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v PROBABILITY FOR  INTERMEDIATE Gajqas Ce

ot

| .. . .

‘ . Introduction

Y
B h

Why Should We Teach Young Childrer About Probebility? ' . i 7 '

. Q .
There-aré magy reasons for helplng chlldren develop ideas concerned with

probability. ) . | .. '

e
.

Children,” as'well as agults, are often confronted with situations which -

involve probability While these confrontatlons may not be cruC1aléyo chil-

dren, they are importent and are frequent, so a fundamental.knowled e of - -

_probability is useful. / ’ e -
There 1s a need on the part of both children and adults to be better in- RN
formed in this field. It is ev1dent that both havefmany'mlsconceptlons and 2.

lack -@f backgrounid.in probablllty. Many people have llttle intuition about

ekperiences ifnvolving chance. : T A )
ces L . .

ot dhildr;n can léarn the fundamentals of probability Beeause‘the'apﬁroach
taken 1n this un1t is of an intuitive nature end not a formal~mathemat1cal one, <
chlldren can understand and proflt from the act1v1t1es and mater1als that are ..

1ncluded . . . . ’ ‘ . ’ « - .

. .
L3 .. 4 . °

The practlcal usés of probability are many, and they =re 1ncreas1ng almost R

' dalLy Probablllty is used in maklng dec151ons in such diverse f1elds,a ' e e s

0! mllltary operatlons, sc1ent1f1c research, design and quality cotttrol of fnanu- ]

» v owr ¥ o °

factured products, 1nsurance calculatlons business predlctions, Weather fore- . R

0851ng, ‘and governmental operatlons. . . * . *9. \t‘ .. .
. ° ’ J LA ’

» N -

Erobablllty is, of course, an essent1al qlement in 4ll games of chance. .
L ,
In fact the theory of probablllty'had 1ts beglnnlng some 300 years 8go as <

a result of a mathemat1c1an S qnterest in the 1mprudent and unsuccessful gam-

LN N

bllng activ1t1es of one of hls fr&ends. A : . - . (

é
-

N q "Goals for School M?thematics' the report of the l963 Cambridge Conference, .
. recommended that some of “the’ ba51c ideas of probablllty be introduced very early , N
-, "In the school pf’éram The School Mathematics Study Group underteok the devel- ) ?, %v'

opment of such’ mater1als for grades klndergarten to high school . - s

1,« : R ‘g

L
0 ° . '., ° .f ]
”"fo&:AAJ,I’*)A.l;,:’J Josl

< . N
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What Is the Purpose of Thls Unit? - @ .

* The ideas of chanceyand uncertainty atre meaningful ta children at an early-

age. They observe and'play games with spinners, dice and cards. They hear and

use the-words, "likely”, “unlikely®,” "chance', and ”probably". .They recognize
\

that some things are more ‘or less llkely to occur than are othertthlngs. This

recognltlon is sometimes the result of eXperlence but more oftem—it is intuitive

(Qr
in nature. It is seldom based on any thoughtful or systematic consideration of .
. N : i N
* the situation. N . . . ”

& R -

Ch&ldren 's natural 1nterest/1n games-prov1des anrgh level of mot ivation

. for the study of probablllty. Thls unit capitallzes on that interest and moti-
vatlon by uslng experlmental act1v1t1es to 1ntroduce some ‘of the basic ideas
of orobabll}ty \\As}chlldren classlfy and tabulate date gathered from these .
experlmental activities), they.are guided to disgover patterns wh1ch enable them
to formulége Iypotreses anad reach tentative conclusions about s1tuatlons which
involve chance e\ents Uktlmately they are led to discover thdt there are

, mathematlcai “ustlflcatlons for many of thelr intuitive ideas and that mathe-
" matics can be used' tS test the valldlty “of the1r 1ntu1t1ve 1deas We hope that

thls unit w1Tl make further study of probablllty easler more 1nterest1ng, nd |

-

more frultful ',

. .,
v .
< +
4 .

| .
How‘Doeu Tr.io nit Fit Imto the Mathematlcs Program foXx. the Intermedlate Grades°

K - L

. Y
z + Aside from the fact that the study of probaolllty is en 1ncreas1ngly im-

pprtant part of mathematlcs there are certaln fringe benefits to be derlved

- - -

from this untt, o ’ e
. Y N A .

.
a Flrst while the unit has suff1c1ent depth to challenge’the able pupll

~

should te Tun for all children. Maklng mathematacs enjoyable 1ncreases pupll
motirét.on and devélops a positive attitude toward the subgect. The use.of
experlmental act1v1t1es and games as an 1ntegral’part of the unit.- should~help

}erested and to experxence unexpecued success. | ' -

L]

those. chlldren who heretofore have not enJOyed mathematlcs to becpme more in-

Second, one of the goals of 1nstructlon is to promote systematlc thlnklng

/rrfher than a hit- orwmlss approach~wh1ch encourages Jumplng to conclusipns. -¥

fforts are made throughout the unit to demonstrate the odvanéages of a loglcaI

and systematic approach.
S 7




\

" *part I to'be especlally helpful, ) -

/ThTrd there are unlimited opportunltles for the pnactlce and treinforcement
of arithpetlc skills ranglng fr0m‘31mple addition facts to the multlplicatlon of'

common fractlons. "I'he construction and 1nterpretatlon of graphs shoyld contr1b-

. ute to mncreased pupll understand1ng in areas such as economlcs, geography, ard

A s . !
h1story, as: well as mothematicsw ! ‘ ’ o -

e

’ Fourth, there gre Opportunltles for 1ndependent 1nvest1gation -~ one might
almost say\xesearch -- by 1nd1v1dual children.. The teacher, too, may seize
opportunltles tb carry the work further when .individual or group 1nterests 1nd1-
cate that/thig- is des1rable. Also, the Appendix in the pupil-bock whlch des-

cribes probability devices may be of help 1n sﬁch situstions.

- (38

2

v

How Might I Best Use THis Unit? .
N 1 - . . € .
First, you will want to read the next sectﬁon, "Mathematical Comments".

This is a brlef 1ntroductlon to probablllty and engbles you to have a broad%5//

view of the toplc.- Furtheyg background- can be gained, from the two SM3G volumes,
Introductlon To Probabllrty Part I - Basic Concepts @#nd, Introduction 29'

Probablllty - Part II - Speclal TOplCS. These units which are designed for the ﬁ%%

Junlor h1gh school. are an excellent source of 1nformatlon. You will find

t 4 -
+ Next, examlne the contents of this unlt to 'see the varidus ideas that-are

1ntroduced and the.suggestlons for helplng ch11dren develop .them. Look at the
* pupil pages to determlne the. klnds of activities that the chlldren will be doing.

.. o
Because it is assumed that pupils ‘have had no prev1ous instructipn concern-

‘0

ing probabillty, this unit is not des1gnated for a speclflcxgrade. So 1t w1llﬁ

7 not precisely "flt" your class. ,With. certain 1essons and parts of“lessons, .you

;wlll need to adapt to emphas1ze more to emphas1ze Tess, to'mOVG?rapldly, to
progress slowly, in short to proceed as you Know is best in your situation.

" The teaching suggestions are labeled, “"Suggested Procedure , and are not intended

~to be prescriptive. They do, however, follow a loglcal,;aﬁd experience has

shown, a teachable sequence. Generally, you will find a successful approach is

to follow the sequence as, it 1srdeveloped but to vary: theﬂﬁqoe and to omit on

to provide‘more experlences and to stop, as is appropriate’ for“your ch:i.ldrien’s“w
intereéts and sbilities, The ‘unit can be taught in a "concentrated" approach K
over a short perlod of time but pf%bably children will learn best 1f it is

fitted in w&th your present mathematics program over a longer period 8f t1me.




STTE ST L T e
. What. Materials and Equipment Will I Need? ’ .
- - v

) " This list indicates the material that is neegled. The thr®e types of spin-

ners are avallable with this unit.

- . for those suggested here.

You mey want to substitute otfhe;' matecials

) . - -
. . .

Coe

. * L

Number Ne'é;tfed, .

' i} * ) * : .
ER I. BASIC . L N
: IR Sags ) S <l
"N A. Spinners - . ke
Jo Swimers s s
-~ l 5 red, 5 ‘r_;lue!/ . . _ | 6 Vo
. . . oA ) '
. T2 %,_red, ﬁ— bluét ¢ 6 -
3 = red, L blue,' L yellow \ . g ~
rTr e bR 3 3 3 e - - )
4 e - ;— X \
o 1 B. Colored Blocks'{_@%‘ other objects) 5 oy elach
. ° Blocks "of “the ssme size differing only in - cofor
: N . color. Red, blue, green, yellow, orange. ) ) ' S
L ', C. Cubes (or dice) ' & ;
.- 1. White, numbered 1 through . 6. 2 ’ :
. 2. Red, numbered 1" through 6 - :
. M \d -
. {; . : K -
% D. Checkers ' b . @
N oo Star on one side and"cyown on the. other. C .y
) N : : oo
- W ' ' . <
- E. Cloth, or Healy Paper Bags L v
' Kbout six tq twelve inches deep ‘and four to . ! h v .
§ix .inches.in dismeter. '
/ F. .?C;'ayons i . 1 Lo , 1L box 7
N ' ‘
_ o, d -
G. Caxds . .- 6. : j
. ' ‘ﬁPlaih, white, three inches by five inches. ) ' .
1 S ‘ <.
- J7TH. Odtmeal Box. ... ' 3
.- ’;- ] DA RO S A Mgy w . -
) {or simiier non-transg ent ) et I ‘ ,
. S - : f'.:". ) & .
- . I, Coms L - 3, '
‘ r A "“,7 > = e '» - :\: P S — oo L oy Ta oy S iy " ,
., ”“}.“) i ‘4 . . - \x. ~ g ™ . . . .
- * J. Felt Pens, red*znd black 2 -
[k R s B
™ . ) 4 .
K '




S ’ L ° g _ N
. o ' 3, Number Needed o
Optional - = - . - I - 1;‘“-" . e Y * .
< . o - ! <9 -
A, Large Spinners for Classyoom Viewing f : e . T,
) - 2 v < *
. - 1. % red, %— blue, numbered as the .$mell spikners 1 - '
o e ' v . . o -
¢ 2. I]f red, % blue, numbered as the small spinners - 1 *
Sy : x 1 - 1 . 1 - ’ V- Y
. 3. 3 red, 3 blue, §lyellow, numbered as the . ., _ 1 .
) * small spinners '
.; ° - - ‘A
: " B.” Colored Chalk ' 1 box
C. Large Beads (or other obJects) -2’V .5 of egch _’
L Alike except for co]sor. To be used instead . + color. o )
' of colored blocks. . N
. . .
; D.. Newéprint, white wrapping,  or con[s’cruc't‘ion paper 20 large
) . ) . ' sheets .
. : * N vt ’ B
- - «-E. Marbles ' . ,60
. " 10 each of 6 ¢olors, alike except for color ' ‘
- ] * ) . . >
" . ' F. Paper Cups ' ’ I o ,
. G. See suggested probabllrby dev1ces in the Appendlx i
o B v %f the pupll text o . . '
4;; , .. k . { , ’
H,  Liquid Dupiicator Mesters and Paper ' g
L] - M - m - - - .
. ' ) e .x ) ! T ,
“ 1. Overhead.Profector and Materials- , LT ©
PO , LR . ’ ) . ) . R .
N ! — - Al
. - ) s ) o
LS - - L A e
, [ - . -~ >
SO
IR s» i ; :
N - r | SERPCRNN S
: : - L
s . . P : \\\X;’{ . "
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' - MATHEMATICAL COMMENTS ~

1
\

1. The idea of probgbidity’ ,

ot

|-

Some eve are regarded as certain:
g - -

~

‘the sun will rise tomorrow,

b et e e

Y

(N

the coin will fall eitheN headd or tails.

111 raln tomorrow the coln wlll fall heads,

H "

~

" of (uncertain) dvents: ‘

~

-
They are all'equally likely,
This is more likely than that.

I think it will. rain thls afterneon.

rain this afternoon than not to raln )

© Other events are uncertéln dependlng upon chance fluc%uatlons°

R
it?

’ -~

r R

; + In everydaf conversatlon,«people_frequently‘compare the likelihdod

(It is more likely to

r

method of assigning probabilities to even

-

hem constltute the Theory of Probability.

7’

A Qomment %ay be in ordér/about the word "theory". .In mathe

the word is used to mean*"body of knowledge". This is im contrast wit

' conversational meahlngsof con;ecture , &s when ve say, "The detective

114

__— - 4 Ip more scientific work, we compare likefihocds numerically. Every
. eyeqt is'aseigned a number dgscribing or "measuring" its likelihood; the more
‘ ’likely the event, the higher the/number assigned to, it. The nunerical measure

. ’of the llkellhood of am.event is called the probghility of the event. The

matics,
h its

had a_

d the §tﬁdy of the relations: among

[
theory.about who fired the gun.

The theory of progabflity consists of our

. . accumulated knoWledge about.-pfobability.

éimilarly? mathema}icianS(Speak of

the theory of numbere:’ the theory of groups,

No speculation is involved.,

.

»variable, ete.

theory is true. ' - . e )

Everything in a mathematieal

. N L}
. . J

i

8 .

L]

the theory of functions of a real

-

Mbdern science, 1ndustry, agrlcul ure .and human affglrs all depend

strongly upon the theory of probabllltx,

mathematical statistics which itself is based-upon_probability.

probability underlietc the bioclogical laws of heredityi
ﬁental regearch in bhysips and astronomy and,
out "plans for trevel‘infg space;

drugs and medicines;

L) h'-

6 11

~

ither dixectly or v1a:the theory of
The tReory of

it is needed in funda-

as a matter of fact, in working.
-1t is used. in developing sand testing new '

it is the basis of agricultural experiments that lead to
.
‘ [




e

-

f [}
.,

,haps different numerlcal values) not dnly in genetlcs and the other pure ;'

. . . . \' N - - ,.( - * -
\improved methods for the farmer; it guldes the manufac¢urer in controlllng the

") quality of his product the industrial laboratory in the design of new equlp-

ment, the .economist and psychologlst in thelr studles.ofwbehav1org the mllitary

'commander i hlS ch01ce of tactlcs. ‘ o . .

-

-

. Probablllty theoty is also’ the basis for analyzlng games of chance.
In fact, the theory of probability had its orlgdns about “300 years. ago, in o
the_gambllng halls of Europe.. Moredver in- explalnlng the theory and in work- -

ing probléms, 1t is necessary to toss c01ns and throw dice. Occasionally a ‘

person will ¢onclude that to tea@h’probablllty is immoral. He reasons: "Gam-

hllng iss ev1l Gamblers have to usecprobablllty, Therefore we should not teach ’

probability." One might equally vell reasont "Gambling is evil., ' Gamblers

“ have to read and write. Thereforé we should not teach’ reading or wrltlng.
T . We teach probablllty not because of 1fs poss1ble misuse but because

of \its applications for the benefit of manklnd o

Ar« . 1

‘A’particularly important‘application 1s to mass behavior where each
individual Bction is subject to chance fluctuations; For exahple, while- the
theory“of probability will nat tell us whether the.next coin tossed wikl actual-
1y 1ana heads 1é/does tell us that of the next 10,000 tosses the number of

heads will lle, with virtual certalnty, between L4500° and 5500. IESplte the e

randomness there.is stapility 1n'the Whole. The prlnclple applies (w1th per-

'sclences “but to industrial and soc1al phenomena as well: $o manufactured 1tems_

rolling off .an assembly llne, to a mass of vacatloners-decldlng wheye to stop e
for lunch ) .o \ s ' , o

[ “ - ‘ '

. e (

. .
. '

'\o Pl N .. L)
° ‘ PR . . . PR

"

2.  How probabﬂfitiesjare found. ni . - Lo
- 4 ) . . '. ) 5‘

The prohablllty ass1gned tQ ,any event is, roughly'speaking; the- frac-
tien 'Of the time we expect 1t to haﬁ;in. The probablllty of an event 1s*ﬁthere—
fore,‘a niiber between O and -1, 1nc(lus1ve. An impossible event 1s ass1gned
the probability ~ 0, (lt.never hapbehs ) A certain event 1S‘ass1gned the prob- °
ability“l‘ ( = 100% ) An,event that is just as likely to h,ppen as ot to
happen is assigned the probablllty é ; for example, if a coin. fs as llkely to -,
“fall heads as tails (an@ will never land on edge), then t@f prgbablllty of heads

and the\?robablllty of tails is

is ';
: 2

. -

L
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X Of. course, most of the events ye study are more inferestith:nd more
involved than these. How are their probabllities determlned? Ther

¥ P Kl #

,ways" by observatlon, and mathematicallX

e two

.
s

*-ﬂ-‘;ﬂo)bmzwviul on

[ &
[

Probabllltles that are determlned by observation are of thls sort:

The probablllty that a child born today w;ll llve through

- - - )

. . its first year. g :-’-"~_,‘-_a

-~ . . e

g, - . .« . - The probablllty that a fossed 001n w1ll 1a“a ﬁ“h&s - -
. . R ) 4 ——-Mu—-mn«:&&m...,_

. The first of these is Jjudged emplrlcally,»from blrth-and-death rec0rds of "™ toor

trecent years. The seco%d is obtalned by*consmderlng the symmetry ofalhe comn‘

?.. ~, and checklng with some exper1mental\dpsses. - b s . v

A H .
s

Prebabllltles that can be determlned mathematlcally are of thls sort

- & T ' The probability thet at\}easx 85 of any I00 chlldren born

"- . '

today will ilve through thelr flrst year.

% Y

' ©  The probability that of 100 toised eoins, between. 40 - and

L ‘(» 60 will ;.Land heads. | -

N _‘&"‘:c, € 4

These complex events gre.made up of ccmbinations ofothe simple events of -a
slngle child or coin, whose probab111€1es are assumed known (from, observat;on) .

i
The probabllltles of the cgmplex events can be gomputed from those of the simple
. | [

events ‘according to fhe mathematlcal laws of. probablllty. N T

= R /u.,"n . [}
¥ .
We hope to give the chlld,én apprecigtion of both_these,methoas. We
have him make Jjudgments, of emplrlcai probabllltles by’ performlng actuai experl-
ments rec0rd1ng their outcomes énd analyzmng the resulis. We also gulde h1m,

x

informally, to some of the 1deas’underly1ng the ma%hematlcal formulas. o

. .“\v,, o ) |
4. T

L 0 What is 1mportant is the spirit. We W1sh to’ deyelop in the Chlld 8

- / . |
., .feeling for the subject -.'an educated intuition. If,he learns to make quall- ! %
P \ tative comparﬁfo%s bas 4 on understanding, we have succeeded. If the best he

can ever\go 1§ ﬁorm quantltatlve-romputatlons based on memorlzed rules, we

. have fal%ed * Ko ) . o o~ e
v.uY-»-,\w ey . S R o e - N N e . N !“‘ N ] ) e
i < T ';’?é; 3« 1 4\‘ \: N I . Toar T -
R A C . - LN N
.3 * Comperisons of likelihood. - « o R
R SN 1 ) ’ oL ) .
. q”‘f":‘~ ’72 . . v , . . . ]

All bhildren have had experience 1n making- 1nformal comparisons of

£

35 22T i o § A
A %%k elihood, and thxs;as a good topic to begln witd., ,~ i .
L ¥ )e"‘v ¢ ) ] ‘- ' . ) , : \ '- L
Sy sege Example -1l. Which is more likely on the bth of July (here in, )

PSR Y o R I '
: ‘:§33 v * 7. our town) - rain, or Snow? _ . -
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" ’1. . ’ . i . r ‘ ' - »
. < . . .
This simple qnestion leads to three interest;ng'points for discussien.

(1) e comparison itself ,should be obvious to the childéfen.
v .
Rain is more likely than snow because the %th of July igﬂusually too hot for

Snow- ’ . . e
A P N *

(2) Notlce.that we can tompare the likellhoodsxof two events

' even though we do ‘not take into account all posslble alternatlves. \There might
. /

be neither rain nor Snow. . . " L -

oy~ . L . o3

4 (3) The likelihoods being compare& might-both be very small.

In many localities the chances for eﬁther raIn or snow are V1rtually nil. But

.

. we can, still compare Tthe one W1th the other. .. Coe . ’ L

Example '2. Billy is -a'very good studént “Which is heé more

- BN likely to do”in tomorrow's test - pass, or fail?

Pl - R
Here aggin.rthe comparlsom 1& evident: good students tend to pass,

not fail. In this example there are no additional’ alternatives.

Example 3. A new boy has joined the class. Mary is to guess *
his birthday. Alice is to-guess ‘how mamy brothers and sisters .

. ,he"has. Who is more.likely to guess right? . ) *
< ) - - ’

* This time we gave no past experienceé to draw-from. The answer is

still easy,

but we use a different method. Clearly, Mary has a w1de£?selectlon

to, choose ce has more oppoitunltles for guessing wrong.e (We don't
even have t to see that.) Tﬂerefore, Aliee s the one more likely to

.guess rignt. In this example; the most likely-result -is that they #ill both '

be wrong. . ) ' ,

s . -
4 . >

¢

. Bvents being compared may be ‘related to each other inﬂspme way. In
Example 1, rain apd snow are related, in the sense that contributing dauges
favorlng one also favor the other. Another relation betwee® them 1s‘tha
exclusion: they can!t both’ happen at the same time (provided we def
ac?%é In

right): Flnally, it may turn out that ne1ther one¢ of them t-

.Exampye 2, pass and fail are st;ongly T ated: ‘one or tﬁe b: must occur,
o ~ B /
but not both. fﬁ'Example 3,° © gueﬁses are not relatqd at all. M&ry g*

" . guess is of no help to Alic€, nor Alice's to Mary. One°gue§s ﬁ2?§d be ‘right -
g

S

while the other is wrong; both.girls might guess right; beth ht be wrong.

-y .

In each of these examples,ait‘can happen tnatlthe ss Elkely of the

ttwq events occurs while the more likely one dbes not. It cagisnow. Billy .
¢ s A -




»
-

might fail.. Mary mey get the ‘birthday right even though Alice is Wrong about
the family. p ' — _ . ’

."Example L. When Mary guesses the new boy's‘birthday, which

(1n her guess) is the more likely to be right - the entire

birthday, or the month alone? _ ~ p

“+
K
- i

This example is fundamentally different from.the others and il;é
f,,
trates an elementary byt important principle. If*the boy was orn‘ January
lhth,\then he was horn in January.° It is impogsible for the ss likely event

" (hitting the birthday) o oc occur jwhile the more likely (hittin the month) does’

g

not. In this case, the comparison in likelihood is dgqrived, 70t from past ex-

périence or numerical considerations, but from logical necessity.

”

S - - Vo=

.6 :
Estimating probabilities by experiment.

. .

- . a

ﬁhe probability of an event is, roughly spéhking, the fraction of

the time we eXpect it to happean,An estimate, thén<xis the fraction of the

time it d;d happen (under simil conditions). Recoxds of births over a period

of years show that the fraction of boys is %5 (to within two one-hundredths);
we conclude that the probability is .5 ‘that the Jones 's next child will be a
boy. A major league player has 4 " batting average of .303; we conclude that

., the probability of a hit his next time at bat is ".303. .

N E)

Children will be less 1nterested in tables of actual statistics than
in performing experiments for themselvif An excelI@ht project is to estimate ,
a probability about which they have no preconceived°notion, ,for example,_the .
probability that-a thumbtack, when Jigg ed and. thrown onto tpe @able, Wlll gome
to rest on its heaQ (If tacks are too hazardous, substitute rivets, bottle
. tops, ete.) . . . \\ IR ‘

T Our estimate of the probability is the number of'heads divided by
4 ' ,

- the pber of throws. How many throws should be made?’, Questions like this
I @ n; <
can, be subJected to delicate analysis as part of the theory of statistics.

¥ -y
— Ay

" 5ur Swn discussion will e much,more elementar;t*

. Before plunging into the experiment with the tacks, let us gain some
insigh byvexpfrimenting with the humble coin. We assume that the coin is ’
"honest % ; that is, the probability of* heads is 1= \




,,
L Al

e, . ' s

. . . d . Lo
bt ¢ - - : . 3 . ™

) By the vay, a fair toss or spin requires some skill beyond meny '
chilQren. A little practice may be vorth while even fog the teacher. If the -

experiment calls for a large number of throws, and 1f you are not keeping track
1 J of the order of the results but only the totals, throw the c01ns 10 at a time,
The probabllitles are the same whether the throws are succegssive or 51multaneous.
Not only do you speed things up, but the whole affalr is easier to contrpl. mix
'by'shaking'in your cupped hands, and releaée gently onto the table, Cover the

-

table with paper to cut down on noise. (Wlth some modlficatlons, ‘you can keep

track of order as well. For example, record the results of 4 coins in the
order penny, nickel, dime, quarter.) e '
H 1 - . o e L7
“2%F¥ Back to our coin. ILet us toss it 10 times. (Or toss 10 coins

N N t
at once.) Since the probability of heads is % , we expect heads % the time

in ﬁany tosses. So ve expect heads 5 times out of 10 in the long run.

But of course we cannot count on gettlng exactly 5 heads im-our particular
. throw of 10,

.

Actually, the.most likely result in 10 throws is indeed to get
exactly 5 heads. But this resulf is not likely.‘ It w&gl heappen only" about
1 tlme 1n k. (The metpods for calculatlng these probabiiltles will be gone -
1nt041ater on ) This faet will come as a surprlse to mo§f chlldren But c

fronting tHem with the theoretical’ quotatlon i$ not enough’. ,.For the fact/ﬁo
o .
soak in, they should perform (or observe) some actual eipéqlments.
. X 2 &

Iet us’assume that in our throw of, 10 we counted T headg. This

-

is & perfectly reasonable result. ‘( 1l time in 3 we will get. at least 7

heads or at least 7T tails. ) If we stop here, our estlmate of the,probabllf%y

, of heads is ,.7 - pretty far off.’ . . . ) "g/ .

A reasonable result wohld be somethiﬁ' betweap ﬂ3

But suppose\ e throw lOO tlmes. To qbtain as'many s 70 heads
would be hlghly unusuﬁf

R 1]
and - 57, say. Our estimate, would now be sen51bly near the trye Valaéf ;%@

1

. . Suppose we throw 1000 +times. To obtain as many as (00 heads |,

e
g2t

'\;‘ would be a miracle. Even~a‘rdkult likXe 430 or 570 is hlghly 1mprobable. ¢

-

- A reasonable result would be something between 'h75 and 525, S8Y. Our es-

&« ¢

- ‘timate would now ¥e quite close. ) N, T _
?\ - ’ T, . ’ h N ¢ - :
?; * And now to the tacks. We throw 10 of thém anﬁ.couht 7 on

heads, 3 on their'siaeé. Is the probability of heads .7 ? That Qould be a
L rash conclu51on. As we have Jjust seen, we might well get the same count when

the probablllty is actually o T So We make another throy oi{ lO . And agnother,
’ ) o
¥

o X

. . LA - -
,, ’ '111’6 . 3
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We don’t know just whem it (1§ safe to stop. In fact, there is no way of know1ng
, when to stop. But we notice after g whlle - perhaps only after two or three
" hundred trials - that the results. start fo settle down. We watch the small
random fluctuations get swallowea up in the overyhelming stab111§y of the mass.

Then we announce our estlmate in a f1rm voice.

A J *

Vo
< . .
5. Equally likely outcomes.

-

. N . . ‘
" Let us throw a die whlch we are assured is honest - that isj any .

one,of the six faces is as llkely to show as any other. Then each face will

+

appear, in the long run, 6 of the tlme. Hence the probablllty of any partlc-

ular.fgce,'on a given throw, is é . The probablllty of a h, for instance,

is” 1
6 ¢ K

—

e
-~ ~

' This example illustrates 'a generel prifeiplé. Suppose thet an ex-

periment can result in any one of a number.of outcomes, all equally likely.

Call the total\number of possible outcomes n . Then tHe probability of;any

"particular outcome is % . . .
. o

. . in" the example, the experiment is-the throw of the dle, the possible_
outcomes are the faces: 1, 2 3, k,5, & “all of wh1ch are equally likely;

N

" their nuimber, n, 6 ; and the probablllty of gny partlcular outcome
6/ o v
" In throwing a dlé vhat is the probability of a number greater than’
4 2 1In other words, what is the probablllty of throwing e1therr~9d or 62
Eacn of these appears (in the long run?) E of the timesz Therefore one or: the
other appears 3 of the time - tﬁaﬁ is, % of the time. So the’ probability

of & number greater than Lo 3 ’ . !

* The pr1nc1ple here is an extension of the onevebove. Suppose, again,

that an experiment can result in any one of a number of outcomes, all equally

llkelz pé&i %he*total number of possible outcomes n . Certaln of the out-

T

.comes are "favorable to the event we are interested fny while the rest are not;
that is, the evént takes place if’ one of the favoraple outcomes occurs, but not
otherwise, (Call the number of favorable outcomes“‘s . Then the probasbility

iq

of the event is’ % . (The earlier principle handlls only the special case in
) which s e 1 .) .
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o -'f .Anterest is a number greater than 4; the favorable outcomes are 5 hnd 6

@ ’ 1 )

\

~, G 5
’ < -
- - - - .

/,»' . / - , > ‘ L.
., . i

T ’ In words: _the Probability of the event is equal to the number ‘of

S

’ favorable ,outcomes d1v1ded by the total number of poss1ble outcomes. v

« - t

PR . In the example, the experiment is the throw of the die; the poss-

4.
ible outcomes are 1, 2, 3, 4, 5, 6,' all equally likely; n = 6; the' event of

“there are two favorable outcomes, so s 1is ~2; and the probablllty of the event.
s ¢ . 2 . 1 ~
T is ¢z that is, 3 , :

It is 1nstruct1ve to test these conclus1ons by actual experlments.

-

Make a large number of throws and check that a number greater than L4 comes

about = of th& time. . . .

3

: We have described two methods for -obtaining probabilities: empj
, cally, and by counting equally Tikely outcomes. In applications, it is some-
times hard to tell ‘whether various putcomes really are equally llkely" This o

problem, discussed in, the next sectlon, will lead to the questlon of how known — —

A

* probabilities are comb1ned to obtain new ones. .

L

- N I

’ 6

.o l
» 13
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Probabilities of combinations. / ) L o

/
Suppose that we are 1nterested in the number of heads show1ng on a

tthW’of two coins, say & penny and a dime.. There may be none at all or. Ju£”

l, or 2, Are these three outcomés equally likely? If you are in any doubt

= at all about,the answer, make 5Q/ throws and see what happens. ';

- : 7«
v It is a common pitfall simply to assume that outcomes presented in

" d natural way are equallyflfkely The safeguard 1s to cons1der them carefully

.

and supply a reason in support of the assumptlon.
W~ 3

The danger in our problem i§ to be swindléd by one's own language.

)

i

Let us.replace the dime by a checker. Even:better - keep the dime, but Just
LAP‘ say "star" for its heads and "crown" for its tails. On a throw of the two coins .

there are k4 poss1ble outcomes heads- star,qheads crown, taids-star, tails- .

e

likely. Their original names are heads—heads, heads-talls, tails- heads,

tails-tails (the first word in each case referring to the penny, the second 0

ﬁ‘ ‘ the dime). It is now clear that the probability of 2 heads is % , the prob-
ablllty of just 1 head 1s % , and the probablllty of O- heads is _% ¢
e ) T 4
_a ‘ / .
+ * ' )

A
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What ls,the situation with .3 coins - “say a penny,_a nickel;.and?'

- a dime? For instance, what is the prohability that exactly 2 fall- heads? : TR
' Eaeh coin will fall in either.of 2 ways,, independently of how the other two.

. % ;fall. Altogether then, the 3 coins can fall in 2x 2X 2 = 8 possible ways,

~ . ETVR
) ¢ . — T -

s all equally likely. They are:

R S

mﬁ?; HHT, HTH, THH; HTT, THT, TTH;- T

i ) o here H denotes heads and T tails; the first letter i eachvtrfﬁle refers
to the penny, the second letter to the nlckel and the third to the dlme. In
thls llst we have grouped the results as follows flrst the outcome consist-
1mg of 3 heads; next, the outcomes w1th'&hst 2 heads, then those with
7ju§t 1 head; then the one with O heads. There are 3 with Just 2 heads.

Thereforgﬁthe probability of getting exactly 2 heads is % : the number pof -

. favorablgrioutdgpes divided'by the total number of outcomes. )
g - '

-
)

Thfs is a good time to pause for experiment. Take 3 pennies)
throw them 20 or 30 times, and see what happens. , . i

.

Loohﬁng back, it should be clear why the number of favbrable out~

£
comes (those yielding exactly .2 heads) is 3. That is pﬁéﬁlsely the number
of ways we can select 2" coins (for heads) from the 3 coins: as penny-and-

<

nickel (HHT) penny-and-dime (HTH), mickel-and-dime (THH). Likewis#, just

3 of the poss1ble outcomes yield exactly 1 head° penny (HTT), nigkel (THT),
. dimé’ (TTH). Finally, %here is just 1 way (HHH) to pick - 3 héads, and just
1wway (TTT) to pick O heads. ; ' ) P 1 .
r ” ® | ‘ -
—— .. The -reasoning in the.general casé is similar. Suppose we toss n '

cains. Each one w1ll fall in either of 2 ways, 1ndependently of how the

others fall. Altogether then, the n coins can fall in

v

ox2x ... x2 = 28 P 1
- - ¢

¢ . . T
L——n factors--—-----J
& . C R
posgsible ways, all egually likely. Consider any number s between and n,

inclusive. How many of the 2n‘foutcomes‘yield:exactly s héads? Answer ’ R

e - B . .-
, the number of wajs of selegting s coins (for heads) from n- coins. The

symbol for this number fs (25 - : . ‘ ?

-

- . (2) "= number of ways of selectipg s - objects“from n'robjects._

o
- ‘\_ [

The probability of obtaining exactly s heads on the throw of ns coins is,
, . 4 3,
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*% ! then 0—55 . the number of favorable outcomes d1v1ded by the total number of
- AR RE Yl U g .
L outcohég. SR £ . ‘ ) .
<. - ¢ ‘ s ~ . . . :
« A T s ke g - - -

n n

"-;' “The symbol ( 0 is read 'n above s (not.'"n over s"). Tt
is not a fractlon, even though it looks somethlng like 'one. It 'is a special
: symbol the one. most popular among mathemat1c1ans for the number of ways of g

selecting s obgects frot = n~‘objecbs Enwplaee of ZZ) , Some writers use B

. ) 2
C(n& s) or € .s ("the number of, Comblnatlons of n +things taken s ata - ¥

time!). None of the, symbkols 1s ‘used in thls teachlng material.®

Y Q S . . . P,
- . . s 4
R 4 B *
T . -* s > .

’
oA
N
®

7. . Computing éhe number of combinations.. . §
We have to?know hpw to coﬁpute. (2) for various values of n and
s. When n anq‘ s are small the computatlons are easy. For instance, the
example of the § coins shows that ( ) (i) = 3, )and,that (g) = (g) = 1.
' e It is clear .that (i) =1, ) = l and so on: (2) 1 . whatever. 7%
r . -

: R
the value of n; for, there is just 1 way af select1ng n objects from 'n

objects (namely,’ choose them all). It is alsg 257 to - See .that (l) =1, Cg) - 1,

> 0
for, phere is just 1 way of select--’

ana s on:- ) =1 %

"every. valuegpf n;

«1ng C] obJects from ’ dbjects (namely, omit them all). 3 - f ~
Next, we se¥ that (i) =1, (i) =2, ,(g) = 3, :and 50 6n: (;) =Q .

whatever the value of ‘ for, there are just n ways of selecting a single

object from n objects (hemely, pick any one of them). There are also just h

———  ways of picking n-1l objects from n objects (namely, omit any one of'them){

1, o 2y /_, 3
O) - l') (:L) - 2} (2

For the next observation, consider as'an illustration the case

therefore (

-

) = 3, and, in general, (nnl) = n. S

~

n = 10, s = 8. (Suppose, for example, that we are interested in the number of .

