- " - » - ® N 0 .
.x ”~ . A ) [ ’
- . i L
(. ; ‘
|
] i 3 ® »

& . DOCUNENT RESENR :
BD 156 4S5 ... : : e * SE 024 370
i AUTHOR Ropes, coerge H. .
TITLE, . - Probability in Blelentaxy Schoolg. A. Guide for
- ’ A Teachers. )
INSTITUTION . Bew York State Education £ept.,xllbany. Bn:eau cf ‘ 0
¢ Yathenatics Bducation.; State Univ. of’ dew York, °. .
: Albany.
SPOIS AGENCY Bational Science ronndation, iashington, L. c.. New
N York -State Bducation Dept., ‘Albany. .
‘end\nun Sep 77 o _ ‘
WOTE- . -~ /56p. - : . )
1*9 » \ Y
EDRS PRICE _: .MP-$0.83 HC-83.50 Plus Postage.
DESCRIPTORS Activity Units; Bducatiomal Games; Elelentarz
E Education; *Elementary-School lathelatics. Lot
R - sinstructional Baterials; Nathematical Concepts; A
. - Bathematics Bducation; *Piokability; *Prckability
Jey 0 !heory./*Teaching Gnidee
. ABSTRACT ' - ‘ ‘ .
Sty - !his publication ‘is a.response to the need expressed

by elelentary teachess for. a concise intrcducticn td intuitive

_probability concepts and how they may kLe- -presented. Instruction is

*~w§ "divided into five concept groups including: (1) Lasic ufderstandings; i
(2) the probability of simple events; (3) the probability of coapound d

Ly/,>events. {4) -counting; and (S) sanpling. Zach concept groug section

contains a discussion of concepts, activities, and classicos gases

and projects. A blbliogxaphy is included. (ul)

/ ~
*‘#t.t##“* t#i**##t ST EIEEESIEEEELE R 0ttttttt;r#tttttttt#tttttt#ﬁ#ttt

L Roprodnctiou- supplied by.EDBS are the best that can be made *
* froa the original dccument. *
atttttaata-tttttttttttttt:ttttttattttttttot¢7z:tttt::t::t:ttttutttt:qtt,

i . ) * N 4 -




ED156455

:
[} N -

I . .
US OEPARTMENT OF HEALTH, . P
EOUCATION & WELFARE T
NATIONAL INSTITUTE OF . .
' EDUCATION S0,

THIS DOCUMENT HAS BEEN REPRO- N i fe s
DUCED EXACTLY AS RECEIVED FROM
THE PERSON OR ORGANIZATION ORIG N~ v

ATING 1T POINTS OF VIEW OR OPINIONS .
STATED DO NOT NECESSARILY RESRE-

SENT OF FICIAL NATIONAL INSTITUTE OF .
EDUCATION POSITION OR POLICY

-

; " : 3 The Umvomty of tho Staw of Ncw York o - 5/
L THE STATE EDUGATION DEPARTMENT TN

) . .
EKTC ’ - . 5""0.00 of Mathematics Education D . o
e — . Albgﬁx, N"Y’ York 12234 . <& , e '




THE UNIVERSITY 61’-’ THE STATE OF NEW YORK,

’ “}
‘o T Regents of The University (w1th years when terms exp1re)

1981 Theodore M. Blatk, A:B., Litt.D., m..n.a Pd.D.,- D.C.L., .
* - 'L.H.D., Chancellor- - - - - - e e e e ... Sands Poiht = °
"1987 Carl H, Pforzheimer, Jr., A.B., M.B.A., D.C.5., H.H.D., . " .

Vice Chancellor = = # = = = = = = = = = = = = = = ‘- Purchase )
1978 Alexander J. Allan, Jrq, LL.D., Litt.D.- = = - - - - - Troy
1986 Kenneth B. Clark, A.B., M.S., Ph.D., LL.D., L.H.D.," :

D.S¢. - - - = T T T ‘- - - -"Hastings on

' oL . Hudson

1983 Harold ‘E. Newcomb, B. A rm e S e e e e e o - '- - - Owego
"1988 Willard A. Genrich, LL. 3 L.H.D., LL.D. = = = = - - - Buffalo
,1982 Emlyn I. Griffith, A.B. J Dz = - - - - ,<'= = 7 - - - Bome’
1983 Mary-Alice Kenda.ll B'S L I R R I Irondequoit °

1984 Jorge L. Batista, B ‘A.., J.D. s "LL.D.= = = = - = - < - - Bronx

1982 Louis E. Ya » LL.LB, = = ="« = = =~ = == ='~ =,- - = New York -
1979 Laura B. Chodog, B.A., M.A.- .« = = .= = = = = = - - - Clifton Park .
1980 Martin C. Bar¢ll, B.A., I.A., LL.B.- - - - == - - - - - Kings Point . --
1981 Joseph R. Bo iomo, B. S M D.- = = «"= - = = =°- - - Brooklyn -
1984 Louwise P. Magteoni, B.A., M A., Ph.Divo = = = = = - - - Bayside '

1981 J. Edward Meyer, B.A., LL.B. - - - - - - - - .- - - - Chappaqua ' .

- - 4

. .
i . . v

’
+ { . vy

{ ’,
Aa oajate Cormn.aawner ‘for Inatructwnal Semceak - ‘

P
' . ’( .

Laion for Curriculum Services  / e

£l - - /‘ ’
eau of General E'ducatwn Curmaulwh Develapment
th?mley -l

- e
» ; ta

2

.

’
.

. . s bl
gsioner for EZer;le'r'ttary, Secondary and Continuing Education

t Comeamr for General, Educatz% ,&ld Curmcular Servwes ‘

M L) ‘. *\
vy

‘.‘,
\\\xﬁ?u’ul

Qv




. ¢ %
~
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Study Group: - .° - ] . ’ - ol
) Probability‘for'Primary.G;ades, Teachers = =
Commentary, Revised Edition, 1966.

) R . 3
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Teachers Commentary, Revised Edition,
1966,

These booklets are copyrlghted in the name of The Board of
Trustees of the Lelarnd Stanford Junior University. Permission to make
verbatim use thereof was secured from the Director of the School Mathe- )

- matics Study Group, but this does not imply an endorsement of this -

- ~

bot_:klet. .

Dr. George H. Ropes‘wrote this manual;;7The National Science
Foundation and the New York State Education .Department provided
financial support.
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Probability Is Important !

L5 f -y .~ -
>, : ' . .
Y - T Ny
: ¢ N ' A ‘
- /7 INTRODUCTION ‘ .
' B "z ) '; . " / K
Ihe\ﬁlemenfaryfschool Probability Project . : -

Durlng the 1974 school year, ten school districts iny New York
statel Conducted classroom trials of probabili lessons and materials
in eiementary grades. The project was under the direction of, the Bureay °.
of Mathematfcs Education of the New York State Education Departmetht.
Support was provided by the National Science Foundation. A coordinator
was de51gnated fo__‘ach\participating district. i

*

- » -

?eachers in the project (12 or more per district) used School -
Mathematlcs Study Group texts as the primary reference source, They
att ded an in-service training cqurse which met weekly. " '

/o
! Evaluation’of the project led_to the following conclusions: .
* o}
1.4Probability lessons are enthu51ast1cally received by
. students at all elementary levels. -
2. There is a place in elementary school mathematics for
¢ probability. It cah prov1de meaningful applicatlons-
and enrichment within the framework of the existing

.curriculum. = .
¢ 3. Probability offers opportunity for independent c
explorations.

4. Probability helps develop skills in data handling.

5. Lessons in probability are most successful after
teachers have acquired some background knowledge of L.
probability and have been exposed to ideas and . -

activities related thereto. . - -

This publication is a response to the need expressed by teachers
for a concise introduction’ to intuitive probabillty concepts and how
they may be presénted.

2

3
p———

.

Chance is inbolved(in many games children play--spinning a spinner,-

drawing a card, or roiling~a~die are examples, If these were thé only

. events to concern us, one would not assign the study vwf chance a high .

priority. However, life is filled with events which happen by chance or
where chance appears to be .a major factor. The daily choice of what to

. wear, meeting an acquaintance unexpectedly, a car accident--each is wan .
event associated with chance. The sex of a newborn child, the occurrence

of illness, choosing. a career, death--these events too are heavily
involved with chance. s‘ g

-

®

-

v,

1Buffalo, Cazenovia, Edgemont, Mamaroneck, New York City 12, New
York City 31, Penn Yan, Plainedge, Valley Stream, and Whitesboro.
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' Vd v . s ) -
A knowiédge 6f‘probability {; becomfng necessary in daily dife.
Decisions in ihdustry, business, science), and agriculture often- depend on
pr ility. The theory of probability underlies all of mathematical
- statistics a topic that is reaching into virtually every segment of human
affalrs. Biology, physics, chemistry, astronomy, marketing, distribution,
and psychology are but a few of the fields wherg statistics plays an *
1mportant ﬂple. - . v

ﬁrobability in Elementary Schaol . -

As Ls true of algebra and geometry,‘some of the fundamental conh-
cepts of probablllty are ea511y comprehended at the elementdry school
level. There are several con51deratlons which, taken together, strongly
{mply that elementary school ch11dren»should become acqualnted with n,
Lntroductory ideas in probablllty. '

{i:/ Y. Probability fits comfortably,i © the body of the‘elementary <
school mathematics curriculum. It ‘offers an excellent applicatiloa-f6r— .
fractions, a wide 'spectrum of material to be graphed, good experiences in
counting and computing, and thgpchal enge to think log1ca11y and clearly.

In a short time, children begin to nse the terminology of probabillty
correctly. Work in probability algo develops skills wh1ch are useful in
sc1ence and soc1a1 studies. ™ .

..
5 4

7 .
. 2. THe materials ch;ldreh need to carry on probability experlmepts

are $i e and 1nexpen51ve. As they experlment children have the o,
oppo ity to learn by doing. *

v 3

3. Introducing probability into elementary schools Induces'posi-
tived student'reactign. Working in situatiohs where chance is a factor is

> fun and-tends to improve studermt attitude toward mathematlcs.

This bulletln.sets forth a number of elementary concepts in proba-
b111ty theory and suggests ways teachers can 1mp1ement thesevConcepts in
their ¢lassrooms. Concepts are presented in related groups. For each
such grbup there are recommended aotivities and games spanning a, wide
range of"pupil ability. Some are intended for children in the lower
grades; others are more appropriate for upper elementary levels.: It is £,

_expected that teachers will select activities or games on the basis of

the needs and ‘capabiljties of their students. ,

It.is not mandatory that all concepts Be: prgsented Time available,
class interest, class ability, 'topics already covered, and other factors
, will Influence the selection of concepts and activities for any one class.
Although it is recommended that the'general order of prgsentation follow
the sequence outlined héreln, some rearrangement can made. For example,
teachers may present Group V, Sampling, earlier in the sequence.

Students at the elementary level should depend.prlmarr}y on experi- |
.meht and observation as they explore questions involving probability.
They should not be expected*merely to memorize and apply formulas. It is,




howevet, 1mportant for teachers to be able to answer probabllltz questions
correctly so students will not accept incorrect answers. We, want
- , ¢children to discover concepts for themselves, but we also want to guard
ainst their accepting false concepts. . -
1 - ' C s - 0'
L 4

‘Activity-Based Learnr;g, « ' < o

One of the best ways to present. concepts is to have students
conduct experiments within a structure ‘defihed by the teacher. °*

. Initially, 'the teacher should make sure that each student knows
what to do and Mhat to look for. Conclysions should not be announced
in advance. We should guard against the ‘tendency of children to make
results come out to fit pre-stated conclusions.

- In suggestifng an activity . teachers may simply describe it in

' detail. Another frequently used method.is Jto distribute a sheet of:
1nstructions, often called an "activity shéet," which can be gon®t over

* with the class as a whole or read 1nd:V1dua11y by each student. Each
of the two Schobl Mathematics Study Group pub11cat10ns, Probability for
Primary Grades and Probability for Intermediate Grades, contains many
student activity pages. Other good sources of ideas for activities are

' the Nuffield Mathematics Pro;ect booklet, Probability and, Statistics,

. - and Experiments in Probability and Statistics by Donald Buckeye.

