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POINT OF VIEW FOR MATHEMATICS EDUCATION -IN MONTGOMERY COUNTY

A provocative.activity which teachers often use with 'pupils at various levels
is that of trying to imagine a world without numbers -- what would it be like?
Such a world is quite difficult to imagine. The idea of number cqntinues to
play akimportant role in virtually all aspects of our world; and mathematics,
therefor 01). constitutes aOrogiam of considerable importance in the schciblq.

2
As a discipline, mathematics is truly the art and science of abstraction.
Characteristics ofhe physical' world'are,converted into abstract ideas and

mpymbpls; these are then manipulated through mathematical operations to produce
information and theorems about less easily-observed aspects of the world.
Recent evidence supports the contention that children's experiences with con
crate materials are vital to later conceptual development. The school
program thus proceeds from the concrete to the a bstract.

The concepts of mathematics acquire-greater meanit when they can be applied
to the worldin/which we live. aecause theiiriety and extent of mathematical
applications have grown so rapidly in recently years, it is impossible for
anyone pe ;son to be con4isint with the entire field. The.school program
mist therefore be developed so that mathematical applications are selected

. and presented as efficiently as possible and with the intent of challenging
pupils at all levels.to 'see mathematics as an independent discipline as well
as a tool.for the adVancement of other disciplines. '-

t-
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THE MONTGOMERY COUNTY MATHEHATICS PROGRAM

The Montgomery County mathematics program is designed. and implemented to
take into account the logical and relatively Sequential nature of mathe-
matics. ' Equally important isthehreatization that the rate at which indi-
viduastudents learn-mathematics varies significantly. The mathematics
program ii structured to encourage various approaches which-allow students
to progress at their individual rates.

In general terms, the instructional program 'in Mathematics should help each
student to:

Develop basic skills 'in using the vocabulary and'symbols of mathematics

. Develop skills in recognizing common geometric shapes

. Develop basic skills in coeputing

4

: Develop basic skills,, in working pith geometric shapel

Ar Develop basic skills in m

Developunderqtanding of

. Develbp concepts. related

easuring

the vocallitlari and' symbols of

to common O(metric shapes

Develop understanding of computation

. 'Develop understandings in measurement _

mathematics

. Develop an understanding of basic principles related to the structure
of mathematics

. Develop understanding and basic skills'in problem solving

. Apply the principles of mathematical reasoning to the solution of
problems

Appreciate the significance of mathematics in daily living and its
contribution to our cultdral heritage

. Use, lacheMaties as needed in daily living

4
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INTRODUCTION

I. PURPOS,E2,

*The purpose of this instructional,guide is to assist teachers of Calculus
in the organization and presentation of the course codtent to best meet the
needs of the students,

The Goals of Education, adopted by the Board of Education of Montgomery
County in 1973, emphasize that the schools*program should be "...related to
the needs, interests, and concerns of each student." Calculus serves to
meet the needs of students accelerated ie. mathematics to the point of
enrolling in this college-level subject while still in high school. Many
students seek advanced placement in college mathematics tgrough'enrollment
in this course; since-advanced placement is partially -based on May exami-
nations, timing and order of presentatio -topics are emphasized in this.
guide.

The Goals of Education further state t at:'

In'addition to acquiring academic skills, each individuAl
shoult,develop,.his /her intellectucl capabilities to Lhe
fullest extent possible. 'Therefore, the school will
encourage each pupil to think creatively, to reason logi.Cs..,

ally, to apply knowledge usefully, to deal with abstract
concepts, to solve problems. nc

-\\study of Calculus involves the use of the highest jevels .1 f these skills.

The-Point of View for Mathematics Education in Montgomery Coudty de$cribes
mathematics as the and science of ab ion," yet states: "The
concepts of mathematics acquire greater me ing whe they can be applied to
the worldsin which we live." The study of Calculus 'is unique in that the
use of abstract syMbolism becomes an instt" nt of Application-to make clear
the solution of problems otherwise difficult -er---infpossible. to solve:

The place of Calculus in the sequence of mathematics courses in Montgomery
County is Shown on page vii of this guide. The instructional objectives of
the course are described in the MCPS Program of Studies.

By the end of Calculus, the student, should be able to:

. apply the rules for limiteof sums, of products, of quotients', of
polynomials, and of a function between two functions which have
the same limit when the limit is taken as the variable approaches
a constant, and as it approaches infinity

. apply the rules fOr determinisig the derivatiyes of a monomial ,

function and for finding the sum4 product, and quotient of differ-'

, entiable functions



h.

.
.,

.

. apply the method of implicit differentiation to
.

specific
...

examples/
of the general function,y = u Pic'

,

,

. apply the chair rule for derivatives to speeific,examplesinvoLving
\composite functions . % .

construct the equations of the tangent line and 'the normal line
at selected points of a.ntalgebraic function

. construct the graph of an algebraic. func4on,.listing the critical
points 1

. sidentify and construct the solutioh of problems that call for
minimizing or maximizing a..eunction

.

. apply Rolle's Theorem, the Mean Value Theorem, and'l'Hopital's
ppRule where appropriate

/
. (

'.

. . ... ,
.

. apply the Fuhdamental Theorem of Caltmlusto determine the .srea of
a kiven region

_

.

. identify and compute the slim of Rtemann integrals

. apply the definite integral to sonre problems involving area,
-velocity, and acceleration; Volume of a solid; area of. surface
of revolution; total amount ofimaSs; and work as the produ¢t-Cif.
a given.force moved through given distance

apply formulas for' differentiation and integration pf trigono-
metric, inverse trigonometiic, logarithmic, and exponential
'functions

. select and =pply suitabbe,'meth s for the evaluation of a,set of
A .assorted in rals :?

. apply the rules f hyperbolic unctions and inverse hyperbolic
functions in probilms,oLegisi ibrium; tensionoarvs!, volume, and

/ center of gravity - \,

. .

. _ sillik

. apply the theorems on sequences to coRstruct the limits of sequences

..

. apply the comparison, ratio, and integral tests for convergence to
'a given series o

4

compute the value of given trigonometric or logarithmic functions
.using Maclaurin'il or Taylor's series expantion

. IZ. ACKNOWLEDGMENTS *

Under the'direction of William J. Cla rk, Diiector of Division of Academic
Skills, and Ellen L. Hocking, Coordinatorof Secondary Mathematics, this
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The course of study for Calculus has been
-

constructed to assist the teacher
in organizing the Content of Calculus to meet the needsof the students."

Each of the eleven. units contains an introduction, a list of instructional
objectives, a list of performance objectives, sample assessment measures
for each objedtire, and oriole% for the Assessment measures.

Special features of this guide are a Performance Objective Index, which keys
each objective to currently "approved text materialtp, and a 'list of Suggested
Assignments, which,aWy assist the teachet in pacing prog4ess through the
content.mateiial 4.

IV., STUDENT AUDIENCE.

Calculus is elective, one-credit course, offered to students who have
auccesskully completed the-objectives fof Elementary Functions and Analytic
Geometiy. ,Many students.enroll in-Calculus in preparation for the Advanced
Placepen Examination or the College Level Examination Program (CLEP) of
the College Entrance Examination Board, A combinatAon of either score, the
student's mathematics record, and ()per test scores may lead to advanced

"Aplacement in the mathematics program of the college chosen.

V. ORGANIZATION AND SUGGESTED USES OF,GUIDE

. The behaviors expected of the students in any content area need to be clearly
Understood'by both teacher ands tudent.' In this instructional guide; the

1- 4
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behaviors have been.organized into eleven Oita. 1/These units include the
topics recommend', for those students preparing for he CEEB Advanced
Placement BC- Tent administered in May of each year. Within each unit are
the instructional objectives for that unit, at least two sample performnce
objectives for most instructional objectives, sample assessment measures, _.

and suggested assignments. The Performance Objective Index keys the

objectives to the textbook.
A

...
The fact that the advanced placement tests are scheduled for the middle of

;

Maya requires that, for the BC t st, Units I through VI be completed during
the first semester. Units X an XI may be studied after the placement tests,
provided materials from Unit XI on velocity and'accelerationivectors have
been included in Unit III. Foi the AB Placemept Tests, Units I,thrqugh V
should,be completed in the first semester, and a review of aalytic geometry
should be done instead of Units VIII and IX:

ao

.1"
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SUGGESTED ASSIGNMENTS

A list of suggested assipments in the basic text has been compiled as an aid
in pacing clais instruction in Calculus.

This material, referenced to the texit,,has been compiled to provide the teacher
with a key relating the instructional.objectives to the topics of Calcultip, to
the reading on each topic, and'to suggested assignments of probleMs. For most
of the units, it has been presented in the order that it appears in the text.
The 96 lessons should not.be interpreted as being all of the same length or
importance.
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V .
UNIT I

LESSON ASSIGNMENT TOPIC S. READING SUGGESTED ASSIGNMENTS teJECTIVE

1
.

I .12

3

INSTRUCTIONAL

4

5

Mpre Theorems About Limits 'Op. 50-55.

Definition of. 1.4mit of a Function pp. 44-46

Theorems About Limits pp. 47-50
..,

pp. 46-47;.1, 3, 4, 6, 9 1

. pp. (); 1, 3, 5, 7, 9, 19 . 2

.,

app. 5Q; 13, 14, 18, 19 ',
g

, pp 5A; 1:21 (odd) I 2

PP":1605-31

6. pp. 56-59 -pp. ,59-60;.2, 4, 5, 7; 9, 10, 11,

, .17.;-19 ,

.

7 Qontinui67 pp. 9297
k,

pp. 97k$1 2, 3, 6,'9
.

..,

. 4

,
-

v .

UNIT II ('

<
.

INSTRUCTIONALM
h", LESSON ASSIGNMENT TOPIC READING SUGGESTED ASSIGNMENTS OBJECTIVE .,4

,

8 Polynomial Functions and Their
Derivatives

16

9 Rutonal Functions and Their
Der vatives

10 Implicit Relations and Theii
11 DeriAretives

12.: IncreMen 'of a Function
- .

4
,

13 Chain R le for Derivatives

14 'Differentials dx and dy
Formulas for Differentials in
,Notation of Differentials

pp. 7X-76 p.

pp. 78-80

pp. 84-87

pp. 88-91

pp,. 62-66

pp. 67-70

.

0I pp. 1-67; 2, 3; 5, 9, 13, 16-, fig 1, 2, 3, 4
18, 25

p. 7071, 2, 3, 5', 8, 11, 14, 16,. 5; 6, 7, 8
17, 18

77; 3, 6, 9, 13, 17, ,22,,24
'p. 77; 27, 31,,33

pp. 80-81; 2, 5, 6, 9

p. 87; 2,,4; 7, 9

p. 91; 3, 4, 5, 9, 12, 14, 17;
19, 20

.71

.7' 9.

11

44
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LESSON ASSIGNMENT TOPIC

15 Tangents and Normals

16, Increasing or Decreasing Functions

17 Related Rates
18

.19 SignificaOet of the Sign
20 of the 2nd Derivative

21 Maxima and Minima

l'HOOitai's Rule

4,
I,UNIT 1-11

'

_READING SUGGESTED ASSIGNMENTS OBJECTIVE
INSTRUCTIONAL'

pp. 294-296

pp. 102-105

,105-106

pp. 297 -298;. 16, 5, 8, 9, 11, 15

p.' 105; 3, 7, 10
s

p. 108; 1, 3, 7, 8,

p. 108; 2, 5, 6, 12, 14, 15

1

2

pp/109-113 pp:113-114; 3, 5t, 7, 15 2

pp. 118-123,

pp. 113-114; 8,

pp. 1237125; 3,

17, 18

4, 9, 18, 13, 23 3

pp. 125-127

pp. 123-125; 5,

p. 127;- 1-4

7, 5, 24, 14, 28

4

pp. 127-128 p. 130; 2, 3, 5: 6, 7,8 5

.p. 253 p. 253; 91, 92 1 6

UNIT IV .

LESSON A IG TOPIC " READING

26 The Indefinite Integral pp, 1397143

pp. 143-164427 Applicatilons of Indefinite
Integral'

28 Limits of Trigonometric Expressions

29' Differentiation of Sines and
Cosiries

16. Integration of Sinei and Cosines

18

p.
151.4

pp. '152-154

SUGGESTEDASSIGNMENT$,

P 143; 2,'3, 1, 12, 16, 19,
22025

145; 1, 3, 5, 8, 9; 14, 161,.p.

p. 155; 1, 5, 8i 11, 13, 20,

TA. 155; 25, 29, 35, 36, 38

p. 1551 40, 46,.50, 52, 54,
58, 60

INSTRUCTIONAL
OBJECTIVE.

1

, 2

L I-2

VI-1

NI -2

19 I.
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LESSON ASSIGNMENT TOPIC

UNIT IV (cont.)

READING SUGGESTED ASSIGNMENT
INSTRUCTIONAL
OBJECTIVE

31 . Area Under a Curve pp. 156-159 pp. 159-160; 1-5 2

4

32 Computation of Areas as Limits 'pp. 161.163 pp..161-164;. 2, 4, 5 2

33 Areas by Calculus pp. 164-166 p. 167; 1, 4, 6, 8, 12, 15 3

34 ; Trapezoid Rule for'Approximating
an Integra/

pp..174-176. p. 176; 1, T, 4, 5' 4

Simpson's Rule for Approximating, pp. 282 -284 p. 2$4; 1, 2-, 5, 6 4

LESSON

a 36

37'

38

39
40

41

-4, 42

43

44
. .

45 -

46

an Integral

-
UNIT V

. ( INSTRUCTIONAL
ASSIGNMENT TOPIC ) READING ' SUGGESTED ASSIGNMENT OBJECTIVE

Area Betweeh Two Cuives pp. 181-184 pp. 184-185; 1, 2b, 2d, 2f,'4 1

Distance N pp. 485-137 p. 187; 1, 3, 4, 11, 12, 13, 15 2

Volumes-Disk pp. 188-194 pp. 194 -195'; 1, 3, 9a, 11a, b 3
, Shell -\ p. 195; 5", 8, 9b, 11c, d, e, 12
Other p. 195; 13, 14, 15

-' 3

O

Length of Curve pp. 199-202. 'pp. 202-203; 1, 2 5, 6 4
- pp. 202-203; 3, 4, 7, 8, 9

r-

Area of'Surface of Revollition pp. 203-206 pp. 206-207; 1, 2, .4,5, 7 . 5

.

Average Value of a Function pp. 206-208 1). 208i 1, 3, 5. 6', 7 6

Moments and Center of Mass pp. 208-212 p., 212; -2, 5, 6, 7, 11 7

p. 214; 9, 10

Work pp. 214-217 pp. 216-217; 1, 3, 4,, 6,4 9

3.3 3.111.
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LESSON

14.

ASSIGNMENT TOPIC

UNIT VI

READING

47 Derivatives and Integration
of Trigonometric Functions

pp. /21-222- 1pp.

744

48 Derivatives and Integration
of Inverse Trig Functions

pp. 228-230 p.

49 Natural Logarithm lip. 230-231 P.

50 Derivative of in x pp. 232-233 P

51 Properties °Dan x Rp. 233-236 P.
Graph of ix,

52 Exponential Function pp. 236-241 P.
53

P.

54 The Function eu pp. 243-245 P.

55 The Function logiu p. 246 p.

Differential Equations' pp. 247-249 p.

This topic can be done either here

LESSON

56

57

.58

.22

or with unit IX'.

ASSIGNMENT TOPIC

Powers of Trigonometric Functions.

Even POwers oiSines and Cosines

Ingigrals

a U-4,k

ms a2- u2 A

a2+ u2, u2

UNIT VII

, READING

pp. 257 -260

p. 261

pp. 262-266

P

PP

PP.
PP.

INSTRUCTIONAL
SUGGESTED ASSIGNMENTS., OBJECTIVE . .

222-223; 13, 15, 17, 19, 22, 38,
41, 42, 44, ,47

230; 5:1, 9, 11, 13, 16,

23i; 2, 3, 6, 8

233; 2, 4, 8,10, 16, 21,
30

110 g)

234; 4, 10; p. 236,; 1, 3,

242; la, h, 1, m, 2, 5, 7,

242; 3; 4, 8, 13, 16, 22,

18,

24,

4

15,

25,

20

28,

17,

30,

19

31

6,

2

3

4

5

7

'245; 3, 6, 7,'13, 17+, 15 8

247; 1, 6b, 8a, 9b, d

241, 1, 2, 5, 7, 9

SUGGESTED ASSIGNMENTS

260; 1, 5, 6,

261-262; 2, 5,

265-266; 1, 3,
265-266; 2, 8,

7a, 8, 9, 10, 15, ,24

6, 7, 10

6, 10, 12
11, 13, 15

9

IX-9

-004

INSTRUCTIONAL
dillJECTIVg

1

1



UNIT VII (cont.)

INSTRUCTIONAL
LESSON ASSIGNMENT TOPIC READING SUGGESTED ASSIGNMENTS OBJECTIVE

7k-7-7--

. 60 Integrals with ax2+ bx + c. pp. 266-267 P. 267; 1, 3, 5, 6,'9 1

61 Integration by Partial Fractions pp. 268-270 p. ,7_.0; 1, 4, 6, 11 1
62, , .

(43 .

64
Integration by Parts

o.
pp. 271-274 pp. 273-274; 2, 3, 4, 8, 13

pp.-273-274; 10, 16, 19, 20
2

.
I

65 Integration of Rational Functions
of sip x and cos x, and Other
Trigonometric Integrals

pp. 274-276 pp. 275-276; 1, 4, 7 1

. 66 Further Substitutions pp. 276 -278. p. 278; 1, 3, 16, 17 1

67 Improper Integrals pp. 278-282 p. 288; 1, 5,8, 10, 12, 17, 18 3
, .

R UNIT VIII
M.

INSTRUCTIONAL
LESSON ASSIGNMENT TOPIC READING . SUGGESTED ASSIGNMENTS OBJECTIVE

68 Deffnitions of equences Cori 15J1 pp. 398-401 pp. 401-402; 1, 3, 5,"9, 10, 14, 18 1 .

69 ,
- a pp. 401-402; 2, 4; 6, 16.,-20, 21,

22, 23 :

70 Teiti for Convergence of a Series pp. 403409 p. 409 ;'3, 5, 6, 7, 9-
71 of Constants p. 409; 4, 8, 10, 12, 13
72 - -,Ae. p. 409; 11, 14, 15, 16, 17, 19_

73 Power SerieS,Expansions" of Functions pp. 409-4 2 p. 412; 1-4
74

75 Taylor's Theorem\
76,

+4.

77 . Indeterminate Forms
78

pp-412_7419 pp. 419-520; 1, 2, 3, 7, 8
'pp. 419-420; 4, 5, 6, 9

pp. 426-429 pp. 429-430; 7, 8, 11, 12: 13, 15
pp. 429-430; 6, 9, 14, 16-23

2: 3, 4, 5

6

7

111-6
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LESSON ASSIGN)E TOPIC

- 1
79 Convergence of Power Series
80 Absolute and Conditional

0,9

LESSO' A

N ASSIGNMENT TOPIC

w

UNIT (font.)

READING

pp. 470-432 'Jp.

UNIT. IX

READIIG

4

SUGGESTED ASSIGNMENT

432; 1,'3, 4, 6, 9,, 10
434; 1, 2, 4, 5, 7, 8, 10

SUGGESTED ASSIGNMENT
A

JO Order Equations with
" VailstrimeiSeparqble

pp. 439-441- p; 441; 1, 2, 3, 6, 7, 10 6

82 First-ordir Homogeneous pp. 441-442 . p. 442; 1, 3, 6
Equations

83 First -order tinear pp. 442-444 pp. 443-444; 1, 3
84 pp. 443-444; 2, 6, 9, 10

85 First-order Exact p. 444 p. 444; 1, 3, 8, 10

86 Homogeneous LinearwSecond-order pp. 446-44A p. 448; 1, 4, 6
87 Differential Equations with

Conitant Coefficients

-. Non-homogeneous Linear Second -
-order Differential Equations
with%onstartt Coefficiel?ts

pp. 448-449 p. 449; 1-9(odd), 2

89 ,Applicants of Solutioneof pp. 247-249 p. 249;, 1, 2, 3

Differential Equations pp. 366-367 p- 3674 7
S. pp. 450-453 p. 4524534 2, 3, 4

26
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INSTRUCTIONAL'
OBJECTIVE'

8

Aropweel.'

