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Abstract'
.

I

Four different'prOceatres (Huynh, l976; Marshall & Hadtel, 1976; Subko-.

viak, 1976; Swaminathan, Hambleton & Algina, 1974) have been proposed for. es;

timating.the proportion of Pe/tons consistently classified as master/master or

:nonmaster/nonmaster on two mastery bests. Estimates of this proportion were

obtained, by each of the above procedures for repeated samples, of 30 and 30

i persons drawn from a population of 1586. These estimates were then co :red

for accuracy to the proportion of the population of 1586 consistent) classi-

fied as master/master or nonmaster/nonMaster on two tests; hereaf r, this

)1/

proportion isjeferred to as .t.te.population parameter. Reaso y.accurate,

-7

estimates of the'popuaation-perameter were generally obtain for all four pro-,
ere obsefy , _es-

,

l4uynh procedure

cedures ;however, instances of' Systematic estimation bia
.

.

. ,

pecia4ly for tests of 10 itemS Of---qess. Poi, example

tended to produce underestimates of the population rameter,wile the Marshall-
,

,

Haertel and Subkoviak procedures produced unaerek4timates in/ceitain instances

and overestimates- in others., The-Swaminathan-
t,

erally produced unbiased estimates, however ese estimates tended to deviate°
4. . .

widely from the populationwameter, esp iAlly\for samples of 30 persons or

bleton-Xtgina procedure gen-4

less.

iv 9

vy.

`N
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Introduction .

.
i

For present purpos a mastery test can be'defined as a-testiwith a
i

single gutting score that determines mastery and nonmastery subgroups, having ,
.

,scores above and belo c respectively. Irithis Context; reliability_refers tos ,.. .

. .

the consistency of stery-nonmastery decisions over repeated testadministra-

tions (Hambleton & 'Novick, 1973, pp. 166-167). Accordingly, the proportion

/
of consistent mastery/Mstery and nonpla nondiastery classifications for

__,

.y
,---, t ,

.a group on two'iests with cutting score c, sympoldzed PC, has Been proposed,
. 2

as a raw index of reliability ih this cont

1974, 1975).- In addition,' three proctip

scores on a single test have emerged XHiliYnh, 19764Marshall & Haertel,' 1976;

U5Immninathan, Hambleion & Algina,
7.,

for estimating proportion Pc from

.

$./ ''''Subkbviak, 1976). Thus, a teachrfor other test user is faced with the'prob-7 .

len.of chopsing among fOur different procedures for estimating Pc in the:ab-
,.

sence of any clear guidelines. The purpose of tbe.project was to provide such
,,,,.

/
, guidelines by comparing population values of P

c
to sample' estimates of P'.

_ ....... . . .
- .- c'1, .

.
.

. .. ,
SpeAcifically,,the proportiOn of consistent classifications on two tests for a

population of_1586, a P
c parameter, was compared for accuracy so four dif -'

ferent P
c :_estimates (Huynh, 1976; Marshall & Haertel, 1976; Subkoviak, 1976;

I

6waminathan et al., 1974) forrepeated samples of30 and 300 persons from the

isame population. The'results thus illustrate thelextent and'nature of disciep-
,

ancfes be"tween parameter_and estimates. The'results,also have indirect rele-

vane for the process of estimating coefficient kappa, a function of 'Pc that.'

has also 4een proposed as an index of reliability for mastery tests (see Huynh,

1976; Subkoviak, 1977; Swaminathan et a1.1974).
0

-

a
. ,
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'The data base for the pro

2

J4etbod

7

t consisted of the resronas of a population.
.

Of'146 Students to paryleleSto of 1Q, 30, and 50 items each from the SChO

\, (
lastic Aptitude Test.' Eac 1Y-item test was part of the longer 30 item' test

, .

8 e . y

which in turn e-was part of the 50 item test. Half of.thitems on each testQ -J

were reading comprehension;- and the' other half were a mixture of analogy, an-

tonym,,and s4nience completion items. The means, standard deviations, and KR20 '

'reliabilities of the various tests are shown in Table 1.
1

us, the,distributionsof.scores fora population of 186 students on 1

.. parallel tests of _n = 10 30, and '504items were available. -For each of these

. A
n-iteyfrtests, four different:mastery 'criteria we onsidereal:

'-701,; and 80% items correct: Fdr each combirlation of the 3 test

c = 60%,

lengths (n)

and the 4 mastery criteria (c), the proportion of the 15815 students conSis-

.

.tently'classified as master/master or nonmaster/nonmaster on parallel tests of

a4 total. of°3><4= 12 values of parameter P. These

the 12 cellvfltables Appendix'A.

2a when n = 10,i-c,emsand the mastery criterion.i5\

length n was computed, for

parameter values appear'in

For example, in Table
,

.

set'at c P5D% (or 5 items correct), 671:of the 1586 students were consistently

classified bnituo 1Q -item p
.

allel tests, i.e., the parameter value' is Pc'= .67.

, sq
1This parameter

,

value of' .67. similarly appears in all.the tables of Appendix A,
_.,

as do'the-paraMeter valus for the ,other cases considered.

The other numbers in the first cell of Table 2a in Appendix A, are respec-

tively the an and the standard error of 50 Swaminathan-Hambleton-Algina es-

timates of parametervalue Pc = .67, based on 50 random samples of 36.Students,

from the Population,of 1586.stUdents. For th'b case of n =10 items and c = 50%

t

1

.

Gary. hrcb of Educational Testing ervice^proided,the data used in this. study,
and Barbara A4brecht!end Carl,VOelz.pf.the-University-of Wisconsin helped with
the analysis. The asS istance'qf each iS gratefully acknowledged.
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Table,, 1

Test Statisticsa

3

A,

Statistic .

Test
\

Fo

.

c Test Length

. .

.....)

140 30 50

'

C-\Mean 1- 4.87 14.49. `, 24.11

2 4.617 15,18 , 25.05
4 .

Standard ,1 2.00. 5.45 ,8.43
Deviation

2 -' 2.07 .4.87 7.83"

i
KR2O 1 -..155 .81. . .87. .

Reliability 1 .56. .77 .86.

aBased ou-a populatidn of 1586%persOns.

4
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. .

correct in Table 2a, the mean of 50 Swaminathan- Hambleton- Algina estimated-was

,

:68; and the standard error Of thbse estimates was .08i.e.1\fhe estimates

-tended to leviate from the parameter value of :67 by .08'umps outhe average.

The first cell of. Table_21) contains the same type o information fbr Swaminathan-

Hambletoill-Al'ina estimates' based on 5C1 random samples of 300ttpersons fro? the
i., .

, .

47./',
.

populdtion of 586. Remaining Tables 3-5 of !Appendix A. provid6-sifnilar in-
.

, .,

formation for throther estimati Aih procedures consider the study: Marshall
,

- .

2' tHaertel, Shbkbviak, and Auynh.

.

.

.Results.

Swaminathan-Hambletim-A1gina ProcedureI /I
The_Swaminathan et al. (1974, 1*) Tenability estimdte is siMpiy'the 4

' proportion of persons iji a 'sampl'e con§istentiy classified master /master or.
,

. , s

.

. .
. . . ,

r

.

. -.6,nonmast r/nonmaster on two tests. As described above, this estimate was com-

puted repeatedly for 50 samples of 30 and for .50 samples of 300 from a popula-

tion of 1586 persons. Thp means and standard errors of these, es*ates, for-

, , various test lengths alld mastery criteria, are 'shown in Tables 2a andNb of

.Appendix A.
t-v.

,$

- Figure la is a graphic representation of-Table 2a for samples of 30 per-
t -

sons, while Figure lb
I

is a graphic representation of Table 2b for samples of.:
, ,

.

300. Inithe figures,,zarameter valued are_represented by o's; estimate means
, . .

are represented by x's; and standard errors-ire represented by line intervals

,(), indicating the extentto whh estimates tend tb deviate from the parameter
.

,...., 0
'value. ,

, .
. .

.-,

,.,

In Figures la and lb; estimate means (x) generally equal corresponding pa-.
,,..-

,

.' t

:rdineter values(0)041-dch suggests that Swmminathan et al. estimates are unbiased,
,

1 fit

8 .

2Afl c6Eputations were_done via computer programs written and tested specifically
-fortht project. The interim report of April 30,J977 describes,that phase
of projecI*
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as might-
r
beexpected for this two-test procedure.

However, for"diassrbom size sainples of '30 persons or less the relatively

large standard errors of Figure la-suggest,that ndthan et al. estimates

tend to fluttuate about the parameter value to a greater extent than Marshall-
.

) .

Haertel, SubkM.ak, or Huynh estimates,(compare the standard etrops of Figures
,

2a, 3a and 4a)., Of course, as in lb, th standard error of estimate
,

can be reduced by increasing sample size -to,-say,\300 persons, whiCh isnot .:

unreasonable for a test ptiblisher or other large:sc le user. -- .

.
4 .

4 1 )

I t might also 'be noted in Figures la,b or Table \2Asb-that the. standard ,

.

.

, . .

error generally fends to decreXse as test length (n) increases and as the .

.mastery criterion (c)

least in part, to the

becomes more extreme

increases. These observations are attributable, at

fact that as the parametric. value of a proportion .(Pc)

(large oismall), estimates of that p portion tend to be

more accurate or less variable: These smile trends qre repe

figureS and tables.

ted in subsequent

It might,also be mentioned at'this that%the reliability ettimates

of all subgequent figures and table

test' Form 1 to samples. of 30 and 30d

advantage over estimation procedures

are based on a single.adminisration of .

.

3
students. This represents a distinct

/0

requiring two test forms or administrations.t
Marshall-Haertel Procedure -

_ :

'Procedures that estimate reliability from a single test administraiion

4 I

generally substitute certain assumptions for trmissing or absent second

testing. 'For example, the Marshall-Haertel procedure makes the hypothetical

assumption that if n-item tests'were repeatedly administered, to an individual

student, his or. her distribution bf observed scores would- be binbmial, with

parametert n (n ber of items) and p (probability of a, correct item' response).
k

. .' . . ,

4,stimatesbased on Form 2 of each test were very similar tot those based on
interim

. . , . .

FoYm 1, as indicated in the project report of April 30,'1977i,
-..- -

'

,, 11t

f

1$*
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-Marshall and Haertel use-eachstudent'S-observed proportion col-met score,on
. , . . . .

,,,
the actual n-item test to approximate his or hei binomial pS- paraMetOr, and the.

group distribUtidri'of observed scores or a,hypothetical 2n -item test is simu- - ,
. 1 .

lated.;'This 2n -item test is split into half tests:in all posSIhre--ways; and :
.

an estimate of Pc, the proportion of consistent clag'sificatiofion two tests,,

, is 'computea.for each split. -The mean of these various Split:half estimates is
,

then-taken as the final _estimate Of Pc. See Marshall and' Haertel-,4,11976) for
,

futther details.

V
4

Figures 2a and 21)vai-graphic representations of Tables 3a and 3b Appendix *
,

, .

--L. A) for samples of 30-and 300' respectively, Especially for tests of 10 items or
, ..

less, there. appears to b_-a-slight systematic bias in 'the Marshall -HaerteI as,

ti

timates of ,Figures 2a,b. The estimate means (x's) for master); criteria of,50%.

and' 60 %, wItich axe; points near -the center OT the unimodal test sdore-distribb-
-..,4

tion used in the tudy, tend to"overestimate the parameter (o's).- tonversely,

estimate means ;(xis) for mastery Criteria of 70% or 80%, which ai.epoints in

.

the tails of the distribution, xend'to nightly underestimate the patameter
. ., .

,

4b!j. Algina ana Noe (1977, i).:6) report the same type of bias in a somewhat

. different-context and relate. ii to the use of students' Observed proportion
- :,. . ,-

correct'sco es as approximations of the'binomial p- 'parameter... TheN -
of such bias should decrease as test length increases, as it does in

magnitude

Figures2a,b

for tests of 30 and 50 items; since'observed proportions provide better ,approKi-
. , ..

, . ,, . ..

mations to the binomial p - paiamtet as the number of items or trails increses.:"
..

.,, k,

Subkomiak -44.cfcedure
.

This procedure assumes that if n-item tests were repeatedly administered'
_,

. .,
. '.

to an individual, his or her distribution of observed scores would be compound,- -.

binomial and that-the indiviiol''s score on one test does not effect his or
1 . .

d 6

her scores on the other tests'. Individuals' -observed 'proportion correct scores

4
QS

.,.

y

.....-:,_
12

,\
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\s;'...on a test and the associated KR -20 coefficient are-then used to obtain.4inear. .

'-regression approximationS of individuals'-compound parameters. Pt
4

groupeStimate-of P
c

, the proportion of consistent classifications on two tests,
1.

.

can then be obtained from the individUal compound binomial-distributions. See

Subkoviak (1976) for details.

'Figures'3a,b'are graphic representations of Tables 4a,b of Appendix A.

Algina and Noe (1977, p. 6) report slight, systematic bias in Sy Roviak esti-.,
I.,

.mates for simulated data. They found parameter estimates to,be,,,00 small for

4
mastery-criteria near the center a-Pa unimodal test score distribution and too

4
1

large for mastery criteria in tHe-tails of thedistribution. This trend also

ens to be present in the 1 ,item test of Figures 3a,b; however, the evidence

. of such a trend `iii the 30 or. SO item tests of_Figures 3a,b is somewhat less
r ,fcompelling.fi

While the Subkoviak procedure procedes reasonably accdrate parameter es- 1-

.
t

timates for ftle unimodal test score distributions considered herein, asevidence4.t

by the relatively small .standard errors in Figures 3a,b, grossly

timates can occur if linear regression approxiMations of birfotnial

inaccurate esl,

parameter

are blindly obtained for multimodal data sets (see Huynh, 1977, CaunterexamPle

2; Subkoviak, 1976, p. 269). While more complex regression techniques. could
.1

be_emiiloyed to approximate p in such cases) the procedure discussed next pro-'

.' vides a more tractable solution for mostdata sets )likly to arise in practice,-likely

e.g., unimodal, bimodal, or uniform.