3

i

Once students have their materials and understand what to do, they
- proceed as their instructions indicate. It is éssential for. the teacher
¢« to circulate through the «¢lasgroom to answer questions and help anyone
who may not be on the right track. Childrenrneed not carry out each
activity individually. Often it is preferable to set up groups of two
or three children and assign an activity té& each group. This helps "
children learn to,ﬁork together. R ,
' ) How results are organized anf recorded can have a major effect on
the success of an activity. Learning to organize data is a paramoun
~ instructional objective. Children are from time to time asked to co
aﬁqh:::ord'outcomes. Some adyance organlza‘ton by the teacher will
pro orderiy and accurate work. A simple but effective procedure is
. - to make a stroke tally, grouping b@ 5's, w1th1n a block arrangement-'

-

. Outcomes of FLipping a_Coin/\!L

|
- — I

. . Head Ht#‘uli _ "
- . Tails H;f ) s ) |

. 1
. Such a,table-can be modified to accommodate the results of
‘ different experlments., The arrangement below (expanded to provide space
for more trials)- “can"'be use when each trial has two outcomes.
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considerable skill in making their own tables.
teachers to compile all the results obtained in/a given class.
a trial consisted of flipping 5 coins, the c

thiss

.

-

>
.

~

a8

Given adequate préliminaryfinstruction, students usually develop

It is helpful for
Where
ﬁlation might look like

v
!

.

' .TOSSING FIVE COINS

(22 trials) =~ .- ’

Heads Tails Number

5 |

4., 1 my.

3 2 HH '

2 3 H,

L] ) .,

1 ‘4 “‘ 3 - ~

0 ‘L S | .

Children find it enjoyable to 'graph the Yesults of their proba-
bility experiments. Bar'graphs are simple and practical. Here is
a bar graph showing the results of flipping a coin: . .

Results.of 40 flips
" of a coin
25\
] 20 —. i
15
‘10
5 -
b
' Heads Tails




" A bar graph 1s equally effectlve for displaying the results of
'experiments in which there are more than two outcomes: Line graphs are
useful for more compllcated situation uch as ‘the relation between time
of day apd'temperature.: 2 K - . '

- . o

TEMPERATURES, DECEMBER 20th

Degrees _

| Celsius ~ -5

t

-

Agter students have obtained a set of ‘outcomes from an experiment,
the most important phase of the process begins-=-thinking ahgut and
dlscu551ng the results. Each child"s perceptions and understanding are
.enlarged by seeing how his results compare with those 6f other children
"in the class. Students' questlons, answers, and commentg'often add
greatly to‘overall class understanding and provide clues to misunder-
stanalngs or\wrong 1mpre§51ons children may have. *

-

! -~
\ - -
.

®
2For further information, see Improv1ng Read;ug-Study Skills . in,
Mathematics K-6, ‘New York State Education Department, pages 20-22.

3
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CONCEPT'@ROUP l--Basic Understandings .-

-\ Objective. To haVe children become familiar with the results of experi-

ments where there are several eqpally likely outcomes. We are concérned .,
only, with instances where chance alone is—at—work. Any die used is I
presumed. to be a fait,die--there is equal:likelihood of each face coming
up. CQins are fair coins and are- fairly thrown. Spinners have equal *
divisions and are spun so chance alone determines the outcdme.,'

>
7

. - , _ v
. o N '
. -

1. ll Terminology. As they use dev1ces whose outcomes &re équally likely,
children should become familiar Wwith and understand the meaning of:

. . P -

1.1 Concegts

A Likely . More likely Certain ) Possible '
Unlikely Less likely Uncertain. Impossible

A012 Common Misunderstand!” Nothing but chance affécts the results of
any any one trial. Surprisingly, many children--particularly younger - children
_ ==do not have this understanding and do not readily accept it. Some
apparently believe that one colox, number, or outcome is inherently more
likely to ocgn{.*\Other children believe that an effort of will.can-
a given outcong, appeax. - 'Even more deep-seéated among children--and some ;
.adults--is the impression that after a string of several appearances
one outcomé--say eight successive heads--the chance of a different
come on the next trial is substantially greater. <Clearing up misunder r—
standings such as thege is an important part of the study of probability:

1 l3 Outcgmes of Multiple Trials. As tke number oR trials in a two-

. ‘outcome experiment increases, it becomes more and more likely that: there
will be the same number or nearly the same number of occurrences of each’
.outcome. In 100 flips of a coin, a person might get 46 heads and
54 tails. If he makes more trials, he can expect that the number of
heads will approach half the total number of trials and that the same
Wlll be true of the number of tails. This concept is rot well recognized,
perhaps because children do not often carry out experiments with an
increasingly large number of trials. The effect of a large nulmber of
trials can, be achieved by combining, the results of all the trials made
in a given class and by combining resules from Seweral c1aSSes. .

- .

1.14 Range of Results.- The result of a series of trials- can be any'one
. of of the possible outcomes. For example, if 4 coins are flipped, the regult
can be four heaqF oq.four tails or any comBination of heads and tails

totaling four./

1.2 Activities : ; ' :

1.21 Explaining the meaning of "more likely" and "less likely" is
facilitated by setting up an experiment whose outcomes are not equally
likely. Distribute blocks bet,ﬁen-two bags or containers so there is

& much higher proportion of one ‘color in one bag than in ‘the other--for.

e

. example, 6 red, 4 blue in the-first and 2 red, 8 blue in the second.

B ) N . :" "

-

g
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Shou the 61ass~what is 1n each bag.“ Ask which bag they wpuld ° /
dhbose to dtaw from if they wanted a red block. If anyone doubts that
a red blockgyell be drawn more often from the first bag than from the
second, have-a number of draw1ngs made (replacing 'the block drawn eath -
‘ time)\and record the results. Point ‘out that the way the blocks. are .
drstrlbuted, a person is."more likely" to.draw a ‘red block from. the -
flnst bag'thqp from the second, - Similarly, oneis "less likely" to

.draw'a red bIbd from the second bag than from the f1rst. Reinforce -
understanding by asklng-

-~ » “
I -

- L ’., Are we more 11ke1y to»have snow in September .

¢ : than in January? . - o

[ ) : 6’ -

k4 , Is it likeﬁy that ‘the next person to enter .

. © ouf c1assroom will be a television star? o
OA dlfferent 51tua;10n is involved when we ask if it is likely that
the sun will set this evening, Since wé know of no-instance when Zhg sun
did not set, the setting of the sun on any one day is not only "1i: 1y "

g;c "certain," er as certain as anything in this world can be. Give the

.

ass opportunity to think of events that are certain to happen and
some that are certaln not to happen.
%

.

14

o
.

7 Suppose we ask 1f it is likely to rain in Moscow today. We do not
og It is "possible;" but we are "uncertain." It is not "impossible."

If wWe could get information or records, then we-could say whether, ragn

in Moscow at any given tlme of 'year is’ "lakely or'. "unllkely "

\\
.
'

1 1.22 Have the class make a spec1f1ed number of trials.using a dev1ce
wlth two outc?mes, each equally likely. Possible activities are: *
’ ) ‘-~F11p a coin and count heads and tails.-
- .
X 1
Flip a checker and count the number of '
.times each side appears face up.
13 ¢
Splh a half-red half-blue splnner and
count. reds and blues. ., - .
Roll a die and count even’ faces (2, 4,
br 6) ,and edd faces (1, 3, or 5).
. ‘ i
Draw a block from a bdg containing one
', -+ red blook and one blue-block, counting
: reds and_ blues drawn. . :

The optimum number of tr1als varies with grade level. First ~
" graders may find S trlals approprlate,,51xth graders can make 100
trials. ‘Have ‘students guess 1n advance,what each outcome will be,
record’the guess, and then determlne and record the actual result:*

L]

il '

!
.
r
»
~J
Hj
)
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\ ' Guess - Outcome

. ’ ‘f }/ . T

T T

' , H " " e
- N » .
. G ; , H .

‘A simple game donsists offscoring a pornt for the student when he

éuesses correctly and -4 point for "teacher" when he does not.

- - Ed }

’ Questlons to ask dur1ng and after tle activity are\

*
. . i . - -

] . What outcome do you think will appear next?
~ - C \ X . .
.- ’ ‘Do you'alwqys gueqs right? T .
. i Can you’be sure in advance what, the outcome of
. ) /ﬁany one tr1a1<¢i11 be? . -
. " o ¢
Would you be 11ke1y to get ;he same number of
, heads if you made the same humber of trials,
-0 _ \'again? A :

]
Bl . e
.

L e ) ‘Suppose you got the same outcome 4 times in a row,: N
., i say 4 heads, would you be more likely to get the, - -
) . _Qpposite outcome (tails) on the next tridl? f= \

. e N \ g ' ~ )
' Jf you have compiled the results found by a11 class- member! : . -
. groups, additional gquestions are: . 'y ¢ ) ' .

-~

., What outcome happened the 1argest number "of times?

What outcome happened the fewest number of tlmes? ‘ ' o

LA ‘- » M ~ '
- " . Were there possible outcomes whic! did not ogeur

* for, anyone in the class? . . . J )

+ - v

. If we kept on long Enough,«would we be 11ke1y to Y
get all possible outcomes? ) - -
pgssible, of course, that the overall results of the'class .
in themselves be unlikely. The result "5 heads, one tail"
. _ may occur on "six throws of a cqi often or more often than the result
: "3 heads, 3 tails." Such ag ocgurpence provides an excellent opportunitx d -
to build children's understanding/that uhlikely events do happen. ° y |
Discussion should bring opt,tﬁqr'over a large number of trials we expéct’ ’ B
a "more ely" event to happén more often than a "less likely event; - =
nevertheless, the reverse cah happen. It is not too surprising then thdt" e
;in a ‘class experiment where/ the number of trials is relatively small,

- an unlikely event ‘occurs. » re poss1b1e in such a case, cont1nue maklng\
. I ) » 3

Q)

‘It
experimen i

»
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more and more trials. As the number of. trials '1creases, the number of
occurrences of each event tends to app;oach thg e%pected va‘lue.7 ?

l 23 After a,class has Had experlence w1th a two—qutcome dev1ce, have

them make a number of trials with- a device hav1ng three or more equally

likely outcomes. <L :
N . - ? - ,‘;

' Spin a spinnet having one-third Yed, ‘one-third -

blue, and one-third yellow. Coung the number o

of times the pointer stops on each color. *

.7 : Spln a spinnerc}lth six equal sectlons numbered ;0
1 through 6 ount how many of each number occur.

Roll a tetrahedron having each of its' four facés
. a different color. Keep-a Zetord of the color
of the fate -on which the tetrahedron comes to rest.

v L s . -
& ’

Draw a block’ frqm a bag. contalnlng three blocks,
each a d1fferent color. Replace each block after

recording the éolor drawn. .’ . X . 2 ~

e

L) 3
Follow-up questlons shouldrbe similar t9 thoéb suggested for two-
* way devices. {4t is important tb'accumulate results .found by different
individuals :i\§§?g2s and to discuss the characteristics of the -

L4

comp051te resul

-— .’
NI
’ .
> ~
~ . .

Have, class members make a bar graph of the results: of their, own'
or their group S experiments. _ All graphs need not be arranged slmllarly.
Bars can go from left to right as well 4s’ up and down. The scale uged

. to determine the-‘length of 'the bars can vary from one graph to another.

Class members should practice saying what their own graph and those of
others in the class indicate.

- N ~ . ".
gv . " N . / > . . ~
v} . . v M *
1.3 “Games Lo ! . 'ﬂﬁﬁr, ~
— , w -
4 4 -

1.31' I'M OK, ‘YOU'RE OK. Two players alterndte turns w1th a-spinner,
checker, coin, or, other two-ougcome device. *The first player, A, selects
one of the outcomes, say red; the second player, B takes the other out-
come, say blue. The game starts with both players markers on the START
space in the middle of the diagram shown below. On his turn, if a

. player's outcome appears, he move$’ his marker one space toward his Win

Square. ~ If it does not appear, his marker remains where it is. A does
not move: when it is B's turn,.and vice versa. The game ends when one of .
the players reaches his Win Square.

J - 4 - + ’
) [ ;™ = RED 5" ' BLUE et
< N / = . Ld . o
- 1Y C
g’m" N . g . -1 . J
el 1 START | + 1 ‘| 2LUE
WINS RV . WINS
- ) : ha - u Z
7 J s R y o
M ) ' . ’ [~ -
. . . ) - , - . . °
= ! ) - . 4
- ’ ’ v" N 9' - - B
/ " I{: * v
. > » , L
- . = J
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1.32 HORSERACE.

