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FOREWORD
>
The increasing contribution of mathematics to the culture of
the modern world, as well as its importance as a vital part of
Scientific and humanistic education, has made it essential that
the mathematics in our schools be both well selected and well

taught. '

With this in mind, the various mathematical organizations in
the United States cooperated in the formation of the School
Mathematics Study Group (SMSG). SMS¢ includes college and univer-
sity mathematicians, teachers of mathematics at all levels, experts
in education, and representatives of science and technology. The
general objeetive of SMSG is the improvement of the teaching of
mathematics in the schools of this country. The National Scilence
Foundation has provided substantial funds for the support of this
endeavor.

, One of the prerequisites for the improvement of the teaching
of mathematics in our schools is an improved curriculum--one which
taltes account of the increasing use of mathematics in science and
technology and in other areas of knowledge and at the same time
one wnlch reflects recent advances in mathematics itself. (ne of
the first projJects undertaker by SMSG was to enlist a group of
outstanding mathematicians and mathematics teachers %o prepare a
series of textbooks which would illustrate such an improved
curriculum.

The professional mathematicians in SMSG believe that the
mathemattcs presented in this text is valuable for all well-
educated citizens in our society to know and that it is important
for the precollege student to learn in preparation for advanced
work in the field. At the same time, teachers in SMSG believe
" that it 1s presented in such a form that it can be readily grasped
by students.

In most instances the material will have a familiar note, but
the presentation and the point of view will be different. Some
material will be entirely new to the traditional curriculum, This
‘18 as it shoulc be, for mathematics is a 1livinz and an ever-growing
- subJect, and not a dead and frozen product of antiquity. This
healthy fusion of the old and the new should lead students to a
better understanding of the basic concepts and structure of
mathematics and provide a firmer foundation for understandiug and
use of mathematics in a scilentific society.

It is not intended that this book be regarded as the only
definitive way of presenting good mathematics to students at this
level. 1Instead, it should be thought of as a sample of the kind
of . improved curriculum that we need and as a source of suggestions
for the authors of commercial textbooks., It is sincerely hoped
that these texts will lead the way toward inspiring a more meaning-
ful teaching of Mathematics, the Queen and Servant of the Sciences,
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PREFACE TO TEACHERS -

This text has been wrltten for the students in Grade 8
* whose mathematical talent 1s underdeveloped. It is intended
for use only wlth those groups who have compleﬁed the material
in Volume I of "Introduction to Secondary School Mathematics."
The subject matter which is presented 1n these two volumes,
Chapters 1-16, 1is essentially that which appears in the
School Mathematics Study Group text: "Mathematics for
Junior High School,"” Volume 1. The material in Chapters
17-21 represents the subject matter considered of greatest
significance 1in the School Mathematlcs Study Group text:
"Mathematics for Junior High School," Volume II. Together,
- this 1s part of the body of mathematics which members of the
School Mathematlcs Study Group pelieve 1s important for all
educated cltlzens. It 1is also the mathematics which 1s
important for the pre-college student as he prepares for
advanced work in the field of mathematics and related subjects.
Within the group for which this material 1s intended
there may be a large number of college'capable students whose
mathematical talent‘as yet has not been discovered. There
may be others who heretofore have been insufficlently
challenged. This text 1s not offered as appropriate content
for the very slow non-college-bound student.
A number of guildes were followed in the preparation of
these materilals, among which are the following:
- to adjust the reading level downward;
- to shorten the chapters and to provide variation f >m
chapter to chapter in terms of content;
- to shorten sectlons within each chapter;
- to introduce new concepts through the use of conc -ete
examples;
- to provide numerous 1llustratlve examples;
- to-include simple drill material in many of the
problem sets;
- to provide chapter summaries, chapter reviews, and

cumulative sets of problems.

7
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ine mathematics which appears in this text is not of the
type normally called “"business" or "vocational™ mathematics,
nor 1is it intended to serve as the content a terminal
c¢ourse. Rather, as the title clearly states, this book
continues the introduztion to secondary school mathematics
which was begun in grade geven. The text 1s intended to
provide the student with many of the basgic concepts necessary
for further study.

It 1s the hope of the panel that this material wlll serve
to awaken the interest of a large group of students who have
ability in mathematics which has not yet been recognized, It
18 hoped also that an understanding of fundamental concepts
can be buillt for those whose progress in mathematics has peen
blocked or hampered through rote learning or through an
inappropriate curriculum,

The teacher should keep 1n mind that this text 1s still

" being used to test the hypothesis that material of this type
‘can be taught to young people of the ability level previously

Kdescribed. Consequently the development should follow the
text closely in terms of content as well as methodology in
order that a rfair evaluation of the material may be made,

The material in this text 1s presented in a manner
different from the usual text at this level, and as previously
indicated, it 1is written for a particular type of student.
For these reasons some general Suggestions for its use are
offered below.

"Reading. This text is written wi%h the expectation that it
can and will be rcad by the student, Many students are not
accustomed to reading a mathematics book so that i1t will be
necessary to assist them 1in learning how to make the most
effective use of the book.

Experience has shown that it 1s most productive for the
teacher to read with the class during the early part of the
course. The teacher may read aloud while the students read
sllently. later the teacher may start the reading with the
class and then encourage them to continue the reading alone.



This technique 1s not recommended as a /method of teaching
reading as such, but rather as @ method of helping the student
discover that he can read a mathematics book. :

There will be times when the student will need to reread
the same‘passages several times. The teacher should suggest'
this, and see that time is made available for it.

" mne students of the ability level for which this text
was written may not be able to read long passages with
understanding. Some students may pe able to read only a
’ gentence or two at a2 time in the beginning. Consequently,
i1t is important that the teacher stop often for class
discussion. - -

' It may prove helpful if students are asked to state, in
their own words, the 1deas which they have read; but the
teacher should remember that some puplls may understand even
'thoﬁgh they cannot verbalize. _

It must be observed that the teacher's objective 1s to
convey to the students the ideas contained in the material.
The teacher cannot permit reading retardation to inhiblt or
to undermine student interest in the content. The mathematics
teacher cannot overcome serious pupil retardation in reading,
but he can contrlbute to reading Ekill by pointing out to the
student the need for rereading and giving careful consideration
to the material. The use of a pencil and paper to draw
diagrams and illustrate 1deas should be encouraged.

Precision of Ianguage. Ideally, puplls should be encouraged
to.express themselves accurasely. Some pupils, however, have .,
11m1ted vocabulary'resources. It is wilse to encourage them to
express themselves 1in their own words, meager as their
contributions may be. The pupil‘s 1nadequate expression may
then be refined by the teacher so that it 1s mathematically
precise. The teacher must also récognize that extreme
insistence upon‘precise formulation may interfere with thought
patterns and act as a barrier to free expression.

< -’
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rviscussion wuestions, Periodically the text provides
discussion questions which are useful in relping to strengthen
or emphasize basic concepts and understandings. These are
eéspecially userul in developing ideas in sections of the text
where straight reading may be difficult, Therefore, where
c¢lass discussion eéxercises are provided, they should be treated
orally within the class period and not omitted,

~.
Discovery Approach. A student usually gains a better under-

standing of a concept 1f he "discovers" the concept himself,
The teacher must set the stage for the discovery approach. No
textbook can do this because the text must give the student
correct information to which he can refer and .by wnich he can
check his own ideas, Therefore, the approach will not be
effective unless the pupil 1s encouraged to work through the
development before he reads in the text the idea he was to

"discover",

Students with limitegq ability should be given the
opportunity to "discover" very simple ideas., Chapters 13
and llu provide many séttings in which this may be done by
€Xxperimentation. Thus, in Chapter 13, <the student discovers
that vertical angles have the same measure, Again, 1in
Chaptér 14, he discovers that the sum of the measures of the
angles of a triangle is 180. Both of these discoveries, as
well és the others presented in these chapters, come as the
outgrowth of laboratory eéxperiments by means of which the
student 1s guided to take the necessary méasurements and arrive
at a conclusion. The teacher should allow adequate class time
for such experimentation in order to emphasize this aspect of
mathematical discovery,

It is important for these students to have many experierces
with an idea in order to develop meaning. In all cases the
teacher will need to clarify the idea which the student has
discovered and assist him in finding "his" idea in the text
In~correct mathematical language,



" Exercises. The text has an ample supply of exercilses. They
are graded in most sections so that the most difficult are

" at the end. Some of the exercise lists, however, are
develcpmental in natv: @ and need to be treated sequentially.
The ieacher should be very cautious about making any omlissions
ip such 11sts. In other 1lists the teacher may find it
desirable to omit selected items.

Aqgiznmehts. Assignments for this group should be quite
definite and should normally Eoncern only material which has
been discussed in class so that the student may enjoy some
measure of succegé in the prepafation of 1t. Exercises which
demand deeper vision, a higher degree of abstractlon, or a
‘preview into new material should be called "extra credit",

or gilven some such notation, so that the student with below-
average abilltyimay omit this part of the assignment without a
feeling of failure.-eor frustration.

Testing. Students of the ability for which this text 1s written
need to have short tests at Prequent intervals-~possibly one a
week. These tests, lilke the assignments, should be flexible.
‘The majer portion of the test should cover material actuallw
~ discussed in class with a few exercises for the more capable
-studéntg included at the end. If the slower-learning students
ars not gilven some test quections which they can answer
~orrectly, they may lose lnterest 1n the course and the
opportunity to improve thelr mathematival backéround will be
lost. They must be permitted to enjoy some measure of success.
Since the intent of this book 1s to emphasizé grasp of
1deas rather than memorizatisn, the testing program should
be geared accordingly. The teacher should be generous in
accepting expression of 1ldeas in the student s own words.

Extent of Course. The number of chapters studied will depend
upon the class situaw.on, the length of the class period,
and the length of the school year. . .




Contentn. The title of the book indicates that the content
prdvides an introduction to secondary school mathematics.
Throughout the course, Volumes I and 1II, emphasis 1s placed
upon mathematics as a method of reasoning. The structure of
our decimal numeration system 1s examined and then the counting
numbers, wholelnumbers, rational numbers, and negative numbers
are sudcessively 1htrodgced over thls two year perilod.

The basic propertieéw(field axioms) are intuitively
developed as the successive sets of numbers are studied.
The famliliar computational procedures are shown to be valid
because] of the properties of the number system and of the

Pt

operations employed.

'\ The number line and the idea of presenting numbers as
bbints on a line provide the basis for all graphing and for
analytical geometry. The number line provides the motivation
for order relations between numbers and for the invention of
real numbers. '

* Measurement in terms of arﬁitrary units of length, area,

\\ volume and angle 1s examined so that the student can understand
the various standard units of measure in common use today,

The metric and English units and the relatlions between them

are discussed.

" The main purpose of geometry included in this text 1s
to present intultivgly the concepts of point, line, and plane
and to reach agreemzxt by inductive reasoning that certain
statements concerpiﬂé these concepts appear to be true., Some
of these statements will appear in the formal geometry course
as axioms., Others Qill be proved as theorems. A second purpose
of the geometry In this book 1s to present an introduction

to the process of -“deductive reason.ng in geometry.

Summary. We hope that by Intrc —cing the pupll to simple number
theory, the developmeht of the real number system, aspects of :
non-metric and metric geometry, and the notions of ratio and
proportion, in a carefully paced fashion which makes full use of
a developmental approach; we shall be successful in attracting
and retaining increased numbers or puplls for continued study
"of‘mathematics. We hope that appropriate mathematics, suiltably




taughf., wlll awaken interest in puplls whose progress in
traditional courses has seemed hopeless. The discovery

'and nurture of heretofore unidentiflied capacity for learning
"mathe_mgtics 1s one of the main purposes of this book.




Chapter 11-

LINEAR MEASUREMENT
11-1. The Ruler, _

o . )

A basic underlying idea in this chapter 1s that when
some ideal geometrical segment has been chosen as a unit of
length, then every ideal geometrical segment has an exact
length. But these exact léngths are uséful only in. theoreti-
cal discussions. In the measurements of physical obJects or
the representation of segments drawn on a sheet of paper, many
unavoidable sources of error occur. Some of these sources of
error are listed below.

1. The endpoints of the segments we draw are not

exactly specified. For example in the case of the
segment AB shown below ‘

B - B

. -

if we magnify the segment in order to measure with
greatér accuracy, the picture may look like this:

A

@ .
eIt is clearly impossible to tell which point 1s denoted

by A. The situation 1s the same even i1f A 1s represented
by a very finely drawn dot. All we need in order to produce
“a picture like the last one 18 greater magnification.

ITI. The séme remarks as in I apply to the ruler we
are using as a measuring instrument.

b
(]




‘ _ III. Even if the points were 1deally designated, our eye
.! could not determine whether a polnt drawn on the
{ paper and a point marked on the ruler coincide

| ’ exactly. .

When calculating with lengths measuréd 1n decimal

[ _ notation, we round off our lengths to a number of
. decimal places consistent with the accuracy of our

measurements. That 1s, if a segment 1s measured
unlts to the nearest tenth of

! oIV,
-

P * ~ to have length 5.0
' : a unit, then a segment one-third this long 1is said

to have length 1.7 units instead of 1.666566666......

units.
Although our ruler 1s in theory & number line with
infinitely many points all having distinct coordinates,

in practice only finitely many points are marked
Our measurements are then made by

V.

on the ruler.
locating the marked point on the ruler closest

to the endpolnt of the segment. ,

In this chapter; only the last of tﬁeSe sources of error
1s discussed. The 1dea 1s met first in Section 11-1 on the
ruler and expanded in Section 11-3 on precision and'error.
bur attitude, then, 1s that the segments we draw afe ideal
segments with exact lengths which, however,:we can measure

" only to a precision determined by the spacing between the

closest marks on our (1ldeal) ruler. The reason for this

~attltude 1s, of course, to avold the confusion resulting from
the discussion of several different types of error. If the

subje doés come up 1in class, the teacher may explain that
the segments drawn in the book are only "representations"

of exact segments.
The teacher 1s warned that the word error as used in this

chapter does not denote a mistake. 'The measurements of the

world's champlon’ measurer would have the same "precision'

and "greatest possible error" as those made by the student

ainée these terms refer only to the scale on the ruler and not to
the cSrfEctness with which the 8scale 18 pead. ‘

2
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& page 6=7t TI-T

In addition to the errors mentioned above, two types of
- mistakes can occur.

I. Deciding that the endpoint of a segment is closer to
one mark on the ruler when it is actually closer to
another, o '

II. Incorrectly naming the coordinate of the mark on the
_ruler, 4

‘"It will be noted that no provision has been made for
handling the situation in which a point appears to be exactly
half-way between two marks on the ruler. If the student can
find no basis for preference for one of the two marks, he will
have to shrug his shou‘l'ders and pick ?ne of the two at random.

Answers to Exercises 11-1
" Note: The students may refer to these "units" as "bars."

2. a. 3%-%51‘65

b. 4 units
S e gt
| d. 33 units

er. ‘l-é- univs

3. EF s 1 unit
G “.1111- units
"EG = i-ﬁ- units

b. . ®Ur units

6. a. ® ag-'units

7

b. R ‘%— units

a. ”38un1ts'

koa




~page 7-10: 11-1,11-2° T - B

7. No. If the lengths of a and d -are compared by
transferring endpoints to the edge of a paper, then
it is clear that thelr lengths are different, even
.though they have the same measurement to % of the
unit, '

8. Answers will vary.
9. Answers wlll vary.

!
11-2, Standard Units of Length. .

The puplls have had many exercises to demonstrate the
meaning of measurement and the arbitrary nature of the unlt.
‘This section should establish the Social need for units that
are the same for the'entﬂre group. Mass productlon and the
" convenience of interchangeable parts provide a wealth of
material for pointing'outithisfneed. The historicai material
should be of interest and show society's'increasing need for
standard units. '

‘ The metric system was treated briefly in thils chapter
v because a study of. the system as a whole was considered to be
f/“{ .'»more appropriate for eighth grade. It should be stressed
thit our linear units are defilned, by law, in terms of the
metric units. The metric system is legal in the u.s. If
_ class time permits, a discusslion of the new definition of a
== e ger as | 1,650, 763 73 times the wave length of orange
o light‘from Krypton 86 .might be interesting. This standard
for the meter 1s difficult to visualize, but has the ad-
vantage that 1t can be reproduced'in any good sclentifilc
laboratory and is more precise than the platinum bar in
France which was the former standard for the meter. .

The approximate nature of measurement has been pointed
out throughout the chapuer. Continuing emphasis on the fact
that measurements are not exact should be made, although this

- topic will be treated more formally in Section 3.
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Comparing ﬁeasurements of the same obJect made by different
students -and also measures determined by instruments marked
" with varying degrees of precision help develop'the cbncept
. of the approximate nature'of measurement.
, Some 8th grade students heve difficulty reading a . .
_rulér.“ Thrdhgh making cardboard rulers and studying the ‘in-
creasingly fine divisions in Figure 11-2b, 1t is hoped that
the poor students will overcome their difficulties while the
better student 1is seeing the relationship with base 2.
Some of the actual measuring of segments in Exerclses 1l1-2c¢
‘should be done in class so that the teacher can ildentify
and wofk%with-studenté who mave not mastered the use of the
ruler. ’ )
~In the hodge podge that 1s the English system of measures,
there 18 a varlety of standard units. Conversions from one "
unit to another cause a great deal of trouble. :
- ﬁCOnversion 18 treated by means of ratio or propor;ion.
"This should be _carefully developed in class and class prac-
"tice should be provided to make sure that students understand .
what they are doing. Emphasis should be placed on the form I'

number of feet in AB numberqbr feet in ©D

number of centimeters in AB  number of centimeters in CD.

Especlal care should befmaﬁé in avoilding interchangling numera-

tors and denominators

feet _ feet
centimeters ~ centimeters

B - 8

7B ]

The fraction on the left involves only one segment ‘the
fraction on the right involves the other- ‘'segment. The
numerators of both fractions involve the same units. The
denominators of both fractions involve the same units. Common -

’ sensg‘is n important ald in detecting gross errors in conver-

sion. \

\ .

\ 5

sy \ ' Q ™
o i~y

\
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Answ:rs to Exercises 11-2a

1. The needlto measure segments smaller than an 1inch.
2. Inte 2 parts

. % )
. . 3. Between the 1l-inch and 5-inch marks each inch 1s
# N divided into two parts.  Then between the 2-inch and
5-inch marks each part is again divided into two parts, &

4. Each section 1s divided into two parts.

5. 4; 8; 16. (The third inch .lies between 2 anc 3.)

e

N 6. - Theoretically, there. is no 1imlt. to the number of
) divisions. '

Discussion of Figure 11-2d should stress the .advantage
of comﬁaring the end of a segment with a rhled mark rather
than the end'of a rulér. pspecially is this:an advantage 1if
a ruler 1is imprope rly cuﬁJor has become worn. Practlce 1n
thls means of measuring may need to be supplied. In'Fig. 11-2¢c
the length of AB % 2% inches. y

| Answers to Exercises 11-2b

1 and 2. Time and material will be saved if students
are supplied with cut strips of cardboard. Four
scales can be placed on two strips. Cardboard ' 1
‘rulers can be checked with commerclal rulers: ’

3. a.m 2-;— in.; ' ' c. 2 1in.;
. b. s 3% in.; ‘ Q. s ﬁ- in.;
L v : ‘e. ®3 -An;
. 2 _ T
b a.m 25 in; c. ™27 in;
“b. & 3%-(br 3%) in.; - d. = 4% (or H)in;
e. s 3 .1in,
5. a. = 2% in.; ' - C. ~'2% (or 2%);
b. ~"3% in.; q; ~54% in.;

e. @3 1in (or 2% in.)
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6. Answers will vary.

T. 8ths of an 1inch since the divislons come closer //
to matching the line segments. ‘ /

Answers to Exercises 11-2c

" 1 n
1) 3 () 2 () 43
N ;b" . 3" 1 n
() 13 () 33w " () 5
"
() 53
l l.l -]; 1] 5 1
2. 8. 8 Ln 5" d 12 or 1'8
1" c -1 0!‘8 5 1
b 28 ) e. §
3. apb—+—F+——+—+ —
o . 5N
‘b, 8 '

c. The divisions on the line plcture the meaning 61"

5+%; there are 8 pleces.

® 27 Iz 8 16
11 " 11
b- g o Mg
1] 1] 1" 1"
soe & e " e 3T e}
" 1 11] =
- b 14 a. 24 £. 33 h. 3
B
7
I‘)r\
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S

I n
6. a. AB~116 FGwm 1"
13 n 1"
n "
cD ™ 34 HI ® g
. ] 5!!
DE # % 7 ® 3

1"

b. There 1s a possibility of a slight ( %5 )
discrepancy due to the approximate nature of

measures,
#7, Base 10 Base 2 .
-1 1
2 1o
1 1
T - 100
’ 1 2
3 1000
1 \ 1
16. 10,000

N

*8,. Since all diVisions are obtained by dividing exist-
- ing divisions by 2, the number of sections increases
by powers of 2, or, in base 2 nctatlion, by adjoining
a zero to show the number of divisions.
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Answers to Exercises 11-2d |

1. a. 48 1in. . f. 6 ft.
. b. 9 yd. , g. 21,120 f%t.
c. 81 ft. h. 4 ft.
d. 300 ft. 1. 15 ya.
. » )
e. 1!»0 yd. Aw-r.j. 'E yd.
? .

2. 1760 yds.
3. Answers will vary.

4, Classroom, halls and other lengths can also be
measured. It would be wise for the teacher to have
a good idea cf the measures assigned.

5. a. _7%— in. d. 6% in,
b; 7 1in. : e. 7%—% in.
_c. 8% 1n. ' £. 73 in.

There may be some slight varlation in above lengths.

6. a. Length s 5400 in. (Answers in feet are ‘
: " Width ® 900 in acceptable. See part b.) -

Height & 540 1in.

b. Length & 450 ft. & 150 yd.
width ® 75 £t. & 25 yd.
‘Helght® 45 ft. & 15 yd.

.~
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4 1;-3:A Precision and Error.

The teacher should reread the commentary for Section 11-1
before starting this sectlon So as to have clear °ly in mind
the only kind of error belng considered in this section.
Attempts to explain other types of error would probably
lend to great confusion. Students may find this materlal
difficult and the teacher 1s cautioned not to spend too much
time on it.

A discussion of "greater precision" has been deleted as

1t may be confusing. We would speak of meas ements made
with 8 1nch precision as having "greater prdcision" than those
made with ﬂ inch precision. We would mean at the precision
i1s greater in the sense that the meaSurements are better, that
18} that the error 1is smaller. Of two measurements with the
same units, but with differently marked rulers, the one hav-
ing "greater precision" is the one for which the reciprocal

- of the number used 1in designating the precision is greater.
It 1s recommended that this difficult 1dea should not be

touched.

Answers to Exercises '11-3a

1. & 5. 4
2. 3k 6. 12
. 3 . b

3 0

3. a3 7. 1
hooo3g e 8. %

‘Answers to Exercises 11-3b

N _L“ J
-

10

o1

.
B S

A\ V4
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3. %— inch 5. 2% in.; 2%- in.
', 2§an.; 2§ 1n, 6. 7 inch
AN |
7. LnJ 11 h 1 I L1 1311 Ll - (Divided into aths of an inch)
8_- L. . L P o (Divided into 4thS 4p an 1inch)
9.
" [rLgure (1) (2) (3)
: -%-“' marks |Error —15" marks Error —116-" marks |[Error
j 3" 3n Tn] - 213n.l
(a)|. ' A %4'" 1 or 28 1l 15 6 1w
W lln 13n 13:! or 11%n k¥]
,Z . on %n or 2%:! 2_%6_"
- 1n ' lwn L -
(v) : T ) % 1n 2
. W 2" ‘2" or 2'8'" ?TG
’ j 1-2]-'-"‘.0]:: 2n 1%" or l_g_n l%ll . or 1%%"
(c) | ln ln Co An
w 1" . 1] or 1" 1'6','
: =
1 2%11 2%“ :_’::D 2%" or 2%:%!(
d) : . In 1n Ln
( 1a” 5 L Sn Té- : 12__" 32
“ z z_°" 8 6
11
oy

ERLN |
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11-4. Perimeter and Rectangles,

In thls short sectlon four terms a.re definedg perimeter,
polygon, slde, rectangle. The reason for the cholce of the
rather vagur definition of a rectangle as a four-sided poly-
gon with all corné\ "square" 1s that the terms "right angle"
and "g0-degree angle" are not ivallable until Chapter 13.

The teacher should note that 1In the discussion of peri-
meter of a rectangle, the letters 1< w, and p denote the
measures of lengths and not the lengths themselves. .. That is,
1f the lengths .of the sides of a rectangle are 3 inches and
4 1inches, theH Z, w, p are respectively 3, 4, 14 not
3 inches, 4 thches and 14 inches. The reason for this is that
we wish to confine additlon and multiplication to operate on
numbers and not on lnches or oranges. No sectlion on denominate
numbers has been 1ncluded. Once the measure of the perimeter
has been found, the pe'lmeter 1itself 18 found by appending
the unit. That 1s, 12 the above example p = 14, the unit
was the inch so that the perimeter is 14 inches. '

N
Answers to Exerclses 11-Y4a
1. a. A b. E,G ¢c. H,I,J,K d. M,P e, none
2. HIJK _
- 3 1
3. a. 3% inches c BE inches e. SE inches
b. 4% inches . 3% inches

4, TJ opposite to HK, KJ opposite to FI
The opposite sides have the same length.

5. The opposlte sldes are congruent.

5. A property of rectangles is that opposite sides are
congruent. Thls 1s a property of all parallelograms
of whlch rectangles are Just a speclal subset.

\

12

o~ .
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1.
2.
3.
b,

5.

Answers to Exercises 11-4b

1200 ft.
$2000
5 ft. or 16% yds.

~38 Tt. It does not matter where the doorways are
located.

a.

b.
c._
d.

12 ft. by 12 ft. - no; there 18 not enough *

fence.

8 ft. by 3 ft. - no; all the fence 1s not used.

8 £, by 4 £t. - yes.
Any of the following lengths and wldths will work:

11 ft. by 1 ft. N 10 ft. by 2 f¢t.
9 ft. by 3 rt. 8 ft. by 4 f¢t,
7 £ft. by 5 ft. b ft. by o ft.

inches; 19% yds.

2% miles.

Cost m $687.50

L% miles
He saved nothing in dilstance.

side opposite the given side 1s 40 ft. long;
other two sldes are each 0 ft. long.

13
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11-5. Metric Units .of Length.

The mefric system 1s treated in thils chapter principally
as another group of measuring units which have the advantage
of a decimal relationship. There sould be no attempt to teach
the system as &8 whole. Only three units, the meter, centi-
meter, and millimeter, are introduced. Pupils should have an
opportunity to study a meter stick to visualize the relation-
shlp between these units, so that they develop a mental pilcture
of each. The two sets of exercises introduce the names of the
units slowly and provide practice in measuring segments in

. centimeters and millimeters.

Answers to Exercises 11-5a

1. — a { 4cm.

— 6cm.

Tem,

2. Length s 28 cm. ~ 27.9 cm.
Width ~ 22 cm. & 21.0 cm.
Some variation should be permitted in the .1 cm,

measurements.

3. AB = 11 cm. = 10.
BC & 7 cm. & O.

)

9 cm.
AC s~ 15 cm. &~ 15.3 cm.

8

3

Totals s 33 cm.

s 32 cm.

DE &~ 13 cm, =~ 13.3 cm.

EF & 5cm. & 4,6 cm.

FG = 8 cm. & 7.7 cm.

DG &~ 7 cm. s ©.7 cm.
Totals = 34 cm. = 33.4 cm.
14
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L

5.

AB

BC
AC

a.
b.
c.
d.

200 cm,

e. ©0 cm,
700 cm. f. 5 ecm.
650 cm. g. 32 cm.
120 cm. h. 1238 cm.
3 m. e. .5 m,
7 m, £f. .50 m.
2.56 m. g. .75 m,
1.35 m, h. .08 m.
Answers to Exercises " 11l-5c¢
& 106 mm, DE & 133 mm.
& 69 mm. EF & 46 mm.
& 153 mm, FG & 77 mm.
DG ™ 67 mm.
30 mm, e. 1150 mm.
120 mm. £. 174 mm.
24 umk\ g. 1000. mm.
o3 mm. M h. 3500 mm.
4 cm. e. 15.6 cm.
10 cm. . 200 cm.
<1 m, g, 2 m.
3.2 cm, h. 20.4 cm.

15
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11-7. Chapter Review,

Answers to Exercises 11-7

1. inch, centimeter, meter, foot, mile, yard, etc.

2. cup, acre, quart, square foot, cublc inch, etc.

3. ~8g, 8.

b, 8. s b. 12" c. 603"
. 5. % 1
1 1"
BT

7. 1% units
8. % units

9. 1% units

, .
10. AC & 67 mm.ss 2%

7 1"
AB ® 73 mm.s 28
"

BC. & 52 mm.ss 21“1‘6

" Perimeter s 192mm.or 19.2 cm. or 71%".

16
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11-8. ‘Cumulative Review

Answers to. Exercises 11-8

10 a.‘ 9'3+ 9‘2
‘b, 76+ 116

= 2.  a. Yes
; 13 5
-3. a. f & d. 1= >r6
3 1,9 ‘ 3 .25
‘ 20 ’ 15 , 28
. f<F OIS A -

4. Could be any base greater than 5.

6. a, 3: - CDA, CDB, ‘ADB,
b. 2: CDA, ABC
¢c. Point A
d. If 2 different lines intersect, one and only
one plane contains both lines. '

7. a. %%, d. 12%%;
b. Iy e %

12 .3

c. Tg f. g
8. a. 108 a. 2%

, 11 1

) . bo - 3’]}' e '3_

c. 3%% f. 1

9. 66=2 311
10. The number U7 1is a composite number.
‘1. 110 f%.
12. ' 20 percent

17
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I.
(R)

(1)
(1)

(P)

(1)
(1)

(%)
(T)

(T)

L(®)

(1)

F)

Sample Test Questions for Chapter 11

True or False

1.

9.
10.

11,

12.

13.

The -counting numbers are all that are needed for

" . both counting and measuring.

.

All measuring units can be subdivided.
A ruler 1is one form of a number 1lirie.

The proportion

i 216
12

- n

could be used to find the number of feet in 576 in.

A measuring unit may have any size we choose.

Base 2 18 related to the subdivisions of an inch on_
the ruler commonly used 1n school.

A centimeter 1is 1bo times as long as a'meter.

The length of a simple closed curve 1s called 1its
prerimeter.

A rectangle 1s a simple closed curve.

The smaller the unit, the‘more=prectse the measuref”

ment.

The more prec¢lse the measurement, the greater 1s the
possible error. '

A measurement of 7 miles has the same greatest
possible error as measurement of 18 miles.

The term "greatest possible error" of a measurement
refers to.a mistake made in the measurement.

18
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'II. ‘Multiple Choice

[3 «

(¢) 1. To measure a"line segment, you must use as

. a unlt: '
. (a) A #2% tin can (d) a square inch
(b) A quart (e) None of these

(¢) A line segment

_ (a) 2. Choose the best way to complete the statemenﬁ,
- ~ "standard units of measures are used because:
| (a) It 1s important for people to use the
same unlt in dealing with each other."

(b) Standard units glve more accurate measure-
ments than units which are not standard."

(c) People have always used them."
(d) They all fit base 10 numerals very well."
(e) None of these

(b) 3. The markings on a ruler divide each inch into
8 equal parts. The correct way to report
one measurement made with this ruler 1s:

n

(a) 3p 1in.
(b) é% in.
(¢) 3% 1in.

(d) None of these

(¢) 4. Which one of the following line segments 18
' approximately 1 centimeter long?

(a) +— : %H

(e) +—
(d) w
(e) None of these

19




(e¢) 5. 1If a rectangle is 3 ft. long and 5 ft. wide,
' v , its perimeter is:

a. 15 ft. b. 8 ft. c. 1lo ft. d. 15 sq. ft.

e, None of these ' : :
(a) 6. 1If a line segment. is measured ‘to the nearest %'
s:’

of an 1ndh, the brecision of the measurement 1
a. % in. b, %5 in. ec. %iin. d. 1 in.

- ' e. None of these

(¢) 7. If a line segment has the measurement % ih.
and the ruler measures to the nearest fourth of
an inch, the line segment has a true length

- a) between %' inch and 1 1inch
‘ 5 3 -
b) between § 1inch and 3 inch
. 5 7
c) between § 1inch and g inch
2 4
d) between T inch and, ¢ inch

e) None of these.




iII. Completion

1. Measure these segments to the nearest 16%0 1nch.
Report the results so that the correct precision 1s

~ indicated.
3'%1_61-1 ) (a)
R
1?611 (c) i

A 8 ® -¢ ® »o®
lll!]l |l"|‘l||'||||llIll'lll'l'llll'l
N 3 4

Whgp number on the scale corresponds to:

17" () Point B
i (vb) Point C
l%" (¢) Point D

3. On the number scale above mark the point which
corresponds to the numbers given below and label
them with the letter indlcated.

(a) 3% f E

. (®) 45 ¥

L]

) (c) 2’8 . G

21




k', Change these measurements to the other units.

(a).4 rt.(a) 48 tn. = ft. (d) 5h% in. = yd.
- (a) 1% yd. .
(v) 3.7 °m'(b). 37 mm. = cm. (e) 18 in. = ft.

(e) 1% ft.

(c) 36 ft.(c) 12 yd. = | ft. (F) M = cm.