~

ways 10 coins can show exactly 8 heads.) For each selection of 8 coins

-

for heads, there rema1n 2 showing talls. A different choice of 8 heads ;
.yields a differ~nt remélnlng set of 2 tagils:—If we rum through ail pos51ble'n*"* -

4

selections of 8 c01ns then (from those left over‘in/each case) we s1multa- \
"a&tl, neously run through all possible selections of 2 cglns. It follows that there '

)

are exactly as many ways of choosing 8 coins from 10 as of choos1ng 2
lO) (lO)
= )

g

coins from 10. Therefore (8 ) = 19) . Slmilarly,, and g

(%?) =ﬂ~§%?) . The reasoning here is general and y1elds the general formula ‘

. \ ny n i ) Ty . . .
s ()= (D . _ '

et

A v proviea o eric \ : -

4.‘ . . . = ) \
Q ] ) 520 ' L’ / ,
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The values of (g) increase surprisingly fapidly For example,

(?5) = 2,598,960 , and ,(2?) = 6352013,559,600. (These are the number of - <

possible 5-card hands and the number of possible bridgeAhands, respectively.)

Smallsvalues of (2) are easy to calculate by means of the so- called

"Pascal triangle", named for the mathematician Blaise Pascal (1623 - 1662)

RS f

triangle‘starts out

. To see why this works,; think of a man with his 4 sons on a camping .
“trip. From -the 5, a tedam of 3 are to be osen to gather kindling.' The

‘number 6f possible teamé is, tHen; (2) . Now, eithér .Dad “is on the team, or !

he isn't, I§ Dad is'on the team “then hiss 2 partners are chosen from among

' the - 4 boys; there are (h) ways of ch0051ng them, If Dad is nd% on’the .
team, then the whole team of 3! is chosen from adong the h boys, there are '
. ( ) ways of choosihg them. 4Altogether, then, there are ( ) + ( ) vays of e,

chooslng the team. Consequently, (2) L (h) f:@y) , . ]
’ . . v . \ &“ ,
A formule for computing (2) is given at the end of the next sect;on.

19

. : " : e o : o B

0 . 16 51 \ o :

35’53 ° R L .‘_.u ') .
1 1 7L Do N
. - o . l‘ 2 l B * ) ) . - v
\] - - =
. . t 1 3 -3 1 _
- 1 4 6 4 1 : :
‘ N e e S
) 3 < L5 10 10.5 1 : - v
-, %" T ‘ . .
z// representing the values of % . , \ .
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. and &an be cont;nued indefinitely.” - ’ » ) T, .
":: = . -~ . F) N - . : .
% % The arrows shoyn illustrate the method by which new values are . ""’
v, &%nerated Each entry (if not the first or last in its row) is equal to the
‘ sum of the. two nearest ¥t 1n “the line above. In the 1lluctrat10n 6 + h = lO ”
fepresehting ’(2) + (3) = (2) ; . . '-' _ o ., ‘




¢ One wax to cheok one‘s arlthmetlc, when caﬁculatlng from the tri-

angle, is to see th it the sum ‘of . the'entrles 1n the ntE row* is equal to 2%

LR S .th)& P \y\d
, JFor example, he sum in the 5 rovw is T s

e g 5

- "1 5+ 1o +10+5+ 1= 32*L

1] - . ' o i ) .
ThlS must be so because as we saw on page LTl there gre: 2nopossible out- .

, comes altogether in a throw of .n coins; and in adding across tﬁe nth, Trov,
we are countlng up these same~outcomes (thg‘number with - 0 heads, + the K
T\ ’ " -‘u ’ LY ]

<

s

number with 1 head and so on)

By@the way, the entr1§% in the Peascal trlangle arlse 1n algebra -
~'w§en~one mialtiplies out an expression like (ﬁ + T) . The’ resul%-ls.

hT + 1OH3T + 10H T3 + SHTh + ﬁs N

H

L (H+T)? =eW e sH

The coefficients - 1, 5, lO, 10, 5, 1% are preclsely the entries, Jn order,

in the Sth row of the triangle.‘ Nbreoyer exponen%%‘show the numb%;s ,of »

occurrences.' For example, the term 1OH.T . ves:us the g%?ormatloh th Co-

there are 10 ways of gettlng% 3% heads and 2 ‘talls (in a throw og "5 ,01ﬁ§).
b ’ a‘,r‘k%ﬁﬁs\ ‘%? -

~ S -
. ’ . .
4 ~

rl s

3 .
8., Permutations. .

o

-

. A permutation is an erdered arrangement. One often,finds it\neces-
-_ 4 ¥ -

sary to know how many bermuﬁaﬁions are'nossible of a given number of objects.
For 2 objects - say the digits. 1, 2 -. there are just 2 permutatlons
12, ‘and 21, For 3, tﬂere are 6 permutations: '

. '\

- ' 123, 132; 213, 231; 2, 321. o *_
. - . ' ‘ -} L
For example, there are 6 ways that Jim, Dic e can.be assigned, to

clear the, table, wash the dishes, and dry the d1shes (one.to -a task).
-’cg”, ~
" The number of permutations of 3 obJects is 6- because 6
equal to 3’X 2 %/1 (We could wrlte 3 X 2 but 3 X 2 x 1 looks betmera)

R T mvro—rrry-\lyw«v- "'*'7‘7‘:""1". -

The reasonﬁng goes “like this. There eare 3 choices for the first pos1tlon.'

3=
‘e

With each @ﬁch choice, there are 2 ways of permuting the 2 remarning ob-
- ' ° > "
jects (1n %ﬁé 2 remaining positions). Hence there are § X 2 permutatitdns -

of all 3.5 g

-q'




¢ -

4

For there are
‘Qx25<l

-
v

remaining positions)

.
Y

"n .factorial,

ex1l = 2

X Also, as we
f,f’f‘"“f"j},i}f ‘

1

.

3

and ' . .

4!

P

. . L
These expressions, as

co@pute‘each nevw fact

3 X 2 X l

g'yi

-

!

’,
-

L4

The saving becomes clearer
the next few factorials:

¢

5
6!
T
81
9!
10!

1

.

.

,
»

. . A
- As is seen, the numbers’

) guess. Suppose that 10

oy

RIS
' .

.

use an exclamation p01nt’)

RS

Ly

n -

~ The number of permutations of 4 objects ‘is
Shoices for first position.
6 ways of permuting the 3 remaining objects (in”the

Hence there are

Slmllarly, the number of permutatrons of -n objects {s equal to
" the product of all the numbers from n down to 1:
' and is denoted by n!

have seen,

»

= .3x2xX1

ossllqas the reasoning that led to them,
ial from the preceding one.

example; we don't have to multiply out b % 3 X 2x1 if we alre
1

6,n instéad, we say, more»simply,

b x 3!

as Soon as

= 5 x‘hl
=9 B x 5.1
=T X 6*
8 x Tt

4
‘2 x 8!

10 X 9%

4

i

! increase

children come up to sharpen thelr penc1ls.
g\e _more than three-and- -half million ways of~ée01d1ng Wﬁich child will/be
f1r$th wnlch second, and_so on, down,to which w1ll be last!

Ly

Fectorials can be used to compute the numbers (2) .

b'x 3 x2%1

& 2@ @ TWORTEETE O U T e T e T T TN TR
- » -

4 x3xaxl=24,
With each such choice, thiere

3
b x 3 X 2-x 1 .permutations of all 4,

. This number is known as
1! 1 and 2!

For example,
a2

/
6

L . d

.

"o,

9

L

fuggest how to

In computing 4!, for

o

ady know that - "é:;4

“hx6

=N

one deals.with-larger numbers.’:Here are

.

@

’5 X 2% += 120;

= 6x120 = 7203 2

= T x 720 "= 5,040;" T S -
= 8x'5,040 = 40,320; ] .

- 9 x 40,320 =-362,880; - '

= 10 x 362,880 = 3 628 800. :

more rapldly than most people mlght
There

(No wonder we

‘ .5'
' L%
X 5

The formula is:

.




* ' ’
. PO R .

and so/on. In the actual calcn&ations, there is always some cancelling that . can

be done flrst to simpllfy the work: :

(69_ 61 x5 XM xFZxXE 6x5 1 15 SR L.
/ i T 2thr T ex)txz-xZ 2 . /

There is one detail that sometimes looks strange at first. So far,wj

we have rot said what O' is.. The definition given above’for I! , 2! , and \ .
he éthers~does not work for 0! ; therefore 0! needs~arseparate definition. e
The definition given is: 0! =1 .- ‘The reason for this is to meke the formula ~  *
for (:) work in every case. For example: - ' ’
~ (5) =-—2:(-'—=-—l—= 1 * ’ ‘ » \
o’ ..0! 0! ) } )
. \
B ! A\ R -
. . . . )
es _Oiﬁ' . '. v, ' . N ..
N\ In these concluding sections we describe sope of the basic rules of \ ‘
“probability. ,;' . , . - : ’

¢ . - -

» : We shall use the letter P as an abbreviation for "the probablllty )
of". .In the place of "the probablllty of heads", for instance, we will write

<

' , ~P(heads) oo B
\ . B " .- ¢ ~ "}3
(The parentheses are there to help the eye.) y
- & Suppose we wonder whether Bllly w1ll pass or: fall tomorrow's test.
) He may be moye likely to do one than the other,’ depending on circumstances. [

But in any case two_things are clear' he qan't do both;. eand he must do one
L
or the othef! The the followmng is true: . ) .

) _ , . . , R
1 ' a . P(pass) +'P fail)‘: N . ‘
. L ,A ", - ’ . Yoy
T . The rule is this' ~An event either happens or dqps not happen. We .
v - - _must have one‘br the other,; gnd cannot héve both. Then~ - Lol ) T
o L § A .
- - P(it happens) + P( it doés rot happen),- 1 o *
« DRY ~ 4 . . ‘.. .
morg briefly, - - ) :
< 7 .- . P(yes) * P(no) v S . -

.

In a typlcal problem W& know ong of the values on the left (the N

flrst, say) end sdlve Tgr the other: g%ﬁ .o
trg o o 'ﬁs‘ E ' y
- . \ - “P(no) = 1& yes) . - -,
. " o

,
< ; -

R =Y , ‘

A b . ¢ * ," '

“ JArunr Provide ic ” ~ ‘ - ,




. that he fails is

.h .+ If the probablllty‘that Dad lakes Jim to the circus is

.6,. then the probablllty

A\l

L)
]
L]

¢ gnd. that

. - N

‘Answer: .

LY -
\ s

.

The rule is as follows. .

X * ,'13, Phen the probab;llty that he doesn't is .7 . .
. . y ;
10.  Either 'thfs ox that:- . .
’
L 4 . 1,
SN T We often consider alte;hatives that excludé.one another but do not

necessarlly Anelude all‘poss1b111t1es.
. circus; or, if not, he may take h1m to the ball génre;
(And they might stay home.) Suppose that '

P(c;rcus)

P(game)

What is the probability that Jim mill get tq.-one

& .
we .
. +

P(either circus or game)

3

1.

Hs : , -

For example, Ded may take Jim to the
but he won't do both.

. \ 6 g

)
or the other? ¢ .

4
.

* e

O]

P(%ircus) + P(game) .
.3 + « .1 = .k/ﬁ )

{ z

I

4

. .
P(this) + P(that) - -

s ) P(Ei_th_ér thi's or that) - = ’
©o ’T provided the alternatives ex;lude each other, "
- \ Th;;e is also—a rule for the cage of’ altq_pgtlves that do not ex- ‘
clude each other but it is more compllcated, and we shall not go into it. The ’ :
_examples that arisein this teachlng material can_all,be_handled by counting the
) possible ou£domes. - S e
s ///" Suppose, for“ingtance, tﬁat we.play a game by thrgying é'ﬂie. ‘Ann
i</’ |, scores a éoipt if it shows .1, 2, o;“<z Bétty scoresia;point if it shows 2, Con
c b, or 6. Then ‘the probéblllty that Anp scores is 2 - 5 end the probability

scores
comes. There are

iikely

‘.that someone scores is

that Betty scores is alsgo % =

1

—

5

elther Ann, or Betty, or both
5 favorable qutcomes:

The “total number of pos51ble outcomes is

5 .
5

5
To find the probability that someome: . .

simply count the fatorbble out-.
1, 2, 3, 4, 6;
6.

,and all are.equally

Therefore the probability




Y

<

11, Both this mi_ that .

v

Mother announces that the probablllty of havmg ice cream for degsert 1s

>

.8 ';. and furthemore, that this is irrespective, of whether Jim goes to the &rcus,
o

goes to the ball game, or 'stays home. What is the probablllty that Jim bot oes.

-

"to the circus and gets ‘ice cream‘? Answer: “o ot e

- s o .

P(both circus and ice cream) P(clrcus) X P(ice creem)

“.3 X .8

e J

= ‘“42h
6

The Yule is; ~ RS
. : = ' f\;o«

P(both tnls and that) _i P(tﬂis) X P(that) X
;—\.

provided that the two ogﬁccfmes are independent of one another.

»,.“ N

Independence means that the f)‘?ohablllty of- e1ther is upaffected by ‘the

<* - pcecurrence of the other. Sometimes the questlon J,s hard te decide, ,but the ‘exam-

ples in ‘the teachlng material should offer no dlfflculty RO

- ~

Here 1s an example where thli‘.outcome are tﬁﬁhdependent. We have a jar
’ 3 Qﬁ

contamlng 3 'marbles' 1 red, 1 whlte, and 1 bluéfyaa@om it we draw a-marble

. at random, and then, w1thout reﬁlac  it, “we draw another. We are intérested in

the following résults: - g NP o .
t ‘ "k . .

L4

.

“ - - CTL
Surely, the probablllty of the Jatter ig, affect®d by the ocecurrence ‘of the former.

L ‘5)4‘

"4 e . .-
Let us cheek . 3 Sty .
. / : 'i '}E“ - -
The_wprobablllty of’ blue of the second draw\ is 3 ‘as “‘can be seen by

AN

Y

eithetr of the followmg methods. \ ‘.

*
+

(1) 'I‘here are 3 possible outcomes of the second draw (R W, B). All sre 'y

equally likely, aid 1 of them’ (B) is favorable.. ' - _' ‘
(2) 'There a.re 6 possxble outc‘omes of the sequen@e ofdrawings “(RW RB WR,
\ - WB, BR, BW)." All are equaliy llkely, and 2 of théem (RB, WB) gre,

»

- favorable. - ° c
vo % T . IR

. {a} 7

On. the other hand, if the first event does occur - if the first }raw ,doég: -

<
6:.;
s

-yield re‘d - then the probability eof blue on the seéond draw becomes -é— . For,, noﬁ?
thei'e are just 2 posslblllties (B, W), eand just 1 of them (B) is favorable.?’,gl

N
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. Since the probability of blue on second (

'1s dlffe‘&'ent from the
.probability of blue on second if red occurred first

—~W| =,

)
~2-1“" ), the two events

1 '

AIVS
’ red on flrst blue on second ¢ .
! | "‘*S\ ' it e
, 3 1 ) ' i ' N t % ‘J;:
are not independent. .. ° L 1 !
o “ 12 . ~ Qﬂ
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&5 Thinking About 'Chance . ‘ :
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- ' ! 7 '
.- -Introductiong' ) . o o Lo . ) ) )
i

.. . ' While all children are aware that chandé»and uncertainty are a part of daily

WY
»
<
y

|
life, the conclusions they reach as a result oﬁ this awareness vary'w1dely. The -
frequency with which they attribute the outcome of chance events t0*luck or to
) "the law*of averages prov1des ample eVidenca that many of them have not learned,

to analyze s1tuations in a thoughtful way before forning concluSions,

The purpose of, this lesson is to stimulate pupils. to- think more’objectively -
about chance events. Through participation, discussion, and demonstrations by .

the teacher, pupils will have opportunities.to test their intuition or hunches .

regarding the results of some activitieséinvolving chance and to makeoguesses,-

H . . - - ~ ’

estimates, and predictions about such results. :

) .
L

The'Pupil%Exercises in this and other lessons give opportunities to use some- -

42 -

of the ideas developed in the lesson.” They also provide some optional activities

which may Pe completed outsidetregular class time by interested pupils. ’ AN

! Fhe lesson is developed informally and. pupils should be encouraged to state »

their ideas and conclusions in their own words rather than in any formal mathe-

I ~," .o l:‘;,’x
A matical terms. “Unanimity of Opinion is pot_ & goal but pupils, should.be encour- A
., . . . !
g; ’ aged to test their opinions ‘and huthes by analyzing the situations that gave J «
O rise to them. ‘ K P - o i
:2*::“?«"‘ M L ° M v “’W N 'P'T\:?
The Suggested PrOCedure in this and the follow1ng lessons provides & sequen-
,'° .'tial development of the pértinent ideas.in.the lesson. However, it is not in-
- tended to .be prescriptive and® you should feel free to paraphrase, supplement, )
7 or disregard it as seems appr0priate in a. particular situation. On many of the
lessons you will find that the use of the overhead projector is most helpful. .
- ot N ’a . " . . . - \ 1
N ] . -
» ; »; ) ) B 4
- * f ~ .
. ' ’ 1 )
~ . “oe ] " . L ’ \‘ ‘ o . ;
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oo T : B :
"' " Vocgbulary: Chance, certain, uncertain, more likely, outcome, possible, .
"y _ -~ - + _ impossible, possiblllty,qgrobable, probability.l .
:,°’" - ! ~ ' & \') “ e
” " Materials: (Also used in Lesson 2) .
- . : . (1) ?hree spinners withidials or ,% red, % blue; % red, K ) ,
y - .0 ’ ~ v ,
- . % blue; G% red, % Bblue; %— vellow. (These spinners come -
. ; with this unit.) . / -
3 L . - 2 ’
(2) Two ox three coins.. ) -
. ey [ 4 .
e 0 (3) Two dlce. S R . ' ’ . i
, (4) Two sets of three cards, two inches by three 1nches,.1n each -
- . j
A ) - set a trlangle is ‘drawn on two of the cards and a square on .
o ‘ Lo the thlrd card. - ‘ T
P f (5) Tm% sets of two cards, two inche§ by three inches; in each C s,
. set a triangle is drawn on one card and a.sduare on the other. ~
(6) Six objects differing only in color such & eubes, checkers, - )
b4 J )
o beads, new crayons, pegs, marbles, etc., so that these’ sets .
= ' ‘ can be obtained: . . . . '
. B (a) Three red objects and one yellow object, .
[ , » - s
. : 2
. . .(b) one red object gnd one yellow object.
(Colors other than red or yellow could of course)
be used.) . = T
AR ) (¢) A Pox or nom-transparent sackyto-hold these obJects. o
. . (Large cloth bags about twelve 1nches déep and six 1nches s ‘ i
‘ . - in dlameter would be very useful.) Q )
R f °
i . . o " . '_ R ) °”.° U. .
Suggested Procedure: . o ’ et . Ce.

A,

After an approprlate statement such as, "Now, for a while we will be doing

. some different thlngs in our mathematlcs classes," ask a pupil to come to the ‘
front of the room. . . - . . '- . ,
’ ! ﬁ‘"" } '

—— Use Materials (6). As you put a red cube and &' yellow ube in

. one red cube 2
. and one the sack or bdx, ask the class to guess which cube the pupll "
w. |. yellow cube .

2] will p1ck from the sack

L . . . ¢ 29

. . . °
5 O < . 213» S -
hn g . « - R e w3 L I R Y E Y R ¥ e V- e v
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Ty . . £ ’
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Discuss the&r’éxpectatlons. Theyt1ll probably make statements such as.
| ,n;b’s fifty-fifty."
way."

-‘sure."

"Chances are even." "It's equal either
"Who can tell?"

"He's as likely to get red as yellow." ) -

_"It*s one out of two." #You can't be

Comment that these statements atre concerged with chance; that there are

nany events in life which are uncertaln and this is one of“them. Discuss what

they might expect if each of them came up to draw a cube or if John chose

7

several times, return1ng the cube drawn to the sack each time. oL f. )
AN . . .

You might ask them to suggest other things 1n life which are uncerta1n,~
for example‘ ‘ . “ :

.
_'“’ ’ _-*3‘- '

Who will win the World Series? R

.

Will I have ice cream for lunch some time this week?
. ' Will all the pupllsuln the class be at school’next Monday
. morying? : ’ FoE .

Al . ~
t y R ,
. s > 5 , -

For egample, ‘ddy follows
Then suggest thiqgs which are im-
From thelir statements, draw out the idea that seme things are more
likely to happen than others and that some thiégs are more llkely to happen
than not.

Ask pupils to suggest things that are certain.

night; there are twelve inches in a{foot.

possible.

Puplls can respond to’ such questions as: :
- Lo S ;
Which is more likely, that some pupil will be -
- ; ’ absent or that the teacher w1ll be absent? ~
' Whlch is more llkely, that you will have cereal for
‘breakfast ©or that you'll have cereal fgr lunch? ;
“ Whlch is more likely, that a boy w1ll bulld 8 model air- LA

plane or that a girl w1ll build ‘a model alrplane?

A\

L ’ )

Now sHow the class that you are putting.three red’ cubes and one yellow one
,in the-box, and ask another pupll to draw out one cube whlchrw1ll be replaced in
the box. Pupilé%can guess again whlch color they expect to.be drawn Let them. .-

discuss reasons for their expectations. ) :

three red
cubesfand qne
yello@jcube

T ek M fg e 1 oy ©
Bey," ‘e 2 e Y

»'v\_ bA

v
S . v

*

If everyone in the class took “turns drawing a cube,
Would
red be chosen more often than yellow? (We would

what would we expect.,might be the outcome.

| ]
'T_expect it to be although it 1s gosslble, but not .
“very probable, that red would not be drawn at all.)

“»530 .- . -
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Show the splnner with the dial . tl reﬂ and Et blue. Ask whergstney/have

. seen spinners before, for what they were used, and why they were used. Brlng

: T out that spinners se;ect "py chanee! because the person who
sp;nneg I spins -it cannot know 4in advance where it will stop. -, )
feQ.iand, S ’ - . ) 0 .
. % blue S ’If Mary spihs this spdnner, will the arrow po3nt to
' - red or to blue? “]L/?i\\ ’ .o : C

»
. e

- == =

Let them dlscuss their expectations and “their. reasons; then raise such

y ; . - -

: questlons as: - T
Can you*be sure it will p01nt to-rhd? to blue? . g
Wlll it p01nt either to red or>to blue9 (Chances
are that_lt w1lli Howevef; it could stop on a line. )
IS .

Mary* spins and the puplls compare thelr expectatlon w1th the outcome. The

e

spinner should be hon;zontal rather than vertlcal S0 that the p01nter is not '

-— - /«,,,::" .

biased. The "fairness" of the spin could be noted for example: .t

Would it make a difference if Mary spun the pointer-in '
the other direction9 If she pushed the pointer harder?
It the.p01nter were pushed nearer the head9 nearer the

. tail? (Develop the idea that tﬂe spinner is honest. )

Ask the class what they‘mould expect if Mary spun the spinner 100 tlmes.
(It would stop on blue more often than on red--not exactly outcomes of 75 blue

~and 25 rzred but somethlng close to this. Or, it will stop on red less often

than on'blue% It is not expected that pupi;s wil; sugéest‘tﬁese numpeps but tgey

of, N
. should set that the expectation of blue is greater than of red.)

L L3

Show the spinner with the dial % red, %

Ask pupils what they think will be the outcome of one spin and

1
spinner %\red blue, and 3 yellow.
1
= Ylue, and =
30503

other questions similar to those asked‘before; Do not indicate
yellew ’

whether their answers are correct.

How many"different possible outcomes are there? (Three,
assumlng the arrow doesn't stop qn a line. ) 1Is there a

better chance that the outcome will be bluefén one spin

1.

vlth this dial or on one spin with the % red and 5

blue dial? (Shbw both dialg.) What would you expect the

spinner % Sutcomes to be on 100 spgns? o N

blue and Agaln show the spinner“w1th the dial % red and % blue.

1
2 red Ask 'what thelr expectations would be on one spin; on 100 spins.

T g{T T T

o




A

In what way is spinning this spinner simiiar to the activity
- . ¢

of drawing one block from the sack which held one red cube
and one yeliow cube? '

»

s

Show the 001n, preferably a half- dollar because it is easy for the

. chlldren to seé. ' ' B

"If I toss or spln this 001n, w111’it 1and‘W1th the .

"head" upc; 7 . ) . o l

1\

Discuss which is heads and which is tails; what const&ﬁdtes a fair toss or

'A) , spin; that welll assume the coin doesn’t land on 1ts edge so there can be only

- two- possLble outcomes--heads or tails; that the coin is honest. TIn thlnklng

‘about honest coins, you should be aware that the 1964 penny is NOT honest. If ..
it is spun, on a truly smooth surface, it will land tails up more often than

# heads up.

-
~

¢

»

~ ¢

‘Since a penny is 11ghter than/aAhalf dq lar, is it
“more likely to come up heads than t?s/jalf-dollar? *
(In{toss;ng ahy honest coin, a head

Just as likely

as a tail.) .,

Flick here with
finger of other
hand. ) s
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Demonsbrate how.to toss or spin ﬁhe coin. Some childreﬁ find- it easier to

B £
shake the coin in a paper cup. If a paper is placed on the desk, the n01sepw1ll .
be reduced. Let chlldren guess the outcome. _Comment that we'll be, doing

i

oy - e APPSR NN s r a5 ATTOTETT

activities using c01ns. ' : e

'

iy .. - & A .
© Is toss1ng a coin related to splnnlng the spinner - ° =~
S LT w1th the dial % blue and % ed? to drawing oné .. . . _y
ﬂ . 4 of the two blocks in the sack? : k . o

N e e Tt -

Chlldren will probably see the relatlonshlp-- all are equal chances IS

4 .
“one out of two » ete. S N S — = ’
. . . . . - - -
..ﬂ' ) v . ) ‘- ¢ PR

Show the die, mentioning that it is, a cube. Raise quéstid%é_such ass . ...

B
[¢]
i
i

i
Iy

How many faces does it have? ° What humbers do the dots represent? If I

i

toss it, is there a PTifty-fifty chance that the two dots will show on %he,r%

\
h
ﬁ;

1
hl

.
e P TR oo

- ‘ top face? WHat do you think will show when I~§6ss it once? L e
: . ) N ; . ; - : -

i
A

Toss the die; note ‘that the outcome is the, fé%e that is up.
] )

. . ) \
Do you suppose if T toss the die again, the outcome

L , will be the same? S .

Would Yyou expect a better chance for a three than T

a one? -, ‘ ) K i
vl * .: R . £ ' ° N
Is a s;x fore likely than a four? .

A ° 'tq,| [t . '- ' - -
Let’ puplls discuss their expectations but do not tell them whether or not

their ideas are correct. Some pupils may see. that each face has.ap equal .chance

) to.be up. ) g , .
- q 4 4
o - If & klng told you that he'd give you a sack of golad h - - T,
“ , . if you could get one of the follow;ng outcomes, which ° )
would you choose?
¢ . 1 > 1
. 1. Blue on a spinner whose dial is 5 red and 5 blue.,
. .. 2. A % on.one toss of a die. =

e

¢

. . ( ) .
Let pupils discuss their choices and the reasons -for them
-

. At this point you mlght like to use two d1ce to play a game w1th the class.,
) #thhéskéfhém what the sum of ‘the dots on the fwo faces that are up can be’ (2 3, h 7
.5, 6, 7, 8, 9,'10, “11; 12) and write these sums on the board. Suggest ‘that
you'll toss the dice and if the sum is 2, 3, L, 10, 11 or 12, the class gets

-/ Tmes -

P b
e
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one p01nt. If the sum is '5, 6, 7, 8 or 9, you get one p01n%* Show them that
'they win -on six sums s and you win on only five sums. Toss the dice and keep score

’ on the board{, You have tw1ce~as many chances to win as the class. This cah be
seen frem this table of sums. For example, there are six dlfferent ways to '
Jp— .

.0 " obtain a sum of ;\ but only one way to obtain—a—sum

1 of 2 or of 12. Out of 36 possible sums, you win

2]
(¢
(¢

o|PN|o|lo|Nw|O

\

o
S

on 24 of them and the class wins on only 12. Do
not eiﬂialn why you are more llkely to win but encourage
T TINETCIESETEo ¢ express thelr 1deas. Mention that in this

it they will learn many 1nteresting'things about N

ol
o [v|o oo

N = 6 o|o|Njo

Jd[oo|dlw|nof—
o|N|o|o|d [whn

pxuubwl\)—‘
300)\1@
[te)

Probability. ™ .7 -

¥

i._  cards I am a very good guesser. I can sense what is on the ' o
‘ other side of these cards- (Eu%’fﬁe/;;o cards with

the “triangle on them face dowq on your desk.) I will
- ) now select the card with the drawing of a triangle on
. .,.it. (Do so and the pupils will sense a trick and want
~ mo 'see both cards. Show theSe and then add the card
with the draw1ng of the square on it. ) Ask questlons
such as: < . N
On one dfaw, would you expect to draw a Card with ) .

a tria on it or with a square on it?

/' Is there a' better chance of drawing a tard with a . V-

I D

»
These pages summarize and serve as a iecord of the class
!

pﬁiscussion, .They can be d;scussedirapher brief}y.‘

3 - ~ -

Pupil pages 4-6: The exercises can be completed independently and then

discussed as a class activity. Encourage the pupils to do all or a part

— —— — —

H

' of the optlonal section, Thlngs To Do At Home. These completed activities
N\;) should be dlscussed in class. . p
-The .activity, on page 6 has four possible outcomes, heads on thc first
penny and heads on the second penny; heads on the flrst Lenny and, ttails on
the second penny, tails on the first and heads on the second; tulls ‘on the
first and tails on the second. These are usually wrltten-—Hk HT, TH, TT.
/ So the probablllfy 2?1nn>heads;>§ l(HH9 the "probability of a hvad and a.

tail is (HT THO and'the probability of Two tails is %(TT) Thece proba— .

bilities would not be dlscussed w1th the class at this early point ln the

o unit. f- 29
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~ You probably have heard or_even made statements shch as thesee-

Ghae

| 1. More l|kejy than not we W|II go{o.the park on Saturday ;
Sy .. 4 L

. | . 2. Chances are good that we will get to do |t / :

. ; ‘ ]
R - 3. John-and:Billy have equal chances to win.

4. Lag almost certain that I can come to your house

. . . aftér school. t ‘ ) Co-

,.‘ ’

These sentences are alike in one way. They‘have'words and ideas

4T wh|ch are used in mathemat|cs These words and ideas are u@m a part of |
mathemat|cs called probabmty In probability, we are |nterested in things * ‘
. wh|ch happen by chance. By using mathemat|cs we can often est|mate |

, ”

quiteaccurately what.will pro blx happen. ...

" We wifl experiment with such things as coins, spinners' ‘colored '
blocks, and dice to learn what to expect.” Later\we Wwill learn what to. expect %,

by 'working with numbers instead of u$ing exper|ment§ —

ey , —_— .
e : ) . . . - \_/
. Whatpg_ You Know About Chance? = . ' ‘ s
3 P : P ) '
Ly Do you know the answers to these questions ? *
. | Who will win the World Series this year? -
T s T« . o
- , . Will all the members of our class be in school next Monday? s
. - ot &
' ’ . ' %

-

e - 30 39 .
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p— ~——s,<;--«*—-un~wc~*m "'#m&&wt; %i—v - e - .
/" How: manypeopte,m our,elass~wrll have perfect §"peII|ng T
- papers tmsqwe”éti A S e )
. , TS
‘ , Will T see a Ford truck on my way home from school th|s s
! r CE oy Pt T 0 S ety 7-\*} - £ %1 \ "o e B
C v SHETTOHY ' S & R
N . We cannot be certain of the answers to questrons such as these : ‘;/ ‘

) ‘ because they are chance events. However, there are some thmgs about

/
_chance events which we do know . . ¢

o 3
“Some things are more likely to happen than others. For example

) airplane or that a girl will build a)model airplane?

_Which is more likely, that one of the pupils will be
absent or that the teacher will be absent? -

Which is more likel; that you whl have cerealff?orf
breakfast or that you w1II have cere®for lunch?

7

Whrch is: more ||kely, that a boy wi! bund a model

4

" Some things are more Tikely to happen than not. Think of answers

s . COA

14

, to these questions:

3

-
-

In Phoenlx Ar|zona in July, is it morehkelythan

not that the sun will be shining at noon? /

Is it more ||kely than not that you can}mdthg‘dum

of 324 and 465 7

[

I =

N ¥

\

o

2R

N

’M *‘f“"m‘

Y, T

e /)
4, .:,




Is it more I|kely than not that your ne|ghbor has -
aTVset?-g e

*

= - Some thlngs are certam and some thlﬁi are m@ssnble Wp/ich

are these? . 3

I will 'use my braln some time this week,

'\' My dog can wr|te h|s first and fast name in Russnan

# All new cars this year will use water for fuel.
Tomorrow, "today will be’yesterday.

Ead

5

" Our ideas about chance might be Classified Certain Uncertain ,

or mgossml In front ofthefollowmg sentences, wrlte c, u, .

L.oor 1 for Certaln Uncertarn or Impossi e . .

!

Sun WIII set in the east. o( 6. A river is deeper today

~

A river flows downhill. than yesterday,

. 'We wjll see the sun today.-
A : ~__ _ Monday.
Sun will.rise ' S B
¢ 8. T will sleep sometime
3 A r“|ver fl.om(s uphnl. ) this week. o

I 9. lellnotsleepatall
this week. -

¥ . T . ’ ‘ \ "
A man can live without any liuid for three months. .

7,.‘__1 wtll,,,slee/p,.,8 hours on

N~ |
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Exercises - Lesson L. o,
-/ : . - . ‘ . , :
o .- Usethese pictures for Exercises 1 through 3. -,

1. Cn’cle the letter of the splnner whose pomter is more- hkely to stop
on red than biye. S A B
> (@ A 3r ? »;/(d)@or c? ,
(b} (C/or D ? () @-or E?
‘ ) Eo " (Clor F? '
. . 2, Study spmner D and answer thesequestlons 5
- : (a) Could you get 100 reds in 100 splns o B {

C .. on th|s splnner? P A SRV
. .T ;&:\ , ¢ ‘
. A .

P s (b) f\re you llkely to-get 100 reds in R

100 splnsenthls spinner? - 20 .

(c) A%ﬁgwéw many reds do you expect '
“from 100 spins? ’ K 12

“ M N 1 }

.

(S CT .o . ’33 '38
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3. Suppose a pirate captain said to you, "I will give you just one chance -
" ona spinner. If the pomter stops on, blue into the sea you go.. Ifit .

Astopson red, you maygofree S - I

- .

' 3‘_;11;, (a),_ 1f the captain let you choose one of these

CC - six sipinners,.which would yourchoose for
. i yourchance? L %1
o _\g (D) 1If the c‘a‘ptain atlowed you to make the - ,"" ~
4 ‘ ) . ,
i spinner, how would you color the dial ? /4 See A T
:‘(c) If the captain were very angry, how do . .o ‘
. ' you'think he would color the dial? @l //zoe/‘- ]
Thin ings To Do At Home - Lesson L. AT .
- N ) . . g
\ . 1. Look for stories in the newspaper that use some of thesg words. . '
| probable - . probability - ¥
_ chance’ . equal chance . ‘
P, e ikely unllkely - .
" ’%imBrlng them to share with your class ‘ _ . o
2 | e ,
, . { .
: ¢

.
. .
. " ﬂ"
S ¢ © . 3% 39 L 3 T
. 1 . e
¢ i »
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2.. PIace a newspaper on a tabIe Shake two penmes in your cupped hands

.and drop them on the paper. Mzﬁte a tally mark ona piece of paper to
show the number of heads or4ails @(See the example below )
" 5 , _ R
' 2heads  -|1 headand 1 tail .| “2tails .. |
Y AR N L .
e | |
s -Do this 60 tlmes and record the results in a table like the orie above
gj oY {«. & ’ . ‘ " . . ‘
L. How.mapy times did you get heads on-both coins?
2. ﬁovr*manytﬁnes did you get tails on both coins? __ ~ ~
<A
*3, How many times did you get one head and one tail?
4. Aré your answers fo the f,irst three questions the same E
lnumber? g $ _ o
5. Are any two of your resu|ts equal? ’ ‘ /
' f— e 6 Do you expect to get fewer "2 heads" ‘tt%n "1 headand -. a
gt 7 e e S .
. ) . \ - ) 4 ...._ . y
. . fﬁ: " T
. } (V%4 .
- - - #
T 35 #0- , N , :
-5 v\\(‘?
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LESSON 2 .
- N .
Using Activities to Learn fbout Chance , -
$ N . - ;
i . . ¥
3 Introduction. . - . ‘ : .