1

position. .The players
comes up moves his markg
The winner is the firs

A game fo
. numbers from 1 through 6,

6 players, each of whom selects one of the
and puts a marker on the corresponding START
e turns rolling a die.- The player whose number
r (horse) one space forward on the diagram below.
player to reach the WIN space.
.. g‘ . e

. e . ,
P
. . - .
CN ‘ 5
' 1 ' 1 Wins '
= = P
! S 2 2 Wins
- & ‘. .t ’
» T ‘ “
' ' 3 3.Wins )
~ . ] A k .
. T r _4 N " | 4 Wins . ‘
. .
. - \
. T s 5 wing ] -
) —_— . o . *
6 g ] 6 Wins
o - .
.. ’ ' "
° s N ’ b .
— ¢ ‘L’ ”
VAR .- :
v [ . “ ~ '
U ,
| » G . [y .
. . , . . r
\ " 1.33 PRISONER!s ESCAPE. For 2 to 4 players. Each player starts with -
| ’ his marker at START on the diagram shown below. Each player in turn
. , rolls a die. If he r6lls a'l, .he moves Up; if he rolls a 2, he moves
» ' one space to the Right; if the roll is a 3, the move is one space Down;
P if a 4, one space Left. If the roll is a 5 or a 6, the player does not
” © move. Tﬁe flrst player to reach a square that touches a wall Wiﬂf' .
’ 3 - . ., ’ ) .
» . . P 4 <-\
hd 13
.\ . ] 1
- \-\ - "
\ ' / \ &
. s t 10 15
~ 2 .
) B ( ) I
L] P Y
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- "t"‘ 2 . . ’, . * 3 .
. . , B )
.< M ‘ - ' ° " ' ’
; S - ) v . . /
. i . . WP:L . 5 g
hS »
- - -
. - - oo / .
[ ¥ , . -
s - . 4 - .
: ¢ //—'\\ > :
. [ \
» 3 . M .
M 1 *
. e ’ ~ ~
- T WALL ; START . WALL
- » 7’ - N
&(
N A
« 7 M - [
] . R
R _WALL v s
P »~
3 i » f )
1 4 i - ‘-
. . ] ‘ S . :
- A ' ' i
-, Variation: Roll a tetrahedron instead of a die. Mark the faces of the '
' tetrahedron Up, Right, Left, and Down. .Move according to which face of -
. the te}rahe&ron is on the bottom after each roll. Also, North, Easﬁ,. 1 7
¥ - South, and West can be ‘substituted for Up, Right, Down, and Left. \\ ' !
» |‘ .
. o f*reacherrquestimsz - v S \
. ) . . ) oA
v Does one player have a better chance of winning - '
L= than another? ; |
. L X N » B \ N
e “ - Is it likely for one player to win three times s \ )
' . in a row? What is the average number of rolls . - .
Voo for:a game of HORSERACE? N ' -
~ o *
., ] Lot R
\
$
y >
rl ,. - \
., 4 4 :‘ » ! \‘ .
N d L - - ( \ :
? - . ? - * v \ . " 'Q.
. 1 6 e
¢, - * '
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v _ by do:L g experxments 3 s b . . '
‘f" 2.1 Conceptn ¢ . v .. ! . -
N ,‘ | ¥ -) . ,
Py - 2. lf' Ba51c Statements about Probablllty If an event cannot happeh or’
«~ never ‘happens, the prohablllty of the event is 0.
a . \
If an event 1s certaih to happen, the probability of the event
is 1. T !
- ‘"( - . A
7 In all other cases‘the probabllity of an event is a number between
‘ 0 and 1. -~_ .

- .

A short way of wr1t1ng "the probabqplty of an event" is "P(An
- event)."" For example, P(Heads) _means tﬁk probability that heads will
- appear.6 - - a« N
"‘c.
. : 2.12 Probability by Comparlng Outcomes. In a situation where eath out-
come is equally likely to occur, the probab111ty o£ a given event is the
fraction: ‘ .

-

A

i

\, ’ the number pof outcomes that are instances
of the event we are interested in

the total number of possible
qutcomes of the experiment

P(an event)

7.

0 An outcome that is an 'instance of the event we are interested in is
commonly called a "favorable" outcame, hence the probab111ty of an event
can also be written as the fracétion:

. N . ' , .
‘ o * the number of favorable outcomes
\ P(an event) =

) . the total number of possiblé‘outcomes
A" . : * . - &

2;13 Probability by Counting Experimental Trials. Another way to deter-
« mine the probability of one of the events or outcomes of an experiment

S is to make a large number of trials of the experiment under like condr—
", . .tions. The probabillty of a given evenﬂ then is the fraction: -
~ . ., '3 .
N\, 4

. .
. L -

3'Ihe results of experlments\or observations are called events or
‘Qutcomes. Events may be single or multlple. If a dip is tossed,
6 51ngle events are possible--1, 2, 3, 4, 5 or 6. The event,”the die
shows an odd number is multiple. It happens if any one of three single
events (1, 3, or 5) ocgurs. .

- N .
.\'"}~ o

.

A




)

the number of times the event occur§\|~ N
the total number of trials made

N
\\
5

P{an event)

Tbis method of arriving at the probability of an ewent requires
that we compile or obtain records of a.large number of trials of an®
experimentﬁand coune\the number of times the event occurs. ¢

2.14 Large Numbers of Trlals. With an increasing number of trials, the
probability of an event determined experimentally will tend to get
closer and closer to the ‘probability of the sgme event determined by
comparing favorable outcomes with total possible outcomes. What do we
mean by "large" when we say make "a -latge number of trrals"? Although
one cap never be absolutely certain that a given number of trials is
enough, if in.a given experiment we keep on making trials and calculating
the value.of the fraction: . X K\

‘ ~

-
. . b . N %

. number of tifmés an event occurs Lt

/ * o totallﬁyﬁbdr of trials made ) f\3
" . C ) ~ . - '

we expect to find that at some point the probability étabilizes. It
tends to reach a value which changes very little as more and more
trials are made. At that point we can be confident that the value -

reached is close to the probability of the same event determined by -
comparipng favorable outcomes with total possible outcomes.
In the following table of outcomes of tossing 20 coins, the
probability of heads is approaching 50.
Yy § < . e )
L TOSSES OF 20 COIRS . s
"1st 2nd@ 3rd 4th 5th 6th 7th =
| Number of Heads . 6 10 11 9 13 10 12
°| Number of Tails 14 10 9 11 7 10 8
\ . \— . *
Cumulative Heads 6 16 <27 .36 49 59 71
Cumulative Tails 14 '24 33 44 51 61 69
"« . | Total Coins Tossgd 20 . 40 60 80 100 120- '140
. ] ; .
Probability--Hdads .30 .40 .45 .45 .49 .49 .51 "
\ | .

If, after still more trials; the fluctuations above or below .50 .

become less, and legs, we would be justified in assuming that we had
reached a close approximati&h to the desired probability.

2 2 g,cf.ivities - ' ' o \

2. 21 AS a means of introdticing the-me ing of probability, ask the (
class to think back to their experimehts with coins, éninners, and




% -
[ 4 ‘ J
) _ C o,
. . ‘s LI ~
dice and tell you: ) ﬁ; |
, +How many ‘tails they would e:;peat for every two ) L
~ throws of a coin. [0ne‘l o 4 .
How many reds they ould expect for every two .
. spins of a red-blué spinner. Tonel = - ‘ ° :
' . n. , .
. How many 2's they would expect for every
' 6 rolls of a die. [One] . o
' Rephrase answers'as shown below: . ] . :
. - . 2 e '
What we expect: 4, [ y-¥hat we say: - e
. 7 * -~ % b '
l{ftail—in 2 throws ° The probability of getiing
. . . 1 ,
- o talls:s l‘ out of 2 or 2 . ‘ ,
. . L4 % - . - .
1 red in 2 spins ¢~  The probability of red is i
S o o, ¢ - 4 . \

. . ) 1 out of 2 or =
. 2 2 .

two in 6 \roils The probability of getting L a ]

- v . a two is 1 out ofGO:%,
. . . ‘ ~ . .

; ‘ Explain that to save timg writing out the long word probablhty
\ people use a short-cu'l:

[ o)

*
&
2

For t}!e probability of tails is l we lnte P(Talls)
o [

Nll—‘

2’

*

=

For the probability of a 2 is %, we write P(2) = 3

Test understanai:ng of this notatibn by asking: ’ T - .

L8
If P(an ‘event) = -§, how often would you expect it to

~

b occur in 3 trials? [2 out of -3 times] .

-
~

Sometimes the weatherman says that the probability of *
. rain is .7. “How would we write that in our short form?
. (P(rain) = .7] N K] “r
. . . ,
N How often do we expect a baseball player to get a hit’ .
’ in ten times at bat if his batting average is .300?
3 out of 10 times] . .
) quﬁ'=~: For classes not familiar with decimals, treat

.7 as ‘another name for -]% and .300 a8’ another name . g

- .
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S for i%%% Probabilities are sometimes expressec as . -
percents--if P(An event)= 50%, one can say that there - st

is a 50% chance that it will happen. 4 '

K Introducé the idea of zero probability by asking:

” How many ‘times would you expect to get green when

you sp1n a red-blue splnner? [0] - s
Explaln thdt the probabllity of getting green on a red-blue ; [1

spinner is 0 and that .we write -it,’ P(Green) = 0. +

. Here is another similar question:

| What is. the probability that when you f6ss a die _—_—
once, an eight will appear? [0] @
- Point out that some events are ce
of such an event is 1. - '

i t is the probebility that the eun'wilL set tonigbt? [1} +e-
] \ [}
It follows that all events except .those certain to happen and those .

certain:not to happen have a probability between 0 and 1. If the . '
probabllity is close to 0, it means that the event is not very likely to

happen. If the probablllty is 5 (or .5), it means that the\chancefof the’ .

event happening is equal to the‘cb;née\of its not happening., If the
probability is close to 1, it means that the event' is very 11kely to
happen. ,/ o /
. Have the class suggest dlfferent events and estimate the proba- A -
bility of each. -

2.22 Here is a way for classes te/gearn how to determine probabidities
by comparing favorable outcomes wi/th total possible outcomes: - -
1 - ' ‘
We' have been estimating or making guesses about the probability
that the pointer will stop on blue when we spin a spinner with three
equal sections--one red, one blue, and one yellow.

Are all the outcomes egually likely? ers]

3

How many of the'possilﬂevoutcomes are instances .
of the event "the pointer stops on blue"? ([One] ' '

{
_How many possible outcomes are there? [Three] ° .

Then the probablhty of getting blue is —. We can write it down'
like this: 1 o ’,
. P(blue) =3

e




’

In assigning a fé;Etién as the probabiiity-of an event we identify
the numerator arid ‘denominator as follows:

-
- .

‘ .
L

4

the number of outcomes that are instanhces
. of the event we are interested in

. Plan event)

.. .

t .

the total .number of possible outcomes

N,

In experiments where there are numerous ouﬁbomes;-such as when two ,

‘dice ‘are thrown--a practical way to proceed is ko make a table.

We put

the outcomes of rolling one die (1 through 6) on the bottom mardin of the

table and the outcomes of rolling the other die (also 1 through 6) along

the left vertical .margin.. We draw horizontdl*gnd vertical lines dividing

the table 12;6 square In each square formed, We put the sum of the
outcome at the bottomfand the outcome at the left: .
: Outcomes of Rolling Two. pice? - -
. .- L ! . " - . ]
s, 6l 71l 8|9 [10]11]12 .
. N * ~
’ s e | 7 } 8 9 |10 |1 )
SECOND 4} S 6 7 g 2{10
\ 3 A
DIE . .
- 3] 4] 8 |'s 7 8| 9 .
, 2 314 }s 6| 71 8
, . . '! .
\ N PR I 4 5 6 |7
' , 1 2 3 4 6 ? -
. FIRST DIE

If we want to know the probability of

two dice, we ask ourselves:

A

getting a sum of 5 with

-~y -

How many times does 5 appear as an outcome in the table

above? [4]

A

4
- or

Thus,”P(5) = 3%

1
9

-

-How many possible outcomes are there?

[36] '

k]

»

The gheet on page 17 can be used to provide practice in determining
* L™

probabilities.

4strictly speaking, -each entry is an ordered pair: (1,1); (1,2),
(2,1), and so on. For simplicity, the sum of each grdergg pair is shown

in. the table. °

le6

t
.

e

»

v
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s T ; Practice Sheeé on Probability
: y oo What is ‘the.  What is the
. : T * number of | total number The
Find the probai:i!l.ity ' . favprablep 'l of possible } P(event)
of: / putcomes? = .| outcomes? is: "
}’;«Ej — *
Brawing a black block from ro ; ;

Z a bag contaihing 2 red ) 1 . 5 . 1

blocks, 2 green blocks, - . T 5
¢ and 1 black block ' . . , ‘ .

