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PREFACE

The original versi,on of Mathematics Through Science, Part III, prepared

summer, 1963, was tried out in the spring semester of the 1963-19§4 sdhool

yea by 30 teachers in lb school system witn 2,00) ninth grade students.

From teacher and student commtnt- and evaluations a thoroughgoing revision
m

has been preyared bj a -.,siting team in summer, 1964. The basic tenets origi-

nally formulated for Mathematic. Through Science have been adhered to. An

attempt ha'i betn made, ho cvcr, to trovidc a reading level in terms of the

expectancy for grade nine. New experiment. have been devised to :,abititute
6

for earlier ones .hich occasioned difficulties for teachers and students.

Part III Revised 72onta1ns significant amounts of'material normally to be

5,,,n a beginning algetra coerce. It is telieved that Part III,Rqised may

be found useful for cla,ses in gencral mathematics as a preparation for enroll-
. 0 p 0

ment iii algebra the follo-,ing tcrm. Mattjematics Through Science endeavors to-

break a "lock- step" in mathematics education. It seeks t:.60bpen doors to

. students upon a nc.'domain of idea: and api.li.cations. Thus students may. gain

mathematical knoNledge and ilns some 'understanding of scientific

investigations and principles.

In particular, he loaded,beam experime trodnces 'negative numbers,

; . opposites, absolute value:, and addition o signed numbers. Thd number

'7,. generator experiment yield, ordered yair!,°from which graph, equation of a

line and its slope are detcrmincd.-* The.fa ng Ephere experiment gives the
.

. same kind of datta but also requires theifittiu; of a."best%straight lirie.

The quadratic function is apirogched.through tt. ee experiments: t5e wick,

,
horizontal metronome, and oscillating si..ring. Finally, the idea of tangents .

4 and slcipe of a curve areti elo cd through the inclined plane. the leps, and
. .° 0

floating magnet With need founr for tranblatioh of axes.

.).
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Sources for.equi.pment in the following experiments ere indicated below' , 0

and are 'coded. at the 'Y ight of each item.

Scientific supply (i.e., Cenco or Welch, etc.)
.

Hardware store

Stationery store

Variety store

,Home

b Chapter 1

0

AN 'EXPERIMENTAL APP1OACH TO THE REAL NUMBERS

a.' 'The Loaded Beam - Students are to work in.grodips. Each group should

have the folloging equipment:

1 fneter stick - (1)

1 lfrinch flexiblp wooden ruler - (4)

'1 3-inch C clamp - 2)

1 plastic pulley with mounting rod (approximately-2-inch.diameter) - (1),

Cenco No. 75660
/

1 set of weights (10, 20, 20, 50, 100, 200, 200, 500 grams) - (1)

1 ring sand support - (1), Cenco N. 72002-2, 72175-3_ /

1 right angle clamp - (1), Cenco No. 12264

1 spool heavy thread-or nylon cord - (4)

rA

e

1

if -



4 Chapter 2

AN EXPERIMENTAL APPROACHTO LINEAR FUNCTIONS

1. Real Number Generator - students are to work in groups. Each group
/ . --17--

sipuld have the following equipment:
.

'1
'1
--incH diameter threaded rod, 12 inche' long - (2)

_4\ 2
/

hex nut and washer,threaded,for rod, -

1 12-inch ruler

'2 empty Scotch tape htlders\- (5)

A tube metal -cement - (2),'i.e., Miracle Brite

Magic Adhesive, or similar

1 roll masking tape

. .. . /
2 Seesaw 116eriment - Teacher with student help,

"4
, V , 4

1 meter stick.- (1)' . .
,

,

1 set of weights ('10, 20, 20, 50, 200, ZOO grams) - (1) e

2 pulleys - (1) or nails

1 spool nylon thread. - (4)

1 balance support with knife edge clamp - (1), Cenco No. 75560

or trialigular block of wood°

Chapter 3

THE FALLING SPHERE

1. The Falling Sphere - students ate to work in small groups. Eacli, group

shoUld have the following equiPMent: a,'A

1 -glass ,cylinder or jar at least &inches high

i -inch

.

1 steel ball bearing, about i diameter - (bicycle'shoe
.

.
,. .7-- .

,...
1 small horsesho,e magnet -.(2) ,.

9es- .

21Q

A
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'

1 12-inch ruler, also. calibrated in centimeters 43)
.

1 bottle KaroiSyrup (white) - (grocery)

a

4 4 paper stris, about 1" X 10;1 7 (5)

1 roll ceIlOphane tape -
enough for entire class

1 metronome (school')

I Chapter 4

.

,,, Al EXPERIMENTAL APPROACH TO NONLINEAR FUNCTIONS

,--',J-
-,

JN
-. ',

1. The WiEk - students are to

A

work in VMall:7--- r
he the following Auipment:

, .

1 500-m1 beaker - ()

2.

groups.

,package-pkper clips

I roll 1-inch wide chromatography paper,-, (1)

t,

Eack group

.

should'

_ ,tt

The.Horizopltal Metronome - the number of studentrgroups'depends on

the number of sets of*equipment available. Each set-should contain

. . . .

( the following
.

equipment: '
I

. _ S.

.. 1
-- -,.( 1 habksaw blade, high speed (molybdenum steel')-; 12" long, t

t

11
'_e0.025':thi4 - (2)

,
y

,,
3. i ,

2. yIll,,0144uares, pluni*,16' lead,oKrsoldef - k2)

,- '..
, i,_, '

1 cla.14-base;vise,."-wide jars (2) ,

..,

:1 sweep seconds -hand' -J5), or stopwatch - (1)
4

.

t ,sheets frosted acetate (81;" X 11") - (engineering supply)

wide,

Tit

,

T1

he'' oscllating Spring -the number or student groups depends On, the

number of sets of'equipment ayslilable Each set should_contain the

follOWing equipment:

1 set of hook weights (100,200; 200, 500.- (1) .

1 Iwindlow-shade roller sp4ng - (can be obtained-from a shade.
-"'9r the equivalent - (2)

1
sheets frosted acetate (8-2 " x 11")

3

shop);

ft.

k



1.

r

1 sweep,second-hand watch (5), o r stopwatch

e.
l' roll masking tape

should be sufficient for
1,, myny groups

1 dowel, hardwood ( x 36") ,7 41:
2

'Chapter i

ANALYSIS OF NONLINAAR FUNCTIONS
.

e

The Inclined-P.lane-- the number of student groups depends on the number

of sett of equipment available. ERch should contain the followilig

equipment:

1 aluminum angle (8-ft length, 4" .sides), "Reynold's Do-It-Yourself
4

Aluminum", No. 7A (2),

lv aluminum angle (fl -ft length, 44,' sides), "Reynold's Do-It-Yourself

e,Youminum, No. 7A (2)

1
,1 stopwatch,

2
--seconU divitionc - (), or'wribtwatch with .sweep second

hand

1 meter stick - (1) r '/ .
o .,

' 1- billiard ball4aPP1;oZimately 27t" diameter.), or smooth croquet ball

.

(sports supplier)
41 / 1

%

.

1 pound oK
,

lastolene clay ..-

,
2. 'Th Simple Lens - the.number of eud-ent groups depends on the number-of

sets of equipment available. Each,det should contain the following,
. ' eiequipment: ...,..

, /

1---p4sit lens; focal length 8 inches or less - (4)

4

\. .

1

1

-1

.

1

1

meter tick (1) -

- '

pound. pf p1.74-tolepe -, (4)

straight pin
- .

flashlight 1 (5, 2)

roll adding machine tape - (3), one roll idr entire class '

4



t

1 epoxy glue - (4) (enough for entire class)

1 c entinfe6r

4

of

4,

..

`, " T '"".

... , .

The Floating. Magnet - the number.of student groups depends on the.number
..,

of .uts,of equipment available.. Each set should contain the following

'
.

1 aluminum knittihg needle (size 0 - (4)
.

.

I set hook weights (10, 20,,20, 50 100 grams) - 0.)
. .

1 board,to mount weights c1-47-inch. hole tke accomodate ---,inch

..

1 7
4 ci,rcular ceramic magnets, with), center hole' --inch diameter These.

32 .

o magnets are taken from magnetic kitchen hooks - (41

knitting 4

4

.

.1

O



Chapter 1 f °

. -

AN EXPERIMENTAL APPROACH TO THE REAL NUMBERS

- 1.1 Introduction
A.

so

.Irt this chapter we use a "Loaned Beam" to develop the negative numbers.

The experimental results will giye an intuitiie understanding 4bsolute value'

and the 'addition of real numbers. The numbeline will be ext td to include
1

the -- negative- numbers and the operation of additiontover., the real number will

4)e developed. The number line will also be used to' extend the property Of"or-

dering for all real numbers.

,Fromla coordinate system on a line, we will move to the real number plane.

A coordinate system for the plane will be developed and We gill learn to assoc-
.

iate each point of the plane with an ordered pair of rdal numbers.

The mathematics developed in this chapter is very similar -to that devel-'

04 in some,of the early chapters of Algebra Ior General Mathimatics. 'or

s

this reason it would be wise for the teacher 'to Make an early evaluation of

.... -
the todateimine the appropriate timing ibr the study of this chaptei-.

. .

If the student already has a good understanding of the mathematics,devel-

abed in. this chaptet the chapter may be omitted.

, :. ' - . -

;:. 1.2 The Loaded B

... ,..,...- Each:group soul. ave'the following equipment:

1 meter
..

stiCk ,- (1)
,

.. 1, 15-inch flexible wooden ruler - (4)

,,..4 ,1 Ap .-inch1C,clamp - (2).
:..*Li

,

. .
,

.L. plastic pulley with mounting rod (anproximately 2-inch diameter) - (1),

. CenNo. 75660
. to.

N .

14

a
set of weights (10, 20, 20, 50, 100, 200, 200, 500 grams)' - (1) .11

1 ring stand support - (1), Cenco-No. 72002-2, 72175-3

i right angle clamp - (1), Cenco To. 12264

A. spool heavy thread or nylon cord - ()

. t-'---

eximent is the linear behavior of the
i. r

position of the end of the beam as t e load changes both in size and direction.

70e essential feat lire of this.

0



' .

One of the pys.l.cal variables in this experiment is the length of thelbeam.

. . , . . .

. The 15-inch ruler' should be clamped so that there is at least a 12-inh over

hang.. ,If the C-clamp is not placed at the end of the desk, the beam 'i41.13l have,,
w. .N,r*

,different -lengths for "upward` and "downward" loads Figure 1)4

'

(a)

Figure 1
4
A piece of'wpod pilIced over the ruler will prevent this and sure the '

, student a beam of constant length (Figure 2)'.

(bd

o

I ,

t

1
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r i
When the Pulley 'arrangement is set up for upward defledtions, case must :

be taken so that the string is approximately perpendicular to the b,eacnie:

,
. Force (Figure 3). If the string makes .an

Diagram angle with the beam, thSn,only part
,Upward of the force applied to the beam

' Force
100 gm II P

0 Ti
will- be used in bending the beam.

O o One component of tice force will be
k "4
-1-) ;ci 71
0

""compressing" orivstretching" the

o k beam (..Figure-4y, If this happen>
o 1 then the upward deflection for a

0100 100 gram load (for example) wida-gm ir.
..

4
Dowpward . not agree with the downward defleCS.

Figure 3 Force tion for the same load.

Students may work in groups ofFor Diagram

six or eight, but each student sholl.d a

.

.., ..../ ',.;.

have an Opportunity to observe the \Force Vector - g;:r,..-;,

for 100 apparatus at close quarters and take

load
-Upward some deflection readings of his own'

Force to get good feel for the linear.

Comp es-
nature of the deflection and the a4dIr

100 gm sing ,tive properties associated with this

.-Force deflection. The pulley should he*

tappel lightly before each reading
. ),:

Force Vector to minimize errors caused by friction,
for 100 gm.

load There are several substitutions-
Figure. 4

.

'.. of materials which may be made or

the equipment used, in the experiment. The beam may be a 15-inch flexible ruler,

as suggested in the(text, or several other things ma k be'used. Among these
.

."..e '. ..

. -are a wooden yardstick which may be supplied free of charge by your local

' ln
hardvtare stores a wooden meter.stick, a metal carpenter's rule, or 1" X

. ,..

aluminum stripping cut in appi.oprifte lengths. Insteaa,of;thp ring stand -
,,,i.:.' .:

pulley set-u1) you may make an L-shaf.)ed support from 2 X 104 anedrive one ox
v ,..m.:,. ....

two Xarge nails 'into the upright to replete the pulley._ If the nails are used

. instead of the pulley, it would 1,Ye best to make a special efOito get nylon
- -

string, since this would introduce the least.amount of friction into .he

1

system: (See Figure 5.)

1.

9 6
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The Rear Number Line

4.
e

Rigure 5
.

1

/

This section assumes that the student is already familiar with the set

of,positive'numbers as.displayed'on a number line. The idea of"a unit distance

is emphasized and the negative vmbers are developed within the setting of the

f 'eperiment.

In general,
N we have tak en the?dint of view that

some experience with negativg numbers.! He is ready to
f

left of G. We extend the numbers of arithmetic to the

attaching the negative numbers tothe familiar numbers

In graphing real numbers, the teacher shouldemphasize the fact that the

the student really has

label the points to the

set of real numbers by

of arithmetic.

/

number line Which the studAlt,dr4S iswily an approximation of an ideal number

line Con'sequently,
.

.
aninformation'whf h'he aeduces from his number line is

, .
,----

.4, tit'''' ''f.

An understanding of tberPythagorean Theorem is implicit in the ,ethos
.w,.

4

.,developed for locating ir on the number line. However, this shoulknWcbe

allowed to distract from the Main ddeas 4,,the sectio.

.only'as accurate as his drawing.

. V -,Vhe,14ore capab1 ,student, the Pythagorean Theor'im4s,frbe brieilk
. , v., !).4.-').%T-,.--:- r-' T T7' 11-ri: -,-- ...

discussed. The scheme f0',,paphing 12 c then be extended o tave a methdd7-

for determining successively IS, I, '5, lb etc. Given the, unit distance on' I.

9

the number line, let I be a linaparallel tolthe number lihe and one unit away

fram,it. 'Construct Ile VE as illustrated in the Figure 6. ,

.-

I.:4

e."' 1

1 71,,.w.10

-

;./ , e
014'



c.

..*".44.

----,;-

YG

1 y

Figure 6

Ale perpendicular to tile number line at I meet's

circle with center 0 and radius OA meets the number line
.

A

at a point A, and the

at 15 (Figure 7).

1. I

Figure 7

YS

Applying the same technique to 15, we ctlocate . This process may

be continued indefinitely (Figure 8) . 4

O.

0 1

Figure 8

.
We want the sudent to realize .that there are many points on the, number

line hich do not have rational coordinates.

11

8.
4 -

tl

4 7
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Rcercise 1

1. For each of the following, c,.istrueta number line apai determine the

points whose coordinates re as follows:

(a) 0, 14, 2, - 2, -3

(b) 2, 2, 2.5, -2.5, 3

(c) -5, 5,

(d) 24", 3-& -21q

(e) + 1, T - 1, -(1/ +

-3

p

-3
-2 0 1 2
2

,2.5 0 31 2 .2.53.

i 1 4 ! 44,11 11 10 Mil.i

-5. i 0 1 5
7

5 6

-21/27 -1/2 0 if 2V 3I 412-

+ 1 /

2 +1)

. C 'I . 1-1 1 . s

-+1 .,Irf 17+1 .

each set2. ''Aringe of,three nuMbers given below in the
/.

order.in whirl hey

would appear On the number line, reading from left to right. 't

(a) 10, 4, 6

(b) 4, 2, -4

(c) -1, -2, -3

(d), 3, T,

1, 1.73

0_

(g)

(h) VT, -2.65, 2e

1 9 12

4 < 6 < 10

- 4 <2 <4

- 3 < -2 < -1

2 3 4

3- <

1.73

- < -2.24 <

_2.65 <24. < 'T
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3: Which.ofthe following :atiOlal numbers'isCi4est to,4' ?

tay.

(b)

(tc)

(a).
7Q

(e> 707

1.4 Ordering the Real Numbers

0 )2 = 2.25

< l
(1:2P)2*<17

-()2 1.6.6,"
5

a

(.1)2 2.00019
4

( 77)2 2=016
A

0

The comparison property is els° called the trichotomy. property o' order.
. .

Notice that it is.a property of*,<* ; that ts, given any.two different numbers,
1-

they can be ordered sp that. one is less than the other. When the.property is

stated we nust include the third possibility that the numerals name the same

4 number. Hence, the name " trichotomy".

, . ''''. ..
-1..._

AlthRugh "a ,<. b" and "b.> a"
,

involve different orders, these sentences

say exactly the'same thing about the numbers a and b.. Thus, we c ate a

trichotomy property of order involvi

For any =Tiber a

one of these is t

d any number' b, exactly

a >b, a = b,1? >,a

If, instead of concentrating attention on the order relation, we Con-
ti

.

centrate on the two numbers, then eithe "a <b" or "a >b" is true, 'hut not

both. Here we fix the numbers a and b and,then make a decision as to

which order relation applies. It is purely a matter of'which we are inter-

ested in: the numbers or the'order. The comparison property is concerned

with an order.

4The extension of the ri sot pert to the transitive property is

an important extension of thArdering properties. 'Any attempt to illustrate

this traneitivepww,rty of <. with triples'of intefiers is likely to be met
--mr

with,a vociferous
i,,

rgo what!" by your students. On the otherhand,-noi only, can

this property be illustrated with fractions as in the text, but the. student

can also begin to appreciate,its usefulness., ki
11

.

-.1..

t

; , .

Ll3

JO,

411
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_------Exercise 2

1. Use appropriate properties to order each of the- following-pairs Of

numbers.

(a) 0,56 i

0 < 1 and 1 < 56, so 0 < 56

(b) 77; 0

-7,< < 0

.(c) 33.3, 33-
3

33.3 <'33133 < 33.333 .
3

(d) -50, -100
4

' 50 < 75 < loo5-so 50 < .00 and -100< -50

(le)
27

3,;

27
< 1 and 1 < so

,,

2 667

',10,000

2 67
-6< .6(67 <
4 106000

(g)
.

.75

3
4. = 35

.

_ _
,.

<$ and --,73 <-

(1) -v; -3.14

3.14 < 3.14159 <y and -y < - 3.14

1(.0 tfot -1.732

< 0 and 6 <

-1.732 <

14

r

z
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"'2 ' "iiiiiie-filaila 14-low, Use.one of tile symbols, =, <, >, tomake a true*

. . i
-.-

sentence.

4.

3 6
5 ---

>
5

<
5

(a) <

- > - .666

(f)

(g) + 3 :40+ 2

(h) > .125

..(1) < 51/21' '

103 205
13 26

Use the transitive property to determine the ordering of the following

groups of three real numbers.

.(a) - 12 (e) 32:241 (3 + 4)2.

1
- <

3
< 3 < 4 < 75 2

(b) n, -it, )f a (f)

< < .

(c)' 1.7, 0, -1.7 ,(g) 1 +

-1.7 < 0 < 1.7 1

27 ,3 2

1_-5' 15
27 3 2- < - <
15 15

-
115

State a transitive property, for 11>"

Problem 3(a) and4).
If a, b, c are real numbers, and if a > b

(d)

t.

0.

and illustrate this property with
p

then a > e .

1
1

3

5
2 > > -

2

ID

7

o ,

*

(b) > -11

4
15 6-'

GF



5. 'Sandy and Bob are seated on opPosite ends of a seesaw, arid\Sandy's end

of'the.seesaw comes slowly to the ground.' Harry replaces Sandy at one

send of the seesaw, after which Bob's end (lithe seesaw comes to the -

ground. Who is heavier, Sandy or Hairy ?_ - -

S > B Sandy, is heavier than Bob

B'>H Bob is heavier than Harry

S > H Sandy is heav,ier than Harry
-

1.5 Opposites .

,

Your students h ;ve quite likely observed by now that, except.for_0, the .

real numbers occur a pairs, the two numbers of each pair being equidistant
_ .

.
.. ,

I

from 0on the real number line. Each number in such pair is called the
1

-

,opposite of the other. To,canplete the picture, 0 is-defined to be its own

'opposite. In locating the otptileite w a given number on the number line, you A

May well want to use a canidills'to eMphasize that the number and its opposite _

are equidistant from 0.
-o

If x is a positive number, then -x is a negative number.* The opposite
*).

of any negative number x'is'tle positive number -x, .and -0 = 0. '1111e student
s

Should not jump to the,.conajl.asion that when n is areal number, then -n, is a

negative number; this-i3 erue only when n is a positive number.
,

In order to motivate tha,'"ordering property for opposites",
/

or real numbers a and b,

if'1C < b' then -b < -a ,

it could bewell to...consider several other pairs of numbers. For example, we
_

could consider a pair of distinct -positive* itbers, a pair of .distinct negative
4 *,

numbers, :S. end a positive number, and 0 and a negative number.

Exekise 3

1. Simplify each of the following expressions,

:'"*7 (a) -(4 + 2)

(b) -( -2.3)-

0(c) -(42 + 0) .

(a.)- -(3.6) - (2.4)

(e) -(42 X 0)

(f) -[[ (-4)]

-

-6 (0 -(2-.+ 5) + 8

2.3 (h) -(7 - lo) - 3 , o

-42 --(3_ x 4.)

-6.o (j) -[-( -5)] + 5

o (k) -(-7) + [7(-7)] 14,

-4 (1) -(3) + [,(-3)] 3
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What kind of number is -x if x is posisfi_

-x is a negative number.

If x is negative?

-x is a pCsitive.DuMbe.

If x is zero?

-x is zero.

3. What kind of number is x if a positive number?
. .

x is a negative number.

o
.

is a negative number?

x is a positive number.',

is zero?

x is zero.

4. (a) 18 every real number the negative of some real n umOr?

YeS. Remember zero is its own negative.

(b) Is the -set of all negatives of real numbers the'same as the,

set of all real numbers?

( c)

Yes.

Is every opposite of a number a negative number?

No. The opposite of a negative number is a:Tositive number.

For each of the following pairs, determine which is the greater number.

1.

(a) 2.97, -2.97 2.97 > (e) -370, -121 -121 > -370

(b) -12, 2 2> -12 (k) 0.12,, 6.24 0.24 >0.12

(e) -358, -762 -358 > -762 (g) 0, -0 0-= -0

-1, 1 1 > -1 (h) -0.1, -0.01 -0.01 > -0.1

, (i) 0.1, 0.01 0.1 > 0.01



=4 a

Write true sentences for the following numbers and their opposites,,

Using the relations " < " or " > "

Example: For the numbers 2 and 7, q < 7, :89.2 -2 > -7 .

