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Chapter 6

RATIONAL NUMBERS AND FRACTIONS

)
6-1. An Invitation to Pretend.

In very early times, the only numbers used were the counting

numbers. As the need arose, rules were developed for working

with the counting numbers. Much later, the general principles,

upon which the operations with fractions are based, were dis-

cowed. ---
$

As you study the material in this chapter, it will help if

you will pretend that it is all new to you. Pretend that you

have never heard of any number6 except the whole numbers. Try to
. .

think as if you were one of.the first to realize that the whole

numbers are not enough.

When new numbers are introduced,symbols must be invented

for them.' .questions about how to define multiplication and

addition of the new numbers must be answered: These are the

ideas which you will study in this chapter.

Consider the following examples:

- Example 1: Eggs cost 60 -cents a dozen. How much

does one egg cost?

You knowsthat you.can find the cost of one egg by dividing

the number of cents by the number of eggs. The work looks like

this.

60 12 = 5

Example 2: Eggs cost 53 cents a dozen. .How much

does one egg cost?

Here again, you divide the number of cents by the number of

eggs.

53 +-12 = ? 1

In the second example, you see that 53 cannot be. exactly

divided by 12.

If you had never heard of fractions you would say, "You

can't divide 53 by 12." This would be correct. You would

mean that, in the set of counting numbers, there is no number

which -is. equal to 53,4- 12. You know that the set of counting

185



6-1

numbers is not closed under division. Thi means that when you

divide one counting number by another you do not alwaysways get an

answer which is a counting number. Thus, in order to solve

problems like Example 2, it is necessary to use a new kind

.number.

Exercises 6-1

. Just as you have done for multiplication and addition, now

make a division table. In each box place the result of

dividing the number on the left by the number on the top if

this quotient is a whole number. If the quotient is not a

'whole number write "no." Some of the blanks have been filled

to help you understand what is meant.

+ 1 3 4/ 5 6 7 8

1 1 no no

2 .2 1 no,

3 no 4

4

6' 3 _
7".

8 no

2: Jim spent 90ji for nbcolate bars. They cost 5 each.

How many did he buy? He shared them equally with his

frieids, Jack and Harry. How many bars did each boy receive?

Could- he have shared the bars equally if Markh4d been

present'also?

a. The gym teacher divided sixteen boys into two equal teams

to play a game. How many boys were on each team? How

did you solve this problem?

b. The, gym teacher divided seventeen boys into two equal

teams to p-ay a game. How many boys were on each team?

186



6 -2

6-2. The Invention of the Rational Numbers.

In the last section, you saw that the' set of counting num-

bers is not closed under division; that is, the, quotient of two

--counting-numbers is not always a counting number. -Let ua/con-

sider the following problem.

Example: Mrs. Green" has a ribbon 100 inches long.

She,wants to divide it equally among her 3 ,daughters. How

-long a piece of ribbon should each dti.ghter

You may obtain the answer as follows:

100 + 3 = ?

Think how hard this problem must have seemed in t'ie days

When fractions had not been invented. Mrs. Green tried to solve

the problem by folding the ribbon into 3 pieces

like this. A

C.

ofequal length

Then she cut the ribbon at the folds to have 3 pieces of equal

length.

Each piece had a definite length, but this length could

not be given by'any counting number. She would have liked to

have a number to describe this length. What. could she have done?

She could have overcome this difficulty by inventing a new num-
.

ber

How could this number have been named? It seemed reasonable

that the new name should use the numbers 100 and 3 in some
way. She decided to give this number the name 130

". In her

mind, she thought, is the number obtained when 100 is

divided by 3."

You are familiar with symbols like 10075- and
100

means the quotient when. 100 is divided by

possible.symbol might be (100, 3). You may have

187
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6-2

is an "indicated" quotient. It actually is a quotient. So are
the numbers 12 FIZ, 19 + 2, 4

7 .

The numbers which we get when we divide a whole number by a

counting number have'a name. They are called rational numbers.

lite word "rational" is derived from the word "ratio" which is

another word for quotient. Note that we must speak of dividing

by a counting number rather than by a whole number since we can-
not divide by by zero. Some examples of rational numbers are 3. ,

4.
J,

1. Explain the meaning of
7

For example:
9
1. means

26

Exercises 6-2

7
7,

7

15 112
17, Y

divided by

17

9.

29
17

2. -- names a rational number. This rational number is also

a number. Some rational numbers are

numbers.

3. Express the quotient cf 13 divided by 9 in three ways.

4. Three-men who took a trip of 750 miles shared the driving

equally. How far did each man drive?

5. Three men who took a trip of 700 m les shared the driving

equally. How far did each man drive

6. A bus carrying 50 passengers made trip of 500 miles.

How far did each passenger travel?

7. Perform the following division and check your work by mul-

tiplication.

Arrange your work like this:

65
4212730 Check: 65

252 42no 15U
260
273.6.

42. 65 = 2730

+.37 g. 1729 = 19
+ 23 h. 13431 + 121
4 33 i. '1001 + 13

210

2730 + 42 = 65

a. 2752 + 43 d. 3293
b. 2915 + 53 e. 2093
c. 2916 + 54 / f. 2541

1-188



8. During.a recent year, 8133 ocean-going vessels passed

thrOugh the Panama Canal.

a. About how many vessels passed through each week,on the

average?

b. One of the vessels had been atsea for 5400 hours.

How many-'days (24 hours) was-this?

Fractions and Rational.Numbers.

In the last section we saw how the need for rational rm -
'bers arose. These numbers give us.an ans4er to any division

problem where we divide a whole number by a counting number.
14For example, 14 + 7 = . But we know that 14;+ 7

Perhaps, you will say that we can get two different answers to

the problem of'dividing 14 by 7. This is wrong. The fact is
14 14that and 2 are the same numbers. You may say that n "

-pr

and "2" look different. How can they be the same? The things

that look different, are the symbols we write - down.' These symbols
are the names for the. numbers. The'SymboIs are not the numbers.

This point was stressed in Chapter 2k. Symbols for numbers are
called numerals.

"6", "vi", "lafive ' "7 1"

are. different names for the number 6. The. numerals

n12n fil8n

'

'n6n n n
, 24. "7 F4T"72-

are also names for the number 6. It is important to know when

we are'talking about a number and when we are talking about a

naMe,for a number.

In this chapter you will frequenLy find the words "fraction"

and "rational number". Let us consider the difference in meaning

between "fraction" and "rational number".

The numerals n6u, ,

HanThe numeral where a is a whole number and b is a

counting number is called a fraction. Fractions are symbols for

"12n
are called fractions.

numbers. When we write
14 2

T
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11112we'are not saying that the fractions 11 , 11and are the

same symbols. We are saying that the numbers which these frac-

tions stand for are the same. We are-fussy about this in order

to avoid misunderstanding,later. !

,Every rational number has a name which is .a -. fraction. Some

rational numbers have other names which are not fractions. The

number 2 is a rational number. Its numeral "2" is not a

fraction because it is not of the form a Other names for 2

are 111411 H611 11 2

' 1.
All of these names are fractions. It

is correct to say that rational numbers are numbers which have

fractions as names. The number 2 has a fraction as a name as,

we have just seen. Therefore, 2 is rational. So areall,the

Other whole numbers.

As you study more mathematics, you will learn how the num-

ber system is e3Ftended to include numbers whiCh do not have
,

fractiops as names. Some of these numbers will be needed when

you study cilnles and right triangles.

Exercises 6-3a

0
1. a. Is 3 a fraction?

b. What bther name which is not a fradtion does.the number
0 have?

2

c. Is zero a rational number?

2. a. Is 41-3 a fraction?

b. Does 41-3- name a rational number?

3. Does the statement, "Every rational number can be expressed

as a fraction" mean that rational numbers have no.,other names?

. Tell which of the following represent rational numbers:

a. S. d. 8 4. 7

b. 14F3: e. 2.15

1:
.5 f. 1

Which of-the numerals in Problem 4 are fractions?

190
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§. a. Select from the following *set ,of numerals those which

are fractions: 8, 4;. 16 + 2, 3 24, 8.b0 .

b. Select from the given set the numerals. which name

rational numbers.

Express the answers to thd following questions by using

fractions and also without using fractions. ,

a. .'Three men who took a trip of 750 miles divided the

driving equally. How far did each man drive?

b. A woman divided 90 inches of ribbon equally among 3

daughters. How .much did each daughter get?

c. A dbzen eggs, cost 6o" cents. How much did each egg cost?

8. Express the answers to the following, using fractions. Can

you express the answers without using fractions?

a. Three men who took a trip of 700 miles diVidedthe

driving, equally.' How-far did each man drive?

b. A woman divided 100 inches of ribbon equally among 3

daughters. How much did dabh daughter get?

c. A dozen eggs 'cost 43 cents. How much did each egg cost?

9. Consider the following set of symbols:

(37, 1,
n 02 1 0 111 10 25 5 ol

5, 3 ,

a. Which of the above are numerals for counting numbers?

b. Which of the above are numerals for whole numbers?

c. Which of the above are numerals for rapional numbers?

d. Which of the above are fractions?

e. Which of the above are meaningless symbols?

f. Which of the aboive are different names for the same

number?

Exercises 6-3b

(Wass Discussion)

1. a. What number must yov multiply 3 by- to get 90

b. What number must you multiply '12 by to get 60 ?

c. What number must you multiply 3 by to get 750 ?

d. What number Must'you multiply 18 by to get 54 ?

e. What number must you multiply 11 by to get 5280 ?

f. Wlat operation did you use to find the answers?
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2. Can you find'a number-to put in the blank so that the state-

ment will be true?

a. 3 ? = 90 d. ? = 54
90 + 3 s. ?. 54 + 18 =

b. .12 .? = 60 e.- 11 +? -.7./5280

60. + .12 = ? 5280 + 11 = ?

c. 3 ? 750 f. ? = 1729

750 +.3 = ? 1729 4. 19 =

.In each of the 'following problems the symbol 'n stands for

a number. In each case tell what-number n must stand for.

a. 3 n = 15 e: 19.n = 1729

b. 4n =,20 f. 13 n = lool.

c.,,7 in = 56 g. 17. n = 17

.d. 18.n . 54' h. 14 n = 0

4. In Problem 3, what operation did you use to find each answer?

6-4. The Meanin& of Divis'

In Chapter 3 you learneQ that division by a number is the

Inverse of multiplication ,,by the same number:

1. 12 + 4 = 3 Divide 12 by 4 and get 3.

2. 4.3 12 Multiply 3 by 4 and get 12.

'The two statements say the same thing in different ways; so do

the following.ways of expressing the idea:

3. 12 +' 4 = ?' What is the result of dividing 12 V 4?
4. 4 .? = 12 What number multiplied by 4 gives 12 ?

We have two kinds on probleme using products.

Ope kind is like this: .* 4. 5 =-?
Multiplication

_
tiplication

We choose to write it like this: 4 5 = n!
m

Both statements ask: What is the product? r=-0

This is called a multiplication problem.

192
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6-4

The.other kind is like this: 4. ? = 201

We choose to write it like this: 4.: y = 20
Division

Both statements ask: What is the number you multiply by 4
to get 20 ?

This is called a division problem:

To get the answer we must divide even though the division

sign is not used. -We ask, "What should be the number y so that

4 y will be 20 ?" This number is called the quotient of 20

by 4 or 20 + 4 or -20. .

. In this way we can write diviaion'problems using only the

multiplication sign.

The statements 4 .y =
20and y =

tell us that -?42 is the number yp for which 4. y = 20.

3
4

In the same, way, is the number t 'for ,which 3. t = 4.

Exercises 6-4

..,Copy and complete the folloWing Sentences.:

a. What number,do you multiply by 9 to get 8 ?

9 ? = 8
b. What number do yoli multiply by 4 to get .7 ?

4 ? = .7
6

is the number x for which 3. x = ?
:..

c, ,-

d. is the number x. for which ? x. = ?

e.4 is the number x for which = ?ch ?
. .

( 18
f. -6- is the number x for which :? x = ?

10
is the number x for which ?.. x = ?

h. is the number x for which ? x = ?

2. In which parts of Problem l'is the number x a whole number?
Find the number for x whenever it is a whole number.

193



6 -5

'3. In each of the following sentences, find the number r which
makes:the

2

statements,true.

r = 3

(Keep the fraction form.)

e . . 3 . 4 =21
b. 5 r = 40 I f. 11

c. r = 15 g. 10 r = 60,

d. 7 r = 56 h. 8 r 1

4. Fox',

the

_en,

ifor

each of the folloWing write a sentence which describes

problem in mathematical language. Use a lettell, such as

for the unknown number and tell, in wOrdt, what it stands

in each case.

Example: Sam's father is sawing a .log 12 feet long
into 6 equal lengths. How long will each
,piece be?

,Answert If x is the number of feet in each piece,

then 6. x 12.

a. If 12 cookies are divided equally among 3 boys,.how

many 'cookies shoUld each boy receive?

Mr. Carter's car used 10 ,gallons of gasoline,for a
160 mile trip. How many miles dp. he drive for each

'gallon of gasoline used?

c. If it takes 20 -bags 'of cement to make .a 30 foot walk,

how much cement is needed for each fobt of the walk?

Without dividing or

statements are true.

multiply 8 by 21

a.

262b. 77 = lo

factoring, decide which of the folloWing

As an example, 'tO:show that 8,

to find out if the product is 168.

c.
744If
41)

-5. Rational Numbers in General.

In the'last section we said

20 is the number

is the number

e.
152'51

n forowhich .4. n = 20,

n for which 3...n =

194_
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-From these examples, can we say exactly what ANL, .

:

/and Amean? We can, but not in a single statement that includes

!all of the examples at one time. The task is easier if we use

Iletters to stand for numberi. HereNis a way that we could say
1
'this with words. (Don't try to remember it. It is only put in

as a horrible example.)
A

If we write the numerals for two counting numbers, one

above the other, with a horizontaltaine between them,

then the resulting symbol IS a numeral for the number

which, when multiplied by the number whose numeral we

have Written in the bottom, gived the number whose

numeral we have written on top.'

Here is the way )that.we gay this if we use letters to stand for

numbers. -

Definition: If a and b are whole numbers (b y4 0)

then the number n for which

b r1 = a 4

Clearly, the .decond'statement is easier and more convenient.

Inv the definition, if you let a = 20 and b = k,: you

get'
242

20Then -is the number n for which. 4 n =1 20, and

20.

Examples: 5

116

When you write

i s the number for which

is the number for which

is the: number .for which

is_ the number for which

59 =

2 -,.

7? 1T

16

5

= 13

7

= ?

"t is the number

you are using "n" to stand for flan

a,l' b E. = a6

' when you replace. "n" by,- 7:g."..

IN. 6 4
.-7.,. D

For example: 2 2- = 6 and ,5 7r. = 4 .

.7

E

.

n for which b n = a"

Then b .n = a beep:hies

195,
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6-5

Since you are just beginning to investigate fractions4and

rational numbers, 'all that you know about them is that:

.1.. Every rational number has a name which is' a fraction.

2. The rational number .(b 0) is the number for which

b
D
-"a

In this new look at fractions you are asked to pretend that

you do not know the meaning of addition or multiplication of

rational numbers or the manipulation of the symbols which produces

fractions for sums and products_of rational numbers.

Exercis &s

Practice using the pattern b § = a in the' following problems.

6Example: 2 ? = 6 is 2 7 = u .

. I. Copy and complete.

a. 3 ? = a.- 12 ? = 132
b. 5? = 50 e. 19 ?'= 1729
c. 7 ? = 63 f. 35 ? = 1960

2. In each case find thel value of x which makes the state-

ment correct\
.

3,

a. 3 x= 6 \
bk.. 5 x = 50
c. 7 x = 63

In each 'case find th'

. fraction.

d.

e.

f.-

value of

12 x = 132
19 x = 1729
35 x' = a96o

x. Ekpress the 'answer as a

a. x = 7 d. 12 x 6
b. 5 x = 4 e.kt 19 x = 29
c . 7 x = 5" f. 35% x = 345

4. Copy and complete.

a.
6

5 .5 ? d.
53 5 ?

b. 12 -..!ff = ? e. 105 =?
6
9

196
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5. Copy and complete.

a. ? = 7

b. ? =5

c . ? = 3

6. Copy and complete.

a. 6 = 5

b. 12 ?
117

6

c. 9 = 7

d. 21, = 9

e. 14 = 7

f. 11 7 = 9

g. 16 ;,;-=

h. 4 t = 1

1. 1739 7 = 2403

J 609253 = 17963

a
7. Copy and complete. Use the pattern b 13. = a.

6 - 1a. ? 5 = ? .e. 7

?b. f. 9

Co = ? g. ? = ?
,

1-6. = . h.
b2973

8. BRAINBUSTER: Each letier is a different digit and E is

greater than 2.

MATH
m---ar = E

dgee

What numerals containing four digits'do MATH and EXAM
represent?

19T



6-6. Properties,of 212212aL1241 with Rational Numbers.

We have now extended the :lumber system to include rational

numbers. We found it necepsary to do this in order to be able

to divide whole-numbers. Now we shall ask questions about mul-

tiplication, division, addition, and subtraction of the rational

ni4mbers.

The first-problem will be, to extend the meaning of the opera-

tion of multiplication. Using only what we know about the mul-

tiplication of whole numbers we shall show how the operation of

multiplication is extended to the rational numbers. Let us think

'abcut the idea of extending the meaning of a word.

Suppose you had specimens of each of the following: eagle,_

owl, s row, parrot, stcrk. Suppose you decided to call all

'ales creatures birds.

Now supposeithat someone came.to you with some other,creatui,e

and asked you whether it was a bird, Supposerqie pointed out

ac hippopotamus.

198
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Would yoU call thie,Creature a bird? Certainly not.

'aOmeone came-with the creature pictured. below.
Suppose

Would you call this creature a bird? You would, wouldn't you?

How didyouinake these decisions? From'yOur limited know-
ledge of birds how did you decide to extend the idea of bird. to

1.ric2ude the quetsal but not to include the hippopotamus? YOu
probably made this decision very quickly because you have been

doing this sort of thing all your life-. _Hilt there was a thought
rodess involved that went like this:

- The five given examples of living creatures that are Called

birds have certain properties in common. Among these
properties.are: wings, feathers, beaks, two legs, c ws.

You decided to extendthe useof the name "bird" to .nclude

any creatures that have these properties; but not to

include creatureathatdo not:have.these properties..

, Now What,does all this have to do with mathematics? Simply
this. We are going to extend the operation of multiplication to

operate on rational numbers. And we want to do this in such a

way that* preserve the propert s of multiplication of whole
numbers. We have already defined t e operations'of multiplica-

tion for certain basib products like

5 = 3, 2 4 ?, 45 11 9.

which follow the pattern b § = a.

But how shall we define products which are not of this type,
as for example: ,r

.

6
5 r, 7 5'

,199
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6-6

We might think that we can define these products to be any-

: thing we like. Butjustas In the case of the birds, we wish to

extend the idea of multiplication to the rational numbers in a

way that preserves the profftiiesof Multiplication.

You learne0,about the, basic properties of these operations

with wholenumbers in Chapter 3. They are listed'againebel6w.

Addition Multiplication

Closure Property

a + b is a number

Closure Property

a b is a number

Commutative Property

a +.bab +a
Commutative Property

a b=b a

Associative Property.

a+ (b + c)=.(a +.b) +c

Associative Property

:a (b c) = (a b) .c

Distributive Property

a(b + c) = (a b),+ (a c)

Identity Property of 0

a'+ 0'= p + a = a

Identity. Property of 1

a 1= 1 a= a

Multiplication Property of 0

a 0' =0 a = 0 .

These properties held true when the numbers we had were the

whole'numbers. Now.we wish to require that theseprOperties

hold true when the numbers we have are'the rational numbers.
o

What does this requirement mean? Some specific examples of what
''.\.

it means are that ,

f

2 4 i

.5. 5 must be a rational number (closure for multiplication),

2 4
,

t5+5 must be az.ationalnumber
,..

(closure for addition)
.r

2 4 .- 4 2 -:,5 must be the same number as -5 5 Which property is
illustrated?

. ,

25.1 must be the 2
same number as .x. Which property is

' illustrated?

200
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6-6

Exercises 6-6

rte

1. Illustrate the following properties from the list on page 200
as properties 6i .rational numbers like 3,4, .

a.' Associative Property of Addition

Distributive Property

c, Identity Property of 1

dr Commutative Property of Multiplication

2. Give an example of each of the following:

a. Counting number.

b. Whole number.

c. A whole number which is nbt a counting number.
d. A rational number which is not a whole number.
e. A numeral which is not afraction'but names a rational

number.

Which of the following represent rational\numbers?

a.

b.
3

g. 0.2

d. 4 h. 0.13

4. .Copy and complete, or find the number .that x represents.

a. 15. x = 14 d. 15
14

. 17 = .

b. 154 = 14 e.
14 .=T5

14
c. 15. . 14
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(

f.

g.

3 x

3
4

67.7

. 4

= 5

=5

=

h.

1.

J.

k.

1.

6 x

. 9

5

5

= 7

18

1

E.

; . 5 = 1

15.x = 13

7
V =

0

m. 5. x 1

n. 17
9

= 0

6. Matching. Each example on the left illustrates one of the

properties listed on the right. Write the number of the

property beside the example which describes, it.

Et. *i ii.;*
b.

g.) 'm

c. 5(2 + 3) = 5 2,+5 7 3

d. i(4 +6) . i(4) -4(6)

f.

(1) Commutative property of
addition.

Commutative przTerty of
multiplication

(3) Associative property of
addition.

(4) Associative property of
multiplication

(5) Distributive property of
multiplication over
addition

(6) Identity property,of .0

(7) Identity property of a

( )

(8) Multiplication property of 0

A



6-7
1

6-7. Multiplication of Rational Numbers.

A fraction is a numeral which is written in a specific way.
2 ifThe syWpol "5 is a fraction. A symbol for the product'of two

ratiOnal,mumbers, I and is 1 i." This symbol 1 i"
is'not a iraction

you knew nothing at all about how\to find a fraction for

the product. 14, _you might gueesthat a_possiblenumeral for
thia.prodiict could be "44." Someone elee'might suggest 16"

.10 14or even 11

i 11Why s 15 'the one which is accepted and not

the others?. Ymt may even ask what right we have to deal, separ-

.ately.with the parts oftheaymbola in L. i since each fractien.
, 3

standa for a distinct rational number.'

Our problem. is to define what we mean by 'multiplication of

rational numbers and at the same time to find' out what"to do

with the numerals. We are free to make any definitions we want
to make. It is our intention to make a .definition that, will be

a

useful and will fit-with what'we already know about whole
numbers. .

Therefore, we shall define a product like' (5.5/) so that
the and'associative properties are kept. We shall

.begin with what we know about the whole numbers and rational

numbera- We shall extend the properties Of .multiplication of
whole numbers to the multiplication of rational numbers and',.

.Observewhat happens.



6-7

Exercises .-7a

(Class Discussion)

Thissgt of exercises is different from other sets you have

had.\ It presents a big idea in small steps. The, correct

are given at the right and you are asked to cover all of them

until you have made your responses to the first one. Then look

at the correct answer to the first question. After each response

you make, 'look at the correct answer.

Since these are clasS discussion questions, you will be able

to ask questions to clarify points you do not understand. Be

sure that each step is clear before you go on to the next one.

Cover

1.

2.

3.

4.

5.

g. are both numbers. rational

2 ,
3 = 2

5 75 = 7

2

7

We wish to find a single fraction for
2 7

the product
3

if there is such a
5

numeral.

TO find out what we can about the product

3
we use what We know about g and

5,

1 and also the properties of multiPlica-
5
.tion which we wish to keep. From

a 2
b = a we know that 3

We also know that 73 =

.

When we say 3 . w
2
. = 2 we mean that

3 11 and are syMbols for

2
1.1e. same. number. The symbOls

11

"3, 5
and "2" are different pencil scratches,

but they name the same number:

Also, the same number is named by the

pencil scratches "5 .k and " "

204
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; -

and 2 7

We know that we multiply numbers, not

pencil scratches. 'itTherefore, the

symbols, that look different are simply

two ways 9f .writing the s product

and we may write

(3 .(5 i) 2

Another symbol for "2 7" is "lit".

Then we may write. (3 .g.) (5

. We should like to group the numbers in

(3 ) (5 "51.) in another way. We are

permitted 'to group these factors in a

different way by the commutative and .2

Lion.

properties of multiplica-

(3 .g.) (5 = (1. i)

9. Then (3 5) ( ) = 14
and since (3 5) is 15 Yee write

15 (3 ; ) = 14 -

.IC. Compare the products 15 (g_ /5.) 14

and b n

We can match these exactly if we think

b is 15
n is

a is

205

same product

2.7

4

associative

(3 5)

2

(5. 5)
14



12. The matching we did in Step 10 tells us

that lily_

13.' Then for n = we mar write

We have found that

2 14 2 2 .75 i5 or -5 7.57,-5

a 14
'6=15

This result may not be a great surprise to/Spue- The point

is that you have been using a procedure on faith. Now y81.1 know.

that this procedure is based on mathematical reasons. Itis not
merely an accident, but a logical result.

In short form the steps`you just' went through can be written

this way:

3 g - 2 and 5 . = 7

( 5 = 2 .7 and 2 7 14

(3 ;) 14

( .) = 14

3- = or 3. =



g-

To find the product of these two particular rational num-.
bars you form a new fractionby using the product of the numera-
tors and the product of the denominators of the fractions you
started with. The product

2
is clearly a fraction and hence

3
you know that the product of these two rational numbers is a
rational number.

Other numbers

. The,reasoning

used. .:We can use

whole numbers with

2could have been used just as well as 5 and

does not depend upon, the particular numbers

S and 3 where a, b, ch, and are any
b and d not zero:

a
b B- = a and d

(b (d §) =

(b a) .

t §

a c

a c

a c

B-76

_Product of Two Rational Numbers: If a, b, c, and d are whole
numbers with b', and d not equal to zero, then

a c ac
V a 7:-Ta

This statement tells us a great deal:

1. It tells us that this is the only definition of multi-

plication of rational numbers which is possible under
the requirement which we made. We required that the

properties of multiplication listed in Section b -6 hold

when the operation is extended to rational numbers.

2. It tells us how_to find a fraction for the,product oP

two rational numbers by using their fraction numerals.

3. It tells-us that the system of rational. numbers is closed

under multiplication. The product of two rational num-

bers has a fraction numeral and therefore the product

is a rational number.
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fractions we shall find it necessary to have names for the a

and b of S. We shall u8e numerator for a and denominator

for .b. The context will make clear whether we mean the number

or the numeral. We may speak of the product of the numerators'

and think of them as numbers. We may also speak of the numerators

of the fractions and think of them as numerals.

Now tell in your own words how to find a fraction for the

product of two rational numbers by using their fraction forms.

Exercises 6-7b

i c
1. Use F 3 = to express the following products as

fractions.

a.-

u .

"

Example:

2 57

251 5

o 6

5 IT

5 6
T 5

137 131

0 01 1
e. .6. 3 i 5 7 7

f. 3
2 5

g 5 5

h. 1

2. Express the following products as fractions.

a.

