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'y " ESTIMATION OF THE K20 RELIABILITY S 5y
= 7 COEFFICIENT WHER DATA ARE INCOMPLETE o
¢ s - 5 . "‘_ - . ’ ) -
» Fad . a 1. Introduction e . \
’ ' coo N '

* The calculation of a~reJiabi1ity of a test such as the KudgE-R%chardson
coefficient twenty (KR20) or .its more genral counterpart alpha [Cronbach,
1951] frequently assumes that data are complete. In other words each exam- - .
inee is expected to respoﬁd_to every item. ‘Yet data completion is rarely -
rea1ized in many situations. For known or untold reason/’\ﬁany students
choose to skip a d1ff1cu1t 1ten rather than to contemp]ate a Hl]d or edu=~
T . cated guess when pena]txes are 1mposed for thexncorrect responses. If the
' ' proportxon of missing responses is fairly smgfd one may estifate these .

' ‘responses and then apply an appropriate formula to the complete set of data. -
Hhen testing is construed as. the.rea11zatxon of a two~way factorial d°s1gn
[Lord 1955; Kristof, 18963, 1970 Feldt, 1965], various technlques des-
cr1bed in such texts as Cochran and r‘ox [1966] or Hiner [1971] may be ca]led

(upon; The extent to which the estimated responses would bias the computed
re]iab111ty; however, does not seem to have been fully explored. Hence it

L appears desxrab]e to base rellab111ty computat1ons dxrectly on the available

data~end to dwsregard totally the m1ssang~fesponses.
- e " e /
. - L »

“ The present study aims at the exploration of several estimation proce- *

ot

ot dures for test reliability when data are incomplete. Attentlon wi]T be fo- - -
;,cussed ‘on the KRZO index (e g. with test Ftems scored as 0 or 12 Conceiv-
ably £he results. ould be expected to hold for the. more qcnera} indéx a1pha
. since the 0 - 1 s ’ ing presents the most serio&g yiolation on the essumpttons

- . . of the.npdel uSed in the study. It.wi]l be assumed on the part of the reader
Q ,) ’ Famil1ar1ty with the content of Chapter 7.0f Lord and Novick (1968),. O

* 3 o Lo -

! » d -




) ] z ;ﬁ ) - . .
, the linear model TSearl, 19711 and ‘the work of Feldt [1965] en modeling
’ - .
. - / , .
testing as’elz: random effect,” two-way factorial design. . -

- .o - . . - .
. '3 - ; ‘ . -

2.._ Description of three Estimation T ..

Procedures for the KR20 Coefficient

T¢ will now be assuped that the response of sub:ject i(i=1,...,a) on
o ditem § (J &£ ¥A.., b) may be represented as ¥i5 = * g, 4;,8}4 &5 where U

v g constant X3 L(O,aa ), ﬁj T L(O,o8 ) and &5 L(O,ae?_L_and

all random ‘Vamables are indepefdent, The notation L(‘O', 0'2)'. ,represent‘s any

) "distribution with mean 0 and “yariance o2, It is not required that this .
‘distribution is normal . GiVen the various parameters as defined, the popu]at,ion'
: rehab1hty index is 920 ba 2/ (bo 2 + 0.2). ﬂ L3 s
The estimation’ af Ppg ON the bas1s of samo]e -test data nay be s'onewhat ' ~

-

facilitated by cons1der1ng the estimation of 2 and % 2 separately Thus a’
i

reasonab]e estimate r,, of » may be arrived at by replacing 9 2 and o _¢ re-
20 20. N e P

,- spectwely by tw‘o sqitab]y chosen unbiased estimates s‘.x2~ and.sez.» This in no

