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PROBABILITY FOR. INTERMEDIATE GRADS

Introduction

Why Should We Teach /bunk children About Probability?,--r--
Icv:

c ,

There are many reasons for helping children develop ideas concerned with

probability.
..

.

%
Children,'as

(
well as adults, are often confronted with situations which

involve prob4bility. While thee confrontationd may not be cruCiai o.chil-

dren,they are important and are frequent, so a fundamenal.knowleft e oT

jr.Obability is useful. e

There is a need on the part of both children and adultg to be better in-C

formed in this field. It is evident that both have4nanymisconceptions and a,.

laciQf background.in probability. Many people have little intuition about

experiences volving chdnce.

Childrpn can learn the fundamentals of probability. Because the approach .

taken in this unit is of an intuitive nature and not 6 formalmethematicai one,'
. .

'children can understand and profit from the activities and materials that are .

A .

included. , .
, ..

.0,
/

The practical uses of prbbabilitay are many, and they 'are increasing almost
. '.

L

,t daily. Probability is,used in making decisiohs in such diverse fields/a

., military scientific research, design and quaity. control oi"'
,

anu-
....

..t-, , , _ .

factured products, insurance calculatiOns, business Predictions) weather fore-
&

44. '--.casing,and governmental operations-. .
.

.
.

. , .0
.

. .
. ,

...I ,
°

Probability is, of course, an essential dement in 611 garnet of chance. r

Iri-f6.6t; the theory Of piObabilityfhad.its beginning some .-3700 years' ago as\--;

.

.

a result of a mathematician's Interest in the. imprudent and unsuccessful gam-
e .:.-

,

bling activipes.or one of his friends. .4 . I

.
.

.

i
o "Goals for School Mpthematics°., the report of the 1963 Cambridge Conference,

. ,
. recommended that some of'the'basic ideas of probability be introdUced very early

'In the school program. The SchoOl Mathematics StudyGroup undert6ok the level- . .

A

..

,opment bf buchMaterials for grades kindergarten to high .school.
, ,.

'

' J 1, 1 , , .4...- , , , ,, ) i , '
.

o.

.
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What Is the Purpose Of This Unit? 11?,

The ideas of chancetand uncertainty are meaningful tQ children at an ea4y-

age. They observe and'play games with spinners, dice and cards. They hear and

use the words, "likely", "uril.ikely't -"chance', and "probably". They recognize-

that sbme things are 4Tiora or less likely to occur than are other things. This

recognition is sometimes the result of experience but more often-tt is intuitive
gra.

in nature. It is seldom based on any thoughtful or systematic consideration_ of

the situation.

Children's dkuTal interest fin games provides gt high level of motivation

for the study' of probability. This unit capitalizes on that interest, and mbtiz
,

.

vation by using experimental actiVities to introduce some of the basic ideas

'

.

4. ) . of probability. As child'renclasify and tabulate datp gathered rom these
.,..

.. .

, _.

s.
experimental activities; they. are guided to dispover patterns which enable =them

*

,to formul5le 17.Y-potbeses and reach tentative conclusions aboUt,situations which

involve .chance events. ,Ultimately they are led to discover that there are

mathematicgt, justifications i4or many of their intuitive ideas and that mathe-
. .

'4 o mdtics can be'used't6 test the validity `of their intuitive ide6s. 'We hope that

this unit will make further stUdy'of probability easier, more interesting,and

more fruitful.. r

. .

.
.

. 4
.' 4,

HowDoeo _1..« nit 'Fit Into the Mathematics- Program fohthe Intermediate Grades?
,..

41110,
;4. ,.:

Aside from the fact that the study of probabllity is an increasingly im-
--

pirtant part of mathematics, thdre are certain fringe benefits to be derived,

from this unit.
-..

d

4 . . 4
.

.

. First, while the,unit.has sufficient depth to challenge the able pupil, it
. .

4riould to Tun for all children. Making mathematics enjoyable increases pupil
'

.
.

moti,,on and devdlops a positive attitude toward the 'sklbject. The use.of-

-

experimental activities and games as an integral-part of the unit.shduld4telp

those_children who heretofore have not enjoyed-ma-pematics to becpme more in.-

"ereSted 'and to experience unexpected success.

Second, one of the goals. of instruction is to promote'systematic thinking
,

-ther than a hit-or-miss approach .which encourages jumping to Conclusions.' -7 , .i made,
, . . 1

A Efforts are hroughout the unit to demonstrate thp advantages of a lOgica/

' -'
,.._

.
,

and systematic approaCh. , '
-r

,

t

-.
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. .. -
, .

.
.

. e . . .

.. .
rd, there are unlimited opportunities fol.: the-practice and 'reinforcement

) 1

of arithmetic skills ranging from 'simple addition facts to the multiplitation of'

common,fractions.

ute to increased
0

history, as' well

The construction and

pupil understanding in

as mathematics:

.

interpretation'of graphs shoyld contrib-

areas such as economics, geography, arid

Fourth, there are opportunities for independent investigation -- one might

alMost Saycxesearch 1-- by individual children, The teacher, too, may seizek

opportunities tb carry the Work further when .individual Or group interests indi-

cate tht'thie'is desirable. Also, the Appendix in the pupil,bookyhich des -

exibes probability devices may be of help in d1ch situations.
."

How Might I $esttJse This Unit?

First, you will want to read the next section, "Mathematical Comments".

This is a brief introduction to probability and enables you to have a broade

view of the topic. . Further backgroundcan be gained,from-the two SMSG volumes,

Introduction To, Probability '- Fart I - Basic Concepts and, Introduction 'To

Probability - Part II - Special Topics. These units which are deigned for the
,

junior high school are an excellent source of information. You will find

;mart I to'be especially helpful.

Next, examine the contents of this unit to see the various ideas that-are

introduced and the.sugges-0.ons for helping Children develop.them. Look at the
. .

pupil pages to determine the kinds of activities that the children will be doing.

, .

Because it is assumed that pupils have had no previous instructipn concern-

'. ing probability, this unit is not,designated for a specific, grade. So it wi43-

nr.)t precisely "fit" your class. ,With.ceitein Id.ssoni and parts Ofttlessons,%you

;will need to adapt, to emphasize more, to emPhaSiie Less, tosmolre7rapidly, tp

_progress slowly, in short to proceed as you know. is best in your situation.

The teaching suggestions are labeled, "Suggested ProcedUre,", and are not intended

-to. be prescriptive. They do, however, follow a logical,,. aid eperience has

shown, a teachable sequence. Generally, yod will find a successfulapproach is

to follow the sequence as it is. developed but to vary.the-,*cie and to omit or ,

to providemore experiences and to stop, as is apPropriatafOr-~your

interests and abilities. The unit can be taught in a "concentrated" approach
_

over a short period Of, time but lAbably children will learn best ,if it is
.

.

fitted in With your present mathematics program over a longer periOd 6f time.
.

3
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What: Materials and Equirent'

This list indiCates.the

ners are available with this

for those suggested here.

I. BASIC

A.'
I

Will I Need?

Spinners

1. 1 red, 22: blue(

2. t- red., i blu07
1

3.
1 red, -3

1 yellow--
3

blue - y,
1

other objects)

material that is needed. :The the types of'spin-

unit. You may want to substitute Other materials

B. Colored Blocks

C.

Blocks'Of*the same, size differing only in

color. Red, blue, green, yellow, orange.

Cubes (or dice)

1. White, numbered 1 through .6.
2. Red, numbered 1 through 6

. Chedkers

Star on one side and-crownon the.other.

E. Cloth,or Heathy Paper Bags

About six to twelve inches deep.'and four to

dix.inches,in diameter.

F. 'Crayons

G. CardS
.$

Plain, white three inches by five inches.

---'H.- 06tMeal Box_0
. ..,-

- I
-.....--------

..( OT ,simitax _non-transparent )c

I. :Coins
r s

J. Felt Pena, red-and black

4'

4
9

*

Number Wedded.,

6

6

5 of dach
.-color

41P

2

2

4 ,

1 'bolt

Q.
3

3 ,

2

I



II. Optional

S

id

A. Large 8pinhere for Classroom Viewing.

1. 1 1
oiE red, blue,

1 32. red, blue,

1` 1
red, blue,

small spinners

i
B.' Colored Cbaik.

numbered as thei6mall 4iihners

numbered as the small spinners

1
-iyellow, numbered, as the ,

C. Large Beads (or other-objects)

Alike except for color.

of coloted blocks.

To be used instead

Number Needed

1 box

5 of e.ach.

. color.

D. . Newsprint, white wrapping,'or construction paper
, 20 large

sheets
(

A

..E. Marbles

10 each of, 6 colors, alike except for color

F.. Paper -Cups

G. See suggested probability 4vices in

;',05f the pupil text

,
.

11, Liquid Duplicator Masters
-ni

I. Overbead.Projectox. and-
,

Materials,.

and Paper

0
1,0

5
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MATHEMATICAL COMMENTS

.

1. The idea of probp1.14ty.

Some everts are regarded as certain: the sun will rise tomorrow,

the coin will fall eithel,-head6 or tails.

--Other events are uncertain, depending upon chance fluctuations: ft'

will rain tomorrow, the coi,t 'call: fall. heads.
,

. .

r
In everyday conversation,ipeople,frequentlY,compare the likelihood

of (uncertain) iVent.s:
. 4r

They are all'equally likely.

This is more likely than that.

I think it willrain this afternoon. (It is more likely to

rain this afternoon than not to rain.)

o ./
In more .scientific work, we compare likelihoods numerically: Every

evert is assigned a number dg.scribing or "measuring" its likelihood; the more

likely the event, the higher t1N/number, assigned to it. The numerical measure

of the likelihood of am event is called the prob lity of the event. The
. . .

methqd of assigning probabilities to even d the study of the relatiorN'among
-......

\5
them constitute toe Theory of Probabi i.,%. .

0
A Qomment may be in ordQ'r/about the word "theory". in mathematics,

the word is used to mean "body of knowledge'. This is in contrast with its

conversational meaning of "con,leQture", as when we say, "The deteqtive had a
P r

theory about who fired the guh."' The theory bf probability consists of our

. accumulated knoWledge abo.u.t/Tobability. Similar y mathematiciansyspeak of
,

the theory of numbers, the theory of groups, the theory of functions of a real

variable, etc. No speculation is involved. Everything in a mathematical

theory is true.
$

. .

Modern science, industry, aFieul, ure, .and human affiars all depend

strongly upon the theory of probability) her diitectly or via the theory of
. _

mathematical statistics whicli itself is based-upon probability. The theory of
,

probability underlie's. the biological laws of heredity; it-is neededin funda-,

mental research in physics and astronomyand, as a natter of fact, 41 working,

4

r
out'plans for travel into space; .it is used in developing rand testing new

drugs and medicines; it is the 'basis of agricultural experiments that lead to

'6 1 i



'improved methods for the farmer; it guides the mahu4.acturer in controlling the

quality of his product, the industrial laboratory in the design of new equip-
,

ment, the,economist and psychologist in their, studies- of, 'behavior); the military

cOrnman_deZ' It i his choice of tactics.

Probabilit';, theoiy is also'the basis for analyzing games of chance.

In'fact, the theory of probability had its origins, about '300 years.ago,, in

the_gaMhling halls of Europe.. Mbrel&er, in explaining the theory and in work -

ing
,

ing probltms, it,is necessary to toss coins and throw dice. Occasionally a

person will conclude that to teach' probability is immoral. He reasons: "tam-

'hling is evil. Gamblers have to user probability. Therefore we should not teach

prdbability." One might equally well reason: "Gambling is evil.' Gamblers

shave to
.

reed and write. Therefore we should not teach reading or writing."
.

We teach probability not because of i.s possible' misuse but because

of,its applications for the benefit of mankind.

'A' particularly important application is to mass behavior where each

individual Iclion is subject to chance fluctuations; For example, whilethe4

theory-of probability will not tell us whether the. next coin'tossed will actual-
.

lo

ly land heads, 5.4 does tell us that of the next 10,000 tosses the' number of

heads 'will lie, with virtual certainty, between 4500 and 5500. Despite the ,,

,randomness, there.is stability in:th'e whole. The principle applies (with4er-
lk:

/haps different numeric-4 values) not anly in.genetics-and the other pure

sciences but to industrial and social phenomena as wellf!to mandactUred items

rolling off.an assembly line,'to a mass of vacationers,deciding-wheie-to stop'

for lunch.. ;

N.
°

2. How probabOi.ties 'ere found:

The proliftbility assigned:to any event is, roughly speaking; the-frac-
.,

tien 'of the time we expect it to pen.', The probability of an event isi-*there-
4

' fore, a nilliber between 0 and -1, ilitQausil;e1 An impossible event is assigned

the probability -O. (Itnever happen .) A certain event 5..ssigned the AprOb-,,p
( = 100% ). An,event that is just as likely to nhappenas rot to .

happen is assigned the probability ; for example, if a coIn.is as likely to

-fall headS as tails (an4 will never land on edge), then the prpb6.bility of heads
.is

2
and they robabiA 1

ty of tails is .

.

%
,

.).

II+

1

11,

7 :12

Y
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of. course, most of the events tae study are more interesti and more

involved than these. How are their probabilities determined? There A.re two

ways:* by observation, and mathematicailv._ -. ,..,

Probabilities that are determined by observation are of this sort:
. ,.

The probability that a child born today 4.1 live through

7

.

'its first year. , -

probability that a_- tossed' coin will lailiaB-a40..
. 4

The first of these judged empiricallyr from birth7and-death records of

!recent years. The seco d is obtained bicgnsidering the syhmetry.ofthe doing
-

4
and-checking,witli soPee.experimentalysses.

Probabilities that can be determined mathematically,are of this sort:

The probability that a least '85 of any 100 chiidrebarn

today will Lye through their first year. "-

The probability that of 100 tossed coin's, between. 40 and

60 will land heads.

These complex events tre.made up of combinations ofthe simple events of'a

singiechild or coin, whege,probabilitIkes are assumed known (fxom,obseryation).

the probabilities Of the complex events
.

can be computed from those of the simple

events according to the mathematipal laws of probability.

We hope to give the child An appreciation of both these.methods. We ,

have'him make jildgments_Ofempirici probabilities by-performing_ actual experi-,

ments, recording their outcomes` `Andind analyzing the results. We also guide him
. '

informally, to some of the ideaietnderlying the mathematical formulas.

.

What is'iMpartant/is the spirit: We wish to' develop. in the child a .

,feeling for the subject -.an educated intuition. If he learnb to take quail-
.

.: /1'

-tattve comparippus based on understanding, we have succeeded. If the best he

can ever* j
T

e form quantitativ6,6bmputations based on memorized rules, we
&re

have faged :*
,

. -.:"

ComVarisons of likelihood.

;.,

t, Ail,thildren have had experience in making,informal comparisons of
...4.- ,

, _ .
4

-kelihood and thits a good topic to begin with.
1

.t. ° '. r . IP

.. .

Example 1. Which is more likely on the 4th of July

our town) - rain, or snow?

8 13
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a

This simple question leads to three interes4ng points 'for discussion.

.(1) -"The comparison itself *should be obvious to the t2hlldren.

Rain is more likely than snow because the 4th of July is ,usually too hot for

snow.

(2) Notice.that we can compare the likelihoods-of two events

A
even though we do not take into account all possible alternatIres. There might

be neither rain nor snow. '

4 (3) The likelihoods being compared: might-both be very small.

In many localities the chances for either rain or snow are virtually nil. But

we can.still compare the one with the other. ,
4

MN.

Example 2. Billy is -E.Cvery good student. .Whin is he more

' likely to do'in tomorrow's test - pass, or fail?

Here aganthe comparison is evident: good students tend' to pass,

not fail. In this example there are no additional alternatives.

"
ar

still easy

to, choose

Example 3. A"new'boy has joined the class. Mary s to guess

his birthday. Alice is to-guessPhow many brothers and sisters .'

he-has. Who is more-likely to guess right? vi

This time we have no past experience to drawfrom, The answer is

but we use a different Method. Clearly, Mary has a wide selection

oth and ce has more opportunities for guessing wrong.. (We don't

even have t to see that.) Therefore, Alice ts the one more, likely to
.

guess right. In this example; the most likely-result-is that they Will both

' be wrong.

Eirents being compared may be related to each other in some way. iIn

,aample 1, rain apd snow are related, in the sense that contributing causes
(-

favoring one also favor the other. Another relatidn betweet themp'tha f

exclusion:. they can't both happen at the same time (provided we def.' /'

. right): Finally, it may turn out that neither one of them t In

.Example 2, as and fail are strongly ated: 'one or tfe o must/ occur
)

,

but not both. 'P'Example' 3,- the o guesses are.not relatO at all. MOry'd"

guess\sof no help to Alice, nor Alice's to Mary. One'gu4s 68 id be-right

while the other is wrong; both.girls'inight guess right; both ght be wrong.

In each of these examples,,,it.can happen that the Likely of the

two events occurs while the more likely one does not. It canCsnoW. Billy
e `4k

9



might fail.. Mary may get the.birthday right even though Alipe is 4rong about

the family.

Example 4. When Mary gueses the new boy's.birthdv, which),

(in her guess) is the more likely to be right - the entire

birthday, or the month alone?...
.

/
4.a

.
,

This example is fundamentally- different from the others and, illilt
ye ".

JanUarytrates an,elementary but.important principle. Ifthehboy was orn
,

e ,

14tb..,,then he was born..in January, It is impo 13/e for the ss likely event

'(fitting the birthday) to ocCir,while the more likely (hittin the-month) does'
. , ./.

not. In this case, the comparison in likelihood'is dqrill.ed,
/

ot from past ex:-

pdriencp or numerical considerations, bit from logical necess7ity.

9

4. Estimating probabilities by experiment.

The probability of an event is, roughly speaking, the fradtion of

the time we expect it to happen. A tit th-n estimate, is the fraction of the

time it did happdn (under_simil conOitions), Rpco ds of births over a period
t

of years show that the fraction of boys is- (to within two one-hundredths);

we conclpdd that the probability is .5 that,the JoneS's next child Will be a

boy. A major league player haS4batting average of '.303; we conclude that

the probability of a hit his next time at bat is -.303.

. ,

.

Children will be less interested ih tables of actual statistics than

in performing experiments for themselvif.'

a probability about which they have no pre

probabilitythat-a thumbtack, when jigg]<

to rest on its head. (If tacks'are too ha

taps, etc.),
. ,

. .

' Our estimate of the probability is the number of heads divided by
J

-*the er of throws. How many throws shoUldbe made?-, Questions like this

can,be subjected to delibate analysis, Apart of the theory of statistics.
.

. , -- y
I ,,,, ... ur own discussion will 15d-Much,more elementary.,

e
Before plunging into the experiment with the tacks, let us gain some

insighI,by.exp(rimenting withthe humble co in. We)assume that the coin is

"hones*- //that is, the probability of heads is 1)2--

An excellVnt project is to estimate

conceived*notion; for example, the
1

andthrown onto the .able, will some

zardous, substitute rivets, bottle

'1c5
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, By the way a fair toss or spin requires some skill beyond many

chiliren. A little practice may lqe -Worth while even fo4, the teacher. If the

6xperithent calls for a large number of throws, and if you are not keeping track

/-of the order of the results but only, the totals, throw the coins 10 at a time.

The prob;bilities are the same whether the throws are successive or simultaneol.1.

Not only do you speed things up, but the whole affair is easier to control: mix

by'shaking in your cupped hands, and release gently onto the table, Cover the

table with paper to cut down on noise. (With some modifications, -you can keep-

track of order as well. For example, record the.results of 4 coins in the
z ,

Order penny, nickel, dime, quarter.)

..;Back to our coin. Let us toss it 10 times. (Or toss 10 coins
1

,

'\

1
at once.) Since the probability of heads is 2 we expect heads the time

2 2

in many tosses. So we expect heads 5 times out of 10 in the long run.

But of course we cannot count on getting exactly 5 heads inour 'particular

throw of .10.

Actually, the most likely result in 10 throws is indeed to get

exactly 5 heads. But'this result is,not likely! It X11 happen only'about

1 time in 4 (The methods for calculating these proiDabfiities will be
.

a

into late'', On:) This fact will come as a surprise to mogY children. But con-
_

fronting tEeM.with the theoreticarquotatioh is not enough'.Jor the fact to

soak in, they should perform (or observe) some actual ex p iments.

L'pt usassume that 1.n our throw of. 10 we counted 7 head. This

is a perfebtly reasonable result. ( 1 time in 3 we will get,at le t 7
4, ,

heads ()rat least 7 tails.) If we stop here, bur estimate of the,probabilfty

of heads is ,.7 - pretty far off:

4

But supposetie throw 100 times: To obtain as many

would be highly unusu A reasonable result would be somethtfr

/

70 heads

betwe4 '43

and 57, say. OUr estimatewould'now be sensibly' near the tr e val

Suppose we throw 1000 times. To obtain as many as 700 heads

would be a miracle. Even,a rekult life 430 or 570 is highly improbable.

'A reasonable result would be something between 475 and 525, say. Our es-

- timate would now 'be quite close.
6

And now to the tacks. We throw 10 of thin and count 7 on eir,

heads, 3 on theirsfaeS. IS the probability of heads .7 ? That would be a

rash conclusion. As we have just seen, we might well get the same count when

the probability is actually .5 . So Vie make another-throw of; 10 . And another.

11
It U
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We don't know just when itois safe to stop. In fact, there is no way of- knowing

, when to stop. But we notice after a while - perhaps only after two or three

hundred trials - that the results start to settle down: We watch the small

random Fluctuations get swallowed up In the overwhelming stability of the mass.

Then we announce our estimate,in e firm voice.

-li '

4,

5, Equally lilikely Outcomes.

. 4 ,:: ,
.

any
.

Let us throw a die which, we are assured, is honest - that is, y

one,of the six faces is as likely to show as any other. Then each face will
4

. appear, in the long run,
1

of the time. hence the probability of any partic

. ular face, on a given throw, is . The prObabllity of a 4, for instance,
l

is '
1

e

This example illustrates'a general principfe: Suppose that an ex-.

periment can result in any one of a number, of outcomes', all equally likely.

Call the total number of possible, outcomes n . Then the probability of
0

particular outcome is 1 .

n
c

In'the example, the experiment isthe throw of the die; the, possible

outcomes are the faces: 1, 2, 3, 4, 5, 6-') all of which are equally likely;
1 ,,

' their
1

number, , n, is 6 ; and the probability of any particular outcome, 1-7 ,

.

.

is
o
7-

In throwing a die, what is the probability of a number greater than (7
4 In other words,, what is the probability of throwing either or 6 ?

,

Each of these appearOin the long. run) of the time: :Therefore one orthe
2

other appears of the time - s, 1 of the tine. So therprobability
1 3

of a num;er greater than 4 is .

The principle here is an extension of the °nth-above. Suppose; again,

that an experiment can result in any one of a number of outcomes, all equally

t

,; likely). ^,a 9.: the total number of possible-Outcomes n . Certain of the out

.comes are "favorable" to the event we are interested in; while the rest are not;

that is, the ev)nt takes place if'one of the favorable outcomes occurs, but not

otherwise. Call the number of favorable outcomes" g' . Then the probability
s l,

of the event is . (The earlier principle handles only the special case in

which s = 1 .)

I

Sk
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In words: _the probability of_the event is equal to the number of

favorable,outcomes divided by the total number of possible outcomes.

In the example, the experiment is the throw of the die;_ the posS-
.

k . .

ible outcomes are 1, 2, 3, 4, 5, 6, all equally likely; n 6; the eveAt of

.interest is a number greater than 4; the favorable outcomes are 5 lx4 ,6;

"there are two favorable outcomes, so s is '2; and the probability of the event
s , 2' 1

n
is ,T , that is, .

It is 14structive to test these conclusions by actual experiments-

Make a large number of throws and check that a number greater than 4 comes
,

about -,-,

1-
of the time.

5

We have described two methods for-obtaining probabilities: emp
/

cally, and by counting equally likely outcomes. In applications, it is s'ome-

times hard to tell whether various putcomes really are equally likely,. This

problem, discussed in,the next section, wi,11 lead to the question of how known
t"." A

probabilities are combined to obtain new ones. .

6r Probabilities of combinations. /

r:-

-

Suppose that we are interested in the number of heads Showing.on a

thraw.of two coins, gay a penny and a dime. There may be none at all, or ju's.'?

1, or .2. Are these three Outcomes equally likely? If you, are in any doubt
/,,

at all aboutethe answer, make 50/ throws and set what happeis. =

It is a common pitfall simply to assume that outcomes presented in

a natural way are equally likely. The safeguard is to consider them carefully

and supply a reason in suppolt of the assumption.

The danger in our problem id to be swindled by one's own language.

Lei us.replace the dime by a checker. Even better - keep the dime, but just

API say "star" for its heads and "crown" for its tails. On a tit:row-of the two coins ,

there are 4 possible outcomes:

.0rownl' and there is not the least

likely. Their original names are

heads-star,-heads-crown, tails-star, tails -

doubt that these 4 out_pDmesigre all equally

heads-heads, heads-tails, tails-heads,

tails-tails (the first word in each cage referring to the penny, the second to
1'the dime). It is now clear'that the probability of 2 heads is - , the prob-

ability
- 1 1of just 1 head -f , and the probability of 0- heads is _IT

4 r

:e

13-

44.

4



What is the situation with 3 coins - say a penny, a pickel,',.and,

a dime? For instance, what is the probability that exactly 2 fallheadif

Each coin will fall in either. of 2 ways,, independently of how the other two.

fall. Altogether then, the 3 coins can fall in 2 X 2 x 2 = 8 possible ways,

;all equally likely. They are:

HHH; HHT, HTH, THH; HTT, THT,

Here H -denotes heads,and T tails; the first letter irc each triple refers

to the penny, the second letter to the nickel, and the third to the dime. In

this list, we have grouped the results as*follows: first, the outcome consist-

-i* of 3 heads; next, the outcomes withltist 2 'heads; then those with

ju'St 1 head; then the one with 0 heads. There are 3 with just 2 heads.

$Therefore-the probability of getting exactly 2 heads is u : *elle number pf

favorablerloulOimeS divided by the total number of outcomes.

This is a good time to pause for experiment. Take 3 pennies;

throl4 them 20 or 30 times, and see what happens.

LoolAng back, it should be clear why the number of favbilable out-
>,

comes (those yielding exactly .2 heads) is 3. That is prIltisely the number

of ways we can select 2 coins (for heads) from the a, coins: as penny-and-

nickel (EHT), penny-and-dime (HTH), nickel-and-dime (THH). Likewise, just

3 df the possible outcomes yield exactly 1 head: penny (HTT), nickel, .(THT),

dime' (TTH). Finally, there is just 1 -way (HHH) to pick .3 hleads, and just

A.-Away (ITT) to pick 0 heads.

N, The-reasoning in the,general case is similar. Suppose we toss n

coins. Each one will fall in either -of 2 ways, independently of how the

others fall. Altogether, then, the n coins can fall in

2 X 2 x x 2 = 2n

fac,tors

4 A
poqsible ways, all equally likely. Consider any number s between `10 and n,

inclusive. How many of the 2n 'outcomes yield 'exactly s hedsr
10,
the number of wags of sele,.cting s coins (for heads) from. n- coins. The

symbol for this number is (rsl' : -

(n) -= number of ways of selectipg s_- objects from n objects.,
s ay

. The probability of obtaining exactly s heads on the throw of n/ coins is,
1,

ll

1

1:19
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)

, s/
,

then : thg number of favordble outcomes divided by the total number, of
. 2 ,,,t, ,

outcomes.

, ..

ef

Q

,-k, , qa ,

The symbol (

s
) is read "n above s" (not. "n over s"). It

is not a fraction, even though it looks something like 'one. It:is a special
.

,

a.,

.1-,

symbol, the one. most popular among mathematicians for the number of ways of
!-4

selecting s oAjects trot, n-ioi6jectei'- En place of .(n)
,

some writers use
.: . s

Nn,$) or C n:s ("the AuMberOt Combinaii6ni-Of- n 'things taken s at a
. ..° 7-

4
time). 'None off' the symbols is -used in this-teaching material.

t:-.
.%. .- '- o ,

... .

7.-. Computing 4e number of combinatiOns.