D.

c.

4..5
6 5
3. .6

5 1T 5

A 4 7. 7

3. Express the following products as fractions.

a.

u 2
b. 7

c . 3.

.gn

d.
1

. 7 I
c 1

e. 3 T
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a.

b.

0.

A 4 ? 4

5

e. 38- .

1 ? 2f. .
5. At the West Junior High School, 4 of the teachers were

women and A. of these women teachers were married. What

fractional part of all the teachers were married women?

° 6. A T.V. program lists of an hour. If To. of this time

is spend on commercials, what fractional part of an hour is
spent on commercials?

7. The Men's Shop received
4
a shipment of-shoes. Of these,

15
were black shoes. If 7 of the black shoes had rubber

soles, what part of the shipment was black rubber-soled

shoes?

8. At a certain town election of the population was eligible
to vote. If of those eligible to vote actually voted,

what fractional part of the town's population actually voted?

Let us r4lhew what you know about rational' numbers at this

stage of your progress.

1. Every rational number has a name which is a fraction.

2. The rational number §(b is the number for which
u a
U = a.

3. The commutative, associative, distributive properties

and the properties, of zero and one are retained in the

system of rational numbers.

4. The product of two rational numbers is

a c -a c. (a, b, c, d, are whole numbersF. a' b-77
b 0, d- 0)
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wnew Ja$ bne-prcuucti oI tiwu ruw.unti numners wnen one

them is a whole number? FOr a partiCular case like hick

follows the pattern of we knowithat the product is/ 7.

What can we do with _

10 ?

Notice that 10 does not' follow the pattern b

We can make use of item 1 above. Is 10 a rational number?

t fraction may we use as a numeral for ? "212" is a

tion and we may use this numeral td find the product.

We may write-
./

This is now the product of.two rational'numbers and we use the

pattern'in item 4. .

10 = 10 7 70

10 ZT 9-

- Exercises 6-7c

1. Which property is used'in 'the statement: 10'; - 10 _?

2. Describe in your own words hoN to write a fraction for,the

product of two rational numbera when one of them is.a whole

number.

EXpress the following products as fractions-.

5 d. 0 7
8

g. 8

b. 6 # e. 4 . 2 h. 5 4
2

5

c.
2

. t3
54 f .. 11 . .. 0

4. Express the folloWing rational numbers as the product of a

whole number and a fraction'With-numerator "1". For

example, 5 1
JJ

= 5 _

a. U c. 47 4 e.
r

2 44%,
b. 5 d.

210
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Komountaln View School the length of the !school. day is 6
hours. -If 167. otthe day is spent in class periods, what is.

the time spent-in class each day?

Equivalent Fractions.

10,If you were asked to "simplify" the fraction z you
would probablir say that = 3. This is correct. Why-is it
cOrreet? It turns out that this fact follows very simply from
what you know about-the product of two rational numbers.

Let us see how it follows. In what other way can we
10write z ?

We can write: - 5What does 2377-5 mean?

We recognize, from what we know about the product of two
rational numbers that

T5 end 1-
10 2 5

2 5 2

3-7-5 7 5
Then

.so that

:Or 10 2
5

1

by the property of the multiplication of one, applied-to rational. °

--numbers ..---

IOn 211We speak of Hz and as equivalent fractions. They
are' different fractions representing the same rational number.

( 2We regard
3

as the "simplest form" since the numerator

and denominator have no common factors (other than 1). Some-

times it-is desirable to find the "simplest form" and stmetimes

it is desirable to find a particular "equivalent fracti/On"..
2SupPose we start with the-form .3 and wish to find an equivalent

fraction in which the denominator is 15, How shall we proceed?

2 2
1 = ;. ; (Multiplication property of 11

10
T5
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Let us try to work with a symbol which reRresents any

fraction And, in turn,'any rational number. .J

If a,r b, and. k are whole numbers with b and k not

.equal to zero, then

a. a=U a k a= E. 7 =

Then the statement:
'5'

a a k

tells us how to write.equivalent fractions.

Example 1: Simplify ea.

18 2 676 (.1=4.
Example 2: Express 52 as a fraction in' which the denomin-

ator is 20.

ti

2 2 ' 4 8777
in' this case k is 4 since 5 4 = 20,;

and 20 is the required denominator.

Exercises 6-8a

(Class Discussion)

1. In Example 1 what numeral in 6' corresponds to k ino
a k 9
7771Z..

2. What values should be given to a, b, and lc' if you want
24 4to simplify: ig to 5 .

2

103. Why is the fraction 3. simpler than the fraction ?
13 Note

that the numeral --?- is simpler b the number_ is the
3 1 0same as the number T5 .

3
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5.

6. .Eipresseach,of the given rational numbers as a fraction with
the indicated denominator.

2
denom. 111

denom. 18

i, denom. 18

7. &cpress the following groups of rational numbersas

fractions with the same denominators.

Write three different equivalent fractions for each of the

fractions below.

1
a.

"'

f.
2c

g
12

e.

b. 2

c.
.2

12
d.

O

h.-

1

27
. J

a. What,is.the least common multiple of 10 and 15 ?
b. Use the L.C.M. as the denominator and write equivalent

fractions for 135 and .13 '

2 5'
a.- denom. 15 d.

b. denom. 15 e.

c. denom. 111 f.

0

d.

213
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Exercises 6-8b

Simplify the following fractions. Use the method shown in
the example.

a'

u

c.

d.

Example:

14
1-6

12

24

h.

i.

3.

k.

1.

12

111

4

111111
1111

Express each of the given rational numbers as a fraction
with the indicated denomin'ator.

2a; 2, denom. .3 d. 3, denom. 35
, 6

3gb. 5, denom. 3 e.
.

denom. '30
2 1c. T.

'
denom.. 15 f.

'
denom. 15

.,

?

3. Express the following. groups of rational numbers as frac-
tions with the same denominators:

a.

b.

C.

d.

4. Multiply and simplify where possible.

2
3

1
f. 8 Ur

2
b. 6 2 g. 10 . A
c. 5 .2

. 2
d. o 1-5

e. 3 g

1h.

i.

J.

7

7

4my

47

214

36

k.

1.

5

U

m.

,n.

o. 12



A man has 7 children, 3 daughters and the rest sons. He r
has 20 acres of land to divide equally among all his

children. What is the total number of acres that the sons

vill-receive/

'6. Hamburger costs 64 a pound. How much would you pay for
7 ounces?

7. Walter was paid $173 for 40 hours of work. At this rate,

libw much will he:receive if he/works 50 hours?

8. BRAINBUSTER. The numerator and denominator of a fraction

Contain the same two digits but in opposite order. The

fraction is equivalent to . Find three such fractions.

6-9. Reciprocals.

Two numbers are said to be reciprocals of each other if

the poduct of the two numbers is 1. What is"the reciprocal
of 6 2 Another way to ask 'this question is: What is the
number x for which 6 x = 1 ?

1x =

Then 6 1 =

1
and -.6 and u are reciprocals. of each other.

from the pattern b = a.

The reciprocal of 6 is . The reciprocal of 17.0 is 6.

All rational numbers except 0 have reciprocals. Think

about how you can find the reciprocal of 45
4 5of 5 is 4. since

4 5 4 5
5 7 -5-77

The reciprocal

and is 1 because the numerator and denominator are
5 cr:

the same.

If a and b- are whole numbers different from 0, then

the reciprocal of E.. is a- since 1.

a3 b = a b
B-7757 = I.
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EXercises

(Class Discussion)

a1. What properties are used in the statement u--..--. = 1 ?

2. Describe in your own words an easy way to find the reciprocal

of a rational number, written as a, fraction.

3. Give the reciprocals of the following numbers.

17 11 1a. i e. -- 1.
m. T

b. i 2 14f. 4 j . 5 n . 7

8 6
k. 4 0. ,21c. 3 g. 1

6 1742?d. 3- h. 1. .§
11" 9

4. Why is there no reciprocal for zero?

6- 10.. .Division of Rational Numbers.

Now we are ready to look at the problem of dividing one

:rational number by another rational number. When we came to

division in our study of counting numbers, we ran into trouble.

We noted that we cannot alAys find a counting number as the

'quotient when we divide one counting number by another. The set

of cOUnting.numbers is not closed under division. We had to

extend our number system to include rational numbers in order to
be able to divide counting numbers.

We nowfacean interesting question. Is our rational

number system closed under division? Can we find a rational

number which is the quotient when a rational number is divided

by a rational number, or Is it necessary to extend the system

again?
5We wish to investigate 2

4-7 in order to find whether
thiS expression has any meaning. In our inyestigation,we shall

require that the properties listed in Section 6-6 continue to
hold true.
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6-10

We do not yet know anything about division of rational

number3, but we do know about multiplication. We make use of
the fact that'divisionis the inverse operation of multiplication.

a b, x means that a= b x

We,tan start by saying that we want to find the number n ,
if there is such a nuMber, where

= n .
3 .

By the definition of division as the inverse of multiplica-
.

tion, we have 2

' n
This is helpful because the operation is now multiplication,

which we can handle. It would be nice to have just n instead
of .2 n We learned about reciprocals in Section 6-9 and we7

now find that the product of reciprocals is useful tä
5The reciprocal of
7

is and the product I-) is 1.
5

Let us now proceed:

25 . n from above

1111 n5n".75 and 7 n are different names for the same number.

Hi- k and 1. 4. n)" are different ways of expressing the
.product -of the same two number3,

i5andthentmtherr nlledby.11521; and also

by "(7 n)".

n7 2
3"

n and "- (57 n)" are names5 .

for the same number.

2 14755. .(product of rational numbers)

;-4 (4 n)

n)

114 'f) n)

14
= 1 n

14 = n
15

2Then 5 5
=_

14becomes

2or 5 7 - 5

Associative property

53 /and 7 are reciprocals

Identity property of 1

Statement we started with .

n is
14
n-r-ID

14 2
rs- is 5 c (product of rational

"1 numbers)
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6-10

The last statement says that division by ,L57. is the same as

multiplic.ation 15Y its reciprocal
D

. Does division of any

rational number by any non-zero rational number follow the same

procedure? The answer is yes. Division by any rational number

(not zero) is the same as multiplication
2
+

5

3

2You have found'that 5 is
number. It is the only possible meaning

the properties stated in Section 6-6 are

by its reciprocal.

which is a rational

to attach to 3. if

kept. It shows the pro-

cedure to use with fractions in the division of rational numbers

and it shows that the rational numbers are closed under division

except that division by zero is excluded..

To find the'quotient of two rational numbers

written ,as fNactions, find the product of the-J. [

\ ,me

first ratio 'al number and the reciprccal of

the secondArational number.

Quotient of-Two Rational Numbers:

If a, b, c, and d are whole numbers with b and d

not equal to zero,
a ca d a'' d
'6 + a.

_
c b c

When we began our search for h. in n we were not

sure that such a number existed. We found that indeed there is

such a number and 14that it is Let us check that this- riuM-
15

ber n (14.
) really does satisfy,

3- 7
, 5

5 14 5.. 7 2 5 . (7, 2).

7 15 7 5 3 7 '5 3'

75-) 3 1 3

2

218
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Upress each of the: following as'a fraction: e
(a) (b)

.

(c)

1. 3+ 4
g

, +5
2 5

2. 4 +-4 , '; 5+7

5 2

3. i+ 4 4 t .3- i + 3-

5+ 7
5 3+ ; 2 7

5 + -5 + i

6. i + ; 5+5
7 2 i 4. 4

7 i + ;
.7- +? i 4. i

4.

8. ; + i i i -\ i + ;r
EXpress each of thp3fallowing as a fraction in simplest form:

1 1

1\13. Mrs. Brown has 4. pounds of potato salad. How many
1portiohs of Is pound can she serve?

14. A metal worker has a steel ar 3. of a foot long. How many
1

pieces g of a foot long Clan be cut from the bar?

15. A wire.fence extepds over. a distance of of a mile.

+
1 1 14 2+3 15+3
4+ 4 10 12

5 7

each
1F

ofa.mile a wooden post is_ used.as-a support. How

many *wooden poSts are used `(Don:ltfOrget to count the post

At

at each end.)
ft(

219
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Write the reciprocals

a. 11

b. 201

c. 47

d.
15

nxercises o-lup

of the following

e.

f.

g:

h.

27
50
-3-

1000

46

rational numbers:

2. In the fallowing, letters represent rational numbers all

different from zero. Write the reciprocals.,

1a. m b. s c. E d. e.

Write the set of,pumbers consisting of the reciprocals of

the members of the set Q where:

Q = 11, 3, 4., g'S i} 0

4. Find the value of x so that the following statements are

true:

a. 3 x = 1

1
b. 7 x = 1

2
0 4 4

3
X = 1

Express each of the following in simplest form:

7 100d. 5 x = 1 f. x = 1

e. 100 x = 1 g. x = 5

2 2
5. 5 5
6. 3

7.

8. + 1

9. 9 3

15 1 111. 77. - 7 17 7. + 5
1 1712. 7 + 18. 1 + i

22 35. 6 519. 7 + -5

I4 9 2
14, 320. 4-

S
11 7 45 515. T + 7 21. 4.

.16. 1 + 27 5

220
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Exercises 6-10c

EXpreSs,eachof the following as a fraction in simplest form:

c.

d.

1 11 11
7- e. 4. -2-

1 1
f.

2

2.
,Do you think,division is commutative? Express each quotient.

as a fraction to test your response.

b.
1 2

+ 3
3. Do .,you think that division is associative? Express each

quOtient as a fraction to test your response.

b. (i

4. A large can of orange juice is full. If a portion of

Orange juice. is .12E' Of this large can,' how many people can

be served by using the juice in the can?

5. How many meat patties can be made from .4. pound of meat if
each patty is to contain pound of meat?

6.. Mrs. Edwards bought 7 of a watermelon. She. cut the water-

meign into 8 equal:, portions. What part of a whole melon
is each portion?

. 6-11. .Addition of. Rational Numbers.

i~s time to pretend again. This time we shall investigate

additi n of rational numbers. We shall use the distributive

proper y.. This seems reasonable simce this property uses mul-

tiplic tion which we know about and addition which we wish ,to

study.

Our problem is to extend addition t6 rational numbers and to

keep the properties of addition. We shall start with the simplest

kind,of addition example where the fractions have 'the same

denominator.

223.
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Example 1: Add 4 -and 4.
t d

--. We know that 2

and 3
z

1

7-

#_

27

4..

Product of two
rational numbers.

I

4. . 2 ° 41 + 3 71

+ r = (2 + 3) 7 Idstributive property
1

4! + 5 .' 4 1,2 + 3 = 5

Example 2: Use l. and 195.,(b 0) to
/

1

represent two /
/

rational numbers whose fraCtions have.the same

denoMinatOr. /

,

Add a
+

We know that a
iset a

and IT. is c

1a F+c B-
a c

+ F =

a c
(a + c) t-

a c + C
A s B.÷."=

a

s
1

Exercises 6-11a

(Class. Discussion)

1. Describe in your own words the procedure to follow to find

the sum of two rational numbers in fraction form in whiCh

the denominators are the same.
\ ,

2. What fraction represents the sum of .2. + a Where
1

s s
and s are. whole numbers, 1 and s p 0?

224 2\
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. EXpress as fractions:

t.

46 4. 4'.c;

1 1

3' +7
2 2
/ 9

Express ae.fractions

2 6
e. +

f. +8

z
5 3

+ A
9 9

g.

h.

in simplest farm:

e.
2 + 4

f. +

g.

, 11 10Li. +

5. Find the least common multiple of the denominators in,each

pair of fractions.

a.

b.

c.

d.

4
46' T5

241

e. Z

f.

h.

50
P.2

s,
i 2

6. Use the least common multiples of th1\e,pairs of denominators

in Problem 5 to write equivalent frations with the same

denominator for each .paif of

Eiample: a.

4 4 2 8
'15 30

223
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C

_ So far, you have learned how to add rational numbers of a

partiCular.kind. The fraction forms of these rational numbers

have the same denominator. What canbe done when the fractions

have different denominators? Simply.find equivale-t fractions

ln:whichthedenominatOrs are the same.

Consider the problem of:finding.a fraction for the sum:

Any common multiple of 5 and 7 will serve for a denoM-

_inatorvbut the least common rultlple'is usually. preferred.

What is the least common multiple of 5 and 7 ? Write

equivalent factions and add:

2. 3.4

5 and 4_

+4 29
53 + 35

Exercises 6,11b

1. Express each sum as a fraction and simplify where it is

_possible.

a. 4.4 e.
"?T

.
4--fi. _

1 1.2 2

3 + 7 . J. r + s
c.' r + 5 .

+ IaT, k. 3 +3
1 1 5 1

d.
46 2- Is h.

b + 3
1 1

1. +A.

2. If a, b, c, and d are whole numbers with b and 4 not

equal to zero, find a fraction for .g. + i .

a. What is a common multiple of _bo and d?

b.
a ? ?

B7ff
c ? ?

c.
s

B-77
a d b ?

d. b"=a

224.
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Express each sum as a fraction:by finding least common

denominators. Simplify..where possible.

p 1 1 4
a.. ity AI-1 1 Z. k. -55

22

2
+.7 3"55

1 2 2
C. + 4r: h. + 6 m.

+

(14. + 4il
i.

B.

1
-I- '5'

2 .5+;

e, . + 4 j.
B.

1 /.

9
o. 4 +

2 .

D

4. -. Express -each of the following as a fraction in simplest foriii.'

a. ( + 3.) +4
/

c. (. + 4) +i

6.

h
12

b.
+ `3"-+

3' d.
. 15

V 8J
1Ina recipe the ingredients

1
include. 5 lb. butter, lb.

sugar, $ lb, cocoa,.and 6 -lb. peanuts. What is the

total weight of these ingredients?

It is 6 ,.of a mile from Bents home to school and 2- of a
_ . 8

Mile from his home to Lincoln Park.' How far does Ben walk

when he goes home from school and then on to Lincoln Park?

7. Itle,White family spend of their income for rent'aml 4.*

of their income for food.

a. What fractional part of their income is spent on both

rent"and food?

b. What fractional part of their indome is left over?

8. On a lohg motor trip Mr. Downs covered (1* of the distance

the first day, * of the distance the second day, and

of the distance the third day.

11__What part of the trip did Mr. Downs cover during the

first three days?

b. What-Tart of the trip did Mr. Downs still have to cover?

1 1 1uA man spends -a- of his salary for rent, 5. for food, for
1'clothing, and 7 for charity and service. .The rest he saves.

Out of each dollar he earns, how much does he save?

225
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10. In the magib square below, add the numbers in each column.

Then, adding across, find the sum-of the numbers in each
row. Now add the numbers in each'diagonal.- (Top left

aorner_to lole-right-cornerT-etc.

45
TS

lo
8 -47

.1.4 V. 4...i

'Sum of.Two Rational Numbers: If a, b, c, and d .are <i

whole numbers with b and d not eqUal to zero, then

a c a+ c

a c ad+b c
+ b d

The statement-above tells us that the rational numbers are

closed with respect to addition and describes the.procedure to

find a fraction for the sum of two rational numbers.

This Is the only possible. definition of addition'of rational

numbers consistent with the prOperties.of addition extended to

rational numbers.

6 -12. Subtraction of Rational Numbers.

7 2Consider the difference 7 - 7 .

/

SubtraCtion is the

inverse of. addition which we knoW how to do. 'The difference,

iS,thenumber which we add to to get

Then -
2- is the number

9
for which

72
D.

+ D. , Why was the form chosen here?
9.

42S



f.

It is easy to see that

Hence is the number
9

can be expressed as

The prOcedure for subtraction is

7 2

9 9

2 7 - 2

-.We often do the, middle step mentally. We check by addition:

2 5
+ 9 -9

Subtraction of Rational Numbers: If 1 and u_ where

b f 0' are two rational numbers; then

a c a - c

Exercises 6-12a

Express the following as fractions.

2. Express the following as fractions

4 4

a. 121 41
d. 5 5

341.* 41 -3-4b. f" e. 1

c. -# f. -14. -

g.

h.

1.

14 14

15 375

12 2

and check by addition.

g.
2

6

h.

8

20 7

a. How do you.prOceed-Iyhen.the denominators are different

As in.

b. What can you use for\s common denominator? What is the

least common denominator?

227
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. What two fractions equivalent to \ have the

;denominator 4p.?
.,.... ,.,

. \

d. What is the simplest fraction ,fer 7\,_
8. \

,

Express the numbers as fractions with the same denominator

iand write a single :''Action for ,each differe\ce.

2 4 14
. a. i.- i e. 5 - 7 i. 77 - 2

1 1 2 2
. b. .7 - 5 r. 5 - 7

s. 2 -

2 1
d. 3. - h. 7

1

5. Express each of the following as a fraction and simplify

when it is possible.

a.

b.

c.

d.

Find :a fraction for
a

whole: numbers and

a. Express § and

denominator.

a ?
b.

c

c

e.
7;Z -16

f.
176

1
g.

h. 7 5
1-4*

- 3 where- a, b; c, and d are

0, d 0.

rr
3 al

as fractions with the same

Exercises 6-12b

Express each of the following as fractions and simplify when it

is possible.

6 c) 11 5
7, - A1. 7 t 4, - E.

17 4. 5 1 2.
,,f3. -5 7

a. -,. 65. lo
i.

".1,
4 _ 11If. 6.

14 o _L _
3 75 15 -* 13. "177

228
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10. During the first hour of travel a plane covered of the

'whole trip.' At the end of the second 'hour +I of the trip

had-been-contple-ted-.--Uhat-part of 'the-trip-was_oovered

during the second hour?

11. Over a ten -year period the city of Spring Falls grewin

population from 42' of a, million'to t of a million. By

what fraction part of a million did Spring Falls grow in

this ten-year period?

512. Betty .had a piece of ribbon E of a yard long.' She used

of a yard to make a bow. How much ribbon was left?

Was this more or less than a yard?

6-13.. Summary..

In this chapt3r you saw why it was necessary to extend the

number system from the whole numbers to the rational numbers,

This extension was necessary because the counting"' numbers are

not closed under division. Need for the rational numbers arose

when man started to use numbers to measure.

Fragtions are names for rational numbebs. The fractions
114111 H8n 1120115 , are all names for the same number.

The set -of rational,numbers is closedunder the operations

of addition, multiplication and division. You have learned

celain procedures for expressing in the form of a fraction the

Sum, difference, product and quotient of two rational numbers.

These procedures are not picked out of a hat. They follow

logically from the basic properties of the operations of mul-.

tiplication and addition. The basic procedures of operation

with rational nuMbei4s are given below.

ti
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MMIWOW.-41.1:Xl
!TPCP-7,

If a, b, ct and d are whole numbers with b- and d

not equal to 0 'then:

. Product: a c f a.--e--

F E- r7d
Equivalent fractions: a

V rd = V

a c aDivision: u +.1. =.-775.d (c not zero)

a _c a+Addition:
0 B-1- E Th--c

a c a d-+ b c
V + a b d

{a

c - cV = I--
a c- ad-b c
F a = b d

r
Subtraction:

b By., a where
a

ls a rational number.

Reciprocals: Two numbers are reciprocals of each other if

the product of the two numbers is one.

6=14. Chapter Review.

Exercises 6.44

1. Copy and complete or awl the correct value of

a.'

c.

2. Multiply and simplify.

2

?

7

x = 6

4.5 = 4

d.

e.

f.

?

6

4

=?

?T = 5
x = 3

,

.
! . a. 7 ,

f. k. 4'..7 (; i) '.

b. i.' 4 B. 2 '!,i. 1.
i. (4 -14-),i .t.o.

h. 12 -5
2

m. 4 (5 ..1.52)

12. 1
..

T 3 , -lo (;" 4)
. .

i.
22 31 n-4- .

e. * 4. .1. -3, - 75 .o. ;.' (g i)

230,
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Divide anet simplify ''

2 4 6 5 14 21
I" T _t_IU m. 5 4. 4.a. 4.5 - e. +

.1 2 22 11 i + 5

Pr +i g. 3+ k. ,4+ o. i+ 4

d. .5. .1. 2 .h. 4 4. 4 . l. i 4. 4. p. 14 + i9 7
4. Add and simplify.

L
1 Ia. 7 + 5 g. .(4 5) +

,
1 b

1b. 5 + h. (i.'t ;) 1.,,
: , . -

d. S+ J. T + t
2

2 1.
e. 7 5 k. 2 + -P-

o

f. i + 4. 1. 4 + 5

5. Subtract and simplify;

a.
i. 4. e.

5 1_
5 .

4 20
7 " 3 4 .

b. i f. .i -77 -J. 3- - 316

rr 7 IT g. i g"
11c.

10 - 5
k. 5 --

d. i` -2 h. \ 7c'y ll:BL
4.. .2.

11

6. Perform the indicated 6/Deletions and simplify.

a. f.
2 3

d.

h.

i.
2
7 J.

2

2

s-

231

k.

1.

m.

n.

o.

24r5 --

14
13

_

7

411

5
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6-14

A piece Of plywood is made of three plies of ,thickness

1" ?-67" 1; oNLt hiok_is the board?

Two-thiiids of a cake is divided into 3 .pieces. .How much

of the cake is each piece?

9. Before Edward moved, his home was mile from his school.

His hew house is 2 blocks closer to the school.

(Assume that a block. is lit of a mile.) How far from

schoolis his new house?

10. A recip& calls for ir of a cup of milk. If Mrs. Cook

reduces the' recipe by 3, how much milk should she use?

11. Pouf, boys went on a picnic. In their lunch was half of a'

uatermelon..,They divided it'equally& What part of the '

whole. melon did each boy get?

12. If 2 of the eighth grade class usually works during the
8

summer, -how many members of a class of 304 will probably

work during the summer?

13. ,.How many quarts of milk are needed by a family of 6

persons for a week if each person uses of a quart

each day?

14. What property of. numbers is illustrated by - = ?

. What is the least common 'multiple of the denominators of

4and ?

16. If the product of two numbers is 1, what are the numbers
i

called?
I

How can you decide whether two fractions name the same` -

rational ?umber?

Complete the following statements:

18. .is the number which when multiplied by ? is

2 1T19. 5 is the product of ? by .

220.
3

? = 1 .

232
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6-15. Cumulative Review.
1

Exercises 6-15

2 2 25.3T1. Find another name for

a, as a fraction.'

b. uning.an exponent.

2. a. What are common names for 5 and 35 ?

b. Which is larger and by how, much?

Use'set notation to desoribe the set of all multiples

Is this set closed, under addition?

4. 'What whole numbers can youLreplace

fo owing etntements are tke?

a. 8 + n.= 15

1). 8 n 15

c. 8.+n<15
5. True or False.

eme.point, then

reason for your

6. In the diagram there are
4-* 4-*

three lines. AB and CD

are parallel.

n by so that the

of 10.

If the intersection of two lines is exactly

the two lines lie, in the same plane. Give a
answer.

a.

b.

c.

What is

What is

What is

B

7. How many different, prime factors does 100 have?

8.. Can ybu tell if:

a. 10101 is divisible by 3 without dividing?
b. ,Is 10101 divisible by 9 ?

