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'nonmaster/nonmaster on two mastery tests Estlmates of this proportlon were

t
2

' o f . ) Abstract’ | ) ' :
‘r T . . . -
. / ) N e o : . ] R
Four d1fferent procedhres (Huynh,-1976 Marshall § Haefrel 1976 Subko-
v1ék 1976; Swamlnathan Hambleton & Algina, 1974) have been.proposed for. es-

tlmatlng.the proportlon of persons con51stent1y c1a551f1ed as master/master or

\ \ ¢,

obtalned by each of the above procedures for repeated samples of 30 and 30
persons drawn from a population of 1586. These estimates were then co
for éccuracy to the proportion of the population of 1586 consistentl classi~

fiéd as master/master or nonmaster/nonmaster on two tests hereaf T, thls

-
Haertel and Subk0V1£k procedures produced underestlmates 1n/gerta1n 1nstances

and overestnnates in others., The‘Swamlnathan_HéubletonﬁAlglna procedure gen- ,'-
& ; .« -
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/
of consistent mastery/mastery and nonmasteﬁé}nonmastery c1a551f1catlons for

single guttlng score /¢ that determlnes mastery and nonmastery subgroups. having’

. ‘ A

.scores “above and beloy' c respectlvely In this context, reliability -refers to

.
e

the con51stency of mastery-nonmastery decisions over repeated test “administra-

tlons (Hambleton § Nov1ck 1973 pp. 166- 167) Accordlngly, the proportlon

A~

~~—

- a gzpup on tWO/Qests w1th cuttlng score c, sympollzed P , has ﬂeen proposed

as a raw 1nde4 of rellablllty in this cont g§wam1nathan Hambleton § Alglna

W
1974, 1975).- In add1t10n three proc&@p %or estlmatlng proportion P from

scores on a single test have emerged (Hﬁ?nh 1976,3Marsha11 § Haertel 1976;
a ey gw&

Subkbv1ak 1976). Thus, a teachFr 5t other test user is faced with the prob-

1em-of chopsing among four different procedures for’ estimating P in the-ab-
» /

sence of any, clear guidelines. The purpose of the project was to provide such
~ o

guldellngs by comparlng populatlon Values of P to sample estlmates of P
Speclflgally,,the proportlon of consistent c1a551f1catlons on two tests fora .
populatlon of 1586 a P - parameter was compared for accuracy to four d1f-
ferent P. «est1mates (Huynh, 1976 Marshall & Haertel, 1976; Subkov1ak 1976;
Swamlnathan et al., 1974) for ‘repeated samples of -30 and 300 persons from the '

, same populatlon. The results thus 111ustrate the 'extent and natureuof dlscrep-

P

ancies between parameter and estimates. The results-also have indirect re1e~.

-

¢ - "#-_’_“—;
" vance for the process of est1mat1ng coefficient kappa, a functlon of P that -

has also heen proposed as an index of re11ab111ty for mastery tests (see Huynh,
1976 Subkov1ak 1977; Swaminathan et al.. , 1974) . . ) . .
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‘ "fhe data base for the proﬁct con51sted of the response,s of a population ‘\

|
|
|

of” 1586 Students to paraflel tests of 10, 30, and 50 1tems each from the Scho:
|~ O
‘ lastic Aptitude Test Eac7 lO 1tem test was part of the longer 3 1tem test °

/ : * which in turn was part of /the 50 1tem test. Half of. the\items on each ‘test
. ) were reading comprehension;- and the other half were a mlxture of- ~analogy, an-

tonym, and sénfence completion 1tems The means standard dev1at10ns and KR20 '

(

reliabilaties of the Various tests ‘are shown in Table 131 ’ . L
’ s
o \
VI us, the dlstrlbutionsof scor‘es fora population of lé86 students on | .
% M . 7 g, o

. parallel tests of n = 10, 30, and S() 1tems were available "For each of these

. = “n-itemttésts, four different:mastery criteria weTe-gonsidered: c = 50%, 60%,
- f . Tt . \\ . { =g

. o :70%-,‘ and 80% items correct. Fdr each combxnation of the 3 test lengths (n)
- and the 4 mastery criteria {c), the proportion of the 1586 students con$1s— .

tently' cla551f1ed as master/master or nonmaster/nomnaster on parallel tests of

length n was computed for a,.total of” 3><4 12 values of parameter P.. These:

- . parameter values appear in the 12 cellS\ of 5l‘ables 2-5%in Appendix A. '

For example, in Table 2a when n = 10 1 tems and the mastery criterion is N
w ¥ ’

set’at ¢ 27505 (or 5 items correct), 67% of the 1586 students were consistentli;

N
©

the parameter value  is P = .67,

> . b

" classified 6n two lO‘-.item pqrallel tests, i.e.

f

H

as do ‘the- para’meter values for the \other casés considered. - ) ¢
, . " The other numbers in the first cell of Table 2a in Appendix A, are respec- i
tlvely the an and the standard error of 50 Swammathan-Hambleton-Algina €s-

t1mates of paramete‘r Value P = .67, baséd on 50 random samples of 30 swdents

s , - ] -

T from the populatlon of 1586. students For the case of n =.10 1tems and t:w = 500: .0
.. SRR .

B ¢ )
0 N -
e - . -~ . L4
- : e, )

E . 1Gary Marco of Educational Testing Serv1ce' pr6”v1ded .the data used in this study, ‘

< and Barbara Albreclitwand Carl.Voelz of the University of Wisconsin helped w1th

_ the analy51s The a%"mstance ‘of each is gratefully acknowledgpd Ty :
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1) F ey

" correct in Table-Za the mean of 50 Swaminathan—Hambletontklgina estinates was
68 and the.standard error 6f thése estimates was 08,*1 e. \the estimates “" VI ‘

- tended to deviate from the parameter value of 67 by .08 units on the average
_ The first cell oﬁ'TaleQZb contalns the same type of 1nformatlon for Swamlnathan-»

| Hamhleton ~Algina estlmates based on 50 random samples of SOQ)persons from the

population ;i\l

‘ . formatlon‘for th?—other est1mat1oh procedures cons1dergq§;n the study: Marshall- ;..: .
Haertel Shbkomak amd Huynh, 2=t l ‘

586 Remaining Tables 3 5 of Appendlx A proV1de>51m11ar in-

i
.
o R » PR | .
*
- . . .

v

. -Results. o ' o

. . ~ :
4 Swamlnathan Hamblétpn-Alglna Procedure )// (//‘ ‘ L e a
e .
The_Sﬂamlnathan et al. (1974, 19?%) réiaablllty estimdte is simply' the s

N
3

. proport1on of persons, 1& a sampre conélstently cla551f1ed as master/master or
o T
- nonmaste\/nonmaster on two tests. As- descrIbed above, this estlmate was com-

.!

.

puted repeatedly for 50 samples of 30 and for 50 samples of 300 from a popula- .

.. tlon of 1586 persons. The means and standard errors of these estmmates, for -

-

» . Varlous “test lengths afld mastery cr1ter1a, are shown in Tables 2a and\Zb of
APPendlx A. ' . . - .5 f"&f ' ) . v

o

. Figure la is a graphlc representatlon of”~ Table 2a for samples of 30 per-

" sons, while Figure lb 1s a graphlc representatlon of Table 2b for samples of -

A ]

300. Inthe flguresh‘parameter values are_represented by o' s, estimate means . '
. )

are represented by x's; and standard errorS'dre represented by line intervals i
£ w

(9, 1nd1cat1ng the extent: to whﬁth estimates tend tb dev1ate £rom the parameter '

- °
-
A 4 o h . v
+
. 2 \ ' .

v' In Flgures la and lb estnmate means (x) generally equal correspondlng pa-

. 2

value

rdmeter values(O),whlch suggests that_Swamlnathan et al.’ estlmates are-unblased
R -
2All'computat10ns wer;‘done via computer programs written and tested spec1f1cally
-for .the¢ project. The interim report of Aprll 30, 1977 describes that phase

’/;7aﬂ- of- the projects . ) \\\~—" ) , .
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NhrshAll Haertel Procedure : : ' ~ My .,

- parameters n (ngmber of 1tems) and p (probablllty of a correct item response).

as might- be expected for this two- test procedure
hY

However for ‘¢lassroom size samples of 30 persons or less the relat1vely

large standard errors of F1gure la suggest that Sw£L1nathan et‘al estlmates
tend to fluctuate about the parameter vaIue to a greater extent thdn Marshall- C
lbertel SubkdViak, or Huynh est1mates\(compare the standard etrors of Flgures
Za 3a and 4a)., Of course, as in E1gure 1b, th&\standard error of est1mate _ji -

can be reduced by'1ncrea51ng sample size- to say,\?OO persons whlch 1s~not

! ~ . L
unreasonable for a test pﬁbllsher or other large: sciie user. L j'
It might also be noted in Flgures la, b or Tables, 2d,b" that the. standard .

\ 3
error generally tends to decrease as test length (n) 1ncreases and as the

-mastery cr1terlon (c)’ 1ncreases. These observatlons are attrlbutable at

YR

least in part, to the fact that as the parametric. value of a proportlon (P Y
becomes more extreme (large or’small), estimates of that pl port1on tend to be

more accurate or less variable. These sarie “trends are nepe ted in subsequent
- . , 1 . . .

\ S

figures and tables. ‘¢ » 1 i > o,

o ' . - T O
It m1ght also be mentloned at, thls polnt that’ the re11 b111ty eStimates
¢
of all subsequent flgures and table are based on a 1ngle admlnlstratlon of
test’ Fonn 1 to sampleslof 30 and 30 students 3 Thls represents a dlstlnct

e 2 S
advantage over estlmatlon procedures requ1r1ng two test forms or admlnlstratlons

s

T W
Y . I

L . . . ; ;

-
o 'Procedures that estimate re11ab111ty from a s1ng1e test administration
~ «f -
generally subst1tute certaln assumptions for tﬁ-§m1ss1ng or absent second ¢
‘',

test1ng For example, the Marshall~Haerte1 procedure makes the hypothetlcal

_ assumption that 1f n- 1tem tests were repeatediy’ admlnlstered to an 1nd1v1dual

ﬁ
student “his or her dlstrlbutlzn bf observed scores would'be b1nom1al w1th

'
-

ob

3Fst1mates based on Form 2 of each test were very 51m11ar to; those based on
Fotm l as indicated in the ‘interim proJect report of Aprll 30,°1977,

. »
- e
’

{ N .
pa—s ) 11 A N0 oy - ’

-~

X

. tap . -
.‘\; ‘ B . ' .
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K

tof

Mérshall and Haertel use each.student observed prOportlon correct score on

the actual n- iteni test to approx1mate hlS or her binomial p- parameter and the

LY ‘

group dlstr1but10n of observed scores on a- hypothet1ca1 Zn- 1tem,test is simu- -

1ated . Thls 2n~item test is sp11t into haIf tests in all possfbfe\ways and ‘

an estimate’ of P., the propOrtlon of con51st t c1a551f1catlon on two tests ‘

is computed'for each split * The mean of these Varlous sp11t half estlmates is”

[ M o e

then»taken as the final estlmate of P See Marshall and Haertel*{1976) for -©

¥
t .
*

fugther details. - - . . %, - e I

N .

Flgures 2a and 2b-are graphlc representatlons of'Tables 3a and 3b CAppendlx

A) for samples of 30 and 300 respect1ve1y Espec1ally for tests of 10 1tems or -

»

less, there appears to be_aslight systematlc b1as in the Marshall Haertel es-

) tlmates of Flgures 2a,b. The estamate means (X's) for mastery cr1ter1a of SO°:

and” 60% wklch are, polnts near'fhe center of the un1moda1 test score dlstrlbu-
V ',hY*:

tion used in the study, ténd to’,overestimate the parameter (o s)‘ Conversely,

est1mate means x's) for mastery cr1terla of 70% or 80%, which ate, p01nts in,

LR

the talls of the dlstrIbutlon,,tend to s11ght1y underestlmate the parameter

{o\\l Alglna and Noe (1977 p..6) report the same type of b1as in a somewhat .
dlfferent context and relate it to the use of students observed proportlon ‘

correct sco es as approx1matlons of the blnomlad p - parameter.. The magnltude .

-

of such b1as\shou1d decrease as test length 1ncreases as it does 1n Figures  2a, b
¢ ¢ [N ;

for tests of 30 and S0 items; 51nce observed proportlons proV1de better apprex1-
N k4 [ . £ 2

mations to the blnom1a1 p - parameter as the number of 1tems or tralls increases.

CIS

;Q v. N

Il
l

Subkovlak-ﬂrocedure " .v-li . - -

This procedure assumes, that if n -item tests were repeatedly admlnlstered

“,

_to an 1nd1V1dua1 hlS or her dlstr1butlon of observed scores would be compound.
. t- e -
b1nom1a1 and thax the 1nd1V1Q_§1's score on one Xest does not effect his or
W

her scores on the other tests. Ind1v1duals -observed proportion correct scores

o ., - o / - ¢
. v : B - -
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\\\\ypn a test and ‘the assoc1ated KR-20 coeff1c1ent are then used to obtaln;}lnear
‘~regre551on approx1matlons ‘of 1nd1v1duals compound blnbmlal /P -, parameters. A

group est1mate of | the proport;on of Consistent c1a551f1catlons on to tests,

-

- AN
.can then be obtalned from the 1nd1v1dua1 compound b1nom1a1 dlstrlbutlons See
{‘ “Subkoviak (1976) for details. o é%‘ . e - a

»

‘Figures- 34, b are graphlc representatlons of Tables 4a ,b of Appendlx A.

Alglna and Noe (1977 p. 6) report slight, systematlc b1as in Subkbv1ak esti-

iw' |

. . mates for 51mu1ated.data *They found parameter est1mates to. be +foo small for
S £ ’

mastery‘crlterla near the center ofta unimodal test score dlstrlbutlonland too
ra

large for mastpry cr1ter1a in th/~talls of the dlstrlbutlon This trend also A
: » '
aA,v
,g‘ seems to be present in the 1 ,1tem test of Figures 3a,b; however, thé evadence

of such a trend in the 30 on. 50 item tests Qf,Flgures 3a,b is somewhat less

P |
. - D

compelling. o . T

-
* ’

® - . .. . o
While the Subkoviak procedure procedes reasonably acgurate parameter es- » -

<4

. % o
timates for the unimodal test score dlstrlbutlons con51dered herein, as ev1denced Tt

N .‘;gg '
by the re1at1ve1y small .standard errors in Figures 3a b grOssly inaccurate ess g

-

e

‘ tnnates can occur 1f Ilnear‘regre551on approx1matlons of blﬂbmlal parameter ﬁ& %?%f
. ) §oet8

~. _are b11nd1y obta1ned for multimodal data sets (see Huynh, 1977, Counterexample ‘

‘- 2; Subkov1ak 1976, P 269) Whlle more complex regre551on technlques could

. £
o

_r_._

be emgloyed to approx1mate p in such cases, the procedure dlscussed next pro-’

. N
4

, . vides a more tractable solutlon for most data sets) 11ke1y to arise in practlce

e

_e.g., un1moda1 b1modal or uniform. o N . . e r -

- e

. . Jﬂgynh Procedure.

