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FOREWORD

The 1ncreasing contribution of mathematics to the culture of
the modern world, as well as 1ts importance as a vital part of
sclentific and humanistic education, has made 1t essential that
the mathematics in our schools be both well selected and well
taught.

With this in mind, the various mathematical organizations in
"the Unlted States cooperated in the formatlon of the School
rathematics Study Group (SMSG). SMSG includes college and uni-
versity mathematiclans, teachers of mathematics at all levels,
eXxpPerts 1n educatlion, and representatives of science and tech-
nology. The general objective of SMSG 1is the improvement of the
teachling of mathematics in the schools of this country. The
National Science Foundation has provided substantial funds for
the support of thls endeavor,

One of the prérequisites for the improvement of the teaching
of mathematies in our schools 1s an improved curriculum--one
which takes account of the increasing use of mathematicvs 1n
sclence and technology and in other areas of khowledge and at the ’
same tlme one which reflects recent advances in mathematics it-
self. One of the first projects undertaken by SMSG was to enllst
a group of outstanding mathematiclans and mathematlecs teachers to
prepare a Serles of textbooks which would 1llustrate such an im-
prOVed curriculum.

The professional mathematliclans in SMSG believe that the
mathematics presented in this text 1s valuable for all well-
educated cltizens 1n our soclety to know and that 1t is impnrtant

“>for thé preéccllege student to learn in preparation for advanced
.work in the field. At the same time, teachers in SMSG belileve
that 1t 1is presented 1n such a form that it can be readily grasped

by students. .

In must inst2nces the material will have a familiar note,
but the presentation and the point of view willl bz dit'ferent.
Some material will be entirely new to the traditional curriculum.
This 18 as 1t should be, for mathematics 18 a living and an ever-
growing subJject, and not a dead and frozen product of antiquity.
Thls healthy fusion of the o0ld and the new should lead students
to & better understandling of the basic concepts and structure of
mathematics and provide a firmer foundation for understanding and
use of mathematlcs 1n a sclentific soclety.

It 1s not intended that this book be regarded as the only
definitive way of presenting good mathematlcs to students at this
level, 1Instead, i1t should be thought of 28 a sample of the kind
of improved curriculum that we need and as a source of suggestluns
for the authors of commerclal texibooks. It 1s sincerely haped
that these texts wlll lead the way toward lnsplring a more mean-
ingful teaching of Mathematles, the Queen and Servant of the
Sclences.
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PREFACE »
" To The Student:

This book will be your second adventure 1n secondary school
"mathematics. During this year you will develop a better under-
standing of what mathematics really 1s. We hope that you will

.enjoy thls adventure.

Some of the big ideas in introductory high school mathematics
are the following: :

1. The numbers of arithmetic form a number system.

You have studied whole numbers and fractions.
You will see that these numbers are part of a
larger system of numbers. You wilill also learn new
ways to think about whole numbers and fractions.

2. Arithmetic leads to algebra.

You will see how the 1deas of algebrd grow
out of your knowledge .of arlthmetic.

3. Geometry helps us to understand the world in which
we live. ’ )

Ideas of points, lines, planes, and spat¢e are
the alphabet of geometry. You willl learn how these
ideas form the basis for exploring the world of

" geometry.

This book was written for you. We hope that you will find it
pleasant reading. There may be places where you will need the
help of your teacher. As you read be sure to have a pencll and
paper handy so that you can make computatlons and sketch diagrams.

The exerclses are planned to glve you practice in using the
ideas in the text. Before trylng to work an exerclse, read 1t
carefully, more than once, if necessary. In each problem, be
sure that you understand what you have to work with and what 1s
required. Some exerclses are marked with stars. These are harder
thah the others. Don't get discouraged if you cannot handle them
immediately. The exercises marked "Brainbusters" are different
from the others. Most of them are slightly "off beat" but they
will give you a chance to use your 1imagination.

We hope that as you continue your study of mathematics this
year you willl strengthen and extend the 1ldeas you learned 1last
year. We also hope that you will understand still more clearly
what mathematics 1s, and that you will establish a sound founda-
tion for future study 1in this field.

Good reading!

~



Chapter 11
LINEAR MEASUREMENT

11-1. The Ruler.

Measuring 1s a way of using numbers to indicate the size of
things. For the crudest kind of measuring we need only whole
numbers. For more precise measuring we need the rational numbers.
Suppose that you need to find the quantity of water a car radiator
holds. Here 18 how you can do 1t. After making sure that the- ‘
radiator 1is ehpty, yoﬁ can get an empty tin can from the kitchen.
Then you can fill the can with water and pour 1t into the radiator.
You can keep dolng thls over and over agailn until the radlator
overfloﬁs. If the 16th can of watéf overflows, then you may say
that the radiator holds more than 15 cans and less than 16

'céns. Suppose that nearly all of the 16th can goes into the
radiator before 1t overflows. Then you can say that the volume
of the radiator 1s Just about 16 cans. Here you are using this
can as your unit of volume. If you tell your father that the
radlator holds 16 cans, he will have no 1dea of the volume of
the radlator until he knows the slze of the can. If you show him
the can, or describe 1t 1n such a way that he can find another
can Jqu like 1t, then he will know how much the radiator holds.
: Suppose you afe asked to find out whether the segments 4B
ind CD shown below have the same length.

A B

il

A

‘How will you do 1t? You will probably lay the edge of a sheet of
paper along AB and make marks exactly where A and B come
on the paper.

oy
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If the paper can then be laid along the segment GCD so that the
~marks come at C and D, we will say that AB and CTD have
the same length.

Cc D
b : —1 1

This is Just what we will mean by saying that &AB. and €D
have the same length. We willl also use the expression AB and
€D are congruent as another way of saying that they have the

same length.
You can see that we can use this process to construct a
segment congruent to AB starting at any point on a given line.

A

' Thus, 1n the two figures above we have constructed point F
so that EF 1s congruent to AB. This process 1s fundamental in
measuring lengths. '

Now we will see how lengths are measured. We will see that
this process 1s very simllar to the method used 1n finding the
volume of the radiator at the beginning of this chapter.

First we must select a segment on our unit of length. Any
segment may be chosen. For thls example we will select the seg-
ment GH below. ) B
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. We shall need a name for this unit 1n the following discussilon
and we shall call this unit a "bar." This unit plays the same
role as the dan of water 1in the radiator example,

Now 1f we wish to measure a segment JK we "ri111" the seg-
ment JK, until it "overflows," with segments congruent to GH.
Below we show segments congruent to GH ﬁmarked off along the
ray JK. ' :

J E M N K ? N
- Y, ] -
\¥ 3 er ] /

4 bors

Now JN 1s 3 bars in length while .JF 1s 4 bars in length.
Segment JK 1s longer than JN and shorter than JP. Thus, we
say that JK has length‘betwéen 3 and 4 Dbars. ‘We would say
the same of any segment which contains JN while being contained
in 'IP. | - .
We see that this method 1s the same as 1s often used in

kindergarten. Here the -lldren are glven a number of rods all
of the same length whlch they use to measure segments as shown.

C T — I\

~—— I\ S ~

The method 1s also the same as you would use to measure the
lengths of the wall of your classroom with a yardstick. Here
you "lay off" the yardstick along the edge of the wall over ‘and
over agailn. : _ V-

The method is also the same as that used 1n an earller
chapter in forming a number line. A very useful tool for measur-
ing lengths 1s a portable number line called a ruler.

Here 1s the way to construct a ruler. ]

First of all, choose a iine segment for the unilt of
length. Any segment you like could be chosen but in this
example use the segment GH which we called the "bar" in

the above dilscussion.

~e

boa
;
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G H Figure 11-1a
This unit 1s used to construct a number line by repeatedly
R laying off the unit on a line.
9 ! 2 3 4 5

Figure 11-1b

Now make a copy of thils number line by laying the edge of a
sheet of paper along the line with a corner at 0. Transfer the

marked points and the numbers to the edge of the sheet of paper,
as shown below.

T

-

SHEET OF PAPER

i

\ Figure 1l-lc

. WhHen you have followqd these instructions you will have con-
structed the simplest kind of ruler, You may now use this ruler
to measure the lengths of segments. Consider the segment vfﬁ.

L M

To measure thils segment place your ruler along IM with zero at
L. Pind the point where M falls on the ruler.

L M

q ! 2 3

SHEET OF PAPER

Figure 11-1d
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The number n corresponding to this point 1s called the measure
of TM with our particulax choice of unit., We say that the-
.lengtb of IM 1is nj baia. We shall use the symbol LM (with
no line above 1t) to mean the length of TM. We may say then
tha?'.LM is n bars. Notice how our terms are used.

n 1s the measure
"par" 1s the unit
n bars 1s the length.

\4\5

Iet us take another look at Figure 11-1d. We cannot tell
. from this figure exactly what the number n 1s. But we can see
. that
' b < n <5,
'&nerefore, the measure of f? is between 4 and 5 or IM 1is
between 4 bars and 5 bars. We can also see that the number
n 1s closer to 4 than to 5. We can express this fact by
saying that the measure of Eﬁ, to the nearest whole number, 1s
4, Or we may write "
IM &4 bars.

" means "is approximately."

The symbol ‘s
Now use your ruler coanstructed as in Figure 1l-1lc to find

the measures of the five segments below to the nearest whole

numter,
/’a)

(n) =

(¢) —+ .

’éiil‘«j

(e)

Filgure 1l-1le

) You should have found that each of these segments 1s four
~units in length to the nearest whole number of units. When we
say that a segmentlis 4L units in length to the nearest whole
number of unlts, we mean that it 1s between 3% and M% units

in length. Thus, each of the sesments 1n the figure below 1is

4 unite in 1enéth to the nearest whole number of units.
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)

SHEET OF PAPER

Flgure 11-1f

We can obtaln more accurate measurements of the lengths of
segments by 1lndicating more polnts on our number line. Here 1s
the same ruler that we have been using with the multiples of %
shown. '

Flgure 11-1g

Exerclses 11-1
(Class Discussion)

1. Transfer the marks in Flgur 11-1g to‘your sheet-of-paper
ruler. '

2. Use this ruler to measure the flve segments shown 1n
Figure_il-le to the nearest quarter of a unilt.

3. Use your paper ruler to find F

the lengths of the three sldec of

the triangle in’ Figure 11-1h to

the nearest quarter of a unit.

Figure 11-1h
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Y. What is the sum of the length of the sides of the triangle in
" Figure 11-1h?

5. On the paper ruler constructed in Problem 1, locate the points
corresponding to elghths as closely as you can by estimating.

6. Use the ruler of Problem 5 to measure the segments in Figuré
" 1ll-le to the nearest eighth of a unit.

YT. Are any of the segments of Figure 1ll-le congruent? Explain.
' (Recall that when two segments have exactly the same length
< they are sald to be congruent.)

8. .Tear a sheet of lined paper from your notebook and make a
number line along one edge as shown.

0

~

ey
LA g
Lad-

'
ol

A

UL Jé/ﬁx‘_‘_LJ ans RSN

Al i

Using thils ruler, measure the segments 1n Figure 1ll-le to
. the nearest whole number of units.

9. Uéiné the ruler of Problem 8, measure the segments in Figure

11-1le -to the nearest % “of a unlt. -

11-2. Standard Units of Length.

Suppose you used a can to fill a radiator and found that the
radlator held 16 cans of water. If you told your dad that the
radiator held 16 cans, he wouldn't know the size of the radlator °
until you showed him the can. If you wanted to mention the
volume of the radiator in a letter to a friend, you couldn't very
well send h;@ a can 1in an envelope; But perhaps you could find
spme‘way of describling the can so that your friend could find one
1ike 1t. If you found that you had been using a No. 2% size can,
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then that would solve the problem. This size of can 1s in very
common use 1n this bountry and your friend would have no

trouble finding an empty can of this size. Using this can as a
unit, he could duplicate the volume of water, 16 cans, that you
had described to him. |

The same thing applies 1n measuring length. A statement that
-a& certaln segment 1s 5 wunits in length gives no information
until the size~of the unit 1s given. If the unit were chosen
arbitrarlly, the size of the unit would have to be expressed by
Providing a Copy of it.l It would not be ‘possible to convey this
1nfonmation_in speech,

These examples polnt out the need for units of measure that
everyone Knows and can easily find accurate copies of.

Usually the laws of a country state the units of measure to
be used. When a unit of measure is established so that 1t 1is
always the same size, it 1s called a standard unit. When you buy
‘a puler, the marks on it represent line segments that are units
of measure of length. Your friend's ruler has units of the same
8ize.  Thils ‘1s so simple that it may seem strange that it took a
long, long time ‘and much hard work to secure agreements on these
units,

People Of caveman times had 1ittle need for a measuring unit
that was the same as everyone else's. Without machinery or build-
" ings, man had little need to measure. The few things he owned
could be traded with 1ittle concern for size. . As civilization
developed there were more and more goods to be traded, bulldings
to be bullt, and finally machines to be made. These new activi-
ties made slzes of goods and sizes of parts very importiant.

People now are obliged to measure with units that are the same
Size for eVeryoody.

The first units used for length were parts of the body 1like
the foot or hard“ A man's foot 1s about as long as the unit foot.
' The distance from the tip of the nose to the end of the fingers
wWhen ‘the arm 1s held straight out 1s about as long as a yard.
Horses are still measured by a unit called a hand. A hand is the
Width of the average hand and 1s about the same as 4 inches. When
boys play marbles, they sometimes measure with a unit\called the

8pan.

b
o
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- Cubit™ "

Figure 11-2a

A épan 1s the distance between the tips of the thumb and 1little
finger when they are spread apart as far as possible.' When Noah
bullt the ark, 1t was supposed to be 300 cublts long, 50 cublts
wide and 30 cubits high. The length of a cubit 1s about 18 ‘
inches. Saiiors measure water depth in fathoms. A fathom is 6
feet. When the Roman soldiers marched, they counted their paces.
The Roman pace, however, was a double step: The Latin words for
"5 thousand paces" are "milia passuum". Our "mile" comes from
"mi11a" which means 1000. What 1s the length of your pace?

Units of measure like the pace or hand are not all the same.
Different people have hands of different size, When people began
‘to trade‘and travel, i1t became important to have units of measure
‘that are always the same. Gradually the sizes of the "foot",
"vard", and other units, were-described more precisely. Thus
they became "standardized." Finally a group of sclentists
developed an orderly, complete system of measurement called the
metric/aystem. The meter 1s the basic unit of length in this
Eystemi One meter 1is a little 1dnger thai yard. The length
of a méter:waq chosen to be one-ten millionth 0000001) of the
_distayce.from the North Pole to the Equator.

