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- W N s /
POINT OF VIEW FOR MATHEMATICS EDUCATION-IN MONTGOMERY COUNTY
. : : I ' -

A provocative activity which teachers often use with pupils at various levels -
is that of trying to imagine a world without numbers -- what would it be like?
Such a world is quite difficult to imagine. The idea of number cgntinues to
play an important role in virtidally all aspects of our world; and mathematics,
therefor#; constitutes a “progfam of considerdble importance in the schools,

t

‘As a discipline, mathematicl is truly the art and science of abstraction

Characteristics of the physical world are, converted into abstract ideas and
«pymbols; these are then manipulated through mathematical operations to produce

information and theorems about less easily observed aspects of the world.

Recent evidence supports the contention that children's experiences with con-
crete materials are vital to ... later cOnCeptgal development. The school 7
program thus proceeds from the concrete to the abstract. . .

The concepts of mathematics’ acquire’ greater meaning when they can be applied
to the world in/ which we live. Because the variety and extent of mathematical
applications ‘have grown so rapidly in recently years, it is impossible for
any ‘one pegson to be converséint ‘with the entire field. The.school program
must therefore be developed so that mathematical applications are selected
and presented as efficiently as possible and with the intent of challenging
pupils at all levels.to see mathematics as an independent discipline as well °
as a toolsfor the advancement of other disciplines.
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- o ; i THE MbNTGdMERY COUNTY MA’IHMTICS PROGRAM
. B 5 : \ . ‘
| ' The Montgomery COunty mathematics progifam is designed. and implemented to - .
take into account the logical and relatively sequential nature of mathe-
. mtics. ' Equally important is the/realization that the rate at which indi-
‘ vidual students learn mathematics varies significantly. The mathematics »
* program ig structured to encourage various approaches which allow students
to progress at their individual rates'.

, In general terms, the instructional Program in mathematics should help each
- student to: \‘\ ) .

. Develop basic skillsin using the vocabulary and "'symbols of mathematics ' °

.

. Develop skills in recognizing common geometric shapes

\'3_. . . Develop basic sKills in coglpui:ing. .
. ; ~ ‘

. Develop basic skills in working v{ith geometric shape¥ Ve

- 3
. . . I

T . Develop basic skills in measuring. . ' * % .
h . Develop undergtanding of the vocaba“lary and‘ symbols of mathematics -
S S

. . Develop concepts .related to common iﬁmetnc shapes

Develop undergtanding of computation A

. “Develop understandings in measurement . . ) \) /

. De\'relop an understanding of basic princi-pies related to the structure
of mathematics . . .

. Develop understanding and basic skills'in problem solving

. Apply the principles of mathematical reasoning to the solution of .-
problems . . .
-~
r . Appreeiate the significance of mathematics in da11y living and its .
contribution to our cultdral heritage .o : :

. Use ea&m;{cs as needed in daily living
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I. PURPOSE, ' AU : Coe '
. \ o, - : ’ :
The purpose of this instructional ,guide is to assist teachérs of Calculus »
.in" the organization and presentation of the course content to best meet the

needs of the students, . . _ . Y o
- » - S V ‘
The Goala of Education, adopted by the Board of Education of Montgomery
County in 1973, emphasize that the schoolesprogram should be "...related to
. the needs, interests, ‘and concerns of each student."” Calculus serves to
‘-ﬂﬂ ‘meet the needs of students accelerated im mathematics to the point of

enrolling in this college-level subject while still in hlgh school. Many
students seek advanced placement in college mathematics through' enrollment

. .- in thig course; since‘advantced placement is partially based on May exami-
\ nations, timing and order of presentatio “topics are emphasized in this-
guide * \ . . ‘,‘ %
! Co
The Goals of Educat}on further state that : > -~
. ) . In addition to acquiring academic skills, each individuail : A
T, should develop.his /her intellectus] capabilities to ine )
. . fullest extent possible. " Therefore, the school will -
r \ encourage each pupil to think creatively, to reason logicsr., <
’ ) ' ally, to apply knowledge usefully, to deal with abstra;; ' I,

- + concepts, to solve problems. ' ‘ S a
'&\;;k study of Galculus involves the use of the highest le;;::\of these skills.
The Point of View for Mathematics Education in Montgomery County deﬂcribes
mathematics as the ".,.art and science of ab ion," yet states: '''The
,concepts of mathematics acquire greater meghing wheh they can be applied to
the world jin which we live." The study of Calculus /is unique in that the

use of abstract symbolism becomes an instriment of applicat1on\to make clear
the solution of problems otherwise difficultfneéﬂbossible to solve.

N

The place of Calculus in the sequence of mathematics courses in Montgomery . N
County is shown on page vii of this guide. The instructional obJectlves of
the course are described in the MCPS Program of Studfes. < ¢ .

By the end of Calculus, the student\should be able to:
o B o . ™~
. apply the rules for limits*of sums, of products, of quotients, of
polynomials, and of a function between two functions which have
the same limit when the limit is taken as the var1ab1e approaches
a constant, and as‘it approaches inf1nity

apply the rules fdr determining the derivatives of a monomial

' function and for finding .the sumw, product, and quottent of differ-
. - entiable functions

(3]
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. ~apply the methoq of implicit differentiation to specific examples‘/
Y of the general function‘y = y P/4
“ . apply the chaiﬂ rule for derivatives to specific examples- 1nvolving
: ,composite functions . . A
. construct the equations of the tangent line and ‘the normal line
at seledted points of an'algebraic function
. construct the graph of an algebraic function, 11st1ng the critical
points - .

.o
4 -

- . identify‘and construct the solution of problems that call for
minimizing or maximizing a function

. apply Rolle ] Theorem, thé Mean Value Theorem, and '1' Hopital s,

+.Rule vhere appropriate . - ‘4
. - B » A""‘l

. apply the Fuhdamental Theorem of Caleulus - to determine the area of
\, ) a given region ’ .

. identify and compute the sum of Riemann integralg
14
. apply the definite 1ntegral to solve problems involving area,
- velocity, and acceleration; Vorume of a solid; area of a'surface
of revolution; total amount oﬁ'mass; and work as the produgt‘Bf -
a given force moved through ¥ given distance .o .

<
ot

’c

. apply formulas for* differentiation and integration pof trigono-
metric, inverse trigonometric, logarithmic and exponential
‘functions ‘ ’ y

D '

. . select and @pply suitdﬁhe meth s for the evaluation of a:set of

N assorted in AR ’ ) /
7
* . appily the‘rules f hyperbolic unctions and inverse hyperbolic
. functions in problbmavgf‘hgui ibrium, tension,,are:, volume, and -
{  center of gravity ‘ o
" ’ ) S . - )‘t' )
. apply the theorems on sequences to comstruct the limits of sequences
. R L 4
. apply the comparison, ratio, and integral tests for convergence'to
a given series ‘ ' ) < -~ 3
.- compute the value of given trigonometric or logarithmic functions
‘using Maclaurin' g or Taylor's series expansion r '
. II. ACKNOWLEDGMENTS v o 9
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5 - T . . Instruction -
: ' . Allan Graham " . Montgomery Blair High School
- Donald Hare : Richard Montgomery High School
- Richard Peterson John F. Kennedy High School
§ *  Roddy Popovich ; Winston Church{l] High School
Rosalva Rosas " Department of Curriculum'a‘
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; ¢4 . ' ' . .
| ITI. OVERVIEW C .. ‘ .
in organizinglyhe content of Calculus to meet the needs-of the students. -

Each of the ‘eleven units contains an introduction, a list of instructional
A objectives, a 1list of pe;fprmance objectives, sample assessment measures
- for. each objeédti e, ahq angyers, for the dssessment measures.

’ The course of study for Calculus has been constructed to assist the teacher
[
F
E

- H

*

? ~Spécial features of thisdguide’hfé a Performance Objective Index, which keys
L . each objective to currently approved text materials, and a list of Suggested
. Assignments, which, mdy assigt the teachetr in pacing gfogaess through the

coqtgnp\maféfial.“ . .. :
- &
+ IV. STUDENT AUDIENCE. .
? : . £ )
Calculug isian elective, one-credit course, offered to students who have
Buccessfully completed the objectives for Elementary Functions and Analytic
Geometry, Many students' enroll in Calculus in preparation for the Advanced
Placegment: Examination or the College Level‘Examination Program (CLEP) of
the College Entrance Examination Board, A combination of either score, the
studerit’s mathematics record, and ofher test scores may lead to advanced
‘faplacement in the mathématics program of the college chosen.

V.  ORGANIZATION AND SUGGESTED USES oniccumE

The behkyiofs expécted of the students in any content area need to be clearly

. understqod'by both teacher andsstudent. In this instructional guide; the

. | 4

v - «
) ' ¢

. -, P { . »

- . {/. .f T * .léa
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* ¥
behaviors have been. organized into eleven ufits. ‘fhese units include the
topics recommendq' for those students preparing for he CEEB Advanced
Placement BC- Test administered in May of each year. Within each unit are
the instructional objectives. for that unit, at least two sample perforpance
objectives for most instructional objectives, sample assessment measures, -
and suggested assignments, The Performance ®bjective Index keys the

objectives to the textbodk.. a _ 4

The fact that the advanced placement tests are scheduled for the middle™of
May requires that, for the BC test, Units I through VI be cofmpleted during
the first semester. Units X and XI may be studied after the placement tests,
provided materials from Unit XI/ on velocity and acceleration Wectors have
been included in Unit III. For the AB Placemept Tests, Units I_thrqugh V
should .be completed in the first semester, and a review of analytic geometry

should be done instead of Units VIII and IX: ) R
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+ ¢ Reading, Mp: Addisom-Wesley Publishing, 1976.

»

- in pacing class instruction in Calculus. . t
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SUGGESTED ASSIGNMENTS ) ) ' LT e

& list of suggestéd assignments in the basic text has been compiled as an aid

This material, referenced to the tex%,_has been compiled to provide the teacher .
with a key relating the instructional.objectives to the topics of Calculqﬁ, to
the reading on each topic, and to suygested assignments of problems, For most
of the units, ‘it has been presented in the order that it appears in the text.

The 96 lessons should not.be interpretgd as being all of the same length or
importance. i = .

e

.
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° ASSIGNMENT TOPIC

S

Definition of Limit of a Function

4
)

Theorems About Limits

Mpre Theorems About Limits

“Inf{hity?

Gontinuify

.« %

ASSIGNMENT TOPIC

E, LESSON
8

10

1

12

13

14

H

”

‘ Polynomial Functions.and Their

Derivativés

P

R onal Funcgions and Their
De vatives

Implicit Relations and Their
Derggatives -

Incremep "of a Function
p : o
Chain Rlile for Derivatives

v

'Dfoerentials dx and dy
Formulas for Differentials in
Notation of Differentials

PP-

READI NG
TD. 44-46
PP. 47-50 .

50-55. .,
1

pp-
PP. 56-59

pp. 92297 4

PP-

PP-
,PP-

- PP-

¢

PP.

UNIT 1I °*

READING
PA. 62-66
pp. 67-70

pp. 71-76

pp. 78-80

* 84-87

pp. 88-91

* PP.

p-

' 17,718

Po
[ p-

Fr18

S"GGESTED ASSIGNMENTS

46-47; 1, 3, 4, 6, 9

_ g
7, 9, 10
14, 18, 19

50; 1, 3, 5,
50; 13,

1-71 (odd) ¢
8. 25- 31

.59-60; 2 4, 5, 7, 9 10, 11,

97&},2,3,6;9
s

{
3

SUGGESTED ASSIGNMENTS

6 - 67 2 3; 5 9 13, 16
18, 26

705%1 2, 3, 5,

.

, 11, 14, 16, .

77; 3, 6, 9, 13, 17, 22,.24
77; 27, 31,33

. 80-81; 2, 5,6, 9

87; 2, 4,7, 9

91; 3, 4, 5, 9, 12,

19, 20

. -y
14 1, 2, 3, 4

INSTRUCTIONAL

‘OBJECTIVE

INSTRUCTIONAL

OBJECTIVE

5,6, 7, 8

-

Foo

11

10"

1

11

- -




ASSIGNMENT TOPIC

Tangents and Normals
®

Increasing or Decreasing Functions . pp. 102-

Related Rates -

. c - i
Significagfe of the Sign
of the 2nd Derivative’

pp—. ‘105

~
*

: Maxiﬁa and Minipa
Ty

PP. 125
pp. 127

p. 253

' pp. 294-

-108 .. 108; 1, 3,
pp. '1109‘

pp. lis-

SUGGESTED ASSIGNMENTS

.

296 pp. 297-298; 183, 5, 8, 9, 11,

105 p. 1105 3,7, 10

7, 8, 9
108; 2, 5, 6, 12, 14, 15

113 pp? 113-114; 3, 3, 7, 15
pp. 113-114; 8, 17, 18

123 - PP

.
[ "
* !

-127 . 1273 1-4

-128 . 130; 2,3, 5,6, 7,8

'253; 91, 920 ¢

UNIT IV

d
- %
.

The Iﬁaéfinite Integral Qé‘
Applications of Indefinite pp. 143

Integral

Limits of Trigonbmefric Expressions p. 151%
. = )'.

-154 . p» 155; 25, 29, 35,. 36, 38

Differeatiation of Sines and pp. 152
Cosirnes :

Integration of Sines and Cosines

V" READING
READING
pp- 139;

14 p. 1455 1,

p. 154

143 . 143; 2,°3, &4, 9, 12, 16,
22425

155; 1, 5, 8, 11, 13, 20

;
/
/
I

155; 40, 46} 50, 52, 54,
58,'60 |

123-125; 3, é, 9, 18, 13, 23
123-125; 5, 7, 15, 24, 14, 28

SUGGESTEDLASSIGNMENTS

3, 5, 8, 9, 14, 16~

15

INSTRUCTIONAL®
OBJECTIVE

. .

2

INSTRUCTI ONAL
OBJECTIVE.

1

2

I-2
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ASSIGNMENT TOPIC

Area Under a Curve

i
Computation of Areas as Limits

Areés by Calculus
Tf;pezoid Rule for ‘Approximating
.an Integrail

®
]

Siﬁpson's Rule for Approximating,
an Integral ’ .

.

ASSIGNMENT TOPIC
Area Between Two Curves

Diétance

Volumes-Disk \
. Shell
Other

N

il

Length of Curve

-

Area of Surface of Revothion
X ,

Average Value of a Function

Méments and Center of Mass

Werk

R

UNIT IV (cont.) e

" . READING

pp. 156-159
pp. 161-163

pp. 164-166

pp.«174-176

pp. 282-284

P

. UNIT

REABING -

pp. 183-184
. 185-137

188-194

.

. 199-202

pp. 203-206
PP. 206‘208

pp. 208-212

pp. 214-217

o . INSTRUCTIONAL
SUGGESTED- ASSIGNMENT OBJECTIVE
A Y

. 159-160; 1-5 2

..163-164;. 2, &4, 5 . ’ 2

PP
p.
PP
pP.
P
PP.
PP.
~
PP.
y.

P
P,

PP,

208; 1, 3, 5. 6, 7

167; 1, 4, 6, 8, 12, 15

176; 1, 3, 4, 5

284; 1, 2, 5, 6

s . : INSTRUCTIONAL ' -

SUGGESTED ASSIGNMENT

OBJECTIVE
184-185; 1, 2b, 2d, 2f,*4
187; 1, 3, 4, 11, 12, 13, 15

194-195; 1, 3, 9a, lla,'b
195; 5, 8, 9b, llc, d, e, 12
195; 13, 14, 15 |
20z-203; 1, 2
202-203; 3, 4,

206-207; 1, 2, 4,5, 7

“ »
212; 2, 5,.6, 7, 11
214; 9, 10 :

‘'
]

216-217; 1, 3, 4, 6,9

‘<

\




3'3"3- “;
' &\ . ' ° : a’e
\ . . .
N -
LESSON ASSIGNMENT TOPIC
—— _‘—‘
voo47 Derivatives and Integration
. of Trigonometric Functions
48 Derivatives and Integration
of Inverse Trig Functions .
49 / Natural Logarithm
50 . Derivative of 1n x
51 Properties offpn x / ,
Graph of 1; x . .
5 52 ° Exponential Function
‘b >3 - .
p -
54 The Function g
< e 55 The Function log.u . Coe
, <a .
% Differential Equations’ :
k4
* This topic can be done either here or with
v f
LESSON ASSIGNMENT TOPIC .
56 lPowers of Trigbnometric Functions
! . . . ' ' oo
57 g Even Powers of Sines and Cosines
58

In : " ms Jaze d22
thf ui* u‘- a“°, al+ ul, a - ul
o ' - '

% -

¢ - UNIT VI
\

READING

PP- 221-222
-

. pp. 228-230

xw . 230-231

pp. 232-233
) 4

PP 233-236

pp. 236-241

PP, 243-245

P. 246
pp. 247-249

unit IX,
“

UNIT VII

READING

pp. 257-260
p. 26}

pp. 262-266

\J “
. . INSTRUCTIONAL
SUGGESTED ASSIGNMENTS * OBJECTIVE
PP. 222-223; 13, 15, 17, 19, 22, 38, . 142
41, 42, 44, 47 B .
p. 230; 5,7, 9, 11, 13, 16, 18, 20 3
p. 231; 2, 3,6, 8 ~ 4 .
p. 233; 2, 4, 8,10, 16, 21, 24, 28, . 5
» » > -
P. 234; 4, 10; p. 2365 1, 3, 4 4
v . . “I
p. 242; la, h, 1, m, 2,5, 7, 15, 17, 19 6, 7
p. 242; 3; 4, 8, 13, 16, 22, 25, 30, 31 ‘
. 1 N Q'i
p- 245; 3, 6, 7, 13, 1%, 15 - - .8
p- 247; 1, 6b, 8a, 9b, d - 9
. e
p. 2691, 2,5,7,9 v 17x-9 ,
I . .o b;*
. INSTRUCTIONAL
SUGGESTED ASSIGNMENTS JBJECTIVE
p. 260; 1, 5, 6, 7a, 8, 9, 10, 15, 24 * 1
pp. 261-262; 2, 5, 6, 7, 10 ’
PP.° 265-266; 1, 3, 6, 10, 12 1
pp. 265-266; 2, 8, 11, 13, 15 °




-
-

3
b
[
'8

3

- ASSIGNMENT TOPIC -

Integrals with ax?+ bx + ¢+

Integration by}PartiaI Fractions

!

A -

Integration by Parts

Incegration of RationalvFuﬁctions
of sin x and cos x, and Other

vefinitions of Sequences $¢fi

¢ - »

N .
£y . to ’ ’
,.Tests for Convergence of a Series

Power Senié%iExpansions'of Functions

65
Trigonometric Integrals
., 66 Further Sﬁbstitutions
67 Improper Integrals
"LESSON  ASSIGNMENT TOPIC '
68
69
70 :
71 """ of Constants
72 .
73
74 B
75 Taylor's Theorem,
76, -4
77 .>Indeterminate Forms
78 Lo

- PP-

Y

UNIT VII (contz)

READING
-~
PP. 266-267

pp. 268-270

271-274

Pp. 274-276

I d

PP. 276-278.

pp: 278-282

UNIT VIII

READING

Pp. 398-401

pp. 4033409

i

pp. 409-412

PR.--412-419

A

PP. 426-429

L3

PP-
PP-

PP

PP-
PP-

PP
PP

PP-
PP.

: INSTRUCTIONAL
. SUGGESTED ASSIGNMENTS 'OBJECTIVE
267; 1, 3, 5,6, 9 1
470; 1, 4, 6, 11 A |
' ' N \e
273-274; 2, 3, 4, 8, 13 . 2
'273-274; 10, 16, 19, 20
275-276; 1, 4, 7 & ; 1
. b
278; 1, 3, 16, 17 : 1
288; 1, 5,-8, 10, 12, 17, 18 3 ,
, INSTRUCTIONAL
SUGGESTED ASSIGNMENTS OBJECTIVE
401-402; 1, 3, 5,9, 10, 14, 18 1.
401-402; 2, 4; 6, 16,720, 21, -
22, 23 . - ;
409;-3, 5, 6, 7, 9- 233, 4,5
409; 4, 8, 10, 12, 13
409; 11, 14, 15, 16, 17, 19
412; 1-4 - 6
419-520; 1, 2, 3, 7, 8° 7
419-420; 4, 5, 6, 9 :
429-430; 7, 8, 11, 12, 13, 15 111-6
429-430; 6, 9, 14, 16-23
S e . ZD'



. /
- * * 4 * - M } ’ . Al S,
. - ] . UNIT #4111 (cont.) o \
. e, T : . v -~ . . INSTRUCTIONAL
LESSON ASSIGNMENT TOPIC ) _ READING i SUGGESTED ASSIGNMENT OBJECTIVE |
) . e ——— . e ; e

79 Coﬂbe:génce of Power Series = . PP. Z30-43f u‘:p, 432; 1, 6, 9, 10 8
5, 7, 8, 10 -

3’ 4’
80 Absolute and Conditional ' p. 43451, 2, 4

P

>

A
. M . ' - . .- ’ﬁ
R - “LESSON  ASSIGNMENT TOPIT S READING SUGGESTED ASSIGNMENT # INSTRUCTIONAL
' u —, - - OBJECTIVE

UNIT IX

L 8F . lst Order Equations with pp. 439-441. | p. 4413 1,2, 3,6, 7,10 o - 1, 2
-~ Varlables-Separgble ) ) - .
|

-
-

| First-order Homogeneous , pp. &4l-442 . p.'“442; 1, 3, 6

Equations - e :

2 . .
' First-order™tinear . - pp. 442-444 ' pp. 443-444; 1, 3
B .. PP. 443-444; 2, 6, 9, 10
. 5 . .

First-order Exact T p. 444 p. 4%4; 1, 3, 8, 10
Homogeneous Linear®Second-order PP. 446-448 . P. 44831, 4,6
Differential Equations with
Constant Cpeffitients

re

Non-homﬁgeneoua Linear Second- 448-449 449; 1-9(o0dd), 2
“order Differential Equations '
with’ Constant Coefficiths
2 o / -
\Apglicantp of Solutiond~of 247-249 p. 24931, 2, 3
Différemtial Equations . 366-367 P~ 36;$ 7

L}

450-453 . 45

e

-453; 2, 3, 4




A

gxﬁerbolic Function Definitions
Derivatives and Integrals of

Derivatives of Inverse‘H&perbol&c

. LESSON ASSIGNMENT TOPIC
90
and Identities
91 - r
~_ Hyperbolic Functions
92
Functions
93

Intégrals of Inverse Hyperbolic
Formulas

The Hanging Cable .

UNIT X

L

READING

PP. 353-356 .

PP. 361-364

Po 3365

p. 367

po

‘p.

SUGGESTED ASSIGNMENT

359; 1 ‘ >

"359; 2, 3, 5, 6, 7, 8,-9;
10, 13, 14, 16, 17 st
. )

365; 6-10 S

365; 11-15

367; 7

*This topic can be done in Unit IX 1% results are expressed fn.exponéntial function form. |,

LESSON
94

95

~

ASSIGNMENT TOPIC . ~ -

Velocity and Acceleration Vectors .

. - €
Tangential Vector

-

Normal Vector

-

»

{

. UNIT IX~
’READING
.
pp. 380-383

PP. 383-384

_pp. 385-387

>

.

p.

p.

P

2

v

SUGGESTED ASSIGNMENT

~

383; 2, 3, 5-8 .-

385; 1-5

388; 3, 4, 5 (dT/d¢ only), 11

ay

INSTRUCTI ONAL
OBJECTIVE

INSTRUCTIONAL

OBJECTIVE"

2,3, 4

©3
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' PERFORMANCE OBJECTIVE INDEX FOR BASIC TEXT+*

. ] | |
Unit 1 - . I ) !

Objective . Chapteg, Section ! Page
.1 , 3 1 ' 4e-47
; 2 37, 47-56
3 ) 3 56 -60
) 4 ‘ 4 - 92-98
Unde 1T - -
1 & , 62-63
> 4 63-64
‘ 3 4 : 64
s 4 - 1 64-65
5 . 4 2 67-68
‘ 6 b 2 69-70
Lo 4 2 1 68
' o .3 75 .
« 8 y 4 2 6§
o . _ 4 3 75-76 .
10 | 7 & "6 . 84-87
1i ~ e 8 . 88-91
Ypit 1T
1. T o .2 294-296"
2 - -5 | 1 '103-104
3, 4 ©109-113
T R ‘5 3 2. 105-108
. . ) e - 118-125
.4;. ) . o
The only/approved text is G. B. Thomas, Jr., Elemgnts of Calculus and

Analytic Geometry, Add’ison-Wesgfgy, 1976.

' /[ e

3

\ ‘ A
xxi

30
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Unit III (continued)

Objectives'

© h~R*TS

nit

~

Section

b ]

7
8

Misc. Exercises

6

-7

1,

Page

125-127 -

127-128

253
426429

88-91

139-143,
156-163
164-166
174-176
282-284

183-184,
143-144
185-187
188-194

199-202
203-206
206-208
208-212

214-217

151-154
202-223
154-156

222-223



i

Unit VI (continued)

Objective.

[3

/fzm
3

]
v

_ Unilt VIII :

-1

Q

14

14

14

14

14

Section

t

feBe,

228-230
2294230
232-233
232233
238-239
243-244
239-242
244-246

246 -247
Q.

257-260
261-262
-
262-266
266-267
268-270
274-276 -
276-278
271-274
278-282,
L )
398-401
403-404
404-405

407-409

405-407

409-412

\.

~

e




e .

( Unit VIII (continued) ‘ ) L .
"o Objective ° ~ Chapter Section Page
\ : © 14 4 ' 412-418
8 1% .7 430-432
1 15 : 1 | «439-440
) 2 | 15 e 441
) T S b 4h1-442
b 15 .S Uh2-tt”
5 15 6 444
6 15 ? | 446-448
' T 15, - 10 448-450
, 8 s 8 11 247-249
. S 12 6 . ° 366-367
. (’";\ - 15 o 450-453
Unit X _ ‘ .
] 1 ‘ '12 . 2 - 353-356
.- 2 12 3 356 -359
3 _ 12 3 357-359
- < 4 . Sz ‘ 5 364-365
1 C s .12 ‘ .5 %5
Unit XI '
. , 3 4 J 380
" 13 e 381-383
) B 4 . 381-383
, ‘i 5 4 : 381-383
5 13 5 383-385
5, ‘ 13 6 385-388
xxiv .

33
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SUGGESTED ASSIGNMENTS ' .

Elements of Calculus and Analytic Geometry, by G. B. Thomas, Jr.,; (Addison

Wesley, 1976) is, at thg time of pubfication, the only text-approved for'

s —
Calculus. ? . — N

e -

This material, referenced -to the text, has been compiled to provide phe

teacher with a Eéy‘relabing the instructional objectives to the topics of

2 .
- .

Calculus; to the reading on each topic and to suggested assignmengs of problems.
o N <
It has been presented in the order that it appears in the text- for most of the

- 3

units. The.96 lessons should not be interpreted to be all of the same length

of importance. -

- . - -
+ .
’
J .
. .
4

b
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“UNIT I: LIMITS AND CONTINUITY
Q

€

, . INTRODUCTION - . -

The theory of limits is-a difficult but ngcessary begihning for the study

of calculus. An aim of this unit is to strike a balance between mathematical

intuition and the rigor o formal proof. . -, ’
. T ,

Unit I begins by introducing the concept of neighborhoods as they apply to

the definition of a limit. Emphasis should be placed on the 'definition of

the limit of a function, giving time to geometric interpretation as well as

the determination of particular epsilon and delta neigh ds for given , t

functions. Comprehensicn of the definition is necessary for understanding

the limit theorems and their proofs. Applications of these theorems will

enable the students to begin developing skills in determining limits, ’

It should be emphasized that although this may be the student's first formal
study of 1imits, it certainly will not be his last. The background estab-
lished in this unit will. serve as a foundation for future units in' th ’
course. . : . .

INSTRUCTIORAL 'OBJECTIVES® =

¢

- [ 73 N -
1. Deftermine the limit of a function and comstruct a proof that it ig the
limit by applying the definition of a limit (epsilon-delta).

2. Apply the limit theorems to determine the limit of a function as the
'varieble approaches a constant. .

3. Apply the limit thedgems to determine the limit of a function _as the
variable approaches {nfinity.

4. Apply the definition®of continuity of a function.

* _PERFORMANCE OBJECTIVES "

By the end of this unit, Sthe student should have mastered the objectives

-

1. a) State the defiét:}on of the limit'of a function. ( .,

b) Determinefthe limit of a given algebraic_function.

c) Construct an epsilon-delta proof to verify the choice of a limit
for a given function,
2. a) Determine the limit of a given linear function as x+ a
b) Determine the limiq of the sum of two functions as x+ a

1]

4
350 | ,




UNIT I: PERFORMANCE OBJECTIVES (continued)

) c) Determine the limit Q{\the btoduct of two functions as x+ a.