,
We have -to.know heW to compute. (rSi) for various values of n and

s. When n and s are smh11, the computations are easy. For in'tance, the

example of the 3. coins shows that 0) . (3) = 3, sand that (3) = (3) . 1.
2 )

3

. . It is Clear. that
11)

1, 1,i and so on (n) .JHahatever.'
'1/ ' '2/ _ n

the value of n; for, there is just 1 way or selecting n objects from 'n ,

1 2
ob,tects (namely,' choose the ^,a11). It is ark y to csee .that (0) = 1, (10) = 1,

and so -on:. (40 ) -= -1 f em, y va uel0f. n; for, there is just 1 Vay of select-
.

king 0 objects from objects (namely, omit them all).

Next, we se- that (1) . 1, = 2, . = ,and (7) n
whatever the value of for, there are 'just n ways of selecting a single

object from n objects ( amely, pick any one of them). There are also just h

ways of picking n-1 obj c s from n objects (namely, omit any one of them);'

therefore -(1) = 1., ( )/=,2, (3) 3, and, in.general, ( n) n.
0 2 n-1

For the next observation, consider a.s`an illustration the case

n = 10, s = 8. (Suppose,' for example, that we are interested in the number of

ways 10 coins can show exactly 8 heads.) For each selection of 8' coins

for heads, there remain 2 showing tails. A different choice of 8 heads

yields a differept.remAIning set of we run through all possible

selections of .8 coins, then (from those left overinsadhcase) we simulta-

neously run

are exactly

coins from
10 10 7 3

.

through all possible selections of 2 coins. It follows that

as many ways of choosing 8 coins from 10 as of choosing 2

10. Therefore (

108
) = (

191
) . Similarly, (

1 (5)
.. (

1 0)
, and

\

(6) = z( 4) . The reasoning here is general and yields ,--he general forMula

(nns) = (:)

1520
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The values of (1*')

(525 ) = 2,598,960 , and (52)
13

possible 5-card hands and the

increase surprisingly rapidly.. For example

635013,559,600. '(These are the number of

number of possible bridge hands, respectively.)

small values of () are easyto cEilculate,by mean's of the so- called .

s

"Pascal triangle, named for the mathematician Blaise Pascal (1623 - 1662):1, The

triangle starts out

.

4

4$4-,

1 1
11 2

1 3 3 1

1 4 ,6* 4 1

1 5 10 10.5 1

representing the values of

(0) (1),

(g) (;) (

(30) (31) (32) (33)

(4) 4)
. 0 1, ,- 2 .

(50) (5) ,(5,)( (35/) y
04- e

and'dian be continued indefinitely.'

* The arrows shoyn illustrate the method by which new values are

nerated. Each entry (if not the first or last in its row) is equal to the

sum of the- two nearest in the line above. In the illustration,'6 4. 4 , 10,

.50

fepresehting (

4\ (4\
(3) , ,

.
,

. 2' '3'
3/

. To see why this works,! think of a man with his 4 sons on a camping

-trip. Frotthe 5, a team of 3 are.to be 1-psen to gather kindling. The

'nuM1364- of-possible teams is, tli,
3

en; ( ) . Nov eithe'r.Dad'isOn'he team, orP
.

he isn't. A Dad is'on the team,then his` 2 partners are chosen from among
,4,

the -4 boyp; there are k

2
) ways of choosing theta. If Dad is no;t -on'the .

A . -_,
,

team, then the whole team of 3' is chosen from anon the 4 boys; there are

(4j ways of choosing them. Altogether, then, there are (11.-+ (4) ways Of ;. ",
.3

5 4 4
2 3, , ,

choosing the team. Consequently, ( ) . ( ) 1-:, 1 ..
. 3 .2 ---013

.

,

A formula fdr computing (

n
) is giveh at the end of the next section.

s

%.



.
,

- ' One way to cbeok one's arithmetic, weri calculating from the tri-

angles
.42. ,

: '

6
_7.: Y-'

- . ,

is to see th
.

t the sum in.the n
th

.

- row-is-equal to 2n.

4
,5t

,
..hf.. -'-'**10. t,; -

q

,For example; the sum in the row is
___. , . .

..? ,_,....--, ,,,,--$.74--.:- : . , . . .
' ''..--4 t'----

]...-h.i -1 10 + 10 + 5 -i- 1 . 34
. 0.,f ,',

Y
*

)-

P
This must be so because, as we saw on page Dv there are 2

n
pospible out-

-, $,

of n coini; and in adding across the n
til

, row,
,..

/.1

:!
1

comes altogether-in a throw
'se

we are counting up these same-outcomes (the' Humber with 0 heads, + the .
o

nlamber with 1 head, and so on). '4%

ot- -r. v .
:/2:

Blthe way, the eniriA in the Pascal triangle, arise iii'algeba

40

,*- oi

\whem one- multiplies out an expression like (It + T)
5

.. The result id:

(H + 11)5 --41 H5 .cf- 5H4T + 10H3T2 + 10H2T3-+ 5HT4'+ 415'
,

,..
, .

mw ;, .

The coefficth ients - 1, 5, 10, 10, 5, l'7,t- au precisely the entries;%in order,
.

P'

in the 5 row of the triangle. Nbreoyer,a exponentibow the numb s Icof

occurrences. For example, the term 100T2 "Ords:Us the ill'orMatttha

there are 10 ways of gettingc,..34:beads an8

4s

2 tail's (in a throw o;-5 point) .

4 4.

8 Permutations.

$

A permutation is an ordered arrangement. One often,fihds ityleCes-
e

sary to know how many permutations are possible of a given number of objects.

there are just 2 permutationd:.For 2 objects - say the, digits, 1, 2

12, and 21 For 3, t1 4re are 6 permutations:

123, 132y 213, 231; 321.

For example, there are 6 ways that Jim, Dic e can_be,adsignpdto
:

clear thejable, wash the dishes, and dry the dishes (one_toA task).

4,*
,

At 1

, '

'

.
The number of permutations of 3 objects is 6- because is

.14.

,-- c.,

equal to crj',IX 2 .---1. (We could write ,3 x 2, Jput 3 x 2 X. 1 looks,better.)

The reason' g goes like this. There are 3 choices foy the first,PosiUon,'

4.1,11 each ItUch choice, there are 2 ways Of perMUting the 2 reMbilling o'b- -

,
.

,

L f
jects (in,tte 2 remaining positions). Hence there are i X 2 pexmutatVon6-

4

172 2

4

00



The numbpr of permutations Of 4 objects is ,4 x 3 x 2.x 1 = 24.

For, ithere are 4 choices for first position. With each such choice, there
.

Are 3 x 2 X = 6 ways of permuting the 43 remaining objects (in the 3

remaining positions). Hence there are 4 x 3 x 2-x 1 .permutations of all 4.

Similarly, the number of permutations of -n objects A equal to

the product of all the numbers from n down to 1:. This number is known as

"n :factorial", and is denoted by n! For example, '1! = 1 and 2! =

2 X'1 =. 2. Also, as we have seen,

and

3! .3 x 2 x 1 = 6

4! = 4x 3 x 2 k 1 = 24.

These expressions, 'as
a

1 as the reasoning that led to them; suggest how to '

11copute-each new fact ial from the preceding one. In coTputing 41, for

eIpiiple; we don't have to multiply out 4 x 3 x 2 x 1 if,we already know that

3 x 2 x 1 = instead, we say, more'rsimply,

.43
4! = 4 x 3! 4 x 6 24..

The saving becomes clearer as noon as one deals.with'iarger numbers. ,Here are

the'next few factorials!

`5! = 5 x 4! = 5 x 24 120;:

6! -79 6 x 5.! = 6 x 120 = 720;

7! = 7 x 6!' = 7 x 720 5,040;'
.

8! = 8 x 7! = x"5,040 = 40,320;

9! _9 x 8! .9 x 40,320 = -362,880;

10! = 10 x = 10 x 362,880 = 3,628,800.

As is seen, the numbers n! increase more rapidly than most people might

up to, sharpen their pencils. There
0

guess. Suppose that 10 children come

.0e more than three-and rhalfmillion

wich _second, and, so on, dow4.to

use an exclamation point!)

Factorials can be used to compute the numbers (11s)

ways 6f4Keciding tgich child will/be

which will be last (No ,yonder' we

n

{s) s, ) ,7

1
I

4- .*

6' 4-

( 2

6
) = (3)

363! '

18 23
,

0

The formula is:



and soon. In the actual calcu'ations, there is always some cancelling tha'C.can
.

be do e first to sim plify the work:

( 61 6: 6 x5 xXx,' xi 6/ "f7T 2 Of 2

There is one detail that sometimes look's strange at first. So far,

w- have tot said what 0! is, The definition given 'above'eor I! , 2! , and

he others.does not work for 0! ; therefore 0! needs b. separate definition.

The definition given is: 0: = 1 . The reason for this is to make the formula

for (n) work in every case.. For example:,-

(5\ =v

0, 0!

er

9. ?es or no.

L\ 1

in,these concluding sections we. describe sole of the basic rules of

probability.

. a.

We shall use the letter P as an abbreviation for "the probability
-2

of". In the place of "the probability of heads", for instance we will write

(headt) .

(The parentheses are there to help the eye.)

Suppose we wonder whether Billy will pass ofail tomorrow's test..

He may be more likely to do one than the other/depending on circums-Vinces
6

Bat in any, case, two_ things are clear: he can't do' both" ;. and he must do one

or the othet: The the tailowings true:
1

P(pass) +1D(fail)'. 1 .. .

The rule is this'. 'An event'eithe*happens ordois not happen. ye

must have one' Or` the Other; va cannot', ve bath. Then
O

mor

P(it happens) + P(it does riot happen),:=2

-N N -

P(yes) P(no) = 1

A

In a typical problem, we know one of the values on the left (the ,

first, say) and s Iva "for the other:
.1,114..

'2:4:-
, 1Al ...

'P(no) = 1 - P(yes.)

24
,*-

k
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For example,_if the probability_that_Billy'passes. is then the probability

that he fails is .4 . If the probability-that Dad takes Jim to the circus is

then the probability' that he.doesn't is

10. Either'thrs or that.-

.7 .

41%

We often consider altei-hatives that exclug,one another but do not

necessarily - include all possibilities. For example; Dad may take Jim to the

circus; pr, if not, he may take him to the ball game; but he wont do both.

(Arid they might stay home.) Suppose that'

.4

and. that

What is the

'Answex:

P(4rcus) = .3

P(game) .1 .

probability that Jim will get

. ,

P(either circus or

The rule is as follows.,

toone or the °titer?

4 1
ggme) .-.. .13(circus) + P(game)

= .3 + . .1 ;.-.

P(either thi's or that) = P(this) P(that)

provided the.alternatives exclude each other.

t .

There is also -a rule for the -caie of'alterWives

,elude each other, but it is more, complicated, and we shall not go into it. The

exampleS that arisekinthis teachirig material canA4.1.be'handled by counting the

possible outcomes.

that do not ex-

,scores

4, or

Suppose, for instance that we play a game by thr9ping a 'die. Ann

a point if it shows.1,2,or

6. Thep 'the probability that Ann

3that Betty scores

scores - either

There are

is also . To

Ann, Or Betty, or both

Betty scores a.point if it shows 2,
7

scores is g = and the probability

find the prob'ability that someone,

- simply count the fat:7;61e out-.

comes. 5 favorable outcomes: 1, 2, 3, 4, 6; ,and all are-74qually

likely. The total number of possible outcomes is 6. Therefore the probability

that someone scores is ;-.

- A
6 120 25
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11. Both this and that.

-

Mother announces that the probability of having ice cream for dep8ert is

.8';. and furthermore, that this is irrespectit6,of whethbr Jim goes to the ircus,

goes to the ball game, orstays home. What is the probability that Jim both oes

'to the circus and gets ice cream? Answer: %

P(both circus and ice cream) P(circus) X P(ice cream)

The "rule is:

214
7e,.

P(both this and that) P(d40 X -P(that)

provided that the two olAcidines are independent of one another.
ri-

,

Independence means that thejyobability of'eith6- is upaffected by the
.

occurrence of the Other. Sometimes de-question is hard to decide,.but the.exam-
.

ples in the teaching material should offer no difficulty,

Here is an example where tf$Outcomef are Vdependent. We have a jar

containing 3 'marbles,: 1 red, 1 white, and bluk"vm it we draw a-marble
.

at random, and then, without rePlac. it, we draw another. We are interested in
, , ....,

the following results: - ,

(

and \

red on;" e first draw,

bit* the second draw.
4

Surely; the probability of the -a ter.ig,affectid by the occurrence 'of the former.

Let us cheek. 4

4
. 0 If^.' .

,
. . l' 4:"

The_probebility of blue on the second draxbIs -j, as can be seen by --.:,_

either of the following methods. \
. .

\
,....

. . ;

(1) There are 3 possible outcomes of the second draw '(R, W, ij). All are '

equally likely, and 1 of them.(B) is favorable..
.

(2) 'There are' 6 possible outcomes of the Sequenpe of 'NW, RB, .

,. WB, BR, BW).' All are equally likely, and 2 of them (RB, WB) ire
, .

, favorable.
-0

- ,,

.
. ..,

. ..

.

-., On.
4the

other hand, if the first event does ocFur - if the first-draw.Aoen.?

-;yi*ald re'd --then the wobability of blue on the second draw be For mo
, 1 " ,c

9

'r..

comes. .

T.:. , "-..,;:
the are just 2 possibilities (B, W),' and just 1 of them (B) is faVdrable,40, %-

. -..F.

.,
,,: ,,

,;"
...t4p; , ?

,
,,.. ,.

21
k, tr.
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Since the probability of blu,e4 on second

.,probabklity of blue on second if red occurred first
4;

red on first, blue on second

are not independent.

1

3
) 'is different from the
L

( the too events
4.

A.,.
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...LESSON 1

ft.

Thinking About 'Chance

0
( 1

.,

While all children are aware that chance-and uncertainty are-a part of daqy
'4 ..; i: .. -- i , r. j '.

life, the conclusions they reach as a result olf*this awareness, vary widely. The
, i

frequency with which they attribute the outcome of chance events to:luck or to

"the,.lam-of averages" provides ample evidence that many of them, havelnot learned.

to analyie situations in a thqUghtfUl way before forMing conclusions,

_ . The purpose of. this lesson is to stimulate pupils to-think more objectively

about chance events. Through participation, discussion, and deMOnstrations by

the teacher, pupils will have opportunities. to test their intluition or hunches .

regarding the results of some activitiesknvOlving chance and to make guesses,
.

estimates, and predictions about . such results.

;;

in this and other lessons give opportunities to use Some-

of the ideas developed in the lesson, They also provide some optional activities

which may be completed outsideliregular class time.by interested pupils.

pie
lesson is developed informally and pupils should be encouraged to state

their ideas and conclusions in their own words rather than in arty formal mathe-

-matical terms. . Unanimity of.6pinion,isrnot_a*goal but pupils should, be encour-

aged to test their opinions and hunghes by analyzing the situations that gave J

rise to them. ,

4. .

The Suggested Procedure in this and tke following lesffOns provides a sequen-

tial development of the lArtinent ideas_in.the lesson. Howevei", it is not in-
,

tended. to ,be prescriptive and' you should feel free.to paraphrase,' supplement,

'or disregard it as seems appropriate in a. particular situation. On many of the

lessons you will find that the use of the overhead projector is most helpful.



Vocabulary: Chdnce, certain: uncertain, more likely, outcome, possible,
141115.

impossible, possibility, Fobable, probability.

Materials: (Alto used in Lesson 2)

(1) Three spinners with dials of ;2 red,
2

blue; red

3 1
blue;

1
red, -3- blue; yellow. (These spinners come

with this unit.),

(2) Two or three coins-

.(3) Two dice:

(4) Two sets of three cards, two inches by three inches;. in each
. .

seta triangle is-drawn on two of the cards and a square on

the third card.

(5) Two sets of two cards, two inche't by three inches; in each

set a triangle is drawn on one card and a square on the other.

(6) Six objects differing only in color, such a cubes, checkers,
.

beads? new crayons, pegs, marbles, etc., so that these,sets

. can be obtained:

(a) Three red objects and one yellow object,

)

,(b) one red object and one yellow object
Er.

(Colors other than red or yellow could, of' course;

"be used.)

(c) A box or non- transparent sack,to-hOld theSe objects.

(Large cloth bags about twelve inches d'ep and,six inches

in diameter'would be very useful.)

Suggested Procedure:

.

.
After an apprOpriate statement such as, 'Now, for a while we will be doing

some different things in our mathematics' classes," ask a pupil to come to the
,` f:- - *

front of the room. .

. ; :

. 4
. -

Use Materials (6). As you put a red cube and a yellow Cube in

the sack or box, ask the class, to guess which Cube the pupil
one Ted cube
and one

yellow cube
will pick from the sack.

rF
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Discuss the+r-itxpectations. They'll probably make statements such as

-"It's fifty-fifty." "Chances are even." "It's'equal either

way." "It's one out Of two." "Who can tell?" 3'You can't be

-.sure." "He's as likely to get red as yellow."

Comment that these statements are concerped with chance; that there are

many events In.life.Which are.uhcertain and this is one ofithem. Discuss what

they might expect if eacti of them came up to draw a cube or if John chose

several times, returning the cube drawn to the sack each time,

-.Mu might ask them to suggest other things in life which are uncertain;

for exemple:

Ki
Who will win the World 'Series?

Will I have ice cream for lunch some time this week?

Will all the pupils,, in the class be at school next Monday

morning?

Ask pupils tp suggest things that are certain. For eXample,"day follows.

night; there are twelve inches in a foot. Then suggest thilgS which Are'im-

possible. Fromt their statements, draw out the idea that some things are more

likely to happen than others and that some thin6 are more likely to happen

than not. Pupils can respond to such questions as:

,40 :

Which is more likely, that some pupil will be

absent or that the teacher. will be absdnt?

Which is more likely, that you will have cereal for
,
breakfast pr that you'll have cereal fox lunch?

Which is more likely, that a boy wiil Wild.a model air-
.,

plane or that a girl, will build a model airplane?

Now shOw the class that you are putting.three red' cubes and one yellow one

in the. box, andask another 'pupil to draw out one Cube which, Will be replaced in
, -

the box. Pupil can guess again which color they expect to-be drawn. Let them

t-hreelred

cubes and pne
yelloie,cube

.

discuss reasons for their expectations.

If everyone in the class took'turns drawing a cube,

what would we expect,might be the ou4coMe. Would

red be chosen more often than yellow? (We would

expect it to be, although it is possible, but not:

'very probable, that red would not be drawn at all.)

25 30
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.

Show the spihner with the dial.-.- refl. and -I,'.' blue. ,Ask where:LttryilhaVe
kt.

seen spinners before, for what they were used, and why they were used.
i
Bring

. .

out that spinners select "hy chanee" because the person who

spinner

i'ce#and,

4 blue

spins -it cannot know 'in advance-..where.- it -will stop.

"'If Mary spihs this spinner, will the arrow point to

red or to_ blue?,
Lei them discuss theirexpectations and-theirreasons; then 'raise such

fl

questions'aa: ,

, .

,

.
Ca;i YOu4be SUre ii will Palato-4d? to blue?
*

. ,.-

, Will it point'eitherta 'red aftb'blue? (ChEInces
. _ __________,

. . are that _it will: However it could stop on a line.)
--, - --:-,-:-.. 7

'4.1 ... . - .

'Mary'spins and the pupils compare their expectation with the outcome. The
.

,:...,,

...

spinner should be horizontal rather than vertital so that the pointer is not
_ .

biased. the "fairness" of the spin could be noted, for example:

Would it Make ii.difference if May spun the pointer,in

the other direction? If she-pushed the pointer harder

If t e.pointer were pushed nearer the head? nearer the\11

tail? (Develop the idea that the spinner is honest.)

Ask the class what they .would expect

(It would stop on blue more often than on

and 25 red but Samething'close.to this.

if Mary spun the spinner 100 times.

red--not exactly outcomes of 75 blue

Or, it will stop on red less often

than on blue,, It is not expected that pupils will sugieit-these numbers but they

- should see that the expectation of blue is greater than of red.)
i.

spinner 1red
1 3 1
blue, and

yellow

1
spinner

blue and
1

red
2

1 1

3 3

1
Show the spinner with the dial -5 red, blue, and yellow.

Ask pupils what they think will be the outcome of one spin and

other questions similar to those asked, before.) Do not indicate

whether their answers are coriect.

How many'different possible outcomes are there? (Three,

assuming the arrow doesn't stop in a line.) Is there a

better'chanee that the outcome will be bluesel one spin
1 1

with this dial or on one spin with the
2 2

red and

blue dial? (Shbw both dials.) What would you expect the

Outcomes to be on 100 slips?

'Again show the spinner with the dial
14 red and

1

Ask'what 'their expectations would be on one spin; on 100 spins.
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'coin

ti

In what way is spinning this spinner similar to the activity

of drawing one block from the sack which held one red cube

and one yellow cube?

Show the ,coin, preferably a half-dollar because it is easy for the

children to ,see.

17'

If I toss or, spin this coin, will it land with the

"head" up?

. Discuss which is heads and which is tails; what constitutes a fair toss or

spin; that wetll assume the coin doesn't land on its edge so there an be only

two-possible, outcomes - -heads or tails; that the coin is honest. In thinking
.

.

'about honest coins, you should be aware that the 1964 penny is NOT honest. If ___

it is spun, on a truly smooth surface, it will land tails up more often than

heads up.

Since a penny is'lighter than"haif- lar; is it

more likely to come up heads than the half- dollar? '

t
.(In tossing any honest coin, a head just as likely

as a tail.)

27 Q
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Demonstrate hoW.to toss or spin the coin. Somechildreri,find46_easiser to

shake the coin in a paper cup. If a paper is placed on the, desk, the noise will

be reduced. Let children guess the outcome. ,Comment that we'll be_dping

activities using Coins.

Is tossing a coin related to spinning the spinner
1

with the dial -g
2

blue and red? to drawing one

of the two blocks in the sack?

, Children will probabl?see the relationship--"all are equal chances").

"one out .0 two", etc.

die
Show the die, mentioning that it is,a cube. Raise questiOns, such as:

How many faces does it have?. What numbers do the dots represent? If

toss it, is there a fifty-fifty chance that the two dots will show on the

top face? WlIat do you think will show when I.56ss it once?

Toss the die; note that the outcome is the fece that,is up.

Do you suppose if I toss the die again, the outcome

will be the same?

Wodld You expect a better chance for a three than

a one?

Is a six More likely than a fOur?

Let pupils discuss their expectations but do not tell them whether or not

their ideas are correct.' Some pupils may seethat,eachjace.chas,an equal,chapce,

to.be up.

If a king told you that he'd give you a Sack of gold :

. . a

if you 'could get one of the following outcomes, which

Would you choose?

*.%

1. Blue on a spinner whose dial is
1 1

red and blue..
2

2. A onione toss of a die.

r

4

Let pupils discuss their choices and the reasonSfor,them.

At this point you might like to use two dice to play a game with the class. ,

ithiEWhat theSluiof the' dots onth-P two that are up can be, (2, 3, 4,

1-1- 5, 6, 7, 8, 9,,10;11; 12) and write these sums on the board. Suggest that
.tozy

you'll toss the dice and if the sum is 2, 3,14, 10, 11 or 12, the class gets

X83 3
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one point. If the suit is '5, 6, 7, 8 or 9, you get one point; Show them that

'they win-on six sums tnd you win on only five sums. Toss the dice and keep score
-

on the board., You have twice,as many chances to win as the class. This cah be

seen from

Ql

this table of

Second die

sums. For example, there are six different ways to

obtain a sum of 7 but only one way to obtain-a-sum

of 2 or of 12. Out of 36 possible sums, you win

on 24 of them and the class wins on only 12. Do

not exlain Why you are more likely*to win but encourage

1 2 4 6
1 2 3 -7

rl 2 3 4 6 .8

5 6 7 8 9 '",tra'ss:"-t-5-74'press their ideas. Mention that in this

-],;._111t they will learn many interesting things abOut

probability.

u1,4 5 6 7 8 10
56 7 9 10 it-

6 9 10 11 12

cards I am a very good _guesser. I can sense yhe, is on the

'other side of these cards'. cards with

the-triangle on them Tace dovn on your desk.) I will

now select the card

.pit. (Do so and the

'to ;see both cards.

with the drawing of

with the drawing of

pupils will sense a

Show these and then

the square on it.)

a triangle on

trick and want

add the card

Ask questions

such as:

On one draw, would you expect' to draw a Card'with

a tria on it or with a square on it?

Is there a better chance of drawing a bard with a

t iangle or the card with the square on. it?

Pupil pages -3: These pages summarize and serve as a of the class

*.discussion. ,They can be discussed-rather briefly.

Pupil pages 4-6: The exercises can be completed independently and then

discussed as a class activity. Encourage the pupils to do all or a part

of the optional section, Things To Do At Home. These completed activities

should be discussed iriclass:

-The.activity.on page 6has four possible outcomes; heads on thu first

penny and heads on the second penny; heads on the first penny and,thils on

the second penny; tails on the first and heads on the second; tailb 'on the

first and tails on the second- These are usually written - -H34,,

the probability 4tWo.hads-4 .(HH4, the-probability of

,

.,

tail is -
1fOLT,TH)

A
1

nd,-the24robability of two tails is r(TT)%4.
biiities would not be di§cussed:writh the class at this earl ,point in the

HT, TH, TT.

a head and a,

Tlioce proba-

.g
unit. 29
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1, THINKING ABOUT CHANCE

You probably have_heard or even made statements such as these:,:.

1. More likely than not we will go to.the park on Saturday. °'

2. Chances are good that we will get to do it: _
..,

3. .John and, Billy have equal chances to win. . .

4. ,I almost certain that I can come to your house
,..

after schbol.

These sentences are alike in one way. Theydhave' words and ideas

which are used in mathematics. These words and ideas are used n apart of

mathematici called probability. In probability, we are interestedoin things

which happen by chance. By using mathematics we can often estimate

'quituccurately what.will pr,obably, happen.

We will experiment with such things as coins, spinners, 'colored

blocks, and dice to learn what to expect.' Later ,we.will learn what to,exiiect

by'working with numbers instead of using experiments..

Wpat,Do You Know About Chance?

Do you knOw the answers to these queStions?
A

Who will win the World Series this year?

Will all the members of our class be in _school next Monday?

30 5
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Howinany-peoplein ourlass-will have perfect spelling

papers this_week-?.....----

Will I see a Ford truck on my way home .from school this

. ,:7affe_ffif07174-

,0

We cannot be certain of the answers to questions such. as these

because they are chance events. HOwever, thereare some things about

chance events which we do know.

Some things are more likely to happen than others. Fot example:
4

.

4

Some things-ire more, likely to ha-ppen.than not. Think of answers

Which is more like That one of the pupils will be

absent or that the teacher will be absent?

Which is more likelthat you will have cereal for,

Ibreakfast or that you will have cereNfor luvrich'.

Which is: more likely, that a boy will bad a model

airplane or that a girl will build la model airplane?
O.

to these questions

In Phoenix, Arizona, in July, it it more likely than
.

not that the sun will be shining at noon? .

'Is it more likely.than not that 9ou canlindth Sialum

of 324 and 460

31
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Is it more likely than not that your neighbor has

a' TV set?

-7-- Some things are certain and some things are impossible. wy
1

- ; ' are these?. 4 .
, ..

- -

* A man can live without any liquid for three months.

I will'use my brain some time this week,

7

My dog can write his first and last name in .Russian.

e All new cars this year will use water for fuel.

Tomorrow, *today will be yesterday.

Our ideas about chance might be classified Certain, Uncertain ,

or Impossible . In front of the following sentences, write C , ,U

or I for Certain, Uncertain, or Impossible .

1. Sun will set in the east.
)

a 6. A river is deeper today-

C 2. A river flows downhill.
than yesterday.

a 7., I will, hours on
ei 3. We will see the sun today.

Monday.
4. Sun will.rise

6 8. I will sleep sometime
_T 5: A river flows uphill.

this week. ,

9. I will not sleep at all

.this week.



Exercises Lesson I.

4*

Use these picture's for Exercises 1 through 3 .

A

Cikle the letter of the spinnerwhose pointer, is more-likely to'stop

on red than blue.

(a) A or

(b)

(c)

B)or C ?

ti (e) or E ?

(f) or F ?

2. Study'spinner D and answer these questions.

(a) Could you get 100 reds in 100 spins

,on this spinner?

(b) -istre you likely taget 100 reds in

100 spins on this spinner?

(c) Abo &iv Many reds do you expect

from 100 spins?

33
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3. Suppose a pirate captain said to you, "I, will give you just one chance

on a spinner. If the 'pointer stops on blue, into thes_Lea you go. If it
.

stops on you may go free.."

.