~r
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The National puXeau of Standards in Washington has an
accurate copy of the meter, This bar 3s made of platinum and
iridium, a metal which changes very little in length when temper-
ature and air presguXe change. Congress has passed a law that
tells the fraction of thils par which 1s the official yard in the
United States. This bar is the standard unit of length with
which allistahdard units of measurement in this country are com-
pared. The bar 1s cOnsidered so important -that it is locked up
very securely. ReéceNtly the meter has been defined more precisely
in terms’ of the lepgth of 1ight waves. '

Measuring line Segments is like comparing the line segment
with a number line, The l2-inch ruler you use is a part of a
number line in which the unit is an inch. The part shown on the
ruler starts at zero and goes to 12. It 1s marked to show count-
ing numbers and some of the other rational numbers, When you
measure a segment, you cOmpare the length of the segment with the
number, iine markeq\oﬂ the\guler. '

Exercises 11-2a
(Clags Discussion)

Let's stop anq ftake axqarefui look at the construction of a
v N ‘ .

ruler,

Figure 11-2b

" The foot ruler is §4vided into 12 equal units that everyone
“knows as inches. Tpe space at each end of the picture on this
page 1s an inch long. 4 “

1. Why 1is it pecesSapy to divide the units?

2. How is the inhch between 1 and 2 divided?

3. How are the Other jnches divided? '

s

10

b
oo

.\.
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4. When divisions smaller than those shown are needed, how
aré they obtained?

5. How many divisions are there 1n the third inch? The
fourth inch? The fifth inch?

6. HowW many divisions.is it possible to place between any
two of the smallest divisions on your ruler?

Oné-way to use a ruler to measure the length of AB 1s
Shown in the figure below, ’ |

Ao ———B

'[—:_T LI B S I R
‘ ! 2 ;

Figure 11-2c¢

Place the zero point of the ruler at the left end of the
segment. The length of the segment is the number of the point
on the ruler that matches the right end of the segment. What 1s

the 1 th-of BB ?
b eng Exercises ll—2b . .

1. Use a plece of tagboard or cardboard with a straight edge and
make. a 6-inch ruler. Mark one edge with 1-inch segments
and the opposite edge with ? - inch segments,

2. Make two more 6-inch rulers, one marked with % - inch 1nter-
vals and the other with E - inch spaces.

3. Measure each of these lines to the nearest half inch using
the ruler that you made in Problem 1. Use the symbol "eg
in your answers to Problems 3-7 to show that your measurements
are approximate. N

» o

a

© Qa o0 o
\

11
1

.
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4, Measure each of the above segments to the nearest % inch,
using your % - inch ruler, '
5. Measure each of the above segments to the nearest % inch,

- inch rvler,

o=

using your
6. Measure each of the above segments using the middle section

of your\third finger.

7, Which measuring unit gave you the most satisfactory results?
Why?

Suppose your ruler were broken near the 2-inch mark. Can
you still use 1t to measure segments? The dlagram below shows a
broken ruler placed to measure segment CD.

ﬁIl f|| BARERERR NN BARERE AR R RERN RS (‘*'
é 2. 3 . 4 ' 5 6 7

Figure 11-2d
How long is ©TD, to the nearest % inch? 1Is it 5% inches?

~—When you place a fuler so that the end of a.segment lies on
some other mark than zero, you must be careful to make a correc-
tion in the iength that 1s read on the ruler.> In the dilagram on
the preceding page the length of the segment is 5% in., - 2 in.,
or 3% in. It 1s sometimes easlier to measure a segment accurately.
if this method 1is. used, but you must remember to make the neces-

sary correctlon. : N

" Exercises 11-2c¢

0 A B C D E F G

LIFTITY_I;II'IIIT—F‘;II—{llll;!‘[_[lll';llllll’sllj_'lrf

.t

- What point on the ruler is ‘directly below each of the points,
A through G,\ on the line segment?

12

.0N
b
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2.. How long 1is: A :
a, AB? ° b, RE?  ec. CTD? d., DF ? e. FG?
3. a. Draw a segment 5 1inches long and divide it into sections
each g inch long.

b. Divide 5 by %.
¢. Is there any relatlon between parts (a) and-(b) of this
problem? :
4y, a. Draw-é line sezment écross your paper and mark thesé seg-
' ments on it so that the left end of one starts where the
right end of the preceding segment falls:

1 .
22_ "y 11]_.'._ ", g_ ", _]%u .
b. What 1s the total length of these segments? Read this
answer on.your ruler.

¢. Check your answer by addition of fractlons.

5. Measure with your ruler the segments marked on the line below
as indicated: :

A B CcC D (I F G H ] J
a. FE e. EF
bp. BE r. EF
c. KJ - : g. GH
d. TG " h. T

6. a. On the preceding line, measure each of the following
segments if you have not already done so: 1B, . BC,

op, DE, EF, FG, GH, HI, and 1IJ. -
~b. Add all of these measures and check with the answer in
5(e).

: 1 01 1 1 .
*7. Write the fractions §, 7, §» and’' 5 as common fractions
in base two numerals.

#8., 1Is there any relation between the divisions on a ruler and
base 2 ? : ' ’

13
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There are many standard units of length such as the inch,
yard, foot, mile. It is often necessary to be able to convert
from one to the other. For example, if we are told that a seg-
ment 1s 175 1nches in length, we may wish to be ablé to find
the length ¢f this segment in feet. Here 1s how we proceed.

We khow that if the measure of a segment 1n feet 1s 1, then
.Lhe measure 6f this segment in inches 1s 12. Consider the ratio

measure in inches _ 12
measure in feet T

This ratio 1s the same for any segment. For example, if the
measure of a segmnent in inches 1s 36, then its measure in feet
is 3. Thus

measure 1ii inches _ 36 _ 12
measure in feet = 3 I

o

This principle holds true whatever the units may be. For

- example: ’ _
measure of AB in bars _ measure of CD in bars
measure of Xgi in rods measure of . GD 1in rods
Let us answer the question raised above: "What is the

" measure in feet of a segment whose measure 1n inches 1s 1752?"
Let . x denote the measure of thils segment in feet. Then set up
two ratios for: '

measure 1n feet
measure in lnches

‘Then ;
measure of this segment ' measure of 1 foot
: in feeti\\ ¥ 1in feet .
X 1 .
175 ~ 12
measure of this segment-/’ k\~measure of 1 foot
in inches in inches

N

From our work on ratios we know that

12 - x =1+ 175

The measure in feet of the segment is 14{% .

4=
8
oo
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Here is a slightly harder problem. A segment whose measure
.in cgntiﬁeters is 'lOO, has measure in inches of approximately
39.537. What 1s the measure 1n centimeters of a 5-1nch segment?
Let n be the measure in centimeters of the 5-inch segment.

measure in centimeters measure in centimeters

n 100

. . '5' ] 3—-(5—37-. Tl\ .
measuré in 1nches - measure in inches
Then . (39.37)n s (5)(100)
or . . 3 . .
ns 12.70 )

Exercises 1ll-2d

1. TUse the method described above to change the following
lengths to different units.

a. b rt. = in. f. 72 in. = ft.
b. 27 ft. = yd. g. 4mi. = __ - ft.
c. 27 yd. = £t. h. 54% in., = ft.
d. 100 yd. = ft. 1. 60 in. = yd.
e. 120.ft. = yd. J. 27 in. = _ yd.

2. How many’yards are there in one mile?

3. Walk naturally for ten steps. Measure the distance from the
first toe mark to the last toe mark. Divide by ten to find.
the length of your pace. Express this length in-two ways:.
a. 1in feet, ‘ b. in inches. -

4. a. Use your pace to measure the length and width of your
classroom. Change your answer to feet.
b. Measure the length and width of your classroom with a
yardstick. Measure to the nearest foot and check with

your answer to ﬁart/(a).

‘.
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5., Find the total length of each of the following simple closed
curves -by measuring each segment and adding all the measures,

Use a ruler marked in 16ths of an inch. F
A . B
E G’
) C
v (a)
._l“.
J
!
M >
' (e)
S
\)
(e)

Y
_ (£)
6. a. Use 18 dinches as the length of a cubit and find the
' dimensions (length, width, and height) of Noah!s Ark.
.You can find the dimensions in cubits nearfthe/beginning
of Section 11-2. . /

'

b. Give the dimensions of the Ark in feet and aiso in yards.

/

/

) 16 & /./ ,

2 A
~

-
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11-3. Precision and Error..

The true measurt of a geometrical segment i1s an exact number,
. but we cannot make exact measurements with a ruler. 'The best
that we can do with a ruler is to make measurements to the closest
division marked on the ruler. .If the ruler is marked only in whole
.numbers of inches, then we can measure with this ruler to the
nearest whole number of inches. Such measurements are said to
have l-inch precision.

‘f;Thus} from the figure below:

A . B

]

e % T, T .

‘ we may say that :
R AB = 4 ~inches with l-inch precision.

.fThis statement conveys the information that'the length of AB
is .closer to 4 inches than to any other whole number of 1nches.
It tells us only that the true length of IE 1s between 32 and
4? inches. It 1s clear that the statement dces not convey all
the 1nformation that 1s contained in the picture.

) To say that a measurement has l-inch precision means that
' thl measurement was made with a ruler having oniy the whole
numbers of inches marked. {(Such a measurement could have been
jmade by 1gnor1ng all the marks on the ruler except those indica-
' 'ting whole numbers of inches.)

Similarly, to say that a measurement has % inch precision,
means that the measurement was made with a ruler marked only with
“multiples of' % inch (O, 5 1, l%, 2, etc.). (Again, such a
measurement could have been made by ignoring all the marks 1n
the ruler except those indicating multiples of E Anch.)
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\Exerci'ses 1l-3a
(Class Discussion)

From the figure below:

L ‘ B¢

]llfl|||'l[|‘|rlfl;wlTr‘]|]3|1—Tr,"ll,]:l||||||5|]§

A

T
0

" £411 in the blanks in the following:

l.. ABm __ inches with l-inch precision.

2. ABm _____vfinches with %— - inch precision. ' _

j. AB 8 ____ inches with Ilf - inchlpreci'sion. S \
4, ABs ___ nches with § - inch precision. h

5 A(;“as ____1inches with 1 - inch preéision.

6. AC m __ inches with %’- - inch fmecision.

7. ACs ____ inches with Ilf - inch prgcision.

8 1

+ AC &8 incﬁés witb B - inch precision.

A more convenlent way of expressing the “precision of measure-
ments 1s to write measu‘rgs‘ as mixed numbers with-t’he denomlnator
- denoting the precision. For example, we shall use the statement:

EF !&g inches,

to mean .
EF & L—S— inches with & -inch precision,
while '
"‘ .  EFm l%- inches,
‘will mean

o . EFwm 4731- inches with ‘%-inch precision.

\ ..Of course, the numbers Mg- and M% are equal, but the
numerals "ug " and "J% " are different. In statements in-
volving measurements we choose the numeral which expresses the

‘

18
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precision of the measurement. You may wonder how we would shorten

the statement 1
GHss 5 d1inches with T - inch precision.

The answer 1s very simple. We write
GH s 51?- inches.

. I _
An 1des .closely related to precision 1s greatest possible

error. To understand what this means corsider the following
example:
Suppose we are told that:

GHs 3 1inches with % -~ inch precision;

or, 1in other words, o .
GH »~ 3§~ inches.

What do we know about the true length of TH ? We know that 3
inches 1s the length of GH to the nearest half inch so if GF
i8 measured by a ruler with G at O, then H must fall some-
where 1n the segment WZ alon~ the edge of the ruler.

L T LT

2

The true length of GH must be between. 2% inches and 3% inches.

What 1s the error in using 3 1nches as 1if 1t were the true

length of GH ? The answer to this question depends on Juct where
the point H fallé in the Segment WZ. If H falls at point X

then this error is é inch, S

| wxy z
l | _ I T ]
o ll Iz ,\' 2%'/73 L ls

If H ralls at point ¥, tnen this error is O inches. If H
gwfalls at W or 2, this error 1is % inch., But in no case can
thisAerrof exceed % inch. Ve say, therefore, that % inch 1s

19




the greatest possible error that can Fegult from using 3 inches

as the true length of ®H. You should gee that the greatest

possible error i1s always half of the Pleclsion.

Exercises 11-3b

Draw the longest possible segment that would be measured as
3 inches if you were measuring to the nearest inch. Draw the
shortest possible segment.

What could be the true lengih of the longest segment? the
shortest?

What is the greatest possible diffepence between the true
lengths of the two segments and 2 irches?

Draw the longest -and the shortést Segments that you would
measure as 2% inches, 1f you wel'® ysing only half-inch
subdivisions.

What could be the crue length of YOur longest segment? the
shortest,

What could be the greatest possible qifference between the
true lengths of the segments descrlbed in Problem 4, and
2% inches?

Draw a segment 2 1inches long and divide 1t so that 1t can
be used to show a precision of % inch.

Draw a segment 2 1inches long and divide 1t so 1t can be
used to. show a greatest possible €lror of % inch.

'
(€A



g, Measure the length and width of each of these flgures to

(1) the nearest % igeh; (2) the nearest % inch; and

{3) the nearest f% inch. In each case glve the greatest
possible error. '

11-4. Perimeter and Rectangles.

The total length of a simple closed curve 1s called the
perime’sr of the curve. If the simple closed curve 1s made up
of line segments, then the curve 1s called a polygon. The seg-
ments of which a polygon 1s made up are called the sides of the
.polygon. The perimeter of a polygon 1ls therefore the sum of the
lengths of its sides. You have already worked several problems
in which you measured the perimeters of polygons.

A rectangle 1s a speclal kind of polygon; 1t has 4 sldes
and all of its corners are."square". Sides of a rectangle which
do not intersect are called opposite sides. Sides which do inter-
sect are called adjacent sides.

21 i~



Exercises 1ll-4a
(Class Discussion)

? "l. For each of the following figures name the vertex at ééch

"square" «orner. .

c J
| :
K I
A B E - F H
(a) (b) (c)
P 0 T /s
M () N Q (e) R - —~
\\.

2. Which of the figures'in Problem 1 are rectangles? -
g T

3. Find the perimeters of each of the figures in Problem 1,

\ G, v
making your measurements with é-inch precision,

4, 1In figure (c) of Problem 1, which side of the rectangle is
opposite HK ? Measure the sides of this rectangle again.
How do the lengths of the opposite sides compare?

¢

5. The cover of this book is rectangular in shape. Measure the
lengths of its sides. How do the measures of the opposite
sides compare?