L3
.

- .d) Determine t1e limit of the quotient of ,two functions-as x> a.

) lim .in x
T8 BRRLY o T

”containing trigonometric functions. .

= 1 to determine the limit of iexpressions

[ 4

3. a) Determine the limit of the sum of tprfunctioﬁs as x+ ®; ..

.

b) Determine the 'limit of the pr?duct of two functions as x* «.

c) Determine the ‘limit of the quotient of two functions as x* <.
= 4. a) State the definition of continuity of a Function at a’‘given point. -

P A N °
b) Determine the continuity of a function at a given pointgby using 4
~ ., the definition of continuity. . . .

c) Determine the continuity of a function over a given interval.

.,
x>
be-
.
LY

. -2

Q ‘ . N
ERIC - ' vt
P oo .



SAMPLE ASSESGMENT MEASURES: LIMITS AND CONTINUITY

- ’ \
A ’ -

| PERFORMANCE OBJEC'IEE I - la: State the definition of the limit of a functionJ

—

1. State the limit of f(x) as x* a.

2. Complete the following definition.

\

L=1lim « \Ye>035>0) :
S Xy & ‘

OR

\

° *

| L=1lim <« VY €>0 3 a deleted neighborhood N of a )
L ) - X+ 8 > R

: 'PEBFOR]‘&NCE OBJECTIVE I - 1b: Determine the limit of a given algebraic function.

.,
. e - N
r

ST TE - |

| a) 3 b) _3 c) 0 d) 9 e) o0

. 2. 1lim 2(x - 2(5 is ? )
X*§ x-5 . ) . ‘

-

PERFORMANCE OBJECTIVE I.- l¢: Construct an epsilon-delta prvof to ver;fy the

y 4

; .
| " the choice of a limit for a given functions

i

1. Prdve lim (5 - 3x) = -1,
>R

~

2. Prove 1im (3x2 - 2x + 4) = 9, -
X»-l . :

3. Prove 1im (1 + 1/x) = 3/2.
I | 7 ]

/ -




.

as X> a..

PERFORMANCE OBJECTIVE I - 2a: Determine the limit of a givéim linear function

1. Determine 1lim (8 - 3x).

x> b
. “
¥ 2, Determine 1lim (3x/5 + 2/3).

X"-l / 2 4

-

~

PERFORMANCE OBJECTIVE I - 2b: Dete'rmine the 1imit of the sum of
- - . ! ’ as x*> a. ‘

two functions

1. p&termine lim ([2-x) + |x-3| ).
X+ 2+ LY .

" .,.',.«%
e

-

x+ 3 x+ 3

Lo

g

| .
2. Determine 1lim '(x3/5 - 4x2/3 + 7) - lim ((3x3 -20x2)/15/+ 13),

_68 X* 8.

FEORMANCE OBJECTIVE I - 2c: Determine the limit of the product of two functi

~
.

) " . 1. Determine lim(. x-x%gn(x—ai)’{/‘ .

x*+1 7
oo I
ft .""- . , s *
2, Determine 'livaf;?é .11mJG+ 5, .
" * X a X> a
ra,
RV T

I
g

S

Sy




b

(¥

rERFORMANCE OBJECTIVE I - 2d:

Def:ern;iné‘ the limit of the quotient of two functions]

* as-x+ a.@g:

x.y_ﬁ%}.(

1. Determine 1im. x3-2 .

x> 3 x¢-9__~

[

(6 -Vx2e27)
x=-3 :

lim
> 3

2. Determine

lim x5+1

' 3, Determine
- X+=1 x+1

¢

\

Lo

|PERFORMANCE OBJECTIVE I - 2e: Apply lim

0]

sin x

X

=1 to determine the limit of

expressions containing trigonoﬁletric functions 4

1. 1im sin 3x 1is _
x> 0 X
ot A v
a) 1 b) 3 c) 1/3 a).0 e) a©
2. Determine 1im x2 sin(1/x2), . -
x> o !

I3 -




. . =

TPERFORMANCE OBJECTIVE_I ~-3a: Determine the limit.of the sum of two functions

as x+ o}
. - ' B Y
- v ‘
¢ . /1. 1lim (sgn x + sin x)
of %+ . . ,
a is nonexistent . p is infinity c) oscillates between 0 and 2°
9 oscillates between -1 and 1 e) is 1
. ’ '
2. Determine tim f sin x + sin(x-h) |, . -
x> ol x - : . .
. . ,
! <
PERFORMANCE" OBJECTIVE I - 3b: Determine the limit of the product @&§two functions
’ as X @, T b4

1. Determine lim [ x- b%; [ 2x+3 |, o

3y ) X+ ® 3x* . 6
A ' . ' .
|~ | 2. Determine lim (100 +1/n)2[1 + n-1|100 : :
é L n> « nz : .
. . \

a) 100 b) not’ defined. c) d 10,000  e’) 1

-

- a

PERFORMANCE OBJECTIVE "I' < 3c:, Determine the l'imit "of the quotient of two functions

s S x* ml . N
e i . - -
1. lim 2n2-2n -4  is | .~ ' . ‘\\ o
n+ ®  2n - n2 — / ' | A
. . " Lo ‘,
3'2 b) -2 . c) 0 (.\\;“ a e) 1 ‘ I
A . ¢ } ,.:“ -
+ a ‘ :i“
R N _ - ;
- U8 i
2. Determine 1im VL/y V(1/y) - 58,
Tooyr0 - 1y +5 -
- 3 G~ ' 1-6 ¢ "

.
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ERFORMANCE. OBJECTIVE I - 4a: State the definition of continuity of a.function

at a given point. .

- “

=
v

[
e

1. Define what is meant by the statement: f(x} is continuous at x=b.
) 4 .

-
v

2. Choose the combination of conditions listed below that are neceagary to
. ’ .

define continuity of a ﬁ‘ou at a point. \
) £(x) has a minimum veluMh and a maximum value M on the interval [a,b].

by = ~ s T ¢
b) f£(x) has a definite finite value f(c) at c.

-

v) £(x) is defindd on the interval [a®]. *

.+ 1) -as x+ ¢ then f{x)+ f(c) as a limit.

a) 3)5 defined for some neighborhood»of c. .
a)a,c,d b)) b, d c). a, b, d d b,c,e. e b, d, e
S .
* . ‘< .
PERFORMANCE OBJECTIVE I - Lb: Determine the contiauity ©f a function at a given
@i . » point, using the definition of continuity.

1. £(x) - x°-1 has a point of discontinuity. Redefine f(x) at the point of
x~1 :

®

-
P
‘ ~
N .

~r

2. Determine whether x3-8 is continuous at x = 2, ‘Justify your conclusion.
A : x-

discontinuity so that f is continuous. Justify your solution. e('

P




!

‘fERFOBMANdE OBJECTIVE I - lLc: Deéermine the continuity of.a function over @ given

N .
- ~
1

1

interval.

) 1. Determine whether f(x) is continuous over [-b,4]. Justify your conclesion.
\ , («’ “/'
£(x) =‘x2—2, x>2 ‘ ’
: -2, X=2 .
o~ o X%+ Tx - 14, x<2 ¢

4
R -

. § -

2. Determine whether f(x) is continuous over~(-5,5). Justify your coneclusion.

-

et et - ~

’ .




A s. ' ° " UNIT I: 'LIMITS AND CONTINUITY
N “
ANSHERS TO ASSESSMENT MEASURES :
* {1n ’

Lo W L= wa f(x)9V€>03$>0 y 7
. | £ (x) - L| < € whenever |x -0] <& .

- ot Rlin - . B
- L=xa f(x)oe> o, J'deleted neighborhood N of a 3
) Co L;eﬁ(x)<l.+€ vhenever X €N {
A (25[{(;&)-L| < €whenever |x -a| <8
L. . . ) b
2 . or . 1\
"L - € <f (x) <L +€ whenever X €N - . )
:C ~ . : 7
b (1) p )
@) 2 '
25 ;
. . . .,f.‘
- :, ' PR . . \: -,
- . ! ® —
R RGN sg., _ .

i . , /(2),‘-n!in .{1’_%# . _ . ' . —

~ N ,‘(3).-' § = min {1, 2&} | , , ' -

. . /’ ' e -
S N AN T S * - -

@ - : ' _ o
S 5 BN 6)) J |
Lt @ 6 Y

- ) @y -2 ¢ ‘ S




v - . UNIT I: LIMITS AND CONTINUITY - ,

3
t -

5 4

> . C
KAQSHERS TO ASSESSMENT MEASURES: (continued)

I3
.

3. a) (1) a. is nonexistent,

‘@ 1
’ 2
b) (1) 3

(2) 4. 10,000
-¢) (1) b. -2

(2) 1

%

- -~

7 &) (1) See definition of continuity of a function at a point .

Fad ‘ (2) . b'd'e . ShOWlim
xz-l,xfl x> 1
x-1
2 r x=1} ’ R

3

f(x) = £ (1)
b) ' (1) £(x) = {

[

(2) - Function is discontinuous at 2 = 2 because f(2) is undefined .

-~

¢) (1)  Discontinuous at x = 2. Use definition to justify.

. * (2) Discontinuous at integral values e ,

\\‘

I-10
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' UNIT II: DERIVATIVES OF ALGEBRAIC FUNCTIONS

“ .
- . - L]

INTRODUCTION .
In this unit, derivatives of algebraic functions should be determined
initially by direct application of the definition. It will soon become
apparent to the student that this method, while effective, is tedious. The
limit theorems developed in Unit I can then be applied to .establish rules
for determining the derivatives of various'algebraic functioné. The appli-

" cation of these rules provides the student with an efficient method for
differentiating algebraic functioms, ° B
Particular emphasis should be placed upon the chain rule, as its role will
be continued throughout the development of derivatives of -transcendental <‘b

.. functions. In the latter part of this unit, the method of implicit differ-

. entiation will be applied to algebraic equations, The unit concludes with

a discussion of the role of differentials.

v *

INSTRUCTIONAL OBJECTIVES
+ L Determine the derivative of a function using the definition.'
2. Apply the rule for determining the derivative .of xB,

3. Apply the rule for determining 'the derivative of- cu, where c is a constant
and U is a differentiable function of x.

4, Apply the rule for determining the derivative °§ the sum of a finite -
number of differentiable functions. (

5. Apply the rule for determining the derivative of the product of two
differentiable functions.
- 6. Apply the rule for determining the derivative of the quotient’ of two
. differentiable functione where the divisor is non- zero.
-
7. Apply the rule for determining the derivative of u® where u is a differ-,

. entigblefunction of x and s rational.

| e

>- —

19
8. Determine higher'order derivatfves.
9. Apply the dethod of implicit di

fferentiafion to algebraic equations.
it

10, Apply the chain rule ‘for derivatives. \

b

» 11, Apply the rules for differentiation‘to construct differentialsgy
. ) ) ) - T \ . .
~ ) Lo > ” ‘ - o

‘ ) ‘
. 11-1 ' ) \—J

4;\”[
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UNIT II. DERIVATIVES OF ALGEBRAIC FUNCTIONS

5,
-

PERFORMANCE OBJECTIVES o

By tﬁe end of this unit the student should have mastered the objectives
1isted below.

1. a) State the definition of the derivative of a function,

b) Apply the definition to a #unction of the form u® wvhere n is a
positive integer.

’

c) Apply the definifion to a function of the form ul vhere ni is negative.
d)' Apply the definition to a function of the form u® where n is rational. -

a) State the rule for determining the derivative of xn,(where n is a
rational number. .

b) . Apply.the rule for determining the derivative of x" where n is an
integer.

c) Apply the rule for determining the derivative of a given expression
x0 vhere n is a rational number, . .

a) State the rule for determining the derivative of a given expression
cu where ¢ 18 a constant and u is a differentiable function of x

bl )

b) Apply e definition of the derivative to derive the rule for determin-
ing the derivative of cu where c is a constant and u is a differenti-
able function of x.:

c) Apply the rule for determining the derivative of a given expression
cu where c 18 a constant and u is a differentiable of x.

a) State the rule for determining the derivative of the sum of a finite
number of differentiable, functions.

-

~b) Apply the definition of the derivative to derive the rule for determin-
¥ ing the derivative of the sum of a finite number of differentiable

. 7.

functions.

c) Apply the rule for determining the derivative of the sum gf a finite
number of given differentiable functions.

a)"State the rule for de‘srmining the derivative of the product of two .
Ifferentiable functions, N ‘

b) Apply the definition of the derivative to derive the rule for determin-
ing the derivative of the product of two differentiable functions.
. P Y - «
c) Apply the rule for determining the derivative of the product of two
given differentiable furictions.

>

Ry



UNIT II: PERFORMANCE OBJECTIVES (continued) ' -

-:a) State the rule for determining the derivative of the quotient of two
differentiable functions where the divisor is non-zero.

b) Apply the definition of the derivétive to dexive the rule for deter-

. mining the derivative of the quotient of two differentiable functions
vhere ‘the divisor is nodziero. o
c) " Apply the rule for determining the derivative of the quotient of two .
given differentiable functions where the divisor is nngeeto.

7. a) State the rule for determining the derivative of u® where U is-a
p) differentiable function of x, and n is a rational number.
b) Apply the definitfion of the derivative to derive the rule for deter-
mining the derivdtive of u® sshere u is a differentiable 'function of
x and n id a positive integer.

¢) Apply the rule for determin;Eg the derivative of a given expression
u? where n is a rational numbe

8. -a) Determine the ggcond derivative of a given algebraic expression.
b) Determine the third derivative of a given algebraic expression,

¢) Determine the least value of n for which the nth derivative of a
given polynomial is zero.

9. a) Apply the method of implicit differentiation to determine gx for a
- -glven algebraic ‘equation. . x -
b) Apply the method of implicit differentiation to determine %3; for a
given algebraic equation in terms of x and y. X
¢

10, a) State the chain rule for derivatives. ,
b) Aﬁply the chain rule for derivatives to deté

rmine %z vhere y is a
given composite function of x. X

]

c) Apply the chain rule for derivatives to determine dy where x and y .

are given functions of the“pgrameter t: x . ) B
. d) Apply the chair rule for derivatives to determine g3¥ where x and y

are given functions of the parameter t. dx
11, a) Demonstrate'a geometric interpretation of dx and dy. o ~

b) Determine the differential of y for a given algebraic expression.

L)
. . .

11-3




. SAMPLE ASSESSMENT MEASURES: DERIVATIVES OF ALGEBRAIC FUNCTIONS

~

' ¥ N .

' JPERFORMANCE OBJECTIVE II - la: ‘State the definition of the derivative of a function.
— ] .

1. State the algebraicldefinitiq? of the derivative of a function.
. * %

4 L
H

b -

il - .

L

PERFORMANCE OBJECTIVE II - 1b: App%y the definition’to a function of the form u

-

vhere n is a positive integer.

3

.
T

. /
1. Apply the definition of a derivative fo.fipd dy/dx, given y=x3. Show

all work.

2. Apply the definftion.of fhe derivative of a function to detérmine dy/dx,

given y = (3x-5)2. Show all work.

S — | \
- &

RMANCE OBJECTIVE II - lc: Apply the definition of a derivative to a functio
of the form ul where n is negati%.

1. ApPly.the definition of the derivative of a function to find dy/dx, given

y ?L/(3x+$). Show all work. )

\»

2. Apply the definition of the derivative of a function to find dy/dx, giverm

y = 1/{x2-5). Shov all work.




rERFORHANCE OBJECTIVE II - ld' Apply the definition of the derivative of a function

to a function of the form u® where n is rational.

8
“

1 Apply the definition of the derivative of a function to find dy/dx, given
\! x245 . Show all vork. )

«

2\ Apply the definition of the derivative of a function to find dy/dx, given

y = 2 x . Show all work.

- ¢ £
- < -
» . ”
- © -
, p i
. -y
- 1)
.
4
F “ . . ’ ,‘—’
\' .
Y
- . / ¢
\. ‘. .
’ [} / ‘
II"S N .
’ '
{ . . {!{)
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PERFORMANCE OBJECTIVE II - 2a: State the rule for determining the derivative of x!

t

where n is a rational numbé‘ . ‘

1. State the rule for determining dy/dx, given y = xP.
¢

PERFORMANCE QBJECTIVE II - 2b: Apply the fqle for determining the derivative

kY

n
of x where n is an integer. -

1. Determine dy/dx, given y = x’. \
v . ! ' - %
2. Determine dy/dx, given y = 1/x*, e— '
. N ‘ L ]
b , PERFORMANCEf OBJECTIVE II - 2c¢: Apply the rule for determiniﬁé\the derivative of a
- - B
’ 4 ‘2 -
S ‘ given expres?iron_xn vhere n is & rational number. -
£, ° =
v . £
“ e~
1. Determine dy/dx, given y'= x3/4, ~
b \
2. Determine dy/dx ; given y = 1/VX,




[

N N

PERFORMANCE OBJECTIVE II - 3a: State the rule for detepfiiing the derivativ

-

given expression cu where ¢ is a constant an

u is a differentiable function of x.

¢

1. State the rule for finding dy/dx, given y = cu, ¢ is a constant,
‘l" .

. ’ ,and u =ff(x).' i -

-

Enromuca OBJECTIVE I1I - 3b: Apply the definition of the derivative to
. derive the rule for déferminihg the derivative
of cu where ¢ is a constant and.u is a

differentiable function of x.

. 1. Apply the definition of derivative to show that for y = cu, where

c is constant and u is a differentiable function of x, dy/dx =
C L cldw/ax) s ~ : X

.

ERFORMANCE OBJECTIVE 11 - 3c: Apply the rule for determining the derivative

y v . . of a given expression cu, where ¢ isa constanﬂ

- . *

and u is a differentiable function of x.

l. Determine dy/dx, given y - 5x3. »

-

5. Determine dy/dx, giveny = 7/ vx .

]




. | .; N\

PERFORMANCE OBJECTIVE II - 4a: State the rule for determining the

derivative of the sum of a finite number

' of differentiable‘functions. L

]
¥

1. State the rule for finding dy/dx, where y = u + v; uand v

are both differentiable functions of x. ‘ -

« S

.\) X : e

-

[PERFORMANCE OBJECTIVE II - 4b: Apply the definition of the derivative to
derive the rule for determining the derivative
" : 6f the sum of a finite number of differentiablg

functions.

A 3

“

1. Apply the definition of derivative to shqy that dy/dx = du/dx + dv/dx
’ [4

for y = u + v, where u and v are differentiable functions of x.

9.

/ : .
y ]

PERFORMANCE OBJECTIVE II - 4c: Apply the rule for determining the

- derivative of the sum of a finite number of

the sum of a fihite nhmber‘of given

differentiable functions,

' .

" 1. Determine dy/dx, givg; Yy = 3x4 - 5x3 + 7x.

’,

. 5 ~
2, Determine dy/dx, given y - x /3 - x3/7 + 2/x +

B/A

A

{:

! II-8
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of the product of two differentiable

functions.

rmmncz OBJECTIVE II - 5a: State the rule for determining the derivativ

. 1. State the rule for determining the derivative of y = uv, where u

4 ~ »
.and v are both differentiable function§ of x. .

.

L3

[PERFORMANCE OBJECTIVE II - 5b: Apply the definition of the derivative to

derive the rule for determining the

derivative of the product of two

.

~ differentiable functions.

-

1. Use the dgfinition of derivative to show that for y = uv, u and v
1 ”

differentiable functions of x, dy/dx = u(dv/dx) + v(du/dx).

4

.

PERFORMANCE OBJECTIVE II - 5¢: Apply the rule for determining the

derivative of the product of two given

diﬁﬁsrentiable functions.

(2x-1) (x2+xk1)_

1. Determine dyXdx, given y

- 3, .2 .
2. -Determine dy/dx, given y = (/ x + 7x7) (4x"-7x+5),

3. Determine dy/dx, given y

(/x> = a/x° + 2/x) (V% + 2% + 3R,

II-9
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’ ’ Q
o . . ; .

[PERFQRMANCE OBJECTIVE II - 6a: State the- rule for dé‘tlemining the

) . 5 . .

deriyative of the quothent of two
T * differentiable functions where the divisor
7
’ " is non-zero: ;-
1. State the ryle for determining dy/dx when y = u/v, u and v are -,
< . <5 -

) differentiable functions of x, and v # O

~ . . v . . s .
e W -0 < C Coe T
. <. - . -
. ‘ «~ .
- *, ° -

° ) - -
. R < i -
bERFORMANCE’OBJECTIVg'II,- Qb : ‘:pply the definition of the derivative to_
q -1 .”.; - ~ dertte the rule fo; détegmining the der;;afive
‘ § \.. {E ’ ) «+ Oof the qﬁotient of .two differentiiable functions
- . where the divi;or is noq—zers. ) . )
. o ]

1

1. Use the definition of the derivative to show that for y = u/v,

u and‘¢v differentiéglé functions of x, and 0, dy/dx =
i » vy fe:. ‘ s
, v({du/dx) .- u(dv/dx) . , o
v2 e . ﬁ' )
. L ) ‘ . A

o

.

-.kERFORMANCE OBJECTIVE II*- 6¢: Apply the rule for determining the >[ yd
..’ ’ ‘ derivative of the dquotient of two given
! . i Gfferentiable functions where the divisor| ~-
. . « . \ &
. ‘ is non-zero. ¢ .
v ’
N , 4 B
Vo | ol
‘ - Bx + x- : 5
1. Determine dy/dx, given y = 5———;§§—§——5 . ., )
.‘ \.~,3 e » ~
_ _ x
2. Determine dy/dx, given y = 2 . : .
. » ¥
6x = 4x + 5



0 CE OBJECTIVE II -'Ta: State the rule for determining the derivative

0y

J

f-un

where/\z»-ia a differentia.ble’ﬁmction of x and n is

?

a ration‘lumber .

e

1. State the rule for determining dy/dx when ¥

. bl
. function of x .

<
= ul.yhere u is a differentiable

.

4

-

IPERFORMANC® OBJECTIVE II - Tb: Apply the definltion of the ‘derivative t'o derive the

‘ rule for determining the derlva.tive\of ul wheré u is

- Y’
a dlfferentia.ble function of x and n is a positive

L ¥

integer, v

l'

=

USe the definition of the derivative to show that for y =

a differentia.ble function of x, dy\g = nu™1(du/ax). -

' &

C

L.
un, where u is

s

. "“' »

-

ERFORMANCE OBJECTIVE II - Te:

: Apply the rule for determining the derivative of & .
) =

given expréssion u® where n is a rational number

RS

Determine dy/dx, given y =\3x4 + 2x? - Tx . )

.

, giveny = (5x3 - 2x)12

P

.
P




——

.

expression,

PERFORMANCE OBJECTIVE II - Ba: D&em;i.ne the second.derivative of a given slgebraic

f « , -

.
»

~

o ¥
2, Determine dzy/dxz, giveny = (5x3 - 7x + L4)2, °

Ed

-

.

X

4

.. A 3. Determine dzy/dxz' giveny = 3x2

+1

¥

—_—

«

Y

1. Determine dzy/d.xz. given that.y = 5x3 - 6x%2 + Tx - 8,

-

expression
1

4 - ¢
PERFORMANCE OBJECTIVE II - 8b: Dletermine the third derivative of a given algebraic

7

N

.

3

A

>

.\‘

-

1t Determine d%/ax3  given y

2. Determine d3y/d.x3’ given y

. 3. Determine d3y/d.x3)' given y




- X -
N E OBJECTIVE II - 8c: Determine the least value of n for which the nth
T T - - derivative of a polynomial is zero. .
: ‘ -
\ L It £{x) = x®, integer n>04 the firs} derivitive of £(x) which is identically
. ) ) ,
" zero is . i
g / a) the Pirst ) the (n-1)st c) the (n+l)st . .9 the (n+2)nd
: ’ ¢ the nth .’
’, 4, v
2. What ,is the least value of n for which the nth derivative of 3x7 - 5x #.2x3
- * €
is equal thero? . $ ' ' ‘
. . . . U 4
s N ‘ ) i <
— ,2 '
« - «
- i . N A . . [
' N . * T . L X
.
- R ' > .
- [] ’ - ‘ ’
\ . p ’ ‘ v.
- .
. < ' . 4 ’ ‘
v - o i‘I
. v ’ ' '
5 . .
. .
b R " ~ “‘
b v , . 1_" . '
' 5? 4 L L TR
‘ - ;o I1-13 .
' . ' » s
La r > .




FORMANCE OBJECTIVE II - 9a: Apply the method of implicit differentiation to

determine dy/dx for a given alge'braic equation.
“« . , ” o
. 5
..\I ‘Q s @& -
K’ 1. Determine dy/dx, given y? =x, : - L.
> L ) A ) - . . -
N 3 ’ ‘~ <
porss . - I3 . A ( ~
* 2. Determine dy/dx, given 3x2 - bxy + 7y2 =8,
- ) !‘ N : . - ’\ > LY 1
.os Co ' - ’
, L} . - . L ) ' @
_ .3. Determine dy/dx, giveny = |3x +y . . ' .
, W{ - . J x - 2y : )

i * [} . rd
-

* . .
pon , - v 4 . - . . oL - ER ¢ .
i p - (

1

RMANCE OBJECTIVE II ~ 9b Apply the flethod of implicit d;fferent1at1on to

r

determl‘ne dzy/ dx2 for a given algebraic equatmn in

 terms ofxg.pdy.

. | ( / ~ N k

1. Determine dzy/dxz,a g;}ven x3 + y3 = S e 1

.

»* | 2. Determine 'd,zy/d.tz" givenVxy = ¥ -

o3

. N 3 -
. ¢ ‘ A
- R « .

II-14
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PERFORMANCE OBJECTIVE II - 10a: State the chain rule for derivatives.
¥ : .
. \‘; - 'L . . . '
1. State the chain zule for~M@® {atives. ) ‘ .
+ ' - " I
‘ .

-

T - — d
ERFORMANCE OBJECTIVE II - 10b: Apply theé chain rule for derivatives to determine
dy/dx where y is a given comiposite function of x|

1 -

. s“l. Determine dy/dx, given y:.u2+ 1, u 2

¢ .
[N
. .~

4 -
. 2. Determine dy/dx, given y =\ x? x2 -7 .

Il

A Y
o

N .

]

® ., 3, Determine dy/dx, giveny = x2 - 5\*%
! . X +2) ) '

A
- R
] . 3 b

' PER%’ORMANCE OBJECTIVE II - 10c: Apply the c;ha.in rule for derivatives to determine
dy/dx where x and y are given functions of the

parameter t »

w - - -
»

L 3
- v

l.oDetermine dy/dx , given x= t2-1 dnd y = 6t - t3

\. i
v ) . ' .o
' 2. Deter@ing"ﬁy/dx ) given x =\]t25+ 2t and y =t3 +3t2 + 3t .

. - 4 3 * ¢

R .
., \d .
v




¥

RMANCE OBJECTIVE II - 104: Apply the chain rule for derivatives to detemine

~
] . d2y/dx? vhere x énd y are given f‘unctions\}‘ the
pa.ra.meter t,
. . _
1. Determine dzy/d.xz, given x = t* and y -1 .-
2. Determine d%y/dx? given x = t?% 2t andy 3.3t
- ‘ -
/ . -~ -~ . .
r'.'f_;o . , “ \ ¢ 5 < s <
- -
N .
b3
i L]
. bl A 3
\
. ‘ kg
s, - - "
~
4
‘w'), » ’
- 4 ' ’
. ’ \.. .
3 ‘ : II-16 '
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.

ﬁnmmmcxz OBJECTIVE II - lla: Demonstrate a geometric interpretation of dx and dy.

-~

™
10\-/\ '

:/7/'////’ | | !