Huynh Procedure .

Basically, thiS procedure assumes that the diStribution of observed scares

over repeated testing of an individual. wi h parameters n and p and that

'. such test outcomes are 'independerit of oneanother. In addition, the'distribution

r/-of individuals' binomial p pArameters is alsumed to be.beta in form (see Lavalle,

15
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X14
,/.

1970,. 256 for examples). Underthese assumptions, the bivariate

of observed scores' on two testings .for the group is beta-binoinial form and

can be simulated from scores -on a single test administration. EstiMates of.,

parameter P\an then be obtained fr.& this simulated ta-binomial distribution.c t .

See Huynh (1974.) for further explication.
,

distribUtion

. ) :s

Figures Aa,b are graphic representations of Tables 5a,b

trend in.Figures 4a,ILwould appear to be toward 'conservative e

tests of 10 items or less. ,How0er, for tests of 30 or450 it

"timates.aresgenerally citite good as evidenced by the coincid

and parame ers (o's) as well as the small standard errors 6f

O

pendix.A). The y

timation for

ms the.Huyiih es-

tee of means, (x'§)

Figures 4a,b.'

(.

P 1

Conclusions ,

, 0 1

, All four procedures (Huynh: 1976;MarShall `& HaerteW1976; Subkovciak
.{.

. ---
.

1976; Swaminathantet al., 1974) appear to provide reasonably accurate,estimates,

of par eterIP , the propOr'ticie4 cOnststent classificat ons on two Mastery., c
- ,

i

tests, for the various cases considerqd herein. -In par... tiicular
'

the Huynh pro-

cedure seems especially tractable. The following spepihc conclusions also
J tY'

appear to be supported by'Figures'1 i-4. .

,,.

, .'
.

1, The two-test Swaminathan-Hambieton- Algina proce4re produces *unbiased es--
. ,

timates. However, the standard error of these estimates is relatively

,

large ,for classroom size !samples of 3Q or fewer 'persons. -.For samples of
.

300 or,more,
1
the standard errors are quite small,

'2'. Tor unimodl ditributions of scores on tests of
..., .,

one-test Marshall-Haertel,procedUre produces ov

criteria :ta

iteria near the center!! the distributiOh ah
.

k ' i

teria in 3the tails. he'standard\error of Mars1

,

10 items or less-,,the

estimates for mastery,

underestimates for cri-
.

11-Haertel estimates is'

relatively small for, classroom S ii0 les of,P4or more.
=

18
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3. For unimodal, distributions of scores on tests of 10 items or ess, the one

test SubkOviak procedure produces :underestimates for mastery criteria near_

the center of the\distribution and overestimates. for criteria in the tails,

The standard error SUbkoviak estimates.is_reiatively.small for sa

. bf 30 or more persons.
.,...

,-
4.

.4. For unimodal distributions of scores on tests 'of 10 items'or less, the
,

one-
.

.4f

test Ituynh procedure produces underestimates;. The standard errors of ,

. . . . .1-

Hilynh estimates are reitively small for samples of 30 or more per ons.
_

.

It might also be added that the Huynh procedure appears to have fhe mosfSound
,

mathematical basis of the three one-,tes:Capproaches. The two-test Swaminathan-,.

HambletbrrAlgina procedure is also quite tractable in this sense:
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principles and recillires
,

the comparilon of_al)roximity matrix 'generated from a

'geometric repreentation Against a second "structure" "matrix obtained from the

outside variable under study. A number of examples are presented that illus-

.trate.how the dame statistical approach can be applied in evaluating geometric

' models that arise inn number of ys,_kOr instance, those produced by some6
explicit data reduction process, or poSsibly, models generated by naturally

occuring spatial contiguity.
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Table 2a'

Means and -Standard Errors of SWaminathon-

Hambleton-Algina Estimates forRepeated

Samples of 30 Persons

23

Mastery -°

Criterion (c)

.

Statistical
Index

.

Test Length (n)

10 30 : 50

50%

...

-

arameter

Mean

St. Error
r

.67

:68'

. .08
.-

.79

.79

p.07

.83

.84

.06

.

60%.-. ,.

Parameter'

Mean

St; Error .

.

.72

.07

.84
°t

43
.06.

.87

.87

.06

70%

.-

Parameter

Mean I

St. Error

'r

.80-

.79.

.08'

.88

.88

x..06

.91
I

.91

.05

_ -

" .

80%

.

Parameter

Mean

4
St. Error--t

,

'48

.87

-.06

.94

.93

,:05

_.96

.96

.08

....

ae

O

eb,
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Table 2b

Me.ansyand Standard Errofs.of:Silkoninathon-

Hambleton-Algina Estimates for Repeated
4

lc Samples of 300 Persons

.

Mastery
Criterion c)

.. =

Statisa1
. index

-.14

Test length (n)

10 30 50

50%

Parameter

Mean

Si. Error

.67

.67

.02

-.79°

.79

.02

.83

.83

.02

60%

i

Parameter

Mean

.

St. Error

72

.72

.02,

.84

:84

.02

.87

.87

.02

70%

.

. :

Parameter

Mean

St. Error. .

"

.

.80

i .

.02

.88

.88

.02

.91

.91

.01

1-

80%

1
.

11
,

. (

Parameter

Mean
d

St. Error -

.00-

.$8

:88

,.94.

..94

.01-

,
.96

.Q6

.01'

,,4-,

.02

28
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Tabli- 3a
) 1

4 . - Means'and Standard Errors o'f Marshall-/. ,,-''' ,

4
Haettel Estimates for Repeated

------......

. 1

3

F-

,Samples of 30 Persons

. ^

Mastery
Criterion .(c)

.. Statistical
Index

.

\ Test Length (n)

10
,

30 50

50% '

..

,_,

Parameterarameter

Mean

St. Error

,

it

.67

.74

.08
.

.79

.82.4,"

.04

.

.83

.84

.03

.

-..-----

.

60%
.

Parameter

Mean
, ,,,

St. Error

.

.72

.-.75

.05-

-.84
,

.84

.03

.87

.87

.03.

.

.

70%

Parameter

Mean

St'. Erroi

'
.80

.79

.03

.88

.88

.03

.91

.91

.03%
.

.

_

80%

.

Parameter

Mean

St. Error

. .88'

.85

.04

.

.94

.93

,03

.96

°.96i

'.02".

_ti
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Table 3b

Means and Standard Errdrs of Marshall-

Haertel Estimates for Repeated

Samples of 30 Persons

'26%.

Mastery
Criterion (c)

V

Statiitical
. Index:

Test Length (n)
f ,

lA ' 30 . 50
Ns,

50%

Parameter

Mean

.

ErrorError- .

.67.

.73

.06

.79

.81'.

.02-

.83

.83

.01

'

60%

.

417
Parameter.

Mean

a. ErTor

.72

.74

.03

'

.84

.84

.01

..87.

.87

,01 --.

.

76% , ,

Parameter

:,..e'

Mean

St.-Eiror
,

..
.

.80

.79

.01 -

.88

.89

lAl
-

.91

,p2

t .01

,

,80%

/.-----)

Parameter

Mean.;

St.. Error '.

.88

.85

.03

.94.

.94_

.01 \

.96

.96

.01

30
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'Means and Standard Errors of Sybkoviak

Estimates for Repeated Samples

of 3Q Persons

27

Mastery
Criterion fc),--,

, .

- Statistical
_

Vlex

Test Length (n)

10 ,30 50

.

50%

.

_

Parameter

Mpan

St. Erroi1

.67 ,

.66

.06

.

-*.79

.81

.04

'.83

.84

.03

.

-.4

.
60%'''

.

.

------,

Parameter

Mean
/

.St. Error .

.72

.69

.06

-.

.84

.84

.04

s,'

1 .87

.88

.03

4.

70%

. ..

ParaMeter

,Mean
r-.

St. Error

,80,

'.79

.05

.88

.89,

.04'

.91

.93

.03

r

k

80%

,

Parameter

Mean

St. Error %

.88

.90

.05

A

.95

.03

.96

.97

.02 .,,

.

I
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Table ,,4b
4`,:-

Means and Standard Errors of Subkoviak

Estima' tes for Ilepeated*.Samples

C

of .300 Persons

28 ;.;','

Mastery
Criterion (t)

.

Statistical..-_,
Index-,- -

Test Length (n)
-.

10 30 50

A

.

50%

6 .

.

Parameter

4 -

Mean

Si. Erroi

'.6.7'

.64..

'.04

.79

..79

.01

s

.83

.83'

.01

60% ,'

-

-: Paiameter
k

Mean `'* ,

,
St. Error

,

.72

.66

.06

.84

.83

.02' .

.87

.87

.01

.

..

70%

e

,sA

' .,

4
41

Cti

.

Partgeter

ean..

'Errol-

.80

, .77

.03

.88

.90

.02

.91

.93

'.01

t

c 0%

.

4 i,...ra
'..

:,,c.

.1-

Parameter

Me:an-

r St. Error'
t , -

.88

.90

.03

'

i

.94

.96

.02 -

.96

2.7

.01
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Table Sa

Means and Standard Errors of Huynlif

;' 'Estimates for-Repeated,Samples

Of 30 Peisons
4 t

I

1

-s

29

1

Mastery
Criterion

,

(c) 0?;,1

t

Statistical .

Index

..._

Test Length (n)

10 30 50

, .

50%

. .

P ter .

k
1:17

Meai :',, -1,

, .

St. Er, r P''''---

.67

'-'
.66

06

. ,.72

67

.06-

.79

).80

03'

.84

82

.03 -

.

.83

:83

. .02

.87.

.86

-.02

60% -.

41.1-
.

Par
,,,-;,:. ...,

41011'.-1?;

te:1 or .

1

70%

.

Parameter

Mean %

St, Error

_

.80

t

.76

.06 .

.

.88 .

.88

.03

:91

.91
,:......-

.02

1.

- , W,,

,

.

.

.

0

Parameter

Mean

St.- Error
0

.

0
. .88"

.86,

.05
'N.

.94

.94

.,02 .

..96
._

. 96' -I-

.02-:,-
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Table 5b

Means and Standard Errors of Huynh-

,

Estimates for Repeated Sardples

, of 300 Persons

130

Masterymastery
Criterion (c)

.

StatistiCal
Index- ,'

Test Length (n)

10
.

30'-' 50
.

:

50%

-

-

Parameter

Mean
.

St. Error

.67

.65

..ds

.79

.79

.01

.83

.82

.01

60%

. Parameter

Mean

St. Error

.72

.66

.06

*

.i,

.84

.81

-.03

.

.87

.85.

01

.

70%

Parameter
c

Mean
.

St. Error,

, .

.80

.74

-.06

,

.88

.88

'Al

.

-

.91

.91

.01

,

. .

80%

.

--,';4ean

_

Parameter

.

St. Error

.. .88

.86

r

.02

.94.

.94

.01

%

.96

.97

.01

.1
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Abstract

V

Reliability
-" 33

foi

Four different procedures (mirth; 1976; Marshall & liaertel, 1976;

Subkoviak, 1976; Swaminathan, Hamblet6 E Algina, 1974) have been proposed

for estimating the proportion of persons consistently classified as master/ -

A

master .or nonmaster/nonmaster on two mastery tests. Estimates of this pro-

portion were obtained for- repeated samples. of size N = 30 for each of the above

procedures. The, estimates were-then compared for accuracy to the value of .

this prOportidn in the population of N = 1586 subjects from which he samples
_

were drawn. Both test length and mastery criterion were varied. WhiTe-rea-

sonablyaccurate estimate's were.generally obtained for all four proredures,

instances of systematic estimation bias were obServed.

c

1
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Empirical Investigation of Procedures for Estimating

Reliability for Mastery Tests-

.

POrpresent purposes, a mastery test can be loosely defined as a test
, .

witersimle cutting score, c, that determines mastery and nonmaitery cias-
p.,...

. ses--- scores above and below c respectively. In this context, reliability
. .

: referS to the consistency of masterynonmastery decisions over. repeated test -1
1'

....

, -

.

trations (Hambleton & Novick, 1973, pp. 166-167). Accordingly, the .

proportion of consistent mastery/mastery and -minas tery/nonmas tery clasSifi-

cdticms on two tests with cutting score c, symbolized pc, has been proposed

qz,

.
as a raw index of reliability"in this context (Swaminathan, ilmableton & Algina,

1974, 1975). In addition, three procedures for estimating proportion p from

scores on' a single test have emerged (Huynh, 1976 Marshals & Haertel, 1976;

I

.N

,._53.6koviak, 1976). Thus, a-teacher or other test user is faced with the prob-

lem of choosing among four- different procedures for estimating P in the ab-
.

c

sence of any clek guidelines. The purpose of this brief note is to report

the i/esults of a.simpletempirical exemise in which population value of P
, c

were compared to sample estimates of Pc. Specifically, the proportion of con-

sistent clas fications on two tests for a population of 1586, a P- parameter,
.

--c .. ,
,was compared for accuracy 6 four different pc estimates (Huynh, 1/976;,

Marshall ;& Haertel, -1976; Subkoviak, 1976% Swaminathan ei al., 1974) fordo,

JI

.

repeated samplet of2530 from the same pofulation. The results thus illustrate

the ext'eft. and nature of discrepancies between p arameter and estimates. The

_results als6 have indirect refevance for the_process of estimating coefficient

kappa, a'finiction/of pc that has also been proposed
,

as an index of reliability`

for mastery tests (see Huynh, 1976; Subkoviak, 1977; Swaminathan et al.

J

'3 8
a

4
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The data base consisted of the responses of 1586 students to parallel

f9rusof 30,. and 50 items each from the Scholastic Aptitude 'Test. (The

10-item formswere included as part ofthe 30 item forms which in turn were,

part of the 50 item forms.) The me ans, standard-deViations, and KR20 reIla,
_.

bilities of the various forms:are shown in Table 1. Half of the items on each,
. /

form were. reading cdnprehension; and the'other half /ere a mixture-of analogy,
.

q l

antonym, and sentence completion items. .- .

t.

