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N ' Chapter 6 -
RATIONAL NUMBERS AND FRACTIOQ?_

6-1. An Invitation to Pretend. . >

In very early times, the only numbers used were the counting
numbers. As the need arose, rules were developed for working
with the counting numbers. Much later, the general principles,
upon which the operations with fractions are based, were dis- '
covored. sl e SR

you will pretend that it 1is all new to you. Pretend that you

" have never heard of any numbers except the whole numbers. Try to

think as if you were one of ‘the first to realize that the whole
numbers are not enough. '

When new nymbers are introduced,~symbols must be invented
for them.' -Questions about how to define multiplication and

. addition of the new numbers must be answered. These are the

ideas which you will study in this chapter. =~ -

Consider the following examples:

- Example 1: Eggs cost 60 -cents a dozen. How much
_ does one egg cost?

You know.that you-can find the cost of one egg by dividing
the number of ‘cents by the number of eggs. 'The work looks like
this. - !

60 + 12 = §

Example 2: Eggs cost 53 cents a dozen. -How much
o R does one egg cost? . ' .
Here agaiﬁ, youvdividé the number of cents by the number of
eggs. :
53 +12 = 2 R
In the second example, you see that 53 canno§ be.eiéctly

divided by 12. . _
If you had never heard of fractions you would say, "You

‘can't divide 53 by 12." ' This would be correct. You would

mean that, in the set of counting numbers, there is no number

 which 1s equal to 53+ 12. You know that the set of counting

185
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6-1 , . ; -

numbers is not closed under division. 'This means that when you
divide one counting number by another you do not aiways get an
answer- which 1s a counting number. Thus, in order to solve
problems like ‘Example 2~ it is necessary to use a new kind df

.;umber, o

-

Exercises 6-1

él. Just as you have done ﬁor multiblication and addition, now
make a division table. In each box place the result of
dividing the number on the left by the number on the top if
this quotient is a whole number. If the quotient is not a
* whole number write "no." Some of the blanks have been filled
to help you understand what is meant.

+ |1 2 3 471 5 6 7 8
. 1) 1 no| mo| 4 o -
2| 2| 11| no |
313 no,
/ 4
: . -
. 6 3 ‘-
: 7 [
. 8 no /

.25 Jim spent 90¢ for chocolate bars. They cost 5¢ each.
How many did he buy? He shared them equally with his
friends, Jack and Harry. How many bars did each boy receive?

" Could- he have shared the bars equally if Mark had been
present also? ' -

3. a. The gym teacher divided sixteen boys into two equal teams
' to play a game. How many boys were on each team? How
did you solve this problem°
b. The gym teacher divided seventeen boys into two equal
teams to p.ay a game, How many boys were on each team?

v

. | ' : 186




' 6-2

6-2. The Invention of the Rational Numbers.

A

In the last section, you saw that thel set of counting num-
bers is not closed under division; that is, the. quotient of two
—counting numbers is not always a counting number. -Let us/con-
sider the following problem. K

Example: Mrs. Green has a ribbon 100' inches 1long.

She, wants to divide it equally among her 3 daughters. How
. long a plece of ribbon should each daughter get?. )

~ You may obtain the answer as follows: ‘ .
° o 100 + 3 = , _
Think how hard this problem must have seemed 1n the days

when fractions had not been invented. Mrs. Green tried to solve
the yroblem by folding the ribbon into 3 pleces of- equal length

like ‘this., -

¢

DR

. Then she cut the ribbon at the folds to have 3 pileces of equal
length ) . ' L)

3

1

Eéch piece had a definite length, but this length could
not be glven by any cguntihg number. She would have liked to
have a number to describe this léngth. What. could she have done?
She could have overcome this difficulty by inventing a new num-
ber., .
. How could this number have been named? It seemed reasonable
that the new name should use the numbers 7100 and 3 in some
way. She decided to give this number the name " l%g ", In her
mind, ‘she thought, " 32  is the number obtained when 100 1is
divided by 3." : ' ,

You are familier with symbols like lgg and you know that
100 eans the quotient when. 100 is divided by 3. Another

possible .symbol might be (100, 3). You may have read that lgg

';. 187



6-2

is an "indicated" quotient. It actually is a quotient. So are
the numbers 12 rigj 19 + 2, ; .