, N
Complete the diagram with appropriate labeling to show the relationship between
., &y and dx. . . . . 'S
- ) ‘ - :: . . ' . )
- . .' N . 1

— 4

RMANCE OBJECTIVE II - 11lb: ﬁete'rmineathe .differenti_al of y for a given

, algebraic ‘expression,

B

1. Determine dy, giveny = (3x+1)3, , ‘ : >
- .

i

2. getermine dy, given 3y3 = (bx -2)1/2,

3

» N A
3. Determine\dy, given x2y3 - 3x3y2 = bx ; - .
N L . T
o - ‘
) B
. .
. \ . )
A ]
e 4 . /
\ ¢
P ’ 11-17 _ . v
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UNIT II: DERIVATI\V? OF ALGEBRAIC FiJNCTIONS

. . | ]
. - ~ —
ANSWERS TO ASSESSMENT MEASURES o
‘l
1 a) ‘
AN lim py , lim (x+éx2—f$x , lim £ l_g—fgx) , OR lim £ (x) -£ (a)
3 x+0 AX Ax->0 0 X X - a
, .
' b)

Tl) dy/dx =-l1im* gy = 1lim AxP— 3

Ax,0 ax Ax»0

f—' \ _ . ] :
= 14m x3.+ 3x2(ax) + :lx(Ax)2+ (8x) ¥ - &3 J '
Ax,0 Ax .

= 1im  azx (3x2 + 3x(ax) + €Ax)2)
Ax*O T AX f

= 3x2 '

(2y dy/dx'= 1im py & lim [3(x+px) - 5}2 7{3::—5)2
13;-:0 AX  A%»0 AX
) » o

= 1im 9(x2 + 2x(Ax) +(AxP) - 30(x+ax) + 25 - (9x2- 30x + 25)
Ax>0 . Ax ) -

E = 1im  Ax{18x + 9Ax - 30}
' Ax*0 Ax
; ) - .. T . ' \

= 18x ) 30

! 4

c) : L’
(1) dy/dx-h:élflim[ 1 - 1']._1
Axr0 Axe Ax*0 L3(xHx) + 4 3x + 4 Ax .

v

l = 1n _'l[ax+4'-{3(x+4x) 4
v Ax*0 A (3x+4) [3(xHx) + 4]

|
|
|
|
|
. ’ oy
|
]
|
|

‘ = lim 1 Ax(-3) -)

. Ax*0 Ax —(3xF) {3xWx) ¥ 4




L ‘

UNIT II:® A;s%s TO ASSESSMENT MEASURES (continued) ‘

1) - )
(2) dy/ax li-m}
. AX+0

3

= 1im .1 - 1 - 1
ax+0 Ax { (x+Ax)¢- 5 x¢ - 5)

L ) lim _1 {x2 -5 - ﬂx-*Asz -5%
"Ax+0 Ax {x+Ax = 5k (x4-5 .

lim _1 -2:§Ax2 - §Axg2

ax»0 |, Ax- | {{x+ax)¢ - 5} (x2-5

lim -2x -Ax _J
ax+0  {(x+ax)¢ - 5} (xZ=5)

= =2% @ ¥ v
{x2-5)2 .
14)
(1) dy/ax = 1lim &y = im, {y( x+Ax)§+5 Vx2+5 Y, (¥ (x+8x )2+5 + Yx2+5 }
ix>0  ax Ax . x+AX)%+5 + +5

lim (x+ax)2+45 - gx2+;z ' |
Ax+0 Ax(V(x+Ax)4+5 +/x+5) . "

lim Ax(2x+Ax
. . Ax+0  Ax(V (x+H)<+5 + Jx+

2x = x
"’xz+5 +;lx!+5 \l,xz-o-'j_

(2) dy/dx = lim Ay = lim r

- 2
‘Ax+0  AX x+0 AX [_\xﬂx ‘éﬁ] ‘

lim

'Y ——

Ax*0 Ax

’
"
'_l
+
1 [
g
r'-:""

Iim 1 {8x - 8(x+Ax)
. Axr0 - Bx h{x+bx) (Mcf + h\&@u) + h\?(mﬂz y

| ) . II«19




UNIT II:.~ ANSWERS TO ASSESSMENT MEASURES (continued)

2a)l

(1) dy/% = nx®~!
b)
(1) 7x
' | 4
(2) -bx™S
) - . . .
(1) (3/b)x~1/%
(2) (-1/2)x"3/2
3a) - o
(1) dy/dx = c(du/ax)
b) + .
(1) dy/ax-= lim 4y = lim c(u+du) - cu
Ax»0 Ax Ax»0 Ax
v = lim cAu = c¢ lim Au = c(du/dx)
Ax30  Bx Ax+0 Bx
c) :
(1) dy/ax = 15x .
(2) ay/ax = (-T[2)x [2

\_ (1) .dy/ax = Sdu/dx + dv/dx

b)
(1) dy/ax = lim Ay = lim (u+fu) + (v+av) - (utv)
Ax>0 Ax Ax-0 - ax
= lim Au+ Av = lim Au + 1lim Av
Ax+0 Ax Ax+0 Ax Ax+0 AX
~ ) ’.
= du/dx + dv/dx ’
< I1-20

64
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UNIT II: ANSWERS TO ASSESSMENT MEASURES (continued)

l:c)
: (1) ay/ax = 1253 - 1522% 7 ’3‘
(2) dy/dx = (5/3)x* - (3/7)x2 - 2/x2
5 a)
(1) ay/ax = u(dv/dx) + v(du/dx) °
b) C
(1) dy/ax = 1lim Ay = lim (u+su) (v+av) - uv_
- Ax*0 AX  Axs0 . Ax
. .
=  lim uv + uAv + vAu + Aulv -.av t
Ax~+0 Ax
a l‘im u Av + lim v Au + 1lim Au v -
Ax+0  Ax  Ax»0  Ax  Ax»0 Ax
= u lim AV + viim Au + Avlip gu
g’\ . Ax+0 Ax‘ Ax+0 ' Ax Ax+0 Ax
= u(dv/ax) + v(du/ax) + Av Pau/dx) As Ax>0,Av0 ‘.
= u(dv/dx) + v(du/dx) - thus Av(du/dx)-+0.
’ .
c)
(1) dy/ax = 6x%2 +2x +1 , .
2) ay/ax = (1/(2VF) + 21x2) (kx? - Tx + 5) + (VX + 7x3) (8x - 7)
(5) dy/dxt = (=3/x% + 20/x® - 14/x8) (Yx + ) + 3V§) +
(1/x3 - b/x5 + 2/x7) (1/270)% (2 A2 ey ¥6T)) B
6 a) ) '

~

" (1) dy/ax = y(du/dx) = u(dv/dx)

'
* -

‘~ - T o11-21 -
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c)

7a)

b)

"

(1)

:(2)

(1)

(1)

[

« . 6b) - '
< (1) ay/dax

dy/dx

dy/dx

ay/ax,_ -

ay/ax.

1lim

p

lim &y = Yy [
Ax»>0  Ax Ax>0 Ax
lim

Ax-0 vHAv)v
lim 1. [ v Au
Ax>0 (v+Av)v Ax
lim 1 [ v lim
Ax~0 vav!v Ax+0

v

b4

2x3 - 11x? +

20x =2

(x - 2)¢

6x* - 8x3 + 15x2
X X+5

nuP~1(dqu/dx)
lin ‘ay = lim
Ax+0  Ax Ax+0

UNIT II: ANSWERS TO ASSESSMENT MEASURES (continued)

_u_A_\L
Ax

>

Au
Ax

_]2._( v(du/dx) - u(dv/ax) ]

n n

utiu - U

Ax

u+du) - u(v+Av . J

y

- ulim Av

Ax+0 Ax]

since 1lim
Ax-+0

e

(v+Av) = v as

lim Av =0
Ax-+0

&
¥
E

nul=lau + n(n-'-l)un'2‘jAu)"+ n(n-l)(n-z)un'?(JAu)’ + ... + (M)B

Ax>0

lim

AX+0 Ax

¢

su [ nu®"! + n(n-1

YuB24u + ri(n-1)(n-2)u®=3(au)2+ ... + (su)B"1 ]

Ax

= .gqul~1l(du/dx) since AwO as Ax-0.

II-22
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UNIT II: ANSWERS TO ASSESSMENT MEASURES (continued)

(1) dy/ax = 12(5x® - 2x)!?(15x2 - 2)
J12x! + 4x - 7 '

(2) ay/ax
2/3xjt2x2-7x
8 a) ' ) ‘ .o
[ 2_ .
T ) alysaxr = UL USRS Lad) L,
~ dax ax
(2) @’y/ax? = 2(375x"- 420x2+120x%+49)
2 z‘ - -6 . . “ -
~(3) d%y/ax TSI i ,
y
b) *

(1) y''' = 240x% - 18
(2) a’ysax® =o

(3) y*''' = 648(3x-1)

c) : .
(1) o) . . .

.(2) 8

9 a)

-

(1) dy/ax = 1/(2y)

= 2 - 3x .
(2) éy/dx Y - 2x T
. s 2
S S
(3? dy/dx 2xy - 6y“- 1
y .
- . - ’

3
Dy

f‘(‘"
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UNIT II: ms'ygs TO ASSESSMENT MEASURES (continued)

-

L S

-

9 b) T :
(1) d%y/ax? = 253 - 2x*
. © ’ BRI ¢

=2

-

b) .
- (1) a&y/fax

- ‘ oy

*

(2)"d~2y/dx2 = .2xy - 2y2
o, 51-23’;5

2024) (2xa) |, RS

) ayjax = i
“‘ . .-y Nx3+ix2-7

Y

4(x2-5)3 (~x"+15x2+4x)

L

(?l)f'dya/dox % (dy/du) (du/ax) 613\ ¥

(3) ay/ax
. N i (. ra

c)

"3(2-t2)

(x3+2)5

'

»

. (1) dy/ax, =
e 2t
C S (@) ayfax = (wa)Vezeey -
- ~ s X
,d-*)f\ (t) 2 9 ot {’
" (1) a%y/ax? = - .1 .
- ) t +
LY ' -7 . K
‘ (2) d?y/ax? = 3. . -
) t+1
. .
ila) s
(1) - A\Y
. /
4
] ) .
’ '
SR : o
b . ' | :
( . I R
g . yeaxe .o
¢} ) - . ' X| B .h
» "11-34

<
3
H
.
-
'L’ hd
]
»
.
)
rd
. v
( [
‘e
-
~ ’ .
-
. > H
-
. <
- \ .
' >
»
_
-
3
“ -
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(2).’dy = 2x dx’ i

.
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ANSWERS TO ASSESSMENT MEASURES (coptinued) -
i . I3 . -
. : ~ - e . N
(1) &y =9(3x+1)2°ax .
9 -

-

27y , '

: R
s - .
43) ‘ay = b+ K22 _ o3 gy :
. 3 R 3x YE© - x,\ a' .
\ . c
¢ - e ) f
- '\ .
v, - . )
N "F v - '/
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.  INTRODUCTION | z

7 /
UNIT III:, APPLICATIONS OF THE qm/IVAnvz

/

~r 4 ‘

v
)

®

The -purpose of this unit is to enable the student to .apply the theory and

methods of differentiation developed in Unit II.

Emphadis should be placed

on this unit as it is the student's introduction to calculus as a tool for

solving problems, The role of differential calculus acquires new importance

when applied to problems involving rates of change, maxima and minime, and
" velocity and\ acceleration. Use’of the first and,second derivatives refines

and extends techniques of. graphing.

In addition to reinforéias metheds of differenfiation,‘_Unit II1 develops three
important new theorems:’ Rolle's Theorem, Mean Value Theorem, and 1'HOpital's

e

«

Rule. Note: Teachers whose students are preparing for the advaaced place-
ment éxamination may wish to include at this time the dpplications of the

derivative involving velocity apd acceleration vectors and speed rather than

waiting until the unit Q-vectors at the end of the course.

~ '
- . N\
.

ENSTRUCTIONAL OBJECTIVES .
‘l. Dptermine the equations of the tangent and Yhe normal lines of a curve,
2. Apply the first and second deriVatives to determine the critical points
of a function. )
3. Determine the solution of word problems involving the use of first or
~ second derivatives, : - - »
"4, . é'pply Rolle's Theorem for a ‘functionm.
5. Describe-the Mean Value Theorem for a functjon.
|’ ¢ . 'd
- 6. Apﬂly l'Hepital's rule for determining limits, * » \
7. Apply differentials to determine the Wnear approximation of a function.
< , - e
R ‘ . : I )
PERFORMANCE OBJECTIVES ' . . .,
By the end of this unit, the student should have maste,red'th(e objectives . *
listed below. 0 - R : .
1.

a). Construct an ¥quation of a line tangent to a given curve through a
. ¢

point on the curve. . o

-

4

b) Construct an equation of a line normal to a given curve through a

point on the curve, . ‘ N

point not on the curve.

' JI1I-1 -

c) Construct an equation of a line tangent to a given curve through a




UNIT III: PBRFOWCE OBJECTIVES (continued) . ) ’ »

2.

7.

d)

a)
b)

-

c)

a)

b)

a)p State the Mean Value Theorem.

b)

a)
b)

." c) -

a)

»

Construct on equation of a line norual to a given curve through a ‘ N ,{
point not on the curve. )

Rl

Apply the first derivative to locate the critical points of a function.

Apply the second derivative to identify the critical points of *a
€unction. g ' o, .

Construct the ‘graph of a function indicating the coordinates of
critical points and points of change inm concavity. .

Construct the velocity and the acceleration functions from a distance

function.
. . b

pouitruct solutions of problems inwlving‘veloé'ity and accelytion K
from a given distance function. 3

v

» . \’
Construct solutions of problems involving related rates.
B B -
Construct solutions of problems invelving minimizing or maximizing
a function.- '.’ »
State RolfF's Theorem, . : ) :

3

Apply Rolle's Theorem to isolate the roots bétween a given pair of

. numbers for £(x) 'l- 0. o C, (

A

- A}

Deﬁnstrate a geometric interpretation of the 2an Value Theorem.

State 1'H3pita1's rule.’ o . c .
Identify problems for which it is appropriate to usée 1' Hop1tal' ~ g
rule.. - . v oW )

a ~ + . i .
'Apply 1 H&ital s rule to problemb of the form 8_ or 00 ' \

00 ’ )
Determine the change in the range for a specified change in the domain
using differentials ) 1 P .
. (.
Describe a geometric interpretation of a differential - T
’ - * ¥ E ? )
~ 2 - [4
-

v ~ . s - '

2 ha | ) .

> ‘ Vo K \% . . -
LA : v (
& ' & . ! L) :.' -
I1I-2 71 , : : .
‘ ’ < .
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SAMPLE ASSESSMENT MEASURES: APPLICATIONS OF THE DERIVATIVE

v -

-

L ) ) 4
ERFORMANCE OBJECTIVE III - la: Construct an ‘equation of a tangeht to a given

.

curve throiigh a point on the curve.

x - o
¢ , o !

s . A
1. . The equation of the line tangent to the curve y = 3x2 - 9x - 6 at the

- N ~
- -

point (1, -12) s . SR

- -~

- . 1" - k. - ;
2.7-If x=(t + 7)7'and y = 9t3’-_1, thep the equétion;of the tangent lipe at

B ' ’ . ¢ -
t =2 |is . L7 '

————

. -

P

3. Determingsthe equation of the line tangént to f(x) .= 4 - x2-at the point
' N ' s . ’ ’
. liwh»ere its slope is -2, ‘ - o - .-
-t ' '
- -~ ¢ . .
Y ; - L ~

. o [ .
L ERFORMANCE OBJECTIVE III -~ lb: Construct an equation of a line normal to?.

r

1 \)
’ o given curve through a point on the curve. -
s e e i B '
- - - ‘. 4 )
/. - 1. The equation of the line norma} to the curve y = x® - 7x + 4.t the point
: | , a ‘ _
- (0,‘ 4) s _ __ .- . '
. - . h - .
, ' . :
2 1ex =t - t2and y = t - t2, the equation of the Iine normal to the curve at
, ‘ | L% . , Y ‘
© . t=1(s . . Lo C . . . : «
. Y b 4 ) .
<o MRS .

. 3. 'Determine the equation of the line mormal to f(x) = 3x2 - (%)x &+ 1 where




v
‘ < T .
D S
LS . ’ . . ) ¢ -
‘4 PEQPORMANCE OBJECTIVE 111 - lc. eConstruct an equation of a-line tangent .
i . . .? . to a given curVe through a point not on
- Coa : T the curve. ‘ -

~ / B 1. The equation(s) & the tangent to h(x) 4x - 3x2 passing through the point
(0, 3) 1s/are . ' A -
. ’” ”' , 4
.o : g

.
2, Determine the equation(s) of the tangent, through the point (2, -2), to
the hyperbola x2 - y2= 16, . "
. ' e O .
i B . ’ .
c
ol ' » . )
EﬁPORMANCE OBJECTIVE III - 1d: Construct‘an equation of a line normal to
~ - ” . . ~ /
' a given curve through a point not on the
R ' ) . curve. Y . N h
’ - : . -
~ > N o~ LY . ~ .
1: The equation’ of the 1line passing through the point (2, 1) and normal to g
i the curve y2 = 4x is B \ - . ) . o
.. J » . ' g
¢ ) » N ' N . - i 7
s ) -2.1'Deterﬁtne the equation(s) of the normal line to y2= (x - 1)3 through /
' . ’ h 3 .
@, T, - ,
- ’ r + ° ‘ 1
. | .
. . : 3
< ’ .\ . .
LY ‘ - h ¢ ,
) [N ¢ - ' 111-4 !
RUER .. , %
. ) ,
(¥} N . /
’ co.r
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ERFORMANCE OBJECTIVE III - 2a: Apply the firsEtderiVative to locate the critical
points of a function. »
. ¢ [ w i .
1. Locate all critical points of the function y = x¢ - X3,
-\ ‘ , »
. X
2. Locate all critical poJLts of the function y = x2 (x-1)=,
ALY
» TN
L] .
€.

3

FORM@NCE‘OBJECTIVE'III - 2b: Apply the second derivative to, identify

the critical points of a function.

‘1.

' 2.

.

Using first and second derivatives df y = 2x3— 9x3 + 12+ 12, locate all
—

relative maxima and minima points,
A : . .
Locate all relative maxima andWiinima points of y = x4- x3 using the )
second derivative for verificat .
A ' N ' .
. ., ’ ”:"w,)’. 4 - .
3. Locate all relative maxima and minima points of y = > +§ ——> using the
] ' 0 : X
second deyivative for verification. , - .
> ' ’ T N ¢
Vel ' " .
) {
. . ‘ M " ﬁ
. i . .
- \
. |
. N @ 4 [}
¢ 3 .
. ,I1I-5
~ L) .
4
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v

CE OBJECTIVE III - 2c: Const‘n_nc't the graph of a function, indicating:

L J
i the coordinates of'crit;cal points and points|

[
’

of change in concavity.

~

0.

, 4

1 ’ ‘ .
Construct the graph of y = Z (x¢ - 6%x2 + 6)) labeling the coordinates of‘all
- 3 ‘e '

relative maxima a‘nd minima with M and m, fesp_éctively, and all points of

inflection with I.

’

Construct -the graph Wy - 4y = x3 labeling the coordiﬁfs/tes of fall relative

~ maxima and minima with M and t:,.\'espectively, and all points of inflection

with I . ‘ p— K4 '
) ) ety ¢
b . J

Constructsthe graph of ;:2y 2 (x - 2)3 labeling the coordinates of all N

(3

relative maxima and minima with M and m, respectively, and all points of

N -

inflection with I._ ' ‘

T
- L]
4 .
-
‘ ' *
v .
r
- .
\ ~
H
q .
~ \ .
. 4
-\
N
A3
’ A
~
1 ¥
4
-
v
¥
A Y
-
A ~
”
. ” '
: ’
L] . - -
- . . y
» . "
- ~
- ‘.
H 4 b | .
. -
* - )
I111-%
N [ ¢ k J
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RMANCE OBJECTIVE III - 3a: Construct the velocity and the acceleration

functions from a distance function.

a Vi
- 1. The position s of an object is given by s = %ta - té + 1., Write the
acceleration and velocity functions.fron the distance function.
"2, The position 8 of an object is giveniby 8 = 3t - % . Write the acceleration

i
and velocity funqtions from the distance function.

«*

&

N

Py

RFORMQPCE OBJECTIVE III - 3b: Construct solutions of problems involving
4 .‘ velocity an@lacqgleration from a given',
distance function. .
3’ 5 7~
1. The position s of an airplane t seconds after touching"tje grounorjs given
" by 8 = 180t =‘10t2. Find how far the plane will travel before it stops.
2. The position x of a moving part(cle at time sik/:éiyen By the formula 4
3-——{ for OStS2 Hrfte the velocity and the acceleration functions “
* . s
N from the dist&nce function and find the particle 8 accoleratiqn when t'= 2,
L ]
* v
) ¢ .
" . » > .
N o ‘ N
- . III’\?’\ .76 ) « y
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PERFORMANCE OBJECTIVE III - 3c: Construct solutions of problems involving
‘ -
related rates. . _ ‘
P,

LS A
ra

~ -3

\T‘\i. A spherical snowball is melting. Its volume is decreasing at ‘a rate of

[

. 200 cc per minute. At what rate (with rgspect to time?) ig the radi?s I
changing when r = 10? (V = %‘n r3). . - . )
‘ ' . 2. The radius r of a right circular cone iF decreasing at the rate of*2 inches
|
per minute and the altitude h is increasing at the rate of 3 inches per

N minute. When the radius is 18 inches and the altitude is 20 inches, find

. the rate at which the volume is changing (V = % n r2h).

e
\N
3. A weight 45 attached to one end of a rope which passes over a Pulley
~ 20 feet above the-g;ound.' A man whd keeps ‘his hand four feef off the ‘
ground grasps the other end of the rope and walks away at the rate of
two feet per second. When the man is 12 feet from the point directly
under the pulley, the weight is off the 'ground and rising. At what
rate is it rising? A ‘ ST
: o . /
o L S
‘ - " )
‘ / i .o ” - ‘ '
+ / I

&
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PERFORMANCE OBJECTIVE III 3d: Construct solutions of problems involving.

- minimizing or maXimizing a function.

LJ
.

- B -

1. Express the fumber 12 as the sum of .two positive’ real numbers in such a '

way that the produét of one of them by the square of the other is as large
. . M {'-:’.r
as possible: e . o

2. 4 man ha; a s;one wall alongsiée a field. He has 1200 feet of féncing
materiag and he wishes éo make agréctangular pen, using the wall as one
’
side. What shéuld,thé dimension of the pen be in order to enclose the
largest.possible area? '

. \ '
3. In a certain.locality and type of soil, it is found that if 20 oraﬁgg trees

are planted per acre, the yleld will be 500 oranges per tree‘aand that the

yield per tree s reduced by 15 for eéach additional tree per acre. What

- is the best nhmber of trees to plant per acre?

;

4. What is the area of the largest rectangle with lower base on the x-axis

-

and upper vertices on the curve y =12 - %27

»

&
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*  |PERFORMAMCE OBJECTIVE III - 4a: State Rolle's Theorem,
== Sra - -

Y

» 1. State Rolle's Theorem (in symbols where possible),

ad

-

] a given pair of numbers for f(x) = 0.;

. |PERFORMANCE OBJECTIVE, III - 4b: Apply Rolle's Theorem to isolate the .roots betwee

g rem =
-
> [l
v
-

1. 'pete;‘miﬁe wr_ether the following function has exactly one real root in the

interval -l<x < 1, f£(x) % 2x3- 3x® - 12% - 6.,
' ’ g 3

-

2., Show that between any .two zeros of a’polynbmial, there is at least one zeto
- “J - s - .

of the derivative of the polynomial.

“

°%
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PERFORMANCE OBJECTIVE III - Sa: State tMan Value Theorem.

"1. State the Mean Value Theorem (in symbols where possible),

U o < f
o : |
! -
|
[PERFORMANCE OBJECTIVE III - 5b: Demonstrate a geometric interpretation of the

Mean Value Theorems

{ - -

y 1. emonstrate geometrically the relationships of the Mean Value Theorem.

2. Read each of the following statements very car;fully and decide wh;ather it
is True or False. If you answer False, you must supply a counter-example
.to th|e statement to justify your answer. No justification need be .given
- ~ for an answer of True. ) 7 ~

L ] \ '
a) If f is continuous on the closed interval [a, b] , ffextsts on the
4

-

“open interval (a, b) and f(a) <4(b), then f is increasing

throughout fa, b ‘ -
s > .
- o] . . .
. . . .
B) If ff exists throughout [a, a , then there 'is at léast one point
L4 N - . .
T “w in (a, 'b) such that £ (W) = [f(b) - f(a)_]/ (b-4) ..

2\

. v

¢) Sinee Rolle's Theorem is a special case of the Mean Value Theorem,

then if f satisfies the hypothesis&f the Mean 'V&l&%ﬂl, it

- " must also satisfy the hypoth.esis of Rolle's Thedrem., 3 .
- -
. _ N
/ . LN
‘ o~
Q -
Q * III-11 o ,
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PERFORMANCE OBJECTIVE III - 6me State 1'HOpital's rule. .

.
i K] )

1. State 1'BOpital's rule (in gymbols, wheYe deLible).

. ~
M ' T - -
”

.

"| PERFORMANCE OBJECTIVE III - 6b: Identify problems for which it is

appropriate to use 1'Hdpital's rule.

|

1. For which of the following is it appropriate to use 1'HB8pital's
i N r - -
‘ a) lim 2x° - x = 3 . b)) lm x-1 . ¢ lim
- x*1l x +1 g Jﬁl’}52+3‘-2‘ 3"-)00‘
d) lim _xZ 410 - - N L '
) ¥ro  6X- # 2 ) e) 1lim b

e "x*o ’ x + 1 /x

rule?

-

-

Yx2 -1 .
2x + 1

t

PERFORMANCE OBJECTIVE III - 6¢c: Apply 1'HBpital's rule to problems of
: S 0o . ;
5 _ the: form ° or ol

2 - v *
7z = ., -

1. Evaluate lim - x2-_ 16, ~ :
.- x-.lc . x - 4 - ' ‘ Y
S U -
2, Evaluate lim X -1 .
X1 {m‘-;,z s .
3. Determine lim * _x2- 1 ]
T X 4x2+ x

- ,IITI-12"

[

.

-
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RPORMANCE OBJECTIVE III - 7a:

N - —
a

N

Determine the change in the range for

specified change ih the domain using

.

~

dtfferentials..

1. 1If'y = x*, approximate

[ -

"2,
oL
\1

RN

the ‘change in y when" x changes from 2 to 2.1..

’

-

e N . 4
By means of differentials

"find an .approximate value for (32.04‘);.

OBJECTIVE III - 7b:

cribe a ‘geometric [interpteggtion of a

4
di

fferential.

4

Descnbe a- geometric inter

.
-

e . .
ation of a differential,
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B i . . N N - s ) . . .
F .- : '. NI 1II: APP[I’CATIONS OF DERIVATIVES
ANSWERS TO ASS‘ESSMEN’I‘ MEASURES o0 § .
£ ? / .. ¢ f ‘
. le a) ) "%l
o () 3x+y=-9 )
< . " . + ,
(2) .288x -~ y = 833’ 1 -
e @) k+y=5 '
‘ T ’ . " ,
b) . > ]
s L “ : ,, 4
. /(1)x-7y+28'0 Y.
: @) x+2y =0 L : .
. A
’ (3) 4x+6y=1
- . ‘ M N ) |
e) . s . - v i
- [ [ -
(1) - Equations of tangent line are 2x + y = 3 and 10x - y = -3, .
: - . , L&
BN (2) 5x -3y=1Ie - ° ‘ ..
\ \'dv) s _: - P A - . -
S ' 1} T . - .t
\ﬂ) sEquation of nOrmal line is x +y= 3 ., ¥ . ‘
(2) \+3y=‘29,X’- 3y =29 | . o .
2, a) , o d .
. , .
. ad g\ . 27 3" vinen ° ¢
1) . (0, 0)-and ) ¥
T ()(,‘>1_<,256> , ‘ 4
L. @ 0,0 G ) G, 0
b /// b) ) - . .
/ )\ Relative maxtmun *at (1, 17) and rel,atiye mindmm at, (2, 16)
) e,
. - T |
K o (2) Relative minimum at (— ) 2—%%—-), ne'relativeomaxlm un
. (3) Relati‘ve minimmat ( ~ﬁ‘ 1 ) . . ) ,
ci - 7 . ' .Relative max imam at ({2, "r)‘ e ‘ ]
.c) « s } ) ‘ i . ] V‘. . ) .
> ‘ .. L7 e 3 T oL ¢
(1) Points to be labeled should be m('-*f;. -5 )i I, %') e,
0 . - 3“
C L MOV, 10, ), and (-r D
’ . P4 «
” " NOTE : Graph is symmetric to y - axis., ’ T ! .‘
’ , \., N - . . 3 -
. . , L Iz 14, - ST
.G | ‘ . . . 83 .. . , . .
. ) ~e ) : .Y ’ \ 4 ,




UMIT 1II: ANSWERS TO ASSESSMENT MEASURES (continued) * - -
, ¥ 4
(2) (0, Q) . .
[ - " NOTE: Graph is symmetric to y - axis. -

"X =-2, x - 2, and,y = 1 are asymptdtic lines

o 3) Notethaty=1-_-&x'1+4x2 '

m (2, 0) and I (3, 3 T L
" x =0 and y =1 are asympcd}ti‘c lines " Yo, a .
3. a) . o - ; ca T
Lo 1 . ‘ - “ PR *
v o) V=St ®2, a= t- 2 -
~ (2) vz3.+t=2 ,as=-2t™> ) :
- —b) - . O U SO
N : ! .
N (1) v =180 - 20t ! \
\ Plane travels 810 units before it steps. ; . -
B . "0.. ) . ‘ -
(2) v=3(t -3)"2, a=-6(t-3)"3 , a =6 when t'= 2 :
“ c) . 'h' - . ) - !’
\ ‘ 1 e - - o ' ‘ . ’
o (1) d_: =<3 cm  per infnute ‘. . - RENRY
- M) ] E ' -5 v » ) :
(2) dv = -1567 cobic inches per minute -
N T , . ] €
. : . v
(3) 6/5 ft./sec. .
BRI ~
d) P -
. ! ..' R i . S~ e
- "(1{ Non-squared number is 4 and squared number ii’S.
: (2) 308 feet by 600 feet - * ‘/ o k
. ‘-. , . . . . . . !
@) oy @&+ %) (500 =15x),.¥", = 200 - 30x .
. \ y’=0whenx'6§- . ) SR
ﬂ IR el : o-' R ~;J' . LT
y(g’) = 10660, y(7) = 10665 .. .  , .
L Flant 27 trees pér acre , .. . ) .
v : p‘. . :"- ' . > . . a
c-'\‘,: . K . . e . . 4 AP
. ‘ . - 11134 o R &
T, e ' 9 ’ O AN '.." .
] ' L ’ ° ' . S e ‘ -
': . i "‘ s ' .
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UNIT III:

Y
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ANSWERS TO ASSESSMENT MEASURES (continued)-

. N .
.8 Vo .
"~ ¢ [ o ¢ ,.z ,
.
! N . .