(f) %00 em.

22
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Chapter 12

AREA AND VOLUME

'Introduction.

The work in'this chapter 1s a natural outgrowtﬁ of the work
just completed on measurement. The student should flad 1t
relatively simple to extend his thinking from linear units of
mgasure'tolboph square units and cublc units of measure. The
measurement of two and three dimenslonal figures 18 Just as
essential as the measurement of one dimensional figures in the
development of certain geometric concepts and thelr applicatlons.
In this chapter, then, attention is focused upon development of
baslc concepts which underlie measurements of surfaces and sollds.

Sufficlent exercises on each new concept have been glven so
that the student will have ample practice with the new ldeas and
will gain confidence in his own :ability to succeed.

12-1. Meaning of Area.

>

This section 1s designed to develop the concepts of area and
the measurement of area. It 1s 1lmportant that students under-
stand that the area of a closed reglon 1s measured by using
another closed region as a unit. Theoretlcally, any closed region
may be chosen as the unit of measure and this idea 1s presented
in the development and in the exercise material.

Answers to Class Exercises 12-1

1. This question 1s to be answered by observation.

a. A>B
. B D
c. C>B
de D>A
e. C<A

23



2. vIn this exercise, the closed region A 1s taken as the unit
of area. A will fit into B approximately 3 times, into C
approximately twic®, into D approximately 4 times, into E

. approximately & times. It will be impossible to fit A into
F . but the student will be able to see 1i.tultively that F 1is
the figure of largest area. It should be impressed upcn the
student that 1t 1s not aiways convenlent to use the fltting
process.

The order of size 1is .F, E, D. B, C.

. 3. _In thls exercise attention 1s focused upon thé 1dea of actual
measurement of area, Each of the figures B, C, D, and E can be
convenlently measured by, R.

The answers are:
R =2 units
C =4 units
D=5 units
E =5 units

y, Thils exerclse 1s intended to glve the student some insight
into the reason for the cholce of the square as a unit of measure
of area. It is desirable to stimulate discussion on the merits
and disadvantages of each closed reglon as a unit of area. For
example, the circle leaves uncovered sections in the interior of
the-room. The hexagon (or tile) is difficult to fit along the
edges of the room. The cholce between the 1SOSce1es right
triangle and the square 1s essentially based on convenlence.

5e The intention here 18 to provide additional practice in area
measurement . ’

a. DEF = 1 unit
ABC = 4 units
DECF = 2 units
ADEC = 3 units

b. The reglons DECF and BEFD.

24
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12-7. Cutting Units of Area.

The aim of this section 1s to glve the student an intultive
idea of the method of finding an area when the fitting procedure .
leaves portions of the area uncovered. The physical act of
cutting up a unit of area into pleces which may be used to cover
bits of surface has 1ts counterpart in a corresponding calculatlon
introduced in the next sectilon. -

_ Answers to Class Exerclses 12-2

1. The answers will vary. This exercise provides the teacher
‘with ‘an opportunity to show the students that the number of unit:
.of area 1n aﬁgiQEn surface depends upon the slze of the unit used.

2. The area 13 a 1little less than 12 units. "In tris case,
the students will have to cut out a number of the smaller units
(at least  12) if the surface is to be covered. The teacher
should permit the student to complete this exercise without
interfefence. The student can cut out additlonal units if his
first estimate 1s inadequate. We must use all the pleces of one
unit before starting to cut the next one so that we can keep
accurate count of the unlts used.

-12-3. Area of a Rectangle.

In this section, the formula for the area of a rectangle 1s
developed. The student should be ready to accept the square as
the unit of area slnce he has had some experience with other
possible units and their limitations. The definitlon of
rectangle, at thils polnt, must be informal because the work on
.angles comes 1n a later chapter.

The two methods of finding the &area 1n the text 11llustrate
the commutatlve property. The square of unit length 1s chosen
‘for convenience; it makes computation simpler. The square with

.side 2 units or 1% units could be used but the computatlon
involved in finding the area would be complex. It might be
1nstruct1ve for puplls to find the area of the rectangle 1in the

'text using the units of 2§ and 1§ In the.work 1in thils

-
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section 1t should be emphaslzed that the basic method of fiading
area 18 by counting. The counting, however, may usually be
simplified by findiné the product of the number of units in the
length and the number of units in the width. Other units of area
are the square foot and the square yard. These are analyzed in
later work in the chapter. The property of rational numbters
illustrated ir this section is the commutative prcperty.

. Answers to Exercises 12-3a

1. b. 12

c. %p by %u

d. 15, %? square inches
e. 15% square inches

g. '(4%)(3%) = (g)(%) = %; = 15% square inches

This answer checks with tne answers 1n parts d and e,

2. b. 6
c. %n by %n

d. 30, %% = %? square inches

e. 7% square inches

f. (3%)(2%) = (%)(%) = %g = 7% square inches
*3, b. 20
c. %n oy ~%n

d. 34, %# squire inches
e. 25% square 1lnches

ro(52(82) = BHEY - 252 square inches



4
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Answers gg.Exeréise§\12-3b
1. a. 144 '
2. d. 9
3. «c. The square '3 4nches on a side by 6 square inches
4, c. An infinite number

5. a. 108 square feet
b. 12 square yards
1

6, 8100 square feet, 900 square yards

7. Area 1s 3600 square feet. This is 1less than half the
area of a baqeball diamond.

8. a. 63 dsquare inches
b. 69 square inches

. C. 2#% square inches

d. 50% square inches
11

e. 34I6 square inches

9. a. '190 square millimeters
" b. 1 square centimeter

10. a. 5 c¢m.
" b, 2 cm,.
c. 10 s8quare centimeters

N
11, a. 50 mm,
~ b. 20 mm,
¢c. 1000 s8q. mm.
12. a., © Bsquare units d. Yes
b. 18 square units e. 3.2 + 3.6 =3+(2 + 6)
c. 24 @quarg units
o

‘4 .
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13. a. The larger one has twice the area of the smaller.

‘Tbt\ ’ T
2| 2 |
i
H
3 6
Original . Rectangle with
Rectangle Doubled Length
Co,
2 4 ]
3 B
Original
. 3
Rectanglelwith
Doubled Width
luc No

a. Doubling the length of a rectangle (without changlng the
width of the rectangle) doubles the area.

b. Doubling the width of a rectangle (without changing the
length of the rectangle) doubles the area.

15. Db. Doubling both the length and the width of a rectangle
‘ ~ multiplies the area of the rectangle by &,

16. 2 to 1

¥17. 128 square inches

12-4. Approximation.

Although it is customary to treat measures as though they
were exact in order %o avold complications it 1s advisable to
call attentlion to the fact that all measures are approximate, If
linear measures are approximate then it must be expected that
areas obtalned by multiplying linear measures will also be
approximate. 1In this section, the upper and lower figures for
the area are not computed but the student should be helped to
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realize that the number designating the area is approximate
because it is obtained by finding the product of two approximate
numbers,

Answere to Exercises 12-4

5. a. Area wm 17% 8q. ft., 1%% sq. yd.

b.* Perimeter ® 17 ft., 53— yd.

3. a. Area s 396 sq. ft.
b. Cost = $237.60
y, Area w8 -235- sq. mi.
5. _Approximately 14 pounds i

6. a. Area s 3240 sq. in.
b. Area & 22% sq. ft.

7.‘ Area s 171 sq. ft.

8. a. Floor area s 570 sq. It.
b. It does not matter where the opening is.

9. a. 7%- inches
b 1
. 95 inches
. al
c. 85 inches
d. 102- inches

e. Tliy square inches

f. 891; square inches

12=5, Rectangular Prism,

Just ab a rectangle is composed of the points on 1ts segment,
80 a rectangular prism 1s made up of the points on its faces, 1l.e.
on its surface. Thus if a brick is suggested as an example of
this figure, point out that the prism consists only of the surface
of the brick. For this reason we do not speak of the volume of a
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fectangular prism, but the volume of a rectanguler solid, since we
;.define a rectangular 'solid as the set of points cbnsisting of a

3 rectangular prism and 1ts interior. When we speak of the area of
a priém we will be speaking of the area of the faces of the prism,
which 18 the surface area. As in the previous sections, the
stating of a measurement requires both the number and the. unit
uséd, but .any letter in a number sentence stands only for a

- number., A rectangular solid has 3 pairs of opposite faces,

Each face 1s a rectangular reglon.

Models and 11llustrations are necessary to help pupils
visualize a rectangular prism with its 6 faces, 12 edg-s, and
'8 vertices. The approach 1is frankly intultive. However, once
1t has been agreed that the‘faces are rectangles, thls can be used
' to deduce the fact that opposite faces have the same measurements.
For'example in the foxlowlng figure:

H @

|

i
pL—t c

|

F

i

E_ ~ T T T —=7F
A B

EF and AB have the same length because they are opposite sides
. of rectangle ABFE, 5
AB and CTD have the same length because they are opposite sides

of rectangle ABCD. .
CD and OH have the same length because they are opposite sides
of rectangle DCGH. o

Thus the four segments AB, GD, EF, GH all have the ‘same
length, Similarly AE, DH, TG, and BF have the same ‘length
and AD, EH, F&, and BC have the same length. This shows
that any ‘two opposite faces have the same measurements;

- The intersection of two adjacent faces 1s a line. The inter-
section of three faces 1s a point. :

o ‘ 30
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‘Answers to Exercises:- 12-5

_ These exercises will probably be difficult. not because of
the;érithmetic,,which is easy, but because 6? the spacial
visualizing required. It is suggested that in doing these
‘problems each}pupil keep’a box or other model 1n front of him to

' help him visualize the problems that are presented. Except for
the difficulty of-visualizing, the problems are applications of
work on rectangles in the last section. [There 1s further drill
on change of units. »

" In discussing the choice of a unit of volume bring out that
wts edges are units of length and 1ts faces units of area, while

_1ts 1 interior is the unit of Volume.

1. 'ABCD and’ EFGH, or ADFE and BCGH, or ABHE and CDFG.
5. ABCD and DCGF, or ABCD and ABHE, or BCGH and DCGF,

" .or ADFE and ABHE, etc:
3. a.B’B, ¢, ¥, ®H, AD, DF, EF, XE, ¥, CG, HG, BH

‘are all edges. v
b. There are 12 edges on a rectangular prism.

4, (AB, DC), or (AD, EF}, or (RE, BH] etc.

5. a.A, B, C, D, E, F, G, H, are all vertices.
b. There are 8 vertlces on a rectangular prism.

6. AB =2, EH =2, FG = 2, DF =4, RE= 4, BH = 4,

, HK5=3, FF=3, HG=3.

12-6. Area of a Prism.

The area of a prism 1s the sum of che areas of the six faces.
It is a simple matter to demonstrate the reasoning used to
construct the formula for “he area of a prism by finding the areas
of the faces and finding tne sum of these areas.

"Answers to Exercises 12-6

1. 166 square inches

2. 152 square 1nghes

31
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: ~ .- \ B
”3. 230 aqnare feet, 258 square yards

4. The area of the plece of glass is 200 sq. in., or 138
= 8q. ft. The area of the wooden box is 1100 sq, in.,

7%5‘ Sq. ft-

5. a. 180 tiles
b. 720 tiles

6. 396 /Bquare feet. It does not matter where the windows
are placed. ' ‘

7. 3 quarts of paint

8. 312 1inches, 26 feet, 8% yards

9. a.a square
b. 1944 square inches of wood
C. 13% square feet

#10. S'= Mlw + 2hw + 2.4n

12-7. Meaning of Volume.

The concept of volume and the sizes of different units of
volume rieed much reinforcing. Models of cubic inches will be
censtructed but models of cublc feet and cublc yards are
necessary also and practice in estimating volumes 1s helpful. A
framework for a model of a cubic yard can be. formed ‘from 12
Yardsticks. Most adults are astounded at the size of a cublc

. yard when they see one. One teacher had students bring in
——--cardboard cartons that could be cut to the size of a cublc foot,
and then assembled a model cubic yard from 27 of these boxes.
- Grocery cartons which are partitioned by cardboard dividers may
"help pupils visualize the subdivision of a volume into units.

Answers to Exercises 12-7

Except for Problem 2, the problems of the set should be
done wholly in class. It 1s extremely important that the pupil
see and be able to visualize that the effect of doubling the

4o 32
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. length of a rectangular prism amounts to laying two prisms end to
 end, both just like the original one. Similarly, doubling two of
.‘ thé.megsurementS‘amounts to putting four such prisms together and
doubling all three measurements is equivalent to putting eight
such prisms together. It 1s this visualiperception, not a
counting up of the cubes used, that 1s really significant. Also
the models .formed here show nicely the layers of cubes which are
‘used in the next development. '

1. Cublc foot - volume of a cube each edge of which is 1 ft.
Cubic yard - volume of a cube each edge of which 1s 1 yd.

3. .24

The number of cubes for each of the new solids created in

parts (b), (c), and (d) 1s Just double that in the original

solid.
5. a. Doubling one measurement (length, width, or height) of
any rectangular prism doubles the .volume of the solid.
b. The ratio is I .

6. b. Ratio of the number of cubes in the new prism to the
number in the original prism 1s % . That 1s, there are
4 times as many.
c. The result would be théeé same if any two of the measure-
ments are doubled. '

Te Doubling any two measurements of any rectangular prism
quadruples the volume of the solid. (1.e. multiplies 1t
by 4) -

8. b. There are‘eight times as many cubes in the new flgure.

That 1s, the ratio is 7 .

9. a. Doubling-all three measurements of any rectangular priéﬁ\
' ylelds a prism whose volume is 8 times that of the
original solid. The ratio 1s’ % .

33 .
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12-8. Volume of 'a Rectangular Solld.

If the studept has gained the visual concepts with which he

'worked in.the last sectlon, he should readily see that the

. volume of épy rectangular solld may be found merely by multi-
plying the area of the base by the helght. Once this idea *s

| ‘estabnshéd,\\t should be relatively easy to see that the volume
may also be found by multiplying the measures of the length,
width, and helght because the base is a rectangle. Emphasis
should be placed on the fact that any of the faces can be used as
the base of a rectangular solld. Here is an opportunity for the
teacher to review the commutative and assoclative properties of
rational numbers as 1s indicated in the paragraph preceding
Exercises 12-8b.

Answers to Exercises 12-8a

These problems have all been designed to emphasize the
relation symbollzed by the number sentence V = Bh, They have
. been dellberately chosen in such a way that the actual shape of
. .. the base is not -known in any of them. This 1s to lay the
foundatlon for the discussion later of volumes of prisms and
cylinders, as well as the specific case of .the rectangular prism
which 1s discussed next.

1. 85 cu. ft. (approx.)
2. 20 cu. ft. (approx.)

3. a. The number of cubic units of volume in a rectangular .
solld 18 the product of the number of square units of
area In its base and the number of linear units in 1its
height.

b. V = Bh

4, 2 ft. (approx.)

5. 20 s8q. ft. (approx.) ,

6. Volume of the room is 1600 cubic feet. (approx.)
30 children require 1500 feet, so that 30 children is
a legal number,
Greatest legal number of children 1s 32.

34
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Answers gg_Exerciseé\lz-Bb
A\

"1, 24 cu, fti
2. 1260 cu. in.

3. a. Area =187 sq. in. b. Volume = 748 cu, in.
4, 9 cu. ft. ' \

B , : . ' \
5. a. Volume = 81 cu, ft, b, 3 cu. yds.

6. The number of cublc units of volume in a‘rect gular prism
18 the product of the numbers of linear units im the length,
width, and height,
7. V= 4wh

8. a. The number of inches in each edge of a cubic foo
12, so the volume i1s V = 12.32.12 = 1728, or
1728 cu. in, o
b. There are 27 cubic feet in a tublc yard.

9. a. The volume is 27 cubic inches.
' b. - This volume 1s larger thyn 3 cubf{c inches, :

10. %- inch.

1. b. 10,080 cubic feet.

12, b; Volume =.120 cu. in.
' e The ratio of the volume of the new box to the old

-

8

is 'i't
13. a.  Volume = %; cu. in, or 3% cu, in.
b. . Area of one face'=,% sq, in. or 2% square in.

'Ic. Surface area =-%1 sq. in. or 13% sq. in,

14, 3520 cu. ft.

Answers gg_Exerdises 12-8¢

1. Weight = 6000 1vs. or 3 tons.
2. a., Volume ® 189,000 cu. ft. b. 7000 cu, yds.
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3. Weight nf gold 18 2250 1bs, The men can 1ift 2000 1bs.,

so they could not 1ift the chest.

4, a. The tank contains approximately 2880 cu. in. of water.
b. Approximately 12%% gallons of water.

5.. 8 cu. inches. ‘
6. The number of 1bs. of water = 390%.
7. 2 minutes.
8. 64 cublc inches.
9. Volume = 183% cu. in,
*0. Depth = 1F ft., or 18 in.

Answers to Exercises 12-8d

1. 154 s8q. ft. of carpet. Volume ‘& 1386 cu. ft.

. 2. Volume of the pantry is 498 cv. ft. or 18% cu. yd.

3. Doubling each dimension makes the new volume 8 times the
‘ _ original. The motor should have 8 times the power of the
i, ) original motor.

| 12-9. Dimensilon.

In the discussion of dimension some of your better'pupils
may ralse the question of describlng the .location of the sugar
in other wdys than by motlons parallel to the edges of a room.
_QhFor example, in the second flgure 1ln the sectlon urder Dimension
1t may be suggested that the fly at A might simply point out
the'direction of S and tell his friend to crawl a certain dis;
tahce in that direction. This 1s an excellent i1dea. However,
note that these directions still call for two numbers, one
describing the angle telling the direction in which the fly 1is to
crawl, and the other glving the distance he must crawl. A preclse
definition of dimenslon 1involves very substantial difficulties
‘beyond the scope of thils course, but you willl find that any
"reasonable" way of describing locatlon of points in the different

i

l
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‘éetﬁ will use the same nﬁmber of numbers 3n the description, so
that the concept of dimension has meaning.

LA point has 0 dimensions.

Answers to Exercises 12-9

dim,

1 dim. £, 3 dim. k. 3 |
b, 2 dim. ¢ g. 1 dim, 1. 3 dim.
. e. 1 dim., h. 2 dim. m. 2 dim.
~d. 2 dim, i. 2 dim, n. - 3 dim.
2 dim, j. 2 dim. |

Answers to Exercises 12-10

t‘l.. a. g%l cd. in."or 57% cu. in;

b. Yes.
c. Often there is a roof-shaped top containing the pouring

_ spout but. not filled with milk,
2. Less %han a quart by 2%% cu. in. (Volume of container 1s
#g% cu. in.) ’
3. The VOlume may be the same but if the materlials are
different the weights may be different The old saying
~ 18 roughly true for water,
-4, a, 64T§8 ‘cu. in. or s 65 cu. in. (Remerber, however,

that this result is an appreximation. The form implles
a precision which is not achieved.) *

b. 67% cu., 1n., or 8 67 cu. in, -

c. No. '

5. a.. 355% cu, in., or s 55 cu, in,

b. ‘33% cu, in., or & 34 cu, in,
c. The box holds about 1 cu. in. more than it shoulc.

6. Presumably in measuring dry quantities such as berries and
the like, there are air spaces not filled with anything. The
probem is resolved by increasing the total volume which is

" to be called a quart.

37
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S Ts o7
'~ 8. a bushel costing $3.50

9. Since 1 gal. = 231 ‘cu. in., then 33 x 3% x h -2

Y

%10, 3 in, by 7 in. by 11 in.

b

_ 12-12. Chapter Review.

Answers to Exerclises 12-12
: 1. a. 117 square feet
L b. 2%2 square feet

2, a. 833 cubic inches

b. 1%92 cubic feet

3. a. 3750 square feet
b, - 84 square feet
c. 3666 square feet

4, a, . lgé cubic inches

b. %? square inches

5. a., 6
b. 8
c. 12

6. 336 square inches

. T. $729 B
8. a. 178 syuare feet
b. 140 cubic feet
9. a.
o
e
d.
e,
f.
&
10. 261 f& gallons

WP FE YWD
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f;12-13'w Cumulativehﬂeview.

“

e Answers to Exercises 12-13
1, ".There are none. This is the empty set.
2. 0, 24, 48, 72, 96, 120, etc.

. ' 3. “a. False
b. True
c. Falpe

5, {1, 2, 5, 10, 25, 50}

5. ‘a. XXIII
b. XIX

6. (1, 2, 4}
7. 361.25 miles
8. a. 3>l0 |
b. 13 < 15 <K 17
9Q_ $216 }
10. a, b, and ¢

11. a. Surface Area 1is about 190 8q. in,
b. Vv & 150. Volume is about™ 150 cu. 1in.

) 12. a.

b. A s 8%2-. Area 1s about 811.-2 8q. 1in,

¢
-
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13. a. The set of whole numbers greater than O and less
than 10.
b. % -~ famlly including both parents and children.

14, a. Point ¢C C. CD
<>
bp. BF d. BF

e. The empty set

15. a. 8% in. b. 8% in. Co. 8%% in.

Sample Test Questions for Chapter 12

Teachers should construct thelr own tests, using carefully
selected items from those given here and from their own. There
are too many questlions here for one test, Careful attention
should be given to difficulty of items and time required to
complete the test.

Multiple Cholce, Completion, and Matching.

1. A hallis 6 feet long and 25 feet wide. How many
square yards of carpet will cover 1¢?

a. 17 d. 5%
(b) b. 1% ,
c. 15 e. None of these

2. The interior of a 4 inch cube 1is:
a. The same as 4 cu, in.
b. Smaller than 4 cu, in.
(¢) ec. 16 times as large as 4 cu. in.
d. 4 times as large as &4 cu. in.
e. None of these

3. All rectangies with perimeters cf 20 inches:
a. Have ths same Interlor measure.
b. Have 1:unterior measures that increase as the base
increases in length,
C. Have interior measures that increase as the height
Increases in length.




(e) d. Have the same interlor measure .5 a square wlth a
20 inch perimeter. "’
e. None of these.

4, 2 cu, ft. 1s equal to:
a. 24 cu. 1in, d. 18 cu. yd.
(b) b. 3456 cu, 1in. e. None of these
c. 266 cu. in.

5. Choose from the right-hand c>lumn, the term whilch best
descripes each term in the ..ft-hand column and write 1ts
p number on the lilne.

2, Face of a cube (1) 1. Ray
b. Side of a rectangle (2) 2. Line segment
. Coe Side of an angle (1) 3. Point
d. Intersection of edges of a 4, Iine
rectangular prism (3) 5. Plane
e, Face of a rectangular prism _(6) 6. Rectangle
) 7. Square

6. A rectangular prism has (62' faces, (12) edges, and
(8) _ vertices. :

7. The interior of a rectangular prism 1s (3) dimensiocnal
while any one of 1its faces 1s _(2) dimensional.

8. If the length and width of a rectangle are doubled, the
interior of the new rectangle 1s _(4) times that of the
original one.

9., If the length and widtht cr a rectangle are doubled, &
perimeter of the new rectangle iz (2]} times that of the
original one.




10.

1.

12.

1k,

15.

16.

Which of the units in the right-hand column would be the bes
to use to measure the thing listed in the left-hand column?
(A unit may be used more than once.) Write the number of th
unit in the right-hand column on the line in the left-hand
column.

a. Air space in a room _(4) 1. Degree
b. Linoleum needed to cover 2. Foot
& shelf (3) 3. - Square foot
c. Amount of water in a small 4, cubic foot
agquarium (4) or (9) 5. Mile
d. A clothes line (2) or (7) 6. Square mile
e. Space in a refrigerator _(4) 7. Yard
f. Ar angle (1) 8. Square inch
9. Cublc iuch

The position of any point on a line can be described by

gll number(s). The position of any point on a plane
surface can be described by _(2) number(s). The position
of any point interior to a solid can be described by

(3)  number(sj.

Jim has 26 feet of left-over fencing to use around a
small gard: Give two different sets of dimensions he
could use. Find the area of the garden in each case,
(Any two lengths that add to 13'. Areas will vary.)

rectangular prism is 8 ft. long, 2 ft. wide and
3 ft. high. The area of the largest face 1s _(24) sq.
ft. The volume of the interior of the prism is _(48)
cu, ft.

An ares 1s found to be 18 sq. ft. This i1s the same as
(2592) sq. in, or (2) sq. yd.

a, Drav : rectzngle 2§ in. by 3 1in,

b. Find the perimeter of this rectangle. (10%")

c. Find its area. (Yé sq. 1in.)

A sand box is 3 feet wide and 4 feet long. How many
cubic fee’ of sand are needed *to f11l the box to a depth

of 10 1in.? (10 cu. ft.)

n



17. An aquarium is 14 inches wide, 22 1inches long and holds
12 gallons of water., How deép 18 the water?
(1 gal. = 231 cu. in.) (Answer: 9 1in,)

%18, A rectangular playground is 180 ft. by 330 ft.
a. What is its area in square feet? In square yds,?
\\ (59,400 8q. ft. =~ 6,600 sq. yd.)
) b, What 1s 1ts perimeter? (1020 ft.)
Ce. What would 1t cost to put blacktop on the playground
at 90f¢ a square yard? ($5,940)
d. A fence 1s to be put around the two short sides and
one long side of the playground. What would this
* fence cost at $2.25 per foot? ($1552,50)

19. A chest 18 30 1inches wide, 2 feet high, and 5 feet
long.
8. Find the area of the surface. (55 sq. ft,)
b. A small can of staln will cover 30 s8quare feet, I8
one small can enough to staln the top and sides? (No.)
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Chapter 13

ANGLES AND PARALLELS

Introduction

- This chapter 1s primarily concerred with classificatlon

" and measurémeht of angles. The vast two chapters have empha-
sized the need for standard units of measurement in finding
lengths, areas, and volumes. Here we find a need for a standard
unlt to measure angles and Introduce the protractor as a tool
for such measurement.

N Each youngster should obtain“or be glven a protractor, and
adequate. time should be spent to 1insure proficlency wilth this
basic tool.

Laboratory-type experiment; are iniroduced in this chapter
and continued throughout Chapter 1%. Students enjoy this type
of experlencae provided emphasis is piaced on having them
“discover" .elationships by thelr ®wn observations. Do not reduce
this interest by telling them the answers, Furthermore, do 15t
leF them Jump to hasty conclusions wilthout adequate observations.

13-1. Measurement of Angles.

In Chapter 7, the puplls have been infroduced to the
concept of angle as the set of point§§on two 13ys wlth a common
endpolnt. They have learned to descrlbe the pos!tlon of a polnt
as belng on the angle, In the interlo. of the angle, cr 1n the
exterior of the angle. The measurement of an angle follows
essentially the same 1ldeas as the measurement of a line segment;
“that is, (1) the unit for measuring an angle must be 1itself
an angle; (2) the interlor of the angle 1s subdivided by draw-
ing rays which form angles like the unit angle; (3) the measure
of the angle 1s the number of unit angles into which it 1s sub-

-dlvided.

b5
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This section provides another opportunity to stress the
congept of measurement and the need for stancdard units of
measurement. Thus, time should be taken In class to discuss
the use of an arbitrary unit angle 1n measuring an angle.

The standard unit, the degree, and the scale for measuring
angles 1In degrees, are Introduced. The unit angle 1ls deter-
mined by a set of 180 rays which form 180 <cotgruent angles,

~-gach of which 18 an angle of one degree. The scale 1s establishe

by numbering the rays in order from zero to 180.

The most common type of protractor shows the scale only
from O to 1380, and usually contains two such scales, one
with O &t the right end and the other with O at the left
end of the semicircular scale. Each pupil should have a pro-
tractor and should become proficlent in using it, both to measure
a given angle and to draw an angle of a specified number qura
degrees.

Students will need a great deal of practice in the use of
a protractor if they are to hecome proficient in using it. It
might prove wise for the teacher to prepare sheets with numer-
ous angles whose measure the student 1s to estimate first and
then find with a protractor. After some practice, the class
should be able to use protractors tc measure the angles of a
triangle,

Stress the use of the word congruent; that 1s, angles
with the same measure are called congruent angles.

Mote the correct pronunciation cdn-gruent.

Answers to Exercises 13-1a

- —>
1. /. CAB; £ BAC 2. RC, AB
3. The vertex of the angle.
b, P 2. R 2, C, A, or B

b6

()}



page 7T7-81: 13-1, 13-2, 13-3

Answers to Exercises 13-1Db

. [ .
1. 15 - ko 90 7. &0 0. d5
~ 2. 35 5. 100 3. 145 11. 140
3. 60 6. 25 9. 4o 12, 05

Answers to Exercises 13-lc

1. [ A=250°, LB=290°/c=120°/,D=175°,E = 100°,
LF =60° LG = 130°, /L H = 40°.
2. 35 4, 180

The concepts of this section can best be lllustrated by
using two objects, such as yardsticks or pointers to represent
lines in space. Show that these llnes can intersect, be
parallel, or be skew. If they intersect, then they must lle
in a plane. (See Chapter 4, this 1s a good place to review the
terminology of non-metric geometry.)

In the drawing,AZ and.ﬁ% determine four angles. The two
angles which are not named in the text are angles EAB and

DAC.

13-3. Adjacent Angles.

As you develop the concept of adjacent angles, 1t 1s wise
to glve examples which violate each of the listed requirements.
For example: '
~A
LABD 1s not adjacent to Z ABC;
Their interlors have points in common.

b7
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L ABD 1is not adjacent to [/ DEC;

B
They do not use the same point
for a vertex,
\\\ P L ABD 1s not adjacent to /[ CBE;
,ﬁ;;‘\ They do not have a common ray.
A/’/// S~ '
D £

pAagwse - “- Yxercises 13-3

1. In Figur: 1. L EAD, [ Dbac, L CAB, [ BAE.

In Figure 2: L YXR, [ RXH, L HXW, [ WXY.

2. C.
3. a. They do not have a common vertex or a common ray.
b. They do not have a common ray.
b, a. L1, L2 b.
L2, L3
L3, Ly
L4, L5
L5 Lo
L o, L1 —
u8
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D - E
c. [ ABD, [ DBE; [ DBE, [ EBC; [ EBC, [ CBA;

L CBA, £ ABD.

13-4, Vertical Angles.

It is important to spend some time to point out clearly the
distinction between vertical and adJacent angles. A number of dif-
ferent ways to classify palrs of angles will be developed 1n this
chapter and one must be careful that atudenfs do not become cori-

_ fused wich the terminology introduced. The palrs of vertlcal
_angles in the figure are L AED and LBEC, LAEB and LDEC.

Answers to Exercises 13-4

r 1. b. 2. No. One of the requirements for vertical angles
states that they cannot be adJacent angles.

3. / COF, [ EOD
. [ poOC, ., BOD

[ ACE, [, FOB

4, L -FOA, [/ BOE
L COE, [/ FOD

L AOD,F [ COB
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13-5. Supplementary Angles.

In developing the concept of supplementary angles be certain
that the student recognizes that these angles need not be ad-
jacent. Thus, in the figure, [BAC (30°) and [CAR (150°)
would be supplementary even 1if they were not adjacent. It might

! be well to polnt out this distinction through the use of such
figures as the following:

(a) //// Supplementary angles which
t ad .
130 //g; are not adjacent
(o) : Adjacent angles which are not
supplementary.
(e) Supplementary adjacent angles.
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Answers to Exercises 13-5

-
‘ 1. mlAa=38 m/ D= 120
m /L B= 90 m/lE= 55
m/lc =130 m/lF =95

2. 180, yes, no.
If the unilon of the interilors of two adJacent angles
and thelr common half-line 1s a half-plane, then the
angles are supplementary angles.

3. (a), (d), (e). (See answer to Problem.2)
4, [ caB, L BAE; L BAE, L EAD; { EAD, L DAC;

/. DrC, L caB.

T. 12
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13-6. More About Vertical Angles.

In this section, you will find the first of a number of
experlments which will be presented in both this and the next
chapter. Allow time for the students actually to perform the
experiment In class and let them make theilr own discoveries
if at all possible. Stress the fact that tnls 1s & laboratory
experiment, which might be carried on in a science room, but
which does not constitute a proof. (The conceot of proof will

be 1llustrated in the next chapter.)

Answers to Exercises 13-0

1. c., Lx and Ly are vertical angles.
2. a. 130 d. m /. x=130 -m/ly
b. 80 m/ z=180 -m/ y
by subtracting mfly
from 180. e. m/ x=mn/l z

13-7. Right Angles.

Two lines are sald to be perpendicular if they meet so
as to form a pair of congruent zdjacent angles. It is important
here to review the meaning cf the words "congruent" and "adjacent"
so that this definiction becomes clear. The term "perpendicular"
1s also applied to line segments and rays. However, as 1t is
generally used in this chapter, the word "perpendicular" will

'

refer to lines.
Angles asre classified as acute, right, or obtuse, accord-
ing to thelr measures. The student should galn practlice in
estimating the number of degrees in an Jifle by comparing it
with a right angle. 1In Exercises 13-7c¢, \lt may be well to
have the students estimate the measure of éach angle gilven in
Problem 1 before asking them to find the measure with a pro-

tractor.

O
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Answers to Exercises 13-7a

(Class Discussion)

1. See Section 13-3: their interiors havez no point
in common, they use the same polnt for a vertex,

they have a common side.

2. They are supplementary.

3. No. (See discussion in Teachers Commentary =-- Section
13-5)
4, No.

Answers to Exercises 13-Tbt

1. a. Drawing 3
b. Drawing 5 (3 and 1 could be so interpreted also)
¢c. Drawing 2
d. Drawing 1
e. Drawing ©
f. Drawing &

2. a. 1380; they are supplementary angles.
b. equals; perpendicular lines form congruent angles,
by definition.
90
d. vertical; vertical.
e. 90; vertical apgles have equal measures.