INSTRUCTIONAL
OBJECTIVE

1 , 2

3

4

'5

6

7
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j UNIT X

LESSON ASSIGNMENT TOPIC READING SUGGESTED ASSIGNMENT

90 ayperbolic Function Definitions pp. 353-356 , p. 359; 1
and Identities

91 Derivatives and Integrals of pp. 356-359 p. '359; 2, 3, 5, 6, 7, 8,9;
Hyperbolic Functions - ,10, 13, 14, 16, 17

I

INSTRUCTIONAL
OBJECTIVE

92 Derivatives of Inverse 'Hyperbolic pp. 361-364 p. 365; 6-10
Functions

93 Integrals of Inverse Hyperbolic 1365 p. 365; 11-15
formulas

The Hanging Cable F. 367 "p. 367; 7

*This topic can be done in Unit IX if results are expressed 1n.exponential function form.
,

UNIT IX"

LESSON ASSIGNMENT TOPIC . 'READING SUGGESTED ASSIGNMENT

94 Velocity and Acceleration Vectors . pp. 380-383 p.' 383; 2, 3, 5-1

.

95 Tangential Vector pp. 383-384 p. 385; 1-5 '-

96 Normal Vector

11.

pp. 385-387 pe 388; 3, 4, 5 (dT/4 only), 11

r

1

2, 3.

4

IX-8

sa

INSTRUCTIONAL
OBJECTIVE' . /".."`

2,- 3, 4

5
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Unit I

PERFORMANCE OBJECTIVE INDEX FOR IC TEXT*

Objective CNWINvo.

3

3 1

1

2

3 3

4 4

Unit II

1 4-

2' 4

3 4
.

4 4,

5
. .

4

6,, .,4

7 4

A 8 4

9 , 4

10 X 4

i - 4

Unit III

1 .10

2 5

.

3 .5

NI

The onl approved text is G. B. Thomas, Jr., Elements of Calculus and

Section Page

1 44-47

2,'3 47-56

4 56-60

. 92-98

1 62-63

4 63-64

_ 1 64

1 64 -65

2 67-68

2 69 -70

2
,

I 68,

3 75

4 66

3 75-76.

, 6 84-87

B 88-91

2 294-296'

1 103 -104

3, 4 109-113

2 105-108,

-6 118-125

Analytic Geometry, Addison-Wesy, 1976. tL.

/ it
xxi

-

o
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Unit III (continued)

Objectives`

4

5

6

7

Itni IV

1

2

Aro

3

4

Unit V,

3

4

5

s.

tf

8

Unit VI

2

Chapter Section Palle

5

5

8

7

8

Misc. Exercises

. 125-127

127-128

253

14 6 426,42,

7 88 -9

6 2 139-143,

6 6, 7 '156 -163

6 '8 164-166
.,

6 10 174-176

9 11 ,. 282-284
4

4
7 2 183-184,

143-144
7 3 185-187

7 4 188-194

6 ''199-202

7 7 203-206

7
4111r 8 206-208

7 9 208-212

7 11 214-217

6 5 151-154

8 1 202-223

6 5 154-156

8 1 222-223



Unit VI (continued)

Objecti.

3

thapter. Section LIM

228-2308 3

4 8 3 2294230

5 8 5 232-233

. 6 8 5 232-233

7 8 8 238-239

9 243 -244

8 8 8 239-242

9 8 9 t 244-246

8 10 46-247
?).

Unit VII

9 2 257-2601

261-262

4 262-266

5 266-267

6 268-270

8 274-276

9 276-278

9 7 271-274

3 9 10 278-282,

ah

Unit VIII

14 1 398-4011

14 % 2 403-404

14 2 404-405

.4 14 2 407-409

5 14
Ls 405-407

6 14 1 3 409-412

xxiii'

32
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Unit VIII (Continued)

Objective

).
8

Unit IX

a.

2

3

4

5

6

7

8

1

2

3

4

5

Unit XI

1

2

3

4

6

Section P age

14

14

4

7

412-418

430-432

15 1 .439-440

15 441

-15 4 441-442
.

15 5 442-444'

15 6 444

15 9 446-448

15 10 448-450

e 8 11 247-249

12 6 366-367

15 11 450-453

)

12 2 "
353-356

'12 3 356-359

12 3

ft*
357-359

12' 5 364-365

12 5 365

4'
J 380

13 4 381-383

13 4 381-383

13 4 381-383

13 5 383-385

13
385-388

xxiv

33
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SUGGESTED ASSIGNMENTS

Elements of Calculus and Analytic Geometry, by G. B. Thomas, Jr.,3(Addison

Wesley, 1976) is, at the time of publication, the only text-approVed for'

Calculus.

This material, referenced -to the text, has been compiled to provide he

he
teacher with a key. relating the instructional objectives to the topics of

4

Calculus, to the reading on each topic and to suggested assignments of problems.

It has been presented in the order that it appears in the text- for most of the

units. The.96 lessons should not be interpreted'to be all of the same length

of importance.

'34
xxv
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KNIT I: LIMITS AND CONTINUITY

INTRODUCTION

The theory of limits is-a difficult but necessaiy-begiiining for the study
of calculus. An aim of this unit is to strike a balance between mathematical
intuition and the rigot_of formal proof.

,

Unit I begins by introducing the concept of neighborhoods as they apply to
the definition of a limit. Emphasis should be placed on the'definition of
the limit of a function, giving time to geometric interpretation as well as
the determination of patticular epsilon and delta neigh

r
ds for given

rh45functions. Comprehension of the definition is necessa for U nderstandirg
the limit theorems and their proofs. Applications of these theorems will
enable the students to begin developing skills in determining limits.

It should be emphasized .that although this may be the student's first formal
study of limits, it certainly will not be his last. The background estab-
lished in this unit will. serve as a foundation for future units in'the

. - course.

INSTRUCTIONAL'OBJECTIVES'

1. Determine the limit of a function and
limit by applying the definition of a

2. Apply she limit theorems to determine
variable approaches a constant

3. Apply the limit theOems to determine
variable appioaches infinity.

4. Apply the definition-of continuity of

,PERFORMANCE OBJECTIVES

construct a proof that it is the
limit (epsilon-delta).

the limit of a function as the

the limit of a function.as the

a function.

By the end of this unit,sthe student should have mastered the objectives
listed below.

1. a) State the definition of theplimit'of a function.

b) Determineothe limit of a given algebraic function.

c) Construct an epsilon-delta proof to verify the choice of a limit
for a given function.

2. a) Determine the limit of a given linear function as x-o. a

b) Determine the limit of the sum of two functions as Ic a



UNIT I: PERFORMANCE OBJECTIVES (continued) 4114

c) Determine the limit 044 the pioduct of two functions as Ir a.

d0 Determine Cle limit of the quotient of.two functions'as x+'a.

im
e) Apply

l -in x
- 1 to determine the limit of kexpxessions

containing trigonometric functions.

3. ,a) Determine the limit of the sum of two functions as x-

b) Determine the limit of the product of two functions as x co.

c) Determine the -limit of the quotient of two functions as x a).

4. a) State the definition of continuity of a function at a-given point.

b) Determine the continuity-of a function at a given pointo0y using
the definition of continuity..

c) Determine the continuity of a friction over a given interval.

C

I -2
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SAMPLE ASSESIMENT MEASURES: LIMITS AND CONTINUITY

IIPERFORMANCE OBJECTIVE I - la: State the definition of the limit of a function,'

1. State the limit of f(x) as xi. a.

2. Complete the following definition.

L = lim \lc > 0:36 030
x..p a

c

OR

L= lim ,0 3 a deleted neighborhood N of a ) .

x.p. a

IPERFORMRNCE OBJECTIVE I - lb: Determine the limit of a liven algebraic function.

1. lim Alii774;

f

4) 3 b) -3

2. lim 2/x - 2/5 is

X45 x - 5

c) 0 ) 9 e) 010

PERFORMANCE OBJECTIVE I,- re: Construct an epsilon-delta proof to verify the

the choice of a limit fora given functioni

1. Px4ve lim (5 - 3x) = -1.,

X-Pt

2. Prove lim (3x2 - 2x + 4) = 9.

X. -1

3. Prove lim (1 + 1/x) = 3/2.

X42
a



FORNANCE OBJECTIVE I -...
2c: Determine the limit of the product of two functions

PERFORMANCE OBJECTIVE I - 2a: Determine the limit of a giv n linear function

as a.

1. Determine lira (8 3x).
x. 4

2, Determine lira (3x/5 + 2/3),
x+-1/2 .

PERFORMANCE OBJECTIVE I - 2b: Determine the limit of the sum of wo functions

as x+ a.

1. Determine lira ((2 -x] + Ix -31 ).

x+ 2+

2. Determine lira '(x3/5 4x2/3 + 7) - lira ((3x3.0x2)/15 + 13),
3 x+ 3

1. Determine lim
x-* 1

,

2. Determine IlimsriiTlimliW775,
x+ a x-o-a

as x-* a,

48



PERFORMANCE OBJECTIVE I - 2d: Deiermihg the limit of the quotient of two functions

as.x+

1. Determine lira. x3727.

x+ 3 x

2. Determine lim (6 -247727).
2+ 3 Tx-3)

3. Determine lim x5+1
x+-1 x+1.

PERFORMANCE OBJECTIVE I 7' 2e: Apply lim sin x
A 0 x

1
to determine the limit of

=

expressions containing trigonometric functions.

1. lim sin 3x is
x+ 0

a) 1 b) 3 c) 1/3'

2. Deterinine lim x2 sin(1/x2).
x+ 0

ME

,r

I -5

30
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PERFORMANCE OBJECTIVE, I -3a: Determine the limit. of the sum of two functionsftsiog
as x+ so&

1. lim (sgnx + sin x)

is nonexistent 9 is infinity

4 oscillates between -1 and 1 e) is 1

2. Determine lira [sin + si,n(x-4)1,

x+ co x

<

Ii4C) osc llates between 0 and 2'

PERFORMANCE' OBJECTIVE I - 3b: Determine the, limit of the product dgitwo functions

as X C° 0

1. Determine lim ( x4- b41 ( 2x + 3 1.
304. .m

. .

J.., 1 --2. Determine lim (100 +:1/n)2 1 + n -11100

1 I,,j
/1-2.-m an .

a) 100 b) not' define. c) cur) do 10,00,0 e °) 1

PERFORMANCE OBJECTIVE:I - 3c: Determine the limit-of the quotient of two functions

'as x+ co,

1. lim 21-1- 2n -.4 is

n4. 0. 77-772---'

4'2 b) -2 c) 0

A 2. Determine lim 41757Z37,7777
y+0 1/y + 5b

e) 1

1-6

40



ERFORMANCLOBJECTIVE I - 4a: State the definitiOn of continuity of a function

at a given point..

S201

PERFORMANCE OBJECTIVE I - 41): Determine the continuity lof a function at a given

point, using the definition of continuity.

1. Define what is meant by the statement: f(x) is continuous at x=b.

2. Choose the combination of conditions listed below that are necesaary to
I

define continuity of a on at a point.

fillh) f(x) has a minimum val and a maximum value M on the interval [a,b].

b) f(x) has a definite finite value f(c) at c.

) f(x) ta defined on the interval [alb ]. '

1) as xi. c then f(x)- f(c) as a limit.

/141A

e) f defined for some neighborhood"of c.

a) a, c, d b) b, d c). a, b, d d) b, c, e . e) b, d, e

1. f(x) = x2:-1 has a point of discontinuity. Redefine f(x) at the point of
x-1

discontinuity so that f is continuous. Justify your solution.

2: Determine whether x3-8 is continuous at x = 2..JustifY your conclusion.
7-7

41
1-7
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PERFORMANCE OBJECTIVE I - 4c: Determine the continuity of.a function over `q, given- ,

--t
interval.

1. Determine whether f(x) is continuous' over ,{-4,4]. Justify your
_
conci\usion.

e ,
.f(x) =0[2-2, x>2

t-2, x=2

x2+ 7x 14, X<2
4

2. Determine whether f(x) is continuous over- (-5,5). Justify your conclusion.

web

e

.. .

f(x) = 1 -x 41x) - [1-x]

wit

c

w

--........., *

r

1

1

1-8 1
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UNIT I: limns AND CONTINUITY

ANswEits To ASSESSMENT MEASURES

ita
1. a) (1) L x+a f (x). VE>03 ,C>0

I f - L I < ewhenaver l x - 4.1

L - f (x)erld G-> o deleted neighborhood N of a

L - E < L + E whenever X E N

(2) (x) - L I < 4whenever Ix - al <8
or

L - E <f (x) <L + E whenever X EN

b) (1) b

(2)

25

.c),0 (1) C

(I)
0

'a min {1,

(3)... 6.. min {i, 2E.}

(2) a ,4-773-

(1 ) -
2

4
1-9

1



UNIT I: LIMITS AND CONTINUITY

3. a) (1) a. is nonexistent.

Of 1

b) (1)
2

3

(2) d. 10,000

c) (1) b. -2

(2) 1

(1) See definition of continuity of a function at a point

(2) e. b, d, e Shaw lim
f(x) = f (1)

x 1
X2 - 1 , X # 1

b) (1) f(x) =

2 , x = 1}

(2) Function is discontinuous at 2 = 2 because f(2) is undefined

(1)- Discontinuous at x = 2. Use definition to justify.

(2) Discontinuous at integral values

4

I-10
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INTRODUCTION

MT II: DERIVATIVES OF ALGEBRAIC ,FUNCTIONS
4
4

In this unit, derivatives q algebraic functions should be determined
initially by direct application of the definition. It will soon become
apparent to the student that this, method, while effective, is tedious. The
limit theorems developed in Unit I can then be applied to establish rules
for determining the derivatives of various algebraic functions., The appli-
cation of these rules provides the student with an efficient method for
differentiating algebraic functions.

Particular emphasid should be placed upon the chain rule, as itt role-will
be continued throughout the development of derivatives of-transcendental
functions. In the latter part of this unit, the method of implicit diffef-
entiation will be applied to algebraic equations. The unit concludes with
a discussion of the role of differentials.

INSTRUCTIONAL OBJECTIVES

1. Determine the derivative of a function using the definition.

2. Apply the rule for determining the decivattve.of xn.

3.. Apply the rule for determining' the derivative of-cu, where c is a constant
and.n ii a differentiable function of x.

4. Apply the rule foi determining the derivative of the sum of a finite
number of differentiable functions.

5. Apply the rule for determining the derivative of the product of two
differentiable functions.

6. Apply the rule for determining the derivatiye of the quotient'of two
differentiable functions where the divisor is non-zero:

7. Apply the rule for determining the derivative of un where u is a differ-o
entiablefunction of x and axis rational.

8. Determine higher order derivat yes.

9. Apply the dethod of implicit akfferentiation to algebraic equations.

11

DO. Apply the chain rule'for derivatives.

ell. Apply the rules for differentiation to construct differentialso

II-1

4 5



UNIT II. DERIVATIVES OF ALGEBRAIC FUNCTIONS

PE6ORMANCE OBJECTIVES

By the end of this unit the student should have mastered the.objectives
listed below.

1. a) State the definition of the derivative of a function.

b) Apply the definition to a Junction of the form un where n is a
positive integer.

c) Apply the definition to a function of the form un where it is negative.

d) Apply the definition to a function of the form un where n is rational.

2. a) State the rule for determining the derivative of xn, where a is a
rational number.

b) Apply,the rule for determining the derivative of xn where n is an
integer.

c) Apply the rule for determining the derivative of a given expression
xn where n is a rational number. .

3. a) State the rule for determining the derivative of a given expression
cu where c is a constant and u is a differentiable function of x.

. b) Apply e-definition of the derivative to derive the rule for` determin-
ing t e derivative of cu where c is a constant, and u is a differenti-,
able function of x.'

c) Apply the rule for determining the derivative of a given expression
cu where- c is a constant and u is a differentiable of x;

4. a) State the rule for determining the derivative of the sum of a finite
number of differentiable.functions.

Apply the definition of the derivative to derive the rule for determin-
e ing the derivative of the sum of a finite number of differentiable

functions. , ./

c) Apply the rule for determining the derivative of the sum 9f a finite
number of given differentiable functions.

r

5. a)11tate the rule for deermining the derivative of the product of two
1fferentiable functions.

b) Apply the definition of the derivative to derive the rule for determin-
ing the derivative of the product of two differentiable functions.

as

c) Apply the, rule for determining the derivative of the product of two
given differentiable functions.

11-2
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UNIT II: PERFORMANCE OBJECTIVES (continued)

State the rule for determining the derivattie of the quotient of two
differentiable functions where the divisor IS-non-zero.

b) Apply the definition of the derivitive to dqgive the rule for deter-
. mining the derivative of the quotient of two differentiable functions

where'the divitor-is do&zero.

c) ''Apply the rule for determining the derivative of the q tient of two
given differentiable functions where the divisor is no ero.

7. a) State the rule for determining the derivative of un where is-*
differentiable f nction of x, and n is a rational number.

b) Apply the defini on of the derivative to derive the rule for deter-
mining the deriv tive of un mhere u is a differentiable*function of
x and n id a positive integer.

c) Apply the rule for determini the derivative of a given expression
un where n is a rational nu er.

8. a) Determine the second derivative of a given algebraic expression.

b) Determine the third derivative of a given algebraic expression.

c) Determine the least value of n for'which the nth derivative of a
given polynomial is zero.

9. a) Apply the method of implicit differentiation to determine dy for a
-given algebraic "equation.

b) Apply the method of implicit differentiation to determine ey for a
given algebraic equation in terms of x and y. diez

V

10. a) State the chain rule for derivatives.

b) Apply the chain rule for derivatives to determined sly where y is a
given composite function of x. Zit

c) Apply the chain rule for derivatives to determine sly where x and y
are given functions of the parameter t:

II 1

2
. d) Apply the chair rule for derivatives to determine cu where x and y

are.given functions orthe parameter t. dx4

il. a) Demonstrate'a geometric interpretation of dr.knd dy.

b) Determine the differential of y for a given algebraic expression.

II-3
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SAMPLE ASSESSMENT MEASURES: DERIVATIVES OF ALGEBRAIC FUNCTIONS

I

(PERFORMANCE OBJECTIVE II - la: 'State the definition of the derivative of a function.

---7,.

1. State the algebraic cidefinition of the derivative of a function.

PERFORMANCE OBJECTIVE II,- lb: Apply the definition'to a function of the form un

where n is a positive integer.

1. Apply the definition of a derivative to find dy/dx, given y=x3. Show

all work;

2. Apply the definition. of the derivative of a function to determine dy/dx,

given y = (3x-5)2. Show all work.

PERFORMANCE OBJECTIVE II - lc: Apply the definition of a derivative to a function

of the form un where n is negatives.

1. Apply.the definition of the derivative of a function to find dy/dx, given

y =1/(3x+4). Show all work.

2. Apply the definition of the_ derivative of a function to find dy/dx, giVerr ,

y = 1/(x2-5). Shown all work.

II-4
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RMANCE OBJECTIVE II - ld: Apply the definition of the derivative of a function

to a function of the form un where n is rational.

8

1. Apply the definition ctf the derivative of a function to find dy/dx, given

y =11-Tr53. Show all work.

2% Apply the definition of the derivative of a function to find dy/dx, given

y = 247. Show all work.

C

t%

J

13
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4

PERFORMANCE OBj26;IVE II - 2a: State the rule for determining the derivative of xn

where n is a rational numbs

1. State the rule for determining dy/dx, given y = xn.

f

PERFORMANCE OBJECTIVE II - 2b: Apply the rule for determining the derivative

of xn where n is an integer.

1. Determine dy/dx,_giVen y = x7.

2. Determine dy/dx, given y = 1/x4.

PERFORMANCE OBJECTIVE II - 2c: Apply the rule for determining the derivative of a

given expreajonxn where n is a rational number.

°

1. Determine dy/dx given y'= x3/4

2. Determine dy/dx; given y = lha,

Ao.



PERFORMANCE OBJECTIVE II - 3a: State the rule for deter gang the derivative

given expression cu where c is a constant andk

u is a differentiable function of x.

1. State the rule for finding dy/dX, given y = cu, c is a constant,

and u =` (x) .