’

way guarantees that }20 would average out at ’pzo',‘ however uhbiasedness should be
expected to 'hold at least asymptoti cally under mi Td regularity conditions.' '
Under no;wnai,ity, '1:t is known EKristof-. 1970] tha't an unbi ased estima‘te .for the ‘.‘ .
population re'h’abih’ty may be given by & hnear functwn of .the sample'
re’!iabﬂjty;. Grant1ng that the pattern of missing data is ﬁxed from sample to
sample, there are at feast three ways to estmate both o and e 2 A1 methods
yield unbfased statistics for o 2 and 0,2, and reduce to the traditfona]
- . '_ variance component estimation when data-are cbmplete. oY P e
The first two procedures, nameiy the ana'tysws of var‘xance (ANOVA) and L
ﬁttmg constants"{FITCO) techmques are due to Henderson [1953} They are . % |
‘also referred to as Hendersqn s Method 1 and,_Hende«rsbn s Pethod 3 _Details ’ e
" about these methods along with their ratIonale may be found m Searl E]Qﬂ .
. 2 - ’ Ch7pter 10] Bas1caﬂy, ANOV¥A attempts t& extend the fonmﬁatron of the‘sun -
' S L

Q . “ 4 - . ‘a ¥
e .’ . . | L _ ".. N - R
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\ of squares in a ¥alanced’ des1gn to tne case of unbalgnced data. Thus three .

sources of var1at1on ere 1dent1ﬁ1ed namely the total variation SS the

tot’
row (sub;gg;) var1at1on SSA and the (1tem) column var1at1on SS [See Tab]e)l
for the computat1ona1 proyedures ] The unbiased estimates Sq 2 and sez‘W111 |

f ‘ be fouhd among the 1;2§z? combinations of these v r1at1ons HenderSon s

Method 3 -(FITCO), on Ahe other hand, focuses o the-equation Yij = u to, t Bj
7 ‘ . )
+ e?j as a 11near ‘odel, cons1der1ng (in t s study) the row.varxat1en SSA

as'the.sum of squargs explained by the «:'s after being adJusted “for the effects

of the sj's and u [See Table 2]. Unb1ased estimates for o, 2 and %, 2 may be
found as previously described.
. { . . -
The ‘third procedure, due to Koch [1968], i5 called the symmatric sums
(SYSUM) method. It is based on the.symmet?ic sums of squared differences of
-' _ 4 2 . A
the for? (yij yi'j') . Three symmetric sums [refered to as hA’ hB‘and‘hAB

. in Table 1] arelthere linearly combined to %brm the unbiased estimates sa2 and

D T T R R Y

. Z/‘/‘ _ o)
it ﬁgy be noted that both proéedutes A“OVA and SYSUM are computatidh%]]y
: . simple anq can be imp]eménted easily by hand. The FITCO method js more complex,
. _iﬁvblyingﬁfhe inversion of an usua?]y'}arge matrix (of order of b - 1). Of
ggurse this should not present any problem where.cgaputeqfaci]ities.;re avail-
able. . - o ' : S

‘ . 7o
' To provide the readers with so&e'feeling about the three described methqds,.

< A

o ‘a numerital example is presented in Table 3. L e . -
t ) . Table 3 .
i " v 3. Logic of the Simulations

When normality. is assumed for the distributions described early in Section 2,
4 ) - -

~
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and when.thehpatfern of m?ssiﬁg'data is fixed in advance, the sampling variances

of saz’adg-sez may De computed~[$ear1; 1971]. Bush and Anderson [1963] studied
L8 several cases of the twa-way desigh'with planned unbalancedness. The general
" trend which may be deduced from their results is ‘that when ag2 is much larger

than ¢, 2, the ANOVA estimates hhve smaller Variance than the FITCO estimates,

but otherwise the FITCO est1mates are jess var1ab1e. Thus in estimating test

‘re11ab111ty P20 w1th fixed (hence known ) _pattern of m1ss1nq{data, it Seems

-

tth tne ANOVA rocedure wou]d provide a mgre stable estimate 20 than the
FITCO does when pZO is fairly low. *Conversely, est1mates based on the FITCO
techn1qu§ would show ]ess fluctuation than those deduced from the ANOVA when

