar l&ft $10,500

The wWlidow recelved

as much as the son. How much dld the son get?

thee following sxpresslicns

o
W]
sy
ey

De]

oy
0

‘ i
e 2ach expression as an lndlcated sum, as shown

DK
I
Tt
fLr
+
——
T
-
M
-+
i
2

FExample:

1

This can be written as

(-3a) + & + (-2b)

—
[y
"
1
—_—
I
o
)
-
“
1
()
-
e
e

(e) -(2x + 1)(1 ¢ (-1)) (Hint: Find the product first.)

properties or real numbers,

»
=
s
i
<
it
o
—
—
s
.
iy

(a) -(a + b) = (-a) + (-b) (Hint: 4d4d (a + b) to

or real numbers &, b, and ¢, if a + ¢ =5b +r o

—
oy
o
1y

then a - b (Hint: 1Use the additlen
property of equality.)
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Chapter 10

SUBTPACTICN ND DIVIZION CF REAL NUMBERS

ofi,5ubtracting. Ir

r
itlve number from an

subtracted a pc

Now that we

number from any re:

the subtractlon of a larger number f

as to subtraction Involving nepative numbers.

How can we t'ind a rale whloh

Will bepln by studying the procsss

Srppos
cents and
your char

cants and

Lo fint the

oree of aubtractle

finis what anunt needs to be

“hher Words, she

subtraction She has mentally

wording of the protlem Drom the

alghty-thres squals whao" L "R equals

c s r e ey 3 Ly o .
e hunidee {7 The g
Viory o o g
;
nas booome
. . ) .
oW, hew o owe i nhe Sreainh [HPR SRS CRNI A W
by oo e can age she st onion prooert foollows:
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10-1

{
the answer to cur subtraction problem,

Notice that the next to the last step In the above

discusslon 1s the followlng:

positive nymber 83 from the larger posltive number 1CC. Now
In the left column

in the right column,

e

1 - .
try a few-more examples of the
'_1s the answer you know .lrrom

to the flrst number

‘Bsee the same an:

—
o

[

"
O

)

-

-

+
—

]
e
p—

1}

et
=t

“Ts e mee () 5.5+ () =53

: 80 you see that subtractlon problems of this “ind, which you
e

ady wnow how to do in arithmetic,

don't know how to Jo iln arithmetlce---

) ) . . B 7

"prom 4 subtract O". This Jdoesn't make sense In arlthmetlc |
-5 P &

because we can't subtract o fwom the smaller number 4. But

= Y s
remember we now have all th numbers to work with. Can

we use .these to make some af "k _ 5"%? There 1ls an

(i)

il

anawer and 1t comes from the il way we L1 the subtraction

problems above. We can pet the appeslte of the second number
6 and add Lt to the ilrst number 4. Do you sea that "h o+ (-8

T Q”

P

does make 3en

67  Slpee Ln does, we can now say thla:

il

makes-sense Lf we agres that 1t means 4o+ (=)

A
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el

o
]

ot

for "(:4)‘+ (-6)"7

"a + (-b)".
b has an opposlte
(Why?).
b from-any number a.

There
-b,

number a

—

. _K N .
to mean foér any two real numbers
aré two reasons for this,
and we can. always add

Can you get "(-4) ~ 6" to make sense? Should Lt mean
"(-4) + (-6)"? -Ccan you do this additlon and get another name
What should !

From these examples we can now see what
a ;

mean?

it

"5 - (-3)"

a - b" ocught

It ought to mean

FIrst, any number
-b

a- and b.

to any

So this way we can always subtract any number
Second, when we do subtraction this way

b = 83 get the same answer

for numbers 1llke. a = 100 and we
as we did when we subtracted in arithmetic.
Tn

real numbers.

number

Thus, for .real numhers a
a

Examples:
’ subtractlon
problem

. (-5) -2

) . A
5 - (-2)

LT

Perferm the operatlons in the right sides of the

, equatlons,

To help keep the two uses

, comment on each:

ERIC

Aruitoxt provided by Eic:

To subtract a real numper - b
a, add. the opposite of b

it

[}

1]

J So we make the followlng definggﬁon'af subtraction for

from @4 real
to a.
and b '
b =a+ (ép).

addltion
of opposites

20 + (-9)
10 + (-15)
(:8) + (-5)
(ﬁicf + 7
77+ 4
S ()
50, ()

above

of the symbol "-" clear, let us

=



‘ 10-1 Wt
‘ In the phrase In the phrase
a - b, a + (-b), 2
- "_." stands between two . "." is part of one numeral
*  numerals and indlcates and indicates the opposlte
the operation of sub- of. We read the phrase
tractlon. We read the as :

phrase as .
-t

a minus b".
¢

As an example, canslder the phrase (- 2) 5", Here the symbol

"_" scecurs twlce. The first ane, in frant of "2", does-not

"a plus the opposite of b".

stand between two numerals and theref@re means "the opposite of".

The second does stand between two numerals, namely "(-2)" and

"5"  and indicates subtraction. Thus (-2) - 5 = (-2) + (-5).
) Frequently after this we. shall abbreviate "(!2) 5"  to
. "2 .5 and "(-a) - b" to "-a - b". Thus "-a - b" 1is,to

be vnderstood as meaning '"(-a) + (-b)" '

\\E Here 18 a subtractlon example. Se= I1f you can urderstand

“he reasons glV23 for each step.

Example. Find a silmpler expression for (7x + 1)

(7x + 1) = (7x + 1) + (i(ix)) Definition ef sub-
traction s
= (7Tx + 1) 4 (-5)x -{ab) = (-a)b
' = 7x o+ (-5)x + 1 |
. - {7 + (55)>x + 1
. 4 = 7x + 1 !
7

Here 1ls another example. fee 1f you can state the reaafns‘far
each step. ] R \ T
Find a simpler_expresslon for 3a - (a + Ub).

3a ¢ (H(a+ W) |
= 3a + Géa)‘+ (-AgD -
- (32 + (-a)) + (-4b) ;

v - (’ia F(-1)a) + (-4p)

(51));; + (-4b)

3a - (a + 4b)

0
7o
T+

[
[
i

I
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Check Your Reading

1. Give an open rentence invoiving the operation of addition

x!i!

which 18 equivalent to thé open sentence -"100 - 83

2. How can the problem "From 4 subtract 6" ©be stated as
an addition problem?

"a - b" names

3. Por any real numbers a and b, the expression
the same number as what other expression?

4. Which "-" in the following expression indlcates the operation

of subtraction?

(1] !3 - 5" .

5. - How can ﬁhe'expréssian' "_.a-- b" Dbe restated so as to N

indlcate the sum of two real numbers?

Oral Exercises 10-1

State the following subtractions in terms of adding an cppoaite.f/
Example: 8 - 2 = 8 + (-2) ' : ‘

(b) 11 - 12 (g): -2x ='(=2) (1) 8k - (-11k)
(¢) -4 -8 (h) 7y - (-2y) (m) 6x = 2x

(@) -11 - (-5) (1) (8 - 1375 -2 (n) 0~ (-3m)
(e) 24 - (-8) (J) 2= (8 -12) (o) 642 -9V2 :

(a) 5 -4 ) (f) Ya - 3a (xy 7 - (-m)-

Problem Set 10-1

;1; Glve a almpler expresasion for each of the followlng.

Remember that the opposlte of a sum 1is the sum of the

- 3) = =<§§ +;(;3D} L : -

e

opposlites.

"

2
Example: -(x

1}
[
kS
L]
Mt
b
i
]
—
I
L
s

1

]
b
+
(]
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1o-1 Problem,Set 10-1
v : L
' (continued)
(a) -(a +7) (d) -(x2 - x - 2)

(b) -(a -7) _ (e} -(~-x +y)
L2 L e o i
(¢) -(x° + x + 2) (r) e<5(3{+y)>
. 2. Write each of the following differences in terms of the
addition of opposltes, and write a simplified answer.

(a) 15 - 25 (£) § - (-3

(p) 132 - (-18) (g) 7m - (m + 12)

(¢) =12 - (s28) ' (n) <lx - (2x - b)

¥
et
v
i

(¢) =7vp - 12b ] 5‘(1) %E - 3x t
() G (-4x) (3) 7.bm - (12 - 3.5m)e

3. Find a slmpler expresslion for each of the following:

(a)‘ (5% + 2) -3x . * (J) m+ (-3m) - 7m

(b) (5 + 4W) - 5w (k) (5 =-2m)+ (6m - 8).
(e) (2y + 5) - (2y + 5) (1) (2y + 1) = (fy = 1)

(@) x(2x + 1) - 2x? (m) a+b=- (-(a+ 1) -

-6 - (-6)

1 ?)

(e) U - (2x + 3) (n) 6

‘ o3
(g) 2y - (3 + 2y) (p) 5 - (3a + 2b - 5)

() b- Fmex )@ e+ 1) - 5k 1)

+
(£) 3a - (¥ + a) (o) —%4-

(1) (2x + 3x) - 5x (5)‘ é;z;f = (=(-1) *

4  Find the truth sets of troo: Centences.

(Hint: First chamge subtractlon to addision of the opposite.)

(a) 'x - 5= -4 (e) -18 =5 - (2y - 4)

(b) 2x -3 =4 -9 (f) x -5 <4

[
=

(¢) 11 - 18 - 2m (g) 3x - T< 4 - 11

- S %

(d) & - % £ (h) 3x - 1< 3x . 4

=
1}
W
]
Py
s




10-1
R e e
- Problem 3et 10-1 .,
(continued)
5. Write a phrase for each of the following invelving only
sdditiép. '

(a) Subtract -8 from ~15.

(b) From -25 subtract -4,

(c) What number is © less than -9°? ‘

(d) From 22 deduct -3C.

(e) -12 1is how much greater than -17°? 'Y

(f) How much dreater is 8 than -5°?

(g) what 1is 5 less 107

(h4 What number added to -8 gives 72 °
== - \
6. A marksman hears the bullet hit the target 2 sedonds

after he flres. He knows the speed of the bullet is 3300
feet per second and the speed of sound 1s 1100 feet per
second. How far away was the. target?

(Hint: Let t be the number
) . : of. seconds 1t takes '
for the bullet to
reach the target.)

7. A service statlon manager wlshes to mix "regular" gas at 30¢

per gallon with "ethyl" gas at 35¢ per gallon to fi1l a

500 gallon tank wilth g2s selllng for 32¢ per gallon.

How much of each type of gas need he put 1n the tank? ;
8. Two men Btart walking fﬁgm the same place in the same dlrepe-
tion. The second man starts one hour later than the first
and walks 3 mlles per hour. The first man walks 2 miles

per hour. How long wil; the second man have walked when he

L

_catches up to the first?

O
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Properties of Shbgrgg;}?nl

- In previous chapters we have discussed the commutative and

assoclatlve properties of addltion and multipliecation. Do you
think that subtraction 1is camm&ﬁazive? To answer this we must
determirfe whether or not the following sentences are true:

B F

5 2

ih
h]
[l

©-92=9 -6

(<4) - 2 =

™

- (-h)

From gd% definltion of the subtractlion process we see that the
left side of our first sentente represents the number® 3, but
the rlght slde of the same sentence represents the number (-3).
Therefore, the sentence 1s false. What can you say about the
other two se?tences? Do you see then that subtraction 1is not a
commutative operation?

Is subtraction assoclative? Consider the following sen-
tence.

10 - (7 - 2) = (10 - 7) - 2.

5
} On the left side the phsgse inside the parentheses represents

the number 5. Thus, the left side has the same value as

1¢ - 5, which is 5. .

The phrase 1in parentheses on the fighéﬁrepresenﬁs the number 3.
The rigj@ side has the same value as
' 3 - 2, which 1s 1.

Is tﬁ; original sentence true?
s

Since we have shown that | v

is a false sentence, it 1s clgar that the placement cf

entheses, that 1s, the grouplng of terms does make a
a

r
difference, Thus, subtraction i3 not an

for real numbers.

ENE

f2=F <+

14y - [

O
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VWE faundrthat withradditién ﬁhe aééaéiéﬁi%é prgééfty allows

i
us to group terms in any way we wish. Thus, an expression 1like

~
1C+ 7 + 2

has a perfectly clear meaning. Even though addition is a
binary operation, we know that

10 + 7+ 2 =19
wlth or without parentheses. toe : -
However, 1f we had an expression such as

10 - 7 - 2,

how would we Ilnterpret 1t? From the discussion abcﬁé we see

that it might be equal to 5 or toe 1, depending on hgﬁ the

.terms are grouped. To avold this confusion we shall agree to

a rule, or convention. We shall say that an expression like

KA

10 - 7 -

shall alhays mean
' (10 - 7) - 2.
From our definitlion of subtrlaction thls enables us to state

10 -7 -2 =(10 =7) - 2
- 10 + (=7) + TEE):

1.

[

Check Your Reading

1. 1Is the followling sentence true or false: "5 - 2 =2 - §'"9
2. Which of. the following operations are commutative: addition,

subtraction, multiplication 7

3. 1Is the fellowing sentence true or false: "10 - (
= (10 - 7) -

-]
i
[iEn]
e

M

" ,?