. Ha\;ing the red sidé down . - ' )

. after you roll a régular = . o )
tetrahedron with faces 1 -4 vy ‘
blue; red, white, and r oo .
yellow - - ( ‘ \ P .
Drawing your own ngme from ~ .

a hat in which there is 1 8 1
one slip with your name and * 8
7 slips with other names ' ) .
] N ” '" ‘.' N ‘ )
Getting a "1" when.,you = ., . 1 6 1
. - roll a die 6
* ’ X \\ -
Getting a number other than 5 4 6 S
"1" when you roll a die “;} ) 6

: Gettirg a sum smalier than . 10 5
6 with two dice? . P19 .+ 36 36 . 18
Getting the same number. on ' - ) 6 1
each.die when you roll . 6 - 36 - ©

. <two dice ) T
. N .
Drawing an "O" when you 2 1
gelect one letter from ¢ 2 6 §° 3
the word "SCHOOL" '
» kanding on blue when you 4 _ 1
spin this spinner o ' 4 8 8 2

17
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2,23 *The experlmental method of ‘determining probab111ty can be intro-
_'duced as folloys: e 7

-

If we make a large number of trials of an experiment and determine
the fraction of those times a particular event happens, that fraction
approximates the probability of the particular event. Thus:

Ay

. ‘ N ) 3 b )
. Plan event) = the number of times the event happens «

. theé total number of trials we make ,

- ”

A
-

Activities which. 111ustrate the process of determlnlng probability
experlmentally 1nc1ude. . . N ’

’

) . - *

1, Shake thumbtacks in a cup and roll them onto a flat
surface. What is the probability that a thumbtack
gomes to rest point upward? Rolling the

- into a shallow box helpg keep them. tog

is a good number to shake and roll one time.
. o . : Use thumbtacks with mega&’heads. Altexnatively,
2 ' hexagonal metal nuts may be used. Determiste the .

prebablllty that the nuts come to rest upright

M

. ’ p— \’ - i
- . ' \ rather than flat. o 4 ‘
' Q/ : N e 4 '
. '\_‘ . . o, i: ,,‘

2. Draw an M&M ‘candy at random from an4y&M candy
.package containing assorted colors. What is the
.probability of selecting a yellow candy? Give each

. student an M&M package and have him determine the
number of times yellow is drawn compared to the
total number of Wrawings. This fraction can be
compared $ith the actual count of yellow candies

/) ' ‘ out of total candles. N

T 3.,Drop toothpicks from a height of four feet or more

- onto a large piece of paper fuled vertically with

’ . lines as far ‘apart as the length of the toothpicks

used. \What is the probabllity- that a toothpick

comes to rest across a vertical line?

¢ . | .

s

3
-~

— A

18
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Drbpp;ng 10 or more toothplcks at a’time expedites
the 1nvest1gat10n. Do fiot count toothpicks which
come to rest off the ruled paper. If one doubles
the. total number of tootMpicks dropped and divides
the product by the number coming to rest over a
line, the answer should be close to % . An approxi-
. mation of *W is 3.14. T
Y by ° ! )
4. Drop a cylinder cut from a mailing tube and deter-
mine the probability that it lands qn its side. .
" The cylinder should be two inches o¥ more in X
diameter and the drop should be three feet or more.
By working with different sizes of cylinders; the
\ change in the probablllty of coming to rest on a
51de can be investigated for shorter lengths and
Vfor loﬂger lengths,

5. Plant a given kind of seed. Count seeds planted
d Seedlings that sprout after a given length of
ime. ,What is the probabllity of germination?

As they carry on any of theee experimente, studeﬂts should:

Y .
1. Make an estimate of the probability and record it,
Students may want to revise their estimates as they
begin to get data and should be allowed to do so,
Each new estlmate should also be recorded, together
with the number of the' trxal at wh1ch the revised .
estimate was made, ‘
2. Carry on the experiment carefully so all trials
will be conducted under similar condltlons.‘

3. Set up an adequate recording system. v

rd
'

4. Communicate results pictorially, using graphs
where feasible,

Ay

5. Be prepared to, _,disiss results obtained.

The total number of trials should be appropriately large. Calcula-
tions are simplified if trialsgpare made in groups of 10 or 100. The
probability of the evént befinc investigated should be figured at regular
points throughout the experiment, say every 100 trials. Have the students
watch to see if the probablllty so calculated does tend to approach a
certain value as the number of trials gets larger and larger.

- If the probabiilty of the event has- beeﬂ determined both experi-

" mentally and by comparing favorable outcomes with total possible outcomes,

check to see how far apart the results are. The two pf%bablllty figures .
may be reasonably close or:there may be a discrepancy between them. Have
the class disgmss why a discrepancy might exist, Possible explanations
are: N

’

ad




o

1 Happenstance. : . / -

.

+ . ,2. Incoryect calculation in one or both of the methods. ’

. 3. Insufficient care that the experimental btrials were
! all carried out under similar conditio?s. N

.

4, Use of an‘ﬂunfair""device.

3
N

2.3 Games’

2.31 PICK-A-STATE. For 2 players. Each player thinks of a state of the
United States and writes the name of that state on a piece of paper. - The
- first player shows the state he picked. If the s ate written down by the
second player is“the. same as that of the first plyer, he gets 2 poxnts.
If the second player s state borders on the firsti player's state' the

second player gets 1 point. Then new states are pifked. The. two players )

, alternate going first. The one with the most poings after a.series of
games wigps, . ’ ‘

J

2.32. LARGEST NUMBER GAME. For 2 or-more players and a:leader. Bach
player draws the following diagram on a sheet of paper::

N R
. <

5 : A
1 .

The leader has ten slips of paper or. ten playlng cards, each bearing a-
number from O through 9. Players’take turns drawing a number, announcing
it to the other players, and returning the slip or card to the leader.
As each number is announced, each player decides in which empty square of -
his diagram he will put the number. He must put it in"one square before
the next number is drawn; once entered, no number can be. changed or moved,
At the end of ten draws, all squares ﬁill be filled: The player who has-
the largest 10-digit number wins. ' ' .
@] h . o
2.33 THE HAT GAME, For 2 or mpré players ‘and a leader., Eaéh player
draws the following diagram on, a sheet of paper: ‘

.Q/

B

T
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! . t - ” » I . ' '/ ) ‘

\ ’ The . 1eader puts in a hat 10 1dentica1 slips of paper or cards,’ each bear—
\ - ¢ ing a pumber from 0 through 9. Players take turns draw1ng,§ number, »

calling it out, and returnlng it to the hat. er a number is gcalled, =~
» each player dec1des in what empty’ shape on hls;dlagram he will put it.
If he ‘chooses squares, he puts the number in all 3 squares.’ If he;chooses
\_ circles, ‘it goes in both/circles. If he chooses triangle or semicircle, -
‘it goes in the ohe tria gle or/semac1rcle‘4’Numbers must always be
entered._ before the.nexé’number is drawn; once entered, no number can be
~ '\~ changed or moved. After ,fout draws, all shapes will be f111ed Each

o\ player then finds the sums of - o -
‘0.00

i {

B3 ' Yd . - . ’

.\ ' -
ol 'i (:::> Zf:ik- and combines these sums tO»get a grand total. The :

er in the semicircle does 'not count toward‘any total. The object of
- 'thé game is to have the largest grand tetal. _ -

. -~

< . - - .

- b | v ~

\ ; - The game is also 1nterestxag when the obJect is to arrive at the 'b
allest grand total,- To prov1de practlce with fultiplication, the plus
's gns in the dlagram may be replaceg Wwith multlpllcation signs. o~

[k}
Yo « -
'

. - \1 Questlons: - -/, . .
. N T ) ) ) - [
L "\ If the first number drawn is a 5, which of the »
E N \ - shapes should you put it in, 1f you re trying C - -
R ~ for the—laﬁgest total? .

- 4

playlng this game? ‘ "~ .
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How does know&ng about p;obabllity\help you in“- =~ . o
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. 3.1 Concepts ‘ . ‘.'K
{ > .

J ’ ~ : : . .
* CONCEPT Gggup’a—-The Probability of Compound Events .

. i, _— ) «
Objective: To have children learn haow to determine the ‘pgobability of !
compound events. ) . L e ’ * -

¢ -

e -
B}

3.11 The Probability of Thi€ Or That, If the probability of event A

happening is P(A) and if the probability of event B happeningy i %(B?) '
the probability of either A or B happening is: X

< P(A or'B) = P(A) + P(B)
provided the eventé are mutually ex-clusived. ] P

’ , ,

Bvents are "mutu#lly exclusive" when the happening of one of the
events excludeg~the happening of any or, all the others. If we are using
a red-blue spinner, the events "red" and "blue" are mutually exclusive;
when the spinner €tops on red, blme is excluded as a possibility; when
the spinner stops on blue, red is excluded as a possibility, X we are .
rolling a die, the events "even" and "2" are NOT mutually exclusive;
when an even number is rolled, i¥ could Re a 2.5 /

3,12° The Probability of This And That. If the probab?ﬁity of event A

happening is P(A) and if the probability of event B happeming is P(B), r
the probability of A happening and then B happening is P(A) times P(B),
that iSt 1 ot . ~ N i
- .. . N . .
- | P(A and B) = P(A) x P(B) .
. — .

_provided the events are independent.

Two, events az\‘e independent when the probabi}ity of either of the .

events is not affected by the occurrence of the Jther event; in other,
words, neither event has an influence on the other. To check if event A

and” kvent B are indepg¢ndent: - <
"* 1. Determine the probability of event A. p
2, Assume that event B has already occurred, ".,,;1 .
Determine what~the probability of event A )
is, baded on the assumption thjet event B -
;

has.occurred. o i

. SThe i:robabilgy of This Or That for events that are not mutually
exclusive and the probability of This And That for events that are not
independent can be calculated using the basic formula, number of favoraﬁle

‘* outcomes divided by total possible outcomes, but determining the number of
- favorableoutcomes

may involve pg_0c$dures beyond the scope of this publi-
cation, ' o . *
67he probabil of event A given that eyent' B has occurred is -

oftén symbolized as P(RIB).
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) ) l, t ) . . \" - J - : .
y If the two carlculati ns of the probability of event A give the same .
result, then event, A and event B are independent; if. the results are . - -
different, .the events are not independent. . . N
L/ NV, . .
As an ex3mple of independent events, conslder €vent A to be gett;.ng J
- red and event B to be gett1ng blue on a red-blue spinner. The probabJ.l:Lty \ -
S of event A, getting red, is t}ow assumg we f1rst @t a blue, the- ?'4";'— .

-

probability “of red stays exactly the sa;ne’ at 7 The occurrence of c e

Event B did not chhnge. the probabll'ity of event x, henEe the ‘two events
J are independent. . y s Y . 8

)

‘ ~N
+ . But suppose we are draw1ng from a ba oont'alniR§ a red block a
blue block, and a yellow block, and that wa do not replace blocks aftér ’,
. o they are drawn. Event A is "draw:.ng a red block" and event B/is Ldrawing
a blue block."” At the outset, the probabihty of drawmg red/:n.s T but )
if we assume- that a.blue block has-been dra.wn, the probablllty -of draw1ng

e

a red block J.S:—l' o’

2:
not independeht. Determining the probability of ,combined events, that are ”

not independent is discussed in the footnote on page 22,

In this s:Ltuat:Lon, therefore,. event A and event B are

"What 1s the probab111ty that ) ' -

14

3.13 Repeated 'I‘rials. The, quest:n.on,
‘event A happens twice in successlon?" is the same as gsking, "What is N
P(A and A)?" Just as we did with P(A and B), we multiply the” proba- L
bilities and get: - » : b t ‘

v

<&

i,P(A) ’ . - .f e

= P(A and A) =:P(A)

-

8imilarly, the probability of event A happenin‘q three times in W

’
~P(event A happens ®wice)

-

" successienh is P(A) x P(A) x P(A).

n timés in succession then is:.

L]

}m

2

s

The probability of event A" happening
P

" . )
‘P(A) x P(A) x P(A) x N IZA)

' . M o 2 DI
n factors each P(A) .’ .