~ .
Answers Exercises 13-7c

1. a. The right angles are LB and [E.

b. The acute angles are / A and [ C.

c. The obtuse angles are LD and LF. i
2. La=27° LB=290° [LCc=237° (LD-= 100°,

L E=90°, LF °,
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3. a. 0, 90C
b. 30,

4, a. Obtuse angles: [ BAF, [ BEG, . BAH

Acute gngles: /. BAC, (. BAD

Right angles: [ BAE

b. Acute angles: L EAD, L EAC, [ EAF, { EAG,
L EAH

Obtuse angles: none

Right angles: / EAB, { EAK

¢. Right angles: [ KAE
Obtuse angles: { KAD, L KAC
Acute angles: L KrH, L KaG, - [ KAF
\
5. a. [ ABC 1is acute LIML s obtuse

LEDF 1s a right angle /PRN 1s a right angle

[ HKG 1s acute / QTS 1s obtuse

b. See part (c)

e. LB=10° [LD=9"°, [LK=o05, /M=115°,

1l
—
(9%
o

LR=9° [T

13-3. Three Lines 1in a2 Plane.

Review the concepts of Section 13-2 about two lines in a
plane. Then, let the students dlscuss the different ways 1in
which three lines 1n a plane may Intersect.

7 5k
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It will prove helpful for the work of the remaining part of
this chapter to make a demonstration model constructed of three
flat sticKs free to turn on pivoted connections as follows:

13-9. Corresponding Angles.

It is important, in this section, to identify correspond-
ing angles clearly. 1In doing this, be sure that 71: L.
you present some examples in which the lines —”’/”’
are not parallel. Thus, / 1 and Lz /
are corresponding angles, but 2/1 and £2 Y/
are not parallel lines. "2
If an overhead projector 1is available, by al’ means use
1t for this section. On one piece of plastic film draw (with
china-marking pencil) line ;Z, point A on ¢, and trars-
versal t. On another pilece, draw line m. By superinwosing
the second plece on the first and projecting the lmage on the
chalkboard, line m can be rotated to different p-zitions thrcugh
Point A and observations as to angle measures and intersections can
be tabulated on the chalkboard. Since the figurc 1s projected
on the chalkboard, marks may be erased wilthout obliterating the
figure. v '
v

Answers to Exercises 13-9

1. c. :

¥
2. L a, Le; Lec, Lg; L, Le; La, Ln.
3. a. The intersection of the two angles 1s empty.

b. Their interiors are not on the same side of the

transversal.
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. &

¢. Thegintersection of the\two angles is a segment not :
a ray. "

d. Same as b,
e. The intersectlon ofigthe two angles 1s not a ray on
the transversail.
. a. No, two correspondlng angles do not have a ray
In common. i
b. Yes, 1If they 3are right angles. [
Angles 1 and 2 are corresponding g

angles and each 1s a right angle.

5 No.
Yes. m/ a=m/ ¢c = 80 Vertical angles
- m/ d= 100 [la and [ d are supplemen-
tary and m/ d 1s that
number which added to
30 gives 180.
mid=mdce= 100 .z2rtical angles
6. m/ a and m/ ¢ are two names for the same number
m /b, ,
7. a. Yes c. Yes
b. Yes 3. 0; 12; 12; 12.

(Ql,‘ﬂg, anc L3 are transversals because ezcciy llne

intersects %he othe: two lines in distlnct polnts.)

1

13-10. Parallel Lines and Corresponding Angles.

Once agaln emphasis should be placéd on experimentation
as a means of obtéining statements_which appear to be true.
This does not, however, constitute a proof.

A major concept to be developed in this sectlon comes as
the result of Experiment Two.

If a transwversal intersects two lines In such a way that
a pair of corresponding angles have equal measures, then the
lines are parallel.

This fact will be used frequently 1in Chapter 1-.

56
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Answers to Questions in Experiment Two

Yes. (See criteria catlined in Section 13-9.)

«>
Line AF should 1ntersect Rl only 1n the last

case when Angle FiB and Angle . have the same
measures.,

Yes.

Yes; the street which 1s parallel 1s the one at B
which forms equal corresponding angles with the
street at A.

Answers to Exerclses 13-10

(a),(c),(d),(e).If & transversal intersects two lines
in such a way that a palr of corresrunding angles
have equal measure3, then the lines are parallel.

(b), (£).
a. Yes. m/l=m/l?2 Agreed upon
m/l3=m/l?2 Vertical angles have
- equal measures
m/lZ 1=m/l 3 ° They are two names for
the same number, m/ 2.
p. &

No; ﬁl and ﬂz will not intersect. We can show that

a palr of corresponding angles are
equal in measure, as ir. the flgure
120°/ 60°

at the right.
/60°
/1zo° -

P’/ .
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.13-12, Chapter Review.

Arswers to Exercises 13-12

1. mLA=23; m/B=90; m/C=135 m/ D= 62
m/ E = 124,

2. /L A: acute; /[ B: right; /. C: obtuse;
L D: acute; /L E: obtuse,.
. congruent

a
b. 180

¢. measure
d. degree .
€. perpendicular

b4, a. La, [Lec; L b, /d; Lf, /Lh.
b. La, Lb; Lf, Lag; Le, /Ln.
c. l a, L e; Lad, [h; Lb, [f.
d. La, L b; Lb, Lc; Lf, [s.
(There are other possible answers as well,)

D. a. adjacent
b. vertical
¢. adjacent and supplementary

6. 90°
7. mZib=110; mlZec=170; mdld=110; m/l e= 70;
m Lf=110; m/ g=70; m/ h=110.
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1

13-13. Cumulative Review.

Answers to Exercises 13-i2

1. 5102, 108, 114, 120, 126)}
' 2. 1.8

2 0 5 2
3. 8. 73 b. G (or any counting numﬁér) c.x d. 3

L .
4, a, 1 sq. ft. b, 138 £t op 8_ r¢.
;) c
5. a. b. c.
.8 11 _ 33 0.3 _ 0.06
6. 8'127>I6 b. i) C'W—m
7. a. 0.8 b. 6.0 c. 0.7 d. 0.1
8. 11 ft.
9. 1 yd= 0.9 meter
3 mile = 880 yds. The difference is about 770
yards.
1500 meters = 1350 yds.
10. a, C c. the empty set
b. BD d. [ DCE

e. acute vertical angles

‘..
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Sample Test Questions for Chapter 13

Teachers should construc' thelr own ‘ests, using carefully
- selected Ltems from those given here any from items of their
own. Careful attention should be given to difficulty of items
and time required to complete the test.

(Tr) 1. Perpendicular lines always meet so that two rays
with endpoints at the poilnt of intersection rform
right angles.

- (F) 2. The measure of ar obtuse angle 1is smaller than that

of a right angle.

{F) 3. Vertical angles are always supplementary.

(F) 4. AdJacent angles are always supplementary.

(T) 5. All right angles are congruent,

(r) 6. When @ line intersects two other lines in two distinct

' poilnts, 1t 1s called a trunsversal of those lines.

() 7. If two lines intersect at a point, the non-adJjacent
angles are cailed vertical angles.

(.) 3. If two supplementary angles have the same measure,
they are right angles.

(F) 9. The sum of the measures of two Supplementary angles
is 90.

(T) 10. Corresponding angles have interiors on the same

side of the transversal,
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Multiple Cheice

{8) 1. If in the same plane a transversal intersects two~11nesb
’ and the curresponding angles are congruent, then the

two lines are .

{a) parallel lines.

(b) skew lines.

(¢) perpendicular lines.

(d) 1intersecting lines.

“a) none of the above answers 1s correct.

(b) 2. In the figure shown at
the right, how many

transversals intersect '
lines m and n?

(a) 1
(b) 2
(=) 3
(a) &
{e) 5

Questions 3 - 6 refer to
the figure below.

(a) 3. Which angle forms a palr of corres-
ronding angles with angle e ?
(2)
(b)
(c)
(d)
(e)

(a) &, Lines x and y are parallel if .

[

o a o o

(a) angie a 1s congruent to angle

(b) angle c 1s congruent to angle e.
(c) angle b 1s congruent to angle d.
(d) angle e 1s congruent to angle a.
(e) angle a 1is congruent to angle b.
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5. Lines x and y are not necesserily parallel and
~1f the measure of angle e 1is 100, the measure of

angle ¢ 1s . . .

(a) 100
‘(b) 380
(ec) 20
(d) 10

(e) unknown

6. An angle adjacent to angle a 1s . . .

{a) b
(b) d
(¢) e

(d) angles b, c, and d are all angles adjacent to
angle a.
(e) angle c¢ and angle e.

Using the figure at the right,
predict whether lines w and. =z
Will be parallel or will inter-
sect. If they intersect, incdicate
which side of t (above t or
below t) the intersection will
occur. Fill in the space which
correctly completes the following statements. (Do not
write on this paper. Indlcate answers. on answer sheet,)

intersect 1intersect - be
above ¢t below ¢t parallel

7. If m/ a=75

and m/ e = 7hb, then

—~~
~—
—~
<
L

the llnes will ( )

3. If m/lZ b= 100
and m/ e = 30,
then the lines will ( ) ( ) ( X))

9. If m/ c= 120

and m / g = 100

then the lines will ( ) (o) ( )
62
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10, If mLid=s 60
and mil e = 80

then the lines wili - ( ) ( x) ()

intersect 1ntersect be
above t  below Gt parallel

Completion

1. ~ An instrument used to measure an angle 1s called a

(protractor) .

2.  An obtuse angle 1s one whose measure is between
90 and _ 180 .

K
v 28

Tn the diagram above A
3. What is the measure of / FAG? (35)

y, Name a right angle. ( / HAB or / MAH)
5. Name an angle which 1s supplementary to / MAC. ( / CAB)

6. ' Name an angle which is congruent to L DAB. ( L MAG or
/. GAD)

7. What is the measure of / MAD? (120)
8. What is the measure of / HAD? (30)

9. Name an angle which has a measure of 3¢. ( / HAD or
, L HAG)

10. Name an angle which 1is supplementary to /. FAM. ( / FAB)
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Chapter 14
S~ POLYGONS AND PRISMS

"rnformal geometry" as presented in this chapter, 1s
concerned with the discovery of geometric principles through
experimentation and, where feaslble, the verifilcation of emplrical
conclusions by deductive reasoning. Students perform as
sclentists in collecting data and then perform as mathematiclans
in the analysis and interpretation of the data they have obtalned.
Datn needed to formulate a statement of a geometrlec property are
‘obtained by measurement, with protra;tﬁ?,;;gzuler, or by super-
imposing one flgure on another.

Puplls are introduced to the use of deductive reasonlng as
a method for ascertaining what 1s true about a geometric flgure,
drguing from previously stated principles and definitions. We
reserve for a later course the systematlic organlzatlon of geometry
as a peductive system, starting with postulates and undefined
terms, and developlng theorems and definitions on this basis.

The specific purposes for which this chapter was planned
are these: : . :
1. To introduce certain geometric concepts and

relations as 1ist 4 below. V

2. To glve the pupils experience in verification of
experimental results by informal deductilve argument
on the basis of previously stated principles,

\

The major toples are: AN
1. The meaning of a converse.

2. The z2ngle and side relationships 1n a trilangle.
3. The angle and slde relationships 1n a parallelogram.
4, Areas of parallelograms and trlangles,

5. Definition and volume of a right prism.



Some General Observations and Suggestions.

As in other chapters, precise terminology 1s emphasized
throughout the text material., It is necessary to make this
emphasis. because many of the words that are casually used by
elghth graders -are not as clearly understood by thelr users as
we hope. At this level, the consequences of casual language are
not always serious but may become so as students proceed in their
mathematical studies. All of the terminology developed in
previous chapters should be used whenever such usage clarifies
and simplifies geometric statements. On the other hand, care
should be exercised that in our attempts to be as exact as
possible, we do not make a complicated thing out of what may be,
essentially, a very simple idea. To avold this situation, it 1is
suggested that meanings be given first in words of common usage
and then in more Precise terminology. The trznslation from
common usage to preclse usage thcn becomes an exercise in
analytical th;nking.

Ideally, once a word that is commonly used 1s pre-empted for
a specilal meaning in & new vocabulary,the new meaning must be
.adhered to from that point on. In actual fact, however, it is
often difficult to convince an eighth grader that he should do
this. 1In this case we should accept, for the time being, his way
of speaking, evaluate and discuss the ideas he 1s attempting to
preéent, and then encourage him to rephrase his statements
according to the more precise language.

Since students often learn best by imitstion and habit
formation, it is suggested that the teacher become thoroughly
famliliar with the new terminology and use 1t at every possible
occasion. Through the. simultaneous use of both the common and
the precise ways of speaking it i1s hoped the student will bccome
more and more proficient 'n the latter and grow to appreciate
its value until he eventually uses it ar a matter of course,

The chapter includes a few deductive developments of a more
or less informal nature. Jie of the probiems arising in such a
development 1s that pupills usually fail to appreciate the need
for Justifying statements with reasons previously adjudged
(ii?eptable to the group as a whole. One proposal that might

——
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. impress them with the fact that only previously stated and
accepted properties, definitlons, and reasons should be used 1is
-to suggest that football and basketball games would be much more

interesting 1f in each game the rules were changed without
;consulting anybody and that new rules be made up as the gaume goes
along! It might be an interesting game but hardly a falr one!}

An occasional reminder about "making up rules as you go along"

is usually sufficient to make the point desired. '

Frequently students are asked to make a general statement
about a property or the results obtalned through experiment. In
the text such statements are partlally written so that the
grammatical form of the statement 1s suggested without hinting
too strongly at the mathematical 1deas involved. Before
.considering these, students should be encouraged to formulate
thelr own statements of principles and properties but such state-
ment& should be very closely examined to ensure that the meaning
1s precise and clear. When a statenent seems satisfactory to all,
then show pupils the formulation in the answer sectlion for
comparison. They then may use these statements as models in
future work in this chapter.

As many as possible of the "Experiments" should ve performed
in class so that the number of trials will be sufflclent to
support the conclusions drawn. If 1t 1s not pessible to do this,
those experiments assigned as homework should include an addi-
tional instruction to pepform a greater number of trials than
indicated in the experiment itself. Some experiments require
paper cutting. To avold loss of zlass time, it 1s pcssible in
some cases elther to aasigh as homework whatever cuttling out must

. be done or glve to each pupll the necessary cut-out already‘
prepared.

About a week prior,to the introductica of *tile chapter,

_plctures and articles pertalning to plane geometry could be
h piaced on the classroom bulletin board to arouse curloaily =nud
supplement the historical facts briefly mentioned in the first

o~
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~section. Here are two puzz-'s that will add interest to the
display:

1. Drawing a triangle 1s easy but can you draw a triangle so
that each of che dots lettered A, B and C are midpoints

of its sides?

4
- /
RN
/ o
Ao oC A/v\ _____ >.C
/ \\ / \\
/ ~ / ~
° s__./_—__.___\sl ______ Nee — —
/ B N
/
1188
2,1 &€
2,11 5 /

/

C 2. A very thrifty cabinet-maker wished to constrﬁét a table top
/
two feet square out of a plece of playwood shaped as in the
figure., He was able to do this with only two sawlngs., If

you are as clever as the cabinet-maker, you can do the same,
;




Pictures and geometric dlagrams sultable for posting are :ot
always easy to find but some good ones can be obtained from such
magazines as "Scilentific American', "Fortune", "Popular Scilence',
“Popular Mechanics", "Life", and, of course, some cechnical
magazines. A pattern of "oak tag" paper might be pcsted along
with a completed model for the constructlion of a regular tetra-
hedron as an activity in equllateral trlangles.

_

The followlng hints are glven about appllication: for the

purpose ¢f motlvatlon. These may tLe supplemented by material
found 1n the intrnductory chapters of plane geometry texts that
are available. " ,

There 1S never an over-supply of good thinkers. The world
needs people who can beglin with a body of facts, reléte them, and
think through to loglcal conclusions. In the aircraft industry
there 1s a great demand for workers trailned 1n geometry bhecause
there 1s a consliderable amount of geometric knowledge involved 1n
the construction of an airplane. The maln problem 1s to find out
hew air will flow about an airplane of glven shape moving in a
glven direction at a given speed. From this the 1lifting force
and the air resistance may be calculated. The =sarallelogram of'
forces may be used for a1 1llustration. Tn order to find the
single force equlvalent to two forces actlng simultaneously at a
point we can draw a dlagram like thls in which the glven forces
are represented in magnitude and direction

—_— —_— D
by the segments AB and AC. We 7
complete the parallelogram, and the /
‘dlagonal AD gives the magnltude —
and directionn of the resultant %y//
fgrce. A A

Geometry 1s alsc ‘ised to figure out the forces in an
electromagnetlc field, and why rubber ts elastic, and how an oll

69



page 107-108: 14-1

company should schedule 1lts productlion. In the theory = rela-

tivity and Ln the dealen of agrlcultural experlments completely
Jdifferent concepts of space are used. Today, the physlelst, the
chemist, the blologlst, ths englneer, the economist, the
psycholeglist, and the mllitary strategist use geometry 'in way:s
far removed from suryeying, some ol whichh wore not even dlscusscd

or ureamed of only {'1.'een years ago.

14-1. Kinds of Trilangles.

Concepts to be developed:

1. There are three sets of triangles etermlned according
to tho measures ot thelr slucs,

{a) The s=t . °~ lsosceles triangles has as members
triangl - .. ich have two sldes that are egqual in
wength,

(b) The =et of scalene trlangles Llncludes trlangles
which have no =wo sldes with the same measure.

{(¢c) The ret ol erullateral trlangles Includes triangles

whlch have three sjides equal in length.

2. An angle and a slilde o1 a triangle are sald to be
opposiue each sther 1LY thelr lntersectlon contalns just

vhe endnolnts oi the segment celferced to as the oide,

two sla-n o' a trlangle are equal Ln length, then

&8
.

4
[

the argles opposite thoese sldes have equal ineasures,

. an equllateral uvriangle ls a gspeclal kipd ol Isusceles

triangle.

Students should t;y Lo answer questlons in tne Lext ac oy
reach them and not read ahead ror the answers, Answéym arve
included in the text so that, 1f desired, all or a poruiosn of the
text may be asslgncd Ior readlng ouvside of clas:.

Have a numbor ol soda straws measured and creasa o bel iro
class beglns. Thls exarcisne may ceem easy Lo most puplls tun
even the brighuer S Wil jump Lo Liacorroch oonceluslons aboiil

a straw divided in. cthree pleces of =", 3", ang ", Soda-

ERIC

Aruitoxt provided by Eic:
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straw (lgures glve the class an oppornunlity Lo handle tolang oos {
. \ . L . \ . ) e

in reglons of space other than the chaill od o vhe drawing

paper. Make certaln that the sada-straw CLoures are woieprcisod

to be merely representatvloas ot i
triangles., Thils particular cxer-t

Alul ern o motunl

SUNAE LY T

o}
-
L"

D
deduce that the sum of two Dides of 0 Lzbaaacie musy e freatenr
L I3

than the tnird.

Answers vl Hxercloes L

1. Icosculen

e P A o, . be e es L e S e
3. Scalene, PR 00 B S S O S WV ] e Catiee LergTl
) - Tooane ¢
. a. L5058CcEeLes,
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[
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=
§
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-
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Angwere to Exerc

1. a. m { A m -
b. m LR =
c. m L X

]

m L7

1l

LA HS, L Xx; Y2

ny

4. Yes; every raullateral trlangle has at least two equal sldes.

No; an isnssceies triangle need only have two cgual cides,

l4-2. Converse of « statement.
Concepts to be developed:

1. The converse of an "if -- then' sentence 1ls iormed by

H 3}

reversing the order of the "ir-clause" and the "then-

. clause",
i

L

2. The conversc »f a stateoent may te zrue or falise rogaraless
/
al - . — - - N - R - - :/ . - ot -
of' whether tne origlnal sratement 'Ls tiue or false.
//'/
Suggestions:
It mignt prove helpiui to clarity the meaning of "vrae® or

"Ffalsa' beiore taking up the exercices, Wlithout golng inuo
details of loglc, Lt should te gurllclany to propose that a
Uraige"” statement Lo oL conaldored trae L7 at least one couanter-
exambhle can ve found.

tlres . . -~
"o get ol whole

nunbers 1s cioged under suttraction’ . AS a counter-2xample one
LI - e P - 3 - eyt e ela} e PO | . Pl I - [

might say, "there ts no whole number which added to Tive glves

thres and, therefsre, (2 - 8) Lo net a name Tor oa wooio nanber',

This one sounver-ex, ie 1o all tnat s necdeo o donv tho

quoatacion.  Maphastizoe i e e =R e Lo Yeetded )
s de e - . - . e} e
nonve a4 statoement Talse.
Wl Lo Dnve conntor i o Do onmedd ot shyoow Lnnt Tt

ment Lo Caise, tood deeal moro a
.- =, . o - - t . N 1 v » .
chatement Lo Soor, oot ‘ Lo oW
stucents or w i PEST S the
<
;
e
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end of Sectlon 14-7 a :icometric proot 1s glven Tor the theorem:
An exterlor angle of a itriangle 1s equal in measure to the sum of
the measures of fhe two non-adjacent interior angles of the
triangle.

it 1s Helpful Lo use many non-machematical examples to
develop the concept of a converse. It 1ls also important to
emphasize the fact that the converse of any statement, true or
false, may also be true or faligse, For example, consider the
statement;

If the sun shines,

then I go [or a walk.
Assume thls statement 'ls true. The converse 1is:

If I go for a walk,
then the sun shines,

This converse 1z ncy necessarlily true in that one might walk
even when it Pq}ns!

Have the étudents compose thelr own statements and conversec,
and examine these to test wnhether each 1s true or false,

In foriming converses we sometimes run into diificulty for
grammatlical reasons. Thus there is no probler 1in composing the

folliowing nalr of statements: \
STATEMENT I COMVERSE

If fa and Lt are T L a awd Lt have

right angles, then (f a and : Une same measuroe, Ulee. LA
L b have the same measurc, and (b are rlght angles.

Sme o us wrlte the orlisinal starement Ao oa slightly

Now

different form:

STATEMENT: I twy angies wre »iross anglen, U . Lhey nave Thie

SaLE Seamulte,

I8 tne ¢onvernsa ol o o statement Yoo owoitUenn Lnooauoor
~he procedure outlined o vhis ~hapter, we nhave the Dollowing
CCNVERGE 1: T1owhey hawe The SAamo meas ire, Nhen W algplol anre
right anglies,
In this Corm, the word Tuhey” may coowe 00ty '
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interpretation of the sentence. 7he word "they" refers to the
rlght angles, but the converse would be in better grammatical
form 1f w1lttg@ as follows:

CONVERSE 2: If two angles have the same measure, then they are

) right angles,

The pronoun "they" caused no dirfficulty when it appeared In
the original statement. There the clause contalning tne ante-
cedent came before the clause contalning tne pronoun., In
converse 1 the clause containing the pronoun came {irst anl it

1s not clear what "they'" refers to.

In this section we do not call the studeni's attentlon to
thig source of'difficulty but expect him to clarify rthe converses
he foqmulates by.making sultable grammatical adjustments.

The difficulty occurs in a slightly different way in such
statements.as:

STATEMENT : If two llines are parallel, then the lines do n

@]

have a polnt 1in common.

CONVERSE 1: If the lines do not have a polnt in common, then

two llnes’are parallel.

Here no pronoun occurs, but the expression "the lines" which
v , . {
occurs 1n the second clause ol the statement has oy its BpLoe-

1

cedent the expresslon "tw ilnes'" which occurs in.the [lirst

clause. The difTizulty is rolved by writlng the converse as:

CONVERSE ¢: If two lines do not have a point in common, then the

1in€s are pe llel.

The problem can be compl

<

vely avolded by suuntlouting oo

tne statement che {following:

- . 7 R . .
I 2ines £ and  x are parailel, shen Lineo Y4
and m o do not s e a paint inocommoar.
The converseoe can thoen Lo Soraed Ly aurtet adhoerense o Lho
rul. glven in the as
ir res 0 and i s hmee aonnint Lo oommar
then Linee ¢ and m are paralicl,
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Answers to Exercises 14-2a

l. If L a and [ b have the same measure, then [/ a and

L b are right .
clg angles //// /////
mi a=mdl b, but e
they are not right angles, a b
2. a. False d. True
b. True e. True (1f*ho amputees)
c. True f. True

3. a. If Blackle 1is a cocker spaniel, then Blackie is a dog. .

(true)
b, If we cannot see the sun, then it 1is night. (false)
c. If it 18 a holidry in the United States, then =
1t 1s July bUth. " (false)’
d. If Robert is the, tallest boy in hils class,
then he 1s the tallest boy in his school. (faqse)
e. If an animal has four legs, then the animal
1s a horse. (false)
f. Tf an animal has thick fur, then the animal .3
a bear. (false)
4, a. True c. False e, False
b. True d. True . f. True

5. a. If a figure 1s a simple c¢losed curve, then the flgure

is8 a circle. (ralse)
b. If & figure 1s a triangle, ther the {igure is5 a

simpl« ~ed curve ccmposed o! three line

segme,.. . (true)
C. If two augles are right angles, then thea ang i

have equal measures.. {true)
d. If two lines do not have 2 - 'int in common, then

the lines are¢ parallel. (In a »nlane--true;

H
A
/

In gpace—--lalse;

&)

terl, then sney

e. If two angles arec

are supplemencary, Crmna)
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f. If two angles are supplementary, then they are
adjacent right angles. ' (false)

6. It two angles of a triangle are equal 1n measure, then the
sides opposite these angles are equal in length. (true)

Answers to Questions in Experiment Two

1., Angles of the gsame measure: .m L B =m L C.
2. CF; BF.
3. The: -ould have to be equal in measure.

This Seems to be true: If two angles of a”%ﬁiangle are equal in
measure, then the sldes opposite these angles are equal in length.

’

Answers to Exercises 14-2b

(Class Discussion)

1.. If two parallel lines are intersected by a transveral then

a pailr of corresponding angles formed are equal 1in measure.
2. The corresponding angles should have the same measure.
1, True

4, If two non-parallel lines are intersected by a transversal
then a pair of corrvespondl: . ang'es formed are not equal
in measure. (Note: Accept answers to Problems 1 anhd 4
as wiven in the students!' own worde. Do not 1inslst upon
precise language here - but insist thau the statement pe
correct.)

Answers to Exerclses 1hi-2¢

1. a. HR = MR b. AC = BC < ST = 5@
2 Isosceles
a. I wwo para_lel lines are cut by « transversal ihe
palr o7 corresponding angles Tormed are equal in
measure
L. It two sides of & vriangle are ogqui:i in length, then

“he angles opposite these sldes are equal in maasure.

o noL 1l =om L3,

O
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4, Equiiateral. The figure at
the right shows that the
measure of each angle 1s 60.

5. 1. mLA =mLB Agreed upon,

1.
2. mBC =mAC 2. Experiment 2, A
3. milC =mlE 3. Agreed upon.
4, mAB =m AC 4, Experiment 2.
5. mBC =.m AC 5. All names fo. the
= m AB same number m AC. B8 c
6. Scalene: No two angles of the same measure.
Isosceles: At least two angles of the same measure.
Equilateral: All three angles have the : = measure.

14-3. Angles of a Triangle.

The ms jor concept to be developed in thls sectlion, by
Experiment Three, 1s tha: the ~um of the measures of the angles
of a triangle 1s 180. To save time each student might bte asked
to come to class with a trlangle ready to be cut. After the sum
of the measures of the three angles 1s fcound by each member of
the class, the results can be listed on the board. These stould
be close to 180.

The experiments described in Problems 9 and 10 of
'Ex., 14-3 may also be carried out in cless. Wax paper is an
especlally good medium for completing the paper f(1lding exercise
dencribed in Problem 10. (For additional informztlon on paper
folding see the booklet prepared by the Naticnal Council o
Teachers of Mathematics, Paper Folding, by D. J * ~son.)

-

Answers to Exercises 1L-3

l. a. mi x = 92 c. méx = 103
b, mLx = 29 d, mLx = 15

2. a. mlx = 40, mlLy = 0 d. mlix = 30, mly = 48
b. ml x = 45 e, ml x = 150, mlLy =75

mlx = 48, mlLy = 132
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3. 60
4, a. 65" and 65 or 50 and 80
b. Yes
5. a. mix = U5 - c. mix = 63
miy = 100 mLy = 63
miz = 35 miz =TT
b. milx = 28 d. mlx = 27
miy = 130 miy =3
mlz = 22 mlLz = 118
6. a, mix = 37 : b, mlLx = 30
mlLy = 37 mly = 30
mi z = 53 mil z = 60
7. mlia = 101
mlb = 3G
milc = 51
- E. m/_é=120 mLf = a0 miLk = 60
miLb = 60 mlLg = 60 mLl = 60
mlc = €0 mih = 120 mim = 60
mid = €0 mii = 60 min = 120
mie = 120 mij = 120 “"miLo = 60
milp = 120
9. mlLl+ mfL2 + m{LBAC = 180.

10. When folded the three angles of the triangle meet at
boint ¢ and appear tc have a tntal measure of 180.

14-L.  Polygons.

TQié/is the place to revlew some of the terminology studled
last yéar* in Chapter ~ with respect to simple closed curves.
The numes of different polygons are introduced, although many of
these m+v already te faml lar t:. the student, Some members of
the clazs may enjoy huntine in che licerature for the names of
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X

polygons 1 ith more than six sides;

sides - heptagoil
sldes - cctagon
sldes - nonagon
10 sides - decagon

O o ~l

Answers to Exercises 14-4

/ l. c.
2. c.

P

3. a and ¢ are polygons; b 1s not
Not the union of segments.

L, a, hexagon c. pentagén
b. hexagon d. quadrllateral

. ABEF, BCED, ACDF.

4
-t

a3 8

14-5, Parallelograﬁs.

Important ldeas 1n thils sectlon:
1. A parallelogram 1s a quadrllateral whose opposite
sides are parallel. §
2. The dlagonal of a parallelogram divides the Interior ~.
into two congruent triangles. ) ’
3. The opposite angles of a parallelogram are egual
in me. ure. )
4, The opposite angles of a parrllelogram are equal

in measure.
‘ Most of the ‘work in this sectlon needs to be done in class
in the form of laboratory experiments, although some time can be
b&ugg\by having d»2 ings made and cut out at home.
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In particular, the two methods for constructing éaral%elo—
grams need to be carefully develop.d 1f skill in construction is
to be expected.

Answers to Exer-ises 14-52
(Class Discussion)

1. e, d
2. ABFE, BCDZ, ACDF
3. AJGF, AJID, AJHE, DIHE, DIGF, EHGF, BMEK, BKIL, ILME.

Answer$ to Exercises 14-5b

Tl l. Yes, because each 1s one of two ecgual parts.

2. 'The area of each one is equal tc one-half the area of the
rectangle. (Students may also say that the two pieces are
congruent. )

4, A dlagonal of a parallelogram divides the interior of the
parallelogram into two trilangular pleces each of which has
an area equal to one-half the area of the parallelogram.

Answers to guestions in Experiment Four

The lengths of the segments are:

Number of Length of opposite sides:
the figure First side Second side
1" Sn ’
1 L Lo
2" 2“
2 ln l!l
2" 217
- . 3 " 1"
1u ')1"
. " S &
\\ ln ;L_u
2 2
l” l”
| 3 l” l!l
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« They sre equal.

N

The opposlte sides must be equal 1n length.

Answers to Questions 1n Method I

1, Corresponding ar.les. Ye:z.

2. Yes, When a transversal Intersects two lines 5o that a palr
of correspondlrg anzgles have equal measures, then the lines
are parallel.

3. Yes, Same reason as for 2.

-4, Yes. “The cpposite sides are parallel.

Answers to Questions 1n Method II

1, Yes. The figure was constructed in this manner.
2. A parallelogram,
- 3. ZRarallelogram.
I

. This statement can no:t be S;BW-\ o be true by any number
of e¢xamples; 1t must be proved in

Y

Answers Eé Exercises l4-5c¢

4 _/ i

2, Yes, Because of the results ¢f Experiment Four.

S
3, Determined. All points of the angle rays are not points
of’ the ~arallelogram.

4, The reasures of opposite ar:les are equal. g\

»
PR

14-6. Distance to a Line,

At times we refer infor-n1lly to a cegment as belng a
distaiice. However it 1s the iength of a segmer. which 1s the

e

81 - C? &
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distance, Thus the distance from A A

to L 1s not the segment AB, but

the length of this segment. Similarly, ]

the distarice between the parallel ﬁJ m
lines ,Q and m 1s the leng:ih of

segment - AB. L 1

Answers to Questlong in 14-6

EF does not make right angles with ’Ql and /82.

JX does not have an endpoint on each of the parallel lines,
tkus J 1s not on zﬂl.

Answers to Exercises 14-6

1. a. 1" b. 1%" c. %"

2. a. l%" b. 2" C. 1%"

3. a. 1%“ b. %"

b s 1 b, 2 e b
~ - -

14-7. Proof.

The concept of proof is a difficult one for youngster:z to
understand. They see nc reason to prove statements which appear
obvious .~ The suggested use of optical illusions helps to show
that we should not make Jjudgments on\khe basis of looks alone.
Interesting bullet 1 board displays can\he‘made on this topic
with the claes asked %~ find additional opflcal jllusions.