4, Which of the following operations are assoclative: addition,

subtraction, multiplication ? .
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5. Which of the followlng sentences are true?

10
. 10
10

(10 - 7) -2

-7 -2 =
-7 -2=10 - (7 - 2)
-7 -2=10 + (-7) + (-2).

4
Oral Exercises‘lc-Ja

1. Which of the followlng sentences are true?

(a)
(b)
(c)
(d)
fe)
(f)
2. State
(a)
(b)
(c)
(d)
(e)
(r)
(g)
(n)
(1)
(J)

- 4

8 - 8+ (-5) + (-4)
(8 -5) - 4

(8 + (-5)) + (w4)
8 - (5 - 4)

8+ ((-5) + (-4))

8+ ((-5) + 9

the simplest name for each of the following.

W

8 4
8 - .
8 4

0]

- i

[aoa]
I

+

(]
ST Y RS S

8 -5 -4

+

3x 2 < - 5x &

(8a - 5a) - la

.11 - 18 -7 -0 o

17 + 12 - Ba - 29 - 2a

Ll

~)
P
i

N
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Problem Set 10-2a

1. Write a simpler expression for each' of the following:

(a) 24 - 35 - 47

4
(b) 3a - 4a - Ba 7
i(c) 14x - 11x + %x 4
(a) 2x - (3x 2 x) .
, (e) .22x - (5 - .78x)
(t) %y - 2x - Ty ¥ %X P

(g) 3x((-2x) + (-3) + (-2y)) |
(h) 3x(-2x - 3 -,2y)

(1) Dt 2x - B)

(9) -((-mm) + 2x
(k) (a + 2b) - (3a - b) - (a - 2b)

i
&

. ' Y
\. Determine which of the following sehtences are true for all
values of the varlables.

(a) a+b=2b+a

(b) a -b=1>b-a

(C)_ a + (Eb) = -b + a:’
(d) -a + b = bf- (-a)

(e) (a+Db)+c=2a+ (b+c)

(r) (a -Db)+c

"

a - (b+ ¢)

I
—
o]

I
[og
Mot
J
(%]

(g) a-(b-c)-=
(h) 2 -b< a+b

(1) 3x + (-Ty) + 4 = 3x - Ty + 4




- , | #

T

it should be clear that once we have changed a statement about
subtraction into one involving addition, all the properties of
addition will hold. -

The sentence '

® 7T - 4=4 .7
1s certainly false. On the other hand, the sentence
T+ (-4) = (-4) + 7
is defilnitely a true sentence., Both Sideé represent the number
3. The followlng example 1llustrates how the commutative and

1]

assoclative properties may be uéed in a pfcblém involving
subtrsctlang: Suppose we are glven the expression

(E+2) -3 \6,
and are asked to represent the same number 1in a simpler f@rm;
That is, suppose we are asked to wrlte the common name for this
number. In the future we shall frequently use th=s word -

of subtractlon we see that

\I T,

(= + 2) -

(2 )

By the commutative law for additlon we can reverse the numerals

= (% +2) + (-

i

0 L

in the first parentheses. This gives us
, =) + (- =) . .
!/ ( 5) ( 5) o ,

By the zssoclatlve property this can be changéd to

™

Our expresslon now becomes

i
L

equal t

L

- Which we zee 1

- In some of the problems of the previcus section, we used
the fact that

Ay ¢
S\ ‘ (b +ec) = (-b)+ (-c).

378

J:J(j L=

7

O
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{
That 18, the opposite of a sum is equal to the sum of the
opposltea. You may remember that we developed this in both
chapﬁefs 7 and 8. We can now use this faect to establish a
fact about subtraction. 7 X
~If a, b, and ¢ are any real numbers, then "a - (b + ¢c)"
names a number. Can we find another numeral for thls number?
The followlng steps show how this might be done. 1
a + <E(b + c)) Remember that subtracting
a pumber 1is the same as
adding the opponsite,.

= a - (b + ¢

=a + Q;b) + (sé)) The opposite of a sum 1is
.9 - equal to the sum of the
- opposltes.

= (% + (;b)) + {-c) addition is assoclatlve.
= (a -Db) -c¢c Definition of subtraction

=a -b - c. This means the same as
||(a _ b) - Q"‘

Wwhat we have shown then 1s that for any real numbers a, b, and
£

a - {b+ c) a - b - c.

i
.

(5y - 3) - (6y + (-8))

(5y - 3) - (oy - 8) = ( -
= (By - 3) - 6y -(-8)
= (5y -3) - 6y + (8)

- By + (=0y) + (=3) + (8)

[}
¥l

]
"l

In our examples and exerclses we have also used the

additlon." We %now that subtractlon 1s not comfutative and Ls
not asscclative, but addltlon 1s. Perhaps subtractlion falls
agaln; perhaps multliplicgtlon does not distrlbute over
subtraction. We can try‘an example in order Lo see what happens.
Is "3(5 - = (3)(5) - (3)(7)" a true sentenge?

7) Since each
lde names the number -0, tha sentence 1s true. We try

i)
[
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another example, Is "(-2)(4 - 9) = (-2)(") - (-2)(9)" true?
sngain, 1t is. )

Perhaps 1n evary example *he sentence would Eufn‘aut to be
true. So we look at the general case. If a, b, &nd ¢ are

reay numbers, 1la 1t true that
. a(b - ¢) = ab - ac?
a(b - ¢c) = a(? + (igD

ab + a(-c) Multiplication 1= distributed
over additiocn.

Wl

. ah + (-ac) ' For any numbers a &and ¢,
% a(-c) “ac.

ab - ac . 3Subtracting ac is the same as
adding the opposlte of ac,

il

Ther=fore, We have proved that

Vi)
.
o
-
im
fen
s
-

—k

s

Multipllicatlion dces dlstrlbute over subtractlon as well as over

adiitlon. .

re 1s an example in whlch multiplication 1s distributed
a

r
nover subtrac

(-3)(2% - 5) = (-3)(2%) ~ (~3)(5)

RIS 7oe (h) = (-H) kT

W e

~ R _ . . %] .

2. Gilve a simpler name for the number (& + 2) -

3 If a, b, and ¢ are any real numbers, "z - (b + ¢)"
- " names a nurksr. Glve another numeral for thls number,

4, Is multiplicatlion dilstributed over addltlon?
I

s multipllaation distritrutad over subsraction?

ERIC
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5. If a, b, and c are any real numbers, "a(b - )" names
a number. Give another numeral for this number.

-

Oral §§§:ciﬁgsripazb'

3 1. State the ;pposite of each of the followling numbers:

(a) b (£) 2x - 5 ; i
(b) -c ( (z) a+ 2b -c

() -3¢ | () (-1)(x - 2y) 3
(a) 11x (1) x+ w . ’

(e) 3x + 2

2. Simplify:

(a) -(-%) , (e) -2(x - 2)

(5) x - (v + 7) (£) -3 (22 - 4)
(¢) a-(x+7) -« (&) (-1)(3y -5)

(d) -3x + bhx

1. Wrlte the cppostte cof each of the folleowling:

v

“(a) 7
(b) a -
(e) (4 - 2¢)

(1) (-=2)(%a)

T

x

+
o

2y - ¥+ 2y -

2. :Simplify each of the following:
(a) 3 - (x+ 2)

(b) (2y + 9) - (% - 3)

(c) 5(a - 2)

(e) -(5m - n) ™

e
Lo

[/




e . ~ Problem Set 10-2b

' : - (contilnued)

(f) (-1)(=7x =, 3y + 4)

(g). (-2)(3x - 2v) '
(h) -10C(x - .01x)

(L) 7y - (3y ¥ 2) { . -
() (8t *+ 10) + (-3t - 2)

(k) -x(x -v) »

(1) (9a +2b - 7) - (% - 7b + 5)

(m) 3=« - X2 - x(1l - x) ’ o~
(n) (% - 1)(x + 1) - (x° - 1)

(¢) 2m® - om(m - 1) - m

s

(p) (x+ 2)(x + 1) - (x + 2)x

3y Which of Ehl‘i‘ follewing afe true fc:’r: ;allv values of the
varlatles? .
(a) -(w + z)h-w -z
(b) a(b - ¢) = gbxé ac

{c) ;s(b+g)?;abfac’

(d) (2 -0) -c=a+ ((-b) +r (-c)

(¢) -(a-b)=b:a

(r) (a+ b)(f:r-— d) = (a + b)e - (a + b)d

() (a - b)(e) =.c(b - a) | o S

4, Fiﬁi-tih;gzruzh set of each of the followlng sentences:
(a) - (x - 2) =4 (f) -Ix| =3

£), -(ex 4 3k =7 () (-2)(x - 5)

() 2x >8 (h) -3(x - 4) =

(L) 2y <2(y - 4)

]
bl

[

A
4
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. ', VPféblém,Sét 10-24  ” ' _f ' = s
- B ' (cgntinued) r : %‘ - -
5, WFite simpl,,-expressimns farf%aqh of the fallnwigg&xygs '
) (a) (EE - 2ab + b ) (Ba - 2ab - b ) 1 ;E L T
i i ° Y
7 (b) (3x -2y +m) - (6x - Ty + m) - Cok
¥ . —~ = M
Y (A 3 e 3 'y Yoo
, (:c;) (7a + §p - 5) - (6 -2+ 5b) Vo
- / 2 - 2 -7 Vo
(d) © -(2k + bk® - 4) « 3(11 - k + k%) b
*(e) -S5n(n - 4) + 3(2n - 1)(n + 1) L N
T ’ ‘ . . ,
' N ‘i M N
' 6. Translate each of the following into open sentences or
phrases. R - R
(a) John's age 8 . years ago, e - 7
(b). » man is b6 times as old as his son.
(e) Five times a certain dlstance is 36 miles..
" (d) The length of a PEEEEﬂElF is 2 feet more thénl.'
IV twice the width. L. . 4 ?‘ k ” |
(E) The ﬁumbéf of . f?%t In '3§ vards. CE ' !
LA ‘._‘;’ R

(f) The valué of a Lgftaiﬂ number of p@ﬁnds of candy at
$1 10 pEF paund . A ’ ek . -

* (g) ‘The total’ value of samk gasolline which is a mlxture
of two ‘different kindas lﬂ\i asoline, one kind wcrth
th® other kind worth 35 .

“ ,30 Cﬁﬂtg per gall@n and
- ’éent “per gallon, 1f. the numba? of gallonsg of  35-cent

gasollne 1s 40 more than the number of gall@ns of

* @D=cent gasoline. . .
E J N
(h) The numbed of cents in 2d dollars. Lo
"0 (1) 15 dollars more than twig® the number of ‘dgllars

7. Write the expression that shows fhe form for }h? Tallawtng

v, exerclse, fieri use the p?ﬁpFFLLES of.oper ratlions. and mumbprz . —
o ' b
to wrlte this form Ln the EfﬂjlﬁSL way. K
“’;e . - i
& .
o “g,xj
o
. Aji‘ .
‘ . g\ JoJ . -

O
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10-3 : . L e -
- ’ - ) g ‘
Prgblem Set 10- E?
(cnntinuad) -
: 1fTake a number, multiply.by 7, add 12, sﬁ%t?getiEQ
: ) ’addeyaur‘criginal numéér, mu%ﬁiply by-%;' mgltfply
H “by 2, -subtragt ¥, multiply. 'bj}— -
’ What answer wauld ynu have 1f you- started wiﬁh 27 wWilth
S with =37, R . '
_ ) : ¥ ’ ) : N
. 8. John has ! 1,65 “in hils pocket, all.in nlckels, dimes, and
‘quarters. He haégpne mare‘guarteriihan he has dimes, and

the number of nickels he has 1s one more than twice the
number of dimes. How mahy quatters does he have?

* - 9. A'milkmanghas a tray of pint end half-p?

are 6 gtimes as many pint bottles as hhlf-pint bottles.
~-Dhe jt.otal amount of milk contained lp“the bottles 1s 39

10. From 1la + 13b - 7c subtract Ba - 5b - ke, -

11. -What mus:t be added te 3s - 4t + 7u to obtain ;EQS - 3u?

nt bottles. There

~12. Prove that for any real numbers a, b, ¢,
— . . . ",
(i) if a = b + ¢, then a - b = ¢:
. {(i1) 1 a - b =¢, then a =b+ c. ¢
o (Hint: we may write ‘a = b = a + (-b), by our definltion
of subtractlon, and then use the'addrﬁlaﬂ Property of
- equality.) . K
‘ L 3
10.-3. Flnging Distances by Subtraction. ' (
1’».‘ ] ) . -
In thed first part cf this chapter, 1t was found that any
real’ mumber mayv be subtracted from arly other real number. It
- la possible to use subtraction ftc determine the dlistance from

ﬁne peint on the number llne to another point. Suppose, for
- éxamplé; we refer te the number 1lne in askling-the guestion,

"What is the distance from 5 to 82"

e
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‘Starting. at

f - ) j
; ) =
& . - . - = N
C—
w N !J
1 { i 1 g | |
o, 5 — 8
l‘! .
. 3 # . ! = B . .