¥+ »

Ba51ca11y, thls procedure assumes that the dlstrlbutlon of observed scores
( . -over repeated testing of an 1nd1v1dual\d§ bin#mial with parameters n and p and that

. such ‘test outcomes are independent of one another In addltlon, the dlstrlbutlon -

. - ~of 1nd1v1duals b1nom1a1 p - parameters is assumed to be .beta in form (/ee Lavalle

e
>

‘e




g - . i ’
\. t . )
- ) . (\‘\ >“ .
< 10 ITEMS 30 ITEMS .50 ITEMS: ’
.o -~
' 18
- 1.00. - s i . ' Co )f )
.90 F ' x| L
.80 + . : . ’ ) i ) [
2z LY
C ' » \
5 - } . - '
- C‘ ;,: » .
—— g . T ‘ v - “
SEE 45 o ‘ *
¥¥ = : ? |
4 I . 9 - k) ~ . 73 ~
¢ o~ M . " = ! . - 2
. 1o, + £ i . '
u60 T . (', “ . ’ ’ v o TN
L . ) .
\ e | O PARAMETER \
‘. - | x MEAN ESTIMATE ) )
. 1 1 n { - M
: SO F N — ST. ERROR - .
s . By , 7 ‘o‘ . R s
¢ /, . . -
7 )
. \—\ !-
. :l 1 L. 1 A1 SN S B - ] ‘;_L | X - ;; k
5 505 -60% 70% 80% 50% ~ 60% .70% 80% 50% 60% 70% 80% o :ﬁ‘
' MASTERY CRITERION J ok
- :‘ i P ;
- X . - N
> ) - ‘ . \%
'+ Figuré 3a. Means and Standard Errors of Subkoviak Estimates ]
— . . . for Repeated Samples of-30 Persons” ) :
. ¢ . [ /' '
1 R ) o - ] ’/' [:' s
. N . i .
; . ;' .
* l s v a
- - . F ) ‘ “ ‘ iy
. SR . 5 _




7 .

| [mc

1
.

’

;-
b
\
[ 4
‘%, + | o PARAMETER S
.. 0] - x VEAN ESTIMATES | R
L — ST.ERROR : ~ |. .. "=
’\j S | l ‘ ' ’ '
/Sl : ‘[‘;4:;,%,‘:?; N ) ~ .T' .' . )’ Lo <! o
AR . - v o e ‘
4 “';" (T 1 1 1 1 [ t 1 |
50"'" 60% °70% +80% 60% 70% 80% S50% 60% -70% 80% .
,,.:, _. . ' - MASTERY CRITERION :
’ ' ‘ " SO .
«, . ! o . . . N
. Figure 3b. Means and Standard Errors of | Subkonak Estmates - ' C
e . for Repeated Samples of 300 Persons . Dl .

. - . i P
\ / . ) iy >

. \
> - N

. v 4 . o -
o \ ;

. P
e )
. o .
“ .
4 ' ! 3 =
.
17 . ' :
-2 . Co ) ‘. t
~ ' { N ~ - . »
. } B
7 »
"




. ‘I .
. s . . /m. v
N LI B N s v
. - - L

*1970, p. 256 for examples) Under. these assumptlons the b1var1ate dlstrlbutlon .
( |
2 of observed scores on two testings for the' group is betz{ bindial - 1/n form a:nd

can be simulated from scores -on a single test adm1;ust}:ajgpn Estimates of . \ X
!

.

parameter P\oan then be obta1ned from this sunulated ta-binomial distfibution.

b
i 3

o See Huynh (197¢) for further exp11cat10n LR o

Ly /

Flgures 4a,b are graphlc representatlons of Tables' Sa b (4 penghx A) 'I'he y

- trend in. Flgures 4a,b would appear to be toward conservatlve estimation for

. tests of 10 items’ or\less .HoweVer, for tests of 30 or+ 50 itéms the Huynh es- '

R ‘" timates-are generally q%lte good as ev1denced by the c01nc1d te of means~ (x's)
N [

.- and parame ers (o' s) as well as the sma11 standard erro?s of Flgures 4a b

LY *

. s s T . )
' o LT Conc':lusions X : i S .
, A1l four procedures (Huynh, 1976 Marshall G Haertel /1976 Subkov;Lak .

o~

—pe

1976 Swamlnathan) et al. 1974) appear to prov1de reasonably accurate estlmates

. v of par eter P the prOpOrtlo‘n of consistent c1a551f1cat ons on two mastery
L
tests, for the varlous cases c;on51dere,d herein. —In part1,cu1ar the Huynh pro- -
i

cedure seems espec1a11y tractable The followmg speF1f1c conc1u51ons also

appear to be s rted b F1 res1-4.. . ? R _—_—
ppear ’UPPO\ y Figu {_/ o< Lol
. 4_ 5 }
Y " The two- test Swaminathan- Hambleton Algma procedure produces ’unblased es-
‘ . © timates. However, the standard error of these estlmates 1s re1at1ve1y

L

large /for classroom size: samples of 30 or 'fewer persons.' L;,For samples of -

-l
gy

300 or more, the standard errors are qu'lte small,. a iy ’ -

e crlterla near the center\\f the dj_strlbutlo?x an: unfierestlmatES for cr1- v
- - . ik ¢
teria 1n *the talls ’Ihe standardierror of Mars “J;“I -Haertel estimates is®
i & ; —
relatlvely sma11 for, classroom su.g‘%amples ofij((l or more. e g g
' A Bl R {
_' [ H , g{j, ) / “« % : -
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3. For un1modal dlstrlbutnons of scores on tests of 10 items or less, the one--

At P4 RN
test Subkov1ak procedure produces underest1mates for mastery cr1ter1a near-

the center of the\d1str1but1on and overestnnates for cr1ter1a in the ta1lS~

The standard errorS“dE Subkov1ak estxmates is. relat1vely small for samhles

L]
- '\.

of 30 or more pérsons. I ' .

-

>~
\i ‘- L . . . -. P . L.
. 4. For unimodal distributions of scores on tests ‘of lO 1tems’or less the one-

. test [luynh procedure produces underesthmatesn The standard errors of |,
, ’ " £
Huynh estimates are relﬁxlvely small for Samples of 30 or more peisons

B a

- It might also be added that the Huynh procedure appears to have the most sound
mathematical basis of the three one- test approaches Thé two-test Swamlnathan-

P

Hambleton Algina procedure is also quite tractable in this sense

1 ' ¢ .
. . -_ \\ "
\
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Related Research
- N | 3 . - . ’\
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The foregoing represents “the work contracted for in the or1g1nal project

-

b 7

' proposal In addltlon,ta;number of papers on related top1cs were completed ‘&

and gubmitted -for publ1cat10n duN ng the granc pgriod. Titles ind abstracts

of these papers follow Cop1es of these papers are also. 1ncluded in Appendlx
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Subkov1a&,l4 J. Emp1r1cal 1nvest1gat10n*of procedures for'est1mat1ng_re11a—~
b1l1ty for mastery tests Manuscrlpt submitted for publ1cat1on 1977.

‘ < ' Abstract

51 S

»
-

Iour d1fferent procedures (Hu}ﬂh 1976 Marshall & Haertel 1976; sub-

Bt *. .

s

[ov1ak 1976, Swamlnathan Hambleton & Algina, 1974) have been proposed for -

stimating the‘proportlon of persons cons1stently$cla551f1ed as -mastér/master

.

A
or nonm‘ster/nonmaster on two mastery tests. Estlmates of»th1s proport1on

were obtalned for repeated samples of 31ze N.= 30 ﬁor each oi’the above

U

,.~procedures The est1mates were then compared for accuracy to the value of

.
. N B . . ' !
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thls p,roportlor] 1n the populatlon of N.= 1586 subjects from whfch- the samples
@
_ were drawn. Both tes€ length and mastery criterion were varied. Mhile reason- C

ably accurate estimates were. generally obta1ned for all four pro@edures, in-

'
\ A}

. stances of systematlt estlmatlon bias were. observed Do s . p
¢ . *
¢ ) e P r . .
Subko\riak M. J' Further comments - on rel:Lab111ty for mastery tests Manuscript
PN subm1tted for pub11catlon, 1977 , .
) - .. i ) @  ° : -
* . Abstract~
. i i .

" . . — -1 - .
This paper ill-ustrates that the various coeffic;ients.of classifigation - .

- > a 2

consistency that have been proposed As measures o.f re11ab111ty for mastery

\
tests have dlfferent 1nterpretatlons and statlst1(:a1 propert;es As such

they should not be app11ed 1ndlscr1m1nate1y ,Rather a user should employ \

!

- . that coefficient that is m%% .meaningful w1thin the context of a partlcular IO

. A - £ . v S "7’ :'
* problem. . . IR T T I o o oo

’ N P ' / ;;’ / o" “:' ~~‘ s‘ - T '. - ' . L}

° < v
B - oy - e
k] 7 e > » * ’

Subkov1ak M J., G W11cox ‘R. Estimating the” probabllity of correct c).a551-
’ f1catlon in mastery testing. Manuscrlﬁt submitted for publication; 1977.: °

A _ / .

- t\ . : . Abstract L ' '. S

- A‘procedune is proposed for estlmatlng the proportlorr of persons dn a
— h A > . .
group that are correctly c1a551f1ed§a\ stery test i.e.; the prbportlon !

whose “observed classlflcatlon agrees w1th' their” true classlflcatlon > A.num-

! 4

. erical examplé is prov1ded "and exten51ons of the proce,dure are dlscussed \_

N o
' ‘Hubert L.J.#4 & Subkoviak, M J Conflmatory inference and geometrlc models -
Manuscrlpt submitted for publlcatlon 1977. . L

. [N
I ¢ .
- foad -

°

- -

. - B x Lo Abstract \ - - A

A confirmatory method is dlscussed for comparm,dtsidef'variable to
a ‘given geom€tric model, or jlternatlvely, to the raw data ’from whlch the model
— . . ° .

+is derived. The ‘1nference prqcedure is based on relatlvely smple nonparametrlc

. [l
’ ° s ' “ » - ) i- —
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Table Za.’ N
4 " Means and-Sta;ndard Errors of Swaminathon-
'/ w't Hambletori-Algina Estimates for- Repeated ;
‘ T Samples of 30 Persons | . '
. Mastery  -° Statistical Test Length (n) o
Criteﬂrion (c) Index iO . 30 i 5o .
B L1 - / _
‘ ‘L’—J\Parameter .67 \ T .79 .83
Cs05 - | Mean 68 | .79 | .84
st. Error e 08 | .07 .06
"x , " Parameter” |. .72 | .8.4"“ 87 -
605. o] Mean 72 | #3 .87
v St. Error .07 | .06, .06 e
—. Paraméter | .80 .88 .93 ) '
70% ~ ] Mean ¢ 7| .79- | .g8 o1 |, .
.| st Error 08 | .06 05 4
) Parameter’ - | .88 | .94 .96
803 Mean 87 | .93 .96
St. Error=. | .06 | 05 .08
N o
. N
el ‘ - | - K
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Table Zb
Meansgand Standard Erro::'s.o-‘f Swaminathon-

) ‘.,'Hamblt%»ton-_Algina Estimates for Répeated

¢t Samples of 300 Persons’

A

Mastery ) . Statistigal Test Length (n),

Criterion (c) *| . Index
. .u " K e

10 30.

Parameter .67 .79 )

* 0
. Mgan 79

St. Error . .02

Parameter
- Mean

ét . Enor ’

Parameter
Mean

St. Error

. ’ {
Parameter -

Mean

St. Error
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. oo Tablé 3a W
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Abstract

< Four dlfferent procedures (Huynh, 1976 Marshall &Haertel 1976
Subkoviak, 1976; Swamnathan Hambleton & Alg1na, 1974) have been proposed
for estimating the prgportlon of persons consistently classified as mas'ter/ -

< * \
master -or nonmaster/nonmaster on two mastery tests, Estimates of this pro-

portion were obtained for repeated sampl“"es ofc' eize N = 30 for each of the above

procedurés. The estimates were then compared for accuracy to the value of

this proportlon in t\he populatlon of N = 1586 SubJeCtS from Wthh the samples
- ¥ \ - <+ . -
were drawn. Both test length and mastery criterion were vari'ed Whil€ rea-

sonably accurate estimate$ were generally obtalned for all four proicedures

1nstances of systematlc e»st1mat10n blas were observed.

A v

o




. _ses ---.scores above and below c respectlvely

. __-calt;1ons on two ‘tests with cutting score c, symbolized P
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34

- Enfpirical Invest‘i'gation of Procedures fgr Estimating

Reliability for Mastery Tests’

. .
X -
to. . Lt i . )‘

For present pirposes, a mas'tery test can be loosely defidled as a te'st
wn:h’( suxgle cutting score, c that determmes mastery and nonmastery clas-

JIn this context, rel1ab1hty /i

’ refers to the con515tency of mastery nonmas tery dec151ons over repeated test

%dmmistratlons (Hambleton § Novick, 1973 Pp- 166~ 167)

LY

proportion of con51stent mstery/mastery and aomnastery/nonmastery c1ass1f1-

Accordmgly ) the

Per has been proposeq

as a raw index of reliability”'in this context (Swaminathan,' Hambletonu& Algina,

i

‘_/ubkovmk 1976)

,was compared for gccuracy tb four different P - estimates (Huynh 17(976

1974, 1975)

In add1t1on three procedures for estimating proport1on from

scores on a single test have emerged (Huynh, 1976 Marshall & Haertel, 1976

e

Thus a*teacher or bther test user is faced with the prob-

‘lem of choosing among four d1fferent procedures for estlmatmg P 1n the ab-

sence of any clegp gu1de11nes The purpose of this brief note 1s to report

2N

the results of a snnple emp1r1ca1 exenmse 1n which p0pu1atlon values of

were compared to sample est1mates of P . $peC1f1ca11y, the proport10n of con-

P-

L parameter

!

51stent clas /sd’flcatlons on two tests for a pé)ulatlon of 1586, a

Marshall & Haertel 1976 Subkov1ak 1976 Swammathan et al , 1974) foras

repeated samples of 30 from the same pop’ulatlon The ‘results thus iilustrate

the e exjt and nature of d1screpanc1es between parameter and estlmates 'I'he

4 -

. results also have 1ndirect relevance for the_process of est1mat1ng coeff1c1ent

,kappa a’ functlomof P that has 5150 been proposed as an index of re11ab111t)¢

for mastery tests (see Huynh, 1976; Subkov1ak 1977 Swammathan et

al 974 '

'I')'
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. -Method and Redults RN 4

'I'he data base con51sted of the responses of 1586 students to parallel

{

forms of- 10, 30 and 50 1tems each from the Scholastlc Aptltude Test (’Ihe

10-item forms were 1nc1uded as part of the 30 item forms which in turn were.

v~ .

part of the 50 item forms.) The means, standard'dev1at10ns, and KR20 re1'1a~;

bilities of the various forms ‘are shown in Table i. Half of the items on éaéh\

’ . . .
) form were.reading cdmprehension; and the‘other half yere a mlxwre of ana%ogy,
N <
antonym, and sentence completion itemss: > . . (; bes .
’ - ‘ b . . ' A 9 , K

, . Insert Table 1 here
' .. ‘ ’ e ' . . ‘ .
" Thus, the distribution of scores ror 1586 students on parallel tests’ of
"9?%

= 10, 30, and 50 1tems were avallable Four d1fferent mastery criteria were

L)

considéred for each n-1tem test: £ = 50%, 60% 70%, and 80%. correct. For
each combination of the threek:est lengfhs (n) and the four mastery cr1ter1a ,
), the propor /t];n (P ) .of th 1586 students con51stent1y c1a551f1ed as \

Y

mas ter/master or nommster/nomnaster (on parallel £orms of length n) was com-

‘ _puted, for a total of 12 values of parameter P > These Values appear in each

L

cell of Tables 2—'5 For example when n =10 and the mastery cr1ter10n
is set at c = 50% (or S 1tems) correct in Tables 2-5, 67% of the 1586 students

were conslstently classﬂrfled on two 10- 1t(em parallel forms i.e. , Bc 67,

_The other numbers 1n each ce]] of Tables 2-5' are the mean and the

_standard error of .50 estimates of parameter P. )based on 50 rarxiOananqnles of

'30 students from the same populatlon of 1586 For example, when n =10 and ;

= 50% in Table 2, the mean of the ~50 est1mates is .6§; and their ‘standard
: ~

error is .08, i.e., the‘estimates tend to deviate from the parameter.value (.67)

_ by .08 Apits on the ayerage. w | v

K . M .

y

]

..
~
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In Table 2,. the fact ‘that cell means generally equal correspGndlng para-

'meder \ralues (and the WO do nét devidte in any obV1ous systenatlc fashlon)

Gsuggests that..Swammathan et (a\lj/ tes are unblased as mlght be expected

TR

R4 -~

. for'ggls, two test procedure HoweVer as Wlll become apparent the_ standard

£TTOTS of Table 2 tend to be somewhat arger than those of _Tables'3-5,~ sug; .