In Sett Table 1 here

,

Thus, the distribution of scores fore 1586 students on parallel tests of

ti

..r.

n = 10, 30, and 50 items were available. Fdur different mastery criteria were

considered for each h-item test: c = 50, 60%, 70%, and 80%.correct.. For

eacti combination of the three test lengths (n) and the four mastery criteria ,

, ..A...- .

(c) , the propOrtpn 2c).of th 1586 students consistently classified as i
4

master/master,or nonmaster/nonnaster (on parallel forms of.length n) was com-
..

,puted, for atotal of 12 Values of parameter pc.: These values' appear in each
1 .

cell of Tables 2-5. For example', when nc= 10 and the mastery Criterion
. 4

4

is set at c = 50% (or 5 items) correct in Tables 2-'5, 67% of the 1586 students

0
were consistently clasAfied on two 10-item parallel forms, i.e.,, Pc = .67.

The other numbers in each- cell of Tables 2 -5' are the meat .and the

. standard error of -50 estimates of parameter
..

P
)
based

e
on 50 randok,samples of,C

. IV0 ,
30 students from the same population of 1586. For example, when n = 10 and 1

. . .

c = 50% in Table 2, the mean of the -SO estimates is 6#; and their 5tandard
,

*>-

.9.4°

error is .08, i.e., the estimates tend to deviate from the parameter.valut (.67)

by*.084Nrits onithe average
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waminatLLHaMbiepor-AlTina Procedu e
414

In' Table 2,. the fact that cell

'meter values (and the two do nOt devi
A .

Msuggests-that4Swaminathan et al.
r-

'for.t6s two test procedure. Howelrer,

4

_Reliability

36

.0

ans generally,equal correspanding<para:

to in any obvious systematic, fashion)

tes are unbiased, as might be expected

as ,will become apparent, the standard

arger than those ofjables3-5; sug:7,errors c4 Table 2 tencl to be somewhat

gesting that Swaminathan et al.'estima es fend

value to a greater extent than MarshalliHaertel

Of course the standard error 'could easily be r

size from N = 30 to, say, N = 100..

Insert T

It might also be noted inTable 2

decreasp,,as test length (n) increases:

creases. ege observations are attri

. 1

that as the parametric value of a pro

or\small) , estimates of that proporti

lbeSe same trends are repeated in s

mentioned at. this Point thatthe rel

on one administratioil-of test Form to samples of 30 students. EgtiMtes'

to fluctuate abOut the parameter

, Huynh,\or SubkOviak estimates.

educed by increasing the sample

e 2 here

that:the standard erfor generalljr tends Io

d as the mastery criterion (s)_ in-

utable, at

rtion (P)

least yin part,, to the fact t

becomes more extreme (large
b

n tend tQ. be more accurate (less variable

sequent Tables 3-5. It should also be

*05. .

ability.estimates'of Tables 3-5 ar e based.'

based On parallel Form 2 of each test are very similar and are,not reported

here.

Marshall-Haertel Procedure,

This procedure assumes, that /distribution of'observed scores over repeated

-.testing of a fixed,,,individual student is binomial f ri. Students 'Thb.served

piopiortion correct scores on an ac 1 n-item test are used.as approximaiions to

the binomial p - parameter, and the group distribution of observed scores ona
- K

40
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Reliability

. 7

.

hypothetical 2n-item test is tiimulated. This 2n-item test is split, into half-,
c

tests in all possible ways,"and an estimate-Of P, is comput ed for each split'. 4

The mean of these variOUs split-half estimates is then taken as the final es- ...

.

timate Of
-Pc.

See Marshall and Haertel (1976) for further details.

Table 3 contrasts Marshall-Haertel means with parameter values.

, Table-3 here

. (

There appears to be a slight, systematic bias in the estimates (means) of

4i Table 3. The` estimates in the top two rows, corresponding'to mastery criteria
v.;

near -the mean of the test score distribution, tend to overestimate the parameter,-
it

i , ._

8- especially for short tests. Conversely; estimates in the bottom two rows, cor-X, -
responding to'mastery criteria in the tails of the distributiOn, tend to slightly

1 ,

underestimate the parameter. A&gina and Noe (1977, report.ttle same type

Of bias in a somewhat different context and relate it to the,use of students''

. 'observed proportion-correct scores as approximations'of°the binomial p -
. . ----,

parameter. The magnitude of such bias should decrease as'test length (0

- increases tas ingable 3),; since observed proportions provide better approxi-

.

4`

matins to the. binomial p - parameter as the number of items (trials) increases.
.

Subkoviak Procedure

This procedure assumes that the distribUtion-of observed scores over

./ 4

repeated testing.is compound binomial and that test outcomes are independent

for'a fixed individual. Observed proportion correct scores °Ia test and the

associated KR-20 coefficient are used to obtain linear regression approximatibns

,to the compound binomial p parameter. A group estimate.of pc., the proportion
. .

.

of consistent classifications on two tests, can then be obtained from the in-

diiridual'compound binomial distributions. See Subkoviak (1976) for-details,
.

' Table 4 contrasts Subkeiviak meansAth TaraMieter values. Algina and Noe

41
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Insert Table 4 here

(1977, p. '6) report slight, systematic bias in SubkOviak estimates (4ased on

linear approximations of binomial° parameter p) for simulated data.

SpecifiCally, they found estimates of P to be too small for mastery criteria
".--

(c) near the test score distribution mean and too large for mastery criteria

in the tails of thq. distribution.. Such a., trend is:not obvious in Table 4.
4 -

If,, igleed, there is a trend, it may be toward slight underestimation for

short tests :(?;f= 10) and slight overestimation for-clong tests (n = SO); but

the;evidence 4. not totally compelling.

While the Subkoviak procedure produces reasonably accurate P
C
-estimates

in this casesp evid;nced by the small standard errors, grossly inaccurate

estimates can occur if linear legression approximations of binomial parameter
. 4

p are blindly obtained itii--multimodal data sets, (see Huynh, 1977, Comterex-
\.

ample 2; Subkoviak, 1976, p. 269). While more coVlex regression techniques

could he. employed to approximate p in such cases, the procedure .discussed

next provides aymore tractable solution for most data sets likely to arise

n praCtVe'e,, e.g., unimodal, .uniform, or bimodal.

HuynhProcedure

Basically, tliis ptocedure assumes that the distribution of observed ,

scores over repeated testing is binomial and that test outcomes are indepen-

dent for a fixed individual. Ili add the associated distribution of in--

diViduals' p - parameters is assumed to be beta in form (see LaVa-14,e; 1970, -.

p. 256-for examples):. Under these assumptions, the
,
bivariate distribution

of scores on twO testings for the group is beta-binomial in form and,c-an be _

approximad fromscores 'Ob. a single test administration. Estimates of P_

can then be obtaimed from the simulatedbeta-binomial distribUtion. -See
d

-\ 42- -,)t
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Huynh E1976)'fOr further explication.

Insert Table .5 here

Reliability

39

Huynh means and parameter.values are contrasted in table.5. The trend

in Table 5 (as in Table'4) would appear to be towariconservative estimation

for.ihort tests. However, the estimates are generally quite good as evidenced
.c .

by the small standard

Conclusions
D

Allfour procedures ( Huynh, 1976k Marshall& Haertel, 1976; Subkoviak,

1976; Swaminathan et al., 1974) appear to provide reasonably accurate estimates

of Pc, the pro' ortion of consistent classifications on two;mastery tests, for
I

the various cases In particular, the4HuyAh proceduA seems es-

pecially tractable. Table 6 shows the means
A

standard errors of Huynh
, ,

./
.,

estimates based'On 50 samples-of,300 persons from the same population of 1586. ,r
6. t

f

Test publishers that employ large pilot samples might expect results like'

these.

Insert Table 6 here

While it might seem inappropriate to employ SAT dati'in the present.study

rather than mastery tesi data, this would not appear to be a serious limita:,

tion. Statistically speaking, the key issue is the performance of each esti- °

potion procedure aS the paramtric value of proportion 1.32 ranges between .50

and 1.00, regardless of the data base. In fact, it is interesting to note

that the Marshall-Haertel, Subkoviak and Huynh plocedures, which basically

,assume item homogeneity; produced accurate estimates. for the heterogeneous spa.

items employed herein.

1 ° 43
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Table 1

Test Statisticsa

.

Statistic
Test
Form'

Test Length'

10 "- 30 50

Mean
.

2

P

4.87'_

.4.67

.

15.18

24.11

25.05

't

Standard
Deviation

, :
1
A

2

2.00

.2..07

..-

5.45

4.87

8.43
.

7.83
,

KR20

Reliability

1 .55

.56

81

.77

, .87

.

.86

'

".

aN = 1586' .

4
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Table*

Means and Standard Errors, of -Swaminathon-

Hambleton- Algina Estimatesa

-Maistery

6iterion (cl
Statistical
Index

Test Lergth (n)

10s, 30 50_

ii.

50%

Parameter

Mean

St. Error'

.67.

.68

.08

4L79

.79

.07

.83

:84

.06

.

60%

.

,

Parameter

Mean

St. Error

,

.72

.72

.07

%,,.84

.83

,..,,,-

.87

.87

.06

a

70%
f,

. ,

Parameter .t

Mean

St. Error

.

.80

.79

.08

.88

..88

.06

.91

.91

.05

80%

Parameter

Mean

.88

-.87 7

.06'

,

. .94

.93
4

, .05

.96

.96

.08St. Error

aMeans and standard errors are based on 50 samples of 3t) persons.

48
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Table 3
mt 0 .,

and Standard trrots of ilarshall-

Haertel Estimatesa

45

. Mastery( 6

Criterion- (c)
Statistical
Index

Test Length (n)

10 .' 30 50

50%

Parameter

M921?

St. Error

.67,
C

.74

.,08

:fp
`

. 7 9W

''.82

.04

.83

.84

.03

60% .

Parameter

Mean

Sit. Error :

.72-z

.75

-.05\°

1.84

.84-.

.03

..87

.87

.03
..

70%

Parameter

Mean

St. Error

.80 -\

.79 '

.03

, .

.88

.88-

°.03

.91

.91-

.03

.

_ .

80%)'

ik t

.Parameter

Mean

St. Error

.'"

,

.88

.85 ,

.04 .1s--..

.94

.93
,

.03

.96

.96

.02

Means and standard errors are based on SO s of 30 persons.
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Table 4

Means and Standard Errors of Subkoviak Estimatesa.

Mastery
Criterion,

. _

Statittical
Index .

_
Tes ti4,10g th

30
'977

(Y :47-stn

0
./

, 50

50%

Parameter

Mean

St. Error

.

, /

.67

.66

.06 .

.79

.81

..04

281

.84

-03

.

. ,

.

60%
v

,

.

''

Parameter

Mean

St. Error

.....

,Z2:

.69

.06

.84

.84

.04, °

.87_

.88

.03

t

.

. ° 709.a.

e, ,,
' -

Parameter

y Meari -

'St. Eitor ;

.80

i9

- . 05:

.88

-89

.04

.91

193'

1[.03

v

.

,

80$
'1:

,. .
..0

i

,' kParameIer

, Mean

..,

,.

t,

.88

%90

.05. .

.94

'.95,

.03

.96

97'

.02

--_, ___

St. Error
°

aMeans_and standard errors are,,, set ono.

.1

40e.

les of 30 persons.

.1
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Table 5-*
- 1 .

Standard Errors of Hurnhisimatesa

Mastery.
(c)triterion (

-)

Statistical;-
4

Index
0 .

Test gth (n), 4'

/0 30 50-

\

50%

-.,

, -Parameter,

Mean.

St Error ,

. N

- .67

.66

.06

;,' .79

.80.

.03

.83

.83

.'.02
.

,,,

.,-. 60W
_

Parameter

Mean

_St. Error

.72

.67

.06 -

.84

.82

.03

.87,

.86

.02

70%

.

Parameter'

Mean

St. Error

',80

'.06.

.76

.88

%88

.03

.91

.91

.02

".

-

80%
,,,,,,

,

1

PaParameter

Mean.
..,/

St. Error
,

.

/.05

.

.88

.86

,

.94

.94

.02-.

.96

..96

*.02

.4PP,

4

%ails and standard 0ros are based on 5O4amples of 30 personS.

51
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Table 6

eans and Standard Errors of. Huynh Estimatesa.
a

48.

0,Mast exy

Criterion (c)
statistical
Index 1

Test Length (n)

10 30 50

50%

Parameter

Mean

St. -Error .-
--4.

.67

.65

.03

.79

.79

.01

.83

.82

.01

60%

Parameter

Mean,

St. error

..

.72

.66

.06

.84

.81

.03

.87

-.85

.01

,

70%

t
. Parameter

Mean

*Sit. Error

.80

.74

.06

_.,..

.58.

.88 ,

.01

.91

:91 ,

.01

800

.

1"

Parameter

Mean

St.' Error

.88

.86

.02

'.94

, .94

ii
.01

.96

.97

.01-'1

_

.aMeans and standard errors are baled on: 50 samples of 300,

1 .01-`1
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Abstract

1

Estimating the Probability

A procedure is proposed for estimating the proportion of persyns in a rY

group that 'are:Correctly

°
ilassified on a mastery test, i.e., the proportion

whose observed classification agrees with their 'true classification...4(

numerical-ex

I

is provided,.and extensions of the procedure are -discussed.

I 0
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Estimating the Probability
51

.001

Estimating the Probability of Correct

Classification in Mastery Testing

/
, .