»

7 , ) . -
The foregoing assumes that"all happenings.of the event are inde- v -
.pendent, as they are in the cases we will be considering. v . ~
3.14 Plobability of This or Not This. If event A is one of the possible
- eventg in a ‘giver trial, the eyent "Not A," also called the "complement"
of event A, is all the possible .outcomes other than event A. Event A ‘and Y/
the complementary event Not A together include all possible outcomes;
therefore it is certain that either event.A happens or it does not happen.'
+ . This being certain, the probability of event A happening plus the proba= -’

bility of event A not happening is 1. We.can write:

R SR N
' . P(A) + P(Not A) =1 ) :
4 . , - ~ A Y
- . m\‘. =
RE- Cov
c o, 23 . X .
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' N » )
S 2 ) ~ 2 "
™ ) . - . - ,
. 5 Th:.s statement is equivalent to v y : i i .
G ] ) ' - : ,
. P(R) =1 - P(Not, A} -  ° ’
. , - and P(Not A) = l - P(A) .
N < ' «

A

E

-~

In some instances, the easiest way to determine the probabjlity of

‘an event is to determine the probability that it will hot happen and .then

subtract' that value from 1. > ~ o
. *
> . > . ) ;

3.2- Activities

- g

3.21 Probability of This or That. As an iﬁ‘t!:oductory -step, children '
should have the oppoftunity of comparing the probability that This Event

Or. That Event wilf happen with the probability of each of the individual .

events. A

1 & .

'lhe probability of rolling one of the numbers 2 thmugh 6 with one
die‘is E . Have class groups experiment to find out if the probability

. of rolling one of two different numbers (for e?ample,f or a 4) is
t

* greater. thah % Or less than -é— . Stroke tallies illustTate this:
~) - v, ’ ) ~ . 4 L ~
\ ~—— Therollisa3 L . .
- . . . - 2.5
- ) 'rhefroll is a 4 |4t W ’
I t ¢
_ - The roll Is a'3’or"a ey Btan - ‘ ) .
7’ ) _d{ . -
It becomes clear that thé nurnber of times one of two events happens
“is greater than the number of times either of the events happens alone.
Therefore, the p.robabil:.ty— of one of two events happening is greater than
: -the probability of either event individually (except in cases where the
probability of one of the.two events is 0). ,
» )
). NOTE: In any disc¢ussion of P(A or B), it is important
to know .whether or_not the events are'mutually exclusive.
~
Here is a procedure to explain how the probability of This or That
can be calculated Have children think of throwing one die and ask: .
Q +

What is the probability o‘ur getting either a 3 or
a’4 on one roll? .

We can calculate this probability as we have done in the past by

forming ‘the fraction: o N . .

the number of favor"éﬁle' putcom'es
total number of possible outcomes

P(An Event) =

How many outcomes are either a 3 or a 4? . [2]

.« - L3 ‘

o g o

’
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.o anot,her way to calculate the probability of This Or That, provided the v /<

Y et Event (B) i

_ . P (B) : . ‘
, ' but P(Aor B) #1 ' c. \

i

< R ~ AN .
K . o / i . R . 2 .
* . .o ‘,t , .
| 8

i s i . ¥’ !

L . . L . >~ a P -
., . R ; b
. . How many possible outhtze,b are there? (3N o ' R
- - - g
- The probabil'ity‘ther_efore is: .+ ) ’ ST ' B
L - . ! : . ' '
- » N e = e , . »
R P(3 or 4) =873 ) .

L3

2

Let's sta,rt again and look at the probab:.llty of rolling just a 3

L3 W

is E and the probability of rolling & 4 is also -:Gl- . If we add % and
-é—we get 3 or % . exactly the same result as obtained by compar:.ng’ )

fa‘orable and’ total poss:Lble outcomes. What we have dembnstrated is
events are mutually exclusive-- s:l.mply add the probabilities of the events:
Lt P(A or B) = P(A) + P(B) . oo )

We must remember that the relatlon - ) -

- P(A or B) = B(A) % B(B) ° -

s which are mutually exclusive. Suppose

“"applies only to eve
. ) ,
Event ( )\L{ rowing a prime number (2, 3, or 5) with one die
mg an even number (2, %r 6) with one dyje
. "

P(A)

[STT I T

.

anlwm
/
)

P(A or B) = B(2, 3, 4, 5, or 6) =
. mN .

. - - ‘ ' . - . , .
Z{.22 The Probability of This And Thiat. - When we ask, "What is the proba-- \
bil:n.ty of A and B happening?" or "What is the P(A and B)?" we mean 7
"What is the probablllty that event A happens and then event B happens?"
Ag examples, one might .ask, "What i the- probability of getting a red on
one spin of a red-blue spinner and blue on the next spin?" or. "Wha.t is
-the probability of gettfng a head on one f11p of a coin and a tail on the
TEX: flip?” . . N
@ [/ ' - v
A simiLar question is, “What is the probablllty of drawmg a red
block twice in succession from a bag containing one red block and one
blue block if the block is replaced after each draw?* This is .equivalent *
to asking, "what is P(A and A)," where A is the event "drawing a red
block." . . .

s

g Begin by’having students carry on experiments that answer the
questions posed above .and other similar experiments, to find out whetHer

+ Tor event'A and event B happen together. T .




the probability of This And That is Aqreater than or less than the proba- -
bility of either of the events alon The following tablé, enlarged to
accommodate the recordlng of nore trik can be used in an experiment’

with a red-blue Spl‘l' " ) :

4

) . . , Red on lst‘Spin and :
Trial 1st Spin 2nd Spin ' Blue on 2nd Spin -
‘.

1 B B . No

2 R R | No .

3 R B Yes . .

No. Red_  _ No. Blue __ No. ?ed'folldwed by Blue__ |
2 hJ - = .

$ ’ 4
Twenty trials should serve to indicate that the number of times red
appe'#ars on the first trial and blue on the second trial 1s less than the -
number of reds that occur and also less than“the number of blues. Indeed’,
the probability of -two events happening one after the other is less than N\
the—probability of either event ihdividually (except in cases where the
. probablhty of one ©f the two events is 0). - ~

g NOTE: In/the dlscussmn of P(A and B), it is impor-
tant e clear that in the cases cons1dered

‘event A and event B are :mdependent.

v o

We now describe a procedure which may be used’ to explain how, the [M
probability of This And“That may be calculated. Put one red block and
one yellow block in a bag. State that any block drawn will be replaced
_ before the next is drawn. Ask, "What is the probability of getting a red B
block on the first draw and a yellow on the second?” We can write this,
"What is P(R and Y)?" Let us look at,all possible outcomes. If we draw
red first, the result of two Araws can be either R and Ror R and Y. 1If
we draw a yellow first, the 'hossible outcomes ‘are Y and Y or Y and R;
«four possibilities in all: ‘
. \ 1 '

- First Second . Possible s \ v

Draw . . Draw Outcomes T U )
—_— —_— . ! —_— )

. ’ R, ' Rand R | (
-, . Y ‘R and Y 4
. R - Yand R | » v o .
Y < ‘ - | ~ . i |
’ Y Yand Y ' + :

Are the outcomes .agually likely? (Yes]-

Hag many favorable outcomes.are there?  [One]

4 .
/r How many total#possible outcomes? {Four] . .

L
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- \\ﬁhe probability of red first and gellow second is therefore 1

J N
king at the experi&ent in a~d1 ferent way, the probability of.
getting red on the first draw is .% . The probability of getting yellowy
on the second. draw after getting red on the first is %- of %-, which is
~ - ’ l . -

%-x %-or'% . 'This demonstrates another method of determining the proba-
bility of This And That (provided the events are 1ndependent)--mult1ply
the %fobabilfties of the individual events.

»

- .

P(A and B) =1>(A)L x P(B)
t R S
‘4 2 * 3

]

3.23 The Probability That An Event Will Not Happen. A suggested explana-
tion and series of related questions to develop understanding of the

. relation between the probability of an event happening and the probability
of its not happening follow.

-~ ° 3 1 , .
Suppose ‘there is a box of lZ'gumdrops each of which is the same °
size. Five of them are yellow and the remainder are green. If you close

your eyes, reach into the box,. and take out a gumdrop, the probability -~

2you will take out a yelléw one is Ig . It should be equally clear thatj
\the probability of yoEE/Aot getting a yellow gumdrop is li" It is

certain that all the gumdrops are either yellow or not yellow and the
probability of an event that 1s certain is 1, hence:
{

P(gumdrop drawn is yellow) +,P(gumdtop drawn is not yellow) = 1

5 -, 7 _
12 +5 12 =1

In general:

~
<

P(event A) + P(event Not A) =
IﬁZLe know the probability of an event happening, we can readily
determine the probability th-hvit will not happen. Likewise, if we know
1 — ; .

the probability that an event w not happen, we can determine the
probability that it will happen. . ’

Suppose we know that the probability of spinning a red is %-. We
can find the probability of not spinning a red as follows:

.

P(Red) +.P(Not spinning a red)

=1
% +.PiNot spinning a red) =1 !
‘ P(Not spinning a red) =1 - %-= %- N
Similakly, if the probability of a person not going to school is”
l% + the probability that the person will go to school is \\
‘. ‘ i b * ,.
\ Fal ) N7
S 27 32 I .

-
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@ 3 - 1 = __9 . .
. ¢ . P(Going to scthool) = 1 10~ 10 ‘

LY

e
L3 ’ - -

Probabilities are sometimes expressed in_terms of odds " Where
the probability that an event will happen is .§. , the probability that it

will not happen (from the explandtion just concluded)is 3 .- This means

that out of three possible outcomes, 2 will be favorabie and 1 unfavorable

and we say, "Theiodis are 27to 1 in favor" or "The odds are 2 to 1 that '
the event will happen.” 0dds are stated as the ratio of favorable out- g
comes to unfavorable outcomes. The odds against an event happening are

. reversed--the ratio of unfavorable outcomes to favorable outcdmes.

-3.24 24 Practice Examples. Once the basic methods of calculating the -

probability of compound events are understood, it is desirable to provide
students the opportunity, to apply them to speciific situations. What is
the probability ofs

[

Rolling no more than 4 (that is, rolling a 2 or .
a 3 or a 4) with two dice. _3.2..l:] ‘ . . N

Not getting a 5 with 2 dice. I—_— = —:-l ) '

Rolling a 7 twice in a row with 2 dice. Ex% = -3—23

&

Getting a product of 10 when you' roll two dice and:
multiply the numbers on ‘each die. (Suggestion--first C

o ma‘ke a table o\’all possible outcomes ) [: = -Z] .

Getting -a head and a 6 when you flip a coin and roll y

Y 1 1 :
adie. Exg-l—z] l‘ ’ ) *

. é -

Getting a heart and then a‘sp'ade in two draws with

replacement from a deck of cards. Ex == ]

Not getting either a heart or a spade in one draw

) )
from a deck of cards. [-;—:l '

Getting a picture card on one draw from a deck of - #

cards. = ‘ ) . ~ .
13 . .

Getting a sum of 10 when you roll a t\etrahedron with
faces marked 1, 2, 3, 4 and an ordinary die marked /

1]
1 thyough 6. T .

Y .
/ P .

/ .
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i Drawing a ?ed block from a bag cqnhatﬁfhg 3 red
’ blocks and 2 blue blocks and drawing a b;;szb;oqk v )
from a bag oontalning 1 red block and 4 e bwoc z//
' E"??a )
. , , - A
* .3.25 The geoboard offers a variety of interesting ways to'have children

practice with and learn about probability, Consider a geoboard with five

rows of ‘five pegs to be a field. A parachutist jumps from an airplane

and lands on the ‘field. He has an equal probability of landing in any

part bf the field. ) . ‘
-~ There ‘are 16 squares where the parachutist might land; thus the

. probability of landing upon any one of them, is I% .

/ What is the probability that the parachutist lands
ot " in the top row of squareg? [;
. 41 .. N

-
]

Now we estéblish two different areas in the field by putting rubber
bands on the geoboard--one we call Area A, the other Area B.

-« /
. '

-1 Q [ ] . /
,,,Al |
. I - - ’ .

\

. ) ) | e
~ : = B M
< ! e ) L v AiJ
- $ t

s .
A ) ‘ L )
Lt ‘,r——-\\ What ig P(Landing in Area A)? [%{] .

' What is P(Landing in Area B)? [71‘-] .

. What is P{Landing in Area A or in Area B)?

. X . N .
: l —1- = -3— . q'q"‘/ f

. E(A or B) = P(A) + P(By st 1 '] M \ /

¢ AR

. B < 34
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SN We can check this by;comp‘ari'ng outcomes.