Some members of the class may enjoy doing\some outside
reading on prime numbers 1in connection with this z=ctlon.

With a very slow class, the sample proof given may prove
too subtle and need not be stresséd“ It 1s used as a sample only,

and 1s not needed for the continuity“of the chapter.
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Experiment Five makes a dynamic presentatlon o: the metnod
for finding the area of a parallelogram. It L1s nhelpful for the
teacher to have a large model prepared for demonstrazion pu:0os2s;
possibly for use on a [lannel board if one 1s avallabie,

Answers to Exercises 14-8a

1. a. A, B, C, D
b. AB, EBC, CD, D&

()!

e, A8 and CDO, or &I’ and

G. No
2, a. XD or EC c. RS or MQ
b. XY or HZ d. Any side.

., 3. a. ABCD, H.iS, UVIQ.

b. Yes. The distance between a set of parallel lines
- remalns unchanged.

a. ABCE, ABFD.

b. AE, BC.

Answers to Questions in Experdmer’ five

1. A rectangle.

2. Yes; the two parts were merely interchanged.
3. Yes.
4, Yes.

5. No; we have arrived at our conclusion by considerlng an
arbitrery figure. The same process can be used for any
parallelogran.

This seems to be true:
The number of square units of area in a parallelogram
1s the product of the nwnber of llnear units 1n the base
: _ and the number of llnear units in the altitude to thls base.

/
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Answers to Exercises 14-8b

1, a. 15 8q. yds. d. 36 sq. ft.
b. 12 sq. ft. e. 50 8q. in.
c. 18 sq. ft.

2, 7% sq. 1in.

3. (B)(3) + (4)(2) + (¥)(2) = 24 sq. in., or
(4)(6) = 2% sq. in. ’

b, (3)(25) + (2)(23) + (1)(25) = 15 sa. in., or

(5)(2%) = 15 sq. in.

5. All have the same altitude and base. The area 1s 20 sq.

in. for each.
3 ////v 3

14-9, Areas of Tridngles.

The procedure for finding the area of a triangle depends upon
dividing a parallelogram into two equal parts. Thus it might
prove wise to review briefly the results of Exercises 14-5b at
this time.

The material of this section can easlily be developed as a
laboratory experiment, in class or at home. The conclusion

. reached 1is:
The number of square units of area in a triangle 1s one-half
_the product of the number of linear units in.the base and the
number of linear units in the altitude to this base,

84
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Answvers Eé_Exercises 14-9

1. a. 10 sa. in. _ d. 136 sq. in.
b. 32 sq. cm, e. 65 8q. ft.
c. 28 s8q. ya.

2. 30 s8q. yd.

3. No. The openings have a total area of 4 s8q. ft., which
is 8 Bq. ft. less than 1s required.

4, ' Area of window = 60 sq. ft.
60 sq. ft. at $50 per sq. ft. = (60)(50) = 3000
Cost of window = $3000. '

5. 3750 8q. ft., 11,250 sq. ft.

6. Area = 2 s8q. 1n,

14-10, Right Prisms.

Before starting this section 1t might be wilse to review the
material devaloped in Chapter 12, especlally with respect to
terminology.

Section 14-10 has been written from an intuitive point of
" view. In particular, no expliclt discussion has been given of
the concepts of lines perpendicular to planes or of perpendlcular
planes, although both are 1nvolved 1n the 1dea of a right prism.

Students should be encouraged to construct models as indi-
cated by the plane patterns given in this sectilon.

< Answers to Exercises 14-10a

1. Figure 1l: a. triangular right prism
b. A, B, C, D, E, F.
c. ABFE, BCDF, ACDE.
d. ABC, EFD,

Figure 2: a. Ppentagonal right prism
b. A, B, C, D, E, A', Bf, C!', D', E'.
c. ABB'A', BCC'B*, CC'D!D, DD'E'E, EE'A'A,
d. ABCDE, A'BI!C!D'E!,

7
0
>
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Figure 3: a. triangular right prisnm
b. A, B, C, X, Y, 2Z.
c. ABYX, BCZY, CZXA.
d. ABC, XYZ

Figure 4: a. rectangular prism
b. A, B, M, H, C, *“, R, D.
C. ABCD, BMFC, MFRH, HRDA, ABMH, DCFR.
d. ABMH, DC:R, or any other palr of opposite
sides. .

Figure 5: a. triangular right prism
b. A, ¥, Y, V, H, T.
c. AXHV, XYTH, YTVA.
d. AXY, VHT.

Answers to Exercises 14-10b

a. 8 sg. in.

b. 8 s8g. in

c. 5 1in.

d. 40 cubic inches

a. 32 cubilc inches
b. 18 cubilc inches

c. 371 cubilc inches
2

a. 30 . cubic inches
b. . 56 cublc inches
c. 126 cuble inches

a. 216 cubic inches
b. 18 rish

a. No. Volume of tank 1s 40 cubilc feet, ten cubic feet
short of requirements.

Triangular right prism.

Pentagonal right prism.

86
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14-12. Chapter Review.
Answers to Exercises 14-12

1. a. egqulilateral b. scalene c¢. 1sosceles d. 1sosceles

2. a. If a figure 1s a simple closed curve then the figure

- is a triangle. (ralse)
b. If La and L b are corresponding angles, then La
and L b are equal in measure. ‘ (false)

3. a. 30 . b, 90 c. 4o

4. a. KT b, KT c. &S

5. a. 15 sq. in. b. 20 sq. In. c. 17% sq. in,
6. a. 7% sq. in. b. 7 sq. in. c. 10 sq. in.
7. a. 80 cu. in.

L. 36 cu. in.

8. 21 sq. in. It 1s not possible to determine the shape of
the base from the information gilven.

14-13. Cumulative Review.

Answers to Exercises 14.13

1. {1, 7, 49}
2. One of the factors 1s zero.
3. 640
4, a. T
b, T

‘5. a. 0.38...
b. 0.0714285...

6. a. obtuse, 135 d. acute, 70
b. right, 90 e. obtuse, 110
c. acute, U5

7. a. Separates space 1into two half-spaces.
b. Separates AD 1into two half-lines.
C. Separates plane ABC 1nto two half-planes.

F.‘
Cdy

~
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8. As lines are drawn through R (as shown) they-will cut

~ both lines ST and VW 1n sets of points which\fan ha
N matiched one-to-one. )
9, V = 336. cu, in. |
10. 90 :

e

11. none of them

12. &, .00027
b, 17.56

13. {0, 21, 42,.63, 84)

14, $105.30

15. 713 sq. ft.

16. 15 sq. in.

17. The area of the triangle = % the area of the parallelogram.

Sample Test Questions for Chapter 14

This set of questilions should not be used as a chapter test.
Teachers should construct theilr own tests from those glven here
and from thelr own. There are too many questions here for one

test.

True-False.

F 1. If one angle of an 1sosceles triangle has a measure-
ment of 66°, one of the other two arigles must have
a measurement of 66°.

T 2. A statement may be true while its converse is false.’

T 3. Pairs of corresponding angles with equal measures are
formed when a transversal intersects two parallel lines.

T k., A statement and 1ts converse may hoth be true.

T 5. If A trlangle has two sides with egual measures, then
it has two angles with equal measures,

T 6. The sum of the measures of the three angles of a

triangle is equal to 180.

S
1
~' Aw




T.

8.

9.
T 10,
T 11,
T 12,
F 13.
T 1k,
F 15,
F 16,

(triangle.

_the right, if m(AB) = m(CD)
'and 1f AD. and .BC are '

An equllateral triangle is also a scalene‘ériangle.
The converse of a false statement is always false.

If a triangle has only two sides with equal measures,
it can have three angles with equal measures.

Fl

An equilateral trianglé is also an isosceles triangle.

In the figure at the right,: B
A, B, and C are names

for the vertices of the
' : A N

All parallelograms aré quadrilaterals.

In the four sided figure at 8

parallel, then the figure is
a parallelogram,

D
A triangle may never have twc angles whose measures

are 90 .,

If the measures of the four sides of a parallelogram
ara equal, then the figure 1is always a square. -

In the figure at the right, ‘ z /Y
1f - WX and Y2 are parallel, : //
then WXYZ 1s a paréllelogram. 4//

, : w %

It 1s possible to draw a triangle whose sides measure
4 4inches, 2 inches, and 1 inch.

The figure shown at the

right consists of two pairs

of parallel lines. Use this ~<
for items 18-22;

mia=mlL8

mL3 mih

M

89



T 20. The figure contains more than 16 pairs of equal angles.

T 21. If mlL7 =mL8 then all the measures of the angles
shown in the figure are equal.

T 22. The  triangles shown below all have the same area.

— — e o -

-

Multiple Cholce.

1. If the measure of one angle of a scalene triangle is 50,
which of the following statements is always true?

a.

e

(e) e..

e,

One
One
The
1s

Two
One

of the other angles has a measure of 90,
of the other angles has a measure of 50.
sum of the measures of the other two angles
130.

of the sldes are equal. :
of the other angles has a measvre of 130.

2. If the measure of one angle of a triangle 1s equal to the
measure of another angle in the triangle, then:

aﬂ

b,
(d) ec.

a.
e,

the
are

measures of the three sides of the triangle

equal,

no two measures of sides are equzl.

the

measures of the sides opposite the angles

whose measures are equal are not equal.

the

measures of two sides are equal.

none of the above statements 1s correct.

90



3. If two sides of a triangle have lengths of three inches,

and four inches, the third side could measure ...
a. one inch.
b. seven 1inches.
(e) c¢. 1less than one inch.
d. more than seven lnches.
e, none of the above answers 1is correct.

4, Which of the following statements is not correct?
a. A polygon is a simple closed curve,
b. A polygon is the union of line segments.
c. Every simple closed curve is a polygon,
(¢) <. A pentagon is a polygon. _
e. Every polygon has at least three sides.

5. The volume of the right prism
in the figure 1is: : '

a. 13 cu, in,

b. 36 cu. in,

—— e -

(b) c. 42  cu, in. ‘ I s"
d. 72 cu. in. =P S
e. none of these is correct. < =~

6. Which of the following requirements is not necessary for a
prism to be a right prism?
a. Its bases must 1lie in parallel planes.
b. Its bases must be alike in size and shape.
(d) c. All faces, except the bases, must be rectangles.
d. The bases must be rectangles.
e. The name of a right prism depends on the shape
of the base,

7. The area of the parallelogram
shown at the right may be
found by ... 7
a. adding 11 and 7.
b, multiplying 11 and 7. :
(e) c. multiplying 11 and 7
and dividing the product by two.
d. multiplying (11 + 7) by %.
e. °~none of the above answers 1s correct.
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8. The area of the triangle shown
at the right may be found by ...

I. 11 X 7

II. % x 11 X 7

IIT. (11 x 7)

IV, T X % x 11

a. only I and III are correct.
b only II and IV are correct,
(e) =. only I and II are correct.
d. only I, II, and III are correct,

e. all of the above are correct,

Completion.

In the figure at the right lines 1; b
a and b are parallel and A is

a transversal. What are the measure-
ments of each of the following

angles? Note: the measurement of
one of the angles 1s glven in the

figure, £
1, angle 6 (5302
2, angle 2 _(127°)
3. angle -1 §§3°2
4, angle 5 _(127°)

5 In the flgure at the right )
the length of segment DF 1is
o o

(3 1n.2. ] 3 IN.

6. The measure of one of a pair of vertlcal angles 1s 40; the
measure of the other one is (40) .
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9.
10.
11.
12.

13.
14,

15.

Find the areas of the followlng:

16.

Two lines intersect at point A. If the measure of one
angle formed is 70, an adjacent angle has a measure of

a

gllol .
In the triangle at the right,
m{ABC = 30, mLBCA = TO.
What 1s the measure of angle

' A

.-CAB? _(80) B c

In the figure at the right, lines
" x, y, and z are parallel, : \\Z///

What 18 the measure of each of the ¥
followlng angles?

o
[¢]

\ 2

A A

&
<

angle a
angle
angle
angle
angle

1

PR

o o v

$0° 70°

z

<

The converse of the statement "If mliZa = mLib, then La
and L b are vertical angles" 1s: (IfLZ a and L b are

vertical angles, then mlZa =mib.)

The converse of the statement "If you like mathematics
then you are intelligent" 1s: E(If;you are intelligent,
then you like mathematics.) |

i3
1
[
7" I 6"
-
|
h .
PARALLELOGRAM Area = (78 sq. 1in.)



17.

I
I
(X
I4

!
im!
6

Area = (12 sg. ft.)

Find the volumes of the following:
18.

Volume = (240 cu. in,)

19. Area of the base is 2% square feet,

Volume = (45 cu. ft.)




"20.

Vo 1\{me

(70 cu. in.)



Chapter 1%

CIRCLES

The main purposes of this chapter are:

1. 1To acquaint the pupils with the circle, its length
and area, and with some of its elementary applications
to cylindrical solids.

2. To develop precision of expression and thought, and
to develop geometric awareness and intuition including
unéerstanding of appropriate methods of study.

Exzept for the study of the circle itself, the gerferal
purpnses of this chapter are like those cof Chapters 4 and
7 1in Volume I and Chapters .13. and ‘14 in Volume II. The
teacher may chocse to reread the introduction to the com—
mentaries for these chapters.

An effort has been made to use accurate statem:nts
"econcerninge the distinction tetween lensth and measure of a
length . The pumber r s not the radius buf rather the
~zasure of the radius.

Since in ordinary speech distinctions have not been made
be-ween length and measure of a length, many teachers may
find themselves interchanging these terms. An Important
distinct.on is that we mgltiply numbers uvut not lengths.

For many purposes this idea is not too important for Junior
high school pupils. Teachers are adviseu to note such
étbtletiés of thought and to make some effort to use . -2clge
language. They shoul” not be alarmed at their own fatiure
ﬁto do so consistently. They should not insist on more than

reasonable precision from studerts,

15-1. Circies and the Compass.
Youimay wish tc berin this chapter by calling attention

to prevalence of the circle in “ndustrial and in decorative
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page 165-167: 15-1

design, Some pupils enjoy bringing in pictures illustrating
' the use of the circle. In the history of civilization,
discovery of the use of the wheel Lé ranked in impoftance
with discovery of a method for producing fire.
The problem 1n the text is planned to provide practice

in use of the compass and to help the student formulate a
correct definition of a circle. It is important that each

g pupil have a compass and learn to use it correctly and with

sope dexterity.

The common errors of beginners in use of a compass are:

1. not using a hard sharp pencil

\ 2. drawing the circle first in one direction and then
in the other

3. pressing the point of the compass too hard into the

paper
+ 4, altering the distance between the point and the
pencil tip while drawing the circle

5. pausing while drawing the circle

6. not grasping the compass at the"top.

Answers to guestions lﬁ text of 15-1

All the points that are 3 1inches from P 1lie on a
circle. There ®re infinitely many polnts of this circle,
so the method locating them with a ruler is not possible.
Stress that a circle is a set of points, just the points on
the rim or edge of a circular disk and not all the points on
the disk and its interior,

PS 1is 3 inches in lenrth. Remember that when you
speak of the measure of line s¢gments you are speaking of a
number and you write PS = 3, A circle has infinitely
many radii, since it 1s composed of infinitely many points
and each one can be Jjoined by a line segment to the center.
Each radius of a circle has the same length.

o ' Answers ©o Exercises 15-la

In following the directions for drawing figures, pupils should
learn to label the figure at each stage, as subsequent
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page 167: 15-1

directions are given in terms of the labels specified.

1. a.-b. c. The length of OK 1is 2%
L " inches.
1

d. 25 inches
e. Note Q may be either
inside or outside the circle.
g. T 1is on circle.
jH. OT 1s a radius.

3. The purpose of this exerclise 1s to practice using the
compass. Let the children discover where the centers
of the circles are by trial and error. The final results
are not important.
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page 168: 15-1

Answers to Exercises 15-1b

1.
d. The intersection seems to be a single point.
2. a.-e.
7
| - .

f. The points are S and P.
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3. a.~f,

d. Two points

e. Two points

g. HPFKG seems to be a rectangle. (HFKG 1s a rectangle.

, If.the:diagonals of a quadrilateral are the same
length, and also bisect each other, then the quad—
rilateral 1s a rectangle.)

e. Intersection set is two points.

f.~ Point X

101
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pa%e 169-171: 15-2

15-2, Interiors and Intersections.

This section is designed to help the puplls to discover
what 1s meant by the interior of a circle and the exterior of
a circle. They should be able to decide when a poilnt is in
the interior of a circle and when a point 1s in the exterior
of a circle. There 1s an opportunity to review the notion of
intersection and union of sets. Puplls should be repeatedly
encouraged to translate the written idea into a diagram 1in a
‘step-by-step manner as they read. This cannot be over-
emphasized, for 1t 1s applied throughout geometry.

" Answers to guestions in text.

Points C and @ are on the circle.
Points P, A, and B are in the interior of the circle.
Points D and E are in the exterior of the circle,

Answers to Exercises 1£-2a

E N
‘intérior of circle P,

1.

2. exterior of circle R.

3. the interior of the circle,
I, 1e§§ than

5. equéﬁ to

6

\
greater than

It may\be necessary to review more of the work on inter—
sections and unions. Sufficlent material can be found 1in
Chapters 4 and 7 In Volume I on Non-Metric Geometry.

Answers to Exercises 15 -2b

1. a. Yes. The sincle point Q 1lies on the circle and
also on 56.
b. (Circle P) ( PQ = Point Q
2. (Circle P) N QP = Point Q and one other point.
(The second point needs a label,) :
b. Two.
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page 171-172: 15-~2

7

3. Point S8 can be chosen either *n the interior (case 1) or
on the circle or in its exterior (case 2).

a.
b.

c.

d..

Case 2

Case

=]

one

two

no. i .

In case 1. no points —_——_ﬂ
In case 2. one point

No points g
The empty set. A Y
No points. :

The empty set. ' )
The area which is shaded vertically and 1its boundary.

The best way to describe thils set of points accurately

‘is to say . "the union of circle R and its interior.'

e, The intersection 1s

shaded *with both
horizontal and vertical
NN lines.
G _P 0
Vi
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page 172-173: 15-2

v

This exercise could be done on the blackboard with
colored chalk to chow the intersections.

Answers to Exercises 15—2¢
o // Y
/ ///;
o
. 2. a. Circle P [) H = the set of all points on arc AFB
SO not including the points A and B. (The students
' have not met this notation but they should be able
to tell which points belong %o the intersection.)
b. 'The points A, - G, and P do not belong to the
. . ' intersection. The point F dJoes belong to the
intersection. _ ,
c. You cannot count all the points of the 1ntersection.
3. a.—b. . F
M
K
N
A P B
G
\ .

Intersection of the circle and the angle MKN consist
of the three points M, N, and K
\

104




. page 173: 15-2

d. The intersection of the two interiors has been shaded.
No points on the bosuidary belong to the intersectilon.
. a, Same as interior of . BPF.
'bm The quarter~circle 1in the upper right, excluding the
endpointé B and F. .
¢. Four of the quarters may be identifled. Besides
the one' in (b), we have the intersection of the
circle and the interilor of the angle £ APF, in the
'upper left; the 1ntersécpion of the circle and the
interior of L APG; the intersection of the circle
and the interior of (BPG. In-each case, a guarter
can also be descfibedhaqlthe intersection of the
) clrcle and two half-planes; for example, the lower
left quarter 1s the intersection of the simple closed
curve, AFBG, the A-side of 'FG, and the G-side
of KE. Co . ’
d. Two portions of the circle might be called halves.
The ubper half, for example, 1s the intersection of
the éircle_and the half-plane H. In-the next section,
‘we lea:n that this intersectlon together with its
endpoints A and B, 1s a'semicircle. Another 1s
the lower half, the intersection of the circle ard
the G-side of AB. Another is the intersection of
the circle and J. The fourth one shown is the’
intersection of the circle and the A-side of ' FG.
In each of the four cases, the curve together with .its
endpoints is a semicircle. The puplls may wlsh to
include the endpoints when they‘describe'a "half" of
the circle. This problem helps blaze the trail for
certain notions in Section % of this chapter.

L

)
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-page 173-174: 15-2

Answers to Exercises 15—2d

or

3. a. b. ¢. Impossible.
It is not
possible for
more than two
points to be
in the inter-
section set.

.

4., The intersection of
the two circles 1is
the point P.
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‘page 174: 15-2

5. a, Consists of two polnts,
’ (They are labeled D
and E here.) - |p
b. No} two points
determine Jjust one
1ine.
"C. 'Horizontally shaded in
- the figure. =
d. Vertically shaded in
the figure.

v
|}/

\-

Lé ,; : 5\ -
y s v S
y + -
£ X
4 X

“r
i

L} —7
n q’
A, ¥
\\ ‘\\ 7~ /
) — A 5

E—)’\?

\-

-
e

6. Note that therdefinition of concentric clrcles 1s in this
Exercise. ' '
a, Empty set.
b.- Intersection of the interior of the outer circle  and
the extériér of the inner circle.
‘c. Same as the exterior of the outer circle




page 175-176: 15-2

15~3. Diameters.

‘A ecircle can have infinitely many diameters but they will
all have the same length.

The six radii shown in the figure are PA, PW, PN, PB,
?V, and PHM, .

" The length of the diameter 1s twice the length of the
radius of the same circle. Puplls should learn the relationshi

d=2r, r =

I\)A';—'

-

Artswers to Exerciges 153

1. The diameter is 6 inches.
2. - The radius 1s 2 1inches,

3. a. d=6 d., r = 1%
. r=5
c. d=9
4, a. one, PR in our figure.
b. cone, AR in our figure.
A
5. 9




‘page 176-177: 15-3,15-4

7. All the line segments
.UV, VW, WX, etc. have
.the same length as the
radius of the clrcle. Be
sure to emphasize that the

arc lengths are longer
than a radius. Many
children think this
proves that the circum-
ference of the circle 1s
ér.

15-4. Tangents. . o .

The next set of exercises should enable the puplls to
understand the three possibilities for the intersection of
a line and a circle. Namely,

1. The intersection may be the empty set. In thils case
_ there 1s no point on the circle that 1s also on the

line. ”

2. . The intersection may be a set contailning a single
point. ‘In this case we say the line 1s tangent
to the circle. We call this polnt, the point of
tangency.

3. The intersection may be a set containing two points.
This case may be thé one the pupil usually thinks of
when he talks about a 1line intersecting a circle.

. Answers to Exercises 15-%

bl




d. Impossible. A circle and
a line can have no more
thani two points of

intersection.

3., a. &4 b, 1 c. AR, E 1is point of tangency.
AT, F 1s point of tangency.
RT, S 1s point of tangency.

4, a. 3 b, 4 c.
It 18 correct to refer to these circles as being

\n

inscribed in the polygons.

5. a: (R, 8, T, U)
"b.. Point T

c. ®E, EF, FG, HG
d. R, S, T, U.

6. a, None
b. The empty set , . .
! C. Intuitively it 1s composed of the four corner regions.
An attempt on the pupil's part to give a'careful
description is the one quoted in the problem: ‘“the
intersection of the exterior of the circle and the
interior of the square EFGH." A purpose of this
problem is to point out the advantages of our veocabulary
in .enabling ds to say just what we mean with the S
. greatest possible ease.
d. As 1in the preceding part, R _j
the best word description <] —

is given in the problem
itself. The intersection
is shaded in the figure.
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7. They dre perpendicular,

*a. ﬁégi diameter 1s the union of two different radli on one
ilne. If the intersection of two segments on one line
consists of a common endpoint, then the length of their
union is the sum of the lengths of the two segments. Since
all radil nave 4§;Dsame length, the measure of a diameter
is twice ‘the measure of a radius in the same circle. Since
this applies to all diameters i.n the same clrcle, all of
them have the same length.

15-5. Ares.

This sectlon exterds the idea of separation. The pupill
learned that only one point was necessary to sgparate a line
into two half ~lines. Fere the puril should see that one

V point is not sufficient to separate a circle into two parts.

Definitions and quali’ying descriptions which are
especially important in this section are arc, symbolism for

¢

arcs.

Answers to questions in text
Q does not separate the circle into two parts. We need
—
two points. The points on MEN are all points on the part
of the circle between M and ¥ which includes point E,
and the endpoints M and N. X
: N Pt
NEM contains the same points as MEN.
PammS i
MAN 1is the same as NAM.
A and E are the endpoints.

Answers to Exercises 15-D

N N N Pom) PR VR
1. a. AMC b. NCM c. ANC, ACM, AMC, AMN, etc
any ) N N
’ 4. NAM, NMC, CNM, CAM, etc.
111




2. a, A, B, and C ; endpoints are A and C,
b. A, B, C, D, and E; endpoints are A and &,
¢c. A, B, C, D, and E; endpoints are A and E,.
d. F, A, B, C, D, and E; endpoints are F and E.

*e. There are two possible arcs, both with endpoints B
and E., One contains A, F, B, and E. The other
contains C, D, B, and E.

Be sure to emphasize that all these arcs contain
countless points only a few of which are labeled,

3. a. none
b. A, B
(c. none
q. none
k., a. two : o
b. They divide the circle into
?g, two parts of equal length, }
A —o B
Yes
e, No
£f. (A, B}

156, Central Angles.

The definition of central angle i1s especially important
if arcs are measured by arc-degrees., The toplc of arc-degrees
has not been treated here. (See SMSG Mathematics For
Junior High School, Volur~ 1 puirt il, pp.+86-88 for a
biief treatment.) The exercises are intended to prepare
pupils for the next sectlon on circumference.
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_ Answers to Exercises 15-6

1. a. AP, BP, CP, or DP

N
c. ADB, DBC, ACB, CAD
a. /APD, [/DPB, [BPC, LAPC

2. a, CDE e. ACE
N —~
b. BDE f. ACD
—~
¢c. the empty set g. BDF
—~ N
d. Point C *h, ABC angﬁ\DEF. To say

o)
ABC U DEF 1is the best
way to describe this set

of points.
3. a. 1 inch
b. Equilateral
c. LYTX
d. 60
7~ _
f. XWY 1is longer than XY

15-7. length of a Circle.

) The relation between the length of a circle and the length
of itg dlameter 1s developed by means of two experiments., The
first method consists of measuring the circumferences and
diameters of circles, examining the measures for a possible
relation, and observing that, in any circle, the ratilo %

14 approximately the same number. It 1s good procedure to have
the pupils report their measurements, tabulate them, and then
propose relations which might exist. This 1s to be preferred
to guiding them too soon and too firmly toward the ratio.

The second method 1s important as a basls for underlining
the notion that T 1s a number, and that the symbol "g" 1is
" to be fegarded as a numeral. This 1s the first number of the
get of irrational numbers the pupils have met. They should
develop the notions that (1) such numbers correspond to
. points on the number line, and (2) that a decimal expression
" pop the number, to.any desired precision, may be written.
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Although w7 1s not a rational number, the assumption 1is
tacitly made here that it behaves 1ike an ordinary number

in combining with othér numbers; that 1s, the commutative,
assoclative, and distributive properties for addition and
multiplication hold. Many pupils are interested in the fact
that mathematiclans have studied the properties of this number
for centurles, and continue to do so; and are entertained by
seeing the decimal for 7 to many ecimal plaées. A decimal
expression for w7 to 10,000 decimal places was published

in the year 1958. This 1s mentioned in an article by F. Genuys
in Chiffres 1 (1958), 17—22.

Pupils may be interested in seeing certain decimal expres—
slons for w. Here 1s the decimal for 7 to fifty—five places,
3.14159 26535 89793 23846 26433 83279 50288 41971 69399 36510
£8209... (The three dots at the end indicate that the decimal
expression continues indefinitely.)

Puplls may be amused my a mnemonic device for remembering
the first figures in the decimal for w. It 1s a rhyme in
which the number of letters in each word indicates the digit:

"See, I have a rhyme assisting
My feeble brain, its tasks -~metime resisting.”

Pages 24 and 25 of The Wonderful Wi...J4 of Mathematics
by Lancelot Hogben should provide interesting reading for pupils

Experiment 1

a.—d. Answers will depend on measurements obtained.
Differences are not the same.
Ratlos willl vary but should be distributed around
3.1 or 3.2, 1If a correctly computed ratio 1is
larger than 3.4 or smaller than 2.9, suggest
-that the object be measured again.
The results should suggest that the circumference
of cach circle 1s about 3 times as long as its

diameter.
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Exgeriment 2

A B
aee. b | | | |
(4] ! 2 3 4
<::E:> (:j;:>
‘d-e. | L N I
: A—D | 3 4
i Between 3 and 4. Estimates will probably vary
from 3.0 to 3.3.
g. AD
h. Length of the circle 1is about 3.0 - 3.3 times
“  the length of the diameter.
Answers to Exercises 15-7a
1. 3.143
2. 3.142
3. The difference is ,001
4, 3.14 '
5, 3.14%
6. Yes
7. Yes .
8. 21.98 or 22 feet
. 9, 64,2 or 94 feet
10, 3.82 or 3.8 feet
c. - L .
11, .a. m=3 b. c = 7d c. 7= o]
c - S L. -
*12. a. -;—21r b. r=-3% ’ c. =T
Answers LQ{Eiercises 15-7b
1. circle r —d i C
a. A e 10 l 31.4
b.| B b2 o4 i26.376 or 26
c. c 3.98 or 4.0 | 7.96 or 8.0! 25
d. D 6.25 or 6 12.5 |39.250 or 39
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2. a. 44 Inches
b. 132 feet
c. 42 inches
d. 7 feet
e. 66 inches

110 inches

37.71 .inches, or 38 inches

690.80 feet, or 691 feet

19.72 inches, or 20 inches
- 94,2 feet, or 94 feet
. a, 62,0 inches

b. 7.75 inches or 8 inches
9. 12,56 inches, or 13 inches
10. a., Length of circle C= U4 inches

Length of circle Dws 31.% inches or 31 inches

b. The linear measure of arc QYR is 8.8 inches or

0O~ OV & W

9 1inches,

—_ .
The linear measure of arc SXT is 6.2 1inches or
6 inches.

15-8. Area of a Circle.

Chapter 12 explains the basic method for finding the area
of ‘'a closed region. In the case of a circle we prefer to have
a method for computing the area 1in terms of the radius. Only
one approach to the development of the relationship A =,vr2
‘i1s pregented in this section. This 1s not an. application of
the basic method of measurement such as 13 given in Mathe-
matics for Junior High School, Volume 1, part 2, pp. 500,
but is a very plausibie argument. It should be done as a
class exercise. The segments of the circle could be cut
out of construction paper and pasted on the blackboard.
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-

Answers to Exercises 15-8a

a. RB 1s a diameter. .
b. AB divides the region into 2 parts of equal area.
‘a. 10 but this number 1s completely arbitrary.
 The greater the number the better the approximation.
»p, 18° . '
¢. radiil of the€ circle
- %» the circumference, therefore 7r
a, Yes
_ b. parallelogram.
c. '% the circumference or 7r
‘d. BP 1s a radius, so BR =7
a. base times altitude.
b, 7r - r oOr vr2
a. AB = m
b, BP=r
¢, Tr Xr -
2
d., 7r
The area-of circle is m times the area of square with
side r. )
Answers to Exercises 15-8b
154 square feet
. 113 square feet ,
r . d c A
20 40 124 12&0
4 8 24 .8 49,6
, 0.015 0,030 0.093 0.0006975
SR EY- 24 T4 .4 4464
117
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4. The circular skillet has the greater frying surface
since 50.24>49, Area of circular skilletm 50.24 sq. 1in.
. Area of square skillet=x 49 sq. in,
Note that this has the reverse answer to the example in
the text. Here the circular skillet has the larger area.
5. Approximately 113 square inches.

6. a. Approximately 28.26 square inches,
: b. Approximately 113.04. square inches.
¢, The area of a circle that has a radius of 6 1inches
{s about 4 times-as large as the area of a circle
that has a radius of 3 1inches.
d. The area is multiplied by &4,
e. The area 1s multiplied by 4.

.. Approximately 154 square reet.
Approximately 39 sqguare feet.
. Approximately 1231 square inches.
10. a. Approximately 154 square inches
b.' Yes. Area of square = 196 square feet
E of the area of square ~ 147 square feet
which is Just a little less than 154 aquare feet.
*11, 40 * 30 - 7 T , to the nearest square foot, 1046,

O .~

*12, a., 16w d. 8w

b. &4 e, Ui

c. 8 f. 8 + 4r
*13, 3

15-9. 'volume of a Cylindrical Solid.

The pupil is already familiar with standard methods of
‘finding the volume of a prism, This/EEEEEBE“WIll extend the
principle learned for prisms to a solid which has two circular
bases. The pupil should realize that no new process 1s involved.
* The pupil should learn the principle that the measure of the
volume i3 the measure of the area of the base times the measure
of the altitude. -
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Exercises 15-0a develop the essentjal properties of a
cylinder. They are summarized in the definition which
- follows the exercise.

Answers to Exercises 15-Ga

1. 2
2. Circular region
3. Yes. '
' h. The planes are parallel.
. 5. The base lies directly above the other.
‘6. a. Yes v
b. Yes -

c. {A, C}

Angwers to Exercises 15-9b

1, a. T .22 » 12.56 square inches

b. 12.56 cubic inches

c. Yes, because the altitude is 1 inch,
2. Approximately 25.12 cubic inches
3., Approximately “37.68 cubic inches
y, a. twice

b, 3

5. 226,08 cubic feet
6. 62.80 cubic feet

Sometimes it is a good idea to use mT as a numeral
instead of a decimal approximation. We say that the answer
is expressed 1n terms of T.