(a), If the caOtain let you choose, one of these

six spinners, .which wotild you.ehoose for

your*chance?

(6) If the captain allowed you to make the

spinner, how would you color the dial?

1c) If the captain- were very angry, how do

you think he would color the dial?

Things TO Do At Home. Lesson 1.
o

dif( Aeae-

aec

I. Look for stories in the newspaper that use some of these words:,

probable - probability

chance equal chance .

likely unlikely

?Bring theth to share with your class;

311 39
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2. Place a newspaper -on a table. 'Shake two pennies in your cupped_hands 125*"

and drop them on the paper. M e atalVmark on a piece of paper to
z

rY

show the'nurriber of heads or44ils. (See the example below.)
V

/2 'heads - '1 head and .1 tail ) . 2 tails ;,

4

1111 NV/.
.4 t

ilif IN litl liff 1/11
Ilk 111

111liff lin 1
'

.

.

-Do this 60 limes and record the results in a table like the one above.

1. How.rkalny times did you get heads oriboth coins?

2. Hovfmany trmes did you get tails on both coins?

3. How many times did you.get,one head and one tail?

4. Are your answers to the first three questions the same

number?

5. Are any two of your results equal?

-6.*' Do you expect to get fewer "2 heads!' 1 n "1 head and

1 tail" ?

\

414



Introduction:.

LESSON 2
. 0

6

Using Activities to Learn About Chance

f

In the first lesson children participated primarily through discussion. In. -

d this lessen, they ,will become more actiye participants by working together in

teams or committees. Their experience with the various devices should help them

bLld an educated intuition concerning chance events and get more of a feeling

for probability.

The ten different activities suggested in this lesson can best be accom-

plished through committee work, with several committees completing each activity.

This really,serves two purposes: First, the pupils are actively engaged in ex-

perimentation and second, more data are obtained.

Becadse each activity.is carried on for Only 50 trials, it is possible
a.

that a committee might repor)outcomes quite different from what we would expect.

This is really a tr'errlendous opportunity..,' Pupils should learn, for example, from.
1 3

-5Activity 2,Zin which!the dial of the'spinner is .5 red and blue, that irrs

pos4lble (but not very likely) that after 50 spins there are more reds than

blUes-f=lust the, opposite of what we mightexpect. However, when several commit-

tees have completed thefractivity and,we look at the total number of4outcomes we

can be- fairly certain (though not positive) that there,will be more blues than
-

reds. This'is one reason why,the study of probability is so interesting--we can

deternideowhat is expeCted, but this also means that the unusu4 is also expected.

When children grasp this idea that the unusual can and does happen, they too, ;become

delighted when it occurs. °Remember that if we ods 4 coins at one time,,we

expect 4 hdads to occur in the long run about 1 out of *,16 tries. Thus,

even, though 4 head is unusual, it does occur and we expect it to.

Charts';

probability,

tables, and otherdevices are commonly used in an introduction to

and those selected her are quite simple. Their use is intended to

develop intuition and to help promote systematic ways of.proceeding and of re-

cording outcomes obtained. They help childrert visualize and comprehend some of,

the basic notions in probability.
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'Vocabulary: Data

'Materialw Those from Lesson 1 and a Summary Report Chart for each Activity

which is-made'bY the teacher.

go
Suggested Procedure:

Pupil Exercise Sheets from the first'lessorieenKbe discussed,, if th is has

,not already, been done. Pupils,canshare thesrOdlts,from the activities which

they completed at home. After this, show some of the devices, which were intro-.

duced in the first lesson. State that the boys and girls will now use.these to

see inlet outcomes actually do occur.

- Assign pupils to committees. Have them look at the Activity Report Sheets

while you briefly explain thefr use, disciiss standards for committee work, and

make physical arrangements for'the pupils to work. Xod'can best determine how to

proceed with your group of pupils. Some teachers prefer a few large committees,

'others several small oneb.

Each committee returnSits completed report sheet to Tin. Be!sure that the

gather of;the activity is written on this sheet. i Another activity.might then be

Assigned; so that more data can be obtained: Let pupils know that.their-data

will be pooled with those obtained .by other committees,to determine whether pat-
-

terns can be found and conclusions reached. 1If materials are available, several

identical activities can be perfotmed at the same time by different committees.

As the sheets are handed in, you should enter the.results on charts', using

a separate chart for each activity.' These charts need'not be elaborate but should

be sturdy enough to use in Lessons 3, 4, and45. Some teachers have found cf*rts
o

made with a crayon or a felt7point pen on newsprint, construction paper orwhite
l*ok4

wrapping paper adequate. Others have made transpixencies for use on the overhead

projector.' For example:

SUMMARY REPORT CHART

Activity 1: Spinner with dial half red and half blue.
7.

Teams Number of Red -,Number of Blue Total Number of Spins__.

Team
,

Team
.

m--- _

6



Lesson

Activity lvs-Spinning a spinner with.dial

1 blue and
1

red.
2 2

Directions:

t
Theipointer of the spinner is to bespun and a recorf-made of whether

it stops on red or blue. -(If it stops exactly on a line between red and blue,

make no-record; but spin again.)
.

One member of the committee will serve as recorder. Here is a sample

,record of 20 spins to show how the count should be kept:
a Total Number

Number of Red Number &Blue of Spins ,

jiff in .8
-.1

jjtf Hi 1/ -o 12 ---- 20

. The other members of44-,Cbm.tnittee will take turns spinning the

pointer until a total Of 50 spins have been recorded as the form above.

In this class and in math and science classes in higher rades,

need to keep a record of results from experiments. Pract ce now 9y

orgabizingyour results and. recording them neatly. .of

Make a table'bn a full sheet of paper similar to the simple on this

page. Head it "Activity 1" .' RecOrd the rj_Osuits of 50 spins. The person

Who records.the spins and the persons doing the spindng should sigh the

sheet. Then give it to your teacher. , .. f.

11.

to,

.
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Lesson 2.

Activity 2: Spinning a spinnermith dial
1 3
-4 red and -4

Directions:
C

L

O

Blue

The pointer of the spinner is to be spun *and a reeord made of whether

it stops on red or blue. If it stops exactly on a line between red and blue,

make no record, but spin again.)

One member of the committee will serve as a recorder. Here is a

sample record of 20 spins to show how. the count should be kept:

Number of Red Number of Blue
Total Number 'r

' '.= of Spins

iiii Ill 8 ,Jitr jiff if 12 2 --: .

The other= membert.of the committee will take turps spinning the
f .

-'pointer, until a total of 50 spins shave been recorded on another sheet as

in the form above. Be sure to put Activity 2 for its heading.

When all 50 spins have been recorded, each committee member

, should sign the, report. Give it to your teacher.

39 4 i

y



5

j_esson 2.

Activity 3: Spinning a spinner with dial
1 1 1
3. red, blue, and 3 yellow.

5 .

0

Directions:

The pointer of the spinner is to be spun and a record made Of whether

it stops on red, blue, or yellow. (If it stops exactly on a line separating two

colors,, make no record, but spin again.) 4440.,

,te

One member of the committee will serve as recorder. Here is a sample

record of 20 spins to show how the count should be kept:

Number of
Red

Number of
Blue

Number of
Yellow

Total Number
. of Spins

JO i 6 tiff III( itti 5 -- 20
5

c.,
The other members of the committee will take turns_ spinning the

"pointer, until a total of 50 spins have been recorded on another sheets

in the form above, headed "AOivity 3" .

When ,all 50 .spins have been recorded, each committee member ,

should sign the report. ,Give it to your teacher.

O



esson,"2.

Activity 4 :. Tos,sing a coin.

Directions: h ads' tails
I

The coin is to be tossed and a record mad of whether it falls with

heads or with tailslhowing.

One member of the committee will serve as'recorder. Here'is a

sample record of 20 tosses to show how the count should be kept:
.,.

Total'NuMber
Number of Heads Number of-Tails ''' of Tos'ses

ittr flit 9 im ye I ii 20

The other members of the committee will take turns tos4iry the coin
# .

until a total of 50 tosses have been recorded'on another sheet as in the

iorm above. Head the sheet, "Activity 4" .

When all 50' tosses -have been recorded, each committee member

should sign, the report. Give it to your teacher.

"

414G

..

, ,



Ti

Lesson -2.

Activity 5: Spinning this spinner

or

Tossing a die and counting the

number of dots on the top face.-

A

Directions:

The punter of the spinner iso be spun or the die is tossed

and a record itlade of the results.
MI6

4,1

One member of the committee will serve is the recorder. Here is

a sample of 20 turns to show how the count should be kept:

No. of
l's

No. of
2's

No. of.
3's

No. of
4's

No. of
5's

No. of
6's

Total. Number

Illi Jiff I

40

ii ill flif
4 5 1 2

12 5

The other members of the Committee will take turns, until a total

of 50 spins or tosses have been recorded on another sheet as in the form

above, headed I'Activity

When 50 results have been recorded, each member oft0e

-committee should sign the,report. Give it to your teacher.

42 4'7
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Lesson 2.

Activity 6: Tossing a die and noting whether

the number of.dots on the top

fade is even or odd.

Directions:.

The die is to be tossed and a record made of whether the number

of dots on the top face is an even number or an odd number.

One member of the committee will serve as a recorder. Here is a

sample record of 20 tosses to show how the count should be kept:

No. of times even No. of times odd
Total, Number .

of Tosses.

jiff it 7 ii,if *if ill 13 20 -

The other members of the committee win fake turns tossing the

die, until a total of 50 tosses have been recorded on another sheet as in

.0 .

the form above, headed "Activity 6" .

.10

When all 50 tosses' have been recorded, each 'Member,of the

4

committee should sign the report. Give it to your-teacher.. . 1 1 )

'11

I
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Leison 2.

Activity 7: Choosing one of the ,two

.cards.pictured here.

Directions:

The two cards are to be placed face down on the desk. (Be sure that

the person who is to,choose does not know which card is which.) Ohe card

as chosen and a record is made of the picture on it.

One member of the committee will serve as recorder. Here is a

sample of 20 choices to show how the count should be kept.

.

Number of A's 'Number of D's
Total Number :

of Choices

gr MI 9 )4/till.] 11

o

The other members of the committee will t e turns choosing cardt

7 until :a total of 50 choices have been recorded on a 'they sheet ais in the

Lform above, headed "Activity 7" .

O

A

When all 50 choices have been recorded, each member of the

committee should'sign the report. Give it to your teacher.

5
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Lesson 2.
Jat

04?

Activity 8: Choosing one of the three

cards pictured hezre:

LDirections:

A

14
a-.

The three cards are to be placed face down on the desk. (Be sure

that the person who is to choose doe's not knoW which card is which.) One

card is chosen and a record is made of the picture on that card.

One member of the committee will serve as recorder. Here is a

sample record of `20' choices to show how the count should be kept:
,t4e -,.

r___, o Total Nuinber
Number of in 's Number of 1 J's of Chokes

, \..
litf MI RI 13 Or I/ 7 .

The other members'of the ccimmti. ii41.1:iaketur'n5Chijosing-card,

until a total of 50 choices ha,ve been, recorded son!anothBristteetaS in the
0 . $ , N ,'t :-

form above, headed 'Actiiity .8".. , (
4 . "

: )g° os
%,r el / ,

.0
. ° .._ , 2 9 '4,

. .. ,.. A . .
When all 50 choices have been recorded, eachirritim tuber -o`

,,,

r.41
,746 . N,

.:committee should sign the report : Give it to yout teacher.
c it:

.: i
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Lesson 2.

. Activity 9: Choosing a cube frem a box

containing one yellow and

Directions:

$.
one red.

04

red _yellow

From a box *containing one red cube and one yellow cube, neither

visible, a single cube is clItisen and its color recorded.

nfe member of t committee will serve as recorder. Here is a

sample record of 20 choices `to show how the count should be kept:

. Total Number
Number of Red NUmber of Yellow , of Choices_

MI I.14' I 11 ,- In )1)1. 9
..,

The other members of the committee willtake.turns, choosing cubes,

until a total of 50 choices have been recorded on another sheet as in the

form above, headed "Activity 9"

When all 50 choices have been recorded, each Member of, the

committee should sign'the report. 'Gitlie it to your teacher.

41/

I



lesson 2.

Activity 10: Cnobsing cube from

a box containing one

yellow and three reds:

Directions:

red red red yellow

From a box containing three'*d cubes and one yellow cube, none

visible, a single cube is chosen and its color recorded.

One member of the committee will serve as recorder. Here is a

sample-record of 20 choices to show how the count should be kept:

Number of Red Number of Yellow-
Total Numbeti

. pf Choices

IIff 1pf lin 1 16 1111 , 4
. ,

3

The other members of the committee will take turns choosing cubes,

until a total of 50 choices have been recorded on another sheet as inlhe
. -

form above,. headed "Activity 10" .

When alt 50 choices have been recorded, each member of the

\,--committee should sign this report. Give it to yoUr teacher.
."1

47
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LESSON 3

Thinking About What -Happened.

4

.-

.- Introduction.'

)

This lesson'is designed tolelp pupils ,clarify their concepts of chance and

uncertainty The pupil activities in Lesson 2 are,usedto introduce a,systematic

way of thinking about the results of chance events. .Pupils are,led to discover

Pbsgrae patterns among chance events and to use these patterns:for estimating

or predicting future outcomes. Finally, pupils are asked tocompare.the relative

likelihoods of differept Chance events. .
o

DiscussiOn should be informal with pupils being encouraged to state ideas in

their on words. Clarity of meaning rather than theuse of technical language

should bethagoal. Teaching procedures are intended.as examples rather than

prescriptions and should be modified as necessary to class needs. You will

...need to determine the pacing, and points of emphasis.

Vocabulary: Reasonable, ratio, estimate, predict..

Materials: Those 'from ?esson,1 and the Summary Report Charts from-NP.biron 2. .

4 Suggested Procedure: , i

-' it'
.

'Ask the pupils if they made any ne,discoveries about chance in their Dam- )8
aw .

mittee aCtivity. Encourage discussien and a'sk pupils wile changed their-thinking,
.i...v

,
4ii. - , -

.why and at what:point they did so.
c

-- .

li, )

Display the Summary Report Charts for Activityl -. ite spinner activity
r

. .

(half -red, half blue); Activity 4 - the cointossing,activity; Activity 6 - the
.

die activity in which the top face is.noted as an even or an odd number; Activity'

'V- the card-choosing activity with two cards; and Activity 9 - the cube-choosing

.f activity with two cubes. .

Ask pupils how t4se activities are alike., (In each there are two equally

outcomes.) Raise questions such -as: Do you think wetdget ekactly the

same result's if we repeated these activities? (No) Is it possible plat the

*p8;interon the spinner would stop on blue every time ?' (Yes, but, it is not very

48
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J

likely. ) s likely thdt the coin .will be -heads 50 times in 50 tosses?
a

(NO;',7bUt it is possible.) Develop that in these activities weexpect.eagh of

the .epossible outcomesto occur about half of the time. Discuss the charts

of Activities 1, 46, 7, and 9,and see if each of ;the two outcomes did happen

.61:`,64t half t time* -

' Show the SunThaim.ylihort Chit or Activity 21-- the spinner with dial off' ,

,z, 4

one-fourth red' and three-fourths tilde -.and ask questions such as:

7

4

Do these results' ggree with your expebtatiOns? Were

there .more blues-than.reds?

How were the reds and,blUes divided then the spinner
;

was one-fourth red and three-fourths blue? (The-

division is most 15kely to be about one red,to three
w

blues. -The important point
'

is that the ratio of red.

to blue is most likely to be about one to three.).

Are you more, likely, to get red on the first spinner or
0 44

the second spinner?, (First.) On which spinner is the

chance ot getting red the same as thethancelof getting

.blue? .(First.)

Is it possible to get only red on the second spinner?

(Yes.) Is ,this'likely to happen? (No.) '

On which sp- inner would you be least likely to get 25

reds in 50 spins? (Second one.)
J

Lod l. at the Summary Report Chart for Activity 10 - a cube-choosing actirity

with four cuhP-S.---NDiscuss the results and Contare them with those From Activity

above. Ask questions to help ildren how the two activities are ali e and

to see if, the resuit re abo
t

t'whaZ they expected or predicted.
.7 o

Show two cub one rPd and one yellow, and place them in a bag.

If I.put one more, red cube in the bag and then pick,

one withodt looking
/ is it moy likely to be red or

//more likely to yellow? (Red, since there are now

two reds and'only one yellow:)

;. 4

1
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, i 1.' N i
I' 1 4-:1

If the bag contains three iedltUbes and one yellow
.

cube, howmany cubes mu's't I remove to be'sure I have
,--

removed -at least one red one? -(Two. Since there is
/

,only one yellow cube, any two cubed must9include one

''red'one.)
, k .....

-
,

How many must I remove to be wire I ave-remoVed at
.

least one yellow one- (Four. Since there is only

pne yellow cube, all four must be removed to be

certain of getting the_yellow one.)

. .SWhen the bag contains thi-ee red cubes and one yellbw
,

cube, and I pick one cube without looking, how many

chances do I have of pickingva red ,one? (Three.)

A yellow one? (One.)

Then if I pick one cubeeld.you say the chances are

three out of four that it will be red? (Yes.)-

. Does this mean I will get a red one (to., It means

ItmXhree tiaes_as likely. to get a red as a yellow

but it does not mean,I am sure to get a red.)

Show the die and say:

,

fi

Our committees did two activities with a die.: How many

faces, or surfaces, does it have (Sax.:) How many of

the faces have an odd nuMber-_of'dote.!(Three.)..A4,,_,

even number of dots? (Three.) How viany have more than

two dots? (Four.)

If I toss this die one time, am I more likely to get

an odd number Or an even. number?' (1Ihi'iwo. are 'equally

likely.) Am I more likely to get a number larger than
"16

3' or a number smaller than 43? (Larger') Am I'more

likely to get a 1 than a 6? ,(No. They are equally '

likely.) Am.I more likely to get a 2 than an odd

number? (No, .less likely,. since there are three_odd

-, numbers but only one 2.)
4

If I toss the die six times, is it likely that I will

--get the same number each time? (.4o.)

50,
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Each of thAlsiX numbers Ss an elUal chance-each im I-,

tong the die. boesIthis Mean that if I toss it siix.iimes'
i . 1

I will get:each number once? (No.)

, If I toss the'die 1000 times, am I likely to get each

-number aboUt the same number of times? (Ye.) 14 it

possible that.I mielt get no 6ts ?' (Yes, it is possible

but ;very unlikely.)

How many t mes must I toss the die to be celtain'of

getting at least one -.6?'!'(We cannot tell. I might-get

a 6 on ''he first toss but it.is possible that I would

not' get a) 6 in a malibri tosses. The greater the number

of tosses, the greater the Chance of getting an3P one of the

six numbers.)

1
9 ,

o

naryShow the Summary Report Chart for Activity 5 and discuss it with the class. "..

Then show Summary Report Chart for Activity 3 - the three-colored spinner - and, '

ask questidts as you .have done before. Here there, are three ossible oAcomeg,

each of which is eqUallYiOlikely. / '
,

.
( . ) ;4'

Finally, look at the SumMary Report Chart for ActiviI 8 - the card-choosing,-
\I-

tractivity from three car - and compare the results with what might be'expected. '----

4 1 I ' . '

Help pupill )to summariz In thpir on words what they have learned.evThis
.

Imight include the following deas: A-
..:

i 4
;,_),

Ili When chance is involved, we can never be certain 'beforehand of he
. ,

exact outcomes', .., >

..,

- / .
,

2. _There are often iatterns:in,large groups of chance events. These .

.1

:accuratelypatterns help us,to estimate.more what the,c4],tmO lle,Ipigh,,,.

be if the events'a're repeated.

A
3. 'Sometimes two events are equally likely; sometimes one of them is

more likely than the other.

4. We cart use activities to check our estimates or prediCtions oboe'
chance events.

Pupil pages 17-20: Pupils= answers should be discusse4,0in class.

. iages 21-23: These optional pages gime added opportunity to think about
1 *

probability. The devices can be constructed quite easily

51
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the
=

iong run, the re ilhat we.expect

rom the directionSigiven in the

about

the Appendix. The idea that ;

n
{

'developed,. You would not expect, for example in-part c of

the frrstiAxercise, to get exactly 300 re4s,in 900 spins.

This would be quite unusual, but you db expect to get about',

300 reds: (We caa'determine by mathe'i, s, that if we

were to spin' this spinner for many sets of 900 spins, we

would.find'that the number of reds would be between 270

end' 330 in over 95 per cent of the sets of 900 sins,)

Exercise 2(c) is of'the tame nature.- (Here the ntim4per oft

'reds would be between 222 and '278 in over 95 per cent

of the sets of 1000 .tosses.)

On page 23 we would expect each face:to-be up about 30

times in' AO. to§ses. (Again, bymathematieS we'Can 'deter-
.

mine that.about two -thirds of the time in sets of 180.°

tosses, the face with

between 25 and..'3

sets of 18p tosses,

20 and 40

2, or any other facedll be.up.
.

times. 'in,ovr.- 95 per tent of the

We can expect the- to'appearlietweep

,

0

4

c

O .
0 alit . tP

A-

4

ti

is

, .
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Exercises Lest On 3.
17

He are ter about chance everts. If you th inl a statement

is true, put a T in the blank after the statement. If you think the

statement is not troe,A:kut,i4 F in the blank.

At.

1. If a tossed coin does not stand on its edge, it

is certain to be either heads or tails.

.42. If we toss a coin once, we are as likely to .

get a head as a tail.

3. If we toss a coin 100 times, it May be heads

0 times or 100 .times or anything in between.

4: If we toss a coin :1000 times, it is v/ry

unlikely that we will get 900 tails.

5. Whethesr we:get headsor tails when we toss
- .

J ea corn is a matter of chance. 2

6. You might toss a coin 1000 times.without

getting'a sin4fe head.

7. If a box contains two blue marbles and one

rekone, and you pick one marble without' .

looking', the chances arei12:-.ourcff 3 that it

0o.

will be blue.

8, In Exercise 7, you have one chance in

three' of picking a red marble.

58
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9. .In Exercise 7, your chances of picking a

green marble are zero.

10. Joe is eight years old. It is more likely

that heisfour feet tall than ten feet tall.

Read the following statement carefully and then answer Questions 11
I

1 to 15.

ZAikrtA,Attfe...

tO.

. A spinner has,a dial whith is one-fourth

white and three-fdurths red.

11. If you spin the pointer 10 times, are you

likely to get the same number of reds as whites.r

12.-. Are yOu likely/to get more whites than reds?

t.

13: if the chances_of_gettbig_r_edAre__3 out of 4,

what are the chances of getting white?

14. Can you be-cer6in:of getting at least One red ..

in 10 spins? Via;

, = ,./t.:-..,,

15.--'4 IS it very Hkeiyitiat you4111 get no reds . .,
,

7. .
I w 0

in 10 .sli1tiS1`;''._

I e
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4

19

1R'ead-thefollowing.stafement carefully and then ansWer-Questions 16

through 20

James has three green marbles and

two blue marbles in 'his pocket.

16. flow many marbles must he remove to be
0 I i sure of getting :a blue marble?

17. How many marbles must he remove to be

sure of getting both the blue ones?

.18. HoW many marbles must be removed to
4

be sure of getting both colors?

19. How many marbles must be removed to

be sure of getting a greeri one?
p r

20. If James recricifes-one marble, there. are

three,chances out of ? that it will

be a green one,

d
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h inkbou somethis :that a're 'cert i n t'd, hajien. Thiii1CaboOt-me
sr2

. things that might happen, and about other things that just can't happen.

Then answer question's 21, '22, and 23 .

t
2L 'List three things that you know. are certain to happen.

a.

b.

22. List three things that mayor may not happen.

a.

b:-

C.

23. List three things that canot happen.

"a.
4

b.

C.

56'
61.
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Things To Do At Home Lesson 3. r

11; Make a spinner with a dial
1

-J.
1

red, blue, and -J. yellow. Use your

imagination. Spinners/ can be made from paper. plates, 'plastic tops from

a paper cup, cardboard, ice cream sticks, and so on. Place a bead under

the pointer, or anything to keep it up off of theedial. Stick-a pin through

the pointer, the exact center of the dial, and into something like an

iraser.

Spin the pointer 100 times. Keep track of the.outcomes in a table such

as this:

,fe

.Total

Red Blue

1Blue ,
.,

,Red
P..

4p

.

Yellow

-I ,

.ot

a. How Many times did the pointer stop on blue?

On red? On yellow?

b. Is each of these colors equally likely?

P

c. If you spin the pointer 900 times, you expect,it to stop on red

about 300 n 400 500 times. (Circle your answer.)

57
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Use the dirctions in the Appendix to construct a tetrahedron. Color'

one face red, one blue, another

yellow, and the last green.

Toss the tetrahedron 100 times and note the-face that is down._ Keep

track of the outcomes in a table such as this: .

Tally

Total

.

Red 'Blue
.

Gr e.en .

. ..

Yellow
/

. .

.

.

a. How many times did,the tetrahedr'on fall on Red ?

Blue? Green?

b. Add the number of times it fell. on red and on blue:

Acid the number of times it fell on green and on yellow..
.

- Is each of sums
1

ms about of the total number of tosses; or
1

abotit -4 Ofthe'total'hutibe -OltiSses7 .Abb'ut

C. If you throw,theJetratieckon 1000 times,*about how many times

- do you expect it to fall on red? ,250 On either blue or

red? .5-00

Make up a game that two people can play so that each person will have

an'equal chance of winning. Explain it to the class. Describe any
tt .

material needed, such as spinners or dice: Be-sure your rules are

clearly stated.
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'.f
. -L4

4. Tots a di
j
e'Or a cube.which has, its faces numbered from

t
:1 through 6.

.. The Appendix has direetions for constructing a cubeolheXahedron), or

you may use a die from some game.
itr.*

TOss it 180 times. Use a table49 keep a record of the results.

,Tally

Totat

Tally

Total

. Number of r's Number of 2's
,

Number of. 3's

. ,
.

. .

.

Number of 4's Number of 5's Number Of. 6rs
,
. .

-

, . it
,

a. Did each face,come up at least once?'

b. The faces are. either odd (1,, 3, 5) ,or, even,42, 4, 6) . .Gri '180

twes, about how many tcomes would you expect.to be.even

numbers? /c2- I o experiment. how many were even

numbers?
C_ I

c., On a die or cube, each of the six faces has an equal chalice to be

up. In 180 tosses, how often would you expect 2 to be up? 30

5 to be up? --t7 In you experiment of 180 tosses, how

many time Was 2 up? 5?

d. If you tossed a die 6000 Jimes,' about how often would you expect

each face to be up? 09?7,0

596!
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Introduction..

1

LE' SOkr 4T°

Using Graphs toLearm4Aboui Chance

This lesson helps pupils with the techniquestfor gathering, tabulating;

graphing, and interpre ting data which they generate by tossihg,a coin and tossing

a die.

,
If pupils are already efficient. in these techniques, tie lesson will move

-quite rapidly and might even be considered optional'. You can decide whether

your class will Wont from it The ideas in Activities 11 and 12 are not a

radical.departure from those already presented but serve to help the pupils

refine their thinking and sharpen their intuition ,about ahance.events by analyz-

ing the results of 1:-large number of trials

/
. .

. : Vocabulary: late, horizontal, vertical, int rsection of lines, scale.

. ,

Materials:. (1) A coin and a die for each of the ten teams.

(2)Summary Report.Cha-rt of:coin-tossing:from the- 'previous
, .

lesson.

Suggested Procedure:

Tossing a Coin..-.

Display the Summary R6port Chart of Activity 4 - .,coin-tossing

activity.,,alphasize thdt it shows the total number Of heads and tailsfrOm a
:

few:coMmittee.experiments. Suggest that itSwourdbe pOssible to compare the

results at:Oiled by. each of 10 different teams if we could display the inrorma-
..

k

.tion in'some ea6Y way. Explain that each of these .10 _teams.will toss a7coin

and will later toss a die ta.,get data whidh will be.graphed. This number of

teafit has been.choseh for convenience g later computation, so it is necessary

,that there be 10 teams. We want a total off' .100 tosses of a coin and 600

tosses of a die. Assign *children to-the 10- teams and.Ove a coin to eacI team.

Briefly explain page 24 and ask pupils to predict what they think the results
/

344 be.' Letter tIA sheets frok A through J as each. team hands one to 'yo4.
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.