The numbers which we get when we divide a whole number by a
counting number have 'a name. They are called rational numbers.

T The word "rational" is derived from the word "ratio" Which 1is

another word for quotient. Note that we must speak of dividing
by a counting number rather than by a whole number since we can-
not divide by zero. Some examples of rational numbers are % ,

FEE

Exercises 6-2

) 7 15 4 17 29
1. Explain the meaning of 52 5 -%2, T?’ it -

For example: % means 7 divided by 9.

. I
2, %? names a rational number. This rational number is also

a ‘number.  Some rational numbers are

numpers.
3. Express the quotient o¢f 13 divided by 9 1in three ways.

.. 4. fThree-men who took a trip of 750 miles shared the driving
equally. How far did each man drive?

'5. Three men who took a trip of 700 m 1és shared the driving
equally. How far did egeh man drivef?

6. A bus carrying 50  passengers made trip of 500 miles.
How far did each passenger travel?

7. Perform the following division and check your work by mul-
tiplication, _ )
Arrange your work like this:

65 .
42 T30 Check: 65 .
252 42 -
—210 : 130
' , 210 260
L 2730 + 42 = 65 42 - 65 = 2730
a. 2752 + 43 d. 3293 &+ 37 g. 1729 + 19
b. 2915 + 53 e. 2093 &+ 23 h. 13431 + 121
c. 2916 + B4 ,/ f. 2541 & 33 1. 1001 + 13
3 L
188
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‘8. During a recent year, 8133 ocean-going vessels passed
. » through the Panama Canal.
a. About how many vessels passed through each week,on the
average?
b. One of the vessels had been at’ sea for 5400 hours.
- How many days (24 hours) was this?

{

6-3. Fractions and Rational. Numbers.

In the 1asﬁ'section we saw how the need for rational %pm-
‘bers arose. These numbers give us-an answer to any division
problem where we divide a whole number by a counting number.

For example, 14 + 7 = %i . But we know that 14 + 7 = 2,
Perhaps, you will say that we can get two different answers to
the problem of'dividing 14 by 7. This is wrong. The fact is
ﬁhat 1} and 2 ~are the same numbers. You may say that ‘"%ﬁ"
and "2" 1look different.. How can they be the same? The things
that look different are the symbols'@e write- down. These symbols
are the names for the. riumbers. The'symbols are not the numbers.
This point was stressed in Chapter 2, Symbols for numbers are
called numerals. ' E '

ot 1l n 1 n 1
, 6%, "I, 11five s 7T =17 _
are different names for the number 6. The numerals

2 1 ) ~ : .

"_12-"’ "_3§||’ u_i_u’ "ol 3 lf",’ noy IK" ‘

are also names for the number 6. It is important to know whe?
we are talking about a number and when we are talking about a
name for a rumber, ’ '

In this chapter you will frequenély find the words "fraction'

" and "rational number" Iet us consider the difference in meaning
between "fraction" ahd "rational number", ' .
The numerals "%;", "g", "%g" are called fractions.

. , \
The numeral "%" where a 1s a whole number and b is a
‘counting number is called a fraction. Fractions are symbols for
numbers. When we write. 1y 2 ’
T 1
189
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' we are not saying that the fractions and are the
gsame symbols. We are saylng that the numbers which these frac-
tions stand for are the same. We are fussy about this in order

.{ to avoid misunderstanding. later.,’ ' . ' _

- . Every rational number has a name which 1is a.fréction. Some

rational numbers have other names which are not fractions. The
number 2 is a rational number., Its numeral "2" 15 not a

fraetion because it is not of the form F + Other names for 2
are "%#" "%", "%" « All of these names arée fractions. It

18 correct to say that rational numbers are numbers which have

fractions as names. The number 2 has a fraction as a name as
we have Just seen. Therefore,"z is rational. So are all. the
other whole numbers. ' '

As you study more mathematics, you will learn how the num-
ber system is e;tended to include numbers which do not have
fractions as names. Some of these numbers will be needed when
you study ci eles and right triangles.

v o - Exercises 6-3a R
\ »

l. a. 1Is % a fract:ion‘7

b.” What other name which 1s not a fraction does the number
- % have? : : /
c. Is zero a rational number? :

2. a. Is A4[3 a fraction?
b, Does ,uIB__name a rational number?