—

»

gesting that Swaminathan et al. estimates fend to fluctuate about the barameter
* L™ ) ! * ' "

value to a ‘greater extent than Mar.shaleraerte‘, Huynh ,\or Subkoviak estimates.
R - - . - ¢

" Of course,l the standard error ‘could easily be réduced by increasing the rsample

size from N = 30 to, say, N:= 100, - | .
. - R

Insert Table 2 here

-

c

3 ) . ° . -, * ¢ . )
\ . Itmight also be noted in-Table 2 that ‘the standard erfor generally tends to

re

decrease Qs-htest leng‘d'r () increasesz'znd as the mastery criterion (c\)“ in—°

creases

/

test1ng of a £1xed 1nd1V1dua1

i

ese observations are attri utable at least dn part, to the fact !
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Xp_othetlca 2n item test 1s ?mulated ThlS 2n -item test is sp11t mto half-

Rl

tests in all p0551ble ways,” and an estlmateb-of Psis computed for each split, *

The mean of these varlous split- half estimates is then taken as the f1nal es- -
timate of P See MarshalI and Haertel (1976) for further details.

Table 3 contrasts Marshall ~Haertel means with pa.rameter values.

L]

- s : JInsesrt Table 3 here o ’

- P

* There appears td be a slight, systematic bias in the estimates (means) of

s
e

- Table 3. The estimates in the ‘top two rows, corresponding ’to mastery criteria
B ’

D0 espec1a11y for short tests. Conversely, estimates in the bottom two rows, cor-

4

ko

respondlng to masfery cr1ter1a in the talls of the dlstrlbutlon tend to slightly
mderestlmate the par’ameter. Aiiglna and Noe (1977, p. 6) report the same type
“of b1as in a somewhat different context and relate it to the use of students"
observed proportlon correct scores as approxnnatlons of -the binomial p -

parameter. The magmtude of such bias should decrease as: test length (__)

4

L 1ncreases fas in rTable 3).; since observed proportlons prov1de better approxi-

—

4

matlons to the. b1nom1a1 p - parameter as the number of 1tems (trlals) increases.

[

ubkov1ak Procedure ) "‘7 . R ' - °

A

ST Thls procsdure assumes that the dlstrlbutlon of observed scores over

4 L *

repeated test1ng As compound b1nomla1 and that test outcomes are 1ndependent '

.

for ‘a f1xed 1nd1’v1dua1 Observed proportlon correck scores on‘a test and the
assoc1ated KR-ZO coeff1c1ent are used to obtain linear regressmn approx1mat10ns

o the chnpound b1nom1a1 p - parameter. A group estimate .of P , the proportlon

-

of consistent classlflcatlons on two tests can then be obtalned from the in-

d1v1dua1 conpound binomial dlstrlbutlons. See Subkoviak (1976) for detalls,

c’

Table 4 contrasts Subkd\nak meansf:\th parameter values. A1g1na and Noe

. - ..

. N . ~

.

mear -the mean of the test score distribution, tend to overestimate the parameter,

-

LN

D
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Insert Table 4 here

J

,~"

(1977 p. ‘6) report sllght systematic b1as in Subkov1ak estimates (based on

2
- . ~

linear regressfo‘h approximations of’ b’momlalo parameter p) for simulated data
I 3
Specifically, they found estimates of &\ to be too small for mastery criteria

(c) near the test score dlstrlbutlon mean and too large for mastery cr1ter1a
in the tails of thE;‘dlStI‘lbUth‘n. Such a, trend is-not obvious in Table 4/.

If, 1ﬁ%eed there 1s a trend it may be toward sl1ght underestunatmn for’

; short tests (111‘*- 10) and sl1ght overestunatmn for.dlong tests (n = 50); but

.i;

~ 4n practice e.g., unlmodal uniform, or bimodal .

the/eV1dence 1& not totally compelling.

Whlle the Subkoviak procedure produces reasonably accurate P -estimates
in this case, a*s ev1d%nced by the small standard errors, grossly Inaccurate .
estimates can.occur if linear fegressmn approxnnatmns of b1nomml parameter
p are bln{lly obtalned for multimodal data sets (see Huynh, 1977, Counterex-
ample 2; Subkoviak, 1976, p.269).While more complex regressmn techniques ‘
cou_ld be,. employed o approximate p in such cases, the procedure discussed 'bs-'
neict pro'vides ;a*more tractable solution for most data sets likely to arise ,

¥ ’\—-I -

Huynh. Procedure - l\ . .

Basically, t}hs procedure assumes that the dlstribution of observed ,

‘scores over repe’ated testing is binomial and that test outcomes are 1ndepen—

dent for a f1xed 1nd1V1dual 'In ad,d1t10n the associated distribution of in-
~

d1v1duals pP - parameters is assumed to be beta \m form (see LaVT;ﬂe‘ 1970,

p’ 256 for: exanqales) Under these assumptmns the bivariate d1str1but10n

of scores on two testlngs for the group is beta-b1nom1al 1n form and cén be .

.appronma\t’d from-scores on' a single test admnlstratlon Est1mates of P

can then be otharned from the smulated beta-binomial distrlbutlon. -See

' - Al
’ .
P

_ ..’. - "xo ‘, . N - A
' o No420 T ' :

‘. . P

)
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Huynh €1976)" for further explicatiorx.

Insert Table 'S here -

- v o
.~ . »

Huynh means and parameter “values are contrasted in Table.5. The trend

in Table § (as in Table’4) would appear to be toward conservative estimation

-« -

for short tests. However, the estlmates are generally qu1te good as evidenced *

by the small standard errors.
i Conclusions ‘
{ " SR
All four procedures (Huynh 1976 Marshall & Haertel,‘1976 Subkov1a1<
1976' Swaminathan et al , 1974) dppear to provide reasonaloly accurate estimates
rof gc, the probortlon of obnv,s'istent‘ ciassification.s on twa}nasterx tests, for
. the variouycases”v“c"onsidered. In particular, the“l-hxyﬂ'l procedure seems es- »
pecially tractable. Table 6 shows the means ‘standard errors of Huynh
. « 4‘\ . . . N 3
- estimates based ‘on 50 samples.of.300 persons from the §'51ne population of 1586.
. s ‘ » ¥ s .
Test publishers that employ large pilot samples might expect results like'

these.

LW [

Insert Table 6 here

L]

14 ! .

While it might seem 'inappropri'ete to employ SAT datd in the present.study
rather ﬂ;an mastery test data, this would not appear to be a serious .limi;te.;» ;
tion. Statistically speaking, theke‘y issue is the performance of each esti-
matlon procedure as the parametric value of proportlon P ranges bemeen .50°
and 1.00, regardlesS of the data base. In fact 1t is mterestmg to note

" that the Marsliail-Haertel Subkorviak “and Hu)mh procedures whlch ba51ca11y

,assume item homogenelty, produced accurate estimates for the heterogeneous SAT

_ 1tems employed herein. - ' . :
) ) e - —

o. v

(RN ,xa’\\‘\“
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) Table 1
‘w . - . P
Test Statistics®
[ - a i , ) ‘ ,
- Test | . ‘Tést Length’ g
Statistic Form: — . .
, - 10 |-%30 50 Y
i ‘ ¥

Mean

, 4.87° | 14.49
2 - 4.67 15.18

Standard
/ Deviation

2.00 5.45
2 | 2.7 4.87

.gr
KR20
Reliability

1 . .55 - .81
2 : .56 7

% = 1586
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. . Table k Fa
- Le e . ¢
- Means and Standard Errors ‘of Swaminathon- .
Hambleton- Algina Estimates® °
‘Mastery Statistical: Test Length (n)
. €riterion (c;) Index 100 30 50 ,
. Parame ter .67. 79 83 ¢
/ 50% Mean .68 " .79 .84
' St. Error- .08 .07 .06
Parameter 72 . .84 .87
60% Mean (.72 .83 .87 -
| St. Error .07 06 .06 -
N | ' T
. Parameter : .80 .88 91
to70% Mean . N .79 .88 .91
' .St. Error .08 .06 - .05 -
, . Parameter .88 ¢ .94 .96
— 80% ~ Mean ;87 .93 .96
' St. Error 06" |, .05 .08 ‘
. / - ) '
3eans and standard errors are based on 50 samples of 30 persans. B
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Table 3 - .: -
Meay and Sstandard Errors of Marshall- ‘
’ Haertel Estimates? o
Ma§ter)_x Statistical " Test Length ,(E).
Criterion. (_g__) Index 10 30 50
_ . Paraméter .67' I 79 8;%?‘\
50% Mearl .74 82 ;| .84
St. Error .08 .04 .03
Parameter T2 84 .87
. 60% Mean - T 75 - | .84 .87
3. Error 7 | T.05" |7 .03 03 |
. Parameter 801 | .88 .91
70% Mean 79 | .88 917
p . St. Error .03 | =03 .03
1. Parameter * .88 .94 96 - -
809;\%) Mean t | .85 | .93 .96
. @ St. Error- 04 ' .03 .02

A

—

—

®eans and standard errors are based on 50 samples: of 30 persons.
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Means and Standard Errors of Subkoviak Estjmates®.

3
-

- Table 4

j

(3

Mastery

Criter iéxz/(c)

3

Statistical

Index

T v1008
.10,\

-~ Tes{™sth (n) 7~
. ‘f :

30 < 50

Parémeter
Mean .
St. Error

.67

79 | .8% .
81 | .84
..04 .03

o

Parameter
Mean
St. Error

.87
.88
.03

.84
.84
04

I Mean -

| - St. Exror

Parameter

91
93

(z..os

.88
.89
.04’

vﬂ
|- Mean

2
“Parameter

@

° S"to Eﬁq’r ".. e

" .80
.79
NS

el B

.88 .
.90

.05

.96
97’
.02

.94

.03

aMeans:and standard erroys are,,

4 g

v

3. '

bh/sé‘d on

i 7 - N

{ﬁ'@,.’@les of 30 persons.
- * “ h e
T e
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TableEr . I ' ‘ .

) .- ‘
Means&w.nd Standard f-lrrors of Huynh Eg'gmates . )
N :

T "'_ . g}; R '.tu : \ '_
Masfery- Statistical ;- g Tes gg @ ;gth (61) ' S

. . > ] ) — —
Briterion (c) Ir}dex 7 10 0 | . s0m |

.| parameter, _ { .67 70 | .83
o 503 Mean . _ .66 .80, 83 | ¢
IR _St. [Error . .06 03 | .02

&

*-

e | Parameter | .72 .84 .87, |
< 605 - Mean |67 | .82 .86 . :
o _St. Error 06 -| .03 | .02 &= .

, | Parameter” ~ | .80 .88 | .91*
N, 708 Mean ' .76 .88 91 - o a
St. Error 1,06 . .03 02 )

Paraméter - | .88 | .94 96

803 " Mean- . : .86 0l | Lo '

A ST St. Erréf .05 02, F oz | . S
. — 1t ‘£ - ' i

. ' A - & .
- R - ) r
eans and standard 9&701‘5 are based on Sllfgamples of 30 personms. g o
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« v« [T Tables 3
- 7 Means andéLStandard Errors of:Huynh Estimates®. ;&;‘
¥ “ x - ¢
#Mastery ~Statistical Test Length (EA)
Criterion (c) Index | 10 30 50
Parameter 67 ‘ .79 , 83
50% Mean +65 .79 .82
' St. Error o .03 | .01 .01
D Parameter . 727 .84 .87
60% Mean,” .66 81 ] -85 |
St. ‘Error .06 .03 .01
R *..| Parameter .80 | .88° | .91
70% Mean’ 74 .88 . 91.
g - | ®St. Error . - .06 .01 .01
. - . ¢ B =
: C - Parameter .88 94 .96
805 # | Mean .86 | .94 .97
'St.” Error 02 | .0l 0L

-3eans and standard errors' are based on- 50 ‘samples of 3
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Estimating the Probaliility

.
N LT . %

Estimating the Probability of Correct

Classification -in Mastery Testing

(3

.. - - - ..

.Keats and Lord (1962) have proposed a. re1at1ve1y slmple mathematical %, -
" f
model for test scores' g.hat has a number of pract‘ercai app11cat1ons For in-"

stance Huynh (1976) and Subkoviak and Albrecht {1977) have demonstrated

¢

empirically that the mod,%l can be used to est1mate the degree to which per-

w?

_sons are con51stent1y cla§51f1ed as masters or nonmasters on parallel mastery \
tests, where a pass-fail xest with a cut- off score of 75% correct is one ex-

o

H

amplg of a mastery test.

?

The purpose “of the present- paper’ is to ‘1’1~1ustrate that ‘the Keats- Lord
model is dlso useful for.ﬁestlmatmg the extent to which persons are correct-'

- 1y c1a551f1ed, i.e., ﬁfor/estlmatlng the proporticn of persons whose .Classifi-

- : 4 - ’ . y . * . . . ‘Q ot
cation based on obsemved score, agrees with their classification based on true

,;@

2

- . K . . ' .
. . . . - ot
¢~ v “
7 - .
. . .
N
.

RS

score. In addit‘ion' -"’extensions of the procedure to the case of polychotomous

classlflcatlon-and further generallzatlons Of the Keats-Lord model are noted

The Keats- Lord Model

v

; ; W
Let us.begin with the follow1ng notatlonaledeflmtlons:

4
A
’

=

number ofAtest 1tems, -7

~

8 . » ’ ¢ -

-

number of 1tems correctly answered by an 1nd1v1dua1 ’ ¢

b

.p= unknown t);ue proport1on correct scorc; for an 1nd1v1dua1, i.e.

< " "

P
mean of an md1v1dual's observed proportron correct sgores (x/n) v

, the
[

3

‘" ¥ over repedted parallel tests' CI

= mastery cr1’ter1,on expressed/és a proportlon e. g., p 2w 1mp11es

2

true mastery and p_ < L 1mp11es true nonmastery,

. .
*
-




» Estimating the Probg?ility

. , ' I
ic = mastery criterion expressed as the number of items correct on an n- s
: 1tem test, e.g., X > c implics observed mastery and x<gc 1mp1les ob-

(73 )
"served” nonmstery, C equals the smalle!%t 1nteger greater than or

- equal to nm. s . h CLoC

h? - of 1nterest here is the extent to which ﬁersons' observed mastery- g
("

nomnastery classlflcatlons (1 e., 3(_ >cor x«< c) are correct or, in other : .