{ ¢
U o e A X X4 v .
C@ A (12 #A - 2 0 ~ .
_— L : ’ v
~ A' = 0 x= 2@and AY - «24 when'x = 2 s "
, . Max fmum _1s 32 square units; < - - .
4. n) p )
1 1t f(x) is co\ncinuoust ¢ [, B) andif f(a) = £(b) =0
) -and 1f £'(x) extstaV' X (s, b), then Fec (8,.b)9f (e) =0,
S R I N Y - N
‘ SRR . L : L
(1) £'(x) = 6x3-'6x - 12 v .o P
C OB (x) = 6€x2- x -2), £'(X) = 6(%-2)(x+1) L -
8 L. ’ : : .
Therefore there is no ¢ 1, 1) such that £'(c) = 0. _Thus the
T function dogs not change ﬁction on (<M. 1). _ There is at most one
. - J ‘ . . ¢
. real root on (-1, 1).- £(-1) =1, £(1) = *19. Therefore there is
. . L. . . > R : R
':tly‘one real rbot. - e .
L T » . X L
~-(2) See page 109, Thomas Calculus, 1972. . T
5. - a) ‘ - - - “- .. -~ .
. * L ) /.
(1) 1f £(x) is continuoust e[a b] and’ if f (x? exxftst €(a, b), ..
, thend c,e(a, b) 3 £ () = ﬂ_l'_f_@i r. PR '\". > N\ Ll o
] b - a . )‘ . ‘\‘ }.“
(.))' ) ~ .
. &2
.‘Ia/ - ;.;.
L)
o)
. BN o ™ -
PEIRY “f i
A . |
, 3 f(a)
) -SIOPe of tangent l.ing - f! (C) = SIOPe of chord = b a
' . , ‘ b .v.; . 'i » . " " ’. v . )
‘ SR § & 35 U7 AN .
) ’- . 3 "I - / . ‘(:. o : ) = N M ‘ - /
. ! L4 ¢ :
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UNIT III: . ANSWERS JO @sszssmr);m,sms (contin&ed),) ' L V '
R

C- @a)F, Jor= (x - 12, 0sx <3 o _
R O T

c)F; f(i)‘-»(x -1)2, 0 x <3, £(0) = 1 and £(3) = 4 L

- .
’ . .
- '

]
1
»

£
»a g'(x )

lim £(x) =lim £'(x) . - "~ v

8 gm wag' & T .. C

X 6?\{’ I (@) =Ya) = 0or £ £a).= gl +Fana ¢ 1B L0 gy,
| then

LN ) ‘j . i . 2 P )

SIS . b) (.b) is in the’ fox;uol,,( S , {

. (e) _and‘kd) ‘are.ip the form :—: — . ' - “

c) _ ) e o e L
(1) 8 . . :

3 . <

(2) "2 % ‘

L3 ’ N . ,ll'

1 . » N
3 = ; >
(3) 3 i
w L 3 * ' -
‘ 7. a) = - ; » ¢ v
+ . .'—* » P

® - 4 x, 3 . . o . L
» 8 - & . L 4 I 1 - hd
) 4 -] . N . N o, o
. vos dy = :(32) B— (fat) '. [ o < L] A . _
ool A . ' L . ¢
B :":’: oot mmwmmme e | ’0 - t . L ‘e 4 ‘- -1‘8 . ,' o '. e ‘ ) e . i
-, dy -,/ ‘2\ ‘ _—100 ) . E_O’Z‘ .016 :/: . ) .;:"t ;. .
| Thus.:” 32.0’6 (32)¥ + 0.16-= 16.016 oo oa
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» Différenttll of y which approximates the change, in.‘y for the /
- . ‘il . . . h : ‘ . 5
. R curve y = £(x) is the slope of the tafigent line at x@més /
* : .- * R . R . . . - / A
< ~

‘the chaftge in x. . . ) AT

a
-
L3
-~
-
.
i

. . NE - y
v . . - . . ,
' 3 pe - P _-,._..-f.... ———
N - . x . . .
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... JMIT IV: . THE INTEGRAL :
. . LA ® : u T4 -
b
RN *
INTRODUCTION .

Previdus units have presented materials related to di fferential Eslcuius.

* In Unit 1V, the student ig introduced to the other branch of calculus,

integral calculus. The first treatment of the integral presented in this
unit,is that of the .indefinite integral or the antiderivative.' This concept
is developed thrpugh the solut{ion oF simple differential equstions

The development of the defjnite integral involves fhe concept of area‘under -

a turvé as a limit of sum§fof areas of inscribed rectangles.. This idea,

which is first pursued intuitively th;ngh geometric representation, is ¢
- formally presented in the statement and proof 6t the Fundamental Theorem of

Integrsl Cslculus. , , . .

» 1

Hethods for. numericsl spproximation of the definige integral are introduced

through ‘the trapezoidal and Simpson rules. The unit concludes with state-

ments of the definition and theorems involving the Riemann integral.

!

. ., Ty .. ) ' . . _—
INSR@H%OBMIVB‘ - . R ‘ e - -

’ ¢ e

Apply;the rules for Jdu, Ja du (a=constant), /(dutdv), and Ju"du to
\ the solutioff ‘of différential ¢quations, : ‘

v
-
s 7 ‘

i.,,Determine the approximate area under a curve.': /
3.. Describe the derivstion of the Fundamental Theorem of Integral Cslculus
'~(FTIC) . . \

L L)

4. Apply the rules for apbroé?ﬁ!fing the Nslue,oﬁ a definite intigrsl.

s i ) * ' . , A . .' . 7
PERFORHANGE OBJECTIVES - . . . Tl A .
\ - N ~—

P

By the end of this unit\\the student sfould have mastéred»theﬁgbjectJESs listéd

below . d . . . . Te—_
1, s) State.the rules for fdu, Ja du,' Adu + av) and [ u“ du, '
& . ) ° ‘
b) Integrate a given expression of the form f'du, f'a du, f(du + dv?

or [ ® du., o i . s

’ * ! "{4
2, Detqrmdne the spproximsteugggs undet a givenmgurve over a given igterval,

B using a finite nuhber of inscribed (or circu ;;ibed) rectangles, \é
a - 4 AW

[

- 3. a) Stste a definition of srea under a curve as a liﬁit of sums. Y

! -

b) State" th} Mean Value Theorem for Areas W) T ‘ ‘.

« *

~/

kS A -

; : - )
. : . -

! , o IV-l a o .
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? ‘ UNIT IV: PERFORMANCE OBJECTIVES '-(continued)
e ‘ SN
- . v ¥

¢) “Interpret MVT for areas geometrically, .
State the two'F.T._I‘..C. ! /

wAApplythetwoFTIC.

v

»~ given deHnite integral Lo e .

w e /
« * b) Apply thpson 's rule to conpute the approxima'te value@f a given
R ‘ e definite integral.. s ) o
-~ . A
‘ ; e s - , ~
. ’ H ——
oo~
] > . ~— ’
AP :—* Tt T "’_""; T/
% ' * .
. e, W )
s . - ‘ *
4 4
T N C} , * ) . ‘ \ , . .
o ¢
I . . . . Y , - . * '
.o, . ; ’ .

13 \ - .
’ ' = -
¢ . . ' ¢ N
e '
L] I
. - R ¢ - ‘
.
-
v '\\ “
”~ N
: '\ . ‘. . e
" A . . e > . - M
> - - \ i
. 3 :
. FEEEN ’ « - ] .
. i ,.' ‘e ' - AY
\ ‘ oo , . ‘ .
. ®
€ *+ < "
< ) -
. [y
) ’
. . -
. - - " s
. - » : o

r , .l,
- 4 ’ ’
” - - 89 .
; - v .
! ~

Apply the trapezoidal rule to coq)ute the approximate values of. a

-
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Aruitoxt provided by Eic

- L

4 . - . )
. L]
' ) b a ! - P _— ’ .
- , . » ) ‘
~ f d - -
N ’ . - . * i
' \ v - ’ . . .
. SAMPLE kSSBSSHENT MEASURES : 'fHE INTEGRAL v
¢ — . .
A < .

. 1 » & L]
- \ - N
'PERFORMANCE OBJECTIVE IV - la: @ate the rules for fdu, .’a du, f(du + dv) an .

13 : - ’
n . ’
. * and ‘fu du. - . '
- pa— y - — T X - -
' State the rule for the following: ) ~ .
v- ~‘ X . . . . 5 . .
‘ 4 -
¢ o 1. . fdu‘ \‘ - Lo - : lw' : ’ o
. - * - . - 4
\ s - ‘ , . i
. . '. - , . - “ f
1. . ‘ ? - .
. 2. Ja du (a is conétant) . - -
. . P . —~— r. - N
“ - . ) . ' + . . s )
. \ -y "/jq ) .- e .
s 3. J(du + dw . ‘] ’ -
- .. . . 9 .
. E J 4 - -
. Y 7
v L ] ! ! , * ? )
L ‘ * i - - —— . 1
. )\
4. Su? au ' s ' C EE ‘ . -
'S -, ’ 3 . N > v . .
& L . - °\ .
3 . R ’ ) 4 ' -~
-l - ey B ettt e T — R \
. e e -
. ¢ s ) ’
(‘ , ' - * ) A ;] & . . . o
' A
———ye l . by * ’ "
3 N .‘ . M
- a4 ’ 4 ' .
. . ) . ' s
. ." .Q '
- ~ ’
. ‘\ [y , -
he . .’ l.‘
1 : ‘ M
. bER ’
hY ‘. ~ ‘.
. ] : . . . .
-\
. <
. ~ ) - - ¢
] . * : .
. ‘. -" R . ! ) " -
. .. » .
a
- va . - - . .
® 0 ¢ .
~ ~ - / i *
4 . ° . - v
. - '
w' . . o . ’ !
oo R . f . vl
) ' ~~ R s . ¢
.- v . - i
; P . o . Y ,
. - ~
. . —~ v
- " .
- . * . . ] *
. . 5 N
4 - - . . . Iv-3 . i -
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OBJECTIVE IV - 1b: Integxéé® a given expression of the form

< . ;ﬁiu, . ‘fa du, f(du + dv), on lun du,

. ' *1,” Evaluatée the following integrals:

@ Jae! ” o o
v o foax . - f
' (9 f(@x+§)dx . )
‘ (& Jo¥-2pax '

: i 2
2. Evaluate ‘the‘following integrals: : ¢
) ’ /// ' " ' ’i’i
L e (a)f(xa_l)dx , \
P . ﬂ X -t -4

s (b) { 5x dx
i ’ ' {3_:7;5' . hd
. . |

. . (c) ﬁ:i + 4x)2 dx - . .

L.} ' . '

'y * )
. K
; A}
. ’ .
M - )
» . ’ r
{ .
"
& ’ EEN
- |
i
L . }
.
’ . / r -
. . .
‘J Ay
« o
« v
. i, M
/ f
‘ ‘ -
iy
» . —~—— , 4
. r o~ ~
» .
- i
» . N
r , é Iy
, .
.
# Ay
Px) ¥ . . . » -
- 4 ' . .
i - ¢ R b | .
b
. -
. -
. - ’
- .
- -
. . V-4 /
; ‘91
. f N .
' o
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PERFORMANCE OBJECTIVE IV - 2:* Determine the approximate area under.a given

- ~

] * .
-, - cgrvs‘over a given interval, using a finite

.

* number of inscribed (or circumscribed) rectangles.

1. Approximate the area under the curve y s x2 from® = 0 to.x = 1

L 3 N »

. using 8~3ubdiv£sions in the interval 0 ¢ x < 1 (inscribed,

. 1
- - circumscribed, or both acceptaple), 'L

[ = -
P

. ] - .
2 Approximate -the area under thé curve y = x2 from x = 0 to x =3

. : using 24 subdivisiqns with interval 0 <x' <3  (inscribed,

circumscribed; or both acceptable), °

s

ERFORMANCE OBJECTIVE IV - 3a:- State a-definition of area under a curve|.

. . as a4 limit of sums, %

P

. 4

-

+ 1, State a definition of area under & curve as a limit of sums,

[ 4

¢ o
oD

PERFORMANCE OBJECTIVE IV - 3b: State the Mean Value Theorem for Areas (MVT),

, N - N
) R N 0
A} RS

1. State thé Mean Value Theorem for Areas.'
< " ¢ ’ .




v

2 - - 4 : 4 }
ERFORMANCE OBJECTIVE 1V - 3c: Interpret the MVT for area geometrically,

é

7 - C
, ~ /"
» . .
L. Complete the diagram with appropriate labeling to show the geometric

interpretation of the Mean Value Theorem for Areas.

PERFORMANCE OBJECTIVE IV - 3d: State the two Fundamentgl Theorems of Integral

e -

Calculus, , -~

v

-1

1, State (in symbols) the Pirst Fundamental Theorem of Integral Calculus,
[ . / &
' [

2, State (in symbols) the Secérz\ Fundamental Theorem of Integral Calculus.

L]
. [ ] L.

P

A - Es
’ ¢
4 -

PERFORMANCE OBJECTIVE IV - 3e: Apply the two FTIC,
B v

s
" "1, Evaluate: [ (3x-2) dx

1 +¢?

. x
Find F,(x) for F(x) = [ _de
' . o

\ .

1 )
f x(1 -{1':)2 dx
o . ) -

. . 7
’ YOLEE

Find F (x)-for F(x) = - dt .

) -f T - t2 .
- .
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PERFORMANCE bBJECTIVE IV - 4a: Apply the trapezoidal rule to compute the

approximate value of a given definite integral,

!

!

v ) , P
‘l. Use the traf:ezoicfal rule with n = 6 to estimate 'f1 x3 dx and compare
. -
- .

o

this approximation with the exact value of ﬁhe integral,

* . *
Y

‘ . w :
2, Use the trapezoidal rule with n = 6 to estimate ./osin(f)dx and

compare this approximation with the exact value of the integral, -

7

L 3

ERFORMANCE OBJECTIVE IV - 4b: Apply Simpson's "ulI to compute the
a given definite integral.

approximate value o

T . 3
1, Use Simpson's rufe with n = 6 to estimate f x®dx and comparé

, -1
this approximation with the exact value of the integral,

- ‘ SR o
2, Use Simpson's rule with n = 6 to estimate «,[ s’in(/x) dx and
Q . :

compare éthis approximation with the exact value of integral which is 2;
. 'y .

4
~
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S UNIT IV: THE INTEGRAL = *

ANSWERS TO ASSESSMENT MEASURES ‘

' 1
1- ‘) (1) w+cC »‘\) .‘f- Lo N
. @) au+c (Note: 1. - 4. c is constapt
( ' ' i .
: B) u+tv+e " -
- . . ﬁ - ’
. - 4) u L +¢c (n# -1) f . = ' {
- .n+1 ? -4 . i .
. . \ -
B Coe e
’ ] (a) t+c <4 . )
(b) 4x +c :
(@) 2x* + 5x + ¢
,' L ! K s N .
B T )
2) . Y '
@ x.,1,. |
y 4 x - '
' L -2 (3 - 22} o
. 1 15_ ~
- ‘ (e) 7% (3 +4x)° +c )
L4 + . ¢ - 3
2. . o 35 , 51 o . 4
. . lz28 128 T . : '
< . Lt - ! . . [ ‘
) 4761 <A % 5625 ? . A
256 '"256 . -
’ ; ; vn ' * A - ~
3.2 ) R Lim = eic) o ¥ . S
_b‘ : N k=1 - K) * o . * o ‘
. b T Yy A o :
- ) Let f-be a non-negative con(;iméxs functioh over the' domain [a, b] .
. ! F & M . .
7 " Let’ A, denote the area under the“graph of f oyer.the domain. Then b
. there is at least gne ‘number ¢ betw'gi:”én a and b such! that | \ '

A » ’ M

b ., . .
SN T A = f£(cy* (b- a). ‘ ‘ -
R N A y* ®-a. : .
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UNIT IV:
t
~ ¢y
 J
)
b
A
a

d)

e)

Area under curve is equal to area of rectangle aPQb.

@)

.Aa lim f £( K)Ax =

r 14

ANSWERS TO ASSESSMENT MEASURES (continued)

°
3

f(c)-(b < a)

PR

b
mrek=l .

i

4

[

J:b"f(x) dx = F(b) - F(a), where f is
a « :

continuous and integrable on [a,

@

1

xh\

(2) F(x) = jx 'f(,t)df for x €(a, bl implies F'(x) - £(x) fér a<x<b,
A ] ;

1

(2)

L.

(3).‘

(4),

(2, Trap. -—[_2 +r:]

C / x3 dx = 20 °

(2) Simpson "3 [4 + T'_] = 2.00 (3 significant digits)

- 28
' = —1—-— ¢
F' () 1+ x2
1/30
- 1

‘ . 2
. $dx = 20 trap - 20 3 LY

1,95

Simpson's = 20’

4

¥ 4

*IV~9
9o
. e} R

’

.
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‘ UNIT V: APPLICATIONS OF THE DEFINITE INTEGRAL

-

Imbwc:nou . . SR ' -

. The statement’ of the Fundamental Theorem of Integral Calculus established
«conditions for which the limit of sums could be evaluated by the definite
integral, Imn Unit'V, these conditions are Applfed to various physical. 4
situations. Problems\involving distance, area, volume, center of mass, NS
length of a curve, surface area, and work are solved by direct application
of the Fundamental Theorem of Integral Calgulus. :

. Note: Ample class time should be provided for students to practice with a
. : large,variety of problems. This ‘unit offera an excellent Opportunity for
o the teacher to work with small groups and indiviflual students.

{

. .
[ 4 =]

INSTRUCTIONAL OBJECTIVES - . . .

« 1. Apply the Fundamental Theorem of Integral Calculus (FTIC) to compute
areas.

2. Apply the FTIC to‘problems involuing motiona

3. Apply the FTIC to compute volumes.

T i
4. Apply the FTIC to compute the length of a position of\& plane curve. .

\

5. Apply the FTIC to compute surface areas.
6. Apply the rule for the average value of a function over an integral.
1. Apply the FTIC to compute the center of mass.

8. Apply the FTIC to ceompute work.

PERFORMANCE OBJECTIVES ' . Sy

By the end of this unit the student should have mastered the ‘objectives
listed below. . .

'

1. a) Determine the area of the region bounded by the horizontal axis,
_ two given vertical lines, and a given function. ° -

b)' Determine the area of the region bounded by two given functions.
.F) Determine the area of the region defined by a polar eqfation:
2. a) Construction the .distance func'tion from a given velocity functign.

! b) Determine the distance traveled in a_specified period of time from
_a given velocity function ‘ -

t " o ,
» . . ” ¥ - \
. s V-1 .t
i . ‘ .
.
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UNIT V: .

%

PR c)v
D

a)

b)
e)
8)

b)

‘ Deterinine the surface area generated by the rotation of a portion : ;

h ’
-\ . ) vy, -
J Tome ~ < *

. N R .
. -
) ’ Vot S
v

" PERFORMANCE OBJECTIVES (continued) oD ‘

Construct the velocity function from a given-acceleration function.

Determine the ﬁistance in a specified period of time for a given
acce1eration function. _ .
Determine the volume of a solid of ;pvolution, using the slieing
method. e 7

. : .' A
Determine the volume of @ solid of revolution, using the-cylindrical
shell method. ' - .

- {

Determine -the volume of & 801id having a known cross section.

Determine the length of a portion of a curve defined in rectarigular
coordinators. . p

-

Determine the length of a portion of a curve defined in polar
coordinates. 4 R

Py

of a curve defined in rectangular coordinates.

Determine the surface area generated by the rotation of a portion RN

of a curve defined in polar cobrdinates. :
. 4

State the rule for the average value of a funttion.

Determine the average value.ofla given function over a given‘inrerval. ‘{

—

Determine the center of mass for a portion of a given curve.

Determine the center of mass for a/given region of a plane. . /

Determine the center of mass for a given solid..
State the definition of work.'

Determine tne work done by a varying force acting over a directed

distance.
-~
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, SAMPLE ASSESEMENT MEASURES: APPLICATIONS OF THE DEFINITE INTEGRAL
~ ’

. - -
~ ,

.

]

PERFORMANCE OBJECTIVE V - la: Determine the area-of the region bounded by the
.- . ' . o horizontal axig, two given vertical lines and a
’_a,s‘ ’. . A .
: N - ’ given function. . .
N .- ., . . -
1 " . K ‘ .

1. Determine the area of the region bounded by’ the curves y : 3x%)

x=1, x = 3, and the x-axis,

3 . »

2. Determine the area of the région below the parabola y = x° - 4,

- above the x-axis and between the lines x = -3, x« 3. ; o '

.
. - .

Jq,...\,,.a—e

. I3

.ﬂ
- RFORMANCE OBJECTIVE V. - 1b: ,Determi,.gfe the area;(f e region'ﬂl‘)'oix'?léﬁ by

. . . .
- " two given functions, {41»,\ -

»
1., -Detertrine the area bounded by th’E cyrves yi=ax and y = x3, ’
’ o . , n A ¢ .,

>
2, The total area bounded by the cubjfc y = %3« x and*the line y = 3x

-

1s equal to: s ' B .
a) 4 p A8 c) -8 a 32 e) ‘16 '
3. ’e 8 H
A ‘
# h .i
’ ) j 'V-3 ' '
4 / - ’
, / 99
’ ~ » ! )




' . J— -
. - |PERFORMANCE OBJECTIVE-V. - 1lc: Detgrmine the area of the region defined

' by poiar equation, C .
N 4 ¥ ‘
‘ ‘ — L] 1] .

p - > -

e 1. Determine the area bounded by the curve r = 2 + cos 9 and the

PR

~ lines @ = 0,0 = T.
. _ - S
- 2. r ot
X a) Sketch the curve whose- equation is r = 2 + sin O . |
Ve ) ‘ T \‘\
b) ‘Determine an integral for the area of the region inside. \
. . |
’ the above curve but outside the circle r = 2, Do not
. . evaluate. .
\, | y . g
{ .
4 o
5
L
] ’ g e
N ) < ’ L
> ’ P ..
f’f';’ rl .

-
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ERFORMANCE OBJECTIVE V - 2{5 Construct the distance function from a given

i \\ velocity function. \
[ A
A
H .
‘ . ? B ‘ ! /) . ' )
*1,  Thé velocity of a particle is %iven by v = t3- t - 2. ) J
’ . " The formula for- the distance traveled is .

¢ -

o

2. A body has velocity v = 3t3- 12¢ + 9, At t =0, s = 4, what is

-

. . L4
the distance s in terms of t? , 4

RN N

. N

|

PERFORMANCE OBJECTIVE V. - 2b: Determine the distance traveled in a specified

¥

. period of time from a glven velocity function.

-

‘): LIf v t2- £t + 3 repEFsents'the velocity of a moving body as a

.

. function of tggf, find the total diétancq traveled by a body

moving according to this law from t = 0 to t = 3. (Assume v is -

. meters per second, t 1s secondss) ' '
. " 2. A body moves along a straight line se that its velocity y at
. time t is given by v =4t3+ 3t? + 3, The distance it coffrs from

Tt f'O tot =2 engié: ‘

. .

a), 41 b) 30 c) 60 d) 55 ° 2) None of these
} ’ ’ 3. A bod; moves along a straight line so that its velocity v at time
b © Tt is given by v = t2- 3t + 2. Determine the total distance it
- " ! ° - ‘

covers from,t = Q to t = 4,

; ‘ : # ‘
oo SR ' 101
\)“ v-‘sv .

¢ 1
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S ¢ .
. / &
- {PERFORMANCE OBJECTIVE V - 2c:, Construct the velocity function from a given |- ‘
. .
1 - X ~ ! :
. " acceleration function., ° . R \
’ » « * 3 ¢ .

-~ . ‘e

. .
- .

1. Determine the velpcity function from the acceleration function -

. -
Al -

a z 6t2, The initial velocity is zero.

-
r
\ <

B 2. A particle moving in a straight line gtarts from rgsé att=0
» - . - -
’ . R Qtitr an acceleration a = 10 - 5t. Determine the velocity
_ function. N N ) " N
. . N . - . ‘
3. Determine the velocity function from the acceleration functionp
. .
a = \ r .

ORﬁEhCE OBJECTIVE V - 2d: 'Determine the disténce in a specified period

- I

//// . of time for a given accelération function: .

' -
- ———

[ - N
. .l‘

[y
>

part?cle moves in a line with acceleration a =-12t and when

- .t = 0, v = 8 The total distance traveled between t = 0 and

t = 3 equals:

N [}

a) 30 b) 78 c) 30 d) 46 ea-('&one of these

.

- ) .
. 2. The acceleration of a body is (4t +1) ¥ with Ehﬁ initial velocity

~

4
v.= 1. What distance dpes it travel between t = 1 and t = 37
102 : .
Padind

9

. ~ .
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CE QBJECTIVE V - 3a: Détermine the volume of a solid of revolution

\

v . °  using the slicing method.

E C R “%\M, h | .

. g ;- ) ]
) peéermine the volume generated when the area enclosed by ’ S

/- |
) . 0y
“y = 3x %2 and y = 0 is rqtated -about the x-axis. \ \

[

* - Y- e48T 27T .

w8 o ST,
. T S&f 10 5

27
2 ‘ -

.e)

-3

2, Determine the volume genérated when the are; enclosed by y = x3,

x =1, y =0 is rotated about the y-axis. N ’ y

Y -
. ~ » R s/
- M - ot .
- ‘)

> Y] . »

-~ ER#QRMANCE OBJECT¥VE V - 3b: Determine the volume of a solid df revolution

using}the cylindrical shell method.

Vo : ‘
14 ’ ’

<l - T -
-

1. Determine .the volume generated'when the area enclosed by

y *=x3, x=1, y =0 is rqtated about the y-axis. (Use the

method o( cylindrical sthls,s

2. Determine the volyme generated when the area enclosed by

y =4 - xB and y = 0 is rotated about the line x = 3. (Use

the method of cylindrical ‘shells,)

. 1




" [ \ ‘
S , ”‘ N ) ' _
FERBORHANCE OBJECTIVE V - 3c: Determine the volgme of a golid having a known
I cross-éecgion.“ .
i ’ ' . . . BN .l
1. Determine the volume of a solid if its base is the df:ple - A
x2+ y2= 9 and each piane section perpenﬂicular to the‘x-axis
is a sqﬁgre. S ' - .
N \ } N
2, Determine the volume of the solid whese base is a region . ,;’
. " bounded by £heline y = d;and the parabola x°= 8y and whose
plane section perpendicular to the y-axis is an equilateral .
- triangle. ) ‘ A
. + B 2 N
a) 32/3 b ﬁg c) 64/ d) 32  e) Nons 'of these
e O . .
J ' L S o
\ . %
0 . ) 7
4*"- .: -\ f
L4
L .
. B ’ ) ) ~
‘4 i
' v-8
* . = -~
N e 3 I: " B



ERFORMANCE OBJECTIVE V - 4a: Determine the length of a portion of a curve

°. deﬁ}ne& in rectangular coordinates.