,Keats and Lord (1962) have proposed a.relativelysimPle mathematicale 0,

t .

model for test scores that has number ofprac 1 applications. For in-. . I

,

stance, Huynh (1976) and,Subkoviak and Albrecht. 1977) have demonstrated
,

empirically that the mock can be used to estimate, the degree to which per-
..

sons are consistently cl ified as masters or nonmasters on parallel mastery

tests, where a pass -fail test with a cut-off score of 75% correct is one ex-

amply of a mastery test. 1r

The purpose.6f the'present.paper'is to liflu:strate thatthe)(eats-Lord

model is also useful foestimating the extent to which persons are correct:

ly classified, i.e., for,estimating the proportion of pergons whose,classifi-<.
cation based on observed score, agrees with their classification based on true

score. In additionY'extensions.of the procedure to the case of polychotomous

classification-and further generalisations Of the Keats-Lord model are noted.

The Keats:Lord Model

1

Let us begin with the following notational->definitions:

h = number of,test items; ,

")

X number of items correctly answered by an individual; ,

p'= unknown true proportion correct score for an individual( i.e.,'the
A

/"' :)I
mean of an indfiridual's observed proportion correct scores (x/n)

.

over repeated parallel' tests;

i

t,

= mastery criterion expre§sed/6S a proportion, e.g, p ,11- implies

/true mastery and R < 7 iMplies true nolimastery;

f)

5*- 5

44,
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Estimating the Probeility

%

4f

7c =°Mastery criterion expressed as the nuMber of items correct on an n-
.

,
item test, e.g., x > c implies observed mastery and x < c implies ob-

'served"nonnastery; c equals the smallelt integer greater, thanAor...

equal to nff.
t

Of interest here is the extent to which persons' observed mastery-
, L.../

nonmastery classifications (i.e., x > c or x < .c.) are correct or, in other'

-words, agree with, their true mastery-nonmastery state (i.e., 2 > 7.br p < 7).
One natural index of agreement in. this sense is the probability that the ob-'

served classificationcorresponds to.the true classification for a typical

examinee. This probability will be symbolized Q, and thus grepresent.sthe

probability of correct classification for an examinee randomly seletted from'
- .the population of potential examinees. Mathematically Q- can be expressed as:,

2 = P(x < c, p < 7) P(3c c, It) , .
. (1) .

where:P(x < c, p < .ff) and P(x > c, p > w) are respeCtively the probability of

correct nonmastery and correctrmastery classifications.

.Under the asSuMptions of the:Keats:4LOrd. model (discussed below), it can f-)

be shown (see the Appendix) that qin Equation 1, the probability of a correct

classification, is given by
,

{1/B(1+1,/,,m+1),} {-1

025
m+n-x+1) 14(y-e, 12111:x+1) +

x=1/

x1c
CZ)BW-x+1, m+n-A+1511-I

IT
(g+x+,1, m+n-X+1)]}; .

---7 (2)
.--/

If the mean (u),,vatiance (1.2), and Nuder-Richardson 21 reliability'toefficient)

4,

(p) of,ofiserved x-scores are ftoM a reasonably large simple of tes-

variousteeS'; the various terms in Equation 2 can be evaluated as; follows:
,

/

n 9 numberof test items;

t ./
7 9 mastery criterion. expressed as a proportioA;

.
s:.... '

56
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c = smallest integer greaterthan or equal to nn;

p = [n/(n-1)][1-u(n-u)/(nP2)1; ,

t = u.(1/p-1)-11;

m = (n-u)(1/p-1)-I;

(L)C) 11.Y [(E-29 !x!];

) = beta function which can be calculated by commdn computer routines

or can be found in standaid mathematical tablesi.
---0 In() = incomplete beta function which can also be computed by common

computer routines or can be found in standard ,mathematical tables)
I..,

The Keats-Lord model upon which Equation 2 is' based inVolves two basic

assumptions about the nature of true and error scores. It should be noted in
......-

passing that the mod/A 4nd itsassumptians have been shown to. fit a variety of

real data sets quite adequately (Keats & Lord,,1962).: First, it is assumed". ..

- ..

,

that the-distiibution of-true scores (12)r for the-population of examinees -is'

some, member of the beta family of distribution.4. This faMily includes distri-
.

butions loving the usual bell-shape, as well as rectangular and U-shapes (see

LaValle, 1976, p. 256 for more examples). As such, the beIa assumption is

quite liberal in that it accomodates a wide range of ssible true score dis-

tributions. ]

Second, if n -item ,tests were.repeatedly adminiet red to a single individ-
,

with true suer p, it is assumed that his or her dlistribution of observed

scoree--;(5) would be binomial withpatemeters n and This assumption tends

to follow, instance, if i
4 ,

ms are' s d 0 and 1; if the outcome ,on one ''

ers; d if itdms are equally difficult.
item does not affect the outcome

,JYhile latter two conditions rarely, if ever, occur] in practice, the qual-.--'
1 ,.

ity of empirical results repoited by KeAts and Lord (T62) seems to indicate
,

44f,
/othat

the model' is robust with respect to such violations. ,

5 7. i"
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Suppose an n=4 item test was'adniinistered to N=100 students; and suppose

the test scores x=0,1,21,irand 47Occur;ed with frequencies f(x) =8,25,34,25
I

and 8 respectively.' The sample mean and variance are u = Ex f(X)N = 2.00 and

;2 = E(X41)2f(X)/(N-1) = 1.15;'and_the estimate of KR214S, = [n/(n=1)] x

[1-11(n-a)/(na2)] = .17. The quantities 2. and m 'required by Equation 2 are equal

in this particular instance, i.e. 4.= ci(1 6-1)-1 = 8.76 and m = (n-a)(1n-1) -1

8.76; but this is wt true in general. Now if the mastery criterion is set

at,ay, 7r .85, then c =-4 in Equation 2; since 4 is the smallest integer

greater than or equal to nu = 3.40.
II

'Summarizing, the parameters required by Equation 2 are: n=4, t=m=8.76,

7.85 and c=1.4. thus by Equation 2 the probability of a correct classifkation

= {1/E(9.76, 9.76)}{ (x4) B(9.76+x, 13.76-10.804ex, 13.76-x) +

4

_

(:) E(9.76+x, 13.76-x)[1-I
:85(9 7642S '

13.7610
x= -t

)

Where (I) , B( , ) and I.nr" ( , )can be obtained vi4C64;utkor standard mathe=
.

.4'

,

,smatical tables (e.g., Pearson, 1956) and are as shOwn in Table 1. Substituting
i

>
.

Insert Table 1 about here

i

these values into ,the above equation gives the foklOwind result: - 1 . 4,

k

44,,'
AKs . '4V. gi {1/ (.15)Wr5) } { (1) (*.12X1W6) (.99)±(4)(.95x10-7(.99)+1(6)(.87x10-7)(.99)+

...._,....44,
el ., 1I,-

(4)(.95x10-0(.99)441)(.12x10-6)(1.99)}'..

4

d-.§3. ,
.
,

..f

Thus,-it.is 'likely, thht 93 out o£ the 100 siudenttested are correaTc11s;:'i

8
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Inthe example above, g7.93 when the mastery criterion is set at 7=.85. °

However, larger pr smaller values of g could be obtained for this same data

set by simply changing 7. In fact; the magnitude of g is affected by a number
,

of such factors. Specifically, the probability of correct classif4tion, SL,-
. . ,

. ----------tends to increase: (a) as the density'of true scores-about the mastery cri-

terion- decreases and (b) as the number,-of_test items increases. Thus, g would

assume larger values for settings of the 7-criterion,in the tails of a bell-
4

shaped distribution (as in the example above) than for settings in the middle

of the distribution. Secondly, for a particular setting of ff::&uch as .85,

would be larger for a 2n-item test than for an n-item test.

In regard to generalization, it is worth noting that the probability, of

correct classification can also be estimated for the case of three or more

lel;els of mastery. For examplre, let 71 and 72 (where 71 < 72) represent dif-
,

ferent,degrees of mastery on the true score scale; and let sa and s2 be the

carrespondilg criteria On th observed score scale. Three categories of mastery .

are thus pos'sible, and Equation 1 dean be generalized as follOws:,
''

1
. ,

2 =I(i<I., 2-<*1) + 11(EiA2, ff152.<7) + P(c252c, m5) .'
0 . 1.....

The argumen$ outlined in the Appendix can then be applied 47Nuation7r:io'
)

,

obtain- an expresSion similar toTqUaten 2.
1

.1
.

.
p--k.

x, "r

ExtenS')ons of: the 1,(eats-Lord model; on which ,Equation 2 isbased, are als6
1 c.

possible. Fpr example, Lord (1965) has suggested a slightly. more Complex. model

(3)

imL _, 1- _

that'invoRres somewhat more general and reasonable assumptions regarding true. ,

t. .

and error score distributions (see also Lord, 1969). HaweVer, aftnte Carlo

1 *

study by Wil ox (1977)'seems tq suggest that the more complex model adds little.-

in the way of accuracy to probability estimates, which arejoI interest here.

Of course 'ails does ndt imply that the more complex model licks utilityrfor
3

f
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i

certain other pUrrioses, e.g., for simulating'or estimatingcomplete bivariate

distributions of true and observed scores.

f

fo,

<
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The beta assumption of the Keats-Lord model implies thait a true score, 2,

can assume any value.within the interval 0 to 1; while the binomial assumption ..

implies that an observed score,x, takes on only integral values between 0 and

...

ri. Thus, Equation 1 can be written as 'a double summation of P(x,p) values

where P(x;p) represenis the joj.nt probability distribution of examinees'

served And true scores:

c-1

2. = 1 flITP(x,p)dp3 + [I177P(x,2)dp.],

x=0 0 X=C
- - (4)

where P(x,p) = [(1) tB(9,+1,m+1)129'4?-c-(1-p)r-nc (Keats & Lord, 1962, p. 69).

The first integral in Equation 4 can be expressed as follows:

I13 (x,p)dp = in) /B(t+1 ,m+1),]firES).-c-(1:-012-141-1.:2Eak0 x
I

40 4 ' i
= [B(+x+1 ,m+n-x+1)/B(i+x+1 ,m+n-x+1)1 [(LI) /B(2,+1 ,m+1-)].r.144-N1-0.1ra-2s4,--4- .- x

, = [B,(14-x+1;iia+n-x+,1 )(13-) /B(i+1 ,m+1) JI.IT P./B(9.+X+i)11+E-X+1) ig+2C (1-0 1+11: )dp.:
-X 0 1 1

= [B (Z+X-1-i. ,m+n-x+1)(1123 /B(Z+1 ,m+1) ] I (Z+x+1 ,m+n-x+1) , (5), :

.,:s! :Its.,

Wliere (1.1);2B( , ), and.A( , ) are respectively the binomial.coef:ficient, the .x. ' 1 .,

beta function,, and the incomplete beta function.

. f ,
--i Similarly the second integral in Equation 4 can be written:;

1 - . .

1 ,+x in
I

77-
P (x ,p)dp = [(h ) /B (Z+1 ,m+1) if p (1 -2)

+n-xdR
. . X

,.;

$

9fix m+n-x[B(2,+x+1 ,m+n-x+1)(11) /B(.2,+1,in+1)1I1 [1/13(Z4-x+1 ,m+m,x+1.) 1E7 dp.,

[13(2,+x+1 ,m+71,-x+1)(1_2) /B(2 +1 ,m+1) fl-.1.:[1/B(R,+)+1 ,m+n--x+1).)P2c(1'-p)1214.-1-1--)Sdp]- X

f (2,+x+1 ,m+n-x+1) CD (2,+1,m+1 ) fl-Jer (9 +x+1 ,m+.ri-x+1) . (6)
t
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A
Finally, Equatil 2 is obtained by sybstituting S and 6 into 4:

c-1 .

= 1.[B(2,+x+1,Mtn-x+1)n/13(2.11,mtl) ]I (2.4-x+lor-n-x +1) +

n

r[B(k+x+1,111+n_x+1)( )/8(2.+1,m+111(1-1712,+x+1,0-n,k+1)]xx=c
.

c-1

=,{1/8(2.+1,m+1)} { -1 ()B( 2.+X+1,mrim-x+1)I (k+x41 mtn-x+1) +
0

a
, 1 (a) B(P-x+1,mtn-x+1) [1-I (k+x+lor-n-X+1.)]}.

'x
x=c -. , u,

a
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Estimating the Prob*lity

Table 1

Values of (X), B( /,-) and In( , )1for the

Numerical Examplea .

x (x) B(9176+x,13.76-x) I.850.76+x,13.76z4

r\

0

1

"2

3

4

,

)

1

_ 4

6

4.

1

.12x10
-6

...-7

.95x10

.87x10-7 .

.95x10
.7

.

.12x10
-6

.,

'

.

.99...

.

.99

.99

.99

.99

.

aB(9.76,9.76) = .13v1e5

6,5

1

1

I
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Thisnoaper illustrates that the various coefficients of classification

consistency that have been proposed asIneasureS of,reliability for mastery

I -tests have'different interpretations and statistical properties. As such,

I

they sh9ulenot-be applied indiscriminately. Rather, a user should employ

that coefficient that is most meaningful within the context of a particular

problem.
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9

Further,Commonts on, Reliability for Mastery Tests

Huynh's recent critique can 'be reduced'etsentially to two points- (1977).

First, he argues that the kappa coefficient (K) is preferable to the' .simple

proportion ofconsistent classifications on two tests (pc) as an index.of

reliability for mastery tests. Second, he notes that the'procedure discussed

by Huynh (1976 for estimating these indi.cies is matfiematicallmore tractable

than methods requiring the estimation of a testee's true ability.fsee Marshall'

Haertel, 1976;- Subkoviak, 1976)x.

Regarding the first point, it is not obviousthackappa is the only

index of reliability that a user may wish to consider. ,The 'purpose of this

paper A to deionstrate that coefficients like kappa or the proportion of

consistent classifications on two tests have differeginterpretitions and

different statistical properties. Thus, such coefficients should not be used,'

indiscriminately. Rather, a user should puiposiirely select that coefficient,
,

whose ptoperties axe most suited to the intended application.

.14

I quite agree with e second
s
point regardink the utility of Huynh's

-,

i

procedure. In fact,"sinc Huynh's method is basedon a simple model for A

.

1 ..,
test scores opo z by K= ts and'Lord in 1962, similar procedures. based'on---------.--.--z--7

--J, i
, ,

more recent acid more sqphisticated models 'are likely to provide even better
7' T

estimates of reliability (see Lord, 19650969).