5, in order to get to B8, & move of 3 uniss

Lo tbe right ﬂust be made. Moving to the right 1s moving

7 :f"in the posi

. number---1in°

tive direction” and 1s represented by a positlve
‘this case, the rumber ‘3. 1In answer. to the driginal

guestion, then, the distance from 5 to 8 1is 3.
Tr% question "What 1is the dlstonce from 8 to 57" '1is

a.different one. Eéféf?née 1s made to the number line below. -

In thls case,

must he made.

direc*iﬁn"
case, thé nu
B te 5 is
' ?ugh di
S;line at 811

v = - »
TR WS VNS N AN SN W G .
. 0 L4 8 -

, dtarting at 8, a mque of '3 units to the left
Moving to the left is-moving "in the negative
and La represented by a negative number---in this
<ber -3.° We can say then that the distance from
-3 o ~ .
stances can be daterminéd without drawing a number

b
The statements below, arranged in two columns,

‘{ndicate how this might be ddne. .

DISTANCF J/ SUSTRACTION .
The dlstance from 5 to § 1% 3 & .5 =<=13"
Tre distance from 8 to 5 1s -3 5 -8 = -3

Do you see that these statements indlcate that dlstamces can =

be determined by the operation of subtraction?

Leé us take arother example, séain using the ﬁumbef_linp
to show exactly what Ts meant. 'hat is the distance from 4
to  -2°7 - L )
- | i [ S W N WO N B ’
- =2 ‘-Q; 4
(/ [ 4 & . =
i
L 3 } . ‘
' 185 ey, @ '
357



16-3
As a glance at the number lire makes clear, the?dfsﬁancé from
4 to - -2 1is '-6. This represents a move of 6 units .to t-
‘the left in going from U4 to -2, On the other hand, the’
: distance from -2 to 4 1s 6. '

" DISTANCE . SUETRAETIQN
The distance from 4 to -2 is -6. . -f4) = -6 i

6

. : The distance from -2 to 4 1s 6. 4 - (=E)

) \&E; What is the diétance from -1 t@ 6?7 From the experienées
abave, "this can be found by subtractisn, as follows: :
(-LQ 7. Therefore, the distance from -1 to- 6 1s 7.
By wgyicf‘canéfast, the distance from 6 to -1 is glven by
. the,falloWiné subtraction: -1 - 6 = -7. . ) :
o> : As a matter af fact, for any two real ‘numberd a and b,
4? the foll@wing,statement can be made:

P! The d¥stance from a Lo b is the number m = a:

=

=Thg'number b - =& alsD tells the direction of movement in
golng from a tg" b gn thé.number 1Lneif If b-a 1is
positive, the move from a to § is to*the right; if b - a 1is

‘ ﬁeg&tivej the mavelffomﬁastg bls to the left.

- ,W§a§ is the distance from,x to 47 The'diStanee is 4

X,
What - ia the dlstance from 4 ED %7 Thé distance is x - 4,

g"}g . il
- Cften, 1in sgeaking of distance, the dirpctlnn is @f little
importance: the only concern is wlth the number of unite., In
such a case, the expression 'distance between" 1is used:

The distance between 5 and 8 is 3. The distance from 5 to
oy ; ] 8 4s 3, and the dis-
’ ) ' . tance from 8-to 5 1is
The distance between 8 and 5 is 3. <3, The "distance
: be twean" refers only
. v to the number of units
- o ’ T ; ' *  between the points: so
', v oo . the positive number 3 _

# 15 used. /
) &
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- The distance between 4 and -2

) - L
The dlstance between -2 and 4

In other words, 'n speaking of .:"distance

number 1z used.- -

What 1s the

positive of the twe numbers, b -

Eug\tﬁé positive of these two

. la - b}.

e -
oW 1L

Ba 'sggﬁpféb1em i

. =3 )
two polnts on the number

et

sentence.

Find

distance

distarce

distance

dlstance between

the truth set cf

o

o

E ==
{ i

b

a

a

b

from to

from . to

a and

Therefors, the distance between a ang

n which knowledg

line i5 used

i
between a  and

e dlstance from 4 to
is -b, and the dis-

nce from -2 to 4 is

o, The dlstance -

betwesn the two numberss

ls the positive number

5,

3
womy
.
[

Tt

between," a positive

i
@
[og

l

is -

is
a

b

b 1s Ja - b).

distance between

lving an open

Ix -
npen
e¥artly two
“of them and 2 s

Therefore,

O
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1;=VWhat 1s the distance from 5 to 8?
2. What is the distance from 8 to 52 . y
3., What is the distance between 8 and 59 | |
4. ' What is the distance from a  to b?

5 :Eggg is the distance from b td a?

.- What is the distance between a and b?

7. Vhat arithmet1§ operatlion 1s assoclated withrdetermi%ing

_distance on the number line? ’ |

| % .
' 8. The expression "|x - 2|" represents the distarice between

< '

what. two numbers?

9. What 1s the truth set of "|x - 2| = 5"

Y

1. What 1s the distance

(a) from =3 to 57 (f) Dbetween 5 and 1%
) between -3 and 5% (z) from =8 to =29
), from 6 to -29 () between -8 and -2°9
1) betwveer "¢ and -9 (1) from 7 to 07
)

from - 5 to 17 - - {(J) between 7 and 07

Z. What iz the dlztance
from -1 to =x7?

=y

Pl

.

M

‘rom X to 357 (
e

betyeen -x and =17

len
sl

)
ey
"y

tween x and

rom O to x7? =

3
ot
i
b
v

-

e
L]

(v) -
{e) from .-2
(d)

—
7

"hetwesen =2 and  x°?

foadh

b

& G
-
-~
.
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(a)

- (b)
(c)
(a)
What
(a)
(b)
(c)
(a)

2.

3.
(a)
(b)

()

(d)
(e)
()
(&)

4. Think of

(a)

(b)

(c)

O
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) . prdblen

Think of 5 and

1 &

Se

i3

is the distance

from (-5) to 12
(-5)?
between !f=5) and‘ 12
(95)?’

‘from 1 to

between 1 and

»
is the distance
from (-8) to (-3)°7

between 4 and 77

52

from, 0 <o

‘between (-5) and 62

x
-

What is the distance fr
If the distance from
x"< 5

5

. true, or 5< x

£ .
If the distance from 5
true x< 5 or 5 < x?

If the distance from 5

If the distance from 5

If the distance between |

What 18 the truth set of

5 and

X
If the distance between
1s to the right

N i
and X

+If the distance between

and x 1is to the left of 5, what is

If the between

what 1s

distance

x7

t 1C

(o)
(r)
(g)
(h)

(e)
(1)
- (8)

(h)

5 t

F]
to

? = .

om

to

5 and

of
5 and

5 and

2

from
from

be tween

-

37

89

8 to

3- te

8 and

[}

between 3 ‘and

from

from

(-1) to (

(g) to (£)

3?
82

-9)?

?

between (-12) and {-8)°?

from (-8) to 02

on a number lilne:

9]

X7

@

1s positive, which 1is

g
£

{

xi is

on a number line;

%x- 1a less

x

B

5, what is

4, what 1s

-4, what 1s

, LL('{hEt
e

&

is
Lo

than
x7?

than

=
o

than

x 18 negativey which 1s

X7

Sx?

is x7

/P\=a

S



gA - ) . ) § * v,
. ' *  Problem Set 1@;Q
C (continued)
1) : b . = , - =
5. 'What are the two numbers x on the number line such.that.
Cx - 4

+ 6. Find the truth set of each of the following equatlions; graph

17

=

each of thése s‘éts: » o . . —
“(a) Ix -6] =8 o . ST
v (b) y+|-8f<10 - ' )
(¢) 10 - a] =2 3 -
- Tqa) Ixl <3 . ‘
j (e) Ivi> -3 ‘ ¢
R (£) Iyl +12 =13 Co. : '
(g) lz] + 12 =6 ' ,
(h) Ix - (-19)} = 3 r&
“« (1) ly +51 =9

i

) 7. What 1s the trith set off the sentence : -

" |x - ¥ < 12 * !

.Draw the graph of this set on the'number 1ine. -

8. What 1s the truth set of the sentence
Ix - 4} > 17

9. Graph the truth set of the compound sentence

£ i
x> 3 EEE X< 5

on the number liné. Is Ehis:éet the same as the truth set

of |x - 4] ¢ 1?7 (We usually write "3 ¢ x< 5" for the
sentence "x > .3 and x< 5".) 6 )

10. . For each sentence in the left column pick the sentence’ in

the right column which has the same truth set:

it

Ia}

I x|
| x|

[ %]

-3 or x> §
X

or

adt ad
v
G L8 L)

[¥i]

o]

L
W

s 13('

AV VAN VAN
b A
A YAV

I

L LI
[}

L

o]

]

b

ot

L

* | x|
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10-4 7 .
10-4. The Meaning of Divisicn - : ;‘_

Division 1s a familiar pracess in arithmetiec. ) As we did
wlth subtractlon, we must now 'deseribe division for all pairs
of real numbers,' the negative as well as the positiwe ‘humbers.
Let's 'E?Egin with a simple problem. You will already know the

answer. _ E\ ‘ -
| i UDivide 15 by 3." .
We. can wrlte this operation in ény of the fhllowing ways: .
15 =3 or 35 or %_5
To arrive at an answer we could ask ourselves the querstién:;

"What number do we multiply by 3 o get 157"
The 'apswer 1s clearly 5. But suppose we had the following
problem: . L AT .

"Divide (-20) Dby 4."

L ' B
The question this time is, "What number do we multiply by 4
to get (-20)?" This may take a’ little more thought, but 1t
should occur to us from our recent study of the multiplication
P . @ .
of real numbers that .

(4)(-5)

Wwhat is our answer this time? Now supposd we were asked to

b

(-20).

L

‘dieide (-21) ..by - (-7).

(-7)(3

do you' see that the answer,

or "gudtient", in this case is 37

/

Cral Exercises 1~ ha

)
1, following, state a quéstion that has to do
with muittiplication, then snswer it, : ‘
12
(C) 'y
g -12 ) s12 .
(b) == ; , (1) ==
[
‘stg‘lr i ¥
* 1 J_l *',L,J
; .



$ : S
. * Oral ggéfcises 10-4a : -
o . . (camtinued) .

-l’;"
gy

(h) iééa

~2) . =7 R

() A=

. —
—
|—Jl-
|
|
o

IR o 2
B Do(e) B () == - .

e. Each of the followlng phrases or questlons can;be reprezented
by % or b . Dec'de which 1t will be: then,4thte.each

.
, =
. 7

as a question of the tyée: "What number multiplied;by a

‘(dr b) glvds the product b (or a)?" _

(a? ib divided by a. ’ -

(b)- The quotlent of a2 by b,

(c¢) The ratio of b to a. ; ) :

&\\ (d) The number expressed by a fr_ég}gﬁ whose numerator .
i%s a and whose denominator lis b.

=

(e) The result of division where the divisor 1is b and

L) = £

the dividend is a.

-t

"Problem Set 10-Y4a

Find a simpler expression for each of the followlng:
(Mentally use the method of changing each of the fqllowing to a-
question about multiplicafion. The domains of the varlables

do” not lnclude values for which the denominator ls zero.)

1. 3 & . -21x .
- 1 . : X .

- 2
s b2 . ©-35a .
;£ = R 7: T _
3 . ) -k o
- . - &
- -3 . x“
3 —_— = 8; — -
o b
49 ' Hoax®
B 4 e g =7odax
ér{r ‘Q}i -
2Cm -

.

. 0
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- LF : , ‘, o
Problem/Set 10-4a .
(continued) :
’ 8 . -a -
- 11 a . _ %l.él Yy R
. 6a ! 3x .
125 % » 75
13‘ &x 15< 6a® ~~
Toa- T C3a '
f 6 ' . ‘ .
- 1G6a ) 0] -
14, 32 . 19. = {
315 ; E’Q i 4
1 i i ¥ ?‘
.v*p § . i EJ
)
- ] - . et = \5’ ‘

You willl recall that we defined subtractlon of a real
number as additian af‘ the opposite of the number‘ " Subtraction,
that is, waéf defined 1in ter'rré of additlon. .

Since division®ls related to multiplication in much the
same way ae subtraction is related- to addition, we might expect
to define division in terms of multiplication, ]

In order to do thls, however, we must develop further the
idea of multiplicative inverse. 235 we saw in Chapter 8,

4 . 5 ’

every real mumber a except zZero
has one and'only one multiplicative
¥ . inverse b such that ab = 1. -

* - o= - . ° ) _

What is the multiplicative inverse ofv =37 ¢

(-3)(- %) = 1. Therefore, the muitip;}Eaticﬁ inverse QF

- \ 1
-1 5 - =. .
- o L’ 3‘ - = *
Y Wwhat 1s the multiplicative inverse of %-"?
7 8 L ) ;5.,;» o tf =
(g)(?) =1 Therefore, the multiplicative 1lnverse of
? ! = é -
S’ lg 7
E : I =
- J & N 4
' T
A - y 3930y /
- \ . L:}‘d[
= 3‘; i v
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EThe multiplicative inverse of a real number fs also called-

the reciprocal of Ehe_numbev. in other words, the statements
B o i i . 5\ B

above can be reworded as follows:

[

* . 2 L o ) : 1 - : . EER 7, g
. The recipfocal of -3 is - 5. The reciprocal of g is 7
3 ) ‘777 _ = v N .