920 1S h]gh ) s . -
'_(, In mental testing, it seems likely that the'pattern of missing responses

is’functian of the ability level of ®he examinees When guessing i§ not a
-

major factor, it wou]d be reasonab]e to assume for example that examinees w1th
Tower ab111ty wWill ]eave more items untouched than examinees with h jgher abil-
“.ity. For these s1tuat1dns the variahce ca]cu]at1ons d1sp1ayed in Searl [1971

Chapter 11] and the findings of Bush and Anderson as stated wou]d not automat-

ically hold, - - , -

. It may be nbt_ee that the rﬁoée] Yis . =y aj + Byt e«. implies that
each respOﬁse”yi: takes.at.ieest=ﬁdUr sepdrate va]ues.‘ The 1qwer bound is - )
occaaﬁoned.w%eﬁ all random vaiiables'a{, 85 and € heve positive eqobébiiitjes ‘
at only two'identicél'points. .?@é estimation proeedures previous]fldescribed for

-~

« . v ‘s L P - . ?
. Py are therefore app]icable as lbﬁg aslthere are at least four response cate-

I

gories for each test item, Tﬁ1s requ?yement is sat1sf2ed for data collected

from scales of the Likert type Thd-o -1 scorinu procedure, on the other hand,

- c]early yiolates the funct10na1 forﬁzy.- =uta;t sJ +.eiJ

1n Fe]dt [19653, however, 1n41cate that this linear model may still serve as

Sofwe -data reportgd

.

an’aprox1mat:on for re]fabiiity studies uheﬁ the set of D - responses is.
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) Even under norma];ty any theoret1ca1 computation of the 5ampkﬁng vari- '
ance of each of the three estimates Y20 would 1nVoIve-éwfu] efforts vhen the f‘
pattern of mxss1ng data is let to vary from sample to samo]e. With 0 - ] dat& -
T “such a computat1on mqy not be possible un]esi of course one is prepared to re]y
on an exhaustxve enumeration G1ven -the computer fime constravnt on, the part -’
‘of the author, it seems appropr1ate to resqrt to Honte Car]o simulations.to ‘
. . compare the"performance of the AﬂbVA FITCO and SYSUM procedures. The next
, ‘ section w1]1 present the design of the fwrst simulation based on art1f1e1e; date.
4, Desian of Simulation'Study 1
’ For reason of mathemat1caT tractability, the beta-bxnon}a] model "’ was L
chosen to generate the test responses in the first ssmu]at1on This model assumes
that (i) each exam1nee with true ability a responds 1ndeoend°nt]y tp the 1tems
with’e being the probab111ty of obtaining a correct answer' and ‘ '
" o (i1) the true ab1]1ty 6 for the population of examinees follows a beta’

density of the form

‘ ] u-1 ve- 1
_ a(s) = ——o (1 -9)
.'/, B(uﬁv) . o
where u > o0 and v >0, o .

-

H1th ,the beta-binomial framework so stated, the population re71abi1ity for a e

p— - ? ‘. 1
. test cons1sting of b items 5 known to be P>y = b/(b + u+ V). ‘

It saems reasonable to postulate that the proportion of missing resoonse ;gf

is a noningcreasing function of_the ability of the examinee. (One would assume ~;,.f
- of course that Guessimg is not a serious factor.) A missing response, function® v -
L ~? A i . . . . Dl
m(e) wi]i'haie to be specified. ~Though the set of nonincreasing functiops is . .+
! -Z‘s;,._:,;o.
* infinite,.a linear fonn was chosen for m(e) for reason of simplicity. In. "féT‘
N
. other words , the proportion of m1sswngCresponses is . LUE o T
o/ ¢ : -
' . r - n(e) = c8' + d . ' 0




~

L4

) where c and d are two sui tab.]y chosen constants.” Gver the total popu]atwn
< ! .
of examnees the expected value for m(e) nay be ‘noted to be o -
Em(e)=cu/ (u+v)+d

Ifp denotes the ‘overall proportio&of missing responses, then

. cu/(u+v)+d Pe . _ ’. -+ L '
* To get a second equation so that‘c and d may be so]ved, 1: was assumed, that
examinees mth highest abitity (e = ]) would not miss any 1tem.‘—Th1s implied
: that ¢ + d = 0, and hence | : ) ) o
‘ m(s) = p ‘(‘u +v) (1 - 8)/v.
" With b'being the number of items, an examinee with-trué ability & would be
expected to'skip.bm(e') i"gerﬁs. Of course this numbér had to be rounded to
the nearest integer in the stbdy 1t may be noted that though only one
trfousand samples were generated in this study,-the overaH pbserved orooort1on

. ~of miSsing responses is almost identical to the posted value p.