RecOrd;th6 data on the chalkboard, as on Pupil ,page 25, and have the children

complete xage 25 in their books. Then discuss the five questions at the bottom

. of page-25. Question 4 is concerned with what we expect,lin the long run, when

we toss dicoin. We do expect about half of the tosses tote,heads. '(In our

sample of 100 tosses, we can use mathematics to compute, that the number of

heads will be between 40 and 616 in about 95 sper cent of the sets of 100
1tosses.) You might write on the board the fractions 1 3, and ask which

. ,

best represents the fraction of heads in the total number of tosses.
:12,

Haye pupils look at page 26 and explain,vas is necessary, the graph form

and the manner of graphing each teamts data. Note that the symbol "0 " is
.

placed at the iiersection of a horizontal and a vertical line.. Do not connect

the "Ots" with line segments. Point out the graph form for the total number of

heads ih' 100 tosses and discuss it withthe clast.° Call attention to the fact

that;the scale on it is different from graph form to its left'and thai it

represents just 10 times the numbery on the first form.

--When the pupils have completed-the graphs, emphasize the ease with which

,,,,certain questions can now be answered. For example: :Which team hat, the largest

number of heads in. 10 tosses? 'How many teams repoiked either 4, 51 or 6

heads in 10 tosses? "How many teams reported either 0, 1,' or 2 heads in

10 tosses? Di:d,ally team report either 9 or 10 heads? Where do the points

of the graph Of the teams: data seem to cluster,- at the top, middle or bottom

.(fe graph form and how does this cpm1;/are with the'graph of the total data?

, .

"The questions at the bottom of page gb can be answered correctly in several
t

ways. We are trying to develop the idea lhat in the long run, heads will occur.'
about half of the time and question 1 is concerned wit h this. Show that although

the number of heads reported b6_theteam,siequite varied, the number of heads

.on tosses is more stable- -that is, about half of the tosses are heads.

Question 2 mipt be answered7either "yes" or "no". In the dieussion bring out)
1for,pxample, that 57 heads in 100 tosses is closer to .f than is 6 heads

in 10 tosses, even though 57 is 7 away from 50 while 6 is only 1 away

from 5, and we expeO heads to occurin about, one -half of the tosses. Question

3 is baed on this same idea of expecting about one-half of the tosses to be

. -4^ .-

heads in the long run. Explain as is necessary, depending upon the background
\.

- . ),
of your children.

,
).

.
.

,
\

0
1
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Tossing a Die
o

have tabulated and graphed the resultg of

_toissing a coin. Now we'll work With a 4.e. Hoy many

faces does a cube have?) Is a as lilcely-to be up

on one toss as a 6 ? 4

You might e the same ten teams as,before adagiVach one a die. -Brief-

ly explain Activity 12 on page 27 and. ask pupifs!what they expect the results

.44111 be. Letter their sheets from 'A through J. as each team hands its sheet

to you an4 record the data on the chalkboard as on Pupil page 28. Each pupil:
, a . .

'then 'completes page 28 in his text. Discuss pupils' answers .to the six op.J.es-
/

;

tions at the bottom of page 28' and make any appropriate comments concerning the

'results obtained by the various teams. In Question 6 we'expect each face to be

up about 100 times. In over 95 per cent of the sets of 600 tosses, a

given face will be up between 81 and 119 times.

On P4illage 29 e lain, if necessary, how to draw the graph- Pupils_may

need to be informed of th,,letter of_their team so that they know which data to

use. Discuss their responses to the two questions at the, bottom of this page.

. We would expect each face to occur about 111times'in 615 toses'or a di4.but

_because 60 is not a large number of tosies,some pupils may finea faCe occur=

ring only 4. or -less times Or perhaps.-as7,Imany as 16 times or more.

Pupils can draw the graph on4page 30 and should not - connect. the "X's" with

-fine segments. Then ask such questions as: On all our' 600 tosses, did any

face fail to appear? What is the largest number of times that any,face appeared?

The smallest? Did any,face appear on more than'half of the tosses,? Would you

expect:' it to? If, after many tosses, We found that a 6 had not obCurred,

would we expect'a 6 on the next toss?

he tweqUestionE:a:Fthe,bottom of. page 30, will require discussion. Here --:A"ry

agaih, the idea is that the'total class results should be "more like" the

results we would expect'than would be the case from a smallei' number of tosses. Jip

1
0

For example, we expect about of the tosses to be a '3, ao in 600 tosses
. e

we expect 3 to appear about 100 times. ,If'it-appearedoonly 80- times, jet

stillis closer td-,the of the'times we expect than is:itg occurrence 7

timetAn 60 tosses: You might suggest that pupils draw a horizontal line 4,

, the total graph form at the place which rep6sents the number of expeCted occur-P.

rences of each face (At ,100) and see hoy the results.of 1590 tosses cluster

around this line. Pupils could then draw, in the same way, a horizontal line

(at 10) on the graph form on page 29 and again see how their results clusiter

around this line,
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Lesson 4.
:;

'Activity 11:5:' Tossing a coin a team, activity.°

lrectjOnS:

4,

4

,The coin is to be tossed ten times and a record made of whether it falls

heads or tails. 4

Orie member will toss the coin and another member will recdrd thei ,
result. Here is' a sample record Of 10. tosses to show how, to reeordthe-

.
.. L.results.

$.

.1

Sample RecOf
,,,.. . ,

,-.Titirlri'_, 13 er (*Heads
.,.. -

_ .
.

- Number of Tails
ToklNumber .

Zif ToSSes;

.

PP/111 . 4 o-
i,..,,.., ,.

..
10 - f

. , ,-,,,,,-;.*
5,0

00 andiher glee make a table similar to'therone above,
, , , Z. 4, ,3,-.

-..,...

results. for 10 tosses. tad iliehiber of theteaplisfioul

Your teactiei. %lir:ask-for soon, becaute your resilir

Keep track.of your

ittign the stieet,

will be used in

Clas activity,

. . ,

4' 4:7:3

/

4.4

4,

68
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"4.

9,

I

Class Data Sheet fOrlossing a. Coin -.To accompany Activity

N

/4-

...,
0,

Team

No. of Heads.
in lg. To:sses .

No. of Tails
In 10. Tosses

Pk . -.. . , 4

B
a,

C
L

i)
D .

\ .

G .
,

\'

' irJ. ,..., ..

Total
,

,

-4

1: Which team had the largest number of heads' in 10 tosses?

the largest number of fails in 10 tosses?

About how often would you ekpect heads in 10 tossesr-L.6-

in 100 tosses? ITC

ti

3. Each team tossed the coin 10 times. In all how many times was the

coin tossed? What is,orie-half of this number? .5.0

4. Out of all thge tosses, how many times did heads occur?

Is this about one-half the number of tosses?

5. Would we need to record the numb'er of tails on our Class Data

Sheet?

646

,10

4



.1 total data of 100 tosses.

r

-Lesson 4.,

Graph Sheet for Tossing a Coin To accompany 'Activity 11.

Directions,:.
Graph, each team's data with an "0"., (Use-the 'scale on the left.)

'Graph tie class total data with an "X'1. (Use the-scale on the right)*

10 100 .

0

A B C E F

Teams

H I J

90

80

70

60

5(1

40

30

10

0

Total

Compare the graph of eacli team's results of 10 tosses with the graph of the.

*

1. In general, which is more nearly what you Would expect, the various

teams' results orthe total results?
*

2. Is the number of heads in 100 tosses more nearly what you would expect'

than tlite.results your team had in 410 tosses?

Is a larger number of tosses more likelito result ilzgvhat you expect than

just a few 'tosses?

4. -k

$

65



O

. Lesson 4.

Activity 12:: Tossing a pie '-- a tam activity.

Directions:

The die is to be tossed sixty times and a record made of the number of

dots on the top face.
.

One member will toss the die and anothe'r will record the result. Ftere

is a sample record of 20 tosses.

Sample Record

No. No. No. No. ofof of No. of e: No. of :: of :*: it
Tally it frit Itl II ill 4ftf I

Total 2 4 '3 6,'
e

Use a sheet of paper to mike a table similar to the one above. Toss the die

60 times and record the results in your table. Each member of the team

should sign the sheet. Your teacher will soon ask for it because your

results will be used in a class activity.

4

f
O r

66
7 1
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Lessor' 4.

Class Data. Sheet for Tossing -a Die To accompany Activity 12.

,-

S.

Team

No. ofE No. of
r.1

No. of0 No. of No.' of No. of' Total.No.
of Tosses: : [2- i i

..

.
. ..

, .;, . .

.

.

. i
.

,

. ..

.

. . .

,.,_ _
F

.
,,- .

)
G

I

4, 0
.

H.
..-1-

i , .

I `''----' . . .

J a.

.

Total
.

. .4
,rte

1. From the totals, which face of the die was up the most?

2. Are.any two or more totals the sarie? Which ?.

3. Did any team fail togeta11,5ixn.umbers:?

4. Would you expectthat on. 60 tosses, each number would come up

at least once?

If we tossed a diI 1000 times, could we be sure that every number,

would come- up at least once?

In 600 tosses of a die, about how many times would you exp ect:eacti

face to be.up? leo . 4* o

67 7 2
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Lesson 4.

Graph 'Sheet for Tossing Die accotnpany Activity 12.
,)

Directions:

Graph your team's data with an ',10".

60

57

ot2, 54

53

51

3

15

48

.5 45

-18 42

39
a 36

?..5: 33
(a3U- 30

cz; 27

"13 24

.1= 21

.0 18

Fs 15

12

'z 9.

6

12 3

0

O

1 3" 4 5

Number on Face

6

'Did you have any results which you think are unusual?

What makes you think thess. results are uriasual?

68
7 0
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Lesscirr -4.
8

-77 ,
Graph Sheet ofTota-1 Class- West] its' for Tossing a Die To accompany activity. 12.

11- P
rlillact ions

Graph, the total class results tth an "
/

J.

J.

A

600

570

540-

4510 '
480

.450 c
420 1.;
396 11-
360

330 :8
300 8
270

240 r,
210 E
180

150 2
129 -12

.w

90. z
'76

0

0
3 4 5 6

Number on Face

This graph form it the.same form that you Used to graph your team's results.
. ,

Howevet, the numbers.on the right si6 are ten'times those on your team's

graph form. 'Ibis is a graph of 600 tosses instead of 60 tosses. Compare your

tea Vsegraph with this graph:

1. Does your tearrgiaph seem to be farthefrom the expected results, or are -

the total class results farthdr from the expectedresults?

2. Can you explain why this is so?

.69 47
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Using Bar Graphs With Probability Bxperiments

Introduction.

This lesson uses bar graphs tot reinforce ideas relating to probability.

Pupils construct and interpret bar graphs using results of the Activities in

Lesson2. Select foi discussion and graithing the data'from OneAeam for each

activity.. (You may also have pupils draw a graph of the combined data from

those Activities which were carried on by more than one team.),
/

Many interesting observations can be-made from the graph on Pupil page 31

which will show the results from all ten Activities. For example, Activities 1,

1, 6, 7,' and g involve two equally likely outcomes, and we would expect the
. .

results to cluster about'the 25 on the graph; Activities* and 10 involve

outcomes which are

Activities 3 and 8

Picturing ajthis

time must betaken

others.

4

not equally likely, and we would expect a different picture.

should show a third pattern and Activity 5' another pattern.

information on one graph form should be quite revealing but

-Eo discuss each graph and how and wily it differs from the

Vocabulary: Bar graph.

. -

Materials: (1) Summary Report Charts of results froth Activities 1 through 10

,t
from Lesson

_

(2) A table on the chalkboard or on new6print, or for use on the

overhead projectorl-as indicated in the next paragraph.

Suggeste,d Procedure:_

When we worked in,tesms, we recorded the results

Of ten di'ferent .Here.stre the results
./

that some teams found: (Use actUal results as re-

ported and have a table on the chalkboard-or On a

large sheet of newsprin.or ar the overhead projector:,

See example on the next,, page.)

7 5
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Activity
Number of
trials ResUlt

Act. 1 Spinning a spinner
1

red, blue.) 50, spins 22 blues

Act. 4 Tossing a coin (Heads or tails.). 50 tosses 29 beads

AP
Act. 6 Tossing a die .(Odd or even.) 50 tosses 50'even

3

Act. 7 Choosing a card (Triangle or square. 50 choices 19 triangles

6
Aft. 9 Choosing a cube (Red or yellow.) 50 choices 20,reds

Ask pupils in what way these activities are alike and if they notice any-,

thing similar about the results.

Teams also reported these results: (Add these to

the, table on, the board or chart'and again use

actual data.)

.

3Act. Spinning a spinner,(T red, T blue.)

Act. 10 Choosing a cube (3 red, 1 yellow.

-43

50 spins

50 choices

32 biue

35 reds

. HaVe pupils tell ii.what way a result of blue on a spinner with a dial
1

. red and blue is like a result of red in choosing a cube from a box containing

three red cad and, one yellow Cube. 131-ing out that there are three out of four

chances of getttng a red cube from the box.

Other Outcomes reported by two committees were:

41R" .(Add actual data to the table, such as,:.)

1

3

1
Act. 3 Spinning a spinner (-

1

3
red, blue, yellow.

3

Act. 8 Choasing a card (2 triangles, 1 square.)
toe

50 spins 14 reds

50 choigps 20 squares

Ask how these, two ac ities are alike and help pupils determine that the

chance is one out of three for red on the spinner and there is one chance in-

threef choosing the card with,the square.

71 7 O,
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A/committee reborted theSe results for = -.Activity 5:

' (Use acteal/data to add to the table.)

Act. 5, Tossing a die (Number of dots up.) 0 tosses

Diicuss the fact that each face on a die is equally likely to be up when a

die is tossed, that a given face - has just 1 cbtce in 6 to be up.

fLetxp,show all the results on one graph and see.

heattf it looks. Maybe we can find some patterns./.
e

. Pupils can turn to page 31, "Graph of Committee Actitities" and complete

Oleir graphs as you graph on the board. This bar graph may be new to some°

pupils. It can be related to the graphs they have previously made by re-beaching,

as necessary, how to plot the points for different numbers between .0 and 50,

using the graph you have drawn on the board or on large newsprint.

Look,at the completed graphs and lead pupils to see that Activities 1, 4,''"®

6,7, and 9 are &rierned with two equally likely evehtp and that the graphs

'picture the frequency of one of them. We would expect this frequency to be about

half the number of trialP. e"--\
A ;

In Activities y2 and 10, the outcomes are not ewally likely but favor blue

for the spinner and red for the cubes. Theme chances are three out of fours that

blue will occur on the spinner and three out of four that a red cube will be

chosen. It might be well here to ask what would be the picture if we'd graphed

the number of reds on the spinner and e number Of yellow cubes chosen. How

WoUld'thegraph look then? This is really laying a foundation fOr'Complementary

events, which Will be diseussed ldter. In Activities 3 and 8 chances are one
,

out of three of getting red onthe spinner and one out of three of choosin'E s

, .,6card with a square. In Activity 5, the chances are one out of six'that-a 1

will be up whenthe.die-is tossed,
,

Then compare the graphs of Activities 1, 4i.6, 7, and9 with Activities 2
-

and 10 and with Activities 3 and 8. Lead pupils to see that,the data from the

fixist five tend to cluster about, 25, from the next two about 37, and from

Activities 3 apd:Jr-'about-17 We would expect the data from Activity to

about 8 but because this is-from just '50 tosses, it might vary considerably.

If the combined aata obtained by all teams were graphed, this clustefing would'

be even mole evident,-
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Before leaving bar graphs, you might want to develop other ideas such as
.

.the bars'could be placed horizontally instead of vertically. It would,be de-

sirable to construct a graph which shows a compilation of all team reports. For

three teams completedActivity .1 (50 spine of a spinner with a dial

and
1

red); you might want to graph the number of reds in 150

'example,i if

of
1

blue

spins

/n discussing the graph's, reinforce the ideas that some things are more

.likely to happen than others and that graphs help us see patterns and note

relationships which might not be evident otherwise.

, -

Pupil pages 32-35: These pages give practice in making and interpreting bar

graphs. You tight want to omit those exercises which are too easy for your

class. Orvpate 33, the results Iistedhfor Bill are unusual. You might

like to have children toss a coin:to see if they find heads do occur this

many or more timed in 50 tOsss. Weoexpect that on 50 tosses, the

number of heads will be between 43 and, 57 over 95 per cent of the
411

time. Exercise f on'page 34 may require some explanation "so you` may need

to do this as a class activity. Exercise h on this same page shoUld be

discdssed because some pupils will say they would rather guess on 10

tosses because then they "coulantt miss it very far." This is another

opportuni y to develop the idea that in a large-number of trials, our

,results Wi 1 probably be close,to wrist we expect, for example, when we say,

"We expect heads to occur about'one-half-the time." Thus, 236 heads in

500 tosses is closer to one-half than is 6 heads in 10 tosses. Ques-
1

tion h on page 35 is similar tothis.

Yupi' pages 36 and'37: EAercises h and i on page 37 help children detetmine

//

what to exp4ct when' any trials are performed. We would expect blue on

0
sprnner 2 about 7 of the,V.me or about 125 times in .1000 spins.

is

(If many children spin a spinner 1000 times, the number of blues that over

95 per cent would get would be'between. 104. and 146.. It would be very

unusual to get as_few as:100 blues or more than 150 blues.)

3
On spinner 3 1.,tb would expectthe number of reds to be about of

the total number of spins or about 333 In 1000 spins,.

-i

Lr.
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Further Activity: Here, is a game some children might enjoy playing. It is

written so that you can duplicate it for them or you may, wish to just explain

.it. T'layers will want to determine who,has the better ehance to win and ate

way to do this is described:

_Swares and Products

Find a partner who will play a game with you. You will need two dice--

of different colors, for example, red and white, and the (3-colored). spinner

marked 1 tip 6--or you could use 3 dice. You will also need a piece of

paper to keep score. One player is "Squares"; the other is "Products". "Squares"

.spins the spinner or if you do not have the spinner, he can toss one die. His

score-is the soware of the number he gets. (To find the square of a number, -

multiply the number by itstlf: The square of 1 is 1 X 1, or 1; the square

of 2 is 2 X 2, or it; the square of 3 is 3 x 3; or 9, and so on.)

"Products" tosses the ttro dice. He. multiplies the numbers of dots °lithe two

dice. Their product is his score. If the spinner shows 3 and the dice show,

5 and-2; "Squares" gets 3 x-3, or 9, and "Products" gets 5 X 2, or 10.

If the spinner shows 4 and the dice show 2 and 6, "Squares" gets 4 x 4,

or 16, and "Products" gets 2 X 6, or 12. Their scores might look like 2

' this:

Spinner .Dice Squares Products -

First round 3 5, 2 . 9 .
10

Second round ii- 2, 6 . 16 12

The winner is the player with the'higher score after 15 rounds. Do you know MW

which player is more likely to win? You can find out. Add the squares ofthe

numbers 1, 2, 3, 4, 5, and. 6. Divide their sum by 6. This is the average

possible score for "Squares". Now find all the possible products. A table` -is

t -

helpful in finding tliese. 1Red Die

1. 2. 3 4
-1

1 2 3 4 5 6

2 2 4 6 8

.3

Ill..-

5
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Now add P1 products and, divide the sum bY4 36. This is the average

score for "Products". Who has the higher average posSible score? Who is more
t"

. ,

likely to'W-in the game? 0 1,)-

Things to-think &pout! Theaverage score ford the red die is The
,

average score for the white die is . The product of these two numbers

is 40 .

ry

O
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GRAPH OF COMMITTEE ACTIVITIES

4

_

ktivity.
,

'd,

,
1,
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1/2 Red

;.112.Blue

4

epin

- 6'

Die

.

7

2 Cards
1 with A
1 with

z 9

2 Cubes
1 Red

1 Yellow

-

2

Spinner
1/4 Red

3/4 Blue

10

4 Cubes
3 Red

1 Yerw.

3
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1/3 Red
1/3 Blue
113 Yellow

._....
8
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5
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Exercises.'- Lesson 5._
41e . '

,

1 . '.. .
. 'a . 5z

L , Jim tossed a coin 56 .times in groups of 10 tosses:. Heicept a record of.
.., 4.,. - . . ,

the results by tallies. H stands for heads. T stands for tailg:t,

Tallies

Number
of heads

,

Tosses

.`

First 10 Second 10 Third 10 Fotirth' 10' Fifth 103

H T H H T T, T-1

Lk II . Ill - tut MT I on tut 0,.
r1

. 187' 11, utf 1 till

4 6 . 6

a. Draw mbar graph to show-the number of heads Jilt gOt on each

grqup of -10' tosses.;

4

7

6

5

4,

3

2

1

FirSt Second Third Foath Fifth
10 10 10- 10 10

Series of Tosses

. I

.

'8 2

b. Out of 50 trials, how

many heads did he

loss?, c?

.c. On which series did
.

he have the most

heads?

On which series did

he. have the most

tails?

e. Did the, number of

heads equaI.'the

-number Of tails on any

one series? d,7..0;

StT

)
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33 -n.
2. Nine other boys in Jim's class did the experiment, too. Their results-for

50 tosses were:,

Bill 35 . heads 15 tails - Andy .20 heads 30 fails
Bob 19 heads 31 tails,_ ' Chuck- 27 heads 23 tails
Scott 18 heads -32 taiTS ,,John 17 heads 33 tails

o

Tom 30 heads- 20 tails Perry 23 heads 27 ,tails
Doug 21 heads 29 tails

Make a bar graph toshow the'nUrpber of heads these ten boys tossed. Use °
the scale on the left. Make another graph of the total nuraber,Of heads in
500 tosses.. Use Or scale on the'right. .

36
ti) 34

12 32

. c) 30

28

26

TF:1,24

= 22
'45 20

-22 18

S .16
,° 14

-E 1:3

CO CC)
g.)

Ci 1""'''' <
Boys Who:Tossed a Coin.

C.',0 w

78 83
a

f

500

.480

*460 -
440

420

400

380

360

340 .8
320

30D

.28a, c
260.
240 &I

220;
2.00.

180

160

.146

120

100

80

60
40

0
ss

Total,

4'



AP.

(Continued)

al. Who are the'boys whd tossed morere heds than tails?.

Who tossed the-sMaliest number' of heads? IA/
":Who tossed the largest number-of tails.?

Is this surprising?. ,-Z0 Why? a,. 9te.,,tt, A
, 1144'//.1':"' 1( cf-s- 05-0 tioze.c.- 7e4.4/ .e.aC4 ZAZ

a..
6.4:47

c, Which bo ,*y do you think, might have been most surprised by the .

res'u,U he had in 50 tosses of the coin?

Why? -Z.

Etch of the ten boys4pssed a coin" 50 times: This makes a total of ,

-
toues. How-many_of theseetosses.were heads? 3

Without counting, how
'it

many of these tosses were tails? ,d
3,

e,)z
- 4

° J
e.- How many boys tossed more than 25 heads?

47 .

Draw a horizOntal line across the graph so that about as litany of the =

boys have results above th16 line below. At what Rum r *does this

lie intersect the left edge' ofthe°g'raph ?' I-Z
, . . ,

'At what number does t_-lis Une-intersect the graph pfltie'classtotal?

,
i.

,7,-0 ":,- Iithis about the same as the tiumber'oi heads-the boys
A

°

/ tossed in: 500 tosses?

_

Would you rg anher tell how my,head you expect in 10 -tosses of
...

4 ° - tI 0-
Jcoiii or in 500 tosses of .0 Coin? / .:

)
-- tosses.

, < i 0 .

79 8 4::
)
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Beiow is a liar graph of the results some girls

found in.using the §pinner at the right. You can

r d it in the same way you do Other bar

hook at it carefully and,Ouwill-see how to do

. this. Usitlitto answer a through h.
,

Number of Blues inc50 Spins

0
.

Mary

Betty

Ann

Sue

'i'4,6?-4"

Total

5. 10 15

111111111111111111111

11111111111111111
11111111111111111
11111111 III

40 . 60 .80

Number of Blues in 200 Spin
.

t

a. Who had the smallest number of blues in 50 spins?

Who had the largest, number of blues in 50 spins''. (,),..vc.
-

c. How many reds did Betty get in 50 spins? e.

d. Whicfr of these fractions tejlsrabout how much of the dial is blue?

1 1 13 /,z
2- 4 / 4

e. Did ny girl geC25 or *more blues?, /-6,0

f. How many times in allwas the spinner spun by the girls.?

q. How many of these spins ended on blue? .ts this about

the number of blues you would expect on 200 spins?
/

*h. Would you rather guess the number of blues on. 20/ spins or n

200 spins? _jec spins.

8o

7 c-
r

404



Graph IA was probably made by usin data from spinner
1 -

Graph 13* was probablYlmacie by usin data from:spinner.



4 .

(CpntinueC1).

c.40 Graph .C- was probably made by using data from spinner

d. Graph D wag P.robably made by'using data from spinner /
e.'. Which spinner would yottchoose if you wanted to be most likely

of getting blue?
..

0 which spinnr is red morielikely than blue?

os*

'One o the Spinnessig spun 10000 times. Blue was the result

3,300 times. Which spinner would you expect was used?
I s

Spinner 2 is..spun 1,000 times. Draw a bar graph to show .

the number of blues"-,

you would expect. ')

_Spinner 3- is spun 1,

number-of reds

you would expect.

250-

200

150

100

50,

0

times. Draw a bar graph to show the .

82 87 6 rV*. .
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LESSON 6

Using Numbers to Express Probability

Introduction.

Up.terthis point pupils have gathered data from a-variety of activities and"

llsVe learned to sulyilarize it in tables and to qpresent it visually through the

construction of graphs. The probability o nce of various results has been

'discussed inforMally on the basis of intuition and hunches. The graphs and

charts provide a systematic way of organizing data so that they can be studied

`and analyzed to discover relationships and patterns. These relationships and

pattns.,,enable us to formulate hypotheses and to-draw various conclusions.

Thisleisonbeg-inswitilareviewof theinforMal ideas pupils have gained

n'omprevious lessons. Pupils are then guided to compare the'result:s of dif-

ferent activities; to identify those:. activities which "produce like results and

those which produce unlike,results; and to discover th causes which may undetlie
k,

their likenesses' afid,differences. As a natural outgroyth of these comparioni,

pupils "are introduced to the use of rational numbers as measures \of chance and

then to the use f number sentences to express probability. ",

//'2

Suggedted Procedure outlines'a logical sequence for developing the con--
cepts in this lessen. You may choose to condense orextend the lesson to-pro-'

vide the.pacin bet suited to our pupis.

1
, , Z

Vocabulary: Probahility,%number sentence, express, mathematicran,

(1) Xliartsand graths frolvAdtivi e 1.-19j,/

.
./!

, ,_. ,

.
.

, -, 1 .
r 3

1 s

(2) . Spinner . '1Dlite)'. A2;

(3);: Spinner.?.,(; :red 3 bl4e),

, :1 f .' .4.1:!... -

.;:'? ''' '' 1
(10 .. :41nri,&. ! ( i:.;cil* 1/;:3fei-. yelf#7)..

,.. ,

(
.- ,1..;, _,.

. .

dpior'41. cap =,tir 'beak. (pred .'; whitey. 1 blUe/. /
.., , ,., .:,. , .. . , ,..;...

,':',&..:--

.. ,,,, ,, _ ...-... - :,:r, .t.
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:A. -

S4gested Procedure:f

Begin by having pupils recall the ideas deVeloped 'during discUSsion'Of ex-

perimental activities. (Have charts and graphs available:) Ideas to be recalled

would includeia

1. Many events are uncertain.

I

-2. Two events may or'may not be .equally likely

3. We can never be certain of the exact outcome of chance events.

There May be a pattern rh large numbers of chance'events; This,

pattern can.help us estimate whgt is' likely to happen if the events

are'repeated.
o.

We can use experimental activities to check our estimates about

:Chance events.

OrShow the spinner with dial t- red wide- blue. Ask questions such as:
1 v fr '

. 2

at part of the dial is red? 4-44 'Blue? () 'If
2

1
-f.of the dial )is red fand is bluel.is there one

, chance itwo of getting red? (Yes.) Of getting

blue? '(Yes.)
.

Show the

to show that

'How could we change the dial so,there would be a better

chance of getting red? (Make more of the dial red.) ,i'

What will happen to the chance of getting blue if we
,\ .. . _

1- crease. thr ghee re (Chance .of

,

g; tting blue 11 be lb)
;

'
I 1

1 3

___
spinner th dial

,-4
red a d -17 ;blue: Ask questions as before

v
i'''''

here i8 1 chance in.14-- :getting /reed ands 3 chances in 4 1af.

getting blue. Als0:

WhiCh of these spinners. would you .choose if yod

wnted'to get:blue on one

largest blue area.)

spin7 (The. one with the-

Which of the e siinn rs wOuld:, yo choOse if yod hipped
...

to get-hbilt ,50 roas in 100 pihs? (The fir t
J,

one - -the One-with equalimodn;s of red an'd blue.
;

r
9?