At times you may encourage your students to delay thq
‘use of a decimal approximation for w until the last stepl

‘of the computation.




Answers to Exercises 15-9c

"1. V= 3391.2 or Volume is 3391.2 cubic feet.
(3391, 3390, or 3400 could be used.)

2. Vm 198 or YVolume is 198 cubic inches. .

3. r d h v
5 10 12 3007
1 2 20 20T
1 : 21 891
b3 9 5 | %
1 1
1% 25 16 257

4. The can that 1s 3 1inches high and ¥ 1inches in diameter
holds more than the other can, Its volume is 37.68
cubic inches. The volume of the other can is 28.26
cubic inches. 37.68 > 28,26,

5. a. Volume 1s 6 cubic feet,
b. 47 gallons (or 45 gallons il one computes from
6" cubic feet.)
6. a. Vwm~ 90m
b. V= 1807
c. V& 360T
d., V=& 7207
» *e, 1, multiplied by two (or doubled) .
2. multiplied by four
3. multiplied by eight

7. 56,520
8. Vwm~ 3768 or Volume is about 3770 cubic inches.

15-10. Surface Area of a Cylindrical Solid.
Experiment 3

rectangular region.

height or altitude

length or circumference

-n- ¢

. W d . h\\\
2. M. r . h
Yes

M om0 o o0 o
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b.
2. a.

b.
3. 377

4 3.5
5. 8.
b.

C-A
.
15-12.

v Answers to Exercises 15-10

1256 square feet

1884 square feet

75.36 square centimeters

89.49 square centimeters
square inches

gallons
2
Tr
owr?
2rrh : -
21p + 27rh

Chapter Review.

Answers to Exercises 15-12

'A circle is-a simple closed curve.

Any line segment through the center of a circle and
having its endpoints on the circle is a diameter of
the circle.

The diameter of a circle 1s twice as long as ithe
radius of the same circle,

A part of a circle 13 called an arc.

The length of a circle 1s called its circumferenze.
A circle whose diameter is 5 1inches hag a radius
that is 23 inches.

A line that intersects a circle in eXactly one point

. is calied-a tangent.
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O O oW &

10.
-11.
w12,

-13.
*1Y,

r d I c A
14 28 | 86.8 607.6
7 14 43.4 151.9
8.2 16.4 51 208, 44
17.5 35 108.5 949,38
10 20 62 314

Circumference 1s about 154 inches.

Diameter 1s 24 feet.
C~ 47.10 (or circumference is about 47 1inches.)

' 4% feet:

3.5 1inches
a. Area 1s 1256 square feet.
b. Area 1s 314 square feet,

‘¢. The area of the circle with radius 20 feet is

four times the area of the circle with radius 10
feet. .
The area of the table top is about 572 square inches,
Arta 1s about 346.19 square inches.
Areg is about 12.56 square feet,
Vol.me 1is about 62.8 cubic inches,
Approximately 19,

122
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15-13. Cumulative Review.

Answers to Exercises 15-13

1. {(v) 1s false.
2. [1: 7.' 11! 77]
3. 3+23 T7+19, 13 + 13

4, 12 . #

5. 1

6. a.. 0,048

3 b. 628.38

7. . a. 1653.2
‘p. 0.3401

8: 434

9. $1.25

10, a, L(ABF ' d. the empty set

" b, BC S e. Point E
¢, Point D f. Points D and E

11. The region that is doubly shaded is the intersectlon of
the exterior of 02 and the interilor of Cl'
1

12. a. 720 cm. c. 205 feet
» b. 4.7 cm. d., 22440 reet
13. b ‘ o,

14, There are 16 of each kind in part a, b, and ¢,
put 8 1in part d. _
15. The length 1s about 207 1inches.

Sample Test Questions for Chapter 15

Note: Teachers should construct thelr own tests, using
carefully selected items from those glven here and {rom
jtems of thelr own. Careful attentlon should be given to
difficulty of 1ltems and time required to complete the tests.
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1. 1In the figure at the right,
' find an illustration for each
\\__K term in the column at the left,
and write its name on the line
after the term.

a. Diameter DE

- b. Radius PF_or PE or FPD
c. Arc EF or AF or DA or fﬁ; etc.,
d. Tangent = . _

e. Semicircle DAE or DE
f. Obtuse angle [ DPF
. g. Two line segments DP, PF, TPE
of equal length
h. Central angle LDPP,  LFPE
i. Two points on the
circle which separate
A and E" ] D and F ~
j. Acute Angle LFPE -
,2. Ellen's belt 1s 21 1inches long and just Answer:
fits around her waist. If her waist were  .6.7 inches
a perfect circle, what would 1ts diameter
be? )
3. A value for T used by the’ancient Answer:

.(" Babylonians is %%g. How different %?gu 3.1415929...
1s this from the value we use, to 22_ 3 qy28571. ..
two decimal places? 7Z= 3.1415926 ...

*i, A merry-go-round has three rows of horses, Answer:
. The outer row is 6 feet rarther out 12T feet
than the inner row. If you sit on an or J37.68
N outside horse, how much farther do you feet.

ride in one turn of the merry-go-round
than if you sit on the inside horse?

124
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5. The diameter of a‘qertain cirecle 1s 60 Answer:

" centimeters. What 1s the area of this 2826 square
circle? "(Use. the decimal approximation  centimeters.
of T to the nearest hundredth.)

L 6. Draw 2 circle and two segments such that One possible
each of the segments 1s tangent to the answer:

- \\Q/

7. Shade the intersection .. the interlor
of the larger circle and the extericr
of the smaller circle.

8. Draw a circle and an angle such that One possible,
their intersecticn consists of four answer:
points.

125
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v,

11.

1l2.

The simple closed curve in the figure
consists of a, semicircle and a diameter,
The radius of the circle is r units
of length. Find the area of the in-
terior of the simple closed curve,

(The answer should be expressed in

terms of »r.) Answer:
%Wre units
of area.
F
Given the arc shown above, determine the following:
~~ P S
a. BE N TF Answer: a. CDE
b, A% N DE b. DE
c. Ac N BF c. BC
d. 2E N DE d. DE
With the aid of a sketch, define Marc'.
Answer:
The points X and Y

determine an arc on the
The arc includes
X and Y.
These two endpoints
determine two arcs.

circle,
its endpoints

Find the volume of the inside of a Answer: .
plpe whose length 1s 80" and the 15,70 cubic
radius of whose inside base circle inches.
1s %". Use 7 = 3.14.
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13.

.

15.

Find the total surface .area of a
cylinder the radius of whose base

"eircle is 10 centimeters if the

altitude of the cylinder is
100 centimeters. Use 1w = 3.1.

Find the amount of paper needed to
make labels (without overlapping them)
for 3 cans each of height 6% and
of base circle radius 2".

Use 7T = 3.14, ‘

Find the volume of a cylindrical solid
the diameter of whose basa circle and
whose height are each 3 meters.
leave your answer in terms of .

127

Answer:
5820 square
centimeters

Answer:
226,08 square
inches

Answer:

meters.



Chapter 16
STATISTICS AND GRAPHS

This chapter is included as an attempt co accomplish the
following objectives:

1. To develop some faclility in the elementary uses of
statlistics through a study of some data collected
by the government, by busineis, and by the students

themselves.

2. To develop an appreciation of ‘the important use
- ' of mathematics in everyday reatiing, thereby
motivating and strengthening both.

3. To i1llustrate how deta may be tabulated and the
information contained 1in,the data represented

by different kinds of gbaphs.

L, 1o give‘instruction 1n>read1ng information from a
grapn for which no table of data is glven.

5. To develop some skill in finding measures of
central tendency (modes, arithmetic means, and

medians.)

‘The National Industrial Conference Board, 460 Park
Avenue, New York 22, will supply gobd supplementary mater-
1al for this chapter at your request.

A very. informatlive and pleasantly written book on statis-
tics 1s Darrell Huff's How to Lie With Statistics, W. W. Norton
and Company, Inc., New York, New York.

) A useful source of statistical information 1s the
Statistical Abstract of the United States. This has been published
annually since 1878. It 1s the standard summary of statistics

on the industrial, social, political and economlc organiza-

tion of the United States and 1s prepared under the direction

of the Bureau of the Census. .

129
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page 205-206: 16-1 <

‘Statistics has two mailn aspects. One 1s the organization,

_analysls and interpretation of a mass of collected data. The
”.ogher consists of studying a total population by analyzing a

saﬁple of that population.

' . The use of statistical terminology 1n non-statistical

literature is increasing and 1t 1s essentlal for the general

reader to have a correct undersﬁanding of the most common

terms and 1ideas.

16-1. Gathering Data.

The pupils might be asked to make tables of local statis-
tics. There 1s the possibllity that the local chamber of
commerce could provide some interesting information. The
school or city librarian could furnish statiftics on numbers
of volumes of various kinds. Prior to the study of this unit,
puplls might be asked to keep rec.-ds such as test scores,
temperature, attendance, etc. Information of this nature
provides excellent material for the graphs later in the

- cﬁapter.
Answers to Exercises 16-1la
l. Boy O 6. Six
2 56 1in. 7. Eight
3. 69 1in. 8. Seven
4, Three 9. Seven
5. Two of each

130
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‘page 207-208: 16-1

Answers to Exercisges 16-1b

Ay

1., The énrollmenfé seem to be increasing steadlly.

2. September » Increase
' 1955
1956 125
1957 : 375 .
1958 125
1959 ‘ 125
1960 ' 50
1961 90
1962 ' 110
3. a. 1956-1957 b. 1959-1960

Answers to Exercises 16-1c

1. Year Offlcial Population in 1Increase in % of In-

Population Number of Ten Thousards crease
Ten Thousands (from pre- (whole
vious numbers
ec..amn) - _ of
percent )
1890 88,243 9
1900 122,931 12 3 33%
1910 204,354 20 8 67%
1920 334,162 : 33 13 65%
1930 435,573 44 11 33%
1940 499,261 50 6 14%
1950 749,587 75 25 50%
1960 1,302,161 130 55 73%

2. 1950-1960
3. 1950-1960
4, 1940-1950

5. No. The percent of increase depends on the base
which 1s increased as well as the size of the lncrease.
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page 208-211: 16-1,16-2

*5, Answers will differ.
#7. Answers will differ.

S

16-2. Bar Graphs,

The materlals needed W1ll be graph paper for the puplls
and a graph blackboard chart for demonstration as well as
" pupil use. If there. 1s no graph blackboard chart avallable,
many teachers use a ﬁusic liner 1n’mak1hg blackboard graphs.
A feg sweeps: of the liner horlzontally and vertlcally make
a fine set of guidelines for graphing. '

If students are encouraged to bring to class graphs
« from newspapers'and magazines, they willl make good bulletin
‘board material and they will furnish i1llustrations of good

- and bad features of graphing.

- Students are always surprised to find how often a graph
1s used as background for the humor in a cartoon. Some stu-
-dents even make coilections of such cartoons.

Bar graphs may be the simplest graphs for puplls to under-
stand. Choosing appropriate units may be difficult, and some
time should be spent on this.' In exercises requiring bar
graphs, usually only one 1s shown. Elther 2 horilzontal bar
grapﬁ or a vertical bar graph 1s acceptable.

Answers to Exercises 10-2a

1. Alaska

2. About twlce the size of Texas, about four times the
slze of Czlifornlia or Montana, and about flve times
the size of New Mexico or Arizona.

3. Over twice as large

I, Many comparisons can be made.
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‘page 211-212: 16-2

"Answers to Exercises 16-2b

1. The title

2. The§ represent ten thousands of square miles.
15  represents 15 x 10,000 or 150,000, etc.

3. Zero

4, 30 x 10,000 ‘or 300,000
60 x 10,000 or 600,000

5. The length of the bars
6; Two units
70 TWO unilts

8. a. No " b. In order of size, start-
ing with the largest.

Answers to Exercises 10-2c

1. 20
—f = fe
1 NUMBER OF STATES ADMITTED TO THE |-
. UNITED STATES
R T Tr H IN FIFTY-YEAR PERIODS
1 | B ||

10

Number of ~States

1751-1800 1801-1850 1851-1900 l90i—l950 1951~
Source:v THE WORLD ALMANAC, 1962.
133
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—

ENROLLMENTS IN HOOVER JUNIOR

HIGH SCHOOL

@

83
ER OO R T IR
FR PP T TR a
sfsctaciigiosbercpol
S
g -
i <
o o o o
o] © © e
= ™ « ~

sTIdng Jo Jaqumy

Grades
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C 3. TALL STRUCTURES IN THE UNITED STATES
1500 ———fT '
a - Ll
Pl i |
! |
- — |
)]
& 1000
k] \
i R
2 N
g - \\
] | N,
\ 500 | \\
’ _ i ‘\\\
\
_ \
o . I ‘\\
2 3 i \

Source: THE WORLD ALMANAC, 1962

Empire State Bullding, New York
Terminal Tower, Cleveland
Space Needle, Seattle World's Fair
Prudentisl Building, Chicago

San Jecinto Monument, Houston
Washington Monument, Washington, D.C.
City Hall, Philadelphia

Statue of Liberty, New York

=
o
L

= W N e
. .

0 ~N oW,
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- page 214-216: 16-2,16-3

LARGEST CITIES IN THE WORLD

100

75

sse

TTTETTTYTY

J.ondon

New York

Shanghal

Moscow |

Sao Paulo |:

Population in Hundred Thousands

THE WORLD ALMANAC, 1962.

Source:

Broken-Line Graphs.

16-3.

Answers to Exercises 16-3a

40°, 36°, 60°, 52°, 28°,

1.

Tuesday

2.

Wednesday

3.

Between Tuesday and Wednesday.

4,

5.

No, but a reasonable estimate could be made.

Between Thursday and Friday.

6.

136
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Answers to Exercises 15-3b

1.
GROWTH OF SCHOOLS IN MADISON COUNTY
30
o ' T . 2
- 1l /
8 20
_ 8 _ /|

%‘\‘- )4
5.

'g 10

Z 2 -

4]

0 1 L ] [

I
1920 1930 1940 1950 1360

Source: Board of Education of Madison Ccunty
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HOME RUN RECORD GF BABE RUTH

N

A AL
V1!
A
¥

R

/
|
|

B

60

in ) (o)
- 3

suny SWOH JO Joqumy

K 15

CE6T
nEGT
£€6T
cE6T
TE6T
06T
6261
Q26T
Le6T
9261
Ge6T
#2861
£26T
2261
26T
026T
6161

gT6L -

L161
9T6T

G161
HT6T

THE WORLD ALMANAC, 1962

Source:
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3'
POPULAR VOTE CAST FOR PRESIDENTIAL CANDIDATES

1928-1950

40

30 |——— —— Dapg, -

e }
ol
: /) atie ‘Fh 4—
g N ‘
al g T
Xy o
Eﬂ /"' ! ,\?ﬁt; A (S S S . IR N
. of . \
®© \ /i ,0\,’&0 . f : : : i
FX 20 K T %er’)\) P ! ] K i ‘ ‘
S . e R -
iy / \.L_/"' .. i
- ' T -
'; - 5 l_- S D SRS S
g‘ = : . e e
a 10 T T (
PN EEURN N SRS S SO S
[ i :
i i ‘
)'_ ‘ ; t ‘ [
0 P i —
! 1 ! f ! ! ! i {
se] Q4 \0 Q = C 5 o
& P & =4 e 3 R : i
~ ~ & ol —~4 —~4 — -

Source: THE WORLD ALMANAC, 1902
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¥ L, POPULATION OF THE UNITED STATES
census Years Population " Population
Lensus ears foputation “ILHET—’“"
111TTons

1500 75,994,575 7o
1910 91,972,20c g2
1920 105,710,620 100
1930 122,775,046 123
1340 131,669,275 132
1950 150,697,301 152
1960 179,323,175 179

Source: Bureau of the Census.

FOPULATION OF THE UNITED STATES

200

150 bt e o

Millions

!
100 - A ]
o ; . / T
o i i :
o - .
g | ;
3D t
@ |
— i
- }
A 50 ‘
o :
oL :
!
! |
0 b .
I i H | i i !
o o -~ o < o} (o)
2 ~ ] - Y o
K o ™ = ™ Jor) o)
ot - - — - i —
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16-4. Other Kinds of Graphs.

Since graphs are useful in conveying informatlon, and
ar found so widely in newspapers and magazines, 1% 1s im-
portant that puplls become familiar with the genercl types
which they will encounter.

Circle graphs are found frequently and lend themselves
well to comparing parts with a wnole. The questions on
circle graphs will ;ive some orportunity for practice in
computation.

Rectangular ba: graphs are of.en used in showing how
a whole is distributed. It 1s not necessary for students
to maKe such graphs 1in order to lesrn how to read them.

The pletograph makes a bar graph more interesting to
read. However, care should be taken to use symbols whizh can
be divided up essily to show fractional parts of units.

Answers to Exercises 16-%

1. &. The amounts are the same.
b. Three times as much
c. Pood, $1920; Rent, $1920; Clothing, $1280;
Sevings, $640; Miscellaneous, $o40.
2, 2. Education, 104.4°; Streets and parks, 72°;
Police and fire protection, 900; Welfare, 57.00;
Other, 35°,
b, (1) 1% cimes ~s much.

(2) lg% or about 1% tlmoc as much.
¢. Education $ 526,200
Police and fire protection 7938, 500
Streezs and parks 038,800
Welfsre 511,040
Other 319,“00
3,19%,000
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-- 0 pupils

-- 10

-~ lo
_ O

-2

i
[}

b. 1) 3 times as many
2) l% times as many
) name
c. (l) Shows how the whole nf &uything is distributed.
(2) Frovides for making comparisons easily.

4, a. $%9,000,000,000
b, 19%0 -~ $5,000,000,000
1945 - 45,000,000,000
1950 --  40,000,000,000
1% —= 2,000,000, 000
1330 -- 20,000,000,000

Twice as much; Yoo tlmes anomunn.

ciyo {2y =0
. 20
[ 2? 1 tﬁ.
.2 N
Z i Or i

d. Glancing av Figure 2, one might Jjump to the lon-

correct conclusion “hav State L spends flve

~imes as muc: o oighways as State D, twilce as
o)

much as Stete B, and more than three times as
net, L3 Srate O

-
o

[
>

ERIC

Aruitoxt provided by Eic:
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16-5. ‘Averages.

The measures of central tendency are presented here. They
are the arithmetic mean, the medlan and the mode. All three
mesaures are averages. There are certaln advantages and limlta-
tions to each. The nature of the particular distribution of
measures as well as the purpose for which the average is chosen,
willl determine which of these averages should be used.

The mean or arithmetic mean 1s frequently called the
average. A few very }arge or very small numbers can change
a mean considerably.

The median is not difficulct to find, but only tells that

“half of the numbers are below it and half are above 1it.

The mode 1s an interesting flgure, but tells us nothing

about the distribution of the dats.

Answers to Exerzises 10-5@

i. a. Th b. 1995
2. 196

3. 159

b, 17,408 sq. ft,

Questions in Text

Mode

65 occurs more than any other number In the table.
If there had been another 21, 21 would have
been the mode.

If pupil L were 59 1inches tall, there would be

twWo modes, ©5 and 59,

Range. Jim seems ©0 be more consistent.
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Answers to Exercises 16-5b

1, a. Scores
9k
91
o7
35
b. Mode = 85 85
c. .edian = 35 85
, d. Range = 94 - 69 = 25 33
o - . 31
79
- 24
_89_
e. 2%% = 83 = the mean Total 913
2. a. Mean = $€100.
b. Three

c. Seven
d. No. See ().
e. If there is an even number (2n) of 1 .ems
? (as there are 10 1in this problem), the median
18 the average of the nth and {n + 1)th items

$5000 %4§:900 - $5250.
f. Mediean 1s better than the mean, since the mean
glves the impression tnat the salarles are higher
than they are. The mean 's affected by the large
salary of $12,500, but the mediap is not.
H

g. (1) No. (2) Yes (3) No.

h. The median 1s useful because 1t 13 not affected
by one or even a very few Ilnordinately large

scores.

3. a. 506.5 o. g c. 38

1y
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#16-6. Grouping Data.

Answers to Exercises 10-0a

7
a. The 17th pupil
b. 62

62

Answers to Exercises 16-6b

Such information as ages, marks, attendanne,

a. The age group 15-17

b. 16
Groups Tallies Frequency
50--54 ™AL 5
55--59 [ 3
60--64 [ 4
£5--69 L b
TO--Th T 6
75--79 n 3
80--84 RN 4
85--39 i 1
90--94 | 1
31

The median, or tne 1nth item Is in the ©5-09

145
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16-8. Chapter Review.

Answers to Exerclses 16-3

-1. 8. Swimming is the most popular sport, and the
others, 1in order, are horseback riding, canocelng,
archery, tennis.

b. 1 unit = 4 girls,

c. Swimming 78
Horseback riding 4o
Canoeling 36
Archery 22
Tennis 2.)

d. Sw!imming

e. (1) More than twice
(2} More than three times
(3) About the same

2. JIM'S MONTHLY EARNINGS
DURING A SCHOOL YEAR
20 , —
REREEN B
—4 N L
2 15 L | \
4] N 1 ,._\ R SO
—
— o IS S S S oL
3 \
5 - \
10 F
9 N R U S A W O )
é i VL
= _ o X
= i \
5 | ; i
oy D SR S o NG e—
RS N »
o S O S O T A I O
bl R o
ol A I R R ?

1 i I ! i ] [ I ]
Sept.Oct. Nov.Dec.Jan.Feb.Mar.Apr.May

T
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3. a. 5000 b. 15000 c. 3000 d. 155,000

- ENROLIMENT IN ROOSEVELT HIGH SCHOOL

800

koo

Number of Puplls

Grades
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5. 8. Scores: 97
95
gt
92
90

Range: 39
97-62 = 35 00

b. Mode = 85 85\
35

33

31

L T2

71

70

62

Total 1252
c. Mean:%—%—e— 8 53,5

d. Median = 85

e. No. Yes.
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~»6.
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16-9. Cumulative Review,

Answers to Exercises 16-9

3. {6, 8, 10}

%)
Dho. = Ui

, or 4%, %?, %;, etc.

7. Check to see if ad = be.

8. % inch .
9. 10.5
5
7,6 w L
10. ('8) 23 -8-6
11. 58
12. Mode

13. 15 1inches.
14, a. b = 45
b. b = 40
15. 14.5 hours.
16. m L X = 130

17. a. 7.016
405.07

57,500
686,000
15.04
0.1

o

18.

Qa o o W
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Sample Test Questions for Chupter 16

This set of questions 1s not intended as a chapter test.
Teachers should construct a chapter test carefully by combining
selected 1tems from this set of questlons and questions of thelr
own writing. Care should be exercised to avold making the test

too long.

In Problems 1-8, each description in the left column
defines one term on the right. Write the letter of the term on

the right beside the description which it matches.

Matching:

1. The difference between the
largest and smallest number
in a set.

2. The middle number when data
are ordered.

3. The number occuring most often
in a 1list cof data.

4, The sum of all the numbers in
a set divided by the number of
numbers 1n the set.

A graph used to show change In
some ltem.

6. A graph used to show comparlson
between slimlilar ltems.
7. A grapn used to show compariscn

between parts of & whole and
between the whole and any of l1lts

parts.

R EEEEE S

3. A graph whlch uses symbols or
plctures to represent numbers.
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Median
Mode

Arivhmetic
Mean

Broken-Line
Graph

Average

Circle
Graph

Range
Pictograph
Bar Graph



9. 3chool Enrollment in the United States, 1960
Secondary School

College

Elementary School

Source: U.S. Office of Education

What fractional part of the total enrollment is
In elementary school?

b. What fractional part of the total enrollment is
in secondary school?

o

—
o
o

What fractional part of the total enrollment 13
in college?

36 d. What is the measure of the central angle which
indicates college enrollment?

If there were about 40,000,000 students
enrolled in school 1n 1960,

24,000,000 e. How many were in elementary school?
12,000,000 f. How many were 1In Secondary school?

4,000,000 g. How many were in college”
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Aruitoxt provided by Eic:

10.

Number of Students

MADISON JUNIOR HIGH SCHOOL ENROLLMENT
IN SEPTEMBER OF EACH YEAR

1000 —— —

What kind of graph is the grapnh n Inls croblem?
(Broken-line graphn)

What was the enrollment in 19u2° {220)

In what two years was the enrollment the same’ (
During which year 414 the anrcllment inocrease Cre most
(1900-01)

What 1s the general trernd of the enrcllment? (trcressing)
What 1s the difference irn enroi.ment neiween 196 and 1 -wi”
(530)

What was the percent of In:raase .n» ernroliment Ln
1950-19572 (0% )



Chapter 17

NEGATIVE RATIONAL NUMRERD

17-1. Introduction.

The material of this section is ...nivatiocnal. Students
are often suspicious of negative numbers. The reason for
vhis suspicion 1is seen in this problem:

If Jimmie has 5 marbles and ne gives 3 to

Eddie and 4 to Dudley, how mary does he have

left?
The student will say that this ig impossible. He is ccrract
in saying this; this distributlion of marbles cannoct be
carried out. The student will not be satisfied wit. 2 as

an answer.

An effort is made to lead the student to the negative
numbers along familiar patiz. The thermometer provides a
familiar example in which we have two number scales on the

r

same line extending in oprcslte directions from 1 common

origin.

Tt 18 carefully pointed cut that a succession of
decreases in temperature will eventually Carry us cier ontc
the other side of the origir.. This idea i3 repeatel

u

with an example from business. Armed with these examplec

we are ready in the next sectlon to call numbers on one slide
of the origin positive and numbers on the other 3lde negative.

Students cannot properly appreciate the importance of
negative numbere until they nave had a ¢ourse in Algebra.
Chapter 19 of this text on coordinates in the plarne should,
nce in the

howeer, help to give the student some cor:fiden

usefulness of these numbers.

ERIC
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17-2. The Negative Halr-Line.

In this sectlion the negative raticral rnumbers are located
on the number line ana narmad. Some explanation of the raised
"minus sign" used in nam!l .z these rumbers, as in ~3 or 2.6,
is in orier,

The "minuzs sign" ts used in threoe ways in elementary
mathemat.cs:

1) as part ol the rame of a negative numbar:

b

11) to denote the blnary opsration ol subtractlon;

¢

ot

ten of finding the

[
s
I

.} tc denote the unary opera
"opposite" or "additive (nverse.

Thess

14

{
g

three meanings are all gquite diffe
n

30

studernt is usually confused about which meaning l1s intended

at the start of his His confusion

finally disappears when rne learns enough to aprreclate the

consistency between the thres uses of the minus sign.
Tne raised minus sign ‘s used . an efforn T awold
any confuslon on tris score. T Shls text the minus sign
in its usual position ls used only vo dencte the operation
of subtraction lmeaninsg L1 aboue) The raised minus sign
1s used “c provide a comt o rome for nezotlive rumbers
{meaning L above,. < oover tion of finding L2 opposite
or additive irverse aeanins 111 above ) is dlscusges in

this sectinn ana throusncwl' the chapters tut rno symbol 1as

been intrciuned to de “iaon,
In accordance wiel triz oconventien the ralsed dash
18 uead opluoAn Drors Sor rational raumbers

N :
. i . e ey
P crovide commorn names for
B avrreasslonh guch o ar
A T T IS SYOEIN B S ST R M TR wrlte
n- n - . . .
¥ ' o ~ sy ' 5 p@lf‘),
- by vy le) bl e -- on a,e L=
2 ar o repreaernt sl Lrherg Peallzlig Tnlin owe nave
. - 1 "N .
rAasvars AT hea vjeed e voba b e n-.on e A w11 where 1+ was
IR A L Y s g

LNy
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Angwers to Exercises 17-2a

1.
0 ' 2 5 q
F e e ‘: Al o : 4 ‘lr Ja
z a3 A 2 =
-;' [} ‘? 3 2 2 4 Y

’ 4 4 3 6 8.3 7 12
2. ?.. §>3' b. 'é')g c -2-)':,;- PRI AN
2, a. 4 3>2-%4 c., 8.7, 2+3

b, 3°5> 26 , a. 7-4#<12-4

Answers tc Exercises 17-2b
(Class Discuscion)

1. a. negative e. negative

b. positive f. positive

c. positive g. negative

d. negative h. pusitilve
2. a. The set of positive rational numbers.

b. The set of negative rational numbers.

c. The set of positive integers.

d. The set of negative integers.
3. a. & d. 2%— Z. 6.4

b. 8 ; o

-2 €. %‘
(3) -
T 5.3

- - - -3 3 3
b 6, 4, (;i—), (), % g = : § i3 the greatest,

"6 1s the leaszt.

Angwers to Execcises 17-2c

1.
= — o——+ —4--o — t 3 + ; 1

(_l;;) A .,% 3 2718 | o £ I 2 223

Y.
U
~1!




~al - -
2. a 35 < % d 3%-) (%i)
2 2 2 -
b. £ 3 e. T, 18
c —3%-< "1.8 £f. "1.8 < 2.3

17-3. Addition on the Number Line.

The number line is the basis for explaining the operation
of addition. Students are familiar with this use of the number
~line from Chapter 8. There should be no difficulty in showing
that the sum of two negative numbers 1is the opposite of the
sum of the absolute value of these numbers. However the term,
"absolute value" is not used.

It is more difficult for students to see the result of
adding a positive and a negative number. The sum 1s the
difference of the absolute values of the numbers and is
positive 1f the number with the larger absolute value is. -
positive and negative if this numbter 1s negative.

The method of adding ratior-1 numbers is summarized only
informally. The primary reason for this is that an accurately
stated rule requires the use of absolute value. The develop-
ment of absolute value is left for th. work in the ninth grade.
Many students will havsz an intuitive concept of this idea,
however. In one exercise the students are asked to state a
method of addition. Answers should be Jjudged on the insight
1nto.the'operation rather than 1ts precise statement. The
. number line may creep into the students! explanation even
though the directions ask them to think ébout addition with-
out the help of the number line. Any answer that shows
understanding should be accepted.

Teaching Suggestions: The time regquired to draw number
lines discourages students. It 1s helpful if the teacher
duplicates number lines or uses graph paper, because the time

I
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fequired to do the 2ssignment 1s decreased, and the students!
attention 1s concentratet on the addition rather than the
drawing of lines. Since sheets of number lines will Dbe useful
in other sections of this chapter, quite a few copies should
be made.

After reading the explanatlon in the .ext, the class
memb&PP#8hould do one addition problem of each type before
‘attempting the homework. Give the problem, using small
numbers. Allow time for most students to finish, then do 1t
correctly on the board or let a student do so. Each pupil
should do the problems; it is not adequate to watch someone
else. -

Answers to Exercises 17-3a

1. Right
2. Left

3. All arrows point to the right; the second arrow starts
at the head of the first arrow. The answer arrow starts
at zero and goes to the head of the second arrow.

4, All arrows point to the left. The arrangement 1s the
same as in Protlem 3.

. The first arrow starts at zero. It may go right or left.
The second arrow starts at the head of the first arrow;
it goes in the opposite direction. The answer arrow
starts a+ zero and goes to the head of the second arrow.
The answer arrow may point in either direction.

6. Use an arrow for each addend. Each arrow is slightly
above the rnrcceding arrow. The answer arrow runs from

zerb to the head of the last arrow.

7. An arrow for 3. A dot may be used for zero and an

answer arrow added for empnasis.
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Answers to Exercises 17-3b

1. a.
6= 2+4 ,
) !
| |
. o) . — . . )
“2 ) 0] \ 2 3 4 5 (2}
b.
= |+6 w
| T ° ”1‘
___,% l
I , . ) !
-2 - o] I 2 3 4 5 7
Ce.
"7 =5+"2
‘r——
- ]
! EPE— -}
| !
-8 -7 -6 ~5 —4 "3 -2 = O |
a.
e "8 =74 +74
- 4 — -
i - 4
| | ,
. & "7 "6 "5 ~4 ~3 =2 - o |
Qj 4+°4 -4 .
4 -ﬁJ
N X : b .
4 "3 "2 o | 2 3 4 5
£.
_2=3+5|
— 5 -
f -3 |
b
| |
4 -3 "2 -1 O | 2 3 4 5
160
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b4,

n

a. + f. +

b, - . B. -

c. =~ h., +

d. + 1. -

e. - J. +

k. -

a. January 5000 April 1000
February 2400 May ~3000
March 1000 June ~2000

‘b. $2%00 '

c. $400

BRAINBUSTER:

18t boy: Taking 2 steps per second requires 14
seconds when the steps are not moving. During this time
the escalator has moved half-way down. Boy requires 28
seconds when the escalator 1s moving. Since the boy goes
up 2 steps while the escalator goes down 1 step,

his actual rate is 1 step per second.

2nd boy: Goes up 3 s8teps while the escalator goes down
1 step. The boy!s actual speed is 2 steps per second.
Time requir2d is 14 seconds.

Answers to Exercises 17-3c

a. 1o§ d. 10
b. 1o§ e. T3
c 10
a 4 e -7%
b. 82 £, 73
d. "6%

162
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3. a. "i : f. 5%
ﬁ. T2 g 5%
c. '1% ' '5%
d. '1%- 1. 0
e. lg

4. fThe wording of these statements is less important than the
understanding. Informal description of the addition
process will be found in the text following the exercilses.