PERFORMANCE OBJECTIVE II - 3b: Apply the definition of the derivative to

derive the rule for determining the derivative

of cu where c is a constant and u is a

differentiable function of x.

1. Apply the definition of derivative to show that for y = cu, where

c is constant and u is a differentiable function of x, dy/dx =

c(du/dx).'

AIMMEM11=
PERFORMANCE OBJECTIVE II - 3c: Apply the rule for determining the derivative

of a given expression cu, where c isa constant

and u is a differentiable function of x.

1. Determine dy/dx, given y - 5x3.

2. Determine dy/dx, given y = 7/ Vi.

4*



111=r.
PERFORMANCE OBJECTIVE II - 4a: State the rule for determining the_

derivative of the sum of a finite number

of differentiable functions.

1. State the rule for finding dy/dx, where y = u + v; u and v

are both differentiable functions of x.

PERFORMANCE OBJECTIVE II 4b: Apply the definition of the derivative to

derive the rule for determining the derivative

of the sum of a finite number of differentiable

functions.

1. ,Apply the definition of derivative to shot; that dy/dx = du/dx + dv/dx

for y = u + v, where u and v are differentiable functions of x.

PERFORMANCE OBJECTIVE II - 4c: Apply the rule for determining the

derivative of the sum of a finite number of

the sum. of a finite number of given

differentiable functions,

1. Determine dy/dx, given y = 3x
4

- 5x
3

+ 7x.

2, Determine dy/dx, given y - x5/3 --;(3/7 + 2/x + 4-

II-8
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PERFORMANCE OBJECTIVE II - 5a: State the rule for determining-the derivative

of the product of two differentiable

functions.

1. State the rule for determining the derivative of y = uv, where u

and v are both differentiable functions of x. .

PERFORMANCE, OBJECTIVE II 5b: Apply the definition of the derivative to

derive thexule for determining the

derivative of the product of two

differentiable functions.

I. Use the definition of derivative to show that for y = uv, u and v

differentiable functions of ix, dy/dx = u(dv/dx) + v(du/a1c).

PERFORMANCE OBJECTIVE II - 5c: Apply the rule for determining the

derivative of the proddct of two given

differentiable functions.

1. Determine dy-Xdx, giveh y = (2x-1) (x2+,-1).

2. ,Determine dy/dx, given y = (f + 7x3) (4x2-7x+5).

3. Determine dy/dx, given y - (l/x
3
= 4/x

5
+ 2/x

7) (/ + 2/1-7 + AS).

11-9
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PERFQRMANCE OBJECTIVE II - 6a: State therule for di erminkng the
5

derivative of the quotient of two

differentiable functions where the divisor

is non-zero:

1. State the rule for determining dy/dx when y = u/v, u and v are
471

differentiable functions of x, and v # 0%
.r

PERFORMANCE' OBJECTIVE II,- 9b: Apply the definition of the derivative to

e

dertire the rule for determining the derivative

of the quotient ofrtwo differentiable functions

where the divisor is non-zero.

1. Use the definition of the derivative to show*that for y = u/v,

u andev differentiaQ functions of x, and 0, dy/dx

4 0

v(du/dx)-- u(dv/dx)

v2

,PERFORMANCE OBJECTIVE IX - 6c: Apply the rule for determining the

derivative of the cuotient of two given

differentiable functions where the divisor

re
is non-zero.

3.
x - 5x

2
+ x,

1. Determine dy/dx, given y =
x - 2

2. Determine dy/dx, given y =
6x -4x + 5

II-54
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PERFORMANCE OBJECTIVE II - 7a: State the rule for determining the derivative bf.un

wherdlt-is a differentiablefunction of x and n is

a rationielnumber.

1. State the rule for determining dy/dx when y = unwhere u is a differentiable

;, 4
, function of x,

PERFORMANCI OBJECTIVE II - 7b: Apply the definition of the'derivative to

rt

rule for determining the derivative "f un

a differentiablefUnction.of x and n is a
4'

integer,

derive the

where u is

positive

4,

. . .
1. Use the definition of the derivative to show that for y = un, where

a differ;htiable function of x, dy dx = ne'lldu/dx).')\

u is

PERFORMANCE OBJECTIVE II - 7c: Apply the rule for determining the derivative of so

given exprdssion un where n is a rational number

1. Determine dy/dx, given y = (5x3 - 2x)12

40.

2. Determine dy/dx, given y =43x4 ?x2 - Tx

hr -hi

55
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PERFORMANCE OBJECTIVE II - 8a: Determine the second. derivative of a given algebraic'

expression.

1. Determine d2y/dx2, given that ,y = 5x3 - 6x2 + 7x-- 8,

414

Determine d2y /dx2) gi'fen y = (5x3 - 7x + 4)2,

3. Determine d2y/dx2, given y = 3x2

x + 1

SPI

PERFORMANCE OBJECTIVE II - 8b: Determine the third derivative of a given algebraic

expression

1! Determine d3Y/dx3) given y = 4x5 - 3x3 +7x ,

2. Determine d3y/dx3) given y = 3x2 + 9x 8'.

3. Determine d3y/dx3. given y = (3x-1)4,

f

1.

'44
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-PEW/MUNE OBJECTIVE II - 8c: Determine the least value of n for which the nth

derivative of a polynomial is zero,

*ok
1. If f(x) = xn, integer n>0

*

the firs derivative of f(x) which is identically

zero is

a) the first .10) the (n-1)st c) the (n+l)t

e) the nth

ft

2. What.is,the least value of n far which the nth derivative of 3x7 - 5x4 11.4x3

is equil td zero?

,d) the (n+2)nd

. i.

74t

5 71 4

11-13
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PERFORMANCE OBJECTIVE II - 9a: Apply the method of implicit differentiation to

determine dy/dx for a given algebraic equation.

WO.

1 . '

1. Determine dy/dx, giVen y2 =x

a

2. Determine dy/dx, 'iven 3x2 - 4xy + 7y2 = 8.

A.-Determine dy/dx, given y 15774

1

n.

PERFORMANCE OBJECTIVE II - Apply the Arethod of implicit 'differentiation to

determine d2y/dx2 for a given algebraic equation in

terms of x dud y .

1Determine d2y/dx2; given x3 + y3 = 5

-

2. Detelibine d2y/dt24 given TiFy = y

11.

58
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',PERFORMANCE OBJECTIVE II, - 10a: State the chain rule for derivatives. I

I

I

1. State the chain =le for-ZErliratives.

L

PERFORMANCE OBJECTIVE II - lObv Apply the chain rule for derivatives to determine

dy /dx where y is a given calposite function of x

1. Determine dy/dx given y = u2+ 1, u = x2+x
a... )

,

2. Determine' dyitbc given .y = \fx3. '444x2 -7

a
3. Determine dy/dx) given y = (x2 - 514

x5- + 2/

z*.

4 t eCt

PERFORMANCE OBJECTIVE Id - 10c: Apply the chain rule for derivatives to determine

dY/dx where x and y are given functions of the

parameter t

14,Determinee' dy/dx ) given .xr-- ,t2-1 and y = £t - t 3

4
a.

2. Determine ily/dx ) given x = Vt2 + 2t and y = t 3 +3t2 + 3t

3

515



PERFORMANCE OBJECTIVE II 10d: Apply the chain rule for derivatives to determine

d2y/dx2 where x Andy are given functions the

parameter t ,

'1w
1. Determine d2y/dx2

i

given x = t4 and y = t2 - 1 -

2: Determine d2y/6x21 given x = t24- 2t and y = t3 - 3t

A

-1
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r

IPERFORMECE OBJECTIVE II - lla: Demonstrate a geometric interpretation of dx and dy]

ti

Complete the diagram with appropriate labeling to show the relationship between

dy and dx.

ts-

IFTWORNABCi OBJECTIVE II - llb: Determine.thedifferential of y for a given

algebraic expression)

1. Determine dy) given y = (3x+1)3,

2. Determine dye given 3y3 = (4x _2)1/2.

3. DetermineNy
)

given x2y3 - 3x3y2 = 4x

Nit

4

Sio
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UNIT DERIVATIVES OF ALGEBRAIC FUNCTIONS

ANSWERS TO ASSESSMENT MEASURES

1 a)

b)

(1), lim , lien f (x+Ax) -f (x) , lint f (x+h)-f (x) , OR lint f (x)-f (a)

x+0 ax ex->0 ex h*0 h x÷a x - a

11) dy/dx py. (x+Ax) 3 x3
Ax0 ex Ax.+0 Ax

x3 + 3x2 (Ax) + (AX) 2 -+ (Ax) 3= lin
Ax.+0

x3
Ax

lin Ax 3x2 + 3x(Ax) + (Ax) 2}
Ax+0 Ax

3x2

(2, dy/dx. lim pY = lim f 3(x+Ax) - 5)2 2\(3x-5)2
Ar.0 ex AxO Ax

J

= lim 9(x2 + 2x(Ax) + (A42') - 30(x+Ax) + 25 - (9x2- 30x + 25)
A x4.0 Ax

lim AK{ 18x 4: )Ax - 30}

Ax+0 Ax

c)
(1) dy/dx

18x 7, 30

= 14 Az 7 lim r
A.+0 Ax. A x÷0 1,3(x+A + 4

u. lim 1 r3x + 4 -( 3(x+gx) +
A x+0 A x/ (3x+4) + 4

lim 1 e x(-3)
A xh0 ex . (3x+4) r-3(x4A0 +

- -3
--(c+7152

/1-18

3x + 4.1

1
Ax

-1 I



1 d)

TO ASSESSMENT MEASURES (continue4)

(2) dye = 1 = lim 1 1 1
tac0 Ax ax-3 i(x+ax)z- 5 7--77)

= lim 1 fX2 - 5 - {(X+AT -5/
'AX40 Ax {(x+A.)2 - x2-5) j

= lim 1 f -2x(Ax) - (Ax)2
AxAx-00 ,-L{(x+Ax)2 - 5} (x2-5).1

)

= lim -2x -Ax
Ax-+0 ((x+ex)z - 5) (x2 -5)

= -2x
(xz--5)z

(1) dy/dx = lim = lim, {4(x+Ax)2+5 - 162-475 }.{
Ax-0D Ax Ax-3 Ax

= lim (x+mc)2+5 - (x2+5)
Ax+0 ex(N1(x+ex)2+5 +,/XL+5)

lim Ax 2x +Ax

Ax-'O Ax x+*12+5 + Tiez:r31

2x = x
+ Vx2+5 37W.

(2) dy/dx = lim 1 r 2 -
'ax-r0 Ax x.0 Ax

x +Ax

x +Ax)

2+ 7.17
+5 + +5

Ax 40 Ax x
24gric} lycK, 2 -4- 1* Ax c2tql 4i.11-9c) 21

205.\ z 4 20 457Aa x ) -2J

= 1

11.21 1 {8x - 8(X+AX/ }

Ax-00 AX VX(X+AX) ( + liVic(x;faxi + 4!/(x+Ax)2

-8 = -2
critT"41 7- TOR

63



a

UNIT II:1 ANSWERS TO ASSESSMENT MEASURES (continued)

2 a)

b)

0)

(1) dy/efic = nxa -1

(1) Tx6
0

(2) -4x-5

(1) (3/4)x-1/4

(2) (-1/2)x-3/2

3 a) 'o

(1) dy/dx = c(du/dx)

b)
(1) dy/dx= lim = lim c(u+Au) - cu

Ax-'O Ax Ax-+0 Ax

c)

= lim cAu .= c lim Au = c(du/dx)

Ax0 Ax Ax0 Ax

(1) dy/dx = 15x

(2) ay/dz. = (-7/2)x

= + dv/dx(1) dy/dx

(1) dy/dx = lim = lim (u +Au) + (v +Av) - ,(u +v)

Ax-0 Ax Ax0 Ax

= lim Au + Av = lim Au + lim Av

Ax-0 Ax Ax0 Ax Ax-+0 Ax

4P.

m du/dx + dv/dx

11-20
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unT II:

Ai*

c)
(1)

ANSWERS TO ASSESSMENT MEASURES (continued)

/
dy /dx = 12i3 - 15x2'+ 7

(2) cly/dx = (5/3)x4 - (3/7)x2 - 2/x2

5 a)

(1) dy /dx = u(dv /dx) v(du/dx)

b)

(1) dy/dx = lim = lim (u+Au) (v+Av) - uv
Ax0 Ax Ax+0 Ax

=

.1- ,

lim uv + uAv + vAu + AuAv

=

Ax+0 Ax

lim u Av + lim v Au + lim Au.pv
Ax0 Ax Ax+0 Ax ,Ax+0 -Ax

o)

u lim Av + v- lim Au + pv lim
Ax+0 Ax Ax+0' Ax Ax0 Ax

= u(dv/dx) + v(du/dx) + pv fdu/dx) As Ax+0,Av+1a

= u(dv/dx) + v(du /dx) thus Av(du/dx)+0.

t

(1) dy/dx = 6x2, + 2x + 1

,(2) dY/dx = (1/(437) + 21x2) (4x2 - 7x + + (v' +TO) (8x - 7)

(3) cly/dx1 = (-3/x4 + 20/x6 - 14/x8) (g 21$ 3tS)

(1/x3 - 4/xs + 2/x7) (1/1,21;)442/WIPHOtte))

6 a)

(1) dy/dx v(du/dx) - u- (dv/dx)

v."1

11-21

65



UNIT II:ANSWERS TO ASSESSMENT MEASURES (conituted)

6b

7 a)

b)

(1) dy/dx = lim tr = lim 1 u+Au - u I
Ax0 Ax Ax0 Ax L v+Av v

= lim 1 [ v(u+Au) - u(v+Av)
Ax-+0 Ax (v+Av )v

= lim 1 v Au - u Av
Ax-0 v47-F3/17 Ax Ax

lim 1 v lim Au - u lim Av

Ax-'O v +Av Ax-*O Ax Ax-'O Ax

1 [ v(du/dx) - u(dv/dx) ] since lim (v+Av) = v as

v2 ex40

lim Av = 0
Ax-'O

(1) dy/dx =. 2x3 - 11x2 + 20x z
- 2)z

(2) dy/dx = 6x4 - 8x3 + 15x2

(6x1-4254.5)2

(1) dy/dx-= nun-1(du/dx)

-(1) dy/dx = lim 411 =, lim (u+Au)n -

Ax.0 AX Ax0 Ax

= lim nun -1Au n(n-1)un-2(A01+ n(n -1)(p -2)un -3(A03 + + Au)n
AX0 r Ax

lira 11111/.1 n(n-1)0-2Au + (n-1)(n:-2))11-3(Au)2+'... + (AU)n-1 J

Ax+0 Ax

= nun -1(41u/dx) since Au-'O as Ax0.

11-22
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UNIT II:

7 c)

(1)

(2)

8 a)

(1)

(2)

(3)

b)

(2)

(3)

c)
(1)

(2)

9 a)

(1)

(2)

(3)

ANSWERS TO ASSESSMENT MEASURES (continued)

dy/dx = 121520,- x)11(15x2 - 2)

d y / d x =
12xi + 4x - 7

30x - 12

.

A

213e4t2e-7x

1 d(15x2- 12x+7)-d(dy/dx)dx
d2y/dx2

d2y/dx2 = 2(375x4-

-6

-dx

420x2+120i149)

.

r

d2y/dx = -4-
(x+1)'

y"' = 240x2 - 18

d3y/dx3 = 0

y"' = 648(3x-1)

c)

8

dy/dx = 1/(2y)

dy/dx = 14-=-21
7y - 2x

3 -
2

dy/dx =
2xy - 6y2- 1

w

11-23
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UNIT II: ANIRs TO ASSESSMINT MEASURES (continued)

9-1))
(I)

(2)

10 a)

{ )

b)

- (I)

d2y/dx2 = 2x4
v5
t

d2y/dx2 .

dy dx (dy/du) (dujdx) OR ,

dy/dx = .2(x2+x) (2x4:1)

dy/dx

(3) dy /dx

C.

c)

(1) dy/dx,

.,P

= f ( g ) g 14i )

=. 3x2+6K

24?+4x2.--7

p.

.4

= 4(x2-5)3 ..-2(4+15x2+4x)

(x
+2)5 4'

= '3(2-t2)

2t

(2) dy/dx' = (t+1) NVW21,

A-)1/
(1) d2y/dx2 - , 1

(2) d2y/dx2 = 3.
'Q t +1)

,/

/Ns

'11-24
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'EEIT rr: ANSWERS TO ASSESSMENT MEASURES (9cintinued)

11
(1) di 9(3x+1)2 .dx

()'dY
227y5

43) dy = .14 + Ojc2i2 236,3 dx
3x2y1 6x,-&

Is

N

47asz

f

It-25 '69
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.... INTRODUCTION

UNIT III:, APPLICATIONS OF THE DERIVATIVE

0
Theuriose of this unit is to enable the/student to apply the theory and
methOds of differentiation developed in Unit II. Emphails should be plIced
on this unit as it is_the student's introduction to calculus as a tool for
solving. problems. The sole of differential calculus acquires new importance
when applied to problems involving rates of change, maxima and minima, and
velocity and acceleration.. Use'of the first andisecond derillatives refines
and ettends techniques of. graphing.

In addition to reinforcing methods of differentiation,'Unit III developi three
important new theorems:' Rolle's Theorem, Mean Value Theorem, and l'HOpital's
Rule. Note: Teachers whose students are preparing for the advanced place-
ment examination may wish to include at thii time the epplications of the
derivative involving velocity apd acceleration vectors and speed rather than
waiting until the unitvoi vectors at the end of.the course.

INSTRUCTIONAL OBJECTIVES

1. tlitermine the equations of the tangent and the normal lines, of a. curve.f
2. Apply the first and second derMiives to determine the critical Points

of a function. 1111

3. Determine the solution of word problems involving, the use of first ov
second derivatives.

4.
.
Apply Rolle's Theorem for a function.

5. Describe the Mean Value Theorem for a funct n.

# e
6. Apky l'HOpital's rule for determining limits.'

4
1: Apply differentials to determine the Itnear approximation of a function.

Si -
.

....

r.. ,

,

4
1

S.

PERFORMANCE OBJECTIVES

By the end of this unit, the student should have mastered the objectives.'
listed below.

I. a), Construct an Vquation of a line,tangent to a given curve through 0
point on the curve.

,

b) Construct an equation of a line,nOrmal to a given curve through a
point on the. curve..

c) Construct an equation of a Line tangent to a given curve through a
point not on the curve.

4

-1

-70 f
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UNIT III: PERFOVANCE OBJECTIVES (continued)

d) Construct an equation of a line normal to a given curve through a
bint not on the curve.

4 J.

2. a) .Apply the first derivative to locate the critical points of a function.

b) Apply the second deiivative to identify the critical points of a
function. ,

c) Construct the'graph of a function indicating the coordinates of
critical points and points of change in concavity.

3., a) Construct the velocity and the acceleration functions from a distance.
function.

b) ponstruct solutions of problems involving veloCity and accele tion

froi a given distance function.

c) Construct solutions of problems involving related rates.

d) Construct solutions of problems involving minimizing or maximizing'
a function.- !' 'A

4. a) State Rolle's Theorem.

b) Apply Rolle's Theorem to isolate the roots b tween a
numbers for f(x) '6 0.

5. a) p State the Mean Value Theorem.

iven pair of

b) Deepnstrate a geometric, interpretation of the an Value Theorem:

6. a) State P.Hapitai's rule.-

b) Identify problems, for which it is appriopriate to use l'apital's
rule.. -, - 4 (. aa .....

. ,... .
,c) Apply l'aVital's rule to Problem* of the form 0 or 00,

. . U 00
.

7. a) Determine the change in the range for a.specified change in the domain
, .

using differentials. / - , .,.
. .

* .
-,

.)) Describe a geometric interpretation of a differential:

,

4

111-2 r
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SAMPLE ASSESSMENT MEASURES: APPLICATIONS OF THE DERIVATIVE

4-115,

'PERFORMANCE OBJECTIVE IIi - la: Construct an-equation of a tangent to a given

curve thialigh a point on the curve.

1. The equation of the line tangept to the curve y = 3xP - 9x 6 at the

point (1, -12)-is

2. -If x =(t + 7)-2 and y = 4t - 1, then the equation of the tangent line at

3. Determinuthe
equation of the line tangent to f(x),= 4 - x2'at the point

where its slope% is -2.