1
J.

17Show the'Spinner with dial, -s- red, -J. bluefand yellow, and discuss

similarities and differences' among the three spinners. Bring out that there is
.

1 char. In 3 of getting-red, 1 chance in 3 of getting blue, and 1
- .

chance in 3 of getting yellow.

'./.3---\. 12'Summarize by helping children see, for example; that if -f of the -dial is.red

means 1 chance in .2, then 1, ch-nce in 2 -means 1 of the dial is red.,
-.

., d
Carry them thrOugh th.e same idea with the spinner with dial red and -i 'blue

1 1 1and the spinner with dial 7 red, . b1u4, and yellow.

Lead them to generalize that 1 Chance in 2 of getting red means thatt
'

1the chance of red is
1

and that, in this case, .f of the results are likely,
)

to=te red. Allow sufficient discussion to develop uflderstanding of this concept.

(-Then ask such questions as;

k

t

o

. 2 :. 1°,,If a spinner dial le blue and :,37 red,what
-3

A. Jis the chance of getting red? (---, or 1 chance
3-

in 3.)

What-is the chance of getting blue;
3'

or 2

chances in 3.)
.

Ifi the. chance of getting red on a spinner is.

what part of the dial is red? (5.) -

/4
What part is taqt red? k5.)

Then what is the chance of getting a color othei than

red on'such a spinner?
, or, 4 chances in 5.)5/

Continue until childr n understand the relationship between the cpance of

C.

.

getting given color and the fraction of the dial that is covered Itly that-color.
.

:. ..Then Zik :
G *-, )

If 1 o'.f.

e dial is red, )what is' the chance o 415
. ..

getting red? (1 out of 5'0 or 1)
5.

If'
5

of 'a dial

getting reds?

-If 5
of a l dial

(6getting red

i
.

re.othat is the chance of
ita \

ou t of, 5,' 'or 5.)

is red, what' is the chanc I

out of 5, or 2,- or
5 .44

Children, hbuld generalize t at when a re lt is

certain to happen the change of that result is
) 4%

' out of 1, or
1

or 1. Thus, if tne chance

of red equals 1, we know that red must occur);



and that rd is the only result Possible in thit

case.)

Let us look at these ideas another way,..

5
- of a dial is

5red,

then the chance of red
4

is 4 out of 5, or

1
If

5
-- of a dial is red)

then the chance of red is

1
l' out of 5, or 5,

Now, think about this. If newart of a-dial is ra.,'

then what is the chance of red? (There is noCchance40

of red because there is no red on the dial.)
?)?

*
What number could we use to mean there is no chance

of getting red? (Zero. Children should genera

that when a result cannot occur the eliance of that

result is zero, or 0. Thus, if the chance of red

equals 0,. we know. that red cannot occu' and 'that

the result, fired, is impossible in this case.)

(

At this point, help children, summarize these ideas.. The summary;

include the foliowing points in the pupils= own words. r
- t

1. We can useveractions to compare the chances of different results.

2. If some result is certain to happen, we say the chance A that result

is equal to one.

3. If some result Cannot happen,-we sak the chance ofthat result is

'
equal to 'zero.;

Ha ye pupils open their texts to page 38 and complete-it"as a class activity.

-biscuss t as necessaly and then' do pites 39, 40, and 1i1 together and have the_
_

. . children discuss their answers.

4 DO not go on to Pupil. Page 1l2 yet, but "introduce the last part of this. lesson

in `a way similar to this:

. . . I
F om our activities and discussio we have

c vered veral ideas about chance. We can use
.

numbers to \escribe the chance that some event may
. , .

or may not occur. -''For instance, if an event is
. .

certaintOO-Cadr-,ILthe chance that it-will-occ4r-is
t \

,

,
e

. 86
t1
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1

r-
;eq4al to 1. If an event cannot occur, the chance

that it will occur is equal to '0. And, iflan

event is uncertain; the chance that it will occur

is equal to siste fraction between 0 and 1.

Mathematicians-use the. word probability in much-the

,same way that we have used .the welkd chance. (Write

probability on the cfialkboard.) We know that we

can use a number to describe the'chance diet, an

event will'occur. This number is called the,

event .4 Where we have said,

is equal to "
'
a mathematician

2

may say, "The,probability of red

probability of the

"Tho'-chance of red

would say, and you'

is equal-to
,f

In mathematics we use a.few letters, numerals, and

signs to stand for.a big idea that we would otherwise
is

have to use many word's to explain. (Show spinner
a,, 1with . E red, blue dial.). If we asked,a mathe-

matician-4

-E

o describe-the'chance'of'redlpn this spinner,

` he would T1: "The tatobability of red is 2P,r and he
...
.. , 21 J- tiwould:write P(R) ...i- (Write "P(R) = -§ ;on the

Chalkboard, AIk what the "R" represents.) From now'

'onwe will use just the first lette4rtinstead.ofwriting

out the name of the color.

Here are two cube,; one red .and- one white: If I place

them in py pocket and then pick one without lookingi

-ilowCould we describe the.chance)that it will be white?

That it' be red? Write.on/the board, POI = ;

P(R)
1 '

and, alsd, P(R) = . 4

.1 Suppose I add a blue cube sp that there are a red, a

white, and a blue. What is the probability of, picking

a blue? (John, will you write the number sentence on
1 1the board? (P(B) = -1 A red? (P4

3
R) = -1 A white? '.- 0

fNw)' '=
3

I will add the

white,
3a

blue;

ciliance
4 CI pip

,ellow Cube. ' No there are a red, a s.

nd a yellow. H w coulete describe the

a y 'low? , M,afy, pileape ite It ion

87 .9.2

1

I

t

. .
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r 1 1
,

the board.. 10) = -1-1 A blue? [P(B) =-

What is the probability of picking either aged or

a white ?' [P(R or W) = = 1]1 (Here:we want
4 2

'-either one of two of the four possible eirent4%)
,

4 4 -

'What is the probability of 'licking a green?

, [(6.) = 0. Whenever- an event is impossible, its

. probability is O.]

, .

What' is the 'probability' of picking either a red,
A

a white, a lzsluel or a yellow? [P(R or W or-'B or Y) -41'14

is certatiCto occur, it probability
3

Whenever an event

I, is 1.]
X ,

I
'

Ncni we have a wa3T' of usiyig numbers to express poba-
s,-

. bility. Let=s complete pupil Rages 42 through 44.

Many of you will be table,to answer the BAIL Teasers

on page 45.

.

,

_ :..

. After the boys and girls have completed these pag discuss their answers.
, .

.. 4,,

On Pupil page 42, the answer expected to -the, i_ast
,'
.tw _ itego in-the first column

-,/

,' is - red cubes and 1 blue cube, .bUt it. Could be '4

.4

reg cubes and 2 blub
. .:. , - -

e ..- : , /
. 4.

,cubes, etc. .,-:::
.

':,4,-,'/ ,'''.1.
4 /

'..,:: i
W, s. ,

',.
..t

r

IL-

41, 0.1 I

Yik

;

1 y

'a" ; 4- t
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38.

Red

Bluer

look at thife spinn'ers.

You know thafyou cam use fractions to compare the chances of

different results:

N)

5-

/

Complete this table.

2 of dial red

1
of dial blue ,

1
3 of red

3 cif dial blue

1
3 of dial yellow

means 1 chance in 2

means / chance in 2

means 1 charice in 3

means / chance in 3

means / chance in

L
of dial red , means

4

4
3 of dial blue

means Chance of red

meads Chance of blue

means Chance of red

means Chance of blue'
, 7

means 'Chance of yellok

AT

/ chance means Chance of ted

means j chance 4 means Chance of blue

All of.dial red means red is certain

of dial red means' red is impossible

z

r.

N.

.

b

meant Cha ce of red

,means, Chance of red

1

2

=w

ALL( 1-

fr.

8994

..

//4



Exercises Lesson'. 6.

1

e 15°

_41. James spins the-pointer of a spinner 100 times and gets 35.,teds.

Which of the following, statements is most likely to be true?

(a) The dial of thepinner is all red.,

(b) _The dial, of the spinner- is one-Half

.(c) The dial of'the spinner is one-eighth red.

The dial of the spinner is one-third red.

2. MarNy- spins the pointer of a spinner 100 times and gets 25 red, 25

blue, and 50' yellow. Which of the follolg statements cannot be

(a) The dial of thepinne-r is bne- fourth

(b) the dial of the spinner is one-thyd,green.

. (c) Thejdial of the spinner is one-fourth blue.
P.

The dial of the spinner is all red.

4 -

.f
/ . ' .

. . , .

- A spinner has a dia).that is one-third red, one-half white, and one-sixth
i .1 , .

blue. Which of the following ca not result from exactly -100 spins?

(a) 30 reds, 50 whites and 20 blues. ' .

'(b)'40 reds, -40 whites and 20 blues.. .
,

50 reds, 5 whites and. 10 blues. ,
. ,

7 (9) . 60 reds, 4 whites- and' 0 bl'ues.
_....

90
95

\-\

4.
-



40°

a

You wish to get exactly 5 reds and 5 bluesin; -15 spins: Which
.

following dials, could no?give this result?

°.

One-half red and otie-half blue.

(b) One-third red,: one-thi4rd4blo.e and one*-third. "
(c) Orie-fourith red, one-fourtfi 13.11uend op-half

(d) One -fifth red, two-fifths blue and tiro-fifthsyell9w.'
-4-

Inwhich of the following statements is tfie chance of redequa

(a) One chance in two,pf red.

(bt. Two \hzisntes in Jour of red.

(c) 'One chance in five.of'red.

Two chances in eight of red; (
vs. A., . r

, . o

' Which of the folloyying.spinners isilikely to give aboutthe same riumbet*..
..

r .

of reds, and yellows? v. p.

tM

'-,(a) One-half red, one-fourth iellow, one-fourth

(b) One-third red, two-thirds yellow.' -
-.0 °

One -third red, ort -third yelldw, -.
(d) Four-fifths yellow, one-fifth red.' %*

.`
/:,

e I
/117. , If the d at of a spinner, is all red, we: say the chance or red is equal.to:

J " '
4(a) any other chance.

(b) one chance in two. a.

(c) one-half.

one.

gl

e

5

ti

o.

3 /`



f

8. If the dial of a spinner is all blue, we Say the chance of red is equal to:

(a) one.

, .

(01 one chance in one.

(d) oneLhalf.

0. The dial of a spiric!er\ig one-third red, one-thid yellow, and one-third'

blue. Which of the following stateKenis are true? .

(a), 'Red; yellow, and blue are equally Iel to occur.

(b) The chance of getting red is equal to
oh

(c) 'One spin must result in either red or yellow or blue.,
c .

(d)' The chance of getting greentis equal tolero.

10. If the chance of red on a 'spinner is equal to zero, whiCh of be following,

statements could be true-?

.(a) The dial red.

The dial is ail blue.

(c)/ -The dial has at least two colbrs.

(d), /The dial has at least three colors.

92
9:rt



11: Complete this table.
(

4

R

All of dial red means red is certain -.means Chance of .red = 1

None of dial red means red is imPbSsible means Chance of red ;t6

1
-2 of dial red 1 -chance in 2 of red Chance of red

1
means.- means

2 of dial blue / chance in .2 of b'ue .Chance of blue = e2..

1 _

4
df dial red 1 chance in ,/of red

means .
3 ,

A of dial blue' -3 chances in / of blue
, (7

1
of dial red

1
chance in 3 of red

'-3
of dial blue means 1 chance in i ,of blue.

of dial ,yel low .4 / chance in J of yello

a' red cubes

.and

blue cube

means

2 chances ir of red

chance in, ? of blue)

means KR) =

means t' P(R) = .0

P(R):= j_j
means

P(B).= .---i:

1 Chance of red = 1 '' . 'NM = I
4

means .. -._ -.-- - -- ., means
Chance of blu,e =--77. *. P(B) =::=-4

Chance of red =

meant Chance of blue =

panee of ,j/el low

Mean's. "69) zi

.t.
. . .

Chance of .red = .. /4,_ -7.3..

_ -

means , .. * means. .

.0.

.99.
Chance of blue = 3 -
. ? . .,



4.

I

12. A spinner has a,dial which is evenly aivided into. red, white, and.blue

spaces. Write a nuMber sentence tliat describes the chance of getting

blue.

13. Write a fiurribver sentente that answers the question, "What is the

probability of yellow ortthe spinner in Problem 12 ?" f(1)
14. In Problem 12 , P(R) = 'r

r /
15. Write this pumber sentence (abo4it Problem 12) in words:- P(W)

"(--469 "le;
)

46. A bag contains several.marbles. Some are red, some white, ,arid the rest

blue. If you pick one marble without looking, the probability-of red is

and the probability of white is 1. What is the probability of blue?

a

17.' A bag contains one red marble, two while marbles, and three,blue

marbles./ If you pick one marble withbut lbokingwhat is the probability,

that the marble will red? lie
.18. In Problem 17 , what is the viobability that the riltble:will be

white? 6 %3 4

19. In Problem 17 , what is the probability that themarble wild beh'

blue? --/`,

20. In Problem 17 , how many white marbles must be added to the

to, make the probability of white equal to ?

-.-.

21._ Write the following number sentence in ,symbols.: "The probability of

yeildWis equal to three fourths." PK/2 -; 1/4' ---3>z. ,._

94 10

b.

I e

A-



22. A wooden case' has a dot on two of its faces. If it is tossed on the floor,

hat is theprobability that a face with a dot on it will be on the bottom

when:it stops rolling? \zi 1

23. In Problem 22, what is th.e probability that a fade WithO LIU dot will be

.on the bottom?
A

24. The dial of a spinner is divided into three colors: red, white, and ,blue.

If P(R) =
1

and P(W)
1

W) = what is the probability of blue? ri
2 . 4 '

In *Problem 24, is. the probability of red greater than, less than, or
00

*pequal to the probability of blue? -,te6 ./

The dial of this divided:iinto

26. P (31 = //c)

.27. P (10) = .

c-° 28. Is = P(8)

0 equal regions.

Thclial of this spinner is divided into 6, equal regions.

29. P(2) = 76.

30. P(5)- s= /6

O

°

ye

101
95

^ .5- g--
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Brain Teasers

1. John has ten pairs'of socks in a drawer. Nine pairs are red and one is

blue. If he picks the socks one:at a time without looking, hoW many

socks must he pick tote sure he has two socks of the same color?

A bag contain several marbles. Some, are red, some white, and the rest
1

blue. If the probability of picking red is -6 arid th.e probability of picking
1

white is -, what is the probability of picking blue? . ----5

3. In Bpip Teaser 2, what is the smallest number of marbles that could ..

be tin the bad? ',(, \.

. 1 .

. * * 1 ' ' 4. ' a'

In
$

Braiii Teaser 2, could the bag contain 48 marbles?

5. In. Brain Teaser 2, ifthe bag contains .'4 red marbles and .48 white

marbles, how many blue marbles does it contairi? .

0

.

96



LESSON 7

Complementary Eventv.
T

'o

',Introduction.

. .., .

,Pupils first make a simple list of all the possible outcomes of a series of
0

chance events. *From this, Ile determined and then complementary
. ,

. .

events are introduced in an infoimal way through the use of.n410er sentences. Y

,4The suggested,proeedure follows a logical sequence and offers many oppor-

ttnities-for practic in"theidevelopment of number sentences as well' as the

addition and subtr ction bf common fractions. These opportunities an be

shortened or exten ed as you wish.i
.

. r

.1.

Vocabulary: Complementary.

4 e

Materials: 1(f) Colored blocks or. marbles (2

1

?

red,' . blue).

'(2) Two nonAransparent'bagS or boxes.

,

A . /*
.

v .. t
Suggested Prpcedure:

Introduce the lesson by having pupils recall the following points

-previous lessons:

1. RatIpOnal numbers. and number sentences are used to express

probabilities and statement's
iv

about .phem.

An event thatIs certain to
. .

occur hda a probabiYIty of 1. This
.1 N.can be writteh- P(thttevent) = l.

:

3. An event which cannot occur has a prob ability of 0. This ca bp

4.

_written, P(the event) = 9..

t . '
No 'event can have a iirdbability greater thah 1 or.less

. -

, 5: event which may or may not occur, depending on..Chance, has A

. probability which :can

t
than Q.

%
be expressed as a fraction between O. and

A -
,

. ..
.

, ., . .-
I Allow SUfficienni%cussion to clarify these five ideas. tJqe questions-and

1 st . ,: v.

( ,

. ,,,,
-. - V -re

:

,,.

illiUstrative materials as necessary.

.. -

t co,



show that, you' halve two bags

each bag.i,Lall one the first bakisarid

to.th±nk about an eXperim ntin which

. Pu.fone

the4her

we remove

tag and then'One from the second bag;'' Ask:

How many blocks are in the first bag? (2.) And

what's:re their colors? One i4ed,one blue.)

-

red-bloek'and one. 'ylue block in

the Second bag. Ask the clap

two blodks, One fromthe first:"

H91.7, Many blocks are in :y?e second beg/ ` (2.) And

`..-.a,that. are their colors? (One red, one blue'.)

If we remove one block from the first bag, what

color can it be? (Either red or blue.)

Now if we remove one blOok from the second bag, what r
;

color can itber (Either red or blue.)

Let's list the possible outcomes.;, (List onhe

board): t.

*
The Possible. Out comes

1 Red Red

2. Red glue

3. Blue Red

'4. Blue Blue

wx

Have childr.ea, look at the .list to see that each outcome .includes two -
-,x

blocks: 9ne-from the first ,bag.and one from the second bag-andAthatthere are

4 OUtcoMe n all. (Red-Red; lied-Blue; Blue -Red; Blue- Blue.)

How many of these fOuP.possible outcomes include . 'W'
,

two reds? (1.). What is the probability that botri. .i

.
,

blocks will, be red? (1 .)

14 .

.

.

, i

How many of the outcomes include a red-first and a
,

bluesedOnd? (1.) What" s the prob'ability'tat
4

'''' ,1 \

the first bloCk will be red and the sect4d::;blue? v-. )

-
,. f...

.

What is the probability that the first block,141.be','
1 i!). ,,

blue and the
;

second red.?. .(-.) ,

What is the lorobability that both blocks will be

.blue? (r )

4,,4

s

N

re.



1

"F

Think carefullyiabout this, What is the probability
. is . .......,,

that one block Will be red and the otii-e-i6lp,ve? (.,

1 \ - , ,

qr 7-,, since twa'of the foie pcssible--outcome-s con-

sist of' one recd and one blue block.) -..

What is 'the probability that one of the blocks will

be-green? (Zero, wince neither bag contains a green

block.)

(List these prbbabilities on'the chalkboard.)

PPM) .t P(G) = 0

PRB) P(AB or BR)

\ 1
P(BR) PRR or RB or BR or 1

P(BB)'= 4-

--,
...,

. . N
.

Call attention to the fact that you have added a,new
, *probabilitthe probability

.....*

off' gettfng-either
'-

two reds, one red and one blue, ax two blues. Since this event
. -

includes all the possible outcomes, it is certain to happen. What is the prob2---

ability in this case? (1.)

ThinkaboUt these events',,in anOtier-jay. We know

that the 'probability of getting two`-red blocks is
1

,What is the probability of not getting two red

blocks'? 4 since three ofsthefour possible
-

outcomes do not include' two -red blocks,.)

What is the probability of not getting a red first

and a.blue second? (-E-. )

What is the probability .af,not getting a blue first

1 and a%red second? (; ))

What ia'the probability of not getting two blues?-

f

Whae is the-probability.of not getting one of each

color? (2.)

What is the probability that we wontt,get"-twO reds or

two blued or one of each? (0, "because we have to 1 6

. get something,.)



>
. .

.'14hat is,the'probability of not getting a green
,

block? (1.. .Since there are no green blocks we

can be certain we willnot get a green one.)

List on the board the probability that an event will not occur along with

the probability that the same event will occur.,

P(RR) = T P(Not RR)' ,

I
'4

P(RB) T4-. P(Not BB) =
0

P(BR) = P(Not BR)

P(BB)'. P(Not BB)

P(Not G) 1

,

P(RB or BR) =
1

P(Not RB and Not BR) =
1

* .

Point out that in the first"column,We have the.probability that an eventI
will occurand in the second column the probability that it will not occur. Ask

what would happy if we find the sum of the two crobabillities for each event.

* (The sum is 1 in°each case.)

'

Since each event must either occur or not occur,

,is ,it reasonableothai the probability that it
.

C.
will occurplus the probability that it will hot.

,Va

occur should-be equal to one? (Yes, because one

- or the other iS'certain to happen ana when some- "

thing is certain to hdppen its probability is 1,)

(List on chalkboard.)

#

.

o
P(RR) P(Not RR)

P(RB) P(Not RB)

o P(BR) t P(Not'BR).= 1

P(BB) P(Not iB = 1

p(G),,q- P(Not G) = 1

P(RB or 11'(Not RB and Not BR) 1

100
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The_statements are true because we are taWng

about omplementary events. Complementary events

are posites of each other;. one of them must

haii en, but both cannot happen at the same time.

T. be complemeriVary, two events must include all

he possible tutcomes:- Therefore, the sum of their

probabilities' is' always 1.

that every event has a complement". For example; eating lurich

.today and 'ot eating lunch today are complementary. events. One of them must

happen 1.:u both cannot happen 'today. Ask the children to think of OttrePc and
r .

allow t' for discussion and clarification of this concept.

% , /ow

Let us now look at these statements inanother way.

If P(BR) + P(Not RR) = 1, then how would we

complete these statements?

W ite on chalkboard.)

J

1

Lead pupils to

examples, sur, as

see that 1

1

+

1

2 2

1 P(No% RR) 7

/

J

.

P(ER) =' P(Not RR )r and 1 - PpotTRYR= P(RR).

1; therefore; 1 - -f ' etc.

Help me list the mathematical

used this idea.

List on the chalkboart and have

tence before you write it.

1

r

Test

and seeing if the

- P(RR) =P(Not RR)

-. P(RB) = P(Not RB)

- P(BR).= PCNot BR)

- P(BB) = P(N5t BB)

P(G) = P(Not G)

sentences that

pupils state the last.term for each

and 1 - P(Not RR) --i p(RR).

and - PeNot RB) = P(RB)

and 1 - P(Not BR) = P(BR)

and PUT t P(BB)

:and 1 - P(No G) P(G)

some 'of these statements by using the
40

statements are true.

,

correct nuMbers

qen-

Use

for the probabilities

Have pupils gitecorrect numbers as'you

rewrite statements. For instance, 1 - P(RR) = P(Not RR) becomes, ,l -
1

1;;3 0. 1.1,

1.

-

Continue until the'idea is clearly established.

101 10 r,
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Pupil pages 46 and 47: These two pagesgive pupils an opportupity toicheck
_./

1

their understanding of CoMplementary e-rnts. Questiont 8, 9, and 10 help
. _ .

children realize that here one outceMe is not affected by another outcome --
e

what John picks. does not Influence,What Paul picks',, ari tRaults pick does
1

not depend upon what John picks. i'
.,

v'

Pupil page !8: For,further activities, you may-want to use the spinner on this

.a e, for example, and ask questions about the probability that an outcome
-
will 14e oad or,eyen, < 4 or > 4, etc. Other spinners-- could be'used.

for this same purpose. ,

.

,

/ .,A

S

1 3
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Exercises Lesson 7.

John and Paul each hveone white and one green marble. John picks _

one-of his marbles without looking and then Paul picks one of his-...4,The four

.possible outcomes are listed in the table below. Complete the fable-ori ttidi

right to show-the outcomes in kshorter way.

1.

2.

3.

4.

Johnls .Paul's John's Paul's
Marble .Marble

White White

White Green

. reen White

:Green Green

Marble Marble

1. -W W.

2. W

3. G

4.

1. What is the probability that John picks. a White marble?

ar r-
WhatWh-at is the probability that Paul picks a white, marble?

3. What is theprobability that both boys pick white marbles,?-

cr

4. What is the probability that both boys pick green marbles?
O

5. What is the probability that the boys7Yick a marble of the same

cOlcir? /2_

r

9

4
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1,

a. P(WW) = ; P(Not WW)'_ -fr1,4 .

b. P(WG) = 7z ; P(Not WG) :

c. P(GW) = P(Not GW) = .

d. P.(GG) = 751 ; (Not GG) = .

P(Nost WG and Not GW) =. Y.s.e. P(WG' or GW) = .

7. a. P(GG) + P(WW)

b.. P(GW) + P(WG)

1 :
; .+ 7,z

7-z .

P(WW) + P(Not WW) + - /
vt t:

a. If Johnapicks a white marble, what is the probabilityihaVaul

w II n ick a white ma,rble?

Does John's outcome have any effect on Paul's outcome?

0

. If JohnliCks a green'. marble;''what is the probability that:Paul,

also picks a green marble?
411

b. D'oes. Paul's pick depend on what -John picks? 72-e.67*

10. What is the probability.that Paul will not pick a marble of theame
.4N 41

color as SJohn's ? 4:
,

lc 0

O

'

4.4



A bag contains:girl Marbles, one red, one white''and one blue:

Imagine that you bhobse one m'arble without looking.

11. P(R) = 4(3

12 P(R or W) = 2/2

13. Mot B) = 2/2
5

\1/4.

14. 1 - P(R).= 9/.3 .

P(R) + P(W) + P(B) = /

$

The dial of. this'-spinner is divided into six equal regions.

16. P(3) = 76
-"e*

17. P(Nlot 3) = -4-4
f .

18. P(5 or 6) = 7,.-

P!,1 or 3 or 4 or 5 Or =

20. P(21;

V.

=21.-- Are the. events in Problems 19 and 20 -complementary events?

22. P(3) = -'5?

23: 1 P-(Nlt = /6
s, 24; P(3) P(Not,3) =

105 .....
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Introduction.

Courting Outcomes

In this lesson, pupils find probabilities by, using simple "trees" and

tables,to count outcomes. Some pupilS will learn that.the probability of an

outcome can be determined by finding the product of the probabiliticis of simple

events. -For example, consider the example in the previous lesson of two bags,

e4.ch`of which contains a red block and a blue block. If awe pick block from

each bag, the four possible outcomes, with, the block from the first bag listed

are RR, RB, BR, BB, and they 'are all equally likely. So, by counting,

the probability of getting a red front the first bag and a red from the second

1 1
bag is The probability of getting,a red from the first bag is -2- sand the,

probability of getting a red.fiom the. second bAg is 1 The probability of

getting ayedfrom bOth bags is which is the product of the probabilities

for the separate-bags. t 0

For a,single bag, there are two equally likely events'!.' Forstwo bags, there

are 2 X 2, or it, equally likely ,events. To find the total niimbet. of outcomes

--16r twb,bags, we,multiply the number -of events for the. first bag by the number-

of.events for the secen&bag.
,e

A- To find the.probaliility of one of these outcomes, welmatiply the probtabiiity

for the first bag by the prObability for the second bag.-Yor instance, the prob-

ability, 1
of red-from th irst bag is -2- and the probability "of blue from the

,

second bag Is
1 Therefore, the prob&bility ot.the outcome red-blue is equal

1 1
2.

1to -2- X or .

z: ,

Vocabulary: Tree, table, row, 'column.

% ,..

Materials: . (1) Colored blocks:al"' marbles (3 rea:;3 blue)

.": (2) 3 non - transparent bagt or boxes.
.

_

,

-

44
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, ,55uggested FrOcedure':

r- ,

.

t

. ... ,

Show the two bags from thaprevious 16Ssonan place one, red block an(one,
'A. ,.17.1-1,

blue block in each bag. Call one vne.ri7rst bag-a -tile Ailer:the second Sag ecylf-

4°'ask questions for a rapid review: What is..the pr ability of picking a red").
. '

.
block from the first bag?

2 2'
) From thp second ag? (.) What 'is the4pr ik-

-

(1 N

g., k''';/

'), r '4? r if i 4.

epOssible outcomes. For instane,-there

bag and for each of these there are two I.,

possib events fm:11'the second bag. So there are 2.$2, or 4, possible,out-

comes all. Help pupils grasp this idea you drawthe tree.on the board.,
.