(a),

(b)

(c)

(a)

/, -y
, . 11

22
y, T
3(3 + 2),

7.

1- <.7 .andand >

t
-y < 1/.:§ and y > - If

V i'

g
22< T and rn > 77-0

-(20 + 8) 3(3 + 2) < i(20 .-f. 8)

A.

.. and +2) > -,4(26±..8)-3(3,

(e) _.(y -2), -/
8 + 67(____) = -2 .

a

(f). -((3 + 17)0), -((5". 0)3) -(5 X 3) < o ana, o < 5 x 3
r .

Let us write " *4 for the phrase "is farther front 0 than" on the

real number line. Does " * " have the comparison property enjoyed by

" > "i that is, if a and b are different' real numbers, is it true
,-

that a *b or b* a but not both?

No., The. relation a *b could look, like either of .the follow-

ing flgures.

b a

,

a 0 b

1 Does "a lee have a trdnsitive property?

.1
a where a >b

where b > 0

Yes. 44% is farther from zero than b and b ia farther from

zero than c , then a is farther from zero than c .

e

Rh- which subset of the set' oi4 r4al numbers do 4'14. " and "-Yu, have the
./

same meaning?

The set of all non-negative real numbers.

l 0. 1 b a

18
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Translate the following 'English sentences into mathematical expressions,
. t,

,,
.

'''describing the variabl used. .
... '

4

(a) The load .onthe beam is greater than'100 grams. What is the load?
.

,

,Q > 100
. ,.

...

(b) p'edefiection of the beam was'no more than 18'mm up. 'What was the

deflection?

p > 7-18

(c) Paul hung 30 grams from the beam, but Jim added more than 60 grams

to the load. What was the load?

30.+ 60 ot- 90 .

c

'9, Change the numerals "-1-2" and ".--2473, to forms with the same denominators.
, 42

13 15,(Hint: First do this for ;--,2,, and 12. .) eihat is the order of --z and -,--..
s , , 44 49 9 i

72-
(Hint: KnOwing the order of 13

Vg
and 15

'
what is the order of their,opposites?)

. , 13,4 49 637 15
. .D- . and..

42
-r-r--.
4.e

_,630
so

Z5
9- <

13
..,

13and z <--7658

. 10 Now state a general rule for determining the'order of two negative rational

numbers.

Forany negat4.ve rational numbers -a and -b, if a < b then Jb < -a.
0

1.6,(Absolute,Value,

. The cpncept of the absolute value bf a number is one of the most usafuj. , 4-,

ideas 211 mathematics. We will find an immediateap'plication of absolute value
.

when ie define4ddition and multipa,ication or numbers.. -real number.
'

,

1, 4

' tie usual definition of the absolute value of the r efl number n. is that
% *

: it.ii(lha-fiumbertni ford which .

n, if' n > 0
s./-

31
1 5

..,
- In' =

1

-n, if u '-0 .:

/ .

This is also the form in which_ the absolutejalug m seost commonly used. On

the other hand, since student's seem to have difficillty with definitions of th,4
.

kind, we define-the absolute value of a number in such a way that,it'can be

clearly pictured on the number line.

By observing that this "greater" of,a number ang ilas opposite ig'just the

distance between the 'number and 0 on the, real naMber 1.1.ne, we are able to inter-'.

pret the absoldtp,value "ge9metrical2y".
A

26'

A
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OF Exercise 4

; 1.' (Find, the absolute values of the following n

(a) 1-7-1

(b). I-(-3)1
(.c) 1(6.- 4) 1

(a) 1.-1'v+01

'(e), 1-(10 - 8)1

A

ty

rs

7 (0 -71--1-(-3)11

(g) 114.X 01

('1)2 1(11- + 3) -71
7

1- [(-5)]1

2 1-05(3 -.OP

2.. For a negative number x, which is greater, x or' Ix 1?

lx1 > x, since all positive numbers are greater than any

negative number.

3. Which of the Tollowing statements are true?

(a) -Ti1 < 3

(b) 1-215'1-31
(c) 141t Ili
(d) 2 z 1-31

false (e) 3 < 17

true (f) 2 < -131

false (g) 1171 > 1-41

false (h) 1=212 = 4

4. Simplify each, of the following.
t

(a) 121 4: 13)1

(b) 1-21 + 131

(CY -( 121 +131)

(d) -(1 -21 + 131)

(e) J-71 -.5) :

'(f)' 7 - 1-31

(g) 1-51 X 2

(h) - 2)

() 11-31

(j) 121 1-31

(k)Z -(1-31 2)

s:2 (1) -(1-21 1-30 .

(m) 3 13 21

(n) 2(1 -71
-.6)

4 Co) 1-51 X' 4-21

°. (p) -(1-21 X5)

-3 (q) -(1-51 X 1-21)

true

false

false

true

.2

1.7 Addition of Real Numbers
o

At this point, we again return to the experiment to reinArce intuitive

understanding of the operatibn, of addition over the real numbers.

Ts

We have seen that the definition of addition' of real numbers satisfies

two of three requirements we'make. It includes, as a, special Case, the

familiar addition of numbers of arithmetic, and it agrees with our intuitive

20

.: .
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feeling for this operation as shown in working with loading the-beam and with

its deflection. The third requirement is that addition of real nUmbers have

the same basic properties that we observed for addition of numbers of arith-

metic. It would be awkward, for instance, to heve'addition of numbers of

arithmetic commutative and addition of real numbers not commutative.

.F'
Notice that the commutative anA associative properties were regarded

as axioms for the numbers 4 arithmetic', and the operation of addiction was re-

'garded essentially as an undefined operationer the ,real numbers, however,
. we have madela definition of addition in terms of earlier concepts. If our

definition has been properly chosen, we should find that the properties can

be proved as theorems.
4

Exercise 5 ft ,if jr

Perform th'ecindicated additions on i.eal.,Inkuribers;. usingetliecnumber line

to aid you.

(a) (-6)7+ (-7)

(b) (7) + (-6)

-13

1

.e

17
., 4

I

( I

-6
47 v 0

,.
/1,

(c) (-9) ' (5) 4

(a) 6 + (-4Y 2

( e) ( 4) -+1'8) 0

(f) (25) + (-73)' -48

(g) 4 + 22 8
..,

,-'11

(h) (-2) +,(..:7) t9

...L '(1)...1.(ink.6)..-i-
(4) _, .6.2 ..,

;,t,v- (i) (Li): f(21) .'

-- -3-

2

Tell in your own words what you do to the two given numiers to find

their sum.-
17,

40',

Start at 7 in the number line and move -,

/0 7

Parts (c)*thsough (j)

would be illustrated
/

in a similan manner.

(a) 7 +'10

(b) +

(t.

10 units to the right to get, a sum of 17.

Start at 7 on the number line and move

',10 units to the left to get 4 sum of -3.

{*1
21
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10 (-7)

(-10) + (-7)

10 + 0

0 + (-7)

7 +1-101

171 + (-10)r

IT+ (-10)1,

(-ir101)* + 171

3. In each of the following,

elk

IP. ;

li,,

Part's, c)--thrgugh (j)

r
would be described in.' .

a similar manner.

find the.swin, first accordi

tion and-ti,Llen by any other method you find convenient.

(a) (-5) +.3 .

(b) (-11) +

(c) (- 141)

'(d) 2 + (-2)

+ 0

-2 (e) 18 + (-14)

-16 12 + 7.4

8 2

(g) (- 5

0 (h) (-35) + (-65)

to the defini-

4

19.4

41
3

In the course of a week the variptioris in mean temperature from the .

seasonal n'drmal of 71 were .7, 2, -3, 9, 12, -6. What were the Mean

temperatures each day?

Sun: 471 - 7= 64

Wed: .71 + 0 = 71

Sat:' 71 + (-6) = 65

Mon': .71 2 = 73 TueS: 71:- 3 F.68

Thugs 71 + 9 = 80 71 + 12 = 83

What is the Sum of their variations?

. (-7) + 2 + (-3) + 0 .2;,' 9 + 12 + (-6)*= 7

10:

l.s .The Real Number Plane

You will notice that in the discussion of the coordinate

plane cars was taken not to mention the x -axis or the y- axis.

to_give the student the feeling that the label attached to the

axis and4to the vertical axis would be dependent upon the sets

the'doman and the range of. the relation being'graphed.

2 9
22

system in a

It-4ft-dealred-

horizontal

which' repr6srt
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' Exercise 6

1. Plot the following ordered pairs of numbers, write the number of the

qUadrTit or the position on an axis in which you firid the point re-

presented by each of theieord4rpairs:

J315)

-

(d)

(e) OM-

(f) (0,5)

(g) , (-3,-1)

(h) (7,-1)

(i) (8,6)

A

'(0)

.(k)

(3172)

(-3,=5)

(1) (:1,3)

II (m) (2,-4)

origin (n) (5,2)

+ y-axis (o) (-,0)

III (P) (-4,-5)

IV (q) (-1,2)

I (r) IV

,

23
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(a) Plot on a celordinate'plane the following set o4f points:

1(0,0), (-1,0), (-210), (2,0), (-3,0), (3,0))

.. .

(-2,0) 0 o)

.(-3,0) (-1,0) (2,9)

(b) Do all the, paints in this set seem to lie onfrthe Same line?

Yes,, they all lie on the horizo9tal axis.
t

(c) What do you notice about the vertical Coordinate for each of
.

. the points?

All ordered pairs have 0 as the vertical coordinate.

.

b

4.

(a)

(b)

(c),

f \(a)

. -

(b)

',,

Plot the points in the following set:

((0,0), (0,-1), (0,1), (0,-2), (0,2), (0,-3), (0,3))

Do all the points named in this set seem to be on the

same line?

Yes, they all lie on the vertical axis.

40(0,3), .

(0,2)

(0,1)

(0,0)
(0,-1).

(0,-2)

(0,-3)

'All

, ' _1L_:c_

What do you notice about the horizontal coor-

di/late* for""&iich of the points?

.

All ordered pairs have 0 as the horizontal

coordinate.
,

Plot.tfle points in the following set:
..

! ((o,8),. (1,6)',.. (2710; (3,2), (4,o)3 J J

0°

Do all the points named in this Set seem to lie on the same line?

Yes.

-24
4.3 i

i4.o)
.

O



vi

Sample Test Items

1. Arrange each set o4 four numbers given below in the orderin which they

2.,

would appear on the number line, reading left to right.

(a) 0, 4, - 2,, -3

(b) 4:; -2, 1

(c) 14,
Use the transitive property tedetermine the ordering of the following

.grOupsof three real numbers. ".

(a) IO
11 2 3

(b) ("& ' (7.1 )

(c) 1.4, 1.41, 1.414

Simplify the following express,ions.

(a) 4( -4.7)

(b) L [ ( -3)]

(c) -(3 + 2) + 6

(d) :(2 x 3) + 6
z.

For each of the following pairs, determine which s the least umber.

(a). 2:4, 24'

(b) -0.01, -0.001

(c) -241.09, -2.10

/ _AO
(c1,) -315, -362'

5. Translat lowing into mathematical expressions.

(a) Bob h g 860 grams from the beam but Roy added more. What was the

load?

(b) Thbo'deflection of the beam was at least 8mm down. What was the

deflection?

6. Which of the following statements are true?

(a) 1-31 < 1-21 (d) I251 < 1-51

(b) 1-312 =.9 (e) -1-31--3
(c) 5 A 1-61 .(f) 1-51'< 1-61

253 2
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7. Simplify each of the following:

(a)

(b)

(c)

-('I -81 151)

8 (-5)
1-71- 151

(d) -(1-21 141)

(e) j-71 x 1-31
(f) -(1-41 x 1-31)

' 8. In each of the following, find the indicated-sum.

, (a) (-1-614- 151

1(b) (-) (..25y

(c) (- (- i)

;.(d) 16 + (-12)
-

(e) 17 + (-12)1

(f) ( :2.8) + (1.6)

(a) Plot"the points in the following set on a coordinate plane.

((3,4), (-2,-1), (-40-4), (0,1), (5,6))

(b) Do all' the points se to lie on the same line?

.(c) f not, what are the reatest number of points on one line?

Answers to Sample' Test Items

1. . (a) -3, 0, 4

(14 ".?/ :b 2

;c).

2., (a) - El < < - 1
y 10

1 1 1
(b) 7 <

(c)- 1.4 < 1.41 < 1.414

4 (a) .4.7 (c) 1'

_(b) -3 (a) 0

.(a) 2.4 , .(c) -2.10

(b) -0.01
1

(d) -362

5. (a) > (b) p <8

6. (b), (e) and (f) are true.

7. (a) 78 (c) 4 (e) 21

(b) 13 (d) 2 (f) -12

.a

3 3 26

u.

f"



8. (a) -1

(b)

(a)

(e), 5

( f ) -1.2

, , (b) no

(c), 1,Dai1 except .

1:t

I.
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Chapter 2

AN EXPERIMENTAL APPROACH TO LINEAR FUNCTIONS

,2A Real Number Generator

In Chapter 2, ah effort is made to further motivate the understanding of
.4.

the number line and the coordinate plane. The number generator has potential

foraiding the understanding of a wide range of mthema1ical ideas. In this

instance, an examination of many aspects of aridmetic is made.

The Number Generator Experiment maybe done either in student groups or

as a teacher demonstration. Equipment list for'teacher demonstration follows:

threaCd rod (1" X 12")
1"

hex nut

1 1"
-f inside diameter, 1 outside diameter washer

4

2

2 transparent tape holders

1 12" ruler
,

1^ small roll of masking tape
1
-f lb of modeling clay

1 tube of adhesive for indicator (Niracle Brite Magic)

1"
Take a one-foot piece of T threaded rod with a fitting hex nut and

. -

washer: Glue the washer to the hex rig and thread the combination 611 the rod.

Support, the rod with two transparent tape holders and modeling clay. Mask the
4

ruler and "glue" it.on tape Adders as-illustrated in the student text.

In the manipulation of the number generator, the direction of rotation

of-the indicator is deliberately ignored. so the "turns" are positive az1y.
1

The faces of the hex nut are deliberately marked only on the zero and -turn

faces so that the direction of rotation will not bean obvious issue. If the

hex nut were maiked 0, 1, 2, 3, 4, 5, when you turn it the opposite direction

would read 0, 5, 4, 3, 2',

Exercise 1 should give the Students a good review of the arithmetic of

the rational numbers. The conversions of turns and face changes, to numbers on

the scale might stimulate a discussion'whia would make rational numbers more

:meaningftl to the student.

4 2§
'
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Exercise f

5.
. .

1. How many turns of the indicator are necessary to generate the following.

numbers?

(a)

(b)

(c)

3

-4

1.4

30 turns

40 turns

14 turns

(d) -2.8
.i.

__:_-.(e). 5I.45

(f)-i- IL

c

28 turns

1
54-

2
turns

133 or
3

'-13^turns + 2

j7-

face-cbangdg,-

2. How many face changes of theOlex,v4,pptli the ,zee,,,poipt will generate

the following numbers?

(a) 2

(b) -3

(c)
33 11
To- or

(d) 5
12

(e)

'(f) - 12

(g)

0-11().

120

180

33

25

`90

35

.284

-r1I

(j)

(k)

(1)

(m)

(n)

(0)

1- 2
10

5
E .

5
3

15

3

27 ,

1
5-
3

7 10

126

50.

36

300

270

320

438

,
, 15

3. What numbers would be generated by the fo lowing number of turns of

the indicator?

or

.

(a) Right 35 0 3.5 or 32 (d) Left 4g -4.2 or -4-
1 1

5 .

(b) Left 15 -1.5 or -4 (e) Right 14 1.75 01.'14

(c) Right 95 9.5 or 92 -(f) Left 21 ...2,33.... or
30

7

S,
.30

10x = -2.333...

x = 1 .233.. '

9x = -2.1 4

-2.1 21 7x=

4.
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4. What numbers would be generated by'the following

from the zero poition?

(a)-Right 90

(b-)
Left

(c) Left 256

1
12

3

k
- 4--

15

(d)

(e)

(f)

2.2' Functions and Relations )r..A

7
At this point thCstudent shog

Right 156

left 512'

Right 316

number of face chafiges

2-
5

8- 8
15

4515

V

Problems,1 and 3, in "ordered pair:: h th number

position of the first element andkne'vtiumber of turns of

sary to geneiate the second element. Then plot the order

dine-be plane_ as instructed in the-text,e--

on the-sca in t

the ' cater ngces-

ed,pp n a coor-

J:e:=

Since theay.4. t distance on the-two axes need not be'

graph mey appear as follows (Figure-1).
T s

20

(S,TY

(-1,10)

(12 38)
15? IT

10 1,1.0)

-2 71 (0,0

Figure 1

31 3 7

1 . 2
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2.3 The Face-Scala Relation

Now return to Exercise 1, Problems 2 and 4. is time tie,student will

prepare a new set of ordered pairs. The first element this t me will be the

number of face changes from a fixed position and the secon elpment,will,be

the number on the scale corresponding to the fitst. The graph in this in-

stance may appear as Figure 2 after die consideration of continuity.

(6o,1)

i 30

120

(F,S).

30,

Figure 2
. ,

This section could produce a good discussion of the importance of defini-

---tions-in mathethatics.,

It is possible some students will have difficulty with discrete and con-*

tinuouA relations. Many examples should be given such as counting the cars

In aParking lot and the parking lot itself provided there are no "breaks"

in it. Doill,t,be formal or rigorous with your examples. Physical continuity
Ig.

it 'Sufficient, so build 9n-tche student's intuition.

32
,)
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Ehtercise 2
r,

graphs of the relations shown below are graphs of a function?

not a function

not a
r function

d

(c) r function

functions (f) r

ot a function

.

not a,
(h)

function r

d

not a function

,

33
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2. 0rapt the. ered pirs givehelov, state the domain and range, and tell

if the relation in.-a function.'
f'

sample: ( (1,2), (?,4Y,'

6-

I .5

4

3

:Y. "."

(6.

1 /

. (it) 1(1,2), (-1,2),(-2,4),:(2,4))

domain, (-1, 1, -2, 2)

.rage (2,4)

elatidif-ilt a function

(b) {(1,3), (1,-3), (3,9); (3, -9))Q

domain-T(1,3)

_range 3, =-9,

relation is not a funct

a

domain (0, 1, 2, 3)

range 6)

relation is a 'IfunctiOn

(discrete)-

(2,4. )

(-1,2) (1,2),

,

(c) ((-1,-2), (-1,2 ), 4,-6), (-4,6)) 4
(-476)

domain (-1,
j2)

-4)

range (.2, 2, -6, 6f
A. (-1,2)0

relation is not a function

a-.(1,3)

011,-3)

OM,

34
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o

*domain ip

range .4)

relation is not a function

\ (e) ( ,5), 45), (2 10), ( 2,1.0)

1 1 1
domain -1.p

1

range (5, 10,)

relation is a function

4

r
s 10

'2.4t Seesaw EXperiment and Multiplication of Numbers

-10

J

Here the equipment.may be varied. If you have the balance support, ftVie,

but the prismlahaped block of wood will serve as a fulcrum Satiftactorily.

The Seesaw Experiment may be done in either student groups cias a

tbacherdemonstration.

1 meter stick

1 balance'support, knife

1 set of wfkghts

2 pulleys, nails or rods

1 spoOl of nylon thread

When we4ntroduce the Seesaw'
1

opening the door to caquilibrium:

too far. An excellent discussion

of books

edge

,
"

cla6 or triangular block of wood

in the manner outlined in the text, /e are-

However, we &lilt feel we want to open it

of this whole problem is 'found in a variety'

3
.

5
;

Ti

F

6



4*,fo:t'

Studies of Mathematics, _Volume XI (SMSG), by George Polya; A. C. Vroman,

Inc. (Section 2.2.5).

Science of Mechanics, bytErnst Mach, Open Court (Chapter 1).

Complete Works of Archimedes, translation by Heath, Dor or Great Books.

The discussion of multiplication could be expanded as in: First Course

in Algebra 1SMSG), Part I, Chapter 7, Yale University Press.

Exercise 3

1. Fill in the blanks:

(a) The product of two positive numbers is a positive,number.

(b) The product of two negative numbers is a positive number.

(C) The product of a negative and a pOSitive number is a negative number.

(d) Tlie product of a real number and 0 is 0 .

2. Calculate the following:

(a) (- )( -4) 2

(b) 0)(2) (-5) 5

(O 4(2)(,5) 5

(d) (+1)(-4) (-3).(7)

(el (-3) (-4) + 7)

1

-9

`(f) .(-3)(-4) 4- 7 19

(;) r-31(-1) r 7 -5

(h) 1311-21 + (-6) 0

(i) (-3) (1-21 + 12.

(i) (-3),(1-21 + 1-61) -24

(k) (-0.5) (I -1.51 + (-4.q 1.35

3. Find the values of the following for x = -2, y = 3, a = -4 .

(a) 2x + 7y

(b) 3(-x) + ((-qy +7(-

0.-4 x2 + 2(xa) + a2

'(d) (x + a)2

(e) x2 -1-(31a1 + (-4)1y)

(f,) Ix 21 + (-5) (-3) + 2

4 Z

2(-2) + 7(3) = 17

3(2) +,7(4) = 6 + 16 = 22

(-2)2+2(-2)(:4)'+( -4)2= 4 + 16 + 16 = 36

(-2 + 2 = (-6)2 =.36

(-2)2 +,(31-41 + (.40130 'Ts 4 + 0 . 4

1-2 + 1 + (-5)1(-3) + 21 = 0 + (-5)1-11=-5



2.5 Slope
1

Nnierous)examples are given in the tex to lead

facility for computing slopes.

1.

Exercise 4'

the'student to develop a

Which of the follpwing two ordered pairs determine a horizontal line, a
.

4
vertical line and a'line whia is neither?.