A_

PERFORMANCE OBJECTIVE III - lb: Construct am equation of a line normal ta,.?.

given curve through a point on the curve.

IRS

1. The equation of the

(0, 4) is .

line normal to the curve y = xP - 7x + 4it the point

If x t. t2 and y = t - t3, the equation of the line normal to the curve at

t = 14111,
r

3. 'Determine the equation of the line normal to f(x) = 3x2 - (2)x,+1 where

the slope of the tangent is 3/2.'

ti

.0111=

o



4

is

PERFORMANCE OBJECTIVE III - /c: -Construct an equation of a line tangent

to a given'curle trough a point not on

the curve.

1. The equation(s) pEthp tangent to h(x) = 4x - lx2 passing through the point

(0, 3) is/are .

i

Determine the equation6equations) of the tangent,. through the point (2, -2), to

the hypetbola x2 - y2= 16.

r
0

PERFORMANCE OBJECTIVE III - ld: Construct'an equation of a line normal to

a given curve through a point not on the

curve.

7s

-

1:
r

The equation' of the line passing-through the point (2, 1)_and,normal to

the curve y2 =.4x is.

DetexMine the equation(s) of the normal line to 2= (x 1)3 through /

(29, 0)a

iy

S

I

31.

a

lr

1
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PERFORMANCE OBJECTIVE III - 2a: Apply the first derivative to locate the critical

pointa.of a function.

1. Locate all critical points of the function y = - XS.

2. Locate all critical poLts of the tunttion y = x2(x-1)2.
ti

.
At.

PERFORMANCE OBJECTIVE III - 2b: Apply the second derivative to identify

the critical points of a function.

'1. Using first and second derivatives dt y T 2X3---9X2 12K+ 12) locate all

relative maxima and minima points.

i

2. Locate all relative maxima and inima points of y = x4- xl using the

second derivative for verificat

3. Locate all relative maxima and minima points of y =

second deTivatiire for verification.

a

P4

4

4
X

+ x2
using the

a

" I



101170EMANCE OBJECTIVE III - 2c: Conseruct the graph of a functiontindicating.

the coordinates of critical points and points

of dhange in concavity.

iJ,

AIL

1
1. Construct the graph of y = Z (x4 - 6x2

relative maxima aiid Minima with M and m,

j inflection with I.

4

6$ labeling the coordinates of4 all

respectively, and all points of

Construct the graph 70157 4y = xi labeling the coordinates of all relative

maxima and minima with M and MiNespectively, and all points of inflection
, .

with I.

='

3. Construct4the graph of )0,5! u.(K - 2) labeling the coordinates of all

relative maxima and minima with M and m, respectively, and all points of

11

inflection with I *I

75
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roRMANCE OBJECTIVE III - 3a: Construct the velocity and the acceleration
. .

.

functions from a distance function.

1. The position s of an object is given by s = Tt 3 - t2 + 1. Write the

acceleration and velocity functions from the distance function.

The position s of an object is giveniby s = 3t 1 Write the acceleration

and velocity funtions from the distance function.

,

PERFORMIFCE OBJECTIVE III -.313: Construct solutions of problems involving

velocity and ac90.eration from a given ,

distance function.

1. The position s of an airplane t seconds after touchingle ground #s given
.

by s = liot .-410t2. Find hok far the plane will travel before it stops.

2. The position x of.a moving 'particle at time is,given by the formula,

x ,for OSt 4. Write the velocity and t 0:acceleration functions
1 4*

from the distiince function and find the particleis ecceleratign when ti,= 2.

.7C
F

A

.4



PERFORMANCE OBJECTIVE III - 3c: Construct solutions of probleds involving

related rates.

A spherical snowball is melting. Its volume is decreasing at'a rate of

200 cc per minute. At what rate (with rpspect to time) its -the radilts

changing when r = 10? (V = -
4
-r r3).
3

2. The radius r of a right circular cone is decreasing at the rate of't inches

per minute and the altitude h is increasing at the rate of 3 inches per

minute. When the radius is 18 inches and the altitude is,20 inches, find

the rate at which the volume is changing (V = 1
, rah).

3. A weight attached to one end of a rope which passes over a pulley

20 feet above the-ground. A man who` keeps his hand four feet off the

ground grasps the other, end of the rope and walks away at the rate of

two feet per second. When the man is 12 feet from the point directly

under the pulley, the weight is off the ground and rising. At what

rate is it rising?

a

12/.8

a.



PERFORMANCE OBJECTIVE III - 3d: Construct solutions of problems involving.

f

minimizing or maiimizing a function.

4
1. Express the number 12 as the sum of.two positive'realenumbers in such a.

way that the product of one of them by the square of the other is as large

as possible: c->

2. A man has a stone wall alongdide A field. He has 1200 feet of fencing

material) and he wishes to make a rectangular pen, using the wall as one

side. What should ,the dimension of the pen be in order to enclose the

largest possible area?

3. In a certain..locality and type of soiliit is found_ that if 20 orange trees

are planted per acre, the Yield will be 500 oranges per treelAand that the

yield per tree is reduced by 15 for each additional tree per acre. What

is the best number of trees to plant per acre?

4: What is the area of the largest rectangle with lower base on the x-axis- .

and upper vertices on the curve y s 12 - x2?

t

7s

4.



111W---91 "CR
OWICTIVE III = 4M4 State lelle's Theorem.

S

1. State Rolle's Theorem (in symbols, where possible).

I

PERFORMANCE.OBJECTM, III - 4b: Apply Rolle's Theorem to isolate the. roots betwee

a given pair of numbers for f(x) = 0.

1. petefmine wrether the following function has exactly one real root in the

interval -1< x < 1, f (x) 2x3- 3x2 - 12t - 6.

2. Show that between any.two zeros of a polynomial, there is at least one zero
I

of the derivative of the polynomial.

.

79
III-10
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'PERFORMANCE OBJECTIVE III - 5a: State tAe,Mean Value Theorem.]

1. State 41e Mein Value Theorem (in symbols where possible),

PERFORMANCE OBJECTIVE III - 5b: Demonstrate a geometric interpretation of the

Mean Value :Theorem.

1. 'remonstrate geometrically the relationships of the Mean Value Theorem.

2. Read each of the following statements very carefully and decide whether it

is True or False. If you False: you must supply a counter-example

to the statement to justify your answer. No justification need be.given

for an answer of True.

a) If f is continuous on the closed interval [a, b] , fteXists on the

open interval (a, b) and f(s) <4(b)",

throughout &, g.

then f is increasing

6) If ft exists throughout La, , then thereqs at least one point

-
"w in (a,.b) such that .f'(w) = CF(b) f(s)] /

c) Singe Rolle's Theorem is a special case of the Mean Vflue Theorem,

then if f satisfies the hypothesis Alf the Mean Nala710-6?em, it

must also satisfy the hypothesis of Rolle's Thedreml

a

.



PERFORMANCE OBJECTIVE III - tam State l!HOpital's rule.

1. State l'H$Pital's rule (in pymbols, whete pdtitib)e).

I
at

_,PERFORMANCE OBJECTIVE III - 6b: Identify problems for which it is

appropriate to use l'Apital's rule.

1. For which of the following is it appropriate to use 1'H8pital's rule?

a) lim 2x
2

X - 3

x + 1

t) um x2-,-* lo-

x,. 6x2 f+

b) urn x - 1 P) lim AJ7=1
x.om 2x + 1

e)

.

lien

x+ o

-

PERFORMANCE OBJECTIVE III - 6c: Apply l'HDPital's rule to problems of

0 co.
the- form (7) org.

1. Evaluate lim x2- 16",

x-4 x - 4

2. Evaluate lim
1 2{7771" 2

3. Determine lim x2- 1
x.co 4x2+ x

81
.111-12
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OBJECTIVE III - 7a: .Determine the change in the range for a

specified changeth the domain using

differentials..

1. Iffy = approiiMate thechange in y when'x changes from 2 to

o.-
4

2. By means of differentials,'find anApproximate value for (32.04)K,

7\

PERFORMANCE OBJECTIVE III - 7b: 116 cribe a *gAometricinterpte4Etion of a

differential.

a

4

.4?.

1. Describe a-geometria inter ation of a differential;

a

S



UNIT III: ,APPLICATIONS OF DERIVATIVES

ANSWERS TO ASSESSMENT MEASURES
4

(r) 3x + y = -9

(2) 288x - y = 833'

(3) 21+ Y 7 5 -

(1) x - 7y + 28 ='0-, .

(2)-- x +2y = 0 .

(3) 4x + 6y = 1
r

. s-

4

(1) Equations of tangent line are

(2) 5x - 3y

IP

2x ± y = 3 and ,10x = -3

N1,1) Equation- of ndrmal line is x + y =

(2) 4"-Oy = 29, x - 3y = 29

a)

, - 27
(1): (0, 0)-and (A

2
, - ---)

' 256

(2) (0, 0) (7, -rg- 1, (1, 0)

(1)k Relative maximum at(1',. 17) and relative mininupa( (2, 16)

' 256

11"
. . .

(2) Relative minimum at (2 27 re) ne'lative Maximpn
4

(3) ,RelatVe minimum at (

1-4
.Relative, maximmat (12', --y.

/

3
z't

-1%
.10.(1) Points to be labeled should be m(-- ) f I(-1, LT )

M ?i), I (1, and m
.

"-

NOTE: Graph is symmetric, to y - axis

III 14,

. 83



usin III:

of*?

3. a)

(2)

(3)

ANSWERS TO ASSESSMENT MEASURES (continued)

M(0, Q)

NOTE: Graph is symmetric to y - axis.

x 2, aod y = 1 are asymptotic lines

Note that y = 1 - 4x-1 + 4x-2

m (2, 0) and 1 (3, t) i

.

.

-

(1)

(2)

x, = 8 and y = 1 are asymptOtic lines

,
1

= 112 24., a 7 t-- 2

v a 13 qt"..

(1) v = 180 - 20t

.

Plane travels 810 units before it stops..

(2) v 3(t 7 3) -2 , a = -6(t-3)-3 , a = 6 when 2

/- ,,

(1) dr '= -.17 cm peMinute
, k dt

(2) dv = -156n cubic inches per minute
dt

(3) 6/5 ft./sec. .

AP
'03# Non-squared number is 4 and.squared number

V'
(2) 30! feet by 600 feet

(3) y = (2irt x) (500 d=-15x),.Y4.= 200- 30x

y/ = 0 when x = 63.

y(6) = 10660, y(7) = 10665 .

47

Plant ,27 trees, per acre ,

6

. . .

III *

.

.I

V

.`,41
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UNIT III: ANSWERS TO- ASSESSMENT MEASURES (continued)-
. ,* '

4

le I.
(4) - 2x xi) )* A' 24.- 6x2

A' 0 21-ind -241' when x

*Kim= is 32 square Units,

4. a
' ,..

41,

b)(1) -If f(x) La co*inuoilsYx e Ea, qj and if f(a) f1(b) r.

'gad if f' (x) eXistsV eta, b), then Bee (a, f' (C) ;1 0 0,

(1) f' (x) g°,6x2-\6x - 12

fs'(x) 6(x2- x -2), f' (x) 6(x- 2)(x +1)

Therefore there is no c -11 1) such that f' (c) = 0. ,.;'hus the

function doCs not change ction on (-1 1) : ,There is at most one

teal root on (-L, 1) f( -1) = 1, f (1) = ?19. Therefore there. is

11Irtlyone real root.

(2) See page,109, Thomas Calculus, 1972.

5. a)

(1) If f(x).is

$

continuouirx a Ca, la,andr'if71'40 existeltx b)
,

, .

, then3 coe(a, b) 3 f'(c). f(b) . *

.
b) (I)

b - a

-Slope of tangent ling (C) slope 'of chord
401 . r .

. ,

85

.



UNIT III: .ANSWERS ZO ASSESSMENT MEASURES (continued),

" 4
40

"I
\

4,

(t)or, (c)..oc - 1r, Os x s 3

b)Z
1114

4

c)F; f (XY' ":4)2 0 x 53 I. f(0) = 1 and f(3) .' -4
.

. -

1

lim f' (X)If (a) =fi(a) = 0 ar if f(a).= g(a)`=',co and if exists,
llist f (x) = ,f (x)

4

then
x+ei g(x) x+a g'(x).

b) (b) is in the ttorn
0

; /

0

a)

7. a)

.co
(c) and '(cr)lare.in the form

co

4,

(1) OA

.(4)' -Let y R. ita n:1E1,y' in

di- r- 4 dX

4 "1 (Ott)dy = 7(32) r
"

4

'd7 "17

,

,

.016"
4 ,

Thtss,:y 32.0417: (32)1' 4:0.16.= 16.01&

4

O .

MSC

4
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UNIT XII: ANSWERS TO ASSESSMENT MEASURES (continued) gimp.
c

$

4

4
Differential &f y which approximates th, charge, in,,y for the

curve.y =.f(x) is the slope of the tangent line at x //

the chanp in N.

,

s '

I

WY

0 /

/.

III, S-

87

4 .

k

4

0.

-
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yl(IT IV: THE INTEGRAL

INTRODUCTION
ts ew

Previdus units have presented materials,related to differential calculus.
InUnit IV, the student is: introduced to ehe other branch of calculus,
integral calculus. The fi'ist treatment of the'integral presentedrin this
Unit, is that of the 'indefinite integral, or the antideriVative.. This concept
is, developed thrpugh the solution ...0 simple differential equations.

The development of the def nite integral involves Ole concept of areaunder
a Curve as a limit of su of areas of inscribed rectangles.. this Ades,
which is first pursued intuitively.through geometric representation, is
formally presented in the, statement and proof 6T the Fundaments/ Theorem of
Integral,Calculus. /

I .
Methods .for_ tuterScsI approximation of the definite integral are introduced
through the trapezoidal and Simpson rules. The unit concludes with state-
ments of 'the definition and theorems involving the,Riemann integral,

. : f
... INSTR4pT9NAI,_OBJECTIVES'

. .
,.

' . ..

1...Applyithe rules for Au, As du (i*constant), I(dn+dv), and fundu to
A the so1utiod'of-differential equations.

. i.,,Determine the approximate area under a curve: I
p

...._ .

. 3. Deicribe.thederivation of the Fundamental Theorem of Integral:Calculus
(F T.FC):

0
1

.

Apply the rulei for appro;r0ting the .value, of, a definite intefral
--,

PERFORMANCE OBJECTIVES -

By the end of ttiis'unit,-the.student sgould have mietered-the,objec
'belay.

- ,
. . . . 4-

r a .

.1, a) State.the rules for fdn, fa du., Adu + .dv) and J u du.
.

- ,

, .

1)) Integeat6 a given expression oaf the form f dq , I a du, f(du + dv,
.

ti.441s_lieted

. or I an du.
. .t -

2. Determine the approximate, ea under a given
using a finite number of inscribed (or crcu

AL
.

,

, .

urveinver a given interval,
ed) rectangles,. N,,

.

3. a) State a definition of area under a curve as ,a liiiit of sums.

. ^
b) Statethe Mein Value Theorem for Areas JOVT).

. ,

IV1

a
88

4.



4.

UNIT TV: PERFORMANCE OBJECTIVES (continued)

c)Interpret MVT for areas geometrically,

d) State "the

e) the two.F.T.I.C.
,

'4.. a) Apply the trapeioidal rule to compute the approximate
% given definite integral.

IIV

values of a

' b) Apply Stimpsont's rule to compute the approximate valuecOf
definite integral..

44

5*

a.

a

ti

.e

t

IVr,2

4

1

.4

a

-/
a given

4

I

4.

I

a'

6

pi



fat

. SAMPLE ASSESSMENT MEASURES: 'hiE INTEGRAL

PERFORMANCE OBJECTIVE IV - la:\ State the rules for fdu, )a du, f(du + dv) and

an d 'fu n du.

State the rule fo,,..pthe follOWing:

1. fdu

2. fa du (a is oon ant)

3. f(du +.ds.10

4. Jul dd

to

A

, "Tv-:3

t

s

aM

,1

ea

0 I



A.

1)01,.

PERFORMANCE OBJECTIVE - lb: Inte a given expression of the form

fdu, fa du, f(dh + chi), on fun du,

.

1.- Evaluate the following integrals:

. (a) fit.
(bf f4 dx

Id

(c) f(Ifx + 5)dx

(d)

2. Evaluate 'the' following integrals:

(a) f (x3 L. 1 )dx
x2

Lb) f 5x dx

(c) .f(3 + 4x) dx

p

N.,

4

4

er.

1M
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411

PERFORMANCE OBJECTIVE IV - 2r Determine the approxithate area under.? given

curvtover a given interval, using a finite

number of inscribed (or circumscribed) rectangles.

1. Approximate the area under the curve y a x2 from 'x = 0 to-x = 1
P

using 8-subdivisions in the interval 0 5 x 5 1 (inscribed,

circumscribed, or both acceptable).

.

2! Approximate-the area under the curve y = x3-from x = 0 to x = 3

using. 24 subdivisiqns with interval 0 <3 (inscribed,

circumscribed; or bath acceptable),

PERFORMANCE OBJECTIVE IV - 3a: State a:definition of area under a curve

as a limit of sums

1, State a definition,of area under A curve as a limit of-sums,

'PERFORMANCE OBJECTIVE IV ^- 3b: State the Mean Value theorem for Areas (MV1),1

1. State thiMean Value Theorem for Areas.`

* 4111

-e

IV-5



PERFORMANCE OBJECTIVE IV - 3c: Interpret the MVT for area geometrically;(
-

1. Complete the diagram with appropriate labeling to show the geometric

interpretation of the Mean Value Theorem for Areas.

2

PERFORMANCE OBJECTIVE IV - 3d: State the two Fundamentfl Theorems pf Integral

Calculus.

1, State (in symbols) the First Fundamental Theorem of Integral Calculus,

2; State (in symbols) the Secei Fundamental Theorem of Integral Calculus.

IpERFORMADICE OBJECTIVE IV - 3e: Apply the two FTIC.J

1, Evaluate: .147 (3x-2) dx

2, Find FI(K) for F(x)-= dt

o t2

1
. 3,

x

7

4, Find F (x)for F(x) = -1 'clt

1(7777e.X

IV -6

93



PERFORMANCE OBJECTIVE IV - 4a: Apply the trapezoidal rule to compute the

approximate value of a given definite integral.

'1. Use the trapezoidal rule 'with n 6 to estimate J x3 dx and compare

Pas approximation with the exact value of the integral,

2. Use the trapezoidal rule with n = 6 to estimate

ir
fsin()dx and

compare this approximation with the exact value of the integral.

PERFORMANCE OBJEdtIVE IV - 4b: Apply Simpson'sli-ul to compute the

approximate value o a given definite integral.

3

1, Use Simpson's rute with n = 6 to estimate x3dx and compare

this approximation with the exact value Of the integral.

14%
d..:"e

2, Use Simpson's rule with n = 6 to estimate
, o,f lin(x) dx and

.i.'N 4

compareithis approximation with the exact value of integral which is 2:
. 0

I"

1. 4

94
4IV-7

Ak4
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UNIT IV: THE INTEGRAL

ANSWERS TO ASSESSMENT MEASURES

1. a) (1) + c

(2) au ±'c k Note: 1. - 4. c is constant

(3) u, + v + c

(4) u + c (n # -1)
. n + 1

b) (1)

(2)

.

(a) t + c

(b) 4x +

(a) 2x2 + 5x + c

15'

1
11

.13x +

(a) x4
4 + + cX

(b). - 2 (3 - 2x2)1/2

5

(c) *-7%. (3 + 4x)r +

2. (1.) 35

128 <A <128

)

4761 <A <, 5625

.456 ' 256

a ii
limn

. t

K=1....
. ,

b) Let f be a non-negative contin ous function over the domain Es, b] .

. .

r If

Lee Aa
b
denote the area under the graph of f over. the domain. Then

) 4
there is at least, tine humber c between a and b such: that

k

At/

0

3. 'a) (1) .

A
b

f(c) (b - a).

IV -8
4

9.5

0

.



UNIT IV:" ANM4FRS TO ASSESSMENT MEASURES (continued)

111

7

b
Aa 3.1 f (c) (b a)

Area under curve is equal to area of rectangle aPQb.

d) (1)
A b

Ural! f (CK)Ax =
01(=1

fb (x) dx = F(b) - F(a), where f isa 11 #
a -

continuous and integrable on Ca, b

(2) F(x) = fc f(t)dt for -x era, b] F' (x) f(x) fir a4 X4 b,
a

e) (11 28

(2) F' (x) =
1 + x2
1

(3). 1/30

(4). 1

Fx2

(1) ,/ 3
edx = 20

2
trap - 20 7 k.