T o

. N \
; t N . i 3 1
1. 'Find the length of the arc of y = 6x® , 0 < x < 1. . .

2, The length of the arc'of y = 4x3cut off by fhe line y = &4 K
4\ ‘A ' . o ‘ - \‘
is given by the integral:' - . V¥
. - ¥ 1. X |
. a) L+ 64x%) dx  b) - (1 + 8x)° dx ?
. 4 -1 . ) .

\ -Jo - ¢

L ! A

- i hd
\
. [
c . -
. 1
\ < - .
4 N . |
- -
\
. s . ¥ ,
X" 3. Determine the length of the arc of the curve x = t3, t%
. . g . .
. from t =0 to t_=1. }
, o ( | | ,
~ ,'" /‘\\\\ — ' l -
4 M Y : . v

PERFORMANCE OBJ TIVE V - 4b _}betermlne the length of a portlon 07 a curve

~

defined in' polar coordinates,

»
‘
- y
~ -~ - ~
— . -
~ : <
t N 7 v
.

- \ o . - .

RS Determine the length of ‘the curve'r = 23 sin 8 .

* -
«

s
" [

2  Determine the length of the curve i = 4 sin®

N D

. [N .

Co tos

N L L
. ) L . Q) f 1+ 6)4x2§ dx v v
: : 0 . ﬂ



FORMANCE OBJECTIVE V - Sa: Determine the surface area generated by the rotatio
. - - ! M . . .
of a port{oh of a cufye definedkin.rectangular-

. . coordinates,. : - * o Lo

v R .
)

M -
' o " . ‘ .

-

~

R .Determiﬁyvthe surface area of a frustum of a cone generéted

by revolving*i:fxe line 3x + 4y = @4 about the x-axis, 0 <x <6. °

1
»

2. Determine the surface area generated when,y = x3 1s revolvéd about
R !

the x-axis, 0 <«x <2.
L]

1

. Ly b,

R >
-

- - | ~

PERFORMANCE OBJECTIVE V - 5b: Dete%mine the surface_ area §§negabeg by the] -
—1 ‘ rotation of a portion of ;‘curve defined 1in
. ’ . —- . polar coordinates.i
" . . v, ]
‘ 1. Determine the aré; generated when r2= cos;Z 0 1s rotated, A
\ about the p;Iar axis. -~ | , N ‘
C B )

a

. 2. The cardiold r = 2 (1 + cos 68) is rotated abgut tﬁe polér axis.

-
Determine the surfacq*ar%F generated. v
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?ERFORMANCE OBJECTIVE ¥ - 6a: _State the rule for the average value of a function/.l
- ) K .’ ; ‘ . i )
- . ' t . ' ' -
" 1.  State' the rule for the average value of a function.. . )
. N . ' , ¥
- toe - ' [}
4 : X s
N ¢ [ ' ) ~ N
) -
- ' . .
VU ? :
. r L \ ' i )7' .
N | ’
T . - v . hd
‘ - * 4 ] .
P .. % ]

ERFORMANCE OBJECTIVE V - 6b" Dete‘rmin:a’ the average value of a given

v " . ’
. T function ever a given.interval, - .
4 M M
: . B
., . . )
. . v %

’
-~ ]
~ ~

1. Determipe the average value of y = 3x2- 4x + 7 from x =2 to x = 3.

2. Detérmine the average v:ﬂ’ue;!»of,y

-
L]

=mfor 6<x < 22.

’

.
I . .
.
hd .
. .
. Ve /
a . ’ .
R b 4 ~ , [
z “
. -
¥ - - ’
- v u ¢
r . N
' .
- J . .
' ! N
.
’ . ‘e L
*y N
. | AP
o , . LI . .
v .
ERIC ‘
; — - 3




Y -~y

T

s “ B .
. e - - : e
.. . - [PERPORMANCE OBJECTIVE V - 7a: Determine the center -of mass for a portion of ‘
"‘3 : ) ’ 3 n - - ' ) | B - , )
T v 48 gi\}en curve, X ' -
™ N —
- -~ ) - ) . e
PP . . ' , s 4 .
T e -, ¢ ’
ot .. 1. Find the cemter of mass’of th wof_a.circle x+ y2= 42, )
- M i n ’ . e .. s .
i 2., Find the center of mass of a'rod of. lquth’f if -its density ,.-
| s 5 N . s 2 N - R .
‘o . ’ + ' R
= e st varies as the squaré of the distance from one end. - v
- 4 s R ' R : -
N - hd ’ * /1 Lt .
Y S ) o 4
® N R ' - o >, N
@ re
- . . 5 ) . . / ‘
" [ - - < 1 N
1 W o~ 3 - I 9 : ‘
- N i - ] ﬁ - ! ~ !
. - . - )‘ AN , ‘.
. ./ } ) 1\ ] -
3 - ! . - ) ) " -
. L4 - . ‘\ .
o o e . ’ s .
. ' ' . . R N
- ~ S = T8 ‘ L - ‘ - ‘
. PERFORMANCE OBJECTIVE V- <~7b: Determine the center of mass for a given| |,
- - region of a plane»
R ) &:i"{}; . . - e ~. ) ! ; . . - l . .
. ~ 1. Find the cgor‘diha‘ées of the center of’massﬂ'ofv the area =
v Y . . - ‘ k) -
L *bounded by y * x°, x =3, and y = 0. ” ) IS
) c ) . N . ~ ) . . <
. 2. Determine the center of mass of the region bounded by y = x® = .
O ) - N . .
* and "ye' X. - - - » y
I 2 { b
. .“ 4 : 5 £ ’ 9 ! /ﬁ I »
o 2 : .
_ Q - L . {“;b 1 . n
. . ° ar - . a
s-\ ’ * 1 ? N -
. & ' " . . rf . ‘ . ~ { .
. 2 R -4* , R ' S ‘
u{ » ' by > ( - 14 . - .
R L ' . V.
. N . ) : - R . ' V"'12 { 1
Q . * .t - [ ~ e !
ERIC: o+ & 0 408 |
. - . . 3 S . )
* LI PR T, 4 . ~ '
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' ’ l
LA

-t e

!

' 1. Determine the coordinates of the center ®f mass of the solid
: Y )

of revolution produced when éhe'regionf§0pnded by x =0, y = 0.

-

%

° -

.* and y = 4 - x2 is rotated }bout the y-axis.,

2, The region bounded by x =0, y = 0, and y = 4 - x* is rotated

about the x-axis. #The density varies inversely as the distance

- v

from the x-axis. Determine thé coordinates of the ce of
t ] ’ /’DSeF-

mass of the solid of revolution.

L4 -
’ v - ,

¥
* 33

8. The region bounded-by x = 0, y -_0; and y = 4 - x2 is rotated about
the x-axis. T ensity varies directly as the distance from the
y-axis. .Determine qhé coordinates ofgthe center of mass of the

- ’ ' ' D

’ solid of revoluytion. ‘ .

. . Y . .

(v | -l(?f} -5

V-13

PERFORMANCE OBJECTIVE V - 7c: Determine the center of mass for a. given solid]

L4 R4 3
Ve R . . ‘w N v

5“
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PERPORMANCE OBJECTIVE V - 8a: State the definition of work.

o ‘ * 1

N -

w
.

. N ¢ ‘
1. State the definitioh of work..

L]
s
N t '

.
Ry .
d *

M [ ]
~
A
N “
.

- . .
. .
~
.

ﬁRFORHANCE OBJECTIVE V - 8b: Determine the work done by/a §arying force

-

‘ acting over-a directed distance.

*

1; We a?e given a pail that‘wqigﬁs 3[kg and contains 30 kg ;f
.sand at the stgrt.’ The pail is lifted slowly a distapce of
5 meters, and as it’is liEEed sand leaks out of a hole at
/ the uniform rate of 3 kg sand per meter lifted. é#nd the

work dome in lifting the pail. .

* 2. A conical vessel is- 12 feet across the top and 15 feet deep.

’

If it contains a liquid weighing'3 poynds per cubic foot tp a

' depth of 10.feet, find the work done in pumping the liquid to

“

.a height of 3 feet above the top of the vessel.
s

r

.
» . .




N 7/’/\\ - . C : ’ . .
' AN ) e ¢
\, e . UNIT Vs APPLICAPIONS OF THE -DEFINITE INTEGRAL
mhm:xs TO-ASSESSMENT MEASURES : ‘ '
1. a)" . o ot

3 »

-", ' (})}A.f 3xadx .. -.

~ . . = xﬂa F .
- 26 8q. -
IS .' Te . 3 )
. (2%A = (- 4)ax = S
: A O ;
7 2

ifd 4fo’»

) = &sq.
3

-, ‘A
» ’ * .
b)a . . 7
v
o ’.
C (2) cx T
’ . c) # Iy ‘

Y B "A=xf [ 2 + cos 0—]2d0

-, . (1) % .'% [ N

h‘ - —n .

. v -f (4’+ 4 cos @ + cos20)de

g4

L / ‘ T n . -
. = 20 + 2 sin 0] +T cole de
- ] ' 0 JO

P

. L= !f'/‘" (1 + cos 2d)de
_ " Yo

v )— ‘ n
. =2+ % (@ +%sin2 e)]
! N N T 'y \
~ S o =2m4 T L4
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. Vanuml t - -
. UNIT V: ANSWERS T© ASSESSMENT MEASURES (c’ontinued)
f . ‘l ' l o M o -
L ’ - " (2) \ o : ” ‘;
. L . (@)
";;‘ ) ‘
. ' \ *~ m . . 1 N
. . (b) y" (2 + in 9)2d0 - y 2249
N . . + N .
. o o %0 L ~
- . '. . '
2,  a) s
r» ; R . - . .
- (1) s=1¢€-3¢t2-2t+c \ .
v (@) s =tPmbt2 49+ 4
. b) (1) ‘13.5m - )
. ?‘ [ & . »

. @ b ' o ~ \

.o 3) %}, ‘ - | ‘
(1) ;'- 2t3

2) v--10t;-%t2

1 . ., (3) vs (ta: a)k + o . " . :

R € D I | |
-+ N -
i ) ) 13 5 /5 + 12
| ‘ = - L

*3, a)




|~
3 / ! '
O / Jpwr- ey ‘ -
O S e . .
Y e |
rs / ': |
o . _ |
U B 1 { d 3 :
j ;' | y - n y dy ' ;
i Jo 0 . |
H ’ s /
: . B ! . ' |
[o] , )
1 ) / '
- , %““" ‘}
o [_1 :_g- ] e
s o
1] / %.
'_zn b | |
5
b)
- ’ ' 1 ) Aj |
1) v. -f 2Mxydx "
. ) 0 S !
£ 1 )
L . 211/ x4 dx
4 .
]
Ny 0 ' | |
. T 1 \
. ) o . ”
| ~
. QM B ’\
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UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued)

b

2

@ v -f Mm@ - xYy dx -
' =2 .

- . .
-~ - -
>

= 647 Y

(1) 144 cubic units

(2) 64 /3

! R
.
-
L4 , % R
. ! < -

E
4. a:) . ' ’ lx" . YA‘

, W _2 @E-1 ~ss\/‘ (1+‘Bix)%dx d
: 743 -Jo

i

@ o . ' . : '
ey ] - Sti+ 4te dt = /92 + 4 dt
- . 0 . ) 0 N o
_ 1 ¥ - 8 ' : ’
. 27
f . [l
~ b) . ' -
L ,
. (1) 2rna i
ds = m ! )
re " ‘. i
LfJ (2a sin 8)2 d6® + (2a cos.@ d 6)
. 0 - , : -
’ 1 .( 'rT “ ’
. . t“za ae
v-18 ' .
o . - ““

L 114
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UNIT Vi ANSWERS TO ASSESSMENT MEASURES (continued)

L] 21‘]’ ! . i -
' R 9 e - '
(2) L‘ff(Q sin® 7)2d @24+ ( 4 sin 3 €08 2.d 9)2
0 S '
‘ 2 . .
LY 0 ]
.f sin 7 d 9 .
, ’ 0. :
-~ .
l' ! * A
.. - kY .
¥ = 16 ..
5. a)
6 : -
' 225 T
1) S(}j 2ny @ dx) * 222t
. . . ) ( '
4
- (@) s=T {145\J145 -1 T ¢ L
T , ;
b) o ’ »
(1) S = ony s’ f -
. ™ —
1 : 1
= 2f4-2n(r sin ) (m)% de

0 - , ,

« \ n
> 3-4yrsn0d0 = 277(2_'\1-2-3

‘(2) S = f2ny ds L ,
- m * ) %
-/ 2rr sin @ (2N 2) (1 + cos 0)° d @ ‘
0 - _ ;
it
_  la8m
= S \
\ 'fé .
“ 4
: » 115
Q . ' ¢ v-19
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" UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued)

1 4 ‘ )
o ] .
-~ [ ) . - .
. ~ ) \” b 4 v ‘ . . -
.t .. \<‘ v - 1' . . . . .
. 6. a): yave, =p=—7 [ £ . ;
. a . : v .
' b) ¥ .
' (1) 16 I/ - ' ‘ 2
* (2) 56 -
o 9 \ v
. -
7. a) x

-
~ -
—
N’
|
"
\ ,
)
[+\]
. <
¢
+
“
<%
N’
L]
S ,
%
[}
N
)
'®
=

3
)
"
&
T
=] ‘N
o1
L]

~(2). x(kx3 dx . i
o 0 . =3y ]
x - )

Dl

_/'z'\“*"z"‘* I o
0

. v R . .

Center of mass is % of way from referenced end of rod .,

11¢ Lo

QL ‘ . _ . v~20

18
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UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued) , ~
4 7. b) - - s s 5
R (1) Hf.xédx-9 .
> -0 3 21 3
x 0 PR ] .
] 27
% 4 > ¥ 10 X
g \ .
. :1 5
(2) M= (x™ - x3) dx = IZ
. i 0 . .
- 12 P [
X = 15&‘/* x(x - xa) dx ’ ?’ 5 2
0 “,0
- 12 S 3

c) . o
2 , .
1) M =f ".2m xydx = 8 ™ (Shell Method Used)
0
2 )
S W L.2m xydx .

y= gnJo 2 ) . -

. > 6{" .
@ M=f §pa (-5 - %»« (Slicing Method Used)
. 0 Lot

= T < ul .E
o fy, ©rEQ

3 - .
i‘z.'yﬂ- 0..2=0
4 " ?’

o 3)

. ;-/P.xnya dx ‘ ’ ;‘ug% y
'ﬁz (€ x)(x) (4 - @ )2dx
' fz G - x0)3dx . . e
. 0 ) Ve2l 117




UNIT V© ANSWERS TO ASSESSMENT MEASURES (continued)

2

4
' v ) /'\ ) ‘ "'

8. a) r
b) (1) w-f, (33 - 3x) &x .
o - _ ,

A

5 .
V = 33x - ég _ ‘: Al ’
-5 2 0 M .
w-1275kg-m' ) S N
’ ' 4
L) w= 3mgd (18 -h)dn

0

% s0 r-gh

, | 10 o

; w-f 127 (18k2 - hWydh -

, 0 ~/\\
\ A

N

118,

- 0
(1) ~ Work equals force through a distance, 'W :[’b F ds .
r



6. Jspply the rule for f_d_u

‘ PERFORMANCE omcnm/ — i

o . UNIT VI: TRANSCENDENTAL FUNCTIONS -
. e . .

INTRODUCTION "

The methods of differentiation and integration of algebraic functions that
were developed in the previous wunits are extended in Unit VI to include the
transcendental. functions. The more familiar inverse trigonometric functions
"are developed first., Logarithmic-and exponential functions are introduced
with the definition of the natural logarithm. This is followed. by a treat-

ment of the exponential function as the inverse of the logarithm function.

[

A par;icular -application of these functions is the solution of problems
involying rate of growth or decay.

-

INSTRUCTIONAL-OBJECTIVES : r (

1. Apply the fules for differentiatlng the trigonometric. functions.
2. Apply the rules for integrating the trigonometric functions.
3. Apply the rules for differentiating the inverse trigonometric functions.

4. Apply the rules for integrating expressions of the form du deu
1

f . . : : 1-u2, V 1+u2,
and -1, .

~5, Apply the formula for the derivative of the natural logarffhm function.

]
“

- u . 3
7. Apply the rules for the derivatives of e" and aY,

-

8. Apply the rules for ,/;“ du and a‘l1 du.

9. Apply the method of logarithmic differentiation.

- ’
‘ {

By the end of this anit, the student should have mastered the objectives
"listed /below ki

-1, a) State the rules for differentiating tl‘ée trigonometric functions,
b) Construct the derivatives of expressions containing the trggonometric
functions. -

c) Construct the derivatives of expressions centaining powers of the .
trigonometric functions.

A

Y

VI-1




UNIT VI:

4

c)
3. a)

. b)

b)

b)

b)
c)
d)

c)
d)

b)

State the rule for fgg

PERFORMANCE OBJECTIVES (contin;zed)' . ) ' .
C;nst'ruc;t the derivativés of expre:sior'w containi)lg products \and
quotients of trigonometric functions. '
State the ru1e§~ .for integra‘ting the t,t‘,igonometric functions.
Integrate expressions\containing the trig;nometric functi:_ms/ N

Integrate ¢rigonometric e'xpresdions of the form u? du. -
State the rules for differentiating the inveérse trigon’ometﬂc functions.

. . ) . .
Construct the defivative for a given inverse.trigonometric function.

‘ -
State the rules for integrating ;exp.rﬁessions of the formfﬂ s

: ‘ )
f@_,andfgg : 1-u

- 1+u2 u uz' -1,
Int’:egr'ate expressions of the forn\fg , fgg , and du
3 ‘
2

u--1.
State the rule for the derivative of the natural logarithm function.

Construct the derivative for an expression containing the natural
logarithm function.

u
Integrate an expression of the form fd_u

. K u
State the rule for the derivative of eY.

State the rule for the derivative of al.

Construct the derivative of an expression containing e".

<

Construct the der.ivative of an expression containing aY.
State the rule fpr J"euldu.

State the rule for J.au du.

[

Integrate an expression of the form feu du,

Integrate an expression of the form fau. du.

s

Construct an equivalent equation in logarithﬁic form from a given *
equation.

Construct the derivative of a given equation by fijst writiné the

equation in logarithmic form using the base e. .

VIe2

120



SAMPLE ASSESSMENT MEASURES: TRANSCENDENTAL FUNCTIONS . -

A

Id

Ve triggnometric functions,

rznvomcz OBJECTIVE VI - la: State the rules for differentiating the
N '

. '
N .

State the deriv;tive of each of the following:

1. d(sin u) IR - . . . !
dx ’ o
" "2. d(cos u) . -
‘dx 7 ’ : ) ) ;

5. d(tan u) . g T .

[IEUKWMMNCE OBJECTIVE.YI - 1b: Construct the derivatives of exptessi%'s

containing the trigonometric functions,

¢

Determine %ﬁ . . . ) ’
1. y = sin (2x + Sk
2, y =cos (5x = 2)
" 3. ; = 2 tan (4x°- 5)
4, y'= % cot (6x -3)
o 5. y=17 sec (2x - 3) ~

y = /7T csc (x2- 3)




-~ e a
,‘)‘ o . ) %3 v . . / ,
? ERFORMANCE OBJECTIVE VI - lc: Comstruct the derivatives of expressions
L . i o . containihgﬁifb'wérs of m\ctfigonoulxetrié functions, ‘
‘ (N ‘ d ’ ’ . . .
= Determirgeji for:- .
T 1. y =z sin? 2x )
« 2. y = _cost (X¥°+ 2x) -
" *3, y = tan "3x o ’
’ ,-4-. y = - cot "2(3x2-7) - -
s 5. y=2 sec5;/;</. s " .
’ \ 6. y=3 cscasx'\,w .
i N a ,
" R S
. . . /
ERFORMANCE OBJECTIVE VI - 1d: Construct the derivatives of expressions
) - ' ‘containing products and quotients of y
‘ B trigonometric functions. ., i ‘
’ .’_ — . ’
,_g'l. Detei‘mir}e dy for: , )
20y * - dx Y
a) y = sin 3x cos 7x v
. b) y = tam 5x sec 2x
A -
di . d ~ . B .
) ’2. Determihe aﬁ ford. \
K - a) 4 sin2x
o -~ 3 cos3x- - ¢
w A “ -
) 2 2% -
SR b) .y = 327X '
-, . ‘ cSe3x%, g ] - L4
vt LN R . ‘4/,,‘ .'
\‘ l —
» § * » ) ‘/
7 :/ ‘ , B ) . , . ‘ ,,\’g‘ ]
{ ' a _ . ;P . X - ‘
. :ﬂ’ w\»w’ \\w L 2N - 5
p ? v ~ . ! \{(\{ : .
) . . N R
. . - ; VIe4d ! ; , .
“ ' - 122 )
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PERFORMANGE OBJECTIVE VI - 2a: State.the rules for integrating the trigonometric

’

: functions,
1. € .
Determine the following: . ‘ Ve
,1.. [ sinudu .
‘ 2. [ cos u du
V) : ot
3. [ tan u du - .
] .
4.« cot u du
5 r sec u du ?
6, r csc u du - ‘
7. J sec2u du
, 8. [‘ sec u tan u du
9. [ ecsc?u du ‘
. .
- 10, r c¢sc u cot u du ’

ERFORMANCE OBJECTIVE VI - 2b: Integrate expreséi%ms containing the trigohcimetric

' 1.7 . functions.

.

1. ﬁos 2x dx . .

2. . Evaluate: P2 g )
¢ : / sec® x dx C
. . 0 . .

3. _/;ec (7x - 5) tan (7x -5) dx - ' o

L3

% ~
~ . "
‘('1{’.‘ ~, e T~
- .

o

_ rERF(?MCE OBJECTIVE VI - \25:: Integrate trigonometric expressions

* of the foi‘m u? duy
i -

~.

1. ﬁan 2x sec¥2x dx " - N

2. f::ot‘. x csc?x dx
: /




P

* |PERFORMANCE OBJECTIVE VI - 3a: State the rules for differentiating the fnver

dx

dx

¢ trigonometric functions.
State the derivative of the following:
.1, d (arc simu) - ;
dx ~ v
N - 2. d (arc cos u) )
dx T
. o
3, d (arc tan u) . .
L ~dx - *
. ' ) . . )
4. d (arc cot u) -
_dx
5. & (arc sec u) , s
’ dx
-
6., d (arc csc u) ' |
dx i - ‘
- ¢ -
ERFORMANCE OBJECTIVE VI - 3b: Construct the derivative'for a given inverse
" trigonometric function.
. 1, Determine dy for y = arc sin 2x. y
- . dx R
) : -y
— 2., Determine dy for y = arc cot x3 .

» .
:
, .
s

3. Determine dy for y = arc sec 3x" ¢



@ I—Fl,t:i'onmcrm‘w - 4a:

State the rules for integrating expressions gf the

form du—" _du and du . .
oo e 12 . oY -1

-

H

[du -
Ve S

T ERFORMANCE OBJECTIVE VI - 4b: Integrate expressions of the form

e

e

au
, and {—*—' .
u ua 1

f/




4 M B ¥

) . PN
.

- naturkl'logaéithm function.
‘ ' <
Ao 1,. Staée d_(lgx_u). B l ) ’

o 'ORMANCE OBJECTIVE VI - Sa: State the rule for the derivative of the
N - - . .
: ; .

P
, *

1 £ - y _
ORMANCE OBJECTIVE VI - 5b: Construct the derivative.for an expression

1 o containing the natural logarithm function.

PR

¢

1, bbnstfuct dy for y = In(x®+ 3x + &)

) dx . . . b
S e 7 : - '
M dy -
2. Construct g for y = In(tan®x).
¢ gt R — .
b Y

, d -
3., Construct Ei'for y.= In(2x +7)3.
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kERFORHANCE OBJECTIVE VI- 6b:

AN

Integrate dn expression of the form

d-u.

u

!

1._dL
x + 7

J/q (x + lldx

X2 + 2x + 5

- .. »

-

y‘

¥,

I
P



——

e

"+ [PERFORMANCE OBJECTIVE VI - 7a: State the rule for the derivative of e’

b .
’
5 -

. 1. .State the rule for d{eu!.| ' . ‘
' dx
£ . 'y
« ] t

PERFORMANCE OBJECTIVE VI

- 7b: State the rule for the derivative of a’,
s " . N . ’ T
1. StaRé the rule for d(a) ) : .
' dx . T N

, - !

ERFORMANCE OBJECTIVE VI - 7c: Construct the derivative of an expression‘

containing et

1. Construct: dge‘xaz
dx - ’
o arc cos x )
2. Cohstruct: d(e ) a
' dx

-

2
3. Construct the derivative for sin y = e ¥+ Inx.

. .
'

PERFORMANCE OBJECTIVE VI - 7d: Construct the derivative of an expression

confhining a.

1. Construct dy for y = 2 tan x ‘
dx
y oo d sec 2x .
2.’ Construct 3% for y = 5 T
w\‘ [
12 ~

3
5




\

knmm OBJECTIVE VI -(Ba: State the:.rule for /;“ du,

~

1. St;te the rule for ﬁu du.
Tt

v

:

'

4
)

c._a’ +c
In a

+

a.» None of thesge

]

»

)

bt

o



. AJ
~ y r

q,v !
ERFORMANCE OBJECTIVE VI - 8c: Integrate an expression of the form ,/e-u du

. (

-x .
2. e +e_ dx
et - e
e? - t
3. Ku’
—dx N
o fxlnx ‘ E
e

’ ~ u
LERFORMNCE OBJECTIVE VI - 8d: 1Integrate an expression of the form Ja du ,J

*3

v " - \

e a3 o
1. Evaluate:‘/.l 2 dx .
0 Y
s 1 3t-1 § ,
2. Evaluate: 7 det . : PO
—_ 0 - . .

gl A cos © .
3. Evaluate:fa sin @2 de - T
- 0 -



»

4

FRFORMANCE OBJECTIVE ¥I - 9a:

s

N §

Construct an equivalent equation im

+ logarithmic form from a given equation,

k

l... Write y°= x(x - 1) in logarithmic fém,‘basé e. )

s
2. Write yg' < /(x3+ 1) (3x -7)% in logarithmic form, base e.

- (2x =3)(%x=-

+

9)

~

ERFORMANCE OBJECTIVE VI - 9b:

¥’ -
7

Construct the derivative of a given equation

by first writing the equgtion in logarithmic

o
: form using base e.
(“ \ ‘ -
1 . T é\ X R d
. Given: y = tan x » determine the -derivative &l .
M X
3¢
xYV'e2 o dy.
2. Giveny = —‘?T__ » X > 1; determine the derivative Ix
-1)8
ROV
- ’
f ] .
: a
{ .
k4

VI~1l3 L

)




UNIT VI: TRANSCENDENT@M FUNCTIONS

L)

ANSWERS TO ASSESSMENT MEASURES.

a) °

b)

(1)
(2)

(3)
(4)

(5)

®)

(1)
(2)
(3)

\ (4)
(5)

(6)

(¥)
(2)

-0)

)
)
©)

\ . .
.
co ix ,
-si.nud—u h .
du
8 a— —
sec? u o-
~csc?y du
dx
sec u tan u =4
. dx . N
du .

-c8c U cot u +—
. dx

2 cos (2x +5)
-5 sin (5x -‘2)
16x seca‘(lixa- 5)
-2 c?c3(6x ~’3)

.14 sec(2x -3) tan(2x - 3)
<3/ 2 x csc (x3- 3) cot (x2- 3)
- - r.'