(a) (3,2), (5,2) horizontal (f) (2,3), (2,2) . vertical

(b) (0,0), (7,0) horizontal (g) (562,10), (562,11), vertical

(c) (10,4), (+,10) neither (h) (3,14), (6,28) neither

(cq (5,6), (6,7) neither (1) '(9,8), (9,1) vertical

(e) (2;8), (4,8) horizontal (j) (0,8), (0,5) vertical

0

2. For each of the following two ordered pairs, state the rise and the run

for:the lines determined by these points:
rise
run

(a) (2,5), (4,8) i

(b) (3,9), (2,1)
8
I

(c) (8.5,7), (9,9)

) (20,10), (25,7)

())t.

elt

/05, 0,3), (,986)
.er47

;

Asoltte Value and Relation

(f) (763 63,\ , \ 25,25)_
738

(g) (
2ei

), (2,9) 76
2 0

(h) ,10), (0,10)
0.5 13 ''''''

-3
.0.) (3.7,12.6), (5.2,2.1) 11.2

5
_V.6

983 undefined (j) 4, i), (, 2-61
2/4

)

-0 or 112

Th

absolut

S >0 w

ering the

T = 40S.
T'

the earlie

- It maps the

the funcion

into thej rea numbers.

fa. , '
,,,t4,',r,

fUnction we introduce whose equation is T = 10151 3's related to the

1value function whose equation is y = Ixi' , By considering the domain

4.I

"

get T = 10S and develop the ideapf positive slope. Then otrnsid.
; ' /. 4 , _

doMain S < 0,,we extend to negative slope by examining the graph of
.-

T1T \. 10 151 gives us an example with which to define fUnction in

sOtion of this chapter. Y ''Ix1 is an interesting function.

real numbers into the Jlon-negative real numbers. In c'ontrast,

, a, /
y b, where m is defined and i 0, maps the real numbers

1



1. Check the ordered pairs you

if they satisfyeither T =

2, Check the ordered pairs you

if they satisfy either S

3. Graph (ach of the following.
0

(a) Y = Ix'

(b) Y = I-31x

(c) y = 51x1

(a) YN

(d)

(b)

(e)

Exerctse 2 01,

obtained. in the scale-turns relation to see

10S or T =-10S.

obtained
1

SO
F

in the faces-ssale'relation to see
1

-U5 F
or S

(d) y = -2Ix1

(e) Y = .3I-kl,

(f) IYI =

,x

e
(c)

0
r

x

°

2.7 Slope-Intertapt Form
/

The teacber may feel additional examples are necessary and many of tile
, .. ,...

exercises earlier in the chapter could be utilized before. the students try
--Li 1 f

,Exercise 6 (for 'example,. Exercise 4).,

r 38



1. Calculate the

using in each
..>

cp

Exercise 6'

sloped of lines 21, 22, 23 and 24 in the figure below

case the two points indicated on the lines.

21 -J
22 m2 1

23 = m3 undefined

24 = m4 -2

2. What is the slope of a horizontal axis?

0 ; undefined.

a vertical:axis?

With refer.ence toa set of coordinate axes,

through this point

draw the'line whose slope is . .What

draw the line through (-6,-3) which

'has a slope of zero. What is the

equation of th,is line?

--(a) y.= bx + 2

(b)' y = -3

(a)

(b)

select the point ( -6, -3) and

is the equation of this'line?

0"

39 4u
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4. Draw the 'following lines:

(a) a line through the poilt (-1,5) with slope ,

. (b) a line through the point (2,1) with slope - .

(c) A line through the point (3,4) with slope 0.

(a) a line through the,point (-3,4) with slope 2.

1
(e) a line through the poirit ( -3,-4) with slope undefined. (What typee

of line has no defined slope?)

(e)

(d)

vertical

5. Consider the, line containing the points

(-3,-9) on 'this .line? Yes

(c)

x

(b)

(1,-1) and (3,3) Is the point

Hint: Determine the slope of the line containing (1,-1) and (,3); then

determine the slope of the linetcontaining -(1,-1) and (-3,-9).

=-2
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6. -Write an equation of each of following lines.

(a) The slope is and the y-intercept natotner'is

(The 7-intercept number is the vertical coordinate of the point

at which the line crosses the vertical- axis. In this case the

coordinates of tlie intercept ,are (0,-2).1

y =
2

- 2

(b)The slope is and the y-intercept number is 0.

Y =
3

(c) The slope is -2 and t e y-intercept number is
\4

.

y = -da +
4

(d) The slope is -7 and the y-intercept number is -5.,

y =

7. What is the' ,elope of the line containing the points (0,0) and (3,10?

What is the'y-intercept number? Write the equation of the line.

34 g .154.

j 3

8. Verify that the slope of the line which contains the points (-3,2) and

(3024) is -1. IC
m*. 2 (-4) 6

-3 3

If (x,y) is a point on this same line, tlhe slo could be written as

Y - 2 Y -m - or .x - (-3) x - 3

Show that both expressions for jheLslope, give the same equation for the le

line. . .

m =
7 - 2

or m
y. +3

x + 3 x

y- 2 = m(x + 3) y -t 4 = m(x - 3)

N

Since im = -1

Y 2= 7(X + 3)

.y = -x - 1

41. 4/

01.

y + 4 = -(x -3)

y = -x -1

)



9. Write the equations of the lines: through the ;.lowing pairs of points.

Use the method of Problem 8

(a) (0,3) and (-5,2)

(b) (5,8) and (o,-4)

(c) (0,-2) and (-3,-7)

(d) (5,-2) and (0,6)

(e) (-3,3) and (6,0)

(f) (-3,3) and (-5,3)

(g) ( -3,3) -and (-3,5)

(h) .(4,2) and (-3,1)

10. Graph each of the following:

(a) y = lx + 8
5°

(b) y
5

- 12

3x + 14.3i = 16(c)

1 1
, y

;12m= 12

;

m = 2 = 2x 2

8
; y = - 5x + 6m =

8

3

m =
1 1

; y = -3x + 2.

m = 0 ; % y = 3

m is undefined; x =

1 1 10
m= 7 ;

Y =7X + 7

(d) y = lx1 + 5

(e) = lx - 31

(f) y = - 11 +

(a) '(b)

4

o k

1.1.4

a

4 8 42

. :



(e)

C,

. 1 .

so.

'43

(0,5)

(f)

x

9

(

A

.3;

. 141%.544;:t.erl



Sample Test Items

Which of graphs of the relations shown below are ,graphs of functions?

(c)

,"

(a)

I

o
4lb - r

2. Graph the-ordered fairs given below, state the domain and range and tell

if the relation is a function.

(a) ((1,2); (3,5), (5,8), (-2,-3))

(b) ((-1,-2), (0,0), (-1,2),°44,4)) '617

3. Calculate the following:

(a) (-3)(-1)(5)
3

(b) (-2)(-6) + (-3)

(c) '(-5) (-2) + 8

*N 4'
I

n fit4
(d) 1411-31 +0( =5), . / .9*,

(e) C-2)1-51 + 10 0. (,

(f) (-1.5) (12.51'+[-1,51)

Fz.

Find the values of the following,for

44.-Dgrr5Y/, ;

J): 4. 31 + 1Y 31 (d)

I -4'14."

,

^

50 14

x = -1, y = 2 .

(>1)2 +'T02

302°

r 417
I 34



5. Calculate the slope's of liner
indicated on. the lines.

3
using the two 'points

r 1 ' ' H, ' I ' -1" -1- RIM
1 I

f
MIMI.

an
Jt..-r rf -44

--.-- --+ 1 ) illuVrilini
PIP-..:111111

a

1111
MIMI
1111111

r
I

-,- 4

' ! !
J. ---,

, '

IUMNBILIIIIIIIMO
Tv ;

/
1 ' 1 .;

1-

,___i_

fi

t- r 1 : 1

*-4- t-l-i---.f-4---,-
t i

'1. ,
.) 1 4 , ...,_.i

'
1111

1 I

-17.-'''-t"'
, t , t

' -+-1-----
_Ella
.1r t h , , t

, rf %

,
._ . .

--
1 4.__. s4-- f- L 1 it- - -44-4 ----- -.-..-- 1

rt
I

--'----.I'..---1

.i_ ____,_;.,...,._1.-1 1- ,

' 'Jr'4 7-- : 1

...... ._ -,---, -).-.

'

I

4.-

I).---t- /..-: !

III

-4- 4

,-___1 ;. t
1

4,

.4-4

, , .---i
'

_+ ,.._
,

! '-,r- - - . - -
- - --'

--- --- -t- t -- - 4-- i-±-----f-1-4--------7-f-7---,
r-r i*I-Cr- -:-J-- - T4

-4-i i'f : - , . + , .

t i :
1

-4-4-
,

-t--*----'-
__,

t---r , 2Lit_li

1-
I 1

, ','--1-- I

..i. 1'. I-

1.

6. Draw the following lines:

(a) a line through the point (0,0) with slope 2:2- .

2CO' a line through the point (5,-7) with slope .5 ,

(c) a line through the point (0,9) with slope - 115- .'

(d) a line through the point (1,5) with slope 7.

. Write an equation of each of the f011owing lines.

(a) the slope is 4 and the y-intercept is 1.

(b) the slope is - and the y-intercept is 5 .

(c) the slope 'is -3 and the y-intercept is -5.

w.

<-3

ti



a function

not a function

a faction

1

Answers to Sample Test Items

domain (-2, 1,

range (-3, 2,

a function

3. (a) 5

(b) -9

(G) -3o

4. (a) 7

(b) 3

5. 7 '

3

(d) not a function

(e) not a function

4

3, 5)

5; 8)

dpmain (-1, 0, -2)

range (-2, 0, 2, 4)

not a function

(d) 7

(e) 0

(f) -6.0

(c) 5

(d) 1
11,,

2 i m2 ;
: m3 =

'--1Lb
MI MOM ill WA ,

MEM MIEN,,
'- --r-TLf 111104111111111101

....raMNIIIIIMIIIIIMI
. SOMME.mos

if
IMIIMILMoss

IIIMUmonis

smIM=

MIME...Nam

RM

ErlI
4-- OHM

111isam,
d

aa. E 1 ppingell
jt MINIIIIIIIIIIIMMIIIImi 'miaow

isemonsson1 IINIMINIAmill=111_

-

1. (a) y = + 1 (b) y = + L4:2-

5 5
(c) y = -3x - 5
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Chapter 3

THE FALLING SPHERE

3.1 The Falling Sphere

This experiment should be performed by groups of three or four students.

The equipMent needed by each group performing the experiment is as follows:

glass cylinder or jar at least 8 inches high
1

1, steel ball bearing, about n -inch in diameter

1 small'horseshoe magnet

1 ruler with metric scale

tu2 rubber bands (small)

a.

In addition you will need Karo Syrup (white) to fill each cylinder, a

metrononie or some other audible timer, and a supply of paper strips,

about 1" x 10" . k -

The purpose of this chapter is to review,and extend,
)
some of the concepts-

of linear functions which were introduced in Chapter2., The student will en-
. . . J

counter thd experimental situations from which'the mathematics will arise.
,

That is, he must do the experiment himself,, the things which change,

(l record the data in an orderly fashion, and' examine it critically for whatever
.

_.;general relation it shows. ,

. This experiment, as well as all others in this text, were performed by
;'

members of the writing team. You, as teachers, will be gi?terfthe results of

these experiments and that data we have collected. The student should be ex-
,

petted to find his own data and make his own analysis of it. With this 'method

the results of each team of students may be diffe'rent, but if their work is -

done carefully, the differences should not be too great. Even though these
..

.
differences exist, the real need for graphing the data collected,,and examin-

ing the graphs for definite relations, functions and equations should be

, apparent.

WA suggest that a standard de._ F'.eet.°13e used for all experiments

(Figure 1). J'If possible, a supply .of these data sheets should be dittoed for
, -

the use'of your students during this course.' In some of th later experiments

we refer td the data and graphs of experiments already performed. If the data
a.

sheets and graphs are kept in some form of folder or punched for insertion in

a ring-binder it will be easy to find-the appropriate page when'such a reference

z_5



17. is made.

Title of Experiment
'Name

Date

c

3.2 The Palling Sphere

In performing this experiment and all others, the students should follow,

directions carefully.. Mena times the reasons for some directions become appar-,

t as the experiment is perfprmed. If you make a few trials of each experiment

before the Particular section is reached you will most likely be able to expand

the directions and ease the students -over some of iNe more difficult

This experiment is an investigation of terminal velocity._ However,

only after the data has been graphed and analyzed is the idea of velocity in-

troduced
.111

The Falling,Sphere is actually a small steel ball bearing. When this

bearing is dropped into a cylinder of Karo Syrup it reaches terminal velocIty

after a fall of a fewmillileters and then continues with a constant Velocity.
,

It would be advantageous to prepare a teacher demonstration to 13boilhow

the factors mentioned in the text will influence the speed of the bs)..i'and why

we must carefully control certain factors in performing an expeilment.

a .

(1) Cylinders (all the game size and shape) can be filled with various

fluids, water, glycerine, a light oil, and Karo Syrup. acipping

balltbearings (all the same size) into each container should
..

the students to reach.conclusions as to the effect of the fluid on

the velocity.

(2) Dropping ball bearings of different sizesto the same container

filled with Karo Syrdp will show 'the'effect of.the size of the

"sPhereniOn the speed, ,

.

(c) Cylinders or jars with different size openings can be used 4 show

the effect of the type of container on'the terminal velocity The'.

cylinders should befilled with the same:type of fluid (preferably

the !cam Syrup) and the same size bearing used as fallingspheres."

J 4
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The effect of the 4ameter of the container will beery

4.f there is anynoti/eable effect at all.

(4) 'As an enterprising teacher, you, will pipbably alsoWant to 4eman-
.

strate"with a genuine pearl dropped in Prell Shampoo.

The student experiment should be performed' with the same container and

the same ball bearing for all trials. The fluid used should be white karq

Syrup. Jour trials will be needed to provide the necessary data.

Affix a thin paper tape to the cylinder with two rubber bands (or tape).

P

Pill the cylinder with Karo Syrup. Drop a small steel ball bearing into the

fluid close enough to the tape to make fairly accurate mirfts.on the tape at

regular intervals. A small horseshoe magnet placed against the outside wall

of the container will attract the bearing to the inside wall, and allow you to

position the bearing so that it will fall along one side of the tape.

A metronome is a convenient device for marking the equal time intervals.

It may be helpful to adjust the metronome so that it makes a "clicking" sound

every second and then mark the position of the ball foNevery other "click".

After a few trials you will adjust to thejbeat of the metronome and be able

to mark the position of the bearing quite accurately. The students should make

a few practice trials to develop the necessary techniques. The magnet is upeF1

to retrieve the ball bearing after it has come to rest on the bottom[ of the A

cylinder., The tape for each trial must be saved for use in the next section.

of the text.

Should a metronome be difficult to obtain, it may be possible to borrow
4 ty

one for a short time. Make a tape recording of the metronome sounding at the

correct intervals. This tape can be played loudly enough for the use of the-
entire class.

), J}

3.3 Tabulating Data
1

J

.

The tapes obtained from the four trials must now be meadured. ch tape

in turn should be fastened to the centimeter rule. The zeroimark'o the tape
.

should coincide with a-centimeter mark on the tuler (Figure 2 in students' "^

text). Measure the distance from the zero mark to each mark on the tape.

Since these distances are to be platted on the coordinate plane, accuracy

is important. The data collected by. the writing team is recorded in Figure 2.
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40B,FALAING SPHERE EXPERIMENT
_

'

\
, ,

Time
t

(seconds)

\ Trial)
\ Distance

\ d

(millimeters)

Trial 2

Distance
- d

(millimeters)

Trial 3

tistance
d.

(millimeters)

Trial 4

Distance
d

(millimeters)

0 \q
0t, 0 1 0

2 5.5 \\
\\

6.5 6.5 6.5
\-...

11.5 13.5 12.0 15.5 '

6 20.0 21.0 19.o 23.o

8 2715' \.27.5 27.0 30.0

10 35.0 85.5 34.o 3775-

. 12 43.5 42:0 . 40.5 45.0

14 50.5 1 49.5 47.0 52.5

16' 56.0 57.0 - -.5 o 59.0

18 62.5, 65.5 61.5 67.o
a

No .

Figure 2

3.4 Analysis of Data

This section is a general one dealing with the handling of expirimental

data. The students should be made to realize they must check the domain and

range of their relatfons before Setting the scales of the coordinate aies.

The axes do not hah to hive the dame scales. For example, if ye were to

graph the data recorded in the experiment on the lbaded beam, the load varied

from 0,grams_to 300...graMs while the position of the end of,the team changed

about 30 or 40 centimeters: If we were tg graph this data, the scale on the''

horizontal axes would go from 0 to 300 while the scale on the vertical axis

would go.ffrOm 0 at no load to the'deflection'at maximum load.

0,

By connecting points the student is inferring physical continuity. He

is beginning to develop the physical model, but thin does not imply any matii-,

erratical continuity. The decision on whetter an experittet could yield inter-

medicate p8Ints must be-based on phenomena being studied. It would'be desir-
e

able for the, teacher to mention a few examples ofdiscontinuous phyalcal

situations. For example, there is a maximum height ,,cp frhich a ball bOunceg.

If the height of bounce is related to the 'corresponding bounce number, physical

I

50 -

56
Vli

4.
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continuity cannot bel'inferred. The graph is a set of distinct poii k which

cannot be connected, for height cannot be inferred for parts ofv bounces.

Half bounces cannot be associated with a maximum haight.

,

3.5 Graphing the Experimental Daia
o

Obtaining the "best straight line"' involves making the assumption that

there exists a line which best fits the data. Often it will not Ite too diffi-

cult to obtain a line which will satisfy the student. Do not put too much

stress co this now The student will soon have practice, and he should learn

quickly This line is an idealization of the graph of the physical data.
a

This' idealization does no,t reprebent any possible physical situation. It is

purely an abstraction.
,

The slope can now be determined by the student. This sldpe will have a

. speoial significance. Note that/ thg vertical istance is a measure of the

fall of the ball bearing, and the horizontal ance'i, a measure.of the'

corresponding interval of time. Therefbre, the
#

slope becomes
4.-

measure of distance
measure of time

..;0#

Qr., distance per unit of time, which is, velocity..

vSince the data graphed determines a tratght line, the velocity of the

-s1,1

'falling tall bearing is constant. This substantiates the statement that

1-<.!1 terminal velocity had been reached by the time' of the initial reading.
i,,

Figure 3 is the graphsof, the data recorded in Pisfre 2.

NO.

ks,

/
0

..C.
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)
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A
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72
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56
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44
. .
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36

32

28
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THE FILLING SPHERE
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.
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.

1 1 1
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0
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Figure 3
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The to this text gives a Method for finding the "best fitting
. .

. ? i 'line" known as the "method of least squares". This method is probably too

difficult to present to students-iiit will be helpful to you as a teacher.,

Exercise 1
. .

The purpose of the first two problems in this exercise is to give alternate

wayd to find the best straight line_ rom the data already collected. Since the

data collected by different groups of. students should vary there will be no

standard solution for either problem. The teacher should, however, discuss the

problems in detail to reinforCe the students understanding of a "best straight

line" and techniques of handling experiMental data by taking averages.

1. Reproduce the "best straight line" you hai'e drawn to represent the data

df this experiment on a clean sheet of coordinate paper. Take the four

pieces of paper tape used, tO mark the position of the ball and arrange

*them so that the zero marks are in line. On a clean fifth tape make a

to indicate a "zero" position and align'this mark with the other

zerorMarks.

INew tape
,,ir 4-, -, tk di- 4,1,ris,

I

1
:

1 6 . Il If 1 11 I 11 I II r; I 11,

i i 21
11 '.11 '1 ' % ' li, 't il, I, I

Four

k._. %.., ,...,

'

! : ' 1 '1 w ' " 'I 1 1 1

' 11 111 1 i 11 i .

1 ., 1

4

data
tapes

The'other marks on your tapes will not be "in line", but should tend to

center in groups. Make a mark cnthe clean tape to,indicate your "guess"

as to the position which b9st represents'each vertical set of marks. UV-

ing.the fifth:tape as if it were a new trial, Mark your measurements in ,

the usual way, eater the data.4i your table, and vaph the ordered pairs.

t.

4

Do these points come clos,v. to 'forming a straight line thin any'of your
,

fOur trial runs? How does this line compare with the "gUess" you mode

from the "braid" arraii erign.e?

"-)
From the data of your four trials find'the average distance thaeve-lcill:6\-----)

the ball in each time interval. To do this, add the distance each row of . ,-

tr12 trials'in Table 1 and divide'by the number of trials. Make a netf **

column in your table, "Average Distgiice (mm)", and now plot average dis-

tance versus time on the same sheet of coordinke paper used for Problem-1.

How close do these points dome to forming a straight line? You now have

thYeelines on this sheet of coordinate paper. The first is the "best

straight line" from your original data, the, second is the line obtained
9, A

in `Problem 1, and the 'third line is the one obtained by t,Ie process of

53
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How do these three lites compare?

Draw the first quadrant using a scale of 1 second for

division and 1 billiMeter.f!Im each

which passes through,the origin and has

and 3 mm/sec. Labe1these ines.

each horizontal

vertical division. Draw a line

a slope of Immisec; 2mmisec;

Repeat the above exercise,'with a hdriidntal Sts1P--"of 1 second per-divi-
ft

sion, but with a vertical scalelof 0,.5 Millimeter per division. Are the

two sioies.ithe same?

The slopes in Problem 3

and Problem 4 are the

same because slope is

\defined by

vertical distance

/11- horizontal distance
r

Hence, the slope of el in

both cases .is

1 4. = =

5. Draw a fourth qUadrant on a sheet of

horizontaNcale (in seconds) that yo

the Failing Sphere Experiment. Make

millimeters) along the vertical axis.

tion of yolur scale whet you performed

distance-data from your experiment On

line. Calculate the.slope. What is

velocity?

1, --1

coordinate paper. Use the same

u used to represent the data from

a negative distance scale,(in

Note. that this was the orierita-

the experiment. Plot the time-

'this sheet and draw the "best"

the, significance of 'a negative

.
6Q,



Tablet for No. 5

time distance

0 0

2 -6.5

4 =13.5

6 -21.0.

. 8 -27.5

10 -35.5'

12 ' -42.0

14 -49.5

16 -5/.o

18' . -65.5

0

- 10

- 20

- 30

-4o

-50

- 60

- 70

The slope is m = -3.6..

The velocity is in a

downward direction.

3.6 The Point-Slape Form

0 1. 6, 8 12 1 14 1 16 ;r

0

-0

0

Q

0

0

0

0

There are several forms tor the equation of a straight line. In this

section the'paint-slope form is developed. This -form is reduced to the,slope-

,
intercept form.

1

The ordered pair for the point at which the graph of the line crosses the

horizontaloxis would have the form

the line having coordinates (x,y)i

ivekicia -change
horizontal change

tion

will be Atten

(a,0). Now choose arty arbitrary p6int

The slope, m, Whi4ch has been described as
qu, , -

as
- a

= m from which we*obtain-the equa-
x

I

yit 0 = m(x - a)

y = m(X
4

,Extend the discussion to generalize the equatijon. That is, assume the

first point to be a general point with coordinates (c,d). Retain the second

point as the general point with coordinates ,Na have now Compldtely

:generaliied tile discussion. From the definition of slope we have the equation

y - d
- m .

x - c
Now the equation becomes

* y'- d = m(x - c)

55
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which is the'generalpoint-slope fo

The secton concludes with the der'vation of the slope-interce

3 as a"special case of the point -slope form.