(2) Trap. = C2 +/-trii 1.95

3
(1)

x3 'dx = 20 : Simpson's = 20'
1

41

r
( 2 ) - Simpson =

9
L 4 + 4-5). 2.00 (3 significant digits)

r-.



UNIT V: APPLICATIONS OF THE DEFINITE INTEGRAL

«

INTRODUCTION

The'statement of the Fundamental Theorem of Integral Calculus established
.conditions for which the limit of sums could be evaluated by the definite
integrals I'n Unit'V, these conditions are 41,14-0 to various physical,
situations. Problems,involving distance,area, volume, 'center of mass,
length of a curve, surface area, andwork are solved by direct application
of the Fundamental Theorem of Integral Calculus.

Note: dimple class time should be providdd for students to practice with a

large variety of problems. This'unit offers an eicellent opportunity for
the teacher to work with small groups and'indivigival students.

INSTRUCTIONAL OBJECTIVES

1. Apply the Fundamental Theorem of Integral Calculus (FTIC) to compute
areas.

2. Apply the FTIC to problems involving motion.,

3. Apply the FTIC to compute volumes.
--

4. Apply the FTIC to compute the length of a posit plane curve. .

--
5. Apply the FTIC to compute surface areas.

6. Apply the rule for the average value of a function over an integral.

_7. Apply the FTIC to compute the center of mass.

8. Apply the FTIC to compute work.

PERFORMANCE OBJECTIVES

By the end of this unit, the student should have mastered the 'objectives
listed below.

1. a) Determine the area of the region bounded by the horizontal axis,
two given.vertical lines, and a given function.

b) Determine the area of the region bounded by two given functions.

c) Determine the area of the region defined by a polar eqdation;
.

s

2. a) Construction the distance function f;om a given velocity functiqn.

b) Determine the distance traveled in a specified period of time from
_a given velocity function.

q7. vt
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UNIT V: PERFORMANCE OBJECTIVES (continued)

"c)' Construct the velocity function from a given-acceleration function.

d) Determine the distance in a specifiedeperiod of time for a given

acceleration .function.

'3. a) Determine the volume of a solid of 'evolution, using the sliding
method.

b) Determine the volume of a solid of revolution, using thecyltndrical
shell method.

e) Determine-the volume of a-solid having a knovin cross section.

4. a) Determine the length of a portion of a curve defined in rectangular
coordinators.

) Determine the length of a portion of a curve defined in polar
coordinates.

5. DeterMine the surface area generated, by the rotation of a portion

of a curve defined in rectangular coordinates.
a 4'

b) Determine the surface area generated by the rotation of a portion

of a curve defined in polar coordinates., ,

6. 0 State the ruafor the average value of a function.

V

b) Determine the average value of,a given function over a given-interval.

7. a)- Determine the center of mass for a portion of a given curve.

b) Determine the center of mass for a/given region of a plane.

c) Determine the center of mass for a given solid.

8. a) State the definition of work.

b) Determine the work done by a varying force acting over a directed

distance.

of

V-2

2
.
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0

SAMPLE ASSESSMENT MEASURES: APPLICATIONS OF TIT DEFINITE INTEGRAL

PERFORMANCE DhJECTIVE V - lei Determine the area,of the region bounded by the

horizontal axil, two given vertical lines, and a

given function.

41

4

1. Determine the area of die region bounded by'fhe curves y :3x2,

x = 1, x = 3, and the x-axis.

+1,

2. Determirie the area of the region below the parabola y = x2 - 4,

above the x-axis and between the lines x = -3, x44. 3. ,

"

RFORMANCE OBJECTIVE V. - lb: Determine the area

two given functions.

e region bounAii by

1. -Deterthine the area bounded by trig carves y2=fte, al!

2. The total area bounded by the cubic y = x3- x and/the line y.= 3x

is equal to:

c) ..8

V-,3

99

32

8
e) -16

p.

4



PIO/FORMANCE OBJECTIVEV: - lc: Dpt ine the area of the region defined
-

b5) polar equation.

1. D,!termine the area bounded by the curve r = 2 + cos 0 and the

2 .

lines =0,9 =n.

a) Sketch the curve whoieoeqUaigion is r = 2 + sin 0.

b) 'Determine an integral for the area of the region inside'

the above curve but outside the circle r 2, Do not

evaluate.

a

1/4

1 afr4

(



4
PERFORWCE OBJECTIVE V - 4: Construct the distance function from a given

velocity function.

1, The velocity of a particle is given by v =

The formula for-the distance traveled is

2. A body has 'velocity v = 3t2- 12t + 9. At t = 0, s = 4, what is

g
the distance s in terms of t?

PERFORMANCE OBJECTIVE V. - 2b: ,Determine the distance traveled in a specified

1111.111

period of time from a given velocity function.

If v-= t2- t + 3 repriesents the velocity of a moving body as a

,function of time, find the total distance traveled by a body.,

moving according to this law from t = 0 to t = 3. (Assume v is

meters per second, t is Seconds.)

2. A body moves along a straight line so that its velocity v at

,time t is given by v =1t2+ 3t2 + 3. The distance it coOrrs from

t = 0 to t = 2 equals:

-im), 41 b) 30 c) 60 d) 55 e) None of these

.3: A body moves along a straight line so that its velocity v at time

t is given by v = t2- 3t + 2. Determine the total distance it

covers from,t = 0 to t = 4.

4' _01
V-5



PERFORMANCE OBJECTIVE V - 2c:. Construct the Velocity function from a given,

acceleration function.

1. Determine the velpcity function from the acceleration function

a .7, 6t2. The initial velocity is zero.

2 A particle moving in a straight line starts from rest at t = 0

4vith an acceleration a = 10 - 5t. Deftermine'the velocity
7

1

function.

3. Determine the velocity function from the acceleration function

a
t

jt4- 4

CE OBJECTIVE V 2d: -Determine the distance in a specified period

of time for a given acceleration function;

12 A particle moves in a line with acceleration a =,12t and When

t = 0, v = 8. The total distance traveled between t = 0 and

t 3 equals:

a) 30 b) 78 c) 30 d) 46 e.074ione of these

2. The acceleration of a body is (4t +1)4 with the initial velocity

vJ- What distance dyes it travel betWeen t = 1 and t = 3?

102
V-6
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PEOFORMANCE OBJECTIVE - 3a: Determine the'volune of a solid of revolution

using the slicing method.

1. Determine the volume generated when the area enclosed by

3x h2 and y = is rotfited_about the x-axis..y 7

a) 277 p Eald c)

3.0

)4,

648r
d)

277, 27re)
15 4 2

2. Determine the *aurae generated when the area enclosed by y = x3,

x = 1, y = 0 is rotated about the y-axis.

' A-

PERFORMANCE OBJECTIVE V - 3b: Determine the volume of a solid df revolution

using :the cylindrical shell method.

1. Determine,the volume generated when the area enclosed by

y = x3, x = 1, y = 0 is rluated about,the y-axis. (Use the

method of cylindrical stalls,)

2. Determine the volume generated when the area enclosed by

y - 4 - x* and y = 0 is rotated about the line x = 3. (Use

the method of cylindriCal'shells.)

103

V.1,7

$

21
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PERIPORMANCE
.

OBJECTIVE V,- 3c: Determine the volume of a Solid having a known

cross-section.'

1:' Determine the volume of a solid if its base is the Circle

x2+ y2 =.9 and each plane section perpendicular to thex-axis

2. Determine the volume of the solid whose base is arogipn

bounded by REZ\line y= 4 and the parabola x2= 8y and whose

plane section perpendicular to the y-axis is'an equilateral

triangle.

64
a) 3247 ID}

1T
3

1.0

c) 6417 d) 32 e) None.of these

104

V-8

1
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PERFORMANCE OBJECtIVt V - 4a: Determine the length of a portion of a curve

defined in rectangular coordinates,

3

'Find the length of the arc of y = 6x2 < 1 ;

2. The length of the arc'of y = 4x2cut off by the line y . 4

I
is given by the integral:. '

1.
1/2

a>.., (I '+ 64x2) dx / b) (1 + 8x)
1/2

ax

I-
1

o '
1

C) . , d) (1 + 64x2 dx

r e)

(1 64x2 )dx

(?)

(1 + 85s) dx

0

Determine the length of the arc of the curve x = t3, y = t2

frdm t ='0 to t,= 1.

a

PERFORMANCE OBJ TIVE V - 4b: JDetermine the length of a portion o
-,

-.

defined in polar coordinates,

1 Determine the length of the eurve'r = 2a .sin

2 Determine the length of the curve r = 4 sine1.
2

05
-V-9

a curve
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FORMANCE OBJECTIVE V - 58: Determine the surface area generated by the rotation

of a portion of a curve defined-in. rectangular-

4

coordinates

1. Determine the surface area of a frustum of a cone generated

by revolvingthe line 3x + 4y =44 about the x-axis, 0 s x s 6.

2. Determine the surface area generated when,y = x3 is revolved about
.4

the x- axis', 0 <x 2.

-J.

PERFORMANCE OBJECTIVE V - 5b: Determine the surface.area g nerabed by the

rotation of a portion of a curve defined in

polar coordinates,

sS

1. Determine the area generated when r2= cos42 A is rotated,

about the polar axis.

2. The cardloid'r = 2 (1 + cos 0) is rotated ab4lt the polar axis.

Determine the surface-area generated.

1,0C
V-10

CP
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[PERFORMANCE OBJECTIVE V - 6a: State the rule for the average value of a function/.

s'a 1.

C

State' the rule. for the average value of a function.

1

PERFORMANCE OBJECTIVE V - Determine" the average value of a given

function over a given iaterval

1 Determine the average value of y = 3x2-4x + 7 from x z 2 to X = 3.

e

2. Determine the average va.fueof,y = 15x -2 for 6s-x S 22.

ti

fi

to



1111FORMANCE OBJECTIVE V - 7a: Determine the center of mass for a portion of

a given curve.
4k

1. Find the Center of mass 'of th

.

Find the center of mass of a rod of. length 4 if i4ts density

of., a. circle x2+ 5r2...

varies as the square of the distance frdh one end:
-.4

"
2

PERFORMANCE OBJECTIVE V Determine the center of mass for a given
,/

P
region of a plane

Find the coordinates of the center of, mass of, the area

,bounded by y = 72, x = 3, and y = 0.
r.

2. Determine the' center of mess of the region bounded by y x3

and, x.- . A--

.
0

rf

0

q



'PERFORMANCE OBJECTIVE V - 7c: Determine the center 4 mass for a, given

1. Determine the coordinates of the center cif mass of the solid

....i.

of revolution produced when the regioncponnded by x = 0, y = 0.

and y = 4,- x2 is rotated bout the y-akis,

2. The region bounded by x =-0, y = 0, and y a 4 - x2' is rotated

,

about the x-axis. 'The density varies inversely as the distance

from the x-axis. Determine tilt' coordinates of the seplec-of

mass of the solid of revolution.

R. The region bounded -by x = 0, 0, and y = 4 - x2 is rotated about

the x-axis. ensity varies directly as the distance from the

y-axi. Determine che coordinates ofehe center of Mass of the

solid of revolution.

a
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'PERFORMANCE OBJECTIVE V - 8a: State the definition of work].

1. State the definition of work-
.

.11

PERFORMANCE OBJECTIVE V - 8b: Determine the work done by a Varying force

' acting over-a directed distance.

1. We are given a pail that weighs 3kg and contains 30 kg of

sand at the start. The pail is lifted slowly a distance of

'5 meters, and as it'is lifted sand leaks out of a hole at

, the uniform rate of 3 kg sand per meter lifted. Find the

work done in lifting the pail.

2. A conical vessel is 12 feet across the top and 15' feet deep.

If it contains a liquid weighing 3 pokinds per cubic font too a

depth of 10.feet, find the work done in pumping the liquid to

.a height of 3 feet above the top of the vessel.

,R
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1,_: UNIT V: APPLICATIONS OF THE DEFINITE INTEGRAL'_--7

*Wins TOAkSSESSMENT MEASURES

1. a)
3

(1)) A . f
1.

3xadx

.

,,

. I.
,x!1 3

V.

,m,ii 26 sq.
a

,

(2)11/A 2i (x2- 4)dx

III 2

j[4x3s 4x3
2

= 14 sq.
3 -,

c) 4

(1) .,

,

I,

)

..,

.

rr

for 3/4 (4 + 4 cos 9 + cos29)d9

.4 .
...

2 + cos Al 2dfe

0

..0.44111.°

I. 29+ 2 sin 0] o 9 de

mi 2TT + ki r 0 -I: cos 2 d

0

.. 2rt + 1 (9 +'N sin 2 0) TT

4
]

0

4. 2 rr + 3/4 TT

t 2

t
,

!Us

S

..,

n )

c

.
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UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued)

2.

n
.(b) yk (2 + in 0)2de 22d8

. (1) S = t3 t2 - 2f + c

(2) a = t3=.6t2 + 9 t + 4

b) (1) 13.5 in

(2) b

(3) 17

\d)

*3: a)

44w

(1) v = 2t3

(2) v = 10t - 2 t2

(3) v = (t2- 4)1I + c

(1) b

(2) 13(rs 5 ir+ 12
12

(1) b

6



b)

/ . \
(.

2Tr

5

1

(1) V . = 2nxydx

0

1

217 dx

0

2TT [11 xs]
O

2TT

5



UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued)

c)

2

(2) V e'l 21*(3 7 y dx

-2

64rr

(1) 144 cubic units

(2) 64 ir

4.

'F'(3)

(1)

(2)

2 04

1f
0

243

D.

)

.

b)

- 1)

1".-

(1 +\.8silx) 4 dx

1

Oti----7- 7 dt =

0

1 (13} - 8)

27

(1) 2rra

ds 17d dr2

t/9774-77 dt

rr
LS/ 1 (2a' sin 0)2 d92 + (2a cos.0 d

0

17172a d9

V -18

114



UNIT Vs' ANSWERS TO ASSESSMENT MEASURES (continued)

. a)

b)

f 4/ 0 9
(2) L is " (4 sine 7)2d 02+ ( 4 sin i cos

0

2,

2r
sin d

0,

16

6
(1) dx)

(2) S TT [145 \1145

(1) S = f2rry ds

rs

.. 214' 2rr(r sin 9 k

2R.
1

0
rr

4ss4 s(s 9 de =:* 27 ( z )

) (cos2o) de

(2) S f2rry ds

rr
I. 2rrr sin 9 (2 Nri) (1 + cos 0)k d

0

1

128r
5.

11
V-1.9

0
9)2

ti
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UNIT V: ANSWERS TO ASSESSMENT MEASLINES (continued)

Y ave .

(1) 16

(2) 56

9

1
= a /7 f(x)dx

a

1

'
a

0. ) y =
-a

(-y)2 dx

,

a dx

.

.-, 2a2

--"MF----,
ra

E

= 0, 7 =

rra

2a .*)

TT

x(kx) dx

) (kx2) dx

3
4

Center of mass is 4 of way from referenced end of iod.

1 1 C

V-20

= 2a

rr
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UNIT Vf ANSWERS TO ASSESSMENT MEASURES (continued)

9

g. a) (1) 'Work equals force through a distance.

b) (1) w zjr. (33 - 3x) dx
0

2 30
w 33x - 3x2

F ds

0

w 127.5 kg-m
. t

/0(2) w z 3Trr2 (18 - h) dh

0
2

so r 5 h

h

w
0 2511

(18h2 - h)dh
dr' , \

10'
w z .12rr 12,11

25 4 0

w z '12n (6000 - 25003 7 1680rrft -lbs
25

-

1 Vi2

1'



UNIT VI: TRANSCENDENTAL FUNCTIONS4

INTRODUCTION'

.

The methodi of differentiation and integration of algebraic functions that
were developed in the previous,units are extended in Unit VI to include the
transcendental" functions. The, more familiar inverse trigonometric functions
are developed first. Logarithmic and exponential functions are introduced
with the definition of the natural logarithm. This is followed-by a treat-
ment of the exponential function as the inverse of the logarithm function.

r

A Orticulir application of these functions is the solution of problems
involving rate of growth of decay.

INSTRUCTIONAL_ OBJECTIVES

1. Apply the rules for differentiating the trigonometric-functions.

2. Apply the rules for integrating the trigonometric functions.

3. Apply the rules for differentiating the inverse trigonometric functions.

4. Apply the rules for integrating expressions of the form ildu fdu
f:712,

1
T.712,

and/

-5. Apply, the formula for the derivative of the natural logarithm function,

6'. Apply the rule for Pu.
u

7. Apply the rules for the derivatives of eu andjaue

8. Apply the rules for feu du and fau du.

9. Apply the-method of logarithmic differentiation.

PERFORM$NCE OBJECTIVF---

By the end Of'this unit, the student should have mattered the objectives
'listed)below. ,

4
-

-1. a) State the rules for differentiating tie trigonometric functions.

b) Construct the derivatives of'expressions containing theitrlionometric
functions. -

c) Construct the derivatives of expressions containing powers of the
trigonometric functions.

VI-1
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UNIT VI: PERFORMANCE OBJECTIVES (continued)

d) Construct the derivatives of, expressions containiing products and
quotients of trigonometric functions.

2. a) State the rulesfor integrating the trigonometric functions.

,/ b) Integrate expressionscontaining the trigonometric functions.
r

3.

c)

a)

Integrate trigonometric expresetions of the form '11.1 du%

State the rules for differentiating the inverse irigonometric functions.

,b) Construct the dAivativefor a given inverse,trigonometrft function.

4
4. A State the rules for integrating,expressions of the form rdu ,

du , and Ildu 1-u2

-11-t.0
2

. '

b) Integrate expressions of the form du , du , and du

IT-77 1-t-u u :2

5. a) State the rule for the derivative of the natural logarithm function.

13$ Construct the derivative for an expression containing the natural
logarithM function.

6. a) State the rule forildu.
u)

b) Integrate an expression of the form fdu.
u

a) State the rule for the derivative of eu. 1

b) State the rule for the derivative of au.

c) Construct the derivative of an expression containing eu.

d) Construct the derivative of an expression containing au.

6. a) State the rule for eu du.

b) State the rule for fall du.

c) Integrate an expression of the form feu du.

d) Integrate an. expression of the form fall. du.

9. a) Construct an equivalent equation in logarithmic form from e given
. equation.

b) .Construct the derivative of a given equation by first writing the
equation in logarithmic form using the base e.

120



SAMPLE ASSESSMENT MEASURES: TRANSCENDENTAL FUNCTIONS.

IPERF°

RMANCE OBJECTIVE VI - la: State the rules for differentiating the

trigonometric functions.

State the derivative of each of the following:

1.- d(sin u) '-

dx

"2 . d(cos u)
'dz

3. d(tan
dx

4. d(cot u)
dx

casies30
dx

6; d(csc u)
dx

NORFORMANCE OBJECTIVE VI - lb: Construct the derivatives of expessills

containing the trigonometric functions.

Determine dx for:

1. y = sin (2x + 5),

2. y = cos (5x - 2)

3. y = 2 tan (4x2- 5)

4 y' cot (6x -3)

0 5. y 7 sec (2x - 3)

6. y = csc (x2- 3)

V

VI-3

p

(



L.)

\_

PERFORMANCE OBJECTIVE, VI - Construct tile derivatives of expressions

,

containing Owers of cheArigonometrid functional

Determine:_ax

:1. y r. sin2 2x

2. y =.cos4'(x2+ 2x)

3 y I. tan -3x

4. y = - cot -2(3x2-7)

5. y = 2 sec5/7

6. y = 3 csc35x

.1t

PERFORMANCE OBJECTIVE VI - Construct the derivatives of expressions

containing products and quotients of

trigonometric fundtions.

?1 8

. Determine_ cly for:
>r, dX

a) y = sin 3x cos 7x

b) y = tad 5x sec 2x

2. Determine for:

a) 4 sin2x
3 cos3x

sec2 2x
,Y =

cdC3]e.

6 VI .4

122
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PERFORMANCE OBJECTIVE VI - 2a: State,the rules for integrating the trigonometric

functions.