-We

-i
Y.

Possible ReliAbili Coefficients f6s-Mastery Tests
.,

I . .

For simplicity, the,followin disCussion i 'douched in terms-of-a mastery

test, in which a single cutting score (C) is us, o classify persons aermas-J
-

.,"...1.,,,.
v.,--.

ters or nonnasters. Howevei, generalitation to q s involving! mdltiple 'cuttin
,

_

. . ... ,

. .r. .
. '' : ir. . ' . .

:
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c ( .

' -scores :and_261y6potomous classifications is immediate.
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If,a score of C or greater represents mastery on a test, then ,the propor-

tion of persons, consistently classified'as master/master or bonmaster/nonmaster

on two.tOstings (p4c)is_ an indicator of the replicability of mastery-nonma-stery__

758) proposed the use of P
C

as a

(1977) essentially rejects it on the

grOunds that .P, does not assumOvalues between 1 and 6, as do traditional,
r .

norm-referetrd reliability coefficients. Rather, pc assumes values between
. .1

P hance ' EChance 01 c25,?g) (25:<Q1 1/2. P(x.&) and P(x<C)1 and

. .

.outcomes'.''Goodman and Kruskal (1954, p.

defficient; however, Huynh

are thepropertions.of masters and nonmasLrs in the group tested.

Jbpdman and Krushal.counter such- objections as follows:

Conventions, lice these [requiring that an index assume values.

between 1 and 0] have seemed impotant to some authOrs, but/we-
. .

believe they di

measure of association increase. One real danger:connectedith
2

such conventions is that the investigafn-. may carry over size

preconceptions based upon experiencewith,Campletely different

measures subject to the Same'conventions. (p. 738)

h in importance as the-meaningfulness of the

Goodman and Kruskal conclude that the proportion of consistent classifications

on two tests, E.c, ii a fieaningfyl and thus valid index of reliability. -kir--

,thermbret, since theAnge of P, is other than.' to 0, nort-referenced standards

of "good"-and "poor" reliability are unlikely to be mistakenly applied to V-.

For illustraLN4-purposes, a uniModal distribution of scores Cs.)) for a

opulation on a four item test is shown in the first two thlumms of Table 1:

,

Using the procedure discussed by Huynh (1976) and also by Keats -and Lord (1962),

t

69
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these single

distribution

trations(not

pute pc, the
_

outcomes on

test administration data can be used togenerate a bivariate

of scores (x and x') that wouldbe expected for two test adminis-

shol). This bivariate scatterplot, in turn can be used to cam-
-

\

proportion of consistent mastery /mastery and nonmastery/nonmasteil

the two tests.

InsertTdble 1 about here

For example, if the criterion of mastery is set at C = 4 in Table 1, the.

proportions of consistent mastery/Mastery and nonmdstery/nonmastery outcomes
.

in the associated bivareate scatterplot are respectively P(x2....4ix'2t4) = .01

=%85, where x and x' represent scores on different test

Thus, the total proportion of consistent aufcomes v/hen.0 = 4

and P(x < 4,xI< 4)

L
administrations.

k is P4 = .01+.85 = .86, as shown in the. third column of Table 1. The propor-
r'' 4

ci' 0,
tions of consiste classifications for other values of C in Table 1 are
-

I e '- ,

_similarly comput d to be P3=.61,132=.61, P1 =.86, and '5=1.00.

Notice that the propo'r'tion of consistent classifications, in tie column-.

-7 .

of Table 1increases as the criterion(6) moves away from the central concentra-
. i

tion of scores at x=2 into either'tail,of the distribution. 1n other words

P
C
-is a U-shaped funCtion of C for this particular set of data.

.601 4
Now suppose one wished to' compare the observed proportion of consistent

classifications on two tests, pc, to the proportion Of Consistent outcomes

expected if mastery-nonmastery decisiOns,for each student were made instead
.

by flipping a fair coin twice. Since'the,expected proportion ofp.p:onsistent

Y.-
decisions in the latter case is one-half (1/2), the difference (pc-a/2)

indicate§ how much, more consisteutithe actual decision process is than the
.

random process just described. In addition, the transformdtion Cer-1/2)/(1-1/2)
. .1

='21) -1 provides an index that assilffics.:Values betw6eff*1 and zero, if IC .-

o

. .
'7

7 0
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r ;",..

desired. If the actual decision procesS "is completely 'consistent then 2Pr-1
-.._..

, . . .

eqtlals 1; if the actual process is no better than the random process, then
, .-

the index equals 0; generally the value is somewherein between. .:

Valises of 2P
C
-1 are shown in the - fourth columfrof Table 1. ince 2P

C
-1

is a simple linear function of pc--,Th"Fth'coeffilients are U-shaped functions
: .

..... .

of, C for this particular data set. Llowev'er, pc is always greater than or --

equal to 2P
C 9-1; so the same standards of "goody ,and "pooh" cannot be applied

,..

to both. t , ;
''' ; 7,

Finally, one might again compare the observed::proportion consistent out-
. 4.

comes P t the proportion expectedby twice flipping a coin biased accord -
4i ,0ng to tne relative propftertions of masters and nonmasters in .the grow-tested. 4.

If -P(x >a4- P(x<C) are the proportions of masters .and nonmasters in the, 'iii
population tested& then the expected proportion of consistent decisions -in

this case is P-chance = [P
2
(xLC) + P

2(x
<C)] >1/2. ThuS,.the kappa coefficient,

defined by K = (P
-C

- P hance,.)/(1-
TP chance

) indicates how much more consistent
A .

the actual decision-process is than this latter random process (Cohen, 1960).

Kappa equals 1 if the actual process is perfectly consistent and equals zero
*

,if the actual process is no bettermthan"randdm (in the latter sense).
x. /- ,

iFor example, if C = 4. in, Table 1, theyP- chance '
D2

(x C) + P2 (x < C) =

2 2vp s VI
(.08) + (.25+.34+.25+.08) .85. Thus, oTechance)/(1-Ealance)
)( :86- .85)/ (17.85), = .06. The lather, values of kappa in Table 1 were. similarly

computed. Kappa Is undefined at C= b because the teibin
(1-E- chance) in -the

denominator of kappa equals zero in this case.
.

Notice in, Table 1 that kappa,, as a function of C has-an- inverted U- shape

j s Pust the ppposite of coefficien and 2P -1. OtItiously then;conSistency-C . --C

as measured by kappa is quit ifferent from consistency as measured by P, or
. .

'

e
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, 1.

But what accounts for this difference? The answer lies in the term

that occurs in coefficient 'kappa.-eh ce
. .

P
C
represents the total, proportion of consistent mastery/mastery and non-

mastery/nonMastery decisions that occur when
0

a,test is administered to a group

composed of particular percentages of masters and nonmasters.$4 If the group

largely composed of either masters or nonmasters, a major portion of the

observed consistency
/-.

P
C'

is attributable to the group constitution. (This

is also, true of 2pc-1 Alich is,a linear function of pc.) For example, if a
. *

=group is largely made-up of masters, then consstent.mastery/mastery decisions

2

chance (x.2...C.) + 11 qc< cy thatare quite likely to occur. Now the term Ec

0

, _occurs in coefficient kappa represents that portion of the observed consistency,

PC,- that is due to the particular distribution of'mastery and nonmastery in

4.

the group tested.' Mks, coefficients kappa, K = Tc-F1 4 ), re-
- chance),(11-chan-°"

presents the proportion,ofoonsistent decisions attributable z, factors other
. ..._

.

,

than group composition, such as the test itself, 'the conditions of administra-

-:

t

.tion, etc.

As such, the choice of P Aar 2P
C-1) vis-a=vis K.would seem 'to dependW

upon Whether or not the user wishes to consider the group as an element of
\,

the decision process. rn other words, if'one it.interesiiain the totality.
. ---

.t , '- /%
. N--

of consistent classifications-that. a particular combination of test
, .c . I v

and group, then an index' like"...p.c would.' seem to be appropriate. If one wishes
o

to discount the effect of'group composition

kappa-like coefficient might beipPropriate
.-

- !ample ptecedent Tpor an- index,'' -like pc.,,'that includes group-effects. The
at

conventional- norm-referenced reliability coefficient, for example is Wry_

on the decitionprocess, then a

It might be noted that there is
o

such affect051041the magnitude of title score variance fo the particular group

tested:

4.

.
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Sampling ,Error

The extent to which numerical estimates of,an index vary from one sample

to the next is another matter of some importance, particularly if, such estimates

are based on rather small, classroom size samples (N). For example, if random
..

samples of SO students were repeatedly drawn fro% the population of Table 1 and'

A A

if estimates of the three' coefficients (pc, 2pt-1, and K) were repeatedly coin-

putedJor.eich sample of test scores, the standard errors of the estimates

would be approximately,as shown in Table 2. For instance; if the criterion
A A A ),

...of mastery is C = 4, Table 2 indicates that estimates P
C'

2P
C
-1, and K for

samples of size 50 have associated standard errors of .05, .10, and .17

respectively.

- Insert .Table,2 about here

Comparing the values in Table 2, it is seen that'the standard error of
-

kappadtends,to be general arger than that Of.the other two estimatOrs.

This stems from

1
of random variables; whereas

would -be important-to insure

fact that kappa, K = TeEchan /(1 -=chanceP ) i is a ratio

kappa.

the other two estimators are not. Thus, it
_

adequate sample size, particularly when estimating

fir

The values of Table 2 were obtained using the'following approximations to

the variance of the:three estimators (Fleiss., Cohen, Everitt, 1969; Hubert,

1977) : 1:0 a2(1;c) =.[Eca-Ft'Am; (b) .d2pc,-11 = pEc(iTpc)/N], and (ci

2 2 2
_ \

2

a (K) 7-(iljiiii-P-chance) (P.i+Pi.)(1*-2C)] + (1-12C)2 1 1 Pi. '443' )?-
°

3 .3. --.y
i=1 j=1

,AD ) 21 irmri Do ) 41 i:i t,
1 4 . ee-chance-2Ec ce.LC' '"2-P'-1--chance' J.

°. . .IlerePijstan jor-the proportion in.the i3th cell'of the 2 x 2 contingency

table ,representing mastery-nonmaStery outcomes on twOtestings; Pa. .and
.

, 73
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4 1

.th
3
.th -

1

r,, resent the a row and column (marginal) proportions ofthe.2 x 2 table;

and he other symbols are as previously defined. It- should be noted that theSe
--.....ro

.
.

fqrmulae are - ed h the Lion that a binomial distribution is respon-

k

sible for genera g the 2 x 2 contingency table and that the sample of students

is reasonably la g (see' Hubert, 1977).*

Conclusion

'The bask message of t 'paper'is that the various measures of classifi-

cation consistency thus far proposed for mastery tests have different inter414.

pretations and.statistica properties. IL such; they should not be used

blindly. Rather,a user should deliberately select that coefficient that is

most mCeaningful wIthlii the 'Conteit,of a particular problem. In making this
/

decision, the user might also wish to consider coefficients that reflect .

/ A

nea ly comistent-clissifications (GoodmanA Kruskal,.1954, p. 758) or

coefficients that reflect-the stability over repeated testing of score devia-

tions about criterion C (Brdlindn & Kane, 1977).

f

o .
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Further Cdmments
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0

:Table 1

Reliability as a Function of

Criterion Score for Various Coefficient

fr

. 73

it

* A

x or C
.

f(x)
7

.

C
,

2P -1
C,

:

K

i b ,i

.08 1.00 1.00 undefined

1. .25 .86 .72
.

.06

.2 .34 .-(' .61 .22 .11

. 3 .25
.

).,

.61 .22
b

.11

. . 08 . .86 . .72 . . .06

a
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. Table 2
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P.
Estimates of Standard Erfclr for Samples of 50 Students

^
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C

..

a(pc) a
. A

)
t

a(K

I

1 .05 , .10'
i

.17
.

.
2 / ..'07 .14 .3,4 .
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Confirmatory Inference and Geometric Models

Abstract

------A-65ffifiTiTO-ry method is discussed, for comparing an outside variable to a

given geometric Model, or alternatively, to the raw data from which the

model is derived. The inference procedure is based on relatively simple

4nonparametric principles and requires thecomparison of ,a proximity ma--
trix generauted from a geometric representation against a second "structure"'

.10'

matiix'obtained from the outside variable Under study. A-number of °exam-
4

pies are presented that illustrate-how the same statistical approach can

be applied in evaluating geometric models that'arise in a 'number of ways,

)- for instance, tfiose produced by some-explicit data ieduction process, or
. ,

possibly, models generated by naturally odcuring spatial contiguity.') .
..

-... .

.

v
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. "-Confirmatory in et ice and'Geometric Models

446, In thejit5rattitrIStata analysisoper the_lasC-twenty years, a distinc -

motion between exploratory and confirmatory procedures has becoMe very popular

(see Kaiser, 1970). Supposedly, an exploratory strategy involves the-use of

some analysis technique on a given data set-with the aim of identifying inter-s

esting relationships, patterns, and the like. On the other hand, a confirmatory

approabh-Fiquitbs the, statement bf a rather.strong a pripri conjecture which is

'then tested directly 4gainsethe available data. It is assumed that these lat-

tei hypotheses are derived from a source outside the data actually used for the

purposes of vilidatiod, possibly from the results of some previous exploratory

study. Unfortunately; theword "exploratory" has gained suchlegitimacy that

. it now serves too often as a way of justifying isolated empirical studies that
.1

an inyestigatdr has no intention whatsoeter,of pursuing further, or more seri-
,

oLsly, as a cover fbra a superfitial theoretical conceptualitation and,a hurried

resea46 agenda.