. I

Exercise.2

t
1

In Problems 1 and2 the students will have to'calculate the slope,',

first using t'lecoorghates of the two points read from'the graph. Theri by

the use of this slope and one of the given points together withan-arbitrary'\
.

po t (x,y), the equation may be writtentin the point-slope form or in one of

the s ecial forms when it applies to the particular line. For example,: for

Um. oblem 1, the given points R and S have the coordinates-(3,2)

and (12,8). .Hence...igke_slc9le is .
i

_
8 2 ,6 2

m
-

12 - 3 9 3

Using the point (3,2) with,m = 3, the point-slope form gives

y - 2 2

x - 3 3

Using (12,8) '

or
f

I. -1'griteAhe

indicated in the following grap0-

10

3y - 6 - 2x - 6

2

y 3

-8 2

x - 3

2
Y yc

6

0

. 0 1 2

8 - o

equations on-he lines iv /2 and ./ i-using-the two'points

17 - 11 3

. 4 44
Y=

3.

8 - 2 I 3
12 = "3 3

2
Y, =

11 -)7 1

12 - 0

8 10 12 14 16 x 1

ry
I'
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2. Write the equations of the lines L5 and

50

28

i

-
4I

26

2k

22

20

-18
8 10 12- 14 16 18 20 22 24

2k - 19 5

21e= - 19)

g 8 - 28 20
B6 15 -8

- 28 - 7(x - 8)

3. Find the x and y intercepts for lines /5' and i .

6 \
Do not extend jhe lines to obtain a graphital solution. Retnember that

the y-intercept is the point for whith x = 0, and the x-intercept is

the point where ,jr = 0.

i
5

- 25 =4-(X - 19) 16 :'y - 28 -2+)(x -
5
3' a 20 4. 160

y = --x 4. 25
5 Y -Tx 7

3 68 ,,

.2g, + 356
Y = 74.y = + .

15_6_

if x = 0, then y = 68 if x = 0, then y=

k. ;,Refer to your time - distance graph oiotained in the Falling Sphere Iltperi-

inent. Using a point not on the vertical axis- together with the slope,

-- -find-the equation to represent the_best straight_line. _ Show that tills

is equivalent to the equation obtained using the slope-intercept form.

6

. ,The actual equation that each student derives will depend

upon the particular set of data. that the student has col-

lected. Care should be taken to convince the student that

the point -slope Vim-_and.th.e slope-intercept fOnn are

equivalent.
1.

.10

.
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,

The following equations are.expressed in, point -slope form. Solve each

of these for y. State the slope.of the line and the y-intercept in

each case.

y'12'6 = 3(X+ 1.0

y + 2 = -2(x 3)

Y 7 = it(x - 2)

y - 0.5 = -4(x + 3.5)

m . y-intercept

y = 3x '6.18 '

v

3 18
.

y = -2x + 4 -2 4

- y = % :8
2

2
. 2

-8

y = -4x - 13.5 -4 - -13.5

6. Make a graph of the data obtained in the. Loaded Beam Experiment, fi1t 4

a "best" line attd obtain an equation of this line using, the slope-

intercept form and the point-slope form,.

See comment made for Problem 4.

Relations and Converses

This section continues and extends the section on relations in

Chapter 2. If necessary, you should review 2.2 before beginning this section.

The concepts discussed'in Sections 2.2, 3.7 and 3.8 will be used in later

work in this text and in more advanced work in both science and mathematics.

Every effort, should be made to see that these sections are clearly'understood.

Exert-15e 3

(a) Graph the ordered pairs given below, state the domain and range

and tell if the relation is a function.

(b) In each case form the converse relation by interchanging the first

an second elements of the oraered pairs. Graph the converse,

state the new domain and range and tell if the bonverse is a

functiong.

-
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_fIf2,3), (2,4), (2,5))

''o-onverse) = ,((13i2), (4,2), (5,2))

2..

5

4

3

1

0 1

domain: .(2)

Converse

5

4

3

2

1

I I i i D
1 2 3 4 5

ranget'' (3,4,5)

(3,4,5)

(2)

,:.(.

not a function . Junction

41, ,

1:4 = [(53,.r-;.-- (6,3),, ;(7-A))
.r.. (converse) 4 ((:'5'), (3,6) , (3,7))

6

O

I_Ji 1.-

.dom

range; (5,6,7) (3)

,function-,

1 ,

6

ej rS



N = ( 3,6)e (3,-2), (4,-2))

(converse) ((6,3), (-2,3), (-2,4))

4

2

-2
I

o-

11111 I,
2 4 6 -2

6

4

2

I I III!
0 4 6

(3,4).

range: (- -2;6) .. (3,4)

not a function not a function
I

I

4.. P = ((-1,-3), (-2,-5), (-3,-7))

.y.(converse) = ((-3,-i), (-5,-2), (-7,13))

J

-6 -4 -2 0
I I I 1 I I

I

:

-2

-4

-6

A
yk

'

ddimain:

range: (-3,-5,-7) .

function

7

60

-6 -4'I 1, I.

1.

I

1 1 I

(-3,-5,72)

(-1,-2,-3)

function

0

-2

-6

11.



. 3 j3 Inverse Functions

The definition of a funttApn, ih the text tells when a given relation
, 4

is a function. Title graphical methods given for telling this may prove Jost

uSeful at this point.

Exercise 4 ss

. 1. Refer to Exercise in Chapter Z. For each of the graphs, check to see

if the converse of the relation shown is a flunctton. i.re'any of these

relatidns one-to-one functions?

Problem 1

(a) converse is not

a function

r

--

(d) converse is not

a function

4

(b), converse is a (c) converse is not

function
.

(e) converse is not

a function

d

(g) ,converseis not (h) converse is a

_ ,fupot ion
r

a function

r

(f)

d

converse is

functiOn

'None of these relations is a one-to-one function.
-

4



Problem 2
1 1 toy

(a) ((1,2), r1)42), i(-2,1) (2,4))

2.

Converse is not a ction

(b) ((1,3), (1)-3), (3,9), (3,19))

converse a function

(c) ((-1,-2), (' -1,2), (-4,-6), (-1}-,6))

Converse ids a function

))

Converse is a function

((t',5), (2R20), (4,10)) .

Converse is not a function

'None of these relations is a one-to-one'function. 4

In the Falling Sphere Experiment, the data in the table forms a rela-'

tion.

(a) What are the domain and the-range of this relation?

The domain is the set of time values and the range is the
4

set of distance - values.

1)) Is this relation a function?

Yes.

3. Does the "best straight line" describe a function?

Yes.

4. Arp the doiain and range of the "best straight line" relation the same

as the domain and range of the'"data relation"? EXplain.

Not necessarily, singe the "data relation" is a discrete

reliition and the "best,straight line" is a continuous /*et-.

5!

9

A*.

lation.

"Are the domain and range of the equation found to repAsent4.440.--abest
;;e.

straight-line"thesame as the domain and itmge of the best straight
1 3

line relation? .

o
The domain of the graph is a subs of, the set of positive,

real numbers,.while the domain of h linear equation is .

the set,, of all. reel numbers.

("

°
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6. In the Falling Sphere Experiment we obtained the. equation d = mt.

Obtain the converse relation by algebraic means.

1
/

t'= dwhere'd is the new domain and t is the new range.

How might we have conducted the experiment to give the converse relar

tion directly?

Pick distances along the container and, with a stopwateh,

see how long it takes the falling sphere to travel that

distance.

7. Is the converse relation obtained in the preceding exercise an inverse

function? Explain. .

Yes; every distance is traveled in exactly one time and

every time has associated with it exactly one distance.

Graphical Translation of Coordinate Axes

Translating axes by the use,of the sheet of frosted acetate (or other

substitutes), is not difficult and will often help the student to simplify

the equation of the line and the orientation of the graph. We wi'I?ralso use

translation of axes in later experiments which will yield quadratic functions.

If the acetate sheets are used, the teacher should draw set of coordinate

axes in the middle of each sheet: Use a heavy ball -point pen. Do riot write

any number or scales on the sheet. Students will writeon these with a pen-

Cil since they can then be easily erased.

_

While it is possible to position the new axes in any manner whatsoever,

(i.e., they can be translated and-rota translation horizontally and ver-

\.)tidally will be.sufficeni for our purposes.

The amountfend direction of translation may be purely arbitrary but whom

we use this on graphs based on science experiments the physical situation

usually suggests a "natural" location Sor the new axes.
co,

;:.

Boercise
) .

1. With reference to a set'of coordinate axes, select the point (2,5) and
1

through this point draw the line whose slope is---,....

//--
What is the equation of this lne2

y - 3 = (x - 2)
2
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,--,, Use your plastic overlay td obtain the new equation of this lin, when
...

the origin is shifted:

(a) to the left 3 units . (b) to the right 3 units`!

y - -3---7-t-cs-c -- 2 + C-3] ) y -r3\-..-2(x - 2 + 3)
2

y - 3 = T
1
( x - 5) , y - 3 T. i(x +1)

(c) 4 unit upward (d)- 4 units dolmas. rd

y .. j, + 14. = t ( X - 2)* i 3 - 4 =.3t(x I.

y + 1 = i(x - 2) Y - 7 = -124x - 2)

1*

(e) to the left 3 units and

up.4 units

y I 3 + 4 = - 2 - 3)

(f) to the left 3 units :and

down 4 units .

-y"._ 7 _ 4 = - 2 - 3

y + 1 = - 5) y - 13 = t(x - 5)

2. With reference to a set of coordinate axes, draw the line which passes

throufh the points (1,7) ana (7,5). What is the equation of this line?

/
7 - 5 2 -1

m -
1 - 7

. 3*r - 7
x - 1

y - 7 = ONMS01)

or
yr- 5 1

- 7 3

407. 5 = t(x 7)

Uie your plastic overlay to obtain the new equation of this line when

- the origin is shifted:

(a):- to the x-intercept

let y = 0

7 =
(x`'-

3

1)
Y 7 = - - 1 + 22)

-21 = -x + y - 7 = + '21)

x =22 1- 7.= - -7
1

. Y = '§x

1

(b) to the y-intercept

let x = 0

Y 7 = =
3

Y - 7 =

22
Y = 7

3

64 .

(y _ +.21) _
3

Y

=
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. . a

(c) to the poin (147,6)''

/ + 6 = - 1(x - + 4)

y - 1 = - (x .4. 3)
3

.

3.10 .Algebraic Translation of Coord ate Axes

This section is purely a mathematical discussion of transiation'of the

axes. accept for the better students, you shbuld not expect your class to

toaster this subject. 'Some of them may "discover" the algebraic procedure whi1e

doing the graphieal translation. Graphical translation (Section 3.9) is the

section to be stressed in the study of trans1Stipn for this grade level. You

may feel, however,'that more drill similar to Exercise ,2 will be needed. All

you will need to provide this drill is to give the class equations of the sort

3x - 2y - 7 and.ask them to translate the origin to various points like the

y- intercept, the point (5,4) or (0,6), and so on.

A

To translate the axes,of this tquation to the point (5,4) write it in

the form

3
Y

or y - o = i(c.+ (i)) .

It is now in the point-slope form and

Y + (0) K = m (X + (i)+ h)

where h and K are 5 and 4 respectively. ,This becomeS

y + p + (x + (- .75) +5)

y + 4 . 3
.f (x:1-3-)

3

'or Y = 3-X . -
2

Since the point (5,4) is on the line, you would expect to get equations in

the form

Y = mX .

If, on the other hand, you want to translate to the point (5,-4), it is

done in this manner:
Y + (0) + (-4) = (X + +5)

Y 4 =1 (x + )

Y ci (X) +

= + 8 .

65



,Ekercise 6
.,.

Refe#to Exerci,se 5 for the algebraic. solutions asked fon in Exercise 6.
J.,

(

Sample Test Items fl

1. Write the equations of the lines /1, i2 and /3, using the two points

indicated each case.'

12

'10

or
8

6

4

0

y

11
`SI

Wil II1
I1F!1iIELrii

,ri'N1I
IN BM MI

0 2 '4 6 8 10 12 14 161w' 18

2. The following. equations are expressed in point-slope form: S0re each

of these for y. State the slope of the line and the y-intercept in

each. case.

(a) Y 9 = 6(4 + 7)

(b) y + 4 = -3(x 5)

(a) y 3 = i(x - 8)

(d) y -2(x - 11.5)

3. (a) Graph the ordered pairs given below, state the damain'end. range

and tell if the relation is a Tunqion.' 0

(1)1 Form the converse relation. Graph the converse,.state the new'
,L.,

domain iind.range and tell if the converse is a function. .

,f(51-5), (2,3), (0,10), (2,-3), (5,5)Y

I -

5611 ,
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4. Converse of a linear function is a linear function. If y mx isthe

equation of theorigitl function, then y-= x is the equation of the

converse. What conclusion can you draw about the graphs of a linear

function and its converse?.

The graphs of various relations are sketched below. For each graph:

(i) Is the relation a function?

(ii) Is the converse relation a function?

(iii) Does the relation and its converse form a one-to-one function?

(a)

O

(b)

(d),

6. With reference to a set of coordinate axes, select the point (2,3)

and through this point draw the line whose slope is
3

(a) What'is the gquatioillof this line?

-(b). Use your plastic overlay to obtain, the new equatiOn of this

line when the origin is shifted 44"

Li) to the left 3 units

(ii) 2 units downward

(iii) 3 units to the left and 2 units downward.
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e

Write the equation of the line which passes through the point (3,2),
--, -,--- 1- . ---

and.(7,14-) in point-slope form. Obtain the equation of this line
, .

"algebraically when_the origin has been transliited .

(a) to the right 4 units

"(b) to the left 3 units and 2 units.

Answers to Sample Test Itemsa
1 - 10 -9

,m
- -

1 10 - 1 9
1

y - 10 = -1(x - 1)

y - 10 = -x + 1 ow

y = -x + 11

1 7
Y =

13: y: x - 8

2. (E) .y = 6x + 51 m = 6 :; (0,51)

(b) Y = -3x + 11 m = (0,11)/

(c) y = ix - 15 m = ;2 (o,-15)
2

(d) y -2x + 7.5 in = -2 ; (0,7.5)

A

3. (a)

I I t

4.

(b)

It 1.1'

Y

.

01110
x

68
r;

domain (0, 2, 21

range (-5, -3, 0, 3, 5)

relation is no a function

\ft.14

. .

domain (-5, -3, 0, 3, 5)

range .(0, 2, 5) .

converse is a function

a

5



4. The slope of the converse of the linear function is the reciprocal of

the slope of the original functiOn: The product of the slope of the

original function and its converse is A%-

5. Ay Relation is not a function.

Converse is a'function.

Relation and converse do not form one-to-one functions.

(b) Relation is a function.

Converse is not a function.

Relation and converse do not form one -to -one functions.

(c) -Relation is not a function.

Converse is not a function.

Relation and converse do not form one-to-one functions.

(d) Relation is a function.

Convere is not a function.

Relation and converse are one-to-one functions.

6. Equation ofaine

Y = 3' =

y - 3 .(x 2 3)
2

Y - 3 = (x 5)

(ii) Y113 .242 = p)

y 5 - 5)

- 5 = (x - 5)

7. Slope = )

Equation

(a) y 7 2 = (x 3)
t
y - 2 = -12(x - 3 + 4)

; - 2 = 2( x, + 1)

(b) y7 2 = 71(x - 3)

y '- 2 + 2' = -

= (x - 6)

'69

4
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Chapter 4

AN EXPERIMENTAL APPRO4CH TO NONLINEAR FUNCTIONS

4.1 Introduction
P'

The treatment of nonlinear,functiops follows naturally from the linear

functions introduced in the preceding chapter. The work in this chapter es-

Slimes the development of linear functions as a,prerequisite.

The first experiment in this chapter,-the Wick Experiment, is designed

twield a definite nonlinear graph, and thus lead to a discussion of a "best

curve" rather than a "best straight line".

In the second experiment, the Horizontal Metronome, the variables are

selected so that they yield the quadratic form

y = Ax2t1PC .

This leeds naturally into a consideration of the role played byI constants

A andic. Both the rate of opening of thivarabola and veiical tr nslatiOn
. .

are studied aphlcally.

In the t ird experiment of

1vvprse of the uadratic function

this there follows a discussion

the chapter, the Oscillating Spring, the con-'

is actually generated by the :experiment. From

of relations and their converses. Again the

emphes.is is on a graphical analysis and the development Of the students, intui-

tive feel for functions, The last section of the chapter considers the hori-

4Ontal translatieli of'the parabola.

As in the earlier 'chapters of this text, the' experiments are designed to

motivate the students lira natural way toward the mathematical development.

4.2 The .Wick f
me
Since this experTinenis the initial one in nonlinear relations, it

should be performed in stall groups of two or three students. The equipment
, .

needed for each group is:

n.
1 500-cc beaker or drinking glass or quEirt jar, etc.

1 ruler yithypetric scale

'1 wrist watch with sweep sec?

71.
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1 roll of cellophane tape

supply of strips of chromatography paper, approximately

15 cm long (4 or 5 for:each group)

This experiment is designed to yield a:definite nonlinear graph. The

next two experiments give only a small portion of the curve and it is neces-

sary to analyze the physieal situaticn to 4ealize that the data points should

be connected by a curve rather than a straght line (Figure 1, (a) and (0) ).

11.

(a) The Wick pperiment (b) The Horizontal Metronome

Figure 1

The experimental setup is quite simple- (Figure 2). The student's should

Vmake two or three practice trials to develop the ability to place the wick
4

into the water so that the zero mark is right at the surfacelof the water.

One student should watch the water move up iitrewick and tell his,parther as
d

the water reaches each numbered point. The partner should record the time

Fietre' 2
.

Sc

the wick is placed in the water and the time the water reaches each point.

The students should alternate these roles for each trial.

72
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11..34 'The PhysicalsModel

Ater the students have completed the plotting of the points represented

by the distance-time relation, it is necessary to get some sort of line or

curie for the data.: It is immediately'obvious that no straight line can fit

'the data, and the most realistic physical model is a smooth curve through or
r4

_near the points. This best curve, through or near the points, represents a

kind of physical idealization of the data. Moreover, physical continuity is

assumed; that is, there would be a time fd7 any pre-selected distance one

Would care to use. It is to be emphasized that at this point no mathematical

idealization, of thedata has been made.

AB comppred tOthe procedure of drawing the best straight line through

'or near the points in the case of a linear function, the best curve through

or near the*.Pointsin the pfesent case has an added feature. The ideal curve

should be a smooth one. The, smoothness criterion stems only from our physical

intuition concerning the behavior of the variables in they experiment. It will

be found later that the best mathematical.model of:the relation involved is

also a smooth curve. /

4.4 Mathematical Model
a

Once a smooth curve has been drawn, the student has the problem of finding

a mathematical relation between distance and time Exercise 1, which follows

thissection, is a very important set of problems. In these problems the stu-

dent will see how some Operation on one,of the variables in a nonlinear rela-,

tion may yield new ordered pairs which are linearly related.

Exercise 1

Each, of the following problems consists of a set of ordered paj.rs of the form

(x;Y).:

,(a) Graph each set of ordered pairs'. (CheCk the domain and range before

setts scales on the x- and y-laxes.)

($) Draw smooth curve through the;points.

(e) Fbrm a new' set of ordered pairs followinftpe instructions given with

each problem.. (Problem 1 is partially completed as an'example.)

(d) Graph this ney set of ordered pairs on a new sheet of graph paper.

(e) In each ease, part (d) should yield a straight line; find the equation

of this line using the methods of Chapter 3.

73 7 8
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(0,b), (2: ' ,, (1,1), (2,4), '(3,9), (4,16), (5,25)) .*
'4 Y

y

25

20

15

10

5

2 \ 3 4 5 x

Form ordered pairs of the form (2,y):
r.(9,0)/ 14.), (1,1),

, 0,9), (16,16), (25,25))
,Y*

25

20

15

10

5

y u

where u x2

5 10. 15 20 25

2. ((1,0), (2,6,), (3,16), (4,30), (5,118), (6,70))

,
Form ordered pairs of the form pe2,y). _

(1,0), (4,6), (9,16), (16,-30),

/1(25,48), (36,70))

_50

40

30

20

10

,6
m 17-f. =2-

y - 2(u-1)

y = 2u 2

where u =

.5 , -10. 15 .20 25 30

74
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((0,1), (1,1-), (2,5), (3,1It),, (4,33))

Fbrm ordered pairs of the form (x3,y).

((0,1), (14), (8,5k, (27,14),

(64,33))

°O.
Y

110

30

20

10

1
111=

1
y-1 =

2

1jr=
2

u f

where u = x3

A

.As

4. ((0,3), (1,4), (4,5), (9,6(16,7), (25,8))

10 20 30 40 50 60
u

Form ordeted pairs of the form (4i,y).

((0,3), (1,4), 0(2,5), (3,6),

(4,7), (5,8))

75. go
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5. ((30,1), (15,2), (10,3), (6,5), (3,10), (2,15), (1!,30))

1
Form ordered pairs of the form (1-,y).

l), (-1, ( "22- 3., ),30' 15 ,2) 10' (1 5):

(1,10), 4,15}, (1,36)): 4*

U

IP`

6. Using the set of ordered pairs (d,t) you obtained from the Wick Experiment,

form and graph the ordered pairs:

(d) (d2,t)

(b) (d,t2)

(c) (d3,t)'

The graph of each will depend

upon the particular set of data

that the student collected.

Which of these giv6 data which is closest to a straight line?

,The plot of (d2,t) ordered s- -..uld closely approximate the

graph of a stv.light 1 e.

4

4.5 Vhe licitzbntal Metronome Experiment

ti .

This experiment should be performed in groups of 4 or students.' The

equipment needed for each group is:

1

1 ,hign,veed hacksaw blade (molybdenum steel)

1 one-pound squire of plumber's lead or soldbr



o 1 clamp base yiae4,2-inch wide jaws

1 wrist watch -iith?sweep:second'handAstopliatch fiv'.available)
.

4. ' (41'P. 0
-

A vibrating elfistic rod is
used:

as the introductory experiment to quad.
'.. ,,,..,91N,1

ratic relations. Any mass whiCh is acted upOp DAY S forte proporfionalto its

1 displacement will execute simple oscillatory mqi0_4 In this experiment, the

lead-mass is caused to move by the elastic forces ortthe rod. The student;
A . , , 1 .

A.-4
text calls for a.stopwatch to measure the period.' A stopwatch is comfoment,,

# .

' but t is also possible to make the. time measurements with the sweep:Second
.