. r

Deterigne the following:

1. sin u du

2. r cos u du

3 r tan u du

.4.4/ r, cot u du

5.

7.

8.

9.

10.

:1

.r

J.

,r

.r

sec u du

csc u du

sec2u du

sec u tan u du

csc2c du

csc u cot u du

PERFORMANCE OBJECTIVE VI - 2b: Integrate expres'siOns containing the triondmetric

functions.

1. "cos 2x dx

2. ,Evaluate: '70A

sect x dx
0

jrsec (7x - 5) tan (7x -5) dx

PERFORMANCE OBJECTIVE VI - 2c: Integrate trigonometric expressions

of the form un du

1. tJ.an 2x secnx dx r"

2. cle ot4 x csc2x dx

C.

VI-5123'



PERFORMANCE OBJECTIVE VI - 3i: Statet the rules for differentiating the inver

4'
trigonometric functions.

State the derivative of the following:

, 1. d arc sin, u)

dx

2. d (arc cos u)
dx

3. d (\arc tan u)

dx

4. d ,(arc cot u)

dx

5. d (arc sec u)
dx

4-

6, d (arc csc u)
dx

PERFORMANCE OBJECTIVEVI - 3b: Construct the derivative'for a given inverse

trigonometric function.

1. Determine ax for y = arc sin 2x.
dx

2. Determine it for y = arc cot x3 .

dx

3.
lik

Determine lx for y = arc, 3x .

dx

124
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PpFORMOSCE OBJECTIVE'VI - 4a: State the rules for integrating expressions If the'

form )(du and, du

i+u2

e.rdu
1173-7--

jdu
1 + u2

1...didu

m1r757

a

1 u

. 1

PERFORMANCE OBJECTIVE VI - 4b: Integrate expressions of the form

4,1(1du
and

1:u7 +u2 u

id
,

u

d
1.

x

1 - 49x2

2. j(rdx
1 +,7x2

'3; dx

.

1
x 43.17-17--

125
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IPERFMANCE OBJECTIVE VI - 5a: State the rule for the derivative of the

itt

ORMANCE OBJECTIVE VI - 5b: Construct the derivativeor an expresSion

containing the natural logarithm function.

natural' logarithm function.

1: State d(ln u)

40.

dx
If

A

1. Construct 41 for y = ln(x2+ 3x + 4),
dx

I

. Construct II for y = ln(tan2x) ,

AL
3. Construct dx 'for y,= ln(2x +7)a..

126
VI - 8
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State the rule for ARIPERNIMAICE OBJECTIVE ME- 6a:
u

1.

tf

V

PERFORMANCE OBJECTIVE VI- 6b: Integrate an expression of the form du.

1.f dx
3x + 7

2.

J1

L
(x + 1)dx

x2 + 2x + 5

3. cos x dx

sin x

,17
V/9



'PERFORMANCE OBJECTIVE VI - 7b: State the rule for the derivative of aul

IPERFORMANCE OBJECTIVE VI - 7a: State the rule for the derivative of euvl

1. 'State the rule for d(eu)
dx

I

1. Stake the rule for d(all)
dx

r

ERFORMANCE OBJECTIVE VI - 7c: Construct the derivative of an expression

containing eii.

P

1. Construct: d(e-x3)
dx

2. Construct: d(e
arc cos x

dx

3. Construct the derivative for sin y = e
2x

+ In x .

ERFORMANCE OBJECTIVE VI - 7d: Construct the derivative of an expression

containing a
u

.

1. Construct dy for y 7. 2

dx

4I2. Construct for y

IJ

4

-5

tan x

sec 4x

1 28
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Ina"laigala
OBJECTIVE VI -e8a: State the 'rule for feu du.

1. State the rule for feu du.

PERFORMANCE OBJECTIVE VI - 8b: State tpe rule for
'au

du.

..Jr1. a
u,

du n

a, au + c

u + 1
d . a +

U .

b. a ln a + c c. a
u
+ c

In a

e- None of these

.4"



ERPORMANCE OBJECTIVE VI - 8c: Integrate an expression of the form wiell du,

1.

2.

f5dx
e

-x

e

e3

3..orxx ln

3

ERFORMANCE OBJECTIVE VI - ad: Integrate an expression of the form a du,!
3

3

1. Evaluate: /
.10

2x dx ,

1
3t-1

Evaluate: 7 dt .

cos 0
3. Evaluate:p sin 0.2 dO

0

130
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PERJPORMAICE OBJECTIVE - 9a: Construct an equivalent in
4r

logarithmic form from a given equation,

1.. Write y2- x(x - 1) in logarithmic formbase e.

2. Write yr
4/

(x2'-i- 1) (3x -7)1

(2x -3)(x2- 9)
in logarithmic form, base e.

r

PERFORMANCE OBJECTIVE VI - 9b: Construct the derivative of a given equation

Fi
by first writing the equiltion in logarithmic

form using base e.

1. Given: y = tan x

2. Given y =

2

sin x

t.

, determine 41e-derivative
dx

x > 1; determine the derivative 11
dx '

131
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UNIT VI: TRANSCENDENI. FUNCTIONS

ANSWERS TO ASSESSMENT MEASURES

1. a)

du
(1) cos u

dx

(2) -sin u
du

(3) secs u
dx

(4) -csc 2u2 du

dx

du
(5) sec u tan u (Tx

du
(6) -csc u cot u -

d--x

b)

(1) 2 cos (fix + 5)

(2) -5 sin (5x - 2)

(3) 16x sec2(4x2- 5)

\,(4) -2 csc2(6x 3)

(5) ,14 sec(2x -3) tan(2x 3)

(6) -a/ r. x csc (x2- 3) cot (X2- 3)

(1) 4 sin 2x cos 2x or 2 sin 4x

(2) -8 (x + 1) cos3(x2+ 2k) sin (x2+ 2x)

-(3) -3 tan ft4 x sec2x

(4) -I2x cot (3x2 7) csc2 (3x21- 7)

(5)
-3/4

5x secsf; tan

(6) -45 cscs5x cot 5x

132
VI414



UNIT VI: ANWERS TO ASSESSMENT MEASURES (continued)
Itr

d);44
(1)

(2)

4

(a) -7 sin 3x sin 7x + 3 cos 3x cos 7x

(b) 2 tan 5x. sec 2x tan 2x + 5 secs 5x sec 2x

(a) 8 cbs2x sin x + 12 sin3x
3 cos4x

(b) 4 sec22x tarn 2x + 6x sec22x /cot x2. . cab-le .

2. a)

(1) -cos u + c

(2) sin u + c

(3) -1n1 cos ul-r-Eal In 1 sec u I + c

(4) ln I sin u I + c

(5) ln I sec u + tan u I + c

(6) - In I csc u + cot u' + c

(7) tan u + c

(8) sec u + c
,

(9.) _- cot U + c

(10) - csc u + c

/
VI-15
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UNIT VI: ANSWERS TO ASSESSMENT MEASURES (continued)

2. (continued)

b)

(1) Z sin 2X

c).

3.a)

0

(2) V15.-

-f c

1
(3) 7 sec (7x - 5) + c

(1) ..4 tan22x + c

(2) - co tsx + c
5

(3)

I.Y71712

(.gtlx)

1 +

(4)
dx

u2

du
(5) (--)dx

I u r,

(6) - (dip

lu I 1117--T

4

".

j.



WIT VIa ANSWERS TO ASSESSMENT MEASURES (continued)

b)

4. a)

10

dx
.2

-330
(2), lax

az
Ax

2-

I x I

(1) arc sin u + c or -arc cos u + c

(2) arc tan u + -c or -arc cot u + c

--(3) arc sec u + c or -arc csc u +

1
(1) arc sin 7x + c

7

(2) 1 arc tan )7-k + c

ir-
(3) . arc sec 2x + c

5. a)

(1)
.1 4i1

u dx

b) (1) 2x + 3
x9+ 3x + 4

(2) 2 sec2x or 2--

tan x sin x cos x

'11735
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90 UNIT. Vr: ANSWERS TO ASSESSMENT MEASURES (continued)

6. a)

b)

b)

d)

(3)
2x + 7

(1) lnlu I + c

1
(1) 3 In 13x + 7 1 + c

1 in 57(2) 7

-ln I sin x +

O

(1) et1 du
dx

(1) ln a du
dx

(1) ..32c2ex3

(2) e arc Cos ic-"'

,11.7c26

(3) .2xe2x`+' 1
x cos y

(1) 2tan X In 2 sec-x
r

Ctit

(2) LInt
sec2x

2(5 in 5 s'ec2x tan 2k)
dx

,





UNIT VII: METHODS OF INTEGRATION

I NIRO DUCTI ON

The development of integral calculus thus far has been restricted to
polynomials or special functions which arexlegrly tht derivatives of other
functions. It should be rather obvious to the student that he/she may need
to integrate Junctions which are not so convenient and, moreover, that more
than a "trial and error" approach is needed. The purpose of Unit VII is to
develop the techniques needed to integrate various standard types of
expressions.

Emphasis in this
4

unit is upon the acquisition of skills involving the
various techniques of integration such as substitdtion, parts, and partial
functions. The student's success. depends upod his/her ability to recognize
the type of integral involved so that the appropriate technique can be
applied. Practice id the key to this unit, and adequate time must be

- allotted.

INSTRUCTIONAL OBJECTIVES

1. Integrate expressiams, using the method of substitution.

2. Integrate expressions, using the method of integration by pares.

3. Apply the rules for evaluating improper integrals.

PERFORMANCE OBJECTIVES

at

By the end of this unit, the student should have mastered the objectives
listed below.

1. a) Integrate given expressions, using substitution of trigonometric
identities.

2 2b) IRtegrate given expressions of the form 40-7 u a
a4+u4, and a2 -u2, using trigonometric substitution.

c) Integrate, using the method of partial fractions.

d) Integrate given expressions, using a change of variables. (e.g.,
f(x) = zn, z = tan (x/2), etc.)

2. a) State the rile for integration by parts.

b) Derive the rule, for' integration by parts.

9) Apply the method of integration.by parts to given expressions. .*

-vriti38

\



.{1

4
3. a) State ihe conditions for which an integral is classified as an

improper integral.

b) Identity'- given integrals Which satisfy the conditions for an improper

integral.

c), Evaluate:a given improper integral.

'nfla
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:E7 6LE ASSESSMENT MEASURES; METHODS OF INTERATION

PERFORMANCE OBJECTIVE VII la: Integrate given expressions, using substiputiqn

of trigonomeftic identities.

1. sec42x dx

2. .jrCos23x dx

.'PERFORMANCE OBJECTIVE VII - lb: Integrate given expressions of the.form

47
, a +u77471 2 2a -u , u -a , a +u and

-a
2
-u

2
using trigonometric substitution.

2 df x
x 177-77-1c

3. /Ft: ;jidx

s,,44 o
V



!PERFORMANCE OBJECTIVE VII - 2a: State the rule for integration by parts.'

1. State the rule for integration by parts,

'PERFORMANCE OBJECTIVE VII - 2b: Derive the rule for integration by,partst

1. Derive the rule for integration by parts.

PERFORMANCE OBJECTIVIVII - 2c: Apply the method of integration

by parts to given expressions.

f2
x ln 3x dx

2x
2. 1 e sin 2x dx

.

Jr: 2 e
3x

dx

14J.
VII-4



frERPOIDIANCE OBJECTIVE VII - lc: Integrate using the method of partial frictions.'

1
1;;x dx

-=3777-

2
(3x2 + dxfx-1)' (x + 1)

3.
jr14x2 - 5x,+ 2 dx

x3 - 2x4 + x

r

PERFORMANCE OBJECTIVE VII - ld: Integrate given expressionspusing a change 9f

variables (e.g., f(x) = z
m
z = tan x, etc.),

'2

1.
1.177-1-/-13 dx
x + 2

112



PERFORMANCE OBJECTIVE VII - 3a:-"State the conditions for which an integral its

classified as an improper integral.

1. State the conditions fo.r which an integral is classified as an improper

integral.

PERFORMANCE OBJECTIVE VII - 3b: Identify given integrals whip' satisfy the

conditions for an improper integral:

1. DAermine which of these are improper integrals:

10
dxa) f

0
x2 + 1

b

c) x
-2

dx

1

1

d)f: -F-72

e)6/(1, 374
0

dx

f/

143
VII -6

r
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a C/ 4

[PERFORMANCE OBJECTIVE VII - 3c: Evaluate a giv.en improper integral.

1.

r tuarc
dx

0

co

e-xdx2i
0

144
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UNIT VII: METHODS OF INTEGRATION

ANSWERS TO ASSESSMENT MEASURES

1. a)

b)

(1)

(2)

1 1
m_

6 4'6". LA 2 tan 2a + c

'1r
7r-7- sin 6x + c

(1) TT

12

(3) 1 x4;772 +

c)

+ c or

9 -1
a in 1E + c

2 3

*

-

(1) , 1n, + c

(x - 2)2

(2) In 1)211 + tan
-1
x + c

(3) in
x2 (c-1)21 + c

x-

.(1) '2-117-277. - 2 tap-14771 +c

5

(2) 1 1 7 (2 + y
3 y
) - L ; (2 + y

3 + c
9

(3) 324.r,
145
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UNIT ANSNE(TO ASSESSMENT MEASURES (continued)

2. a), u dv = uv v du + c

&) Since d(uv) = u d(v) = v d(u), thed Ju dv + v du) = uv + c

ovridv + jr, du = uv + e =4. lu dv uv - fv du + c

x3
c) (1) In 13x1: c

3. a).

b)

c)

(2) e2x (sin 2x -
4

e3X
(3)

27
7 (9x2

cos 2x) 4.

- 6x + 2) +c

c

(1) The function becomes infinite at a value of x in the

interval of integration [a, kid

(2) One or both of the limits of integration are infinite, such as

4-6

/411f(x) dx or f(x) dx ,

-co

(1) (b), (c)

(1)

(2) 1

(3) Limit does not exist (integrand meaningless)

4 e
VII -9
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UNIT VIII: SEQUENCES AND SERIES

INTRODUCTION

The study of sequences and series provides a challenge to the student's
.

mathematical ingenuity. Although rules for testing convergence and determin-
ing limits are developed, much of the, student's success depends upon his /her
cleverness in manipulating the giveh expressions to fit the v rious rules.

14dThe practical application of series can be demonstrated by representation
of familiar transcendental functions as power series or Taylor series: The
evaluation of these series can then be computed to approximate the function
for a Particular value.

INSTRUCTIONAL OBJECTIVES

1.- Deteimine the limit of a sequence and construct a proof that is correct
by applying the definition of limit of a sequence.

2. Identify series Ahat satisfy the necessary condition for convergence.

3: Apply the cdmpirison test for convergence of a series.

4. Apply the ratio teat for convergence of a series.

S. _Apply the integral test for convergence of a series.

G. Express transcendental functions as power series.

7. Apply Taylor's theorem with remainder to transcendental functions.

8. Apply the definition of absolute convergence to series.

PERFORMANCE OBJECTIVES

By the end of this unit, the student should have mastered the objectives
listed below.

1. a) State the definition of the limit of a sequence.

b) Determine the limit of a given sequence.

c) ,Determine the limit of a given sequence and construct the proof
that it is correct by applying the defipition.

2. a) State the rule for the necessary condit
infinite series.

ion for convergence of an
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UNIT VIII., PERFORMANCE OBJECTIVES (continued)

b) Apply the rule to a given series to deteriine whether it satisfies
the necessary condition for convergence.-

3. a) State the rule for the comparison test for the convergence of a
series.

b) Determine whether a given series converges, by the comparison test.

4.. a) State the rule for the ratio test for the convergence of a series.

b) Determine,whether a given series converges, by the ratio test.

5. a) State the integral test for tilt convergence of a series.

b) Determine whether a given series converges, by the integral test.

6. a) Construct a power series expansion for a given transcendental
function.

b) Determine the approximate value of a given transcendental function 1.

for a particular value of the variable.

c) Determine the interval of convergence for a given power series.

7. a) State Taylor's theorem.

b)* Construct a Maclaurin series expansion-for a given transcendental
function. ,

c) Construdt a a for series expansion for a given transcendental
4unction.

d) Apply the Taylor series expansion to approximate the value for a given
transcendental function for a particular value of the variable..

e) Apply the Lagrange remainder to determine the accuracy of the value
of a transcendental function obtained by the use of the Taylor
series expansion.

8. a) State the definition of absolute convergence.

b) Apply the definition of absolute convergence to a given alternating
series.

1 13
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SAMPLE ASSESSMENT MEASURES: SEQUENCES AND SERIES

[PERFORMANCE OBJECTIVE VIII -'la: State the definition of the limit of a sequence]

1: State the definition of the limit of a sequence,

ERFORMANCE OBJECTIVE VIII - lb: Determine the limit of a given sequence.'

1. Evaluate: lim

n-co
N,3

Lan__
n

et
2. Evaluate: lim 3n 3

n-.c 5n4+ n3

3. Evaluate: lim
.0

5n2- 3n +

6n2+ 7n -

4. Evaluate: limi In 2n

5. Evaluate: lim e
n

n-40
n3

itVIII-3 1 9

0

ti

1.

4,



PERFORMANCE'DaJECTiVE : Determine the limit of a given sequence and

construct the proof 'hat it is correct byr
applying the definition.

tr-

411141111110n

2n +3

3n + 1
determine L. and using e =

No'

1

smallest Nalue which will prove that lim Sa = L
4. n-CO

caldulate the

Given: S
n
= n > 2,-"aairmine L; and find n as a function-6f e

n - 2 -

4,
which iill'prove that lift S, = L according to the definition,

n

n2- 1, n > 1, determine L, and find n as a function;of e

which will prove that lim Sn =-L according to the definition,
n-.0s

1 50

VT//..4

% =

L.

43



PERFORMANCE 03JECTIVE VIII'-2a: State the rule for tie necessary conciNn bar/

convergence of an infilMite series,

S
1. 'State the necessary condition for convergence of an infinite series,

f----.__

PERFORMANCE OBJECTIVE yin - 2b: Apply the rule to a given series to determinei.
N

whether rit satisfies the necessary condition

for convergence,

1. 'Determine which of the folio ng series satisfy the necessary condition

:foOtonvergence.
.

. ,,%.

2 + 3n
a)

ni= 1

b)

e)

E 3n2
n 1

n = 1

e

5n

n= 1

151
VII/ 5

A

C)lif

1 + (-1)n.

n

n=1

f)

777_

n = 1



RZR11013MANCE OBJECTIVE VIII - 3a: State the rule for the comparison,test for

the convergence of a series.

2

1. State the rule for the comparison test for convergence of a series.

-

}

4

PERFORMANCE OBJECTIVE VIII 3b: Determine whether a given series

converges by the convergence test,

c4 1
1. Determine whether --2--3n 1

converges or diverges using the
,

comparison test.

2. Determine whether

comparison test.

n 1

= 3

converges or diverges using the

4



I
441

PEBPORMANCE OBJECTIVE VIII - 4a: State the rule for the ratio test for the

4,

441 1. State the rules for the

_ -

convergence of a series.

40"

e for t convergepce of a series.

f

PERFORMANCE OBJECTIVE VIII - 4b: Determine whether a given series

converges by the ratio test.

17*-4ik that the series ff O converges'by the ratio:test.
n=1 -

n
3

2. Determine=whether 1E: 7.37. co verges or diverges according to the-ratio
n=1

1

test% 'Show the value of p (rho).

3. Determine whether the following series converges'ar diverges according

to the ratio test. Indicate 'the value ofe.(rho).
_ .

.

n(n+1)
n!

4*
4. Determine rho using the ratio test on

I.

Does the series converge or diverge?

m .1

1:: mm
Mmi 4

153



II

PERFORMANCE OBJECTIVE VIII - 5a: State the integral test for the convergenc,t

of,a series.

-

1. State the integral test for the convergence of a _pries.

a

a.

PERFORMANCE OBJECTIVE VIII - 5b: [Determine whether. a iven series

a

converges by the integral test.

4

4

i
'"' A

1. Determine whether E 2n/(n2+1) 'Converges or diverges using the integral test.
, .. n=1 .4

.

. 4

2. Vetermi hether. E 1 converges or diverges using. the integyal test.
T17171712

Indicate the function of n after integrating.