9. What is the least common multiple of 2, 4, and .10 ?

10. If a number has 10 as a factor, what other factors must

the number haVe?
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Chapter 7

NON-METRIC GEOMETRY II

7-1 Segments.

Con:Sider three points A, ,B, and C as in the figure
bdlow. Do we say that any one of them is between the other
two?, No, we do not.

A

ge

,We use the word "between" only when the points'in question
are on the same line. Look at points ?, Q, X and Y above4-P
on the line PY.

Is X between Q and Y?

Is Q between P and Y?

Is P between X and Y?

Your answers should be yes, Yes, and No.

We know that while Q ip between .1) and X, there are

many other points between P and X. These other points have

not been labeled.

When we,say that a point

we mean two things:

between points A and B,

1. There is a line containing

A, B, and P..

2. On that line, P is between,

A and B.

Look at at the line AS again. Are there points other thani

P between A and B? We have not labeled any but we know

that there are many points between A and , B.

We can now say' lihdt we mean by segment. Think. of two.

different points L and M. The set of points consisting of

235
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L, M, and all.points between L and M is called the

segment 'LM. Points L 'and M are cal/ed

the endpoints of,the segment. We name the

segment which has endpoints L and M

`N'\by I7 ar by ML. A segment is'a part

lipf a line.

In the figure below, we can name segments AB, DB,

and 17. Can you name other segMents?

You have studied about the intersection of sets. Do you

agree that in the above figure the intersection of segment

AC. and segment BD is segment BC? (AM TD"' = BC)

Exercises 7-la

1. In Figure 2:

a. Name two segments whose intersection

is point C. Name the endpoints

of each segment.

ill11111111111L

_b. Name three segments whose

intersection is point B.)

Name the endpoint of each

egment.
Figure 2

4-,
c. Explainthe difference between AD and AD.

d. What is ABil-DE?

e. What is AD11

236



2. In ngure 3:

a. Name 4 .segments that

intersect at Z.

b. What is 2.711.17?

c. What is wn
d. .What is 72.171W?

e. What is Mrn 77Y?

In Figure 4:

a. Name 3 segments on TF.

b. What is ERATDM?
c. How many point; 3re there

between T and F? Name

two of these points.

d. What is TKn DF?
e. Name at least 6 segments

on AL.

W- V

Figure 3

Figure 4

4. Draw a segment. Label its endpoil:ts X and Y.

a. Is there a pair of points of W. with Y between
them?

b. Is there a pair of points of with Y between

them?

5. Draw two segments AB and CD\ for which AB n CD is

empty but te is one point.

6. Draw two segments PQ and RS for which PQ fl RS is

empty but PQ
4-4

is

7, In Figure 5:

a. Is AB C )9empky? Explain.

b. Is AU fl i empty? Explain.

237
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Union of Sets

You may remember that the intersection of two sets:

A = (2, 4, 6, 8, 10)

B.= (5, 6, 7, 8, 9, 10)

is a set

C ='.(6,: 8, 10),

whose members are -in both set A and set. B.

It is sometimes helpful' to talk about a different set

.formed, from set A. and set B. Suppose we think about the

set

D = (2, 4, 5, 6, 7, 8, 9, 10}.

The set D includes all the members of A and all the members

of B. Set D is called the union of. sets. A and B. Notice

that members 6, 8, and 10 appear in both sets A and B.

We agree to list these elements only once in the union.. The

symbol used to show union is Lj. We read:

AUB= D

as "the union of set A and set B is the set D."

Another example of the union of two sets is given below:

Let r,at P be the set of girls in your

mathematics class.

Let set Q be the set of boys in your

mathematics class.

Then Fu q is the set of all'the students

in your mathematics class.

_A. geometrical example can be

seen in the picture at the right.

Here Iffu =

Tuu = AU and 77U CD = AD.

2 9



Another concept is illustrated by this me picture.

We see that every point in the segment BC is also a point
of AD. We express this fact by saying that BC is a subset

of AD or by saying that BC is contained in AD. You.

should see that AC is a subset of TD and BC As a subset

of ITI5, but of the segments AC and BD 'neither is a subset
of the other.

Other examples of subsets are:

The set of boys in your school is a subset

of the set of. students in your school.

The set (1, 5, 9) is a subset of the

set (1, '3, 5, 7, 9).

In these examples the words "is a subset f" may be

replaaed by"iS.contained in."

Remember that in general for sets S and. T,

"S is a subset of T" or "S is contained in T"

means that every member of S is also a member of T.

The concept of subset is extremely useful. One reason

for this is that anything that is true of all members of a.

set is also true of all members of a subset. For example:

if all the students in your school are American citizens

then you may conclude that all the students in your class

are American citizens. The reason that you can make this

conclusion is that the set of students in your class is a

subset of the set of students in your school.

Exercises 7--lb

Figure 6
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7-1

a. .In.Figure 6, is segment BC contained in segment

AV?

b. Is Ira a subset of 15?

c. Nathe other subsets of AD which are segments.

?. a. In Figure 6, is. CE a subset of CE?

b. Name other rays which are subsets of Iv

3. In each case, write the elements of the set that is the

union of the given set:. Write the elements of the Bet

that is the intorsection of the given sets.

a. R = (a, b, c, d, e)

S = (a, e, i, o, u)

P = (1, 3, 5, 7, 9,

Q = (1, 4, 9, 16)

c. X = The whole numbers 1 through 10

Y = The whole numbers 3 through 12

d. A is the set of linemen on a football team.

B is the set of backs on a. football team.

4. Draw a line. Label three points of the line A, B,

and C with B between A and C.

a. What is ABC) B C? d. What -is .0 U AC?

b. What is ACC) B C? e. What is AC U BC?

c. What is AB U BC? C. What is ABU 7E?

5. Let A. and B be two points. Is it true that there is

exactly one segment containing A and B? Draw a figure

explaining this problem and your answer.

6. In the figure at the right

_a. What is ITU 1,7?

b. What is ZiltLi M?

c. What is -MU U?
d. What is 71LI f. What is PR U QS?

e. What isT-TU M? g. What is PQ U QR?

7. Draw a vertical line J Label M and N two points

to the left of . Labe]. C a pbint to the right t
of Is n empty? Is MC (1 empty? Explain.



7-2

1

8. a. Explain why for any sets A and B we. have An B
is contained in A while A. is contained in A U B.

b. Explain why: If A is contained in B and B is

contained in '5C then A. is contained in C,

9. Illustrate both parts of problem 8:

a. With sets of people.

b. With sets of numbers.

c. With zeometri,!;Al sett.

. A = (multiplcs of ())

B = (multiples of 2;

C = (multiples of 5;

a. How is B itk

b. How is C relat,?t

c. How is B n C reio:cea A?

7-2. Separations.

We often find it convenint to separate sets of objects.

For example, in a movie theatre we usually separate the seats

on the left side from the seats on the right side by a center

aisle. In baseball, we separate the points in fair territory

from the points in foul territory by Coul lines.

This idea of separation is also important in mathematics.

Three important cases of this idea will be considered

In Figure 1, let plane ABC

be the plane of a window in your

classroom. This plane separates

space into two sets:

241
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1, The.3et of points on your side of the plane of

the window.

.2. The set of points on the other side'of the plane

,of the window.

The portions of space on the two sides of plane ABC are

called :half- spaces.

half-space.

Let R and S be any two .

. points in space not in the plane

ABC of the window. Then R
and S are,on the same side

of the plane ABC if the inter-
.

section of RS and plane 'ABC

Is empty.

Also; R and S are on

opposite sides of the plane ABC

if the intersection of RS

plane ABC is not empty. In this

case, there is a point of plane

ABC on IT.

The plane ABC itseJf, is not in either

D

B

R

C

Figure 2

Thus, we have three types of separation:

Type 1-Arajolane ABC separates space into two

.R

.S

half-spaces.

If R and S are in the same half-spacehen RS nplane
PBC is empty.

If R and 'S are in different half-spaces; RSrel plane

ABC is not empty.'

We call plane ABC the boundary of each of the

half-spaces.

.242
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Consider the plane XYZ. Do

you'see how 'the plane XYZ could

be separated into two half-planes?

What would be the boundary of the

two half planes?

Do.you agree that.a line such

as )9, separates XYZ into two

half-planes; We call line the

boundary of the two-iialf-planes.

Look at Figure 5. It consists
, -

of the line / and three points A,

B, and C..

Is mn /the empty set ?.

Is, IT n /the empty set?

Is ran ithe empty set?

Figure 3

Figure 4

Figure 5

If your answers were yes, no, no, you were correct.

Thus, we .have

Type 2-Ara line of plane. XYZ separates the

plane into two halftplanes.

Recall that planes and lines extend without limit.

Therefore each half-plane extends without limit..

We call the two half-planes into which a line separates a

plane, the sides of the line. For

example, in Figure 6, the line,/

separates the plane ABC into two

half-planes. The two half-planes

are called the sides of I . We

name thesides of by saying the

A-side of f and the C-side of/

In Figure 6, the B-side of )9 =

the A-side of J .

243
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Now, consider the line . What is meant by a

.half-line? Do you agree that a point P separates line A!

'intO.two half-lines? We call point P the bdundary of the

calf- lines.

Type 3-Any point,

line 1

In Figure 8, D
on the same half-line

Figure 7

P of line qp_ianlIta the

into two half-lines.

separates -so that A and C are

and A and B

are on different half-lines. Can

you see that, if two points are on

different half-lines of the same

line, then the boundary must lie

between them?

1.

Figure 8

Exercises 7-2a

(Class Discussion)

Exp.Lain how each of the following may be used as'an

example of a separation:

a. The plane of the net on a tennis courc.

b. First base on a baseball field.

c. A movie screen.

d. The right edge of your desk.

e. A window in your living room.

f. The 8-inch mark on a 12-inch ruler.

g. The goal-line on a football field.
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Mb.

In Figure 9, line and points

P, Q, R and S are in one

plane. Are the:following state-

ments true -or false? Give' reasons

for your answer.

a. The 'R-side of J is the
same as the S-side off .

b. The S-side of is-the

same. as the Q-side of / R
c: n PQ is, empty.

d. ,J n Tiff is empty.

e.P11 Zig is empty.'

n P is empty.

S. In Figure 10,

a., Doe's PQ separate the

. plane ADC?

b. Does PQ separate the

plane ADC?

Explain your answers.

P.

Figure 9

S

C

Figure 10

4. Draw two parallel horizontal lines k and m on your

paper. Label point P on line m. Is every point

on m on the P-side of k? Explain.

5.' The idea of a plane separating space is similar to the

idea of'the surface of a box separating the inside from

the outside. If P is a point on the inside and Q

a point on the outside of a box; does .PQ intersect

the surface?

*6. .a. Could the union of two half-lines be a line? Explain.

-b. Could the union of two half-planes be a plane? Explain;

*7.- If A and B are points on the same side of plane RST

(in spaCe)mutt AB M plane RST be empty? Can ,ABH

plane RST be empty?
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A xElx is a half-line together with its endpoint.. A ray
has one endpoint. Thus, a raz without its endpoint is a
half-line. We usually draw a ray like this, If A is

the endpoint of a ray and B is another point of the raj
we denote the ray by Kit Note that BA is not the same

as A. We use the term ray in the same sense in which it

is used in "ray of light."

In everyday language, we sometimes do not use the words

lines, rays; and segments as words with different meanings.

In geometry, we should be careful to use them precisely. A

"13ne of sight" is really a ray because it has an endpoint.

Thus, you do not describe somebody as in your line of sight

if he is behind you.

The right field foul line in baseball refers to the

union of a segment and a ray. The segment extends from

home plate through first base Mo the bottom of the ball

park fence. It stops at the fence. The ray starts on the

ground and goes up the fence.

Exercises 7-2b

1; Use Figure '11 to explain the meaning of:
4>

a. RS

b. 177..

c. RS

R S

Figure 11

2. In Figure 12 :

a. What is PL U LK? A

b. What is n LK?
Figure 12

c. What is LU IX?
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3. Draw a line containing points A, B, and

from left-to right-.

a. What is AV) EA?
'1)% What is BA; I CB?

c. What is AC f I BA?
--)

d. What is BA U BC?
-4 -4

e. What is BA U CB?

n order

4. Draw a horizontal line. Label four points on it A,

B, C, and D in that order from left to right. Name
two rays (using pairs of these points to name them):
a. whose union is the line. c

b. whope union is not the line but contains A, C,

and D.

c. whose union does not adhtain A.

d. whose intersection is a point.

Whose intersection is empty.

7-3. Angles and Triangles.

Angles.

An angle is set of points consisting of two rays

with a-common endpoint and not bpth in the same straight

line. For example, in Figure 1, BA

f"
and BC are two rays. B is the

common endpoint and A, B, and C

are,tnot on the same line. Thus, the

set of points consisting oft all the

points of BA together with all the

points of BC is called the angle ABC. Figure 1

An angle is the union of two rays with a common endpoint,

and not.both in the same straight line. The common point B

is called the vertex of the angle. The rays BA and BC

are called the rays (or sometimes the sides) of the angle.

An angle has exactly one'vertex and exactly two rays.
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7-3

Consider the angle drawn in

lftgure 2. Remember that R

-reprell6s a point and that RS.

and RT represent rays.

SiLilarly, Figure .2 represents

an angle..

1,)

Figure 2

It is often necessary to name angles. The angle in

Figure .2 is named Z. SRT or L TRS. The letter at the

vertexAis always written between the other two letters. -

Exercises 7-3a

(Class Discussiop)

1. Draw an angle ABC.

B

Figure 3

. You can see that the angle separates the plane.

3. Shade the portion of the plane

that appears outside the angle,

''as shOwn. This shaded portion

is called the exterior of the

angle.

4. 'Shade the portion of the plane

that appears 'inside the angle,

as shown. This shaded pogtion

is called the interior of the

angle.

ti

4

Figure 4

B

Figure

Explain the following statement.

"The interior of L ABC can be defined as' the inter-

section of the A-side of BC and the C-side of AB."
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Note that the interior of an angle is the intersection ,of

two half-planes. The exterior of an. angle can never he the

intersection of two half-planes. Th;rinteriorofan angle.
does not contain the angle. The exterior of an angle is the

set-of all points of the plane not on the angle nor in the

interior..

6. Another way to indicate the

(exterior of 2: ABC is to

say that' it is tl'e union of,

the V-side, of AB and the
6->

Q-side of BC.

Exercises 7-3b

1. In Figure . 6,

a. Name the angle in two

ways.

b. Name the vertex of the

angle:

c. Name the rays (or sides)

of trie angle.

0

Figure 6

2. L&-el thx;ee'p'ints ,A, B, and C not all on the same
4.-,. .

line. Draw AB and BC,

a. Shade the C-side of

b. Shade the A-side of BC.

A 'What set doubly shaded?

3. In Figure 7, what is:

Ua. -VT L) VW?

b. TV n WV?

nC.
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Triangles

Let A, B, and C be three
points not all. on the same straight
line. The triangle ABC, written
as A ABC, is the union of VS,
17, and BU. You will recall that

the union of two sets consists'cf
all the elements of one set,

together with all the elements of

the other set. In this case, we

have the union of three sets. The union of AB, 17, and BC
consists of all the elements of the three sets taken together.

The triangle ABC As the'set of points consisting of A,
B, and C, and all points of AB between A and B, all4H Hpoints: of AC between A and C, and all points of BC
between B and C. The points A, B, and C are the
vertices of A 4BC. We say "vertices" when we talk about

'more than. .one vertex.

Figure 8

Angles, of a Triangle

Do you see that the sides of a triangle are contained in
the triangle? This is true because the sides of a triangle
are segments.

Are the angles of a triangle contained in the triangle?
No In the figure L RST io the union
of SR and g'. As you can see the w

o

/ M
angle extends beyond the sides of the /

y /
triangle. /

Figure
Note that a triangle is a set of point n exactly one

,plane.

' Every point of the triangle
, Would you .ay that /1 RST separates the plane'in which
it lies? It does.

RST is in the plane RST.
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7-3

. The A RST has an interior and an exterior. The

interior is the. tiltersection ofthe interiors of the three

angles of the triangle. The exterior is the set of all

points of plane RST not on A AST or in the interior of

A RST.

Exe7.cisca 7-3c

1. Label three points A, B, and C not all on the same

line. Draw IP, 11% and BC.
*--10

a. Shade the C-side of AB. Shade the A-side of BC.

What set is now doubly shaded?

b. Shade the B-side of AC. What set is now triply

shaded?

2. Label three points. X, Y, and Z not all on the same

line.

a. Draw 'Z. XYZ and L. XZY. Are they different

angles? Why?

b. Draw Z. YXZ. Is this angle different from both

of the other two you have drawn?

c. Each angle is a set of points in exactly one plane.

Why is this true?

3. Draw a triangle ABC.

a. In the triangle, what is Tffn AC?

b. Does the triangle contain any rays or 'half-lines?

Why?

c. In the drawing extend AB in both directions to _obtain

AB: What is AB (-)Iit?

(7d. What is ,AB VLA ABC?

e. What is -gru A9?

4. In Figure 10
a. What is Wr) A ABC?

b. Name.the four triangles

in the figure.

c. Which of the labeled

points, if .ahy, are in

the interior of any of

thetriahgles?
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d. Which of the labeled points, if any, are in the

exterior of any of the triangles?

e. Name a point on same side of . WY as C an0

one on the opposite side.

,5. On your paper, make a copy of Figure 10.

somokabel a point P not in the interior ny of the

triangles.

Label a point Q inside two of the triangles.

c, If possible, label a point R in the interior of
A ABC, but not in-the interior of any other of the

triangles.

6. If possible, make sketches in which

line and a triangle is:

a. The empty set. .

b. A set of one element

c. A set of two elements

d. A set of exactly three elements

e. A line segment.

7. If possible, make sketches in which

two triangles is:

a. The empty set f.

8.

b.

c.

d.

e.

Exactly one point g.

Exactly two points h.

Exactly thrde points i.

Exactly four points

In Figure 11, what are thd

a. L. ABcrl AC.

b. 'A Ascr)la

c.
1
n L ACB

d: AB rl

e. A ABC

f. r) L ACB

g. Apc A ABC

h, AC LI CB

the intersection of a

the intersection of

Exactly five points

A line segment

Two line segments

Three line segments

252plio

Fiigure 11



In_a plane if' two triangles have'a common side must their

interiors intersect? If three triangles have a common side;

must some two of their interiors intersect? Make drawings

to explain your answers.

10. BRAINBUSTER: Draw L ABC. Label-point-s X-'and Y in

the interior and P and Q in the exterior.

a.' Must every point of XY be in the interior?

b. Is every point of PQ in the exterior?

c. Can you find points R. and S in the exterior so

that RS r) L ABC is empty?

d. Can XP r) L ABC be empty?

*7-4. One-to-One Correspondence. (Optional)

In the first part of Chapter 3 we studied about one-to-one
correspondence. We learned that early man kept a record of the
number of sheep in his flock as follows: For each sheep he put a
stone in a pile. In order to make sure that no sheep were missing
he took a stone out of the pile as each sheep went into the pen.
If there were no stones left in the pile when the last sheep was
in the pen he knew that no sheep were missing. This process of
matching eaL..i member of one set with a member of another set is
an example of.one-to-one correspondence.

Let us consider other examples of one-to-one correspondence,
or matching. When Mrs. Barber served tea she put'a set of

saucers on the table, one for each guest. 'Susan Barber then
placed a cup on each saucer. Thus, there was a one-to-one

correspondence between the set of saucers and the set of cups
on the table.

At the start of a major league baseball game nine players ran
onto the field and took their positions. There was a oneto-one

correspondence between the set of players and the set of
positions. I

Let U be the set of human noses in your classroom.

Let V be the set of humans in your classroom.

K.
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7-4

Is there a one -to -one cOrrespondenc

each nose it there a matching human?

a matching nose?

In showing'.that two sets X and

correspondence we must show .what:

a. For each element in X there

element in Y.

and

b. Earth clement in Y corresponds to a given element

in X.

etc lsen -U and V? For

For each human is.there

Y are in one -to =one

is a corresponding

,Let us see how a one-to-one correspondence"is used in geotetry.

-Follow the directiont. '.Answer the questions as you

go along.

EXercises 7-4a

(Class DiscuSsion)

1. Draw a line and.label it .

2. Locate a point above line ., and label it P.

3. Locate a poiht on line J and label it A.

4. Draw PA:

a. Does 'PA intersect line J ?/
b. How many elements are there in the_ intersection

4c-->
of, PA and ?

point on line / and label it B.Locate a second

6. Draw PB.

a. Does 'V intersect A9 ?

b. How many elements are in the intersection

iPB and ?

7. Locate a third-point C on line
*-30

8._ Draw PC.

a. Does PC intersect ?
4,-310

b. How many elements are-in the intersection

PCPC and I ?
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9. a. Is it possible to locate more points on / ?

b. Through each additional point marked on can

you drald a line that also asses through point P?

10. Let all lines which intersect Y and Pass thrO;..gh P

be elements of a set called K.

a. HoCr. many elements of '1( have been drawn so far?

b. Hqw many poirilts have been'located on line / so:far?

c. Is there a point on ;for each element of K

drawn so far?

d. Is there an element K for each point located

on 9

.e. Can you match "one-td-i5ne" the elements of K and

the points located so'far?

f. Do you think that if more points were located on

and more elements of K were drawn that a

one-to-one correspondence between the sets could

be shown?

g.' Supply the missing words:
4 r

To a line thrOugh P and intersecting / there,
c*)responds a . on / , and to a

on / there corred through P

and intersecting. lspons

a

.

Have you found that there is a one-to-one correspondence

between the set K of lines and the'set / of points?

Exercises 7-11b

1. Each desk in a classroccria assigned to a pupil.

a. When all pupils are present, is there a one -to -one

correspondence between the pupils and desks in the

clasroom?

b. Is therr always a one-to-one cor?Iltpondence between

the pUpils and desks in a classroom? Explain your

answer.
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2. If you have a full set c.' fingers (including thumbs):

a. Is there a one-to-one correspondence between the

.fingers on your left hand and the fingers op your
right hand?

b. Copy and complete: For each finger on my left
hand. there is a finger on my

Two basketball teams are playing on a court. Show that
there is a one-to-one correspondence between the members
of one team and the members of the other team. .

A4. In the triangle ABC show

that there is a one -to -one

correspondence between points

A, B, and C and the sides

opposite these points.

5. Draw a circle as shown at t4ile right.

Label a point X in the

interior C£ the circle. It
R be the set of all tays

ing X as an endpoint.

understand that the

elements of R are in the
. I

same plane as the circle.

Draw several rays of set

R. Copy and complete the following:

a. For e-Very point of the circle there is

ray of set R cutting the circle.

b. For every ray of set R, there is

in whibh the ray .cuts the cirdle.

c: Is there a one-to-one correspondence between

set R and the circle?



' 7-5.

6. In the diagram below, LXYZ is an angle, 711

YT,- and YZ are elements of set K. Set K is thT

set of all the rays through Y which do not contain

points in the exterior of L XYZ.

/5g and-7Z are segments

joining points on YZ with

points on W.
a. ShOw that there is a,

one-to-one correspondence

between K and M.
b. Show that there is a

one-to-one correspondence

between K and XZ.

c. Show that there is a,

one-to-one correspondence

between TE and RT.

*7. Show that there is a one-to-one correspondence between"'the

set of even whole numbers and the set of odd whole numbers.

*8. Show that there is a one-to-one correspondence between the

set of even whole numbers and the set of whole numbers.

7-5. Simple Closed Curves.

In newspapers andmagazines you often see graphs like

those in Figures 1 and 2:

Figure 1 Figure

These graphs. represent curves. We shall consider curves

td be special .,types of sets of points. Sometimes; paths

that wander around in space are thought of.as curves.

But in this section we shall consider only curves that are
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7-5

in one plane. Such curves may be drawn on a chalkboard

or on a sheet of paper.

A curve is a set of points which can be represented

by 4.--pencil drawing without lifting the pencil off the paper.

.Segments and triangles are examples Of curves we have already

studied. Curves may or may not contain portions that are

straight.

One important type of curve is called a broken-line curve.
It is the,union of several'line segments. That is, it consists

of all the points on several line segments. Figure 1

represents a broken-line curve. A, B, C and D are marked
as points on the curve. We also say that the curve contains

or_passes_ thrpugh these points. Figure. 2 also represents
a curve. In Figure 2 .points P, Q and R are marked
On the ,urve. Of course, we think of.the curve as containing

many points other than P, Q, and R.

A curve is said to be a simple clobed curve if:

the drawing starts and stops at the same point.
h, no other point is touched twice by the pencil mark.

.

Figures 3, 4, 5, and 6 are examples of simple

closed curves.

Figure 3 Figure 4 Figure 5' Figure 6

Figures 3a, 4a, 5a, and 6a are examples of

curves which are not simple closed cv.,ves.

Figure )a Figure 4a Figure 5a
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Fl 7 represents two simple closed curves.

,Figure 7

The boundary of a state like Iowa or Utah on an ordinary

map represents a simple closed curve. A fence which extends

all the.way ardund a cor field'or a city park suggests' a simple

closed curve.

You can see that a simple glosed curve has an interior and

an.exterior. Also, any line or curve containing a.point in-the

interior and a point in the exterior must intersect the cloSed

curve.

EXTERIOR

Q

Figure .8

In Figure 8, P is in the interiorof the closed curve

and B is in the exterior of the closed curve.' The dotted'

line which oontains p and Q ,must cut the curve.

Figure. 9

In Figui,e 9, A is in the interior of the closed curve and

B is in the exterior of the closed curve. The dotted curve

which contains A and B must cut the curve. 1
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Any two points in the interior or two points in the
exterior of a simple. closed curve may b, joined by a broken-line

curve which does not intersect the simple closed curve.

Figure 10

In Figure 10, R and S are points in the interior of a
simple .closed curve. R and .S are joined by a broken-line

curve (dotted line); which does not intersect the simple closed
curve.

Figure 11

In Figure .11, L and M are points in the intieriorNof a

simple closed curve. L and M are Joined by a broken-line

curve (dotted line) which does not.inten,sect the simple closed
4-

curve.

We call the interior of a simple closed curve a region.

We call the interior of a simple closed curve,together
with its boundary a.closed region.

Closed Re ion (Interior and Boundary)

REGION
(INTERIOR)
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Exercises 7-5

1. Draw the simple closed curves described below:

a.' one which is the union of-four segments.

b. one which is the union of five segments.

/c. one which isthe union of three segments.

2. Draw a figure representing two simple closed curves whOse

intersection is exactly two points.

3. In the figure at the right,

the two-Rimple closed curves

are represented as C and C,,.

a. Make a

b.- Shade

copy of this figure.

he, exterior of C
2

with-irizontal lines.

c. Shade the interior of Cl

with vertical lines.

d. cULing the word "intersection"

describe in words the portion

of the plane that is doubly

shaded.

e. Describe the portion of.the

"plane that is singly shaded,

4. Look at a map of the United States.

a. Does the boundary of Colorado represent a simple close

curve?

b. Does the boundary of Arizona represent a simple c?osed

curve?

c. Does the,union of the boundaries of Colorado and

Arizona represent a simple closed curve? Why?
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closed curve J are shown

in the figure at the right.

a. What is J rl

b. Draw a similar figure and

shade the intersection of

the interior of' J and

the C....side of J .

c. DesCribe'in terms of rays

the set of points on ',10a

not in the intericr of J.