.-
'. vhand of a wristwatch. The students may queition the validity of:timing many

.,

oscillations and dividing by the nuMber of oscillations to get the peri od. 4 -

It may b4 wor,:thWhile to try this method for 10, 20 and 50 oscillations-showing

the period is the same for each Case. This should make the method described
,

'student
0-'4,...,1

in-the student text seem re nablei

is

As with most oscillating systems; .t period is slightly dependent upon

the amplitude for vibrations,of large amplitude. The mass should be pulled

aside just enough to ensure 50 oscillations. At long lengths (greater than .4
, ,

20 amYthe period-length relation does not follow a parabola. Care must be

.exercised in starting the motion of the system to prevent a "wobble motion .

#

of the mass.

The text suggeSts that measurements of the period of the system be made
es

.

.forblade lengths ranging from 20 cm to 10,cm. You should have the students

take Pata"with as short a blade length as possible. The curvature of the

parabola is most clEarly evident at the6e short lengths. A table of values
to

.

found with similar equipment is shown on the,next page (Figure 3).
l!,'"

-.

the students themselves shOulOenter the column headings as they seethe

need for these particularheadings. Once the class agrees upon the apitrop-

riate headings, however, uniformity is.tbte desired. There will be a need

for only the first four. columns at

The students should, If at

way ea student will folldw cl

, acc dingly. "Thk experiment

Or teacher demonstration.

The display of the

duxes de'veloped in the

is not large, the st

carefully. 0 is

da.

s point.

a possible, work in teams of four. In this.

ely all aspects of the experiment, and profit

sesiits effectivenesswhen done as ),a student

on cOordinate paper follows closely the prOce-
o

Experiment. Since the curvature of the parabola
A

s should be cautioned: about plotting their data

ant that the student realize the !'smooth, curve" is

sf
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,'
..si ngth

cm

Number

of

Oscillations

''') 'rite.Sgle2'sec

Period

sec

-
.

. Length

red

cm_

_

Calculated
Curve

2
.

Using
',,,

t -0.1 = .0025d

, Periods

0

20

19

18

17,6Y

16.

15

14 -

13

12.

11

10

*

50

5o

5o.
N,

50/

5o

50 .

50

50

50

50
...

50 `

58.0

52.o

45.5

40.2

36.2

32.5

28.9

26.4

23.0

20.7

19.0

1.16 .

1.04

% 0.91

o.8 '

0.72

i 0.65

0.58

0.53

'0.46

0.41

0.38 M

-%

400

361

3g4

289

256

225

196

169

144

121

.100 ..

,__

%

.

.,

,

,

. .

.

-.

.

.

A.
.

.

_

.

.

.

.

%

0.91

0.74

..

0.46
:

,

_ 8

4'

0

.
...,.

.

.

.

..

4.

,

.

.
7

\
o

"...:

.

.

ri*".

,,.,

.

t

. .

0.26

0.14

0.10

-',',

.

. .;

,

...

e

.

.

t,.
.

,,
;

.

J

Figgre 3 93
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much more realistic physically than connecting points by straight lines. You

should also emphasize that the physical model does not extend beyond the,set

of points obtained in the experiment. That is, the domain is limited by the

experiment. Aplot of-the data Cbr this experiment is shown and a smooth

curve has-been drawnto represent the data (Figure 4).

I*

tF

, .HORIZONAL METRONOME'

...

q

0 272 - 20 ,

distance-ceirpimeters

Figure 4

.,..

--

The students should carefuliy label both the horizontal and the vertical

axes. Units must be specified for both. The distance values (d) sbould.be

plotte ' 1pIng the horiiOntal axis, since this is tile domain of the relation.

I)

The per o'd values (tY make up the range of the relation and sh 41d be plotted

along -,t, vertical axis.
,

:Mt his point a nevi w of Exercise 1 may prove valuable. The "best

curve" f r the Horizontal Metronome :e,embles the curve of Problem 1. In

this problem foi4Ming ordered pairs (x ,y) yialded4 a linear relation; henbe,

it Seems logical to try ordered paira of the form (4t) in this case.

The "best" line drawn through the plot of the (d ,t) relation dgaiiTfol-
t

lows7the procedure used in the linear chapter. Sfnce the domainIdoes not

!include zero; thJ stu -nt should be cautipned not to; ;extend the Straigiit4tne

ti



er

Ag
. .

. to the t-axis intercept. The form should be used to determine the

equation of the straight line. en-the domain has been extended, the inter-
')

eept can be.use0 to check the mathematical model.

A graph of the (d2,t) relation, using the data from column 5 of the table,

is shown in Figure 5. Theequation obtained for this line is
P.

t = 0.00125d
2

+ 06.1 .

Using this equation4alculated values were plotted (solid circles in Figure-4)

on the original.(d,t) graph. As with previdus graphs, the straight lines will

not be the same from group to group:

.. .1

I

.140

,Intercept..̀
';'-

,0.1 aegonas.
.

-100 -' L00. 300 400
. . ,

distance squared-centimeters 2

Figure 5

80
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1: The following equationsdescribe various curves.

(a) What ordered pairs would you form in each case to show a straight

like graph?

Exercise 2

-

(b) Use the followi

given elation. t

(c) Plot the

Wr

A

the

Example:

numbers (-2, -1, 1, 2) from the domain of the

form the predicted ordered pairs.

A

s and check to ,see if they fall in a straighlkine.

1
AK1 ear equation for each graph.

Y'= + 2

Predict ordered pairs of the form

Y = 3(- 22:)

= - 3 + 2 1-

(,Y)

(- 2, t)
In a similar way, the following ordered pairs are

calculated:'

Ndte: 6cannot be used to form an

ordere pair for this re tion,

since
1

is defined-. Thi oint
u

(0,2) isf missing from the gra

sip/ the ordered pair'(0,2) is

not in the.relation. . 0

The equation of the line is

y = 3U + 2. The domain of U is

1811 real numbers except 0, and the

range of y'N'all real numbers

except 2.

,

(9) Y = ixa + 7

(x3;Y)-

(-8,-1)

(1,8)-
(8,15)

U + t

0

10

,



.

(b) y - 3 = 2/". 7

(x2,Y) .

4t141,,14)

(111,11)

(1-11,11)

(1-41,14)

i.= 1U1 + 10

C-

P

1

.
1

1

you,pick any Point on Oe graph of y

.ordered pair Will lie the sgdare root' of
.

For example: TO find 1/47, consider he

which 4g is the second element (1,49).
.

pair is 7 which ii .

82

2
= X,, the. first element of the

tlie. second element.

is

ordered pair of the graph for

The first element of this ordered

a
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3. From your original graph of (d,X) pairs find the value of t corresponding

to d ='8.5 cm. Using the equation you obtained tro describe the'distance-

period relation calculate 'the lieriod corresponding to a distance of 81

'centileters. Compare the two results: .

From the Oerimental graph, the period corresponding to d = 8.5 cm

is 0.28 sec

.Using the equation t = 0.0025 d.
2

+ 0.1, when d = 8.5 cm t = 0.28 sec.

.214.

4. EaCh of the following sets of'ordered pairs (d,r) describes various curves.

(a) Plot the yoints.

(b) Draw the curve.

.(c) Form new ordered pairs of the (d2,r) and plot these points.

(d) If the (d2,r) ordered pairs foimi a linear relation, draw the straight
d-

line and find the equation of the line.

(a)4,- ((o0), (1/2), 2,8), (3,18); (2, ;7))

(d
2
,r): (0;0), (1,2), (0),v

(9,18), 1,

1

(b) 4(0,2), (1,3), (2,6), (3,11),

L

84
. I

9

(d24 (0,2), (1,3), (4,6),

(9,11),. (16,18)

20

15,

10

5

r = dt2 +,2

5 .10 1 20
d2



19co 1;(0,2), (2,0), (1, , (, T))

(d2,/,): (0,2), (4,o), (1,2),
(, 4)

3 19,- ,2 67(a) ( (1,1), (2,10), (3,25),. -17-))2, , 2

1.20

15

-10

a

3 45 . d

,1), (4,10), (9,25),

'(; .64)

If 'we consider the d maiti of to...include all positive real. numbers,

your mathematical mo el to calcula e the values of the period that corres-

use

pond to the followi values of d.

,
(Note: Th'e equatio 'from the text is used kt = 0.0025 do

2
,± 0.1). Student

P4,4

...e.. , ...
responses 1 ,differ from those' gtiireqrlb:elow.) I

f;r -4,
(a)-d = 50'cmo 6.25 sec .-(c) ,cr'= No cm 625 sec.

(b),,,.d = 100 cal. 25 sec ...(d), d.= 1000 cm ' 2.5 X103 sec... .

f

1 '



/

4:6 The Parabola

In this section we study the graph of y = Ax
2
, where A is apy, nonzero

real number. We show how thegraph can be obtained from the graph of y = x
2

.

The sign of A an absolute value of A arse the determining factors. If A

is positive, the cur e 9pens upward; if-A is'negative, the curve opens down-

ward., If, IAI is small,the curve is relatively flat; if IAI is large, the

curve is steep. This can be proved, but tit is probably shown by examples.

Figure 6 illustrates some of these facts.

o A> o 1AI large

A> o Idl small

/
, 4e,

x

1

vs

A<0 lAlsmdll

A< o IAI large

Figuref 6

The Ist sho l.d be asked to ma tables similar to hose in the text

for various values df A .
'They should Jplot these points add draw a Aooth curve

th% rough,m. The study of the significance of-the coefficient A gives quail-

tative information/ but floes not +abl a udient to draw the graph.

9 . 2
.In.this section we show holethe graph of y = Ax + C can be obtained

from the,graph of y = Ax2 . The graph ,of y= kkx2+ C is congruent to the

graph.of y = Ax
2.(have students use a sheet Of onion-skin paper-or frosted

...-
acetate to show the congruence). ThR graph is obtained from the litter by '

tra lating'it upward or downward, depending on the value 1' C. The student

t,;'

86
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needs' ,to know how to use the number C to locate tbergraph of y = Ax2 4: C.
," ,, /

The vertex of the curve is 1C1 units above tt}e graph of y = Ax2 if C is pos-

itive,, dnd 101 units below the graph of y'= Ax
2

if C is negative. Examples,

rattier than formal proofs should be stressed. The next figure shows, 'some of

.-tnesc facts ,(Figure 7).
""-
.

.

y=Altr+ C C >oa

-pmAx2

r

4

.The three curves show

sketches of the

'1' ,
1x2

=, - x
3

c 1 ' / r
=

,"Match eabh;curve with the proper

imAIta+C C<0

Sure 7 .

Exercise.3

'at the right

aphs ofi

equation.

' iE
, ',

4

')

' "Curve A is 4tte graph of- y =
,1 2

1
C e B; is the graph of y = zx

1
'Curve Cis the graph of y = tx

2

en

iF

itt



r 2
2. Des8ribe how the graph of y.= AA differs from the graph of

4

in each of the followinil. cases:

(a) A *0

S.

.00 0 < A <1

- (c)- A.>1

1

(d) A = -1

-
4

3-

4

C

vI

Hake40- table of at least

The smaller the value

the graph of y = 2,

degenerates into the linear

y = x2

of A, the flatter
and for A -.A, it

equatiori

y = 0 which is x -axis.

All parabolas for 0 < Q < 1 are between
the x -axis and the parabola sr = x 2

.

For A >.l the paratoliis y = AX2 are inside
°the Rarabola y = x..

1

For A = -1 the parabola has the same shape
as y = x2 .refleCtid with respect to the
x-axis, . 4

seven or.dered pairs, for eacli of the following

equations..,; Use. both positive and negative values of x. Draw 411 of the,

graphs

(a) y =mac

(b)

on the ,same sheet of coordi.13.atO papqie j

(a) Y =

. (a) Y = 34!_2.

x
l2x ._,..5 _ __IL-

.(-1 2x
--,

3

2

o

-1

-2

-3

i8

8

2

0

2

8

18

'6 2.
5

4
-5-

13
o

13
4
'5

2
5

10
0,2

5
1:'

,
..

- ro -:..

o ,,,-1.:1;-,

f

I'd
2
5

--gT....,.

,-27

-12
-.

-z-3
;

o

-3
''

e

-12

-27

a

O

88
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. Plot the ordered pairs given below and draw a smooth curve through the N.)

points.

x . 9 . 4 a o ' 1 4 -9--,
yd -3 -2 -1 0 . 1 2 3

.

c-

4.
For each

6 single set.of coordinate

(a) y4= 2X2 3

2x2 - 3,

of the following pairs

Isthis relation a function? No.

Is the converse of this relation

a function? Yes.

Can you think of an, equation to . f

describe the relation ?' ,x = Y2 .

of equations below, plot the graphs using

axes forf,each pair.

(b) y = 2x2 + 3

2
- 3y =

1x
2

p

89
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of the relations in Problem 5 have a minimum value and which have

.4 maximum value? lilat are these values?

(a) Both have a minimum.
2

+ 3 ma n: (0,3)

Y = 2x2 -3 min: (0,-3)

(b) Both have a minimum.
, 0

+ 3 Min: (0,3)

1
=

2
- 3 Min: (0;-3) Nib

(c) Both have a maximum.

y = -2x
2

+ 3 Max: (0,3)

Y = -2x
2

- 3 Max: (0,-3)

)' One minimum and one maximum.

x
2

+ 1 Min: (0,1)

-"A; 'y = -ix + 1 Mix: (0,1)

One minimum and eyaximum.

,.

y = 2x
2

- 1. Min: 0,-1)

-2(2 - 1 Max:
.

V)-- One minimum-and one'max-imum.

y
=13x2

+ 1 Min:'' (0,1)

= -3x
2

+ 1 Max: (0,1)

, 047-

7. The following equations

ordered pairs would yoia

(a) y = 2x + 3

2, ,Y1 )':4
t

11:

i.
4.7 The Oscillating Spring "Bperimeeit

.7.7r

4

4

C

0

r

r
4 4.,

..)j

') 'V 4 .,i0

describe curves whicg are not parabolas. What'

form in.each.caseto show a partbolic relation?

(h) y x
6

- 2

,Y)

,7.
4 0.

This experimentshould be performed in-groups of 24/. or 5 stude s. The,.
-7 . . 1,

quipment neededfor each 'group is:, , i
I

,,

S

1 spring (the springs from window shadIroller is excellent

I,
4

for this experiment)'
.=er

1
1

°

2
.- X 36-inph hardwood-.dowel

T7:4 ,

.



1
1 wristwatch with sweep/second hand

(stop watch if alril ble)

1 100-gram mass

2 200-gram masses

1 500-gram mass

maskidg'iape -\

'

For any spring, the extension of the spring is proportional to the force

applied to, it, if the force is not sufficient to exceed the so-called elastic

limit for the spring.

In the present experiment, a spring is made to oscillate with a mass

suspended from it.. The period -mass relation is the most interesting one to

0
,pursue.

Asuitable spring willosCillate for a time of several minutes'with a

reasonable amplitude. Becauseof this fact, one may measure the time interval

for 50 complete oscillations with astopwatch and obtain the period pimply by

dividing this time interval'by

4

It is good practice always to encourage suggestions from the'students as

50.

to what the importdnt variables in a given experimental situation might be.

Eventually you will want to focus the attention of the class upon the period-

mass re Lon.

The spring fo7nd inside a window shade roller-is an excellent.one for

.0 .
.

our purpose. These may be obtained at any shads shop, and ate to Be preferred
4 .

. o/
over a commercial item such as those obtained from -a' scientific.supply company.

.

This spring may be loaded with a mass of about 1 kilogram. It'is convenient to

'3P use masses of 100, 200, 300, ..., 1000 gratis, thus giving ten data points. The
.

students should beswa1ned to pnil the masses dow,nward when starting the oscil-

lation no fartherithpn necessary to give a smooth oscillation that will persist

at least' 50 times.

As the spring-mass, stem is oscillating in anup and down motion,-there

will also be a slight pendulum swing to the system. It may be found that for

a particular load on the spring, the perioof oscillatioia of the spring will

Nple witlAshe period of swing of the device considered as a pendulum. If

this happens, you will note a change of "up and down" motion to "swinging"

motion. This change from one form of oscillation to. another is an interesting,

phenomenon in itself but definitely not a desirable one here. If one of the
)0.

student grOOt'reports this type of behavior, have them change the lengthZ
the spring and mass combination. Simply'hang a "chain" of two or three paper

,



clips to the spring and suspend the mass from the bottOm clip.

The student's data sheet should appear similar to the one in Figure 8..

Tis one giVesdata collected from the experiment as performed by members of

the wri.itli2eam. The student's data will, of course, differ from that shown.,
, .

Maas of
load
grams

4

Number

k)If

5a61(.1ations

_

Timb

Sec

.

Period

Sec

T

Mass of
load

squared
2

(grams)

1.2

Period
squared

(sec)

T2

-

100 TOO 36 0.36 1 x

L

10
4

0.13 .

200 100 51. 0.51 . '4 x l04 0.26

300 100' 63 0:i3 9x 104' 0.40
.

,

400 ,100.. 73 0.73 16 x l04 0.52

500 , 100 81 0.81 25 x l04 ,0.66

600 100
. 87 o:87 36 x 10

4
0.76

.

700 100- :7t95 o. 5. 49 x 104 0.90

800 100 100 1 64_X 104 1.0

goo . 100 108 '4 1.08 81 x l04 1.2

1000 100 114 1.14 100 X 10
4

1.3

.

0

.
'

.

.
Figure 8

4,8 The.Physical Model

representedAfter the students have completed the plotting of the pciaes

by the alass-peridd (1?,t) relation, it will be necessary to get some'sort

line-or curve for the data. By now ' le student should be accustomed to this
s

procedure and realize that the "best" curve through or near the points rep-
,

resents a kind of physical idealization of the data. Moreover, physical con-

tinuity 16, assumed; that is, there would be a period for any pre-selected

mass.one would care 'to suspend from the spring. It is to be emphasized that.

at this point, no mathematical idealization of the data has"een made (Figure 9).

93 J,8



9 rd

0

78

' , .

182

1.0

O.8

o.6

0.1

0.2

OSCILLATING SPRING

"graph of (i,t) pairs obtaned4

from exporimW 'I

0

0 200 '400 600 %. 800 1000

load-grams

Figure 9

I

Once the spooth'curve has been dtawn, the student.has the problem of

.getting some relation between A and t which.will be linear. This same probl

lem was. faced and solved A the HorizOntal Metronome Experient. In this

experiment thetstudent is allowed to follow this same procedure by calbUlating

A 2
sets of.ordered pairs in the form of (g. ,t). However, when these areplotted,

0

they do not lie in.a. stritight line as indicated in the graph (Figure 10);

that is, thigiparticular.procedure is not successful. This is not a bad'
11 .

94'



experience for the studdht, because in all problems of thii sort, the scien-

tist searches for some relations which will be linear. 'sometimes one scheme

will work and sometimes another. This idea will be developed further as we

go on with the experiments. 4

I

0

_
0
0
0
0 o.6

0

0

L

C

T

OSCILLATING SPRING

graph of (i`,T)

C

mass squared-(gm)?

Figure lb

95

6oxi0 .80)(1.04

100
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4.9 the Oscillating Spring's Converse Relation

The student must now start a search for some other scheme which'May work

in this situation. This is carefully discussed in the student's text and he

first plots the converse of-the.()e,t) relation because it then ."looks" like

the Metronome graph already discussed in this,chapter. The graph of the con-

'verse appears in Figure 11.
1

The student then proceeds to calculate the values of ordergd pairs

(t2, ) and enter them as column 6 of his data sheet. These are already on

the data sheet which is included in this commentary and the points are plotted

.on Figure 12. These are, of course, based on our data and the student's data

and graph will be different.

x300 OSCILLATIM SP(RING

graph of the converse of the g
relation in fig.

600

:00

0.2 0.6

,,period-seconds

Figure 11

96
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OSCILLATING SPRING

graph of (2,T')

'

2
Intcrsection 0.01(se,!),

.slop ;, 0.0013
(sic)`

t

0 '200 00

mass-grams

600 d00 1000

eg

1
Figure 12

; i
er

From preyious experience with 14ear fdnctions, the student.shou1d havell".

no trouble in wilitin5..the equation pf the.1ine provided he is convinced that'

it is a1ine... This will be . 4' I.-

m.e2
.....,:,

.

,::

"and for the 1ihe oh'igure 5, the equation 14111 be
4

t2 = 0.0013,e 4- 0.,01 .

4r R 4-

O

.



TO find whether this equation of the lineyactually represents the graph_

of the converse of the Original data of. Figure 4, the studentfamst check for

speoific values of .t and I . He is instructed to do this by adding a new

column to his data sheet headed' "load ( ) in grams, calculated",. he cal-

culating is done by letting t equal the value which apt ear in ithe data table

and finding 'from the equation above. For, example, when t = 0.36 (first row)

(.36)2 = 0.0013.'2 + 0.01

= 99.8

The experimenth value of was 100.

*The fact that a line can be used ,to approximate the loCation of these

,points is all important. It is to be noted that a (0,0) point has not be n
t

labulateq,simply because At was not an experimental point. If 'the question'

of the significance. of this point did not arise before, it surely will now.
,

The important point to make here is that the student,shouldnot assume that

the line in this second'graph 'should go through the origin. If a student's

line runs through the origii, fine, but if it doe's not that's all right,too..

...The student shoUld. pot be burdened with the knowledge that a very small post-
. .f

"tive intercept will be obtained if his e eriment has been done carefully.

4 . Exercise '4

The table at the right shows the experimental

data, for a new oscillating spring. The4ioad

( , ) in grams :was fixed and then-the corres-
..

ponding periods (t) in seconds,were measured.

1.

1.

I
(grams)-

', t
(see)

13

/2.5 . '1

4.04. 21.

6.5 i\',

lo.o

14.5 5 .

26.o '66.

26.5 '7 .
34.0 &

-

.74
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. .

'1. Graph the relation and its converse on separate sheets of coordinate

pape4'

relation
-*4

2

ti

35

30

4. 2 5

20

15'

10

converse

4.

1 2 3 4 . 5 6 7 8 9 1b.
-e

t

f

A-. r

2. Graph the (t2, j ) relation: Draw tile. "best' straight line and obtain

the-equation Mt- .

.

1 '' 2%5 '
.! , 4 kr, f ' . 4.0

9 6.5

16' lo:o

25 14.5

4'' 36 20.0

...
0 7 26.5

- 64 54.o .

4.

t

4.0 - 2.5 1.5 1m= 4 - 1 3 1

2 2.5 -0 1et240

2 5°

20

10

J 10 20 30 140 50

t
2

e
9?



P

1. Use your equation obtained above'to calculate values-of the load in

grams for each value-of the period in the range of the experimental

relation. Compare the calculated and experimental values of the load.

=2t2 +2
2

/ = -1.(10 + 2 -4 2.5

f (2)2 + 2 =4.o

2
= :1(3) + 2'= 6.;

1 = (4)2 + 2= 10

= (5)2 + 2 = 14.5

= (6>2 + 2 = 20 .