' 3. Does the statement, "Every rational number can be expressed
as a fraction" mean that rational numbers havé no.other names?

4, Tell which of the following represent rational numbers:

a. %%. ; d. 6 +7
b. 14]63. e. 2.15

A. '% ' . £. f%

5. Which of the numerals in Problem 4 are fractions?
.- \\
\'v
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- 6. a. Select from the following‘set,of-nnmerals thosehwhich
) are fractions: 8, 56; 16 + 2, -3 124, 8 00 . )

b. Select from the given set the. numerals which name
' rational numbers.

o .
‘7. Express the answers to the" following questions by using
fractions and also without using fractions. ', S _
a. ‘Three men who took a trip of 750 miles divided the .- ..

i

- driving equally. How far did each man drive? foes .
b. A woman divided 90 inches of ribbon equally among 3
. daughters.. How .much did each daughter get? -

c. A dozen egss cost 60 cents. How much did each egg cost?

8. Express the answers to the following, using fractions. Can .
. you express the answers without using fractions? ,
a. Thres men,who‘took‘a.trip of 700 miles divided the
driving;equally.‘ How.far did each man drive? ' :
] b. A woman divided 100 1inches oﬁ ribbon equally among 3
+ . ' ‘daugnters. How much did €aech daughter get?
e. A dozen eggs”cost 43 cents. How much &id each egg cost?

9. Consider the following set of symbols.

2 ,1 0 ‘111 1o
; I)?; 1, O, 3’ 22" 3‘) _' ; ‘T’ 2‘) 6‘]

2. Vhich of the aboye are numerals for counting numbers‘7

b. Which of -the above are numerals for whole numbers?

c. Which of the above are numerals for rgﬁional numbers? .

d. Which of the above are fractions? ‘

e. Which of the above are meaningless synbolsé-

f. Which of *he above are different names for the same
number? ‘ ’

Exercises 6-3b \f
; (Class Discussion) S

) I3

1. a. JWhat number must yov muitiply 3 by to get 90 ?

- . b. What number must you multiply “12 by to get 60 2

c. What number must you multipiy 3 by to get 750 ?

s d. What number must you multiply 18 by to get 54 ?
e. What number must you multiply 11 by to get 5280 ?

f. W.at operation did you use to find the answers? '

ST 3 , 191
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2. Can you find a number to put in the blank 80 that the state-
ment will be true? ‘ -
a. 3.2 =90 ‘ d. \18:2? = 54
90 4+ 3 =7. a 54 + 18 =
b, 12.7 = 60 ~ees 1147 25280
, 60 + 12 = 52@0 + 11 =
t T . - ‘
‘Ce 3+ ? =750 e f. 19.7? = 1729
© 750 #3 =2 1729 + 19 = 2°
3. .In each of the following problems the symbol 'n stands for
a number. In each case tell whatinumber n must stand for.
a. 3en =15 ‘e, "19.n = 1729 '
b. 4.n =20 : f. 13+ n = 1001.
ce.T*n =56 . - 8 1Ten=1T
.d. 18 en = 54§ ) h., 14.n=0
i, .In Problem 3, what operation did you use to .find each answer?
o 6-4,. The Meaning gg‘Divisibp. ) B : . '

In Chapter 3 you learned that division by a number is the
inverse of multiplication by the same number:

1. 12+4 =73 Divide 12 by 4 and get ‘3.
2. 43 =12 Multiply 3 by 4 and get 12.