6. -BRAINBUSTER. Draw two simple closed

interiors intersect

. BRAINBUSTER. Think

crawl anywhere on a

a curve which could

from Y. (b) Draw

to tell whether the

C

curves whose

in three different regions.

of X and Y as bugs which can

floor. (a) Draw a picture showing

cerve as a fence to separate X

another picture in which it As hard

c,Ary 'separates X from Y.

7-6. Summary

v.lny of the practical uses of geometry are based upon the

angle ard the triangle. In order to work with the angle and

the t ".z;6.e we will need to understand the meaning of'segment,

:ray, onion of sets.

fAVV
A

E. sevment is a part' of a line together with its endpoints.

A ray is a bal;-tine together with its endpoint.

If every memberof a certain Set is also a member c)

continr, in) a second set, the.firtt set is called

a si.lbset of-the second'.

The union of two sets is a set consisting of all the

elements of the first set together with all the elements of

the second set.

Using these ideas we can now explain the meaning of

angle'and triangle.
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u ou,t, y pviu Ul LWO rays with an

endpoint in common and both rays not on the same straight line.

The triangle ABC, written A ABC, is the union of 7F,

, and EU provided that A, B, and C are not on the

same straight line.

A half-line is a ray witholut its endpoint.

A region is a set of points 11- 'he interior of a simple

closed curve.

The following ideas are useful in mathematics:

Separation'.

In this chapter, the following three kinds of

separation are considered:

1. Any plane separates space into two half-spaces.

2. Any line of a plane separates the plane in

two half-planes.

3. Any point of a line separates the line into

two half-lines.

One-To-One Correspondence

Two sets can be shown to be in one-to-one

correspondence if:

a. Each element or the f'irst set can be matched

with an element of the second set; and

b., Each element oQ the second set is matched

with a given element of the first set:

Simple Closed Curve

A curve is ziald to e a simple closed curve .if it

can be drawn:

So that it starts and stops at the same Loint.

b. No other point is tcuched twice' by the Pencil

mark.
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7-7. Chapter Review.

Exercises 7-7,

1. Draw a vertical line. Label four

points on it R, S, T, 'U

(as shown). Name t' 3:
a. Whose endpoints are S.

R

S

b.

c.

Whose union is the line.

Whose union is.not the line

but contains R, S, T,

and U.

T

d.

e.

f.

Whose union does not contain

Whose intersection is a point

intersectior, is empty.

R.

*-41.
2. Name ten subsets of RU.

3. In the drawing at the right

a. Explain the differengo.

between AD and AD.

b. Explain the difference

between AB and Z°.,

Whp.t.is the intersection
*-4).

of AD and CD?

In the figure at the right

a. What is AB n AC?
b. What is EC U CD?4-> 4--).
c. What is AE , BD?

d. What is AB rI DE?

4
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5., Draw a horizontal line. Label four points on it P, Q,
R, and S in that order from left to right. Name two
segments

a. Whose intersection is a segment.

b. Whose intersection is a point.

c. Whose intersection is empty.

.d. Whose union is hot a segment.

6. If R = (1, 3, 5, 7, 9i- 10)

And S = (4, 7, 10)

Write

a. R S

b. R U S

7. In the figure at the right

a. Name a point on the

B-side of P.C.

b. 'Name a point on the
4-*

F-side of BD.

c. What is AC
4-*

11 BD?

d. What is AB n DEG?

e. What is rfr H Td?
f. What is EB U EG? s-,;*

8. Explain how each of the following may be usedas'an

example of a separation.

a. The plane of a shelf in

a bookcase.

b. The left sideline on a

asketba.12 court.

c. The plane of a store

window.

d. Point P.



9. Draw A ABC.
a. Name the angle in the

triangle whose vertex is B.

b. What is -Z. r) Tu?

c. Are the sldes of the

triangle rays, half-lines,

or segments?

d. In the drawing, extend AS

in both directions to obtain

It. What is AB P AB?

e. What is AB I-1 AABC?

10. In the igureat the right,

a. 4;1n
b. 5S U M.?

c. A EEC f1 57??

d. U `ED?

e. A-15 n BC?

11. In the diagram at the right.

a. Point Q separabes

b. C is on the - side
4E*

of PR.

c. QB U QS is

ABC 11 PR . is

e. GBAn PR Is

12. In the figure at the right,

t is

the two simOqe closed curves

are represented by al, and -,.

a. Make a copy of this 'igure.

b. Shade the exterior of

with vertical lines.

c. Shade the interior or C
1

with horizontal lines...di

C2

Using the. symb'ol for Intersection indicate the region

that is doubly shaded.
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13. S is the set of states in the United States.

C is the set of state capitals in the United States.

Describe a one-to-one correspondence between set C

and set S.

'14. In the figure at the rights,

J is a simple closed curve.

What is

-a. ta (-) 11?

b. J n PT-n
c. A point outside J?

d. A6 L) AR?
e. AB U 13C?

15., By drawing lines through

point Z (like RS) show

hoW to set up a one-to7one

correspondence between the

set of points on 7Y. and

the set of points on WV.

7-8. Cumulative Review.

A

Exercises7-

Tell if statements 1-8 are True or False.

1. The numeral for "seven" would look the sane written

in base seven or base ten.

2. 0 ±: 0 is meaningless.

3. The numeral following
33'.our

is 100
fou'x''.

4. Some odd numbers are divisible by -.wo.

The difference between any two prime .numbers greater

than 5 always an even number.

6. A set is closed under addltionif the sum of any two

elements is an eleme:. of the set.

7. A common denominator of "two fractions does not have to

be a multiple of the dencmina.;crs of both of the aiven

fractions.
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8. If a line contains two different points of a plan,J,

it lies in the plane.

9. 3140eight is how many times as large as 314 eight
?

10. Find a whole number which ,can'be used for x to make

the following true:
a. 7 +x= 15
b. 1 +x=x+ 1
c. x = 0 -L. 3

11. In the figure it the right

a. What is GJn p lane DEF?

b. What it GH(-) p lane DEF?

c. What is plane Ann plane
DEF?

.f,--

d. What is JKI
(-,,,

I plane DEF?
<-4,-,

e. What is HKI I plane ACB?

12. Which of these: 2, 3, 4, '-, 6, 9, 10 4s a
.....

,

factor of

a. 60 b. 1cL,

13. Perform the indicated opet,a'ions and sirrr.l.;ry

3
. :.

a.
7

.L."._.1.-, + 7
10

r

-
c

b. d. 4
I.

÷
, 2

7 3 ..) 7

14. In the dia-r17 on he rir-17,

a. What is plane ABt:n EF'
4-4 cm

b. What is EGI I clane ADC':
4-:-

c. Explain why GF and

a: in the sa-- ;]ane.
. )

d. Explain why ER r., in L
qc----). (--*

sane flanr. a Oz, :.n_l



Chapter 6

RATIONAL NUMBERS AND THE NUMPER LINE

8-1. The Number Line.

Do you remember how then umber line is formed? You
start with a line.

Then you select a point on the line which is cal.,ed "0"

0

Next you choose a distance which is called -a unit of ;-1-;tance.

Using this unit of distance and starting at 6 you mark
off a point to the right of 0 which is called "1".

>-

Starting with 1 you measure off your unit of distance,to

find a point which is called "2".

Ar.d so on:

0 I 2

0 I 2 3 4 5 6 7 9 9 ICI

The counting number at'any point shows now many segments

of unit distance are measured off from 0, to the point.. Hence

"4". indicates the point. 4 units of distance from O.

.The number lir, may t used to "picture" the operations

on the counting num:bers. Suppose you want to add 2 3.

1Z)
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Star' with 0 on the

number line and mark off 2

.101its of distance. This is

indicated by an arrow., The

head of the arrow all on

point 2.

(In order to have a

diagram which is easy to

read, place the arrows above

the number line.)

Next mark off an arrow

representing 3 and transfei'

this arrow to a position

beginning At the head of arrow

2 and going to the right.

The sum (2 +3) is

represented by an arrow which

begins at/0 and ends at the

head of the "arrow .3". The

. 'd of this arrow i at 5,

1 2

0 '1 2

2

3 4 5 6 7 8 9 10

I x/
/1

0

I

1 2 3

2+3)3

4 5 6 7 8 9 10

2 3.1

0 1 2 3 4 5 6 7.8 9 10

tn.? sum of 2 + 3.

You can also picture a subtraction problem on tne

number line. Remember that the to problems 2 + 3 = 5 and

5 - 2 ='3 are just two ways of saying the same thing. For

this reason the subtraction problem 5 - 2 = 3 should have

-tOesame diagram as 2 + 3 = 5.

First represent. by an

arrow starting at 0.

Then represent 2 by an

arrow starting at 0.

270,
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The difference (5 - 2) is 1 5 1

represented by 6.n arrow starting I (5-2)
:1 2

1-at the head of "arrow 2" and ----41
11

1 1
1

ending ,ac the head of "arrow 5". .1 1--i..c.A_____ i 1 1

0%1 2 3 4 5 6 7 8 9 10

To read this number (5 - 2)

transfer the arrow back to 0,

-The arrow corresponds to 3.

Since the length of this arrow

is 3 units you can do-this

step mentally.)

5
>1

2 1

1 ( 5 2)*1

1 >1 1/ 1)1
3

1

''',4
1

I 1 I 1

...-

0 1 2 3 4 5 6 7 8 9 10

There are other ways that subtraction can be pictured
on the number .line but this netho'd will be very useful later on.
Here (5 - 2) is the number which, if added to 2, gives 5.

Notice that all the arrows in your diagrams point to

the right and all the numbers which they represent correspond

to points to the right of 0 on the number line.

Exercises 8-la

'(Class Discussion)

State the addition problem and tue corresponding

subtraction problem which each diagram represents.
S

1

0 i 2 3 4 6 7 8 9 10

2.

1

1

).1

1

1

1

1

1
1

1

I 1 1

J---L
0 1 2 3 4 5 6 7- 8 9 10
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3
I 1 1
I _.,IF--- 771
1 I

...LL...J-.1.... I L I ; I 1

0 I 2 3 4 5 6 , 8 9 10

0 I 2 3 4 5 6 7 8 9 10 H

The number line can be used to multdply and divide.

To show the problem 3 4, start at 0 and mark off

threoweegments of 4 units each. The product is represented

by the arrow from 0 to the head of the third arrow.

4+4+4=3.4

4
4

4

0 1 2 3 4 5 6 7 8 9 1C) 11 12 13 14

The corresponding division problem is

12 3 = 4.

This iSthe same as the previous multiplication problem;

since 12 + 3 = 4 means 12 - 3 4 The diagrams for these
two problems are the same. Here we start at 0 and draw

the arrow of 12 units.
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I 12

0 1 2 3 4 5 6 7 8 9 1011 12 13 14

You want to divide this segment into three equal parts.
What is the length of each of these three equal parts? It
is the number _12 + 3. This is indicated-on the diagram.

12

12+3

(
12+3

I
I I I I
I I I I<lit It III t>0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

12+3

Exercises 8-lb

In each of the following problems draw a copy Of the number
line and show how to indicate the given operation.

1. a. snow how to find 4 + 3

b. 560w how to find 7 - 4-

2. a. Sh'u.how to find 5 2

b. Show how to find 10 + 5
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8-2. Locating Rational Numbers on the Number Line.

In the preceding section you represented the problem

of dividing 12 by 3 o the number line. You divided a

segment. 12 units long into 3 segments of equal length.

Can you divide 7 by 3? This presents some difficulties.

The reason is that 7 3 is not a whole number and the

only numbers marked on our number line are the whole numbers.

You can proceed in the same way as you did in-dividing

12 by 3.

Take a piece of ribbon (or a strip of paperi; 7 units

in length.

0 1 3 4 5 6 7

r 7 units

TFIIBBON OR STRIP OF PAPER

Fold the ribbon like this

RIBBON OR

a

into three pieces of eq4a1 length and crease it at the folds.

Unfold the ribbon and lay it between 0 and 7 on the

number line. Transfer the creases onto
X

< i 1 t 1 I I

0 1 2 I 3 4

the number

I I

RIBBON OR STRIP OF I

The segment from 0 to 1 has been divided into three

segments of equal length. Label as "x" the point where

5 /6
PAPER

7

the first crease fell.
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<o

7 ta.

1

x 1

1

1 x
t

i

x > I i

1

1
1

I
I t

71 2 X 3 4 5 6

The letter x then denotes the lengthof the segment from 0
o the point labeled "x". Each of the three segments has

length x and therefore

3 x = 7.

Other ways of saying this are

X = 7 4-i3 or x -

The pc:int marked x is called In the same way you

can repr -ent other rational numbers on the number line.

Exercises 8-2

(Class Discussion)

1. a. What is the rational number x piCcured 'belbw?,

b. What point corresponds to 3 x?

x
I. I 31

I
r ---3,1

I

A_____1.1 I

I

i
t i 1 1 1 'II t J._ 1 t 1

0 1 2.x3 4 5 6 7 8 '9 10

2.' a. What is the rational number x pictured below?
b. What multiplication problem doesk the diagram show?

c. What division_ problem does tie diagram' show?

d. What point corresponds to. 4 x?I_......m
I I I

x
);

1
J I I

I

x )i
I

I

1

-1- I
'

t I
I 1 L_ ri:70 1 2 3 4 5 6
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3. State the multiplication problem and the corresponding

division problem which each diagram represents.

a.
. 1

L 1 I i I

O I 2 3 4 5

1

! 1 h ill
O I 2 3 4 5 6 7

b.

8-3. Comparing Rational Numbers.

There is another way to locate the rational numbers

on the number line. After the counting numbers are located

on the number line, you can latel other points by dividing

each interval between each two nuccessive marked points

into halves, thirds, fourths, etc.

0
.o-

I 2 3

Counting numbers are labeled.

O I 2 3
w >

O i 2 3 4 5 6 7

2 2 I i 2 I 2 2

Multiples of
1

are labeled.

1 2 3
e 4.,41:

4 411414414 1
Multiples of .2- are labeled.

3

'0 I 2 3

2
4
113
4 4 4

4
4

5
4

ill

8
4

7
4

8
4

9
4

10

4
II

4
12

4
a
4

1Multiples of 7

276
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Think of this process of dividing the line as continuing

without end. Now pilt all the points together on one line

and you have a labeling of points corresponding to a set of

numbers like this.

>
0 I 2 3
o i 2 3 4 5 6T a 2 a a a a

O 1 a 5 4 5 7 9 9
3 3 3 3 5 3 3 3 3 3

O I 1 I i 1 1. I_ 1 I. 12 IL IL4 4 4 4 4 4 4 4 4 4 4 4 4

(and so on.

This set of numbers is the set of rational numbers.

Each number in the set has a fraction name. Every possible

fraction can be attached to a poiht by this process. Notice

that equivalent fractions correspond to the same point.

Each rational number corresponds to just one point no matter

what fraction we use to name it.

0

O

O

Exercises 8-3a

(Class Discussion)

2

3 4

2 3 4 6 6 7
3 5 5 3 3 a a

5
a

A J. I a 4 5 11 Z 111 111 10 IL It 13 14 1/.

11 6 6 6 6 6 6 6 6 6 6 a 6 6 6 6

On the number line above are located numbers written

as fractions with denominator 6. These numbers have other

names and some of these names are also shown.
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1. 'What is a common name for -

69
pi*

2. What is a common name for 12
-6-

12 63. Which of the numbers -- and -6 is the greater':

4. 12 6
-6Which of the numbers -- and lies farther tc, :'

right on the number line?

1 2
-65. Which of the numbers -6 and lies farther to the

right on the number line?

6. a. Which is the greater number -6 or k
1 2-6b. Compare -6 and using the symbol

a. Compare
10
-7- and -2 using the symbolT

o

b. Which of the numbers 7-3
10
- and

the right on the number line?

lies farther to

. If two fractions have the same denominator how can

you tell which represents the greater number?

9. If two different numbers are located on the number

line how can you tell which is the greater number?

Two very important facts about comparison of numbers are:

1. IT two different fractions have the same denominator,

then the fraction with the larger numerator represents

the greater number'.

2. Of the different numbers on the number line, the

number farther to the ripht is the greater number.

One of the most important properties of the number line

is that it preserves the order of Vile rational numbers. That

is, the rational numbers are arranged on the number line

from left to right in order of increasing size.
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Exercises 8-3b

(Class Discussion)

1. Supply the correct symbol, or <, in each statement

below.

Example: -77- ?

Solution: _L < -9_lo lo

a.

b.

c.

9 9 10
-7

11 9 13
3 3

6 4

5

d.

e.

f.

11

7

3 4

12 12

6
?

4

9

g.

h.

i.

4 9 22
19 19

13 9 14
2T

11 9 12
2 2

2. Certain rational numbers are indicated on the number

line.

I I I

o r p u t

Supply the correct symbol, < or ;, in the statements

below and give reasons for your answers.

Example: q r since q is

on the number line.

to the right of r

a . q ? r d . s ? u g . u ? r

b . p ? s e . s ? o h . r ? t

c . t ? q f . p ? t i. u ? p

3Which is the greater number -f or p These rational
numbers are expressed as fractions with different denominators,

and so far you have only compared numbers expressed as fractions

with the same denominator.
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If you look back at the diagram for Exercises 8-3a,

you see that 1111

i
" "is another name for and is

2
10

another name for -F
3 2 lof 6 3 -6-

.7ince you already know

then 2 <

In order to compare and 3 you express the two

rational numbers as fractions with the same denominator

and then compare these fractions.

Consider another example. Compare 3 and --A- How

do you proceed? Try to express these as fractions

with the same denominator. To do this, look for a common
2

denominator for -
t

3
and - That' mmis, look for a common

7
multiple of 7 and 3. A multiple of 7 and 3 is 21.

Find equivalent fractions for
7 3

and with denominator3-

21.

2
3

Since

2

15

/
7

14

14
21

then
21

14
21

or 4
7

2

3.

Exercises 8-3c

1. Compare the following pairs of rational numbers by

expressing each pair as fractions with the same

denominator:

3
a. -4-,

b.

21 10
c. 22' 11

I 13
12' 24
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2. Locate the pairs of numbers in Problem 1 on the number

line, by estimating their relative positions.

0 I 2 3

3. Store A sold candy at 50 for -4- of a pound. Store

B sold candy at 50 for of a pound. At which

store is the candy cheaper?

It costs $35,000 a mile to build a road. The state
3 4

will pay To. of the cost,the county will pay 73 of

the cost and the town will pay the rest. Will the

state or the county pay more of the total cost of the

road?

Now that you have a method for comparing two rational

numbers, try to compare

F and .

Your first step is to find a common denominator for these two

fractions. Since b d is a multiple of both b and d

a a d c b c
F b d

and
b d

aThe numbers F and 3 are expressed as fractions with the same

denominator. Now you compare the numerators of these fractions,

a d and b c. The three possibilities are expressed below:

Comparison Property: If a, b, c and d are whole numbers

with b and d different from 0, then

a c31. 1-3- < if d<b c
a c32. F> if ad>b c

3. b =i if ad=b c
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Example 1. Use this property to compare 3
and

3'
Let a = 3, b = 2, c = 5, d = 3. Then

a 3

b 2
and c

a 3*

Now a d - 3 3= 9 and b c= 2 5= 10.

Since 9 < 10 or a d < b c, the property says that

a c

b
/

d
or

3

f 3'

6Example 2. Compare _A. and -14.

Here
a 9
b 21

and

a d = 9 14 = 126; b c = 21 - 6 = 126

Then a-d=bc and therefore

a c

b d
or

62_
21 TV

Exercises 8-3d

Using the Comparison Property, supply the correct symbol

<, or = between the given pairs of numbers. Arrange

your work as shown in the example.

3 10
Example: ?

Solution: 3 13 = 39, 4. 10 = 40, 39 < 40 so that < g .
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1.

2.

3.

16
11 19

10 , 8
15 ' 12

7.

8,

9.

14 2

TD"

4 9 3
7 5

11 4
-Er13. ? 19.

14,

15.

X93 20.

21.

14 .

1- 15

7
9

12 8
15 10

4.
9 10

10.
3 14 9 31 11 8

16. 22.
13 ? 5 11 7 5

1.2 9 21 11.
6 15

23 'a 17. .-r .-.
5 7 20 -1-5 15

4

'

6 2 1 5
6. 2 ' 5-- 12. 18. 24.

7 12 -6 -§. 9 5 n ? -a
3 4

*25. a. On the number line below locate T,;, 2 and the

reciprocals of these numbers. (Do this very roughly

but be sure the order of the numbers is correct.)

1 2 3

b. Replac: the question marks by the correct symbol

or ).

3 9 4 2 3

3 7 7

? 3 9
7 9

?
7

q

c. From Part (b) above replace "?" in the general

statement about reciprocals, with the correct symbol,

< -or

If then

283
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8-4. Mixed Numbers.

If the numerator and denominator of a fraction are the

same, as in b, then the fraction is a numeral for 1.

1

If the numerator is less than the denominator, as in,
then the fraction represents a number which is less than 1.

5 6
-6 <

7
If the numerator is greater than the denominator, as in -6,

then the fraction represents a number greater than 1.

6

Fractions in which the numerator is less than the

denominator are commonly called proper fractions. Fractions

in which the numerator is either greater than or equal to

the denominator are called improper fractions. Unfortunately,

the name "improper" seems to suggest that there is something

wrong with this sort of fraction. This is not really the case.

These fractions are just as good as any other fractions. You

should notice that proper fractions are names for numbers

which are less than 1; while improper fractions are names

for numbers which are either equal to 1 or greater than 1.

28h
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Exercises 8-4a

(Class Discussion)

1. Tell in each case whether the given fraction is proper
or improper

a.

b.

c.

d.

e.

5

19
1$

3

6
2

8

f.
7

g' 2

h.
4

9

k.

1.

m.

i . n.

33J. 5T o.

34

9

2
2

2
5

4

2. Certain numbers are located on the number line.

I F f I 1 1 i 10 e b 1 d a

Tell which of these numbers will have names that are
proper Cractions and wh ch will have names that are
improper fractions-.

Every improper fraction can be expressed either as a
whoId number or as the sum df a whole number and a proper
fraction. Both of these possibilities are illustrated by
these examples

13 12 177 = + z = 2 +

It is customary to use the expression

2p-
1

0

285
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as a short way of writing

Similarly

Such expressions as

12+-6.

a = 3 + 131 13 +
7 ' 3 3'

2i, 213
3

are commonly called mixed numbers. This is a very bad name

because it is not the numbers which are mixed, but the numerals.

We know that

1 13

I 13but we do not say that, is a mixed number. When

about mixed numbers we\are talking about the things

But we do not write numbers, we dte numerals. We

it might be better to refer to expressions like

1
2-6 , 3=-

2
3

we talk

we write.

see that

as "mixed numerals" rather than "mixed numbers". But we shall

speak of "mixed numbers" because this expression'is the one

commonly used.

\

It is often convenient to express rational numbers as

mixed numbers rather than as improper fractions. This is

particularly t

could say that

say that\ ,it is

are the same:

long we have a

rue when making measurements. For example we
-3

a soda straw is 87 inches long or we could

4 3
-Iinches long. The numbers &a and S

But when we say that the straw is &a inches

clearer idea of how long it is. We know at

once that it is more than 8 and less than 9 inches long.

286
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We can place this number on the lumber line more quickly when

it is expressed as al
8

If a woman reading a recipe foundthata cake requIred
19

cups of flour what should she do? She might take 19 cups

of flour and split this quantity of flour into 8 eaual parts.
1

Or she might measure out -8. cup of flour 19 times. In the

first case she was thinking

= 19 8.

Ins the second case she was thinking

to
19 g

Both of these methods are correct but neither is convenient.
, 3

If
/

the recipe called for ag cups of flour (the' same amount

of flour as above), the woman would probably do the sensible
3

thing. She would measure 2 cups and then measure 13- cup

of flour.

To express an improper fraction as a mixed number you

may proceed as follows:'

12 +6 5
-6-
12

2 -I- = 2i.

The idea is to find the largest multiple of the denominator

which is less than the numerator. In this case we saw that

12 was the largest multiple of 6 which is less than 17.



4

8-4

Another way is to divide 17 by

.2

6 TIT
12 We say the quotient is 2 and
a

_the 'remainder is 5. This means

or

17 = 2 + 5

a

EZerciges)8-4b

1.. Copy the number line as shown below.

0 I 2 3 4 5

Locate on the number line.

a, e.
14

1.
2

43 11 21
V.

5
j.

1k. ag.
2
1

2

2
c.

,

d. a7 h. f 1. 37-
1 3

2. Find two consecutive whole numbers,between.Which'each_

of the 'following numbers isloc,ted. Use the: symbol

< in your answer.
21 a

(For example: = ag. so 724< 3. )
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3a.
2

b. -

3

8
c. -s

d. 12
11

2
e.

4

7

f.
8 1

111
g. 11

h. 33
N 5"

i. .
84

3. Express the following improper fractions as mixed numbers.

d.

e.
27

, 42
5

h.
114./

167
14i. m.

16

i 11142
n. .95..§.

222

k 222 356
0.21 209

n 5555
77

Suppose a rational number is expressed as a mixed number

and you wish to express it instead as an improper fraction.

You proceed as in the following example.

Express

4
6+

Addition problems with mixed numbers can be done in

several ways.

Example 1: 62 = (6 + i) + (4 +

= (6 + 4) + +.4)

= 10+ (i + i)

= 10+

65

5

as an improper fraction.

30 4

-5
34

5 5 5

=

289
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Notice we have used the commutative and associative

properties of addition to regroup the "whole number parts"

and the "fraction parts" of our mixed numbers. We add these

separately and then combine them.

Sometimes the sum of the fraction parts is greater than 1.

Then another step is necessary.

Example 2: 24 4_44 . (2 4) 4) . 6 + (-325 + 2
15 )

6 +
15

= 6'+ 1415
4= (6 + 1) + 5 =75

The work is sometimes arranged like this:

3 , 9a, . ,15

2 10
4.=

4

3 15

612'.
15

7.11._
15 '

Example

When we subtract, this same way of arranging our work

is convenient.

3

3
= 2-1.2,7

15

12--
15

Example 4:

Sometimes in subtraction problems it is necessary:

to regroup. Consider

42 _ 22
5 7
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We varrange our work like this:

h 2
4
14
35

= ai=
7

14 .3j.Now we see that 7. < so that we cannot subtract as things
o

stand now. We could express bOth 4t- and a as improper7
fractions and subtract. Or we can proceed as follows:

Lli 14 .. 1

35 3 + 1 7 35 7 .35

f t

(

first regroup, \ (then (and finally combine

4 as 3 + 1) 1 as ....f.

35
the last two terms.

Now we have:
1, 2

3

' 24
35

It may be convenient to express the mixed numbers as

improper fractions before performing the operations.