2
=

1
+ 2 = 26.5

1(02

r

'4.10 Relations and Converset

This section is intendd to reinforce the idea of a relation and its

converse.

EXergise 5
.

. .

1. In the seriesof graphs shown in the accompanying figure pair them so
-.A.

that in each case you have'a relatiqn and its converse. .

(a) and (b) form converse relatibns.

(c) and-a) forM COnverse'relations.

{e) and ( (g) form converse'relations.

(f) and (h). fo'rm converse relations. ' .

(i) .and (1) 'form converse refdtions.

0). and (k) form converser4ations.

1.

2. Which df the .graphs in the figure
.
represent 'function's?

. .

.,

'See the labels for each-groUp. .

z
3. Mlich pairs of graphs Obtailleoein Prol5Tem 1 represent one-tor,ote

.... -, ,--
(,,

(Note: rf both a relation and its coverse are fupctions, 't
therOlese two relations are called'one7to-one flanctions.)'

0

. .

, (a) and (b) rapiesen't oneLto-one functions.

-(c) and (d) ,represent one-f.to-one functions.

(e) and (g) represent on,,-to-one .functions.

9

(f) and (h) represent one-to-cneinctions.

100

O

,



777.9,777""771F-77"---

f.

I '1

Y

function e (b)

(c) function

A

(e) fUbc,tion

4

(g) function

(i) function

eY

(k) function

101

x

function

x

x

(h) function ott

Y

x

( "j). not a function

Y

, x

4

(2) not a function
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4.11 Translation of the Parabola ,

In this section we show how the graph of y = A(x - k)2 can be obtained

from the'graph of y = Ax
2

. The graph of y = A(x - k)2 is congruent to

the graph of y = Ax
2

and is obtainabl m the latter by translating it,
. I

either to the right or to the left dependingon the value of k. The student

needs to know how to use\the number k to locate the graph of y = A(x - k)2 .

The curve is Iki units to the right of the'graph. of y.= Ax
2

if k is positive
. -

and Ikl units to the left of this graph ifKis negative. Figure 13 Shows

some of these facts. -(A < 0 for these graphs.)

Figure 13.
EO

The last part of. the section shows that the graph of y = A(x - k)2 4 p

is congruent to the graph of y = Ax
2

and can be.obtained TroM'this latter

graph by translating it up or down depending on the value of p .and right or

lift depending on the value of. k. The student will need to know how to use
.

the numbers k and p to locate'the graph of y = A(x - kl '+ p . The curve

. is Ipl units above the graph of y = Ax
2

if p-is positive and IW units
s

below this graph .f p is negative, lid units to the right if k is positive,

and Ikl units to the left if k is negative.
4

Here, too,

Figure 14 shows

examples rather than formal proofs should be tressed,

some of these facts

l 0:: 1 ,

A. j f

, 1 t,
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y.....4(x4)2+p

Figurd 14 , -
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RG

, If your class has learded how to solve a'queldratic equation by completing

the squarel-the material found inAection 16-2 of SM8G First Course in Algebra

follow the material we have presented thus Car.

6

A, 't kerase 6

1. For each of the followig,:',,describe how you can obtain the graph of the

w.

first from the ,graph Of the second equatIpn.

(a) y 6 3(x + 4)2,1,;. \ y'= 3x2

YOu can obtain.the grap6of y = 3(x + 4).2 by moving the
, .

te
graph of y. = 3x four units to the left.

An2 ' .

(b) = -2(x - 3) ; y crr =2x
2

,
',,..

'
0 ,2

-

..,
. You can Obtain the graph of ys= -2(x,- 3)1 by moving the ,

0,

graph of y = -2x
2

three units tk:theriiht;
1"...

4s aoPo

1 0 3

I f;



f

(c) Y . - ; . ( x 4- 1)2 ; y . '.x2

. 1
' ,

You can obtain the graph of y =- x+ 1) by moving

: 7 the graph of .y = -*1x2 $he unit to the left.

(d) ,y = 1(x
3

4.1.)2 1.x2 i

1 / 1\2 ''
You can obtain the graph of y = vx + v by moving the

i
1 2

graph of y = b unit to the left.
.

.. . .

2. Set up a table °at least seven ordered pairs of the relation below,

and 'then draw its graph. _

\ .
4 y.= 2(x :1- 2)

2

x -.4 -3 ;- 5
2

-2 -
2 .

-L 0'

y 8 2
1
T 0 T 2 8

You can obtain the graph of

y =-2(x 4- 2)2 by moving the

graph of y = 2x ,two units

to the left.

(\.1

1

4
1

.--..
Cll I

+ I,
X I I Cvl

>41 V.; N
I I

0.1

41
I I II,

i
.}-, I I

I /
I i ^-

1 /
t
/

0 L 2,3'

3. ,Complete the following table of ordered pairs for the equation

y = 2x + 8x 8 .

x -4 -3 -1
1

-17,-,

..

0
1

.;_.

y 18
.

8% 2., 2 .4.5 8 12.5'

- '

4. Draw the graph of the equation in PrObleM 3,

drawn in'Probleiri2.

5.

compare with the graph
t,mt4,_

Graphs drawn for Problems 2' and 3are the .saiu

Compare the location-of each of the following graphs (without drawing

the graphrwith the locatidn it would have it if were in the form of

Y ki2

(a) y = 3(x - 2)2 - 4

'The graph of y = 3x
2

is moved two units to the-right

and four units downwliid.

*a.



(b) Y =-(x + 3)2 + 1 :

The graph of y =A -x2 is moved three unitstto` the 'left

and 'one wilt upward.

(c) y 1(x - 2)2
2

The graph:of y = .1x2- is moved two unite to the right
2

and two units .dbwnward.

(d) y = -2(x .+ 1)2 + 2 ,
The graph of .7 = -2x

2
is moved one unit to the left

1.
and two units upward.

6. Find equatipns for the following parabolas.

(a) Thelgraph of y = x2 moved 5 units to the left and, 2 units

downward

.
6

.. 2 '',
The graph of y = -x... moved 2 units to the left and 3 units

upward/ .) , 2
y = -(x 4- 2) + 3

1

.. . .

(c), The graph of y = 2-"x2 moved unit, to the right and 1 unit
i

3 2

y = (x + 5)2 - 2

°downward.

k

1, ,N
y = -j-x -

12
-

,

(d ) The graph 'of ; = 2(x + 7)2 1 moved 7 units. to the right

and 4 upward:

=

. 7".. ,Set up a table o rleast 7 ordered pairs for the relation below,

4
4i

A then draw its graph.

y = (x .- ' 1)2 i
- I+

4'

y.105

1 1 0

- G '
c.

-

0



4

8. Set up a'tabie of at least 7 ordered pairsr

the following relation4 and dralw its graph.

0 S = X2
-

4

x

1
5

0

Compare this, graph with that drawn for 0 3
Problem 7. It 1

o Problems 7 and 8 will have the same graph.
2 3
.3 0

.s

4 4;i, 5

0

1t 1

A

o

.

44

o

9

r.
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IL

TRUE-FALSE

Sample Test Items

1. All parabolas have a maximum or minimum point.

2. In the equation -y = Ax2 + C if C = 0 the vertex of the parabola

is at the origin.

. In the equation y = Ax2 +,C, the absolute value of A tell) how rapidly

the graph of the parabola opens.

4. Tne (distance,time) relation discussed in the Wick Experiment graphed

as a continuous line over the domain of all positive distances.

5. The physical limipions imposed by an experiment must always be imposed

on the mathematics developed fitm the experiment.

6. pa order to get a straight line graph from the relation y = 5x3 + 4

you could graph (x3,y) orderedpairs.

0
7. The vertexof.the gralof the relation y A(x - h)2 + k is (+h,-k).

g. The number C'in'the relation y Ax2 + C indicates a vertical trans.'

lation offthe.graph of y = Ax2.

MUIXPLE..0HOICE

pir

The vertex of

(A) (3,-5)

(b) (12
f
5)

.(c) (2,-5)

,(e)

the graph of y = 3(x +2)2 -

4

2,- The edua-eion y = ''3(x + 2)2 7 5 is an example of

(A) a linear equation

(b) a parabola

(c) a physical model

,(d) a quadratic equation x.

(e)'-none:of,tAlse

107
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3.
*(a)

eb) a horizontal translation

(c) the rate at which the graph opens

(d) a vertical translation

In the graph of y = Ax
2

+ C,

a maximum or minimum

the magnitytide of IAI indicates

point

(e) none.oC these

3.

MATCHING
A

0

The following figure shows thet,graphs of several equations of the form

7 = A(x - k)2 + p..

f

Which of the graphs, if any, satisfy the following conditions? If there is

no graph pictured:which satisfies a given.condition write the word NONE in

the blank:

1. -A >

k'> 0

10..> 0

2. ' A <(*)

k = 0

p < 0

108



c
.5. A 0 _,

ke< 0 N,_

k = 0

p > 0

9.127.1k20

< 0

p > 0

f

!

PROBLEgS

4. A > 0

k > 0

p = 0. ,

, A> 0.

k < 0
-

p = 0

8. A > 0

k > 0

p < 0

10. A < 0

k < 0

p < 0

.

.1. Using the set of ordered pairs of the form (x;y)

((0,4)? (2,1), (3.,2), (-1,-3), (-2;2))

(a) form the set of (x2,y) ordered pairs

(b) form the set of (x3,y) ordered pairs

(0' form the -set of (x,y2) oRiered pairs

(d) form the-set of (x,y3) ordered pnirs,

. The graph, displays a set e,

of ordered pairs.

(a). What form of ordered

pairs would give a

Straight line gvph?

(b) -Using the points whose

coordinates are indi-

cated in the,grapht-

iri

form the ordered pairs

of the, form which yould

give a straight- line--

--graph:

109 .
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(c) SketCh` the graph of the straight line, using the'set of ordered

pairS you just formed fat part (b)., /

.` '(d) Write tlie equation of the straight1Xne w4cb you graphed in

Wi,*-*-;;-0.4.,41,aA7)..,,,
9

d r

3'. Draw a graph of each of the follbwing relations.

(a) y = x
21

+ 1 1 / ,, .
. %

(b) y = (x - 2)2

(s) Y = (x -, 3)2 4 . ,.

Ii
Find the coo.rdinatesof the vertex of the .par-abola that would result

from the graph of' each of the following equations.State whether each
.

vertex is a 'maximum point, a minimum point, or neither.

(a) Y + 1 = 2x
2 +1 (d) '(x + 2)2- 3 =3Y

(b) x= (y -1)2 + 2 i
(e), y = ,5 (x2 + ?..)

(c) y + i x2 = 4 (f) 5' - ;x2 + 2 = 0



TRUE-FALSE

I. False

2. True

3. Trie

. 4. False

5. Fale6

/6/.

/True

.7. False

8. *True

A.
'PROBLEMS 0

e

'I',; ';..tt -;
.

','.1. .(p) !(0,4), (4,1), (9,2), 41 ), (4,2))

Answeri.to Sample Test

MATCHING'

1. C

2. F

3. B

D

45. A

6. None , 6
Nor°

,

7. None

8. G

. 9.- None

10. .?E

O

(10,,A(0,4), (8,1), (27,2), (-1 -3), (-8,2))

(d) (,16), (2,1), (3,4), (.-1 (-2,4)3

(a) ,((0,64),-(2,1), (3,8), q-1,-2 ,

12.. (a) (x,y2)

(b) -(-2,0), (-1,14, (2,4), (7,9), (14,16)

(c)
I6

12 .16'

111' 1 (3

1

3

('cl) = x + 2-



3.L (6) (b)

: I

,' 4

.

4. '(a) Vertex: (0,0); Min. (d) -Vertex: (-2,-1); Min.

, (b) Vertex: (2,1);' Neither (e) Vertex: (0,1;); Min:,

(c) Vertex: (0,4); Max. (fi Vertex: (0,-2); Min.
k

Pi -

tk

;'";

112
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5.1 -Introduction

.

There are three major topics developed in this chapter: the slope of a.

curve at a point, the hyperbola, and irregular curves. The slope of a curve

. Chapter 5 4
- '

AIOLY3 I4: OFAMILINFAIWUNCTIONS

yr/

t

at ,a point and its physical interpretation comes naturally from the analysis

of a simple experiment. Although full development,of the tangent line takes.

considerable mathematical sophistication, the fundamental idea can be seen quite
- .

easily. The student should obtain some insight into the importance of dis-

cussing curves by their slope. "
Air a

It is also felt that when the student has mastered the previous chapters,

his interest will be hdightened'by investigating more complex functions. The

last two experiments provide such an introddcton. In the Ifirst case acurvei.

1(
is studied which reverses the pattern of considering positiv..! power relations.

The reciprocal function and thegrah of the hyperbola is easily obtained with

the Lens Experiment.' The properties of the hyperbola lend themselves to a
.

discussion of curve sketching. The Floating Magnet Experiment should be an

entertaining expetpent to perform. Analysis of its behavior,_however, is not

simple. It will challenge, ana hopefully Ield to active disCussions by, the

students. . V

5.§ Inclined plane
5

Pr

In this section the quadratics deVeloped by examining the motion of
.

a ball rolling down,an inclined plane. The method followed, in developing the

parabola is similar tbthe oscillating spring. The slopeof t at a

point is_introduced and then shown to be equal to the velocity

; that point.

The equipment necessary to perform this experiment is as follows:

1 aluminum rail angle j,8 f t by 4 inches

3
1 aluminuM raip.Atanglej 4' feet by inches

1 lt..modeling'

vt

113 11 8



to,

s--
. .

. thread for,leveling .
-

. billiard ball (althoughtnot advisable, a smooth cro.quet ball may

be substituted for theiailliArd ball)
. ,

,..1 stopwatclt or wristwatch with sweep second hand 0 .

1. .

.
, . .., .1.

1... .

Since the a'long running space, thelt,:lumber of grips perform-..

Ilmdted. It isipossible, however; to use the aisles --

and end or the
.

room U> Tr vide for a-maximum number of participants. It is -
.

emphasized again that the%i volvement of students with the experiment is neC.:

essary
.s,

, . -

,,

ing the Aperiment will b

The inclined plane ismo ted with modeling clay td the tops of twO ad-
,

. jacent desks or tables, ,,It should be supporte9,in at least three places. The'

clay provides a semi-rigid Tountrogwhiptmill-alloW minor adjustments tosbe
. ? _ PR' ,

-mode. A convenient angle for the rail to make with the horiiontal is obtained
... .

1' by raising ong end 1.inches aboie:the other. The actual angle is not crit-

ical,
.

but it should be kept small db pie fime-for an eight-foot roll is, about

7 seconds. the straightness of the rail is very ,important in the performance

. of thy. experiment: A thread stretched along the rail provides an accurate
,-

.method of determintng,the straightness of the rail. Attach the thread to one
.

end of the rail and pull it tight-from the other end. The threaashould lie
T.--

.close t9 on of the rail edges. - By. manipulating the modeling cl5y, ,any sag
,-

,

or hifip'can be removed from the rail.
.:.' ' ..

Trf& four-foot horizipal:sectionis butted to the low end of the inclined .

rail. It is ale() supported by pieces of clay. The discontinuity.at the joint

should be Rept'as small as possible. To level the horizontal section, roll the

ball along the rail and adjust dt with the clay until the ball moves with a

constant velocity'ln either direction. An alternate methcld would be to use

. .... ,a level. It is important that both rails be free of any nicks on their edges.

- Mark the following distances on the rail starting from the lower end:

--.. . 15, 30, 50, 106, l50, 200. and 240 centimeter, The horizontal rail is marked,
/

at 100 centiffietersfrom the bottom of the incline. '

The ball is released at the various marks and the tite'intervalito the

bottom is measured. Three trials are made for each length, and the times

,averaged._ (Tlae measurements on the horizontal rail will not be 'used immediately,
T j

' but it is very difficult to set the equipMent up exactly the same way another

* '4,p3t For each of the above distances up the plane make measurement of the -

time taken for the ball to roll e hundred centimeters along the horizontal

rail. ghis data is to be compared with'the data on the incline so it is

,



important that it be taken at the same time. The experimental data for a
trial run is presented in Table

Distance
,

°m
, 1

.

Triall
Tithe
'Sec'Sec

L

Trial 2
Time
Sec

Trial 3
Time
Sec '

Average
Time

' Sec
.

Average
Time

Squared
2

Sec

,Time to
Travel
100, cm

Sec

Velocity

3.
' 1.9 3..6 5.8 '17

30 . 2.6 7, 6.8 -4.7 21

3.4 11.6 , 3.6 '28

100 -4.6 21' 2.6 38' .

',A-50 ' " 5.7 32.5 , 2.2 46

200 .., 6.7 45 1.9 ' 53

240 .N. 7:i. 53 1.6 62
...

5.3 Analysis of the Experiment

The analysis of the data follows the procedure outlined' in the oscillating
Distances on the plane are selected and, therefbie, are elements of

In this case, direct analysis will not yield a linear graph, so
set of ordered pairs.is plotted. (See Figure 1.) The linear

graph formed from (t ,d) relation follows imrqediately in "Figure 2. All dis-
tances are measured from the bottom of the inclined. plane and, hence, the
graph, of the relation and its aisociated sraig14 line pas.ethrough the origin;

f' At time 244o the distance traVelled by the ball is zero. The °A gin should

be used to select the "best" straight line. qante the parabga itsses through

the origin, the equation, the .sfaent -will obtain is of- the form.

1

spring,
the domain.
the converse

d = slopeb(t2)
d = At 2

1 4.

From the Ftstraight line graph in Figure 2 the slope is -01303- -17,A4.6 The mathl..

2,z matical, niDdel becomes

=4.6 t2 .

0

0
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Exercise 1
11

Use the equation d At
2

. With your meits_ured value of the coefficient

A, calculate distance values that correspond to times of: 0, 1, 2, 3,

4, 5, 6, 7 seconds. 0

distanbes computed from .d = 4.6 t
2

0, 4.6, 18.4, 41.4, n.6, 115, 166,'205 centimeters

2. DraW a vertical line to represent the inclined plane. Starting at the

top, mark to scale.on a piece otgraph paper the calculated kositions of

the ball along the inclined plane. Label these position wit} the corres-

ponding timed.

3.

o

graphs for problems 2 and 4-

ee 1 sec 2 sec

0
3 sec

isec

D 'dsec J6ec

C

4 sec

CM -a. 0 20 ' 4o 6o '8o

) sec

0

100 12-0 140- 160 180

On the drgwing of the inclined plane in the exercise ibove,'yery care:

fully mark theLfposiiionyou thfnk the ball will ocdupy at a_ time of

2.5 seconds. Usiov-p'e equation, now calculate the position of the

b it at this time. Compare this point with your estimated position.

If the student's-guess-is very -far off, try another Point. The dis--
,

tance for 2.5 sec is 28.8 cm.

Multiplying yourvalae.of "A" by fdur will forma new equation.

this equation calculate distance values for times of 0, 1, 2, 3

The following calculations

d = 18.4 t2,: d =.0, 18.

The plot is represented by

to Problem 2.

are made using the equation

4, 73.6, 166 centimeters.

open square.S. See _answer

1

With

seconds,



5.4 Slope of e Curve at a Foist
p

The concept of the slope of a curve at a point is an extremely important

one. The primary purpose for performing the 'Inclined Plane Experiment has

been to developthis:concept. For this reason, some steps wer deleted in

the develoRmentof the parabola.

It is'important to stress that the slope of a curve .at a point is defined

as the slope of the line which kisses the Curve at that one point. The kiss

line is the tangent line to the curve. With th is definition in mind, the

student can measure the slope of a kiss-line 'directly from the graph. In the

.prpsent instance we have a time-distance relation. The slopr.of a kiss line
A
on this graph is therefore a distance divided by a time!, The Thysical unit

of the slope is then the same as the physical unit of velocity, but this does

not prove that the slope is a velocity. It is only reasonable to, suppose that

the slope might be interpreted.as a velocity: *4

It is important to realize that the present work constitutes an opportun-

ity to present a concept that many students will eventually encounter ix c41-

culus. With the present treatment, a student should find the tangent4to a

curve as developed in calculus much more easily handled.

Exercise 2

if

1 '

'1. Carefully draw a graph of the parabola y = x2, using integrally-
.

spaced values!of x from -6 to+6 inclusive.' Graphically find the slope

of the pqrabola.at the points for which x_equals 6, 4, 2, 0, -2, -4, -6.

fr.

i4 a

1-
The slope of the parabola y =

1
x
2

atethe points for which

x equals 6, 4, 2, 0, -2, 74 and -6 are, in order: 3, 2, 1, 0,

-1; -2, -3. The griph that follows; shows the constructions.

,
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1

ES.

-6 -5 -3 -2

4

1

1.

Exercise ,y =
2

= 1.

2 3, , 4 5

, f

x.

2. The straight line is characterized by a constant.tlope'whereas the quad-

ratic has a continuously changing slope. .It is possible to find the

slope for many points on the curve, and hence, generate a new function

.which would consist of ordered pairs composed of slope and the elements

ifrom the domain.

From the slopes found in.Problem 1, form a set of orpred,pairs (x,slope).

On a sheet of graph paper, draw coordinate axes and plot this set of

ordered pairs. What conclusions can you draw about this,new function?

The ordered pairs following the sequence of Problem 1.are: (6,3), (4,2),

(2,1), (0,0, .(-2,-1), (-4472), (-6,-3). The graph is linear.. .

120-

2

N



3
A

7:

x

4 1

3. Compare the slope of the'curVe in Problem 2 with the coefficient of x2.

in Problem 1. 0
The slope of the line is twice the coefficient of x

2
. (This comes

4
close to derivatives and tbp interrelation of curves;)

5.5 EXperimental Measurement of the Slope-
_

The experimental measurement of the velocity of the ball rolling down

the inclined plane is an extremely important aspect of the experiment. The

x.

P

_velocity can be directly determined by providing a 4-foot section of rail

4panted.hol-izontally and positioned at the end, of the incline. .Some_care

should be taken to'place this section of rail horizontally. It should also

be placed against the end of the incline so that the ball will move as smoothly'
. ,

as possible. alle* velocity of the ball will,be approximately constant (disre-

garding filction) as it movetalong this horizontal section. The horitontal'

velocity will depend upon the distance up the incline to the point from which

tie% ball was released.

a '3- I:

4



In the experiment, it is recomivended that the ball be released,* cm

up the incline from.iti lower end. A distance of 100 cm is marked from the

lower end of the incline along the norizrontaseotion ofrail. It is, of

course, extremely impoitant that the incline be set at precisely the same

angle that was used in obtaining the original time7distance data. Otheryise;

the measured velocity for the same release point would not,be the same as It

was before.