4 sin 2x cos 2x or 2 sin 4
-8 (x + 1) cqs3(x2+ 2x) sin (x°+ 2x)
-3 tan * x sec3x
-2x cot “2 (3% = 7)csc? (3x3~ 7)
Sx' - sec5/x ‘tan v/x ‘ >
=45 csc35x cot 5§
\

132 -

VIe«lq *

T
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ONIT VI: AMGUERS TO ASSESSMENT MEASURES (continued)

.

d) " .
) ' ~ a —_

(a) -7 sin 3x sin 7x + 3 cos 3x cos 7x

(b) 2 tan 5x sec 2x tan¢2x + 5 sec® 5x sec 2x

E 3
(2) i :
(a) 8 cobs®x sin x + 12 sin®x
3 costx
~ L]
. (b) c22x tanr 2x + 6x sec22x ‘cot X3
. cacd .
2. a)
(1) =cos u+e
(2) sinu + ¢ ‘
3) -in[cos u|+<T*1ln| secu|+c ‘
(4) 1n !sin u| +c '
; (5) 1n|sec u+tanu |+ ¢
- . (6) - 1n]csc u+ cot ul+ec

(7) tanu + ¢
(8) sec u +c¢ . ) . ‘
- 9) - cof u+e

L (10) = csc u + c

VI-15
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UNIT VI: ANSWERS TO ASSESSMENT MEASURES (continued)
<

2. (continued) )
- i < - \
b) . ] ) N . .

S\
-l

(1) $sin2x+ec
o i (2) ‘\43_ / ‘ ) R -~
. 1 .
\ (3) 7 sec (7x = 5) + ¢
c), > v

Q) L tand2x + ¢ \ . ‘

(2) -cotsx +c + 4
,, W @y

(b) - (dy)

-

3 @
@
.5y @G

® -ED \
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UNIT VI ANSWERS TQ-ASSESSMENT MEASURES (continued)

“ b)
(1)- dy . . 2
- - dx - .
/1 - 4;’ -
! v .-
F i «3x3

‘v..\‘ d o .
,‘2).7:% 1+ x8 '

hY - "
I* lmm=T -

4, . a)

(1) arc sin u + ¢ or =-arc cos u + ¢
(2)' arc tan u + ¢ or -arc cot u 4+ ¢
~ . -{3) arc sec u + c or -arc ;:sc u+ c
. s
' to- (1) 1 arc sin 7x + ¢
. 7 '

- (2) l‘drctanﬁ'x+c

¢ (3) _arc sec 2x + ¢

1 . du
1) “u dx -

-~ - b)) @) 2x+3 - P
¥ X3+ 3x + 4 o .
) ’

P

hY a ot

. (2) 2 sec®x or 2
tan x : sin x cos x
Q

. o VI=17

35




b)

a)

b)

c) -

d)

1) lop|+c-

-

A |
(1) 31n |3x+7 |+¢ i

@ "% | e

(3) -In | sin x |+c'

N s
(1) e du ..
dx .
) a"lnade
B dx ' L N
Ly -m2e™ L .
(2) g;-earc éos.,-‘,“ ‘1“1
J]1 - x3
(3) 2xeX#1 . .

X co8 ¥y
- -
-

.o ¥
(1) dy & 28" X |p 2 sec®z
Ot

d ¥

2) dy=2(5°

ec2x ’ - .
1n 5 sec2x tan 2x)
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UNIT VI: ANSWERS TO ASSESSMENT MEASURES (continued)

d)

1) eb + & X .
- 1& . ) ' )

(1) ¢
- . ‘

s | )
o ’ ,

1) -5e **+c ‘ v

2 | e |4 L

a . - . ‘Y '
(3) I3
' 1.3 * ;
A1) 2 -1 : -
/ in-2 ~
. . )
(2) —1 _ (®< 1) or _114 " ° 4
21 In7 7in7 - - \
L . . _
3  2-2° . S8
: / m2 . & v \ _ c
o - !
) 2my=1iax+ In(x-1 R
@) 3dlny= %-1a(x3+ 1) + % Inl3x - 7) - 1a(2x - 3) - 1In(x®- 9)
2 : : :

® , , 2

L]

.(1) y (sec x + cos x In(tan x))

4 N ¢

| ‘(Z)/\ Y. (3_;%3_. 1))" )
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UNIT VII: METHODS OF INTEGRATION

v , -

INTRODUCTION

\\ The development of integral calculus thus far has been restricted to

: ‘ polynomials or special functions which are clearly th& derivatives of other
‘functions. It should be rather obvious to the student that he/she may need
to'integrate,functions which are not so convenient and, moreover, that more
than a "trial and error" approach is needed. The purpose of Unit VII is to
develop the techniques needed to integrate various standard types of
expressions, ) , S -

' Emphasis in thfz unit is upon the acquisition of skills involving the
various techniques of integration such as substitution, parts, and partial
functions. The student's guccess depends upord his/her ability to recognize
the type of integral involved so that the appropriate technique can be
applied. Practice id the key to this unit, and adequate time must be

"+ allotted. ,

PEN
N

A

INSTRUCTIONAL OBJECTIVES ., | .-

-

1. Integrate expressioms, using the method of substitution. .

2. Integrate expreésions, using the mefhod of integration by parEs.>
) I i

-

3. Apply the rules for evaluating improper integrals.

L4

PERFORMANCE OBJECTIVES , -

By the end of this unit, the student should have mastered the objectives
listed below. .

e
’

1, a) Integrate given expressions, using substitution of trigonometric
identities.

T - 13 2 2
- b) Igizgrate given expressions of the form JLZ- uz, Jaz+u2, J u -a
a , and a2 -uz, using trigonopetric substitution. .

” ¢) Integrate, using the method of pa}tial fractions. ~

d) Integrate given expressions, using a change of variables. (e.g.,
- f(x) = 20 z = tan (x/2), etc.)

. ‘.
‘~ 2, a) State the riyle for integration by parts.
b) Derive the rule for- integration by parts, o
g e c) Apply the method of i'ntegra;ion‘by parts to gi*en expressions, . ®

*

: ' \ ‘vn{i? 8




.

ich satisfy the conditions for an improper

- ) improper integral. .
e > >
. b) Identify:given integrals wh
. ‘. .integral. ‘
»,' 3 L] ." N
.« - c) . Evaluate a given improper integral.
R ' ‘ .
. ° hd d
\. ) ot ,‘
A e ‘
; v ~ i )
. , .
N, \ ' )
. 5.
. ¢
- N & — e——
'; » Al
- . -
. - K J
- $ .
v ' "’j ’
» /'\c - ’v * " .‘
) ® *
¢ - &=
® Fe 4 !
. 4
R ! \ ~ H
- t'a
<. 1% » z‘ - “e ) -
. + 1
N ’
) -
!. [y
S > K
. ) -
‘ 4
[} T o
~ ‘ ’ i
O
- of * . L]
-ERIC . -~
‘ .

>

'Y 3, a) State the condition; for vhich an integral 1is classified as an

N



-
..

-

.

CE OBJECTIVE VII - la: Integrate given expressions, usiné substitution

of trigonometric identities,

'

1. ' j‘secﬂx -dx
- 2. fc_osa3x dx

CE OBJECTIVE VII -

1b: - Integrate given expressions of the.form

v 2
J;Z -u2 s -Ja +u2,\]u2-az s az+u2 and

a -uzl using trigonometric substitution,
) 1. dx
0 9 +x ¢
\ v
2 dx




.

% = 3
_ [perromuance oBJECTIVE VII - 2s: State the rule for integration by parts.
’ . . . . ° N
{

1. State the rule for integration by parts, ' ‘ L Y

"

PERFORMANCE OBJECTIVE VII - 2b: Derive the, rule for integration by*parts]i'
D . [§ . >

- 1. _ Derive the rule. for integration by parts.

f N ~ ' ! ..
rmonmcz OBJECTIVE VII - 2c: Apply the method of .integration

by parts to given expressions,

v

— L ‘ﬁzln 3x dx ' '

VII-4




e

E’znromcz OBJECTIVE VII - lc: Integrate using the method of partial fractions

1 J//.x dx .

: xZ - 5% + 6 !
N / -
r

2 (3x2 + 1) dx \

: (x-1)" x¢ + 1)
. ¢ P \‘ 0y
: 3 4x2 - ij"‘ 2 dx ’ N
' x? - 2x% + x
t
; - )

PERFORMANCE OBJECTIVE VII - 1d: Integrate given expressions,using a change of

L variables (e.g., f(x) = zm,.z = tan x, etc¢.),
2
VET T gx F\ P

1. X + 2

2. ﬁst +y3 dy
}. q N -
dx

3 . ——— e — N 3
2 + cos X -
0




-|PERPORMANCE OBJECTIVE VII - 3a: "State the conditions for which an integral igs

classified as an impréper integral. . ‘

-

"1, State the conditions for which an integral is classified as an improper °

integral.

PEﬁFORMANCE 0BJECTIVE VII - 3b: Ident§£§igiven integrals which satisfy the

H

conditions for an improper integral.

L]
’” =~

- 1., Determine which of these are improper integrals:

3

10
d
. 2 T
1 , . X 4
b)/ dx ’ \ ‘
SN S

c)f x-de' ) .
1 )

d) 1 - x? gy

. " . ‘
e N 1430



l*;“.

a

e

3

PERPORMANCE OBJECTIVE VII - 3c:

Evaluate a given improper integral

2/ e-‘xdx
0 (8
1 -
dx
3'/ x3 3
-1

VIIa7 =

>

Y
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: ANSWERS TO ASSESSMENT MEASURES
\
« .G

* /

<

1. a) <

i)

O\ =

3 1 ;
t,an.2x+2tan2x+c

™™

j{lz— s_in 6x + c

N':ﬂ

()

b)
a T

> —2) %lé \2+ + c or

. ) !
(3) 'lz“x-J9 - x2 4 %<sin §+‘c

-7 : (x « 3)7 }
’ Q). ln’{ - +c

W 2) 1n (&x-- 1)24 2 +1 + tan-lx +c

-

‘® 1n |22 an - A+

d)

(1) '21’x’+1-2tap'1 x+1 +c¢
o™

b}
3
@ F arrT-EaesTre

¢ '

- 145

) gy o A

. 1 -
«  ~UNIT VII: METHODS OF INTEGRATION
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UNIT VII: ANSWERS TO ASSESSMENT MEASURES (continued) ;

i)) Since d(uv) = u d(v) = v d(u), thed ﬁu dv + vdu) = uv + ¢ ¢

a/:xdv+fvdu=uv+a “J'udv=uv—f\‘rdu+c

2. a) udv=uv- v du+e

, © (1) 3 1ni3x -}g +c .
2x ' - . : L
@) 54— (sin 2x - cos 2x) 4-c . '
| ' -
v e3x .- 2 ¢
!
! 3) 27,(9x-6x+2)+c .
3. a)
(1) The function becomes infinite at a value of x in the B
L ' ’ interval of inf:egration (a, bJ,
i
] .
?’ (2) One or b_gth of the limits of integration are infinite, such as
/f(x) dx oxf f(x) dx , ‘
- ' ) ’ a -» . ) ,

b) o | B .
1 ®, © ‘
¢) ’ Lo ”
: W 23
" @) 1 -

(3) Limit does not exist (integrand meaningless) -

-

VIii-9




UNIT VIII: SEQUENCES AND SERIES ) s

INTRODUCTION ;

The study of sequences and serigs provides a challenge to the student's .
mathematical ingenuity. Although rules for testing convergence and determin-
ing limits are developed, much of the student's success depends upon his/her
cleverness in" manipulating the given expressions to fit thefﬁgtious rules.

The practical application of series can be demonstrated by" representation
of familiar transcendental functions as pover series or Taylor series. The
evaluation of these series can then be computed to approximate the function

for a particular value. ‘
) + ’ ’ ‘ @

INSTRUCTIONAL OBJECTIVES

1. Determine the limit of a sequence and construct a proof that is correct
by applying the definition of limit of a sequence.

2. Identify geries .,that satisfy the necessary qonditton for convergence.

3. Apply the cdmpirison test for convergence of a series.

4. Apply the ratio test for convergence of a series.

5. . Apply the integral test for convergence of a series. -

6. Express transcendental functions as power series.

7. Apply Taylor's theorem with remainder to transcendental functions.

8. Apply the definition of absolute convergence to series.
. )

‘ ‘ Ll Rl s Ty
PERFORMANCE OBJECTIVES - - ’ ’

By the end of this unit, the student should have mastered the objectives
listed below. . . /
1. a) State the definition of the limit of a seqnence.

b) Determine the limit of a given sequence.

c) .Determine the limit of a given sequence and construct the proof
that it is correct by applying the defimition.

2, a) State the rule for the necessary conditiion for convergence of an,
infinite series.

VIII-1 . \ \

Lo
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UNIT VIII., PERPORMANCE OBJECTIVES (continued)
v M s .
b) Apply the rule to a given series to determine whether it satisfies “
the necessary condition for convergence.-
3. 8) State the rule for the comparison test for the cbnvergence of a
series.
c , ')
’ b) Determine whether a given series converges, by the comparison test.
’ 4.. a) State the rule for the ratio test for the convergence of a geries.
b) Determine,yhether a given series converges, by the ratio test.
5. a) State the integral test for thd convergence of a eéries.
~ ' )
. b) Determine whether a given series converges, by the integral test.
6. a) Construct a power seriee expansion for a given transcendental
function.
b) Determine the approximate value of a given transcendental function n
for a particular value of the variable.
‘ -
c) Determine the interval of convergence for a given power series. '
7. a) State Taylor's theorem.
b) * Construct a Maclaurin series expansion for a given transcendental ; ‘
- function. . -
c) Construct a_Taylor series expansion for a given transagndental
function. ’,I\Z . * .
d) Apply the Taylor series expansion to gpproximate the value for a given
transcendental function for a particular value of the variable. :
e) Apply the Lagrange remainder to determine the accuracy of the value
of a transcendental function obtained by the use of the Tayldr
N series expansion, {
8. a) State the definition of absolute convergence. '
b) Apply the definition of absolute convergenée to a given alterhating *

series,

‘o




']
SAMPLE ASSESSMENT MEASURES: SEQUENCES AND SERIES
.

¢ “
-

PERFORMANCE OBJECTIVE VIII - ‘la: State the definition of the limit of a sequence.

Y

F]

1. State the definition of the limit of a sequence, !

N P

<

- -

&> "

FEHOMNCE OBJECTIVE VIII - 1b: Determine the limit of a given sequence'.]

’ n 1
‘1. Evaluaterlim ;LB o
n . . .
< Neco § . . o ) . \ ' ’
. - ’ ) ‘
2. Evaluate: 1lim - 3n3 ¢

3. Evaluate: —_—
. n-fx) 6n2+ 7n ~ -

4. Evaluate: lim 1n 2n

N n -
. -
5. Evaluate: 1lim e \ N T ’
Nesoo rla [ L ~




- -~

Lo ) ®»

k)

) PERFORMANCE "ORJECTIVE V,III\-f lc: Determine the limit of a given séquence and |

¢onstruct the proof fhat it is coz;réct by

, . ) 9 . .
: . , applying the definition.
. ,&i‘ :
m 2n + 3 . . h ) - v
71. ) S = D— y L ] T - e—— ) ‘.
h n In+1° determine L; and “31'185: 100’ calculate the
o @ , - a ol S
smallest yvalue of n which will prove that lim’ S, =L -
LIRS ‘ L4 o ' " \ n-.m
ﬁ‘» ) .
e 240 give.n: Sn = —r.l-:‘_z s 0> 2, dete@ine L; and fipd n as a fu_nctign of €
| ‘ which will prove tl:xat lin o
) / ) ! Z i S; = L according to the definition.
R o - - - .

: G n . '
s 3. - Given: Sn = W n > 1, determine L, and find n as a function of ¢

’

. r'd »
# .
' which will prove tl'lat lim 8§, ="L according to the definition,
' . Nest N
L 4
) oy .
- 1-‘ '\i\
‘ g { \
.. @ N f .
- X -0 2
| 7 . :
)
3 . ” ?t “ \;\{ .
. . 3 ‘ / ‘ '
. , A i »
. ‘ ) A ‘
» v ' - A >, T
“ ) ‘ ' ) - \ ‘ ’
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Rsd u - '

—~

PERFORMANCE 03JECTIVE VIII'- 2a: State the rule for tHe necessary conzzgibn fa

’

convergence of an infimite series, '

‘ v
. 3 t
1. 'State the necessary condition for convergence of an infinite series, .
‘ 4 _ . B -
../. - - . i Q_\

- F ‘
o N

I

N t
a‘ \ w o

[+ . \J

|

t

"

PERFORMANCE OBJECTIVE VIII - 2b:

»

Apply the rile to a given.series to determine

. whether it satisfies the necessary condition

for convergence,

—— cn e m—— —— e

3

-~

1. " Determine which of the follJSQQg series satisfy the necessary condition .
“for %eonvergence, - ’ o
. ) .,
a) “5n - 2 b) 2 n -1 V= L+ 1"
2 + 3n . E 3n® 2 . n
nj=1 | n=1 —~ n=1 (
£, '
d) m o n - : ) o * -
- .1 . e) e _ . e ‘.
“nl " ‘i 3n - Eﬁ‘
» ’ ’ n= ) =1 : n= "
B} , r [ :
'S o7 .
: ' :
] -
T\ e '151 < L4 ’
@: 4‘. .~ X A . .
D VMIIIES Y
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(]

ERFORMANCE OBJECTIVE VIII - 3a:

State the rule for the comparison test for

the convergence of a series.

4

[ )

“

1. State the rule for the comparison test for convergence of a series.

N
‘

ERFORMANCE OBJECTIVE VIII -~ 3b:

Determine whether a given series

converges by the convergence test.]

.

e = — I .
[ ) - -} 1 ' -,
1. Determine whether E g2 - | ¢onverges or diverges using the
n=1 3% - .
comparison test. ‘ 3
v . R ‘ R
- [2] . .
2. Determine whether Z ‘ %ﬁéﬁ:" converges or divetges using the .
- : - , n=3 ) " Lt
' comparison test. ‘ ‘
p:‘y - .
' ¥
Y * .
. » .

A



.. R

¥

AN

PERFORMANCE OBJECTIVE VIII - 4a:

State the rule for the ratio test for the

-

. -
convergence of a series.

!

o

L

RFORMANCE OBJECTIVE VIII - 4b: Determine whether a given series

"

cbnverges by the ratio test.

2

«

' <

[o ]
2. Determine:whether E
) . n=1

3n
n3+1

*

»

s
4

test, Show the value of P (rho).

+
N

3. Determine

’

to the ratio test,

-

. - .
4. Determine rfio using the ratio test on

s 1

-

Ks

-

Indicate ‘the value of F (rho),
. . - v '

o
Lo
¢ !

)

‘( m=1 ¢4

Does the series converge or diverge?

YIII.‘-, 1 53ﬂ |

»
-

m+.1 |
mo+ ol

2

4

: ) . . e n ‘ )
o L?&w that the series f_ (%) converges by the ratio.test,
n=]1 V"%~ ‘

e

’

convergence of a series.

¥

-

cor;rergee or diverges according to the 'ratio

R

whether the following series converges’or diverges aécg;ding‘ C
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PERFORMANCE OBJECTIVE VIII - 5a: State the integral test for the convergence

. ofva series,

" 1. .State the integral test for the convergence of a geries.

>

. 4
: .

W,

o >

L . . . - . . . ‘ . * X ‘ ' R . , . ‘
) ) i N : I )
. ERFORMANCE OBJECTIVE VIII - 5b: / Determine whether a lgiven series +
; o i )
: , converges by the integral test.

A \

v

o P . . . -
v 1, Detérmine whethér T ° 2n/(n?%+1) tonverges or diverges us*ing the integral test.
" e ’ + n=1 ‘ ] ‘4 T
: A 5
2. D‘etermi'hether_ z ‘1 converges or diverges using, the -integ;al test.
T . n=2 n(2n : .

. '
»

Indicate the function of n éfter integrating.




s .

7'PERF0RHANCé OBJECTIVE VIII - 6a: Coﬁstruct a power series expansion for a
. R & - .
ki . given transcendental function.
C . . S t. ' )
) , ) w\‘ o \
. 1. Construct a power series in x for cos x including the nth Efrm. P
N ~ )
- 2. ' Construct a power series in x for e X including the nth term.
]
_-3. Construct a power series in x - a, where a= 2, for In % including the nth
term. - ,
~' | * - . ¢ o, r -
~ ~ 1 ES . = s
{ . - ¢ . ,
PERFORMANCE OBJECTIVE VIIL - 6b: Deterpine the approximate value of a given|
N * - transcendental -function for a partdicular ’

W

. ) N . value of the variable

I :

-

1. Construct a power series im x for sin x and determine the approximate value

of the power series for x = % using the first, three terms,
. . 3 —————

4
v

2. Construct a power series in x for anI + x) and determine the approximate

-

v;lue'for x = 1 using the first four terms.

+
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PERFORMANCE OBJECTIVE VIII - 6c: Determine the interval of convergence for a given
1 ‘ - - ‘

Lol
power series.

»
~
(TN

1. Determine the interval of convergence for the power series listed below:

o

\ 3 - n * , A -
1+x+ 53 +x +...x  +... . .
21 31, nf
2. Determine the interval of convergénce for the power geriesvlisted below:
x-ﬁ+X_3_"£_+ .'n+(-1)- §:+ vee '
2 3 4 n
-




v

[y

PERFORMANCE OBJECTIVE VIII - 7a: State Taylgr's'theorem. . .

. . 1

. 1. Staté Taylor's ‘Theorem

.

1

~

ORMANCE OBJECTIVE‘VIII - Ib: Consgrucg a Maclaurin series expansion for a

given transcendental function,®

1. Construct a Maclaurin series expansion for arc tan x. Indicate the first

*

four terms and the nth term.

L}

o ' sin_x AN
2, ,Congtruct a Maclaurin serie¥ expansion for x - Indicate the fieet -

, N ) ///////
. +_ MKour terms and the nth term. Y ’

~
“ -
© 1 a -

§ . % *

3. Construc; a Maclaurin series expansion for cos? x. Indicate the first four

- ¢ )
terms and the nth term. '

’

“~ , N

) 157
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‘

CE OBJECTIVE VIII - 7c¢: Construct a Taylor series. expansion for a

~

f given transcendental function, : ‘
mh

-
N

A
Ps -

. X AL -
1. Construct a Taylor series expansion for e?. ‘I}‘dicﬁlte ‘the first
1

'
three terms and the nth term. :

+

- .

. N il m
2. Construct a Taylor series expansion for cos(x +-Z) with a ijz. .
Indicate the first three terms and the nth term. '

. L

3. Construct q‘taylor‘ﬁeries expansion for cos? x. Indicate the first

~ -
-

five terms'hnd the nth term.

< 0y f -
hal =
[ ‘ ;“ ~
[PERFORMANCE OBJECTIVE VIIL.- 7d: Apply cZ Taylor sepies expansion to
approximate the value for a given \ ‘
. .
a ‘ transcgndental function for a particular

value of the variable. -

- .
1. Approximate the value for. /&6 using only the first four terms in the Taylor

R X
: series expansion for e . Let a = 0.

.« +

»

2. Approximate :le value for sin 31° using only the first three terms in he
h]

Taylor series expansion for sin x. let a = 0.

- r

3. Approximate the value for 1n 1.2 using only the first two terms in the

Taylor series expansion for ln |1 %X |, Hipe: 1.2=2=1%%
. 1 -x 5 1 =-x '

"ERIC e Eg: ’ 4




o« -~ .
- - » -, ,
. ™
- .

¥

!PBRFORHANCE OBJECTIVE VIII - 7e: pr Lagrange remainder to determine the

A\ d

. X accuracy of the value of-a transcendental

. function obtained by the use of the Taylor
. '

- .

series expanston .

.

‘ . 1. Determine the error.'éccording to the I.agrax{ge remainder for ¢! evaluated
T+ 3T a4l YT

lx

the terms l+x 4+

N

« . . VIII-13 .
ERIC -
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PERFORMANCE OBJECTIVE VIII - 8a: State the definition of absolute convergence. - (—

-~

1. State the %finition of absolute convergence.

AN

- e

2. A series E ug = +__u2 + ... is absolutely convergent if ...
1 .

4

. }
’ RMANCE OBJECTIVE VIII - 8b: Apply the definition of absolute convergence
e to a given alternating series. -

1. Determine the converggnde of 1 - 1— + 1 - L + ...
3 3 3
A2 Vi, N
) {4
: . - 1 + 1 .1 )
2. Determine the convergenceé of e
. » - e b ~.1_A.3..-.-...- 2-33 - .-—'3-0.33»—-\--.—-,#.34——. o e remearmane
) 3 4 6 I n ¥l
3. Determine the convergence of 2 - 3 +3 - 2‘+ -6 % + -7 T 4 ...




14

) - . '
UNIT VIII: SEQUENCES AND SERIES .

MNSWERS TO ASSESSMENT MEASURES

b)

c)

a)

b)

(1)

’
1)
(2)

(3) .

(%)
(5)

(1)
(2)
(3)

(1)

(1)

3 <
0 .
2
6
0 R
Limit does not exist’,
L= % y n =178
L=1,n . 2+2¢ +1 (not a unique solution) ‘ -
€ : > ; .
c 14
L=0,n-= 1+ lzl t4 - +1 (not a unique sodlution)
A necessary contittonfor-the congruence of an Infinite serfes”
¢ . () [} - N ¢ '
al + 8, + _+ a + . .
'
,is th.t lm a = 0 ? ‘ . . -
| ¢ BON- -} n ’ ’
b, ¢, d, £ |

E

If for every i:ositive number ¢ there exists a real number n,
such that ) ®
]Sn-L_[< € for m >n,

then the sequence is said to converge to the limit L.

VIII-15 -
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" UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued) -

3
~ . -
éc a) -~ . v

‘e
»

(1) 1If each term of a positive series )2 uy 1s less than the )
) - ) k=1 .

vt

corresponding term of a known convergent series, then zl(.](
convérges. But if each term of Z“K is greater than the

corresponding term of a known divergent positive series, then

L]
: _.‘1 , Zuxdi\terges. ‘
b) B {
\\ ) 1
(1) .Converges by comparison with n2 ‘
(2) Diverges by comparison with 1 .
‘n , |
) &=_. ' ) |
\ 4. a) In .a positive series u; + u2 - ...+um, whére ( = l?m U4 J
(1) ‘ N @ un -
(a). The“serief converges if [ < 1.
(b) The series diverges if p>1. 7 -
b)* .
. ~ (c) The series may converge or diverge 1f 5 =1,
(1) lm |Tn+1 ‘ . ' g or.
)
- Nes o P
2n+1
3 - 2«1
M=o -2- n 3
i ’ I | - T )
3 ¢ -
* converges

2) p=3> 1 - diverges

' — - 182 '
' . ) VIII-1l6 ‘ t
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' UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued)

(3) rho = 0§ therefore series converges | _

S, . A
(4) rho = 1; therefore series may either converge or diverge,

r <
5. a) \

(1) If f(x) is a continuous, positive, decreasing Functio;m for which

f(n) is the Nth term U of the series, then zi u_ converges if and-
- T . n=1

~

’ “only 1if the i.nteg‘x'al'/!l7 f(x) dx converges.

b) l
¢‘ " - . ' m‘ -
(1) Diwerges . - .
(2) 1'%13 ; converges , o*
"6, a) ) s
' 4 6 , - N 2n - 2 ’
(1)1;’-‘——+X_-3:__+...+(-1)1x“
2! 4! 6! TR
- n-1
(2) 1 =X+ Ei -“i + DR Y + (.].)\u X + e o
2t 3 S e
. 1 2 1' X - 2 a . L
R (3) i1n 2 + 35(x - 2) - ;2 X ; 2 C+ ,-2-3 _g, 3 2
: » : ‘
- p 1 1, ki -
T =2 4 .,
Zn T
. ~ “ Af‘:lf T{‘ .
o AL
1) (@) x- 2+ x L(b) 479
. .3! 5! N -

]
- @) (@) x-x x5 -xt (b) 583 -
S 2.3 % 12
“e) o
(1) Convergent for alk values of x .
E 3

(2)- Convergent on the interval ~1 «x < 1

- . ‘ Vi'llb-% "
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UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued) ‘ \
»7. a) " N A . ) . N . ‘
. 1) A pow;f series in the form: Lt A
v = \:‘
f(x).= f(a) + £'(a).(x-a) + f_"__('g)_(x - a)2+ cor - -~
- . . 2 ! . )
.7 By i 3
- & -7
% *’ + f(n) ‘82 (x - a)n +‘ *e e - -
K :.- n! . » Y . ' ’
: ) ’ 3 ’ 4 M v ! | i
b)™ ’ ’
<2n-1 T
a2n=1 . = .
% . i . 1 ’ ~ J
@ 1- pm -+ -..+<1>“1>=2‘“ U
3 st N (S L .
‘ » .. \ -
3 : ) e
) ©(3)( 1 - 2x° + 28xt -.25%8 + *°c + (-1 o2l copn
g 2y 4! 6! . (2n) ¢t i
, ~ - . - - -
- . ¥ Q 1+ + z + S (x - a)“‘l -:- ‘
L - cee 2 _:_|_' ceo e
1) e? 7[ (K ﬂ) 33 —‘i—‘ : RS ‘
/ & . ‘ )
) (2) cos(x +£) = -(x -‘%) + (x, - -2-)3 ’-~(x ‘-E-)S‘ '
x —[—‘-3 . - __1—5 . \:\ .
. '
! - , 5 -
. Zn- v -
| K ~ + oeee (1) (x-ﬁ) 4 - '
% Y S .
R . ) (2n -1)! - -
. ) . . 1’ ‘ .
& 3 édéba- sin 2a (x-a) - 2cos 2a .(x-a)2+ 2°sin 2a (x-a) -‘ '
4m-4 » 4m-3 4m-3 m-2
- .+ 23cos 2a(x-a)¥ + +72 - sin-2a(x-a) -2 cos 2a(x-a)
» ’ . -gr - -° © (4m - 3)! (4m 3 2) ! °
< / 4m-2 J4m-1 . ' ]_ 4m
+ -3 +2 ’ sin Za‘;g-a) ’ + 2 c&s 2a (x - 8l .
' ~ (4m - 1) (A m)‘
" 2 ) .- .
. 3 B]'.Ock m (m = 1, 2, 3, ‘-.‘.‘;) \ 5 .
! . ” -’ ¢ ’ - * e o" . f\ . . ‘A »
Cut ‘ . v
_ a .o vulld ) . N
A ] - ' ’
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" UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued) e -
s . S C _ .
B g" ﬁ} . - . B . .o ¢
‘. . » PN
é ) ) ) )
: - . . . ) . S
‘ d) . ) T ¢ 7 5 . . ' - N '
. . . ° . 7 ' . . ! e N ) .‘,
B © (1) 16460 . 7 - ‘ P . 7
LW (@) . 51500 . L : R o
. Poos . ‘ ' ,
L . (3)- .1823- T . . : 3 : .
& )_ A o o
} § ~ ¥ . * ~ . ’ e . » ’ N /c‘.
o ,1' e) - _ , b o | :
©s (1) 4.2 x'107° . . S .
" : n+l

\ R . n:"l - *
- Teacher Note! R (x, 0) = f ~ (c) «x 30 < 1
. ., R )

vt ' . C ‘ i
. . : R.(.1,0) =" e (.L)s ®
.q s 5 4 . —,éﬁ“ . ) .
. " . hd N ) “’ - d

T ’ - . . < 3(10%) -
: - 720 '

il

U e 442 x 10707

(2) 1.4 x107s" ‘ ’ ,

. - . : L4

Teacher Note:- 2n+2

C o 0) | <d x
. 2+ 1% 0 SL—r,\
- ~ (20 + 2)}

- N T L P
AL

ST R

. . —~, . )
K I Rg|- < lé4x10% K
” . .‘- , ) 3 - - - rl r
8. a) : ,/,_e&' . . .