The symbol "%ﬁ 1s used to denoté the reciprocal of the
number x. This, together with the fact that the reciprocalyof
a2 real number is another nafe for the myltiplicative inverse
of the number, .enables us to make the following statements:

(1) The .numberr O has no recipfppal . .

. (2) Every real number excepf 0’ has one and only one

reclprocal.

: +
; (3). For ahy number x except O, x(%)'% (%)x

L3

The follnwing questions and answers bring .ocut some other
important polnts concerning peclprocals, and they will help you

to work the. problems that follow. .
Wnat 18 tpe reciprocal of . -57 -

- For é%y number x except 0, the r=clprecal 1is

!
Therdfore, a symbel for the recipfrocal of =5 is
However, the multiplicative inverse of -5 %s -

. v, 1
since” (-5)(- §) = 1. : o
- S L g

E
arc fhame

e e Ty g L )
. ! Therefore, the raciprocal of -5

’ . 1% T

This zhews that = =and - =

. E £

s =

(]
]

or the

o

k, The reclprocal of 7 1 -

o

2
What,ls the reclprenal of =

it
]
LJI [
—
]
[

- - ~ symbol [or the reclprecal o

o
L
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-What g

What Ls the

af w7 J
What number has ‘

Providai that x

]

Wwhat number?

rec ‘
Ttate angther nams the number ‘ ’ )

ndme, To the number

1 that

amss

relnen 1o 4

S Lne foallawing:

"

i ol
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10-4 n

' Oral Exerclses 10-4b

(continued)

Z. wg;ch of the fcllaﬁlng sentences are true? Which are false

(d) 1.

—
i
Mt
t ]
e
fil
|
ey I
W~

|
) L

1Mo
Pt

|

i

il

-
W

C(‘

([}

. 1 1 s 3 3
() 4 =3 (6) =x=-7
T . £
- L3 . s 3,
3 g\dhy is T a reclprocal of ke
f} )_.f'ft
Supposs that zero does have a

o
[ R
g
ot
i
L::
T
i
T
T
=y
et
o
ot
o
ot
g
o/
o
>y
[N
s
<
b
[

T
[;(\
%
i
i)
-
[
ot
jay
o

= ; ’
idea of Fééipfuéal wlll be used in this definition..
‘ £l

[ad

D]

reference was madeto the que
d

.y 7 7
"What number multiplied by 3 glives 157" 1In other words,

the followlng open sentences have the Same truth number:
x = 15 + 3, ' Ix o= 15,

The multiplicatlen property of @quallty may be s?al

i

i
"Ix = 15, Jince the product of 3 and it

miltiply both siles

sthe sentence
r'éngr*@r:ai is 1, we
3 follows: ) -

by the number

2

n,



¥
e
—
) =
R
Tl
b
il
—

-
b

o

Therafore, (f x = 1% = 3, .

then x = (%)lj, : - T, Nt

In other words, dlviding |
F 3

15 :by the reciprocal of

Let us look at some other examples sfimilar to the

L .\g . U :
Is (-T%) — 5 the same as (=1i)(%)? .
- \ T 2

1,

=l
L
I
O ]
=
o
—
I
o
ing
pa
I
L3
B
=
I
]
g
—
I
Tt
fomad:
Mt
—
I
o e

”amplea/;bgve show that division can be restated iln terms
. / \ : . o 7 o,

of multiplication, and they lead to the followlng definition

of ijlvisig’gi_' s

b # 0,

2]
b
i e
| >m
Iz
<
Lt
il
i)
—t
iy
=
=
=
‘ il
I~
EA
]
| xix
o
o
[ay
-

]

ro. This
dérstanding that
zes that division

s not

[~

[
i

lon states that b

|

—— 0

-
i)

‘wlth our previous ur

the mumber . 0 has no r‘ecbpr@@alj dnd emphas

=

by zero T updeflined
The definition of division gives us another way in which
to express the quotlent of two numbers. 5 -
1_a 1_a
SR U R o
~ s

e
P
ot
it
o
4
=
e
o
e
o

=8
ot
]
=
—
[
s
g
it
g
i
ot

-

P
g
bead [=]
§
s
[
lo g

=
-y
W
el
i
[
i
1,
g
o
o

reee

X ¥ ' N
Thus,qii;r exampla, the guotient "2 + 3" may alsoc be written % .
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B

[

s Also, the definition leads
properties of division.

any

regl number,

any real nuwber a, oxoedt O, .
E 3

—
BT
ot
=
]

M2

3 iz

the reciprocal of 1;

I

foy e

. Therefops, provide

1.

o
e
{"y:‘(\
-
e
I
D
1]

*that dlvision
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9. H

Thus,

defined ln terms of

.addit

1. Dividi

subtractlion is

ien -

ng 15 by

number? .

"2. The quotlent a = O

what number?

v

3. For what case

4, In wha

5. In wha

wrltte

o, Gilve a

¥

8. Give a

W ol

[
[}

o5

o

any npumbers a and b,
a - b=a+ (-b)

T
b#0, a+ b= a(%).

Thus, division 15 defined
In terms of multiplication,

1% by what

=

13 the same as zhe‘pr3u§t of {a(,and

%

is the quotlient a<=b not defined?’ ﬂ

t other way may the .quotient 2 — 3 be w#itten?

t other way may the quotient a = b, b # 0, be’

n? .

simpler name for

simpler name

the differenc

s

10. ?@W»igjﬁhé quotient

\

1.

re

all valuez of the va

(a)
(b)

()

4

=

W i

Prﬂ“\VJ‘
-

3
-
e
™
im
oy
s
i)
u
i
ot
™

a - b defined in terms of addition?

i

= % deflned in terms of multiplleation?

i

T

1 _—

—

o

%

&
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R Y .
2. By what nunber would you-multiply

to obtaln an equlvalent senterice whose

found.

) (a) 1
- (b)

¥
c ol
I Lad |

LA
w

1]

i

=
=

2
3

—— 1z
1
=3
2

iy,

O

ERIC
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= 3
= 2
= =

ciprocal

of divist

O

to

1S

4=

i
v

L
—
™%

form that involves mul




et

[
|
g

of divisioen to

involving multlp

g H Tl

. ~
9 2 - 2 . ; -
(Li ) ?) = j ( i ) b o s v # -, ¥ }ff [§]

7. By what number weuld you mulslply eoach side of

a £
te obtaln an equivalent equation Wwhose truth set 1s easily

found.

—
i)
s
—
Tt
.
i
o
o
—
=
i
Lalt] +
e

f\
o
e
I
5
It
[
—_
I
-
1

2. Use the definltion dlvision to change the following .
tndicated products Llnto lndlecated gqudtlients, T
¥
(a) 42 - = (1) » - =
i N2
(W) ' J—* () ; 4]
r;) 4
N (L:) (f) 3 Le
4 Find the truth set of each

ERIC
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of

definitlion

b, 'F
1

ind two
es5s
Lan
te

7. no rec

¥

o
[

ey

Lo 308

perime

Pan]

John 1s
of thelr

three

sum
9, Find two
Gne-half of a

number. What

i
It

(Hint: we
divislon,

‘erquality. )

In this

and = both of

by another. /

( .
. Let us beprin wlth

|

It

O

ERIC
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number

1

In the first two exercis

div

consecutlve

than or equal to

consecutive

=}
=1

T
o
pe
LX)
b
ot
g
m
3
=
e
ot
=
e
et
=
™y
W
[as
-
Pa
)
)
i
Is)
.
e
1
ot
)
it

Problem Zet 1G-le

I

show how the

I

z0on

the number®

speed of 200 m.p.h.?®

by our definition of
shil

-3
B
number

reszslons

r
> £

one

the =¥presslon —

5 A

) D=finltion of division.-

For gny number 2, (-1)a

3

40

4 J i

in wbtalning the -

head wind and
What



=

P
]
Ning

- \.

fon of division,

b
el
g
L’
r_..

it
a
T

o
—
g
—
-
U‘I [
—

For an y(nuﬂbﬁr X, except G, the reclprocal ls %=i "There-
th

ok
u

re o reciprocal of ~=b 13 represented by —= .,
E b : )

funt
b
o
=

- . 1
lowgver, the reciprocal of -b iz - o

(<1) (1)) (§) = 1.
o - % :“’ﬂéiy__ be used f’@l"\ L .

T s (a)(- )

1
—
I
et
—
—
o
—
g ‘
T o
~—
)
.

it o 1 i 7 n Y
=4 a2 =l
Therefore, - = = g

s
any real numbers a, b, and ¢, b £ 0, the fo

nemes for €he same number: ~ ;
N -~
D)
\ a 7
-5 (b #0) .
i >
In: mnlt instances, Ls conslidered the:simplest

j
Qq thg three as in

i

Spécif{&thaﬁ X 13 not

L

4e3 . ~ </
P
- 4 l’ ¢ V] - T

O
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e thing. And in some 1instances, a change

n
{1lustrated Ln Example 4 15 desirable.

" Example 4. < m—2— = ‘j — In thls case,
o - ' -2 expression 1is
a number, X

S

¥

™
'
|
|
1
[
ey
W

1

b

]

_<

Check Your Reading T

o

- Gilve two other names for the number -
Y

¥

I

2. Give two other names for the numb*% -

ol

. N ' B
. 3. Give another name for - A1n whlch the denominator is

11 -

-
"
W

“
]

™,
5

il

other names for

—
D
-
<
™

it
£
12

1
() =% E\

2. (Give the opposlite of

pecy
-
1
—t
[ ."
P D
-
kg
d
“he
7
—
T
S
4 T
o

if b A0 (r) -
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3. Perform the Indlcated operations wnd glve the answers

Y
!
&
{
7
Mt
]
e
%
.
!
I
Lot
I
[
—
o
“
e,

Froblem Sct 10-4d

Z1In each of the problems-belaw the domains of the varlables

restricte’]l te exalude uLviELﬁn by zZero. \

\

each of the followling:

<) -3a
(g) =% )

2m
(h) alT=

™%
L
L
i
T
pay
DE
it
-
3
ad
i—
T
s
o
jod
I
3
i
tw,
Pd
)
e
puid
fa
v
ot
i
ot
Ll
[
—
—
pad
=
o
o
rm
P

toadt
g
e
el
't
b
+4
=
ot
0
P
—
pad
o
fed
g
bai
K
et
i
%
k)
it
e
e
=
b

1 O ) -2 -
: (b) g* (’f) 5T fj

- -y B 5

() - () 7+ =

\Mﬁgif)f
B i

O
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Sreblem Set 10-44

(Cﬂﬂﬁin{éd)

Perform the Indicated operatlons.

Perform the iIndleated cperation

=4




s
*® i,‘

10-5 SN .

<,

10-5. Cammpn Names. : .
L 4 .

In Chapter 2 we referred to some speclal names for

#  rational numbers, which we called "Bommon nzmes". The common
. - F .

example, - . ] f

n
5

-
4]
=

a common name for =
A,

(fks‘

i
i
)

S ‘” T

*
j—
it I T

a common name for
e ' 2

How do we obtain these common names? We use the multiplicatlon
progerty of 1. Remember, the mug tiplication praperty of 1 i
tells us that if a 1s any real number, then = )

a.

: y . (al)

Ing thls property and also the property thathgar any non-zero
j

s
real number a g i

= 1 N

e

Wwe can see that

Ii
1=
e

il
-

Z
m
gl
T
pa]
GRS
M\’
AL
Ty
=
bal
ES
S
. 4l
5 VB
ot
1l
”"ﬂj
i
il
[
[Ny N [Ny

= 5(1) =

Lo

uﬁ" [N
—l~1

familiar from our study of

e
1]
[
4]
js e
ot
]
ot
o
D)
L)
i
e
ik
wt
p
i
E,
-y
==
b
juz
e
i

i i , £
for us to prove that this

]
ng in arithmetlc. By means of our definitlon of
* -
1=}
[

cases provided that the denomlnators

a.c _ac
b J_bli
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e

J

puk}

“

}
[,
b
L

|

|

T

N e

55
» ’ ‘ﬁﬁ(l* g) -
&
5 b ’ '

and

AL : . é?ﬂﬁé?tl, cf
L . : . - sultiplication)

&

=

S Now we must show that - (%)(%& = ﬁ%?’ chat 'Ls, that the product

&

¥ H
. s of reclprocal of the
F N - R R 1 *1 .
numbers. LT we multiply (f)(T) by bl we
Abtain the product 1. (Why?) Hence (?J(iﬁ ls the !
et e . ] 1 h
reziprocal of bhid, a3 13 o3 ) . C T
Now we see that -
3 1 -
-7 (d‘ )(bd ) B
g a i
3 = fT , bthe
» . visiorn
Thus, we have préved our I
. aritkmatle vou woere told, "To multiply twe fractions,
we .lply the numerators to pet the new numerator and we
the denominators ths new denomlnator."
) g.,.¢ _ ac g%
= B 47 “
g
exactly why your teacher was rijsht &n saying this.
he = will farther 1llustrate the
) 255 of flndlnr a common oame, -
5
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T .S1implify

wﬁen we Wwrite this *
phfasé; we must assume
that t?e domain of the
variable" y cannot
include EQE number 1.