" ’

In the first lesson children participated primarily' through discussion. In -

. this lesson, they;w1ll become more actiye participants by working together in

&

teams or committees. Their experience With the various devices should help them
\v build an educated intuition concerning chance events and get more of a feeling
for probability. / - - . 7

B

- The ten different activities suggested in this lesson can best be accom-
plished through committee work, with several committees completing each activity.

_‘ This really .serves two purposes: First the pupils are actively engaged in ex- : ,':

i ~ perimentation and second more data are obtained. -~

N . Because each activityeis carried on for oply 50 trials, it is pgi%ible
| . that a committee might repor&,outcomes quite different from what we would expect, o
“This is really a tremendous opportunity » Pupils should learn, for example, from
Activity 2,min which' the dial of the’ spinner is E red and E blue, that ifﬂvs e
posélble (but not very, likely) that after 50 spins there are more reds than 1
blues-=3ust the, opposite of what we mightwexpect. However, when several commit- -
tees have completed the actiVity and,we look at the total number of1outcomes, we ,
§%<: can be- fairly certain (though not positive) that there will be more blues than
}“ reds., This ‘is one reason why, the study of probability is so interesting--we can
determine what is expected but this also means that the unusual is also expeeted.
When children grasp this idea that the unusual E?E and does nappen, they too, .becone
delighted when it occurs. °Remember that if we toss ‘h coind at one time, we

*y
A

L ,,expect ﬁ héads to occur in the long Tun about 1 out of +16 tries. Thus,
ce even, though L headé is unusual it does occur and we expect it to. : .

. 3
. (R \ ot '

Chartsw tables, and other devices are commonly used in an introduction to

pgobability, and those selected here are quite simple. Their nse is intended té

;“ ° develop intuition and to help promote systemstic ways of'proceeding and of re-

cording outcomes obtained They help childrem'visualize and, comprehend some of..
R the basic notions in probability ; ‘ . .
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. they completed at home. After thQs, show some of the devices, which were 1ntro-

" proceed with your group of pupils. Some teachers prefer g few large committees,

A R S Al

‘Vocabulary: Datal -

-
hd -

‘Materials: - Those from LeSson l and a Summary Report Chart for each Activity ‘

.-

l which is- made’ by the teacher. . " " ‘ P

* - ;- o S ;;Mm )
“e & f
Suggested Procedure: . ‘ - ¥ ; Lo

- Pupll Exerc1se Sheets from the first lesson‘eaﬂ/be dlscussed, if th1s has

. hot already been done. Pupllswcan share the results ,Jfrom the activities which

duced in the first lesson State that the boys and glrls will now use. these to

see what outcores actually do occur.

v, &

»,” ~ Assign pupils to committees. 'Have them look at the Activity Report Sheets

while you briefly explaln thelr use, discuss standards for committee work, and N

make physical arrangements for'the pupils to work You' can best determine how to

‘others several small ones. .. . - o ' o -

*

Each commlttee returns 1ts completed report sheet to you.

Be sure that the

ﬁumber ofrthe act1V1ty is wrltten on this sheet.

' Another act1v1ty aight then be*

Activity 1: Splnner with dlal half red and half blue. R -
Teams Number of Red - Total Nuymber of Spins

ass1gned S0 that more data can be obta1ned Let puplls know that. their data .

will be pooled with those obtalned by other committees. to determlne whether pat-

terns can be found and conclus1ons reached ,1f materials are avallable, several

1dent1cal act1v1t1es can be performed at the same time by dlfferent committees.

N
* i

As the sheets are handed in4 you should enter the results on charts, using

a separate chart for each activity.” These.charts need not he elaborate but should

be sturdy enough to use in Lessons 3, b, andéé Some teachers have found charts

made With a crayon or a felt-p01nt pen on newspr1nt, construction paper or.white

wrapping paper adequate. Others have made transparencles for use on the overhead

U

projector.’ For example: ' o - _ . Sy

SUMMARY REPORT CHART

\

- Number of Blue
Team . ‘

” R . LY
Team : o ,
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‘lesson 2. . \

h ctmtx 1:e Spmmng a spinner with dlal
£1 1 \
3 _g} | wr 7 blue and 2 red. | | -
T g;'-‘% . . ’ -
Dlrections: = LT, : -
* Thegpomter of the sp|nner is to be-spun and a record “made of whether
it stops on red or blue. (If it stops -exactly on a line between red and blue,

. ¢make no*record but spiry again. )

H

=7 One member of the commlttee will serve as recorder. Here is a sample’

36 record of 20 spins to show how the count should be kept: |
S T T =Total Number

- -

Number of Red |~ Number of-Blue of Spins

-.

=

_The other members oM‘he cbmmlttee will take tu rr!ts spinning the
- pointer until a total of 50 spms “have been recorded as m the form above.
In this class and in math and seience classes in hlgher rades, youswill

need to keep a record of results from experiments. Pract ce.| now gy

orgamzmg your results and recording them neat! }5. V. .

o /
©oT s - Makea table on a full sheet of paper similar to the sample on this

/'t”"

(2 o page. Head it "Activity 1'"." Record the }SUIts of 50 spins: The person
who records the SplnS and the persons dolng the spmnihg should slgn the

F.

.‘..f» '

- sheet. Then g|ve it to your teacher. . o v

A
. .
- . B
.
© vy Ao v e Y
[ 4 . . 3 ,
.




Lesson 2. - - L

Activity 2: Splnnlng a spinner with dial -
. lll red and Z blue ‘ ’

Directions : o : -

g

it stops on red or blue. (If it stops exactly on a line between red and blue,
make no record, but spin again.) - - _° ‘ |

\

One member of the committee will serve asa recorder Here Isa

. sample record of 20 spins to show how. the count should be kept:

T Total Number T
Number of Red Number of Blue ' = of Spins
MU 8 M (12 | . 20

= .
rs

. The othef member§ of the committee will take tu rns spinning the

'*‘pointer' until a total of 50 spins ‘have been recorded on another sheet as

m the form above. Be sure to put Activity-2 for its headlng

A
-

When all 50 spins have been recorded, each commlttee member

, should sign the report. Give it to your teacher.

The pornter of the spmner is to be spun*and a reeord made of whether
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Lesson 2. - e

( '. Activity 3: Spinning a spinner with dial
A : “““’; red ; blue, and %{yel.low.

i

ekt . . : r
- Directions: - , : C

The pointer of the spinner ic to be spun ahd a record made of whether
it stops on red, blue or yellow. (If it stops exactly ona hne separating two

R

4

colors make no record but srﬁn again.) . e

'One member of the commlttee will serve as recorder Here is a sample

record of 2 spms to show how the count shouldbekept " .
Number of Number of Numberof Total Number o )
Red | Blue Yellow . of Spins
2 wrlo| 6 WS | s o
' ' - ~ -(_, .o !

The other, members of the committee will take t’urnsil;spinning the | |
"pointer,@ﬁntil a total of 50 spins have been recorded on another sheetds -

g

inthe form above, headed "Activity 3". | I

‘; e . P Y

4o
]

.When all 50 .spins have been recorded each commlttee member .
, should sign the report lee it to your teacher




b The com is to be tossed and a record made of whether it falls with '_ C
heads or W|th tauls*showmg.

One member of the committee will serve as-recorder. Here'is a

sample record of 20 - tosses to Show how the coUnt should be kept

: . _ Total Nurnber
-+~ |_Number of Heads NumberofTaiIs " of Tosses

w9 WW/*H"‘T_ZO -

The other members of the commlttee wnl take turns tossln‘g the coin,

~L

untll a total of 50 tosses have been recorded on another sheet as in the
~: form above. Head the sheet "Activity 4" . 0N

£ 3

"N When all 50° tosses. have been recorded, each commlttee member _

« P

, ‘.: should s1gn the report lee |t to your teacher

-

e
~
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Activity 5: Spinning this spinner

or

. Tossing a die and counting the

number of dots on the_iop‘tace. -

[ \ ¢

;‘ Directions: "
The pai nter of the spinner is'to be spun or the die is tossed
and a record inade of the results. -

A )

One member of the commiittee:will serve as the recorder. Here is

a sample of 20 t‘urns~to show how the count should be kebt:

No.-of | No. of | No. of.| No. of | No. of | .Total Number
I's 2's 3's ﬁ 4's 5's C6's '

Y AR A |
4 5 1 2 3. 1%5 « 20

' v o /o
The other members of\the committee will take turns, until a total-
of 50 spins or tosses have been-recorded on another sheet as in the form
above, headedl "Activity 5.

.When 50 results have been recorded each member of the
commlttee should sign the, report lee itto your teacher o

A ’ ;\‘.’ . ) .

~» . * ;« s
’ e - e PR, -
AT -
. - . AN O
14,2 - e —o N
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" Activity 6: Tossing a die and noting whether <=~
, : ° o : ,
- the number of dots on the top ool
. . o . 'Y :
_ face is even or odd. *2
Dlrectlons:. - : B

\\

~ Thedie is to be tossed and a record made of whether the number
- of dots on the top face is an even number or an odd number.

One member of the comn(tittee will serve as a recorder. Hereisa
sample record of 20 tosses to show how the count should be kept:

Total Number . |- -
No. of times even | No. of times odd of Tosses: ~* |, *

N RN/ |/ R N

Ea The other embers of the committee will take turns tossing ihe
e dre untii a total of 50 tosses have heen recorded on another sheet as in

)
7

the form above headed "Act|V|ty 6. . P

3 e |

( ;- ) When all 50 tosses have been recorded ‘each member of the

f committee should sign the report Give it to your-teacher. ft . :L, .

,_jﬁo,, ) i | ) ’;,/‘: R P i d \;j‘_;; e e A |
“ L . _ .

r'\’*
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Lesson 2. BN

"Activity 7: Choosing one of the fwo
‘cards_pictured here. ,

o

- Directions:

"The two cards are to be p}aced face down on the desk (Be sure that _
the person who is to.choose does not know which card is which.) Qde card

is chosen and a record is made of the picture on it

‘ R
. One member of the commlttee will serve as recorder. Here is a

sample of 20 choices to show how the count should be kept. .~ \ I

- . [

\ / [ Total Number
. : Number of \D's Number of L J's of Choices
;m;m Y9 Mﬂﬂ,/' n|,
, _ ’ , .
- The other members of the committee will take turns choosmg cards
untll a total of 50 ch0|ces have been recorded on a ther sheet as in the

foyrm above, headed "Activity 7. . : N

P . R N .
v ' ! - . .o - . .3
. .

v - N
.....

.
w4
‘

When all 50 choices have been recorded, each member of the R ——
commlttee should 'sign the report. Give it to your teacher.

Y Tyt




-~ Lesson 2.

.——*—Hmv“ 8: Choosing one of the thirée
cards pictured here: ) ! | N

-

: ADII‘GC’(IOI’IS.' o { P

The three cards are to be placed face ‘down’on the desk. (Be sure . ~

that the person who is to choose does not know WhtCh card is wh ich. ) One
card is chosen and a record is made of the picture on that card. '

N One member of the committee will serve as recorder. Here is a
~ sample record of *20" choices. to"show how the count shouild be kept:
- . o AR ) .

St

——

. S -+ | _ Total'Number
Number-of /\'s ~ Number of . of Choices

unuh‘m B | M

"~ The other members of the comm ég;e wrtt taketurnsvchoosmg cards

until a total of 50 choices have been ret:orded on anottgr shee’gas |n the

* form above, headed "Act|V|ty g, % : m’j - a;*j

o Al

When all 50 chmces have been recorded each?m%mberooﬁ;theﬂ"
Ty

commlttee should sign the report lee it to your teacher.

4

P

* 3
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Lesson 2.

-

Activity 9: Choosing a cube frem a box

containing one yellow and
Pl
v‘ R

~ . onered. L , ) :
o : _ : ©red . yellow SN

v ®

Directions: . CL ‘ Co.

-

" | . , “ A
e

From a box containing one red cube and one yellow cube, neither
visible, a single cube is chosen and its color recorded.

_ on'é member oft committee wull serve as recorder. Here isa
‘sample record of 20 ch0|ces o show how the count should be kept:

o : g ~ =T Total Number -
Number of Red |- Number of Yellow  of Choices
& MU*II 11_:MNH. L -

-

The other members of the committee will take turns: choosing cubes,
until a total of 50 chouces have been recorded on another sheet as in the
form above, headgd "Activity. 9" ..

. Whenall 50 choices have been recorded, each member of the ‘
.1 committee should sign the report, ﬁiG'iv}e it to your teacher.” DR O

Pl
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. Lesson 2 , - (\; S T
| ctmtx ™10 Choosmga cube from ) i .

e a box containing one

=, : " yellow and three reds. ) '/< . .
’ : - . b ! a )
" . red red red yellow
o8 b '

- Directions: -

From a box containing three%d:cubes and one yellow cube, none ‘
visible, a single cube is chosen and its color recorded. S

0One member of the committee will serve as recorder. Here is a
sampte record of 20 choices to show how the count should be kept

3 - ' Total Numbely
» Number of Red | - Number of Yellow™ |. PfChmces f

.wf.mrum. tie 'mm . |4 Lo .

L]

e The other members of the commlttee wi%! take turns choosmg cubes
until 3 total of 50 cholces have been recorded on another sheet as |n‘the
form above,. headed "Actmty 10", S ‘

When alt 50 cholces have been recorded, each: member of the
Hommlttee should 3ign this report G|ve it to your teacher .

,t3=! st\ ’ FER
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. ! ) LESSON 3 i - R %)
+ N - : A ( .
e . - ) R
) , Thinking About-What Happened . E
- i
[ . . b3 (:
‘ ‘
A bl . ﬁ'ia {_ -
- a0 .- oo
s " ;: ‘.
N - -+ Introduction. . _ 2 , &
C - o * R

.o This lesson iz deslgned to help pupils clarify their concepts of chance and ¥
uncertalnty The pupll activities in Legson 2 are.used-to 1ntroduce |, systematlc
‘:way of thlnklng about the results of chance events. Puplls are led to discover
" pbssibLe patterns among chance events and to use these patterns for estlmatlng
. . or predicting future outcomes. Flnally, puplls are asked to compare .the relatlve

LT

1ikelihoods of dlfferent chance evehts. ! . )
. ; . ’ o &£ o -«

Discussion should be informal with pupils being encouraged to state ideas in
their own words. Clarity of medning rather than the use of technical language

should be the goal Teaching procedures are 1ntended as examples rather than
t‘%""’

' prescrlptlons and should be modified as necessary 1o meet class needs. You will “
. -»meed to determlne the pa01ng and points of emphasls. g e R e
LT ’ ! ST - »'w.ﬁ;‘-. 0T
Vocabulary: Reasonable, ratio, estimate, predict. - /) A

1 N - g

Materials: Those from DPésson 1 and the Summary Report Charts from*ﬂésgon 2. .

e W . - : : 5
' . ' A ‘ . . - : &
> Suggested Procedure: . . ) o '
A . . . n . B S ’
Ask the pupils if they made any neW d;scoverles about chance in the1r com- }
mittee activity. Encourage dlscusslen and ask pupils whf changed thelr thinking, o
7 why and at what point they did so. q& ~ e . el
- .% ) ’ LI -
: Dlsplay the Swmary Report Charts for Activity X - the splnner actrv1ty o
(h%lf=red half blue), Act1v1ty 4 - the COlH-tOSSlng acthxty, Actlvity 6 - the ) Ta
, dle actIV1ty in Whlch the t0p face is.noted as an even or an odd number, Actlvity X
77= the card-chooslng act1v1ty w1th two cards; and Act;v1ty 9 - the cube- choosing
< Qact1V1ty with two cubes.- . B S ST

A AN . . : - y

4 13 s
.

" Ask puplls how these actlvitles are alike. ,(In each there are two equally‘ '
likely outcomes.) Raise questlons such ds: Do you think weld: get exactly the -

o same wresults if we repeated these actlvitles? (No) Is it p0531ble that‘the .
o pointer on the spinner would stop on blue every time?’ (Yes, but it is not very . :
S > . e . . P T

< " ' ™ ey, s *

o
K . . N
.. ){.8 . te .. sy
- ’ 3 . o
' . . P e e 3
! ) , 5 Doa : B Y
) * P ’ " ‘ . e ¢ N,
oo . s . . 3
v N * &
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) likely ) Is i; llkely that tha‘coin.will be’heads 50 times in 50 tosses?

(No,“but 1t 1sﬁposs1ble.)

' tNw
- - : t

Develop that in these activities we .expect .each of

‘\ﬂf the two @Es51ble outcomes’ to occur abeut half of the time. Discuss 4he charts

' of Aetivities 1, h 6, 7, and 9,and see if each of ithe two outcomes dld happen

-y

.about half th%*tlmes - S oo

1

+ *  Show the Sum=m "\‘ry‘Réport Chart for Actlv;ty 2°- the spinner w1th dial of . . )
. one-fourth red-and three fourths blue - and ask questions such as:

e " . r‘:&t ) ‘ x" ) ‘ SNew
To thesd results agree with your expettatiéns? - Were

v

e ' there.mére biuesiihan,redSV , & ' ‘.
T ‘ ) ¢ < Do : e
LN L How were the reds and blues ddVlded when the splnner - . -ff

was one- fourth red “and three—fourfhs blue? (The - . | o
- ) d1v151on 1s mﬁet lrkely to be aboutrone red to three ' >

blues. ~The 1mportant point is that the ratio of red. -

PN @ * to blue is most llkely to be about one to three. ) -~ . o
‘ E Are you moreallkely ta get red on the flrst splnner or
. v t ‘
& T e the second splnner? (First. ) On which spinner 1s the ’ - |
- . . ) - |
’ . chance of gettlng red the same as the/fhanceiof getting L - .
. . X . |
- blue? {(First. ) _ ‘ T
Is it possible to get only red on the second spinner? ’ S
/ (Yes.) Is}ﬁhls¢llkely to happen? (No.) -+ - =~ . S d’
. On which spinner would you be least likely to get 25 X

reds in 50 spins? (Seéond one.) =~ ‘ . Ll

K

r' Lodk at the Summary Report Chart for Act1v1ty 10 - a cube-choos1ng activlty
w1th four cubegT“‘Dmscuss the results and compare them with those from Activity &‘_

>

above. Ask guestions to help zhlldren/eee how these two actlvities are-a;;ke and . e
to see if the reszzys/were abo t*what they expected or predlcted . e

A 4 . Al ); "‘-.».‘
o " Show two cub 5 one red and one yellow, and place them in a bags {1 | . ? "

e

%Zé)- ‘ sIf I put one more red cube in the bag and then pick ) . h

one w1thout looking, is it mo lékely tovbewred or Too.

-

. K more likely to He yellow? (Red, sincé there are now o .
L% ,' " '~

;two-rede and’ only one yellow:) D

- d

K . e ' ) €

W




‘3 o % . i } " g : % 5 : ‘ .“
If the bag conj;ains three red!cubes and one yellow ’ Y
cube, how maﬂy cubes must I rémbve to be sure I have

Vv

‘removed—at least one Ired one? ‘(Two. Since there is

)
—

%.’W“
-

B

.

\

.

[
e e -
;
I

;oniy one yellow cube, any two cubes mpst’ include one
'red one.) - ' [ o ) §

sy - o i

How many must I removeé to be spre I Iiave~rejnoired at’
least one yellow one? (Four.' " Since vthere }is only ; ,

o v g

one yellow clibe, all four must be removed to be
certain of getting the.yellow one.) -

. %When the bag contai’nslthree red cubes andt one yellb_g ;
cube, and I pick one cube without looking, how many

: chances do I have of picking a red one? (Tl{u;ee.)‘

’ . s+ Ayellow one? (One. ) ) . ' . . .

- Then if I pick one cube,, \woﬁ‘.’:d_you say the chances are
three out of four that it will be red? (Yes.) -

o .h Does this mean I will get a red one";’ \(No.,. It means

. I‘m’i{hree ti’ng_ as likeiy to get a red as a yellow

'f’ ‘ _ but it does not mean I am sure to gft a red.)
-, C Show the die and say: ’ ' % ’\,‘ L
. A Our conmutteee did two act1v1ties mth z; die.; How many
o faces, or ‘surfaces, does it have?r, CSJ.X How many of
;J.;;‘»i» i ¢ 4+ . the faces have an odd number- of” dots'.? (Three R D
/ 8 even nuiiber of dots? (Three.) How &any hgve more than C
i two dots? (Four.) ‘ - ) L
;i’.;—;;j’: ) ,. ' If I toss this die one tlme, am I more likely to get
: L S 1 an odd ‘nunber or an even nunber? (The “two. are etiueii Fr e
q_ o ) l_ikil‘l) Am T more likely to get a number larger than
? N , ‘ 3' or a number smaller than 43? (Larger ) Am I'more 4'
SR . likely to get a 1 -than a 6?7 (No. 'l’hey are equally
A i . likely.) Am. i more likely to get a 2 than an odd ,(
- i ~ number? (No, less likely,. since there: are three.odd ; N
A .. . numbers but onl;y one’ ?\ ) ) . - k
. v If I toss the die six times, is it E{e_l'y that I will k ';"'.%
‘ - - get, f;he san;e number e;.ch time? (\i\lo.) | B ' 4
@ 1 t ) - \\x ‘ .. - S
* L] - ' -~ 1
Mo N A L O
el o . B { *
B - st - £ }
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N $ 4 -

H ‘ {‘
1 i i -~
Each oﬁ the six numbers h}as an e%a chance: each ﬁime I,
toss the die. Does' this inean that 1f I toss it siix times

)

T will get 'each nunber once? (No.) - ; C

_ .,.
-

1
A an o Pe
>

[

If I toss the die 1000 tlmes, am I likely to geé each .
- nunber about the same number of times? (Yes.) Is it
’poss:.ble that I ma.ght get no 6*s 2+ (Yes, it is gossible
L but very unlikely. ) N~

R 1
j How many t;imes must I toss the die to be cey’gain"bf

getting at least one 6T (We cannot tell. I might -get

, ‘ ;. a 6 onthe first toss but it.is possible that I would

‘, -7 not get 6 in a I'nillion tosses. The greater thé number ’

. - ) of tosses, thé greater the {hance of gettlng any“ one of the

six numbers.) . . .

e

) -
Show the Su?ﬁnary Report Chart for Activit& 5 and diseuss it with the clasi

S ¢
,

-

«
N . ‘
A et it Al i o At AT S v @ BT

wk

Then show Summary Report Chart for Activity 3 - the three-colored spinner - andv

o ~ each of vwhich is equallyﬁl,lkelsp. / I

' - N J . <N

ask questidhs as you -have done before. Here there, are three-possible outcomes, K :

Finally, look at the{"&unmary Report Chart for Activity 8 - ‘the card-choosingr
activity from three car% - and cbmpare the results mth what might be expected

-
\""'.

Help puplls) to summarlzI in thelr own words what they have leaz;ned.'"*?ThJ.s
deas: /‘ : ' ) : K

¥

might include the following

i - : ]

=~ a)l &
! *1l: -~ When chanee is 1nvolved we ean never be certain beforehand of the
W exact outcomes, R , , ’ N

[ . ...

g S . v ° ! / L 4

" . 2. \,\There are often patterns in»large groups of chance events. These |
D , papterns help us.to estimate. more accurately what the outcomes m:n.ght e

- C _be if the events are repeated ( N -

3 3. Sometimes two events are equally ilkely, sometimes one of them 1\s ‘

: . ~more llkely than the other. . < P R ‘
O e . / ‘

: , 4, We can use act1v1t1es to check our es’clmates or pred.;LctJ.ons abo?‘e'

T “ . . change events. St f N

m’ap. b2 - . q . - = - . '

~ 4 ¢ ¢ g

Sl ' ) . "y
. Pupil pages 17-20: Pupils® answers should be discussegdrin class.

. . . . ‘. N
. _Pupil pages 21-23: These optional pages giwe added opportunity to think about

' \ A~

, T x - probabJ.lJ.ty The devices can be constructed quite eivsily

" ‘ ‘ . . ' '%i‘ e ) . \-[)1
Q .. . L 51 A EERTEY s o\
vt s ’ 56. 55;% ’ )- ’ . ‘
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CTom the dlrectioné;glven in the Appendlx, The 1dea that )
in the' long run, the reéults are gbout mhat we expect 1§ Q
develOped. You would not expect for example in"part ¢ of
the flrshﬁéXerclse, to get exactly 3OO reds ;n 900 splns.-
ThlS would be qulte unusual but you do expect to get about’.
300 reds.

weré to spin this spinner for many sets of, 900
%

(We can determlne by mathen s, that if we
spiis; we
would find “that the number of Teds would be hetween 270

end * 330 in bver 95 per cent of the sets of 900 sgine,)
(Here the number off ..
‘reds would be between 222 and 278 in over 95 per cent.

of the. sets of lOOO ‘tosses.) ’ ) - ‘

’ ’ 2

Exercise 2(c) is of the same nature .

.
-

On page-23 we would”expect-each~face‘to-be up about 30
(Agaln, by.mathematlcs we' can deter-
mine that .abeut two-thlrds of the time in sets of 180"

tosses, “the face w1th 2 or any other facegaw1ll be up
between 25 and 35 times. 95 per tent of the «»

¥
sets of 189 tosses, we can expect thev 2 to appear»between

In over-
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Exercsses - Lesson 3

T £,

Lo

7

D o ‘o " 'u

o H@re are ten statements about chance evertts | If )/ou th;lnld '3 statement
is true puta T' in the blank after the statement If you think the
statement s nottme ~putdn F in the blank SR
1. Ifa tossed coin does nat stand on its edge, it P
s certain to be either heads or tails. - T; :
<2 If we toss a coin once, we are as likel); to . . |
get a héad as a tail. = T
3 If we toss a com 100 times, it may be heads
0 times or 100 times or anythlng in between. . /-
4- 1f we toss a  coin “1000 tlmes it is very s ,
unlikely that we W|Ilget 900 tails. - - R /
ot
5 Whether we-get heads or talls when we toss o
Cea com is 2 matter of chance e L T
6. You mlght toss a coin 1000 times. W|thout
gettlngasmgle head T /.
T Y AT I A ) o 0 ”‘ig"-';* G -
/. Ifa box contams two hlue marbles and one .- J
~ red,one, and you pick one marble W|thout o ///
. Iookrng, the chances are/Z/ouFT 3 that it it - | .
" willbebue . . . - 7
| 8 ‘In Exercise 7, -you have one chance in - -, ,
- three.of picking a red marbte. ' s
“}t ' ‘:l,:‘\ - " 3 58 . '.. “)/
. ",‘,». . L ZEREN :

¥
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o ;{x §%’,71 . ﬂg‘}, " ;[ i: .o Q%?}a vmf?’ M&:“-ma b0 ,, . 33‘ Ael '
“: . 1’
£+, -7 9. InkExercise 7, your chances of plcklng a
t.::'v" 1) /0 . ) )
o green marble are zero .
14 [ ! s

S 10. Joe is elght yearsold It is morellkely
that her four feet tall than ten. feet tall.

| " Read the fotlpwtng statem,eht_.carefully and then answer Questions 11

oI5, S
. -} § . B ; !
C e . A spinnef has.a dial which is one-fourth” - . - 4
| white and three-fourths red. . -
11. vayou spin the pointer 10 times, are you-

I|kely to get the same number of reds as whites?” .o,

l
. cle gk . - T

12 <Are you I|ke|y/to get more wh|tes than reds? . - -,

. . ? - - X _-’?‘r //‘
T 13 "If the chances_oigettmgred_are ‘3 ouLof 4, - v :M%Ax/
M o whatare the chances of gettmg white? Sl of . 7/ : {j
L 14 " Can you becertaln -of gettlng at ledstonered.. = e R
in 10 splns? L i e ‘
K 15 “Is it very hkety that yeuw*TI get noreds .. .. e
~in 10 sanS‘? AR | | S e

w

N




;.

James has three green marbles and )
s ~ two blue marbles in his pocket.

16. How many marbles must he remove to be ..
: T . N :
% sureof gettinga blue marble?

- 17. How many. marbles must he rem'ove to be
sure of getting both the blue ones ?

18, Hoi many marbles must be removed to
e
be sure of getting both colors? ol

/ 19 _How many marbles must be removed to | o
o be sure ofgettlng agreeione? S

0. If James‘removes-'one marble, there are
. threechances outof -2  that it will

.. . beagreemnonet . o o

. -
¢ o , > -

-

b
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}\ fhmk ébou* some»thlhgsthat are certamto happen. Thlhk about som ’(

things that mlght happen and about other thmgs that jUSt can't happen
Then answer questions 21 22, and 23,

i

-} . ' |
.. 2L List three:things that you know are certain to happen. a T i
a. o
\E;\; ]
o / . ’ . * L)‘.
. . . o . ‘ ) * ' .‘
22. List three things that may or may not happen.
a, ' - , | |
—— . A}
. 33:% - -
. Y -
o T g X
- ) . |

I
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Things To Do At Home - Lesso 3 L

C '
1: Make a spinner with a dial L

3red 3 " blue, and ;yellow Use your
lmaglnatlon Splnners canbemade from paper plates, plastic tops from

a paper cup, cardboard ice cream sticks, and so on.. Place a bead under

the pointer, or anything to keep it up off of the.dial. Stick-a pin through
the ponnter the exact center of the dial, and into something like an
$raser. _

, Spin the pointer 100 times.

Keep track of the.outcomes in a table such
as this:

%
.
- .

©

. /
2 '

a. How many times did the pointer stop on blue? : -
 Onred?

On yellow? __, . L
b. Is each of these colors, equally Ilkely? .

_C. If you spin the p0|nter 900 trmes - you zxpect itto stop on red
about @p 400 500

=

times. (Circle your answer.)

)

57 .

ot

Sl
%
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one face red one blue another
yellow and the last green. — —

»

/ v . - " . -

— L e

' Toss the tetrahedron 100 times and note the face that Is down Keep
e track of the outcomes in a table such as thlS

1’”' T ‘ . . , ‘ I -~ - Lo
e ;' | Rled - "Btu‘e\, o _ G~re.en : | Y'el'low_ﬁ%
- Taly| o |- |
Total . - | T
. . - | \ n“m .» o = ‘
. 2 How many times did the tetrahedron fallon Red 7 =~ —
", . . Blue? - Green? _~ o | Yellow’f"
9 b Add the number of times |t fell on red and on blue. - T .
© .7 Add the number of times it fell on green and on‘yellow, . “““ ,
S B Is each of fhese sums about ; of the.ttal. number of tossesror. .
"3";;‘1"7‘3‘7' © T abodt i of the totdl nuiber of tasses? About " ‘ %f oo

—

c’. Ifyou throw.the tetrahedron 1000 times, ‘about how manytlmes
- do you expect it to fall on red? 252 On e|ther blue or
red? . 500 ' ‘ - _

3 Make up a game that two peeble can play SO that each person w1|l have
o an equal chance of wmnlng Explain it to the class. Descr;pe any-
s materlal needed such as sp|nners or dice: Be'sure yodr rules are’” T~

- 4 g

Clearly : stated. ) ' - :

3

SR . 863
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4 Toss a d|e or a cubg Wthh has its. faces numbered from tl through 6.
The Appendlx has directions for constructlng a cube{hexahedron) or
you may use a dlefrom some game | ‘

1 o

Tdss ,it 180 times. Usea table;g keep a record of the results.-

T AL

_Number of. s | Number of 2s | Number of 3's
Tally | . L

. Totak| - f S | ‘

S - .

Number of 4's Number of 5's Number of  6'S
Tally | - / i ] -
Total ° ‘ : i * 1\

o a i)id,ea\,ch\fa\ce\ceme uaneastonce?‘ - S \

" b Thefaces areceither odd (1,3, 5) or,even-42, 4, 6. O 18 © 7 T

LT tggses, about how many

’} numbers? I ay

tcomes wotild you expect to be.even

r experiment, how many were even

numbers? , ‘ ) . ..
g: C.. Onadie or cube, each of the six faces has an equal chance to be L
) . up. In 180 tosses, “how often would you expect 2 tobe up?_i ’
5tobeup? X2  In you expériment of 180 tosses - how
'many times was 2 up? 57 g

©od, If you tossed a die- 6000 t|mes about how often would you expect
each face to be up? /@Q& . . s

v
A

- . 4 }
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LESSON' iy ' - e

Using Graphs to.Learn¢fbout Chance .

Introduction. . ‘ - ' ‘ .

4
- . 1

. J .
"This lesson helps pupils with the techniquesr for gathering, tabulating, -

¢

! graphing, andagnterpret}ng data which they generate by tossihg a coin and tossing

a die. . .
O : o /
"&\ If‘puplls are already efflclent in these techniques, tpe lesson will move

T quite rapldly and might even be con51dered optional'. You can decide whether
' your class wiii\bfofit from it+ The ideas in Activities 1l and 12 are not a
radical departure from those already presented but serve to help the puplls
r‘reflne their thinking and sharpen their 1ntu1t10n,about chance ,events by analyz—

3

;; ing the results of % large number of trials. ) .

4
J l bﬁ> “ ' /
¢ .
... + Vocabulary: Tabfilate, horizontal, vertical, in2§rsecﬁion of lines, scale.
e - ~

o SR (2)"Sunmary ReportzChart of:coin-tossing’from’thexp?evious\

lesson. : . . J -1 ) Co.

< ! - *

-

¢ . : N
Suggested Procedure: e o - .-

oo Tossing a Coin .- .. L.

N 3 > . ] S

Dlsplay the Summary Réport Chart of A9t1v1ty h - a 001n tossing

act1v1t&.. Empha51ze that it shows the total number &f heads and tails, from a
few commlttee.experlments. Suggest that it®would be possible to compare the T
results obta;ned by each of 10 dlfferent teams 1f we could dlsplay the informa-

.tion in’ some eady way. Explain ‘that each of thebe .10 . teams will “toss a coin

and will Tater toss a die tonget data which w1ll be .graphed. This number of
teamd has been chosen for corvenience fﬁ later computatlon, so it is necessary -

: that there be 10 teams. We wagnt a total ef 100 'tosses of a coin and 6Q0
tosses of a die. Assign children to- the lO teams and.giwe a coin %0 eaen tean.
Brlefly expialn page 24 and ask puplls to predict vhert they thlnk the results

- w;n be. Letter thé sheets from A through J s each tetm hands one to yod

e e~

%
f = -, i - . - - - .
Materials:: (1) A coin and a die for each of the ten teams. N ~“\.//>

.

wow S dees oy
. : b

‘s
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é" Recordfthe data on the chalkboard, as on Pupll,page 25, and have' ‘the children ’ .
4 1 complete page 25 in thelr books. Then discuss the five questlons at the bottom

i ., we toss a coin. We do expect about half of the tosses to ®e, heads. (In our
‘ sample of 100 tosses, we can use mathematics to compute that the number of )

= ‘| heads will be between 40 and 60 in about 95 .per cent of the sets of 100 - ‘

. of page- 25 Question 4 is concerned with what we expect,,ln the Long run, when %?;
)

tosses. )')You‘mighf write on the board the fractions g, and ask wh1ch

1 1
3’ 2’
best represents the fraction of heads in the total number of tosses.