A landing in how many sguares gives a favorable
outcome? [6]

. How many total possiple outcomes? [16]

.

What ds P(Landingepm ”Area A or in Area B)? [: or :l

R
Suppose we consider Areas A and B as lakes.

What is the probability that on any one Jump the . K

1 A
parachutist does not land in a lake? [ -3 ]

'v

Now suppose the parachutist makes two jumps. 3

Y ‘ What is the probability that he lands in Area A | '
.- on the first jump and in Area B the second jump?

- o 1.1 1
E(AandB)—f(A)xMB)-gxz-a—;]l

-

What is the.grobability of landing in Area A twice
in succession? 1 -
' ~ 64 ‘

N
For variety, changﬁ ?e sizes of Areas A and B or use additional
areas. Also see Mathematiés on the Geoboard by Niman and Postman for

- additional activities, e . .

+ ©

A

3.26 Tree diagrams are a helpful tool for calculating pi‘obabilities.

If we are.‘aslesed "What is the probability of gettimg exactly two heads
in three flips of a coin?" we can make a tred diagram with each branch
repre¥enting one 'of the outcomes of each flip:

b

" 1st Flip 2nd Flip 3rd Flip Outcome’'
) T H,H, T
H .
' T H —y— H,T,H " .
p . ‘- " T ——e HrTcT'
" . H T,H,H .
. T ?T 4~ —T,H,T

. ' H_  _T,T,H
r=__
~~T T,T,T

. 35
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. -
The probability of any one outcome is g Of the 8:outcomes,- there are <
three (H,H,T; H,TéH; T,H,H) 'where there are exactly two heads} hence the

prohability soughg is % .
What is the probabiflity of getting more than one E :

tail in ‘three flips of a coin? {There are four .

outcomes where two or more tails occur, hence

P{more than one tail) is % or %-.]

.

.

Here are’ additlonal problems where recourse to a tree diagram. is
useful: <L e, ‘ e

what is <the probability that a family with three
children will have at least one g1r1, assuming that

- the probability of having a boy is-= ? [7:] .

what 1s,;he probability ‘that the flrst two children
in a family will be boys? [%:]

If one flips a penny, a.nickel, and a dime, what is

" . . >
the probability of having the coins that land heads & -,
- represerft a value of 11 cents? %- - ' B
3.3 Games and Problems . )

3.31 ODDS AND EVENS. This simple game has been played in Europé'for’
centuries. Two players simultaneously bring their right hands from
behind their backsusing fingers to indicate a number from O through 5.
If the sum of the two numbers is even, one player scores a p01nt if the ‘

sum is odd, the othet player scores a point. ° ‘

3.32 TELEPHONE NUMBERS. For a group of 3 to 10 studénts., Have each ¢

member of the group write his or her telephone number on a slip of A N
paper. Ask how many think there are two persons in the group whose .

telephone numbers have the same last digit. Let chl}dren quess how

large a group must:be before ‘the probability 4s l that two group members

have telephone numBers with the same last digit, After guesses have been
recorded, compar} telephone numbers within the group to determine if
there is a match, that is, an'1nstance of two telephone numbers with the
same 1ast'digit [Wwith a group of 4 people, the probability is slightly

less tﬁan that two in the group have the same last digit of their
te1ephone numbers 7 § : . .. 4

—ia. -

An qxplanatign of how the probability of approximately %-was deter-

mined is furnished as a matter of interest, and mot with the expectation
thqt it will be relayed to students. .

-

¥
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We recall from Concept 3.14 that P(A'= 1l - P(Not R). In the terms

.. ,of our problem, this'means that the probability of two persons in a group

having telephone numbers with the same last digit equals 1 minus the
probability that no two peopl? in the group have telephone numbers with
the same last digit. We proceed as follows to calculate the latter
probability. Suppose there is one person in a room. It is certain, that

R 10 .
is, P =1 or 10 ’ that no one else in the room has a telephone number

1
with the 'same last digit.

A second person enters. His -telephone number will have the same -
last digit in one case out of 10; therefore the probability that his

numbe;_dpés not have the same last digit is I% the probability that
neither of the two persons in the room has a n mbdr with the same last
digit is X x—2=-2_ 9 ‘ |

g 10 *10 - Too 7"

A third persdn enters. The probability that he does notshave a
telephone number with the same last digit as the two already there is

—§-and the probability that no two perébns in the room have numbers with

10
. .. .. 10 _ 9 " 8_ 720 _
¢ the same last digit is 0¥ X" 1336 .72, _ i ’

'Following the same line of reasoning, after the fourth persom eriters
the probability that no two have numbers with the same last digit becomes

lg-x 2 x _§-k L The value of this fraction is_lgggg or .504. Thus,

10°10*10 " 10"

we conclude that when there are four people in a group, the probabili;y
that two of them do have telephone numbers with the same’ last digit is

1 - .504, or just slightly less than = v ‘

. 2°
</”\f;.33 TELEPHONE NUMBERS IN A LARGER GROUP. 19 groups of 11 to 20 persons,

-

ask for guesses as to the probability that two persons in the group have
telephone numbers’ with the same last two digits in the same order.

Record guesses and then compare telephone numbers. Using an extension of ,
the procedure uged in the preceQing paragraph, it can be shown that in a
group of 12 peopl@, the probability that two of them have telephone
numbers with the same last two digits in the same order is approximatel 5
/ : -

~

3.34 BIRTHDAYS. ‘ Por an entire class. Have each class member write the
month andsday of his birthday on a slip of paper. RAsk how many believe
that there are two class members who share the sajpe birthday, Ask for.
estimates of what the probability is that two rs of the class have
the same birthday. Again using the procedure of paragraph 3.32, it can
be shown that with 23 perSons in a group the probability is, slightly more

than % that two persons have the samé(birthday\(month and day).

~ A

AN
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3.35 QUACKY QUOTIENTS. This g
practice in dividing whole np

' fé/ two players, provides’ excellent

s.//Player A and Player B each select

a rumber from 1 through 9 by sﬁi g a spinner with 9 numbered sections . .
or drawing a card from a set of ca¥ds numbered 1 through 9. Player A's :
number is divided by Player B's number. If the first digit of the

quotient is a 1-or a 2 or a 3 (regardless of the decimal point), Player A o

wins a polnt. If the first digit of the quotient is 4, 5, 6, 7, 8, or 9,
B wins a point. After sevéral games have been played, ask if Quacky
Quotients appears to be a‘fair game, that is, a game where each player
has an equal chance of winnin’.« The answer to this question lies in . &
making a table showing all possible guotients for the digits 1 through 9.

[50 of the 8l entries in .the table have 1, 2, or 3 as a first digit, .
hence the probability 1s g% or a 11tt1e more than .6 that Player 2 w1nsj

Why can't we use 0 as one of the dlglts on the .
spinner or set of cards? [Division- by zero 1s .
undefined.] . ] .

o .
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CONCEPT GROUP 4r-Counting v - oo

Objective:

ferent permutations and combinations of the members of a set. .
. ~N . c

4.1 Concepts

4.11 The Multiplication Principle. .If one thing can be done in m wafs . .

and another in'h ways, there are m x n ways to do the two things.’ e v

Example: A girl has 4 blouses and 3 skirts. Thexe are 4 x 3 or 12 x P

different' ways of choosing a blouse and a skirt.: ) ~ :

To have children learn how to determine the number of dlf- .\

4.12 Permutations. The different ways of arranging the members of a set,
where each different order is considered a different arrangement, are ~
called permutation.’ ) \

For the' letters a-and b, there are twp permutations, ab and ba. To -
find the number of permutations of a group of three different elements or
- ob]ects, we ask these questions.

. ;n how manyJWays can the first element be . -
chosen? . . . . v v v v v 4 v e e e e e . 3

’ _ ‘
After one element is placed first,
many wayé can the second place be

v

ow
illed? . . . 2

. After one element is placed first and
. another second, in how many ways can third '
‘place be filled? . . . « « ¢« 3 ¢ o ¢ o o o o . 1.

~ » -
- .

Any one of tne.three can be chosen for first and either of the two
remaining chosen for second, so the number of permutations is: -,
6. For’ the group of letters a, b, ‘and ¢, the six permuta-

. tions are: abc bac cab - ' - R

~

* . . acb bca cba- R ‘ ) .
] . . .
If there are four elements or objects in a group, the number of
. permutations is 4 x 3x2x1. This product is called "four factorial”
and is written 31. 1If there are seven objgcts’'in.a group, the number of .
permutationg is' 71. If there are n objects-in a gtoup, tHere are n! F
permutations of those objects. For any positive integer n, .
Falll
'nl =_n(n =1D(n-=-2) ¢ .. .()
s
Suppose we want to determine the number of permutations of any *
3 objects\out of a group of 5. In such a situation, we have 3 choices
for the first object, 4 choices for the second, and 3 .choices for the
third making 5 x 4 x. 3 or 60 permutations in‘'all. Note that the
factors 5, 4, and 3 ate the first three terms_of 5!.-‘In.genera;, where’
r is not zero, 'we can find-the number. %f permutations of r cbjects out -
N \ '

)
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N - < N Ny ) ‘\ . . A .
a of a ‘qrpup of n objects by saking the first r terms .of n!‘.8 ?= 2
s - L -
4.13 Combinations’.% Combinations are dlfferent selecbl‘dns of members z
- fran a set without regard for the order thereof. ) - <

Silpilarly there is” only one committee \of five that can be formed from -
S a group of five persons. " N . - \ -
. N - -
. How do we find the Aumber of comblnatlons aof - part of the elements
* of a. qroup? Suppose we want the number of combinations of 2 out of three S
letters in the word ™cat." » By inspection, .there are three, ¢a,'ct, and ‘at.
- Is there a gemral procedure to obtain the:number of combinations of r out ,
of n cbjects of a group? One way to do so is to start with "the number of
© permutations of the n objects. For 2 out of the 3 letters of "cat," &ere
are § permutations. L. — , .-
< '/\ ' R ; d \ - !
N ~ o ca,ac ct,tc- at,ta ’
N N . - .
b Each of these 3 pairs has two permutatlons. To eliminafe duplica-
t}on of arrangements which are the same except for order, we divide 6 by
2|and arrive \at -the answer -3, the number of combinations of 2 out of the '
3 letters of ‘"cat.™  To review, we divided the number of permutations of . .'
2 out of 3 letters by the number of permutations of 2 letters, thue-
A . : 2 - i . -
I : . ., the number of permutations .
“ The combinations of 3 letters of 2 out of geletters
i - taken two at & time "+ T ‘the number of permutations o
- : - -, ~ R i
‘ ‘ N of 2 letters e,
! From paragraph 4.12, the humber of pennutatlons of "2 out of 3
‘ objects is the first 2 terms of 3! and the number of permutatlons of
A objects is 21, hence : -
e . . -
The combinations of 3 letters (= the first 2 terms of 3!  -. | )
i taken two at a time . 21 . ,
More gene;cally, the number of combanafions of .n ob)ects “vaken r at e
‘. a time is-9 . . ~ -
8'l"he mnﬂber of permutations of r objects from a group of.n ob)ects R
" is also given by the formula: ' ¢
T SRR U ',(with ot defined'as 1)
v, . *(n=-1)1
9'I’he number of combinations of r-objects from a group of n is alse ‘ .
+ Y. given by the formula: - B - . . .
‘ _- ,o—nt - (where O! ts defined as 1) ° . ~.
. : » (r)(n - r)1- . - : A
- . : } - b
[» . . o *
: - 40 - ) .
. {’35 -
: - T

v

- . \

\'I’h e is just one combinatlon of all the elements of a get. For -
the lettefs-a and b, there is one combination, ‘written either ab or ba. N

.




» -’ 9
v - 7 .. .
F3 & . . . —
. The number of combinations - thé first"r terms of nl!
of MWbjects r at a time r! ]
. . . , i .
Applying this to}soﬁf egamplei, we(have:“ y = .
) . The number of coqbinations of 4x3x2 _ ,
4 objects taken 3 at a time 3 x,2x1
. ]
. The combinations of 1,out -,
. of a group of 4 objects 1, ,

o It is not accidental that the number of combinations of 3 objects

out-of a group of 4 turned out to be the.same as the combinations of
1l out of 4 objects. ® In all cases, the number 9f combinations of r objects
from a group of n objects is thé same as thé number of combinations of

¢

n - r objects out of n objects.