Answers to Exercises 17-3d

1. a. Parts (a) and (b) of Problem 1, Parts (c¢) and (d)
of Probiem 2 and Parts (¢) and (d) of Problem 3
1llustrate the commutative property of addition.

b. Parts (c) and (d) of Problem 1, and Parts (e) and (f)
of Problem 2 illustrate the associative property of
‘addition. Also Parts (f) and (g) of Problem 3.

¢. Part (e) of Problem 1 and Part (g) of Problem 2
illustrate the addition property of zero.

2, a. O b. © c. O

3. The aumbers in each part are opposites, or additive
inverses. The sum 18 zero in each case.

4, Yes.

17-4. Subtraction of Rational Numbers.

There are several possibilities in using the number line
to show subtraction of rational numbers. The‘mechod used in
the text has some advantages. First, it shows the relation
of addition and subtraction, namely, that a + b - ¢ and
¢c -a=>b are two statements of the same relationship.
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Second, there 1s rno essential change from the method of
pilcturing addltilor; the diagrams look the same but the answer
is in a different location.

As in addition, there 18 no formal rule for the method
used to subtract. There are exercises that bring out the fact
that the same results are obtained by subtraction as are
obtained by adding the additive inverse of the subtrahend.

It is important for the student to develop a feeling for the
operation} not a mechanical and meaningless manipulation.

A very important concept for the students to get 1is
that with the extension of the number line to include negative
numbers, we can now subtract any two rational numbers. In
other words, we have a set of “umbers that 1s closed under

subtraction.

Teaching suggestions: In the pupils! later study of
mathematics the operation of subtraction 1is not necessary.
The addition of the opposite of a number gives the same
result. When presenting subtractlon stress the fact that
a+b=c ard c - a =b are two statements for the same
relation. After going over the explanation in the text with
the students, gilve some of the practice problems i1n Exerclses
17-4a (Class Discussion) as written work. Check to see that
the students understan” the process and know the difference

between addition ana subtraction. ‘

Agair, the time-consuming task of making number lines
discourages students and diverts their attention from the
ideas of the lesson. The teacher 1s urged to provide
duplicated number lines wheﬁ‘assigning problems in which
they are used.

After considerable practice in using the number line to
find answers to subtraction problems, shorter methods might
be discovered. The teacher should be sure that the pupil

understands whatever method 18 used.
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Answers to Exercises 17-%a
. a. 4-7:1’1
b. n=~3
c. T+ (73) =4
'. a. -)'I'-7=n
b. n="11
e. 7T+ (T11) = "4
b, a. 4 - ("7)=n
b. n= 3
e. 7T+3="T14
be Aa. y o (-7).-:.1'1
b. n =11
c. 7T+ 11 =14
5,' a. 5—3:2 5*’(—3):2-
L 3 — 2 i
| 2 | ! B
| " I b
| ' | . S
-l o I 2 3 4 5 - o | 2 3 4 5
b. J
5-(73)=8 5+3=28
\ 5 o X 8 )
PR - =
| AN,
! :d o | |
3| | : S !
1 | | ‘ . |
4 -3-2-1 0 1 2 34 56 > -1 0 | 23456 78 9
¢ (-5-3=8 ("5)+("3)=("8) _
% 5 . lw B
- | [ I
s e 8 3 3
I y 1 | _ |
| —_2 | L 5 |
| } ! } I _ !
6 54 327 0\ 234 9876543271 01 2
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d.
("5)-("3)="2 ("5)+3="2
bo- ! 3 | |
r—‘i-1 _ | F—— l
I e 3 | . Le 51
! ' ! ‘ o .
6574 -3"2°1 O | 2 3 4 6°54°3°2°1 0 | 2 3 4

6. The result 1s the same when a number 1s subtracted and
when the opposite of the number 1s added. Notlce the
dlagrams are different.

In tne text:
1—(_2)=1+2=3
1-3=1+(73)="2

Answers to Exercises 17-4b

1. a. *+ (T2)="76
b. 6+1="T5
c. 8+ 3 =11
d. 1+ 0 1

e. 4+ (76)="2

f. "4+ (T6) = T10

]

g. 4+ 6 =10
h. 0+ (T1) = "1

2 a 2 e “10 1 2 m 7
b, 4 £. 76 J 12 n. 13
c. 7 g. 11 k., 77
d 10 h. 12 i 11
3. a. 10 d %
8
b, 100 e, §
1 49
c. 3 £ 51
166
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4, a. 3 b. 13 c. 13 d. 3

5. a. 3 b. 13 c. 13 d. 3

6. Adding the additive inverse of a number gives the same
result as subtracting the number.

After considerable practice in using the numder line to
find the answers in subtraction proﬁlems, pupils may
devise shorter methods of arriving ai};he answers,

| _ - _ - -5l
7. a. x= 3 e. X = (?7) or 2%
b. x= 14 f. x = 14
c. x = 11 . g. X = %
d. x = 15 h. x= "5
17-5. Multiplication of ‘Rational Nunbers . ~

" The multiplication of a positive and a negative number
is developed in this section. '

. The product of a negative number multiplied by a positive
number 18 easy to demonstrate on the number line. On the
otner hand, the interpretation of multiplying a positive number
by a negifi&e huﬁﬁéf has-little meaning. The commutative
property is used to make such oroducts meaningful. There 1s
occasion to show that the associative property holds also.

Whiie the product of 3 .("2) 1s the same as the product
of 2+ (73), this is not an illustration of the commutative
proparty; both factors are different. Stui. " should !~
aware of the difference.

Answers to Exercises 17-5a

1. | s ;
|
| 2
— 3 — I
‘. . ,‘ X . L
- 0 2 3 4 5 6 7 8
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. a \\\

2. \
5 “5
L
e ST (e "2
| |

-8 -7 6 5 -4 —3 "2 -~ o

3. The commutative property for multiplication.

4, MNo. The product is the same but the factors are different

5. 76
Answers to Exercises 17-5b
1. a, ( 20
i B
I b5 ‘
; L 5 —d 1 ;
| 5 | | !
| ’ ’—] | ) N i . L L
4 O 1 2 3 4 5 6 7 & 9 K i 123 & 1516 178 19 20 2
b. 20 ~ :
. i
L4 T
4 o —«--—1: :
S —— = ?
— | | i i
-l Ol 2 3 4 3% 6 T & 9 10 1) 2 13 14 15 168 7T 8 18 20 2i
c.
-2
P — g
2 .
| [ e
| I | . } .
-~ "¢ "8 "7 /6 "5 "4 T3 "2 T )
d. -2
[, ~2a
———— R | _
! L*——-——a——{ _
| 3 ,
| ! f—‘ -1
| i. i " R
=13 712 " TI0 "9 TR 77T e 7B T4 T3 T2 .7 C
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Answers to Exerclansg

1. multiplication

2. additive inverses nor o4 (72}
3. distributive

L

+. negative number
5

6. 6

N - (=
} = o + [N
o
AL oy - IR -
Shes taos ) !
- N - - -
- Y {
4 Is '( )0
'
A
! ! T (- .
g i
v .
R I .- ~ s
R RENT /‘ B '
T , - -
[ ) ‘
t
{
1

o
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2.

n

L

a.

or
ol
&L

a.
b.
c.
d

positive
nelative
positive
negative

12
3
positive
poslitive
negatlve

negative

Anawers to Exerclges

b
ny

N

17-bu

10k = TH = 713
3 0+ %) "o
- o

hecaiiae

becauss ’

2 2 3 = x becausde o
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Sample Test Questions for Chavter 1-
Note: fTeachers cshouid construct theilr ~.yn tests, us
carefully selected items from thcose glue:

from items of thelr own
be given to difficulty

to complete the test.

[&]

True cor False: Decids whether

true or Jalse

(T) 1. We can assoclate ratlonal

line.

= -3

The number zero does

-

—~— N S S
(98]

4, There i3 no greatest

o~
)

All negative rational

roints on tne ~umber

(T) 6. The point on the number lire as

n

AR AP

ES

f {tems and time venulred

-

tre following

2. Tne sum of positlive two and negatlve

. IR
ctatemencs

ct have arn oppos

numbers are
e

— s -~ —~ - i s
aumoer on thg num

and the potint on the numter line assoc

are the same distance

iine assoclated wit:

(R} 7. The rational number
~mber 2.
(F) The guotient o7 two n

number,
(T) 9. All negative numbers
)

i0. The integers ar» maie

and xero. - —-
Completion:

1. The ¢ .o of = i AT

2. The potilnt an the oumrer
18 (.3 .

3 The differcnes S

«.  Thre produce B!

4]

from tre point

3 s ooreater n
= L)
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catiar mherd L
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e
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7. The numbers which we assoclate with points to the left of

zero on the number Iline are called

(necative numbers)

8. On the number line, Hhe rational numbers
c

points the same distance from zero are
9. The oppoaite of ~& is s
0. The orlgin 1s the point which corresponds

_(zeiro) f on the npumber line.

Maltiple Choice: S=o

D
(9]
o ¢t
<t
5
D
")
@
ct
ot
v
re
o]
rey
-+
3
m
D
3

(d) i. The sum of 3 and "5 1isg

a. 3 . 2 c. S 4. g 2,
(¢) 3. Tre product =2f 73 and T4 s
2 2 r., T8 ¢, Iz 4. Tiz e
\ . -~ ., -
(b) <. The guetiont (73) + {79) equals
a. 2 = oo T2 4. (=) o=
~ [
(d) 5, The numper Shat you nmultipl T3 by to
= 1
3 3 o 3 5- a (=) =
(a) & (: = 2} «wguals
o - = o T < =
(1) 7. Thme difference 3 - 0 ig the same as:
;= RN
2 ER oy 37
" - : 3= {70)
. -
) 2
Thoaeee ST mlg - a ERR I

~—
i
1

igned tc twn
d {opposites)

none of thesge
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Chapter 17

EQUATIONS AND INE

Introduction

1.
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3. The translations listed below are only examples. There are
many correct ways to express these ldeas.
a. The sum of a certain number and 10.
b. A certain number minus 3.
. Seven times a number.
. A number divided by 5.
. The sum of a number and negative 6.

c

d

e

f. 15 divided by a certain number.

g The sum of a certa%n number and 19.
h

. 17 minus a certain number.
1
5)
b. 5, "8, 735, "1, "11, "3, 14, 22

u. a. 11; -2, 7: _5: 15) 20, 16

c. 7: —61 _21) 2: —9: —5: 16, 20
d. 10, "3, 0, 0, “6, not possible, 19, 17

1 - 4 1 -4 1 ]
e 105 g £ m 5 15, 195 165
£f. 75, T18, T105. Ti, T21, "1, b4, 32
6 . 5

g. 16,3, 42, 2, 0, 3, 25, 11
h. 22, 9, 8%, ¥, 6, 7, 31, 5
1. 15, 2, 35, 1, "1, 3, 24, 12
j. 19, 6, 63, %, 3, %, 28, 8

Answers to Exercises 18-1b

‘ X x
1. a. x - 4 e. [ 1. =
b. x+ 7 f. x + 120 x - 6
c. 30 - x g. Tx k. x -9
d. 15x h., x - 11
2. a. F§_ g. 84
" b. 19 n. 1
c. 18 1. 6
d. 180 J. 6
e. 3 k. 3
f. 22
183
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3. The translations given are only samples. There are other
correct ways to write each of these. Strive to get a
varlety of answersf
a. The sum of a number and 1.

b. 3 subtracted from some number.

¢. Twlce a certain number,

d. 15 more than a number.

e. 18 divided by a number.

f. A number subtracted from 20.

g. 6 times a number.

ﬁ The SQT of a number and negative 4,

%
4, a. 7 e. 3
b. 3 f. L
SR c. 12 g. 36
d. 21 h. 2
5 a. 1 e. 9
b. 75 f. 22
Ty g. 12
13 h. 76
6. a. 6 + a g. 5(g + 2)
b. 8b h. 10 - 7h
c. 8 +1 i T 121
d. 83 -3 Jo (3 +3)(5 + 4)
e. %2 k. 25 - 3k
N f. 2f + 3 1 E‘é‘?
7. a. 3 g. 5
b. T2k h. 31
. o3 1. 76
d. _o7 J. O
. 2 < k. 34
£f. 73 1. 3,
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8. a. A number minus six.
b. Four times a number.
c. Five added to two times a number.
d. A number subtracted from five.
e. Twice a number plus fifteen.
f. Twice a number added to fifteen.
g. Nine minus three times some number.
.h. A number added to twelve, then civided by two.
‘1. Seven times the sum of some number and one.
j. Pive minus twice a number.
9. a. 15 g. 6
b. 75 h. 1
c. 5 1. 8
d. 7 3. 01
e. 3 k. 16
£. 4 1. 0
10. a. 6 e. 5
b 3 £f. 8
9 g. U5
d. 79 h. 10%

18-2. Sentences and Their Solutions.

When the student completes this section, he should have a
reasonable understanding of the difference between a phrase
and a sentence. He should certainly recognize the difference
betwepn an equation and an inequality and understand what 1s
meanq by the solution set of a sentence. The student should
now ﬁe able to translate simple situations into mathematical
langﬁage.

To stress the signiflcance of a solution set, the teacher
may wish to introduce such examples as:

X=X +3
or f 0.x =1

whi#h are false no matter what number x 1s.

185
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In contrast, the sentences

it
Ul
+
bl

X +
or . 7 =7 X%

)

are true no matter what number x 1is.

Agaln, the exercises are to be used only to give the studen
an intuitive approach to solving equations and 1nqua11t1es.
No attempt should be made to formalize a method fo solve certain
types of equations. The student should leave this section with
the realization that some sentences have only one solution, and
others have many solutions.

This section lends itself nicely to "I am thinking of a
certain number" games in class. For instance, a student may
"propose the following:

"I am thinking of a certain number. If T add
5, the result is 10. What is the number?"

This type of approach wiil give. each youngster the opportunity
of creating a problem which might puzzlc the entire class.
Through this technique the student may develop insight into
solving more difficult equations because of a personal interest.
Interest and participation may be better if the puzzles are
developed spontaneously, rather than througii a homework

assignment.
Answers to Exercises 18-2a
1. a., x =2 e. p==~6
b, y =17 f. t =6
c. k=2 g. a =25
d.z=4 ,h,m=_5
2. a. x = 9, e X =g
¢c. n=11 g. x =28

186
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— oM
T
I I 1]
L]
—~ o
o
w b~ ~
n n n
o 2 O
L0 o

18

16
Kk = 16

14
Yy =32

35

&
M
=] =
3 —~ =
M 2 O M
oS> nonn
o)
X oad X A >
8 0 & U &
v
N0 =+
— 1 M~

Answers to Exercises 18-2b

35

< =

X +5 =13

5

x - 11

g.

x - 6 =15

8x = 24

2x + 6 = 4

J.

X + 10 =21

e.

10

187
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. X+ 2> 4
5x < 10

x -3>6
x.-5<13
3 > 9
3x -2 >7

| = ® o 60 o p

The set of all numbers greater than 2.

The set of all numbers less than 2.

The set of all numbers greater than 14.

~set of all numbers greater than 9.

. The set of all numbers less than 18.
The set of all numbers greater than 3.
The set of all numbers greater than 3.

W =00 o
]
=
o

Tﬁe sum of a certzin number and two i1s five.

‘'The sum of a certain number and negative three is seven
The product of a number and 2 1s equal to negative ten.
If five 1s subtracted from a number the result is

2 0 o P

greater than nine. .
The product of five and a number 1s less than fifteen.
If a number is subtracted from seven, the result is twc
If three 1is éubtracted from a number, the result is

= 0

less than four.
h. If a number is divided by 3, the quotient 1s greater

.. than nine.
—— 4. If 7 15 subtracted from a number, the result is

negative two.

J. If a number is divided by 30, the quotient 1s six.
6. a. y =73

b. z =10

c. a= 5 B

d. The: set of all numbers greater than 14

2 The set of all numbers less than 3

f k =5

g The set of all numbers less than 7

' - 188
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The set of all numbers greater than 27
k=5

J. ¢ = 180

T There are many such sentences. A few are listed velow.
vy+1=26 y-2=23
y
=1 L =1
>y 5 5

13-3. Formulas.

The purpose of tne work with formulas is to give the
student a general review of formulas with which he 1is already
familiar and to help him see how a formula 1s related to an
equation. For those formulas that the student knows, the
teacher may wish to get word translatlons from the class during
a discussion period.

The teacher should insist that the student write each
formula and show his substitutions before attempting to
simplify his result. The exercises should serve as a review
of evaluating phrases. There should be little stress here on
memorizing the particular formulas used in the exerclses.

Answers to Exercises 18-3

1. a. 22 ft. N\
b. 27%1*1:.

2. a. 49 sq. in.
b. 26 sg. in.

3. a. 225 8q. in.
b. 54.76 sq. in.

4. 2400 sq. ft. and 2340 sq. ft. The difference is 60
square feet.
21 feet
é%i or 156% square feet
189
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7. ,é- 48 s8q. in.

278 sq. in.
174.72 sq. in.
8. a. $135
b. $155
c. $373
9. a. 62.8 inches
b. 81.6% in.
c. 15.7 sq. ft.
d. 17.584 sq. ft.
10. a. 240 rt.
b. 3600 sq. ft.

11. a. 585 miles
b. 1,575 miles
258 miles,

12. a. 520.66 sq. units
b. 379.94 sq. units
176.625 sq. units

13, The square 1s larger. 3.44 square feet

14, a. 108 sq. units
b. 73% sSq. units
181% sq. units

15, a. 11 cubic feet
b. Capacity is "82% gal.

16. a. 50°F a. 32°F
b, 212° F e. 116%-O F
c. 95°F
190
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18-4%, Graphing Solution Sets of Sentences.

After graphing solution sets on a number 1line, the pupil
should be able to understand better the 1ldeas involved in the
meaning of "solution set". Relations of numbers should ve much:
easler to understand when solutlon sets are viewed as a
;epresentation on the number line. These representations
should be especilally helpful in explaining solution sets of
1néqua11t1es.

Since the student may tire quickly of drawing nunber lines
for these graphs, 1t 1s suggested that the teacher prepare
ditto sheets with number lines on them [{or class use. In fact,
many of the exercises can be done 1in class with varlous young-
sters wrilting their solutions to certain problems on the board.
Colored chalk can be used effectlively to emphaslze the solution
set on a particular graph.

No attempt has been made to deal with compound sentences
because 1t 1s felt that these are too difricult at this time.
The teacher, however, may wish to use the compound sentences
as extra credit problems, or as a brainbuster for some ol the
jore ambitious students.

Answers to Exercises 12-%

X = U

X =3

all numbers less than 1
numbers greater than 5
x =5

all numbers less than

M| Y 0O QO 0 T o
oY
]
=

h

\si

all numbers less than
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2- a' P S | . & . 4 d 3 d L L b
«r s 1.4 Y T T v L T T +— ——— T t -+ +——>
- 4 -3 -2 il 0 | 2 3 4
b ettt 4 ———t—t—t——t—>
-5 4 -3 -2 -1 0 | 2 3 4
c. —H———t————t+——+ —
! 0 | 2 3 6
e (o S e O———+—+—+—+—>
-8 -4q T3 -2 -1 i 2 3 4
e. -ttt +—————COomampuenriemm
-3 -2 -1 (o] ! 2 4 5 6
£. 4 —t——rt—+—t+—+—+—t+—+—+——+——+—+—++>
-5 -4 -3 -2 | | 2 3 4
g A s e —— s et et ———}
-3 -2 | 0 | 2 4 5 (3]
., ——t—— s s
-5 -4 -3 ~2 —1 | 2 3 4
3. a. all numbers
b. all numbers greater than 1
c. all numbers less than 1
d. The empty set. (The sentence has no solution.)
e. w =5
f. x="1
g. x= 1
*h, x = 2

f 192
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8 T4 "3 "2 7|

6

5 T4 T3 "2 7|

-6

5 T4 "3 "2

6

8 "¢ "3 "2 ~

~6

P U |
8 "4 3

1
6

i
i

5 4 "3

6

i

i !
5 ~4

1
)

- *h, -

mn

than

all numbers greater

c.

"all numbers less than

1

d.

all numbers

f.

-
©

all numbers less than

y

h.
i

3

all numbers greater than

1
e

193
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7

-4

[
+>

}.
T 1

b
L

-4

IA 1 »

T

-2

4

7 +x =14

pIu
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8. a, 2x + 6 =10

b. x =2
75 4372716 1 23 456 7

9. a, b >0
b. all numbers greater than O

.

.9

5 6 7 8 910

bjl

B2 01 2 3.

10. a. x -3 <1
b. all numbecrs less than &

. el et ——t—3
4 37271 01 23 4 5 6
11. a. X+ 2 >3

all numbers greater than 2

‘fj -r- + +—t &, > 3 * P
372710 + 23 4 5 6 7
12, a. x4+ 2x = 12 e
L. =
C. ———t——t—t—t—t—t—r—>
4 37271 0L 23 4 5 6
13, a. x4+ x <4

b. all numbers less than ¢
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};}. a. -4x l‘l = 21 :

b X =5
c. P Y " L N N o /: <
5 4737271 0 | 23 4 5 8

18-6. Chapter Review.

’
\ Answers to Exercises 18-6

1. a. x + 43

b. 11x
. c. 3x - 6 ‘
\ 2. =, <, >
~ 3, a. The sum of two times a number and nine. -

b. A certain number minus 2.
Twelve divided by three times a number.

4., a. 15 ' \
b. 5
. 12 1

Cc. —g or 3- or 3-

5. An equation will have the verbd =

6. a. 16 +y =12
b. x + 14 > 15
c. 3x - 6 < 12
d. 4x =20

7. A solution set is the set of numbers which will make a
sentence true. -

196
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y ="k
all numbers greater than 1
all numbers less than 6

20 0 U

X =5
9. y+1>3, y-2>0 are just two possibilities

10.  i6: feet

3
62 1
11. -Tg- or 39T6 square feet
12. A graph of a sentence 1s a picture representation of the

solution set of the sentence.

13.  a. N
3 2 ettt
4 32 1 0 1 23 4 5 6
b‘ <+ L4 t +—+ t——C 14 —p——
5 43271 0 1 23 45 6
c. €& -ﬁ*: e i)t~
4372710+ 23 45 6 7

o ¢+
n -
o+
b
w»
o2}

18-7. Cumulative Review.

‘ Answers to Exercises 18-7
'8+10+0+71+73 T2

:1. 5 ‘
.29 5 7
72. a. 5 or H; a. 50
b. 16 ‘ e %? or 37%
c. 5;% or 81 f. 6

6
3. 0.60, 0.6, 60%

197
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y, a. 1000

|b. 987.65
5. la. 13.712
b. 0.17045
c. 1704.5
d. 2.1
6. 1
a 7. a. 0
' b. 123
c. 320
0.8
8. Ty T3

9. a. 8 1inches
b. 8 inches {
c. 32 1inches
10. a. L4
b. [La or /d or [e

c. Lec
d. m([_b) = 165
m(/lc) = 165
m{ Ld) = 15
m{/e) =15
®
“ | ; Sample Test Questions for Chapter 18

Note: Teachers should construct thelr own tests,using carefully
selected items from those given here and from items of
their own. Careful attention should be given to diffi-
culty of items and time required to complete the test.

I3 \\

198




True-False
(T) 1. If two numbers are unequal, then one must be greater

than the other.

(T) 2. 4(5 - 2) and éj}g- are different names for the

same: number.
E(T) 3. A phrase may represent one specific number.
f(F) "4, The expression x + 5 1s called a sentence.
(F) 5. 3
(F) 6. 3-0=8(3)
() 7. (3x. - 4) 1is a phrase.
(r) 8. "=", ">", and "<" are used as verbs in sentences.

“(T) 9. x(3 + %) = (4 + 3)x 1is true for all values of x.

(T) 10. An 1inequality may be a sentence.

(F) 11. If x = "10, then 2x + 8 = 12.

= 4x,.

o]

"(F) 12. If x =3, then X +

(T) 13. If =z

8, then <

U N
N

~Multiple Choice

1. Write a number phrase for the followlng.
"Multiply the difference between eight and two by three."
a. 8 -2+ (3)
b. (8 -2)-3

c. 8.2 -3
3(8) -2

none of these b

199
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' The solution set of the sentence 2 + x > 5 1is

a. 3
b, .73

c. all numbers less than 3
d. - all numbers greater than 3

e. 5 ’ d.

The phrase (2.5) + 4 represents which one of the

. -following?
‘a. 8
b. 10 |
c. 14 -
id. 18
e. 40 _ c.

If x 18 the number of years in my age now, then my age

seven years from now wilil ‘be:

a. \1\+ b'4 d. x -7
b. 7T -x e. none of these
c. Tx : ‘ ‘a.

AY o
Ir & 1s the number of inches in the width of a rectangle

whose\k;dth is one-half 1ts length, then its perimeter is
( N .

a. 2y(y) d. 3y
b, 2y + ¥ _ e. 2(2y + y)
c. %yh+ y e.

The area of a square whose slide 1s s can be expressed as

a. 2s d. 28 .s
b. s8-8 . - e. s 4+ 4
c. Us ' : b.
“A number plus four times the number 1s sixty," expressed
in symbols 1s: : ‘
a. Ux = 60 d. 60 - 4x =4
b. x + 4 =60 ‘ e. x = 60(%4)
c. X + U4x = 60 - c.
/ 200
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8. - Express the following in symbols. "Ten yards of cleth will
cost move than 12 dollars”" (x 1s the cost per yzrd in

dollars).
10
a. x > 12 ) d. ?(—>12
b. x + 10> 12
c. 10x > 12 . e, Tg> 12 c.

'_9. Which of the representations on the number line below
represents the solution set of the sentence x > 32

1O 1 2 3 4
b, $H—— P>
T O 1L 23 4
c.‘_l —" t +—3>
O I 23 4 5
d.
O t 23 4 5
e. :JLI‘I l- S b.
T 0 | 2145 —
10." Which of the following is the solution of the equation
X+ 7 =32
a. x =4 d. x = 10
b, x = "4 e. none of these
x =4, T4 V b

—Completioq

1. Translate each of the following into phrases using symbols
a. Three subtracted from the product .of 32N and a

number. (30x - 3)

b. Filve multiplied by the sum of ten and a number.
5(10 + x)_

201 ‘\
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2. Find the solution of each of the followlng equatlions.

a. x -8="3% (5)
‘b, 3x =5 (%)
c. 10+4+x=7 (73)
ox
d. %= 21 (147) 3

%. Use the formula for the area of a trapezold, A = %h(a +
and find the area of a trapezold whose altitude 1s
41 feet and whose bases are 35 and 57 feet.
(1886 square fee

4, Graph the solution set of each of the followlng sentences
on the number llne.

a. 2x < 2 — Ly
< 2 I 0 2 3 4 5
b o S TR S S N S N B G B N

x+ .2 2 1 6 | 2 3 5
c. x-1=2 4t—1 1 1 1.4 i

- | 0 1 <2 3 4

d. x> 1 1 1 1 dcn)

2 - 0 | 2 3
202
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Chapter 19
COORDINATES I% THE PLANE

This -chapter 18 devoted to the subject of "analytic" or
"coordinate" geometry of “the plane. The first idea 1s that of
employing numbers to express the position of a point in a
plane. Two motivational examples are discussed in Section 1,
and then the general problem 1s. consldered in Section 2.
"Sections 3 and % are devoted to graphs of equations. The
only equations dealt @with in the text are the equations of the
form y = bx whose graphs are-straight lines through the
origin. In the Froblems at the.end of Section 4 there are
two problems involving graphing of other types of curves,
-namely, the parabola y = Exz and the rectangular hyperbola
y = 5 .

One observation made about the 1ines y = bx 18 that they
may be used to solve multiplication problems graphically.
Plnally, in a class discussion exercise at the end of Sectlon
4, the 1ine y = ("2)x  1s considered, and 1t 1s seen that,
using'thiq graphical method of multiplication, the product of
two négative numbers 1s posttive. It 18 hoped that this
development will make 1t plausible for the student that the
product of two negative numbers 18 positive. ‘

. Section 5 1s devoted to the subject of distance 1n the
plane. Here the distance between two polints 1s found when
they 1ie on the same horizontal line'or on the same vertlcal -
-line. It 18 seen that these methods wlll not suffice when
" the two poihts are otherwise situated. Therefore, 1t is
hecessary to develop more machinery in order to finish the
problem of distance. This machinery 18 developed in Sectilons
6 and 7 - which are .devoted to the Pythagorean Theoren
'~(Property) In Section 6 the theorem 1s stated and checked
by measuring 1n particular instances. In Section 7 the
'theorem 18 proved. fnen

In Section 8 the subject of d. stance 18 returned to and
completely solved by means of the Pythagorean mheorem. Segments
of length 65, +BI, /5, etc., are exhibited. No hint is

203
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given that these numbers are irrational. This 1dea 1s reserved
for Chapter 20. In Chapter 20 it is proved that /5 1s
irrational, and this fact 1s used as one of the cornerstones
for the _-evelopment of the real numbers. j

" There are numerous class discussion exercises in this
chapter. The teacher may decide to work part of them 1n class
and assign the rest for homework.

The suggested time allotment for thils chapter i1s 13 days.

19-1. Locating Points in a Plane

This section deals with two simple examples with which
the student 1s already familiar, showing how a pair of numbers
may be used to express the rosition of a point in a plane. The
examples are: the seats in a classroom, and the street corners
in a city.

Because 1t was felt advisable to keep the discussion short,
these examples were not explolted to the utmost, iny points
with non-negative integer coordinates (thls word is not intro-
duced until Section 2) were discussed. It 1s possible for the
teacher to extend the city to the left of North Street and ask
the student how coordinates could be assigned to corners so
situated. In this way, coordinates such as ( 3, 2) and
("4, 5) could be obtained. (East Avenue now becomes less
aptly named.) .

Or perhaps the teacher will want to 1nvent a new town
with Main Street and Broadway intersecting at right angles in
the center of the town, thus obtalning cornérs in all four
quadrants so as to have all possible pairs of signs, (+, +),
., 7)Y, (. ), (T, 7), represented.

Another possibie direction for generallzation of the
example of the tlty 1s to bring out the fact that street
iocations other than corners are glven by number pairs in
which Just one of the numbers 1s a whole number. For example:

204
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>

A1l of these extensions take time, and the teacher will have to
decide for himself whether they are necessary.

Symbols of the form (2, b) are known in mathematics as
ordered pairs. It should be observed that the ordered pair
(2, 3) 1s quite different from the set (2, 3). As we know,

{2, 3} (3, 2)
while (2:‘3) 7‘ (3: 2)'
On the other hand, we have

(%, V¥

since - % = % and JE = 2,

fl

fl
~~
A
n
A

, Although the term "ordered pair" is not used in this text,
it 1s emphasized that (3, 2) and (2, 3) denote different

points.
Answers to Exercises 19-la
1. a. Eve
b. Nell
c. (2, 4)
d. (4, 2)

27 ((3, 5),. (1, 2), ,(2, 2), (2,1), (3,1), (3, 3),
| (3, 5), (%, 3), (& ), (% 5), (5, 1), (5, 4)}.

205
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3, a. They all sit 1in the U4th seat of each row.
.o {((1,4), (2,%), (3,4), (&,4), (5,4))
¢. The second number of each palr 1s the same.

4. a. They all sit in the 3rd row.

b. ((3,1), (3,2), (3,3), (3,%), (3,5))
¢. The first number of each pailr 1s the same.

o - 5. a. f{Gary}
b. {(3,4)) -

6. a. {(John, Emma, June, May, Carl) .
b. They 1lle on a diagonal line that runs from the
front right corner of the room to the back left
corner.

7. a. (Ann, Ray, Fred, Kay, Ed, Pete, Mike, Gary, Nora, Eve)
b. They 1le above the dlagonal line mentioned 1in
Problem 6.

Answers -to Exerclses 19-1b

1. a. (1E, 5N)
b. (1E, 1N)
c. (5E, 3N)
'd. (5E, 2N)
2. (4, 2N)
2. a (5E, 1N) e. (1E, 2N)
b. (5E, 5N) f. (3E, 1N)
c. (2E, 1N) g. (3E, 3N)
d (2E, 2N) h. (3E, 2N)
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| page 305-306: 19-1

¥, a. (0,4) £. (4,3)
b. (0,1) g. (3,3)
¢c. (4,0) h. (0,2)
-d. (2,&) 1. (1,2)
e. (2,0) j. (0,0)
5. a. Office Bullding
Telephone Company
Museum
Hosp;tal
Zoo
b. They lie on a diagonal line running in a Northeast
direction.

6. a. City Hall
Drug Store-
Supermarket
Library
Kindergarten
Elementary School
Jail
b. They lie above the 1line mentioned in Problem 5.

7. a. 2oo, Veterinarlan, Yacht Club
(5,5), (5:4), (5,2)

c. All number palrs have the same first number.

8. a. Library
Museum
Unlversity
Yacht Club
(1,2), (2,2), (3,2), (5,2)
¢. All palrs have the same second number.

c. T

10. 5 blocks
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page 306-316: 19-2

19-2. Coordinates in the Plane.