Wri the Red; andBlp.e under First to and-then dtawthe lines to the'right, as
f

,

.

sho-ii.E, and. write Red,,Blue, Red, Blue under Second Beg:
4 - r

bility of picking a blue one from the irstibag? (2.) From the second

What is the probability thatlbtAh'bloc s will be'red?':, - ..
Suggest making a "tree" to show t

are two ildssible-events from the firs.

First Bag

Red

Blue

Second Bag

Red

Blue -

Red

lue

Haveaupils read the poSsible outcomes from the tree, going from left to rightl

and top to bottom. (Red-Red,(Red-Blue, Blue-Red, B14.?..e-Blue.) Youmai want to

use only the letters R and B on the-tree.

Of the 4 possible outcomes, how many include

red,block from each bag? (1.) Then what-is the

' )
probability of gettihg a red block from each big? 4.)

Ar.r.
74 ' State that FAttimes a.table is used to help find the possible outscomes.

8how on the chalkboard:

Fitst Bag

Se)Ond..Bag
If the pupils hdve.had no,experience-with

Blue tables,,explainthat the left side sh

- the color of the blocks taken from
,

. ,

fitst bag and. that color will be indicated'

first in its row.'

Red

a..

107 .0



Fixst Bag

Second Bag.

Red Blue

Red

Blae B B

Spcond Bag

tc,t. Red! Blue

'Red; RB

First Bag
Blue BR'

t.

0

The top of the table shows the coler

from the second bag, so that coloi% is

written secopd in the column below its

name.

Show that the possible outcomes are all

given as in the trees, RR, RB, BR; BB'.

The table, like the tree, is read fcbm

left- to - right and top to bottom.

* .

F6r some classes you may want tO -continue:

Think about this. The probability of getting red

from the first bag is
1

and the probability of
1

getting red from the Second bag is
2
--. ';he prob-

,

ability of getting red from both bags $s fir. There

are two possible events from each of the tl,io bags

so we find the total numbei from both bags com-

bind by multiplying: 2 X 2. Could this same idea .:

help us to,,,find the probability of each outcome when
s.. i

we pick 'a marble from both bags? (Yes,' itl-teems to.' :

cto 1 .1 .1 ,
4c c

Pupils who have had multiplication of -common fractions will se this .

TeaCher judgment will determine how this will be treated and the de ee f em-

phas4it to be given to it. 1.

In simple situations, probabilities can be determined by maki a' list of
h

all possible outcomes and then counting to find the fractions that express them.

liowever, when .the number of outcomes is large; as it frequently is,
j

ting and

counting become impractical:
A

Introduce a third bag containing one red and ore blue block. Ha4 pupils

4 ,

state. the outcomes for the three bags as you list them on the chaeboard. This

,T,411 be can extension, of the
__

tree for to bags. To each of the outcomes for 3,701

bags' you now add a..red and a blue block from the third bag. There are then !..

, ,

2 X 2 .X2, or -8, outcomes for 3 bags, compaed with 2 X 2, , or 14!4 out-

,,,,,'

cones for 2 bags . - i

oer

108 114
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Rea

Blue

Sebond Bag

Red

Third Bag

Red

X'aue'

Red

Blue

Red

Blue

4 Red .

Blue
.,

On the board show pupils how to make a ,table,for this. Remind them that''

they already have a table for two bags so' it can b,e used in making a new tette

for 3', bass.

;

-First,Bag

Sedond Bag

Red Blue

`Red RR ,RB

Blue BR BB

/

to

0
0

cr)

,d

0

4-3

Third Bag

Red' Blue

RR .RRR RRB

RB RBR* RBB

BR BRR 'BRB

BB 'BBR. BBB

First, put the outcomes from the two bags in the first column of the, new table.

"Libt 't Teem in order as yOU-reEia from left to right and, top4o bottom. Stress

that following a regular order helps us to show the possible outcomes system-

flave pupils help you fill in the rest of the 'table, using letters

for the names of the colors., Help,the boys:and girls read the tree and the

table from left to right and'top to bottom to see that the 8 passible outcomes

are RRR, RRB, RBR; RBB, BRB,, BBS, BBB.

H.

lo9 1 5
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,,Guide pupils to discover these point's:

l'. , There are now 8 equally likely outcomes so the probability of any
'- - .---" 1 < 1 .

one is. 7. For example, P(Red-Red-RedX= B..

2.

. ..,,

.:

J.-
.Tile probability of red for each separate bag is -. The probability

.... \
1

2

of 3 ,reds one froM each bag, is 7, For some clay this-can be) w '

. .

:stated_inra-nupber"sentence, as:

, .: . . .
'P(Red'from first bag) °x P(Red from second bag) x P(Red from

1, 1_ 1_,,,1
. ...p. ---eliii4d-ba"&) ="'P(Red-fied-Red).°'. - x t-- X' - = 7.

,
. 2 2 2.

3
with

four

Each time) we dd a bag,

one tag there were

outcomes (RR, RB,

we doUble:thenu*er:bf outcomes. For stance,

two outcomes B); with two bags there were
o

A

BR, BB); and,with three bags there are eight 4

outcomes (MIR
?
RRB; RBR, RB8; BRR,

outcomes increases bApowers of 2.

'bag is 2;° for two bags, 2,-2 ; for

BRB, BBR, BBB). The number of

The number of outcomes for. one

three bags, 2-', etc. For pupils

who do not.dhderstand exponents, this can be shown as 2 for one bag;

g-x 2 for-twolAigs; 2 x 2 X*2 for three bags.

J
/

Useexamples and discuss o establis points. Pupils should under-

stand that'hei'e we are in ested in outcomes which include more-than one simple

event: To get three red ks, we must get one from each bag so web, are talking
I

about three separate simp e events, one for each bag, and we are interested in

thepi:obability that all thr e will occur. Each bag doubles the number of out-
,

cbmes. When we increase the umber of equally likely outcomes, we dec ease the

probability that any one out.'..- will-occur. Same pupils will find t is point

rather obvidlis but all pupils-suld uhderstapd it, if possible.

4. To find the probability of 2 reds and 1 blue is hai-der; it is best

done by counting possitilities; The blue block-can-be drawn from the .

first bag ( so that we draw blue-red-red), or from the second bag

(redr:blue-red); or from the third (red-rectblue),. We eeTfrom the

tree or the tablt 'that each Of these sequences appears just once among

the possible 8 sequences. Therefore, a combination of 2 reds and

1 blue can happen in 3 ways of the total of 8, and so its prob:

-ability is 4.

If the maturity and insight4pf pupils permit, extend these ideas by discus-

singa situation in 'which the first bag contains 1 red and 1 blue block; the

110 1

I



Ir

Lj

. kr", .

second bag .2 red blocks and 1 blue block; the third bag, 3 red blocks and

1 blue block. In the second bag the two colors are not equally likely; the I

2
probability of red is and the probability of

1
...bide is Also, in the third

bag, the two colors, are not equally likely; the probability of red is T- and the
,

probability' of blue is aIf w e draw a block from each bag;. there are '2 X3 x14-'

or 24 possible outcomes, all equally likely. The probability of drawing 3

reds, and the probability of drawing 3 blues, can be computed by multiplying

or by counting. By multiplying, we get: probability of 3 reds is -Qie prob-
.

ability of red from the first bag times they probability. of real from the second

ba.gtimes the probability or 'red from the third ;b8tg =
1 2x x' pr ,or

1 1
the probability of 3 ..,b1Ns

1
, ors . To compute these probabil-.

ities by counting, make use of a tree or a "-table as is shown below. You may

wish to have pupils state the various combinations as you construct the tree and

complete a table. on the board. This' should help them see that constructing a

tree or building a table caz be tedious when there are more than,,a few outcomes..-

The Mathematical computation of the probability is much faster. However; the.

tree and )able Pave the advantage of being visual. Furthermore, to compute the

probability of 2 reds and, el blue, or of 1 red- arid 2- blues, we will have ,

. t- .

to use the tee or, table; -the mathematical mettlod is too involved to be gdne into
! ..

, ..

at this stage.

IP

r- ;

i 7-
. I11

p.
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`'''''`''First -Bag-

First Bag, Seond. Bag 'ThirdtBag
o , o

Red ",
Red.

,

Blue

Red.

Rya

Red.

Blue

Red.

Blue

Blue

Red.

Red.

Red.

Red

Blue

Red.

Red.

Red.

Blue

Red.

Red..
Red.

Red.

Blue

Second Bag

Red. Red Blue

Red SR .12R RB,

BBsiBlUe- ' BR ,

Blue

ird Bag

Red. Red. Red. I Blile

RR RR.E RRR
..

ERR rai3 .

RR RRR RIM Rile- Rffli :

RB liBli RBR RBR

BR BBR BRR BRR 'BRB .

BR' -BER BRE ,AiRR B

'BB BBR BBR BBR BBB



a.

you can use the t spinners pictured below to illustrate these,points in
,. _.-, ,

another wpy.

A

V

,
Spinner A has two outcomes. and Spinner B has two ouiomes. The t al"

. ..

number of outcomes, if both are spun once, is ,2 X 2, or '4. HoWever; confider
1 4-

the following probabilities:

1 1 1P(RR1 = x T3
.

3 3.
P(BB) x

1 3 3P(RB)=Tx =8

1P(BR) = 1 x _ 1

This list of the prObabilitie;of all possible outcomes suggests. that there
,

. _

4. must be 8; rather than 4, outcomes. This results from the fact that, while

et.

t.

,rs

reeand blUe are eAually'likely on qpinner A, they are not equally likely on

/Spinner B. In fact, blue fs 3- times as likely as red on Spinner B. As long

as we stick to the mathematical probabilities for Spinrie-r A and: Spinner B,

we can speakof two Outconges for Spinners B. However, if weconstruct a tree or
oT

table, we must think of pinfl6r B is being divided into 4 -equal parts 3

b ue nd 1. d,Ipecause there are,, 3/chances .0f, blue to 1 6.45Dce of red on

t twspinner; This is illustrated4n the tee and-table below.-' '

Spinner A . Spinner B

. (1 ,

-Red

13lue

Red

Blue

Blue

Blue

Red

Blue-

B1106

Blde

Spinner A

2

11 9

0.`z.

eSpinner B
$

RR R13

B

RB

B

RB

BY' BB BB BB-



4,

a

Pupil pages 44-52: Pupils should note the Systetatit-manner-in' which the trees

and tdbles,are to be built, always working from left to'right and top tc

bottom. The probabilities aTe easily determined by counting outcomes.

Pupil gages 53-55: As a further activity, pupils couId,make a table which shows,

the possible-products-vP the numbers on two dice, or perhaps even three

dice, and write questions concerning the various probabilities. Spinners

with numbered dials could alsb be used for this type of activity. Sothe

pupils might .enjoy ccintinuing Exercise 7 to include 4 or more coins.

Pdpil pages 56 and 57: The symbols < (less than); > (greater than),. and

(not equal) may be unfamiliar to some pupils. Spinners with numbered

dials Gould be used in"many ways. For example, a table could, be made ylf

quotiepts by using-two spinners or'by spinning one spinner twice; or layers
4

could agree that they will, divide the number obtained from a spin by, a given

number such as 6 and'sores could be kept and tables made. The o por-

tuhities for'All.kinds of drill are almost limitlss.

0

/-
0

114
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a

Thin form for a tree diagram might be useful for further activities,. for

tome pupils, both in this lesson and in the lesson on the Pascal'Triangle.
_

--,

A

4

F21
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, ,
Eiercises Lesson 8. ,

1. Camplete,the tree d.iagrarr6hd thelable

to show the possible outediitels of two spins

with this spinner.

Tree s
N

first Spin: Second ISpc

Red
Red

,

P(RR).=

P(Not RR)

Fir'st
Spin

I

c. BR)

d. Pan or =

Red

Second Spin

Red ,Blue
X 0

'

'Complet Vitt tree diagram and the table.' Show

all \the poSO?ie o,utcomes'of the toss of a coin-and-
.,

one,spin on this-spinner. The dial iedivided into
.. e -

'three equal regioris.

Coin *Spinner

Coin

Spinner

hiS

I

///-
T. Tic 78

° 4

(FIY):- /4 . C. P(TR) = .7

P(TB) += /, d. P(-I13) ',./4 .
, .

.e. NNot HB) = --C/ .

316 122



"q3. Complete thiS tree diagram and the table to

show all the possible outcomes of two spins.

The dial is divided into three equal regions.

First Spin Second Spin

R First'

R e' Spin;

r

Second Spin

B Y

R X ie

B drie SY

ye yB yy

The tota I number .of outcomes is

a. P(RB) .79
b. P(YR) a
c. Mot YR) 179 .

d. ,P(BY or RR) =

e. P(RY or BY or i'Y) =. .

f. How many possible outcomes are
I

there if this spinner is spun .

three times?

-11.7 123

'f*

ti



Xomplete thit tree diagram" and the table tohow

As

all the-possible outcomes of two spins with this

?"spinner. The dial is divided into four equal regions.

First Spin Secolid spin

1.

-
eh:

First
Spin

Second.Spin

,2, 3 4*

,z, / : ,2, .2 ,z/s

3 3, / 3, Z 3,3 .3,5/

4 l, 2 #,-;

The total number of outcomes is

a. P(3,4) .

b. P(2,3 or 3,2).= /ff. .

c. P(Not 4,2) =

d. P(Not 1,2 and Not 3,21 =

P(Two odd numbers) =

f. PANot Iwo odd nti mlaers)_= "7-.*?54

g. P(Three-odd numbers).= 0 -

oh., 13(TWo 41 numbers or two even

numbers) = .

i. TP(At'least one. 1) =

j. P(Not more than one odd number)

.

k. This spirineris spun four times.

+low many pos'sible outcomes are

there?' .25-
.124

3.3.8



3. Complete this tree diagram and the tables to

show all the possible outcomes of three spins.

The dial is divided into three equalfregions.

First Spill Second Spin Third'Spin
R

."9
B

Y

B

Y.

_

First
Spin

Second Spin
R,

R AR X25

/49
'By
ry

'Third Spin
B ;1

.RR ARR1/4X.C8 A'AY
RB /e.g/2,88 AB/
RY' /e-YR "TB .RY Y

BR BA'R .,/fB Biel
.8.8 .1eAP ig.e AdY
17 SYR BY/
YR YAg

,g/g
Yirg MY

YB I Y4 '1 YB;r9
x/B

Yg.>'
,YYYYY I xxe

a.. P(RBB) =,

b. P(YRB) = 727 .

c: P(Not .BRID =

d. NYYRf--; fr
. 0(YRR or RRR) =

s

9125

f.. The probability.that:the

colors will be the saie on ,

three spins. is 77

,
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6. Complete the table to show the possible sums Oahe dots on two dice:

Number on second -Died .

.

3
.

4

-2 3 5 : 7.
..f.

4 .....4-- 6. z --8 - =9 r19-

5 f t -//-.-7- // .12

+es

.

1

A

a.. One way to get,a sum of 7 is to get a 1 on the first die and a 6 -

on the second die. We can write this as 41,61. -There are five

more ways to get a sum of 7. List them belock

(,2 , (3, A (9r, 3 )1 (5;2 ( !) .

How many entries are therein the table?

c. How many possible entries are there when you toss two,dice?

.3e °

Of thesentrie in the tablet, how niany are .6 s-

A

e. What is the probability of getting a sum of 6 -when two dice are

tossed? -5/3e

How many of the entries are odd numbers? fer,

120 126

A

O



g. What is the probability of getting a stith that is an odd number?.

54;

h. How many of the.sums are either 5's, or 9's?

is Wh'at,fs the probability that the sum will be either 5' or 9.7.
j. (1) Nsu'm = = VA"' . (6)* Muff; = 2 or = 12)= 9/1
L'-(21'.4)(sUm ;8) .= Nsum = 6 or sum = = -5-//;fr

(31 'P(sum = 12t = 9_g . (8) P(sum = 5 or sum =9)='/Y, .

(4) P(sum = = . 49) P(sum 1 7)

(5) Nsum = 11) =Vhz. 110) P(sum >'9) .

1

7b. Fill in the tree diagram and the table to,show all the outcomes when

,three coins are tossed.. Use it to answer questions a_ through j .

FirstCoin Second Coin Third Coin

H

b

First
Coin

Second Coin

FS

7-
First.11.

and
Second

Coins

121

HH

HT .

TH

127

TT'

Third

'H

////#
//T v/

rgg

//r
rr

s In

////7-

grr
7-gr
Trr



. What is the total number of outcomes when three coins are

tossed? f
b. tiaimany of these outcomes include three heads? /
c. Wat is the Probability-of getting three heads when three coins

are tossed? '/g
d. How many of these outcomes include two heads and one tail?

e. What is the probability of g two heads and one tail when

thfee.coins are tossed?

g.

What is the probability of getting three tails when three coins

are tossed? /4e-

What is'the probability of getting at least one ail when three coins

are 'tossed? tf" .It

What is the probability that you will not get three heads or three

tails when you toss three coiris?

i. What' is the probability that you will get heads on the first coin?

(1) P(3,heads) = . (6)

(2) P(2 heads, 1 tail) = . (7)

(3) P(Not 3 heads) = 16r . (8)

(4) P(3 heads or. 3 tails) = //76 (9)

(5) P(At least = /t (10)

SY

P(No heads) = .

P( 3 tails) ,= ///'
P(No = 7/.

NAt-least 1 head) =

P(At least 1 head
or Hail) =

is



c mpIete the table to show all the possible

-e. sums of numbers on two spins. The dial is

divded into twelve equal regions.

Second Spin
1

2.

6

7

,5

711.°

6

I
7

le

7

/0
//

/0
// .

/2

9

/0
//
/2
/3

10

/1

/2,
/3.

//

11

/.Z

12

13

/0

/5

5 7 /0 // / /3 // /5 /a6 /7
I

/',
,/

/c5

/0
1/
/-Z

/3

/5

//
/2

//

/7

12

/3,
..//z

/5

/3
//

/7
/ff

/6
/7
yff

/,

/5/

/C /7

/7

/6'

/
aG

/1
/y

How many entrie's are.represented in this table? /5.1
Of these entriess, how many are 9's ? t

c: What is the prob0ility of getting a sum of 9 on two spins? //6?
d. P(sum =.5) = K.Z e. P(sum = 12) /7/ s.2/.

,R(surn is odd),= . g. P(sum > 18).= .

h. P(sum' < 4) = 7/, . 1. P(sum 1 0 = /)7,1/.

56

Which- sum has the greatest probability?

Which two sums- have the least probability?.

1.29r
123 ,

and a,/'



Complete the table to show the possible

products of riumbers,on two spins. The

dial is divided into ten. equal regions.

Second Spin
ki

2 "3 4 5 '6 7.° 8 "10

1 2 3 5- 7 f 9, /c
2 '4 8 /6) /2 / 20

3 2 '9' /2 /5- 71. ,.1-/ ,2 SZ 6-z7 _ge

_/ /' ,0?.0 -2,,,r J. free2

5 _5 /0 15 02e e?..5- 30- 35 jic Y5 aso

6 E '42 /1. ,i?/ 3c J /eF f o
7 7 // .,,./ 021 .3,5 f 29 s ,3 7o
8. / 2z ic 5/. .5- 6/ 7-2 6Po

9 7 If .0? 7' 3C /.7 s/ 43 7.. t(r/ fo
/e?'10 /6 .,e--- 3c ,Ze-- 5-0 e 70

a. How any entries are represented in this table? /040

b. Ho many times is there a product equal to 16 ?

c.. hat is the probability that a product equals 16

d. P(24) = .

e. P(27) = /so .

Neverinumber) = o.

-g. P(16 < product < 30) =

h. P(multiple of = 13 .

1.
i. List, the products which-have a probability of

/ 5, j/Y $ . /00

. T2I+ 130
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Introduction.

LESSON 9

' A

Both, And; Either, Or

4i,
' In thiS lesson pupils use trees and tables to list the'possible outcomes of

pak..1, two draws from a bag which contains three different-colored marbles. ...-/.1
I ,

!
,

i

I

,The first marble drawn is returned to the bag before the second draw is
'v'ts i.l. , . , .,.

,
.

,made. I counting outcomes, probabilities are then determined, with attention
.

dir7ted, for example, to both red on the first draw and green on the second.

Then by counting outcomes, the prObability is found for either red on the first
,

draw or green on the second draw or both red on the first draw an4green on the

Second draw. Thus
)
the both, and--either )

or situations are introduced.
3 ,

.Next, pupils,take a tree and a table to list the possible outcomes of two

drawsfrom a bag which contains 3 marbles of different colors but now the

first marble is not returned to the bag after it is drawn. Then, by counting

butdOes,:several examples are given in which both, and probabilities and

(either, or probabilities are determined.

Vocabulary: Both, and; either, Or.

.

Materials: (1) Colored blocks or marbles (1 red; 1 green, L white)'.

P
(2) Non-transparent bag.

/

Suggested Procedure:
r

Showrthe bag and place in it a red, a green, and a white marble: Ask what,

the probability is of drawing a red marble. (--
1,
.)

. 3

If the marble that is drawn onothe first draw

is returned to the Vag, what is the probAility
1.

of gredn'on the second draw?
,

3)
Can4 find

the probability of getting both a red marble on,

the firstldraw and a green marble on the second

' draw?.,
,

L

125 131



. .. , -''
. .

), . ...
, - .,

Ask the pupIlsto turn page 58 in their texts and to Atke the table and the
.

- ; ' . a '-. '.

tree diagram to show all the possA1P outcomes of two draws from this bag.
, ...

Renind them/that the marble drawn on the first draw'is returned itO the bag-

before the second draw is made. Answer the questiohs on this page as a class
...e

activity) drawing attention to the both, and probability and making sure that

the pupils comprehend what both, and means.
Y . .

.

.
. .

, . , ,,- .;.,

-

, Work through Pupil pagk59 as a class siatiyity) using the table and tree .

,from the previous page. Help the boys and girls understand the either, or_ 4'

1

.

situation and discuss the exercises at the Jbottom pf the page. Somp pupils''
f

might discover during the discussion of the probability of either red On the

first draw or green on the second draw or both red on the First and green on he

second, that) e/.

.

P(Either R on first or G on Second o both) ...P(R) P(G) - P(Both)
,

If You think your glass should see this, take time to develop it, but otherwise,
. ., . ..--

do not point it out to the pupils. ...........j

Show the ba?and again put the red, green, and white marbles in it. .7

-

Letts make two draws from this bag but this time ,

."we will' not replace the marble weAget on the first
r.

'draw. Now, what is the probability'Ef both red on

the first. draw and green\_Q the second, draw? e
;

Have pupils ,complete the table and the tree on page 60 in their text to find

the possible outcomes. They must be careful because 4ow.,-ehe first marble drawn ,

is not replaced so the table and tree will mot have entries in every space. Work

together%to complete,this'page and to answer the questions on page 64-he/ping

children to use their table or tree to find the answers. Compare the probability, °-

of the Nth, and" statement in Exercise I4 with the "either, or" statement in

Exercise 8..

Pupil pages 62 and 63:. 'These pages can be completed arid discussed as a class -
activity or can be done independently by.the pupils.

.

Pupil page 64: This game gives boys an girls.practice,in i.v1io n kcl. drill- on

decimal equivalents of fraction's in addition to being a good "PrObability

Gam". It would seem that player B1 h( the advantage in this game
41ks

table Of outcomes which gives the first digit of the quot shoo3AN,ws
B

this isnst true:

126
1.32 ,



Spinner A

1 3 4 5 6 7 8 9

1 -i.. 2 3 4 5 6 7 8 9

2 5 1 1 2 2 3 3 4 4

3 ,.3 6 1 1 1 2 2 2

4 2 5' 7 1 1 1 4 2 2

5 2 4 6 8 1 1,. 1 1 1

6 1 3 5 6 8 1 1 1 1

7. 1
4 4, 5 7 8 1 1 ,1

#3. 1 2 3 5 6 7 1 1

9 -11 2 3 4 5 6 8 ,1

The number of 1st digits

29

2-

are:

1

Player A 34-ins on 1, 2, or 3 so he wins
_

on 50 of the 81 pOssible outcomes.

3 - 8 Player B wins' on 445, 6, 7, 8, or 9

4 6 . so he wins on 31 'of ,the 81'0 possible

-5)

t.
7

6 6 ,

7 - 5'
' This game could be played by finding

: .

3 -, 6 -,,the quAient of any two numbers. Another
,

outcomes.

9 1

Total 81

further activ y which might interest

some pupils would be, to note the first

digits of addresses in a telephone book.'

. They could open the took at random and jot down t,he first digit of 100 addresses.

How "zhany begin with a 1 ? a 2 ? a 3 ? Do over half the addresses- begin with

'one of these three numbers?tD almost one -third begin with a 1 ? Probably the.

.....iansreders to these two qUestions? ted..d be "yes".

°
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Lesso' 9 "Both, and ; "either; or

A bag contains 3 marbles, one red, o e green, and one white._

Let's draw a marble, note its color, and turn it to the bag. Shake the

bagand 'draw 'again. .

Ptred _onlirst draw) =

13(greenorii second draw) = 1.

ewant to find the probability of gett, ng both °a red marble on the firstW

driw and a green marble on the second draw. Complete the table and tree titc,.7c..e

diagram.of the pdssible outcomes.

First
Draw

';'StcondlDr w

Red .1 Grden White .

Red, R R left 6<2

Green ; G- w
Wh it e' V)-2-- w ee.Jeci

'First-Draw

'R

Second Draw4.

/ .

ly

-2
(7-

.

Both the table and-the-tree

show -.9 possible

Only one of theM is R4,,drp114.;,,,,:,

the first draw and-- Green on

2

the second draw (RG) .

0?

4 // i I

W

P(RG) = Moth red on first and ;`igreervon second) = /7
P (VVR) -- 77 .P(WW) = 79

1281
3



4,

Let's think of this same bag with 3 mar

and one White.

es, one red,. _one-green, .

_

But now, what is the probability of either-red-on:the-first draw or green

on the second draw or both red on the first and greeriorrthe second?
0 .47 4

Look at the table or the tree diagram we just-matiehere are 3

possible outcomes in'which the first draw is red:

, R G , and /11_. .

t. There are also 3 outcomes. in which the second draw is peen:

R G , a , and etic., .

Notice that you listed one of the outcomes twice. Which one?

Therefore, there are only -outcomes with-- either rred-o-n-the

first draw or green on the second, or both red on the fli'SralidOeen on

the second.
, 44

***.'

%They are /W , , , and Ge/-
1

We':can count to see that*

P(either red on first or green on second or both) = 5/7

L .I5T:eitgik; R on first or W on second or both) = .

2r.'-P(ei;ett`'`G on first or G on second or. both-) = -379

3. P( R on second or W on first or G On-first), - .

4. P( R on first or. G- on first or W on first) = ot). /-

129.1 35
f
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a 44

Jhin,kof the same bag andAhree marbles, red, green; and-white.

. . ..-.

This time we do not 'replace the first made before)ke draw`the second
-- -%.

marble. What is the probability of red on the first draw and green on the

second draw ?
'as

4
: Complete this table to show the outcomes., Reme_gber that if we draw

.
, i j`

a red on the first draw and do not replace it, it carThotte drawn' on the
,

second draw. So -RIR is impossible. Is G',G posible? -ile

First
Draw

Second Draw I

.Red Green White
Red impossible R G

Green 'G-2 z!,77 6.. -tei -

White W R a/ G :
O

A tree diagram would also show the possible outcomes. As you complete

it, be carefulto include only, the possible outcomes.

First Draw'

R

.

130 36

Second Draw

xe-
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1. How many possible outcomes are,there7

a

o

2. What is the probability of red on the first draw? 7-2

What is fir probability of gren.on the second draw?

61.

qt:): What is the prol9bility of both red on the first.draw and green on the

''-''isecond draw? (Look for RG in the table.)

What is the probability of white on the first draw?

What is the probability of both white on the first draw and white on the
Jc

4 second dra'w? 0-

)ts
List the outcomes, which show- aiired on the.first-draw, or a greenNin

the second draw,_ or both g , ea2

8. P(either red.on first or green on second or both) =
0

9. P(either green onlir'st or white on second or both) =

. 10. p(ww) = o

IL The prSbability that White will be drawn on either the first draw or

:second draw-or both . Does the phrase, tor, both"

affect this statement? 7i.Ol Why, or why ,not? aieci

.12. The probability that white will not be drawn at all,on the two draws
a

is /3

13r37



Exercises --`Lesson 9.

Use this spinner. The dial is divided

, into ten equal regions.

1. What is the probability of.red? //9_

2. What is the probability of blue? //2
--3. -What-is-the probability ofd /76--

42 P(5) = //// .

5. Pleven number) =

6. P(odd number) =

Let's try our, phrases "both, and and "either, or" to find:

70 We probability of both red and even;

8. the probability of eitter red or even or both.
0

. Complete this table to helpyou find these probabilities.