I

13

“« .o

' Por the sake of consistency, we say that there is just one combina-

*tion of none-of the objects of a group.

Y

N f oY «

4.2 Activities

- - N - -

4.2

illustrate and clakify the Multiplication Pr1nc1gle.

Y

Q| -

ki

The blouse and skirt exsmple mentioned in Concept 4.11 is useful to

Young children may -

enjoy working with cutout paper blouses and skirts. A';ree diagram helps
make counting orderly- ) R o *
N Arrange- .
1 ‘ Blouse -Skirt ment*
. - )
. X AX
A -IEEEEEEEEEEE'Y . AY
K . — 2 J Az
. . ) X 'y . BX
~ : B --EEEEEEEEEEEE Y BY
‘ "t . 2 ' . B2
: ' - X , . CX -
c ¢< Y cY
~ 2 C2
. v X . DX .
D é Y " DY -
) '. z DZ .

-

il

2,

A

N

“

Four blouses and three kirts roduce twelue arrangements.
p

Hiow many - arrangements~are possible with 5 blouses and 4 skirts? [20]
oy
Encourage children ‘to leok for the method of finding the humber of "
arrangements without counting, i.e., to multiply the number of blouses by
the number of skirts. Other problems to be worked on include:

» [ t 3
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. What is the number of po§§ible outcomes when a
3-way spinner is spup twice? [9] How many for B
a 1l2-way spimmer? [144] .

- ¢ Q:ﬁ ) P ! ‘

How mapy possible outcomes when a tetrahedron is

rolled and a 6-way spinner is spun? J24]

What is the number of ways a boy and a glrl can '
. *be chosen class® leaders if there are 6 boys and
“ - 8 girls to choose from? {48]

How many different double-~dip coneg can be made

l frome different flavors? [36] From 31 flavors?
- 961 - v
- SN I

- -~ -

4.22 Introduce perma ions by asking the~students to make as many
;zrangements as’ they cah of the letters of the word "PAN." Explain that
each of the possible arrangements jPAN PNA,- ANP, APN,. NPA, NAP) is called
a permutatlon. Use the explanation in Concept 4.12 to show how the:number
of permutatldﬁs ofr a given group—éf objects is determined. Introduce the
notation 3t = 3 x 2 x1l and 4! =4x3x2x1. Establish that the
number of permutations of n d1fferent objects is n! and the number of
permutatxons of r out of n ob]ects is the first r terms of nl!.

- Among the many class activities and projects involving permutations
and associated probablllty questions are:

EY
-

.- Provide crayons and flag outlings such
oo " as that shown at the right,. How many .
2 ways can a 3-stripe flag be made using
. + . all of three different colors? Extend

' to flags with more strlpes. Let the

ass make a chart showing number of

colors and number of ways flag can be

colored. [6é ways for 3; 24 for 44 ﬁ\
- 120 fex 5] ‘

e

N

Eaa ) * With flags having red, orange, and green
' stripes, what is the probability that the -
‘orange stripe and the green stripe will be
R T next to each other? Eout of 6 or 5
List and count the.possible arrangements of
- . 2 legters out of the word "TENS"; then - (-
3 letters, then all the letters. [12; 24;‘24]

» Have a group of 2 chlldren, one of 3 children,

. ~-.~ and one of 4 children line up in as many . '
different ways as they can, keeping a record ’
of the arrangements they make.

.
b . .

‘./ , ’ 42 . ° »
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Count and record “the number of different arranger
ments on a shelf that can be made with 2, 3, 4,
or more books. . -

’ -

»

> Find how many 3-letter arrangements aré possible
. using the 26 letters of our alpha.beti [26 x 25
’ - i X 24 where all three letters are different.]
T How many different sets of 1n1t1ap.s are possible.
' if each-person has one surname and two given
names? [26 x 26 x 26]
< N .
One "way" to answer § five-question true-false
. test is T-T-F-T-F. How many other /'ways" are
A4 there? [31] .

'

How many license pla(teé can be made with one
letter followed by 4 digits?” [26 x 10 x 10 x 10 (
or,~if we rule out 4-digit numbers starting with
zero, the possibilities are 26 x 9 x 10 x 10,] -
v
If a set of books is marked Volume I, Volume II
Volume III, and Volume IV, what is the*proba- .
- _ bility that the set will be put on a shelf in [ :I

the right order by someone who °is blindfolded?

what is the pfebability that a permutation of
the four letters A, R, S, and T spells a common

Engl.lsh 4-letter word? E out of 24 or a :

A.baseball team is the same regardless of how one

* lists the playe}'s. A batting order, however, . ! ~
differs depending ypon order. How many batting e

orders are -possible using 9 players? [9!] .

08 -
Y

The number of ways 10 boys can be arranged in a
line is 10!, Wwhat is the probability that 10 s
10!

.o will line up in descending oi‘der of height?

4.23 The procedure of Concept 4.13 can be used to expla:LR/ how the
number of combinations of a group of objects is cal’culated. Alterna-\
tively, children should be able to determine the number of combinations
. of a group of objec€s by listing them. A systematic approach to listing
" should be urged. Suggest starting with the letter or object at the left
and work consistently from left to right. When listing the omhinations
of 2 letters from the wqrd. "PLAY," we would start with P, tMe Zleft-hand
letter, and take the next letter to the rightjto form PL. Next in order
. ,come PA and PY. Then go to L, the next letter not yet used as ansinitial
letter, and list ¥ and LY. “Finally, we go to A as the initial letter
and make the combination AY. . )

4

’ ® . . . .
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- . .
_ The activ1t1es set forth below can provide experience eithegy with
listing or calculating combinations- . .

»

S

If three coins are chpsen from a group made up of
a penny, a nickel, a dime, a quaster, and a half-
dollar, how many different amounts of money are
represented? [10] : ’

T‘ mapager of a baseball team had 6 outfielders

on“hi’s squad. In how many ways could he pick

three of them. tg play? [20]

n :gmany ways' could he assign the chosen three
8 three outfield positions? [6]

Détermine,the number of combinatiohs of 3 council

members that can be elected from a slate of

10 candidates-‘ {120]

Mary has 15 friends she would like to, 1nv1te to a

party but she can only invité 10 of them. 1In how

many Ways can she choose 10 out:of the 15?2 [3003]

N » .

A tea{ihir has to pick 4 out.-of the 9 girls in her
class r safety patrol. How many different
group§ of 4 girls can she cHoose? [126]

Bow 'many different 5-card hands can be made fro(n

.,a standard 52-card deck of ca.rds, '

52 x,51 x 50 x 49 x 48 _ )5
j 5x 4x 3x 22x 1. 2

oo 'I'he 'following problem can be solved by usihg one's’ knowledge of
combinatibns or by usmg P A and B) .

0§ Two studenta are to be chosen at random from a

class that consi of ‘8 boys and 13 girls.
What is the probability that the two chosen are

‘4
*bdys? “ o5 ©F IQ .

22 One of the Host fascinating relations in probability theory is
named after a French mathematician who helped develop- the theory. It is
called the Pascal’ 'I‘rianqle e . -

; Distribute a sheet containing the table on page .40. For the informa-
tion of teachers, the number of ‘combinations. appears in each circle but
these figures should not.be shown on the ‘sheet distributed to students.
The number of combinations in the circle at the left of each row is&-hw
there is only one, combination of the objects of a group taken none at a -~
- time. This is equivalent to '‘saying that there is only one way all the
objects of a group can be left out. The number of combimations in the

«
’ s
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. . .
' ‘right-Hand circle of eag row is also 1; there is only one combination
- of .all the objects of a group. - '

N Have the class fill in the empty c:u:cles in the first five rows )

using procedures they are already familiar with to determine the various
numbers of comblngtlons. Much of the information will already ha been
calculated. After any row is completed, have students add the n ers of
’combmatlons in ‘that row and put the row total in the column at the rlght, b

+ noting that €ach row total is twice that of the row above. . *
/4 \ -~
v ) Number of Combinations .
Number of ’ « Row
Objects P Total
(]
, 0 ' / . ! .
% : T
e 3 ' ‘ I
J b 1 @ @ ) i
' 0 1ot 17
Y/ of 1

2 @@@( s

’ of 2 1 of 2 2 of 2

0000 -

Oof 3 1of 3 206f3 3o0f93

- @@@@a—' |

i Oof 5 1lof5 20f5 of 5 4 f £ 5

o ‘, Ask the class to try to find a way of obtaining the number of combi-
nations .in the 6th row of .the triangle w1tbout calculating the number of
combinations for each circle. The first and last entries are always 1;
the second and next-to-last entries. are always the same as the number of
objects for the row. Some students may hit on the key; the number in any
circle is-the sum of the number above it and to the left and the numbeY
above it and to the right. Usé this key to complete the 6th row and any

‘? , ,
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subsequent\fowg desired.

-~
’

The Pascal Triangle presents one of the best opportunitiés in all
. mathematics to:explore!number patterns and symmetrical relationships. *
The numbers’'making up the Pascal Triangle occur in seweral different ’
mathematical situatibns, not only in the study of probability. Encdgrage
students to look for patterns such as the progression of numbers on
diagonal lines; common factors for all the numbers in a row other than
the.l’s at beginning and end; the symmetry of the' rows.- Much additional
N information about Pascal Triangle relationships is to be found in' the
' March 1974 Arithmetic Teacher, pages 190-198. - ! BRI r

It should be pointed out that the numbers of combihations shown in
,the Pascal Triangle.are identical with the outgomes of flipping coins.
If we are flipping two coins, for example, we can look at the row for two
M objects ahd find that there is 1 outcome with no heads (T,T); 2 outcomes
with 1 head (T,H and B;T); one outcome with 2 heads (H,H); and a total of
, 4 possible outcomes, ' .

Once children become familiar with the Pascal Triangle, they should
be able to do the following prdblems: . )

»

What is the probabilify of get#ing 4 heads and 1 tail

when 5 coins are tossed? [In Row 5, there are

32 total outcomes. The éyh box in the row shows that

there are 5 combinations of 4 objects (heads) out of a
group of 5, hence the probability of 4 heads in

.5 -
. . S tosses is 35.

- In 3 tosses of a si:ZIe coin, what %s b(3 heads)? %:]
, oo fTossing 1 coin 3 timés is the same as‘tossidg' -
Pl 3 coins once.} “
i - . P - -
L ' In 4 tosses of a"single coin, what is P(2 tails)? g]
From 4 persons, how many committees of 3 can be '
Cchosen? [4] ~y
‘ -
, , From 6 people, how many committees of 3 can be
chos [20]
. . - - -\
' - If yoh are allowed to choose any 4 out of 6 problems
+on a test, how many different selections of 4 problems
are possible? [15} . .
4.3  Games o ’
v 4.31 BOX WORD. For a group of children. Make four identica] boxes. 1In

X 1, put small pieces of paper on whi®h are written the letters e, n,
anq t. In Box 2, put the letters t, r, and a. 1In Box 3, put a, b, and y;
-p—1n Box 4; put a, g, and b. A child selects a box and dAraws the letters
fromi it, one at a time. As each appears, the letter is written down in
order. If the letters gpell a word, the child scores a point. Prom time
to time, the letters in the boxes can be replaced with others that spell
different words.

/

R ~

g s 16 | : \/
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Tedcher Question: R o [ “ ‘ .

What is the probability of scoring a point as
1 1
34 Box 3, Y

.
S .

each box is used? Box 1 or Box 4,

1- ’ -

Box 2, 3 - L ] ,

4.32 . GEOROLL. For 2 players. Use a 5 x 5 geoboard. - Cut out a sheet of
thin paper the size of the geoboard and press it down so the paper lies.
flat and the pegs stick throdgh holes in“the paper. Turn the geoboard
SO one corxner points away from you. Mark the pegs so the geoboard looks
like this: - ‘ : )

L]

B ’ START . \
) . ‘ ) 9 h
1 1
- . ' A )
\ . 1 2 1
® ® e (//
1 3 3 1 .
M ® e . ® ‘@
i 4 6 4 .01 -
Eﬂb ¢ . ® | ) END ]
- - 5 10 10 ‘5
/// . Eﬂ&D e * * ,‘..’ ’§NI) ‘
15 20 15
END ¢ " f&D 4
35 35 *

?