In this section we aim to show that:

v (1} every point 1n the plane may be represented
by a number pair;
| (2)'/every number palr represents a point in
the plane. '

We are on safe ground in statement (2), but in statement (1)
we are cheating somewhat. We are tacitly assuming in statement
(1) that for every point on the number line there is a
corresponding number. Remember that so far the only numbers
considered 1n this text are the rational numbers, and it is
not true that every point on the line has a corresponding
rational number. The student is not expected to notice this
defect, and it should not be pointed out by the teacher at
this time. In Chapter 20 the assumption is made explicitly
that there 1is a corresponding number for each point on the
. humber line, and that the set of all such numbers is called
the set of real numbers. When this 1s done, statements (1)
and (2) become indubitably correct with "number palr"
<7 meaning "real number pair" instead of "rational number pair."
It is possible that the student may have difficulty in
making the transition from positive coordinates considered in
Section 1 to the positive and negative coordinates of this
Ssection. The teacher should then point out that if we restrict
ourselves to positive coordinates, we shall be able to assign
coordinates only to points in a quadrant of the plane, and not
to the entire plane.
It is hoped that in Exercises 19-2d, Problems 1, 2, 3,
7, and 8 will be especially helpful in showing the usefulness
of cdoordinates in the plane. In Problem 7 the positions to be
located are not exact points, and the answers should not be
considered incorrect if they err by one or two tenths.
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Answers to Exerclses 19-2a

e , (Class Discussion)
Point Aa|lB]| cC E{F| G| H|] I | T} K| L| M
X-coordinate | 3 o3l 22 352 T 9|22 {10
1Y¥-coordinate | 2 | 3 : 3 3223 7s Ty | 2] 2
=
Answers to Exercises 19-2b
1. [Point A B c D F F G

Coordinates | (3,2)1(2,3)1(73,2)|(2,73){( "2,

(72,73) (7, 75) | (5, 4) {

2. a. They lie on the same vertical line.
b. The X-coordinates are the same.

3. a. 7They lie on the same hciizontal line.
b. The Y-coordinates are the same.
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AIIBWEI'S LO pXerciges 1y--«C

positive, upper.

positive, right;

1.

upper.

posltive,

negative, left;

2.

lower.

negative,

negative, left;

3.

lower.

negative,

positive, right;

Answers to Exercises 19-2d
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Yy, a. I d. .III g. III J. III
b. IV e. I h. 1 k. II
c. III f. II 1. IV 1. III
5 - J S TN S S R S R B oo i IR
: M I
e A St S e S St N BN e LRt B S
E AR IR A I
- c i[ b lﬂ | [ [ 1
i ~ Coi | I ! oo !
~ RERR SRR A A
| BB | S P A A A ]
| ] e -
g RSN A S R R A o
0 R EEMEN SEEEE NEREE I
R et J‘i;w"c;' -
P _{A.' 1z I .,i;_.l.
¢ Y
’ oA
+D
X
"
E
' C
B |
7. a. (0,7°4) e. (0.5, 5.5)
b. (7.3, 2.5) £. (73,75)
c. (1.5,73) (3,71.2) g. (1.5.73.2)
d. (1, 2.5)

(Answers to within two tenths of the above should be
considered as correct.)
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8. a. The island
b. The rallroad grade crossing
¢. The crossroads on the right bank of the river
d. The wharf
e. The rallroad station
f. The school

19-3. QGraphs in the Plane.

In spite of the title, the only gréphs consldered are
the graph of the line y = x and the two half-planes deter-
mined by this line. It was felt that very little motlvation
coﬁld be found for setting out to find the graph of the set of
those points (x, y) for which ¥y = x. Would we use thils
graph to .find the value of y when the value of x 1s glven?
This would seem pretty s81lly when we already know that y = Xx.
Conéequently, we tcudied the problem the other way around. We
took the attitude that points in the plane provide a useful
way of studylng geometry. We therefore drew the line through
the points (0,0) and (5,5) and tried to find what we could
about the coordinates of points on this 1line.

We found that for every point (x, y) on this line we had
¥y = x, and conversely, that every point (x, y) with y =x
1128 on this line. When we say we found these facts, we do
not meaﬁ_thét we proved them. We "found" them 1nductively;
that 1s, we made the generallzation from a number of examples.
This 18 about the best that can be done without a conslderable
treatment of similar trlangles. o . \

Problem 2(d) 1n Exercises 19-3b shows an 1mportant
property of this 1ine, namely, that it blsects the angle formed
by the positive X-axis and the positive Y-axis. In Problem 1
of thils exercise, the students may not realize which 1s the
greater of two negative numbers. If they. de not realize, for
example, that 2 > 4, then they will learn arn importent
lesson when they check this graphically in Problem 2{a}, (b},
and (¢). In Problem 3, students wlll have an opportunity to
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find, graphically, the coordinates of the point of intersection
of two lines,.

Answers to Exercises 19-3a
(class Discussion)

1. . Point A B C D E F
X-coordinate | 0 | 5 | 2 |74 | 2
Y-coordinate | O | 5 | 2 |74 | 2 | 4

=

2. The X-coordinate is equal to the Y-coordinate.

3. |Point G H J K L M N
i 1l 11517217172
X~coordinate 3§ 32 3 3 5 2 2

. i |23 ({2|3%] %2
Y-coordinate | 33 35 3 3 2 2 2

4, Yes.

5. All points on this line have equal X- and Y-coordinates.

Answers to Exercilses 19-3b

1. Above since 7 > 4 f. Below since 1< 1
On since 1 =1 Below since 4 < 73
Above since 1 > ~ Above since 2 > U4

On since T =7
Below since 3 < 1

Below since 1 <
Above s8ince 2 > 2

O A 0 o P
o B 5@
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d. The meaggre of the angle is 45. Emphasize that the
line y = x bisects the first and third quadrants.
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¢. The point of intersection 1s (3,2).
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19-4. Other Equations, Other Lines.

There are three main aims in thissectlon.
The first aim 1s to show through a series of class
discussion questions (Exercises 19-l4a) that for various values

of Db, the equations
y = bx,
have graphs which are lines through the origin. The teacher
216
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will probably wish to point out that the equation y = X
considere¢ in the last sectlon is the special case in which
b=1. " - ' '

The second aim 1s to observe that lines through the
origin enable us to do multiplication problems graphically.
To motivat2, we must 1llustrate with an example which must
satisfy these five conditions: (1) it must be an applied
problem; (2) it must involve multiplying a whole list of
numbers by the same factor; (3) this factor must be such as
not to make the multiplication trivial; (4) the list of
numbers must contain both negative and positive numbers:

(5) we murt be able to use the same scale on both axes and
obtain a line which 18 neither too steep nor too flat. To
meet all ‘hese conditions, it was decided to treat the
problem o1 changing elevations in kilometers to elevaticns
in miles. -

The 1third aim 1s to fortify the conviction that the
product of two negative numbers is a positive number. This 1is
done by gring on with the development of the idea that the
graph of y = bx gives us a geometrical way of multiplying
by b. This time (in Exercises 19-4b for Class Discussion)
Wwe.take = 2 and find that the values of ¥, read off
the graph for the products (72) - (73), (72)-(71.5),

(T2) - ("4, etc. are indeed positive numbers. No mention
‘48 made of the fact that we are trying to drive this point
home. It s felt that the lesson will be more effective if
the students notice it and comment on it themselves. If the
students do not notice it themselves, then the teacher will
have to take the neéessary steps to see that they do.

. The general problem of lines not passing through the
origin 18 not treated in this chapter (though it would not
involve a great deal of extra work to do sc.) Problems 1 and
2 of Exercises 19-4 exhibit some examples of such lines,
but’ the methods do not easlly generalize to show that

y =bx + ¢

i8 the general equation of a line.
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If a teacher wishes to teach the general equation of the
“line, the following approach, given here in skeleton form,
might be used. Consider the two equations

(1) y=2x

and (2) ¥y

2x + 5.

For each value of X, the Y-coordinate of the point on the

second curve 18 5 more than the Y-coordinate of the point on

the first curve. If the point on the first curve is "moved
~up" 5 units, we get a point on the second curve. If this

1s done for each point on the first curve, the effect is the

same as 1f the whole curve y = 2x 1is moved Uup 5 units.

Therefore, the graph of y = 2x + 5 13 a line parallel to

the graph of y = 2xXx, and is 5 units above it.

AN " Particularly important problems are numbers 3 and U
of Exercises 19—40 in which the parabola y = %xe and the
rectangular hyperbola y = %g are zraphed. Here the student
encounters equégibns whose graphs are not straight lines, and
this fact should be emphasized. 1In Problems 5 and 7 of
this set, curves are drawn from empirical data. The curve in
Problem 5 18 a line, and that in Froblem 7 1is a parabola.

Answers to Exercises 19-4a
(Class Discussion)

1. Point A B C D E F G H J K L
- - 1]-.1 (-2 -

X-coordinate 3 4 2 3 0 4 2§ }5 13- 1 2
LE—coordinate [ 6178 Y176 o) 8|5 |77 "3% 2 |74
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3. The points lie on a line through the origin. The teacher
may wish to remind the class that "curve"” in mathematics
includes 1lines and broken-lines. In Chapter 7 "curves"
were thought of as speclal sets cof poilnts which can be
represented by a pencil drawing made without 1ifting the
pencll.

4, The Y-coordinate is 2. (71, 2) satisfies y = 2x.

5. The set of points (x, y) for which y = 2x 1liles on
the 1line.




6. a.

Point

X-coordinate 2=|2

Wil

L =

Y-coordinzte

- b. The polnts lie on a line through the origin.

c. Yes.
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Yes.

c.

2

Any points whose coordinates satisfy y = 3% are correct.

8.

Yes¥
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Answers to Questions in Text

Y
The coordinates on y = =x are

3

A(C3.7H), B(3,4),  c(5,65),  D(13,2).
GEOGRAPHICAL LOCATION ELEVATION IN|ELEVATION IN|ELEVATION IN
, KILOMETERS |MILES (graph) MILES
Matterhorn, Switzerland 4.5 2.8 2.79
Mount Everest 8.9 5.5 5.518
Dead Sea 0.4 0.2 T0.248
Deepest Point in Pacific “11.0 6.8 76.82
Mount Whitney 6.2 3.8 3,844
Deepest 011 Well 5.0 3.1 72.10
Deepest Ocean Descent "10.9 6.8 “6.758

by Man

Answers to Exercises 19-Yb
(Class Discussion)

1. Point X~coordinate Y-coordinate
A 0 0
B /—‘4 —8
2. and 3, e N !
PN Y
HERNERE
I ‘J i
i i .
f A X
5 ’ o)
!
~5
-~
222




page 327-328: 19-4

4, X 1 3 | 2.5 3| 1.5 3 2125 4
(T2)x | T2 | "6 | "5 | € 3 |76 4 5 8
This example gives a very nice illustration that the

product of two negative numbers is a positive number.
The teacier should be certain to emphasize this.

Answers o Exercises 19-lc

1. a.|X-coordinate | 4 |73| 2| 1| ol 1|23 |
Y-coordinate | 9 |“7[5 3|71 |1 |3 (57|
! Yot Y3 I !
b. T ! |
] o -
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c. on a line.
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pagé 328: 19-4

a. | X-coordinate B3 lT2fTr o123 4
| ¥-coordinate o 1 21 3 561 718
oly |
A4 iLJ
|
—w*xv .———‘
X\ T This graph 1is a line.
5 ?
i
i
j
|
: 1L
-
j o
b. | X~coordinate T3 T2 |1l o] 11 2 3] 4
Y-coordinate 9 51 3111131757
e
! i
i \ . o
' v NEEE This graph 1s a line.
© T
* -
x ;) !
: i
i
o
= —
= -
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|
!
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The graph 1s a line.

A=

QY r— . : i . t

2
1

7

l
N
y

e

i

X-coordinate
Y-coordinate

Tn-p;ge 328: i9-4
¢ .

(This curve 1s called a parabola.)

X~-coordinate
Y-coordinate

a
b.
c




"7 pagc -328: 19-4

L, a.
X-coordinate 12| 9l 6| TH | T3 T2 |1 0
' Y-coordinate "1 -;— 2 | 73| k| 6 | 12 {none
X-coordinate 1 2 ‘4| 6] 9| 12
Y-coordinate 12| 6| 4| 3] 2 % 1
: :
¢ |
\ T 1 T
i ! ( ! ; :
e e N NN
T T i
e
i Pl j i
TR e T
1. S 1]
I TR IR =
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o 1 N M
AR A A I
! B DU WU S SO | b ) — S S—
Lo | | | ‘ i
EERERREEN N :
ST AR "‘L— T i nL
¢. (This curve 1s called a hyperbola.)
Call attention to the fact that when x = 0, y 1is
not defined since %g has no meaning. On the graph
there 1s no polnt whose X-coordinate is zero.
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.. 5. a. and b.
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¢. The points 1lle on a line. The teacher will realilze
that this can be predicted from the formula
F= gc + 32, but students should find this linear
relation after plotting the points.

d.. 98.6° F 1s the same as 37° C.
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6.

0 o T e

No, not through quadrant IV.

about ~18° c.
about 58° ¢.
about ~68° C.
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. page 330: i9-4

S b
7'". a
¥
N I
wle _I
[
/
W [ R
150 f ;
12 i
ol +-4-1
g
- a
5 i
d | sof (/
. W, 1
| 0 50, | | |
N]!ILES PER HQUR :

b. The curve is not a line.
¢. About -50 feet, about 110 feet, =zbout 150 feet.
d., 53 mliles per hour, 25 miles per hour.
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page 330-33%4: 19-5

19-5. Distance,.

The principal purpose of this introduction to distance 1is
to motivate the Pythagorean Theorem. We learn that the distani
between two points on the same horizontal. line 18 the differ-
ence of their X~coordinates, the greater minus the smaller.
For example, the distance between (3,5) and (9,5) 1is
9 -3 or 6. The distance between (a, b) and (c, b) 1is
a-~¢ or ¢ - a, whilchever of these two numbers 1s positive.
Distance 18 never negative. If we had the absolute value
notation at our disposal, we would say that the distapt@
between (a, b) and (c, b) 1s Ja - ¢| or (which is the
same thing), |c - al. It is in general true that the distance
between P and Q 1s equal to the distance between Q and
P. These points are not belabored in the text, but if problem:
arise, the teacher will have to explain in more detall as

given above.

When we come to the problem of finding the distance betwes
two points not situated on the same vertical or horizontal
line, the best we can do at this point 1s to construct a
puler and measure the distance. It is pointed out 1n detall
that the unit on the ruler must agree with the unit employed
in constructing the coordinate plane. A device not mentioned
in the text which the teacher might use 1s to have the student:
tear off a piece of graph paper to use as a ruler.

This method of measuring 1s pointed out to be unsatis-
factory since it will not glve the exact distance when the
coordinates of the polnts are glven exactly. We need another
tool with which to solve the problem of distance. This tool
1s the Pythagorean Theorem.

Answers to Exercises 19-5

distance 8 vertical

1. a. distance 5 horizontal e.
b. distance 7 vertical f. distance 3 horizontal
c. distance 5 horizontal g. distance 15 horizontal
d. distance 5 vertical h. distance 2 vertilcal
230
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| 5. a. B

b. AB =CD = 4 AD = BC = 5
a rectangle

(0, %

o O

]
o
i \ i
v v T T
U =
i [
t '
{
l

8V =5
T = 5
a parallelogram
(0, 2)
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The lengths of the parallel sides are 3 and 11.

19-6. A Property of Right Triangles.

The Pythagorean Theorem (Property) is stated and verified
by measurement in gome particular cases. In our presentation,
the theorem was not "discovered" inductively since a great
deal of induction has been used 1in this chapter already, and
furthermore} a deductive proof of the theorem is to be given
in the next section.

The teacher may wish to present here the following his-
torical material which 1s taken from another SMSG text.

The ancient Egyptlans made use of this prope.sty of right
triangles in the follcwing way in order to make "square"
.corners. They took a loop of rope 12 units long.

A

234
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page 335-337: 19-6

Then they grasped it at three points which divided it into
pleces 3 wunits, 4 units and 5 units in length. They
pulled it tight to form a triangle.

: B

o e \t\\\>A

Then they observed that the angle opposite the largest side
18 a right angle. We have already seen that a triangle with
sides of lenzth 3, 4, and 5 satisfies the condition

a2 + b2 = 02

éince

2 442 252,

-Although the Egyptians made use of thls property they
did not prove 1it.
It is thought that Pythagoras looked at a mosaic like the
., one pictured in the first figure below. He noticed that
there are many triangles of different sizes that can be found
in the mecsaic. But he noticed more than this. If each side
# of any triangle 1s used as one side of a square, the sum of
' 'the areas of the two smaller squares 1s the same as the area of
the iarger square. In the second figure below two triangles
of different size are inked in and the squares drawn on the
sides of the shaded triangles. Count the number of the
smallest triangles in each square. For each triangle that is
inked in, how does the number of small triangles in the two
smal.er squares compare with the number in the larger square?
If you draw a mosaic like this, you will find that this 1is
true not only for the two trlangles glven here but for a
triangle of any silze in this mosaic.

n
(O8]
N
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RS

DX X

X

XX
XX
DXDXDXIX DX X

XIXPAXPAX

XXX

Answers to Exercises 1¢ &

19-¢€
\

AB = 13

20

12

8

2

6 20 24

2
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] [ g
19-7. A lroof of the Pythagorean Property.

The proof of the Pythagorean Theorem glven here will
seem most delightful and, in fact, unforgettable to peorle who
have seen only the mo. Jdifficult and eminently forgettable
traditional proofs. We hope that the proof 1s so nice as
'even to be appealing to 8th grade students encounterirg the
theorem for the first time.

The proof will probably be more significant to the
student if he actually cuts out the four copies of the right
triangle and tile square with edge a + b and performs the
coveringé‘as Indicated. fhe procedure can be repeated with
a number of different right triangles.

In the argument to establish that angle 3 is a right
angle the statement is made that the sum of the measures of
the angles at P is 180. Section 1 of Chapter 13 makes this
point clear.

Another useful pedsgogical device would be for the
teacher to have constructed in the shop seven blocks and a

- L
box, as shown. { >

NNz

The students may then beé shown how the blocks may be
fitted into the box in the two ways.
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Answers to Exercises 13-7

1 1, 25
b. 169
c. 625
d. 200
2. a. 1uk
b. 225
c. u4m
d 224
3. a. 8 . 30
b. 15 z. 100
c. 13 h. 40 ;
d. 12 1. 11
e. 10 J. 5¢C
4, 90 yds.
5. 30 1in.
6. 10 ft.
7. a., 13"
b, 14 m.
c. 8o
8. No, because the diagonal of the base is only *4 in.

19-8. Back to Distance.

Now that we have the Pythagorean Theorem, we are ready
to show how to find the distance between any two points in
the plane whose coordirnates are given. This distance formula

18 expressed in the text as

o]
AB® = (difference of f-coordinates)< +

~

(difference .f Y-coordinates)®.
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Aruitoxt provided by Eic:
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This formula 18 usually written:

Distance between (xl,yl) and (xo,yz) =\/?;;~x1)c—#(y2—yl)L

<

It was felt that this notation 1s too difficult for the

students to master.

The sBquare root symbol is encountered for the f{irst tire
in this chapter. The teacher should note that

Jo

denotes only the positive number whose square is b©. So,

while

we have
Vi =2 put A £ T2,

This convention 1s 1in universal use today. In former times
one frequently saw statements such as VU = £ 2. Such state-
ments are 1ncorrect according to our definition. The reason
for this convention is that we want our symbol to stand for
a definite numper and not iust scme indefinite member cf a
set of numbers. If we wish to denote the negative number
whose square 15 5, we must write /5

The student encou. ~ numbers in thils section such as
V5. 61, <5  which are not integers. It 1is not
even hinte: that these numbers are not rational. This 1s the
province o Chapter 20. The student is supplied with a table
of approxis: ¢ decimal squar2 roots of the numbers from 1
to 100. The fact that these square roots are approximate
should not lead fthe s*udent to conclude that the numbers are
irrational. since numbers such as % zannct be expressed as
termiriating decimals either. )

The table r~ferred to contains squares of numbers as well
as square roots, ant t! 3 1lils-8 all perfect squares between
1 and 10,000. It may be necessary to teach the pupils hcw
to use the table. szince this may = their first encounter
wlth such an arrangement.
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Answers to Exerclses 1
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4,

95 {exact)

e.
a=73
b =4

a. 50

b. 29

c. /13

d. ‘9

a. 3

b. 5

c. 7T

d. 13

e 20

a. 4%, 9,

b 64, 81,

a. betwein

o. 3%, U

o 7, 8
6, 7

a. 9.8%

b. 7.07

c. 8.66

| [ S D PR T
N2 A
} Rt R
S IR N o
P l
< M
T2 e | o
Al l C
e. 5
f. 25
g. 10
h. /52
f. 1
g. 100
h. 60
1. 18
J. 17
3 or 2<v6 <3
B8, 9 or B8<J/T2 <9
2, <. 9
£ 5, 6
g. 4.5
h. 31, %2
!

64 (exact) ™

g.8 ft.

These perfect squares appear in the table.

a. The distance from (2,5) to (73,75) 1s /125 =~ 11.
b. The dista..ce from

296 - 7

17

(0, T4) to (73, 25) 1s /SB.5%10.
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19-10. Chapter Review.

.Answers to Exercises 19-10

horizontal
vertical
upper

X, negative
half-plane
line, origin
I, 1III

O O N 60 B = W N =

a, IV - d. II
b. IIT e. IV
c I €. III

|t
o

11. /2
12. L3

13, a. 6.557 d. 11
b. 5.196 e. 67
¢c. 9

1k, 5 1inches

19-11. Cumulative Review. )
Answers Eg‘Exércises 19-11

1. }”T“f”' : [ JY 777777 1t is a parallelogram.
Cl . | The lengths o oppoeitz
‘(?\_13) L 1 (q'ﬁ‘ﬁ» . pairs of sides are b,
Cd ‘ L .
: — 1 ~ d .
‘ N ‘
1 T
. - n - i _,;.
- \\ ' \\\ 1‘
N ] X ;
pasy - E VO 0) ! ! GE O ')I |
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)
b. >v
c 27

3, {"10, "1.1, T1.099, 0.001, 0.009, 0.01)

L, f% < %% Since 9 x 44 < 12 x 35 or 30 < L20
"1

5.

6. a —%
b. 73
c 1

7. V=15 x 12 x § = 1620
Capaclty of storage tank 1s 1620 cu. ft.
V=7 x 3% x 10 x 282.6
Capacity of truck 1is approximately 282.6 cu, ft.
Since 5 < 1620 =-282.6 ¢ €, 1t will take 6 loads.

8. a. 55
b. 55
-, 1sosceles

9. a. V=8xnmwx % x % = 507 X 157
The vnlume 1s about 157 cu. ft.

- 5 5 _ esl
b, A =5Tx8+ 2 x 1 X% 5 X 5 = 522
The surface area is about 165 aq. ft.
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Sample Test Questions for Chapter 19

Note: Teachers should construct thelr own teste, using
carefully selected items from those given here and
from items of thelr own. Careful attention should be
given to difficulty of items and :ime required to
complev the test.

True or False

(F) 1. The p.int whese coordinates are (3,2) 1s the same
as tlie poli% whose coordinates are (2,3).

F T a

(F) 2. The point [ 4, 1) 1s located in the second quadrant.

(F) 3. Ea::n poin. a1 L.e l4ine y = 2x has 1ts X-coordinate
twice 148 Vv-oorilnzte,
(T) 4. The zraph ~f . Tquation 1s the set of points in the

plane whase -<2f1dinates belong to the solution set

of the ecua®iom,

A right tv:+:7le mag have two right angles.

The length ¢7 th. nvnctenuse of a right triangle is

less than tnuw» .. or *he lengths of the other two

sides of the t™lxngle.

(T) 7. The square »f the length of the hypotenuse of a
right triangi= is equal to the sum of the squares
of the lengtns of the other two sides.

(F) 8. The hypotenuse of a right triangle 1s on one of the
rays that form the right angle.

(F) 9. The Y-coordinate of points lying on the Y-axis is

—~ o~
=]
AW,

zZero.
(T) 10. All points lying in the upper half-plane (above the
' X-axis) have positive Y-coordinates.
(F) 11. The Pythagorean relationship is true for all triangles
(F) 12. The length ~f the diagonal of a square Is equal to
the sum of the lengths of two of 1ts sides.
(F) 13. The point whose coordinates are (1, 1) 1lies on
the line y = x,.
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(T)

(F)

14, The point whose coordinates are

the line

15. 'The point whose coordlnates are

the 1line

Multiple Cholce

1.

n

The points A({2,

W]

(e.)

e.

Tne distance
a.

(c.)-

o A O o

The graph of
a.
b.

(c.) c.

The point (3,

(c.)

¥y = X.

y = 2x.

3), B(2,2), and C(2,8)

are the vertices of a trlangle.

l1ie on a line parallel to the X-axls.
lie on a line that passes through the
origin.

lie on a horlzontal 1line.

none of the above 1s correct.

between A(6,0) and B( 4,0) 1is
0

2

10

24

none of these

the inequallty y > x
18 a line through the origin,
contalns every polnt whose Y-coordlnate
13 equal to 1ts X-coordinate.
is a haif-plane lylng above the 1ine y
18 a half-plane 1lying below the line ¥y
1s none of the above.

z lles

In Quadrant 1II

In Quadrant III

In Quadrant IV

on the X-axlis

none of the above 1s correct

(T4,72) 1s above

("8,72) 1lles on

l

it



Which of the following is a right triangle, 1if a, b,
and c represent the lengths of the sides?®
a. 8.=1, b=2’ c=3

b. a=2, b=3, c=24
(c.) c. a=3, b=4, ¢=5
d. a=1%4, b=5, ¢ =6
e. a=5, b=6, ¢c=7

Given the two numbers 5 and 12, the sum of their
squares 1is '

(e.) 25
289

169

O 2 0 o o

Which one of the following statements 1s true?

a. The coordinates of a point which lies in
Quadrant TV are both negati. .

b. The graph of y = 3x 18 a line which
contains the point (°3,71).

(c.) c¢. If you know the length of the diagonal of
a square you can find the length of the
slde of the square.

d. The X-coordinate of points lying on the
X-axils 1s zero.

e. The graph of the equation y = %xe 1s
a line.

Comgletion

1.
2.

The Y-coordinate of the point (3, 7) 1is C7) .
("4,73) names a point ilocated 1n the (III) quadrant.

Each point in the coordinate plane has (2) numbers
assoclated with 1it.

o] o]
a. Find 02 when ¢~ = az + b~ and a = 6 and

b =9. (117)
b. How can you represent the value of ¢ 1in part (a)?

(V/117)
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The graph of y = 2x i1s a _ (1line)

The point of intersection of y =x, y = 2x, ¥ = %
i1s (the origin) . [Note: (0,0) is also correct.]

The distance between (3, 4) and (77, %) is (10) .
The hypotenuse of a right triangle is 25 units in
length, and one side is 2% wunits in length. The
third side is {(7) units in length.

State the Pythagorean Property in words.

The graph of y > x 1is (a ralf-plane)

Find the alstance tetween the points whose coordinates
are (1,3) and (6,15). (13)

e
3



Chapter 20
REAL NUMBERS

A serious study of the real numbers is far beyond the
capabilities of eighth graders. On the other hand, it 1s well
to warn the students that not all the numbers that they work
with, such as /2 and w , are rational. That is about all
that this chapter attempts to do.

After establishing the agreement in Sectilcn 20-1 that
every point on the number line corresponds to a number, the
student 1s shown how to construct, by use of tne Pvthagorean
Theorem, the number /2 1in Section 20-2. Then in Section
20-3 this number /2 1is shown to be irrational. The mater-
i1al on infinite decimals in the starred Section 20-4 1is some-
what more difficult. It is left to the discretion of the
teacher whether this material should Le covered.

' The treatment of the real number system in the following
references will provide muéh worthwhile supplementary material:

1. Bell, E. T. MEN OF MATHEMATICS. New York. Simon
and Schuster, 1937.
Iife of Georg Cantor, Chap. 29, pp. 555-579.

2. College Entrance Examination Board; Report to the
Commission on Mathematics, Appendices: College
Entrance Examination Board, c/o Educational Testing
Service, Box 592, Princeton, N.J. Part 1, Algebra.
See especially pp. 28-35, a classroom approach to

Irrational Numbers.

3. Courant, Richard and Robbins, Herbert. WHAT IS
MATHEMATICS? New York. Oxford Universlity Press,
1953. Chapters 1 and 2.

4. Gamow, George. ONE, TWO, THREE . . . INFINITY.
New York. Viking Press, 1947. Chapter 1, Blg
Numbers. See especially pp. 14-23.

5. Kasner, E., and Newman, J. MATHEMATICS AND THE
IMAGINATION. New York. Simon and Schuster, 1943.
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6. National Council of Teachers of Mathematics, Twenty-
third Yearbook: INSIGHTS INTO MODERN MATHEMATICS.
Wasﬁington, D.C., 1957. Chapter II, The Concept of
Number,

7. National Councll of Teachers of Mathematics, Twenty-
fourth Yearboolk: THE GROWTH OF MATHEMATICAL IDEAS,
.rades K..12; Washington, D.C., 1959. Chapter 2,
Number and Operacion; Chapter 11, Promoting the
Continuous Growth of Mathematical Concepts.

8. Niven, Ivan. NUMBERS: RATIONAL AND IRRATIONAL.
New York. Random House, Inc., 1961.

20-1. Real Numbers as Points on the Number Line.

The purpose of this:sectlion 1s to come out boldly with
the statement: every point on the number line has a zorres-
ponding number. It 1is felt bty the authors that the students
may not have such a strong feeling for the plausibility of
the statement as for the equivalent form: every segment has
an exact length. The section 1s therefore devoted to showing
the equivalence of these statements.

The set of numbers corresponding to points on the number
ilne 1s called the set of real numbers. It will be shown in
Section 20-3 that not all real numbers are rational.

Addition and subtraction may be performed by ths geomet-
rical method introduced in earlier chapters. There '3 also
a geometrical method of multiplicatlon which was not _ncluded
in the student text,

We will show how to multiply x and .

—— * s 5 —

0 ! x

Step I: Draw any line through the crigin and mark off on Lt
points A and B at distances 1 and y from
the origin.
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®
o] | X

Step II: Draw the line Joining A and = Thaern, Tovossr
B draw a line parallzsl to tnls lzoU Lline Tl
parallel through 3B intsrsentc Th=2 nwmber Ling ol

a number 2z .

- N A e
0 1 i

', Now, from similar ir
or z = Xy .

It 41s worthy of note that 1n zrder o aud num omoLnag
rumber line, we need to know tnhe locatlion ot 0, Tal Lo
to multiply on the number line, the loccaticn <o DGInR C and
1 must be known. With O, x and v located &s shown, iU

the location of 1 13 changed, then the location o xy Wil
also be changed.
A similar constructlon may ne made UYor divigion

the proportion

b=

The operations of addizion and mul
defined in this geometrical way can Le sn0own TO DOSS2SLs tha
closure, commutative, assoclative, invers:a, ilsTribative

properties.

ERIC

Aruitoxt provided by Eic:



page 359-361: 20-1,20 "

Answers co Exercises 20-1

1 Y12 y-Z % 2
T3z zy x=y ¢ ¥ y x
1 o} fo> 3 s e e —
-3 -2 = 0 i 2 3 4 5

0. xX-Y x4y -\

0 M v x "

As long as zero 1s marked on the number line, even if
one 1s not marked, we can add and subtract. Multiplica-
tion is not possible.

3. Since zero 1s not marked on this number line, you cannot
perform any of the operations.

20-2, Locating Numbers on the Number Line.

In the preceding section the student learned that every
point on the number line corresponds to a real number. In
this sectlion the student locates on the number “ine (by use of
the Pythagorean Theorem studied in the last cha.c.er) a point
corresponding to a number \/5 whose square is 2., In the .
next section the student will learn that this number [/Z 1is-~
not rational.

Although it 1s not reclated to the main purpose ot the
section, location on the number line of rational numbers
(expressed as fractlons) is also reviewed.. The teacher is
reminded ¢f the "similar triangle" construction for locating
such points given in Chapter 8 of the Teacher's Commentary.

The teachzr may wish to present the plausible method of
locating the number w7 by rclling (without slipping) a {‘

circle of diameter alcng the number line.
%~ T <i//:iij:> (//’—:///
| \ !
{ T
0 ! 2
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When the initigl point of contact of the circle again
T
touches the number line, then the circle has laid off it:

entire circumference, T, on the line.

In Problem 6, Exercises 20-2, be .ure to tcll the
student to place tne figure properly o the sheet of paper
50 &8 not to run off the page. (See solution helow.)

Answers to Exerci. es 20-2

o
1. The relation 1" + 22 - 5

suggests a rigut triangie with
legs 1 &a-' 2 and hypotenuse /5 .

\
\
e \
AY
V5 \
\
[
\
4///// \
i 1
T T I T T
0 | 2 J5 3 2

2. Draw a right triangle with lege 2 and

O

ERIC

Aruitoxt provided by Eic:
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3. Draw a right triangle with legs 1 and /5

 \

r T T = 1 ~= T ]
0 | 25 3 V13 4 5 6
5- \\
|
|
' _ ~<——'\/5—"\/E N
N /B ]
T o r T = 7
-2 /5=/3 - 0 | 2 J/5 3 /13 4

i =

In the diagram below the arrow /5 /73 is placed at
the origin zo you can see where the point representing
the difference lies.

|
-5

’ , ~

:
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6‘

20-3.

-

Irrational Numbers.

The purpose of this sectlon 1s to demon:crate the

irratlionallity of ./ﬁ'. The traditional proof goes as follows:

Suppose /2 1s rational. Then /2 car be
expressed as a quotlent of 1ntegers, % . If a
and b have factors in common, then we can reduce
the fraction, repeated if necessary, until an
equivalent fraction 1s obtained in which numerator
and denominator have no factors in common.