As the first step in the simulation process; the percentile points of the .

true ability distribution were computed via the IBM subroutine BOTR [1971].

. The IB¥ subrotting RANDU [1971] was then used to (i) generate a random sample
%F a true ability values, (ii) generate at each true abjlity 6 the b 0 - 1

. - — &
responses, and (iii) generate at eat¢h true ability s the pattern of the bm(e)

- missing responses. These three steps generéted an incomplete matrix of

" responses. The' three estimatjon procedures AHOVA, FIT0O and SYSUM were then.

~eutgp——

- applied to obtain the sample rzo‘ . The whole process was repeated one thou-
"sand t1mes to estimate the means "20 s and the correspondmg mean square
erfors (MSE) whzch were Used to cofpare th{performance of the estmatwn

v

procedures under a varlety of situations.,

5.R5maorﬁmuﬁwsw®f

P

Tab]e 4 reports the means .and mean square errors of ’(.he three samp'le

estimates rsq's for gighteen sftuations with a = 4".\ and b = 20' The popu-

- . -
. * ’ I «,
~— - < N
‘ ) *
- T - * -
-, = . g
P . x - o N )
- . -

N
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lation rel1ab111ty was,chosen to be p20 5 {Tow), <7 (moderate) and .9

"(h1gh) For each re11ab111ty leyel, three trué abiJity dxstr1but1ons were

‘selected to represent severaJ levels of skewness y- Finally,except for

one case,&the proportion of. missing data was choser as 20% (moderate) and

40% (h1gh) : g

'\

The fo]]ow1ng trends may be inferred from the daé% on Table 4.°
(a) -Under-all situations under consideration, both the ANOYA and FITCO '
provide.estimatés which behave alrost identig;]]y in terms of bias and .

rd

mean square error. e . ¢ .

"(b) For symmetric (true abﬂ1ty or t’est score) d1s"but1’ons, the three

* methods are about equally effxcvent. Though the SYSUM estimate tends to
show more biés‘gr more variability than the other two ‘esfimates; the
discrepancies are not substantial. )

(¢) For skewed distributions, the SYSUM estimate tends to display more pro-

nounced bias or variability than the other two est}mates.

© {d) Other,th{ngs being equal, the means of both the ANOVA and FITCO estix »

mates relate positively to the skewness lewel of the true ability or

- . N .
test scare distributions. The reverse trend holds for.the SYSUM

bl

estimate.

- L

(e) As expected the three estimates perform better when the propgrtion of

mxss1ng responses is sma]]er. '

-------- - -

-

These findings indicate clearly thgt for all practical purposes, the
RIOYA estimate is the most suitable in dealing with incomplete data, at
least with those conformang to.the beta-binomial model, This estimate is

fairly s1mp1evto compute and tends to show less bias and legs varxabxlity

* ~ -




. h : ¢ -
. -8- 1 - 4 »
_than the FITCO (a computatidnaT n{ghxﬁgre)'and SYSUH estimates. in most ‘
sithations. _ o ; .\ S *‘Tﬁi -
: 6. __gu]at1on Study 2 v o .« .