2 4.. 22 . 11 4.. = /2 1°9 4
Example

5 3 5 15
+

15 15 15

Example 6:

j

14 13 jQ 22 31 1

15 15 15

291
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Exercises 8-4c

1. Find the given mixed numbers on the number line below.

(by eye).

1 2 3 4 2 ala. 2- b. a7 c. 4- d. 2- e. a- f_.2 5 5 7

1 I 1 I I I

0 I 2 3 4 5

2. Express the following mixed numbers as improper fractions.

3 3
a. 14 e. 4--

5

1 2b. 2-
2

f. a-
7

n2
c.

3

3
d. 2-

5
h.

g. 4--
1

3

j.

k.

107

m 4-

n. E

o. 2121

31. 11-
5

11917

Perform the indicated operations.

,1 1a. IT + ef e. 14. i. 64 + 42

2 1 1 1 __Ii,b. 2- + a- J. 2:J.
5 3

f. 4- + au
5

.5 +
(

2 1 .1 41
-ic. a-

7
+ 1-

5
g. o---

2 3
k. - 2-2

3

1 1 2d. 4f - 27 h. s_ 1,1
..... - -, 1. 114 - 6;

4. Max had 10 cups of lemonade for a party. He found

3 pitchers. One held 4 cups, one 4- cups, and the
3largest one, It cups. Did the pitchers hold all the

lemonade?
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5. -How far did a group of boys hike on a four day trip,

if the distances hiked on the separate days were
3 miles,
10

46 miles,
1

miles, 61. miles?

*6. A painter used 22 gallons of white, 1 quart of green,

and 1 pint of blue to mix some paint. How many gallons

Of paint did he have in the mixture?

In other cases, particularly in multiplication and

division problems it is better to express numbers as improper

fractions rather than as mixed numbers. You should be familiar

with both ways of expressing numbers and be able to switch

from one way to the other.

Example 1:
a.q 14 13 14 13 182 12--4 . . .

15 15

142 2_3__ 14 13 14 14. 5 12Example 2:
3 5 3 5 -3 13 3 13 -/39 3

N

Exercises 8-4d

1. PerfOrm the indicated operations.

1 1
a. 2-

2
. 3.-

3

3b. 7 -3

2 3
c. 5,

3
37

d.
62 ,1
7 2

e.
5 3;

h.

i.

2. For a school play 16 costumesare needed. Each

requires 28- yards of material. 'The-teacher was able

to buy part of a,bolt'WhiOh cOntained. 34 yards of

material.

.a. Did the teacher get enough material?

b. What is the'difference between the amount

needed and tale amount purchased?
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7'3. A delivery clerk is allowed 7-fp per mile for the use
h 4

of his car. How much is he paid if he travels 4-0-
5

miles?

4. A secretary typed for 6 hours. She finished of

her work. How long will it take her to do the whole job?

1
5. A housewife made 7 jars of jelly from -3- of a crate

of berries.' How many jars can she make from the whole

crate?

6. In the city where Jim lives there are 12 blocks to

the mile. It is 9 blocks from his home to school.

How many miles does he walk in going to and returning

from school?

6-5. Complex Fractions.

You will often see expressions called complex fractions

which look like this

3

2
7

(Notice that the middle line is longer than the.other two

This 16 a numeral in which the numerator and denominator are

fractions'. What eoes this mean? Remember that when a and b

are whole numbers than

a
b

stands for the result of dividing a by b. That is

= a b.
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a
means a b. So

In the same way when a and b are fractions, we agree

3 .means -
2 3

2
7

7

In our definition of a fraction we now include expressions

of the form a
where a and b may be rational numbers

instead of just counting numbers. Some examples of fractions,

are:

1

2 , 1.
2 100 7.5

5 3

The main problem with complex fractions is to learn to

express them as fractions where the numerator and denominator

are whole numbers. You are able to do this because you know

the rational numbers are closed under division.

Simplify: __2__
2

7

3 5 4. 2 5 LL1
2 3 7

=
3

. _ -
2 3.2

7

The same method applies to fractions like
2
3

2. 1 2 2

3

Complex frabtions in which the numerator is 1 are

'particularly interesting. For example

1 6 6

5
4 = 1 7 = .

And is the reciprocal of
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In the same way, if a and b are different from 0

We have

1 a b b
a b- 1 a
b.

a
And b Fis the reciprocal of .

a

In Chapter 6, we saw that if x is a counting number
1

then
x.

is the reciprocal of- x. Now we see that if x is

any rational number (
1

except 0) then is the reciprocalx
of ]'

Simplify.

2

b.

c.

3
3

6

.

Exercises

2

d
3

-4

e.

g.

h.

6 . 77 1 7
f .e.___

3
i.

-1-5-

2. Simplify. (Hint: first express both ,numerator and

denominator as fractions.)

1

a. 2
1 13
2.
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d.

2 3

e.

1
7 + 'I-f
1.

+ 23

8-6. Equivalent Fractions.

A rational number has many fraction names. When you

compare or add rational numbers expressed as fractions, you

often.want to find other fraction names for your numbers.

The ComParison Property gives you another way to find

equivalent fractions.

Example 1. What is the fraction with denominator

30 that is equivalent to /
5

You can write this-, problem as

n 2
375

2The Comparison Property says --. = 3 if

n 5 = 30 2

5 n = 60 Commutative property.of
multiplication

60
Definition of a rational number.

n ='12

(The product n 5 or 5 n is usually written as 5n.)

Sometimes it is useful to express a simple fraction

as a complex fraction.

2971 1 8,



3
Example 2. Express 7 as a fraction with denominator 10.

So

Since

You know

3 n

7-125

30 = 7n

30
7

n =
7

3
7

15- -Tr i35

4 3

'TO < 7 <

3Having
7

expressed in the form you can

locate -
3
7; properly between tenths, on thenumber line.

t
3

I

7

II I

2
TO-

f

10-
4 5
TO TU

I

6
TO-

I

7
TO

I

8
1-6

4

9

Exercises 8 =68..;6

Use the Comparison Property to write the following

as statements about n without fractions

Example: if
2 4
-3- = 13

Then 2n = 12
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b) Then use the definition of a rational number to find

n in simplest form.

n '10

If 2n = 12

then n - 12
2

or n = 6 .

n
2. -is. = -6

10 105. -An =',1

2 8
7 n

4 10 3 10 n
n 10 TO'

8. Find a fraction equivalent to 1
.8. which has 100 as the

denoMinator.

1Find fractions equivalent to -3 which have denominators

10,. 100, and 1000.

.).0. Express.the following as fractions with denominator 10.

1 21
a. -§- d.

g. 3
1

2 43 3
b. 7 e. h. -_-.

'e

4 1
-6C. 7 f.

V.

11. 71;ocate the points in Problem 10 on a number line to

the nearest tenth of a unit.

1
12. a. Express 7; as a fraction with denominator 102.

b. Express
3

2 as a fraction with denominator 103.

21

(1"

c. ;Express -4-- as a fraction with denominator

299
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8-7

*8-7. Operations on the Number Line.

Now that we can locate rational numbers on the number line

they can be added and subtracted geometrically in the same way

as whole numbers.

I 2

0 I 2 3 4 a 6 7 8 8 10 II 12

8 6 6 6 6 6 6 8 6 8 8 8
1

Here is a number line with multiples of T located on it.

Suppoue we wish to add .
3 and i . We may add these just

as we added whole numbers. The following diagram shows the

procedure.

I

f

3W
1 '

0
-8-

2
6

3
6

4
6

5
6

6
e

7
6

8
6

9
-1

10

6
11

6
12
6
2

The point which corresponds to the number

is labeled in this example as
106-

a

11_12L,4

0 b a

Here are two rational numbers a and b located on the

number line. The arrows which represent them both start at 0

and end at the point which corresponds to the number.

To find the point on the number line which corresponds

to (a + b) we proceed as shown below

4

a

0 (a+b)



8-8

1. The arrow representing a starts at 0 and ends

at a.

2. The arrow representing b has been transferred to the
end of "arrow a".

3. The arrow from 0 to the end of "arrow b" represents

the sum "a + b ",, and locates the point on the number

line which corresponds to this sum.

The same type of diagram can be used for subtraction.

Exercises 8-7

Here is the nuMbe7,: line with certain rational numbers indicated.

Answer the questions belOw. (Use a strip of-paper to lay off

--dIstances.)

0

Which of the indicated numbers is:

1 . p + t 6. s + p 11. u - t

2. q+ t 7. t s 12. v - q

3. t- p 8. u p 13. t+ o

4 . t - q 9 . t - r 14. o + s

5. r+ q 10. v- t 15. v- o

8 -8. Summary.

In this chapter you learned to place any raional number

on the number line. You learned how to add and subtract,

multiply and divide geometrically. The method of placing

numbers on the number line preserves the natural order of the

numbers. That is, if a < b then' a is to the left of b

on'the number-line.
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The Comparison Property is a rule for telling whibh

of two rational numbers is the larger'when they

are both expressed as fractions. One important

part of this rule gives us a quick way of telling

-When two numbem are equal. That is t =

if: a d = b c.

FraPtions in which the numerator is less than the

denominator are called proper fractions..jractioni in which

the numerator, is equal to or eater than the denominator are

called improper fractions. Therefore proper fractions are

names for numbers which are less than 1 while. improper

`frehltiona are names for numbers which are greater than or- equal
3

to 1. Mixed numbers are numerals such as 2-7 . This last _

number is short for 2 +
7'

Mixed numbers are a way of

expressing rational numbers as the sum of a whole number and

a fraction less than 1. Mixed numbers are better than

improper fractions for making meaSureme-t3 or for quickly

estimating the size of the number. Improper fractions are

easier than mixed numbers in multiplication and division

problems.

Complex fractions are fractions in which the numerator

or the denominator or both are themselves fractions. The

2.

complex fraction stands, for the same number as
2 .

7.7.

7

To simplify a complex fraction we perform the indicated

division and express the number as an ordinary fraction.

8-9. Chapter Review.

Exercises 8-9

1. On the number line below show how' to find

a. 4 3

b. 12 = 4

c. 5 + 2

d. 7 - 5



11111111111(11
0 I 2 3 4 5 6 7 8 9 10 II 12 13

2. The following diagram shows a problem on the number line.

State'

a. the addition problem it represents.

b. the subtraction problem it represents.

c. the multiplication problem it represents.

d. the division problem it represents.

I 1

r -.)1
I ,- 1

0 1 2 3 4 5

3. Label the indicated points on the number line with the

given numerals.

4 1 5 3

' 2' 3' 3'

I f It I I I

2 30 4 5

4 The segments indicated by the braces are equal in length.

1

u, v, w, x, y, z are numbers on the number line.

w x y

Which of the indicated numbers is equal to:

a.

b.

c.

d.

e.

f.

w + v

Z-X
2 v

3,. v

1
x

.

37 x

g.

h.

k.

1.

4

2 v

w 4. 3

. I
V "r

2
2
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5. On the number line below, locate

a. the number 6 and its reciprocal.

b. the number 'Tr
ff

and its reciprocal.

1
c. the number 2.-

2
and its reciprocal.

1
d. the number 7 and its reciprocal.

F f- 1

0 I 2 3 4 5 6 7

6. In Problem 5 you can see that in each case the number 1

lies between the given number and its reciprocal. Can you

tell why the number 1 will always lie between a given

number and its reciprocal?

7. Certain rational numbers are indicated on the number line.

0 n u m b e r s

Replace the question marks by the correct symbol, > or .

a. b d. n ? r

. e ? m e. r ? s

? n f. s ? u

Compaq the following pairs of numbers. by expressing

them as dctions with the same denominator.

a.

b.

c.

2 3
3 V

3 2
-6 ?

7 ? 5

d.

e.

f.

3011

16,
7.* 11



9. Compare the following pairs of numbers using the

Comparison Property.

3 2
3

2 9 3a.
13. ?

d.
9 10

8 10 6
b.

,

12 15
e. 5 ? i

13 9
,. 7 f.

7 6

-10.

13.

2
1-,

? 11.
1

2--
2 - ?

1

12. =

3

BRAINBUSTER.

a. Simplify

b. Simplify

c. Simplify

1+ 3

1 +

1 ±

1 +

5i

1
1+ 2-

1

1 + 1

1

1

1+ -2-

1 +
1

1
1+

1 + -2-

8-10. Cumulative Review.

E.cercises L-10

Complete the statements in Problems 1-5 belOw.

1.. Zero is the identity for

2. Dividing by 10 is the of multiplying by 10.
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8-10

3. The following shows-a one-to-one correspondnce between

the numbers and the

numbers.

1 2 3 4 n

2 4 6 8 ... 2n

4. The inverse operation of adding 5 is

5. The number of counting numbers between 4 and 5 is

8. Ih.each case, what Is the set that is the intersection

of the given sets?

The set of.even_numbers less than 25 and the

set of multiples of 3.

b. The set of baseball players now in the National

League and the set of baseball players now in the

American League.

7. List' the multiples of 4 which are greater than 30

and less than 50.

8. What is the least common multiple of 2, 5, and 7?

9. Perform the indicated operations and simplify.

(

b TO + )

3 2
c. 7

10. Write the reciprocals of the given number6,

a.. 7 d.
6

X3931

b. 19 e.
8
21

c. .. f.
1

y2 7

306
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..f.V

11. In the diagram at the right

a. Name three:triangles.

b. What is AEBD?

.,

p. What is P (I En
--Jot --+

d. What is BG U BC?

e. Name a point on the

B-side of Vb.

f. What is AU U BD?

:2. 'Explain %thy V is in the

plane CEB.

ci
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Chapter 9

DECIMALS

9-1. Decimal Notation.

There is a special notation, called decimal notation,

used for exwessing'proper fractions with denominators which

are powers of ten. For example:

7
10

23.

is written as

is written as

is written as

.7

.23

.475

(read "seven tenths")

(read "twenty-three hundredths")

(read "four hundred sevcnty-

five thousandths")

lob

475
1000

-Mite that the placement of one digit after.the decimal

point (such as .7) provides a short way of writing a fraction

with denominator 10; two places'after the decimal point

(such as .23) provides a short way of writing a fraction with

dennminator 100, and so on.

We can also write mixed numbers as decimals. For example:

l 3
10

73
12100

is written as 1.3

is written as. 12.73

The point or,dA that occurs in the notation "1.3" or

"12.73" is called the decimal The decimal point always

appears to the right of the units place and separates the

whole. number places from what we call the decimal 'places:.

12.73

whole number places decima. point decimal places



9-1

Look at 12.73 in greater detail:

12.73 = 12
Av

= 12 +

24- 12 + 1 2

70= 12 + 14U

= 12 + 17-d + 4-6

7 . 3= i2 + 10
(10)

2

TheTfact that

12.73 = 12 + T6
(10)2

shows us that the first digit after the decimal point, still

represents a number of tenths (just as it would in 12.7

or in 0.7), and the second digit after the decimal point

represents a number of hundredths.

Exercises 9-la

(Class Discussion)

1. Write in decimal notation:

a. d. 1126

27
e. 25175.

7b Tera

Vu 35
c . f. 811.0

2. Read each of the following:

a. .4 d. 3.47

b. 32.7 e. .257

c. .28 f. 17.935
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3. Express each of the following decimals as fractions with

denominators which are powers of 10.

a. .55 f. .012

b. .21 g. .03

c. .4 h. .34

d. .013 i. .064

e. .105 J. .25

4. Express each of the following as fractions with

denominators which are powers of 10.

a. Seventy-five hundredths

b. Five tenths

c. Thirty hundredths

d. Eighteen thousandths

e. Thirty-six hundredths

Complete the following:

a.

b.

c.

d.

5.23 =

3.79 =

28.05

75.91

5

3

=

? ?
+ +

10

+ + --7
lo

28 +
9

+
?

''' 10

±
? ?id 2.

0

6. Write in decimal notation:

a. +
10 c10

b. 7 9
1.17)* 10

0 1
c. 5 + ref, +

lo

9 523 + -1-15 + 7
lo
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Any fraction with a denominator which is a power of 10

can be written in decimal notation. Here is another example:

479.532

We can write 7

.(read "107 hundred seventy-nine

and five hpndred thirty-

two thousandths")

as follows:

479 + go - 479 +
500 +

1 00

30 0 + 2

00 2
479 1

5000 It30UU l000
5

= 479 I'd + 100 1000

479 Y -5- + 22 + 210
(10) (10)3

Now let us see how this fits into our scheme of expanded

notation:

479.532 = koo + 70 + 9 +
13oo

= 4(102) + 7(10) + 9(1) + 5(13.15) + 3(-2.2) + 2(-7.)
lo

When the number is.written as 479.532 it is in positional

notation or decimal notation.

Look at the numerals in the parentheses in the last

expansion:

102 10 1
1 1 1

Note that as we move from left to right we get the next
1number by multiplying the preceding one by IT . For example,

1 2 1 1 110 = ; I = 10 ;
lo TU

1 1 1 1 1 1
7177 10 'Ira o 1-7

312
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We see that our decimal representation of 479.532 is

7a natural extension of our place value system of numeration

(base ten).

The following chart shows the place values both to the

left of and to the right of the units place.

PLACE VALUE CHART

c
53

8.0.0

S
c
X

-0
C

8.c
....

c
'1-

13

§
.§
I-

-0

45

X
c

I-
:0-

n
I.C.

I-

.0

il

m
1.

.0
-ti

i
=
o

I-

.cii
c00=0=

1

c

I-

.c
-ti
S

§
I =
'V 4-

-13
cI

loopOo !goo° woo 100 10 I 0.1 0.01 Q001 0.00010400M

5
10 10

4
10

3
10

2
10 1

1 I I I 1

10 102 103 104 105

Here are several examples of how we change from one.

notation to another.

Example 1: Write 5(102) + 7(10) + 0(1) + 3(11-46) +

in decimal notation. 1 0

Answer: 570.32

Example 2: Write 42.356 in expanded form.

Answer: 4(10) + 2(1) + 3(4) + 5(T1c7) + 6

313
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,Exercises 9-lb

1. Write each of the following in decimal notation:

a.

b.

c.

d.

e.

f.

4(103) + 9(102) + 6(10) +

5(103) + 6(102) + 1(10) +

2(102) + 4(1o) + 5 4: 64))

8(102) + 0(10 + 4 + 3(A7)

5-# i(2.10) + 4( )

7 ,

8 + 3(1.1t)

+ 1(-1-117)

+ 5(-1-)
lo 9(11o7)

lo

4( 10) + C(110 ) 3(110,)

Q^ 3(102 ) + (10) + 2 + 0(170 + 6( --7)
lo

h. 2(110 ) + oc 1 6(10 )) +

. 0(-3t) 1 )3 + 5(40 + 7(
ao lo

2. Write each of the following in expanded form:

a. 7862 f. 2.465

b. 437.9
11.

.384

c. 28.64 h. .013

d. 347.15 i. 24.09,

e. 96.372 J. .0039

3. Write each of the following in words. For example
3.001 i3 written "three and one thousandth".

.a. 658 e. 759.6

b. 3.2 f. 48.07

C. 4.73 g. 3.209

d. 58.29 h. 37.0106

314
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4. Write in decimal form:

a. Five and fifty-two nundredthr,

b. Seven hundred sixty-two and nine tenths

c. Three hundred and fifty-two hundredths

d. Fourteen hundredths

e. Two and seven thousandths

f. Sixty and seven hundredths

5. In the following numerals,

by the underlined digit:

indicate the number represented

a. 4.18 d. 2017

b. 3259 e. 21Q3

c. 62 f. 1567

*6. Write .1 two
in base 10.

*7. Complete: .5 ----twelve'

*8. 5 =Complete: lg ----twelve'

*9. Change 10.011two to base 10.

9-2. Arithmetic Operations With Decimals.

In order to be able to use decimals in solving problems

we .must learn how to add, subtract, multiply, and divide with

decimals.

Suppose we wish to add two decimals, for example, 0.73 +

0.84. We know how to add these numbers without the decimal

places: 73 + 84 = 157. How do we handle the decimal places?

We. proceed.to add 0.73 .and 0.84 as follows:

0.73 = 73 TO-5- and 0.84 = 84 x
100
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Therefore,

0.73 + 0.84 = (73 x 1:6) + 04 x 100

. (73 + 84) x

1
= 157 x 100

=1.57

Notice that we use the distributive property here.

',Sup/apse that we wish to add a two decimal place number and

a three decimal place number, for example, 0.73 + 0.125.

1 1

13'75 =73 X ITU 73° x 1000

and 10.125 = 125 x
1000'

1 , 1We write 73 x 100 as 730 x Imp so that the factor
1000-

appears in both terms of the following sum:

0173 + 0.125 = (730 x
1000) + (125 x 1000)

(730 + 125).x 1
1000

855 x 11000

= 0.855

These examples can be handled more conveniently by

writing one numeral below the other as follows:

.73 0.73

+ .84 + 0.125

1.57 0.855

You notice that a zero is often used in the units place

when you see decimals of numbers between 0 and 1, such as

in 0.73 and 0.84. This is not necessary and these numbers

may also be represented as .73 and .84. The reason fir

Using the zero is to emphasize the location of the decimal

point, which might otherwise be overlooked.

316
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Subtraction of decimals can be handled in a similar

manner Consider the pr, blem 0.84 - 0.53. We proceed as

follows:

0.84 - 0.53 = (84 x 1:160) --(53 x 46)

(84 - 53) x 1100

31 x Imo

= ..31

This example can be handled more conveniently by writing

one numeral be1oW the other and subtracting:

o.84

- 0.53
.0751-

Here are several additional examples:

0.83 -1.03

- 0.74 - .25

0.09 0.78

1. Add:

a. .3 + .5

Exercises 9-2a

b. 0.73 + 0.59

c. .6 + 0.85

d. 0.719 + 0.382

e. 1.0023 + 0.00102/--
f. 1.05 + 0.75 + 21.5
ti
g, 23.04 + 9.6 + 16.58
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2. Subtract:

a. .9 - .3

b. - .76

c. .35 - .09

d. 1.36 - .97

e. 0.625 - 0.550

f. 0.500 - 0.125

g. 1.005 - 0.0005

3. There are 16 ounces in 1 pound. Which is heavier,

7 ounces or 0.45 lb.?

In a mile relay race, four men each run a quarter-mile.

Their times are 48.3 seconds, 47.9 seconds , 49.0

seconds, and 48.5 seconds. The meet record is 3

minutes 8.5 seconds. By how many seconds did this team

fail to match the record?

5. At the start of a trip a car speedometer read 3827.4

miles. At the end of the trip the reading was 4013.2

miles. How many miles were traveled on the trip?

6. The rainfall in a certain city for a year was 30.04

inches. The rainfall record by months was as follows:

January - 1.39 inches April - 4.86 inches

February- 0.92 inches May - 3.49 inches

March - 3.14 inches June - 1.97 inches

How much rain fell during the rest of the year?

7. In Problem 6, how much more rainfall was recorded in

March than in January?

*8. Add 10.01
two

+ 1.01
two

and then express the answer in

the base 10.

Hint: In the base two: 0.1two
1 and 0.01two 7
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Supipose we wish to multiply two numbers in decimal form,

for exaMple,'0.3 x 0.25. We know how to multiply these numbers

without the decimal places:' 3 x 25 = 75.

Just as before, we write

0.3 x 0.25 = (3 x x (25 x D-157)

= (3 x 25) x (475.x ..1-6)

1. 75 x
1000

= 0.075

1. How many digits are there to the right of the decimal

point in 0.3?

2. How many digits are there to the right of the decimal

point in 0.25?

3. What is the sum of the answers to (1) and (2)?

4. How many digits are there to the right of the decimal

point in 0.075?

5. Compare the answers to (3) and M.

Now multiply 0.42 x 0.29. What is your answer?. Answer

the five questions above for these numbers. Do the answers to

(3) and (4) still agree?

To find the number of decimal places when two numbers are

multiplied, add the number of decimal places in the two numerals.

For example, suppose we wish to multiply .735 by .25.

The first numeral has three decimal places and the second has

two, so there will be five places in the. answer. We multiply

735 x 25, and then mark off five decimal places in the answer,

counting from right to left.

.735

.25

3675

1470

.18375

Thus .735 x .25 = .13375.
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1. Find the products:

a. .8 x .7

b. .06x .9

.05 x .03

d. .4 x .004

e. .02 x .007

2. Find the products:

a. 1.3 x 2

b . 2 .5 x .3

c. .02 x 1.8

d. 1.5 x 1.5

e. 2.03 x .7

Exercises 9-2b

f. .8 x 3

g. .8 x .09

h. .007 x .09

i. .6 x 9.

j. .3 .x .006

f. .23 x .58

. .723 x .37

jih. 2.56 x .15

i. 30.2 x 6.8

j. 12.7 x .49

3. A gallon of water weighs about 8.35 pounds. What is the
weight of 4 gallons?

4. There are 4.75 fluid ounces in a can of-frozen juice.

Three cans of water must be added to this to make a

mixture. How many ounces are there in the final mixture?

5. In a certain city the average monthly rainfall is '..3

inches. At this rate what is the total yearly rainfall?

6. A family pays $83.50 rent-per month. How much do they
pay per year?

7. If there are 16.5 feet in a rod, how many feet are

there in 15 rods?

8. About how many miles is a distance of 4.5 kilometers?
(One kilometer is about .6 of a mile.)
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Next we wish to examine the operation of division of

decimals. First consider the problem of writing a fraction

in decimal form. Let us write -
5_ as a decimal to the
13

thousndths,place.

'Thing the Comparison Property we have:

5 x
- 1566

13x = 5000

x = 384-="--13

384
13)5000

39
110 .

104

3844
Thus j- 1000

5
= ---=4 which leads to an approximate decimal13-

representation for IT.

3841-384 , 13 , 385
1000 10 00

In other words, 5- is between .384 and .385, However,
8 13,
1-3--> 7 so that is closer to .385 than it is to13
.384. Therefore we write:

sy .385 "is approximately equal to"13 385)

Now is another way of writing 5 13 Thus 5 -:- 1313
is approximately equal to .385 to the thousandths place.

Let us see what we really did when we used the Comparison

Property to divide 5 by 13. First we multiplied 5 by
1000, to obtain _5000. We then,. id.r.ided 5000 by' 13 to get

384ft Finally we divided by 1000;

3814-8--
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In other words:

13 x
1000 5

(T.-3- x 1000) 1000
1000

5000= (15) 1000

= (384) + 1000

384
1000

We can simplify this process considerably by writing 5

as 5.000, Do the division as if the decimal point were not

there. Then place a 'decimal point .384

in the quotient so that it is
1315.000

9
directly above the decimal point

in the dividend. Divide by 13.

As before we find 5 +13 .385.

104
60
52
-E.

We can extend this process to all division problems

involving decimals. First express the problem in fractional

form. Then use the MultiOication Property of 1 to change

the denominator to a whole number, and divide. Here is the

procedure for finding the quotient .432 4. 1.35 to the

hundredths place.

Express as a fraction.

Multiply by 1 =

.432
1.35

100 .432 100 43.2
100' 1.35 100 135

Annex a zero, since we

want our answer in hun-

dredths, and divide.