»

“words, agree witli_thelr ‘true mas tery- nonmastery states (i.e.,p>m or p<m.
. One natural 1ndex of agreen‘ent in, thls sense is the probab111ty that the  ob--

served c1asslf1catlon corresponds to ‘the true c1a551f1catlon for a typical

e

S examinee. Thls probab“illty will be symboli zed Q, and thus Q represents the

i‘ . probability of corr'ect classification for an exanunee randomly selected from' |

» . the population of potential examinees.- Mathematicall_y Q can be expressed as.:~ o )
"Q=P(x<c, p_<1r)+P(;c>c p2m, . - ‘ (1) )%

wherp -P(x <C p<m and Px>c, p 2 m are respectlvely the probability of

correct nonmastery and correctrmastery classifications. o g

Under the assumptlons of the’ Keats Lord model (dlscussed below) it can J :

: be shown (see the Agpendlx) that Q' in Equatlon 1, the probablllty of a correct

¥

classificdtion, is given by: Lo N v

N . : N y
\. . ) . N

o ' : .
g _z+1, m+1)}{"§ ( )B(_+x+1 mn- x+1) L L+x+1 m+n-x+1) + o -

f B "

. Q=

.,_w-a-. e

~n r ——— .

(") B(Lrx+1, mn- x+1) [1-1 (&+x+,1 m+n- x+1)]} . @

- xX=c s . .

o C f)s - ; - v N f ;
If the mean (u), variance (02), and Kuder- Rlchardson 21 re11ab111ty coeff1c1ent‘} ?

e

.. (p) of observed X-scores aré .estimated from a reasonably ‘1arge sample of tes- \

" tees; the varlous terms in Equatlon 2 can be evaluated as, follows* ) ’ s

T

. .n'=n umbqof test items; , : . | P
- - .- §ﬁ - : ~ - ; ’
N . % T = mastery crlterlon expressed as a praportiof; -, , i
. . . -~ »

‘ N Y
. . . . . . h
/ . %ﬁ' .o 1 « " ‘
. " ) . “




)

i - ¢ = sifallest integer greater' than or equal to nn; ]
s WO DI um/@D) s
) £ =u(/p-1):1; S . | L
Q m = (0-v) (1/p-1)-1; L I - ‘ .
u (§)=n'/[(n x) Ixt}; * ’, : . ' ‘ .
B ‘( » ) = beta func;tlon which can be calculated by co%uter routines ’
or can be found in standard mathematlcal tables;. - . _
» -I;u( , ) = _1ncomplete beta function whlch can also be co;uted by common ;
{ computer routlnes or can be found in standard mathemat1cal tables 1, \

< - ] cnreas e . - \

. . ‘.
1 > . *

5 Estimating the Proba;bility

- 4 -

The Keats-Lord model upon which Equatlon 2is based 1nvolves two basic

assumptlons about the nature of true and error scores. It should be noted in

el
cxmmes? M

passing that .the moﬁ and its assumptlons have been shown to. fit a variety of

L

real data sets quite adequately (Keats § Lord, 1962) F1rst it is assumed

that the dlstflbution of* true scores (E)’ for the populat1on of examinees'is"

some. member of the beta family of dlstr1butlons Thl$ family 1ncludes distri-
o but1ons having the usual bell -shapé, as well as rectangular and U-shapes (see

LaValle, 1970, P. 256 for more examples). As such, the beta assumptlon is

quite liberal in that it accomodates a wide range of bdSsible true score'dis- ) s
- ‘o - . - N . - ] e
tributions. © - : 1\ *’_ , ,‘ c ﬂ z .

T
. Second, 1f n-item tests were. repeatedly admnlstéred to a smgle individ- l isg
o 14 \ . PR

W1th true stor p» it is assumed that his or her d1str1but1on of observed e

scores’v (x) would be blnom1al with- parameters n and R ) 'I'h1s assumption tends
N Lo 1y . 4
to follow; for 1nstance, if items are sforéd 0 and 15 1f the outcome,on one s,

.

1tcm does not aiffect the outcome\Qn ; d if 1te‘ms are equally difficult.

)@Lle the latter two conditions rarely, if ever, occurj 31n practlce the qual- -~ ' :
ity of emp1r1cal results reported by Keats and Lord (13962) seems to indicate ~

Rk ,>that the model” is robust with ‘Tespect to such molatlons. ',; .

v PR
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Es tlmatlng the Probab 41111:)'

I

3 be
SN

Y

_ . Example . i R
Suppose an n=4 item test was* adn’liniste'red.to N=100 students; and suppose |

the test scores x=0,1 2T 3 and 4 occurred with frequenc1es f(x) = 8 ,25,34,25

f\
and 8 respectlvely The sanple mean and varlance are u -Zx f (x)??N = 2 00 and

z(x -0) 2£(x)/ (N- 1) = 1. 15 ‘and _the estlmate of KRZl—-zdavp [n/(n DIxt
[1. ti(n- u)/(lwz)] = .17. The quantltles L and m requlred by Equatlon 2 are equal
in this particular ipstance, i.e. ;i— u(l/p -1)-1 = 8.76 and m = (n-0) (]/p-l) -1
8 76; but this is net true 1n general Now if the mastery criterion is set

at 'say, m = .85, then c =- 4 in Equatlon 2 smce 4 is the smallest 1nteger
greater than or equal to nm = 3.40, ? . :

.
»“

Sunmarlzlng, the parameters requlred by Equatlon 2 are: n—4 2~m-8 76,

m=.85 and c= 24, 'I‘hus by Equatlon 2 the probablllt)” of a correct classlflcatlon

' R B v ?&‘
* ¥ P i W

- PR

; . - ,1,.,,- [E Y

is:

g - (/0. 76, 9.76)}. Z (4)13(9 76+x, 13.76-x)1 85(9 ex, 13} 76-%) +
-4 x;'r)‘. ,3?’3 b@

) ()B(g 76+x 13.76-) [1-1 g5(9.76%x, 13. 6. x)]} * L
x=4 FZn R
P . 1

-~

Where (4) B(, ) and I 85( , ).can be obtamed v1a cémljuter*or standard mathe-

%

4

mat1ca1 tables (e.g., Pearson, 1956) and are as. shown in Tabfe 1. Substltutmg
H - . a‘\ } . ’ . - T 1
Insert Table 1 about here S‘

LU A B
f

—

' i -l .

ese values into  the above equatlon gives the fouowmg result

1/( 15><10 5)}{(1)( 12x10- 6)( 99)+(4)( 95x10- 75( 99)+(6)( 87><10 (. 99)+

i
‘ (4) (.95%10°7) (. 99)+(1)( 12%10-6)(1-.99) )
3 ) . &
\ 7 ) j + s
’I'hus, 1t is 3hkely that 93 out of the 100 students tested are corre;:‘ﬂ"" clas-

1 / .

s

- ﬁ, )l.g“.:*‘
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Discussi 1on

~

In the example above Q=. 93 when the mastery c cr1ter1on is set at m=.85, -

N

- However, larger or smalter values of Q could be obtained for this same data

set by slmply changmg m. In fact the magnltude of Q is affected by a number
of such factors Spec1f1cally, the probab1l1ty of correct class1f1e21t1on Q,
Rt
tends to increase: (a) as the density of true score5°about the mastery cri-
ter1on decreases and (b) as the nmbemi test 1tems 1ncreases Thus, Q would
assume larger values for settings of the m-criterion 1in the ta1ls of a bell- .
shaped distribution (as in the example above) than for settings in the middle °
of the d1strabut1on Secondly, for @ particular sett1ng of m %uch as .85, Q
- would be larger for a 2n-1tem test than for an n-item test. .. .

In regard to general1zat1on it is worth not1ng that the probab111ty of ¥
correct class1f1cat1on can also be estimated for the case of three or more
levels of mastery For' exampXe, let m and mp (where T < Tp) represent dif-
ferentt degrees of mastery on the true score scale; and let ¢ ¢ and c _2 be the

correspondm;g cr1ter1a 6n the ‘observed score scale. Three categories of mas'tery .

3

®are thus pos'sible and Equation 1 &n be generalized as follows;
L]

2o 1—R<'"2) + P(C <X, "2%) l (3)

x’

The argumeni; outlined m the Appendnc can then be applied tﬂwﬁquatmnr?“‘to
obtain-an expressmn s1m11ar to Equation 2. N 7" nﬁ : e
Extensj:ns of. the keats Lard model ; on wh1ch Equation 2 is based are also - ,

possible T exahple,gLord (1965) has suggested a sl1ghtly more complex model -

thatgmvor\? somewhat Ihore general and reasonable assunptmms regardlng true
and error sciore d1str1but1ons (see also Lord, 1969) Howe\fer asMonte Carlo
study by Wilcox (1977) seems tQ suggest that ‘the more complex model ‘adds little — — --
| in the way of accuracy to probab111ty est1mates wh1ch are of interest here. |

of course tl‘bs does not 1mply that the more complex model lacks ut1l1tytfor

3 g
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certain other purpoqes c.g., for 51mu1dt1ng or estlmatlng complete b1var1ate

dlstrlbutlons of truc and observcd SCOTCS. *
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i Appendix

The beta assumption of the Keats-Lord model 1mplles tha't a true score, p, .

— can assume any value Mthln the mterval 0 to 1; while the binomial assumptlon .

implies that an observed score,- X, takes on only 1n;tegra1 values between 0 and
. n. Thus, Equatlon 1 can be written as ‘a double summation of P(x, ) Values? .
where P(x,p)- represents the Jo;nt probab111ty distribution of examinees' ob-.

served .and true scores.

- .

[sm P(x, R)d}g] + Z [/ £ &.p)dpl,

X—C

c-1

_Z

i )

where P(x,p) = [(g) /B(8+1,m )12 E1-p™ X (keats § Lord, 1962, p. 69).

The first integral in Equation 4 can be expressed as follows: T

"o

i3 (5,B)qﬁ - [ (%) /B(1s1 ,m+1)°-]f::12&+5(1‘-11)m+ Xy ? .
o - [B(g;'m mén- x+1)/B(2,+x+1 mn- x+1)][(—) /B(z+1 m+1)]fTT ’“3‘-(1 ) —siﬁ |
| .= [Bj(;,+x+'}; m+n x+1)(—) /B(z+1 m+1)]f [l/B(2+X+1 m*&'x*‘l)]P: 2a-pF g y— .‘
@. =' [waﬂ m,;n x+1)(_,> /BEAAT,m 1) 1T (2,+x+1 mn-x+1), : (5. .

I Lo K3
iere (3);

beta functlon, and the mcomplete beta function.

s . -4

1

2+x

-dP_

e

1t

Y

B(, ), and I( , ) are respectlvely the b1nom1a1‘coe£f1c1ent the .

|3

T

Slmb’larly the second 1ntegra*1 in Equatlon 4 can ‘be wrltten /

.

Yo

S e - -

f P(x,R)dp_ - [( %) /B ,;n_+1)1f1,1_y “a- )
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‘ Iinally, quuati()n 2 i,s obtainqd by substituting 5 and 6 into 4:
c-1

.
2 [B(t+x+1 JJien- x+1) E)_/szll 1) ]I (+x+1,min-x+1) + & 7 e
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x=c
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* o= {1/B(+l,m 1)} Y (—)B(z+x+1 mn-x+1) T (2+x+1 mn-x+1) +
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Il o . N ‘ N
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Estimating the Prob%%ility ’ :

. Footnotes

Michael Subkonak and Rand Wilcox were supported re%cuvely by . Nat10na1
Institute of Education &antyNo NIE G—76 J)OBB and NIE-G-76-0083. Equal

authorshlp is 1mp11ed - ‘ . ¢ % , .
R N . . *

Max1mum> 11ke11hood estimates of % and m are also p0551b1e (see Gr1 fiths,

L3

1973) . However when the number of examlnees is large, results reported by
Shenton (1950) “would se'em to imply little d1fference beqveep maximum likeli-

hood estm‘ates and the moment estlﬂntes of 2 and m g1\ren here.
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- ‘ stimating the Probahyility
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. Table 1 ,
. Valués of (), B( )) and I (,) for the -
Numerical Examplea. .
x ) | BO:76+x,13.76-%) T gs(9.76+x,13.76:%).
0 1 .12x1070 .99
1 .4 95x1077 - - .99
6 boerx07 L9 :
- ‘.7 ‘.
30y 4. | .95x10 B R \
4 1 12x10°0 99 ‘ :
" 28(9.76,9.76) = .110"> /o _
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. _ ] . Abstract - " -
- - ' ¢ ’ »

N . o

. ', Thisfpapér illustrates that the various coefficients of classification

- \ ’ -~ . -~ ’
D . consistency that have been proposed as measures of .reliability for mastery

" | _tests have different interpretations and statistical propecties. As such, ™~

4

—

they W not-be applied indi:écriminaj:ely. Rather, a user 'éhoﬁld employ "

the éontext of a particular

v

& .
£

. problem. C SN X A
. . . -, o * i ,

3

that coefficient that is most méaningful within
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whose propertles are most suited to the 1ntended app11catlon S

Py

. reliability for mastery tests. Second, he notes that the’ procedure dlscussed

t
\
~e¢
-
Y
—_ .
.
.
%Q

\
" Further Comments on, ReIzab111ty for Mastery Tests o

~ Lt
—
-

Huynh s recent cr%thue can be reduced e$sentially to two p01nts.(1977)

First, he argues that the kappa coeff1c1ent (x) is preferable to the’ slmple

>

proportlon of consistent. c1a551f1catlons on two tests QEC) as an 1ndex,of

.

by Huynh (1976 for estimating these 1nd1c1es 1s matﬁematlcallyfmore tractable .

than methods requiring the estlmatlon of a testee s true ab111ty (see Marsha11~

5 «
-

§ Haertel, 1976 Subkov1ak 1976).. .

Regardlng the f1rst p01nt 1t is not obv1oué that kappa is the only | o :3”k*%

.

index of re11ab111ty that a user may wish to consider . The purpose of this * - Y

paper i$ to demonstrate that coeff1c1ents 11ke kappa or the proportion of

A

consistent c1a551f1catlons on two tests have dlffereﬁz’1nterpretations and

-~ N

different stat15t1ca1 pr0pert1es Thus, such coeff1c1ents should not be used,'
. R a — ’
indiscriminately. Rather a user should pu]posivély select that coefficient

-

! qu1te ~agree with

In fact, 'sinc Huynh s method is based on a 51mp1e mode] for 1 ¢ -

e second p01nt regardlng the utlllty of Huynh'
prdccdure.

test scores | ' by Koats and ‘Lord in 1962, simnlar procedures based on s

. more recent dhd mote sqphlstlcated models are llkély to prov:de even better

' T
estimates of rellablllty (see Lord 1965 1969) . - .

.
¢ i‘ + .

v wl«x . Possible Reliabjlitg Coeffjcients f?giﬂastery Tests

4

For simplicit\, the;gollowin discussion is’douched in terms of -a mastery'

test, in which a srngle cuttlng score (©) is use Ito c1a551fy persons aéfmas-
L] A w""‘"h}, ".‘F'. R

~ =D
ters or nonmastors However generallzaxlon to t% S 1nvolv1ng;mu1t1ple cuttlng
! roo. " < '.“, i‘ . e ‘\'ll
: Lom 88 L s ' >

Loz an g st
-

[N
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' _-scores :and__ﬁolychotomous classifications is immediate.