Given the influence of classiCal,statistics on the conduct of experimental
,4

studies in the behavibral sciences, the trend toward a confirmatory approach to

research was,very'strong after World War Il ore recently, however, inexpen-_

sive exploratory computational routines have become widely available, which has

'encouraged some attitude of "fadiShnesso-in the analysis of data, irrespective,

w her the:methods cibsen are appropriate for the problem or cola& poSsibly

*
1. 14lead to atiY increased understanding of the area under study. In pattkcular,

:4
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faced with

multidimens

to the'novice can easily

to

==..;
gt,

Por

.78

efn more important than sulistance*when

vast array of very el,egant data

ional

reduction techniques,,stA as

clusteriftalysis * and similar paradigms. Too often/
I '

the intricacies of a methodology become more crutial than the origin ,l. research,

questionAnd in fact, even for substantively oriented investigators, there A
4 6. ,fr

some dangef-sof using data more as a

cal methodthan as the major reason

out in the,first

vehicle for displaying aspecific stactsti-'
it+p

for which an empirical analysis is carried

Although it. may be obvioud that confirmatory analyses, would be desirable

asp adjunct to many of the cyrrent quroaches used in the study of proximity
It"

ieatrices 4uch as clusterintifand multidimensional'scaling), 'very Lew techniques .

have been proposed in the literature-that could help'carry out such a program

with any degree
.

of rigor.
.

.TypIcallyusers
.

of the newer data reduction proce-
.'

,

dures operate more or less atheoretically, or at best,.try to interpret their,
,

1

results in terms of intuitively reasonable arguments baked ton outside info'fiiia4-

..,
Lion regarding the objects or entities beiiig .stddied.,,It4is somewhat surpris- .--,

Iing that this same information which nan'be invoked in explainingthe,results
.

4 of,an analysis in a post -hoc fadhion is Rot being used mote directly in'some

confirmatory manner and without the imposition of an intermediate,data reduc-.

, .4tion process.
1-

,
.

; '

Will theliyation. in mind of using more .fully whatever outside informa-

tion is available for a giveLlata set, this paper-will attempt to review:a
..

of

numbei of approaches to the analysis of proximitYdita based on,confirmatory

principles. Although it is atcepted-tftt exploratory strategies are of in-
-,- A'

terest in generatinginillght and formal hypotheses for latex verification,t
z=.

would -beof value at same timk_to_have a more completes set-Of confirmatory

procedures that could ,17,e used in

,Y,.

t..
,evaluating or supplemedting .exploratory result.s , ,.. ,

.

o

.4

4

I 1
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in a ridorous fashion. The discuSsio to follow is organized into Several:major
. /

subsections that illustrate how specificdata analysis problems can be-attackeil c,

within a common nonpatametric confirmatory strategy. In particular, to limit

'the scope of the discussion; our emphasis will be on'geometric models, br more

specifically, on data representations that'have some explicit geometrid inter-
,

pretielon. Within this context, our aim is to demonstrate how an obtained

geometric repreqentation may be evaluated against available outside informa-

tion, or alteititively; how such representa tions in some cases might be bypassed

altogether. Since parts of.this'material are,not entirely new\but are scattered

throughput the literature, appropriate references will be included for the

reader interested in pursuing a more complete presentation_ofthe various topics

introduced.

'Confirmatory Strategies and Geometric Models

As a tactic for explaining how a confirmatory approach to data analysii

might be carried- out, a number-of specific pT.blems will be discussed- illustrat-

ing the necessary conc epts in a concrete manner. In particular, four topic,

areas are introduced in.thebections Zo follow that demonstrate how a specific .

, . ..- ..
.,--: ,.

-confirmatory strategy based-on very simple nonparaMetric principals may be ap-

plied in several different ways. Depending on the context, it is conceivable
- .

.
tha' our method might be used instead of a geometric.model; in extending an

existing analysis strategy based 'on geometric notions; as a means of inter-

preting_ a given, model with respect- ,o Outside info. rmation; or finally; as a,
i .;

preliminary the,coAstructio of a ,desired geometric representation. 'The _.

,.

first example blelOw,formalizes the basic ideas to-be.used throughout the paper,
,. _ ..

1-
cik ',,:;454: 4v;., . . .

and' specifically, illustta s howAlgeometric,model mightbe bypassed altogether
,0.

.

. . i * 4 .

when strong a prior donj et tures arerevailable
,

1 74
Ic,..--/ ,--- : .! i

% 1.t
,

e . ,

4,
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In a recent study' concerned with tote "goodness" of pattetns,oGlushko,(1975)

80

J

attempted:to verify Garner's (1962) basic hypothesis regarding what mikes-one
-

pattern better than another. To be mord specific, each of the 17 patterns used
'_.

by Glushko, listed in Table 1, can be characterized by the size of an inferred

equivalence class. The term "equivalence" is used icy'label tiie set mfPatterns

that contain a single figure 'plus all other configurations that result from

reflections and/or 90 degree rigid rotations. As indicated in Table 1, 'two of
6

the Glushko 'patterns construct thesaine donfqutation,under.all of )these opera-
,

fions, 8 patterns have 4 associated figures, amd finally:7 patterns km"
. different memhers in:its-class. According to.Garne pattern iOo ess is a

it

.','

.
'''''

.direct4unction of the siZelpfla configuration's inferred quivalence crass,
----., _

withighe smaller size classes dorresponding to the etter.patterns.
, -

Insert abput here

, -----
,

.

To test Garner's hypdthesis using'the 17 figures of Table 1, Glushko,i/ /
',-Eirst of all; -Obtained a symmetrc measure of proximity between each pair of ..

',.4,-,./2/patterns using a choice task. Twenty subjects were presented all 136 different..

pa din!combinations and were asked to indicate preference. 'These'choices were

--- then summed over subjects and subtracted from an:expected preference frequency
. °,

.

of 10. The absolute values of these differences, given in the lower triangulari
,

_. __ ,---; - .--...-...... _.........
p tion of Table 2, form a symmetric measure of proximitydefined for all pat-

,

. _ r

4

tern pairs and provid4 data in a form that can be subjected to *'variety of

,

P

Intert Table 2 about here t,

..

,',data reduction techniques. In particular, Glushko attyrempted(to represent, the
:

. . t r.. ,

0 :
,

1

. 5,84.
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w

structure of the proximity function by,..first of all, placing the 17 configure-
,

..*
. tions in a two-dimensional space using Kruskal's (196.4a,b) well-4cnown multi-

.) -,
.

1,:.
.

dimensional sing routine. Given this geometric representation, Johnson's
e

(1967) diameter clustering results were then-superimposed, producing a repre-

e.

sentation similar to that we giye in Figure 1 (here, we only indicate the

_
clustering result defined by three subclasses). ;,Clearly, one strong dimension..

(the vertical) can he identified as that of equivalence class size. In addi:tion:.

Ehe clusters themselves correspond fairly well to a grouping on the basis of the*

= Same criterion except or the minor misplacement of the two configuratiOns num-.
. -,

2 ,

bered 10 and 11 -7

' Insert Figure 1 about here

The process of verifying Garner's hypothesis through a multidimensional s-cal-

.

Mg-and clustering` seems rather circttituous, especially since-the equivalence

class-hypothesis iMplies a definite structure for.the originalproximity mea-

sure.
. 7

aresure. Although the clustering and scaling results in t ahis case clear-cut,

unambiguous outcomes of this type. are rare, -to say the leatt. 'Unfortunately,.

when a strong hypothesis is not reflected as.dramatically in the Scalingr

clusterIng'regults, i t mty bedifficult to decidewhetherithe hypothesis is in-
.

14.adequaa or the! data reduction technique( are at fault. .In'theepical applica-

tion,,the researcher,may,be'able to identify portions of his theory in a scaling

or clustering solution but lacks a strategy or measuring in any precist Manner.

the,actual"degree'of confirmation or nonconfirmation.

AS 'an alternative approach, it should be Possible to'test.in a direct

manner-whether the patternrgoodneSs hypothesis is reflected in' Vie original

proxi mitiee and bypass the scaling an ilusterihSolutions altogether, To

.

e

introdude some notation, suppose we denote the patterns as (where 0
, 4.4. ,

f
4 .05

I- .

oe
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n is 17 in our example).` Further ore, let Aq(o
i
,o' ) refer to the s etric

AproxiMity between patterns o anA o , and 9 to. an organization of these measures

into a 17 by -l7 square matrix with rows and columns labe ed by.the, bjects or----1- ---..,
.

, . _.
. .

.-A
.

patterns ovioif-i.., on. By convention, the diagonal of Q is,assys6ed to consist
.' . *
'entirely

of zero's. In addition to the empiyical proximity matrix Q, the stated1
.

4" 0

7 ,hypothesis will be represented umerically by a secondustructure Si matrix C
it ;

with element
,

c(o.,o
j
y . Expli tly, 'suppose NO ) denotesthe'size off thei 4., i . ,,

---inferred equivalence cass fdlr object o
i'

.cand let f be some monotone function
. 2.- ,.

.
.

.1 on the integers, e.g., f(x) >. *f (y) if .and only if x > y. Then, as a
.

formal
t

. , . 4,..
...definition,

i .t -
.

.-..,..

c(o ,o
j
) = f(1N(o-)+ NO

i j
)1)

/4

where it is assumed that'c(o o
j
) =TO for of = o

j
. Although-manyfunctions f,

,

.

could be used and-the actual choice will depend on the- researcher's judgment
. ._

as to the most appropriate relative size of the structure values, for the pur-
. .

,

-.

. .

'

. . .,
i. 6 d _ .4

poses of'an illustraeian,:f is taken is the idefitity,.i.e., f(x) x. In
.

. .

other words, the symmetric function values c(o ,o ), given-in the upper trian-
- iI

(...
-,

gular portion of Table.2,iakelmerely.the absolute values..of the differences in
,

.

&

equivalencefclass sizes associated with the objects ef,

4.

and o
.2.

. .. .- .As an operational interpretation, the theory used co.generse thepfuncti

.c(boi) is given empirical. sUPportigithe two seta of elements c(o
i
,o

j
)---

.

n' ..

.
,

q(oi;:aj), have a similar patterning of -'high and' loW.entries. AlthoUgh many,
\-.

..
.

.

_formal-indices-for-thie-relatibuship could --be dielified,the palfini-.of, i PrOx-

t,
' ),

4 .

imity 1(ovo4) with a structure value c(ovoj) suggests that-the simple Pearson.
4 .,...,

.

'product-moment dorrelation may be,aliatura4.4111snre to consider; and thus, will
, --,..''', .

;.-be our choice fot-the sequel. Once.,,this index is ca cukated, thefiext ptablem - k'' Z

s

4 ,

`concerns its significance, and specif=ically, with whether the :size of tKe a/

, .
\

<

served correlation' between thevalues.for q(o o
j i j
) and c(d ,b ) is su ficient

.

e.' -

of



se

to reject some appropriately defined null hypothesis:

) ;

To generate a reasonable referencediatribution for the observed Porrela-e

8.3--/

49, T

tion, suppose a randomness hypothesis is assumed that hopefully Can be r cted.
/

A

/ 4

More specifically,, it is conjectured that the partition of the objects (or

patterns) 01,12,..,on occurred randOmly or was chosen at random from the set

of all- partitions of the same form. In our case, tfie conjectured paiption

contains t `ee classes with,' 2, 8, and 7 objects in each, and thus, the' null

)40ihypot .s of

.

interest asserts that this particular partiti occurred randomly,;

/ 4 4
on

and consequently,..does not.reflettthe'patt4ing of entries in the proximity
--. -.le

matrix Q. Moreover, any suc artition of Q of the same form (i.e., number of

classes) Will produce a at:ion index and when comhletely,enumerated will

generate an exact re -rence distribution for the assumed "null" hypothesis.

From ,an inference erspective, the dbserved correlation for the conjectured

partition can be compared .to this distribution- and if at a st4tably. extreme

percentageqloint, the "null"
r

hypothesis ofrandomness.can be rejected. In short,
. -.

. V.-4.
, .

whenever the correlation Actually obtained for the conjectured partition is
,

'

ilergg ettugh,/,Ithen'this ilidex can be assumed to reflect 4 value' that was ob-'

1%.4

tainednpnrandomly, i.e., at least-to some extent, the functions q(o ,o
j
) and

c(0i ',o
j
), have a common patterning of`blgh and low entries..

Although coiplete enumeration it usually prohibitive because of
,

compute,
;

. .; :
: . , _

tional costs, and thus,_ an exact refernce distributl4n is typicAlyytoo ex-
ilt

e
.

.: ...,.

-penalize to obtain, Man:e* P approximationa are relatively inexpensive (Cf.
. .WN

. . ^
, -Ni 4 MI..' '.

.
. .

''.; iert and Schu1/6,41975'; Schulte and Hubert', 1976X. For ins4ance, T4ble 3 presents.,.. r :..,0.

< ik,
the freluency res -ts of selecting 16) pOrtftions,of the desired format random,

/

, P

i
S

end'yith replacement, and should proVille an'appiioXimate.disttlibUtion that is ri,Al-

-, ..

4 fairly accurate for appliCetitinc Id particular, usIng'iheTable I -- ',...,;

g.,;.-.

-..-, .

4r 't r4...

'04
.

S

a

, .1^
_
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Insert Table 3 abouthere

data', the observed correlation for the Garner hypothesis is .640, whitkis

greater than any value observed in the Table 3distribution. ASV's; the null

, hypothesis of a random partition an be rejected at an approximate significance

a

level of .000, suggesting that the equivalence class hypothesis is supported by
.

.ii , ,^ .
. _

to patterning, of the proximity values. h

Using die previous example as ''a guide, the salient features of a confirma-
-

tory4nalysis should be evident,. Given a proiltiity measure q(o- o-) and some

. . .

conjecture specified-in'terms of a structure function c(ovoi), the observed .

- . .

correlation between q(o
i
,o

j
) and c(o

V
o
i

) is compared to a reference distrAhug.
. . ,.

.

o
Lion generatedluisler a hypothesis of randomness. If the obtained correlation

at an extrIeNrcentage_point, the correspondence between
i j

) and.
P .