,r 1

'Colors

(Check your spinner; is a

Numbers

0 1 2 4 3 6 7

[Red R,0 ,i/ /e,z ,2,3 R,4-.---

Bltre . A _e.; 8,6 .6, 7 "9, 7

red- 7 'Pos'iible?' 71.('

9. H6w many possiDle outcomes are there? /0
10. List the outcomes whiCh are both red and even:

11. Now answer Qu.estiOn p(both red and even)

,

A

ye,



12. 'List.the outcomes.which are reit:

13. Howmany outcomes are red?

-3

14. List the outcomes which are even:

63

15. How many outcomes are even? .5

16., How many outcomes in Problems 12 and 14 are listed twice?
(P, 2 ,

17. .Now answer ~Question 8 .. Neither red or even or both) = yzo .

18. P(both red and 2) = //e .

19. P(both blue and 4) =

20. P(either blue or even or bott-4;= /0
C 21. P(either red or odd or both) 7 °V/o ,.

22. Moth red and < 4) =

23. Nred-oi > 4) = /0//0

124. kl) (1)1 ii'e > 4)

25. P(blue or red) = /r/° Kik/ , /
26. P(both blue and red) = ir .

27. P(both.redand > 4) = 0



Brain Teaser QuackyQuotients

This is a game for two players. You need two spinners numberied 1 to 9.

(You can use the spinners labeled 0-9 and spi9 again whenever

either spinner stops on a zero, or you can cut out a new dial, divided

into 9 equal parts, and place it under the pointer of any spinner.)

Each player spins once. The one,with the larger number is called

player A and the other is player B .

Each cklayer_spins_his s'oinfter_The_number_on player__ 1's spinner is_ °__

divided by the number on player B's spinner.

If the first digit of the quotient is a 1 or 2 or 3 kir .1 or .2 or .31,

theplayer A wins a point. If the first digit of the quotientis 4 or 5 or 6 or 7 or

8 or 9 (or .4 or .5 or .6 or .7 or .8 or .91, B wins.Cpoint. Thus A ,wins

on 3 of the 9 possibilities while B wins on 6 of the c9 possibilities.

Is. it a fair game? Play it and theri decide. Hei-e are examples:

8
A spins an B spins 3 . 7, 2.- + So t

-
A spins a 71. B spins a 9.

7
§.= .7 -1 B wins.

4

A spins a 1, 13 spins a 4. = 25 .. A wins.

A spins, a :3, B spins 5. 3 = . 6 . B wins.

Spin 20 times and see who wins. Play several games before you decide

if this is a fair game. Then make a table to.show all the possible quotients in

this game. From this table you can see which player has an advantage. What

i(tlie probability that player A Will win a point on one,set of spins? --re
that player B will win on one set of spins? -i-7,/ Why could we not use

0 on the dial irithig game?

k 1



LESSO

The Pascal

Introduction,

This lesson introduces the Pascal triangle in an intuitive way, Pupils are

not expected to develop a. formula for it but are encouraged to discover as many.

properties of the triangle as they can, In later grades, they will have the

opportunity fbr more rii3orous mathematical study. You might want to review the

material in the Mathematical Comments before teaching this lesson..

Tables and trees are t4ed'to picture the possibilities for outcomes of

heads Or tails when coins are tossed., ',4esedpossibilities are listed and from

them the Pascal triangle is introduced. In the section, Things to Do atHome,
.1

several activities are suggested which will enable boyAand girls tdcompare
';e 1 '

their data from experiments with that which they might expect from the pattern

of the Pascal triangle. If time permits, this section w ld be,very worthwhile
,---, ,''

to complete in class.
H--,

%.c

This lesson has many values,
,

A?

1. ilr
1. The Paical triangle contains a number of,patteins which ale a part of

)

:many different probability problems. Fox'. example, as We ad one more.

element, we increaseAhe number of outcomes by one more power of 2;

`'1
for example, ,2 -outcomes for 1. coin (2 ); 4 outcomes for 2

coins (22); 8 outcomes for 3 coins (2-)-;----1-6:otrt-com--
, 4,

'coins (2 ); etc.sf

2. Pupils can, perhaps for the first time, appreciate a beautiful example

of.'symmetry in mathematics; for example, the left half of each

duplicates the right halfof the'same line.,

Many opportunities are afforded to discover patterns and relationships.

. Pupils learn to read a different type of display and to see a new

arrangement from which they can extract information.

;

r'

135
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5. More and more insight can be gained from the 'Pascal triangle as pupils

become more sophisticated. in mathematics.

6. The Pascal triangle is an excellent example of the value of clasdifying

and organizing information in a meaningful and usePul Way.

Perhaps the last time /cm yourself were concerned with this concept was in

a high school algebra class. You will enjoy helping children learn intuitively

what you may have learned more formally.

Vocabulary: Pascal triangle.'

Materials: (1) a straightedge for each pupil

(2) a straightedge for use on the chalkboard

Suggested Procedure:

The lesson might be introduced:

We, have found the possible outcomes for various

combinations of simple events. We used trees and ,

tables to list the outcomes.- Today, we=ll use .

d
trees and tables to find some interesting patterns

that were noted by a mathematician, Pascal, about p c

4

300 years ago.

t , ,

Ask ,pupils to turn to page 65 in their texts and complete the work. Disc4ss
, 111

the activity of tossing a coin, twice:

In this activity, how many possible outcomes are

there in all? (4.)

HowMany outcomes are there in which both coins are

heads? (1.)

What lethe probability of 2 heads? *)
3

How many outcomes are *there in which one coin is

a head anti the other is a tail? (2.)

What is the probability of 1 head and 1 tail?
2$ or ;.)

136 14 2
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How many outcomes' are there/in which both coins are

(1.)

What is the'probability of 2 tails? (1.)

Call attention to the numbers 1 2 1, and write them on the board.

Disduss in a similar way the tree and table for 3 tosses of a coin,

calling attention to the numbers 1 3 31 1, and write them on the board:

1 2 _ 1

1 3

Pupils can then complete page 66.. Discuss it as you.did with two tosses

and three tosses and write 1 4 6 4 1 on theNto-ard,:---'

1 2 1.

. 1 3 , 3 1

1 4 6 4_ 1
4

Ask how many, different outcomes there' axe when 1 coin is tossed, (2), and what

these are. (1 head, 1 tail.) Suggestthat you will put this on the board and

also add a little more information:
0

Outcomes

1 coin
, 410T 19H,1T

2 coins
)12H2OT /241,1T ,1OA 2T

3 coins
13H2OT: 32H,1T 31H,2T

1
0H,3T

4 coins 6 14:

14H,oT 3H,1T 2H,2T 1H,3T 10H,4T

Ask how many different outcomes there are when 1 coin is tossed. (2.)

2 coins. (4.) 3 coins. (8.) 4 coins. (16.) Ask if the sum of the numbers

in each row, for example, 1 1 in tow 1 and 1 2 1 in row 2', is equal to

the number of outcomes. (Yes.)

Explain that this is a part of the Pascal triangle, a pattern noticed by

the seventeenth century.mathematioian, Pascal. The table would look more like

al triangle if the vertex at the top were given, but the idea, of 1 possibility

(no heads or tails) if no coins are used may be confusing to children. Pupils

can now turn to page 67. Discuss this with them, helping them to discover, for

example:

137143
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1. Each entry>1.15 the sum of the two humbers nearest to it on the line

1 1

1
\
2
/

1

1
\
3
/ \

3
7

1

/ / /
1 4 6 44 1

above. For example,

2. Each line is symmetrical; it can be read from right to left exactly

as it can be read from left to right.

3. The sum of the numbers in any horizontal row is always a power of 2 .

4. The sum of the numbers in any one horizontal row is-equal to the total

number of outcomes; for example, row 3, :for 3 coins, includes the

numbers 1 3 3, 1 . TheiT sum is 8, which is the tottl number of

possible outcomes when 3 coins are tossed.

a
Ask the children to try to complete the fifth row and then to check their

.thinking on page 68. Work with them to complete this page. The triangle should

be carefully completed with the number of heads and tails noted. Then ask how

.each new row would relate to an experiment with'coins: How many coins wonld,be

needed; how many chances there, would be of getting various Combinations; how 4e

numbei bf outcomes relates to the sum of the numbers in he row, etc,. Explain

that although this particular sheet, page 67, shows the number of head% and

tails we might expect when tossing a number of coins at'2,one time, or one coin a

number of times, it can be used for experiments involving two, equally likely and

mutually exclusive events (the occurrence of either-excludes' that of the other).

It is interpreted, for examp le:

If' we toss .10 coins, we'd look at line 10 . It tells.

us that there are X10 or 1,Q24 way's in which these

10 coins fight fall. There id only 1 chance in' 1024

that all 10. coins will be heads. P(10 H)
1

1024

Also, there is only 1 chance in 1024 that all 10

coins'will be tails. .other information from this line is:.

..

If we toss 10 coins,

there are- 10 chances in 1024 that ther e

will be 9 heads and 1 tails.

P(9H,1T) Ig7 .

1381.4 i
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,eot.-t*

there are 45 chances in 1024 that there

will be 8 heads and 2' tails. .

P(8H,2T) =
45
--r
1024

there are '120 chances in '1024 that there

will be 7 heads and 3- tails.

P(7H
126

,3T) 7
10 2T-

e

Asa class activity, complete the"exerdises on page 69. Pupils can discover

by studying the triangle that when we know the nuMbey of heads, we also know the

number of tails. For example, using .8 coins, the probability of 6 heads is

28 28 -
and the probability of 2 tails also is --r . Also, the probability of 6

28
250 28

tails is and the probability of 2 ,heads is 1-. .

Some children might want to use line 10'to figure out what line 11 would be:

Line 10 2
10

1 10 45 120 216 "252 210 120 45 10 1

\ /\/ \ \ \ 165 \/\/Line 11 211 1 11 55 165 330 62 462 330 1 5 55 11 1

The use of the Pascal triangle in making selections is introduced in the

Pupil Exercises. For example, if there a're 8 boys, how many different ways

can you choose 5 of them to be on a committee? Since there are. 8 boys, look

4at row 8. Then look for 5H,3T .which represents a committee of 5, wIth 3

not on the committee. The number associated With (5H,'3T) is 56. So there

area gro up56 different ways in which a committee of 5 can be'cho n from a gup

\N, of ,'8 people. Note that when you choose a committee of 5, you automatically
. . .

choose a group of 3, which does not serve on the committee. So you could have

lookea to the right of 8 for (3H,5T) and again 56 krould, e found'as the
:.

number of different ways a committee of 3 can be 'formed from eople. Thus-,

there are 56 different ways a committee of 5 Can be formed from peo

?and' 56 different ways a committee of 3 can be formed from 8.-peoplg.

perhaps this seems complicated but it really isntt. It's just more diffi u

to write than it is to do! Let's try another example. From 5 books,, how many

different ways can you select 3 books? First,;note the number of thi (59),

so fook at the fifth row.' Next, look to e right for the numb ooks you
a

wish to select, (3H,2T) or (2T,3H). he number associated with this Is 10.

So there are 10 ways in which 'you'can elect 3 books from 5 400ks. Also,

there are 10 ways in which you can select 2 books from 5 books because when
r

o
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..,

, .
.

you select 3 books, you are at-the same time rejecting 2 books--and this

amounts to a selection, in a sense!

How many ways can you select 5 children to help you if you_must choose

from 7 children? Is your answer 21'? It should be.
.16

There are ,an apple, an orange, a banana, and a peach. How many different

ways can you choose 3 of:them? (Remember, there are ,4 things. The 'answer°

is 4 ways.) How many ways can you select[ 2. of these? (6.)

A copy of the first 10 rows of the Pascal triangle is given On the next

page.

'Pupil pages 70 and 71: You may need to help pupils get started on page 70 by

answering the questions at the top of the page as a class activity. Once

pupils see how to 'use the triangle to make selections, they can answer

these exercises quite rapidly.

0

Pupil pages 72-76:

the activiiti

expected resu

Discuss these pages in class when pupils report tie tie for

. This is an excellent opportunity to clarify ideas about

. Bar graphs could be made from the totals reported by

several pupils and these could be quite useful in coMparihg actual results

with expected results.

00.

01

140
116

o ,519)

5^f6 a

I

7 If

60

a>

4

a.
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Number of Total Number
Things of Outcomes

147

1

2 2
2

(4)

3 ( 8 )

4 24 (i6).

25 (32)

6 2
6

(64)

7 27 (128)

2.
8

(256)

9 29 (512)

10 2
10

(1024)

4

PASCAL TRIANGLE

A pattern of outcomes for'qoin-
tossing oD,,,other experiments
involving equally likelk evexats.

1 10 45 12

(10H) 9H 1T 8H,2T (711,3T

45 lo 1

2H,8T 1H;9T (10T)

148
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The Pascal Triangle Lesson 10.

1
IA some of the activities we- have tried which have, had two equally

likely outcomes:,

a. Spinner red,
1
2 blue d.

b. 7_,e-e Af.

1. 1066-1-1 41.4-1C.
Ce1-1 gdar

L
,We will make tree diagrams for one of these activities, tossing al,coin.

L

Show the possible outcomes fortwo tosses.

Tree
First Toss Second Toss

H
I

H

T

Table

2H, OT 1H, 1T OH, 2t;,

H H HT

T H

Number of outcomes 1 2 1

"',-Complete the tree and table for 3 tosses.

Firstlloss. Second Toss Third Toss
H

hiH

H 3H, OT. 2H, 1T 1H, 2i'

H H H H WT. grr
40 H, 3T

T#

7/4 TRH
Number of outcomeds 3 1

MI

so,

142. 1 4 1,



. Now. make one more tree (for four tosses) .

First Tois

.

Second Toss - Third Toss

4//

List the outcomes in the table.

4 H, OT ° 36T

Fou rth Toss

T
fi
T

F

ss

.66

c

7./(//i/
773/711//7/

3,4

2H,2t ,

/7/2-/rr
#77/7-

11-1$3T

//777--
7 -#7-T.

OH 41
T"7-Tr

r77747-
777-4/

Number of outcomes

7/717-
7 7i-;;;//-/-

1

3,150



Let's orgahizeour data from the tables into
ra triangular display.

First Toss

Second Toss

Third Toss

Fourth Tbss

fifth

r-

4 H.Or

3HAT

214.0T

1H2OT

3
114,1T

2
+HOT ()HAT

7-

(Look at the first table.)

3 1 (From the second table.)
1H,ZT QH,3T

4 6 4
3H,1 T Z.11,ZT 1 Hog OH,4T

1 6 /_5 45- 1
Sixth gg, c / j/(,,,3T ,/,/, VT / T oh! l I

Seventh

Eighth

Ninth

7 3s 4-3-5. ,z/
7#. or /7- "/.27 ... /,; ///, T Z7

7C) _56 ;:e J
4

e 4.1 / We /71 fl, 2 1: 5/// VT ,.?/%.:"7- //, 77 (.14,

pi! cr iT
/-/ ='/ 2

/Or v4 /1 ///, :57 ad, (.7 .,,V4 77- ///,,

1 /o si..54 /2.(' vo ,,?_5-2 2/c/c2 /2 e. IL' /r
Tenth ,cw, (7' ?,,;,. /7" ,.cm,.2.7- . y._:7' 0/, ',--7" .5-//, -sr X/' er 2f/, 77 2/4 'csr /1/, yr

-. Look at ourdisplay. Do you see)- pattern? i _Do you see several different patterns

1gi Can you comiilete the fifth row (5 tosses of a °In) without making a tree or a iable?:/i1,..,_
.to back to the fifth row and try it:. .

t, An,

1 5 2,



4

Your fifth row should be

1 5 1T 10 .5 1,
5H, oir 411,1T -3H;PT 2H, 3T 111, T OH ,5T

Did you write this row so that it continues the triangle?
O

This pattern was noticed by a. 17,th&entury mathematician, Blaise

Pascal:. So it is named the Pascal Triangle.

68

Go'back to the'friangle and complete rows 6' through 10.. Don't rush .

-.through it. Place a ruler so thatliV 'touches the ends of the Drawa.. ,,..,

light linedown toward the "Tenth, Toss": Do the same on both sides; it ..

90 , . .
. .

will help you keepyourdispliay in order. Alwayswork ..Yogi. results
_ . .

.,

will be used to answer'sOme questions.

11 e

.

Now go back to the firSt row of the triangle. Write in, leftjust to the le
,

of the words "First Toss ", `thcnmber 2 . The 2 stands for the total.

_ iximber of Outcom's forone toSs of a coin.

'Just to the left of -"Second Toss", write a 4 to show it represents 4
0.

outcomes for ii?tosses of acoi. lilthatshauld you write to the left of

",Third Toss", ? , , COmplete by writing_the.total number of *-

outcomes for eath row. (The -7th, grow is 128 and the 10th row is 1024.)

Do you also see a' pattgrh fo this coluhin oft umbers? ;

What is the pattern? e

-42 cep/ .-fe" r .t .e7;"; 1

...

ee Sri./

..1 .

(--"

/-ce r 2

110

.1

1
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Use the Pascal Triangle to answer these questions.

1. Hpw.many outcomes are there for 2 tosses?

2. How many outcomes of exactly 2 heads are there in. 2 tosses?

3. In 2 tosses, P(2H) = // .

4. In 3 tosses, P(3H) = 11
5. .In 7 tosses, P(7H) 7.2s7 .

6. In 7 tosses, P(7T) = //-zzP .

7. In 4 tosses, Kow many possible outcomes are there? /c4

8.

9.

10;

12.,

13. In, 10 IOS'Ses, '"13(8H,2T) =

14. In. 10 tosses, P(2H,8T)

15. In 10 tosses;- P(5H,5T) =

.16. If you toss, 10 coins at ore time, is the. probability of 4 heads and

6 tails more likely or less lik,ely than '7 'heads'and: 3 tails?

9

In 4 tosses, how many outcomes can you expect to be 2H,2T ?

In 4 tosses, P(2H,2T) = --Yr .

I-n 4 tosses, P(3H;1T.)_= .

In 6 tosses,.. P(4H,2T) = Are" .

In 6 tosses, P(2H,4T) A% /.

4

/17tycti-e likely

Brain Teaser. If you toss 15 coins at one time, the greatest probAjlity

would be for headS; tails, and-JO'r
'a

heads, tails.

P

;
3.46

5

a



Let's see how we can use the Pascal Triangle to help us answer othdr problems.
q

Look at the third row.

If the question,were, "How many different combinations of

. exactly 2 Heads.are there?" , you would say

This triangle can be used to answer many questions.

Use the third row again. There.are 3 people. How many different
.

.combinations of 2 peoplezan you choose from 3 people? (Look at 2H11T .)

6

4

A./

xe rc is .Lesson 10.

.

Use your Paseal'Triangle to answer these questiorg.

1. From A people, how many committees of 2 can be chosen?

(Look at 4th row 2H,2T

t.

From \11 people, `. h.oW many committees of 3 can be chosen?'

_

From-a group of .7 people, there are:

a. How many different Committees of. 3 people?

b. = How rr ny different committees of 4 ? .11..9'

C. . ,How mangy different committees-of 1 ? 7- , .
. 0 ,6 .

(:(d.. How .many diffeientcommittees of.6),;?-

How many different coMblittees of 7 ?

--
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Exercises Lesson 10 (continued). .

.
-4=

,4. a. In how many different ways can a committee of 6 be chow from
,,

a group of 8 pupils?

In how many different ways can a committee of 7 bechosen from

a groupsof 8 pupils? 7
c. In hoW many different ways can a committee of 8, be chosen from

lLY 'a group of 8 pupils?, /
The teacher asks for 3 volunteers to go with her to the library.

However, 9 pupils volunteer.

a. In how many different ways can the teacher select the 3 to go

with her? ffr7
b. If the-teacher could select 4 from the 9. pupils, hoW many

different groups could there be?

6. There arer5 flavors of ice cream: chocolate, vanilla, strawberry,

-black walnut, andpeach.

a. In how many different ways can you choose 2 of-these

flavors

b. In how many different ways can yOu choose 3 qf- these.

flavors? /C
c. In how many different ways can you choose

flavors?

S

1.51j
148

of these.

63.

a

4
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Things To D'o At Home Lesson 10.

1. The PaScal Triangle can be used to show the different possible outcomes

in making selections. It is a pattern and we expect results similar to it.

, To compare the actual results with the PascalJriangle, toss two coins and

record the outcomes on the chart and on the graph.

CHART

Toss

Numbef
2 Heads
0 Tails

1 Head

-Hail
0 Heads

2 Tails

1

2

3 .

4 -

5
.-- r

6
,

7

8

9

10

11

12 i

13 ef
14

. t .

_15'

16 , .-:

'17 y
18

19

Totals . . -(7

20

19

18

17

16

15

14'
bn 13

12,
R.

11

10

9

.8

7.

6

5

4

3

2

1

0

BAR GRAPH

.

, .

i
,

.
I

,

. .

.

V) V)
-01 V) -01 -01 V)
CV (t) = Lt)

*CDCD 03 CD= 1- = 1- = 1--
(NJ 9 ,....1 ,--1 c=:, ,c.,

a. Did 2 heads occur about as often as 2 tails?
b. Did 1 head, 1 tail occur about twice as often as 2 heads?
c. Were your results about what you thought they might be?
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Make a windmill with two vanes.- See the Appendix to learn tiOw to make it.

Coloroeach vaneored on one_side and blue on the opposite side. Blow on

the vanes and then place theNwindmill on a flat surf sect- which

vanes are up. Mark the chart to show how the van: stop:, both vanes,

red, one vane red and one vane blue, or both vanes blue. Show ttie

totals on the graph.

CHART

Spin
'Number

2 Vanes Red
0 Vanes Blue

1 Vane Red
1 Vine Blue

0 Vanes Red
2 Vanes Blue

1
0 ,

2
.

3 ,
.

5

7 .

8,
9

.

.

10

11 .

122
,

13 . .

14
. . ....% .. ..

15 .

16

17 .
,

.

120 9

Totals

.
EAR. GRAPH

. 20

19

18

17

16

15

E14
o,)-13

12

11

; 10
&) 9

i= 8
7

2- 6
S'

4

3

2

1

0

' -

.

. .

-7,,

of
s, s,

,,

(1.1T°C:31/ CD
CD'CI 1

CD '''''
ce co
V, H

1:3 =
a)ct co

42) ""'
ce co
te) v)

Q? CD (1) CD CD CDa C C C C C
RI (t1 (13 (t1 (1:7 (1:7

>.' > > > > >
C \ I CD 4 r+0 C\I

a. Would you expect the results of this experimen\t to be about the same

as with the coin'tossing experiment with two coins?
Weer9Our results about what you expected theth to be .

c. Circle your answer.. About how many times would you ,expect an out-

come of I vane red and 1 vane blue if you did this experiment 1000

times? y 400 500 600

r

150
1 3

14.
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Tpss threeoins. Mark the chart And complete the graph fr'om the

totals. Compare your resultswith row 3 of the Pascal Triangle. .

vi, cs N
a) ZE2 i--

Ct. CVN

. 4

..-

. ,
,

-

.
.

.0 th

r1 0.1

' .

\ .

tA

c.1 ,--1
$

.

N
-a v.)
coa) 'co2 1

M CD
.

a

.

, f
.

.
.

.

l
a)

critn _cm

o E
1"'"'" =

'4 " clrl
.1:1- u 4.7) N- 00 O c)

.--,
if
.--,

(4
.--,

or.%
N--I

.11-
1--1

1.1-%

r...1
.(7)
r.-1

N..
1-1

00
r..-1

\ .

cr.
N--I

CIO
0..i

IA
RS

"..".01"

BAR' GRAPH

3 Heads,
.0 Tails -

%,

,

.,

,

2 Heads
I Tail -, .

.

1 Head
2-'Tails

.

.

C

, 0 Heads-
_3-Tails

1

, _

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Number of Times in 20 Tosses

I

a. From the Pascal Triangle, do you expect 2 heads, 1 tail, will:occur
about as often as 2 tails, 1 head?

b. Were your results about what, you expected?
c. If you tossed 3 coins 600 times, about.how manytirke5-401d you

expect all 3 coins to land with the heads up'?

4

151 1 5 9,1
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4. Add one more vane to4he windmill you made so it will have three-vanes.

Color this third vane red on one side and blue on the opposite side. Blow

on the vanes and then place the windmill on a flat'surface to see which
vanes are up. Mark the chart to show how the vanes stopped and complete

the graph from the totals:Zompare your results with, the Pascal Triangle.

a)

Ce CO
N t.e)
C C
CO 07> >
C) erl

,

.

..

0.)
Z

1 .7
G) CO

CC N
cD 0.7C C
CO Ct7> >

.....4 CV

4

'
........?

o

.
.

o

.

.

.

i

'17 ol7
CU Z
Ce M
cn
tu CUC C
Ct7 Ct7> >
CsJ I .

'

.

...,

0.0 Z
cc m
N t.e)
CU CU
C C
CV Ct7> >

ro1 C:7

0

.

- .

,
..

i

fr

S-
W

C .1:a....0.NZ.2
,.I NI

I

cf, nt tr's %.0 P.. 00 0, C0 .--i CV C'41 ;El' !Li\ %0 h.. CO O ,

tn
fa

I-

3 Vanes Red

0 Vanes Blue

401 VI'. I .

2 Vanes Red

1 Vane Blue

.

1 Vane Red

2 Vanes Blue .J
. .

0 Vanes Red.

3 Vanes Blue
a

- ,- ,
, .

n 1:7 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 2
Number of Time in 20 Spins

1

a. Were your results about 1./hat you thought they would be?

b. If you did this experiment 900 times, about how many times would

you expect all 3 vanes to stop with red up?
WO 300 300 400 500

You might like to try th is.,experiment with a windmill of 4 or more vanes.
.".

152 1
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Introduction.

LESSON 11 ,_
,4,0

p

Conditional Probability

i.

In Lesson 9 we drew twice with replacement and later twice wiyhout repldce-
.

went, from a bag which contained a red, a green, and a white-marble. Probabil-

ities
404.

gere then determined. We could very well use these same. activities to

'introduce the idea,of conditional probability; for example, what is the probabil-
,

ity of green on the second draw when we know that we got red on the first draw?

However, to employ a different activity, we will use three tosses of a coin to

help children think dbOtit conditional probability.

A table of all possible outcomes will enable pupils to count outcomes td

determine probabilities as they complete the first two pages in the lesson. The

exercises will give further insight into conditional probabi

It might occur to some pupil that every probabil'tyis rally a conditional

probability. This, in a sense, is true except that we choose out language so

that,tlie condition is implied or understood. Think of an event as a suhst E

of a given set U., The set U is the set of "all possible outcomes". We,speakk

of P(E), though.we might say, P(EIU). If we add a condition so as to restrict

to a subset V of U, with E a Proper subset of V, we speak of -P(EIV).

. A di4gram might look like this.

4

Vocabulary: 'Conditional probability; given.

0

Materials: None

15 6 1
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Srzggest Procedure:

State that we have had many opportunities to..learn about probability and

that now we will find that the probability_of an event may depend upon what we oP

know about some condition concerned with_it; that is; wits our information about
0

it or the circumstances surrounding it.

suggest that the pupils turn to page 77 in their texts Complete thi/.anols:

the next page.as a class activity. Children should,have a fairintroductiL to

conditional,probability after they, have answered and discussed their answers,to

the ten questions. If further explanation is needed, you might use wbag with

three marbles, as was suggested in the Introduction of this lesson.' I

Optional Further Activity:

Some children Will enjoy this problem. It is written so that 't hn be /

duPlicated for these pupils. . /\/

,.. 1

.frThe Tennis Player

'Jack plays tennis every day but Sunday with one of.his two best friends

and, of course, he likes to win. In fact, if Jack wins a match, he plays against

the same friend the next day, but if he loses', he plays with the other friend the:

next day. When Jack plays Evan, Jack is 3 times as likely to win as Evan i8.

Jack has 3 chances in 4 to win. When Jack plays Tom, Tom is 3 times as

3,i-kely to win as Jack is.

Jack plays Evan on

Wednesday? About how many

play Evan? -About howmany

Jack has 1,, chance in 4 to win.

Monday, is it likely that 1.1p will also -play_ Evan on

times in one-six-week period do you think Jackwill\

times Ao you think Evan will win?