‘The two statements say the same thing-in different ways;
the. followins .ways of expressing ‘the idea:

8o do
3

12 + 4 =
4'?:12

what is the 'result of dividing 12 by 4?
What number multiplied by 4 gives 12°¢

3.
Sh,

. We have two kinds o..problems using products.

'One kind 1s like this: o bes -?}

We choose to write it 1like this: 4.5 =n:
product? ey

Both statements ask: What is the

- Multiplication

This is called a multiplication problem.

~

<
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6-4 ‘ - ,
' The other kind is like this: be? = 20}; Division
We choose to write 1t 1like this: 4.y = 20

Both statements ask: What is the number you multiply by 4
o . - to get 20 ?

This is called a division problem;
. To get the_answer we must divide even though the -division
sign is not used. We ask, "What should be the number y 8o that
b.oy will be 20 2" ‘I'his number 15 called the quotient of 20

by 4 or 20+4 or-,r .
In this way we can write division problems using only the

multiplication sign.

. The statements Y.y =20,
and ' . .y = %8;

tell us that T is the number y»for which &4 .y = 20,

©

In the same way, % is the number t for which 3.t = k.

™. ( ' ' -
: . Exercises 6-4 N ' : SRR
. : : : St
1. . Copy and complete the followling sentences: :
a. What number do you multiply by 9 to get 8 2 -

& '_ . . _ 9 .92=28
b. What number do you multiply by % to get .7 ?
. . u.?=.7 ; ]

Ce g- is t;e_t.mxmber x for which 3.x = ?2 -
d. 2- is thé number x for which ?.x =2 °
. e.ﬁg is the number x for which ?.x = ?
f. !'68- is the number X for which :?2.x = ?
& -11— is the number x for which 2ex =2
-}‘ i3 the number X for which ?+x =‘.?

_ _ . ;
- 2., In which parts of Problem 1 is the number x a whole number?
Find the number for x whenever it is a whole number.

\

2 ‘o193
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. 6-5 . . ' ‘p . "
- 3. 1In each of the followlng Sentences, find the number o which

makes ‘the statement»true. (Keep the fraction form.)
¥ .

a. 2+p =3 e.. 3.4 =21
b. 5+ = 40 f f. 5er =11
c.. ber =15 ' - g. 10-T =60
'd. 7+r =56 ‘ h. 8.r=1 .

)

4, For each of the following write a sentence which describes
_ the problem in mathematical language. Use a letter, such as
\.- _,n, for the unknown number and tell, in words, what it stands
for in each case. '
Example: Sam's father is sawing a log 12 feet.long
- into 6 equal lengths. How long will each

v - - .plece be?

.. .Answer: If x is ‘the number of feet in each plece,
¢ .
~ . then 6 x = 12 .

a. If 12 cookies are divided equally among 3 boys, ‘how
many cookies should each boy receive?
__mmﬂw“ﬁ“b, Mr, Carter's car used 10 .gallons of gasoline,for a
co 160 mile trip. How many miles d}d he drive for each
S gallon of gasoline used?
N . .c. If it takes 20 - bags ‘ef cement to make a 30 foot walk, -
' " how mitich cemént is needed for each foot of the walk? - .

5. Without'dividiné or factoring, decide which of the"follohins
- 'statements are true. As an .example, to’ show that %g? = 8,
multiply 8 by 21° to find out if the product is 168. .

fa. %g? = 13 S %g%_= 6 e, l%%?l =101
L 262 PR 1 RN . :
o b T = 16 a. fIii =15 - .

LY

.« 6-5. Rational Numbers in General. ' ‘. . o .

In the last section we said . -
,%? is the number n for'which .4.n = 20,
P ;- is the number n for which 3en=1%4 .
2 . . : \

16
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" . : . '
| L 3 21 u
r»-.[; From these examples, can, we say exactly what ?T’ 5, T§3%§T’
fand 9 .mean? We can, but not in a single statement that includes
lall of the examples at one time. The task is easier if we use
lletters to staqd for numbers, Here\ is a way that we could say
It is only put in

("t"_m.s with words. (Don't try to remember it.
; as a hqnpible example.)