ML B}

Haye pupils look at page 26 and explaln,vas is necessary, the graph form
ghd the manner of graphing each team®!s data. Note that the symbol "O w? is /
placed at the iftersection of a horizontal and a vertical line. Do no§ connect
the’"O'st with line segments. Point out the graph_form for the total number of
: heads,iﬁ? 100 tosses and discuss_it with the class.® Call attention to the fact
that;the scale on it is different from the graph form to its left:'and tha? it

represents just 10 times the numbers’ on the first forn o . i -

t

ngrtaln questions can now be answered. For example: ,Which team hadl the largest
A - number of‘heads in, 10 tosses? How many teams repofted either &, 5/ or 6 )
i heads in 10 tosses? "How many teams reported either 0, 1, or 2 heads in .
é. 10 fosses? Did ,any team report either 9 or 10 heads? Where “do the p01nts
of the graph of the teams! data seem to clustex- at the top, middle, or bottom
?,:, oI §he graph form and how does this cpmpare with the' graph of the total data? ”

" 1 !

s The questlons at the bottom of page 26 can be answered correctly in several

PR

ways . We are trylng to develop the 1dea %hat 1n the long run, heads will occuy __w .
] about half of the tIme znd questlon l is concerned w1th this. Show that although

g ...the number of heads reported by. the feams_is _Quite varied, the number of h'eads,.1 ﬁ_,ﬁ,,cc_
.on IOO tosses is more stable--that is, about haif‘of the tosses are heads. *
Question 2 m%ght be answered either "yes" or "no". In the dlscusslon bring out, i
N for example, that 57 heads in 100 tosses is closer to % than is 6 heads

. in 10 tosses, even though 57 is 7 away from &0 whlle 6 is only 1 away ..

" from 5, and we expegﬁ healls to occur in gbout. one-half of the tosses. Question

3 is baSed on this same idea of expecting sbout one- half of the tosses to be \
heads in the long run Explain as is necessary, dependlng upon the background . \

of yoﬁr children.
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‘ 331 Tb5s1ng a Die . v ‘ b PR L
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- WF have tabulated and graphed the results of gf -~ .7
o . toss1ng a coin.” Now we'll work with a gie. Hoy many S
i faces does a cube have?' Is a l as llkely to be up ; )
g on one toss as a 6 7 * ‘ .

. .
You mlght\use the same ten teams as.before apd gluereach one a die. - Brief-
ly explain Act1v1ty 12 on page 27 and.ask puplls what they expect the results
«will be. Letter their sheets from A through J as each team hands its sheet
to you and record the data ori the chalkboard as on Pupll page 28. Each pupll—
. then completes page 28 in his text Dlscuss puplls’ answers_to the six ques- ’
. ’ . tlons at the bottom of page 28 and make any appropriate, comments concern1ng the
. results obtained by the various teams. " In Questlon 6 we expect each face to be.
.o " ~# up about 100 times. In over 95 per cent of the sets of 600 tosses, a

o

given face will be up between 81 and ll9 times.

| On Pupil page 29 e lain, if necessary, how to draw the graph. Pupils .may
* need to be informed of.th,,letter of their team so that they know which data to
v A, : use. Discuss their responses to the two questions at the bottom of this page.
. We would expect each face to occur about lQ t1mes<1n 60 togses’ of a dié but'
because 60 is mot a large. pumber of tosses, some puplls-may flnd?a face occur—

ring only 4. or-less times or perhaps.as«many as 16 times or more. :

- ]
Pupils can draw the graph‘on"page 30 and should not«connect_the "X!s" with -

- line segments. Then ask such duestions as: tOn all our * 600 tosses, did any "

A face fail to appear? What is the largest number of times that any, face appeared?

. - The smallest? D1d any face appear on more thanhalf of the tosses? Would you

. expect'it to? If after many tosses, we found that a 6 had not obcurred

would we expect'a 6 on the next toss? - .

"he two questions-af ‘the bottom of page 30 will reguire discussion. Here o

: again, the idea id that'the'tOtal class results should be "more like" the’ 5%‘:

_ results we would expect “than would be the casé from @ smaller number of tosses.<> é;ﬂ
For example, we expect about 3 of the tosses to be a 3, go in 600 tosses “ g%é.
e expect 3 to appear abodt 100 times. If°it- appeared°only 80' t1mes, yt s

i stllL,ls closer té,the % of the’times we expect than is]its occurrence 7

i

tlmessln 60 tosses. You might suggest that pupils draw a hor1zontal llne on

L/ A

v the-total graph form at the place whlch represents the number of expected occur-,
2 . .

rences of each face (at  100) and see hoy the results- of 600 tosses cluster
. . s q»
around this line. Pupils could then draw, in the same way, a hor1zontal line |

‘(at 10) on the graph form on page 29 and again see how their results cléster -

o

around this line, . g ‘

-

9 > ! 62 . :

- S ~ 67 .




Lesson 4
.‘ " , S .
ctlwty 11 Tossjngachn -- a team activity.”

b

. 4 ﬁa The coin: is to be tossed ten tlmes and a record made of whether |t falls .

a3
LW -

heads ortaus. - - G e

rﬁ member wrll toss the com and another member wrﬂ record the
result Here is a sample record of 10 tosses to show how to reéordthe

° .
.i M . ~ “",

results. - . R L
T T S

Sample Reco*‘rd ¢

HE A 5 ‘ Toﬁl Number
8l e Nﬂmber otHeads Number of Talls 3f Tosses-

- ?%%?e ~$13if1

Vet N 6 %3

wmo

:’ el l . 4 & )
’ g é'z,-o %ﬁ &’?’v X
On ano‘rther s@eet make a table S|m|Iar to'the one above Keep track of your

results for 10 toss‘es Each member of the t%am should S|gn the sheet

Lamnel A
Cad
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§

“» N No. of Heads No. of Tails
' in 10, Tésses |  “in 10. Tosses

,A,
¥

i

—
@ .
oy
3

)
=~ | [ |o|w| >

~ Total ' A |

| L.© Which team had the,largesthumbe‘r of heads' in 10 tosses? =
’, Co .."the largest number of talls in 10 tosses? ‘ ;‘ ,

. o2 ‘About how ofteh would you expect heads in 10 tosses’?‘J_é - _
in 100 tosses?__":zﬁ_ N e .
3. Each team tossed the coin 10 times In all,. how mapy times was the

«+ coin tossed?_é_ What IS, orie-half of this number? 50:

4. Out of all these tosses, how many tlmes did heads ocur?

'Is this about one-half the number of tosses?- ' .
5. Would we need to record the numbier of tails on our Class Data"
Sheet? 2o - S R




Lesson 4 ' y ‘ _—
: Graph Shaet for Tossmg a Coin -- To accompany Act|v1ty 1L - \
Dlrectlons e N e S
Graph. each team’s data with an "0". (Us.,ethe scale on the left.) ks
Graph thé class total data with an "X". (Use the scale on th'e;right.)', .
. N : ’ ' N .~ 3 f ’ < '
. 10 = T 100. \
I “+90 - >
s I T g
£ 5 T ¢ W)
B 5 ‘ T 50 g8 '.
O T 4 . 8
. E; 4 ‘4. T
‘L - ] , S
g 3 = T30 5 .
£ \ = -
3 2 . _—/‘2@ 5
=
) 1. 75 —1 10 )
3 ~"\’ A B C D E F G H I J - Total
. ' Teams . | .
) Compare the graph of each team’s results of 10 tosses with the graph of the,
4\, total data of 100 tosses. : o ‘
L In general whieh is more nearly what you would expect ‘thevarious
. teams results or. thetotal results? - - ’ . /
2 Is the number of heads in 100 tosses more nearly what you would expect
= than the results your team had in ‘10 tosses? ' .
3. Isa larger number of tosses more Iikelyto result ’\s\hat you expect than
: just a few tosses ? 72&;/ ,
S J C- 6 .
EMC l e ) ¥ . 7Y e : i
C T s : o e ‘s ~ :

s *

P




Lesson 4, e

‘Activity 12: - Tossing Qé?ie -~a téam activity. = .
v, ) . . ) ’ . FERY “ ) ( © g
Directions: R - -7

The die is to be tess_ed Sixty times-and a record made of the number of

dotsonthetopface. e o CoL

| 4

One member will toss the die and another wnl record the result. Here

is a sample record of 20 tosses. . -
. . Santp"te Record | y :
No. of [<]|No. o7l |No. of (T |No. of EZ}{No. of [l |No. of[Ed]
o {Tany u it w- - - " W |
Total 2 4 |- 3 | 2 | 3 6
. s - ‘ ) . N

a

% Use a sheet of paper to m?ke a table similar to the one above. Toss thé die
" 60 t|mes and record the results in your table. Each member of the team
. should sign- the sheet Yeur teacher will soon ask for |t because your

b

results will be used in a class activity, . e ‘o
. . . 06, ) 4 ~
o /-;-\:/
¢ _ \ "
(: \ N ™.
, i . " e ‘
. % R
N § : ' - ' 66 . :
O - - ., C . . 71
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Class Data Sheet for Tossrng a Die -- To accompany Actrwty 12,

[ Y

. No. of No of No. of No. of No.- of No. of | Total-No.
Team | | P I T T T A vl | B3 of Tosses
A LD
B . |
D . ,
E . . 1.
r ,‘ : -
) ,G' & - Ce
H | ‘ I=. ,
I [ —— | N ;‘\\T
J ¢ i
Tot | | o A B

From the totals, which face of thie die was up thé most?

 Are.any two or more totals the same? __© Which?,

Did any team fail to get all six numbers? I
Would you expect that on. 60 tosses,. each number would come up

N "I~

at least once? ‘?4%4 , o o
If we tos'sed a di€ 1000 times, could we be sure that every number .

‘would come up at least once ? ﬁ Q - ‘
In 600 tosses of a die, about how many tlmes would you expect each

- facetobeup?_fp_ : e




Graph Sheet for Tossmg a Die =-To accompany Activity 12.

>

' Directions:
Graph your team’s data with an ”O"

60
57
54
51
48
45
a2
39
. 36
33
30
21
24
21
18
15

12
9

Total Number of Times a Face Occurred in 60 Tosses

b
3
0

\

1 2 3 4
.Number on Face
. PO

L -"Did yot have any results which you think are unuéual?/

i 4

] 2:..: What makes you fhink these results are uridisual?
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’ § h Sheet of Tota1l Class Results for Tossmg a oﬁe -- To accompany Actlvrty 12

§£ Dmctlonsfg oo K . ‘iff "
j .~ Graph the totalclass results Wrth an "M
e —T T 00
. ) . fome - B I e 579 $
9 -t AP — — 540 -;g : -
* . . . ‘ , ‘ 4 ‘ ‘510 I-— \ ;
.//, . - . ‘ . T ~ 480 % . 9 M/{ zm_
= . - T — 450 "< S
| < ~ T 40 (g
~ - - 390 "
- . ‘ 360 § .
—t— fﬂ 330 Ne) =N
: -~ = T 300 & ' '
S ’ _ T 210 5 ¥
- L t \ ——. 200 w -
- T e ma o e IV '
- Pt 180 . :
- - 150 o :
% i R
- . = )
: ' .S . .
} - — ‘ S 0 .
N 1 2.3 45 6
o - Number on Face .
. i Thrs graph form 18 the same form that you used to graph your team s results.

‘a .

*‘However the numbers on the right 5|de are ten’ t|mes those on yourteam S
graph form Th|s |s a graph of 600 tosses mstead of 60 tosses. Compare your

' team’s’ graph w1th thls graph:
1. Does your team s graph seem to be farther Jfrom the expected results or are -
' the total class results farther fr0m the expected results ? .
.. 2. Can you explain why this is s0? . | _ A

A 69 ‘T4
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. Using Bar Graphs With Probability Experiments

' R . P : r

Introduction. .

TR .. This lesson uses bar graphs to ‘reinforce ideas relating'to probability
@._ ) T. Puplls construct and 1nterpret bar graphs using results of the Activibies 1n
- Lesson 2. Select for discussion and graphlng the data from one feam for each
!Ti — 3':act1vity (You may also have pupils drav a graph of the conmbined data from

: those Act;v1t1es which were caxried on by more than one team,) "///

’

Lt Many 1nterest1ng observations can be’ made from the grgph on Pupil page 31

which will show the results from all ten Activities. For example, Activities 1,

L, 6, 7,'and 9 involve two equally likely outcomes, and ne would expect the

results to clulste‘r gbout ‘the 25 on the graph. Activities®@ and 10 involve

) outcomes whicH are not equally likely, and we would expect a different picture.

;M\\ Act1v1t1es 3 and 8 should show a third pattern and Act1V1ty 5 another pattern. .

' Picturing a thls 1nformat10n on one graph form should be qulte reveallng but
" time must be taken to dlscuss each graph and how and why it dlffers from the
“others. ’ R .

ES

o

.t
.
s

s Vocgbulary: Bar graph. A . -

>

Materials: (1) Summary Report Charts of results from Act1v1t1es 1 through 10
.. ' \ - from Lesson 2., : ) v

~ -

- B (2) A table on the chalkboard or on newsprint, or for use on the

v

-

* overhead projector,:as indicated in the next paragraph.

¥

»ﬂg R K Suggested Procedure:, ’ . ‘ .

. . L , .
o7 w . When we worked in,teams, we recorded the results

T/ ) ' of ten df?ferent actiVities: Here are the resulﬁs. ’
;-f ’ that some teams found: (Use actual results as re- - - 5
‘. ported and have a table on the chalkbodrd-or on a &,
o - ‘ ! large sheet of newsprlmt or for the overhead proaector.:’
. See ‘example on the next page.) .

70 : ' o
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1 L. Number of
Activity - o trials Result
Act. 1 Spinning a spinner (% red, > L blue. ) 50.'spins 22 blues ~
Act. 4 Tossing a coin (Heads or tails.) 50 tosses ° 29 heads
Act. 6 Tossing a die .(0dd or even.) 50 tosses .. | 30%even
. ’ - . ¢ i »
Act. 7 Choosing a ca¥d (Triangle or square.) | 50 choices * 19 triangles[
-~ . .
Adt. 9 . Choosing a cube (Red or yellow.) - 50 choices \20,reds
. - ! - g
. ' ./ :
< Ask pupils in what way these activities Bre alike and if @hcy notice any-,
thing similar about the results. ‘ N L _ \
Teams glso reported these results: (Add these to ) . -
the table gnpthe board or chart:and again use ’
actual data.) ,
l. Q_ — Z ' m
R Act. . Spinning a spinner’(% red, % blue.) 50 spins 32 blue
Act.\10 Choosing a cube (3 red, 1 yellow.) ¢ 50 choices 35 reds
0 ! . ' > B
\‘( . . v l
’ . Have pupils tell in what way a result of blue gﬁ e spinner with & dial L
- red and ‘%‘ blue is like a result of red in choosing a cube from a box contaihing
three red cubed and one yellow cube. Bring out that there are three out of four .
chances of gett%ng a red cube from the box. : s
, - 5 . , ' . ’ .t N ¢ .
g&mher‘éutcomes reported by two committees were: ;?3 -
- - ~(Add actual data to the table, such as:) - .
\ ;

Act. 3  Spinning a spinner (i 3

Act. 8 ChOOSang a card (2 trlangles, 1 square”)

chance 1s one out of three for red on the spinner and there is one chance in~

threc'pf ch0051ng the cgrd with the square.
el \ g

ds
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o A committee reported these results for;Actiyity 5 ~ §
b “ (Use ac'twal/ data ‘%o add to the table.) ,
-~ ’; ,‘ .y ;-.7 «
Act. 5 Tossing a die (Number of dots up.) 50 tosses T ones A
‘ -

’ B ™

- Discuss the fact that eacﬁ‘face on a die is equally'likely to be up when &

. , = A % . .
die is tossed, that a given face -has®just 1 chﬁgce in 6 to be up. -~
,Let’s show all the results on one graph and see.

héw 1t looks Maybe we can find some patterns.i&

L

"Graph of Committee Act1v1t1es

ahd complete

Pupils can turn to page 31,
#heir graphs as you graph on %he board.

This bar graph may'be new to some’

pupils.

It can be related to the graphs they have previously made by reteaching,

as necessary, how to plot the p01nts for different numbers between .0 and 50,

5?

using the graph you have drawn on the board or on large newsprlnt

Look. at the cogpleted graphs and lead pupils to see that Activities l,_k "\
6 f, and 9 are ébnperned with two equally likely events and that the graphs

plcture the frequency of one of them.

half the number of %rlals.'

3

-

~.

N " ot

-

We would expeet this frequency to be ahout

-

y

p In Activitiesfz and 10, the outcomes are not qually likely but favor blue

for the spinner and red for the cubes.

Thegchances are three out of four‘that

blue will occur on the spinner and three out of four that a red cube will be

. -

chosen.

‘It mlght be well here to ask what would be the plcture if we'd graphed

the number of reds on the splnner ands

he number of yellow cubes chosen.

How

would the graph look then?

Thls is really laylng a foundation for complementary

1y

- events, which W1ll be dlscussed later. In Act1v1t1es 3 and 8 chances are one

out of three of gettlng red or=the Splnner and one out "of three of choosing a i

In Act1v1ty 5, ﬁhe chances are one out of six'thata 1

. »card with a sqnare.
A .

w1ll be up when “the . dle is tossed. T . .t

Then* compare the graphs of Act1v1t1es 1, 4y 6 T, and. 9 with Act1v1t1es 2

' and 10 and with Activities 3 and 8: Lead puplls ‘to see that the data from the
.‘fiﬁst five tend to cluster aboutr 25, from the next two about 37,
Actiydties 3 and78”about “17.. We would expect the deta from Act1v1ty‘5‘to bé .-

about 8 .but because this is from just - 50 tosses, it might vary cons1derably.

and from
»

If the coMblned data obtained by all teams were graphed this clustering would '

s

' be even more ev1dent,

I & B T

-




Before leav1ng bar graphs, you might want to develop other ideas such as
.the bars’ could be placed horizontally instead of vertlcally It would.be de-

?‘ - sirable to gonstruct & graph which shows a compilation of all ‘team reports. Forl

‘example% if three teams completed Activity 1 (50 spins' of a spinner with a dial

of % blue and % red); you might want to graph fhe nuﬁber of reds in 150
. spins.. s ,' : ‘ . «
A p e ’ } s . . ﬁ
. ?f B . In discussing the graphs, reinforce the ideas that some things. _are more Y

. likely to happen than others and that graphs help us see patterns and note .

.

relatlonshlps which might not be evident otherw1se.

)

»

<

! Pupll pages 32 35: These pages give practice in making and interpreting bax

._graphs. You mlght want to ‘omit those exercises whlch\are too easy for your
class. On, -page 33, the results listed:for Blll are unusual. You might
llke to have children toss a coin!to see if they find heads do occur this .

" many or more time$ in 50 tosses. Weaexpect that on 50 tosses, the‘

/e number of heads will_pe between 43 agd. 57 over 95 per cent of the

time. Exercise f onpage 3h may require some explanation 50 you msy need

to do this as a class acpivity. Exercise h on this same page should be

discdssed because some pupils will say they would rather guess on 10

tosses because then they couldn‘t miss it Qery far." ThlS is another

opportuni y to develop the idea that in a large number of trials, our ' .
,results will probably be close to what we expect for example, when ve say,
"We expect|heads to occur about one-half “the time." Thus, 236 heads in

500 tosses is closer to one-half than is 6 heads in 10 -tosses. Ques- .
i o . .
"tion h ,on page 35 is similar to'this. ,

PN ) / R - N . )
Pupi] pages 36 and'37; Eﬂerclses h and i on page 37 help children déte!mlne

r . vhat to expect when ' many tylals are performed We would expect blue on

spinner 2 about 8 of the g}me or about 125 tlmes in 1000 splns. .

2 (If many children spin a spinner 1000 times, the number of blues that over .
95 Per cent would get would be‘between. 104, and lh6...lt would be very -

. anusual to get as.few as 100 blues or more than 150 blues.) .

st

* . On spinner 3 we would expect*the number of reds to be about % of = .,
the totdl number of spins or about 333 -in 1000 spins, - |
V . ‘e < A M

1 / ’
P
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A

_or 16, ,end "Products" gete 2 X6, or l2, Their scores might look like ’
* this: : ’ . v '

Further Activity

written so that yQu can dupllcate it for them or you may wish to Just explain

Here is a game some chlldren might enJoy playlng It is

+1t. \Players will want to determine who hasg the better #hance to win and one . -
way to do this is described.

Squares and Products B ‘ ' : : "

° - ™

.~

Find a partner who w1ll play a game with you. You will need two dice -
of different colors, for example, red and whlte, and the (3-colored) spinner
marked 1 %gg’6--or you could use 3 dice. You will also need a plece pf
paper to keep score. One player is "Squares"; the ot@er is "Products". "Squares"
-spinsiihe spinner or if you do not have the spinner, he can toss one die. His
score-is the quare of the number he gets. (To find the square of a number, ™
mltiply the number by itsedlf: The square of 1 is 1 X1, or 1; the square
of 2 is 2 X 2, or 4; the square of 3 is 3 X 3; or 9, and so on.)
"Products“ tosses the sfo dice. He multiplies the numbers of dots oﬁ'the two
dlce.'_Thelr prodqgt is his score. If the spinner shows 3 and the dice show
5 and- 2, "Squaree;\gefs’ 3 x3, or 9, and "froducts" gets 5 X2, or 10.
If the spinner shows &4 and the dice show 2 and 6, "Squares" gets 4 x 4,

? R . . /

Spinner Dice \ équares Products -
Pirst round ) 3 5, 2 9 , 10
. ¥
Second round Lo 2,6 . 16 12

i

A -

The winner is the player with the higher score after 15 rounds. Do you know «
~which pIayer 1s more likely to win? You can find out. Add the squares -of the
numbers 1, 2, 3, 4, 5, and. 6. Divide their sum by 6. This is the average
ipbssible score for "Squares". ©Now find all the possible products. A table‘is,

helpful in finding these. " Red Die L T !

o ‘ . )+ 5 6 - P ) . :'I'
ge 1] 2 » 5|6 - © /

’
|
}
Yt
w

/s
, .

w

=
. [0)N




;';Agg H

for

-y T -
¥ |

. }
B} M M : .w £
' - Do £ gff‘. )
Now add all thirty-six products and, divide the sum
o f !

by, 36. This is
Who has the higher average pqgéible score? Who is more ;
. S £ y

.. 5 score for "Products".
| \

H

the aversge %
- likely to ‘win the game?

&

# §7 ' ?\ 2’"“?

§ .- w ’ b4 . .

1y ) . . . . . d - . . R . ,{;&\\

Things to-think sbout! The-average score for'the red die is + The -#
.average score for the white die is

. The product of these two numbers
- is . D

o
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5 * GRAPH OF COMMITTEE ACTIVITIES IS
. ”

- —

S 1 | a4 e ] 7 | 2 | 1w [ 3 8 5 |-

, Attivity)| Spinner Coin Die 2 Cards | 2 Cubes| Spinner | 4 Cubes| Spinner | 3 Cards .Spinn'er
/ ) . N 12Red’ . . 1witha | 1Red 1/4 Red 3 Red *1/3 Red 2 witha or

7 . “ifwll2Blue lwithD | 1Yellow | 3/4Blue | 1Yelfow | 1/3Blue | 1 withD Die
c ] IR 173 Yetiow| : ~(\
M _(‘iﬂhbice Blues Hedds Even Triangles Reds Blues .. Reds Reds IR Squares Ones

S 50 | : ' — ' _ I
a8 _ . a =

7 ‘ 46 S
) ~ 4 0 4 < - .
. -
0 =1 . :

38 . — : ’
, Y y
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ey ) 32 - : 4 -
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ExerCISes Lesson . t e T .
- !‘ ] ; : L . > §ogy .

”-* ke Jim tossed a com 50 tlmes |n groups of 10 tosses Hefkept a record of
| the results by 1 talhes H stands for heads T stands for talls. | ’ -

I i . Tosses - Lo
L= oo | First 10 Secondqu Third 10 | Fodrth 10 Fiffh 10
o W T T T T R T

o Tallies (B[ L QL (w0 I\ 0 L ]

" Number o S Tt

; of'h’eads ! \ 4 7 6._‘ o 3 o 6 )
/= i i ) P . .

# . a Drawabargraph to showthe number of heads Jifi got on each

.. .grgup of 10’ tosses..

R L T : b. Out of 50 tr‘iéls how

& 9 many heads did he
AN B - toss?, ,?é
. W .- -
o7 c. On whlc;,h‘se‘rles did e
c 6 : — - he have the most
-g 5 : T — | - heads? 5 .
. T4 — d. On which series dld .
i /zé T / “ . .
w5 3 f 1. - hehavethemost ~ - .
§2 ) T " tails? fémﬁ
1 2 " e Did the number of

L . ———— _ heads equat_ft’he . ,
FllE)St Seclzgnd_ Thl'ord Fdl%ﬁh F'lf(;h number of tails onany - -

Serigs of Tosses . - oneseries?. AL
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LR

Number of

e

o

P

‘,é

2. Nine other boys in Jlm s class d|d the experlment {00, Thenr results for
50 tosses S were:.,

Bill 35 heads 15 tails .
Bob 19 heads- 31 tails,

- Scott 18 heads -32- talls

Tom 30 heads 20 tails
Doug 21 heads 29 fails

Andy
Chuck
John

Perry

20 heads 30 fails

.27 heads 23 tails

17 heads 33 fails
23 heads 27 talls

Make a bar graph toxshow the number of heads these ten boys tossed Use
- the scale on the left. Make another graph of the total number of heads in
500 tosses. - Use tne scale on the’ r|ght

5

> s

500

v 40

44

480

4

440

42

40

420

3
3

7]
o}
v
%
= 32
Q
wn
=
4]

-

460 -

.

.
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(Continued)
4 Who are the boys who tossed more heads than tails 2. 2\491/ b

R T A AT, (%,z/ s

L4

-.\/L .
b Whotossedthe smaltestnumber of heads? )7{:-,&/
Whotossedthe largest number-of tails? © A/t/ML/
. Isthis surprlsmg? ;M/y < Why? ,‘/%c/ Prealiv e .
e pdin” Mpacte  ca S5O liveter | Zhs) Ao aflin e

@/ﬂ"u‘ & M [LLCW Z%o M,«—g/é aj [tl_,eacoé
cu.p Idé/ m;n—&wgé’«c{fo Theweet r2veal U SO.

Wthh boy, do you think, mlght have been most surprised by the . v

. résulfs he had in 50 tosses of the coin? < #eC . "

Why? %( /yz,“_,/,o[h—f ' ;/, /L’:df/ w2 y(c:z,t,écc’..;{
oeem A5 4 A
d E ach of the ten boysgossed a coin’ 50 t|mes This makes a total of .

500 tosses How-many of these tosses were heads? gﬁg;- L
Wlthout countlng,.how’ many of these tosses were tails ? 07( f ;

€.~ How many boys tossed more than 2 heads? . 7/

o
o

a’ﬁf’

ft._ Draw a horlzontal I|ne across the graph so that,about as many of the - .
boys have results above thta lme% below At what numb}:r does th|s _'
hn(e intersect the left edge’ of the graph ? | '

14

,—-/,2

g At what numbefr does tL is Une mtersect the graph of°the class total?

,,7267 o Is thls about the same as the number of heads the boys

/tossed |n 500 tosses? %.; i f’/ /eéa, '?75 o

/\ el
h Would/you ré her tell how many head you expect in 10 tosses of

¢
P

P ‘c. .
ajcovn oriin- 500 tosses ofacoin? ,.. ' tosses

ER /rﬂ« g uy’&emiwm e e 7;c )

-2 t{l . - » 'S N
K “ £
. 7 4 . ‘ .
-, ". - 9.8 - R \
;

. * N . . »
< o ** - v
v L .




3 Betow is a bar graph of the Fesults some gifls © = )
found in-using th%pmner at the right. You can -
d it in the same way you do other bar graphs
(k at it carefully¢ and you will.see how to do
this. USﬁqlt to answer a through h. ‘
%:*“\f/\ . Number of Blues in_50 Spins o
oo 0 s 10 5. ° 20
/ 'f\nn ¥ dal | < al
. ¢ Sue R EREE .
" Total 7 RS
- 0 20, o = 60 ' 80
| ’ " Number of Blues in, 200 S,pi.ns'c‘ ,,
; a. W'ho'.had the smallest number of blues in 50 Spins? —vecc -
b Who had the largest number of blues in 50 splns?‘ ‘_"r/’,»:;/u . |
.. .cC Howmany reds did Betty get in 50 spms? <Z( S )
M > ‘('1 /Wh_!c - of these fractrbn§ tels’ about hpw much of the dial s blue? s
b ’ Y, B
s SR P R
: e. Did nyglrl get 25 or ‘more blues? ¢ | _
] fi.. How manytlmes in all was the spinner, spun by thegrrls? i/("“f '
“ g.  How many of these spins ended on blue? ‘Is this about o
, o 0 .‘ the number of blues you would expecte on 200 spins ? | ‘
A h. Would you rather guess the number of blues’ on 2spinsorpn -
\ 3_,200 spins ? o spms} 7& 7 T
@ o : ' -80 Fr I

e




". Number of Blues

> Number of Bi
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a. Graph /

',\ -i W
.

Grabhi -C

L

A was probab y made by usin data from splnner

{o

i
U

S

~

in 300 spins

\un
NCDU'I

[
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- Number of Blues

O\

4

kY

o 100

" T Fp0
A/E.E.é 500}
i o 400
14 ‘8 § 300
| Ee 20
= 100
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V.

| \ ofgettmg blue?

a. f ‘One-of the Spinners is spun '10,000 times. -

s Splnner 3 s spun 1(100 ttmes Draw a bargraph to sltowthe '

o -y ' 1

S~

(Continued) o . -
c.¢ Graph .C- was probably made by using data from spinner _ % . - -
d. Graph D was probabl.y' made by using data from i)lnner ™
Wh|ch spmner would yowchoose if you want‘ed to be most likely =
4 A |

f...Op which spinner is red more likely than &bltJe?

«
.
‘. 4
0
———— ‘.
Y .

Blue was the result

3,300 times. WhICh splnner would you expect was. used? 3 %

h\ Splnner 2 is spun 1,000 t|mes Draw a bargraph to show'

~

the nimber of blues~

‘you would expect. v :
4 PR Bzar——y
i S £ _
LA I50 f—o. ,
.08 /25
A \ E’g 100 | ‘ e
. " E « ; ’}O Iy
I S.E 50 ;
5 o I
01 0 / . e
! - > f )}

numberof reds ~. - . /

4500~

you would expect.
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LESSON 6

Using Numbers to Express Probability

Introduction. . | ' S ‘ .

Up -td this point pupils have gathered data from a'variety of act1v1t1es and -
have learned to summarize it in tables and to ~qpresent it V1sually through the -
construction of graphs. The probability o nce of various results has been\
"discussed informally on the basis of intuition and hunches. The graphs and
charts provide a systematic way of organizing data so that they can be studied

‘and analyzed to discover relatlonshlps and patterns.h Tﬁese relatlonships and

patterps enable us to formulate hypotheses and to draw various conclusions.

- .Thls lesgon begins With a rev%ey of the_informal ideas pupils have gained
Trom previous lessons. Pupils are then guided to compare theé ‘results of dif-
ferent actiV1t1es, toxidentify those~act1v1t1es which produce like results and -
those which produce unlike'results, and to discover the causes which may undeflie
their llkenesses and differences. As a natural outgrowth of these comparisons,
puplls are 1ntroduced to the use of rational numbers as measures ‘of chance and

then to the Use of number sentences to express probability. "

developing the con-

cepts in thfg lesson. You may choose to condense or extend the lesson to’ pro-

THe Suggested Procedure outlines a logical sequence for

NAD Beabuw n 3yiae 8
fl A

o

‘vide the.pacin7 best suited to your pupiis. ' 'f .

. ' [

. ‘ . i\
L O . .8 .
Vocabulary: Probahility,nnumber sentence, express, mathematician.

Mitedtals: (1) CHarts and graphis from Activi

(5) sP:mW%mlue)~.

ei.

:

°}
(3)"Spinner ‘(E red 3 g
R (- Ped ) P;.g*;3 yelfbw) f/ L \l,
(5)/ Coloreﬁ cubps >6r bea’ds (l\"'red # white, 1 blue, ;}:&:ye
N fa .~' - ' \'

N e -
. . ‘

. »
DALY

b
' CR3M




Sﬁggested Procedure.[

perimental a¢t1v1t1es.

1. . Many ‘events are uncertaln.

Begln’by having pupils recall the ideas developed:ﬁurlng discuss1on'bf ex-

(Have charts and graphs avatlable.) Ideas to be recalled

would 1nclude y : . e

.
.

. I
] .

2. Two eVents, may or may not be equally l:.]¢:e1y4w ‘ .
é. We can never be certaln of the exact outcome ofvchance,events: —_—
4. There may be a pattern ih large numbers of chance events; Thls ’ B

' pattern can.help us estlmate what is llkely to happen if the ewénts

(% .are’repeated. T . ., o °. '
s - 5. We can use experlmental activities to check Qur eStimates about
F 8t ) 4
o . :¢hance events. : .
e : e -
z ' /m\ﬁ"Show the spinner with dial % red andﬁ’% blue. Askraueetions such as:

&
71

e SR
%
A
-

ot ;e‘:‘:‘
S P
Yt
-

get@ing

N

RNCETCY:
Al

' 1.
~ < Vo
- S
J

Show tha‘sﬁinner
to show that fthere is

What part of the dlal is red? G%g ‘Biue? (%) “If .
of the dial }fis red_and

is blye,  is there one . .x‘

2.’ 2 ,
chance in two of getting red? (Yes.) Of getting
blue? Yes.) . y ’
? ‘How could we change the dial so.there wouid be a better
, chance of getting red? (Make mdre of the dial red. ) g
What w1ll happen to the chance of gettlng blue if we ' 4
1 crease the ance of getting reggﬁ (Chance of )
glttlng blue ll be lLss ) ’

-.5 ’

1

ith ldial II red ahd E ‘blues IL Ask questions as before
gettlng/red and| 3

- : . /

1 chance in . h

Dblue. Aleo:
- s

wanted to get blue on onefspin? (The one with the"

. ~ ! }

=" largest blue area.) ) , | o ‘
=, -7 ' T ’
Whlch of thefe splnn4rs would you choose if yo# hoped -
: to get “&bbut! |50 r%ds 1n 100 plns9 (The firdt ) .
Y . -
L one-—the one w1th equal amounts of red and blue.
\f:yf-’/ a xl M
br

_chances in L. of

v

~ pa,




Attt et A Ae ket Ml et
- e e A )

St Show‘the'spinner with dial, % red, % blue,“ and % yellow, and discuss

similarltles and differences- among the three spinners. Bring out that there is

N l changé 1n 3 of gettlng-red 1 chance in 3 of getting blue, and 1
chance in 3 of getting yellow. ‘ .

QL N Summarize by helping chlldren see, for example, that if é of the.dial is.red

means 1 chance in 2, then 1, clénce in 2 - means % of the dial is red.,
Carry them through the same idea with the sp1nner with dial H red and H ‘blue

. and the spinner with dial % ‘red, % blué, and % yellow.

. . Lead them to generallze that 1 cthance in 2 of gettlng red means that

the chance of red is % and that, in tkis case, % of the results are llkely

tofbe red. Allow sufflclent discussion to develop understandlng of this concept.
. >
~ Then gsk such questions as: ' ' .o : .
o *If a spinner dial is % blte and % red, what
. is the chance of getting red? (%; or 1 chance '
. _ in 3.)

. ? p . :
What- is the chance of getting blue? (%, or 2 ,
chances in 3.)
) If) the. chance of gettlng red on a’ spinner 1s

o - what part of the dial is red? (— ] o~ i T
. N .

f

. Whet part is ngt red? (%*.) S

Tl e ae Then what is the chance of getting a color other than . R

: . o b ’ .
- red on 'such a spinner? . 55 or, h chances in 5. )

.

Y

'AA . Contlnue until chlldr n understand the rela ionship between the cFance of
1 that is cover4

d Qy that- co¥or.
Theén Bsk: *. W" ) . . . ! .
’ l | . \ ‘.
g , If 5 of a dial is red Jwhat 1s the chance o l

" getting a given color, and the fractlon.%f the di

r R ) getting red? (l out of 5, or l .) : ' ' s

- Ir % of 'a dial 1a;r?d> hat is the chance of ,

LR gettlng red? (h out of. 5, ,or %,) ’ T,
.If 2 of aldial is red, what is the chanc /6f el

I 5.
) : getting red? (5 out of 5, "%; or
~ . Chlldren should ‘generalize t

L

at when -g, re 1t is - A .