You can use a spinner to see what might happen. You will need a spinner,

like this:

162
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- You 1,4111 need a record, like this:

A
First week Second week

Mon.: J E

Tues. J

Wed.,\J

!Thurs: J

Frit

.;Sat: J

I

Fourth week

Mon. J

Tues. J

Wed. J

Thum J

Fri. J

Sat. J

Mon.: J

0

.T114rd week

, -

Tues. J . Tues. -J

Wed. J * Werf.

Thurs. J

Fri. J

Thurs. J.

Fri. J

Sat. J Sat.

Fifth week Sixth week

Mon. J Mon. J

Tues. J Tues. J

Wed., J _ Wed: J

Thurs . J ' Thurs. J
. f

Fri. J Fri. J
, ...= F

Sat. J Sat. °J

,When JaPk plays Evan, think of the blue part of the spinner as a win fOr Jack.

the,spinner stops on blue, draw a ring around the J on the'record, to show

t at Jack won. Write E on the next line to show he will play Evan again the

-next day. If the spinner stops on red, draw a ring around the E and write T

on the next line to show'that Jack will play Tom the next day. "

When Jack plays Top, the spinner must stop on red for Jack to win. 'If it
_

stops on blue, Jack will lose and he will'play Evan the nextday.- Show what

happened in your spinner game here:

Jack plAlyed Evan

his matches with Evan.

times in '36 days. Jack won of

tt,

Jack played To times in 36 days. Jack won of

his matches with Tom.

155
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Pupil pages 79 and 80: After finishing these pages, some pupils might enjoy

al problers in conditional probability for the others to

lve. For example, a die is tossed. What is the probability that a 2

1/ \'
up,' given that the-number that is up is even? k.) Or, a pupil could

ite his name, Charles. A letter is,pidked at random. What is the proV.

ability that it .isinan, given that .a vowel was selected? (2.) Or, two

dice are tossed. The sum of the number on the top faces is 113.. What is

the probability that one of the dice 'now 6 ?) (2.) Boys and girls

could think of many interesting examples of conditional probability. '

156
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. Conditional Probability Lesson 11.'

76

coin is tossed times. What is the probability the at least two\are ,

heads? Listing theoutcomes in a table, we have:
j.

3H 1H OH

H HHT.- HTT ITT
H T H T H T

T H H T T H

4

There are a total of $ outcomes: The)utcomes with at least 2 heads re:
2

4///(4/ // 777 777//74 There are

outcomes which have at least two heads. So

P(at leastleast 2 heads) =

Now suppose someone whispered to you, "The.fir1t toss was a head."

What is the piobability.of 2 heads now? Look at_the table. The oacomes.L

with a head on the first toss are: ','*" , ee7/77

# . How many outcomes have a head on the first toss? 7
Of these, how many have at least two heads?. L.?

P(at least 2. heads if you know the first toss is a head) =

This could be abbreviated to

7 Nat least .2H I H on first toss) = /
This is read, "The probability of at least two heads'given a head on thefirst

toss." In this example, the probability of 2 heads increased from

to , when we knew that the first toss was ahead.

157
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75k.

What :is the probability of at least 2 heads if we know that the first toss

shows a tail? A list of the outcomes Mth a tail on the first foss

THH, T*TH,, ITT

Of these, how many had at least 2 heads? /1 1.

Nat least 2H 1 T on first toss) = .

elf

Continue to use the table of outcomes for. 3 coins to answer the following.

questions.

1. Nat least 1H I T oh first toss) =

/2. P(3T) =

3. P(3T( T ons044! toss) =

4. Nat least 1H) =

5. Pie least 2H I '2H on first two tosses) =

Nat least 1H I T on second toss) =
4

7. P(exactly 2 tails) =. --F"er

8. P(exactly 2T ( T on second toss) =

9. P(exactly 2H1 Won first toss) = .

10. Nat least 1H exactly 1 tail) =

44

A

-
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Exercises s- Lesson n.
ti

Use this spinner: The dial is divided

, into 10 equal. regions.

1. On one spin

a. Nalue) =

b. Med) = .

c. P(2) = //e- .

d. P(Not 2) = .

The 10 postibleioutcomes are:

RO, .R1, R2, R3, .R4, B5,

P(bbth red and even) =.

outcomes which are red (r, .R1,

are even (R0, R2, R4). Thus 3

both red and even.

*b. P(both blue-End even) F.

a.

e. P(7) = 7/( .

f. P(Not 7) =

g. P(even) =

h. P(odd) = /z_

B6, B7, B8, B9

. To answer (a.), find those

R2, R3, R4), andiof those which

of the lo possible outcomes are

t. Nredi even) = . Remember that this means,

probability of red given that it is even."

(red I odd), =

"The

se the same spinner. List the numbers which lre multiples of 4 .

, (be sure that you list three)

a. P(multipie of 4) = --1//c .

b. Nboti9 red and a multiple of 41;

c. Neither red or a, multiple of 4) ?/,5

d: Nboth even and a multiple of 4:1 = .
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N

Second Spin
R W B G

k Z. X 41 ie'
W v, 4(,) e<i 42.6 .41(.;_

B I,' 1 41 _61.6 .61c-
G e,e g- b.i e C-- c,t-

e. P.(redimultifile of 4) = . f. ', P(multiple of 4) = o_y/o .

g. Multiple of 4lred) -,- .f.5 . h. P(multiple of 4Iblue) = /5 .

L Which has the.greatest prabability, (1), . (2), or (3) ? -;

(1) P(even number)
(2) P(everr numberlred)
(3) Pleven nuMbriblue)

\
4. Complete this table of outcomes of two spins on this spinner. It has

four equal regions.

) ,

On two spins, the:

a. Tofal number of`outcomes = /6
b. P(RR) = Y/6 .

First
Spin

rk

c. Plat least one R) = 7//6 .

d. P(both R on first and ,G bn second) = 7// .

e. P(R on firs* on second) = /ii .

f. P(R on secondIG on first) = ///
,

g. Nat least one "R 1 R on. first).; /
h. P(2R ( R on first) = X/ ,
11: P(at least One W I R on second) i-- ,yt

.k

J

)

j. Which has the smallest probability, (1), (2), or (3) ? :8

a) ,p(ww 1 W on first)_

(2) ,P1WW I W on secon

(3) P(WW)

4

160. 163

il

1



3

LESSON 12

Ghosts, Goblins, and "Coins that Remember ".

Intropuction.

This lesson should help pupils to realize that the law of averages is often

misused or misunderstood. It is hoped that in the future they will recognize and

avoid the errors that are commonly made in its name.

The wide misuse of this, so-called "law" is ample evidence that the basic

concepts of probability are not known to many otherwise well-informed people.

In newspapers, magazines, and other mass media of communication, reference is
.

made to the law of averages and many times the judgments and conclusions wIlicly
1

result are 'just plain incorrect!

If this brief introduction to probabilityNdoes nothing more than cause the

pupil to question the use of the law of averages, it has served all important

purpose,

',Vocabulary:. Conclusiont, average.

Materials: None.

Suggested Procedure:

This lesson might best be taught by first letting the pupils read the pupil

pages 80 through 85 and then discussing these in class. You may want to use the

Pascal triangle in the discussion of Statement A, raising such luestions as:

4#

If we toss 5 coins, what is the probability

that all 5 will be heads? '(-2" -- )
32'

The discussion of statements aboutthei law of averages which pupils have

heard should be most interesting. Try to collect some of these references from

, newspapers and magazines to share with the class.
It

.11 N

FUpi/s'maY.question that some of the statements pn page 84 are false. They

may enjoy, searching for information relating to these statements. .The book,

Believe It or Not, by Robert L. Ripley, might appeal to many pupils.

161 169
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The experiment to be done at home can; be done at school if you have time

.

fbr it.' It should help pupils see that an "average" may coirceal AlwideC4

of variations. Call attention to theAlarge number of tosses that are sometimes

illouired to obtain a head while at other times heads are tossed several times, in

,a row. Notice that we would expeA ihe pattern heads,tails-headstails-heads-

-tails-heads-tails-heads-tails only once in every _1,024 times.
I

Pupil page 86: These exercises are more suitable for class-discussion than for

independent work.

A

162''
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Lesson 12 Ghosts, Goblins and "Coins that Remember'

1. Do you believe that there are ghosts?

2.* Do you believe that there are goblins?

3. . Do you believe that a coin can remember?

a

You probably answered "No" to all these questions. Yet often we hear

people talk as if they believe that coins.can think and remember. They really

do not understand thp ideas in the law of large, numbers. Most people call it,

the law of averages, and they often draw wrong conclusions from it.

You have heard people say:

A. "I, have tossed an honest coin four times. Each time it came up heads..
do

The law of averages says that the next toss will be tails,"

Do you believe that the next toss is more likely to be tails than heads?

B. "My teacher uses a spinner to assign positions for the baspliall game

of "work up". I haven't been assigned as a pitcher yet this 'year.

Therefore, by the law'qf averages, I'm sure to be assIgned,as pitcher

today."

Do you think that this pupil is more likely than: not to be chosen as
,

a pitcher?

"I have been,tossing an honest die. In 23 tosses; the face With one

dot on it has never been up. By the lakof averages, it is very likely
A

that it will come up on the next toss:" -

Do you think the face with one dot is more likely than any other face?

, 1 7
2,03

s.



Let's look at each of these examples of a misunderstanding of the law of

averages". Look back at statement A .

A. A coin does not have a memory. It cannot "remember"

that ii has -been- heads on the last .four tosses' There is

an equalchance for heads or for tails on the next toss.

. We can use mathematics to prove that it is "unusual" to have a coin

show four heads in four tosses. We can draiN a tree'diagram, make,a table,

or look at the fourIth'row in the Pascal Triangle. HoW many diffe nt

outcomes are there when 4 coins are tossed or when one coin is tossed

4 times? How many of thes,g outcomes consist of four heads? So,

P(4 lied) =
116

However, this also means that we expect heads in a row, once every

16 times that we toss 4 coins. The coin while flying through the air on

the fifth toss,cannotsay to itself, "We'll, thatrs 4 heads in a row; I

better twisf a bit more and be sure to land tails or I'll mess up the 'law of
1

averages' 41-12 yobability of heads on ,re 2e next toss is of course , the

same as any pther individual toss. Some people who.misundAtand.the

law of averages think the pyobability of tails is much greater than after

a coin has been heads several times in a row. Do you know people like this?

They have forgbtten that wha happens on one to has NOTHING to do with

what will happen on the t toss.

7 5

fe
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Refer to' statements B and C .
$4

B. If there are 9 positions on the baseball field, then the

probability of getting any o'ne position is 1 out of 9

The fact that this pupil has snot been a pitcher yet does.

not cause the spinner to favor one position for him over

the others. He still has only 1 chance in- 9 of being
r,

, a pitcher today.

C. This person is overlooking one simple fact about a die --

it cannot think! It cannot say, "let's see
4.1

now,
1

the probability of any face is My face with -oneglot

on it has not been up in 23 tosses, so on the next toss

. I'll land so that the face with the'one dot is.on the top.",

z.

This person is thinking, "One face hasn't been urfor a long time, so

that face is more likely to come up than any of the others." This is a mistake

about the law of averages that peoplp oftenz.ake. He doesn't really believe

that dice can think, yet he is acting as if they could. Each-face on a die has

just as much chance to be up asany other -face. If the face with one dot has

not .Peen up in 100 'tosses, it still has po more chance than any other face

to be up on the next toss. In fact, it has just one chance out of six:.

. 78



Can you think of other correctw. incorrect statements that you have

heard about the law of averag6s? List some bf them.

AP.

Ai

-.

Why do so many people misunderstand the law of averages? It is too bad,

but we all, believe things and arrke at conclusions which just aren't true.

Which of these statements are false?,

1. Lightning never strikes twice in the same place.
av .

I

2. If you handle a frog, you'll get warts.

3. The end of the Panama Canal onlhe Pacific Ocean side is
..,

farther west than the end on the Atlantic Ocean side.
i,

4. Horses are smarter than pigs..

5. George Washington threw a dollar acrossthe Potomac River.

6. Columbus discovered America.

Many people believe some of these statements. Did you believe any of

them? Ifyou did, it isn't at all surprising. However, the six statements

f are2all false. Most of,us believe some things which really aren't true. Why

° is his-so? There are many reasons. Among them are:

1.. We are told or we have read somethirig.which is not true, but

we remember it.

2. We did not understand what we were told or what we have read.

We reasoned incorrectly.
. /

4. Our experience caused us to believe something/that wasn)t true.

166 '' 17 4 .
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5. We jumped to a conclusion without knowing enough. facts.

6. We failed to check our belief against the facts.

This list could go on and on. There maybe other reasons that you can

think of. 'People arrive at false ideas about-the law of averages for many of

these same reasons. We can be fooled unless we are very careful. We

might believe that an outcome, such as heads on'a toss of a coin; is bound_

ft'

to happen.if it hasn't happeried for many tosses. It is easy to understand

how our 'brain fools us in this case. It tells us' that for a large number of

tosses of a coin, heads will occur about half of the time arid this istrue.

This is an example of the law of large numbers. Then we observe that heads

hasn't occurred for several tosses and we make the mistake of thinking that

heads must now start occurring more often to "catch up", with the number ,

of tails. This,is not true. Remember, a corn can't think. On each toss,

there is just as much cha,nce,for heads trr.turn up, as for tails.

By using mathematics, we can learn many interesting things. For

example, from 15 children in your room, there are 6,435 different ways

you can have 7 children on a committee. If you choose a 7-member

Committee from 30 students, you haVe a choice of 2, 035, 800 different -

committees. Anoth'er example is if a coin has been.toSsed and heads have

occurred 7 out of 10 times, chances are less than 1. that tails will

"catch up" in 100 tosses. The matheMatician can tell what will prObably

happen in cases such as this.
t-

-The next time that you hear some statement about the "law of averages,

I sten carefully. Try to find what the pers beliexies and see if he is using
.

correctly.
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Exercises Lesson I;

Mark these TRUE or FALSE
1

L,
d /

Cr.'" 1. You have been Spinning a spinner that has a dial which

is blacklbd 1 red. The last four spins have landed
2 2 :/.5.

7?--ez. '

on black. It is more likely that the spinner will show red

on the next spin than black.

2. The last five new pupils whO came to, our school were boys.

TheAances are better than equal that the next new pupil

will be a girl.

,7%z:(7. 3. The hospital reported that the last seven babies born there

were girls. It's more likely-that the next baby born there

will be a boy than that it will be a girl.

(4,c--- 4. The weatherman says that on the average it rains 4 days.

during the month of July. Today is the' 27th of July and it

his not rained all month. Therefore, it will rain tomorroA

5. An auto dealer has 250 new cars and he knows that one -

odof every five new cars he sells is colored black. This.

,week he has sold a blue, a white, a green, and a grey car.

It is mere likely than not that the next 'car he sells will

be a black one.

168
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Things To Do At HQm Lesson. 12.
r

This experiment may help you to see why some people draw wrong

conclusions from the law of averages.

Problem:

How many times, on the average, do you think that you would have to

toss a coin before it comes up heads? Use the chart.on the nextpag'e..

Procedure:

Toss a coin. Count-themumber of tosses until you geta head. For

example,: If you get a head }on the first toss, write-1 in the coluinn just

to the right of "1St head" . Start over., If you do not get a head until the

f9urth toss, write a 4 just to the right of "2nd head". Continue until

you have completed column A. Repeat for columns- B through E. Each

column provides spaces to record the tosses for 10 .heads. ".

After you have tossed 50 heads, add the number of tosses to get each

group of ten heads. Divide

number of tosses nee to get one head.

s by 10 to'find the average

Then, add sums from the five columns and divide by 50 . -This'

gives the average number of tosses to get orie.head. Iithis average closer

to 2, than the average for each of the_five columns? How many times did

it takemore than 'w15 tosses to get a head?. How rhany times did it take 2

.losses to get a head?. How manyl-itTes did it take on ly.1 toss to get a head?
4,

164 77



6

.1st head

2rid head

3rd bead

4th head

'5th head

6th head

7th head

8th head

9th head

10th head

SUM

SUM = 010

Number of Tosges to Get ellead
1°

B8

C-

C

0

A

E

A

Perhaps now you can see why some people misunderstand the Jaw of

averages. With many tosses of a coin, we do see that about half of the

(tosses are heads. That is, it takes 2 tosses, on the average, -to get heads:

But, when you ossed a coin, you found that sometimes you'tossecl ahead

on only 1 toss Other times, you had to toss the coin several times to get
0

A head.' This should help you understand that these people fail to see thatt t4-

.the
i
"average is made from numbers that differ quite widely and that there

is NOT "faw" which sayS that you must get a head after tossing. 5 tails,

tor example.
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-APPiNDIX Probability Devices

This appendix suggests devices which you might like.,to make.. You can

. Ihink,of games which can be played with them. Decide how to organi2e and

record the data. These devices can 'help you in your study of probability.

1. 'Regular Solids

.
We have used coins, dice; cubes, cards, and other materials to help us

o

learn about probability, but there are many devices which are just as' useful.

The patterns on the next six pages are for the construction of regular solids

which can be used in probability experiments. The patterns can be traced on

tagboard and. the solids will then be sturdy.enoughlo toss or roll.,

The tetrahedron, octahedron, and hexahedron (cube) are not difficult to

crstrUct. Just fold on the dotted lines and glueihVabs:
.

The dodecahedron is more difficult to construct. MaKethe first half elf it

by cutting to the dotted line at each arrow. Then fold on t he dotted linesandf

glue the tabs. Complete by. folding he second alf,and gluing.it to t first
half, tab by tab. DO not mlake both alves and hen try to put Mem ogether.

s

The icosahedron appears difficult tox-Onstruct, but it isn't. Cut to the

dotted lnetat each arrow. Then fold and glue the tabs in order, one by ope,

and it will work out nicely.'
4.

V
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. -

If numbered or Colored, the
face. wh-it111 ,s down is the

one to count.

0

\ 0 4

glue tabs

ffoldS,

/ \ '-/
/ \\ I / ..../

/ \ /
'. /

.

\ .

\
\ /--41\ /rlb,
\ /
\

0r.

n

0 G.-

0

I
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If th be is to have
.`'dots"' o its faces*, make

. the dots as shoWn below.

7t/

If the cube is, to be
numbered, use the
numbers as sh7oWrf
so that opposite faces,.
will have a sum of 7 .

i

1 Cube
or ,

%

Hexahedron

181:
173 .
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glue the tabs

-VC

cut to the -

dotted line at
each arrow'

Mt

.Aftr cutting it out,
lue the adjoining
tab to ftlie edge,s.

f.

First half of a DOdecahedron

183 .

175

A dodecahedron is a

solid with 12 faces.
It may be numbeiid,
colored, or even

1

/used

as a calendar
,i

I
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After cutting this out, do not
glue adjoining tabs to the edge.
Instead, glue one tab at a time
to the first half of the dodecahedron.

glue the
tabs

cutIO\ the
dotted line.

at each' 4

arrow

Sepind hgttifa.'-bOdetah.edron
r
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Tops

For a small top ypu need a piece of cardboard, a wood dowel or sucker

:stick, a straight edge, and a compass. Use a two-inch piece of dowel or

/4 sucker stick. Sharpen one emit° a point with a pencil sharpener.
4-

Used compass and straight edge to make the dial from cardboard. Mark

a point for the center and draw a circle with radius 14
s

inches. Mark any

'point on the circle and, with that point as center, strike an arc with the same

radius to interiecfithe circle. Continue to strike arcs'arodndthe circle.

First point

Connect points marked and cut off the &liter part of the region to make a

hdagonal region. Divide it as desired. Here are some suggestions:
3

o

'

t

4.



11.

Poke the sharpened end o the stick through the center of the hexagon.

(A drop of glul'ilijielp to ke p it from wearing too large a hole, but experi-

ment first to find the best balance for the top.) Spin the stick between thu

and forefinger.. Spin the top on a flat surface. The edge that stops against

the tae is the one that is counted.

AclaT top may be made in the same way. An ordinary pencil nukes an

adequate stick. It is a good idea, however, to slit thecaidboartalong the

division lines at the center before inserting the pencil.. Use gl4ito fasten

the cardboard to.the pencil!'

The top can also be made with eight edges or with twelve. Do you know

hoW to do this?

tek 1

0

I 0 r make a top with two or three dials. Use a suck'r stick or thinYou

dowel/
*3-2

inches long and shay Eined at onerond. ake a circular cardboard

dial 6 inches in diameter. nsc ibe a hexagon, bu do not cut i.out. Color

as shoWn:
4

179.
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Insert the stick through the centerand glue the dial to the stick.'
C

When the glue is dry, place ovethe dial a "bearing" made of a piece,of
) ,

I

milk carton 1 inch square with a hole,in the middle. Make another dial', 6

inches in diameter, but if possible use,cardboard that is slightly lighter, in .

weight. Inscribe a he agony color,,,and cut as showri:

k

5
Make cuts -8 1ncheS'.1png on-the

lines as showrity arrows. Bend t.

the cardboard up on the right of

each cut to make altriangular

"wind-patcher".

r'

' Place this dial on top of the belartiig. Before spinning theoti, line" up the

two dials so that the colors match. The bent-uiStcardboHard*will let you doer

colors

.

this._ Spin. 'Record the number orspins necessary before t 'agaip
. ,

0 r
match. Row many spins "would you expect it to take?

r
-

180
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r
3. Spinners

i

Spinner which come with most games ho,v6 a fixed dial and an arrow

whichS,pins. 'lop can make this type of spinner. Anothei spinner which is

easitly`constr Cted is :one in which the dial sins, as shown in, the drawing.

----Zonstrud thebz)se out of heavy tag board. use a heavy paper-IR-kir tt 6 post

and ren varios dials may be exchangedand'used on the base.
k

4 VS

;1
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Another spinner with dials which go from large to small can illustrate how

items can be put into an order. Each heavy cardboard dial is divided into a

numberof eqtral1WW. The number of,parts is,the same as the number of

items to be ordered. For example, to experiment to see how for rows in`a

classNom mig e dismissed for lunch, each of four dials is-divided into four

equal parts.. (A Oral is-made for each\row.) Spin the dials and-record how they

ire up with the arrow on the base. This device"can be used to illustrate an

orderly way of arriving at and listing the:various arrangements.
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101

4. A Windmill

Cut four, pieces of file card or tagboard to makelwo vanes.

In"
5 in.

ti

3/4 in.

c

I
A4

.

Staple two pieces together in two places as shown in skdtc,,

of this vane red with.a pencil or crayb4n. Inserta sucker:S,.. 'ddle
. i ,

between the two pieces.* Use a punch to make,,a hole in a piece of milk carton
- . ,,

. one-half inch square for a "bearing, ". Staple the other 'two pieces of file card

- together to.MaKe a second vane.: Mark one4icit'as before, -and inser4e top .
. \ .. ,t

-.,, .

I , of ihe stick between them. Paste kstriii of gummed paper ar tape over end

of a small spool. Put the end" thertfick into the hole at the other end of t e
ip I

spool.: l-ibld the spool agd blow the file card vanes. .They should turn quickiy.
/

and indepetidently.

staple

B

6r
P

beari

Y.

1

Practice blowing.av.times.

When vanes have.sterVed turning,

there_gentlylonta kirface

bat iboth-var;ei are f101or
,

.#
surface. Therf record whether

'10oth'vanes:are'red,'.onle is red .,
and one.is.Wh'ite, Qr both are,

k

white. After fifty4frials, d the

the results ofthe experiment
, *

fit with the pxpicted results?



I

c-.

Whirly-bird

This is another type of windmill,

102

Use a section of quarter-inch doWel about two feet long. Wax it by
. ,

rubbing it with a piece of crayon. Follow the directions as given for' a wind-

mill and make as many file-card vanes and milk-carton bearings as deSfred.

Hold the dowel at both ends, like a harponica, and blow. When vanes have

stopped turning, lay the Whirly-bird gently.on a flat surface so that all
. .

vanes are on this surface. One vane corresponds to onecoin, so ten vanes

can be used.to duplicate an experiment of "tossing ten coins". Can you

think of other ways to color the vanes so That other experiments car(be

done?

1

I

ti

ci
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5. 'Spoon device

Use two plastic picritcspoons of different colors,' l.4y the handle of one

on the handle of the Ether so that'the bowls are ,at opposite ends and face

opposite ways. Fasteniwith two rubber bands as,shown at arrows.

of\

Pe'

Roll the handles between your palms and drop on a table froth a_ height of a '

foot or so...The spoon on top counts.. Is it just as likely that one spoon will

be up as the other?

s'

6. Sampling Boxes (Urns)

Many probability expdriments require a sampling to be taken ina random

manner. This device uses various'colored marbles. .

An oatmeal bol serves well as tie container (urri). Cut round holes,
..c

ten, for examine, in the bottom of the box. These holes-should have a

diameter .slightly smaller thart tlt marbles so the marbles can be seen in

them. Chinese Checker marbles

serve weIT'and come in Oackages\

of 6 ,colors, 10 of each.

. 186.
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Egg-Carton Sampler

An egg carton and some marbles can.be used-foi- experiments. For

example, color alternate pockets of the Barton black. Place 5 black marbles

and 5 white, ones inside the car,.. tlith the carton upside

down, and allow the marbles to roll around. Flip the carton upright and

open the lid. Record theinformation you are interested in, for exaipple,

the numb -6fblack marbles in black'pockets, etc./

1

O

I °

. ."
a
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J
r,

8. Hexawhirl

Thigadget works like an old-fashioned bdtton-orb a-string toy.. Cut froM

cardboard two circles with radius 1-
3

inches. In each, punch two holes just
4

big enough to insert a piece of strong string. The holes should be punched .

on'one of the diameters of the circle, each
1

inch from the center. (See

points marke? X in Figure A.)
ta,./

A

Make tfvo or mere cardboard hexagons using a 2! inch radius for the first,

al Inch radius for the second, etc. Cut a hole With radius 1
1

inches in
4

the middle M each hexagon and number the sides' 1 throtgli,-'6:,. (See /

Figure B.).
t

1.

,
B

P

Use,a. strong string .50 inches long. Insert oneendthrough a holejne of
0

thecircles, through the smaller hexagon, then. the larger hexagon. (making
,

sure the numbered sides face,the_salm'e way), and then through the.oth.er

'circle. leave a loop of string beyond the circle and ins,ert:the string through
_ . .7.

the other hole pf the second circle, 'Sack through the larger hexagon, the
' .\

smaller hexagoh, and the first circle. 'Tie the ends of the string together to

make 'a second lotp. Adjust the 'cardboard 'pieces so that the loops on each

z
192 3
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7. 'A Probability Scale
'0

When tossing two dice or other regular-solids; it helps to construct a

tableor counting how many ways a certain sum or product can be obtained.

TWo cubes, for example; give the following sums.

s' Sums

3

4

ra' 5

6

7

8

9.

.11

12

Possible Combinations No. of Ways.

1
a

(2,1) ,
( (2,2), .. (3,1)

'(2,3),113,2), (4,1)

(2,4), (3,3), (4,2), (5,1)
(2,5), (3,4, 14,3), (5,2),'
(2,6), (3,5), (4,4),, (5,3),.

' (3,6), (4,5), (5,4),,

(4,6), (5-,5),

(5,6), a

4

t C

2 Y

. 3

4

5

(6,1) : 6

(6,2) 5

(6,3) , 4 ,.

(6,4 3

(6,5) ' 2

This-information can be placed on two number lines on stris;of cardboard
e i,

as in'the sketch.
a

I.

1 2 3 4 5
I I I I .

6

The) se two strips can be placed iniiockets of,a larger piece of cardboard so.ttiat

by sliding the scales along, one quickly sees the number of passible combinkc
.

0 ...

tins. This figure shows the 4 possible combin'atiops of a sum of 9: -

.
Scales for other solids may also:be::constructed:
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amide of the cardboard are the same length. There should be just enough

,

space between the circCila-r pieces for the hexagons to turn on the string.

Fasten the circles to the string with a drop of glue. Makd'an arrow on the.

-.circle next to the smaller hexagon. (See,F.igure, C.)
,

.

1

'

"

,

J

O

C

dr

4.4

I.

To operate the hexawhirt,. hold a loop in each hand and, swing the cardboard
4,"

pieces around and .around (25 or more times) until the loops of string are

twisted. Pull the loops until the twisting is undone, release to allow string

to twist the 'other way, and pull again. With practice you can make the

hekagons spin rapidly betweeri the circles. Stop, and see which sides-of the

hexagons are in tine with t arrow (2 on the smaller, 3 on the larger,

'for instance). Exp me t to find o e results are similar to those
4 .

obtained by throw' dice.
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