As a check, note:

135[43.230
40 5
2 70
2,70

(divisor) x (quotient) = (dividend)

135 x .32 = 43.2
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Whenever the divisor is a whole number, the dividend and

the'qbotient have the same number of decimal places. By

placing the deCimal point of the quotient directly above that

of the dividend, we locate the decimal point of the quotient

automatically in, the correct place: This is the reason we

. want our divisor to be a whole number.

Here is one more example: Find the quotient 2.65 ÷ 12.3

to the thousandths place.

.65'2.65 -12.3 -
2

12.3

2.65 10
12.3 10 (Why do we multiply

10by -1-6?)

26.5
123

We want the answer to the thousandths place. Therefore

we write 26.5 as 26.500 and divide:

.215
123126..500

246
1 90
1 23

-670
615

55

The remainder, 55, is less than one-half of 123: Therefore,

to the thousandths place, 2.65 4- 12.3 its .215.

Exercises 9-2c

1. Use the Comparison Property and express each of the

following as a fraction with a denominator of 100.

1
a. 7 d.

b. -
2

10
e.

c.

Write each of the fractions in Problem 1 as a fraction

with a denominator of 1000.
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3 -rite-each of the fractions in Problem 1 as a decimal

to the hundredths place.

4. Write each of the fractions in Problem 1 as a decimal to

the thousandths place.

5. Find the following quotients:

a. 0.009 .4- 0.3 f. 24.6 4. 0.12

b. 0.24 + 6 g. 7.35 3.5

c. 0.015 + 0.5 h. .756 + 0.42

d. 0.532 4. 0.04 i. 9.84 + 4.1

e. 2.04 + 0.008 j. 8.125 + 3.25

6. Find the following quotients to the hundredths place:

a. _4.32 1.2 f. 27.96 + 2.5

b. 72.8 + 0.43 g. 8.375 = 0.12

c. 9.87 + 0.37 h. 25 4. 13

d. 42.6 4- 3.02 i. 0.796 4- 0.85

e. 798 + 5.8 j. 8.32 4- 9.08

7. Find the following quotients.to the thousandths place:

a. 87 + 17

b. 9.62 -85

c. 39 + 7.2

d. 48.6 4. 0.79

e. 79.62 + 1.5

f. 0.83 4- 42

g. 7.6 + 5.23

h. 0.897 + 0.84

i. 3.29 nu 1.76

J. 6.5 = 0.32

8. Harry weighed 92.5 pounds when he entered the seventh

grade. Ten months later he weighed 103.4 pounds. How

much did he gain, on the average, each month during this

time?

32/1
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At the/ start of a trip the speedometer of a car read

\,.. 13243J. At the' end of the trip it read 15556.2: If

15 gallons .of. gasoline were used on the trip, how many

\\1

mil4 did the car travel per gallon?
,

10. ....4ones Paid $54.24 for his phone bills last year.

How Much did he pay, on the average, per month?

HovOnany rods are there in 495 feet? (There are

16.5 feet in a rod.)

12. Eight-girls shared the cost of a party. If the total

expenses were $27.60, how much was each girlis.share?

9-3. Repeating Decimals.

We can change any rational number expressed as a fraction

to a decimal representation with as many decimal places as we
please. Some of the representations are exact; others are
apprOximate. We know that the more decimal places in an

approximate representation, the better the approximation.

But is it possible to find exact decimal representations for

all rational numbers?

If a fractiOn has a denominatorthat is a_power of ten

and a numerator that is a counting number, it is easy to make
the conversion. For example;

1000 .037

If the denominator is not a power of ten, the fraction
can often be changed to an equivalent one whose denominatOr

is a power of ten, and whose numerator is a counting number.
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For example,

8
75.

5

. .32\

We can write a fraction in deci 1 form by diViding

numerator by denominator and carry ou the process to any

,desired number of.place, For example, e express to

four decimal'placeb as follows:

r3-457i16 .

2 1 6
1 40
1 28
--Tffo

112
--130

80

= \875

We are also able toapproximate fractions such as

1 1 4 7 24.

E.' IT' 35.' 3

as decimals, correct to any desired number of decimal places.

In none of these cases do we obtain an exact representation of

the original rational number. For example,

1
5 m .333333

1E m .166666

TT 0 .363636

33
m .212121

2/ m .621621
37

You may have noticed that in each case there seems to be

a block of one, two, or 'three digits whit repeat endlessly.

This is also true of the first group of fractions in this
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section; if we consider the digit 0 as repeating endlessly.

For example,'we.express these fractions as decimals to the

.millionths place:

.700000

- .230000100

Tgy ,037000

. .150000

8 .320000

.187500

A difference between the two groups of fractions is that

in one we.make use of-the equal sign whereas in the other we

do. not. (In the first,group we used the sign which means

"is approximately equal to."') However, here is a way to

represent any rational number exactly where there is a

repetition of a block of digits:

gl .333333. = .).)

TT As .363636 = .36-56

g4 .1 .621621 . .621E7T

In the first case the bar means that the digit 3 'repeats-

end le ssly; in. the second one the block of digits 36 repeats;/
and in the third case the block 621 repeats. Note that we

write the block of digits twice, and place a bar over the
second block. You may also see this notation used in one
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of the following forms:

or

or

1
or 5 = .335

4
or TT = .363636

When this type of repetition occurs, we have_a way of

naming a rational. number by a decimal numeral. Let us see if

the decimal form of every rational number has this repetition.

Exercises 9-3a

(Class Discussion)

1
1. Express

7
as a decimal to the thousandths place. Is

there a pattern of repeating digits?

.142
711.000

7
0

m .143
3
28
70
14

There is no repetition of digits yet. T'A us try the

ten-thousandths place. Complete the following division:

.142?
777155U5

7,

30
28
20,
14
50

(Note that there was no need to repeat all that was done

in the first division problem.)

2. There is still no repetition of digits. Continue the

process described in Probleth 1 until you find a

repetition.

3 A decimal such as .33 or .621621 is called a repeating

decimal. Give some other examples of repeating decimals.
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Just enough work was done below to find out whether there
16are repeating decimals for and
33

.48
33 [16.06

1

.828
111192.006

13 2 88 8
dO 3 20

2 64 2 22
--WO

888

16°33- = .4817

2

92
.828d28

How do we know that the decimal repeats after doing only

this much work?

Exercises 9-3b

1. Write each of the following rational numbers as repeating

decimals.

a.
1

d. 44.

5b. -N. e.

7 32
f .c .

2. Express the following rational numbers as decimals to the

thousandthS place.

1 _2..a 31- d.
11

2 14b. Tf \ e. IT

c. A- f. ?2
TT

11
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Study these decimal numerals and see if you can find a

a. Between the decimal numeral for
1

1
and the decimal,

1

numeral for
2

IT

b. Between the deelmal numeral for Il- ?nd the decimal
9 :.2.2.

numerals for
34-' TP IT, 11

Can you find a decimal numeral for ... without dividing?
11

7Can you find a decimal numeral for without dividing?
11

6. Is it true that the decimal numeral for is three
11

times that of
1

11'

If you worked all:the exercises correctly you will probably

say_that.all rational numbers can be given a decimal name.

However, we certainly .have not tried all the rational numbers.

In fact it is impossible to try all possible rational numbers.

Nevertheless, we can show that every rational number can be

'expressed as a repeating decimal. (Remember, we agreed to call

decimals like .35 repeatiog: .35 . .35000)

Let us

number

Exercises 9-3c

(Class Discussion)

look decimal which names the rational

7-

0.142857142357
711.000000000000

1. Can you tell, without performing the division, the digits

that will appear in the next 6 places?
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2. Is there a block of digits which repeats endlessly? Let

us place a horizontal bar over the block of digits which
repeats:

7 = .142-357142,:,57

. Name by a deci,7,a1 numeral.

Will there be a zero remainder if you keep on dividing?

Does the decimal numeral for 1

1
- repeat? How will you

1
indicate this?

6 .

Kv

Do you notice that the decimal numeral for
12

repeats
as the remainder repeats?

7. Let us check the idea in Problem 6 by finding., the

decimal numeral for

0.1428571

t.

First remainder is

711.0000000
7

23
--->

20 Second remainder is 2
14

*

-TO Third remainder is 6
56

----*

40 Fourth remainder is 4
35

-*

Fifth remainder is 550
49

>

10 > Sixth remainder is 1
7

> Seventh remainder is

Note that the seventh remainder is the same.as the first.

a. Is the seventh digit to the right of the decimal point
the same as the first?

b. If you continu the division, will eighth remainder
be the same as the second remainder?

c. Will the eighth digit to the right of the decimal point
be the same as the second dij_t, to the right of the
decimal point?
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Yot should see that the block of

digiq, 142857, will continue

to rebeal This, is so because

there are only zeros in the

dividend. Therefore, as soon

as we get to the sixth remainder

and "bring down" a zero, we

are back to the original

problem of dividing 7 into

10.

0.142857
711.000000

0
28
70

111
-To

56
71)

50
L2

142...
000...

8. Check.this idea again by dividing' 1 by 37 to find.a

decimal numeral for

You should agree with the following conclusion: Every

rational number can be named by a decimal numeral which either

repeats a single digit or a block of digits over and over

again.

Exercises 9-30,

1. Write a decimal numeral for 1IT .

a. How soon can you recognize a pattern?

b. Does this decimal numeral end?

c. How can you indicate that it does not end?
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2'. Write decimal numerals for:

How soon can you recognize a pattern in each case? In

each case locate the step in which the remainders begin
to repeat. Do the digits in the decimal numeral begin
to repeat at this step?

3. . For each of the following numbers:

Find a decimal numeral.

Indicate the repetition of a digit or a set of
digits by placing a horizontal bar over the digit, or

block of digits which repents
.

c.

_

d.
5

e.
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01.4. Make the following chart and fill in the blanks according

to these directions:

a. In column A give the equivalent fraction with
,

denominator 10. (Thus
3

=
6

)

5 10'
b. In column B give the decimal representation to

the tenths place. (Thus = 1.5; $zi .6) Draw

a circle around these decimals which are exact repre-

sentations of the rational numbers under consideration

(Thus there is alDircle around 1.5)

c. In column C give the equivalent
144

fraction with
N

denominator 100.(Thus 25 100)
d. In column D give the decimal representation to the

hundredths place . (Thus = .75;
1 ,, .17) Draw

circles in accordance with the directions in (b).

(Thus there is a circle around .75)

e. In column E give the equivalent fraction with

denominator 1000.

f. In column F give the decimal representation to the

thousandths place. Draw circles in accordance with

the directions in (b).

A B C D E F

3a.
5

6

10

b 5 .6

c. 2
3 .-

2.6

25

144.

100

1
e.

13

1 .17

i'
.75
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9-4. Rounding Decimal Numbers.

The length of the Missouri River is 2,66 miles. In

talking about the length of the Missouri River a boy said that

its length is 2,500 miles. Would you say that he gave the

length of the river incorrectly? Actually, the boy gave the

length of the river to the nearest hundred miles. We say that

the length of the river was rounded to the nearest hundred

miles.

We often use rounded numbers ccause they are easier to

remember and easier to work with. In many cases, the rounded

number is just as useful as the precise number.

In a recent year the population of Colorado was 1,625,039.

This may be rounded to 1,600,000. We have rounded to the

nearest hundred thousand in this case. In talking about

populations of states people find that rounded numbers are

more convenient than the exact numbers for most uses.

The height of Mt. Rainier is 14,410 feet. This may be

rounded to 14,400 feet. Here the number is rounded to the

nearest hundred feet.

When we round a numer we give an approximation of it.

01:ten, an approximation is all we need. We may prefer the

approximation Lecause 't is easier to remember and to use.

As you would expect, we choose an approximation close to the

actual number.

These ideas are further explained in the examples which

follow in this section.

Example 1:

We say that 2:, rounded t o the nearest 10 units, is

20. Why don't we say -::0?

Look at the number line

and find 2-:) . Is

it closer to 20 20 21 22 23 24 25 26 27 28 29
or to ::)0? Locate

the point halfway between 0 and . On which side of this
halfway point is 2-j?
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Example 2:

Round 677' to the nearest hundred.

Use your pencil to touch

the point where you think

677 is located. What is 4 I
I >

the number for the point
600 700

halfway between 600 and

700? On which side of this halfway point is 677?

Did you decide that 677, rounded to the nearest 100,

is 700?

Example' 2:

Round 450 to'the nearest hundred.

In this case 45n_ is exactly halfway between 400 and

500. In such a case we could flip a coin to decide whether tc

round 450 to 400 or 500. In this book, however, whenever

a number falls midway between two others we shall agree to

round always to the larger of the two numbers. Thus 450,

rounded to the nearesv, hundred, is 500 by agreement.

E.ercises 9-4a

1. Round these numbers

a. 280

to the nearest hundred:

d. 850 g. 439

b. 314 e. 749 h. 978

c. 1,436 f. 3,555 i. 5,250

2. Round these numbers to the nearest thousand:

a. 5,320 i. 14,550 g. 144,501

b. 3,399 e. 62,853 h. 144,500

C. 2,949 f. 144,499 is : 326,495

Round these numbers to the nearest ten thousand:

a. 734,159 c. 72,400 e. 565,431

b. 159,023 d. 195,632 f.. 85,000
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Look at the portion of

the number'line at the right. -4-
.230 .238 .238 .240

What number is halfway between

.250 and .240? Do you agree

that it is .^35? Where is .233? Is it closer to .230

or to .240? Since it is closer to .240, we round .238,

to the nearest hundredth, to .24.

Example 4:

Round .2673 to two decimal places.

We locate .2673

between .2600 and +
.2700. The number .2600 .2660 .2673 .2700

halfway between .2600

and .2700 is .2650; .2673 is closer to .2700.. Do you

see that .2673, rounded to two decimal places, is .27?

Example 5:

Round .1339 to two decimal places.

Touch with your pencil

the place where you think
A800 , .1900

.1339 is on the number line.

What is halfway between .1300

and .1900? On which side of the halfway point do you place

.1339? Would you round off .139 to .1300 or to .1900?

Exercises 9-4b

1. Explain why each of the following is correct:

Number Rounded to Two Decimal Places

a. 0.237

b. 0.241

C. 0.044

d. 0.1949
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2. Round each of the following to two decimal places:

a. 48.362 d. 6.012

b. 0.518 e. 0.0053

c. 35.016 f. 0.097

3 Round each of the following to one decimal place:

a. 16%58 d. 0.074 g. 3.1415

b. 43.72 e. 0.052 h. 68.07

e. 103.05 f. 1.-Y3 i. 43.03

4. Round each of the followir decimal places:

a. 4.0486 ).00159

b. 17.1074 76.7308

c. o.0006

5. Write each of the following Round the

result to one decimal place.

62
a.

001

b.
1

e.
3

c.
q

f. -15

12
-11

6. Write each of the following as a decimal. Round the

result to two decimal places:

531. 17a. d.
1000 12

b.
2

c. 5
9
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9-5. Summary.

A number may be written in decimal notation or in expanded
form. For example:

Decimal Notatior

489.2

3,056.37

Expanded Form

4(102) + 8(10) +9(1) + (.Tt)

3(103) 0(102) +5(io) + 6(1) + 3( 5) + 7(th)

When one reads a number, the decimal point is read "and";

such as "four hundred eight: -nine and two tenths".

The following are the procedures for performing arith-

metic operations with .decimals:

1. In the addition or subtraction of numbers containing

decimals, write the numerals in vertical order so

that the decimal points are in a column. Then add
or subtract as with whole numbers. The clecimal point

in the answer is directly under the other decimal

points.

2. The number of decimal places in the product, when two

numbers are multiplied, is the sum of the number of

decimal places in the two factors.

3. When dividing one decimal by another, change the

problem by multiplying dividend and divisor by a

suitable power of 10 so as to make the divisor

a whole number. Then divide as with whole

numbers. The decimal point in the answer is directly

above the decimal point in the dividend.

A rational number, represented as a fraction, may be

expressed as a decimal by dividing the numerator by the

denominator. If the division is continued we discover that

either we reach a remainder of zero or that, after a certain

point, the remainders begin to repeat. After we reach a

remainder of zero the ...acceeding digits in the quotient are
zero. After we reach the first repeating remainder, the

succeeding digits in the quotient are repetitions of the
preceding digits in the quotient, in the same order. If
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we continue the division, the digits n the quotient will

repeat in blocks over and over again.

Thus, each rational number maybe named by a repeating

decimal. In some cases, the repeating digits will be zeros.

In other cases, the digits will repeat in blocks which are not

all zeros.

Repeating decimals are indicated by a bar over the digits

which repeat. For example, .4545... is written as
11

.4575.

In rounding decimal numerals use the following procedure:

Note the digit which is one place to the right of the

place to which you are rounding. If this digit is 5 or

more, then increase the preceding digit by 1. If this digit

is less than 5, drop it.

9-6. Chapter Review.

Exercises 9-6

1. Write each of the following in expanded form:

a. 79.3 c. 6,028.357

b. 453.03 d. 5,739.205

2. Write each of the following in positional notation:

a. 3(102) + 5(10) + 2(1) + 7(10)

b. 4(10)) + 9(102) + 5(10) + 7(1) + 54) + 3(-2)
10

c. 3(103) + 9(10) + U(1) + 1(A) 0(-3i7) + 9(72(3.3)+

3 Write each of the following in words:

a. 54.3

b. 169.05

340



9-6

4. Write in decimal form:

a. Six and nine tenths

b. Ninety and six hundredths

5. -Write each of the following as decimals to the nearest

hundredth:

a 1.1(5
U.

e.

f .

72

2

6. Change each number of the pair to a decimal rounded to the

hundredths place and write them so that the larger number

is first.

11 7
a. 75, 15

4 7
b' 11' 20

17 5
c.

53 TIT

7 Add the following numbers.

a. 0.58 + 2.97

b. 1.602 + 3.059

8. Subtract the following numbers.

a. 0.93 - 0.48

b. 3.057 - 1.923

9 Perform the indicated operations.

a. (3.09 + 4.16) 2.07

b. (7.821 - 2.056) - 1.309
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10. Find the following products.

a. .35x .09

b. .008 x .7

11. Find the following quotients.

a. .05691 4 .3

b. 1.2586 4. .007

12. Write decimal numerals for the following:

a.

b. 7
9

c. 13

How soon can you recognize a pattern in each case?

In each case, locate the step in which the remainders

begin to repeat. Do the digits in the decimal numeral

begin to repeat at this step?

13. Round these numbers to the nearest hundred:

a. 375

b. 1250

c . 933

d. 12,549

14. Round these numbers to the nearest thousand:

a. 6,712

b. 435,390

c. 76,802

d. 5,349

15. Round eelh of the follsnfing to one decimal place:

a. 2.47 c. 96.55

b. 385.063 d. 1,043.142

16. Round each of the following to two decimal places:

a. 3.267 c. 0.0172

b, 489.0'c d. 5,329.135

342
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17. Round each of the following to three decimal places:

a. 25.0947 c. 47.69542

b. 3.125639 d. 7P.04575

18. Write each of the following as a decimal. Round the

result to two decimal places:

7a. 7.

b

9-7. Cumulative Review.

Exercises 9-7

1. What property is illustrated below?

5 3 + 5. 2 = 5(3 + 2)

X X X
2. The number of ;Os at the XX

right is written in numerals X X X X X

in four different bases. X X X X

Which numerals are correct? X X

a. 100
four c. 16

ten

b. 14
uwelve -51five

3 Write 7 without using exponents. What is its value?

4. Answer "true" or "false".

a. Every number can be completely factored in only one

way except for the order of the factors.

b. Zero is a factor of every number.

c. The number one is a factor of every number.

d. The intersection of the set of prime numbers and the

set of even numbers is the empty set.

e. If a, b, c, and d are whole numbers and b

and d are not equal to zero, then a c a c

343

b d
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15. In the diagram at the right:

a. What is gljgl?

b. What is point S called?

c. What is T-side

1111R-side 11?

6. In the figure on the right:

a. What is plane

ABCrIplane EFD?

b. Name two skew lines.

c. What is ADr1BC?

d . What is FE U FH?

7. Perform the indicated operations and

a. x a1-
2 I.

1 .

12

4 1
b. x 247

1 .g. 2 1-1
2 a

2 ,1 1
c. 1

T
x h.

1 0
- 7_7

-e

d.
, + ,1

2 7

e. 310
0

-4- - 1,

1

8. Write each of the following as decimals

17 49
a. d.

5F

b.

c

21

9
10

e. 14

9 Mr. Miller is a salesman for the General Products

Corporation. He is permitted an allowance of 3.5 cents

per mile for car travel. What'is his allowance for a

trip.of- 634 miles?

314
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10. Divide, and then use the inverse operation for decking.

11. By what number can you

will be true?

a. 2x = 1

b. 7x = 14

c. llx = 0

replace x, so that the statement

d . 3x = 4

e. 7x =5

12. Insert one of the three symbols <, >, or = between

the following pairs of numbers so as to make true

statements.

8 9-
d.

8
a . ,5 .

0

b.

C .

9

7!) 16
12 24.

vb.



Chapter 10

RATIO AND PERCENT
-101.

10-1. Ratio.'

In your use of numbers, you probably noticed that you can

compare two numbers by subtraction or by divi,,ion. Of the two

numbers, 6 and 2, we car say that the first number is 4

more than the second, or that the first number is three times the

second. We can also say at the ratio of the first number to

the second is. 3 ,to 1. .iatio is a comparison by division. In

comparing the numbers 9 and 2, we say that the ratio of these

numbers is 9 to 2 or 51
2'

In a class there are 36 pupils of whom 16 are girls and

20 are boys. The ratio of the number of girls to the number of
16 4

boys is or 5. You will often find this shortened to "the
20

4
ratio of girls to boys is 16

20 or 5.
When a ratio is expressed as a fraction care must be taken

to write the numerals in the proper places.'\ Thus, in the

preceding example, the ratio of the number of bcy to the numoer
20 5 4

of girls is Tr or -. This 15 not the sar-, ratio r
In general, the ratio of c to d ir .._ --:re the first

number is used.as the numerator and the second number Is used as

the denominator' How would you write the ratio of d to c?

Definition: The ratio of a number c to a number d,

(d 0), is the quotient fr. (Sometimes this

is written c : d.)

Suppose that John is 60 inches high and that his father is

72 inches high. Then the ratio of the number of inches in John's

height to the number of inches in his father's height is 6_9_
or

72
S. Such a statement as this is Asuallly shortened to: the ratio

of John's height to his father's height is

347

1 r:



Notice that this statement does not tell what units are

used in measuring the heights. If these heights are measured in

feet, then John's height is 5 feet and his fath.r's height is

6 feet. The ratio of the number of feet in John's height.':o

the number of feet in his father's height is still We see

that the ratio is the same no matter what units we use as long as

we use the same 1 ,its for both measurements.

We could say that the ratio of John's height in inches to
60

his father's height in feet is -- or 10. This statement is

correct and meaningful but not very useful. If, in this state-

ment, we left out the units and said that the ratio of John's

height to his father's height is 10, then people would probably

make the incorrect conclusion that John is 10 times as high as

his father.

When we %Ise ratios to compare two heights, two distances,

two volumes or any two measured quantities we must either use the

same units for both measurements or we must clearly state the

units used for the two measurements.

You may sometimes wish to compare measured quantities,

lengths for example, using different units. On a map of. the

United States you might see the expression "1 inch = 200 miles."

This means that if the distance between two points on the map is

1 inch, then the distance between the corresponding points on

the ground is 200 miles.

The ratio of these lengths, 1 inch to 200 miles, is

found by first expressing 200 miles in inches. Since there

are 12 inches in a foot and 5280 feet in a mile, then the

number of inches in 200 miles is 200.5280.12 or 12,672,000.

The desired ratio is then 12,672,000 This is called the scale

of the map.

Usually, in reading a map, we are not particularly interested

in the scale. We could use this scale to convert inches on the

map to inches on the ground. But we are more interested in

converting inches on the map to miles on the ground. For this pur-
1

200'
pose we use the ratio ?his is the ratio of the number

3)+8



10-1

of inches between points on the map to the number of miles

between corresponding points on the ground. This ratio will

remain the same for any pair of points on'the map.

Let us consider another example. Suppose a club consisted

of 6 members and that one member of the group suggested that

they all join an art class. After much discussion a vote was

taken and the other .5 members of the group voted against the

motion. We can say that the ratio of the number of members who

voted against the motion to the number who voted in favor of the

motion was 5 to 1. This can be written as
1

or 5.

Exercises 10.-la

(Class Discussion)

1. Express the ratios of the-following as fractions in

simplest form.

a. The number of inches in a foot to the number of inches

in a yard. --

b. The number of pints in a quart to.the numbei, of pints

in a gallon.

c. The number of cents in a dollar to the number of cents

in a quarter.

2. In a class there are 32 pupils of whom 20 are girls.

a. The ratio of the number of girls in the class to the

total number of class members,in simplest form,

is

b. What fractional part of the number of class members

is the number of girls?

What fractional part of the number of class members

is the number of boys?

What is the ratio of the number of boys to the number of

girls in the class?
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3. On_a certain map you read "1 inch = 100 miles".

The distance between Hotberg and Coldspot on the map is

represented by a line segment of in. How many miles

are there between the cities?

b. The airplane distance between Hotberg and Middletown is
4411001* 250 miles. How far apart are the cities on the map?

We also use the idea of ratio to compare numbers which

represent very different quantities.

If a. car travels 258 miles in 6 hoars, the ratio of the

number of miles traveled to the number of hours of travel is

or 14 or 43. This ratio, 43, is usually called the rate

that the car is traveling, and is often expressed in terms of

miles per hour. In this example, the rate of speed is 43 miles

per hour. In examples of motion, like that of A moving car, you

may have used a formula

d = rt,

where d represents the number of units in the distance traveled;

r, the rate'of travel; t, the time of travel. If d = 258

and t = 6, then

6r = 258,

r = 258--6-- 3.

Exercises 10-lb

1. Find the ratio of Helen's height to Laurie's height.

Helen is 48 inches tall, and Laurie is 64 inches tall.

2. Josephine has 90 cents and Martin has 30 cents. What is

the ratio of Josephine's amount of money to Martin's amount?

3. Marc walked 5 miles and Jerry walked 3 miles. What is

the ratio of the distance Jerry walked to.the distance Marc

walked? §
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4. What is the ratio of Marc's distance to Jerry's distance in

ProVlem 3?

5. Bus fare ten years ago was 10 cents. Now it is 30 cents.

Find the ratio of the present fare to the former fare.

. How much did the fare in Problem 5 increase? Find the

ratio of the increase to the former fare.

7. During a sale, $8.00 shoes were sold for $6.00. Find the

ratio of the decrease in the cost to the original price.

8. In Problem 7, find the ratio of the sale price to the

original price.

9. The temperature rose from 80 degrees to 90 degrees. Find

the ratio of the increase to the original temperature.

10. Express the ratios of the following as fractions in simplest

form.

9 to 7
a. o

5b. 7 to 2

3 ,.. 5c.