Accordingly, let p and q be whole numbers
with no factors in commdén with

22

then >
EE =2
q
20 that
2 2
(1) pT = 2q
255
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This last expression tells us that p2 is an
, even riumber 80 thal p must also be even (the square
of an odd number is odd). Since p 1is even, there
is a whole number r for wnich

(2) p = 2r,
| 3 wSuhstituting (2) in (1) we see that
; (2r)? = 2¢°
or
4r2 = 2q2
from which
2 2
2r = q . -

Thié last expression tells us that q2 is even,

so that q 1s even whence for some whole number
S we have

(3) qQ=2s .

Now (2) and (3) show us that p and q have the
common factor 2 1n contradiction to the assumption
that p and q have no factors in common. This
means that there do not exist whole numbers p and
q with no factors in common for which

E = .
q V2
But we have seen that if /2 4is rational, then

such numbers p and q must exist. Consequently,
V2 cannot be rational.

Most students have a great deal of difficulty with this
proof. In the first place, the idea of proof by contradic-
tion causes trouble. But even those students who understand
the idea of precof vy contradiction have difficulty with this
particular use of the ldea. The reason 1s that only part of
the statement "p and q are whole numbers having no factors
in common satisfying % =,/Z " has been contradicted, and a
seemingly less important part at that, namely that p and ¢
have no factors in commor.

256
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The student's reactlon seems to be, "So what? If you
‘cannot find whole numbers p and q without factors in
common satisfying g =/2 , then find them with factors in
common." The teacher can then remind t.e student trat an
equivalent fraction could then be obtained in which numerator
and denominator have no factors in common thus obtaining the
case shown to be impossible. The student may not have an
answer for this but he remains skeptical about the proof.

_ In the text an attempt has been made to modify the proof
80 as not to focus attention on the condition that p and g
(a and b were used 1iIn the text) have no factors in common.

The proof follows these lines:

First, it is shown that if /2 1s rational, ‘hen there will
be whole numters a and b meeting these requirements:

' (1) a2 = 2v2,

(11) a and b have no factors in common.

{The student has no objectlon at the onset to a and b
having no factors in common. It 1s only after he sees that
the whole proof rests on this point that he makes his objec-
tion.] Next an attempt is made to determline whether these
requlrements can possibly be met for each of the following
oddness and evenness combinations. I (a even, b even),
II (a even, b odd), III (a odd, b eyen), IV (a odd,
b odd). All these cases are ruled out, and since these cases
exhaust all possiblilities, we see that there are no whole
numbers a and b meeting requirements (1) and (11) or, 1in
short, that /2 1s not raticnal. |

We hope that the student will offer less resistance to
this presentation than to the conventional one.

In the proof of the 1rr3tiona11ty of \/§ given in the
student's text thrse facts are tacltly :issumed to be part of
the students! background in arithmetic. They are:

I. The product of two odd numbers 1s odd.

II. The product of two even numbers is a multiple of 4
III. The product of two times an odd number 18 not a
multiple of U

o
2y
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It was felt that including proofs of these facts in the
students! text would detract from the main ideas. For the
teacher's beneflt these proofs are given here.

I. If a and bt are odd, then for some whole numbers
m and n,
a=2m+ 1 and b =2n + 1

so that

W
log
!

= (2m + 1)-(2n + 1)
2m ¢« 2n .+ 2m + 2n + 1
2(2mn + m + n) + 1

so that a + b 1s odd (a .wultiple of 2 plus 1),

II. If ¢ and d are even, then for some whole numbers

r and 8

a=2r and b = 2s,

so that
(2r)-(2s)
(2 2)(rs)

= lrs,

so that a + b 1s a multiple of 4,

o
o
I

III. If 2 - x 1s a multiple of 4, then for some
' whole number p

from which

or
X = 2p .

Therefore, x 18 even. Therefore, 2 times an
odd number cannot be a multiple of 4.

The proof of II above provides the answer to a parenthetical

question 1in the text.

In the text the remark 1s made that there are more
irrational numbers than rational numbers. An explanation of
this statement 1s given in thHis commentary in Section 20-4,
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Answers to Exercises 20-3

]
[
[

. P
!
- A B -
-1 6 ! 1 2
AP = /2
2.and 3. %/\; Ji+ 2
i :
!
Verz /A vﬂffvﬁg,’
] | : s
-3./2 -2y vy V21 J (4R
T T T "1 T T I 1T 11
-8 -4 -3 -z ) I 2 3 4 B

4, All the points except /F correspond to irrational
numbers.

#20-4, Irrational Numbers and Infinite Decimals.

Withcut going into too much detaill an effort 1is made to
convince the student that each point on the number line has
a unique infinite decimal representation. The student will
probably readily accept the converse (that each infinite
decimal represents a point on the number line) as belng true
also. However, thils converse 1s much more difficult to estab-
1ish rigorously, too difficult in fact to be included in this
commentary.

One detall has been omitted as likely to cause confusion,
It is that infinite decimals in which all digits are nines
from some point on must be excluded i1f the correspondence
between real numbers and infinite decimals is to be one-to-
one. The reason for this is that, for example,

.3799999... = .38000000...
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This may be seen as follows:

if x = .379 then 10x = 3.79G s& that
10x = 3.799
x = .379

9x = 3.42  (By subtraction)

80 that X = 2%;5 = .38 .

For better comprehension by the teacher of ‘he real
numbe system we include two demcnstrations that are too
difficult for aimost all studen*s. The exposition given here
i8 necessarily quite conde: 3ed. Teachers wishing to read a
" more complete exposition of this material may find it in
several of the references listed at the beginning of this
chapter; for example, in Kasner and Newman, MATHEMATICS AND
THE.IMAGINATION. These are that (1) the rational numbers may
be put into one-to-one correspondence with the integers,

(2) the real numbers cannot be put into one-to-one corres-
pondence with the integers.

To show (1), first make up a grid as follows:

Numerators
H
\

l 2 3 4 S 6 7
Denominators

HEach intersection of lines on this grid derintes a frac-
tion. Now mark with a heavy dot those intersections denoting
fractions whose numerators and denominators have no factors

in common.
260
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Numaerators

3 4 5 7

Denominators

Each positive rational number is then represented by one and
only one black dot. Now the "zig-zag 1line"” indicated in the
figure above may be drawn. Following this "zig-zag line" we
count the black dots as we come to them. Thils process of
counting establishes a one-to-one correspondence between the
counting numbers and the black dots (or positive rational
numbers), The first few pairs in this correspondence are

shown below:

i 2 3 4 5 6 7 8 g9 10 11 12 13 ...

A A
1 1 2 + 5 1 1 2

I 2 T % Z T 3 % T 1 g [ 5

To show {2) that there are tco many real numbers to be
put into one-to-one correspondence wiQh the counting numbers
we must proceed by contradiction. And, in fact, we shall show
even more; namely, that there are too many real numbers
‘between O and 1 to be put into one-to-one correspondence
with the counting numbers,

Suppose that the real numbers can be put into one-to-one
correspondencs witn the counting numbers. Then we can make
up an infinite iist as shown below.

261



page 366-370: 20-4

8338102378

2 ¢&—————> .aglaegaejaEJE

The symbols ayys 8305 2 a?8, etc., represent the digits

s
in the infinite decimalsj Here, for example, .a31a32a33a3h..‘
represents the infinite decimal representation of that real
number which has been paired off with the counting number 3
in this one-to-one correspondence. {Note that the first sub-
script on each of the a's 1s 3.,) The second subscripts on
the at's 1indicate the position of the digit in the infinite
decimal.

. Now we can show how to construct an Intfinite decimal
representing a number between O and 1 which cannot be in
the 1ist. Do 1t as follows. Choose digilts bl’ b2, b3, ete.,
so that b, # ajqs Do # asos b3 # 235 ete; also, in order
to avold the difficulty with nines mentioned earlier, be sure
to choose all the digits bl’ b2, b3, ete., different from 9.

Now the decimal

blb2b3bu
cannot be in the list because it differs from each decimal in
the 1list in at least one "place". That 1s, it differs from

.a11a12a13a1u... in the first place, from .a21a22a23aen...
in the second place, etc.

Therefore, we have ¢ :ontiradiction to the assumption that
all the real numbers between O and 1 *vwere included 1n tnils
list. Therefore, no such list can be constructed. The set of
real numbers between C and 1 cannot be put into one-to-one
correspondence with the set of counting numbers.

This explains the remark in the student's text in Section
20-3 that there are more irrational numbers than rational

numbers.
aley
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Answers to Exerclses 20-ha

1, a. 9.99 £. 613,45305
b. 312,1217 g. 803.15158
c. 35.035035 n. 31289.93
2 d. 166.656 i. 3128.99
e: 0,04%F j. 60123,0123012%
2. a. 2816.100 or 2616.1 e. 1.1100 or 1.11
b, 9.00 or 0 f. 351.00 or 351
c. 162,00 or 162 g. 27048,00 - or 27048
d. 298.00 or 298 h., 37:.8300 or 374,83
3. a. 10(.55) = 5.55
.55 = 0.55
9{.55) = 5.C
55 = 2
b. 100(.7373) = 73.7373
073?73- = 0.7}7
) 99(.7373) = 73.00
375 =5
c. 1000(.90130T) = 101.70170T
.901901 = 0.9017°01
999(.90130T ) = 901,00
01
.701901L = 555
*d, 10(3.0237F) ~ 30,2333
3.0233 = 3.0233
9(3.0233 ) = 27.210C
- 27.21 _ 2721 _ 207
3.0255 = ZLREL - 2 - 300
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Answers to Exe~ ‘1ses 20-"b

1. a. 1.372 1.379 i U5 1,473 5,158
b. -0.1426 -5.530 -2,765 2.76% 2.761
c. —0.15475 0.15463 0.15467 0. 15475 0.1539
2. a. none ¢. all but -0,15475
b. all but -0.15475 d. all but =-0.18475

e. 0.15475  0.15467  0,15:G0%

3. e . b d c ¥
~—} AVA VA — Y ¥ tV,L>
0 ]
b, a. rational . not enough information
b. 1rrational g. 1rrational
c. rational h. dirrational
d. rational 1. rational
2, 1rrational J. 1rrational
5. a. 2.996361 J
, b. "~ 2.97824 7
e. 3.003289
d. .0003639 .000176 .003289
e. 1.732
6. (1.73)2 = 2,602, (1.7u)2 = 3.0276, 1.73 13 the better

7. (3.87)2 = 14,9769, (3.88)2 = 15,0544, 3,87 13 the bette:
8. (25.2)°

635.0L, (25.3)2 = BlO.0", 77" Ga tr. hebter
2., % o= 6,473
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page 372,375: 20-4,20-5

Q.

[

T 1 T T7  T~<_1 i 1 T !
6] ] 2~ 3 4 5. _6 7 8 2 10
P g
~ \\
-~ ~
7
rd
'
,/
< - .
Ll /A =_ T I T . T M
3.0 // T 40
/ -~
/ \\\
/ -~ .
/ -
’ N
T 1 - T T T \ T —
3.10 -7 RN 3.20
//> \~\
-~
-~
-~
-~ ~.
- RN
_//’ r \\\
T r T T T H - bt
3140 3150
20-5. Properties of Number System§,
B
Answers to Exercises Z0-95
1. 4 and e
2., a. 2
b. 2
¢, 2
d. none
%2, a. 5 (The counting numbers, 1, 0, 3 o)
». 6 (The whole npumbers, 0, 1, 2, )
c. 8 (Integers, “r, o Th, D, 1, 2, 3 )
d. infinitely many
e, Infinitely many
4, a. none
b. 0
c, O
4. none
5. @. yes
b, no
. no
. no
D
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2. a. 10° a. 10
. n

b. 10%° e. 10

c. 10td co0

g b
[
i

. .
7 x 10 ‘ d. 1% w10

AN
[\

4 - . E
. 5 x 10 e, 275 x 10
- & - 10
c. 3 x 10 v, H x 10
It is also correct to have other answers than the above,
For example, (b) might be expressed as 50 x 10),

500 x 32, 500C X 101, or even 50,000 % 100.

100 or lﬁg

o
Ve

57,000

o

10,000 or i0 LY

e. R¥0 n 000 A 10

L

¢. 100,000 ~r 1

'y
Tne term, sclentiflc neistlon, 1o n common usags and !5
A conveniaont one., Ao students lensn o exponential rotatlorn,

1r is wugeiul to have noun.ague Sov rather than many op each

answer. The cfenchor ghould rentliye thao o ta not the anly

notation e In cotenae, ans theer Uhe Leom o te not cven widely
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a. No, because 15 1is .ot between 1 ana
b. Yes, 1t satisfies the derinition.

No, because 12.0 1is not between L oni

a. 5.687 x 10° 4. .7 w0
p. 1.8 x 10 N I A e

- 8 . o
c. 3.5 % 10 AU TR 6 S 6

a, 3,700.000 .. 10,000

b, ~70,000 R RS

c. 5,721,000 LT, S0, O
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. Four and two hundred {l17vy-0' thousandins
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3 2 1 106 - A0 .
€. 107, 107. 10 =4 o il Trin slves moavivatlon
for the next portilon ol the [2xX7.)
we are extending the mearlr- 7 An Exponent Ivom %

counting number tn an linteger.

number of times the buse app.ars

becomes meaningless when the eXy

% integer. Instead we choose our
~N

properties that exponents hav
ment of the rational numpers as

N

numbers. The most important pro

We want this property to hold ~ven

counting numbers. This 1s Tthe reason
0 -n 1

10 as 1 and 1O as
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page 393-395: 21-k4

e ‘2. 10°©

3, a. .Definition of 10 .

, 5 K .
. - b. E—; . Product of rational numbers expressed as fractions.
* : 10 ' . '
¢. 10°. Division of powers of 10 discussed in Section
21-3. . ’
d. 102
e. 5+ (73)

"4, .a. Definition of 10 °.

.

T ) 3 .
b. -1-95- . Multipiication of rational numbers.
10 ! '
1
C. "1' -
10
4. 102 |
- i
e. 102

5. a. 10° 4. 10 °
b. 10 . e. 10° ‘
—1 v

o .
Answers to Exerc.isgs_ 21-4b

. 1.. a. 107 _, e. 7x107
_ _po3xdo 3 £. 5.7 x 10 1°
c. 1013 g. 10°°
d. 8x10° | h. 107 7
280




" ‘page 395-397: 21-k4,21-5

2. a: 2.88x 10 8 d\\ 3 x 10 0
- 76
b. 5.4 x 10.9 e.\ 4 .56 x.lo
N c. 1.4 x107 f. \§Z6896 x 10 6
3. a. 10° ' c. 10—6
b. 10° 4. 1o 7

‘4. 3.4504 x 10 *
5. 4.125 x 10° dollars

P

6. 9.939 x 107 dollars

- ¢
21-5. Division of Large and Small Numbers.

~

Arswers to Exercises 21-5a

1. a. 10 2
b. 10°
2. a. 10°
b. Because T - 2 equals 5

c. The same number

3. a. 9
"~ b, 107
c. Both equal 107
4, a. 10°

b. Yes. Both equal 10 9.

5. Yes. Each side equals 16°.
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(3.6 x 1of“) = (2 x108) = 2.6 x 10

, Many students will have to review subt
negative numbers which they studied in Chapter 17.

10

-10

- 10

.193'

2

1010

10°
107
10* ,
18

1029

10 7
10
"18

10 29

Answers

i

2 x 10
3.6 .10 "
2 "0

1.8 x 10-“ -8

1.6 x 10 12

fo Exercises 21-5b

raction with

Meaning of division

Multiplicaticih of
rational numbers

By method developed
in this section for
dividing powers

of 10.

e. 10 °
r. 1010
g. 10 6
nh. 1071
e. 102u
r. 1090
g. 10t
h. 107
e, 10 2k
. 1029
g. 10 18
h. 10 !
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S %, -a. 103 o e._1ou
b, 1019 . £, 109
c. 10° ’ g. 10t°
a. 1 h. 10!
5. a. 2x10° d. 2.4 x 10°
b. 7x107 e. % x10°
s, 1.2(x 10° £, kx10?
6. a. 2 and "1 d. 3 and "1
_b. T2 and "1 e. "1 and 1
e. 2, T2, T2 " £, T1, 3, "1, and 4

47;' 9.2 X 107, Trpeat as problem in equations,

% ;‘ 2.76 x 10°

8. No, since it will take 100 years to spend this sum of
money . » ’

*g ., About 1180 days. (Rounded to-neére§t ten)

#10. $20,000. Treat as prohlem in ratio.

*11, 40%. Treat as problem in equations, \

6 6
14 x 10 100(35 x 10°)

¢ . ‘ _
21-6. Use of Exponents in Multiplying and Dividing Decimals.

 Note that division is handled somewhat differently here.
Powers of 10. are used in such a fashion that'a whole number
is divided by a whole number. Many people find this easier to
follow than the procedure which uses a decimal as the dividend.
There are too many problems in the exercises to be given

" as one assignment. Some of the students may need the extra

practice and will need two or more duys.
283
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If your class'1§ uncertain as to why multiplying or
dividing by powers of 10 changes the place value of the
digits, you may wish to return to expanded notation and review
topics from Chapter 9, in Volume I. '

Answers to Exercises 21-6a
(614 x 10 2) x (42 x 10 2)

(614 x 42) x (10—2 X 10-2)
I

1. '6.14 x 0.42

s | = 25788 x 10—
= 2.5788

(625 x 10 2) x (38 x 10 2)

2. 0.625 X 0.038

(625 x 38) x (10 2 x .10 3)
_ - | .

23750 X 10
0.023750

(6493 x 1468) x (10 1 x 10 2)
9531724 x 10
9531.724 ,

3. 649.3 x 14.68

b, 11.% x 0.0031 = (114 x 31) x (10 ¥ x 10. %)

3534 x 10—5 —
0.03534 '

Answers to Exercises 21-6b

1. a. 0.18063' ’ . d. 399.529
b. 0.068% ' e. 7.2
c. T500 '
2. -a. T2 ‘e. 63700
b. 3 £. 2, 1
c. 4 ’ g. 0.0o412
d. 3
~ ) 284
25n
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.*3;

“b. (78 x 10-2) = (13 x 1o°)

fffbage~402-403: 21-6

a. 300200 ¢. 0.000007

b. 6.1 ' - d. 160

Answers to Exercises 21-6c

a. 135 x 6 x 10 2 = 810 x 10 2 = 8.1

b. (76 x 10°) x (3 x 10°) = 228 x 10° = 228,000,000

e, (18x10°) x (3x10 *) =54 x 10" = 5.4

570535 x 10 '
0.0570535"

e. (6 x-1o6) x- (275 x 10 %) = 1650 x 10° = 165,000

4. (35 x 10 *) x (16,301 X 10 3y

£. (7 %10 2) x (3 x 102) x (2 x 10 2) x (6 x 10°)
= 252 x 10% = 2520

a. (63 x 10-1) = (3 x'10

21

1y

6 x 10 2 = 0.06

c.. 9129_5_12=2 = 10 x 10° = 1000
875 x 10 *©
»1&?6 X 10;” T2 :
a. . =19.6 X 10 ° = 0.196
75 x 10 o

e. [27 x 10 2 84402 x 105 = 3126 x 10 2 = 3.126

f. 18'xf102—F216 x 10 1 =12 x 10 2 = 0.012

"

o 0 | “
6 x 840 _ 5040 X 19 = 1260 %X 102 = 126000

.Of 4 x 10

It is necessary to make 126,000 pieces-.



" page 403: 21-6,2147

4. Hrainbuster:

S%X (6.3 x 10'%) 136 x (63 x 10'7) _16 x 21
15 32

7 =2 = 10.5
100,000 x (3.2 x 10') 10 x 32 x 10

It will take about 10.5 years to go one way, 21
years round trip.

21-7. The Metric System.

"The invention of the Hindu-Arabic decimal system of
numeration is one of man's outstanding achievements. With it,
for the first time in history, masses of people were able to
learn the art of computation. Later Simon Stevin simplified’
the«pfocesses of computation still further by the introduction
of the decimal fraction. Today, the decimal. fraction should
be'called:the common fraction, so widely is-1it used in commerce

" and teéhnoldgyt
"Still later came the metric system of measures, based
upon the units, meter, liter, and gram, which are also decimal.
...If the selection of a, system of measures were optional with _.
educators, they would unhesitatingly choose a decimai system.
They are well aware of the tremendous efforts required to
learn, for example, the relationships among linear unlts in
~our system: 1 inch = %5[ foot, 1 fbot = % yard,

1 yard =-€%' rod, . rod = Elﬁ mile. Tn contrast, they
appreciate the simpiicity and ease with which the pupil can
learn: 1 millimeter = 0.1 centimeter, 1 centimeter =

0.01 meter and 1 meter = 0.001 kilometer.

' "From the point of view of teaching and learning, it wou;d'
not be easy to design a more difficult system than the English
system. In contrast, ‘1t would seem almost impossible to design
a .system more easily learned than-the metric system."

Clark, John R., "A Note on the Yearbook," The Metric
System of Weights and Measures, Twentleth Yearbook of NaETlonal
Council of Teachers of Mathematics,_Bureau of Publication,
“ Teachers 0011ege, Columbia University, New York, 1948.

286
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The above quotation from the Twentieth Yearbook of the
National Council of Teachers of Mathematics served as 'a
motivation for this section. )

The brief historical sketch is intended to help the
pupils see the decimal- foundation and origin of the metric
system.

Although the. pupils have had a brief introduction to the
meﬁric system in the T7th grade, we urge you to have them
"1ive metric” for a few days. Postpone any attempts at
‘converting from metric to English measures. The pupils should
have a metric ruler at hand in order to get well acqua'nted
with the linear units.

. Because of the length of this chapter we are able only
to introduce the linear metric scale. We have not developed
in any detail.the two systems now in vogue, namely, the
MKS (meter, kilogram, second) or the cGS (centimeter,
'gram, second) . : '

We highly recommend the Twentieth Yearbook of the National
Council of Teachers of" ] Mathematics as a rich reference text
for both your professional library and your pupils! mathematics
library

‘The original definition of the meter was used until
October 15, 1960 when delegates from 32 nations agreed.on a
new standard_definition. The meter is now defined in terms
ef the orange-red wave-lengths of Krypton gas, and orie meter
1s defined as:

1,650,763 .73 orange-red wave-lengths, in a
vacuum, of' an atom of the gas, Krypton 86.

This new definition has the advantage that it can be
measured accurately by an interferometer anywhere in the
‘world. The method of using a standard bar of platinum-iridium.

was not as precise,

287
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Answers to Exercises 21-Ta ‘
~ (Class Discussion) \\\ J

1l and 2. There 18 no stan@g:d gnswerrto these questibns}
but many interesting'opinibns should come frém the
class and stimulate. interest in the metric system.
(As we go to press Great Britain is in the prdcess
of changing to the metric system in rcrder to ‘enter
the Common Market. You may find current news

-articles on this topic.)

Answers to Exercises 21-7b

1. The place value of each digit of the measurementfexpressed
" in the larger unit is '%b as large. The new numeral can.
be written by moving the digits one place to the right.

2. . The blace value of each digit of the measurement expressed
in the smaller is 10 times as large. The new numeral
can be written by moving the digits one place to the

- left. ’ ]
3, a. 10 d. 10,000
b. 100 e. 100,000
~¢. 1,000 f. 1,000,000
b. a. 500 Tf. 325
b. 2000 .- g. 3.5
c. 0.5 h.  4.74
d. 25.4 i. 55 .
e. 1500 J. 625
#5. _a. 4 x10
) b. 4 x 10°
"e. B x 105
288
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~jipgg’é 1}07’-"-4085 21-7‘,21-8?1-

-

e -
S . Answers to Exercises 21-Tc
S 1. 11.11 x 10 2 = 0.01111 ‘ T .

2. 5.3h x 102 = 534 i
~3’\2usx103 00245
b, 0.52 x 10° =
. 643.2 x 10 3 = 0. 6432 ; .

20,220

5
6. 2Q2~.2 x 10°
7 15

7.7 0:015 x 107

¢

21-8. Conversion to English Units.

The ratlo converegion method was chosen as a reinforcement
of ‘what the student learned in Chapter_lo. ' \

\

s -

Answers to Exercises 21- 8a

ff—ir“”°Solve the proportion by the Comparison Property (Chapter

10),, .x = 22.86 cm. :
. _?7121 =3;(_5,; = 38,10
sl Ly . g 209, o
. 3' ""5'&‘2. y —27.9 ’. Y 254 b y—ll
- 1 . _12.70 . =
b sERTTRe YT TzeRi VT

5. '_Find-the'number of inches in 5 feet, then write

1: .80 . 4. 150.%0
p.< . '

s - g ‘ ) - -
6.  Find the number of inches in 9 yards, then write

= 255 ; x = 822.96




L pagé-#bg-uloz 21-8

a2 0 v P

‘P o oo

/

Answers to Exercises 21-8b

20.32
60.96
48 .26
. 68.58
.

14

rd
J

8.5

& 110
& 220

Lo

c. % W40

a. 6 mi.
. 30 mi.
c. 60 mi.

Approximately 8839

274 .32
o1.u4k4
457.20
. T731.52

[o 2 S T 1)

12
15

R OO
Wl

880
2 1650

¥
4

(]
2

d. 300 mi.
e. 600 mi.

meterq

Approximately 155,00C,000| km.

21.59 em. by 27.9% em.

\

Answer depends on student!s height.
. A boy 512" or 62"

1574.8 mm .
157.48 cm.
1,574,300 microns

]

]
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‘- page 410-411: 21-10

~21-10. Chapter Review.

Answers to Exercises 21-10

d.
e.

f.

5.67 x 10°
5.67 x 10 _
5.67 x 10%

536,000,000 -~ -
1,530,000



= ’
8. a. k00 cm. . .. .025% m.
~ b. 1000 mm. e. 54 mm.
. c. .5 km. f. 525 ecm.
. 21-11. Cumula“live Review:
. A Answers to Exercise3121;11
1. 38 pointgn . A
2. a. %% or lf% : e, O
, 12 : |
b.A = o ‘ | £f. 1
8 1
C. g g B
4. % _h %
3, -.}%>.%%~since 13 x 56 > 17 x 42
| : or 728 > T4
o T
5. a. 12 e. 16
"b. 3.6 f. 3
c. 3 e %
- 5 1
6. a. 9 \ d. O
3 1 : ‘ e. 14 \
c. % f. %% or _gf%
’ 7. 7 he. 35 min.
‘8. A =34  Thearea is 34 sq. ft.
. \ .
-’ 292
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ivpage‘_l&la': z1-11

jt9- 9 4567.22' sq.‘ft. c. g or 1% sq. ft.
. b. 655.36 sq. -, d. 1.376 sq. mm.

N \
\ by

'10. 75 = 7wad 3
' diameter = 75 in., & 24 iﬁ:\*\\\m‘
length of spoke £ 12 in.

~11. Mere, since 365 x 3%-x 108 s 10° ' !

Sample Test guestions for Chapter 21

_ This set of questions 1s not interded as a chapter test
‘iTeachers should construct a chapter tesf carefully by combining
' selected items from this set of questions and questions of
.their own writing.’ Care should be exercised to avoid making
the test tco long. b : A

.Tfue-False o - o o <
(F) 1. In the symbol 103 the exponent is 10
(F) 2. 10° x 10 = 10° ,

(T) 3

(1) 4.° 1,000,000 = 10°

(1) 5. 1% |

™ 6. Zs-f5-wfo-fords
(T) 7. 2.76 billion is 2.76 x 109
(F) 8..10° =10 2 +10°

. (PF). 9. 93,000,000 - 6.3 x 10°
~(F) 10. 10° x-1o? =10°

-(T) 11. 10" means - 10 X 10 X 10 x 10

. 10°x10°2 =1

2

1.5x 10

C(p) 12, 11 x 107 is written in scientific nccabion.

) . 2 9 3 ) . /"/

\
- W
!

Co

[V



;
il

'»Completionzﬂ

24,500,000,000,000 miles

1. The closest star to us 1is
- away. Write.this distanee using scientific notation
(2.45 x 10%7)
2. Perform the indicated operations and give the answer in
scientific notation. .
a. (7x107) x 107 (7 x 109
b, 6x10°x 9 x10° (5.4 x 1@ 1)
c. 19.6 x 0.020 (5.488 x-10 1)
.. 'd. 0.787 x 200,000 ) (1.574% x 10°)
3 Fill 'in the blanks with the correct power of ten.
‘a. 7.81 =781 x° 1H \V (C2) )
b. 61320 = 613..20 X 10 U , (2)
c. 1% =1 xloD (C2) -
d. 7.60 x 10° = 7.600 x 10 1 ()
. . . | N |
4. Fill in the blank with the numeral of the correct number
O a. Tm. =al cm- g’(oo)
v. 400 em. = __mm. o 54000! E
c. 100 m. = km. (0.1)
"d. 2.5% em. = . 4 (25.4)
' .. ‘ .. - . \
e. . 1.5 km. = mie . (1,500,000)
294
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Multigle Cholce:
f,l;' "Which one %of

million %nd one  billion?

4

b a.

H;:€F

e

. d.

e
.

Bl 3.1k x 10°

" one
‘ ' a. 2(10° + 03) )
b, 2x 108
N e. 200,000
a. 2 x 10°
e. 2,000, 000 000
g2.. The product of 10 5 and 10 3
" a. 1015
. 108
e 108
4." 10 2 »
‘dm-’f e. none'of these
b . ol
3. Which 1s the largest number°
/ 11/./\ 0.01 - ’
b. 1.4 %10 2
Je. 15x10 " -
d. “15.5 x 10 *
- .e. izpi'x.lo-z

one

+two

ten _
one hundred
none of these

-

the following represents a number between

(b)

1s equal to

.

is how many_t;mes as large as 3.147



.‘10u X lb-u 1s the same as
a. _108
b. .10 16
c.‘ 160
d. 10
e. ione of these ‘ _ﬁér3§

Which number 1s not in scientific notation?

a. 3.1 x.10°

b. 3 x 10 2
C. ,106 .
d.. 31 x 10°

“e. 3.1x10 ' : ' - ()

. - 10 6 “48" the same as all of the fqilowing eicept

1 .
a. _ S o a
TS - :
- b. 10%+202 - SR
c. 10 *x 102

‘L

o i
CoaLe

AT T
e. “10-(3n+ . o (p)

8. 0.427 divided by 0.07 1s equal to
a. 61 : :
"b. 6.1 A )
. '; . )
c. 0.61 . o S
d. 0.610 ~ ]

e. none of these

oy
Ve v
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?flog 10° 4-10-2 equals
B a. 10“ ‘
b. 10 12
c. 108
a. 102
€. nénhe of thes
oo v of the
11, 10° is the same as:
TR
b. 10 x 106 A °
¢. 10 -10 A
d. 1 o \'_ 'J s
. e. 0 '

,12,7 Which of the following 1s equal to 500,0002

a. 5 X 10“
b. 5 x 10°
c. 50 x10°
d. 10°
e, 505 *
- 297
: 3%




" When a number between O and 1 is written in scientific
notation, the power of 10 which is used is:

¢. always negative.

‘d. -always positiveﬂ

‘e, may be negative or positive,

. depending on the number/. ' (c)
C . 14, VWnich of the following is equal to 10" x 107 .
a. 10mt P N
— o e, 10m - P }
d.. 100"+ P ¢ 1 | _- -
: - e. 100™ | R (a)
.. f g - . . .
N 1
L »
o . B
G, R ;‘ . ¥
A J
298
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'I'he prelimina.ry edition of The Introduc:ion to Secondary School
’ Lhthema.tics was prepared at the wr writing session held at Stanford University
-during the' summer of 1960 and was based upon.Volume I of Mathematics for
Junior High-School. * Parts L and 2 of The Introduction to Secondar School
Mathematics were revised at Yale University in the summer of 1961 in
_accordance with repov-ns «f classroom effectivenesg. Part 4, based on
selected chapters of Volume IT of Mathematics for Junior High School was
'.prepa.red. at the same time. -The present revision, taking into account the
classroom experience with the earlier editions during the academic years .
it of 1961—6 2, was prepared at Stanford University during the summer of 1962.

o : The fo].].cw;ing is a 1ist of all those who have participated in the
prepe.ration of Introdurtion to Secondary School Mathematics, Volumes T -

7 and’ IT. 5
Donald R. Cla.rkson, North Haven Junior High School, North Haven,
Connecticut

Séi'l.y Hérr’ioi:, Cubberley Senior High School, Palo Alto, California
.. Mary T. Huggins, Jord_é.n Junior High School, Palo Alto, California
‘Helen L. Hughes , Theo. Roosevelt Junior f{igh School,, Eugene, Oregon
Florence Jacobson, Albertus Magnus College, New Haven, Connecticut
'-Mild..red Keiffer, Cincinnati Public Schools, Cincimnati, Ohio '
- Eme M, Lewis, Washington, Di C., Fublic Schools,’ Washinéton, D. c.
;. . Muriel M:llls, Hill Junior High School, Denver, Colorado
' Max Peters, Wi/nga.te High School, New York City - '
- ’_,Q_Osca.r Schaaf, South Eugene High School, Eugene, Oregon-

- George Schaefer, Alexis DuPont High School, _Wilmington Delaware
Veryl Schult Washington, D. o Public Schoo‘.Ls R Washington, D, C.
Max A. Sobel, Montclair Sta.te College, Montclair, New Jersey
Wa.rren Stenberg, University of Minnesota, Minneapolis, Minnesota
William C. Wa.lsh, Proviso Township digh School, Maywood, Illinois .
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