Can you ‘See ‘why? .

.

distributive property
=1, 1fy £1.°

4

- 2Xx) _2x + 5= 5 + 2x
v ! H T e
=T ’ . T !4 ’ R
o o 1
= ;' : = - {‘ .

,f = z -
3 . ]
¥ _ -}i =
=5

i
In-order for thls expression
to'name a number,  6x - 12
cannot be®0. Therefore, x
cannot bg 2. We can say,
then, th&it ‘the domain of x
lncludes

2.

2% *

0x

- e

that x 13 not 2,

E3

[

4G9

4y

L4



Check Yapr R§§ﬂ}ng‘

Y :
"I.. .In the text two baaiggpr@pertles were ‘used to change the
‘name of the number %%- to .4 . What were these iwo
properties? . ~

2. If b#0 and d # @, glve another name for the-product
. o

a @

’ "e, . . .
3.. If the phrase sy -3 is to name a number, there 13 one
.y . i o f
value of y

What number is excluded from the domain of x 1in the
llgx f“ L}" R * .

phrase % - 17 : ’ R :

b -
- Oral Exercises 10-5

1. Tell how each of the following fractyns can be writtén;as
the product of a simpler fracti@ﬂ~ag§ a numeral for 1.

Then slmplify. y
Example: If y # -2 4+ 2) e Ay 2\
Example: If y ¥ -2, §%§—?—§} can be written 3{%i§7§ *

where ¥ I 2 {s a numeral for 1. (Why ‘cannot y be -22)

[

3
o
vl
.0
-
o
o)
Q
3
El
o
]
o}
il
3
T
[
[ ]
Wl &=
T
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10-5 . : é o

.Problem Set 10-5

1. Simplify each of. the félléwing_ Indicate the restrictions

(g) $x+ 2)(x -

v l9x2 ) 2x - b
. () (-2 0y () P

('ﬁx

© 2. PFind the truth sét of each of the following sentences.
Indlcate the restrictlons on the ?Emains{ I

e
(a) == 6

1]
L

i




10-6 : R . 2
. o : ‘ o A “wiag
Problem Set 10-5 t
(é@ntinued)
, 3. ‘Brcwn ‘15 employed at an initlal salary of $3600, * with
: of “$300, while Mr. Jones starts at the
| same t&re at,an,)ni;ial salary @f #4500, with annual s
) <  1lnerements of QEDDi fteribaw many years w111 bn*h men bé
-+~ garning the samg,saiaryﬁ i )
: " 4. Bob 1s twice a3 old as Bill. Three years from.now tﬁé'SQm*
2o of their ages 'wilﬂé be 30 .years. How old 1s each boy now?
7 - ’4\¥i7 . .
i ¥ * g
10-6. Fractlons g
x When we ave aslted té simplify a given expression it 1is

=, 1lmportant that we understand exactly what is meant. "Simplify",
1¢ we recall, means "find a common ncme for'. To do this properly
. we shall have to agree to certaln baslc ldeas as to just what a

"common name" should really be. There are thfee 1mpaftant ideag,

-~  or c@nVEhtiéns,;which-WE-w111 now diseuss,

1) A common ﬁame contains no indicated-division if 1t can -

be avaided For example: ‘ .

i% should be "simpIified" to 5. ,

éY‘ If a ;pmman name must Qénﬁain an indicated divis ian,

, then the rezulting expfé,sicn should be written in
7 "lowest terms', By thie we mean that a fraction such
st N P ( ELS »ré . o «
‘ - » 6 2

§ should be changed to T if we

vant the common name,
Note:In Chapter 1 we described a "fraction" as a numeral which
%pdiéaﬁéz the quotient of two numbers. Thus, a Lfactlaﬂ
involves twe numerals, a numerator and a denominator, Wnen
there is no chance for confusion, ve shall often use the word

o "fraction" to mean the number itself.

2

"t

12

O
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.3) e ‘have learned that the fraction YT

# -4 : _‘ : : L5

= - -

S
may be written as T
AN £ -

Bl -

:% or = - % .
We Wili call the third form, - % , the common name.

?;*{?:%1!;Fér ékamplg, we whlite ;% and :% as -
i o= = E- - * ';‘ -

i DA
R

The theorem which ends with the sentence
s a c._ac S
: ; B9 Bd.. - .
tells us how to write the inditated §réducé of twg fractions as
one fraction. We have used this theorem in appgying the
multiplicatfon’property of 1 te the fraction -
S - L : ;
. ' aT - ]
.«.In this case we used the theorem in arf "opposite" sense by

splitting one fraction into two, that is

T °

3

£

= 5= )

|~

H

i
o
I

]

]

L=

A d&rect\applicatian can be found in the following example. -

Simplify %-% . . . o

Sometimes ve yte this theorem "both ways" in the same problem.

ERIC
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Srg s
e
>
N
B
: A
- j

o
=
I}

e .
- 2,
Why?

|

-

-/~ "\ _£heck Your Reading

[ 3
¥

Wha't 1s a shorter way of saying "find a commori name for

F

What theorem shows us |

” - «Cral E

\ ;

r to be sure-an expresslion has

Simplify the followlng expression

domain of the variables neéed to be made?

1_? ’

b,

W

.
=

e |
‘\4’

el

=
b

4

rc_.ﬂh—u
A




. . (continued) A o

Problem Set 10-6a
y "’éf -

1. Simplify. When vafiabies are prééént l@dicate the

\ rfstrictiaﬁs which must be made on thelr damainié T

(&) &

‘CE“M
. o

(é;)

(v) “(h) =R

(c) 1) -t

’Tm
|
(%]
o
——
|
M
—
~

b

=] N | P

CINCE e

jaJF2

(a)

pa ]
=

e (e) () (+2%) (3)

o)

* e

s

(f)

2. Simplify each of the following expressions., Indicate what
restrictions have to be made on the domalna of the varlables. -

el 1iv]

(b)

o)
oo

M

‘M
wlw

W TT—] "
ML: [0

o
Dl
oo

i—

—




10-6 . . -
. = - " =
Problem Set 10-6a . .
(continued) o .
. L 9b. .
(@) " 5T%
) R . ] '
y- (&b
(e) %; _%_ . . ;
L
T = 2
(f) E,P, x
»§rs i% )
, ‘7x+y(x-:v) ' f
. (g)° I0(x - .
v _ ] . " ) _. 3
3. Use the distributive property to wrife the numerators and
. deneminators cf the- follgwing as indicated products, then
* . simplify the fractions. Write the restrictions on the
domains gf\the variables 2
’féﬁggu + Ev ’ 7
(a) ———2— ‘ 2x - 4 : .
51,1 + Ev' ‘ (d) F‘j; :
) . s i= | 7 9 - 6 ;o -
(b) (E) 75?{ - ﬁj F
- s
“ N ~ 7m j“ . . . s i,
‘ (c) , (£} Wg— C .
4. Find the truth setsiof Ehe“féllaw;ngéopeﬁﬁsenteﬁCes: :
- - N A -1y, _ 8 . ,, % : i5 : +
: (a)  3x - (=) = 7 (d) gx >3
1 T = 1 : " (e) 5lxl e 2 *
(b'i) 3*?‘1 =37 (e) 5'3{' L) .
” 2 _ ’ e = 9(x -1
4 . (e) 3x - 3 =x (f) 3 = 5=
o e »,
;?

5. A passenger traln averages 20 miles per hour more than a
freight train, At the end af 5 hours the passenger train
ha? traveled 1CC mliles faFEhEF than the freight traiﬁ.

: How fast did the freight traln travel? '
|
e . o
t y . /
S 41
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Problem Set 10-6a . o

i q§,—~ (continued) : ”
6. On a 2C percent discount sale, a chair is marked $30.00.

- What was the pricé'af the chair before the saie?
= ' ’ = £ .
7. One-half’ of a numbeT is i3 mggé than one-sixth of the same
number. What 18 the number? . e
¥
The pn rty which we most fréquentLy use 1in simplifying

per
the sum or difference of two fractions is the multiplication
praperty of 1. You will also recognlze many of the other

?PODEPEiES which are belng used in the -following simplication. ii e
% + %.%.%{1) + %(1) - (mulﬁiplicatlcn property N
- ) - ’ : Df one,
- H@ + B B-1irago) ;
*f\' :}( . ¥
= 3 DY W R ¥ ,
* ’?t‘*’%ﬂ (5 de'),>*‘ ‘ \*
A "R : | o ¢ .
= 5x(%5) + éy‘(%) (défihition of division)} .
= (5x + Ey)(f%) (distributive property)
a B ) : [ =

finigion of division) .
3

You should understand each of the steps above but in practice

1]
W
) £ [N
= ) ]
A+
I
<o [
w—

a more condensed form i3 permissible, such as
5 I

Lo L; y
f 3+ 5= 3508+ 55 et
: . oox . 3Y
c 1515 ~
[

I
1 g}
-
| ‘ -+
Tl
v\"ﬂ
|
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o # - S - . (gk

Can you supply the reasons for the steps .of the following
" simplification? . ’
| | + (-5

N

(=§%)(1) VS

+ -EI{E! §_ ’
3 3 -
-bx

o Y oY Y el

&gég . iij

5x(§) + (-6x) (%)
N C = Gxeen)d

| /? 3‘%\='§’

s/ L * ° 5, u
If we were asked to find the truth set of anqspé; sentence

O

L

contdining fractions, such as

’_,
L]

w4

+ 2 *

2%
kB

* . we could use the multiplication praperty‘;j equality as follows:

2%

Lo

may be Wwritten as

&

38 = 35+ 2),

where both sides have been multiplied by .3.. This becomes

3(%’3{) - 3(33{)‘+ 3(2) : )

and then we have




R &

*‘ *’ #

. As anG%hef example, consider the sentence
e ) B |

. 2x , 1

v

x

r-+_2i

lue for this sentence can easlly be found by .adding
to both sides... Do you see that the ﬁrubh'valué is SE

To make our sentence eagsler to work with, we can multiply both

sides®by 12. We then have 4 : .

)

12( + 2),
which becomes L -

R TIE: x). s ;' 12(%) + 12(2) .

.This can be written e v f .
;\ f-ii;. ,;F
+

0
iy
w
e

=X 424,

[
1]

which becomes
(2)8x + ()4 = (L)3x + 24
3 3/% T AR et
Finally we can wrlte ,

.B8x + 4

3x + 24,

The truth value of this sentence may now be found iuite easlly.

Do you see that it is 42

*In using the multiplication property of equality

both sides by the number 12. Can yau,%ee why this

‘humber to uﬁf? We know that 12 can /be written as
) \ .

F =3

Check Your Reading

1. Before the expression % + can be simplified
forms of 1t that would be used to help in the
simplification?

W<

.

2. Why is 2% the ssme as 5x(§%) ?

N

3. What property can be applied to '5x (gﬁ) + By(
simplify\the expression? )

""!
)
ey
=
0
[NnY
[
-~
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"Oral Exeiéiées
) . )
used to make the indicated
fractions. Then ndme the
domains of the varjables
make the denominator zero.

State what form of 1 would be

change in each of the following
newWw numerator. Assume that the
any values which

do not include

(d)

e

2

3a(m + 1Y)

) = BT IIE = Y)

g

()

L 2

—
st
]
[

Simplify each of the ' the

domains of the variable

divlision by zero.

X 3x

(a) 7+ =1 \
3a a

®) %-7

(c) Um 4+ D

A 1

s By oo o - é
(a)% 242 T

l_} ]
L iy

JEQQ



C10-6 L
f’~’ 1% _: L e, e Oral Exerclses 1D-bﬂiii )

> : - ' (continued) =

E—
e}
L
Qo
o
<
+
M

3 ,
2 §f,§ };

3 _ 2.1 .
x(j) E—E'FSE
- —_
Problem Set 10-6b

1. Simplify. Assume thgﬁ a #o0.

,\
&
WO
]

+

&
i D=

()

+

(a)

o+
mofunor o ]n A ™y
S

FE

S

o e

le]

+

v

ol =
I

A e L CT o .
. 2. Simplify the following expresslons. as3ume that the domains

i 4 . .
of thé varlables“do not include yalues forngwhlch denominators

(;;are Zero, j;; )

—
8
[
+|m
UJ !
+
o




4

-(e)

kS T

Probled Set 10.6b
(continued)

(d) é%*ﬁ ‘
-/E/E

() #-% . ,

(£), x+ 2

(6) ©+ i

.:J\.n
+
i

(h) 3

s

(1)

1

Flos W
L Y

|

]

T =
L3

(9)

T

B

Find the truth_set of each of the following septences:

%

3 2 -1 .5

(a) D) gk - G g

% bt
+
Tl
]

(g)

3
7 e
- (h) %ﬁ+%sé—~h%—2

1
i

(by~
(c)
(d)

(1) 4y +

NI U o
‘ I -
Y
il
oy M
el m'wn.‘M+“
e

+ +
v I %@4

W
t:jl

7
(J) =-¢+§u:%+u—§’;

Mary bought 15 three-ceny stamps 4nd some four-cent stamps.