1 1
d. 2-f to 17

11. The scale on a map is 1 inch to 20 miles.

a. Express this scale as a ratio.

b. On the map how many miles are represented by a segment

of length 47.
1 inches?

12. Centerville is a small city with city limits forming the

sides of a rectangle, 3 miles in length on the longer side,

and 2 miles in length on the shorter side. Using a scale

of 1 inch for 1rr of a mile, how long and how wide will

the map of the city have to be?



13. P.' map or the United States is diawn on a scale of 1 inch

= 300 miles.

a. Express this scale as a ratio.'.

b.. On this map how many miles wili be represented by one

foot?

c. The distance from Washington to Chicago is approximately

750 miles. How far apart will these cities be on the

map?

14. A plane flies 2600 miles in 5 hours.

a. At what rate does the plane fly per hour?

b. What is the ratio Of the number of miles traveled to

the number of hours of flying time?

15. A balloon drifts 600 miles in 15 hours. What is the rate

at which the balloon drifts per hour?

One sunny day Tony measured the length of the shadow made by

each member of his family. He also measured the length of the

shadow made by a big tree in the yard. He found that his father,

who 'is 72 inches tall, had a shadow 48 inches long. His

mother, who is 63 inches tall, had a shadow 42 inches long.

His little brother, who is only 30 inches high, had a shadow

20 inches long. He didn't know how tall the tree was but its

shadow was 40 feet long.

He wrote this information in a table.

Shadow length Height

Father 48 inches 72 inches

Mother 42 inches 63 inches

Brother 20 inches 30 inches

Tree 40 feet

352
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. %. . :

Tony saw that the taller people had longer shadows. He

wondered if he could find a useful way to compare the numbers,

and tried division. He divided the shadow length of his little

brother by the number of inches in his brother's height.

20 2. 10_.2
30 577(71

He tried the same thing with his father's shadow length and

height. He formed the ratio of shadow length to the height of his

father.

48 2.24 2
72 57727

What is the ratio of the shadow length of his mother to her

height?

All heights and shadows were measured at the same time. The
2 2

ratio 3- ts the same for all of them. This ratio is the

same for the _tree, too.

353
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The shadow of the tree was measured to be' 40 feet. Can

you find the height Of the tree? What must the height of the

tree be in order that the measure of,its shadow length divided
2 . 2by the mumber,of feet in its height is ? to . - 3.

With this reasoning you can find the height of the tree without

measuring it. Did you find 60 feet?

Exercises 10-1c

1. What is your height in inches? What would be the length of

your shadow if it2were measured at the same time and.place

as the shadows of the people in our story were measured?

2. Some other objects were measured at another time and place,

and the data are recorded below. Copy and complete the

table.

Object Shadow Length Height Ratio

Garage 3 feet 8 feet

Clothes pole 36 inches

Tree 7.. feet 20 feet

Flag?ole r , 144 inches 3
FS

Fence 117 inches 30 inches

3 Write the ratio of

a. 2 to 9

b. 48 to 40

c. 175 to 125

d. 65 to 100

4. Write an expression for the ratio of c to d.

5. Write an expression for the ratio of s to 66.

6 Write an expression for the ratio of 2k to 7m.

7. Write an expression for the ratio of 40 to w.

354
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10 -2. Proportion.

Tony's older brother is 66 inches tall. Is it possible to

find the length his shadow would have been when Tony made the

other measurements?

To answer this question, we shall write a fraction for the

ratio of his older brother's shadow length to his height and

state that-it is the same as the other ratios. We shall use s

to represent the number of inches in his shadow length which we

wish to find.

s 2

EE

Now we have two names for the same ratio. We know how to

express a rational'number in different ways, It will help us to
2expressTT-- as_a_fraction with denominator 66.

2 2.22 44
3 5777 EE

44 2
We can use - instead of 3. and vite

44
FS EE (The denominators are

the same.)

This tells us that s = 44.

The older brother's shadow would have been 44 inches long.
2

The statement .-. = states that two ratios are equal.

'A statement that two ratios,are equal is called a proportion.

Later in the day, the ratio of shad enaNto height
changed to 4. At this time the shadow a water tower measured

21 feet. Then the statement

35.

about the height, w, of the

water tower,

21 5
Tor 7

Is a proportion. We wish to

find the height. To solve

pro'.ems like this we need a

method for finding number
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which will make the statement true when it is used as a

replacement for w.

The statement says that the two fractions name the same

rational number. From Chapter 8 we know the Comparison Property:

If b = § and b 0, d 0, then a. d = b. c.

We use this property to solve our problem

21 5
w 7

21 7 = 5.w Comparison Property

5w = 147

74
w =

15 Definition of a rational

number
2w = 25-
5

The water tower is about

29 feet height.

The problem of the older brother's shadow can be solved in

the same way.

s 2

3 s = 2 66 State the property

used here .

js = 132

s = 44

The older brother had a 44-inch shadow.

Exercises 10-2

1. Find the ratio of the first number to the second.

Shadow Height Ratio

a. Garage: 3 feet 10 feet 9
.

b. Clothes pole: 36 inches 96 inches 9

c. Fence. 11 inches 30 inches

356
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2. In a mixture of nuts weighing 24 pounds there are 15

pounds of-peanuts.

a. How many pounds of other nuts are there in this mixture?
b. What is the ratio of the number of pounds of peanuts to

the total number of pounds of nuts in the mixture?

C. What is the ratio of the number of pounds of other nuts

to the total number of potands of nuts in the mixture?

d. What is the ratio of the number of pounds of peanuts to

the number of pounds of other nuts?

3. In another mixture, the ratio of the number of pounds of

peanuts to the number of pounds of other nuts is the same

as in Problem 2. This mixture contains 25 pounds of
peanuts. How many pounds of other nuts does it contain?

. What number substituted for n will make the statement true?

n 4 56 7 16---96a. = b
9

c. =

5. What number substituted for s will make the statement true?

20 s
a . = b. 30 90 s 36

T.7 s -47 27

6. Joyce has a picture 4 inches wide and 5 inches long. She

wants an enlargement that will be 10 inches wide. How long

will the enlarged print be?

7. Mr: Stephens was paid $135 for a job he finished in 40

hours. At this rate how much should he be paid for 6o hours

of work?

k. recipe for 30 cookies listed the following amounts

17 cups flour

1 tsp. y:villa

1 cup butter

cup sugar

2 eggs

a. Re-write the recipe to make 90 cookie'.

b. Suppose you wish to make 45 cookies using the original

recipe. What ratio should you use? What amount of each

item should you take?

357
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9. What is the cost of 10_ doughnuts at 50 a dozen?

10. What is the cost of 12 candy bars at 3 for 25' ?

11. What is the cost of 2500 bricks at $14 per 1000 bricks?

12. The following table lists pairs of numbers v and w. In
6

each pair the ratio of v to w i3 the number 7. Cop:- and

complete the table.

v w atio I (simplest form)

7
a. 12 14

b. N\ 21

c. 0%

d. 100

e. 100
-----I

13. State which of ttle following ratios are equal. Use the

Comparison Property as your test.

, 10 20
a.. ,

6 16
-, ,

48 42
c. ,

68 76
d . ,

e 11-3- ,

14. Mr. Jones is told to mix 2 pints of pigment with allons

of paint to complete a certain paint job. He later finds

that he wishes to mix pigment vrth 2 gallons of paint. How

much pigment does he need?

358
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*15. When triangles are the same shape but not the same size,

they are called, similar triangles. The measures of the

lengths of corresponding sides of similar triangles form

equal ratios. Triangles ABC and DEF are similar. By

using equal ratios,

a. Find the length of side V.F.

b. Find the length of side 5f.

it
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-

Many a:' you a re 'a1r Id Lu Je won i and you

rimy know somethtng abou: mean !n,-. Whela your toNchei say:

"90 percent of the answers ,an this paper are connect,' do you

know what he mina P.,:tuatiy he 1.:; talking ai-out a number,

ratio 01 the numter L qu,'.,tions. you :iswered correctly to the

LoLai te:ft. 1' the paper with 90

percent 01' the answers correct has 1n(:, questions, then 90

answers out the 100 are correct. The rat to could Le

OJ instead 71' tC p10.at: ,:0 percent" to describe the part

the cues::ons whlch are answered .,:orreciy. The word -percent"

used when a rat :o Is expressed w!.th a denominator of 100.

the*_y pereh!, th ,0 to 100 an 7(7
The word "pover0:." mean a nundreltns, a comes from the

Lat.lh phra:,;e ent771 wnlch meanl; hundred". For

cnnventen:e !:he ';_;;;TiL.o1 urd "perck..nt".

a char'. way ,

01",
-fmec,

0.

1 I I or'00 "times

arms-

'vs
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2. Express as decimals:

17%, 25%, 65%, 10%, 8%, 100%, 3.()'x , 200.

Exercises 10-5b

1. Using squared paper draw a large square so that the interior
is divided into 100 small squares. Write the letter A in

each of 10 small squares. Write the letter B 20 of

the squares. Write the letter C in 35 of the squares.
Write the letter D in 30 of the squares. Write the
letter X in the remainder of the squares.

a. What is the ratio of the number of squares which contain
the letter A to the total number of squares?

b. In what percent of the squares is the letter A?

c. For each of the remaining letters B, C, D, and X,

write the ratio of the number of squares which contain
the letter to the total number of squares. Give each of
these ratios in simplest form.

d. What' is the sum of the ratios in Parts (a) and (c)?

e. In what percent of the squares is the letter B?

f. In what percent of the squares is the letter C?

g. In what percent of the squares is the letter Do

h. In what percent of the squares is the letter X?

i. What is the sum of the percents of the squares containing
the letters A, B, C, D, X?

2 Copy the table below and fill in the blank spaces aL shown in
the first line.

1 1

100
2

.1755

160c.
100

7

a.

C. 4

x
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3. Copy the table below and fill in the blank spaces as shown in

the first line.

a. 0.3

b. 4

C. 0.78

d. 0.9

e. 3

f. 1.2

0.30 .01

4.00 400 x 0.01

0.78

.30%

4. Florie has a weekly allowance of 50 cents. One week she

spends 12 cents fc,r a pencil, 10 :entb for an ice cream

cone, 15 cents f.1 Sunday School collection, and puts the

rest in her piggy bank.

a. Express the ratio of each amount to her total allowance,

and express each of these ratios as a percent.

b. Find the sum of the ratios.

c. Find the sum of the percents.

d. What do you observe about the answers above?

The following boys and girls live on the same street.

Edward Polly Mary Doug

\Sara Harry Ann Lars

Mike

Bill

a. What percent of the total number of children are boys?

b. What percent are girls?

c. What is the sum of thy two percents

6. What his meant uy each o: the followIng?

a. TAhis fabric is 100:' wool.

b. W, have had 100: at for a week.

.00 iI the.merr. were !r: ;tcnin.
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Percent is a convenient tool for giving information involving
ratios. Athletic standings often are given in percent. Two

seventh grade pupils discovered the reason for this use of

percent as they talked about their neighborhood bast. all teams.

The boys were discussing the scores of their baseball teams. In

the Little League the first boy's team won 15 games out of 20
games played. The other boy's team won 18 out of 25 games.
Which team had the better record? The second team won 3 more

' games, but the first team played fewer games. Look at the ratios
of the number of games won to the number of games played for

15 8each team. The ratios and 5 are not easy to compare at20
a glance. Percent makes the comparison easy.

The first team won
20 of the games played:

15 _ 75 75.20 100

The first team won 751 of the games played.

The second team won 1
of the games played:

2)

72
=

25 100

The second team won of the games played.

The first team which won TY of it games had a higher
,:landing than the second team which won '7y'' its games.
could say tha 72 757', or 77,;'" >

F.xercisrs 10-'

1. A Little League team won (y.:t of firzt game:: p.

Whr percent of Thc fl-zt game:> d!fi Lhe win?

What perc:ort, of the f-lyh% ganes did :he ..eam lost'',

What :h the total F'df 3) 'and



2. Later in the season the team in Problem 1 had won 8 out

of 16 games'played.

a. What was the percent of games won at this time?

b. Did the percent of gapes won increase or decrease?

3. At the end of the season, the team in Problem 1 had won

26 games out of 40.

a. What percent of the games played did the team win by the

end of the season?

b. How does this percent compare with the other two?

Information, from business, industry, school, Scouts, and

similar sources is often given in percent. Tt is often more

convenient to refer to the information at some later time if it

is given in percent than if it is given in another form.

.A few years ago the director of a Boy Scout camp kept some

records for future use. Some information was given in percent,

and some was not.
1
The records gave the following items of

information.

(J) There were 200 boys in camp:

(2) One hundred Percent.of the boys were hungry fOr the

fIrst dinner at camp.

Fifteen percent of the boy.: fo9got t-) pack a toothbrush,

and needed to buy one at camp.

(4) On the se,:ond day at camp 44 bo caught fish.

(5) One boy wanteC to go home the first night.

(6) A neigh.,cring camp director said, "Forty percent of the

eoys at our ,.amp will learn to swim this summer. We

shall teach 1-';2 boys to sWm." ---

From (1) and (2), how many hungry bc, came to dinner

the first day?

Of course we know, without computatIon, that 100 of

anything is all of it. Then I00': of 200 is 200. The answer

is tat 2no hungry Loy:, ':-irrlc2 to elrn6r the first day.
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From how many extra toc,chbrushes were needed?

1515% means 15 or100
15
100

The ratio of boys without toothbrushes to the total number

of boys in camp is
200 200

This can be written where n

is the number of toothbrushes needed.
15The ratio

200 100
equals the ratio since 15 of the

boys forgot to pack a toothbrush. We write the proportion and

solve it to answer the question.

n 15
200 100

100n = 15 *200

=
15 200

100

n

30 toothbrushes were needed.

Statement (4) say that boys caught fish. The percen

of boys who caught fish can be found. The ratio of the 44 boys
to the 200 boys in

this ratio is
100

camp is 777. II y percent caught fish,

Since the ratios are equal, then

00
,

100

100 =

00y '1'i00

7-aY

Then y percent cent or T:2. .

Cl the Loys fl:1 on the second day.

From Stitement c,) we cin find the perceht 01' the boys who

homesick. One 'toy ,::::nted to ro home the 'ht night. So

:-)rm the ratio o' 1:fl,: nnm:,er of boys. or

whteh to re h .om(, we hive the ratio00 100
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These are equal, so

1 v
(71.5 100

2001/'... 100

v =200
1

v =

Then 24 of the boy- wanted to go home. This may be read,
2'

"one-half percent" or '..e -half of one percent", preferably the

latter.
1 1Be sure that you know the difference between 7 and 7%.

1 50Other names for - are .

2 5' 10
.5._

' 1017 ' 5Q5.

Other names for are ---. 005 %
.100 ' 200 ' 100 ' '

Which is the larger number, or -4 -4? Since
1 1 1

2 2' 2f- 7 7 1100

1
so that

2/°'=
1 1 1

200
we see that 7 is 'greater than 75.

Statement (6) of the camp :,,roblem says that 40% of the

boys in a neighboring camp would learn to swim; also, that 32

boys would learn to swim. How many boys are in the neighboring

camp? The ratio-of the number cf new swimmers to the number of

boys in the- camp is - F
32 where n is the number of boys in

their entire camp. The ratio is also -1.2
-10 These two ratios

name the same number,

4'0 ._32
100 n
40n = 5200

n =
5200
z:0

n )0

There were 0 boys in the neighboring caomp.
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Now you have had examples of all the kinds of problemL which

will arise for you in percent.

Notice that each kind of problem,although very different, was

solved by writing a proportion. We solved

n 44 4o 3200 100 ' 200 ' 100 n

In each case we found two different name° for the same Latio and
solved the proportion. One of the ratios was always a fraction
with 'denominator 100. There was always one unknown number, but

it appeared in different places. Yet our method o_' solution of

the proportion was always the same.

Exercises 10-3a,

(Class Discussion)

1. Usually (._% of the who buy season passes to school

events fail to use tnem. If 250 pupils bought passes, how

many pupils probably will not use them? Use these steps in
solving the problem.

a. Explain where
100

of this problem.

comes from in setting up the solution

b. Explain where comes from, if n is the number of

pupils who probably will not use their pasSes.

c. Explain why 8 n
100 250

d. Find the value of n which makes the statement in (c)

true.

e. Would you accept an answer of 200 as sensible? Why?
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2. There ere 300 boys in the school and 120 signed up for

track ractioe. What percent signed up for track:

a. Wha is the ratio of the number of boys who signed up

for track to the total number of boys in the school?

b. Call x the percent of boys who signed To for

track.

c. Write a fraction for (b) using 100 as the denominator.

d. Write the statement that the ratios in (a) and (c)

name the same number.

e. Find the value of x which makes the statement in (d)

true.

f. Answer the question in the problem.

Is your answer a sensible answer for the problem?

Exercises 10-3e

Problems 1 - 5 all refer to the same junior high school.

1. There 600 seventh grade pupils in a junior high school.

The pri,11pal plans to divide the pupils into 20 sections

of equa" 3ize.

a. How many pupils will be in each section?

b. What percent of the pupils will be ,n each section?

c. How many pupils are 1 o the number of pupils in the

seventh grade?

'd, How many pupils are 1Cr', of the nun'ber of pupils in the

seventh grade?

2. Suppose one section contains 36 pupils. What pe mt of the

seventh grade pupils are in that

One hun(lred fifty seventh grade pupils come to school on the

school Lous.

a. What percent of :.he seventh grade pupils come by school

b. Wht percent or :;,:u seventh grade p').p.1: come to school

by some other means?
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4. In a class of 50 pupils, 7') were tardy ono day.

a. What fractional part of the class do the tardy pupils

represent?

b. What percent of the class was tard ::'

5. One day the principa: said, "Four per tt of the ninth graders

are absent today." The list of absentees had 22 names of

ninth graders on it. From these two pieces of Information

find the number of ninth grade pupils in the school.

6. Find the missing number n which will make each of the

fol:owing statements true. First write a proportion, and

then solve it by the method you have ,just learned.

a. 50% of 75 is n.

b. n percent of W-3 i 12.

c. 150 is 755 of n.

d. 125 5 of n is 100.

e. n is 29% of 240.

f. 2 is n percent of 40.

g. 30 is n percent of 25.

7. BRAINBUSTER. My brother had $72. This was 5005 of what

I had. My brother gave me of of his money. Now I have

300% of my brother's money. How much money do I have now?

10-4. Ratio as a Percent, a Decimal, a Fraction.

There are four common ways of expressing the same ratio.

You should be able to use any of these. They are: a fraction

in simplest form, a fraction !th 100 as the denominator, a

decimal, and a per7ent. It is necessary to be skillful 'n

writing different names for the same ratio in order to be free

to choose the most useful f:;rm.
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Exercisti-s 10-4a

(Class Discussion)

you wish to write a percent as a decimal you may follow these

steps.

Example 1. 65% = 65 x 0.01 = 0.65

Example 2. 12
1% = 12.5 x 0.01 = 0.125

1. Express the following as decimals: 17%, 25, 320, 655,

115%.

To write a percent as a fraction in simplest form, you may follow

these steps.
1 65

Example 1. 655 = 65 x 1-5(7 =
100 20

Example 2. 12-f% = x ---
e 100 25 100 200

1 125 5. 25 5
Example 125% = 125 x

Tloo loo -.7=f5 7

2. Express the following as fractions in simplest form: 25%,

10%, 5%, 65%, 110%, 200%.

To write a decimal an a percent you may follow these steps:

2
Example 1. 0.23 = 23c" or 0.23 = 23%

100
3

-

Example 2. 0.05 = 5% or 0.05 = = 55,100

47.2
Example 3. 0.472 = 47.25,', or 0.472 = = 47.2%ToT

3. Name the following as percents: .45, .045, 4.5, .425,

4.25.

To write a fraction as a percent, find an equivalent fraction

with denominator 100. Its numerator is the required percent.
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Example 1. ?

Solve 15 n

1 x 100 = 3 x n

100n =

= 334.

Example 2. What percent is? -112
13

.
13 100

5 x 100 = 13 x n

500
13 --' 13

8--6-
So -L - 3 6d13 10013

Si- fractions cc.ri be written as decimals by just carrying out
the indicated division, we could have done the previous examples
this way.

Example 1.
3 = 0.333 = 34%.

Example 2. .385 = 38.5 x 0.01 = 38.5%.

Note that it is necessary to use the "approximately equal"
sign. Since the decimal for does not terminate, A- is
not exactly the same as 0.385. The equal sign cannot be used.
The two wavy lines ps are used to mean "approximately equa. ".
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Exercises 10-4b

1. Write the following fractions in the form indicated:

11 ?

a- )37 100 - ? `z-
e 20 TOU

It ?
b. = 9 CI f ..2 '... - = 9

5 100 --,-- 2'.) 100

C.
? a,

17
g. 7,...- =

? = 9

'; 1?00 GO 100

19 ?
d. h 75- = ? -

25 100 5 100

2. Write the following frictions in decimal form. Round to the

nearest hundredth.

1 6
a . ..

e.
TT

b. 5
0

_,-
43

49

3c. 7 g 17-

7 265d. h
9 591

3 Write the percent form the decimal:: in Froblem'2. Notice

that when yon round to the nearest hundredth in a decimal,

the percent lam is : :Anded to the nearest whole percent.

4. Write the :allowing fractions in decimal form. Round to the

nearest thousandth.

e .
5

ac.

d.
29
30

lco
g.

h. 397
462

5. Write the percent form of the decimals in Problem To what

place do you round a decimal when you wish the percent form

to be rounded to the nearest, tenth or a percent?-
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If one of the four common ways of express a ratio

given, you can find the other threo.

Example 1.

2.

3.

2-2
0.28 =

100

0.11) =

= 0:72

11Qc,if

2 210

example

Example =3 'co

Example

Example 5.

14
=

100

= 28,;-74 ,

= = 4io

0.=0 =

0.

5
100

.0'

19
100 ?% =

In Example 5 we had only three oommon ways of expressing T::he

ratios because L and Lhe time fractions10C 100
in simplest form and fra:tIon: with i00 as the tienominator.
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Exercises 10-4c

1. Fill 4.n the missing numerals in the chart below. The

completed chart Will be helpful to you in future lessons.

Fraction.in
Simplest form

Hundred
as Denominator

Decimal Percent

a.
50 .50 50%lo o

.
1

ir
C.

d. .20

e. 40°A

f
60
ITU

h. .37

70
100

.1.
.66

k.

. .10

m. 90%

n.

o.
300
100

P. 375

_Ja2___

r.

150%

627
106

s. .01

.

100%

v. 100

w. 5

374
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2.- Draw a number line an at points about 5 inches apart mark

0 and 100%.
a. Locate the followirig percents from Problem 1 on this line.

Estimate their positions and mark the percent names below

the line. a, b, c, d, e, f, g, h, n, p, t, w.

b. Mark these fractions above the appropriate points on the

line.

1 1 1 2 1 3 3 7 4 2 3 55, 7, 7, 3, 7, 7, 5, 5, 7, B., -6

3. Using squared paper, draw 5 large squares each containing'

100 small squares. By proper shading show'the percents in

b, d, 1, p, s of Problem 1.

4. What fraction in simplest form is another numeral for

a.. 32% b. 9070 -c. 120°j4

5, Express the following as percents.

13
a. 7 c.

0
d.

10-5. Applications of Percent.

Percent is used to express ratios of numerical quantities in

everyday experience. It is important for you to understand the

idea of percent, the way it is written, and, also, to be accurate

in working with percent.

Budgets

A budget is a plan for spending money. Families use budgets

to help them work out how their money will be spent for food,

housing, personal needs, savings and other things. Governments,

businesses, and school systems all have budgets to show how they

plan -to spend their incomes. Boys and girls in school often

have budgets, too.

Suppose a family had a monthly income of $410 after taxes.

The family budget allowed 3270 for food. How much money is

32 70 of $410?
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The problem is to find m, the number of dollars allowed
32,

for food. The ratio 100
is known. Tell why this is known.

The ratio 4-1-Tu is another way to express the ratio of the

number of dollars allowed for food to the number of dollars of

income. Then

1.

2.

m

4-17

100m

m-

=

32 Tell why.

Explain this step.

Explain this step.

100

32 x 410

13120
loo

.tJ
4. m = 131.20

$131.20 is the amount allowed for food.

Suppose the family rents an apartment for $78 per month.

What percent of the family income of $410 per month is, spent

for rent? The problem is to find the percent of income. spent

for rent. Let us call this ratio 100
. The known ratio

10. Notice
An 1

Notice that this is about 4=-- or about A good estimate
400

then, is about 20 %. It is always sensible to estimate the

answer before you work the problem.

r 78
TUU 717

78 x loor= 410

r 19.02

The percent" of income spent for rent is about 19%.

The wavy lines mean that r not exactly the same as

19.02 since the decimal does not terminate in the hundredths

place. The value ,19.02 is an approximation for r. The rounded

answer 19% is close enough for practical 1...irposh.
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Exercises 122.15a

Suggested Budget for a Family of Four

Take.4home pay $300 per mo. $350 per mo. $450 per mo. $550 per mo.

Food 30 % 27 % 22% 22 %

Housing 30% 28% 28% 28%
Personal needs 13% 13% 12% 12%
Transportation 7% 7% 9% 9%
Savings, Taxes 5% 10% 16% 16%
Others 15% 15% 13% 13%

Total- 100% 100 5ro 100% 100%

1. Why should each column total 100%?

2. What percent of the $450 budget is allowed for food?

3. a. Write the ratio in Problem 2 as a fraction with 100 as

the denominator.

b. Use f to stand for the number of dollars allowed for

food, and write the ratio of f to $450.

c. 22% is about 1
7. Use this to estimate the amount of

money spent on food out of a $450 income.

Use the ratios in (a) and (b) to write a proportion and

find the number, f.

e. Check your answer with the estimate in (c).

4. a. Write the percent of the $550 income which is allowed

for the item called "Savings, Taxes".

b. Find the number of dollars of the $550 income which are

allowed for Savings, Taxes.

Notice that 16% is between 10% and 20%. Then it
1 1is between -57 and 3. How can you use this information

to check your answer?

5. What amount, according to the table, is allowed for persbnal

needs from an income of $300?

. Find the amount allowed for transportation when the income

is $350.
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7. _Find the amount allowed

a month.

for housing when the income is $450

8. Find the amount allowed

is $300 per month.

for savings and taxes when the income

9. The Hughes family of *4 has a monthly income of $575 after

taxes. The amount this family spends for housing averages

$150 a month. Find the percent of their income that they

use for hodsing, to the nearest whole percent. Compare it

with the percent allowed in the table for an income of $550.

*10. An apartment for a family of 5 rents for $95 a month. If

the family plans to spend 25% of the monthly income for

rent, what monthly income does the family need?

Commissions and Discounts

People who work as salesmen often are paid a commission

instead of a salary. The money they earn depends upon the sales

they make. A salesman, for example, may be paid a commission of

25% of the selling price of the merchandise that he sells.

he, sells $12,000 worth, his commission is 25% of $12,000.