6. What do you think is probably true about the opposite sides

of a rectangle?
. 22
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A

In Problem 6 you prdbably came to the conclusion that
obposite 8ldes of a fectangle have equal lengths. (At least
this,is the coﬁclusion you were supposed to reach.) ‘This 1s
, &iways true. This makes 1t possible to find the perimeteﬁ of a
ﬁectangle by measuring only two sides. That 1s, 1f two adJacent
sides of a rectangle have measures £ and -,

A

14

£

then the measure of the perimeter is.Af-+uH4uf+Q'or 2 .4+ 2 .t
If p 18 the measure of the perimeter, then

p=2 € +2 -,
or
p=2-. (£L+w)

Exercises 1ll-4b

1. A school playground is 1n the'shape of a rectangle 400 ft.
long and 200 ft. wide. Make a drawlng to represent the
. playground. What 1s the total length of the ferice around 1t?

2. If fencing cost $5 a yard, how much did the fence of Problem
‘1 cost?

j. A carpenter 1s nalling plcture molding around a room which has
a length of 15 ft. and a width of 10 ft. How much mold-
~ ing does he need? Express the answer in feet, and then 1n
\yards. '

Ik, The carpenter of Problem 3 1s also installing a baseboard
around the room. K¥e notices that the room has four docrways,
and that each doorway 1s > ft. wide. =Since he does ¢t put
baseboard across the doorways, now many feet of baseboard
does he need? (Does it matter where the doorways eres luciuted?)



5. A boy has 24 feet of wire fence to make a rectangular pen
»for“his pet rabblt. He plans to use all the fence in making
the pen. ' .
- a. Can he make a pen 12 ft. long and 12 ft. wide? Why
or why not? .
. b, Can he make a pen 8 ft. long and 3 ft. wide?
" c. How about - 8 ‘ft. long and 4 oft. wide?
d. Give five examples of "lengths and ‘widths he can use for
his pen. (Use only whole numbers for lengths anc widths.)

6. A girl istecorating for a party. She has 5 tables, each
28 1inches wide and 42 inches long, and she wants to put a
strip of crepe paper around the edge of each table.

a. How many inches of crepe paper are needed?
b. How many yards of crepe paper are needed°

7. A Fourth of July parade 1s to follow the route shown by the
arrows, starting at S. The squares represent city blocks.

» 3> . .
> > — rd >

In this city each biodk 1s % mlle on a side.
a. What 1s the total length of the parade raute?
b. 'If the decoratilons along the parade route cost about
$250 a mile, what was the approxlimate total cost of the
decorations? .
c. In the parade one man got tired, and from point T, he
~  sneaked back to S by the route shown by the dotted lines.
How far did he travel?
How much distance did he séve?

8. A farmer found that it took 240 feet of fence to go around
his rectangular farmyard. He noticed that one of the sides
was 40 feet long. Find the length of each of the other
sides.




11-5. - Metric Units of Length.

. The metric system is the measuring system used in most of

the countries of the world. It is aot the common system of the
United States and other countries where English is the principal
larguage, but even in these countries use of the metrlc system 1s
vincfeasing. Lec us see how measurement with metric units 1s done.

The meter 1s the princip2l metric unit of length. It is a
little longer than a yard (39.37 inches). It is a very convenient
unit for measuring the lengths which we usually express in yards.
In all track and field meets where athletes from several countries
take part, distances are measured 1n meters.

When short lengths are measured, or when a more precise

‘. measurement 1is required, a unit smaller than the meter 1s needed.

The most convenlent unit is found by dividing a meter- into 100
equal segments. Each of these units 1s called a centimeter
(abbreviated ch). Most of the rulers that you buy have centi-
meters marked along one gdge. You should have one of these

‘rulers to use. i Inches 2 3
! L L

)2 3 4 5 &6 1 8
nuluulunl‘u'[ l L I L l l

Centimeters

If you examine such a ruler you will see that a centimeter
i1s a 1little less than half an inch. You will also find that each
centimeter 1s divided into ten parts, rather than &4, 8, or 16,

" as 1is done with inches. Parts of a centimeter can therefore be
named by numerals with a decimal point as well as by common frac-
tions. J - g

Measure RX below to the nearest centimeter aad to the

‘nearest .l cm. You should find that the length of RX = G cm.,

or RX = 9.3 cm.

R : X



Exercises 11-5a .

1. Draw segments of the following lengths, making your drawings
as preclse as the marks on your rulz:r permit: :
a. 4 em. g c. 2 em.
b. 6 cm. d. 7 en.

2. Measure the length and the width of the cover of your book.
Measure each to the nearest centimeter and to the nearest .1 cm.

3. Measure the boundary line of each of the figures below.
Measure each segment to the nearest centimeter and to the
nearest ' .1 ecm. When you record your measuréments, remember
that the symbol "s" should be used to show that these
meésurements are approximate.

26 1A
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4, Express the following as a number of centimeters, using the
" basic fact that 1 meter = 100 em.:

& 2 meters e. .6 meters
b. 7 meters i f. .05 meters
c. 6.5 meters g. .32 meters
d. 1.2 meters - h. 1.28 meters

5. How many meters are in a segment of each of these lengths?

a. 300 cm, T e, 50 cm.

b. 700 cm. f. 450 cm.

c. 256 cm. g. 75 cm. .
d. 185 cm. ‘ ' h. 8 cm. .

_-'In Problem 2, above, you measured segments with a precision
of .1 cm. The name of this very small unit is a "millimeter".
"A millimeter is %6 of a centimeter, which 1is’ Téﬁ of a meter.

Therefore, a millimeter is f% of 1%5 , or 15%6 of a meter.

"Millimeter" 1s abbreviated "mm" and ‘"meter" 1s abbreviated
""M", fThe facts you now know about metric units are in the
table below.

1l cm. = T%U'M' -or 1 meter = 100 cm.
'l mm. = fb cm. or 1 cm. = 1C sun.
1 mm. = yius M- or 1 meter = 1000 mm.

The fractions above can be expressed in decimal fcrm if
-~ that 1s preferred. )

We often use millimeters in describing precise measurements.
You may be familiar with a camera that uses 16 mm. or 35 mm.
film. Airplane rocket& and other artillery weapons are measured
in millimeters.

27,, ..
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Exercises 11-5b
(Class Discussion)

of the lengths below. You will need to have a

very sharp pPencll and to mark very accurately in using such

e. 81 mm,

) ‘f. 105 mm.
g. 16 mm.
h, _58 mm,

Exchange papers with a classmate and check the segments of

Exercises 1ll-5c¢

Measure in millimeters each segment of the figures in
Problem 3, Exercises 11-5a.

lengths in millimeters:

e. 115 cm.

f. 17.4 cm.

g. 1l meter

h. 3.5 meters

lengths in the units called for:

cm, =, 156 mm. = cm.

cm. . 2000 mm, = cm.

M. g. 2000 mm, = M.
- cm, h. 204 mm. = em.

Segments having the same length are 1ald to be congruent.

Measurement of length may be thought of as a process of
"£111ing" a segment with unit segments.

1. Draw segments
small units.
a. 20 mm,
b. 50 mm.
c. 70 mm.
d. 35 mm.

2.
Problem 1,

1.

2. Express these
a. 3 cm.
b, 12" cm.
c. 2.8 cm.
d. 6.3 cm.

3. Express these
a. 40 mm. =
b, 100 mm. =
c. 100 mm. =
d. 22 mm. =

11-6. Summary.

1.

2.

3.

When a unit segment 41s choseh we may use 1t to construct a
number line called a ruler which we compare with other seg-
ments to determine theilr lengths,

28
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-

‘The cholce of a unit of length is entirely arbitrary, but in

practice 1t 1is necessary to have standard units which are
famlliar to large groups of people.
The official standard units of length in America and England

&re the,English units; inch, foot, yard, mile. The official
standard units in most of the rest of the world are metric

‘ units; millimeter, centimeter, meter, kilometer.

Measurement is approximate, not exact; and when possible,.

the precision or greatést possible error.in a measurement

should be shown.

The symbol " means "approximately equal to".

A polygon is a simple closed curve which is a union of
segments,

The perimeter of a polygon 1s the sum of the lengths of the
sides. :

A réctangle is a polygon having four sides and all corners

. "aquare".

If _¢ and o are the measures of the lengths of two sides
of a rectangle which meet at & corner, then the measure of

"the length of the perimeter, p, 1s given by:

p=2‘_,€+2 .S,

11-7. Chapfer Review.

Exerciseé 11-7

Name six units of linear measure.
Name four standard units that are not linear units of measure.

Complete: If the length of a segment i3 correctly stated to
be 8% inches, 1ts actual length might be as short as
or as.lomng as .

29
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4, what is the perimeter of the fo.lowling simple closed curves?

a. b- o] (1]
t ) ° .;..
"

g |83 2 12§ | 12§’

N 7R

5. Hhen you measure to the nearest % 1n¢h, what i8 the greatest
. possible error? '
=~ )
| A _ B c - 0
1 ' T 1 ' 1] | r T ] j ]
8 9 .

10 1 12

6. The ruler above measures to the nearest _ ? of a unit.
7. How manv units are contained in AB ?

8. How many units are contained in BC 2
4

9. How many units are contained in €D ?

10, - Find the perimeter of ABC
using B
a. a ruler which measures
1
to i5 of an inch.
b. a ruler which measures

to fb of a centimeter.




11-8. Cumulative Review.
‘ - Exercises 11-8

1. Use the distributive property to rewrite each of the following.
a. 9 (3 +2)
- b, (7 +11) - 6

2. Are the following sets closed under addition?
' a. (2,4,6,8,10,...]
b. (7,14,21,28,35] b

3. Copy an_d.replaq)e the ? by < or > 4hichever 1s correct.

a. 628 a. 2.2
S .. 222
c. f?35% . 18 %g

4, 1In which base is 203152, written?
a, Base filve ’ :
b. Base ten
¢. Could be any base less than 5.
‘4. Could be any base greater than 5.

5. |Which numeral represents che largest number?

a. 28 c. 10000, .
\ P. 2iyeive d. 37eight
‘ 6. In the dlagram on the right ;
", a. How many planes contain
N point D ? Name them.
“.b. How many planes contaln
., KC'? Name them.
c.” What 1s ACNAB ? . 5

d. “Are CA and AD in the
same plane? State the
property that says this.

“’
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7.,
' A B C D £ F G
' P [lvrllﬁl llI]'ll‘[T_IVlYll rlr[‘rlrl
3 4 5 6 7
: - How long is each segment? Measure to the nearest fg} inch.
a. 1B | 4. IE
b. AT e. AF
c. BD _ r. EG

8. Perform the indicated operations and simplify.

a. 5%+u§ q. 3%-1%

b. 1115+2§- e. 5%-22

e Bladaad e b3
9. Write a complete factorization of 66.

10. Which of the statements below is not true?
a. If a number is divisible by 3 and 5 then it 1s also
divisible by 15. '
b. A multiple of 6 must be an even number.
c. The number 47 1is 2 composite number.

11. If a TV antenna tower has a shadow 275 feet long when a
6-foot man's shadow is 15 feet long, find the height of
the tower.

12, Joan reduced her welght during the summer {rom 150 pounds
to 120 pounds. What was the percent of decrease?

”

NS
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Chaptgr 12
AREA AND ‘¥*OLUME

12-1, Meaning of Area.

In Chapter 11 you learned how to measure the length of' a
‘segment. In :his chapter you will learn how to measure a closed
region. You recall that the interior of a simple closed curve
'togethen with-1ts boundary 1s called a closed reglon. Consider
the closed reglons shown Lelow. '

We may compare the size of the closedxbegion B with the
gize of the closed regilon A by cutting out a copy o} closed
region B and placing it on a ‘eopy of closed region A. It 1s
clear that closed region B would fit into closed reglon A
‘with something to spare. We say that the area of A 1s larger

than the area of B.

Exercises 12-1

N
1. In connection with the closed reglons shown below, complete

the ?ollowing sentences using one of the symbols >, or <.

3>




ERIC

Aruitoxt provided by Eic:

-1

. a. area of closed reglon A — . area of closed region B.
b, area of closed reglon B ——w_— area of closed region D.

¢c. area of closed reglon C — ~_— area of closed region B.

\l; d. area of closed reglon D area of closed reglon A.
B e. area of closed reglon C __ _ area of closed region A.

2, Make several cardboard éopies of £18ure A and usé them to
compare the areas of the other five closed regions. Do this
by finding the approximate number of copies of figure A
. Which are necessary to cover each of the other figures. List
fhem in order of size, beginning wilh the largest area.

In Problem 2 you have seen that yoU can compare the areas
of closed regions by finding how many tiMeg the closed region A
is contéined in the other closed reglonS. Thus, we may use a
Single closed region to make our comParlSons. This simple closed
region, A, may be considered our unit of area.

[ 4
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3. The measure of the area of figure R. below 1is 1 unit.

. Make a copy of figure R 'and use it to measure the areas of
the other four figures approximately.

Y. The closed reglon R represenis
the floor of a room. We wish to
measure the area of this floor.
Which of the following closed
reglons may be conveniently used
as a<un1£ of area, 1in your opinion?

Give a reason for your answer.

Q b

If you wereeFo make a selection of one of these units, which

one would you prefer? Why?




12-2

5. Draw a triangle ABC. On each side of the triangle locate a
- point which divides the side into two congruent segments.
Name. these points D, E, and F, as shown in the diagram
below. Draw DE, EF, and DF.

c

W /
. a. Make a cardboard model of the triangular ¢losed reglon
ADF. Use your model of triangle ADF as a unit of
area and find the areas of the following closed regilons.
' DEF, ABC, DECF, and ADEC. g

b. Make a cardboard model of the closedAregion AFED. Use
your model of the closed region AFED to find other
clesed regions which have the same area as the closed
reglion AFED. '

12-2. Cutting Units of Area.

You have seen that the size of a segment may be found by
measuring. In measuring segments, you used another segment as
a2 unit of measure. Simllarly, in measuring the area of a closed
reglon you used another closed region as a unit. When you
measure the area of a closed reglon, the unit that you use may
not fit into the area of the closed region a whole number of
times., Some of this region may remaln uncovered around the
edges of the measuring units. The part left over may not be
shaped so that you can fit any more whole units on it.
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. In measuring the area of the shaded reglon below using the
" . unshaded rectangular region as unit,

you can place. units on the shaded region and find that part of .
the shaded reglon is not covered.

I ////// %

We can deal with this situation by cutting one of our units
along the indicated lines and placlng these pleces on the border

as shown.
5 \
A A B ¢ |o
B N
¢ F N
o] € s
G| H — -
H .