(1). A series with mixed signs is said to converge absolu&efy if the

N . . . TN
series canstx:m*d,by taking the absolute value'of the terms TN

converges, T

»

- @® '
. ° - 3 ;
. | gZ) ese if El P‘(, = ,.ull(+ | up ,M+ **+ converges,
- o oo VIII-19
. ) . ‘.
- . e St 165




UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued)

b)
1) Converges comlitionéll’y !

Teas.her‘Noteﬁ: p - series with p < 1’

¢ »

- Theorem II - 'r‘homqs .

~

2) Abso]zétely convergents, (comparison

-(3) ' Diverges
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UNIT IX: DI#E{ENTIAL EQUATIONS I
. < . o . . "\
Imowcqon . .

An elementary treatment ‘Qf ordinary’differential equationa 18 presented in
" Unit IX. First-order equations are developed by types: separable, homo-

geneous, linear, and exact. Applications invoiving rate of growth and
decay should be examined. _ ~

o

The atudy of second-grder equations is limited to linear equations with
constant coefficientz.‘ Solution techniques developed for homogeneous -
equations are «then extended to special types of nonhomogenequs equations.

As in Unit VII; practice is necessary for the student to recognize the type

eqnation in order to: apply the appropriate technique. -

INSTRUCITONAL OBJECTIVES - o j ’
1, -Identify th? order and degree of'ordinary differential-eouations.

: a . _ T ) . S
2. Determine the solution of separate first-order differeﬁtial equations,

3. Determine the solution of homogeneous. first-order differential
equations, .

[}

4. Determine the solution,of linear first-order differential equations.
5.. Determine the solution of exact first-order differential equations. o

14
6. Determing the solution of homogeneous linear second-qrder differential
equatiogy with conatant coefficients. . s ’

7.” Determine the solution of nonhomogeneoua linear' second-order differ-
ential equations with constant cOefficIents., - - ) =

-

8. Determine the. solution of differentia} equationa, giveh 1dltiel

4

" By the énd of this unit *the atudent should have mastered the objectivga

1. a) Identify the'ofder of given aifférential eéﬁationa. ;

‘conditipnaf
\ ' . : ¥

IS * . - . _

PERFORMANCE OBJECTIVES N S o
! g

A}

liste’, belov. g

PR ' -
lid .
. .

b) Identify the degree of given differential equationa. ' .

[}

. -
2, a) Identify the separabIe equationl from given first—order J}fferential
equations. . . . 1
’ [} - . [ ) .| ’ ‘
b) Determine the lolution of a given’ aeifrable first-order7différential?;71‘
. equation, . R A S A
A ¢ I%-1 4

..ﬂi 157 *..
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3.

o T, -

e

6.

’
ns

-

L

ONIT IX.

,,’_‘

ﬁ_,_b) Construct an equation ‘using differential operator notation rom a

‘e) Determihe the sol

N

PERFORMANCE OBJECTIVES (continued) ' .

a) Identify the homgeneouo equationo from giv

first-order differential ‘
equltiono .

b) Conltruct a given first-order homogeneous differential equation in
the form dy/dx - F(v) where v = y/x. \ - i

- gt
c) Determine the }olution of a given first-order - homogeneous differential )
- equation » R ’

a) Identify the 1inear equations from given first-order differehtial

equations. . . oy
~ g .
"b) Construct the standard” form of a gg’en first-order linear diff_erentigl
equation. - A s .
' L

c) Determine the integrating faptor for a given first order linear

differedtial equation.‘ . . < B 28
d) Determine the soLution of a: given first-order 1inear differential
. gquation, . B

equations. - . -

. ) a) Identify the exac;/%:tions from given't.fi‘rst-ofder di fferential

b) betermine the eolution of # given firet-order exact differential .
equation. . )
i ' :‘ ’ . l - ’ ‘

a-}- Identify the homgs‘n::js equ"ations .from given linear second-order -
differential equatio < { ’

given honogeneous linear. second-order differential equation fith
con'ktant ‘coefficients. B

s [y ? . - L. !
c) Deterlnine the ‘Miracteristic equation of a given homogeneous linear -
.second-order differential equation vith constant coefficients.

d) Determine the ‘solution of a .given homogenequs linear 'second-order
differential equagion whose characteristic equation has two real
" unequal roots. R - o )
), o . . '
fion of a given homogeneous linear second-order
on' thsé characteristic equation has %two real

[ . . 4 . - R
“*. . - ¢ ‘
T )

~differential equat
-~ eqnal root&.

f) Determine the solution of a given homgeneous lineatr second-order
diffu‘ential equation. vhose‘ characterigti‘” equation has imgimry
root!‘ B 4 L. . » ) \
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UNIT IX. PERPORMANCE OBJECTIVES (continued) - ’
4 . : 4
. b) Determine theq solution 05 iveri nonhomogenous linear second-order
<, differential equation d y/dx + a dy/dx + a,y = F(x} vhere F(x)
. is a polynomial, . . .
’ N
~ c) Determine the solution of a: g%ven nonhomogeneous linear second-order
differential equation d y/d +,a; dy/dx + a,y % F(x) where F(x) ‘e

is of the form e3X
d) . Determine the solution of a given n,nhomgene'oua linear second-order
7 differential equation dzy/dx + a dy/dx + azy = F(x) where F(x)

is of the form sin ax.or cos.-ax. ,

e) Determine the solution of a giiten rionhoméeneoua linear second-order
differential equationm d%y/dx? + a, dy/dx + a,y = F(x) vhere F(x)
is a linear combi}ution of polynomials and transcendental functious. e

I

0]
R
.
d"_f\—»
o’

Construct the solution to problems requiring tie use of first-order
differential equations (e.g., growth and decay,’ modified Ohm'

law, ete.).
b) .Constziuct the solution €o problems requiring the use of second-order |. w

differential equations (e.g., hanging cable, motion on'a straight-

line, oscillary motion, etc. ) ) 0

- » . . :

s 'y p
. - ~ /
.. _ ? M . ‘
. LY N
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» .
SAMPLE ASSESSMENT MEASURES: DIFFERENTIAL EQUATIONS o N

t -

Al . N ‘ ‘

[PERFORMANCE OBJECTIVE IX - la: Identify the order of given differential equatipiis] ..

o~ »
1. Stgte\the order of the differential equation'y" + 3y y' + 2y = 0. | -
~ » = .
Ay ) R
‘ . . LY ‘ , 3 . 1 .
2. State the order of the differential equation y"- y( ) + 3y2 y( ) +y=0,
. . - v N
L] <. .
! A}
o -
A4 ‘ -

. N . s

‘ EERFORMANCE OBJiZCTIVE IX - lb: ’Ida;tif‘y the degree of given df‘fferent‘iél equations{

\ e _ . ) ' 2 < . . .
1. State the degree of the differential equation xy" + x(y') =e”, :

: ) . L
l ’ ' : ; 2’ b
2, ’State the degree of the differential equation (gz) - (d 3 +x - 3x =20
’ ‘ . dx dx

,
- - N - .
z .o . . .
. .




4
. . ‘ * .

.

OBJECTIVE IX - 2a: Identify the separable equations from given
- .

first-order differential equations .

1. Determine which of these first-order differential equations are separable!?
i’ <

’ g '
@ dy -3 4+4° _ . -
. dx 1+ X. ) ) - . . * v, [ ']
& ’ ' !
i 3' ' ~
. (b) .xy2 a+ xz) dy + 1 +y )dx=0 )
¢ ) . P
2 . 2 J ]
(c) 2xydy = (x -y Ydx .\
(@) dx _ 3. o3 | '
— . dt ~el.. K] <
(&) (x - 2y) dy + &/ F3x)dx = 0
. F.-] R - -
- .
(£) x y =y (x-4 :
.' . . '
* (g) y' = Xy + X : e
‘ ' - * 3

ERFORMANCE OBJEC:I‘IVE IX - 2b:' Determine the solution of a given separable

/

~
’

. o firdt-order differential equation .

dp— D)

- -

Ve

' 1. Solve the differential equation y' = er ¥ > . )
' i . | , . L
. ‘ . .
2, Selve the diffe’r'ential equation y' - xyz +x. />
» * V . . ’

o
e

3. Solwve &e differenti.al equation (2x + 5) dy + (3y + 2) dx = .0 R

L . ‘- . . . <

> ’ ‘ .

IX~-5 . ) . o ~

g B .» . " ~-. . 171 - .




v rBRPORMANCE OBJECTIVE IX - 3a: Identify the homogeneous equations from given

first-order differential equations.

~

\ 1. Detem;lne which of these first—order differential equations are
) homogeneous.

. : T 2 i .
. a) 2xy dy = (x° - yz) dx ¢
2

. 2 b . .
- B) x“y' -3xy+y’ =0 , . : x
' . L] - ’
. 4 ]
- ) ’/’\ \</

c) y!'+5y= 2cos x

d) Gx +2y) dx + (y+ x)'dy=0 . - S
. N , . x \
e) (ZJ_ +e¥)dx + e (1 - xe ) dy = 0

a 3 3 Y
, f) (" + y ) dx = 3xy2 dy : ¢
1 g) dy +y dx +.‘\’x2 -y dx =0 7 ‘ '
e, , -
- _ : .

RPORMANCE OBJECTIVE' IX - ‘3b: Construct a given first-order homogeneous

, . L]
differential equation in the form dy = F (v) where

)1 ’ i . dx v ‘ﬁ
E v=y B . :
x -
. o - ‘ s .,
L ‘ . ot .t ’ C 'J ’
1. Construct '(Zx = 3y)dx + (x4y)dy = 0 in the form dy = F(v), -where v = Y -
* - . . . dx x
L I . ‘ '
v '
R . ) - - P . a ., . - ¢
N 4 ‘. : ’ ’ - i / .
. .
, 2¢  .Construct -xdy # ydx +\&2- y2dx = 0 in the form dy = F(v), where v = Y./
dx ) , LI X ’
L4 ‘ .
- - L4 ' *
N ’ A IX-6 _ ‘
) 1) 07() «
- [ 1 & .
« .M




homogeneous differentia} equation,

rmomucn OBJECTIVE IX - 3c: Determine the solution of a given first-order
' »

1. Solve the differential equation (2x - y) dx + (x+y)dy=0,
s . \

-

2. Solve the differential equation xdy = ydx = /,éZ +ydx.

G

A

-Q. ) / . -12752

IX=~7
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ERFORMANCE OBJECTIVE IX - 4a: fdentify the linear equations from given first-

order differential equations,

.

1. Determine whicixlof these diffgrential equations are linear.

. ——
e’ 7z .
(a) lnyg‘iﬂ: o .
. ¢y
(b) 1ldx _ 3
x d B
3 X
(c) x“ dy+y=c¢e . =
R dx i
(d) Yﬂl +iay
dx -
)
(e) QX, +§_=x
R
o, : %
(f) dy # siny =11 ) 5
dx X - )
2 - \\J .
(g) d +dy +1= o . ‘ ) .
# dx . . T

ERFORMANCE OBJECTIVE IX - 4b: Construct the standard form of a given

R < first-order linear differential equation -
= . . R
1. Construct, in standard form, the differeatial eqi,tation . .
. "\ N f«. v
2 .
x“ dy + 5 xy =cos x , ..t
dx - o N

—_—
*

2, . Construct, io standard form, the differential equation

] - T
yl'nydx+(x1‘1hy)dy=0', :

1




- . N
-

., N
A

PERFORMANCE OBJECTIVE IX - 4c: Determine the integrating factor for a given

L

- first-order linear differential equation ,

Id

: o &
1. Detgrmine the integrating factor for y' - y = x3.
. s ¢ ) ‘
<~ 2. Determine the in;egrating factor for xdy - 2ydx = (x -2)exdx .
‘ [. 3
3. Determinel{the integrating factor for 2yx +x)dy + ydx = 0,
S .
" A y
PERFORMANCE OBJECTIVE IX - 4d: Determine the solution of a given ‘
. . first-order linear differential equation.‘
§ - ;
\—"* .

1. Solve the differential equation i{ + 2xy dx + x dx = 0

: s
2. Solve the(gfé?érential equation x dy: 2y dx = x sin x dx .

~
.

A




/

CE OBJECTIVE IX - Sa: Identify the exact equations from given firste-

order differential equations.

v,

— ( . -

\J 1., Which of these differential equations possess exact differentials?

a) (1+ e3x) gy + 3ye3x de = 0
b) x sin 3y dy + y sin 3x dx = 0.

2
c) 2xy dx + (1 +x,) dy = 0 ’ )

2

.d) s8im x cos” y dx + coszksin ydy =0

. e) y(x-2y)dx - xédy = 0 ]

£) 2 - y2)ax - 2xy dy = 0

8) X dx + xexdy =0

—~

h) tan-l(xy) dy +1_ 1n(1 + x2 yz)dx =0 -
. 2xy
. 1) m+l)-x-l.nz.~Y'=° :
( x Yy (;2 y )

‘,‘ N )

. _[PERPORMANCE OBJECTIVE IX - 5b: Detérmine the solution of a given first-order

-exact differential equation . ‘

- . »
1. . Solve the ‘differential equation (x2 - yz) dx - 2xy dy.= 0.
' >

-

2. Solve the differential equation (1 + e3x)dy‘+ jye?* dx = 0.

L

-

3. Solve the differential equation ® - m

. : v J >
(cos y + y cosx) dx # (din x - x siny) dy = 0,

. -
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linear second-order differential equations,

+

. ’ ! \ [ ) ,
[ENORMANCE (7JECTIVE X - 6a: Id'entify the homogeneous equations from given

r . B . c
\“ 14‘ . . '
)" y'+y -2 =5e% .
) | o \
/ \
b) \Z" + }r ,"/ ex ‘ | ‘- .
¢) y"=y+(x2+1) o \ ‘
d) y"=6x’ +3x -2 A
L — } .
e) y'-y=y' , ' \ o=
q C | .
PERFORMANCE OBJECTIVE IX - 6b: Cohstruct an éﬁ"uacion'uging_ dilff;erential operac::n
- notation from a gi\'r\er‘m\hqmogeneous: lingar second~
) £
‘ q}der differential equation with \constant
» - coefficients, i ? ) .

&

N

1. Construct an equation using differential operator notation from the

differential equation ﬁl -4 dy "+ 4y = 0. -

ax? dx . s L ’

+ 2. Construct an-equation using differential operator notation from the
equation 15 d2y =14 dy +y
dx \ ax

3 ‘g‘ Ix-11 . o ‘ -




a - ~ - .~

RMANCE OBJECTIVE IX - 6c: Determine the cha’racterisﬂc equdtion of a given| -

. cL 'hgmgeneou Jiuaat“ second-order differentihl ‘
L —_— % *

T equation withwconstant potefﬁcients.

! . \

- . A . A T @ .

“ . -« ~ -

- 1. Wri 7the\.’characteristic equation for the differential equation y" -o2y - ¥

a4

' ) . - . . ' !
- . ” ‘ ’ e - -
. ; - . . ~
- 2, Write the ehamcteristic equation for the differential equation -ay" =y,
. ‘ . v . Y . 4 “'
-~ . . N . \
. > - - - R [
v // .. ° 3 -
. ’ . 3 -~ . N .
f ’ 3 2 - Y
4 » v' - . [ZaN
. o‘ e e J s i N P o ‘::,( .
R - g. PN "_.“ ’ ? ’ -
T '\
A ) . g ’ . . ,
. - " - ) ~ - ” ! | ’ .t 4 R
u. j}' ) ' - ) - P ' - ' . - .
v 4 >
- . . e “ » - -~ . i

: ‘ ' -1hj-
@ ( F’znom OBJECTIVE IX - 6d: p!termine the solution of a given homogeneous

. - D . linear second-o::der differential equation whose .
: , ‘ o . characteristic equation has two-real-unequal roots.
- ) ) ' . i i N - ’ - -
' A N - ~ =
. L _Sglv\t\he differential equation y" - 3y' +§2y 5 0 - LT
o . ) ‘ g_._ T
N N . \ o , R . « »?
- ' h . ) . N 2 . ' T :
2, Solve the differential equation 2y'" =9y 3y'. R : , i
y , R o o . Ce
1 § % ! ~ )
- .\ . . - \
. L - ~ ¢ \'ﬂ d \ .
; . . . ‘ v
i [ - R ‘ 0 ‘ ¢ .. ~ . . . - ‘o . .
\ S o
" - i M -+
' - - N ' A M
, , ' . . . t o , -
A - \

EMC ' ‘ L d ‘ " '&,,‘_ . N \’ ‘ " '_;'~ ° . . ’, ~/ .‘
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RHABCE OBJECTIVE ;x - 6e'

Determine the solution of a given homogeneous
‘

. ' Solve the différential equation y"

s : Sblve the .differential equat:ion -y

i ¢+ % "linear second-o der diffeﬂntial equagtion whosle
.- - ** 7 characteristic equation has.two real equal roots

t . . ~
- 10y' +25y = 0. ‘
! . - -
. ’

N -

‘uu.\ ‘
<

v A4 - . [ 3 ~

~a
[ . ~
~ -
- - . ‘
. v ~
~
) ’\. " sen
4 s Jo-
. - ~ s A -
- ! :
i N .
. - |
~ . P
. ~ oA
" ~ -~ ~ - ~ ~
’ - R »
"
lal ' e
- -
- -
- a, -~ - -
B 4 o . ~
PO
- * - 2
- - a % -
3 "
- " -
A
. A\ -~
~ - L]
~ »
~ .
) ’ FE
EMC - ‘
- 3 AP

> 2, *Solve the differential equation-y" ® fy'.~--13y . . -
. - % , - - L _ - .

y . - "’“ . /' . » a -
- ' P
‘:'\ ) \\ ;‘ v i . \~’ . )
Vi 1\ - ‘ . - , - *
~ 1 M L 4 4
- - P - .
~\ s \‘-: b e ~ [
~ - . . %
[ A v i te v
b . . g
- ? 6 .\ y - =
o I3 N . ~ * ) . -
\ : . : : \. . "t ] - . Py . '. *
’ oo B ! ‘ - v - ‘
AR 2 - ’ ’ ~
ERFORMANCE OBJECTIVE IX - 6f: .Determine the solution of a_given homogeneous
- S - S linear’ second:o,rder differential equation whose
. _ ; , ; A -
\ -0 o A chargcteristic ‘equation has imaginary roots .’
oS o i ' . A
ot < 1., Solve'the-differential equatfon y" + 16y = 0 . ™ ,' ’ r .
R e A
i N I ~ s PN n . .
{ . L e i . R

i
" . ol -~
. N A

Al -~ "
~ i . e . "
~ ~ ”~ -~ ~ 7 '
» ! ~
. . . ~o ?
° " 4 1 -
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. i
,
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s
-
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CE OBJECTIVE IX - 7a:

Identify the npnhomogeneous'equat{bng from ..,

'

~ . given linear second-order d;ffe:ential équgtions,
. . if : g . . ~
1. Identify the noﬁ-homogqneous equatiohs from the following linear
ot -~ second-order differenedal equations: b LT ‘ T
- . ) ) o ‘ ; a
¢ ‘“’ . ° ". - i
. ) L - . ] ) 4
a) y"+y' -2y =35e* oo
. . [ ° . P . .
B ) ) . ‘ T, - “‘ N ..' .
b) ty" =y - y'. . -4 ' -
. L 4 - _ ~ \\ - ;.
’ ‘ 2 . N N - :g
v e) y'=y.+ (x +1) - C e N
. I3 :
‘c " d) y" = x3 - 3}( + 2 . . ’ ) t
R . . R . \ ; - = ,-
- x N ’ . (/ s
LI o - .~ - a R
7 , e) y y' =y +sin(e) .o s .
w ) ~ ) N e “%
. £) 6y *r?\ - 2y' - s o : )
. . © - . K . .
- ‘ \ ' "‘m'/(u} ’ : 9 .

PERFORMANCE OBJECTIVE I/x/»y

-

Determineﬁthé soluﬁioh of a given non-hnﬁogeneous

>/
'Y ~

linear second-order di fferential equation

2 . . . ‘
dY + a;dy + a,y.= F(x) where F(x) is a polynomials
. dxz . dx - . )

>




-7

y' - - “' \
’ ** 1inear second

-

~

'-order differentia}iquat ion

’ ) . . - i L Y P , ax
' ) ‘ , - )Ef% + 31%‘*;' a,y = F(X) 1is of the forme _,

"L ORHA.NCB OBJECTIVE IX - 7c: - Determine’ the solution df,g gfven non;hpmogeneou;

)

. ’\ < dx '

. . . ' . - +
j N S S
T .

‘ 2%
Solve y" = 2y' + 5y = e .

! i © 8.
. ‘. i
2. Solve 2y" + ;;f/*+ y =X,
3 . - .
. . , . 9
3. ‘§0qu y" - ‘}y' + [..y = e x s
. . .
v ’ . ES
~ ) ~—7

-~

o
[} L
. ) Vi
4 -
Ed s
N
. . ] .
Ed
- -
. v
M . ]
. -

¢

- ) *

v ‘ ) . ? ’ »

-.7d:

L 4

PERFORMANCE OBJECTIVE IX

L .

. -

Determine the

.

P . - - .
-~ linear second-order differential equation!

LA ‘;rf

2

® e

form&sin ax or tes ax -

.

salutifn of a given non-hom:)_geneous.

-

: 2 . AR S :
. d dy Pl . 1
. L <3 + + ay < F(k) %here F(x)“1s of the
. dx . aldx_ . .2‘)‘ re . % s Nt

Y

. 0 ’ ‘.
1. Solve y" + y' -8y = -sin x, .
L} ‘“ . ) 1 , '-7 ‘
L +Z, - Solye y".- 2y' + 2y =ftos x, * T, T .,
) A R ' P -
. i Jae .
B N E . . o . \
3.. Solve'y" +y = cot:Z.&, . .ot . L ~--
vte A . L ‘ . . ﬁ 'q
° ] ’.\ L4 M
A ’ A . \ E 181 . '
. -, -;‘ ’ ' { Ac , ) A .
’ ' X-15 - . )
. “ o : T ’, ) .
. 7 (
! ] 1y P .

%

-7
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J ~ﬁuomucz OBJECTIVE
:‘4“ 1] : .

-

. . "linear second-order differential equation

© Y 3
.

. . v
PN . -

. : ‘ - - dzz + dydy + a8,y = F(x) whete’!"(xj is 8
N . 2 . de B ) *’

. . dx . . . ,

- . L _ s :

W

L’ B linear combination of polynomials and

>

transcendental functions. .- . :

.

X - 7e*51 i)et:gnhine the solution of a given noh-hoiogeneous

‘ a
.
4 .
. ‘ot
.
A -
3 . -
,
N
. v
.
*
. Q/‘
.
.
- '
P
s
5
.
. .
- '
‘
'
1
.
[ s.‘.
P
-
T
f. ! -
.
-
3
f
)
bl .
‘.
\\
[ 4
L]
’ ALY
“ ‘.
* -
L 4
.
~‘.
. .
Al
.
s O
w .

1. Solve y" - y' -2y=x+e’f.‘, B \ _ v

3.

, -

Kt . .,

- T .
.

° . s {

A s - . ‘ ' .
2* S-OIVg y" & 2”’ + Sy = ‘e—x‘+.(81n zx . ’!, ’ - >

oL o . . » ’
.. - . [}
Solvel
4

y' +y = 8in x + cos x + sin 2%, < e

.
. D; . 4
! N ) - -
S
- ~ . »
¢ S . F « Y
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.
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ERFORMANCE OBJECTIVE IX. - 8a:

L]

-

Construct the solution to problems requiring

. . i -~
the use of- first order differppt%tions‘

‘(eﬁ., growth and decay, modified Ohm's .law, etc».){

1

L3 .

L.

@ . . 4 . . .
2. In some chemical 'reactions, the.rate of.conversign of a substance at

. Of the substancé that has beeri

-

‘‘at any time, to thée x;ulation at that time.

‘substance’still untransformed at that

guantity

¢

~

The population of a state incr

3

o

eases continuously at d rate propor‘tion;i,

The population doubles in

s

40 years. After 60 years thet rat‘id‘ of the population P to the initial

population P, is what number? = -

v

L4

*

’

4 ¢ ‘

N e

-
«

.
»

) ) N
© “any instant t is fpund to be proportional to-tfe quantity of tl-%e '
° . . :

instant.
-'. . r - L - \ . R
converted at time t and A is the ‘original

of the substance, find V as a functi}m.gf‘g.

4

e e
L} . ‘

‘ ~

‘If V is the quantity-

, 4 .
e

I

-
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R Fmomucz osn‘crxvé\r_x - 8b: -Comstruct the solution to problems requiring

" the use of second order differential equatfons.)’

+ - s - .
-

+ (e.8.4 panging cable, motion om a sEraight

. A " line; oscillary motion, etc.) * * ' :

1. - A particle starts from rest_@t‘(3, G) and mgbgs along the x-axis}’ﬂks

— - . ¢ -

acceleration .being always toward Ebe,érigin and equal to four times
a . . 1

< the distance from the origin. Determine its position and velocity

-

at- any time t.-

\ ‘ (S

i -
» L] «

- - - - * ——— - — —

2. A mass weighing 16 éounds Es_%ftached to a spring, for which the spring

T e - .o . : -
sconstant K = 18 pounds/fodt, and is brought to rest. Determine the

> ’

. digplacémént of the mass’ at time t if & force équal to, sin 2t is

a
&
N
@

v

-
3

. .applied to it. Hint: Résﬁltant'force = apblied force - spring force.
‘ S P N RS
; .

'

e

- 3 - ‘
i} . - -
M [ 4
@ ‘. ) . - r'd a
@ r
« P ~ »
. O ¥ 4
. [
- . . %
IX~<18 .,
. .