.c(o o )'is declared "significant", with. the, added.dmplidation that the con;
lx

jecture leafing to the constructinn c(o. o ) may help "explain" some of the

vari4kion'present in the pirital oximity ieasures.
4!,

Although the example give above implies that a randomness hypOthesi
.. i .P.

'. should be defined in terms pf selecting a pattition Of a given form at'random;
,

a more general hypothetis can also be considered that will generate exact ,ly
.

the same - distribution.'

IUrictiori are organized,

xplicitlIditif 'the

g IMF

as before, into an

values as igned by theproximity.

rr x n sq re matrix Q, and sim--

the
values of the'wuefUre.function into a second n.x ft square.
4

2 n

atrix C, both.-
,

ith rowsand coluians labeled as .d1 0 a :
'
then each reordering of the rows

"'" '

arid simultaneously the corresponding columns of g in>relgtion toL'fixed

matrix will induce a specific partition of the n nbjetts o
1
,...,o-. In other

.

words, for'Our CmatriX4f Table 2, anywreordering of Q produces a partition

f

kir.: ga

I



defined by subsets containing 2, 8 ects. -The first, two rows and
..

L:
columns of the reordered (1 matrix define the objects in the A site 2,

the next-8 rows and columns define-a class of 8 and the, remaining 7
w / ..

rows and columns define the last objec lass of-size0. Moreover, if. a re-
-14

Ordering ofl is chosen at random, that al. ], ill poSsible reorderings are..
. .

considered equally likely, then this assump on induces a random selection or
.

.c...,.
a partitiOn of the same general form used i the original constructIon Cirthe r

.

t .$,.
,,In short, thq Tandom reordering of g and the random selection,oT a

.partition will generate exactly the same distribution of correlations' and thus,

C matrix.
4!

At
either concept may, be used in producing an approximate reference table throV-..;-

Monte Carlo simulation. This generalization will prove very important later

--when a confirmatory. 4proach is necessary but one that cannot be identified

by a spedific pare4iiining of an 'abject set.

',.L....611though we suggest',carrying out a confirmatory test through the use pf
4

an apprOximate distributioni-atained-through Monte Carlo
,

11

also possible-tO findhe exact mean and variance of the

dis i4ution y formula, given-only the patrices C and

simulatiOn, it is -IL

complete reference

Specifidally, the

meanof the Parson correlatiOniL is 0 and its varianceequal to

1

G2H2
v(r)- = (n) J

(n 2.2)
+ {2 (G1 -G

2
)(H

1(Hl-H2)2 e.

-4 . ', (2G
1
-G

2
)''(2H

1
-H

2
)

+
(n-3)

11,
,14.

wherq
I

= -(1E(q(oi, q)) L.1

7101

/( 2 ;

4
) q)

) =

j .

°I H =1(-(1(c(o o )

1 j
4

8'9 .

t

ts.



and

q n(n-1) q(° '°

2

i<j n(n71)

As an example-of now the v iance calculation may be used for the data of Table

.1 and the structure functi of Table 2, we find 5TiT = .6879. Converting to

86

a Z-score for the observed correlation of .640, a value of 7:Z8 is 'Obtained,
. _

which would,indicate.a rather significani\result if it were possible to assume

even a crude normality (see Mantel,'1967, for the appropriate moment derivations);.

Example 2 ,

'...,/ .

,

Is _
.

The previous-example illustrates how a confirmatory approach might be used
.

in directly verifying a stated a priori conjecture against the original setsof

proximities As an alternative application of these same principleg, It is
, N

also Tossible to extend 'seveill'analysia strategies proposed'in the literature

that are based-on naturally occurring geometric models. Most orthe appropriate

."references relate to the orglazatiOn-of-a group of objects, e.g., peoplet cen-
..,

,
r

.
,

sus tractsr and so onderived from slme notion of geographie-or spatial cop-
4tigulty. Within this context, one of the. major analysis tasks concerns the

;,
association between spatial contiguity and some other vatiable or variables

L40 .-
,measured on these same objects.

. L_ , .....;

* <,.....As a concrete example from soCial psychorpv,
Campbell, Kruskal, aria-. .

4,!eWallace (196§) developed an index of seating aggregation and an associated)
,...Y."

significance testing - strategy for determining whether the observed black-__ __.

v.ite seating adjacencies withina classroom might be consi ered random. The
- f

geometric model in this cast is .defined by the occupied seats. within41:,,Cldss-
. , '.

.

S

.room, or more specifically, by this spatial location of the students in a q;o-
,

, -

dimensional plane. The outside variable of Atetest is dichotomous, i.e., --

'bp

bleak or white, and, the inference tdsk is one of determining whether the spatial

Ok positioning of blacks and w" indicates aggregition, e.g. whethelt blacks, sit ".

V 90
I

-4



with blacks and whites sit with whites.
ft

The confirmatory approach developed in the previous section includes the

td4Pbell, et al-. approach as A special case. In parti1eular, the'set c;cf objects
'T<T

{o . ...,o } , now refers'to.the set dE n,people
.

1-1_1!

measure of spatial' distance obtained from the observed seating. pattern. Although

an4q(o ,o
j
) refers. to some

very general-measureCof distance could be used, Campbell°, et al.
,,...

gimple index define4 (in our notation) as follows:

\f°

if of and a are seated adjacently

within a single row;

otherwise.

FOr the Campbell, et al. -application,

% be.obtai from the outside variable

V

the structure function c

-

of race: w.

consider a
IP

if of and o are both black or both w e;

otherwise.

Consequently, the cross-product statistic q(o ,o )c(o
i<j

the crux of the correlation coefthient betweeethelunc ions

number of same-race 'adjacencies observed in

statistic, ev4ence.for aggregation is indicated by/q,

our correlationat context, by a large positive cu.relations

q(ovoi), is the

pattern. Using t

, <which farms

o ) and
'

the gOen seating

,large value, or i

b'etwee q(o )
. j.

4,9

.1

c(O o
j
).

\



Although the c(oi,oj function used above is rather simple, it can be

-generalized to iricluderwariables that represent more than a simple dichotomy.

, For example, suppose X
1,

x
2'

x
n denote some numerical variable attached to

A../ I/

each of thein objects and define

(3) c(ovoi) = max {,x1, - xj I.

.

If,'for instance, xk = 0 when o
k is blick and 1 when o

k
is white, then max

,xn} = 1, and this' function is -equivalent to -that given in (2) . More
X

significantly, if xk denotes, say, the age Of person o
k
,. then this sgme type,

f6-Ittion could be used -to relate the'inforNtat&on contained, in thiiariable,to

seating pattern. In other words, when xk refers to age, then lage positive,,

correlations betweenq(o,o
j
) defined as in (1) and c(o *0

j
) de ined as in (3) ,

.40 will suggt§t that people of a similar age ht together. Obviou ly, many other
-

functions of ±he variables x :..,x could be used for defining c(o 0.) and

1511ralso, other notions of spatial dista0 "could be used in defining q(oi,oj).

i' 3 4

What is most importantoh6Weve is the general appropri
.

'Carlo siiinificance testing strategy and the variance t rm discdNed in the

ess of the Monte

:'peeyious4section.

1 The concepts presented'a this example can be

situations oCinterept in social psyehelogy'that h

different directions. Forjastance,'suppose the

I I

and the task is to relate an outside var ab e 'to

ined geographaliy (see Cliff &'Ord, 1

. & Sqyal,-1975). Thelsame analysis procedure is ppropri

r-

a

xtended to several-other

e been developed in slightl

objets are now census tracls

-

contiguity of the tracts de-

ry, 1154; Royiltey, Astrachan,_

distance' defining q(0 ,e) and 'the function c(o
- i j

.or possibly,'by some other more complicated funtiOn

th geographical

as in (3),

tor of variables.

available for each object. Alab, the analysis,strategy.for observaiionp con-
1,.

netted throughsome general netwotk struCture, e,g., kinship, can be approached

1

/

e
1

4
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-*in the same way and related to outside data, ele, to 'socioeconomic status. In
'ME

fact, -t s topic a defined by Winsborough, Quarantelli, and Yutzy (1963) is also-

a specialicase of our confirmatory analysis strategy.-

Example 3

,Geometric configurations that are generated as a result of a multidimen-
.

sional,scaling (see Carroll-4 Chang, 1970; Kruslal, 1964a,b) represent yet

another' context in which the confirmatory paradigm could be used to test

a'priott conjectures. Even though these spatial representations arelNoduced

ty 'an explicit 'data reduction p ss an-d\oonsequently do not arise,naturi ly

as din Example 2, some of the same hypothesis testing principles are.still
;

7

ap propriate. To give an illustration; consider the application of Carroll

and Chang's individual differencei scaling.procedure to data_=13.44-ted-by

Wish, Deutsch, and Biener (1970). The objects of study for this analysis were

12 nations;, and since each of 18 subjects rated the woximIty of all pairs ,of

nations -on a nine paintgbale (Aarge numbers indicating ,a greater
.

degree of -%

.

,similarity), th resulting 18 proximity matrices,:alliof size 12 x 12, are

appropriately analyzed by the Carroli-Chang routine 11.970). The group resat,

selected for our discussion is a two dimensional configuration, shown in

Figure 2, in Ittich each nation is represented by a point, and where the inter-

'Insert ,Figure 21abaut here

.
.

I
.point dptances reflect'the degree of similarity between the corresponding

-vig,450,..
t

.
.

.

.

nations-as judged by the group, e.g.3'the distance-between the U.S. and China-

-,is large sitige they are perceived on the average as being ver) dissimilar.
2,..'' ......----,

.

Instead of attempting to label and, interpret dimensions per se, suppose

'the, researcher wishes-to test the a priori hypethesis,that an outside variable,

93

c



s,

to

2.

4

.90

such as poll ical alignment, accounts in part for the distances between nations

In other words, the researcher is interested in confirming the conjecture that

nations close together subscribe to similar pOlitical philoiophles, and con-

versely, those far apart have different political systems. In this case the

proximity function o ,op would merely refer to the distance between nations

i j

4.. fr.vor
o and o in Figure 2. 011r more specifically, if.(yil;yi2),denotet the numerical

coordinates computed by t Carr 11-Chan ocedure for_the paint of in Figure 2,

then the Euclidean distance between any two.poi s o and o
J
-in the figure is

1,k_j
defined as

2i1/2(4) q(ovoi) [Cyji-Yil)

As in previotis examples, the structure function c(o' .0 ) would be obtained
t j

.

om the outside variable of political aligfiment. For_instance, if -politic-al

alignment were simply dichotomized al communist vs.' noncommunist; then c(oi,oj)
I '

might be defined as

(5) c(oi,oj)

0

1

if o
i
and oj are both -communistic or bOth noncommunistic;",

otherwise.
6

With this notati large positive correlation between q(o
i
,o
j
) as defined in

(4) and c(oi,oj) as
t ned in (5) would indicate that nations of simi,11,14ii,p

- .

tical persuasion'are located close together in Figure 2. As it.turn*but,

observeriorrelation between the.interpoint drstances
.

in Figure 2 and the dicho-

tomous variable of political alignment given by (5) is .50, which is spignifi-:

cafit'at the.

correlations

.

:000 level (approximately) when referred to the distribution of

for 1000 random(rtorderifigs of matrix Q.. - In short, fbere Is con-,
. *

ftincing,.statistiCal support for the hypothesis that political alignment par-,

'tialty accounts for-the arrangement of points: ,This conclusion is consistent-

.

with the descriptivd analysis conducted by Wish et al. (1970),,which identified

J
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the vertical dimension of Figure 2" as a political alignmbnti factor with

communist nations' at the top. In a striiilar manner an outside variable such
A

1

as gross national product could be used to support the Wish et al. contention. _
that the horizontal axis of Figure 2 might be identified-as-fleconomic develop- '

ment", 42:g,, the more highly developed nations are located'to the right.

Again, however, our aim would -be to relate the gross national product index,

directly to the interpoint distances,, and thus, any explicit dimensional

representation would be ignored.

-
In the exampll^given above,-political alignment was relaiei to the in r-

:,-

point distances off Figure 2 as derived from a particular data reduction pro-
,

cedure. However since the distance betweerftwo 'points in Figure 2 is simply

-r-a graphic representation of the rat
414

ted similarity between two nations, the

4,e

political qpt hypothesis could also:be tested dicea-ITagainst subjects'

raw proximity ratings, thus bypassing Figure 2 and the Carroll-Chang analysis
_

altogethe For idstance2, themean similarity ratings for each pair of naOions

in the Wish et al. study( are as shown in Table 4, with larger values now

indicating greater similarity. Thus, if Table 4 is used to define a new -

Insert Table 4 about here ;

. . -* ,

proximity function q(o
i'

o
j
) and if (5) again represents the stycture function

c(o
i'

o
j
), then a large negative correlation between q(o

i'Pj
) and c(o.,o

J
) would

i
..... o

di.tectlyindicitethatpliticalalignmentplaysan_important parE"In the forma:.
. ,

'7
.

tion of subjects' similarity judgments, i.e., nations which have the same pont-
-,

-,

-Ral systems also reCeivelligh similarityratings. Tie actual correlation
*.

. . 0
between q(0 o ) and c(o o ) for thee data-is ,.,344 which is'aignifiCant a&

, .

a% approximate -.013 level when referred to the ditribUtion of correlations fig
I,s .

. j i',j

1000 random".rmutations of Table 4. In summary, the political alignment
4 ;*1

'9 5
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'hypothesis can bested either against Figure .2 or against /thee raw proximity
.1 .., 11, ;

.
, ,data, with the latter being somewhat simpler 'and more dirett if the researcher.. \

)is willing tosadrifice
.

the advantage of a pictbrial representatO
.

,
n.'

.-
-13

.
0' . , ; .

In addition to the geometric configuration of nations given'in . Figure 2, ,.
. '. -

4

.

the Carroll-C 'ang procedure also produces a configurationof the particular

subjects that supplied the similarity.data, as shown'in ftigtire? 3., The .horizontal )4 cl,

. ,
Jule vertical axes of Figure 3 are .exactly the same as those of Figure jep-

,
,.