One of the parts (the one labeled E) was left over. The

apeé of the shaded region 1s therefore a little less than
.~ b units, '

,
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- In.doing this patchwork you must be careful to cut only one
unit at a time. Be sure to use all the pieces of one unit before

L

you cut,ﬁhe next one. Can you explain why? i

‘ Exercises 12-2

1. Using your notebook sheets as units, find the area of the

" ‘top of your desk. Your unit may not fit into the top of

'your‘desk a whole number of ‘times. In this case, cut up
additional units and find the approximate area.

2. Find the approximate area of the closed region on. the left by
using_éhe drea of the closed regilon on the right as a unit.
- Make several cardboard models of the unit closed region so
that you can cut up your area units to cover the area of the
closed region on the left completely.

//y///// -

. 12-3. Area of a Rectangle.

In Chapter lllyou learned that a rectangle 1s a simple
closed curve made'up of four 1line segments with all corners
"square." A rectangular reglon is a region consisting of a
rectangle and its interlor. In speaking of areas of rectangular
regions we shall say "area of the rectangle" for short.

In previous sections you have used a number of different
closed -regions as unlts of area. The most convenlent choice for
a unit .of area 1s a square closed region whose side is one unit
of length. The reason that this choice is so convenient 1is that
our unit of area is thus related to our unit of length.

38
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If we are using the inch as a unit of length, then the

corresponding unit of area 13 the square region shown below.

The name of this unit is the sguare inch. You should be able to
' 'see what 1s meant by a square foot, square yard, square centimeter
square mile, or in fact, square unit for any unit of length.
If a rectangle 18 6 wunits long and 3 units wide, then
the rectangular region can be covered by square units as shown.
The measure of the area of the rectangle 1is then the number of

: 8quare units used in the covering.

(
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Is there an easier way to get the number of squarés than by
counting them? How can you do 1t?

If'you counted by noting that each rcw has six squareé and
that there are three rows, you obtained the number of square
units A in the area by writing

=3 x6

9 4
PN
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o

St TTIf you counted by saying that there are three squares in
each column and six columns, you obtained:

S » A=6x3

I
!
!
|
[
!
I
1
!
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or coﬁrse, these numbers are the same. What property of multi-
plication 1s illustrated by 3 - 6 = 6 - 39
We. see now why the square unit is so convenient in measuring
area. -If the lengths of the sides of a rectangle are whole
numbers of units, then the measure of the area of the rectangle
in the corresponding square units 1s simply the product of the
' méasures of the, sides. :
In practice it is very likely that the lengths of the sides
-.of many rectangles will ggﬁ be whole numbers of units. Suppose,
for instance, that the length is 3 inches and the width is 2%
inches. You can easily fit in six of the square inch units but
you are left with a border, as shown in the shaded area below.

~

23

3"
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“In order to fill the border, take a unit square and divide 1t
‘into smaller squares as shown:

S

“ , e

How many of the small squares are needed to cover the area Of the
-large . square? ; Do you agree that each small square (%n by %n) is
1% of a square inch? ' C

Now, consider'the border alone. How many of these small
squares are needed to fill the border? ‘

-~ J
| : fTS" .
Do you-sée_that you need'six of these small squares to fill the
‘border? - ) |
. Thus, the area of;the rectangle is

6 + (6)(3)
. 1 1
=6 lg = 75’

The area of the rectangie is 7% square inches.

You may obtain the same result by dividing %he entir< figure
intd small squares (%" by %") as shown below.

-
2%
\
\ - )
} 3"
, b1
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Since you have 6 columns with 5 small squares in each
column you have 6 x5, or 30 small squares. This is equiva-
E lent .to (30)(F)’ or 7§ square inches. Can you obtain the
area of this rectangle without using the diagram° Explain how
xthis can be done.

i Exercises 12-3a

1. Find the area of a rectangle 45 inches long and 35 xgches
wide, as follows:

a. . Draw “the rectangle on your paper.
b, Fit in as many whole square inch units as you can.
lHow mahy did you fit in?
c. What are the dimensions of the squares that you will need
to use in filling in the border? Make a drawing of this

' square, A
‘d. How many of these smaller squares will you need in order
to £11l the border? How ‘many square inches are there in
“the border? ' -
e. What 1s the total area of the rectangie?
f. Find the area of the rectangle by dividing it into the
smaller squares that you used in finding the area of
the border. . /
g. You know how to find by computation the area of g
' ‘rectangle in which the measures of the sides are whole
numbers. Show that the same method applies for .this
rectangle wWhere the meaeures are not whole.numbebs."

2. FPind the area of a rectangle 3% inches long and 32%* inches
wide. Use the same procedure as you followed 1in Problem 1.

*3. Using the method you used in Problem 2, find the area of a .
, : rectangle whose length and width are 5— inches and ug
inches. In this case, you may find it easier to cut the
unit square inch into rectangles instead of. SQQeres by
making two divisions horizontally and three vertically as
shown.

2
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' If the area of éach small rectangle is y square inches,

you know that 6 - Yy = 1. What 1s the area of each small

5 rectangle?

3

¢
?
-When you wish to find the area of a rectangle, the lengths

: of whose sides are not whole number units, it 1s 1nconvenient to '
. uee the diagrammatic method of the last few examples. Let us
examine the results cbtained above and look for a simpler method

LENGTH WIDTH AREA

6" - 3" . 18 square inches

3" | 2%" . 7% " square inches

- 4%", '3%" 157 square inches
3%“ ' 2%" 7%_ square‘inches

5%" _ _ u%"_ 25%1 square inches

In each case above, multiply the number of units 1n the length

by the number of units in. the width. Do you find that the

- product corresponds to the area, as shown in the third column?
We can now state the following conclusion ) .

If A 3is the number of square units in the area of a rectangle,
and 4 and W stand for the number of linear units in the
length ahd width of the rectangle, then A =‘l "

s
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In the exercises below you will use standard units and their

relations. A 1ist of some of the relatior= which you studied in

P
v

" Chapter 11 may be helpful.

12 1inches = 1 foot
3 feet =1 yard
36 1inches = 1 yard

Exercises 12-3b

“a. On wrapplng paper draw a sketch representing a sqﬁafe

1 foot long and 1 .foot wide.
b. Along one side mark off distances representing 1 1inch.
¢.. Along the other side mark off distances representing
_X_inch.’ :

-

d. Use your sketch to find the nuﬁber of equare‘inches in

‘one squayre foot.

~

Use a-procedufe similar to the procedure in Problem 1 to
determine the number of square feet 1n a square yard.

a. Draw a square 3 1inches on a side.
b. Draw a rectangle whose area is 3 square inches.
c. Which 1s larger? By how many square inches?

a. Draw a rectangle which 1s 2 inches long and which has
an area of 1 sguare 1inch. _

b. Draw a rectangle which 1s % 1inches long and which has
an area of 1 square inch.

¢. How many different rectangles of area 1 square‘inch
can you draw? .

A living room rug 1s 12 feet long and 9 feet wide.
a. Find the arez of the rug in square feet.
b. Find the area of the rug in square yards.

A baseball diamond 1s. a square, 90 feet on a>side. Find the
area of this diamond both in square feet and 1n square yards.

The dlamond used in softball 1s a square 60 feet on a side.
Is this area more than or less than half the area of a

‘Ibaseball diamond? (See Problem 6.)
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8."

10,

11.

12,

A éﬁuare is 10 millimeters on a side.

Use the sentence A = _¢. w to find A if

a. £ =9 1inches, w = 7 4inches
b, £ = ll%’ inches, w = 6 inches
c. f = 5% inches, W = h%- inches

7% inches{ w 6% inches

a. ¢

e. _{. 9% inches, w 3% inches

N

&. Find the area of the square in square millimeters.
b,  Express your answer in square centimeters,’

Measure in centimeters the length and width of the rectangle
below. :

.a. The length 1s _ em.

b. 'The width is = cm.
c. The area 1is ' square cm.

ot

[
1

Repeat Problem 10, but measure the length and width in
millimeters.

a. The length is mm,

b. The width is® mm., )

. ¢. The area is square mm,

‘Two recténgles are place@ together as snown, to form a larger

rectangle. The number of linear units in the sides is
indicated.

45
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:a. Find the area of the small rectangle on the left.
b, Find the area of the small-rectangle on the right.
- e. Pind the area of the large rectangle.
d. 1Is the area of the large rectangle equal to the sum of
the areas .of the two smaller rectangles?
e. Show how thisequalityillustrates the distributive

property.

15. A rectangle 1s 3 units long and 2 unité wide. _,
a. If another "ectangle 1s twice as long but has the same
° wldth, how do the areas. of the two rectangles compare°
b, Draw a figure 1llustrat1ng your answer,
c. Do the same if the mew rectangle has the same length as
" the original but has twice the width.

1%, Do the conclusions reached in Problem L3 depend upon the
’ particular measures 3 and 2 ? f ” N
a. Write a statement telling the effect on the area of any
‘ rectangle if you double the length.
b.  Wrlte a statement telling the effect on the area or any

‘ \\ ’ rectangle it you double the width.

15. If a rectanélé has a 1ength'of "3 units and a width of 2
\\\units, what 15 the effect on the area of doubling both
\length and width?
aN_ Draw a‘figufevto illustrate your conclusion.

b. )Write a statement telling the effect on the area of

doubling both the léngth and the width of any rectangle.

16. In the rectangles of Problem 15, what 1s the ratio of the
larger perimeter to the smaller perimeter?

#17. The outside length of a picture frame 1is 20. inches and
the outside width of the frame is 12 1inches. If the
dimensions of the picture are 14" by 8", find the area
of the frame.
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12-b.  jpproximation.

in your work so far vou have assumed that measurements of
‘the sldes of rectangles are exact. Actually, this 1s almost
never the case becau no measurement can be made exactly. If
you measure a rectangle and find measurements of 3% inches and
2% inches, you should use the "approximately equal" symbol and

write J?m 3% Rl 2% and therefore:

A = & o
A (32)(25)
A s (RN

A w202
Since i 1s the number of square 1lnches, we find that the

area 1s apppoximately 8{% square inches.
A statement concerning a measured quantity should indicate
that 1t 1s only approximate, and not an exact measure,

Exercilses 12-U4

Use the = sign 1n connectlion with numbers representing

measured quantitles.

1. Measure the length and width of the top of your desk to the

nearest half inch.
a. Find the nunber of square inches 1ln the area.

b. What 1s the perimeter?

2. A section of chalkboard is about 5 feet long and 3% feet

wide.
a. Find the area. Express the answer 1n square feet and

square yards.
b. Find the perimeter ard express 1t in feet, and yards.

-3, If a carage floor is meazur:l! to be 18 feet by 22 feet
a. Find the area of the garage floor.
b. Find the cost of laying a concrete floor at 60 cents

a square foot.

LYARN
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4, A rectangular field 1s located at the Intersectlion of two
perpendicular roads. The L o
length and width are 7 7] - . T
measured as approximately
f% mile and f% mile.
Find the area of the field. %;ML
Express the result 1n square
miles.

5. A rectangular lawn is fou ! to be 84 'feet by 50 feet.
The lawn 1s to Le seeded with grass. The directions on the
box of grass seed say that one pound of seed 1s enough for
»300 square feet. How many pounds of grass seed are necessary?
6. A bathroom flcor is tiled with small tiles which are one inch
squares. tie floor contalns 3240 of these tilles.
2. What 1s the area of the floor 1n square inches?
b. What 1s the area of the floor in square feet?
7. A boy's room 1s 1in the shape of a rectangle. The length and
width are measured as 15 feet and 12 feet. There 1s a
closet 3 feet long and T

“ 3 feet wide bullt in one CLOSET | 3 FT.
corner, as shown 1n the B
floor plan. What is the 3 FT 12 FT

floor area of the room
(not counting the closet)?

15 FT

8. An attic 1s in tae shape of a rectangle with meas. -ments of
30 feet by 20 feet: There 1s an openlng 1n the floor as
shown where the stairway comes up. r‘*“*"‘ 7
a. FPFind the floor area of |

the attilc.
b. Does 1t matter in figuring 20 FT.
area, where the opening for —
TAIR 3FT
the stalrs 1s placed? STARS
1o FT.
30 FT

g




%0, A prectangular sheet of metal is measured to te 10" by &"
with 1" precision.
a. What 1z the smallest possible measure of the true width?
b. What 1s the smallest possible measure of the true length?
¢. What 1s the largest possible measure of the true width?
d. What 1s the largest possible measure of the true length?
e. What 1s tlie smallest possible measure of the true area?

f. What 1s the largest posslible measure of the true area?

12-5. Rectangular Prism.

We call a figure like a cialk box a rectangular prism. The

rectangvlar prism .s a familiar figure and you cun find many
examples. Your classroom i¢ probably one example. Name as many
‘examples as you can.

When you walk across the classroom floor you are moving in
the interior of the rectangular prism of your classroom, 1f your
room has this chape. Let us examlne cuch a prism. Note that the
prism has a certain number of zwriaces. These are called 1ts
faces. How many faces does a rectangular prism have? Wwhat kind
of figure is represented by <azh of tThe faces? Motlce that each
of the faces lilec 11 . L. A each face o the prism tnere
13 just one other face tiat -loer not meet 1t. Such a pair of
faces are called opposite faces. Opposite faces actually lie In

parallel ;  ~o¢s. How many palrs of opposlte racer are there?
Identify tn- palrs of opporite taces in y»our classroom. What can
you say about the shape o!f two opposlite faces? How do you know?
Faces which interse. =r called ad'acent faces. What 1ls the

PN .

intersect  n ol two adliaceat trces? Vwhat Lo the Intersectlon of

three faces?

ERIC

Aruitoxt provided by Eic:
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Exercises 12-5

Name two opposite faces of
the rectangular prism. A €

Name two adJacent faces of
the rectangular prism.

Two faces which are not B ’ F
opposite intersect in polints H
that 1ie on a line. These 3 2
segments are called edges of {
—_— 2 §

the prism.
a.. Name three edges of the prism.
b. How many edges does a rectangular prism have?

Name a set of equal edges.

There are certaln polnts on *“he prism where three faces
intersect. These points are called vertlices of the prism.
a. Name three vertices of the prism.

b. How many yertices does a rectangular prism have?

The parallel e of a rectangular prism have the same
length, There can /be at most three different lengths tor the
edges of a rectang&lﬁg/pnlgm. In the flgure, the number of
units 1in the lengtns of thré% edges have been marked. Tell
the number of units in thé-léngth of each of the other nine

edges.