3
*

v - o certaln to happen the chan@e of that res 1t is °
o ! l out of 1, or i, or l. Th%s, 1f the chance 7
;‘ "\ <\?¥Lf of red equals l, we know that red must occur}
. { * - . . ,’

* -

(k \)\ I ,7 : . ) “85 ‘/)-‘*" N ‘ ({
cERIC -0 - : - * 990 .

v . P - . R .
RN Ry ~

) ' . o, 1 .\3 — --l Z ,,_\?'(l
. .' -




- . L 4 - -
- N \\

f‘i," r k . _ ry ‘ ' g ) ‘ s e » ‘ 7 = ‘

ang that recf is the only ‘result possible in this
’

~ case. ) : Cop -
o . \/;t us ]_.OO}'{ at these ideas another way, : _ C_
C b o atal se - -
A ,% - 5 of a dlaljred, then the chance of red g g
d is 4 out of 5,~0r zZ. : ‘
A 5 - ~ <
. . ] If —; of a. dlal is red, then the chance of red is .
BEA out of 5, or —;— ‘ - S

12

Now, think about this. If no‘par‘b of a~dial is reh |
then what is the chance of red" (There is noCChance 4 -
\ i of red because there is g/}o red on the dJ.al )
. . . * -~ R
s © What number g¢ould we use to mean there is no chance / -. )
of getting red? (Zero. Chlldren should genera
ey

that whensta result cannot occur, the chance of that .

_— -y
result is zero, or 0. Thus, if the chance of red

[

equals O,, we know. that red cannot occuﬁ“ and “that

s . the result, ‘red is impossible in thls case.)

LR ]

-~

At this point, help children summarize these ideas.. The summary; should -

el

- include the folfowing points in the pui)i'ls’ own words. * .
s - s . 1 PR . . 5o
1. We can usewfractions to compare the chances of different results. -

2. If some result is certain tq happen, we say the chance of that result .,*

. Cd - - o
is equal to one. - e — ,

-

. - Y

3. If some résult ¢annot happen,-we say the chance of ~that result is —

g ) " équal to zero., . b . ) o

N Ha)se pupils open thelr texts to page 38 and complete it as a class actlvr;y. <
| " Discuss it as neces;saky and then’ do paées 39, ko, and Ltl together and have the

. . children discuss theéir answers.
- '

’° . ' ) Do not goé on to Pupil Iiage 42 yet, but '_introduce the last pa’ri': of %his lesso_n‘:
. in"a way similar to this: . . < > e . - e

" po . / : \ ' i
L - A From our activities and discussioﬁs,\ we have dis-< - | B}

. ¢ .
e vered veral ideas about chance. * We can use

_ - or may not otcur.” For 1nstance, if an event is oy

o B Veertain t4 océdr, the chance that it- mi:l—occa_raxs co e

. 1 P S Sinfhtdundai .
b )i \ { . 3 e ¢ L Lo 1
. .- 1




.equal to 1. If an event cannot occur, the chance :- *
that it will occir is equal to 'O. And, if.an ° S

event is uncertain, the chanée; that it will occur

. is equal to e fraction between O and 1. E
L AL 0 SRE

] . Mﬁthema‘tici'ansn'ﬁqse the. word prbbabi‘iity in much-the )

_sanmeyway that we have used the wéd chance. (Write _— L ¢
- probability on the chalkboard.) . We know that we ' . ‘

v B A ~
.

) can use & number to describe the ‘chance that an - ' s

BT
1

event will'occur. .This nupber is called the . . - A3
. probability of the event‘ Where we have said,
"Thes chance of red is egual to %", a mathematician a L
. , " would say, and you may say, "The_,probabllity of xed =~ - ¢
. 1y . g :

Y . is eq_ual to 5° -

In mathematics we uge a.few letters; numerals, and

: 51gns to stand for a blg idea that we would othemse ' L. . N
o v have to use many words to. explain. (Show spinner T X - et

N 1 - ' .
withh 5 red, Z blue dial.) If we asked a mathe- ,

matician o descrlbe “the’ chance of 'red.on this spinner, ?

* he would' &y, "The pmhablllty of red is ; 5 and he
e would.-vrite P(R) = -. (Write "P(R) = -" ‘on the ,
T w éhalkboard. Ask what the "R" represents. ) From now T Tt
'on we will use Just the f/zrs‘t lettemnstead of w:ritlng « -

out the name of :the color. ’ .

‘Here are two cubea; one red -and dne v}hite; If I place

-~ K
*

them in oy pocket and then pick one without 1ook1ng, '
‘fow could we describe the. chance [that it will 'be white?
That it will be red? Write on the board, P(w)

»

. ! "and, also, P(R) s - o » :
. .y / .
T \Suppose I add a blue cube S0 fzhat there are a red a

.

¢
'\)l

wh:Lte, and a blue. What 1s the probablllty of picking
a blue" (John, m‘ll you wrlte the number sentence on

the boarda? [P(B) = -] A red? [P(.R?@— § A vwhite? '

. o1 . : .

<)L [y = 3l ~ o UL e w J
. - . l.l . L - j. b . ’ ¢« 54, - '_ M a1 )
S I will add the yeXlow cube. “Noy there are a red, a T
g <" vhite, d blug; .

.,4 ? "; '. sy-.i C};h;pce g';‘ pj}rg

4 f
pnd a ygllow. Hpw could®ie describe the N
gy & yellow? " 5 p;.easegwrite it «on é é%




w K

‘t‘h.eb.c;a.rd. [P(Y 7;] A blue? [P(B )=71I]' ) VI 3

What is the probabllity of plcklng either a red or .
. a white?: [P(13 or W) =1 = —}/ (Here, we . want . , .
- »either one of two of ‘che four possible event§
. -

'Whg,’c is the probability of pycklng a green?

: . .: " . [B(G) = 0. Whenever- an event is 1mp0551ble, 1ts . _,. . .

‘\‘ « e, probablllty i's. 0.] ¢ . ' (\ ;- . A
. / \ What'is the probabillty of plcklng elther a red, ’ B 4 . -~

- a white, a bluex or a yellow" [P(R or W or ‘Bor Y) =1}

. a a v ‘ Whem;ver an, ‘event is certam ‘io occur 1ts probab‘lllty ,. .

e, . A S .. .

i - . L /Now we have a way of usmg numbers to express p‘ro’ba-— 9 L.

’ .o g d bility. Let!s complete Eupll pages Lo through LY,

. ‘ Many of you will bessble,’to ‘apswer the Brain Teasers P

{ B - ) on page 45. ' ' . \' s _." ], “ ) '“

. After the boys and girls have complefted i_:hese pages’, d,lscuss their answers. .

: On Rlpll page l|-2 the answer expected to ~t:he last twh. items in “Bhe flrst column *
) _— e m—————— = — <___ . -
: #* is” Z: red cubés and 1 blue cube, Jbut it cou,ld be ll- re@, cubes and 2 blué
e P .. / -
e . cubes, etc. . - . < ; .
PR - . ot ot L4
: ) K . / 4 .&::’ L 5.' - ) A . >
5 N : s, . ) W ’ N ’,"d ‘ < ! ¥
"L ‘ M .'-, » . v
e . o ::;“, - “ . i
2, « . -':.\:'
M T
+ 7& A X . .
A A . o Lo
?»ﬁ" " . ’ ’ '3
g : I
~ , L
i,_:{f < ! / )
P ..
:r Sy ’ Tow “ - =
T e _ b J
s . o
2T e . - ! .
3 M4 . \
% A - \ J -
;1 ' | i ] !

}
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. \ NJ ;./ . 1
y 4 v > a .'.'
. .
¥
)\ook at thﬁe spln ners. ’
. \ N
/ /_You know that you cdn- use fractuons to compare the chances of
| d|fferent résulfs. . " |
Complete this table. d
oL - o | : 1 |
855 0 of dial red means 1 chancein 2 means Chanceofred = 3 |
1 : . . : s
. -z-ofdual blue . means "/ chancein 2 "means- Chanceofblug =-5 |-
R I R N - et
§of-d|al red means 1 chancein ¥ means Chanceofred ="z |
§ of dial blue means _/ chancein 3  means Chance belue ‘.i | N
T —TT' N L B
| §ofd|al yeIIow means _/ chancein_7 means - Chance of yeIIow= %— |
IR Z fd|al red .. .means / chancelir 7/ _means. .Chance of‘red _ /ZZ -
)3 o e RN
3 ZOf dial blue means _4 chances in 4 means Chance of blue ;_/g
¢ . b ' “e ",. . S R - i
. | All of didl red  means  red,is certain meand ‘Ch/a]‘ceoffred c=/
) | _1_.\ v . ) * T oY . : .
. . {g} ~f .. ' ‘ - "? ;- .
means  .red is impossible means Chanceofred = 0.
I ’ ‘ v " '
’ R o }, .
! ¢ o . e, i Ve
, e {8994 S .
: . S, | i
. ) /- ;




~ Exercises - Lesson’ 6.

N
AN

(a) The dial of the spinner is all red,
. (b). The dial, of the spinner is one-half bla®,
~{c) The dial ofthe spinner is one-eighth red.

2. Mary splns the poi’nter of a spmner 100 times

(b) The- dial of the spinner is one-thlrd green.
o Thelhlal of the spinner |s one- fourth blue.
~ QThe dial of the splnner fs all red.

Vd

; ”(b) 40 reds, -40 - whltes and 20 ques.."

.
I

f ) '- (9) 60 reds, 47 whltes and" 0 blues.

e‘ J . s !

. . o hn

. | &
‘ " ‘\_ :’ !

KN ‘_James spins the-pointer of a spinner 100 times and gets 3§;§eds. _
" Which-of the following statements is most likely to be true? ‘

. The dial of the spinner is one-third red.

' andgets 25 red 5
. . blue, and 50 yeIIow Which of thefollov\wg statements cannot be true?

o (a) The dlal of the splnner is one-fourth yeIIow

A splnner has a dlal 1hat is one-third red one half whlte and one- S|xth

P ' 3
" f bfue. -Which of the followmg caénot result from exactly 100 spm’s‘? .
s la) 30-reds, 50 whites and 20 blues. '

‘50 reds, 5 whites and- 10 ques. . |




o < ' 40°
0, + 1 " ¢ .
I N .
v : L ve ®
i \ PR
r ; o
M ’ .
L}
’ . , N - ° Y ' >
» . * "’g'm ‘ «ﬂ' "

4 You wish to get exactly 5 redsand 5 blues’i in 15 splns. Whtch of, the /oy

?\’\‘ ~ following dtals could not’gwethls result‘? SR
B @One -half redand one half blue - ;@,_;.“_,L:« " ﬁ

() One-third red, ope-third biue and one-third yellow/ S
(o) Orie- fourth red one-fourtti blue and or,te han yellow L /

) (d) One-fifth red, two-fifths blue and two-flfths yellow , @
, ey
5 In"which of the follownng statements |s the chance of red equa\%’ L \’L
‘ (a) One chance in two.of red. = - . t SR
W (b, Two r\hanes in four of red. . .. - L ,
| . (d) ‘One chance in five.of red I A T o
S . & " s N I
.Two chances in elght of red S 1 - '_;;; T
- ol / . r < o ?I‘w’
6! Wthh of the followmg splnners is. llkely to glve about the same number
T- o reds and yellws? =~ ¢ ° .. R

~

\(a) One- -half red, one- fourth yellow one- fourth tﬁ“e v ,j;“e
(b) One-thlrd red, two-thirds yellow

.One-thlrd red, oﬁ-thlrd yelldw -thlrdbfue _,7

“-.;i ~{d) Four-fifths yellow one-fifth red.” §@"- y

Q. . t .

L A (i the d[al of a spmner is all red we: say the chance ofred is equal to* .

oL@ any other chance. ~ ° - LT e e

:: - . ,nﬁ * ",.‘ ',v";

S, (b) .one chance in two. © . R N T

o f/(c) one-half. - PR J / : e e 0

: . v - L T oo

’ e ‘ T/‘x ’ :’ ‘\ ® R ‘ ’
o 9 X c




(ﬂ
b -
-

.8 Ifthedial of a spinner is all blue, we say the chance of red is equal to:
¥ S . ‘ N * ]
- {a) one. . RN - L '
V:vz‘ero. , \ L “ ' ) . o !,
* - ()" -one chance in one. - , L - /

- one-half.

d 9. The dial of a spinner.i§ one-third red, one-thjgd yellow, and one-third /%
LT : »

o biue. Which of the following statérients are true?
@,\"Re‘d‘, yellow, and blué are equally I‘kely' to occur. f

({5 The chance of gétting red is equal to % - »°

el .

N ! . e : e
‘ (c) One spin must result in either red or yellow or blue.*
. ( (& The chance of getting green is equal tozero. ‘
. L. ‘ &% R : ) H . ~ ; {
. ' : SN - L o
10. " If the chance of red on a spinner is egual to zero, which 6f the following,
, . -statements could be true?  ~ .- - -0 U
(a) The dial i$ all red.
] .._(.{b}, The dial is all blue. , )
e ’ N \ . ) B : ) . ¢ ~ ' -~
~ ..y The dial has at least two colors, = - S
: f @)/The dial has at least three colors, | . .7 ... T
=S AR ST ‘ ’ \ o
‘ e o ‘ R )
T e e e T R . 9 Moy wdn

PR




. . 1L- Complete this table. - g ¥ :
%’r - : i [”'L > L | .
4 7 . . . ST .
" | All of dial red - means red is certain =~ - means  Chanceofred=1- - means 'P’(R) = ’11_ ,
None of dial red’ means 'red s impossible ./~ means Chanceofred=0. .’ means * P(R) =0
B 1 o o f ‘ | ) (o . // ) .’ ( . L
Eofdialred.” - -} 1 thance in 2 of red '| Chanceof red=_2 - 1 PRy =2
q . ¢ Mmeansag | ¢ Means s ‘ ., ¢ Means:
g 5ofdialblue | | _/ chancein -2 of blue o \_Chance of blue = 2 P(B) =
. AN L . ro T I, ' A\
S . C e ) P .
1 AN / o w / ’1 \ ;. 1
Eofm'al red I {1 chancein i{of red ) Chance ofred= 7 } - | PR =7
3 — ¢ Means 1. P Seis., .. [ MEANSy.-- G- ~J,,~rmeans.m,; Sl
' Zofdlal blue -7 chances in_%__ofbjue} Chance of blue=_/f o .k-P(B) = 1R
. - ) 4 / co N
%of’dial re¢ ) ( "/chance‘ in 3 ofred | . ( Chance of red =é ) - (PR -5
%ofdlalblue > mean54 1 chance in j of blue .» means{ Chance of blueér " fmeans J'/?/ﬁ) »/5
; . A . Lo 5 i \\ * f .
%ofdlalyellow)‘ S —Z_chance lnj of yellow’ S \Chance of yellow é/}_ S VtZk 4o
: 3 | o .’ ; \ 7 :?
,,? red cubes | 2 chances in 2 of rede}e : Chance of red ;/ Y (A é
P and- means‘{a . :' meansy .- - .. r mea‘nsfj e \
_/ blue cube ./ .chance in, 3 of Blue'. | i Chance of blue = % ) -~ \PB) = 4 |
4




o
15,

16.

e

blue /(ﬁ’ // . . . ! o 1‘,,..1L§¥4;‘; M .“{-, .-:
N . X s, e

o PR
.probabrhty of yellow orf"the sp|nner in- Problem 12 " //// = ( ',

i /

A spinner hds a.dial Wthh is evenly divided into red whlte and blue ,é
spaces. Write a rumber sentence that descrlbes the chance of gettlng |

Write a number senten‘Ce that dnswers the question, "What is the

In Problem 12, P(R) - */j .

Write this pumber sentence (aboyt Problem 12) in words:- P(W) —'
48 3 /gzz‘-cza;ia;; o gaﬂa > j | ndlle e /

A bag conta|ns several marbles. Some are red some wh|te and the pest. -

blue If you chk one marble wrthout lookmg, the probab|rty of Ted is- ;
and the probability of white is ; What is the probability of blue?
A bag contains one red marble, two white marbles, and three. blueA .

!

marbles.’ If you pick one marble wrthout looking, ,what is the probabrhty

"thatthe marblewrllbered'? /é SRR Lol o

i
Aoy

e

In--Problem 17 what is the Brobabllrty that the ma”rble wnl be @ T
white? % o S5 7 C.

In-Problem 17, what is the probability that the marble wnl'be
blue? g e 2. T S R T

In Problem 17, how many wh|te marbles must be added to th’e bag - y

to, make thie probab|||ty of white-equal to. 1o codeppn e '

, M 5
. erte the followmg number sentence in symbols "The prObabmty of L
- yellowis equaI to threg- fourths /’/ )’/ =\ // R

Ok

100 "4 -




44

22 A wooden cube'has' a dot on two of its faces. If it is'tossed on the floor,
. fWhat is the'probability that a face with a dot on it will be on the bottom

when it stops rolling? 7 . /:’ | /

23. In Problem 22, what is the probablllty thataface W|thoutadot will be
| onthebo’ctom? VAP

. b
24 The dial of a spinner is d|V|ded into three colors: red,- white, and Dlue.

If P(R) =— and PIW) = —; “what is the probablllty oflblue?. -

. ( /\
i %5 {n Problem 24 is. the probabllltyof red greaterthan |ess;than or _
~“,equal to the probabllltyofblue? el o %mu
" / L a
o The dialofth'is spinne;'is' dividedﬁptb lO'QequaI régions. - o7
. 2P0 = _ S0 . | S
AL P = e oo (0
w28 Is P - PO P gl

.._Tbejdial of this s~pi_nn’er is divided into 6 equal 'regions.

PR - e ~/ e
nPe s L

o . . .
’ . 1 .
a
101 g o —
. . ’-" Aas "
L
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Brain Teasers

A
5

—

| -socks must he pick tobe sure he has two socks ofthe same color? O

~ marbles, how many blue marbles does it contain? __22 -

John has ten pairs of socks in a drawer. Nine pairs ; are ‘red and one is

'blue 1f he picks the socks one at a time without looking, how marfy

2

{

A bag contams]several marbles. Some.are red some wh ite, and the rest

biue. Ifthe probablhty of p|ck|ng red is ! arid the probablhtq]of p|ck|ng K

whlte is %

6
what is the probability of ptckmg blue? - /,’7

-

jIn Bran‘i Teaser 2 what is thé smallest number of marbles that could

\

ebe‘mthebag? ( ' VR

- . e

In’ Bram Teaser 2 could the bag contarn 48 marb’ies? T

In Brain Teaser 2 if‘the bag_cqn‘tains 4 red ,marbles and ‘8- white

/>
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. . : ,LESSON 7 . o - .
' : . Complementary Events ' - ;) ’ R .
- - N - o - .
: ) ) vl - v,
'e’ B H i . , 5 s T
;ntroductlon. ' . L - ' - -
: J . Puplls first make g s1mple list of all the poss1ble outcomes of a series of
N : F ] -‘_s

chance events. From this, s probabllltles ,are determned and t.hen complementary

L

. events are 1ntroduced 1n an informal way through the use of- nnger sentences. 7
e om Lt

,8The suggested procedure fo,llows & logical sequence and offers many‘ oppor-

P ey,

funities :f.’or practlcg in“$he) development of number sentences as vell as the

Y addition and sub’erg:tlon of common fractions. These 0pportun1t1es *an be s, .
. -, shortened or extended as you wish. _ - T .
- . . ‘ a 4 . LY * : i3 - L N ~
\' _" ¢ C, .* Sy R ' i - . g ’ :‘. ¥ -" M «
Vocabulary: Complementary. ‘ L - e A
. Y i . ' . .
Materials: l\i Colored blocks or marbles (2 red é blue) S . .
. . N ‘o . 4 > ! . . N AL
' _ ‘_ ) T q(2). Two no.n-tranSparent ‘bags or boxes. = G s ’ .
] , a‘ X i . 4 Py . . ~ . ‘t . : 7.; ‘( , .
; Suggested Procedure: . . . . ot ‘ . .
K (,e._ : f ’ e W " .. . v’.h .
Infcroduce the lesson by hav.u;g puplls recall the follow:.ng p01nts from -
S , AR PR A R R R
- previous lessons' ] ,'./ '.” A S o Lo A
) = ’ E ’ -~ "‘ ' ” -
b - 1. RatﬂOnal numbers and number sentences are used to express N o
, ~. .. . . l\
- ST pro'babll('bles and statements about them. ) : . .
N - ; x ’ @t -
2.  in event that™fs certain to occur hes a probablrn,ty of 1. This :
;0 °  cah be writteh- P(thé event) = 1, : A
L - 3. Anévent wbich camnot ocecur has & probablllt,y of" 0. This:caﬁ be
{ g ‘ wrltten, P(the event) 0. L ! L N "§
Loee s . — . . ' R . — 3
7 . L . v, 3
e "k, )No event can have a probability greater thah 1 op.less than O. , Lt
B - . S ° B“
. 5.  Any event which may or may nos occur, depending an chance, hes a . ,- ' -9
Sa ‘ ‘ . ‘ae ©
R L )probablllty whicH' can be expressed as a fraction between 0. and 1. )
! Allow sﬁff1c1en(d.1scuss1on to clarlfy these flve ideas. Use questlons and . »
¢ ‘ . .« " g ,,:. »
. 111ustrat1ve materlals as necessary. : L e . ; -;( T
' S A T el
w * . i e,
—L ~ - . ' - - v et - ' 97 ’ ’ ) \2 o }{/ i' J’

- 150‘3 R __:J.,'—--«n,;u.,zfjﬂim < . J@J‘w«.‘/f.
. . . ‘\ ') 3 ) ) . Lt Nl
. ) . ﬂ,g ,‘f - * tes : .

. t . . - . .
.- , R . L.
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g . ’.((‘show that L youw ha/ve two bags. Puf one red bloek\ and one, blue block in

e ’

each ‘bag.' €all one the fir bag and the. o;her the second Pag. k the cla§s

to. think about an experlm;nt in which we remove two blédks, one from'ihe first”
N ’bag and then one from ,the second bag Ask.» ) s i
’ . . . ‘:, LI ' . 1

N ) .o How many blocks are in the first bag? (2.) Mnd

. i what *eré their colors" COne red one blue. )
ey >
R . - 5. How, theny blocks are in y?e second bag] ' (2.) And
. , ) s

e S " N what are their colors" (One red,. or'e blue.)

'Q.\ , e s if we remove one block from the first bag, what ‘ ¢ T

.o color cén it be?. (Elther red or blue.) . L .

i . ’ Now AL we remove one block from the second bag, wha:t .

¢ o

. . color can it -be?’ (Elther red or blue.) \ o

' -

. 7 Let's list the posslble outcomes.‘ (Llst on*ihe

. ) L board) . L. . L .

-

&

: : N ) S -
< . The Possible. Qutcomes \ A - -

“
'

‘ . - .1V Red Red L F e L

AN

. : . 2. Red Blue o ok
. . . . - N 3- Blue Red . . : \‘#

. , %. Blue Blue . . ,
[ - ‘ ' " . %

w

s ™

: Have ‘childzen look at the list to se€ that each outcome a.nc udes two ~_ -
. blocks: Qne “from the flrst bag.and one from the sédond bag andnthat there a}e

j , RN .
o f ’ L outcomes 1n all. (Red Red, Red-.Blue, Blue- Red Blue-Blue ) . . ne

o . How many of these four. po,sslble outcomes 1nclude o Y
e . two reds? (1.). Vnat is the probabllLty that both :;'-:;; ;

-

. blocks will be red? (E') ‘ i .
. B ] .. N " ‘
4 [ _ . , - ; . P ’
. : How many of the-outcomes include a red first and a.

N . ' blue' second? (1.) What is the probe blllty '&Fﬁat ' Y
: ., the first block will be' red and the second"blue. (E )

. . A ] Y
i ' ) . - Vhat is the probablllty that the first block,é‘%ll bfe A 4}?%’
; > o PO
: : . K\ . blue and the! second red” ( ) ' ¥ L A ',# I
. ' 1 1 * TS ’
’ ' e AN
S . What is the }probabl]alty that thh blocks will be C T Te

Pt - blue?. (E) : T T "' o/ ‘

! - ’ : - - . . ’ ‘ / .
. f . - . . - ) i
. M . . r N * ‘ ’ -
. . E ‘ ‘ '
v

-

T Poe o ¢ e {

1 . a .
- ! oo, da sdeat & . --1.,0&1,‘ A rdeR Fad o . Ladty

oo e N -




; N .
~ i . ’ vl "

¥ [N o

S . . e 'I'hink carefully~ about this, What is the probabllity _

Boal . " that one block mll be red and the otherr ‘Qzlue" (12: Lo
B c qr 3, since ’qwo of the foux; possible- outcomes con- 2 .

A sist of' one red and one blue block ) e '

.

ol o

. v N -
— . . -

What is the probabillty that one\ of the blocKs will
~ L. . be\green'? (Zero, gince nelther bag contalns a green -
B ) block.) - At L

/ \ -
" (List these probabllitles on the chalkboard )

)\. % B ' A

. oo P(RR

.

]

SN ‘ ., P(RB)

-

e
d
j=o]
. i .
/:ﬂ—' B T | S S T

yL

/

v
el
X
&
[0}
H
B
g
]
-

P(RR or RB or BR ar BB) =

‘p
1 4

. H
R —_
.
[o+]
~—

i

¢ ' ¢
‘ Call attention to the fact that you have added a new probablllty’z the probabll,n.ty

- o,f getting e1ther two reds, one red and one blue, ar two blues. Since th:’\a&.&s event .t

o includes all the possible outcomes, it is certain to happen. What is the prob- .
abillty in th1s case? (l) o ,

[ .

-

e - o ' Think. about these events in another way We know — e

that the probabllj.ty of gettlng twd ‘red blocks is

. )]i What is the probability of not getting two red

e bloclgs" (E’ s1nce three of .the "four poss1ble ‘ -
outcdmes do not include’ £vo réd blocks )A,‘ o . '

.

- . T e

. . » . L
o . i,

. 1ty L What ig the probablllty of not getting a red first

_ ' and a.blue second" (E") . '

— - - —

. - Vhat is the probablllty \f Jnot getting a blue first Lo

\ /]

‘ } and a'red second? (E )

’ I ! . -~ ’ : . .o -~ »\‘ R - Q
Ay “ TR . Vo . .
. What is -the probability of not getting two blues?” (%) N
\ ] I .
e . . . K N 1

| A What is the—probebility.of not getting one of each . .

R K color? (—;—) ] . o T ) & .

! What is the probability that we won’t‘.get“:‘two' reds or .
‘ two blued or one of each? (0, because we have to »* ~

. get something.) ,

: Lo, hie ! .- - ' : DR e e
2.;: Q ‘M'3:43.3.3;;;-};:_;5*;,1 Wbt N S99 1 O‘f_)lni s i hs LAz L e
ERIC > | ke T




. . . . L S - . .
7 - ‘ v N\

) What is the probablllty of not gettlng a green .
: ' block9 (i. . Since there are no green blocks we ,S
can be certain we will' not get a green one.) . o

& ’ . Rt
List on the board the probablllty ‘that an event will not occur along w1th

4

- the probablllty that the same event will occur. 4¢ \ . -

A T

‘ ’ A . - J?ig. “ :‘é%’- *. “

. 1 o ) i
: . : - B(RR) = I P(xot ER) =3 - Ty
. ﬂ ! v -
L P(RB) = § . P(Not RB) = 2 ~ ‘.
‘ 'o ) ) ’ 1 ’ . \‘j‘?\\
'P(BR) = §  P(Not BR) = 3 ’ _ iy
N . + , . _ Tl ha n
> \ > ~ W o~ ‘!" ;J?” - .
P(BB) *= Il; P(Not BB) :«13; 2
_ . POy =o' Bt o) =1 | ;
. l l - “
- . .+ P(RBor BR) =3 P(Not RB and Not BR) = 3
///'- Point out that in the Llrst‘column «We have the.probability that an event
. ’ )
will occur -and 1n the second column the probdbility that it w1ll not oceyr. Ask

what would happéh if we find the sum of the two probablﬂltles for each event.

s+ (The sum is 1 in%each case.)

.

N .

Since each event must either occyr or not occur; °

ris it reasonablevthaf the probability that it T .
<

w1ll occur-plus the probablllty that it will no¥

Co : occur should be equal to one? (Yes, because one

o ,; - . .1 7 = or the other is‘certainvto happen and when some- * Wt e e e R
L *  thing is certain to hdppen its probability is 1) ; =
» . ) ’ ‘
' \’ " (List on chalkboard.) ' j E : ' . o ' ‘ . " . j;
s . e . . 1
. . P(RR) + Pilot RR) = I - |
) P(RB) + P(Not RB) £ .1 A )

4 : . P(8R) + P(Not 'BR), = 1

Y P(EB) + P(Not BB) = 1
- ' P(G),+ P(Not G) =1 ;

1

. . . P(RB or BR{+ P(Not RB and Not BR) =




Sy

oo

é

‘e

.today and yot eating lunch today are complementary. events.
happen bu both cannot happen today.

Expﬁg% that every event has a complement. For example, eating duneh
. One of them must
Ask the chlldren to think of othere and

The. stgtgments are true because we are ta%§1ng

~

about omplementary events. Complementary events

are o.pOSltes of each other; one of them must
hapoen, but both cannot happen at the same t1me.
To be complemeﬁfar§; two events must 1nclude all

he possible $utcomes. Therefore, the sum'of their

probabilities' is always 1. - -

®

[N ! M .'I
N

—I

allow time for discussio and clarlflcatlon of this concept.

t

!

l

- .

14

f o

Let us now look at these statements in'another way.

"If P(RR) + P(Not ER) = 1,

complete these statements?

(Writé on chalkboard.)

Lead pupils to see that 1 - P(RR)

exampfes, suén as

Y
then how would we

f ’ g } L .
) . 1 - P(RR) = .
- . s
1 - P(Not RR) = _ -«
4
= P(Not RR) and 1 - B(Not RR)'=

™.
Help me llst the mathematical sentences that

I+
2

1

4

2

= 1; therefore; 1- g =

use tHis 1dea.

_List on ‘the

tence before you

!

5

<%

etc.

o :.v’:st_\;
s - .
term for each sen-

AN

chalkboarti ‘ar;% have pupils state the”'l'as‘t,

write it. ° y "
1- P(RR;) = P(Not RR) and 1 - P(Not RR) = P(RR)’
1 --P(RB) = P(Not RB) and I - P(Not RB) = P(RB) |
1 - B(BR) = P(Not BR) and 1 - P(Not BR) = P(BR)
1 - P(BB) = P(N&t BB) and g - P(Nqt BB)- = P(BB)’
SN (G) = P(Not G) and 1 - ’ _G') = P(G_y

[}

3

'

Test some ‘of these statements by u51ng the correct numbers for the probabllltles

and seeing if the statements are true.
rewrite statements.

Contlnue until the’ idea is clearly establlshed

I
5

For 1nstance

¥
b

1 - P(RR) =

17

P(Not RR) becomes 1 - K '.ﬂ,i ssma ko

[N

Have pupils give: correct numbers as you

I

b

-

¢

43
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Pupil gagea &é‘ggg éz: These two pages- glve puplls an opportuplty to,check .
‘ their undexstanding of complementary egents. Questlons 8 9, and lO help

: children realize that here one outcome is not affected by another outcome-- ,
- L I
. . ' what John picks. does not 1nfluence what Paul plcks a%d Eaul‘s plck does e
<7 " not depend upon what John plcks S N Y e
a ~ Y ’ P . . L >
., _Pupil page 48: Fq;,further activities, you may want to use the spinner on this .
g * M . k] . {
' ﬁhg@, for example, and ask questions about the probablllty that an outcome
o . . N L
- will be o8d or-ewen, < 4 or > k4, etc. Other splnners could be’used - ;
N . . . — LX - . ¢
N H L - . _ .
. . for this same purpdse. ‘ -~ iy .o . e
. ) : , : . ) . . - . “ B 4 * ,f:‘
. T e -, !
L% - . ' . N Y . . . ' *
N * hcd ¥ . - “ " ) - N » M f -
. . \ . o
. . . ’ . . ]
o et - - ’
“ .- -« 2 , . ¢ . . :'
. 5 < “y
- . , ".f
° - . P AR
| ' . ¢ o
. . - . N . 0
. N -, 4 [
‘ —ly f € 4 /1’ -
- < [ ’ ~ /ﬁ \
. ¢ - s " . i
) p “ |
- AY ~ v ‘ -
oo s ' = .
’ ’ ¥ ) ,e
' [N ’ - . '
- . L = v 4 * .
. 3
[ s f + R ¥ P ) s
4 [ ¢ - . ) i
& ’ . :
N . , - !
. ] ‘ ¢ .
C, - |
1 2 ‘ N 4 Y ’ ' ) - ' :. ) fl.‘ . ;
. ‘ . ' i * ) .
. L] . —
, ~ . . ’ ¢ ' 'T%m
- & AN ~
’ ) W ! 9(.0 [ “A
o P N : l 7 N, . . i
- ° - “ !
. i i ¢, °
- 4 . - e ’ M 1 . © ‘ ‘ b]
* . . ¢ N ¢ .
L2 ' ’, N 5 > e
v . ' - f . .. Al
. . . . \ . ‘ ",
“ . . é’ .
] . . > - ~ » ‘V
\ P at ..
. . T r
., o — ") g A O hd
’ a « . ﬁ ‘ . b
1 . . ’ ’ B -t ’
. v N 14
- , - . N 4 f
by " ; ¢ ) S . ' ) < ., &
iy ' ’;‘ 5,‘:\:‘& \‘X e ‘ . . -, al ; : . A e v & { Cw 5
. )'i N ) L Iy oy .
‘. .o g ! - ,

A‘ “0 -‘ ‘7 ’
ERIC - . * "~ ST T

. .
. /
e

N
.




Exercises -lesson 7. © . R

"+ *Johnand Paul'each have one white and one green marble, .John picks S
oneof his marbles W|thout looking and then Paul picks one of his: _,The four

' possnble ou*comes are listed in the table below. Cor“plete the fabfe on the, —
rlght to show the outcomes |n a{shorter way Ve o a "
: . |
_\John*s Pauls "7« | - John’s': Paul's '. PO
. .Marble  Marble” - . ‘ Marble Marble . '
~ L | White | White LW W o
o [ white | Green | 2. W .
3, .‘Creen'ﬂ White | . 3 - 6. W )
4. '.Gr‘een Green'| - 4 c L,_ b
] . o | L,
1. What is the probab|l|ty that John p|cf<s a wh/|\te marble? _ /z_ LT

. 2 What |s the probab|l|ty that Paul plcks a White marble? ég _

"'3 What is theprobablhty that both boys pick wh |te marbtes? /ﬁ

e

4 What is the probablllty that both boys p|ck green marbles? /g

d. What s the probabrl ity that the boysr\lck a marble of the same |
Color7 Y2 T T .'".‘ L S o .,, o

. .
rl’“ -’

¢
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47 + R A e e
. < . ‘ D !
. .

A | o (. ’ ‘
< - .t' ‘ ® ¢ . ’ ) : . - #‘"
T ao P =7 ¥ © . PINot - /74 I

b PG = _Z# ; PNOWO - /_25 -

i PIGW - S hP(NotGW) 2

. ) R
l A" ' ! v 1

d P(GG) - /¥ PINOtGG) = —Z# -

T P(WG or GW)- /’/z P(NotWG and NotGW) 4

1 P(GG)+P}WW)' b /z.
ly+ 1= V2

./;&Zg;' L /

n
L
ol
T+
N
n

b PIGW) + PWG)

",

- C. PWW) +P(Not Ww)

:: 8 a “If{john p|cks a wh|te marble what |s the probab‘th tha&PauI
" will n Mmte ma,rble? /g
b. - Does John S outcome have any effect on Paul S outcome? %o

-~

9. a If John“ptcks a green marble; what is the probabmty that Paul.
v also picks a green mgrble? _7.2- /z
b. Does Paul’s pick depend on what John plcks? ﬂzp

e .
(S t

10 . What is the probab|I|ty that Paul W|II not p|ck a marble of the’s'ame

o

wf"‘?’""" -

N
<

— - . - - ‘ . . . >
LS = - 8 {
FRICTIT™ "y 2 -0 s AV S
" E L — ¢ - i ! 8.7 '
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o s . > 4 >
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’ ’ -t - " .g. d

o*

-=4- " A bag contains threg marbles, - one red, . one white"and one blue: -
_ Imagine that you choose one marble without looking. .

v ‘ - ' I
WeR=~7z .
12 PROW=_73 = T .