PR

»

-

. . . -
o . , - s -
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-~

If .a score’ of C or grcater reprcsents mastcry on a test then ,the propor-

i

tlon of persons consistently classlfled as master/master or honmaster/nonmaster

‘ ]

on two t¢st1ngs (P ) 1\ an 1nd1cator of the repllcab111ty of mastery nonmastery
- 7

R ‘5*’\,

.

- outcomes’, W(bodman and Kruskal (19’54 p. 758) proposed the use of as a

oeff1c1ent however Huynh (1977) essentlally reJects 1t on the
t _I_’C does not assume\vadues between 1 and 0 as do tra’dltlonal

I

norm- refererftcd reliability coeff%clents Rather, ke assumes Va’lues between

’ .
1 and —chance’ %er? Phance = [B (x>§) + p? (x<0)] > 1/2. Pfx>(') and P(x<(‘ ) I\M??
A

are ' the propOrtlons of masters and nonmasgers in the group tested X

,.Goodman and Krushal counter SUCh\“ObJeCtlonS as follows:

b
Conventions, like these [requiring that an index assume values -
between 1 a.nd 0] have seemed 1mpo)ta.nt to some authors bu&/ we -
be11eve they d1mfngsh in 1mportance as the’ meamngfulness of the

g measure of association 1ncrease§. One real danger connected ith

- »
~such conventlons is that the 1nvest1gator may carry over size ]

preconceptions based upon experlence with completely dl\fferent SIS

measures subject to the same: conventions. (p. 738) " ‘ L

.
~ -~

v ~ -

. &

" . . N B M . , /
Goodman and Kruskal conclude that the proportion of 'consistent classiﬁcations
on two tests, I_’C, is a p\eanmgfpl and thus valid index of re]~.1ab111ty Fur-
_thermore, since theqémge of is other than.l to 0 norn- referenced standards‘

J

of "good" and '‘poor' rellab111ty are unllkely to be mlstakenly apphed to EC

For 111ustrat1ve purposes a unlmodal distribution of scores (_) for a

_populatlon on a four item test is shown in the first two columns of Table 1.

Using’ thc procedure dlscussed by Huynh (1976) and also by Keats- and Lord (1962) ,

_’—._/ ¥
4 . , . . <

. 69 T

EE T




. N ) ' . . N — . ;‘| . .
‘ K ‘ o ' ) .Further Comments r
. : .. ' - ® = ’ L 66 -

L

=Y . - 4 . e - . f

. . L / o 3 & § Cy
. ) y- . - . ‘ . - e R N .
these single te‘st administration data can b¢ used to ‘generate a bivariate

%distrib‘ution of scores (x and x”) that would ‘be expected for two tesf’t adminis-

tratlons (not sh ). ThlS bivariate scatterplot m turn can be used to com-

——— [

~ 1s P, = .01+.85 = .86, as shown in the. third colum of Tabte 1 'I‘he propor -

pute Pes the propoﬁrtlon of con51stent mastery/mastery and nonmstery/nomnastery

R
-~

outcemes on the two tests. /. ) ; ’ IR
C eV
Insert «Table 1 about-here . )
AN T L e L.

For example, if the cr1ter1on of mastery is set at C= 4 in Table 1, the:
proportions of consistent mastery/mastery and nomnastery/nonmastery outcomes
'1n the associated bivariate Scatterplot are respectlvely P(x> 4;x"24) = .01

and P(x< 4 X »»< 4) =:.85, where X and x” represent scores on dlfferent test |

L .
administrations., Thus, the total proportion of consistent out’comés v{hen. g =4

. g -
tions of consistej)t c1a551f1cat10ns for other values -of C in Table 1 are . %
~- i * “ . &t A wh
_similarly computéd to be P3 61 PZ .61, P .86, and P —O =1,00. L 1.
: Not1ce that the proportlon of con51stent c1a551f1cat10ns in the P column

A

of TabIe 1 increases as the criterion. (C) moves away from the centrai concentra-

N
tlon of scores at x-Z 1nto e1ther\ta11 of thesdlstrlbutlon. In other words,~ o
r -y . -

£

EC is & U-shaped funct1on of C for thls particular set of data. N .

¢ -

Now suppose one wished to compare the observed proportion of consistent

o . . .
classificatipns on two tests, EC’ to the prop?rtion of consistent outcomes °
7 ]

expected if mastery nonmastery dec151ons for each student were made 1nstead

by fllpplng a fair coin tW1ce +Since the expected proportlon ofs eonsmtent

‘decisions in the latter case is one’-half (1/ 2) the dlfference (P -1/2)

w’“‘.—
\/

1nd1cates how much more con51stent,the actual decision process 1s ‘than thd .
. random proccss just described In add1t1on the transform:itlon (_I;Q 1/2)/ (1 1/2)

= ZI_’C 1 prowdcs an :mdcx that assumcs values betweé?f“l and zero if » -
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desired. If the actual decision process’is completelyg’éonsistent then 2P.-1

‘eqéals ‘1 if the actual process is no better than the random process -thcn

the index equals 0; gcncrally the value is somewhere in between

o~

Values of ZP 1 are shown in the'*fourth colunn‘t ef Table 1. ince ZEC—l
is a simple lincar function of P _C,\Eﬂ'i*coeff Wients are U- shaped funct1ons .

of C for thlS part1cu1ar data set However, EC is always greater than or --

T

. equal to 2P-1; so the same standards of "good",a.nd "poor™ cannot be'applied

3
n ]

“.to both. © S P L
- .:a . a

. a

Finally, one might again compare the observed ‘proportion consistent out-
comes, &ﬁ:@o the proportlon expected by twice f11pp1ng a coin biased dccord-
1ng to the relat1Ve propo’rt1ons of masters and nonmasters in -the gro_g;y/tested R B
If P(x > @*;nf P(x<C) are the proportions of masters and nonmasters in the
populatmn testeclL then the expected proport:on of consistent dec1s1ons in

p—

i
. this case S —-chance

- " defined by K = (

[P (x2C) + P (x<C)] >1/2. ’I‘hus,,,the kappa coeff1c1ent,
—éhance)[(l —chance) s 1nd1cates how much more cons1stent
the actual dec151on process is than this latter random process (Cohen, 1960)
Kappa equals 1 if the actual process is perfectly cons1stent and equals zero
if the actual process is no better‘fthan‘rando‘m (iri"‘the latter sense) .

For example, it' C=4.in Table 1 thep/—cha e - P (x;C) + P (x<C)

o (on? + (25e.30.250.08) 5 85, Thus, 21( /WPy Y = o
T (”86 .85)/(1-.85), = . The bther values of kappa in Table 1 were similarly b
computed Kappa is undeflned at C 0 because the teﬁ?\ (1-P P chanc e) in the ,

.. denominafor of kappa equals zero in this case. ' \\ .
» r _ . -

. o Notice in Table 1 that kappa as a functlon of C has*arr inverted U-shape--" {'f
Jusf the' ,oppos1te of coefflcmnt/i’ and ZEC 1, Ols*rmusly then,’ con515tency ..

14

toas measurc?d by kappa is qu1ta,d‘1f‘fere'nt from con51stency as measured by P Pco

. .
. .
. . L 3 . . N
. . . v
: 7‘1 . ot . wer 7
. . v
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\

. conventmnal norm-referenced re11ab111ty c‘oeff1c1ent for examplez is %m. v

-—

©

- te‘stéd:

A - e
) . 2 { g

. l_’C ‘represents the total proportion of consistent mastery/mastery and 'non-
) = .o “ : {

mastery/nomhastery decisions that ocg:ur when a test is admi.nistefed to a group
) :
" composed of partlcular percentages of masters and nonmasters ¥ If the group

‘is largely composed of either masters or nonmasters, a major pox:tlon of the -

<

observed con51stency/ PC, is attnbutable to the group constltutlon. (This *

is also true of ZPC -1 which is a llnear functxon of .} For example, 1f a

— -p-

‘“group is largely made-up of masters,}A then cornsxstent mastery/mastery dec151ons
are -quite likely to occyr. Now the term Phance = P (x>C) + P (x<C) that

, -occ':urs in coeff1c1ent kappa represents that portlon of the observed con51stency,

N e

—C’ - that is due te the partlcular d.15tr1but10n of’ mastery and nonmstery 1n

the group tested.” Thus, coeff}cmnt‘kappa K = Q’C ] Ce)](l ] ce)’ re-

presents the proportlon of cons1sten‘t dec151ons attrlbutable factors other.

N

than group composition, such &s the ;testi itself, "the conditions of administra-
AN ) ' ) .t

- . . N .
© Y v “

_tion, etc. ) - -

s

As sﬁch the choice of s(or ZP 1) vis-a<vis v<°wou1d seem to depend\ﬁ_f__

upon whether or not the user wishes to conélder the group as an element of
W /
the dec151on process. <In other words .1f qne is. interesfed in the totahty

4 » . /

" of consistent classrflcatxons that’ oCcur for a partlcular comb1nat16n 6f test

(4

and group, then an 1ndex 11ke wou1d~ seem to be appropr1ate6 If one w15hes

Te EJ

— “

.to dlscount the effect of ‘group compo51t10n on the dec151on process then a

kappa- 11ke cocff1c1ent mlght be approprlate. It might be noted that there is o(, .

ample precedent for an. 1ndex,‘ 11ke _(., that includes group effects. The -

“?*'5*-

nuch affectpd; Mc magmtude of true score varlance fo / the partmular group

P - - . a . - R
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) Sampling Error \ . -
. oo

_ The extent to which numerical estlmates of .an index vary from one sanple ) o
to the next is another matter of some mtportance part1cu1ar1y if, such estimates |

are based on rather,small classroom size samples (N). For example, 1f random

o F
sanples of 50 students were ;epeatcdly drawn fro?n the population of Table 1 ard - :
g
1f estlmates of the threc' coefficients (P , ZP 1 and K) were repeatedly com- .
=€ %g o T
J puted.for- each sample of test- scores the standard errors of the estimates \fg hk L
4y ’ ’ ’:f.(

zv‘_vguld be approxn.mately_as-- shown in Table 2. For mstamce,. if the cr1ter:upn
. ‘ ] . A A . ~ }

v =0f mas/tery is C = 4, Table 2 indicates that estimates P,., ch-l, and k fo}L
.s'amples of size 50 have associated standard errors of .05, .10, and .17 |

f

respectively.

« Insert "I‘ablevéiz'"aboot here

- E 4 - F

Comparlng the values in Table 2, it is seen that:the standard error of

e kappa* tend’s o Wrger than that of "the. other two estimatdrs. .. ,
:‘ ,‘ " This stems from fact that kappa, k = EP I—Jchance)/(l —chance)’ is a ratio . .&%

of random var1ab1es whereas the other two est1mators are not. Thus, it.

would “be mportant “to insure adequate sample size, part1cu],ar1y when est1mt1ng

kappa. L ' * . , ¢

’

y

'I'he values of Table 2 were obtamed us1ng the followmg approxmatlons to

“ _ the varlance of the ‘three est1mators (F1e1ss Cohen, & Everitt, 1969; Hubert "j'*: '

1977): ‘ca) o* (B, )- PP, ©) a{zgg-n [4pc 1 _C)/N],and - \‘ s

o’ (®) = {XPH Topance) | @.1%2.) (F P17+ QB 121 JZIP U RLET.
®,

.o 4 _ 1;7‘] ,.-.
- —chancc "2l hance —C) }/[N(I )T, ~ ) - ,

~chance )
th : K

' Here P i3 stan ﬁor thc proportmn in .the 13 cell‘ of the 2 x 2 contingency

.

table repreeentmg mastcry nonmastery outcomes on two' testmgs P ,-and P - -
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g I

-

répresent the ith row and j hcolumn (marg,mal) prbportlons of the.2 x 2 table; \
o “':

and\the other symbols are as previously defined. It should be noted that these

P

¥
‘\"5 ‘

sed th%;é\mq)tlon that a b1nom1a1 dlstrlbutlon is respon-- .7 s

formulae are

sible for genera i g the 2 x 2 confingency table and that the sample of students

is reasonably 1a g (see Hubert, 1977). i: . . ‘e ) L
/ . @ m . ) ;

Conc lusion

PN

4y |
» |

* The b351C message of this paper is that the various measures of clas/sifi-
« cation censistency thus far proposed for mastery tests have dlfferent intery | o ) | |
pretations and ‘statistica. propertle &s such, they should not be used
blindly. Rather, a user should dellierately select that coeff1c1ent that is’
most meanmgful w1th1n the congcx’t of a partlcular problem. In making’ this
decls70n, the user mlght*also w1s'h- to consider coefficients that reflect . -

neavly copsistent c,lassifications. ‘(Goodman § Kruskal, 1954, p. 758) or

c eff1c1ents that reflect the stability over repeated testlng of score devia-

tions about cr1terlon C (Brennan & Kane 1977). -
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) . Confirmatory Inference and Geometric Models .. . f
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) Abstract . i .

. - . : ,'g ‘ . +
A confirmatory method is discussed,for comparing an outside variable to a

(4 \

given geometric model, or alternatively, to the raw data from which the e

.model is derived. The inﬁerence procegure is based on relatively simple

v e — s
o b 5 - A

nonparametric principles and requires the-comparisdn ogia'proximity ma- .

.
1+,

trix generated from a geometric representation n agains t-a setond "structure"
matlix obtained from the outside variable under study A. number of ‘exam- '

.. ’ e,
cL . ¥ Ples are presented that illustrate how the same statistical appreach can .

A -

" be applied in evaluating geometric models that arise in a _humber of ways,

. ’ - for instance, those produced by some explicit data reduction process, or

. -

possibly, models generated by naturally occuring spatial contiguity. \a\\\v
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v e +- + .« Introduction.

_‘ .

Q
™ In the iiteratu?E‘anﬂata analysis‘gver theelasg—twenty years, a distinc-

-

%tion between exploratory and confirmatory procedures has become very popular

sy

(see Kaiser, 1970). Supposedly, an exﬁloratory strategy involves the-use of

. , ‘ " , ’ [
.some analysis technique on a given data sét_with the aim of identifying i;ter-'

esting relationships, patterns, and the like. On the other hand, a confirmatory

-

approdach“tequires the, statement of a rather.strong a pripri conjecture vhich s

vt

‘then tested directly 4gainst™Fhe available data. It is assumed that these lat- ~

tet hypotheses are der1ved from a source outside the data actually used for the

purposes of validatior, possibly from the results of some previous exploratory
e N
study. Unfortunately, the word "exploratory" has gained such legitimacy that

. ic now serves too often as a way of justifying isolated empirical studies that

- A

an investigatdr has no intention whatsoever of pursuing further, -or more seri-

» 14

ously, as a cover fog a superficial tneoretical conceptualiﬁation and, a hurried /

e

Ld Py

research agenda. : L e

~ ’

v . > ]

Given the influence of classical,statistics on the conduct of experimental

’

»‘ o _—
studies in the behavioral sciences, the trend toward a confirmatory approach to

research was_very strong after World War II More recently, howeVer, inexpen-

. - a . .
- sive exploratory computational routines have become widely available, which has

_'encouraged some attitude of "fadishness™ in the analysis of data, irrespective.

NSE::}Tbhsher the~methods chosen are appropriate for the problem or colld possibly

aa . \ —

lead to any increased understanding of the area under study. In pa{tfcular
Ed ve

s~ ] Lo
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‘ .. v 2 .
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-
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‘e methodology to the novice can easily el more important than substanceuwhen
\ - faced with gge vast array of very eLegant data reduction techniques, suoh as L

v

‘ multid1mens1onal soaling, clusterié#alysis,_and similar paradigms Too often,

.
~ -

the intricacies of a methodokogy beoome more crucial than the origin 1 research

!{' .. .
" question, g%‘nd in fact, even for substantively~oriented investigators there 1% ¥ fﬁ ..