Use paper or light cardboard to make a model of a rectangular
prism. Use the pattern below. The dotted llines show where
to make the folds, The flaps are needed to permit you to
paste the model together.
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12-6. Area of a Prism.
The lengti s of the edges 1in the three possible directlons

are often cal’ed the length, width, and height of the prism. .iow
Since®111 the faces are

do the oppos‘té faces compare 1n area?
rectangular reglons, 1t 1s easy to find the areas of the faces

The sum of thg areas of all the faces 1s called the surface area

of the rectangular prism.
Using tire number of units marked as lengths on the three

edges, find the surface area of the rectangulay prism shown 1n

the figure above.
If A 1s the number of square units in the surface area of

a rectangular prism, :§ the number of linear unlts in the length,
W the number of linear units in the uidth, and h thie number
of linear units in the helght; then

A=2-4+-w+2 - &+-h+2-w:*h.
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1.

5.

Exercises 12-6

Find the surface area of the rectangular prism for which the

‘length 1s 7 inches, the wldth is 5 1nches, and the

height is 4 inches.

A housewilfe has a cake tin 1n the shape of a rectangular
prism (without a top). The tin is 10 inches long, 8 inches
wide, and 2 1inches deep. When she bakes a'cake, she lines
the pan wilth wax paper. About how many square inches of wax
paper are needed to cover the inside of the tin?

A classroom wall 1s 30 feet by 10 feet. OCn this wall 1s
a chalkboard 20 feet long and 3% feet high. The wall,
except for the chalkboard, 1s to be palnted. What 1s the

appr.ximate area to be painted? Express the answer 1n square

feet, then 1n square yards.

An 1ncubator for hatching eggs 1s in the shape of a rectangular
prism 20 inches long, 10 1nches wide, and 15 1nches high.
The top is made of glass (irdicated by the shading).

I5 N

20 N

The sides and bottom are made of wood. What 1s the area of
the piece of glass used? What 1s the area of tne outside
of the wooden box? Expreés your answers both 1r =aivare

inches ard4 1in square feet.

A room 1s .15 feet long, 12 feet wlde, and 9 feet high.
a. How many squares of tile, each 12 inches by 12 1inches,
willl be needed to tile the floor?
b. How many tiles will be needed 3if each is 6 1inches by
6 1inches ?
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6. In the room of Problem 5 there are five windows in the walls,
each 3 feet wide and 6 feet high. How much wall surface
18 there, not counting the windows? (Does 1t matter where
the windows are placed?)

- 7. In Problem 6 how many quarts of pailnt are necessary to raint
these walls? A quart of paint will cover 132 =square feet.

8. A trunk 1s 3 feet long, 18 inches wlde, and 2 feet
high. The edges are pound with strips of brass. How
much brass stripplng 1s necessary? ExXpress. the answer in
inches, in feet, and 1n yards.

Q; A cube 1s & rectangular prism all the edges of waich are
equal in length.

a. What 1s the shape of each face of a cube?

b. How many square 1ncies of wood are needed to make a
cubical box, including 1i1d, with edges of 18 inches
each?

¢. Express your answer 1n square feet.

*10. let ¢, w, h stand for the numbers of units in the length,
wildth, and heilght of an aguarium in the form of a rectan-
gular prism. Wrlte a nunber sentence telling how to find
the number S of square units in the surface area 1f the
aquarium is open at the top.

12-7. Meaning of Volume.

The term rectangular soiid will be used to refer to the set

of points consisting of a rectangular prism and its interlor.
Do you recall that you were able to find the area of a
rectangle %ust by working with 1ts length and width? Do you
agree, then, that 1t would also be useful 1f you had a way of
finding the volume of a rectangular solld by worklng with its
length, width, and helght? First, it 1s necessary to agree on
a unit of volume. The usual choice for a unit of volume 1s a
cube. A cube 1s a rectangular prismn for which all the edges
have the same length. Would thls have been your cholce, or
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would you have chosen something else? What size cube would you
suggest? (Remember that we chose a l-inch square as our unit of
area.) ‘

The usuzl cholce 1s a cube, each edge of which 1s a unit of
length. In this case what can be sald aboat the size of the
faces? It is the neat relationship between the units of volume,
area, and length which makes 1t easy for us to compute volume.

If we choose to reasure lengths in inches, then the unit of volume
is a cube, each cdge of which is 1 1nch. The unit of measure of
thls cube 1is called a gubic inch.

7
r e
! i
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Soercloes 12-7

1. Describe and name ot l2:st two other units of volume.

2. Make a model out «¢¥ papy- cr light cardboard of a one-inch
cube using the pattern telow. The dotted lines show where
to make your folds. The flaps are needed to paste the model
together.
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\\}. Obtain some small cubic blocks and think of the edge as a
‘ unit of length. Put these cubes together to form a rectan-
gular‘solid 4 units by 3 units by 2 wunits. How many
blocks did 1t take? (You and your classmates may put your
model cubic inches together for this.)

4, a. Use small cubic blocks to make a solid 3 units by
‘ 2 units by 2  units. .
- b.,~ Make a rectangular solid with the length twlce as long as
in part (a) but the height and width the same.
. (6 by 2 by 2)
_f.._c,meakemawsolid,with»the width twlce as long as the original
but the other measures the same. (3 by 4 by 2)
d. Make a solid with the helght twice as long as the
original but the other measures the same. (3 by 2 by &)
e. Compare the number of cubes 1in parts (b), (c¢), and (4d)
with the number of cubes 1n part (a).

5. a. Write a statement telllng what happens to the volume of
a rectangular solid if one of the measurements 1s doubled.
‘b, What 1s the ratio of the larger volume to the smaller?

6. a. Buiid a solid 6 wunits by % units by 2 units. Notice
that both the length and the width of the prism in 4(a)
are doubled.

b. Find the ratio of the number of cubes in the new solid
to the number of cubes in the original.

¢. Would you get the same ratio if you doubled a different'
pair of measu.ements?

7. Write a statement telling what huomens to the volume of a
rectangular solld if two of the meuasurements are doubled.

'.a) and

8. a. Double each measurement of the solid in Problem
construct a rectangular prism. (6 wunits by U4 units
by 4 wunits.) .
b. Compare the number of cubes in this solid to the number

in tle original solid.

55
£
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'9. a. Write a statement telling what happens to the volume of a
rectangular solid if all three measurements are doubled.
b. State the ratio of the larger volurz to the smaller volume.

12-8. Volume of a Rectangular Solid.

/

-~
-~

We know how to find the area of any face of a rectangular
prism. ,Ikt us 1imagine we haveyfound the area of the face on
which the solid 1s shown to be resting. Suppose the area of
this bottom face (often called the base) 1s 12 square unlts.
If the base consists of 12 unit squares, let us place a unit
cube on each of these squares. These unit cubes fill up a
layer one unit thick covering the bottom of the solid. Since
there are 12 such cubes, the' volume of the layer is 12 cublc
units. Ybu saw examples of such layers in the puoblems 1n the
last section. Since the top of the layer 1s just like the bottom,
a second layer can be placed on the first. A third layer can
also be prlaced on the second. Suppose the helght of the solid 1is
5 units. Then it will be exactly filled by 3 1layers. The
total number of cubes may be found by multiplying 12 by 3
since there are 3 layers with 12 cubes 1n each layer. We
need 36 cubes to fill thils solid. Since each cube measures 1
cubic unit, the volume of this solid is 36 cubic units. Let
us write this statement in symbols. Suppose we let the letter
V represent the numbeér of units of volume, then

=3 x 12
= 36,

The volune 1s 36 cuble units.

5
€
,,
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_If the helght 1is not a counting number, such as 2% units,
then two layers will not fill the solid, but three layers will
be too many. We can slice the third layer horizontally and use
only half of this layer. The volume of the solid, then, 1is
(2%)(12). In symbols we have

' 1

v = (25)(12)
VvV =30
The volume is 30 cublc units.
Since our measurements of length, width, and height are

always approximate, we should actually use the "approximately
equal" sign, s , in writing statements about measurements.

Exercises 12-8a

In the exercises below use the & sign where 1t is
approprilate,
1. Pind the volume of 2 clecset 8% feet high 1f the area of
the floor 1s 10 square feet.

2, The base of a chlld's sandbox 1s a rectangle, and the area
1s 2% square feet. If the box 1s 10 inches deep, find
1ts volume.

2. @a. Write a statement in words telling how to find the number
of cubilc units in a rectangular solid 1f you know the
number of square units 1in the base and the number of
units in the height. '

b. Suppose we let the letter B represent the number of
square-units in the base, h represent he number of
unlts in the height, and V represent the number of
units in the volume. Wrlite the statement in part (a)
in symbols.

4, How deep should the sandbox of Problem 2 be made 1f the box
is to hold 48 cubic feet?

5. A man 1s making a wooden box to hold 260 cubic feet of
sand. In order to fit into a certaln space the box must be
13 feet long. How many square feet of area must be 1:1 the
end of the box?

o7
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6. Health regulations 1n a certair school district say that the
school rooms must contain 50 cubic feet of air qu each
child. Jf a room has a floor area of 160 square feet and
is 10 feet high, can the principal legally put 30 children
in 1t? What 1is the greatest number of chilldren who wzy be
legally assigned to this room?

Look at the work of the last problems. Do you know in any
. of the problems the exact shape of the base? Is 1t necessary to
know 1t? What must you know in order to find the volume of a
rectangular solid? This procedure of finding the volume of a
sclid from the area of the base and helght, without needing to
know the exact shape of the base;, will be used agaln when you
conslder other prisms and cylinders.

If you know all the edges of a rectangular solid, you know
how to find the area of the base. Then you can find the volume,

In a rectangular solid 4 wunits by 5 units by 2 units,
you probably think of the largest face as the base. The area of
this face 1s U4 x 3 square units so the volume, by Problem 3
above, 1s 2 X (4 x 3) cubic units. Notice that the number
b x 3 which 1s enclosed in parentheses 1s the number of square

nits of area in the base. If you stand the solid on end, you
can think of another face as being the base.

56
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You now find that the area of the base 1s 2 X 3 square units
and the volume is 4 x (2 X 3) cubic units. Resting the prism
on its third face, you find that the volume 1s 3 X (2 x 4) cubic
units. Thus, the numbers 2 x (4 X 3), ¥ x (2 x 3), and

3 x (2 x 4) express the volume of the same rectangular solid.
‘Therefore, the numbers 2 x (4 x 3), 4 x (2 x 3), and 3 x (2 x 4)
are equal.

Exerclses 12-8b

1. The inside of a freezer measures U4 feet long, 3 feet wide,
and 2 -feet deep. Find the volume of the freezer.

2. Find the number of cubic inches 1in a tool chest which 1s 1k
inches long, 10 inches wide, and 9 1inches deep.

3. The.bottom of a desk drawer can be covered with two pieces of
typewriter paper laid end to end. (Typewrlter paper 1is 8%
by 11 inches.) The drawer 1s 4 1inches deep.

a. Find the area of the bottom of the drawer,
b. Find the volume of the drawer.

4, A woman has some blankets to store. The blankets Just fit
Inte a trunk 3 feet long, 1% feet wide, and 2 feet high.
How many cublc feet of space are in the trunk?
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10.

11.

12.

A man plans to make a sidewalk 81 feet long, 4 feet wide
and 3 1inches thick.

a. How many cubic feet of concrete does he need?

b. Express your answer in cubic yards.

Write a statement in words telling howlo find the number of
cubic units in the volume ¢f a rectangular solid if the
number of units in the length, wldth, and helght are known.

Let.4?, w, h stand for the number of units 1n the length,
width and height of a rectangular solid. Let V. represent
the number of cubic units in the volume. Write a statement
in symbols telling how to find the volume of this solid.

a. How many cublc inches are there 1n a cublc foot?
b. How many cublc feet are in a cublc yard?

a. What 1s the volume of a -inch cube (a cuhe each edge
of which is 3 inches) 7

b. Is this volume larger or smaller than 3> cublc inches?
Be very careful not to confuse the volume of a 3-1inch
cuk2 with 5 volume of 3 cublc 1nches.

A rectangular solid is 2 1inches long and 1 inch wid>. The
volume 1s 1 cuble inch.

a. Make a sketch of this solid.

b. What 1s the height of the s0lid?

‘A classroom 1s shaped like a rectangular prism. The length

is 30 feet, the width 1s 28 feet, and the height 1s 12
feet.”

a, Make a sketch of the classroom.

b. Find the volume.

A chalk box is 6 1inches long, 4 inches wide, and 5

inches high.

a. Make a sketch of the chalk box.

b. Find the volume.

c. Suppose the length, width, and helght were each doubled.
Find the ratio of the volume of thils box to the volume

of the origlnal box.
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.
‘13. a. Find the volum2 of a cube each edge of which 1s l%
inches.
b. Find the area of one face of this cube.
c. Find the total area of the cube.
d. Make a sketch:of this cube.

14, A swimming pool in the form of a rectangular solid is 32
feet long and - 20 feet wide. The pool 1s filled with water
to a depth of 5% feet. How many cublc feet of water does
the pool contain?

Exercises 12-8c¢

-

l. A stone block in the shape of a rectangular solid has a
volume of {2% cubic yards. It weighs about 2400 1bs.
per cuble yard. What 1s 1ts total weight?

2. An apartment house 1s bullt in the shape of a rectang. ar
prism 210 feet long, 30 feet wide, and 30 feet high.
a. How many cubic feet of space are in the building?®
b. Express the volume 1n cublc yards.

3. A pilrate's treasure chest was dug up and found t. be filled
with gold. The chest was a rectangular prism 2 feet 6
inches long, 18 1inches wide, and 1 foot deep. A cubic
foot of gold welghs 600 1bs. Could five men, each cf
whom can 1ift 400 1bs., 1ift the chest out of the hole?

.4. Ed has a fish tank 24 1inches long, 12 inches wide, and
14 inches high. He fills tne tank to a helght of 10 inches.
a. How many cubic inches of water are in the tank?
b. There are 231 cublc inches of water in one gallon.
How many gallons of water are in the tank?

5. A steel bar is shaped like a ractangular prism. The bar 1is
18 1inches long, two-thirds inches wide and two-thirds
inches high. How many cubic inches of steel are in the bar?

6. _An aquarium has the shape of a rectangular prism. The length
is 40 inches, the width 1s 30 inches, and the height is
9 1inches. The tank 1is filled with water. One cubic foot
of water weighs about 62.5 1bs. How many pounds of water
does the tank hold?
61
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7. Ar electric fan i1s advertised as moving 3375 cublc feet of
air per minute. How long will 1t take the fan to mcve the
air in a room 27 ft. by 25 ft. by 1) ft.?

8. The bricks which are used in many builldings are 8 inches
by 4 inches by 2 inches. How many cublic 1inches of space

does a tr’:k contain?

9. The length, width, and neight of a rectangular prism are
measured as 10% inches, Sg inches, and 5% inches.
Fin the volume from these measurements.