OB PMtBI- 2 .. T . AT

.\'V.' . ' v ot ' K )
W 1-PR:= B

—_—

.15, P(R) + PUW) + P(BY =~/ .

’
. [y ’ .
. . - . [ . ’ .
' . . -
PR . . .
- . \/m - ] -

4 - * ~ u

L} b}

#

The dial of this-spinner is divided into six equal regjons.

6PB=_ e aT P o

© 17, PiNot 3){_{/?__" [ |
o P(éq'r.6)=“_7‘i:_. o

19 P!;l‘ﬁ()r‘30r4:dr.5"6;r 0. T4 .

“wpes Y |

ﬁjf_vi’-: :2,1.:-Are:tﬁe events in Pr.otii'e'mg 19 \énq 20-‘coﬁplémentar);;(e;/é‘nts? 72%_
21 Fe N T |
23:;.--1-P1Ngt~3')=‘,‘ 7 TR B

L ) + PMNot 3 - o R

. v / Y o, ' . w "
- \)4 ] s » 105 -
ERIC - - v 113
{E;‘;\.):,'é‘;»}'i :3_,‘5‘, 4 F ‘)‘}.};. )jﬁ prary BN .. B .}’ o
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N Coqpting Outcomes ' .

Introdhctlon.

-
- 103 -

In thls lesson, pupils find probabllltles by using simple M rees” and

tables'to coung outcomes. Some pupllé w1ll learn that the probablllty of an

’ﬁi.

>
’

-

~ second bag is

outcome can be determined by finding the product of the probabllltles of simple
events. - For exaﬂple, consider the example 1n the previous lesson of two bags,
each‘of which contains a red block and a blue block. If we plck & block from
each bag, the four posslble outcomes, with the block from the flrst bag listed
flrst, are RR, RB, BR, BB,
the probablllty of getting a red from the first bag and a red from the second
3 and the

The probability of

and they are all equally llkely So, by countlng,

bag is E The probability of gettlng a red from the first bag is
probablllty of getting a red from the second bag is 'é.

1
I

L R

getting a red from both bags is which is the product of the probabilities
Al na——— \k -

for the .separate -bags. )

L4

For a slngle bag, there are two equally likely events. there

K andi ’
For™ two bags,

¢

~

are 2 X 2, or b equally llkely events. To find the VOtal number of outcomes
fgr twb bags we mudtiply the nqmber-of events for the. Ilrst bag by the number - L
ofy events for the secendtbag. . (\ ‘ v 7 \

> - ° e

= &

£ To find the proba§111ty of one of these outcomes,.weamultlply thé proﬁdbgilty
for thle first bag by the probaﬁillty for the second bag.- For 1nstance, the prob-
. ability. of red- from th 3 an& the probablllty “of blue from the

‘i. Therefore, the probability of. the outcome red-blue, is equal

1rst bag is

to £ x%, or “1 S = % : ’Z\ ’
2 "2 L o ' !
g L - )
Vocabulary: Tree, tsable, row, column. : )
. " ' N s By w e e a ‘j"" — 5 e N . ¢ :
Materials:.. (1) Colored blocks ol marbles (3.red, 3 blue)
- -h . ) _.
5. (2) 3 non-trdnsparent bagp or boxes. .
1 ¢ - - -
4 ' L 4?9’ ¢
. -~ "!
v’ LS4 .
- ., . p
- e 112 T
: -, o ar
I S ~ .
oy e ’ L - e .

;‘-“m} N

N

e
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, /ﬁlggested PrOcedure' * ‘f T

) -

Show tlle two bags from the. prev1ous lesson an place one, red block anﬁ/one PR ‘

- . b <§i$x\t‘;7g\§§§§g“h T . ‘ / ¥
’ blue block in each bag. Call one rst bag a the otf'xer the second bag a ,d
o a.sk questlons for a rapid review: What is'the T abLllty of plcklng a red- j . :
block from the first bag? ’(’g. From the second bag? (%) What ‘is the prgb- - - e
: 4 A

‘ability of picking a blue one from the first bag? (%.) From the second g" (%- )

Y

1
4 ,)9";;‘"',\1""4; [ S O

o Suggest making a "tree" to show the poss1ble outcomes. For 1nstan‘e bhere ) o

are two po'ssibLe.events from the firs:
’ ' [ ]
possib

bag and for each of these there are two

N i

events froxﬁ"the second bag.  [So there are 2:X 2, or LL poss1ble out-

comes i all. Help pupils grasp this [idea as you draw the tree.on the board
the Red and Blpe under First Ba and-then d:r‘aw the lines to ‘the’ mght as

shown, andg. wrn.te Red,- Blue, Red Blue under Second Bag .
L . H

Y . First Bag 7 Second Bag . 1 | )

‘ Red . | : .. /
. |
< N
Red< A . .
, Blue - - L ‘ B "/
‘6‘\ . N . . ,“Red . . i . , - “ ) R i ~ ]
. ) 3 . R .
* ‘ i . . o , ) ‘ lue > “a .

. - “. »

Have_pupils read the pOSSlble outcomes from the tree, going from left to right!
and top to bottom. (Red-Red, (Red—Blue, Blue-Red; Blue-Blue. ) You may want to

use only thé letters R and B on the-tree. D ) ' . : ‘ ‘

4

. .

: ! , ) .
. of bhe' 4 possible outcomes, how many lnckude(: ¢
S red, block fro‘mwe'ac‘h bag? (1.) Ther what is the
N P ‘ brobabllity of get'tingj "a red block from each bég? (714-_.) o y
<o State that %orﬁetlmes a.table’ is used to help find the poss1ble outcomes. ' /')'
Bhow on the chalkboard‘ T .- . oo, . o '
Y - e N . : ¢ . o
’ - : Seéond Bag - .:"If the pupils heve.had no. experience*with ) -
g ! Re.d : Blue B ) tables ,_‘explai'n 'thaih: the left side sh
+ |Red . T- | « . the color of the blocks taken from '
- First Bag Bl_u%‘ | & rizst bag and that color will be indicated *
l - T ... firstin its row, . ‘ o
[ » hd ° 8o ‘ ) . N ! . ‘ B " .- . " »

107 " . o o o
xl J{ 3 - vs . : ?' 7 e Y

- - . . ' * ' ‘ T
- R } :
\ e RS ﬁ‘- e
/ N T 5 B ‘

F=
.
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* Second Bag .

) The. top of the table shows the color o A
} . Red | Blue | . from the second bag, so tha.t color. 1s
Red R | R 7 written secopd: in the column below 1ts
Blue B B ° name.

. -
s . “a

5 ° _ Sgcond Bag " Show that the possible outcomes are.'.a'l]:’ L
by s aTe e Favbdes 03 | Red | Blue " given as in the trees, Rﬁ, RB, BR, BB

v T ssre s Req i RR RB . . The table, like the tree, is rgad fxom" ‘,,v'
; o~ © First _Bag Blue ,§° BR' |* BB* 1.2 . > ie,f’é- to «ri-'ght and top to bottom. Hoods i,‘ -

< ) -
For some -classes you may want t6 -continue:
. & ' ' :

: . ' Think about this. The probability of getting red . —

\ i from the first bag is —é— and the grobability of ’ _

. getting red from the second bag is % '.l}igg prob- ! ' § T

ability of gett:.ng red from both bags is ”&l. There ' { A

are two poss1ble events ‘from each of the two bags .
so we Tind the total number from both bags com- « _ -
bined by miltiplying: 2 X 5. Could this same idea R .

. help us to.wflnd the probablllty of- each outcome wher; ;7
S we plck a marble from both bags‘? (Yes, it>seems to..]“ 0" f' .- ‘”
:: 4 ! & -]-- = ——g , N . o * * N \Q R

: > ,2‘,7I') N oo b R

. wr

. ' , . v, - v g{’ .
Puplls who have had multlpllcatlon of -common fractions will S this.

£ e 4Tt
x

i

’I‘eacher Judgmen‘c will determlne how thls w1ll be treated and the de ree of em- .

B . . ‘

SN phasas to be given to it. .. ” % ,

‘_:i.z T P . . ' t

i . . In smple s1tuatlons, probabllltles can be determined by maki a llst of

k2

o {» i
o all poss1ble outcomes and- then counting to flnd the fractions ghat express them.

s oarTe v

. 2 Pt

o However, when the number of outcomes is large, as it frequently is, lni' ting ‘end | K
"countlng become 1mpractlcal. 2 o ,7 :

s

) Introduce a thlrd bag contalnlng ‘one red and one blue Plock. Hav‘,i: puplls
state. the outcomes for the three bags as you list them on the cha}].kboard "This ) e

w:;].ll be ‘an ex‘tens:.om of the tree for two bags. To each of the outcOmes for@j;wo
. bags you now add a..red and a blue block from the thlrd bag There are then o
2 X2 X 2, or -8, 'ou‘bcomes for 3 bags, compared with 2 X2, .o0r 1+,” 'out-

- e F : : N { T <
comes for 2 bag\s.\ Q‘ . st .




. £ . ‘4{‘ o .
‘ ) 4 . ’ . - - ,y"’ o 1;5:
e " 7 TFirst Bag Second Bag Third Bag g
L - . o . v Red L L .
2 - .. . « Red~< - ') ’x?. : .

. On the board show ‘i)upils‘how to make a table.for this. " Remind them that*

they already have a table for two bags so*it can be use:d in ni’gking a new table
for 3’ bags. ' ‘

. “ - 3 s

/ v -

- -e S N u T
v L «  Second Bag %) Third Bag N
. s2%, L ) 8. : » -
L& V Red | Blue . "g' Red | Blue -
DR = - g ] .
.7 LY T|Red | RR | ®B | . 9| BR | RRR | RRB
< . - - 0 : b4
. First-Peg  pjge | Br | BB <|'RB | RBR | RBB -
’ =] y ; Qo
) @ ! BR BRR.| BRB ‘
” _*.) B
. [ g BB BBR- BEB
. i N £ - N N -

-

-

‘Firs't, pﬁt the outconfles from the two bags in the first column of the new table.

277" "List them in order as you ‘read from left to right and top Jo bottom. ﬁtressﬁ

ry AR o

- that follomng a regular order helps us to show the pOSSlble outcomes system-

4

aticalily- Have spupils help you fill in the rest of the *table, using letters

for the names of the colors. . Help,the ’ooys and girls read the tree and the

table from left to right and top to bottom to see that ‘the 8 possible outcomes . .
are RRR, FRB, RBR REB, BRR, BRB, BER, BBB. . - ‘

o




'~ +Guide pupils to discover these points°

-

1. - There are now 8 equally llkely outcomes so the probability of any

e ¢ . 4
"* one is %. For example, P(Red Red-Red), = l. . . S

o4

2; * . The probablllty of red for each separate bag is lu The probability

2

of 3 reds, one from each bag, is’ %r For some clstes this -can be

stated 1n,a~number sentence, as:
'\,’-o\{

v
-

(Red “from first bag) X, P(Red from second bag) x P(Red from

fhrrd“bag) “P(Red-Red- Red) = %’X = X"l“ 8

Q
13RS . =-\. . ¢ N . .
Each time'we gddga'bag,'we double +the numberaoﬂ outcomes. For igstance,

with one ag there were two outcomes (R, B); with two bags there were
four outcomes (RR RB, BR, BB); and. with three gags there are eight
outcomes (RRR " RRB, 'RBR, 'RBB, BRR, BRB BBR, BBB). The number of -
outcomes }npreases by&powers of 2. The nunber of outcomes for one
‘bag 1s 2;’ for two bags, 2?;°afor three bags, 23 ete. " For pupils
who do not understand egponents, this can be shown as 2 for one bag;

é‘x 2 for- two'hags, 2 x 2 X2 for three bags. o

~ ~
' . F 2

. ‘ N / ' 5 *
Use .examples and discussi i € points. Pupils should under-

L

~stand that’ here we are inj#rested in outcomes which include more" than one simple

event: To get three red cks, we must get one from each bag so we. are talklng
about three separate simp & events, one for each bag, and we are interested in
theprobablllty that all thr e will occur. Each bag doubles the number of out-
comes. When we increase the umbBer of equally likely outcomes, we decfrease the
probability that any one out w1llaoccur. Some pupils will find tHis point
rather obv1ohs but all pupilks sheuld understand 1t if possible.

-

L, To find the probability of 2 reds and 1 blue is harder; it is best
. _done by counting possiﬁilities: The blue block *can™be drawn from the
first bag ( so that we draw blue-red-red), or from the second bag
. *(red-blue-red), or from the third (red—redéb;ue) We seerfrom the

E g

tree or the tabl®' that each of these sequences appears Just once among

-, the possible 8 sequences. Therefore, a combination of 2 reds and
. 1 blue can happen in 3 ways of the total of 8, and sé its prob—

e -ability is 8 .

If the maturity and insight,of pupils permit, extend thege ideas by discus-

sing a situation in Which the first bag contains 1 red and’ 1 blue block; the

. el * Vs

1o 136
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TN N [ e " .
- . . . . 4 .
. . LU~ : . . . ~
- - .
’ e .

eecond baé, .2 red blocks and 1 “blue block; the third bag, 3 red blocks and .
1l blue block. In the second bag the two colors are not equally llkely, the f
: probability of red is % and the probability of blue 1s % Also, in the thlrd
Vbag, the two colors, are not equally iikely; the probablllty of red 1s % and the
probability of blue is E If we draw a block from each bag; there ere '2)(3?<M - -
or 24 possible outcomes, all equally likely. The probability of drawing 3
reds, and the probability of drawing 3 blues, can be computed by multiplying

~or by counting. By multiplying, we get: probablllty of 3 reds 1s the prob-

¥, ability of red from the first bag tlmes the probability. of red from the second ;
< L bag times the probablllty of red from the thlrd bag l 2 X" E’ or l% ). ‘or Eﬁ *.?5”
. " the probability of 3. %lﬁhs = l X l X % , or _E To compute these probabll-_ .

ities by counting, make use of a tree or d table, as is shown Below. You may
w1sh to have puplls state the various combinations as you ‘constritt the tree and

v

complete a table on the board. Thlé should help them see that constructlng a ,
. trée or bulldlng a table can be tedious, when there are more thanr.a fey outcomes..-

The mathematlcal computatlon of the probability is much fasfer. However, the. )
tree and }able Irave the advantage of'being visual. FurtHermore, to compute the" ":1'.
probability of 2 reds andjcl blue, or of 1 red and 2. blues, ye will have :

to use the tnee ‘or, table, the mathematical method is too 1nvolved to be gone 1nta

~ -

at this stage. , ‘ ‘ R

. .
™ . . H |
N . -
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You can use the t sI’Jinnefs pictured below to illustrate t}}ese,points in

,--‘-."»mn.- .
N - - . - .

another way. : . N v : -

. : ] . —_
‘. ' . g <~

Spinner A .has two outcomes.and Spinner B ‘'has two oud;comes. The t6fal’

~number of outcomes, 1f _both are spun once, is ,2 X2, or k4 However; cof§ider

Cee the follom.ng probabllitle.s : . ! L R
. e halt
v . . l, 1 1 gv
o, PR =3 xp=g- i S
| 5 N 1,33 3
s = = = - s )
o ) (BB) = ’2 X I; = '8 - ) ,{}:
: / V- Le3 3" i L
. ¢3 . P(RB)~2XE—-8 » .o 3
- i ' . . '- » l l . fl . 3 ¢ ; i -
) — . P(BR) = -é X -E = 8 . L.

. s .

¢ This llst of the probabllltles of all poss1ble outcomes suggests that there
must be Sﬁ' rather than b, outcomes. Thls results from the fact that, uh:'fle
red. and blue are. equally llkely on @ijer A, they are not equally likely on

. }Splnner B. In fact blue is 3- tJ.mes as l:,kely as red on Splnner B. As long .

as we stlgk to' the mathematlcal probabllltles for Splnner A and ; Splnner B,
we can speak.Q of " two outcomes for Spinner® B. However, if we construct a tree or
table, we musiﬁ thlnk of ?plnr@r B @s belng dlvn.ded into lt equa.l parts, 3
ue (%nd l ed because there are 3 t:hances of, blue to 1 c.hg,pce of red on
t t#.splnner, Thls is 1llustrated/ in the t}ee and\table below. ”ﬁ ’

b .—
v __,, Spinner A . Splnner B / S 1o

- - = - . . -
e O . . Red o .

Blue © Spinmer A{ R| RR| RB |-RB | RB
Red , | B 8| BB | BB | BB




[

»
. . - .

L]
Pupﬂl pages 47-52: Pupils should note the systéhmatie menmer-in® which the trees

and tables.are to be built, always working from left to right agd tOp tq

bottom. The probabllltles are easily determined by counting Qutcomes.

Y

Pupll gages 53-55: As a further activity, pupils could. make a table whlch shows’

the possible- products~®f the numbers ©n two dice, or perhaps®even three
dicg, and write guestions concerning tye verlous p?ObabllltleS. Spingers
with numbered dials goqld also be used for this type of activity. Some
pupils'miéht.enjoy edhtiﬂuing Exercise 7 to include & er more coins. '

Pupil pages 56 and 57: The symbols < (less than), > (greater than),.

# (not equal) may be unfamiliar to some puplls. Spinners with numbered/,

i\
dials could be used in*‘many ways. For example, a table could be made f

.could agree that they w1ll divide ﬁhe number ohtalned from a spin by, 'a glven
number such as 6 and’ sgores could be kept and tables made. The o jeleh

tupities for A1l.kinds of drill are almost limitless.'

-
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. This form for a tree diagram might be useful for furthez" ac.t.ivities £
"some'pupils, bo’,ch in this lesson and in the lesson on the Pascal ‘Triangle.
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Exercnses Lesson 8 ‘ 5P o ~ [ s
1. Complete the tree dlagram‘f*’éhd the.table f ‘ -

_ to show the possible outegﬁ‘% of two sp|ns
with this spinner. -+ ¢ " e T
- : . ’ Second Spin* *

Tree . L
- First Spin’ Second‘Sp?@ ..

. “ Red [-Blue

Red & .. _ Fir‘St Red RR| L L

" Red = P ?}% - sein [anel4e |45

. N ‘ ’.‘. , -

: . , oo
45’ .

éZéd? <——-%) . . B B o . . 4
‘ Bl}!éiw . '. : . . . - . ' A 4 .‘. oo

(@]
-0
vy,
(o)
o)
n
T AN

. b.”'

i ¢ : 0;}‘. "o e@’i}?@?‘%‘}: : .~ \
L2 Comple;g m‘}gtree dtagram and. the table Show .

all the pﬁc;shble outcomes of the toss. of a coip- and

) one sp|n on fhrs splnner The dlal |s d|V|ded |n'to

'three equal regions D - -
| Spinner - . T -

Com ‘Splnner ﬁ Z1 vl - . ';E,;

N ) A VZAVZAV 243 B
o , SN A s 78\ 7Y L
JQ“P(HY)- W "c.,"Pmi)‘— '-///;*.\ L
,. ' b P(TB)- Ve . A P(HB)--//é

L. P(NotHB) _/_




- ?
- d

e

<3 Complete this tree dlagram and thetable to |

show all the possmle outcomes of two spins. -
The dial lS divided into three equal reglons

- - Second Spin .-

FifstSpin Sacond Spin - c AR B Y
' R rirst: | R le<|ks] v
/ £oe i |8 larieslsy|
Z - ey vsls
: A The total n"umber of 6utcomés is
£ B a. P(RB)- L 79
L b PYRI-. /7 e
« & o PNGtYRI=_H7 .
B d. P(BYOrRRI- . % 7 .
_Z_, :e.' PRY of BY or YY) =. #z. |

f.  How many possuble outcomes are

’ ~there if this splnner is spun
. s = - threetimes? . .27
& %‘ .
N

g

-y et




| ~_t):,»Ccﬁvaple’(e this tree dlagram and the table foshow
bk e A Q
- aII the posslble outcomes of two spins with this
TR ey
:_”_;w“ g sp nner The dial is dwrded into four equal reglons.\ .
: T F|rstSp|n | .\_Second.Splnj S Second Spin - -+ _ /
cooT . T___l‘",z 2 | 4
| 1 1'1 *//'2 Léu //;‘x ) }’ ﬁ} Lo
L First 2 2, /12,2125 ’7’[ o
Spin| 2 37 3 2|33|3¥%
‘«4;4, %‘z¢3;€%

©

The total number of outcomes is /6
a P(3 4) = //é

b PR3 or 32+ 'Z o
c. P(Not 42) /4 ' SR
@ PiNot 1,2 and Not 32 - Ve .
el P(Two odd numbérs) =
. P(Not twe odd numbers) J/ ¥~ -

g P(r hree-odd numbers) O .
=h P(rwo odg numbers or two ?}ﬁ“

‘ numbers) = /

o | P(At Ieast one. 1) = //é
‘P(Not more than one odd nu mber)

= J/zf . - S
k. This'spinneris spun four times. :
] ‘How many possible outcomes are - . ‘
" S : ihe're?'/ 256 -
12

LI . - us,




| 5 Complete this tree dtagram and the tables*’to
4 | p
show all the p055|ble outcomes of three spins.

The dial is divided into three equal’regions. -

. First Spm Second Spin Third Spin- -~ . - Second Spin ’
L e R _— RIZLY | "=
T T - - . 0.‘. Rlz2 2| 2y A

R I T .\-Flrst- AR K ’

1B\BRI\LEIBY

N ARZIE

o “Third Spin

1R I B|Y
RRARRRIRR A\ KRS | . -
RB|eBRKBBRBY|- | ~
R RYNRIRIKY B\RY Y| " .
ey BR 1 ZRR\ZRB\LR Y "

LENEBRISBRIABY] i
LY B8R Bx8 8y | .
YR | YRRy B| YR .-
YAVZIAVZ V7 ViR
o4 P22 4 xxﬁ Y

‘First and Seeo'nd Spins

o

M..

.- ... PIRBB) - -’7_2_7 .
b. P(YRB) = _ZZZ_ Q
c. PINot BRB) - /g?"’
- 4 POYRE-_ 2257
&, P(YRR or RRR) - AZzz
f. The probab&lltythat the
colors will be the sage on .
a ‘three spinsis 7 ..
’ - ‘ - L' K |
| 9125 , e s
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o
e
P
3
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POA Fe

L4
.
5
Lo
B
¢
I
T :
s
L 4

Number on First Die - -

Y S T T R B o
o - [N _—
- LA — — Ll ~
2 Je T AT
7. > P
SO '
e . — - * -

6. Complete the table to show aittheposstble sums

—— - E

NumberonSeconlee-~ U

"3

-4

.25+ ﬂ6

2
3
%
.5
6
7

#
-
-
7
s

1
"2
3
4
=T
2|
7

-3 ) ]

4 Blglet i
5 7 Ly
6 | AR A vahal 12 |

k4

or
.
¢
{
L -
3
.
i
. "
® ..
FEPE
-
\
3 .
,
-,
A

One way to get a sum of 7 isto get a 1 on the first die and ab6 -

on the second d|e We-can wnte ’(hlS as 11, 6)

more ways to. get a sum of 7.

(251~(39‘)

(#,.3),

Lnst them below
~(fz), (é:.'/.) .

How many possible entries are there when you toss twodlce?

A ~
“ /
.
A\l
1

!

Of the entries |n the table How many aré .

What is the probab|||ty of gettlng a sum of 6 ‘when two dice are _ |

tossed? -f/jé

4

How many entmes are there. |n the table?

How many of the entries are odd numbers?

»

F

120

e

-

o

H‘y

.'/Z/

I 3

-y
AN
c:\

There areflve

M“m a2 J@"‘ﬁ{




e - - . - B R
A MO : . ,
ﬁ:‘ - . ‘ - A - P
st . . . f [

Tt v
5‘3 ‘.\ . .
:‘ . ] k

s . g Whatis the probability of getting a surh that is an odd number?.
oo 22 - e
h. How many of the.sums are either 5's-or ¢'s ? X o

i.‘, What is the probability that the sum will be elther 5 or 9 ?. 4'2

i) Plsum - N=_24s . (6 Plsum- 20r sum = 12) = ///g )
LT @Pum = 8 s £52 . i) Plsum - 6 or sum = 8) = 5//{@
B Plsum = 12) - //.% . (8) P(sum 5 or sum = 9) Z
2 W Plsum=2 =224 . - 19 Plsum # 1) . ff/é-..

B 5) P(sum = 11) - 3///;. 110y Plsum >‘9 - 7é .
7. Fill in the tree diagram and the tablesto show all the outéomes when
'three coins are tossed Use it to answer questions - a. through j. S
. FirstCoin Second Conn Th|rd Conn . . Second Coin
> . First|H] gz | o7
H .
< : Com}ﬁf?& 77
s \
; Third
7 . H T

First PR _|wop | warr
and | HT .\ y7 4/ |7 7

Second [ .
T ~Coins |\ _|7##|7#T”
- W |\77#|777t
' . 127 R v
Q ) g . ‘ 121 - |




\‘;“ “ ’ . N v e - R TSTRTR T ST T OTR s T AR QPR T TRT WL ST TN
- v - - gmape e
P L0 -

H

" a Whatis '«the total number of outcomes when three coins are o

‘tossed'? Z o

b. How many of these outcomes include three heads ? 4

| C. W}ﬁat is the probabdlty-of getting three heads when three coins .
A ~are tossed'? /g )

.. 4. How many of these outcomes include two heads and one ta||'? : e
: 'e.n What is thé probablllty of g&tmg two heads and one tarI when | )
U T’tht‘ee coins aretossed? 3/58 S

. 3&:?‘ o * /
. f.  What is the probablhty of gettlng three ta||s when three coins

. aretossed? 77 . - < -

!

g. What is' the probability of getting at least on/e{all when three coms " - i

IR O R Y A
>
£ A

oy 3

are tossed? 424 0

h. What is the probability that you will not get three heads or three

tails when you tossthreécdfﬁhs? Sy % R o ,

f;t v |\ What |stheprobab|||tythat you will get heads on theflrstcom'? s,
oy 2 | S
jo- (1) P(3 heads) - 95 . 6 PINo heads) PR/
o (2 Plheads, 1tai) - Fg. W P3tails) - 7T

(3) P(Not 3 heads) = 78 . (8 PiNo fails) 77 .
@ P headsor 3tails) = 7 . (9 PlAtleast 1 head) = D7 -

{5) P(At least 2 tails) = //'2. (10) P(At least 1 head .
S or lta|l) =/ .

————




R et S

CRTERR A I ' . . . o . \56

Syp
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e

*’8 C mplete the table to show all the possnble )

e f sums of numbers on two splns The dial is

.7w"¢'1“

_,W L \ Second Spin - ' .

:""‘“‘W’“ -]’1 203|456 7|8][9fw]uln
;m 1) 23 | #|s 6|7 | g AVZAVa sz | 13 |
c s bt s e =9 Lol e /3| /¢
et Y Yls|lel71817 ol ] 2lin aveE
o tE e e o el sl e
sl |7 22l el (2| 12\ /#1526 |17
---§67 LAV AV VAR AV AV AV AV AV
R VS AV VAV AV AV VA ZAV AA|
S A AR A azavazaras
g VAVaA A A aarieg
30 e s A s e |7 | g e | o | 22
sy I A A A PP A
e VR V24 (5116 107 105 |17 Lo |ar a2 |25 2/

~ How many entr|es are.represented in this table? ¢ #

?Of these entries, how many are ¥s?__ £ X :
What is the probability of gettirig a sum of 9 on two spins? 24

. Plsum =5) = /gg‘ .. e Plum=12- YL

“Plsumisodd) = /2, 9 Plsum > 18)= _ 7 .
Plsum < 4= /7 . i Plsum 4 2= “Fuy,

b Wmch sum has the greatest probability? 4 2

ke Whlchltw_o sums.have-the least probability?. __o and x/

e 0 o o

i
i

=0 &

: b i .129,. -
. Q . . . 123
ERIC. - g

oL .




9. Completethetabletoshowthe possible . QVP |
- products ofnumbersontwosprns The = %% |
., dial is divided into ten equal regions.” * A» .
" Second Spin _ S
31451 6] 714 8| 9|0
AR A AR ANAP EWAV
BERV AV AV AV AV AR
7

- . ) ";

gl

1

1

2
J | 2 | /s /6| 2/ |\ 2L\ AT | Fo| - 7
# | N 6 | po | 25428 |22 | 36| #o ’
=2

£

>

S

7

N > oo

K\Q\
k}.

>}

o | B 20 |45 | 30|35 | #o| #5|s0
2 N8 | a¥ 150 |24 | #2 %f s¥| o
A E7ArI ARtV AR A ANV .2
AR AN AN AR AV AV 2

T~

Wl looilvN|lon | U || wlino | =

/a7l | | s/ 3 | 2. t87 | 90
/6 e300 | #olse|ge| 70 |0 |76 | /oo

| =
o

How any entries'are represented in this table? _ oo .
How many times is there a product equal to 16?2 3.

hat is the probabllltythataproduct equals 16 7 JQ@
PRY - s

P(27) = ’/50

P(even number) g;_é

P16 < product < 30) - /00

‘P(multlple of 5) - 4‘{5

i. Listthe products which haveaprobabllltyof 1(1)0 .
L #e é% J/ , oo

S o

Y

-
ve .
© 2 o

\/
. <
.
-
—

p IR Y=
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i Suggested Procedure: . . . .
1 ; .

Rer B If fhe marble that is drawn on.the first draw

- ! t . -

P

LESSON 9

. a ,
- Both, And; Either, Or

i {!-

Introduction. ¢ fﬂ | ‘ . L,

* ~
N

N ¢
“ In thls lesson puplls use trees and tables to list the ‘possible outcomes of
l

hg two draws from a bag which contains three différent- colored marbles.

4 . ( b

i The first marble drawn 1s returned to the bag before the second draw is

e <¥>¢ v e

made. B counting outcomes, probabllltles are then determined, with attention

) dlreoted for example, to both red on the first draw and green on the second.

Then by counting outcomes, the probablllty is found for either red on the flrst

draw _o_r_ green an the second draw or both red on the flrst draw and green on the

o second draw. Thus; the both, and--either, or situations are introduced

/

5 ﬁext pupils make a tree and a table to list the poss1ble outcomes of two
draws from & bag whlch contarns 3 marbles of different. colors but now the
flrst marble is not returned to the bag after it is drawn. Then, by counting ®

outeqpes, several examples ares given in which both and probabllltles and

/elther, or probabllltles are determined. . ..
f % ,," . H '
C , N . -
‘Vocsbulary: Both, and; efther, or. ' ' P,
,’ . . . 1 - 0
, Materials: (l) Colored blocks or marbles (1 red; l green, 1 white).

I &ah‘ -

Cy

. ) . a

: (2) Non-transparent bag. , _—
! . ' o, . - .
! ] ‘ ‘> . . - . D

-7

Show rthe bagxand place in it a red, a gréén, and a white marble, Ask what,

- ’

the probapility is of drawing a red marble. (%;)

( is returned to the bag, what is the proba%ility
: f\ of greén . on the second draw? ‘(%:) Can«we find’ _

| the probability of getting both a red marble on, i ”{:

\ the first draw and a green marble on the second =~ . !
5 © draw?.. t b

i : &%g& P

‘i - ! ) \ , 1 . -
h A ) { l 25 [N - '

vl




|

-t

. ‘ N v ; . i e N ] ) -
Ask the pupils to turn to page ’58 in their texts and to mmke the tsble and the
tree diagram to show all the possg.biie outcomes of two draws from thls bag -
Remind them /that the marble drawn on the first draw is returned to the bag

before the second draw is made. Answer the questn,ons on this page as a class

B =
NI ® 7

- activity, dramng attention to the both and probab‘il:.t;r and mak.ing sure that A

the pupils comprehend what both, and means. \- T . . A

Work through Pupll page: 59 as a class a&1v1ty, using the table and tree

from the- previous page. Help the boys and g:.rls understand the‘“gsg.ther, or. s V-

- s:.tuation and discuss the exercises at the bottom of the page. Some pupils™”

mn.ght dmscover during the discussion of the probab:.l:.t3r of e1ther red on the

first draw or green on the second draw or both red on the f,'lrst and' green on the .

-second that ; ) ' - T S

="P(R) + P(G) - Is(Both)

P(Either R on first or G on second or both5

If you thlnk your class should see this, take time to develop it, but othemse, P
- 2 do not point it out to the puplls. \J , . ';‘f: . I i

1 o < .

Show the ba?and again put the red; green, and white marbles in it. 7 o

et Y . ' P

Let?s make two draws from this bag but this time S o
e . we yill'not replace the marble we get on the first . -. o
_ .o o "draw. Now, what is the Probability"fﬁ' both red od . \ :
s . the first. draw and greeh,ah' the second draw? s . I |

N « *

-
-

{7

L

' - Have pupils complete the table and the tree on page 60 in thelr text to f:Lnd o |
- the poss:.ble outcomes . They must be careful because now the first marble drawn , ",‘D v
’i ' is not replaced so the table and tree will not have entries in every space Work .
zf T together*ato complete this ‘page and to answer the questions on page 61;” helping

: T children to use their table or tree to find the answérs. , Compare the probabxl;.ty _—
z‘““g of the "‘_ogth, and" statement in Exercise 4y with the "either, or" statement in N
{% . - Exercise 8.° ‘ : \ . . ' , B
éfg : ‘ . . .l N

s
Kk

Pupil pages §2_ and _6_3_ ‘These pages can be completed and discussed as a class . s

porrraay

activity or can be done independently by.the pupils.

.

Pupll page 61; ThlS game gives boys an girls- pragtice in divigion and drill- on
decimal equlvalents of fractlons in addltlon to being a good "Probabn.llty

~

I _Game". It would seem that player B, h€s the advantage in this game ‘
S A " ‘V\\"‘vwﬂs "
table of outcomes which gives the first d.lgit of the quotw of B _shows
. this isn't true: ) ' . - oz ‘

. -
< bl e . . L4 - %

- 126 yq9 : -

pei | s . Ve :
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-

; ‘;‘; P%:’ . | ? ) . ‘ -]'4‘ " \ ,. -
€ - « ‘) . ? Spinner A | \A ;\ S
A B . 123 |4|5[6]7]8]09fih « . RE
U L[T[2]3]%]5]6]7]8]09 e
T els{afrla]a]s|3]|n]¥
v S ‘ m{33l6|l1|lrfr]2]2]2]3 » ( ~
o e - gyl s fafifa]n S
X ) , ﬁ sle|b|6{8[1|rlzx]1|1 y
: “1é6j1l3|s5|6|8]lij1|1]1 ’
’ '.ﬁ; . ol N e s s (718 l1] o L] 2 ,
A [ 23|56 |7[8]1pa]" ‘
¥ 9f'r|le|3|sls5l6] 7|8 B
L . . ) . .
) " The number of fst digits are - e .
, 1\;-\. 29 ' Player A wins on 1, 2, or 3 so he wins
La 2 T o 13 T Jon 50 of the 81 pdssible outcones.
! 3. - 8 ' - Player B wins' on LL 5,6, 7, 8, or 9
T i - .6 ' $ so he wins on 31 'of ,the - 81 "possible
- i? - 7 outcomes. .
% - 6 “ e 7 BN
7 - 5 ‘ This game could be played by flndlng
‘8 _ ‘T\‘ 6 ' ,,the quotient of any two nu.mbers. Another
| "o 9 - 1 further acty{y whloh m;ght interest -~—
. '. ’ Total 81, some pupils Avould be to note the first

f

They could Open the book at’ random and Jot down the flrst dlglt of 100 addresses.

How many begln witha 1 7

,one of these three nq.mbers?
* answers to these two question

»
7

,

»o

digits of add.resses in = telephone book.”