; ~tractab111ty, mast rea] life test data rare]y conform to any s1mp1e d1str1-

_bution. It would seem desirable to rep11cate some of the conclusions of

. a score of 138 would”not miss any item,

>

While the beta- b1nomia1 model was chosen main]y for its mathematical

1 . -
- 4 1Y

Section 5 using some data of this type. ’ . -

~

-

A second simulat%on was copducted via random samp]ing (without re-
blacement) from three data sets. $i) Data 1 consist qf)the responses of
582 examinees to a 138 item test. The test score distributicn bas mean
76. 55 standard deviatton 21.09, skewness 259 and reliability .964. Using
the Spearman- Bfﬁwn formula for proaect1on, it was found that a test conswst1ng
of k = 20 1tems of Data 1 would have a KR20.index of .796. (11) Data 2~ o
is a subset of Data 1, consisting of the.responses of 428 examinees. The
test score dfgtr1but1on has pean 63.67, standard deviation 17.77, 5kewnes§
.096 and re1iahi11ty .909. The projected reliability of a 20-item test js
Pog = .590. (iii) Finally Data.3 is a subset of Data 2 wjth‘314 e;aminees.
The test scorefdistribution has mean 55.23, stardard déviation 1&.17, Skew- : )
ness -.271 and re]fabi]ity .805. The projected reliability for a 20-item . T
test is Pog = 4375. . C B ‘ '

For the present simu]atwen, ‘the missing response funct1on was chosen to

be a~decreasrnQ 13near function of the test score obtajned from the 138-1tem

test for each exam1nee As in Section 4, 1t vas assumed that exam1nees *with //2

L T -
)

{ -
The resu]ts of the second simulation s udy are reported in Table 5. They

ind{cate clearly that the ANOVA and FITCO estimates behave. atmost identical in-
terms of bias and mean square error .in all circumstances under 1nvest1gation. oy

The SYSUM est?mate tends to show more bias and/or more var1abi]1ty than the

) | A/IO;‘ | ’ L "
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. other two estimates. These observations reinforce the major conclision of
P - ¢ the first simulation S’tudy that' the AlOVA procedure seems to be most sﬁita-
‘ + ’ N . " "‘-': ?
ble in dealing with .incomplete data. - )
~ * . ‘ . o 7 . 5
- o _ o
¢ Table 5 . ’ s
. © o TTETTITT . '
- 7. Confidence Interval for the KR20 .
A . Re]iabjlﬁy Based on Incomplete Data o, :
» P . _ . . *
Under normality, confidence intervals for‘the KR20 reliability may be )
/e‘stablished vhen data are comﬁ]ete.[Felat, 1965]. An extension will be made
“~to the éase of incomplete data. A ", ‘
* Referring to the notations of Table 1 and 2 it may be noted that under
. normality, the ¥arious sums of s!q,uares' are distributed as ch;'(-squares up to d
multiplicative constant.. iore specifically, it is well known that (.1’) ,the-.l
+ ..adjusted sum of sjq\uares due to A, SSA = R(u, a, 8) - TB is distributed as
" [h °a2'+ (a -1 )°e2] x2(a - i); (ii) the erroyr sum of squares SSE_‘: =
T - Rly, <, 8) is distributed as “f.o 2x2(f); ‘and (111) " the two chi-squares
dre i’ndepéndent. It follows that the ratio & - .
< o A - f SSA/SSE ‘
is distributed as ) . . : / . *
_ ] o2 - » .
L [h S+ a-1] Fla-1,f) ‘ 3
g 2 v
L e ‘ . .
where F represents .an F variable with listed degrees of freedom. Algerbraic
manipulations 'yield , < —~ ‘
s
1 ""': "—'q'z_" + d - ] ! -
R Se ’ . . ' ) »
. r20 S - -
B = h — +a-1 )
b.(l - -rzo) . - ’ - '
ate . , :
~ where saz, se2 and hence r’z?]fc’:'omput-ed via the FITCO procedure. Let 100(1 - )% (
EMC ) " ) . $ ) } 1 . ¢ v . ; . . i




4,
=

and .