© some dange?”of using data more as a vehicle for displaying a-specific stijgsti-

. ™

cal methodrthan as the major reason for which an empirical analysis is carried,

L : R .7
out in the first place. . . T

-~ T

1

Although it. may be obvious that confirmatory analyses would be desirable
] ”~ . 5\ . '™

asfan adJunct to many of the current approaches used in the study of proximity .
’ t *b‘! é’
4 i
Matrices (such as clusterimé and multidlmensional scaling), Very few technlques

have been proposed in the literature-that could help’ carry out such a program

with any degree “of rigor. Typically,euSErs of the newer d%ta reduction proce- .

3 P
v

dures operate more or less atheoretically, or at best, - try to interpret their
- ‘l

results in terms of intuit1vely reasonable arguments baéed'on outslde infoFmar
S -

tion regarding the objects or entities heing‘studied.‘ .It¥is somewhat surpris- . “\ )

ing that thd same informatlon which ' can be invoked in explaining the results ‘ e

% of«an analysis in a post-hoc fasnion is fot being used mote\d}rectly in’ some 3
confirmatony manner and without the 1mposition of an intermediaterdata reduc-"

. . LAY .
N - . PR y

Aloh process, " ) . : - . ¥ . P N
y With the n‘ivation- in mind of using more fully whatever outside informa—'( bt
tion is available for a given\ data set, this paper :gill attempt to review a o*
number of approaches to the analysis of proximity data based on .confirmatory ‘ §
principles. Although it is accepted tH&t exploratory strategies are of in—); . )
> ? T
terest in generating in?ight and formal hypotheses for later verification, ie ‘. )

N

& same time_to_ have a more complete set of confirmatory

’

~u
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in a'rigbrous fashion. The discussion’ to follow is organlzed into ‘several" major <

subsections that illustrate how specific data analysis problems can be: attackeé /-

<

. plied in _several different yays. Depending on the context, it is conceivable

’ that our method might he used instead of a geometric. model; in extending an

: 2
withln a common nonparametric confirmatory strategy. In particular, to limit -’

‘v

-the scope of the discussion, our emphasis will be on geometric models, br more

specifically, on data representations that’have somé explicit geometric inter-

pretafion. Within thi's context, our aim is to demonstrate how an obtained

— -

=

geometric representation may be evaluated against aVailabIe outside informa-
@ . '

w

tion, or altefnatively, how such representations ih some cases might be bypassed co-

\
altogether. Since parts of-this material are .not entirely new\but are scattered

throughput the litefature appropriate references will be included for the

LI 4 .

reader interested.in pursuing a mdre complete presentation_of‘the various topics

¢

introduced.™ q RN co o
3

. il .
“Confirmatory Strategies and Geometric Models
. As a tactic for explaining how a confirmatory\approach to data analysis ) !

.‘:ﬂa pagy e v

might be carried- out, a number of specific pn{blems will' be discussed illustrat- .

ing the necessary concepts in a‘concrete manner. In particular four topic )

~h

areas are introduced in. the sections to follow that demonStrate how a specific .
P a \ - . f“’/.

confirmatory strategy based“on very simple nonparametric principals may be ap-

A
e

2

existing analysis strategy based on geometric notions} as a means of inter-
pret}ng,a given, model with respect- to outgide information; or finally; as a -

>

preliminary.to the constructiOQ of a desired geometric representation; "The .
bEIow;formalizeséghe basic ideas to- be used throughout the paper,

e ‘3g~ ; .
and-specifically, illustraf%% how;é geometric model might be hypassed altogether .

(4

© first example

nts
° ¢ . -

q
when strong_a_ p_riori“, eonj et:tures ) areftavailable. ;o

s
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In a recent study concerned with d%e "goodness" of pattenns, Glushko (1975)

i
|
attemptéd to verify Garner s (1962) basic hypothesis regarding what makes one L .

pattern better than another. To be more specific, each of the 17 patterns used
P

by Glushko, listed in Table 1, can be characterized by the size of an inferred fﬁ
'equivalence class. The term "equiwalence" is used to label the set of- patterns
3

-~

that cgntain a single figune plhs all other configurations that result from
! . F) "
reflections and/or 90 degrge rigid rotations. As indicated in Table l ‘two of

>

the Glushko ‘patterns construct the - same configufation under all of‘%hese opera-

& ©

tions, 8 patterns have 4 associated figures, -and finally, 7 patterns pro

different memhers in .its-class. According to’Garner; pattern éoo ess is a
. ' - N hat \ ! -

. directnfunction of the sizZe of ‘a configuration s inferred quivalence class,

Insert Table‘l abput here O
T ' :

. - .
> . . i

To test Garner' slhypothesis using the 17 figures of Table 1, Glushko,

. first of all, obtained a symmetric measure of froximity between each pair bf .
. V4 o // . “
. patterns using a choice task, Twenty subJects éere presented all 136 different

~
/

%
pg;tern combinations and were asked to indicate preference. 'These choices were /

.

-

;////// then summed over subJects and subtracted from an.expected preference frequency

-, of 10. The, absolute values of these differences, given in the lower triangular .

- - o [
el

- e - pfrtion of Table 2, form a symmetric measure of proximity defined for alI pat-

a —~—

tern pairs and prOvidé data in a form that can be subjected to S'variety of
’, H ” ¢ : F . g} -‘) - .} . . -'v- .
- . = .

. - ’ Indert Table 2 about here . | o

¢
v - . . *

~ w N 4

" data reduction techniques, In particular, Glushko aﬁéempted(to representlthe -
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structure of the proximity function by,. first of all, placing the 17 configura-
o ) ‘ i .
tions in a two-dimensional space using Kruskal's (1964a,b) well-known multi-

. A - :
/ N [ . a - el . Lo

; . » »

dimensional $€Ming routine, Given this geometric representation, Jolinson's

. (1967) diameter clustering results were then- superimposed, producing a repre— .
°( ©  sentation similar to that we’ gige in Figure 1 (here, we only indicate the ) ‘

-

clustering result defined by three’ subclasses). ‘Clearly, one strong dimensfon

(the vertical) can be identified as that of equivalence class size. In addition,a
? / v by N
, the clustersthemselves correspOnd fairly well to a grOuping on the basis of the* - -
¢ o
. ‘same criterion except for the m1nor misplacement of the two configurations num-

— . f. i
* w3 -

bered 10 and 11, - Ll. R R S ) °

LR ' ' . S :
fe. o . - \) — - o . b
2 .'”' " ¢ v . Insert Figure 1 about here )

“— - _ TAy - e

'\ -

e

The process of verifying Garner's(hypothesis through a multidimensional scal-

“

ing .and clustering seems rather circuituOus, especially since: the equivalence !

class hypothesis implies a definite structure for sthe original‘proximity mea- -, .

'a//‘ sure, Although the’ clustering and scaling results in this case are clear-cut Ca

P

~ unambiguous outcomes of this type. are rare, to say the lea%t. Unfortunately,.

‘when a strong hypothesis is not reflected as'dramatically in the scaling or

. "y~ \ ‘ o ®
- clustering*results it may be diffi‘ylt to decide whether‘ﬁhe hypothesis is in-

—_— (4

adequaté or the® data reduction technique§'are at fault, . In‘the t?bical applica— P
{ A4 v

tion,‘ the researcher may be able to identify portions of his theory in a scaling

- N —6& " ! - '"' - - = o em—— ety “"’%ﬂ-’ - e . Rt

or clustering solution but lacks a strategy for measuring in any precish manner

the actual degree" of cOnfirmatiOn or nonconfirmation. ’ BEC "
3 . / .

As ‘an alternatiVe approach it should be possible to test in a direédt h

)
»

; manner - whether the pattern’goodness hypothesis is reflected in Qhe original o

cy proximities and bypass the scaling ag; élustering solutions altogether. To‘

introduce some notation, suppose we denote Ehe patterns as ol,:ozf...,o (ﬁhere P
e " P n T
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oy

e

Foum

_defin&tion, g . C. ST ? A

.
Crn

o

n is 17 in our example).’ Furthergore, letvq(oi,os),refér to the s
\ . oo, . :
proximity between patterns oi‘ aiid oj, and g to.an organization of t ese measures
X

\‘-}
patterns ol,.oiss.., on. By;convention, the diagonal of Q is .ass

entirely of zeros, In addition to the empirical proximity matrix gﬂ the stated

]

ed to consist

¥

hypothesis will be represeﬂtedc}umerically by a. second "structure" matfix c N

with elements c(o, ,oj) Explicitly, ‘suppose N(d ) denotes“the size of the

e ?

-
inferred equivalence ckass fér object oi, “‘and let f be some monotone function . 4

" on the integers, e. g., f(x) > f(y) if ‘and only if x > y. Then, as a formal N

>

v e 5 .. ® o N ‘ .
e(o420,) = E(INCoy)3- Neo, )l") —~ \ 9

s N T [

where it is assumed that c(oi,o ) 0 for o, = o,. Although many functions f

b B

could be used and the actual choice will depend on the researcher s judgment ‘

’ o 'y ¢
as to the most appropriate relative size of the structure vaiues, for the pur- %
K )

3 . ~

°._ poses of an illustration,'f is taRen as the ideﬁtity, i.e., £(x). = x. In a . “e

‘ equivalence’ class sizes associated with the objects d and o,.,

suﬂﬂ””

other words, the symmetriq function values c(oi,oj), given in.the upper trian- ¢

gular portion of Table 2, arermerely the absolute values of the differences in

5 ] . . L
‘As an operational interpretation, ‘the theory used to- genera;e the functign R 7

‘

' c(oi,oj) is given empiricai support iffthe two setd of elements c(oi,o ) an

' formal indices for this relationship could‘be dnfined ‘the pairing .of" a prox-"

h| -
q(oi,oj) have a similar Qi;terning of - high an(\low entries. Although many . N

- [ |

~. - )
imity q(oi,oj) with a struc$ure value c(o;,o ) suggests that - the simple Pearson’ 4

L
o %\\'.Q

AR ,
‘product-moment c’orrelation may be a: natura& n‘sure to consider, and thus, will N

\ 1
be our Choice fof‘the sequel Oncethis index is ca culated the next ptoblem !

[4

concerns its significance, and speciﬁically, with whether the | size of the o r//

. N ]

served correlation between thevalues,for q(oi,o ) and c(oi,Oj) is sufficient‘ T

. i . . I
- * t
) . . o . I W,
- o ' . S ~ lee, -
. o B ooy ; ’ o - *

. . . : - :
. 7, . R . N . -
L s, . ;o \ )
. ’ .
- g - v * . LY
.
. .

s
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to reject some appropriately defined null hypothesis:

i . i }
. — ‘0 . ; .
s To generate a reasonable reference'dis%ribution for the observed correla-i
S S
tion, suppose a randomness hypothes1s is assumed that hopefully can be r cted._

. ’ 7 - ~
" . More specifically,‘it is conjectured that the partition of the objects (or . -
. . : . ',‘ . . * .
-* ' patterns) o ,42,...,on occurred randomly or was chosen at random from the set -

e

of all partitions of the sgme form. 1In our case, the conJectured pag;ition
" A

- - ¢
e

contains thdee classes w1th 2, 8, and 7 objects.qkwgath, and thus, the null - i

hypot!.‘is of interest ,asserts that this particylar partition “sccurred randomly,
é

-
' , v K

) ~

“ and consequently, does not, refleCt .the’ pattegping of entries in the proximity
«aﬂé‘

)
\ .

matrix 9 Moreover, any such\partition of Q of the same form (1. e., number of -

. . classes) gill produce a e ation Lndex and when completely enumerated will

3

generate an exact reffrence distribution for the assumed "null" hypothesis.

Lt

Erom an inference erspective, the observed correlation‘for the conjectured A

¢ -

v partition can be compared “to this distribution. and if at a sujtably extreme

- percentagehpoint, the null" h§£othesis of randomness can be rejected. In short, T
] N . s’l‘ )

.whenéver the correlation actually obtained for the conjectured partition is

,largg ehqugh/;then ‘this iqdex can be assumed to reflect a value that was ob-- D S, )
Coe e \ g g ) ‘ L
. - tained npnrapdomly, i.e., at least-to some extent, the functions q(oi,oj) and .
A . Q""}—\ . » \: *
c(oi,oj) have a common patterning of* high and low entries.. - ; . ' ;///E%
. ] B
o A

T Although complete enumeration i% usually prohibitive because of computa-«

‘ tional costs, and thus an exact reference distribution is typicallyctoo ex~ . .
2 . ] L
. pensive to obtain, Monte ?ﬁrlo approximations are_relatively inexpensive (cf T
o )‘l%§~{ert and Schui%u,l975 Schultz and Hubert‘ l976) For ins%ance Table 3 preSents ' '
. : e
\ {the fre?uency res ﬁkof selecting l&UO pirtitions of the desired form at random
) ’ N ( o
N
s and wish replacement, and should provide an appnoximate distribution that is T%)r _—
: . fairly accurate for this applicatibnr Id particular using the’ Iable I - oot
Lot n\‘,,, ) :‘%*“-, ) s . ,»4:,;' - .o
.” . «fa,‘ P . L ' - W . . ., 4 “"_ -l .“l“ T _—
s ' ! U . b i : L ; _ - : . . T

i ’
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B

e . _Although the example gﬁve

" Insert Table 3 abodt here o .

. g f
—_ -

. dasa, the observgd correlation for the Garner hypothesis is .640 which is

g

greater than any value observed in the Table 3‘distr1bution. Tﬁ‘s the null -
P
l .
 hypothesis of a random partition c¢an be rejected at an approximate significance

level of .000, suggesting that the equivalence class hypothesis is supported by

- -~
»

tpe patterning of the‘proximity values. A N . :. N <

Using tle previous example as ‘a guide, the salient features of a confirma—

d . -

tor»f’nalysis should be evident. Given a prokimity measure q(oi,o ) and some

" conjecture specified.in terms of a structure function c(o j)’ the observed « * .

Iy - - . T )

correlation between q(o ) ) and c(o ,o ) is compared to a reference distribup

-

tion generated under a hypothesis of randomnﬁss. If the obtained correlation

’ is at an extfﬁﬁ&”bsrcentage point the correspondence betweek\giozsoj) and e

.c(o ,o ) “is declared "significant", with the added: implication that the con-

jecture leading to the construction c(oi,oj) may help explainn,sqme of the

[

varidfion present in the oximityﬂéeasures. S

e

above implies that a randomness hypéthesis\\\

.

should be definéd in terms of selecting a parxition of a given form at random,

| a more general hxpothegis can also be considered that will generate exactly
the same.distribution. Explicitlilrif ‘the values as igned by th/,proximity
- = -t ‘ & P}
funotion are organized: as before, into an m X n square matrix Qs and simiig\\y,

A

the values of the’ gtructﬁre function into a second nx m square‘ atrix c, both . .