In 1

10'2
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PERFORMANCE OBJECTIVE VIII - 6a: Construct a power series expans4on for a

given transcendental function.

r

ERPODANCE OBJECTIVE VIII - 6b: Detergaine the approximIrte value of a given
. .

transcendental,function for a part.icular

46.

.
1"00**010,k_

1. Construct power series in x for cos x including the nth term.

.t

- 2. Construct a power series in x for e-x including the nth term.

3. Construct a power series in x - a, where a-2, for In x including the nth

term.

- a

I

. value of the variable

1. Construct a power series in x for sin x and determine the approximate value

of the power series for x 1/2 using the first three terms.

2. Construct a power series in.; for 1n(1 + x) and determine the approximate

value. for x s 1 using the first four terms.

V

MO/

155
4
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[PERFORMANCE OBJECTIVE :trill - 6c: Determine the interval of convergence for a given
sua

power series..

1. Determine the interval of convergence for the power series listed below:

1 + x + x2 +x
3 +...x +

21 31. nt

2. Determine the interval of convergence for the power series listed below:

2 3 4

156
V711-10

0
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PERFORMANCE OBJECTIVE VIII - 7a: State Taylot'etheorem4.1

1. State Taylor' s 'Theorem

PERFORMANCE OBJECTIVE VIII - 7b:, Construct a Maclaurin series expansion for a

given transcendental function:.

1. Construct a Maclaurin series expansion for Arc tan x. Indicate the first

four terms and the nth term.

sin x
2. ,Construct a Maclaurin serieg, expansion far x . Indicate the f1.44is'

four terms and the nth term.

3. Construct a Maclaurin series expansion for cos2 x. Indicate the first four

terms and the nth term.

. , .

1 5 ~I

I.
>,1
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PERFORMANCE OBJECTIVE VIII - 7c: Construct a Taylor series, expansion for a

Riven transcendental function.

x

1. Construct a Taylor series expansion for e

three terms and the nth term.

Construct a'Taylor

Indicate the first'

Indicate 'the first

if

series expansion for cos(x + i) with a =

three terms and the nth term.

3. Construct a Tayloriperies expansion for cost x. Indicate the first

five terms and the nth term.

PERFORMANCE OBJECTIVE VIM- 7d: Apply t Taylor Z-ies expansion t'o

approxitbate the value fora given

transcendental function, for a particular

value of the variable.

1. Approximate the value for, .fe using only the first four terms in the Taylor

series expansion for ex. Let a = 0.

2. Approximate t e value for sin 31° using only the first three terms i

Taylor series expansion for sin x. Let a = O.

3. Approximate the value for ln 1.2 using only the first two terms in the

Taylor series expansion for ln I 1 4" x I . Hint: 1.2 = §- =
1 + x

1- x 5 1- x

9'



PERFORMANCE OBJECTIVE VIII - 7e: Applzthe Lagrange remainder to determine the

accuracy of the value of-a transcendental

function obtained by the use of the Taylor

series expansion.

1.
1. Determine the error according to the Lagrange remainder for e evaluated

x
2 x3 x4 x5

the terms 1 + x + IT+ 31 + 41 51

2. Determine th- error, according to the Lagrange remainder, for cps.'

2
evaluated by the fi st three terms in the Taylor series, 1 - x

4

2

ra

-1

1 59
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[PERFORMANCE OBJECTIVE VIII - 8a:' State the definition of absolute convergencel

1. State the tcfinition of absolute convergence.

2. A series uK = u
1
+
-u2

+ ... is absolutely convergent if ...

'PERFORMANCE OBJECTIVE VIII - 8b: Apply the definition of absolute convergence'

to a given alternating series.

1. Determine the conver
1 '1 1

1 1 1 1

2. Determine the convergence of
1'4- 2-32- a-3a , 4-34

+

I

5 6 27 Al
3. Determine the convergence -ef 2 -

3 5+ 3 - + - 6 + . . . + (_l )n
n +



UNIT VIII: SEQUENCES AND SERIES

'ANSWERS TO ASSESSMENT MEASURES

1. a)

b)

c)

2. a)

(1) If for every positive number a there exists a real number no

such that 6

I Sn - L I< e for n > no

then the sequence is said to converge to the limit L.

(5) Limit does not exist:

(1) L = , n = 78

(2) L = 1, n = 2 + 2 e + 1 (not a unique solution)

NI(3) L = 0, n_=
l + 4

(1) A necessary

2

+ 1 (not a unique solution)

a
1

+ a2 + "' + a
n
+ '"

.is that lkm a
n
= 0

. .

(1) b., c, d,

161
VIII -15
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UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued)

a)

(1) If each term of a positive series 2E: u
K

is less than the

K=1

corresponding term of a known convergent series, theniltK

converges. But if each term ofEU is greater than th

corresponding term of a known divergent positive series, then

ZIA &diverges.

4.

)

a)

b)

(1)

(2)

(1)

(1)

.Cohverges by comparison

Diverges by comparison

urn

In a positive series

u
n + 1

1

with 717

with 1
n

+ u
2

...+ um, where e = urn un + 1
un

(a), The-seried convergei if p < 14

(b) The series diverges if p > 1.

(c) The series may converge or diverge if P.m 1,

n-.
un

2 n + 1

3 _lim 3
<

2 n
114m__

converges

(2) p = 3 > 1 diverges

VII/-16



UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued)

5. a)

b)

6. a)

(3) rho = 01 therefore series converges

4
(4) rho P 1; therefore series may either converge or diverge.

(1) If f(x) is a continuous, positive, decreasing function for which

f(n) is the Nth germ Lin of the series, then e. u
n

converges if and
n =1

'only if the integral c f(x) dx converges.

(1) Divirges

; converges

2 4 6
x - x +

(1) 1 J.

2! 4! 6!

(2) 1 - x + x2 -
3

+ +
2! 3!

(3) in 2 + - 2) -

n41
(x-2Y

2n

1
22

+ (-1)
n-1

(x - 2)2
2

2n - 2
x +
(2n - 2)!

n-1
+

Oa 1)!

1' (x - 2)3 -+ lb

(1) (a) - x3 + x5 \. (b) .4794
5!

(2) (a) x - X2 +. x3 - x4
2 -. 3 4

(b) .587 or

(1) Convergent for alf values of x.

(2)- Convergent on the interval -1 .c..x c 1

7

12

0.
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UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued)

7. a)

b

(1) A power ,series in the form:

f (x) f (a) f (a) . (x-a) + f" (x
2

(n),+ f uu(x - a)n
n!

(1) x - x3 e+ +
3 7

(2) 1 - xl ± x4
3,!, 5! . 7!

5)

i)2+ 000

(3)( 1 2x2 + 23x4 -.25x13 +
2! 4! 6 I

n-1
k2(n-1)

(2n-1).
%.

2,2n-1

(2n)
+ ?

2c) x 1P 7 r l +1(x_,) +...li
2

a)(x-. + ... +7-(1)e=eL A a
...../

(2) cos (x +4) .= : . (x -'T) + (x, - r - r ) 3 - ( x - - ) 5 ' 5

(3) cos a- sin

3; 5

2n-1
0 4'
(2n -1)1
1°'

n-1- a)
- 1) ! .

x-a) 2pos 2a .(2...c-a22+ 22sin 2a (4,113

4m-4 lio 4m-3 4m-3 *m-2
+ 23cos 2a(x-"a)4 + 2 sin 2a(xLa) 2 cos 2aSx-a)

s 1- (4m - 3) ! (4m 3 2) .1

4m,g . 1 - 4m

+ 2 ' sin 2a4x-a) + 2 co13 2a - a) +

(4m - 1),I :(4 m)!

Block m (m = 1, 2', 1,

. 11111$



° UNIT VIII: ,ANSIeRS TO ASSESSMENT MEASURES (contintied)

4

(2) .5150'

*
Ek(3)- .1823'

I

I

1

4

8. a)

(1) 0;4.2 x'10-9
rr.I1

Teacher No R 0) = f Lc) xn+1 ; 0 <c s .1

r, (ho.)!

R5 (.1, '0) ec (.1)6

3 (.1)6
'6!

< 3 (10-6)
720

(2) 1.4 x10-9'

< 4.2 x 10-9'

Teacher Nole:
If R (x, 0

2n + 1ti
ly

ematift,

2n+2

(2n + 2)!

fj6-(671-1.4161

< 1.4 x 10-9

(1). A series with mixed signs is said to converge absolutely if the

series constructVd,by taking the absolute value'of the tern

converges,

cc

(2)4 .. if r. lu I
Iu2 1+

VIII-19

165

converges,



I,

ti

CUITVIII: ANSWERS TO ASSESSMENT MEASURES (continued)

(1) Converges conditionally

Teacher Note: p - series with p <ec.
Theorem II - Thomas

o) Absolutely converge,.

' Diverges

4

3

lim 1.11AI 0

n....03 I it

ti

4

,

VIII -20

166
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UNIT IR: DIFFERENTIAL EQUATIONS

14

INTRODUCTION

An elementary treatmentvf ordinary.'differential equations is presented in
Unit IR. First -order equations are developed by types: separable, homo-
geneous, linear, and exact. _Applications involving rate of growth and
decay should be examined.

The stud'', of second- rder equations is limited to linear equations with
constant coeffici s.' Solution techniques?leveloped for homogeneous
equations are.then extended'to special types of nonhomogeneous equations.

As in Unit VII;- practice is necessary for the student to recognize the type
equation in orderto=applv the appropriate technique.

INSTRUCTIONAL OBJECTIVES

a'

r 4

1.

2.

3.

4.

Identify the order and degree of ordinary differential-equations.

Determine the solution of separate first -order differential equation's.

Determine the solutiOn of homogeneout.first-order differential
equations.

Determine the solution of linear first-order differential equations.

V

5_ Determine the solution'ofexact fitst-order differential'equations.

6, Determine the solution of homogeneous linear second-order differential
equatiog, with constant 'coefficients.

7 . Determine the solution of non hompigeneousAinear'second-order differ-.

ential equations with constant coefficients.,

8. Determine the-solution of differentiWiquations, gi;eoiAktial
conditi,pn0 ,`-

,

PERFORMANCE OBJECTIVES

.

By the and of this unit,'the student should have phastered the objectivii
note* below.

1. a), Identify theefder of given differential equations.

I?) Identify thediegree of.given differential equations.

2. a) Identify the separable equations from given first-order alfferential
equations.

6

b) Determine the solution of a given s arable first-order-differential;
,.equation.

4 IX-4

16?
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UNIT IX. PERFORMANCE OBJECTIVES (continued)

3. a) Identifydentify the homogeneous equations from
equations.

-,.. i ,

) Construct a given first-order homogeneous differential equation in

the, form dy/dx - F.(v) where v is y/x.

-
:';

*coo

c)2 Determine the solution of a given first-orderhomogeneous differential

-equation.

4111...

, 5.

first-order differential

I

a) Identify the'linear equations from given first-order differential

eqUitions.

1)) Construct the standard'form of a g4ken first-order linear differential

equation.- * s''

c) Determine the, integrating factor-for'svagiven first-order linear

differential equation.,

d) Determine the solution of aglyen first -order linear differential

equation.

a) Identify the exec uations from givenfirst-order differential
equations.

b) betermine the solution of
equation.

given first-order exact differential

o

fr. a)- Identify the homosmneoqs equations .from. given linear second-order

differential equationd:

by Construct an equation-using differential operator notation /from a
given homogeneous linear, second-order differential equation frith .

cotibtant coefficients.

oP"

c) Determine thekradteristie equation of a given homogeneoUs linear
_second -order differential equation with constant coefficients.-

.

d) Determine the solution of a
differential'equepon whose
unequal roots.

e)

4 ,

Determine the sOlgtion of a
~differential eguatlon whose

- equal roots`.
r

ti Determine the solution of a
,differential equation.yhom
'mote*

7.. a) Identify the nonho
differential squat

. c

4.

.given homogeneous linear:secOnd-order
characteristic equation has two real

given hotogeneous linear second-Order
characteristic equation has ttwo real

, o

given homogeneous linear second-order
characteriettt-e6ation has imaginary

geneous equations
ons.,

from given linear second -order
. _

6.8
, rlso2

1



UNIT IX. PERFORMANCE 'OBJECTIVES (continued)

b) Deteriine thq.solutio:
differential equation
is a polynomial.

c) Determine the solution
differential equation
is of the form eam.

og a gjtveri,nonhomogenous linear second-order
d'y/dx' + al dy/dx + a2y s F(x), where F(x)

of agiven nonhomogeneous linear second-order
d2y/dx4 +,a1 dyldx + a2y 4 F(x) where'F(x)

. ,.:

d):. Determine the solution of a given npnhomogeneous linear second-order
differential equation d2y/dx2 + al dy/dx + a2y 4. F(x) where F(x)
is of the form sin ax .or cos.-ax. .

- . ,
.

. 41'

e) Determine the solution of a given nonhomogeneous linear second-order
differential equation'eytdx4 + a, dy/dx 71- a2y a F(x) where F(z)
is a linear combination of polynomials and transcendental functions.

ti

Construct the solution to problems requiring the use of first-order
differential,equations (e.g., growth and decay,' modified Ohm's
lew,Aett.).

b) .Constlitict the solution to problems requiring
differential equations (e.g., hanging cable,
line, oscillary motion, etc.).

I

the use of second-order
motion on'A straight'

, II

I

/



SAMPLE ASSESSMENT MEASURES: DIFFEATIAL EQUATIONS

ORMANCE OBJECTIVE IX - la: Identify the order of given differential'equat;! s4

1. State the order of the differential equationy" + 3y y' + 2y =

0

ti

2. State the order of the differential equation y
4y (3).

+ 3y
2

y
(1)

+ y = O.
a

1

4* /10

4

ORMANCE OBJECTIVE IX - lb: 'Id tify the degree of given dffferentlia equations

2

1. State the degree pf the 'differential equation Au" + x(y1} =,e
x

,

2, State the degree of the differential equation ALE) (sx,
tdxf. dx'

r ) )4 + x` -

, .

3x = O.
I

leeer-..
,

,

4

1°X-4 1 70

0
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PERFORMANCE OBJECTIVE IX - 2a: Identify the separable equations from given

first-order differential equations.

1. Determine which of these firstorder differential equations are separable!

(a) dy. . + 2
4

dx 1 4;Y-2c S 4

(b) xy2 (1 + x2) dy + (1 + y3") dx = 0

2 - 2 /
(c) 2xydy = (x y

(d) 1E = 3 - .03x
. dt

r f-7
(e) (x - 2y) dy (y::,Tf4x)d.x = 0

A

(f)
x3

y
r
= y

2
(x - 4)

(g) y' = xy X

PERFORMANCE OBJECTIVE IX - 'b:' Determine the solution of a given separable

first-order differential equation.

1. Solve the differential equation y' = e
2x +

2. Salve the differential equation y' = y2 + x.

N.0

3; SolVe ae differential equation (2x + 5) dy + (3y + 2) dx = 0

1 71



tig

RFORMANCE OBJECTIVE IX -la: Identify the homogeneous equations from given

first-order differehtial-equations.

ti

1. Determine which of these first-order differential equations are

homogeneous.

a) 2xy dy = (x
2

- y
2
) dx

V
b) x

2
y' - 3xy + y2 = O

c) y: + 5y = 2 cos x

41*

d) (3x +2y) dx + (y + x)' dy'= 0

-
e) (21 + e^)4x + ex (1 - xe

x)
dy = 0

f) (x3" + y3) 4x = 3xY
2

dy

g) dy + y dx 1172.7) =. 0

PERFORMANCE OBJECTIVE IX - '3 b : Construct a given first-order homogeneous

differential equation in the form a" = F (v) where
. dx

V =

J. Construct (2x - 3y)dx+ (xy)dy = 0 in the form y F(v),where v =

. dx

411/

.Construct -xdy t ydx .4777dx = 0 in the form y =917(v), where v =
dx

I

IX-6

1 '7 9



PERFORMANCE OBJECTIVE IX - 3c: Determine he solution of a gi/en first-order

homogeneous differential equation.

1. Solve the differential equation (2x - y) dx + (x + y)dy = O.

2. Solve the differential equation xdy ydx = .

;(

a



,..PERFORMANCE OBJECTIVE IX - 4a: identify the linear equations from given firs-

order differential equations,

1. Determine which,of these differential equations are linear:

(a) in y +5".'-x

dx x

;-)

(b) 1 dx 3

x dy

x
(c) x

3 di +y= e
dx

(d) +2124 Y
dx

(e) x
dx

(f) sin y = -1

dx

(g) + + 1 =-0-

dx dx

"IN

PERFORMANCE OBJECTIVE IX - 4b: ,Construct the standard form of a given

( first-order linear differential equation.

1. Construct, in standard fotm, the differential ecWation

x
2

ax. + 5 xy = cos x

Ox
.

2. .
Construct, in standard foi-m, the differential equation

y ln y dx + (x = y) dy =

IX-8

174.

)



PERFORMANCE OBJECTIVE 'IX - 4c: Determine the integrating factor for a given

first -order linear differential equation

1. Determine the integrating factor for y' - y = x3.

2. Determine the integrating factor for xdy - 2ydx = (x -2)e
x
dx .

3
3.. Beterminerthe integrating factor for (2yx + x) dy + ydx = 0,

PERFORMANCE OBJECTIVE IX - 4d: Determine the solution of a given

4
first-order linear differential equation.

1. Solve the differential equation + 2xy dx + x dx = 0

2. Solve the c&rential equation x dy; 2y dx = x sin x dx .

ro"

I

4



PERFORMANCE OBJECTIVE Ix - 5a: Identify the exact equations from gi7Z17417117

order differential equations.

1.' Which of these differential equations possess exact differentials?

a) (1 + e3x) fly + 3ye3x dx = 0

b) x sin 3y dy + y sin:3x dx = 0_

c) 2xy dx + (1 + x,2) dy = 0

d ) sin x cos2 y dx + cos;csin y dy = 0

e) y(x-2y)dx - x2dy = 0

0 (x2 2)dx 2xy dy = 0

g) .e'' dx + xexdy = 0

h) tan
-1

(xy) dy I ln(1 + x2 y2)dx = 0

2x y

i) (lx 4. I) (],c la9 -Y1 - 0
x y y

a.

'PERFORMANCE

bBJECTIVE IK - 5b: Determine the solution of a given first-order

. exact differential equation.

41,

1.. Solve the `differential equation (x2 - y2) dx - 2xy dy.= 0 .

2. Solve the differential equation (1 + e3x)dy1+ 3ye3x dx = 0

3. ,Solve the differential equation

(cos y + y cos--x) (Ain x x sin y) dy

1 7 C

I

0,
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IPERF°

RMANCEsOBJECTIVE IX - 6a: Identify the homogeneous equations from given
1

./ linear second order differential equations.

d

4)' y" + y' 2y = 5e-x

b) y" + y = ex

c) y" = y + (K2 + 1)

d) y"-= 6x2 + 3x -.2

e) y" Y Y'

PERFORMANCE OBJECTIVE IX - 6b: Cdtstruct an equation using differential operator.

Acw notation from a given homogeneous kin ar second-
,

order differential equation with constant

coefficients.

1. Construct an equation using different.tal operator notation from the

differential equation Ly. . 4 4y = 0,

dx2 dx

. 2. Construct an- equation using differential operator notation from the

equation 15 d2y
'm 14 dy + y .

dxdx2

177
IX-11
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PERFORMANCE, OBJECTIVE IX 6etermine the characteristic equation of a given

hsmagenepuy4igesieseCond:Order differentild

equation vithIconstant hoeffitients.

a .

1. Writethcharacteristic equation for the differential equation y" y.

2. Write the characteristic equation.for.the differential equation =157" = y.
4

IS

MUMMOUrapeaCTD.Tx IX - 60:

7a.

termine the solution of a given homogeneous
##1.

linear second-order differential equation whose
a

characteristic equation has taO.real-unequal roots1

S 1 the differential equation y" - 3y' +.2y = 0.
'0,--

2. Solve tie differential equation 2y" a:9y 3y'.

a

a

4. I4-l2

S.- Cc

40.



PERFORMANCE OBJECTIVE A.- 'flei Determine the solution of a given' homogeneous

f ' 4 'linear second-o der differltntial equation whose
* I

, -

. characteristic equation has.two real equal roots,.

I, Solve the differential equation y" - ley' + 25y = 0 .