8 2?2 a 3?7 Do over half the add.resses begin WJ.th
almost one- third begln with a 1?7 Probably the.

s/ﬁfd be "yes" " , LR




6 *
R i

essori 9~ "Both, and ; ‘either, or'*"

i 8
. .
o T

"‘A bag con’tains 3 marbies 'one red, o e green, and one white, ..
Let’s draw a marble, note its color and return it to the bag. Shake the

bag - and draw agam =

£

P(red on first draw) < | ‘
P(green\/second draw) = % r L ,‘ N

/ We want to find the probablllty of getting both a red marble on the flrst
~ draw and agreen marble on the second_,draw. Complete the table and tree @W",

dlagram of the pdssible outcomes.

o Sﬁcond@Draw ‘
| Red -] Gréen
Red. RR* | RE
Green Ry A
.Whlte aw?/ !

\

" First
Draw,

P
4(., o

mo—a '

Frrst Draw o Second Draw

Both the table and-the-tree
“ show’9 possible outcomes.

- sn, 6

J"“

Only one of therh is Réd, onﬂe o,
the first draw and Green .off ‘
the second draw (RG).

1 P(RG) P(Both red on first and green:on second) /Z

|
1
« wFY

PIWR) = /7 Tk P(WW) /z

—é"
v
.\z::«rq '
[P
£ 128

s A
A5 131
]

TR
Hivh)
i1




Let's thlnk of th|s same bag with 3 marb47 es,; -one red;'. ;one‘g%een,

and one White. Y T : -
But now, what is the probab|l|ty of erther«redenthemrst draw or green

on the second draw or both red on the f|rst and green owthe second?

Look at the table or the tree dragram we Just made —‘fhere are. 3
posslble outcomes in‘which the f|rst draw is red: - -

._RE__, RG, and _ge/l.

« There are also 3 outcomes in which the second draw is gr-_e_en:
“RG, e ,ad_we .

L N
.

Notice that you listed one of the outcomes twrce Whlch one? /GG-

— T = e

| Therefore there areonly 5 outcomes with erther red on'the,
first draw or green on the second or both red on the_T‘rst“"and green on
the second e ' - EE.

i

° T

&

/Theyare KR %é, o e.'“ and we .

~

. We'can count to see that . : |
‘\ P(e|ther red on first or green on second or both) 5/ Z

Vetther‘ R on first or W on second or both) Z

\u m“"‘ -

2‘° P(erther“ G on.first or G on second or. both) = /?

3 P(R on second or ‘W on first or G onf1rst) 7/2

4 P(R on f|rst or. G on f|rst or W on flI’S’() /Z /

129135

.
i
. - TP




dhmk of the same bag andthree marbles reﬁ green and; «wh |te

e

Th|s tlme we do not replace the first marb‘\e before we draw'the second

T v

marble. What is the probability of red on the first draw and green on the

second draw ? y - =

W

Complete this table {0 show the outcomes Remgg;ber .that |f we draw ¥
a red on’the first draw and do not replace it, |t can«pobbe drawn on the

SR %

secpnd draw. So R,R is impossible. Is G,G |5055|ble? Ao

~

Second Draw

. . Red _Green
'Firét: Red impossible | RG .- |-
Draw [OreENL G Vnsesedlor|
White WR W, |ime

~% -

A 'tree diagram would also show the possible outcomes.

it, be careful to include only the possible outcomes.

First Draw | Second Draw °




How many possible outcomes are there? é:
. What s the probability of red on the first draw? e P

What i the probabmty of green on the second draw? X2 | .

*45" What is the probability of both red on the first.draw and green on the

: What is the probabmty of whrte on the first draw? &

”"3: nsecond draw? (Look for RE mthetable) /é

0 What is the probabllity of both white on the first draw and white on the

“a- second draw? ¢

> " List the outcomes, wh|ch showa red on the first draw or a green‘*i‘)n

© thé second raw, . or both e, RAw ., A )
- .
P(either red,on first or green on second or both) = /> .,
P(eit];]er green on{j’rst or white on second or both) = /42—. .
PWW -_ o .
. The prd’bablllty that wh|te will be drawn on either the first draw or )
"second drawor both is f/j . Dogs ‘the, phrasg "or both" " 4.
| : - affect th|s statement? Zo “Why.or why not? ewe < e

Y zs) &0»;/.&4 /V&a

Q n

The probablllty that white WI|| not be drawn at all on the two draws

14
. ; o : #
. . ® .
s £z . * t S
- ‘- .
. ’
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" Exercises -‘Lesson 9.’ \

Uséthis spinner. ‘The dial is divided

1

£ ., into ten equal regions.

A .- .- .

LN - - ’ !
e \—/
{ = .

e{« r

© "1 What is the probability of red? /2" . -
3 2. What is the probability;)f blue? 7/2 o |
‘—.~j~1-~---—~3 ~What-is-the-probabitity of\ f - 7/( _w-; ~~--—f4~ D e e
A N i R
o 5. Pleven number)- Sz o B‘ e

. 6. Plodd number = = . - - ' .

 Let’s try our phrases 'both, and" and ‘'‘either, or'" to find:

7o the probability of ‘ofh redand even; - | | .
8. the probabmty of eﬂ?er red or even or both. I o

T

YLy o L N
LA B
NN L
—

* “)

Complete this table to help: you find these probabllmes.

, " Numbers '
ol 1] 213 ]4]5] 6|71]8189-
Red || RO|#,v|R 2|# 3|RA 4
- Colors R0 -  eBEA7EET
3”‘*%1}‘”&"‘} }y SR AR I VEBE T SIETERTINIEI bep)
S oy R RN T
%a R (Check your spinner; |s ared 7 possmle? Ao ) | R

' 9 How many p055|ble outcomes are there? 4
e 10 List the outcomes which are both redand eveni: - 1 IS
. v ) R.,O ., /{1 ,Z' , é % | / ‘i .

11 Now answer Question 7 P(both red and even) Fpo .

B A ’ PRI ’ 3
1:32%3}3‘8: : )

. P ! . . ! A - , A
* 'i,_l_;'#;“' FOREL I :3" it ¢ e [, N . ! ' ?i' ! °



. v et s

12, Llst the outcomes which are red:
K/‘& , /é/.,/z, £, 3,

13, How«emany outcomes are red? 5~

.14, List the outcomes which are even

,zo,gz;/% A 8¢

¥

+ 15, How many outcomes are even? S

63

L
S .

K, O

18 Plboth red and 2) - o

19. Plboth blue and 4h-_o .

2. P(elther blue or even or botha)2 / Z
21, P(e|ther red or odd or both) = //&
22. Plboth red and < 4) = //0 .

2‘3.. Plredor > 4)= /0 s /
128 Plolueor > 4)- 45

5. Pllueor red = %o y

26. Plboth blueandredl= o .
21. Plbothredand > )= o .

- &

16.. How manyoutcomes in Problems 12 and 14 are listed twice?
L, 2

i : - £, #)
+ 17, ‘Now answer - Questlon 8.. P(e|ther red oF even or both) = z7&

3 ,
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ol Bram Teaser QuackyQuotlents a - c

-

This is a game for two players. You need two spinners numberled“ 1to 9.
- [You can use the spinners Jabeled 0-9 and spin again whenever -
either spinner stops on a zero, or you can cut out a new dial, (twded
into 9 equal parts, and place it under the pomter of any splnner ) -
Each player spins once. The one with the larger number is called
. player A and the other is player B. ) .

divided by the number on player B’s spinner. .
. If the first dlglt of the quotientisa 1 or 2 or 3 (or .1 or .2 or .3),
player A wins a point. If the first digit of th?qpotient';ls 4'or50r 6or7or
8 or 9 (or '4 or §or .6 or 7' or .8 or .9, B wins-apoint. Thus A wins
on 3 of the 9 pOSSlbllltleS whlle B wins on 6 of the- 9 possibilities. -
Is it a fair game? Play it and then demde Here are examples:

A spins an § B spins 3. %:—:2.'+ . So A_, w‘ms..,ﬂ
A spinsa 1,” B spins a 9%= q+ . B yrlns. o~
A ‘spinsa 1, B spln‘s‘abll.ﬁ%=,.25 . A wins, o7

l w7 A splnsa 3, B splns 5 §= B vlrtné.

Spln 20 times and see who wms Pla'y several games before ypu decide -
if this is a fair game, Then make a table to.show all the p055|ble quotlents in
thls game From thls table you can see Wthh player has an advantage. What

' |s the probablllty that player A Wl|| wm a point on one set of spins? 5/(?/
' that player ‘B will win on one set of spins? :”_Lf/_ Why could we not use
"0 on the dial i |n thisgame? - , /-, ‘

v : ) / \1\40

-———— — Each player spins-his. spln ner.—The numberon. player:_}_Ls spmner is_"
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~ OppoFTUNIty for more rigorous mathematical study.
v

" them the Pascal triangle is introduced.

L Ty

LESSON; 10 : : . ‘ :
! The Pascal lable | . '
Introduction. '
—Errocucrion -

. .
” *

This lesson introduces the Pascal triahgle in an intuitive way. Pupils are

(7Y

not expected to develop a formgla for it but axe encouraged‘to discover as many .

properties of the triafgle as they can,

In later grades, they will have the

You might want to review the

material in the Mathematical Comments Jbefore teaching this lesson..

-

Tables and trees are @sed 'to picture the possibilities for outcomes of

heads or tails when coins are tossed. Tyese possibilities are listed and from

In the section, Thlngs to Do at. Home,

seVeral activities are suggested which will enable boyS\and girls t0' compare
their data from experiments with that which they might expect from the pattern

of tpe Pascal trlangle. If time permits, this section wetld be, very worthwhlle

I

AP .
LA ~ U3

to complete in class. P
' : : . %
This lesson has many values. gé
. J 3
‘- . N - l - 5 4% ., Al
\ 1. The Pascal triangle contains a number of . patte¥ns whicch =% a part of %,Q
. . : N
., many different probablllty problems For example, as we Eaa one more. g !
‘element, we 1ncrease’the number of outcomes by one more power of 2; :gf
for example, 2 "outcomes for 1. coin (2 ); 4 outcomes for 2 P
coins (2 ); 8 outcomes for 3 coips (c3§; +6—outcomes Tor— ‘ééd .
-coins (2 ); etc. i' g
. N é, .
2. Pupils can, perhaps for the first time, appreciate a beautiful example
; of symmetry in mathematlcs, for example, the 'left half of each ling ' N .
duplicates the rlght half of the same line.:
3. Many opportunltles are afforded to discover patterns and relatlonshlps.

arrangement from which they can extract information.

<

Puplls learn to read a different type of display and to seé a ‘new

> N\

PR

/ h
P
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T T T g TR T T T T T

,
[}

<

e h A -
5. More and more insight can be gained from the Pascal triangle as pupils

become more sophisticated-in mathematics. . .
‘ *

6. " The Pascal triangle is an excellent example of the wvalue of clasgifying

and organizing information in a meaningful and useful Wway.

<
I
»

Perhaps the last)time you yourself were concerned with this concept was in
a high school algébra class. You will enjoy helping children learn intuitively

-

what you may have learned more formally.

Vocabulary: Pascal triangle.’ o ‘ .

-
0

Materials: (1) a straightedge for each pupil =
~(2) a straightedge for use on the chalkboard
. K
Suggested Procedure:

The lesson might be introduced: “

We have found the possible outcomes for various
’combinations of simple events. We used trees and _
tables to llst the outcomes.~ Today, welll use
trees and tables to find some 1nterest1ng patterns
that were noted by f mathematician, 'Pascal, about , {
A 3

'

300 years ago. . -

Ask puvlls to turn to page 65 in their texts and complete the work. Discuss

* the activity of tossing a coin twice: ' . . ’ ™,
N In this activity, how many possible outcomes are 4
there in all? (L.) ' s '

HowLmany outcomes are there in which both coins are
*  heads? (1.)

What is”the propability of 2 heads? (Il;.)

How many outcomes are %here in which one coin is
a head an8 the other is a tail? (2.) '

4
v

What is the probability of 1 head and 1 +tail?:
L)

- ¢

2
('E, or

N e

;136 1432

#




45

How many outcomes’ are there 'in which both coins are
’ tails? (1.) ~

Whe't is the’probability of 2 tails? (%.)

Call attention to the numbers 1 2 1, and write them on the board.

DR . . t
! ) hd

Discuss in a similar way the tree and table for '3 tosses of a coin,

calling attention to the numbers 1 3 3f 1, and write them on the board:

-

. : 1 2.1 . .
1 3 "3..1. '

-
1

 Pupils can then compieté page 66. - Discuss it as youdid with two tosses
and three tosses and write 1 4 6 4 1 on theyboardi-— -a

-~ 1
Lh ‘ . i !
\ L]

Ask how many different outcomes there are when l 0019 is tossed (2), and what
these are. (l head, 1 tail. ) Suggest that you w1fl put this on the board and

. alsd ‘add a little more information: ; ‘ ' v o
S Outcomes * - \\V ‘
' oo o ;l§OT Lo, 17 ;
2 colns -)121,1!0T / 21,1t Log, o
. 3 coins l3H,OT": 3on,17  S1m,2T lpﬂ,3T' ’ .\'
] & coins Lyw,or n3H,lEI‘.‘; Oon,or  "1m,37  Lom, T I

e

Ask how many different outcomes there are when 1 coin is tossed. (2.)
2 coins. (4.) 3 coins. (8.) 4 coins. (16.) Ask if the sum of the numbers
in each row; for examplé, 1 1 intéwl and 1 2 1 inrow2, 1is equal to

the number of outcomes. (Yes.) / ‘ T ) :
’ /

Explgin that this is a part of the Pascal triangle, a pattern noticed by

the seventeenth centu?y_mathematieian, Pascal.i The table would look more like
% triaﬁgle if the vertex at the top were given, but the idea.of 1 possibility

" (no heads or tails) if no coins are used may be confusing to children. .Pupils
can now turn to page 67. Discuss this with them, helping them to éiscover, for

example:

-~

1143 \




1
H
4

above.

For example,
’

Each line is symmetrical;

'\\

\ /

\ /‘\7’
1
\ /3\ A/
pn

-1

Each entry;gs the sum of the two tiumbers nearest to it on the line

it can be read from right to left exactly

as it can be read from left to right.

s number of outcomes;

1 3 3.1.

possible cutcomes when 3

numbers

!

be carefully completed w1th the number of heads and tails noted.

for example,

Their sum 1is

.each new row would relate tc an experlment with coins:

row 3, for 3

coins ‘are tossed.

coins,

Work w1th them to complete this page.

The sum of the numbers in any haorizontal row is always a power of 2 .

' . H
The sum of the numbers in any one horizontal row is ‘equal to the total

includes the

8. which is the tothl number of |,

'9
Ask the children to try to compfllete the fifth row and then to check their
_\thlnklng on page 68.,

The triangle should

needed how many chances there would be of getting various comblnatlons, how the

numbe; of outcomes relates to the sum of the numbers in khe row, etct
that although this particular sheet, page 67,

tails we might expect when tossing a number of coins at'oge time,

number of times,

Explain

shows the numbexr of head% and

or one coin a

it can be used for experiments 1nvolv1ng two equally likely and

mutually exclusive events (the occurrence of elther“excludes that of the other)

It is interpreted, for example.

<

®

°

w ° If we toss -10 coins,_we'd look at line 10 . It tells .

: us ‘that there aré p10 of 1 Q2h ways in vhich these ,
lO coins m@ght fall. There 1é only l chance 1n lO2h :
that all 10, coins will be heads. P(10 H) = ﬁiﬁﬂi vy
Also, there is onlysy.l chance in 1024 that all 10

- coins w1ll be tails. .Other 1nformat10n from this line is:’

, Lo 2 '
If we toss 10 coing, - :

. I
" there are- 10 chances in 1024 that there o
will be 9 heads and 1 tails. ' 5

10 |
P .= . . . .
(9H,1T) 105k

~
N

.

» A

.

(-

Then ask how /ﬁ

How many coins would bé i

e

-
13




Tt N i taldot) - . N P A
N . . \ ) '!

. Lo ) . N N «1%9" . . P
» there are 45 chances in 1024 that there oL .
e ' will be 8 heads and 2  tails. \
7 ‘ ' 45 . : .
\ . a ’ P(8H oT) = -—0—2-): ‘. . «
N ’ there are ‘120 chances. in 1024 that there s

‘ : will be 7T heads and 3 tails. !

‘ 120 . '
P(TH, 3T) =iooh <.

¥

. . P ] )
As .a class activity, complete the exercises on page 69. Pupils can discover
;“*ﬁ by studying the trlangle that when we know the numbey of heads, we also know the

number of tails. For example, using .8 001ns, the probability of” 6 heads is

28 28

——3 and the probability of 2 +tails also is 556 . Also, the probablllty of 6
28 - 28 .
_tails is =6 and the probability of 2  heads is =6 )

Sone children might want to use line 10'to figure out what line 11 would be:

Line 10 210 1 10 L5 210 252 210 120 k5 10 1

A 120
r Line 11 2 1 \11/\55/ 330 \‘62 \b, 330 \6{ \55/’\1{

{ ‘ : \

The use of the Pascal triangle in making selections is introduced in the

w7

PupiiﬁExercises. For example, if there are 8 boys, how ﬁaﬁy different ways ¢
can you choose 5 of them to be on a committee? Since there are. 8 boys, look
At row 8. Then look for 5H,3T .which represents a committee of 5, witH 3

not on the committee. The number asso*?éted writh (5H,3T) is 56. So there

56 dlfferent ways in Wthh a commlttee of 5 can be‘cho n from'a group
of » 8 peOple. Note that when you choose a committee of 5, [ you automa@ically *
: chooso a group of 3, which does not serve on the committee. So you could have

looked to the right of ,8 for (3H,5T) and again 56 would ke found&as the -

P

nﬁmbor of different ways a committee of 3 can be Tormed from eople. gi:us, :
there are 56 -different ways a committee of 5 can be formed from ,0 peo s

ﬁandg(56 different ways a committee of 3 can be formed from 8.~pe0plé.:

| Perhaps this seems complicated but it really isn’t.‘.it’s Just more'diffi_u
' to EE&EE than 1t is to dot Let's try another eiample. From 5 books,.how/g;i;%h
) X different ways can you select 3 books? First,:note the number of thi (5)
" so look &t the fifth row. Next, look to %he right for the numbezaof’ﬁgiif/;ou
wish to select, (3H,2T) or (2T,3H). fhe number associated with"this is 10.
o So there are 10 ways in wﬁlch'you can select 3 books from 5 ‘a%oks. Also,
there are 10 ways in which you can select 2 books from 5 books because when

. . £
: . &

L]

} K } .. 7 ' -~ _\.:1-3-f4d\:" . . . . ' -




& b

° - .
you select 3 -books, you are at the same time rejecting 2 books--and this

. . B
amounts tq a selection, in a sense!l ) . :

~

How many ways can you select 5 eﬁildren to help you if you must choose
from 7 children? Is your answer 21?7 "It should be. '

-

There are an apple, an orange, a banana, and a beéch. How many different

ways can you choose 3~(ofjthem? (?emempef, there are 4 things. ;Thexanswer°

is 4 ways.) How many ways can you select’ 2 -of these? (6.) *

A copy of the first‘ 10 rows of the ?ascal triangle is given on the next
page. . - : - ) _
éggi& pages 70 and T1: You msy need to help pupils get s@arted on.;aée 70 By

answering the questione at the top of the page as a class activity. Once

pupils see hew to ‘'use the triangle to make selections, tﬁey can answer
these exercises quite rapidly. . . o ’ - )

<

. ) .
T >

Pupll pages 72 76 Dlscuss these pages in class when pupils report the diga for

the act1v1tle;; This is an excellent opportunlty to clarlfy 1deas about
expected resuMs. Bar graphs could be made from the totals reported by

several puplls and these could be quite useful in comparlhg actual results

’ Ay ~< -
.w1th expected results., - N .
. ' of t@ (% © . < __" LI
. ‘ . 1‘ . . . -
¢ M . v
' ’ 8 N ¢ ¢ s - N
’ ' & .
' R mLﬂ - i ﬁ‘g . & -
- Q ‘ @ I n
- ° [ 9, \ T
s .

. \_5@& ~ 3
, ‘ . x"l Lo Y s
f‘ & * . 'b;‘
; - - <

. \ ( s \’! 4’ @ 3
- -8
. . N < A o%w R
. - & hd
®
oo T
4 .
. )

140 ’ .




Number of Total Number
Things °~ of Outcomes

3 (8)

M (16).

2 (32)
25 (64)
T (128)

2 (56)

s (512)

PASCAL TRIANGIE - _
A pattern of outcomes for goin-
tossing og,other experlments

involving equally llkelx events .

\;’*‘y«

(3H) (2H,1T

%M \/\/\/\

(5H) hH,lT (3H,2T

(g}g 3‘1‘) m,w) 5T’)

1 6 15

(61) (5H lT uH, 2PNA 3H, 3T) (oH, 4T

(7H 1T (5H, 3T hg,uT

292

5H

*. 148
A




" Show the possible outcomes for-two tosses.

»-Complete the tree and table for 3 tossie's

T
I;} .

-t

The PascalT'riarigL-Lessorf 0. L

TList some of the actwmes we have trled WhICh have had two equally

llkely outcomes; : - ‘
]. - ]. ) : . % ”‘é‘ En. .
a. Spinner 5 fed, 5 blue; d.‘mZ:»y / é ar cvent

Mﬂ@é‘/t‘?'// '

Cz@&an /%,ZCwm/a/f&cé—OWMM "ot o
‘ a/“_W WZ

odA_
We wﬂl make tree dlagrams for one of these act|V|t|es tossing a conn

FirstT Tree - \dgT ' Table ~ . .
irst Toss Second Toss - 2H, 0T | 1H, 1T OH, 775

=7 HH |~ HT |, 1T, |3
' T<$ S ’ + TH |

Number of outcomes 1 2 1

“
v

FIfSVIZOSS Second Toss  Third Toss

3H,0T| 2H,1T| 1H, 2T 0H, 3T

<H<l ' ;
T%: {HHH{HHT p77 | 777

. - V4 - '
”T<—"<£ | PTANTIT
s d ’ T J;—Z s " . . PR s I ;
T <l AT TTH
Number of outcomgs";’ 1 [ 3 .3 1
. ome 140




4 . Ay . 3

- ) T t
. - Now. make one more treg . (for four tosses) . ~
o o ) - {
- FirstToss ~ SecondToss - . ThirdToss ' Fourth Toss |
: ‘ * T / « P
-
{
t&,’v- g

List the outcomes in the table. . _ .

)

o~

4H,0T - | 3H,1T
‘ K L HEHT
LHT S
| : LTHE

—%

. | Number of outcomes | "1 4 o




DN T N i (B ‘ " LA i ] i ’ N 1
- N L
Let’s organize our data from the tables into
a triangular display.

‘ . : X { .
t ‘ . . “ . !
1 < .

___FirstToss )
' | v (Look at.fhe first table. ) )
, __Second To§s ~ .
Third Toss — g §W ) (From the second table.)

s

1 4 6 4

4HOT IHAT 2H,2T 1H3T

__Fourth Toss

s

5 .0 0 -5 v4

L E Fifth Y17 AT 2HIT M AT - CHS
E ,
- 6. /5 o /E A »
Sixth G, ¢T w7 AH2T Sy 3T oy T (H ST o# (T
— ‘ . K4
- 7o ze s 20 7 4
Seventh CHIT SH 2T HIT AT TH S0 1 (T # 1T
. F 28 st o s, o sf 5 L
Eighth — SH,.r 7 THAT e 2] LH T 7//1’ 4 7,/ L T I TT ew, T
- - P P .
‘ ’ - ., . ~
! , 7 - 9 2 Ll A Ay /L
Ninth by 7 SH T gAar  SHET sy AT T ‘;// ¢7 /// 77" I, 27
V" Jo #s e oz 252 ol e 45 /0L
- Tenth o Seh T PEIT sk AT IAZT (K ET SH ST YR T M, 7T 24 ST 1T 4 07

- " “Took at our. 'dlsplay Do you seea pattern? - ¢..:
~Can you complete the fifth row (5 tosses of a 2in) W|thout making a treé ora table? pIIRE
s GO back to the fifth row andtry | AR ) -

hd

Do you see several different patterns? w., %

152




vYourfifthrowshouIdbe , L

‘ l . . . " «‘ -
15H o‘rslm 1T 10"3}1 ‘eT 10 2K 3T51H' 4T 1‘0H,"5T T

/\6

. Did you write this row so that |t contmues the triangle? - s

Pascal So it is named the Pascal Triangle

[iag

Go back to the trlangle and complete rows 6 through 10. Don 't rush .
through it. Place a ruler so tha&_t touches tﬁe ends of the 1’ . Draw a _
Ilght Ilnedown toward the "Tentthoss”" Do the same on both sides; it " o
WIII hejp you keep .your: dfsplay In order, Always work neatly Your resuIts g

-~
. . $
. .

‘\

' W||| be used to énswer some. questlons

.. - - Nowgo backtothe first rowofthetrrangfe Wr|te in, Justtothe left -
‘ of the words - "Flrst Toss” ‘the "number 2 The- 2 standsfor thetotal

AN

\75 __number of,outcomes foronetoss of a com.
c.b ]

v

, Just to the Ieft of "'Second Toss" wrjtea 4 to show it represents 4 . -

<
-

¢ outcomes for 2 tosses of acoin. Vehat should you wr|te to the left of
T ”Thfrd Toss” ? / o Complete by writing. the total number of = -+

-

outcomes for" eat:h row. _(The 7th row rs 128 and the 10th - row is 1024)

el

’ ' ., \ L ]

“ Do you also see a pattarn to this column offhumbers? %X//

What is the pattern? %o/ ° m,,m/ > ZM,( 2o &g aed
o .. &

;u///d/(,c Z /zk,-%:”r/J_/

&

e -

%{/ /(1///1/61/ /u('{/( ,,/( 6/

= - - "y
/ét(/((’d ar/ gl o f—/J/ /2//( L, Z 7/ awc <z’ Z o
ﬂ“ ¢ < Lé,/ ,/Z I}ﬂﬁ./d«/(( (?’u?)-('//ti'-// N 4/{ 2 LoAR ~ oa

- W é{l/lf/ e )/ (/ ,ép, W/A//’/‘J/ / _j ,
/

n-
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Use the Pascal Triangle to answer these questions.

How .many outcomes are there for 2 tosses? __#-
How many outcomes of exactly 2 heads are there in 2 tosses? /

tosses P(2H) = gf

tosses PBH)= 74 " .
tosses, PITH)= /28 .
tosses, P(7T) = /42,2.00 .

tosses, . how many possible outcomes are there? /4.

In

-

o 00 NS Vo _\»’5\7 —

In
In
In
- In
tosses, how many outcomes can you expect to be 2H2T 7 & .0
In 4 tosses; PI2H2T) = Fgp . o
In 4 tosses, PBHAT) = /4 . | "
JIn owtosses.: P(4H,2T) - 23

., In 6 tosses, P(2H,4T) T -
| \In/ 10 108365, *'P(8H 27) - /5@22 ' SR
In. 10 tosses, PY2H,8T) ¢ Qm,g | ,'

5. In 10 tosses; P(SHST) = 272 A
| If you toss 10 co|ns at onetlme |s the probablllty of 4 heads and

In

S N N LN B U B 2 )

o o [ - -

.‘:—l p—
.O\'U‘l

6 tails more Ilkely or less: likely than 7 ‘heads'and '3 talls? o
W llkely , "‘- ' | '-:*/‘

~

- Brain Teaser If you toss 15 coins at one time, the greatest proba'ballty

. , _would be for _ § °  heads; 5 -Z tails, an¢for .
'_ - .S, Z heads, ' ta||s ) .

ot
(O
.

Q . . .0 - o, 11:‘6




? Let’s see how we can use the Pascal Triangle to help us answer othér problems.
3 Look at the third row, ' '

/. If the questlon were, "How many dlfferent comblnatlons of
U “ . exactly 2 Heads are there?", you would say . % {

’

ThIS trlangle can be used to answer many quest|ons ‘ .

Usethe thlrd row again. Thereare 3 people How many different
comblnatlons of 2 peopleean you choose from 3 people? (Look at 2H,1T.)

L]
.
-
.
. .
' % i . \ ¥
2 . .
» . , B
B
.

gxermses - Lesson 10.

S Use your Pascal Trlangle to, answer these quest|0n§ - FAa

- -1 From A people, hovy many committees of 2 can be chosen? :
¢ (Lonkat 4th row, 2H21). _ £ ” : "

-2 From\d people how many comm;ﬂees of 3 can be chosen? % A

o 3 From-a group of -7 people, there are: - S ) V?‘f
i "./ a. How many different éemmittees of . 3 people?v jj ,ﬁ
L ‘ b. - How n@ny dlfferent committees of 4 7 jg’ L -
c. - How man\ydrfterent committees. of 1?7 - Z | -
" .d. How many dlfferent committees o\f,. 67 Z -
h .6, How many dlfferent comm’ﬁ{ees of 7?2 /

;:« ‘ ) . ' - 147 '
-, [ o 185




Exerclses - Lesson 10 (continued). .

“11

_ d|fferent groups could there be?

[z

. A * “
4. a. In how many drfferent ways can a committee of 6 be chosen from
. ’ . agroup of 8 pupils? ,Z/ |
b.‘ ‘In how many dlfferent ways can a comm|ttee of 7 be chosen from
. agroupof 8 pupils? S
c. In how many different ways can a committee of 8+ be chosen from ,
L irragroupof 8 pupils? . / “ Cp
5 thh’eteacher asks for 3 volunteers to go with her to the hbrary
" However, 9 pupils volunteer. |
a. In how many different ways can the teacher Select the 3 togo
withher? 7%