For aerelease point 150 cm up the incline, the ball was found to require

2.2 seconds to traverse the 100-cm distande along the horizontal section. The

measured velocity is thus 46 cm/sec. This is to be compared with the slope

of the time-distance relation taken A the point for which the distance is

150 cm. The kiss line for this point is'shown on the graph of this relation.

The measured slope is 50 cm/sec. Allowing for some experimental error, we

can conclude that the two values are the same. It it important that the .

student measure the slope first, so thit helms made a commitment concerning

the velocity. He then later compares this with the diiectly measured value
i

of the velocity.

is result is very important. We know that the directly observed veloc-

4' ity h s the same value as the,slope of the kiss line. Since the slope of the

kiss l\ne was defined to be the same as the slope of the curve at a point,

the vel
\
ity of 4e ball is therefore the slope of the curve at a point.

.,5.6 The Simp e Lens

This exper ment will introduce a reciprocal function and the graph of a

hyperb41,a,:,,,The part of the experiment consists of'a discussion of the

focal length of a s and how to find,the location of focal points. The lens

youobtian may hsve Ifo-Cal length ;Tamped On its container. However; ydu

should not omit this preliminary material and the student should use the ex-
F--

perimental value of the,focal length obtained in the classroom.

The following equipment is necessary for each group performing the ex- .

periment:
°

1 positive lens, focal length 8 inches or less

1 meter stick

1 flashlight -or light source

1 object screen

1 2-meter strip of paper

122
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1 focus or image screen
, ±

'

TO obtain the focal length of the lena, mount tliL lens on the meter,stick

with modeling clay: If the room is darkened and the meter stick is pointed

through an open window at some distant object, you can obtain a "picture" on

a white card used as a screen. You probably will find that drawing the window

shade part-way will cut out some of the strayIight teaching the screen and

hence give a better picture,. Make at least t ree determinations of the dis-

tancegrOm-thq_lens to the card When tile_impg is in focus. MOSt,students
4."4.

at ,1 level have not used a lens for this pJ,rpose and will find this pro4e-

ire Let a few students make determinations of the focal...

length. Average the values and use the average value throughout the experiment.

Use a piece of cardboard as an '(object screen". Cut a small triangular

;hole with sides one inch,at the center of the cardboard. Insert a pin in the
t

. base of the triangle. (See Figure 3.)
w.

A flashlight provides a. very con-

, venient light soUrCe:,:bUt any type of

lamp will serve. The screen will pre-
.

vent stray light from reaching the

image screen. ',1

Fasten the 2 -meter tape to the

floor. Place the lens, halfway along

the tape. Use modeling clay as a base

and try to arrange tle lens so that its

Object Sc -en

Figure 3
-.400

center is at the same he t from the floor as the head of the pin which is

being used as Oett

On both sides of the lens make a mark on the tape"corresponding to the

'focal points. The focal points are'rocated a distance from the lens equal to

the focal length. BSTcareful not to move. the lens once the focal points have

beep marked. All object and..image distances will be.measured from these points.

.'Use the meter stick and mark each centimeter from the focal points to both ends

elr

of the tape.

At this point the student should examine some of-the properties of the

.lens. Place the object about one focal length from,the focal point% The

image will be found at about the same distance' from the other focal

The class should'observe as the object moves closer to the, lens the image

screen must move away from the lens t9 retain a sharp focus. Reverse the

procedure and show the opposite effect, As the object moves away from the

123
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I

.

lensLthe image moves closer. Place the object closer to the lens than the

focal point. Have,someone in,the class try to find an image position. Doe,

not spend more than afew minutes on the procedure but tryto show that an

image-eannot be found on the screen when the object is inside the focal point.

Ecaphasizethefactthatfor2egreobjectdistances,the image will not-be clos-
,z4,t,tt

er to the lens than the focal'point. It is a fact, that are cannot place the

objeet within the focal point and obtain ;n image on the screen. No matter

what object distance we pick, tH* image screen will not be mo'ed closer to

the lens than the focal point. These are our reasons for making all measure-

ments from the focal points.
%la

TO perform the experiment,.place the object on one of the centimeter

marks about three focal lengths from the focal point. Move the screen until

you have a sharp image. Record object and image distance from the focal points.

Move the object until the image is out of focus. Mbve the object at least two

centimeters each time. Move the screen to regain focus and record the dis-

tances. If you continue in this manner until the image moves off the tape,

you should have at least 15 data points.

The data and the graph for an actual experiment are reproduced in Table

A lens with a focal length of 21.4,cm was used. The initril,distance of,the

object from the fothi point was 65 cm and readfngs were taken until the object

s cm from the. focal point. This gave 27 ordered pairs to plot. A graph

of the set of orde4'ed pairs appears-in Figure 4.

2.
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The Simple Lens
.

Focal Length 21.4 cm

'4'

.Object
Distance

d .

(Centimeters)'

.

Image
Distance

d I
?A7 (Centimeters)

,

.

p

A

'

'

*,

65

61

58

54

52

50

48

45
43

141

39

37

35

33

31

29'
27

_23

21

19

17

15

13

11

' 9

7 ,

I

'--

,',

-

,

S

.

;
8.3
8.6
9.0
9:4
91.6

9.7
9.8

10.4

- 11.1

11.6
12.1
13.1

.13.7
15.0
15.8
16.6

19.6
21.1

23.1

26,2'
29.1

33.8
. 39.2

46.A

5.0
69.6

s-....f

.

.

.

-

.

.015

.
.018

.020

'022

-.028
:.030

.031

.040

.048

°

.066

.

*
.111

..
.,

,
11

Table 2

1251 3.0

(4.

.
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0
=

cerise 3

In the tens exper4ent what is the domain and what is the range?
'4

The domain is the set of: all Object distaCeS.

The -range. Is
c

tbe_set_ofalimage distances,
'40,"

Does. the graph of the relation (Figure 8) represent a function?

,Yes , for every-image position there e5cists'only

' Rorie object distance.

fr
3.- Would it be meaningful to pass A smooth curve througb the plotted points?

-Why?

,

Why?

Yes. For eaci intermediate position of the lens there

will be a point at which there is an image.

4.:. Discuss the possibility of extending the graph of the curve to very

large or very small object distances:

For very large object distances the image positi3L changes

very little for chahes in object position.l is difficult

to accurately locate image positions. Image positions for

objects close to the focal point are highly sensitive to

the object position.

le

5.7. The Lens Relation
I °

It must be understood that the experimental curve of the lens relation

sh2wn in Figure 4 cannot be represented by either a linear or quadratic rela-

tion.Ceriainly no movement or rotation in anyway cap result in a linear,

relation. Therefore, linear functions are,easily ruled out. The student'

ma find it more difficult to rule out. quadratics, but-the curve which results

fro this experiment cannot be a quadratic. Two points should male this ob-

vious to the student. First, in rel..t,irm to the axes, the curve does not be-

have as a quadratic. For large values Qf the domain, the values of the range

" are riot large. In fact, the values of the range are Very small. Also,for

large values of the range the corresponding domain values are very small.

SecOndly, the curve cannot be a parabola even if it is rotated. The tangents

41.*

of a parabola tend to become parallel to each other as we move out on each

127
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L

branch 6; the curve., The tangents of this curve tOnd to be at right angles

to each other as we move away from the origin. The rejection of the quadratic

relation will be more fully_discussed in the Floating Magnet Ekpenment.

The lens relation requires a new approach in'obtaining a linear, reletion.

.... Previously other devices were used to develop the line. In this case it,is :

. ,

necessary to use a reciprocal. relation in order to determine the set\of or-,
/

..dered.pairs sequiaite4for the linear relatidn.
-i -.4,4.

..y..,

, ,

.

. c :

The student's knowledge of the reciprocals of numbers should be sufficient

1 .

A for his use in this chapter. TIr ordereepairs (y,X9 will provide t4eineces-

saridata. ' .
"..

When the kR,Xlitelation is plotted, it is argued that the line should.1

pass through `the origin. The student should be made to understand that the

. origin is not a data point, but that the line approaches the origin as a

limit by the kind of mathematical reasoning that has been employed. When X

is very large X is small. For these large vaides of X, X' is shown to be
- .

.

very small ih-Rire 4. Therefore, the extended line comes very, close to

the origin, as shown in Figur5.

t

1 %

In forming the (1.k,X1) relation it Taipot necessary to calculate the

reciprocals of all the object distances. Eleven points were used in the

analysis of the data recorded in column 3 of ,Table12. At least ten points

' should be used. If'the points are selected starting with large values of

Object distances, there is no trowding'of points at the lower end.

The graph which compares the experimentally obtained curve with the

curve, calculated from,the student's eqiiation should be one of eat satis-

factioA for the student. The goodma4tch here indicates that e data for

the object position-image position relation for the lens ha been reasonably

accurate. The beauty and, symmetry of natural lays are another feature that

maybe,stresped,,t6gether with the power and simplicity of the mathematical
1

1 .

deocript ion.

1'

O'
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EXercise 4

1`. Abe-'folloWing.table contains data taken from an experiment with gases.

e

Rressure
.16

, Volume

cm3

, in
2

4 169

5. '135

10 68

12 56

15 45

18 38

20 34

25 25

30 23

35 19

gas.

fluid A

column

By raising and lowering the fluid column, different pressures can be

exerted on the gas contained in the left portion of the table. As the

fluid column is raised, the pressure is increased and the gas volume

decreases.

(a) Which elements of the table are the domain and which are,bae,range?_,..

Since the pressures are selected, they are the domain.

The volume elements are the range. .

, ' : -
:.7').s .

(b) On a ocoordinate plane, plot the rderqd pail's from the table and

!----

.

construct a physical model.

,f'

*
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(c) Form a new relation k.--,Vj and plot these _new ordered pairs. The

ordered pairs taken in the same sequence as the,taVle. are:

)111'.25,169),

(0.056,38),

e I

'(0.20,135), (0.10,68), (0.083,56), (0.91,45),
(0.050,34), (0.040,25), (0.633,23), (0.029,19)

dt*
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(d) Using this information, find the mathematical model which best

re resents the data.

108
From the above graph the slope is =675.

a

Using this value, the mathematical model becomes

V = 675
1

or PV = 675 .

1321,
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5.8 The Reciprocal Function

The prebeding section developed the reciprocal relatron.for positive

'values of object distances. The present discussion logically extends the do-

main to negative values. It is true that negative object distance and negative

image distance do have physical significance. However, this opens up the sub-

ject of virtual images and diverging light rays which will lead the student

too far afield. The more direct approach of the mathematical extension to

negative values is used.

Since the domain is extended to include all real numbers except zero,

a number of points should-be brought to the student's attention. Zero is

excluded as an element of the domain because a number divided by zero is not

defined over the real numbers. Thi6 exclusion of zero divides the relation

into two parts. One portion lies in the first quadrant .and the other in the

third quadrant. Also, the curve exhibits a high degree of symmetry. Exchang-

ing the domain and range does not change the graph. Therefore. y = x is a

line of symmetry. Substituting -x for 'x and -y fore y: does not change

the graph and therefore the curve is symmetric about the origin. Finally,.

the reciprocal relation is a function. Each element of the range corresponds

to only one element in the domain.

In the text the phrases "direct variation" or "inverse variation" are

not used. These t&ms have been avoided because of their wide abuse/ Instead

the terms linear function or reciprocal function are used since they denote

the form of the equation. The material in this section has touched on only

a few properties of the .e-Ciprocallfunction. In particular, is hoped that

the student will begin to see the symmetry that may arise in the graphs of

fVhctions.

Exercise 2

f
2

1. Does the 'range of the function X' = 2- include the value X' = 0 ?

Explain. vow

f
2

The range of the function X' = ,does not include the value of

k Xt = O. No matter how large X becomes, the value of X' is always

nonzero.
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2

2. roes the simple lens'eqaation = with the range and"doiain

. rest cted to the values that can be obtained exPerimentally, represent

and X' are interchanged? Why?'

f
2

-lens relation X' = R represents a,function over

and range of the experimental relation, even if X

a func ion if X

The simple

".the Domain

and X' are Interchanged. This property defines a 1:1 function.

4

3. The focal lent h of the lens found in many cameras is 50 cm. Calculate

X' in centimete a for an'object at a distance X of 1 meter; 10 meters;-

1.5 x 108 meters (the distance to the moon); and 5.8 X 1010 meters (the,'

distance to the s = 25C0

X(cm)

The X' values a

4.3 X 101° cm

oi

, in order: 25 cm, 2.5 cm, 1.7 X 10
-7

cm,

through V4

(a) For what Value of x will the denominator become zero?

4. In each of the relations

(b) Is it possible for xto be equal to zero?

(c), Find the value of y which corresponds to the following values of x:

(-8, -3, 0, 1, 3, 4, 7)

(d) 'Using the values just found, form ordered pairs of the form (x,y)

(e)

Y x - 2

(a) x = 2

(b) "yes .

(c) (-1, -2, -5, -10,

0, 5, 2)
4c

(e) see graph

1r) yes. y = 0

and plot on the coordinate plane.

Join the points with a smooth curve

one number (part 1) which is -tot in

Is there any number which is not in

If so, what is it?

10

.1

4

t;

. Remember that there will be

the, domain of the relation.

the range of this relation?

-T
7- T

--t

4
-f-r

--t

1

I

4 -i--.
LT

- 4 . ' V- ^ ± -4 4
+4-- 4 4,1 f-

IT-
{ -7 -7 7 -r

-L-1- 4 -1-1}-
,it,of
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II.
Y 5 x

10
2

(a) x = 2
(b) yes

(c) (4, 3, 0,'-5,
15, 10, 7)

(4), (e) see graph
(f) Yes. y ,= 5

III. y = x - 2
.(a) x = 2
(b) yes

(c) (1, 2, 5, 10,
-10, .!5, -2)

(d), (e) see' graph'

(r) yes. y = 0

-10 .

1
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10
IV.

Y 5 2 - x
(a) x = 2
(h) yes

(c) (6, 7, 10.. 15,

-5A, 0, 31
(d), (e) see graph
(f) y = 5

I 9

10
V. y = 2-

(a) x = 2
(b) yes

(c) (1, 2,.5, 10,

10, 5, 2)
(a), (e) see graph
(f) yeit. y = 0

y

immmummommursMMEMENUMIROEMEMMMEMMEMIRHNIMEME
MOUNIUNMEMMINimmummim
IMMAMENNUMIMEMENMEMMURINMIMKIIMMERMENIEM
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5.9 Translation of.Axes

The ti-anslation'of linear functions was introduced in Chapter 3. The

method for translaVing the axes of the coordinate plane both vertically and
4

horizontally was developed. This procedure was extended to parabolas in Chap-.

ter 4. In both cases the development included not only translation of the

axes bp.t also translation of the curve. ,Since it is physically significant,

translation along both horizontal and vertical axes is performed on the recip-
.

roca function.

i'f&
A logical question arises as to the point from which measurements are

k!4Y0.,

taken in the lens experiment. Taking measurements flom the focal point may

seem somewhat artificial. The lens is probably a more logical starting point.

Therefore the translation of axes by an'amount f is introduced.

Since the translation is somewhat complex the student can analyze whatti
is, being accomplished by using the frosted acetate or onion-skin paper. Mov-

ing the acetate by the amount f in each direction will give a pictorial

rePresentationbf the translation. A shift to the right a distance f for

:the object focal point puts it coincident with the lens. *Likewise, a simi-

lar shift of f fdr the focal point on the image side pats it coincident

with the lens. These two translations change the form of the equation and

establish the lens as the starting point.

EXereise 6

1 1 1
1. Start with the equation 7- + = T, whose significance is described in

the text. Algebraically translate the axesto the right and upward by

the amount f. in each direction., Hint: Form the equation

-1 1
y T-7-p and simplify.

tt

X + f

e translations in this piobleT are obtained by adding

both object and image distances.

1 1 1

X ' +.4

1 1 1

X * . X' + f
1 .

X'

RTTE:,4 f(x. + To

.

= X' (X
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1'

X1 ' .f

1
2. Algebraically solve the equation

X
+ = for X' .

Yi

1 1 1 X - f
X' f X Xf

5

Z lf
X' = -----

X - f

3. y =
.3x

is a hyperbola in the form found in Problem 2. By how much
X - 3

and in what directions/lOuld.one have to translate the axes to,put it

in the form
k

y = .

If one were to translate the axes to the right.3 units and upward

3 units,the result ng equation could be of the correct forni.

3(x+ 3)
.Y -F. 3

(x -'3) 3

3x + 3.3
x

3.3

3.31P'
Y =

4 Ttanslat4s the axes used to describe the parabola yo= x2 - 4x + 4 so

that the vertex ofAlle parabola lies at the origin.' By what amounts

an6 in what directions did you translate the axes?

The parabola y = x
2
- 4x + 4 can be rewritten as

2,
y = (x - 2)

A horizon-till translation of 2 unIts toilpe right gives

y= (x + 2 - 2)
2

2
or, y = x ,

'a parabola whose vertex is at the origin.

5.10 Curve Sketching
-

This section introduceS an important topic that is qften omittecin a

traditiOnal treatment of algebra. The student should-learn curve sketching

at art early stage in his mathematical training. Although the topic is dealt

with, briefly here, many opportunities will arise in the' future in,which 'the

student may practice curve sketching. This he should be encouraged to do.

I

'S
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Mathematical insights are developed in this way that musf:%9therwise be devel-

oped by the student on his own.

t
The seven steps discussed in curve skeIching forms a continuous procedure

for analysis of the function. The-division into two pertain the text is for

convenience in illustrating individual portions of the curve. Also the student

will not be burdened with too many new ideas at once. After a little practice

he should see the,similarlty in the operations performed.in the two sections.

Steps one and seven consider the equation for large positive and negative val-

ues of the elements of the domain. Steps two and six analyze the equation

for small positive and negative values of the elements in the domain. Four

discusses an intermediate behavior of the equation, and three and five the

singularities. Here singularities mean any points of peculiar behavior of

the equation. It is important that the student understand the needs and re-

quirements of each of the seven steps in the analysis.

Exercise 7

Sketch the following relations for all possible Values of x:

1. y =
6

+3
x2.

Y.= x - 2

3 y = x(x - 2)

-4

12

'1 II

4. x= y2 - 2y + 1.

5. y = 2(x + 1)

(2)

(

0'

3
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5.11 The Floating Magnet
x,t\

In this section the student will emcbunter further work with reciprocal

functions. In additiOn, however, a new and important aspect of mathematical

relations is developed. The student, will learn that it is not always possible

to find.a natheLatical relation that will accurately represent the eIperimen-

tal results over the entire experimental domaPI and range. The complex be-

havior of some physical systems brings out the idea of "curve fitting".

It is found that a, reciprocal relatiOn describes the experimental results

over a portion of the experimental curve, but fails to describe it elsewher-.

This is analagous tp the breakdown of a linear relation for describing a

stretched spring or bent beam:. When the spring is stretched too far, o the

beam bent too a)uch, the relation between load and stretching or bending

teases7ta be a)dnear.one.

The Floating Magnet Experiment

The experiment with the "floating" magnets should be:a most interesting

one for the students to perform. This will provide good for the

mathematics thattis developed. The equipment ]list WhiiifoIfOws is needed

'for each grOUp performing the experiment. r -a,

.19
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1
4 circular InagnetW .8each -inch thick (or, 2,circular magnets

each -inch thick)

1 aluminum or wooden knitting needle (of a size to easily slip

throughoholes in magnets)

.two-tube ;et of epoxy glue

mounting board (with holes through which needles will slip

easily)

1 kit of'hooked weights', each kit to include:

1

1 ten-gram weight

2 twenty-gram weights

,1 fifty-gram weight

1 one-hundred gram Ipight

centimeter rule

0

'A supply of four7lines-td-the-inch quadrille coordinate paper

The caps of each knitting needle dre left in place, but, each, needle, is

cut to a length of 3 to 4, inches. FOr the aluminum needles, one end of a

,stretched-out paperAclip is glued a short way inside the cut end of the needle.

This,provides a hook at the other end to-_which the various weights may be sus-
_

pended. Epoxy glue is recommended lor this purpose. e magnets are then

arranged in pairs to lepel one another, slipped on to th knitting needle, and
0

the entire device is then supported on a mounting board wi4U4he. needle placed

through the hole. The needle must pads f ely through this hole as well as ,

the magnet holes. -In this position the bo tom magnet rests on'the

mounting board while the uppe magnet syst rides against the cap of,e4/16
knitting needle and is suspended away from the lower system. By loading -the

eud of the paper

Iletacan be made smaller.

'0
clip with weights, the separation between the pairs of mag-

A .; ., '
o

a
..9o. 1..

The data table and three graphs that follow'represent.,te
.11e
otk actually

performed with a floating magnet arrangement. This material is'inCludjonly
i .r , %

to serve as
'

a guide and may perhaps represent thedittrid of work for which4Vhe.
. . _ o

.
student may strive. ..--- .

$ f

0

.
,

'

Ne particul;r problems should be encountered,by the students when,per-

_forming this experiment. Be sure to instruct them to tap the needle gently
1

tO
'..,

w .

N

0
prior to6making a distance measurement. If the needle becomes "hung ue on _

14 .

k
the side of a magnet hole or on the one ih the meter stick, the tapping will

4 t

allow.theneedlg to come to its pm/Per position. Loads shdUld be suspended

Oirthe needle until the separation'distance between the magnets. is approx-
i-- 4imately.1 mm.

144(3



,

The.floating Magnet

load (I) ,distance4 separation I selected calculated

in grarbs (d) in mm (s) in mm T. s

= 51.1 - d
. .

0 35.0 16.1 .06 2 mm 198 gm

. 20 41.0 '10.1 .10 . )1. 88

40 44.2 6.9 .14 6 51.5

60 46.0 . 5.1 .20 8 33..0

_

'80
. .

47.4, . 3.7 .27 '1), 22.0

1'00 48.22
.

2.9 .34, .12 14.7

140 49.0 2.1 '.43 14.
....

9.4

160. 50.2' 0.9 1,11 16
.

"5.5

0

20

'16

'12

0

8

curve fitted to first. four pkints

a--

?:131A-.K3

TAE FLOANING MAGNETS

seperation a s a ,functior of load

r

0 20 40 100 120 Y140 160,'

, .

load (i) in grams

. OiViure 6

142
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.1,2 Search for a-Mathematical Model

The relation evolved from the data of,thelloating Magnet EXperiment does.

.not -fit the pattern of the gtaphs in the student text FigUre 18, (a), (b), (c).

Students need to attempt to fit 4 pattern before eeachisng a conclusion that A*

methods already developed do,not work. The reciprocal relation in Figure 18(d)

can then be analyzed. The next section will explore the quantitative behavior

of this relation.''

5.13 The Rec ipro cal' Relation

The graph of Figure 6 shows the "best" curve through the data points, with

separation distance (s) Plotted as a function of the load ()P). This, of

course, is the way the experiment was performed:loads were determ- ined and

separation distances resulted from these loads.