If she paid $1.80 for all the stamps, was she charged the
correct amount? e

John has 50 coins which are’nickels, pennies, and dimes.
He nas four more dimes than pennles, and six more nickels
B 3 1

than dimes. How many of each kind of coin does he have? Haw\\

much money doez he have?



Problem Set 10-6b
/=>-;,‘_

(continued)

6. John, who 1s saving his money for a bicycle, saild, "When I
have one dollar more than three times ‘the amount I now have,

I will have .enough money for my bleyele." I the bieycle

costs $70, how much money does John have now?

i ) ) ¥
" 7. The sum of two numbers lis E4§i and one number 1s

3 .
§ times
the other. Find the two numbers. /
- . . 4 \ .
8. The numerator of che fractlon ? Is 1lnereased by an amount
, .
x. The value of the resulting fraction 1is %%A By what
amount was the numerator increased?
13 . - o L1 4 ] N e
9. 5T of‘a number Is 13 more than 5 of the number. What
1s the number? , '
=
10 Joe 13 %* as old as his father. In 12 years he will be %
as old as hLz father then 1s. How old 1ls Jeoe? His father?
11 The sum of two posittive integers is 7 and thelr difference
iz 3.. What are the numbers? What is the sum of the

reciprocals of thess numbers? What 13 the difference of the

i

reciprocals?
] .

A fraction, such as

to 3, or the patlnm

—
M
L,Jﬂ ™2

is often called the ratleo of 2

also call a sentence In th&

1
IEVE
=
m

a
b d

rs. Slnce a ratio iIs a
fraction, and a proport tence lnvolving
two fractlcns, these two words are Just names for things

wlth which we are already famlliar,

Two partners In a flrm are-to dlvide the profits
Ir. the ratic =. If the man recalvirg the larger share

recelves - BBLSC,  how much does the ather partner recolve?

4

o

O
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If the smaller share ls p dollars, thern

If there 1ls a number p  such that the sentence 1s tfue, then

H
iy
T
il
T
[
=
-
pas
o3
3
ba
g )
e
e
by 1}
il
]
)
T
e |
I
[y TN
o
e
-1
—
iz
1}
U"H‘UJ‘

o
i
o}
9
T
-
r
a3
bt
Rl
=
i
=
—
i
Q00
‘ W
o
A
I
ETH
=
L]
FE
h‘hﬂ
et
I
b
Pl

Ui

1g that the shares are In the ratio

leads naturally € wrlting the proportion g%%a
seE 55C

Il

e

L]

(a) In a certain school the ratio of boys to girls was':%i
tudents in the scho

U

If there were 2600 ol, how many

i)

girls were there?
(b) In a shipment of 800 radlos, . of the radios were

defectlive. What. L5 the ratio aof deféc lve radio=s to
nt?

non-defectlive radins in the uhlpmg

=
(c¢) The ratlo of faculty .5 students in a college 18 f%*
bers

-

If there avr 1197 studsnts, how many faculty mem
~

are there

Ctpn

(d) If two numbers .are Ln the ratlo z explain why we

ay represen n&e numbers as 5 and 9x. What are
may 1 r nt th number 1 5x  and 9x Nhat

the numbers f x = 77 1f x = 1on?

then ad = be.

,,.
y
|
1l

(e) Prove that

3

[
ey
oo
el
il
o
o

(f) Prove that and b # 0 and d # 0, then

() “how, uslng the propartles of one, that the proportlon
— = la b

(h) assuming that the proportion % = ts true ‘GE& parts
(=) and (f) &to fint seven other true proportions.

For example, Lf z ?‘Q! then ¥a = yp ar aA¥ = yp.

Herce, by part (), f—L = L
¥ h x
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We will now see how to simplify the quotient of two
ractlons. Sgveral methods are possible for doing this.' Let

us look at the followlng examples.

Example 1. Simpllfy ,

We shall use the multLpIicatiaﬁ property of 1, 1in which we use
% for 1. The reason for using z will be made clearer as the
work goes on.

(Multiplication
property of 1)

L -‘;{:

(5-

o
feR Te]
o
ol

[
B!

2SN
o

O
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Example 2.
&

=

again use

=

[ TN

In bxampls 1

£

. In Zrample

What 1o the:

QO

ERIC
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time we let

reciprocal of

il

il

Ch

B

cle

Your R

ro el moy Lo

B ¥ - .
eading )

) )
— a0

vitly WA

Cuaed

=

£

vhat happencd anz

ciprocal of

Q,_ql ™

/
/

the form ol 1%

[

result of using — for 17
- . = .

i/

J
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¥

1. ?ﬁaﬁé two forms of 1 that could be used to simpllfy each
n (The values of the varilables

of the followlng expresslon

for whlch denominators are zero are excluded.)

N

f

st 10 =be

In thizs problem set the values of the varlabiss for which
denominators are Cerc ars axclugded,

L. Si=alify.

i —

,—-\
ikl
—
.
b e
—
o
—
o™

]

(&)

—

!

—‘H‘JI'L S R
I

(¢}

O
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Problem Set 1C-6e
(rentinued)
2. Simplify. . . \fl‘

4

(a)

o

it
& B
—
i
e

v =

Lo
3
=
3
o
[l
-
-
Tt

\
—
P
—
wwu‘ o

v
i
ul
| —

Tl I

i
wh
|}

u
_."v
L

L, Cimplify.

A s

s
—
[

I
o
™o
T
[
o
iz
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Pb@bléﬁi Set 10-6¢
wrm oy (continued)

A

N 5. Slaplify. #

-

(a) (x+ 2)(x - 2

(b)

(¢)

A
ot
-
[
My
"y
+
=
o
——
N
-
I
L
el
1
I
S

N =

©. Find the truth set of each of the followlng sentences:

£ 1 x _ 3 P
(df z+3-%3=% /
>
(e) S aE .5 a7
. T 3 -
, 2. B
429
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e “
& 0
/
(£) -
' (3) =1+ % = (=7) <8 = (-x) - (~]3])
(h) 2 - =09 ;
(L)
() =z - 3)(z4+2) =0

7. Draw the graphs of the truth sets of parts (f), (&), (1),
(1) of Problem 5. ’

You can probably see how to cbtain the answers to the followlng

problems wlthout using a varlable. Use thils as a check of your

work after you solve them by wrltlng an open gzentence and
findlng the truth zet of the sentence

8. The sum of three successive posltlve integers 1s 1080. o

" Find the Integers.

9. The sum of two sucéesgive positive integers 1s less than 25,
Find out whatr you can about palrs of integers which satisfy
this condition. e -

1C. Find two consecutlve even intefers whose sum ls 46
11. The sum of a whole numbter and Lts successor s 45, what
are the numters?
12. The sum of two consecutive odd nv rs is  75. What are
the numbersa? 7
€ \\ ..’j?f‘ I

4 D T
! : Ay

O
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Problem Set 10-6c¢
(continued)
13. One number lsv ° times another, The sum of the two numbers
Iy

a
s 15 more than 4 times the fi

*83L. What are the numbers?

14. Two trains leave Ne

north at &0

1. ‘Eubtréction of real numbers ls deflned
To subtract a real number b from a real
number a, add the apposlte of bt to a.
Thus, for.any real numbers. a and b

a-b=a+ (-b).

'

SJubtractlon 1s neither aézaiiétiﬁé nor commutatlive.

[N

We say that

1s distributive over subtractlon. Thus,

d o are any real numbers, then

s

a(b - ¢) = ab - ac
R K

For any two real numbers a and b, the distance from a

gl
F

to b on the number line iz b - a. The ¢distance Qgtwéen

a ant b on the number line 15 |b - al

. ‘ ) R

ERIC
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the r@@;ggggfiraf the number. The symbol

denote the reclproca

=

(1)

(11

1C.

T
D]
e

1.

%

O

ERIC

Aruitoxt provided by Eic:

Division of

The multiplicative lnverse of a real number

is defined

real numbers

For any real numbters a and b,

E*b'zé?
b can also be wrltten a

be avolded.

) I

f

hen

commorn name must contain an

zhall be

it

e

the

numbers

.
(s}

byl

real

‘D"m g

)

Feview Preblem Tet

the reclp each number.

ST
!
—
jay
—

a5

P

X

follows:

b #£ O

indicated dlvision

"lowaest terms",



2. Fo
re

*3. Conslider the

w

el

ot
¥

O
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e
1ls

s

e

¥

]

clearly a false

have

r what values of

ciprocals? (Hint:

+ 1)

=

has the truth set

sentence are multliplt

by#" = 1 and
s DY¥- §=:ES; Arid

a b:x

the

same

S,

a do the following expressions have no

What number *has no reciprocal?)

(1) a® + 1

(5) —=

(h)

(1)

aentence

%

If both sides
(a = ?)x
real numbers are

m
T+
i
il
—!

t
sentence,  Why doesrn

Lruth set

3
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Review Problem 3et
(dpntinued)

%btatﬁ the simpleat expression f&r egach of the
i, ) - 12

(a) (19x° + 12x - 15) - (20x - 3x - 1)

(b) (Ba - 13) - (7a + 12)

2 -2
(¢) (1%° - 5a + 1) - (6a” - 9)

(¢) From 1lla +
(h) What 1ls the

from -3x +

(1) What must be added to 3s -

-93 - 3u?

i

Conslider three pa

¥
U 7
SEI? Erce g 5~
Is the sentence

I=z 1t
then Li 1%'?
a b
and b
f;‘
Is 1t Lrue that if
1.1
a“ b

(3x + 9)
2 2
(a% - 2ab + b“)
13b - 7¢ subtract 8a

result of subtracting

127 ‘

- 5b

i

-3x

3

=

ht + 7u to gbtaiﬂ

]

ollowing:™

e ©

x -7

W

{rs of numbers: (a) a = 2,
§{¥ (¢c) a= -4, b= -7. Does the
;; hold true in all three cases?

2  sybstltute some particular values of

‘1,;Lj

and a, b are

true that 1f b < a and if a and bw\aré posltive,

for some particular values of a



e
Review Problem ZSet -

f . (contlnued)
3. Could you tell immedPately whlch reciprocal ls. greater
another Lf one of the numbers 1ls poslitive and the other

negatlive? .

10. ‘;f b« a, what can you say of a - b? Complete this
'statement: If a 1s to the right of b on the number line, .
then the difference a - b 1is

Ca.
11. If (a - b) 1is a posltive number, which of the statements,
a<b, a=0b, §>b, lstrue? What If (a - b) 1is a

negative number? What if (a - b) 1s zero?

12. If a, b, and ¢ are real numbers and b £ a, what can
we say about the order of a - ¢ and b - c?

Af

(J) (-3b) - (-3Db)
(e) o3 - 2x (k) (-4y) = ¢C

rj :
(£) 9x" + (-4x7) (1) 0 - (-3m)
1%, The temperature drops 15@ from an inltlal temperature of
4° above zero. Express thig statement as a subtractlon of

real numbers and find the Féaulting temperature,

A submarline

—
al

It then goes

\ subtractlion

ERIC
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Heview PP@E&&@ Set
(continued) ’ .

less than some number. Find the number.

at 12 ol'clock mldnight iSf;Dnsidéfed as the
ime, that 1s, at 12 o'ecloek midnight "t = 0O,
ength of the time interval fgom 11 o'clock.P.M.

B

c A,M.? From & o'cloek A.M. to 4 oleclock

18. John and Rudy ride bicycles on

a
there 15 a point marked . -John rldes 10 miles per

hour and “Rudy rides 12 miles per hour. Find the distance

betwesn them after 3 hours 1if .

tart from the O mark at the same time and John

——
o]

S
,_:‘ﬂ

h

I
L]

=3%

o ast and Rudy gpoes west.

ik} = - 3

]
b1
oy
)

I

il

(b) John 1s 5 mlles east and Rudy ls 6 miles west of

the © mark when they start and they both go east.

(¢) John starts from the O mark d goes east.

rk and g ast Rudy
starte from the ¢ mark 1% mlnutes later and goes

west.

(4) Both-start at the same tlme. John starts from the O
' mark and goes west and Rudylstafts & miles west of

L.

L7
pi g

we -

the O marx;an? also poe .

19, If b 1s the multiplicative Lnverse (reclprocal) of a,

1

y

i

-
(a) What values of b do we obta

17

n If a 1s larger than

1=

| 5 :
f b jdo we obtaln if a 1s between

s

(b) What values
¢ and 17

oo
i

What ts b Lf a 1s [1°?

—
D

)
(d) What 1s b Lf a L3z -1°7
)

v
]
ot
g
pi]
ju
=
5

What values of b do we obtaln 1f.a 13 le

T (f) What values of b Jo we obtaln Lf a<« ¢ and a 5 -17
e ot N 5

430 , ‘ 41)
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Review Problem Set’
(continued)

(g) What kind of number 18 b 1f a 1s positive?
-+ _ ' (n) wnhat kind of number is b 1if a 1s negative?
®1) What>is b 1f ]é 1s 0°?