If we write the numerals for two counting numbers, one
above the other, with a horizontalyline between them,
! then the resulting symbol 18 a numeral for the number
P wnich, when multiplied by the number whose humeral we
. have written in the bottom, gives the number whose . !

[ o
b . numeral we have written on t0p.a
| Here is the way that.we say thils if we use letters to stand for

1

N numbers. : : .
(b,éo)

|

| '. Definition. If a and b are whole numbers
then B -1s the number n for which

) ) ben=a2a ¢ -
‘ Clearly, the second'statement is easier end more convenient
In\the definition, if you let a =20 and b = 4;-'y0u .

- get. % %9- . ~ :
Then -2,19 -18 the number n .for which, 4 -n ='20, and
482 = 20,

Examples: g 1s the number for which 9 g. =5 .
. . . l
2.

22 is the number for which
4 1s the number.for which
+ 1s_the number for which 16 - % =

nad: is the number n for which b.n = a"

", When you write 5
' you are usihg "n" to stand for "%“.' Then be.n =a becomes
" g ' i b.%v=v"ad'
* when you'qeplace- "n" by ﬁ%".;; ’ o . . . .
AV )

. - For example: "2-~§ :
~ )
o 4
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Since you are Just besinning to investigate fractions:and

: rational numbérs, 21l that you know about them is that. .

l._ Every rational number has a name which 18" a fraction.
2. The rational number B(b # 0) is the number .for which

b--.5-=a.

In this'new look at fractions you are asked'to pretend that .-

_You do not know the meaning of addition or multiplication of
rational numbers or the manipulation of the symbols which produces
fractions for sums and products of rational numbers.

) Exercisés 6-5

.

Practice using the pattern b. F = a 1n the‘following problems.

‘Example: 247 = 6 1s 2. 2_6, ' S ’
“1.. Copy and complete. - L : I
| a. 3-‘ ? =\ S d.. 12. 7 = 132
B b, 5.2=5 e. 19. 7%= 1729 ",
T e 7.° = 63 : f. 352 '= 1960 * . N

-

é;. In each caée find thcyvalue of x which makes the state-~
. ment correct\\ ' Sl ‘ '

d. 12.x = 132

A ;

é, 3.x=6 _ oo
v 5.x=50 " e. 19.x = 1729
c. 7+x =263 £ 35 x'= 1960 S
3, In each case find €\a)value of x, - Express the'anéwer_as'a
"jfraction. ‘ \ e |
Bl 3ex =T < ' - d. 12. x;='6
. be Bex=bk e 19.x =29
c. Trx=5 . o f..354x =345
4, 'Copy and coinplete. ‘ ) . - - . 5
a. 5 og-'= ? ’ . ) d.. 30% = '? .
b 12._172= 2 e 5 —5-
196
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' 5. Copy and _co_mpleté.

. a. %%:7 - a. 7.X-n
b. 2.2=5 e. 2 4%%,: 1
c. ?-%6=3 £ Tefr =9
6. Copy and complete. N 3 &
a. 6+%=5 . . £ 11-%=9 s
b. mQﬁfs oo gl 16.3-1 | ’
. o e ’ 4 [P 2
c. 9-%=7 _ % the ko=
C g i = s .
d. . 4 *F= 9 . i, 1739. 7 = 2403 .
e. w-f=7 J. 609253 - 3 = 17963
7. Ccpy and complete. Use the pattern b -%'é a, T e
M . = o
4, ?2em =2 €. Vewde = 2
5 \ \ Iz C
b, 2ef5=12 £. 2 -g =2
c'.?.%=.? . - "B ?°'§'=?7 . . .
g 24 . o . 93147 S

- 8. BRAINBUSTER: Each letter 1s a different digit and E is
. greater than 2. )

- MATH _ o .
2l : -
What numerals containing four digits do MATH 9nd ‘EXAM
'represent?' ' : ' '
197
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6-6

6-6. Properties of Operatioxs with Rational Numbers.