2.- Solve the sliffe.rential equation -f' = + 4 y
)

V
3 7

,

1

4
I? '

, .

, ,,,
.

,

- _ . .
2, 7.Solve tbe differential equatiou,y" * Ay.'..- '13y .

.-A

.. . .

e

PERFORMANCE OBJECTIVE1IX - .Determine the solution of a.iiven losiogeneous

linear second-vder differential equation whose

.-

characteristic 'equation has_ imaginary roots

Solve'the'differential equation y" + 16Y = 0 .

lor

4.- ,

1.

IX -13



*
PERFORMANCE OBJECT/VE,g - 7a: Identify the nonhomogeneoui equations trim ,

given liner second-order differential equations.

1. Identify the non - homogeneous oluatiohs from thefollowing linear

secondIorder differenttal equations:

0

a) 3r", +}T' - 2y =

N a

b) y - y; ,

,I

c) y" = (x
2
+ 1)

,
_ . .

3d) y" = x - 3x + 2.

y" - y' 7 y + sin(ex)

f) by - 2y
-

s

et

4 JP'

PEtato*NCE OBJECTIVE tX - 7b Deterthinetke solution of a given non-homogeneous

'1. Solve.y" +

linear second -order differential equation

2 .
ELE + al + aly:-F(x) where-F(x) is a, polynomial

dx2' dx
",

y' - 8y = x + 1

2. 'Solve yw y - 2y = x2 = x - 2)-
.

.

. 1

17.4.4 :

Ar

.0

*



.

e-

I

P6104,,MANCS,OBACTIVE IX - 7c; Determtine'the solution Of,, given non-homogeneou

... .

"linear second-order differentialiquation
icy

ax
+ a

I
it+ a2y = F(),is of the form e
dx

I

2x
1. Solve "y" = 2y' `+ 5y = e .

2. Solve 2y" + + y =,e x

3. Solve y" - 4y' + 4y =
e2x

7

5 1

PERFORMANCE OBJECTIVE IX -,7d: DeterMine the solutpn of a given non-homogeneous

linear second-order differential equation
' '74

f
2 1", ,

+ a III + a y=t FTx) Oth-er%.rF(xis of the
dx ldx 2 155 .

form
A
s in ax or Cos ax

1. Solve-y" + y' -.6y = -sin x

:2. Solve .- 2y' + 2y =,t:os x ,

141 ;

solve y" + y = CotN,
,,

5

181
*)%

TX-15
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.1)

-

1>
40

MEMMUM.NCE OBJgCTIVE IX - 4
DeterMine the solution of a given non-hoMbgeneous

" linear secohd-order dj.fferential equation.

LILL + afft, + a,x = F(x) where (x) is.a
.

dx2
dx

linear combination of pqlynomials and

transcendental functions,

1 . Solve y,r - y' - 2y = x + e3

16

2._ Solve y" 2r' + 5y = 2x .
. .

1
3. Solve y" + y`= sin x + cos x + sin 2x.

.4

'
4.

I

' .

4

,

,

--31.X.

t 6

IX-16
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PERFORMANCE OBJECTIVE IX.- 8a: Construct the solution to problem requiring

the use offirst order dif:ereptial tions'

(eligo, growth and decay, modified Ohm's law, etc.)

rF

/ s

, 411. . C

T,
, :NV

I. The population of'a state increases continuously at d rate proportioni,

"at any time", to thd crpulation at that time. The population doubles in

40 years. After 60 years the ratidof the population P to the initial

population P
o

is what number?

,2. In some chemical reactions, the.rate of.conversi9n of 'a substance at
. - \

'any instant t is found to be proportional to.tAe quantity of the
0

.substance still untransformed at that instant. If V is 4the quantity
, .

. .

.

Of-the,substance that haA been converted at time t and A is the original
7

lmantity of the substance, find V as a functilmArt.
4

A6

ANL

..

V

Min

1

193
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14%

PERFORMANCE OBJECT 8b: Construct the solution to problems requiring

the use of second order differential equations.
4 r4 .

q (e.g., pang,ing cable, motion or a straight

line; oscillary motion, etc.

1. .A particle starts from rest (3, 0) and moves along the x-axis', gits

acceleration,being always toward the,origin and equal ;to four times
1

° the diAance from the origin. Determine its position and velocity

at any time t.

\.

2. A mass weighing 16 pounds is.attached to a spring, for which the spring

. -

.constant K = 18 pounds/foot, and is brought to rest. Determine the

displacement of the massat time t if d force equal to, sin 2t is

applied to it. Hint: Res6ltant,force = applied force- spring force.

OP

4,

P,

,Ic
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0a,

IX: 'ANSWERS TQ ASSESSMENT MEASURES (continued)

`A, a)
NW

(1377. + y e
2)..
,

x2

(1) .b, c.

.
. '

r

. b) 7

(1) 5-11 ..+ ' =
cos x

. dx , x x5'

(2) -111x +. (--- ;I-dr" e yln1-y ) x
. y ,

e

/ C)
1

t--

(1) b-x 6

(21 tix -

d). .

(f) 2 .. 1 t.
y = Ca-x

2-

(2) y = 2, sin x 2 cos x -cos x + C2X+
x x

15; a);

(1) a h, i
b)

X
3

(1) - = c
3

(2). ye
3x

(3) x cos. y + y sin c

4

1S-20
Qv

ea

4.7



6.

UNIT IX: ANSWERS TO ASSESSMENT MEASURES (continued)

.(1)
r ^

(a) y" +-y! - 2y a 0

(7) Yu. + Y -`0

(c) y" - y = 0

(d) y" =*0

(e) y"

(1) (D2 + 4)y = 0

' (2) (15D2 - 14D - 1)y = 0

c)

(1) r2 2r + = 0

Ir

(2) r 2 + 4 =
.-4"P

d)
x

(1) y c e + c2e

e)

(1) -y + c2 )0x
2x

(2) y (c
1

+ e2 )e

2x .

(2) y
.1

etx t C2 X

f'

f)

(1) y = $1 cos 4x + c2 sin 4x

(2) y ea X (CI' cos 2x + c2 sin 2x)

11.-21

4

4-

ti

1



UNIT IN-: ANSWERS TO ASSESS MEASURES (continued)...

7. a)

(1)'.ap c, e

0

d)

,(1) y 1 c
91. e"4X. f c e2X 'sr

(2) y - cl e-4-.1k csa'74 - 1 x2 +.
2,

1(1) y e
x (ci cos 22c + c2 sin 2x) el- 5 eax

-
(27 C1 e i + c 2e-X

Teacher note: y Pate- if _using method of undetermined
- . coefficients,

(3) y - (c
1

c2+ c- x + )0) 62X

-7(1) ysic
1

e -3x + c 2e
2x

50 sinx+ coax
50

1(2) y x ex (c
I

coa x + c
2 5

sin x) + (cos x - 2 sin x)

0.-
(3) y CI cos x + Win x + cos x In icscx + cot xJ - 2

(3)

y c e2x + c2e-x + (1 - 2x - 2ex)s
1 1 x

y e'(c cos 2x + c2
sin 24+:17 (4 cos 2x + sin 2x) + e

cos 2x + c
2

sin 2x + 4 (sin -x + cos x) - x cos 2x
1 3

0

An

TM.22

1 88
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'UNIT X: SYMBOLIC FUNCTIONS

INTRODUCTION

The study of hyperbolic functions introduces the student to a new system
baled upon the unit hvverbola. Analogies to the trigopometdc functions.
abd the unit circle should be emphasized.

.

. -3_

A major benefit of this-dhit is the reinforcement of the exponential and
logarithmic functions. Unit X. provides an eaOellent,opporlunity for the.
students to expo2knew mathematical relations on their own.

INSTRUCTIONAL OBJECTIVES 4
1. Apply the definitions Of the erboac funcfions to verify identities.

2. Apply the rules for the derivatives of the hyperbolic. functions.

3. Apply the rules for determining integrals of expressions containing
hyperbolic functions.

4. Apply the rules.for differentiating the inverse hyperbolic:functions.

5. ApPly the rules for integrating differentia0.of inverse hyperbolic
functions.

PERFORMANCE. OBJECTIVES

By the end of this unit, the student should have mastered the objectives
listed below.

1. ONState the definitions of the hyperbolic functions.

b) Construct the proof of given identitie' involving hyperbolic
functions.

2. a) State the xules fort differentiating the hyperbolic functions.
, I

.b) Construct the aerivaapes for giliren expressions containing the
,hyperbolic functions.

. 0) State the ruts for determining the integrals of the form

jsinh u du, jcoshu du, ilcsch 2 u du, jisech u tanh &rdug
,-*-: P

.

JPcsch u'icoth u du, jsech2 u du.'
.

b) Integrate given expressions containing hyperbolic function'.
'

rb 0 I

I

e



UNIT X: .PERFORMANCE OBJECTIVES (continued)

4. a) State the rules for differentiating inverse hyperbolic functions.

b) Construct the derivative for given expressions containing the inverse
hyperbolic functions..

5. a) State the rules for integrating

/
du , tria

1-1/72 14171 1-u2

and f du

+t72
I

b) Integrate giVen expressions of tote; form du ,42.

DIE-u2 he-1.

cis and I du .

17:1 . udl-u2 1.41-72

4

s



4

. SAMPLE XSSESStiltNT MEASURES:' HYPERBOLIC FUNCTIONS

*ERFORMANCE OBJECTIVE 'X - la: State the definitions of the hyperbolic functions,

1. State thedefinitions of the six hyperbolic functions.

r-

PERFORMANCE,OBJECTIVE X - lb: Construct the proof of giveri identities

involving hyperbolic functions.

) I. Prove: cosh(2x) = cosh
2
x + sinh

2
x,

, 2. Prove: tanh (x +,y) = tanh x + taoh y

1 + tanh, x tanh y

192 _
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PERFORMANCE OBJECTIVE X - 2a: State the rules for differentiating the hyperiloltc
. .

functions..

I. State the' rules for differentiating the R hyperbolic functions

PERFORMANCE OBJECTIVE X - 2b: Construct the derivatives for given expressions

containimthe hyperbolic functions.

r

1. Deteimine y' if y = sinh(

2. Determine y' if y = sech2 3x,

3. Determine y' if y = tanh(tan x)

4. Deteimine y' if sinh(xy) = cosh(ln y).

5. Determine y' a y = ln(tanh 2x) ,.

A

S.

-

193
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./ .

RF[M3V4NCE OBJECTIVE X- 3a: State the rules for determining the integrals

of the form:' sinh u-eu,SCosh u

fsech u.tanh u duditsch u coth u du,

.1. State the.rule for integratingJeachof the

a) r sinh u du

b) cosh. u .du

c) S-seth
2
u du

d) r spch u tanh u du =

e) S cschl u du

f) 5 csch u coth u du =

=
s.

a.

\ .

following:

fesch

2.

u du,

2
andrsech u du

RFORMAkE OBJECTIVE X - 3b: Integrate given expressions containing

hyperbolic functions.

1. yx sinh 3x
2
dx =

2. rtanh
3

2x sech
2
2x dx=

#.

3'. :Binh
2
2x dx =

4. Stanh
3
x dx =

5. Sex cosh x dx =

'194



4

1

PERFORMANCE OBJECTIVE X, n. 4a: State theruleS fpr differentiating inverse

hyperbolic functions.

1. ,State the rules for differentiating the six inverse hyperbolic functio.qs.

S

PERFORMANCE OBJECTIVE X - 4b: Conatxuct the derivative for given exp essions

containing the inverse hyperbolic fu ctions.
r

1. Determine y' f y
-1 x

cosh e

2. Determine y' if y = tanh
-1

1

2x

-1

3, Determine y' if y = sech (cos x)

4. Determine y' if x = sech -18)
a

- a2 - yZ

4 4

mdi

,
, A 91,

Xi-61



sr du 4..PERFORMANCE, OBJECTIVE X - 5a :. State the ruts
d

for integrating ep..". ,
4 74%

!

fi+uL

r 1-u
du

u 1+u

v.

1. State the rule for integrating each of the following:

(a)
du

r NET-11

(b) r

du

77
.

(c)
r du

1-u
2

-444 r Li
u F-71

(e) P
dd

Tmr
. u 1+u

7

I.

196
X - 7
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PERFORMANCE OBJECTIVE X - 5b: Integrate given expressions of the form

ar '

/du

47+:2

du p
2 ef'lau2 T:ru

and

t

dx

251-

2.
sin 0 d 0-

4731077

3.

1.

fdx

,2x; + ilx + lb

f dx

X V 1

cot 0
5..

. d0

i7720

ft

7
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UNIT X: ANiNfERSYTO ASSESSMENT MEASURES (continued)

b)

(4) cFc.

9

.'
Lcoth u) -catch

2u
dx

(5) d (aech u) it '-sech u tanh u c-1-= .

EX
dx

(6) u) -csch u coth

dx
dx

. (1) y' it 2x cosh(x,2 )

(2)

3. a)

sec h
2

3x tanh 3x

(3) - se'ch
2
(tan x) sec

2x

(4)
Y
2

cosh, (xy)

sinh(14) xy cosh (.xy)

(5) y' is 4 csch 4x

(1)

(a) cash- u + C

ainh u + C

(c) tahh u + C

(d) -41ech u + C

(e) -coth. C

(f). -csch u + C

b)

193

(1)
'6

1
cosh 3x

2 + C

(2) 1 tanh4 2x + C.
8

(3) 1 sinh 4x - C
8

(4) ln(cosh x) - tanh2 x + C
2

(5)

2x
e C

4
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UNIT ANSWER'S TO ASSESSMENT MEASURES (continued)

. a)

..b)_

(a) sinh
-1

u

9

-L
(b) cosh u + C

(c) tanh
-1

u + C if I u

- 1

coth u+ C ifi ul

( 11) -secii-"L C

(e)

,

I u1f +C

d

x
. (1) sinh

-1 (5) + C

".(2) -cosh
-1 (cos 9) +

fr

(3) -1 tanh71 (x + -3) + C.if' (x-+ 3)2
2

2

,

coth-
1

(x`+ 3) + C if (x ± 3)2 > 1

.(4) -2.-sech
-1 .(..ri) C

(5) -csch-,1 kin 9 I + C

.

.

201
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INTRODUCTION

UNIT XI: . VECTORS

IS analytic geometry the student was, introduced to vectors. ' Uni
calculus to/vectors. Particular emphasis should be given to the
and acceleration vectors for a distance unction, including the
of speed. A discussion of'tangefitial and normal Vectors conclud

INSTRUCTIONAL OJECTIVES

t XI *lies
velocit
determi tion
es the un t.

1. Determine the position vector for a Cove defined by a pair of parametric,
- equations.

' 2. Determine the velocity vector from a position vector.

3. Determine the speed at which,a particle moves along the curve.

4. Determine the acceleration vector from a velocity vector. .,

5. Apply the definition to determine the tangential vector for a given curve.

6. Apply the definition to determine the normal vector for a given curve.

PERFORMANCE OBJECTIVES

By -the end of this unit, the student should have mastere
listed beloic

e objectives

1. a) State the definitioh bf the position vector.

b) Construct the position vector for a given curve defined by a pair of
paramebric equations.

2. a) State the definition of a velocity vector.

b) Construct the velocity vector from It given position vector.

3. a) State the definition of speed. -

b) Determine.thespeeA-of a particle at a given time,

4. 4 State the definitionofwn acceleration vectors

a

4

b) Construct the acceleration vector from a given velocity vector.

5. W) State the definition of the tangential vector.

b) Construct the tangential vector tkw given curve.

'6. atkItate the definition of the .unit normal vector.

b) Construct the unit dormal vector to a given curve.

202

I



SAMPLE' ASSES MEASURES: VECTORS

ti I

il

EIFORMANCE OBJECTIVE XI - la: State the definition yf the position vector.
b

_
" 4

1. State e-the definition of a.position vector. 04('M

PERFORMANCE OBJECTIVE XI - lb: Construct the position vector for a given curve

defined by a pair of parametric equations:

1. Construct the position vector for the curve defined by x = t + 1 and

y .

y a t 2 - 1 where t>0 .

2: Construct the position vector for the curve defined by, x = r cos wt and

y = r, sin wt bihere. r and w are positive constants.;

-XI-2



t
IPERFORMAVCE OBJECTIVE XI - 2a: State thi definition of a velocity vector.'

I

. State the definition of a velocity vector.

1.

R.

qo

ORMARCE OBJECTIVE, XI Conkrucethe velocity vector from a given positio
s I

vector. .,

1. Construct the velocity vector given the position-vector V= t4 + ip(t+14

4

2. Construct the velocity vector given the position vector R = e-2ti et/.

3. Construct the velocity vector ipiven the position vector'

I = (114 + (2--cos t)I

IMO

204
.



EPEIFORMANCE OBJECTIVE XI - 3a: State the definition of speed,.

1. State the definition of speed.

I

.F\

BpFORMANCE OBJECTI - 3b: Determine the seed of a particle at a given time.'

1. Determine the speed at t = 0 when R = (2sin t)i (cos 2t)I.

4 4

2. Determine the speed at t = n/6 when R = (tan t)i + (sec t)j ,

2 r)
XI-4

q



h31110MMANCZ OBJECTIVE XI - 4a: State the definition of an acceleration vector]

4

4

1. State the definition of an.acceleratiOn vector.

c

PERFORMANCE OBJECTIVE XI - 4b: Construct the acceleration vector fr6ma given

veloCity vector,

1. Construct the acceleration vector given the velocity vector
0

v (2coe t)1 +,(3sin

2. Construct the acceleration vector given the velocity vector

1

; et 4. e-2t lr. ,t

206

XI-5



t

. N

17ORMANCE OBJECTIVE XI: - .5a: State the definiticln of the' tangential vector]

\
.

S I

/ , it

Ari. State4he definition of a tangential vector.

41'

fa,

1

A

s.

re

ERFORMANCE OBJECTIVE XI - 5b: Construct the tangential vector to a given curve.

4
1. Construct the tangential vector to the curve defined by

(2sin + (2cos 01:

2. ponstruct the tangential vector to the curve defined by

`o

..(in3t)i + (cos3t)I

.4



IPERIPOINANCE OBJECTIVE XI - 6a: State .the definition of the unit normal vectori

4

1. State the definition of the unit normal vector.

It

,
PERFORMANCE OBJECTIVE XI - 6b: Construct the unit normal vector to a given cuevel

4
1. Construct the unit normal vector when T = (cos t)i+ (-sin t)i.

4
2. Colruct the unit normal vector when R = (2cos t)i + (cos 20I.

sslir

2x0

9

\



ANSWERS TO ASSESSMENT MEASURES

b)

2 en

b)'

3 a)

b)

4 4 a)

(1) R ai.x i +Si j .

-+
(1) k (t+1) i + (t2 -1) j

(2) R=Kcoswti+rsinwt -t,

4.
(1) v = dR/dt (dx/c1t1 i + (dy/ t) j

4.
(1) v =(20t (1/(t+1))

.
(2) v =(-2e- +(e)j

!1

63) ; =OcoS t)I -(2sin

(1) Speed is the magnitude of the velocity victor, i.e.,

lds/dt 4(dx/dt)2+ (dy/dt)2.

(1) 2

(2) 243/3

(1) a = d;/dt =(d2xid*2)t + (d2y/dt2)1.

e
b) ( ) a =(-2sin t)1. +0cos t) j

`

=(et)l. + (-2e-2t) ii(2) a

xi.44

299
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UNXT XI: 'ANSWERS TO ASSESSMENT MEASURES (coAtinued)

5 a)

b)

(1) T is,the unit vector which id tangent to a curve at any point P.

4 - di/d0 (dx/ds) + (dY-011) j
/

(1) T = cos t sin t j

(2) = sin t i
4

- cos t I

6 a)

,:(1) A unit vector perpendicular to the tangential Vector at any point P on the

.2.

b)

curve.

4 4
N dT/df, where $ is the slope angle of

4 4
Teacher Note: T = (.dx /ds) i + (dy/ds) j

cos i + sin

N -sin + cos f -j

4 4 4
or N = -(dy/ds) i + (dx/ds1 j

4 4
(1) N= sin t i+ cos t j

. .

inclination of the tangential vector.

, 4 4
(2) N - 1 .

4iJi + 4 cost

Teacher Note: T A 1
4cos't

1
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+ 4cos t
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