If c represents the number of dollars earned, then the

ratio of the number of dollars earned to the number of dollars of

sales is 12,000'
5

The commission ratio is ---

c 25
12,000 100

100c = 25 x 12,000

300,000
100

c = 3,000

The salesman earns $3,000 on his sales of $12,000.
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The numbers in,this problem are easy and you probably could

think 25% is and of $12,000 is $3,000. Other

situations will use numbers which do not lend themselves to short

cuts. Hence, the above example was solved in the general way.

Sometimes the percent of the selling price which gives the

commission is called the rate of the commission.

Definition: Commission is the payment, often based on a percent

of the selling price, that paid to a salesman for

his services.

Merchants sometimes sell articles at a discount. During a

sale, an advertisement stated "All coats will be sold at a

discount of 30%." A coat marked $70.00 then has a discount cf

30% of $70,00 or $21.00. :The sale trice (sometimes called the

net price) is $70,00 - $21:00 or $49.00.

Definition: Discount is the amount subtracted from the marked

price.

Definition: Sale price or net price is the marked price less the

discount.

This relationship can be pictured as follows:

or

Snle'Price

Marked Price

Discount

Sale Price + Discount = Marked Price

Marked Price Discount = Sale Price

379
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Example: Find the zale price of a coat marked $80 if there

is a discount of 30%. Choose d to represent the

number of dollars in this discount.

d 30
100

100d = 2400

d = 2400
100

d = 24

The discount is $24.

The sale price is $80 - $24 or $56.

Exercises I0-5b

In the following problems it may be necessary to round some

answers. Round money answers to the nearest cent, and round

percent answers to the nearest tenth of a percent.

1. On an examination there was a total of 40 problems. The

teacher considered all of the problems of equal value, and

assigned grades by percent. How many correct answers were

indicated, by the following grades?

a. 100% b. 80% c. 50% d. 65%

2. On the examination in Problem 1, what percentdid the

following students recf:ive? Each grade is based on a total

of 40 problems.

a. Emma: All problems worked, but 10 an;:oers wrong.

b.i Muriel: 36 problems worked; all answers correct.'

c. 'Don: 20 problems 'Timorked, 2 .answers wrong.

d. Bill: 1 problem not answered,. and 1 answer wrong.

3. If the sales tax in a certain state is 1 of the purchase'

price, what tax is collected on the following purchases?

'a. A dress selling for $17.50

b. A bicycle selling for $49.50
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4. A real estate agent receives a commission df 507,for any sale

that he makes. What is his commission on the sale of a house

for $27,500?

5. The real estate agent in Problem 4 wishes to earn an annual

income of at least $9,000 from his commissions. To earn

this income, what must his yearly sales total?

6. A salesman who sells vacuum cleaners earns a commission of

$25.50 on each one sold. If the selling price of the

cleaner is $85.00 what is the rate of commission for the

salesman?

7. Sometimes the rate of commission is very small. Salesmen for

heavy machinery often may receive a commission of 1%. If,

in one year, such a salesman sells a machine to an.industrial

plant for $658,000 and another machine for $482,000, has he

earned a good income for the year? What is the income?

8. A sports store advertised a sale of football equipment. The

sale discount was 27%.

a. What was the sale price of a football marked at $5.98?

b. What was the sale price of a helmet if the marked price

was $3.75?

9. In Lincoln High School there are 380 seventh grade pupils,

385 eighth grade pupils, and 352 ninth grade

a. What is the total enrollment of the school?

b. What percent of the enrollment is in the seventh grade?

c. What percent of the enrollment is in the eighth grade?

d. What percent of the enrollment is in the ninth grade?

e. What is the sum of the answers to b, c, and d?

10. Mr. Martin kept a record of the amounts of money his fanuly

paid in sales tax. At the end of one year he found that the

total was $96.00 for the year. If the sales tax rate was

47o,what was the total amount of taxable purchases made by the.

Martin famiLy during the year?

38z
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Percents Used for Comparison

In some of the problems we have met, the percents were not
1 1

whole percents% The fraction EI changed to percent is 12-#.
e""

Also, you have used -% and have learned that tr% may be read

7 of 1%. Decimal percents such as 0.7% are also used.

0.7% = o'7 X 100 1000 1 00
0.007

These are all names for the same number. If we wish to find

0.7%- of $300, we need to find n so that

n 0.7
300 100

100n = 210

n = 2.10

0.7% of $300 is $2.10

(0.7% is less than 1%. Since 1% of $500 is $3.00, the

answer $2.10 is sensible.)

Suppose that we wish to fine 2.3% of $500.

Find the number x
such that

2.3%

X 2.5
500 100

100x = 1150

x = 11.50

2,3% of $500 1.E; $11.50

The game of baseball uses percent for making comparisons.

A baseball batting "average" for a player is the ratio of the

number of hits the player made to his number of times at bat.

This ratio is "expressed as a decimal and rounded to the nearest

thousandth. The hatting average can be considered as a percent

expressed to the nearest tenth of a percent. If the player has

382
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23 hits out of 71 times at bat, his batting average is 23
71

or .324. This is 32.4%. In newspaper reports the decimal

point in .324 is often omitted in order to save space.

Sometimes, grades are called for to the nearest tenth of a

percent. A teacher may be asked what percent of the number of

marks in his.class are B's. Suppose he issued 163 marks, 35

of them. B's. He wishes to find x such that

x _ 35
loo 1.6-5

163x = 300

3500x 7:67

x = 21.47

In the chapter on decimal notation you learned how to round

decimals. If the percent is called for to the nearest tenth of a

percent, 21.47 ... is rounded to 21.5%.

Exercises 10-5c

1. Find the batting averages of th

best average? Give answers as

percents rounded to the nearest

Player Times a

George 65.

Max

Bill 73

Tom 60

se four players. Who has the

3 place decimals and as

tenth of a percent.

bat Hits

19

22

21

21

2. A nut grower has found that 4.6% of the nuts that he grows

can be expected to be below standard. At this rate, how many

pounds of nuts will be below standard in a bag weighing 80

pounds? Express your answer to the nearest tenth of a pound.
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3. When Mr. Davis built his new home, he found that the cost of

the land was 18.5% of the cost of the house. If the land

cost $3,330, what was the cost of the house?

4. The Lewis family has an income of $5,200 a year. If they

save $450 a year, what percent of their income is this?

Express your answer to the nearest tenth of a percent.

Percents of Increase and Denrease

Central City had a population of 32,000 (rounded to the

-nearest thousand) in 1950. The population increased to 40,000

by 1960. What was the percent of increase?

The "percent of increase" asks for the ratio of the amount of

increase to the original amount. In this case the increase is

40,000 - 32,000 or 8,000. The original population, or the

population in the beginning, was 32,000. The problem is to find

g so that

g 8,000
100 32,000

8,000 x 100
g = 32,000

g =25

The percent of increase was 25%..

Notice that the percent of increase compares the actal increase

to tne original or earlier population number.

32,000

100% 25%

40,000

384
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Hill City had a population of 15,000 in 1950. If the

population in 1960 was 12,000, what was the percent of

decrease? The actual decrease is 15,000 - 12,000 = 3,000.

If x represents the percent of decrease, then

x - 22222
15,000

15,000x = 300,000

x 300,000
15,000

x = 20

The, percent of decrease was 20%. Notice that the population

decrease is computed by comparing the actual decrease with the

original or earner population figure.

15,000

80% 20%

4, 12,000

If the rents in an apartment house are increased 5%, each

tenant can compute his new rent. Suppose that a tenant is paying

$80 for rent. What must he pay in rent after the'increase?

If X represents the increase in rent, then

x 5
of 5 100

100x = 400

x

The increase is $4.00

The new rent will be $80 + $4 = $84.

385
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Exercises 10-5d

1. There were 176 pupils in 5 mathematics classes. The

semester marks of the pupils were A,20; B,37; C,.65; D,40;

E, 114. Give answers to the nearest tenth percent.

a. What percent of the. marks were A?

b. What percent of the marks were.-33?

c. What percent of thelmarks were C?

d. What percent of the marks were D?

e. What ,-,rcent of the marks were E?

f. What is the sum of the answers in parts a, b, c, d,

e? Does this sum help you check your answers?

2. Bobis weight increased during the school year from 65 pounds
...-

to 78 pounds. What was the percent of increase?

3.* During the same ye_ar, Bob-us mother reduced her weight from

160 pounds to 144 pounds. What was the percent of

decrease?

4. The enrollment in a Junior high school was 1240 in 1959.

In 1962 the enrollment had increased 25%. What was the

enrollment in 1962?

5. Jean earned $14.00 during August. In September she earned

only $9.50. What was the percent of decrease in her earn-

ings?

6. A salesman of heavy machinery earned a commission of $4,850

on the sale of a machine for $970,000.

a. Find his rate of commission.

b. What can he expect as his commission for the sale of

another machine for $847,500?

7; James was 5 ft. tall in September. In the following June

his height was 5 ft. 5 in. Both heights were measured to

the nearest inch. What was the percent of increase, in his

height?
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8. Do you know what your height was at the beginning of the

sOhool year? Do you know what it is now? Do you know what

your weight waa at the beginning of the school year? Now?

a.. What is the percent of increase in your, height since last

'September?

b. What is the percent of increase In your weight since last

September?

9. A baseball player made 25 hits out of 83 times at bat.

Another player made 42 hits out of 143 times at bat.

a. What is the batting average of each player?

b. Which player has the better record?

10.. An elementary school had an enrollment of 79G pupils in

September, 1960. In .September, 1961,_ the enrollment was

1012. What was the percent of increase in enrollment?,

11. On the first day of school a junior high school had an

enrollment Of 1050 pupils. One month later the enrollment

was. 1200, What was the percent of increase to the nearest

tenth of a percent?

12. One week the school- lunchroom receipts were 4450. The

following week the amount was $425. 'What was the percent of

decrease to the nearest tenth of a percent?

13. A baby's weight usually increases 100% in his first six

months of life.

a. What should,ababy weigh at six months, if its weight at

birth was 7 lb. 9 oz.?

b. Suppose that the baby in Part ,(a) weighs 11 lbs. at the

age of six months. What is the percent of increase to the

nearest percent ?.

14. During 1960 a family sr7nt $1,490 on,food. In 1961 the

same family spent $1,950 on food. What was the percent of

increase in the money spent for food t) the nearest percent?

38: 2 6.
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*15. During 1958 the owner of a business found that sales were

below normal. The owner announced to his employees that all

wages for 1959 would be cut 20%. By the end of '1959

the owner noted that sales had returned to the 1957 levels.

The owner then announced to the employees that.the 1960

wages would be increased 20% over those of 1959.

Which of the following statements is true?

a. The 1960 wage's are the same as the 1958 wages.

b. The 1960 wages are less than the .1958 wages.

c. The 1960 wages are more than the 1958 wages.

Interest

The charging and payment.of interest are important in business

affairs. You,may have noticed this. Savings banks advertise that ,

they pay 3% or 4% on savings. Lending companies advertise that

they will lend money at 6% or 7%. The numbers. change but the

ideas of percent remain the same.

Everyone knows that if you live in a house or apartment which

belongs to someone else you pay for this privilege. The fee you

pay is called rent.

In the same way,,if you arrange to use money which belongs to

someone else, you pay for this privilege. The fee you pay is

called interest. If you have money in a savings account. you

receive the interest, for then you are the Mender, The. rate of

interest when expressed as a percent is usually considered the

rate for one year.

The amount of money upon which the interest is paid is called

he principal. The ratio of the interest to' the principal is

called the-,percent (or rate) of interest,
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Example: At the end of the year Marie received $13.50

interest on her savings account of $450. Her

bank paid 3% on savings for one year.

$450 is the principal. $13.50 is the interest.

3% is- the rate.

a. How do. you find the rate when you know the

interest and the principal? The rate is a

percent. Let igu represent the ratio.

This is the same as the ratio of interest

to principal. So

Tr6.6 13.,50

13.50 x 100
450

r = 3

The rate is 39r0

b. How do you find the interest when you know the

rate and the principal?

3The rate is 370 or Tuu . The interest is n

dollars and the ratio of the interest to the

principal is n

3 n
ITG 7575

3 x 450
100

n

13.50 = n

The interest is $13.50

389
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How do yOu find the rrincipal when you know

the rate and the interest?

The rate is -3% or 100
The interest is

$13.50 and the ratio of the interest to the

principal, p dollars, is
13.50

.

lgO

3p = 1350

p = 450

The principal is 0450.

Exercises 10-5e

1. Find the interest for one year on $1,800 at 4%.

2. What is the rate if the interest for one year on $1,250 is

$75?

3, What amount of interest will $900 earn-in a year at

4. What principal will earn $42.50 in P, yea: At 5%?

5. Find the interest on $250 at 4% for"a year.

6. Find the interest earned in one year on $3,500 at 3%.

7, The interest for one year on $800 is $28. What is the

:ate?

;.4

8. Mildred earned $1.80 in one year_. on a sum of money she

deposited at ,4% rHow much did she deposit? (That is, find
2

the principal.)

9. Veryl deposited $350 in a bank which paid 4% interest

per year :At the end of the year she decided to. leave her

interest in the bank. How !mach did she then have, altogether,

in her account?

390
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*10. In Problem 9, Veryl kept. her money in tha:same bank for

another year. How much did she then havea.t the end of this

second year?

10 -6. Summary.

. In order to prepare for the ideas. of percent, you:learned

about ratio and proportion. You will use the principles of ratio

and proportion in yoUr later work in geometry and in numerous

applications to science problems as well'as to problems pf

business-

Percent is widely used in practical affairs. Everyone must

know how to deal with problems involving percent. Only selected

examples of the use of percent can be included in this chapter,

but any percent problem can be solved by the methods developed

in this chapter. All you need to know is how to translate the

facts of 'the problem into a'proportionand then solve the /

prOportion.\

The rati, of a number c to a number (d 0) is the

quotient §.

The Comparison Property: If
a

d ./ 0) :then
c

U
d = b c.

Any fraction, 11, can be. expressed as. a percent by finding,

a eso that roo - c,.

a
Any fraction, 17, can be written in decimal form and then

expressed as a percent by finding C.:: so-that.
a = c x .01 = c %.

The sign P$ means approximately equal.

A budget is a plan for spending money. The ratios of the

separate parts to the total income are often expressed as percents.

391
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A commission is the payment co a salesman for his service. It

is often based on a percent of the amount of his sales.

A discount is the amount subtracted from the marked price.

The sale price is the marked price less the discount.

The percent of increase pr decrease is the rats. :. of the

amount of increase or decrease to the original amount.

Intarest is a fee paid for the use of money.

The principal is the amount of money on which interest is

paid,. It is the amount borrowed or loaned.

The rate of interest is the ratio of the interest to the

principal. The rate of interest is stated as a percent.

10-7. Chapter Review.

1. Write the ratio

Exercises 10-7

of

a. 22 to 24

b: 63 to 56

2. Which of the following ratios are equal?

22 8
a.

ff. '

48 54
" IF ' T8

18 72
d.

17 ' EU

392
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3. In each of the following, find the number for c which will

make the statement true. '

20 c 3._ 15a. T-6 = c.
F 75

t. .c - 19 d.
81 _12

90 30 YUU -67

1
4. A picture 4 inches wide and inches high must be

2
reduced to fit a 2 it* newspaper column. How high will the

picture in the newspaper,451?

5. 'A. triangle has sides of length 11. inches, 8 inches, and

6 inches. In another triangle, the measures of the 'Sides

have the same ratio. The shortest side of the second

triangle is 9. in length. Find the length of each of

the other sides.

Write the following as percents.

a. .02 b. .255
2

c. d.
1

7. The monthly take-home pay for the Donovan family is $400.

The payment on the mortgage for their house is $80 a month.

What percent of the Donovan income is needed to pay the
t.

mortgage?

8.. If the 4 sales tax on a new car was $108, what was the

price of the car, not including the tax?

9c The records of Central High School show that about 76%. of

the studenti.can be :expected.to buy the yearbook. The

enrollment this year is 1862. How many pupils can, be

expected to buy the book this year?

10. Mr. Stephens earns a commission of 40% of his sales. His

,sales in October amounted to $2,450. What was his commission

in October?

11 'Boys' sweaters Marked at $12.00 were on sale at a discount

of 30%. Find the sale.price.
4/

12. when calls on coin telephones increased in price from 5 cents

o 10 cents, what was the percent of increase?

7

321
0
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13. State the property of equal t'ational, numbers which is useful

in solving a proportion.

15
Use = -6-

20
- -3 in your statement.

14. The baseball team of Room 106 won 13 games of the 16 the

boys played. The Rcom 107 team won 15 games of the 18

they played. Which team had the better record?

15. Find the interest on $11050 at 3% for one year.-

10-8. Cumulative Review.

Exercises 10-8

1. True or False:

a. Every number can be completely factored in only. one way.

b. In the base twelve system 7 x 9 = 53twelve'

c. The numeral "4" (four) has the same meaning in the

base five system of numeration as in the base ten system

of numeration. 4,

2. In which base has this multiplication been performed?

3. Write the numeral for 17 in

a. Base five

b. Base eight

c. Base two

4. Use the associative property of multiplication so that this

product can be found easily:

31 5 2

394
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Write the following statements in words:

a. 8 < 12

b. 34 > 32

c. 5 > 3 .> 2

State the commutAtive property for addition using the symbols

a and b for any.whoie numbers.

7. The following po nts are suggested by objects in your.kitchen.

PointA is sug ed by the refrigerator handle. Point B
'is:WiigEested by a foot of the kitchen table. Point C is

suggested by the faucet on your kitchen sink.

a. How many different planes contain A' and B?

b. How many different lines contain A and C?

c. How many different planes contain A, B, and C?

8. In each case, describe the union of the two sets given below:

a. The set of points on the

C. side of A.T3- and the A

aide of CD.

--*
b. The set of points on AB .

and the set of points on,
-->
AC.

8 A

9. Write the larg3r of ear'h of the following pairs.

2 4
a.

' To'

67
b. 13, -7

c.

10. Perform the following operations.

a. (6.04 + 5.07) - 2.909

b. (8.326 - 7).041)- 2.998

.39214
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11. Write the following as percents.

4
a. 3 c.

b. .026 d.

12. The Fairlawn basketball team won 18 games of the first 25

played. The team won 5 of the next 9 games". Did the

team improve its record?

13. Perform the indicated operations and simplify:

4
a. 7 7

h
b. 9- x

11

1 . 1
c. 2
d.

3
0 12

5

2.7 4217
e.

Find the following products.

a, ,25 x .03

b. .002 x .7

c. 1.2 x .35

d. 3.26 x .04

15. Find the following quotients.

a. .0312 4 .3

b. 2.35 4. 5

c. 12.08 .08

d. .612 4- .4

1 0
f .

3-

6

h. 5
F 7 5

i. 10_3

J 30 10
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.addends,
addition

in base five, 42-46
of decimals, 315-316, 339
of rational numbers, 221 -222, 224, 226
on.the number line, 270, 300-301

angle, 247-249, 250-251, 263
definition, 2471 263
exterior of; 248
interior of, 248
notation,'248
of. a triangle; 250
sides, 247
vertex, 247

.approximately equal to 371
associative'property, 81-86 91,, 110

of addition', 82-83, 85, 86 91 110
of multiplication, 83-84, 85, 86, 91, 110

Babylonian numerals, 19
base, 23, 31, 65, 66
base - changing, 55-56
base five, 34-561 66

addition, 42-46
... division, 53

-multiplication, 49-52
"subtraction, 47-48

"base seven, 57, 58
bate ten, 28, 34,.35, 36, 64 66
bast,twelva, 59-60, 65
base two, 60 -61, 65
betweenness, 100-101, 110, 235'
binary system, 60-61, 65
boundary, 242, 260
budgets, 375-376
closed region; 260
closure, 92-93,106, 110, 216, 218
commission,/678=380
common factor, 162, 179
common multiple, 174
commutative property, 75-81, 91, 110

. of addition, 80, 85, 91 110
of multiplication, 80, 85, 91, 110

Comparison Property, 281, 302, 321, 356, 391
complete factorization, 162-163, 179
complex. fractions, 294496, 302
composite numbers, 164-165, 178, 179
counting numbers, 73-74, 92, 102,.105, 106, 107,,108; 109,,

153, 166, 178
curve, 258

broken-line, 258
simple closed,'258.



deciMals
addition of, 315-316, 339
division of, 321 -323, 339
expanded form, 312, 339
expressed as a percent, 370
multiplication of, 319, 339
notation, 309, 312, 339
numerals, 21
places, 309
point,' 309
rational numbers as decimals, 32-332
repeating, 326-332, 340
rounding, 335-337, 340
subtisction of, 317, 339
system, 21, 224 23, 65

denominator, 208, 278, 280
digits, 22, 65
discounts, 378-380
distributive property, 86-90, 91, 110
divisibility,. 166 -172, 178

by two, 167, 171
by three, 169, 171
by four, 17p, ex.6? 171
by five, 169, ex. 4, 171
by nine, 170, ex. 5, 171
by ten,.169, ex. 3? 171
tests for, 171-172, 178

divisible,,166, 168
division

in. base five, 53
meaning of, 192 -194
of decimals, 321-323, 339
of rational numbers,, 192-194, 216-218
on the number line, 272-273

duodecimal system, 59-60,165
Egyptian numerals, 17-18
elembhts of a set, 70, 110, 134, 250
empty set, 134, 147
endpoint, 236
equivalent tractions, 211-212, 297-298
Eoatosthenes, sieve of, 155
Euclid, 113
EuClidean geometry, 113
even number, 75, 167
expanded form, 27-29, 65

in base five, 40
in decimals, 312

exponent, 31-32, 65 66
exterior

of angle, 248
of simple closed curve, 259
of triangle, 251
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factor,'31, 06, 160-166, 178, 179
common fadtor, loo, 179

fractions, 185, 189-190, 302
comparison.of, 278, 280, 281-282
complex, 294-296, 302
definition, 189
equivalent, 211-212) 297 -298

\ expressed as decimals, .371, 391
k expressed as mixed numbers, 287-288
expressed-as percents, 370, 391
improper,284, 302
proper, 284, 302

Gauss; Karl-Friedrich, 5
geometric line, 116,,.126
geometry, 113, 144
greater than 10
half-line, 244, 263
half-plane,.243
half- space, 242
Hindu-Arabic system, 21
identity element

for addition, 106, 110
.ftr_multiplication, 103, 110

if-then statements, 1-2
improper fractions, 284, 302

expressed as a mixed number, 287-288
interest, 388-390
interior

'of angle, 248
of simple closed curve, 259

. of triangle,,251
intersect, 117
intersections,. 117, 133-141, 145-146, 147

lines .and ,,lanes, 140, 146, 147
sets, 133-134, 145, 147
two lines, 117, 137-139, 146, 147
two planes, 135-136, 140-141, 146, 147

inverse operations, 95-98, 110
Konigsberg Bridge problem, 13-14
least common multiple, 173-175, 179, 224
lefts than, 78,, 101, 110,
line, 116,-118, 126, 132, 145, 244

separation) 244
lines and space, 116-119
logical reasoning, 2
marked 'price, 379
mixect.numbers, 286., 302

addition of, 289-290
division of, 293
-expressed as improper fractions, .289
Multiplication of, 293
subtraction of, 290-291

.M111.t14311-54, 173-175, 179;
.
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multiplicand, 160, 179
multirlication

in base five, 49-52
of_decimals, 319,339
of rational numbers, 203-210
on the number line, 272

multiplication Rroperty of 0, 200
multiplication property of 1, 322
multiplier, 160, 179
naming lines, 118; 126, 132, 145
naming planes, 127-129, 145
'naming points, 114, 145
net price, '379
non-metric geometry, 113, 144, 235
not eqUal to, 78, alp
number line, 100-101, 110, 269-283, 300-301
numerals, 17,:64, 66
numerator, 208
odd. number, 167
one; the number, 74:, 102-104, 108, 110, 153, 178, 179
'one-to-one correspondence, 73, 253-254, 263
order

of rational' numbers? 278, 301
parallel lines, 138, 146, 147 ,
parallel planes, 141
percent, 360 - 367, ;370

applications, 375 -391
expressed as a 4.acimal, 370
expressed as a fraction, 370
of increase and decrease, 384-385
used for comparison, 382-383

perfect numbers, 173,
place value, 22, 23-24, 28? 39, 55, 66, 313
plane, 120,124, 127-129, 145, 243
'separation? 243

point, 113-114,.126, 145
point of intersection, 117
positional notation, 312
powers,'29, 32 66
priMes; 155 -156, 178, 179

prime factors, 162, 163, 178
prime, numbers, 156, 178, 179

= twin primes, 157, 158, 159
principal, 388'
product of two rational numbers, 207-210,
proper fractions, 284, 302
properties of one, 102.-104, 108
properties of operations with numbers, alp--
properties of zero, 105-108
proportion, 355-356

definition, 355
quotient of two rational numbers, 218
rate; 350
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rate of the commission, 379
rate of interest,'388
ratio, 188,. 347-354

definition, 347, 391
expressed as a percent, decimal, fraction, 369-373

4 'rational numbers, 185, 187, 189-190, 229-230, 269
4eddition of, 221-222, 224, 226
comparison of, 276, 278, 280, 281-282
decimal farm, 325-332 .

definition, .188, 190, 195
division of, 1927194, 216-218
expressed as mixednumbers, 286
multiplication of; 203-210
on the number line, 274-275, 276-277
operations with, 230
order of,a278, 301
product'of two rational numbers, 207-210
quotient of two rational numbers, 218
subtraction of, 226-227

--sUm of two rational numbers, 226
ray, 246, 262

notation 246
reciprocals, 215, 296
region, 260,. 263.

closed; 260
repeating. decimals, 326-332, 340
Roman numerals, 19-20
rounding decimals, 335-337, 340
sale price, 379 I

segment, 235-236, 262
notation, 236

separations, 241,244, 263
of line, 244
of plane, 243
of 'space, 242

set, 69-71, 110, 113, 133-134, 147, 238, 239
intersection of, 133-134, 145, 147
subset, 239

. union of, 238, 250, 262
similar triangles, 359
simple closed curves, 257-260, 263

exterior of, 259
inte.rior of, 259

skew lines, 138,146, 147
space, 113, 117, 119, 242

separation, 242
straight line, 116
subscripts, 132
subset,239, 262
subtraction

in base five, 47 -48
,of.decimals, 317, 339
of rational numbers, 226-227
on the number line, 270-271, 301
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sum of two rational numbe'3, 226
symbols, 17, 66; 126-129

> greater than), 78, 101, 110
< less than), 78, 101, 110,

not equal to),. 7J, 110
approximately equal to), 371

.5. times)', 78-79, 110-
line), 118, 1.45
segment), 236

A triangle), 250
L angle), 248

ray), 246
fl intersection), 134, l45.,l46, 147
U union), 238

times, notation, 78 -79, 110
triangle, 250-251, 263

angles of, 250
exterior of, 251
interior of; 251
notation, 250
sides of, 250
similar, 359
vertices of, 250

twin primes, 157, 158, 159
union

Of sets, 238, 250; 262
notation, 238

unique factorization property, 166
vertex

of angle, 247
of triangle, 250

whole numbers, 74, 97, 105, not 178
zero, 74, a05-108, 110, 175, 178
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