For reasons explained in the text, the converse of the experimental rela-
.

.

tion is graphed. This is shown in the graph in Figure 7. Since all relations

have converses, there should be no problem here. Now that the converse rela-

tion has been plotted, this is.the relation with which we will work from this

point on.' It will be iiilstructIve to the student to have graphed both the rela-

and its converse for he will thdril be able to see that there is very little

diffeience between the two in this case.'

1, Figure 8 exhibits the graph of load (,/ ) plOtted against . This graph *

is most interesting sind t shows a decided kink: The first four points

(small loads and small
1

values) approxiMate a line. The equation that is

obtained from this line is shown on the graph. The dashed lines indiCate the

right triangle from Which the slope was measured, (Also drawn on this, graph

is the line that approximates the last three point;, an exercise that will

be referred to later.)

The Points calculated from the straight line drawn tlirough the first four

points 'on the graph in, Figure 8 are 'displayed on thegraph in Figure 7. A cal-
,

culated curve (dashed) is drawn through the calculated points. It is seen

that tAis calculated curve "fits" the expet'Imental curve for a rand of loads

from 0 to 60 grams.

,

144

1 4



Exercise 8

1. In the Floating Magnet Experiment we obtained the relation
.

,1
1

- c)

Algebraically obtain the converse of this.rplation. What separation

distance does it predict for zero load?

TO obtain the converse of 4e =
rl

7 c), solve*fot s .

-

1

m s

2, f+.mc
c

,s m

c

.6
- + mc

For zero load, the converse relation predicts a separation distance

of
1 ml 1=
c moo c

in Figul'e'8.-:

This value can be checked directly with the graph
,

2. *For a limitedAdomain, the floating magnet function was found to be

c) .

What. is the unit of m? the, unit of c?

The Unit of m is emm mm. 4The Unit of c is
1

.

,
.

A--

3. Sketch roughly the graph of y =
k

f9x k < 0 .
. -

e

p.

A partimilar reciprocal relation is ,y,= . Find the elements in the

1
.range that correspond to the following element's in the domain:

- -
.10_

6
, 10

-4 2
, 10 , 1, 10

2
, 10

4
, 10

6
.

In order' the elements in the range of

106, 1`04, 102, 1, 10-2, 10-4, 10-6r.

145
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....t... , .
f ,.the relation that correspond to the following elements in the range:
2'6 -21 -- 2 4,-' 6 i

1 L 1 '

,
1

10 ,10 0 , 1 0, 10 , 1 , 10
,...

In order, the elementiof the domain are:
1

10 , 10
4
,-10

2
, 1,1 10

-2
,_10 ,, 10 '. 1

I
.

5. For the relation of the previous problem, find the elements in the clotaih

6. Locate the x-andrrintercepts for the relation y =lefor k > 6.'

There are no intercepts for the relation y = for any value

of k X 0 .

5.14 Curve Fitting

The student should easily understand that the reciprocal relation fits
*

the experimental curve for only a limited portion of the graph. It is impor-

tant to stress also that there may be no simple curN,Lthat can ever be found

to fit certain experimental relations. These are mathematical "facts. of life".

Since the initial attempt to fit the data succeeded for only a portion of

the graph, a second reciprocal reZation is fitted tO the last three pointy.

This second curve is developed in Problem 4. A few of yclurtbetter stud
1 1

may be interested in plotting .7f and against'%he load. A straight lit

portion of this graph can-be obtained to give another type of "fit" to the'-

e -experimental curve. It turns out, however, that these new relatUns give no,-
".better it than was obtained before.

Exercise 9

-

A beaker ok water was heated on a hot plate. The temperature of the water was

recorde4-everJ minute and the following data was obtained.

7 Time Temp.

0 20 ..

1 .34

.
.2 47

3

4 VT ,

. 5 75 .

'6 . . 82
. 7 .

. 86 ,

8 90 ,

.1161 b



...

it
>-.

- Gra/b e, tithe-temperature relation. Over what range and domain would

YOU. say t at the r4latiollps e'lidear one?

The graph/O?the time -

relationiappears

at-tbe right._ The relation

1 is 'linear
1

over the domain

from 0 to 2 or 3 minutes

'and over the range of tem-

peratures from 20 to 50 or

60 degrees.

9
IO

, Mai'IN 0 llNM
/ T

r
Ell"r

-GO
11 -

II0 IIII-MIE
r

". 3 5 6 7 8
Ti (minutes )

2. Draw your best straight line to represent the time-temperatute relation

for a,,restricted time domain. find le equation that represents this-line:

The equation that represents the line drawn is C = 136t -I- 20. (

'3. Use the equation obtained in Problem 2 to- calculate temperatures 'ear each

of the 9 time readings. What is t e error in temperature Prediction at
/

Atimes of 1 min; 4 min; 7 min?

' t
'--
(min)

I

)
Cr 1

;

2 -' 3
,.

4,
5

,

.

.

7 8

_ timp
. .

( C) *.
20 34 47 61 .74

/

88 102
,

115 129 / .

At times oft, 4 and 7 minutes th8 errors'In-the'tedperitture
-1 t-7*-77-7-i----r-

.predictions from the, equation are 0, 7 and 29 +gees respectively.
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4. In the Floating Magnet Experiment you made a graph, of the reciprocal of
pl.

the, separation distance qj along the horizontal axis and the load ( i)

along the vertical axis. ,Draw a best straight line through the points

'which represent loads of 120, 140 and 160 grams. 0bta.n the equation for

thi1 s,lipel Calculate load yalues (2 ) from this equation, selecting the
11 1 , .]

bestistraight line through the load points for 120, 140 and 160 grams.aa
I / 1

shoWn on,graph number 3. The equation. of this line is,' = oS.6E + 90.

(See, Figure 8.T The selected separations (s) and the corresponding loads

( 2 ) are shown at the extreme right of the data table. The calculated

curve is compared to the experimental curve on graph number 4. Both,
r

"scales hale been changed for this graph. -A good fit 1s obtained for loads
.,

between 120 and 160 gram.4.
.

A

18

4

'',,120

190

PrOblem 4
CURVE FIiiiNG.

selected calculated
s

0.5 mm

1.0

1.Z

2.0 ,

2.5

3.0

IhiPhgm

'154

132

122

115

,ill

4

See thethe following
. .

figure for a graph

of this dale% -

to

%
.THE FLOATING MAGNET

, Problem 4 '- . '''
''s

Curve"Fitting

' \
\

cu'curve callated.from .e 6S.6 + 90:0:
, s

1

.

. . .'

/
7

range 'of loads

for good fit

expeLraentai

0 1.0

-1

1.5 2.0

separation (s) in mm.

1.48 1

-)



1. (a)

(b)

SaMple Test Ibetos

Slect a set of ordered pairs that satisfy. the following three

uations.

se these ordered pairs to construct the graphs of these equations.

I

I lk ...t,

I. 1 ;3(x - 1) )

1
II. y + 3 .f x

2

4 .

III.
Y x - 2

2. Using toe graphs in the preceding question findathe slopes of the curves :

at the following points. Draw the kissing line in each case .1,.:4;

,

(a)) (2,4) on Graph I. ,,

.

..01,

%,.

o (b) on.Graph II.

(c) (4,2) (0,'-2)y (2,100) on Graph III.

3. The foil wing -graph was,drawn from information gathered in an experiment''

dealing with a ball thrown into the air. The height of the ball apove the

ground was plotted as a function VI' the time it took the ball to reach

I :
a definite height.

300

.

200

150
4-,

.r.4 100

50

J

4 0' 4 8
7 . k,

Time (sec)
a .

(a) Does the graph describe a function? 'What is the domain and range. '

of the relatio n deiCribed by the function?

Find the aope.ofthe curvwt the following points: ,(2,1'12), (4,,256);
.

(7,1i2), (8.1,-l3.6). What .is the physical meaning of the slope. in

each case?
.149

1.54 A #



oft

4. Analyze and sketch

5. Find the equation of the ctive which is represented by the following

ordered pairs: ((1,3), (3$9), (2,6), (8,1), (64))

/

Draw "):Iest" straight lines to reprent.the relation below f,pr a

44:restricted. domain.

5

-5 5
x

Over what daptarin and range w9uld yqu. say that the relation is a linear,

one?, .

, 150
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3 3

1\\
,

y

'5

4
Y x-2 .or

-5 5

2. (a) Slope is everywhere the same and_equal to 3.

(b) At (0,-3) slope is-0.
,

At (4,5) slope is 4.

(c) At (4,2) slope is -1.

It.(0,-2) slope is

At (2,100) slope is undefined'.

3. The equation of 'the parabola iv g = 128t - 16t2

A The slopes at the various pdtits are:

(2,192) Ape is 64

(4,256) .slope is 0

(1,112) slope is

(8.1, -13.6) slope is 0 (ball has hit ground)

Mu For very large values of x the values of y are very small.

(2) As the value,of x becomes smaller - the; value of ykbgcomes larger.

(3)
.(4)

When x = 4, y is undefined.

As x lee0omes smaller and less than 4 but retains positive, y becomes
. ,

smaller negatively.

T52

yy,
;

f



(5) When. x = 0, y = -

Xe..f.-

, J (6) When x is equal to small negat ve value is also small negatively.

-T(41 4OfveryTiaxienegaie--vidUes I xOsne..lcalues of y become very
, t k 1: te

,

sms11 negatively.

10

:TO find the mathematical model first determine the reciprocals of the

domaih, and then form the reciprocal relatidn of ordered pairs,

(reciprocal of the domain,range). This gives
1 1 1

. ((1,3), (3,9), (?.,6), (-:p1), (6, -27))

Then plot these points on a set of rectangular coordinates.

man

10

3
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These points determine a straight_1ine which appears to go through the

origin. The- sicipe'of this /ine can' be found by
T

5 - 3 _t6 --

ni 7 7----f .f 3

Since the'slope is m= 3, the desired equation is y =
3

. 4

6. 'Three possible "best" straight lines can be drawn. The domains and

ranges are respectively:

domain: -11 to -5

' -2 to +2-

+5 to +11

corresponding ranges:

+5 to

+a to

-5 to -
,Y\
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'A.1 Experimental Data

Appendix A

THE BEST FITTING LINE

In those experiments in which the data is supposed to satisfy a linear

\I

t ;

,

felifron, the text tells the student to plot the'data points and draw the

straight line whicl`seents to "best fit" the data. This is obviously an in-
dividual choice, but if the chat, is reasonably exact, nest students will do

a very good job of finding such a liner ,

, In this appendix we wish to give you a liitle background into the mathe-

matical treatment of the "best fitting line". Some of yqur students may

realize that there must betome mathematical procedure for finding these lines

and you should beli.eady to answer questions oh this Subject.

First, however let us' mention a few facts about experimental data. Some

experiments produce "good" data; some produce "poor" data. When we say that
0 -

an experiment produces "poor" data, we mean that there is a great ileal of

oitr"scatter" in the numbers we obtain. Figure 1 shows the graphs of "good".data

and 'poor" data which might be attained in actual experiments.

Figures].

. _ _

(b)

In Figure 1(a) it is,eas' to see what the best fitting line is but in

Figure 1(0', it is difficult. Scatter like this is often inherent in the

experiiiient, but sometimes when such dqa is obtained, it is possible to im-

prove the experimental conditions to try end obtain better Values. Frequently,

'the best way to dq this,is to average the results i)f several runs. Here,

+t. -160 .



however, we are Interested in what can be done with data'which,has not been

refinbd.

Suppose we have obtained a set of data such as shown-in Facure.2.

I

1 3

, Figure 2
.

The dotted line seems to fit the data very, well except for one point. What

should we do about that zoint?

The answer depends on the experiment; Suppose that the data in Figure 2

represents the length:of a spring plotted against the mats suspended from the

'spring. It would be impossible for the spring to shorten as we add more masa:

Therefore, the third point must have been 'in error (possible a scale was read

wrong): The point should therefore be dropped from the data.

On Ple other hand, there are types of experithents in which we cannot

automatically cOnciae that this point is in error. In this case, the only

thing to do is go back and.check the experiments Many important 'discoveries
I

.1
have,been_made in this way. , .J

. ,, -.. - .

If it is impossible to go back to check the data point which is out of

line, the best course is toidistcard it. 'However, a point should be discarded

on this basis only when it is clearly out of line. The data,in Figure 1(bj

70;ould_bellmiTqyad in,,appparance by discarding two or_ three of the points, but ,

/ 1 , ,

r; -T.77.,- 7.,,

this would not be approved. The data points are scattered and none of them
.

,

are clearly out of, line.

A.2 The Method of Least Squares4 -74-
, .

Suppose that we have a number of'data points. HoW do we decide what

line comes closest to fitting these points?



Look at Figure 3.

fit to the

Figure 3 Ir

Here we show four points. The dotted line must be a better

to than either of the solid lines. We feel sure of this since the

top line is "above" all the points, ;pile the bottom line is "below" them. The

best line must somehow thread its way through the points without being either'.

above or below-too many.

This condition alone is not enough to characterize.the best fitting line.
.

There are still too, many line's which would satisfy this requirement.

._.Trn most experimental situa tions, the horizontal coordinate (x-coordinate)

of,the data points can be assumed to be known exactly (or at least with a

higher degrf 'accuracy than the vertical coordinate).- This is because

this'was the'yariable that was "controlled" in the experiment.

Suppose that we have a set of points with coordinates (x 1,5r1), (x2a2),;
. - 1,

41,



-7-

,1 ,

. a

and that We plot-these in tie coordinate plane and draw In some line y = mx + b.

At each of the Vs there will be'Lope'vertical distance between this line and
1

, ..

the corresponding data point. At x
1,

for example, the line will 6Ontain4the
. ...,

point (xl, mx.I. + b).. The vertical distance between this point and thelgata

point (xl,yi) is

,
,

(inx
1

+ b y 1)

This will be positive iT the line passdt above this point and'negative if tit

passes below.

It might seem that the best fitting line would be the one for
.

which the

sum of the absolute values of these differences 45 minimum. Unfortunately,

it is very .difficult to find the line which satisfieg this condition. It

turns out to be much easier to find the line fOr which he sum of the squares

of these vertical differtmces is a minimum: Thisis the so-called "method'of
4(

leastAsquaresu. The method of least squares can be used to find the best
-.\

fitting line. It Can also be appljted to the problem of finding the best fit-
.

'-tang parabola, or the best eitting line satisfying given conditions.

A.3 The Best Fitting Line
.

I

The best fitting line through an rrbitrary set o &Mb points must ytss

through theTincenter of gravity" of the-points. That is, if the data id given

__ by the ordered pairs (xl,y1), (x2,y2),. , (xoyh), and if-Nwe let 3: .ind

Sr be the averages of the x and yi coordinates,

. 1 L...

1
x = tx + x

2
+ ... + x

n
)

n
1

'-'
13

(yl + Y2 + ''''''' + Yn) 'y

then th 'best fitting line must pass thrAgh the point (7,7)

Tine equation of the best fitting line then

I

y Y m(X x)

'Where the slope 44.1.4 is g'prenby

xiyi + x2y2 + xnyn nxy

,An 2 ' 2 2 _2
XI, + X2 + + xn nx

(A proof ofthis is given in Section 2.6 .)
a
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1i. /

I

An iXample may help explain Dowth s is done- We prepare a tabld o4the
,..,

values of x
i

and yi . Two more col I are added to this table. One is
. ,

the values of xi2 for each line of the table" and the secon4 contains the

values of xiyi . We then take the total of the values in each column..

xi Y
--

i
x
i

2
X.y

i
xi yi computed yi

1

2

t.
1

5

6

/

-

,

7

10

12

20

25

t

1

4

9

25

'36

-C-

20-

'36

e.40

150

/

612-....,"

9.80

.13.37

20 51
&L.

24.08

17 74 75 /3?-3
,

.

fi

T
17

74
5.

"="

=

34
14.8

.

313 - 251.60

n x y

_2
n x =

61.40

5

-(3.4)

(3.4)2

3'57

(14.8) =

= 57.80

251.60

75 - 57.80 17.20

. The equation cif-the Ipst fitting line is therefore

J. y = 3.57 (x - 3.4)-

-

y = 3.57x +
,

T

By using this eqkOtion together with the values of x
i°'

we can compute

lic lttlitroiet,ical,"- values of yi . These-values.have, been listed in, tiTe 1ast,

column of the table for comparison. Thus when x '= 5; we find

df.

toNNY

O

*yi (theoretical). = (3.57) 5 + 2.66 = I11.51 .

159

1.64
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.1

A.4 The Best Fitting Line Through the Origin

Often,there are good reepons for assuming that the best fitting line

through a set of points must, pass through the origin. That is, that it must

-be. f the form y = mx. It is then only neceg§ary to determine the prqper
. . ,

value of m needed to fi the data. ,- t.

Sup ose that the4data.values are given by the pairs (xlyi), (x2,y2):; ,

(*
n
,y

n
). Then the slope of- the best fitting line is given by

xtY1
x2y2

4*-xnYn

)11 ?
x x

.
x
n

2

1 2.

This same result is often written in the more compact form

Fxiyi
m -

x.
2

1

where the capital sigma symbol is used to iidicate that the terms of this form

are to be added together (the subscript i runs through the values 1 to n).

,
If we used the.same date as giVen in the example ofSection A.3, but '

assumed that-the line must pass through the origin, we woltld of in

313
75

= 4.17

and, hence, the best fitting line would be

y = 4:17x .

V

If you plot these points and the two lines., you will see that this line, does

not fit the data nearly es'wellas the line found in Section A.3 .'

wt.

t

A.5 The Best' Fitting Parabola,

Suppose we have a set of,data which we are sure should be rel ated fir\a

quadratic relation of.the form

y = bx
2

,

i
. .

then we Can determine the best value of b in the following way. -ilf the data

is given by the orderea,pairs, (xl,yi), (x2,y2), ..., (x ,yn), then the best

value for b is given by t
2,

+ x2
2
y2xl yl + ... + x

n
2
yn

b =
4 4 .

x+ + +xi
2

1601



Notice that thin formUla only applies in the case of a parabola whose

vertei is at the origin; that is, when the functional relation can be assumed/
- ,

to be of the form given-above. The computations may be arranged in the fol-

ltYlang way:,

xi
1
Y

,

!
x
i
i

4
x.

'
x
i

2y.
computed

.

y
i

,

2 . 1 .1 2 2.96 a.

. 4
3 25 4 9 81 225 26.64*

5 , 82 25 625 2050 74.0o %

7 141 49 2401 6909 145.04_

.
3108 9186

The computed values of

,the formula y = 2.96 x
2

.

.,41

PrOOfs

9186
b 2.96

Yi
shown in the last column are obtiined from

Let A > Q and consider the quadratic function of t :

F(t) = Bt + C .

.,..s

For flat value of t is this expression a minimum? While this can be

found easily wit the help of caculus, it can be found also by elementary
...., .

organs. We merely have tocomplete the square in the quadratic expression to

;- find ..
r ,

...c. B
2 2

F(t) = At
2

a-+ Bt + 4- C - .1-1 (1)

1
2

+

2 \''

= (A2t + 121) - 11

'' Vi .41.-

B ',,l,,t

.. . r '.
22

--'

.

r
The first term in this last expression is always greater'thamor equal to zero

(since it is squared) for any value of t . The minimum possible value of.F(t)

is therefota attained when the squared term iS equal to zero.

161 it; 4
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.. V /
. . t, A

:. o

B
.

A

F(t)When -lit = -- This is the.valte that givesthe ninrum of F(t) .
. 2A..

Now, letlus use. this result to prove some of the assertions made above. ,.

.

First, let us take one of the simpler cases, that'of a straight line passing

through thd origin.. -Here we assume that we have the data (xl,y1), (x
2
,y
.2

),

wE

(xr.l'an) and we wish to find t e bestfitting straight line in the form

y = nix to this data. We wish to minimize the sums of the,squatic-of the

differences mx - yi . The expression we wish,to minimize is

4.
F(m) = :!: Imx. y.I2

4,=1

= Em
2x 2

-6-emx.y + y
2,

1 i

,

) - 2 (Exiyi) in + y= x.
2 2'

This is a quadratic function of m . If We compare it with equation (1),

we see that the minimum value of the sums of the squares of the differences
'

occurs when

-B
-C-2 Ex.y

i
Exi y.

,

= -- -

2( Dc.2) , Ex. 2

In a similar way, we can deriye the best fitting quadratic expression

to fit a given set of lath. -If we assume that y.= bx
2

then wewislito

. minimize n 2

'F(b) .= LE: (bx:2 yi)

i=1

= :E:
2.X

- 2bx + yi
2

j

= xj.14)b2- - Oxi2yi)b
lz

2

This is a quadratic expression in b . Again, comparing this with (1), we

:find that the best fitting parabola 3.s given by setting

-B

2 %
yi) I; xi

2
yi

2Ex4,

Finally, let us look at tile problem Of finding the best fitting straight

line of the form y = mx + h . Here we, have two parameters which can bead-

justed to minimize tie sum of the squares of the differences. First, let us

assume that in is fixed and try to find the best value oP . Tb. do this,

I
162.. .
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1,

we set

.

F(b) = mx, + b - y 12 = (b ( - Yi)]?

= (b2 + 2b(mxi - yi) - yi)2]

n

Since
E b2

b2 is the sum of n identical terms,
E 2 2

ID = nb2

Therefore we find

F(b) = nbd + 2b E(mx. + E

To minimize this function of b, we set

2A

-B
- (2 :1:(mxi - yin lb =

Using the definitions
/

. x -= E x , and y = Elin i .; n

. we find thdt

tutting this into the equation for the line, we have

y = mx - mx 4- 7 .

This is equivalent. to .

y -Y = m(x - x)

Thus, we have shown that the best fitting line must pass through the point

Ci,7). Next,' we obtain the best value for m .

4

"If

do.this we wish to minimize

F(m) = [m(xi - + 7 -

("1(Ici (Y1.- 7 2)/

04.

:E: (m2(xi - 7c)2 - Y - (Y - 7)21

m? E (x. -,7)2 - 2m E (xi- -7)(yi - 7) /,
(5r, 7)2

To iiinimize this,' we merely follow. the procedure used before and-set.

7)(5r, 7)
702

163 1 b 8
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For co4tat,i4ai purpo.ges, the maneratoi4 and denOiinator of this expression

can be aimp'lified in the following way:,

Also,%

PS

= E(xiyi - xyi - yxi + 73.)]

Exiyi Eyi - Exi + 7.

= -nxy - nxy + riTy:

- nxy

(

2
= E 2

_ 2,cxi x

E2.E xi + 2x

2
_2

- 202 + nxE xi

2E xi - nx
-2

fi

O
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