We have now extended the number system to include rational
numbers. We found it necessary to do this in order to be able
to divide who1e ‘numbers. Now we shall ask questions about. mul-
‘:tiplication, divlsion, addition, and subtraction of the rational
nqmbers._ . ‘

‘ » The first'problem will be, to extend the meaning of- the opera-
_tion of multiplication. Using only what we know about the mul-
tiplication of whole numbers we shall show how the qperation of
multiplication is extended to the rational numbers. et us think

'abcut the idea of extendins the meaning of a word.

9

Suppose you had Specimens of each of the foilowing' . eagle, .
row, parrot, stcrk. Suppose you decided te call all

4

Now suppose'that_someone céme'ﬁo you with some‘other,credtufe
and asked you whether it wad a bird.. Supposevhe pointed out
a <hippopotamus. - ‘

-t

\ o : L 198" - . ] b



3 -”ﬁbuld you call thiu_creature a bird? Certainly not. Suppose
""" someone came with the creature pictured.below. >

| ad

Would you call this creature a bird? You would, wouidn't you?

' -How did you make these decilsions? From' your limited know-
1edge of birds how did you decide to extend the idea of bird to
include the quetsal but not to include the hippopotamus° You'~ .
probably made this decision very quickly because you have been'
doing this sort of thing all your life~ .But there was a thought‘
prOcess involved that went 1like this. :

. The five given examples of 1living creatures that are called
birds have certain properties in common. Among these
nroperties are. wings, feathers, beaks, two 1§gs, c{éﬁs.

.ﬂﬂ

o You decided to extend the use of the name "bird" to include
any creatures that have these properties, but not to S T
include creatures: that ‘do not, have these properties. .. - .

p'*‘Now vwhat .does all this have to do with mathematics? Simply '
this. ‘We are ‘going to extend the operation of multiplication to ': !
operaye on rational numbers. And we want to do this in such a- ’
way that we preserve the propert of multiplication of whole
numbers. We have already definé:che operations of multiplica-
" tion for certaln basic products like

5.§‘=3, . .2.%5?, Q"i;s.nge? . S /./
o whichlfollow the pattern b F = a. ‘ ' '

But how shall we define products which are riot of this type,
as for example._',- - " , f

5.%’-. _?6_ . é L .. %. % '



. thing we like,

We might think that we can
But-Just as in t
extend the idea of multiplicatio

[ LN
Lo

define these products to be any;
he case of the birds, we wish fo
n to the rational numbers in

+

way that preserves the 2__g‘?t1es of multiplication,

~ You learnegrabout the basic
with whole. nunbers in Chapter 3

Erogerties ol theae operations
rhey are listed ’again beldw.

Addition

“ -Multiplication

Closure Property
a + b-_is a number

C;osure Property
*a « b 1is a number

Commutative Property
a+b=>b+a

\Commutative Property

a°+*b=>b:°a

Associative Property -
a+(b+c)=(a+b)+ec

<

Associative Property

(bc)=(a-b)-c

‘Distributive Property .
a(b.+¢c) = (a b) + (a -'c) , -

Identity. Property of 1 .
a+l=1-2a=a

Identity Property of O
a+0=0+a=a

K

Multiplication Property of 0

) a-0'=0-a=0_.
™~

W

" These preperties held trne wnen)the numbers we had were the
whoie'numbers. Now we wish to require that these prbpertieé
hold true when the numbers we have are- the rational numbers.
What does this requirement mean? Some specific,examples of what
it means are that - _ _'“f\

K

%% ‘must be 2 rational number (closure for multiplication) .
4§~+§ must, be a rational number (closure for addition)
2y ' 4 2 '
3% must be the same number as 53 Which property is
3 : . illustrated?
%.'1 must be thd same number as % Which property is
_ ) o illustrated?
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Exercises 6-6

- 1l. Jllustrate the- following properties from tHe list on page 200
" as propertiles bf rational numbers like 3, % % .

a,- Associative Property of Addition

2. Distributive Property

¢. Identity Property of 1

d, Commutative Property of Multiplication

2. Give an example of each of the following:
g a. Counting number,
- b. Whole number. .
c. A whole number which 1s nbdt a counving number.
"..d. A rational number which is ﬁot a whole number.,
P ‘e. A numeral which 1s not a fraction 'but names a- rational
) - number. ' '
o 3.. Which of the followlng represent :ational‘numbers?

a

w

RN 16
b, % R - ,
s 5 . g, 0.2
4 < h. 0.13

- 4, _Copy and complete, or find the number that x| represents.

a. 15 x =14 - d. 15. —5-
b, 15-‘7=1u ' ', e.'__‘-]l_-;=‘__

c. —_— -I5-=ll|' , : .