10. A .andbox with a base 10 feet long and 9 feet wide is
" bullt-in a park. A dump truck carrying 135 cubic feet of
sand is emptied into the box. If the sand 1s leveled off,
what 1s the depth?

Probably the simplest possible soliid 1s the rectangular
prism. Of.course, we shall learn later ¢. other sollds such as

other prisms,‘dbnes, cylinders, and spherecs.

Triangular Prism Cone Cylinder Sphere

It is clearly & locing battle to try to consider all possilble
shapes, We can nften obtain the results by adaing or subtracting
volumes we already know about. For example, suppose that 1in a
room 15 feet long, 12 feet wide, and 8 feet high, a man
bullds a closet in one corner. The closet runs to the celling

fap)
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. S
and has a base 3 feet on a side, so th{g\the floor plan looks
1ike this:

How can we find the volume of the remainling space in the room?
Let us try to devise a method.

1. Find the voluwme of T room before the closet was bullt.

2. Pind the volume of the closet.

3. Now think of a way to fInd the remaining space after the
closet was bullt.

4, PFind the volume of this space,

Suppose we check cur answers. The volune of the entire room
should be 1440 cublec feet. The volume of the closet should be
72 cubie feet. To find the volume of the remalnlny space we
simply subtract these two volumes. Therefore

1440 - 72 = 1368

The volume of the remalning space is 1368 cublc feet.

Exercises 12-8d

1. The floor plan of a room is as .hovn below.

s
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'How many square feet of wall-to-wall carpeting are necessary
for the floor? What 1s the volume cf the room if it 1is g
feet high?

2. A pantry, the fleur of which is 6 ft. by 10 ft., is
9 ft. high. It contalns a deep freeze which is 2 ft. by
3 ft. by 7 ft. How many cublc feet of space are left in
the room? EXpress the answer also 1n cubic yards,

5. BRAINBUSTER. Two boys were much interested in making flying
models of airplanes. They made one model which flew very
well, and decilded that they wanted a er model Jjust like
i¥. They proceeded to bulld one by doubling all the dimen-
sions (that 1s, twice the wingspfead, twice the length, twice
the height, etc.) and put in a motor with twice the power.

To their disappolntment, they found 1t would not fly at all.
what was the trouble?

12-9. Dimension.

Consider two flles sitting side by side at a pcinv. A by
" the baseboard of a room. One of them .s trying to direct the
other to a lump of sugar which 1s also by the baseboard. What
directions does he need to give?

All he needs to say 1s, "Follow the baseboard this way for
four feet--you can't miss 1t!" The complete description of where
the sugar 1s located by the baseboard can be given by one number.
For thls reason the edge of the room is called one-dimensional.
Of course, the sectlon of baseboard followed may be a single

segment, or may turn one or more corners, SO any segment or
simple closed curve 1s one-dimensional.

[e)
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I{ the lump of sugar < 1s somewhere out 1in the middle of
the flioor, this presents more c¢f A problem to the fly. His friend
cannot get there at all by following the baseboard. How can he
glve directions? One of the ways 1s glven below.

e as

"Follow the baseboard for four feet. Then turn to the left so
‘that you are headed perpendicular to the baseboard, and crawl for
six feet."” 1In this case when the lump of sugar 1s in the interior
of the rectangie, 1t 1s convenlent to use two numbers to J.scribe
its location. For this reason tne set interior to a rectangle
(or any simple closed curve) 1s called two-dimensional.

If the lump of sugar 1s not on the floor at all but 1s
somewiiere else 1n the rooa (for example, suspended from the
ceiling by a string),the problem of direction is harder still.

The directions then might go like this, "Crawl along the base-
board for four feet, then éiongnéhe floor perpendicular‘to the
baseboard for six feet. You will then be directly under the

~ sugar. To get to the sugar (ly directly up for two feet." This
time three numbers are needed to describe how to get to the
point S, so the interior of the rcom (that 1s, the interior of
a rectang;lér solid) is called three-dimensional.
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On the basis of the above discussion, what dimensicn should
yov glve to a polnt?

The dimension of the set whe e the fly is shows how much
freedom of motion he has. If he must stay in the one-dimensional
set consisting of the floor's edge, he can move only along this
edge. If he may go anywhere 1n the two-dimensional set 1nside the
rectangular edge, he can crawl all over the floor. If he 1s
merely confined to the three-dimensional set interior to the room,
he can fly anywhere 1lin the room.

The term dimension 1s also used 1n connéction with more com-
plicated sets. We do not try to glve an exact definition, since
1t 1is usually clear whether a set 1s similar to a line, or to a
reglion of the plane, or to the interlor of a solild.

Exerclses 12-9

Indicate for each of the followlng sets whether it 1s one-
dimensional, two-dimensional, or three-dimensional:

a. triangle 1. exterior of an angle
b. interilor of a triangile J. rectangular prism
c. clrcle k. 1interior of a rectangular
. prism
d. 1nterlor of a circle
1. exterior of a rectangular
e. sphere prism
f. 1nterior of a sphere m. surface of a desk
g. angle n. 1nterior of a desk
h. interior of an angle drawer

12-10. Other Units of Volume.

In our discussion so far we have used the units of volume
which are rclated to linear measure, such as the cublc 1nch,
cubic yard, or cubic mile. In practice we often use other units
of volume:. If you go to the grocery, you ask for mllk, cream, or
vinegar in quarts or pints rather than in cublic feet or cublc
inches. Similarly you may ask for a bushel of peaches. There are
definite relationships between these various measures and the

cubic foot o cubic inch.
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There would be a great advantage 1n dolng away with most of
these extra units of volume. Since these units are 1irn everyday
use, you should know Sheir relationships, or at least where to
find them. Unfortunately, in our Engllish system we even use
different units for measuring iquid and dry quantities. The
quart measure most people use is actually the liquid quart, but
there 1s a dry quart which is somewhat larger. For convenlent
reference a section with information about the varilous units and
their relati- ashlps is placed at the end of thils chapter.

Exercises 12-10

L )
1. Milk often comes 1in quart contalners “hat measure 7 1in. by

3 1in. by 2% in.

a. How many cubic 1nches are in the carton?

b. Is this % of a gallon?

¢. What. 1s sometimes done to this contalner to make 1t look
largexr?

2. A quart milk carton has these measures: 2%“ X 2%" X 7%".
If the carton were filled, would you have more than a quart
or less than a quart 1n 1t?

3, There is an old saying, "A pint's a pound, the world around".
Give a reason why this 1s not necessarlly true.

4, Berries are often sold in boxes that are labeled rints and
quarts. A "quart" box measures H% in. by M% in. by 2% in.

a. How many cubic inches does 1t contaln?

b, If a "dry" quart 1s l% times the size of a liquid
quart and a liquld quart contains 57% cu. in., how
many cuble 1inches are there in a dry quart?

¢. Does the "quart" box of Problem * hold one dry quart?

5. A pint berry box measures 3% X 3% X 2% inches.
a. How many cublic inches does thils box contain?
b. How many cuble inches are ln a standard dry pint?

¢. How much larger or smaller 1s the box than it should be?

6. Is there any reason why a "dry" quart should be larger than
a liquid quart?

&7
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7. A bushel of apples 1s priced at $3.25., Apples can also be
bought for 9¢ per pound. If a bushel holds 48 pounds of
apples, how much do you save by buying a hushel?

8. A bushel of potatoes weighs 60 pounds. Which 1is cheuper,
a bushel that costs $3.50 or 60 1bs. bought at 4 1bs.
for 25¢ ? ’

9. Half-.gallon milk cartons have a base of 3% in., x 3% in.
How tall should the carton be? If h stands for tbe number
“of inches in the helght, write a number sentence for this

problém.

*10. The lengths of the edges of a :ertaln rectdhgular prism all
involve zounting numbers greater than 1. If the interior
of the prism has a volume of one gallon, what are the
measurements of the prism?

12’11. S E;! .
1. The area of a rectangle means ths area of the closed region
~ determined by the rectangle.
2. The standard unit for measuring area 1s a sqgare'inch. A
square inch is the area of a square the sides of which are
1 4inch.
3. The number of square units of area of a rectangle 1s the

product of the number of linear units in the length and
width, Thils may be written as the number sentence

A =0
where A represents the number of square units of area and L

and <~ represent the number of linear units in the length and
the width,.

4, A rectangular prism 1s a figure like a chalk box, your text-

book, or a cilgar box.
Every rectangular prism has silx rectangular sides which
are called faces. The line segments determined by

€8
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two intersecting fsces 1s called an edge of the prism. Every
rectangular prism has 12 edges. A point where three faces
intersect 1s called a vertex. Every rectangular prism has

8 vertices. ‘

The sum of the areas of all the faces of a rectangular prism
is called the surface area of the prism.

A rectangular solid is a set of polnts consisting of a
rectangular prism and its interior.

The standard unit for measuring volume 1s a cublic inch.

" A cublc inch 1s the volume of a cube each side of which 1is

1 inch.

The number of cubic units of vo-ume of a rectangular solid 1s
the product'of the number of square units in the area of the
base and the number of linear units in the height. This may
be written 4s the number sentence

V=B-'KA

where V represents the number of cubic units in the volume;
B represents the number of square units in the area of the
base; and h represents the number of linear units in the
height. Since.the base 1s a rectangle, this senternce may
also be written

V=Xl ow A

12-12, Chapter Review.

Exercises 12-.12

Use the sentence A = 2 to find A if
a. £ = 18 feet, ze = 6% feet

b,;4? = 7% teet, e = 5% feet.

Use the sentence V =.1?-2A*-//€ to find V 1if

a..xf = 14 inches,wr = 8% 1nches,,/6 =7 1incaes

o..4f = 17 feet,zv = 3% feet,//é = 2% feet.
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3. Mr. Stone's garden is 75 feet in length and 50 feet in
wildth. 1In one corner of the garden he has a storage shed
14 :feet lcng and 6 feet wide. The rest of the garden is
lawn. B
a. What 1s the area of the entire garden?
b, What 1s the area of the storage shed?
2. What is the area of the lawn?

4. a. Find the volume of a 2%—1nch cube.
b. Find the surface area of this cube.

5. a. A cube has ? faces.
b. A cube has 2 vertices.
c. A cube has ? edges.

6. A tile floor 1s rectangular in shape. - Each tile 1s a 6-inch
square. Find the area of the floor if 1344 tiles are needed
to cover the entire floor.

7. A room measures 1l feet by 14 feet. A rectangular rug
1s placed on the floor. The rug 1s 12 feet long and 9
feet wide. If the rug costs $6.75 per square foot, find the
total cost of the rug.

8. A storage box in the form of a rectangular prism is 10 feet
long, 3% feet wide, and 4 feet high.
a. Flnd tne number of square feet of wood needed to builld
/ the box.
/ b. Find the volume of the box.
" 3. Indicate for each of the followlng sets whether it is one-
dimensional, two-dimensional, or three-dimensional,
a. the interior of a rectangle.
b. a segment
the 1interior of a closet
a football fileld
a foul line 1in baseball
the surface of a dollar bill
the interior of a TV c=t
10. A gas tank 1s 5 feet long, }% feet wide, ang 2 feet
high. How many gallons does this tank hold‘if 1l gallon
- - i3 equal to 231 cu. in., ? '

® -~ 0o Q o0
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12-13. Cumulative Review.

10.

11.

Exercises 12-13

List the elements of the set of all days of the week whose
names begin with R.

Write three multiples of 24.

Answer -true or false.
8. Zero is a number which 1s both even and odd.

b. Twenty-four is a multiple of 3.
¢. The first prime number 1s 1.

Write the set of factors of 50.

Write the Roman numerals.

a. 23

s 19

List thé-common factors of 20 and 28.

On a motor trip; Mr. Tobin averages 42.5 miles per hour.
At this rate how far does Mr. Tobin travel in 8.5 hours?

Write in symbols.
a. 3 1s greater than O.
b, 15 1is between 13 and 17.

A workman was pald $270 for a Job which required 50 hours
of his time. At this rate, what should be paid for a 40
hour Job?

State which of the following ratlos are equal.

1
. B, 7%
6 Ly
C.In-, 1—&-*5
A cigar box is 10 inches long, 5 inches wide, and 3

inches deep.
a. PFind the surface area of the box.
b. Pind the volume of the box.
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12. The lengthiand width of a rectangle have been measured as

3% inches and 2% inches so that £ = 3% and wss 2% .

a. Draw a rectangle with these dimensions.
b. PFind the approximate area.

13. In each case, describe the union of the two sets below.
!é.' The set of prime numbers greater than 0O and less than
10 and the set of odd numbers greater than O and

less than 10,
b. The set of children 1in a family and the set of parents

in the same family. E

14. In the dlagram on the right:
<> <>
What is AGNBF ?

a.
el c D
b. What is BFUCD ? 5 F
-¢. What is BD(ICF ?
<> >
p d. What 1s BDUCE ?
> >
e. What is DENCB ? G

-15. A ségment appears to be 8% inches in length. Write the

\ length of the segment to show precision of:

a. % inch. b. % inch

[¢]

f%— inch.




TABLES FOR REF‘ "NCE

English Units Metric Unilts
Measures of Length
12 in. = 1 ft. "> millimeter (mm.) = 1 centimeter (cm.)
3 ft. = 1 yd. 100 cm. = 1 meter (M.)
165 rt. = 1 rd. 1,000 mm. = 1 metor
320 rd. = 1 mi, 1,000 M, = 1 kiiometer (km.)
5280 ft. = 1 mi.
T Measures of Surface
144 sq. in. = 1. ft. ' 100 sq. mm, = 1 sq. cm.
- 9 8q. ft. = 1 sq. yd. 10,000 sq. cm. = 1 sq. M.
160 sq. rd. = 1 acre 1,000,000 sq. M. =1 sq. knm.
43,560 8q. ft. = 1 acre .
© - 640 acres = 1 sq. mi.
Measures of Volume
1728 cu. in. = 1 cu. ft. 1,000 cu, mm. = 1 cc.
27 cu. ft. = 1 cu. yd. 1,000,000 cc. =1 cu. M.
Measures ot Welght
16 oz. = 1 1lb. 1,000 gram (g.) = 1 kilogram (kg.)
2000 1b., = 1 T. 1,000 kllogram = 1 metric ton
Liquid Measure~”

.16 fluid oz. = 1 pt. 1,000 cc. = 1 liter (L.) /
2 pt. = 1 gt. : : ' /
4 gqt. = 1 gal.