o ‘
-

qu, 920 = bo 2/(bc 2 ¥ oez) ls nonqtomca?‘!y lncreasmg mth g 2/0

v

2 *(A/L] g a.t 1)/h L

, the -

Lt ; R . : i > . = . ; gt ¢
. . . . . Yo-10- 0 ; S
< ) . . . : R -
X be given confidence level and let . .o
v * E ? )
. A
L] = EQ (a - ] ,f) = F] _ .(! ‘('f, .a "]) ~;.//.'.
_ B ?-‘l p ) 7 - < < ~ » ¢
» ' ’ ¢ vt . o
4nd ‘ ) ST
i . 3 # . )
- '- "._ ' . L2- =_‘F] - ’% (‘a - ],lf): .
Then a 1'00}1 = a)% confidence interval for .the ratio o 20,2 is bfv?;n by .the
" two linits Cs . i ‘ ‘ :
’ ., L ¢ ",
. b= ('A/LZ- a+1)/h- \ ’ - .

-

correspondmg 100(] - a)% conﬁdence fmterval of pyg 1 is given by (9.1 ,92) where .

and .

|

*

bﬁ /{b?

g "”,>

+

= &2/(b£ +1) .

4

. .
[ > )
"I
'

"Hurerical exanp]e. Grantlng thdt the norma] theory can be apphed to the.

ta of Table 3, an 80% confi dence 1nterva? was found to be ( 029 - 629) for
az/"ez’ The correspondlng 80% confi dience~s interval /tor p20 ‘was dedw:ed as , .
(.146 - 791) . ‘ - 4 .

#
/.
{

To conc]ude this secfion, ;the foﬂmﬁng rémarks may be made. _

(a) The data comm]ed by Fe‘]dt [1965] .and those of Table 4 with y
1nd1 cate that the normal mode]/ho]ds’ up fa1 rly weH for syrrmetric
dlstrlbutlons based on 0 -1 responses. One shoqu Hope at 'least )

that’the procedures previously, descr1bed would prbvide an approx1-
mate confi dente lnte‘r"al for P20 when the test score dlstrabutwn

. ls'(hot bajily skewed The Jacknife procedure as lmplemented by

. Pandley- and, Hubert [19f5] may be'.adapted to the case of 'mcomplete -,

. -, data if norma]ity aipéars to be a bothermg aSSumptlon,

il

A ’
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(b) The data sjmulated in' this study clear]y show that the estimates

'ased on ANOVA and FITCQ ‘are almost 1dent1ca1 m terms of mean. and

——

. T 7 mean square_error This 1nd1 cates that in case of - need one may N .
. .go ahead and use.the AYOVA,r;q to estﬁab]ish;a confidence inter AL
] for 520. ” This would greatly simplify the: computations. # ‘
T : ' < : : ) o
tL it - T~ o+ - . 8 Conclusion . .. . . - ]
% Attent1on was focused in the study on the estimation of the’ KRZO a:eha-
] 4; bility coeff1c1ent when data are 1ncor|p1ete. ) In terms ‘of pomt estimation, 1t
’ } 'was found that the ana]ys1s of variance procedur&wou]d be most smt‘a%le among

P Lthe three techmques under study.. 0ther techniques are of course avaﬂab]e.
" But by and large they 8o not seem to be easily 1mp1emengd for test data. One * .
. of them is the minimum mormed ‘quadratic unbiased estimation (MINQUE).proposed
by Rao [1973"a.1’so other references Hsted in this ?eit] “Under normaﬁ‘ty, r
MINQUE prov1 degs locally m1mmum vari ance unb1ased quadratic estmates for
both 9, 2 and 0‘2 Unfortunate]y MINQUE at the present time reqm res inversion
of large matri ces and therefore may n»ot be computatwnally just1 ﬁed in most 5
.« . test1ng situations. - v
o ‘ F1na11y conﬁdence intervals based on normahty are prov1ded. The mass -
“of data on the effe.ct of nonnormaii ty (;l the F test and the farCes of the :