4 ° B “ X

‘with rows and columns labeled as °l’°2"“’°n’ then each reorder ng of the rows

) 1zl_an;“simultaneously the corresponding columns qf Q inQrelation to ghe fixed c
matrix will induce a specific partition of the n objects ol,...,o . In other . o
) wpédsj for: our S’matrix‘sf.Table 2, anygreordering of Q produces a partition . °! »
. “‘ C . . L . ~ 3 . . -
: ) > " : ‘ ‘ . : + X )
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+  where '» o - ) : - a -N ' L
=1 T, 3) Mg, = Z It 12930 R ; e
- i v j ‘ i j ‘_l RN -
. o . wd s 7 143 o “on
- F(Z(ccoi,oj) - c))Lﬁz §§(°(°i’°i) -bc) . o
" T Lol i#j : / ¢ i#J ) : o

? LI . ' - )1” ' /

L 85 . i
. dﬂéf}ned by subsets tontaining 2, Mﬁects. ~»The first, two rows and '
. columns of the reordered Qmatrix define the objects in the clas é size 2, ‘ ’ -
the next8 rows and columnt define a class of 8 obje‘ts, and the remaining 7 - >
o £ .

lass of .sizey. Moreover, if a re- N

, rows and columns define ‘the last objec

o‘rdering of. 9 is chosen at random, that alL n! poss1ble reorderings aré. .

LY

‘considered equally likely, then this assumppion induces a random selection of®

«

a partition of the same general form used iy the original construc-taon Fﬁhe ’

L2

C‘matnx In short, the 'random reordering of g and the random selection of a
- [ 4

partition will generate exactly the same distribution of correlations, and thus,

either concept may be used in producing an approximate reference table throuEB e

s

Monte ‘Carlo simulation. This generalization will prove very important latgr < -

S ® €

—when a confirmatory approach is necessary but one that cannot be identified

|

i 'by a specific partz’itibning of an gbject set. - ’ . .- . !

‘~ Although we suggest' carrying out a confirmatory test through the use of | >

an approximate distribut:ion/’c')btain‘ed through Monte Ca»rlo simulation, it is 1 - .
also possiblejto find%he _g__x_agt_ mean and variance of the‘ complete reference - ’

f\d/ ibution by formula, given- only the matrices C and Q Specifically, the . , o
meatf\df_;}garson correlationgg 1s 0 and 1t3 variance. equal to . h ' *

. V)= {1/(2)}{1+-(—2)—G-{2(c;1 cz)(n W)L SN

.. \.l » & . . -

) N 'Y ‘
- hd ! . . . - N M [ A
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o - _@ 2 . = ._____2 — ’ . A

. A R e D) g(j{ q(o £°°37% ¢ = oo §<§ élo,, oj) o g ,
. .- i . ) _

. As an eﬁamplé—of thZQhe ¥, iance calculation may be used for the data of Table

1 and the structure functidh of Table 2, we find V(r) = =0879 Conyerting to
a Z—score for the observed correlation of ,640, a value of 7. 28 is obta1ned

....qu
which would indicate ‘a rather significant ‘result if it were possible to assume
even a crude normality (see Mantel l967 for the appropriate moment derivations)n .

A} ""-'0 . . . . v

- e -~

- Example 2 B . ,';\/,
$

The previous-example 11lustrates how a conf1rmatory approach might be used

0

in directly verafying a stated a Eriori conjecture aoainst the original set of

~

S ° proximities. As an alternative appllcation of these same principle§,‘it is
also possible to extend ‘several’ analysis strategies proposed in the literature ' -

o ¥ . -

that are based on naturally occurring geometric models, Most of the appropriate ’ N
he,sreferenfes r?late to the org%nizationrofra group of objects, e.g., people, cén- .7
: ‘ a

sus tracts, and so on,ederived from some notion of geographie~or spatial con-_

.

tiguity. Within this context one of the major analysis tasks concerns the

>, ¢ i, -
"

assoclation between spatial contiguity and some other variable or variablesk

- - N

measured on these same objects. . ) \ L/ . N lf: . . ”0‘
r - / s / leh 4 . R
. As a concrete example from social psychoﬂpgy, Campbell Kruskal, add

—\_

i 1,» . #i‘* R ‘k;
Waliace (l96§) deyeloped an index of seating aggregation and an associated,. ?fi"f'“f

—

,',4 significance testingastrategy for determining whether the observed black- o, ;ﬁﬁ -
:‘57 white seating adjacencies within a classroom might be considered random. The ' C .

" geometric model in this cas is defined by the occupied seats. within{a ‘class~

-+ h .

r ,room, or more specifically, by thf spatial location of the students in a tyo- ) \

dimensional plane. "The outside variable ofa

nterest is dichotomous, i.e., -
v .

" black or white, and the inference tdsk is one of determining whether the spatial .

oL positioning of blacks and wﬁ‘!@h indicates aggregation, e.gjg whether'blacks_Sit

te

. . ﬁ" . .. ] ,...Al.
VT e LT
" .ERIC - ‘ v " '\P, - *

a . PS o, ) - — T - !
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-

3 kel

(i) q(o ,0)= '

{ i

B

o{

'with blacks and whites sit ’with whites, o]

The confirmatory approach ‘developed in the previous section includes the
q?rﬂ(:ampbell et al approach as a special case., 1In parti’eular, the set o’f objects

{ol,oz,...,o }. now refers' to- the set c& n people and. q(oi,o

) .simple index definea (in our notation) as follovm.

1 if o and Oj are seated- adjacently

0 :

-

t t~ -~ .

j) refers. to some )

&

me\asure of spatial‘ distance obtained from the observed seating Ppattern. Although

very general ‘measures, of distance could be used Campbell, et al. consider a

. . Ty =

~——
*

within ‘a single row;

‘ : otherwise .

¥
i
v

g
For the Campbell, et al. application, the structure function c(o ,oj) would /

P e ' - i
bé obta/J}®/from the outside variable of race: " /

) . ) /o

. _ { '
1 if o, and o._j are both black or both/w)ﬂq\/ - |
@ ey f | o \

0 - otherwise, e
4 L . RS

v

Consequently, the’ cross-product st:atistiQa z q(o )c(o 2

Nl

q(oi,oj) is the number of same-race adjacencies observed in the giv‘en seating A

pattern, Using this statistic, eviéence for agfregation is indicated by /a/ ,
Jlarge value, or inl our correlationaI context by a large positive correlation . ?
N . .
b’etwqu(o ,oj) a c(oi,oj). ‘ N :
J X “»v . ’ * i \\'.
S AP TREIEER S L
- T ‘. . L i




4 ' ) ‘ 5 : R . . . 88
Although the c(oi,oj% function used above is rather simple, it can be,.
s .

‘generalized to include-variables that represent more than a simple dichotomy. -/
- ~ N — -
: . P .o
// ,,":}:For example, suppose xl,xz,...,xn denote some numerical variable attadched to
LS / / . » - .
each of thesn objects and défine ) - .
. ’ ‘ -]
(3) c(o,50,) =max {x ,b.,x } - 1x - x|, - .
i*73° . 1 *“n b ,

- - ) What is most impornant,ghowe very is the general appropri.

P

If"for instance, X =

0 when'ok is black and 1 when O is white,.then-max o

{ xl,...,x } = 1, and this function is equivalent to- that given in (2). More
. / \
significantly, if X, denotes, say, the age of person ok, then this same t;g§ﬁ§T%%

T f nction could be used-to relate the inforhatdon contained, in this variable to
= io T, N 3
seating‘pattern. "In other words, when xk refers to age, then lange positive,

correlations between- q(o o ) defined as in (1) and c(oi,o ) defined as in (3) .
,l? will suggest that people of a similar age sit together. Obviou ly, many other

——— ‘ -

functions of the variables xl,...,x could be used for defining c(o »0., )J and

N ) b V*;ﬂ%fﬁ
- also other notions of spatial distanp could be used in defining q(o ,o ).

. -4«

fness of the Monte

i N .

PR ; pﬂev1ousgsection. €.

, The concepts presented in this example can be pxtended to several -other

situations of'interest in social psyehelogy that hgve been developed in slightl

h- -

different directions. Forvfnstance, suppose the objgfts are now census traeP

and the task is to relate an outside var ab%e to contiguity of the %racts de-

iined geographically (see Cliff & Ord 19 ﬂ"Fe.ry, 1954; Royaltey, Astrachan,_

ﬁ L]
th geographical

& Sokal,i1975), Theesame analysis procedure 1S\g

\

. » distance: def1ning q(oi,oj) and the function c(o

/

i,-‘) defined,\s-
~or possibly, by some other more complicated functioni; BCtor of - variables.ﬁ
available for each object. Alsb, the analysis strategy for observationp con~
3 . &

nected through\some general network structure, €.8., kinship, can be approached

b -
N . . . P

H . L Y . . v
, ~

’ . - s P
, ‘ . L

»_as in (3),

['e
e ¥
Q/I”’/
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' . 8§ - 2
P 'in the same way and related to outside data, e, +§» to socioeconomic status. In
e - ARy
fact, th#s top¥c ag oefined by Winsborough Quarantelli, and Yutzy (1963) is also
. ~"‘.-
a. special'case of our confirmatory analysis strategy.” . ’ . {
. Example 3 » o~ . N ' %Eé

» ' -
Geometric configurations that are generated as a result of a multidimen- "\\\
sional scaling (see Carroll Y Chang, 1970; Krusk‘l l964a »b) represent yet
another context in which the confirmatory paradigm gould be used to test

. a'priori conjectures. Even though these spatial representations are:produced
. ) Epes AN .
by an explicit ﬂa‘b&reduction pfss and\eonsequently do not arise naturally
. . .
- - as#in Example 2, some of the same hypothesis testing principles are.still
} . ]

—"

appropriate, To giye'an illustrations; consider the application of Carroll

and Chang's individual differences scaling procedure to datascolleeted—by —_—

[ e — v —— ~ »

Wish, Deutsch, and Biener (1970). The objects of study for this analysis were(

~

12 nations; and since ‘each of 18 subjects rated the proximity of all pairs of
nations ‘on a nine point feale (large numbers indicating a greater degree of e "
o= : -sﬂmilarity), the resulting 18 proximity matrices ‘all. of size 12 x 12, are

o .appropriately analyzed by the Carroli ~Chang routine 11970) The group result, °"’ .
‘# N L3

‘ﬁglected for our discussion is a two dimensionaI configuration, shown in )
/o s
Figure 2, in ghich each nation is represented by a point, and where the inter-

.
. . ‘
o - - . ) . > /

&2 e Lt 'Insert?Figure Zssbout here . < P
- . : { ’ M- ] ¢ ’.g:.
\\\\\\\\\ point distances reflect’ the degree of similarity between the corresponding e _“ﬁﬁ',
o Bl . '
o - nations as judged by the group, e.g.3 the distance between the u. S. and China ) -
- 1s 1arge siAce they are perceived on the average as being very dissimilar, -

P

> LY

! - _*,; Instead of attempting to label and: interpret dimensions per se, suppose

“the, researcher wishes to test the a griori'hypsthesis that an outside variable,




N

’,

idefined as

. * " 90 ‘

v ¢ - \ Iy
such)as political alignment, accounts in part for the distances between nation;)

3

In other words, the researcher is interested in confirming the conjecture that - }

nations «close together subscribe to similar political philosophies, and con-

L

versely, those far apart have different political systems. In this case the .
proximity function °i’°j) would merely refer to the distance between nations

v 4
o and o:l in’ Figure 2.\ 0r more specifically, if (yil’yiz) denotes the numerical

‘ -
coordinates computed by t

s

ocedure for. the p8int o, in Figure 2,

i
then the Euclidean distance betwéen any two.poi s oy and o, in the figure is

. . i , zﬁ!,’/ , \

- - 2, v 1/2
(4) a(oy504) [(yil Vi) ¥ Oy j2)]

As in previous examples, the structure function c(o" .oj) wpuld be obtained

—

om the outside variaBle of political alignment, For_instance if political—

a1ignment were simply dichotomized ag communist vs, noncommunist, then c(o 0,)

‘e

b J°
might be defined as . ‘ ' .
PR L.- 10 " 1f oi and °j are both communistic or both noncommunistic,dykun

- y s, - L] ’

(2 c(0;50,) =; ‘ : S
11 otherwise. - v )
: . .
N 1, o ) . v
-, . N »

With this notati large positive correlation between q(oi,oj) as Hegined in
(4) and c(o ,oj) as ned in (5) would indicate that nations of similav’p‘

-

tical persuasion ‘are located close together in Figure 2. As it turnﬁiout g;
‘.'4. s <%

. .

observed\sorrelation between tHe interpoint distances in Figure 2 and the dioho—l

tomous variable of political alignment given by (5) is .50, which is ﬁignifi-

cafit’ at the” 000 level (approximately) when referred to the distribution of

2
correlations for 1000 randOm‘reorderings of matrix Q IT short, there is con~
5 A . o
vincing statistical support for the hypothesis that political alignment par~

‘tially accounts for . the arrangement ofpoints. .This conclusion is consistent

o
With the descriptive analysis conducted by Wish et al, (1970),.which identified

e
IS : W) » . .
\’ ‘4 E 94 ) L . ' '.

o . . . . - R

4 ~
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e AR - o1
the vertical dimension of Figure 2 as a political alignment factor with
. ' ?

communist nations’ at the top. In a similar manner an outside variable such?
. EY

as gross national product could be used to support.the Wish.et_él, contention

.
-

.

Lot ’ e

that the horizontal axis of Figure 2 might be identified as."economic deVGlOP’Eé\///J
seot .

ment", e. g, the more highly developed nations are located to the right.,

Again, however, our aim would be to relate the gross national producé index_

.

directly to the interpoint distances,, and thus, amy explicit dimensional

:
. -
; e o ¢

representation would be ignored.

e G
In the examplé‘given above -political alignment was relateqbto the 1§;€§C
o \
point distances of/Figure 2 as derived from a particular data reduction pro-
cedure. However; since the distance between two points in Figure 2 1s simply ’
& .

}*a graphic representation of the rated similarity between two nations, the .

political aligngfnt hypothesis c0uld also be tested direcfly—against subjects

raw proximity ratings, _thus bypassing Figure 2 and the Carroll—Chang analysis

i

altogethef¢ For instancF, the mean similarity ratings for each pair of nabdions

in the Wish et al. study are as shown in Table 4, with larger values now

indicating greater similarity Thus, if Table 4 is used to define a new - \ o
o . ‘ " Insert Table 4 about here ° N

o -

proximity function q(oi,cj) and if (5) again represents the stﬁycture function
L

) and c(o ,0,.) would

3 J
’
directly indicate that political alignment plays an important part in the forma—

c(oi,oj), then a large ‘negative correlation between q(oi,o

tion of subjects' similar‘ty judgments, i.e., nations which have the same polit-
~ical systems also receive*high similarityvratings. The actual correlation
o , ;

v o » I ~ K
j) for thegse data-is thA, which is'significant abx

aQL~pproximate .013 level when referred to the distributign of correlations er

N

between q(oi,oj) and c(o »0

E lOOO randomdgfrmutations of Table 4. In summary, the political alignment
1

~ , ‘ e ;/.

\
- ¢ . - . »
i . * . :
. & »
. * . .

R4 -
-, _ . _ _ .
. ’ + @s . . R
. .
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. 4, : .- L : -
‘hypothesis can betijtEd either against Figuare .2 or againstﬁthe raw proximity ) "
N .- -
’ data, with the latter being somewhat simpler and more dirett 1f the researcher.
. - o ~
is willing tojsacrifice the advantage of a pictbrial representatdon. ) 7

-

s

[
a

. In addition to the geometric configurationof nations given in Figure 2,
. - K, .

the Carroll C?ang procedure also produces a configuration-of the particular

subjects that%supplied the similarity data, as shown 'in figuré 3., The horizontal g
A ,J LI

,and vertical axes of Figure 3 are exactly the same as those of Figur/\fx rep- .
® ' - " [ %3
resenting political alignment and econoiri.c development, respectively. Numericalg“ -]

y . . .
3 . - A oa '
1

-,

\ ' N < L

R Y I Figure' 3 about™ o SRR
4 W ’ N ‘Insert re' abo ere . . N
ﬁ)»fba-’*‘! 2 e . gu ° u’ r s ‘. e )!
a , . “v{ ' - - °

L4 "

Qr M b ’

0y -

coordinaxes (w D’wiz) again locate a subject o in Figﬁre 3 and £&§thermore,_--
»‘-\ ¢ Y

indicdte how qych emphasié a subject o,

Lt
development whén rating the similarities\of*nations.