,

.

. .

resentinrpolitical alignment and econobvic development, respectiVeiy:, Numerical4'
. )z-

, .

/

Insert Figure'3 aliou ere

44 .

coordinats'N
Al
. ,w

i2
) again locate a subject o

i
to Figfire 3, and furtherbore,-.,,z ,

_1/4
.

.

indicAte how Milch emghasii a subject of gives to political alignmen and'ec
.

- -,. .

.1 $ - -;o
. .

development when rating the similaritiei'of-nations.: For instance, referring to

Figure 3,subject 10 gi'ves primary emphasis to the :econo is deiel-opment dimension,
4,

subject 11 gives primary emphasis to political alignmen , and subjects in the '.

ok
°Izenter of the Configuration weight both dimensions about equally.

.AS indicated in Figure' Wish et al .;further classified each.qubject1 .
),, 4.,..,.- .rieither is ij

_
(H), moderate (H), or ,a dove (D).adcorcippg the gerson'A etance

% . 40 $on the Vietn Tar, and descriptively argue that subjects in`the same class
.

,tend to weight the two dimensions similarly. Iii pther:wordsf dince!ltis hy-,
4ti

pothesized that hawks, moderates, and doves will Eorm.'reasonably'homogenei4Us'
.

:-clusters in Figure 3, the confirmatory paradigm prov s;atistical test'for

C',

the conjecture,that SubjectS5weight dimensions differentially according to

.
their political opinions. Again, the proximity funetibn is defined as the .

Euclidean distance hetweenigoints o' and o in Figure 3:
I- 1

1/(6) q(0 ,o
j
) = ((w

11
-w
ji

) (d
i2

-w
j2

)2]
2

.
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' and for the sake o ,simplicity, the structure function is defined as'

:(7) c(oi,oi)

if of and p belong to the same class

(hawk, moderate, or dove);

otherwile.

93

A large positive correlation between the function values q(oi,oj) and n(ni,oj)

giyem in (6) and (7) supports the conjecture that hawks, moderates, and doves

tend td form separate 1.usters'in Figure 3. Since the observed correlaton.is

.19, which is significant at an approximate .009 level, the hyppthesis is given

statistical. support. Wish et al. notO specifically thatthawkS:tend to cluster

above the diagonal in Figure 3 .and give relatively more emphasis to the political
A*

alignment factor; whereas moderates and doves cluster below the diagonal and give

relatively,more weyight to economic development.

Although It should be clear that exploratory analyses such as multi-
A

a

aithed4Conal scaling may generate a,rich source of hypotheses, and the confsirma-

tory paradigm may provide useful means for subsequently testing such hypo-

theses more formally; a word of.explicit caution is:also,in order. Specifi-
.,

cally, a hypothesis arising from an exploratory analysis of a particular data

Set should not be tested on the same set Of data, since such a strategyaamounts

,
,

to "data snooping" and may produce signific stilts that cannot be rOlicated.
,14, .

.

Typically, if the-researcher is bound by a single data set it may stil?be

a
possible to take advantage

randomly dividing. the data

of both explotatory and confirmatoryNanalyses by

in half. Ekploratory 'analyseS- could then-be.applied'

to one half of the data, generating interesting research questions, which could

be tested on the second half using the confirmatory paradigm., For instance,

the 18 subjects in, the Wish et -al. study could be assigned in equal numbers to

t,o groUps, 'and thecarrollZChang procedure, applied to the data of one group,

giving rise to a representatio4 such as Figure 2 and the associated political
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. ti
alignmeht conjecture. the confirmatory paradigm could then be, applied tp the_

remaining data, leading to either acceptance or rejection of the h priori hy-
.

,pothesis.

Example 4
4

The.application of the confirmatory paradigm illustrated in,Example 3 can

easily be generalized beyond the specific context-of multidimensional scaling

and used to investigate data that is more traditionally co06I0ered within an

analysis of variance' design. 'As an illugtration- suRpose./'
Yil!Yi2""'Yir)

,.
represents a profile of r different measurements on an object o "Ahin-the

previous example, of can be represented as ajoint in'r- dimensional space

. defined bythese numerical -coordinates, and furthermore, if the r measures are
i

commedsufate,or have been made so by an appropriate standardiZed,-transformifion,

.

then a Eucli'dean (or ;other) distance betWeen objectS.oi and o ill vldithensional'
. .

spade could be used tj define a proximity function of fhe form
.,

n
(8)_ cito ,0 ) [

1(7
21/2

4 ik k'

As a numerical example, Table 5 contains simulated Profiles for n ='21 objects

: e
(persons) on r = 3 variables:(e.g., standardized tests) taken from Mielke,

.

_Berry, & Johnson (1976, p.1419). The three sets Of measures are commensurate
,

in the sense that-all hae- the ame range, and thus, may be' substituted directly

/
r4;.,,

r. Insert Table 5 about here
-4

'''-
A-

.
, . ,.

. ,p'' 4 4
I ,,

into (8) to obtain the.disL aance between any object-pair of and o
j

. .

.
.

.

The objects of Table 5 have been partitioned into four distinct subgroups'

on the basis of some outside variable, e.g., freshman /sophomore /junior /senior,
,

and as in the previous ekamplgs, this outside variable can be used to define a

structure function such as:

98
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4

X95,

if of and o are members of the same subgroup;;.

4meherwise.

If the confirmatory paradigm is used to test the'hypothesis that the outside

-variable accounts in pare for the arrangement of points in r-diensionalspace,.

A

then a'latge positive correlation between c(ovoj),,es defined in (9) and

q(oi3Oj) as defined in (8)- Would support the conjecture that Students in the

same academic year tend to have similar. -.test profiles, they tend o..be

close together in three dimensional space. In the cast of Table 5, this cor-

relation is .55, which is signifiCant 'at,an approximate .000 level. In other

words, the cOmparisonjof q(o
i

) and c(o
j
) essentially carries out a multi-4

variate anal7sis of variance involving four groups and.r measurements on each
7 .'

subject in a group, Furthermore, e'en though the outside variablp in this

example is treated as a.siMple categorical measure, it should be clear from
* . 0

the discussion related to the structure'function in (3) that an analogous

function cotld be defihed for variables measured on 'higher order scales., In fact,

we could explicitly take the
frtshman/sophomore/junior/senior ordering into

, A

account in our illustration.

r
t

_ , Discuss&

As shOald be evideAt in-the examples glven above, the confirmatory approach

developed.' in this paper has a number of applications related to the use and1 4

development Of geometric models, either those that occur,naturally or those

derive* frolvsome inieitediafe data reduc
..._

tion process. In addition to the '

1 .

4.0
-/ '

illustrations-providedl. a mm# r of other correspbndences-to.the methodological

lit4iatUre of the behmiloral sciences'could be developed that the reader maybe

r.
^
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Interested in pursuing further. Fbr instance, Carroll and Chang (Note 1)

suggest a general Index of nonlinear con' ation between 'two sets of gbservations
1 .

and {y1 . y
n
) definedby--

K = (1/Sy) wi4(yi-1.4)
2

,

iOi

- "where

2 n 2
S
Y
= (1/0 1 (y

I-y.)
i=1

and 1

........_
0- r ,--L. 4

w
ij

is some decreasing monotonic function of ix -x I.

Intuitively, the s6aller K is, the greater the infetlied nonlinear crrelatiOn.
t #

,

° _Since S2
Y

is constant- over all -permutations of the y's a rpermuration 4st- butiono
.%

.

fOr K can be obtaided by co nsidering only its numerator; treat ng the valuee
. p

w -as
2

ij
a Q matrix, and (Y -Y ) as a C matrix. As discussed b Carroll andi j

J .

Chang,'K itself includes, as special'cases: the well-known corre 'tion ratio
,

- as well as yon
4

.....

Neumah's autocorrelation statistic, In fact; as a second general '

4
, application, a substantial literatve in-vociology exists in wing what is

'

called the contig uity ratio, which iejalmost identical in fom to K, as a way
., .

of relating the structure of 'social networks to
.
outside'variailes (N.-,°see

40- 1 0 ., . ,

Winsborough, Quarantelli, & Yhtzy-, 1963; Althauset, Burdick, & Winsborough,

.,
1966). For a number of other applications of- the tyPe'of analysis discussed

-,`--'
,

. '"',
,

in this paper butch are not specifically tied to geometric,rdeling,:,the

k. ..-

reader should consult Schultz'and Hubert bi.76), Hubert and Baker (1977),
. ,

r

Hilbert and Levin (1.49764b)', Hubert and Schultz (1976), ancaubert (1977),

'

.. 0
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Table 1

ThePatterns Used by Glushko in Testing Garner's
Pattern Goodness Hypothesis

97 "

4

Equivalenceclass size

-I

1
8

(1)

(?)

.

(64)

tt3

(5)

%..5u

kir 1 ...-

.
.

(6)

(7)

(8)

(9)

.

(11) '

,(12)

'
(13)

(16)

(10)

-

-

, ea

,
yy

r

S.

10.E
0
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Table 2.

t*N.

The Symmetric ProxiMity Mattipc Obtained by Glushko, for'the Patterns of Table 1
*:(1;bwer Triangle) and the Structure Matrix Generated by the

Equivalence Class HypoiheSis (Upper Tiiangle)

Pattern 1 2 3

1

2 _ 1 * X 3

37 I 2 X
1 a '

4 2 4 0

5 3 3 -,1

6 2 4. 1

7 2 4 3
.%,

- °3 5' 2.
.,.

9 4 4 2

100 4. .5 4,,. .

.-.

P 11 5 5 3

12 5 6 4

13 6 7 7

14., 7 -6 1, 4

5 6 . 7 5

16 7 8' 5

17 7 7 5

4 5, 6 7

..

3. 3 3

0 1 0

X 0 0, 0
I

1. 0 s 0

1 1 X 0

. 2 - 1 2 X
.

1' 2 :1, '0

c

1 5 3 3

4 3 3 3
, .

4 3<, tt . 2

6 4 1 5

6 5 44

4 5' 4 6

7 - 4 5 5

5 6 4 4

5 5 6 5

3 3' 3 3

8 9 10 11

3 3 3 7

3 3 7

0 0 0 4
tr

0 0 0 4

0 0 0 4

0 0 0 , 4

O'''-0. ' 0 4

X 0 10 4

4 X z0 4

5 4 X 4

..,3; 1 X

5 2 1 .3

1 4

4 2

4 5 O - 3

3 4 1 4

6 3 6-

*

12 13 14 15, 16 17

7 '.7 7' 7 7 7

7 7 -----..Z, 7 7 - 7.

4 4 "4 4 4 4

t4 4 2 4 4, 4 .4

4 4 44 4 41 4

4_,

4

4 4,

4 4

4

4

4,..)-4

4

4 '4 4 4 4 4
,.

4,

4

.4 4

4 4

4

4

4 4

4 4

0 0 0 0 0 0

X 0, .0 0 0' 0

X 0 0. _0 0

1 1 X 0 0 °O.

0 1 X 0 0

2 2 0 1 X 0

.2 3 1 1- 1_ X

0

I 't
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Table 3 .
%,#,..,.

-.,.

.

Approximate Distribution fo the Comparison of the
Structure and #roximit Matrices Given in

\Table 2 (Sample ize of 1000)
l

--..

4c

99

45.

Correlation Sample Cumulative-Proportion.

-:193

-.171 '

-.162

-.117

-.098

.001

.005

.010

.050
e

%

-.070
..1100

-.046

-.425

-.009

.010 .600 \

.033 .700

.068

.115

6
:16211, .950

.273 .990,

.297

.096
.999'

,420 1.000

103.
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Table 4
a,

Mean Similarity Ratings for 1Z Nations
a

a

1 2 ' 3 5 -,, 6 7 8 ? 10 11 .12

1 Brazil'
--,

.:,A

2 Congo

3 Cuba -

4 ,Egypt

.5 France

ft .India

7 Israel

8 Japan

9 China

10 Russia :

11 U.S.

12 Yugoslavia

4.83

528

3.44

4.72.

4.50

3.83

3.50

2.39

3.06

5.39

'34.7,

--

4.56,

5.00

4.00

4.83

3.33

3.35

4.00

3.39

213g-1.17-.3.33

3.50

..o

-='

5.17

4.11
. ,

4.00

3.61

'2.94

5.50

5.44

5.11

.

--

4.98

5.81

4.67

3.83

4.39

.4';39

4.28

.

--

3.44

4.00

4.22

3.67

5.06

5.94

4.72

-,---

--

4.11

4.50

4.11

4.50

4.28.

4.00
,

_

.

--

4.831'

3,00

4.17

5.94

4.44

.

.

.

5.

--

4.17

4.61

6.06

4.28'

,

r-

,

,

5.72

2 56
.

5.06

.

, \--......

--

5 Co;

6.67

..

.

'

-,

3.56

.

.

.

.

.- ..

.

a.
Larger numbers indicate greater similarity.

4
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Table 5
4

Simulated Profiles for 21 Objects and 3 Variabled
-

Subgroup Object (i)
Yil

Y J Y
i3

Cl
--)

'20 , 31 26
. 2 17. 29 .25

1113
1E1 g. . 4',', '3c' 4. 27

\ . , 18 31_

, 5 1S - As 25

C

G2 6 ge 13 24 30
7 13 27 21

..
I 8- 15 *26 21

...

9 . 15 27 18,'

G3 '10 23 32 29

11 ., 22 31 30

12 22 36 ,32

13 23 36 30

14- 22 33 33

15 , 21
V.

31

16 , 25 35 33-

17 24 34 30is.

.
18 lf. 28 % 24'

19 ,18 .. 2$ -26*
20 181)L,; ;- 29'. 25

'21 2() 31 25Alb

101
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1. Wroll, J. P. & Chang, J. J. Ageneralndex.of nonlinear correlation

, ansl its applicatfo'n to the problem elf relating physical and psychological

Otimensions., Unpublished manuscript available-from Bell Telephone Labora
'

il;ries, Murray Hill, New Jersey (no date).
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