Dry Measures
2 pt. = 1 qgt. Volumes are used for thils.
8 qgt. = 1 peck (pk.)
4 pk. = 1 bu.
Miscellaneous Measures
1l gal. = 231 cu. 1n.
1cu. ft. m 75 gal.
1 bu. = 2150 cu. 1in.
ldry gqt. = 1% liquid qt.
Metric and English Equlvalents
1l in. = 2.54 cm. lcm = 0." 1in.
1yd. =~ 0.9 M. 1M =~ 1.1 yd.
lmi. = 1.0 km. lkm =~ 0.62 mi.
1 1b. = 0.45 kg. 1M =~ 39.37 in.
1l qgqt. = 0.95 L. 1l kg, = 2.2 1b.
1L. ~ 1.05 qt.

3




Chapter 13
ANGLES AND PARALLELS

13-1. Measurement of Angles.

You have been studylng ways of measuring line segments and
surfaces. Now let us see how angles are measured. First let
us briefly review the meaning of an angie.

* An‘angle is a set of polnts consisting of two rays with an
endpoint in common and not both on the same line.

Exercises 1l35-la
(Class Discussion)

1. Name the angle in the figure 1in
at least two different ways. c .

R
2. Name the rays which are thnc sides 0/////////r

e of thé angle.

3. What i1s the point A called? A g
4. Name a point in the interior of
the angle. B

5. Name a point in the exterior of
the angle.

6. Name a point on the angle.

Aé you know, to measure anything you must use.a unit of the
same nature as the thing measured. Therefore, to weusure angles
we choose an angle as the unit of measufe. Suppose we wish to
measure Z CFF using the unit angle shown 1n the drawlng.

A | N

—
F Unit Angle

m¢
i
']




13-1

First we trace a supply of these unit angles.

—7 7 i 7

> >

Next we. subdivide the interior of L CEF, using these unlt

angles
& N A,
Cx'):\ i ,
S
\ ///
A
I/////’
E Fo

The size of L CFF seems %0 be about 5 . mes the size of

4

the unit angle. Hnwever, we selected our own unit angle, Just

as there are staraard unl-: for measuring a line segment, so are
! there standard units foy . .- uring an angle.

Angles are usvurlly me:sured with an instrument called a
protractor. Look at “he followling drawing of a protractor.
Think of a set of rays firom poin* P which subdivides the half-
plane determined by the line AB 1into 180 angles of the same
s'ze. One of these 180 angles is selected as the standard
vt «, The measurement of this angle 15 one degree. (This 1is
micten as 1%, where "O" is the symbol for "degree.") The
measure of this unlt angle, in degrees, 1: 1. Angles with the
came measure are called congruent angles. The rays of the pro-
troctor determine 180 congruent angles,

A UACY L0 sy
m“"“\‘ﬁ\“r‘\‘ TT‘I F‘7 ™
«.":(\ N " we 90 an

[SVILR]

&‘\/

ERIC

Aruitoxt provided by Eic:



13-1

In the drawlng, sepments of the rays are shown on the curved
part of the protractor. Thece rays correspond Lo Lhe munbers ffrom
0 to 180, forming a scale. Only the raye named by o multiple
of 10 are labeled. Two of thesc rays, correspondlmy to 500
and 500, are shown by dottef '  ~en. The number ot degrees in
an angle 1s called 1ts measure. Thu e may uay:

The measure of LRPB 1s .0; the alze of LRPB = 107,

o . , . . Ne
The measure of L SPB ias  30; the alze ot LSPR = 307,

Can you think ol a way to rind the 1 .oure ot LRP3Y By

subtracting you find that the slze ot LRPD = o

Exercloes 13-1b
(Class Discussion)

In the drawing hbelow (o chown a protracvor piaced on a Cigure
with several rays drawn from point P. Find th- meavsure, in

'

degrees, of each ot the following anglies:
1. LBPK W, L BPH 7.  LGPM 10, LCPG
2. L. BPC = L BPE &, LNPC 11, LKPF
3. L BPD &, LMPF ' 0, LDPy Mol L HPF

1y 4
N veogn
o - --"\""' T‘ 3"I:'IT‘(,"”[”,I/%.“‘ ﬂ'{
1 N -
e ! : 7
('_(’\ ' Vo 4 £ =~ N
- .
- N,
.. &

[N SR— ﬁ _ e e
i .
To measure iy i nelhe 0 r i ‘ Joywet o
RSN h [ Wl { Llow I3
1. Ploce Lhe protr i ' ) Thnt o opoine 3
fo om ot Gty Ll PRI
'C_;- BC td 4 l.“,lt 0 ! Yo e T I
pretT i Pl Lt : I
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3. Now locate, on the protractor, the mark whi:ch lies
on the other side of the angle.

%, The number - " corresponds to this ray 1o the measure,

in degrees, . ne angle,

You may find that your protractor has two scales.

starts with zero at the right and runs to 180 at the left. ™e

other scale starts with z.oro at the lett and runs to 180
the right.

One cenle

atv
wne z~ro may not be marked on your protractor, but

you will be able tc see wherc 1t 1o supposed to be. When you

read the measure of an angie¢, you musth be surc to read the same

gcale that shows zero :or cne side of the angle

Exercises 13-1-

1. Use & protractor to measure the angles below. If the parts

of tne rays shown are not long enough to -how the Intersec-
tion of the slde of the angle with the protractor, lay the

edge of a plece or paper along the slde of the angle.

/ A
4 LN
. /f | K ) v ~
7 e \
’ e \
. 4 » \
/- K
/ v/" e /
5 P o -~
H N
3 ™ oy \
A\
\\ \
\- \
Y \/ ! f
\ R > ¥
E F G

O
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— .
Draw a ray AF with endpoint A, Place vour protractor

N
.

with point P on & and the z::; . line of the protractor on
Aﬁ. Then mark the point at 3% on the protractor scale,
and name it pcint C. Remove your protractor and draw ray
&E. (This is shown as a dotted l'ne in the figure.) You

should now have angle BAC. What 1s 1to measure?

P B
<N . ;

J‘( REINNt S & A
PPN o re o

o\
e a? pe T T @

T
a1
N
N
-
A~
:_,(" )
Vs

AY
umL;M“P

Lo

v

3. Uge the method describea 1o Proviern to draw angles of

these size

o -,
a o0 i i

0 -
b, he” o 150
s ool R 9]
C. O L Ly

- -

o, in the drawing bolow, ray AP wnd ray AT are oppocite
rays; that o, they e on Lhe same Uine, they have o same
endpoint, and thelr ifrvercs-Ulsn zet 10 Yre endpolnt AL

- - ‘ e e e NI
{ N B
TOothe proue Toor IR P r ! ard Uh
s ra o ! LT , whintl roambs NP R4S ST AN
- -
Dol CT : o PER
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13-2. Two Lines In a Plane.

Early man waus very much Interested
1r. the ldeas of geometry. Clay tablets,
thousands or years old, show that the
anclent Babylonians knew how to t'ind
the area of a rectangle. This iaea ’
and other geometric ideas found their
way to Egypt. The Egyptlans added
them to thelr own l1deas and used their
new knowledge to bulld great templev

and pyramids 5000 years ago. As new

ldeas quickly grew out of the old
ideas, 1t became important that they

te put Iln order. Students could study
them better that way. Later the Greeks
colleected the scattered ideas and rules

\R\ . of geometry, wrote them down, and put
Y A them in order. Tc¢ these collected

ldeas the Greekc added many new ones
Just as modern mathematicians are

» doing tollay.

e Just o the Greeks did long agco,

vou will Pegin wiczh a ew of the

‘simpiest ldeas of geometry ar i wuse thise as stepping-stones to

ev:n more powerlul ideac. Tour study ol gpeometry will give you
some understanding ot how ULine Uirct parts of goeometlIy Frow Dub
of the simplest heginning:.

For a simple beglnning, . ppoce vyou think abo:b two lines

i1 spure.  What position: car theyr troupacet  Qan they be
parailel? Con they ve siew?  Can thes dinters-est?  Suppose thoy
intersect, In the Cigare bolow, '3«& and ¢, Uiterseot in
peince A, oo thus Lie Inoa ptl oo, Whit

— .

~



O

ERIC

Aruitoxt provided by Eic:

13-3

Perhaps the lines of the figure have drawn your attentior to
the angles 1n the figure. The angles are determined by the
lines 4, and A& . How many angles are determined by,!/ and x(z?

Two angles determined by the lines are angle BAD and angle EAC.

Can you name two more angles determined by line 2, and 1line Jﬁ ?

13-3. AdJacent Angles.

In the discussions about angles you will sometimes choose
two angles of the four determined by line;i@ and lﬁ and use these
two angles to show the truth of some geometric idea. It will be
helpful to name tertain pairs of angles which are used most often.
One very important pair of angles 1s angle CAD and angle DAEB,
If these two angles meet the following requirements, they are
called adjacent angles:

1. Their interiors have no point 1n common.
2. They use the same point for a vertex.
/ 3. They have a common siae (ray).

Suppose you check these requirements {or angles CAD and DAB
in the preceding filgure. What 1s the name of the one point that
both use for a vertex? Is 55 a common s8ide? Can any polnt on
the C side of £, be a point on the B side of £, 2 The
answers to these questlons indicate that angle 2ZAD and angle
DAB are adjacent angles.

pxerclses 135-5
1. Name four angles detarmined by £, armi~12 ' ooanch Uigure:
(Remember, the vertex lotter io the midile letter,)
\ 4
EN /B f
.y
v/
A 4.
, .
S\
o/ o L
[ A
~ 2
Flgure 1 Prgure:
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2.

3.

(.

-3

In which filgure 1is a pair of adjacent angle:s marked with a

star?

Which of these palrs of ang. =23 are not adjacent angles?

Give requlrement that 1is not met by these palrs.

/M
S I

a. List six palrs ot adjiacent

angles in the [igure at - -

- e
the right. : .2///5

Z,/’y

e

[ S P i

ha

(€]

. Doiw two zdjacent angles wihil ve equal meacs

a. Draw two adtlacent angles which haeve meacures addine
.

to  loo.

b. Use only tw Llnos oo trnw Toary toderent palos
adfacent angie
Label oot o o VAL ot ou) AT
palrs o« s Clemonben [ b I
Tt vor oo N IR Vx0T N )

D

O
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13-4, Vertical Angles.

Perhaps the followlng figures lock like 2 «isplay of men's
bow ties. Actually, they are to call to your attention pairs of
vertical angles determined by two intersecting lines.

Notice that the above angle palrs meet the followling requirements:

1. The same two lines determine each angle in a palr.

2. They are not adjacent angles. (They are non-adJacent
angles.) '

In the flgure at the right, you will notice that when two
lines intersect, two different "bow
ties" or pairs of vertical angles
are determined. One bow tle has a
polka dot pattern and the other has

a scriwed pattern. Name one pair
of vertical angles in the drawing
and then name the second pair of
vertical angles. Look at the flgures at the top ol this page.
Can you see the cecond pair of vertical anglec 'n each flgure?

ERIC

Aruitoxt provided by Eic:
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Exerclses 13-4

with stars 1s a pair of vertical sngles,

a pair of vertical angles marked”

One of the pairs of angles in these filgures that are marked

In which fligure is

. L \/
// e % )\ﬂ' //
- ’/‘ .\\
A
() (b) (c)
2. Is 1t possible for vertical angles also to be adjacent
angles? Why?
5. Name three palrs ot verti-al ansrie. 'n this Tlgure?
L s B8
C b -
\\\;‘ i .-
T o
//// N e el
,..r;-"’A# £ I o ™
i, name three more palrs of -ertical angles "in the figure for
N Problem 3. (Hi: ©--combine two angles to get a third.)
“\ 5. Drew two intersecting 1lines so that they determine vertlcal
angles all of which have the same measure

Supplementary Angl

2!

chapver wie learned how

{

mzasure angles,

to

The ldea of angle measure is one on which many ceometrlic 1deu.
depend.  Arocle mensure will e used o oCten that Lo wiil b
helpfal tvo orosymbols To cxpy o It Tor the worid
"mecsars” o lotver "m" ots urad. For “angle! we uce thl
aymbol:s L WlLE Ui Gooworin Mmeccure of wiede &
Lecoms oimply: o mL

s

O
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but the degree 1is

Any angl-: can be used as a unlt of measure
In the

our stancdard unit o measure.

the one we selected as
unit of measure 1s named, mL A = 40

future, unless some other

means that angle A 1s a forty-degree angle.

The drawing below shows a pr tractor placed in position to

measure an angle.

In the drawin: tncre are two anglns, (BAC and LCAR, which

-

measurt: of angle  BAC  is

nave measures that total 180. The
is 10 The sum of 30 and

and the measure of angle CAR
150 1is 18C. I the sum of the measures of two angles is 180,

:the angles are called suppliementary angle Thus, LBAC and
lso say " LBAC 1s a sup-

=0y
/, ~

{LCAR are supplementary angles. We a

plement. ot LCAR."

{ o

J

,

1. Measure these angles: y
/

{
\ =
N |
. | /
! r
: c
| -
S, e -
A g
s
E T —
A !
\ .
l‘\\ , \

P

P

i

1

“
+
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2. In the figure at the right, now

many unit anzles of one degree a: : £

in £ 2 and L b together? are

La and Lb supplementary? Is R

it always necessary to measure ' N }!
"_\/-/“ i e Ay

angles to find out if the angle: (L

are supplementary? Complete the e A

followlng statement: If the union
of the interiors cof two adjzcent angles and their comnon

half-line 1s a haif-plane, then the angles are ? angles.

3. In which of these figures can you be quite sure that [a and
Lb are supplementary without actually measuring them? Why?

) (c)
» LTJV e
4
(a)

L, Name lcur pal:rs ol supplementary angles in this {lgure:

~

)

™
o

ERIC
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£. Draw a palr of nen-<ijacent supplementary angles.
. Draw a pair of supplementary angles wnlch have equal measurec.

. How many pairs of supplementary angles can you :ount in this
figure?

13-6. Mcre About Vertical Angles.

Ir: the rest of this chapter, as well as in the next chapter,
there are a number of experiments. These exper.ments will help
you discover new geometric ideas for yourself. In some ways,
the plan of an experliment 1 like 2 map of a strange country.

The plan gilves you direections to follow. The map glves you roads
+o follow. But nelther %he map nor the plan warn you of many
surprising tnings that 1lie : .ead. These you must discover for

yovrself. Good hunting!

Experiment One

Discovering an Interesting Fact about Verfical Angles.

What . needed: Protractor, pencil, paper
What to do: 1. Draw two Intersectlng lines as 1in the following
rigure,
— . =
- - /
~ -
S,
"
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2. By placing a protractor as shown belcw, measure

La. -

Lb. .
/ \/'
‘l\\\\\” // /\/
—

h Do tiils experiment two more times {or different

-~
pairs of 1ntersecting lines.