; Central Limit Theorem shoqu convmce the readers that the procedure S9 de.s-

cr1bed wou1d prov1de at ]east an approx1ma‘t1en for a nunber of testing situ-
¥ -
. at1ons. \ - e -t N -
e, SN R R 2 .
] ' . = ’ - v - . .
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' " "/ . . ) Tab’le 1 % -
Comput1 ng Formu]ae for the ANOVA, i;
. and SYSUM Vam ance Estmates* ;;
o5 s
S
. . R g . .7
HOde - yfj - u Ei BIJ. R Eij ’, . -~
"= 1,085 3= 1,...,b; With ng s = 0 for empty cells . =1 for
non-empty cells; N =2 Z n J. -
U
- i J
. Analysis of vari ance estimators .
~ Calculate ' o
. T =21y T ; Vil ;
- = Yis =Yy -
. K ’ L i 13- u } oo
. T, = 2 ) T. _ i )
- ‘A‘?yi./"x B'gy. /n .J 'gfta
and N : ) .
. k! = 2. N - k! = ' 2 c { \3 o 4
‘ ' z ny /i 5 = n.j /! \ g
. . 1 J . v ‘é‘i’
. T A= (- KD/ -b) 'and, = (- k)M - a). . i
'c ;
¢ " Then | .
> coam Rllo - T *1” - TB) \ ) -
\ Se = -
. .N-ki~ké+l\ . o
A (- .
-and - c . . o
2 N2t ; |
, s [T., < Ty - (N - B)sh @ - b) coe N,y
- a . e z AL
Sjnetmc SUMS estlmators o -
.. y )
. ,Calgulate k] Mk and k2 lkz . o~
Y e " ) - - . - ’7\
T B S AU R RV A )
P . il AN i "
. 2 .2 - : 1
, - - g =z Dy -y Wik - W) v )
ioJC : Y\ e
. J . ;.j,:
- - , - ? EER
i _‘
?. 5 “ '%‘ . -_y ‘i "‘;‘:i:
% P - - - - { '*'\,;}?
\ B 14 o Y
- . . . .
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Table 1
. (contd.) .
ro . O ‘
. . i . 2
(] = Y I -
: ang ~ hag — [f § (M PRI N "ij)yij ‘ .
S . ' .

. i . . z 2 2 * 2 . .
’/ , ) 'j‘(y”,." ?-y’i..- .yfj+T0) /- k}"kz {{)(
A . . J . ;

.2 . 2
Then', sa = hka i hB and Se = hA + h

8~ Map

* Aaapted.from Sear12[1971, Chapter 11]. It should be noted that the two
expressions for h, and h; on page 488;ef Sear]omust be interchanged. The
dot (.) notation ﬁefers o summation. ».”

¢
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/
b
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ol eTable2” -

- . A Computma Formulae for the FITCO ' .’ -
< : L. Varzance Estmates* L

Computation for R(u) a, 8), e e A

v :
-~ Compute for j and j'’= 1,...,b-1 _ -

. wheye y, s the mean of the it’h rou. a
. ' Let_‘ C={J.}andr {rJ: ) » -
A a < Then R ( u, a, 8) I + r'c 1

-

N
.- _ P

- Fitting ‘cons tants method estimatc;rs '

o " Denote - ho=d-b - -
. and © f—n-a-S\+‘1‘° : RO

.

* Then 2 _‘-,a - . P L
oo sg = [Ty Rﬂ(u, c}, 8)l/fe -7 - .

. *

. sa_; [R{x, a, ) -Tg - (a-l)s Im. .
, o, L M .

* Adapted frem Searl [T971, Ch'ép_tef 11

-




oo Tab1e3

A Numerical Exanple of . '
the AHOVA F_I}’CO and SYSUM Estlmates -

-Examinee 1 27 3 B. .. 6 7. 8. 9 10 1 1
—= - .‘ ) ‘ ’ .
Item ) » s .
1’ 1 17 x_o0o, 1 I -0_0 .1 X 1. %
2 . 1 0 1 X X - 1 X X 1 0 1 %
* ’ F 4
s “ 1 ~ L]
3 & % ! X 0 1 v 1 ! 0 0 1 X
4 1+ 1 1 1 1 r x- 171 £ ISR AN
5 0 1 0 0 0 0 "0 1 X X 1 0:.
6 1 1 1, x. 1 0. 1+ 0 -0 1 1,
Coding: 1 = Borrect response Rétiability ANOYA = .615 -
0= incor\v?ét response "¢ estimate  FITCO = .547
X = missing response o . SYSUM = .663
~— vy, s <
- " - :f.
e .
> L . .
i '
- i ‘. -
.‘ - ) ’
® S/ - ¢ . . _
- - , + /
; - -
- - \
7 :',:‘_ - ~ ; ” : 17 . - Py . o