'b.' If theteacher could select 4. from the 9. p‘upils how many

6. Thereare-5 flavors of icé Cream: ~ chocolate, vamlla strawberry,

~~~~~ * -

_“black walnut, and peach. . s

flavors ?

Pt ;5_. d

~a. In how many different ways can you cheose 2 of these

-~ flavors2_- /2 e o )
, “ b. In how many different ways can you choose 3 of. these. :
flavors? /¢ _ X
. c. . 1n how many different ways can you choose 4 of these
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Things To Do At Home - Lesson 10, ' . . 9

1. The Pascal Triangle can be used to show the different possible outcomes

’ in making selections. 1t is a pattern and wé expect results similar to it.
) . To compare the actual results with the Pascal Iriangle, toss two coins and
“‘“ record the oﬁltcomes on the chart and on the graph.
‘ CHART  ~ . = BAR GRAPH ™
Toss |2 Heads| 1Head|0Heads| 0 |
Numbet |0 Tails | 1 Tail | 2Tails 19
1 e , 18
2 - 17
3 - | 16
4 _ | s 1 ’
5 ~ ‘ S 14—
6 ' § 13 4 !
-1 | 12 — o
8 ) i 11 ,
9 _ = 10—
10 : — e 9
12 - . . ¢ /. u}t ME | 7 .
13 o g 6
15 P - ‘ = 4
RN _ N3 w
] - 117 . ; Sy 2
S 18 ' 1
19 ’ 0 — )
2 folg_|go
Totals | |, |} |EE|EE|ES
v (\1? —— | O N

a. -Did 2 heads occur about as often as -2 talls?
b. Did 1 head, 1 tail occur about twice as often as 2 heads?

c. Were your results'about what you :thogght they might be? _f;_

B | 1y




N ‘ R o .
-7 2. Make a windmill with two vanes. See the Appendix to learn Hiow to make it.
.- Color-each vane,ed on ong side and blue on the opposite side. Blow on
the vanes and then place the windmill on a flat surfag se¢ which
~vanes are up. Mark the chart to show how the vanes stop:. both vanes
red, onevarle red and one vane blue, or both vanesblue. Show the -

totals on the graph. . ,
_ CHART . ’ - BAR. GRAPH
. Spin |2 Vanes Red |1Vane Red |0Vanes Red | . 20— —
‘Number |0 Vanes Blue|l Vane Blue|2 Vanes Blue| - 19
1 . | 18
2 : ' 17
3 . ' . 16
BRI : | 15 =
5 - | 1 214
6 ' T &13
1 : : N_.g 12
g iy
9 10
10 £ 9 .
1 T E 8
12 / S 7
) 13 & 61
14 ) T L e S5 -
15 ‘ =4
16 3
17 2
- 18 . 1
- .19 - . 0
2 ) EEFERE
Totals B @ DL 2D
M Q (O] (T Q| (O (O
>>>>> >
NOIrt ~|O N

AN

a. Would you expect the results. of this experirﬁer\t to be about the same
e, as with the coin tossing éxperiment with two cojns ? |
BT Wersjour results about what you expectéd them to bé%. R
- c. Circle.your answer. About how many times would you expect an out-
~comeof 1 vaneredand 1 vane blue if you did this experiment 1000
times? 400 600 '
T P08y L .

H

ERIC ' » i
[} "




e . L}
? ? / ? - e Yawe *—...1\,7-,,.‘

- . \ . , : 24
3. TOSS three.¢oins. ‘Mark the chart and complete the graph from the
totals. Compare your results -with row 3 of the PascakTrlangle

LS

~ s
-

T "
¢ o )] -
® =
25 |
‘ "l e-t oy { -
= T
;:(; § _";‘ ’ \ T e
'Sz \
. gé ' \
T & A
N O
s W
2l A R S ST B S SE P e
- 5 S
. = N =
e b ‘ " BAR"GRAPH"
3 Heads | - - |1 . T
.-|.0Tails |- |- S S
. | 2 Heads-
I Tail |-
| 1 Head |
© | 2" Tails - )
1 0 Heads . | NN .
_3"Tails e \
0123458561 8 91011121314151617181920
_ Number of Times in 20 Tosses -
) a. From the PascalTrlangIe do you expect 2 heads, 1 tail, wHIoccur
O about as often as 2 tails, 1 head? % g
- b, Were your results.about what you expected? B T
. c. If you tossed 3 coins 600 times, about how many tinigs- wild you
Y " expect all 3 coins to land with the heads up? 75
b 9, . . ;
- 3 ‘11 ‘~ N | 151 '159?5 - | Lo

am*




v

. Add o,né more vane tothe windmill you made so it will have three-vanes.
Color this third vane red on one side and blue on the opposite sids. Blow
on the vanes and then place the windmill on a flat surface to see which
vanes are up. Mark the chart to show how the vanes stopped and complete

. the graph from the totals—<Compdre your results with the Pascal Triangle.

PR ]

)
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Q
c
©
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@
c
©
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D
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Q
c
©
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D
o
73
Y
c
©
>
[3a)
c

=5
(%2

Number|0 Vanes Blue[l Vane Blue|2 Vanes Blue|3 Vanes Blue

3 Vanes Red
0 Vanes Blue
2 Pnes Red
1 Vane Blue
1 Vane Red’
2 Vanes Blue 4 .
0 Vanes Red. EE ¢ o
3 Vanes Blue | ‘ T
01234567891011121314151617181920
4 Number of Times in 20 Spins >
a. Were your results about what you thought they would be?
b. 1If you did this experiment 900 times, about how many times would
you expect all 3 vanes to stop with red up? ‘ .
"D a0 300 400 500 -
. You might like to try this experiment withba windmill-of 4 or more vanes.

L % ™
i

-
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IESSON 11 . ,
[rEET .
. = » o .
. - Conditional Probability |, o
el -
7 i ) “
. . , e y S —
‘ _ Introduction. ) . ’ i . o

In Lesson 9 we drew’twice with replacement and later twice w%yhout replace-
ment, from a bag wirich contained a red, a green, and d white.marble. Probabil-
i%ies were then de%gzﬁined. We could very well uge these same activitiee to -
“introduce the idea of condltlonal probability; for example, what is the probabll-
ity of green on the’ second draw when we kridw that we got red on the first draw?
However, to employ a‘dlfferent activity, we will use three tosses of a coin to

help children think about conditionsl probability. -

-

—

A table of all. possible outcomes will enable pupils o count outcomes to
determine probabllltles as they complete the first 'two pages in the lesson. The
exer01ses will give further insight into condltlonal probabi . .

réal

L] -

/

It might occur to some pupil that every probabll ty. is ly a condltlonal

probability. Thls, in a sense, is true except that we choose our language so
that . tﬁe condition is implied or dnderstoo&.
The set U
“of P(E), though, e might say, P(E|U).
to a suhset V of U, with E avﬁ}eper subset of V,

. A diggram might look like this.

°

Think of an event as a subse} E
of a given set U‘, is the set of "all possible outcomes"
" If we add a condition so as to restrict

we speak of -P(E|V).

* / . .
. N » ——
L . . 7

- ‘ ) ° ’ . / .
. s . . . / * 4 N ’
Vocabulary: ~Conditional probability, given. . \
yoravvraty g
- N2 s a P . ', N “ “ N ‘\“

N . o - . v . P .
Materials: None - . . 4 . . )

.. "y .
' \ \
“ * - il

\
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. % ., State that we have had many opportunities to learn about probablllty and .
. that now we will find “that the probability of an event may depend upon what we

. *
know about some condition concerned with it; thaf is; witg our information about

it or the circumstances surrounding it. . ? 7

-

i

Suggest that the pupils turn to page 77 in their texts. Complete thl# ands

the next page .as a class act1v1ty Chlldren should,have g fair 1ntroduct16n to

condltlonal\probablllty after they,have answered and discussed their answers*to

the ten questlons. If further explanation is needed, you migh}{ use a'bag with’

“‘hree marbles, as was suggested in the Introduction of this lesson. t

Optional Further Activity: . . ) )

. \/ -
It is written so that it Qg?%e ﬁ
&~ ?f‘ f

"% -. Some children yill enjoy this problem.
duplieated for these pupils.

The Tennis Player

[ N,

Jack plays tennis eve:y day but Sunday with one of his two best friends

and, of course, he likes to win., In fact, if Jack wins a match, he plays against

next day. When Jack plays Evan, Jack is

3 ‘times as likely to win as Evan is.
Jack hgs 3 chances in 4 +to win.

When Jack plays Tom, Tom 4s 3 times as
_;zkely to win as Jack is. Jack has 1.

s

If Jack plays Evan on Monday, is it llkely that np will also play Evan on
Wednesday?

""" ..a.i»

play Evan? -About how many times de you think Evan will win? T ~
* You can use a spinner to see_yhat might happen. You will need s spinner,'>k
like this: IR - T

- - ?
4 A

’

4

the same friend the next day, but if he loses, he plays with the other friend the’

chancd in & to win. - | —




, You will need a rgcord, like this:

: ]
.

.+« . ¢ First week ' '  Second week © . Therd week
-Mon.: J E - Mon.: J ’y‘}bn.é wd
S Tues. J _ Tues. J . - Tues, - J

wed.\J _ Wed. J . & Weff'&e' /B-"v -

.Thurst J o Thurs. J ;_ Thurs. Jd __ o

"_‘Friﬁn Jioo «  Fri. T _ Cri. 0 '
St G sat. J . sat. I -

» N — , 2— B —

o ~ e

> ‘ . - . . \

Fourth week Fifth week , , Sixth week

x Mon. J . Mon. J Mon. J
3 ! - \ -
S e \ . Tues. J __ \ Tues. 7 . Tues. J -
N Wed. J Wed. . J . VWeds J
e o\ . + - * - ' —
,/ . Y /‘l N .
~ “ Thurg.'J __ Thurs. J __ " Thurs. J,

~ 7

A _—-— Fri. J . . Fri. J Fri. J . : "
T - — . - . , — ®

G " sat. I Sat. U 7 sat. g .

P B ’ N v - —
H Y ¢ I ° v .
:‘\.:. \ . ~ ’-« . .
\When Jagk plays Evan, think of the blue part of the spinner as a win for Jack.
f &f the .spinner stops on blue, draw a ring around the J on the'record, to show
that Jack won. Write E on the next line to show he will play Evan agéin the ’
*next day. If the splnner stops on red, draw a rrng around the E and write T s

“ on the next line to show'that Jack will play Tom the next day. h

[

|

When Jggk plays Tom, the spinner must stop on red for Jack to win. <If it
stOps on blue, Jack w1ll lose and he will play Evan the next -day.- Show what

e happened in your spinner game here: . . oo
- ’ ., / - .
Jack played Evan times in ‘36 days. Jack won of
-] » 2 L]
his matches with Evan. " . ‘o ’
Foot : Jack played Toms times in 36 days. dJack won -  of . ’
< T - his matches with Tom. . T ,

- L . B o




A - T

) — Pupil ages 79 and 80 After finishing these pages, some pupils might enjoy
" ' it%ngggggéiél problers in condltlonal probability for the others to

) Lo solve, For example, a die is tossed. What is the probablllty that a 2 -
. 1is up,' given that the number that is up is even? (§’) or, a pupil coul@
2 ite his name, Charles. A letter ig picked at random. What is the probh
o gbility that it -is’ "a", given %hat,a vowel was selectedf (— ) Or, two
dice are tossed. The sum of the number% on the top faces is \10.: What is
- the probability that one of the dice Show 6 2 (§ ) Boys &nd girls

could think of many interesting examples of conditional priobability. *

- o’ . , ‘ i

°

A v 3 T “ - , v - -
DAl - s

S . x
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Conditional Probability - Lesson 11.
~

/ M coin is tossed 3\times. What is the probablllty that at Ieast two\are

"heads? Llstlng the outcomes in a table, we have: )

>

N R R (A Ve,

" HHH HHT- | HTT TTT .
/,—\ - - . HTH THT - > ( \.. .
- . THH TTH B
- ) N

- ,
"~ ~Therearea total of 8 outcomes Theh})utcomes w1th at Ieast 2 heads%re

HHE q/t/f ATH 7’//7‘ Bereare

outcomes whloh have at least two heads. So’ o .
" Plat least 2 heads) = Z2_ . . )

Now suppose someone whispered to yolj "The flr’s't toss was a head "
What is the probability: of 2 heads now? Look at.the table. The outcomes.
with a head on the first toss are: /// y 2w ,467‘// ‘

A T7 . How many outcomes have a head on the first toss? /
. Of these, how many have at least two heads? 3 : T

o

R AR N %ﬁvid
' * k

) Plat least 2 heads if you know the first toss |s a head) = ‘ff/f .
ﬁ This could be abbreviated to ' , oo, o

_ Plat least 2H|H on first toss) = 22 .

- This is read, "The probabi'lity of at least two headsgiven a head on the first

to -Z,g - when we knew thatthe first toss was a head. - ’/ ",

p .
‘ /

) . 5
YO P . ’ ’15.7 "()/ 4

toss.” 1In this example the probability of 2 heads mcreased frem ZZ/




%‘ i ; :

. 77 .
Loy
7% SRR I S

§ .. :
: ‘5/\, §
-
) S b -

t’" +. - yWhat i is the probablllty of at least 2 heads if we knowthat the first toss

£ . shows a tall? A list of the outcomes With a tail on the first toss iss -
LTHH,  THT, . TTH, TTT ;

Of these, how many had at least 2 heads? /. /P

H

Plat least 2H | T onfirsttossl = /% . . Ny

(‘Continue to use the table of outcomes for. 3 coin's to answer the following
questions. | o

1 Plat least 1H |T .on firsttoss) = % .
2o PBN: _J7 S,
3. PBT|T onmemet toss) . //s.
+ 4, Plat least -1H) /f . «k
5 Plat least (2H]|2H on firsttwo tosses) = ./
\G\P(at least 1H| T on ' sécond toss) - F¥ -

7. P(exactly 2 tails) = 4&7 , | S : S k

t 8. " Plexactly 2T| T on second toss) - /9_

9. Plexactly 2H|H '0n flrst toss)- Vo .

7 . /

=710, Plat least 1H| cactly 1 taill =y

w-.\._( it . ~ ‘ "' Pt

166 R
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-~ Exercises ‘—1L'esson 1, ST . : N

* Use this splnner The dial is lelded

mto 10 equa‘l regions. 7 )

.1 Onone spin . - -

: ; 4

L a. P(Blue) ) /2 L . P(7) Yo . . .
o b. PRed)= /2 .-~ - f ‘PNt 7)= 4 -

—ry
.

c. PR L. g Pleven) = ¥z . '
4 PNt 20=_Z~ . h. Plodd=_/z . —

2. The 10 possible'outcomes are:
RO, RL R2 R3, R4 B5 B6 B7, B§ B9 |

a P(both red and even) = sc .. Toanswer (a.), find those -
outcomes which are red (RO, R1,’ R2, R3,’ R4), and'of those which

;(,\ar;even (RO, R2, R4). Tﬁ_Us 3 of the 10 possible outcomes are
Dotk redand even. . - . : FRR
sh,  P(both blueand even) r /s . R

\ ¢ Plred]even) = LZ,} ", Remember that this r;lea'ris, "The

" probability of red given that it is even." |

’ 4 Predloddd- g5 T -

3 | Use the same spinner, Llst the numbers wh |ch are mdaltiples of 4. |

- o . ¥ . £ (besurethatyou list three) '

‘ P(multiple of 4)= 2 .

, Plboth red and a multiple of 4) = Zf .

“ ‘o _P‘(either redor a multiple of 4= -5 .. )« ‘
. ’P(both eyen and a multiple of 4 - vZZa, . A

= &

g. o 159 167




W"W-’?q""‘lwwv—n——a—-—nf'—w~c~- B oy L
. 1 .

e. . P(redlmultlple of 4) = f_/;” ... Plmultiple of 4) = 0 .
g, Ptmultiple of dred - Fs . h. Plmultiple of dlblue) = /& . .

Which has the greatest probability, (1),.(2, or B)? __ 2
(1) Pleven number) ' L '
<. (2) Plevennumberjred - -

(3) Pleven numberlblue) |

4, Complete this table of nutcomes of two spins on this spinner. It has’

.
——
—

<@

four equal regions. ' ~ Second Spin

‘ - . R W[ BIG
i ' R lpplg /| FE | L
S ‘ First AV AN AR e

raAruvy .5@-

Spin

On two spins, the: -

DW=

a. Total number ofoutcomes = /6. "

b PRRI=*/p . | - \
¢ Plat least one R) - 74/4 R
d.

P(both R on firstand G on second) = //é

e. PR on firstIG on second) = 45. .
. PR on second|G on first) = - vYE L ' -
. ¢ Platléastone R | Ronfirste . 7. .
h. PRR|R onfirstt = X# - . . B ; o
J Plat least one W| R onsecond = % . EPR
j. Which has the smallest pr_obability;' M, @, or (3 ? . _? .
o W PWWIW onfist . . o
(2F PIWW| W on sec y e
(3) Pww

-
., -
. il ‘ .
. u -
. . e ’
A . . Sel ot
- . ~ .
1] . »

* | f | © 160 138




LESSON 12

Ghosts,'Goblins, and "Coins that Remember™.

.

Introguction.
This lesson should help pupils to realize that the law of averages is often
misuSed or misunderstood. It is hopeéd that in the future they will recognize and

avoid the errors that are commonly made in its name.
Ty

The wide misuse of this, so-called "law" is'ample evidence that the basic
condépts of probability are not known to many otherwise well-informed people.
In neyspapers, magqgines, énd other mass media of communication, refé}encg is
made to the law of averages and many times the judgments and conclusions ybicb

result are Just plain ipcorrect!
’)/
If this brief 1ntroduct10n to probablllty\does nothing more than cause the

pupil to question the use of the law of averages, it has served an important

purpose, .

-]

-

", Vocabulary:. Conclusior, average.
-

o
H

o . '
Materials: None. "

f
- . -

Suggested Procedure:
N - -

‘ This lesson might best be taught by first letting the pupils read the pupil

pages 80 through 85 and then disCussing these in cléss.' You may want to use the

Pascal triangle in the discussion of Statement A, raising such gyestlons as:
/., ’
‘ If we toss 5 coins, what is the probablllty
that all 5 will be heads? é% )

The discussion of statements about thel law of avé}agQ§ which pupils have

5

_heard should be most interesting. T;y to collect some of these refefences from

/

> newsﬁapers and magazines to share with the class.

P ’

-+ Pupils’ may question that some of the statements pn page 8L are false. They
may enjoy. searchlng for 1nformat10n relatlng to these statements. The book,

Ry Berieve It or Not, by Robert L Rlpley, might appeal to many pupils.

-

uf" L 161 169
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of variatlons. Call attentlon to thesdlarge number of tosses that are sometlmes

r quired to obtaln a head while at éther times heads are tossed several times. in

.a row. Notice that we would expeJ% the pattern heads-tails-heads- talls heads-

¥
L

talls-heads—talls-heads-talls only once in every _1,024 times.
; >,

- o !
Pupil gage §§: These exercises are more suitable for class -discussion than for

independent work.

b . : o .
1)

D

162"

170
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}‘? 4 | ) 1 A . . . ;“ :i cE 3
¢ Lesson 12 - Ghosts, Goblins and "Coins that Remember”
3 S

RN

e L Do you believe that there are ghosts ?
2.' Do you believe that there are goblins ? ‘
3. .Do );ou believe that a coin can remeinber? - ,
-You probably answere:t "No" to all these questions. Yet often we hear
people talk as if they believe that coins.can thtnk and remember They really
do not understand the ideas in the 1aw of large numbers. Most people call it,

the lawvg'j averages, and they often draw w_rong conclusions from it. A

You have heard people say: -
A. "I have tossed an honest coin four times. Each time it came up heads

The law of avgrages says that the next toss will be talls "

Do you believe that the next toss is more Ilkely to be talls than heads?
‘ O A vz

j B. "My teacher uses a spinner to assign positions for the baseball game
of "work up”. T haven’t been assigned as a pitcher-yet this year.
Therefore, by the Iavs}'qf‘ averages, 1’m sure to be assigned-as pitcher .

today "

Do you th|nk that thls pupil is more l|kely than not to be chosen as

a p|tcher? o e . -
C. "I have been tossmg an honest dte In 23 tosses the face with one

. dot on it has never been up. Bythe law of averages it |s very hkely

that it will come up on the next toss. " -

' Do you th ink the face with one dot is more likely than any other face?
Q . 171 ’




81

g,

Let’s look at each of these examptes of a mlsunderstandrng of the ”Iaw of

averages” Look back at statement A. - : :
S
A. A coin does not have a memory. It cannot "remembar"

that it |\has-been heads on the last four fosses.” There s &

an equa\fﬁchance for heads or for tails on the next toss.

| \ | : S 4

"« Wecan use mathematics to prove that it is "unusual” to have a coin
show four heads in four tosses. We can draw a tree-diagram, make a table,
or look at the fourth row in the Pascal Triangle. How many diffeﬁ&ent'

outcomes are there when 4 coins are tossed or when one coin is tossed

.4 times? How many of thesg outcomes consist of four heads?  So,
" Pl4 h%ads) - I - ' ' |

Q » -

However this also means that we expect 4 heads in a row, once every
’ 16 times that we toss 4 coins. The coin wh|IefIy|ng through the air on
the flfth toss cannot say to itself, "Well, that's 4 heads inarow; I
better twist'a b't more and be sure to land tails or I'Il mess up the 'law of
averages‘ " [hﬂprohabrhty ofhgads on jhe next toss is of course ; the
~Same as anypther individual toss. Some people who. mrsundﬁtand the
‘ law of averages th|nk the probabitity of tails is much greater than % after
. acoin has been heads several times in a Fow. Do you know people like this?

. They have forgotten that what happens on one toss has NOTHING to do with -
" what will happen on the péxt toss. '




i~ l“‘

i & Refer to'statements B and C. % R

L B. Ifthere are 9 positions on the baseball field, then the L
L " probability of gettlng any ‘one position is 1 outof 9.
The fact that this pup|l has not been a p|tcher yet does '
not cause the sp|nner to favor one posmon for him over
the others. He still has only 1 chancein.9 of be|ng |
- J\ . ,,a pltcher today

y: S ' :
.C. - This person is overlooking one simple fact about a die --

it“cannotthink!_ It cannot say, "Let’s see Now,, | know S I
the p'robabil'ity of any face is —é— My face with one.dot A
. on it has not beert up in 23 tosses, soon the next toss .
. I'll land so that the face with the one dot is on the top."

This person i's thinking, ”Qne face hasn’t been up*for a long time, so
that face is more likely to come up than any ofthe others " This is a mistake v
about the law of averages that people oﬂer@ake He doesn’t really believe |
that dice can think, yet he is act|ng as if they could Eachr face on a die has
just as much chance to be up s any other face. If the face with one dot has

not been up in 100 tosses |t still has no more chance than any other face

to be up on the next toss. In fact it has JUS'( one chance out of s|x

»




I D . ) |
Can you thlnk of other correcter, |ncorrect statements that you have

" heard about the law of averages? List some of them.

> ' 7

-

-

Why do so many people misunderstand the law of averages ? Itis too bad;
but we all/believe things and arrie at conclisions which ju»st aren't true.

Which of these statements are false?
. 1. Lightning never strikes twrce in the same place
2. If you handle a frog, yOu'tl get warts.
> 3. The end of the Panama Canal on*the Pacific Ocean side is
~ farther west than the end on the_Atlantic Ocean side.

4. Horses are smarter than p|gs
5. George Wash|ngton threw a dolIar across the Potomac R|ver
6. Columbus discovered Amerrca ‘

7

Many people believe some of these statements. Did you beheve any of
them? If you did, |t 1sq t at all surprising. However, the six statements
4 aryall false. Most of us beheve some things which really aren’t true. Why
~ * s this 50?7 There are many reasons. Among them are:
1.. Weare told or we have read something:which is not true, but ~
we rementber it. “ L
2. We dld not understand what we were told or what we have read. .
3. We reasoned incorrectly,. | ~. -,
. 4 Our experience caused us to believe something:that wasn\t true.
‘ S e .}1,7';:: , | T

» .
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5. We jumped toa conclusion without knowing 'enough %acts.

6. We falled to check our behef against the facts .

Th|s I|st could go on and on. There may be other reasons that you ean
thlnk of "People arrive at false ideas about-the law of averages for many of

these same reasons. We can be fooled unless we are very careful. We
might believe that an outcome, such as heads on'a toss of a coin; is bound._

‘t‘o happen'if it hasn’t happened for many tosses. - It is easfy to understand

how our ‘brain fools us ini this case. Tt tells us that for a large number of
tosses of a coin, heads will oéc‘u_r about half of the time -- and‘this jstroe.

This is an example of the law of large numbers.” Then we observe that heads
hasn’t occurred for several tosses and we make the mistake of thinking that

. heads must now start occurrlng more often to "'catch up'* with the number

of tails, ThIS,lS not frue. Remember, a coin can't think. On each toss,

-

By using mathematics, we can learn many interesting things. For

.example from 15 children in your room, there are 6,435 different ways

you can have 7 children on a comm|ttee If you choose a 7-member
commlttee from 30 students, you have a choice of 2,035, 800 - dlfferent
commlttees Another example is if a coin has been. tossed and heads have

occurred 7 out of 10 times, chances are less than -21- that tails will -

‘ - Meatch up“ in 100 tosses. The mathemat|C|an can tell what wHIprobably

happen in cases such as th;s
. .5*
“The next time that you hear some statement about the ''law of averages",

» /‘

I sten caretully Try to find what the pers@ibelieves and see if he is using

(
/. A

lrs - )

- e

N

- there s just as much chance for heads tg-turn up.as for tails. ‘ -

!
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is = black’ﬁhd = red The last four spins have landed

2 2
ot black. Itis more Ilkelythat the splnner will show red

-

A ég CoF 7 / R =
Exercises - Lesson : 2 ¥ : e |

" Mark these TRUE or FALSE . & e T
}aéc,/ 1. You havebeen splnnlngasp:nnerthat hasadlaI whrch

on the next spln than: black. - P :3‘

s 7/

The last five new pupils who came to odr school were boys.
Theghances are better than equal that the next new pupil

'

W|I| be a g|rI .
) N
The hospltal reported that the 1ast seven babies born there

were girls. . It,is more Ilkely 4hat the next baby born thefe

will be a boythan that it will be a girl.
Yo . SN
/?7a(\./c/ 4,

The weatherman says that on the average it rams 4 days
during the month of July. Today is the 27th of Julyand it

hgs not rained all month. Th.eref.ore, it will rain tomorrowk

An auto dealer has -250 new cars and he knows thatone -

out of every five hew cars he sells is colored black. This.

.week he has sold a blue, a whlte a green, and a grey car. -

1t is mere likely than not that the next car_he sells will

‘be a black one.

e’

e
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This experiment may help you to see why some people draw wrong \

»

conclusions from the law of averages.
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' Problem

How many t|mes on the average, do you think that/ou would have to

" toss a coin before it comes up heads? Use the chart-on the next page

* Procedure: -,

A~ Ls

Toss a coin. Codht‘the.\nwuﬁmber of tosses until you get.a head. For
example: If you geta heeaon thefirst toss, write-1 in the column just
to the right of " Ist head" . Start over.- If you do not get a head urttil the
fourth toss, write @ 4 just to the right of "'2nd head". Continue until
you have completed column A. Repeat for columns+ B through ’E. Each

“column provides spaces to record the tosses for 10 heads. .

After you have tossed 50 heads add the number of tosses to get each

_ group of ten heads. Divide s by 10 to'find the a average '
~ number of tosses needed to get one head. o ' o

. Then add the sums from the five columns and divide by 50. This-
gives the a _ve_ra_g_ number of tosses to get one head Is this average closer
to 2 than the average for gach of the five columns? How many times d|d
it take- more than 5 tosses to get a head?” How many t|mes did it take 2

tosses to get a head?. How many-tifmes did it take only_1 toss to get a head?
) . . . )

- . . .
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N - e % i;‘ : ? :i.
\ - - Number of Tosses to.Get a Head

4

“Isthead | ! | | ° NI
" 2nd head
~ 3rd head
dthhead | -~ | . |
5th head | | o -
Gthhead |© |- 1 o
" Tthhead | : I
8th head | ? | K B
9thhead | . P
10th heag I |

" N . T -

SUM

SUM =+ 10 | |
N A BV C D . E

»>

A Perhaps Now you can see why some, people. m|sunderstand the Jaw of .
averages With many tosses of a coin, we do see that about half otthe

//tosses are heads./That is, it takes 2 tosses, on thea EES_ 10 get heads
But, when you fossed a coin, you found that somettmes you 'tossed a, head -

" ononly 1 toss| Other times, you had to toss the coin severaI times to gét
a head.” This should help you understand that these pe0p|e fail to see that
.thegfaverage'; is made from numbers that differ quite widely and that there
- is NOT a “Iaw,"' which says that you _n_tist get a head after tpssmg 5 fails,

- for example.

\é e , -“ ' " el ol -
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APRENDIX - Probability Devices .
Thts appendix suggests devices which you might like, to make You can

th:nk .of games wh ich can be played with them Dec|de how to organlze and. 4
record the data. These devices can help you in your study of pro‘babllr’(y.

- 1. “Regular Solids ¢

We have used coins, dice" cubes, cards, and other materials. to. help us
" learn about probablllty, but there are many devices wh |ch are Just as' useful,
The patterns on the next six pages are for the construct|on of reqular solids

. Wthh can be used in probablllty experlments The patterns can be traced on

. tagboard and.the solids will then be sturdy. enough to toss or roII : /|

Thetetrahedron octahedron and hexahedron (cube) are not dlﬁlcult to
construct Just fold on the dotted llnes and que th%tabs

S

L e,
?5 The dodecahedron is more dlfflcult to construct. Make the first half of it
' by cutt|ng to the dotted line at each arrow. Then fold on the dotted lines.and” .

%

Jhalf tab by tab. - Do not make both alves and hen try to put them ogether

w The |cosahedron appears dlfflC It torcbnstruct but it isn’t. Cut to the
- dotted hne»at each arrow. Then fold and glue the tabs in order one by one
© o and it will work out nicely.” . . L e

gluethetabs Complete:'rfoldmg he second Talfand gluing.it to t efirst -




- . &
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. ~ If numbéred or colored, the-
? face:which is down is the
“one to count. ‘ ' -
. . glue tabs *
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< If thecube is to hav'eo'
" . 'dots oNits faces, make

... thé-dots as shown below. |

. @
{
[ ] [ ]
[ ]
e o !
[ X X ]
L
\ (XX}
rs L]
%
°
"
]
/
. M.
1 .4
. . l

ok S e

2

o Z;____\__:__%——,,glﬁeta‘bs'

-

.. If the cube is to be
numbered, use the
numbers as shown -

will have a sum of 7.

‘ / Cube Q
or Lty
exahedron

1841
3L

so that opposite faces, ~-

i‘; N
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‘ Octahedron

3 -y

i'ru, /;83 .

A

<

The faces‘ma’y be -

numbered.from 1

. to. 8.. Colors may

also be used, coT




7N s cut to-the
s \\ 5 . L) . !
A N dotted line at
S N o _ gach arrow *

_ ‘_ .Aftgr cutting it out, |

" glue the adjoining ' Ado |
. | . 1 odecahedron is a
_lablo {ﬁ€9d99~5‘ . cr s solid with 12 faces. -
. y ~_ - It may be numbered,
- "+ colored, or even used 1

N s as a calendar ,’

L4
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After cutting this out, do not

-glue adjoining tabs to the edge.
Instead, glue one tab at a time

1o the first half of the dodecahedron.

i

. giue the,
tabs

Ccuttothe, T
dotted line
ateach ¢ -

N

arrow . .
| A

. L4 s . =
. A R
LRI S - * ..

-

. . Segond half6f aDodecahedron

oay
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Fo;ma small top you need a piece of cardboard a wood dowel or sucker

‘.st|ck a straight edge, and a compass. tlse a two-inch piece of dowel or

sucker stick. Sharpen one endto-a pomt with a pencil sharpener.

~

'Useﬁ‘a compass and stfaight edge-to make the dial from cardboard. Mark

a point for the center and draw a circle with radius 142' inches.  Mark any

“foint on the cirele and, with that point as center, strike an arc with the same

radius to mtersectthe C|rcle _ Continue to strike arcs around the circle.

" Connect points marked and cut off the duter part of the | reg|on to make a

~hexagonal region. Divide it as desired. Here are sj)me suggestions:

J

4
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Poke the sharpened end of the st|ck through the center of the hexagon
(A drop of glu\e\WTijelp to ke}p it from wearlng too large a hole, but experl-

“’ ment first to find the best balance for the top.) Spin the st|ck between thumb
and forefmger Sprn the top on a flat surface. The edge that stops aga|nst

the table is the onethat is counted. ' . o \. .

C

A‘large top may be made in the same way' An ordinary pencil nfikes an
adequate stick. Itis a good |dea however to slit the cardboard*along the
division lines at the center before |nsert|ng the pencd Use glagto fasten

-— "Y

. the cardboard to.the pencul“"

«

) The top can also be made W|th e|ght edges or w:th twelve. Do you know
“ how to-do this? . -

You can make a top with tWo,or three dials. Usea sycker stitk or thin - -
’ dowel/ ,3—2- inches long and shar dned at one;ndWake a circular cardboard .
A dial 6 inches in diameter. \nscribe a hexagon, but/ do not cut it.out. Color

- as shown: _
"y . N ; ¥ . - ‘
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. Insert the stick through the center'and glue the dial to the stick.” e

~

<" Whén theglue i |s dry, place over the dial a “bear|ng“ made of a p|ece of

- milk carton 1 inch square with a hole,in the middle. Make another dial* 6

|nches in dlameter, but if possmle use cardboard that is shghtly Ilghter in’

!

: welght Inscrrbe a he agon, color and cut as shown

7 /
{

Make cuts ‘;

tnches ‘long on-the oy,
"~ linesr as shown'ty arrows. Bend! < “

the cardboard up on the right of -

_each cut to make atriangular .
"yvind?;atcher'_'." .

. s . - . - - . . ._ ) -
Al

Place this dial on top of the bearlng Before splnnlng thetop, line up the

two dlals S0 that the colors match, The bent uptcardboard will let you do

thls, Spin. Record the number of’ spms necessary before tt%colors agaw
.. match How many spins would you expect it to take ‘

~
. v ’ ',
- ,
R ! . . ‘ M ’ . 1
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. . . . . ¢
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-3 Spinners o i
. N Tt ' ! h A }
. ‘ e ’ \ Y
SV Spmner which come with most games have a fixed dial and an arrow

Wthh spms Yog can make this type of spinner. Another splnner wh lCh is .
S eagrly constr cted is one in which the dial sﬁms as shown |n the drawmg : "7‘
\Construct the base out of heaVy tag board. Use a heavy paper cFﬁ\fI)r t é post

andjb,en varm\Js dlals may be exchanged and USed on the base e L
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) Another §p|nner \{Ylth dials which go from large to small can illustrate how
P |tems can begput llhio an order/Each heavy cardboard dial is divided into a ] B
) numberorequal—paff‘ The number of parts is the same ‘as the number of _ |
-items to be ordered. For example, to experiment to see how fodr rows in‘a .
classn\om mighd=be dlsmlssed for lunch, each of four dials |s—d|V|ded into four
equal parts.. (A dfal is-made for eachirow.) Spin the dlals and'Tecord how they
R (ﬁup with the arrow on the base This device can be used to illustrate an

orderly way of arriving at and Ilstrng the;varlo‘us arrangements. -
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~ of this vane red with-a penc|l or crayon Inserta sucker'stfck m th@ddle

‘ between the iwo p|eces *Use a punch to make a hole |n a p|ece of milk carton

G . one half |nch square for a "bearmg," Staple the other two pieces of file card
together to make a second vane.: Mark one‘sude as before ‘and inserttge top :
e ofthe stick between them Paste a strip of gummed paper ar tape overvone end

. {.;
S ot a small spool Put the end/ofthe*‘stlck |nto the hole at the other end of t[;e . f

s spool.~ Hold the spool amd blow the fule card vanes, They shoutd turn quuckly

- ..and mdependently . LT 5 S, .
oo — Pr/a‘ct/ceblowmg,avfgyvtlmes

-,When vanes havestopped turmng, .

-

1

them gently on.a flat,surface
hat both vanes are flat on the
" surface Then‘ record whether i j

CE ‘both’ vanesare red,..ong is red .
- - ./, :and one. . Whnte I)r both are.

whute After flfty rials, d the
the results of the experimi nt

f|t w1th the expected resulfs? ‘
s./ 18)%1925 Ay j?*‘ —«—; . s ] ';'.‘

v
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.- Whiely-bird -

‘This is another type of windmill. _
Use a section of quarter inch dowel about two feet long. Wax it by
fubbing it with a piece of crayon Follow the dlrectlons as given for a wind-
mill and make as many file-card vanes and m|Ik-carton bearings as desi'red
Hold the dowel at both ends, like a harmonica, and bIow When vanes have _
stopped turnmg lay the Wh|r1y b|rd gentlyon a ftat surface S0 that aII

* vanes are on this surface One vane corresponds to one com 50 ten vanes

can be used.to duplicate an experiment of ”tosslng ten coins'. Can you

~think of other ways ta coIor the vanes so that other experiments car{be

Al

done?

Y
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5. “Spoori device ‘. \

[ S : ~

Use two plastic picnic®spoons of different coIors.' Lay the handle of one

on the handle of the 6ther s that the bowls are at oprSIte ends and face

we

opp05|te ways. Fasten/WIth two rubber bands as. shown at arrows. -

=

AT o L Q
Roll the handles between your palms and drop on a table from a. helght ofa *
foot or so...The spoon on top counts s |t Just as likely that ohe spoon WI”
be up as the other? '
' kg « . .
6. Sampling Boxes (Urns) ' .

¢ . . = 3

Many probab|||ty experiments require a samphng to be taken ina random

manner This dev1ce uses various colored marb|es

. > An oatmeal bo\% serves well as, the contalner (urn) Cut round holes, ' .

.~ “ten, for example, in the botfon of the box. These holés should have a

.
diameter slightly smaller tharﬁt% marbles so the marbles can be seen in
. them. Chinese Checker marbles - I/f_w .
. | A U L
serve well’and come in packages\ 1o TN ,

i of Q,cqlors, 10 of each. -9 Qﬂ:’k.




i
LR

Aruitoxt provided by Eic:

F




Aruitoxt provided by Eic:

Y




TP ERRRETER R TR T FIREREREEE R T R TR R e
N i A

1

’

¢ ggg-Carto.n‘S_ampIer° S RN
An égg carton and some marbles can be usedfor experiments. For -
example, color alternate pockets of fhe éarton black. Place 5 black marbles
‘and 5 white ories inside the carton.’ Cfdse.thteidi.‘t'fgr"m the carton upside
down, and allow the marbles to roll around. Flip the carton upright and
open the lid. Record fh{information you are interested in, for exémple,
thé numb 45_f/biack marbles in blapk‘pockets, etc. s " |




8. i-iexawhirl

,

This. gadget works like an old-fashioned button-on- a- strlng toy Cut from .

cardboard two circles with radius 1213- |nches In each, punch two holes ]USt J
big enough to rnser.t a piece of strong string. The holes should be punched . ‘
on‘one of the diameters of the circle, each % inc‘h 'fr'om the center. (See - {
points marke? X in Figure A) o ’

8 : ‘
% . /

A

Make tWo or more cardboard hexagons usrng a 2—%— inch radlus for the flrst

a'3- |nch radrus for; the setond, etc. Cut a hole with radius 1211- |nches in 1

the mlddle of each hexagon and number the sides’ 1 througrr 6 (See /

Flgure B. )

I s S . - B

‘ Use. a;strong string .50 inches Iong I'nsert oneendthrough a hol%n%e ofo
the crrcles through the smaller hexagon, then the Iarger hexagon (maklng

_sure the numbered 51des face thesame way), and then through the.other
(\

%, o o ~

CIrcle Leave a Ioop of strrng beyond the crrcle and mse?rt the string through

S the other hole of the Second circle, back through the larger hexagon, the

" smaller hexagon and the first crrcle Tie the ends of the string together to .

v{make a second Iobp Ad Just the cardboard preces SO that the Ioops on each
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1. A Probablhty Scale

When tossing two dlce or other regular-sollds it helps to construct a
table for, counting how mahy ways a cer'tam sum or product can be obtalned

Two Cubes, for example give the followmg sums

Sums
2% 1. (L)
3 (1,2),
4 (L3,
Sk,
6. | (], 5)
7 ) (1,6,
* 8
\ 9 . o
.‘.l'p R
11
12

ThIS lnformatlon can be placed on two number lines on stri

as in‘the sketch

3

(2,6, -3,5),

U

Possible Comblnatlons .

210 .

(2,2, 3,1 -
23,32, 41
(2,4, (33, 4,2, (51

(25), B4 43), 6,2, (61
(‘4,4),,./ (5,3),, (6,2) )

'3, 6) (4,5), 6,4, (6,3

(4,6, (55, (6,2 -
.6, (65)
16,6 -

, Lo Tetat .

F

4

A

‘\.,’
¥ . ST

.,'k-

!

P

LA 4

These two strlps can be placed in pockets of a Iarger p|ece of cardbeard S0, that

by sliding the scales along, one qurckly sees the number of p0‘55|ble combmas

AV

=
e
o
—

| mwevovuswrN |

Ways

e
~

A 36"‘0,1 : 'N\“?_"‘v
Qs of cardboard oo

\y
s

Ll l6f
l 17
| 1.
5 3

_ N
¢ ErEf——\n

3
|
|
6 T2

. *‘
v = oA

t| ns. _This figure shows the 4 possmie combinatiops’ ofa sum of 9 - Ty

Scales for other SOIIdS may also_~be;c‘onstr.uc_ted;

A

3
v

' 15; 199
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/s-lde of the cardb0ard are the same length There should be just enough
space between the crrcular pleces for the hexagons to turn on the strlng

" Fasten the cnrcles to the string with a drop of glue Makean arrow on the.
.circle next to the smaller hexagon (See,FJgure, C.)

<.
« =

- AR ) " : ' . y

To operate the hexawhlrl hold a loop in each hand and swing the cardboard
pleces around and around (25 or more t|mes) untll the loops of strlng are

twisted. Pull the loops until the tWIstlng is undone release to allow string »

to twist the other way, and pull agaln With practlce you can make the N
hexagons spin rapidly between the crrcles Stop, and see Wthh sides”of the
hexagons are in tine with-t

for instance). Expifne t to find 0 e results are similar to those

_obta_ined by throwi

- - e 200

arrow (2 on the smaller, '3 on the larger,