4

’
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pe

e . )8, b, d, £,
" .{: ‘ b) ) ‘c
1 ] 2x
1) 7 = e
(2) Arc tany =

o M -4

@ ey’

'? Yy ; ‘ .
1) ln(Zt Yy ) =c
/._

~ . - i /1 ST ) * b
;:!’ R . * - ° . l
S UNIT IX: DIFFERENTIAL EQUATIONS L -
/ , s " - _e . ° ‘.~/ !
ANSWERS, TO ASS&HENT weasvRes - Al
1. “a) ° . ’ . ) - r - t
14 i - . MY ! ¥/ ° °
. (1) 2" . '
. ) 3 ST . *
-, " , ' P : __/
. b ' ‘ Fo » .
K3 ¢ . -., . - *e . bae '
- \_\ . _ (1) 1 (y is the dependent:variable) - . (
o . @) 2 T = N ~

.- . .\ ~— _’
8 e o e e e s

+ ¢ ‘ g

2 N ‘ L4
X +ec - . ’

2y ) o
3 . .
(x+5) | =c ‘ - Do

3. a) o \ g
. N . ' 0 , - . '
.o (1) a;,4d, £-- T < .
b) ‘ { - _ , ,
. ' (1) . -dl = 3V - 2 . ) : ) * .
, - dx' v+ 1 - -
., 9 A e 2 ‘ ’ " ‘ -
( ‘. (2) %’V"' 1"V ’ " J‘ -‘
- v ., v ' .
v '\. L) . ; ‘- . ""
, X - . . '
c) ’ N
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'+ 'UNIT IX: 'ANSWERS TO ASSESSMENT MEASURES (continued)

.
X .
. /xL +y2 + y=e
(21, x Y X p ;
) . . . . N - xz ( .‘* . R
. 4. a) . < ) . .

« 2 ' . B " o

- . . . , * 3

- (l) br C. .

, S SR X
- . dx 1 . <
v (2) .— . % ( ) x = =
. dy- 4 ylny .7y '
Lo ¢
T ‘-'C') ' R t t
[P .)' ' -

2 .
‘et - N L&
(1) y=ca ™ -1
2

(2) y=2sinx 2 cos X _icos x + ¢
a x x>‘. . ?

(l) ‘ ar(,.c'h‘gl h; i

(l) _;’ -. Xy = C -~
. : ) sx - v .
SO ) (2 ye = y ='c .
- (3) x cos-y +y sin x.= ¢
° . . : '
o - - hd - P~
¢ . -
t . ‘s . *‘
- 4 e . ‘
) - * ' ° .
‘- : ) '} g
-~ . o ) . II—onr‘
ERIC - LY

. &
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'UNIT 1X:- ANSWERS TO ASSESSMENT MEASURES (coni:inued)

¥

o

@ y" =0 -
. (e) ‘yn - yu - y"="0.r
S ‘ _
. © 1) (@ 4D +4)y =0 '
a." ’ '
_ @ asp? - up- 1y =o
c) . - . —_ v
2.
(1) " -2r+1=0
3 o .
s . . * -~ -
@) £l 440 '
. X IR ¥ )
Q. ~ )

x < -
{1) y=¢ e +oe . i

(2) y=c E* 4 ¢ e%

’ 1 2 o / i ]
.. o) \ a"( . ' . i

- . o .
(1) -y = Lo, x +c,)es* . . ,
$e . ‘2x C ..
co 52) y= (c} X+ ee)e 3 _
. £) o . . . (
. c » . ' -
’ 1) y= §, cos 4x +c, sin 4x°

(2) y = €% (c; cos 2x + ¢, sin 2x) .

w .o
N 187
e Ty . ,
. .

c - : fx-21
¢ - ! - R

‘.

R
+
7
-~
4
‘
|
|
-l
)
. N
>
¢
* Y
4
.
e T
[ 4
)
[




UNIT IX: -ANSWERS TO ASSESSHBN% MEASURES (continued) *

-

7. 8 , )
g(ﬂt)"" c, dy, e -
n o S e
) ye e eyt ok :
o y*q e Fce2X - ax - W~
1 .
2 (2) Y=o e’*&ﬁ N R I
. - . AN r;bf] 2 2 '
. . . . . \
. Q{ c) - .
K ’ x, - 1
- - 1) y=¢€ (c1 cos 2x + ¢, sin 2x) + ;'eaif
(2, - y = c1 e:& <+ cae-x - ~xe-8' : ‘ 4
Teacher mote: y = mte‘?( if nu.sing method of undetermined
) ; i coefficients,
1 - L}
] 3) Y'(c1+c5x+ix2)ezx‘ g .
d) " ' $
7 . -
1) y==>c1e3x + cee 2x+-§7-0-sinx+‘5lo'cos:f R
) 2) y-= ex(c1 cos x + c, sin x) + L (cos x -~ 2 sin x)
' :
(3) Y‘c'cosgg+casinx+5:osx1n ’cscx-(—cotxl-?
(e) -
- 1
47 y~c1e2 +c2ex+z(1-2x-2ex)
) . 1 - 1
o P ( yne'(cicos 2x + ¢ sin 2x)+. 17 (4 cos 2x + sin 2x) + 7 e
[ ‘ '
s ¢ , Coa - : 4 ‘
y=c cos 2x + c, sin 2x + = (sin-x + cos x) - x cos 2x
(3) ’ { . 3 ‘ 3. - 'n [
". /
e g __‘ ’
. - . - -,
: IX~22 o
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UNIT IX: ANSWERS TO ASSESSMENT MEASURES (contined) ' Y
. : . N ‘ '
. t e ]
8. a), ‘ .
P .
) €0 - .
@y == 2N : |
L - ) P() * . ' : 7‘,\
P . -kt 1 (;
(2) V=AQ-e ) ‘ A
. ..
" b) :
. (D - .
(a) x = 3 cos 2t , ‘ .‘!A !,
(b) V= -6 sin 2t e : .
(2) Displacement =2l sin 6t + L gin 2t .
) & B 16 N .
C e 48 :
Tegeher note: m = ¥ where g = 32 ft/sec?, - . i
g .
g L
¢ \ - g ~*
/ > )
s % [
™ ! ' )
' sl ! 3 -~
" . N -~ '
- ' 1]
- . .
! ~
. 5 ‘ .
- ¢ ‘
) [N ' 1 N H Y . - . .
a i g R )
L ] «
u:l"'" R
- ‘ . ’ . -
- &
. - " ‘F
! R A IX«23
P R .
. , N / .~ N ';4) - -
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students’ to explijnew mathematical relations on their own.

‘UNIT X' HYPERBOLIC FUNCTIONS

FORS R | ™
INTRODUCTION o ' - _ -
The study of hyperbolic functions introduces the student to a new system
based upon the unit hyperbola. Analogies to the trigonometrlc functions.
and the unit circle should be euphasized ¢

*» V‘ s
“A major benefit of this unit is the reinforcement of the exponential and .
logsrithnic functions. Unit X provides an exrellent opportunity for the.

. "
.

. . . ~ -

INSTRUCTIORAL OBJECTIVES = B 4

, 1. Apply the definitions of the\h)erbolic ‘functions to verify identities.

2. Apply the rules for the derivatives of the hyperbolic. functions.

-

3. Apply the rules for determ:l.ning integrals of expressions containing
hyperbolic functions.

4. 'Apply the rules for differentiating the inverse hyperbolic functions,

ﬁ\Apply the rules for integrating differentia% .of inverse hyperbolic
functions, .

PERFORMANCE' ORJ ECTIVES

By the end of this unit ‘the student should have mastered the objectives
listed below. C

S, Y .
'

1. hNts’te the definitions of the hyperbolic functions.

PRy

b) Construct the proof of given identiti# involving hyperbolic

func tions. / . . ;

2, a) Stste the rxules forj differentiating the hyperbolic functions.

sy

o . b) Construct the derivaqlves for given expressions containing the
,hyperbolic functions.

3. a) State the ruits for determining the integrals of the form '

Jsinh u du, :jc':osh u du, jcsqhz u du, fsach u tanh u’d

Jcsch u Jcoth u du, f‘/.s;ech2 u du‘o’

u
-

-b) Integraté given expressions containing hyperbolic f(mctionz.

-
¢

o B,



UNIT X: _pnmmbysmzvzs (continued)
4, a) State the rules for differentiating inverse hy\perbolic functions. .

-

b) Construct the derivative for given expressions containing the inverse
hyperbolic functions.: !

, ~
5. a) State the rules for integrating , A’g /‘du , o

| - B / /5
- jdu andfdu .o

UVI-U ) ¢ d

b) Integrate given expressions of the - ‘form du R J’ du ,

¥l 2 u1,
) jdu, du-andfdu . ..

— - ,uyllu

1Y «
g L ~
- s 4 . L
1
~
< \ .
» ! LN
. 11 N
+ - - 2
»
i )
’ P
» ’
" - A
‘ A ’
t « ! /
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% .
| ) / . e N
Ty i ‘ )
s~ : 4 . -
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¢ *  SAMPLE SSszssﬁwNT MEASURES:  HYPERBOLIC FUNCTIONS - -
- ve 7 \

A .

PERFORMANCE OBJECTIVE X - la: State the definitions of the hyperbolic Ffunctions,

AN

< : - *

»
<

1. ‘State the'definitions of the six hyperbolic functions. -.

,
. << T

PERFORMANCE OBJECTIVE X - 1b: Construct the proof of given identitiei

- . ¢ * »
involving l}yperbolic functions. '
. / . = ‘

. ’ o ' 2 2 ~ Y

- ) 1. Prove: cosh(2x) = cosh” x + sinh®x, /
s ’ . \
s ., 2. Prove: tanh(x +.y) = tanh x + taghy . .
' ~ 1 + tanh x tanh y - )

. ‘ - -~ - . ‘

4 ) 4;' ~

e . G
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ERFORMANCE OBJECTIVE X - 2a: State the rules for differentidting the hyperbolj

. e - /
. functions.. .. . ’
- . ﬂ‘ F) . s ‘\ . -
] . o . e . -, ,
) A ~ I\\ .
1. State the rules for differentiating the 8{% hyperbolic functions..
i oY : ! -
J'“ 3 , =
!
» % -
J\ 4
. L
i

o

"#_—\\\\ ERFORMANCE OBJECTIVE X - 2b: Construct the derivatives for given expressions

\ containingt the hyperbolic functions. N
= ~, N
,_,/ i . . ’( v , ) .
& ) _ T
1. Detetmine y' if y = sinh(ksll*vyf//} _
- s . . '
2. Determine y' if y = sech2 3x. .
{ i \ [ [} .
3. Determine y' if y = tanh(tan x) , ot .
; ! ¢ N
¢ ’ 1 ) L ’ " ~
4. Determine y' if sinh(xy) = coesh(ln y).‘
. R N ) . .’
5. Determine y' if y = ln(tanh 2x) .- ! S
. “ 0 vy
] . r ;
hY ¢ ) ‘ '/
Xed




- /'
‘e L ‘. ’
¢ . R!'BRMANCE OBJECTIVE X - 3a. State the rules for determining the integrals
' 2.
T of the form: J'sinh u 4‘u rcosh u du, rcsch u du,
A} ’ ' - 2
i s f sech u.tanh u du,JEsch u coth u du, andj%ech u du
. \ - - S
1. State the rule for integratings each.of the f,alllowing:
ot P '\ t. :' . .- ’ > .
a) [ sinh u du = -, ~ ~
v o . T
b) T cosh u du = : i
> 2 Y .o o, e
‘ c) f'sech udu= 14 '
< i d) r’ggéh u tanh u du = C . ' ' .
e) I cSchz u du = 0 ¢ -
: £) f csch u coth udus= "
- 1 C .
/ i.‘ . - . N ‘ |

¥

RFORMANCE OBJECTIVE X - 3b: Integrate given expressions containing

- hyperbolic functions.

1. sinh 3x2 dx =
. e vy

2. ItanhB 2% sech? 2x dx =

’ 2 . R ’ .y P
8. J‘ginh 2x dx = ] . . )
- / ‘ : :

J‘tanh3 x dx =

\

" B 5. j’ex cosh x dx =

K3 V. N ' . R x-s

o




>

’ ‘ », 'H ~
» -~ J\ B -~
(" - _ . ‘ - -
' . — ~ » \
. ERFORH’NCE OBJECTIVE X < 4a: State the.rules for differentiating inverge )
s hyperbolic €unctions. I . ‘

'

1. . State the rules for differentidting the six inverse hyperbolic functiogs.
. - , . - }l .

[ -

1

| .
= ~
" . )
‘ . . »
¥
~
-
. + / iy
¢ -
¥ .
N
T
-
~ »
N a» . ¥ -
I3
. - \ 1 ’
’
M .[; e ,
‘.
- - ¢ ;‘ -
b3
‘ N Xy

PERFORMANCE OBJECTIVE X - 4b: Construct the derivative for given expyessions

\ )

[ .
. [

< <L

i . . %;,» . égéqpining the inverse hyperbolie fu c%{sns.
>/
- /
‘ 7 j
o 1. e /
. Vo /- ;
. ) 1 3 . ,
2. Determine y' if y = tanh = _1_ . .
» 2x ,

- o , ‘ - . - -
s , ‘ : 1 b
3, Determine y' if y = sech (cos x), . =~ .

ar

;

- . \ _ — . / .
N ~ 4. Determine y' if x = a sech 1(%) - 1’32 - yz o

]




9 . & *
r - c
\ " ’
> ) .
E. OBJECTIVE ‘X - Sa . State the rulgs for integrating
CE. OBJ - 5 [ ‘ J’Fr’
' o [' du \ du ‘ du
) —— ’ AT e
. o . 1-u P u\é ,"2 5 u31+u2 .
' e N : J -
/ ., 3
' 1. State the rule for integrating e:ach of the following:
@ pdur - .
Y ,
T
’ e
du .
(®) (s .
3 J‘ UZ-]. ‘
(c) [ du /
l-u2 .

”~
(14
N
("'9
p—n'
+
[=

e
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-
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¢ e
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A}
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PERFORHANCE OBJECTIVE X

- Sb

Integrate given expressions of the form )

gt

u:Ji+u2‘

du1 and
n .
16u u 1-u2~{ .

] zfsmOdo»'
. Veos? 0 - 25

' g, dx

'2x%+llx+
i dx
'quﬂ’

5. 'cot [*]
+sin? ]
LN

16

—de
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UNIT X: HYPERBOLIC FENCTIW‘S

»

ANSWERS TO ASSESSMENT MEASURES X
1. .) ) - .

(1) " cosh(u) = % (éu + e-u)

T @ sinh(u) =% (e" - )

' ! -
" (3) tanh(u) = eu -e " .
* i e + eu ’ )
. - . oy
\ (&) coth(u) = e+ e | -~ .
. " "
e -e -~
2
(5) sech(u) =, —&— ‘
' eu et o

. ) )

(6).. csch(u) = T el
. i e -e
b) .
1) --
3
(2)’ - . = »
\'x
2. ' a)

(1) d_ (sinh u) ='cosh u $¥ ~ , °
_ dx dx

(2) _d " (cosh u) = sinh u gg

g dx
(3) d (tanh u) = sechZu du ‘.

. dx . .dx )

L&
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UNIT X: ANSWERS TO ASSESSMENT MEASURES (continued) - .
- * - Tk ) . .
. . - 4 ;':\ )
4) — (coth u) = -cs‘chzu _x .
¢ [4

'+ (5) _d_ (sech u) -'-sech u tanh u d
dx x
(6)/_1_ sch u) = -csch u coth u du ‘.

.dx . . dx.
b) '

.

Q) y' o= Zx.cosl{(x?)

~ e - : \

(2) y' ='-6 sech’ 3x tanh 3x -

~ * )

se‘ch2 (tan xY) seczx

, - L 4

{ a “ ® (3) y".
(4) ' - Yz éosh_'(;lY)
y’. sinh(lny) - xy cosh (xy)

i . (5) 4 csch 4x

y' =
3 a) h b)
. ‘ (1) o . (1) 1 cosh w2+ C
‘ - (a) cosh'u + C (2) l tanh" 2x + C.» ’
. ' h i \ - 8
(b) sinh u + C : y
. : B (3) Lsinh4x-%+c
. ’ (c) tahh u + C ] 8 2 '
(d) " -<sechu +C ° (4) 1n(cosh x) - t:anh2 x +C
- 2
s " (e) -¢oth u.+ C ' 2 S ‘
» ' . (5) eT- +\§:+ €
Y (f). -cschu + C !

’

199 , '

;r . X-10




UNIT X: ANSWERS TO ASSESSMENT MBASURES (continued)
Vot e ’ BN o ‘ ) »
- N o . ’ v ‘ . . . \\u i ;
V- 1 A = - £ \
(1) T‘.:_(s 1nh &{ —1_ . d—u ’ : $ . .\\\ R M ™ 8,
! ' ~ f 1 + u2 d}‘ » » h K . . ‘ ’
. I - -\’ ’ - N 2 \ . .

3 . ;S 3 !
. - , \ . . \ . ( R
4, (eanh Puy L du,ful<l o N T,
dx, .=~ -u® dx . L ‘ Uy :
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ONIT X: ANSWERS 70 ASSESSMENT MEASURES (continued)

A .
a) ' . ] R
) -
. -1 : b
" (@) sinh " u+.C_ .
| L
) 7 (b) cosh u+ C
. _1‘ K LT 4
(c) tanh " u+ C i_f|u|<|'
o -1 ,
. coth u+ C ifful > |
N ) () -sec‘l:l-l ju] +C ’
| &
(e) - -csc‘\"l ul + Cc
;nb)- - - . ﬁ} ! c\
. ’ . .

LW sinh ™} &+
"(z) cosh’ ! (£°_§_°.) +C

il
{

(3) -% tanh*! (x +73) + C if (x-+ 3)2 < 1

3

b "+ 3) +cif (x + 3)2 > 1

B § coth”
\ 2 S
*(8) -%sech-lv(&) +C.

(5) -csch-.l 'sj.n 0 ] +C N B




INTRODUCTION - ' v S '\ N
i . , Lo . . . ' ,\‘

\ It analytic geometry the student was, introduced to vectors. ' Unit XI applies

» calculus to wettors, Particular edphasia should be given to the veloci .

" and acceleration vectdrs for a distance function, includiag the determiniiiOn

.~ * of speed, A discussion of ‘tangential and normal vectors concludes the unit.

S

J ” . [0
)
AY §

5 INSTRUCTIONAL OBJECTIVES « . \

k1

A v ‘\.

. .. . . . ~ v . . \
1. Determine the positien vector for a cugve defined:by a pair of parametric
-~ equatioms. . . . .

[ 4

, EY
' - ’ ——

, ." 2. Determing the velocity vector f}oq a position vector.
. . ‘ ’ s

3. Determine the speed at which,a pgrticle‘moves along the curve.

4, Detérmine the acceleration vector from a velocity veétpr. \

(R4

5. Apply the definition to determine the tangential vector for a given curve.

Jo 6. _Apply the definition to determine the normal vector for a given curve.

) . . . . ,,fL—"‘\ . . .

. _ PERFORMANCE OBJECTIVES ‘ '

o : T ) y 7

By the end of this unit, the student: should have mastere e objectives
listed below. ) N - :

l. a) State the definition &f the position vector.

b) Construct the'ppsitioﬁ vector for a given curve defined by ; pafr of

» * , parametric equations, . ’ )
. ' s

2. a) State the definitfon of a velocity vecbor; *

b)\ Construct the velocity vector from @ given position vector.

3, a) Stat& the definition of‘speed. .

?
b) Detefmine.the'speqd-qf a particle at a given time, ' !
4, éb State the defiﬁigiOn'of'an acceleration vector. . L ;‘A::
. b) Construct tﬁe a;éelératiqn vector from a given velocity vector. S
5. ) étate the definition of the tangential vector.
b) Construct tt;e tangen'tsihl vect‘:c.;r 'tgr,a give; curv'e‘. . .
/ vd. afhhst;te the definition of the.u?it normal vectorﬂ' L v
" b) Conltruﬁtlghe unit dormal vector.to a given éurve._ ,

i _ XI1-1"' L
i . o i , ~ ? 0 : -
‘;. ‘ oy - Y 202 . ‘




SAMPLE nssnss;\mm MEASURES: VECTORS ' .

- N N .
. -
) ‘

' Eznromcz OBJECTIVE XI - la: State the definition of the position vectorl) _
. . [ : .

« v
B a [

A N = - t o N . , -
. ~ o ' , ' . ( ' .
.. . - E ./
‘ 1. Staté-the definition of a .position vector, * /' . .
. . - e ' . .
SO ' - '
‘ . ¢ -
_ .
] - € N R , .
[ il .

' . . . ‘

PERFORMANCE OBJECTiVE XI - 1b: Construct the position vector for a given curve

' 14

: ) ‘ defined by a pair of parametric equations.
e : : 4 ' .
f . - N * /
1. Construct the position vector for the curve defined by x = t + 1 and
. ~ N ‘;4

Vv
.y-t2 -~ 1 where t>0. .

’ - . . 0 v
: : ! . ’ - . S
’ K
' « “ . .

u

! 2! Construct the position vector for the curve defined by x = r cos wt and

- ) y = r sin wt vwhere r and w are positive constants, T '




/ )
* A Fi - .

’ ‘ +
¢

. I?moMC! OBJECTIVE XI - 2a: State the definition of a velocity vector.i

N T
'} ’ v i : . . .
i ' ‘ ' / Y *
. . State the definition of a velocity vector, " . .
. . ” -
. . ; ‘“‘! R . . (
. , ‘ .
- , * ) '/ -
. . Il ’ A’? } -
-, : ° . » . .
' - . ~ \ .
> -
,’ - -
r «
- > - ;
. - . . rr ,

1.

N . .
. - o
A . . N : DS
.

ORMANCE OBJEGTIVE,\XI ~'2b: Construct the velocity veetor from a g:l.veh positio

- 4

.

vector. - . ’ .

~
- e -

. . 3

-~ W ’ . ' +
1. Construct the velocity vector given the positfon_-vestor = 2] + Ln(t+l)J.

& -y
. . “ . ,
» . " . . ! :
.‘ ~ . .a \(A' -> _2t+ t
2. Comstruct the velocity vector giverd tt\x}e position vector R = e™“"1 + e I
- w . : N A
© 3. Congtruct the velocity vector §1v'en thé position vector
. .B.' . - ’D - ) ’
: R = Gsig )T + (2-cos 0)F . -



<Y

. , , .
/ s Vo - s
-
, .

PERFORMANCE OBJECTIVE XI - 3a: State the definition of speed

e

- Vg p
® - -

§ "

1.‘State fhe definition of speed. ) .

4 -

'
' a
B . R s
' Ay
- N . - .
. . ,
! .

,7‘ Y ( ' . : .
FQBFORMANCE OBJECTIGEPXi"- 3P: Determine the ageed of a partiecle at a given time.

. . 1 ~
4 . ’

. > > °
1. Determine the speed at t = 0 when R = (28in t)i + (cos 2t)].
- {
f . -

. + s + +
2. Determine the speed at t = w/6 when R = (tan t)i + (sec t)]3.

-



. g .

N . 1
.

. t?ﬂ!OIHARCE OBJECTIVE XI - 4a: State the definition of an acceleration‘vectog

.
L]

o

4

s 1. State the deflyiéion of an- acceleration vector, .-

*

.
! (
.
.

* ( *
v .
—~
P ' ~
.
v m ) . *%\\k
L " " :;v .
" ~ |PERFORMANCE OBJECTIVE XI - 4b: Construct the acceleration vector from a given
velocity vector,
* ’ ‘J. | . '
1. Construct' the %ccelerqtion vegtor given the veloc¢ity vector
ad » -> . - " P
v = (2cos t)I +. (38in t)j ., o
2. Construct the acceleration vector given the velocity vector -
veetT+e2t T, . ¥

2086 r

XI~5 =




1 .
v . -
\ [ ) N .
. N .
yi - i)

. gl — ,.
fampomusice. oBJECTIVE XE - Sa: State the definition of the' tangential vector.

7 . \ .
’ s - -, )
R A e} s R . ‘ . .
4 . L) .
i #1. State the definition of ‘a tangential vector. , .
+
‘ N
. » .
Q ‘4
, - t
A -~
- i P
L )
4 - +
,. -
- . . L
« Ot F : 5
- ' N . -
w-‘ e \
- . . ‘
K t
gﬁ{i‘f N .
. T . L » . .
(] ) .

3

kEﬁFORMANCE OBJECTIVE XI - 5b: Comstruct the tangential vector to a given curve.

<z - =

] .

s <
1./Const’ru<it thHe tangential vector to the curve defined by

14 > L -> > -
R = (28in t)i + (2cos t)j:
P ' . . ~
Yt [y ‘ \ ) .
— ' . ’ * ;‘7
2. bonstruct the tahgéntial vector to the curve defined b'y
) ™ > [ 4
v > hd ) * i
K =(sindt)1 + (cos3t‘)3' . i
S . .
A ‘e
. |
. n K .
/ i :
» "’ r‘J .
. . 7 4 ¥ » -

hid
‘?R— e
’
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- Irmonmlgz OBJECTIVE XI - 6a: State éi:he definition of the unit normal vector,
P : '

. N T

1. St'at‘e the definition of the unit narmal vector.

-
~

. .
' N 5 1« -

LR { . .
. ‘> / .
// /
' : K \ g
5 c : ¥
N " 3
L ]
. .
' , _ o~ ‘ ]
£l % \
/
- ° LA
- RMANCE OBJECTIVE XI - 6b: Construct the unit normal vector to a given curve.
~ . L .~ ’ - X
!, . < e - '
3 ’ : > > >
1. Construct the unit normal vector when T = (cos t)i + (-sin t)j.
< .
*« h B
" ~f * \ - . -
§ . ’ .+ > .
2. Construct the unit normal vector when R = (2cos t)i + (cos,2t)3,. o
-~ ' . . "
[ 4 ' ‘ . [
h ? v .
' \
- -~ Y

. . ‘ .
. N M
- , .
Aruitoxt provia c ‘
’ . g
. .




b)

N~
\

2 d)

E

L@ Rexivsd LT

o,

> ) +',< '.-r B IR
(1) R = (t+1) 1 + (t2-1) j . . o

. o

Fs SR . -+, ‘
(2) R=r;coswt1+rsmwt.l3 .

> . > >
(1) v =dRr/dt = (dx/dt) 1 + (dy/\lt) 3

R \,
@ v =20+ a/ean T

-

'(2) ;'-(-Ze' t); +(et)§

A

[N

~ -
P

@) v ;@coé £)1 -(2s1in 03

(1) épeed is the magnitude of the velocity véctor,

|as/ac|= \ (ax/de)2+ (ay/ae)?

(1) 2 \ X ' ¢ 13

~

(2) 2¥5/3 .

4
L%

- o
(1) 3 = dv/de =(a2x/aeD] +(a2y/ac?\F

I

 a ;(-Zsir; £)1 +(3cos e)3

@ & =(e)i+ (22725 7

. 209

4

i.e.,
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_ WMIT XI: 'ANSWERS TO ASSESSMENT MEASURES (continued)

o ) » ‘ . '4’;‘?—7“5 / 1/,’\ . A ’
N “ - /\ et - ) »
5 ‘) - ' i “ - $

(1) T 1s-the unit vector which is tangent to a curve at any point P.
> > * S, \ ’
T = dR/ds = (dx/ds) + (dy{ds) ] /

' e ' ’ - . ) hr"‘

b) ‘

- .-;s - -»>
(1) T=cos t iy~ 8in t § °

., e + +>
(2) T = sin ti-cost]j

6 a) C ‘ .
+ - .-(1) A unit vector perpendicular to the tgngentjal vector at any point P on the
curve. ) )
s -+ . N
A N = dF/dé¢, where ¢ 1s the slope angle of Inclination of the tangential vector.

Teacher Note: T = (dx/ds) 1+ (dy/de) 3

->

T

- + >

T=cos ¢ 1+ 8in ¢ j

> > >

Ne=-sin ¢4 + cos ¢-] .
+ - .

N

»> I
or N = -(dy/ds) 1 + (dx/ds) §

.

.
' \,

b)

> +> >
(1) N=gint i+ cos t 3 ‘.
r‘ «,' ‘ \) ' >
‘ +> . - +> : + .
(Z)N-ﬁis%ﬂ.L.ri-J_A__z_.j- \ :
"+ &4 cos‘t . “ 1 + &4 cos“t . .

A te

> o ' > .
Teacher Note: T =  ~ i-_- j ) "
i + &cos‘t . + 4cos‘t ‘ .

N
ht: ]

- -