5., Record your results in a “able:

mLla ' mlb

What seems to be true abou. the measures of two angles which
form a valr ol vertical angles? Check your answer by finding
tr.. measur- : of the other pair >f wvertlcal angles 1in each or" your

drawlngs.

This seems to be true:
If two 1lines intersect, the two angles in each palr of

? anglec formed by the llnes have ? measure.

Co

O

ERIC
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Exe_clses 13-0

Do not use a prctractor to find the answers for these sx:rciser.

1. In which figure zre L x and Ly =2qgual in messurs? Glve
reason why you chose this flgure. ("They look ~gual’ 15 no-

a good rezson z2g¢ you will see in a later section.)

4
\ \ B - \\\\ . P
~. v T
VAR ~_
Zo T~ ¥y o
- ~o ~
e ~ ~a S

(a) (b) (c)

2. The figure below 1s followed by zoma stateme:ts wnich ares to
be completed.
~.
e e
X - —
—— P NG
T
a. mlx + mlLy = ?
E. mtz -+ milLy = 2
c. If miiy 15 known, how can you [find mlx. oW can .o
find miz ?-
nlee -

d. Using your anuwers to parv (c¢) fill in theuw blanks:

? - ?

mli x

milz = 2 - 2

Notice tha. the expression on the right slde of each

b

equation represents tine same number. Slnce this 1z trus
. what can you say about tne measure ot L x and the
‘ measure of L z? Ncte that this 1s another way to arrive
at our conclusion about vertical angles without exper!i-

mentation.

89
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13-7. Right Angles.
The following discussion 1s based on the tigure below.

——>
C B

Exercises 13-Ta
(Class Discussion)

A

P

1. LACD and L DCB are adjacent angles. Why?

2, Is there another way to describe the relationship between

e these two angles?
3, Are all adjacent angles supplementary”?
Are o1l supplementary angles adjacent?

N let us conslder another palr of supplementary adjacent
angles. When two llnes, such as T
- <~ c
AB and CD, meet and form a
palr of congruent adjacent angles,
the lines are sald to be < o>
perpendicular. The symbol for
perpendicular is " | ". Thus, we b
- -
may write AB | CD. v
Line segments and rays are sald to be perpendlcular 1f the
lines on which they lie are perpendicular, as shown in the

following drawings.

( J /
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We may also say a line 1s perpendicular tc & ray, or a line

segment 1s perpendicular to a ray or a line.

T g 7

~.

- > — 2
AB | MT CD | AB

Exerclses 13-7b
s (Class Discussion)

1. Which of the drawings below represent
a. Perpendicular lines?
b. Perpendicular rays?
¢. rerpendicular line segments?
d. A line perpendicular to a ray?
e A ray perpendlicular to a line segment?
b A line segment perpendicular to a line?

< < 5 6.
2. In the figure AB| CD. (This 1is A
often denoted by the symbol " 71" ¢
marked at the point P)) Bl
A P B
D
v
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»

a, The sum of the measures ol L APC &and L CPB 1is ?
Why?
b. The measure of L APC __?  _ the measure of L CPB. Why?

¢, Therefore, the measure, . ¢ 'grees, of each or the
angles APC and CPB 1is _

d. Angle CPB and angle DPA are ? angles.
Angle APC and angle BPD are Y angles.

e. Therefore, the measure of each of the angles DPA and
BPD 1is ?_ . Why?

From the preceding exercise you should Have noted that
two perpendicular lines form four angles, each of which is a
900 angle. An angle of n0% 1is called a right ggglg.

When two lines interseat and are not perpendicular, they

form angles whose measures are not A0

An angle whcse measure 1s less than « A 0 _=
90, such as L DPB, 1s caliled an

acute angle. An angle whose measure )

is more than ©O0 but less than 180, “C S

such as L APD, 1is called an obtuse
angle. To swmmarize, angles may be classified according to their

measures as [ollows:

b
P 4/////// > P > p +—>

B B B
Acuic angle Right angle Obtuse angle
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Exercloes 15-7c

1. Without measuring, %eli which oi' the angle. bolow appear to

be:
a. rlght angles; b. acute angles; ¢. obtusz angle..
4 AW
b “ .
o] N b T
I ~ \
\\
N
- N \
. //"

2. Use a protractor to measure ecch of the angles above,

3. a. Thne measure of an acute angle 1s greater than ?

and less than ?

b. The measure of an obtuse angle is greater than ?

and less than ?

4, a. In the figure, name all the

obtuse angles which have
_a

ray AB as one side; all \ { !
: Fo
such acute angles; all . \\ | /’ ./
such right angles. T | ////
: N
b. Name all the acute angles -~ I A
— € ‘_’\‘J{/"
that have ray AE as one s T

‘side; all oneh obtuce .
angles; all such right anglecs.
- .
¢. Name all the right angles that have ray AK as one side;

all such obtuve angles; all such acute angles,

> 10

O
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> a. Without measuring, tell whether each angle below 1s an

acute, right, or obtuse angle.

Without measuring, estimate the number of degrees of each

b.
(A good way to do this 1s to think how 1t com-

angle.
pares with a right angie.)

A S

c. Measure each angle in Problem %b. How well did you

estimate thelr sizes?

13-8. Three Lines in & Plane.

The property of vertical angles which you have just found

wzs known long ago. Thales, & Greek mathematiclam and teacher
of ebout 600 B.C., 1s glven credit for the idea. He traveled

widely in Egypt and other countries of the ancient world and
gathered together many of the geometric 1deas knownh at that time
He and hils students used these ldeas to create and bulld new

ideas as you are dolng In this chapter.

Now that you know about two lntersecting lines, the next
step 1s to study three intersecting lines. Let three penclls

represent three lines. Suppose they are tossed into the air
a flat surface. No matter how many times

and allowed to fall on a
this 1s done, the {inal positlions in which the penclls come to

rest may be described by the phrases below.

in:

ERIC

Aruitoxt provided by Eic:
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I -

L\
!
'

B ~

_/N\

one polnt of intersection

.
_a
_

—

-— -~

/1;2 I
: R s S

r -

/ @

two polnts of intersection

~OmT A - - -

I
/ , ﬁ
Spm— — “ U
I
G- —
|
/ |

\ B / e e =TT - — -
AN sﬁf/"\" \%\L\ e o  E——
Ié& %\ ﬁ e T e m — —
e~ N kT
L
%4\ - / TR - — WL B - —
VT~ /
\ — = —=4 li— - —
three points of intersection —- AT - <ETOTID - —- — — 00D LT — —
N
- = I l\-——~ B ey o~
N

No points of intérgsection or
a great number of points.

Which of these groups describe the most likely position 1n

which three pencils would fall? Perhaps you could make up an

experiment to test the answer to thils guestion.
The group we shall examine first in our study of three lines
has three polnts of 1intersectlon.

in a plane is _that which

/ Our next eXperiment
t'e group that has three
for this, we.need a name
determined by llnes in this group.
views of the same figure.

will be about
points of intersection.
for a certain palr of angles which are

three lines belonging to
To get ready

The drawings below show four

13-9. Corresponding Angles.

In each drawlng the angles whose 1interlors contain the do

make up a palr for which a name 1s

—— 1
‘.\N ® \\\\?
— S
t t 95

+

v

needed.
[ \f/.
/. \ P Y
\
it \\ . e
R .
‘ $
L



13-9

‘'wo angles formed thls way are called corresponding anrles,
In the drawlng at the right
there are four palrs of corres-

ponding angles. The angles
which have theilr interiors marked

in the same way form a& pailr of

corresponding angles.

In the drawlng at the left,
the line t intersects two lines
1n separate polnts A and B.
Iine t 1s called a transversal
of if, and ,/z .

To remove any doubt as to whether a certaln pair of angles
are correspondlng angles we shall 1list two requirements:

1. The interlors of the angles are on the same side of
the transversal.

2. The intersection of %he (two) angles contains a ray
on the transversal.

_‘ CLa ' et

I8 ///—\,/

c .A\ P 25 =

In <he flgure above, the intersection of L1 and L2 1is
KE, whilech 1s contalned 1n the transversal t. Notlce also that
the interiors of L 1 and L2 are both on the @ side of the
transversal t. The requlrements for corresponding angles are
met. by L 1 and L 2. Therefore L1 and L2 are corresponding

angles.

102
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Exercises 13-9

1. In which of these figures 1s a palr of corresponding angles

marked?
>\ J/ | y
Y
() / (b)

2. Name four pailrs of correspondling angles in thils flgure:

1

%

-

o e/ f
C\\\f; f?/nﬂ \
3. The angles marked in these flgures are not corresponding
angles. Whlich requirement 1s not met 1n each pair?

t (e)

4, a. Can corresponding angles ever be adjacent angles as well?
Why?

b. Can corresponding angles ever be supplemehtary angles as
well? Make a drawlng that shows your answer 1s correct.

5. a. If mlZa = 80 1in the figure below, 1s 1t possible to
tell what the mib 1s without measuring? How?

b. Is it possible to find the measures of the other angles
marked in the figure without using a protractor? How?

a7

10 ~



g

6. Look again at the figure for Problem 5. If you know that
miLb = mlec, would you therefore know that mlia = mLb?

Why?
7. In the figure at the right: /5
a. Is Z, a transversal? Why? \/
2
b. 1Is jza transversal? Why? V

c. Is ,Z, a transversal? Why?

d. How many palrs of vertical angles are there? How many
palrs of adJacent angles? Supplementary angles?
Corresponding angles?

98

100
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13-10. Parallel Lines and Corresponding Angles.

Below 1s a section map of a large city where tall builldings
hide one street from another. At point A, a policeman tells
you that the street you are looking for 1s one block further at

“point B and 1s parallel to the street on which you are standing.
On arriving at point B, however, you flnd two streets. It 1s
impossible to see down the street where you met the policeman and
see down the streets at B at the same time. The tall bulldings
block your view. How then, can you compare streets, to see which
ones are parallel? Luckily, vou recall the size of angle A.
Recalling thils fact makes 1t possible for you to declde which
street at B 1s parallel to the street at A. GHow 1s this done?
What kind of angle palr 1s suggested by the angles marked at A
and at B?

/

/-

\ L

/
kyscr
N\
\
7 i -
//\\ City Hall

aper |Departinent Store

Experiment Two

Discovering Some Properties of Corresponding Angles

What 1s needed: protractor, pencil, paper.
What to do: 1. Draw and label two 1lntersecting lines as 1n the
figure below.

39
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2. Measure L b. This drawing shows the protractor in place.

y

/ |
- o/t 4
A Vi

3. Place the center-point of the protractor on polnt A.

e/
A /5/ 5

4, Locate polnt F so that f;FAB has a measure greater than
that of L b, Draw line AF.

't A
/A 8

5. Repeat the experiment two more times. The first time make
the measure of L FAB 1less than m/.b. The second time make
the measure of L FAB equal to the measure of Lb,

6. Record the angle measures in a table as follows. In the

third column answer "yes" or "no."

-y
mib m/ FAB Does AF seem to intersect _Z, ?

100

| 1 Or;j
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Questions: 1. Are angle FAB and angle b corresponding angles?
How can you tell?

<> -
2. Did line AF ever intersert l% ? What were the
measures of the corresponding angles when this
happened?

3. Will a pailr of parallel lines result 1n all cases
where two lines and a transversal form corres-
ponding angles of the same measure?

4, Is this idea helpful in finding the answer to
the "parallel street" problem?

This seems to be tiue:

If a transversal intersects two lines in such a way
that a palr of corresponding angles have different ? .
then the lines ? .

i If a transversal intersects two lines 1n such a way
-that a pair of corresponding angles have equal measures,
then the lines are ?

\
Exercises 13%-10

L ‘ ] , .
1. If the angles 1n the. flgures below have exactly the measures
shown, in which of these figures do you think 4, and 4, will

\ not meet? State a property as reason for your belief.

’/ //ér l% 20°

101
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~
2. In whinsh ~t the {lgures 1n Problem 1 will Z, and £; intersect?

i

a. If .ie measures of angle 1 and angle 2 are equal in
the Tlgure below, do you have reason to think that mi 3

also equals the mli1l ? Why are these measures equal?

b. How many pairs of correspondins angles are in thlis f'1gure?

N
— — - ~~8\~ 1 e
AN
\\
..\
~
7
o .
- /
gt - - B T - ew—
N oo (~
e/

In the Cipure below wllil f,, jc‘und IZ determine a triangle?

1.
TG [ —
Ay = - T - -
a0
, e

[

13-11. Summary.

In

angles. Ang
o]

Q

havt 13 you learnsd how To use a protractor to measure
L 2y

er
les are measurcd in degrees and may be classified

- . . . o]
according to thel: measure. An angle of 10 1s a right angle;
')
an angle ofi le2ss than 0 'soan acute angle; an angle of more
RO .. P
, than "0 but lecs the 160 15 an obtuse angle.

i
‘

Lines, scygments, or raye that {orm a right angle at thelr
R

rorrsection are said to be pervendicular.

[

point o

104

O
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Important angle pairs studied in this chapter were:

1. AdJjacent angles.

2, Vertical angles.

5. Supplementary angles.

B> il :

You discovered thils property of vertical angles:

If two lines intersect, the two angles in each pair of

vertical angles formed have egual measures.

Thils property helped you work with exercises about three
.ines intersecting a plane. 1In talking about these lines you
ound 1t helpful to know about:

Corresponding angles.

You discovered the following important properties:

I1f a transversal intersects two lines in such a way
that a palr of corresponiing anglzs have different measures

then the lines 1nterscec

103
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If a transversal intersects two lines in such a way that
a palr of corresponding angles have equal measures, then the’
lines are parallel.

4\
v

13-12. Chapter Review.

Exercises 13%-12

1. Use a protractor to measure each of the following angles:

A - B C

N/

,

2. Classify each of the angles of Problem 1 is an acute, right,
or obtuse angle.

104
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3.

Complete the following statements:
{

a. Two angles which have the same measure are said to be
" 7 angles.

b. The rays of a protractor determind  ? congruent angles.
——

¢. The number of degrees in an angle is called 1ts ? .

d. The standard unit of measurement for an angle 1is one _? .

e. When two lines intersect so as to form right angles, we

say the lines are ? . 1
Use the figure at the right and b/a 4
name three palrs of: ¢/ d
a., vertlcal angles. tle
9/n £z
2

b. adjacent angles.
c. corresponding angles.
d. supplementary angles.

Classify angles x and y 1n the following figures as
vertical, adJacent, supplementary.

3 y
— N X/A

o ~a < >

r (a) (b) (c)
A pair of adjacent supplementary angles have the same measure.
What 1s the slze of each?

t
In the flgure at the right,

1ine £, 1s parallel to line - b /a j;
Z, . The measure of L a c/d
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