(J) If b 1is the reciprocal of a, what canfygﬁ say

i about . a?
20. (a) What is the value of 87 x (-C) x 0 X %-x 6u29
B (b) Is 8.17 = 0 & true séntence? -
. -4

0, what can you say about n?

i

(¢) If n. 50 .

(d) -If p-O =0, what can you‘say about p?

(e )= If p:-q =0, what can you say about p or q?

) (f) If p.q =0, and we know that p > 10, what can

. we say about g?

W (8) If (x 45)-7 =

h) -Explain how we know that the only value of y which
will make 9 xy x 17 x 3 = 0O a true sentence is O,

O, what must be true about (x - 5)?

(1) How can we, without Justs guessing, determine the truth
set of the eguation (x - 8)(x - 3) = 02
2l. Find the truth set of each of the following eguations:
(a) (x - 20)(x - 100) =0

(b) (x *.6)(x + 9) =0

(c) x(x - 4) =0

fd) A(x + 34) =0

]

(e) (x-1)(x-2)(x-3)=0

-7 ‘(f) 2(x

1 3
) (x+ §) =0

(g) (3x - S)(Ex + 1) =0

(h) 9lx - 6] =0

(L) "=3x + .5 = =7x - 3,3




Review Problem Set
(continued)

(§J) -%.3x - 2,7 < -2.3x + h,3
(k) -2 - |-3x] > 5%1& +.3%

v 3 3 3.
(1) EX b = pX - -

. 3
' | -

22. Simplify each of the following expresslions. Assume that
the domains of the varlables exclude values faf which
denomlnators are zero.

(2) 25
8
(®) = ) G-H+ @

Y Bt 3 (k) G+FEF-p

j, = T - . 4
. (d) —Ex IK‘, 7 € _ 3 a 7 3
. nil (m) == ]

(n) 2

(o)

“(8) =

zt® (p). ﬁaséi

5 (h) , j, .




*23.

25.

26,

kM)
-~

—
e
g
o s
iyl
win
.'.
s oy
ol
L

‘, R AV .
Find the truth set of each of the following sentences:

I
=
Ea

—.," (G) X féagg = 0 -
S v}

“ : bx _ %

-1 (d)  —— =t
/ ztwm

.

24, yrite the §li§£fsfép in using the distributive property to
.expand “(3x + 5)(2x - 3). ’

Use propertiea of addition to show that the following
sentence 1s true.
€5 + (-10) + (-25) = (25 + (-25)) + (-10)."

Show that B 35 and 50 < %% are true senteng§§*§STien

tell why you know immedliately that % < T% 1s "true.

If the length of each edge of a square 1s multiplied by 2,
by what number is the perimeter multiplied? By what number
1s the area multiplied?



O
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29.

e [

31.

36.

A= [D;iiljl

(a)

(v)

Rewiew Problem Set

and .B

=

(gantiﬁued)'l;

[ilj 0

) 1)

Under which of the operatlons
multiplication, division) 1is

13

" -

{

¥

(additian, suptgsst;ni;

set A, ‘closed?

set B?

If C 1s the 'sét of numbers obtained by‘aquafihg

elements belonging elther to

enumerate

set C.

set A or

set” By

Is 1t a subset of A? of B?

Given the fraction %%E%%%%; what 1s the only value of X
for which this is not a real numbér? o '

Let
(a)
(b)

fhe

g and b Dbe positive numbers such that

If

If b < 24, what lnequallty does a

a ¢ 24, what lnequality does b

product of two numbers 1is

is less than 3,
-3, what 1is the other?

Does division

(a = b)

I=s

If

If

+cC

Ehave the

a+ (b+e)?

what

2.

is the other?

If one

If one

a

b
satisfy?

2
T

satisfy?
of %pe numbers

is less than

assoclative property? That 1s, 1s
Glve reasons for your answer.

division commutative? Give reasons for your answer.

X

a

a +

0 |

1a between

Explain.

and a =

3

PO

p and g,

what

is

is the value of ax + ag?

between

R [t

e

and

ap-
-

Translate each of the following phrases 1into open phrasgék

Describe

(§)
(b)
(c)
(d)
(e)

The number of

The

The

A glrl's age

The number ©

hd

number of

number of

£

feet in

inches in -

2f . *

bk ~qua

K po

.
5N
3

6y yards

eet

unds and t

the varlable carefully where. necessary.

[



"

F

(J) The reciprocgl of a Number’

37.
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4

= =

!f)' The number of

(g) The ngbéf of

(h). The number of
. dime8 and n

(1) - The successor

{k) The number' of

: NI ,ﬁeview Problem Set

r *

(continued) Al
{ o : : = -

square inches 1n f square feet

cents In g4 dollars and k iquarter

cents In 4. dollars, k quarters, t

EJ

nickels _ . \

of a whHole pumber

P

feet traveijed 1B k miles

(1) TwWice the number of feet traveled in- k miles

WFité‘méaﬁif ful word sentences whlch are transiations

[}
-y

the foilawig@ open sentences,

(a)
(b)

(c)

(d)

x
y
z

u

<

1]

8o >

3600

> 100,CC0,000

[s

vV + W

18 _ % -[%-

(e) z(z + 18) = 360

(r) x(3x) < 30¢C

(8) (x+ 1)% >x(x+2)

(h) 30(20.00) < (30 - x)(24.00)

(1) 3a = 4b

(J) n+ kn +1) + (n+2) + (n+3)+ (n+ 4% <90

and n > 13
Yrite open phrases corresPonding 0
1

[
phrases, being caraful to degeribe w

represents.
{a) . number dimintshed by 3
(b) &

(¢) fost of n

\

3

rise of 20 de temPeETrature

Iy
i

[

Trc23 in

I}

Kt

5 cents

410

pencils a each

h4q

~>1lowing word

number the variable

s



O

ERIC

Aruitoxt provided by Eic:

, @

(e) -
(r)
(g)
(h)

(o)
(p)

(q)
(r)

(s)

. Th€ number of days In- w weeks

r e .
= + N . 3 R
) Review F?ablem"Sét :
: ‘ PEGnt,hued) ' ’

The amount of money 1n my pocket if I have X dimes:
y " hickels, and 6 pennies . LT

a Mumpe? lncreased by twice the number .

A Mupper Increased by twice another numbnp

r

PR

CoSt or Purchasirg X _melons at: 29 cents Sych and’
y Pounds of nampurger at, 59 cents a pound

ire8 of a fectangle having one side 3 incheg longef
thén gn@ther 3 .

H

0n€- mi11ion more than twice the ‘pcpulation O 8
ceTtain c¢lty in Kan;a;

AﬂﬂUa1 salary Pquivaléht to x dollars per Mgnth
Arthqr1s allowance, Which 1s one dollar more kpan
twiCe metty's “

The€ distihce traveled {r h hours at an avelage
sp€ed of 40 m.p.n.

Th? real @state tax on property having 2 vallggion
of y dollags; the tax rate belng $25.00 BPep
#1000  valuafion

DoM1gts Wefght, which is 0 pounds more thy, Earl'S

Spe®q of

car which 1s one mile per hour 1€3g than
thet of 2 following.car =

Cost or X pounds of sieak at $1.59 per pOynd

Cathapine's earnings for = hours 2t 75 c€hes an

h@lj r >

Cpst of & gallgns .of gasaliﬂe at  33.2 celtg a
gallon '
s
4%, 3
: S ) 7 ;
ML;? 1 -
I



. v Peview:Problem ié; . s
B i : (continued)

, 39._ Write open sentences corresponding to the. followlhg wa}d
{ ? séﬁéénees, and caréfully descrite the Variable used.

(a) Mary, who 1s ‘1o, & U4 years older than her sister,
. a 0 - 7’ o
“(b) geill bcught b “bananas at 9 cents eachs and paid

54 cents. ‘ . » . .o

§

(e) If a number is added to twlce the number, the sum 1is
less than 39.

(a) Arthur'sf;iléwsnce is one dcllar more than twice u?;f7
Betty's but 1s two dollars less than 3 times Betty's.

M\

(e) The distance from Dodge Clty to Oklahoma Cilty, 260
miles, was trdveled In t hours at an average speed
of 40 miles an hour.

(f) The auto trip from St. Louls to Memphis, 300 miles,
was 'made Ln t heurs, the maximum speed belng 50

miles an hour.

(2) Plke's Peak 1s more than .14,000 feet above mean sea

(h) A book, 1.4 -lnches thick, has n pages; each page
1 0.003 1inches thick, and =ach cnver is %L

fnches thick. ) /ﬁ . X
: i

(L) Three million ls nver one million more than twice the
population of any city in Colorado.
- (1) & square having a side x 1inches long 'has a smal
area than a ctangle which 1s- x + 1 1lnches lon
e x -1 ches wide.
fﬁ) The tax on real estate 1s calculated at $24.0C per
$1(CG  valuatlon. The tax assessment on preperty
> valued at y dollars 1s $348.00.

(1) Dponald's weight, 152 pounds, is at least 4C pounds

more than Farl's.

&

44
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Aruitoxt provided by Eic:



- ‘ ) ¢Review Problem et
(continued)

= =

fu

. (m) The sum’of a counting number.and its successor is 575.

- (n) The sum of & counting number and its, successor is 576.

e

, . (o) The'sum of two numbers, the“second greater than the
N .. .fipst by 1, s 576. = S

(p) A board : 16 -feet long 1s <€ut in twn pieces such that
one plece is one foot longer than twice the other.
- (q) Catherine earns _.$2.25 Eaby*sitting=féf 3 ‘hours' at .,

X cents an hour. : , . . .

. {r) A familiar formula for making ccffee is: "Use one
tablespeon of caoffee for each cup of water, and add
one tablespoon of coffee for the pot." Use C fcrt?

a “ the number of cups of water, and T for the number

‘of tablespoons of coffee, ) ;

(s) In 4 years Mary will be twice as old as she was 6~

‘ years ago. .

(t) A:twaiélgit number 1s 7 more than 3 times the sum
of the digits. -

(u) A number 1is increased by 17 =and the sum is multiplied

* by 2. The resulllng product is 192,

(v) If 17 1is added to a number and the sum 1s multiplied

- by 3, the resul:i'‘rng.product 1s less than 192.

4. Mr. York 1= reduclng. Durlng each month for the past 8
menths ke has lost 5 pounds. His welght 18 now 175 '
pourds. What was his welght m months ago If m < 82
Wrlte an cpen sentence stating that m manthé ago his
welght was Z00 pounds.

-~

s SV
444 #

O
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Féﬁiew Prablem Cet

— R (continued) -

PO

41, In a "gueds ‘the number" game Betty ls asked to-plck e

courting dumber less than or equal to 7.

(a) With+ x for the ﬁgmﬁér; write the inequalities which
indicate the Testrictlons on the number. '

L

(v) 1If Eetty,piQRSfa'gounting number less than or équéi to

- ~7 and Paul ‘plcks a*counting number less than or

“number and 3 times Paul'!s number?

equal to_ 5, what can we say about the sum of Betty's

(¢) If Bekty picks a ccunting number 1gss'§haﬁ or equal to
' _ 7 and Paul plcks a whole-number less than or equal to

5, what can we say about the sum of Betty's number

and three times Paul's number?

*

42, (a) At an auto parking lot, the charge 1s 35

the first hour; or fraction of an hour,

cents for

and * 20 cents

for each succeeding (whole or partial) one-hour
period. What 1s the parking fee for 4 hours of

parking? :

(b) If t 13 the number of one-hour periods parked after

the 1initial hour, wrlte an open phrase

fee.

(c) With the same charge for parking as in

for the parsifg

the preceding

problem, 1f h 1is the total number of one-hour

periods parked, write an open phrase’f@r the parking

.fee.

oy
P
—
i
M
3
=

Two water-plpes are b

One plpe has a capaclty of 10C

nging water into a reservolir.

gallons per minute,

and the second 40 gallons per minute.

flows from the first plpe for

x

minutes

If water

and from the

second for y minutes, write an open phrase for the

total flow In gallons.

!4.‘1?

-
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Eé%iew_Prcbieﬁ Set
(cantlnqéd)

(b) In part (a), if the flow from the first pipe is
atgppéd,after two hours, write the expression for the
total flow in gallons in  y minutes, where y 1is

. [ o
greater than 120,

*(c) With the game data, write an open sentence atating

that the total flcw 1s 20,0C0 gallons. Find five
or more pairs of numbers for the variables which
yield true numerical sentknces. '

The reading on_a Fahrenheit ermometer 1s- 32° more than

‘1.8 tilmes the reading on/a Centigrade thermometer; 1if the

temperature is less than 50° Fahre&heit, what 1s the
temperature Centigrade? )

The amount of #2C5 1s to be divided among Tom, Dick
and Harry. Dick is to have $15 more than Harry and Tom
1s to have twlce as much as Dick. How must the money be
divided?

Last year's tennis balls cost d dollars a dozen.! This
year the price is ¢ cents per dozen higher Fhaﬁ last
year.  What will half a dozen balls cost at the present

price?