Table 4

€ -

Estmat&s Based on Data Simulated from the Beta-~ B1nom1al

4

4 . °

: 2 S
“eans (and Mean Square Errors) of the'ANOVA, FITCO and SYSUM Rehabxhty ‘\. .

- i b
Model -
- . Means (MSE) of r,y based on  *
Population parameters p . .
., =/ Atova FITCO , . SYSUR
- ' o —€7 : - -
u= 6.000 y= .38 . 20% .833(.181)  .534(.191) .508{ .210)
V=100 o .500 40% .549(.207)  .550(.208) 489(.264)
\ . o v
u = 10.900 y = ‘000 20% 504(.148)  .504(.149)  .515(.153)
v=10.000 5 = 500 T 402 491(.196) ' .493(.196)  .520(.210) -
4 . i ’
uf= 14090 - y = -.38% 20% .435(.150) - :485(.151)  .564(.130)
v=6.007 o = 500 40% .472(.180)  .471(.182) - .643(.128)
us= 2.571 y = .519 208~ .710(.097),  -.710(.097.  .68R.112)
V= 6.000 p = .700 403, .708¢.116)  .708(.118)"  .637(.189)
u= 4.2% y= .000 203 " .692(.082) . .692(.082)  .598(.084)
ve 428 5 = 700 403 , .685(.107)  .685(.108)  .710(.112)
U= 6.000 y=-.519  20¢ .671(.090)  -.670(.091)  .736(. 071r/,
v= 2.5, = .700 403 .655(.111)  .653(.111)}  .790(.062
ws 1667 y= .18 20% .898(.030)  .898(.030)  .883(.035)
v=1.5% o = .90 403 . .898(.834)  .899(,034)  .875(.056)
u= 1.111 / y= 7000 20 . .895(.027)  .895(.027)  .897(.085)
verLI =90 405 .833(.032) ~  .883(.032) . .900(.031)
u= 1.556 y = -.181 20% .832(.032)  .881(.032) - -.910{.024)
v= .667 . p = .900 303 .862(.036) . .860(.036)  .913(.024)
C -
- & i - -
* - The simulation failed at p = 40% due to some negative values for m(s).
) \
- £
/ . .
- [« ‘

A
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, - Table 5 y
Mean (and Mean Square -Errors) of the AHOVA, .FTE0 and SYSUM. Re'h‘abﬂit)f . R
Estimates’ Based on Random Samples. frem Three Sets” of Real Data
.\ ~
AR o > ;
Population.Parameters - P _ljeans(HSE) of *20 based on - ,
“Ro. . 4. . - . MigVA .7, <FITCO | SYSUM )
. ) y ‘ ) -
ﬂ?’_\l . .259- 796 - . 20% .795( .OSé) . .7(95( .057) .815(.053)
R 40% 1 %.795(.062) .793(.067) .84_3(.0'48) )
2. .096 .50 2087 .562(.123) . .563(.123) .553(.127) - ~
. ©y . 80% . . .543(.159) .547(.154) .528(.171)
- z .
3. -.27 .375 203 — -.331(.176) .329(.373) -.318(.176)
-40% .321(.204) .322(.202) +295(.205)
F 4
. , c !
A4 - ‘ /
- . , . Q L
. e : ﬂ'.
’ /
¢ - )
-~ ‘ ':;' ¢
‘ ! ’ ’ ‘
" N\ S .
ﬁiﬁ?é ) $ ) -
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