- 2

. Figure 3, subject 10 gives primary emphasis to the econ:7ic development dimension, ot

~%

$

"ﬁ% subject 11 gives primary emphasis to political alignmen » and subjects in the 3 )
n 57
%menter of the configuration weight both dimensions about equalIy. : ’

As indicated in Figure' 3 Wish et ala further classified each subject - .
, \J Q -
. either as a- (H), moderate M), or a dove . aécoriipg the person's stance s

on the Vietn ar, and descriptively argue ‘that Subjects in the same class -~
‘) A 4 # ) -
« ,tend to weight the two dimensions simiiarly. In pther: words, since*$t is hy-
) 5

pothesized that hawks, moderates, and doves will form reasonably homogeneQus

’p

L i
. clusters in Figure 3, “the confirmatory paradigm prov statistical test’ for <
L ﬂ,the conjecture, that subjects>weight dimensions differentially according to . f~« ‘ s
wtheir political opinions. Again, the proximity functidn is defined as the .. . °
- % . - . . A
Euclidean distance betweenypoints o4 and oj in_Figure 3: N ¢
. s - . 1/2 \(‘ .. . - RAN o ' ) )
~ (6) q(oi,oj) [(w11 wjl) + (w12 waz) ] N " ‘ .
(3 . o . - . . : . !
° s I f:’f‘f:,.f " ’ o
. :\\/ ) ! ) .'. . | \ g P 1 s . 5 N
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and for the sake of, simplicity, the structure function is defined as’
.

. . - - * .

[~ i S v \ :
”q 0 if oy and pj belong to the same class
«7) cfo 0.) = | " (hawk, moderate, or dove); - -
- E ’ A - ) : i
1° otherwibe. . ) . ) . . o .
| _ ‘ L .
A large positive correlation‘between the function values q(o,, ) ‘and c(o ,Oj)

giyen in (6) and (7) supports the conjecture thar hawks, moderates, and doves

-

/

tend to form separate clusters in Figure 3. Since the observed correlation is .
.19, which is significant at an'approximate .009 level, the hyppthesis is given

. - N -« .
statistical'support. Wish et al. note specifically thatyhawks tend to cluster

above the diagonal‘in Figure 3 :and give relatively more emphasis to the political

~alignment factor; whereas moderates and doves cluster below the diagonal and give

relatively, mox% w§ight to economic development _ - ‘ .

Although it should be clear that exploratory analyses such as multi— /7

dimed‘lonal scaling may generate a, rich source of hypotheses, and the confirma-

'_tory paradigm may provide a useful means for subsequently testing such hypo-

b

theses more formally, a word of explicit caution is also, in order Specifi-;

.

_°cally, a hypothesis arising from ‘an exploratory analysis of a particular data-

set should not be tested on the same, set of data, ‘since such a strategyc®amounts

to "data snooping" and may produce signific sults that cannot be réplicated
‘e Ce

Typically, if the researcher is bound by a single data set it may stilﬁ'be

possible to take advantage of both exploratory and confirmatory\analyses by

randomly dividing thé data in half. Ekploratory analyses could then- be applied' :

‘ to one half of the data, generati/g interesting research questions, which could -

be tested on the second half using the confirmatory paradigm, For instance,
3 " . s

the .18 57bjects in, the Wish et.al. study could be assigned in equal numbers to

two groups, "and the$Carroll Chang procedure applied to the data of one group,

’ giving rise to a representation such\as Figure 2 and the assoeiated political

~ . -

. -
e ‘ . 97 . . —
. ° .
o - - .
o 1
.
.

-
-

I
~

v

\
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alignment conjecture. The confirmatory paradigm could then be, applied to the .

*

«t

et remaining:data, leading to either acceptance or rejection of -the a riori hy-
I E_____
] & - . 3 . -

pothesis.

Example b ‘ ' N
4 : (] - . L -

._The-application ‘of the conflrmatory paradigm illustrated in Example 3 can

easIly be generalized beyond the specific context . of multidimesslonal scallng

* —

{
and used to investijate data that is mgre traditlonally coﬂ%iﬁered within an

» cl'
analysis of’ variance design., As an illustration sugposeﬁéyil,y 2""’yir)

e A

represents a profile of r different measurements on an objéct oi. " As” in- the
: ’ .
previous example, o, can be represented—asjalpoint in. r-dimensional space )

»defined by, these numerical‘coordinates, and furthermore, if the r measures are

-3 '

Iy N L e

commensurate ,Oor have been made so by an appropriate standardized/transformation,

then a Euclidean (or Lother) distance between objects o’ and o ih rﬁdimensionalfA

) i i
spade could be used to deflne a proximity function of the form

- R 4, <

‘a

(8). qu 0,) = [kZ (yik jk)zlll2

LI

As a numerical example, Table 5 contains similated profiles for n =21 obfécts .

v
(persons) on r = 3 variables (e - standardized tests) taken from Mielke,

v 53 2 .
rBerry, & Johnson (l976, p. 14123 The thrEe sets of measures are commensurate'

in the sense that all have the\%kle range, and thus, may be substituted directly =

» .
- . PR Y . fos 'x’ %] -
- b —
- . # prs
y . - . VoL . - - -
* . - - \ -
. . . « R

4

FAR
S, " Insert Table 5 about herehp%.; -

T B - 0 s ,.41‘
' . \ . \ R ;T‘?& R _4 LI -
into (8) to obtain the.dis;ance between any object'pair o, and oj.
. .

The objects of Table 5 have been partitioned into four distinct subgroups

-

on the basis of some outside variable, e. 8es freshman/sophomore/junior/senior,'

A ]

and as in the previous examplés, this outside variable can be used to define a

e

structure function such ag: . ' s
\ ‘ ,




' /: ; #51 . M
[ [ v !" ,
. \’ - . »' . . i :' . . . . -
” S - T .4 95,
. K o d ' .
" | ’ - ' o ;
( - - . . , .
f“ . 0 if o and oj are members of the same subgroup;; - : S
4 - . v ‘ .
T O eloj00 T - P .o C
° hY ’ . ) R ~T . . . -7 -
-_--A‘ T / 1 ‘themise o T K ’ . . .
) . * \ - . ) k - )
v y ' ¢ T

If the confirmatory paradigm is used to test the hypothesis that the outside

* 1

~variable accounts in parﬁ for the arrangement of points in r-dimensiOnal space,
then a‘large positive correlation between c(o ’Oj) as defined in (9) and
q(oi,oj) as defined in 3) would support the conjecture that students in the

u : _ same academic year tend to have similar -test profiles, i.e., they tend to be

’

. close together in three dimensional space. .In the case_of Table 5, this cor-

! relation is .55, which is signifi%ant'at.an approximate .000 level, In other
. .words, the comparisom/of q(of,oj) and c(oi,oj) essentially carries out a multi-

variate analysis of variance involving four groups and r measurements on each
4 ’ .
subject in a group, Furthermore even though the outside variablg in this

. . .

example 1s treated as a’ simple catEgorical measure, it,should be clear from

~ e w . ¢

the discussion related to the structure function in (3) that an analogous
'function coﬁld be defined for variables measured on higher order scales. In fact,

we could explicitly take the frtshman/sophomore/junior/senior ordering into

.. actount in our illustration. : S ' T .
(.: : . o L
L - , — ,;"— R L fﬁr Discussjbn . ’ '
. _L-"' . . . , o
As should be evideﬁt in the examples given above, the confirmatory approach
S
. developed’in this paper has a number of applications related to the use and

= -development of geometric models, either thosé that occur,naturally or those

- ".~' derive&'from/sume intermeaiafeldata reduction process, In addition to the ' \
. ) illustrations provided, a numb r of other correspbndences<to the methddological «
e - ” >
litﬁ%ature of the behavioral sciencescould be developed that the reader may -be ~
. ;ﬁ o‘ .,. .,"h "‘ " T ,' ‘ A 7‘\ :
- & s . .
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!nterested in pursuing further. For instance, Carroll and Chang (Notehl) o

LIS

- ' Suggest a general index of nonlinear corfelation between ‘two sets of gbservations |
- |

<&
N xl,..., A and‘ {y;;...,yn} defined‘by‘f

—_— d
— - ¥

K = (1/5) B vyy0iy) 2,

1
. ‘ ‘
R o -
~ where : -
; v . .

. . n L /2
= a/m 1 G705 | - R
i=1 Ll T _ - . S

. and . ) ) \ ’

13

PN *
wij is some decreasing monotonic functlon of Ix

1 jI '

Intuitively, the s 11er K is, the greater he inferred nonlinear correlation
¢

— {

2
Since S is constant over a11~permutations of the y's, permutaE%on dﬁst

for K can be obtainéd by considering only its numerator; trEat ng the waiue'

ror ”
wij-as a Q matrix, and (yi—yj)2 as a C‘matrix. As discussed bx Cargoll and

P i »

Chang,iK itself includes, as special cases, " the well—known corre tion ratio

v

as well as von Neuman s autocorrelation statistic,. In ﬁ%ct; as a second general ‘°
. . . Ay -

. application, a substantial iiterature in«gociology exists in uéing wﬁat is

—

ca11ed the contiguity ratio, which isﬁalmost identical in form to K, as a way -
. RN

of relating the structure of social networks to outside variables (e\E., see

[N

Winsborough Quarantelli, & Yutzy, 1963 Althauser, Burdick & Winsborough . R

% . "
1966) . For a number\oE\Bther\applications of the type of analysis discussed .

i

3

in this paper but‘\hvch are not specifigally tied to geometric‘yodeling,gthe

v

reader should consult Schultz and Hubert 11976), Hubert ‘and Baker (1977),

a

|

Hubert and Levin (i976a b), Hubert and Schultz (1976), and Hubert (1977)
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The: Patterns Used by Glushko in Teéting Garner's .

Table 1°° ~ .

Pattern Goodness Hypothesis

-y
!
3 - ’

" Equivalence class size |




f

The Symmetric Proximity Matri% Obtained by Glushko.

} . |
' - :Lf . Table 2

“

" (Lower Triaﬁgie) and theé Structure Matrix

+

Equivatence Class Hypothesis (Upper
. » O «

-‘\\
]

é;r“the Patterns of

Table 1
Generated by the
Triangle)
\.\. 1

> t

9 10

3

11 12 13 14 15 16

17 -

1 707 7101 71 7
2 1 X3 3.3 3 3.3 3 3 7 73 1~2 7 7-7
; . v
Y3 .t 2 x 0.0 0bo o o o & A
1Y . /\ .
4 2 4.0 X 0 0,0 0 0 0 & :4 4. 4 4 4 .4
f . o . .- ‘ e ;-
5 331 L X 050 0 0 0 4 4 4 4 4 4
6 2 4 1,1 1 X 0 0 0 0.% 4 & 4 & 454
7 L2004 3 2.1 29X 000 4 4 4 4 4 4 4
8 3 5° 2. 1" 2 71,0 X- 00 4 4 4 4 4 4 4
. . N
‘9 b4 21 5 3 3 4 X_,0 4 4 4 4 & 4 1
W 45 4 4 3 33 5.4 X 4 4 4 4 474 4
- 8 v A -" €
11 5.5 3 4.3 0.2 311 570 0 0 0 8- o0
12 5.6 4 6 4 1 5 5 2 1 3 x 6,..0 0 0 0°
13 ' 67 7&6 5 & 5 5A1 4 1, X 0 0 0 0 «-
¢ N > ! ) ' t‘ -
.. 7 6.6 4 5 4 .6 4 2 4 1 1 x.0 0 ‘0
[l b . hd -
15 6.7 5 7-4 5 5 4 5 0-3 -0 0 1 X o0 o
16 7 875 5 6 4.4 3 4 1 % 2 2 o 1 X:0
17 7.7°5 5 5 6 5 4 6°3 6-2 3 1 1-1.%
e _n . -
E \ .

. ' ‘ K ‘ !
., - N - ’ ol : ‘“‘l‘%
(‘: - 'DIIU“I':. - : -‘ y 0y

. - e . v . . . f
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. - . _ Table 4, . | el
. ' s v , . L . . . ‘,
. ' Mean Similarity Ratings for 12 Nat:ionsa/ . : -
. . v . \ ' . ¢ coe ‘ . -
' S ] I - A ¥
<. L2030 4 sh,e7l 7 8 gl fi] -
R ' ‘ : , - d
"1 Brazil® - ‘ . N
ha 'Y .
e S WY LN
2 Congo 4.83| -~ : N
3 Cuba — 5:28| 4.56 | - | . l
4 Egypt 3.44 | 5.00]5.17 | -- [ . .
5 France . |4.72.) 4.00]4.11|%.98] - |
. - [ - ‘v [ ] 5 .
. : * . . . . . .
6 .Tndia | 4.50] 4.83(4.00{-5.83.( 3.44| - ‘ A AR SR AEN -
-7 Israel 3.83(3.33 | 3.61 | 4.67 | 4.00 | 4.11 | —- ' “
8 Japan © | 3.50|3.39["2.94 | 3.83 [4.22 | 4.50 | 4.83} ~- _
T ' . J ) N 4> 2 B -
9 .China 2.39(4.00|5.50 4.397] 3.67 | 4.11 | 3.00] 4.17 --\",'
10 Russia . | 3.06|3.395.44 | 439 |5.06]4.50 | 4.17 | 4.62 5.72| — -
' - . FOEN R ¥~,:’\" " - .«
‘11 U.s. 5.39| 2.39773.171 3.33 | 5.94 | 4.28./'5.94 { 6.06 | 2.56| 5.00: ~- N
* 12 Yugoslavia [3.1%] 3.50 | 5.11 | 4.28 | 4.72 | 4.00 boob | 4,287 5.06(6.67]3.56| - o
. ol 2
1 - * L 1 N =
[ a. . - ' .
Largér numbers indicate greater sfimilarit:yl. .
: % |
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S Table 5~ | “}
L '.Simu\](ated Prof‘i.les'for 21 Obje§t5‘ and 3 "lariables"l
L . :
' Subgroup Object (:5) Y, "—%Yi?/ Yy,
_ LN 20 1 - 26
‘ ’ *2 17- 7 29 25
‘ 3 \14.. r" " 30° 27
; & T, 18 1 28,
.5 - 18, 88 - . 25
: C p ~ )
" 6 & 13 24 20
, 7 13 27 21’
.8 s 26" .0 a1
: 9 ., 80 o 18.
< v o ©
‘ 10 23~ 32 29
11 22 7 31 30
/ / 12 . 22 36 32
" 13 23 36 30
14 22 . 33 T3
- ' 15 21 \35 31
16 "5 35 33. ¢
: - 17 24 34 30
. ] N .
. SET I 1\6w s, o
.19 18 ., 28 - 26"
20 18% 29- . 25
.7 ’ 2 20 31 25
.t !
-é‘ s . -, . | €| \




Figure Captiong.

—

5
f

Figure,1. TVb-dimensional scaling %f the Glushko‘patferns.

,Figuf 2. Two-dimensional configuration of 12 nations.
p con <

Figure 3. Two-dimensional configuration of 18 subjects. ~
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