# man distributes } 24 between his two children in
amounts pfap@ftiaﬁed to their ages. "The older is 7, and
the y@uﬂgeﬁ 3. How much should sach receive? o
In a class of 1C pupils the average grade was 72. The
students with the two highest grades, 94 and 98, were
transferred to another class, and the teacher decided to
find the average of EH% grades of the B8 femaiﬂiﬁg

} ) ‘ ]
students. What was the new average?
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ProbYem Set :,

-Eevie
(continued) .

Coneglder the s2t £ of all the even integers (positive,

negative, and zero). WhicH of the five operations,
(1) addition, (2) subtkactdon, (3) multiplication,
(%) division, (5) findimg.the average---applied to pairs

of elements of S, will give only elements ofi 57 Descrlbe

your conclusion in terms of "closure" - -

A haberdasher sold two shirts for $3.75 each. On the first
he lost 25 percent of the cost and on the second he

gained 25 percent of the cost. How much did he pay for
each shirt? Did he galn or did he lose from the sale?
-A.boy has 95 cents in nickels and dimes. If he has 12
colns, howWw many of each coln does hefﬁave?

William has 5 hours at hks disposal. —~How far can he rilde
his blke into the spooky woods if he goes 1in at the rate of
4 miles per hour and returnz at the rate of 15 miles

per hour?

A plane which flles at an average speed of 200 m.p.h.
(when no wind is blowing) is held back by a head wind and
takes 3% hours to ca%?lete a flight of 630 mlles.
What 1s the average speed ~»f the wind?®

o+

=

-

Let us urite "» " for.the phrase "ls further {rom O than"
on the rcal number line. Does "» " have the comparison

property, that iz, i a and b arc diflferent real numbers,
is it true that a > b or b» a . bubt not both? Does "H"

have a transitive property? lor vwhlch subset of the set of

1., 1

real numberc.do "M and =" have the game meaning?

‘ I ‘
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x & Y -
! Challenge Problems ) -

I - (cont.inued)

2, Prove that the absolute value of the product ab 1s the

_ product |al|-|b] of the absolute values for any real 2
numbers a and b. Hint: You must conslder all possible
Gémbiyé¥iﬂﬂ3 of positlve and negative numbers and zero.

3. Prove: The number O has no recliprocal, Lo

— Hint: hAssume O does have a reclprocal and see what

happens when you apply the definition of reéipracal.

4, Prove: The reclprocal of a positive number is'positf%e, and
the reclprocal of a negative number 1s negative.
Hint: The product of a number and its reciproecal is 1.

5. .Prove: The reciprocal of the reciprocal of a non-zero real

‘ number a s a.

g - :
; Hint: Conslder the product (%) (%)and the product &
..a . )

a(

0

). Comparz tha results,

/. - For each of the following palrs of expressions, fill in the

M RS or "« ", which will make a true

H ¥
3

symbol
sentence.

9 -7l 7 |2

]; -
(b) |2 - 9] 7 |

51 -
=1 - 19
I;:a

Iaﬂl -
-l =

ey e,
IV o PR
R e
I T,
1 I
SR
—t
o
i b ]
T
st o
- A -

A R -]

7. Write a symbol between |a - b|  and |al| - |b| which will
te

snce for, all real numbers a .and b, Do

the same for J|a - b| amnd |bl - |al. For |a - b}l and

lal - |bl

o
o

b
b

444
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+ Challenge Problems
(continued)
y ’ . '
8. . Describe the resulting gentences in Problem 7 in- terms of
"~ distances on tite number line. ’
9. tlhat are the two numbers x on the number line such that
|x - 4] =1,
that 1s8; the two numbers x such that the distance betuween
x and 4 1s 1? ’
7_10. What 1s the truth set of the sentence
|x - 4] < 1,
that is, the set of numbers x such that the distance
between x and L .is5 less than 17 Drawv the graph of this

set on the number line.
11. Draw the graph ot the truth set of the compound open sentence
- x> 3 and x <5

on the number line. Is this set the same as the truth set
of #%x - 4] < 1? (We usually write "3 < x < 5" for the

sentence "x > 3 and x < 5".)

rind the truth set of each of the following sentences; draw.

]
and
-

the graph of each of these sets:
(a) |x - 6| =23 (¢) |y = 2] ¢« 4 (Read this:
the distance between vy

I
=
e

(b) v + |-6]
(¢) ]10 - a|l = 2
(a) Ixl > 3 () 2] 512 = 6

(e) vl (1) |x = (-19)| =3
(r) vl

and 3 i3 less than ‘I.)

o
1
[
[t}
%o,

- 13 (3) ly + 3l

=
v
e
i
]
-
1




13.

14,

15,

I,
Lol

18.

" then

&
.
£

- C PR
Challenge Problems -
!

. ) . (continued)

Proves éy— = = (%)! lf a # 0. ’ - N N

m
o

Hing;l We have prov —= éu %. Now conslder the

. reciprocal of -1. How could it be used to h vfgig:
o e i . o
hghis praar. _ - . . — ii‘{‘
If a<b and a and b are both positive real numbers
1 1 ' ) 3

prove that = & ¢ . . . ~ - .

‘ i ,
Hint: Multiply both sides of lnequality "a < bngg,(%v%),

Prove that if a < b, where a and b are b@th{pégativeg

%> - :

ai-

B -
o

Prove that if a < G and b > 0O ‘then

<

] ‘I‘ s

+

o] \l‘ o

Prove that E;Q%Ji for real numbers a, b, and c
(c #0). ;

Hint: Conslder the definition of division, then the
distributivgiproperty. o

e

Prove that = +=§s adé%ggc for real numbers a, b,

#0).
Hint: Use the multiplicatlion property of 1, choosing the
form of :1 cg}efully.

C,

[
L

and d, (e £ 0,

Given the set (1, .-1, J, -})} and the following
multiplication table:




Thallenge Problems

(cuntlnued)

losed under multipllicatlon?

(a) Is-the set

D]
10
by
L]

ot

iplication is commutatlve for

*“%g(b) Verify that this mul atton 15 co
ii the cases (-1, J), (J, -J), and' (-1, -]).
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the cases (=1, J, -f) apd (1, -1, J).

(d) 1Is it true that a = 1 = a, whers a [s any element

of [1! “13 J! ’\Jjn

1l
3Ta
La

(é); Find the reclprocal of each element In this

If x 1= an u membar of the set, find the

of your results

truth sets of the followling, making us
5 -

ﬁ
!
N
!
g
o
W
e
—
~—
s
I
|

4 oman travels 360 mlles dus west at a rate of 32 minutes

et
T

per mile and returns by plane at = rate of 3 miles per

“minfite. What was his total traveling tlme? What was his

average rate of spe=d for the entire trip?

ten numbsrs has a sum b, I each number s

4, then multiplied by 7, and then

4, that iz the new sum?  If you had fwenty

numbers igstead of ten and the same condlitlens, ‘hat would

ha che new total?

.‘;;)1
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GLOSSARY CHAPTERS 6-10 ~

ABSOLUTE VALUE - The absolute value of any non-zero real number

is the greater of that number and its opposite. The absolute
zZero,

EQUALITY
then

OPPOSIT

value of zZero 1s
ADDITION PROFPERTY OF
if b,
PROPERTY OF

For any real numbers

- : K
= + = b + c.

c

ES. -

a a

2

ADDITIO For any real number

a +
-ADDITION

(-a) = 0.
PROFPERTY OF ?RDER - If

L, and ¢ . real numbersa

! If a < b, then a + ¢ < b + ¢,
PROPERTY OF
INVERZE - Ir
0, then

isfﬁhe additive

+ 0 = a.
such that

ZERO - For any real number a

2 Yy
X,

are real numbers x

Lhe

there
is additlive lnverse of and
v.
A5S50CIATIVE PROPERTY OF For
(a + ) +c¢ = (b + 2).

MULTIFPLICATION - For any real numbers

b, a(be) = (ab)ec,

COMFARISON PROFERTY - For any real

b .

x+y ¥

inverse ot
ADDITION

A+

- real numbers a, b,

any
and ¢,

. a,
and o,
number

11

a and any real number

t

H

r ue;

(el
e}

one and only one ol tne wing sentencea 1la

Pl

COMMUTATIVE PROFERTY OF ADDITION - For any two real numbers a

and
COMMUTATIVE FROPERTY OFF MULTIPLICATION - For any real

18]

+ 3.

L

+

o

b,

numbers

(ol

and o,
DISTRIBUTIVE
El(b

EQUATION -

H-0 o= L2,

PROFERTY For any real numbers and ¢,

+ o) ab + 18,

A senuence with the aymbol =

equatlon.

EQUIVALENT SENTENCES

- Two open sentences with the same truth set

are called equlivalent sentences.

BEQUALITY - A sentence with the symbol "3" or

[an]

an lnequality. - ) .
NTEGERG Fhe
I Lhe

it

1Ling numbers,

counting numbers make up the set of lntegers.

o

O
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IRRATIONAL NUMBERS - A number that 1s not rational but 1s
assoclated with a point on the number line 1s called an
~ irrational number,.
MULTIPLICATION PROPERTY OF EQUAL I
and ¢, If a =bt, then/ a

MULTIPLICATION PROPERTY OF ONE-T For

TY - For real numbers a, b,
c

number a,

]
w
-

R
!
M
Wi
[

a:l = a ; (fe
MULTIPLICATION PROPERTY OF GRDER - If a and b are real numbers
b 1f ¢ 1s a positive

~. Buch that a < b, then ca < ¢ .
),namberr but ¢b < ca .1f ¢ 1s a negative number. ?
i CLTIFLICATION PROFERTY OF ZERO - For any real number a.
-a x 0= 0.
' MULTIPLICATIVE INVERSE - '+ a and bixs§g two real numbers such
that ab = 1, a 1is : : multiplleafive inverge of b. and
b 1s the multiplicat!ve inverse of . a.
NEGATIVE REAL NUMBERS - The set of real numbers associated with
points to the left of zero on the number line 1s the set of .
egatlve real numbers.

OFPFOSITE - The opposite of any non-zero real number 1ls the number
which 1s at an equal dlstance from O on the number line
and on the opposlte side of 0. The opposlte of zero is ’
Zero. 7 _

POSITIVE REAL NUMBERS - T&égset of. real numbers;assagiated with
polints to the right of zero on the number llne 1s the set
of positive real numbers. i )

'Jr}ﬂﬂTGNAL NUMBER - A number that can be represented by a fraction
) indicating a guotient. of two iﬁtéééﬁs, excluding division -
- oy zero, 1s called a rational number.

REAL NUMBERS - The zset of numbers wgiéﬁ ihc1udé$ the rational
numbers and the lrrational numbers’ is the set of real
numberig

ECIPROCAL - The multlipllcative inverse éf a real number is Qalléﬁ

the reciprocal of the number.
PfERANSITIVE PROPERTY OF ORDER - If a, b, and ¢ are three real
~ "

umbers such that a <« b and b ¢ o, then a < c.
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The reference 1s to the page on whinch the ferm oceurs.
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common name, 27
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dleeriomireetore, 17
leeast commor, vy

et

dlotance,
hertweer,
from-to, =3

Hatributlve property L 1ay,

Aivisitiidity, b

liviszien 341

W T
Gt
b
D]

e
cate

of

¥

viditlon property
sarltIpltloatd :

oy

in=qua
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function, HAhd.yh3
detined by ufq,rgﬂ pairs,
domain of iﬂflnitiﬂh of,
graph of a, & mshﬂl
notation, 02
range of'y, @

graphs, F
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[

Dad
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o

o
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inequalitles, 0%, 349
lval
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property op
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multiplicablvis Inver

natural number, 27
negative,
integer, 1497
riamber, 155

ratlorial numbe

non=negative number,

null =zet, 11

number line, ik,
additlon on,
ﬂultipll(d%lan
Icial

numbers,

irr
naTufdl
!WdTiVH
rnn

."‘//

o, . :
of arithmet 1
power of,
D rrime,
ratlona

uf]ud[ = L)f y (‘ ¥
:Iuthi -

whole,
numerals,
numerical phi
one , 1

ompound,
grntaining
iﬁﬁriininﬁ
“(llli‘f 1ent
two var

c‘i‘;‘w'r*,;

mqltip at lon
1‘ivL
oprratior
piie of
Lph‘ ot

(228

£

rodd

ae,

ra, 2
1

1)

MF’

DF

prwp{
opcrt iy ©

i

i
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multiplicat fon

macdrat 1o

quadrafl' pilynumia
- L,‘I ] :

quadraric, Al
ﬁlf

I rumhbers
4 number,
tor, Wiy,
ﬁfipdflﬁﬂ,

bas
e e

O s

Additiorn,
wulflpll:éf

multipliation
maltipldl
SUMMAry
jummary
tranaitilv

saquat Long,
trath soate of, L

1,

of,
._.:t iILinI 3 Fora
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quat Lent, I,
Iritlrarod,

radlsals,

miltiplli-arion
simplifylne,
rationallring,
dznominatorsz,
numaerat

1 nur

aridit ion
Hvizion
maltiptl

et
foraathe o

3

1450

aph o, =1

infinire, 17
rull, !
Proaths, 21,
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sgubiraction,
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