1201 .




-3°x R X =5
b 3-2=5 ° 1. .9.2=7
c;‘ .4.-.-;=_5 J. _.'_‘%_‘%=_._
d.'7°$-=____ S L
‘ . __:18=5 1. 5-%=1
£, 15-% =13 m. 5-x=1
e. __F=__°% n. 17.%=0

6. Matching. Each example on the left illustrates one of the
' properties listed on the right. Write the number of the
property beside the example which describes it. :

- ' 2. o '
a. S.2=2- ) (1) Commutative property of
3 % g 3 ‘ addition: B
L] 2 == '- L] - 2 ‘
‘ b. g'(g' '5')' (% _ %) 5. (2) Cemmutati_ve pronerty of
o, T ' ‘ " multiplication
c. 5(2+3) =5.2+5-3" (3 a Lativ - . 'f,
: Associative property o
d. 1(u'+6) g(u) +§(6) » addition |
fe 1. g g_ . . ~(4) Associative property of
e “"multiplication
) o . B,
f. %Er-% T (5) Distributive property of
" ; . multiplication over .
e G+ o_=% o addition
sy Y , (6) 1Identity property of O
h. +ZE=5+3 (7) Taent :
. } » ntity property of I
4, *0=0 : *  (8) Multiplication properiy of 0 -




6-7.. Mulbiplichtion of' Rational Numbers.

A fraction is a numeral which is written in a Speciflc way.
‘The symbol 20 49 4 fraction. A symbol ‘for the product of two
‘rationalk, ‘numbers, ‘% and ‘%-‘is ."go-%." This ajmbol "%..%", '
- .18 not a fraction. .
o ,If you knew nothing at all about howito find a fraction for
. the product i” %,ﬂ you might guess that a_ possible ‘numeral for
_ this product could be "%g "  Someone else might suggest "%%"
cully
=

‘or even ~fé§." Why is "the one which is accepted ahd not

the others? VYeu may even ask what right we have to deal separ-
ately with the parts of .the symbols in %% since each fracticn
-Mstands for a distinct rational number. ' :
Our problem is to define what we mean by multiplication of
".rational numbers andlat the same time to find out what’ to do
‘wibh the numerals. We are free to make any definitions we want
“to make. It is our intention to make a definition that will be.
useful and will fit “With what we already know about whole
numbers. ' K
' Therefore, we shall define a product like" (—-~Z) .80 that
1_the commutative and ‘associative properties are kept. -We 8hall
. ‘begin with what we know about the whole numbers and rational
numbers.- We shall extenq_the properties of multiplication of
whole numbers to the multiplication of rational numbers and*
.observe what' happens. . .



4‘ . .
’

Exercises é-?a

(Class Discussion) | ‘ \

This sBt of exercises 1s different from other Det» you have
had. \ It presents a big idea in small steps. The, ‘correct Zuswers
are given at the right and you are asked to cover: all of them -
until you have made your responses to the first one. Then’ look
at the eorrect answer to the first question. After each response
you make, look at the correct answer. .

e e ot e e e

Since these are cluss discussion questions, you will be able
7 to ask questiqns to clarify points you do not understand. Be
sure that each step is clear before you go on to the next one.