Both players start by placing a marker on the‘top‘peg. Use a
paperclip as a marker or a circular piece of paper that fits over the
pegs readily. The players take turns flipping a coin. 1If a player flips
a head, he moves one peg downward and to the left. If he flips .a ‘tail,
he mmoves one peg downward and to the right. Each player's:score is the
sum of the nudbers on the peg§ he reaches as he goes from START to END.
The player with the smaller sum wins. k

3

Teacher Questions:

,ﬁ\ "What is the lowesWmpossible number of moves to win? [4]
A X \

What is the lowest winning score? [4]

What is the largest possible humber of moves? [7] .

wWhat is the ﬁighest score? {77]

»




R CONCEPT GROUP 5--Sampllng

Objective: ’To give chlldren experience w1th the process of sampllng
R s, R ‘. - * “
- 5.1 Concepts A .
» 5, 5.11 Random Samples. A sample is a "random sample” if each member of
the « group from which it is taken has an equal probability of being chosen

for the sample. ) “-5»

3.12 Predictions from Samples. It is likely that information fram a

P! relatlvely small random sample will give a reasonably accurate prediction
about the make-up-of the group from which the &8mple is drawn. The larger
the sample, the greater the‘llkellhood of accuracy in, the predlctlon.

5.2 Actlvff1es L, . - ,'

35.21 To introduce the .idea of o2 random sample, propose the following
situation to yout. class.. Thre prlnc1pal of a school wanted to g}nd out how
the students liked arithmetic. He didn't want to take time to quéstion
‘everyone, so he plcked from each class a samp of three students who-were

' good in arithmetic and asked their opinions. ,” you think he got an
accurate estimate of how “studénts in the)school liked anithmetic?
[Almost certainly not, bec use good,students tend to like a subject more .

than poor students, and,none of the}poorer students had a chance to
. express opinions. Another problem rev61vﬁg around the’ tendency of
students to tell the pr1nc1pal what they/thlnk he would like to hear.]
What might the principal have _done %o get more ‘accurate 1nformat1on,
without asking everyone in school? - ExPlaln that results are more accurate
and dependable when a sample is a randomAsémple'" that is, a sample where
each person or thind in’ the group from which the sample is taken has an
equals chance or probability of being chosen. Ask for comments on the hY
following samples. Are they random samples?

’

Group from which How samplé was chosen

! sample is chosen * -
' 1. Automobile drivers Taking every 3rd car from those on
, @ suburban street between 11:00 A.M.
. and noon on a weekday morning.
2. The populétion of Taking the first name on_each page
- a‘city of the local telephone directory..
8. An elementary Tossing a die to select one of the . ¥
school clags- . fifst six_namles and then every
5 ’ 6th name thereafter on an alpha- .
. betical listing of class members. . .

A
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Sample No. 1 cannot be considered a randam samiple. A sample selected
from cars on a suburban street in mid-morning would be likely to include
far more women than men. For Sample No. 2, the sanswer is the same;
faml}les or individuals without a phone or with an unlisted phone are
not included. Por:Sample No. 3, the selection method appears to give’
. every class member a chance.of belgg\selected, hence it _can be con-
sidered a random sample. .
P
5.22 Random samplgs are sometimes chosen by referring to a table of
. ~random numbers; that is, a .table of numbers facklng any pattern or
regu%ar arrangement.
Have a group of students uSe the local -telephone directory as a
table of random numbers to selgct a Eample of 5 students from your class.
A listing of all the students the class should be available. Say
there are 26 students on the 1ist. Arbitrarily choose one number in the
directory as a starting point. . From that point, put a check on each
subsequent number which has its last two digits in the sequence 0l
through 26. Suppose the next 5 numbers so checked ended in’'02, 19, 16,
) 22, and 11. Then.the sample of 5 students consists of the, 2nd, 19th;
16th, 22nd, and 1llth names on the class listing.

- ’
]

/ 5.23 As a demonstration of sampling and how it works in practice, put
. 10 blocks of the same shape and size in a bag, some blocks being of one
color, the remainder another color. Tell the class onily the total number
of blocks in the bag. Have children, one after the other, draw a block
from the bag, record its. color, replace the block, and shake it up with
all the others in.the bag. After 5 blocks have been removed, ask the
class for estimates of how many blocks of each color they think the bag
comtains. Continue removipg more blocks until 10 have been withdrawn,
recorded, and replaced. llow estimates to be revised on tht basis of
the additional information available, if children wish to do so. Then
open the bag and compare the contents with the gstimates. The information '
developed by sampling will generally (b ot necessarily) be‘close to the
actual numbers in the bag. < . )
’ ~. -

This experiment can be varied by making a different distribution of
the 10 blocks between the two colors, by using blocks of 3 or more colors,
g or’ by making more withdrawals before disclosing the bag's conternts.

!

As the number of samples increases, predictions tend to approach
actual duantities more closely. .Children should appreciate that the
1arge; the sample, the greater the likelihood that the information pre-
d1cted is an accurate representation of the group from which th samples
are, taken. . '

5.24 fh'some sf%uations, sampling is virtually the only technique to
develdp information about a large group. For example, suppose we want to
_ find out how frequéntly each of the 26 letters of the alphabet is used in -
" written English. It is clearly impossible to examine everything that is
written in BEnglish; sampling is the only practical way to proceed. Ask
for suggestions for appfopriate samples from which wtscould determine the

R ‘ S AT N
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frequency with which we use A's, B's, C's, and so on in written, Engllish. &
Should we use passages from novels? A classic? A maga21nez A newspaper?
Textbooks? A comic book? -’ Poetry? How long should samples be? B N ' 4+

.

Agree on a select1bn of samples, say *ten or more passageSneaq§ of

"150 to 200 words. The source or content is immaterial so long as there
is variety. Have & count made of the number of tlmes each _letter is used
throughout the samples. Accumulate the information and list the 26 letters
of the alphabet according to frequency of use, the most frequent first.
Cdmpare your resuits‘wlth the order of frequency found 1q a survey made of
a large number of passages- 5 S e : N
Al - e '

_ * ETAOINSHRDLCU A )

/'\> — .~ 1 ) “

©

The most frequently used letter in English is E; the next most
frequent- is T. Some sampling variation in the position of the letters
after E.and T is to be expected, though the probability is high that the
order of frequency'determlned from the passages your class selected will
not_ vary too much from the listing above.

* 5,25 Sampl:mg has a wide variety of practical uses. Television ratings
‘are based on sampllng, as are public opinion polls, marketlng surveys,
election forecas$ts, and many scientific investigations. For example,
ecologists can use a sampllng _process to determine the approximate number
of fish in a pond They could proceed as follows:

a. Catch 100 of the fish in the pond, mark each of them
with a harmless, indelible-dye, and put them back in
. the pond.
— -’
. b.xLet some t1me elapse so the fish that are dyed can
! dlstrlbute themselves uniformly throughout the pond.

¢. Now catch a sample of 50 fish and count the number

o marked with the dye. Suppose there arg 4 dyed fish ) Ct
in the 50. - , ’
~ d. Set up a proportion based on the assumption that the °

ratio of marked fish to total fish is the same in the
sample of 50 as it is througﬁ%ht the whole pond. Then:

Ratio “in sample of 50 = ratio id whole pond

100 .-

4
5 Total
Tﬂas method predicts that there are 1250 fish in N
the pond. - . R
- - ~
‘ / 3 ” 3
.’ i Y
s )
90 . -
45 :
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Peacher Questions: S, ‘
Ay
Y . What circumstances could cause the estimated number
of fish to be too high or too low? [Uneven distrzyu-

tion of fish after they are returned to the gond;
death of fish caught and returned; fish caught by
" other fishermen.] :

~ -

Is 1250 likely to be a rough approximation of the
actual ngnbe; of fish in the pond? . [Yes, if a
reasonable margin of error is acceptable.] -

The sampling technique just described can be paralleled in the
classroom using bottlecaps. Have the children collect a large (but
unknown) number of bottlecaps and store them in a container. Remove a
double handful of bottlecaps, count them, mark them distinctively, and
return them to the container. Shake them up thoroughly in the container,
and then withdraw another double handful of bottlecaps. Count the number
of marked bottlecaps and the total number of caps in the last sample

*withdrawn. "An estimate of the unknown grand total number of bottlecaps
is arrived at by equating the two ratios:

No. of marked caps No. marked caps put
‘ in last sample — back into container
. 'Total caps in last The unknown grand

sample total number of caps

Left-handedness in school populationf is a characteristic which can
be studied by sampling techniques. First count the number of children in
your class who write left-handed. Confining the investigation tep those
who write left-handed is more clear-cut than attempting to survey Jdeft-
handedness in general. Next predict:the number of left-handed writers in
all classes at the same grade level by multiplying the total number of
childrenh in the grade by the fraction:

’
-
. )

left-handed writers in your class
total number of children in your class

.- " L.
_If there are 4 out of 26 in your class who write left-handed and 140 in -
the grade, the predicted number of left-handed writers in the grade is:

140.x 3% = 22 (rounded to the nearer
whole number)

A count of the number of left-handed’writers throughout the grade gives

a check on the accuracy of the prediction. This investigation can be
carried a step further by using the actua? number of left-handed writers
in the grade t& phedict the total number throughout the school. An
alternative, approa is to select say three students at random from each
class in the schooll Use the students so selected as your sample; deter-
mine the numbe¥ of Neft-handed writers in the sample, and from that

<



predict the total number of left-handed writers 1n”£he school Which
approach ‘predicts more accurately? - . &

5.3  Game and Class Project , ‘ ) -

5 31 SECRET MESSAGE or CRYPTOGRAM. A coded message in whlch each letter
is re replacéd throughout by one other letter or symbol 1s cdalled a :

“*cryptogram. " ,

p{stribute copies of the following code message:

v

. CRYPTOGRAM
XAG VGBL .A:J‘KJK'JTHMGkKPZC P2z

WZ GMN QP2Z2J. XSJB LWA W VGT.

WZN KWPLJN.XSJ "RGOJK. PZLPNJ

.
~ -

XSJKJ AJKJ HPJIRJL GD KGRU

APXS VKPCSX LHJRUL PZ XSJQ.
‘ -
"CGMN," XSJB. LWPN. 'YZDGKXYZWXJMB,
i _ i
PX XYKZJN GYX XG VJ W RGEQGz

< 5 . ~
QWXJKPWM RWMMJIN PKG2Z HBKPXJL.

& . .

There are many avenues that will lead #5-a ‘solution of this
cryptogram. Give ‘students some time to look for a solutloﬁ on their own;
for those who are unsuccessful, you can present the approach indicated
in the next few paragrabhs.

Can we use what we learned about the £requency of letters in English
to help ug find out what this message says? The letter that is used most
frequeritly in the message §& likely to stand for what letter of the
alphabet? [E] What mig;EEthe next most frequent letter stand for? (T}

. .

Have the class count the number of times each letter ogrthe a¥phabet
is used in the secret message. . .

- [

l

On the basis of frequency, what letter is most 11kely to stand for
E? [J].. which one for T? [X] Have students put an E over, each J in
the message.ahd & T over each X. What additional clues do we see? For
the 15th word we have - - .
. , T « E v .
s ’ X s J

Q‘)'

Ty




. " ,, ) ?; ’ T .
",»z‘v~ . , . ) , R . _ - . ~ b/
- ' ‘ '. 4 i o ' M
"~ o T . E. E S -
. ) o - X § J'K J° B o
S certainly represents»H and XSJKJ is eJ.ther 'I'HESE or ¥YHERE. - Now we look
. It must end . in e:.the;; -ESE or‘-ERE, if our . ‘
We 'know no words that fit the ~
4

at -the next “word’, AJKJ
conclusions are correct up to this point.
—ERE COUld be HEIE, MERE' or WERE-

pattern -=ESE,
. AJKJ stands for TEEREWERE! o >

-

o ] Two boys were exploring in an old mine. Tlféy
saw a box and raised the cover. - Inside there
were pieces of rock'with bright specks in them.

,-"Gold," they’ said. Unfortunately, it turned, ¢
out to be a common material called iron gyr:.tes.

!x
I

3

Y

1 >

<

If additlonal cod
letters in-lefigth, preferably with E the n;pst common letter,

’ ’
+

3
.
»

O

v

a8 N
xu!

A as W. .
those we gradually f,ranslat( every word in the messade. Solution:

Best guess-,-XSJKJ

We now 'have, or think’we ‘have, Jas E, X as T, S as H, K ds R, and
From-these we go on-to find the words TO and WITH; and from
& . P

Y

x" - y
‘The whole decoding process ‘'was based on the J.nformatJ.on about .

frequency of letter use, developed through the techniqué of sampling.-
e messages are . made, they should be from 100 to 150 ,
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