— _ . _ o . 4 ~ Cover
1. 2 Tand- 7. are both - ﬁumbers.‘" rational
We wish to find a single fraction for . '
‘the product’ 3- % if there is such a
numeral, ; ‘
. . ? (
2. ‘To find out what we can about the product :
‘ 3 1 we use what we Know about’ % and | L
S % nd'also the properties of multiplica- .
~tion which we wish to keep. From ‘ .
b-2=a we know that --2= . 3-%:2“
3. We also know that %: . 5..’5/.=7
'u. When we 3ay 3¢ % = 2 we mean that
"3, %" and " " are symbols for 2
‘the same number. The symbols "3 - %"-
and "2" are different pencil scratches,\g
but they name the same number.
5. Also, the same number is named by the .
- pencil scratches "5 -%ﬁ and " ", ‘ 7
] : —_ :
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10. Compare the products 15. (

-,

and - 2.7

We know that we multiply numbers, not
‘;pencil scratcheé.'*Therefore, the
"symbols, that look different are simply

two ways of writing the s product

and we may wrilte ' -

2y .. '
-5 (5D =22 .

7..- Another symbol for Y"2.7"4g "igv, o
. Then we may write. (3 - %)- (5 - %)’: .

———

13

8. We should like to group the numbers in

(3 2)e(5- %) in another way. We are
N - *

permitted 'to group these factors in a
different way by the commutative and .=
properties of multiplica-

tion. .
-5 -5 =L )-5D
9., Then (3+5)+( ) =14

\
and since (3-.5) 1is 15 51e write
15 (5:L) = -

T~

)= 14 :

win

and b.n="a
- We can match these exactly if w= think

b 1s 15 P
n is 2
a is __

—

" | 205
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same product

2:7

1

* A

associative

(3. 5)



* o2, The matching we did in Step 10 tells us

) a _ 1k
et Et | L
-, \' .
13." Then for n ,% we may write
g. = ) ) 2.7 '_ 1k
(3 g) ™ : G.h-1

We havelfound that

This result may not be a great surprise to- Xpu. The point
is that you have been using a procedure on faith. Now you know .
‘that this procedure is based on mathematical reasons, It is not’
- merely an accident, but a logical result. i

, n
In short form the steps‘you just went through can bé written
this way:

’

332and5;§7 g

(3:8) - (5-5)
-5 5D

B o : 15,(§..%)
2 14 2.7_2-

2.”:/“ and 2.7 =-14%

14

i}

=

5=
Ay

5



) “"‘-'_V'-—- . 2 _ 2. s
To find the product of thesq two particular rational num~
bers you form a new fracﬁion-by using the product of the numera-
tors and the product of the denominators of the fractions you
st?rted with. The prodﬁct %{—% is ciearly a fraction and hence
you know that the product of these two rational numbers is a
rational number, ’ ,
o Other numbers could have pgen used stt as well as _% and
.'% - The reasoning does not depend upon. the particular nuqbers
used. .We can use %— and % where a, b, cx and d " are any
whole numbers with b and d not zero.

O

b-%‘:a and d-%‘=
(b'%)'(d_’%) a

(bea)  (B-§ =are

a ¢ a-c

b°d

- Product of Two Rational Numbers: If a, b, ¢, and d are whole
numbers with b’ and d not equal to zero, then
a0

a. c
b'd~b-d

This statement tells us a great deal:

' 1. It tells us that this is the only definition of multi-
plication of rational numbers which is possible under
the requirement which we made. KWe required that the
_properties of multiplicafion listed in Section ©-6 hold
when the operation is extended to rational numbers.

2. It tells us how.to find a fraction for the Jproduct of
two- rational numbers by using their fraction numerals.

3. It tells us that the system of rational'numbersxis closed
T under multiplication. The product of two rational num-
bers has a fraction numeral and therefore the product
i1s a rational number,
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fractions we shall find it necessary to have names for the a
and b of % We shall use numerator for a and denominator -
for .b. The context will make clear whether we mean the number
_or fhe numeral. We may speak of the product of the numerators:

and think of them as numbers. We may also speak of the numerators ‘
of the fractions and think of them as numerals.. .

= Now tell in your own words how to find a fraction for the
product of two'rational numbers by using their fraction forms.

A

Exercises 6<]b .

l. Use 5 3 5———3 to e